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Introduction

In this thesis, we address the question of an optimal partnership of function
spaces with respect to classical operators of harmonic analysis. We shall work
in the general setting of so-called rearrangement-invariant function spaces. Our
main goal is to establish sharp theorems guaranteeing boundedness of given clas-
sical operators on such function spaces, which are optimal in the sense that they
cannot be essentially improved within this category of function spaces. We shall
treat in detail namely the Hilbert transform and the Riesz potential. Both these
operators have been known for very long time to be indispensable in various
parts of mathematics including the theory of PDEs, spectral theory, complex
analysis, Fourier analysis, mathematical physics, probability theory and more.
While the action of these operators on Lebesgue spaces is well known, it is known
that the scale of Lebesgue spaces, although clearly still playing a primary role
in many parts of mathematical analysis, is not rich enough in order to describe
all important cases, in particular in various limiting situations. Over the years,
it has become evident that other (finer) scales of function spaces are also of in-
terest, in fact necessary, when certain critical or limiting cases of the action of
operators are in question. These new scales include as pivotal examples two-para-
metric Lorentz spaces, Orlicz spaces and Zygmund classes, but various specific
tasks enforced the authors to study yet finer function spaces. Let us mention
as particular examples the Lorentz-Zygmund spaces (together with their various
generalizations), the Lorentz-Karamata spaces, the Gould space, function spaces
obtained via interpolation, or Lorentz and Marcinkiewicz endpoint spaces.

It turns out that rather than face the specific difficulties connected to each
of the spaces, it is more rewarding to work in the fairly general setup of re-
arrangement-invariant function spaces, which is a category which covers all of
the above-mentioned types of function spaces (and more), providing thereby a
general framework for a thorough and comprehensive study.

The key question studied in this thesis can be formulated as follows. Given
an operator T and a rearrangement-invariant space X (or Y ), find another such
space Y (or X) with the property that T is defined on X, bounded from X to Y ,
and if there is another rearrangement-invariant space Z such that T is bounded
from X to Z (or from Z to Y ), then Y is contained in Z (or Z is contained in
X). The latter property is what we call an “optimal partnership”. If we are
able to find such a space Y (or X), then it automatically becomes the smallest
range space (or the largest domain space) which renders the boundedness of the
operator true in the scope of rearrangement-invariant spaces. Let us note that
such a result provides us with extremely useful information that there is no point
in trying to find a better range (or domain) partner rearrangement-invariant space
for the given operator because there cannot exist any.

Even though the subject of our interest is different, techniques of proofs are
up to some extent built upon those that have been developed mostly during
the last two decades for similar results concerning Sobolev embeddings, trace
embeddings and logarithmic Sobolev inequalities (cf. e.g. [9, 4, 16, 5, 6]), with
one important difference: our operators are defined on functions whose domain
is Rn, that is, a space of infinite measure. We utilize these methods combined
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with some new arguments developed here and some classical arguments from the
theory of rearrangement-invariant spaces and also with inequalities in the spirit
of Herz-Wiener inequality, as sharp as possible, and appropriately chosen for each
operator in question. The technique is up to some extent explained in [23]. Let us
also note that some partial results concerning optimal function spaces for classical
operators were established in [26].

The thesis is structured as follows. In Chapter 1, we collect all the necessary
background theory to be used throughout the text. Even though comprehensive
standard references ([2, 24]) are available, we give this preliminary part in de-
tail. Our main results are then contained in Chapter 2, where optimal partner
spaces are characterized for the Hilbert transform (namely Theorem 2.13, The-
orem 2.18 and Theorem 2.19), and Chapter 3, where basically the same things
are established for the Riesz potential (namely Theorem 3.14 and Theorem 3.19).
We illustrate the results with examples (namely Examples 2.16, Example 2.21
and Examples 3.17) in which the principal role is played by the Generalized
Lorentz-Zygmund spaces with broken logarithmic functions. This choice was
made because of the great versatility and applicability of such spaces.
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1.Prelfimfinarfies

Conventfions.Throughouttheentfirethesfis,(R,µ)denotesaσ−finfitemeasure
spacefiffnotstatedotherwfise. Asusual,wefidentfiffyanytwoffunctfionswhfich
cofincfideµ−a.e.Furthermore,weffollowtherulethat

0·∞=∞·0=0.

IffM,N aretwoquantfitfies,wewrfiteM Nfiffthereexfistsaposfitfiveconstant
Cfindependentoff“allfimportantparameters”suchthat

M ≤C·N.

Obvfiously,onecanusethfisabbrevfiatfiononlywhenfitfisperffectlyclearwhatthe
“allfimportantquantfitfies”are. WealsowrfiteM Nwfiththeobvfiousmeanfing.
Wewrfite M ≈NfiffsfimultaneouslyM NandM N.

Notatfion1.1. Wedenote

▼(R,µ)={ff;fffisaµ-measurableffunctfiononRwhosevaluesarefin[−∞,∞]},

▼+(R,µ)={ff∈▼(R,µ);ff≥0}.

Iffnoconffusfionfispossfible,wewfillsfimplywrfite▼ or▼+. Wealsodenote

▼0={ff∈▼;fffisfinfiteµ-a.e.},

▼+0={ff∈▼0;ff≥0}.

1.1 BanachFunctfionSpaces

Ourgoalfistofindoptfimalffunctfionspacesfforsomeclassficalfintegraloperators
butoneneedstospecfiffywhatwemeanbyffunctfionspacesattheverybegfinnfing.
Moreprecfisely,wemustdecfidewhatclassoffffunctfionspacesweconsfiderandthen
wecanpursuethequestfionoffoptfimalfityfinthescopeoffthegfivenclass.Theclass
offffunctfionspaceswhfichwewouldlfiketoconsfidershould,ontheonehand,come
wfiththeorywhfichfisnficeenoughsothatwecouldconductallthenecessary
stepsfforconstructfingoptfimalffunctfionspaces,whfile,ontheotherhand,the
classshouldbeasgeneralaspossfiblecontafinfingmanyclassficalffunctfionspaces.
Itturnsoutthatasufitablechoficefistheclassoffrearrangement-finvarfiantBanach
ffunctfionspaces.
Webegfinbyprovfidfingsomeffundamentalsoffthetheoryoff(rearrangement-

finvarfiant)Banachffunctfionspaces.Prooffsofftheffactslfistedherecanbeffoundfin
[2,Chapter1andChapter2]or[24,Chapter6andChapter7].

Definfitfion1.2. Wesaythatamappfing ϱ:▼+(R,µ)−→[0,∞]fisaBanach
ffunctfionnorm(shortlyaffunctfionnorm)fifftheffollowfingsevencondfitfionshold:

1.ϱ(ff)=0⇔ff=0µ−a.e.,

2.ϱ(αff)=αϱ(ff),
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3. ϱ(f + g) ≤ ϱ(f) + ϱ(g),

4. f ≤ g µ− a.e. ⇒ ϱ(f) ≤ ϱ(g),

5. fn ↑ f µ− a.e. ⇒ ϱ(fn) ↑ ϱ(f),

6. µ(E) < ∞ ⇒ ϱ(χE) < ∞,

7. µ(E) < ∞ ⇒
∫
E
f dµ ≤ CEϱ(f),

where n ∈ N, f, g, fn ∈ M+(R, µ), α ∈ [0,∞), E is a µ−measurable subset of
R, and CE is a positive constant which may depend on E (and ϱ) but does not
depend on f .

Definition 1.3. For a given function norm ϱ on (R, µ), we set

X = X(ϱ) = {f ∈M(R, µ); ϱ(|f |) < ∞}

and define
∥f∥X = ϱ(|f |), ∀f ∈ X.

The pair (X, ∥·∥X) is then called a Banach function space.

Remark 1.4. We shall refer to the mere set X from the above definition as a
Banach function space. Furthermore, if no confusion is possible, we shall simply
write ∥·∥ instead of ∥·∥X .

As the name itself indicates, Banach function spaces are Banach spaces in the
functional-analytic sense. Moreover, they always contain simple functions and
consequently they are non-trivial (unless the measure space itself is trivial).

Theorem 1.5. Let ϱ be a function norm on (R, µ) and let X be as in Defini-
tion 1.3. Then

S ⊆ X ⊆M0(R, µ),

where S is the set of all simple functions on R, and (X, ∥·∥X) is a complete vector
space (under the natural vector operations). In particular, ∥·∥X is a norm on X.

Remark 1.6. By Definition 1.2, a Banach function norm is supposed to be
defined on all functions fromM+ (R, µ). Theorem 1.5 shows, however, that func-
tions which are not finite a.e. are of no interest in the scope of Banach function
spaces. Therefore, one can define a Banach function norm only on M+

0 (R, µ)
and assume that it equals ∞ on M+ (R, µ) \M+

0 (R, µ). We shall follow this
convention throughout this thesis.

Theorem 1.7. Let X = X(ϱ) be a Banach function space. Then for f, g ∈
M(R, µ) and µ-measurable E ⊆ R, it holds that:

1. If |f | ≤ |g| µ−a.e. and g ∈ X, then f ∈ X and ∥f∥X ≤ ∥g∥X . In
particular, f ∈ X if and only if |f | ∈ X and in that case ∥f∥X = ∥|f |∥X .

2. There exists a positive constant CE independent of f such that∫
E

|f | dµ ≤ CE∥f∥X .
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The way function spaces are embedded in each other is of great interest in
the theory of function spaces. The following theorem shows that the set-theoretic
inclusion is enough for Banach function spaces to be continuously embedded.

Theorem 1.8. Let X and Y be Banach function spaces over the same measure
space. If X ⊆ Y , then X ↪→ Y , that is, there exists a positive constant C such
that

∥f∥Y ≤ C∥f∥X
for each f ∈ X.

Example 1.9. The class of Banach function spaces contains several important
function spaces. Namely, Lebesgue spaces (p ∈ [1,∞]), Lorentz spaces, Orlicz
spaces (see [24, Chapter 4]), Lorentz-Zygmund spaces, endpoint spaces, Morrey
spaces (see [24, Chapter 5]) and more. Lebesgue spaces, Lorentz spaces as well
as Lorentz-Zygmund spaces will be treated as special instances of so-called Gen-
eralized Lorentz-Zygmund spaces in Section 1.6. Endpoint spaces are covered in
Section 1.5.

Unfortunately, not all important function spaces are Banach function spaces.
For example, spaces of smooth functions Ck(Ω) and Ck,α(Ω) (see [24, Chapter 2])
are Banach spaces which are not Banach function spaces. Further, whereas Mor-
rey spaces are Banach function spaces, quite similar Campanato spaces (see [24,
Chapter 5]) are not. Probably the most important example of function spaces
which are not Banach function spaces are classical Sobolev spaces Wm,p(Ω) (see
[1, Chapter 3]), which are an indispensable tool for the modern theory of partial
differential equations.

1.2 The Associate Space

As Banach function spaces are Banach spaces, one can talk about their dual
spaces. However, the dual space of a Banach space (even of a Banach function
space) can behave badly. A classical example is the space L∞. Fortunately, when
dealing with Banach function spaces, we can often substitute the dual space
with the associate space, which we are about to define. The associate space
behaves, in general, better than the dual space and simultaneously it is always
canonically isometric to a closed norm-fundamental subspace of the dual space
(see [2, Chapter 1, Theorem 2.9]), thus emerging often as a convenient substitute
of the dual space in many argumentations.

Definition 1.10. Let ϱ be a function norm. We define its associate norm ϱ′ as

ϱ′(g) = sup{
∫
R

fg dµ; f ∈M+(R, µ), ϱ(f) ≤ 1}, g ∈M+(R, µ).

Theorem 1.11. The associate norm ϱ′ of a function norm ϱ is itself a function
norm.

Definition 1.12. Let X = X(ϱ) be a Banach function space. Then its associate
space is the Banach function space X ′ = X ′(ϱ′).
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Remark 1.13. Let X be a Banach function space. The norm in the associate
space can be written as

∥g∥X′ = sup{
∫
R

|fg| dµ; f ∈ X, ∥f∥X ≤ 1}, g ∈ X ′.

Example 1.14. Assume that p ∈ [1,∞]. Then (Lp)′ = Lp′ where p′ is the
Hölder conjugate index of p. We stress that the case p = ∞ is not excluded. In
particular, L∞ is an example of a space whose associate space is strictly smaller
than its dual space.

The following inequality reminds us of the classical Hölder inequality for Lp

spaces. In fact, as the previous example illustrates, this inequality extends the
classical Hölder inequality. Thus it is reasonable to call it Hölder inequality for
Banach function spaces. Moreover, it immediately shows that the associate space
(with the obvious identification) is always a subspace of the dual space.

Theorem 1.15. Let ϱ be a function norm. Then∫
R

|fg| dµ ≤ ϱ(|f |)ϱ′(|g|)

for every f, g ∈M(R, µ). In particular, if f ∈ X and g ∈ X ′, then∫
R

|fg| dµ ≤ ∥f∥X∥g∥X′ < ∞.

The following two theorems are of immense importance for our purpose as we
shall see in the next chapters. Even though a Banach function space need not
be reflexive (again, L1 or L∞ serves as an immediate example), if we replace the
dual space with the associate, which is often possible, Banach function spaces are
always reflexive in the following sense.

Theorem 1.16. Let X be a Banach function space. Then X = X ′′ = (X ′)′.
More precisely, we have for every f ∈M(R, µ) that

f ∈ X ⇔ f ∈ X ′′

and
∥f∥X = ∥f∥X′′ .

Theorem 1.17. Let X and Y be Banach function spaces. Then X ↪→ Y if and
only if Y ′ ↪→ X ′.

1.3 Rearrangement-invariant Banach Function

Spaces

Thus far, we have considered general Banach function spaces. We shall introduce
their important subclass in this section. We motivate the reason for it by two
examples.
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Consider the ℓp norm (p ∈ [1,∞]) on Rn and a vector x ∈ Rn. Clearly, if we
rearrange the coordinates of x and denote the new vector by x̃, then ∥x∥ℓp = ∥x̃∥ℓp
because it is obvious from the very definition of the norm that the ℓp norm does
not depend on the order of the coordinates. It only depends on the magnitude of
the coordinates.

More generally, the well-known layer cake formula (here p ∈ [1,∞))

∥f∥pLp(R,µ) = p

∫ ∞

0

tp−1µ ({x ∈ R; |f(x)| > t}) dt, f ∈ Lp(R, µ),

shows that the Lp norm depends only on the measure of level sets of a given
function, that is, the set where the function is greater than the given value, but
it is independent of the way the function is arranged. This is also true for L∞ as
we can write

∥f∥L∞(R,µ) = inf{λ ≥ 0;µ ({x ∈ R; |f(x)| > λ}) = 0}, f ∈ L∞(R, µ).

Rearrangement-invariant Banach function spaces generalize this concept.

Definition 1.18. Let f ∈M0(R, µ). We define its distribution function µf as

µf (λ) = µ ({x ∈ R; |f(x)| > λ}) , λ ≥ 0.

Remark 1.19. The distribution function of a function clearly depends only on
the absolute value of the function and it is allowed to attain the value ∞.

Definition 1.20. We say that functions f ∈ M0(R, µ) and g ∈ M0(S, ν) are
equimeasurable, where (R, µ) and (S, ν) are σ−finite measure spaces, if their
distribution functions are equal, that is, µf (λ) = νg(λ) for every λ ≥ 0.

For a given function f , there are, in general, many functions which are
equimeasurable with f . There is, however, one particular function which is
equimeasurable with f and has some special properties (see Theorem 1.23).

Definition 1.21. Let f ∈M0(R, µ). The function f ∗ : (0,∞) −→ [0,∞] defined
by

f ∗(t) = inf{λ ≥ 0;µf (λ) ≤ t}, t ∈ (0,∞),

is called the non-increasing rearrangement of f .

The non-increasing rearrangement of f is a generalized inverse function to its
distribution function µf . If µf happens to be continuous and decreasing, then f ∗

is its ordinary inverse.

Remarks 1.22.

1. In the preceding definition, we use the convention that inf ∅ = ∞.

2. If µf (λ) > t for every λ ≥ 0, then f ∗(t) = ∞.

3. If µ(R) < ∞, then f ∗(t) = 0 for every t ≥ µ(R). In this case, we may
regard f ∗ as a function defined only on (0, µ(R)).

4. It follows immediately from the very definition of the non-increasing re-
arrangement that f ∗ = g∗ whenever f and g are equimeasurable.
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Although all the basic properties of the non-increasing rearrangement listed
below are important, we emphasize the fact that f ∗ is monotone, namely non-
increasing as indicated by the terminology.

Theorem 1.23. Suppose that n ∈ N, f, g, fn ∈M0(R, µ), and α ∈ R. The non-
increasing rearrangement f ∗ is non-negative, non-increasing and right-continuous
function on (0,∞). Furthermore, we have that:

1. |f | ≤ |g| ⇒ f ∗ ≤ g∗.

2. (αf)∗ = |α| f ∗.

3. (f + g)∗ (t1 + t2) ≤ f ∗(t1) + g∗(t2) for every t1, t2 > 0.

4. |fn| ↑ |f | µ−a.e. ⇒ f ∗
n ↑ f ∗.

5. The functions f and f ∗ are equimeasurable.

Remark 1.24. From the very definition of the non-increasing rearrangement,
one can easily compute that χ∗

E = χ(0,µ(E)) for every µ−measurable E ⊆ R.

Remark 1.25. Even though the operator f ↦→ f ∗ is not subadditive, a partial
remedy can be sometimes provided by the inequality (f + g)∗ (t) ≤ f ∗( t

2
)+g∗( t

2
).

In order to see that f ↦→ f ∗ is not subadditive, consider R with the standard
Lebesgue measure, f = χ(0,1) and g = χ[1,2).

Let x = (x1, . . . , xn), y = (y1, . . . , yn) be two vectors in Rn having non-negative
coordinates. It is known due to G. H. Hardy and J. E. Littlewood (see [14,

Chapter X]) that the quantity
n∑

j=1

xjyj is maximized when the vectors are arranged

in the non-increasing order, that is,

n∑
j=1

xjyj ≤
n∑

j=1

x∗
jy

∗
j , (1.1)

where x∗ = (x∗
1, . . . , x

∗
n), y = (y∗1, . . . , y

∗
n) are their non-increasing rearrangements.

This inequality can be generalized to the following integral form.

Theorem 1.26. Let f, g ∈M0(R, µ). Then∫
R

|fg| dµ ≤
∫ ∞

0

f ∗(t)g∗(t) dt. (1.2)

Remark 1.27. For f ∈ M0(R, µ) and g = χE where E ⊆ R is µ−measurable,
(1.2) turns into (see also Remark 1.24)∫

E

|f | dµ ≤
∫ µ(E)

0

f ∗(t) dt, (1.3)

which we shall find useful later.
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It follows immediately from the Hardy-Littlewood inequality (1.2) that∫
R

|fg̃| dµ ≤
∫ ∞

0

f ∗(t)g∗(t) dt

whenever g̃ is a function on R equimeasurable with g. When (R, µ) is the counting
measure on a finite set, that is, f, g are finite sequences and (1.2) reads as (1.1),
it is obvious that we can find g̃ such that the equality is attained. However, for
a general measure space, it is not obvious whether there exists such a g̃. The
following example shows that it is not true for a general measure space.

Let (R, µ) consist of two atoms a, b such that µ({a}) = 1 and µ({b}) = 2.
Consider f = χ{a} and g = χ{b}. Then

∫∞
0

f ∗(t)g∗(t) dt = 1 but it is easy to see
that

∫
R
|fg̃| dµ = 0 whenever g̃ is equimeasurable with g.

Not only has the example shown that the equality need not be attained, but
it even shows that the inequality need not be saturated by taking the supremum
over all g̃. The measure spaces for which the inequality is saturated plays an
important role and are called resonant.

Definition 1.28. We say that a σ−finite measure space (R, µ) is resonant if∫ ∞

0

f ∗(t)g∗(t) dt = sup
g̃

∫
R

|fg̃| dµ

for every f, g ∈ M0(R, µ), where the supremum is taken over all functions g̃ ∈
M0(R, µ) equimeasurable with g.

Fortunately, resonant measure spaces have the following simple characteriza-
tion.

Theorem 1.29. A σ−finite measure space (R, µ) is resonant if and only if it is
either non-atomic or completely atomic with all atoms having equal measure.

It is sometimes convenient to work with the integral mean of f ∗ instead of just
f ∗ as it dominates the non-increasing rearrangement and possesses some better
properties (in particular subadditivity).

Definition 1.30. Let f ∈M0(R, µ). We define the maximal function f ∗∗ (of f ∗)
by

f ∗∗(t) =
1

t

∫ t

0

f ∗(s) ds, t > 0.

Remark 1.31. It follows from the very definition of the maximal function that
f ∗∗ = g∗∗ whenever f and g are equimeasurable (recall Remarks 1.22).

Theorem 1.32. Suppose that n ∈ N, f, g, fn ∈ M0(R, µ), and α ∈ R. The
maximal function f ∗∗ is non-negative, non-increasing and continuous on (0,∞).
Furthermore, the following properties hold:

1. f ∗∗ ≡ 0 ⇔ f = 0 µ−a.e.

2. f ∗ ≤ f ∗∗.

3. |f | ≤ |g| ⇒ f ∗∗ ≤ g∗∗.
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4. (αf)∗∗ = |α| f ∗∗

5. |fn| ↑ |f | ⇒ f ∗∗
n ↑ f ∗∗.

6. (f + g)∗∗(t) ≤ f ∗∗(t) + g∗∗(t), t > 0 .

Now, we finally define what rearrangement-invariant Banach function spaces
are.

Definition 1.33. A function norm ϱ over (R, µ) is said to be rearrangement-
invariant if

ϱ(f) = ϱ(g)

whenever f, g ∈ M+
0 (R, µ) are equimeasurable. In this case, the corresponding

Banach function space X = X(ϱ) is called a rearrangement-invariant Banach
function space.

Example 1.34. Some examples of Banach function spaces have been provided
in Example 1.9. All of them but Morrey spaces are also rearrangement invariant.
Morrey spaces are an example of Banach function spaces which are not rearrange-
ment invariant. Another such example is provided by weighted Lebesgue spaces
or variable-exponent Lebesgue spaces (see [24, Chapter 11]).

We also note here that even though classical Sobolev spaces Wm,p(Ω) are not
Banach function spaces, let alone rearrangement invariant, Sobolev spaces can
be built upon rearrangement-invariant Banach function spaces. For more details,
see e.g. [16].

Theorem 1.35. Let ϱ be a rearrangement-invariant function norm over a reso-
nant measure space (R, µ). Then the associate norm ϱ′ is also rearrangement-in-
variant and it holds that

ϱ′(g) = sup{
∫ µ(R)

0

f ∗(t)g∗(t) dt; ϱ(f) ≤ 1}, g ∈M+
0 (R, µ),

and

ϱ(f) = sup{
∫ µ(R)

0

f ∗(t)g∗(t) dt; ϱ′(g) ≤ 1}, f ∈M+
0 (R, µ).

The following expressions of the associate norm are often useful in computa-
tions.

Corollary 1.36. Let ϱ be a rearrangement-invariant function norm over a reso-
nant measure space (R, µ). If f, g ∈M+

0 (R, µ), then∫
R

fg dµ ≤
∫ µ(R)

0

f ∗(t)g∗(t) dt ≤ ϱ(f)ϱ′(g).

Corollary 1.37. Assume that X is a Banach function space over a resonant
measure space (R, µ). Then X is rearrangement-invariant if and only if X ′ is,
and in this case, it holds that

∥g∥X′ = sup{
∫ µ(R)

0

f ∗(t)g∗(t) dt; ∥f∥X ≤ 1}, g ∈ X ′, (1.4)

and

∥f∥X = sup{
∫ µ(R)

0

f ∗(t)g∗(t) dt; ∥g∥X′ ≤ 1}, f ∈ X. (1.5)
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Corollary 1.38. Let X be a rearrangement-invariant Banach function space over
a resonant measure space (R, µ). It holds that∫

R

|fg| dµ ≤
∫ µ(R)

0

f ∗(t)g∗(t) dt ≤ ∥f∥X∥g∥X′ ,

for every f ∈ X and g ∈ X ′.

1.4 Representation Space

Let (R, µ) be an arbitrary σ−finite measure space and assume that τ is a rearran-
gement-invariant Banach function norm over ((0,∞), λ). Then the functional τ̃
defined as

τ̃(f) = τ(f ∗), f ∈M+
0 (R, µ),

is a rearrangement-invariant Banach function norm over (R, µ) (see [2, Chapter 2,
Theorem 4.9]).

On the other hand, the following theorem shows that every rearrangement-
invariant Banach function norm over a resonant measure space arises in this
way. This sometimes enables us to work with (0,∞) equipped with the standard
Lebesgue measure instead of a possibly more complicated measure space (R, µ).

Theorem 1.39. Let X be a rearrangement-invariant Banach function space over
a resonant measure space (R, µ).

Firstly, there exists a (not necessarily unique) rearrangement-invariant Ba-
nach function space X over ((0, µ(R)), λ1) such that

∥g∥X = ∥g∗∥X , g ∈M+
0 (R, µ). (1.6)

Secondly, if X is any rearrangement-invariant Banach function space over
((0, µ(R)), λ1) which represents X in the sense of (1.6), then

∥g∥X′ = ∥g∗∥X′ , g ∈M+
0 (R, µ).

Remarks 1.40.

1. Even though X is not unique in general, if (R, µ) happens to be non-atomic
and of infinite measure (say Rn equipped with the Lebesgue measure), it
can be shown that the representation X → X is unique.

2. The second part of Theorem 1.39 shows that X ′ = X ′ if the representation
X → X is unique.

Definition 1.41. Let X be a rearrangement-invariant Banach function space
over a non-atomic measure space (R, µ) of infinite measure. The (unique) re-
arrangement-invariant Banach function space X which represents X in the sense
of Theorem 1.39 is called the representation space (of X) and we denote the
representation space of X by X(0,∞).

12



The non-increasing rearrangement of a function is a non-negative, non-increas-
ing, right-continuous function on (0,∞). The natural question is whether every
function on (0,∞) having these properties is the non-increasing rearrangement
of some function on (R, µ). It turns out that such a function can be constructed
by means of measure-preserving transformations (see [2, Chapter 2, Section 7] for
details). Precisely, we have the following result.

Theorem 1.42. Let (R, µ) be a non-atomic σ−finite measure space. Then every
non-negative, non-increasing, right-continuous function h on (0,∞) is the non-
increasing rearrangement of some f ∈M0(R, µ).

Remark 1.43. The preceding theorem in particular shows that if h ∈ X(0,∞),
then there exists a function f ∈ X such that f ∗ = h∗ (recall Theorem 1.23).
Furthermore, it also implies (recall Corollary 1.37) that the norm of h ∈ X(0,∞)
can be expressed as

∥h∥X(0,∞) = sup
g∈X′,∥g∥X′≤1

∫ µ(R)

0

h∗(t)g∗(t) dt.

1.5 Endpoint Spaces

Endpoint spaces play an important role in the theory of rearrangement-invari-
ant Banach function spaces. Endpoint spaces are, in some sense, the largest
and the smallest rearrangement-invariant Banach function spaces (see [24, Chap-
ter 7, Theorem 7.10.18]) satisfying certain restrictions. The theory of Lorentz
and Marcinkiewicz endpoint spaces can be found in [24, Chapter 7, Section 10].

Convention. Throughout this section, we assume that (R, µ) is resonant.

We begin with Lorentz endpoint spaces, which we shall need later on.

Definition 1.44. Assume that ϕ : [0, µ(R)) → [0,∞) is a non-negative, non-
decreasing and concave function. We define the Lorentz endpoint space Λϕ(R, µ)
as

Λϕ(R, µ) = {f ∈M0(R, µ); ∥f∥Λϕ(R,µ) < ∞}

where the functional ∥·∥Λϕ(R,µ) is defined as

∥f∥Λϕ(R,µ) =

∫ µ(R)

0

f ∗(t) dϕ(t), f ∈M0(R, µ), (1.7)

where the integral on the right-hand side is the classical Lebesgue-Stieltjes inte-
gral.

Remark 1.45. We note that the integral in (1.7) is well-defined as the function
ϕ is non-decreasing. Moreover, as ϕ is non-decreasing and concave, the integral
may be rewritten as

f ∗(0+)ϕ(0+) +

∫ µ(R)

0

f ∗(t)φ(t) dt

where φ(t) : (0, µ(R)) → [0,∞) is a non-negative and non-increasing function.
Furthermore, if ϕ is smooth enough, say C1, then φ(t) = ϕ′(t) for t > 0.
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Theorem 1.46. Let ϕ : [0, µ(R)) → [0,∞) be a non-decreasing and concave func-
tion. Then the functional ∥·∥Λϕ(R,µ) defined by (1.7) is a rearrangement-invariant

Banach function norm. Hence,
(
Λϕ(R, µ), ∥·∥Λϕ(R,µ)

)
is a rearrangement-invari-

ant Banach function space.

Before we define Marcinkiewicz endpoint spaces, we need to define what quasi-
concave functions are.

Definition 1.47. Let b ∈ (0,∞]. We say that a function ϕ : [0, b) → [0,∞) is

quasi-concave on [0, b) if ϕ is non-decreasing, ϕ(t)
t

is non-increasing on (0, b) and

ϕ(t) = 0 if and only if t = 0.

Definition 1.48. Let ϕ be a quasi-concave function on [0, µ(R)). We define
Marcinkiewicz endpoint space Mϕ(R, µ) as

Mϕ(R, µ) = {f ∈M0(R, µ); ∥f∥Mϕ(R,µ) < ∞},

where
∥f∥Mϕ(R,µ) = sup

t∈(0,µ(R))

f ∗∗(t)ϕ(t), f ∈M0(R, µ). (1.8)

Theorem 1.49. Let ϕ be a quasi-concave function on [0, µ(R)). Then the func-
tional ∥·∥Mϕ(R,µ) defined by (1.8) is a rearrangement-invariant Banach function

norm. Hence,
(
Mϕ(R, µ), ∥·∥Mϕ(R,µ)

)
is a rearrangement-invariant Banach func-

tion space.

From now on, we assume in this section that µ(R) = ∞. The following
modification of Mϕ(R, µ) will prove useful for us later on.

Definition 1.50. Let ϕ : (0,∞) → (0,∞) be a non-decreasing function. We
define the function space mϕ(R, µ) by

mϕ(R, µ) = {f ∈M0(R, µ); ∥f∥mϕ(R,µ) < ∞},

where the functional ∥·∥mϕ(R,µ) is defined by

∥f∥mϕ(R,µ) = sup
t>0

f ∗(t)ϕ(t), f ∈M0(R, µ).

We also define its associate space (mϕ)
′ (R, µ) by

(mϕ)
′ (R, µ) = {g ∈M0(R, µ); ∥g∥(mϕ)

′(R,µ) < ∞},

where the functional ∥·∥(mϕ)
′(R,µ) is defined by

∥g∥(mϕ)
′(R,µ) = sup

∥f∥mϕ(R,µ)≤1

∫ ∞

0

f ∗(t)g∗(t) dt, g ∈M0.
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Remark 1.51. Despite the used notation, the functional ∥·∥mϕ
need not be a

Banach function norm because it may lack the property of triangle inequality.
Worse still, even the word “space” may be misleading here because it indicates
that the structure being considered is at least linear. It need not, however, be
the case for mϕ and a general ϕ. To see this, set ϕ(t) = et − 1. The fact that mϕ

with this particular choice of ϕ is not a linear set, let alone a Banach function
space, then easily follows from [24, Theorem 10.2.6], which characterizes linearity
of more general weak classical Lorentz spaces Λp,∞(w) (see [24, Chapter 10]).
For this reason, the term function class or function cone might have been more
suitable.

Nevertheless, even when mϕ is not a Banach function space, we still may
define another function space (possibly trivial) (mϕ)

′, which we call its associate
space. If mϕ happens to be a Banach function space, then (mϕ)

′ is indeed its
associate space in the sense of Definition 1.12 (cf. Theorem 1.35). However,
one must be careful when dealing with the associate space of a space which is
not a (rearrangement-invariant) Banach function space, because some properties
of associate spaces of (rearrangement-invariant) Banach function spaces may no
longer be true. In particular, (1.5) or Theorem 1.16 need not be true. Moreover,
it can be easily verified that if mϕ violates the sixth (or the seventh) property
of Definition 1.2, then (mϕ)

′ violates the seventh (or the sixth) one, respectively.
Nevertheless, it follows from [12, Theorem 3.1] that if mϕ satisfies these two
axioms, then (mϕ)

′ is a (rearrangement-invariant) Banach function space even
though mϕ itself need not be.

When ϕ is not just a non-decreasing function but a quasi-concave function,
a sufficient condition for mϕ to be equivalent to a Banach function space, is
provided by the following theorem.

Theorem 1.52. Let ϕ be a quasi-concave function on [0,∞). Assume that there
exists a positive constant C such that

1

t

∫ t

0

1

ϕ(s)
ds ≤ C

ϕ(t)

for each t > 0. Then
∥f∥Mϕ(R,µ) ≤ C∥f∥mϕ(R,µ)

for every f ∈M0(R, µ). In particular, mϕ(R, µ) is equivalent to Mϕ(R, µ).

Even though the next two propositions are rather known, we are not aware of
any reference which could be cited. For this reason, the propositions are proven
here.

Proposition 1.53. Let ϕ : (0,∞) → (0,∞) be a non-decreasing function and
g ∈M0(R, µ). Then

∥g∥(mϕ)
′ =

∫ ∞

0

g∗(t)
1

ϕ(t)
dt.

Proof. On the one hand, since ∥ 1
ϕ
∥mϕ

= 1, we have that∫ ∞

0

g∗(t)
1

ϕ(t)
dt =

∫ ∞

0

g∗(t)

(
1

ϕ

)∗

(t) dt ≤ sup
∥f∥mϕ

≤1

∫ ∞

0

f ∗(t)g∗(t) dt = ∥g∥(mϕ)
′ .
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Ontheotherhand,fforeveryff∈mϕsuchthat∥ff∥mϕ≤1,wecomputethat

∫∞

0

ff∗(t)g∗(t)dt=

∫∞

0

ff∗(t)ϕ(t)g∗(t)
1

ϕ(t)
dt

≤∥ff∥mϕ

∫∞

0

g∗(t)
1

ϕ(t)
dt≤

∫∞

0

g∗(t)
1

ϕ(t)
dt.

Takfingthesupremumoverallff∈mϕsuchthat∥ff∥mϕ≤1,weobtafinthat

∥g∥(mϕ)′≤

∫∞

0

g∗(t)
1

ϕ(t)
dt.

Proposfitfion1.54.LetXbearearrangement-finvarfiantBanachffunctfionspace
andletϕ:(0,∞)→ (0,∞)beanon-decreasfingffunctfion. Thentheffollowfing
threestatementsareequfivalent:

1

ϕ
∈X′(0,∞), (1.9)

mϕ↪→X
′, (1.10)

and
X↪→(mϕ)

′. (1.11)

Prooff. Ffirstly,assumethat(1.9)holds.Ffixff∈mϕ.Clearly,wehavethat

ff∗(t)=
1

ϕ(t)
ff∗(t)ϕ(t)≤

1

ϕ(t)
sup
s>0
ff∗(s)ϕ(s)=

1

ϕ(t)
∥ff∥mϕ,

fforeacht>0.Thus

∥ff∥X′=∥ff
∗∥X′(0,∞)≤∥

1

ϕ
∥X′(0,∞)∥ff∥mϕ

asX′(0,∞)fisarearrangement-finvarfiantBanachffunctfionspace(seeTheorem1.35)
andffandff∗areequfimeasurable. Hence(1.10)holdssfinceweassumethat
∥1
ϕ
∥X′(0,∞)<∞.

Secondly,assumethat(1.10)holds,thatfis,thereexfistsaposfitfiveconstant
C>0suchthat

∥h∥X′≤C∥h∥mϕ

fforeveryh∈mϕ.Ffixff∈X.Then,usfingCorollary1.38,

∫∞

0

ff∗(t)h∗(t)dt≤∥ff∥X∥h∥X′≤C∥h∥mϕ∥ff∥X≤C∥ff∥X

fforeveryh∈mϕsuchthat∥h∥mϕ ≤1.Takfingthesupremumoverallh∈mϕ
suchthat∥h∥mϕ≤1,weobtafinthat

∥ff∥(mϕ)′≤C∥ff∥X,
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whfichfisnothfingelsethan(1.11),asff∈Xwaschosenarbfitrarfily.
Ffinally,weshallprovethat(1.11)fimplfies(1.9).Thereexfistsaposfitfivecon-

stantC>0suchthat
∥ff∥(mϕ)′≤C∥ff∥X

fforeveryff∈X.Ffixh∈X(0,∞)suchthat∥h∥X(0,∞)=∥h
∗∥X(0,∞)≤1. By

Remark1.43,thereexfistsff∈Xsuchthatff∗=h∗.ThenbyProposfitfion1.53

∫∞

0

h∗(t)
1

ϕ(t)
dt=

∫∞

0

ff∗(t)

(
1

ϕ

)∗
(t)dt=∥ff∥(mϕ)′≤C∥ff∥X

=C∥ff∗∥X(0,∞)=C∥h
∗∥X(0,∞)≤C,

as∥1
ϕ
∥mϕ=1.Thereffore,∥

1
ϕ
∥X′(0,∞)<∞.Hence(1.9)holds.

1.6 GeneralfizedLorentz-ZygmundSpaces

Intheffollowfingchapters,weshallprovfideacomplete,yetratherabstract,char-
acterfizatfionofftheoptfimalrangepartner(ordomafin)fforsomefintegraloperators.
Theabstractnatureofftheresults,however,appealsfforsomeconcreteexamples.
GeneralfizedLorentz-Zygmundspaces,whosetheoryweshalloutlfinefinthfissec-
tfion,aredefinfitelyagoodchoficeoffffunctfionspacesfforconcreteexamples,because
notonlyfisthefirtheoryffafirlynfice,buttheyarealsoreasonablygeneral.

Conventfions.Inthfissectfion,weassumethat(R,µ)fisanon-atomficσ-finfite
measurespace.
ForA=(α0,α∞)∈R

2andascalarr∈R,weconsfiderthecomponent-wfise
addfitfionandmultfiplficatfion,thatfis,

A+r=r+A=(α0+r,α∞ +r)

and
Ar=rA=(α0r,α∞r).

ThetheoryoffGeneralfizedLorentz-Zygmundspacesfiscoveredfin[22]or[24,
Chapter9]. WelfistherejustthesepropertfiesoffGeneralfizedLorentz-Zygmund
spaceswhfichwewfilldfirectlyneedlateron.

Definfitfion1.55.Wedefineffunctfions ℓandℓℓas

ℓ(t)=1+|logt|, t>0,

ℓℓ(t)=1+log(ℓ(t)), t>0.

ForA=(α0,α∞)∈R
2,wedefineabroken-logarfithmficffunctfionℓA(t)as

ℓA(t)=

{
ℓα0(t) fiff1<t≤1,

ℓα∞(t)fifft>1.

Wealsoanalogouslydefine ℓℓA.
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Definition 1.56. Let p, q ∈ [1,∞] and A,B ∈ R2. We define the Generalized
Lorentz-Zygmund space Lp,q;A,B(R, µ) as

Lp,q;A,B(R, µ) = {f ∈M0(R, µ); ∥f∥p,q;A,B < ∞},

where the functional ∥·∥p,q;A,B is defined as

∥f∥p,q;A,B = ∥t
1
p
− 1

q ℓA(t)ℓℓB(t)f ∗(t)∥q, f ∈M0(R, µ).

If B = (0, 0), we simply write Lp,q;A = Lp,q;A(R, µ) instead of Lp,q;A,B = Lp,q;A,B(R, µ).
We also write Lp,q = Lp,q(R, µ) instead of Lp,q;A,B = Lp,q;A,B(R, µ) if A = B =
(0, 0).

Furthermore, we define the space L(p,q;A,B)(R, µ) as

L(p,q;A,B)(R, µ) = {f ∈M0(R, µ); ∥f∥(p,q;A,B) < ∞},

where the functional ∥·∥(p,q;A,B) is defined as

∥f∥(p,q;A,B) = ∥t
1
p
− 1

q ℓA(t)ℓℓB(t)f ∗∗(t)∥q, f ∈M0(R, µ).

If B = (0, 0), we simply write L(p,q;A) = L(p,q;A)(R, µ) instead of L(p,q;A,B) =
L(p,q;A,B)(R, µ). We also write L(p,q) = L(p,q)(R, µ) instead of L(p,q;A,B) = L(p,q;A,B)(R, µ)
if A = B = (0, 0).

Remark 1.57. Despite the notation, neither ∥·∥p,q;A,B nor ∥·∥(p,q;A,B) is always a
rearrangement-invariant Banach function norm (or at least equivalent to one). In
fact, these spaces can be even trivial, that is, containing just the zero function.
Fortunately, the following two theorems characterize when it is the case.

We also note that if A = B = (0, 0), then Lp,q;A,B and L(p,q;A,B) coincide
with two-parametric Lorentz spaces Lp,q and L(p,q) respectively (see e.g. [24,
Chapter 8]). Therefore, the shortened notation introduced here is consistent
with the common notation.

Theorem 1.58. Let p, q ∈ [1,∞] and A,B ∈ R2. The space Lp,q;A,B is not trivial
if and only if one of the following conditions holds:

(1.12)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
p < ∞;

p = ∞, α0 +
1
q
< 0;

p = ∞, α0 +
1
q
= 0, β0 +

1
q
< 0;

p = q = ∞, α0 = 0, β0 = 0.

The space L(p,q;A,B) is not trivial if and only if one of the following conditions
holds:

(1.13)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 < p < ∞;

p = ∞, α0 +
1
q
< 0;

p = ∞, α0 +
1
q
= 0, β0 +

1
q
< 0;

p = q = ∞, α0 = 0, β0 = 0;

p = 1, α∞ + 1
q
< 0;

p = 1, α∞ + 1
q
= 0, β∞ + 1

q
< 0;

p = 1, q = ∞, α∞ = 0, β∞ = 0.
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Theorem 1.59. Let p, q ∈ [1,∞] and A,B ∈ R2. The space Lp,q;A,B is equivalent
to a rearrangement-invariant Banach function space if and only if one of the
following conditions holds:

(1.14)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 < p < ∞;

p = q = 1, α0 > 0, α∞ < 0;

p = q = 1, α0 > 0, α∞ = 0, β∞ ≤ 0;

p = q = 1, α0 = 0, β0 ≥ 0, α∞ < 0;

p = q = 1, α0 = 0, β0 ≥ 0, α∞ = 0, β∞ ≤ 0;

p = ∞, α0 +
1
q
< 0;

p = ∞, α0 +
1
q
= 0, β0 +

1
q
< 0;

p = q = ∞, α0 = 0, β0 = 0.

Furthermore, the space L(p,q;A,B) is a rearrangement-invariant Banach function
space if and only if one of the conditions (1.13) holds.

As one would expect, there is a close relation between Lp,q;A,B and L(p,q;A,B)

spaces. This connection between them is the content of the following theorem.

Theorem 1.60. Let p, q ∈ [1,∞], A,B ∈ R2 and assume that one of the condi-
tions (1.13) is satisfied. Then:

1. If p ∈ (1,∞], then L(p,q;A) is equivalent to Lp,q;A.

2. The space L(1,1;A) is equivalent to:⎧⎪⎨⎪⎩
L1,1;A+1 if α∞ + 1 < 0, α0 + 1 > 0;

L1,1;(0,α∞+1),(1,0) if α∞ + 1 < 0, α0 + 1 = 0;

L1,1;(0,α∞+1) if α∞ + 1 < 0, α0 + 1 < 0;

We have seen that Generalized Lorentz-Zygmund spaces are not always Ba-
nach function spaces. Yet, it makes sense to define their associate spaces in the
same way as we did in Definition 1.50 for mϕ. Again, the following definition of
the associate space of a Generalized Lorentz-Zygmund space coincides with the
definition of the associate space of a rearrangement-invariant Banach function
space whenever the given space is a rearrangement-invariant Banach function
space. Hence the notation used here is consistent.

Definition 1.61. Let p, q ∈ [1,∞] and A,B ∈ R2. We define the associate space
of Lp,q;A,B(R, µ) as

(Lp,q;A,B(R, µ))′ = {g ∈M0(R, µ); ∥g∥(Lp,q;A,B(R,µ))′ < ∞}

where the functional ∥·∥(Lp,q;A,B(R,µ))′ is defined for g ∈M0(R, µ) as

∥g∥(Lp,q;A,B(R,µ))′ = sup{
∫ µ(R)

0

f ∗(t)g∗(t) dt; f ∈ Lp,q;A,B(R, µ), ∥f∥Lp,q;A,B(R,µ) ≤ 1}.

We also define the associate space of L(p,q;A,B)(R, µ) in the obvious way.
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Aswfillbemadeobvfiousfintheffollowfingchapters,theassocfiatespacesoff
Lp,q;A,B(orL(p,q;A,B))areoffgreatfimportancefforus.Luckfilyfforus,wehavethe
ffollowfingtwotheoremsatourdfisposal.

Theorem1.62.Letp,q∈[1,∞]andA∈R2.Assumethatoneoffthecondfitfions
(1.14)holds.ThentheassocfiatespaceoffLp,q;Afisequfivalentto:
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

L1,1;−A fiffp=q=∞ andα∞ ≥0;

L ={ff∈▼0;∥ff∥L =
∫1
0
(1+log1

t
)−α0ff∗(t)dt+∥ff∥1<∞} fiffp=q=∞ andα∞ <0;

L(1,q
′;−A−1) fiffp=∞,q∈[1,∞),

α0<−
1
q
andα∞ >−

1
q
;

L
(1,q′;(−α0−1,−

1
q′
),(0,−1))

fiffp=∞,q∈[1,∞),

α0<−
1
q
andα∞ =−

1
q
;

{ff∈▼0;∥ff∥L =∥t
1
qℓ(t)−α0−1ff∗∗(t)∥Lq′(0,1)+∥ff∥1<∞} fiffp=∞,q∈[1,∞),

α0<−
1
q
andα∞ <−

1
q
;

Lp
′,q′;−A fiffp∈[1,∞),q∈[1,∞];

TheassocfiatespaceoffL1,1;A,BfisequfivalenttoL∞,∞;−A,−B.

Theorem1.63.Letq∈(1,∞]andA∈R2.Assumethatoneoffthecondfitfions
(1.13)holds.ThentheassocfiatespaceoffL(1,q;A)fisequfivalentto:
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

L∞,q
′;−A−1 fiffα0+

1
q
>0,α∞ +

1
q
<0;

L
∞,q′;(−1

q′
,−α∞−1),(−1,0) fiffα0+

1
q
=0,α∞ +

1
q
<0;

L ={ff∈▼0;∥ff∥L =∥ff∥∞ +N1(ff)<∞} fiffα0+
1
q
<0,α∞ +

1
q
<0;

L ={ff∈▼0;∥ff∥L =N2(ff)<∞} fiffq=∞ andα0>0,α∞ =0;

L∞,1;(−1,−α∞−1),(−1,0),(−1,0) fiffq=∞ andα0=0,α∞ <0;

L∞ fiffq=∞ andα0≤0,α∞ =0;

TheffunctfionalsN1(ff),N2(ff)aredefinedas

N1(ff)=∥t
−1
q′(1+logt)−α∞−1ff∗(t)∥Lq′(1,∞), ff∈▼0,

N2(ff)=∥t
−1

(

1+log
1

t

)−α0−1
ff∗(t)∥L1(0,1), ff∈▼0.

Hardyfinequalfitfieswfithpower-logarfithmficwefightsplayacrucfialrolefinthe
theoryoffGeneralfizedLorentz-Zygmundspaces. Moreoffthemthanwelfisthere
canbeffoundfin[11,Chapter4].Hardy-typefinequalfitfieswfithgeneralwefightsare
exhaustfivelycoveredfin[21]or[17].

Theorem1.64.Let1≤r≤s≤∞,ν̸=0andA,B∈R2.

1.Thefinequalfity

∥tν−
1
sℓA(t)

∫t

0

g(u)du∥s ∥tν+
1
r′ℓB(t)g(t)∥r

holdsfforeveryg∈▼+0(0,∞)fiffandonlyfiff

ν<0andA≤B.
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2.Thefinequalfity

∥tν−
1
sℓA(t)

∫∞

t

g(u)du∥s ∥tν+
1
r′ℓB(t)g(t)∥r

holdsfforeveryg∈▼+0(0,∞)fiffandonlyfiff

ν>0andA≤B.

Theorem1.65.Let1≤r≤s≤∞andA∈R2.

1.Thefinequalfity

∥t−
1
sℓA−

1
s(t)

∫t

0

g(u)du∥s ∥t
1
r′ℓA+

1
r′(t)g(t)∥r

holdsfforeveryg∈▼+0(0,∞)fiffandonlyfiffefither

α∞ <0<α0

or
r=1,s=∞ andα∞ ≤0≤α0.

2.Thefinequalfity

∥t−
1
sℓA−

1
s(t)

∫∞

t

g(u)du∥s ∥t
1
r′ℓA+

1
r′(t)g(t)∥r

holdsfforeveryg∈▼+0(0,∞)fiffandonlyfiffefither

α0<0<α∞

or
r=1,s=∞ andα0≤0≤α∞.
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2. Hilbert Transform

The Hilbert transform is a textbook example of a singular integral of convolution
type. Indeed, even [25], which is arguably the bible of the theory of singular
integrals, uses it as an illustrative example (see [25, Chapter II]). It is one of the
classical operators of harmonic analysis. It has a close connection to boundary
values of analytic functions in the upper-plane (see [13, Chapter 4, Section 4.1.2]).
It also has practical applications. The Hilbert transform is an instrumental tool
in the theory of signal processing, which leads to further applications in physics.

Convention. In this chapter, we assume that (R, µ) = (R, λ) where λ is the
Lebesgue measure over R. We shall write |E| instead of λ(E) for λ−measurable
E ⊆ R.

Definition 2.1. Let f ∈ L1
loc(R). We define its Hilbert transform Hf by

Hf(x) = lim
ε→0+

1

π

∫
|x−t|≥ε

f(t)

x− t
dt

provided that the limit exists for a.e. x ∈ R. The operator H : f ↦→ Hf is also
referred to as the Hilbert transform.

Remark 2.2. Whenever we say that the Hilbert transform is bounded from a
function space X to a function space Y , we implicitly assume that Hf is well-
defined for every f ∈ X, that is, f ∈ L1

loc(R) and the limit lim
ε→0+

1
π

∫
|x−t|≥ε

f(t)
x−t

dt

exists for a.e. x ∈ R. We also note the obvious fact that if X is a Banach function
space, then X ⊆ L1

loc(R).

Even for very nice functions, say compactly supported smooth functions, it
is by no means obvious that the principal value integral defining the Hilbert
transform exists. It is known that the Hilbert transform is well-defined, that is,
the principal value integral (absolutely) converges for a.e. x ∈ R, for f ∈ Lp(R)
where p ∈ [1,∞). Moreover, the Hilbert transform is of strong type (p, p) for
1 < p < ∞ and of weak type (1, 1) (see [2, Chapter 3, Theorem 4.9]). Nevertheless,
we need yet another sufficient condition for the Hilbert transform to be well-
defined, which is more suitable for our purposes.

Definition 2.3. For the purpose of this chapter, we define the operator Q by

Qh(t) =

∫ ∞

t

h(s)

s
ds, t > 0, h ∈M+

0 . (2.1)

Theorem 2.4. Assume that f ∈ L1
loc(R) satisfies that

Qf ∗∗(1) < ∞. (2.2)

Then the limit lim
ε→0+

1
π

∫
|x−t|≥ε

f(t)
x−t

dt exists for a.e. x ∈ R, that is, the Hilbert

transform Hf of f exists.
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Prooff. See[2,Chapter3,Theorem4.8].

Weshallseeshortlythattheoperator Qplaysakeyrole.

Theorem2.5.Assumethatff∈L1loc(R)satfisfies(2.2). Thenthereexfistsa
posfitfiveconstantCfindependentoffffsuchthat

(Hff)∗(t)≤CQff∗∗(t)

fforeveryt>0.

Prooff. See[2,Chapter3,Theorem4.8].

Theorem2.6.Assumethatff∈L1loc(R)satfisfies(2.2). Thenthereexfistsa
ffunctfiongequfimeasurablewfithffsuchthat

Qff∗∗(t)≤2π(Hg)∗(t)

fforeveryt>0.

Prooff. See[2,Chapter3,Proposfitfion4.10].

Remark2.7.Wenotethat,fintheprecedfingtheorem, gfisdefinedas

g(x)=

{
0 fiffx≥0,

ff∗(−x)fiffx<0.

Theassumptfionthatffsatfisfies(2.2)fisusedjustffortheffactthatHgexfists
asQg∗∗(1)=Qff∗∗(1)<∞. Thereffore,fiffweassumethatHgexfists,wecan
concludethat

Qff∗∗(t)≤2π(Hg)∗(t)

evenwfithoutassumfingthatffsatfisfies(2.2).

Whatffollowsfisthekeylemmaoffthfischapter,whfichalsodemonstratesthe
promfinentroleofftheoperatorQ,becausefitcharacterfizesboundednessoffthe
(ffafirlycomplficated)Hfilberttransfformbymeansoffboundednessoff(ffarsfimpler)
operatorQ.

Lemma2.8.LetXandYberearrangement-finvarfiantBanachffunctfionspaces.
Assumethat (2.2)fissatfisfiedfforeveryff∈X. ThentheHfilberttransfform
H:X→YfisboundedfiffandonlyfiffthereexfistsaposfitfiveconstantCsuchthat

∥Qg∗∗∥X′(0,∞)≤C∥g
∗∥Y′(0,∞) (2.3)

fforeveryg∈Y′.
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Prooff. WenotethattheHfilberttransfformfiswell-definedonXsfinceweassume
that(2.2)fissatfisfiedfforeveryff∈X(recallTheorem2.4).
TheHfilberttransfformHfisboundedffromXtoYfiffandonlyfiffthereexfists

aposfitfiveconstantC1>0suchthat

∥Hff∥Y≤C1∥ff∥X

fforeveryff∈X,whfichfisequfivalenttotheffactthat

∥(Hff)∗∥Y(0,∞)≤C1∥ff
∗∥X(0,∞) (2.4)

fforeveryff∈X(recallDefinfitfion1.41).Itfiseasytoseethat(2.4)fisequfivalent
to

∥Qff∗∗∥Y(0,∞)≤C2∥ff
∗∥X(0,∞) (2.5)

fforeveryff∈X.Indeed,ontheonehand,assume(2.4).Then

∥Qff∗∗∥Y(0,∞)≤2π∥(Hg)
∗∥Y(0,∞)≤2πC1∥g

∗∥X(0,∞)=C2∥ff
∗∥X(0,∞)

byTheorem2.6,wheregfisaffunctfionequfimeasurablewfithff.Ontheotherhand,
fiff(2.5)holds,then

∥(Hff)∗∥Y(0,∞)≤C∥Qff
∗∗∥Y(0,∞)≤∥ff

∗∥X(0,∞)

byTheorem2.5.
ItfisamatteroffastrafightfforwardcomputatfionfinvolvfingtheFubfinfitheorem

toverfiffythat ∫∞

0

Qff∗∗(t)g∗(t)dt=

∫∞

0

ff∗(t)Qg∗∗(t)dt (2.6)

fforeveryff,g∈▼+0.Usfingthfislastfidentfity,wecomputethat

sup
0̸=ff∈X

∥Qff∗∗∥Y(0,∞)
∥ff∗∥X(0,∞)

= sup
0̸=ff∈X

0̸=g∈Y′(0,∞)

∫∞
0
Qff∗∗(t)g∗(t)dt

∥ff∗∥X(0,∞)∥g
∗∥Y′(0,∞)

= sup
0̸=ff∈X

0̸=g∈Y′(0,∞)

∫∞
0
ff∗(t)Qg∗∗(t)dt

∥ff∗∥X(0,∞)∥g
∗∥Y′(0,∞)

= sup
0̸=ff∈X(0,∞)
0̸=g∈Y′(0,∞)

∫∞
0
ff∗(t)Qg∗∗(t)dt

∥ff∗∥X(0,∞)∥g
∗∥Y′(0,∞)

= sup
0̸=g∈Y′(0,∞)

∥Qg∗∗∥X′(0,∞)
∥g∗∥Y′(0,∞)

=sup
0̸=g∈Y′

∥Qg∗∗∥X′(0,∞)
∥g∗∥Y′(0,∞)

,

wherethethfirdandthelastequalfityffollowffromRemark1.43. Hence(2.5)fis

equfivalentto(2.3)wfithC=sup
0̸=g∈Y′

∥Qg∗∗∥X′
∥g∥Y′

,whfichcompletestheprooff.
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The following function space, which is about to be defined, is, in some sense,
the biggest function space for which we can find a rearrangement-invariant target
space for Hilbert transform. The precise meaning shall be made clear after the
main theorem of the chapter (Theorem 2.13).

Definition 2.9. For the purpose of this chapter, we denote by Λ the rearrange-
ment-invariant Banach function space Λ = Λϕ(R, λ) where ϕ is defined as

ϕ(t) =

⎧⎪⎨⎪⎩
0 if t = 0,

t(2 + log 1
t
) if t ∈ (0, 1],

2 + log t if t > 1.

We note that

ϕ′(t) = (1 + log
1

t
)χ(0,1](t) +

1

t
χ(1,∞)(t), t > 0,

and ϕ(0+) = 0. Hence (recall Remark 1.45)

∥f∥Λ =

∫ ∞

0

f ∗(t)

(
(1 + log

1

t
)χ(0,1](t) +

1

t
χ(1,∞)(t)

)
dt, f ∈ Λ.

It turns out that it is of great interest for us to know when the embedding
X ↪→ Λ, where X is a given rearrangement-invariant Banach function space,
holds true. The following lemma provides a condition that is easy to verify in
concrete applications.

Lemma 2.10. Let X be a rearrangement-invariant Banach function space. Then
the following three statements are equivalent.

1. It holds that (
1 + log

(
1

t

))
χ(0,1)(t) +

1

t
χ(1,∞)(t) ∈ X ′(0,∞). (2.7)

2. For every K > 0, it holds that(
1 + log

(
K

t

))
χ(0,K)(t) +

K

t
χ(K,∞)(t) ∈ X ′(0,∞). (2.8)

3.
X ↪→ Λ. (2.9)

Proof. Assume that (2.7) holds. Fix K > 0. If K ∈ (0, 1), then(
1 + log

(
K

t

))
χ(0,K)(t) +

K

t
χ(K,∞)(t) =

(
1 + log

(
1

t

))
χ(0,K)(t) +K

1

t
χ(1,∞)(t)

+ logKχ(0,K)(t) +
K

t
χ(K,1](t)

≤
(
1 + log

(
1

t

))
χ(0,1)(t) +

1

t
χ(1,∞)(t)

+ logKχ(0,K)(t) + χ(K,1](t)
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fforeveryt>0.Thus

∥

(

1+log

(
K

t

))

χ(0,K)(t)+
K

t
χ(K,∞)(t)∥X′(0,∞)

≤∥

(

1+log

(
1

t

))

χ(0,1)(t)+
1

t
χ(1,∞)(t)+logKχ(0,K)(t)+χ(K,1](t)∥X′(0,∞)

≤∥

(

1+log

(
1

t

))

χ(0,1)(t)+
1

t
χ(1,∞)(t)∥X′(0,∞)+|logK|∥χ(0,K)∥X′(0,∞)+∥χ(K,1]∥X′(0,∞)

<∞,

asX′(0,∞)fisa(rearrangement-finvarfiant)Banachffunctfionspace.IffK∈(1,∞),
weproceedfinthesameway,usfingtheffactthat

(

1+log

(
K

t

))

χ(0,K)(t)+
K

t
χ(K,∞)(t)

≤

(

1+log

(
1

t

))

χ(0,1)(t)+K
1

t
χ(1,∞)(t)+logKχ(0,1)(t)+(1+logK)χ[1,K)(t).

Hence(2.8)holds.
Ontheotherhand,(2.8)clearlyfimplfies(2.7).
Inordertocompletetheprooff,weshowthat(2.7)and(2.9)areequfivalent.

Weset

ϕ(t)=
1

(
1+log

(
1
t

))
χ(0,1](t)+

1
t
χ(1,∞)(t)

, t>0,

whfichfisaposfitfivefincreasfingffunctfionasonecanreadfilyverfiffy. ByProposfi-
tfion1.54,(2.7)fisequfivalenttotheffactthat

X↪→(mϕ)
′.

Ffinally,wenotethatProposfitfion1.53fimplfiesthat

(mϕ)
′=Λ.

Hencetheassertfionffollows.

Assumethatwearegfivenarearrangement-finvarfiantBanachffunctfionspace
X.Affteralltheworkwhfichwehavedone,fitfisnothardtosee,andweshalldo
fitfintheprooffoffTheorem2.13,thatfiffweset

ϱY′X(g)=∥Qg
∗∗∥X′(0,∞), g∈▼+0, (2.10)

thenthespaceY′X =Y
′
X(ϱY′X)fistheassocfiatespaceofftheoptfimalrearrange-

ment-finvarfianttargetspaceoffX ffortheHfilberttransfform,provfidedthatϱY′X
fisarearrangement-finvarfiantffunctfionnorm.Theffollowfinglemmacharacterfizes
whenfitfisthecase. Weshallseethateverypropertyoffa(rearrangement-fin-
varfiant)Banachffunctfionnormfisautomatficallysatfisfiedffromtheverydefinfitfion
offtheffunctfionalϱY′X exceptfforthenon-trfivfialfity,thatfis,thesfixthpropertyoff
Definfitfion1.2.
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If the norm of X ′ is too strong, then it may happen that the functional ϱY ′
X

is finite only on a zero function. Indeed, consider X = L1(R). Then

ϱY ′
X
(g) = ∥Qg∗∗∥L∞(0,∞) =

∫ ∞

0

g∗∗(s)

s
ds,

which cannot be finite unless g = 0 as the function 1
s
is not integrable near 0.

More precisely, assume that ϱY ′
X
(g) < ∞. Then

∞ >

∫ ∞

0

g∗∗(s)

s
ds ≥

∫ a

0

g∗∗(s)

s
ds ≥ g∗∗(a)

∫ a

0

1

s
ds = g∗∗(a) · ∞

for each a > 0. Hence g∗∗ = 0 and consequently g(t) = 0 for a.e. t > 0.

Lemma 2.11. Let X be a rearrangement-invariant Banach function space and
define

ϱY ′
X
(g) = ∥Qg∗∗∥X′(0,∞), g ∈M+

0 . (2.11)

Then ϱY ′
X
(·) is a rearrangement-invariant Banach function norm (over (R, λ)) if

and only if
X ↪→ Λ. (2.12)

Proof. Firstly, we show the sufficiency.
The first five properties (recall Definition 1.2) of a Banach function norm

can be easily verified using the very definition of the operator Q, the fact that
X ′(0,∞) is itself a Banach function space, and the basic properties of the maximal
function listed in Theorem 1.32.

In order to prove the sixth property of a Banach function norm, fix measurable
E ⊆ R such that |E| < ∞. We straightforwardly compute that

Qχ∗∗
E (t) =

∫ ∞

t

1

s2

∫ s

0

χ(0,|E|)(u) du ds

=

∫ |E|

t

1

s2

∫ s

0

χ(0,|E|)(u) du ds+

∫ ∞

|E|

1

s2

∫ s

0

χ(0,|E|)(u) du ds

=

∫ |E|

t

1

s
ds+ |E|

∫ ∞

|E|

1

s2
ds = 1 + log

(
|E|
t

)
if 0 < t ≤ |E|, and

Qχ∗∗
E (t) =

∫ ∞

t

1

s2

∫ s

0

χ(0,|E|)(u) du ds = |E|
∫ ∞

t

1

s2
ds =

|E|
t

if t > |E|. By Lemma 2.10, the assumption that X ↪→ Λ implies that

ϱY ′
X
(χE) = ∥Qχ∗∗

E ∥X′(0,∞) = ∥
(
1 + log

(
|E|
t

))
χ(0,|E|)(t)+

|E|
t
χ(|E|,∞)(t)∥X′(0,∞) < ∞.

In order to prove the last property of a Banach function norm, fix measurable
E ⊆ R such that |E| < ∞. Then, using (1.3), Theorem 1.15, and the fact that
f ∗ ≤ f ∗∗ (see Theorem 1.32),∫
E

f(x) dx ≤
∫ |E|

0

f ∗(t) dt =

∫ |E|

0

f ∗(t)

t

∫ t

0

ds dt =

∫ |E|

0

∫ |E|

s

f ∗(t)

t
dt ds

≤
∫ ∞

0

χ(0,|E|)(s)Qf ∗∗(s) ds ≤ ∥χ(0,|E|)∥X(0,∞)∥Qf ∗∗∥X′(0,∞) ≤ CEϱY ′
X
(f),
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fforeveryff∈▼+0,whereCE=∥χ(0,|E|)∥X(0,∞)+1<∞ asX(0,∞)fisaBanach
ffunctfionspace.
HenceϱY′X fisaBanachffunctfionnorm.ItremafinstoprovethatϱY′X fisa

rearrangement-finvarfiantffunctfionnorm.Thfis,however,ffollowsfimmedfiatelyffrom
theverydefinfitfionoffϱY′X as

ϱY′X(ff)=∥Qff
∗∗∥X′(0,∞)=∥Qg

∗∗∥X′(0,∞)=ϱY′X(g),

wheneverff,g∈▼+0areequfimeasurable(recallRemark1.31).
Ffinally,thecomputatfionsabovealsoprovethenecessfity.

Remark2.12.WenotetheobvfiousffactthatfiffX↪→Λ,then(2.2)fissatfisfiedffor
everyff∈X.HencetheHfilberttransfformHfiswell-definedonXbyTheorem2.4.

Atlast,wehavepreparedeverythfingthatweneedtostateandprovethe
mafintheoremoffthfischapter.

Theorem2.13.LetXbearearrangement-finvarfiantBanachffunctfionspacesuch
that

X↪→Λ. (2.13)

ThenYX =
(
Y′(ϱY′X)

)′
,whereϱY′X fisdefinedby(2.11),fistheoptfimalrange

partneroffXffortheHfilberttransfformHfintheclassoffrearrangement-finvarfiant
Banachffunctfionspaces,thatfis,H:X→YX fisboundedandwheneverH:X→
ZfisboundedwhereZfisarearrangement-finvarfiantBanachffunctfionspace,then
YX↪→Z.
Moreover,thecondfitfion(2.13)fisnecessaryfinthesensethatshouldthereexfist

anyrearrangement-finvarfiantBanachffunctfionspaceZsuchthatH:X→ Zfis
bounded,thenX↪→Λ.

Prooff. Ffirstly,weobservethatYX fisreallyarearrangement-finvarfiantBanach
ffunctfionspace.Indeed,Y′(ϱY′X)fisarearrangement-finvarfiantBanachffunctfion

spacebyLemma2.11,whfichmeansthatYX =
(
Y′(ϱY′X)

)′
fisarearrangement-

finvarfiantBanachffunctfionspace(seeTheorem1.35).Furthermore,wenotethat
eventhechosennotatfionfisconsfistentsfince(YX)

′=
(
Y′(ϱY′X)

)′′
=Y′(ϱY′X)by

Theorem1.16,thatfis,theassocfiatespaceoffYXfisfindeedY
′(ϱY′X)asthenotatfion

findficates.
Secondly,wewfishtoprovetheoptfimalfityoffYX.Clearly,

∥Qg∗∗∥X′(0,∞)=∥g∥Y′X
=∥g∗∥Y′X(0,∞)

fforeveryg∈Y′X. HenceH :X → YX fisboundedbyLemma2.8(recallRe-
mark2.12). Now,assumethatH :X → ZfisboundedwhereZfisarearran-
gement-finvarfiantBanachffunctfionspace.ByLemma2.8,thereexfistsaposfitfive
constantCsuchthat

∥g∥Y′X
=∥Qg∗∗∥X′(0,∞)≤C∥g

∗∥Z′(0,∞)=C∥g∥Z′

fforeveryg∈Z′.Thfisfis,however,nothfingelsethanZ′↪→ Y′X.HenceYX ↪→ Z
(recallTheorem1.17andTheorem1.16).
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Ffinally,weshallprovethatthecondfitfion(2.13)fisfindeednecessaryfinthe
approprfiatesense. Assumethatthereexfistsarearrangement-finvarfiantBanach
ffunctfionspaceZsuchthatH:X→ Zfisbounded.Inpartficular,theHfilbert
transfformHfiswell-definedonX.Thereffore,fiffwechecktheprooffoffLemma2.8
andrecallRemark2.7,weobtafinthatthereexfistsaposfitfiveconstantCsuch
that

∥Qg∗∗∥X′(0,∞)≤C∥g
∗∥Z′(0,∞)

fforeveryg∈Z′.Setg=χE whereEfisameasurablesubsetoffRsuchthat
|E|=1.Theng∈Z′,g∗=χ(0,1),and(seetheprooffoffLemma2.11)

Qg∗∗(t)=

(

1+log

(
1

t

))

χ(0,1)(t)+
1

t
χ(1,∞)(t). (2.14)

Thus
(
1+log

(
1
t

))
χ(0,1)(t)+

1
t
χ(1,∞)(t)∈X

′(0,∞)as

∥

(

1+log

(
1

t

))

χ(0,1)(t)+
1

t
χ(1,∞)(t)∥X′(0,∞)=∥Qg

∗∗∥X′(0,∞)≤C∥χ(0,1)∥Z′(0,∞)<∞.

Hence(2.13)holdsbyLemma2.10.

Remark2.14.Westressthe“moreover”partofftheprecedfingtheorem.Itshows
thatthecondfitfion(2.13)fimposedonXfis,finffact,notrestrfictfive,asshouldX
vfiolatefit,therefisnorearrangement-finvarfianttargetffortheHfilberttransfform
atall,whfichmakesthequestfionofftheoptfimalonefirrelevant. Thecondfitfion
consequentlyprovfidesanupperboundhowlargethedomafinspaceXcanbefin
ordertohaveanyrearrangement-finvarfianttargetpartnerspacewfithrespectto
theHfilberttransfform.

HavfingprovenTheorem2.13,wehaveansweredourquestfionwhattheoptfimal
rearrangement-finvarfianttargetspaceoffagfivenrearrangement-finvarfiantspaceffor
theHfilberttransfformfis.Nevertheless,theanswer,whfichthetheoremgfivesus,
fisffafirlyabstract.Ffirstly,weneedtoknowwhattheassocfiatespaceoffthegfiven
ffunctfionspacefis.Fortunately,thfiswasextensfivelystudfiedfforcommonffunctfion
spaces. Thereffore,thfisusuallydoesnotposeaproblemfforus. However,the
theoremdoesnotprovfideusdfirectlywfiththeoptfimaltargetspacefitselffbutonly
wfithfitsassocfiatespace.Thfismeansthatwehavetobeabletofindtheassocfiate
spaceofftheffunctfionspaceY′X,whfichfisdefinedbythemeansofftheoperatorQ
andtheassocfiatespaceoffthegfivenffunctfionspace,finordertoobtafinthedesfired
optfimaltargetspace. Thusfitfisadvfisabletoprovfidesomeconcreteexamples
whfichfillustrateapossfibleusageoffthetheorem.
Webegfinwfithasfimplebutuseffulpofint-wfiseestfimateofftheoperator Q.

Proposfitfion2.15.Letg∈▼0bearbfitrary.Then

g∗∗(t)≤Qg∗∗(t)

fforeacht>0.
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Prooff. Clearly

Qg∗∗(t)=

∫∞

t

g∗∗(s)

s
ds=

∫∞

t

1

s2

∫s

0

g∗(u)duds

≥

∫∞

t

1

s2

∫t

0

g∗(u)duds=g∗∗(t).

Examples2.16.

1.Assumethatp∈(1,∞)andq∈[1,∞]andsetX =Lp,q;A. ThenX fis
equfivalenttoarearrangement-finvarfiantBanachffunctfionspace,Xsatfisfies
(2.13)andYX fisequfivalenttoL

p,q;A.

2.SetX=L1,1;A.ThenXfisequfivalenttoarearrangement-finvarfiantBanach
ffunctfionspacefiffandonlyfiffα0≥0andα∞ ≤0. Assumethatα0≥0
andα∞ ≤0.ThenXsatfisfies(2.13)fiffandonlyfiffα0≥1.Iffα0≥1and
α∞ <0,thenYX fisequfivalenttoL

1,1;A−1.

Moreover,therefisnorearrangement-finvarfianttargetspacefiff α0∈[0,1)
andα∞ ≤0.

3.SetX=L∞,∞;A.ThenXfisequfivalenttoarearrangement-finvarfiantBanach
ffunctfionspacefiffandonlyfiffα0≤0.Assumethatα0≤0.ThenXsatfisfies
(2.13)fiffandonlyfiffα∞ >1.Iffα0≤0andα∞ >1,thenYX fisequfivalent
toL∞,∞;A−1.

Moreover,therefisnorearrangement-finvarfianttargetspacefiffα0≤0and
α∞ ≤1.

4.SetX=L∞,q;Awhereq∈(1,∞).ThenXfisequfivalenttoarearrangement-
finvarfiantBanachffunctfionspacefiffandonlyfiffα0<−

1
q
. Assumethat

α0<−
1
q
.ThenXsatfisfies(2.13)fiffandonlyfiffα∞ >

1
q′
.Iffα0<−

1
q
and

α∞ >
1
q′
,wecanuseTheorem2.13finordertoobtafintheoptfimalrange

partneroffX ffortheHfilberttransfform,butwedonotknowanexplficfit
descrfiptfionoffYX.

Moreover,therefisnorearrangement-finvarfianttargetspacefiffα0<−
1
q
and

α∞ ≤
1
q′
.

5.SetX=L∞,1;A.ThenXfisequfivalenttoarearrangement-finvarfiantBanach
ffunctfionspacefiffandonlyfiffα0<−1. Assumethatα0<−1. ThenX
satfisfies(2.13)fiffandonlyfiffα∞ ≥0.Iffα0<−1andα∞ ≥0,wecanuse
Theorem2.13finordertoobtafintheoptfimalrangepartneroffX fforthe
Hfilberttransfform,butwedonotknowanexplficfitdescrfiptfionoffYX.

Moreover,therefisnorearrangement-finvarfianttargetspacefiffα0<−1and
α∞ <0.
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Prooff. WenotethattheequfivalenceoffXtoarearrangement-finvarfiantBanach
ffunctfionspacefischaracterfizedbyTheorem1.59.
Weshallprovejustthesecondexamplebecausetheremafinfingonesaresfimfilar

andeasfier.Thelasttwoexamplesfinvolvelengthybutstrafightfforwardverfifica-
tfionsoffconvergenceofffintegrals.Forthereader’sconvenfience,wenoteherethat
fiffff(t)=(1+log

(
1
t

)
)χ(0,1)(t)+

1
t
χ(1,∞)(t),then

ff∗∗(t)=

(

2+log

(
1

t

))

χ(0,1](t)+
2+logt

t
χ(1,∞)(t).

Ffirstly,weneedtoverfiffythat(2.13)holds,thatfisbyLemma2.10andThe-
orem1.62,weneedtocheckthat

∥ℓ−A(t)

((

1+log

(
1

t

))

χ(0,1)(t)+
1

t
χ(1,∞)(t)

)

∥∞ <∞.

Itfiseasytoseethatthfisquantfityfisfinfitefiffandonlyfiffα0≥1.Hencetherefisno
rearrangement-finvarfianttargetspacefiffα0∈[0,1)andα∞ ≤0bythemoreover
partoffTheorem2.13.
Ontheonehand,wehave

∥Qg∗∗∥∞,∞;−A=∥ℓ
−A(t)

∫∞

t

g∗∗(u)

u
du∥∞ ∥ℓ−A+1(t)g∗∗(t)∥∞

=∥g∥(∞,∞;−A+1)≈∥g∥∞,∞;−A+1,

wherethefinequalfityffollowsffromTheorem1.65andthelastequalfityffromThe-
orem1.60.
Ontheotherhand,weneedtoshowthat

∥g∥∞,∞;−A+1 ∥Qg∗∗∥∞,∞;−A.

Itfissuficfienttoshowthat∥g∥∞,∞;−A+1fisfinfitewhenever∥Qg
∗∗∥∞,∞;−Afisfinfite

byvfirtueoffTheorem1.8.Assumethat∥Qg∗∗∥∞,∞;−A<∞.Thenwecompute
that

∥Qg∗∗∥∞,∞;−A≥ sup
t∈(0,1

4
]

(

1+log
1

t

)−α0∫∞

t

g∗(u)

u
du

=sup
t∈(0,1

2
]

(

1+log
1

t2

)−α0∫∞

t2

g∗(u)

u
du

≥ sup
t∈(0,1

2
]

(

1+log
1

t2

)−α0∫t

t2

g∗(u)

u
du

≥ sup
t∈(0,1

2
]

(

1+log
1

t2

)−α0
g∗(t)log

1

t

≈ sup
t∈(0,1

2
]

(

1+log
1

t

)−α0+1
g∗(t).
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Sfimfilarly,wecomputethat

∥Qg∗∗∥∞,∞;−A≥ sup
t∈[
√
e,∞)

(1+logt)−α∞
∫∞

t

g∗(u)

u
du

=sup
t∈[e,∞)

(
1+log

√
t
)−α∞

∫∞

√
t

g∗(u)

u
du

≥ sup
t∈[e,∞)

(
1+log

√
t
)−α∞

∫t

√
t

g∗(u)

u
du

≥ sup
t∈[e,∞)

(
1+log

√
t
)−α∞

g∗(t)log
√
t

≈ sup
t∈[e,∞)

(1+logt)−α∞+1g∗(t).

Itjustremafinstoobservethat

sup
t∈[1

2
,e]

ℓ−A+1(t)g∗(t)≤g∗(e)sup
t∈[1

2
,e]

ℓ−A+1(t)<∞

becauseg∗(t)fisfinfitefforeacht>0sfinceQg∗(t)mustbefinfitefforeacht>0
whenever∥Qg∗∗∥∞,∞;−A<∞.Hence

∥g∥∞,∞;−A+1<∞.

Overall,wehaveshownthat

∥g∥∞,∞;−A+1≈∥Qg
∗∗∥∞,∞;−A.

HencetheoptfimalrangespaceYXfisfindeedequfivalenttoL
1,1;A−1byTheorem2.13

andTheorem1.62.

Remark2.17.AssumethatA=(α0,0)whereα0≥1.ThenL
1,1;Afisequfivalent

toarearrangement-finvarfiantBanachffunctfionspaceand(2.13)fissatfisfied.Hence
onecanuseTheorem2.13toconstructtheoptfimalrearrangement-finvarfianttar-
getspace.Unffortunately,wehavenotbeenabletofindanexplficfitdescrfiptfionoff
theassocfiatespaceoffY′X.Oneneedstofindtheassocfiatespaceoffthespacegfiven
bytherearrangement-finvarfiantnorm∥g∥Y′X

=∥ℓ−A(t)Qg∗∗(t)∥∞.Asfimfilartype

offspaces,namelyso-calledCopson-Lorentzspaces,hasbeenrecentlyfintroduced
fin[18].However,thecaseq=∞ fisnotcoveredthereandwhatfisevenmorefim-
portantfisthatCopson-Lorentzspacesaredefinedbymeansoffthenon-fincreasfing
rearrangementnotthemaxfimalffunctfion,whfichffurthercomplficatesthematter.
Asfimfilarproblemarfiseswhenoneconsfidersthecasep=∞ andq∈[1,∞).

Thfistfime,eventhedescrfiptfionofftheassocfiatespaceoffL∞,q;Afisqufitecomplfi-
cated(see[22,Theorem6.2andTheorem6.6]).
WestressherethefimportantcaseoffLebesguespaces.Therefisnorearrange-

ment-finvarfianttargetspacefforL1eventhoughtheHfilberttransfformfisknown
tobeoffweaktype(1,1)(see[2,Chapter3,Theorem4.9]).Thesetwoffactsare,
however,consfistentwfitheachotherbecauseL1,∞ fisnotequfivalenttoarearrange-
ment-finvarfiantBanachffunctfionspace(recallTheorem1.59).Iffp∈(1,∞),then
Lpfistheoptfimalrangepartnerofffitselff.Iffp=∞,thentheHfilberttransfform,
asdefinedhere,fisnotwell-definedonL∞ (toseethfis,consfiderff≡1).
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Now, we shall answer the opposite question than Theorem 2.13. This time, we
do not describe the optimal target space of a given domain space, but instead we
describe the optimal domain space of a given target space. We note that there are
obvious parallels with Theorem 2.13. One can also observe that the description
of the optimal domain space is simpler than the description of the optimal range
space, since there are no associate spaces involved.

Theorem 2.18. Let Y be a rearrangement-invariant Banach function space such
that

mϕ ↪→ Y, (2.15)

where

ϕ(t) =
1(

1 + log
(
1
t

))
χ(0,1](t) +

1
t
χ(1,∞)(t)

, t > 0.

Then XY = XY (ϱXY
), where ϱXY

is defined by

ϱXY
(f) = ∥Qf ∗∗∥Y (0,∞), f ∈M+

0 ,

is the optimal domain partner of Y for the Hilbert transform H in the class of
rearrangement-invariant Banach function spaces, that is, H : XY → Y is bounded
and whenever H : Z → Y is bounded where Z is a rearrangement-invariant
Banach function space, then Z ↪→ XY .

Moreover, the condition (2.15) is necessary in the sense that should there exist
any rearrangement-invariant Banach function space W such that H : W → Y is
bounded, then mϕ ↪→ Y .

Proof. Firstly, we observe that Y ′ ↪→ Λ. Indeed, it comes from Proposition 1.54
and Lemma 2.10 applied to Y ′ (recall Theorem 1.16). By Lemma 2.11 applied to
Y ′, ϱXY

is a rearrangement-invariant Banach function norm. Hence XY is indeed
a rearrangement-invariant Banach function space.

Secondly, we observe that (2.2) is satisfied by each f ∈ XY . Hence, in partic-
ular, the Hilbert transform H is well-defined on XY by Theorem 2.4. Indeed, for
every f ∈ XY , we have that

∥Qf ∗∗∥Y (0,∞) = ∥f∥XY
< ∞.

Hence Qf ∗∗ is finite a.e. (recall Theorem 1.5) for every f ∈ XY . Assume for a
contradiction that there exists a function f ∈ XY such that Qf ∗∗(1) = ∞. Then
Qf ∗∗(t) = ∞ for every t ∈ (0, 1] as Qf ∗∗ is non-increasing. However, this means
that Qf ∗∗ attains the value ∞ on a set of positive measure, which contradicts
the fact that Qf ∗∗ is finite a.e. Hence Qf ∗∗(1) < ∞ for each f ∈ XY .

Now, we shall prove the optimality of XY . On the one hand, H : XY → Y is
bounded. Indeed, by Theorem 2.5, there exists a positive constant C such that

∥Hf∥Y = ∥(Hf)∗∥Y (0,∞) ≤ C∥Qf ∗∗∥Y (0,∞) = C∥f∥XY

for every f ∈ XY , which is nothing else than the desired boundedness. On the
other hand, assume that H : Z → Y is bounded where Z is a rearrangement-
invariant Banach function space. We claim that Z ↪→ XY . Indeed, there exists a
positive constant C such that

∥Hf∥Y ≤ C∥f∥Z
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fforeveryff∈Z.Ffixff∈Z.ByTheorem2.6,wehavethat

∥ff∥XY =∥Qff
∗∗∥Y(0,∞)≤2π∥(Hg)

∗∥Y(0,∞)=2π∥Hg∥Y≤2πC∥g∥Z=2πC∥ff∥Z

wheregfisaffunctfionequfimeasurablewfithff. HenceZ↪→ XY asff∈Zwas
chosenarbfitrarfily.
Lastly,wewfishtoprovethenecessfityoff(2.15)fintheapproprfiatesense.

AssumethatH:W → Yfisbounded.Setff=χ(0,1). Then(seetheprooffoff
Lemma2.11)Qff∗∗(1)=1<∞ andbyTheorem2.6wehavethat

∥

(

1+log

(
1

t

))

χ(0,1)(t)+
1

t
χ(1,∞)(t)∥Y(0,∞)=∥Qff

∗∗∥Y(0,∞)≤C∥χ(0,1)∥W <∞.

Hencemϕ↪→YbyProposfitfion1.54applfiedtoY
′.

Themafinresultsoffthfischapter,namelyTheorem2.13andTheorem2.18,
canbecombfinedtoobtafintheffollowfingtheorem.

Theorem2.19.LetX bearearrangement-finvarfiantBanachffunctfionspace.
ThenthereexfistsaposfitfiveconstantCsuchthat

∥Qff∗∗∥X(0,∞)≤C∥ff∥X, ∀ff∈▼0, (2.16)

fiffandonlyfiff(X,X)fisanoptfimalpafiroffrearrangement-finvarfiantspacesfforthe
Hfilberttransfform,thatfis,X fistheoptfimalrangepartneroffX ffortheHfilbert
transfformfinthesenseoffTheorem2.13andsfimultaneouslyX fistheoptfimal
domafinpartneroffXffortheHfilberttransfformfinthesenseoffTheorem2.18.

Prooff. Assumethat(2.16)holds.Ffirstly,weobservethatalso

∥Qff∗∗∥X′(0,∞)≤C∥ff∥X′

holdsfforeachff∈▼0.Indeed,usfing(2.6)andCorollary1.36,weobtafinthat

∥Qff∗∗∥X′(0,∞)=sup
∥g∥X≤1

∫∞

0

Qff∗∗(t)g∗(t)dt=sup
∥g∥X≤1

∫∞

0

ff∗(t)Qg∗∗(t)dt

≤ sup
∥g∥X≤1

∥ff∥X′∥Qg
∗∗∥X(0,∞)≤C sup

∥g∥X≤1

∥ff∥X′∥g∥X=C∥ff∥X′.

Consequently,recallfingProposfitfion2.15,wehavethat

∥Qff∗∗∥X(0,∞)≈∥ff∥X and∥Qff
∗∗∥X′(0,∞)≈∥ff∥X′. (2.17)

Secondly,usfing(2.14),wecomputethat

∥

(

1+log

(
1

t

))

χ(0,1)(t)+
1

t
χ(1,∞)(t)∥X′(0,∞)=∥Qχ

∗∗
(0,1)∥X′(0,∞)≤C∥χ(0,1)∥X′<∞,

whfichfisnothfingelsethanX↪→ ΛbyLemma2.10. Hence,X fistheoptfimal
rangepartneroffXffortheHfilberttransfformbyTheorem2.13and(2.17).
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Lfikewfise,fitcanbeshownthatXsatfisfies(2.15)usfingProposfitfion1.54finstead
offLemma2.10. Hence,XfistheoptfimaldomafinpartneroffXffortheHfilbert
transfformbyTheorem2.18and(2.17).
Ffinally,assumethat(X,X)fisanoptfimalpafirfinthesenseoffthfistheorem.

Inpartficular,thfismeansthattheHfilberttransfformfisboundedffromXtoX.By
the“moreover”partofftheTheorem2.18,Xmustsatfisffy(2.15). Now,wecan
applyTheorem2.18toY=XtoobtafinXY.However,XY mustbeequfivalent
toX,whfichmeansthat

∥Qff∗∗∥X(0,∞)=∥ff∥XY ≈∥ff∥X.

Remark2.20.Thevalfidfityoff(2.16)hasanfintfimateconnectfionwfithbound-
ednessofftheHfilberttransfformontheassocfiatespace(recallLemma2.8).The
boundednessofftheHfilberttransfformonOrlficzspaces,whfichareanfimportant
typeoffaffunctfionspacenotcoveredhere,fischaracterfizedfin[3].

Example2.21.LetX=Lp,q;Awherep∈(1,∞),q∈[1,∞]andA∈R2.Then
(X,X)fisanoptfimalpafirffortheHfilberttransfformfinthesenseofftheprecedfing
theorem.Indeed,fitffollowsffromthefirstexamplefinExamples2.16thatthe
optfimalrangepartneroffLp

′,q′;−AfisequfivalenttoLp
′,q′;−Afitselff,whence(recall

Theorem1.62)
∥Qff∗∗∥p,q;A=∥ff∥(Y

Lp
′,q′;−A)

′≈∥ff∥p,q;A.

Thestatementthenffollowsfimmedfiatelyffromtheprecedfingtheorem.Inpartfic-
ular,(Lp,Lp)fisanoptfimalpafirffortheHfilberttransfformfforp∈(1,∞).
WenotethatfintheothercasesmentfionedfinExamples2.16,theHfilbert

transfformHfisnotboundedonthefirassocfiatespaces.
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3. RfieszPotentfial

AnotherclassficsfingularfintegraloperatorfistheRfieszpotentfial,whfichweshall
ffocusonnow.TheRfieszpotentfialhasanfintfimateconnectfionwfiththetheoryoff
thep−Laplacfian,thatfis,affractfionalpowerofftheLaplacfianoperator.Formore
detafils,seefforexample[25,ChapterV].

Conventfion.Inthfischapter,weassumethat(R,µ)=(Rn,λ)whereλfisthe
LebesguemeasureoverRnandnfisa(fixed)dfimensfion. Weshallwrfite|E|finstead
offλ(E)fforλ−measurableE⊆Rn.

Definfitfion3.1. Assumethatff∈L1loc(R
n)andγ∈(0,n). WedefinefitsRfiesz

potentfial(offorderγ)by

Iγff(x)=

∫

Rn

ff(y)

|x−y|n−γ
dy, x∈Rn,

provfidedthatthefintegralexfistsffora.e.x∈Rn.TheoperatorIγ:ff↦→Iγfffitselff
fisalsorefferredtoastheRfieszpotentfial.

Remark3.2. AswfiththeHfilberttransfform,theRfieszpotentfialfisnotwell-
definedfforarbfitraryff∈L1loc(R

n)asthefintegralneednotexfist. Thereffore,
wheneverwesaythattheRfieszpotentfialfisboundedffromaffunctfionspaceXto
affunctfionspaceY,wefimplficfitlymeanthattheRfieszpotentfialfiswell-defined
fforeveryff∈X.Lateron,weshallprovfideasuficfientcondfitfionensurfingthat
theRfieszpotentfialfiswell-definedonX.
WealsonotethatourdefinfitfionofftheRfieszpotentfialdfiffersffromthedefi-

nfitfionusuallyffoundfinthelfiteraturebyamultfiplficatfiveconstant. Weomfitthe
constantbecausefitfiscompletelyfirrelevantfforourpurpose.

AswfiththeHfilberttransfform,westartwfithreducfingthecomplficatedprob-
lemfinvolvfingtheRfieszpotentfialtoanotherproblemfinvolvfingasfimplerone-dfi-
mensfionaloperatorTγ,whfichfisfinsomesenseequfivalent.

Definfitfion3.3. Letγ∈(0,n).Forthepurposeoffthfischapter,wedefinethe
operatorTγby

Tγff(t)=

∫∞

t

ff(s)s
γ
n
−1ds, t∈(0,∞),ff∈▼+0.

Theorem3.4.Letγ∈(0,n)andassumethatff∈L1loc(R
n).AssumethatIγfffis

well-defined.ThenthereexfistsaposfitfiveconstantCfindependentoffffsuchthat

(Iγff)
∗(t)≤CTγff

∗∗(t)

fforeveryt>0.

Prooff.ItffollowsffromtheO’Nefilfinequalfity(see[20,Lemma1.5]).
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Theorem3.5.Letγ∈(0,n)andassumethatff∈L1loc(R
n). Thenthereexfist

affunctfiongequfimeasurablewfithffandaposfitfiveconstantCfindependentoffff
suchthat

(Iγg)
∗(t)≥CTγff

∗∗(t)

fforeveryt>0.

Prooff. Weset
g(y)=ff∗(ωn|y|

n), y∈Rn,

whereωnfisthevolumeofftheunfitballfinR
n,andobservethatgfisequfimeasur-

ablewfithff(cff.[2,Chapter2,Proposfitfion7.2]). Therestofftheprooffffollows
fimmedfiatelyffrom[8,Lemma3.4].

Lemma3.6.LetXandYberearrangement-finvarfiantBanachffunctfionspaces
andassumethatγ∈(0,n).Furthermore,assumethattheRfieszpotentfialIγfis
well-definedonX.ThentheRfieszpotentfialIγ:X→ Yfisboundedfiffandonly
fiffthereexfistsaposfitfiveconstantCsuchthat

∥Tγg
∗∗∥X′(0,∞)≤C∥g

∗∥Y′(0,∞)

fforeachg∈Y′.

Prooff. Weomfittheprooffherebecausethfislemmacanbeprovenfinthesame
wayasLemma2.8. WesfimplyuseTheorem3.4andTheorem3.5finsteadoff
Theorem2.5andTheorem2.6.

Theffunctfiont∈(0,∞)↦→t
γ
n
−1χ[1,∞)(t)andespecfiallyfitsnon-fincreasfing

rearrangementwfillprovetobeuseffulfforuse. Hencewestatethfisauxfilfiary
computatfionasaseparatelemma.

Lemma3.7.Letγ∈(0,n).Set

v(t)=t
γ
n
−1χ[1,∞)(t), t∈(0,∞).

Then
v∗(t)=(t+1)

γ−n
n , t∈(0,∞).

Prooff. Theproofffisjustamatteroffsfimplecomputatfion. Westrafightfforwardly
compute,usfingtheverydefinfitfionoffthedfistrfibutfionffunctfionoffv,that

λv(t)=(t
n
γ−n−1)χ(0,1)(t)

ffort∈(0,∞).Hence,usfingthedefinfitfionoffthenon-fincreasfingrearrangement,

v∗(t)=(t+1)
γ−n
n .

Theffollowfingffunctfionspacefisthebfiggestffunctfionspacefforwhfichthere
exfistsanyrearrangement-finvarfianttargetspaceffortheRfieszpotentfial. Weshall
seetheprecfisemeanfingofffitfinthemafintheoremoffthfischapter(Theorem3.14).
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Definfitfion3.8.Forthepurposeoffthfischapter,wedenote(fforfixedγ∈(0,n))
byΛtherearrangement-finvarfiantBanachffunctfionspaceΛ=Λϕ(R

n,λ)whereϕ
fisdefinedas

ϕ(t)=
n

γ

(
(t+1)

γ
n−1

)
, t≥0.

Wenotethat
ϕ′(t)=(t+1)

γ−n
n , t>0,

andϕ(0+)=0.Hence(recallRemark1.45)

∥ff∥Λ=

∫∞

0

ff∗(t)(t+1)
γ−n
n dt, ff∈Λ.

Lemma3.9.LetX bearearrangement-finvarfiantBanachffunctfionspaceand
γ∈(0,n).Theffollowfingthreestatementsareequfivalent.

1.Itholdsthat
t
γ
n
−1χ[1,∞)(t)∈X

′(0,∞). (3.1)

2.ForeachK>0,fitholdsthat

t
γ
n
−1χ[K,∞)(t)∈X

′(0,∞). (3.2)

3.Itholdsthat
X↪→Λ. (3.3)

Prooff. Ffirstly,finordertoprovethat(3.1)fimplfies(3.2),wecanproceedfina
sfimfilarwaytotheprooffoffLemma2.10.
Secondly,assumethat(3.2)holdsandweshallprovethat(3.3)holds. Ffix

ff∈X.Then,usfingTheorem1.15andLemma3.7,

∥ff∥Λ=

∫∞

0

ff∗(t)(t+1)
γ−n
n dt≤∥ff∗∥X(0,∞)∥(t+1)

γ−n
n ∥X′(0,∞)

=∥t
γ
n
−1χ[1,∞)(t)∥X′(0,∞)∥ff∥X<∞.

Hence,X↪→Λ.
Ffinally,weshallprovethat(3.3)fimplfies(3.1). RecallfingLemma3.7and

Remark1.43,wecomputethat

∥t
γ
n
−1χ[1,∞)∥X′(0,∞)= sup

ff∈X,∥ff∥X≤1

∫∞

0

ff∗(t)(t+1)
γ−n
n dt

= sup
ff∈X,∥ff∥X≤1

∥ff∥Λ≤C<∞

whereCfisaposfitfiveconstantfindependentoffffwhfichexfistsasweassumethat
(3.3)holds.Hence(3.1)holds,whfichcompletestheprooff.

Itwfillbeoffpartficularfinterestfforuswhentheffunctfional

ϱ
(γ)

Y′X
(g)=∥Tγg

∗∗∥X′(0,∞), g∈▼+0,

definesarearrangement-finvarfiantffunctfionnormfforafixedX. Wecharacterfize
fitbymeansoffanembeddfingfintothespaceΛ.
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Lemma 3.10. Let X be a rearrangement-invariant Banach function space. The
functional ϱ

(γ)

Y ′
X
defined by

ϱ
(γ)

Y ′
X
(g) = ∥Tγg

∗∗∥X′(0,∞), g ∈M+
0 , (3.4)

is a rearrangement-invariant Banach function norm if and only if

X ↪→ Λ.

Proof. Proving the sufficiency, as in the case of the Hilbert transform (see
Lemma 2.11), one can readily verify that the first five properties of a Banach
function norm are satisfied. In order to prove the sixth property, assume that
E ⊆ Rn is a λ−measurable set of finite measure. For t > 0, we easily see that

Tγχ
∗∗
E (t) =

∫ ∞

t

s
γ
n
−2

∫ s

0

χ(0,|E|)(u) du ds. (3.5)

Assume that |E| ≤ t. Then, using (3.5), we compute that

Tγχ
∗∗
E (t) = |E|

∫ ∞

t

s
γ
n
−2 ds =

|E|n
n− γ

t
γ
n
−1. (3.6)

Now, assume that t < |E|. Then

Tγχ
∗∗
E (t) =

∫ |E|

t

s
γ
n
−2

∫ s

0

χ(0,|E|)(u) du ds+

∫ ∞

|E|
s

γ
n
−2

∫ s

0

χ(0,|E|)(u) du ds

=

∫ |E|

t

s
γ
n
−1 ds+ |E|

∫ ∞

|E|
s

γ
n
−2 ds =

n

γ

(
|E|

γ
n − t

γ
n

)
+

|E|
γ
n n

n− γ
. (3.7)

Combining (3.6) with (3.7), we arrive at

Tγχ
∗∗
E (t) =

(
n

γ

(
|E|

γ
n − t

γ
n

)
+

|E|
γ
n n

n− γ

)
χ(0,|E|)(t) +

|E|n
n− γ

t
γ
n
−1χ[|E|,∞)(t) (3.8)

for each t > 0. Hence

ϱ
(γ)

Y ′
X
(χE) = ∥Tγχ

∗∗
E (t)∥X′(0,∞) ≤

|E|n
n− γ

∥t
γ
n
−1χ[|E|,∞)(t)∥X′(0,∞)

+

(
n

γ
+

n

n− γ

)
|E|

γ
n ∥χ(0,|E|)(t)∥X′(0,∞) < ∞

since the assumption that X ↪→ Λ is equivalent to the fact that t
γ
n
−1χ[|E|,∞)(t) ∈

X ′(0,∞) by Lemma 3.9.
Finally, we shall verify the last property of a Banach function norm. Assume

that E ⊆ Rn is a λ−measurable set of finite measure and g ∈ M+
0 . We may

assume that |E| > 0 because there is nothing to prove when |E| = 0. One can
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easfilyverfiffytheffollowfingchafinoff(fin)equalfitfies.Foreveryt>0,

Tγg
∗∗(t)=

∫∞

t

g∗∗(s)s
γ
n
−1ds=

∫∞

t

s
γ
n
−2

∫s

0

g∗(u)duds

≥χ(0,|E|)(t)

∫∞

|E|

s
γ
n
−2

∫s

0

g∗(u)duds

≥χ(0,|E|)(t)

∫∞

|E|

s
γ
n
−2

∫|E|

0

g∗(u)duds

=
n

n−γ
|E|

γ
n
−1χ(0,|E|)(t)

∫|E|

0

g∗(u)du

≥
n

n−γ
|E|

γ
n
−1χ(0,|E|)(t)

∫

E

g(x)dx,

wherethelastfinequalfityfisjust(1.3).Hence
∫

E

g(x)dx≤CEϱ
(γ)

Y′X
(g)

wfithCE=
n−γ
n
|E|1−

γ
n 1
∥χ(0,|E|)∥X′(0,∞)

.

Clearlyϱ
(γ)

Y′X
(g)=ϱ

(γ)

Y′X
(h)whenevergandhareequfimeasurable.Henceϱ

(γ)

Y′X
fis

arearrangement-finvarfiantBanachffunctfionnormaswewfishedtoprove.
Thenecessfityofftheembeddfingfisobvfiousffromthecomputatfionsabove

(namely(3.8))as

ϱ
(γ)

Y′X
(χE)=∥Tγχ

∗∗
E(t)∥X′(0,∞)≥

|E|n

n−γ
∥t
γ
n
−1χ[|E|,∞)(t)∥X′(0,∞),

wherethelefft-handsfidefisfinfitefforeachE⊆Rnofffinfitemeasure,provfided
thatϱ

(γ)

Y′X
fisa(rearrangement-finvarfiant)Banachffunctfionnorm. HenceX↪→ Λ

byLemma3.9.

AswfiththeHfilberttransfform,theRfieszpotentfialneednotexfistfforevery
locallyfintegrableffunctfion.Indeed,set

ff(x)=χ{y=(y1,...,yn)∈Rn;y1>0}(x)−χ{y=(y1,...,yn)∈Rn;y1<0}(x), x∈Rn.

ThenIαffdoesnotexfistasIαff
+(x)=Iαff

−(x)=∞ fforeachx∈Rn. Hence
wewouldlfiketohaveasufitablecondfitfionthatensuresthattheRfieszpotentfial
fiswell-defined.Theffollowfingcondfitfionsarewell-knownandweutfilfizethemfin
ordertoprovethattheRfieszpotentfialfiswell-definedonXwheneverX↪→ Λ
holdstrue.

Proposfitfion3.11.Letγ∈(0,n). Assumethatff∈Lpffor1≤p<n
γ
or

ff∈L
n
γ
,1.ThentheRfieszpotentfialIγff(x)fisfinfiteffora.e.x∈R

n.Inpartficular,
Iγfiswell-defined.

Prooff.Itfisjustamatteroffstrafightfforwardcomputatfionstoverfiffythat

h∗(t)=ω
1−γ

n
n t

γ
n
−1, t>0,
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whereωnfisthevolumeofftheunfitballfinR
nandtheffunctfionhfisdefinedby

h(y)=
1

|x−y|n−γ
, y∈Rn,

fforafixedpofintx∈Rn.
Supposethatff∈L

n
γ
,1.Then,usfingTheorem1.26,wehavethat

∫

Rn

|ff(y)|

|x−y|n−γ
dy≤ω

1−γ
n

n

∫∞

0

ff∗(t)t
γ
n
−1dt=ω

1−γ
n

n ∥ff∥
L
n
γ,1
.

Hence,theRfieszpotentfialIγff(x)fisfinfitefforeveryx∈R
nprovfidedthatff∈L

n
γ
,1.

TheffactthattheRfieszpotentfialIγff(x)fisfinfiteffora.e.x∈R
nprovfidedthat

ff∈Lpffor1≤p<n
γ
fismorefinvolved.Aprooffcanbeffoundfin[15](evenffora

generalfizedRfieszpotentfial)orfintheclassficalbookonthematter[25,page119-
121].

Remark3.12.Inffact,ffarmorecanbesafid.TheRfieszpotentfialfisknownto
beoffstrongtype(p, np

n−γp
)ffor1<p<n

γ
andoffweaktype(1,n

n−γ
).Fordetafils,

seeagafin[25,page119-121].

Proposfitfion3.13.Assumethatγ∈(0,n)andletXbearearrangement-finvarfi-
antBanachffunctfionspacesuchthat

X↪→Λ.

ThentheRfieszpotentfialfiswell-definedonX.

Prooff. Ffixff∈X,x∈Rn,andseth(y)=
χ{z∈Rn;|z−x|>1}(y)

|y−x|n−γ
ffory∈Rn.Itfisjust

amatteroffastrafightfforwardcomputatfiontocheckthat

λh(t)=

{
ωn

(
1

t
n
n−γ
−1
)
fiff0<t<1,

0 fifft≥1,

whereωnfisthevolumeoffthen−dfimensfionalunfitball,andconsequently

h∗(t)=ω
1−γ

n
n (t+ωn)

γ
n
−1, t>0.

CombfinfingX↪→ΛwfithTheorem1.26,weobtafinthat

∫

Rn
|ff(y)|h(y)dy≤ω1−

γ
n

∫∞

0

ff∗(t)(t+ωn)
γ
n
−1dt

≤ω1−
γ
n

∫∞

0

ff∗(t)(t+1)
γ
n
−1dt

=ω1−
γ
n∥ff∥Λ<∞.

HenceIγffχ{y∈Rn;|y−x|>1}(x)fisfinfite.
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Ontheotherhand,ffχ{z∈Rn;|z−x|≤1}(y)∈L
1(Rn)asXfisaBanachffunctfion

spaceand{z∈Rn;|z−x|≤1}fisasetofffinfitemeasure.HenceIγffχ{z∈Rn;|z−x|≤1}(x)
fisfinfiteffora.e.x∈RnbyvfirtueoffProposfitfion3.11.
Thereffore,Iγfffiswell-definedaswecanwrfite

Iγff(x)=Iγffχ{y∈Rn;|y−x|>1}(x)+Iγffχ{y∈Rn;|y−x|≤1}(x)

andtherfight-handsfidefisfinfiteffora.e.x∈Rn.

Now,wecanproceedwfiththemafintheoremoffthfischapter.

Theorem3.14.Assumethatγ∈(0,n)andletXbearearrangement-finvarfiant
Banachffunctfionspacesuchthat

X↪→Λ. (3.9)

Thentherearrangement-finvarfiantBanachffunctfionspaceY=
(
Y′(ϱ

(γ)

Y′X
)
)′
,where

ϱ
(γ)

Y′X
fisdefinedby(3.4),fistheoptfimalrangepartneroffXffortheRfieszpotentfial

Iγ.
Moreover,theassumptfion(3.9)fisnecessaryfinthesensethatshouldthereexfist

anyrearrangement-finvarfiantBanachffunctfionspaceZsuchthatIγ:X→ Zfis
bounded,then(3.9)fissatfisfied.

Prooff. TheproofffissfimfilartothatoffTheorem2.13.
TheffactthatYX fisfindeedarearrangement-finvarfiantBanachffunctfionspace

ffollowsffromLemma3.10.
WenotethattheRfieszpotentfialfiswell-definedon XbyProposfitfion3.13.
ConsfiderfingtheoptfimalfityoffYX,wejustuseLemma3.6finsteadoffLemma2.8.
Consfiderfingthenecessfityoff(3.9),weusetheffact(seetheprooffoffLemma3.10)

thatt
γ
n
−1χ[1,∞)(t)≤

n−γ
n
Tγχ

∗∗
E(t)fforeveryt>0finordertoprovethatt

γ
n
−1χ[1,∞)(t)∈

X′(0,∞). CombfinfingLemma3.7andtheffactthatX′(0,∞)fisrearrangement
finvarfiantwfithProposfitfion3.9,weobtafinthatX↪→Λ.

Remark3.15.Themoreoverpartofftheprecedfingtheoremsaysthatthecon-
dfitfion(3.9)fisnotrestrfictfivebecausefiffthegfivenspaceXfistoolarge,thenthere
fisnorearrangement-finvarfianttargetspaceffortheRfieszpotentfial.

AswfiththecorrespondfingtheoremffortheHfilberttransfform(Theorem2.13),
thenatureoffthfistheoremfisffafirlyabstract.Thfismeansthatconcreteexamples
areoffgreatfinterest.Theffollowfingpofint-wfiseestfimateontheoperatorTγwfill
proveuseffulsoon.

Proposfitfion3.16.Letγ∈(0,n)andff∈▼0.Then

ff∗∗(t)≤
n−γ

n
t−

γ
nTγff

∗∗(t)

fforeacht>0.
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Prooff. Clearly

Tγff
∗∗(t)=

∫∞

t

ff∗∗(s)s
γ
n
−1ds=

∫∞

t

1

s2−
γ
n

∫s

0

ff∗(u)duds

≥

∫t

0

ff∗(u)du

∫∞

t

1

s2−
γ
n

ds=
n

n−γ
t
γ
nff∗∗(t).

Examples3.17.Assumethatγ∈(0,n).

1.SetX=Lp,q;Awherep∈(1,n
γ
)andq∈[1,∞].ThenXsatfisfies(3.9)and

YX fisequfivalenttoL
np
n−γp

,q;A,wherenp
n−γp

∈(n
n−γ
,∞).

2.SetX =L
n
γ
,q;Awhereq∈(1,∞). ThenX satfisfies(3.9)fiffandonlyfiff

α∞ >
1
q′
.Iffα∞ >

1
q′
,thenYX fisequfivalentto

⎧
⎪⎪⎨

⎪⎪⎩

L∞,q;A−1 fiffα0<
1
q′
,

L∞,q;(−
1
q
,α∞−1),(−1,0) fiffα0=

1
q′
,

{ff∈▼0;∥ff∥YX =∥ff∥∞ +∥t
−1
qℓα∞−1(t)ff∗(t)∥q,(1,∞)<∞} fiffα0>

1
q′
.

Moreover,therefisnorearrangement-finvarfianttargetspacefiffα∞ ≤
1
q′
.

3.SetX=L
n
γ
,1;A.ThenXsatfisfies(3.9)fiffandonlyfiffα∞ ≥0.Iffα∞ ≥0,

thenYX fisequfivalentto
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

L∞,1;A−1 fiffα0<0,α∞ >0,

{ff∈▼0;∥ff∥YX =∥t
−1ℓα0−1(t)ff∗(t)∥1,(0,1)<∞} fiffα0<0,α∞ =0,

L∞,1;(−1,α∞−1),(−1,0),(−1,0) fiffα0=0,α∞ >0,

L∞ fiffα0=0,α∞ =0,

{ff∈▼0;∥ff∥YX =∥ff∥∞ +∥t
−1ℓα∞−1(t)ff∗(t)∥1,(1,∞)<∞} fiffα0>0,α∞ >0,

L∞ fiffα0>0,α∞ =0.

Moreover,therefisnorearrangement-finvarfianttargetspacefiffα∞ <0.

4.SetX=L
n
γ
,∞;A.ThenXsatfisfies(3.9)fiffandonlyfiffα∞ >1.Iffα∞ >1,

thenYX fisequfivalentto
⎧
⎪⎨

⎪⎩

L∞,∞;A−1 fiffα0<1,

L∞,∞;(0,α∞−1),(−1,0) fiffα0=1,

L∞,∞,(0,α∞−1) fiffα0>1.

Moreover,therefisnorearrangement-finvarfianttargetspacefiffα∞ ≤1.

5.SetX=L1,1;A.ThenXfisequfivalenttoarearrangement-finvarfiantBanach
ffunctfionspacefiffandonlyfiffα0≥0andα∞ ≤0.Iffα0≥0andα∞ ≤0,
thenXsatfisfies(3.9)andwecanuseTheorem3.14finordertoobtafinthe
optfimalrangepartneroffXffortheRfieszpotentfialIγ,butwedonotknow
anexplficfitdescrfiptfionoffYX.
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Prooff.Wenotethat Xfisequfivalenttoarearrangement-finvarfiantBanachffunc-
tfionspacefinthefirstffourexamplesbyTheorem1.59.
Weshallprovethesecondandtheffourthexampleandalsothefirstone(ffor

q∈(1,∞])finthecourseoffonecomputatfion. Thethfirdexampleandthefirst
onefforq=1canbedonefinasfimfilarway.
Assumethatp∈(1,∞)andq∈(1,∞]. Weneedtocheckwhenthecondfitfion

(3.9)fissatfisfied,thatfisbyLemma3.9andLemma3.7,when

∫∞

0

t
q′

p′
−1
ℓ−Aq

′

(t)(t+1)
γ−n
n
q′dt<∞.

Itfiseasytoseethatthfisfintegralfisfinfitefiffandonlyfiffefither

p∈(1,
n

γ
)

or

p=
n

γ
andα∞ >

1

q′
.

Thfis,finpartficular,provesthemoreoverpartofftheexamplesbyvfirtueoffthe
moreoverpartoffTheorem3.14. Hencefforth,weassumeoneoffthetwocondfi-
tfions.ByTheorem1.62,theassocfiatespaceoffXfisequfivalenttoLp

′,q′;−A.Usfing
Theorem1.64,wecomputethat

∥Tγg
∗∗∥p′,q′;−A=∥t

1
p′
−1
q′ℓ−A(t)

∫∞

t

g∗∗(s)s
γ−n
n ds∥q′

∥t
1
p′
+1
qℓ−A(t)g∗∗(t)t

γ
n
−1∥q′=∥t

1
p′
+γ
n
−1
q′ℓ−A(t)g∗∗(t)∥q′

=∥g∥(r′,q′;−A),

where 1
p′
+γ
n
= 1
r′
,thatfis,r′= np

(n+γ)p−n
.

Theopposfitefinequalfity

∥g∥(r′,q′;−A) ∥Tγg
∗∗∥p′,q′;−A

ffollowsfimmedfiatelyffromProposfitfion3.16.
Iffp∈(1,n

γ
),thenr′∈(1,n

γ
). ByTheorem1.60,L(r

′,q′;−A)fisequfivalent

toLr
′,q′;−A. HenceYX fisequfivalenttoL

r,q;A,wherer= np
n−γp

∈(n
n−γ
,∞),by

Theorem1.62.Thfisfisnothfingelsethanthefirstexamplefforq∈(1,∞].
Iffp= n

γ
,thenr′=1.Iffq∈(1,∞)(andhenceq′∈(1,∞)),weobtafin

thesecondexamplebyvfirtueoffTheorem1.63.Iffq= ∞ (andhenceq′=
1),wecombfineTheorem1.60wfithTheorem1.62finordertofinfishtheffourth
example.

Remark3.18.Wenotethatwhenthecasep=q=1fisconsfidered,oneencoun-
terssfimfilarproblemslfikethosementfionedfinRemark2.17.
WestressherethefimportantcaseoffLebesguespaces.Iff p∈(1,n

γ
),then

L
np
n−γp

,pfistheoptfimalrangepartneroffLpffortheRfieszpotentfialIγ.Itfisfim-
portanttonoteherethatthfisfimprovestheknownffactthatIγfisoffstrongtype

(p, np
n−γp
)becausep< np

n−γp
.HenceL

np
n−γp

,pfisstrfictlysmallerthanL
np
n−γp(cff.[24,

Proposfitfion8.2.1]).
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We conclude this chapter by characterizing the optimal rearrangement-invari-
ant domain space for a given rearrangement-invariant target space.

Theorem 3.19. Let γ ∈ (0, n) and suppose Y is a rearrangement-invariant Ba-
nach function space such that

mϕ ↪→ Y, (3.10)

where
ϕ(t) = (t+ 1)1−

γ
n , t > 0.

Then XY = XY (ϱ
(γ)
XY

), where ϱ
(γ)
XY

is defined by

ϱ
(γ)
XY

(f) = ∥Tγf
∗∗∥Y (0,∞), f ∈M+

0 ,

is the optimal domain partner of Y for the Riesz potential Iγ in the class of
rearrangement-invariant Banach function spaces.

Moreover, the condition (3.10) is necessary in the sense that should there exist
any rearrangement-invariant Banach function space W such that Iγ : W → Y is
bounded, then mϕ ↪→ Y .

Proof. By Proposition 1.54 applied to Y ′, (3.10) is equivalent to the fact that

(t + 1)
γ−n
n ∈ Y (0,∞). As Y (0,∞) is rearrangement invariant, we have that

t
γ
n
−1χ[1,∞)(t) ∈ Y (0,∞) by virtue of Lemma 3.7. By Proposition 3.9, this is

nothing else than Y ′ ↪→ Λ. Hence, XY is indeed a rearrangement-invariant Ba-
nach function space by Lemma 3.10.

Now, we shall address the question whether the Riesz potential is well-defined
on XY . Let f ∈ XY and assume that f ≥ 0 a.e. Then Iγf is well-defined, albeit
it might a priori be equal to infinity on a set of positive measure. It follows from
the very definition of ∥·∥XY

and Theorem 3.4 that there exists a positive constant
C (independent of f) such that

∥Iγf∥Y ≤ C∥f∥XY
< ∞.

In particular, not only is Iγf well-defined, but it is also finite a.e. (cf. Theo-
rem 1.5). Therefore, for a general f ∈ XY , we write

Iγf(x) =

∫
Rn

f+(y)

|x− y|n−γ dy −
∫
Rn

f−(y)

|x− y|n−γ dy.

Hence the Riesz potential is well-defined (in fact, finite a.e.) onXY as the integrals
on the right hand side are finite for a.e. x ∈ Rn.

The optimality of XY can be proven in a similar way to the proof of Theo-
rem 2.18. We just use Theorem 3.4 and Theorem 3.5 instead of Theorem 2.5 and
Theorem 2.6.

Lastly, considering the necessity of (3.10), assume that there exists a rearran-
gement-invariant Banach function space W such that Iγ : W → Y is bounded
(in particular, it means that Iγ is well-defined on W ). Combining Theorem 3.5
with the fact that Iγ : W → Y is bounded, we obtain that there exists a positive
constant C (independent of f) such that

∥Tγf
∗∗∥Y (0,∞) ≤ C∥f ∗∥W (0,∞)
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fforeachff∈W. Now,wechooseff=χE whereE⊆R
nfissuchthat|E|=1.

Combfinfingtheprecedfingfinequalfitywfiththeffactthatt
γ
n
−1χ[1,∞)(t)≤

n−γ
n
Tγχ

∗∗
E(t)

fforeacht>0(seetheprooffoffLemma3.10),wearrfiveat

∥t
γ
n
−1χ[1,∞)(t)∥Y(0,∞)≤C

n−γ

n
∥χ(0,1)∥W(0,∞)<∞,

whfichfisnothfingelsethanmϕ↪→Yargufingasatthebegfinnfingofftheprooff(just
fintheopposfitedfirectfion).
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Conclusfion

Wfithfintheprevfioustwochapters,wehaveseenthattheprocedurefforfindfing
theoptfimalrangespace(oroptfimaldomafinspace)fforagfivenoperatorfinvolves
acoupleoffsteps.AssumethatwearegfivenanoperatorT.
Webegfinwfithreducfingtheproblemofftheboundednessoff T,whfichfisa

rathercomplficatedn-dfimensfionaloperator,totheboundednessoffsomesfimpler
one-dfimensfionaloperator. Asweworkfinthescopeoffrearrangement-finvarfiant
spaces,thefirstnaturalreductfionfistoreducetheboundednessoffTbetween
X andYtotheboundednessoff(Tff)∗betweenX(0,∞)andY(0,∞). Even
thoughwenowworkfintheone-dfimensfionalsettfing,thfisfisstfillnotsatfisffyfing
because,evenfforverysfimpleoperators,fitfisnotobvfiouswhat(Tff)∗fis.Aswe
haveseen,acrucfialstepfistofindaone-dfimensfionaloperator,sayQ,suchthat
(Tff)∗≈Qff∗,whfichnotonlyreducestheproblemtotheone-dfimensfionalsettfing,
butalsoreducestheproblemtonon-fincreasfingffunctfions.Regrettably,suchan
operatorQfishardtogetand,finffact,fitfisofftenfimpossfible,althoughfforthe
Hardy-LfittlewoodmaxfimaloperatorM,fitfiswell-known(seee.g.[2,Chapter3,
Theorem3.8])that(Mff)∗≈ff∗∗.Fortunately,keepfingfinmfindthatweworkfin
thescopeoffrearrangement-finvarfiantspaces,aweakerestfimate

Qg∗ (Tff)∗ Qff∗, (4.1)

wheregfisequfimeasurablewfithff,fisenoughfforus.Suchrearrangementfinequal-
fitfiesareffortunatelyknownfformanyclassficaloperatorsandalargeamountoff
workhasalreadybeendoneonthfismatter(seee.g.[2,4,10]).Oncewehavea
sharpestfimate(4.1),wecanusethedualfityargumenttofindthecandfidateffor
theoptfimalrearrangement-finvarfiantnorm.Thenoneneedstofindareasonable
characterfizatfionoffthesfituatfionwhenthecandfidatefisfindeedarearrangement-
finvarfiantnorm.
Althoughfitfisobvfiousthatnoneoffthesestepsfisautomatficfforagfivenop-

erator,wehavesuccessffullyffollowedtheoutlfinedprocedureandcharacterfized
theoptfimalspacesffortheHfilberttransfform(recallTheorem2.13,Theorem2.18
andTheorem2.19)andffortheRfieszpotentfial(seeTheorem3.14andTheo-
rem3.19).Itfisworthnotfingoncemorethatwehaveffullycharacterfizedthe
optfimalrearrangement-finvarfiantspacesffortheseoperators. Theprovfidednec-
essaryandsuficfientcondfitfionsffortheexfistenceoffoptfimalspaces,expressedby
meansoffembeddfingsbetweenffunctfionspaces,arequfiteeasfilyverfifiablefinapplfi-
catfions.Eventhoughthedescrfiptfionsofftheoptfimalspacesareratherabstract,
whfichffollowsffromthenatureofftheconstructfion,wewereabletoprovfideseveral
concrete,yetffafirlygeneral,examples(recallExamples2.16,Example2.21and
Examples3.17).
Astheresults,aswellasthecourseoffactfionswhfichledtothem,finChap-

ter2andChapter3aresfimfilar,whfichshouldcomeasnosurprfisesfinceboth
operatorsarefintegraloperatorsoffconvolutfiontype,onemaywanttoextractthe
propertfiesofftheoperatorswhfichwerereallyneededandtrytofformulatemore
generaltheorems. Thatwasnot,however,theafimoffthfisthesfis. Theafimoff
thfisthesfiswastoprovfideapplficabletheoremswfithallthenecessarydetafilsso
thatfitshouldbequfiteeasytoffollowthefideaspresentedhereandadoptthemto
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similar operators. As the amount of the work which we had to done in order to
be able to provide concrete examples indicates, there is a non-trivial amount of
work concealed behind applications of the theorems even without making them
more abstract.

The obtained results lead us, as is usual, to further questions. We could want
to look for optimal spaces in narrower class of function spaces. We could, for
example, look for optimal spaces in the class of Orlicz spaces. As Orlicz spaces
are rearrangement-invariant Banach function spaces, we can, of course, use our
results and obtain the optimal rearrangement-invariant function space. There is,
however, no guarantee that the obtained optimal space is an Orlicz space itself. In
fact, there can be no optimal Orlicz space even though the optimal rearrangement-
invariant space exits (see [19]). Another natural question is what the situation is
like when we study not integral operators but supremal operators. Such operators
have been intensively studied lately, namely the fractional maximal operator for
which a sharp estimate of (4.1) type is known (see [4]). The supremal nature of
supremal operators causes several difficulties which we do not face when dealing
with integral operators. Fortunately, a large amount of work on this matter has
been done and results like [16, Theorem 3.9] give us an opportunity to look for
optimal spaces even for such operators.
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