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Introduction

Mathematicians often study objects that can be described as a set of elements A
and a set of operations on A, say A. Such tuple (A,A) is called an algebra,
and the field of mathematics studying these structures in general is usually being
referred to as universal algebra.

For the properties studied in algebras, it is often not that important what is
the base set of operations itself, but rather what is the set of term operations,
i.e., what operations can be obtained by composing the basic operations. This
leads to the notion of clones — sets of operations closed under composition, which
contain all projections 7! : (x1, ..., x,) — x;. For every algebra we can consider
a clone of its term operations, and for every clone C on a set A we have an
algebra (A,C).

Clones on a fixed set form a lattice with respect to the inclusion; the greatest
element is the clone of all operations, and the least is the clone of projections.
Mathematicians are interested in describing the lattices of clones on finite sets.
There is only countably many clones on a 2-element set and they were fully
described already by Post [16]. However, the situation is more complicated for
larger sets. It is known that already on 3-element set, there are 2% clones [10].

Given a clone C, one of the interesting questions is whether it is finitely gen-
erated, that is, whether there exists a finite subset S C C such that all the other
operations in C can be expressed as compositions of the operations in S. By [16],
all clones on a 2-element set are finitely generated, and in [10] the first examples
of non-finitely generated clones were provided.

One of the important results in clone theory is the complete description of
maximal clones by Rosenberg’s classification [17]. Since the clone of all operations
is finitely generated, it follows that every proper subclone is contained in some
maximal clone, and there are only finitely many maximal clones on a given finite
set [15]. One of the classes of maximal clones are clones of monotone operations
with respect to bounded partial orders. It was proved in [I1] that all maximal
clones, with the possible exception of the aforementioned clones of monotone
operations, are finitely generated. For the clones of monotone operations, it was
also shown in [I1] that they are finitely generated if the partial order is a lattice
order or if the poset has at most seven elements. An example of a non-finitely
generated clone of monotone operations on an 8-element poset was provided by
Tardos [I§], and further generalized for example in [19, [5]. The classification
of finitely generated maximal clones is still an open problem. One question in
particular is whether every finitely generated clone of monotone operations of a
bounded poset contains a near-unanimity operation.

Apart from the result of Tardos and the above mentioned generalizations,
we have not found much recent research concerned with finitely and non-finitely
generated clones. In this thesis we build on the clones presented in [7] and aim
to give examples of both finitely and non-finitely generated clones. In Chapter
we provide basic definitions and important concepts of clone theory. Chapter
is concerned with finitely generated clones, namely with a simple explicit con-
struction showing that a clone is finitely generated. The clones in this chapter
are adopted from or inspired mainly by [7, I3]. In Chapter |3| we relationally



define certain clones of operations with restricted essential arity, which yields
non-finitely generated clones. Then we consider some possible modifications of
the relations. Finally, in Chapter [4 given a binary operation f which cannot
generate an operation that depends on three or more variables, we find a maxi-
mal clone of operations that depend on at most two variables, which contains f.
We partially generalize the result to higher arities, which, again, yields examples
of non-finitely generated clones.



1. General concepts of clone
theory

1.1 Basic definitions and notation

Given a nonempty set A, an operation on A is a mapping [ : A" — A from a
power of A to A. We call n the arity of f and denote it by ar(f) = n. We only
consider operations of finite nonzero arity. In this thesis we also deal exclusively
with operations on finite sets.

We denote tuples by boldface letters and, unless stated otherwise, its coordi-
nates by the same letters indexed from 1 to the arity, e.g., for a € A™ we have

a = (ay,as,...,a,). We use this convention also for variables, e.g., for an n-ary
operation we often write f(x) and mean f(xy,za,...,x,).

We will often evaluate an n-ary operation on k-tuples component-wise, and it
will be convenient to use a shorthand notation. For a’ = (a!,aj,...,a.) and an

n-ary operation f we write

ai ai al f(ai,az,...,a?)

g 3 CLS f<a27a27"'7ag)
f(a17a27" 7an):f ) VAR =

a’llc a% az f(allcuaz7"‘7az>

For sets Aq,..., A, C A we define a set
f(AL, .. AL ={f(ar,...,an) |a; € A fori=1,...,n}

and similarly for sets of tuples using the above convention.
Another shorthand notation will be used for universal equalities, where we
omit the universal quantifiers, e.g.,

Vx e A" f(xy,...,x0) = g1, .., xp)

will be written as
flxy, ... xy) = g(xq, ..., xp).

By n-ary projection onto the i-th coordinate we mean the operation
i (z, . x,) = 2.
The central concept of this thesis is a structure called clone.

Definition 1. Let A be a nonempty set and C be a set of operations on A. We
say that C is a clone if

e C contains all projections, and

e C is closed under superposition, that is, if f,q1,..., g, € C, where f is n-ary
and g1, ...,g, are k-ary, then also

flgrs-sgn)(@r, . xk) = flar(xr, .y xk), oy gn(x, ..., 28)) €C.

4



Using projections and superposition, we can see that a clone is closed under a
general composition, i.e., an operation given by any term in some operations from
a clone is again in the clone. For instance, given f(x1,x2,23), g(y1,92), h(2) € C
we have also

flg(@1,22), 21, h(x3)) =
f(g(ﬂi’(ﬂﬂl, T2, 953)773(%1, T2, $3)),7T?($1,~’U2, 1'3), h(ﬂg(%,m, xs))) eC.

It will be sometimes useful to depict composed operations as trees. The above
example would be depicted as in Figure [1.1]

f
/N
g X1 h

x/\ |

i) T3
Figure 1.1: A tree depiction of f(g(x1,z2),x1, h(x3))

It will be convenient to also use a different definition of a clone, see e.g.
[9, 12, [15].

Definition 2. We say that a set of operations on a given set is a clone, if it
contains identity and is closed under the following four procedures:

e Substitution. Given an n-ary operation f and an m-ary operation g, sub-
stitution forms an (n +m — 1)-ary operation

(f * g)(x17x27 ... 7xm+n—1) == f(g(xla cee 7'xm)axm+1a o >$m+n—l)-

e Permutation of variables. Given an n-ary operation f and a permutation o
on {1,...,n}, we can permute the variables to obtain

Permg (f)(z1, %2, ..., 20) = f(To(); To(@)s - - - To(n))-

e Identification of variables. Given an n-ary operation f, we can identify the
first two variables to obtain an (n — 1)-ary operation

Af(x1,$2, e ,xn,l) = f(.%’l,ml,l'g, RN ,xn,l).

e Introduction of a “dummy” / fictitious variable. Given an n-ary operation
f, we can introduce a new variable to obtain an (n + 1)-ary operation

Vi(xy, xo . n, Tng1) = f(21, 20, ..., Ty).

The two definitions are, indeed, equivalent. We have seen how to use pro-
jections and superposition to obtain a general composition. It is clear that we
can also carry out all the procedures in Definition [2| in a similar manner. For
the other direction, we first realize that introducing n — 1 new variables to the
identity and than swapping the first and the ¢-th variable, we get the projection



mi'. To obtain the superposition of f and ¢y, ..., g,, we first use the substitution
and permutation of variables to substitute ¢;’s into f, and than we identify the
corresponding variables in each g;.

We denote P4 the clone of all projections, also called the trivial clone, and O 4
the clone of all operations on A, also called the full clone. 1t is easily seen that
an intersection of clones is again a clone. For &, an arbitrary set of operations
on a given set, Clo(S) denotes the smallest clone (with respect to inclusion)
containing S. Every operation in Clo(S) is expressible as a term using operations
from § — with a slight abuse of notation expressing any projection as just a single
variable. We also say that S generates the clone Clo(S), which leads us to define
another core notion for this text.

Definition 3. Let C be a clone on a set A. We say that C is finitely generated
if there exists a finite subset S C C such that C = Clo(S).

In the opposite case, when there is no such a finite subset, the clone C is said
to be non-finitely generated.

We denote
C® = {feC|fisat most k-ary}.

Given f € C™, we may always assume f to be k-ary. If the arity of f is lower,
we add fictitious variables to make it k-ary.

It is easy to observe that a clone C on a finite set is finitely generated if and
only if there exist k& € N such that C = Clo(C™®)). If C is finitely generated by
fi,--., fn, and m is the maximal arity of fi,..., f,, then C = Clo(C™). The
converse holds since C® is finite.

1.2 Relations, compatibility and (alois
correspondence

There is a powerful tool for studying clones emerging from a connection between
sets of operations and sets of relations on a given set [2], [6].

Given a set A, a relation on A of arity n is a subset R C A™. We will sometimes
write R(ay,as,...,a,) for (a,as,...,a,) € R. Given a set of relations R, a pair
A = (A, R) is a relational structure and is often denoted by blackboard bold
letters. By abuse of notation we will also treat A as the set of relations itself.

Definition 4. We say an operation f : A" — A is compatible with a relation
R C Ak if f(al,a?,...,a") € R whenever at,a2,...,a" € R, i.e., we have the
following scheme:

S

ai a3 ... a' = f(ai,ai,...,a})
f

ay a3 ... ay = f(ad,a3, ..., ad)
S

a, a; ay = flaj, a2, ... a})

m m m m

R R ... R R

We also say that R is preserved by f.



The schemes of the form used in the definition will be referred to as “compat-
ibility schemes”. We will call the right-hand side column the resulting column.

An operation compatible with all relations of a relational structure A is called
a polymorphism of A. The set of all polymorphisms of A is denoted Pol(A).
Similarly a relation preserved by all operations from a given set S is said to be
invariant under S and the set of all relations invariant under S is denoted Inv(S),
ie.,

Pol(A) = {f A" - Aln €N, VR € A : f is compatible with R},
v(S) = {RC A*|k €N, ¥f € 8 f is compatible with R}.

For a fixed set A, operators Pol and Inv realize a Galois correspondence between
sets of operations on A and sets of relations on A.

Seeing this, an important question arises. What are the closed sets on either
side of this correspondence?” We are concerned only with the case where the
domain A is finite. On the operations side the answer is clones. It is not difficult
to observe that Pol(A) forms a clone for any set of relations A. The more difficult
part is to show that clones, indeed, form closed sets, i.e., that every clone is a set
of polymorphisms of some set of relations.

Theorem 1 ([2], [6]). Let A be a finite set and S be a set of operations on A.
Then
Clo(S) = Pol(Inv(S)).

A similar result can be derived for the relational side. The closed sets there
are so called relational clones, which are sets of relations that are closed under
pp-definitions (primitively positive definitions), and contain the empty relation.
We say a relation R is pp-definable from Ry, ..., R} if there exists a formula defin-
ing R, which uses only existential quantifiers, conjunctions, equality and relations
Ry, ..., R;. We denote by RelClo(A) the smallest relational clone containing A.
It is, again, straightforward to check that Inv(S) is always a relational clone. The
converse implication also holds.

Theorem 2 ([2], [6]). Let A be a finite set and A be a set of relations on A.
Then
RelClo(A) = Inv(Pol(A)).

1.3 Near-unanimity operations and finitely
generated clones

In this section we introduce the notion of near-unanimity operations and demon-
strate how the Pol-Inv Galois correspondence can be utilized.

In universal algebra, it is often studied what we can derive about an algebra
or a variety given the existence of an operation satisfying some interesting iden-
tity. One of the important operations is a so called majority, which is a ternary
operation satisfying

m(y,xz,z) = m(x,y,z) = m(x,z,y) = .



This concept can be generalized in a straightforward manner to so called
near-unanimity operations. We say that an operation f of arity n > 3 is a
near-unanimity operation if the identity

flz,x,...;x,y,x,...,0) =2

holds for y being in any position. Note that majority is a special case of near-
unanimity operation and it is actually the strongest one in the following sense.
Let C be a clone and f € C be an n-ary near-unanimity operation. Adding
fictitious variables ¥, ..., yx, We can construct an operation g € C of arity n + k
as

9(3717372a-~->$n>?/1a--->yk) = f(x17$27"'axn)a

and ¢ is then also a near-unanimity operation.

We now aim to prove the following known corollary of the results due to
K. A. Baker and A. F. Pixley [1].

Proposition 3. If a clone on a finite set contains a near-unanimity operation,
then it is finitely generated.

To prove the proposition, we will need the concept of a projection of a relation.
Given an m-ary relation R and a set of coordinates I = {iy, ..., i}, the projection
Proj;(R) of R onto the coordinates I is the k-ary relation

Proj;(R) = {(ri,, Tigs - - 73,) | (11,72, ..., 7)) € R}

Note that a projection of a relation can be always pp-defined from the relation.
For example the projection onto the first two coordinates of a 5-ary relation R

would be defined as

Pfoh,z(R)(l"l,-’fz) = Jyz Iya Jys : R(w1, 72, Y3, Y4, Ys)-

Before we continue, let us go through a simple example to build up the intu-
ition. Let us imagine we have two relations

1 0 0
Ri=<10,11],[0]¢,

0 0 1

1 0 0 0
Ro=<10],11],(0f,[0O

0 0 1 0

The projection of both R; and Ry onto any two coordinates is

e={lo)-G)- )}

This shows us that in general the projections of a relation do not uniquely deter-
mine the relation. However, if we have an unknown ternary relation R., we know



that the projections of it onto any two coordinates is P, and, moreover, that it
is compatible with a majority operation m, then we know that

70 0 2B 0
o ? 0 2% o0
o 0o ? % o0,
m m m m

R, R, R» R

which rules out the option R;. We then actually know now that necessarily
R, = R,. The compatibility with a majority tells us the relation is “maximal”
with given projections in the sense that every tuple consistent with the projections
is in the relation. Note that this exactly means that R, can be pp-defined from
its projections as

Ro(21, 29, 23) = Proj o(R2) (w1, 22) A Projy 3(Re)(w1,73) A Proj, 3(Re) (22, 23).
This holds in general.

Lemma 4. Let f be an n-ary near-unanimity operation which preserves an m-ary
realtion R, where n < m. Then R is uniquely determined by its (n — 1)-ary
projections as

R(zy,...,7p) = A Proj;, i (R) (@i, @iy, - T ,)-
{it,eemsin—1}YC{1,...om}

Proof. We inductively prove that for all £, such that n — 1 < k < m, the k-ary
projections of R uniquely determine the (k + 1)-ary projections of R in the sense
of the pp-definition in the claim. It is enough to show that the projection onto
the first £ + 1 coordinates is uniquely determined by all the projections to “all
but one of the first £+ 1 coordinates”. For the other cases, there are just different
indices.

Suppose that (aj,as, ..., agy1) is such that the projections of the tuple are in
the corresponding projections of R, i.e., foralli=1,... k+ 1 we have
(a1, ;@i 1,Qi41,. - apy1) € Proj1,...,i—1,z'—1,...,k+1(R)-

Then we obtain

? ai a a1 ai i) aq
(05} ? a9 Ce (05} Qo i) a9
as as ? Ce as as i) as
” /
ag ag ag . ! ar — ag
/
A1 kg1 Qg1 - - Gyl T > Qg
I O SR SRR
/
? ? F O G AR
m m m m M m
R R R R R = R
which means that (ai,...,ar11) € Proj, ;.,(R), and that is what we wanted.

]



A direct consequence is the following lemma.

Lemma 5. Let S be a set of operations on a finite set A containing an n-ary
near-unanimity operation. Then

S = Pol(Inv(S)) = Pol(Inv(S)™V),
where Inv(S)™=Y are all the at most (n — 1)-ary relations from Inv(S).

Proof. The inclusion “C” is trivial. For the other inclusion, let R € Inv(S) be a
relation of arity at least n. Then Inv(S)™ ) contains all of its (n — 1)-ary pro-
jections, since Inv(S) is a relational clone, i.e., it is closed under pp-definitions.
Since R is compatible with the near-unanimity operation in S, by Lemma [ R
is pp-definable from these projections. This means that if we take a polymor-
phism of Inv(S)™~Y it will also be compatible with R. This proves the inclusion
Pol(Inv(S)) 2 Pol(Inv(S)™~Y). O

Getting back to the proof of Proposition [3 since there are only finitely many
at most (n — 1)-ary relations on a finite set, there are also only finitely many
sets of the form Inv(D)™ 1. Recall that C*) denotes the set of all at most k-ary
operations from C. We have a chain

cHcec®ce®c...cecWc...cc,
and applying Inv(-)™1) we get
Inv(CM) "D DIny(Cc®) DD | DInv(C®)®=VD | DInv(C) Y,

in which we can then only have finitely many strict inclusions. But that means
there exists k such that

Inv(CH) =D = Iy (€)=, (1.1)

We can assume that k& > n, so C*) contains an n-ary near-unanimity operation.
Using Theorem [I] and Lemma [5], we obtain

Clo(C®) Tz W po) Ty (c®))) * 2B poj (v (c®) 1)) &

= Pol(Inv(C)"V) "2 poi(1uv(c)) "=,

which shows that C is finitely generated by its at most k-ary part, and hence
finishes the proof of Proposition

This result can be generalized to clones whose operations have restricted image
as shown in [4]. For B C A we say that f is B-near-unanimity operation if

Vb,c€ B: f(b,...,b,c,b,...,b) =b
for every position of the different element c¢. We can then formulate the following.

Proposition 6 ([4]). Let B C A be finite sets and C be a clone on A. Let us
denote

ClB) = {f € C|m(f) € B} UP,.

If C[B] contains a B-near-unanimity operation, then it is finitely generated.

10



1.4 Characterizations of non-finitely generated
clones

In this section we introduce several known equivalent formulations of a clone being
non-finitely generated. A simple observation which we use throughout Chapter
is the following lemma.

Lemma 7. Let {Ci}ren be a sequence of clones such that

CCCC-CCC---CJC=C.

Then C is a non-finitely generated clone.

Proof. Clearly, C is a clone, since for any f, g1, ..., g, € C there exists k € N such
that f,g1,...,gn € Cy, i.e. also the superposition f(gi,...,9,) € Cx CC.

By the same argument, C is non-finitely generated, because given any finite
number of operations fi,..., f, € C, there exists k € N such that

ClO(fl, e fn) - Ck g C.

]

In particular we can always consider the chain of clones generated by the at
most m-ary parts. We then obtain a characterization.

Lemma 8. A clone C on a finite set is non-finitely generated iff there are infinitely
many strict inclusions in the chain

Clo(C™) C Clo(C®) C -+~ C Clo(C™) C --- C |J Clo(C™) = C.

Proof. By Lemma [7], we have the implication from right to left. The converse
also holds, because if there is only finitely many strict inclusions in the chain, we
have Clo(C™) = C for some m € N, and hence C is finitely generated, since there
are only finitely many at most m-ary operations on a finite set. O

Using the Pol-Inv Galois correspondence, we can prove another useful condi-
tion equivalent to C being non-finitely generated. The following characterization
was used by Tardos in [I§].

Lemma 9. Let C be a clone on a finite set A. Then C is non-finitely generated
if and only if

Vm € N 3R, a relation on A: R € Inv(C'™) and R ¢ Tnv(C). (1.2)
Proof. Let C be finitely generated by operations fi,..., fr. We set
m = maxar(ay),...,ar(ag).

Let R be a relation on A such that R € Inv(C™). Then R is compatible
with fi1,..., fx, and hence it is also compatible with Clo(f,..., fx) = C, i.e.,
R € Inv(C).

11



For the converse implication, let m be such that for all relations R on A we
have R € Inv(C™)) = R € Inv(C). Then Inv(C™) = Inv(C), since “2” holds for
every clone. We have

C = Pol(Inv(C)) = Pol(Inv(C™)) = Clo(C'™),
hence C is finitely generated by the set C™). O

Essentially, this is just a relational reformulation of the previous Lemma 3]
since we have Pol(Inv(C™)) C Pol(Inv(C)) iff Inv(C'™) D Inv(C), so the condi-
tion is equivalent to saying that there are infinitely many strict inclusions
in the chain

Pol(Inv(C")) C Pol(Inv(C?)) C --- C Pol(Inv(C™)) C --- C
|J Pol(Inv(C™)) = C.

m>1
Since Pol(Inv(C™)) = Clo(C™) by Theorem , this is the chain from Lemma .
As shown in [19], Lemma([9 can be reformulated using the notion of m-covers.
For a set R and m € N we say that Ry, ..., R is m-cover of R, if

(i) U R =R, and
=1

(ii) every m-element subset of R is contained in one of the sets Ry, ..., Rs.

This notion offers an equivalent condition to membership of a relation in
Inv(C™).

Lemma 10. Let C be a clone on A, and R be a relation on A. Then R € Inv(C™)
iff there exist Ry, ..., Rs, an m-cover of R, such that Ry, ..., Rs € Inv(C).

Proof. If R € Inv(C™), we set Ry, ., = {f(rl, Iy fE C(m)} for every set
of m elements ry,...,r, € R. Then clearly {ry,...,r,,} C Ry, ., for any m
element subset of R, since C™ contains projections. By R € Inv(C(™), we have
,,,,, v, C R. Hence, it follows that {Ry, ., |r1,...,1, € R} is m-cover of R.
Let ry,...,r,, € R. We show that Ry, .. € Inv(C). Let ¢ € C be an
n-ary operation and si,...,s, € Ry, r,.. Then there exist m-ary operations
fi,..., fn € C™ such that f;(ry,...,r,,) =s; forall i = 1,...,n. Since the
superposition g(fi,. .., f,) is m-ary, that is, g(f1,..., f,) € C™), we have also

g(Sl, . 7Sn) = g(fl, .. .7fn)(I'17 e ,I'm) S er ..... PN

On the other hand, let Ry, ..., R, € Inv(C) be an m-cover of R and f € C™.
Let ry,...,r,, € R. Then there exists i € {1,...,s} such that ry,...,r,, € R;.
Since R; € Inv(C), we have

f(r17"'7rﬂ’L) € Rz gR
Therefore, R € Inv(C™). O

Putting Lemma [ and Lemma [I0] together yields the following characteriza-
tion.

Corollary 11. A clone C on a finite set is non-finitely generated iff for every
m € N there ezist Ry, ..., Rs € Inv(C), an m-cover of R := \U;_, R;, such that
R ¢ Inv(C).

12



2. Finitely generated clones

In this chapter we present several examples of finitely generated clones, describe
an explicit construction showing how to express operations using the generators,
and demonstrate how the construction can be modified.

2.1 The clone of all operations

As noted before, O, — the set of all operations on a set A — is a clone, and,
by Proposition [3, it is finitely generated for any finite A, since it contains a
near-unanimity operation. There is, however, also a simple explicit construction
showing that O, is finitely generated, which can also be modified to show that
some other clones without near-unanimity operations are finitely generated.

Boolean functions

Let us start with the binary case Oy ;. It is a well known fact that we can
construct any boolean function f : {0,1}" — {0, 1} using just identity, nega-
tion, conjunction and disjunction. The trick is to take all the tuples on which
f evaluates to 1, and, using the available operations, construct a logical formula
saying “the tuple x is one of these”.

For every a such that f(a) =1 we define an n-ary operation

Gas1(T1, ooy mp) = up (1) Aug(2) A Aup(zy),

where u; is identity if a; = 1 and negation if a; = 0. Then g,—1(x) = 1 if and

only if x = a. This way we get f = \ ga_1, where \ is just a composition of
a:f(a)=1
binary disjunctions.

The explicit construction for O4

Generalizing this construction to an arbitrary finite set A is quite straightforward.
We will show that any operation on A is generated by some unary and binary
operations. Let us fix an element 0 € A. In place of identity and negation we
will need simple unary operations u,_.; given by

Uqp(T) = {

b ifx=a,

0 otherwise.

As for the binary operations, we take a quite natural generalization of conjunction
and disjunction defined by

" x ify=0orx=y,

x ifz=y, .

Nz,y) = y and V(zr,y)=<y ifz=00rz=y, (2.1)

0 otherwise 0 therwi
otherwise.

Note that both operations are associative and by composing we get n-ary versions

a if{zy,...,z,} ={0,a},

Ve ={;

a ifry=---=2x,=na,

A= {;

otherwise otherwise.



Even though these are formally different operations for each arity, for the sake
of simplicity we will denote them by the same symbol for all n € N. Note that
for n = 2 we have just the basic operation A/V and for n = 1 we define both as
identity, which is always in a clone since it is a projection. The intended arity
will be always clear from the context.

Given a tuple a € A™ and a desired result b € A we can now generate an

n-ary Operation ga (x) = ta, (1) A tiay sp(T2) A -+ A tg, 4(w) satisfying

b ifx=a,

Ga—b (X) = {

0 otherwise.
The definition works even for g, ,o. We get a constant 0, but it is convenient for
clarity to take these into account as well.

Let now f € Oy4 be an arbitrary n-ary operation on A. It is easy to see that
[13peh]

f= \/ Ya— f(a), since for any tuple at most one “¢g” will be nonzero and so the

4( 2

dlSJunCthIl returns the result of this , which is the result of f on the given

tuple.
\ V
@*" . / \\/\
] I~. N I\
u 1_>f (a1) —>f(a1 e U Lsf(ar) (% 2_>f (ag) - - - uaz_)f(a2)

\ \ \ : \ \
xl x2 . e ITL : xl e xn

Figure 2.1: Operation f generated by conjunction, disjunction and unary opera-
tions. The “A-blocks” are ga_, f(a) for all the different tuples a € A". The A and
\/ are compositions of the binary versions, so the tree is in fact much deeper then
three levels.

We have shown that any operation is generated by unary and binary opera-
tions. Since there are only finitely many of these — and we do not even need all
of them — this proves that the clone Q4 is finitely generated.

2.2 Modifications of the construction

In this section we demonstrate how the above construction can be modified to
show that various clones are finitely generated.

In Section we talk about restricted image and about so called insensitivity,
and show that clones of all operations with image restricted to some B which are
also B-insensitive are non-finitely generated. Here we show that taking each
of these two properties on its own yields finitely generated clones. The clones
described here are inspired by [7].

Next we talk about “full cube-term blocker clones”; studied in [13], which
are interesting for classification of non-finitely related clones and are themselves
non-finitely related (we explain this notion later). We show that they are finitely
generated.
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The clone of operations with restricted image

For a nonempty finite set B C A we define a clone by
Cp={f:A"—=>A|lneN, Im(f) C B}UPa.

The set Cp is indeed a clone, as if we take f,g1,...,9, € Cp and the su-
perposition h(x) = f(g1(x),...,gn(X)), then either f is a projection onto the
j-th variable, and we have h = g; € C, or Im(f) C B, and then we have also
Im(h) C B.

Although Cp does not contain any near-unanimity operation, it does contain
a B-near-unanimity operation, so we know that the clone is finitely generated
by Proposition [} We can, however, modify the above construction in a very
straightforward way to explicitly show that Cp is generated by its unary and
binary operations and is, therefore, finitely generated.

We fix 0 € B and define unary operations u,_,; for a € A, b € B as before. We
need to have b € B to have the image of the operation in B. But we only need
operations of the form u,_, () for a tuple a and an operation f with Im(f) C B,
which satisfy this condition.

The image of conjunction and disjunction as defined before is not in B but,
we do not need to pass elements from A\ B through them, so we take a slightly
modified version where we just return 0 if we would normally return anything
outside B, i.e.,

x ifrx=yandzx € B,

0 otherwise

x if(y=0orx=y)and z € B,
V(z,y) =gy if(z=0o0rxz=y)andye€ B,
0

otherwise.

For any a € A™ and b € B we can now construct

ga—>b(x) = ua1—>b(x1) JANRERIVAN uan—ﬂ)(l’n)u

and, as before, for any f € Cp which is not a projection we get f =V ga_ (a)-
acA

A union of clones of operations with restricted image

If we take a finite set A and several subsets By,..., By C A, then we know that
Cp, is a finitely generated clone for all ¢ = 1,..., k. Let us consider

C=Cp, UCp,U- - UCp,.

First of all, C is a clone. Take f,g1,...,g, € C and h(x) = f(g1(x), ..., gn(X)).
Then either f is a projection, and we have h = g; € C for some j, or f € Cp, for
some %, and then Im(f) C B;, hence also Im(h) C B;.

Now it is clear that C is finitely generated, because it is generated by the union
of the finite sets of generators of Cp,,...,Cp,. We can also finish the construction
by taking “translator functions”, which is a concept that will be useful later.
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Let us assume that By is the largest of the subsets with respect to the number
of elements. Then for each ¢ we have a unary operation ¢; € Cp, which “translates”
the elements of B; to elements of B;, meaning that the restriction ¢ [,: By — B;
is surjective. But then for any operation f € Cp, we have an operation fe Cp,

such that f = t;(f), hence C is generated by the generators of Cg, and one unary
translator operation t; for each 1.

The clone of B-insensitive operations

Let B C A be again nonempty finite sets. We say that f is B-insensitive if it
cannot distinguish between different elements of B on the input, i.e., if

Vi Va € A" Vb,V € B :

f(ala s 7ai717b7 At 1y - - 7an) = f(ala s 7ai717bl7ai+17 cee 7an)-

Let ~p be the equivalence on A such that a ~p a if either a = ' or a,a’ € B.
For a,a’ € A™ we write a ~p a’ if a; ~p a for every i € {1,...,n}. Now we can
also say that f is B-insensitive iff f(a) = f(a’) whenever a ~p a’.

We will now study the set

C={f:A" = A|n €N, fis B-insensitive} U Pj.

We need to add projections separately, since they are not B-insensitive.

To show that C is a clone, take f,gi,...,9, € C and consider the operation
h(x) = f(g1(x),...,9n(x)). If f is a projection, then h = g; € C for some j.
Otherwise we show that h is B-insensitive.

Let a ~p a’. Now for each i € {1,...,n} either g; is B-insensitive, and than
the input to f is the same for a and a’, or g; is the projection onto the j-th
variable, and than g;(a) ~p g;(a’), so switching from a to a’ in g; will not change
the result, because f is B-insensitive. Hence h(a) = h(a’).

Showing that C is finitely generated by our explicit construction is somewhat
tricky, since we can not directly pass elements from B through the operations of
C as before. We need to incorporate some kind of coding into the construction
to pass the information about which element from B should we output. There is
no problem when the operation outputs an element from A\ B, but to make the
construction clearer, we will encode all the elements of A. It is essential here to
have some element outside of B to our disposal.

Letusfix 0 € Aand 0 41 € A\ B, and let A ={eg,e1,...,€x_1}-

The unary operations “u,_,;,” will now only check if the input is right, but will
not tell anything about the output. That is, we will only use operations wu, ,;
defined by
1 if v ~ B Q,

Ug1(T) = {

For b € B the operation u;_,; cannot distinguish between different elements of B,
but neither can the operations we want to generate, so this is not a problem.
The conjunction and disjunction can be quite simple. We want them to be
a regular conjunction and disjunction on 0,1 and they can behave arbitrarily on
the other elements, since we never input any other elements in them. A natural

0 otherwise.
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way of defining them to make sure that they are in C is to let them “see” all
elements in B as 0 and all the other elements as 1, i.e.,

1 ifz,yé¢ B,

0 otherwise

1 ifx¢Boryé¢B,

0 otherwise.

Nz,y) = { and  V(x,y) = {

Together we can compose ga_,1(X) = Ug,1(21) A -+ A tg, 1(x,) so that

1 ifx~pa,
ga—>1(x) = XXNBa(X) = {

0 otherwise.

Now to the encoding. Let [ be fixed such that k < 2!. For by, by, ..., b € {0,1}
we denote by by ... 01 the number with a binary representation bgby ... by 1.
We define unary encoders ¢! and l-ary decoder dec such that dec(c}, cf,...,¢_;)
evaluates to a; on (1,...,1). We achieve this by letting

J ( {the i-th digit of binary representation of a; if z =1,
i\T) =

0 otherwise,

and

dec(zo, . .., T1-1) = Ggggr—zr, Where y; =Xg¢p(;) = 0 ifzcB

There are actually only two coding operations: either it is a constant 0, or it
maps 1 to 1 and anything else to 0. Note that all the defined operations are
B-insensitive and that we have only one dec operation of a fixed arity [, so we
have still defined only finitely many operations.
Let now f be an n-ary B-insensitive operation on A. We will construct f
using the defined operations. The construction is illustrated in Figure
Explicitly we will have f = dec(dig{;, dig?, . .. ,diglf ), where

dig/(x) :== (6’7 (V gaﬁl(x))) :

j€{0,1,....,k—1} a:f(a)=e;

What happens here is that given a tuple a such that f(a) = e,, 1 will be inputed
into ¢, ..., ¢, and 0 will be inputed into every other ¢/. This is true, because
for all b such that f(b) # e, we have necessarily b g a, and thus g, _1(a) = 0.

Therefore, for this a we have

digl/ (a) = (1) v \/ [ (0) = ¢ (1) v \/ 0 = ¢}(1),
J#T J#T
i.e., all together
dec(digd, dig], ..., digl_,)(a) = dec(c(1),&(1),....¢_ (1) = e, = f(a),

which is what we wanted.
Let us remark that we could use any 01-encoding of the elements, which might
be useful if we wanted to modify the construction for different clones. Another

i—1
simple encoding we could use here is ¢; +— (0,...,0, 1,0,...,0) € {0,1}*.
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dec

Exactly one ¢y -

\\"/ \\"/ \\ 7

.......... ANEYAAN

9a—1  Yal—1 ... Jaf —1 gal—1  Yals1 .- YJal —1

0

Figure 2.2: The construction of a given f from the defined operations. Each of
the bottom blocks belongs to tuples on which f evaluates to a certain value, i.e.,
{aj,al, ... aj, } are exactly the tuples for which f(a N =e;.

B-insensitive operations with image restricted by set(s) different
than B

Let A, B,0,1 and C be as above and let D C A be such that 0,1 € D. Except
for the decoder, all the operations defined in the construction have image in
{0,1} C D. Therefore, when we restrict the decoder so that it only returns a; if
a; € D and returns 0 otherwise, we immediately see that the clone

={/eClIm(f) € D} UPa
={f: A" — A|n €N, f is B-insensitive and Im(f) C D} U Py

is finitely generated. The essential fact here is that D € B.

Note that if we would have |B N D| < 1, the construction would be much
simpler. We would not need any encoding, since we could pass all needed el-
ements through conjunction and disjunction. The construction for clones with
just restricted image would suffice with a slight modification to make sure all the
operations are B-insensitive — they would just treat the whole B as one element.

For example if A = {0,1,2}, B ={0,1} and D = {0,2}, we get a clone used
in [7]

Doy = {f operation on {0,1,2}| f is {0, 1 }-insensitive, Im(f) C {0,2}} U Py,

which is thereby finitely generated.
We can now go one step further. Let A be a finite set, B, Dy, ..., Dy C A be
nonempty such that 0,1 € Dy and 1 ¢ B, that is, in particular D € B. Let

Dp, ={f: A" = A[n €N, fis B-insensitive and Im(f) C D;} .
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Then
D =Dp, UDp,U---UDp,

is a finitely generated clone. It is easy to see that D is a clone. We can use the
same arguments we used for the clone of B-insensitive operations and the union of
clones of operations with restricted image. Note, however, that we allow D; C B
for j # 1. That means we do not know if Dp,,...,Dp, are finitely generated.
Later we show that if D; C B, then Dp, is actually non-finitely generated.

To see that D is finitely generated, recall the “translator” unary operations
we used for the union of clones of operations with restricted image. We could still
use the same trick if [D; \ B| > |D;| for all j # 1. In general we do something
similar. We just take a different decoder for each j. That is, for a given n-ary
operation f € Dp,, we will first map a € A" to the 0l-encoding of f(a), using
the operations from Dp,, and then decode them to get the desired result by the
decoder from Dp,.

The full cube-term blocker clone

For a clone C, we ask whether there exist finitely many operations generating C.
Similarly, we can ask whether we can describe it in the terms of compatibility
using only finitely many relations. We say that C is finitely related if there exists
a finite set of relations R such that ¢ = Inv(R). Note that by Lemma [f, all
clones containing a near-unanimity operation are finitely related.

Finitely related clones are studied in [I3], using, among other concepts, so
called cube-term blockers. For a clone C on A and subsets @ # D C S C A, we
say that C has cube-term blocker (D, S) if all operations f € C satisfy

3i: f(S,...,S,D,S,...,S) C D. (2.2)

It is proved that the clone of all such operations, for a fixed (D, S), is non-finitely
related. The paper is mainly concerned with the idempotent case. We say an
operation is idempotent, if f(a,...,a) = a for every a € A. A bit simplified, one of
the main results in [I3] is that the clones of all idempotent operations satisfying
for some @ # D C S C A are maximal non-finitely related idempotent
clones, in a sense that if we added another idempotent operation, the resulting
clone would be finitely related.

We fix B C A, and consider the clone of all operations satisfying for
(B, A). We call it the full cube-term blocker clone. We show that both the full
cube-term blocker clone and its full idempotent reduct are finitely generated.

Let us denote the full cube-term blocker clone as

B:{ﬁA”%MneNHkﬂAuwAéAWWMQB}

It is easy to see that B is, indeed, a clone. The projections are in B and when
we compose f(gi,...,g,) we can easily find a variable with the desired property.
If f fulfills the condition in the i-th variable and g¢; in the j-th variable, then
the superposition fulfills it in the j-th variable. We now aim to modify our
construction to show it is finitely generated. As before, we fix 0 € B.
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The first problem we might notice is that all unary operations v € B fulfill
u(B) € B, which is inconvenient since we can have, for instance, f such that
fla,b...,;b) =a for some b € B,a ¢ B, and, therefore, we need up_,.

The second problem is that V ¢ B for V as in ({2.1), since for a ¢ B we have
aV0=0Va=a¢ B,but 0 € B.

We fix both issues by introducing a new variable to the operations which will
satisfy the desired condition. We will denote A and V as in . We will use A
as it is; there is no issue with it. We define new operations

. V(z,y) if possible, i.e., if z ¢ B or V(x,y) € B,
V(z,y,2) = .
0 otherwise (0 € B),
Ugsp(T, 2) = Ug—p(T) for b € B,

ugp(z) if z ¢ B,

for b ¢ B.
0 otherwise (0 € B) orb¢

aa%b('xa Z) = {
The new operation V being ternary, it is now not clear what do we mean by an
“n-ary version of V”. When composing V we will plug the same variable into the
third coordinate of all V’s composed. For a given n, we thus obtain an (n-+1)-ary
operation

\/(xlax%"')xn) :\7 \7 (l’l,l'g, ),l’g,Z),...,Z),l'n,Z)
( if possible, i.e., if z ¢ B or V(x) € B,
otherwise.

Analogous to the full clone case we also denote V(z1,29,2) = V(x1,29,2) and
V(z1,2) = 7.

v
7|

N

B L, z
v<x1ax27"'7xnvz) = /

/\\
/\\

I

Figure 2.3: Tree depiction of how to compose V.

Let now f be an n-ary operation in B with the i-th variable satisfying the
property Va € A" : a; € B = f(a) € B. Let a € A". We will exploit the fact
that f(a) € B = a; ¢ B to define n-ary operations ga_f() as

ga%f(a) (xla e 7xn) = ﬂalﬁf(a)(xb xz) A ﬂagﬁf(a)(x% mz) JANRRIAN aan%f(a)(xna xz)
_Jf(a) ifx=a,
o otherwise.
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This construction works because for f(a) € B everything is defined as in the full
clone case and for f(a) ¢ B the operations ;) have the element a; ¢ B at
disposal in the troublesome second coordinate so they have the freedom to output
whatever f(a) is.

The same trick used for \/ suffices to generate f as

f(X) = V(gal—)f(aﬂ(x)? ga2—>f(a2)(x)7 e aga‘A|n—>f(a|Am)<X)7 mi))

where ay, ..., a4 are all the tuples of A".

The idempotent reduct of the full cube-term blocker clone

For finite nonempty sets B C A and B as before, we set B to be the full idempotent
reduct of B, that is,

B={fecB|VacA: fla,...,a) =a}.

Note that idempotence is consistent with the defining property of B and B is
therefore not trivial.

The operations A and V as defined above are already idempotent, so we only
need to modify the operations i, ;, by introducing another variable. We need to
distinguish two cases here — |B| =1 and |B| > 2.

For the first case let 0 be the only element of B and let us define

x when forced by idempotence, i.e., if z = 2 = w,

Uq—p(z,2)  otherwise

ﬁa—>b(££7 Z, w) - {

Given n-ary f € B with the i-th variable fulfilling the property for B, we plug
in x; for z, as before, and we plug in A z; for w. For a € A" we obtain
J

Ja—f(a) (1'17 v 7xn) =

fbaﬁf(a)(xhxi, /\xj) A l:taﬁf(a)(xza Xi, /\xj) ARV aan—n”(a)(xnaxia /\%‘)

J J J
f(a) ifx=a,
=141 if x is constant, i.e., x1 =19 = -+ = 1,
0 otherwise.

This indeed works because for a non-constant tuple ¢ € A" with ¢; # 0 we have
two different inputs in ’s, ¢; # 0 and Ac; = 0, so @’s are not bound by the
idempotency and may output whatever needed. For ¢ with ¢; = 0 the result of
every used operation is 0, but also f(c) = 0. For constant tuples ¢ = (¢, ...,¢)
everything outputs ¢, but also f(c) = c.

For the case | B| > 2 we have a problem for such f that fulfills the property for
B in the first coordinate, and f(0,a) = b # 0. We would have tg_;(z1, 71, 11 A7)
and for the tuple (0,a) we would be forced to output g_(0,0,0) = 0, which is
not what we need.

We will fix this by adding yet another variable. We fix two different zeros
0,0" € B and define a second conjunction A’ which is the same as A, only it uses
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0’ instead of 0. This allows us to have guaranteed two different elements A a; and
N a; for every non-constant a. We then define

ﬁa%b(qz; Z, W, wl> =

{:L‘ when forced by idempotence, i.e., if x = 2 = w = W/,

Uqsp(x,z)  otherwise
and for a given f € B with the special coordinate at i we take

= / ~ !
gaaf(a)(x) = U'alaf(a)(xla X, /\xja /\ xj) JARERIA uanﬁf(a)<xna Xi, /\xja /\ xj)-
J J J J

In both cases we finish the construction the same way as before by taking the
generalized disjunction \/ over all tuples a € A™.
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3. Non-finitely generated clones

In this chapter we look at examples of non-finitely generated clones. We show
how B-insensitivity together with image restricted by B can yield non-finitely
generated clones, as essentially shown in [7]. Inspired by the example, we find
relations such that operations preserving them depend only on a limited number
of variables. The construction yields non-finitely generated clones. Then we
discuss possible modifications and generalizations of these relations.

3.1 Basic examples of non-finitely generated
clones

Both the trivial and full clone are finitely generated. By the deep result of Tardos
[18], a maximal clone can be non-finitely generated. Namely, the maximal clone
of monotone operations of the following poset is non-finitely generated:

On the other hand, a minimal clone is always finitely generated, since minimal
clones are always generated by one operation. Somewhat minimalistic example
of a non-finitely generated clone can be constructed on Zy.

Non-finitely generated clones on Z,

The following are well known examples of non-finitely clones, see e.g. [3], 8, [14].
Consider {0,1,2,3} with standard +, - evaluated modulo 4. The clone generated
by operations

(e, xo, . o ) =220 - 29+ - -+ - .
is non-finitely generated. To see that, we just need to observe that f,, can not

be composed using f;’s for ¢ < n. This is clear, because composing f; and f; we
always get a constant 0 — for example, substituting for the first variable, we get

fz‘(fj(xl,---7xj)>$j+1,---7$j+i) =222y 241 =0.

More generally, we can similarly take operations p-xy----- Ty in Z,2, for any
prime p. If we also include addition, the clone Clo({f,|n € N} U {+}) is still
non-finitely generated. The proof is, however, not that straightforward anymore.

We can also consider

gn(T1, 20, 2y) =2 (1 + 224+ +x,) =2-21+2 29+ ...2- 1.
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Composing g; and g; we do not get a constant operation, but we still can not
compose these into g, for n > 1, j, as for example

gi(wy, .. i1, 95y, -, Y5))
=2+ +2-9+2- 2+ +2-y))
=214+ +2- 24
=gi1(xy...,x1).

Using the alternative definition of a clone (Definition [2)), it is not difficult to
check that the operations in Clo({g; |7 < k}) are either projections or of the form

f(.fhl’g, s ,{L'l) = gj(‘riuxiza s 7.1'7;].),

where j <1, i1,...,17; € {1...,l}. As a consequence, g, ¢ Clo({g;|i < k}) for
n > k, and hence Clo({g, | n € N}) is non-finitely generated.

Note two important properties of the operations gi. First, their image is in
{0,2}, and secondly, it does not matter if we plug 0 or 2 into the variables, i.e.,
the operations are 02-insensitive. We will later see that this combination does in
general yield non-finitely generated clones.

An intersection of finitely generated clones

L. Haddad shows in [7] that an intersection of two finitely generated clones can
be non-finitely generated by a following example. Let 3 = {0, 1,2} and

D;j:={f:3"—=3|neN, fis0l-insensitive and Im(f) C {i,j}} UPa,
C()l = {f Z&n —>§|TL S N, Im(f) Q {0,1}} UPA,
D .= DOQ U D()l.

As shown in Section [2.2] Doy, D and Cy are finitely generated clones. However
Dy1 = DN Co

is non-finitely generated, as follows from Proposition [12]in Section where we
will show that the clones of all B-insensitive operations with image in B, for some
B C A, are in general non-finitely generated.

We have also shown in Section 2.2] that

Eor={f:3"—=3|neN, fis0l-insensitive} U Py
is a finitely generated clone. So we have an even more straightforward intersection

Do1 = Co1 N Epr.

3.2 Essential and insensitive operations

As described in Section [I.4] a clone C is non-finitely generated if and only if we
can find an infinite chain of clones, union of which is C. The arity of operations
we add in each step has to gradually increase, since there is only finitely many
operations of a given arity. It would, therefore, be natural to try taking all
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operations of given arity in each step. The problem is that they never form a
clone, because we can always introduce new fictitious variables, and somewhat
artificially increase arity of any operation. So what we are interested in is not
the arity, but essential arity.

Definition 5. Let A be a set and f : A™ — A an operation. We say that f is
essential in the i-th variable, or that it depends on the i-th variable, if

dJae A" db; € A

f(al, ey i1, A4, A4g 1y - - - ,an) 7£ f(al, e ,ai,l,bi,aiﬂ, . ,CLn),

that is, if the i-th variable is not fictitious.

We say that f is essentially k-ary (the essential arity of f is k, f is k-essential )
if it has exactly k essential variables.

Let C be a clone on A. We define the k-essential part of C as the set of all
essentially at most k-ary operations in C.

Yet another way to formulate that a variable is essential is to say it can
distinguish between some two elements. For sets B C A we can also introduce
a notion of B-essential variable, which is a stronger property. Not only can the
variable distinguish between a pair of elements, it can distinguish between two
elements from B. The negation of that is the already mentioned B-insensitivity.

Definition 6. Let B C A be sets and f : A™ — A an operation. We say that f
is B-insensitive in the i-th variable if

Va e A" Vb, b; € B :

f((ll, e ,G,Z'_l,bi,ai+1, Ce ,an) = f(al, Ce ,ai_l,bi,aiﬂ, Ce ,Cln),

i.e., if f can not distinguish between different elements of B in the i-th variable.
We say that f is B-insensitive, if it is B-insensitive in all variables.

3.3 DB-insensitive operations with image in B

One of the reasons a clone might be non-finitely generated is that its operations
can not be composed to get an operation of higher essential arity. An easy way
to guarantee this is to make sure the operations can not distinguish between the
results they can output.

The following proposition is essentially contained in [7].

Proposition 12. Let B C A be nonempty finite sets, C be a clone on A and
C = {f € C| f is B-insensitive and Im(f) C B} U Py.

Then C is a clone, and if it contain operations of arbitrarily high essential arity,
it is non-finitely generated.

Proof. First of all, C is a clone. We know that composing operations from C, we
obtain again operations in C, so it is enough to prove that composing operations
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from C we get either a projection or a B-insensitive operation with the image in
B. We check this for the four procedures from Definition [2]

It is clear the properties are preserved while permuting the variables or intro-
ducing new fictitious variables. It is also preserved by identification of the first
two variables, since for an n-ary operation f € C which is not a projection we
have

Vac A" Vb,be B: f(b,b,as,...,a,) = f(b,b,as, ... a,) = f(b,b,as, ..., an),

so the glued variable is still B-insensitive.
Let now f,g € C and

(f * 9)($17 cee axm—i—n—l) - f(g(xh cee 7xm)7xm+17 cee 7wm+n—1)-

If f is a projection, then f * g is either also a projection or it is g with added fic-
titious variables. Assume that f is not a projection. Clearly, Im(f * g) C B,
and Z;41,-..,Tmin_1 are B-insensitive. For the first m variables, they are
B-insensitive either because g is B-insensitive, or because f is B-insensitive in
the first variable. Thus, C is a clone.

Let us denote

Cr = {f € C| f is essentialy at most k-ary} .

We assume that C contains an operation of arbitrarily high essential arity, hence
we have an infinite strictly increasing sequence ki, ks, ... such that there exists an
essentially k;-ary operation in C for every ¢ € N. This yields a strictly increasing
chain

Cr, CChy ©---CCr C---CC.

—= =

Clearly U;en Cr;, = C. We show that Cy, is a clone for every k € N, and hence C is
non-finitely generated.

Let £ € N. Projections are essentially unary, so they are in Cy. Neither
permutation and identification of variables, nor introduction of new fictitious
variables increases the essential arity. We only need to check the substitution.

Let f,g € C be essentially at most k-ary, ar(f) = n, ar(g) = m. If either f
or g is a projection, then f * g is still essentially at most k-ary. If they are not
projections, then Im(g) C B and f is B-insensitive, i.e., f is Im(g)-insensitive.
Therefore, Ya € A™™ 1 : (f xg)(a) = f(b,ams1,s---,Amin_1) for some fixed
b € B. Hence, none of the first m variables are essential, and out of the others
at most k are essential, i.e., f * g is essentially at most k-ary. [

3.4 Relational description of restricted
essential arity

In this section we describe certain relations and their polymorphisms. We aim to
relationally describe some clones with restricted essential arity. We are looking
for a relation £} which can “cut off” all the operations of essential arity & or
higher.
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3.4.1 Definition and basic properties of £

Given essentially k-ary f, we want to exploit the pairs of tuples a;, a; which differ
only at the i-th coordinate and for which f(a;) # f(a!). The idea is to define the
relation as tuples of equality and nonequality pairs. For example, the elements
of By will consist of 3 pairs, i.e., it will be 6-ary. In the compatibility scheme we
would like to only allow tuples with at most one nonequality on the input side,
and allow all tuples with at least one equality on the output side; we would then
obtain following schemes:

[ ] [ ] [ ] f [ ] [ ] [ ] f [ J
AN Il Il — LN Y Il — Y
[ ] [ ] [ ] [ ] [ ] [ ] [ J
[ ] [ ] [ ] f [ ] [ ] [ ] f [ J
Il AN Il — LN Il AN — Y
[ ] [ ] [ ] [ ] [ ] [ [ J
[ ] [ ] [ ] f [ ] [ ] [ ] f [ J
Il Il RIS — LN Il Il — Il
[ ] [ ] [ ] [ ] [ ] [ ] [ J
m m m R m m m
in in in out in in out
ES ES ES E3 E3 E3 E?)

On the left we have essentially ternary operation, so we have a pair of tuples
a;, a, (rows), differing only in the i-th variable, such that f(a;) # f(a}) for
t = 1,2,3. On the right we have essentially binary operation, so we have such
tuples only for two variables.

The problem is how to define the relation so that one part is only relevant
on the input and the other only on the output side. Inspired by the clones of
B-insensitive operations with image in B, we can have the “input tuples” consist
of arbitrary elements, but the “output tuples” consist only of elements from B. If
we take f B-insensitive with Im(f) C B, it works as desired. The B-insensitivity
allows us to mix “output tuples” into the input, since f can not distinguish
between any of its elements, so it would be equivalent to inputing a constant
tuple. The image in B allows us to restrict the tuples we allow on the output
just to B.

We now define the relations Ej. For a set A, a diagonal on A is a binary
relation given by

An={(a,a)|a € A}.
We say that a pair (a,b) is diagonal if a = b. Otherwise we say it is non-diagonal.
Let B C A be nonempty finite sets, |B| > 2. For natural k& > 2 we define
2k-ary relations F, as

k i
Bl =JA x XAy x A2X Ay x- XAy,

=1

k

k i
EJ=|JB*x--xB*xApx B*x - x B,

=1

E,=FE}UEP.

k

The “A-part”, E{!, consists of all tuples of k pairs such that at most one pair
is non-diagonal. It is stricter in the number of equalities, but more liberal in the
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elements themselves. The “B-part”, EZ, consists of all tuples of & pairs in B such
that at least one pair is diagonal. It is more liberal in the number of equalities,
but restricts the elements we can use to B.

The two parts are not disjoint. In the intersection, we have all the tuples of
k pairs in B with at most one non-diagonal pair. Note that for £ = 2 we have
E, = E3.

To clarify the relations in yet another way, let us observe that a ¢ FE, if
and only if either none of the pairs in a is diagonal, or there are (at least) two
non-diagonal pairs in a and a; ¢ B for some 1.

We define clones

& =Pol(E, 1, By s, ... ).

Defined this way, it is clear that & C &1 for all k. It is also clear that
Er C Pol(E,, ;). We show later that the other inclusion holds as well for k > 2,
but it is not immediately obvious.

Let us first check that F, “cuts off” operations of essential arity k.

Lemma 13. Let £ > 2. Operations of essential arity k and higher are not
compatible with L.

Proof. Assume n > k > 2, f is an n-ary operation on A, and its first k variables
are essential. We show that f ¢ Pol(E,). Since the first k variables of f are
essential, there exist tuples ry, 1), ro, 15, ..., 1y, ) € A" such that r; differs from r}
only at the i-th coordinate, and f(r;) # f(r;) for all i = 1,..., k. Using these 2k
tuples as rows, the following scheme is obtained:

rl == [ J [ ] [ J [ ] [ ] f [ ]
Sl ol R
ry = e e e o ° i> °
1'2 == [} [ ] [} [ ] [ ] f [
, IR ol R
r, = e e e o ° i> °
rk == [ J [ ] [ J [ ] [ ] f [ ]
/ Il SO R
r, = e e e o ° i> °

m m m m R

Hence f ¢ Pol(E,). O

Next, we show the following.

Lemma 14. Let k € N and f be a B-insensitive operation on A with Im(f) C B.
Then
f €& < [ is essentially at most k-ary.

Proof. Let C be a clone and

C= {f € C| f is B-insensitive and Im(f) C B} U Py.
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We show that & N C consists exactly of all at most k-essential operations in C.
The inclusion “C” is a corollary of Lemma [I3] We need to show the converse
— that every essentially at most k-ary operation in C is compatible with E, for
every [ > k+ 1.

When studying compatibility of E, and operations in C, we can restrict our-
selves to only inputing tuples from Ej' and only asking if the output is in EZ,
that is,

f €Pol(E,) <= Vay,...,au € B : fay,...,a.p) € EP. (3.1)

The projections are trivially compatible with every relation and for non-trivial
operations we can do the following. If we input a; € EZ, we can equivalently take
a constant tuple (b,...,b) € Ef*, for any b € B, and the result will be the same,
because f is B-insensitive. Since Im(f) C B, the resulting tuple will always be
in B% and in that case it is in F, if and only if it is in EP.

Let k > 2, f € C be n-ary with essential arity at most k, and [ > k+ 1. We
will assume all essential variables of f are among the first k. Let ay, ..., a, € Ef.
We know that there are [ > k pairs in each a; and only one can be non-diagonal
in each a;. Thus, there exists ¢ € {1,...,[} such that the i-th pair is diagonal in
all aj,ag,...,a;. Since all essential variables of f are among the first £, also the
i-th pair of f(ay,...,a,) is diagonal, hence the tuple is in EP. Using we
obtain f € Pol(E)).

We have proved that

E.NC={f€C]|f is at essentialy most k-ary}.
O

This offers an alternative prove of Proposition since &, as a set of poly-
morphisms, is a clone, and an intersection of clones is also a clone. This yields a
chain of clones

&NCCé&ENCC---CENCC---CC,

which, given C has operations of arbitrarily high essential arity, has infinitely
many strict inclusions. Furthermore, Ucn & N C = C, hence this yields that C is
non-finitely generated.

3.4.2 Polymorphisms of F,

We know that B-insensitivity and having the image in B are sufficient for an
at most k-essential operation to be in &. It is, however, not necessary for the
operation to be B-insensitive in all variables. In this section we show that an
operation can satisfy a different condition in one of the variables. The aim is now
to describe the clone

E= &= Pol(E, 1, B, --).

keN keN

We will investigate Pol(F)). For the whole section, we fix nonempty finite sets
B C A, |B| > 2.

First, we examine essentially at most unary operations. In the following,
we treat essentially at most unary operations as unary; we ignore the fictitious
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variables. There is no loss in generality, since non-essential variables do not
influence compatibility in any way.

Lemma 15. For k > 3 and an essentially at most unary operation u, we have

u € Pol(E,) <= either u is B-insensitive (i.e., constant on B),
or u(B) C B.

Proof. Let u(z) be essentially at most unary. If u is neither B-insensitive nor
does it satisfy u(B) C B, then we have by, by, b € B such that u(b;) # u(by) and
u(b) ¢ B. Let b = (by,bg,b1,b2,b,b,...,b,b) be 2k-ary. Since the third pair is
diagonal and all elements are in B, we have b € I},. However, in the tuple

u(b) = (u(by),u(be), u(by), u(bs), u(b), u(d),...)

we have the first two pairs non-diagonal, therefore u(b) ¢ E{', and there is also
u(b) ¢ B, so u(b) ¢ EP. We have found b € E, such that u(b) ¢ E,.

On the other hand, a unary operation maps diagonal pairs to diagonal pairs,
so trivially u(E{) C E,, and we only need to check that u(EP) C E,. In the case
u(B) C B, we get the inclusion using the same argument. If u is B-insensitive,
we have u(EP) = {(a,a,...,a)} C E, for some a € A. O

Note that this description includes projections, which we had to add separately
before. Also, all (essentially) unary operations are compatible with F, since
E, = E3' and unary mappings preserve diagonals. We will not consider this
degenerate case from now on.

Next, let us look at essentially at least binary operations. We show that the
image in B is a necessary condition for compatibility with E,, k > 3. Let f be
n-ary with the first two variables essential and a € A™ be such that f(a) # B.
For i = 1,2 there exist r;,r; € A" differing only at the i-th coordinate such that
f(r;) # f(r}). The following scheme shows that f is not compatible with F, for
any k > 3.

u
I
rr = e e - e f f(r)

I N I N
A .
r's = o o ° L f(r2)

[N I N
r, = e e o J J(ry) (3.2)
a = e o e 4 f@)¢B

I I I I
a = e o .- o i> f(a)¢B

A n "

Ek Ek Ek Ek

The resulting tuple, say u, is not in F,, because the first two pairs are non-
diagonal, and hence u ¢ FEj', and it contains f(a) ¢ B, therefore u ¢ EP.
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The B-insensitivity can be weakened. We will show that in one of the variables
the operation can be B-unary instead.

Definition 7. We say an n-ary operation f is B-unary in the i-th variable if

/

Va,a’ Vbe B: f(a1...,ai-1,b, aiy1,...,a,) = f(a)...,a;_1,b,a;,q,...,a,).

The definition says that if we plug in an element from B to the i-th variable,
the operation only depends on that variable.

We show that if f € Pol(E},), then it is either B-unary or B-insensitive in every
variable. Assume that f is an n-ary operation, which is neither B-insensitive nor
B-unary in the first variable. Then there exist tuples b, b’ € A™ which only differ
at the first coordinate, and by, b] € B, such that f(b) # f(b’). There also exist
tuples c,c¢’ € A" such that ¢ := ¢ = ¢, € B and f(c) # f(c’). The following
scheme shows that f is not compatible with E, for any k > 3.

c = ¢c o e 4 [flc)
I N N N
¢ = ¢ e o J f(c)
b = b e o J f(b)
i N I N
b = b e o 1 f(b)
(3.3)
b = b e - e 1 f(b)
B N I N
o= Boe e )
m M m 18
EP B E! E,

Note that there can be less inequalities among the pairs ¢;,c}; we can even make
sure there is only one, by changing the elements in each coordinate one by one,
until the inequality for the results occurs. We observed that f € Pol(E}), k > 3,
implies that f is in each variable either B-insensitive or B-unary.

Moreover, if f satisfies this property, then it can have at most one variable,
which is not B-insensitive. If two variables were not B-insensitive, let us say the
first two, then they would both have to be B-unary. For every b0’ € B, a € A"
we would get

lst lst

f(b7a27"-7an> = f(babaa?w"'a&n) 2;d f(b/7b7a37"'aan) = f(b/7&27"'>an)7

where we used that f is B-unary in the first or second variable as indicated
above the equal signs. But that proves the first variable is B-insensitive, which
contradicts our assumption.

Finally, we show that the derived properties are sufficient for membership
in Pol(E,). Let f be an n-ary operation with essential arity [ > 2 such that
Im(f) € B and f is B-insensitive in all variables with possible exception of one
variable, which is then B-unary. Let k& > [.
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If f is B-insensitive in all variables, then f € Pol(E,) by Lemma If not,
then one variable is B-unary instead. Let us assume it is the first one. In the
proof of Lemma we used insensitivity for the fact that we only needed to
check the compatibility on the tuples from E;'. We can still use the proof to
get f(E{,E,,...,E,) C E,. It only remains to check that we can not spoil the
compatibility when having a tuple from EP at the first coordinate.

Let b € EP and ay, ..., a, € E,. There exists j such that the j-th pair of b is
diagonal. Since f is B-unary in the first variable, necessarily also the j-th pair of
the resulting tuple u = f(b,ay,...,a,) is diagonal. The elements of the tuple u
are also all in B, hence u € EZ C E,. Therefore, f € Pol(E,).

All together we have proved the following.

Proposition 16. Let k > 2. Then Pol(E, ) consists exactly of
o u essentially at most unary such that u is either B-insensitive or u(B) C B,

e f at most k-essential such that Im(f) C B and f is B-insensitive in all
variables with possible exception of one variable, which is then B-unary.

This yields several corollaries. First, for every k > 3, we have the inclusion
Pol(E}) C Pol(E, ), and hence &,_; = Pol(E},).

Secondly, £ consists exactly of the operations described in Proposition
without the restriction of essential arity.

Lastly, &’s are the k-essential parts of £, and hence £ is non-finitely generated.
Note that E,.; ¢ Inv(€) and E,,; € Inv(E®), since if E,_, is compatible with
essentially at most k-ary operations in £, then it is in particular compatible with
at most k-ary operations in £. Therefore, the relations E, , are as in Lemma |§]
for the clone &.

Moreover, we show in Chapter [ that the clones & are maximal clones of
essentially at most k-ary operations, in the sense that for any f ¢ &, the clone
Clo(&x U {f}) contains an operation of essential arity at least k + 1.

Remark. The polymorphisms of “A-part” or “B-part” of E, alone are not too in-
teresting. For every k > 3, Pol(E7) is the clone of all essentially unary operations
on A, and Pol(EP) is the clone of all operations f such that f(B,...,B) C B
and its restriction to B is an essentially unary operation on B.

3.4.3 DModifications and possible generalizations

In this section we will look at several ways how the relations £, could be modified.

Replacing A, with Ay

Let us replace Ay in the “B-part” with A ,, but not only at the one coordinate
where we explicitly write “Apz” in the definition, but at all places. That is, let
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Ek be a 2k-ary relation given by

K i

Ef = A,y xx Ay x A2 X Ay x - x Ay,
=1
k i

EP =J(B*UA,) x - x (BPUA,) x Ay x (BPUA,) x -+ x (B2UAY),
i=1

B, — B UEBP.

We have added new tuples in the relations. For the compatibility that means we
have more liberty in the result, but we can also use more tuples as the input. The
tuples a ¢ Ek are exactly such that either all pairs are non-diagonal or there are
(at least) two pairs non-diagonal and a; ¢ B for some a; in a non-diagonal pair.
The requirement of a; ¢ B being in one of the non-diagonal pairs is the difference
compared to Fy.

What changes for the compatible operations is that we no longer allow the
one variable which might not be B-insensitive.

Proposition 17. For k > 3, Pol(E,_,) consists exactly of
e u essentially at most unary such that u is either B-insensitive or u(B) C B,
e [ at most k-essential such that Im(f) C B and f is B-insensitive.

Proof. The proof will be similar to the case of E},. We will point out the differ-
ences. Let & > 3 be fixed.

Lemma works the same for Ek. For the unary operations, the proof of
Lemma [15| works if we realize that given by, by, b € B such that u(by) # u(bs)
and u(b) # B, we can actually assume that b € {by, by}, since necessarily either
u(by) # u(b) or u(by) # u(b).

Now for the essentially at least binary operations. Let f be n-ary for n > 2
and for convenience let all the variables of f be essential. Again, the non-essential
variables do not influence compatibility in any way.

We show that Im(f) C B is a necessary condition for f € Pol(E,). Let
a € A" be such that f(a) # B. In the previous, we have constructed scheme
in which the resulting tuple had the first two pairs non-diagonal and the
elements of the third pair were not in B. Now we need one of the elements in
the first two pairs not to be in B. However, for some i € {1,...,n} there must
be r;,r; € A™ differing only at the i-th coordinate such that f(r;) # f(r}), and
moreover, f(r;) ¢ B. To find it, let ¢ € A" be such that f(a) # f(c). Then there
must be an inequality in the following chain

? ? ? ?
flay,...;a,) = f(c1,a9,...,a,) = f(e1,c0,a3, ... a,) = ... = f(c1, ... ¢n).

Since f(a) ¢ B, the first inequality that occurs yields the desired tuples. Then
we can use scheme (3.2)).

The necessity of f being B-insensitive can be seen easily. We use scheme ,
where b, b’ € A™ are, as before, such that they only differ at the first coordinate,
b1,b) € B and f(b) # f(b'), but in the place of ¢,c¢’ we can now take any two
tuples witnessing that the second variable is essential. We can do this, because
now we can have ¢; € A.
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On the other hand, given f at most k-essential, B-insensitive, with Im(f) C B,
we have equivalence analogous to (3.1)), since B-insensitivity tells us we only need
to check tuples from E,fﬂ as the input, and the image in B tells us we only need
to check if there is at least one diagonal pair in the result. Therefore we show

f € Pol(E,,,) exactly as in the proof of Lemma 14| for E,, ;. O

Replacing inequalities with a different relation

A natural modification of the relations is to require that the non-diagonal pairs
are in some other relation; for example, we might require that the first element in
non-diagonal pairs is greater then the second, with respect to some partial order.

We show that for certain relations R, the polymorphisms of modified relations
Ek, that we get this way, are the operations described in Proposition |16|which are,
moreover, also compatible with R. As R we use the edges of a weakly connected
graph on A with loops in all vertices, such that, furthermore, B is a weakly
connected component.

We say that a binary relation R on A is reflexive, if (a,a) € R for every a € A.
Two elements a,a’ € A are said to be weakly connected in R via cg, ..., c, € A, if
co = a, ¢, = a’ and either (¢;,¢;41) € Ror (¢iy1,¢) € Rforalli =0,1,...,n—1.
A set C' C A is weakly connected in R, if all ¢, € C' are weakly connected in R
via elements in C'. We say that R is weakly connected, if all elements in A are
weakly connected in R, i.e., if A is weakly connected in R.

For £ > 3 and a reflexive binary relation R, we can define the modified
relations as

k i
Ef = JA,yx XAy x RX Ay x - x Ay,
i=1

k

EP = |J(RNBY) x -+ x (RN BY) x Ay x (RN B?) x -+ x (RN BY),
=1
B, — B U BP.

Since R is reflexive, we actually obtain E, = E, N R*.
In general, for any relations K, L of the same arity, the inclusion

Pol(K) N Pol(L) C Pol(K N L)

holds. This is easily seen, as if we take f compatible with both K and L, and
tuples tq,...,t, € KNL, then f(ty,...,t,)isin both K and L. If KNL = @&, we
have O4 on the right hand side. It is also trivial to check that Pol(K) = Pol(K™)
for all m € N. Hence

Pol(E,) N Pol(R) C Pol(E, N R").
We will now look more closely at the other inclusion.

Proposition 18. Let R C A? be reflexive, weakly connected relation on A such
that B is also weakly connected in R. Then

Pol(E,) N Pol(R) = Pol(E, N R¥)
for all k > 3.
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Proof. We already have the inclusion “C” and will show the other.

First, let us check that f € Pol(E, N RF) implies that f € Pol(R). This
is easy to see. We have R = Proj, ,(E), N R), since for (r,r’) € R we have
(r,7",a,a,...,a) in B, N RF for any a € A. An operation compatible with a
relation is also compatible with its projections.

To prove that f € Pol(E, N R*) implies f € Pol(E},), we need to show that all
the conditions for operations described in Proposition [16| are necessary for f to
be compatible with £, N R*. Tt suffices to make sure we can use all the schemes
we have used to prove this implication in Proposition [16]

We always assumed to have some pair of tuples a,a’ for which f(a) # f(a’).
Moreover we either assumed or could adjust the tuples to only differ at one
coordinate. It was also important that some of the coordinates were in B — if
that was the case, then it held for both tuples for the given coordinate.

It is, therefore, enough to show that for any operation f € Pol(E, N R)
the following holds. Let a,a’ € A™ be such tuples that they only differ at
the i-th coordinate, and f(a) # f(a’). Then there exist (r,r") € R such that
for r = (a1,...,a;-1,7,0;41,...,0a,) and ¥ = (ay,...,7r",... a,) we still have
f(r) # f(r'), and, moreover, if a;, a; € B then we can find such r, 7’ also in B.

This is a straightforward consequence of the weak connectivity of R. We know

that a;,a; are weakly connected in R via some elements cg, cq,...,¢. We have
co = a;,¢ = a, and either (¢j,¢j41) € R or (¢jp1,¢) € Rforalli =0,...,1L.
Because B is weakly connected in R, if a;,a, € B, then also ¢, ...,c; € B. Let

¢; = (a1, ..., ai-1,Ci, @it1, - . -, ap). Since f(co) = f(a) # f(a') = f(cy), there has
to exist j such that f(c;) # f(c¢jy1). But now either (¢;,¢j41) € R, and we put
ri=c;, 1" = cjy1, or (¢j41,¢;) € R, and then we put r := ¢jqq1,7" 1= ¢;. ]

Taking triplets or m-tuples instead of pairs

Another natural modification, especially after seeing the construction with re-

placing the inequalities with a different relation, is to take triplets, or in general

m-tuples, instead of pairs. We show this does not change the polymorphisms.
For a set C' and m > 3 we define an m-ary diagonal as

AZ={(c.....c) le€ O},
———
and for k > 3 we define (m - k)-ary relations given by

k i
Bt = AT x - x A x A™ x A} x -+ x AT,
=1

k

k i
EP =B x - xB"x AFx B™ x --- x B"

i=1

B, — BAUEP.

Y

k

For k > 3 and m > 3 we claim that

Pol(E,) = Pol(E,). (3.4)
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For simplicity, we consider only the case m = 3. The analogy for m > 3 will be
clear. We prove the claim by providing pp-definitions of Ek using E,, and vice
versa.

Let k& > 3. First, we pp-define Ek using E,. We will now use notation

1112 2 2 ko k ok
X = (27, Ty, T3, L7, T3, T3, ..., LY, Ty, T3).
Let
5 — 1.1 .2 .2 ko k
Py(x) := /\ By (g, 75,05, 25,25, ),
1< <5 <3
=1,k

i.e., for x to be in Py, we choose two elements from each triplet independently
and we want every such tuple to be in F,.

Claim. P, = E,

Proof. Clearly (z,y,2) € A}, <= (z,y),(z,2),(y,2) € AZ. Given x € E,, we
easily see that if we arbitrary choose pairs out of the triplets, it always yields
a tuple in E,; hence x € P,. On the other hand, if x ¢ Ek, there are two
possibilities:

(i) none of the triplets is diagonal,

(ii) x contains an element in A\ B and there are at least two non-diagonal
triplets.

In (i) we choose two unequal elements from each triplet and get a tuple of k non-
diagonal pairs which is not in E,, i.e., x ¢ P;. In we chose the non-diagonal
pairs from the non-diagonal triplets and also chose the element not in B — again,

To pp-define £, using Ek we can take the projection Proj I(Ek), where [ are
the indices of the first two coordinates of each triplet, i.e.,

PI‘Oj](E}Q(I%, (L’%, .I%, x%a s 7$]f7 xk) = El‘ril’n LL’%, s 7$§ Ek(x)
Proof. Indeed, if (x},z3, 27, 23,...,2f,25) € B}, we set ) = ol forj=1,...k
and obtain x € Ej, hence (z1,zy, 27,23, ..., 2}, 25) € Proj,(E},).
~ On the other hand, if (21,23, 23,23, ..., 2}, 25) € Proj;(E,), then there exist
x}’s such that x € F,. From the previous we have E, = P, and hence, choosing
11 =10y =---=14 = 1and j; = jo = -+ = jr = 2 in the definition of P, we
obtain (z1, 2, 2% 23, ... 2F 2%) € E,. O

We have pp-defined E,, and E, from each other, so (3.4)) follows.

We could now do a construction similar to what we did before — restricting the
non-diagonals to some relation. Let R be reflexive m-ary relation and E, be the
m-tuple version of E, for k > 3. Then we obtain Pol(E,)NPol(R) C Pol(E, NR*)
and Pol(E, N R*) C Pol(R) as before. The only question is what should R satisfy
so that Pol(E, N R¥) C Pol(E,) holds.

For operations not satisfying the conditions from Proposition (16, we have
shown they are not compatible with £, by exploiting tuples a,a’ differing only
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at the i-th coordinate and such that f(a) # f(a’). To carry out the prove the
same way in this case, we would always need to find the tuples such that a;, a!
are both contained in a single tuple from R.

We can always find such tuples if R satisfies the following. For every a,a’ € A

there exist ¢, ..., ¢, such that ¢g = a and ¢, = d’, and for every j =0,...,n—1
there exists a tuple d; € R such that both ¢; and ¢;;; are in d;.

This way, given a,a’ as before, we can define ¢; = (a1, ..., a;—1, ¢}, Git1, ..., Gp)
and for some j we obtain f(c;) # f(c;+1). We can then construct the needed
scheme using the tuples (a1, ...,a;-1,d;, ai11,...,a,) asrows for [ = 1,... k.

3.5 Unary version of the relations

In Section we used the binary relations A%, B, A, and Ay to define E.
They satisfy the following inclusions:

In this section we define similar relations, but we replace the binary relations
by sets. Using these relations, we then construct a non-finitely generated clone.
Let A, B,C, D be nonempty finite sets satisfying the inclusions

For k > 3 we define k-ary relations

k i k i
F,=JCx: - xCxAxCx---xCU|JBx---xBxDxDBx---xB,

i=1 i i=1 k

i.e., a tuple is in F}, if either at most one element is not in C', or all elements are
in B, and at least one is in D. For k > 2 we define clones

We have a chain of clones /5, C --- C F, C Friq C---.

Proposition 19. The clone F = |J Fi is non-finitely generated.
k>3

Proof. We fix elements a € A\C,be B\C,ce C\ D andd € D, and for k > 3
define k-ary operations

b ifx= c,...,c,ciz,c,...,c forie {1,...,k},
o= b x= i
d  otherwise.
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We show that fj, € Pol(F)) for every [ > k+1, so fi € Fg, but fi ¢ Pol(F)), and
therefore fi, & Fr_1.
Let k > 2. The following scheme shows that f; ¢ Pol(F}):

a ¢ ¢ ... c &
c a ¢ ... c B b
c ¢ a c oy
: (3.5)
c ¢ c a B b
M Mm m m i
b B, Fy £, £,

The tuple (b,...,b) is indeed not in Fy, since b ¢ C, hence it is not in the
“AC-part”, and b ¢ D, therefore it is not in the “BD-part”.

Let now [ > k and cy,...,c, € F) are columns in a compatibility scheme. We
know that Im(f;) = {b,d}, so the only way we could have f(ci,...,ci) & F) is
if the resulting tuple was (b,...,b). For this to happen, there would have to be
the element a in every row. However, we have more rows then columns, so there
would be a column c¢; with more than one occurrence of a. But then c; ¢ F;.
Therefore, necessarily f(cy,...,cx) € F;, and we have f € Pol(F)).

We have shown that for every k > 3 we have Fr_y C Fi. Thus, F is

non-finitely generated.
O

In the proof we have shown that Pol(F} ;) € Pol(F}). One difference com-
pared to the relations £, is that we have also Pol(F},) € Pol(F},_ ), so we really
need to use clones Fy, to define F, not just Pol(F}). We can show this easily. We
fix b€ B\ D and d € D and for k > 3 we define

boifx=(b....bdb,....b) forie{l,. .. K},
gr(X) =90 ifx=(b,...,b),
d otherwise.
Let us fix k£ > 3.
Now for [ > k we take tuples

i

ci=(b,...,b,d.b,...,b) € F,
l

fori =1,...,k and we have gi(cy,...,cx) = (b,...,b) & F, so gx ¢ Pol(F)), in
particular g; ¢ Pol(F}).

On the other hand, we show g, € Pol(F},_;). Let cq,..., ¢, € F,_;. We have
Im(gx) = {b,d}, so gx(cy,...,ck) ¢ Fi_y <= gi(ci,...,c;) = (b,...,b). For
that to happen, we can have only the elements b and d in the tuples c;. Since
c; € F,_,, there must be at least one d in each of them. However, if we put c;’s
as columns in a scheme, we have more columns then rows. That means there are
at least two occurrences of d in one of the rows, and that row is then mapped
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by gr to d. This proves that the result is not (b,...,b), hence g, € Pol(F}_;).
Indeed, we have showed that Pol(F,_;) € Pol(F},).

It is not trivial to explicitly describe the operations in F. We studied the
clone in detail for the case

{0,1,2}
Goow
{0,2} {0,1}
© G

{0}

but were unsuccessful in finding an explicit description of all the operations.

Y

3.6 Relations on a set with three distinct
elements

We used a simple argument to prove that the clone defined in the previous section
is non-finitely generated. In this section we use the same argument in a bit
different setting. We start with relations defined in a particular way on three
elements, which can behave arbitrarily on the other elements, and show they
always yield a non-finitely generated clone.

Let A be a finite set and let {0,1,2} C A. Let {Ry}r>1 be a sequence of
relations on A such that

(i) Ry is k-ary,

2 1 1
1 1 2 1
(i) Rpn({L,2Y\{|:[H=<11|,[L],....|:|¢,ie., Ry restricted to the
1 : : 1
1 1 2

set {1,2} contains all the tuples with exactly one occurrence of 2, contains
none of the tuples with more occurrences of 2, and might optionally contain
a constant (1,...,1) tuple,

(iii) {0,2}*\ {(2,...,2)} C Ry, i.e., Ry contains all 02-tuples except for the
constant (2,...,2) that is ruled out by (fi).

The relations are defined uniquely on {1,2} and on {0,2}, up to the optional
(1,...,1) tuple, but can be arbitrary otherwise.

Note that we use the sequence of arities {1,2,3,...} for the sake of simplicity
of the notation, but we could use any strictly increasing sequence of natural
numbers.

Proposition 20. Let us define clones
Rk = POl(Rk_H, Rk+2, e ), k Z 0,
R = U Ri.

k>0

Then R is non-finitely generated.
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Proof. First of all, R is a well-defined clone since Ry C Ry for all £ > 0.
For k > 3 we define k-ary operation

2 ifx= 1,...,1,5,1,...,1 for somei=1,... k,
fk(X)Z{ ( )

0 otherwise.

Let k > 3. We show fi ¢ Ry_1, but fi € Ry. The first follows from the scheme

2 1 1 JRELY

2 1 QLY

1 p JRELY
1 1 1 ... 2 & oo
Mm Mm Mm m LY
R, R, Ry Ry, Ry,

which shows that f; is not compatible with Ry.

For the second, let [ > k. The image of fj, is {0, 2}, and the only 02-tuple not in
Ry is the constant tuple (2,...,2). To obtain that as the result in a compatibility
scheme, we would need to use a tuple of the form (1,...,1,2,1,...,1) in every
row. Since we have more rows then columns, there would be a 12-tuple with at
least two occurrences of 2 as one of the columns. This column would not be in
Ry, thus it could not be used in the compatibility scheme. Hence, f, € R;. We
have showed that f; € Ry = Pol(Rki1, Riyo,- .. ).

We obtain an infinite chain of strict inclusions

RyCRsC--CRyC---C URk:R,

k>0
thus R is non-finitely generated. m

For example, this result allows us to observe that non-finitely generated clones
might have “large finitely generated part”, which can not “interact” enough with
the operations causing the clone to be non-finitely generated. For a finite set A
containing 0,1,2, and k£ > 3, let

Ry, = AR\ {X € {1,2}*|x contains at least two 2’3} :

We define Ry, R from these relations as above. Then for every k& > 3, the clone
R contains all the operations which do not have 2 in the image. The set of
all such operations together with the projections is a finitely generated clone, as
shown in Section 2.2l However, even using all these and f3, ..., fx, we can not
generate friq.

The construction can be generalized a bit. We have already mentioned that
we do not need to have Ry for every k. We only need to have relations with the
desired properties for arbitrarily large arities. Another condition we can weaken
is the omitting of the tuples. We omitted all the 12-tuples with at least two
occurrences of the element 2. We might instead fix [ > 2 and omit all 12-tuples
with at least [ occurrences of 2. Instead of f; being in Ry, we would obtain fj
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necessarily being in R(;_1).x, because for a compatibility scheme with more than
(I — 1) - k rows there would have to be a column with at least [ occurrences of 2
in order to get the resulting tuple (2,...,2).

A different possible variant can be constructed using four elements. For A
containing 0, 1, 2 and 3, we take relations Ry satisfying (i) and as before, but
instead of we require

{0,3}"\{(3,...,3)} C Ry and (3,...,3) ¢ Ry.

The only difference in the proof is that we define f; to output 3 instead of 2.
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4. Maximal clones of operations
with restricted essential arity

We have seen in Section [3.3]that in a clone with B-insensitive operations with im-
age in B we can not generate an operation of a given essential arity by composing
operations of lower essential arities. In this chapter we look more closely at what
is needed for operations not to generate another operation of a higher essential
arity. In the first part we study essentially binary operations and construct max-
imal clones of essentially at most binary operations; maximal in the sense that
if we added any other operation, we would be able to generate an essentially at
least ternary operation.

In the second part we generalize a part of the construction for higher arities.
We construct maximal clones of essentially at most k-ary operations. The union
over k € N will then yield non-finitely generated clones.

We will again work with the concept of insensitivity, but we will not require
the operations to be insensitive to the whole image, only to parts of it separately.
We will see that the insensitivity condition might even differ for each variable.

In this chapter we write some operations using a table. Our convention is that
the first variable choses row, the second column.

flx,y) 0 1 2
0 | f(0,0) f(0,1) [(0,2)
1 f(L,0) f(1,1) f(1,2)
2 | f(20) f(21) [f(2,2)
For Ay, ..., Ay C A we write equivalences on A in the form “a = A;|As|. .. |AL”
This means that « is the equivalence with equivalence classes Ay, As, ..., Ax. We
mostly consider to have A = {0,1,...,l} and use a slight abuse of the notation

to write for example 01|23 as the equivalence with equivalence classes {0, 1} and
{2,3}.

For a,b € A we write a ~, b iff (a,b) € a.

For an equivalence o« = Aj|As|...|A; we say that an n-ary operation f is
a-insensitive in the i-th variable, if it is Aj-insensitive in the i-th variable for all
j=1,...,k, that is, if

Va e A" Va, € A:

/ /
a; ~q A = f(al, ey A1, Ay Qg 1y - - - ,Cl,n) = f(al, B N I ¢ ¢ P I ,an).
For an operation f(z,y) on A and an element a € A, we denote

f(= a) the unary operation given by z — f(z,a),
f(a,—) the unary operation given by y — f(a,y).
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4.1 Binary case

4.1.1 Definitions, necessary conditions and examples

We start by analysing some necessary conditions to guarantee that a single binary
operation can not generate an essentially at least ternary operation. Let f be
a binary operation on a finite set A. We want f(f(x,y),z) to be essentially at
most binary, so we want one of the variables z, y or z to be fictitious, and the

same for f(z, f(x,y)).
If f(f(x,y),2) does not depend on z, it means that

vg17a2>bac € A f(f(alaaQ)? b) = f(f<a17&2)7 C)a

which is equivalent to f being Im( f)-unary in the first variable (see Definition

in Section [3.4.2)).

If f(f(x,y),2) does not depend on z, then we have

Vag,as,b,c € A: f(f(b,az),a3) = f(f(c,az),as).

This is equivalent to
Vag, a3 € A, Vb,c € f(A,az) : f(bya3) = f(c,a3),

that is, to f being f(A, a)-insensitive in the first variable for all a € A, where we
use the notation f(A,a) = f(A,{a}) = {f(b,a)|b € A}. The situation is similar
if the expression does not depend on y, and we have also symmetric conditions
for £z, f(z,1)).

All the equivalent conditions for one of the variables being non-essential in
either of the expressions are described in Table [.1]

d t
depend on (f(@y),2) 1z (@)
Vae A: fis f(A, a)-insensitive | Va € A: fis f(A, a)-insensitive
v in the 1% variable in the 2" variable
Va € A: fis f(a, A)-insensitive | Va € A : f is f(a, A)-insensitive
y in the 15 variable in the 2" variable
., f is Im(f)-unary f is Im(f)-unary
in the 15 variable in the 2" variable

Table 4.1: Equivalent conditions for a given variable to be non-essential in the
simplest compositions of a single binary operation.

The sets f(A,a) and f(A,b) can have a nonempty intersection for some a # b.
In that case, given the operation is insensitive to both f(A,a) and f(A,b), it
is even (f(A,a) U f(A,b))-insensitive. This gives rise to a definition of “row
(resp. column) equivalence”, which is the transitive closure of the relation con-
necting elements in the same row (resp. column) in the operation’s table.
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Definition 8. Let f be a binary operation on A. On Im(f) we define equivalence
t1(f) (resp. 1a(f)) as the transitive closure of the relation

a~b <= dx: a,be f(z,A) (resp. f(A, x)),
i.e., it is the equivalence generated by

{(f(z,a), f(x,0)) [a, b,z € A}
(resp-{(f(a,x), f(b,)) | a,b,x € A} ).

For example for the operation

flz,y) |0 1 2 3
0/0 0 0 2
110 0 0 2
2|1 113
3|1 1 1 3

we have ¢1(f) = 02|13, «o(f) = 01/23.

The equivalence is denoted ¢, as it is connected to the image of the operation.
We can now reformulate the first two rows of Table [£.1] as in Table [4.2]

Note that the operation from the example above meets the first condition in
the first column, but does not meet any condition from the second column of

Table 411

d t
depend on F(f(@y).2) Iz (@)
. f is t2(f)-insensitive | f is to(f)-insensitive
in the 1% variable in the 2" variable
f is 11(f)-insensitive | f is ¢1(f)-insensitive
y in the 1% variable in the 2" variable

Table 4.2: The conditions from Table for z and y being non-essential in the
simple compositions equivalently reformulated using the equivalences ¢1(f), ta(f).

We know that if a binary operation f can not generate essentially ternary
operation, then it meets at least one of the conditions in each of the columns
in Table [I.1 The converse implication, however, does not hold; we demonstrate
this in the following example.

Let us suppose we have a binary operation f, and we know that f(f(x,y), 2)
does not depend on z and f(z, f(z,y)) does not depend on y. The problem now
might be if we compose f(x1, f(f(x2,23),x4)), since the only variable guaranteed
to be non-essential by our assumptions is x4. The situation is illustrated below.
The crossed out variables are assumed or guaranteed to be non-essential.

f f f
/N / /N
f X z f T f
/N / N\ /N
T Yy T X f pg
/N
T2 Zs3
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Indeed, the term on the right will be essentially ternary, if we take f given by
the following table:

flx,y) |0 1 2 3
0|0 0 0 O
102 2 2 2 (4.1)
2/0 0 00
3/0 010

The operation is Im(f)-unary in the first variable, and the row equivalence of
fis v (f) = 012, so we see that f is ¢1(f)-insensitive in the second variable.
Since f(f(,y), z) is essentially binary, we can perceive it as a binary operation

f(z,y) = f(f(x,y),%). The table of f is:

flx,y)|0 1 2 3
0[{0 0 0 O
110 0 0 0O
2/0 0 0 0
310 0 2 0

The operation f(z1, f(xe,x3)) is essentially ternary. The variables xo and 3 are
essential, because f can switch between the results 0 and 2 in both variables and
f can distinguish between 0 and 2 in the second variable. Put differently, the
operation f is neither ¢, (f)-insensitive nor ¢, ( f)-insensitive in the second variable.
The variable x; is obviously essential, since none of the columns in the table of
f is constant.

The reason we were able to obtain f with such properties is that f is able to

generate the unary operation

z |01 23

w(x) [0 2 0 0

We know that f is ¢y(f)-insensitive. However, (u(0),u(1)) ¢ t1(f) even though
(0,1) € 11(f), and f is sensitive to {u(0),u(1)}.

Therefore, if we only assume that f is, for instance, ¢;(f)-insensitive, and we
want to guarantee that it can not generate an essentially ternary operation, we
need to also assume that every unary operation u, that we can generate, meets
the condition

Va,be A: (a,b) € 11(f) = (u(a),u(d)) € t1(f),

i.e., that u is compatible with ¢ (f).

Given an essentially binary operation f, which can not generate an essentially
ternary operation, we aim to find a maximal clone of essentially binary operations
containing f. A necessary condition for g to be in such a clone is that none of the

operations f(g(x,y), 2), (2. 9(x,y)), 9(f(x,y),2) and g(z, f(z,y)) is essentially
ternary. The conditions for that are the same as for composing f alone and are,

for clarity, summarized in Table [£.3]

We need to distinguish several cases. The simplest case is when Im(f) = A
and f is ¢;( f)-insensitive for either ¢ = 1 or ¢ = 2 in both variables. The main idea
is then to fix the equivalence o = ¢;(f) and consider essentially binary operations
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does not
depend on I (9(z,y),2) f(z9(,y))
. f is t2(g)-insensitive | f is to(g)-insensitive
in the 1* variable in the 2" variable
f is t1(g)-insensitive | f is ¢1(g)-insensitive
y in the 1% variable in the 2" variable
N f is Im(g)-unary f is Im(g)-unary
in the 1°® variable in the 2" variable

Table 4.3: Equivalent conditions for a given variable to be non-essential in the
simplest compositions of two binary operations. We refer to f as the “top”
operation and g as the “bottom” operation.

g such that the following two conditions hold. First, either ¢1(g) C a or 12(g) C a.
This is to satisfy the conditions in Table where g is the “bottom” operation.
Second, g is a-insensitive, which is for the case when g is the “top” operation.
For the more general case, when we also allow Im(f) C A, so f might also be
Im(f)-unary instead of ¢;( f)-insensitive in one of the variables, we fix B = Im(f).
We then also allow operations g which are B-unary instead of a-insensitive in one
of the variables. We will look more closely at this case in Section Let us
remark that if g is A-unary in one of the variables, then it is essentially unary.
Weaker constraints may be applied for essentially unary operations — we just
need to make sure they do not modify some of the binary operations to violate
the binary conditions. The main idea is, as described after the example above,
to take operations compatible with .
Another case is when f is insensitive to different equivalences in each of the
variables. Then we fix two equivalences. We examine this case in Section [£.1.3]
Note that if f satisfies at least one of the conditions in each column of Ta-
ble then we know that it is insensitive to either ¢1(g) or t3(g) in one of the
variables. This is true, because if it is the third condition that holds in both
columns in Table i.e., if f is Im(g)-unary in both variables, then it is con-
stant on Im(g) x AU A x Im(g), and, therefore, it is trivially also ¢;(g)-insensitive
for both 7 =1, 2.

4.1.2 The clones with one equivalence

In this section we describe clones of essentially at most binary operations on a
finite set A, defined for a given set B C A and an equivalence o on A, which
only glues elements in B. We show that the clones are maximal essentially binary
in the sense, that adding any new operation would yield an essentially ternary
operation in the clone.

In this and the next section we slightly abuse the notation, and ignore the
fictitious variables. That is, for an essentially at most binary operation f we
write f = f(x,y), which means that all the essential variables of f are among x
and y. Similarly for essentially at most unary.

Now we introduce assumptions for B, « for this section. Let A = {0,1,...,n},
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B ={0,1...,k} € A and a be an equivalence on A with equivalence classes
Ay, ..., Ay such that all elements not in B are singletons, i.e.,

Q:A1|...|AT|AT+1|...|AS
=A|. . Ak +1E+2].. . |n.

Furthermore, let 0,1 € Ay, that is, we assume that |B| > 2 and there exist two
elements in B, which we denote 0, 1, such that (0,1) € «. This will always be
true if @ = ¢;(f) and B = Im(f) for some essentially binary operation f. Finally,
we assume that A\ A; # @. This also does not involve any loss in generality,
since if f is essentially binary operation such that both ¢;(f) and ¢o(f) are trivial
equivalences connecting all elements, then it can generate an essentially ternary

operation (see Table and [4.2).

For a,b € A we denote a ~,, b iff (a,b) € a.

Definition 9. Let f be an essentially at most binary operation, [ = f(x,y). We
define the following conditions:

(im) either 11(f) C a or 12(f) C a,
(ker) for both variables, f is either a-insensitive or B-unary in this variable,
(comp) f is compatible with «, i.e., Vi,j 3l : f(A;, A;) C A

Let us remark that (im) is equivalent to a condition

either Vo € A 35 : f(z,A) C A;
or Ve € A3j: f(Ax) C A,

which is stronger than (comp) in the variable for which this holds. The condition
(comp) is also trivially satisfied for a variable, in which f is a-insensitive. How-
ever, this does not mean that (im) and (ker) would imply (comp), as demonstrated
by the operation in the example in the previous section with v = 01]2|3 and
B =1{0,1,2}.

Both conditions in (ker) state something about equalities of evaluations on
certain tuples, so, as the name suggests, (ker) is a property of Ker(f).

We can now formulate the main claim of this section.

Proposition 21. Let E(«, B) be the set of operations on A given by

E(a,B) =
{f es. at most binary| f satisfies (im), (ker), (comp) and Im(f) C B}
U{u es. at most unary| either w(B) C B and u is compatible with o

or u is a-insensitive} .

Then E(a, B) is a clone and it is a mazimal clone of essentially at most binary
operations in the sense that adding any operation would yield an essentially at
least ternary operation.
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Note the similarity of the conditions with the conditions in Proposition [16|in
Section [3.4.2] If we take v = 1 trivial on B, we actually get £(15, B) = Pol(E;).

There are all constant operations in £(«, B). If an essentially unary operation
u satisfies the conditions for the essentially binary operations, then we have in
particular Im(u) C B and (comp), which is stronger than the first condition for
the essentially unary operations.

It is also worth noting that if an operation is a-insensitive, it is trivially
compatible with «. All the operations in £(«, B) are compatible with a, so any
composition of the operations is also compatible with a.

Let us remark that in the case A = B the conditions Im(f) C B and u(B) C B
are trivial, and we can also disregard the possibility of f being B-unary in a
variable in the condition (ker), because if f is A-unary in some variable, it is
essentially unary. This said, the following prove still covers this simpler case.

We now prove Proposition [21}

Claim 22. £(a, B) is a clone.

Proof. We prove &€ («, B) is closed under the four procedures in Definition . It
obviously contains an identity. Since all the conditions are symmetric and concern
only essential variables, £(a, B) is trivially closed under permutation of variables
and introduction of fictitious variables.

Similarly, for identification of variables, we only need to check that if we
identify the two essential variables of an essentially binary operation f(x,y) in
E(a, B), the operation Af(z) = f(z, ) satisfies the conditions for essentially at
most unary operations. It clearly satisfies the first condition, since compatibility
with « is preserved by all the procedures, and Im(f) C B implies Af(B) C B.

For the substitution we separately consider four possible combinations of es-
sential arities of the two operations. Let u,v € £(a, B) be essentially at most
unary. Then (u x v)(x) = wu(v(zr)) is again essentially at most unary. If v is
a-insensitive, so is the composition. Let v be compatible with a and satisfy
v(B) C B. Then either the same holds for u, and then it clearly also holds for
the composition, or u is a-insensitive. Then for a ~, a’ we have v(a) ~, v(d’),
and so u(v(a)) = u(v(a’)), hence u * v is a-insensitive.

Let u € &(a, B) be again essentially at most unary, and f € E(a, B) be
essentially binary. Both u % f and f x u are essentially at most binary and are
compatible with a.

For the substitution u % f = wu(f), assume that ¢;(f) C «. Let first u be
a-insensitive. Then it is also ¢;(f)-insensitive, hence for all a,b,c € A we have
u(f(a,b)) =u(f(a,c)),ie., uxf is essentially unary. Since f is compatible with «
and wu is a-insensitive, we have u(f(a,c)) = u(f(b,c)) whenever a ~, b, so u * f
is a-insensitive. Hence, u* f € £(a, B).

In the other case we have u(B) C B, and therefore Im(u * f) C B. Clearly,
(ker) is preserved. We only need to show (im). We assume that ¢1(f) C a.
Therefore, f(a,b) ~, f(a,c) for all a,b,c € A. Then, by the compatibility of
u with «, also u(f(a,b)) ~o u(f(a,c)) for all a,b,c € A, and since ¢;(u * f) is
generated by such pairs, we have ¢1(u * f) C a.

For (f xu)(x,y) = f(u(x),y), clearly Im(f *x u) C B. It is easy to observe
that ¢;(f *u) C ¢;(f), hence (im) is satisfied. It remains to show (ker). It is easy
to see it is preserved for the second variable, we check it for the first. Let f first
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be a-insensitive in the first variable, and a ~, b. Then u(a) ~, u(b), and so
f(u(a),c) = f(u(b),c) for every ¢ € A. Hence, f * u is a-insensitive in the first
variable. Now let f be B-unary in the first variable. The property is preserved,
if u(B) C B. Otherwise u is a-insensitive, and then f % u is a-insensitive in the
first variable. So f x u satisfies (ker).

Finally, let f, g € £(a, B) be essentially binary and, without loss of generality,
t1(g) € a. First, let f be a-insensitive in the first variable. Then the operation
(f *xg)(z,y,2) = f(g9(z,y),2) does not depend on y. Let a € A and g = g(—,a)
be the essentially unary operation given by fixing a in the second coordinate
of g. Then, up to adding fictitious variables, f *x g = f % §. By the cases proved
above, g € £(«, B), since all constants are in £(«, B), and, consequently, also
fxgeé&(a,B).

Now let f be B-unary in the first coordinate. Then (f * g)(z,y, z) does not
depend on z. Similarly as before, we fix a constant in the second variable of f,
and get an essentially unary operation f, for which fxg = fxg e € (o, B) follows
from the cases above. O

Claim 23. For any g ¢ E(«, B), Clo(E(a, B) U{g}) contains an essentially at
least ternary operation.

Proof. We first show how to construct an essentially ternary operation, if we
are given an essentially binary g which does not satisfy one of the conditions
Im(g) C B, (im) or (ker). Then we show that given an essentially unary operation
not in £(«, B), we can construct an essentially binary operation, which does not
satisfy one of the aforementioned conditions.

If an essentially binary operation g does not satisfy (comp), then we have
g(b,a) %4 g(c,a) or g(a,b) %, g(a,c) for some b ~, c and a fixed a € A. Using
a constant, we can then generate an essentially unary operation z — g(x,a) or
y — g(a,y), which is not compatible with «, i.e., is not in £(«, B).

If we add an operation with essential arity greater then two, the conclusion is
immediately satisfied.

Let g(z,y) be an essentially binary operation, which does not satisfy (ker).
We assume that it does not satisfy (ker) in the first variable. Because g is not
B-unary in the first variable, there exist b € B and ¢, € A such that

g(b,c) # g(b, ). (4.2)

It is also not a-insensitive in the first variable, so it can distinguish between two
elements in the same equivalence class of « in the first variable; without loss of
generality, let us assume that

9(0,a) # g(1,a) (4.3)

for some a € A. We define a binary operation f by

flo,y) | AL Ay .. A

1 ifxeA,ye A, Al 1 0 ... 0

flz,y) =20 ifxcA,yd¢ A, Ay b b ... b
b ifx ¢ A S Do

As| b b ... b
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We defined f on a-blocks, so it is clearly a-insensitive. The image of f is
{0,1,b} C B, and 1(f) = 01]b € a. Hence, f € E(a,B). We show that
g(f(x,y), z) is essentially ternary. The variable z is essential, because we have
b € Im(f) and ([.2). Since f can “switch between 0 and 1 in the second
variable”, i.e., f(0,0) = 1 and f(0,d) = 0 for d ¢ A, the variable y is es-
sential in g(f(z,y),z) by (4.3). Similarly, = is essential, since by (4£.3), either
9(1,a) £ g(b,a) or g(0,a) £ g(b,a).

Let now g(x,y) be an essentially binary operation, which does not satisfy (im).
From 13(g9) € «, there exist ¢, € A such that ¢ ~,, ) ¢, but ¢ %4, ¢. By
Definition [§8] this means there exist co,...,¢ € A and py,...,p—1 € A such that
¢ =cy, ¢ = ¢ and ¢, 41 € g(A,p;) for all i = 0,...,1 — 1. Since ¢ %, ¢,
necessarily also ¢; %, ¢;+1 for some i, thus we have g(a,p;) %o g(d’, p;) for some
a,a’ € A. Similarly for ¢;(g) € a. Altogether, there exist a,a’,p,b,b',q € A such
that

c:=g(a,p) #a g(d,p) =: ¢, (4.4)
d = g(q,b) #a g(q, V') =1 d'. (4.5)

There is no loss in generality assuming that also ¢ %, d’ and d %, ¢. We define
a binary operation f such that f(c,c) = f(d,c) =1 and f(c/,c) = f(d',c) = 0.
This is possible, since ¢, d 4, ¢, d’. We can define it as

1 ifx~y,corax~,d, and y ~, c,

0 otherwise.

flz,y) = {
It is easy to check that f € E(«, B). Now f(g(x,y), z) is essentially ternary, since

Flo(a.p),0) & fe.o)=12£0=1(c,0) © fg(a,p), ),
Flo(@.0),0) 2 fde)=1£0=f(d.0) 2 flg(a.1).0),
flg(ap),e) = fle,)=1£0=f(e,d) = flg(a,p),c).

)

Finally, let g(z,y) be an essentially binary operation with Im(g) € B. This
only makes sense for the case B # A. We define f as a projection onto the first
variable on B and a “diagonal” on the rest:

fle,y) |0 1 ... k k+1k+2 . n

0j0 0 ... 0 0 0 0

111 1 1 1 1 1

x ifx € B, S I : : :
flz,y) =<1 ifz ¢ Bandzx=y, klk k ... k k k
0  otherwise. E+1]0 0 ... O 1 0 ... 0

kE+210 0 ... 0O o 1 ... 0

n|{0 0 ... 0 0 0 ... 1

We check that f € £(a, B). It is B-unary in the first variable and a-insensitive
in the second, so it satisfies (ker). Since 0 ~, 1, we have ¢;(f) C «a, and (im) is
also satisfied. It is clearly compatible with «, and Im(f) = B.
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We show that the operation f(g(z,v),z) is essentially ternary. First of all,
some d ¢ B is in the image of g, and f(d,0) = 0 # 1 = f(d,d). Thus, z
is essential. The variables x and y are essential, because g is essential in both
variables, and for all a # b there exists ¢ € A such that f(a,c) # f(b,c). We
check this easily. Let a,b € A, a #b. Then

a,be B = f(a,0)=a#b= f(b,0),

wb¢B — flab)=0%1=[(bb)

a€ B\{1},b¢ B = f(a,b)=a#1= f(b,b),
a=1,b¢ B = f(1,0)=1+#0= f(b,0).

It remains to show that given an essentially unary operation u(z) ¢ £(a, B),
we can construct an essentially binary operation g, which violates one of the
conditions (ker), (im) or Im(g) C B.

If u ¢ E(a, B), then one of the following holds:

(a) w is not compatible with «,
(b) u(B) € B, and it is not a-insensitive.

For the case @, we consider the “diagonal” operation

1 ifx~,y,

0 otherwise.

ﬂawz{

Clearly, f € E(a, B). We claim that g(z,y) = f(u(x),y) does not satisfy (ker).
By () there exist a,a’ € B such that a ~, @', but u(a) %, u(a’). The elements
a,a’ must be in B, otherwise they could not be equivalent in «. Then we have

g(a,u(a)) = f(u(a),u(a)) = 1 # 0 = f(u(d'), u(a)) = g(d’, u(a)),

hence ¢ is not a-insensitive in the first variable. Similarly, we have

g(a,u(a)) = f(u(a),u(a)) =1 # 0 = f(u(a),u(d) = g(a, u(d)),

and, therefore, g is not B-unary in the first variable. The inequalities also show
that ¢ is essentially binary.

Alternatively, we could define f(z,y) to equal a if z,y € Ay, and a’ otherwise.
This is clearly essentially binary operation in £(a, B). The operation u(f(z,y))
is then still essentially binary, but it does not satisfy (im), since u(a) 7, u(a’)
and (u(a),u(a’)) € t1(f),2(f).

In the case (b)), there exists b € B such that u(b) ¢ B, and a,a’ € B such that
a ~q a and u(a) # u(a’). We consider an operation

f(:["7y) Al AQ AS

a ifze€ALye A, Aila d ... d
flzy)=3Sd ifzeA,y¢ A, Ay b b ...
b ifxé A SIS

Al b b ... b
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Then f is a-insensitive, ¢1(f) C a since a ~, a’, and Im(f) is in B. Therefore,
f € &a,B). Let g(z,y) = u(f(x,y)). Then u(b) € Im(g), so Im(g) € B.
Moreover, we show ¢ is essentially binary. We have 0 € A;. Let ¢ € Ay. Then

9(07 O) = u(f(ov O)) = u(a) # U(CL’) = u(f(0> C)) = 9(07 C),
and since necessarily either u(a) # u(b) or u(a’) # u(b), we have also either
9(0,0) = u(f(0,0)) = u(a) # u(b) = u(f(c,0)) = g(c, 0),

or

9(0,¢) = u(f(0,¢)) = u(a’) # u(b) = u(f(c,c)) = g(c, c).

This finishes the proof of Proposition

4.1.3 The clones with two equivalences

In this section we describe similar clones as before, but with two different equiv-
alences. As an example, take an operation f given by

flz,y) |0 1 2 3
0{0 1 0 1
110 1 0 1
212 3 2 3
312 3 2 3

We have ¢;(f) = 01|23 and w(f) = 02|13. The operation is ¢;(f)-insensitive
in the first variable, and ¢5( f)-insensitive in the second variable. It is, however,
neither ¢;(f)-insensitive in the second variable, nor to( f)-insensitive in the first.
Therefore, we can not take a such that f would be in £(a, A). In this section
we show that Clo(f) still contains only essentially at most binary operations, by
finding a maximal clone of essentially at most binary operations, which contains f.
Note that we can describe equivalences ¢ (f) and ¢2(f) using a scheme

0 1

2 37
where rows are equivalence classes of ¢1(f), and columns are equivalence classes
of 12(f). We will now show that we can construct a similar scheme for every

binary operation on A. Recall that we have defined ¢;(f) as an equivalence on
Im(f), not necessarily on the whole A.

Lemma 24. Let f be a binary operation on a finite set A. Let Aq,..., A, be
equivalence classes of 11(f), and By, ..., B, be equivalence classes of 15(f). Then
ANB; #@ foralli=1,...,mand j =1,...,n, and there exist an m X n table

M = (M;;)o<i<m, M;; C Im(f),

0<j<n

such that
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e the equivalence classes of 11(f) are exactly unions of rows of M, i.e.,

A = UM”-, foralli=1,...,m,

0<j<n

o the equivalence classes of 1o(f) are exactly unions of columns of M, i.e.,

Bj: UMl], fO’f’(Llljzl,...,n,

0<i<m

o cvery element of Im(f) is in exactly one of the sets M, ;,
o M;; #@ foralli=1,...,m,j5=1,...,n.

Proof. We set M,; := A; N B;. We show the intersection is always nonempty.
Let i € {1,...,m}, j € {1,...,n}. Let a € A; and b € B;. Then there
exist ap,ag, by, by € A such that a = f(ay,az) and b = f(by,b2). By Defini-
tion [8] (f(a1,a2), f(ar,b2)) € ti(f) and (f(b1,b2), f(a1,b2)) € ta(f), hence we get
f(al, bg) € AZ N Bj.

Every element of Im(f) is in some equivalence class of both ¢1(f) and ¢o(f),
so it is also in the intersection of these two classes.

Now we have

UM;=JAnB;)=A4nUB;=A4NnIn(f) = A,

0<j<n 0<j<n 0<j<n
for all i =1,...,m, and similarly for B;’s. O

Remark. 1t is not hard to see, that being able to describe two equivalences «, 3
by such a scheme is equivalent to commutativity of a and f and aoff = foa = 1.

It is not difficult to see that given a table M as in Lemma[24] we can construct
a binary operation f such that M represents its equivalences ¢1(f), to(f), and f
is ¢1(f)-insensitive in the first variable and ¢o( f)-insensitive in the second. If all
the sets M;; have just one element, we already have the table of the operation —
we set f(x,y) € M,;; whenever z € A; and y € B;. Otherwise, we need to take
an operation f on some larger set A. We show just a simple example. Given

012 3
4 56
|9
we take two more elements 10, 11, and define f on {1,..., 11}, for example, by

fx,y) | Bi Bo|10 11

A0 113 3
Al 1 2113 3
As|| 4 4|5 6
07 819 9
11y 7 819 9

We will need a following simple observation, in which we also demonstrate
how can we use Lemma 24
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Lemma 25. Let oy and ay be equivalences on a set B, for which oy o ap =
azoay =1, i.e., there exists a table M for ay, ag as in Lemma[2])

1. Let ~ be any equivalence on B, and a,a’,b,b/ € B be such that (a,a’) € ay,
(b,V) € ag, a ot a and b £ V. Then there exist c,d,c" € B such that
(¢,d) € aq, (¢,d") €Eag, cobd and c A .

2. Let c,c,d" € B be such that (c,d') € ay and (¢, ") € ag. Then there exists
d € B such that (¢",d) € oy and (d,d) € ay.

/

C ~qo C
2a2 20{2 (4.6)
"~y 3d

Proof. We use just the fact that every equivalence class of a; has a nonempty
intersection with every class of as. The second claim is just a reformulation of
that; we take arbitrary d € [']a, N [¢"]a,, Where [e], denotes an equivalence class
of 7 containing e.

For the first claim, let ¢ € [a]a, N [blay. Then we have (c,a),(c,d’) € oy

and (c,b), (c,b') € ay. Since a ¢ da, we have either a # ¢, and set ¢ := a, or
a' % ¢, and then we set ¢ := a/. Similarly, either b £ ¢ or i/ # ¢, and we set ¢’
accordingly. O

The construction of clones £(ay, ay, B)

We now aim to define the maximal clones of essentially at most binary operations
E(a, o, B). Let us fix a finite set A, nonempty subset B C A and equivalences
a1 and as on A such that they only identify elements in B, i.e., all the elements
not in B are singletons in both a;, as. Moreover, restricted to B, let both ay
and s be nontrivial, and satisfy a3 o g = s 0 7 = 1, i.e., the conclusion of
Lemma [24] holds for them. Moreover, let either ay N ay be nontrivial, or B = A.

Remark. The case with one of the equivalences connecting all the elements is
covered by Section[£.1.2] If one of the equivalences did not connect any elements,
by the conditions we will define, all the operations would be essentially at most
unary.

We denote a ~,, b iff (a,b) € «a;, for i € {1,2}.

We define analogous conditions to (im), (ker) and (comp) from Section |4.1.2}
For the one equivalence case, we had compatibility with a. For a unary operation
u, it means that u(a) C . The analogy in the two equivalence case is that for
both 7 = 1,2 either a; or apy maps into ay:

(comp 2) (u(ay) € ay or u(az) € aq) and (u(ag) € ay or u(ag) C ay)
For an essentially binary operation f(x,y) we define the following conditions
(im 2) (u(f) € o orea(f) € au) and (1a(f) € ag or 12(f) C ),

(ker 2) for both variables, f is either «;-insensitive, as-insensitive or B-unary
in the variable,
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(comp 2) for all a € A the essentially unary operations f(—, a), f(a,—) satisfy
the unary version of (comp 2).

As in the case with one equivalence, the condition (comp 2) is only necessary
for B-unary variables, since if an operation u(x) is a;-insensitive or as-insensitive,
it trivially satisfies (comp 2). If f is B-unary in, let us say, the first variable, then
(comp 2) actually implies even stronger condition — we can change the position
of the quantifier Va:

(Va : f(ag,a) C ay or Va: f(ag,a) C ay)
and (Va : f(ay,a) Cas or Va: f(as,a) C ay),

since f(—, a) restricted to B is the same unary operation for all a € A. Analo-
gously if f is B-unary in the second variable.

Proposition 26. Let E(ay, as, B) be the set of operations on A given by

8(0517 a2, B) =
{f es. at most binary| f satisfies (im 2), (ker 2), (comp 2) and Im(f)C B}
U{u es. at most unary| either w(B) C B and u satisfies (comp 2)

or w is either ay-insensitive or as-insensitive} .

Then E(ay, ag, B) is a clone and it is a mazimal clone of essentially at most binary
operations in the sense that adding any operation would yield an essentially at
least ternary operation.

Claim 27. £(aq, aq, B) is a clone.

Proof. The steps of the proof will be the same as in the proof of Claim[22] Clearly,
E(a1, ay, B) contains the identity, and we show that it is closed under the four
procedures described in Definition [2] It is obviously closed under permutation of
variables and introduction of a new fictitious variable.

Let us first check that identifying the two essential variables of an essentially
binary operation f(z,y) € (a1, as, B) yields an operation satisfying the unary
conditions. Since Im(f) C B, clearly Af(B) C B. We check (comp 2) for Af.
Let i € {1,2}. By (im 2) either ¢1(f) C «; or to(f) € «a;. Let us assume the
former. By the property (comp 2) and the remark after the definition, there exists
j € {1,2}, such that f(a;,a) C o; for all a € A. Let a,b € A, a ~,,; b. Then

(im 2)

Af(a) = f(a,a) “E22 f(b,a) T2 f(b,0) = Af(D),

hence Af(a;) € Af(a), and Af € E(aq, aq, B).

We show that £(aq, ae, B) is closed under substitution. If u,v € £(ay, as, B)
are essentially at most unary and v is o;-insensitive for i € {1,2}, then u * v is
also a;-insensitive. If u is «; insensitive and v satisfies (comp 2), then we have
v(aj) € o for either j =1 or j = 2, so (ux*v)(e;) = u(v(ey)) C u(ew) = {a}
for some a € A, ie., u* v is a;-insensitive. Otherwise, both v and v satisfy
(comp 2) and u(B),v(B) C B. Clearly (ux*v)(B) C B. Let i € {1,2}. Then
for some j € {1,2}, u(e;) C oy, and for some k € {1,2}, v(ax) C «;. Therefore,
(u*xv)(ag) = u(v(ow)) C ula;) C ay, ie., ux v satisfies (comp 2).
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Let u(x) € E(ay, g, B) be essentially unary, f(z,y) € E(ay, az, B) be essen-
tially binary. If u is «a;-insensitive for some j € {1,2}, then, by (im 2), we take
i € {1,2} such that ¢;(f) C a;. Let us assume that ¢1(f) C «;. Then the second
variable in the operation (u* f)(x,y) is not essential, so u* f is essentially unary,
and, up to adding fictitious variables, equal to u * v, where v € E(ay, s, B) is
the essentially unary operation created by substituting a constant to the second
variable of f. Then u x f € £(ay, aq, B) by the previous case.

Otherwise, u satisfies (comp 2) and u(B) C B. Clearly, u * f satisfies (ker 2)
and Im(ux f) C B. Checking (comp 2) is analogous to the case of two essentially
unary operations. We check (im 2). Let i € {1,2}. By (comp 2) for u, u(e;) C oy
for some j € {1,2}, and by (im 2) for f, tx(f) C «; for some k € {1,2}. Then
w(ux f) Culu(f)) € ula;) € a

For the substitution f*u, we immediately have Im(f*u) C B, and also (im 2),
since ¢;(f *u) C 1;(f) for every operation u. The condition (comp 2) follows from
the case of two essentially unary operations, so we only need to check (ker 2). It
is preserved for the second variable, we check it for the first. It is clearly satisfied,
if u is ap-insensitive or as-insensitive. Otherwise, f is either B-unary in the first
variable, and then f * u is also B-unary in the first variable, since u(B) C B,
or f is a,-insensitive in the first variable, and then we have u(c;) C «; for some
i,j € {1,2}, hence f *wu is o insensitive in the first variable.

Let f,g € E(aq, ag, B) be essentially binary. We show that f x g is essentially
at most binary. Then f * g € £(ay, ag, B) will follow from the previous cases as
in the proof of Claim [22]

If f is «; insensitive in the first variable, i € {1,2}, then either the first or
the second variable of (f * g)(x,y, z) is not essential, since either 15(g) C a; or
t1(g) € ay, respectively. If f is B-unary in the first variable, then z is not essential
in (fxg)(z,y, z), since Im(g) C B. O

Claim 28. For any g ¢ E(aq,as, B), Clo(E(aq, ag, B) U{g}) contains an essen-
tially at least ternary operation.

Proof. As in the proof of Claim we only need to show that given an essentially
binary operation which does not satisfy one of the conditions (ker 2), (im 2) or
Im(f) C B, we can construct an essentially ternary operation, and given an es-
sentially unary u ¢ £(ay, ag, B), we can construct an essentially binary operation
not satisfying one of the mentioned conditions. If an essentially binary operation
does not satisfy (comp 2), we can generate essentially an unary operation not
satisfying (comp 2), by substituting a constant in one of the variables.

Let g be essentially binary and does not satisfy (ker 2). We assume that it
does not satisfy (ker 2) in the first coordinate. By Lemma , if we set a ~ b
iff g(a,—) = g(b,—), there exist ¢,¢’,¢” € B such that ¢ ~,, ¢, ¢ ~,, ¢, but
g(e,—) # g(d,—) and g(c,—) # g(¢”,—). We also have d € B such that ¢ ~,, d

and ¢’ ~,, d. We denote Ay, ..., A the equivalent classes of oy, and define
c ifzxeA,ye A, fla.y) | A AIQ Af
i 4 A Al e Jd ... ¢
flz,y) = ‘ ifwe Ay ¢ A Ay | " d ... d (4.7)
" ifx ¢ Ay € A N
d ifzxgA,y¢A. Al d . d
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By the assumptions on ¢, ', ”, d, we have t1(f) Cay, t2(f) Cay and Im(f)C B.
The operation is also obviously a;-insensitive in both variables, hence we have
f € E(ay, a9, B). The operation g(f(x,y),z) now obviously depends on z and
y. It also depends on z, if g(a,—) is not a constant for one of the elements
a € {c,d, ", d}. We show that we can always find elements ¢, ¢, ¢’, d such that
they satisfy the conditions above, and, moreover, g(a,—) is not constant for one
of them.

Let g(c,—) be constant. Because g is essentially binary, we know that there
exists b € B such that g(b,~) is not a constant. Using the table from Lemma [24]
we can find e, f,d’,d’ € B such that we have a following scheme, where elements
in the same row are connected by «q, and in the same column by as:

C C e
¢ d o d (4.8)
f d// b

If g(e,—) is not constant, then g(c,—) # g(e,—), and we take ¢, e, ¢”’,d in place of
e, " d, respectively. If g(f,—) is not constant, we can similarly take ¢, ¢, f,d".
Otherwise both g(e,—) and ¢(f,—) are constant, hence g(e,~) # g(b,~) # g(f,-),
and we can take b, e, f, c instead of ¢, ', d, d".

Let g be essentially binary such that it does not satisfy (im 2); without loss
of generality, let it violate the condition for a4, i.e., t1(9) € a1 and t2(g) € ay.
Then there exist a,a’,p,b,b',q € A such that

g(a,p) == ¢ o, ¢ =:g(d,p),
9(q,b) ==d o, d =:g(q, V),

and ¢ o, d, d o . If a3 N ay is nontrivial, we can construct essentially
ternary operation the same way as in the proof of Claim (where we would
need (0,1) € oy Nay). In general, we need to slightly modify the construction.
We assume that both equivalences are nontrivial on B, so there exist four distinct
elements 0,1, 2,3 € B such that

N~ O

We define f as

[l
0 if (z ¢y, cand © %y, d) and y ~,, ¢, [a, | O 1
2 if (x ~g, cor T~y d) and y ~,, ¢, [d]a, | O 1
flzy) = . (] 2 3
1 if (x g, cand %, d) and y %4, c, ¥ a1 )
3 if (x ~g, cor T~y d) and y A, c. [ 3
: 0 1

Then f € E(ay, a9, B), and f(g(x,y), z) is essentially ternary.
Let now B C A and g be essentially binary such that Im(g) € B. In that
case we assume that a; Moy is nontrivial. Let 0,1 € B be such that 0 ~,, 1 and
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0 ~a, 1. Let us define f as the projection onto the first variable on B and as
“diagonal” on the rest:

x ifxeB,
flz,y) =<1 ifz ¢ Bandzx=y,
0 ifzx¢ Bandax#y.

Then f € E(ay, a9, B); note in particular, that ¢;(f) C oy, ay. For all a,b € A,
a # b, we have either f(a,a) # f(b,a) or f(a,b) # f(b,b). Therefore, x and y are
essential in f(g(z,y), 2), since g is essentially binary. We assume that there exists
¢ € Im(g) such that ¢ ¢ B. Since f(c,c) =1 # 0 = f(c,0), also z is essential in
flg(z,y), 2).

Finally, let v ¢ &(ay, as, B) be essentially unary. Then one of the following
holds:

(a) u does not satisfy (comp 2), i.e., there exist ¢ € {1,2} and elements a, a’, b,V
such that a ~,, @', b ~q, V', u(a) g, u(a’) and u(b) %, u(l'),

(b) w(B) € B and it is neither a;-insensitive nor asp-insensitive, i.e., there exist
a,a’ bt € A a gy, d,dr~y, du(a) # u(a) and u(d) # u(d').

In the case @, we use Lemma [25| to obtain ¢, c,c¢”,d as in such that
u(c) o, u(cd), ulc) %o, u(c’). We define f as in above. Then u(f(x,y)) is
essentially binary, but does not satisfy (im 2).

In the case (]E[)7 we also use Lemma [25| to obtain ¢, ,¢”,d as in such
that u(c) # u(c’), u(c) # u(c). Again, we define f as in (4.7)), and by the same
construction as above, using the scheme ([£.8), we can guarantee that u(d) ¢ B.
We then have u(f(z,y)) essentially binary such that Im(f) Z B. O

4.1.4 Conclusion

We finish the binary case by showing that we have, indeed, found a maximal clone
of essentially at most binary operations for each essentially binary operation which
can not generate an essentially ternary operation.

Theorem 29. Let f be an essentially binary operation on a finite set A such that
Clo(f) only contains essentially at most binary operations. Then there either exist
equivalences ayq, g on A such that f € E(ay, s, A), or there exist a set B C A
and an equivalence a on A such that f € E(a, B).

We now prove Theorem . Let f(z,y) be as in the theorem. We have noticed
in Section that if f cannot generate an essentially ternary operation, then it
necessarily satisfies at least one of the conditions in each column of Table[d. T Let
f first satisfy insensitivity conditions in both variables. If it is ¢;( f)-insensitive
in both variables for the same i € {1,2}, we set

a=u(f)U{(a,a)[ac A\Im(f)}.

Then we have ¢;(f) C a and f is a-insensitive in both variables, i.e., f € E(a, A).
The clone f € £(a, A) is a maximal clone of essentially at most binary operations
by Proposition
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Similarly, if f is ¢y (f)-insensitive in one variable and ¢5( f)-insensitive in the
other, we set

ar = u(f)U{(a,a)la € A\Im(f)},
ag = 12(f) U{(a,a) [a € A\TIm(f)},

and have f € £(aq, az, A), which is a maximal clone of essentially at most binary
operations according to Proposition [26]

Instead of A, we could also take any B such that Im(f) C B C A as the set in
the definition of the clones. Similarly, instead of the equivalences ¢;(f) we might
take any « such that ¢;(f) C a and f is still a-insensitive in the corresponding
variables.

In both mentioned cases, the conditions (comp), (comp 2), respectively, triv-
ially follow from the insensitivity. They are, however, not guaranteed in the re-
maining case. As we have already noticed before, if an operation is Im( f)-unary
in both variables, then it is also Im(f)-insensitive in both variables, so we have
this case already covered.

Let now f be Im(f)-unary in the first variable and either ¢; (f)-insensitive or
t2( f)-insensitive in the second variable. We define an equivalence

ra(f) = {(a,b) € Im(f)?[Ve € A+ f(c,a) = f(c,b)},

ie., for a,b € Im(f), a ~, b iff the columns a and b are identical in the table
of f. It is the maximal equivalence on Im(f) to which f is insensitive in the
second variable. The condition that f is ¢;(f)-insensitive in the second variable
is equivalent to ¢;(f) C ka(f).

If f is compatible with ka(f), then we can set

a=ray(f)U{(a,a)|ac A\Im(f)}

and have f € (o, Im(f)).

Let us assume that f is not compatible with ko(f). Since f is ko(f)-insensitive
in the second variable, it is the first variable which violates the compatibility, i.e.,
there exist a,a’,b € A such that f(a,b) 7., f(a’,b). This means, in particular,
that we have ro(f) € B? and wo(f) € ka(f), since f(a,b) ~y, s f(d’,b) by the
definition of ta(f). We have assumed f to be ¢;(f)-insensitive in the second
variable for either i = 1 or ¢ = 2, so necessarily ¢;(f) C ka(f). If f is compatible
with any equivalence § on Im(f) such that ¢;(f) C 8 C ka(f), we set

a=pU{(a,a)|a e A\ Im(f)},

and have f € E(a,Im(f)). We show that otherwise f generates an essentially
ternary operation, which will conclude the proof of Theorem [29]

Let us assume that for all equivalences 5 on Im(f) such that ¢1(f) C 8 Cka(f),
f is not compatible with 5. We construct an essentially ternary operation simi-

larly as for the operation (4.1) in the example in Section [4.1.1]
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Let us define a unary operation u(z) as a mapping x — f(x, a) for an arbitrary
fixed a € A. We only need u as an operation on Im(f) and f is Im(f)-unary in
the first variable, so the choice of a does not affect anything. If 11(f) C 8 C ka(f)
is an equivalence, then, by our assumption, we have f(3,b) € (3 for some b € A.
Since 8 C Im(f)? and f is Im(f)-unary, we have even f(3,b) 3 for all b € A.
Therefore, also u(f3) Z .

For k € N we write u*(x) = u(u(...u(z))) and v’(z) = .

———
k

Claim 30. There exist (ag,ay) € t1(f) andn € N such that u™(ag) 7., v (ag).

We prove the claim later. Since (ag,ay) € t1(f), there exist ¢, d,d” € A such
that f(c,d) = ap and f(c,d’) = aj. Let us define

f(y7 Z) = f(f( s f(f(y72>7x1)7 cee ,l’n),l'n+1).

—_———
n+1
We regard f as binary, since 1, ..., 2,41 are not essential. We have

fle,d) = u™(f(e, d)) = u"(ao) dmsp) u"(ap) = w"(f(c,d)) = fle,d). (4.9)

Let b € Im(f). The operation f(y,z) is still Im(f)-unary in the variable .
Therefore, we have the following scheme

fb,d) = f(bd)
P2 (f) P (8)

f(ca d) 7(’/@2()”) f(ca dl) )

and, therefore, necessarily for either e = d or e = d’ we have

f(b,€) uyip f(c, e). (4.10)

We show that f(x, f(y, z)) is essentially ternary. By the definition of s(f), for
every pair p o,,(s) ¢, there exists r € A such that f(r,p) # f(r,q). Therefore,
by , f(x, f(y,z)) depends on z, and by , it depends on y. It clearly
depends on z, since f(ka(f),b) € ra(f) for every b € A.

Indeed, Clo(f) contains an essentially ternary operation. It only remains to
prove Claim
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Proof of Claim[30. For two equivalences «, 3 we use the standard notation oV
to denote the least equivalence containing both « and g. It is the equivalence
generated by the edges in o U 8 and

ar~ovpb <= Feo,...,cpt a=cor~gClvpgCavg g cp = b (4.11)

We assume that u is not compatible with 3 for every equivalence such that
u(F) € B C malf).

Let By = t1(f). For i > 0 we define 3;11 := 5; V u(B;). For each i € N we
have either +1(f) C 5; C ka(f), and then, by our assumption, u(3;) € 3;, hence
Bi € Bit1, or we have 5; € ko(f). Since Im(f) is finite, there is only finitely many
equivalences on Im(f), and, therefore, there exists n € N such that 5, Z ra(f).
Let n be the least number such that 3,  ka(f).

We now prove by induction that for all i € {n,n —1,...,0} there exists
(a;,al) € B; such that

u" (@) Pra(r) uT ()

For n we have Bn Z /4;2( ) by assumptlon hence there exists (an,al,) € B,
such that a, 9w, (s , 0 (an) Pry(p) ul(al,).

Let1<i<n and (az, Z) € B; be such that u" " (a;) %y, u"*(a;). Then by
there exist cg, ...,cx € Im (f) such that

. o
i = Co ~pi_1 C1 ~Mu(Bi—1) C2 ~MBim1 T NMu(Bi—1) Ck T Gy

Since u" ' (a;) gy u(a)), we must have w7 (¢;) oy (p) u" ' (¢j1) for some

je{l,...,k—1}. Clearly, u"“(8i—1) C B,_1, thus for (¢j,¢j41) € Bi—1 we have

(W (c;), u" " (cj+1)) € Buo1 C Kalf).

Hence, there necessarily exists a tuple (c;,cj11) € u(f;i—1) such that we have
u"H(¢s) na(p) W (¢jr1). Thus, we get (a;_1, al_,) € f;—y such that u(a;,_1) = ¢;,
u(ai_y) = ¢j41, and, therefore, " (a;_1) oy, (p) w1 al_y).

For i = 0 we have obtained the desired (ag,ap) € o = t1(f) such that
u"(ao) ’7(‘52(1‘) u”(ag) H

This finishes the proof of Theorem [29

In the theorem we use the clones with two equivalences only for the full set A.
We have, however, proved that £(aq,as, B) are maximal clones of essentially
binary operations for arbitrary B C A, |B| > 2, given that a; N s is nontrivial.
This is useful when we seek such a clone containing two different essentially binary
operations which can not generate an essentially ternary operation together. For
example, let us consider the following binary operations:

f10 1 2 3 45 g0 1 2 3 45 h10 1 2 3 45
0(0 0 20 21 0({0 00 O0O0O 0/j0 00111
110 0 2 0 2 1 111 11111 110 0 01 11
20 0 20 21 212 2 2 2 2 2 20 00111
313 3 43 4 3 313 3 3 3 3 3 31 11111
413 3 4 3 4 3 414 4 4 4 4 4 411711 111
5(1 1 2 1 2 1 5/0 001 11 2/ 5 5 5 5 5




We have ¢;(f) = 012|34 and t5(f) = 013|24, f is ¢1(f)-insensitive in the first
variable and ¢5( f)-insensitive in the second variable. The clone that we find for
f in the proof of Theorem [29 is

£(012[34]5,013]24/5, {0, ..., 5}) =: &;.

We can easily see, that f,h € ;. On the other hand, g ¢ &, since it is neither
{0,...,5}-unary nor insensitive to any of the equivalences in the first variable.
However, this does not mean that f and g could generate an essentially ternary
operation together. To see that they can not, observe that

f,g € £(012]34]5,013|24]5, {0, ..., 4}) =: &,.

Since 5 € Im(h), it follows that h ¢ &,.

We have found a maximal clone of essentially at most binary operations for
the pair f, h and for the pair f,g. We cannot put all three operations in such a
clone together, since we can easily see that h, g generate an essentially ternary
operation g(h(z,y),z). It is essentially ternary since

g(h(0,0),O) =0 3& 1= g(h(S,O),O),
g(h(0,0),O) =0#1= g(h(o,?)),()),
g(h(5,5),0) =0 7£ 1= g(h(575)75)'

4.2 Generalization for higher arities

In this section we show how the clones &(a, B) with one equivalence can be
generalized to maximal clones of essentially at most k-ary operations. As in
Section we assume that A is a finite set, B C A is a subset, |B| > 2,
and « is a nontrivial equivalence on A, which only connects elements in B, i.e.,
the equivalence classes for elements in A \ B are just singletons. We denote
a = Aj|As|. .. |As and assume that 0,1 € A;.

We use the simplification of notation where we ignore fictitious variables, so if
an operation f is essentially k-ary, we perceive it as k-ary operation f(xq,...,zg).

We need to define k-ary variant of the “row” and “column” equivalences.

Definition 10. Let f be a k-ary operation on A. OnIm(f) we define equivalence
ti(f) as the transitive closure of the relation

a~b < Jz: abe f(A,...,Ax A, . . . A,

We use analogous conditions to those described in Definition [9] For an essen-
tially k-ary f(zq,...,x), we define:

(im) there exists i € {1,...,k} such that +;(f) C «a,
(ker) for each variable, f is either a-insensitive or B-unary in this variable,
(comp) f is compatible with «.

We prove an analogy of Proposition 21]
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Proposition 31. Let k > 2 and & («, B) be the set of operations on A given by

5k(a, B) =
{f es. at most k-ary| f satisfies (im), (ker), (comp) and Im(f) C B}
U{u es. at most unary| either w(B) C B and u is compatible with «

or u is a-insensitive}.

Then Ex(a, B) is a clone and it is a mazimal clone of essentially at most k-ary
operations in the sense that adding any operation would yield an essentially at
least (k 4 1)-ary operation.

The binary clone from Proposition is a special case of these clones, i.e.,
52(04, B) = (9(0&, B)
We clearly have an infinite chain of clones

52<OéaB) g 53(0(, B) g g gk(Oé7B) -,C«- g U gk(avB)>

|>2
and, therefore, | & (a, B) is non-finitely generated.
k>2

If B C A and we set « trivial on B, the condition (ker) says that an operation
is either B-insensitive or B-unary in each variable. Also, compatibility with « is
then always satisfied if Im(f) C B. Hence, the clones & (a, B) are in that case
exactly the clones described in Proposition [16|in Section |[3.4.2

Note that we can not generalize the two equivalence case in such straightfor-
ward manner. The identification of variables becomes a problem for insensitivity.
For example if we have a ternary operation f(x,y,z) which is «;-insensitive in
z, z and as-insensitive in y, it can happen that for a ~,, d/, ¢ € A, we get
fla,a,c) = f(d,a,c), but f(a';a,c) # f(d',d,c), hence Af(a,c) # Af(d,c).
We did not have this problem in the binary case, since we could only get an
essentially unary operation by identifying essential variables, for which we have
weaker conditions.

Proof of Proposition |31 The arguments are very similar to the proof of Propo-
sition 2I] We directly use parts of the previous proof and point out how to
generalize the other parts.

We fix £ > 2. Clearly, &(a, B) is closed under introduction of fictitious
variables and under permutation of variables. It is closed under identification of
variables, because if f(z1,...,2,) € & (a, B), n > 2, then either one of the first
two variables is B-unary, and then the first variable Af is also B-unary, or they
are both a-insensitive, and then for all a € A"™! and a} € A such that a; ~, a}
we have

Af(ay,as, ... an_1) = f(a,a1,a9,...,a4,1) =
- f(ah alla ag, ... 7an—1) = f(alla alla ag, ... 7an—1) = Af(a’,h az, . .. 7an—1)7
hence Af satisfies (ker). It clearly also satisfies (comp) and Im(Af) C B. It
satisfies (im), since t1(Af) C t1(f), t2(f) and ¢;(Af) C 1;01(f) for i > 2.
Regarding the substitution, the case for two essentially unary operations is

already shown in the proof of Proposition [21] since the essentially unary opera-
tions are the same in &/(a, B) for all [ > 2. The cases for one essentially unary
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and one essentially n-ary operation, £ > n > 2, are proved the same way as in
Proposition 21} The remaining case is also very similar. Let f,g € &(a, B) be
essentially n-ary and m-ary, respectively, for k > n,m > 2. We have

(f * g)(l’l,flfg, s 7‘Tm+n—1) - f(g(xlv s ,xm);xm-i-l, s ,$m+n_1>-

If f is a-insensitive in the first coordinate and ¢;(¢) C «, then f * g does not
depend on xy,...,%;_1,%i11,-..,Tm, SO it is essentially at most n-ary. If f is
B-unary in the first variable, then f * g does not depend on x,,11,..., Tmin_1, SO
it is essentially at most m-ary. Moreover, in both cases we can replace either g or
f by a unary operation created by substituting constants to all but one variable,
and then f x g € &(a, B) follows form the previous cases.

Now we show the maximality. Essentially unary and binary operations are the
same in &, (a, B) for all n > 2. Thus, given an essentially unary operation which
is not in & (a, B), we construct an essentially binary operation not in & («, B)
the same way we did in the proof of Proposition 21 Also, if we are given an
essentially m-ary operation ¢ which is not compatible with «, then there exist
ie{l,...,n},a€ A" and a} € A such that a; ~, a} and

glar, ... @i 1,05, i1, Qn) Foo A1, i1, Ay i1y - e Ay,

so we can take essentially unary operation u(x) = g(ay,...,a;—1,%, a1, ..., a0y),
and then u is not compatible with «, hence u ¢ & (a, B).

It remains to show how to generate essentially at least (k 4 1)-ary operation,
given an n-ary operation, k > n > 2, which does not satisfy one of the conditions
(ker), (im) or Im(g) C B. For the rest of the proof, g will be an essentially n-ary
operation, k£ > n > 2.

If g does not satisfy (ker) in the first variable, then it is neither B-unary
nor a-insensitive in the first variable, hence there exist b € A, ¢, ¢’ € A" and
d,d € A, a € A" ! such that d ~, d’ and

g(b,c) # g(b, '), (4.12)
g(d,a) # g(d,a). (4.13)

For simplicity, assume that d = 0,d’ = 1. Let us define k-ary operation

1 if!El,afg,...,ZL'keAl,
flxr,29,...,25) =<0 ifx; € Ay, x; & Ay for some i € {2,...,k},
b 1f.§C1¢A1

We can define such f, since « is nontrivial, hence has at least two equivalence
classes. Clearly, f is a-insensitive. We have ¢1(f) = 01]|b C «, so it satisfies (im),
and Im(f) = {0,1,b} C B. We show that g = f is essentially at least (k 4 1)-ary.
Let e € As be arbitrary. Then for all i € {1,...,k} we have

(4.13)

g(f(0,...,0,0,0,...,0),a) = g(0,a) g(1,a) = g(f(0,...,0,¢,0,...,0),a),
so the first k£ variables are essential, and

(14.12)

g(f(ea S 76)7C) = g(b, C) g(b, C/) = g(f<€7 T ’6)70/)7
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so at least one of the other n — 1 variables is essential.

Let us now assume that g does not satisfy (im), that is, ¢;(g) € « for all
¢t = 1,...,n. Similarly as in the proof of Proposition this means there ex-
ist ¢;,ci,pi € A such that ¢;,¢; € g(A...,A,;p;, A, ..., A) and ¢; 4, ¢, for all
1=1,...,n.

For ¢y, ¢} we find ag, ..., ay,,d,,...,a, € A such that

g(p1,ag, ... a4,) = c1 o ¢ = g(p1,ay, ..., a,).

By changing a; for a; one variable at a time, we find tuples a,a’ € A™ which only
differ in the i-th variable, for some i € {1,...,n}, and for which g(a) %, g(a’).
Similarly, starting with ¢;, ¢;, we find b, b’ differing only in the j-th variable such
that g(b) %, g(b’), where j # i, since we had p; at the i-th variable for all
considered tuples. We have

¢ = g(a) o gla) = ¢,
d:= g(b) o g(b) = d.

We may assume that ¢ 4, d' and d %, /. We define a k-ary operation

1 if (w1 ~qcor g~y d)and 2~y cforall [ =2,... k,

0 otherwise.

fzy, 29, ... 28) = {

We can easily check that f € &:(«, B). The operation (f * g)(x1,...,Tpik—1) IS
essentially at least (k4 1)-ary. The variables z,,41, ..., Z,1,—1 are essential, since
foralll=n+1,...,n4+k — 1 we have

f(g(a),c,...,c,é,c,...,c) =1#0= f(g9(a),c,...,c,c,c, ... c).

The variables z; and x; are essential, since

flg(a),e,....,c) = flc,c,...,c)=0#1=f(cd,e,...,c) = f(g(@),c, ... c),
flg(b),c,....c) = f(d,c,...,c) =0#1=f(d,c,...,c) = f(g(b'),c,...,c).

Finally, let B # A and Im(g) € B, that is, there exists a € A" such that
g(a) ¢ B. We define a k-ary operation

T1 ifﬁl)leB,
f(xl,l'g,...7l‘k): 1 if$1¢Bandx1:x2:...:xk’

0 otherwise.

We have 11(f) C «, since it only connects 0 and 1. We have f B-unary in the
first variable, and a-insensitive in the other variables, since if x; is fixed, then
either 1 € B and changing other variables has no effect, or x; ¢ B and then we
can possibly change the result only by alternating between x; = z; and x; # x1.
It is clearly compatible with «, and Im(f) C B, hence f € & (a, B).

As the binary version of f in Proposition 21} f has the property, that for every
a,b € A, a # b, there exists ¢ € A*~! such that f(a,c) # f(b,c). This holds, for
example because f(x,y) = f(z,v,...,y) is the binary version of the operation.
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Thus, operation f(g(z1,...,%n), Tnt1,---,Tnik—1) depends on the variables
Z1,...,%,, which are essential for g. The other variables, x,11,..., 211, are
also essential, because if we set b := g(a) ¢ B, we have

[ %

Flg(a),b,....bbb....b)=1+0= f(g(a),b,...,b,0,b,...,b),

foralli=n+1,...,n+k — 1. Therefore, f * g is essentially (n + k — 1)-ary.
O
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Conclusion

We have summarized several tools that are useful for determining whether a
clone is finitely generated or not, presented examples of finitely and non-finitely
generated clones, and found maximal clones of essentially binary operations.

In Chapter 2] we have studied several finitely generated clones. We have
demonstrated how to modify a simple explicit construction with which we can
find generators of the clones, and express all the operations of the clones as
compositions of these generators. We have proved that for finite sets B C A the
maximal non-finitely related clones and the idempotent reducts, defined in [13]
as C(B, A) and Cz(B, A), are finitely generated.

Inspired by the clones used in [7], in Chapter [3|we have defined relations, poly-
morphisms of which have restricted essential arity. It is later proved in Chapter
that the clones of polymorphisms of these relations are in fact maximal clones of
operations with essential arity restricted by a chosen k£ > 2.

We have discussed possible modifications of the relations, replacing A%, B A ,
and Ay by different relations. As seen in Chapter [4] restricting essential arity
always involves some kind of insensitivity, which is rather limiting. We have
seen, however, that other properties might be restricted to a certain number of
variables — for instance, we have defined relations Fy by replacing A%, B2, A ,, Ay
by sets A, B, C, D, such that

and then compatibility of an operation f with the relation Fj implies that the
property '
F(C,....C.AC,....,0) Z C

can hold for at most £ — 1 variables.

Note that the condition “a property P holds for at most &k variables” is always
trivially satisfied by at most k-ary operations. In the light of Lemma [J] in Sec-
tion [I.4] the reason why a clone C is non-finitely generated is, in a sense, always
that we have a chain of clones of operations satisfying some property in at most
k variables, and for every k& we have an operation in C satisfying the property in
more than £k variables.

It would be interesting to look more deeply into what kind of other property
might be restricted to a certain number of variables, if we replaced A?, B, A 4, Ag
by different relations. Also, for Fj, the “unary version” of the relations, the
clones of polymorphisms themselves seem to be worth looking at. Despite a
simple relational description, they appear to be rather problematic to describe
explicitly.

In Chapter 4] we have studied clones of operations with restricted essential
arity in general. For every essentially binary operation f such that Clo(f) con-
tains only essentially at most binary operations, we have found a maximal clone
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of essentially at most binary operations containing f. At the end of Section
we have presented an example which shows that we can also find such a maximal
clone for some pairs of operations such that they can only generate essentially at
most binary operations together. The question is, whether we can do this for any
such pair, or, in general, a larger tuple of operations, and whether there exists
some other maximal clone of essentially at most binary operations on a finite set.
Finally, we have generalized part of the clones to larger arities, obtaining
clones of essentially at most k-ary operations. These generalize the clones we
have relationally described in Chapter [3] We could not, however, generalize the
case with two equivalences, which offers another possibility for further study.
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