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Chapter 1

Mathematica l concepts and
notation

r 11 r ()II gII () II t tl Jis cnt.i('](~ , \\'(\ \\' iI1 11 S(\ 1.1l< \ ľo I1()\\'i II ,ll II () 1';lt-,ioll :

Tbc S})clC(\ 1111<1(\}' C'()ll ~id(\ľ;l tioll \\'i111)( \ ; 111 ( \ ll("li<1( \;lll point Sl)c1.C'C (g' ovor cl

ve ct.or S]J(\,( :C ''1/ ,
\ \1(' will usc tll<\ t -,(~l'lU t.cnsor clS;l S ,YU(>ll ,Vlll Ior cl liuo»r lu<t]) ])illg froin 'i /

iIIt () '// , l, (~ t II S cl (\II O r ( ~ to,1}( ~ fo11 ()\v iIIg ~(~ t S o l t,(\I 1~ ( )I'~ :

tj II == se t () f a II 1. (\II So ľS ,

1-1i11 -' == seli. of all t(\llS()]'S .S' wit.h de lt. ,'J' .> () ,

SV111 == set, () l aII S \ . I 1}( ~ t ľ i(' to,( ~ II S( )ľ :---; .
- . l •

Sk\\' == S ( ~ t () l ;tl] s k('\V (c1. U t j s YII }( \t I' i(" ) 1. (\II S () r S ,

l'sviu == S(\ t, ()f (1.11 S~Tlll(\tl'i(' , l)()~i ti\l(\ .k.íiu it « i-('11S01'S ~

Ort.h == S(\t of ull ort.hououal t( ~llS()l's.,

( )r tll -I == S( ~ t o f cl,II ro t a t io 1.1 S ,

\ i\Tc will u-«: t.l«: 1 -,( ~1'1ll body ,(YJ to (1( ~sC:l'i1)(~;l ľ(\(~lllar r ( ~gi(nl iu i: . \i\Te refer

t-,o .rYl c-1S cl refererlce coufigurat i o u. T)()jll1.s I) E .rYJ .ut: ca llcd material
poin t. s .

B\' tlH~ deformatio n of .rYJ \V(' moan ;1. S I I I ( )( ) t. l L ouc-to-ouc niapping f'
wliich ru.u» /:JJ onro (1 C'l()scd l'( \~ioll in /? : <1 11 ( 1 whi.l: sdtisfics (let \7,1' > O.
1_1.1C tCUSUl" _F (p ) == v,ľ(1) ) is ('(l,lJcd t.h« defor ruat.ion gradien r aud L)elol1gs

Li +to .-1111 .

Lot ..rYJ 1)( \ a l )( )( I ~T . A m ot.ion of /jf is cl ('l(l ss (-(~ funct .iou

.1' : .rYJ x IR. \ ( (0--'
I )



X :=: .1' (1) . I )

as t1H \ plac e ()(' ('II P i(\cl l).\' (\ 111 cl t (\I'1ctl l ' ()j II tl) II 1 č i t i I11< \ I Cl I1d \\'(\ \\' I'1t (\ /:llf ==

.rC/fl . I ) for t.lu- l' ( \g l()}l ()I' ~ pcl(' ( \ ()(,( 'llpi (\C] 1)\, t JHI I)()( l \, či t . I , \\1(\ <1eh ne 1"11( \
t.r ajcct.ory o f 1". 1l(\ hod,\' č l ~ c\ ~ ( \ 1

.';;- == { (x. l ) I x E .:11{. I c l~~. } ,

At ecH'll t ..1' (" I ) 11 cl ~ .u : ll l\ ' ( \ľ ~( \

such that
.1' ( j J( X . I ). t ) == X.

Gi\TCU ( x~ 1: ) E .0/ .

1) == /) (x. I )

is ca lle cl t.h« reference map o f tll (' iuo1.i(n l.

A rnat.er ial fiel d is cl Iunrt.iuu wit.h dOlll clill .'yJ x lR. : cl. spat.ial field is

a Iuuct.ion wit.h d()1l1ct1l1 .ry . \~lC «.iu t-], (UJ~f()rlll Cl 111 (\ t' (']'i(\.1 fi(\]cl inr.o a sr>ati cd
Iicl:1. .u«l V1C(\ \ /( \ ), S i\. \;\ (\ d(\fi1H \ t-11( \ spat.ial d escriptiou <1).-; of cl, ru.rtcnial
li ( -~1(1 (p . i; ) ---7 ~1) (J). I ) 1)~.

~ 2III (fJ~ 1: ) == S2(: I ; ( I). I ). / ).

Giv ell (-t 11lrtJcr icd fi cl.l 1> \ VC wii t c

fuj' cl. (lCl'ivclt.iVt\ wit.h l'( 'SIH ~C1". t -,( ) t.in« : I ]1<>1dill .L2, t, l le' mat.uial point p fixed ,
(l11 <1

(j



for Cl gl'(lclicllt wi rh l'('S ))(,(·t t-,( )I) 11ul<lillg I fix( \d .
~ ' i 111 iLtl' 1v . g1\ T ( 'll (\ SP;11 i (-11 fi c I(1 ~ l \\.(' \\.in r:

I ( )

O (x . I) = JI ~l (x. I)

fo r t.h( ~ g r clcl i()n t \\.i1.11 r ('s l ' (\C' to, t,( ) r: ll< ddi I1g / Ií. .(\( 1.
\Ale c1( \filJ( ' t l \(' mat.er ial t iuio d crivat.ivc ~~ ()f' (\ :--; 1)(\1 i.il fi (' l <l ~2 l)y

t.hat is.
. i)

O (x . 1) = (J I SH.I' (p./ )./ l l" I ,(x. I) .

Furt.hcr wc: (lcfil.l c 1.11( \ spnt ial d iver'gcucc- <l i," t.o 1)( \ c\ (liv( ~1'~;C ~11 C( ~ O}) Cl'

a r.ion for rl. s])atial Ii .-ld . ~() t.h.u (~ ]' č 1< l i:--; t.lu : 11lJ(1 (\ľl ~'illg g]'(Uli c ll t-,. ]~1111S , for (l

spa tial voctor fiol .l ('. Vi(' }1;-\,V( '

<l iv li ( x . I ) == t.r gr (: 1< I ('(x. / ).

w. call
i)

.i.(1) . r ) == -.- :I" ( J). / )ul
t lle ve10ci ty () f 1. 11 (' III (- lJ ( \ri (: II l ' () i II t I). (- \11cl (' : ./" - j / (1 (-fi II (- ' (1 l):y

'I' ( x. l ) == :i' ( j) ( x. / ) . / )

t.hr- spatial descript.ion of velocity. rl. 11(\ , '] )(\ 1 i. rl fi('ld

[ == ()'l"\(l/ ~..J ('J - (

is rallcel t ll(' vele) city grad icnt \\ľ( , wr it('

I~ == I ) + l·\ ".

wher« D aucl l/Y .. '" . l'( ~SP(-~cJ,j\'(·~ly. d( ~u() t(\ t l l(' ;-).\·llllll( ' tl'ic .uid skew parts of L.
U Sil.lg t.ho (,ull('C'p L uf vc lo ri tv gr (\.ch c l1(, Pl'(\\ ·.i ul lSl,Y defin ed , Olle Cc1J l Sl lO\V

l.hat F == L'li F for t.he m.ueriul t,i U IC (l Clďi\Tati v( ~ ()j' a dcíoruuu.ion grčLcliellt F.

7



B~r t.l «: syst.em of fot' c os I'(l l' .Yf dlll' i l lg ;1 111(l t I<l l l (wit l: t ,},(l,j( \('t-,OI' ,\ " /1 ).
\ve 111 (-\(-1] ) cl 1)(\ 11' ( ,~ , l )) (d' 1'1111(' 1 i(>l l:---;

.~ : . I / .'J j

\Vl1el'e :- / 1/ is t. h:: ~(\1 -, of .r ll uu i i \ '( \( 't ,()}' :---; fr(>lll '/ I

B:V Cauthvs 'I ]l< \ ()l' C l 1 1 ~ , cll( \I'( \ ( \xj:--;t ~ r l ~ prlt i.rl j( \ l l~()l' ficl <l ~T' ( (' (l.1 1 (~d t.h«
C a IIcllY stress ) :---; 11 r h 1". ] I; 11 '

w IIor C f) is tll c cl (.ns i ty iLl 1II () 1. i() l l.

B:y tlu: dvnurnical proce ss wc : II }( ~ al1 (1 1)(11 1' (. / ' , rr' ) \\ 'i t l1

• :1: iuotiou.

A mat.erial body is ;1 1)( lel ,\' /!/f t. ()g(~ t l H~ l' wi 1. ]I čl I.uu ilv (// uf dvn.unical
processcs. cť/ is cHJl (-~ ( 1 t.l« : const.it ut.ive class of t. l« : 1)()( I,Y.

Let :t: (ulel ;'l ;* h( ~ 11101-,j()L1S () f /YJ . \\7c Se lY. th .u .1' nud ;'1:* ar« reluied hy a
cluuui: 'in, oliscr u cr . if

(1.1)

fur e\T('~ r,Y iuat.ori.rl poin t }) (tud tiUIC 1: . 'vvll< \l'( \ (j (l ) is (1 poin t uf t.ho SI)(J,ce and
C2(t) iS cl. l' () t (1,t io II .

Lct.tiiu;

\\1IIe ]' (-'

L -j' I ;:;.
, -J' == t2.T ;l( I' .

( ) '

f) == (.i:),-; " ' j'
'I j "

'1\Tol'(, pl'c('i ~( \ dch1l iti ()11 i ~ 11 1 (~l1l' t,ill r,!2, l l. p. qq].

2 Se fl C; ll]' t i II [gll. P. J() J] .

í.,.>
(1



/ ) .

\vh: ~rC D (- l II (1 D T . ľ ( 'sI)( \('t i \'(,I,' .. .u(\ ~ .'" l I lI I\( \ t r i(' p;I I' t ~ () ť /"' i\ II d L ". rl hIIS . \ \ .( ,

II (-lve t r L ,,: == 1',}' 1."
TV\ \ ~ S(- \ .\ . t.h (- lt 1\\.() d,\.1I ( \ II I i(,(-II l ' r ()(.('~~ (\~ (.1" . 'I' ) (I I l< I (. 1" . 'I ,i,) <1r e r olat (~ I

by čl charige iu observor if t }H'}'( ' ( ' ;\i ~t « ) 1'1111( · t i ( )ll~

(I , f f}) , ( ,
, l~ - . ( ) .

• (1. 1) 1101 cl s for »!1 I) E /Yf i \ n: I / E ~ .

\i\l( ~ say t.h.u él r osponsc ()I' él mnt.cr ial b or ly is indcpcn rlcnt of t. he
o1) se r verl) r ()v id(\cl i t ~ ('()1I ~-;t-, i to,111. i \'(, ('L\SS (r; ]I ( I ~ 1. ] }( ' fo IIo\viIIg 1)1'()I) (~ r t .\ .: if
cl l)ľo cess (.l" . ~r ) h ( ~] () ll g~ r.o ř/.' , S l ) d ()('s (' \ '(']'\ ' d ." ll i \l lli (' cl1 pr()('(\ss ľcL-l.t.( ~d to
Cr,T) bv H Cl1<lug( \ in ()l ) ~ (\I' V( \ I' .



Chapter 2

Governing equation

111 t II i ~ \\T() r k ~ V/ ( I \ \ " 1II ~n 1\.(\ ( I [I () \V () f ('()1I 11 )r ( 1~~ i I)I(\ \ {1 \ \ • t,() 11i(u: [-i II 1(L 'vVII i('II is (- l

111(-Lt er i CLL for \vIIi ('II t-II( I C~ řl 11 (' II ~ . ~ rr(\~~ i~ cl{\li 1)( 1< I 1).\ ' t ll< \ (' ()II ~ ri t I Ir i \ 1·C CqII (- 1,t i ()11

uf t11C form
(2.1)

t: rl ' I 7-"_ I I == - -t- Tl == -

J\ S (' ()l1~ l ( l (' l' ('d 111 C~1 1 1't 111 [gll . p . J/17]. !\T(' \Y1'()111ill l f-!lÚ(l l11 ('rl,l lS 'l 'IIICO'/Tl} J'r 'e s s 

iblc :\ ( ~vv t ()]li (ln 1-1111<"1. ' ! 11(1~ (l \T l( \ l'-St'()k ( '~ {'(!lL11 i()ll :-1 d 1"( \ <l(~ l' l \Tc( l wir.h i.h « rl.S

~ 1 11 1 1 1)t i () 11 rr [, == O. wl iich ll}( ~ (1 ]I S i ]lC'( ) 11 1p l' ( ~s:...;ihili1 ..v. 111 Oll], cas ( ~ . 'vv( ~l1e( ~(l tu

«ousidcr ('()1l1ln'c~ ~11 »]]1-,\· (\f- ['(~ ct ' ~ .uul C(1.111\() 1 11( \ ;~1(\('1 t-1H' t.cru: t-l.' L == di v t. .

\i\/~e wi ll u :«: t 1 1 ( ~ n .u ur i ;{' \y t-,() ll l a ll l lu ir] f () l' (·()'/lI}}'/ 'e .'1's ihlc . "{~ \vt-.() 1 1 1a llt-!l l i ( 1. 111
orrlcr i-o siruplifv t1 )(\ c()11~ tit-l1tl \T(\ CC/l 1c1t l ()lL \ \ "( 1 <l(lhllc 1', 11 (' ex t r a st.rcss Z] ,
1')~r

.I
- (1.)' ,/') / .
:s

1,11 Cll to,IIe c()ns1j t 111-,ive ( ~( /1 l( 1t,i () II (2.J) rak()S 1'.1 l< \ si I I II)1r: fol' t l l

(2.2)

111 vicw of 1'.1]( \ proviou s. wc: cous ir ler N ewt.ouiau Iluid cl, conipress ible
iuutoriul bodv COl} s ist,(-~ut', wir.h t l l< ~ followiu i; .ons t.i tut.iv« equnr.ion : t. here ex

is ts cl, line.u: rcspou.«: [inuiion

( '1 : I~ i 11 -7 SV]J }

10



~ t lCll t ll(- 1t r.l«\ C' () II ~ r i t II t i \.( I (' L1~~ (/. i~ (1 ~ ( I t (d ' i tll cl ,\.1}él 1II i(.(1 I p r ()( .(\S~ ( \S (.1' . '] )
wh ich o l) (\ ~' th:- ('(>l}~t it lIt i \' (\ ( \<j11(\t ion (1.:2) .

III t1)( \ foII ()"vi II g t ]}( \() r(\II 1. \ \ .( \ \ \ . i I] ~ ]l< )\ \ . I]} i \ t t ll< I r(\~P()II ~ (\ is (1(\t. (\r 111 iI }( \cl
l ).y tu io (:()'1 I.,)'!J/.'II.ls.

Tlle o r e 111 I f\ 1\ ( I ( • ( I ~ . ' fl l'~ . .m <1 ~u f r i('i (II I t ( '(n Icl i t i (II I ť() r tlu I l' ('~ I)() 1\~ (' () f (-1

~ r:\ V 1, ( )II i a ]1 ílui d \ () 1)( \ i I \( I(\I )( \I I ( I(\11\ o l t II< \ () I)~(\I' \ .( \I' i~ 1 h. I I i1s I"( \~ I )()]}~(\ Iu n ('

t. ion C lU-1S t llc Io 1"1 11

(2.J)

I
I ) == - ( l -l

')

FI ~ ).

T llcsca1ft]' C() II S t (I II t S I' (\ II cl /\ rl r(I ('(tll (I cl t ll< I f i I' ~ I (\ 1I(1 t ll< I ~ ( \ (' ( )] 1cl vis o. it
co ffici .n t s ()f t l«: Ihud

Pt oo]. C)111' proof w ill ('( )P .V t.l «: ()Jl C Iron: C; 111't.iIL ~ () 1-,]1(11 , \ V( \ inrlurl« t.h«
c~()111} )l' (~ss jl )iIi 1-,.\T.

(SI Iffi r.i('II (' ~. ) _1\ ~ ~uu II \ t II čl t- C2.:) ) II()1(1~ . 1J ( \ t ( .1'. 'I' ) 1)( \I() II g t () t l}( ' ('oI IS t i t II -

t.ivr: cJ a ss (// ()f' t 11(1 íluid 'r' l \( llI

] 'r I rl-' T
~~: == ~1 ' : 1. - .; (t-,r 7 -' ~ : ) I == (2 ~['(2 - .; ( 1. 1' °l ') (2(2 == C2ToC2

~) r)

== () ( 21t _D)(J T + /\ rr (C2.1-1 C2T' ).1 == 'l l' D :~ : + A(rr L* ) I ~

1)eC(l.l l S (-~

~ j 11('( \ C2C2T' E Skw.
1_II 11 S (.1' * ~ T :;: ) E (1/ (- l,I Icl t ll< I r(\S l ) () II ~ ( ~ is j] 1cl (~ J> (I 11cl (\II t ()f t ll< ~ ()1)se r ver .

tl



T ll(, Pr() () l' () l' 1j( ' ( ' ( ' ~~ i1.\ . i~ 1'; \( .i Ii(11('( I h,\' t I j( ' 1'<)II()\\.i I Ig 1.< 'nu u.1 (III cl (,l ' r('-
SC'l l1'.ť lti ( ) ll Tl l('( )]'( 'lll:

Le111111čl • I~(-'1' [. E LJi II 1)( ' ;\ (.()11~1'(\ II t 1(\II ~ ( )J '. "I' I}( \li t 1}( 'r(\ ('X is 1".s (1 111U t:i(>ll

.1' \ \ •it II V (,1() cit \. ()T (1< Ii(,111
. l'l

I 'Ioo]. 1..il«:

c~ ľ ( \( I I ' == l..

1.1
-== (

(:2 .-1)

TllllS

j- ' ( ( )) __o f . (') r:)-J. J

,I' ( 1). t ) == q + r'(I ) [I) -- ClJ

cl c Ji II es ;- \ III () t,i () 1I \ \1 i t.l I t l«\ (I (,/'()I" III rl t i( )j I cl )~ I" ;- \( Ii(\I 11 j-,. l~ 111' t1H ~ r ~ (2.~l ) f()IIows

fr ()111 ( 2 .~») I . siII C( \ I~' == (.~ r (- 1cl I' )" I 1'-' (- 1I Icl I J == I. " I • O

Reprosent.at.iou T'h oorcur for Isot.ropir: Te nso r Funct.ion , .:2 A lin

( ~H r fl IIIc t i()II

( / : /j'.tJ II I ~ ,'J'.tJ II I

is iso t ľo r) ic if aj 1cl () 111 Y i f t 1}( ~ l' ( ~ ( 'x is t s('a1 a]'s / I (111cl A S ll (' II t II a t

(2.G)

for ovc rv ~ /1 E S~ T 111.

\A/e now rot.uru tu t.l« : pl'()()f' uf t ] lC P]'( '\ 'I ( )lI S t , 1 }( ' ( )], ( ~111. 1~() ( ~st(d)lisll t. h «

'neces,':uJ :lj nf ( 2 . ; ,~) \\.(' (-l S S 1 11])( ~ r.hnt

(2.7)

Let L E LiII 1) (' ar1ri t l'.uv. h ~ t :/: 1)( ~ t.lu: 1110 t i() II «ousrr uctccl i11 the previ 011S

lennna. and Ict 1~ == 1() == ( ,{ [L] l)c t l.l C ('()l.l ~ t(\llt Jiclc l (lefillc(ll'>:v (2.2) . Theu ,
c:lecl,r lv, ( : r:~ T ) E (f/ . Lot (. 1' * . ] "1:) 1)( \ l.'cla t cc1 t u (. 1: ."(') 1)~T ( 1, Cllcl,llge in obser , cr .
T IIf ~11 1)Jr (2.7) ~ (.I' :+: . 7 '*) E (1/ (- II }( 1

(2.8)

J 11t
rl' ' . 7'

L·* == (j l~() -t- ( j ( j :

~C f. C~ ll rt i l l [gu . p . ~2:3S ] "

J2



Clcarlv, thi-: l'(-'1cl1",l()ll ll()] ds lor ('\"( \]' ,\' l . E l .iu ( t 11<' d( l fi l l i t iou SC() }>( \ of (1 ) (u Hl
( ~ \ íCr~T C:{ rU11 (' t i()1I (2 : IR. ( )r t II ; . Fi x l. ( l l \( I t ( I k(\

) ( ) \ \ ' /
Cl. / == ('

\\111elďe

. I F\\ == - (L - /J ) .
')

l '11 eII (2(t ) is r () t (11",1( >1 1. S ll) C(, \ \ " is s k(\\v. .n « I

(2 (()) == /. Cj (() ) == - \ \ ""

\OV 11< ~ r ('

1 .. F
D = ,) (L +L ).

T 1111S C is c:o111P1(~ 1". ( ~1~í cl C t. ( ~ r 111 i 11 ( ~ cl 1)y i t,s r (\S 1, \' i('{, i() I I t. () SYI ll. 1 ex t ~ 1c t (2 1)(; a

const.anr funct.ion wit.h \ '(\hH~S in ()rtll -t- . r'l JH 'l) (~2. q) wi th f-l == j] (IJ E S:Vlll )

iiuplics tllct,t

S i l 1 C: ( ~ t.his rol.u.iou must hol.l Ior ( ~V( ~ľ~T l ) E S V I I I (UH} ( ~V(-~l" ,Y (2 E Ort.h ~

t.he rcsr.riction or ( :1 t o S V ll l js isot .ropit: \ \ °(1 1. 11( , ]'( \ f() 1'C' «onclucle Irorn t.h«

l'Cl)l'eSell t.ui (Hl (2.(» ) r.l 1a1,

for all D E S~TUl.

D



(:2 .10)

(-\,11(1

ľg l'(ld t' ) ~ t ' - g ľ( \( l div t '

\VII e l'e ~ == cl 1\ r gr(\( 1 i~ t-IJ( \ ~P(\ I i(II I Jé1PLl(" i (\ 11. ' I'III I~ r ll< \ (\CI II (1r i() II () f 111 () t-i() II

l.'pd11CCS to

(:2. 1 "1 )

Tllcsc (vcc: t () J' ) ľ(\lati()llS (11'(\ 1.1l< ' Navior-St.okos cquat.ious: giV(~ll JI. , A
au cl h tj1CY r: ()II ~ r. 1t 11r<' rl. II ( in li II C (\ r ~~. ~ t e111 () fp (I r t i II 1 d1f-Fe r (~ur i (ll <' Cl IIar i () II ~ for

the vclo r.itv u. (l(\llsity f) (\IHl pr(\SSllľ( ' n . \\ '( \ ~ I I P p l ( \ I I J( ~ 1 1 1 , 1-.]}( ~sc «quat.ions hv

t.h« COllti11111 ty ( ~C 111 (1J1OU

(2.12)

NOvV ~ \ ;VC h cl"V(\ four C( .u . i.t .i Oll ~ for fl \ T( \ 1111 kII own ~. ~; () w« huvo to (1(1(1 UlIC

111()r(-~ oqu.u.ion t",() 1"11<' ~~r ~t",(\lll. \\7"(, \\'111 ('()ll~id(\l' b.uot ropir tiow". wherc tho
pr( ~SSl11'(' is čl know n funrt .iou of tlJ(' <1(\llsit",.\·

(2.13)

.1. 4



Chapter 3

Formulation of the prob lem

111 \\íIIa t fuII ()w ~ . \\"(\ ~ 11 i dl 1)( \ C'() n: .(\I' II ( \<1 \\' i1,II ; \ 1'\\"( )- <1 i I 11< \II ~ io II a1 111 () (1cl cl {~
~('l'il)il1g a11 iutc-r .uti .m ()f';l \ 'i ~('()11~, c '(nllpr(\~ ~ ll J1( ' lluid wir l: <111 .urfoil . 11lc
airfoil is cOl1~iclcl'('<1 r.o 1)( \ il ri gi<1 ho<1 ,\' \\"i1,]1 1\\ '( ) <I( ' gl'(\(\~ ()f' fl'(~c(l()lll - its vor
t ir:aj (-1,1.1 cl t ()r S i() II \ ' i1)ra t i()11~ ( ~ ( \( \ l~ ig II I' (\ : ~ . I ), I~ ~ CI 11; \ 1, i()11~ <1 (~ ~ ('r ih i II (~ t1}() ai r fo i1
motiou will l)(-~ Pľ( ~~( ~]lt( ~d l.u.or

- .......--......
.~:..;.,.: .~(; :~.:::.';:t..

Thi-, prohlem ]lc\S Cl. till}( ~-d( ~PCLl(I( ~llt houud.uv ( ll l ()v i l l(~ airfoil ) aud t.hcre

for« . rl, til.l)( ~-(ler)('lld(~llt C'(>lll])lltati()l1c-l1 riomui n ( ~ (~ ( \ F'igl1l'(-~ :3.2 ),

JS



rl

1
r---- -- .--- - .- .....--- .---- ------..--... .--.- - - - - - --"

...........

~ 2,
t..............._ -- ._ - - - ._._ ----_...._-----------.-_._..__ .

II I '

I ()

3.1 Input data of aur prablem

~-l :--- U ~ 1, x {! }.
I : [o.T j

\;\Te split t.ho dom.rin houud.uv iut.o Iour p.ut.s. '" I 111'( ~ C' of t.heru .uo tirno i1.1c1(~

· I ) (-~ ll d (-~ l l t . \vll< ~l'(~~(l s tLlc p.ut ľCI)lď()S( ~lltillg t llc ll l<) \'j ll (~ .urfoil (lcp(~l.l(l:) Oll t.iiuc:

f / :== fl x [o. ] ]
r () :== r () x [(). J"]
fl \ ' : == 1 \\ ' X [(). 7' ]

2) :~ UI. - [(),7 ] I ' \.\ "/ >~ {I }

j III(\t,.
( )111 ,I(\to, .

vi r t.u .rl tl ow wall j

( 111 " '( )i I.

-,
111 the domaiu ~2 . V/C ("()llsiclcl" r.h« N.rvir-r-S t.okc- cquatious , t.he cont.inuity
cCl II cLt i() I I (l,ll(1 LIJ( \ C () 11(li t i Oll () 1'1 )ar() t l' () 1)ic .f1() \\.:

(J ['r/ + (grad n) r ] == II,~/ ' + (A+ II ) gl'ad div I ' - (~ l' ( l.d 7T + 1J

r/ - j--. div (()l l) == ()

1T == il ((J)

lG

in Sl ,

Ú1 Sl , (3.1 )
Úl .~ 2.



I ' , ' / )

- (Jr - Tf" ( f ) /I -1- I / (g I' ( \( 1 " ) /I - ( /\ I - I / )(<l i \' " )/I -- ( )

I I == 1)/ )

() II .I / U .1""' \ \ ' .

Ol l I () .
Oll rl.

Ini t.ial (: ( ) 1 1 ( l i t j ( )1 1~:

" (.1' . () ) =-= " () (.I' )

e (·I' · ll) == 1)(1(.1' )

111 ~ 1(),

111 ~ 1().
(J.:3 )

\i\7'c a.lso ucr«! t o 1)1'( ' ~('1'11 )( ' 1)Ol 11 l< Ll1 ' ~ ~ ("(>1ld i t i ( ) l l ~ (>ll t 11(' 1)(11'1 \ o f tlu: l)oll1l<l cu'\

alld iniriul ('()lldi t-i()l} ~ ( Yl } ~ 2(I ' Th i« w il l !« : di ~ (" ll ~ ~( 'dl'llrt-,ll( ~ľ.

T he f(),('t rh Cl t t-11 (' (1() lil Cl 1II () (' ( '111 )i (\(1 1)~ ~ t l \( ' (lni(1 (1('l )( \1l( 1s () II t iuu: (' Hll S('s
diffirult ics . 111 orrlcr t-o () V ( 'l'('()ll l(' tJH \IIl. \V( \ ( ' (lil 1 1 ~ (\ Arl .ir.r.uv I agl' d ugič- t ll

:EIIIer ja II ( } \ Lt~J ) 1'< )1'111111 d t,i()II f() I' t. ll< \ I 1I (11.1}( \I I I ( \ t. i('(\] cl (\~('r ip t·,i() II ()f tj H' I)}'()1)1('111

\\1 i tj1 Cl. 111oV j II g l)() 111 )( l.tl' .\ .,

3.2 Equations of airfoil motion

In our ca,sc~ t.lr« uir Ioil (: (111 I)( ~ľh)ľlJl i1.s \ '( ~ltjc'al (l I l d í.o r si o n vihrutious. Tl1CS(~

vilnatious are cl ('~ (' l' i l ){ ~ cl 1)~. two clcgl'(\('S o f fl'(\('(1() ll l: .rir foil (lcfiec tioll a llglc ( t

aud vcrt.ical (lisI)]a('(-~ll1<-~ll C I/,. "LIJ( ' ovolut.ion of t.1l< ~ S( ~ vaJllCS for sniall allgles
() f (1c I!(~(' 1i () II i~ d(\~ r I.'11)( \(l I)y t ll< \ f'()II()\\.i I l l~ cl -j f 1'( \"( \, I t i(tl (\ CJ I 1cLL i () II~ 1

" ,

/I I/I + ZJIIIIII --1- 1) //( \( '\ --f- ISI/I ('; -1-- /1'11/1/1 == -- .l .l '2 ~
, ..

In,l; + !)(\/,II -t- !.) (I '(\ ( ·\ -t- ,';1/\ /1 - 1- /) ' / \'1\ ( \ ' :== /\1.

1-1( ~1'(' \V( ~ lIS( ' 1-,11( ' Iollowuu; 11()1 .u.iou:

(3.4)

(l.( ~l'()( lvu.uuir: lift.

(l ,( ~r()( lvn.uuic uromont.uiu ,

\v( ,j (~llt o f .iirfoil.
s1 ,;\1 ,i(' Ill()I)1(~111 ,111.l1 ,

mouu-ut.un: of in crt.ia,

'III, = .I; I , / ) JI '

s: == .f~ I I ./ '!) rl:l'

In == .f~-I I :l' '.! ( ) .i.
_L ~ == - / '1 ' . '\"' ~_ I rr~ 'J' 1I J' (1.51

, \ \1 ~.J -- "

1\I == - /1" , '\"' ~ '=- I T, j' /I,J' 'I' ~u ./ ) d1'J
1

. 1\ 1 ~' , .J "

\yII e r c 11/ i s rl«\ rl 1'( \(l oj' t,II(\ . ur h)j1. 1 H '
I

== ()1]/ . řl i ,I..) 1-,h: ~ stl'CSS tC1.1SOl' Obt.ainod
froiu (2 .10 ). 'I' ~)J '{ == --· (; r'.! -- ,l : / :' .. \'.! ) .uu l 'I' ~" / == ,r l ,1'/.; .. \1. Furt.licr

vC-rri (:(-)] s t-,1(-1-'1 Ic'S~ .

t ()lť S j ()II ~ tj t rn(,~ ~ .

C()1111) 0 11CU1'.S of visc( >llS CL'lI111)illg

1SeC' R,úžir:ka [ru . p , 17],

J7
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.ut: glvell (C()llst(llli. ) l)ar(llll(~1'.( ~r~.

Equ.u.ious (:3 . .1 ) (11'(\ ~lIPpl(\lll(\ll1,(\cl wit .h 1 ,1}(\ ~(\ iuitinl ('()1l(1itiollS

(\'(() ) == (\ () .
/),(() ) == /I().

(.\ (() ) == (\ I .

/I (() ) == /1 ].

3.3 ALE formulat.ion

\1\1e C01lSÍ<lcl' t.lu: l (lviCl'-St',okcs (~(j11at](nlS in cl moviui; domuiu D == (J .,/. X [0 , TJ
(which l11CcUlS U/ C. [().T'] ~21 x ft} - tbc s()-('ctll(~d uou-cvlinrhicul domain).
111 ()l'(lcr t() si mul.r: c Cl lluirl rl()\\~ Ull čl 111()Vll1 g d(>lI.lail1 ~ \ YC cruploy LIJe /vrln
'/, 'I'{/,TyLa.(j'I'{J/I/,,rj'Í,(/,'I/, - L~'II'/e 'I''i{f:1/, (i\ T-,E~ ) lll( 'tll ()(1~ .

'Le t- r2() 1)(\ th« ()l'igil1<\1 cloru.riu (\.11(1 ~21 l){\ 1-,l}( ' ('(>lll PlltcttiullClJ (10111c1i11 at

(l, (Iat.ei) t.iiuo t.. \\lc illt]'()dllc(' tbc L\ LJ.E 11lc-lppll.l (L(

J/Ít : ~ 2() -~ ~ 21

-- \ ~ .'J == .'J ( -/'{ ~ t: ) == .(/Y; ("'\ .- ) ~

wlrich uuu» 1".1 1(\ ()ri (~jll(1,] clom.uu ,Slo Ull1.( ) t.1}(' ( '()tll]>llt ,rlJ, ](HlrlJ (l()u.1ail1 ~lf, SlJC11

tllat. ~ vY; i~ .out.iuuous ;111<1 l iij .xr.ivc ()lJ ,~ 2 ( ) .



\\1(\ (l(\fill(' rIt(' dinn tnn I'()()( ·i/.'/ f1( '1<1 d l pl lI l I I ~ .\ ' ( )ľ t 11(\ () rigi ll(l1 clour.un
(-)t eneII t l II }(-' 1('\'(,I /

i) i)
II' (S. I ) = Ji u(.\'. I) --= iJI J. /; ( •\" ) .

- \ Ill ' ::-= ll ' o .. I .

---.

For (-l funrtion , ť : ~ l ----'. IR. . \\0(' <1( 1[111(' 111(' .' \ l.l: rI ( ' I 'il' {flilJ ( ~ ol' ,I' as

1) .1,/ i ) -

DI f (lJ· t) = ni / (S .I) .

-
\ \1l }( -~ rc ,l == ,l' o .v/ / (1.11 d ..\ ' == .c·~ ·- I ( .tJ) .

Usi I Ig tll (\ c:11 č 1i11 1'1 II(\ I'( ) I' (I (\I' i \'č l l , 1\'(\. \\.(\ <) I)t č \ i I I

J) .I' / i )
-' ._- 1:( IJ. l ) == - /" ( , (,~ ( . \~ ) . l )
l)f" I ) / ' ,

i ) ()
= (JI .l(.IJ. I ) +- g rad f( lJ· I ) . Ji .e;; (X )1.\= </, I ( ll )

I)
= Ul .l( .IJ. i) +- grad .ľ( .IJ .l) . {( {IJ ./ ),

t Jsi l1g j\ J~ ]-1 .l.-riv.u .iv«. \V( ~ (';111 l'( ~ \\Orit( ~ 1.1}(\ ~\J (- l \ ' i ( \ r - S t () kcs «q uar.ions 111 t.h«
Iorm

()[I;J';I' +- (gr ae! 1' )( IJ - 1/' )] = 1/.6 /1 -, P +- jl ) p, I',Ie! d iv IJ - grad Jr +- {)
1Y / f ) + rl i \ r ( f )/') - ()T (- H 1f ) . 1/' =':- () ( 3.5)
1)/ ' ľ""")

Tl == n ((J)

whore ali ccplc:ttiullS are ('(nlsi( l( ~l'c(l Oll tll( ~ dom.un SL N()t (\ th .u t]lC c Ollti 

111Jit)T cqua t ion c.ui 1 ) (-~ writ.t.ou 111 t.lu: Ioru:

0 .1·/

-" _- (J + () cl iv ( ()) -t- grad f) . ( ( ' - - (f) ) == ().
1)l

JD

(3 .6)



3.4 Weak fo r r l 1c t io r

Firsr . w« (l ( 'iil]( ' t 11< 1 ~pč 1( '( I~ ut" r ( l~t h lll c t l( .u - . I ,(lt 'l ~ (2 == l. '2 ( ~ 2 f )

n n (1 tl E \/ == { ll ~ I-I I ( ~ ~ I ) ~ : II I,' I) == ()}. \ ' I]( 1r ( I l I ) =-= 1 I U I \\' U r \\', L ' t lH '

p.ut uf 1'.11(' lH)111l<Lll' ,\', \\ ' l l< 'I'( ' \ \'( ' pl'( ' ~ (')' il)( ' t lu: I ) i l' j(·l d( ,t coudit .ion.

~J111tipl.\·illg ('Cj lUl ti (>ll (J.:») I wi: I I .u rv II .- \ ' . 111t (\ c~ r (1111l g ()\ 'Cl' ~2 f .md
usnu; Gl'('ell'S t.11( '()]'( '111. \\ '( ' ()l )l člill

+ j' li cl iv « r/:r + j' /1 ' 1/ rI .1
• S 2f • S 2,

+ j' [- II + I' (,!2;]'( lcl I' ) + P II )(di\ ' 1' )] 1/,' II r/S
• 1'( )

Sanu- l)l'Occcdiug wit .l 1 (:J .(») . i11 whi.h \\"( ' 11 ~( ' a11,\" '! E C2, .yiclcls

j. J) .I.1 j' j'
- ,- I ) rl .l.r + IJdi\ ' (' (I (/.1' + g l'(l( l l) , CI' - ll' ) rl rLl: == O
Df;. q, .- . Sl, . u,

{/ ( (i . IJ, ) == / /, (g r (- 1,(I (i . gr (1cl 1/. ) + (/\ -t- / / ) (di v , . cl i v 'tl, ) ,

li i n . (/) == (di v tl. (I ).

(l 'Cu,(J . (}) == ( , ' . g l'(l,(l IJ , (I )'

(1 (IJ. 'tl ' , r . (J, ) == ( / J(g r clcl 'I' )''(f ; . 1/. ),

C ( I J . r . (I) == (I)di v L' . (I ) .

]~ll( ~lL V/( ~ c.u: rowri t c t lH' pl'C vi() lIS Cqllrlt iOllS i II t,IH' fo1'11 1

J) .I.1
(fl Dt I', 1/.) + rl (fl . '1' - u.. I'. 1/ ) - II.( I ' , '1/, )

== b(u.. íT ) + (h, 1/, ) + j' IIn 'f 1/, . n. dS'.
. I ' ( )

DJ. / .
( -'-. - (J ~ q) + e ( ( J, o , (}) + (t ('n - 'tl ' . (J. (/ ) == O,

1)1-

whcro wo pu t t.hr s()-C'all( ~(l soft hound.uv condit.ion (3.2)2'

20
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3.5 Boun d ar y condition

, ' ' j : ( • / ' . t ) == " / )(.1'. I ).
" * (.1'./ ) == 1/ ' (./'./ ) .

• 1"'i11(} I'. SlIC 'l1 1,]}<\1 , " - I" E t ' : f J ()
o \,..

íf lle 1)(Jl111(laľY coudit.iou for t.l«: d( 'llSit.y /) i>r(l~(:ril)cd Ull iulo t fl lS for

uruluted i11 t.h« so-('al1c(1 \\ ·( ~ak Íl11.('gl' (d S('}l S( , 1

3.6 Discrete p r oblem

Let { ,9i, Jh E (fL 7~ ) l)( ~ cl l'( ~gllla]' s .\ ·st( ~1 11 of t.ri.uuml.n.ioi»: uf t.lr« doiuaiu D == Dt. x
{t}" 111 cl t.imo inu-rval [() . 7 ] \V( ~ «ous t.rur! rl p.ut .irion 1;" == u.t , 'II . == 0 , ... , T

w i fil tj II H-~ S to,CP T . l~ o ľ Cl lun C' t Í()11 .1' (1 (\fi1H \cl i 11 ~ 2. \ V (' set

1J .I./ ') -
-- f (.'/11" l. 1/ ) = ~) .1' C,·'{ · i:II )

I)! ( t.•. - -
- -

~ Cl (x t.,, ) - .1' ( ~\ r. I" _ I ) ) / T

== cr(-.tJ" . t,, ) - .rCIJ" - I· /; 11 - -J ) ) / T :

\vhr ~r ( ~ .tJ1I == .vY; II ( ~ \' ) •

Fo r xuupl icit.,. wo will writ« .r ll
== .lClj" .I,, ) (\}ld r/ ,( /I .l" == Cl '" - t"' )/T.

111 ( ~ al)pl'()xiI}}(lt(~ solut.iou will b( ~ SOl 19l1 1-, (d-, ( ~(l('11 t.inu: 18\Tcl t., in fiuit«
(1i1rl CII Sio II al sI)a r (\S () f tiu: t",c ('] C111( ~ 11 rs ~~ /, (111 cl (2/, .

21



\
' ~ . ( ) \~ ( 11/ ) \~ r \ " ( /, ' ) ] . ) \ ' { , \ " ( I, ' )] .) I } 1
1\, ( ' S(' t é I, == ~ . l , . A / I == lA i I - . / I == I ' / I ~ " / I - : I ' II II'Jl == () . \\" 1(' l ( )
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Chapter 4

Conclusion

111 t.hix work \ V( ) c1cl'i\T( ~d 111(11-.11()lu(lti('al <!() s ('ľ ipt ion of t ll( ) probl ém \\ it.h čl

iuoviui; 1)()111Hlar~·. \1\7( ~ (lIso f()lťllllda1-,( ~(1 SC}}( )Il}( ) !'Ol' uumori cal cxporunonr.s.

\vII icll \;\7i II 1)( ~ t.ll( ) g() (tl o ľ (lh II1()w iII g III (1s t,(\I' t'I}( I S is. S(~ v(~ ralt (- l.Sks \ \1Cr (~ II ot
111 CllLi () II C (1 i11 1.11 i~ \\'( )rk. i, ('. tJ j( 'I I J( \ 1 II ()( 1() I' ~(dv i I I(~ () rdi 11 čL r.v (l iJ rcl'C II Li rl1(\(111 čL

tions describiug tl1c airfoil mot .iou Ol' cl roustrurtion oj' A1JE iunp p in g . T hese ,
a1ol1g wir.h SUUle 1111111Cl'j('(tl CXl)( ~l'illH ~llt.s. will lH ) iur.lur]:« ] in mastcr thosis.
\ i\le will (tlso test whet.hrr th.: «xplicit ~C}lC11J(\ g l \ 'Cl1 111 (J .8 ) is sufficicnt.ly
(l,cC:l 1r(-).tc ~ Ol' t.hcrr: is a llc(~d of lH ~tt.cl' (i1l1plici1. ) S('lH)ll lC.
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