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Nevertheless, for theoretical purposes it is interesting to look at models of com-
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In 2012 Grigoriev and Nikolenko studied various cryptographic tasks involving
real numbers (for example, biometric authentication) and they considered the
BSS machine model. In this work we focus on hard to invert functions in this
model of computation. Our main theme is to analyse whether there are real
functions of one variable that are easier to compute than to invert by a BSS
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Introduction

There are two main approaches how to model computations with real numbers.
In the first model, which is usually called the bit-model of real computation, we
treat real numbers as discrete objects. This is, indeed, a very realistic approach
since computations in the everyday life are done by computers, which work with
binary data. Thus, they can store a real number only with a finite precision.

In this work we consider the second approach of modelling computations with
real numbers, which is sometime called the algebraic approach. In contrast to the
bit-model, elements of R are now viewed as unit size objects which can be stored
with infinite precision. In addition, basic arithmetic operations with real numbers,
such as addition, subtraction, multiplication and division, are considered to be
unit time operations. Moreover, we can compare two real numbers in a unit of
time in this model. This abstract approach preserves the continuity property
of real numbers and authentically reflects “the difficulty” of computing a real
function from the theoretical point of view. On the other hand, let us emphasis
that this approach does not capture the everyday life computations performed by
computers and is investigated for theoretical purposes.

These two directions are, indeed, very different. Their relationship is studied
in detail for example in [3].

Several algebraic models of real computation have been presented in the liter-
ature. An algorithm computing with real numbers can be formally described for
example by an algebraic circuit or a computation tree. An overview of different
models of computation can be found in [4].

In this thesis we consider probably the most universal algebraic model of real
computation which was presented by Lenore Blum, Michael Shub and Steve Smale
in [2]. It was named after its inventors: the Blum-Shub-Smale model or briefly
the BSS model. Analogously to the Turing model of computation, algorithms
are formalized as machines which are called Blum-Shub-Smale machines or briefly
the BSS machines. They can be defined over an arbitrary commutative ring
with unit (for example over R, C,Q,Z or Zs). The BSS model over Z is equiva-
lent to the classical Turing model of computation. In addition, ordinary Turing
machines can be simulated by BSS machines over any ring with unit. However,
it is commonly expected that Turing machines cannot simulate BSS machines
over real numbers (not even if the inputs are only integers). We briefly discuss in
why we agree with this conjecture. Due to this relation between BSS
and Turing machines, the BSS model over R is sometimes also called the “real”
Turing model.

In the book [I] Blum, Cucker, Shub and Smale showed that many concepts
of classical computational complexity theory can be naturally extended to the
BSS model of computation. For instance, computable function, decidable set
or complexity classes P and NP can be defined with respect to an arbitrary
commutative ring with unit in this model. The advantage of BSS machines is that,
although they are able to capture infinite computations, machines themselves
are finite objects. Moreover, BSS machines can be describe algebraically. In
particular, halting sets of BSS machines are countable unions of semi-algebraic
sets and input-output maps of BSS machines are piecewise rational maps.



A fundamental object in the classical computability theory is a one-way func-
tion. It is a famous open problem whether such a function exits. It is unclear
how to even define a continuous analogy of this basic cryptographic primitive.
There appear several possible definitions in the literature; however, none of them
is widely accepted. Hard to invert continuous functions were studied for example
by Grigoriev and Nikolenko. The candidates which they suggested in [7] are based
on tropical and super-tropical circuits. Another point of view on cryptographic
primitives in an unbounded computation model can be found in [15].

One reason why it is interesting to study continuous hard to invert functions
is biometric authentication. We have a biological trait which changes a little over
time. The goal is to accept the traits which is “very close” to the original sample
and reject all others. There are several ways how to deal with this problem in
practice. A trait is usually described by a set of discrete patters which is then
compared with the original set of patters. Thus, the continuity is understood
in a discrete sense. Although real models of computation are not realistically
modelling everyday life computations, they are able to capture the continuity
property of the biometric authentication in a very natural way.

The main theme of this work is to study real functions which are “easy to
compute but hard to invert” in the BSS model of computation. Our aim is
to first formalize what is meant by “easy to compute” in the BSS model and
analyse which real functions satisfy our definition. Then we consider two possible
ways how to understand the term “invert” in the context of real numbers. The
first approach follows the classical model of computation and requires inversion
with infinite precision. By this we mean that, given a value f(z), the task is
to find an 2’ such that f(z’) = f(x). The second approach corresponds better
with the motivation from biometric authentication since it reflects the continuity
property of real numbers. It allows inversion with an arbitrary but fixed precision
e > 0. This means, given a value f(z), we have to find an input z’ such that
|f(z) — f(2")] < e. And finally, we discuss (from both points of view) the time
complexity of a BSS machine which inverts an easy to compute real function.
This is mainly done in [Chapter 4. The organization of the rest of this thesis is
the following.

In we establish the terminology and the notation used throughout
this work. Then we prove several technical statements about sets and rational
functions over real numbers which are useful in later chapters.

In we introduce the BSS model of computation, explain the idea of
BSS machines on finite dimensional BSS machines and discuss the nice algebraic
properties of BSS machines. We also present an alternative point of view on BSS
machines which provides a useful framework for a detailed complexity analysis.

In we study machines that compute the square root function
y — /Y. Or equivalently we can say that we focus on machines that invert
the square function x + 2. We first prove that no BSS machine can compute
the square root function with infinite precision. Thereafter, we construct two BSS
machines which approximate the square root function with some fixed precision
¢ > 0. The time complexity of the first machine is O(log,(y) — log,(€)). The sec-
ond machine is more sophisticated. It uses Newton’s method and we prove that its
time complexity is O ((log,(log,(y) — loga(e)))z), where a ~ 1.5625. Moreover,
we also discuss a lower bound on the time complexity of inverting z? with an ar-



bitrary but fixed precision € > 0. Our bound is of the following form. A BSS
machine inverting x? on the interval [0, VN ], for some N € N, has to either
perform §2(log,(logy,(N) — log,(€))) elementary operations or use more machine
constants than just 0 and 1.

And finally, in we present some possible extensions of this work.

Before we proceed to the first chapter of this thesis, let us make two comments.
Chapters 3 and 4 discuss various algorithms described in the BSS model and this
is often accompanied by a number of detailed but elementary computations; this
is done in order to analyse the time complexity of the algorithms. We would
also like to emphasis that in we present concepts and results from the
book [1I] and not our work.



1. Preliminaries

In this chapter we first establish the terminology and notation used through-
out this thesis. In we focus on sets of real numbers. We introduce
some less common notation and state technical lemmas which will be useful in
later chapters. Finally, in we briefly discuss what we know about
polynomials and rational functions over R. Moreover, we prove several auxiliary
statements needed further in the work.

In this thesis we assume basic knowledge of algebra, mathematical analysis, set
theory, complexity and computability theory in the Turing model of computation.

1.1 Terminology and notation

We use the standard notation for the most common sets of numbers which are
N,Z,Q,R,C. Let us specify that we do not consider zero to be a natural number;
this means that N = {1,2,3,...}. In this work R* denotes the set of all positive
real numbers and R=% denotes the set of all non-negative real numbers.

By an interval with endpoints a € RU{—o00},b € RU{occ0} we understand ei-
ther an open interval (a, b), a half-closed interval (a, b], a half-closed interval |a, b)
or a closed interval [a, b]. As usual, the round bracket indicates that the endpoint
is not an element of the interval whereas the square bracket denotes the opposite.
We call an interval non-degenerated (or non-trivial) if @ < b. An interval with
endpoint a, b is unbounded if @ = —oco or b = co. A non-degenerated interval is
bounded if its endpoints satisfy the inequalities

—o0<a<b<oo.

By a sequence we mean an ordered list of objects of the same kind. Repetitions
are allowed. We consider both finite and infinite sequences in this work. The
following two examples establish the notation. The sequence

1
<§, V2,7,v/2, 39.09)

is an example of a finite sequence of real numbers and the sequence

(2) e

is an example of an infinite sequence of natural numbers. It should be always clear
from the context whether (a,b) represents an open interval or a finite sequence
of length two.

Sometimes we will refer to the Turing model of computation as to “the clas-
sical model of computation”. We do not define basic notions, such as Turing
machine, one-way function, one-way permutation, complexity classes P and NP
and so forth. However, these definitions can be found in any textbook about
complexity and computability theory in the Turing model of computation. See,
for example, the book [I0] written by M. Sipser or the book [8] whose author is
C. H. Papadimitriou.



To measure the complexity of algorithms, we use the standard asymptotic
notation. Let f,g: N — R™ be two functions. We write f(n) = O(g(n)) if there
exist ¢,ng € N such that for every n > ng the following inequality holds

f(n) <c-g(n).

This notation is sometimes called the “Big-O” notation and it is used for asymp-
totic upper bounds. In this work we are also interested in lower bounds for which
we use the “Big-Q” notation. We write f(n) = Q(g(n)) if there exist ¢,ny € N
such that for every n > ng the following inequality holds

f(n) = c-g(n).

For more details about asymptotic notation see one of the books [§] and [10].

As already mentioned, we assume basic knowledge of real mathematical anal-
ysis. We will use but not define notions such as continuous function, limit of
a real function, point of global extreme of a real function, derivation of a real
function and so on. We will refer to some important theorems, for instance, to
the “Intermediate Value Theorem” or to the “Algebraic Limit Theorem”. The
statements of these theorems can be found in any textbook of real mathematical
analysis, for example, in the book [9].

1.2 Sets of real numbers

In this section we first introduce basic arithmetic operations on subsets of R.
Then we recall the definition and main properties of semi-algebraic sets since sets
defined by polynomial equalities and inequalities will be very important in future
chapters of this work.

1.2.1 Basic arithmetic operations with sets

To avoid a confusion, sets will be denoted by bold capital letters. Throughout this
thesis, we consider only sets of real numbers containing 0 and 1 (if not explicitly
said otherwise). The reason of this convention is technical and will become more
clear later (see Observation [1.2).

Let us first define basic arithmetic operations on subsets of R.

Definition 1.1. Let A,B C R. Then we define binary operations - and + as
follows

A+B={a+b:a€ Abe B},
A-B={a-b:acAbecB}.

For t € N we denote

tA=A+...+A and A'=A.... A.
N e’ N——

t t

In addition, we define one unitary operation — as

—A={-a:a€ A} U{0,1}.

7



Observation 1.2. Let A,B C R be two sets such that 0,1 € ANB. Then
ACA+B and ACA-B.
Consequently, for s,t € N such that s <t we have the following two inclusions
sA CtA and A* C Al

It the next lemma we introduce some basic properties of these operations.
Although many other observations can be made, we restrict ourselves only to
those that will be useful in future chapters.

Lemma 1.3. Let A, B, C, D be subsets of R and t, s, p be natural numbers. Then
the following four equations hold

I.A-B+C)=A-B+A-C,
2. tA-sB =pC, where C=A-BCRandp=t-seN,
3. (tA)* =t°As,
4. (AUB)?=A%?U2(A-B)UB?.
Proof. The lemma follows directly from Definition [1.1] O]

In this work we often refer to the minimal or the maximal size of an element
in a set. Therefore, we establish the notation in the next definition.

Definition 1.4. Let A be a finite subset of R. Then the minimal and the maximal
size of an element in A are defined as

mina = min{|a|: a € A\ {0}}, maxa = max{|a|: a € A}.

In the rest of this section we consider only finite subsets of R. Let us now
make a few important observations. Because we assume that 1 € A for every
A C R, we can observe the following.

Observation 1.5. Let A CR. Then both mina, maxa are defined and
ming <1, maxa > 1.

In Definition we are interested in the minimal (respectively, the maximal)
element in absolute value. Therefore, we can state the next observation.

Observation 1.6. Let A CR. Then
mina = min_a and maxa — max_a.

In addition, it will be useful to express the maximal and the minimal size of
an element of the sets tA, A® in terms of the minimal and the maximal size of
an element in the set A. Note that for e € R we have

if |e] <1 and

le*] < lel,
le’| > le|, if |e] > 1.

8



Observation 1.7. Let A C R and s,t € N. Then
minas = (mina)®, maxas = (maxa)® and maxsa =t-maxa.

We have a reason to believe that the value min;a is difficult to express for
a general set A. Notice that it is of a similar nature as several famous prob-
lems which are considered to be hard, for instance, the Shortest Vector Problem
(that is, the problem of finding find the shortest vector of a lattice given a basis
of the lattice). Nevertheless, the value min;s can be very easy to express for
a concrete set A. For example, if A C RZ° then min;sa = minga.

For a set A C R and a natural number ¢ we define a new function p as

wu(t, A) = minga.

The only purpose of this new definition is the clarity of notation.

1.2.2 Semi-algebraic sets

A semi-algebraic set over an ordered ring R is a set of elements which satisfy
a finite system of equations and inequalities over R. There appear many equiva-
lent definitions of a semi-algebraic set in the literature. The definition introduced
below corresponds to the one presented in the book [1].

Definition 1.8 ([1, Chapter 2]). Let R be an ordered commutative ring with
unit and n € N. A set S C R" is a basic semi-algebraic set over R if

S={zeR": fi(x) <0,..., fu(z) <0,01(x) >0,...,9,/(z) > 0},

were f;, g; are polynomials of n variables over R and m, ¢ € N.
A semi-algebraic set is a finite union of basic semi-algebraic sets.

Semi-algebraic sets are generally very well studied and understood. They
are crucial for studying o-minimal structures. The theory of o-minimality is
developed in detail for example in the book [13].

Semi-algebraic sets have many nice properties, some of which we state in
the next lemma. Proofs and more general variants of the statements can be
found in the book mentioned above.

Lemma 1.9. Let R be an ordered commutative ring with unit and n € N.

1. Let S C R be a semi-algebraic set. Then w(S) C R™ is a semi-algebraic
set, where m: R"™ — R™ is the projection map on the first n coordinates.

2. The intersection of two semi-algebraic sets over R is a semi-algebraic set
over R.

Since we are mainly interested in sets over real numbers, let us make the fol-
lowing remark.

Remark 1.10. Every semi-algebraic subset of R is a finite union of open intervals
and points.



1.3 Polynomials and rational functions over R

In this section we recall basic definitions and properties of polynomials and ra-
tional functions over R. More details can be found in every textbook of algebra,
for example, in the book [6].

1.3.1 Polynomials and rational functions of n variables

In this work we understand a non-zero polynomial p € Rlzy,...,x,] of degree
d € NU{0} as a sum of monomials

. . . /Ll . . in
alh---ﬂn Ty ce I‘n )

where 4y,...,4, € NU{0} are such that > ;i < d and a;,,_;, € R. The ex-
pression '

AR
is called a term in variables x1, ..., x,,. By ordering of terms in variables x1, ..., z,
we mean the lexicographic ordering, i.e. the inequality

ot <aptel-aln

holds if and only if there exists a natural number k € {1,...n} such that for all
<k

1 = jg but i < ]k
The leading term of a polynomial is the maximal term with a non-zero coefficient
of the polynomial according to the ordering defined above.

The real values a;, . ;, are called coefficients of the polynomial. The set of
all coefficients of a polynomial p is denoted by coef(p). For technical reasons
we always assume that 0,1 € coef(p). The coefficient by the leading term of
a polynomial p is called the leading coefficient of the polynomial. We denote it
le(p). For the degree of a polynomial p we use the standard notation which is
deg(p).

For completeness, let us define the introduced terms for the zero polynomial
as well. The leading coefficient of the zero polynomial is defined as lc(0) = 0.
The set of coefficients of the zero polynomial is the set coef(0) = {0,1}. And
the degree of the zero polynomial is defined as deg(0) = 0.

Remark 1.11. The symbol

p(1, ..., xy)
can be understood in two different ways. Either it refers to a polynomial p of
variables 1, ..., x, or it can be the evaluation of the polynomial function p on
the vector (x1,...,x,) € R". Although it might cause some confusion, we do not

strictly distinguish these two cases in this work. We believe that the intended
meaning will be clear from the context.

A rational function f of n variables over R is a function which can be writ-
ten as a fraction of two polynomials p,q € R[zy,...,x,], where ¢ is a non-zero
polynomial. The domain of the rational function f is

Dom(f) =R"\ {z € R": ¢(x) # 0}.

10



While rational functions are elements of a particularly defined field, in com-
putations of machines they are always represented by some (fixed) pair of poly-
nomials as their quotient.

We define polynomial and rational maps in the standard way. Let p1,...,pm
be polynomials of n variables over R. Then the map p defined by polynomials
P1,- .., Pm 1S the map

p: R" — R™,
(@1, 2a) = (1 (@1, @)y pl(@, ).
Rational maps are defined similarly. Let fi,..., f,, be rational functions of
n variables over R. Then the map f defined by rational functions fi,..., f,, is
the map
f:R" - R™

1, xn) = (fi((z1, .0 x0), o f((21, 00y 20)),
whose domain is Dom(f) = | (1 Dom(f;).

1.3.2 Polynomials and rational functions of one variable

In this subsection we study polynomials and rational functions of one variable
over R. We state technical lemmas which will be useful in later chapters.

The first lemma describes what we know about the set of coefficients and
the degree of a polynomial which is a sum (respectively, a product) of two poly-
nomials.

Lemma 1.12. Let p,q € Rx] be two polynomials and let us define an auziliary
value

d =1+ min{deg(p), deg(q)}.
Assume that the set A C R is such that coef(p), coef(q) C A. Then

1. coef(p+q) € 2A and deg(p+ q) < max{deg(p), deg(q)},
2. coef(p-q) C dA? and deg(p-q) < deg(p) + deg(q).

Proof. We have two real polynomials

dp dg
plx) = pi', qlz) = a',
i=0 =0

where p;,¢; € R and py,, qq, # 0. Without lost of generality we can assume that
d, <d,.

1. Let us first define a new polynomial r € Rx] as

r(z) = erz:r;l = p(z) + q(x).

1=0

11



The sum can be expanded as

dp dq
plx)+q(x) =) (mi+a)r' + Y g’
i=0 i=dp+1

From here we see that

i +¢qi, for 0 <i<dp,
le{p +q ot =tz b (]_1)

i, for d, < i <d,.
Thus, the statement about coefficients follows from Definition [L.1] and Ob-
servation

In addition, from the equation (1.1)) we know that d, < d,. Note that if
deg(p) = deg(q) and lc(p) + le(g) = 0 then we have d, < d,. Otherwise
the degree of the polynomial r equals the degree of the polynomial q.

. To prove the second part of the statement, let us define a polynomial
r € R[z] as

r(z) = Zrzxz = p(x) - q(x).

We first discuss the special case when p or ¢ is the zero polynomial. Then
their product is also the zero polynomial. Thus, the degree is deg(r) = 0
and the set of coefficients is coef(r) = {0,1} by our definition. We can
conclude that the statement is true in this special case.

Assume now that both p and ¢ are non-zero polynomials. Their product
can be expanded as

dp+dgq min{k,dp}

pa)a@) =S (> pieae |

k=0 i=max{0,k—dq}
Hence, we derived that d, = d, + d,. Since coef(p), coef(q) C A, we have
Pi - Qk—i € AQa

for every pair of indices (k,i). Consequently, every coefficient of the poly-
nomial 7 is a sum of at most d, + 1 elements of the set A%

]

We can naturally extend the previous lemma from polynomials to fractions of
two polynomials; hence, to rational functions.

Lemma 1.13. Let py,q1, p2, g2 € R[z] be polynomials such that their coefficients
are elements of the set A C R and q,,qo are non-zero polynomials. Let us define
two auxiliary values

dmam = maX{deg(p1>7 deg(Ql)u deg(p2)7 deg(QQ)}a
d=2(1+dmnae)-

12



1. There exist polynomials p,q € R[x] such that
p_m
q9 q1 42

d
coef(p) C dA?, coef(q) C §A2,
deg(p), deg(q) < 2dmaz-

2. There exist polynomials p,q € Rlx] such that
p_ P P2

¢ @ @
coef(p), coef(q) C gAz,
deg(p), deg(q) <
Proof. 1. We can express the sum of two rational functions as
Zﬂ_i_@:pl'%vﬁb'(h.

q1 q2 q1 - q2
From the second part of Lemma we know that

2dmaz-

coef(p; - q2), coef(ps - 1), coef(q; - q2) C gAQ.
From the first part of Lemma it follows that
coef(pr - g2+ p2 - 1) C dA®.
Thus, for p=p1 - g2 + p2 - 1 and ¢ = q1 - g2 we have

d
coef(q) C §A2 and coef(p) C dA?,

which is exactly what we wanted to prove. The statement about the degrees
follows directly from Lemma [1.12]

2. Analogously, we can prove that the polynomials p and ¢ defined as

p=p1-p2 and ¢ =q1 - g2,
satisfy the second part of the statement.

[
In the following lemma we study the composition of two rational functions.

Lemma 1.14. Let p,q,r, s € Rlz| be polynomials such that q and s are non-zero
polynomials. Then the composition

p T
— O —
q S
1$ a fraction of two polynomials; thus, a rational function. Moreover, the numer-

ator and denominator of the composition are polynomials of degree less or equal

to
A3 4242

max max?

where  dpq., = max{deg(p), deg(q), deg(r), deg(s)}.

Explicit computation yields the degree estimates stated in the lemma. We
omit the technical proof.
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1.3.3 Zeros of a polynomial

Now we state two well known lemmas, which are of great importance not only
in algebra. The proofs can be found in every algebraic textbook and also for
example in [I] or [13]. The first lemma tells us that the number of roots of
a polynomial is bounded by the degree of the polynomial. The second lemma
provides a bound on the size of the roots of a polynomial. The bound depends
on the size of the coefficients of the polynomial. Both lemmas can be stated more
generally, i.e. for complex polynomials, but we consider only the situation over R.

Lemma 1.15 ([I, Lemma 1 in Chapter 9]). Let p € R[z| be a polynomial of
degree d > 1. Then
{z € R: p(z) = 0} < d.

Lemma 1.16 ([13, Lemma 1.1]). Let a € R be a zero of the polynomial

d
p(x) = Zpi:vi € R[z],
i=0
where pg # 0 and d > 1. Then

1
af <14 — max{|po|, ... [pa-1]}.

|pal

The next corollary will be useful later in this work. It follows from Lemma/|l.16
and the Intermediate Value Theorem.

Corollary 1.17. Let p be the polynomial from Lemma[1.16 and let

1
L=1+ —max{|pol, ... |ps-1]}

|Pd|

be the bound on the size of zeros of the polynomial p. Then either

Ve > L: p(z) <0 or
Ve > L: p(z)> 0.

Similarly, one of the following options is true. Either

Ve < —L:p(z) <0 or
Ve < —L: p(z) > 0.

Let us end this section with a lemma in which we discuss when a rational
function of one variable over R is a constant function. To prove the statement,
we use Lemma [1.15]

Lemma 1.18. Let f be a rational function of one variable over R. If there exists
a non-degenerated interval I C Dom(f) and a constant ¢ € R such that

Veel: f(x) =c,
then f s the constant function ¢ on R which means that

Ve e R: f(x) =c.
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Proof. Let p,q be two polynomials such that f = g. First note that for every
x € Dom(f) we have

——~ =c<plx)—c-q(x)=0.

Let I € Dom(f) be an open interval and ¢ € R be a real constant. We now define
a polynomial function

U(x) = p(x) —c-q(x).
Since Dom( f) = Dom(v), we have

f(x) = c e (x) =0

Hence, by our assumption

Ve e 1:y(x)=0.

Because I is a non-degenerated interval, i.e. it is an uncountable subset of R,
the polynomial function @ must be a constant function. Otherwise we would
yield a contradiction with Lemma [1.15. Thus, we derived that i is the zero
polynomial and consequently, the function f is the constant function c. O
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2. The BSS model of
computation

The BSS model of computation was presented by Lenore Blum, Michael Shub
and Steve Smale in [2]. In this model of computation a real number is considered
to be a unit size object which can be stored with infinite precision. Moreover,
basic arithmetic operations with real numbers are done in a unit of time. We call
this model the BSS model of computation, where BSS stands for the surnames of
the authors, that is, for Blum, Shub and Smale.

Analogously to the Turing model of computation, the main pillar of the BSS
model is a BSS machine. Many concepts of the classical Turing model of compu-
tation can be extended to the BSS model in a natural way. In the next section
we will for example define the halting set of a BSS machine or the halting time
of a BSS machine. Moreover, just as in the classical model of computation, we
can define complexity classes in the BSS model and study their relationships.

The BSS model is a very general model of computation as it can be defined for
a general mathematical structure and not only for the real ordered field. We will
discuss in that the BSS model over Z, is equivalent to the classical
Turing model. Moreover, Turing machines can be simulated by BSS machines
over any ring with unit. This is the reason why BSS machines are sometimes
called “generalized Turing machines” or “real Turing machines” in case of BSS
machines over R.

The organization of this chapter is the following. Firstly, we introduce the
concept of BSS machines by defining finite dimensional BSS machines over R.
These machines will be of our main interest in the rest of this work; therefore, we
pay a lot of attention to them. In we present an alternative point of
view on finite dimensional BSS machines which allows us to analyse the number
of arithmetic operations of a BSS machine more precisely. Consequently, we will
be able to study the number of connected components of the halting set of a BSS
machine. The is done in [Section 2.3] We discuss the idea of general BSS machines
in and thereafter we briefly introduce the complexity theory in the
BSS model of computation in Furthermore, in we explain
what we mean by machines with “built-in constants”. We close this chapter by
discussing the relationship between informal algorithms and BSS machines.

Throughout this chapter we follow the approach of authors of the book [1].

2.1 Finite dimensional BSS machines

In this section we define finite dimensional BSS machines over R and discuss their
main properties. Our aim is to introduce the concept of BSS machines on the
level of formalism needed for our further work. Therefore, we omit some technical
details and rather illustrate introduced notions on concrete examples. We believe
that this approach provides a better understanding of BSS machines and it will
not cause any confusion later in the work.

More details and formal definitions can be found in Chapter 2 of the book [I].
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2.1.1 Definition

We begin with the definition of a finite dimensional machine over the real ordered

field.

Definition 2.1 ([I, Definition 1 in Chapter 2]). A finite dimensional BSS ma-
chine M over R is a finite connected directed graph which has four types of nodes:
input, output, branch and computation. The machine M has exactly one input
node and at least one output node.

The input node has no incoming edge and exactly one outgoing edge.

A computation node has possibly several incoming edges and exactly one
outgoing edge.

A branch node has possibly several incoming edges and exactly two outgoing
edges, one labelled “YES” and the other one with the label “NO”.

An output node has possibly several incoming edges and no outgoing edge.

In addition, the machine M has three spaces: the input space Z,; = R", the state
space Sy = R™ and the output space Oy = R, where n,m, ¢ € N.

Every node of the graph has an associated map of theses spaces and a successor
node assignment.

Associated with the input node is a linear map I: Z; — Sy, and a unique
successor node f.

Every computation node 7 has an associated rational map g,: Sy — S
and a unique successor node f3,,.

Every branch node n has an associated polynomial function h,: Syy — R
which is non-zero.

— The condition h,(x) > 0 coincides with the successor node 3, along
the “YES” outgoing edge.
— The condition h,(x) < 0 coincides with the successor node 3, along

the “NO” outgoing edge.

Every output node 7 has an associated linear map O, : Sy — Oy and no
successor node.

In the following remark we establish the terminology, formulate several con-
ventions and discuss technical problems which come along with the definition of
a finite dimensional BSS machine.

Remark 2.2. 1. We defined finite dimensional BSS machines over the field of

real numbers R. However, BSS machines can be defined over an arbitrary
commutative ring with unit R. The definition is essentially the same as
Definition except for two technical changes. Firstly, if the ring R is not
a field then the computation nodes are associated with polynomial maps
(not rational maps as in the case R = R). Secondly, if R is a ring without
order (for example if R = C) then we have to modify the successor node
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assignment associated with a branch node. In this case, the branch condi-
tion h,(x) = 0 is associated with the successor node 3,7 and the condition
hy(x) # 0 corresponds to the successor node 3, .

. We call BSS machines from Definition 2.1 “finite dimensional BSS ma-
chines” because the input space, the state and the output space are all
finite dimensional. This is not the case for general BSS machines which we

define later in this chapter; see for more details.

. In the rest of this thesis, if we say “a BSS machine”, we implicitly mean
a finite dimensional BSS machine over R.

. We index the nodes of a BSS machine by natural numbers. The finite set of
all nodes of a machine M is denoted by Ny; C N. The unique input node
of a machine will always have the index 1.

. Sometimes it is convenient to associate the identity map

id: SM —>SM,
T T,

with every branch node. Thus, for every branch node n € N, we define
the map g, to be the identity map on the state space.

. Every computation node has an associated rational map. In particular,
let g be a rational map associated with some computation node. Then

(1, ) = (@1, Tm)s e g1, o T)

where g; are rational functions represented by a fized pair of polynomi-

als p;,q; € Rlzy,...,x,], where ¢; is a non-zero polynomial. Recall our
convention formulated in [Section 1.3

. Every BSS machine has an associated finite set of constants, we denote it
by Cy € R. The set consists of all coefficients of the maps associated
with the nodes of the machine (this is the reason why rational functions are
represented by fixed pairs of polynomials). We implicitly assume that every
BSS machine has 0 and 1 as machine constants. Recall our convention from

Section T.21

. We have to make sure that we do not divide by zero in the computation
nodes; otherwise, the machine would not be well defined. Let us observe
that this technical problem can be solved by adding a new branch node in
front of every computation node.

Let n be a computation node with the associated rational map

P1 Pm
gT]: (_7"'7_)7
q1 qm

where p;, ¢ € Rlxy, ..., x| are real polynomials of m variables such that
for every i € {1,...,m} the polynomial ¢; is non-zero. Note that

m 2
(Hqi(xl,...,acm)> <0< Jie{l,....m}: qg(xy,...,2m) =0.
i=1
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Therefore, we add a new branch node which has the associated function

h(zy,...,xp) = — <H%’($17--~,$m)> )

It is a non-zero polynomial function since it is a product of non-zero polyno-
mial functions. The successor node 8% is an output node which returns some
error message. The other successor node S~ is the computation node 7. In
the rest of this work we implicitly assume that every computation node is
well defined.

Let us demonstrate the definition of a finite dimensional BSS machine on one
concrete example.

Ezxample 2.3. Let M be the BSS machine defined by the graph in|Figure 2.1 The
three spaces of the machine M are

Iy =R, Sy=R?* Oy =R

We see that the graph of the BSS machine M consists of four nodes. Thus,
the set of nodes is

Ny ={1,2,3,4}.
For every node n € Ny we discuss in detail the associated map and the successor
node assignment.

e We see that the input node n = 1 is associated with the linear map
I:R — R?,
x— (x,0).
The successor node is 3; = 2.
e The node n = 2 is a branch node. The successor node coinciding with the
“YES” outgoing edge is the node number 3; thus, 85 = 3. The successor

node along the “NO” outgoing edge is the node number 4 and therefore
B5 = 4. The associated function is

he: R? — R,
(x, k) — x—1.

We see that
ho(z, k) >0 & = > 1.

It follows that the condition hs(z, k) > 0 coincides with the “YES” outgoing
edge as required.

e The node n = 3 is a computation node and its associated map is
g3: R? = R?,
(, k) — (x—1,k+1).
The successor node is in this case 3 = 2.

e And finally the node 1 = 4 is an output node whose associated map is
042 RZ — R,
(x, k) — k.

The set of constants of the machine M is Cy; = {—1,0, 1}.
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Input z
k <~ 0
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xil YES x4+ x—1

- k+— k+1
NO

4
Output £

Figure 2.1: The graph of a BSS machine computing the floor function for non-
negative real numbers

2.1.2 Computation of a BSS machine

We defined a BSS machine as an oriented graph whose nodes have associated
linear, polynomial or rational maps and successor node assignments. In other
words, every node of the graph is associated with a pair: (map, successor node
assignment). This motivated the definition of computation of a BSS machine.
Since the formal definition is very technical, we restrict ourselves to a heuristic
definition and we illustrate it on an example. We believe that this approach does
not cause any confusion and provides a better understanding of the notion. The
formal definition can be found in the book [IJ.

Informally, given an input = € Z,; we follow the graph of the machine step
by step. In every step of the computation we are in some “current node” and in
some “current state”. We execute the instruction which is associated with the
node and proceed to the successor node. Let us discuss this in detail.

Firstly, we accept the input of the machine in the input node n; = 1 and
assign the state of the machine by evaluating the associated input map. Then
we proceed to the next node which is uniquely determined by the successor node
assignment of the input node. Thus, the “current state” and “current node” of
the machine after the first step are

so = I(x) and 1y = fy.

Suppose now that after : — 1 steps we are in the state s; and the node 7; for some
1> 1.

If n; is a branch node then we do not change the state of the machine. Equiv-
alently, we can say that we apply the identity map g,, = id on the state of the
machine (recall Remark . Then we evaluate the branch function and, depend-
ing on the result, we decide which outgoing edge we should follow. The “current
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state” and “current node” after the i-th step of the computation are

o it hy(s;) >0
Sit1 = gp.(s;) and m;4q = ni? n\Si) = U,
am " {@7 if hy,(s;) < 0.

If the node n; is a computation node then we reassign the state of the machine
by evaluating the associated computation map g,,. Then we move to the unique
successor node. Thus,

Si+1 = gm(si) and n;11 = 5,

Finally, if the node 7; is an output node then we output the result which is
computed according to the output map associated with the output node. Then
the computation halts. This means that the result of the computation is O,),(s,,).
Note that if we never enter an output node then the computation does not halt.

It follows from our description that the computation of a machine M on an
input « can be described by a sequence of pairs (s;,7;), where s; € Sy and
n;i € N

It is very useful to observe that the “current state” s; can viewed as a com-
position of maps; that is,

si(x) = (gp_y 0. gn, 0 I)().

Note that all maps in the composition are rational maps (the identity map and
polynomial maps can be understood as rational maps whose denominator is 1).
And composition of rational maps is a rational map (see Lemma .

Another important observation is that BSS machines (as we defined them
in Definition are deterministic machines. In other words, every input has
a unique computation sequence.

Let us now perform a computation of the machine M which was defined in
Example on a concrete input.

Ezample 2.4. Let M be the machine defined in Example 2.3] The step by step
computation of the machine M on the input 7 is illustrated in [Figure 2.2|

2.1.3 Computation paths

By a computation path v of a machine M we understand a sequence of nodes

Y= (7717772"")7

where 7; € Ny and the first node of the sequence 7; is the unique input node
of the machine M (i.e. n; = 1 according to our convention). Moreover, for every
other node 7n; occurring in the sequence v, one of the following is true:

B, if mi—1 is an input or a computation node,

m = By_,» if mi1 is a branch node,

i,» i mi—1 1s a branch node.
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(7,0) m=1 (r—1,1)
ro11) 12 g g
(re29) 22 g g g

Figure 2.2: The computation of the machine M defined in on the input
value 7
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Since an output node has no successor node, it is clear that if a sequence
has an output node then it must be its last node; hence, the sequence is finite.
A computation path v of a BSS machine M is a halting path of the machine M
if it is a finite sequence of nodes whose last node is an output node.

We define length of a path v as the number of nodes in the sequence. If the
sequence is infinite then we define its length as co. We write len(y) for length of
the path ~.

We denote by I'y; the set of all halting paths of a machine M. In addition,
for every T' € N we define the set of all time-T halting paths of a machine M as

FM,T = {’)/ € FMZ len(’y) < T}
We now state and prove one simple but very useful lemma.

Lemma 2.5. Let M be a BSS machine. Then for every natural number T' € N
the number of halting paths of length at most T is bounded by 2T . In particular,

ITr| <27,

Proof. Length of a path is defined as the number of nodes in the sequence. Thus,
if a path has at most T nodes then it has at most 7" branch nodes. Every branch
node has exactly two successor nodes. It follows that the machine has at most
27 different paths of length at most 7. O]

Note that every halting path has one input node and one output node. Hence,

we can prove that
|FM,T| S 2T_27

which is a tighter bound. However, the bound stated in the lemma is sufficient
for our purposes and it will be easier to work with in later chapters.

Corollary 2.6. The set I'y; is a countable set for every BSS machine M.

Proof. By Lemma we know that the set Iy 7 is finite for every T € N.
Therefore, the set

Ty = J Tar
TeN
is a countable union of finite set; hence, a countable set. O

We continue with our example by discussing the computation paths.
Ezample 2.7. Let M be the machine defined in Example 2.3] Consider four
different sequences:

M= (17 27 37 4)a T2 = (]-7 27 37 2a 4)7

V3 = (172737273>7 Y4 = (1727372737"')'
We see that the only sequence which is not a valid computation path of the
machine M is the sequence 7; (the successor node of the node 3 is the node 2

and not the node 4).
Lengths of the computation paths 7., v3 and 4 are

len(vz) =5, len(ys) =5 and len(y,) = oo.
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The set of all halting paths is
Ty ={(1,2,(3,2)",4): n e NU{0}},

where (3,2)" denotes the concatenation of n sequences of the form (3,2). We see
that only the path -, is a halting path (the last node of the path 3 is not an
output node and the length of the path v, is infinite).

The set of all halting paths of length at most 6 is

Fye =9(1,2,4),(1,2,3,2,4)}.

Thus, the path v, lies also in the set I'y/ .

At the end of the previous subsection we observed that every input x of a BSS
machine M determines a unique computation sequence; in particular, a sequence
of the form

((327 772)7 (S?n 7)3)7 s )a
where (s;,1;) € SyrxNyr. We now consider the sequence of the second components
of the computation sequence, namely, the sequence of nodes (12,73 . .. ), and define
a new sequence 7y, as
Yo = (L,m2,m3,...).

It is easy to verify that 7, is a computation path of the machine M (recall that the
input node is always the first node of a computation path and by our convention
we label it by the index 1). We call the path v, the computation path traversed
by the input x.

Note that for every input x € Z,,, the path ~, is either a halting path of the
machine M or its length is infinite. It is also important to mention that the path
traversed by an input x can be equal to the path traversed by a different input z’.
Let us demonstrate it on our example.

Ezxample 2.8. Let M be the machine defined in Example 2.3 Then the compu-
tation path traversed by the input m is

Ye=1(1,2,3,2,3,2,3,2,4),

as we can see in [Figure 2.2, It is easy to observe that the input x = % traverse
the same path as the input 7, i.e. that v, = ;.

2.1.4 The halting set and computation time

By computation time of a machine M we understand the function T); which is
defined as

Thr: Z—NU {OO},
x > len(~,),

where 7, is the computation path traversed by the input z. We say that a BSS
machine M halts on an input x if

Ty(x) < oo.
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A machine M does not halt on an input z if

Note that a machine M halts on an input z if and only if the path ~, is a halting
path so the terminology is not confusing.
We define the halting set of a BSS machine M in a natural way as the set

Qu ={z € Iy: Ty(xr) < oo}.

In addition, for every T' € N we define the time-T halting set of the machine M
as
QM,T = {l’ € IMI TM(I) S T}

We say that the BSS machine M is a constant time BSS machine if there
exists a natural number 7" € N such that

Or equivalently, the machine M is a constant time BSS machine if Q5 = Qpp
for some T" € N.

Moreover, for every halting path v € I'y; we define the set v, C Q) of all
inputs that traverse the path ~. In particular,

vy ={x € Qy:v="s}
Let us state and prove the following useful lemma.

Lemma 2.9 ([I, Lemma 1 in Section 2.2]). For every T € N the time-T halting
set Qurr s a finite disjoint union of the sets v, where v € U'yrr. In particular,

The halting set Qy is a countable disjoint union of the sets v, where v € I'y;.
This means that )
QM = U V.

vEl'm

Proof. The sets v, are disjoint since every input x traverses exactly one compu-
tation path 7, as we observed in [Subsection 2.1.2l From Lemma we know
that the set I'r is finite for every T' € N. This proves that

0

Yelm, T

is a finite disjoint union of sets. We know that the path v, is a halting path if
and only if the machine M halts on the input x. This implies that the union
must be equal to the time-T" halting set {2y 7.

From Corollary [2.6| we know that I'y; is a countable set. Thus,

U
vel M

is a countable disjoint union of sets. We can use the same argument as above to
prove that the union is equal to the halting set 2. O
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Let us now have a closer look at the sets v, for v € I');. Two different inputs
x,x’ € Q) traverse the same path if in every branch node of their computation
the machine decides to take the same outgoing edge (the signs of the branch
function are the same). Thus, every path « determines a finite set of inequalities
(sign conditions). One inequality for each branch node in the sequence. The set
v, is then the set of the inputs which satisfy all these inequalities determined by
the path ~.

In fact, we can be more precise. Every set v, is defined by finitely many
polynomial inequalities which means that it is a basic semi-algebraic set (recall
Definition . Let us briefly discuss why this is true.

Let v = {n1,...,m} be a computation path whose /-th node is a branch node
and the (¢ + 1)-st node is the successor node along the “YES” outgoing edge, i.e.

— At
Ne+1 = Py

From [Subsection 2.1.2| we know that the machine state after / — 1 computation
steps can be viewed as the rational map

Sne—1 = (977271 O:++0(gn,© I)'

Associated with the branch node 7, is the polynomial function h,,. Thus, the
inequality associated with the branch node 7, is the rational inequality

(g © Sy, ) () = 0.

We can assume that the denominator of the rational function h,,os,, , never van-
ishes (recall Remark . Consequently, one can prove that there is a polynomial
inequality which is equivalent to this rational inequality.

This informal discussion gives an intuition why the following lemma holds. We
would need to introduce more detailed description of BSS machines to present
the formal proof which can be found in the book [I].

Lemma 2.10 ([I, Lemma 1 in Section 2.2]). Let M be a BSS machine. Then
the set v, is a basic semi-algebraic set for every halting path v € I'ps.

Let us discuss the semi-algebraic sets of the machine from our example.

Ezample 2.11. Let M be the BSS machine defined in Example 2.3] We assume
the path
v=1(1,232,3,2,3,2,4).

The inequalities determined by the path v are

(hgoI)(x) >0 & x>1,
(hgogsol)(z) >0 & x—12>1,
(hgogsogzol)(x) >0 & z—22>1,
(hgogsogsogsol)(z) <0 & z—-3<1.

Hence, the set v, is

vy={zeRiz>1 ANoe—-1>1 Nz—-2>1 Az—-3<1}.
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We see that not all of the inequalities are needed in this case. In particular, we
have
vy={reR:z-2>1 ANz -3<1} v, =[34).

Recall from Example [2.7|that every halting path is of the form (1,2, (3,2)",4)
for some n € NU {0}. Therefore, it is not difficult to observe that

{r eR: z <1}, for n = 0;
v ng) =
(1,2,(3,2)",4) {reR:n<z<n+1}, forneN,

The halting set of the machine M is {2, = R.

2.1.5 The input-output map

Every BSS machine M has an associated input-output map ®p;. It maps the
input space Z); to the output space Oy, in the following way.

If a machine M does not halt on an input « € Z,; then the value ®/(z) is
not defined.

If a machine M halts on an input x € Z); then we define ®y/(z) as the value
outputted by the machine M whose input was x. In particular, let v, =ny,..., 7
be the computation path traversed by the input x. Then we define

(I)M(x) = (Om OGn_1 000 © I) (ZE)

We see that the map ®,, is a composition of the same maps for all inputs
which traverse the same path. Thus, for every halting path v € I'j; we define the
partial mapping

Pry = Dy M: (Om OGn_1 9" OGn OI) .

Recall from Remark that if 7, is a branch node then we define the map g,
as the identity map on the state space. All maps O,,, gy, ;- ., gn,, I are rational
maps; thus, their composition is a rational map (see Lemma . The next
lemma follows from this discussion.

Lemma 2.12. Let M be a BSS machine and v € Iy its halting path. Then ¢,
is a rational map such that Dom(p,) C v,.

Let us now analyse the input-output map of the BSS machine from our ex-
ample.

Ezample 2.13. Let M be the BSS machine defined in Example 2.3 We already
know that ,; = R. For a halting path v = (1,2, (2,3)",4), where n € NU {0},
we have
0y =Py [,,=0s40g30---0g30l =n.
n

This follows from the definition of Oy, g3 and I (see Exercise . In addition,
we know that g is the identity map id: R? — R2. In other words, the value
/() is equal to the number of times the machine M enters the computation
node during the computation on the input x.
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We can conclude that

0 if —co<ax<0
@ — ) 7
w(@) {ij, if z >0,

where |z | denotes the maximal non-negative integer smaller or equal to the real
number x.
In addition, we can express the computation time of the machine M as

3 if —co<az<0
T — ) )
w(@) {3+2- 2], ifz>0.

Consequently, we see that the machine M is not a constant time BSS machine.
Using the asymptotic notation we can conclude that the halting time is O(x).

2.1.6 Computability in the BSS model

As in the classical Turing model of computation, we can introduce the notion of
computability in the BSS model of computation. We say that a map

: X - R X R

is computable over R if it is an input-output map of some BSS machine M over R.
In particular, if
R" =Zy, RE=0y and X =Qy,

and if the map v equals the map ®,; on the set X. We can also say that the
machine M computes the map .

So the BSS machine defined in Example computes the floor function on
non-negative real numbers.

As usual, a set S C R™ is decidable if its characteristic function

(2) 1, ifzes,
€Tr) =
Xs 0, otherwise;

is a computable function.

2.1.7 The Path Decomposition Theorem

We are now prepared to state the main theorem of this chapter, the Path Decom-
position Theorem. It summaries all the important properties of BSS machines
which we have already discussed in the previous subsections (see Lemma ,

Lemma and Lemma [2.12)).

Theorem 2.14 ([I, Theorem 1 in Chapter 2]). Let M be a finite dimensional
BSS machine over R. Then M has the following properties.

1. For every T € N the time-T halting set of the machine M
QM,T = U Vy
Yel'pm, T

1s a finite disjoint union of basic semi-algebraic sets.
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2. The halting set of the machine M

QM: L‘Jl/7

velm
15 a countable disjoint union of basic semi-algebraic sets.

3. For any halting path v € I'yy, the partial map

Py = ®M ru.y
1S a rational map.

The theorem provides a very powerful proof technique and it has some inter-
esting corollaries. Let us briefly discuss some of them.

Corollary 2.15. Every decidable set is a countable union of semi-algebraic sets.

As a consequence, some famous sets such as the Mandelbrot set or most of
the Julia sets are not decidable over R (see [1, Section 2.4] for more details).

The next corollary follows from Remark [I.10]in which we observed that every
semi-algebraic subset of R is a finite union of open intervals and points.

Corollary 2.16. Let M be a BSS machine with one dimensional input space
Iy = R. Then the halting set Qy is a countable disjoint union of intervals and
points. In particular,

- Un-U( U 5

yeT M yelnmr ie{l,....,my}

where I,; C v, is an open interval or a point and m. denotes the number of
components of the semi-algebraic set v,.

If M is a constant time machine then its halting set is a finite disjoint union
of open intervals and points.

We will discuss the number of connected components of a halting set more
generally in [Section 2.3

We have already shown that the halting time of the BSS machine defined
in Example is O(x). It is not difficult to prove that the floor function is
computable by a more efficient BSS machine whose halting time is O(log,(x)).
However, none of these machines is a constant time machine. Thus, a very natural
question arises. Can a constant time BSS machine compute the floor function
for every non-negative real number? In the next lemma we prove that there is
a negative answer to this question. It is an example how we can use the Path
Decomposition Theorem for proving a lower bound on the halting time of a BSS
machine.

Lemma 2.17 ([I, Proposition 3 in Chapter 2]). Let M be a BSS machine such
that given an input v € R=° outputs ||, i.e. the mazimal non-negative integer
which is smaller or equal to x. Then the machine M is not a constant time BSS
machine.
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Proof. Let M be a BSS machine from the statement. Thus, its halting set contains
all non-negative real numbers, i.e. R=° C Q,,. Moreover, by Corollary we
know that the halting set €2,; is a countable disjoint union of open intervals and
points.

Let us fix an arbitrary positive integer k& € N and consider the half-closed
interval [k,k 4 1). Since the interval [k, k + 1) is a subset of the halting set
s, the interval must contain an open subinterval J such that J C v, for some
v € I'yr. This implies that the associated rational function ¢, is such that

Vo e J: oy (z) = k.

Since J is an open subinterval of R, the function ¢, is the constant function %
by Lemma [1.18

It follows that we need at least K halting paths in order to compute the floor
function on the interval [0, K). Consequently, we need infinitely many halting
paths to compute the floor function for every non-negative real number. This
implies that M cannot be a constant time machine since the number of halting
paths of a constant time machine is bounded (recall Lemma [2.5). ]

An important consequence of the lemma is that in the BSS model of compu-
tation we cannot access the digits of a real number in constant time.

2.2 Elementary instructions

We claimed at the beginning of this chapter that in the BSS model of computation
we consider one arithmetic operation as a unit time operation. However, in the
previous section we defined the halting time of a BSS machine M on an input z
as the number of nodes on the computation path traversed by the input x. Every
node of a machine is associated with a linear, polynomial or rational map. Thus,
there are several arithmetic operations performed in every node.

Therefore, in this section we formally define what we mean by one elementary
instruction of a BSS machine and we introduce elementary BSS machines, this is,
machines performing only one arithmetic operation at a time. Then we discuss
the relationship between the halting time of BSS machines and the halting time
of elementary BSS machines.

In this section M denotes a finite dimensional BSS machine over R. Let us
recall that every finite dimensional machine has there spaces; the input space
Ty = R”, the state space Syy = R™ and the output space Oy = R’ where
m,n,f € N. In addition, it has the set of constants Cy;. We will omit the indices
and write only Z, S, O, C to simplify the notation.

Let s = (s1,...,8m) € S be a state of a BSS machine M. We call s; € R
a component of the state s, where i € {1,...,m}. Usually, we will refer to
a component of the state s in a general manner. If we need to be more specific,
we say the i-th component of the state s. Components of an input and an output
are defined analogously.

In the following definition we formalize what we mean by an elementary in-
struction of a BSS machine.
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Definition 2.18. Let M be a BSS machine with a set of machine constants C
such that 0,1 € C. Let y be a component of a machine state. By an elementary
instruction we mean one of the following assignments

1. y < ¢, where ¢ € C is a machine constant,

2. y < y1 + Y2, Where y;, Yo are components of a machine state,
3. y < y1 - Yo, where y,yo are components of a machine state,
4. y i, where y; # 0 is a component of a machine state,

5. y < —u;, where y; is a component of a machine state.

For technical reasons if ¢ € C is a constant then % is considered to be a rational
function defined by the fixed pair of constant polynomials 1 and c.

Intuitively, an elementary BSS machine is a BSS machine which performs
arithmetic operation only in computation nodes. Moreover, every computation
node coincides with exactly one elementary instruction. Let us be more precise
in the following definition.

Definition 2.19. Let M be a BSS machine with the input space Z = R", the
state space S = R™ and the output space @ = R’. The set of machine constants
is denoted by C and set of nodes is denoted by A'. We call the BSS machine M
an elementary BSS machine if the following holds.

e The map [: Z — § associated with the input node is defined by linear
functions fi, ..., f,, which are such that for every i € {1,...,m}

xj, forsome j e {1,...,n}or
fil(z1, .. ) =1
¢, for some c € C.

e Every computation node n € N performs exactly one elementary instruc-
tion. In particular, the associated map g,: Sy — Sus is defined by rational
functions fi,..., fi,, where exactly one of them is not of the form

fillze, .. xm)) = 2.

The remaining function, let us call it f;, is such that

;

c, for some ¢ € C or

xp + a2y, for some k1 €{1,... m} or
fil(z1,...,xm)) = o -2y,  for some k,l € {1,...,m} or

L for some k € {1,...,m} or

Tk

— Ty, for some k € {1,...,m}.

\

e Every branch node n € N has an associated function h,,: Syy — R which is
of the form

hy((z1,...,2m)) = x;, forsome j € {1,...,m}.
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e Every output node n € N has an associated map O,: Syy — Oy which is
of the form

Op((x1, .. e, Tty - -, ) = (21, ..., Xp).

It follows from the definition that computation nodes of elementary machines
can be viewed as elementary instructions.

2.2.1 The number of elementary instructions

Let us now discuss that every standard BSS machine can be simulated by an el-
ementary BSS machine. By a standard machine we mean a BSS machine as
defined in Definition 2.1]

We know that every node of a standard BSS machine is associated with a map
(linear, polynomial or rational). We claim that each of these maps can be ex-
pressed by a set of elementary instructions. Let us demonstrate it on an input
node.

Assume that M is a standard BSS machine with the machine spaces Z C R"
and & C R™. The input node coincides with a linear map

I1:7—S.

Since the map is linear, every component s; of the initial state s can be expressed

as
n
S; = E a;xr; + b,
=1

where aq,...,a,,b € C and z1,...,x, are input components. We see that at
most 2 - n elementary instructions are needed to initialize one component of the
machine state. All together, at most 2 - m - n elementary instructions are needed
in order to compute the linear map which corresponds to the input node.

Similarly, we can argue that every computation, branch and output node can
be expressed by a set of elementary instructions. We omit the details since, espe-
cially for computation nodes, the analysis becomes rather lengthy and technical.

Nevertheless, the example gives an intuition why the number of elementary
instructions depends on the dimension of the input space, the state space and
the output space and the degree of the maps associated with the nodes of the
machine. For every finite dimensional machine M all these parameters are fixed
(they do not depend on the input). Let us conclude this discussion with the
following observation.

Observation 2.20. Let M be a finite dimensional BSS machine. Then there is
an elementary BSS machine M’ such that

1. the machines M and M’ has the same machine constants, i.e. Cyy = Cyyp;

2. the machines M and M’ has the same input-output map and the same
halting set, i.e.
(I)M = CI)M/ and QM = QM/;

3. the halting times of the machines M and M’ differ only by a constant factor,
i.e. for every x € Q= Qup the following inequalities hold
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2.2.2 The degree and coefficients of the input-output map

We will now study the following question. How does one elementary instruction
influence the degree and the coefficients of the input-output map? This technical
analysis will be useful later in the work where we will study functions that can
be computed by BSS machines with one dimensional input spaces. Therefore,
we restrict ourselves to this special case and for the rest of this subsection we
assume that M is a finite dimensional elementary BSS machine whose input
space is Z = R.

Recall from [Subsection 2.1.2] that every component of a machine state at any
time can be viewed as a rational function over R.

Let us first discuss the degree and the coefficients of a component of a ma-
chine state before the first computation node (i.e. before the first elementary
instruction).

Lemma 2.21. Let M be an elementary BSS machine with the input space T C R,
the state space S C R™ and the set machine constants C. Let s denote the state
of the machine M after the input node. Lety be a component of the state s. Then
y € R[x] is a polynomial such that

deg(y) <1 and coef(y) C C.

Proof. By definition we know that either y = x, where z is the input of the
machine, or y = ¢, where ¢ € C is a machine constant. In the first case

deg(y) =1 and coef(y) = {0,1} C C
In the case when y = ¢ we have
deg(y) =0 <1 and coef(y) = {0,1,c} C C.
[

In the next lemma we study how one elementary instruction (one computation
node) influences the degree and the set of coefficients of a machine state.

Lemma 2.22. Suppose that M is an elementary BSS machine in a state s € S.
Let A C R and dyae € N be such that for every component y of the state s there
exist polynomials p, q € Rlz] such that

p
Yy=—
q
deg(p), deg(q) < dmaa, (2.1)
coef(p), coef(q) C A. (2.2)

Let s' be a state of the machine M after exactly one elementary instruction. Then
for every component y' of the new state s' there exist polynomials p',q" € Rlx]
such that

p/
y/ = ?7
deg(p'), deg(q') < 2drmaz, (2.3)

coef(p), coef(q') C dB?,
where d = 2(1 + dpaz) and B =AU —A.
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Proof. Since y is a component of the state s, we know by Lemma that C C A.
In addition, by Lemma [I.3] we know that

(AU—-A)> =A% U2A(-A)U(—A)%

It follows that A*> C B? and —A C (—A)?> C B2
Let us now proceed by a case analysis splitting on the type of elementary
instruction.

1.

Let /' = ¢, where ¢ € C is a machine constant. Then the constant polyno-
mials p’ = ¢ and ¢ = 1 trivially satisfy the statement.

Let 3y = y1 + yo, where yy, y2 are components of the state s. Then from the
first part of Lemma we know that there exist polynomials p/, ¢ € R[z]
such that % = Y1 + Y2, the inequality lb holds and

d
coef(p') C dA?, coef(q) C §A2,

which implies that the inclusion ([2.4]) is true.

. Let ¥/ = y1 - y2, where y1,y, are components of the state s. Then from

the second part of Lemma [1.13] we know that there exist polynomials
7, q € R[z| such that L = y1 - 4o, the inequality 1’ holds and

coef(p'), coef(q') C gA2,

which proves the inclusion ([2.4]).

Let ¢y = y—ll, where y; # 0 is a component of the state s. Then by our
assumption there exist polynomials p,q € R[z| such that y; = § and the

equalities (2.1)) and (2.2]) hold. It is easy to observe that polynomials p’ = ¢
and ¢’ = p satisfy the statement. Note that p is a non-zero polynomial since

y1 # 0.

. Let yy = —y1, where y; is a component of the state s. Then by our assump-

tion there exist polynomials p,q € R[z| such that y; = %’ and the equalities

(2.1) and (2.2) hold. Observe that
coef(—p) C —coef(p) C—A CB
holds. It follows that polynomials p’ = —p and ¢’ = ¢ satisfy the statement.
]

In the next theorem we generalize the previous lemma.
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Theorem 2.23. Assume that M is an elementary BSS machine with the set of
constants C. Let k be a positive integer. Suppose that s € S s a state of the
machine M after k — 1 elementary instructions. Then for every component y of
the state s there exist polynomials p,q such that the following is true:

p

y= -,
q

deg(p), deg(q) < 2",
coef(p), coef(q) C 22" C¥,

where C = C U —C.
The proof of the statement consists of many technical computations. For
better orientation, we first establish some notation which will be used in the

proof.

By yr we denote a component of a state after k elementary instructions. Let
dr € N U {0} be such that for every y; there exist polynomials py, gx with the
following properties

Pk
=" and  deg(pr), deg(qr) < di.
k
And finally, for k£ > 2 we define an auxiliary value Dy = 2(1 + d_1).
Let us now prove the theorem.

Proof. From Lemma [2.21| we know that before the first elementary instruction,
i.e. for k =1, there exist polynomials py, ¢, such that y; = % and

deg(p1),deg(q1) <1< 2' and coef(p,),coef(q;) C C.

Thus, the theorem holds for k = 1.
Let us now prove an auxiliary statement. For every k > 2 there exists poly-
nomials p, g such that yx = 2=, deg(py), deg(qx) < 2% and

k—2
coef (py), coef(qx) C (H(Dk_i)2i> c, (2.5)

i=0
where C = CU—C. We proceed by induction on k.

e By Lemma we know that there exist polynomials ps, g2 such that
b2
Y2 = —,
42
deg(p2)7 deg(Q2) <2-2

coef (py), coef () C DyC2.

e Now we assume that the auxiliary statement is true for k£ — 1. Then by
Lemma there exist polynomials py, ¢ such that
Pk
Y = —,
4k
deg(py), deg(ar) < 2°,

coef(py), coef(qr) C Dy, ((ﬁ(Dk_i_l)Ql) éQk_l> :
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By Lemma we can modify the expression on the right hand side of the
inclusion as follows

o((fnr)e) (o))

This can be further simplified as

k—3 k—2
() o)

We derived that the inclusion (2.5)) holds and hence proved the auxiliary
statement.

To complete the proof of the theorem we need to show that for every k£ > 2
the following inequality holds

k—2

[I(Dr-)* <22 (2.6)

=0

Let us fix an arbitrary value & > 2. We have already proved that dj_; < 281
Therefore, be can bound the value D, as follows

Dy = 2(1 + dp_y) < 2(1 42871 < 2k

This implies that

k—2 k—2 k—2 ‘ o _
H H ok— z+1 HQ(k—iH)-W _ QZi:—O (k—i+1)-2¢
i=0 i=0 i=0
holds. The sum in the exponent can be expanded as
k—2 k—2 k—2 k—2

(k—it+1)-20=k) 20=) 2i+> 2" (2.7)

Recall the following two well known sums

221_2n+1
221 : 2"p — 2" 4 1).

Using these general formulae, we can modify the equality (2.7) as

Il
o
-~
Il
=)
.
I
o
-
Il
=)

%

=

3 (k—i+1)-20 =k —1) =202 2(k—2) =282 4 1) + (21 — 1)

<.
Il
=)

=9k — f—oF 4 ok 4 ok=l _ 94 ok=1
=l _ L3
S 2k+1'
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Thus, we proved the inequality (2.6)).
And finally, using this inequality in the relation ([2.5) we achieve that

k—2

coef(py), coef(qx) C (H(Dk—z)2> c* c 22" c?,

i=0
which is exactly what we wanted to prove. O]

Let us make one important remark. All the proofs in this subsection were
constructive. This means that they provide an algorithm how to find a pair of
polynomials with stated properties for every component of a machine state. From
now on, by the fixed pair of polynomials whose quotient represents a component
of the machine state we understand the polynomials defined by this algorithm.

2.3 The number of connected components of the
halting set

In this section, we study the number of connected components of the halting set
of a constant time BSS machine. Recall first what we know from Theorem [2.14]
(the Path Decomposition Theorem). Let M be a constant time BSS machine.
Then its halting set €2,/ is a finite disjoint union of semi-algebraic sets v.,, where
v e FM

Since the machine M is a constant time machine, there must exist a natural
number 7" which bounds the number of nodes on a path v € I'j);. The number
of branch nodes, let us denote it B, must be less or equal to the number of all
nodes; i.e. B < T. Every branch node has two successor nodes and therefore the
number of paths (respectively, semi-algebraic sets) is bounded by the value 27.
It follows that the number of connected components of the halting set €2, is less
or equal to

27 . mlgx{the number of connected components of the set v, }.
el M
Thus, it is sufficient to find an upper bound on the number of connected compo-
nents of a semi-algebraic sets v,.
We begin with a lemma that bounds the number of connected components
of a general semi-algebraic set. We omit the proof which can be found in the

book [1].

Lemma 2.24 ([1, Proposition 3 in Chapter 16]). Let S C R" be a semi-algebraic
set defined by

f1<£L'> = O, cey fp(l') = O,
fp-l—l(x) > Oa s 7fp+k(x) > 07
forrr1(x) >0, fore(z) >0,

where f; are polynomials. Let d = max{2,deg(f1),...,deg(fp+e)}. Then the
number of connected components of the semi-algebraic set S is at most

d(2d — 1)" 1,
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Now we are prepared to state and prove the main theorem of this section.

Theorem 2.25. Let M be a constant time elementary BSS machine with the
mput space T = R™. Let T € N be the time bound of the machine M, i.e. for
every x € Qyy it holds that Ty(x) < T. Then for every halting path v € Ty the
number of connected components of the semi-algebraic set v, is at most

2. 3mtI-t

The main idea of the proof is similar to the idea used in the proof of Theorem 2
presented in the book [I, Chapter 16].

Proof. Let x € R™ and let v, = (n,...,n;) be the path traversed by the input x.
From our assumption we know that ¢ < T'. Let us construct a system of quadratic
equations and inequalities. For every ¢ € {1,...,t} we do one of the following:

e if 1; is an input node or an output node then do nothing;

e if 1; is a computational node performing an elementary instruction of the
first type (i.e. the instruction y < ¢, where ¢ is a machine constant) then
do nothing;

e if 7, is a computational node performing any other elementary instruction
then add a new variable y; and the equation

Y; = S1 + s9, if n; performes addition,

Y; = 81 - So, if m; performes multiplication,

. . (2.8)
yi = —s1, if n; performes negation,
s1-y; =1, if n; performes inversion,
where s1, 82 € {x1, ..., Tp, Y1, Vi1 };
e if n; is a branch instruction then add a new inequality
Sk > 0, if ' = +,,
k20 b =0y, (2.9)

s <0, if mip =B,
where s € {x1,...,Zn, Y1, ..,Yi—1} is the value whose sign is tested.

Let h denote the number of computational nodes which do not perform an
elementary instruction of the first type. It is clear that the inequalities

h<t<T

hold. Let S be the semi-algebraic set defined by the system of quadratic equali-
ties (2.8) and inequalities (2.9)). Note that the set of variables is

{xlw'wxnayla"')yh};

hence, S C R"*". The set S is a semi-algebraic set defined by polynomial in-
equalities and equations of degree at most 2. Therefore, by Lemma [2.24] the set S
has at most

2(2 .9 1)n+h71 S 9. 3n+T71
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connected components. The semi-algebraic set v, is the projection onto the
first n coordinates of the set S. The number of connected components can-
not increase during the projection; therefore, we can conclude that the number
of connected components of v, is at most 2-3"T7~1 as stated in the theorem. [

Corollary 2.26. Let M be a constant time elementary BSS machine with the
mput space T = R™. Let T € N be the time bound of the machine M, i.e. for
every x € Qg it holds that Ty (x) < T. Then the number of connected components
of the halting set Q2; is bounded by

2T+1 3n+T— 1 ]

2.4 General BSS machines

An important result in the classical Turing model of computation is the existence
of a Turing machine which is able to compute any computable function; a uni-
versal Turing machine. We claimed in the introduction that the BSS model of
computation generalize the Turing model of computation. Therefore, it is natural
to ask whether there is a universal BSS machine.

One of the basic properties of a universal machine is that it accepts every finite
dimensional input. However, the input space of a BSS machine, as we defined it
in [Section 2.1} is of fixed dimension over R. To achieve a universal BSS machine,
we need to generalize our definition. Therefore, we introduce BSS machines which
can store and work with finite but unbounded sequences of elements of R, where
R is an arbitrary commutative ring with unit. We call these machines general
BSS machines over R.

Later in this work we will always consider finite dimensional BSS machines.
Therefore, we present only an informative introduction to the theory of general
BSS machines. Formal definition and all the details can be found in the book [I}
Chapter 3].

As already mentioned, we would like to work with finite but unbounded se-
quence of elements of R. Following the approach of authors of the book [I], we
introduce two spaces B> and R...

The space R* is defined as the disjoint union

R = | R,

n>0

where R° is the O-dimensional space with just one element 0. For x € R" C R®
we call n the length of x.

The R is defined as the bi-infinite directed sum space over R. In particular,
the elements of the space R, have the form

Tr = (...,(’E,Q,x,l,l'o . 33'1,1}2,{133,...),

7

where z; € R for all i € Z and x;, = 0 for |k| large enough. The symbol “.” is
the distinguished marker between xy and x;.

The definition of a general BSS machine over R is similar to the definition
of a finite dimensional BSS machine over R (see Definition [2.1)). There are two
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main changes. Firstly, the spaces associated with a general machine have to be
infinite dimensional spaces R* and R.,. This allows a machine to input, store
and output unbounded sequences. However, to access and compute with these
sequences, we need introduce another type of node; a shift node. Its function is
to shift the state of the machine one coordinate to the left or to the right. Let us
be more precise.

A general BSS machine M is a finite connected directed graph which has five
types of nodes: input, computation, branch, output and shift. The machine has
three associated spaces: the input space Z,; = R, the state space Sy = R
and the output space Oy = R*.

The first four types of nodes are defined as in the finite dimensional case
except for the associated maps.

The input node is associated with a map I: R*® — R, defined as

(X1, yxp) = (.,0,1, 0001 ey, 2,0, ).
——

n

The output node is associated with a map O: R,, — R* defined as

(r1,...,20) € RY, if £ >0

~—— OGRO, if £ =0.

14

(...,0,1,...,1 .$17...,l’g,...)l—>{

A branch node 7 is associated with a polynomial function h,: R™ — R for
some m € N. The polynomial function A, is non-zero and it defines a polynomial
function h,: R, — R as follows

hy((cos@0 v T1y oo Ty Tig1s -+ ) = hyp(@1, .. Ty

A computation node 7 is associated with a rational map g,: R™ — R™ for
some m € N. The rational map g, defines a rational map g,: R — R as
follows

(- s®o w X1y Ty Tty -2 ) = (oo To w0 Gp(T1, oo T )y Ton1, - - - )-

Let us now define the fifth type of node. A shift node n has possibly several
incoming edges and one outgoing edge. Thus, it is associated with a unique suc-
cessor node f3,. In addition, the shift node 7 has an associated map g, € {o,, o4},
where o,, o, are the shift maps defined as follows. The right shift map

0, Reo =& R,

(...,i[},l,l'o . .’131,1'2,...)|—>(...,$,1,$0,$1 . 332,...),

shifts all the elements of the sequence one coordinate the left (equivalently we
could say that it shifts the distinguished mark to the right). The left shift map

0. Rye = R,

(...,I‘,l,xo . $17$2,...)H(...,$,1 . xo,xl,xQ,...),

shifts all the elements of the sequence one coordinate the right (i.e. it shifts the
distinguished mark to the left).
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Note that a general BSS machine without shift nodes is essentially a finite-
dimensional BSS machine. It can store sequences of arbitrary length; however,
without shift nodes it cannot access them. Thus, the strength of general machines
comes from the combination of infinite machine spaces and the fifth type of node.

These two changes also enable general BSS machines to simulate classical
Turing machines. The distinguished mark (the symbol “.”) in elements of R,
of a general BSS machine corresponds to the position of the read-write head of
a Turing machine and the shift nodes simulate the shift operations of the read-
write head, i.e. the instructions “move left” and “more right”.

All notions defined for finite dimensional machines (for example computation
path, halting set, input-output map) can be extended to general machines. In
addition, a variant of Theorem (the Path Decomposition Theorem) holds for
general machines. We do not introduce this theory here since we do not need it
in the rest of our work. However, it can be found in the book [I, Chapter 3].

2.5 Complexity theory in the BSS model

As in the classical (Turing) model of computation, we can talk about the com-
plexity of a general BSS machine and consequently define complexity classes.

By complexity of a function or a map we intuitively mean the cost of com-
puting it by a machine. The term “cost” typically refers to the optimal number
of elementary operations of a machine or the optimal amount of space which is
needed during the computation.

In the classical model of computation, complexity is expressed as a function
of size of the input. Thus, before we formalize the notions “cost of computation”
and “complexity of a map” in the BSS model of computation, we need to specify
what we mean by “size of an input”.

We introduce the theory of complexity in the BSS model only briefly since
the direction of our work is different. In this section we follow the approach of
authors of the book [I] in which more details can be found.

Let R be an arbitrary commutative ring with unit. Suppose that we have
a hight function htgr defined on R, i.e. a function that maps elements of R to
non-negative integers. For a vector x = (x1,...,2,) € R™ we define the hight
function as

htr(z) = max htg(x;).
ie{l,...,n}

In this work we consider the following hight functions

Vo € R: htg(z) =1,
Vx € ZQZ htZQ(.ZE) = 1,
Vo € Z: htz(x) = [log(|z| + 1)].

Recall from that for z € R" C R*™ we define
length(z) = n.
We define the size of x € R™ C R™ as

size(x) = length(z) - htg(z).
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Over R an Z, we consider the unit hight; thus, size of an input z is equal to its
dimension. Over Z we consider the logarithmic hight; hence, size of an input z
is approximately the bit length of the sequence .

Now we are prepared to define what we mean by cost of computation. For
r € R" C R*™ we define

costys () = T () - htyae (),

where Ty (z) is the halting time of the machine M on an input x and ht,,q,(z)
is the maximal hight of any element occurring in the computation of M on the
input z. For machines over R and Z,, the cost of computation and the halting
time of a machine M on an input x are the same.

A machine M over R is a polynomial time machine on X C R* if

de,q € N Vo € X: costy(x) < csize(x))?.

The authors of the book [I] pay a lot of attention to complexity theory in
the BSS model. As already mentioned in the beginning of this section, we can
define complexity classes over an arbitrary ring with unit in the BSS model of
computation. As one would expect, many interesting questions regarding their
relationships arise. Is P = NPy true? Does Pc = NP¢ hold? Are these two
questions related to each other? Would an answer to one of these questions
tell us anything about the famous P = NP problem in the classical model of
computation?

These and many other questions were intensively studied especially in the
early 1990s. And some of them were answered. For example, in 1991 Felipe
Cucker proved that Pg # NCg, see [5] for more details. However, it is a widely
recognized conjecture that results from the complexity theory over real numbers
do not bring an insight into the famous problems of the classical complexity
theory.

At the end of this section, let us discuss the time complexity of finite dimen-
sional BSS machines, which will be of our main interest in the rest of this work.
Finite dimensional machines have a fixed dimension of the input space so the
size of an input is fixed (bounded). Therefore, it makes little sense to talk about
complexity classes for finite dimensional machines. However, it is still interesting
to study the time complexity of these machines. Recall that the BSS machine
defined in Example is a finite dimensional machine whose halting time is not
bounded. Thus, it make sense to ask how the halting time of a machine depends
on the input of the machine.

Let us summarize. For finite dimensional machines we distinguish the follow-
ing three situations:

1. The map is not computable by a finite dimensional machine.

2. The map is computable by a finite dimensional machine but not in constant
time.

3. The map is computable by a finite dimensional machine in constant time.

We will see examples of all three kinds of maps later in the work.
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2.6 Machines with built-in constants

In this work we will often study machines that, given an input, have to output
an e-approximation of some value that was derived from the input. More precisely.
Let € > 0 be a fixed constant and f: A — B, where A;B C R, a real function.
A BSS machine that approximates the function f with the precision € is given an
input z € A and it has to output a value y € B such that

ly — f(z)] < e

Ezample 2.27. Let ¢ = 1 and f: RT — RT defined as f(z) = /. Then a BSS
machine computing the square root function with the precision € = 1 is a machine
that, given x € R, outputs y € R* such that

ly — V| < 1.

Note that the precision € > 0 is fixed; hence, it does not depend on the
input y. Therefore, it is natural to understand the precision € as a machine
constant. Recall that every BSS machine has a set of machine constants. These
constants appear as coefficients of the maps corresponding to the nodes of the
machine.

Another way how to understand the precision € is to consider it as “a part
of hardware”. Let us discuss this alternative point of view in more detail and
explain what we mean by the expression “ a part of hardware”.

Let us first recall that for every real number ¢ € R" there exists a rational
number ¢ € QT such that the inequalities

0<é<e

hold. It follows that we can restrict ourselves to rational € > 0. The next lemma
explains why we are interested in this simplification.

Lemma 2.28. Let e € QT be fized. Then for every elementary BSS machine M
such that € € Cyy there exists an elementary BSS machine M’ such that

1. the machines M and M’ has the same machine constants except for € which
is mot a machine constant of the machine M’', i.e.

Cur = Cur \ {e};

2. the machines M and M’ have the same input-output map and the same
halting set; in particular,

(I)M == (I)M/ and QM = QM/;

3. the time complexities of both machines are proportionally the same, i.e. for
every x € Oy = Qpp we have

Tyi(z) < Tap(z) < Tog(z) + O(1).
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Proof. Let p,q € N be smallest possible natural numbers such that ¢ = %. We

know that such natural numbers exist since € € Q. The natural numbers p, g
can be expressed as

p:1+...+1’ q:1_|_--.+1' (2.10)
—_— —_—

p q

Recall that we assume that every BSS machine has 0 and 1 as machine constants.
Thus, from (2.10)) we see that the value € can be computed in p + g+ 1 elemen-
tary instructions from the constant 1. Note that this is an upper bound on the
number of elementary instructions since there might be a more efficient way how
to compute the values p, ¢ from the constant 1.

We are given a BSS machine M and we construct a BSS machine M’ in the
following way. All appearances of the constant € in the input node of the machine
M are replaced by the constant 0. Then the machine M’ performs the following
sequence of p + q + 4 elementary instructions

(s1,82,83) « (1,1,1); (51,82, 83) ¢ (81,52 + 83, 83);
(s1,82,83) < (51 + s3, S2, S3); L q

p (51,82, 83) ¢ (81, 52 + 83, 83);
(s1,S2,83) < (51 + S3, S2, S3); (51,82, 83) ¢ (°1/s2, S2, S3) .

Note that the first instruction represents in fact three elementary instructions.
The machine M’ stores the computed value € in one component of the machine
state, let us denote this component s’. Thereafter, the machine M’ performs
the elementary instruction s < s’ for every component s of the machine state
which was assigned by the constant 0 instead of the constant € in the input node.
Observe that there are at most m instructions of this kind needed, where m is
the dimension of the state space of the machine M.

Now the machine M’ copies all nodes of the machine M. When a computation
node performing the instruction s < € occurs, the machine M’ replaces it with
the instruction s < s'.

It follows from our construction that Cp = Cys \ {€}. The second part of
the lemma follows from the fact that the only elementary instructions that were
changed do not influence the input-output map or the halting set. The machine
M’ has at most (p+ ¢ + 4) + m additional elementary instructions, i.e. for every
x € Qur = Qup we have

TM(.T) -+ (p+ q +4) +m = TM/(ZE)

Since the value € is fixed, the values p, g are fixed as well. Since M is a finite
dimensional machine, the dimension m is also fixed. The third part of the lemma
follows. u

We say the BSS machine M’ from the proof above has € as a built-in constant.

Based on the previous discussions, let us establish the following convention.
In the rest of this work, when we talk about a BSS machine which has a fixed
precision € > 0 then

1. we assume that € € Qt;
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2. the BSS machine has € as a built-in constant. In particular, € is not in the
set of the machine constants but it is computed from the constant 1 at the
beginning of the computation.

At the end of this section, let us discuss what we understand by the time
complexity of an approximation problem (such as for example the approximation
of a zero of a real polynomial).

Intuitively, when we study the time complexity of an approximation prob-
lem, we expect it to depend on the input value and the required precision of our
approximation. However, this does not match with the theory which we intro-
duced in this section. Observe that we were taking about BSS machines that
have a fixed precision € > 0. Time bounds may depend on € but we shall treat e
as a fixed parameter, not as a variable.

Therefore, if we want to study the time complexity of an approximation prob-
lem then we implicitly consider a family of BSS machines M = {M_ }.co+. All
machines in the family M solve the same approximation problem but each of
them with a different precision. Hence, it make sense to talk about the general
time complexity of the family, which is now a function of the input and the pre-
cision. Note that the precision determines which BSS machine in the family we
refer to.

2.7 Informal algorithms

Let us close this chapter about BSS machines with a technical convention. We
introduced the theory of BSS machines to formally capture algorithms which op-
erates with real numbers. However, it is impractical to describe every algorithm
formally as a BSS machine. Therefore, in the rest of the work we write down al-
gorithms informally in “pseudo-code”. It should be always clear that the informal
algorithm can be formalized as a BSS machine.

So for example the BSS machine defined in Example would be informally
describe by Algorithm [2.1]

We will also frequently use the informal notion “while-loop”. We believe that
the meaning of this expression is intuitively clear. In this concrete example, by
one “while-loop” we understand the sequence of nodes (2,3), i.e. the sequence
(branch node, computation node).

Input: z € R

k <« 0;

while x > 1 do
ré—zr—1;
k<+k+1;

end

return k

Algorithm 2.1: Pseudo-code of the BSS machine defined in

which computes the floor function for non-negative real numbers
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3. The square root function

Our main aim is to analyse the functions from R to R which are easy to compute
with a BSS machine but hard to invert. In the previous chapter we showed that
BSS machines compute maps that are piecewise rational. Therefore, polynomials
and rational functions over R are of our interest.

Let us first assume that we have a non-zero rational function v which can be
represented by two polynomials p, ¢ € R[z] which are both of degree less or equal
to one. The rational function v is certainly easy to compute with a BSS machine.
Since 1 is a non-zero function, the polynomial p must be non-zero as well. Let
¢ be a rational function such that ¢ = 1%. Then clearly ¢ - ¢ = 1. Moreover,
the rational function ¢ is as easy to compute in the BSS model as the rational
function .

This discussion explains why it makes no sense to consider linear polynomi-
als or rational functions which can be represented by a fraction of two linear
polynomials. We are naturally led to study polynomials of higher degree.

In this chapter, we focus on BSS machines which try to invert the most simple
non-linear polynomial, i.e. the polynomial z? € R[z]. In other words, we are
interested in BSS machines which compute the square root of a non-negative real
number. In we study if there exists a BSS machine which computes
the square root function with infinite precision. In we focus on BSS
machines which compute an e-approximation of the square root function, where
e > 0 is an arbitrary but fixed constant.

Before we start, let us introduce one important convention about notation.

3.1 Notation

In the rest of this work M, denotes the BSS machine which we are trying to invert
and M denotes a candidate for an inverting machine. The input of the machine
My will be denoted by x and the output will be denoted by y. Therefore, we
understand the input-output map of the machine M, as a real function whose
variable is x and the input-output map of the machine M as a real function whose

variable is y. This convention is illustrated in [Figure 3.1}
Hence, in this chapter M is a BSS machine that computes the square function,

ie. @y (xr) = 2% and Qy, = R. In we study whether there exists
a BSS machine M such that Q) = R=? and ®y,(y) = \/y. In this case we have

the following equivalence

uy) =y & (2u(y) = .
Consequently, it does not matter if we study the problem of inverting the square
function or the problem of computing the square root function.

We have to be more careful in Section 3.3l Note that if there exists a BSS
machine M such that for every y € R=°

[Par(y) = vyl <e

where € > 0 is the fixed precision, then there also exists a BSS machine M’ such
that for every y € R=9

[(Par(y)? —yl <e
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Figure 3.1: Hlustration of the used notation

Since the square function is injective on R=%, the opposite holds as well. So if
we are interested only in the existence of a computing (respectively, an inverting)
machine then it does not matter which of these two points of view we consider.
However, for a fixed precision € > 0, the time complexity of computing the
square root function with the precision € is not the same as the time complexity
of inverting the square function with the precision €. To distinguish these two
complexities and avoid confusion, we will use the letter p in the first case and the
letter € in the second case. It is not difficult to prove that for y € RZ% and € > 0
the implication

[Par(y) — vVl < o= [(Pu(y)? —yl < e
holds if 0 < o < \/y + € — /€.

summarizes the established convention.
3.2 A square root with infinite precision

In this section we study the following problem. Is there a BSS machine which,
given an input y € R=% outputs a value 2’ € R such that (z/)* = y?
Let us first focus on constant time BSS machines.

Theorem 3.1. The set

{y € (Pu(y)* =y}
is finite for every constant time BSS machine M.

Proof. Without lost of generality we can assume that M is an elementary BSS
machine (see Observation for more details).
Let v € I'y; be an arbitrary halting path and consider the set

{yev,: (v, ()" =y}
We define a new polynomial ¢, € R[y| as
Uy (y) = P2(y) — E(y) - v,
where p., ¢, € R[y] are such that ¢, = Z—z. Observe that
deg(p2(y)) # deg(d3(y) - v)
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since the value deg(p?(y)) is even whereas the value deg(¢2(y) - y) is odd.

Recall that M is a constant time machine. Thus, there exists a natural number
T € N such that Ty (y) < T for every y € Qy. Consequently, the number of
elementary instructions performed by the machine M on an input y € ), is also
bounded by the value T'. Then we know by Theorem that

deg(p,) < 2" and deg(q,) <2".
Thus, we derived the following bound
deg ), = max{2deg(p,),2deg(q,) + 1} < 2" + 1.

Since the rational function ¢, is defined on v, we have the following equality of
sets

{yevy: (o) =y} ={y € vy:9hy(y) = 0}
We can bound the cardinality of these sets using Lemma [1.15] as

{y € vyt (o) =y} = Hy € vy 1 by (y) = 0} <27 + 1.
The Path Decomposition Theorem implies the equality

{y € Qs (@) =y}l = Y Hyev: (o) =y}l

vel'm
We know from Lemma [2.5| that |T'y| < 27. Consequently, we have
{y € Qe (Pur(y)* =wHl <27 (2771 + 1),
Hence, we proved that the set {y € Qar: (Ppr(y))? = y} is finite. O

Let us now state one important consequence of the theorem.

Corollary 3.2. No BSS machine computes the real function \/y eractly on any
non-trivial subinterval of R=Y.

Proof. Let M be an arbitrary BSS machine and let 7" € N. From Theorem
we know that the set

{y € Qur: (Pur(y)? =y}
is finite. Hence,

{yeQ: ()’ =y} = J{v € Qur: (®ur®)’ =y}

TeN

is a countable union of finite set which means that it is a countable set. However,
every non-trivial subinterval of R is uncountable. O

Does it mean that the square function is an “easy to compute and hard to
invert function”? There is only one elementary operation needed in order to
compute 22 but, as we just proved, there is no BSS machine that can compute
the inverse. So the answer to the question can be “Yes”.

Nevertheless, the situation in which we allow the inverting machine to make
a small mistake seems to be more natural when working with real numbers. Recall
that one of our motivations is biometric authentication. We have a biological trait
which changes a little over time. Then the requirement of equality with infinite
precision does not make a lot of sense. Mainly, because we would not be able to
authenticate ourselves.

Let us therefore study the case in which a small error is allowed.
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3.3 A square root with an arbitrary but fixed
precision

We are now in the situation in which ¢ > 0 is a fixed constant and we study if
there is a BSS machine M such that for every y € R=? it holds

[Px(y) — Vil <o

The reason why we now use p instead of € is explained in [Section 3.1

We prove in [Subsection 3.3.1| that no constant time machine can approximate
/¥ with the precision ¢ for all y € R=°. Then a natural question arises; is there
any BSS machine that computes the square root function with the precision o7
And if so, what is its time complexity?

We show that there is a positive answer to the first question. To answer the
latter, we present both an upper bound (in [Subsection 3.3.2)) and a lower bound
(in [Subsection 3.3.3)) on the time complexity of this problem.

3.3.1 Constant time machines

Let o > 0 be an arbitrary fixed constant. Firstly, we prove that for every constant
time BSS machine M the set

{y e R=: |0y (y) — Vil < 0}

is bounded. As a consequence, no constant time machine can compute the square
root function for all non-negative real numbers.

Theorem 3.3. Let o > 0. For every constant time BSS machine M there exists
d > 0 such that for every y > 6 it holds that |®y(y) — /Y| > o.

Let us first observe that by the definition of limit it is sufficient to show that
lim |[®(y) — Vy| = 0.
y—)OO

Before we prove the theorem, let us state an auxiliary lemma about limits.

Lemma 3.4. Let a,b € R[y| be two polynomials such that

n

aly) = Z ay', bly) = Zbiyi,

=0

where a;, b; € R,n,m >0 and a,,b,, # 0. Then

Y—00

Proof.  a) If n > m then by the Algebraic Limit Theorem we have

n ) _ b
aly) —bly) V¥ _ (y__ v —)

1;
yggo b(y) Yy—00

=

ym ()

ym

Ap .. _
= — - lim ¢y"™ ™,
by,  y—oo

which equals 00 depending on the sign of . Recall that a,, b, # 0.
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b) If n < m then again by the Algebraic Limit Theorem we have

m aly) b)Y
ay) =)y [V NY s T v
lim = lim .
y—00 b(y) y—00 ym b(y)
ym
= —— - lim
by,  y—oo y
which equals —oo.
We proved that lim <% — \/g) = 400 and the statement follows. O]
Y—00 Y)

Now we are prepared to prove Theorem

Proof (Theorem . Let M be a constant time BSS machine. By definition
there is a natural number 7" € N such that Ty, (y) < T for all y € Q. We know
from Theorem that ¢, is a rational function for every v € I'y;. So according
to Lemma [3.4] there exists 0, > 0 such that for all y € v, the following implication
holds

y>o, = I%(y)—\/ﬁ\ > 0.

Let us define the value § as
0 = max 9,.
vyelnm
By Lemma [2.5{we have the bound |T'5;| < 2. Consequently, the set {d,: v € ['ss}
is finite and thus the maximum exists.
Next, fix an arbitrary real number y > §. Then by Theorem the equality

[Par(y) =Vl = les(y) = VYl

holds for exactly one v € I'y;. Because y > 6 > 6., we derived that

[P (y) = vyl > e

3.3.2 Upper bound on the time complexity

The aim of this section is to construct a concrete BSS machine which approxi-
mates ,/y with the precision o, where ¢ > 0 is fixed. Secondly, we bound the
time complexity of the constructed machine. And finally, we analyse the set of
machine constants.

In fact, we present two algorithms (BSS machines) in this section. The first
one is essentially the half-interval search algorithm which has the time complexity
O (logy(y) — logy(0)). The second algorithm is based on Newton’s method which
has a better time complexity O (log, (log,(y) — log,())). Nevertheless, Newton’s
method does not always converge. In order to solve this problem, we first have to
make some non-trivial precomputations. In total, we achieve the time complexity

O ((logy (log, (y) —log,(0)))?) |

where a ~ 1.6.
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In sake of proving the claimed time complexities, we need to include many
technical and rather lengthy computations in this subsection.

Before we start with the first method, let us recall some technical conventions
from the previous chapter. An algorithm (written down in “pseudo code”) will
informally describe a family of BSS machines M = {M,},. A BSS machine
M, € M approximates the square root function with the precision p. Moreover,
a machine M, has p as a built-in constant. And finally, when we talk about
the time complexity of the algorithm then we mean the time complexity of the
corresponding family of machines (i.e. it depends both on the input y and the
precision p). See |[Section 2.6 and [Section 2.7| for more details.

The half-interval search method

Let o > 0 be fixed. The idea of this algorithm is very simple. We start with
a closed interval which contains /y. In every step we take the middle of the
interval and decide which subinterval contains ,/y. Then we apply the same
procedure on this subinterval. We continue until the length of the interval is
smaller than p. We end up with an interval that contains ,/y and every point of
the interval approximates /y with the precision .

Input: y € R=°
Output: z € R such that |z — /y| < 0
zr +— 0;

zr  max{l,y} ;
while zp — 27, > o do
2y 2p 4+ B
if 22, < y then

‘ ZL < ZM;
end
else

‘ ZR < ZM;
end

end

return z,

Algorithm 3.1: Approximation of ,/y based on the half-interval search
method

Theorem 3.5. Algorithm halts on every valid input y € R=° and it outputs
a value z € R such that
|2 =Vl <o

Its time complezity for y > 1 is O (10g2 (%)) while the set of the constants is

{0,1}.
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Proof. Let us denote z(L ™) zgn),zj(w) the values zy, zg, z)s after the m-th while-

loop. By induction on m we first prove that

<\/_<z ,

for every m > 0.

For m = 0 we have to distinguish two cases. If y > 1 then 0 < \/y < y.

This is what we want since zl(p?) = y. The other case follows from the fact that if

0<y<1thenalso0<,y<1

Let us now assume that the inequalities zgn) <y < z}(;fm) hold. According to

the algorithm, the value z](\ZHl) is computed as

(m) _ _(m)
A s

Since the square root function is strictly increasing, the following implication
holds

(zj(\zwl)) <y= z](y“) <\Yy.

By setting Z(L U Z](\ZH_D and zp (m+1) o zg%m) we achieve
zém—f—l) m+1) < \/— < Z _ ]({m—f—l).

Analogously, the implication

() 2= 2 vp

holds. By assigning z(m+ ) z(L and 2 (m+1) o ](\ZH ) we have
Z(Lm—H) _ ZL < \/— < oy m+1) }(%m—i—l)'
We proved that /y € [z(L ™) zR } for every m > 0.
According to the algorithm, we proceed until 21(% m) _ z(Lm) < 0. Then for any

z € [z(Lm) (m)} it holds that |z — \/y| < o which implies the correctness of the

algorithm.
Note that for every m > 0 we have

(m
m+1 m+1 Zr T XL
AP ) PR E

Consequently, the following equality holds

) _ (0
(m) _ (m) _ R — %L
2R zp = g

For y < 1, we can assume that o < 1 (otherwise we can just output y). In
this case the algorithm stops when

— < o.
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This means that the algorithm stops after m = [—log,(0)] while-loops.

When y > 1, the initial difference 25%0) — z(LO) equals y. So the algorithm stops

in this case when
2% <o & logy(y) —logy(o) <m.
Thus the number of while-loops equals [log,(y) — log,(0)]-
For studying the time complexity, we are interested only in the case in which
y > 1. From the discussion above we know the number of performed while-loops.
There are only constantly many elementary instructions (computation nodes) and

one branch node needed in every while-loop. Thus, we can conclude that the time
complexity of the algorithm is O (log2 (%)) as stated in the theorem.

Finally, note that the constant 2 can be computed by one elementary instruc-
tion from the constant 1 and recall that we assume p to be a built-in constant.
As a result, the set of machine constants is the set {0, 1}. ]

We proved that there exists a very simple BSS machine that approximates
the square root for any y € R=% with some fixed accuracy ¢ > 0. Next, we try to
find a BSS machine which does the same but more efficiently.

Newton’s method

It will be useful to rephrase our problem in the following way. Approximate the
positive root of the polynomial f(z) = 2% —y € R[z] with precision ¢ > 0. This
equivalent task is, indeed, very well know and studied. There are many methods
in numerical analysis for root approximation of a real polynomial.

One of these methods is Newton’s method (know also as the Newton-Raphson
method). Authors of the book [I] pay a lot of attention to Newton’s algorithm;
mainly, in Chapters 8 and 9. Because we base our second algorithm on this
method, we introduce its main ideas and state important theorems. Nevertheless,
technical proofs are omitted and can be found in the book mentioned above.

Definition 3.6. Given a one-variable polynomial f over R we define the Newton
endomorphism Ny: R — R as

O
7

As usual, the f’ denotes the first derivative of the function f. The Newton
endomorphism is defined if f/(z) # 0.

Ny(z) =

Let us establish the following notation. For £ € N we denote

2= NP (z0) = (Vg 0+ 0 Np) (=0).
~——

k

The idea is to choose a good starting point 2y € R and apply the Newton
endomorphism iteratively until we find a point that is o close to a zero of the
polynomial f. Algorithm makes this idea more formal.

The problem is that Algorithm is generally not convergent. Let us demon-
strate it on an example.
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Input: zp € R
Output: z € R such that [f(z)] < o
z < Nf(20);
while |f(z)| > o do
z 4 Ny(z2);
end
return z

Algorithm 3.2: Newton’s algorithm

Ezample 3.7 ([1, Section 1.2.3]). For the polynomial f(z) = 2% — 22+ 2 € R[]

we have
23 —2242

322 —2
If we choose zp = 0 then z; = Ny(z)) = 1 and 2z = Ny(z1) = 0. We see that

z; € {0,1} for every i € N. Thus, the sequence (2;)°, does not converge to any
root of the polynomial f.

Ni(z) =2z —

This shows that there are bad starting points for which Newton’s method
does not work. It turns out that if we start sufficiently close to a zero of the
polynomial then the sequence (z;)$2, converges. We formalize what we mean by
“sufficiently close” in the next definition.

Definition 3.8 ([I, Definition 1 in Chapter 8]). We call z € R an approzimate
zero of a polynomial f if the sequence zyp = 2,2 = Ny(%_1) is defined for all
i € N and there is a real number £ such that f(£) =0 and

1 201
s-d<(3) -4

We call £ the associate zero.

The following lemma studies the time complexity of Newton’s algorithm as-
suming that the input is an approximate zero.

Lemma 3.9. Let z € R be an approximate zero of a polynomial f with associated
zero §. Let L € R be such that |z — &| < L. Then we can approzimate the zero &
to any accuracy o > 0 in

[log(|log(o)| + log(L) + 1)]

iterations of the Newton endomorphism.

Proof. We want to find ¢ € N such that |z; — & < p. Since zy = z is an
approximate zero and |z — {| < L, we know that

1 2t—1
|Zz—§|§(§) - L.

It is sufficient to find 7 € N such that

27V <o & 20> —log(o) + log(L) + 1.
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Note that —log(g) < |log(e)|. Thus, it suffices to find i € N such that
2' > |log(g)| +1og(L) +1 < i>log(|log(o)| +log(L)+1).
[l

A natural question arises. How to find an approximate zero of a polynomial?
This is, indeed, a non-trivial question on which we concentrate in the rest of this
subsection.

Following the approach of authors of the book [I], let us first define auxiliary
quantities v(f, z), B(f, z) and «a(f, z). For a polynomial f and a point z € R we
define

PLONE

Y(f,2) = i};l?) ) k| (3.1)
1 f(2)

B(f,z) = eIk (3.2)

where f*) denotes the k-th derivative of f as usual.
The following theorem is crucial for our algorithm since it gives a criterion for
z to be an approximate zero.

Theorem 3.10 ([I, Theorem 2 in Chapter 8]). There is a universal constant
ag such that if a(f,z) < ag then z is an approximate zero of f. Moreover, the
distance of z from the associated zero is at most 2 - 5(f, z).

Remark 3.11 ([I, Remark 6 in Chapter 8]). A lot of research have been done
in order to prove Theorem [3.10| with the constant g as large as possible. The
authors of the book [I] give a proof for ay = 0.03. S. Smale proved in [II] that
the theorem holds for a larger constant, i.e. ay &~ 0.130707. Furthermore, the
author of [I4] improved the bound to ag ~ 0.157671. For our purposes it is
important that the constant exists, that it lies in the interval (0, }l) and that it
is only constantly times smaller than 2.

We will now apply this general theory to our concrete problem. For a given
real number y € R=Y and fixed precision ¢ > 0, we want to approximate the
non-negative root of the polynomial z? — y € R[z] with precision ¢ > 0. Let us
therefore set

flz)=2"—y.
At this point we should mention that this special case of Newton’s method is also
known as the Babylonian method. It is one of the oldest method of square root
approximation. Interestingly, this method is still widely implemented and used
nowadays.

Let us now apply the general theory from above on this special case. For
f(2) = 2% — y we have

2z, for k=1,
fo =19 for k = 2;
0, for k > 2.
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The Newton endomorphism is in this case

e Py vt
f(2) 2z 2

Ny(z) =

Note that it this special case, the Newton endomorphism is in fact the average of
z and Y/-.

We can also express the quantities v, 8, «. Using formulae , and
(3.3) on the polynomial f(z) = 22 — y, we achieve

/PR | _ 1
2 _
B2 = |5
1 Py 12—y
oz(f,z)—2‘|z|- 2z ‘_ 422

Finally, Theorem [3.10] gives us the condition

—y|
422

< .

Thus, for 0 < ap < }L we have the following inequalities

Y 2 Y
< < .
1—}-4010 : 1—40./0

We know from Remark that the constant ag can be chosen from this interval.
Note that for y > 0 both

Yy Yy
< d -(1+4 <
TFdag ~¢ and v (T+dao) < 7
hold. It follows that it is sufficient to find z such that
y <22 <y- (14 4ap). (3.4)

Lemma 3.12. Let a € R be such that 1 < a < 14 4ag. Fory > a, let b € N
denote the mazimal positive integer with the property a® <y. Then

satisfies the inequalities .

Proof. The square of the z from the statement is 22 = a**!. Thus, from the
maximality of b we know that y < z2. To prove the other inequality, recall that
a <1+ 4ag which implies that

22 <a’ - (1+ day).
Moreover, we know that a® < y. We derived that

22 <y (1+4a).
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Lemma tells us that, in order to find an approximate zero of the polyno-
mial f(z) = 2% —y, we need to

I[.) find a constant a such that 1 < a <1+ 4ap and then

II.) find the value a5 where b is the maximal integer such that a® < y.

We study each part separately. Let us first focus on the task I.). In fact we show
how to construct a constant a using only constants from the set {0, 1}. It will be
useful to have the value \/a as well (the reason becomes clear later). Therefore,
our approach is to first construct a value ¢ such that 1 < ¢? < 1 + 4aq and then
set a = 2.

The construction, indeed, depends on the constant «y. According to Re-
mark the best known constant «q is approximately 0.157671. In that case
(1 + 4op) =~ 1.630684. Let us therefore introduce one concrete procedure that
will output constants ¢ and a such that a < 1.630684. The idea is to set
c=1+14%-1 =125 Then a = ¢ = 1.5625 < 1.630684. Algorithm [3.3] de-

scribes the construction of ¢ in detail as a sequence of elementary instructions.

(Sl,Sg) < (1,0) ;

(s1,82) ¢ (s1,81 4 51) ; / (1,2)
(81732) — (sla 1/82) ; ( 1/2)
(s1,82) < (81,82 S2) ; / (1,1/a)
(s1,82) = (51 + 52, 89) ; // (°/1,%/4)
(s1,82) < (s1,8%) ; /7 (°/4,%/16)
return si, s

Algorithm 3.3: Construct the constants a and ¢

We see that the constants ¢ and a can be constructed from constants {0, 1}
in seven elementary instructions (we need two instructions for the initialization
(s1,82) < (1,0)). It should be clear that a similar BSS machine can be built even
if a different constant «ay is considered.

Now we focus on the part II.). In particular, we study how to find the value
a"s where b is the maximal integer such that a® < y. Let us note that this part
consists of many technical arguments.

We know that every natural number b can be written in base 2, i.e. there is

an integer k > 0 such that

k
b= b2 =02" + b2 + L+ b2+ by,

=0

where b; € {0,1}, for alli € {0,...,k—1}, and by = 1. Therefore, we can express
the value a® as follows

b_ a2k+bk,12k—1+,..+b020 _ H abi2i'

The natural number b is such that

ab§y<ab+1
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According to the discussion above, we can modify this inequalities as
k k— k k—
a® a2 < y < <a2 S A ab°20> - a. (3.5)
Consequently, we have the following inequalities
k—1 0 k—1 0
al12 L gho? < % < (abk_lQ e ah? > - a.
a

If we set ' = -2 and u = - then

a a

ab/§u<abl~a.

As a result, the value V' is the maximal integer such that a” < u. We can now
employ the same reasoning on the values & and u. Let &’ be maximal such that
k' < k and by # 0. Then in follows that

k—1 K
V=> b2 => b2
=0 =0

From here we see that after at most k repetitions of the procedure, we are in the

situation
Y

a2 . gh2
0
We know that a®? = ¢% and a® < a. Therefore, we have
b

Yy
a2t ... qn?!

0 0
abo? < < a»* . q.

aP < <a’ (3.6)

k .
Let us denote 2’ = [] a®?"". Then we can observe that
i=1

This implies that

;1
b1 2 -az,
a 2 =

2 - a,

if b is even (i.e. by = 0),
if b is odd (i.e. by = 1).

if b is even (i.e. by = 0),

if b is odd (i.e. by = 1).

Note that the inequalities (3.6]) are equivalent to
Yy .
1gw<(l, lfb():O,
Yy
a <
~(¢)?
We can conclude that the value z from Lemma B.12] can be obtained as

{z’~\/5, if 1§#<a,
Zz =

<a? ifby = 1.

2 - a, if a§#<az.

Note that this explains why we wanted to construct not only the constant a but
also the constant ¢ = y/a in the part 1.).

Let us summarize the problem which we are trying to solve in this part. We
are given values a, y/a and y such that a < y. We want to find the value aHTl,
where b is the maximal integer such that a® < y. According to the discussion

above, we need to do the following:
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1. set u <y and 2z < 1;
2. find the maximal integer k& > 0 such that a?" < u;
3. if k =0 and u < a then output z - \/a and halt;

4. if k =0 and u > a then output z - a and halt;

. k—1
5. reassign u < —% and z < z-a*
a

6. goto step 2.

The remaining problem which we need to solve is the step 2. We will study
this non-trivial task separately as an auxiliary algorithm.

For a,u such that 1 < a < u we want to find the maximal integer £ > 0 having
the property a < u (the condition a < w ensures that such k always exists).
Note that we do not need to know the value k£ but, in fact, only the values a?
and a® ", Let us therefore define two auxiliary values s_q, sg as follows

0, if £k =0;

2k
= d s = 1 3.7
So a an S {an : lf l{ Z 1 ( )

The following algorithm shows how to find the values s_1, sg given values a and .

Input: a,u such that 1 <a <wu
Output: s_1, sy satisfying equalities .
s_140;
S + a;
51 + a?;
while s; < u do
S_1 < So;
So £ S1;
S1 ¢ 83
end
return s_q, sg

Algorithm 3.4: Find the maximal integer k£ such that a? <u

Theorem 3.13. Given the values u,a such that 1 < a < u, Algorithm[3.4] solves
the task of finding values s_q,sq which satisfy the equalities . The time
complezity of Algorithm is O(logy(log,(u))) and the set of used constants is

{0,1}.
Proof. For m € N let us denote sgm), s(()m),s(ﬁ) the values si, s, s_; before the

m-th while-loop.
We first prove the following auxiliary statement. For every m € N
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We proceed by induction on m. After the initialisation we have

91

1 _ 2 _
5, =a" =a",

thus, the auxiliary statement holds for m = 1. Assume now that s\ " = a2" ",
Then we have the following equalities

2 m— 2 m
s = <8§m_1)> = (a2 1) =a*".

Hence, we proved the auxiliary statement.

It follows that if the algorithm stops then sgm) is of the form a*, where m
equals the number of performed while-loops minus one. In other words, if we set
k = m — 1, then k is the maximal integer such that a2 < u. We derived that
the value k from the definition equals the number of performed while-loops.
Observe that

om

a¥ <u & 2¥ <log,(u) < k <log, (log,(u)). (3.8)

We can conclude that the algorithm always terminates.

By induction on k we now prove that the output is correct, i.e. that it satisfies
the equalities . For k = 0 we have so = a® and s_; = 0 as required. For
k > 1 we see that

Sék+1) _ Sgk) _ o
S(_kl+1) _ S(()k) _ Sgkq) _ okl

Thus, the algorithm always returns the correct output.

It remains to prove the stated time complexity. As we already discussed, the
number of while-loop is less or equal to [log, (log,(u))]. There are only three
elementary instructions in the initialization phase. The same number of elemen-
tary operations is performed in every while-loop. The branch condition needs one
elementary instruction. Thus, we can conclude that the time complexity of the
algorithm is O(log, (log,(u))).

We see directly from the algorithm that the only used constants are 0 and 1
as stated. O]

Now we are finally prepared state Algorithm [3.5] which finds an approximate
zero of the polynomial f(z) = 22 —y, where y > 1+ 4qq is the input of the
algorithm.

Theorem 3.14. Algorithm [3.5 succeeds in finding a value z such that
y <22 <y-(1+4ag),

where y > 1 + 4ayg is the input of the algorithm. The time complexity of Algo-
rithm is O ((log, loga(y))Q) and the set of used constants is {0, 1}.

The algorithm was derived from the discussion after Lemma [3.12] The fact
that the algorithm works follows from this discussion. Therefore, we do not repeat
all arguments again and only sketch the proof of the theorem.

60



Input: y € R such that y > 1 4 4ay
Output: z € R such that y < 2% <y - (1 + 4ayp)
(c,a) < Algorith();
Uy
z 4+ 1;
(s_1,80) Algorith(a, u);
while s_; # 0 do
U 4= 5
24— 2 S5_q;
if v < a then
‘ S_1 = 0,
end
else

| (s5-1,80) < Algorith(a, u);

end

end
if u < a then
\ Z42-¢
end
else
\ Z 4 2-a;
end
return z

Algorithm 3.5: Find an approximate zero of the polynomial 2% — y € R|[z]
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Proof (Sketch). The correctness of the result follows from the discussion after
Lemma and the correctness of Algorithm [3.4] which was proved in Theo-
rem [B.13]

Let k be the maximal integer such that a2’ < y. From the discussion we also
know that after at most k calls to Algorithm [3.4] we are in the situation

1<u<ad

Thus, either u < a and s_; is set to 0. Or a < u < &? and the next call to

Algorithmreturns s_1 = 0. In both cases s_; = 0 which means that the while
condition is not satisfied. We derived that Algorithm stops after at most k
while-loops.

In order to prove the stated time complexity, recall that Algorithm per-
forms only constantly many elementary operations. From Theorem |3.13| we know
that the time complexity of Algorithm is O (log, (log,(y))). Thus, for the
initialization phase we need O (log, (log,(y))) elementary instructions. For every
while-loop we need two branch nodes, we perform only constantly many ele-
mentary instructions and we call Algorithm once. Algorithm [3.4] is called
with input value u < y. Therefore, the time complexity of every while-loop is
O (log, (log,(v))). We know that there are at most & while-loops. Recall the
inequality , which tells us that

k < log, (log,(v)) -

Before we output the result we branch once and then perform one elementary
instruction. All together, the time complexity of Algorithm [3.5]is

O (log, (log,(y))) + log, (log,(y)) - O (log, (log,(v))) -

The expression can be simplified to

O ((log, (log,(y)))?) -

Finally, observe that Algorithm uses only constants from the set {0,1}
and constants that are used in Algorithm [3.3] and Algorithm (3.4, But we have
already discussed that the only constants appearing in these auxiliary algorithms
are 0 and 1. O

Now we are prepared to define the final algorithm that approximates the
square root of a given non-negative real number y with the precision ¢ > 0.

Theorem 3.15. Algorithm[3.6 given an input y > 1+ 4aq returns a value z such
that

2* —yl <o
The time complezity of the algorithm is O ((logy(log,(y) — loga(g)))z) while the
set of used constants is {0,1}.

Proof. The correctness of our algorithm follows from the correctness of Newton’s
method. From Theorem [3.14] we know that Algorithm [3.5|returns an approximate
zero of the polynomial f(z) = 22 —y. Thus, Newton’s algorithm converges by
Lemma 3.9, This proves that Algorithm halts on every input.
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Input: y € R such that y > 1 + 4y
Output: 2 € R such that |22 —y| < o
2 Algorith(y);
241 (20+ Z);
while |22 — y| > o do

‘ 243 (z+Y);
end

return z

Algorithm 3.6: Approximation of ,/y based on Newton’s method

Let us now discuss its time complexity. From Theorem [3.14] we know that the
time complexity of finding an approximate zero zj is

O ((log, (log,(y)))?) -

Lemma [3.9) tell us that for 0 < ¢ < 1 we need O (logQ(log2 (%))) iterations of

the Newton endomorphism, where L is the upper bound on the distance between
the approximate zero and its associated zero. In other words, L is such that

|20 —/y| < L.
From Theorem [B.10l we know that
20 — /Yl < 2B(f, %0)-
Recall that the quantity B(f, zo) for the polynomial f(z) = 2? — y is

2
20— Y

5(]0720): 220

The equalities (3.4]) imply that the output of Algorithm is such that

which is equivalent to
ngg—ygélaoy.

Since y > 1 + 4o, we have
y<z=1<z=1<z.

Also recall that 0 < g < %1. Putting all these observations together we can
conclude that

2 _
2B<f720): S

‘Slzé—y|223—y§4aoy§y.
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Thus, we need O <log2 (log2 (%))) iterations of the Newton endomorphism in

order to compute the value 2z given the approximate zero z,. We see that the com-
putation of the Newton endomorphism for f(z) = 22 —y is done by three elemen-

tary operations. Hence, we can find z knowing 2 in time O (log2 (log2 (%)))
Note that for 0 < p < 1 we have

log, (log,(y)) < log, (loga (g)) :

Since 1 < a < 2, we also know that

o (3) <3 o (2)

The stated time complexity of Algorithm follows.

It remains to prove that the set of used constants is {0,1}. We know from
Theorem that, in order to find the value zp, we need only 0 and 1. In the
second part of the Algorithm [3.6/ we use only {0,1} since the constant 3 can be
computed from the constant 1 by two elementary operations. O

Let us summarize this subsection. We presented two algorithms both of which
approximate the square root of a non-negative integer with an arbitrary but fixed
precision p. The second introduced algorithm is more efficient than the first
one. It is based on Newton’s method and we proved that its time complexity is
O ((log,(log,(y) — loga(g)))Q), where a =~ 1.6. It is natural to ask whether there
is an algorithm approximating the square root function whose time complexity is
even better. We study this question in the following subsection.

3.3.3 Lower bound on the time complexity

In this subsection we discuss a lower bound on the time complexity of computing
the square root function by a BSS machine. Without lost of generality, we can re-
strict ourselves to elementary BSS machines. See Observation [2.20]in [Section 2.2
for more details. The number of elementary instructions performed by an ele-
mentary BSS machine M on an input y € {2, is strictly smaller than the halting
time Ty (y). Therefore, it is sufficient to find a lower bound on the number of
elementary instructions.

Consider a rational function ¢ computed by an elementary BSS machine M in
k € N elementary instructions. As usual, C denotes the set of machine constants.
Recall what we know from By Theorem the rational function ¢
is represented by a fraction of two fixed polynomials p, g € R[y| such that

o= (3.9)
deg(p), deg(q) < 2", (3.10)
coef(p), coef(q) C 22" (é2k> : (3.11)

where C = C U —C. Thus, by Lemma we have

deg(p?), deg(q®) < 28,
2

coef (p?), coef (¢?) C 2F - (22k+1 : <62k)> .
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The expression on the right hand side of the inclusion can be simplified using
relations stated in Lemma [I.3] as

22k (22k+1 ) <(~32k>>2 _ 22k+2+2k ‘ (62k+1) c 22k+3 ' (62k+1> '

The inclusion follows from the fact that 2¥+2 4- 28 < 2843 for any k£ € N. Let us
recall the following notation. For A C R we defined

maxa = max{|c|: c € A},
minag = min{|c|: ¢ € A\ {0}},
p(t, A) = minga.

For a polynomial p we will write max, (respectively, min,) instead of maxcoef(p)
(respectively, mincoef(p)). We believe that this simplified notation will not cause
any confusion.

Furthermore, from Observation we know that maxc = max_c. Conse-
quently, maxc = maxg. Using the simplified notation we can conclude that

max,2, max,z < 227 (maxc)2k+1 , (3.12)

minyz, mingz > g (227, €2 (3.13)

Before we return back to our original task, let us make one general observation,
which follows from the triangular inequality.

Observation 3.16. Let p,q € Ry| be two polynomials and let r € R[y| be such
that r = p — q. Then max, < max, + max,.

Now we are prepared to state the main theorem of this passage. It will be
convenient to view M as a machine that inverts the square function rather than
a machine that computes the square root function. The relationship between
these to approaches was discussed in detail in [Section 3.1}

Theorem 3.17. Let ¢ > 0. Let M be an elementary BSS machine inverting
the square function with the precision €. Let C be the set of machine constants.
Consider v € Ty to be a halting path with k € N computation nodes (elementary
instructions). Let @ be the corresponding rational function and let p,q € R[y]
be the fized polynomials whose fraction represents the rational function . Let
v C Qpy be the semi-algebraic set corresponding to the halting path ~. Then the
following inclusion holds

max,2 + maXg2 +€ - max,2

a2
yev |Pw) sl <o+ min{min,2, min,2}

Let us first make two remarks. We know that Q,; = RZ° must be the case
since we assume M to be a machine that inverts the square function whose range
is R=%. Next, recall from the beginning of this subsection that the polynomials
p, q from the statement satisfy the conditions - .

Before we formally prove the theorem, let us explain the main idea of the
proof. Suppose that we have a polynomial ¢ € R[y] whose leading coefficient is
positive and for which there exists n € R=? such that

{yev: [¢*(y) —y| <e} C[0,n]U{y € v:d(y) <0}
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Then we can apply Lemma on the polynomial ¥ and obtain a bound n, on
the absolute value of the zeros of the polynomial ). From Corollary we know
that n, is such that

{y e R=": (y) < 0} C [0,ny).

Thus, for N = max{n, n,} we would have

{yev: [¢*(y) —y| <e} S [0,N].

In the proof we show that the bound N can be chosen as stated in the theorem.

2

Let us make one final remark before we proceed to the proof. Since ¢?* = 2’—2

and the rational function is defined for every y € v, the following two sets are the
same

{yev: |*(w) —y| <e} ={y ev: Ip*(v) =y’ )| < e’ (y)}

Proof of Theorem |3.17. We will proceed by a case analysis splitting on the degree
of polynomials p and gq.

(I) Assume first that deg(p) = deg(q) = 0.
In this case p(y) = «,q(y) = B # 0 for some «, € R. Then for every
Yy > g—z we have
o2
0® —yp?l <ef® & Yy —a’ <ef® Sy< 5 +e

B

Consequently, we achieve the following inclusion

{yEI/: ‘goQ(y)—y} <e} - [O,g—z—l—el - [0, e —i—e]

ming2

(IT) Suppose now that deg(p) # 0 or deg(q) # 0.

(1) We first discuss the situation when deg(p) > deg(q). In this case we
know the leading coefficient of the polynomial p? — yq¢?, i.e.

le (p° — yq®) =1c(p®) > 0.
By Observation and the fact that coef(¢?) = coef(y-¢*) we have

mMax,2 42 < max,? -+ maXgz.
Now we apply Lemma on the polynomial p? — y¢? and obtain the

following value
max,2 + maxg2

n=1+ -
IIllIlpz

which bounds the absolute value of zeros of the polynomial p? — yq>.
Since lc (p* — yq?) > 0, by Corollary we can conclude that for
every y > n the following inequality holds

P’ —yq* > 0.
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Consequently, for y > n we have the equivalence

P*(y) — ¥’ ()| < ed’(y) < p°(y) — ya*(y) — ed*(y) < 0.

Let us now define a polynomial ) as

U(y) =p*(y) — ya*(y) — e (y).

Recall that we study the case where deg(p) > deg(q); therefore, we

have lc(v) = le(p?). Lemma together with Observation gives
us the bound

maxy2 + max,2 +€ - max,e
TL¢ = 1 + .

11,2

Because the leading coefficient of 1) is positive, the bound derived
above is such that for every y > ny, the value ¢ (y) is positive (see
Corollary [1.17). Moreover, note that n < n,. In conclusion,

maxp? + maxg2 —+€ - maxg2

. 2 _
{yev. ‘gp (v) y|<e}§ 0,1+ min

Let us focus on the remaining case, i.e. when deg(p) < deg(q). Then
le (p*(y) — ya*(y)) = —le(d*(y)) < 0.

From LemmalI.16]and Observation [3.16) we obtain the following bound

max,z + max,z2
n=1+ L iy

ming2

From Corollary we know that the bound is of the following prop-
erty. For all y > n it holds that

p*(y) — ya*(y) < 0.

Hence, for y > n we have

P°(y) — yi* ()| < ed’(y) < ya*(y) — p*(y) — eq*(y) < 0.

Now we can set ¥(y) = y¢*(y) — p*(y) — €¢*(y). In this case the
leading coefficient is lc(v) = lc(g?) which is positive. Thus, we can
use Lemma on the polynomial ¢ to obtain a bound n, such that
Y(y) > 0 for every y > ny. By Observation we have

max,? + max,2 +€ - max,z
TL¢ =1 + .

min
Finally, we can conclude that

max,z + maxXg2 +€ - max,2

{yEI/: ’@2—y|<6}§ 0,1+ min,;
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From Theorem |3.17| we can derive a lower bound on the number of elementary
operations which are needed in order to invert z? with an arbitrary but fixed
precision € > 0. Let us discuss it in more detail.

Let € > 0 be a fixed constant and consider the interval [—v/N, v/N] for a nat-
ural number N € N. Suppose that M is an elementary BSS machine such that
for every = € [-v/N,v/N] it holds that

(@ar(a?)? — 2% < c.
In other words, the machine M is such that
{y € Qs [(2ur(y))” =yl < e} 2[0,N].
Then in particular
{y € Qe [(Pu(y)* —yl < e} [0, N —1].

Thus, by Theorem there must be a halting path v € I'y; such that for
the corresponding rational function ¢, which is represented by the fixed pair of
polynomials p, ¢ € Ry], we have the following inequality

N_l<l4 max,z + maxg,z +€ - max,2

min{min,, ming}
The inequality can be equivalently expressed as

max,2 + maxg,z +€ - max,2

N<1+ (3.14)

min{min,, ming}
The values max,, max,2, min,2, ming, depend on the set of machine constants C
and the number of elementary instructions k& of the machine M. We can express

the inequality (3.14]) in terms of the bounds (3.12)), (3.13) which were derived at

the beginning of this section. We achieve

k+1

22"(2 4+ €) - (max(C))?
m (22k+37 62k+1)

To derive a general lower bound on the number of elementary instructions of
a machine inverting 22, we would need to express the value k from the formula

above. Unfortunately, as we already discussed in the [Section 2.2} finding the
2k+3 62k+1

N<1+

value (2 > for a general set C is probably very difficult. On the other

hand, for many sets it is easy. Thus, in concrete instances we are able to express
a concrete lower bound. Let us discuss one simple but very useful and realistic
example.

Lower bound in the special case C = {0,1}

There is a good reason for studying this special case of the general analysis from
above. Consider an adversary which is trying to invert the input-output map of
some machine M. It is reasonable to assume that the adversary can use (only)
the same constants as the machine Mj. In this section we are focusing on inverting
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the square function with some fixed precision € > 0. Thus, the machine M, is
a very simple machine that computes the square function. Note that there are
no constants needed. For technical reasons we assume that Cy;, = {0,1}. Hence,
the adversary has to construct a machine M which inverts the square function
with the precision € > 0 and uses only constant 0 and 1, i.e. Cy; = {0, 1}.

Let us first state an auxiliary lemma about the set C = {0,1}. Note that

C={-1,0,1}.

Lemma 3.18. Let C={0,1},t € N, s € N. Then the setst-C* and t- C* have
the same minimal and mazimal size of their elements, in particular

max;.cs = max, g, = t,

ming.cs = min, &, = 1.

Proof. From Observation and the fact that maxc = maxg = 1 we have

max;c: =t - (maxg)® =t - (1)° =t (maxg)’ = max, &..
From Observation and the fact that minc = ming = 1 we have
mings = ming = 1 = ming = ming,.

Since there is no negative element in the set C®, we can conclude that
ming.cs = mings = 1.

In addition,

{—1,0,1} + -+ {-1,0,1} = {—t,...,—1,0,1,... ¢t}

t

From here we see that the element of the minimal size of the set tC? is again 1. [J

Our aim is to find a lower bound on the number of elementary operations
which are necessary for a successful inversion of the square function. Let p,q

be polynomials defined as in the general case. Now we can express the general
formulae (3.12)), (3.13)) explicitly. We achieve the following bounds

k+3 k1 k+3
max,e, maxz < 2% - (maxg)? = 27

. . 2k+3 = 9k+1 .
ming2, ming > (2 ,C =1,

Y

where k is the number of elementary operations of the machine M. We can use
this results in the inequality (3.14)) and achieve

max,2 + max,» +€ - max,?2 <14 PLAMNED s ST P

N<1
=i min{min,, ming} 1

From here we can derive the following lower bound on the value &
N -1 kt3 N -1
<22 el 1 — || -3<k
21 = 0g2(0g2(2+6>) S

Let us conclude the discussion in the following corollary.

Corollary 3.19. Any elementary BSS machine inverting x* with the precision
€ >0 for x € [=v/N,v/N]| has to either make Q(log,(log,(N) —log,(€))) elemen-
tary instructions or use more constants than just 0 and 1.
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3.3.4 Summary

Let us recapitulate what we proved about BSS machines that invert the square
function with the precision € > 0.

We first showed that there is no constant time BSS machine that succeeds on
every real number.

Secondly, we presented two BSS machines which approximate the square root
function with the precision o > 0 and use only 0 and 1 as machine constants.
The first machine is based on the half-interval search algorithm and succeeds on
any positive real input. If the input y is from the interval [0,1) then the time
complexity of the machine is constant. If the input y is greater or equal to 1
then the time complexity is O(log,(y) — logy(0)). The second machine succeeds
on inputs y which are greater or equal to a ~ 1.5625. Nevertheless, its time
complexity is slightly better; namely, O ((logz(loga(y) — loga(g)))2). Recall from
[Section 3.1]that in order to invert the square function with the precision €, we have
to approximate the square root function with the precision 0 < o < \/y +€—/y.
Thus, we proved that the time complexity of inverting the square function with
the precision € is

0 (<log2 (108, (+%) — log, (VaT+ ¢ - x)>>2> |

where a ~ 1.5625.
And finally, we showed that no BSS machine can invert the square function
with the precision € > 0 on the interval [-v/N,v/N] in less steps than

Q (logy (logy(N) — logy(€)))

while using only constants 0 and 1. In other words, we have a lower bound of
the form: either the number of steps is Q(log,(log,(/N) — log,(€))) or the set of
machine constants is larger than {0, 1}.
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4. Inverting a constant time BSS
machine over R

Imagine the following situation. We have a real function ¢: R — R which is
computable by a BSS machine M,. The machine M is publicly known. We run
the machine My on a secret value x € {2y, and publish the output y = @y, (2).
The aim of this chapter is to answer the following questions.

Can an adversary who knows the machine Mj and the value y find 2’ € Q,
such that

P (ZL“/) = Py (l‘>7
If the answer is no, can he at least find a value 2’ € 0y, such that
|(I)Mo(x/) - (I)Mo (ZL“)| <6

where € > 0 is a fixed constant? In other words, is he able to construct a BSS
machine M that inverts the machine M,?

In the previous chapter we discussed in detail the situation for the function
Y(z) = x2. In this chapter we analyse the inversion problem for a general real
function ¢: R — R which is easy to compute by a BSS machine. But let us
proceed more systematically and first make the expressions “easy to compute”
and “invert a machine” more formal.

4.1 How to define inversion

First of all observe that a BSS machine that computes a real function ): R — R
is a finite dimensional BSS machine with one dimensional input space and one
dimensional output space. This is also the reason why finite dimensional BSS
machines are of our main interest in this work.

Recall from that for finite dimensional BSS machines we distin-
guish the following three situations:

e the function v is not computable;

e the function is computable but not in constant time;

e the function is computable in constant time.

It is natural to formalize the expression “easy to compute” as follows.

Definition 4.1. We say that a real function ¥: R — R is easy to compute if
there exists a constant time BSS machine computing it.

Recall from that for every BSS machine there exists an elementary
BSS machine which computes the same function, has the same halting set and
its halting time is proportionally the same.

For the rest of this chapter we fix an arbitrary elementary constant time BSS
My with one dimensional input space Zp;, = R and one dimensional output space

71



On, = R. As we have already said, our aim is to study BSS machines that
invert the machine M. In order to do so, we need to specify what we mean by
“inversion of a BSS machine”.

There are more possible ways how to define that a BSS machine M inverts
the value @y, (z) for € Q. Probably the most intuitive approach is to require
infinite precision as in the classical Turing model of computation, i.e. for x € €2,
we say that the machine M inverts the value @y () if

Another possibility, which corresponds better with the nature of real numbers,
is to allow the machine M to make a small mistake. In particular, let o > 0 be
a fixed constant. Then for z € (2, we say that the machine M computes the
inverse of the value ®,;, (z) with the precision g if

[P (Pagy (7)) — 2| < 0.

The function ®,;, might not be injective; hence, there exist x,2’ € 2y, such
that = # 2’ and @y () = Ppy(2’). The machine M which achieves the input
Dy () = Ppyy (2') has now way how to decided between x and 2’. This motivates
the following definition.

Definition 4.2. Let M, be a BSS machine with one dimensional input space and
one dimensional output space.

1. We say that a BSS machine M inverts the BSS machine My with infinite
precision if
Vr € QMO: (I)MO((DM((I)MO(ZE))) = (I)MO(.CE).

2. Let € > 0 be a fixed constant. Then we say that a BSS machine M inverts
the BSS machine My with the precision € if

Vo € Oyt [ Pagy (Par(Pary (7)) — gy ()] < €.

Sometimes we refer to the first variant as inversion with the precision € = 0.

Remark 4.3. 1f we say that a BSS machine inverts a function then we mean that
a BSS machine inverts a BSS machine which computes the function.

For reasons discussed already in [Chapter 3 the first variant of Definition
is not appropriate while working with real numbers. Hereafter, when we say
“invert”, we implicitly mean invert with the precision € > 0.

4.2 The main idea of our construction

In this chapter we prove that for every BSS machine M, as defined above there
exists a BSS machine M inverting the machine My. Our prove will be constructive
which means that we describe such a machine M explicitly. In addition, we also
discuss the time complexity of the constructed machine although it requires many
technical computations.
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We first discuss the consequences of M, being a constant time BSS machine.
We also recall important properties of finite dimensional machines and establish
the notation for the rest of this chapter.

By definition there exists a natural number 7' € N such that Ty, (z) < T
for every x € Q)y,. From Lemma [2.5| we know that the set of halting paths is
bounded, i.e.

Ty <27,

By the Path Decomposition Theorem we know that
QMO = U 1%
YEL My

is a finite disjoint union of basic semi-algebraic sets and that

SO’Y - ¢M0 rllﬁ/

is a rational function for every v € I'y;,. Consequently, we have the following
observation.

Observation 4.4. A real function ¥: R — R is easy to compute in sense of
Definition [{.1] if it is defined by finitely many rational functions.

By Remark [I.1I0] every semi-algebraic subset of R is a finite union of open
intervals and points. Thus, by Corollary the halting set {24, is a finite
disjoint union of open intervals and points

o= U | U 5]

’)’GF]WO iE{l,...,m»y}

where m., is the number of connected components of the semi-algebraic set v,.
In addition, we know that for every v € I'p, the rational function ¢, is
continuous on I, ;, where i € {1,...,m,}.
Let m be the number of connected components of the halting set. Then from
Corollary we have the following bound

m = Z m’y<2T+1‘3T—1'

YEL My
For every v € 'y, and every i € {1,...,m,} we define J, ; as
Ji = oy (Ly)-

Since ¢, is a rational function which is continuous on I ;, we know that J,; is
a point or an open interval as well.
Consequently, the following equality holds

(I)Mo (QMO) = U U ny,i

~v€lnry \i€{1,....m~ }
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Remark 4.5. The components .J, ; are generally not disjoint. That happens only
when the input-output map of the machine M is injective.

Let us return back to our problem. We have a fixed constant ¢ > 0 and we
consider a BSS machine M, with the properties described at the beginning of
this chapter. Our aim is to show how an adversary constructs a BSS machine
M which inverts the machine M, with the fixed precision €. According to the
discussion above we can divide the construction in two steps:

1. Given y = @, (), find a component J,; such that y € J, ;.

The knowledge of J,; determines the corresponding path v, the interval or
point I, ; and the rational function .. Therefore, the second task is:

2. Find 2’ € I, ; such that |, (2') —y| < e.

We discuss each part separately. In we prove that there is a BSS
machine solving the first problem and in we show how to construct
a BSS machine that fulfills the second task.

Before be proceed to the next section, let us make one last remark. Every
BSS machine has, according to the definition, a finite set of machine constants.
This is, indeed, a very powerful property. Since we are inverting a fixed BSS
machine M, the inverting machine M can have finitely many values describing
the machine M as machine constants (for example the endpoints of the connected
components [, ; and J.,; or the coefficients of the rational function ¢, and so on).
It is clear that we can store only values that are independent of the value y.

Let us establish the following terminology. If we say that an adversary can
“precompute” some value, it means that it is a property of the publicly known
machine M, which is independent of the value y so it can be considered as a ma-
chine constant of the inverting machine M.

4.3 Step 1: Finding an interval

Assume now that we have finitely many open intervals and points Jy, ..., J,.
In this section we show that there is a constant time machine M which, given

a value .
i=1

returns an index i € {1,...,m} such that y € J;.

We are inverting a concrete machine M,. Therefore, we can assume that
an adversary knows the components Ji, ..., J,. Let us be more precise. Every
interval is uniquely determined by its endpoints. Thus, there are at most 2m
values needed in order to store a complete information about the components
J1, ..., Jm. So the inverting machine M has all these values as machine constants;
in particular,

c1,diy ... Cmydy € Cyy,

where ¢;, d; are endpoints of the interval J;. In case J; is a point then ¢; = d; = J;.
Consequently, the machine M can search through the components .Jy,..., J,
exhaustively as described in Algorithm [£.I] Such a machine is certainly not
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Input: y such that y € |J J;

Output: ¢ such that y é 3]1

14 1;

found < false;

while found = false do

if (¢; <y <d;) or (y=c¢) and (y =d;)) then
‘ found <« true;

end

else
‘ 141+ 1;

end

end
return ¢

Algorithm 4.1: Exhaustive search through intervals

the most efficient machine solving the problem. However, it is sufficient for our
purposes.
It is straight forward to prove the following lemma.

Lemma 4.6. Algorithm halts on every valid inputy € |J J; and it succeeds in
=1
the task of finding an indexi € {1,...,m} such thaty € J;. The time complezity

of the algorithm is O(m).

The halting time of the constructed machine M depends only on the number
of components, which is fixed (it does not depend on the input value y). As
a consequence, the constructed machine is a constant time BSS machine.

However, its time complexity is exponential in the time complexity of the
machine M,. Recall that m < 27+1.37-1 where T is the time bound of the
machine M,. Therefore, it is interesting to study a lower bound on the time
complexity of the problem of finding an interval J; such that y € J;. We briefly
do so in the next subsection.

4.3.1 Lower bound on the time complexity

Let us first assume that the components Ji, ..., J,, are disjoint open intervals.

Theorem 4.7. Let Jy,. .., Jy, be open intervals that are disjoint. Let M be a BSS

machine such that given a value y €  |J J; returns the index i € {1,...,m}
ie{l,...,m}
such that y € J;. Then the time complexity of the machine M is Q(logy(m)).

We omit the proof since its main idea the same as the idea of the proof of
Lemma[2.17 In particular, it is easy to observe that the input-output map of the
machine M from the lemma must be piecewise constant. In addition, we know
that it is piecewise rational. And a rational function which is constant on an
open subinterval of R is a constant function by Lemma [1.18]
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Recall that the connected components J; are not always disjoint. In addition,
some of them might be points and not open intervals. The following corollary
states a lower bound for a general set of components.

Corollary 4.8. Let Jy,...,J, be open intervals and points. Let £ € N be the
minimal natural number such that there exist open intervals Ji,...,J; with the
following properties. The intervals Ji, ..., J; are disjoint, the inclusion

U slel U

je{1,..6} ie{l,...m}

holds and the set

U s\ U 7

ie{1,...,m} je{1,....0}

18 a finite set.

Let M be a BSS machine such that given a value y € |J J; returns an
ie{1,...,m}
indexi € {1,...,m} such thaty € J;. Then the time complexity of the machine M
is Q(logy({)).

4.4 Step 2: Approximating a root of a rational
function

In the previous section we showed how to find an interval .J,; which contains
a given value y = @y () for some = € . Therefore, we can now assume
that an adversary knows the path 7, the corresponding rational function ¢, the
component I ;, its endpoints a. ;, b,; and the component J,; such that y € J, ;.
For shorter notation we will write ¢, a,b,1,J instead of ., ay,, by, 1, J5, in
this section.

First observe that if the component .J is a point then we are done. We know
that ¢(I) = J and therefore the component I is either a point or ¢ is a constant
function. Thus, the machine M only outputs the value a (one of the endpoints
of I), which is in the set of machine constants. Hereafter, we assume that J and
I are open intervals.

Now an adversary has to find 2’ € I such that |p(2') —y| < e. In other words,
he has to construct a BSS machine which inverts the rational function ¢ on the
open interval I with the precision e.

There is a wide range of algorithms which approximate a zero of a polynomial
(respectively, rational function). The common problem of these algorithms is how
to choose a good starting point or starting points. It is usually not obvious that
there exists an algorithm making this choice. We were facing this problem in the
previous chapter in which we were inverting the polynomial 22 — 4 on the interval
[0,00). The situation in the general case is even more complicated.

The authors of the book [I] presented a general method how to find a good
starting point for Newton’s algorithm. The method uses some non-trivial results
from homotopy theory. Since we do not need this theory later in our work, we

Vs
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present a different method of approximating a zero of a polynomial (respectively,
rational function). Our method is based on the half-interval search algorithm
which is not as efficient as Newton’s method; however, it suffices for our purposes.

Let us emphasis, that we want to present a general method that can be applied
on every rational function ¢ and every interval I such that ¢ is continuous on
I. Moreover, we want to study the time complexity of the presented method.
That is why this section consists of many auxiliary statements and technical
computations.

For better orientation, let us first explain the idea of our method. We divide
the problem of finding 2" in two parts.

1. Find starting points Zin, Tmae € 1 U {a, b} such that

P (Tmin) <Y < O(Timaz)- (4.1)

This part is discussed in [Subsection 4.4.1]

2. Find 2’ from the closed interval with endpoints x,,;n, Tmas such that

o(z') =yl <e,

for the fixed € > 0. As we have already mentioned, we use the half-interval
search algorithm to solve this problem. Details are studied in
tion 4.4.2

In the following remark we discuss why points Z,,in, Tmaez Satisfying inequali-
ties (4.1) are indeed good starting points for the half-interval search algorithm.

Remark 4.9. We know that the rational function ¢ is continuous on the interval I.
From the Intermediate Value Theorem we know that there exists a point xy € [
such that ¢(zy) = y and the value xy is contained in the interval with endpoints
Tmin, Tmaz- 1N particular, it holds that

LTmin S Ty S Tmax if Tmin < Tmaz and

Tmaz S Ty S Tmin, lf Tmaz < Tmin-

The next remark discusses a special (but very important) case we have to be
aware of later in this section.

Remark 4.10. If z,,;, € {a,b} then the value ¢(x,,;,) might not be defined. In
such a case p(T i) in the inequality 1) stands for either lim+ o(x) or 111})1 ().
r—a T—0"
The same applies for ...
We do cover this special case in our algorithm although it requires some
technical arguments which make the method less intuitive.

4.4.1 Finding good starting points

The rational function ¢ is continuous on the interval /. Thus, an adversary
can precompute the points of global maximum and minimum of the rational
function ¢ on the interval I (they are constants of the inverting machine M).
Observe that if x,,;, is a point of global minimum and z,,., is a point of global
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maximum then the inequalities are satisfied. So did we solve the problem
of finding good starting points?

The answer is: partially. The problem is that global extremes of a rational
function ¢ on an interval I might not exist. Recall that the interval I is an open
interval.

This is the reason why we will define three auxiliary values and prove sev-
eral technical statements before we present an algorithm that finds the points
Tmins Tmaz- FOr better orientation, we now discuss the main idea of the algo-
rithm.

We first define auxiliary points ¢min, gmaz € I U {a,b}. They will be either
points of a global extreme of the function ¢ on the interval I or endpoints of
the interval I. Secondly, we define a value L > 0 such that for every x € I the
following implication holds

px)=y = —-L<z<L

In other words, the value L bounds the absolute value of the zeros of the rational
function ¢(x) — y.

Using these auxiliary values, we define ,,;,, Tymae in such a way that inequal-
ities hold. In addition, we prove a bound on the distance of the starting
points. Concretely, we show that

|mmin - xmacc| S 2L

This bound will be important for the time complexity analysis of the half-interval
search algorithm.

Auxiliary results

Let us start by defining the auxiliary points ¢min, Gmaz-

Definition 4.11. Let I be an interval with endpoints a,b. For a rational func-
tion ¢ that is continuous on I we define the value g,,;, as follows.

If the global minimum of ¢ on [ exists then set g,,;, to the point of minimal
value. Otherwise, at least one of the following cases is true:

VeeI: lim ¢(x) < ¢(c),

r—at

then we define ¢,,,;, = a, or

Vee I: lim ¢(x) < ¢(c)

T—b~

and in this case we set ¢,,;, = b. If both statements are true then we set
Analogously, we define the value g,,4,. It is either a point of maximal value
or one of the endpoints of the interval I.

Let us now make few remarks about these values.
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Remark 4.12.

1. The values gmin, Gmaz do not depend on the value y that is given to the
adversary. Thus, the computation of these values can be done in the pre-
computation phase (they are constants of the inverting machine M).

2. Tt is clear from the definition that gin, Gmas € I U {a, b}.

3. If g is a point of global extreme of the rational function ¢ on the interval I
then it is also a point of global extreme of the rational function

p(x) —y-q(z)
q(x)

p(r) —y=

on interval the I, where p,q € R|z] is the fixed pair of polynomials whose
quotient represents the rational function ¢ (recall Remark [2.2).

As a next step we establish the notation for polynomials p, ¢ and r, where the
polynomial r is defined as r = p— yq. Note that y is treated as a parameter here,
not as a variable. We denote

dy
plx) = pir',
=0
dq
glx) =) g,
=0
d

r(z) = px) —yq(z) = > ri’,

1=0

where p;, g;,7; € R and pg,,qa,,7a # 0. Recall from the following

notation

max, = max{|p;|: i € {0,...d,}},
max, = max{|q¢|: i € {0,...d,}},
max, = max{|r;|: ¢ € {0,...d}}.

Since max,, = ¥y - max,, we know by Observation that
max, < max, + ¥ - max,.

Let us define the value L € RT as

1
L=1+ i (max, + y - max,). (4.2)
rd

Lemma 4.13. For the value L defined above it holds

{a: e M) ;<i>' a@) _ 0} C[-L,Ll.
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Proof. From Lemma we know that for every o € I such that r(a) =0

1
|a|§1+m-max{|ri|:iE{O,...d—l}}.
d

Note that
max{|r;|: i € {0,...d — 1}} < max, < max, + y - max,.

This implies that for every a € I such that r(a) = 0 we have

1
lal <14 Tl (max, + ¥ - max,).

Since the expression on the right hand side equals L, we can equivalently write
{wel:p(x)—y-qx) =0} C[-L, L]

The rational function ¢ is defined on the interval I; thus, the value g(x) is non-
zero for every x € I. This implies that

{x ) L (@) _ o} —{w e L: px) —y-qlx) = 0}.

Therefore, we can conclude that

{m el: p() ;(z) a(2) = 0} C [-L, L]

One of the consequences of the lemma is that

{3: e M) ;&' a@) _ o} C (IU{a,b})N[-L,L].

In addition, we know that y € J = ¢(I). Thus, there exists at least one a € I
such that ¢(a) —y = 0. This implies that

{mEI: p(x) —y - q(z) :0}

q(z)

is a non-empty set and therefore we can make the following remark.
Remark 4.14. The intersection (I U {a,b}) N [—L, L] is not empty.

The next lemma motivates the definition of the points Z,,in, Tmaz-
Lemma 4.15. Let L, gyin, Gmaz be values defined as above.
1. If gmin € [—L, L] then
p(=L) <y or o(L)<y.
Moreover, the following two implications are true
p(=L)>y=a <L < gmn <D,

o(L) >y =a< gmin < —L<b.
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2. Analogously, if gmaez & [—L, L] then at least one of the following inequalities
holds

p(=L) =y or ¢(l)=>y.
Moreover, the following two implications are true
o(—L) <y=a<L < gna <V,
(L) <y=0a< gna < —L <D
Proof. We prove the lemma only for g,,;, since the proof for g,,., is analogous.
Let gmin & [—L, L] and suppose, for the sake of contradiction, that both
o(—L)—y >0 and ¢(L)—y>0. (4.3)
Recall from Corollary that the value L is such that either
Ve>L: ox)—y>0 or Ve>L: ¢(x)—y<D0.
Similarly, either
Ve < —L: @o(x)—y>0 or Vr<—L: ¢(r)—y<D0.

Observe that the following implication must hold

o(L)—y>0=Vr>L: px)—y>0 (4.4)

since otherwise we would yield a contradiction with the definition of L by the
Intermediate Value Theorem. We can argue similarly in the case other case; i.e.
when ¢(—L) —y > 0. Thus, from assumptions we can derive that we are in
the situation

Ve>L: ¢o(x)—y>0 and Vo< —L: ¢(x)—y>0.
Since gmin & [—L, L], we have
Sp(gmm) —y>0.

But that contradicts the definition of g,,;, since we know that there exists at least
one « € [—L, L] such that p(a) —y = 0.

Let us focus on the second part of the statement. From Remark we
know that a < gnin < b and we observed in Remark that the intersection
(I U{a,b}) N [—L, L] is non-empty. Therefore, if gy, & [—L, L] then either

gmzn<_L:>a§gmzn<_L§b

or we have
L<9mm:>a§L<gmm§b.

If o(—L) > y then by implication (4.4) we have
Ve < —L: ¢(x) >y.

It follows that L < ¢,,;, must be the case because otherwise we would achieve
a contradiction with the definition of g¢,,;, as in the first part of the proof. Let
us conclude our reasoning:

§0<_L)>yL<gmmD@a§L<gmm§b,

For analogous reasons, if (L) > y then g, < —L. O
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Starting points

We are now finally prepared to define the starting points i, Tmaz-

Definition 4.16. Let the values gin, gmae and L be as defined above. Then we
define the points Z,in, Tmae as

9min, if Imin S [—L, L]a
L, otherwise;
Imaz, lf Imaz S [_L7 L]7
Tmaz = _L> lf Imaz ¢ [_La L]v a S Imaz < _L S b and QO(_L) Z Y,

L, otherwise.

Recall from the beginning of this subsection that we wanted to find values
Tmin, Tmaz Such that

(,O(ZL‘mm) S Y S 90<xmaac>-

As discussed in Remark 4.10, () in the inequality above stands for either
lim o(x) or lirgl @(x) if the value ¢(Zin) is not defined. The same holds for
r—a r—0"

the point x,,42.
In the next lemma we prove that we defined the starting points Z,,in, Tmasz i
Definition correctly.

Lemma 4.17. The values Tpin, Tmaz from Definition[{.16 satisfy the inequalities
. Moreover, it holds that

Tminy Tmaz € (I U {CL, b}) N [_La L]
As a consequence, we have the following bound
|mmin - xmacc| S 2L

Proof. We will prove the lemma only for x,,;, since the arguments are analogous
in the case of Z,,4z.

We prove the statements by case analysis splitting on the possible definition
of the starting point z,,;,-

1. If gmin € [—L, L] then 2, = gmin. By definition of g, we have
Ve € I p(min) < ¢(c).

Since y € J = p(I), the desired inequality follows. Recall from Remark

that @(Zmin) in the inequality above stands for either lim o(x) or lirlr} ()
T—a T—0—

if the value ¢(,,,,) is not defined.

From Remark we know that g, € I U{a,b}. Therefore, it is clear
that i, € (I U{a,b}) N [—L, L] in this case.
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2. I gin & [—L, L], o(—L) <y and a < gpin < —L < b then the value x,,,
is defined as x,,,;,, = —L. Thus, we see directly that

90<xmm) = 90<_L) <y and T, =-L€ (] U {a7 b}) N [_Lv L]

3. There are two situations in which the value x,,;, is defined as L. In both
of them g, & [—L, L].

o If o(—L) >y then we know from Lemma that ¢(L) < y must be
the case. In addition, from the same lemma we know that

o(=L)>y=a<L< gmin <b.

Thus, Ty = L € (I U{a,b}) N [-L, L].

e In the second case we have ¢(—L) <y but a < gpin < —L < b is not
the case. Then from Lemma [4.15] we know that

e(L) <.

In addition, the fact that a < ¢,,:, < —L < bdoes not hold implies that
L < gmin. The intersection (I U{a,b}) N [—L, L] is non-empty by Re-
mark . Moreover, by Remark we know that g, € I U {a,b}.
As a result,

a <L < gmin < b.

Hence, i = L € (I U{a,b}) N[—L, L] in this case as well.
[

Definition 4.16|gives us an algorithm how to find the values x,,;,, e knowing
the values gmin, Gmaz and L. The next lemma states the overall time complexity
of finding the starting points x,,;, and Z,,q..

Lemma 4.18. The time complexity of finding Tpmin, Tmaz 0 the way described
above is O(T), where T is the time bound of the machine My which computes the
function @ on the interval I.

Proof. We observed in Remark that the computation of gin, gmaes can be
done in the preparation phase. In addition, we assume that an adversary knows
the polynomials p and ¢ defining the rational function ¢. That means that the
leading coefficients lc(p), le(q), the degrees deg(p), deg(q) and the values max,,
max, are constants of the inverting machine M.

There are at most 2 arithmetic operations needed in order to compute the
coeflicient r; since

le(p), if d, > d,,
rq = 1 le(q), if d, < dy,
le(p) —y-le(q), ifd,=d,.

The value L is defined as

1
L:1+m-(maxp+y-maxq).
Td
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We see that the adversary can compute the auxiliary value L in constant time.
Finally, only constantly many branch nodes and one computation of ¢(—L)
are needed in order to decide how to define the starting points x,,;,, and Z,,..
following the algorithm from Definition [4.16
Putting all together, we can conclude that the time complexity is O(T') as
stated in the lemma. O]

Before we continue to the final part of this section, i.e. approximating the value
x € I given the value y = p(z), let us recall the special case from Remark
and define two additional values f,in, fimaz as follows

Frvim = {@(fmm), if ©(Zmin) is defined,

—00, otherwise;

0, otherwise.

f o {Qp(xmam% if Sp(xmax) 18 deﬁned,

The rational function ¢ is continuous and defined on the interval I. Therefore,
the following implication holds

Toin € I = p(Tpin) > —o00.

Since Xy, € 1U{a, b}, the value ¢(x,,,) is undefined if only if one of the following
cases is true

Tmin = a and  lim p(z) = —o0,
z—at

Tmin = b and  lim ¢(x) = —o0.
r—b—

We can make an analogous discussion about ¢(Z;4z)-

Lemma 4.19. The time complezity of computing the values foin, fimaz 18 O(T)
where T' is the time bound of the machine My computing the rational function
on the interval I.

Proof. To compute the value f,,;, we create a new machine M} such that com-
putes the rational function ¢ on inputs from interval I as the machine My, i.e. it
preserves the halting path v. We know that every branch node on the path v has
two successor nodes. One of them corresponds to the next node of the path v. We
define the other one to be the output node which sets the output of the machine
to —oo. We know that the number of elementary instructions and branching
nodes on the path v is less or equal to T'. From our construction it is clear that
the path ~ is the longest path of machine M. Thus, the time complexity of the
machine M{ is T'.

We can proceed analogously in the case of f,4z. n

In fact, the lemma above is not formally correct. The problem is that no BSS

machine can store (or output) the symbols “—00”, “c0”. However, this problem
can be solve by the following programming technique. We represent f,,;, as a pair

1 ; if ) 1s defined
(defined, value) = (L ¢(@min)), i SO(Irn.zn) 15 dermed,
(0,0), otherwise .
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Thus, if we ask whether the equality “f,,;,, = —o0” holds then we ask in fact
if “defined = 07 is true.

Let us conclude this subsection with a corollary that follows from Lemma [4.17
and Lemma 4.9

Corollary 4.20. The auxiliary values Tin, Tmaz, fmin, fmaz can be computed by
a constant time BSS machine.

4.4.2 The half-interval search algorithm

Let us first recapitulate the current situation. An adversary is given a value
y = ¢(x), where ¢ is a rational function which is continuous on the open inter-
val I. His aim is to find a value 2’ € I such that

lp(a) —y| <,

where € > 0 is the fixed precision. Equivalently, we want to construct a BSS
machine that inverts the rational function ¢ on the interval I.

Algorithm [4.2] defines such a BSS machine M. As we have already mentioned
earlier in this chapter, the algorithm is based on the half-interval search method.

Input: y € J

Output: 2’ € [ such that |p(2') —y| <€

T 4 Tomin;

Jr < Jmin;

Tu < Tmaxs

Ju < fmaz;

while f;, = —oco or fy =00 or |fy — fr| > € do
Ty = %(xU +xp);

v = o(@um);

if fyy > y then

Ty Tar;
fv < fu;

end

else

fr < fu;
end

Ty < T )

end

return zy

Algorithm 4.2: Inversion of a rational function ¢ on an interval I with the
precision € > 0
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Note, that Algorithm is defined for a concrete function ¢ and concrete
values Toin, Tmazs fmin, fmaz- They are assumed to be part of the machine con-
stants. This is a reasonable approach since all of these values are known at this
stage of the process. In we constructed a constant time BSS machine
which determines the rational function ¢ and the interval I. In [Subsection 4.4.1]
proved that there is a constant time BSS machine which finds the starting points
Tmin and T,,.. and Lemma tells us that there is a constant time machine
which defines the values f,,;, and fqz-

Thus, the Algorithm can be understood as a subroutine of a bigger algo-
rithm. Namely, an algorithm which

1. executes Algorithm [4.1]

2. finds the values x,,i,, Tmaee as described in Definition |4.16]

3. defines the values fin, fmez by running the algorithm from the proof of
Lemma and finally

4. executes the corresponding variant of Algorithm [£.2]

Let us now focus on the correctness and the time complexity of Algorithm [4.2

Correctness of Algorithm

Let us first state two auxiliary lemmas. that will be useful in the proof of the
correctness of Algorithm [4.2]

Lemma 4.21. In every step of Algorithm[{.] the following statements are true.
1. The following inequalities hold

o<y < fu. (4.5)
2. The value fy < oo if and only if p(zy) is defined and fy = p(zy).
3. The value f, > —oo if and only if p(xy) is defined and fr, = o(xp).

Proof. 1. From the definition of values x,,in, Tmer We know that inequalities
holds after the initialization step. Suppose the inequalities holds
before a while-loop and let us denote f;, f{; the values fr, fu after the
while-loop. Let us discuss both possible cases.

o If foy > y then f; = fr, thus f; = fi <y. The value f[; is set to fu
which is greater or equal to y. Hence, f; <y < f[.

o If fiy <y then f{, = fu >y and f; = fu. So in this case we achieve
the desired inequalities f; <y < f{; as well.

2. In the while-loop in which the values xy, fy are reassigned it holds

fuo=fu=9lm)=pry) < .

Thus, we need to study only the case when fy = fie. If firnae < 00 then by
definition of f,;, the value ¢(x,,4,) must be defined and fr: = ©(Tmaz)-
The other implication follows from the fact that if ¢(24,) is defined then

O Timaz) < 00.
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3. Analogous to the previous case.

[]

Lemma 4.22. Let n € N. Suppose that we perform n while-loops and fy < y is
always the case (i.e. we are reassigning only the value xy). Then

Lmin + Tmax (271 - 1)

TU = Tomax ond T = o

Proof. 1t is clear that xy = 2,,4.. We prove the stated form of x; by induction
on n. The statement is true for n = 1 since

Tmin + Lmax

T = 9

Let z, be the value after n — 1 while-loops and z/, the value after n while-loop.
Suppose that
Tmin T Tmaz * (2n71 — 1)
on—1 :
Then using the induction hypothesis we can derive

T —

-1
Tmaz T TL IH Tmin + 2.2" * Tmazr — Tmazx i Tmin T Tmaz * (271 - 1)

A
LTy 2. gn1 on
Now we are prepared to prove that Algorithm works correctly.

Theorem 4.23. Algorithm [{.9 halts on every input y € J and its output 2’
satisfies

(@) =yl < e
Proof. We start with the correctness of the output. The algorithm halts when
fro > —o0, fu<oo, and |fy — fiL| <e.
We know from Lemma that the inequalities
fo<y</fu

hold in every step of the algorithm; specially, in the last step. Moreover, from
the Lemma .21l we also know that

fo = ¢(zv)
must be the case since fy < oo. Thus, we can conclude
lp(zo) —yl = fo —yl <|fo - fil <e

Now we want to prove that the algorithm always halts. Let us first show that
after finitely many steps we are in the situation that

zr,oy € I and  fp = p(xp) > —o0 and fu = ¢(xy) < 0. (4.6)
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In every while-loop exactly one of the values x,, zy is reassigned. Hence, without
lost of generality, we can assume that x; is reassigned in the first while-loop.
Consequently, after the first while-loop

Jo=fu= 90(33M) = 80(9EL)~ (4-7)

Because ), € I, we know that fj; > —oc.
The value fi; does not change in the first while-loop, i.e. fyy = finae- According
to Lemma [£.2] either

fu = frnae = ¢(Tmae) = (20) < 00,
and we proved , or
fu = fimaz =00 and T4, € {a,b}.
Suppose that we are in the situation in which z,,,, = b. This means that

lim ¢(x) = co.

z—b~
Recall that 4. € [—L, L]; hence, x,., € R. Therefore, by definition of a limit
we can equivalently write

VK >030>0Veel:|b—x|<d = pr)> K.
So for K = |y| there exists d; > 0 such that
Veel: [b—zx|<d = ¢x)>]y|. (4.8)

Our aim is to show that there exists n € N such that after n while-loops the
value zyy must have been reassigned at least once. The idea is to show that if
the value xyy never changes then we achieve a contradiction with the inequality
¢(zr) <y from Lemma [4.21]

From Lemma [4.22| we know that after n while-loops, where only z; has being
reassigned, the values xy, x, are

Toin + 0+ (27— 1)

zy=>b and z;= o .

Let us express the difference between z; and zy as

|$U—(L’L’ = b

on N on '

From Lemma we know that a < 2, < b, therefore

b — Tmin

[Ty — 2| = on

We can derive the following equivalence

ey —xp] < 01 < logy(b — Tmin) — logy(61) < n.
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Thus, after |logy (b — Zmin) —logy(d1) | + 1 while-loops, in which only the value
has being reassigned, we have according to (4.8]) the following implication

b—xp] <01 = @(xr) > |yl > v. (4.9)

From equation (4.7) we know that f;, = @(zz). But then the implication (4.9))
contradicts the first statement of Lemma [4.21] i.e. that in every step of the
algorithm

fL<y<fu.
Thus, we proved that the values xy, fy must be eventually reassigned. Conse-
quently,
fo = fur = p(am) = p(zv),
where z); € I and fy; < oo. We omit the proof of for .42 = a since the

idea is the same. We only conclude that in both cases we are in the situation
expressed by (4.6)) after at most

[logy (L) — logy(d1) ] + 2

while-loops. Recall from Lemma that |Zmin — Tmaz| < 2L.

Now we are in the situation that holds. We know that the rational
function ¢ is continuous on the interval I; thus, by the definition of continuity
there exists 0 > 0 such that for xy,xy € 1

2y — x| <6 = [p(zr) — )| <e
This implies that there exists d, > 0 such that
|z —xp| < 02 = (|fu — fu| < €N fu <o A fr, > —o0) = algorithm halts.
We know from Lemma [£.17 that the initial difference is

‘xmaz - $m'm| S 2L

In every while-loop the difference decreases by factor 1. Thus, after m € N

2
while-loops the difference is
|mmaz - xmzn| 2L
mar  omenl o 22
2m - 2m
The next equivalence expresses how many while-loops we need to achieve a dif-
ference smaller than d,. In particular,

2L
om < dy & 1+1logy(L) —logy(dy) < m.
We derived that after at most |[log,(L) — logy(d2) | + 2 while-loops the algorithm
halts assuming that the conditions (4.6]) are fulfilled.
Let us summarize our proof. Firstly, we proved that there exists §; > 0 such

that after at most

[logs (L) — logy(d1)] + 2
while-loops the state of the algorithm satisfies the conditions . Secondly, we
showed that there exists 05 > 0 such that the algorithm halts after at most

[logy (L) — logy(d2) | + 2

additional while-loops. O]
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Table 4.1: Steps of Algorithm for the rational function ¢(x) = %, precision

€ = 1 and input y = 20

Ty Ty Jr Ju \fu — fil
0 0 1 0 00 X
1 0.5 1 0.5 00 X
2 0.75 1 2.25 00 X
3 0.875 1 6.125 00 X
41 0.9375 1 14.0625 00 X
51 0.9375 0.96875 | 14.0625 | 30.0313 | 15.9688
6 | 0.953125 | 0.96875 | 19.3802 | 30.0313 | 10.651
71 0.953125 | 0.960938 | 19.3802 | 23.6391 | 4.25885
8 1 0.953125 | 0.957031 | 19.3802 | 21.3157 | 1.93549
9 | 0.953125 | 0.955078 | 19.3802 | 20.3058 | 0.925583

A concrete example

To illustrate the theory introduced in this section, let us apply it on one concrete
example.

Ezxample 4.24. Let us consider the rational function p(z) = % = %
interval I = (—o00,1). Suppose that the input value is y = 20 and the fixed
precision is € = 1.

We see that the point of global minimum of ¢ on [ is 0 and the point of global

maximum does not exists. Thus, according to Definition we have

on the

Gmin = 0, Gmaz = 1.
We can compute the value L defined in (4.2)) as

1
L=14+ —————"-(max, +y - max
o] g
1
:1+m~(1+20-1)
=22

We see that both g, € [—L, L] and gpmes € [—L, L]. Thus, by Definition [4.16]
the values ., Tmee are defined as

Tmin = Gmin = 07 Tmaxr = Imaz = 1.

It remains to assign the values fin, finaz- They are in this case

2
min

fmin -

=0, fiae = 00.
1— Lmin

describes the computation of Algorithm [4.2]
Note that both

lim ¢(x) =00 and lim ¢(z) = co.
T—>—00 r—1-
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Table 4.2: Steps of Algorithm for the rational function p(z) = %, fixed
precision € = 1, input y = 20 and an alternative choice of ¢,z

Ty Ty Jr Ju |fu — fi
0 0 —22 0 21.0435 | 21.0435
1 —11 —22 10.0833 | 21.0435 | 10.9601
2 —16.5 —22 15.5571 | 21.0435 | 5.48634
3| —19.25 —22 18.2994 | 21.0435 2.7441
4 | —20.625 —22 19.6712 | 21.0435 | 1.37224
5| —20.625 | —21.3125 | 19.6712 | 20.3573 | 0.686075

The convention settled in Definition gives us the choice ¢, = 1. Nev-
ertheless, the choice ¢, = —o0 would be also possible. Let us present the
computation of the algorithm with this alternative choice of g4z

The values x,,;, and f,,;, does not change whereas the values x,,., and f,.z
are defined differently in this case; concretely, as
484
o5
describes the computation of Algorithm [4.2| with this alternative choice

of Gmaz-
We see from that for this particular example it would be more

efficient to choose ¢,,.. = —o0 rather than ¢,,., = 1.

Tmazr = —L = _227 fmaa: = Qo(xmaa:) -

Complexity analysis of Algorithm [4.2

We end this subsection with a discussion about the complexity of Algorithm [4.2]
In the proof of Theorem not only did we prove that Algorithm [4.2] halts on
every input but we also estimated the halting time of the corresponding machine.
Concretely, we showed that for every rational function ¢ and interval I, such that
the function ¢ is continuous on I, there exist values L > 0 and d;,95 > 0 such
that after at most

[logy (L) — logy(d1)] + [logo(L) — logy(da)] + 4

while-loops the algorithm halts. Observe that there are finitely many branch
nodes, one computation of ¢ and finitely many elementary instruction in every
while-loop. Thus, the halting time is proportional to the number of while-loops
multiplied by O(T). Recall that 7" is the bound on the number of elementary
instructions and branch nodes needed to in order to compute the function ¢ on
the interval 1.

Let us now study the values L, d; and d,. Our aim is to discuss how to find
these values and show that the values L and d; depends on the input value y
whereas the value &y does not.

As a result, we achieve the following observation.

Observation 4.25. The BSS machine defined by Algorithm [4.2 is a constant
time BSS machine if the rational function ¢ and the interval I are such that the
interval J = @(I) is a bounded interval.
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Let us first focus on the value L. Recall, that it is defined as

L =1+ — - (max, + y - max,),
|74l
where
le(p), if d, > d,,
ra = < le(q), if d, < d,,

le(p) —y-le(q), ifd,=d,.

See equation (4.2) for more details. For a concrete rational function ¢, we can
understand the value L as a function of y. Let us demonstrate this on an example.

Fxample 4.26. Assume the same function and interval as in Example [4.24] i.e.

o(x) = % = % on the interval I = (—o0,1). Then

rq =1, max, =1, max, = 1.
Hence, the function L is in this case defined as
Liy)=1+(1+y)=2+y.

In contrast to the value L, we did not present a way how to find the values
01,02 for a rational function ¢ continuous on the interval I. In the proof of
Theorem [4.23| we showed that these values exist; however, the proof was not
constructive. Therefore, we will now study the constructive approach.

Let us recall the definition of the value §,. We are in the situation in which
either Z,;, € {a,b} and fri = —00 OF Tpee € {a,b} and [ = 0o. We discuss
only the situation when

Timae = b >0 and fie. = lim () = co.

r—b~

The other cases are analogous.
From Remark we know that x,,., € [—L, L], where L € R. Thus, the
starting point ,,., is defined as x,,,, = b < 0o. Recall that d; > 0 is such that

Veel:|b—z|<d = pz) >yl
In other words, we want to find §; > 0 such that for every 0 < § < d; we have

p(b—0) >yl

Intuitively, we can express the value 9; in terms of the input y and the endpoint b.
We omit the general analysis of this problem. However, we show how to
find ; in one concrete example. In fact, we use the same function and interval

as in Example [1.24]

Ezxample 4.27. Let o(z) = % and b = 1. We want to find 0; such that for every
0<d<d <b=1it holds

p(1—0) > [yl
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If we evaluate the rational function ¢, we achieve

L—%+62>|‘
1—(1—g) W

This can be equivalently expressed as
1—0(2+ [y]) + 6% > 0.

Since 0 < 0 < 1, we know that the inequality holds if

2+ ly| — /A4yl + y?

0<d<
2

Thus, we showed that in this concrete case
_ 2+l = VAl +y?
If the input is y = 20, as in Example [4.24] then

2420 — 420+ 400
N 2

01 =11 — V120 = 0.0455488.

Finally, let us express
[logy (b — Tpmin) — logy(01)] +1=[—logy(d1)| +1=4+1=5

Thus, according to the proof of Theorem m (concretely the equation (4.9)), the
value x;; must be changed latest in the fifth while-loop. This is, indeed, the case

in our example, see [Table 4.1]

We believe that this concrete example gave an idea how to find a function 6, (y)
for a rational function ¢ and endpoint b.

Let us now discuss the value do > 0. Recall that at this point we assume
starting points xy, zy € [ such that

—o0 < p(xr) <y < p(ry) < oc.

We know that the function ¢ is continuous on the interval I. Moreover, it is
uniformly continuous on the closed interval with endpoints x, xy;. Let us denote
this interval I’. By definition there exists d, > 0 such that

Vo, me € I': oy — 12| < o = (1) — p(22)| < e.

Note that the value d5 can be understood as a function of €. The question is how
to find such a function d2(€). As in the case of d;, we omit the general discussion;
however, we present one concrete example on which we demonstrate the strategy

of finding ds(€).

Example 4.28. Let ¢(z) = % be the studied rational function and consider now
the closed interval I’ = [z, zy]| C [0,1). We want to find dy such that for every
x € [xp,xy — 0] and 0 < 0 < dy it holds

|o(z +0) = p(a)] <e.

93



The rational function ¢ is strictly increasing on the interval [0, 1). Since x < x4,
the absolute value in the inequality above can be removed. By evaluating the
function ¢ we achieve
22 + 200 + 62 x?
l—x—9¢ 1—x
This inequality can be modified as

< €.

(1—z)+6 (-2 +z(2—€ +¢) —e(z—1)> <0.

We have 0 < 0 <1 —x and 0 < x < 1. The accuracy € > 0 is fixed. Using the
quadratic formula, we can conclude that the inequality above holds for

xz—x(Q—e)—e—i-\/(—x2+x(2—e)+e)2—4e(x—1)3

0<d< 20 =)

Thus, the value d5 can be chosen as the minimal value of the expression on the
right hand side for « € [z, zy], i.e.

. xQ—x(Q—e)—e+\/(—m2+x(2—e)+6)2—46(x—1)3
(0=, 22, 21—)

Let us apply this formula on the situation from Example [£.24] After five while-

loops we were in the situation z; = }—2, Ty = % Recall that e = 1. Thus, we can

evaluate the function 5 as

xQ—a:—l—i—\/(—x2+x+1)2—4(a¢—1)3

Loyl 2(1 —QT)

The expression is strictly increasing on the interval H—g, %], therefore

2
%2—%—1+\/(—%2+%+1> —4(3 —1)3
52(1) = Oy = 0.00094784

32

Since L = 22, we can conclude that we need at most
[log,(22) — log, (d2(1))] +2 =14 +2 =16

while-loops to halt.

We see that expressing d, as a function of € is non-trivial even in this simple
example. Also note, that the function ds(€) is generally not continuous. However,
it is independent of the input value y. Thus, it can be understood as a machine
constant.
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4.5 Overview

Table 4.3 summarizes what we know about the problem of inverting a rational
function ¢ which is continuous on I, where [ is either an open interval or a point.

Table 4.3: Inverting a rational function ¢ on an open interval or a point [

e>0
14 J=¢(l) | e=0 Constant time | Computable
1. linear UB v v v
2. P v v v
* | non-linear B X v v
4. UB X (X) v

The abbreviation “UB” stands for “unbounded” which means that J is an
unbounded open interval. The abbreviation “B” stands for “bounded” which
means that J is a bounded open interval. And finally “P” stands for “point” and
it expresses that J is a point.

The meaning of the symbols “v” and “X” will be explained in the discussion
below in which we describe each cell of separately.

«

e The column “e = (07 expresses the inversion with infinite precision.

— The first row consider a rational function which can be represented by
a fraction of two linear polynomials. We discussed at the beginning of
that such a function can be inverted with infinite precision

in constant time on any interval.

— We discussed at the beginning of that if the component J
is a point then we can invert the function ¢ on I with infinite precision
in constant time.

— In Corollary we proved that the function p(r) = x? cannot be
inverted with infinite precision by any BSS machine. Similarly we
could prove that the same holds for any rational function which cannot
be expressed as a fraction of two linear polynomials. This explains the
crosses in the remaining rows.

e The column “e > 0 4+ Constant time” refers to the inversion with fixed
precision € > 0 by a constant time BSS machine.

— Rows 1 and 2 follow from the previous column.

— From Observation [£.25 we know that the machine M which we con-
structed in is a constant time BSS machine if the rational
function ¢ and the open interval I are such that the interval J = (1)
is bounded.

— In Theorem we proved that z? cannot be inverted by a constant
time BSS machine on an unbounded interval. It is not difficult to
prove that the same holds for every function of the form ¢(z) = 2",
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where |n| > 2 (the idea of the proof is similar as in the case n = 2).
Therefore, we conjecture that no rational function which satisfies the
conditions of this row is invertible by a constant time BSS machine.

e In we proved that any rational function which is continuous on
an open interval I can be inverted with an arbitrary but fixed precision
e > 0. This explains all the positive results in the last column; i.e. the
column labelled “e > 0 + Computable”.

In this chapter we defined easy to compute real functions as functions that
are computable by a constant time BSS machine. Consequently, if ¢ is an easy to
compute real function then it can be defined by finitely many rational functions.
We proved that every easy to compute function ¢ is invertible upto some fixed
precision € > 0. Moreover, if the real function v consists (only) of rational
functions that are bounded on corresponding intervals then the function ¢ is
invertible in constant time. Furthermore, we showed how to calculate an upper
bound on the time complexity of the inversion problem for a concrete easy to
compute real function .
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5. Further remarks

In this chapter we bring up two interesting topics regarding hard to invert func-
tions in the BSS model of computation which would be worth further study.

5.1 Inverting an arbitrary BSS machine over R

In the previous chapter we defined that a real function ¢¥: R — R is easy to
compute in the BSS model of computation if it is an input-output map of a con-
stant time BSS machine M,. What happens is we omit the time restriction of
the machine M; in the definition?

First of all note that the inverting machine M which we constructed in the
previous chapter would generally not invert the machine M. By the Path Decom-
position Theorem the halting set of a time unbounded BSS machine is a countable
disjoint union of semi-algebraic sets. Consequently, to fully describe the decom-
position of the set {2, we need infinitely many values. And recall that the set
of machine constants is a finite set.

We do not see why this alternative definition of an easy to compute function
should bring some new results in the question of hard to invert functions. In other
words, that there is a computable real function whose inverse is not computable
while considering inversion with precision € > 0.

However, let us suggest two BSS machines Mpggr and Mg that would be
interesting to analyse.

The first machine is based on the Bernoulli map which is well known due to
its chaotic behaviour. It iterates the function BER: [0, 1] — [0, 1] defined as

2-x, if v <
2-x—1, ifx>

)

BER(z) = {

NI N

It is easy to observe that the BSS machine which k-times iterates the function
BER has a piecewise linear input-output map and that the halting set of such
a machine decomposes in 2¥ open intervals and 2 4 1 points. See the book [12]
for more details about the Bernoulli map.

Let us briefly discuss how the BSS machine Mggg defined in works.
The machine has a small constant 6 > 0. On an input x from the interval [0, 1]
it applies iteratively the Bernoulli function until it reaches the the interval [0, d].
Then it outputs the number of performed iterations.

An adversary which is trying to invert this machine is given a natural number
k € N. His task is to find 2’ € [0,1] such that @z, (2') = k. Note that in this
case it does not matter if we require inversion with infinite precision or inversion
with the fixed precision €, where 0 < € < %

Another interesting machine, which would be worth further analysis, uses
the previous machine in combination with another chaotic function. Namely the
logistic map which iterates the function LOG: [0, 1] — [0, 1] defined as

LOG(z)=7r-z- (1 —x),
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1

Input z € [0, 1]
k < 0
3

2 YES z < BER(x)

Tz > 0
kE+—k+1

NO

4
Output £

Figure 5.1: The graph of a BSS machine Mggr which is based on the Bernoulli
map

where 7 € (0, 4] is some fixed constant. A lot of research have been done in order
to analyse the behaviour of the logistic map for different choices of the constant r.
According to the author of the book [12] the logistic map is chaotic for most of
the values r from the interval (3.57,4). It is not difficult to observe that the BSS
machine which k-times iterates the function LOG has only one halting path, i.e.
the halting set consists of one connected component [0,1]. On the other hand,
the input-output map is a polynomial function of degree 2F.

describes a machine Mo which uses both functions BER and
LOG. On an input z € [0, 1] it first runs the machine Mggr. The output of the
machine Mggr determines the number of iterations of the function LOG applied
on the input =x.

An adversary is now given a real number y € [0, 1]. His task is to find 2’ € [0, 1]
such that |®yy . (2") — y| < € for some fixed precision € > 0. Note that in this
case inversion with infinite precision does not make sense since the input-output

map is not piecewise linear (see [Section 3.2| for more details).

5.2 Can Turing machines simulate general BSS
machines over R?

In this section we briefly explain why we think that Turing machines cannot
simulate BSS machines over real numbers even if restricted to integer inputs.
Assume that f is a length-preserving permutation

f:{0,1} = {0,1}7,
r e {0,1}" —y e {0,1}",

which is computable by a polynomial time Turning machine (or equivalently, by
a general BSS machine over Zs, recall |[Section 2.4). We can think of f as being
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1

Input z € [0, 1]
Yy — T
2 YES s
S x < BER(x)
L= y < LOG(y)
NO
4
Output y

Figure 5.2: The graph of a BSS machine Mpog which is based on two chaotic
maps; namely, the Bernoulli map and the logistic map

defined on natural numbers and represent it by the following real function

f: RT — N,
z = f(lz]).

It can be observed that the time complexity of a general BSS machine over R
computlng f is polynomial in n, where n = [log(z+1)]. Recall the end of|S
ftion 2.1.7, where we discussed the time complexity of a BSS machine computing
the floor function. N

Let M be a general BSS machine over R which inverts the function f. That
is, given a value y = f(z) it finds a real number 2’ € R such that

f@) =y.

In other words, the machine M can approximate the value = with the precision 3.
Suppose that the time complexity of the BSS machine M is polynomial in n, where

n = [log(x + 1)]. Our question is the following.

Would the existence of the BSS machine M from above imply the existence of
a polynomial time Turing machine inverting the permutation f?

The BSS machine M is a machine over R; thus, it can have finitely many real
numbers as machine constants. Every real number can by its digits encode a sub-
set of R. Consequently, we can understand constants of machine M as an oracle
access.

This is why we conjecture that Turing machines cannot simulate BSS machines
over R, even just on integer inputs.
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Conclusion

In this thesis we primarily studied real functions computable by constant time
BSS machines with one dimensional input space and one dimensional output
space. Our main theme was to analyse how difficult it is to invert these functions.

In order to do so, we firstly had to specify what we mean by “inverting”
a function in the BSS model of computation. In this work we took into consid-
eration two possible approaches. In the first variant of the definition we required
inversion with infinite precision whereas in the second one we allowed inversion
with some fixed precision € > 0.

We proved that even very simple real functions, such as for example 22, are not
invertible with respect to the first definition of inversion. Consequently, there are
infinitely many hard to invert real functions in the framework of this definition.

On the other hand, we showed that there is no real function which is easy
to compute but impossible to invert in the sense of the second variant of the
definition. Our proof was constructive which means that we provided a method
how to find an inverting machine for any given easy to compute real function. This
approach allowed us to do a detailed time complexity analysis of the inverting
machines. As a result, we were able to discuss which real functions are invertible
in constant time.

An example of a real function which is invertible with fixed precision € > 0
but not in constant time is 2. For this concrete function we presented a more
efficient inverting machine than for a general function and we calculated its time
complexity. In addition, we derived a formula for a lower bound on the time
complexity of the problem of inverting 2. We expressed the lower bound explic-
itly under the assumption that 0 and 1 are the only constants of the inverting
machine.

There are several ways how to extend the work done in this thesis. It would be
interesting to study how difficult it is to invert an arbitrary real function which is
computable in the BSS model of computation. We presented two BSS machines
whose inverse would be worth further analysis. Both suggested machines are
based on chaotic maps. Another direction building up on this work is to consider
real functions with n dimensional input space and subsequently also real maps.

At the very end of this thesis we briefly discussed why we agree with the
commonly recognized conjecture that general BSS machines over R are more
powerful objects than Turing machines.
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