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Abstrakt Tato praca pozostava z dvoch casti. Prva cast sa zaobera Gentze-
novym dokazom bezespornosti Peanovej aritmetiky (PA), ktory pochadza
z roku 1935. Skimame hlavne Gentzenovu stratégiu eliminécie rezu, ktord
eliminuje rezy, ktorych premisy maju bezrezové odvodenia. Neberie sa pritom
ohlad na zlozitost eliminovaného rezu. NaSa analyza Gentzenovej stratégie
ukazala, ze Gentzen vo svojom dokaze implicitne vyuziva transfinitni induk-
ciu po ®,(0), kde ®,, je Veblenova funkcia s poradovym ¢islom w. Jedna
sa 0 horny odhad a hodnota ®,(0) je horny odhad na vysku nekoneénych
bezrezovych odvodeni, ktoré Gentzen konstruuje pre sekventy dokazatelné
v PA. V stcasnosti nemame vysledky o spodnom odhade. Prva cast dalej
obsahuje formalizaciu tohto Gentzenovho dokazu. Na zaklade nej vidime,
ze hore spominand transfinitna indukcia je jediny princip pouzity v dokaze,
ktory nejde formalizovat v PA.

Druhd c¢ast porovnava Gentzenovu a Taitovu stratégiu elimindcie rezu
v klasickej vyrokovej logike. Taitova stratégia znizuje tzv. cut-rank odvo-
denia. Kedze vyrokova logika nepouziva odvodzovacie pravidla s vlastnymi
premennymi, s tzv. eigenvariables, podarilo sa nam nadefinovat eliminaciu
rezu tak, ze obe stratégie davaju v klasickej vyrokovej logike identické bezre-
zové odvodenia.

KTucové slova: elimindcia rezu, bezespornost Peanovej aritmetiky, Ger-
hard Gentzen, Veblenova hierarchia, nekoneéné kalkuly

Abstract The thesis consists of two parts. The first one deals with Gentzen’s
consistency proof of 1935, especially with the impact of his cut elimination
strategy on the complexity of the proof. Our analysis of Gentzen’s cut elimi-
nation strategy, which eliminates uppermost cuts regardless of their comple-
xity, yields that, in his proof, Gentzen implicitly applies transfinite induction
up to ¢,(0) where ®, is the w-th Veblen function. This is an upper bound
and ®,,(0) represents an upper bound on heights of cut-free infinitary deriva-
tions which Gentzen constructs for sequents derivable in Peano arithmetic
(PA). We currently do not know whether this is a lower bound too. The first
part also contains a formalization of Gentzen’s proof of 1935. Based on the
formalization, we see that the transfinite induction mentioned above is the
only principle used in the proof that exceeds PA.

The second part compares the performance of Gentzen’s and Tait’s cut
elimination strategy in classical propositional logic. Tait’s strategy reduces
the cut-rank of the derivation. Since the propositional logic does not use in-
ference rules with eigenvariables, we managed to organize the cut elimination
in the way that both strategies yield identical cut-free derivations in classical
propositional logic.

Keywords: cut elimination, consistency of Peano arithmetic, Gerhard Gentzen,
Veblen hierarchy, infinitary calculus
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Outline of the thesis

This thesis consists of two parts. Each part is preceded by an abstract that
summarizes the topic and the results of the part. Since both parts can be read
independently, each of them contains its own comprehensive introduction and
a common introduction is redundant.

The first part is called ”What is the height of Gentzen’s reduction trees?”.
It deals with Gentzen’s consistency proof of 1935 [4] and, especially, with his
cut elimination strategy that chooses uppermost cuts for elimination. The
aim of Gentzen’s proof is to show that reduction trees, cut-free infinitary
derivations, can be constructed for all sequents that are derivable in Peano
arithmetic (PA). Since a contradictory sequent — 0 = 1 has no reduction
tree by definition, Gentzen concludes that PA is consistent.

This part is divided into five sections. The first section, called ” Introducti-
on”, mentions the history of the proof and explains doubts that led Gentzen
to withdraw the proof from publishing in the 1930s. Furthermore, it describes
the method of the original Gentzen’s proof.

The second section, called ” Preliminaries”, contains basic definitions, and
in particular, it introduces Veblen hierarchy that is used to measure heights
of cut-free derivations. It also presents Gentzen’s cut elimination strategy in
detail. The strategy is later applied to construct reduction trees.

The third section is called ”Cut elimination” and it analyzes Gentzen’s
cut elimination strategy. In particular, we added upper bounds on heights
of cut-free derivations to his cut elimination theorem denoted by Hilfssatz.

From the fourth section on, we start to use a sequent calculus for PA
besides the infinitary one. We state Gentzen’s algorithm that constructs
reduction trees for initial sequents of PA. These reduction trees always have
a finite height. Second, we present Gentzen’s way to construct reduction
trees for sequents that are derivable in PA and, with the help of results of
the third section, we show that the upper bound on heights of these reduction
trees is @, (0).

The last section of the first part contains the formalization of Gentzen’s



proof of 1935. We show that it can be formalized in IIl3 plus transfinite
induction on the height of reduction trees for sequents that are derivable
in PA. The transfinite induction uses at most Az induction formulas.

The second part is called ”Comparison between Tait’s and Gentzen’s
cut elimination strategy in classical propositional logic”. Gentzen’s strategy
always chooses a cut for elimination whose premises have cut-free derivations.
Tait’s strategy reduces the cut-rank by choosing one of the most complex
cuts. We know that if Gentzen had applied Tait’s strategy in his proof of
1935 [4], the height of reduction trees for sequents derivable in PA would
be bounded by &y. This fact and the analysis in the previous part raise
the question whether both strategies yield different cut-free derivations. We
show that this is not the case in classical propositional logic where we are
able to organize the cut elimination in such a way that we obtain the same
cut-free derivations regardless of the strategy. It must be mentioned that
methods which we have used for propositional logic do not apply to both the
predicate logic and the infinitary calculus, hence, the question is still open
for these systems.

The second part is divided into four sections. The first section is called
”Introduction” and it clarifies what we mean by a comparison of cut elimina-
tion strategies. We discuss aspects that affect the cut elimination and how
we want to handle them.

The second section has the usual title ” Preliminaries”. It contains techni-
cal definitions that allow us to speak about particular formulas, sequents etc.

The third section is called ” Elimination of a single cut”. It introduces an
algorithm for elimination of a single cut that is inspired by the algorithm of
Buss ([3], pp. 37-40) that makes global changes to the derivation. Further-
more, we discuss some properties of this cut elimination, especially, which
parts of the derivation are made redundant during the elimination and why
the algorithm does not work in predicate logic.

The last section of the second part defines a cut elimination strategy,
called general cut elimination, that includes both strategies under consider-
ation, the one of Gentzen and the one of Tait. This strategy has the strong
normalization property and we also prove that it has the weak Church-Rosser
property. It follows that normals forms, cut-free derivations in classical
propositional logic, are given unambiguously.



Part 1

What is the height of Gentzen’s
reduction trees?

Abstract In his consistency proof of 1935, Gentzen constructs reduction
procedures for sequents that are derivable in Peano arithmetic, whereas con-
tradictory sequents have no reduction procedures. Reduction procedures
generate reduction trees which we interpret as cut-free infinitary derivations.
A cut elimination theorem is used to build reduction trees; Gentzen calls
it Hilfssatz in this particular proof. Hilfssatz is interesting because of two
reasons: (1) The cut elimination strategy applied there eliminates always an
uppermost cut, regardless of its complexity. (2) The proof of Hilfssatz makes
use of transfinite induction on the height of reduction trees that have been
constructed so far. In this part, we analyse Gentzen’s proof and particularly
the cut elimination strategy of Hilfssatz to quantify the transfinite induction
implicitly applied in the consistency proof. We determine an upper bound
for the heights of reduction trees that belong to sequents which are derivable
in Peano arithmetic. Namely, the heights of these reduction trees are less
than ®,(0) where ®,, is the w-th Veblen function. The question stays open
what the lower bound is, but this seems to be quite difficult. If Gentzen
had applied Tait’s cut elimination strategy, which reduces the cut-rank, the
heights of reduction trees for sequents derivable in PA would be bounded
by &q.

The second half deals with the question whether the transfinite induction
mentioned above is the only tool in the consistency proof that exceeds PA. We
shall show that this is the case by formalizing the proof in III3 plus transfinite
induction on the height of reduction trees for sequents derivable in PA. The
transfinite induction uses at most Az induction formulas. One can view it as
an improvement of Gentzen’s original formulation where he implicitly uses
induction formulas that contain the notion of well-foundedness, which is a
second order property.



1.1 Introduction

In 1935, Gentzen planned to publish the consistency proof for PA for the first
time, but he withdrew it later because of the criticism of his contemporaries.
Gentzen, who was in Gottingen at that time, had a vigorous correspondence
about the proof with Bernays, who was in Princeton. As Bernays later
wrote in the introduction to the original Gentzen’s paper [4] published not
until 1974, the main objection was that Gentzen had used the Fan Theorem
implicitly to show the termination of a certain reduction procedure. At the
same time, Bernays admitted in the introduction that the objections were
false. It is almost certain that Weyl, Gédel and von Neumann read Gentzen’s
manuscript, too. Whereas we know that Bernays and Weyl criticized the idea
of the proof, it is not sure what the opinion of Gédel and von Neumann was.
However, it is sure that the opinions among mathematicians were different.
For example, in a letter to Kneser dated October 27, 1935 ([8], p. 54), Gentzen
mentioned that Van der Waerden had praised his proof.

Gentzen discussed the technical aspects of his proof mainly with Bernays.
In a letter dated November 4, 1935 ([8], p. 52), Gentzen was explaining to
him why the worries about his proof are groundless. Nevertheless, Bernays
obviously had more powerful arguments because Gentzen gave up in Decem-
ber 1935. He decided to remake the proof completely. This resulted in [5], the
first published consistency proof. More on history of Gentzen’s consistency
proofs and his life, but no mathematics, can be found in [8].

From the classical point of view, the Fan Theorem is the contrapositive of
Konig’s lemma for binary trees and, in 1987, Kreisel noted that this principle
is not sufficient for proving the consistency of PA [14]. Indeed, the principle
used in the proof is bar induction [9]. Bar induction operates on (infinitely
branching) trees. It uses two predicates, let us call them B and S. The
predicate B must be decidable and it stands for "bar” because one of the
three assumptions of bar induction is that (1) every branch has a vertex
which can be reached from the root within a finite number of steps and
which fulfills B. This assumption ensures that we have a well-founded tree
whose leaves have the property B. Vertices which follow the nodes with
property B in the original tree can be forgotten. Further assumptions are
that (2) if a vertex fulfills B, then it must fulfill S and (3) if all children of
a vertex v fulfill S, then S is inherited by v, too. As a result, we obtain
that the root satisfies S. Such an induction can be replaced by transfinite
induction on the height of well-founded trees. When we consider countably
branching well-founded trees, as we will do below, this leads, in general, to
transfinite induction up to any countable ordinal number.



Gentzen does not explicitly speak about countably branching well-founded
trees in [4]. He uses certain reduction rules that generate such a tree, reduc-
tion tree, for every sequent that is valid in the standard model of PA. The
intuition behind this is, as Gentzen writes ([4], p. 100), that reduction rules
are a syntactic representation of the semantic correctness. If we can con-
struct a reduction tree for every sequent that is derivable in PA, we obtain
the consistency of PA because it is easy to see that the contradictory se-
quent — 0 = 1 has no reduction tree. The question is, of course, what
kind of mathematical principles we apply during the construction. If we, for
example, use the predicate of truth, then we are able to construct a reduction
tree with a finite height for every sequent that is derivable in PA. But this
is not exactly what we want.

A reduction procedure for a sequent is a nondeterministic procedure that
uses reduction rules to decompose this sequent into, let us say, simpler se-
quents. One path of this procedure represents one branch of the reduction
tree and it must end in a finite number of steps with a sequent that is ob-
viously valid. Hence, reduction rules generate a reduction tree for a sequent
from the root to the leaves. However, it is more convenient to consider the
reduction rules "upside down”, i.e., as a set of derivation rules that proceed
from the leaves (axioms) to the root. The sequent to reduce represents the
conclusion of such a derivation rule and when we apply a single reduction
rule to this sequent, we obtain sequents that represent premises. It is possible
to get countably many of them. Under these circumstances, reduction trees
can be understood as deduction trees and the inductive definition of these
deduction trees is in accordance with the transfinite induction on the height
of trees that Gentzen implicitly uses in his proof of 1935 [17].

In the analysis below, we shall consider two calculi: (1) The calculus of
first order number theory with the w-rule that is obtained by considering
Gentzen’s reduction rules as derivation rules. Derivations in this calculus
will be called deduction trees. (2) A first order calculus for PA that derives
sequents for which we need to construct deduction trees. One can easily see
that the contradictory sequent — 0 = 1 cannot have a deduction tree and
since all sequents derivable in PA have one, this gives us the consistency

of PA.

1.1.1 Gentzen’s proof

Now, we explain Gentzen’s method of the proof in [4]. First, he defines
reduction rules that generate reduction trees for sequents that are valid in



the standard model of PA. The leaves of reduction trees are sequents in
endform. The crucial property of sequents in endform is that their validity is
easy to see. As we intend to use deduction trees instead of reduction trees,
sequents in endform will be our initial sequents (axioms).

Second, Gentzen takes a sequent calculus for PA and shows that every
sequent derivable in PA has a reduction tree. He does not actually use
the notion reduction tree. He tries to avoid using trees, which are well-
founded yet infinite, by using reduction procedures, where one path of the
procedure conducts only a finite number of steps. Nevertheless, his treatment
of reduction procedures would be more appropriate for trees and thus the use
of reduction procedures seems to be artificial. Hence, we shall speak about
reduction trees in connection with Gentzen too, even if it is not completely
exact.

So, we can say that he constructs reduction trees for sequents deriv-
able in PA and he does it by induction on the complexity of the derivation
in PA. In the base step, he shows how to construct reduction trees for ini-
tial sequents. The height of these reduction trees is always finite. Then, he
assumes that there already exist reduction trees for premises and he shows
how to obtain a reduction tree for the conclusion. To find reduction trees
for the conclusions of the rules of negation and the induction rule, he uses
Hilfssatz. Hilfssatz is a statement essential for the proof. It shows that cut
is an admissible rule in the calculus of first order number theory with the
w-rule, i.e., the calculus that we obtain by turning the reduction rules upside
down. Gentzen’s formulation of Hilfssatz is that one has a reduction tree for
['YA — C when I' - D and D, A — C have reduction trees ([4], p. 108).
The proof of Hilfssatz proceeds by induction on the number of logical ope-
rations in the cut formula. When we want to prove the statement for cut
formula D with n logical operations, we must know that it holds for simpler
cut formulas and, furthermore, we must use induction on the height of the
reduction tree for the second cut premise. This is the transfinite induction
or, if you like, the bar induction discussed above.

Although Gentzen’s Hilfssatz proves that the cut elimination works in the
calculus of first order number theory with the w-rule, the proof mentions no
bounds on heights of reduction trees. Exactly these bounds are necessary
to quantify the transfinite induction used in the consistency proof. The
transfinite induction is hidden in Gentzen’s proof; it is believed that his
motive for this was that he wanted to reason ”finitistically”. But in fact,
the transfinite induction is a part of the proof and it plays a significant role
because it is the only principle of the proof that cannot be formalized in PA



unless it would be a transfinite induction up to some ordinal a < gy (see
Section 1.5).

We know today that a successive decrease of the cut-rank during the
cut elimination leads to a superexponential increase of the height of the
derivation. If Gentzen had applied such a cut elimination strategy in his
Hilfssatz, he would have obtained reduction trees for sequents derivable in PA
with heights bounded by & [10, 12]. But the point is that his cut elimination
strategy is different. He always eliminates an uppermost cut regardless of its
complexity. When one tries to do a natural analysis of such a cut elimination
strategy, one has to employ Veblen hierarchy and obtains reduction trees for
sequents derivable in PA whose heights are less than ®,,(0), where ®,, is the
w-th Veblen function. This is much greater than gy, the optimal ordinal for
PA, and it is not clear whether Gentzen’s elimination strategy is really so
inefficient or the analysis can be done better.

In the following text, we prove that ®,(0) is an upper bound on the
heights of reduction trees for sequents derivable in PA that are constructed
with Hilfssatz. We would need to prove the lower bound on the heights of
reduction trees to obtain an accurate answer to the question stated in the
title of this part. Unfortunately, this seems to be difficult. A possible way
to study this is to first analyse Gentzen’s cut elimination strategy in finite
calculi that do not contain arithmetic, especially classical first order logic.

Let us stress that our aim is not to do some kind of ordinal analysis
for PA, but rather investigate the tools that Gentzen’s consistency proof
of 1935 applies, even if they are implicit in the proof or can be inefficient
from the point of view of the current knowledge.

1.2 Preliminaries

In this section, we introduce necessary definitions and describe Gentzen’s cut
elimination strategy in more detail.

We shall use the language £ = {+,-,S,=,0} of PA, where + and - are
binary functional symbols, S is a unary functional symbol, = is a binary
relational symbol and 0 is a constant symbol. The symbols have their usual
meaning. For now, we will not use free variables. The treatment of them is
covered in Section 1.4.

Definition 1. A sequent is an expression of the form I' — B where T' =
{Ay,..., A} are antecedent formulas and B is a succedent formula. There
must always be exactly one succedent formula in every sequent. We view
antecedent formulas as a multiset and it can be empty.

7



Definition 2. A sequent is said to be in endform when the following condi-
tions are met: (1) It does not contain any free variables. (2a) Its succedent
formula is a true equation, or (2b) its succedent formula is a false equation
and there is at least one false equation among the antecedent formulas.

Since we do not use free variables, the first condition is satisfied auto-
matically. Sequents in endform will be treated as axioms because they are
obviously valid. For the purpose of seeing the validity of a sequent, it would
be enough to say that its succedent is a true equation or there is a false
equation among the antecedent formulas. Nevertheless, Gentzen’s definition
of endform is as above. It probably resulted from his definition of reduction
rules that start by reducing the succedent formula and go on to look for
a false equation among the antecedent formulas only if the reduction rules
applied to the succedent have turned it into a false equation.

Definition 3. A deduction tree is a well-founded tree that consists of se-
quents. FEach sequent is in endform or is derived from previous ones using
one of the following derivation rules:

r'—F(0) r—F(1) I'—=F2) .. T'—A I'—B I,A—0=1

- =2 gr T
T—VaF(z) VR T SALB oA R
I,F(7)—0=1 I VaF(z),F(7)—0=1
—VLl VLZ
I'\VaF(x)—0=1 I\VaF(x)—0=1
A —0=1 T, A1&Ag, A;—0=1
Z—&Ll ! 2770 & Lo
F,Al&A2—>0:1 F7A1&A2—>0:1
I'—A Ir'-A—A
— 2L L et Bt
T-A—0=1 * T -As0=1 2
Equation 0 = 1 stands for an arbitrary false equation. Similarly, we

denote a true equation by 0 = 0. The root of a deduction tree is called
endsequent and the leaves are called initial sequents. We havet =1 ori = 2
in the rules of &L and & Ls.

Deduction trees are derivations in a formalization of first order number
theory in the sequent calculus with the w-rule. The derivation rules of this
calculus turned upside down are Gentzen’s reduction rules. For example,
a sequent of the form I' — A&B must be reduced to I' - A or I' — B,
but, viewed as a game, this choice is made by our opponent, so, we must be
able to reduce both to endform if necessary. On the other hand, we need
to find one right possibility that we are able to reduce to endform when
applying reduction rules to the antecedent formulas. So, for example, we



can reduce a sequent of the form I'; A;&As — 0 =1to A, — 0 = 1,
but if we are not sure that A; is really the right choice, we can reduce it to
I Aj&As, Ay — 0 = 1. This allows us to change our mind and choose A,
later. Formally, the L-rules have two variants so that there is no need to
introduce the rule of contraction. See [9] for more on the reduction rules.
We do not use the explicit rule of cut.

Definition 4. We define the height of a tree as follows: FEvery leaf has
height 0. If the children of a node have heights ag, v, . .., then the node has
height o = sup{ao+ 1, ag + 1,...}. The height of a tree is the ordinal of its
T00t.

We write as F* I' — B to mean that we have a deduction tree with
endsequent I' — B whose height is at most «.

Definition 5. We denote by |C| the number of logical operations in for-
mula C'.

Lemma 1. If we have a deduction tree T with the endsequent A — C
whose height is «, then we also have a deduction tree S with the endsequent
A, A — C whose height is a too.

Proof. The deduction tree S for A;A — C is essentially the same as the
deduction tree T for A — C. We simply add A to the antecedent of every
sequent in 7. O

Lemma 2. If we have a deduction tree T with the endsequent A, A,T" — C'
whose height is a, then we also have a deduction tree S with the endsequent
A, T"— C whose height is a too.

Proof. The deduction tree S with the endsequent A,I' — C conducts the
same derivation rules as 1" with one exception. The first rule of L; in every
branch of T that operates on an antecedent formula A and that we meet
when we proceed from the endsequent A, A,I' — C towards the leaves is
replaced by the rule of Ly that operates on A too, so that the particular
occurrence of A stays preserved in S. O]

Lemma 3. If we have a deduction tree T with the endsequent 0 = 0,A — C
whose height is a, then we also have a deduction tree S with the endsequent
A — C' whose height is a too.

Proof. The deduction tree S is constructed from 7" by deleting the antecedent
formulas 0 = 0 from every sequent. Formula 0 = 0 is redundant in the
antecedent because no rule is able to operate on 0 = 0 and it does not
influence whether a sequent is in endform. O



Definition 6. A structure tree for an atom A is the tree whose only node
is its root called A. Let us denote an arbitrary logical operation by o. The
context makes it clear whether it stands for a binary or a unary operation. As-
sume that we already have structure trees Ty and Ty for formulas A; and As,
respectively. Then, the structure trees for Ay o Ay and oAy are of the form:

e}

d
A an |
n' o T,

respectively.

Definition 7. Assume that D is a formula. We denote by rk(D) the height
of the structure tree for D. Assume that S is a sequent Ay, As, ..., A, = B.
We set

rk(S) =rk(A)) +--- +rk(A,) +rk(B)

Lemma 4. If T is a deduction tree with the endsequent S where S contains
no free variables and no Ly rules are used in T, then T has height at most

rk(S).

Proof. Assume that sequent S is of the form Ay,..., A, — B. We proceed
by induction on rk(S). If rk(S) = 0, then all formulas A;,..., A,, B are
atomic and since T' is a deduction tree for S, sequent S must be in endform.
Hence, the height of 7" is 0 < rk(S).

Assume that 7k(S) > 0. Then, there is at least one formula in S, for
example A;, that is not atomic. Assume that B is of the form 0 = 1 and the
rule of L, has been applied in T to obtain S:

Z,..:,An—>0:1
Al,...,AZ‘,...,An—>0:1

We have rk(A;) < rk(4;), thus,

Ay, LA

Ly

rk(Ay, .. AL A= 0=1+1 <rk(Ar,... A ..., Ay = 0=1) = rk(S)
Since the induction hypothesis gives us that the left hand side of the inequali-

ty is the bound on the height of T, we obtain the required result. Other
derivation rules are treated similarly. ]

10



1.2.1 Gentzen’s elimination strategy in Hilfssatz

In this section, we want to present our interpretation of the proof of Gentzen’s
Hilfssatz. In order to do this, we temporarily add an explicit rule of cut to
the calculus from Definition 3, whereas cut-free derivations in this calculus
are still called deduction trees. To distinguish between cut-free derivations
and derivations with cuts, we will denote the cut-free derivability of sequent

' > Abyko ' = A

Hilfssatz says: If ' — D and D, A — C are sequents without free vari-
ables that have deduction trees T} and T, respectively, then I'; A — C' has
a deduction tree, too. Hence we have a derivation of the form

T T
o T—D o D.A—C
I''"A—C

and we need to eliminate cut J. We apply two induction arguments: (1)
Induction on the number of the logical operations in the cut formula and
(2) induction on the height of the deduction tree for the second cut premise.
Hence, we need two bases of induction: First basis is for the case when the
cut formula is an atom. Second basis is for the case when the height of
the deduction tree for the second cut premise is 0, i.e., when the second cut
premise is in endform. Cuts on atomic sentences can be eliminated without
difficulty (Lemma 16). On the other hand, when the second cut premise is
in endform and the cut formula is not an atom, the conclusion of the cut is
in endform too and no cut is needed anymore (Lemma 17).

Next, we take a cut with an arbitrary cut formula D and distinguish
cases according to the last derivation rule in 75. If this rule operates on the
succedent formula or on an antecedent formula other than the cut formula D,
we easily move the cut up along T, the deduction tree for the second cut

premise:
: Fo D,A—A Fo D.A-B wr ~ o D Fo D.A—A Fo =D o D.A—B
ko T=D Fo D.A—ALB T.ASA cut TASE o cut
[ A—A&B v [,A>A&B

This can lead to several new cuts of the same complexity as the old one.
But since the heights of the deduction trees for the second cut premises got
smaller, we remove these cuts completely by applying the induction hypo-
thesis.
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The situation is different when the last derivation rule in T, works on
the cut formula D. The cases for cut formulas D with a conjunction or
a universal quantifier as an outermost logical operation are essentially the
same, hence, let us take D of the form A&B and —A. When the rule in
question is the rule of L;, we obtain one new cut with simpler cut formula:

For=a Fo 5B Fo 4,a50=1

&R &L ™ by TroA Fo A,A50=1
Fog r—A&B Fo A&B,A—0=1 cut
9 I''A—0=1
' A—0=1
Fo A,F—:>0:1 Fo A A : :
-R = " ER -Li ™ by AsA Fo Ar—o0=1
0 I'—- 0 "A4,A—0=1 " T.AS0=1 cut
I''A—0=1

The definition of derivation rules ensures that the last rule in 7} must
be the rule of &R or =R, respectively. One of the premises of this R-rule
becomes one of the premises of the new cut. As expected, we now apply the
induction hypothesis for simpler cut formulas. This removes the cut on A.

Finally, assume that the last derivation rule in 75 is the rule of Ly that
operates on the cut formula A& B or —A, respectively. Now we obtain two
new cuts and both induction hypotheses are needed:

or Forsa  ForoB o ALB,AA—0=1 wr, ~ : Fo r»A&B ko A&B,AA—0=1 t
Fo r—A&B Fo A&B,A—0=1 Fo I>A T, A,A50=1 o
T.AS0=1 v T T,A—0-1 cut
n Fo Ar->0=1 Fo -4,A5A L, o Fo r—-4a Fo -4,A5A ot :
Fo T—-4 Fo —4,A—0=1 [LA—A Fo Ar—0=1
T.AS0=1 v T T,A—0—1 cut

The new cuts on A&B and —A, respectively, are removed because the
deduction tree of the second cut premise has a smaller height. Thus, we
obtain g I'’ A, A — 0 = 1 and ¢ I'; A — A, respectively. Since both
premises of the new cut on A have deduction trees and the cut formula A is
simpler than A& B and —A, we can use the induction hypothesis for simpler
cut formulas. The result is o I', ;A — 0 = 1. Lemma 2 changes it to a
deduction tree for ' A — 0 = 1.

Assume now that we do not apply the induction hypotheses to say that

12



there exist deduction trees for certain sequents, but we rather unfold the
induction and construct the deduction trees explicitly. This means that we
have to move the original cut ¥ up along the deduction tree T,. Every time
when we encounter the rule of L, that operates on the cut formula D, the
algorithm produces two cuts above each other. The cut at the lower position
is simpler than . The cut above this simpler one is of the same complexity
as 9. Since our cut elimination algorithm knows only how to eliminate cuts
whose premises have deduction trees, we go on to eliminate the cut of the
same complexity as ¥). Hence, we continue moving it up along the deduction
tree for the second cut premise, whereas the simpler cut stays in the place
where it was created. It waits there until it is its turn to be eliminated,
i.e., until there are no other cuts above it. Since there can be an arbitrary
finite number of the rules of Ly that work on the cut formula D above each
other in every branch of T, and all these rules are transformed into cuts on
subformulas of D during the elimination of ¥/, we can obtain an arbitrary
finite number of simpler cuts above each other in every branch of 7. All
these cuts have to be eliminated in the same way as ¢, i.e., when any of
these cuts becomes an uppermost cut, we move it up and every rule of L,
that works on the cut formula gives us a new simpler cut.

As we know how to eliminate cuts with atomic cut formulas and cuts
with the sequent in endform as the second cut premise, the process described
above must give us a deduction tree with the endsequent I') A — C' in the
end, possibly with the use of Lemma 2.

1.2.2 Veblen hierarchy

In this section, we introduce Veblen functions that were originally developed
by Oswald Veblen in [18]. Our elaboration is based on ([11], pp. 73-84) that
contains a very good explanation of this topic. We shall work only with
countable ordinals whose union will be denoted by Q. It follows that O itself
is not countable.

Definition 8. We say that A C O is an O-segment if the following holds:
VE<n (neA D €A

Definition 9. We say that f : A — B is an ordering function of a set
B C O if the following holds:

1. Set A is an OQ-segment.

2. Function f is strictly monotone: ¥n, & € A we haven < & D f(n) < f(&).
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3. The image of f is the whole set B.

Note that an ordering function f : A — B is a bijection. It is onto by
property 3 and it is also one-to-one since otherwise we obtain a contradiction
with property 2. It is easy to see that every set B C O has exactly one
ordering function. If B = (), then the empty function @ — & is the ordering
function of B.

Lemma 5. If f : A — B is an ordering function of B, then a < f(«) for
all v € A.

Proof. Assume that there exists o € A such that f(a) < a. All numbers
B < a belong to A because A is an O-segment. Set C' = {a, f(a) < a} is
non-empty by assumption and it has the smallest member oy € A. Assump-
tion f(ap) < ap together with monotonicity give us (1) f(f(ao)) < f(ao).
Since ayp is the smallest in C' and f(ag) < g, value f(ap) is not in C' and
we have (2) f(ap) < f(f(ap)). Transitivity applied to (1) and (2) gives us
f(ap) < f(ap). This is a contradiction. O

Definition 10. We say that B C O ¢s unbounded when for every a € O
there exists B € B such that o < 5.

Definition 11. We say that B C O is closed when for every non-empty
countable set M C B we also have sup M € B.

Definition 12. We say that an ordering function f : A — B is continu-
ous if A is closed and for every non-empty countable set U C A we have

f(sup U) = sup f(U).
Set A has to be closed so that f can make the image of sup U.

Definition 13. We say that an ordering function f : A — B is normal if it
is continuous and A = Q.

Lemma 6. The ordering function f: A — B of a set B C Q is continuous
if and only if B is closed.

Proof. Assume that f is continuous. We want to prove that B is closed.
Hence, let M C B be non-empty and countable. We want to show that
sup M € B. Function f is bijective, so, for set M there exists U C A
non-empty and countable such that f(U) = M. We have

sup M = sup f(U) = f(sup U)

The second equality holds because f is continuous. We see that sup M &
Rng (f) = B.

14



On the other hand, assume that B is closed. We aim to prove that f
is continuous. Assume that U C A is non-empty and countable. There are
two properties that have to be shown: (1) sup U € A and (2) f(sup U) =
sup f(U).

Set U has the image f(U) C B that is non-empty and countable. Since B
is closed, we have sup f(U) € B. Then, there is @ € A such that f(a) =
sup f(U). Tt follows that V¢ € U : f(§) < f(a). Function f is strictly
monotone, hence, V¢ € U : £ < a. Clearly, sup U < a. Since o € A and A
is an O-segment, sup U € A.

Inequality sup U < « gives us f(sup U) < f(a). By definition, f(a) =
sup f(U), thus, (¢) f(sup U) < sup f(U). Further, V¢ € U : £ < sup U
and strict monotonicity yields f(§) < f(sup U). Hence, (ii) sup f(U) <
f(sup U). Observations (i) and (ii) give us f(sup U) = sup f(U). O

Lemma 7. The ordering function f : A — B of a set B C O is normal if
and only if B is closed and unbounded.

Proof. Assume that f is continuous and A = Q. Lemma 6 gives us that B
is closed. We proceed to prove that it is also unbounded. Assume that it is
not the case and we have a € O such that V¢ € B : £ < a. Since f is the
ordering function of B, it follows that A C O and we obtain a contradiction.

Assume now that B is closed and unbounded. According to Lemma 6,
it suffices to show that A = Q. Since B is unbounded, it is not countable
because a countable set cannot be cofinal in Q. As f is a bijection, it follows
that A must be equal to Q. O

Lemma 8. FEvery ordinal number B # 0 can be written in Cantor normal

form
n
6 = Zw&; - my,
i=1

where n,m; # 0; n,m; € N; 01 > 09 > ... > ,.

Proof. We proceed by induction on 3. Assume that all v < 3 have their Can-
tor normal forms. We want to find one for 5. Since the function F'(«) = w®
is strictly monotone, set {a, f < w®} is non-empty and it has the smallest
member. Let us denote it by . Ordinal ay cannot be limit. If it was limit,
then the definition of exponentiation gives us w® = sup {w”, n < ap} and
there would exist 7 < ag such that § < w" < w®. This contradicts the choice
of ay. Hence, «y is a successor ordinal. There exists 3, such that ag = Fy+1
and w? < B. If B = w®, we have the required form. Thus, assume w® < §.
We are able to divide ordinals

Ay B=w® pt+v & v<wh)
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where v is the remainder and g must be a natural number. If it was not,
then > w? . w+ v = WPt + v = wW* + v and this contradicts the choice
of ag. Hence,

B=w? m+v

where m € N. Since v < (3, the induction hypothesis gives us Cantor normal
form for v. The construction reveals that the greatest exponent in Cantor
normal form for v is smaller than f. O

Cantor normal form for any ordinal g # 0 is given unambiguously, but it
can also be expressed as
Pyt
i=1

where n # 0; n € N; 0; > 95 > ... > 0,. This is obviously equivalent to
the form above. Nevertheless, the current form has an advantage over that
one from Lemma 8 when we compare ordinals in Cantor normal form: « is
greater than § when the first exponent from the left in which o and § differ
is greater in a.

Definition 14. We say that ordinal o is an additive principal number if
aZ0andVE<a: (E+a=a).

The smallest additive principal number is 1 immediately followed by w.
Lemma 9. If a is an additive principal number, then
VEx<a: (E+x<a)

Proof. Our assumption y < « yields £ + x < £ + . Further, the assumption
that « is an additive principal number gives us £ + x < £ + a = a. O]

Lemma 10. The set of additive principal numbers is closed and unbounded.

Proof. First, we prove the unboundedness and then the closure.

(1) Assume that a € @. We want to find an additive principal number
greater than . Let us define the following sequence of ordinals:

Bo = a+l

Bn-‘rl = Bn + Bn
M = {B.; neN}
B = sup M

We show that 5 # 0 is an additive principal number greater than a. Choose
an arbitrary £ < . Then, there exists n € N such that & < (,,. It follows for
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allm >n: (E+ B < B + Bm = Bms1 < B). Hence sup (£ + M) < 5. This
observation and the properties of addition give us: f < 45 =sup ({+M) <
£. We obtain that £ + 8 = for all £ < £3.

(2) Let U be a non-empty and countable set of additive principal numbers.
We want to show that sup U is an additive principal number. By now, we
know that 0 # sup U. Choose an arbitrary £ < sup U. Then, there exists
a € U such that £ < a. If we take § € U with 8 > «, we obtain £ + 3 = f3
because S is an additive principal number by assumption. Hence, we have
E+supU =sup{{+ ;6 € U} = sup U. Clearly, sup U is an additive
principal number. [

Lemmas 7 and 10 give us that the ordering function of the set of all
additive principal numbers is normal. We shall investigate now what these
numbers look like.

Lemma 11. For all § < a we have w’ + w® = w®.

Proof. We proceed by induction on «.. Assume that o = v+ 1 is a successor
ordinal and § < . Then

A+ <+ =0+ w=w (14w =ww=wt!

Since we know that w’*! < w? 4+ W', we obtain the required equality.

Assume that o = ) is a limit ordinal and w’ < w* = sup {wf, & < A}
Hence, there exists & < A such that w® < w®. The induction hypothesis
gives us then for all Y < X such that y > &: (w? + wX = wX). We can now
calculate:

W Wt = wsup{wt, € < A} = sup{w’+uwt € < A} =sup{ut E < A} =wt O
Lemma 12. Ordinal 5 is an additive principal number if and only if there
erists o such that § = w®.

Proof. Assume that § has more than one summand in its Cantor normal
form, i.e., B = W' + -+ + w’ where §; > --- > 6, and n € N. Now, it is
easy to find ordinal £ < [ which witnesses that 3 is not an additive principal
number. We can take for example £ = w’'.

Assume that § = w® and £ < . Ordinal ¢ has its Cantor normal form
E=wXr 4 WXk x> -0 > xg. Since £ < (B, we have x; < a and, thus,
X1, - -, Xk < a. Now, we are ready to calculate:

€+/B:wX1+-..+ka+wa:wa:/B

We used associativity of addition and Lemma 11. O
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Definition 15. We define a set Cr(a) C O and a function ®, for each
a € O inductively as follows:

1. Cr(0) is the set of all additive principal numbers.
2. Function ®, : A, — Cr(«a) is the ordering function of Cr(a).

3. If a # 0, then it holds that n € Cr(a) if and only if V€ < « :
(n € Ae & De(n) = ).

We call the members of Cr(«a) the a-critical ordinals and the ordering func-
tions @, of sets Cr(«a) are called Veblen functions.

The third item says that Cr(«) is the set of all common fixed points of
all functions ®, where £ < a.. The following properties of a-critical ordinals
and Veblen functions can be easily seen:

ea<f D Cr(fB) CCr(xw)
e Every ordinal ®,(5) is an additive principal number.
o Op(a) =w”

Lemma 13. The set Cr(a) is closed and unbounded.

Proof. We proceed by transfinite induction on a. Set Cr (0) of all additive
principal numbers is closed and unbounded according to Lemma 10. Assume
that £ < a. Set Cr(§) is closed and unbounded by the induction hypothe-
sis. Hence, the ordering function ®¢ : Ac — Cr () is normal according to
Lemma 7 and particularly A, = O. First, we show that Cr («) is unbounded
and then that it is also closed.

Assume that § € @. We need to find an element in Cr («) that is greater
than 3. Let us define:

Y% = B+1

1 = sup{Pe(mn); £ < a}
U = {y; neN}
v = sup U

We want to argue that v > 3 is an a-critical ordinal. This means that for
all £ < a, we need ®¢(y) = . Choose an arbitrary £ < a. We have:

(I)f(’)/n) S Tn+1 S 7
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Therefore, v > sup {®¢(v,); 7 € U}. Since P is continuous by the induc-
tion hypothesis, it holds:

v > sup {Pe(1n); 1 € U} = Pe(7)

The second inequality v < ®¢(7) follows from Lemma 5.

Assume now that M C Cr(«) is non-empty and countable. We want to
show that sup M € Cr («). For this, sup M must be a fixed point of all @,
§ < a. Choose an arbitrary £ < a. The domain A¢ of ®; is equal to @, hence
we can calculate:

Pe(sup M) = sup{Pe(p); p € M} =sup{p; p€ M} =sup M

We obtain this because @ is continuous by the induction hypothesis and M
contains only fixed points of functions ®¢, £ < a. [

Lemmas 7 and 13 yield that every Veblen function is normal. The last
issue is to investigate how numbers represented by Veblen functions can be
compared.

Lemma 14. We have ®,,(51) = Do, (B2) if and only if one of the following
conditions is met:

o o <ayand B = q’az(ﬁ2)
o oy =y and By = By
o ay <oy and D,,(f1) = s

Proof. By definition, ®,,(f2) is an element of Cr (ay), i.e., it is a fixed point
of all ®¢, & < ay. Since ay, oy are ordinal numbers, exactly one of the
following must occur: a3 < @9, a3 = @9, as < «ap. If o < ag, then
D, (P, (f2)) = Poy(B2) and we have that @, (51) = Pa,(f2) if and only if
1 = o, (PB2). The case for ay < ay is similar and the case for a1 = ay is
obvious. O]
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Lemma 15. We have ®,,(51) < Do, (B2) if and only if one of the following
conditions is met:

o 1 < (g and ﬁl < q)QQ(ﬁQ)
e a1 =y and [y < P
o ay < aq and D, (B1) < Po

Proof. By definition, ®,,(f2) is an element of Cr (a2) and one of these pos-
sibilities must occur: a; < a9, a3 = @9, ay < «i. If a1 < a9, then
D, (P, (f2)) = Do, (B2) and we obtain that @, (51) < Pq,(F2) if and only if
B1 < ®q,(02) since @, is strictly monotone. The case for ay < « is similar
and the case for a; = ay follows again from the monotonicity. O

As an example, we show that w < ®,(0). We use obvious equalities
w=Py(1) and 1 = P((0):

ja=)
N
S
7
5
S
VANVARRVAN
K K
€
e
[l

This holds true because any additive principal number is greater than 0.

Let us summarize the properties of Veblen functions that we have shown
in this section and that we will use below:

<P D Pa(fr) < Palfb)

Pr,P2 < Pa(B) D P+ P2 < Pu(P)

ar <z D Do, (Pay()) = Pay(B)

Vi) o <as & f1 < Ppy(B2) D Doy (51) < Poy(B2)

V7 sup{fba(ﬁl), (Da(ﬁg), (Da(ﬁ3), .. } = (Pa(sup{ﬁl, 52, 53, .. })
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1.3 Cut elimination

Lemma 16. Assume that sequents I' — D and D, A — C have deduction
trees Ty and T, with heights oy and aw, respectively. Further assume that D
is an atomic sentence. Then, sequent I'y A — C has a deduction tree whose
hewght is at most oy + .

Proof. 1f D is a true atomic sentence, then I' — D is in endform and «; = 0.
Deduction tree 75 and Lemma 3 give us a deduction tree with the endsequent
A — C whose height is ap. When we apply Lemma 1, we obtain a deduction
tree with the endsequent I'; A — C whose height is as = a1 + as.

If D is a false atomic sentence, we decompose the succedent formula C'
from I'yA — C the same way as deduction tree T does. This turns the
succedent formula either into a true atomic sentence or into a false atomic
sentence:

‘T
2 FYr A E—0=1
FO r A —0=0 FYr A 0=1 Froa—-E

-R

|_a1+a2' rALC — R-rules

Lemma 1 allows us to attach 77 to the nodes where C' has turned into a false
atomic sentence. Hence, the deduction tree for I'y A — C' can be viewed as T,
whose leaves are assigned «; instead of 0. It is easy to prove by induction
on «y that the deduction tree for I'y A — C has height at most a; + ay. [

Lemma 17. Assume that sequent D, A — C' is in endform and D is not
atomic. Then, sequent I') A — C' is in endform too.

Proof. If D, A — C'is in endform and D is not atomic, then C' is either of
the form 0 = 0 or C' is of the form 0 = 1 and there must be a false atomic
sentence in A. Hence, sequent I', A — C' is obviously in endform. n

It is easy to see that if we take monotone cut formula D, i.e., the one
that contains only conjunctions and universal quantifiers but no negations,
then Gentzen’s elimination procedure gives us a deduction tree for I'y A — C'
whose height is at most a; +as. However, things are more complicated when
we include negation.

Theorem 1. Assume that sequents I' — D and D, A — C have deduction
trees Ty and Ty with heights oy and s, respectively, and |D| = n. Then,
sequent I'; A — C' has a deduction tree whose height is at most ®,,_1 (a1 +az),
where ®_; = Id.
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Proof. We apply induction on the number of the logical operations in cut
formula D and induction on the height of the deduction tree T5. The base
steps are accomplished in Lemmas 16 and 17.

Assume that n > 0. Now, we examine the last derivation rule in 75, i.e.,
the rule that was used to obtain the sequent D, A — C'. If this rule operates
on any formula except cut formula D, for example:

N /7
s
F7<®2p AgB,A,A - 0=1
&Lo

Fo2 p A&B,A = 0=1

where A = (A&B,A") and C = (0 = 1), then, by the induction hypothesis,
we obtain F®»-1(1+9) ' A&B, A, A" — 0 = 1. When we apply the last rule
from T5 to this sequent, the rule of &L, in this case, we have

Fen1(@t )+ P AGB A = 0=1
Properties (V1) and (V2) of Veblen hierarchy give us
O, (a1 +7)+1 <D, (o) + ay)

The other cases are similar. When C' is of the form VzF(x) and the last
derivation rule in 75 is the rule of VR, use (V7).

Assume now that the last derivation rule in 75 operates on formula D.
This rule is either the rule of L; or Ly. If it is L, we have:

/ N /

T, LT
F71<92 4 Ay0=1 Fo2<e2p s 4
o &Ly _— s
F92 A& B,A—0=1 FY24 A—0=1

where the formula D is of the form A&B or —A, respectively. The case
when D is of the form VzF(z) is treated the same way. Since Definition 3
gives us that deduction trees T} are of the form

Foi<eipr .4 rop 72591 4 pso=1
&R -R
FY TS A8B Fr—-a

respectively, the induction hypothesis for simpler cut formulas gives us

P20 ) A 5 0 = 1

22



for both ¢ = 1 or ¢ = 2. Property (V8) yields that ;,7; < ®,_1(aq + az).
Further, property (V2) gives us 6; + v < ®,_1(a; + ag). When we now
apply (V4), we have our desired result:

D, o(0; +7i) < Pro1(on + a2)

If the last derivation rule in 75 is the rule of L, and it operates on cut
formula D, we have the following:

. Tl . Tl
. 2 . 2
FY<92 Ag B, A,A—0=1 Fr<e2_ 4 Asa
o & Lo —Lo
F%2 A& B,A—0=1

FY2-4,A—0=1

Since I' - A&B and A&B, A, A — 0 = 1 have deduction trees 77 and TQI,
respectively, and the height of T}, is less than as, we can use the induction
hypothesis and we obtain

Rt A A 5 0=1

Similarly for —Ls:
Fon-tl@at) A 5 A

Now, we have to remove the formula A. For D = A& B, we have F®n-1(21+7)
[AJA — 0=1and F<* [' = A as a subtree of T7. Hence, we apply the
induction hypothesis for simpler cut formulas and we obtain

FOn—2let®nt(@+N) P DA 5 0= 1

For D = —A, we have F®»-1(@+) T A - A and F¢<* AT - 0=1asa
subtree of T7. Thus, the induction hypothesis gives us

F®n—2(Pn—1(a1+7)+o) 'T,A—0=1

The last step is to show that both numbers ®, (0 + ®,,_1(a; + 7)) and
D, _o(P,—1(a1 +7) + 0) can be bounded by ®,,_1(ca; + as). When we apply
(V8), we obtain 9 < ®,,_1(a1 + ay). Property (V1) gives us ®,,_1(a1 +7) <
®,,_1(ay + ay). These two observations and property (V2) give us

0+ P 1(a1+7v) < Dpq(ag + a)
O, 1(an+7)+o < Ppi1(a;+ az)

Next, we use (V1) again and we have

Q(CI)n_l(Oél + Oég))

(
q)n 2(Q+q)n—1(al +V)) < q)n
o < Dy a(Pyi(ar + a2))

:2(<1>n_1(a1 +7) + o) "

n
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According to (V3), value ®,,_;(a;y + ap) is a fixed point of ®,,_. Hence there
is the value ®,_1(ay + ag) itself on the right hand side of the inequalities.
Finally, we use Lemma 2. This gives us our desired result. O]

1.4 An upper bound on the height of deduc-
tion trees for sequents that are derivable
in PA

We have analysed Gentzen’s reduction rules that are viewed as a calculus
with the w-rule. Now, we move on to PA. Unlike in the previous sections,
here we will use free variables and, therefore, we add two new rules to the
calculus with the w-rule:

(1) T'(z/0)=C(z/0) T(z/1)—=C(z/1) TI(xz/2)—=C(z/2) ...
r—c

var

Variable z is a free variable somewhere in I' or C' and the rule replaces all
occurrences of x in I' — C' by every possible numeral. We do not want to
apply this rule consecutively, so, let us assume that we are able to replace
all free variables x1,...,x, in I' — C by all possible n-tuples of numerals
as a result of a single application. This preserves countable branching. The
second new rule is of the form:

P(t1,te /D101 ) 2Ot otk /T k)
(2) r=C term
Symbols tq,...,t; are terms without free variables so that their values can

be calculated and the rule replaces them by their corresponding values. The
use of this rule will be implicit.

We allow these rules to occur in a deduction tree only immediately before
the endsequent, hence, they do not harm our previous result: We take a
sequent whose deduction tree we want to find, for example D(z,y) — C(x,y)
where x,y are free variables, and we replace all free variables in this sequent
by all possible n-tuples of numerals. Then, we are interested in deduction
trees for all instances of the sequent and when we find them, we say that the
original sequent has a deduction tree too:

FD(0,0)=C(0,0) FBD(1,00=C(1,0) FYD(0,1)=C(0,1) F°D(0,2)—C(0,2) FrD(1,1)=C(1,1) FD(2,0)—C(2,0)...
D(z,y)—C(z.y)

var

The height of the deduction tree for D(z,y) — C(x,y) is
sup{a+ 1,0+ 1L, v+ L,d+1L,u+1,v+1,...}.
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1.4.1 Peano arithmetic

We will now introduce the calculus for PA — natural deduction in sequent
calculus style. Our sequents are defined as above (Definition 1). The calculus
includes two kinds of initial sequents: logical and mathematical. Logical
initial sequents are of the form D — D, where D is an arbitrary formula in £
(Section 1.2). Mathematical initial sequents are of the form — C, where C'is
an equality axiom or a Robinson arithmetic axiom. Just to remind the reader,
we provide the list of these axioms. The scheme of induction is implemented
as a rule.

Equality axioms:

o Vz(zr=ux)

o VaVy(z=yDy==x)

o VaVyVz(z =y & y=2zDax=2)

o Vzi1.Ve,Vy1.Vyn(z1 =y1 & .. & ©n = yn D F(z1,..,2n) = F(y1,.-,Yn))
where F is a n-ary functional symbol in L.

e We do not need the general axiom for n-ary relational symbols because the only relational symbol

that we have is equation.

Robinson arithmetic axioms:
o VaVy(S(z) =S(y) Dx=1y)
o Va—(S(z) = 0)

e Va(-z = 0D Jy(S(y) = z))
e Vz(z+0=12)

o Vavy(z +S(y) = S(z +v))
o Va(z-0=0)

o Vavy(z -S(y) =z -y +x)

The calculus includes tree kinds of inference rules: structural, logical and
an induction rule.

Structural rules:

I'A,A— B I' - B W
rAsB ' T,A-B

Gentzen allows to rename bound variables at any time and counts it as
an additional structural rule. He also uses the rule of exchange, but we do
not need it, since we work with multisets.
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Logical rules:

I' = F(a) I' - VaF(x)
I — VazF(x) T — F(t)
&I F—>A1 E—)AQ F—)Al&AQ &E
Y — A1&As I— A;
7 ATl - B AY — -B = A 5
B s —-A r— A
Induction rule:
' — F(0) F(a),¥ — F(S(a))
Ind
I, — F(t)

The variable a is an eigenvariable and must, therefore, not occur in T,
VeF(z) and I', X, F(0), F(t), respectively. The symbol ¢ stands for a term
in £ that can be substituted for z in F'(z). In the rule of &F we have i = 1 or
1 = 2. We do not need rules for all logical operations as we work in classical
predicate logic. There is no problem to replace the mathematical initial
sequents with formulas that are equivalent to them and that use only V, &, —.

Definition 16. A derivation in PA is a finite tree that consists of sequents.
FEach sequent is either a logical or a mathematical initial sequent or is derived
from previous ones using one of the inference rules that are described in this
section.

1.4.2 Deduction trees for initial sequents of PA

We will show that every initial sequent of PA has a deduction tree. Gentzen
assumes this for the mathematical initial sequents and there is no problem
indeed. Hence, we concentrate on the logical initial sequents. Gentzen’s
argument is as follows.

Consider a sequent D — D in which we have replaced all free variables

by numerals according to var and term. The following scheme explains how
to construct a deduction tree for D — D:
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T IH, [C] < [D|

endform 0=1—-0=1 —CC—>0=1 !
/I\
VLl, &Ll T VLla &Ll
D—-0=1 D, C—-0=1
endform D —0=0 ' D—-C
N 4 VR, &R
D—D

T wvar, term

We start by decomposing the succedent formula D with the help of VR, & R
until it turns into an atomic sentence or a negated sentence. Branches
where D has turned into a true atomic sentence are in endform. If D has
turned into a negated formula, we apply =R to obtain 0 = 1 in the succedent.
Then, we apply VL1, &L, to the antecedent formula D in all branches which
are not in endform yet. We have to follow the choices that were made along
every particular branch while the succedent formula D was reduced. This
ensures that the antecedent formula D acquires the same form as the succe-
dent formula D has acquired after steps VR, & R had been applied. Either we
reach endform, or we obtain a simpler logical initial sequent C' — C' to which
we can apply the induction hypothesis that tells us that C' — C already has a
deduction tree. Note that no Ly rules are used. For more detailed discussion
of deduction trees for initial sequents see ([5], §13) or [7].

We provide now an example of a deduction tree for the initial sequent of
the form

(Ve By (2)& Ey) — —(VaeEy (2)& E»)

where E5 is an atomic sentence and E; is also atomic and does not contain
free variables other than x. The application of the rules marked by (%) is
unnecessary when the succedent formula is a true atomic sentence. The
deduction tree is the following:

E1(0) — E1(0) Ei(1) —» E1(1) B
&Lvi)(*) VzE1(z) — E1(0) VzEi(z) — E1(1) VLQZ(L)(*)
! o VB (@)&E; — Bi(0) VB (2)&E2 — Er(1) ) By — By
R Ve Ei1(z)&E2 — VzFE1(x) Ve Ei(z)&E2 — Es

VCCEl(I)&EQ — V1E1 (I)&EQ
ﬂ(VQ?E1 (I)&EQ), VwEl(:E)&EQ — 0=1
ﬁ(V:EEJ1(I)&E2) — ﬁ(vxEl(x)&Eg)
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After we apply the rule of =R to the initial sequent, we reach the state
denoted by -C,C — 0 = 1 in the general scheme where D = —(C. The
next step is to apply the rule of —=L;. This creates a simpler initial sequent
for which we build a deduction tree according to the same algorithm. So,
we apply &R, which is the only rule that is allowed, and we obtain finite
branching. The right hand branch may be in endform depending on F,. If
it is not in endform, we have to apply the L;-variant of &R and choose F,
because this is the branch where the rule of &R has placed FE, into the
succedent.

The left hand branch has VzF;(x) in the succedent. We apply the rule
of VR and obtain countable branching. Sequents that are not in endform are
transformed further. There were the rules of & R and VR applied to our initial
sequent Ve FEi(x)&Fy — VrEi(r)&Es, hence, &L; and VL; must follow.
Since &R has placed Vo Ey(z) into the succedent, the rule of &L; chooses
the same formula from the conjunction Vz E;(x)&E,. Every branch created
by VR is characterized by the numeral that the rule of VR has substituted
for z in Ey(z). The rule of VYL; chooses now the same numeral in every
particular branch. Thus, all branches are in endform by now.

The most important property of deduction trees for the logical as well
as the mathematical initial sequents follows from Lemma 4: We can always
build deduction trees for them that make no use of Ls-rules and, therefore,
they have a finite height.

Lemma 18. Sequent ——A — A has a deduction tree with a finite height.

Proof. We can assume that A contains no free variables. Furthermore, we
know that sequent A — A has a deduction tree with a finite height at most
n =rk(A — A) that can be schematically represented as follows:

A—0=1 A,C—0=1
A—0=0 A—=-C
~ T A
Flasa

The deduction tree for =—A — A is similar to the one above except for
the length of the branches which may be at most two vertices longer:
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- A,C—0=1
A—0=1 —_—

A C—-A
AsomT A=
——A—0=0 o W
N TS
—A—A

Anyway, no Lo-rules are used and Lemma 4 gives us that the deduction tree
for =——A — A has a finite height bounded by n + 2 = rk(-—=A — A). O

1.4.3 Deduction trees for derivable sequents of PA

We will now construct a deduction tree for an arbitrary sequent that is deriv-
able in PA and estimate the height of such a tree.

Theorem 2. Following Gentzen’s procedure, we can construct for every se-
quent that is derivable in PA a deduction tree whose height is less than ®,,(0).

Proof. Assume that we have a derivation ¥ in PA. We proceed by induction
on the complexity of 9. If ¥ is just one initial sequent, then it has a deduction
tree with a finite height (even if there are free variables in the sequent and
we have to use the rule of var).

Conclusions of the rules of weakening and contraction have deduction
trees with heights bounded by ®,(0) when the premises have one. This is
handled in Lemmas 1 and 2, respectively.

The most important case is when we need to construct a deduction tree for
the conclusion I', ¥ — F(t) of the induction rule. Assume that the premises
I' - F(0) and F(a),¥ — F(S(a)) of the induction rule have deduction trees
with heights «, 8 < ®,,(0), respectively, and a < . Formulas and multisets
with superscripts denote themselves after the replacement of free variables:

' —F ) " —F©)” " S r)"
F* r—F(0)

var

FO) 2 -1 FO S or@ FO)' 2" sr@" rO)" 2" 5F@)”
var

8 Fla),s —F(S(a)
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The first step in finding the deduction tree for I', ¥ — F'(t) must be var
which replaces all free variables by all possible n-tuples of numerals. Term ¢
may contain free variables, too:

Fer's'sro) y-ra) r'y-r@ y-srE)
IY—=F(t)

var

Sequents I, %" — F(7) and I'", %" — F(f)" with different n-tuple of
numerals instead of free variables but with the same value of term ¢ will have
deduction trees whose heights will be bounded by the same number. Now,
we need to find deduction trees for sequents of the form I, %" — F(m)’
where m is a natural number. We apply an easy induction on m to show the

following;:
Fr ) T 5 — F(m)

When this is accomplished, property (V7) gives us the following estimate of
the height of the deduction tree with the endsequent I', ¥ — F(t):

sup{®r0)| (), P1r@) (B + 1), Pir@) (B +2), ...} = ) (8 +w)

If we had 8 < «, then we would obtain ®|p(g)(a+w). Values «, § are strictly
less than ®,,(0) by assumption and w is less than ®,,(0) by (V6). Hence, the
sums « + w and f + w are, according to (V2), also less than ®,,(0). Finally,
(V4) gives us that both values ®|p(o) (o + w) and ®|p(e) (8 + w) are strictly
less than @,,(0).

Let us return to the embedded induction on m. Assume that m = 0. The
deduction tree F* T", %" — F(0) exists according to the induction hypothesis
of the superior induction on the complexity of ©/. Moreover, assumption
a < B and property (V8) claim o < ®(p(o)(3). Assume now that m > 0.
The induction hypothesis gives us the deduction tree

@ Btm=D ' 5 F(m—1)
and since we also have
HE(m—1),% — F(m)
Theorem 1 gives us
F®170)| -1 (P (o) (B+m—1)+5) Fl, 2” o F(m)'

Properties (V1) and (V8) imply that both values 8 and ®|p(o) (8 +m — 1)
are strictly less than @) (8 4+ m). Further, this observation and property
(V2) give us

Qip)(B+m —1) + B8 < Pip@) (B +m)
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An application of (V1) to the inequality above yields

D1 r) -1 () (B +m — 1) + B) < Pip@)-1(Pr©) (B +m))

Since the property (V3) tells us that @z (5+m) is a fixed point of ®|p ()1,
we obtain
Fren ) T 5 8 — F(m)

The deduction tree with the endsequent I', %" — F(m)" and with the same
height is obtained by Lemma 2.

Hilfssatz is also applied to obtain deduction trees for conclusions of the
rules of negation. The deduction tree for the conclusion I' — A of the rule
of = F is built by combining the deduction tree for =—A — A, whose height
is finite according to Lemma 18, with the deduction tree for the premise
[' - —=A of —F that exists by the induction hypothesis and whose height
is v < @,(0).

Finally, it is straightforward to find deduction trees with heights strictly
less than ®,,(0) for the conclusions of the rules of VI, VE, &I, &FE, =1 when
their premises have deduction trees with heights strictly less than ®,,(0). O

1.5 Formalization of Gentzen’s proof

We want to show in this section that Gentzen’s consistency proof of 1935
can be formulated in the way that the only tool that exceeds PA and that is
used in the proof is the transfinite induction on the height of deduction trees
applied to As formulas. Roughly speaking, Gentzen himself applies trans-
finite induction on the height of deduction trees in [4]. Moreover, he uses
the notion of well-foundedness in induction formulas, namely, the notion of
deduction tree appears in his induction formulas and we know that a deduc-
tion tree must be well-founded by definition. This is not very convenient for
a consistency proof of PA since well-foundedness is a second order property.
Here, we will see that we can do without the general well-foundedness of
deduction trees.

1.5.1 Notation system for ordinals represented by Veb-
len functions

We continue to follow Schiitte ([11], pp. 83-92) and introduce a notation
system that represents ordinals less than a particular ordinal denoted by I'y.
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First, we define strongly critical ordinals the least of which is I'g. Second,
we define mazimal a-critical ordinals whose ordering function called ¥, is
needed to establish the notation system. The properties of strongly critical
ordinals and ordering functions W, make clear why our notation system will
work only for ordinals that are strictly less than T'y.

We saw at the end of Section 1.2.2 that there exist ordinals « such that
a < ®,(0). For example, ordinal w is one of them. A natural question is
whether there are ordinals « too such that a > ®,(0) or a = ©,(0).

The assumption a > ®,(0) leads to a contradiction: If there were some
ordinals with this property, then we would take (3, the least of them. Hence,
VE < fB: £ < Pe(0) and further

§ < 0(0) < De(Pp(0)) = Pp(0)

This yields V¢ < f: £ < ®5(0). Since $5(0) < S by assumption, we have
®5(0) < ®3(0). Thus, there are no ordinals o > @,(0).

Lemma 19. We always have o < ®,(0).

Nevertheless, ordinals a such that a = ®,(0) do exist and they will be
called strongly critical.

Definition 17. We say that « is strongly critical if o € Cr(«).
Lemma 20. Ordinal o is strongly critical if and only if a = ,(0).

Proof. 1f a« = ®,(0), then « belongs to Cr («), the range of ®,,. If a € Cr («),
then there is § such that o = ®,(f8). Now, we know that a < ®,(0).

Since ®,, is strictly monotone, ®,(0) is the least element of Cr («) and we
obtain # = 0. O

Strongly critical ordinals exist because one can prove that the set of them
is closed and unbounded ([11], p. 83-84).

Definition 18. The least strongly critical ordinal is T'y.

Definition 19. We say that ordinal v is maximal a-critical when the fol-
lowing conditions are met:

1. v € Cr(a)
2.¥E>a:y & Cr(€)
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A maximal a-critical ordinal y belongs to Cr (), hence, we have ®,(y) = v
for all v < a. Further, there must exist 5 such that ®,(8) = v and since 7
does not belong to the range of any ®, where £ > «, it follows that 3 # .
Moreover, 8 < v because ®,, is strictly monotone. Let us show that for every
additive principal number v there exists « such that ~ is maximal a-critical:

Lemma 21. For every additive principal number vy there exist unique o and
unique [ <y such that v = ®,(3).

Proof. The least additive principal number is 1, hence, v < ®.(0) < ©,(7).
The inequality v < ®.,(7) tells us that there must exist the least o such that
v # $o (7). If a > 0, the choice of «a gives us v = @¢(7) for £ < a and thus,
v € Cr(a). If « =0, v € Cr(a) since 7 is an additive principal number.
Anyway, v € Cr («). Therefore, there is  such that v = ®,(8). We obtain:

TS Pu(7) &y # Pu(y) D ¥ < Pal(y) DO Pu(B) <Puly) D B<y

The uniqueness of o and [ follows from Lemma 14. n

We know that additive principal numbers can be expressed as values of
Veblen functions. Unfortunately, this representation is not unambiguous. On
the other hand, Lemma 21 tells us that for every additive principal number
there is a unique stage where it leaves the hierarchy in the sense that it
will not belong to the range of any further Veblen function. In other words,
the stage o at which an additive principal number v becomes a maximal a-
critical ordinal is given unambiguously. It is convenient to have an ordering
function V¥, of maximal a-critical ordinals:

Definition 20. The ordering function V. of maximal a-critical ordinals is
defined as follows:

1. If there is By and n € N such that ®,(8y) = o and B = Lo+ n, we set
U, (8) :=®,(8+1).

2. Otherwise, we set V() := $,(5).

The intuition behind this definition is that if we encounter a fixed point
of &, function ¥, skips it and continues enumerating values that follow.

Now, let us prove that ¥, is really the ordering function of the maximal
a-critical ordinals. According to Definition 9, the domain of ¥, must be
an (O-segment. The function must be strictly monotone and the range must
cover all maximal a-critical ordinals. There is no problem with the domain
since we see that ¥, is defined for any 5 € Q.
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Lemma 22. We have U, (51) < V,(52) for every 1 < Ps.

Proof. Assume that 5, < 5. We only show that the possibility

fr+1 = B
qja(ﬂl) = (I)a(ﬁl + 1)
qja(ﬁZ) = (I)OZ(B2)

cannot occur. Other possibilities give us trivially the required result be-
cause P, is strictly monotone. When U, (5,) = ®,(8;1 + 1), there must be S
and n € N such that ®,(5y) = By and 51 = By +n. Then By = 1 +1 =
Bo +n + 1 and, hence, we must have U, (82) = (82 + 1). ]

Lemma 23. The value of V,(5) is a maximal a-critical ordinal.

Proof. By definition, it is clear that ¥,(8) € Cr(«). Assume that we have
Wa(8) = Ba(B+1). Then § < Bo(8) < Pa(A+1) and 1 < @o(8) < Ba(B+1).
Since @, (f+1) is an additive principal number, it holds f+1 < ®,(5+1) =
Wa(9).

Assume now that we have U, (5) = ®,(5). In general 5 < ®,(/3), but in
this situation it must be g < ®,(5) because, otherwise, the other case of the
definition of W, (/) would apply.

Hence, we obtained that ¥, (/) is not a fixed point of @, and, therefore,
U, (B) & Cr (&) where £ > a. O

Lemma 24. If v is maximal a-critical, then there exists [ such that v =

Va(B)

Proof. Assume that v € Cr(a) and v ¢ Cr(§) where £ > «, thus, there
exists f; < 7 such that v = ®,(51). Let us investigate the value of U, (5;).
If . (B1) = ®o(1) = 7, then the assertion is proved by taking f§ := ;.
Assume now that U, (81) = ®,(51 + 1). This means that we have S
and n € N such that 8y = ®,(fy) and $; = Sy + n. The assumption
f1 < v = ®,(f1) yields that n # 0 and we can consider n — 1. If we set
B =P+ (n—1), we obtain U, (8) = @,(f + 1) = D,(01) = 7. O

We have shown that W¥,, as introduced in Definition 20, satisfies the
properties of the ordering function for maximal a-critical ordinals. If we
combine the results of Lemmas 21 and 24, we obtain the following important
observation:

Lemma 25. For every additive principal number vy there exists unique o« and
unique B such that v = U, (5).
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Proof. Lemma 21 gives us « such that v is maximal a-critical and this « is
given unambiguously. Further, Lemma 24 gives us § such that v = ¥, (f).
Since ¥, is strictly monotone, 3 is unique too. O

Now, we would appreciate if we can express additive principal numbers ~y
with the help of W,(5) where «, § are strictly less than ~ itself. This will
succeed only for additive principal ordinals that are not strongly critical:

Lemma 26. (1) Assume that v = V. (B). Then, a < v if and only if 7 is
not a strongly critical ordinal.

(2) We have B < V() for all p € O.

Proof. (1) First, assume that v € Cr (). Therefore v = ®,(0). We further
have

o (B) =7 = 2,(0) = ¥,(0)
because there is no fixed point g, of ®, such that 0 = By + n where n € N.
Ordinal v is additive principal, thus, Lemma 25 claims that o and v denote
the same ordinal: a = 7.

Second, assume that v & Cr (). It follows that v < @.(0). Hence, we

have

Do (87) = Wa(B) =7 < 2,(0)
where g* = [ or f* = f+1. According to Lemma 15, there are three options
that imply ®,(5*) < ©,(0), but two of them require §* < 0 or ®,(5*) < 0.
Hence, the only possible option is & < v and * < ©,(0).

(2) Either we have § < S+ 1 < ®&,(8 + 1) = U, (5) or we have g <
®,(B) = W,o(B). The first case is clear. The second case actually rules out
that 8 = ®,(8) since otherwise there would be a fixed point of ®, from
which we can reach § within a finite number of steps. Consequently, the
other branch of the definition of ¥,(/3) would apply. O

Note that functions ¥, do not have any fixed points. This means that
they are either not continuous or they are not strictly monotone. Lemma 22
yields that they are not continuous.

Before we move on to the definition of the notation system, let us explain
how numbers represented by functions ¥, can be compared.

Lemma 27. We have U, (1) < Vo, (52) if and only if one of the following
conditions is met:

o o < oy and ﬁl < \Ijaz(ﬁ2>

o a; =y and 31 < 3y
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e a > ap and V,, (B1) <

Proof. Assume that a; < as and f; < V,,(082). Hence, f; +1 < ¥, (52)
because W,,(f2) is a limit ordinal. Altogether, we have

\I]Oll (61) S (I)Oq (51 + 1) < (I)Oél (\IJOQ (ﬁ2)> = \I]az(ﬁ2)

where the first inequality follows from the definition of ¥, and the last
equality holds since ¥,,(f2) € Cr (a2) and oy < as.

The second possibility is clear, so, we can proceed to the third one. As-
sume that ¥, (8;) < f. Lemma 26 claims f2 < W,,(f2). The required
result is obtained by transitivity.

The other direction is proved by assuming that none of the three possi-
bilities is met. Then, the analysis of all available cases leads to W,,(52) <

\I/Cn(ﬁl)‘ ]

Let us now summarize the main knowledge that the current stage of this
exposition gives us. We know that every ordinal v # 0 has the Cantor normal
form (Lemma 8):

fy:w61+-'-—|—w6" TLEN; 51225n

that is the sum of additive principal numbers w’. For every additive principal
number w’ | there exist unique «; and ; such that ¥, (3;) = w’ (Lemma 25).
If we take v < T'y, which means that 7 is not strongly critical, then all
summands w?, where i < n, are below I'y too and Lemma 26 guarantees
that a;, 3; < w% < 7. Hence, v # 0 has the normal form:

Y= ‘Pcu(ﬂl) + -+ \I]an(ﬁn) n e N7 \Pal(ﬁl) Z e 2 \Ijan(ﬁn)

with parameters a;, 8; < v and these parameters have normal forms with yet
again smaller parameters and so on. As this process must terminate, ordinal
numbers < 'y can be coded by natural numbers. (We assume that we are
able to code and decode finite sequences primitive recursively.) Further, we
see that any v € O can be expressed with the help of 0, + and V.

We will now define ordinal terms that correspond to ordinal numbers
below I'y. They will be composed of "simpler” ordinal terms and since
g = &r,(0) = ¥r,(0), it is clear the we cannot reach I'y in this way. Be-
sides the ordinal terms themselves, we also define their length and <-relation
which allows us to compare them. Further, we will need the addition of or-

dinal terms and we introduce term P« which, as expected, stands for the
ordinal denoted by ®,(53).

36



Definition 21. We define the set OT of ordinal terms as follows:
e The symbol 0 is an ordinal term of length 0.

o If o, are ordinal terms of lengths ||, |B|, then («,3) is an ordinal

term of length
2-maz { |af, |6} +1

o If aq,...,ay, Pi,...,0, where n > 2 are ordinal terms of lengths

|041|7 tr ‘Oén|7 ‘51‘7 M) ‘571‘ respectively and (ahﬁl) > 2 (O‘n7ﬁn)7
then (a1, 1) ... (an, Bn) is an ordinal term of length

2-maz {|aq|, ..., |l 1G], -, |Bal } + 1

The <-relation on OT is defined as follows:
o [fae OT, then a < 0 is never valid.
o [f3 € OT, then 0 < B if and only if  # 0.
o [f(aq, 1) and (ag, B) € OT, then (aq, B1) < (aw, B2) if and only if one

of the following conditions is met:

e oy < ay and fi < (g, Ba)

o ap =y and B < B

e a; > ap and (a1, 51) < B

o Ify = (u,v1) ... (m,Vm) and 6 = (o1,71)...(0k, 7) € OT where

m,k>1and m+k > 2, then v < if and only if one of the following
conditions is met:

o m <k and (u;,v;) = (0;,7;) forall1 <i<m

o Thereisj < min {m,k} such that (;,v;) < (0, 7;) and (p;,v;) =

(03, 7:) for all 1 < i< j.

The equality o = B between terms « and 5 means that we deal with identical
terms.

Even though we cannot use the intuitive interpretation of ordinal terms
while proving statements about them, it is useful to keep the interpretation
in mind. The term 0 stands for the ordinal 0. If terms a; and f; stand
for ordinals @ and 3, then the term («y, ;) stands for the ordinal denoted
by ¥, (5). Since we know that ¥, (/) is an additive principal number, we
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will call terms of the form (o, 5;) principal terms. If terms ay,, .., oy, and
Bty s .-y B, stand for ordinals o, .., ay, and Sy, .., 5, respectively, then the term
(a5 By) - - - (0w, Br,), which is a term only if (ay,, B;,) > (0w, > By, ), stands
for the ordinal denoted by W, (1) + - + W, (Bn)-

All ordinal terms are composed only of brackets and zeros. For example,
ordinal terms that denote natural numbers are of the form (0,0)...(0,0).

The supremum of them is w denoted by (0, (0,0)).

The <-relation on OT is obviously defined according to the analogous
relation on . Nevertheless, the ordinal terms must be understood as formal
sequences of symbols without the reference to the interpretation and their
properties must be proved using only the inductive definition above.

Lemma 28. There is a primitive recursive function that tells us whether

a=06,a<pora>p forala,fecOT.

Proof. The construction of the function proceeds by induction on the sum
la| + |8 where «a, 8 € OT and it pursues the inductive definition of the
<-relation introduced in Definition 21. m

It can be further shown in I3; by induction on the lengths of ordinal
terms that they are linearly ordered by the <-relation ([11], p. 88).

Lemma 29. We have (i) 6 < (o, B) and (i1) a < («, ).

Proof. (i) We proceed by induction on |3|. If 5 = 0, then the assertion holds.
Assume that 8 = (01, 52). We have:

B < (05752) < (av (61762)) = (aaﬁ>

The first inequality is valid according to the induction hypothesis. The second
inequality also used the induction hypothesis and, moreover, the definition
of <-relation. Now, we consider three cases. (1) If f; < «, we obtain
B = (b1, P2) < (a, B) since we also have By < (o, B). (2) If f; = «, we have:

B = (B1,52) < (B1, (81, B2)) = (a, B)
(3) If 51 > a, we use the following equivalence:
B=(B1,0) <(a,B) = Bi>a& <P

Clearly, the right hand side of the equivalence is valid.
Finally, assume that g = ;... 3, where (31, .., 5,, are principal terms and
n > 2. We have:

f1 < (o, 1) < (e, B1...0n) = (o, B)
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Since f; < («, B), we also obtain 5 = ;... 5, < («, 5) because terms  and
(o, B) differ already in the first principal term.

(ii) We proceed by induction on |a]. Assume that a = (ai,az). It
suffices to show a3 < a and ay < (a, ). The first inequality is handled
by the induction hypothesis. To show the second one, we apply (i): as <
(aq,0) = v and 8 < («, ). These two inequalities and the definition of <-
relation yield (ag, 8) < (a, 8). When we use the induction hypothesis again,
we obtain as < (aw, 8) < (a, #) and this yields the required result.

Finally, assume that a = «; . .. i, where oy, .., a,, are principal terms and
n > 2. We have:

ap < (on,f) <(a1...an, ) = (o, B)

The first inequality holds according to the induction hypothesis. The second
one holds according to the definition of <-relation and claim (i). Since o and
(e, B) differ in the first principal term, the assertion is established. H

Definition 22. The operation o + 8 of ordinal terms «, 5 € OT is defined
as follows:

e a+0=04+a=«

o [fa= (u,11)...(m,Vm) and = (o1,71) ... (0K, Tx) where m,k > 1,
then
a+ 0= (u,vn)...(u,v)(o1,m) ... (0 k)
where j is the largest index less than or equal to m such that (p;,v;) >
(01,71).
The successor o+ 1 of ordinal term o € OT s defined as follows:

e a+1=a+(0,0)

Basic properties of this addition of the ordinal terms are provable in I13;
by induction on the length of the ordinal terms ([11], p. 90). Note that the
principal terms 5 = (31, 2) have the property of additive principal numbers.

If o = (p1,01) - .. (ms V) < (B, B2), then we must have (p1,11) < (B, f2)
and the definition of addition yields a + = f3.

Definition 23. We define the term ®af where o, 5 € OT as follows:
o [f 3= (01, 2) where a < (31, then ®af := .

o If = (p1,02)+ (v+1) where v denotes a natural number and o < B,
then ®af := («, (61, P2) + 7).
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o We set daf = (o, B) in every other case.
It is clear that ®af is a principal term.
Lemma 30. If 8 < v, then ®af < Pary.

Proof. (i) Assume that ®a5 = 5. Then, by assumption § < 7, it suffices to
show v < ®a~y. Let us consider all possible values of ®ay. If day = v, we
are done. If ®ary is equal to («, ), Lemma 29 gives us the required result.
If dary is (o, v9) where v = 79 + 1, we use Lemma 29 again and we obtain

v =" +1< (o, 7) = Pay.

(ii) Assume now that ®af = («, fy) where § = fy or f = By + 1 and
day = v = (711,72) where a < ;. The assumption § < 7 gives us [y < 7.
Altogether, using the definition of the <-relation, we obtain:

Paf = (a, ) < (71,72) =7 = Pay

(iii) Assume that ®af = (a, fy) where 8 = [y or = [y + 1 and Pary =
(a,7y0) where v = 79 or v = v + 1. It suffices to show [y < 7y to obtain
(e, Bo) < (cr,70). The only case when this cannot be trivially seen is 5 = [,
v =1 + 1 and 5 = 5. We show that this case, in fact, cannot occur: By
definition, ®ay must be (a, ) = (o, (71,72) + ) where § denotes a natural
number not equal to 0 since otherwise 5 = 7y would give us ®aff = S and
this is not the case. It follows that # must be equal to Sy + 1 and we obtain
the required result 5y < . n

Lemma 31. We have ®a15, = Pasfs if and only if one of the following
conditions is met:

o a1 < ay and B = Pan sy
® (X1 =— (9 andﬁlzﬁg
e a1 > ay and Pay 1 = o

Lemma 32. We have ®a16, < Pasfs if and only if one of the following
conditions is met:

o a1 < ay and [ < Panfsy
e o =y and P < Pa

e o > an and Pay i < S
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Proof. We prove Lemmas 31 and 32 simultaneously. By definition, ®asf; is
a principal term of the form (71,72) where s < ;. We know that one of
these possibilities must be valid: a; < ag, a1 = ag, a; > «@g. Assume that
o1 < ap. We want:

P = Panfly = fi = Paf
Qa8 < Panfy = i < Payfy

Since ®ap3y is a principal term (v1,7) and transitivity yields a3 < 7,
we obtain ®ay(Pasfy) = Pasfy by Definition 23. This observation and
Lemma 30 establish the assertions. The other two cases are similar. O

To finish the demonstration that term ®af represents the ordinal denoted
by ®,(8), we show the following lemma that corresponds to Lemma 21.

Lemma 33. For every principal term -y there exists unique term o and
unique term [ < vy such that v = ®apf.

Proof. Term + is a principal term, hence v = (a, fy). Assume first that (5,
is of the form (f1, f2) + § where a < 31 and § denotes a natural number. If
a < By, then ;> (0,0) and, thus 5y > (0,0). We have:

Pa(Bo +1) = Pa((Br, B2) + (0 + 1)) = (v, (B1, B2) +0) = (v, Bo) =

If we show By + 1 < «, then Sy + 1 is our desired term. The definition of
dafy reveals that 5y < Pafy < Pa(By + 1). As (0,0) < By < Pa(fy + 1)
and principal terms have the property of the additive principal numbers, we
obtain Sy + (0,0) = By + 1 < Pa(fy + 1).

If By has any form except the one above, we have ®afy = («a, ) by
definition and this equals to ~. It follows from Lemma 29 that 5, < .

The uniqueness of a and 3 follows from Lemma 31. O

1.5.2 Formalization of the proof - Preliminaries

We want to show that Gentzen’s consistency proof of 1935 can be formalized
in IIT3 plus transfinite induction up to the supremum of heights of deduc-
tion trees that are constructed for sequents that are derivable in PA. The
induction formulas of the transfinite induction are at most As.

Notation: We will use an additional functional symbol "7 that represents
a primitive recursive function "' : ¢ — T, This one gives us Godel
numbers for syntactic objects as formulas, sequents, notations for ordinal
numbers, deduction trees and similar. We write @ instead of T

41



The substitution of free variables xi,...,zy by numerals nq,...,n; in
sequent S or term ¢ is denoted by S(z;/n;) or t(z;/n;), respectively. For
instance, if S is of the form D — D, then D — D(z;/n;) means that we have
replaced free variables xz1,...,x; by ny,...,n, in the antecedent as well as
in the succedent occurrence of D. If there is a multiset A in the antecedent,
then A — D(z;/n;) means that we have replaced free variables z1, ...,z
by n1,...,7, in D and in all formulas contained in A.

First, we need some finite representation of deduction trees. If we have
a deduction tree T that consists only of one sequent in endform, then the
code "T " of T is

(Ta™," T = 0=0","endform™," (")
or
(Ta™,"'T,0=1—0=1""endform™, (")

where 0 = 0 stands for an arbitrary true atomic sentence, 0 = 1 stands
for an arbitrary false atomic sentence, « is an upper bound on the height
of T, sequents I' - 0 =0and I';0 = 1 — 0 = 1, respectively, denote the
endsequent of T" and the empty set () means that no premises were used to
derive the endsequent. The angle brackets ( ... ), as expected, code finite
sequences.

If we have a deduction tree T" with the endsequent I' — A& B, then the
code "T " of T is

< l—Oé_l,l—F — A&B—l,l—&R—l7l—T1—l7l—T2—l >

where « is an upper bound on the height of T', &R is the derivation rule by
which the endsequent I' — A& B is derived, variables 17, T5 denote deduction
trees for the premises of & R. Unary rules are treated similarly.

If the last derivation rule in T is the rule of VR or war, let us call them
w-rules, we are not able to enumerate deduction trees for all the premises
explicitly. Instead, we adopt a variant of the idea suggested in [12]. Schwich-
tenberg uses primitive recursive functions in ([12], p. 886) to enumerate
codes of deduction trees for premises of the w-rules. Codes of these primi-
tive recursive functions are then applied to construct a code of the whole
deduction tree. We decided to use codes of formulas instead of the codes of
functions and since we would not get by with primitive recursive functions
here, we will use codes of ¥;-formulas. Hence, the code of a deduction tree T’
whose last derivation rule is an w-rule has the following form:

(Ta\,'T - VaF(z),"VR","p1(x,y) ")

or

(TaV,TA = CV Tvar ™, "oz, ..., 2k, y) 1)



where sequent A — C has k free variables and ¢, o are Y;-formulas.
Roughly speaking, o1 (z,y) represents a function in the way that y is a code
of a deduction tree for the premise I' — F'(n) when ¢1(n, y) holds. Similarly
for po(xy, ..., 2k, y): We have a code y of a deduction tree for A — C'(x;/n;)
when ¢y(71, ..., g, y) holds. We will define below a predicate DT (x) that
exactly describes which properties x must have to be a code of a proper
deduction tree (Definition 24).

There is also a different approach to representation of infinite derivations
which was used by Buchholz in his article [2]. He denotes infinite deriva-
tions by finite terms. These terms are generated from finite derivations by
functional symbols whose implementation performs cut elimination. Finite
derivations are viewed as constants, the simplest terms.

With the help of our finite representation, we aim to construct a for-
mula that represents function DedTree("9") whose inputs are codes "9 of
derivations ¢ in PA and output is a code "1 of a deduction tree T" for the
endsequent of . Function DedTree("") knows deduction trees for all ma-
thematical initial sequents. Furthermore, it calls itself recursively and the
following auxiliary functions:

1. DedTreeAxiom("S™,"L™) that accepts codes of a sequent S and of an
auxiliary variable L that stores a list of decisions that the function has
made during the decomposition of the succedent formula in S. The call

DedTreeAxiom("D — D7, 7(7)

where D is a sentence in £ and () is an empty list yields a code of a
deduction tree for the logical initial sequent D — D.

2. Wk("T7," A7) that accepts a code of a deduction tree T' and a code of a
multiset of formulas A and yields a code of tree T where A was added
to the antecedent of every sequent in 7.

3. Ct("T7"A™) that accepts a code of a deduction tree T' with the end-
sequent of the form I'; A, A — C and yields a code of a deduction tree
with the endsequent I') A — C.

4. Elim("T1 7, " T3, " D7) that accepts codes of deduction trees 77 and Ts
whose endsequents are of the form I' — D and D, A — C', respectively,
and yields a code of a deduction tree with the endsequent I') A — C.

The goal is to find out what assumptions are needed to show that DedTree
is total and correct. For this purpose, we will analyse circumstances under
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which the auxiliary functions are total and correct. A total function is defined
for all possible input values, in our case, for all natural numbers. We are
mostly interested in outputs for inputs that code proper derivations of PA or
proper deduction trees, depending on the function. If the input is corrupt,
we can just tell the function to return 0. A function is correct when it yields
a proper deduction tree for a proper input.

Intuitively, we like to think of functions, but, since PA contains no such
functions and we do not want to extend the theory, we use, in the end, arith-
metic formulas DedTree(z,y), DedTreeAxiom(x, 2,y), Wk(z, z,y), Ct(x, 2,y)
and Elim(xy, 2o, 2, y) that represent the functions above. So, we will, in fact,
construct these formulas and prove their properties instead of the properties
of the functions. We even do not insist on having exactly one y for the given
input. The crucial point is that we have some y with the required properties.

Now, we would like to construct an arithmetic formula DT (z) that cap-
tures properties of deduction trees and expresses that x is a code of a proper
deduction tree. It is natural to define DT'(x) in the following way. Rules
denoted by P range over derivation rules from Definition 3.

Definition 24.

DT(z) = xz=("a’,'T = 0=0","endform™," (")
V
r=("a,'T,0=1—0=1""endform™,"0")
V

x={("a","T — C7,Tunary rule P, y ) and

DT(y),y=("87,"A—=D7,... ), B<aand
A—D
r—C

is an instance of the rule of P

V
x={("a","T — C7,"binary rule P, y, z ) and
DT (y), DT (2), b <, v < a,
y=("B,"TA—= D7 ... ) and

z2=("y1"TY - E7 ... ) and
A—D S E
r—c

is an instance of the rule of P

V
r=("a,'T - YwF(w),"VR","¢1(n,y) ") and
Vn 3y ¢i1(n,y) and

VnYy [ei(n,y) D DT(y), y={("a,,' T = F(n)',... ), a, < ]

V
r={("a,"T = C(z1,...,2) ,"var™,"ps(nq,...,nk,y) ' ) and
Vi ... Vg Jy wa(na, ..., ng,y) and
Vg .. Ve Yy [p2(ng, ... one,y) D DT(y), 5 < «,

y={"B70"T —= Clx;/n;)7, ...



All variables that appear inside the angle brackets z = (...), y = (...) or
z = (...) are existentially quantified and bounded by x, y or z, respectively.
Hence, more precisely, we should write:

Jx13zeTr3dzy < x [ x = (21,29, 23, 24) & OrdNum(z,) &
& Sequent(xs) & Rule(xs) & SigmaiFle(zy) ... |

At the same time, we see that we implicitly use some predicates that tell
us that these bound variables have required properties, i.e., they are codes
of ordinal numbers, sequents, derivation rules and X;-formulas, respectively.
These predicates are Ay in I¥; and the same holds for the relation that
compares (codes of) ordinals. In the sequel, we will use only the intuitive
notation of Definition 24 to increase the readability. Note that the only case
where free variables are allowed in the endsequent of x is the case when the
last derivation rule in x is var.

We see that formula DT (x) defined in this way refers to itself. To avoid
this, we apply the Fixed-point theorem ([6], pp. 158-160 or [16], p. 348):

For every arithmetic formula ¢ (v,z,..,x;) there is an arithmetic for-
mula o(z1, .., zx) such that Q + o(zy,..,2x) = V(o(z1,..,Tk), 1, .., T).

We believe that formula DT (z) will be II; in the end, hence, we choose
the following formula ¢ (v, z):

Y, z) = x=("a,"T - 0=0","endform™," (")
V
r=("a,"'T,0=1—0=1""endform™, "0 ")
\%

r=("a,"T' = C,Tunary rule P, y ), Satn2(v,y),
y=("6TA—=D" ... ) f<aand
D_ s an instance of the rule of P

r—c
V
r=("a,"T' = C7,"binary rule P, y, z ), Satna(v,y), Satna(v, 2),
y=("6TA—=D" ... ) B<a,
z2=("y TS - E7 ... ),y <aand
A—=D YX—F

is an instance of the rule of P

vV
r={("a\'T -5 VYwF(w),"VR","p1(n,y) ') and
Vn 3y ¢i1(n,y) and

VnYy [pi1(n,y) D Satnae(v,y), y=("a,, T = F(n)",... ), ap <

vV
r={("a\'T = C(xy,...,zx) ,"var™,"pao(nq,...,ng,y) ") and
Vny ... Vg Jy @a(ng, ..., ng,y) and
Vny ... Yng Yy [pa(na,...,nk,y) D Satna(v,y), 5 < a,

Y= < B8 T — C(fl/ﬁ,)—l, .



The predicate Satpo(v,y) is the partial truth predicate for Ilo-formulas
and it is Il itself ([6], pp. 50-59 or [16], pp. 337-343). Such a predicate can
be formalized in I¥;. The variable v stands for a code of a II,-formula with
one free variable . The variable y is the evaluation of x in the sense that
the value of x should be the y-th numeral. If we recall that formulas 1, @
are Y, and bounded quantifiers, which we implicitly use, do not affect the
complexity of formulas, we see that (v, x) is Ils.

Let us apply the Fixed-point theorem for ¢)(v,z). We obtain that there
exists an arithmetic formula ¥(x) with the following property:

Q F J(z) = ¥(I(z),z)

Since we know that 9J(x) is Ily (in I¥;), we have

¥, F Y(y) = Satn2(9(x),y)

Now, when we observe the formula w(Wx’), x), we see that it is the same
as (v, ) except for the variables v in Satns(v,y) and Satns(v,z) that
are replaced by (). Hence, S(ltHQ(m, y) and Satng(w, z) appear in
w(m, x) and these are further equivalent to ¥(y) and ©)(z) respectively.

Since Y(¥(x), z) itself is equivalent to ¥(z), we will denote ¥(x) by DT(x)
and we obtain:

Lemma 34. The equivalence from Definition 24 that defines formula DT (x),
which says that x is a code of a proper deduction tree, is provable in I3.
Formula DT (z) is Iy in 13.

At a metalevel, formula DT'(z) contains the information that deduction
trees are well-founded. Since every node is assigned an ordinal number that
represents the height of the particular subtree and these numbers decrease
towards the leaves, we know that x such that DT(x) is well-founded. Ne-
vertheless, this cannot be proved in PA because the proof theoretic ordinal
of PA is €9 and our upper bound on heights of deduction trees is ®,,(0).
Numbers below ®,,(0) can be compared in I, see Lemma 28, but I¥; does
not prove that they do not build infinite decreasing sequences.

The main reason for not requiring that formula DT(x) speaks about well-
foundedness explicitly is that well-foundedness is a second order property and
a consistency proof of PA is trivial when second order properties are allowed.
Formula DT'(x) appears in the induction formulas that we use below and
we want to use only arithmetic induction formulas in the proof. We do not
mind applying transfinite induction on the height of deduction trees, but the
induction formulas will always be arithmetic and of a bounded complexity.
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Eventually, the assertion that gives us the consistency of PA is that for
every sequent S derivable in PA we can construct 7' such that S is the
endsequent of 7" and DT(T). The point is that sequent — 0 = 1 has no
deduction tree even if we allowed deduction trees with infinite branches. This
reasoning is an important improvement of Gentzen’s original proof in [4] in
which he implicitly uses transfinite induction on the height of deduction trees

with induction formulas that explicitly speak about well-foundedness.

In the sequel, we will need the following definition:

Definition 25. Assume that A is a formula and n is a natural number.
Then, one-step subformula of A is defined as follows:

o If A is of the form B&C', then B,C are one-step subformulas of A.
o [f Ais of the form VxF(z), then F(n) is an one-step subformula of A.

o [f A is of the form —=C|, then C is an one-step subformula of A.

The subformula relation s reflexive and transitive closure of the one-step
subformula relation.

We will use relation One_Step_Subfle(x,y) that expresses that y is an
one-step subformula of z. Furthermore, we use Subfle(x,y) that expresses
that y is a subformula of z. They are both A; in IX;.

Formula DedTreeAxion(s,(,y)

Notation: We write as [ = ' * (TE™) to mean that [ is a code of a sequence
that is built by concatenation of sequences whose codes are [ and ("E7),
respectively. The second sequence contains only one member, namely, the
code of a formula E.

We must introduce an additional relation Rank(s,r) that accepts a code s
of a sequent S and holds true if 7 is a code of the rank of S (Definition 7).
The relation is A; in 1.

The definition of DedTreeAxiom formalizes the construction of deduction
trees for the logical initial sequents of PA. The construction is described in
Section 1.4.2. We add formulas to the left hand side of the list, whose code
is [, during the decomposition of the succedent formula. We pick them out
from the right hand side of the list when the formula from the antecedent is
decomposed. Formula DedTreeAxiom(s,[,y) has the following definition:

DedTreeAxiom(s,l,y) = é1(s,l,y) & ¢a(s,1,y)
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¢1<57lay) =

ifsis"TA— B™
if B is a true atomic sentence, then y = (707, s, "endform™, "0 )
&
if B is a false atomic sentence
if A is a false atomic sentence, then y = ( 707, s, "endform™," ()" )
&
if A is of the form E&F', then
if | =1" % ("E7), then
I,z <y 3w < s( Rank(s,r)&w ="E — 0 = 17 & DedTreeAxiom(w, [, z)
&y=(rs"&L"z2))
&
if | =1 % (TF7), then
3r,z <y Iw < s ( Rank(s,r)&w ="F — 0 = 17 & DedTreeAxiom(w, [ , 2)
&y={(rs"&Li"z))
&
if A is of the form VxE(z)
if | =1 % ("E(n)7), then
Jryz<yJw <Ix("0=1") ( Rank(s,r)&w="FERn) - 0=1"&
DedTreeAxiom(w, [, z) &
y={(rs"V0Li,z))
&
if B is a compound formula
if B is of the form C&D, then
Ir, z1, 20 <y Jwy,wy < s ( Rank(s,r)&wy ="TA—-C&wy,="A— D&
DedTreeAxiom(wy, ("C™) * 1,21) &
DedTreeAxiom(wsy, (TD7) * I, 29) &
y={(rs,"&R 2,20 ) )
&
if B is of the form Yz F(x), then
Ir <y ( Rank(s,r)&y=(r,s,"VR,
"DedTreeAxiom("A — F(n), ("F(R) N *lL,y)"))
&
if B is of the form —C', then
Jryz<yJw <sx("0=17) (Rank(s,r) &w="AC -0=1"&
DedTreeAxiom(w, !, z) &
Y= < rs, Rz > )

Note that we have used the code of the formula DedTreeAxiom in the case
where B is of the form V2 F(x). The formula has two free variables n and %/
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We will discuss below that DedTreeAxiom is A; in [¥; and, thus, it satisfies
our requirements on the complexity. We require Y;-formulas to produce
codes of deduction trees for the premises of the w-rules.

(ﬁg(S,l,Z/) =

ifsis"T A, B—-0=1"
if [ is a code of a nonempty sequence
if |B| < |A|
if A is of the form E&F
if { =1 % (TET), then
Ir,z <y3Jw < s(Rank(s,r)&w="E,B—-0=1"&
DedTreeAxiom(w,l’, z) &
y={(rs"&Li"z))
&
if [ =1 % (TF7), then
Ir,z <yJw <s(Rank(s,r)&w="F,B—-0=1"&
DedTreeAxiom(w,l’, z) &
y=(rs"&L"z))
&
if A is of the form VzE(x)
if | =1 % ("E(n)7), then
Ir,z <yJw <Ix("BLT0=1") ( Rank(s,r)&w="E(n),B—0=1"
& DedTreeAxiom(w, [, z) &
y={(rs"VLz))
&
if |A| < |B|
the same as above, just change A for B
&
if [ is a code of an empty sequence
if A=-B, then
Ir,z <yJw < s(Rank(s,r)&w ="B — B &DedTreeAxiom(w, 0", 2) &
Y= < rs, oLl z > )
&
if B =—A, then
Ir,z <yJw < s( Rank(s,r)&w="A — A7 &DedTreeAxiom(w," 0, 2) &
Y= < rs, ol 2 > )

Formula DedTreeAxionm(s, [, y) can be constructed, exactly the same way

as formula DT'(z) from Definition 24, with the help of the Fixed-point the-
orem and the partial truth predicates. It does not matter whether we use
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Sats; or Saty; during the construction. In either case, we obtain a formula
that corresponds to DedTreeAxiom(s, [, y) as defined above. The difference is
that the application of Sats, ; gives us a Y;-formula, whereas the application
of Saty gives us a II;-formula. The conclusion is that DedTreeAxiom(s, !, y)
is Ay in IX;.

It can be shown that DedTreeAxiom(s,,y) is total by which we mean:
VsVl Jy DedTreeAxiom(s,(,y)

This is shown by induction on 7k(S) where S is a sequent with code s.
Induction formula VI 3y DedTreeAxiom(s,,y) is II. If s or [ does not satisfy
the antecedent of some implication that is a subformula of DedTreeAxiom,
the implication returns ”true”. Hence, if s or [ is not of the form that the
antecedents require, DedTreeAxiom(s, [,y) holds for an arbitrary y. If s and [
are both of the required form, we can find y such that DedTreeAxiom(s, [, )
by the induction hypothesis because the rank of the sequent with code w is
less than the rank of the sequent with code s.

Let us now move on to the correctness. If we set

e Sentence(s) = s is a code of a sequent that does not contain free
variables
e Sub(s) = sisa code of a sequent of the form A — B where B is

a subformula of A such that B is not within the scope of a negation

e NegSub(s) = s is a code of a sequent of the form A, B — 0 =1
where —B is a subformula of A such that =B is not within the scope
of a negation

o Choices(l,s) = In<Il( l="{igy...,in) &

(s=FTA—-B'Vs=TAB—-0=1")&
Vj <n (i is a code of a formula) &
Vj < n (ij4+1 is not a negated formula) &
Vj <n One_Step_Subfle(iji1,1;) &
One_Step_Subfle("Ai,) &
[(Sub(s)&ig="B")V (NegSub(s) & iy ="-B7)]

)

V({I="0"&(s="B—=B"Vs="-B,B—0=17"))
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then we can prove

VsV 1 [ Sentence(s) & (Sub(s) V NegSub(s)) & Choices(l, s)

>

Vy ( DedTreeAxiom(s,l,y)
B 1)
DT (y) & endsequent of y has code s &

height of y < rank of sequent with code s

)
]

by induction on rk(S) where S is a sequent with code s. Since predicates
Sentence(s), Sub(s), NegSub(s) and Choices(l, s) are Ay in I¥;, the induc-
tion formula is Il in I¥;. The antecedent of the formula specifies correct
inputs. The input sy, ="D — D™ and [; = "0, where D is a sentence in L,
happens to be correct. Since we already know that DedTreeAxiom is total,
it follows that we have at least one y such that it is a proper deduction tree
for the logical initial sequent D — D.

The following lemma is the conclusion of the analysis of DedTreeAxiom:

Lemma 35. The totality of DedTreeAxiom(s,[,y) can be proved in Ily. The
correctness of DedTreeAxion(s,l,y) represented by formula (1) can be proved
in Illy. The heights of deduction trees for logical initial sequents are always
finite.

Formulas Wk(z, z,y), Ct(z, z,y) and MultiCt(z, z,y)

Let us move on to formulas Wk(z, z, y) and Ct(z, z, y) that represent structural
modifications of deduction trees; namely, y is a code of a deduction tree that
was built by modification of every sequent, node, in x with respect to z.
Variable z stands for a code of a multiset A or a formula A, respectively, and
the modification either adds A to the antecedent of every sequent in z or it
replaces A, A by A in the antecedent of every sequent in x.

First, we state the definitions of the formulas. Rules denoted by P range
over derivation rules from Definition 3.
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Wk(z,z,y) =

ifx=("a™","T = C7,"endform™," (")
if z="A", then
y=("a","T,A — C" Tendform™,"0")
&
ifx=("a","T — C7,Tunary rule P, x;)
if z="A", then
y={("a,"'T,A — C7,Tunary rule P y; ) & Wk(x1, 2, y;)
&
ifx=("a","T"— C7, binary rule P, xq,x2)
if z="A", then
y=("a,'T,A — C7,"binary rule P, y;, 42 ) & Wk(x1, 2, y1) & Wk(xo, 2, Y2)
&
ifr=("a,'T = VwF(w),"VR","p(n,u) "), then
if z="A", then
y={("a","T,A = VwF(w)","VR™," Ju(p(n,u) &Wk(u, z,y)) ")

Formula Wk can be constructed the same way as formula DedTreeAxiom
with the help of the Fixed-point theorem and the partial truth predicates.
We are able to construct it as »; or Ily, hence, it is Ay in I3;. Note that
we use the code of Wk in the case when the last derivation rule in = is VR.
There, we always take the ¥;-variant of Wk since formulas that give us codes
of deduction trees for premises of the w-rules have to be >; by definition.

Ct(x,z,y) =

if z="B&C™, then
if v =("a","T, B&C, B&C — D7, Tendform™,"()"), then
y=("a","T, B&C — D7, Tendform™, ")
&
ifx=("a","T, B&C, B&C — D7, Tunary rule P, x; ), then
if x; = ("B, B&C,B — D7,...), then
y=("a,"'T,B&C — D,"&Ly", 1)
&
if 1, = ("7, T', B&C, B&C — D", ...), then
y=("al,'T,B&C — D7, Tunary rule Py, ) & Ct(z1,2,y1)
&
ifx=("a","'T,B&C, B&C — E&F,"&R™", x1, 25 ), then
Y= < ,_O[—l7 l—Fa B&C — E&F—lv ,_&R—l7 Y1, Y2 > & Ct(xlv 2 yl) & Ct({[‘27 2, 92)
&
ifx=("a",'T, B&C, B&C — YwF(w) " ,"VR","p(n,u) "), then
y=("a","T, B&C — YwF(w)","VR", Ju (o(n,u) & Ct(u, z,y')) ")



&
if z ="VwF(w)", then

&
if z="=C", then

&
if (z="A7and A is atom ), then

The cases for z = "VwF(w) ', 2z = "T=C7" and z = "A7, where A is an
atom, are completely analogous to the case for z = "B&C™. The usual
construction gives us that formula Ct(z, z,y) is Ay in I¥;.

Now we want to argue that both formulas Wk and Ct are total. When an
arbitrary z is fixed, this can be proved by induction on z, the code of the
input deduction tree. The induction formulas are >;:

Jy Wk(z, 2, y) Jy Ct(x, 2,y)

Note the case in the definition of both formulas when the endsequent
of z is derived by the rule of VR. The formula that gives us codes of de-
duction trees for the premises of VR in z is ¢(n,u). To set up some y such
that Wk(z, z,y) or Ct(z, z,y) in this case, we need to establish the code of
Ju (@(n,u) &Wk(u, z,y)) and Ju(p(n,u) & Ct(u, 2,y ) ), respectively. We
do not even care about the properties of p(n,u); we just need some number
that will be included in y. That is why it is sufficient to use the induction
on z to prove the totality of both formulas.

The requirements on ¢(n,u) change essentially when we want to prove
the correctness. The correctness of Wk is expressed in the following way:

VeVz [DT(z) & o= (Ta,' T - C,...) & z="A"

D

vy (Wk(z, 2,y)
B @
DT (y) & height of y is o &

endsequent of y is I'; A — C'

)
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The correctness of Ct is analogous:

VaVz [ DT (z) & o= ("a","T,D,D - C7,...) & 2 ="D"

D

Yy (Ct(z, 2,y)
> 3
DT (y) & height of y is a & (3)

endsequent of y is I') D — C'

)
]

To prove the correctness of both formulas, we choose an arbitrary z, and
then, we continue by transfinite induction on the height of the input tree x.
The induction formulas are As.

Why do we have to use transfinite induction on the heights of deduction
trees instead of the induction on their codes? Recall the case when the last
derivation rule in z is the rule of VR:

r=("a,"Y - VwF(w) ,"VR","p(n,u)")

During the proof of the correctness, we need to assume that the induction
hypothesis holds for w,, such that ¢(n,wu,). This u, denotes a subtree of x,
thus, it has a smaller height than x. On the other hand, since x contains
only the code of ¢(n,u) but no codes u, of its subtrees, in general, it can
occur that x < u,, for some n. Hence, the induction on the codes of input
trees does not work for us in this case.

The following lemma is the conclusion of the analysis of Wk and Ct:

Lemma 36. Assume that the height of x is strictly less than ®,(0). The
totality of Wk(x,z,y) and Ct(x,z,y) can be proved in 1%;. The correctness
of both formulas is represented by (2) and (3), respectively, and it is proved
in IX+TT up to ®,(0). The induction formulas of the transfinite induction
are As. Structural modification of deduction trees do not change their heights.

In the sequel, we will mostly use formula MultiCt(z,z,y) instead of
Ct(x, z,y). Variables x, z,y in MultiCt(z, z,y) have almost the same mean-
ing as in Ct(x, z,y) with the only exception that z denotes a multiset instead
of a single formula. Hence, formula MultiCt(x, z,y) represents contraction
of several formulas at once.
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MultiCt(z,z,y) =

if (z="T7& T ={Ay,..., A} ), then
if K> 1, then
ifz=("a","T\T,A = C7,Tendform™,"()""), then
y=("a,"T,;A — C7, Tendform™, ")
&
ifx=("a","T,I;A — C7,Tunary rule P,z ), then
if P is the rule of L, applied to A; from I then
y={("a,"T A — C7, "suitable rule of Ly, 41 ) &
MultiCt(xl, l—{Al, ooy Aifla Ai+17 .y Ak}—l, yl)
&
if P is not the rule of L; applied to A; from I, then
y=("a,"T,A — C7,Tunary rule P y; ) & MultiCt(zy, 2, y1)
&
ife=("a,"T, A - E&F,"&R", 21,25 ), then
Yy = < l—Oé—la l—P7A — E&F—lv I—(&Fi_‘7y17y2> &
MultiCt(xy, z,v1) & MultiCt(xs, 2, Yo)

&
ife=("a,'T,T'A - VwF(w)","VR","¢(n,u) "), then
y={("a","T,A = VYwF(w)","VR"," 3u (p(n,u) &MultiCt(u, 2,y )) ")
&
if k = 0, then

y=x

Formula MultiCt(z, z,y) is A; in I¥;. The totality of MultiCt is expressed
as VrVz3y MultiCt(z, z,y). The correctness of MultiCt is the following:

VeVz [ DT(x) & z=(Ta," T, A= C7,...) & z="T"
>
Yy ( MultiCt(z, z,y)
B @)
DT (y) & height of y is a &
endsequent of y is ' A — C

)
]

The totality of MultiCt(z, z,y) is shown by induction on z, the code of the
input tree. The induction formula to prove the totality is IIs. To prove the
correctness of MultiCt(z, z,y), we first prove (5) where z is bounded by a:
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VeVz <z [ DT(x) & z=("Ta,",T,\[\A—=C",...) & z="1"

D

Yy (MultiCt(x, z,y)
> (5)
DT(y) & height of y is o &

endsequent of y is ', A — C

)
]

This is proved by transfinite induction on the height of x. The induction
formula of the transfinite induction is Az. We also use the fact that MultiCt
is total. If we take some z that is not bounded by x, the antecedent is trivially
false. Hence, altogether, we obtain that (4) holds.

A similar ”trick” can be used while proving the totality and the correct-
ness of DedTreeAxiom as well as the totality of MultiCt. Nevertheless, the
correctness of MultiCt is the only case that would spoilt the overall result
if we did not use the bounded quantifier: The transfinite induction applied
here would require a more complex induction formula than the proof of the
correctness of Elim requires.

The following lemma is the conclusion of the analysis of MultiCt:

Lemma 37. Assume that the height of x is strictly less than ®,(0). The
totality of MultiCt(x, z,y) can be proved in Illy. Formula (4) represents the
correctness of MultiCt(z, z,y) and it can be proved in ITIy4+TT up to @,(0).
The induction formula of the transfinite induction is As. Structural modifi-
cation of deduction trees do not change their heights.

Formula Elim(xy, 29, 2,y)

We go on to investigate the formula Elim(zy, x9, z,y). Variables z; and x9
are codes of deduction trees whose endsequents I' — D and D, A — C are
premises of the cut to eliminate. Variable z is a code of the cut formula D
and y stands for a code of a deduction tree for I') A — C' after the cut elimi-
nation. First, we define the formula. Then, we take a look at its totality and
the correctness. We denote by P a unary derivation rule from Definition 3.

Elim<xlax2727y> = (batom(ﬂjl,ﬂfg,z,y) & ¢c0nj($17'r2>z7y) &

Grorall (X1, T2, 2,Y) & Pneg(T1, X2, 2,Y)
where
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¢at0m<x1;x2uzay> =

if z="TA"7& A is an atom
ifl‘l = <rOé11,[_F—)A—|,...>
if kg = (" ,"A;A — C7,Tendform™," (")
if ' A — C is in endform, then
y=("0","T,A— C7, Tendform™,"(7")
&
if ') A = C is not in endform, then
Wk(z1,21,y) & 21 =TA™
&
if 29 = (Tay,"A, A — C7, Tunary rule P72, ), then
y={("ay +ay,"T,A — C7,Tunary rule P73y ) & Elim(z1, zy, 2,79 )
&
if 79 = (T, TA, A — C1&Cy 7, "&R7, 1y, 1, ), then
y= ("o + a7 T A = Cl&Cy,"&R Yy Yy ) &
Elim(xy, 7y, 2,y ) & Elim(zy, 79,2,y )
&
if xg = (Tap,"A A = VaC(z) ,"VR™,"¢(n,u) '), then
y={("a1 + ", T,A = VoC(z)","VRY, Ju (@(n,u) &Elim(zy, u, z,y)) ")

Since the cut formula is an atom, there are no derivation rules that can
modify it. Hence, the elimination of an atomic cut consists in moving the
cut upwards along x, until a sequent in endform is reached.

¢conj (xla X2, 2, y)

if 2z="E&F™
if 17 = ("o, T — B&F, &R, o), 07
if o = (T, "TE&F, A — C7Tendform™," (")
y=("0","T,A — C7,"endform™, (")
&
if 29 = (Tay ", "E&F, A — C7,Tunary rule P (not applied to the cut formula)™, z’, )
y=("®per-1(a1 +az) ", T,A — C7,Tunary rule P,y ) &
Elim(zy, Ty, 2,y )
&
if x2 (Tap\TE&E, A — C1&Cy7, "&R™, Ty, Ty )
< (I)\E&F| 1(0&1 +062)—| l—F A — C’l&C’g—','—&R—',y y > &
Elim(xy, 79,2,y ) & Ellm(xl,acQ,z y")
&
if o = (T, " E&F, A — VeC(z) ,"VRY, " p(n,u) ")
y=("Pper-1(01 +az) ,'T,A = VaC(x) ,"VR,
"Ju (o(n,u) &Elim(zy,u, 2,y)) ")



&
if 29 = (T ,TE&F,A —0=1""&L, 7, )
if oy = (TYL,"TE,A = 0=17,...)
Elim(x), oy, 21,%y) & 21 = "E”
&
if 29 = (T ,TE&F,A — 0 =17,"&Ly", z, )
if 2, = (T4, TE, B&F,A - 0=17,...)
Jy1, yo (Elim(zy, 2o, 2, y1) & Elim(a), y1, 21, 10) & 21 = TE7 &
MultiCt(ys, 22,y) & 20 ="T"7)

¢fora11(371,$2; Z;Z/) =

if z="VaF(x)"
ifx; = ("o ,"T = VaeF(z),"VR"," p(n,u) ")
If the endsequent of x5 is in endform or the last derivation rule in x-
is a unary rule not applied to the cut formula or it is the rule
of &R or VR, then the cases are similar to the analogous cases above.
&
if 79 = (T, "VaF(z),A = 0=1""VL ", x,)
if 7y = ("yL,TF(m),A - 0=1",...)
Ju ( p(m,u) & Elim(u, x5, 21,y) & 2 = "F(m)™")
&
if 79 = (T, "VaF(z),A = 0=1""VLy", a,)
if 7y = (", TF(m),VoF(z),A - 0=17,...)
Jy1, vz, u (Elim(zy, 24, 2,91) & p(m,u) &
Elim(u,y1,21,y2) & 21 ="F(m) ' &
MultiCt(yg, Zg,y) & Z9 = '—F—')

¢neg($1>$2727y) =

if z="=F"

if 17 = ("o, T — ~E","=R™, 2})
If the endsequent of x5 is in endform or the last derivation rule in x»
is a unary rule not applied to the cut formula or it is the rule
of &R or VR, then the cases are similar to the analogous cases above.
&
if 20 = (T, "= E,A = 0=1""=L,",z,)

if 2 = (Ty L TA = E7,..)
Elim(xy, 77, 21,%y) & 21 = "B

&
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if 20 = (T, T2 E,A = 0=1""=Ly7, 1)
if 2 = (T4, T=E,A = E7,...)
Jy1, yo (Elim(zy, x;, z,11) & Elim(yy, m’l, 21,y2) & 21 ="TE&
MultiCt(ye, 22,y) & 2o ="1'")

The usual construction with the help of the Fixed-point theorem and the
partial truth predicates gives us that formula Elim(xq, 29, 2, y) is 3p in 1X;.

Now, we move on to the properties of the formula. It is not possible
to prove the totality in the form Va; Ve Vz Jy Elim(zq, 29, 2, y) because, in
the case when the cut formula is VzF'(x), deduction tree z; contains for-
mula p(n,u) which may not be total. This causes problems when the last
derivation rule in x5 is VL1 or VL, that affects the cut formula VzF(z) and
transforms it into F'(m) or F(m), Vo F(x), respectively. If there is no u such
that p(m, u), formula Elim(xy, 2, 2, y) returns false for an arbitrary y. Hence,
we will require y-s such that Elim(xy, 2, z,y) only for proper inputs xq, o, 2
and we will prove the totality and the correctness in the following form:

Vo VaoVz ( DT (z1) & o1 =Ty ," T = D7,...) &
DT(z9) & 2o = (" ,"D,A - C",...) & z="D"

D)

Ely Elim(xlax%'zay) & vy ( Elim(x17$2,27y) (6)
D)
DT(y) &

endsequent of y is ', A — C' &
height of y is < ®pj_1(on + a2)
)
)

To prove this, we apply three induction arguments of which the second
one and the third one are embedded in the first one. We start with induction
on the number of the logical operations in the cut formula denoted by z. The
induction formula 6(z) is Il5:

0(z) =

v.iL'l V.CL'Q ( DT(.’El) & T = <|—CK1—|,'_F — D—I, .. > &
DT(2) & 5 = (Ta5,"D,A = C7,...) & 2 ="D"

>

JyElim(xy, 2o, 2,y) & Yy ( Elim(zq, 29, 2,Y)
D
DT(y) &

endsequent of y is ', A — C' &
height of y is < ®pj_1(a1 + ay)

)



Assume that z denotes an atom A. We choose an arbitrary z; such that DT (1)
and 1 = (Tay ,"T" — A7 ...). At this point, we apply the transfinite in-
duction on the height of z5. The induction formula &(z1, 9, 2) is As:

5(9017332,2) =

DT(ZEl) & T = <|_O{1—|,'_F—)A—l,...>&
DT(.TQ) &.232 = <|_Oé2—|,rA,A—)C—l,...>&Z:rA_|

D

JyElim(zy, 29, 2,y) & Yy ( Elim(zq, 29, 2,9)
>
DT(y) &

endsequent of y is ', A - C' &
height of y is < a7 + as

)

If 25 is in endform, we consider two cases: (i) The conclusion I'; A — C' of
the cut is in endform too or (ii) it is not in endform.

(i) If sequent ' A — C is in endform, then there exists y such that
Elim(xq, 29, 2,y) and every y for which Elim(zy,x9, z,y) holds is of
the form y = (T0","T,A — C7,Tendform™," (7). This is clearly a
deduction tree with the required endsequent and the required height.

(ii) Assume that I') A — C is not in endform. On the other hand, we know
that the endsequent of x5 is in endform. The only possibility how this
can occur is that both formulas A and C' are false atomic sentences.
Then, the endsequent of x; is ' — 0 = 1 and, to obtain a deduction
tree for I'; A — 0 = 1, it suffices to apply weakening to x1: Wk(z1, 21, y)
and z; = "A™. Since Wk is total, we know that there exists y such that
Wk(z1, 21,y) and, for every y of this kind, the correctness of Wk gives
us DT (y) andy = ("ay ,2" T,A—-0=17,...).

Now, we can state the induction hypothesis: For every 93’2 such that the
height of z., is less than the height of 25 we have (w1, y, 2) where 2 is of
the form ("ay,"T"— A7, ...), DT(z1) and z denotes an atom A.

Assume that the last derivation rule in z, is a unary rule or the rule
of &R. The unary rule cannot be applied to the cut formula since this one
is an atom. As an example, we show the case when the last derivation rule
in x5 is the rule of =R. The other cases are similar.

60



Assume that s is of the form (Tay?,"A, A — =C7," =R, 2, ) and x, =
(Ty,TAC;A — 0=17,...). Since we have DT'(x,), we also have DT(z.)
and v < ay. Since the height of z, is strictly less than the height of z,
we can apply the induction hypothesis. The induction hypothesis gives
us y such that Elim(xi,zy,2,y'). Moreover, for every 4 of this kind we
have DT(y') and y = (Tay ++47,"I,C,A = 0=17,...). The definition
of Patom gives us now y such that Elim(zy, x9, z,y), namely, it is of the form
y= ("o +a," T,A = =C7,"=R",y ). Furthermore, we also have DT'(y)
because every possible i that may be contained in y has the properties re-
quired by Definition 24.

Assume that the last derivation rule in x5 is VR. Then, x5 is of the
form (Tax,"AA = Ve C(x) ,"VR,"p(n,u) ). Obviously, y such that
Elim(z,x9, 2,y) exists and it has the form

(Tay 4+ a7, T, A = Vo C(z)","VRY, Ju (p(n,u) &Elim(xy, u, z,y') ) ')
We want to prove DT(y) for every y of this kind. This requires two things:

(i) ¥n 3y Ju (p(n, u) &ELin(zr, u, 2, y) )
Choose an arbitrary n. We have u such that ¢(n,u) because DT (x2)
and this also gives us DT'(u) and u = ("6 ," A, A — C(n),...) where
0 < ap. Since the height of u is strictly less than the height of x5, the
induction hypothesis yields y" such that Elim(zy,u, 2,y).

(ii) Va¥y ( Ju(p(n,u)&Elin(z,u, 2,y'))
D
DT(y") & endsequent of ' is ', A — C(n) &
height of 4 < oq +

)

Choose an arbitrary n and y' such that Ju (p(n, u) & Elim(xy,u, 2,9) ).
As we know DT '(z2), we have DT'(u) andu = ("6, " A, A — C(n)',...)
where § < ay for any u such that ¢(n,u). Since u has smaller height
than x5, the induction hypothesis and Elim(x1,u, 2,9 ) give us DT(y)
andy = ("a; +6,"T,A—=C{R)7,...).

This finishes the first embedded induction whose result is that we have 6(z)
for an atomic cut formula z. Let us state the induction hypothesis of the
superior induction: For every cut formula z* that has less logical operations
than the cut formula z we have #(z'). Assume now that z contains at least one
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logical operation. To prove 6(z), we choose an arbitrary x; and apply trans-
finite induction on the height of x5 again. The induction formula x(x1, 22, 2)
is As:

X(x17$27z) =

DT(I‘l) &1’1 = <|—O[1—|,I_F—>D—l7...> &
DT (z3) & o= (" ,"D, A= C",...) & 2="D"

D)

Jy Elim(xy, 29, 2,y) & Vy ( Elim(xq, 29, 2,y)
D)
DT(y) &

endsequent of y is A — C &
height of y is < ®pj_1(ov + a2)

)

If the last derivation rule in x5 does not transform the cut formula D, the
argument is the same as for atomic cut formulas. Hence, we will investigate
only the six cases when the cut formula is affected.

(i) Assume that the last derivation rule in x5 is the rule of &L;. Then,
z1 and z5 are of the form

r; = (Tay,'T — E&F7,"&RY, 27, 27)

vy, = (T6,T = E7,..)

Ty = (Tay,TE&F,A —0=1""&L7, ;)
, = (TYVTE,A—=0=17,...)

z = TE&F™

Since DT (x1) and DT(z5) by assumption, we also have DT (x}) and DT (z5).
As every y such that Elim(zy, 29, 2, y) must satisfy Elim(z}, 2o/, 21,9) where
zy = "E7, we can apply the induction hypothesis #(z;). We obtain that y-s
such that Elim(z}, 2o/, z1,%) exist and for each of them we also have DT'(y)
and y = ("@p_1(0+7),' T, A=0=1",...).

(ii) Assume that the last derivation rule in z9 is the rule of &Ls. Then,
1 and x5 are of the form

T, = <'—041—',’_F—>E&F—','_&R—',x/1,x/1/)

r; = (76, T — E7,...)

Ty = (Tay,TE&F,A —0=1""&Ly", )
Ty, = (T4 TE,E&F,A—=0=17...)

z = TE&FT
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We are looking for y such that Elim(xy, 29, 2,y) and for every y of this kind
we want DT'(y) and y = (" @ pepi-1(on +a2) ," T, A =0=17,...). To
find y such that Elim(xy, x9, 2,¥y), we have to find y; and y, such that

Elim(zy, 25, 2,11) &
Elim(xll,yl, 21,2) & 21 ="E7 & (%)
MultiCt(ys, 20,y) & 2z ="T"

The induction hypothesis y(x1, x5, 2) gives us the required y; and we also
have DT'(y1) and 31 = (" ®gerj-1(an +7)," I, E,A = 0=1",...). The
induction hypothesis 6(z;) where z; = "E™ gives us 3. Since MultiCt is
total, there exists some y such that MultiCt(ys, z2,y) where zo = "1

We concentrate now on the properties of y that we have found in the para-
graph above. If we have y such that Elim(xy, 29, 2, y), it means that we have
y1 and y, such that (x). The induction hypotheses y(x1, x5, ) and 0(z;) give
us DT (y,) and yo = (" P1g1-1(0 + Pipeerj—1(n +7)) ," T, A= 0=17,...).
The correctness of MultiCt reveals that for every y such that Elim(z, 2, 2, y)
we have y = (" ®|pgrp—1(on +a2) ,"T,A = 0=1",...) and DT (y).

(iii), (iv) When the last derivation rule in x5 is the rule of =L, or =L,
that modifies the cut formula —F, the argument is analogous to (i) and (ii),
respectively.

(v) Assume that the last derivation rule in x5 is the rule of VL;. Then,
1 and zy are of the form

1 = (Tay \'T = VaF(z),"VR, " p(n,u) ")
Ty = ('—0@—', VaF(r),A—0=1""VYL " x,)
z, = (TYLTF(m),A—=0=1"...)

z = I_VZL‘F( )

We need to find y such that Ju( p(m,u) & Elim(u, z,, 21,y) ) where 2z, =
TF(m)". At the same time, we need to show that for every y of this kind
we also have DT'(y) and y = (" ®pap@)-1(01 + o), T,A = 0=17,. )
Since DT (x1), there is some u such that p(m,u),u = ("6,"T — F(m),...),
d < oy and DT'(u). When we use the induction hypothesis 0(z;), 23 =
"F(m)", we obtain that the required y exists and for any such y we have
DT (y) and y = <rq)‘p(m)|_1(5 +9) " TV A—=0=17...).

(vi) Assume that the last derivation rule in x5 is the rule of VLy. Then,
1 and x5 are of the form:
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ry = ("o ,\'T = VaF(z) ,"VR", " p(n,u) ")

Ty = (Tap?,"VaF(z),A = 0=1""VLy", a,)
zy, = (TYVLTF(m),VoF(z),A —0=17,...)

z = "VaF(x)'

We want to prove x(xi,zs,z), hence, we are looking for y such that
Elim(xy, 29, 2,y). Further, for any such y we must show DT (y) and y =
("Per@)-1(ar + o) ," T,A = 0=17,...). Tofind this y, we need y1, y2, u
such that )

Elim(zy,29,2,91) & p(m,u) &
Elim(u,y1,21,92) & 2z ="F(m)' & 7 (o)
MultiCt(ys, 22,y) & 2z ="1"

The assumption DT (zq) gives us u such that p(m,u), DT(u) and u =
(767,"T — F(m)7,...). Induction hypotheses x(z1,25, 2) and 6(z;) yield
Y1, y2 and the totality of MultiCt gives us some y such that Elim(zy, x9, 2, y).

On the other hand, if we have y such that Elim(zy, x9, 2,y), we want to
show DT(y) and that it has the required endsequent and the required height.
If we have y such that Elim(zq, 29, 2,y), it means that we have wu,y;, ys
such that (o) is valid. The induction hypothesis y(z1,zy,2) tells us y; =
("Pyer@)-1(ar +v) T, F(m),A—=0=1"...) and DT (y,). The induc-
tion hypothesis 6(z1) tells us DT'(y2). The endsequent of y, is I''T', A —
0 = 1 and the height of y, is bounded by ®|p(m)|-1(0 + Ppar@)-1(a1 + 7))
where § is the height of u. Now, the correctness of MultiCt yields DT (y)
and y = (" Cpup@)-1(n +a2) ," T, A= 0=17,...).

Altogether, we have obtained #(z) for any cut formula z. This finishes
the proof of the correctness of Elim(zq, x2, 2,y).

Lemma 38. Assume that the heights of x1 and x5 are strictly less than ®,,(0).

The totality and the correctness of Elim(zy, x9, 2,y) represented by formula (6)
can be proved in 113 + TT up to ®,(0). The induction formulas of the trans-

finite induction are As. The height of y, a deduction tree for the conclusion

of the cut, is strictly less than ®,(0).

1.5.3 Formula DedTree(x,y)

Finally, we are ready to study formula DedTree(z,y) where x denotes a
code of a derivation in PA and y denotes a code of a deduction tree for
the endsequent of x. The definition of DedTree(z,y) investigates the cases
according to the last derivation rule in x:
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DedTree(r,y) = Guitial(T,y) & dvi(z,y) & dvu(r,y) &
Qb&[(l’,y) & ¢&E($,y) & Qbﬂ[(l’,y) & gbﬂE(xay) &
Qb]nd(x:y) & Qka(%y) & ¢Ct(xay)

where

Dinitial (37 ) Z/) =

if the endsequent of x is an initial sequent

if it is a mathematical initial sequent, then
y is a code of the deduction tree for this mathematical initial
sequent that exists and is defined unambiguously

&

if it is a logical initial sequent of the form D — D
if D — D contains no free variables, then

DedTreeAxiom(s,l,y) & s="D =D& 1 ="0"

&
if D — D contains free variables x1,...,x., then
y={("2-rk(D)+17,"D — D, Tvar™, " p(ni,...,np,y) ")
Formula o(n4,...,n,y ), which contains free variables ny, ..., 1,3y, and

whose code we use in the definition of ¢niia(z,y) is an abbreviation for

’

DedTreeAxiom(" D — D(z;/n;)"," 07, y)

Let us continue:

dvi(z,y) =

’
x

I'—F(a)
I—vVwF(w)
if I' - YwF(w) contains no free variables, then

3z ( DedTree(z’,2) & z = (Ta™,"T = F(a)”,"var™, v(n,u)") &
y=("a,'T - VwF(w),"VR","v(n,u)") )

if the last derivation rule in z is VI of the form

&

if I' - VwF(w) contains free variables x1, ..., x, then
3z (DedTree(z’,2) & z = (Ta™,"T = F(a)”,"var™, pla, x1, .., 25, 2) ) &
y={("a+17,"T = VwF(w)","var™,"p(ny,...,ney) "))

Formula ¢(ny,...,nky ) whose code we use in the definition of ¢y (x,y) is
an abbreviation for:

y = (Ta™,"T = YwF(w)(x; /)", VYR, pla,x1, .., xp, 2 ) (x:/7) )

65



In this case, we do not use codes of deduction trees for the premises of
the w-rules; we mean codes u and 2" such that v(n,u) and p(a, z1, ..., 25, 2 )
respectively. We just work with the codes of v(n,u) and p(a, 21, ...,z 2),
thus, we do not require right now that the formulas yield correct deduction
trees © and z'. The next case, however, is different.

dve(r,y) =

it the last derivation rule in z is VE of the form %ﬁgw)
if I' — F(t) contains no free variables, then
Jz3m ( DedTree(z’,2) & z = (Ta™,'T' —= YwF(w)","VR™,"v(n,u)") &

value of t is m & v(m,y) )

&
if I' — F(t) contains free variables x1, ..., zy, then
3z (DedTree(z’,2) & z = ("o, T = YwF(w)","var™, p(z1, ..., 21,2) ) &
y={("a,"T = Ft)","var™, " p(ni,...,npy) "))
Formula ¢(ny, ..., ng,y ) whose code we use in the definition of ¢yg(z,y) is

an abbreviation for:

32 (p(ng,...,m,2) &
2 = ("B = YwF(w)(z;/n;)","VRY, "o (n,u)") &
value of t(x;/n;) is m &
a(m,y)

)

In general, we do not require that there exist some v,z vy such that
v(m,y), p(ny,...,n, 2 ) and o(m,y'), respectively. Hence, we are not able
to prove the totality of DedTree(x,y) without knowing that we deal with
proper deduction trees. It follows that, after the definition of the formula,
we will prove the totality and the correctness at once in a similar way as we
did by Elim(zy, z9, 2, y).

Qb&[ (I, y) = . .

. z, . :1:”
. . . . . I'—A A—B
if the last derivation rule in z is &/ of the form T ASAGE

if ') A — A& B contains no free variables, then
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32 32" (y=("max{a,f} + 17,7 T,A = A&LB,"&Ry 9y ) &
DedTree(z,2) & 2 = ("o, T — A7,...) &
DedTree(z",2") & 2" = ("B7,TA = B7,...) &
wk(z,w,y) &w ="TAT&

wk(z , w’,y") & w' =TT
)
&
if I', A — A& B contains free variables z1, ..., x, then
32 32" (DedTree(z’,2) & 2" = ("o, T — A7, Tvar™, p'(z1, ..., 25, u)
DedTree(z ,z ) & 2" = ("B,"A — B, Tvar™," p'(x1,..., 25,0
Nk, Y

y = ( "max{a, f} + 17, T,A = A&B™, "var™, o(ny, ...,
)

.,ny,y ) whose code we need in the definition of ¢ ¢ (z,y)

Formula ¢(n4, ..
is an abbreviation for:

JuIv (p(ny,...,np,u) & p (ng,...,np,0) &
WK(U,p, u/) & b= l—A(xz/ﬁl)—l &

WI{(U, q, U,) & q= [_F(xz/ﬁz)—l &
y = ("max{a, f}," T, A = A&B(z;/n;) ", "&R,u',v")

)

Let us continue with constructing a deduction tree for the conclusion of

the rule of &F.

i

¢&E (ZL‘, y) - .
if the last derivation rule in z is & E of the form F;TA;%B

if I' —+ A contains no free variables, then

if B contains no free variables, then
3z ( DedTree(s,2) & z = ("o, T' = A&B,"&R7,y,2 ) )

&
if B contains free variables v, ..., ;, then
32 Ju ( DedTree(z’, 2) &
z=("a,"T — A&B,"var","v(yy,...,y,u) ') &

v(0,...,0,u) &
w={"6","T = A&B(y;/0)","&R™,y,u )

)
&
if I' = A contains free variables x1, ..
if B contains free variables yy, ...

3z ( DedTree(w', 2) &
z=("a,"T = A&B™,"var™," p(z1, .., xr, Y1, -y, u) ') &
A

)

y={("a,"T = A" "var™","p(ny, ..., 04 y)

)

., T, then
» Yt then



Formula o(n1, . ..,ng,y ) whose code is needed in the definition of ¢ ¢g(z,v)
is an abbreviation for:

Ju (p(ng,...,n,0,...,0,u) &
uw= ("B, T = A&B(z;/n;)(y:/0)", &Ry ,y")
)
Now, we move on to the cases that make use of Elim(xy, 25, z,y). These
are the cases when the last derivation rule in x is one of the rules of negation
or the induction rule.

Qﬁ—.[(l',y) =

Ei/ ELL‘”
AT'—» B A, A— =B
F,A—)ﬁA

if the last derivation rule in x is —I of the form
if I', A — —A contains no free variables
if B contains no free variables, then
323" Ju (y=({"Ppa(a+8)", T,A—-A","=R,y ) &
DedTree(z, 2 ) & z' = (Ta,FA,T = B7,...) &
DedTree(z ,z") & 2" = ("p7,"A/A - -B7,"=R", 2" ) &
Elim(z, 2" ,v,u) & v="B"&
Ct(u,w,y ) & w="A"

)
&
if B contains free variables vy, ..., y;, then
323" FuIvIg (y=("Pp_1(a+B8),"T,A = -A","=R,y ) &
DedTree(z’,2') &
2 =(Ta,TAT — B, "var™, o (y1, ..., y,u) ') &
DedTree(z”,2") &
2= ("B TAA = =B "var™, o (y1, .., y) ) &
o (0,...,0,u) & o (0,...,0,v) &
v={("y,TA,A = =B(y;/0)," =R,V ) &
Elim(u, v, w’,q) & w' = "B(y;/0)" &
Ct(q,w’,y) & w' ="A"

)

&
if I', A — —A contains free variables z1, ..., x;
if B contains free variables v, ..., 1;, then
32 32" ( DedTree(z, 2') &
2 =(Ta,TAT = B, "var™, p'(z1,.. ., e, y1s -y u) ) &

DedTree(z”,2") &

z =("BVTA A — =B Tvar™, '—,0”(3;1, e T YT - ,yl,v)—'> &
y=("Pp_1(a+p)+1",T,A—-A7"var", rgp(nl, . ,nk,y/)j )
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Formula ¢(ny, ... ,ng,y ) whose code is needed in the definition of ¢_;(z,v)
is an abbreviation for:

JuIvIg (y = ("Pig1(a+5),TT,A = —A(x; /)", "=Ry" ) &
p(ny,...,ng,0,...,0,u) & p'(n1,...,n,0,...,0,0) &
v={("y,TA A = =B(z;/n;)(1:/0)"," =R, v") &
Elim(u,v’,w’,q) & w' = "B(y;/0)" &
ct(q,w”,y") & w' =" A(z;/n;)”

)

We will use an auxiliary formula DedTreeNeg(s, [, y) in the following for-
mula denoted by ¢_g(x,y). Formula DedTreeNeg(s,[,y) holds true when y
is a code of a deduction tree for a sequent of the form ——D — D whose code
is s. Variable [ denotes a list with a similar meaning as in DedTreeAxiom
and D is a sentence.

gb—\E(fE,y) =

D
I'—»—-—-A

if the last derivation rule in z is =F of the form o

if I' —+ A contains no free variables, then
32 Ju ( DedTree(,2) &
DedTreeNeg(s,l,u) & s="-—A > A7 & I="0"&
Elim(z,u,w,y) & w ="--A"

)
&
if ' — A contains free variables x1, ..., xy, then
3z ( DedTree(z’, 2) &
2={("a\"T = —=A" Tvar™,"p(xy,...,2p,u)") &
Y= (" ai(a+2-1k(A)+2)","T — A", "var™, p(n, ..., ng,y) ")

)

Formula ¢(ny, ... 1,y ) whose code we use in the definition of ¢_g(x,y) is
an abbreviation for:

JuIv ( p(ny,...,np,u) &
DedTreeNeg(s,[,v) & s ="—=A — A(x;/n;) &l ="0" &
Elim(u,v,w,y ) &w = "——A(z;/7;)”

)

Note that the deduction tree y for sequent I' — A(w;/n;) that formula
@(ni,...,ng,y ) gives us has height at most ®|_4_1(a’ + 2 - 7k(A) + 2)
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where o < a. Since o' < o and 2 - rk(A) + 2 is a natural number, we have
o +2-7k(A)+2 < a+2-rk(A)+2 and the height of y can be bounded by
Qa1 (a+2-rk(A) + 2).

Let us state the definition of DedTreeNeg(s, [, y). The formula formalizes
the construction of a deduction tree for a sequent of the form ——D — D
described in Lemma 18.

DedTreeNeg(s,l,y) =

if sis"™—D — B
if B is a true atomic sentence, then y = ( 707, s, "endform™," (")
&
if B is a false atomic sentence, then
y={("rk(-~——D = 0=1)"5"-L"y) &
y = {("rk(— -D)","—= -D7,"=R,y") &
DedTreeAxiom(s,l,y ) & s ="D —=0=1"
&
if B is a compound formula
if B is of the form E&F', then
y = ("rk(=-D — E&F)",s,"&R,y ,y" ) &
DedTreeNeg(w ,( "E7 ) x 1,y ) & w' ="=-D — E7 &
DedTreeNeg(w', ( "F ) x1,y") & v’ ="==D — [~

!

&
if B is of the form VzF'(z), then
y=("rk(-—=D —VaF(x))" s "VR,
"DedTreeNeg("——D — F(n)",{ "F(n)" Y+, y)")
&
if B is of the form —C', then
y = ("rk(-—D — =C)",s,"=R",y' ) &
y = ("rk(-=D,C - 0=1)","==D,C - 0=1""=L,",9y" ) &
y = ("rk(C — -D)","C = =DV "=R,y") &

"

DedTreeAxiom(s,l,y" )& s ="D,C = 0=1"

Formula DedTreeNeg(s,[,y) is A; in I¥;. Its totality, which is denoted
by VsVIJyDedTreeNeg(s,[,y), can be proved in IIy. If we set

e Sentence(s) = s is a code of a sequent that does not contain free
variables
e SubNeg(s) = sisa code of asequent of the form ——D — B where B

is a subformula of D such that B is not within the scope of a negation in D
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e ChoicesNeg(l,s) = dIn<l ( 1= {(ig...,in) &
Vj <n (i is a code of a formula) &
Vj < n (ij41 is not a negation) &
Vi <mn One_Step Subfle(iji1,i;) &
s="--D— B'&
iop = "B and One_Step_Subfle("D7,i,)
)
vV (I="0"& s="--D — D7)
the correctness of DedTreeNeg(s,[,y) is expressed as

VsV [ Sentence(s) & SubNeg(s) & ChoicesNeg(l, s)

D

Vy ( DedTreeNeg(s,l,y)
B 7
DT(y) & endsequent of y has code s &

height of y < rank of sequent with code s

)
]

This is shown by induction on rk(S) where S is a sequent whose code
is s. Since predicates Sentence(s), SubNeg(s) and ChoicesNeg(l, s) are A,
in I3, the induction formula is ITy. The correctness of DedTreeAxiom(s, [, y)
is also used in the proof of the correctness of DedTreeNeg(s,[,y). This does
not affect the complexity of the proof since it is proved in III, too.

We go on to define the case when the last derivation rule in z is the
induction rule.
dma(r,y) = . .

R (0) Fla)As F(at1)

if the last derivation rule in z is the induction rule of the form
I'NA—F(t)

if ' A — F(t) contains no free variables, then
32'32"3m ( DedTree(z’, z') & DedTree(z”,z") &
2 ={("B7,"F(a),A — F(a+1)","var?,"p(n,u)") &
value of ¢ is m & ¥ 1na(2', " p(n,u)™, m, y)

)

&
if I') A — F(t) contains free variables x1, ..., xy, then
32'32" ( DedTree(s',2) &
2 ={("a,"T — F0),"var™,  p'(z1,...,zp,u) ') &

DedTree(z",z") &
2= {("p7,"F(a),A = Fla+1)","var", p'(a,z1,...,23,0) ') &
Y= < '—<I>|F(x)‘(max{oz, ﬂ} + W)—la l—Fa A — F<t)—|7 rvar—l’

'_Elm (t(l'z/ﬁ@) =mé& ﬁ[nd (l_pl—la l_p”—la m,na, ..., N, y/) )—I >



Now, the task is to define formulas
¢1nd(zl7 '_p(n, u)ja m, y)

e B /
19]71(1( P, P 7man17"'7nk7y)

Let us begin with the first one. Formula 1 1,q(2", " p(n,u)", m,y) is defined
as follows:

¢Ind(zlvrp(n7 u)—‘,m, ?/) =

JuIv3Iw [m=0> (Wk(z',q,y) & g="A")
&
m#0D (pm—1,u) & Va2, pn,u)ym—1,0) &
Elim(v,u,p,w) & p='F(m —1) &
MultiCt(w,r,y) & r="A"

)

The second formula 97,4 ("p ', p" ,m,n1,...,np,y') is of the form:

e B / _
ﬁ[nd( P 5, P 7m7n17"'7nk7y> -

JuIIwIy [m=0D (p(ny,...,npu) &
Wk(u,q,y) & q ="Az;/n;)”
)

&

m#0D (Vg p 0" m =101, ny) &
p (m—1,n,... ,n40) &
Elim(y v, p,w) & p = I—F(m — 1)(31;1/7?2)—I &
MultiCt(w,r,y) & 7 ="A(z;/n;)"

)
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To complete the definition of DedTree(z,y), we state the cases for the
rules of contraction and weakening.

quk(xay) =

if the last derivation rule in z is Wk of the form

if A,I' — C contains no free variables, then
3z (DedTree(z, 2) & Wk(z,w,y) & w ="A7)

AT—=C

&
if A,I' = C contains free variables x1, ..., x:, then
3z (DedTree(z’, 2) & 2 = (rof' T — C’—' ,Tvar™, rp(xl, oo xpu) ) &
y= ("L TAT = O Tvar, Tp(ng, o y) )
Formula ¢(ny,...,ns 9y ) that we use in the definition of ¢yy(z,7y) is an

abbreviation for:

Ju ( p(nla s 7nk7u) & Wk(uawvyl) & w= |_14(‘%2/%1)—' )

¢Ct(1‘ay> =

. xl
if the last derivation rule in x is C't of the form %
if A,I' = C contains no free variables, then

3z (DedTree(z, 2) & Ct(z,w,y) & w="A7)

&
if A,I' = C contains free variables x1, ..., x, then
3z (DedTree(z’,2) & z = (Ta, " A, A I'—= C Tvar™,"p(xy, .. op,u) ') &
y=(Ta"TAT = O, Toar™, Tp(na, i) "))
Formula o(nq,...,n,y ) that we use in the definition of ¢¢y(z,y) is an

abbreviation for:
Ju (pny, ..., npu) & Ct(u,w,y ) & w="A(z;/n;)")

The construction of DedTree(z, y) requires two applications of the Fixed-
point theorem. First, we have to build formulas v ,q(2", " p(n,u)”, m,y)
and Vg ("p " p" myny, ... ng,y) that are part of the definition of ¢ r,g.
We see that the definition of ¥ 7,,q(2', " p(n,u) ™, m,y) refers to 1 g itself and
the definition of ¥7,q("p ', p" ym,ny, ... g,y ) refers to 9;,4. These two
formulas are built in the usual way by applying the Fixed-point theorem and
the partial truth predicates for ¥;-formulas. The second step is to repeat an

analogous process to obtain DedTree(x,y) that is 3; too.
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We proceed to prove the correctness of DedTree(x,y) that is expressed
by the following formula:

Va [ z is a derivation of PA
>
JyDedTree(z,y) & Yy ( DedTree(z,y)
>
DT(y) & height of y < ®,(0) &  (8)
the endsequent of y is the same
as the endsequent of x

)
]

This is proved by induction on the height of x, which is a natural number,
and the complexity of the induction formula is II5. This proof makes use
of the totality and the correctness of all formulas that have been analy-
sed so far: DedTreeAxiom(s,l,y), Wk(z,z,y), Ct(z,z,y), MultiCt(z, z,y),
Elim(xy, 29, 2,y). Since the proof of the correctness of Elim has the highest
complexity, we obtain eventually that the whole consistency proof of 1935
can be formalized in the theory where the correctness of E1im can be proved.

Let us present the correctness proof for the case when the last derivation
rule in x is the induction rule of the form

/ : "

i i

P F(0) Fa), A F(a+1)
I A—F(t)
Assume that the endsequent I', A — F'(t) contains free variables z1, ..., xy.

Our aim is to prove that (1) there exists some y such that DedTree(z,y) and
(2) for any such y we have DT (y), the height of y is strictly less than ®,,(0)
and its endsequent is I', A — F(t).

We will work with the definition of ¢, on page 71. To find y such
that DedTree(z,y), we need to find 2 and 2" of the required form such
that DedTree(z’,2’) and DedTree(z",2"). These deduction trees z* and 2"
are obtained by the induction hypothesis applied to =" and " respectively.
Then, the y that we are looking for exists. Namely, it is built of the heights
of 2" and 2z of the endsequent of z, of a code of the rule of var and of a code
of the formula

!

dm (t(xz/ﬁz) =mé& ﬁlnd (l—p,—l7 l—p//_la m,ny, ..., Nk, Y ) )
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that can be constructed as above.

Assume now that we have an arbitrary y such that DedTree(z,y). This
means that we also have 2" and 2" such that DedTree(z’, 2'), DedTree(z", ")
and

2 ={("a,"T = F(0)","var™, p'(z1, ..., 25,u) ")
2 = ("B1"F(a),A = F(a+1)","var™," p"(a,21,...,25,0) ")
When we use the induction hypothesis for 2" and z”, we further obtain DT (z/)
and DT(z") which imply that formulas p" and p" are total and yield proper
deduction trees. The induction hypothesis also gives us «, f < @,,(0).

It is easy to see that the height of y is less than ®,(0) and the endsequent
of yis I'; A — F(t). The important part to show is DT (y). This entails two
items:

(2a) Vny ... 3y 3Im (H(x/n) =m & Ipa (0, p L mona, o ey))
(20) Vny ..o Yy [ 3m (t(ae/n) =m & Opa(Cp ' p" smna, g y'))
D)
DT(y') & endsequent of y' is T, A — F(t)(z/n;) &
height of ' < D) p(z) ( max{a, B} +w)
]

The definition of ¥;,4 is on page 72. Both items are easily obtained from
the auxiliary statement below. Recall that deduction trees are allowed to
use the rule of term (p. 24) implicitly that replaces closed terms by their
corresponding values. The statement to prove is the following:

YmVny . ong [ 3y Ia(Cp L mang gy &
Yy (Dra (0 " mna, g y)
>
DT(y) &
endsequent of 3 is I, A — F(m)(z;/n;) &
height of y' is < ®p() (max{a, 8} +m)

)

(9)

]

To prove (9), we choose arbitrary natural numbers ny, ..., n; and then we
proceed by induction on m. The induction formula is Iy, but the complexity
of the whole proof is affected by the fact that we use the correctness of Elim.

Assume that m = 0. The totality of p', which follows from DT(z'), gives
us u such that p’ (n1,...,ng,u). Since Wk is total, we obtain y such that
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Ima( p " p" ,0,n1,...,n,y). On the other hand, assume now that we
have y* with exactly this property. Since DT(z'), we also have DT'(u) for
any u such that p'(n,...,nu). The endsequent of u is I' — F(0)(z;/n;)
and the height of w is strictly less than a. The correctness of Wk yields the
following properties of y': DT'(y/'), the endsequent of y is T', A — F(0)(x;/7;)
and the height of 3/ is the same as the height of u.

Assume that m # 0. The induction hypothesis for m — 1 gives us 3 such
that DT (y"). Its endsequent is I'; A — F(m — 1)(z;/n;) and the height is
less than @ p,) (max{c, B} +m —1). Formula p" is total and this gives us v
such that p” (m—1,n4,...,ng,v). DT(2") yields DT(v). The endsequent of v
is F(m — 1), A — F(m)(x;/n;) and its height is § < 3. Furthermore, the cor-
rectness of Elim yields w such that DT'(w). The endsequent of wisT', A; A —
F(m)(x;/7;) and the height is at most ®|p(4)|—1(P|r() (max{a, B} +m—1)+0)
that is strictly less than @;F(@(max{a, p} +m). Since MultiCt is total, we
obtain ¢ such that 9r,q("p ', p" ,m,n1,...,nk,y). On the other hand,
if we take y such that Jrq("p ,"p ,m,ni,...,nky), the correctness
of MultiCt yields DT(y'). The endsequent of y is I, A — F(m)(x;/n;)
and its height is the same as the height of w, we mean, strictly less than
Q| p(py(max{a, B} +m).

At the end, we want to state the following theorem that summarizes the
result of this section.

Theorem 3. Gentzen’s consistency proof of 1935 can be formalized in I1I3+T1
up to ®,(0). The induction formulas of the transfinite induction are Ag.

We do not rule out that the analysis of Gentzen’s cut elimination strategy
may be done better, but this seems to be quite difficult.
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Part 2

Comparison between Tait’s and
Gentzen’s cut elimination
strategy in classical
propositional logic

Abstract The most problematic part of Gentzen’s consistency proof of 1935 is
Hilfssatz, the cut elimination theorem, that eliminates uppermost cuts regardless
of the complexity. The analysis of the cut elimination strategy of Hilfssatz, which is
described in the previous part, showed that Gentzen implicitly applied transfinite
induction up to a, g9 < a < ®,,(0), in the consistency proof. It must be stressed
that Gentzen himself does not speak about any transfinite induction in connection
with this proof. We know that if he had applied Tait’s cut elimination strategy,
the one that decreases the cut-rank of the derivation, he would obtain transfinite
induction up to g.

In this part, we will deal with the question to what extent cut-free derivations
differ when they are produced by distinct cut elimination strategies, particularly
we are interested in Gentzen’s strategy and Tait’s strategy. We show that both
strategies yield the same cut-free derivations in classical propositional logic. Hence,
not only are the heights of cut-free derivations the same but also their structures.

Our proof applies an elimination algorithm of a single cut inspired by the
method of Buss that makes global changes to the derivations. This algorithm is
deterministic. A cut elimination strategy is a list of properties that a cut must
have to be eliminated in a particular state. We will use only strategies that are
nondeterministic in the sense that any cut with suitable properties can be chosen
for elimination. We define a strategy, which we will call general cut elimination
strategy, that includes both investigated strategies, the one of Gentzen and the
one of Tait. We prove that general cut elimination strategy has the weak Church-
Rosser property in classical propositional logic. It can be seen that it also has the
strong normalization property. Weak Church-Rosser property and strong norma-
lization yield the Church-Rosser property that ensures that normal forms, in our
case cut-free propositional derivations, are given unambiguously.



2.1 Introduction

We have analysed Gentzen’s consistency proof of 1935 in the previous text.
The most problematic part of the proof is Hilfssatz that represents cut eli-
mination in an infinitary calculus. Hilfssatz is remarkable because of the cut
elimination strategy that Gentzen had applied there. He always eliminates
an uppermost cut, i.e., a cut whose premises have cut-free derivations. The
usual cut elimination strategy, known as Tait’s strategy, is the one that eli-
minates one of the most complex cuts such that there are only simpler cuts
above it. We say that Tait’s strategy decreases the cut-rank, i.e., the com-
plexity of cut formulas in the derivation. Our attempts to analyse Gentzen’s
cut elimination strategy in the infinitary calculus reveal that there may be
differences between both strategies. Whereas the application of Gentzen'’s
strategy in Hilfssatz gave us ®,(0) as an upper bound on heights of deduc-
tion trees for sequents derivable in PA, Tait’s strategy yields q. It is not
ruled out that some more sophisticated analysis of Gentzen’s strategy would
give us €p too. The question is whether and how both strategies differ, espe-
cially whether it is possible that Gentzen’s strategy is really less efficient in
the sense that it yields cut-free derivations whose heights cannot be bounded
by iterated exponentiation of w.

Since the infinitary calculus is more abstract than finite calculi in which
the performance of both strategies was unknown to us either, we decided to
study the cut elimination strategies in classical propositional and classical
predicate logic. In this part, we switch to classical propositional logic and
show that both strategies yield the same cut-free derivations. Not only is
the height of the cut-free derivations the same but they also have the same
structure. Our proof uses the fact that we are able to organize the cut
elimination procedure in classical propositional logic in the way that there
arise one or two simpler cuts instead of the eliminated cut. Moreover, they are
situated exactly at the position of the original cut that was eliminated. The
crucial point is that they are not distributed throughout the whole derivation
and we know what is above and below them.

However, one cannot use the same approach in predicate logic because of
eigenvariables that may occur in the derivation. We will explain this in detail
after the elimination of a single cut is defined. The algorithm for elimination
of a single cut, which we will use, is inspired by the method of Buss in ([3],
pp. 37-40). It plays an important role because, for the most part, the proof
is based on it.

Baaz and Leitsch ([1], pp. 93-104) deal with the comparison of Tait’s
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and Gentzen’s cut elimination strategies in finite calculi too. In contrast to
us, they investigate the number of elimination steps that are necessary to
construct a cut-free derivation in predicate logic. They found out that none
of the strategies is faster than the other. The strategies are incomparable
in the sense that there exist derivations on which they differ significantly:
one can find a sequence of derivations where Tait’s strategy eliminates all
cuts by taking a number of steps that is elementary in terms of the original
derivation and, on the other hand, Gentzen’s strategy needs a number of
steps that is nonelementary. There exists an example too where this works
the other way around.

It must be mentioned that Baaz and Leitsch use nondeterministic elimi-
nation of a single cut, i.e., there are more different treatments of one cut and
they are allowed to select from them arbitrarily. This fact itself has influence
on the length of the cut elimination procedure. We are of the opinion that
when we want to compare the influence of cut elimination strategies on the
cut elimination process, we have to suppress all other aspects that can also
affect the result. That is why we insist on a deterministic elimination of a
single cut. Besides, it is easy to see that a nondeterministic elimination of
a single cut can lead to different cut-free derivations regardless of the cut
elimination strategy.

Let us summarize main aspects that effect the cut elimination proce-
dure. These aspects are contained in answers to the three following questions:
(1) According to which property do we choose a cut that will be eliminated
in the particular state? There may be, of course, more cuts with the suitable
property in our derivation. This leads to the second question. (2) Which
particular cut of those with the suitable property do we choose? Finally,
after we have chosen a cut, we can proceed to the last question. (3) What
is the algorithm for elimination of the chosen cut? The elimination of the
chosen cut removes the cut and we possibly obtain new cuts with simpler cut
formulas.

The first question is answered by the cut elimination strategy. We ob-
serve two strategies: Gentzen’s strategy that chooses one of the uppermost
cuts and Tait’s strategy that chooses one of the most complex cuts such that
there are only simpler cuts above them. As far as the second question is
concerned, we postulate that both our strategies are nondeterministic, i.e.,
any random cut from cuts with the suitable property may be picked. This
nondeterminism is a part of the strategy. The third question, which asks for
an algorithm for elimination of a single cut, permits two solutions. We can
either define a deterministic algorithm that allows only one way of elimina-
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tion, or we can define a nondeterministic one that suggests more different
treatments of the chosen cut. As stated above, we are interested only in
differences caused by the application of distinct strategies. This convinced
us to define a deterministic algorithm for elimination of a single cut and use
it independently of the strategy.

2.2 Preliminaries

For the purpose of the following investigation, we allow sequents to have a
multiset in the antecedent as well as in the succedent:

Definition 26. A sequent is an expression of the form I' — A where T’ =
{Ay,..., A} are antecedent formulas and A = {By,..., By} are succedent
formulas. We view I' and A as multisets and they can be empty.

Since we work in classical propositional logic, we do not need all logical
operations. We will use only disjunction and negation. Hence, our language
is {V, =} and we define the following calculus:

Definition 27. A derivation of I' = A in classical propositional logic is a
tree that consists of sequents from Definition 26. FEach sequent is either an
initial sequent of the form A — A where A is a propositional variable or it
15 deriwed from previous sequents using one of the following inference rules:

Structural rules: Logical rules:

5 154,0,0 roaA AToA
SToA,0 t CATSA ToA A
I'—A A T'—-A B, I'—A I'—-AA B

— Wk
s r-a0 7 AVB.T5A VL TS A ave VB

'—-AA A, T'—»A
I'—A

cut

The rules of Ct and Wk are called weak inference rules. The rule of cut and
logical inference rules are collectively called strong inference rules. Sequent
I' — A is called the endsequent and it is situated in the root of the derivation.

We do not need the rule of Exchange since we use multisets of formulas.

Definition 28. Formula —A or AV B in the lower sequent of a logical infe-
rence rule is called principal formula of that rule. Formulas in ¥, © in the
lower sequent of the weak inference rules are also called principal formulas.
The rule of cut has no principal formula.
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Formulas A, B in the upper sequent of a logical inference rule are called
auxiliary formulas of that rule. Formulas in 3, © and formula A in the upper
sequent of the structural rules are also called auxiliary formulas. The rule
of Wk has no auziliary formulas.

Formulas in multisets I';, A are called side formulas.

Now, we will define the height of a derivation from Definition 27. In
principle, the definition is the same as for an infinitary derivation. The only
difference is that we used no weak inference rules in infinitary derivations and
here, we have some. We postulate that weak inference rules do not increase
the height of the derivation.

Definition 29. The height of a derivation from Definition 27 is defined
inductively as follows: FEach initial sequent is assigned the value 0. If the
premise of a unary strong inference rule has n, then the conclusion of this
rule has n+1. If the premises of a binary strong inference rule have n and m,
respectively, then the conclusion is assigned maz {n+1, m-+1}. If the premise
of a weak inference rule has n, then the conclusion of this rule has n again.
The height of a derivation is the natural number of its endsequent.

We write as F* I' — A to mean that we have a derivation with endsequent
' = A whose height is at most n.

Definition 30. If an occurrence of C' in the lower sequent of an inference
rule is a side formula of this rule, then the corresponding occurrences of C' in
the upper sequent of this rule are called its immediate ancestors. If C' belongs
to principal formulas of Ct, then the corresponding occurrences of C among
auziliary formulas are called its immediate ancestors. If C is the principal
formula of a logical inference rule, then the auxiliary formulas of this rule
are called its immediate ancestors.

The ancestor relation is reflexive and transitive closure of the immediate
ancestor relation.

Definition 31. Assume that we have a derivation P in the calculus from
Definition 27. We choose an occurrence of formula B in P. A thread for
this occurrence of formula B are all occurrences of B in P that are ancestors
of the chosen occurrence of B. The chosen occurrence of B is called the root
of the thread.

Every thread has the form of a tree. It can branch either in the rules of
contraction or in the rules with two premises. If B is a propositional variable,
the leaves of every thread for B must be either in initial sequents or they

81



must be in conclusions of weakenings. Otherwise, if B is not a propositional
variable, the leaves are in conclusions of weakenings or in conclusions of
logical inference rules.

Since the notion of thread is crucial and there are different versions of its
definition in the literature, we want to provide an example:

Wk% ¢=0C Wk
A—A))C C—>C,C5VL
ave@e
[AVC]-A—C

Here, we have marked two different threads. The first one starts in the
endsequent with formula A vV C. Then, we go one inference rule up and we
reach the leaf because A V C'is decomposed by the rule of VL.

The second example is a thread for the propositional variable A. It starts
in the premise of the rule of =L and it has two branches. The right hand
side branch ends when A is inferred by the rule of weakening. The left hand
side branch ends in the initial sequent A — A.

Definition 32. The cut-rank of a derivation P is defined as
sup{|C|+1, C is a cut formula in P}

where |C| is the number of logical operations in formula C. The complexity
of a cut with cut formula C is |C| + 1.

Definition 33. (i) Assume that B is a formula and k > 0. We denote by B*
exactly k occurrences of B.

(ii) Assume that © is a multiset of formulas, B is a formula and k > 0.

Assume that © contains at least k occurrences of B. We denote by o~ BF
the multiset © from which k occurrences of B are deleted.
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2.3 Elimination of a single cut

Now we introduce an algorithm to eliminate a single cut. The algorithm is
inspired by the cut elimination procedure described in [3]. It makes global
changes to the derivations: The thread for the cut formula is replaced by
threads for some of its subformulas and these subformulas become then cut
formulas of new cuts.

The elimination of a single cut will be defined by cases according to the
outermost logical operation in the cut formula.

Definition 34. Assume that k, h are natural numbers and we have a cut of
the following form:
L Q ‘R
I'—A,-B -B,T—A
'—-A

cut

Then, this cut is eliminated as follows:

Every sequent © — A in Q where A contains exactly k occurrences of
formula —B that belong to the thread for the cut formula =B is changed to
B* 0 — A~CB)" where all k thread members —B are removed from A.

The rules of =R whose principal formulas ~B belong to the thread for the
cut formula =B become redundant:

B,© — A B* B,© — A-CB)"
N>

ik A B @ — A-CB)"
© — A, -B f B¢ © — A—(CB)F ~

Every sequent © — A in R where © contains exactly h occurrences of
formula —B that belong to the thread for the cut formula =B is changed to
O~B" 5 A, B" where all h thread members =B are removed from ©.

The rules of =L whose principal formulas =B belong to the thread for the
cut formula =B become redundant:

©— A B ©-B" A, B, B"
~

et R O-CB" 5 A Bhtl
—|B, 0= A L @7(ﬂB)h N A, Bh+1 ~ ’

The rules of contraction and weakening in both derivations Q), R applied
to formulas —B that belong to the thread for the cut formula =B change to
contractions and weakenings applied to B. Initial sequents are not violated
since they contain only propositional variables.

In this way, we obtain a derivation Q of B,T' — A and a derivation R’
of ' = A, B. The original cut on —B 1is replaced by the following cut with
smaller complezity:

‘R cQ
I'—A,B B,T—A
I'— A

cut



Definition 35. Assume that k, h are natural numbers and we have a cut of
the following form:

L Q ‘R
I'—A,BvC BVC,IT'— A

I'—A cut

Then, this cut is eliminated as follows:

Every sequent © — A in QQ where A contains exactly k occurrences of
formula BV C' that belong to the thread for the cut formula BV C' is changed
to ©® — A_(Bvc)k,Bk,Ck where all k thread members BV C are removed
from A.

The rules of VR whose principal formulas BV C' belong to the thread for
the cut formula BV C become redundant:

O—>ABC - ONEIBLBCNC g \wvor pea gk
©—~ABV(C o _ A—(B\/C)k’ B+ k1 ’ ’

We modify R in two ways. Every sequent © — A in R where © contains
exactly h occurrences of formula BV C' that belong to the thread for the cut
formula BV C is changed to B",©@~BVO" s A and Ch, @~ BVO" 5 A
respectively, where all h thread members BV C' are removed from ©.

The rules of VL whose principal formulas BV C belong to the thread for
the cut formula BV C become redundant together with the derivation of one
of their premises:

(1) The right hand side premise of VL whose principal formula BV C' belongs
to the thread for the cut formula and the whole derivation of this premise
become redundant during the construction of R, the derivation of B,T — A:

h o—(BvC)! h g—(BvCO)P
B, A C,0—A VL~ B,B", © — A C,B",© — A ~ Bh+1,®—(BVC)haA

BVC,0 — A Bh+179—(BvC)h S A

(2) The left hand side premise of VL whose principal formula BV C' belongs to
the thread for the cut formula and the whole derivation of this premise become
redundant during the construction of R the derivation of C,T' — A:

h o—(BvC)h h o—(BvC)P
BO-A CesA o BChe —~A  cche A e BVO 4

BVC,0 = A Ch+17@—(BVC)h A

The rules of contraction and weakening in both derivations @), R applied
to formulas BV C' that belong to the thread for the cut formula BV C change
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to contractions and weakenings applied to B and C. Initial sequents are not
violated since they contain only propositional variables.

In this way, we obtain three derivations: Q of T — A, B, C, derivation R’
of B,T = A and derivation R of C,T' — A. The original cut on BV C' is
replaced by two simpler cuts:

/

' ‘R
Q' B, > A
— T A~ Wk -
I'—A,B,C B,I'—=A,C ‘R
I >AC C,T—A
r'—A

Definition 36. Assume that k is a natural number and we have a cut of the
following form.:
Q ‘R
r—AA AT —A
r—A

cut

where A is a propositional variable. Then, this cut is eliminated as follows:

Every sequent © — A in R where © contains exactly k occurrences
of formula A that belong to the thread for the cut formula A is changed
to ,0~W" — A, A where all k thread members A are removed from ©.
Multisets ') A are side formulas of the cut.

This modification violates the initial sequents, the endsequent of R and
possibly weak inference rules that contain ancestors of the cut formula A
among their principal formulas. This is fized by the following adjustments:

Weak inference rules that contain ancestors of the cut formula A among
their principal formulas either remain weak inference rules or, if multisets 33, IT
are empty, they become redundant:

AL ALY S 0 5 A IL I - D&&@WM%AEHAC

I Ct A t
ALY, 0 - AT IY, 0-W 5 A ILA
0 A - - L,o-W 5 A A -
ALY O — AT I,%, 6@ 5 AT A

The endsequent A,I' — A of R is changed to ', T' — A, A and the required
endsequent I' — A is obtained by contraction.

Initial sequents of the form B — B where B 1is different from A are
changed to I', B — B, A and this is derived from B — B by weakening.
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Initial sequents of the form A — A where the antecedent formula A is
an ancestor of the cut formula A are changed to I' — A, A. This is the
endsequent of Q).

The result of the elimination described above can be schematically rep-
resented as follows. The antecedent formula A in the displayed initial se-
quent A — A is an ancestor of the cut formula A:

A A B— B ‘Q B— B Wk
r—AA I'B—B,A
. . ~>
1Q ‘R
'—AA AT —A :
TSA cut I ToAA

'—A ct

This definition completes the sequence of definitions that deal with the
elimination of a single cut.

We shall now explain why a similar elimination of a single cut is not
possible in predicate logic. Assume that we have a cut of the form

Q ‘R
I'— A,3zB(z) JzB(z), I = A
r—-A

cut

and the rules of 3R and 3L have the following definition:

I'— A, B(t) B(a), I = A
ToAZB@ T HB@roa

Variable a is an eigenvariable and, therefore, it must not occur in the conclu-
sion of the rule of L. Formula 3z B(z) can be viewed as an abbreviation for a
disjunction, possibly infinite, hence, the idea could be to try to eliminate the
cut as if the cut formula was a disjunction. The first task is to find all formu-
las B(t1),. .., B(t;) in @ that are auxiliary formulas of the rules of 3R whose
principal formulas 3z B(z) belong to the thread for the cut formula 3z B(x).
We wish to build derivation Q" of I' = A, B(t,), ..., B(ty) by transforming
every sequent © — A in @ into © — A=(FB@)" Bt . B(t;,)" where A
contains exactly n ancestors 3z B(x) of the cut formula JzB(z). Now, the
problem is that terms ¢,...,f; may contain eigenvariables of some rules
of 3L in Q). Assume that we have the following rule in @:

Cla), ¥ = 11

JxC(x), ¥ — 11 "
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Further assume that term t; contains a, the eigenvariable of this rule. We
denote it by t1(a). Our intended transformation would clearly break the
eigenvariable condition, according to which a must not occur in the conclu-
sion of 4L. Hence, we would not obtain a correct derivation:

Ca), S — 10 . Cla), £ = PO Bt (a)",..., Bty)"

3L
J2C(x), & — II 3z C(z), ¥ — N-CG=B@)" B(t)(a))", ..., B(ty)"

Note that if we maintain the derivation in the eigenvariable normal form, i.e.,
all eigenvariables are distinct and occur only above the rules in which they
serve as eigenvariables, there is no problem to transform R into derivations
with endsequents B(t;),[' = A, 1 < ¢ < k, which would be the right hand
side premises of cuts on formulas B(t;),. .., B(tx).

The above example shows intuitively why the upper bound on heights of
cut-free derivations is much bigger in predicate logic than in propositional
logic. Cut formulas can be inferred at different positions in the derivation. In
predicate logic, we cannot contract auxiliary formulas of the rules that infer
different occurrences of the cut formula to a single occurrence and make this
occurrence the cut formula of a new simpler cut. New simpler cuts must
be introduced exactly at the positions where different occurrences of the cut
formula are inferred. Thus, we may obtain any finite number of new cuts.
This is in contrast to propositional logic where we are able to arrange the
cut elimination in the way that we always obtain at most two simpler cuts.

Let us get back to the propositional calculus.

Lemma 39. Assume that we have a derivation P whose last inference rule
is a cut ¥ of the form:
Q ‘R
F"r-A, B F"Br—A
9
Fritlp A
where mazx {ny,na} = n;. The elimination of ¥ according to Definitions 34,35,36
does not increase the cut-rank of P. Moreover:

o If |B] > 0, then we obtain F"*2 T' — A after the elimination of 9
and v is replaced by at most two simpler cuts above each other.

e If|B| =0, then we obtain F*™ T' — A after the elimination of ¥ and 9
disappears.
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Proof. (i) Assume that the cut formula is —B:
Q ‘R
F"r—A,-B F"2-B,T - A
0
Fritlp A

The elimination replaces the thread for the cut formula =B by a thread for
a simpler formula B that is placed on the other side of the sequent arrow. In
this way, we obtain derivation @ of B,T' — A and derivation R of I' — A, B.
The construction of Q" and R’ reveals that their heights are bounded by the
heights of () and R, respectively. They also contain no new cuts. Hence we
have:

/ N /

‘R Q
F"2r A, B "B, T
cu
Fritlp A

(ii) Assume that the cut formula is BV C:
Q ‘R
F™r A, Bve F"2pve,r—aA
9

Fritlp A
Every formula B V C in @ that is an ancestor of the cut formula B Vv C
is replaced by B,C' during the elimination. Derivation R is modified in
two different ways: The thread for the cut formula B Vv C' is first replaced
by a thread for B and then by a thread for C'. This procedure gives us
derivation " of ' — A, B, C, derivation R of B,I" — A and derivation R"
of C,I' = A. These three derivations are applied to build two simpler cuts:

/

‘R

o F"B,r—A
n ‘ n Wk
FMr A BC F2Br—AC . LR
Cu N
pmax(ni+lne+l}=ni+l pr A ¢ 2o r—a

cut
Fmax{n;+2,na+1}=n;+2 p_, A

No new cuts except for the displayed ones are built during the elimination.
The height of the derivation after the elimination is at most n;+2 where n;+1
is the bound on the height of the original derivation before the elimination
step.

(iii) Assume that the cut formula is a propositional variable A:
A=A B—B

1Q ___ ‘R
Froa 4 F" Ar—A s
Fritlp A

88




where the whole derivation of the right hand side premise is denoted by R
and the antecedent formula A in the displayed initial sequent is an ancestor
of the cut formula A. The elimination of ¥ consists in deleting the thread for
the cut formula A in R and adjusting the initial sequents and the endsequent
of R with the help of weak inference rules.

The result of the elimination is:

‘Q B—B

F"r,Aa A  TBSBA VE

I'—AA

'— A ct

Now, we estimate the height of this derivation. The derivation is made of R
where some initial sequents are replaced by a derivation whose height is at
most n;. Hence, the initial sequents in R obtain n; instead of 0 and it is
easy to prove by induction on the height of R that the height of the resulted
derivation is at most ni + ny < 2 - n;. O

Lemma 40. Assume that we have a derivation F* I' — A whose cut-
rank is d > 1. Then, using Tait’s cut elimination strateqy and Defini-
tions 34, 35, 36, we can build a derivation F** T' — A whose cut-rank is d—1.

Proof. Proceed by induction on the structure of " I' — A and apply
Lemma 39. O]

Lemma 41. Assume that we have a derivation F" I' — A whose cut-rank
1s 1, i.e., it contains only cuts on propositional variables. Then, using Tait’s
cut elimination strategy and Definitions 34, 35, 36, we can build a derivation
F2" T' — A whose cut-rank is 0, i.e., it contains no cuts.

Proof. Proceed by induction on the structure of " I' — A and apply
Lemma 39. O

Previous lemmas give us that we have an elementary upper bound for
the height of cut-free derivations in classical propositional logic that are con-
structed with the help of Tait’s strategy and the cut elimination method
from Definitions 34, 35, 36. Namely, the bound is 227" where n is the
height and d is the cut-rank of the original derivation with cuts.

The rest of this section deals with the circumstances under which the

elimination of a single cut makes some sequents or subderivations of the
original derivation redundant. We have four kinds of this redundancy:
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(1) The premise and the conclusion of the rule whose principal formula
belongs to the thread for the cut formula acquire the same form during
the elimination. Since we do not use the rule of repetition, one of these
sequents is redundant and we keep only one copy of it.

The second and the third case are relevant only to the elimination of a cut

Y11

B iy
B,©6—A C,0—A
BVC,© — A
o) ‘R
I'—A,BvC BvVC,T'— A
cut
I'—A

where the cut formula is a disjunction. The whole derivation of BVC, ' — A
is denoted by R. The derivations of B,©® — A and C,© — A are denoted
by £ and v respectively. Assume that the principal formula of the displayed
rule of VL in R is an ancestor of the cut formula B V C' and there is no rule
of VL in R below this one whose principal formula BV C'is an ancestor of the
cut formula too. Furthermore, we use the same notation as in Definition 35.

For the purposes of this explanation, we use sequent ¥ — II from . The
sequent is certainly missing in derivation R" of C,T" — A; we say that ¥ — II
is not included in R As far as the derivation R of B,I"' — A is concerned,
two possibilities may occur:

(2) Sequent ¥ — II, to be more precise, its modified form B¥, £~ (BYO)* 5 T,
is included in R’ Since the derivation after the elimination step is built
of R, among others, sequent ¥ — II does not get lost. By means of R,
its modified form is part of the derivation after the elimination step.
The redundancy in this particular case consists in being excluded from
exactly one of the derivations R, R’

(3) Sequent ¥ — II or any of its modified forms is not in R’ Hence, the
elimination step makes this occurrence of ¥ — II disappear. It is com-
pletely excluded from the derivation after the elimination. Lemma 42
tells us when this is the case.

The fourth item is relevant only to the elimination of cuts on propositional
variables. This case is rather unimportant for us, but we state it to make
the enumeration complete. We use the notation of Definition 36:
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(4) If the cut formula is a propositional variable A and there is no initial
sequent A — A in R whose antecedent formula A is an ancestor of the
cut formula A, then the whole derivation @) is not part of the derivation
after the elimination step.

Lemma 42. Assume that we have a derivation P whose last inference rule
is a cut of the form
Q ‘R
I' - A, B1VBs B1VB2,I'— A
0
r—A

where the cut formula is a disjunction. Then, an occurrence of an arbitrary
sequent X — I1 from R disappears after the elimination step, i.e., this parti-
cular occurrence of the sequent in the original or modified form is not present
in the derivation after the elimination step, if and only if R contains one of
the following patterns:

S—I1 Y—I1

By,® -0 Bo,® -0’ L B1,® -0’ Bo,® -0’
S>:  BiVB2,d —v or Si:  BiVB2,d -0’
By,0—T BooW B1,8-T BV
S1: B1V By, -V S3: B1VB2, -V
B1VB2, T'— A B1VB2,I'— A

where the principal formulas By V By of the displayed rules of VL belong to
the thread for the cut formula and there are no other inference rules of VL
that derive an ancestor B1V By of the cut formula between the displayed rules
of VL.

Proof. Assume that there is in R one of the above patterns, let us say the
left one, and we want to eliminate cut ©. We need to transform R into
derivations R of By,I' = A and R"of By,I' = A. The modification of R
to R and R" is achieved by replacing the thread for the cut formula By VV By
by threads for B; and By, respectively. Assume that we encounter sequent S,
during this process. If we change By V By to By, the derivation of the left
hand side premise is redundant and we do not include it into R’ If we
change B; V B, to By, we continue doing this along the derivation of the left
hand side premise until we encounter S;. Now, we must choose the derivation
of the left hand side premise again. Since ¥ — II does not get into R nor R,
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it is not in P after the elimination of 9. The case with sequents S5 and S, is
similar.

On the other hand, assume that P does not contain an occurrence of
> — II after the elimination of ¥¥. We want to show that this particular
occurrence is a part of the structure as displayed above.

Since the transformation of () does not delete any subderivation of P,
sequent > — II must belong to R. Moreover, it must be in the derivation
of a premise of the rule of VL that introduces an ancestor By V By of the
cut formula. If there was only one rule of VL in R that introduces an an-
cestor By V By of the cut formula, no sequent would disappear because the
derivation of the left hand side premise of this rule ends up as a part of R’
and, similarly, the derivation of the right hand side premise ends up in R’
Thus, there must be at least two such rules in R above each other.

When we transform R into derivations of B;, ' — A, i =1 or i = 2, we
replace the whole thread for the cut formula By V By by B; and we always
follow the path that contains B; when we run across the rule of VL that
derives an ancestor By V By of the cut formula. This means that there must
be at least two applications of the rule of VL that derive an ancestor By V By
of the cut formula under the occurrence of ¥ — II. When we check the
auxiliary formulas of these rules, we mean the auxiliary formulas that lie
directly on the path leading to > — II, at least one of them must differ from
the others. Hence, we are able to find the required pattern in R. O

2.4 Propositional logic: Comparison of Tait’s
and Gentzen’s cut elimination strategy

We have already introduced the cut elimination strategies of Tait and Gent-
zen, respectively:

Definition 37. Tait’s elimination strategy selects one of the most complex
cuts such that there are only cuts of smaller complexity above it if any and
this one is then eliminated according to Definitions 34, 35, 36.

Definition 38. Gentzen’s elimination strategy selects an uppermost cut such
that there are no other cuts above it and this one is then eliminated according
to Definitions 34, 35, 36.

The only difference between them is in the decision which cut to eliminate
in a particular state. Each strategy is nondeterministic in the sense that it
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selects an arbitrary cut from those that satisfy the required property for
elimination.

In fact, we will examine a more general cut elimination strategy below
that covers both strategies mentioned above. Baaz and Leitsch mention this
strategy in ([1], p.104); the author has also invented it independently of
them. This strategy is called general cut elimination. It allows to choose an
arbitrary cut such that there are only simpler cuts above it if any. Hence, the
chosen cut does not have to be one of the most complex cuts in the derivation,
but it may be, and it does not have to be an uppermost cut, but it may be.
This strategy is also considered to be nondeterministic. When the algorithm
has chosen the cut which is going to be eliminated, Definitions 34, 35, 36 are
applied again.

Definition 39. General cut elimination strategy selects an arbitrary cut such
that there are only cuts of smaller complexity above it if any and this one is
then eliminated according to Definitions 34, 35, 36.

Since only cuts of smaller complexity than the eliminated one are created
and reproduced during the elimination based on the general cut elimination
strategy, general cut elimination strategy always terminates. This means
that general cut elimination has the strong normalization property.

We will focus on the weak Church-Rosser property of general cut elimi-
nation. Objects that are going to be rewritten are the whole derivations
and the only rewriting rules are the elimination steps described in Defini-
tions 34, 35, 36. We aim to prove that general cut elimination has the weak
Church-Rosser property that says that if we have a derivation and we apply
two different elimination steps, we reach two different states that can be both
further rewritten so that, in a finite number of steps, the derivations will be
the same again. Strong normalization and the weak Church-Rosser property
give us that the normal forms (cut-free derivations) are given unambiguously.
This means that Tait’s and Gentzen’s cut elimination strategy, respectively,
yield cut-free derivations not only of the same height, but also of the same
form.

Theorem 4. General cut elimination in the classical propositional logic cal-
culus from Definition 27 has the weak Church-Rosser property when the cut
elimination algorithm from Definitions 34, 35, 36 is applied.

Proof. Assume that we have a derivation P. We choose two different cuts
Y1 and ¥ from P such that there are only simpler cuts above each of them
if any. If 1J; and 15 are not above each other, we obtain the same derivation
regardless of which one is eliminated first.
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If they are above each other, cut ¥; will always be above 95, we go on
to prove the assertion by cases, based on the outermost logical operations in
cut formulas of ¥ and 5. Note that the cut formula of 1¥; must contain less
logical operations than the cut formula of 5.

Furthermore, we distinguish two parts of P, the black one and the blue
one, in every investigated case. Sequents in the black part are modified only
when 95 is eliminated and the elimination of 1J; does not modify them. On
the other hand, sequents in the blue part are modified whenever J; or 1, is
eliminated.

Note that the modification of P during the elimination of ¢; and 1J, has
two aspects: (i) First, the form of sequents is changed and, (ii) second,
subderivations of P, possibly built of modified sequents, may be moved and
interconnected again or they may become redundant. We are interested in the
transformation of sequents in the blue part since these are the only sequents
in P whose form is modified twice. The first time by the elimination of v
and the second time by the elimination of ¥5 or the other way around. We
will also pay attention to the transformation of the overall structure of P.

The notation for transformation of sequents is in Definition 33. The
following scheme

S

$9

Sj
means that sequent S; is transformed into sequent \S; after the elimination
of cut ¥J. Similarly for derivations.

(1) Assume that the cut formula of ¥, is a propositional variable A and
the cut formula of ¥, is —B:

A A OO A A c—C
Y1, A Azt or Y11, A ATt
NG| ! NG !
[Q ‘R [Q ‘R
[—>A,-B “B.I=A I>A,-B “B.I=A
[—A 2 T—A 2

Propositional variables A in the antecedents of the displayed initial sequents
A — A are ancestors of the cut formula A. There can be any finite number
of these initial sequents in the derivation. The derivation of the first premise
of ¥, is denoted by ) and the derivation of the second premise of ¥y is
denoted by R.
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Let us focus on the case where 1 is in (). The other case is treated
in an analogous way. Assume that © — A is an arbitrary sequent from
the blue part. When we first eliminate ¥J,, sequent © — A is changed to
B',© — A~OB) where all i formulas =B € A that belong to the thread
for the cut formula =B are deleted. This means that the first premise of 9,
is changed to B, ¥ — A,II""®) and the second premise is changed to
B A, Y — II-CBY where II contains exactly j occurrences of —B that be-
long to the thread for the cut formula —=B. Cut ¢; modified in this way is
denoted by 1. Since the elimination of ¥, makes @', derivation @ after the
elimination, the derivation of the right hand side premise of the simpler cut
and, further, it makes R, derivation R after the elimination, the derivation
of the left hand side premise of the simpler cut, cut 9y, in the form of 9], is
in the derivation of the right hand side premise of the simpler cut. The cut
formula A of 19’1 is the same as the cut formula of ¥9;. The elimination of 1,
did not change the thread for A. Derivation P after the elimination of 5
has the form as displayed on the left hand side below:

A—A c—C : _ C=C _
Bi ¥ A, TI-(-B) Bi,®,C—C B
. ] : ) ’
BI, % — A, 11~ (B BLAS IO, St L A
BI, % — 1~ (BY ! VS| S | S
, Bi, x5 11~ (=B
., .
‘R -Q
r—AB B, I'—= A ER/ :
A A, B B, I > A

I'—A

The elimination of 5 is followed by the elimination of ;. The whole thread
for the cut formula A in the blue part is deleted and this violates all ini-
tial sequents A — A whose antecedent formulas are ancestors of the cut
formula A. Since the side formulas of ¥ are added to all sequents in the
blue part, the violated initial sequents are transformed into the left hand
side premise of 1, for which we have a derivation by assumption. If there
are no initial sequents A — A in the blue part whose antecedent formulas
are ancestors of the cut formula A, the left hand side premise of ¥, and its
whole derivation are redundant and excluded from the derivation after the
elimination.

An arbitrary sequent © — A from the blue part is modified in the follow-
ing way:
0 —A
§ 02
Bi,® — A-CB)
2
S, B, Bl, @AW" 5 A-CB)' [-(B)



where X, B/, II- B are side formulas of ¥, and multiset © contains exact-
ly n occurrences of A that are ancestors of the cut formula A. Although ¢
occurrences of B in the antecedent can be in fact ¢ occurrences of A, these
occurrences of B and the ancestors of the cut formula A belong to different
threads, and thus, we are sure that formulas B? are not removed. The thread
for B’s starts in the cut on B that we obtain after the elimination of ¥,
whereas the thread for the ancestors of the cut formula A starts in ;.

The second possibility is to begin with the elimination of ¥;. The elimi-
nation of ¥, deletes the same thread for the cut formula A as the elimination
of ] and the same initial sequents A — A are changed. Only the side for-
mulas of 1#;, which are add to all sequents in the blue part, differ from the
side formulas of ;. The modified initial sequents A — A are changed to the
left hand side premise of 19, for which we have a derivation that is changed
only once, namely, when 1, is eliminated. This derivation is attached to all
modified initial sequents. Derivation P after the elimination of ¥y has the
form as displayed on the left hand side below:

. C—C
: Cc—=C Wk ) : j - F
ST A >,C=C, I BI, % — A1~ ("B) BI,%,C—C, 11~ (=B
2
. > .
¥, 5 11,11 Bi, Bi %, %11~ (B)Y 11-(-B)! o
— =0 BI, % T~ B
: ‘R L :
I~ A,-B -B,T = A : :
L TA oy, I >A,B B,T—A
r—A

I'—A

The elimination of 1, is followed by the elimination of ¥5. The elimination
of 9, changes now the side formulas of ¥, that we have added to all sequents
in the blue part during the elimination of ¥; from ¥,II to B, %, [1-(B)F,
Furthermore, the derivation of the left hand side premise of 15 becomes the
derivation of the right hand side premise of the new simpler cut and vice
versa because the threads for the cut formulas =B are replaced by threads
for simper formulas B that are placed on the other side of the sequent arrow.
Hence, the blue part is in the derivation of the right hand side premise of the
cut on B again.

An arbitrary sequent © — A form the blue part is modified in the follow-
ing way which is exactly the same result as above:

0 —A
§ o1
¥,0-W" 5 AT

202
3, Bi Bl @AW" 5 A-CB) 11-(B)



(2) The case when the cut formula of ¥J; is a propositional variable A,
the cut formula of ¥4 is BV C and 9 is in the derivation of the left hand
side premise of )5 is analogous to (1):

A A D—D
Y —II, A AY =TI o
Y1 !
[Q ‘R
I'— A, BVC BVC,T=A
I'—A 2

Variable A in the antecedent of the displayed initial sequent A — A is an
ancestor of the cut formula A.

(3) Assume that the cut formula of ¥J; is a propositional variable A and
the cut formula of ¥, is B V C'. This time, cut 1, is in R:

A— A D— D
Y—ILA A Y —1I "
Y =11 !
Q ‘R
I'—A,BVC BVC,T'— A 9
2

I'— A

Variable A in the antecedent of the displayed initial sequent A — A is an
ancestor of the cut formula A. There can be any finite number of these initial
sequents in the derivation. The derivation of the first premise of ¥}, is denoted
by () and the derivation of the second premise of 1), is denoted by R.

We already know that the elimination of 95 modifies R in two ways: First,
it replaces formulas of the form BV C that belong to the thread for the cut
formula B V C' by B. Second, the same formulas are replaced by C. In this
way, we obtain a derivation R of B,I"' — A and a derivation R of C,T" — A.
Some parts of R, including cut ¢, itself, may be missing from R or R or
both.

We focus only on the modification of R that replaces BV C' by B, i.e.,
the construction of R. The investigation of R is completely analogous and
independent of R. We want to show that if we first eliminate ¥, and then
possibly two cuts of the form of ¥, one in R and the second one in R we
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obtain the same derivation as if we started with the elimination of 9 and
then continued with the elimination of ¥,.

There may be the rules of VL in R of the following form:

B, o — WV C,o -V
BVC,®—VU

whose principal formulas B V C' are ancestors of the cut formula B VvV C.
When we say that a rule is of the form as described in (x), we mean that it
is the rule of VL whose principal formula belongs to the thread for the cut
formula BV C. All sequents in R that are in the derivation of the right hand
side premise C,® — ¥ of these rules are, by definition, not included in R’
We consider three cases:

(3a) There is a rule of VL in R as described in (x) such that cut ¢, is in the
derivation of its right hand side premise C, ® — W.

VL (%)

(3b) There is no rule of VL in R as described in () such that cut ¢, is in the
derivation of its right hand side premise C, ® — W. Assume that there
are rules of VL as described in (%) in the blue part. We consider an
arbitrary initial sequent A — A from the blue part whose antecedent
formula A is an ancestor of the cut formula A such that it is in the
derivation of C', ® — W, the right hand side premise of VL as described

in (x).

(3c) There is no rule of VL in R as described in (*) such that cut ¢, is in
the derivation of its right hand side premise C', ® — ¥. We consider an
arbitrary initial sequent A — A from the blue part whose antecedent
formula A is an ancestor of the cut formula A such that it is not in the
derivation of C', ® — W, the right hand side premise of VL as described
in (x). The derivation of the left hand side premise ¥ — II, A of ¥y,
however, may contain the rules of VL as described in (). This case is
analogous to (1) and (2).

(3a) Assume that cut ¥ is in the derivation of C,® — W, the right
hand side premise of VL as described in (x). The situation is schematically
represented as follows:

Y —II,A A Y =11

1

Y =11
B, >—WV C, -V
VL
BVC,»—¥
‘Q ‘R
I'—-A,BvC BVC, T'—A

r—A 2



The elimination of 15 does not include the derivations of premises C, ® — ¥
as described in (%) to R, hence, we obtain:

Ba+1’ (b—(B\/C)a*) N

N /

‘R
N /
Q B,I'—=A
——~ Wk -7
I'—-A B,C B, = A,C ‘R
I'—>AC C,'—-A
I'—A

Multiset ® contains exactly a occurrences of BV C' that are ancestors of the
cut formula BV C. Since C, B*, &~ (BVE)* 5 ¥ the modified right hand side
premise of VL, and its whole derivation are redundant, cut ¥; is excluded
from R'.

Now, when we begin with the elimination of ¥, we know that only the
part above the conclusion ¥ — II of ¥; is modified. Nevertheless, the modi-
fied part is still in the derivation of C, ® — ¥ as described in (*). Since the
subsequent elimination of 95 makes the derivation of C';® — ¥ redundant
in R, the modified part does not get into R’ either. This is our desired result.

(3b) Assume that there is no rule of VL in R as described in (x) such
that 9, is in the derivation of its right hand side premise C', ® — ¥. Assume
that we have an initial sequent A — A in the blue part whose antecedent
formula is an ancestor of the cut formula A. This initial sequent is in the
derivation of C, ® — ¥ as described in (x):

E—FE A—A
B,®— WV C,o— v
BVC,® — ¥
Y—II,A AY =TI 9
Yol !
[Q ‘R
I'—A,BvC BVC,I'=A

'—-A 2

We start with the elimination of 5. The elimination of /3 and the con-
struction of R change the left hand side premise of ¥; from ¥ — II, A to
BF 2-(BVO)" _y 1 A and the right hand side premise A, Y — II is changed
to A,Bk,E*(BVC)k — II where multiset ¥ contains exactly k occurrences
of BV C that are ancestors of the cut formula BV C. Cut v after the elimi-
nation of 1, is denoted by ;. We know that the derivations of sequents of
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the form C,® — II as described in (%) do not get into R, hence, the chosen
initial sequent A — A does not get into R’ either. The only modification of
the thread for the cut formula A that the elimination of 95 has made is that
some branches of the thread are shortened. No new members were added
and all members that were not deleted during the elimination of 15 are still
in the thread.

The subsequent elimination of ] attaches now the derivation of the left
hand side premise of 19/1 to all initial sequents A — A that were not excluded
from R and that are changed to B, S-BVOr 5 11, A by the elimination
of ¥,. There is on the left hand side the derivation after the elimination
of ¥5. The elimination of ¥, is followed by the elimination of 19/1:

E—FE

Multiset ¢ contains exactly a occurrences of BV C that belong to the thread
for the cut formula BV C and, furthermore, it contains exactly h occurrences
of A that belong to the thread for the cut formula A. Note that cut formula A
and cut formula B belong to different threads.

The second possibility is to start with the elimination of ;. The elimina-
tion of 9, attaches the derivation of the left hand side premise > — II, A of 9,
to all initial sequents A — A that are transformed into ¥ — II, A during the
elimination of ¥J;. This includes the investigated initial sequent A — A too.
At the same time, the elimination of ¥; does not affect the thread for the cut
formula B V C' and no rules of VL whose principal formulas belong to the
thread for the cut formula BV C are violated. The elimination of 9; modifies
only the side formulas of inference rules except for the rules whose principal
formula is an ancestor of the cut formula A. All rules of VL from the blue
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EoE BkY ,E— E,TI
B+l o= (BVO) g Bk’Z—(Bvc)k’Ba-H’(b—(BvC)a,—(A)h_>\1,7n
. : . ,9’1 :
Bkvzf(BvC) —I,A A7Bk727(B\/C) 11 ﬁ, ~r Bk,Bk,Zf(Bvc)k,Ef(Bvcﬂc%H,H ot
Bk,z—(B\/C)k*)H ! Bk:727(BVC)k_>H
M /
‘R :
. / M ’
Q B,I'—» A Wh ) Q B, A .
IS A, B,C BT oA C ‘R’ I'sA,B,C BToAC Wk ‘R’
r—-AC C,;I'—- A I'—AC C,I'=- A
I'—A I'—A



part are preserved at the positions where they were before the elimination
of 191.

Now, we can continue with the elimination of 1J5. The derivation of
¥, C, - W, II, the right hand side premise C,® — W as described
in (%) modified after the elimination of ¥;, does not get into R. This means
that the modified sequent A — A and its derivation do not get into R’ either.
There is on the left hand side the derivation after the elimination of ¥;. The
elimination of ¥, is followed by the elimination of ¥5:

E—FE

Wk
E—FE : :
SEomi v ST, A Bt 2V BB
SBe W e w0e ™ e Br, 5 (BVOR pett o= (Wh (VO v I
B, : ., o

%, BvC, o~ (A" L w1

Bk', Bk', E—(B\/C)k’ E—(B\/O)k_> 1,11

. g k y—(BvO)k ot
3,2 — 1111 ~5 Bk n—( ) ST
T
. . PN :
‘Q : Q BI—A
' A, BVC BVC, T—A 9 I'—-AB,C B,I'—»A,C :
T>A ? I >AC C,T—A
'—=A

Let us now look at the form of sequents that are not made redundant
during the elimination of 5. An arbitrary sequent ® — A from the blue
part that is included in R’ is transformed in the following way:

0 —A
o,
Bi,©~BVO)' 5 A
2
Bi, @—(BVC)i,—(A)j7 Bk, 2—(BVC’)" — AT

Multisets £~BVO* Bk I are the side formulas of ¥,. Multiset © contains
exactly j occurrences of A that are ancestors of the cut formula A and ¢
occurrences of B V C' that are ancestors of the cut formula B vV C. The
antecedent formulas B’ and the ancestors of the cut formula A belong to
different threads. This is why the elimination of 9] cannot remove B’ from
the antecedent, even if formulas A and B had the same form.
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When we begin with the elimination of ¢;, the chosen arbitrary sequent
O — A is transformed in the following way:

©—A
201
2,0-@W 5 AT

202
Bi, @~ (A7—(BVO)' Bk y—(BVO)* _y A ]

Multisets X, IT are side formulas of 1J;. Since there is no difference whether
we first remove j occurrences of A and then i occurrences of BV C' from ©
or the other way around, we obtain the required result.

(4) Assume that the cut formula of ¥; is DV E and the cut formula of ¥,
is BV C:

e B
Y 11, DVE DVE, Y 11
Y10 U1
¥o) ‘R
I = A, BVC BVC,T — A
I'—A V2

We have |D V E| < |BV C|. The derivation of the first premise of ¥; is
denoted by « and the derivation of the second premise of ¥, is denoted by .
Similarly, the derivation of the first premise of 15 is denoted by ) and the
derivation of the second premise of ¥ is denoted by R.

Neither the elimination of 15 nor the elimination of 9, can exclude any
sequent S that belongs to « from the derivation after the elimination. There
will always be in the derivation after the elimination some modified form
of S. On the other hand, the elimination of ¥} may make some sequents
from [ redundant because there may be the rules of VL of the form

D®—V EdT
DVE®— T

in 8 whose principal formulas DV E are ancestors of the cut formula DV E.
When we say that a rule is of the form as described in (¢), we mean that it
is the rule of VL whose principal formula belongs to the thread for the cut
formula DV E. The derivation can be schematically represented as follows:

VL ()

@1 ;>A1 @2—.>A2

D,®—U E,&—W .
DVE,® U v
C o D B
S 11, DVE DVE X1
Y1 !
o) ‘R
I'—A,BVC BVC,T'— A

D)

'—A



Let us start with the elimination of ;. It builds three new derivations:
the first one is o of ¥ — II, D, E, the second one is f of D,¥ — II and
the third one is 5 of E,¥ — II. All sequents that are in the derivations of
premises of the form of £, ® — ¥ as described in () are redundant in 3 and,
on the other hand, all sequents that are in the derivations of premises of the
form of D,® — W as described in (¢) are redundant in 4" The subsequent
elimination of 95 does not exclude anything else from the blue part. It only
modifies sequents that are still available after the elimination of #;. The
derivation after the elimination of ¢; is shown in the figure below. It is
the part above the vertical arrow. The elimination of ¥, is followed by the
elimination of J:

pe,o7 PVE ),

: b
Eb, 0, PVEY 4,

Ditl e—(DVEY g

/

1B Eitl o~ (DVEY g

- D,Y 11 N
S —1,D,E D,Y—I,E 8"

S —ILE E, Y1l

¥ —1I
: ‘R
I'—»A,BvVC BVC,I' = A
2
I'—A

§ 05

Da,@;(DVE)a_%,\;(BVC)iBc7Cc

b d
Eb’@;(D\/E) *)A;(B\/C) 7Brl7cvd

Dj+1, (I)—(D\/E)jg) \P_(Bvc)i,Bi, Cz

D.x s 1-(BVOR gh oh B, &= (DVBY g (BVO)' Bi, i

; - Wk
LI (BYOT gk Cch D, E D, X1~ (BYO* ph ch B

S 1-(BVO" ph ok p B,n— - (BVO" ph ch

5o I-BvO ph ch

/

‘R
B,I'—>A
- — = Wk .
I A, B,C B, 5 A,C ‘R
r—AC C,I'—A
r—A

All ancestors of the cut formulas in the multisets in the figure above are
processed according to Definition 35.
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The second possibility is to begin with the elimination of 5. The eli-
mination of ¥, changes derivation Q of ' — A, BV C to derivation Q'
of ' — A,B,C. All modified versions of sequents from the blue part
are included in Q. Cut ¥, is transformed into ¥, whose left hand side
premise is ¥ — I[7BYO)" Bh Ch D v E and the right hand side premise
is DV E, Y — [I-BYO)" Bh ch Multiset II contains exactly h occurrences
of BV C that belong to the thread for the cut formula B vV C'. Only the
thread for the cut formula B V C' is replaced by the elimination of /5. This
means that principal formulas of only such inference rules are changed whose
principal formulas belonged to the thread for the cut formula B Vv C before
the elimination. The other rules remain essentially the same because only
their side formulas are modified - some formulas are added to their side for-
mulas and members of the thread for the cut formula BV C are deleted. The
derivation of the left hand side premise of 9] is denoted by o, and the deriva-
tion of the right hand side premise of ¥ is denoted by £;. The derivation
after the elimination of 95 has the following form:

. . . d
01—+ A] BV’ pe ce 0y A, BV pd cd
D, & w-(BVO) Bi i B &w-(BVO)' i i
: VL
DVE, & — w—(BVO)' Ri i
a1 . 8
ST~ BYO" Bh ch DVE DVE, S T~ (BVO" gh ch y
S -BvO ph ch '
’ ’ N /
‘R
:Q/ B,I'—A
: _BT=A .
I A,B,C B,T 5 A,C ‘R
I'—AC C,I'—- A

The subsequent elimination of 1, makes derivations of the premises of
the form of E,® — U as described in (¢) redundant in f;, the derivation
of D,¥ — H*(Bvc)h,Bh,Ch. Similarly for ﬁ;’, the derivation of E,» —
[I-(BVO)" Bh Ch where derivations of the premises of the form of D, ® — ¥
as described in (¢) are redundant. Since the elimination of 95 did not affect
the thread for the cut formula DV E, the modified versions of the rules of VL
that were in P before any elimination and whose principal formulas D V E
are ancestors of the cut formula D Vv F fulfill this condition. The subsequent
elimination of ¥, yields:
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Da,@l_<DVE)a~>A1_(BVC)C,BC,CC

ot ) —(DVE)P o BvO)d
Ditl e—(DVE)Y _, gy (BVO) pi ci Eb762( vVE) —>A2( vO© pd cd

M ’
L g8 o .
. . . J . 1 : :
: 06,1 D.2_>H*(Bvc)h Bh_Ch EJ+17(I) (DVE)! _, §y—(BVC) ,Bi, Cl
: , B, W
S I-BVO" phoch p B DS —I-BVO" ph ch g L g
. 1
S oT-(BVO" ghooh g B, 5T (BVO)" ph ch
S I-BvO phoch .,
‘R
I'—-ABC B,I'=A,C :R"
I'—AC C,'—A
I'—A

Let us take an arbitrary sequent ® — A from «. The elimination of v
and 15 changes the form of the sequent in the following way:

0 —A 0 —=A
0. o,
O — ABVOS Bk C* © — A-VE) Dl E
2 92
0 — A—(BvC)’“,—(DVE)l’ Bk,Ck,Dl, E [SYEN A—(D\/E)l,—(BvC)’“’l)l7 El, Bk, Ck

Multiset A contains exactly k occurrences of BV C' that belong to the thread
for the cut formula BV C and it also contains exactly [ occurrences of DV E
that belong to the thread for the cut formula DV E. Succedent occurrences
of B, C are not removed during the elimination of 1] because they belong to
threads different from the one for DV E. Since |D|, |E| < |[DV E| < |BV (|,
the succedent occurrences of D, E are not removed during the elimination
of ¥5. Hence, the sequents in « acquire the same form regardless of the order
of elimination.

Let us now deal with the form of an arbitrary sequent ® — A in 5 that
is not excluded from 3, the derivation of D, ¥ — II:
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O — A 0 —A

o, s
Dv, @~ (PVE)" 5 A O — A-BVO)Y Bv Cv
3792 &19/1
Du’ @—(DVE)“ — A—(BVC)U’ ij v Du’ @—(D\/E)“ — A—(B\/C)“, Bv’ v

Multiset © contains exactly u occurrences of DV E that belong to the thread
for the cut formula D V E and multiset A contains exactly v occurrences
of BV C' that belong to the thread for the cut formula BV C'. It is sufficient
to investigate only sequents in (3 since 8 is completely analogous.

(5) Assume that the cut formula of ¢, is DV E and the cut formula of 9,
is BV C:

E'y : 8
Y 11, DVE DVE, R 1
Y11 !
[0 ‘R
I'— A, BVC BVC,T A
2

r—A

We have |DV E| < |BV C|. The derivation of the left hand side premise
of 95 is denoted by ) and the derivation of the right hand side premise of ¥,
is denoted by R. The derivations of the premises of ¥, are v, d respectively.
Cut 9, isin R.

In comparison to the other cases, the elimination of each cut v,7, is
now able to make some sequents redundant. The elimination of ¥/ makes
such sequents redundant in &', the derivation of D, ¥ — II, that are in the
derivations of the right hand side premises F, {2 — T of the rules of VL in §.
The rules of VL must have the form

D,Q—7T EQ—T7T ; )
DVE Q=T Y

and their principal formulas D V E are ancestors of the cut formula D V E.
This is analogous for ¢, the derivation of E,%¥ — II. The elimination of
makes such sequents redundant in § that are in the derivations of the left
hand side premises D, {2 — T of the rules of VL in § whose principal formu-
las D V E are ancestors of the cut formula D V E. When we say that a rule
is of the form as described in (}), we mean that it is the rule of VL whose
principal formula belongs to the thread for the cut formula DV E.
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Furthermore, there may be in the black part as well as in the blue part
of R the rules of VL of the form

B, o -V C,o -V
VL (<)
BvC,®— ¥

whose principal formulas B V C' are ancestors of the cut formula B Vv C.
Again, when we say that a rule is of the form as described in (<), we mean
that it is the rule of VL whose principal formula belongs to the thread for
the cut formula B Vv C.

The elimination of ¥, makes such sequents redundant in R, the derivation
of B,T' — A, that are in the derivations of the right hand side premises
C,® — U of the rules of VL as described in (<). On the other hand, the
sequents from the derivations of the left hand side premises B,® — ¥ of
the rules of VL as described in (<) are redundant in R’, the derivation of
C.I' = A.

Now, the rules of VL of both kinds (f) and (<) may be above each other.
We want to argue that, regardless of the order of elimination, the same
sequents are made redundant. Let us focus only on the constructions of &
and R. The constructions of 6" and R are treated in an analogous way.

(ba) Assume that cut ¥ is in the derivation of C,® — W, the right
hand side premise of VL as described in (<). The situation is schematically
represented as follows:

27 (5
Y —1I,DVE DVE,~—11
Y1 !
B,® WU Cosv
BVC, & — ¥ v
‘Q ‘R

L — A, BVC BVC,T»A
'—A 2

The elimination of 15 does not include the derivations of the premises of the
form of C,® — ¥ as described in (<) in R’ and, hence, cut 9; or any of its
modified forms do not get into R.

When we begin with the elimination of ¥1, only derivations v, ¢ are modi-
fied. Since the black part is not affected by the elimination of ¢, the simpler
cuts that we obtain after the elimination of ¥; are still in the derivation of
C,® — VU as described in (<). The subsequent elimination of ¥, makes the
derivations of the premises of the form of C,® — W as described in (<),
including the blue part, redundant in R again.
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(5b) Assume that there is no rule of VL in R as described in (<) such
that v/ is in the derivation of its right hand side premise C,® — W. This
means that a modified form of ¥; is included in R’ after the elimination of 9.
However, there may be some rules of VL that derive an ancestor B V C' of
the cut formula BV C'in ~,d. We can schematically represent it as follows:

B,® W Ceow 0 BT C,Q—-Y

BVC, & — ¥ BVC,Q =T
E’y (5
> 11, DVE DVE, ST
T !
[Q ‘R
I = A, BVC BVC,I = A
r—A 2

The most interesting case is when we take a branch in R such that it contains
DV E,Y¥ — 11, the right hand side premise of ¥J;, and some rules of VL of
the form of (1) and (<) at the same time. Let us choose such a branch and
let us fix the rule of the form of (<) such that it is at the lowest position
among the rules of the form of (<) in the chosen branch. We will denote the
rule by VLy,.

Furthermore, assume that there is a rule of the form of (f) in the chosen
branch that is below VLy,. Let us denote it by VLy,. Assume that VLg,
is in the derivation of the right hand side premise of VLy,. Other layouts,
however, are treated in an analogous way. We can schematically represent it
as follows:

B,@Q*)\I/Q C,(PQH\PQ
BVC, g — Wy

VL192

B,o— WV C,o— Vv VL D, o) — W,y E, &1 — Uy

VLy,
BVC,® — ¥ DVE, &1 — ¥,y
Ly (5
Y —1I,DVE DVE,Y —1I
Y1 !
o) ‘R
L= A, BVC BVC,T — A
J2

r'—A

Let us begin with the elimination of 91. The construction of § replaces the
thread for the cut formula D V E by the thread for D. This process always
follows the premise of the rule of VL of the form as described in (}) that
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contains the auxiliary formula D. The other premise and its derivation are
excluded from ¢’ This means that VL, does not get into & either. There
may be in § some other rules of VL as described in (<) whose modified
variants, i.e., side formulas have been changed but the principal formulas
remained untouched, are included in §. The subsequent elimination of ¥
makes derivations of their premises of the form of C,® — ¥ redundant in
the derivation of B,I" — A.

The derivation after the elimination of vy is shown in the figure below.
It is the part above the vertical arrow. The elimination of ¥, is followed by
the elimination of ¥5:

B,®— v~ (DVE)' Di pi 0, w-(DVE)' pi i pe+l o7 (PVEN g,

: VL
BVC,® — w—(DVE)' pi pi
-
)
L D,Y 1l
Y — Wk .
S SILD, E DX —1LE 6"
S oILE E, Y1
¥ —1I
‘Q ‘R
I'—A,BvC BVC,T'— A 9o
r—A
202
: b
: Da+1be’q>1_<DVE)as_(Bvc> *)\1/1
Bit+l §—(BVC)Y _, y—(DVE)' pi pi
D, B x—(BVO*
: Wk
Bt x-BVOr 11 p E D, Bk, x-BVO* 1 :
Bk, x~(BVO* 11 E, Bk n-(BVOF L1
Bk, n-(BVOr 1
. 7 :
Q _BT=a .
'—ABC B,I' 5 A,C :
r—-AC C,I'—- A
'—A

Multisets ¥ and ®; contain exactly 4, a occurrences of DV E that belong
to the thread for the cut formula D V FE, respectively. Multisets X, ®, &
contain exactly k, 7, b occurrences of BV C' that belong to the thread for the
cut formula B V C, respectively.
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Let us now begin with the elimination of ¥5. The construction of R’
transforms cut ¢ into 19’1 whose left hand side premise is B, $-(BVOF
II, DV E and the right hand side premise is D V E, B, $-(BVO)" 5 1. The
construction of R  also changes the side formulas of all inference rules whose
principal formulas do not belong to the thread for the cut formula B Vv C.
The thread for the cut formula D V E is not affected by the construction
of R and the rule of \/Lﬁ'l’ rule VLy, after the elimination of ¥, has a
principal formula D V E that is still an ancestor of the cut formula D V F.
The derivation after the elimination of 95 has the following form:

; h
Bh+17¢,;(BVC) Uy

) b . b
: D, BY, o7 BV L, E, B, & PV g, L ,
: . b 1
Bi+l e—(BVC) L g DVE, Bb, o7 BV Ly,
Bk, n—(BVO)* 11 DVE DVE, B - (BVOF 1 y

BF m-(BVOF '

/

‘R
s B,I'— A
‘Q — Y Wk ,
I A,B,C B, A, C LR
r—-AC C,I'— A
I'—A

Multiset @, contains exactly h occurrences of B V C' that belong to the
thread for the cut formula B Vv C.

The subsequent elimination of ¥, makes now derivations of all premises
E,Q — T of the rules of VL as displayed in () redundant during the con-
struction of the derivation for D, B*, »-(BVO)" _ 11. Since the elimination
of 95 did not violate the thread for the cut formula DV E, the modified forms
of the same derivations are redundant as in the case when we started with
the elimination of 9J;. The derivation after the elimination of ¥J; is shown in
the figure below:

Da+17 Bb, (I)I—(B\/C)b7—(D\/E)a’*> Uy

Bitl, §—(BVC)Y _, y—(DVE)' pi pi

D, BF, n-(BVO*

: Wk
Bk72—(BvC)k_>H7D7E D’Bk’z_(Bvo)k—}H,E

Bk727(B\/C)k_>H7E E7Bk727<5v0)’“_>n

Bk, n—(BVOF

[Q B,T = A

I—A,B,C BT >AC :

r—-A/C C,I'—- A
r—A

Wk




Assume now that © — A is an arbitrary sequent from ~ that is not
excluded from R'. The modification of this sequent during the elimination
of both cuts proceeds as follows:

0 —A 0 —A
S0 )
0 — A-(PVEY Dr EPp B, (BVO)T A\
202 2
B1,©-(BVO)! _, N=(DVE)Y Dp_pwp B1,©-(BVO)" _ N\=(DVE)Y Dp_pwp

Multiset © contains exactly ¢ occurrences of BV C that belong to the thread
for the cut formula BV C'. Multiset A contains exactly p occurrences of DV E
that belong to the thread for the cut formula DV E.

Furthermore, assume that ® — Wis an arbitrary sequent from ¢ that is
made redundant neither during the construction of R' nor during the con-
struction of §. The modification of this sequent proceeds as follows:

o — U o — U
S0, § o2
De, O~ (DVE)® _y \p Bd, - (BVO) s
5192 519,1
Bcl7 l)c7 (I)f(DVE)C,f(BVC)d Sy Bcl7 l)c7 (I)f(BVC)d,f(DVE)c Sy

Multiset ® contains exactly ¢ occurrences of DV E that belong to the thread
for the cut formula DV F and it also contains d occurrences of BV C' that
belong to the thread for the cut formula BV C'. On the left hand side, the
elimination of ¥, does not delete the antecedent occurrences of D because
|D| < |BV C|. There is a similar situation on the right hand side, too. We
are not able to compare the number of logical operations in B and D V E.
However, we know that the antecedent occurrences of B belong to the thread
different from the thread for the cut formula D V E.

(6) The case when the cut formula of ¥, is =C' and the cut formula
of Y5 is =B is easy since no part of P can be made redundant. We have

[=C| < |=B:
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Do C B C oy s
N1, -C -0, 211 DR O, ¥ —T1

7.91 '191
X —1II or Y11
‘Q ‘R ‘Q ‘R
I'-A,-B -B,I'—= A " I'-A,-B -B,I'= A o
I—>A 2 I—>A 2

(7) The case when the cut formula of ¥, is C'V D and the cut formula
of 9 is =B is analogous to (4). We have |C'V D| < |-B|:

oY

: DB Dy )
Y —1I,CVvD CvD, £ =T Y TI,0VD CvD,B-T
1 1
Y—1II or Y —1II
[Q ‘R ‘Q ‘R
r—-A-B -B,I'— A " r—-A-B -B,I'—=> A 9
F—A 2 LA 2

(8) The case when the cut formula of ¥, is =B and the cut formula of ¥,
is C'V D is easy since no blue sequents can be made redundant. We have
|-B| < |C'V Di:

e 6
Y —1I,-B -B,% 11
Y11 1
[Q ‘R
I'—A,CVvD CvD, T — A
'—A 2

(9) The case when the cut formula of ¥, is =B, the cut formula of ¥
is C'V D and ¢ is in the derivation of the right hand side premise of 15 is
analogous to (5). We have |=B| < |C'V D|:

D ﬁ
>+ 11,-B “BEoI
Y] !
[Q ‘R
I A,CVD CVD,T— A

I'—A 2
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