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Introduction

The space-time discontinuous Galerkin method (STDGM) is a numerical method
to solve the compressible flow problem. The problem is described by Navier-
Stokes equations, and its solution is a vector-valued function describing the phys-
ical phenomenon. The STDGM uses a numerical discretization in the space
coordinates as well as in the time coordinate, and uses a space of piecewise poly-
nomial functions as the discrete functional space that can represent interelement
discontinuity. Therefore, the method is suitable for problems with discontinu-
ous solutions or a steep gradient, where continuous methods yield a result with
oscillations. The time discretization allows the numerical discretization to be
conservative, and if we choose the polynomial degree with respect to the time
appropriately, we can achieve sufficient accuracy even for nonstationary prob-
lems with a time-dependent mesh. The STDGM allows the polynomial degrees
to vary for each element and each time step, and so it enables local adaptivity.
The STDGM then yields high order of convergence, but also requires longer com-
putational time.

To solve the compressible flow problem, we would like to use STDGM to
construct an algorithm that can be adaptive with respect to both the time step
and the spatial step. We demonstrate the STDGM in Chapter 2l for a continuous
problem where the solution is a scalar function. Then, we introduce the concept
of the residuum in the dual norm in Chapter Bl Using this concept, we postulate
certain criteria to optimize calculations during the computation. We want our
algorithm to satisfy following properties:

e the approximate solution satisfies a given condition,
e the computational time is as small as possible,

In this thesis, we explore how to construct the algorithm, we explain the choices
made, and we verify certain properties related to the residuum in the dual norm.
In Chapter M the algorithm is constructed using previous knowledge.

This thesis extends the results published in [[I] : V. Dolejsi, F. Roskovec,
and M. Vlasak. Residual based error estimates for the space-time discontin-
uous Galerkin method applied to the compressible flows. Comput. Fluids,
117:304-324, 2015.]

The numerical experiments were carried out using software ADGFEM. The
software was written in Fortran by Vit Dolejsi and his students in the Departmant
of Numerical Mathematics.



1. Continuous problem

1.1 Formulation of continuous problem

Let © C R? be a bounded polygonal domain, 02 its boundary, and T > 0. We
put Qr = Q2 x (0,7) C R, x = (21, 22) € Q. Let us consider scalar equations of
a non-stationary problem with a convection and diffusion term

Ou  Ofi(u)  Ofa(u) . B
n + o, + Fromi div(K(u)Vu) =g V(z,t) € Qr, (1.1a)
u(z,0) = u’(x) Ve, (1.1b)

u(z,t) =up(x,t) Y(z,t) € 02 x(0,7), (l.1lc)

the goal is to find u : Q7 — R from given functions f = (f1,f2), K = {Ki;}7,-1, 9,
a given function u° for the initial value (at ¢ = 0), and a given function up on
the boundary.

The functions fs represent the convective terms, in other words, fs is the flux
of quantity u in the directions x; when we omit the viscous term (for example
perfect gas has only inviscid term). The functions K;; € R represent the diffu-
sion terms. Both fy and K;; can be non-linear functions. In Section B.4], we put
K(u) = €I, where € > 0 is small number, and I is the identity matrix. We can
write the term div(K(u)Vu) component-wise as below

v wve) =v- (2 52) (a‘;‘:))

0x2
0 ou ou 0 ou ou
_a—xl (Klla—xl +K128—262) + 8—@ (Kma—xl +K228—:102) .

The continuous problem (L) is a model problem for Navier-Stokes equations
described in Section (.11

We assume that the data satisfies the following assumptions:

(D1) f = (fi, f2), fs € C'(R), fs(0) =0, s =1,2,

(D2) K is a bounded and positive definite matrix, that is
E|]€2>OIK¢j(U)<k2<OO VueR, 1,7=12,
Jky > 0: 2" K(u)zr > kyz’z >0 Vu € R, for a.e. z € R2~{0},

(D3) g € C([0,T7; L*(2)),
(D4) up is the trace of some u* € C([0,T]; HY(Q)) N L>=(Q7) on 92 x (0,T),

(D5) w0 € L2(Q).

1.2 Functional spaces

We use the Sobolev space for the spatial space and the Bochner space for the
space-time space. We review their definitions below.



Let 2 € R? be a bounded domain. The Lebesgue spaces are defined as follows:

l/p
LP(Q) = {¢ measurable functions; ||¢||rr@) = </ \(p(x)|pdx) < o0},
Q

L>(§2) = {¢ measurable functions; ¢z~ = essup,cq|e(x)| < oo},

where (-, ) denotes the scalar product in L*()

(0,9) = / o@)(@)de, o0 € Q).

The Sobolev spaces are defined
WHEP(Q) = {p; Va |a| <k, D% exists in the sense of distributions,
l/p
D € LP(Q), lellwrne) = | D 1Dl | < ook

laf<k

where D% is the weak a-th derivative of p. We use the notation H*(Q) =
WHk2(Q2), because for p = 2, the Sobolev space forms a Hilbert space as in the
following:

H*(Q) = {p: Q= R; D% € L*(Q) in the sense of distributions Vo |a| <k,
1/2
ol ey = Z ||Da90||%2(ﬂ) < oo},

|a|<k
with | - |eq) being a seminorm defined in H*(Q2) by the following:
1/2

l¢lar@) = Z IDpl|72 (0
loo|=k

Remark 1.1. The broken Sobolev space is used instead of the Sobolev space for
the discontinuous Galerkin method. We define the broken Sobolev space later.

Let (X, |- ||x) be a Banach space with a seminorm |- |x. The Bochner spaces
are defined as below:

LP(0,T;X) ={¢:(0,T) — X, strongly measurable,

T 1/p
el o075 = (/ ||g0||§(dt) < oo},
0
L*™(0,T7;X) ={¢:(0,T) — X, strongly measurable,

[l Lo 0,7:3) = essupye o, lo() || x < oo},
C0.TEX) = (¢ (0.7) = X, comtimons, ey = s ffolx < oo
telo,T

as
WhP(0,7; X) = {y; atf € [P(0,T;X) Vs=0,..k,
T k Yp
e
lellwrrorx) = (/0 Z I Ot (t)"§<dt> < oo},
s=0
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e 1s the weak s-th time derivative of ¢.

where

HY0,T; H*(Q2)) = W20, T; W*2(Q)),

1.2
H2(Q) = {p € H*(Q); ¢|sa = 0 in the sense of traces}. (1.2)
Moreover, we set seminorms
T 12
lor = ([ 16OR) . Ioleqoan = sup lol0lx
te[0,7 (1.3>

2

|<P|Hk(0TX </ |6tk |th)

1.3 Weak formulation

Using the above-described functional spaces, we introduce a weak formulation of

scalar problem ([LT]). We define
a(u,v) = / K(u)Vu-Vodr, ue H(Q)NL*Q),ve H(Q),
Q
b(u,v) = / V- fuuvdr, ue H(Q)NL®Q),ve L*NQ).
Q

Definition 1.1. We say that function u is the weak solution of (L1l), if the
following conditions are satisfied

u—u* € L*0,T; H3(Q)), u € L=(Qr), (1.4a)

d

< ult).0) + blu(t) v) + a(u(t). o) = (9(t). ) e
Vv € HY(Q) and for a.e. t € (0,T),

u(z,0) = u’(z), Vo e (1.4c)

If ' € L*(0,7; L*(©)) then (L4L) can be written as

[ (G0 + buto).o(0) + atwto). o) ) at = [ (o060
Yo € L*(0,T; Hy ().

The proof of existence and uniqueness of a weak solution in the sense of
Definition [[T] for the continuous problem (L] is presented in [3].



2. Discontinuous Galerkin
method

The weak formulation uses infinite-dimensional Bochner spaces on whole domain
Q). To compute a solution, we introduce a discretization of the domain as well as
a discretization of the functional space. The discretized functional space is chosen
to be finite dimensional. The domain €2 is discretized as a mesh into small pieces,
called elements. On every element in the finite-dimensional space, we compute
a partial solution, and these then compose the complete solution on the entire
mesh. We call this the approximate solution as it approximates the weak solution
(L4). The preparation to define the approximate solution is presented in Sections
2.1 - 2.4] after which the evaluation of the approximate solution is presented in
Sections -2a

2.1 Triangulations - mesh discretization

Let I, be a partition of the time interval (0,7"). We divide (0,7") by time levels
O=ty<t;<...<t.,=T, and put I, = (tym_1,tm), m = 1,...,r time intervals,
Tm = tm — tm—1 the length of a time interval and 7 = max,,—; __,7,,. Then time

partition is defined as Z. := {I,,,m = 1,...,r}. We have [0,T] = U} _,I,,, and
1,,, are disjoint intervals.

The domain © C R?, d = 2 can in general assume various shapes, but it has to
satisfy the condition € C** (see 4] for the definition). We often require that
() is a Lipschitz domain or has a Lipshitz boundary. In this thesis, we will for
simplification assume that € is a bounded polygonal domain. If, for example, OS2 is
in fact piecewise polynomial (of degree more than two), or of a more complicated
shape, we approximate the boundary by piecewise linear or quadratic functions.

We divide €2 into small disjoint triangles or quadrilaterals. At every time
level ¢,,, m = 0,...,r, we consider generally different space partition 7 ., of the
closure (2 into a finite number of closed triangles with mutually disjoint interiors.
Numbering all the elements, we write 75, = { K. }iep,,, where E,, = {1,..., N, }
is the index set, and N,, = #7j is the number of elements in partition 7p .
When we do not need to distinguish elements, we use K instead of K;. We call
Th,m a triangulation of € at time level ¢,,.

Let K, K’ € Ty, . We say that K and K’ are neighbours, if the set 0K N 0K’
has positive Lebesgue (d — 1)-dimensional measure. Next, I' is a face of K if
I'=0K NOK’, where K’ is a neighbour of K or if I' = 0K N 0f2.

We denote by Fj, ,,, the system of all faces of all elements K € 7Tj, ,,,. We define
the set of all inner faces F}, = {T' € Fjm;I' C Q} and the set of all boundary
faces F2,, = {' € Fpm;T C 9Q}. Then Fy, = Fl,, UFP..

Let hyx = diam(K), h,, = maxger, , I, h = max{h,, m =1...,7}, nr be a
unit normal vector belonging to face I and let px denote the radius of the largest
2-dimensional ball inscribed in K. For boundary faces I' € FF,, the normal
vector nr = ((nr)1, (nr)2) has the same orientation as the outer normal to 052,
and for inner faces I' € F| , the orientation of mr is arbitrary but fixed.



For any inner face I' € .F,{’m, there exist two neighbouring elements K;, Kj,
it # j such that I' = K; N K. If nr is the outer normal to the element K; and the

inner normal to the element K;, we put KﬁL) = K, KﬁR) = K,. For boundary
faces I' € .F,fm, there exists an element K; € 7y, such that I' = K; N 9. We
put KéL) = K.

Let us recall the definition of a conforming mesh:

Definition. Let K, K' € T, be two different elements. The triangulation Tp, ,,
is a conforming mesh, if K N K’ is one of the following objects: an empty set,
a common vertex, or a common face of K and K’. Otherwise, Ty, ., is a noncon-
forming mesh.

We consider a generally nonconforming mesh 7y, and require the following
assumptions:

(T1) the triangulations Ty, ,,,m = 0,...,r, are shape-regular, i.e. there exists a
real number C, > 0 such that hx < Crpx VK € Ty, ¥Ym € {0,... 1},

(T2) the triangulations Tj ,,,, m = 0,...,r, are locally quasi-uniform, i.e.
there exists a real number C, > 0 such that hx < Coh VK, K" € Ty,
K, K' are neighbours, Vm € {0,...,r}.

The requirement of locally quasi-uniform mesh ensures that triangles change grad-
ually, while the condition of shape-regularity ensures that the shape of triangles
is non-deformed. We remark that if the triangulation 7}, ,, is conforming and
shape-regular, then it is locally quasi-uniform. The complete discussion about
the mesh assumptions can be found in [7].

Figure 2.1: Spatial elements K; in a non-conforming triangulation 7y,

Note that in the stationary problem, we can consider the same space partition 7y,
over all time levels. In the case of a non-stationary problem, re-meshing the space
partition at each time level can refine the mesh where it changes and enlarge it
as needed. Therefore, we use a generally different space partition 7y ,.
Obviously, Q = Uk,eTi K, m = 0,...,7. We denote by Tj := {Thm,m =
1,...,7} the set of triangulations on all time levels.
We define the space-time element

Qmi =K, x1IL,, K, €Thm m=1...7m

7



The space-time mesh at time level t,,, is T, X I, m=1,...,7.
The space-time triangulation of the domain Q7 = Q x (0, 7)) is

My ={Thm X Iy,m =1,....1}.
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Figure 2.2: Space-time elements (),,,; in a mesh M,

2.2 Discontinuous (zalerkin functional spaces

We consider the broken Sobolev space over a triangulation 7j, .,
H*(Thm) = {v: Q= R; v|x € HY(K) VK € Tpn}

equipped with the seminorm

1/2
vl gk (7, ) = ( > \vlfgk(m) : (2.1)

KeThm

Further we define the broken Bochner space over a mesh 7., X I,
H (L H(Thm)) = {0 Q x L, = R; ¥|gxr, € H (Ly; H*(K)) VK € Thm}
and over a space-time mesh My,

HYZ; HX(T3)) = {0 : Qp — R; ¥|gur, € HY(L,; H}(K))
VK € ﬁz,malm S IT7m - ]-7 -'7T}7



where Bochner space H(t,, 1, t,; H*(K)) is defined in (L2l).

For v € H'(Tpm) and I' € F/ , we introduce the following notation

v|(FL) = the trace of v|, ) on T,
r
v\(FR) = the trace of v|, . on T,
: 2.2)
[t R (
W) =5 (v +lf?),

L R
[w]r = o] — o[t

where (v)r and [v]p are the mean value and jump of the traces of v onf I, respec-
tively. Remark that [v]r is dependent on the orientation of mr, but [v]rnr and
(v)r do not depend on the orientation of nr.
For I € FJ,, boundary faces and v € H'(Tj,m) we use the notation
v|(FL) = the trace of v|, ) on T,
r (2.3)

(v)p = [v]p = v|{".

Further, we use the convention that if []r, (-)r, nr are arguments of [,... we omit
the subscript I' and write simply [], (-), . Also, we write [, u(t) dz instead of

[ u(t)(z) dz.

Next, let ¢» € HY(Z,; H*(Ts)). Then, we define a jump of function 1 with
respect to the time on the time level ¢,, by

Y= lim @), {$ha =9l — Yl

t—tm =t

The broken Sobolev space and the broken Bochner space are infinite-dimensional
spaces, but we need finite-dimensional spaces to compute a solution. Hence, we
define several convenient spaces of discontinuous piecewise polynomial functions.

Let p € N be a positive integer, ¢ € NT U {0} a non-negative integer. Then
let P,(M) be a space of all polynomials defined on a spatial domain M with
degree less than or equal to p, and PY(1,,) a space of all polynomials defined on
a time interval [,,, with degree less than or equal to q.

At a time level t,,,m = 0,...,r we define the space of piecewise polynomial
functions with respect to spatial variables

Shpm ={p: Q= R; ¢lg € P(K)YK € Thm}.

On a time interval I,,, we define

S}:’q = ST 1m; Shpm) = {0 : Q@ x I, & R;

7p7m
q

Y, t) =Y tpu(x) with o, € Shpm}-

s=0

On a whole domain ()7, we define

S/::zq) = STUL:; Spp) ={ : @ x (0,T) = R; Yloxr, € S;::;m,m =1,...,7}

9



Let ¢ € S™(1; Shpm), then ¥(t) € Sppm Vt € 1,. We have also that ¢k, €
P,(K) x Pi(1,,), so ¢ is a polynomial of degree < ¢ with respect to the time
variable ¢ € I,, and is a polynomial of degree < p with respect to the spatial
variable € K. The function 1 is continuous on a element Qg ,, = K x I, but
generally discontinuous on the mesh 7y, ,,, X I,,,.

Space ST(1p,; Shpm) 1S a space consisting of piecewise-polynomial functions on
Thom X L.

2.3 Space semi-discretization

In this section, we recall the discretization with respect to spatial coordinates.
The space semi-discretization of (IL4]) is accomplished using the interior-penalty
discontinuous Galerkin method (cf. [7], Chapter 2).

Let u be a sufficiently regular solution of problem (L)) such that u(t) € H*(Q2) C
HA(T,), let (t) € H*(Thm).

For inner faces I' € F/  and for a.e. t € (0,T), we have

[t as=o.

[ as = [uoas = [wni®as = [uokas. (24
[ut) mejras = [ (Vatele - s

Then, for all faces I' € F},,, and for a.e. t € (0,T), we have

(K(u(®) V) = K@) Va®)]t = (Ku@)Va®)r.  (2.5)

Note that for ¢ (t) € H?*(Tm) the previous equivalents are not valid because,
although ¢ (t) € H*(K), it is generally not in H*((2).

Let m be arbitrary but fixed, m € {1,...,r}. We multiply equation (1) by
an arbitrary function ¢ € H'(I,,; H*(Th.m)), integrate over K € Ty, ,,, and sum
over all K € Ty ,,,. We have for a.e. t € I,

> / t)yde+ Y /Zaf‘*axs ) dz

KeThm KeThm

-y /dw Vu(t)) > / dz. (2.6)

KeThm KeTh,m

Let ¢ be fixed, u(t) € H*(Q),¢(t) € H*(Tpm). Applying Green’s theorem, we

10



obtain

> [ G- 3 [3 s

KeTh,m KeTh,m

3 [ f) e ds+ Y / u(t)) - Vip(t) da
KeThm 9K KeThm
—KEZ% /8K< (u(t)) V() - moxci(t dS—K; / (2.7)

where nyg is a unit outer normal to 0K.

We first approximate the flux f; through faces I' by the numerical flux. This
approximation serves to stabilize the discontinuous Galerkin method. Then, in
Section 2.5 we will choose a numerical flux to use.

Let w € R. The numerical flux H is defined

H(wli”, wlt” nlr) & fi(w)(ne) + fo(w)(nr)y, T€Fom  (28)
and has to satisfy the following properties
(H1) H(u,v,n) is defined in R x R x By, where B; = {n € R?|n| = 1}, and is
locally Lipschitz-continuous with respect to u,v.
(H2) H(u,v,n) is consistent , i.e. H(u,u,n)= f(u) -n
(H3) H(u,v,n) is conservative, i.e. H(u,v,n) = —H(v,u,—n)

The assumption ensures the conservation property, that is, the quantity of
the flux from left to right is the same as the quantity from right to left with the
opposite orientation.

Let us write H(u|(FL), u|(FR), nr) instead of H (u(t) (FL), u(t)|(FR), nr) in the following

expression.
Therefore,
s s ds
(o
-2 / Z L@ ) )0 + @) (—rr) @ (7)) ds
rer) .,
»> / Zfs ) () () ds
rery?.,
~ D / Hult? ul me) () + H (| uI(FL),—np)@z)(tﬂ(FR’) a3
rerf .

> / Al ) 0l ds

FefB

U 5~ [l ok as + Y [ H@E o) as

rerf . rerp,

11



where u|(FR), I' e FP,, has to be specified. We can define u|(FR) by the extrapola-

tion of the function u* from |(D4)| or by the extrapolation of u|(FL). Here we put
(R) (L)
ulp” = ulp”.

We define the convective form by, ,,, (wy, wg) for wy, wy € H*(Tpm) by

b (). -y /Zfs

KEThm

+ Z /H U‘[‘ ’U‘I‘ ,nr r dS+ Z /H u| F 7nI‘) (t)‘%L) ds.

rer! . rerp,,

(2.9)

We continue with the viscous terms. After some manipulations, we get

> [ ) Vu0) oot as

KeThm "9

= > /F<K<u<t>>w<t>>|§“ nr ()] + (K(u(t) Vu®) | - (—ne)y )| ds

i Z / DN - nrp(t)|(P ds

Feff

+ Z / \ nr¢()

FefB

We add the followmg artificial term to the viscous term

0% [E IO (o) ds

Fe]—‘f

+0 Z / O TROIE - meu()| d

((EZD&(EEH)0+9 3 / VNP - npup(t) dS)

I‘e]—‘B

in order to stabilize the equation, where K(u(t))” is the matrix transpose of
K(u(t)), 0 is a chosen parameter.

Let us define diffusion form ay, , (w1, wa), w1, ws € H*(Thm) by

anm(ult), () == ) /(K(U(t))VU(t))'Vw(t) dz

K€Th,m
Z / Vo - e[ (H)]r + 0K (uw(t) T Vip(t))r - nefut)]r dS
Z / D) - e ()1 + 0K (u(t)) V@) - nru(t)]{ dS.

(2.10)

12



We can choose the parameter 6 in set {—1,0,1}. If § = —1, we speak about the
symmetric interior penalty Galerkin (SIPG) variant of the interior and boundary
penalty approximation of the diffusion term. If # = 0, artificial terms are not
added, we call it the incomplete (IIPG) variant. For # = 1, we obtain the
nonsymetric (NIPG) formulation.

Our discretization space consists of discontinuous functions. In order to
achieve inter-element continuity in a weaker way, we add the interior and bound-
ary penalty form

Tnm(u(t), (1)) 1=k Z/ )] dS + Z/ (t)|r dS

rer; ., rery?.,

(2.11)
where parameter k; is from positive definite property of the matrix K in
We define hr such that the mesh 7, satisfies assumptions |[(T1)| and |[(T2), For
max(hKéL), hKéR)) for T € Ff,,
hKlgL) for I’ Ef;fm
of hr can be found in [7]. The choice of ¢y is in each variant NIPG, IIPG and
SIPG different, and it can vary from a small number to large. For more details
about the choice of ¢y see [§].

Since u is the regular solution, the first term of .J,,, vanishes on any faces I' €
Fl. . So

example, we can choose hp = { . Other choices

Tnm(u(t), (1) FPL 0 gy ST / W () (6| dS.

FefB

Finally, we define the form [}, ,,(wy, ws), wy,ws € H*(Th,,) representing the
right-hand side of equation (Z€]) after discretization, adding the artificial term
and a penalty

b (u(t), (1)) -

i
[
x\
%
+
>

Z /—UD ‘F ds

KeThm I‘e]—‘B
+0 > /(K( ) Vo)) - nrup(t) dS. (2.12)
rerg, T

Furthermore, we define

Chon (U, V) = A (U, V) + by (1, V) 4 T (U, V) = Ly (w,0), w0 € H* (Tm)-
(2.13)
The form ¢, is non-linear with respect to its first argument and linear with
respect to its second argument.

Discontinuous space semi-discretization is constructed in finite-dimensional
space Shpm C H*(Thm), and because of the approximation by numerical fluxes,
the following holds:

(%(t),@/)(t)) + cnm(u(t), (1)) =0, (2.14)

for a.e. t € I, u(t), ¥ (t) € Shpm, with u being a sufficiently regular solution.

13



2.4 Full space-time discretization

In what follows, we review the full space-time discontinuous Galerkin discretiza-

tion of (L) (cf. [7], Chapter 4).
We will use L*(2)-projection on Sh.pm, denoted by Il .. In other words, if

b € L2(0,T; L2()) then
Hh,m,lvz)(t) € Sh,p,m and (Hh,m,lvz)(t) - ’ll)(t), ()0) =0 \V/()O € Sh#%ma te Im- (215)

Let u be a sufficiently regular solution of problem (LL1]) satisfying the condi-
tions
ou

u € L*(0,T; H*(Q)), o € L*(0,T; L*()). (2.16)

Then u € C(0,T; L*(£2)), so it is continuous with respect to the time coordinate
t. We integrate (2.I4) over the time slab I,

ou
[ G0 + un(u®) 6(0) de =0, m= 1. (2.17)
Im,
Using integration by parts with respect to the time and properties v | = u,, 4,

we have

[ Ghosmac=— [ ), 50 ) - i)
— [ ) 50 ) — i)

= [ 0) = ) )+ ) o100

= [ Grov@)ar+ (s ).

Definition 2.1. We say that function up, € S;:g is the approximate (or space-
time discrete) solution of problem (ILTl), if it satisfies

[ (Corm0,00) + euntuns (0.00) de+ Gunrdss vl ) =0
Ve Syl m=1,...,r

(unrly > ) = Mpou’, @), Vo € Shypo (2.18b)

where T, o is the L*(Q)-projection given by (ZI5).

(2.18a)

Let ep, := up, — u, where u is the sufficient regular solution and wy, the
approximate solution of problem (L1]). Let semi-norms be given by (L3]) for
Bochner spaces. In the broken Bochner space L*(Z,; H'(Ty)), we consider the
following seminorm:

|enr|L2(2 310 () (Z/ Z / |Vup-(z,t) — Vu(z, t)|2d:cdt> . (2.19)

mKeT

In [2], the following a priori error estimate was derived.
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Theorem. Let u be the exact solution of problem (LIl satisfying the regularity
conditions |[|[Vu(t)||r=@) < Cgr for a.e. t € (0,T), a constant Cr > 0 and
uw e HTH0,T; H(Q))NC([0,T]; HPT(S2)). Let the mesh satisfy conditions|(T1)
and [(T2), the time steps satisfy condition ¥Ym € {1,...,r} Cih2, < 7 < C*ky
for some constants C,, C* > 0. Then there exists a constant Cy > 0 independent
of h,7,m,r, u, up, such that

lenr L2z < CLB® [l ooy + 7 Nl o ren @), (2:20)

where

(2.21)

0 ifr, < CBhK(L) forall T € ffm and for a constant Cg > 0,
= I
K 2 ifup(xz,t) =31 t"i(x) for ¢, € HPT(0Q),i=0,...,4q.

2.5 Linearization of the forms in the continuous
problem

The equation (ZI8al) represents a non-linear algebraic system because of the
non-linearity of the forms ay, ,, by m, ln,m With respect to their first argument. In
order to solve this system, a Newton-like method was developed from the damped
Newton method, where we replace Jacobi matrix by a suitable linearization. The
linearization is presented as follows:

We define the linearized diffusion form ap (4, u, ), where @, u, o € H*(Tpm),

based on (ZI0) by

KEThm
- > / (K@)Vu) - nfe] + 0(K(@)" V) - nlu] dS
rerf . r
- Z /(K(U)VU)‘(L) 'n90|(L) + G(K(E)TV@(L) -nu|(L) ds. (2.22)

Based on (29) there are two parts to linearize: 1) function f; inside a space
element K and 2) the numerical flux.
In element K € 7j,,, convective term f,, s = 1,2 will be approximated as the
Euler flux, i.e.

Ofs

2 (). (2.23)

fs(u) = Ag(u)u, where A (u) =

The numerical flux H is used as follows:

Hu®, u® n) = S Fou®ng i 0, As({u))ns > 0, (2.24)
o s fowung i 322, Au({u))ns <0 |

Let denote I'* the set of faces ' € F/, satisfying the condition 37_, A ((u))n, >
0 and '™ the set of faces satisfying the second condition in (224]). Therefore we

15



define the linearized convective form for u,u, o € H*(Th.m) as follows:

D (T 1, ) o= — Y /ZA dx+z /ZA Pngp® ds

K&Thm N
+Z/F2A() Inslp dS+Z_/ZA Se] dS. (2.25)

and

éh,m<ﬂ7 u7 90) = &h,m<ﬂ7 U, ()0) + Z;]%m(ﬂv U, ()0) + Jh,m(“, ()0)7 ﬂu U, ()0 S H2(77l,m)
(2.26)

The semi-linearized form ¢, ., is non-linear with respect to its first argument and
linear with respect to its second and third arguments. Due to approximations

(2.23) and (2.24)) it holds
6hm(u> u, SD) - lhm(u 90) ~ Cp M(u 30)

We use the convention that for uy,,y € S hp, we write ¢p m (Upr, Unr, 1) instead of
Chom (Unr (1), unr (t),1(t)). Equation (2.I8a) is now in the form

/ ((agZT ) w> + éh,m<uh7—7 Unr, Tﬁ) - lh,m(“hﬂ'a 1/1)) dt + <{uh7—}m71’ w|$71) =0,
Im

VeSS m=1,...,r. (2.27)

hp’

2.6 Solution of the continuous problem

In this section, we review basis functions in the finite dimensional space S Z —
1,...,r, and the Newton-like method, which solves (ZI8al).

2.6.1 Basis functions

Let m € {1,...,7} be arbitrary but fixed. Let K, € T m,p € Ep,, be arbitrary
but fixed. We consider a space-time element @), , = K, X Ip,.

Let p denote the degree of the space polynomial on the element K, ¢ denote
the degree of the time polynomial on @), ,. In this thesis, we use the same
degree p for all elements in 7} ,, and the same degree ¢ for all the time slabs
Lyym=1,...,r.

Let p = dim P,(K,), {¢;"" 7;7:1 be the basis of the space P,(K,). We note
that the basis is constructed on the reference element K and then transformed
to a basis on the element K In our case of polygonal €2, this transformation is
affine. Basis functions <p used here are after the transformation. Let {qu o 3 0
be the basis of the space Pq([ ).

Let us define basis functions on space F,(K,,) x Pi(1l,,). For{ =0,...,q, k =
1,...,p, we put

A {go::’“(xw’“(t) for (2,1) € Qu (228

kl .
0 otherwise
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and Y"* =" s = Ip + k. This ordering gives us the basis in the form

A e
(b ugpmu sty (bl H ;)muv
BRg,
The set of basis functions
By, ={v"", s=1,...,(¢+1)p} pnek, (2.29)

generates the space P,(K,) x P%(I,,) on one space-time element @, , with di-
mension dim,, ,. Let
B - U}LEEmBm,ﬂ'

Then B,, forms the basis of 5}

7pm

dim,, , = (¢ + 1)p,

dim,, :=dim S}7 = Z dimy,, ,,
HEEm (230)

dim S,Tlg Z dim,,,.

Consider B, = {¢/",i =1,...,dim,,}. For ¥!" € B,, we use the convention that
If (imodp(¢g+1))=0 then

l

H= SE1) s=plg+1), k=p, l=q¢
else
. _ _ s—k
= Lmj+1, s=imodp(¢+1), k=smodp, [ = 5
where [-] denotes the floor function. Using this convention we have
" (@, 1) = (1) = @ (@) (1), (2,t) € Ky X I, (2.32)

This ordering gives us the basis B,, in a form

ml ml m,1 ml
7 (b Y
m2 m2 m2
b ¢ Y
m,Nm _m,Nm m,Nm, , . 1,Nm
o TPy sy Oy op

For example, with (M) denoting the linear span of set M, K, C R?, we have

¢=2 {d}io={L11},
p=2 <{90k}2:1> - <{1,l‘1,l‘2,l‘11‘2,1‘%,l‘§}>.
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2.6.2 Newton-like method

Let up, € S,::Iq) have the form

upr(x,t) ZU’W z,t), (z,t) € Qx(0,T), (2.33)
where
u Unrlaxr, € Syp,,  for (z,t) € Q x Iy, (2.34)
" 0 for (z,t) & Q x I,,. '
We can express uj" in the basis B, by
dim,, D
up(x,t) Z M (x, t) ZZZ@LM oM (x) g M (t). (2.35)

p=1 k=1 1=0

There is an isomorphism between uj’. € Spf «— {u }m =: U™ € Rbimn,

Equation (2.27) is then equivalent with

m uy. ~ m ,m 7 m ,m
[ (( 8:7— ’ ,l/}) + ah,m<uh77 Uprs w) + bh7m(uhT7 Uprs w)
m—1

(U, ¥) = lh,m(“hmfrvw)) At (upy (1), Y (E 1)) = (i (G 1), (8 1)) = 0,
Vi e S m=1,...,r (2.36)

h,p,m>’

Now we describe how to obtain a system of linear equations
The terms (82?7, )y Jnm and (ui (¢4 1), 9(tF 1)) are linear with respect to ull’,
so we treat uj. implicitly as an unknown function.

The terms ay, n, Z~)h7m are non-linear with respect to the first argument and linear
with respect to second and third arguments, so we use a known value in first
argument, and treat second implicitly.

The term [}, ,, is non-linear with respect to the first argument, so wj. will be
explicitly treated.

In the last term, we use the value of the previous result and put

up (t, 1) = up (t;m 1)
uhT(tO ) - Hh Ou

Equation (Z30]) is equivalent to a system of equations where we replace arbitrary
testing function v € S}:’;m in ([2.36) with all basis functions ¢7* € B,,. Thus

dim,

Z ure(U™) = g"U™), j=1,...,dim,, (2.37)

where

Z]({uk }k) /t ((¢z>¢] +Chm Zuk Q/)k ,’QZ)Z 7w )) dt+(’l7/)lm(t;7 ) Q/) (ta 1

b = [ (St ) ™ ) )

tm—1
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We define functions

dim,

' Zu nUm) =g U™, j=1,...,dim,. (2.38)

For simplicity, we write

U™ = {eg (U™ HER, QU™ = (g (U}, PR (U™ = (U fime

1,j=1" 7j=1 >
(2. 39)
Then
Fuom =c™~umum -Q™um™), m=1,...,r (2.40)
and we obtain the system of non-linear algebraic equations
F™(um™) =0. (2.41)
In virtue of (Z27), (2.30)), (Z41]), problem (2I8) reads
D oulr(t, J=u"""t, ), m=1,...,r
( ) hT( ) hT ( m— 1) (242)

(2) find U™ € Rdmm . p(U™) =0, m=1,...,r

The idea is to solve instead of the system of non-linear equations C™(U™)U™ =
Q™(U™), the system of linear equations C™(U)U™ = Q™(U) with U is known.
In particular, we proceed as follows:

To solve (2.41]), we use a damped Newton-like method which generates a sequence
of approximations U™ n =0,1,2, ... to the actual numerical solution U™ using
the following algorithm:

find d" € R4 such that C™(U™)d" = —F™(U™) (2.43a)
gt .= g 4 \ngn (2.43b)

where C™ is defined by (2.39) and we use the matrix C™(U) to approximate the
Jacobi matrix of F™(U) in the damped Newton method, where A" € (0, 1] is the
selected damping parameter. Let U™ be the result of the iteration process (Z43).
At the beginning of the iteration process, we put A = 1 and evaluate a monitor-
ing function 6" := IFWT I/ pwm)y. If 5" < 1, we proceed to the next Newton
iteration. Otherwise, we set \" := 2"/2 and repeat the current Newton iteration.
This setting is for the case when an initial value U is far from the solution U™.
When U™ is close to U™, then \» = 1.

We have several approximations (L) ~ ([2ZI8) ~ ([2.43]). We obtain the solu-

tion

s
Upr(x,t) = Zﬂﬁ(w,t), where @2 «— U™, m=1,...,r

m=1

which approximates the approximate solution wuy, of (ZIS).
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2.7 Discussion

We have so far presented the theory of STDG method, but many questions remain
for the numerical implementation. In the numerical implementation, a space S,Tlg,
in which the approximate solution is sought, has to be specified. The polynomi-
al degrees p, ¢, time step 7,, and spatial mesh 7y, can be fixed or they can be
adaptively changed.

To create an algorithm we need to make choices, and we want to propose an al-
gorithm such that satisfies the properties outlined in Introduction. And so we ask:

Should the polynomial degrees p, ¢ be constant across all elements as described
previously or should they be adaptive based on a setting” The p-adaptation can
be seen at work in [9].

Should the time step 7, be fixed at the beginning or selected adaptively? If
adaptively, how should we change it?

When to re-mesh the time-dependent spatial mesh 7,7 The h-adaptation
can be seen in [9] and [I1].

How should the iteration process (2.43]) terminate? Once it falls under a set
tolerance or based on some other criteria?

To answer these questions, the next chapter defines a posteriori error esti-
mates, and Chapter (] proposes an algorithm that uses these estimates to accom-
plish the following:

e Decide if the time step 7, is accepted or if not, how it will be selected,
e Decide if the mesh 7}, ,, is accepted or needs to be refined,

e Stop the iteration process.
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3. Residual estimation

A common approach to stopping an algorithm is to stop once the difference Dif
of two approximate solutions in a suitable norm falls under a certain tolerance
w, where the second approximate solution is computed on a more refined spatial
mesh. If Dif > w, then we have to decide whether to change the mesh dis-
cretization or the time step. Maybe, we can also compute the difference of two
approximate solutions, where the second is computed under a more refined spatial
mesh to decide for spatial refinement, or the second is computed with a higher
degree of ¢ with respect to the time to decide for the time refinement. The differ-
ence of two approximate solutions requires the evaluation, namely a Newton-like
method, to repeat many times. Here, we follow this common approach to devel-
op a posteriori estimates based on the measurement of the residuum in the dual
norms.

We review the definition of residual measures and residual estimators in Sec-
tion B B2 (cf. [10]). We verify certain desirable properties of residual estimators
in Section3.4l The residual estimators together with certain criteria are then used
as estimates to guide the changes in the time step and the spatial step.

We start by introducing spaces that we will use throughout:

HY(Z:;Shy) = {v € H(Z,; H*(T1)); ¥(.,t) € Shpm forae. t € L,,m=1,....7r}
STL H*(Ty)) = {v € HY(Z,; H*(T1)); ¥(z,.) € PY(Z,) for a.e. x € Q}

The space H'(Z,;Sy,,) consists of piecewise-polynomial functions of degree < p
with respect to the spatial coordinates while S™(Z,; H*(T})) consists of piecewise-
polynomial functions of degree < ¢ with respect to the time coordinate.

Finally, let S™(Z;;S),) consist of piecewise-polynomial functions with respect
to the both spatial and time coordinates.

Let A, denote the form obtained from (ZI8)):

0
At i= [ (G0 + ennlus)) e+ (udes, vl
Vu,v € HY(Z,; H*(Ty)), m=1,...,r, (3.1a)

uy = u’. (3.1b)
and .
Apr (u,00) =Y Apn(u, ). (3.2)
m=1

In Figure[3.Il the approximate solution uy, can be obtained by space-discretization
and then full space-time discretization, as presented in Chapter @ Alternatively,
we can derive it by first doing the time-discretization and then the full time-space
discretization. We recall the definition of solutions u, uy, w,, uy,, Uy, as follows:
First, let w € H'(0,T; H*(Q2)) formally denote the sufficiently regular solution of

(LI, then equations ([Z.I4), (B.1), and (B.2)) yield
Ap(u, ) =0 Vo € HY(Z,; HA(Th)). (3.3)
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Figure 3.1: Two ways of the discretization for the approximate solution uy,.

Second, let u;, € H'(Z,; S,) be the solution obtained from 214, i.e.
8uh
(e
(Unlm—1,9) = (Unl_1,9) Vo € Shpm.

£),0(t)) + chm(un(t), v(t)) = 0V € H (Ly; Shpm) ¥t € Ly, m=1,...,7,

(3.4)
In other words, we solve equation (L) in H'(I,,) with respect to the time variable
t and in Sy, With respect to the spatial variable z, and so w;, formally gives the
exact solution with respect to the time coordinate and approximate solution with
respect to the spatial coordinates. We call u;, the space semi-discrete solution of
(TTD); this solution has the property

Apr(up, ) =0 Vb € HY(Zy; Shp)- (3.5)
Third, we denote by u, € S™(Z.; H*(T,)) the solution of
A (U, ) =0 Y € STZ; H(Th)). (3.6)

In this case, we solve equation (IL]) in S™%(Z,) with respect to the time variable
and in H?(T},) with respect to the spatial variable. Formally, u, gives the solution
discretely in the time coordinate and exactly in the spatial coordinates. We call
u, the time semi-discrete solution of (ILT); it has the property

Ay ) =0 Vb € S™(L,: HY(Th)). (3.7)

Fourth, let w,, € Sy} = S™(Z;; S,,) be the approximate solution of (L)) given

by (218). Then
AhT(uhT,Q/J) =0 vw € ST’q(IT; Sh,p). (38)

Last, let u,, be the approximate solution computed by the iterative method
(2.43). Then in general for ¢ € STYUZ; Sh,p)  Anr(tnr, ) = 0.

We summarise the above-defined solutions of the equation (LI)):
e exact solution uw € H*(0,T; H*(Q)) C HY(Z.; H*(Ty,)) satisfying (3.3,
e space semi-discrete solution uj, € H'(Z,; Sy ,) satisfying (3.3,

e time semi-discrete solution u, € S™(Z,; H*(T;,)) satisfying (B.1),
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e approximate (or space-time discrete) solution uy, € ST4(Z.; S,) satisfying

B3),

e computed approximate solution iy, € STY(Z;; Shp).

3.1 Residual measures

Let V := HYZ.; H*(T)), V' be its dual space, and (-,-) denote the duality
between V and V'. Let A :V — V' such that (Aw,-) = Ap,(w,-), w € V. The

residual measure in the dual norm of space V' is given by

Aw — A A —A
||Aw — AUHV’ ‘= sup M — hT(w’ w) hT(Ua w>
vevawzo  [¥lv YEV, A0 [9][v
Vw,ve V. (3.9)

We define residual measures as follows:

The space-time algebraic residual measure is defined as the difference in the dual
norm of the space H'(Z,; H*(T;,)) between ty, € S™(Z.;S;,) (the computed
approximate solution) and w € H*(Z,; H*(T,)) (the regular strong solution):

Apr(tpr, ) — Apr(u, )

Esrallpr) = sup
YeH (T, ;H2(Ty)) 0 WHHI(L;HQ(E)) (3 10)
@) AhT (ﬂhra ’QZ)) '
= sup .

YEHY(Z7;H?(Th))w#0 ||¢||H1(IT;H2(T;1))

The time algebraic residual measure is defined as the difference between u,, €
STU(Z,; Sp,) (which is discrete in time) and u, € H'(Z,; Spp) (which is exact in
time) in dual norm of H(Z,; Sy,)

Ah7—<fbh7—, ’l/}) - Ah7<uh7 ’l/})

Eralln) = sup
@DGHl(I-,—;Shp),dJ#O H,l/}”Hl(IThshp) (3 11)
(]3_3) Ah7—<fbh7—, w) .
= sup

bem (T3S0 1V Lz i80,)

The space algebraic residual measure is defined as the difference between the
approximate solution 4y, (which is discrete in space) and the time semi-discrete
solution u, € S™(Z,; H*(T,)) (which is exact in space) in the dual norm of

S™U(Ly; H2(Tn))

A T u ) - A T Ty
Esaltp,) = sup pr(lr, ) iolttr, V)
YEST (T H2(T})) b0 ||?/’||ST’Q(IT;H2(T}L))
@) Ah’r(ﬂhﬂw)
= sup .
YEST (T H2(T})) b #0 HQ/JHSW(L;HQ(E))

(3.12)

The algebraic residual measure is defined as the difference between ., and wy,,
in the dual norm of S™4(Z;; Sy ,)

AhT (ﬂhra ’QZ)) - Ah’r(uh’ra w)

gA(ﬁ/hT) = sup
¢€ST’Q(IT;Sh,p)7w?éO ||77Z)||ST’Q(I‘F?S’%P) (3 13)
) Apr(tpr, 1)) .
= sup —

¢€ST’Q(IT;Sh,p)7¢7EO HwHST’q(IT;Sh’P) .
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For the residual measures, the following properties hold: For u being the exact
solution, we have

5A(u) = gTA( ) = 55,4( ) = 5STA(’LL) =0. (314)
Since S™(Z,; Spp) € HY(Z,; Sh,) € HY(Z,; H*(Ty,)) and S™(Z; Sy,,) C
S™UZL.; H*(Ty)) C HY(Z:; H*(Ty)), it holds for 4, € Sy
Ea(nr) < Era(Whnr) < Esra(Vns), (3.15)
Ea(Unr) < Esa(Unr) < Esra(Unr). (3.16)

In what follows, we present the relation between the estimate e, and the residual
measure & g7. For simplicity, we consider the relation for a linear problem.

We consider the following problem:
W —Au=f onQx(0,T),
u(z,t) =0 on I x (0,7T),
u(z,0) =u’ z€Q.
The solution is sought in the continuous Bochner space, defined as Y := {¢ €
L*(0,T; H}(Q)); o' € L*(0,T; H1); ¢(T) = 0}, where H™! is the dual space of
H{(2). Then the residual measure for uy,,u € LZ(O T; H}(R2)) is the following:

Esra(uns) = sup Jo (Zenr ¥ + (Veur, V) dt. (3.17)
0pey ||¢||Y
Lemma 3.1. Let [y := ¥l 20,013 ) + ¥ 2007:5-1)- Then
Esra < |lenr 20, m3(0) < 3EsTa- (3.18)
Proof. See [1]. O

We extend the previous example to the problem
v —Au=f onQx(0,T),
u(z,t) =up on I x (0,7), (3.19)
u(z,0) =u’ Va e
with the boundary function up as and the solution sought in the broken
Bochner space V. = HYZ,; H*(T;)), with the space-time discretization of the
[TIPG variant. Applying the space-time discretization as presented in Chapter 2]

for v € HY(0,T; H*(Q)) and ¢ € HY(Z.; H'(T;)), the general forms now look
like:

- / Vu - dex—Z/Vu Y] dS — Z/Vu ny dS,

rer! rerB
Thm (u, ) ZO’F/ dS+ZaF/uwdS Whereap—h—v;/
rert rerb
U (¥ /fw de+ > ap/qu ds,

rerbB

Chm(u>¢) = ahM(ua @Z)) + JhM( ﬂ/f) - lhmw})a
A (1) = / (' 6) + chm(tt, ) dt + (s, ).
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We use the following manipulations

/t ") b+ (e )

3+

=— / " (u, 0') At + () = (U gy ) + (u

tm—1

— [ de (v = () (320

tm—1

For the exact solution v € H(0,T; H*()) and the approximate solution uy, €

Shas We have

Aty ) — A1, ) = / (—tnr + ) b+ ((unr — ) )

Im

(= W) )+ / (@ ttnr — 0, ) + T 1t1r — 0, )

Im

:/1 ((=enrs ¥) + anm(enr, ¥) + Jpm(enr, ¥)) dt+(enr | Vo) = (€nrlme1s Ym1)-
" (3.21)

Then, we obtain the residual measure

Esra(uns)

:sup{ : Z(

[l oz (7)) 4

/ <_ehT7 1/}/> + ahm(‘ehn w> + Jhm<€h7—, ’l/}) dt

+(enrlm ) — (ehT\muMl)) ,0# 4y € HY(Z; Hl(ﬁz))} - (3.22)

In the following, we employ:
Discrete Cauchy inequality Let {a;}! ; and {b;}}_; be two sequences of real

numbers. Then
n Y2 s o 1/2
< (Z a§> (Z b?) . (3.23)
i=1

i=1

n

Z aibi

i=1

Cauchy—Schwarz inequality Let M C R? be a Lebesgue-measurable set, f, g €

L*(M). Then
'/Mfgd:c < </Mf2 dx)w </Mg2 dx)l/z. (3.24)

We also define

1/2
HVh'l/}”LQ(IWMLQ(Q)) = (/ Z/ ‘VQ/}‘Q dl’dt) vw cV. (325)
I 5 K,

Now, consider the following:
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Lemma 3.2. For the problem [B319), we have

Esralunr) < [lenrlv, (3.26)

where

”W‘Hl(l HY(T)) Z ("w/"%2(lm;L2(Q)) + ”vth%Q(Im;LQ(Q)) +/I Tnm (1) dt

m

"‘HQ/JELH%%Q) + ’W&ﬂ‘%?(m) . (3.27)

len[3 == Z (||€hr||%2(1m 22 + 1 Vaenell 2,020 +/ Ihm(€nr, €nr) dt

m
/Im rerls

/UF ((Venr) - n)* dSdt + llenrlll72i0) + lenrlmllZ2@ | - (3-28)

Proof. For the first term of (3.21)) we have

/1< enr, V) dt = / Z/ —ep,t) dadt = Z/WK —ep,t) dadt

(sw2) ik 2
< > < / edexdt) < / dexdt)
- ImXKi ImXKi

(2

B23)
< \/Znemnimmw \/anb g zoiaeny = lensllizqmeszan 19/ 2mzn

(3.29)

We manipulate the terms in the bilinear form ay,, in the same way as above which
results in

/ > / Ven, - Vip dedt
Im — JK;

< (/Im;/KZVehTdedt)l/Q (/Im;/l(i\vwﬁdxdt>

= IVienr|l 22 ) IV || L2 (1,0 22(0))- - (3.30)

1/2

Using the properties (23] for the third term in ay,,, we get

/\/7V6}W -m/or ] dSdt

mFE]:IB
Jh,m ¢¢
/ /UF VehT det / /0’[‘ det .
Im FE]:IB r ImFE]:IB r

(3.31)
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We manipulate the third term in ([3.2I]) to obtain

/1 T (€ney ) At = > or /F ens][10] dSdt

Imperin

< (/Im Jhm (€nry €nr) dt) " (/Im T (0, ) dt) 1/2. (3.32)

For the last two terms, we have

(€nrlms ¥m) =Z/K Chr|mtm dx

1/2 1/
< <Z /K’(6h7|;1)2 d$> (Z/K.(T/%)Q de) = ||6h7|771||L2(Q)||"7Z);1||L2(Q)a

(3.33)

(=enrlim—1: Y1) < llenrl 2@ [¥m 2@ (3.34)

Then from the definition of the norms (8.27) and (3.:28)), we obtain the inequality
[320). O

We have relation ([BI8]) between the error ej,, and the residual measure Egr 4.
Although the spatial discretization is done in space H'(€2) and not in broken
space H*(Thm), we use this relation as follows:

The algebraic residual measure £4(y,,) gives information about the computed
approximate solution 1y, in the space S™(Z,; Sy, ,). In particular, if E4(ap,) is
very small, then 1y, is close to uy;.

The space algebraic residual measure Eg4(uy,) gives information about the
approximate solution @y, € S7(Z;; Sy,) and the space S™(Z,; H*(T,)), which is
piecewise polynomial with respect to the time variable and is infinite-dimensional
with respect to the spatial variables.

If Es4(Up,) is very small, we can assume that the approximate solution wy, ap-
proximates well the spatial one (. =~ u,).

A larger value £g4 and a very small value of £4 suggest a problem in defining the
space S,Zg . In this case, if we want a better approximate solution, we can increase
p or change the mesh Tp,,.

The time algebraic residual measure Epa(ty,) gives information about the
approximate solution @y, € S7™(Z;; Sy,) and the space H'(Z,;Sy,). If Ea is very
small, we can assume that the result u;, is a good approximation with respect
to time (@p, ~ up). A larger value of Er4 and a very small value of £4 suggest
that if we want a better approximate solution uy,, we can increase ¢ or reduce
the time step 7,,.

The space-time algebraic residual measure Eg74 () gives information about
the approximate solution @y, and the space HY(Z.; H*(Tp,)). If Esralun,) is very
small, then the approximate solution @y, approximates u well (U, ~ u).

3.2 Residual estimators

The spaces H'(Z,; H*(Ty,)), STUZ,; H*(T1)), H*(Z,; Shp) are infinite-dimensional,
so the evaluation of residual measures &,,*x € {SA,TA, STA} is practically
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impossible. Hence, we introduce the residual estimators that apply to finite-
dimensional spaces as follows:

~ A T Ia Ty
NsTa(lnr) == sup t e, V) , (3.35)
BESTIT (T3S pi 1) 020 [Vl 5701 T8 ,00)
7 A T {[/ T
Nra(lnr) = sup b {hr, ¥) : (3.36)
besm a1 (T8 ) 020 |llsrarr 28,
i A T {[/ T
Nsa(lnr) == sup b, ¥) (3.37)
weSTq(IﬁShp-kl w#O HwHST‘J(I Shp+1)
- Apr(Upr, N
Na(linr) = Sup M = Ealtnr). (3.38)

YESTU(Lr;Sh,p),¥#0 ||@/)||sw (Z+3Sh,p)

We call ngra, nra, nsa, na space-time algebraic, time algebraic, space algebraic and
algebraic residual estimators, respectively.

Remark 3.1. [t is possible to define nr4 in the spaces ST A2 o Sy q+3, .. S0 that
nra can be more accurate with respect to Ery. However numemcal experiments
show that the choice of the space S}:f)“ is already sufficient.

The same holds for nsa, we can define it in the space Sy ., or Sy 4 and so on,
but experiments show that the choice p + 1 is sufficient.

For the residual estimators, the following properties hold:
For the exact solution v € H'(0,T; H*(Q))) € HY(Z,; H*(T;,)), we obtain

na(u) = nra(u) = ns(u) = nsr(u) = 0. (3.39)

We have S™(Z,; Shp) C S™(Zy; Shpi1) C S™(ZLL; Shprr) and S™(Z,; Sy,) C
STYT : Sy,) C ST, Sppyt), then it holds

Na(Unr) K NraWnr) < Ns7a(Onr); Na(nr) < Msa(Unr) < Ns7a(Onr)  Vir € Spy.-

(3.40)
The suprema in the estimates 7, are taken over smaller spaces than the suprema
in the estimates &,, and so it holds

77A<19h7—> = 5A<19h7—> VﬂhT c hp’ (3.41)
?7*(19]”—) < 5*(19]”—) Vi, € ST * € {SA, TA, STA} (342)

hp>

The a priori error estimate satisfies inequality ([220). We expect that our resid-
ual estimators will behave as the a priori error estimate and so we expect the
following:

nra = O(T7*), (3.43a)
nsa = O(hP), (3.43b)
Nra is independent from h and 7g4 is independent from 7. (3.43¢)

3.2.1 Evaluation of the residual estimators

Now, we want to compute the residual estimators to use in our algorithm. Let

us recall (233)) and ([234)). For wy, € S74(Z;; Sh,p) then

Upr(x,t) = upr(x,t), (z,t) € Qx (0,7),
hT
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where
oy Unrlaxt, € ST Ln; Shpm) for (x,t) € Q x I,
"0 for (x,t) & Q x I,.

We define the residual estimator on the time interval I,, and on the space-time
element K, x I, by

A (U T A m(U T
0™ (e ) o= Sup Anr (g, ) _ Sup Mj (3.44)
0£yEX, 11l x 0£yEX, 91l x
supp(¢)CQX Iy, supp(¥) CQUx I
A T u T A m U T
nrH () = sup Lhr\ThTy ¥/ (inr, 1) = sup LThmA iy ¥ (i @Z))’ (3.45)
0£vEX, [l x 0£VEX, 91l x
supp () CKpuxIm supp(¢) C Ky xIm

where x € {A,T'A, SA,STA} and X € {5}/,
sponding space, respectively.
Instead of writing n)*(@p,), we can write ()" ) with a convention that

W (1) = A (f): (3.46)

For example, the algebraic residual estimator at time level m and on a space-time
element is

7,9+l QT4 T,q+1 - .
S Sy Shpi1} 18 their corre-

Apm (71217 w>

na () = sup : (3.47)
O#wEST’q(IT;Sh,p), HwHST"I(L;Sh,p)
supp()CQUX I
m ~m Ahm ,arrz_’ w
ma " (agy) = sup A8 ) (3.48)

0£pes™(LesSn ), [V llsmaz 80,
Supp () K X T

The evaluation of n"* was presented originally in [9] for steady state problems.

We extend it to our non-stationary case. At time level m and on spatial element
K,,, we have defined the basis of the space P,(K,) x Pi(1,,) as (Z29)

Bm,ﬂ = {wz‘m”u7 L= 17 SR N}7 N = dimmyﬂ' (349>

We define the basis similarly for spaces P,.1(K,) x P(1,,), P,(K,) x P (I,,),
Pyi1(K,) x P™(1,). We want to evaluate the residual estimator n#(uj ),
which is defined as

Ahm<ahm77 1/})

() = sup T - sup Apm (g, 1)), (3.50)
0£VEX, [4]lx veX, Jllx=1,
supp(¢) CKpu X Im supp(¥) C KX Im

where * € {A,SA, TA, STA}, X is their corresponding space and B,,,, is their
corresponding basis on one space-time element K, x I,,. Let (-,-)x be the scalar
product in X generating the norm || - || x. We put

S = {sij}j'\,szl s = (WY )x

B m (3.51)
d= {dz}z]\il , di= Ahm(uhmfra i ’M)'
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Let ¢ € X,supp(¢) C K, X I, then

N N
=Y o €Ri=1,....N [Pk =) aiasy;. (3.52)
=1

ij=1

Hence, there is an isomorphism between ¢ € X «— a = {a;}¥, € R".
Let us define a linear functional © and a function ® such as

N N
O(an, .., an) = Aum(iife, ) = > i Apm (5, ") =Y oud;
N - = (3.53)
P(g) = Z §i&jsiz — 1, E={&1Y, e RY.

jri=1
We have the following equivalence

Apm(tp,-) has a maximum at v <= O has a maximum at «

[¥llx =1 ®(e) =0

To find the maximum value of the function © with respect to constraint ®(£§) =0
we use the method of Lagrange multipliers, that is, we introduce a Lagrange
multiplier A € R and find the critical values of Lagrange function

L(E,A) == O(&) + A2(E)
N N
i=1

7,i=1

=&Td + N\TSE— ).
For the critical points of L, the following relations hold:

oL

=%

N
:di+2)\2§jsija ’izl,...,N,
41

o (3.55)
0= a—)\ = Zfigjsij —1.
Jy=1
Equivalently:
d+S(2A\¢) = 0, (3.56)
¢rse =1. (3.57)

Let € := 2)¢. We solve ([B.56]) as a system of linear equations S¢ = —d and we
obtain a vector £. We obtain A through the following manipulations:

INSE = —d & AN(TSE= 20Td ©4N? = Ed & 2\ =+\/ ¢ d.
Then




Obviously ©(¢£!) = —O(£?). Let
=¢', where (&) > 0,i € {1,2}. (3.58)
Finally

A Z ad;. (3.59)

3.3 Properties of a norm

Definition 3.1. Let X be a broken Bochner space over a triangulation My, .
Scalar product (-,-)x in the space X satisfies the element-orthogonality condition

if

(11,19 € X, supp(¥;) C K; X L. i = 1,2, (K1,myq) # (K2, mg)) = (1, 12)x = 0.
(3.60)

For example, the scalar product

(an)X:i_/lm<

does not satisfy the element-orthogonality condition (B.60). Also, the scalar prod-
uct, which induces the norm ([B.27), does not satisfy (3.60). However, if we put

X—Z / > / (ug) + Vu - Vi) dadt, (3.62)

m Ke']’h

KeThm

Z /Vu V¢dx+Jhm(uw)>dt u,p € X.  (3.61)

then (-,-)x satisfies the condition orthogonality between elements (B.60). The
property of element-orthogonality of the scalar product allows us to compute the
residual estimator by parts, according to the following lemma.

Lemma 3.3. Let (-,-) : X x X — R be a scalar product generating the norm
| - |x and (-,-) satisfy the element-orthogonality condition. Then

0. (nr)’ Zm () =Y Zn (nr)? Viur € X, (3.63)

m=1 p=1

Proof. The proof is presented originally in [9].
We define linear function F' such that

F) := Apn(aps, ), v € X. (3.64)
The relation ([B.63) is, with the convention (3.40), equivalent with

2 2
T
sup Apr (i, ¥0) | =) sup  Ap (U], )
peX o\ veX llx=1
lv][x=1 supp(¢) CQUX I,

=33 sw AwEme) | - (365)
m=1 p=1 \ 07¥eX [¥lx=1
supp (Y) CK X Im
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We will first prove the second equality of ([B.65]), that is

2 2
Nm,
sup A, 00) | = sup A, ) | (3.66)
YeX ||| x=1 1 YeX ||| x=1

supp(¢)CQOX Iy, supp(¢) C Ky XIm

Let ¢ denote the function in which Apm (T}, -) has a maximum on one space-
time element K, x [,,. We obtain ¢3¢ from (3.52)) and (3.58). So

Vi, €X, YR IIx =1, supp(vg,) C K, X I,
I (ay) = Apm(a), VK, ) = sup A (T 1)), (3.67)

YeEX [[Y| x=1
supp(¢) C Ky xIm

Then ([B.64) yields

Fyg,) = sup  F(¢) (3.68)
peX, |yl x=1
supp(¥) CKpuXIm

The equality relation (B.66) is now in the form

Nom ) /2
F = F (T . 3.69
L F) (Z( wm))) (3.69)
supp(¥)CQxIm

To prove that this equality holds, we must show two things:

(i) Consider function ¥™, with properties ¥ € X, ||[v"|x = 1, supp(¥™) C
Q x I,,,, such that the following equality is satisfied

Ni o\ 7
F(um) = (Z (F(z/};g))) . (3.70)

p=1

We put

Nm N,
= LR, =) R, GER, i€ Ey, (3.71)
p=1 i=1

N N, N,
el = (O &, S gum)x = 3 a6 vp)x =S e

i=1 j=1 ij=1 i=1

& = Flok) i € Ep. (3.72)

SN F ()2

Let us define

Then SV €2 = 1 and so

() = Py ) = S = —= R

VI FWR)?

as we wanted to show.
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(ii) Now let /™ be a function in which F' attains a maximum, i.e.

Fum = s F() (3.74)
YeX,|vlx=1
supp()CQUx I

Let © be an arbitrary function in X with the properties
supp(©) C Q@ x I,,,, [9|lx =1. (3.75)

We have B, = {¢/",i =1,...,dim,,} the basis of the broken Bochner space
at time level m. We have also By = {¢/™,i=1,...,dim,,} the basis on
one space-time element K, x I, and the relation ([Z29). Then

dimy, N, dimmu
_ m,m __ ML, | ML
= E ;P = E E ag g
i=1 p=1 s=1

and

01 = (2 > aur, ZZa;“lw;"l)X
_ Z Zamk ml wmk wml) M‘Hm Zzamu mp mu —1 (376)
[2¥) T
Thus

=F(Q > arm) = Zs F Z W) (3.77)

q/;;”““” v = 1. This means

We want coefficients ¢/, such that ||, 4 o

o ) att ai
L=l ol = Qg™ v x = ,QZa’”“ e
&, g A, £,

<:>Zo/nu mp mu §/2 NeEm

M?
Py

So

1/2 1/2
Zg F(yR,) < (ZW) (ZFW}?H)Q) = F(y™),

"
(3.78)
which concludes the proof.

The first equality relation of (B.65]) is proven by similar considerations. O

If a norm does not satisfy the element-orthogonality, then n* on Ty, x I,
can be computed by the same method presented above, but the system of linear
equations is as large as when solving one Newton iteration. In this case, we
compute the residual estimators as in the case that the norm satisfies the element-
orthogonality property.
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Remark 3.2. The numerical experiments were carried out in Section[3.4) and[5.3
In the case of linear problems, the evaluation of residual estimators consumes the
same amount of time as the iteration process. However, in the case of non-linear
problems and difficult physical phenomena, the evaluation of residual estimators
represents just a very small percentage of the overall computational time.

We would like to have a norm in space X such that

(a) the norm allows us to find a relation between the residual measure and the
a priori error estimate, for example the relation in Lemma Bl so that using
residual estimators has value,

(b) it satisfies the ’orthogonality between elements’ condition (B.60]), so that
the evaluation of residual estimators is fast compared to the overall com-
putational time.

We also consider a norm which does not satisfy ([B.60) for a comparison. Let us
review the norm in a broken Bochner space L*(Z,; L*(Q)) and L*(Z.; H(Tz)).

HUH%Q(L;LQ(Q)) = Z HUH%%IM;L?(Q))
m=1

-y / Ju) eyt = 3 / 3 /K u(e, B)Pdadt. (L7(L?))

™ K€Thm
HUH%%L;Hl(Th)) = Z HUH%Q(I,”;Hl(Thm)) = Z/I w17, dt
m=1 m=1""m

:mz::l/ > /K|u(x,t)|2+|Vu(x,t)|2dxdt

Im K e€Thm

(L*(H"))

= ||u||%2(IT;L2(Q)) + ||th||%2(IT;L2(Q))'
Let u € HY(Z,; H'(T4)). At the time level m, we consider the following norms
U Wt et (7))

1/2
lulloum = (I 1320 czza) + 1z + el Vil umzay) > (3:79)

1/2
lllpeom = Ve (I!u/llizum;m(mﬁHthH%mm;LQ(m>+ / Jhm<u,u>dt) |
(3.80)

Then the corresponding norms in the H'(Z; H'(T,)) are given by

: %
[ull o = (Z HuH%om> , (EO)
m=1
r /2
[ullpe = (Z HuH%Gm> : (DG)
m=1
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Remark 3.3. The form Ap,, which was defined in B1), includes the interior
and boundary penalty Jym,, which represents a jump between elements. In the
definition (EQ)), the norm satisfies the element-orthogonality condition, but it
does not satisfy the bounded condition of the form Ap,,. In contrast, the norm
(DG) may give a bounded form, but it does not satisfy the element-orthogonality
condition.

In the following, we will test four norms, (L*(L?)), (L*(H")), (EQ) and (DG,
in order to test the properties ([B.43). If the norm satisfies the properties, we will
use it in our proposed algorithm in Chapter @l

3.4 Verification and numerical experiments

In this section, we consider three examples and carry out computations to verify
properties ([B.43]). We also carry out experiments to test the robustness with
respect to the polynomial approximation degree and the input data.

3.4.1 Experimental order of convergence

Let us introduce the experimental order of convergence (EOC), for example for
the time residual estimator, which approximates the order of convergence with
respect to the time. Let n7a,,n7r4, be the algebraic time residual estimators for
the time step 71, 72, respectively. We assume that
Nra, ~ crith,

~y 2t
Nra, = CTy

(3.81)

where c¢ is a positive constant. Using the following manipulation, we obtain the
EOC with respect to the time

log 0T log(ﬁ)q+1 = (¢+1)log n
nNra, T2 T2
log nra, —lognra,

g+1=
log i — log 7

For each pair of successive time steps 71, 75 and the corresponding errors nra,, Nra,,
or for each pair of successive spatial steps hi, hs and the corresponding errors
NS4, MsA,, the experimental order of convergence is calculated using the formula:

log nr4, — lognra,

| —1
(EOC,)  EOC = -22UsM 7 08154 - oy
log 71 — log 7

EOC =
log hy — log hs

3.4.2 Examples

To carry out the verification, we choose different scalar problems. To verify
nra = O(77Y), i.e. the EOC with respect to the time step 7, we select a func-
tion that changes essentially with respect to the time variable and slightly with
respect to the spatial variable. In contrast, to verify (8.43L)), i.e. the EOC with
respect to the spatial h, we select a function that changes essentially in the spatial
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variable and slightly in the time variable.

Let Q = (0,1)%,T = 0.5. We consider the scalar convection-diffusion equation

ou  Ou ou

= —fAu= t = T

8t+0x1+8x2 eAu=g VY(z,t) € Qr x (0,7,
u(z,t) =0 Vred,te(0,T),

u(z,0) = u’(z) Vo e€Q,

(3.82)

where € = 0.1 is the diffusion coefficient.

Example 1. For verification (3.43al), the data, i.e. function g and initial function
u®, are chosen such that the exact solution of (B.82)) has the following form:

(1, 9, t) = (0.1 + exp(10t))z1 (1 — xq) 22 (1 — x9). (3.83)

Example 2. For verification (3.43D), the data are chosen such that the exact
solution of (B.82)) has the form:

w(zy, xe,t) = (1 + )z (1 — 2q)22(1 — 29). (3.84)

U(xy X.0) —— (X Xp,0.5) ——

Figure 3.2: Function ([B:83) at dimensionless times ¢t = 0 and ¢t = 0.5.

Example 3. Let Q = (—1,1)%,T = 1. The scalar convection-diffusion equation
has the following form:

ou ou ou
En +ua—:€1 +u8—x2 —eAu=0 VY(z,t)€ Qr,
u(z,t) = up(x,t) Y(x,t) € 02 x (0,7T),

u(z,0) = u’(z) VreQ,

(3.85)

0

where ¢ = 0.01 and the data up,u” are chosen in such a way that the exact

solution has the form

(3.86)

1
w(xy, T, t) =

1+ eXp(ilerI;:l’t)'

For problem (385) and its solution ([B80]), we conduct numerical experiments for
both cases, the EOC with respect to 7 and the EOC with respect to h.
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Figure 3.3: Function ([B.86]) with ¢ = 0.01 at dimensionless times t = 0 and ¢ = 1.

The IIPG variant is used with ¢y = 20. Linear iteration process (243) is
solved by GMRES-ILU solver with stopping criterion (4.8). We do not adapt the
time step nor the spatial mesh. We set a fixed spatial step and change time step
manually for testing (EOC,)) or we set a fixed time step and change the spatial

step manually for testing (EOC,).

Remark 3.4. We obtain the approximate solution uy, for linear scalar equa-
tion [B82), while the approximate solution Uy, is obtained for non-linear scalar
. . . 2
equation (B.88)) because of non-linear convective terms fo(u) = 5,5 = 1,2.
Let us repeat the definition in (L3). Let ep, = @y, — u, where @y, = uy,, for
([382). The discretization error in the L*(Z.; H'(T,))-seminorm is computed by

, e
kﬂw@ﬂwm:<§:/ z:/wv%%ﬁﬂ—vwﬂm%mg :
m=1"1 K

" Ke€Thm

Let the ratio of the error in the dual norm and actual error in the L?(H%)-

seminorm be given by
NsTA

(3.87)

’iX = .
lenr |2z, im0 (7))

Note that ix is not the standard effectivity index, where in place of ngr4 is the
difference between two approximate solutions in a suitable norm.

3.4.3 The order of convergence with respect to the time

The setting for variant ([B.83)) (equation (B82) with solution ([B83)): We set

fixed uniform mesh 7, with number of elements N,, = 512, then h = %6. The
function (B.83]) has order 4 with respect to the spatial variable, so we set p = 4.
Computations were carried out with fixed time steps 7 = %, n € {0,...,5} and
with ¢ = 1,2, 3.

Setting for equation ([B.80)-(380]) with respect to (EOC,)): Let mesh Ty, be
fixed with N,, = 1152 elements, so h = /12, and spatial polynominal degree

p = 3. We carried out computations with 6 time steps and time polynomial de-
gree q = 1, 2.
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Figure 3.4: The uniform mesh 7y, for (3.82))-([B.83)) (left) and (B:85)-([3.80) (right).

We present the results of computations for 4 norms (L*(L%))), (L*(H"))), (EQI)
and (DG) in tables B B2 B3 B4 for (8.83) and in tables B.3], 3.6, B.7, for
(.34).

For problem (B.82]) with solution (B.83)), the result yields:

e norms (EQ) and (DG exhibit the desired order of convergence with respect
to the time, EOC = ¢ + 1 for ny,

e for very small time step nr changes negligibly,
e for ¢ = 2,3, ng changes negligibly when the time step decreased,

e for 7 = /160 or smaller, the error in seminorm and the residual estimator
both change negligibly,

For problem ([B:85) with solution (B:86) with respect to (EOC,]) the result yields:

e norms (EQ) and (DG) satisfy the expectation [8.43al), i.e. EOC =~ ¢+ 1 for
nr,

e for ¢ = 2 and 7 very small, nr does not change,

e the error in seminorm and 7ng decrease negligibly with decreasing 7. They
also change negligibly with increasing q.
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h T p lenrlo2 ) NA ns nr ST ix
1/16 1/10 4 2.632E-01 7.048E-07  1.227E-03  1.329E+01 1.329E+4+01 | 5.050E+01
1/16 1/20 4 6.427E-02 3.808E-07 5.543E-04 6.691E4+00 6.691E+400 | 1.041E+02
(EOC) (2.03) (0.89) (1.15) ( 0.99) ( 0.99)

1/16 1/40 4 1.570E-02 1.471E-07  2.577E-04 3.316E+00 3.316E+00 | 2.112E+402
(EOC) (2.03) (1.37) (1.11) ( 1.01) ( 1.01)

1/16 1/80 4 3.871E-03 1.775E-08  1.122E-04 1.646E400 1.646E4-00 | 4.251E402
(EOC) (2.02) ( 3.05) ( 1.20) ( 1.01) ( 1.01)

1/16  1/160 4 9.604E-04 3.681E-09  4.285E-05 8.190E-01 8.190E-01 8.528E+-02
(EOC) (2.01) (2.27) (1.39) (1.01) (1.01)

1/16 1/319 4 2.361E-04 8.146E-09 1.372E-05 4.049E-01 4.049E-01 1.715E+03
(EOC) (1.42) (-0.81) (1.15) (0.71) (0.71)

1/16 1/10 4 1.974E-02 1.626E-07  2.814E-04 4.866E-01 4.866E-01 2.465E4-01

1/16 1/20 4 2.452E-03 2.019E-08  5.409E-05 1.238E-01 1.238E-01 5.050E+01
(EOC) (3.01) (3.01) (2.38) (1.97) (1.97)

1/16 1/40 4 3.020E-04 6.961E-09 1.170E-05 3.086E-02 3.086E-02 1.022E+02
(EOC) (3.02) (1.54) (2.21) ( 2.00) ( 2.00)

1/16 1/80 4 3.735E-05 3.872E-09  2.871E-06 7.676E-03 7.676E-03 2.055E4-02
(EOC) (3.02) ( 0.85) (2.03) ( 2.01) (2.01)

1/16  1/160 4 4.642E-06 1.175E-08  6.997E-07 1.913E-03 1.913E-03 4.121E4-02
(EOC) (3.01) (-1.60) (2.04) ( 2.00) ( 2.00)

1/16 1/319 4 5.701E-07 1.489E-08 1.366E-07 4.712E-04 4.712E-04 8.265E+02
(EOC) (2.13) (-0.24) ( 1.66) (1.42) ( 1.42)

1/16 1/10 4 1.162E-03 2.670E-09  1.581E-05 3.882E-02 3.882E-02 3.340E4-01

1/16 1/20 4 7.316E-05 8.815E-09  1.732E-06 4.979E-03 4.979E-03 6.806E+01
(EOC) ( 3.99) (-1.72) (3.19) ( 2.96) ( 2.96)

1/16 1/40 4 4.532E-06 4.895E-09 1.851E-07 6.226E-04 6.226E-04 1.374E+02
(EOC) (4.01) (0.85) (3.23) ( 3.00) ( 3.00)

1/16 1/80 4 2.811E-07 8.158E-09  2.054E-08 7.758E-05 7.758E-05 2.760E+4-02
(EOC) (4.01) (-0.74) (3.17) ( 3.00) ( 3.00)

1/16  1/160 4 1.749E-08 1.112E-08  1.454E-08 9.674E-06 9.674E-06 5.531E4-02
(EOC) ( 4.01) (-0.45) ( 0.50) ( 3.00) ( 3.00)

1/16  1/319 4 1.105E-09 2.344E-08  2.609E-08 1.190E-06 1.191E-06 1.077E+03
(EOC) ( 2.80) (-0.76) (-0.59) (2.12) (2.12)

Table 3.1: Variant (B83) with norm (L*(L*))
h T P lenrlp2 a1y na ns nr nsT ix
1/16 1/10 4 2.632E-01 7.925E-10 3.553E-06 1.326E401 1.326E+01 | 5.039E+01
1/16 1/20 4 6.427E-02 7.531E-10 1.613E-06 6.676E400 6.676E4+00 | 1.039E+02
(EOC) (2.03) (0.07) (1.14) ( 0.99) (10.99)

1/16 1/40 4 1.570E-02 1.565E-10  7.540E-07  3.309E+400 3.309E4-00 | 2.107E+02
(EOC) (2.03) (2.27) ( 1.10) ( 1.01) ( 1.01)

1/16 1/80 4 3.871E-03 1.883E-10  3.304E-07 1.642E+00 1.642E+00 | 4.241E+02
(EOC) (2.02) (-0.27) (1.19) ( 1.01) ( 1.01)

1/16  1/160 4 9.604E-04 2.751E-10 1.273E-07 8.172E-01 8.172E-01 8.509E4-02
(EOC) ( 2.01) (-0.55) (1.38) ( 1.01) (1.01)

1/16  1/319 4 2.361E-04 2.612E-10 4.130E-08 4.041E-01 4.041E-01 1.711E+03
(EOC) (1.42) (0.05) (1.14) (0.71) (0.71)

1/16 1/10 4 1.974E-02 3.766E-10  8.154E-07 4.855E-01 4.855E-01 2.459E4-01

1/16 1/20 4 2.452E-03 6.940E-10  1.574E-07 1.236E-01 1.236E-01 5.039E4-01
(EOC) (3.01) (-0.88) (2.37) (1.97) (1.97)

1/16 1/40 4 3.020E-04 9.465E-10 3.411E-08 3.079E-02 3.079E-02 1.020E+02
(EOC) (3.02) (-0.45) (2.21) ( 2.00) ( 2.00)

1/16 1/80 4 3.735E-05 4.813E-10  8.367E-09 7.659E-03 7.659E-03 2.050E+4-02
(EOC) (3.02) ( 0.98) (2.03) ( 2.01) ( 2.01)

1/16  1/160 4 4.642E-06 5.426E-10 2.112E-09 1.909E-03 1.909E-03 4.112E4-02
(EOC) (3.01) (-0.17) ( 1.99) ( 2.00) ( 2.00)

1/16  1/319 4 5.701E-07 1.656E-09  1.704E-09 4.702E-04 4.702E-04 8.248E4-02
(EOC) (2.13) (-1.13) (0.22) (1.42) (1.42)

1/16 1/10 4 1.162E-03 4.561E-10 4.623E-08 3.874E-02 3.874E-02 3.333E4-01

1/16 1/20 4 7.316E-05 9.581E-10  5.167E-09 4.969E-03 4.969E-03 6.791E4-01
(EOC) ( 3.99) (-1.07) (3.16) ( 2.96) ( 2.96)

1/16 1/40 4 4.532E-06 8.843E-10  1.039E-09 6.213E-04 6.213E-04 1.371E+02
(EOC) (4.01) (0.12) (2.31) ( 3.00) ( 3.00)

1/16 1/80 4 2.811E-07 1.287E-09  1.289E-09 7.741E-05 7.741E-05 2.754E4-02
(EOC) (4.01) (-0.54) (-0.31) ( 3.00) ( 3.00)

1/16  1/160 4 1.749E-08 6.406E-10  6.407E-10 9.653E-06 9.653E-06 5.519E4-02
(EOC) (4.01) ( 1.01) ( 1.01) ( 3.00) ( 3.00)

1/16  1/319 4 1.105E-09 2.895E-09  2.895E-09 1.188E-06 1.188E-06 1.075E+03
(EOC) ( 2.80) (-1.53) (-1.53) (2.12) (2.12)

Table 3.2: Variant ([B.83) with norm (L*(H"))
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h T P q | llenrllnzmn) nA ns nr nsT ix
1/16 1/10 4 1 2.632E-01 7.110E-10 2.291E-06 5.414E-02 5.414E-02 | 2.057E-01
1/16 1/20 4 1 6.427E-02 2.904E-10 6.460E-07 1.363E-02 1.363E-02 | 2.121E-01
(EOC) (2.03) ( 1.29) (1.83) ( 1.99) (1.99)

1/16 1/40 4 1 1.570E-02 8.500E-11  1.643E-07 3.377E-03  3.377E-03 | 2.150E-01
(EOC) (2.03) (1.77) (1.98) (2.01) (2.01)

1/16 1/80 4 1 3.871E-03 8.788E-11  3.704E-08 8.379E-04 8.379E-04 | 2.164E-01
(EOC) (2.02) (-0.05) (2.15) (2.01) (2.01)

1/16 1/160 4 1 9.604E-04 1.926E-10 7.207E-09  2.085E-04 2.085E-04 | 2.171E-01
(EOC) ( 2.01) (-1.13) ( 2.36) ( 2.01) ( 2.01)

1/16 1/319 4 1 2.361E-04 1.233E-10  6.204E-09 5.134E-05 5.134E-05 | 2.174E-01
(EOC) (1.42) ( 0.45) (0.15) (1.42) (1.42)

1/16 1/10 4 2 1.974E-02 1.518E-10  2.049E-07 4.103E-03  4.103E-03 | 2.078E-01

1/16 1/20 4 2 2.452E-03 1.315E-10  3.196E-08 5.222E-04  5.222E-04 | 2.129E-01
(EOC) (3.01) (0.21) (2.68) (2.97) (2.97)

1/16 1/40 4 2 3.020E-04 1.133E-10  4.066E-09  6.505E-05 6.505E-05 | 2.154E-01
(EOC) ( 3.02) (0.22) ( 2.97) ( 3.00) ( 3.00)

1/16 1/80 4 2 3.735E-05 1.207E-10 4.162E-10  8.092E-06 8.092E-06 | 2.166E-01
(EOC) (3.02) (-0.09) (3.29) (3.01) (3.01)

1/16 1/160 4 2 4.642E-06 2.000E-10  2.019E-10 1.008E-06 1.008E-06 | 2.172E-01
(EOC) (3.01) (-0.73) (1.04) ( 3.00) ( 3.00)

1/16  1/319 4 2 5.701E-07 2.461E-10 2.463E-10 1.240E-07 1.240E-07 | 2.175E-01
(EOC) (2.13) (-0.21) (-0.20) (2.12) (2.12)

1/16 1/10 4 3 1.162E-03 1.246E-10  1.388E-08  2.440E-04  2.440E-04 | 2.099E-01

1/16 1/20 4 3 7.316E-05 1.461E-10 1.000E-09 1.565E-05 1.565E-05 | 2.139E-01
(EOC) ( 3.99) (-0.23) ( 3.80) ( 3.96) ( 3.96)

1/16 1/40 4 3 4.532E-06 1.926E-10 1.995E-10 9.784E-07 9.784E-07 | 2.159E-01
(EOC) (4.01) ( -0.40) (2.33) ( 4.00) ( 4.00)

1/16 1/80 4 3 2.811E-07 7.785E-11  7.790E-11  6.096E-08  6.096E-08 | 2.168E-01
(EOC) (4.01) (1.31) (1.36) ( 4.00) ( 4.00)

1/16 1/160 4 3 1.749E-08 2.600E-10  2.600E-10  3.809E-09  3.809E-09 | 2.178E-01
(EOC) (4.01) (-1.74) (-1.74) ( 4.00) ( 4.00)

1/16  1/319 4 3 1.105E-09 3.697E-10 3.697E-10 4.374E-10 4.375E-10 | 3.959E-01
(EOC) ( 2.80) (-0.36) (-0.36) (2.19) (2.19)

Table 3.3: Variant (3.83) with norm (EQ)
h T P q | lenrlrzmy na ns nr nsT ix
1/16 1/10 4 1 2.632E-01 7517E-10 2.244E-06 4.669E-03  4.669E-03 | 1.774E-02
1/16 1/20 4 1 6.427E-02 2.662E-10 6.326E-07 1.175E-03 1.175E-03 1.829E-02
(EOC) (2.03) ( 1.50) (1.83) ( 1.99) ( 1.99)

1/16 1/40 4 1 1.570E-02 6.632E-11 1.609E-07 2.913E-04 2.913E-04 | 1.855E-02
(EOC) (2.03) (2.01) (1.98) (2.01) ( 2.01)

1/16 1/80 4 1 3.871E-03 1.862E-11  3.628E-08 7.226E-05  7.226E-05 | 1.867E-02
(EOC) (2.02) (1.83) (2.15) (2.01) (2.01)

1/16  1/160 4 1 9.604E-04 2.653E-11  7.056E-09 1.798E-05 1.798E-05 | 1.872E-02
(EOC) ( 2.01) (-0.51) ( 2.36) (2.01) ( 2.01)

1/16  1/319 4 1 2.361E-04 1.956E-11  6.074E-09 4.427E-06 4.427E-06 | 1.875E-02
(EOC) (1.42) (0.31) (0.15) (1.42) (1.42)

1/16 1/10 4 2 1.974E-02 3.993E-11  2.007E-07 3.538E-04  3.538E-04 | 1.792E-02

1/16 1/20 4 2 2.452E-03 1.592E-11  3.130E-08 4.503E-05 4.503E-05 | 1.836E-02
(EOC) (3.01) (1.33) ( 2.68) (2.97) (2.97)

1/16 1/40 4 2 3.020E-04 1.607E-11  3.981E-09 5.610E-06 5.610E-06 | 1.858E-02
(EOC) (3.02) (-0.01) (2.98) ( 3.00) ( 3.00)

1/16 1/80 4 2 3.735E-05 1.883E-11  3.905E-10 6.978E-07 6.978E-07 | 1.868E-02
(EOC) ( 3.02) (-0.23) ( 3.35) ( 3.01) (3.01)

1/16 1/160 4 2 4.642E-06 3.186E-11  4.191E-11  8.694E-08 8.694E-08 | 1.873E-02
(EOC) (3.01) (-0.76) (3.22) ( 3.00) ( 3.00)

1/16  1/319 4 2 5.701E-07 3.408E-11  3.533E-11  1.069E-08  1.069E-08 | 1.875E-02
(EOC) (2.13) (-0.07) (0.17) (2.12) (2.12)

1/16 1/10 4 3 1.162E-03 1.647E-11 1.360E-08 2.104E-05 2.104E-05 | 1.810E-02

1/16 1/20 4 3 7.316E-05 1.615E-11  9.691E-10 1.350E-06  1.350E-06 | 1.845E-02
(EOC) (3.99) (0.03) (3.81) ( 3.96) (3.96)

1/16 1/40 4 3 4.532E-06 2.029E-11 5.478E-11  8.438E-08  8.438E-08 1.862E-02
(EOC) (4.01) (-0.33) (4.14) ( 4.00) ( 4.00)

1/16 1/80 4 3 2.811E-07 1.802E-11 1.819E-11  5.257E-09  5.257E-09 | 1.870E-02
(EOC) (4.01) (0.17) ( 1.59) ( 4.00) ( 4.00)

1/16 1/160 4 3 1.749E-08 4.231E-11  4.268E-11 3.305E-10  3.305E-10 1.890E-02
(EOC) (4.01) (-1.23) (-1.23) (3.99) (13.99)

1/16 1/319 4 3 1.105E-09 5.442E-11 5.491E-11 5.804E-11 5.849E-11 | 5.293E-02
(EOC) ( 2.80) (-0.26) (-0.26) ( 1.76) (1.76)

Table 3.4: Variant (8.83) with norm (DGl
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h T p lens|r2cmny nA ns nr nsT ix
1/12 1/10 3 1.107E+00 2.123E-04 4.316E-01 7.489E400  7.932E+400 | 7.162E+00
1/12 1/20 3 4.512E-01 4.144E-04 7.596E-01 4.208E+00  4.340E400 | 9.619E400
(EOC) ( 1.30) (-0.96) (-0.82) (0.83) (0.87)

1/12 1/40 3 3.056E-01 3.994E-04 8.915E-01 2.161E400 2.346E+00 | 7.676E400
(EOC) ( 0.56) ( 0.05) (-0.23) ( 0.96) ( 0.89)

1/12 1/80 3 2.889E-01 4.990E-04 9.134E-01 1.100E+00 1.431E400 | 4.954E+00
(EOC) ( 0.08) (-0.32) (-0.04) (0.97) (0.71)

1/12 1/160 3 2.876E-01 4.229E-04 9.166E-01 5.570E-01 1.073E400 | 3.730E+00
(EOC) (0.01) (0.24) (-0.01) ( 0.98) (0.42)

1/12  1/319 3 2.875E-01 5.968E-04 9.170E-01 2.810E-01 9.591E-01 3.336E+00
(EOQC) ( 0.00) (-0.24) ( -0.00) ( 0.49) ( 0.08)

1/12 1/10 3 4.933E-01 7.766E-04  1.550E4+00 1.012E+00 1.869E400 | 3.788E+00

1/12 1/20 3 2.985E-01 5.180E-04  1.198E+00 2.944E-01 1.235E400 | 4.136E+00
(EOC) (0.72) ( 0.58) (0.37) (1.78) ( 0.60)

1/12 1/40 3 2.878E-01 5.284E-04 9.489E-01 7.892E-02 9.522E-01 3.309E+00
(EOQC) (0.05) (-0.03) (0.34) ( 1.90) (0.37)

1/12 1/80 3 2.875E-01 5.260E-04 9.195E-01 2.043E-02 9.198E-01 3.199E+00
(EOC) ( 0.00) ( 0.01) ( 0.05) ( 1.95) ( 0.05)

1/12  1/160 3 2.875E-01 4.054E-04 9.173E-01 5.397E-03 9.173E-01 3.191E+400
(EOQC) ( 0.00) (0.38) ( 0.00) (1.92) ( 0.00)

1/12  1/319 3 2.875E-01 6.018E-04 9.170E-01 1.727E-03 9.170E-01 3.190E+00
(EOQC) (-0.00) (-0.28) ( 0.00) ( 0.81) ( 0.00)
Table 3.5: Equation (3:87)-(3.806) for (EOC,) with norm (L*(L%))
h T P lenr|2 ) na ns nr nsT ix
1/12 1/10 3 1.107E+00 9.128E-07 1.571E-03 5.741E400 5.741E+400 | 5.184E-+00
1/12 1/20 3 4.512E-01 1.525E-06  2.742E-03  3.263E400 3.263E+400 | 7.233E4-00
(EOC) ( 1.30) (-0.74) ( -0.80) ( 0.81) ( 0.81)

1/12 1/40 3 3.056E-01 1.793E-06  3.214E-03 1.683E4+00 1.683E+00 | 5.508E+00
(EOC) ( 0.56) (-0.23) (-0.23) ( 0.96) ( 0.96)

1/12 1/80 3 2.889E-01 1.501E-06  3.292E-03 8.574E-01 8.574E-01 2.968E4-00
(EOQC) ( 0.08) ( 0.26) (-0.03) (0.97) (0.97)

1/12  1/160 3 2.876E-01 1.358E-06  3.304E-03 4.334E-01 4.334E-01 1.507E+00
(EOC) (0.01) (0.14) (-0.01) ( 0.98) ( 0.98)

1/12  1/319 3 2.875E-01 1.370E-06  3.306E-03 2.180E-01 2.180E-01 7.584E-01
(EOQC) ( 0.00) (-0.01) ( -0.00) ( 0.49) ( 0.49)

1/12 1/10 3 4.933E-01 2.617E-06  5.596E-03 6.682E-01 6.682E-01 1.355E+00

1/12 1/20 3 2.985E-01 1.766E-06  4.321E-03 1.911E-01 1.912E-01 6.405E-01
(EOC) (0.72) (0.57) (0.37) ( 1.81) (1.81)

1/12 1/40 3 2.878E-01 2.026E-06  3.421E-03 5.107E-02 5.118E-02 1.779E-01
(EOC) (0.05) (-0.20) (0.34) ( 1.90) ( 1.90)

1/12 1/80 3 2.875E-01 1.694E-06  3.314E-03 1.311E-02 1.352E-02 4.704E-02
(EOC) ( 0.00) ( 0.26) ( 0.05) ( 1.96) ( 1.92)

1/12  1/160 3 2.875E-01 1.658E-06  3.306E-03 3.317E-03 4.684E-03 1.629E-02
(EOC) ( 0.00) ( 0.03) ( 0.00) ( 1.98) (1.53)

1/12  1/319 3 2.875E-01 1.333E-06  3.306E-03 8.389E-04 3.411E-03 1.186E-02
(EOQC) ( 0.00) ( 0.15) ( 0.00) ( 0.98) (0.23)

Table 3.6: Equation (B.80)-(B.86) for (EOC,) with norm (L*(H"))
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h T P q | lenrlr2mny na ns nr nsT ix
1/12 1/10 3 1 1.107E+00 4.406E-06  9.260E-03  2.359E-02  2.535E-02 | 2.289E-02
1/12 1/20 3 1 4.512E-01 1.083E-05 2.093E-02 6.710E-03  2.198E-02 | 4.871E-02
(EOC) ( 1.30) (-1.30) (-1.18) (1.81) (0.21)

1/12 1/40 3 1 3.056E-01 1.713E-05  2.946E-02 1.731E-03  2.951E-02 | 9.658E-02
(EOC) ( 0.56) (-0.66) (-0.49) ( 1.96) (-0.43)

1/12 1/80 3 1 2.889E-01 1.197E-05 3.213E-02 4.410E-04 3.214E-02 1.112E-01
(EOC) ( 0.08) (0.52) (-0.13) (1.97) (-0.12)

1/12 1/160 3 1 2.876E-01 1.447E-05  3.280E-02 1.124E-04  3.280E-02 1.141E-01
(EOC) (0.01) (-0.27) (-0.03) (1.97) (-0.03)

/12 1/319 3 1 2.875E-01 1.335E-05  3.296E-02 3.107E-05 3.296E-02 | 1.147E-01
(EOC) ( 0.00) ( 0.06) ( -0.00) (0.91) ( -0.00)

1/12 1/10 3 2 4.933E-01 6.475E-06 1.032E-02  5.722E-03 1.181E-02 | 2.394E-02

1/12 1/20 3 2 2.985E-01 1.004E-05 2.300E-02 8.192E-04 2.301E-02 | 7.710E-02
(EOC) (0.72) (-0.63) (-1.16) ( 2.80) (-0.96)

1/12 1/40 3 2 2.878E-01 1.272E-05  3.006E-02 1.102E-04  3.006E-02 1.045E-01
(EOQC) (0.05) (-0.34) (-0.39) ( 2.89) (-0.39)

1/12 1/80 3 2 2.875E-01 1.477E-05  3.224E-02  2.039E-05  3.224E-02 1.121E-01
(EOC) ( 0.00) (-0.21) (-0.10) ( 2.43) (-0.10)

1/12 1/160 3 2 2.875E-01 1.505E-05  3.282E-02 1.516E-05  3.282E-02 1.142E-01
(EOC) ( 0.00) (-0.03) (-0.03) ( 0.43) (-0.03)

1/12 1/319 3 2 2.875E-01 1.429E-05  3.296E-02 1.429E-05  3.296E-02 1.147E-01
(EOQC) (-0.00) ( 0.04) ( -0.00) (0.04) ( -0.00)

Table 3.7: Equation (3.89)-(B.80) for (EOC,) with norm (EQ)
h T P q | lenrlr2ca) nA ns nr nsT ix
1/12 1/10 3 1 1.107E+00 4.750E-06 9.101E-03  8.798E-03 1.267E-02 1.144E-02
1/12 1/20 3 1 4.512E-01 1.326E-05  2.059E-02  2.528E-03  2.074E-02 | 4.598E-02
(EOC) (11.30) (-1.48) (-1.18) (1.80) (-0.71)

1/12 1/40 3 1 3.056E-01 2.318E-05  2.899E-02 6.537E-04  2.900E-02 | 9.490E-02
(EOC) ( 0.56) (-0.81) ( -0.49) ( 1.95) ( -0.48)

1/12 1/80 3 1 2.889E-01 1.727E-05  3.162E-02 1.674E-04  3.162E-02 1.095E-01
(EOC) ( 0.08) (0.43) (-0.13) ( 1.96) (-0.12)

1/12 1/160 3 1 2.876E-01 1.728E-05  3.228E-02 4.551E-05  3.228E-02 1.122E-01
(EOC) (0.01) ( -0.00) (-0.03) (1.88) (-0.03)

1/12 1/319 3 1 2.875E-01 9.242E-06  3.244E-02 1.407E-05  3.244E-02 1.128E-01
(EOQC) ( 0.00) ( 0.44) ( -0.00) (0.83) ( -0.00)

1/12 1/10 3 2 4.933E-01 3.701E-06 1.016E-02 2.211E-03 1.040E-02 | 2.108E-02

1/12 1/20 3 2 2.985E-01 9.935E-06  2.263E-02  3.188E-04  2.263E-02 | 7.582E-02
(EOC) (0.72) (-1.42) (-1.16) (2.79) (-1.12)

1/12 1/40 3 2 2.878E-01 1.688E-05 2.958E-02 4.591E-05 2.958E-02 1.028E-01
(EOC) ( 0.05) (-0.76) (-0.39) ( 2.80) (-0.39)

1/12 1/80 3 2 2.875E-01 1.554E-05  3.172E-02 1.647E-05  3.172E-02 1.103E-01
(EOC) ( 0.00) (0.12) (-0.10) (1.48) (-0.10)

1/12 1/160 3 2 2.875E-01 1.550E-05  3.229E-02 1.551E-05  3.229E-02 1.123E-01
(EOC) ( 0.00) ( 0.00) (-0.03) ( 0.09) (-0.03)

1/12 1/319 3 2 2.875E-01 1.893E-05  3.244E-02 1.893E-05  3.244E-02 1.128E-01
(EOQC) (-0.00) (-0.14) ( -0.00) (-0.14) ( -0.00)

Table 3.8: Equation (B:85)-([384d) for (EOC,]) with norm (DG))
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3.4.4 The order of convergence with respect to the space
The setting for variant ([3:84)) (equation (B.82]) with solution (3.84))): We put fixed

q = 2 and 7 = 0.05. The mesh is uniformly refined. We carried out computations
with spatial step h = 1/2n,n € {3,...,7} and with spatial polynomial degree
p=12,3.

The setting for equation (B.85])-B86) for testing (EOC.): For ¢ = 2 and

7 = 0.01, we carried out computations with spatial step h = Yen,n = 1,2,4,8
and with spatial polynomial degree p = 1,2, 3. The mesh 7}, is refined uniformly.

The results are presented in tables B9, B.10, B11 BI2 for (3:84) and BI3
B.I4 B.15, B.16 for (3.34).
For variant (3.84)), the result yields:

e the norms (L*(H')), (EQ) and (DG) satisfy hypothesis (8.430), that is,
EOC =~ p for ng,

e 1) changes slightly for decreasing h.

For equation (B.85) equipped with solution (B.80) with respect to (EOC,), the
result yields:

e the property (3.43h) holds for 3 norms (L*(H')), (EQ) and (DG, where
EOC = p for ng,

e 11 changes slightly for decreasing h,

e the error in seminorm changed slightly when p = 1, and it changed more
when p is bigger (for example p = 3).

We have chosen norms ([EQI) and (DG]). With one of these norms the expectations
(3:43)) hold. We will use a whole algorithm in Section B3] to solve a Navier-Stokes
equation.

Remark 3.5. We modified the [EO-norm, so that we have considered the orthog-
onality between time basis functions ¢;"" on the space-time element Qy, .. In this
case, the matriz' S in [B.5]) is block diagonal. The previous problems were carried
out with this modification[EQ-norm. We have shown that the results between [EO-
norm and the modified[EQ-norm vary only slightly. Therefore, in Section[2.3, the

modified [EQ-norm is used.
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h T q | lenrlp2cmn na ns nr nsT ix

1/8 1/20 2 2.409E-02 1.858E-04  2.530E-01 2.383E-03  2.530E-01 | 1.050E+01
1/16 1/20 2 1.217E-02 5.098E-05  2.526E-01 6.711E-04  2.526E-01 | 2.075E+01
(EOC) (0.98) (1.87) ( 0.00) (1.83) ( 0.00)

1/32 1/20 2 6.114E-03 4.145E-05  2.530E-01 1.737TE-04  2.530E-01 | 4.139E+01
(EOC) ( 0.99) ( 0.30) ( -0.00) (1.95) ( -0.00)

1/64 1/20 2 3.063E-03 4.783E-05  2.534E-01  6.400E-05  2.534E-01 | 8.272E+01
(EOC) ( 1.00) (-0.21) ( -0.00) ( 1.44) ( -0.00)

1/128 1/20 2 1.533E-03 8.192E-05  2.536E-01  8.279E-05  2.536E-01 | 1.654E+02
(EOC) ( 1.00) (-0.78) ( -0.00) (-0.37) ( -0.00)

1/8 1/20 2 1.557E-03 1.110E-05  2.265E-02  1.327E-04  2.265E-02 | 1.455E401
1/16 1/20 2 3.936E-04 1.813E-06  1.144E-02 1.961E-05 1.144E-02 | 2.908E+01
(EOC) (1.98) (2.61) ( 0.98) ( 2.76) (0.98)

1/32 1/20 2 9.891E-05 6.722E-07  5.760E-03  2.665E-06  5.760E-03 | 5.824E+01
(EOC) (1.99) (1.43) ( 0.99) (2.88) ( 0.99)

1/64 1/20 2 2.479E-05 6.700E-07  2.891E-03  7.464E-07 2.891E-03 | 1.166E+02
(EOC) ( 2.00) ( 0.00) ( 0.99) (1.84) (0.99)

1/128 1/20 2 6.205E-06 5.448E-07  1.448E-03 5.464E-07 1.448E-03 | 2.334E+02
(EOC) ( 2.00) ( 0.30) ( 1.00) ( 0.45) ( 1.00)

1/8 1/20 2 6.258E-05 6.969E-08 9.316E-04  4.702E-06 9.317E-04 | 1.489E+01
1/16 1/20 2 7.795E-06 1.184E-07  2.288E-04  3.548E-07 2.288E-04 | 2.935E401
(EOC) (3.01) (-0.76) ( 2.03) (3.73) ( 2.03)

1/32 1/20 2 9.731E-07 3.321E-08  5.680E-05 3.968E-08 5.680E-05 | 5.837TE+01
(EOC) ( 3.00) (1.83) ( 2.01) (3.16) ( 2.01)

1/64 1/20 2 1.216E-07 8.117E-08 1.416E-05 8.124E-08 1.416E-05 | 1.164E+02
(EOC) ( 3.00) (-1.29) ( 2.00) (-1.03) ( 2.00)

1/128 1/20 2 2.456E-08 9.075E-07 3.768E-06 9.113E-07 3.769E-06 | 1.535E+02
(EOC) (2.31) (-3.48) (1.91) ( -3.49) (1.91)
Table 3.9: Variant (B.84) with norm (L(L?))
h T q | lenslr2cmny na s nr nsT ix

1/8 1/20 2 2.409E-02 2.733E-06  3.892E-03 1.078E-03  4.038E-03 1.676E-01
1/16 1/20 2 1.217E-02 7.131E-07 1.938E-03 3.211E-04 1.964E-03 1.613E-01
(EOC) (0.98) (1.94) ( 1.01) (1.75) ( 1.04)

1/32 1/20 2 6.114E-03 1.316E-07  9.695E-04  8.174E-05 9.730E-04 1.591E-01
(EOC) ( 0.99) (2.44) ( 1.00) (1.97) ( 1.01)

1/64 1/20 2 3.063E-03 1.613E-07 4.853E-04 2.060E-05 4.857E-04 1.586E-01
(EOC) ( 1.00) (-0.29) ( 1.00) ( 1.99) ( 1.00)

1/128 1/20 2 1.533E-03 1.460E-07 2.428E-04 5.191E-06  2.429E-04 1.584E-01
(EOC) ( 1.00) (0.14) ( 1.00) ( 1.99) ( 1.00)

1/8 1/20 2 1.557E-03 6.719E-08  2.118E-04 4.715E-05 2.170E-04 1.394E-01
1/16 1/20 2 3.936E-04 1.732E-08  5.360E-05  7.370E-06  5.410E-05 1.375E-01
(EOC) ( 1.98) ( 1.96) (1.98) (2.68) ( 2.00)

1/32 1/20 2 9.891E-05 9.335E-09  1.350E-05 9.908E-07  1.353E-05 1.368E-01
(EOC) (1.99) ( 0.89) ( 1.99) ( 2.90) ( 2.00)

1/64 1/20 2 2.479E-05 1.811E-08  3.387E-06  1.283E-07  3.390E-06 1.367E-01
(EOC) ( 2.00) (-0.96) ( 1.99) ( 2.95) ( 2.00)

1/128 1/20 2 6.205E-06 4.025E-08  8.495E-07 4.439E-08  8.497E-07 1.369E-01
(EOC) ( 2.00) (-1.15) ( 2.00) ( 1.53) ( 2.00)

1/8 1/20 2 6.258E-05 4.362E-09  6.644E-06 2.848E-07  6.650E-06 1.063E-01
1/16 1/20 2 7.795E-06 1.627E-10 8.178E-07 3.278E-08  8.185E-07 1.050E-01
(EOC) (3.01) (4.74) ( 3.02) (3.12) ( 3.02)

1/32 1/20 2 9.731E-07 8.184E-10 1.016E-07  2.662E-09 1.017E-07 1.045E-01
(EOC) ( 3.00) (-2.33) ( 3.01) (3.62) (3.01)

1/64 1/20 2 1.216E-07 2.121E-08 2.471E-08 2.142E-08  2.489E-08 2.047E-01
(EOC) ( 3.00) (-4.70) ( 2.04) (-3.01) ( 2.03)

1/128 1/20 2 2.456E-08 3.162E-07 3.162E-07 3.270E-07  3.270E-07 | 1.331E+01
(EOC) (2.31) ( -3.90) ( -3.68) (-3.93) (-3.72)

Table 3.10: Variant (384) with norm (L*(H'))
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h T q | lenrlp2cmn na ns nr nsT ix
1/8 1/20 2 2.409E-02 7.823E-06  1.227E-02 9.076E-06  1.227E-02 5.094E-01
1/16 1/20 2 1.217E-02 4.431E-06  6.124E-03  4.635E-06  6.124E-03 5.030E-01

(EOC) (0.98) ( 0.82) ( 1.00) (0.97) ( 1.00)

1/32 1/20 2 6.114E-03 1.273E-06  3.065E-03  1.319E-06  3.065E-03 5.014E-01
(EOC) ( 0.99) ( 1.80) ( 1.00) (1.81) ( 1.00)

1/64 1/20 2 3.063E-03 5.901E-07 1.534E-03 5.965E-07 1.534E-03 5.009E-01
(EOC) ( 1.00) (1.11) ( 1.00) (1.15) ( 1.00)

1/128 1/20 2 1.533E-03 5.629E-07 7.678E-04 5.633E-07 7.678E-04 5.008E-01
(EOC) ( 1.00) ( 0.07) ( 1.00) ( 0.08) ( 1.00)

1/8 1/20 2 1.557E-03 4.068E-07 6.689E-04  4.564E-07  6.689E-04 4.297E-01
1/16 1/20 2 3.936E-04 5.991E-08 1.694E-04 6.765E-08  1.694E-04 4.305E-01
(EOC) (1.98) ( 2.76) ( 1.98) ( 2.75) (1.98)

1/32 1/20 2 9.891E-05 2.474E-08  4.267E-05  2.509E-08  4.267E-05 4.314E-01
(EOC) (1.99) (1.28) ( 1.99) ( 1.43) ( 1.99)

1/64 1/20 2 2.479E-05 3.463E-09 1.071E-05 3.504E-09 1.071E-05 4.320E-01
(EOC) ( 2.00) (2.84) ( 1.99) (2.84) ( 1.99)

1/128 1/20 2 6.205E-06 1.754E-08  2.683E-06 1.754E-08  2.683E-06 4.324E-01
(EOC) ( 2.00) (-2.34) ( 2.00) (-2.32) ( 2.00)

1/8 1/20 2 6.258E-05 2.706E-09 2.099E-05 3.147E-09  2.099E-05 3.354E-01
1/16 1/20 2 7.795E-06 4.407E-10  2.586E-06 4.634E-10  2.586E-06 3.317E-01
(EOC) (3.01) (2.62) (3.02) ( 2.76) (3.02)

1/32 1/20 2 9.731E-07 1.675E-10  3.214E-07 1.679E-10  3.214E-07 3.302E-01
(EOC) ( 3.00) ( 1.40) ( 3.01) ( 1.46) (3.01)

1/64 1/20 2 1.216E-07 4.787E-09  4.036E-08 4.787E-09  4.036E-08 3.320E-01
(EOC) ( 3.00) (-4.84) ( 2.99) (-4.83) ( 2.99)

1/128 1/20 2 2.456E-08 4.964E-08 4.990E-08 4.965E-08 4.990E-08 | 2.032E+00
(EOC) (2.31) (-3.37) (-0.31) (-3.37) (-0.31)
Table 3.11: Variant (3:84) with norm (EQ)

h T q | lenslr2cmny na s nr nsT ix
1/8 1/20 2 2.409E-02 1.742E-06  1.050E-02  1.969E-06 1.050E-02 | 4.357E-01
1/16 1/20 2 1.218E-02 3.575E-06  5.228E-03  3.578E-06  5.228E-03 | 4.294E-01
(EOC) (0.98) (-1.04) ( 1.01) ( -0.86) ( 1.01)

1/32 1/20 2 6.114E-03 1.386E-06  2.616E-03 1.386E-06 2.616E-03 | 4.278E-01
(EOC) ( 0.99) (1.37) ( 1.00) (1.37) ( 1.00)

1/64 1/20 2 3.063E-03 3.324E-07  1.309E-03  3.324E-07 1.309E-03 | 4.274E-01
(EOC) ( 1.00) ( 2.06) ( 1.00) ( 2.06) ( 1.00)

1/128 1/20 2 1.533E-03 1.721E-07  6.551E-04 1.721E-07 6.551E-04 | 4.273E-01
(EOC) ( 1.00) ( 0.95) ( 1.00) (0.95) ( 1.00)

1/8 1/20 2 1.557E-03 1.041E-07 6.243E-04 1.175E-07 6.243E-04 | 4.011E-01
1/16 1/20 2 3.936E-04 1.143E-07  1.580E-04  1.144E-07 1.580E-04 | 4.015E-01
(EOC) ( 1.98) (-0.13) (1.98) ( 0.04) ( 1.98)

1/32 1/20 2 9.891E-05 2.699E-08  3.979E-05 2.699E-08 3.979E-05 | 4.023E-01
(EOC) ( 1.99) (2.08) ( 1.99) ( 2.08) ( 1.99)

1/64 1/20 2 2.479E-05 1.590E-09  9.987E-06  1.590E-09 9.987E-06 | 4.029E-01
(EOC) ( 2.00) ( 4.09) ( 1.99) ( 4.09) ( 1.99)

1/128 1/20 2 6.205E-06 8.682E-10  2.502E-06 8.682E-10 2.502E-06 | 4.032E-01
(EOC) ( 2.00) (0.87) ( 2.00) (0.87) ( 2.00)

1/8 1/20 2 6.258E-05 8.651E-09  2.015E-05 8.706E-09  2.015E-05 | 3.221E-01
1/16 1/20 2 7.795E-06 7.676E-10 2.481E-06 7.685E-10 2.481E-06 | 3.183E-01
(EOC) (3.01) ( 3.49) ( 3.02) ( 3.50) ( 3.02)

1/32 1/20 2 9.731E-07 8.564E-11  3.083E-07 8.566E-11  3.083E-07 | 3.168E-01
(EOC) ( 3.00) ( 3.16) ( 3.01) (3.17) (3.01)

1/64 1/20 2 1.216E-07 1.121E-10  3.844E-08 1.121E-10 3.844E-08 | 3.162E-01
(EOC) ( 3.00) (-0.39) ( 3.00) (-0.39) ( 3.00)

1/128 1/20 2 2.456E-08 7.918E-10 4.875E-09 7.919E-10 4.875E-09 | 1.985E-01
(EOC) (2.31) (-2.82) (2.98) (-2.82) (2.98)
Table 3.12: Variant ([8.84]) with norm (DG))
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h T P q | lenrlp2an) nA ns nr nsT ix

1/6 1/100 1 2 3.172E+00 1.843E-03 4.506E4+00 7.112E-03  4.506E+400 | 1.421E4-00
1/12  1/100 1 2 2.129E4-00 2.195E-03  5.086E+00 1.662E-02 5.086E400 | 2.389E+00
(EOC) (0.58) (-0.25) (-0.17) (-1.22) (-0.17)

1/24 1/100 1 2 1.193E+00 2.322E-03  4.712E4+00 2.461E-02 4.712E400 | 3.949E+00
(EOC) (0.84) (-0.08) (0.11) (-0.57) (0.11)

1/48 1/100 1 2 6.137E-01 1.744E-03  4.520E400 1.658E-02  4.520E4-00 | 7.365E4-00
(EOC) ( 0.96) ( 0.41) ( 0.06) (0.57) ( 0.06)

1/6 1/100 2 2 1.940E+00 2.120E-03  2.927E+00 1.017E-02  2.927E400 | 1.509E+00
1/12 1/100 2 2 7.918E-01 1.476E-03  2.196E+4+00  1.220E-02 2.196E+00 | 2.774E400
(EOC) (1.29) (0.52) ( 0.41) (-0.26) ( 0.41)

1/24 1/100 2 2 2.384E-01 6.456E-04  1.283E400 1.388E-02 1.283E4-00 | 5.382E+00
(EOC) (1.73) (1.19) (0.78) (-0.19) (0.78)

1/48 1/100 2 2 6.285E-02 3.561E-04 6.713E-01 1.461E-02 6.715E-01 1.068E+01
(EOC) (1.92) ( 0.86) ( 0.93) (-0.07) (0.93)

1/6 1/100 3 2 1.151E+00 1.289E-03  1.929E400 9.951E-03  1.929E4-00 | 1.676E4-00
1/12 1/100 3 2 2.875E-01 4.808E-04 9.181E-01 1.322E-02 9.182E-01 3.194E4-00
(EOC) ( 2.00) (1.42) ( 1.07) (-0.41) ( 1.07)

1/24 1/100 3 2 4.629E-02 1.697E-04 3.014E-01 1.435E-02 3.017E-01 6.518E4-00
(EOC) (2.63) ( 1.50) (1.61) (-0.12) (1.61)

1/48 1/100 3 2 6.188E-03 4.098E-05 8.056E-02 1.496E-02 8.197E-02 1.325E+01
(EOC) ( 2.90) ( 2.05) ( 1.90) ( -0.06) (1.88)

Table 3.13: Equation [3:85)-(3.86) for (EOC,) with norm (L?(L?%))
h T P q | lenrlr2ca) na ns nr nsT ix

1/6 1/100 1 2 3.171E+00 2.088E-05 6.622E-02 3.021E-03  6.629E-02 2.090E-02
1/12 1/100 1 2 2.129E4-00 1.844E-05 3.768E-02  9.525E-03  3.887E-02 1.826E-02
(EOC) (0.58) (0.18) ( 0.81) (-1.66) (0.77)

1/24 1/100 1 2 1.193E+00 6.937E-06  1.750E-02  1.446E-02  2.270E-02 1.903E-02
(EOC) (0.84) (1.41) (1.11) ( -0.60) (0.78)
1/48 1/100 1 2 6.137E-01 3.796E-06  8.401E-03 1.327E-02 1.571E-02 2.560E-02
(EOC) ( 0.96) (0.87) ( 1.06) (0.12) (0.53)

1/6 1/100 2 2 1.940E+00 1.194E-05 2.795E-02  3.930E-03  2.823E-02 1.455E-02
1/12  1/100 2 2 7.919E-01 4.876E-06 1.041E-02 7.936E-03  1.309E-02 1.653E-02
(EOC) (1.29) (1.29) (1.43) (-1.01) (1.11)

1/24 1/100 2 2 2.384E-01 1.430E-06  3.033E-03  1.193E-02  1.231E-02 5.165E-02
(EOC) (1.73) (1.77) (1.78) (-0.59) (10.09)
1/48 1/100 2 2 6.285E-02 1.137E-07  7.927E-04 1.381E-02  1.384E-02 2.202E-01
(EOC) (1.92) ( 3.65) (1.94) (-0.21) (-0.17)

1/6 1/100 3 2 1.151E+00 6.119E-06  1.398E-02  4.052E-03  1.455E-02 1.264E-02
1/12  1/100 3 2 2.875E-01 1.600E-06  3.309E-03  8.430E-03  9.056E-03 3.150E-02
(EOC) ( 2.00) ( 1.93) ( 2.08) (-1.06) (0.68)

1/24 1/100 3 2 4.629E-02 1.214E-07 5.417E-04  1.229E-02  1.230E-02 2.658E-01
(EOC) (2.63) (3.72) (2.61) (-0.54) (-0.44)
1/48 1/100 3 2 6.188E-03 5.984E-09  7.225E-05 1.395E-02 1.395E-02 | 2.255E+00
(EOC) ( 2.90) (4.34) (2.91) (-0.18) (-0.18)

Table 3.14: Equation ([383)-([3.80) for (EOC,) with norm (L*(H"))
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T q | lenrlr2my na ns nr nsT ix
1/6 1/100 2 3.172E+00 3.977E-04  6.497E-01 3.977E-04 6.497E-01 | 2.049E-01
1/12 1/100 2 2.129E4-00 1.014E-04  3.734E-01 1.017E-04  3.734E-01 1.754E-01
(EOC) (0.58) ( 1.97) ( 0.80) (1.97) ( 0.80)
1/24  1/100 2 1.193E+00 1.075E-04  1.736E-01 1.082E-04 1.736E-01 1.455E-01
(EOC) (0.84) (-0.08) (1.11) (-0.09) (1.11)
1/48  1/100 2 6.137E-01 3.590E-05 8.336E-02 3.761E-05 8.336E-02 | 1.358E-01
(EOC) ( 0.96) ( 1.58) ( 1.06) (1.52) ( 1.06)
1/6 1/100 2 1.940E+00 9.583E-05  2.758E-01  9.590E-05 2.758E-01 | 1.422E-01
1/12 1/100 2 7.919E-01 5.385E-05 1.029E-01  5.427E-05 1.029E-01 1.299E-01
(EOC) (1.29) ( 0.83) (1.42) (0.82) (1.42)
1/24  1/100 2 2.384E-01 1.435E-05 2.992E-02 1.754E-05 2.992E-02 | 1.255E-01
(EOC) (1.73) (1.91) ( 1.78) (1.63) (1.78)
1/48  1/100 2 6.285E-02 2.994E-06  7.808E-03  1.206E-05  7.808E-03 | 1.242E-01
(EOC) (1.92) ( 2.26) (1.94) ( 0.54) (1.94)
1/6 1/100 2 1.151E+00 6.146E-05 1.379E-01  6.158E-05 1.379E-01 | 1.198E-01
1/12 1/100 2 2.875E-01 1.705E-05  3.252E-02 1.852E-05 3.252E-02 | 1.131E-01
(EOC) ( 2.00) (1.85) ( 2.08) (1.73) ( 2.08)
1/24 1/100 2 4.629E-02 2.004E-06  5.294E-03 1.059E-05 5.294E-03 | 1.144E-01
(EOC) (2.63) ( 3.09) ( 2.62) (0.81) ( 2.62)
1/48  1/100 2 6.188E-03 2.247TE-07  7.043E-04 1.180E-05 7.044E-04 | 1.138E-01
(EOC) ( 2.90) ( 3.16) (2.91) (-0.16) ( 2.91)
Table 3.15: Equation (3.85)-([3.80) for (EOC,) with norm (EQ)

h T q | lenrlr2nny na s nr nsT ix
1/6 1/100 2 3.172E+400 3.319E-04 6.067E-01  3.319E-04 6.067E-01 | 1.913E-01
1/12 1/100 2 2.129E4-00 2.044E-04 3.417E-01  2.044E-04 3.417E-01 1.605E-01
(EOC) (0.58) ( 0.70) (0.83) ( 0.70) (0.83)

1/24 1/100 2 1.193E+00 7.574E-05  1.578E-01  7.578E-05 1.578E-01 | 1.322E-01
(EOC) (0.84) (1.43) (1.12) ( 1.43) (1.12)
1/48  1/100 2 6.137E-01 2.983E-05  7.553E-02 2.985E-05 7.553E-02 | 1.231E-01
(EOC) ( 0.96) (1.34) ( 1.06) (1.34) ( 1.06)
1/6 1/100 2 1.940E+00 1.403E-04 2.701E-01 1.404E-04 2.701E-01 1.392E-01
1/12  1/100 2 7.918E-01 6.131E-05 9.976E-02  6.136E-05 9.976E-02 | 1.260E-01
(EOC) (1.29) (1.19) (1.44) (1.19) ( 1.44)
1/24 1/100 2 2.384E-01 1.687E-05 2.893E-02 1.697E-05 2.893E-02 | 1.213E-01
(EOC) (1.73) (1.86) ( 1.79) (1.85) ( 1.79)
1/48  1/100 2 6.285E-02 4.096E-06  7.550E-03  4.233E-06  7.550E-03 | 1.201E-01
(EOC) (1.92) (2.04) (1.94) ( 2.00) (1.94)
1/6 1/100 2 1.151E+00 6.816E-05 1.364E-01  6.823E-05 1.364E-01 | 1.185E-01
1/12 1/100 2 2.875E-01 1.588E-05  3.200E-02 1.613E-05 3.200E-02 | 1.113E-01
(EOC) ( 2.00) ( 2.10) ( 2.09) ( 2.08) ( 2.09)
1/24  1/100 2 4.629E-02 2.622E-06 5.201E-03  3.262E-06 5.201E-03 | 1.124E-01
(EOC) (2.63) ( 2.60) (2.62) (2.31) (2.62)
1/48  1/100 2 6.188E-03 3.602E-07 6.917E-04 1.138E-06 6.917E-04 | 1.118E-01
(EOC) ( 2.90) ( 2.86) (2.91) (1.52) (2.91)

Table 3.16: Equation (385)-(B.80) for (EOC,)) with norm (DGI)
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Figure 3.5: The order of convergence EOC;, of equation (3.82)-(B.83) with IIPG
variant equipped with norms (L*(L?))), (L*(H")), (EQ) and (D), p = 4, ¢ = 2.
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h T P q | lenrlp2(mny nA ns nr nsT ix
1/6 1/100 5 2 3.840E-01 2.337E-06  3.255E-03  2.364E-06  3.255E-03 | 8.476E-03
1/12  1/100 5 2 3.460E-02 5.876E-08 1.828E-04 6.833E-07 1.828E-04 | 5.282E-03

(EOC) (3.47) ( 5.31) (4.15) ( 1.79) (4.15)
1/24 1/100 5 2 1.878E-03 2.468E-09 2.164E-05 1.116E-06 2.167E-05 | 1.154E-02
(EOC) ( 4.20) (4.57) ( 3.08) (-0.71) ( 3.08)

1/6 1/100 6 2 2.142E-01 3.096E-07  1.104E-03  4.871E-07  1.104E-03 | 5.156E-03
1/12  1/100 6 2 1.194E-02 4.256E-08  1.024E-04 6.912E-07 1.024E-04 | 8.573E-03

(EOC) ( 4.16) ( 2.86) (3.43) (-0.51) ( 3.43)
1/24 1/100 6 2 1.017E-03 1.132E-10 2.677E-06 1.116E-06  2.900E-06 | 2.851E-03
(EOC) (3.55) ( 8.55) ( 5.26) (-0.69) ( 5.14)

Table 3.17: Equation (B.85)-([3.80) with norm (EQ)

h T P q | lenrlr2ca) nA ns nr nsT ix
1/6 1/100 5 2 3.840E-01 1.745E-06  3.239E-03 1.768E-06  3.239E-03 | 8.436E-03
1/12 1/100 5 2 3.460E-02 1.219E-07 1.816E-04 3.034E-07 1.816E-04 | 5.248E-03
(EOC) (3.47) (3.84) ( 4.16) (2.54) ( 4.16)

1/24 1/100 5 2 1.878E-03 3.110E-09  2.149E-05 2.102E-07  2.149E-05 | 1.144E-02
(EOC) ( 4.20) ( 5.29) ( 3.08) (0.53) (3.08)

1/6 1/100 6 2 2.142E-01 4.800E-07  1.100E-03  5.618E-07 1.100E-03 | 5.137E-03
1/12  1/100 6 2 1.194E-02 2.416E-08  1.019E-04 2.815E-07 1.019E-04 | 8.531E-03

(EOC) (4.16) (4.31) (3.43) ( 1.00) (3.43)
1/24 1/100 6 2 1.017E-03 6.862E-10  2.663E-06  2.102E-07 2.671E-06 | 2.626E-03
(EOC) (3.55) (5.14) ( 5.26) ( 0.42) ( 5.25)

Table 3.18: Equation (B.85)-(3:80) with norm (DG

3.4.5 Numerical experiments

In this section, we test the robustness of the selected norms with respect to spatial
polynomial degree p and diffusion coefficient €. In other words, we ask: Do the
properties ([B.43]) hold for higher spatial degree p? or Do they hold with smaller
diffusion coefficient 7

We have chosen the norms (EQ]) and (DGl). To test the norms, we carried out
computations for spatial polynomial degree p = 5,6 for equations (3.85)-(B.80) .
The results are presented in tables B.I7 and B.I]

We also test the two norms for equation (B:8H)-([380) with different diffusion
coefficients € = 0.001, 0.0001; the results are shown in tables B.19, B.20, 3.21] and
5,22

The properties hold for higher approximate polynomial degree p, but they do not
hold for very small diffusion coefficients ¢.
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h T P q | lenrlr2ca) nA ns nr nsT ix
1/6 1/100 1 1 1.524E+01 1.192E-03  2.125E4-00 1.297E-03  2.125E+00 1.394E-01
1/12 1/100 1 1 1.459E+01 7.963E-04 1.476 E+00 1.232E-03 1.476E+00 1.012E-01
(EOC) ( 0.06) ( 0.58) (0.53) ( 0.07) (0.53)

1/24 1/100 1 1 1.328E+01 5.869E-04 9.968E-01 1.866E-03 9.968E-01 7.506E-02
(EOC) (0.14) ( 0.44) (0.57) ( -0.60) (0.57)

1/6 1/100 2 1 1.498E+01 9.052E-04 1.672E+00 1.252E-03 1.672E+00 1.116E-01
1/12  1/100 2 1 1.385E+01 6.858E-04  1.083E400 1.487E-03 1.083E400 | 7.817E-02
(EOC) (0.11) ( 0.40) ( 0.63) (-0.25) ( 0.63)

1/24 1/100 2 1 1.145E+01 3.549E-04 5.975E-01 2.292E-03 5.975E-01 5.218E-02
(EOC) (0.27) ( 0.95) ( 0.86) (-0.62) ( 0.86)

1/6 1/100 2 2 1.499E+01 8.655E-04  1.674E+00 8.679E-04 1.674E+400 | 1.117E-01
1/12  1/100 2 2 1.386E+01 5.432E-04  1.086E+00 5.632E-04 1.086E+00 | 7.832E-02
(EOC) (0.11) (0.67) ( 0.62) (0.62) ( 0.62)

1/24 1/100 2 2 1.146E+01 2.667E-04 6.063E-01 3.910E-04 6.063E-01 5.288E-02
(EOC) (0.27) ( 1.03) (0.84) ( 0.53) ( 0.84)

1/6 1/100 3 2 1.500E+01 6.456E-04  1.380E400 6.554E-04 1.380E400 | 9.197E-02
1/12 1/100 3 2 1.324E+01 4.554E-04 8.236E-01 5.103E-04 8.236E-01 6.221E-02
(EOC) (0.18) ( 0.50) (0.74) ( 0.36) (0.74)

1/24 1/100 3 2 9.796 E+00 1.865E-04 3.919E-01 4.130E-04 3.919E-01 4.000E-02
(EOC) (0.43) (1.29) ( 1.07) ( 0.31) ( 1.07)

Table 3.19: Equation (B.88)-([386) with ¢ = 10~3 with norm (EQI)
h T P q | lenrlp2an na ns nr nsT ix
1/6 1/100 1 1 4.500E+01 2.665E-03  4.665E+00 2.775E-03  4.665E+00 | 1.037E-01
1/12  1/100 1 1 5.220E4-01 2.822E-03 4.605E+00 3.430E-03 4.605E400 | 8.820E-02
(EOC) (-0.21) (-0.08) ( 0.02) (-0.31) ( 0.02)
1/24 1/100 1 1 4.993E+01 1.808E-03  3.388E+400 4.406E-03  3.388E+00 | 6.785E-02
(EOC) ( 0.06) (0.64) ( 0.44) (-0.36) ( 0.44)
1/6 1/100 2 1 4.673E4+01 2.448E-03  4.483E+00 3.009E-03  4.483E+00 | 9.594E-02
1/12  1/100 2 1 5.061E401 2.504E-03 3.749E+00 4.268E-03  3.749E400 | 7.408E-02
(EOC) (-0.12) (-0.03) ( 0.26) ( -0.50) ( 0.26)
1/24 1/100 2 1 5.082E+401 1.651E-03  2.441E400 5.553E-03  2.441E+00 | 4.804E-02
(EOC) (-0.01) ( 0.60) ( 0.62) (-0.38) ( 0.62)
1/6 1/100 2 2 5.516E4-01 2.066E-03  4.496E+00 2.072E-03  4.496E+00 | 8.151E-02
1/12  1/100 2 2 6.179E+01 2.016E-03  3.788E-+00 2.109E-03  3.788E-+00 | 6.131E-02
(EOC) (-0.16) ( 0.03) ( 0.25) (-0.03) ( 0.25)
1/24 1/100 2 2 4.690E+01 1.303E-03  2.489E+400 2.042E-03 2.489E+00 | 5.306E-02
(EOC) ( 0.40) (0.63) (0.61) ( 0.05) (0.61)
1/6 1/100 3 2 4.624E+401 2.386E-03  4.502E+00 2.410E-03  4.502E4-00 | 9.736E-02
1/12  1/100 3 2 4.319E4+01 2.018E-03  3.376E+00 2.260E-03  3.376E+00 | 7.818E-02
(EOC) ( 0.10) ( 0.24) ( 0.42) ( 0.09) ( 0.42)
1/24 1/100 3 2 5.130E4-01 1.456E-03  2.008E4+00  2.541E-03 2.008E+400 | 3.914E-02
(EOC) (-0.25) (0.47) (0.75) (-0.17) (0.75)

Table 3.20

: Equation (B:85)-(B.86) with e = 10~* with norm (EQ))
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h T P q | lenrlr2ca) nA ns nr nsT ix
1/6 1/100 1 1 1.524E+01 1.039E-03  2.257TE+400 1.369E-03  2.257E+00 | 1.481E-01
1/12 1/100 1 1 1.460E+01 8.301E-04  1.442E400 1.289E-03 1.442E400 | 9.878E-02
(EOC) ( 0.06) (0.32) ( 0.65) ( 0.09) ( 0.65)

1/24 1/100 1 1 1.328E+01 5.320E-04 9.401E-01 1.129E-03 9.401E-01 7.079E-02
(EOC) (0.14) (0.64) (0.62) (0.19) (0.62)

1/6 1/100 2 1 1.498E+01 9.426E-04 1.760E+00 1.659E-03 1.760E+400 | 1.174E-01
1/12  1/100 2 1 1.385E+01 6.997E-04  1.080E4-00 1.552E-03 1.080E400 | 7.799E-02
(EOC) (0.11) (0.43) ( 0.70) ( 0.10) ( 0.70)

1/24 1/100 2 1 1.145E+01 2.971E-04 5.851E-01 1.411E-03 5.851E-01 5.109E-02
(EOC) (0.27) (1.24) (0.88) (0.14) (0.88)

1/6 1/100 2 2 1.499E+01 8.349E-04 1.762E+00 8.405E-04 1.762E+400 | 1.176E-01
1/12  1/100 2 2 1.386E+01 5.145E-04  1.083E+00 5.360E-04 1.083E+00 | 7.814E-02
(EOC) (0.11) ( 0.70) ( 0.70) ( 0.65) ( 0.70)

1/24 1/100 2 2 1.146E+01 3.221E-04 5.937E-01 3.661E-04 5.937E-01 5.178E-02
(EOC) (0.27) ( 0.68) (0.87) ( 0.55) ( 0.87)

1/6 1/100 3 2 1.500E+01 6.520E-04  1.430E4-00 6.745E-04 1.430E4-00 | 9.532E-02
1/12 1/100 3 2 1.324E+01 4.687E-04 8.228E-01 5.240E-04 8.228E-01 6.216E-02
(EOC) (0.18) ( 0.48) ( 0.80) ( 0.36) ( 0.80)

1/24 1/100 3 2 9.796 E+00 2.416E-04 3.872E-01 3.300E-04 3.872E-01 3.953E-02
(EOC) (0.43) ( 0.96) ( 1.09) ( 0.67) ( 1.09)
Table 3.21: Equation (B.35)-([386) with ¢ = 10~% with norm (DG))

h T P q | lenrlp2an na ns nr nsT ix
1/6 1/100 1 1 4.500E+01 3.639E-03  8.062E4-00 4.945E-03 8.062E4-00 | 1.792E-01
1/12  1/100 1 1 5.221E4-01 3.025E-03  5.552E+00 5.597E-03  5.552E+400 | 1.063E-01
(EOC) (-0.21) (0.27) ( 0.54) (-0.18) ( 0.54)

1/24 1/100 1 1 4.993E+01 1.878E-03  3.459E+400 6.180E-03  3.459E+00 | 6.928E-02
(EOC) ( 0.06) ( 0.69) ( 0.68) (-0.14) ( 0.68)

1/6 1/100 2 1 4.673E4+01 3.412E-03  6.469E400 6.800E-03 6.469E400 | 1.384E-01
1/12 1/100 2 1 5.061E401 2.503E-03 4.272E4+00 7.543E-03  4.272E400 | 8.441E-02
(EOC) (-0.12) ( 0.45) ( 0.60) (-0.15) ( 0.60)

1/24 1/100 2 1 5.082E+401 1.544E-03  2.513E400  7.503E-03  2.513E+00 | 4.946E-02
(EOC) (-0.01) ( 0.70) (0.77) ( 0.01) (0.77)

1/6 1/100 2 2 5.516E4-01 3.390E-03  6.487E400 3.426E-03 6.487E400 | 1.176E-01
1/12  1/100 2 2 6.179E+01 1.899E-03 4.316E400 2.257E-03  4.316E4+00 | 6.985E-02
(EOC) (-0.16) (0.84) ( 0.59) ( 0.60) ( 0.59)

1/24 1/100 2 2 4.690E+01 1.401E-03  2.562E+400  2.492E-03 2.562E+00 | 5.462E-02
(EOC) ( 0.40) ( 0.44) (0.75) (-0.14) (0.75)

1/6 1/100 3 2 4.624E+401 3.148E-03  5.928E+00 3.282E-03 5.928E+400 | 1.282E-01
1/12  1/100 3 2 4.319E4+01 2.060E-03  3.706E+00 2.827E-03 3.706E+00 | 8.581E-02
(EOC) ( 0.10) ( 0.61) ( 0.68) (0.22) ( 0.68)

1/24 1/100 3 2 5.130E4-01 1.286E-03  2.044E400 3.120E-03  2.044E+400 | 3.985E-02
(EOC) (-0.25) ( 0.68) ( 0.86) (-0.14) ( 0.86)
Table 3.22: Equation (B.85)-([3.86) with ¢ = 10~* with norm (DG))
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4. Algorithm Definition

We accept the computed approximate solution uy, if the space-time algebraic
residual estimator ngr4(tn,) is below given tolerance w > 0, i.e.

nsra(linr) < w. (4.1)

Using the Lemma B3] we can divide the tolerance to the time level m and one
space-time element as follows

~m Tm
neralln,) < wp, Wm:w\/?, m=1...,r (4.2)

K[\
Nepa(Up?) < Wy Wiy = Cs <W) Wy M E B, cg=0.5. (4.3)

We want to construct an adaptive algorithm with the following properties:
e the computed approximate solution satisfies ngra(tn,) < w,
e the computational time is as small as possible.

To ensure the second property, we require:

(i) the degree of freedom (DOF) is minimum, where DOF is defined in (2230
for a scalar problem with p, ¢ fixed,

(ii) small number of changing time steps 7,, and mesh 7}, ,, at time level m,
(iii) the iteration process (243) is not "oversolved”.

We note that the refinement on mesh 7y, is more complicated than the refine-
ment of the time. If we change the elements and their faces I', the matrix C from
([239)) is changed by apn, b Jnm and also the form I, will be changed. In con-
trast, if we change the time step 7,,, the forms remain the same and the change
is in integral f I, Re-meshing 7y, slows the computation, and so we prefer the
change of 7, to the change of elements K € Tp,,.

To ensure , we set the adaptation of the time step and the adaptation of
the mesh 7j,,. To ensure |(iii)| we specify when the iteration process should ter-
minate. The settings are as follows:

Adaptation of the time step 1, As presented in [10], we have found a relation
between 1}, and 73y, and their connection to an a priori error estimate. Let
us compute a sequence of approximate solutions with a decreasing time step 7,,.
Numerical experiments show that when the inequality

Nra < gy, or = 0.01, (4.4)

is satisfied, the error ||e]| 12(1,,. 1 (q)) stops decreasing. We have shown that ||e|| z2(s,,. 11 ()
may stop decreasing before the inequality n}'y < 0.01n¢, applies.
Therefore, it can be efficient to stop refining the time step 7, earlier, but we do
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not know how much earlier. We can terminate the time adaptation manually,
that is, let wr be a tolerance and if n’y < wr, then accept the time step 7,. This
method is guaranteed to work.

We have found the relation (4.4]) and the a priori error estimate, so we may want
to stop refining the time step once 7§y < crn&y, cr € [0.01,0.1]. Indeed, we face
two scenarios:

o If Ny > crndy, then we will find the optimal time step (to get smaller
residual ") as follows:
First, numerically verify that ni, (@) = cotd for a constant ¢ > 0.
Therefore, for the current time step, we have

n?A(azg') — COTgL+1 (4 5)
crnga(tgy) — ernga(upy)
For the optimal time step, we want
cordtL
1= (4.6)
crng ()
The value ng',(a}") varies negligibly between the time steps 7, and 7, o
Thus,
m (~m q+1 m (~m m (~m Lg+1
nraltny) — coTh crnga(tyy) _ crnga(iy;,)
m (~sm\ m (~m q+1 = Tm,opt = Tm m (5m :
crnga(Uyy)  ernga () COTim,opt ()

(4.7)
Hence, we take 7, 1= 7y, ot and we carry out the Newton iteration (2.43))

again.

o If 0y < crndy, then we expect that a smaller time step does not affect the
a priori error estimate, so the time step 7, is accepted.

We also use inequality (4] to express that we prefer a refinement in the time
dimension rather than a refinement in the space dimension. In fact, we only refine
the spatial mesh 7Ty, if the time refinement does not produce the required ap-
proximate solution. In this way, we have n¢'y ~ 1, because the space residual
error 7g', outweighs the time residual error n7',.

Adaptation of the mesh Tp,, When a computed approximate solution uj’ does
not yield a space-time algebraic residual estimator ngr4 below given tolerance w,,,
even though the time step was chosen to satisfy the criterion (d4]), we change
the mesh 7Ty, and compute the approximate solution again. On every element
K € Ty, we can change degrees p, q or the shape of K. In other words, we can
enlarge or refine p, g on every element K, or adapt K itself (i.e., reconstruct K
and neighbours to one bigger element or refine K to four elements). For simplic-
ity, this thesis considers p, ¢ unchanged, and adapts the mesh 7y, by which we
mean adapting the shape of elements K € 7Tj,,. The technique to adapt the mesh
Trm was described in [9] for hp-adaptive method or in [I1] and [12] for anisotropic
mesh adaptation.

53



Termination of the iteration process (243) We know that the algebraic resid-
ual estimator 74 is smaller than the space-time algebraic residual estimator ng7 4.
We carry out the iteration process to obtain a computed approximate solution
uy: such that this function approximates the approximate solution u}’. We can
terminate the iteration process manually, that is, let ws be a tolerance and if
Nt < wa, then stop (243). This method is guaranteed to work.

Let U™ +— &hm;(") from the iteration process (Z43).

From previous considerations, we have ngy ~ 1¢,. The residual estimator 15y 4
is our criterion to accept an approximate solution. If we want to stop the itera-
tion process according to our residual estimator, the relation between 7'} and gy
persists. We set the following termination condition for the iteration process:
W) < eanga(@p™), s €0.001,0.1]. (4.8)

4 (i ;
We have 0} < cand'y = candr 4. In this way, we let the iteration process compute
approximate solutions until the algebraic residual estimator is sufficiently small
compared with the space algebraic residual estimator. Let w,, be our tolerance at
time level m. If n&, > wy,, then we have to refine either the time step 7, or the
triangulation 7y, and to recompute the approximate solution. In this case, if n'}’
is very small, we will have @}’ ~ v}, but u}’ is not a good solution because of
the time step or the spatial mesh. The setting (4.8]) prevents the iteration process
from “oversolving”.

An experiment was carried out in [I] to verify the stopping criterion (£J). When
inequality (4.8]) was satisfied and the iteration process (2Z43) was still continuing,
then 1} decreased and n¢’y remained almost constant. This suggests that from
this moment, precise computations during the iteration process affect the alge-
braic residual estimator, but they have almost no effect on the spatial residual
estimator.

Algorithm We propose the following space-time adaptive process:
Let w be a given tolerance, Ty an initial mesh and 7y an initial time step.
Let S}ZZ be the finite-dimensional broken Bochner space with p, ¢ fixed.
Set m = 1.

1. solve the iteration process (2.43]) until the stopping criterion (L8] is satis-

fied, that is 7y (") < candiy (e ™),

2. it g (@) > erndy(ayt) then we adapt the time step 7, according to (4.1),

~ 1/q+1

. crnd, (Al

iL.e. Toopt = T (W , and go to step [I]
T

3. if & 4(a)) > wy, then we adapt the mesh 7y, and go to[l]

4. if t,, > T then STOP, else Tnm+1 = Thms Tmt+1 = Tmoopt, M = m~+ 1 and go
to M
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5. Numerical experiments

In this chapter, we extend the scalar problem to a vector-valued problem described
by the Navier-Stokes equations. The details are described in [7]. Then, we apply
our proposed algorithm to simulate an interaction.

5.1 Compressible flow problem

Let Q C R? be a bounded polygonal domain and 9Q = 0€; U 09, U 09, its

boundary, where 0€2;, 09,, 0, are the inlet, outlet, and impermeable walls

parts of the boundary and these parts are disjoint. Let Q7 = Q x (0,7).

Let us consider the Navier-Stokes equations describing a motion of non-stationary

viscous compressible fluids, where z = (21, x2) € Q, as follows
ou  Of,(u)  Ofy(u) ORi(u,Vu) ORs(u,Vu)
ot " om | om 912 N

We consider the initial condition

u(z,0) = u’ () (5.2)

inQr. (5.1)

and the boundary condition

p=pp, V= Z <Z7'lk”l)vk + Re B Z 8% =0 onodQ, (5.3a)

k=1

2

Zﬂiknk =0 fors=1,2, Z a—nk =0 on J€,. (5.3b)
T,

k=1

On the impermeable wall 0€),,, the boundary condition can be defined in two
different ways:

a0
v=0, Z —n, =0 on 0, adiabatic boundary condition (5.3c)

or v=0, 0=0p on 0, (5.3d)

The following notation is used: p(z,t) € R is the density of the fluid in position
(w1, 79) and time ¢, v(x,t) = (vi,v2)(z,t) € R? is the vector of velocity and
e(z,t) € R the energy, 0(x,t) the temperature, p(z,t) the pressure, v the Poisson
adiabatic constant, Re the Reynolds number, Pr the Prandtl number, 7/, is a
element of stress tensor which describes viscous influence, 4;; is Kronecker symbol
(if i = j then 6;; = 1, else 6;; = 0).

We have

u:R? - R*
'LL(.T,t) = (U17u2,U3,U4)T<.§U,t) = (pa pvl7p027€)T(x7t)7

so (B.J)) is formed by 4 equations for 4 unknown quantities p, vy, ve, e. The func-
tions f, represent the inviscid fluxes. They are non-linear, defined as below:

fS:R4—>R4, s=1,2
fs(u(x, t)) - (va, PUsV1 + 513]77 PUsV2 + 523]7, (6 + p)Us)T<$L’, t)

(5.4)

(5.5)
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The functions Ry represent the viscous fluxes and they are non-linear, defined as

R, R*x R S RY s=1,2,

Ro(w, V) (5, 1) = (0,7, 7y 701+ 7y + —— 20T (5 py

s ’ ’ TSl isar s s RePr@xS ’ ’ (56)
, 1 | Ove. Oy

= el (ony + 2

2
) — §5kldivv .

We consider the Newtonian type of fluid accompanied by the state equation of a
perfect gas and the definition of total energy, i.e.

2
v
p=(- 1~
plof? o0
e = c,pd + 5

Next, we introduce some properties of the inviscid and viscous terms. More
details can be found in [5].The Euler fluxes f, satisfy

Df,(u)

fs(u) = Ag(u)u, where Ay(u) = Du o 5T 1,2. (5.8)
We introduce a vector-valued function
P(u,n) := fi(u)ni + fo(u)ns. (5.9)
Then it can be proven that
%";’”) — P(u,n) = Ay(w)ns + As(w)ns, (5.10)

where % € R*™* is the Jacobian matrix of the function P. We will use matrix
P in the linearization of inviscid terms. Matrix P is diagonalizable, so that P =
TAT!, where T is a non-singular matrix containing eigenvectors of P and matrix
A contains eigenvalues of P on its diagonal. We define P* and P~ as

P* .= TAFT . (5.11)

The viscous term can be written in the form

ou ou
Rs(u, V'U,) = Ksl <u)8—3j1 + KS2(u)8—[L‘2 (512)

This relation helps us to linearize the viscous term. The form of matrices K;; can

be found in [§].

5.2 Linearization of the forms in Navier-Stokes
equations

In the full space-time discretization of the Navier-Stokes problem (G.I), we have
to specify u(FR) on the boundary 0€). Details about the discretization can be

found in [7], we present only the result.
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For each part of the boundary, we define boundary set 7 ., Fy . Fi’,,

of all ' € F such that I € 99, T € 9Q,,T" € 0Q,,, respectively.
Linearization of the inviscid term
For faces I' € F},,, we define linearized form

as the set

fol@u, ) =P, (u,)u, T'eF,, (5.13a)

where matrix P, satisfies the relation P(u, ) = P, (u, 1)u and the flow has the
property v - n = 0 on 0€),,,.

2l u, ) =P (@, n)u + P~ (@, n)Mu), (5.13b)

where 'u,(FR) = M(u'™) and the inviscid mirror operator is defined as M (u) =
(b, p(v = 2(v-m)n),e)".

For faces on the inlet and outlet boundary, I' € F;° u(FR) = B(u®) upe) can
be defined by extrapolation corresponding with the boundary conditions (5.3)).
The linearized inviscid form is defined as

M CRTRUE Z/ZA u—dx

KeTh,m
+ Y / (P* (@), n)u® + P~ ((@), n)u®) - 3] d5
Fe]—‘f
+ Z /IP’+ @, n)u . 4p ds + Z /fZLu(L) ul) n)-1pdS. (5.14)
reFe,. reFy..

where 7 = 1,2 depends on the properties of the flow on the impermeable wall.

byt (@, 9p) = ) / )B@™H, upe) - dS. (5.15)

reFye,,

Linearization of the viscous term
On the inlet faces I € Fj, ,, we define u(FR) as

gL o+ 1 NT
Wn — {(PD,PDUDJ,/)DUD,%/)D + QPD|UD‘ ) (5.16)

B('u,(L), upc) if the flow passes an airfoil

On the impermeable wall 0f2,,, we define u(FR) as follows
(p",0,0, p*OK)T if T' € Fp, and the boundary condition (5.3d)
up = ’
b (p*,0,0,p"0p)" if T € F’,, and the boundary condition (E.3d),
(5.17)

where pf and 6" are extrapolated functions on the boundary.
Let matrices K¥, be identical with matrices K, except that the last row of K,
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is equal to zero. The linearized viscous form is defined as

0 0
a’ﬁm U, u ¢ Z / Z U a; ajfl

KeThm 1,7=1
8u 0
- > /Z< i >n [¢]+0<K5( )a¢> i+ [u] dS
Zj
rerf 00 bi=l
- > / Z K, (@™) —n ¢+0KT(U(L))§¢ ~uP) ds
rer =0 bi=l i
Z / Z K3 aD) —nZ ¥ + 0(K; ( ))T—T’bnl ul) ds.
J aZL‘]
FE]:“ i,j=1
(5.18)
ap, (W, ap) = —0 Y /ZKT (@D —n Tp dS
rer;, .~ b=l
70
-0 Z / Z %nz up dS. (5.19)
FG.F“’ i,j=1
Linearization of the interior and penalty form
Let operator 9(v) := (0,¢2,13,0)" and up be defined as ([G.16), 0 = ;2%
JE (u, 1) : Z/ dS—i—Z/au ¢dS+Z/au
rerf . rerf . rery .,
5.20)
T ) =Y /ouB pdS+ Y /cr'u,B ey (5.21)
Ter; . TeFy.,
Let us define forms which will be used in the computational part
Crm (T, w, ) = b (@, w, ) + bk (@, w, ) + JE (u, ). (5.22)

o) 1= i ) + T )+ )+ 3 [ g e (59)

5.3 Shock wave and isentropic vortex interac-
tion

Let us simulate an unsteady viscous flow problem using the algorithm in Section
4l We consider an interaction between a plane weak shock wave with a single
isentropic vortex. During the interaction, acoustic waves are generated and we
use the algorithm to capture them.

The computational domain is 2 = (0,2) x (0,2) with the periodic boundary
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(0,2)

shock wave

vortex

(0,1)

—_—

supersonic
inflow
—_—

(0,0) (0.5,0) (1,0) (2,0)

Figure 5.1: Computational domain ().

conditions at the top and bottom faces.

As presented in figure Bl a stationary plane shock is located at x1 = 1 and
an isolated isentropic vortex centered at (0.5,1). The prescribed pressure jump
through the shock is pr — pr = 0.4, where p; and pg is the pressure value from
the left and right of the shock wave, respectively, corresponding to the inlet Mach
number M; = 1.1588. The Poisson constant is v = 1.4 and Reynolds number is
Re = 2000.

Initial condition (quantities at t = 0) is given separately for the left and right
side of the shock wave. For z; < 1, the density, velocity, and pressure are given
as

pr =1, vip = Mp\/7, voar =0, pp = 1.
In contrast, for z; > 1 they are defined such that

V1L

pr = prE1, vir = T 2R = 0, pr = priG,
1
. M? - . .
with Ky = VT“HE*%M? Ky, = %(yMz — 251, The vortex is described by

following tangential velocity:
vg = c17 exp(—cor?),

where
U 1
CiL=—,C=——F=,T
re 27’2’

We set r. = 0.075 and u, = 0.5 to define the strength of the vortex. The compu-
tations are stopped at the dimensionless time T = 0.7.

(21,29) = ((21 = 0.5)% + (22 — 1)*) ",

We solve the problem with the IIPG variant, ¢y, = 50, with spatial polynomial
degree p = 3 and time polynomial degree ¢ = 2. We used the tolerance w = 0.02.
The algorithm is set up with following parameters:

1. the stopping criterion (A8 with ¢4 = 0.01,

2. the time step 7, is adapted with ¢z = 0.1,
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3. the mesh Ty, is adapted by the anisotropic mesh adaptation with only
h-refinement,

4. the norm is modified according to Remark 3.5

The interaction of shock wave and isentropic vortex was simulated, where the
refined meshes 7}, and the isolines of pressure are presented in figures and
(.3l The acoustic wave were captured during the interaction. We can conclude
that the proposed algorithm is able to simulate difficult physical phenomena.

t=0.0 —— P-ISO-0.0 ——

=0.20 —— P-1ISO-0.20 ——

Figure 5.2: Meshes and isolines of the pressure at t = 0.0,0.2.

60



0.30 —— P-1ISO-0.30 ——

t=0.35 ——— P-1ISO-0.35 ——

.50 —— P-1ISO-0.50 ——

69—, P-ISO-0.69 ——

Figure 5.3: Meshes and isolines of the pressure at ¢ = 0.3,0.35,0.5,0.7.
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1.6 ; 1.6 T
P-CUT-00 —— P-CUT-020 ——
15 g 15 g
14 F 14+
1.3 F g 1.3 F R
12+ g 12+ ‘ g
11+ ‘ g 11+ ‘ R
1 — 4 1 ﬁ/ 4
0.9 :—\/ g 09 g
08 Il Il Il 08 Il Il Il
0 05 1 15 2 0 05 1 15 2
1.6 r 1.6 r
P-CUT-0.30 —— P-CUT-0.35 ——
15 g 15 g
14 F 14+
1.3 F g 1.3 F
12} ‘ E 12}
11+ ‘ g 11+
1 *w A 1 *
09 g 09
08 Il Il Il 08 Il Il Il
0 05 1 15 2 0 05 1 15 2
1.6 . 1.6 T
P-CUT-0.50 —— P-CUT-0.69 ——
15 g 15 g
14 F 14 F ‘(\ SR
1.3 F g 1.3 F f g
|
12+ g 12+ / g
11+ E 11+ ‘ e
| |
T 4 1 J 4
09 g 09 g
08 Il Il Il 08 Il Il Il
0 05 1 15 2 0 05 1 15 2

Figure 5.4: The pressure distribution along the line x5 = 1 at dimensionless time
t=10.0,0.2,0.3,0.35,0.5,0.7.
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Conclusion

We developed an adaptive algorithm for the numerical solution of nonlinear
convection-diffusion equations. The algorithm is based on the space-time discon-
tinuous Galerkin method and residual estimates, which are able to distinguish
the spatial, temporal, and algebraic errors. We have proposed several variants
of the estimators and compared them numerically. Some of them, depending on
the chosen norm, satisfied natural properties. Moreover, we demonstrated the
robustness with respect to the polynomial approximation degree and the input
data. Finally, the example of shock-vortex interaction demonstrates a potential
of the presented algorithm. Further work is needed in the numerical analysis of
our theory.
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