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1 Introduction

In this thesis we study triangular configurations, binary matroids, binary
codes, and lattices generated by the cycles of a binary matroid.

In Section 2 we define matroids and graphs. We present some basic facts
about matroids.

In Section 3 we define the ear extension and the ear decomposition of a
binary matroid. Then we prove the existence of an ear decomposition for
every connected matroid and that the cycle space of the matroid has a basis
consisting of the "ears" vectors.

In Section 4 we define codes, and integer lattices and describe their basic
properties.

In Section 5 we introduce the hypothesis about the basis of the lattice
generated by a binary code. The hypothesis is that the lattice generated by
the codewords of a binary code has a basis consisting only of the codewords.
In Subsection 5.3 we present a sufficient condition for constructing a cycle
lattice basis of an ear extension of M by extending a cycle lattice basis of
the matroid M.

In Section 6 we define the triangular configuration and its geometric rep-
resentation.

In Section 7 we study the edge contraction of a triangular configuration.
We describe the properties of the cycles that remain a cycle after edge con-
traction.

In Section 8 for every graph we show how to find a triangular configuration
with the skeleton that has this graph as a minor.

In Section 9 we construct a cycle lattice basis for triangular configurations.
This basis is constructed from a cycle lattice basis of an edge contraction.

In Section 10 for every binary matroid we construct a triangular config-
uration such that the matroid is a minor of the configuration. We prove
that between the cycle spaces of the matroid and the configuration exists a
bijection. The bijection maps the circuits of the matroid to the circuits of
the configuration. We show a relationship between the weight polynomials
of the configuration and the matroid.



2 Preliminaries

In this section we define basic concepts. We assume that the reader is familiar
with the linear algebra.

2.1 Matroids

We use standard definitions, which can be found in Oxley [4].

Let M be a set. The incidence vector of a set A a subset of M is a
vector x* of {0, 1}M such that x4 := 1 if and only if e € M.

A matroid M is an ordered pair (E,Z) consisting of a finite set £ and
a collection 7 of subsets of F satisfying the following three conditions:

(I1) D eT.
(I2) If I € T and I' C I, then I' € T.

(I3) If [; and Iy are in Z and |I;] < |[5|, then there is an element e of I, — I}
such that [ Ue € 1.

Elements of Z are called independent sets. For particular matroid M,
we denote the sets E and Z by E(M) and Z(M), respectively. The maximal
independent sets are called bases. The collection of bases of M is denoted
by B or B(M).

Any subset of E that is not in Z is called dependent. A minimal depen-
dent set is called circuit. Let 7" be a maximal independent set of M. For
e € E\T, let C, denote the fundamental circuit of e with respect to T
that is, C. is the unique circuit such that e € C. C T U {e}.

The collection of circuits of M is denoted by C or C(M). An element e of
M that is a circuit is called a loop. Moreover, elements f, g of M are said
parallel, if {f, g} is a circuit.

A parallel class is a maximal subset X of £ such that every two distinct
elements of X are parallel and no element of X is a loop. A parallel class
that has only one element is called trivial. A matroid M is called simple,
if it has neither loops nor non-trivial parallel classes.

Let M be a matroid with a collection of bases B. Then the dual of M,
denoted by M*, is the matroid with the collection of bases B* := { E(M)—B :
B € B}. We omit a proof that the dual is a matroid. The independent
sets, circuits, bases in the dual matroid are called coindependent sets,
cocircuits, cobases, respectively.

In this text we will frequently work with circuits rather than independent
sets. The next lemma shows that a matroid can be defined in terms of
circuits.



Lemma 2.1. Let C be a collection of subsets of a set E. Then, C is the
collection of circuits of a matroid on E if and only if C satisfies the following
conditions:

(C1) D ¢cC.
(C2) If Cy and Cy are members of C and Cy C Csy, then Cy = Cs.

(C3) If Cy and Cy are distinct members of C and e € Cy N Cy, then there is
a member Cs of C such that C3 C (C; U Cy) — e.

Matroids have a lot of equivalent definitions. Another definitions can be
found in Oxley [4].

Let M be a matroid (E,Z). Let T be a subset of E. Then the deletion
of T from M or the restriction of M to E'\T is the pair (E\T,{I C E\T :
I €7}). Tt is denoted by M\ T or M | (E\T), respectively. For the deletion
holds that C(M\T)={C C E\T:C e C(M)}.

Let M/T, the contraction of T from M, be given by M/T = (M*\ T)*.
For the contraction holds that C(M/T) ={C\T :C € C(M)}.

A matroid N that is obtained from a matroid M by a sequence of deletions
and contractions is called a minor of M.

Two matroids M; and M; are isomorphic, written M; = M,, if there is
a bijection ¢ from E(M;) to E(M,) such that for all X C E(M;) ¥(X) is
independent in M5 if and only if X is independent in M;.

A graph G consists of a nonempty set V(G) of vertices and a multi-
set E(G) of edges each of which consists of an unordered pair of (possibly
identical) vertices.

The degree of a vertex v is the number of edges incident with v, each
loop counting as two edges.

A graph H is a subgraph of a graph G if V(H) and F(H) are subsets
of V(G) and E(G), respectively.

A graph is a cycle if every vertex has an even degree. A nonempty cycle
that does not contain any other cycle is called circuit.

Lemma 2.2. Let E be the set of edges of a graph G. Let C be the collection
of circuits of G. Then C is the set of circuits of a matroid on E.

The matroid from the lemma above is called cycle matroid of a graph
G. A matroid that is isomorphic to the cycle matroid of a graph is called
graphic.

In the next lemma we introduce the vector matroid.



Lemma 2.3. Let E be the set of labels of columns of an m x n matriz A
over a field F. Let T be the set of subsets X of E for which the multiset of
columns labeled by X is linearly independent. Then (E,Z) is a matroid.

If a matroid M is isomorphic to a vector matroid of a matrix D over a field
F', then M is said to be representable over F'; D is called representation
for M over F. A matroid is said to be representable, if it is representable
over some field F'. A matroid that is representable over two element field Zo
is called binary.

If X and Y are sets then their symmetric difference, X AY, is the set
(XUY)\ (X NY). One can easily checks that the operation of symmetric
difference is both commutative and associative.

The cycle of a binary matroid is a symmetric difference of any set of
circuits. We abbreviate notions, and the collection of cycles of a binary ma-
troid M denote by C(M). Obviously, C(M) is closed under taking symmetric
difference.

The circuit (cycle) space and the cocircuit (cocycle) space of a
binary matroid M are the vector spaces over Z, that are generated by the
incidence vectors of the cycles and cocycles, respectively, of M.

Lemma 2.4. Let M be a binary matroid. Let A be a representation of M.
Then

(i) if C is a cycle of M and C* is a cocycle of M then |C' N C*| is even;
(ii) a vector x belongs to the circuit space of M if and only if Az = 0;

(iii) a vector x belongs to the cocircuit space of M if and only if x is a linear
combination of the rows of the matriz A;

(iv) a cycle C is a circuit if and only if C' is minimal (that is, it does not
contain any other cycle) and nonempty.

In this text we will work only with binary matroids.



3 Ear Decomposition of Connected Matroids

In this section we introduce the ear decomposition. The decomposition is
a generalization of the ear decomposition of 2-vertex connected graph. A
similar decomposition that use both operations of contraction and deletion
is defined in Oxley [4]. The decomposition that use only deletions is already
known but we give our definition and proofs.

A matroid M is connected if and only if for every pair of distinct ele-
ments of E(M) there is a circuit containing both.

Let V; and V5 be vector spaces then the set of all sums v 4+ v, of vectors
vy € V7 and vy € V5 is called sum of vector spaces Vi and V5, denoted by
Vi + V5. We abbreviate this notion, and if C; and Cy are collections of sets,
then the set of all symmetric differences ¢; A ¢ of sets ¢; € C1 and ¢y € Oy
is called sum of collections of sets, denoted by C; + Cs.

A matroid M is an ear extension of a matroid N, if the following con-
ditions are satisfied. N is obtained from M by deleting a nonempty subset
T of E(M). There is a circuit C' of M such that T is a proper subset of C.
The set T is a coparallel class of M. There is no matroid M’ such that M’ is
an ear extension of N and M is an ear extension of M’. The circuit C' and
the set 1" are called ear circuit and ear, respectively, of M.

Lemma 3.1. Let M be an ear extension of N. Let N be a connected matroid.
Then M is a connected matroid.

Proof. From the definition of the ear extension; N = M \ T. Let C be a
circuit of M containing T'. Let u, v be elements of E(M).

If u, v belong to F(N) then there is, by assumptions that N is connected,
a circuit containing both.

If u,v belong to T' then there is also a circuit containing both, as T is a
subset of some circuit.

So, suppose that v € E(N) and v € T'= E(M) \ E(N). Let w be an
element of E(N) such that w € C. As N is connected, there is a circuit C”
containing w,u. Then C' A C' is a circuit, as C N C" # (). And this circuit
contains elements u, v.

Therefore M is connected. O]

Proposition 3.1. Let M be a connected matroid and suppose that |E(M)| >
2. Then there is a sequence My, ..., M, of connected matroids such that My
contains just one circuit. The matroid M; is an ear extension of M;_q, for
1=1,...,n. Moreover M = M,.

Proof. As the matroid M has two distinct elements and is connected, then
it contains at least one circuit C'. Set My := M | C'". Let My, ..., M, be a
maximal desired sequence. For a contradiction suppose that M, # M.



As M is connected, there is a circuit containing both elements of E (M) \
E(M,) and E(M,). The collection of these circuits denote by D. Let C' be
a circuit from D such that for every C’ € D; (C'\ E(M,,)) # (C \ E(M,))
holds (C"\ E(M,)) € (C'\ E(M,)). Let T be the set C'\ E(M,) and let
M, .1 be the matroid on the ground set F(M,)UT and with the collection
of cycles C(M,) + {0,C}. Obviously; M,,41 \ T = M,, and the set T is a
proper subset of C.

For a circuit C" € C(M)\C(M,,); C' C E(M,+1) holds (CAC") C E(M,,).
Thus C(M,.1) = C(M,) + {0,C} = {C" C E(M,) : C" € C(M,)} U{C" A
C CEM,):C" e€C(My1)}={C"C E(Myy,) : C" € C(M)} =C(M |
E(My+1)). Therefore M | E(M,11) = M,+1, and M, is a minor of M.

Let D be a circuit of M, ; containing an element of 7'. Obviously, D is
a symmetric difference of C' and some circuit of M,,. As the set T" and every
circuit of M, are disjoint, then D contains the entire set 1. Therefore all
elements of T are pairwise coparallel. Let v be an element of T'. Let v, w be
elements of E(M,). Let D be a circuit containing u,v. Let D’ be a circuit of
M, containing v,w. Then the circuit D A D’ does not contain the element
v and contains the element u. So, the set T"is a coparallel class of M, ;. As
there is no proper subset 7" of T such that M, ., \ 7" is an ear extension of
M, then M, ., is an ear extension of M,.

This is a contradiction with the maximality of the sequence. Therefore
M, = M. O]

The sequence in the lemma above is called ear decomposition of a
matroid M. For a connected matroid M with at least two elements. We
define the ear basis in this way. Let Cj denote a circuit of M. Let C;
denote the ear circuit of M;. Then the set {x“°,x“!,...,x“"} is called ear
basis of C(M).

Proposition 3.2. Let M be a connected binary matroid such that |E(M)| >
2. Let 3 be an ear basis of M. Then the set 3 is a basis of the circuit space
C(M).

Proof. We apply induction on the dimension of the circuit space. If dim
C(M) =1 then the matroid M has one circuit C. Hence, the ear decompo-
sition of M is My. Therefore 3 = {x“}. This is a basis of C(M).

Suppose that dim C(M) > 1. The matroid M has an ear decomposition
My, ..., M, 1, M,. By the induction assumptions, the ear basis #’ of the
matroid M,,_; is a basis of the circuit space of M, ;. Let C' be a cycle
of C(M) \ C(M,—1). Let C,, be the ear circuit of M,. Let T be the ear of
M,. As T is a coparallel class of M, then xicl = Xic” for ¢+ € T. Thus,
the vector x¢" + x“» belongs to C(M,_;). Therefore, the vector ¢ is a

6



linear combination of y“» and the vectors of the set 3’. Hence, the set
B={x,...,x} is a basis of the circuit space C(M). O



4 Lattices and Codes

4.1 Codes

An alphabet is a set of symbols ¥ = {sq,...,s,}. Let X" be a set of
n-tuples of symbols. Elements of X" are called words. A code is a subset
W of ¥". Elements of W are called codewords.

If W forms a vector space over a field F, then W is called linear code.
A binary linear code is a linear code over two elements field. The weight
of a codeword z is the number of nonzero coordinates, denoted by w(z).

4.2 Lattices
4.2.1 Definitions
A lattice in R? is the set

Z(X) = {)_ A|A\; € ZVzx € X} (4.1)

rzeX

where X is a set of real vectors of R%. If Z(X) is a full dimensional lattice,
then the dual lattice of Z(X) is the set

(Z(X))* = {x € RYzy € ZVy € Z(X)}. (4.2)

The following well known relation taken from Fleiner et al. [1] is between a
lattice and its dual lattice.

Proposition 4.1. Let Z(X) be a full dimensional lattice in RY. Let (Z(X))*
be the dual lattice. Let N be an integer. Then

1
NZ* CZ(X) & (Z(X))* C de (4.3)
Proof. At first, we observe that
1
{r € R¥zy € ZVy € NZ%} = de. (4.4)

7 $ 7
As NZ? C Z(X) then

(Z(X))* = {z|ey € ZVy € Z(X)} C {aoy € ZVy € NZ4} = %zd. (4.5)



” ”
<=

We suppose that (Z(X))* C +Z¢. Thus

(Z(X))* = {a|ey € ZVy € Z(X)} C {z|vy € ZVy € NZ%} = %zd. (4.6)

Therefore NZ¢ C Z(X).
[l

4.2.2 Bases of Lattices

In this section we define the basis of a lattice and show that every rational
lattice admits a basis. The following definitions and proofs in this section
are taken from Schrijver [5].

A basis of lattice Z(M) is a linear independent subset B of R? such that
Z(B) = Z(M). A matrix of full row rank is said to be in Hermite normal
form if it has the form [B O], where B is a nonsingular, lower triangular,
nonnegative matrix, in which each row has a unique maximum entry, which
is located on the main diagonal of B.

The following operations on a matrix are called elementary (unimod-
ular) column operations:

(i) exchanging two columns;
(ii) multiplying a column by —1;

(iii) adding an integral multiple of one column to another col-
umn.

Theorem 4.1. Fach rational matriz of full row rank can be brought into
Hermaite normal form by a series of elementary column operations.

Proof. Let A be a rational matrix of full row rank. Without loss of generality,
A is integral. Suppose we have transformed A, by elementary column oper-

B
ations, to the form [C’ g] where B is lower triangular and with positive

diagonal. Now with elementary column operations we can modify D so that
its first row (011, . ..,01%) is nonnegative, and so that the sum 017 +- - -+ dy, is
as small as possible. We may assume that 017 > 010 > -+ > d1x. Then 017 0,
as A has full row rank. Moreover, if 415 0, by subtracting the second column
of D from the first column of D, the first row will have smaller sum, contra-
dicting our assumption. Hence d;5 = --- = d1; = 0, and we have obtained a
larger lower triangular matrix.

By repeating this procedure, the matrix A finally will be transformed into
[B O} with B = (f3;; lower triangular with positive diagonal. Next do the
following:



fori =2,...,n (:=order of B), do the following: for j = 1,...,i—
1, add an integer multiple of the ith column of B to the jth
column of B so that (i, 7)th entry of B will be nonnegative and
less than (3;;.

It is easy to see that after these elementary column operations the matrix is

in Hermite normal form. O
Corollary 4.1. Every lattice generated by rationals vectors ay, . .., a,, has a
basis.

Proof. We may assume that ay,...,a,, span all space. (Otherwise we could
apply a linear transformation to a lower dimensional space.) Let A be the
matrix with columns as, ..., a, (so A has full row rank). Let [B O} be the
Hermite normal form of A. Then the columns of B are linearly independent
vectors generating the same lattice as aq, ..., ap,. O]

4.3 Notations

We fix some notations.

e The cycle basis is a basis of cycle space over GF(2) of some binary
matroid.

e The ear basis is a basis of cycle space over GF(2) of some binary
matroid obtained from an ear decomposition.

e The lattice basis is a basis of lattice.

e The cycle lattice basis is a basis of lattice generated by cycle space of
some binary matroid consisting only of elements of cycle space (cycles).

10



5 Lattices of Binary Matroids

5.1 Definitions and the Introduction to the Problem

Let M be a binary matroid, then the cycle lattice of M is the set

Z(M):={ > Aex?|Ac € ZVC eC(M)}. (5.1)
cec(M)

We study the following hypothesis taken from Fleiner et al. [1].

Hypothesis 5.1. Let M be a binary code. Let Z(M) be a lattice generated
by the code M. Then Z(M) has a basis consisting only of codewords.

No code is known for which the hypothesis fails. The best known results
are the following two theorems taken from Fleiner et al. [1].

Theorem 5.1. Let M be a binary matroid with no F; minor. Then the
lattice Z(M) has a basis consisting only of circuits.

The matroids with no F7 minor contain the class of regular matroids,
which extends the graphic and cographic matroids.

Theorem 5.2. Let M be a binary matroid on E with no F;. Let M' be an
one-element extension of M. Then every cycle lattice basis By of Z(M) can
be extended to a cycle lattice basis B of Z(M').

These matroids contain the class of graft matroids (that is, one-element
extensions of graphic matroids).

Our goal is to consider the hypothesis for a geometrically defined class
of binary codes. Especially the class of codes generated by the cycles of a
triangular configuration.

We will work only with connected matroids. In disconnected matroid does
not exists a cycle that contains two elements of two different components of
connectivity. Therefore the lattice generated by a component of connectivity
does not contains any cycle of the others components of connectivity.

5.2 Basic Facts
Fleiner et al. [1] showed propositions 5.1 and 5.2.

Proposition 5.1. Let M be a binary matroid, then the following holds ob-
viously for all x € Z(M).

(1) > cep Te is even for all cocircuits D € C*(M),

11



(i) xf =z, if f and g are coparallel in M,
(iii) z. =0 if e is coloop of M.

A matroid M has the lattice of circuits property if the conditions
(i)-(iil) characterize the lattice Z(M).

Hypothesis 5.1 is open even for matroids with the lattice of circuits prop-
erty.

Let M be a binary matroid, then the collection of all parallel classes of
M is denoted by P(M). From the lemma above follows that the dimension
of Z(M) is equal to the number of coparallel classes of M; dim Z(M) =
P(M)]

Proposition 5.2. A matroid M has the lattice of circuits property if and
only if 2x* belongs to Z(M) for every coparallel class P of M.

If we want to prove that a matroid does not have the lattice of circuits
property, it suffices to find a vector of (Z(M))* not in 3Z.

Let M be a cosimple binary matroid. Let 7" be a maximal independent
subset of E(M). Let C, (e € T") be the corresponding fundamental circuits.
Let W be the matrix whose rows are the incidence vectors of the sets C.NCY
(for e, f € T"). Lovéasz and Seress [3] have shown that

Proposition 5.3. Let M be a cosimple binary matroid. M has the lattice
of circuits property if and only if the matrix W has full column rank over

GF(2).
The following proposition is taken from Fleiner et al. [1].

Proposition 5.4. Let M be a cosimple binary matroid. If we could find a
set I of pairs (e, f) (e # f € T") for which the submatriz Wi with rows C,
(eeT") and C.NCy ((e, f) € I) has its determinant equal to 1, then the set
{CleeT),C. A Cy((e, f) € I)} would be a cycle basis of Z(M)}.

For » > 2, the projective space P, is the binary matroid represented by
the r x (2" — 1) matrix whose columns are all nonzero 0, 1-vectors of length
r. Lovasz and Seress |3] have shown that

Theorem 5.3. Let M be a cosimple binary matroid with no Pr_, minor,
then 27—'ZF C Z(M).

Fleiner et al. [1] showed that Z(P}) has obviously a cycle basis, since the
nonempty cycles of P are linearly independent over R. Fleiner et al. [1]
showed that Z(P,) has a basis consisting only of cycles of P,.

12



5.3 New Results

In this section we give some new results. At first we prove a technical lemma
about coparallel classes of an ear extension of a matroid.

Lemma 5.1. Let N be a connected binary matroid with the collection of
coparallel classes P(N*). Let M be an ear extension of N. Let C' be the ear
circuit. Let T be the ear of the extension. Then P(M*) ={T}U{PNC,P\
C|Pe P(N")}\{0}.

Proof. From the definition of the ear extension, we know that the set T is a
coparallel class of M. Let P’ be an arbitrary element of P(M*)\ {T'}. The
set P’ is equal to PN C or P\ C where P € P(N*).

Suppose that |P’| > 2. Let u,v be two distinct elements of P’. Let C” be
a circuit of C(N). As P’ is a subset of some coparallel class of N, |C"N{u,v}|
is even. Let C” be a circuit of C(M) \ C(IN). Then the circuit C’ is equal
to C A D where D € C(N). If PP = PN C, |CN{u,v}| is equal to 2. If
P’ = P\C, |CN{u,v}|isequal to 0. As |DN{u,v}|iseven, |(CAD)N{u,v}|
is even. Hence, every two elements of P’ are coparallel.

Let u be an element of the set P’. Let v be an element of E(M)\ (P'UT).
If v € P then |C N{u,v}| =1, where C'is the ear circuit. If v ¢ P then u,v
do not belong to the same coparallel class of N. Hence, there is a circuit D
of C(N) such that |D N{u,v}| = 1. Therefore the set P’ is a coparallel class
of M. ]

Let N be a connected binary matroid. Let M be an ear extension of N.
Let C be an ear circuit of the extension. Then denote by I(NN, M) the set
{P' € P(M*)|P" C C,P" C P € P(N*)}. The elements of the set I(N, M)
are the new coparallel classes of M contained in the ear circuit C'. The
cardinality of I(N, M) is equal to |P(M*)| — |P(N*)| — 1.

The following basis construction is a generalization of the basis construc-
tion of the lattice of a graph introduced in Loebl and Matamala [2].

Theorem 5.4. Let N be a connected binary matroid with the lattice of cir-
cuits property and let M be an ear extension of N. Let m denote the cardinal-
ity of [IN,M) ={P],..., P, }. If Z(N) has a cycle basis B = {f,....,0 a4}
such that B; 2 P/ and ;N P/, =0,...,8;N P, =0 fori=1,...,m. Then

the lattice of the matroid M has circuits property and has a cycle lattice basis.
This basis contains the basis B.

Proof. We show that the set

B =BU{B|B=3ACi=1,... mu{C} (5.2)
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of cycles of M is a basis of Z(M) and generates the vectors 2y for all
coparallel classes P" of P(M™*).

Let P’ be a coparallel class of M. If P’ € P(N*), then the vector 2" is
generated by the set B since N has the lattice of circuits property.

If P"= P/, then

D G S D (I T YD V) (5.3)
PeP(N*)
since B =8 ACand P C B NCand /iNPy=0,...,5NP, =0.
For P! € I(N, M)\ {P{} we have
= C =P+ )\p]{QXPJ{ + Z Ap2xF. (5.4)
GE{1,i—1} PeP(N*)

If P"is the ear T of the extension, then

2 =20+ D e+ D> e (5.5)

je{l,....m} PeP(N*)

If P' € P(M*)\ (I(N, M)UT), then P = P, \ P, where P, € P(N*) and
P, € I(N, M). Therefore

Py

0 =2 — 2y 2. (5.6)

As P(M*) C P(N*)UI(N,M)U{T}, the matroid M has the lattice of
circuits property.

Finally, we prove that B’ generates all cycles of M over R. Let C’ be a
cycle of M. If C" € C(N) then C" is generated by the set B.

Suppose that C’ ¢ C(N). From the definition of the ear extension, we
can express C' as ' = C A D where D € C(N). Thus

X=X+ DD At (5.7)
P{GI(]\EM)}

The set B’ has the right cardinality, because |B'| = |B|+|I(N, M)|+1 =
|P(N*)| + |P(M*)| — |P(N*)| =1+ 1= P(M*) = dim Z(M).
Therefore, the set B’ is a cycle lattice basis of Z(M). O

In the following paragraphs we discuss whether Theorem 5.4 may provide
a proof of Hypothesis 5.1 restricted to the matroids with the lattice of circuits
property.

Let N be the ear extension of the graphic matroid M in figure 5.1 with
the following cycle space C(N) + {ey, €2, e3,t}. Then I(N, M) = {e1, ea, e3}.

14



A basis vector containing e; have to cover ey or e3. Therefore M does not
have a basis required by Theorem 5.4. Thus, there exists an ear extension of
a matroid with the lattice of circuits property which does not have the basis
required by Theorem 5.4. Therefore Theorem 5.4 does not provide a proof
of the hypothesis.

Moreover, the matroid M does not have the lattice of circuits property,
by Proposition 5.5.

Figure 5.1: A matroid with no good basis.

Next, we demonstrate that an ear decomposition of a matroid with the
lattice of circuits property may contain a matroid that does not have the
lattice of circuits property. For instance the matroid Sg taken from Fleiner
et al. [1]. The matroid Sg is an ear extension of a graph G in figure 5.2. Sg
has the following cycle space C(Ss) = C(G) + {e1,e2,€3,€4,t}. Sg has the
lattice of circuit property. As Sg contains as a minor the dual fano matroid
F7, there exists an ear decomposition which contains the dual fano matroid.

€
g

Figure 5.2: A graph G of graft Ss.

The following proposition is taken from Fleiner et al. [1].

Proposition 5.5. Let M be a binary matroid. Let N be an ear extension of
M. Let I(N,M) be equal to {Py,...,P.}. Let P! be an element of P*(M)
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such that P! D P,. If there exists elements e; € Py,...,e, € Py, fi € P|\
Py,... fx € P\ Py (k> 3) such that the set {ei1,...,ex} is a cocircuit of
M, then N does not have the lattice of circuits property.

Proof. We can suppose without loss of generality that the matroids M and N
are cosimple. We show that N does not have the lattice of circuits property
by constructing a vector z € 1ZFW™) \ 1ZFW) belonging to the dual lattice
(Z(N))*. For this, set z(e;) = (f;) == 1 =1,..., k), z(t):=0,3, 3,1 if k is
congruent to 0,1, 2, 3, respectively, and z(e) := 0 for all remaining elements
e € E(N). O

Corollary 5.1. Let N be a connected graphic matroid with the lattice of
circuits property. Let M be a graphic matroid that is an ear extension of N.
If Z(N) has a cycle basis B, then Z(M) has a cycle basis B'. The basis B’

contains the basis B. Moreover M has the lattice of circuits property.

Proof. Let G, G’ be graphs such that M(G) = N and M(G') = M. Let C be
an ear circuit of the ear extension M and T be the ear. Then T is a path. Let
t1,t2 be end vertices of the path. Let P, P, € P(M*) be coparallel classes
such that ty €ee€ Prand to, € f € P,and CN P # () and C N Py # (.

If both end vertices have degree greater than 2 in G, then the set I(N, M)
is empty.

If P, = P, and at least one end vertex has degree 2 in G then I(N, M) =
{PANCY}.

Suppose that P; # P,. If one end vertex t; of T has degree 2 in G, then
I(N,M)={CnPF}.

If both end vertices of T" have degree 2 in G, then I(N,M) = {C'N
P;,C N Py} In that case there is a circuit D of G such that DN P, # () and
DN P, =, since P, and P, are distinct coparallel classes.

Hence, we can use Theorem 5.4 and prove the corollary. O

By using the corollary above, we give a new proof of the theorem that
the lattice of a graphic matroid has a basis consisting only of cycles of the
matroid.

Theorem 5.5. Let M be a connected graphic matroid. Then the lattice Z(M)
has a basis consisting only of cycles of M.

Proof. Let My, ..., M, be an ear decomposition of M. Obviously M, has
the lattice of circuits property and Z(M;) has a basis consisting only of
cycles. By using corollary 5.1 repeatedly to the decomposition, we obtain
that Z(M) = Z(M,,) has a basis consisting only of cycles. O
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The next theorem about basis extension is a reformulation of the theorem
taken from Fleiner et al. [1].

Theorem 5.6. Let N be a binary matroid. Let M be an ear extension of N.
If Z(N) has a cycle lattice basis B = {f,...,Ba} and |P(M*)| = |I(N, M),
then Z(M) has the following cycle lattice basis B'= BU{D A C|D € B} U
{C}.

Proof. As B’ has the right cardinality, it suffice to verify that it generates all
cycles of M. For this, let E be a cycle of N; then

X=X, (5.8)

BeB

where the \ys are integers. Therefore,

(EB0) = 3 A 50 1+ (12370, )4° 65.9)
BeB BeB

belongs to Z(B'). O

Remark 5.1. The comparison of Theorems 5.4 and 5.6. Let M be a binary
matroid. Let N be an ear extension of M. The theorems construct a lattice
basis of the matroid N by extending a basis of the matroid M.

The main difference is that Theorem 5.4 requires on the lattice of the
matroid NN circuits property and the "good" cycle lattice basis. Whereas
Theorem’s 5.6 assumptions are that the number of coparallel classes of M is
equal to 2|P(N*)| + 1.

The matroid in Figure 5.1 and the ear extension defined above do not
satisfy the assumptions of theorem 5.4 and satisfy the assumptions of Theo-
rem 5.6. The matroid with the lattice of circuits property in Figure 5.2 and
the matroid Sg do not satisfy assumptions of both Theorems 5.4 and 5.6.
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6 Triangular Configurations

6.1 Definitions

A triangular configuration is a triple A = (V, E,T) consisting of a finite
set V' of points, a finite set £ of edges satisfying £ C (‘2/), and a finite set T’
of triangles satisfying 1" C (‘;) and for every ¢ € T" holds (;) C E.

A geometric representation of a triangular configuration (V, E,T) in
R? is an injective mapping f : V — RY satisfying

1. for every t € T holds the set f(t) := {f(x)|z € t} is affinely indepen-
dent,

2. for every e,e’ € E such that e # €' holds conv(f(e)) N conv(f(e)) is
equal to ) or f(v) for some vertex v € V,

3. for every t,t' € T such that ¢t # t' holds conv(f(t)) N conv(f(t')) is
equal to 0; or f(v) for some vertex v € V; or conv(f(e)) for some edge
ec k.

Let A be a triangular configuration, we denote by
e V(A) the set of vertices of a triangulation;

e FE(A) the set of edges of a triangulation;

e T(A) the set of triangles of a triangulation.

Let vy, v9,v3 be vertices of A. Let e be an edge of A. Let t be a triangle
of A. The edge e can be written as {vy,v9} or vyv5 where v; and vy are the
vertices of the edge. The triangle ¢ can be written as {vy, vo,v3} or vivyus,
orefgor {e, f,g} where e, f, g are the edges of the triangle.

If we admit that 7" is a multiset in the definition of the triangular config-
uration, we say that the triple A is a multitriangular configuration.

A triangular configuration S is a subconfiguration of a triangular con-
figuration R, if V(S); E(S); and T'(S) are subsets of V(R); V(R); and T'(R),
respectively. We say that R contains S.

Let A be a triangular configuration. Then the pair (V(A), E(A)) forms
a graph. This graph is called skeleton and is denoted by G(A).

The edge degree dg(e) of an edge e of A is the number of triangles
containing the edge.

dp(e) = |[{t:t € T(A),e C t}] (6.1)
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We define the incidence matrix of a triangular configuration A = (Ag)
in this way. The rows are indexed by edges and the columns by triangles.
We set

1 if the edge e belongs to the triangle ¢; e C ¢,
Qet = .
' 0 otherwise.

A triangular configuration is a cycle if every edge has an even degree.

If R and S are triangular configurations then their symmetric differ-
ence, denoted by RAS| is the triangular configuration (V(R)UV (S), E(R)U
E(S9), T(R) AT(S)).

The Euler characteristic x of a triangular configuration A is defined
according to the formula

X = [V(A) = [EQA)] +[T(A)]. (6.2)

6.2 Triangular Matroid

In this section we prove that the collection of the cycles of a triangular
configuration forms a cycle space of some binary matroid.

Lemma 6.1. Let R and S be cycles. Then R/ S is a cycle.

Proof. We show that every edge of R /A S has an even degree. Let e be an
arbitrary edge. Let Tk and Ts be subsets of T(R) and T'(R), respectively,
containing the edge e. Then the degree of the edge e is equal to |Tg|+ |Ts| —
2|Tr N Ts|. Thus, the degree is even. Therefore R A S is a cycle. O

Denote by C(A) the collection of the cycles contained in a triangular
configuration A. From the lemma above we know that C(A) is closed under
taking symmetric difference.

Lemma 6.2. Let A be a triangular configuration. Let A be the incidence
matriz of A. Let C be a subconfiguration of A. Then Ax™(©) =0 if and only
if C is a cycle.

Proof. C'is a cycle. < For every edge ¢; € FE(A) indexing row a;, holds
{tle; C t,t € T(C)}| is even. < Ax™(©) = 0. O

From the lemma above follows that the incidence vectors of the cycles
contained in a triangular configuration forms a circuit space of a binary
matroid. This matroid is called triangular matroid, and is denoted by
M (A); where A is the configuration. The incidence matrix is a representation
of the matroid.

Let A be a triangular configuration. Let 7" be a subset of T'(A). Then
the deletion of 7" from A is the triple (V(A), E(A), T(A)\ T").
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Proposition 6.1. Let A be a triangular configuration. Let T' be a subset of
T(A). Then M(A\T") = M(A)\T".

Proof. Follows directly from the definition. O]
Proposition 6.2. Let C be a circuit. Then |T(C)| > 4.

Proof. As T'(C') is nonempty, there is a triangle ¢. Since every edge has an
even degree, every edge of t is incident with at least one triangle different
from ¢. These triangles are pairwise different, since three point determine an
unique triangle. Hence, we have found four triangles. O]

Proposition 6.3. Every triangular matroid is simple.
Proof. Follows directly from the definition. O]

Remark 6.1. Triangular matroid with a geometric representation is a simpli-
cial complex.

Corollary 6.1. Let C be a circuit then |E(C)| > 6 and |V (C)| > 4.
Proof. Follows directly from Proposition 6.2. [

Proposition 6.4. Let A be a triangular configuration. Let V* be the set of
isolated vertices (vertices not contained in any edge) of A. Let E* be the set
of edges of A with degree 0. Then M(A) = M((V(A)\V*, E(A)\E*, T(A))).

Proof. We consider the incidence matrices of A and (V(A) \ V* E(A) \
E*, T(A)). As isolated vertices are not contained in any edge, removing it
from triangular configurations does not affect incidence matrices. An edge
with degree 0 corresponds with a zero row vector. If we remove such edge,
then we delete a zero row vector. Such modification of a representation

~Y

matrix does not affect a matroid represented by this matrix. Thus M(A) =
M((V\V* E\E*T)). O

Let A be a triangular configuration. Let v be a vertex of A. We define
recursively the set A,,.

A, ={thteT(A),vCt (6.3)
A, ={teTA)wct,I e, :t'Nte E(A)} (6.4)
For some vertex v may exists more distinct sets A1, Aya, ..., Ayy. We denote

the collection of all sets A, by AY.
The set AY of the vertex v depicted in Figure 6.1 contains three sets
Avt, Ao, Aya. The set AV of the vertex v/ contains only one set A,. A
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x W

non simple vertex simple vertex

Figure 6.1: Two vertices with distinct collections of A, sets

S

Figure 6.2: Vertex simplification

vertex v is called simple vertex, if the cardinality of AV is equal to one. Let
v be a vertex with the set AV = {A,1,...,A,}. Then the simplification
of a vertex v is a substitution of the vertex v by vertices vy, ..., v, and each
triangle vzy belonging to the set A,; is replaced by the triangle v;xy.

Proposition 6.5. Let A be a triangular configuration. Let A" be a triangular
configuration obtained from A by simplification of all vertices. Then M(A) =
M(A).

Proof. Let v be an arbitrary vertex of A. Let t,t' be triangles of A such that
v C t,v Ct. Let g, t, be the triangles t,t'; respectively; after simplification
of the vertex v.

If tNt € E(A), then these triangles belongs to the same set A,. Hence
ts Nt € E(A").

Iiftnt ¢ E(A), then t Nt € V(A). In case that the vertex v is splitted
in simplification, then ¢, N, = (. Hence ¢, Nt ¢ E(A’). In the other case
that the vertex v is not splitted, then t;Nt, € V(A'). Thus t; Nt, ¢ E(A’).
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Thus, the operation of simplification preserve triangle incidence. There-
fore, both matroids has identical representation matrices. Hence, they are
isomorphic. O
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7 Edge Contraction of Triangular Configura-
tions

7.1 Definitions

Let A = (V, E,T) be a triangular configuration. Let e = {vy,v2} be an edge
of A. The edge contraction is the triangular configuration A/gpe = A’ =
(V') E',T") with the vertex set

Vii= (V\ {vr, 02}) U {ve},
the edge set
E = {vw € E|{v,w}N{v, v} = 0} U{v.w|vyw € E\{e} Vuvow € E\{e}},
and the triangle set

T = {uvw € T|{u,v,w} N{vy, v} =0}
U {vevw|vvw € TV vgvw € T v # v1,v # Vg, w # v, w # Vs }.

From the definition, triangular configurations are closed under taking edge

Edge contraction Ve

Figure 7.1: Edge contraction

contractions. Unfortunately, we do not know whether edge contraction has
a geometric representation.

For a skeleton of a triangular configuration holds G(A/ge) = G(A)/e.

In this section we survey the effect of the edge contraction to a triangular
matroid. This effect depends only on the triangles that are incident with the
contracted edge.

Let A be a triangular configuration. Let e = {v1,v2} be an edge of A.
We say that the edge e is deleting, if A contains the triangles zyv; and xyv,
where z,y € V(A).

The set {e, f,g} of edges of A is said to be the empty triangle, if
eNf#0,fNng#0,gNe=#0and A does not contains the triangle {e, f, g}.
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Figure 7.2: Deleting edge

e f

g

Figure 7.3: Empty triangle

Let A be a triangular configuration. Let e = {v1,v2} be an edge of A.
Define
D.:={tlect,t e T(A)},
D. .= {{t1,ta}v1 € t1,v9 € ta, t1 Nty € E(A),t1,t3 € T(A)},
Dy, : = {til{t1, 2} € D},
Dy : = {t2l{t1,t2} € D.}.

For an edge contraction of A holds T'(A/ge) = T(A) \ (D. U D4,).

(7.1)

7.2 Cycles and Acyclic Sets

Proposition 7.1. A contraction along an edge e = {vy,v2} of a cycle C
is a cycle if and only if C' does not contains a triangle (zyvy) or (ryvy);
z,y € V(C) (that is, the edge e is not deleting).

Proof. Let C" = (V' E',T") be an edge contraction of a cycle C = (V, E,T)
along the edge e = {vy,v2}.

"

From the definition of the contraction, the edges whose degree are changed
are the new edges and the edges that in C' lies in a triangle containing v; or
V3.

We show that the new edges created by the contraction have an even
degree. Let {v,v.} be a new edge. From the assumption about degrees in C,
there are two sets of triangles of an even cardinality 73 = {viva € T|a € V'},
Ty = {vgvb € T|b € V}. From the definition, the sets 7} and T, become,
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in the contraction, the sets 7] = {(ve.va)|(viva) € Ti;v # vy, a # vo} and
T35 = {(vewd)|(voub) € To;v # v1,b # vy }.
We distinguish the following cases.

e Let 7} and T be empty. Then the degree of {v,v.} is equal to zero, by
the definition.

e Let one of T} or T, be empty. Let us say T5. Then the degree of {v,v.}
is equal to the degree of {v,v;}.

e Let T} and T be non empty. If the sets 7] and Tj are disjoint, then
the degree of the edge {v,v.} is equal to the cardinality of 77 U Ty.
|T] UTs| = |Th| + |T1] — 2|7y N'Ts|. Hence, this cardinality is even.

Suppose that 7] and T} are not disjoint, then in the configuration C' are the
triangles (vivx), (vovz) and the edge e = {vy,v9}. This is the contradiction,
as we suppose that there are not such triangles.

Now we show that the edges that in C lies in a triangle containing v; or
vg have in C” an even degree. Let {x,y} be an edge incident with triangles
(xyvy) or (xyvy). If this edge is incident only with the one triangle, then the
degree of this edge in C” is equal to the degree in C, since instead of the
triangle (zyv,) there is (zyv.). From the assumptions, we know that there is
only one triangle (xyv;) or (zyvs).

We have proved that all degrees in the contraction of a cycle C' are even.
Therefore, C’ is a cycle.

EEN

Suppose that in C' exists triangles (ryv;) and (xyve). The edge {z,y}
has an even degree in C' and is incident with the triangles (zyv;) and (zyvs).
From the definition, this edge remains in C’. In C’ the triangles (zyv;)
and (zyvy) are deleted. Hence, {x,y} is incident with only one new triangle
(xyve). Thus, the degree of {z,y} is odd. Therefore, C’ is not a cycle. [

Corollary 7.1. Let C be a cycle. Let e be an edge of C. If G(C) has no a
subgraph K, containing the edge e, then the contraction along the edge e is a
cycle.

Proof. Let e be {vy,v2}. We show that C' does not contains a triangle (xywv;)
or (xyvy); x,y € V(C).

Let C contain triangles (zyv1) and (xyvy). Then there is a K, with the
edges e = {vy,vo},{v1, 2}, {v1,y}, {ve, 2}, {va, v}, {z,y}. A contradiction.
Now, we use the previous proposition. O
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Proposition 7.2. Let A be a triangular configuration that is not a cycle.
Let e be an edge of A. Then A/ge is not a cycle if and only if at least one
of the following conditions is satisfied

(i) there exists an edge f with an odd degree such that e N f =),

(ii) there exists an edge f with an odd degree such that e N f # 0 and there
does not exists an edge g such that fNg# 0 # gNe,

(iii) there exists an edge [ such that e N f # (O and there exists an edge g
such that f N g # 0 # gNe; and d(f) and d(g) have different parities.

Proof. 7 <7

If the first or the second condition is satisfied by an edge f, then no
triangle incident with f is removed or added by the contraction. Therefore
this edge has an odd degree in A/ge.

If the third condition is satisfied, then the edges f and g are merged into
one edge {v.,z}. The degree of the edge is equal to d(f) + d(g), if there is
no triangle incident with both f and g in A. If there is such triangle, then
the degree is equal to d(f) — 1+ d(g) — 1. As d(f) and d(g) have different
parities, the edge {v.,z} has an odd degree.

»

Suppose that A/ge is a cycle. Obviously, the first and second conditions
are not satisfied.

Each edge {ve,z} has an even degree equal to d({vi,z}) + d({ve,x}) or
d({v1,x})+d({ve,x}) — 2 depending on if in A exists a triangle v;vex. Thus,
{v1,2} and {vy, z} have the same parity. Therefore, the third condition is
not satisfied. O

Corollary 7.2. Let A be an acyclic triangular configuration. Let e be an
edge. Then A/ge is acyclic if and only if there is no subconfiguration A" of
A that does not satisfy the following conditions

(i) there exists an edge f with an odd degree such that e N f =),

(ii) there ewists an edge f with an odd degree such that e N f # 0 and there
does not exists an edge g such that f N g# 0 # gNe,

(iii) there exists an edge [ such that e N f # 0 and there exists an edge g
such that fNg# 0 # gNe and d(f) and d(g) have different parities.

Proof. Directly from Proposition 7.2. O
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Let A be a triangular configuration. Let e be an edge of A. If A/ge
is acyclic, we say that A is e-acyclic. A triangular configuration is e-
contractable if every acyclic subconfiguration is e-acyclic.

Let A* be a triangular configuration obtained from A by filling all empty
triangles incident with e.

Corollary 7.3. Let A be an acyclic triangular configuration. Let e be an
edge of A. Then A/ge is acyclic if and only if there does not exists A’ C A*
such that every edge of E(A')\ {e} has an even degree.

Proof. 7 =7

We know that A/ge is acyclic. For a contradiction suppose that there
exists A’ C A* such that every edge of F(A’)\ {e} has an even degree. Then
A'/ge is a cycle, by Proposition 7.2. A’/ge is contained in A/ge, since every
added triangle of A* is deleted by the contraction. Thus A/ge is not acyclic.
This is a contradiction.

7 <: 2

Let A” be a subconfiguration of A. Suppose that A” does not satisfy
the conditions (i)—(iii) of Proposition 7.2. Let ¢ be an empty or nonempty
triangle of A’ containing the edge e. Then the edges of ¢ excepting the edge
e have the same parities.

Let A’ be a configuration obtained from A” by deleting (filling) the tri-
angles (empty triangles) that contains the edge e and an edge distinct from e
with an odd degree. Then every edge of E(A’)\ {e} has an even degree. A’
is a subconfiguration of A*. This is the contradiction with our assumptions.
Thus, A” satisfy the assumptions of Proposition 7.2.

Hence, A”/ge is acyclic. Therefore, A/ge is acyclic. O

7.3 Triangular Matroid

Corollary 7.4. Let A be an triangular configuration. Let e = {vy,vs} be an
edge of A. If A does not contain a triangle xyvy or xyvy where x,y € V(C)
(that is, D, = (), then C(A/ge) D C(M(A)/D.).

Proof. Let C be a cycle of A that contains the edge e. Since C' does not
contain a triangle xyv; or xyvy where x,y € V(C), then C/ge is a circuit
with the triangle set T'(C') \ D.; by Proposition 7.1. Thus, C'/ge belongs to
C(M(A)/De) O

Corollary 7.5. Let A be a triangular configuration. Let e = {vy,ve} be
an edge of A. If A contains triangles xyvy and xyve where x,y € V(C),
then C(A/ge) 2 C(M(A)/D. \ D},) and C(A/ge) 2 {C\ (D;, U D,)|C €
C(A), {tl,tQ} - C, {tl,tg} € Dé}
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Proof. Let C be a cycle of A that contains the edge e. If C' does not contain
any element of D, then C/ge is a cycle; by the previous corollary. Therefore
C(A/ge) 2 C(M(A)/D. \ Dy,).

Let C' be an element of {C'\ (D], UD,)|C € C(A), {t1,ta} C C, {t1,t2} €
D!}, Then C" =T(C)\ (D} UD,) = T(C/ge) where C'is a cycle of A | by the
definition of the edge contraction. C/ge is not a cycle, by Proposition 7.1.
Thus, C" ¢ C(A/ge). O

If a triangular configuration is e-contractable, we can exactly express the
cycle space of the edge contraction.

Corollary 7.6. Let A be an triangular configuration. Let e = {vy,vs} be an
edge of A. Let A be e-contractable. If A does not contain a triangle xyv; or
xyve where x,y € V(A), then M(A/ge) = M(A)/D..

Proof. By Corollary 7.4, we know that C(A/ge) O C(M(A)/D,). Suppose
that C(A/ge) contains a cycle C’ such that T(C") # T(C) \ D, for every
C € C(A). As A is e-contractable, there is a cycle C” of A such that
C"/ge =C", T(C")\D, = T(C"). This is a contradiction. Hence, C(A/ge) =
C(M(A)/D.). O

Corollary 7.7. Let A be a triangular configuration. Let e = {vy, v} be an
edge of A. Let A be e-contractable. If A contains triangles xyv, and xyve
where x,y € V(A), then C(A/ge) = {C\ D.|{t1,t2} € C,{t1,t2} € D,,C €
C(A)}.

Proof. By Corollary 7.5, C(A/ge) 2 C(M(A)/D. \ D},) and C(A/ge) 2
{C\ (D}, UD,)|C € C(A),{t1,ta} T C",{t1,ta} € D.}. Suppose that
there exists a cycle C' € C(A/ge) \ {C'\ De|{t1,t2} € C,{t1,t2} € D.,C €
C(A)}. As A is e-contractable, T'(C') = T(C") \ D, for C" € C(A) such
that {t1,t2} € C’;{t1,t2} € D.. This is a contradiction. Hence, C(A/ge) =
{C\ D{t1,t2} € C.{t1,t2} € D.,C € C(A)}. O

7.4 FEuler Characteristic

Proposition 7.3. Let A be a triangular configuration with the Euler char-
acteristic x. Let A" be an edge contraction along an edge {vi,v2}. Let A
be e-contractable. If A does not contains a triangle xyv, or xyvy where
x,y € V(A), then A’ has the Euler characteristic equal to x.

Proof. By Corollary 7.6, M(A’) = M(A)/D, where D, = {tle C t,t €
T(A)}. The contraction removes the edge {v1,v2} and one of the vertices vy,
vg; by the definition. Thus, |V(A")| = |[V(A)| -1 and |E(A")| = |E(A)] — 1.
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The number of triangles of A’ is equal to |T(A)| — |D.|. One edge distinct
of {v1,ve} is removed with each removed triangle. Hence,
x = [V(A)] = [E(A)] + [T (A")]
= (VA =1) = (IE(Q)] = [De| = 1) + (IT(A)| = |De]) (7.2)
= V(A = [EQQ)][+ [T(A)].
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8 Skeleton of Triangular Configurations

In this section we study the minors of a skeleton of a simple triangular circuit.
We show that a skeleton may contain any arbitrary graph as a minor. We
give the smallest triangular circuit with a nonplanar skeleton.

Proposition 8.1. Let G be a graph. Then there exists a simple triangular
circuit A such that G is a minor of G(A).

Proof. Before we construct A. We define two particular triangular configu-
rations, which serve as basic building blocks. The triangular vertex (sphere),
depicted in Figure 8.1, is obtained by a sufficient dense triangulation of a
sphere.

Figure 8.1: A triangular sphere.

The triangular edge or tunnel, depicted in Figure 8.2, is obtained by
sticking together a number of basic buildings blocks. Dash triangles in the
figure denote empty triangles, the others are regular triangles. Blocks are
stuck together at the ending empty triangles depicted by dash lines.

AY
\
\

>
/
4
/

Figure 8.2: A triangular tunnel.
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Now, we construct the desired triangular circuit A. For each vertex of G
we add to A a triangular vertex with the number of triangles at least equal
to the degree of the vertex. For each edge uv we remove one triangle from
the both triangular vertices u and v and we connect these empty triangles
by a sufficient large triangular tunnel (edge). Obviously, every edge of A

Figure 8.3: An example of a vertex of degree 1.

has degree 2. Therefore, A is a simple triangular circuit.

Now, we construct the desired graph G. We take one vertex from every
triangular vertex of A and put it in the set of vertices of G. Let u,v be
vertices of two triangular vertices connected by a tunnel. We take a path
between them leading throw the tunnel and contract it to the one edge. We
put this edge to the set of edges of G. Obviously, the graph G is a minor of
the skeleton of A.

Examples of triangular vertices connected by some edges are in Fig-
ures 8.3 and 8.4. O

In the next proposition, we give a small triangular circuit that has a
nonplanar skeleton.

Proposition 8.2. There is a triangular circuit C such that G(C) is a non-
planar graph.

Proof. The desired circuit is depicted in Figure 8.5. The skeleton of the
circuit contains K33 as a subgraph. The circuit contains triangles that are
not depicted by the gray color on each picture. One partition class of K33 is
depicted by square nodes, the second by round nodes. Il
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Figure 8.4: An example of a vertex of degree 3.

Figure 8.5: The circuit A; with the nonplanar skeleton.
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9 Lattices of Triangular Configurations

In this section we study the lattice generated by the set of cycles of a trian-
gular configuration.

9.1 Some Interesting Triangular Configurations

We give a particular triangular configuration which does not have the lattice
of circuits property and show that its lattice has a basis consisting only of
cycles. This triangular configuration contains F7 as a minor.

Proposition 9.1. There exists a triangular configuration which does not
have the lattice of circuits property.

Proof. The desired triangular configuration is depicted in the picture Dy in
Figure 9.2. Every triangular configuration D;;7 > 1 is an ear extension of
D, ;.

Figure 9.1: The circuit Ay contains all triangles that are not depicted by the
gray color. The triangles containing a dash line have value 0 and the others
have 1.

4

The ear circuits of these extensions are depicted in detail in Figures 9.1
and 8.5. We assign to the triangles some values. The values of triangles of
Dy are equal to the values of triangles of A,. The values of triangles of D;;
1 =1,2,3 are the same as the values of triangles of D;_; and the ear circuit.
The values of triangles of T'(Dy4) \ T'(D3) are assigned to 0.

Now we observe that D, does not have the lattice of circuits property. We
construct a cosimple matroid M from M (Dy4) by contracting all coparallel
classes into one element. The matroid M has well defined assignment of
values, since all triangles in one coparallel class of M(D,) have the same
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value. This assignment of values of M belongs to the dual lattice of M.
Thus, the dual lattice contains the point z € %LZ \ %Z. Therefore, D, does
not have the lattice of circuits property.

O

Proposition 9.2. The lattice of the triangular configuration Dy has a basis
consisting only of cycles.

Proof. We construct a cycle lattice basis by using Theorems 5.4 and 5.6.
Obviously, the triangular configuration Dy has a cycle lattice basis, since it
contains only one circuit. A cycle lattice basis of the ear extension D;; i =
1,2, 3 is constructed from a cycle lattice basis of D;_; by using Theorem 5.4.
A cycle lattice basis of Dy is constructed from a cycle lattice basis of D3 by
using Theorem 5.6. [

9.2 Local Constructions and Edge Contraction

We give a sufficient condition when it is possible extend a cycle lattice basis
of a triangular configuration to the cycle lattice basis of its edge contraction.

Proposition 9.3. Let A be a triangular configuration. Let e = {vi, vy} be
an edge of A. Let B be a cycle basis of Z(A). Let A’ be an edge contraction
of A along the edge e. Let A be e-contractable. If A does not contain a
triangle xyvy or xyve where x,y € V(A), then Z(A’) has a cycle basis.

Proof. By Corollary 7.6, M(A’) = M(A)/D, where D, = {tle C t,t €
T(A)}. Thus, C(M(A") = {C\ D.|C € C(M(A))}. A consequence of
Proposition 7.1 is that [C(M(A))| = |C(M(A"))|. Hence, the set B’ :=
{8\ D¢|3 € B} is a basis of Z(A"). O
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D,

I
S
I

Figure 9.2: The triangular configuration D,, which does not have the lattice
of circuits property and its ear decomposition.
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10 Minors of Triangular Configurations

In this section we survey how rich is the class of triangular matroids and their
minors. The hypothesis posed by Whittle is that for every binary matroid
exists triangular configuration containing this matroid as a minor. We prove
the hypothesis. This hypothesis is equivalent with that for every P; r > 3
there exists a triangular configuration having P’ as a minor. In Section 9 on
Figure 9.2 we find a configuration having P; = F7 as a minor.

Theorem 10.1. Let M be a binary matroid. Then there exists a triangular
configuration A such that M(A)/S = M, where S is a subset of E(M).
Moreover, there exists a bijection between C(M) and C(A) mapping circuits
to circuits, and dimC(M) = dim C(A).

Proof. Let n be the cardinality of the ground set of the matroid M. Let r
denote the dimension of the cycle space C(M) a subspace of GF(2)". Let B
be a cycle basis of C(M). We construct the desired configuration in this way.
We put n triangles into a space of sufficient large dimension (Figure 10.1).
Denote these triangles as tq,...,t

n-1 n

Figure 10.1: Triangles representing the entries of the vectors of C(M).

For every basis vector b; € B we construct the following triangular con-
figuration A,, (Figure 10.2). The configuration A, is obtained from a suf-
ficiently dense triangular sphere (Figure 8.1, a sphere with the number of
triangles greater than n). For every nonzero entry of the vector b; we remove
a triangle from the sphere and add triangular tunnel (Figure 8.2) between
the new empty triangle and the triangle ¢; where j is a position of a nonzero
entry in the vector b;. Thus, A, contains ¢; if and only if b/ = 1. We denote
the cardinality |T'(Ay,)| by w(Ay,).

The desired triangular configuration A is the union of the triangular
configurations A, i = 1,...,n; A = JL, A, (Figure 10.3).

It is convenient construct the configurations A, such that w(A,,) —
w(b;) = w(Ay,) — w(b;) where i,j = 1,...,d. We denote the number
w(Ap,) — w(b;) by w(A).

The triangular configuration A obviously contains all symmetric differ-
ences of the triangular configurations A,, ¢ = 1,...,d. For a symmetric

36



Figure 10.2: A triangular cycle representing a basis vector of C(M).

Figure 10.3: A triangular representation of M.
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difference of A, and Ay, holds that Ay, A Ay, contains triangle ¢ if and only
if kth entry of the vector b; + b; is equal to 1. Using induction we have that
NierAp, contains a triangle ¢y if and only if kth entry of the vector Zie[ b;
is equal to 1. Therefore, C(M(A)/S) D C(M) where S = E(M(A))\ E(M).

We define a mapping f : C(M) — C(A) in the following way. Let x be
an element of C(M). The vector x is equal to ), ., b;. We define f(z) as
NierAyp,. From the paragraph above follows that f is an injective mapping.

Now we prove that dim C(M) = dim C(A). Suppose that there exists a
circuit of A that is not a symmetric difference of A,,, i = 1,...,d. Let C
be a such circuit with the minimal possible number of triangles |T'(C)|. It
is obvious that 7'(C) contains T'(Ay,) \ {t1,...,t,} for some i € {1,... t}.
For the circuit C' A A,, holds that |T(C A Ay,)| < |T(C)|, since T'(Ay,)
is sufficiently large. This is a contradiction. Thus, every circuit of A is a
symmetric difference of Ay, i =1,...,d. Hence, dimC(M) = dimC(A).

Therefore, C(M(A)/S) =C(M) and M(A)/S = M.

As [C(M)| = |C(A)|, the mapping f is a bijection.

Now we show that f maps circuits to circuits. Let ¢ be a circuit of C(M).
For a contradiction suppose that f(c) is not a circuit. Then there are cycles
c1 and ¢y of C(M) such that f(c;) U f(ca) = f(c). By the definition of f,
¢ = ¢; Ucy. This is a contradiction. Thus, the mapping f maps circuits to
circuits. [l

The triangular configuration in the theorem above we call triangular
representation of a binary matroid with respect to the basis B. A triangu-
lar configuration such that all w(A,,) —w(b;) are the same is called normal.

Let M be a binary matroid. Let C be the cycle space of M. Let d be the
dimension of C'. The weight polynomial of the code C'is defined according

to the formula
W(C) =Y . (10.1)
ceC

Now, we survey a connection between the weight polynomial of a matroid
and the weight polynomial of its triangular representation.

Let B be a basis of C. Let A be a normal triangular representation of C.
We say that an element ¢ of C' has degree of combination ¢ if it is a sum of ¢
basis vectors. We denote the degree of combination of a vector ¢ by dc(c).

For instance a basis vector has degree 1. We define

WiC) = > " (10.2)

ceCdc(c)=i
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It is obvious that

W(C)=>_ Wi(C). (10.3)

Proposition 10.1. Let M be a binary matroid. Let B be a basis of C(M).
Let A be a normal triangular representation of M with respect to B. Then

Wi(C(A)) = Wi(C(M))z @, (10.4)

Proof. Let ¢ be a cycle of C(M) of degree i. The cycle c is equal to >, ; b;
where |J| = i. Then there exists a cycle ¢ of C(A) equal to Aje;Ay,. The
weight of Ay, is equal to w(A) + w(b;). Thus, the weight of the cycle ¢ is
equal to iw(A) + w(c).

Therefore,

— Z pele)tin(d) (10.5)
c€C(M),dc(c)=t
= W;(C(M))z™&).
U
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