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1. Overview of the thesis

1.1 Introduction

Standard Model is a very successful theory in describing elementary particles
and their interaction. Over the last decades it has passed incredible number of
experimental checks and there is no evidence that the theory is wrong. Moreover,
the discovery of the Higgs boson in July 2012 completed the experimental search
for all particles contained in this model. However, it is clear that this is not an
ultimate theory of the universe but rather just a low energy approximation of
the final theory. It is known for long time that the Standard model suffers from
several problems where the most important role play: the hierarchy problem
which is the large split between electroweak scale and unification/Planck scale
and the incorporation of gravity. These are fundamental problems that will be
definitely the biggest challenges of theoretical physics in 21th century.

The important part of the Standard model is the sector of strong interactions
which is described by Quantum Chromodynamics. The fundamental degrees of
freedom are gluons and quarks which are asymptotically free at high energies. At
low energies the theory is strongly coupled and gluons and quarks are confined
into hadrons. This means that at low energies there are other degrees of freedom -
pions and other pseudoscalar mesons that arise from spontaneous chiral symmetry
breaking. These particles are not present in the original QCD Lagrangian and
their description requires the effective field theory approach provided by the chiral
Lagrangian, ie. SU(3) non-linear sigma model. The extension beyond the leading
order is captured by the Chiral Perturbation Theory which provides a consistent
momentum expansion. This theory has been very successful in describing the
dynamics of the low energy sector of QCD.

This thesis focuses on two big open questions in this direction:

1. Extension of the effective field theory for QCD approach beyond the lowest
energies.

2. Theoretical studies of the effective field Lagrangians using computations of
scattering amplitudes.

1.1.1 Effective field theory for resonances

Chiral Perturbation Theory is an effective field theory for pseudoscalar mesons
which is the lowest multiplet in the spectrum of hadrons. The effect of all higher
resonances is effectively included in the coupling constants. Therefore, this effec-
tive theory breaks down when dynamics of resonances become important. This
happens at the scale A = M, where M, is the mass of the rho meson which is
the lightest resonance. For energies £ > 1GeV we need a new theory that also
includes resonances as dynamical degrees of freedom, Resonance Chiral Theory.
In the simplest approximation we consider only lowest multiplets of vector, axial
vector, scalar and pseudoscalar resonances but in principle we could consider the
infinite tower of them.



Resonance Chiral Theory is an effective field theory that describes interactions
of pseudoscalar mesons and higher resonances. Because we are in intermediate
energetic region there is no good expansion parameter. At lower energies we
expand in small momenta while at high energies we can use 1/N¢ expansion.
In the resonance sector we have to combine both expansion parameters in order
to get phenomenologically relevant results. The approach is to write a gener-
al Lagrangian compatible with the symmetries (chiral building blocks coupled
to resonance fields). Then we calculate correlation functions in this theory and
compare it with correlation functions computed at low energies (in Chiral Pertur-
bation Theory) and at high energies with Operator Product Expansion (OPE).
We require that our result matches both of them which gives consistency con-
straints on the coupling constants of our effective Lagrangian.

This thesis addresses this problem in two chapters. In chapter 2 we follow
the approach outlined above by calculating SS — PP correlator at one-loop.
We match the result at low and high energies and provide set of conditions on
coupling constants together with the saturation of low-energy constants in the
chiral Lagrangians. In chapter 3 we study more conceptual point of validity of the
resonance approach for loops. We find that in certain cases non-physical degrees
of freedom can appear in the loop calculations and discuss the implications.

1.1.2 Amplitudes in the non-linear sigma model

In the low energy sector of QCD the dynamics of pseudoscalar mesons (pions,
kaons) can be described by the SU(3) non-linear sigma model. This theory plays
an extremely important role in particle physics. It describes the dynamics of
the octet of pseudo-Goldstone bosons that arise in the spontaneous symmetry
breaking SU(3) x SU(3) — SU(3). The Lagrangian is given by

F2
4

There is infinite tower of terms in this Lagrangian but all of them have two
derivatives only. To study the properties of this Lagrangian it is suggestive to
calculate the most basic physical observables which are scattering amplitudes.
There are many interesting results in the literature but they are mostly from
1970’s and 1980’s: and none of them make any connection with the discoveries
made in the context of Yang-Mills theory.

In last decade many new and powerful methods have been used to calculate
scattering amplitudes in Yang-Mills theory. The most prominent role play the
BCFW recursion relations that use the analytic properties of the S-matrix and
reconstructs arbitrary scattering amplitude recursively from three point ampli-
tudes. More recently, new amazing mathematical structures have been uncovered
for supersymmetric Yang-Mills theories making close connections with active re-
search in number of mathematical disciplines, from algebraic geometry to number
theory.

However, most of the activity has been limited to Yang-Mills theory (and
gravity) and there is a very little application to any other theories, especially
not to effective field theories where these methods were believed to fail due. The
non-linear sigma model here serves as a very good test case because it is a simple
but still effective field theory.

L= 8ﬂe%¢8“e_%¢ where ¢ = ¢*T* (1.1)



In chapter 4 we construct BCFW-like recursion relations for all tree-level
amplitudes of pseudo-Goldstone bosons in the non-linear sigma model. This
shows that the modern methods developed in the context of Yang-Mills theory
can be used more generally. We also discuss some further implications like the
presence of Adler zero for color stripped amplitudes.

Before discussing these projects in details in chapter 2-4 we review main results
in following three sections.

1.2 SS-PP correlator in the resonance region

Within the large-N¢o approach the mesons will be classified within U(3) multi-
plets. The chiral Goldstone bosons are introduced by means of the basic building
block,

¢
u(¢p) = exp (ZE (1.2)
where ¢ = \%)\agba and
7T st e " K
(z) = T —T T et 5 K’
- —0
K K —\/15778 + \/Lg?h

(1.3)

The Goldstone bosons couple to massive U(3) multiplets of the type V(177),
A(1T1), S(0™") and P(0~"). The vector multiplet, for instance, is given by

50"+ Jews + Jmwn pt K+
VHV = P —%po + \/LECUg + \/ngl K*0 ,
—x0
K*— K _2 1
s T B )L,

(1.4)
where we use the antisymmetric tensor formalism for spin—1 fields to describe the
vector and axial-vector resonances [8},9,13].

The resonance fields R are chosen to transform covariantly under the chiral
group as in Eq. [8]. The interaction terms which are linear in the resonance
fields can be obtained from the seminal work [3]:

Lr = cq(Suuy) + cn(Sx4) +idp(Px-) (1.5)
E y G Y F y
+o 5 V20 5 s Vil ' + 5 (A 1),

1.2.1 One-loop renormalization

For our analysis of the SS— PP correlator, the relevant bilinear terms will be [15]

Lrr = iINY([VFP, V] u?) + NAAVES Ay u”)y + NP ({V"S, PYu,).
(1.6)
Only single flavor—trace operators are considered for the construction of the
large—N¢ lagrangian. At tree-level, the octet SS — PP correlator only gets con-
tributions from this kind of terms, even at subleading orders in 1/N¢s. Operators
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with two or more traces might appear in the vertices of one loop diagrams but,
since these multi-trace terms are 1/Ng—suppressed, these contributions would go
to next-to-next-to-leading order and they will be neglected in the present work.

If one now uses the perturbative calculation, the SS — PP octet correlator
takes up to NLO in 1/N¢ the form,

1 1 16¢2 Xgp!
—Tp*) = —— 162 — 32, \op? + —m22
5w Mé—zﬂ( Cn = S2m NP T
16¢2, o, R
G s - s g s )
( S ) S P
1 16d% X
(1662 — 32d, \0p* + g”—Pp
Mp —p Mp —
164> 8d 1
+ m Er (p2>1€+ m (I)r <p2)1€
(M} —p?)* " M} —p* By
2F? 8Lyp®  4Lwpp*\  2F%_ . a0 2F V2 . ..,
+p_2 1—- 2 - 2 4E¢(p) +p_2§0 p¢(p)
+32Ls + 16Ly; + 8L, + I, (p)*. (1.7)

The couplings shown here are the renormalized ones even if the superscript “r”
is not explicitly present. The first two lines are the contribution from the scalar
exchanges. The third and fourth ones come from the pseudoscalar resonance
exchanges, whereas the fifth one is produced by the Goldstone exchanges. The
last line is given by the 1PI diagrams in the SS — PP correlator.

The NLO expression for the correlator contains plenty of resonance parameters
that are not fully well known. A typical procedure to improve the determination
of these couplings is the use of the short-distance conditions [9].

The operator product expansion tells us that the S5 — PP correlator vanishes
like 1/p* for the large Euclidean momentum. Indeed, due to the smallness of its
dimension—four condensate (B%%,( 075 PPY ~ 121agF* ~ 3-107* GeV* [49)), it is
a good approximation to consider that it vanishes like 1/p® when p* — —oo [49].

The correlator does not follow this short-distance behaviour for arbitrary val-
ues of its couplings. This imposes severe constraints on the coefficients of the
high-energy expansion of our NLO correlator,

1 1 ® ., © —PQ)
H = —— (a5, + s, In—— | . (1.8)

The proper OPE short-distance behaviour is therefore recovered by demand-
ing [47]

al" =a” =0,  for k=024 (1.9)

At large Ng¢, there are no logarithmic terms (ozl(f) = 0) and for the remaining

coeflicients one has aép ) =0 (no Ls or higher local couplings at large N¢) and
the two Weinberg sum-rules (WSR),

o) = 2F? 4 16d%, — 162, = 0
o) = 1642, M2 —162M2 = 0. (1.10)
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At NLO, in the case when the interactions only contain operators Lr with
at most one resonance field [8], the high-energy expansion log—term coefficients
result

8’ F*? 8cic2,  F?

oz((f) = 8¢ —8d% — 4cqcn + 263+ GY —

3 F? 2"
8 2F2 16M2 2.2
WToé@ = 8d2 M2 — 82 M2 — % + 20cae, M2 — 62M2 — 3G MZ
8 2F2 24 2.2 M4
”Taff) - —% — degenMA + 62MA + 3G M | (1.11)
and the high-energy coefficients oz((f %74 are given by
o = —a + 32Ls,
o) = 2F%+16d%, — 1662, + A(n),
o) = 16d> M2 —16¢2 M2 + B(u), (1.12)

with the NLO corrections that depend on the renormalization scale p through
functions A(p) and B(u).

1.2.2 Phenomenology

First, we will extract the value of the LECs at large N¢ within the single resonance
approximation. We will use the formerly referred Mg = 980420 MeV and Mp =
1300450 MeV, F = 90+ 2 MeV and the standard reference xPT renormalization
scale g = 770 MeV. The short-distance constraints determine ¢, and d,, in terms
of the scalar and pseudo-scalar masses, producing

Lg = (0.83+£0.05) - 1072, Cass = (8.441.0)- 107°. (1.13)

Naively, if the uncertainty on the saturation scale is estimated by observing the
variation with p in the range 0.5-1 GeV, one would expect the former values to
be deviated from the actual ones at the order of ALg ~ 0.3-1073, AC35 ~ 5-1076.

In order to go beyond the naive estimate of the subleading 1/N¢ uncertain-
ty, we consider now the one-loop contributions computed in previous sections.
The analysis needs the detailed discussion of parameters and different schemes.
Finally, it leads to our final LEC estimates,

Lg(po) = (1.0+£0.4) - 1072, Cas(po) = (8£5) - 107°, (1.14)

These numbers are compared to previous determinations in Fig. [2.14] Although
there is still a clear dispersion between the various measurements, at the present
error level we remain essentially compatible. Further efforts should be focused
on the extraction of the scalar and pseudo-scalar pole masses in order to sizably
reduce the uncertainties in the resonance calculations.

1.3 Renormalization in the effective theory for
spin-1 resonances

In this chapter we discuss the issue of the additional degrees of freedom in all
three formalisms for the description of spin-one resonances (vector, antisymmetric

8
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Figure 1.1: Comparison of the LEC predictions in this work with previous results in
the bibliography.

tensor and combined). We use the path integral formulation where the protective
symmetry analogous to the Rarita-Schwinger case is manifest. We formulate a for-
mal self-consistent organization of the counterterms and one-particle irreducible
graphs, which sorts the operators in the Lagrangian according to the number of
derivatives as well as number of the resonance fields and which is useful for the
proof of renormalizability of the Resonance chiral theory as an effective theory.
This is used to explicitly calculate self-energies and give a list of counterterms
and briefly discuss the renormalization prescription. Finally, we construct their
propagators and discuss the pole structure. In this review, we focus just on the
case of vector field description, discussion for other two formalisms is analogous.

1.3.1 Vector field formalism
The full propagator for the spin-1 field is

1 1
A(p)=— P+ _— —__ __pL 1.15
(D) P2 — M2 — ST (p?) T M? + XL(p?) ™ ( )

where

L __ DPuDv

P o= (1.16)
PP

P, = g,w——;? (1.17)

are the usual longitudinal and transverse projectors and X7** are the correspond-
ing transverse and longitudinal self-energies, which vanish in the free field limit.



The possible (generally complex) poles of such a propagator are of two types;
either at p? = sy, where sy is given by the solutions of

sy — M?* - T (sy) =0, (1.18)
or at p?> = sg where sg is the solution of
M? +%E(sg) = 0. (1.19)

Let us first discuss the poles of the first type. Assuming that (3.8) is satisfied for
sy = MZ > 0, then for p* — M?

_ Zy Pubv
A/u/(p) - p2 _ M‘Q/ <_g;u/ + WE > + O(l)
_Zv N () =V
T 2 ;eu (p)e,”"(p) + O(1) (1.20)
where o ' (1 21)
VT ET(0) '

and where z—:ﬁf\) (p) are the usual spin-one polarization vectors. Under the condition

Zyv > 0 the poles of this type correspond to spin-one one particle states |p, A, V')
which couple to the Proca field as

(O[Vu(0)lp, A, V) = Zy/ 2 (p). (1.22)

At least one of these states is expected to be perturbative in the sense that its
mass and coupling to V,, can be written as

ME = M?+5ME (1.23)
Zy = 1402y, (1.24)

where 6 M and §Zy are small corrections vanishing in the free field limit. This
solution corresponds to the original degree of freedom described by the free part
of the Lagrangian L£j,. The additional one particle states corresponding to the
other possible (non-perturbative) solutions of decouple in the free field limit.

The second type of poles is given by (intrinsically nonperturbative) solutions
of (3.9). Suppose that this condition is satisfied by sg = M2 > 0. For p*> — M3

ZS' Pulv
A(p) = —2=2 1 0(1 1.25
W) = = e+ 00 (1.25)
where .
Lg = —— . (1.26)
XE(ME)

Assuming Zg > 0 this pole corresponds to the spin-zero one particle state |p, S)
which couples to V), as

. Zg'/?
OV O)lp. 5) = ip,
For the free field this scalar mode is frozen and does not propagate according
to the special form of the vector field Lagrangian. Therefore, in the limit of
vanishing interaction the extra scalar state decouples. Without any additional
assumptions on the symmetries of the interaction Lagrangian we can therefore
expect the appearance of additional dynamically generated degrees of freedom.

(1.27)
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1.3.2 Organization of counterterms

In the process of the loop calculation we are lead to the problem of performing a
classification of the countertems, which have to be introduced in order to renor-
malize infinities. For this purpose, it is convenient to have a scheme, which allows
us to assign to each operator in the Lagrangian and to each Feynman graph an
appropriate expansion index. Indices of the counterterms, which are necessary
in order to cancel the divergences of the given Feynman graph, should be then
correlated with the indices of the vertices of the graph as well as with the number
of the loops. When we restrict ourselves to the (one-particle irreducible) graphs
with a given index, the number of the allowed operators contributing to the graph
as well as that of necessary counterterms should be finite. There are several pos-
sibilities how to do it, some of them being quite efficient but purely formal and
unphysical, some of them having good physical meaning, but not very useful in
practise.

The problem is obvious: we are trying to build the effective theory in the
intermediate energy region which is hard because we do not have useful expansion
parameters. Therefore, in the standard cases one uses either small momentum or
large N expansion which always leads to problems. Our approach combines the
advantages of both approaches and it classifies all graphs based on the combined
expansion. Let us start with the familiar formula for the degree of superficial
divergence dr of a given one particle irreducible graph I', which provides us with
the upper bound on the number of derivatives dp,, in a counterterm O. needed
for the renormalization of I'. Because in the vector field formalism the spin 1
resonance propagator behaves as O(1) for p — oo, we get

do,, < dr =4L —2Igp + Y _ do (1.28)
(@

where dp means the number of derivatives of the vertex V derived from the
operator O. We can derive the analog of the Weinberg formula, now in the form
of an upper bound

io, <ir=2L+ io. (1.29)
o
The counting rules can be summarized as follows
Ry, Vi = O(p), M = O(1) (1.30)
and for the external sources as usual
v, a" = O0(p), x,x* = 0(p*). (1.31)

Note also that, the index 7o can be rewritten as

. ng
10 = DO -2 - 7 (132)

and in the last bracket we recognize the exponent controlling the leading large N¢o
behavior of the coupling constant in front of the operator O. Remember, however,
that the loop induced counterterms have an additional 1/N¢ suppression for each
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loop (cf. (3.121))). Therefore it is natural to modify the index i» and ir as follows
(the coefficient 1/2 is a matter of convenience, see bellow)

With such a modified indices /z'\@, Zp the formula (3.126]) has the form

o, <ir=2L+ Y io (1.33)
(@]

The content of this redefinition of ip is evident: the operators are now classified
according to the combined derivative and large N expansion according to the
counting rules (for pure y PT introduced in [82], [83])

p=0("), v,a=0("), x.x* =00), 5~ =006) (134
C

In what follows we shall use for the classification of the counterterms and for
the organization of our calculation the index ip given by and .
Note however, that these formulae similarly to the previous cases, do not have
much of physical content and serve only as a formal tool for the proof of the
renormalizability and for the ordering of the counterterms. Namely, the index ir
which is by construction related to the superficial degree of the divergence (and
which applies to one-particle irreducible graphs only) does not reflect the infrared
behavior of the (one-particle irreducible) graph I, rather it refers to its ultraviolet
properties.

1.3.3 The self-energy at one loop

Our starting point is the following Lagrangian for 1~ resonances [85] (see also
[36])

1 ~ ~ 1
Ly = —Z(VHVV“”>+§M2(VuV“)

1 P 1 ~
Vi A 4 =oveasw {VE VI + ... (1.35
30 7 ]} 5ovan (V7 V) + (139
where we have written down explicitly only the terms contributing to the self-
energy. In order to cancel the infinite part of the loops we have therefore to
introduce a set of counterterms with two resonance fields and indiced] i < 6,
namely

1

N Y,
LY = §MQZM<VMV“>+T<VWV“”> - %((DMV“W
Xy o Xy o
+T1<{D0u Dﬂ}VM{D >Dﬁ}vu> + T2<{Da7 Dﬁ}vu{D ) DH}Vﬁ>
X X
+%<{Da, Ds}VA{D*, D"}V,) + %(DQV#{D“, DPYV3) 4 Xy5(D?V, D*VH)
+LM0) (1.36)

I'Note that, for these counterterms the index i coincides with the usual chiral order Do.
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Here the last term accumulates the operators with six derivatives (ip = 6),
which we do not write down explicitly. The bare couplings are split into a finite
part renormalized at a scale p and a divergent part. The result for self-energies
can be written in the form (in the following formulae x = s/M?)

M\ [&S 1, (M 45 . 40 -
Y(s) = M? <—> Z ' — Zgv (F) 2> B(z) — ga%(x —1)%zJ(x)
i=0

2
Nt
Si(s) = M? (m) > Bt

In the above formulae «; and (; can be expressed in terms of the renormalization
scale independent combinations of the counterterm couplings and ylogs.

It is easy to show that these results lead to the generation of new poles in
the propagators that for some reasonable values of coupling constants are inside
the region of applicability of this theory. The detailed discussion together with
numerical analysis is provided in chapter 3 of the thesis. As a result, the concept
of renormalization for the effective theory for resonances must be studied in more
details taking into account this phenomenon.

1.4 Amplitudes in the Non-linear sigma model

The focus of this chapter is on scattering amplitudes of Goldstone bosons within
the SU(N) nonlinear sigma model described by the leading order Lagrangian. In
principle, the standard Feynman diagram approach allows us to calculate arbi-
trary amplitude. Because the model is effective, and the Lagrangian contains an
infinite tower of terms the calculation becomes very complicated for amplitudes of
many external Goldstone bosons even at tree-level. It would be therefore desirable
to find alternative non-diagrammatic methods which could save the computation-
al effort and provide us with a tool to get the amplitudes more efficiently.

We find the new recursion relations for all on-shell tree-level amplitudes of
Goldstone bosons within SU(N) nonlinear sigma model. This shows that on-
shell methods can be applied also for effective field theories and it gives new
computational tool in this model. Using these recursion relations we are also
able to prove more properties of tree-level amplitudes that are invisible in the
Feynman diagram approach.

1.4.1 Color stripped amplitudes

The most general chiral invariant leading order effective Lagrangian in general
number d of space-time dimensions describing the dynamics of the Goldstone
bosons corresponding to the spontaneous symmetry breaking G; x Ggp — Gy as

2

2
£ = QU007 =~ (U ,0) U D)), (1.37)

where F'is a constantﬂ with the canonical dimension d/2 — 1. Here and in what
follows we use the notation (-) = Tr(-) and the trace is taken in the defining

2The decay constant of the Goldstone bosons.
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representation of G. The overall normalization factor is dictated by the form of
the parametrization of the matrix U in terms of the Goldstone boson fields ¢®
which we write for the purposes of this subsectionﬂ as

U = exp (\/5%¢) (1.38)
where ¢ = ¢?t* and t*, a = 1,...,dim G are generators of GG satisfying

{4’ = 5% (1.39)
(Lo, 8" = V2. (1.40)

Here f are totally antisymmetric structure constants of the group G. According
to (4.2), the fields ¢* transform linearly under the little group Gy as the vector
in the adjoint representation of G while the general chiral transformations of ¢®
are nonlinear.

The Lagrangian £ can be rewritten in terms of the Goldstone boson fields
as follows. We have

. _exp (—\/Q%Ad(qﬁ)) -1 1 exp (_%Daﬁ) -1 .
U—-o,U = Ad() 00 = \/ﬁt D, 0o (1.41)
where
Ad(¢)8u0 = [0, 0u0] = V2" D,6" = V2t - Dy - 09, (1.42)
the matrix ng is given as
DY = —ife*¢° (1.43)

and the dot means contraction of the indices in the adjoint representation. In-
serting this in (4.3)) we get finally

F? o 1—cos (§Dy) o= (D" 2N
—0¢" - i 0¢ = —0¢" - Z ] (F) D% - 9¢.
n=1
(1.44)
Note that, the only group factors which enter the interaction vertices are the
structure constants fe°. In any tree Feynman diagram each f%¢ is contracted
either with another structure constant within the same vertex or via propagator
factor §?° with some structure constant entering next vertex. Therefore, using
the standard argumentation for a general tree graph [105], i.e. expressing any
fee as a trace fo¢ = —(i[t t*]t°)/v/2 and then successively using the relations
like fedete = —i[t? t¢]/ /2 in order to replace the contracted structure constants
with the commutators of the generators inside the single trace, we can prove that
any tree level on-shell amplitude has a simple group structure, namely

MUy p) = Y (O %) M (py, . pa). (1.45)

UESn/Zn

Here all the momenta treated as incoming and the sum is taken over the permu-
tation of the n indices 1,2, ...,n modulo cyclic permutations.

3In what follows we will use also more general parametrization of U.
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1.4.2 Semi-on-shell amplitudes and Berends-Giele rela-
tions

The semi-on-shell amplitudes J2%%(py, po,...,p,) (or currents in the termi-
nology of the original paper [131], where they were introduced for QCD and more
generally for the SU(N) Yang-Mills theory) can be defined in our case as the
matrix elements of the Goldstone boson field ¢%(0) between vacuum and the n
Goldstone boson states |7 (py) ... 7 (pn))

Tarezn (py, pa, o) = (016°(0) 7 (p1) ... 7 (). (1.46)

Here the momentum p,; attached to ¢*(0)
Pnt1 = — ij‘ (147)
j=1

is off-shell. Note that J&1%2-% (p;, po, ..., p,) has a pole for p2 ., = 0.

In complete analogy with the on-shell amplitudes, at the tree level the right
hand side of can be expressed in terms of the flavor-stripped semi-on-shell
amplitudes J,,(p1,pa2, ..., pp) in the form

<0|¢ ( )’ﬂ- ( ) pn |tree = Z Tr tatag(l) tag(n))Jn(pa(lﬁpo@)a o 7pa(n))-

UESn

(1.48)
Let us note that, at higher orders in the loop expansion the group structure
contains also multiple trace terms. We normalize the one particle states according
to

Ji(p) = 1. (1.49)

In this section the above semi-on-shell flavor-stripped amplitudes J,, (p1, p2, - - ., Dn)
will be the main subject of our interest. The on-shell stripped amplitudes

M(p1,p2, - .., Pns1) can be extracted from them by means of the Lehmann-Symanzik-

Zimmermann (LSZ) formulas

M(p17p27~-'7pn+1) = - hm pn+1J (pl p27"'7pn)- (150)

pn+1*>

The main advantage of the semi-on-shell amplitudes J,,(p1, po, - .., ps) (in what
follows we also use short-hand notation J(1,2,...,n)) is that they allow to aban-
don the Feynman diagram approach using appropriate recursive relation. The
latter has been first formulated by Berends and Giele in the context of QCD [131]
and proved to be very efficient for the calculation of the tree-level multi-gluon am-
plitudes. For the U(N) nonlinear sigma model the generalized recurrent relations
of Berends-Giele type can be written in the form (see Fig

J(lv 27 . Z ZIVerl pl,]laplerl,JQa . 'pjm—1+1,n7 _pl,n) H J(jk*l—i_la s
i 2 ) k=1
(1.51)
where the sum is over all splittings of the ordered set {1,2,...,n} into m non-

empty ordered subsets {jr—1 + 1,Jk-1 + 2,...,Jx}, (here jo = 0 and j,, = n),
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Figure 1.2: Graphical representation of the Berends-Giele recursive relations

Vini1 is the flavor-stripped Feynman rule for vertices with m + 1 external legs
and p; = Zf:z p; as above.

Using Cayley parametrization we show in the thesis that semi-on-shell currents
have interesting behavior under the scaling of external momenta, ¢ — 0

J2n+1(tp17p2a tp37p47 -y Por, tp2T+17p2T+27 -y Pon, tp2n+1) = O(t2> (152>

and

1

11_{% J2n+1(p17 tp27p37 tp47 s 7tp2r>p2r+17 tp2r+27 s >tp2n>p2n+1) - W (153)

This will allow us to construct recursion relations for the on-shell amplitudes.

1.4.3 BCFW-like recursion relations

The standard BCFW-like deformation [111}/112] of the external momenta p; yields
deformed amplitudes which behave as a non-negative power of z for z — co. As a
result, for the reconstruction of the amplitude from its pole structure we need to
use the general reconstruction formula for which additional information on
the on-shell amplitude (its values at several points) is necessary. However, such
an information is not at our disposal. We solve this problems by the following
trick: we relax some demands placed on the usual BCFW-like deformation and
allow more general ones for which either the reconstruction formula without sub-
tractions can be applied or additional information on the deformed amplitudes is
accessible. The momentum conservation cannot be evidently avoided, what re-
mains is the on-shell condition of all the external momenta. It seems therefore to
be natural to relax this constraint and instead of the on-shell amplitudes My,
to use the semi-on-shell amplitudes J3,,1, or the cut semi-on-shell amplitudes

My, 11 defined as

Mani1 (P1, - -+ P2ns1) = Pl opi1Jonts (P15 Pang) - (1.54)

Motivated by the results of the previous section let us assume the following
deformation of the semi-on-shell amplitude M, 1 in the Cayley parametrization

M2n+1(2) = M2n+1(]91> ZP2, P34y P4y -« o5 P21 P2r 415 ZP2r 425 - -+ 5 Zp2mP2n+1) (1-55)
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Figure 1.3: Graphical representation of the right hand side of the relation (4.95]).

i.e. all even momenta are scaled by the complex parameter z and the odd mo-
menta are not deformed

par(2) = 2paks  Paw+1(2) = Pawt (1.56)

Note that in contrast to the standard BCFW shift this deformation is possible for
general number of space-time dimensions d. The physical amplitude corresponds
to z = 1. For n = 1 we get explicitly

Ms(z) = %(Pl *D3) (1.57)

For general n let us denote the sums of all odd (even) momenta as

p-= ZP%H, Py = ZP% : (1.58)
k=0 k=1

Then in general case the function My, 1(2) has the following important proper-
ties:

1. With generic fixed p; it is a meromorphic function of z with simple poles.

2. The asymptotics of My, 1(z) can be deduced form the known properties
of Jaui1, namely for n > 1 we get as a consequence of (4.79)

MQn—H(Z) = (p+2 + p—)2‘]2n+1(p17 P2, -, Zp2n7p2n+l) = O(ZO) (159)

3. For n > 1 we have according to known scaling property (4.68)) of Ja,11

1

(2F2)np2_ (1.60)

lim M2n+1 (Z) =
z—0

The first two properties allows us to write for Ms,1(z) the reconstruction
formula with one subtraction, i.e. the relation (4.49) with & = 0. The third
property is the key one for the complete reconstruction and determines both
the “subtraction point“ a; = 0 and the “subtraction constant® My, 1(a;) =

P>/ (2F?)™.
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As a final result we get then using (4.95)), (4.98)), (4.91)), (4.93)) and (4.94))

1
2F?)

R
Monia(p1, - - - pant1) = PeE Y MEP)(ZP)p—;Mz(zP)(ZP)- (1.61)
- P

Note that there is an extra function Rp in contrast to the standard BCFW

formula (4.44)), namely

-2
Zpl for Zp = 2252542
Rp=1{ %P . for zp = 231211 (1.62)
1 2z _ ot
zI. .—2;I ZE. ’L.J for ZP - ZZ:J

The on-shell amplitude is then

Mo, (1,2,...,2n—1;2n) = —  lim My, 1(1). (1.63)

2
P1,20—1—0
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2. High energy constraints in the
octet 5SS — PP correlator

2.1 Introduction

The effective field theory (EFT) approach is a very powerful tool for the investiga-
tion of Quantum Chromodynamics (QCD) at long distances. Chiral Perturbation
theory (xPT) |1H3] is the EFT for the description of the chiral (pseudo) Gold-
stones in the low energy domain p? < A% ~ 1 GeV?, with Ay typically the scale
of the lowest resonance masses. The calculation of the QCD matrix elements is
then organized at long distances in growing powers of the external momenta and
light quark masses. Recent progress has allowed to carry xPT up to O(p°), i.e.,
up to the two-loop level [4H7].

In the intermediate resonance region, Ay < E < 2 GeV, xPT stops being
valid and one must explicitly include the resonance fields in the Lagrangian de-
scription.  Unfortunately, this is not a straightforward process because there is
no natural expansion parameter in this region as several relevant mass scales ap-
pear in this range (resonance masses, momenta, widths, the characteristic yPT
loop scale A, ~ 4nF..). Resonance Chiral Theory (RxT) describes the in-
teraction of resonance and pseudo-Goldstones within a general chiral invariant
framework [8,9]. Alternatively to the chiral counting, it uses the 1/N¢ expan-
sion of QCD in the limit of large number of colours [10] as a guideline to orga-
nize the perturbative expansion. At leading order (LO), just tree-level diagrams
contribute while loop diagrams yield higher order effects. Integrating out the
heavy resonance states leaves at low energies the corresponding chiral invari-
ant effective theory, xPT. Many works have investigated various aspects of RxT:
equivalence of formalisms [9,[11-13]; Green functions [14-20]; applications to phe-
nomenology [14,21-27]; determination of chiral low-energy constants (LECs) at
NLO in 1/N¢ [21,29-32]; determination of the one-loop ultraviolet divergence
structures in the generating functional [33]; implications about the renormaliz-
ability [34.35]; possible issues with extra degrees of freedom in the renormalized
propagator [36437]; renormalization group studies [38].

The infinite tower of mesons contained in large-Ngo QCD is often truncated
to the lowest states in each channel, usually named as single resonance approxi-
mation (SRA). This approximation has led to successful predictions of O(p*) and
O(p®) low-energy constants (LECs) [8,(9,21428,39]. However, the study of Regge
models with an infinite number of mesons has shown that if one keeps just the
lightest states with exactly the same couplings and masses of the full model then
one finds problems in the short-distance matching and wrong values are obtained
for the LECs [40]. Thus, in a high-energy matching with the operator product
expansion (OPE) [41] the parameters of the truncated theory will be shifted in
order to accommodate the right short-distance dependence. Chiral symmetry en-
sures the proper low-momentum structure of the RyT amplitudes around p? = 0
but their high energy behaviour is not fixed by symmetry alone. In that sense,
the matched amplitude can be understood with the help of Padé approximants as
an rational interpolator between the deep Euclidean p*> = —oo and p? = 0 [43]/44].
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The Weinberg sum-rules (WSR) [42] yield the most convenient parameters for the
interpolation rather than the accurate determinations of the resonance couplings.
Furthermore, the RxT couplings for the lightest mesons are expected to be in
better agreement, whereas the parameters from the highest excitations may lie
far from their right values [43].

The connection of the RyT amplitudes with the operator product expan-
sion (OPE) at high energies seems a priori a useful procedure to include extra
information from QCD in the resonance theory. It allows to fix combinations of
couplings (e.g., through WSR), decreasing the number of unknown parameters
in the analysis. However, large-No QCD has an infinite number of hadrons and
in order to reproduce the full large—Ns theory one must consider the tree-level
exchanges of heavier and heavier resonances. In the hadronical ansatz approach,
one adds more and more poles to the rational approximant [43,44]. Equivalently,
this can be realized within the quantum field theory framework as a generating
functional with a lagrangian including interaction operators J — R; that couple
the external current source J and heavier and heavier resonances R; (e.g. of the
form ¢, ;(S;x+ ) for the SS correlator).

The extension of RxT beyond the tree level approximation still needs to be
worked out in detail. Although some theoretical issues on the renormalizability
of RxT still need further clarification [34}35,45], several chiral LECs have been
already computed up to NLO in 1/N¢ through quantum field theory (QFT) one-
loop calculations [29,130] and dispersion relations [31}32]. In this article we will
focus our attention on the chiral octet SS — PP correlator (for instance, with
I = 1), which in the chiral limit is determined at low energies by the O(p*) and
O(p®) LECs, respectively, by Lg [3] and Csg [4]. The correlator is computed up
to next-to-leading order in 1/Ne (NLO) and the chiral limit will be assumed all
along the article.

At the one-loop level -NLO in 1/N¢g—, one needs also to devise a procedure
to reach the infinite resonance limit of large-Ns QCD. In the case of two—point
Green-functions, the imaginary part of the one-loop diagrams is given through
the optical theorem by the square of two-meson form-factors computed at tree-
level. Thus, based on a dispersive approach, one may add the contribution to
the spectral function from higher and higher two-meson absorptive cuts by pro-
viding the corresponding form-factors [31,32]. This would be, in some sense, the
natural extension of the minimal hadronical ansatz [44] to the one-loop situa-
tion. In a previous computation of the octet SS — PP correlator up to NLO
in 1/N¢, the intermediate two-meson channels were analyzed individually [31].
The corresponding tree-level form-factors were made to vanish appropriately at
high energies [32,|46]. This allowed to recover the correlator from its spectral
function through an unsubtracted dispersion relation. However, in general, it is
not always possible to fulfill the high-energy constraints for all the form-factors
at once E] Only the two-meson absorptive cuts with at most one resonance (77
and Rm) were considered in Ref. [31], as the RR’ channels have their thresh-

Tn the case of the scalar and pseudo-scalar form-factors, it is still possible to impose the
right high-energy behaviour to all the form-factors if one considers operators with two and
three resonance fields Lrr and Lrr rr [32,146]. Nonetheless, there is no consistent set of
constraints for all the vector and axial-vector form-factors if only a finite number of resonances
is considered [32,46]. A similar kind of inconsistences was found in the study of three—point
Green-functions at large N¢ [19].
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olds at (Mpr + Mp) ~ 2 GeV and are suppressed at low energies. Likewise, the
short-distance constraints from V'V — AA Weinberg sum-rules and the 77 vector
and the scalar form-factor were used there in order to fix some of the couplings
appearing in the analysis.

In the quantum field theory approach proposed in this work, one has a mesonic
lagrangian which at the classical level generates the large—-No amplitudes and
whose quadratic fluctuations around the classical field configuration provide the
one-loop corrections [33]. The complete QCD generating functional is approached
as one adds more and more hadronic operators to the action. Eventually, one
should add the infinite number of possible terms of the given 1/N¢ order under
consideration. For instance, the Swr interaction (provided by cq( Su,u) [8]) is
of the same order as in 1/N¢ as the SPr vertex (given by the A\{¥({V~S, P}u, )
operator [15,32,/46]). Notice that one never has a complete description with a
finite number of operators. The basic lagrangian Ls + Lr with at most one
resonance field in each term [8] provides an incomplete description of the R
channels, as the possible diagrams with R’ resonances exchanged in the s—channel
are missing [31,/32]. This requires the incorporation of operators Lrr with two
resonance fields [15,[32,46]. In the same way, the RR' absorptive cuts are now
badly described without the Lz rs terms with three resonance fields.

The chiral structure of the lagrangian ensures the right structure at long
distances. On the other hand, we will impose that the correlator follows the
short-distance behaviour prescribed by the OPE. The one-loop RxT amplitude
will be used as an improved interpolator between low and high energies. The
resonance couplings become then interpolating parameters that must approach
their actual values in the full QCD as more and more operators are added to the
RxT action. On the contrary to what was done in former works [31,32], the short-
distance matching will be carried out in the present article for the total correlator
and spectral function [47], rather than for individual channels. Likewise, we will
not use the short-distance constraints from other amplitudes to fix the couplings
in the one-loop correlator. We will work within the SRA, including just the chiral
Goldstones and the lightest multiplets of scalar, pseudo-scalar, vector and axial-
vector resonances. In a first step, the SS — PP correlator will be computed at
NLO in 1/N¢ with the simplest RxT lagrangian, with operators with at most
one resonance field (Gy, ¢p, dpy,...) |8]. This provides the proper structure for the
intermediate tree-level exchanges (m, S, P one-particle channels) and the two-
Goldstone cut ww. However, this simple lagrangian fails to describe the Rw
and RR' channels as the lagrangian [8] makes their form-factors behave like a
constant or like a growing power of the momentum at high energies [30-32} 46,
48]. This will be partly cured by the consideration of A% operators with two
resonance fields [15,32,46, 48|, which now allow an appropriate description of
the Rm channels, though the RR’ ones still behave badly. Although these cuts
with two resonances were neglected in the dispersive approach [31], removing
part of the one-loop diagrams is not theoretically well defined and may lead to
inconsistences in the renormalization of the QFT. Furthermore, it is not trivial
that the effect of the RR’ cuts in the short-distance matching is fully negligible.
Hence, all the possible diagrams contributing to the correlator up to NLO will be
kept in our study.

The amplitude is first computed within the usual subtraction scheme of xPT [2]
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(denoted for simplicity as MS all along the article). However, though equivalent
at low energies, some appropriate schemes will be found more convenient: pole
masses and other schemes that minimize the uncertainties derived from the short-
distance constraints. This will help us to determine the O(p?) and O(p°) LECs,
respectively Lg(p) and Csg(p). The high-energy constraints and their meaning
will be discussed and the convergence to full large- N QCD will be tested as more
and more hadronic operators are added to the RxT action. This work is thought
as a complementary and an alternative approach to the dispersive analysis in
Ref. [31].

The article is organized as follows. Resonance chiral theory is introduced in
detail in Sec. The octet SS — PP correlator is defined in Sec. and its
one-loop RxT computation is provided in Sec. 2.4 The high-energy constraints
and low energy expansions are respectively given in Secs. and [2.6] The con-
tributions from operators Lgg with two resonance fields have been singled out in
Sec. to ease the main argumentation of the article. Finally, the phenomeno-
logical analysis is given in Sec. and the conclusions are provided in Sec. [2.9]
Some technical results are relegated to the Appendices.

2.2 Resonance chiral theory lagrangian
Within the large-N¢o approach the mesons will be classified within U(3) multi-

plets. The chiral Goldstone bosons are introduced by means of the basic building
block,

uto) = exp (i) 1)

where ¢ = \%)\“qba and

T+ e+ 5 Tt K+
o(z) = T — 25+ s + = K°
_ —0
K K —\%778 + \/%Th
(2.2)
This forms the basic covariant tensors,
u, = i{u'(0, —ir)u — u(9, —il,)u'},
ye = u'yu +uxu, (2.3)
W= w "t £ ut PR

with x = 2By(s + ip) containing the scalar and pseudo-scalar external sources, s
and p respectively, the right and left sources r* and ¢* providing the vector and
axial-vector external sources, v* = 1(r* + (*) and a* = $(r* — (*) respectively,
and F f’;% the corresponding left and right field-strength tensors.

The Goldstone bosons are parametrized by the elements u(¢) of the coset
space U(3)r x U(3)g/U(3)y, transforming as

(@) = Vru(@)h(g, )™ = h(g. )u(¢)Vk (2.4)

under a general chiral rotation g = (Vz,Vg) C G in terms of the U(3)y com-
pensator field h(g,¢). This makes the tensors X = u# x4, f¥ to transform
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covariantly in the form,

X = h(g,0) X h(g, )" (2.5)

2.2.1 Leading order lagrangian

For the classification of the vertices entering in the tree-level and one-loop ampli-
tudes it will be useful to organize the operators of the RxT lagrangian according
to the number of resonance fields:

L =L +Lr + Lrr + ... (2.6)

where L only contains Goldstone bosons and external sources, L also includes
one resonance, etc. Although in principle one should consider all the terms com-
patible with symmetry, most of the large-Ns phenomenological calculations con-
sider operators with the minimal number of derivatives [39]. This is usually
justified through the argument that higher derivative operators tend to violate
the asymptotic high energy QCD behaviour [9,39]. Likewise, its has been proven
in several cases that higher derivative resonance operators can be removed from
the hadronic action through meson field redefinitions in the generating function-
al [30,[33H35]/46,/48|. In the present article, the leading lagrangian will only contain
operators at most O(p?), with the external sources counted as v¥, a* ~ O(p) and
x ~ O(p?) HELAT).

The Lagrangian with only Goldstones has the same form as in yPT but the
coupling constants are different. In xYPT we have the leading order Lagrangian

£@, = 2.7
XPT_Z<UMU +Xx4) - (2.7)

In RxT beyond leading order the constants standing in front of the operators
(ufu, ) and (x4 ) may not be the same as in yPT. Therefore, generally we can
write

F? F?
Lo = () + () (28)
where we explicitly distinguish between F and F. These can be split in the way,
F=F+0F, F=F+6F (2.9)

where at large Ne one has the matching condition F=F=F and, hence, SF
and 0F are NLO in 1/Ne. On the contrary to what happens in xPT, where the
parameters (F' and By) which characterize the terms (uu, ) and (x4 ) do not
become renormalized, in RyT the couplings of these two operators are needed
to make the physical amplitude finite. For simplicity, we choose to keep the
definitions of the chiral tensors unchanged and to renormalize instead F' and F,
as it was done in Refs. [33,/46] with the notation oy = F2/4 and ay = F2/4.
The Goldstone bosons couple to massive U(3) multiplets of the type V(177),
A(1T1), S(0T") and P(0~"). The vector multiplet, for instance, is given by

50"+ Jews + Jzwn pt K+t
VHV = P —%po + \/LECUg + \/ngl K*0 ,
—x0
K*~ K —\%WS + \/ngl

(2.10)
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where we use the antisymmetric tensor formalism for spin—1 fields to describe the
vector and axial-vector resonances [89,/13].

The resonance fields R are chosen to transform covariantly under the chiral
group as in Eq. [§]. The free-field kinetic term is given by the operators

LR — —%(V“RWVQRQ”> + iMé(RWR“”) + %NQR’VQR’) — %M§,<R’R’> :
(2.11)
where R =V, A are vector and axial vector resonances and R’ = S, P are scalar
and pseudoscalar resonances.
The interaction terms which are linear in the resonance fields can be obtained
from the seminal work [8]:

Lr = cq(Su'uy) + cn(Sx4) +idp(Px-) (2.12)
F y G Y F y
+—2\>/§<VW w4 —;\/gwyy[uﬂ, ) + —2\;‘§<Au,,f’_‘ ).

For our analysis of the SS — PP correlator, the relevant bilinear terms will
be [15}46|,48]

Lo = XV (VFP V] ut) + AA VS A} o) + NPV, PYu,,)
(2.13)
Only single flavor-trace operators are considered for the construction of the
large—N¢ lagrangian. At tree-level, the octet SS — PP correlator only gets con-
tributions from this kind of terms, even at subleading orders in 1/N¢s. Operators
with two or more traces might appear in the vertices of one loop diagrams but,
since these multi-trace terms are 1/Ng—suppressed, these contributions would go
to next-to-next-to-leading order and they will be neglected in the present work.
The previous operators provide an appropriate description of the form factors
with two Goldstones or one resonance and one Goldstone in the final state. We
will perform our most elaborate analysis with the lagrangian Lo + Lr + Lrr,
with at most two resonance fields. As we will see in next sections, the RxT de-
scription will progressively approach the actual QCD amplitude as more and more
complicated operators are added. However, although we expect the contributions
from the operators with three resonance fields to the LECs to be negligible at our
level of accuracy, a further refinement is eventually possible by considering these
operators Lrr rr -

2.2.2 Subleading Lagrangian

At the loop level, one needs to introduce new subleading operators in order to
cancel the ultraviolet divergences, to renormalize RxT and to make the ampli-
tudes finite. As the leading order lagrangian operators are O(p?), the naive
dimensional analysis tells us that at one loop one expects to find O(p?*) ultravi-
olet divergences, requiring the introduction of NLO counter-terms with a higher
number of derivatives.

The new operators with just Goldstone bosons required at NLO are, for the
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SS — PP correlator under consideration,

i ~ i
LYEC = f(xz’_ Fx2) i (- (Vi — =x2)) (2.14)

~ {
—Liao{(Vy = 5x-)%) + 03 —x2).

Though we use the same structure of terms as in xPT, the RYT couplings L,
are not the same as the chiral LECs L;. The L; will contribute at low energies
to O(p?) chiral couplings L;. The latter are dominantly saturated by resonances

exchanges, so L; are considered to be suppressed and subleading in the 1/N¢g
expansion.
In order to make the resonance propagator finite, one needs to renormalize the

1
mass and wave functions (MY * = M52 4+ 6M2, R®) = Z2R") and to introduce
at NLO in 1/N¢ the kinetic operator

X
L0 = 5 (RV'R), (2.15)

with R = S, P. No terms with vector or axial-vectors are needed for the present
NLO analysis of the SS — PP correlator.

Likewise, the renormalization of the vertex functions s(z) — S and p(x) — P
at NLO in 1/N¢ will require of the linear terms,

LYEO = AL(SV2x,) + i (PV2y_). (2.16)
At NLO in 1/N¢, all these subleading counter-terms can only contribute

through tree-level diagrams.

2.2.3 Equations of motion and redundant operators

The equations of motion (EOM) of the leading lagrangian are given by [33,46],

) 1Cm dm
Vﬂuu = §X*+F{X*75}_F{X+>P} + .. (217>
V2S = —MZS + cquut + cpxy + . (2.18)
V2P = —MEP +idyx- + .. (2.19)

where the dots stand for terms with vector or axial-vector resonances or sources,
two-meson fields or with one scalar-pseudoscalar external source and one meson
field.

Since most of the subleading resonance operators are proportional to the
EOM, it is possible to simplify our new NLO resonance operators by means
of appropriate meson field redefinitions,:

LR — L0 = —AGME(SS) + e s (XE) — iANGME(PP) — dp AL (X2) + ...
. XM} 2 X
LR — LRP0 I = Z228(88) + 22 () — nXsME(Sxs)
XpM4 d> X .
+%<PP) — P02y —idy XpME(PY_) + . .. (2.20)
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where the dots stand for operators that do not contribute to the SS — PP cor-
relator at NLO. After the field redefinition the resonance operators £X.E€ and
LNLO disappear and the surviving terms in the RyT lagrangian carry in front

the effective combinations,
Telf T L, Lo S P
HET = Hy+ 2 Xg+ 2 Xp + 20\ + 2d N5,
(M = M5 — XsMg,
(Mp)IT = Mp — XpMp,

cf,{f = ¢y — cngMg — Mg)\fg,
dl = dy, —da XpME — M3, (2.21)

The ZH and Zu operators do not contribute to terms which can be relevant to
our amplitude up to NLO and we will see that they are not present in the final
result.

2.3 Chiral octet SS — PP correlator

In the case of SU(3)-octet quark bilinears, the two-point Green function SS— PP
is defined as

g p(p) = i/d“xei’”(OIT[S“(:E)Sb(O)—P“(I)Pb(o)]l())=5“bH(p2)7 (2.22)

with S = q‘\)‘/—%q and P* = iq\’\/—%%q, being A, the Gellmann matrices (a = 1,...8).
In the chiral limit, assumed all along the article, the low-energy expansion of
the octet correlators is determined by xPT in the form [5],

2F?2 r —p?
H(p2>xPT = Bg{—2 + {SQLQ(MX) + —2 (1 —In —]2) ):| (223)
4 m Hx
2 (L) 2
p . r —p
o (s - 2 (1w T ) o | + 0<p4>}
X

where in Ty = 5/48 [3/16] and T'ly = —5L5/6 [—3L5/2] in SU(3)—xPT [U(3)-
XPT]. Notice that in xPT the correlator is exactly independent of the renormal-
ization scale ji,, being its choice completely arbitrary.

In the resonance region, one obtains at leading order in 1/N¢,

2B2[F? 2 . d? .
I1(p? = 0 16 B2 § mt mt 2.24
(P°)ro = + 0 i M2, —p? ME, —p? ) (2.24)

where one sums over the different resonance multiplets. The subscript ; in
Mg, cm; and d,,; refers to the coupling of the i-th resonance multiplet of
the corresponding kind. The requirement of the high energy OPE behaviour
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2 pQ*)OO 6 . oy . 2
II(p®) © ~ 1/p° produces the short-distance conditions [39]
F2
Z(anl - d12nz) = ] Z anzMg'z - d?n,iMl%’,i =0. (2.25)

In the single resonance approximation (SRA), it is then possible to express ¢,
and d,, in terms of F' and resonance masses,
2 2 2 2
2 = F_ L 2 = F_ L (2.26)
" 8 M3 — M? m 8 M3 — M2
At low energies, we can match the large—No expression ([2.24) with the yPT ex-
pression ([2.23)), obtaining the LO prediction for the low energy coupling constants

LB and ng,
c? d? F?2 /1 1
L — m_ L —— R 2.27
i OM2  2M2 16 (MI% + Mg) ’ (227)
2 F2 d2 F2 F4 M2 M2
Css = Cm4— = 5 2<+—§+—§> (2.28)
oML 2M}  16M2M?2 MZ T M2

For the inputs Mg = Mp/+/2 ~ 1 GeV, one obtains Lg ~ 0.7-1073, Cag == 7-10~F
for Mg = 1GeV. However, one does not know to what renormalization scale
these numerical predictions correspond. In order to pin down this py—dependence,
one must carry the calculation up to the loop level.

2.4 One-loop computation in resonance chiral
theory

We follow the renormalization procedure presented in [30]. In general, we will use
dimensional regularization and the M S — 1 subtraction scheme, usually employed
in YPT calculations [2,3]. This means we will absorb in the coupling counter-
terms the ultraviolet divergent piece from the loops, counter-terms,

Aoo(p) = pd=* % + 9 — Indr — 1] . (2.29)

Still, the Goldstone propagator and the Goldstone decay amplitudes will be
renormalized in the on-shell scheme, as it is done in xYPT, in order to ease the low-
energy matching of RxT and xPT at O(p?). Everything else will be renormalized
in this section in MS — 1. For simplicity, we will denote this set of schemes as
MS from now on. Afterwards, we will study alternative renormalization schemes
for the RxT couplings and their relation with the M S parameters.

In this section, together with the general structure of the amplitudes, we will
provide in this Section just the explicit results for the case when the lagrangian
contains the operators L5 + L with at most one resonance field, derived by
Ecker et al. [§]. The contributions from operators Lrpr with two resonance fields
are provided separately later in Sec. For clarity, we provide the individual
contributions from each absorptive cut (e.g. 7w, Vr...). The precise definitions
for the corresponding Feynman integrals are given in Appendix [2.10.3]

2The tiny dimension four condensate ﬁ <(’)(S4S)7PP
0

work [391[49].

) ~ —127ragF* will be neglected in this
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Figure 2.1: Contributions to the Goldstone boson self-energy. The single line repre-
sents the Goldstone boson while the double line represents the resonance. The type of
resonance is written above it.

2.4.1 Goldstone boson renormalizations
Goldstone self-energy

The general form of the renormalized Goldstone propagator is given by

27 4Ly
A -1 ¢ 2 12P
ZA¢ T R2 p = 2

- X4(p%), (2.30)

with Z, the wave function renormalization of the bare Goldstone field, HB) =

Z (f ¢". In order to make the propagator finite, one needs to perform the shifts
Zy=1+0Zy, F=F+0F,  Ly=L}y+06L, (2.31)

where 074 and §F are NLO in 1/N¢e. The NLO coupling Lo is split into a finite
renormalized part Z{Q and an infinite counter-term 6L15.

Considering the on-shell renormalization scheme for the Goldstone propaga-
tor, i.e. such that iA;l = p? + O(p*), leads to the renormalization condition

20F /
02y = T,(0) = 0, (2.32)
with E(;)(O) = Ccll_ig . The O(p*) ultraviolet divergence in 3, is absorbed into
p?=0

5Z12 in the MS scheme. The renormalized Goldstone propagator is then provided
by

o ALLp' o,
2A¢1 =p? — ];22 — Z¢(p2) , (2.33)
with its perturbative expansion,
A" i i 427{2294 T2
o= + il + X5 + (2.34)

where the dots stand for the next-to-next-to-leading order corrections
(NNLO) and X5 (p*) = E4(p°) — p*X5(0) — X (p*)[ropt) behaving like O(p*)
when p* — 0.

If one considers just the contributions Lx from interactions linear in the res-
onance fields [8], the one loop Goldstone self-energy ¥4 is given by the diagrams
shown in Fig. 2.1} A priori, tadpole diagrams might appear, either with a Gold-
stone or a resonance running within the loop. However, they happen to be zero
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20F 1 2 M2 M2 1 M2 1
+ 02y + [QG ()\ +ln——i— ) — 3¢ M3 ()\OO+IH—S——>:|
p* 6 G

C @ 11, L12,6F 52,

Figure 2.2: Contribution to the vertex p¢. The crossed circle stands for a pseudo-scalar
density insertion.

in the chiral limit. All this yields the renormalizations and the renormalized
self-energy;,

8F 472 2 2
~ 3(2¢2 + G%)
Ly = ——2—*~
oL, 64r2F2
3c2ph M2 P?
r/ 2 _ d S
e = gt [ o ()]
3G2p" M2 P2
T, 2 _ vV Vv
with
\* (z—2) (z—1)
= (1—=| In(1—2)— 27 2.
o) = (1-7) ma-a - =2 (2.87)
Vertex po

The vertex function has the form

LN
Z2F?By 42B
Bort) = V2 BB T et 2a9)

where ®,,(p?)! represents the one-particle-irreducible (1PI) contribution from
meson loops.

Notice that it is convenient to choose the renormalization scheme for §F such
that the on-shell decay amplitude coincides with the pion decay constant, which
by construction we denote as F. Thus, for the renormalizations

F=F+6F,  Ly=L(u)+0Lu(n), (2.39)
one has

20F 1 1

— 4+ =67y + ———,,(0) = 0, 2.40

7 T 3%% Y s po(0) (2.40)

and the counter-term §Ly;(y) is chosen to cancel the O(p?) divergent terms in
®,4(p*)1 in the M S—scheme. The renormalized vertex function is then equal to

ALTp? ALTp? 1 ;
Buls?) = ﬁBOF{“ R BT A R
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Figure 2.3: Contribution to the vertex p¢. The crossed circle stands for a axial-vector
current insertion.

with @7 (p*)' being O(p®) when p*> — 0.

In the case with only Ly interactions, linear in the resonance fields [8], one
has the diagrams shown in Fig. [2.2l These lead to the renormalizations and
renormalized one-loop contributions,

260F 1
o + §5Z¢ = 0, (2.42)
~ ~ 3CqCm
1 3cqCmp? M? p?
—" (p? 1 = — {1—1n——|—w — , 2.44
\/iBoF pd)( ) ’S¢ 42 4 MQ M52* ( )
with
1 1\’
P(x) = - 11— - In(l —z). (2.45)
Vertex a¢

Although it is not required for the correlator calculation in this article, we will
compute the a¢ vertex function for sake of completeness. From previous calcula-
tions we obtained two equations for three unknown objects 6 F, §F and 0Z4. The
third equation can be found by analyzing the a* — ¢ vertex, which, abusing of
the notation, has the form

Day(p) = Pag - P (2.46)

where o

F2Z5  AV2Lyp*
F F

As it happened before with JF, it is convenient to choose for §F (as we

did here) the scheme that recovers the pion decay constant F' when the decay
amplitude is set on-shell (p? — 0):

Doy =2 + Doy (PP (2.47)

WF
F

1 1
+ =67, + —D,4(0) = 0. 2.48

The coupling 6 L15 (1) is chosen to cancel the O(p?) UV divergent term in @ (p?)*
in the M S scheme.

L
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Figure 2.4: Contributions to the scalar resonance self-energy

When only Lp interactions are taken into account [§], the diagrams shown in
Fig. 2.3 yield the renormalizations

2WEF 1 1 [9G2 M2 M2 1 M2 1
_+§5Z¢+87r [ % V()\OO‘FIHM—;/—F—)—303M§<)\00+1n—25——>:|}:0

F 2pl |7 9 6 22
(2.49)
~ 325+ GY)
0L1z(p) = Ry R (2.50)

In this case, it is possible to see explicitly that the renormalization for Elg is in
an agreement with its former result from the Goldstone propagator.

Renormalization of F , F and 024

Comparing the three equations for §F , §F and 0Z4, one is finally able to extract
each of them separately:

V2

0Zs = 284(0) + =Z@,4(0)",

F
SE , 1 1
- = _¥ 01@_ S ) 015_ —(Pa Olf’
F ¢() \/§B()F Pd’() \/§F ¢()
§F 1, 1
— = =20 — ——D,,(0). 2.51
7= a0 = = ®u(0) (251)

Thus, in the case when only interactions L, linear in the resonance fields, are
considered [8], one gets §Z, =0, §F = 0 and

SF =

6 2
(2.52)
This confirms the results from Ref. [33], where F' was renormalized but F' was

not. On the other hand, the renormalizations of F' and F were not considered in
Ref. [30] and, consequently, a nonzero 6Z4 was found.

1 [9G2 M2 MZ 1 . MZ 1
—167T2F4[ 3 (M g ) = 3aAME (At In T -

2.4.2 Scalar resonance renormalization
Scalar resonance self-energy

The renormalized propagator has the form

iNg' = Zs(p* — M3) + Xep* — Zs(p?), (2.53)
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Figure 2.5: Contributions to the vertex sS. The crossed circle stands for a scalar
density insertion.

where we have performed the scalar resonance wave-function renormalization

1
SB) = Z28". In order to cancel the A\, divergent terms of the one-loop self-
energy Yg(p?), we make the shifts

Mz = M§?*+ M2, Zs=1+02Zs, Xg=X0(p)+6Xs(u).  (2.54)

The renormalized propagator is then given by,

A = Pt = Mg? + Xg(pp' — T5(0%), (2.55)
with its perturbative expansion,
As = — ! = T ! 5 — X&(u)p* + T5(p?) p + ... (2.56)
p* — Mg (p® — Mg?)
In the case where only the Ly interactions are considered, one obtains
SMs =0 §Zs =0 5Xs(p) = 3¢
S — 9 S — 9 S,U/_].67T2F4 o .
302p4 _p2
r 2 o d
Vertex sS
The vertex function s(z) — S has the form
1 1
v.st?) = — 180 { Zhon - N - oA} @
0

The renormalizations of the scalar wave-function Zg = 1+ §Zg, the LO constant
cm = (1) + ¢, (i) and the NLO coupling Ay = A%s(p) + 6AT5 (1) make the
amplitude finite:

D.5(p?) = —4Bo{c; S - —<I>zs<p2>“} @)

In the case with only Lg interactions [8], we had §Zg = 0. The cancelation of

divergences in the MS scheme leads to the shift and the renormalized one-loop
contributions,

3Cd
L o1 3cqp? —p’
- 4—30%3(29) oo = crpm (1 —ln7 : (2.61)
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Figure 2.6: Contribution to the pseudoscalar resonance self-energy

Py &d, N

P Q=

pa

Figure 2.7: Contribution to the renormalization of vertex pP

2.4.3 Pseudo-scalar resonance renormalization
Pseudoscalar resonance self-energy
The renormalized pseudoscalar propagator has the form

iNG' = Zp (PP — Mp) + Xpp' — Sp(p?), (2.62)

with PB) = 7 1_%, PT. The cancelation of the A, UV divergent terms in the one-loop
self-energy Yp(p?) needs the shifts
M3 = Mp? + 6Mp, Zp=1+6Zp, Xp=Xp(p)+0Xp(p), (2.63)
leading to the renormalized propagator,
ARt = p® = Mp® + Xp(wp* — Zp(0%), (2.64)
and its perturbative expansion,

7 7
Ap = — X7 LY (p? 2.65
P P2 — MJrJQ + (pz — M;;Q)g{ P(U)p + P(p )} + ( )

In the case where only the Lp interactions are considered [8], there is no
one-loop diagrams contributing and, therefore, §Zp = M3 = 6Xp = 0.
Vertex pP

The vertex function p(xz) — P has the form

1 1
O = 180 { Zhdn — Nt = A b (200)

The renormalizations of the scalar wave-function Zp = 1+ 0Zp, the LO constant
dpm = d7, (1) + 6d,, (1) and the NLO coupling AL, = M3 (u) + dA5 (1) make the
amplitude finite:

1
®,p(p?) = —4Bo{d% — Ms(wp® — 4—B()<1>,’;p<p2)”} : (2.67)

In the case with only Lp interactions [8], 0Zp = 0 and there is no loop diagram
contributing to this vertex, so we have dd,, = dA\; = 0 and the renormalized
vertex function results

®,p(p*) = —4By {d;, — M3(w)p*} . (2.68)
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Figure 2.8: Contribution to the 1PI vertex ss
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Figure 2.9: Contribution to the 1PI vertex pp

2.4.4 1PI contributions
1PI diagram ss

Now, we analyze 1PI diagrams that appear in the ss—correlator:
MPY(p?) = 16B2Lg + 8B2H, + M (pH). (2.69)

The shifts Ly = L5 (1) + 6Ls(p) and Hy = H3 (1) + 6 Ho(p1) render the amplitude

finite by canceling the UV divergences in the M S—scheme, which becomes
(") = 16B5LY () + B3 H; () + I ()" (2.70)

In the case with only interactions L linear in the resonance fields [8], the 1PI
diagrams contributing to the SS—correlator are shown in Fig.[2.8] Thus, one gets
for the shifts and the renormalized amplitude the expressions

3(F? + 16d2,)

25L SHy(p) = Ao 2.71
1PLr(, 2410 2 3 —p?
I~ = B — |1 —In—
3d? M? M? P>
), = B SZ [1 — In—£ — (1 - —P> In (1 - —)}.72)
0 7T2F2 M2 p2 M123
1PI diagram pp
Similarly, for pp—amplitude one has the structure,
P (p*) = —16B3Ls — 16B3Ly — 8B3L1y + 8BIH, + IIP(p?)M. (2.73)

The UV divergences are absorbed through the renormalization of Zg, EH, le
and His, rendering the amplitude finite:

I, (v") = —16B3L5(w) — 16B3L3, (i) — 8B Li, () + 8B H; (1) + H;ﬁl’r(pz)”) -
2.74
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In the case where only the contributions from Lp operators are considered [§],
the divergences are absorbed by the shift

- - - ~ 3¢2
20Ls(p) +20L11(p) 4+ 0L12(p) — 6Hs = —W%Aoo ; (2.75)

leaving the finite one-loop contribution,

32 M2 2 2
MPLr (), = B {1—ln——(1—p—2>1n<1+p—2)}.
2 12 M2 M2

(2.76)

2.4.5 Correlator at NLO

At NLO we can write the general 1PI decomposition of the SS — PP correlator
in terms of renormalized correlators and vertex functions,

o) = iAs(?) {Pus(@?) }* — i Ap(p®) { Bpr(?) }* — i A(p?) { Ppo(p

where we made use of the relation between the vertex functions for incoming and
outgoing mesons, @5 = Pgs, Ppp = Pp,, Ppy = Pyy.

If one now uses the previous perturbative calculation, the SS — PP octet
correlator takes up to NLO in 1/N¢ the form,

1 1 16¢2 Xop*
=) II(p ) = T2 3 16C 320m>‘18]) w
By Mg —p Mg —
16¢2 8¢ 1
— s N (pP) Y = 5 =P ()Y
(M2 —p*)?™° MZ —p* By S\
1 16d% X
= (16d3n — 32d, \Ep? + M;”—_Pf)
P P
1642, ., ' 8, 1 _, ;
mzp(ﬁ)l + M2 -2 By —& ()
_+_2_F’2 1_8211]92_4212]32 2F22r( 2)1(4_@\/__(1)7’ ( )
Fz Fz 1 “p\P p2 B
+32Ls + 16Ly; + 8L, + I, (p)". (2.78)

The couplings shown here (and from now on) are the renormalized ones even
if the superscript “r” is not explicitly present. The first two lines are the contri-
bution from the scalar exchanges. The third and fourth ones come from the pseu-
doscalar resonance exchanges, whereas the fifth one is produced by the Goldstone
exchanges. The last line is given by the 1PI diagrams in the SS — PP correlator.

Notice that the correlator results independent of L1; and L5 due to the cance-
lation between the Goldstone exchanges and the 1PI terms in . Likewise, it
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is possible to check that the correlator only depends on the effective combinations
cell, at, Mg, M LT from Eq. (2.21)):

1 168 2 162 8¢ 1
=) = g — D500 — g ()
Bj M2 —p? (M2 —p?)? o MZ—p> By *°
164°% 2 164> 8d 1
_ - m + m Er <p2>lf 4 m _(I)r (p2)1€
Pff2_p2 (M]%_pQ)Q P M}Qj_pQ By pP
2F2 9?2 2F /2
+ T (pQ)lé ' 1 (p2)1ﬁ
pz p4 o) p2 By j 2
+320 7+ I, (0" (2.79)

The couplings Xg, Xp, A\jx and A\, disappear from our NLO calculation and
Cmy A, Mg and Eg are replaced everywhere by ¢ @ M and ngf. The
replacement in the subleading terms leaves the expression unaltered up to the
order in 1/N¢ considered in our computation.

This elimination of the renormalized couplings Xg, Xp, \{3 and AL} can be un-
derstood in an equivalent way by means of the EOM of the theory and the meson
field redefinitions. The effective couplings that are left in front of the operators
after the meson field transformations coincide exactly with the combinations that
determine the correlator up to NLO.

In the subleading terms in Eq. , a priori one can use indistinct the
original couplings, e.g. ¢, or the effective ones, this is, ¢, as the difference goes
to NNLO. However, for sake of consistence, one should always consider the same
renormalized coupling everywhere in the amplitude. Hence, after performing the
field redefinition that removes Xg, Xp, A7 and A}, all the remaining couplings
appearing in II(p?) are the effective ones. From now on, we will consider that the
RxT action has been simplified through meson field redefinitions in the previous
way and the superscript “eft” will be implicitly assumed in the couplings in order
to make the notation simpler.

2.5 High energy constraints

The NLO expression for the correlator contains plenty of resonance parameters
that are not fully well known. A typical procedure to improve the determination
of these couplings is the use of the short-distance conditions [9].

The operator product expansion tells us that the S5 — PP correlator vanishes
like 1/p* for the large Euclidean momentum. Indeed, due to the smallness of its
dimension—four condensate (Blg( O3 PPY ~ 121ragF* ~ 3-107* GeV* [49]), it is a
good approximation to consider that it vanishes like 1/p® when p? — —oo [39]/49).

The RxT correlator does not follow this short-distance behaviour for arbitrary
values of its couplings. This imposes severe constraints on the coefficients of the
high-energy expansion of our NLO correlator,

1 1 0) —p2
—((p*) = (a(i) + oz(n In— | . (2.80)
By noz;g )\
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The proper OPE short-distance behaviour is therefore recovered by demand-
ing [47]
" =o' =0, for k=0,24. (2.81)

At large Ne, there are no logarithmic terms (a,(c) = 0) and for the remaining

coefficients one has a(p ) =0 (no L8 or higher local couplings at large N¢) and
the two Weinberg sum-rules (WSR) [39],

o) = 2F% 41642 —16¢2, = 0,
ol = 164> M2 — 162 M2 = 0. (2.82)

At NLO, in the case when the interactions only contain operators Lz with
at most one resonance field [8], the high-energy expansion log—term coefficients
result

822 8cic2  F?

—3 oz((f) = 8% —8d% — 4cqcn + 265+ GY — ;2’” — 5

8mF”? 16 M3

”Toé@ 8d2 M2 — 8c2 M2 — % + 20cae, M2 — 62M2 — 3G M2,
8T F? 24c2c? M

Tafl) = —dF—ZS — dcge Mg + 62 Mg 4 3GE M (2.83)

and the high-energy coefficients ag{’ ; 4 are given by

o = —a) + 32Ls,
o) = 2F?4+16d%, — 1663, + A(p),
o) = 164> M2 — 162 M2 + B(u), (2.84)

with the NLO corrections

3d2,M? M3 3¢, M? M? 6cqen, ME
Alp) = — Y (ln 2 1) + 2 f2 (ln? — ) +——a 2
~ Geqen M3 i, M N 1 9c2 M2 . Mg N 1 9G% M2 In M N 1
w22 ur o4 42 F2 ur o2 822 pr oo 2)7

B(p) =

_Bdanj‘s 9c3c2 ME  3c2 M} B 6cacm M 9chS ln%*% 1
2F272 Fin? 2F272 w2 F? A2 F? w2
3cacm ME M2 9G2 M | MZ 1
———=2In—2 — —— .
w2 F? 2 8m2F?

n 23 (2.85)

The large-Ne WSR | gain the subleading contributions in 1/N¢, yielding
for o) = a{”) = 0 the solutlon 131],

oo oMy (0 A Bl
" 8 Mp — M; 2F?  2F2M% )’
F? Mg A(p)  B(p)
2 S
m 8 M;—Mg( T 2F2M§) (2.86)

3 The notation A(u) = 2F26J(\})LO, 2F2M§(5§3)LO = B(u) was used in Ref. |31]
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The couplings Mg, Mp, ¢, and d,, may also depend on . Nonetheless, unless
necessary, this dependence will not be explicitly shown. Also, as stated at the end
of the previous section, one must keep in mind that these are the results after the
meson field redefinition that removes the redundant couplings Xg, Xp, \ig, A3,
so the surviving couplings carry the superscript “eff” implicit.

The 040) 0 constraint implies that Lg = 0 also at NLO in 1/N¢ (for
any renormalization scale p). We will see that for all the possible interactions
considered in this chapter, now here and later on, there is the same constraint
aép ) = —a((f) + 32Lg and, therefore, in general we find Ls = 0. The constants
a,(f), A(p) and B(u) only arise at NLO or higher. Hence, when they are used
for the computation of the correlator up to NLO, one can indistinctly use for
their calculation either renormalized couplings or their large-Ng values, as the
difference goes to NNLO.

Although these expressions will be used later in other renormalization schemes,
A(p) and B(p) will always refer to their former definitions in the M S scheme,
like, for instance, the results provided in Eq. .

2.5.1 Alternative renormalization schemes

During the renormalization procedure we considered the M S-subtraction-scheme
for all the resonance couplings. However, in some situations one may get large
contributions from A(u) and B(u). The NLO prediction for ¢,, and d,, derived

from Eq. ( - ) may then become very different from the large-No WSR deter-

2 _ F2_Mp o _ F2_MZ
minations ¢;, = 3 MZ—MZ A = 3 MZ—MZ

A way out to minimize possible large radiative corrections to the WSR is
the choice of convenient renormalization schemes for couplings (¢, and d,,) and
masses (Mg and Mp). In the renormalization procedure we originally chose to
cancel the A\, from the one-loop diagrams, but we could have chosen to cancel
the A, term plus an arbitrary subleading constant. This change makes that
instead of having in the amplitudes the renormalized coupling A}, in the first
scheme, one now has the renormalized coupling in the second scheme plus a
constant, Al + T, Thus, effectively one can account for a change from the

M S-subtraction-scheme (with renormalized couplings k = ¢, d,,, M2, M3) to
another (with parameters & = ¢,,, d,,,, M2, M%) through the shifts,

kK = Rk + Ak. (2.87)

The difference Ax will be, of course, subleading in the 1/N¢ counting with respect
to k and k. This will affect the parts of the calculation where these couphn%s
contribute at LO in 1/N¢. In the contributions that start at NLO (e.g. oz,f ,
A(p) and B(p)), the variations due to Ax go to NNLO and they are therefore
neglected. If one applies this change of scheme to Eq. , one gets for the
NLO extension of the WSR,

o = 2F? {1642, — 1682, + (32 Ay Ay, — 32mAc + A(u)> ,
o) = 16d2 M2 — 16 2 M2 (2.88)
+ (32 N3dn Ady + 16 2 AME = 32 N3 Acy, — 162 AME + B(n)) .
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The terms within the brackets, (---), would be the finite contributions from the
one-loop diagrams in the new scheme.

Pole mass scheme for Mg and Mp

In addition to the M S-scheme for the scalar and pseudo-scalar masses (AM7 =
0), we will also study the pole-mass scheme. The problem with the MS mass is
the difficulty to give a direct physical meaning to the p—dependent mass Mg(u),
specially when more and more operators are added to the RxT action. On the
other hand, the resonance pole mass is a universal property which does not rely
on any particular lagrangian realization. Thus, instead of considering the pu—
dependent renormalized masses Mg(u), we will switch to the renormalization
Scale independent pole masses Mp = My Pl , defined by the pole positions (M;;le —
" /2)? of the renormalized propagators. Up to NLO in 1/Ng, one has

pole__ pole

Mpole2 _ Mé + Reer(M]%i) , MR FR = — ImEE(MPQE) ; (289)

and therefore, R
AM} = Mp— Mz = —ReXR(M37), (2.90)

Since AM?% is NLO in 1/N¢, the difference between using the M3 (]\/ngsubtraction—
scheme) within (M3) or its value Mp in another scheme goes to NNLO. There-
fore, it is negligible at the perturbative order we are working at.

If only interactions Lg given by operators linear in the resonance fields are
taken into account [8], one has for the pole scheme

2M4 M2
Az = SCas {1—111—11 , AM2 = 0, (2.91)

1672 F* w2

where only the two-Goldstone loop X5(p?)|44 contributes to AM2 and Xp(p?) = 0
if only the Lg interactions are taken into account [8].

WSR-scheme for ¢,, and d,,

Since the value of the spin—0 parameters is very poorly known at the experimental
level, one finds important uncertainties and variations in the determination of ¢,,
and d,, through the NLO sum-rules . The choice of a shift that minimizes
the finite part of the loop contributions is not straight-forward. For instance,
within the M S-subtraction-scheme itself, it is not easy to find a value of y that
minimizes both A(u) and B(u) at once unless the resonance couplings are appro-
priately fine-tuned. This makes the short-distance matching rather cumbersome
and the extraction of the necessary resonance parameters problematic.

Alternatively, the selectlon of a shift Ax that exactly cancels the one-loop
contributions to Eq. (provided in the MS-scheme by the constants A(pu)
and B(u)) seems to be a better option. This converts Eq. (2.86]) into

o) = 2F? +16d% — 1662, = 0, o) = 16d3nM,%— 1662 M2 = 0,
(2.92)
with the solutions
F2 M2 o F?2 M2
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Though this has the same structure as the LO prediction (/2 of the large-
Ne WSR in Eq. - the couplings appearing here are the renormahzed ones.
Nonetheless, this result ensures that the difference between ¢,,/F and dn/F at
NLO and their large—N¢ limits remains small provided Mp ~ Mg No= n order
to achieve this minimization, the shifts Ax must be tuned in such a way that
they obey

32, Ady, — 326 Ac, + A(p) = 0,
32M2d,, Ad,y, + 1642, AM2 — 32M2é,Ac,, — 1662 AM2 + B(p) = 0. (2.94)

If one fixes AM3 (for instance, through the pole scheme) the solutions for Ac,,
and Ad,, are then given by

M2A(p) — B(p) + 16 2, AM2 — 16 d2, AM?

326, 0¢, =
M2 — M3
. M2A(1) — B 162 AM2 — 16 d%, AM?
s9d,Ad, — MsAl) =Bl +166,AMs . (2.95)
N2 — M2

In the change of scheme we will make the replacement k = & + Ak in the
tree-level LO diagrams, whereas in the subleading contributions we will just
consider k & K, as the difference goes to NNLO in 1/Ng. Thus, we will end
up with a matrix element expressed in terms of just renormalized couplings in
the new scheme (k). We will denote the ¢,, and d,, renormalization scheme
prescribed by Eq. as WSR—scheme.

2.6 Low-energy expansion

2.6.1 m—subtraction scheme

At low energies, the expansion of our one-loop RxT correlator yields the structure,
2F? 16¢2, 1642, Gs D
H357pp(p2) = 302 { p2 |: M2 — M2 32L8 + — (1 —In M_) + 32 £L8:|
2 2.2 2 12 L
p° |16 Fc;,, 16 F“dz, G3s —p? 0 4
F{ NI M . 1_lnu_ +32&c,, + O(Ng)| +O(p7)

(2.96)

where in the U(3) case we obtain Gy = & = TI's and G = —3c4¢,,/2M3, with
GL, = Tk after using the LO matching relation Ly = cqc,, /M2 [8]. The log-
arithm from the 77 loop in RxT has been singled out in the In(—¢?) terms.
These RxT logarithms exactly reproduce those in the low-energy yPT expres-
sion , ensuring the possibility of matching both theories [47]. The one-loop
contributions from the remaining channels generate only polynomial terms at this
chiral order and they are provided here by £, and &¢,,, defined within the M S—
renormalization-scheme. The predictions for the low-energy constants at NLO in
1/N¢ then turn out to be

C2 d2 Fg ,LL2
L - _tm L o P
S(IUX) 2M§ 2M2 + 8 + 5LS + 7T2 n ,ui )
F202 F2d2 FL MQ
Css(py) = b — —p I (2.97)
NS VY VA 2
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The dependence of the terms on the right-hand side of the equations (r.h.s.)
on the RxT renormalization scale p have been left partially implicit. Only the
last term shows p explicitly. It comes from the two-Goldstone loop in RxT
(Eq. (2.96)) and matches exactly the log from the two—Goldstone loop in xPT
(Eq. (2.23), with the chiral renormalization scale 1), producing the In(u®/p?)
term. This ensures the right low-energy running with p, for the xPT low-energy
constants [47]. On the other hand, the r.h.s. is independent of the RxT scale
p at the given order in 1/No. There can still be some residual p dependence
at NNLO, which would allow the use of renormalization group technics in order
to improve the perturbative expansion and to remove possible large radiative
corrections [38]. Nonetheless, this is beyond the scope of this article, where we
will take the usual prescription p = 1, [30,46,47].

If we use the ¢, and d,, predictions from the high-energy OPE constraints in
Eq. (2.86), the low-energy predictions result [31]

PP (AT 7 . 7

16 \ M2 M3 2F%  2F*(M2+ M3)
Cul) = Ms+MsMp+ Mp) [ Al Blu)(Ms + My)
16 M3M; 2F?  2F*(Mg+ MZM37 + M)
+ foy (2.98)

In the case, where we only have interactions Lg in the lagrangian, linear in
the resonance fields [8], the low-energy contributions from the one-loop diagrams
are given by

3CqCm Mg 1 30?1 Mg 5
- _ In—= 4 = 9% (2SS 42
&2 3272 F2 (n 2 72) Tsee \ M e e
3G2 M2 5 2 2 42 M3
vV n—Y 4+ =)+ 5, In —2 — S, In—£,
25672 F? w6 32m2F?2  p? 32m2F? 0 2
o = 3dy, 3¢ 3GV
@7 G4xM2E B12m2MZ 102472 M3
32 3¢Cm
Cm cac (2.99)

“oan2MZ T 96m202

The results correspond to the predictions for the U(3) chiral pertur-
bation theory couplings, where the 7); is identified as the ninth chiral Goldstone.
In order to recover the traditional SU(3) couplings one needs to make use of the
matching equations [31},50],

SUB) _ pU®e) 2
V@) = VO L s il 1n120, (2.100)
327 1L
L)SU(3 LYU(3 SU(3 U(3
CSUO ) = U P sve _ pve) lnm_3+1 T ® _pl® g2
% % 327 o2 327 2m2

These outcomes will be used later in the alternative renormalization schemes
and the constants {1, (1), {ous (1), A(p) and B(p) will always refer to their former

—_—

expressions in the M S scheme.
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2.6.2 Pole masses and WSR—scheme for ¢,, and d,,

In this case, the renormalization scheme of ¢, and dm is chosen such that the
one-loop contributions to the NLO relations in Eq. (| are exactly canceled,

_ F2__ M} B _ F2_ M3
= o and d;, = .
correlator in the new scheme leads to the LEC determination,

F? 1 1
LS(M):Tﬁ (M_§+M2>
P

F? [ AM3 AM;}
——( ot Af) + &L

yielding ¢2, . The low energy limit of the RyT

L. Al B(u)
+ 2 2/ 1772 “r2
2F 2F*(M5+ Mp)

16 Mg Mp
o) = & (Mg + MEMp + Mp) |, Aw)  B(u)(ME + Mp)
16 MAME 2F*  2F2(ME+ M2M2 + M)

£ AMZ(M2 + 2M2) . AMZ(2M2 + M32) :
16 M2M3 Ve e Con
(2.101)

where &1, ¢y are the same one-loop contributions to the LECs computed before

in the M S—subtraction scheme. The same applies to A(u) and B(u), which were
defined as the one-loop contributions to the high-energy expansion coefficients
in the M S-scheme. In §Ler E0us; ( ) and B(p) we will use the couplings and
masses in the new scheme (¢, dm, M r) instead of the original ones in the M MS-
scheme (¢, d, MR), as the difference goes to NNLO in 1/N¢. The constants
AM?2 = M2— M2 provide the difference between the mass My in the M S-scheme
and its value Mp in another scheme. In this chapter it will refer in particular to
the mass pole, although it accepts further generalizations.

Notice that these expressions are similar to those in the M S—scheme ,
up to the AM3 terms that arise due to the change of mass prescription. The
WSR-scheme does not modify the low-energy prediction, it just serves to reduce
the uncertainties in the NLO Weinberg sum-rules.

Finally, in order to obtain the traditional SU(3)—xPT LECs, one should use

again the matching Eq. (2.100)).

2.7 Correlator with the extended R YT lagrangian

Ecker et al.’s lagrangian [8] has been found to be very successful for the description
of amplitudes with few-Goldstones (77 form-factors, scatterings...). However, it
fails to describe processes with multi-Goldstones states or with a higher number
of resonances. The LO meson lagrangian must be then enlarged to improve
the description of the new channels. In the case of our observable, the relevant
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operators with two resonance fields are [15,|32}33],46],

Lor = NV (VP 0 ) + MA{VS A} u’) + AP ({V"S, PYu,,)
(2.102)
The AV and A\{¥ terms induce a one-loop mixing between the Goldstone and
the pseudoscalar resonance. These loops bring ultraviolet divergences which need
the presence of the subleading counter-terms,

ALp = d (PV,u") + d,{((V*P)V, u"), (2.103)

to make the amplitude finite. At LO, in the free field case, the meson kinetic terms
are assumed to be defined in the canonical way, i.e., without mixing between
particles. This was indeed the case in Ecker et al.’s lagrangian [8]. In addition,
although these P—¢ operators may arise at NLO, they happen to be proportional
to the EOM. They can be removed from the action through a convenient meson
field redefinition, leaving for the relevant couplings in our problem the effective
combinations

~ ~ 1 1 1
Lgff = Lg+ -2 Xs— §danP + Cm ATy — dmA (3 — §dmd;;z ;

2 m
HYT = Hy+ 2 Xg+ 2 Xp + 20\ + 2din Ay + dond”
(VB = ME- XsMy,
(MR = M- XpM,
Ci{f = Cp — CmXSMg' - Mg)\f&
1 1
dif! = din = dnXpMp = MEA + S, — S MR, (2.104)

2.7.1 Meson self-energies

These operators do not modify the previous loop contributions. However, new
channels are now open in the different vertex-functions. Thus, the Goldstone
self-energy gains the contributions (Fig. 2.10)),

3 )\PV 2 -~
%Wmv=—(ﬁ)ﬁW~MMﬁH%H@tMWNMMM%)
2 2 2 2 20172 2
D orn2. Mp o0 o0 My 92 My p*(Mp + M)
— MzIn — — p° M In — + MMz 1 —
1wm%Ma@f“m pvnm*VP“w) 202 [
roo2 3(AM4)? 4 2/ 2 2 2 021 T2 g2 g2
Ye(@)]sa = — a2 (M — 2M3A(p° + M3) + (p° — Mg)?| J(p°, Mg, M)
2 2 2 2 20 112 2
p on 21 M3 ors2. Ma o221 Mi p (MS + M3)
— Mcln —= —p* M35 In —= + M2 Mz1 —
1672(M2 — M?) (p sz TP Manm e MaMs gy 3272 ’
ro2 3N 2 N2 T2 ar2 a2
E¢(p Nsp = — PAE? (p” — Mp + Mg)*J(p°, Mp, Mg)
2 2 2 2 20 112 2
D o2 Mp o0 o0 Mg or 2. Mg p°(Mp + Mg)
— Miln — — p*Mzln —= + MsM:51 —
1672(MZ — M?2) (p P TP sy T MMy 3272 ’

(2.105)
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PV, SA, SP

Figure 2.10: Contribution from Lgrp operators to the Goldstone boson self-energy.

Sa
P.A

o W

SAY

Figure 2.11: Contribution from Lgp operators to the scalar and the pseudo-scalar
resonance self-energies.

in addition to the former V¢ and S¢ cuts from Eq. . The functions
J(p?, M2, M?) is the subtracted two-propagator Feynman integral (J(0, M2, M?) =
0), given in App. [2.10.3

The scalar propagators contains now A¢ and P¢ cuts (besides the ¢¢—one

from Eq. (| - ) (Fig. [2.11] -

S5(0%)as = (2.106)
3()‘1%)2 -(pz - Mi)g P’ 4 20 2 ME& 2 4 Mf&
167{2F2 i p2 ln 1—m _MA_3pMA ln?—g +p 11’17— 5
S5(0%)pe = (2.107)

3T [(0? — MR)? v 4 2772 M} MJ%
162272 e In 1—]\42 — Mp+p°Mp ln7—|—2 + p Mz -1)].

Ecker et al.’s lagrangian Lz did not modified the pseudoscalar resonance prop-
agator. However, the new operators Lzp yield (Fig. [2.11]),

M) [ = MP) »
T 2 1 Vv 4
EP(p )’V¢ = 1672 F2 pg In(1- - MV
]\/[2 2 M?
—3p* M2 (In—X — = o ln —X —
3()\SP)2 (p2 _ Mz)s »? M2 1
> (p? = L 2 In(1- AME (In —2 — =
P(P7)]s0 1672 F2 2 n M + S 12 4

M
M2z 2 M2
— 32 M2 s _Z In —5 — .
P S(nﬂz 3>+p (nu

(2.108)

The renormalized resonance self-energies provide at this order the pole masses
through Eq. (2.89), giving the corresponding shifts AMZ = —ReX%(M3).
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Figure 2.12: Contribution from Lrpr operators to the mixing term between the Gold-
stone and the pseudo-scalar resonance.

2.7.2 P—¢ mixing
In addition, these operators A’V and \7¥ also generate a P—¢ mixing (Fig.[2.12)),

3Gy A [(p* — M3)? P’ s
In{1-— — M
1672 F3 p? n v

E;—¢<P2)|V¢ =

3 )\SP 2 _ M2 3 2
Sy (P)]sg = -k [(p o (1 - p_> - M

8v/2m2F3
Mz 2 M?2

(2.109)

leading to an extra perturbative contribution to the P P-correlator that has to
be added to the former ones in (2.77)):

V2 Fd,,

Vad, . \ad,
— P
P’ (p* — M3)

(2.110)

After a convenient field redefinition d/, and d, disappear from Eq. , being
their information encoded in d°T, Egﬂ“ and ﬁsﬂ.

It is important to remark that at the NLO under consideration, the mixing
does not modify the pseudoscalar resonance mass renormalization. The Goldstone

remains massless —as expected— and the resonance pole mass is still provided at
this order by AM? = —ReX,(M3) through Eq. (2.89).

pr (pQ)Pfqb mixing __

2.7.3 New s — S and p — P vertex functions

A new P¢ channel is opened in the s — S vertex function in addition to the

po—cut from Eq. (2.61)):

1 3d /\SP (p2 _ M2)2 p2 M2
N Yy 2\14 — m7l P 1 1— 2 M2 2 l—P—l )
4B0 SS(p ) |P¢ 167T2F2 p2 n M}ZD + P +p n MQ
(2.111)
On the other hand, one has now the S¢—absorptive cut in the p — P vertex-
function, which did not get any contribution from Lg alone:

1 3¢, NP (p2 — M2)2 p?
i 2\ 14 — m S 1 1 — 2
(P")"lsg 1672 F2 D2 . M2

M2 1 M2
M2 (In =5 — = 2 (ln—=2 —1){2.112
(1) o (- oo
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Q- Do

Figure 2.13: One-loop diagrams with Lrp operators in the s(z) — S and p(x) — P
vertex functions.

2.8 Phenomenology

The RxT lagrangian developed by Ecker et al. [8], £L = L + Lg, only contained
operators with at most one resonance field. This approach has been proven to
be very successful at the phenomenological level for the last two decades [39)].
Nevertheless, in the few last years it has become clear that the description of
more complicated QCD matrix elements (e.g. 3—point Green functions [14-17,19])
demands the introduction of operators with more than one resonance field [15].

Since the Mg(p) masses in the MS—scheme are p dependent, they are dif-
ficult to relate with the physical masses provided, for instance, by the Particle
Data Group (PDG) [51]. This relation is even more cumbersome when one adds
more general kinds of vertices (e.g. AJT) within the loops: in the M S-scheme
the value of Mg(u) will depend on the content of the theory and its lagrangian.
Thus, it seems more convenient to use universal properties such as the pole mass-
es, denoted here as Mp. The octet of the lightest scalar and the pseudoscalar
resonances are then related, to the a¢(980) and the 7(1300), and we will consider
from now on the inputs Mg = 980 & 20 MeV and Mp = 1300 + 50 MeV [28,/51].

The procedure that we will follow in order to extract the LECs with higher and
higher accuracy is to progressively add more and more physical information to
the RxT correlator, starting from lower energies. Since the resonance parameters
will be used to accommodate the short-distance OPE behaviour, in general the
two-meson thresholds (S, Vi, Pr...) may not be at the right place. Likewise,
one may find that individual intermediate two-meson channels have a clearly
erroneous momentum dependence at high energies (e.g. constant or growing
behaviour).

The introduction of the new operators and will allow us to
improve the momentum dependence of the Rm absorptive channels with one res-
onance and one Goldstone. However, since these new couplings will be tuned to
implement the short-distance OPE constraints, the Rm channel description may
still differ slightly from that provided by the physical values of Agp, Apy, Asa, cq,
Gy ... Likewise, the two-resonance RR’ absorptive cuts will still remain wrong-
ly described until operators with three resonance fields are taken into account.
Nonetheless, we will see that the RxT description progressively approaches the
actual QCD amplitude as the hadronic action is completed with more and more
complicated operators, bringing along a better and better description of the lower
channels.

VP SP SA
)‘1 ) )‘1 )‘1
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2.8.1 Phenomenology with Ecker ¢t al.’s lagrangian Lo+Lp

First, we will extract the value of the LECs at large N¢ within the single resonance
approximation. We will use the formerly referred Mg = 980 + 20 MeV and
Mp = 1300450 MeV [51], F = 9042 MeV [28,50] and the standard reference yPT
renormalization scale py = 770 MeV. The short-distance constraints determine
¢m and d,, in terms of the scalar and pseudo-scalar masses, producing

Lg = (0.83+0.05) -107*, Css = (8.441.0)- 107°. (2.113)

Naively, if the uncertainty on the saturation scale is estimated by observing the
variation with p in the range 0.5-1 GeV, one would expect the former values to
be deviated from the actual ones at the order of ALg ~ 0.3-1073, ACs5 ~ 5-1076.

In order to go beyond the naive estimate of the subleading 1/N¢ uncertainty,
we consider now the one-loop contributions computed in previous sections. In
a first approach, we consider just operators in the lagrangian with at most one
resonance field [8]. At one-loop, in addition to the tree-level exchanges, one
has the two-meson absorptive channels 77, Vi, S7 and Pr, determined by the
scalar parameters c,, and ¢4, the pseudo-scalar coupling d,, and the vector ones
Gy and My . If we work in the WSR-renormalization-scheme for ¢, and d,,,
the short-distance constraints produce at NLO the same structure found from

2 _ P2 M3 B _ F2__ M3
the large-No WSR, ¢, = M}QTPMg and d; = M}QfSMg. The other three

resonance parameters (cq, Gy, My ) are fixed by means of the logarithmic OPE

constraints 1} oz((f) = ozg) = aff) = 0, giving

cg = 60 £4MeV, Gy = 93 £ 5MeV, My = 853 £ 28 MeV .

(2.114)
These numbers are found to be quite off the physical ones, ¢; & 30 MeV, Gy =~
60 MeV, My ~ 770 MeV [8,9,123,24,26-28,/51]. The LEC prediction for the
standard comparison scale py = 770 MeV then result,

Lg(po) = (2.28 + 0.19) - 1072, Cas(po) = (26 & 4) - 107%. (2.115)

In order to get these SU(3) xPT couplings, we employed in the U(3)-SU(3)
matching Eq. the chiral singlet pseudoscalar mass mg = 850450 MeV [50].
These estimates are still far from former values in the bibliography for pg =
770 MeV: Lg = 0.9 -1073 and Csz = 10 - 107° from O(p®) xPT and resonance
estimates [5], later refined into Lg = (0.61 4 0.20) - 1072 6] and recently updated
into Lg = (0.37+0.17) - 1073 [7]; Lg = (0.6 £0.4) - 1073 and C33 = (2+6) - 107°
from a previous NLO calculation in RyT [31]; Lg = (1.02 + 0.06) - 1072 and
Csg = (3.3 4+ 0.6) - 107® from Dyson-Schwinger equation analysis [52]; Lg =
(0.36 £ 0.05 4+ 0.07) - 1072 from Lattice simulations [53].

Although the calculation with just the L operators is able produce an ap-
propriate description of the 77 channel (thanks to the c4( Su,u*) operator), its
coupling ¢4 gets a extremely shifted value as this parameter has been used to
accommodate the OPE at short distances. This does not represent by itself an
important drawback in our analysis, where the goals are the LECs and RxT is
devised as a convenient interpolator between high and low energies. However,
the problem in our case is the erroneous description that one obtains for the R
channels with only the L operators [32,46]: The S7 contribution to the spectral
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function behaves like a constant and the V7 one grows with the energy. more-
over, as My is also determined from the OPE matching, the position of the first
two-meson threshold after the w7 one (i.e., the Vi channel) is shifted from its
physical place.

2.8.2 Improving one R7 channel: extending the lagrangian

The straight forward procedure to ameliorate our one-loop amplitude is the inclu-
sion of the required operators for the proper description of the lowest absorptive
cuts, this is, 7 and V7. The first one is ruled by the already included ¢, oper-
ator but the latter demands the ATV term from Eq. (2.102), which now induces
PVt interactions and allows to cure the infinitely growing behaviour of the V7
contribution to the spectral function.

Now we use the former inputs Mg, Mp, F, my and the physical coupling
cqg = 30 £ 10 MeV [8,[26-28,139]. The remaining parameters (Gy, My, \X'V) are
extracted from the three logarithmic OPE constraints aé@ = agf) = afp = 0.
Indeed, this system only has real solutions in the very corner of the parameter
space, for low pseudo-scalar mass (Mp ~ 1.25 GeV) and high ¢; and scalar
mass (cq &~ 40 MeV, Mg ~ 1.00 GeV). This does not improve the value of
the vector coupling and mass with respect to the former section, which become
Gy ~ 120 MeV and My =~ 400 MeV. The LEC predictions result,

Lg(po) ~ 0.5 - 1073, Cas(po) =~ —8 - 107°, (2.116)

where Lg may look acceptable but the presence of such a low distorted V7 thresh-
old is reflected in a value of Css which looks still a bit off. Nonetheless, these
values are closer to those formerly obtained in the bibliography [5-7,131.|52}53].

The problem is that the V7 is not the only relevant channel that appears after
the mm one. The S channel opens up at an energy not far from the V7 threshold.
Thus, even if the V7 channel can be now correctly described, the S7 contribution
to the spectral function still shows a wrong constant behaviour [32,[46]. The \;F
operator in is then crucial to cure that behaviour. Furthermore, this
operator mends as well the similar bad short-distance behaviour found in the P
cut contribution to the S.S spectral function.

Nonetheless, the presence of A’V in the lagrangian is still essential. If one
repeats the NLO computation adding only the AY¥ operator (but not AI'V) the
vector parameters become of the order of Gy ~ 20 MeV and My ~ 2 GeV.
On the other hand, the LEC predictions Lg ~ 1.3 - 1073 and Csg ~ 12 - 1076
seem to improve with respect to the case with only L operators in the RxT
lagrangian [8], with at most one resonance field.

The inclusion of the A{4 operator alone seems to move the results also in the
right direction. Although it does not affect the previous channels; it opens the A
absorptive cut. Even if its effect at low energies is small, it helps to fulfill the OPE
constraints. Taking now the extra needed input My = 770 £ 20 MeV together
with the former ones, it is possible to extract the remaining ones (A4, Gy, M)
through the three log OPE conditions. The value for the vector coupling turns
out to be now more natural (Gy = 67 £ 18 MeV) but the a;(1230) mass falls
down to very low values (M4 = 610 = 50 MeV). The predictions for the chiral
couplings show a clear improvement, Lg = (0.7 4+0.4) - 1073, Csg = (4 £5) - 1075.
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Figure 2.14: Comparison of the LEC predictions in this work with previous results in
the bibliography.

2.8.3 Improving the Vr, S7, Am and Pn channels

In order to have a proper description of all the R absorptive cuts, the A\j4, AV
and A7 operators from Eq. are now included in the RxT action. We
take the same inputs as before, Mg = 980 4+ 20 MeV, Mp = 1300 + 50 MeV,
F=90+2 MeV, myg =850+50 MeV, ¢; = 30+10 MeV, M4 = 12304200 MeV,
My, = 770420 MeV and Gy = 604+20 MeV. Both ¢z and Gy have been taken with
a naive 33% error, as they appear only in the NLO part of the correlator. This will
account for the possible NNLO variations in the one-loop correlator depending
on whether it is evaluated with these physical couplings or their large—N¢ values.
The remaining unknown parameters (A", \?7 \74) are extracted from the three
logarithmic OPE constraints, leading to our final LEC estimates,

Lg(po) = (1.04+0.4) - 1072, Cas(po) = (8£5) - 107%.  (2.117)

These numbers are compared to previous determinations in Fig. [2.14] Although
there is still a clear dispersion between the various measurements, at the present
error level we remain essentially compatible. Further efforts should be focused
on the extraction of the scalar and pseudo-scalar pole masses in order to sizably
reduce the uncertainties in the RxT calculations.

In general, the three logarithmic OPE constraints a((f) = aée) = aff) =0
produce complex solutions for the A{¥, APV A\74. In order to remain within the
quantum field theory description, only the real values are kept. The regions with
at least one real solution are shown in Fig.[2.15] There, we plot the allowed ranges
for ¢; and Gy, with the other inputs taken at their central values. Indeed, there
is no real solution for the central values ¢; = 30 MeV and Gy = 60 MeV. On the
contrary to other phenomenological analysis which seem to prefer a ¢4 coupling
below 30 MeV [23,27,28], the log OPE constraints require slightly larger values,
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Figure 2.15: Allowed regions with one (light blue) or two (white) real solutions from
the logarithmic OPE constraints a((f) = ag@) = ay) = 0. No real solution exists in
the darker purple regions. In the upper left corner one can see the dashed rectangle

provided by the ranges c; = 30 £ 10 MeV, Gy = 60 + 20 MeV.

cd 2 30 MeV. However, in general for c¢; around 30 MeV is always impossible to
have real solutions for the value of the coupling Gy ~ 64 MeV obtained from
V' decays [8,9,28]. Actually, if one demanded the 77 scalar form-factor (and
the corresponding 77 contribution to the SS spectral function) to vanish at high
energies one would obtain cq = F?/4c,, ~ 42 MeV. However, in this work we do
not perform a channel by channel analysis as in Ref. [31]. Indeed, in our field
theory approach one could fix separately the short-distance behaviour of the 7w
and all the Rr channels through the A% operators, but the latter also generate
RR' absorptive cuts with the wrong properties at high momentum. The only
option is the global adjustment of parameters considered in this work, where the
lowest channels arrange the short-distance behaviour of the highest cuts at the
price of slight modifications on their couplings.

The allowed (cq, Gy ) region of Fig. actually changes if one varies the other
inputs. Thus, we observed the whole range of the LECs allowed for the possible
variations of the inputs and used this interval as our estimate of the central
value and error. The maximum (minimum) value of the LECs was obtained at
the largest (smallest) ¢ and Gy. Likewise, the most extreme LEC values were
obtain when Mp and M, became smaller and Mg larger. These three parameters
are responsible for most of the uncertainties. The impact of the My, F and my
errors in the global precision is negligible.

The RxT computation progressively approaches the physical value as one
incorporates more and more physical information. This is quite non-trivial, as
the introduction of a new chiral invariant operator leads to the opening of the
new absorptive cuts in addition to those channels we are in principle interested
in. For instance, the ¢,,( Sx. ) rules the decay into one scalar resonance and also
contributes to the S-meson exchange in the 77 channel. But at the same time it
also induces the decay into S7 (though other operators like A7 are also relevant).
Thus, the Lz terms were used in our calculation to improve the description of
the Rm channels, which were incompletely described by the linear lagrangian
Lr [§. The price to pay was that new RR’ channels with two intermediate
resonances showed up in our NLO computation of the correlator. Although the
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impact of these higher thresholds is suppressed at low energies if one chooses
a convenient renormalization scheme [32,46], their impact in the high-energy
matching and OPE constraints is a priori non-trivial. In this chapter we find
that, indeed, the most relevant information in order to extract the low energy
chiral couplings seems to be provided by the lightest cuts. On the other hand,
one realizes that the values of the couplings differ from those in the full large—N¢
theory [40] and that the description of the heaviest absorptive channels may be
very distorted [43]. Indeed, we obtain the resonance couplings \y¥ = —0.224-0.08,
MV =0.14 £ 0.07 and [M\J4| = 0.16 £ 0.14. Even though these numbers have
the right signs and order of the magnitude as the theoretical expectations \;¥ =
—dm — om 0.7, AV = 2\%‘;771 ~ 0.7 and A\J4 = 0 (in our analysis, for
convention, we have took ¢,,, d,, and Gy as positive), their values are still far
from being accurate determinations of these parameters.

2.8.4 Impact of the RR' channels

In this section we will make a digression on the importance of the RR’ intermedi-
ate cuts that are opened after including the Lzr operators in the LO action. We
will remove by hand the contributions with two-resonance cuts. Although this
procedure is not well justified from the QFT point of view, we will perform this
exercise in order make a rough comparison with the previous dispersive calcula-
tion of the octet SS— PP correlator [31]. The RR' channels were neglected there,
as their contribution in the dispersive integral was suppressed at low energies by
inverse powers of (Mg + Mp)?.

Thus, we redid the calculation and removed by hand the diagrams with two—
resonance cuts. This expression was then matched to the OPE at short distances,
producing finally the low—energy constants,

Lg(po) = (0.1 £ 0.7) - 1073, Css(po) = (=3 £9) - 107%, (2.118)

where we used the same inputs as in the previous subsection. The errors are
now found to be larger and, though compatible with our final result , the
elimination of the RR’ cuts decreases slightly the range for the LEC determina-
tions, approaching them to the lower values preferred by recent O(p®) analysis [7]
and lattice simulations [53]. However, discarding these heavier channels from the
one-loop computation in this way does not seem very sound from the theoretical
point of view and it is shown here just as an exercise.

2.9 Conclusions

In this chapter, we have performed the one loop QFT calculation of the two-point
SS — PP correlator within RxT. We started with Ecker et al.’s lagrangian [§],
containing only operators with at most one resonance field, and renormalized step
by step all the relevant vertex-functions and propagators. Then we imposed OPE
constraints on the full one-loop correlator, not on separate individual channels as
it was performed in a previous NLO calculation [31]. Likewise, no short-distance
constraint from other observables [39] was used in the present article.

After fixing part of our RxT couplings through these high-energy conditions,
we expanded our result at low energies. Due to the chiral invariant structure
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of RxT, we were able to match the chiral logarithms and found predictions for
the YPT coupling constants Lg(p) and Csg(p). The large discrepancy of these
first numerical determinations with respect to the numbers found in the litera-
ture indicated that the simple Lagrangian Lg (with operators with at most one
resonance field [8]) pointed out the need for a more complicated structure of the
RxT action. The L5 terms could not fully describe the dynamics of all the two-
meson intermediate channels: just the w7 channel description was adequately
provided by the operators with at most one resonance field; all other channels
(Vm, Sw...) did not have the right short-distance behavior. Thus, beyond any
numerical discrepancy in the LECs, the absence of operators with two an three
resonance fields produces a severe theoretical issue at high energies [30].

In order to arrange the Rm cuts with one resonance and one Goldstone we
add all the operators Lrr with two resonance fields relevant for the SS — PP
correlator to the leading RxT lagrangian. These are the A\yY AV and A4 terms
given in Eq. . The introduction of these operators produce a dramatic
improvement. When only one of them is added to the action, the LEC predictions
move in the right direction, i.e., towards the range of values found in previous
studies. After considering all the three Lzrr operators, we obtain the final values
for pg = 770 MeV,

Lg(po) = (1.0 £ 0.4) - 1072, Cas(po) = (8 £5) - 107%, (2.119)

in reasonable agreement with the values obtained through other approaches [5-7,
31,5253]. We want to remark, that this result is progressively approached as more
and more complicated operators are added to the hadronic action. The terms
of the lagrangian that rule the lightest channels result crucial and, thus, those
determining heavier cuts not included in the analysis are expected to produce
little influence.

The essential difference with the previous dispersive calculation of the SS— PP
correlator at NLO [31] is the presence of RR' cuts in the present work. These
intermediate channels automatically show up at the very moment we place the
Lrr operators in the RyT action. Although it is possible to demonstrate that
the contribution from these heavy RR' cuts is suppressed at low energies [32,46],
their impact in high-energy conditions such as the NLO Weinber sum-rules is
pretty non-trivial. The difference between the present article and Ref. [31] could
be taken as a crude estimate of the impact of neglecting those higher channels.

In addition to the estimation of LECs, we also discussed some general issues
about renormalization schemes within RyT. The use of the running M .S masses
Mpg(p) was not very convenient as their meaning changed as one added new
operators to the RyT action. Thus, they were reexpressed in terms of pole
masses Mp. Likewise, we found that, with respect to the large-No WSR, the
NLO Weinberg sum-rules led to large uncertainties and variations for the
values of ¢, and d,,, derived from them in the MS-scheme. A more convenient
subtraction scheme was found to minimize these uncertainties that stemmed from
the high-energy matching whereas, on the other hand, it was found to leave the
low energy prediction unchanged (except for the improved accuracy in the
resonance coupling determination from short-distance constraints).
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2.10 Appendix
2.10.1 Running of the renormalized parameters with L+
Lp

When only operators with at most one resonance fields are considered in the RxT
action [8], one finds before performing the meson field redefinition the running,

(9Z8 3 . ) ) , )
Oln ,U2 - 51272 F2 [16(Cm - dm) — F* — 16¢4¢,, + 4cd + QGV} ,
OMg oM ey, od,,
Oln pp? Oy 9y dlny’
0Xs _ 303 OXp B
dlny®  16m2F4’ o2
)\S )\P

0 8 3¢q , ) o 2.120)
Oln 6472 F2 Oln

After the renormalization one may then consider a convenient field redefinition
that removes precisely the renormalized Xgp, A, and Az, They (and their
running) seem to disappear from the theory although their information is actually
encoded in the renormalized effective couplings that remain in the action. Their
running turns out to be then

3z§ff 3 2 2 2 2 2 2 2
TmE — 512niF (165, —16d, — F? — 8cqcm +2¢5 + 2Gy, — 16 ¢3¢ ]
oM 3cAMY oMp'?
Olnp? — 16m2F4’ Olnp® 7

ot 3¢y M3 odet

Oln 2 647T2F4( cde ) Oln p? ( )

2.10.2 On-shell scheme for ¢,, and d,,

This would be a continuation of the pole-mass scheme. In addition to this, the
renormalized on-shell couplings ¢, and ch are prescribed, respectively, by the real
part of the residue of the correlator at the scalar and the pseudoscalar resonance
poles [31,132]. This was the scheme considered in the dispersive approach from
Refs. [31,32]. The shift Ax with respect to the M S-subtraction prescription is
given up to NLO in 1/N¢ by

2cmAc, = & — = QC—EORGCI’;S(Mg)M - Rezgl(Mg)w,
dpm,

2d,Ad,, = d? —d? =

= o5 Re®! n(ME)Y — d2 ReX} (ME)Y (2.122)
0

In the case where only Lg interactions are considered, one has

4 g 3 M? 4 cqCom M?
2cnAc, = Lg_sz -1+ 1—L§ n—QS ,
F? 1287 F L

2d,Ad, = 0. (2.123)
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2.10.3 Feynman integrals

The scalar integrals are

dk? 1
2y _
AO(M ) - /i(Qﬂ.)d k2 — M2+ i¢’
dk? 1
2 2 2 —
Bo(p®, Mg, My) = / i(2m)® (k2 — M2 +i€)[(p — k)? — M + i€ (

2.124)

Using the formula in [30] we use the following expansions

Ao(M?) = Ié\f;{/\oon%n]\j—;},
By(p®,0,0) = —#{/\o@ —1+1n (_M—ZQ) }
Bo(p*,0,M?) = _16)1%2{/\0O +1n]\5—22 -1+ (1 — A;—;) In (1 - AZ—Z) },
Bo(p?, M2, M?) = _1617r2 {,\OO + ln]:[—; —1+oyln (ZZ J_“ 1) } (2.125)

2
NP M) ([ﬁ A2 M2 M) — (M~ M&)?) }

2 2
p [P* = N2 (p?, MZ, M) — (M7 — M)

where oy = /1 — 4M?2/p? and \(x,y,2) = (v —y — 2)? — 4yz.

2.10.4 Useful expansions

Using expansions for z — oo

o(r) = In(—z)—1-— " 35 5 2x2+” :
b(z) = —In(—x)+ 2In(—=z) In(-z) 3 N
x x? 202
(l—i)ln(l—x) — In(—2) m(;x) §+2i2+...
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3. Renormalization in the
effective theory for spin-1
resonances

3.1 Introduction

As is well known, in the low energy region the dynamical degrees of freedom
of QCD are not quarks and gluons but the low lying hadronic states and, as a
consequence, a non-perturbative description of the their dynamics is inevitable.
An approach using effective Lagrangians appears to be very efficient for this
purpose and it has made a considerable progress recently. In the very low en-
ergy region (E < Ay ~ 1GeV), the octet of the lightest pseudoscalar mesons
(m, K, n) represents the only relevant part of the QCD spectrum. The Chi-
ral Perturbation Theory (xPT) [1-3] based on the spontaneously broken chiral
symmetry SU(3)r x SU(3)g grew into a very successful model-independent tool
for the description of the Green functions (GF) of the quark currents and relat-
ed low-energy phenomenology. The pseudoscalar octet is treated as the octet of
pseudo-Goldstone bosons (PGB) and xPT is organized according to the Weinberg
power-counting formula [1] as a rigorously defined simultaneous perturbative ex-
pansion in small momenta and the light quark masses. Recently, the calculations
are performed at the next-to-next-to-leading order O(p®) (for a comprehensive
review and further references see [54]).

In the intermediate energy region (Ay < E < 2GeV), where the set of rele-
vant degrees of freedom includes also the low lying resonances, the situation is
less satisfactory. This region is not separated by a mass gap from the rest of
the spectrum and, as a consequence, there is no appropriate scale playing the
role analogous to that of Ay in xPT. Therefore, the effective theory in this re-
gion cannot be constructed as a straightforward extension of the yPT low energy
expansion by means of introducing resonances e.g. as homogenously (but non-
linearly) transformed matter fields in the sense of [55], [56] and pushing the scale
Ay to 2GeV.

In order to introduce another type of effective Lagrangian description, the
considerations based on the large Ngo expansion together with the high-energy
constraints derived from perturbative QCD and OPE appear to be particularly
useful. In the limit No — oo, the chiral symmetry is enlarged to U(3), x U(3)r
and the spectrum relevant for the correlators of the quark bilinears consists of an
infinite tower of free stable mesonic resonaces exchanged in each channel and clas-
sified according to the symmetry group U(3)y. An appropriate description should
therefore require an infinite number of resonance fields entering the U(3), xU(3)r
symmetric effective Lagrangian. Because the quasi-classical expansion is corre-
lated with the large N¢o eX}aansion, the interaction vertices are suppressed by an
appropriate power of N, 12 according to the number of the meson legs. At the
leading order only the tree graphs have to be taken into account . An approxima-
tion to this general picture where we limit the number of the resonance fields to
one in each channel and matching the resulting theory in the high energy region
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with OPE is known as the Resonance Chiral Theory (RxT) (it was introduced in
seminal papers [8,9]). Integrating out the resonance fields from the Lagrangian
of RxT in the low energy region and the subsequent matching with yPT has
become very successful tool for the estimates of the resonance contribution to the
values of the O(p*) [8] and O(p®) [57,/58] low energy constants (LEC) entering the
xPT Lagrangian. Therefore, studying RxT can help us to understand not only
the dynamics of resonances but also the origin of LECs in xPT.

However, even when restricting to the case of the matter field formalism, it
is known from the very beginning [9] that the form of the RxT Lagrangian is
not determined uniquely. The reason is that the resonances with a given spin
can be described in many ways using fields with different Lorentz structure. For
example, for the spin-one resonances one can use i.a. the Proca vector field or
the antisymmetric tensor field or both (within the first order formalism [59,60]).
Though the theories based on different types of fields with Lagrangians which
contain only finite number of operators are not strictly equivalent already on the
tree level (in general, it is necessary to include nonlocal interaction or infinite
number of operators and contact terms to ensure the complete equivalence, see
[60]), we can always ensure a weak equivalence of all three formalisms up to a
given fixed chiral order (this was established to O(p?) in [9] and enlarged to O(p®)
in [60]).

As we have mentioned above, the lack of the mass gap (which could pro-
vide us with a scale playing the role analogous to Ay) prevents us from using
a straightforward extension of the Weinberg power-counting formula |1] taking
the resonance masses and momenta of the order O(p) on the same footing as for
PGB. Also the usual chiral power counting which takes the resonance masses as
an additional heavy scale (which is counted as O(1)) fails within the RxT in a
way analogous to the y PT with baryons [61]. Nevertheless, it seems to be fully
legitimate to go beyond the tree level RxT and calculate the loops [62-70].

Being suppressed by one power of 1/N¢, the loops allow to encompass such
NLO effects in the 1/N¢ expansion as resonance widths, resonance cuts and the
final state interaction and (by means matching with xPT) to determine the NLO
resonance contribution to LEC (and their running with renormalization scale).

However, we can expect both technical and conceptual complications connect-
ed with the renormalization of the effective theory for which no natural organiza-
tion of the expansion (other than the 1/N¢ counting) exists. Especially, because
there is no natural analog of the Weinberg power counting in RxT, we can expect
mixing of the naive chiral orders in the process of the renormalization (e.g the
loops renormalize the O(p?) LEC and also counterterms of unusually high chiral
orders are needed). Also a straightforward construction of the propagator from
the self-energy using the Dyson re-summation can bring about the appearance
of new poles in the GF. Because the spin-one particles are described using fields
transforming under the reducible representation of the rotation group and due to
the lack of an appropriate protective symmetry, some of these additional poles
can correspond to new degrees of freedom, which are frozen at the tree level.
The latter might be felt as a pathological artefact of the not carefully enough
formulated theory, particularly because these extra poles might be negative norm
ghosts or tachyons [71]. On the other hand, however, we could also try to take
an advantage of this feature and to adjust the poles in such a way that they
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correspond to the well established resonance states [72].

Let us note, that similar problems are generic for the description of the higher
spin particles in terms of quantum field theory. As an example we can mention
e.g. the problem with the renormalization of quantum gravity which is trying to
be cured by imposing additional symmetry or by introducing a non-perturbative
quantization believing that UV divergences are only artefact of a perturbative
theory. In the context of the extensions of the xPT, this has been studied in
connection with introducing of the spin-3/2 isospin-3/2 A(1232) resonance in
the baryonic sector (for a review see [73] and references therein). The Rarita-
Schwinger field commonly used for its description contains along with the spin-3/2
sector also spin-1/2 sector, which is frozen at the tree level due to the form of the
free equations of motion. These provides the necessary constraints reducing the
number of propagating spin degrees of freedom to four corresponding to spin 3/2
particles. However, these constraints are generally not present in the interacting
theory and negative norm ghost [74] and/or tachyonic [75] poles might appear
beyond the tree level. The appearance of these extra unphysical degrees of free-
dom can be avoided by means of the requirement of additional protective gauge
symmetry under which the interaction Lagrangian has to be invariant. Such a
symmetry, which is also a symmetry of the kinetic term (but not of the mass
term), is an analog of the U(1) gauge symmetry of the electromagnetic field and
its role is also similar. As it has been shown by means of path integral formal-
ism, it leads to the same constraints as in the noninteracting theory and prevent
therefore the extra spin-1/2 states from propagating.

On the other hand, it has been proved, that the most general interaction
Lagrangian at most bilinear in Rarita-Schwinger field (i.e. without the protective
gauge symmetry) is on shell equivalent to the gauge invariant one [76] . The latter
is, however, nonlocal (or equivalently it contains an infinite number of terms).
Also the above protective gauge symmetry is, as a rule, in a conflict with chiral
symmetry, and has therefore to be implemented with a care. Though there are
efficient methods how to handle this obstacles in concrete loop calculations |73,
[76], the problem still has not been solved completely.

In the following, we would like to discuss these problems in more detail. As
an explicit example we use the one-loop renormalization of the propagator corre-
sponding to the fields which originally describe 17~ vector resonance (p meson)
at the tree level within the Proca field, the antisymmetric tensor field and within
the first order formalism in the chiral limit. The situation here is quite similar to
the case of spin-3/2 resonances discussed above. In addition, to the spin-1 degrees
of freedom, there are extra sectors that are frozen at the tree level. There exists
a protective gauge symmetry which prevents these modes from propagation. The
kinetic term is invariant with respect to this symmetry while the mass term is
not.

By means of an explicit calculation we will show that (unlike the ordinary
XPT) the one-loop corrections to the self-energy need counterterms with a num-
ber of derivatives ranging from zero up to six and also that a new kinetic countert-
erm with two derivatives (which was not present in the tree level Lagrangian) is
necessary. We will also demonstrate that the corresponding propagator obtained
by means of Dyson re-summation of the one-particle irreducible self-energy inser-
tions has unavoidably additional poles. Due to the unusual higher order growth
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of the self-energy in the UV region some of them are inevitably pathological (with
a negative norm or a negative mass squared). Though these additional poles are
decoupled in the limit No — oo, for reasonable concrete values of the parame-
ters of the Lagrangian they might appear near or even inside the region for which
RxT was originally designed. We also discuss briefly within the antisymmetric
tensor formalism a possible interpretation of some of the non-pathological poles
as a manifestation of the dynamical generation of various types of additional 1+-
states. We will also show that the appropriate adjustment of coupling constants
in the antisymmetric tensor case allows us (at least in principle) to generate in
this way the one which could be identified e.g. with the b;(1235) meson [72].
Such a mechanism is analogous to the model [77] for the dynamical generation
of the scalar resonances from the bare quark-antiquark ”seed”, the propagator of
which develops (after dressing with pseudoscalar meson loops) additional poles
identified e.g. as a¢(980) (cf. also [78], [79]).

The chapter organized as follows. In Section |3.2] we remind the basic facts
about the propagators and briefly discuss the issue of the additional degrees of
freedom in all three formalisms for the description of spin-one resonances. We
use the path integral formulation where the protective symmetry analogous to the
Rarita-Schwinger case is manifest. In Section |3.3| we discuss the power counting.
We try to formulate here a formal self-consistent organization of the counterterms
and one-particle irreducible graphs, which sorts the operators in the Lagrangian
according to the number of derivatives as well as number of the resonance fields
and which is useful for the proof of renormalizability of the RxT as an effec-
tive theory. In Section |3.4] we present the results of the explicit calculation of the
self-energies. Then we give a list of counterterms and briefly discuss the renormal-
ization prescription. Section |3.5|is devoted to the construction of the propagators
and to the discussion of their poles. Because the basic ideas are similar within all
three formalisms, we concentrate here on the antisymmetric tensor case. Section
3.6] contains summary and conclusions. Some of the long formulae are postponed
to the appendices: the explicit form of the renormalization scale independent
parameters of the self-energies are collected in Appendix [3.7.4] namely for the
Proca field in [3.7.4] for the antisymmetric tensor field in and for the first
order formalism in [3.7.4 In Appendix [3.7.5] we give a proof of the positivity of
the spectral functions for the antisymmetric tensor propagator.

3.2 Propagators and poles

In this section, we collect the basic properties of the propagators and the corre-
sponding self-energies within the Proca field, the antisymmetric tensor field and
the first order formalisms. The discussion will be as general as possible without
explicit references to RxT, which can be assumed as the special example of the
general case.
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3.2.1 Proca formalism
General properties of the propagator

We start our discussion with a standard textbook example of the interacting
Proca field. Let us write the Lagrangian in the form

L= EO + Einty (31>
where the free part of the Lagrangian is
ls & v 1 2
Eo = _ZV;WV'M + §M VHVM (32)
with R
Viw =0,V, —0,V,. (3.3)

Without any additional assumptions on the form and symmetries of the interac-
tion part of the Lagrangian L£;,;, we can expect the following general structure of
the full two-point one-particle irreducible (1PI) Green function

2 2 2 T/ 2 T 2 Ly 2 L
I3 (p) = (M? — p* + ST (p*)PL, + (M? + SF(p?)) PL,. (3.4)
Here
L Pubv
ph = 2 (3.5)
p
Dby
Pl = gw—]’;—z (3.6)

are the usual longitudinal and transverse projectors and X7* are the correspond-
ing transverse and longitudinal self-energies, which vanish in the free field limit.
Inverting (3.4) we get for the full propagator

1 1
P+ ———— P (3.7)

Auy(]j) = _pQ _ M2 _ ET(p2) HY M2 + EL(pZ) "

The possible (generally complex) poles of such a propagator are of two types;
either at p?> = sy, where sy is given by the solutions of

sy — M? - T (sy) =0, (3.8)
or at p?> = sg where sg is the solution of
M? +%E(sg) = 0. (3.9)

Let us first discuss the poles of the first type. Assuming that (3.8)) is satisfied
for sy = Mg > 0, then for p* — M2

2y Puby
A;w(p) 1)2_—]\45 (—g,u, + 2 ) + O(1)
Z *
= S > e (p) + o) (3.10)
p ¢4
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where
1

Ty = ———
VISR

(3.11)
and where z—:ﬁf\) (p) are the usual spin-one polarization vectors. Under the condition
Zyv > 0 the poles of this type correspond to spin-one one particle states |p, A, V')
which couple to the Proca field as

OV, (0)lp. A, V) = Zv e (p). (3.12)

At least one of these states is expected to be perturbative in the sense that its
mass and coupling to V,, can be written as

Mg = M?+ M (3.13)
Zy = 1462y, (3.14)

where §ME and §Zy are small corrections vanishing in the free field limit. This
solution corresponds to the original degree of freedom described by the free part
of the Lagrangian L£;. The additional one particle states corresponding to the
other possible (non-perturbative) solutions of decouple in the free field limit.

The second type of poles is given by (intrinsically nonperturbative) solutions
of (3.9). Suppose that this condition is satisfied by sg = M2 > 0. For p* — M3

ZS Pubv
Ay (p) = =25 Pubv 5 3.15
where 1
7 = <5~ 1
S EIL(Mg) (3 6)

Assuming Zg > 0 this pole corresponds to the spin-zero one particle state |p, S)
which couples to V), as

. Zg'/?
= lp'uTS.
For the free field this scalar mode is frozen and does not propagate according to
the special form of the Proca field Lagrangian. Therefore, in the limit of vanishing
interaction the extra scalar state decouples.

Without any additional assumptions on the symmetries of the interaction
Lagrangian we can therefore expect the appearance of additional dynamically
generated degrees of freedom.

The general picture is, however, more subtle. Note that, the interpretation of
the above additional spin-one and spin-zero poles as physical one-particle asymp-
totic states depends on the proper positive sign of the corresponding residues
Zy, Zg > 0, otherwise the norm of these states is negative and the poles corre-
spond to the negative norm ghosts. Similarly, also poles with M‘Q/ g < 0 can be
generated, which correspond to the tachyonic states. Let us illustrate this feature
using a toy example. Suppose, that the only interaction terms are of the form
6] )

ry i v i (e
5(@NV“)2+2M2 (auvu )(8”1/,),,)—1—%(8“3,0‘/")(8“80‘/ )
(3.18)

(0IV.(0)[p, S) (3.17)

«

£int = ‘Cct = _4

~ o~
VWVM _
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Such a Lagrangian can be typically produced by radiative corrections in an ef-
fective field theory with Proca field, which does not couple to other fields in a
U(1) gauge invariant way, and can provide us with counterterms necessary to
renormalize the loops contributing to the V field self-energy. L. gives rise to the
following contributions to X7 (p?) and X (p?)

p4

M2
4
SLp?) = —Bp2+5%. (3.20)

ZT(p2) = —ap’+7y (3.19)

As a result, we have two spin-one and two spin-zero one-particle states. The
masses and residue of the spin-one states are then

l+a—2vF /(I 1a)P_4
M{ii—MQ(H— ra 727( o) 7) (3.21)

1-2T(M2) = +£/(1+a)? -4y, (3.22)

which are real for for (1 + «)? — 4y > 0. In the limit a, v — 0, a/y = const we
get either the perturbative solution with mass My or (for v > 0) an additional
spin-one ghost with mass My _ (for 1 + « > 0 and 7 < 0 this pole is tachyonic).
Similarly for the spin-zero states

MZ, = M? <f8qE VQ/? _45> (3.23)

SE(ME) = T/ —4d. (3.24)

The poles are real for 32 > 46 and e.g. for 3,5 > 0 one of the poles is spin-zero
ghost. In both cases for appropriate values of the parameters we can get also
two tachyons or even the complex Lee-Wick pair of ghosts. These features are of
course well known in the connection with the higher derivative regularization (as
well as with the properties of the gauge-fixing term).

Additional degrees of freedom in the path integral formalism

The additional degrees of freedom discussed in the previous subsection can be
made manifest in the path integral formalism. Let us start with the generating
functional for the interacting Proca field

Z[J] = /DVexp (3.25)
. 4 15 v 1 2 o
1 d*z —ZVNVV + §M VMV + Emt(‘/a J, .. ) 5
where the external sources are denoted collectively by J. In order to separate
the transverse and longitudinal degrees of freedom of the field V,, within the path

integral we can use the standard Faddeev-Popov trick with respect to the U(1)
gauge transformation of the field V,

V, = Vi, + 0,A. (3.26)
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As a result, we get the generating functional in the form

1 1 1
thi/DmDApr/H%(?@D%M+EM%TW“+?WQAWA+EW)>

(3.27)
where L = Line(VL — OA, J,...). Here DV, =DV (9,V*) and

o+o”
wo_ |
Vi (g = > V,

is the transverse part of the vector field V#, the longitudinal part of which corre-
sponds to the scalar field A, i.e.

VE = VI + 9PA. (3.28)

The free propagators of the fields V{* and A are

5 PT;U/
A (p) = Ve (3.29)
11
Anlp) = M2 (3.30)

Both these propagators have spurious poles at p?> = 0, however, the only necessary
combination which matters in the Feynman graphs is

A" (p) = AT (p) + "'p" An(p), (3.31)

which coincides with the original free propagator of the field V# and the spurious
poles cancel each other.

Note that, provided the interaction Lagrangian L;,; is symmetric under the
U(1) gauge transformation (3.26), the spin-zero field A completely decouples and
can be integrated out . The theory can then be formulated solely in terms of
the field V{*. The U(1) invariant form of the interaction allows to simplify the
propagator A" (p)

AT@%&—E%jﬁ (3.32)
within the Feynman graphs and the spurious pole p? = 0 in becomes harm-
less. In this case, the scalar one-particle states cannot be dynamically generated.
On the other hand, in the case when L;,; is not invariant with respect to ,
we cannot forget the longitudinal component of V# which has now nontrivial
interactions and, as a result, contributions to ¥* can be generated.

Let us now return to the illustrative example discussed in the previous sub-
section. Suppose that the interaction Lagrangian has the form

Lint = Lot + Loy (3.33)

where L is the toy interaction Lagrangian (3.18) and we assume o > —1 and
d > 0 in what follows. Then it is possible to transform Z[.J] to the form of the
path integral with all the additional degrees of freedom represented explicitly
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in the Lagrangian and the integration measure. In terms of the transverse and
longitudinal degrees of freedom we get

Lint(vi_aA) J?) - ‘CCt(VL _aAu J7 )+‘Cmt< _aA ‘] )

Q@ 16 )
= —V“DVLM — 5(DA)2 5 M2 @AV OV + e ——(8,0A)(0"TA)
+L;,, (VL — 0N, J..). (3.34)

In order to lower the number of derivatives in the kinetic terms we integrate in
auxiliary scalar fields x, p, 7, o and auxiliary transverse vector field B, writing

e.qg.

exp( /d4 5 o) > /Dxexp(/ (26 aﬂxaﬂA» (3.35)

and similarly for other higher derivative terms. After the superfluous degrees of
freedom are identified and integrated out, the fields are re-scaled and then the
resulting mass matrix can be diagonalized by means of two symplectic rotations
with angles 6y, and g (the technical details are postponed to the Appendix.
Finally we get (under the conditions (1 4+ a)? > 4v and 5% > 46)

/DVLDBLDADxDU exp ( /d LV, B, A x,0,J,.. )) (3.36)

where
Lou Lo 1 L o Lara pu
E(VJ_, BJ_, A, X, 0, J, .. ) = §VL DVJ_# + §MV+VL VJ_H — §BLDBL + §MV—BLBJ-H
1 1 1 1 1
+=0,00'c — M2, 0° — =9,x0"x — =MZ_x*+ = M?0,A0"A
2 2 2 2 2
L (VO 0,
(3.37)
and
—(0) exp Oy :
\%4 = W(VL + BL) — 8)( cosh 95 — Jo sinh 05 — OA (338)

and where MZ,, M2, are the mass eigenvalues and . The theory
is now formulated in terms of two spin one and two spin zero fields, whereas
two of them, namely B} and y have a wrong sign of the kinetic terms and are
therefore negative norm ghosts. As above, the field A does not correspond to any
dynamical degree of freedom, its role is merely to cancel the spurious poles of the
free propagators of the transverse fields V, and B, at p? = 0.

3.2.2 Antisymmetric tensor formalism

For the antisymmetric tensor field in the formalism [8,9] the situation is quite
analogous to the Proca field case so our discussion will be parallel to the previous
subsection. Let us write the Lagrangian in the form
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where the free part is
1 1
Ly = —5(8HR“”)(8"’RW) + ZM2R“”RW’ (3.40)

and introduce the transverse and longitudinal projectors

1
T _ T pT T pT
HIJ«VQB 5 (PILOCPVﬁ - PVOCP,U/B) (341)
1
Hﬁuaﬁ = 5 (guocguﬁ - guocguﬂ) - szaﬁ (342)

with P, given by (3.6). Again, in analogy with (3.4), for completely general Ly,

we can expect the following general form of the full two-point 1PI Green function

2 1 1
Tias(®) = 5 + ST G ap + 5 (M? = p* + SH G0 (343)

where X% are the corresponding self-energies. The full propagator is then ob-

tained by means of the inversion of Ffu)a,a in the form

2

2
_ HL T
p* — M? = ZE(p?)

Auvaﬁ (p) = qwaB T mﬂumﬂ-

(3.44)

This propagator has two types of poles analogous to (3.8)) and (3.9)), either at
p? = sy, satisfying
sy — M? —¥F(sy) =0, (3.45)

or at p® = sy where
M? + 57 (s5) = 0. (3.46)

Assuming that the solution of (3.45)) satisfies sy = M3 > 0, the propagator
behaves at this pole as

Zv _ puGvaPs — Pvguabs — (a ¢ B)
A = £ £ O(1
Zv N ()™ ()
v ; ) (p)ugs (p)* + O(1) (3.47)
where |
Ly = ———— 3.48
VT 1o YE(MR) (3.48)
and the wave function uf[},) (p) can be expressed in terms of the spin-one polariza-
tion vectors e\ (p) as
i
ul) (p) = —— (e (p) — poey (0)) - (3.49)

My

For Zy > 0 the pole of this type corresponds therefore to the spin-one state
Ip, A, V) which couples to R, as

(0| R, (0)[p, A, V) = Zy'2ul) (p). (3.50)
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Analogously to the Proca case, at least one of these poles is expected to be
perturbative and corresponds to the original degree of freedom described by the
free Lagrangian Lj. This means

My = M?*+ M (3.51)
Zy = 1+6Zy (3.52)

with small corrections 6 M and §Zy vanishing in the free field limit. The other
possible nonperturbative solutions of (3.45|) decouple in this limit.

Provided there exists a solution of (3.46) for which sy = M‘% > 0, we get at
this pole

Zy PugvaPs — PuGvsPa
Buslt) = 25 (s + LIy 1)) 4 01
7~
— w™
T2 _‘/]\/[2 Zwuu W3 ) +0(1) (3.53)
where 1
v
and the wave function is dual to the wave function (3.49)
- 1 o
W) (p) = T B) = 5epmasu (). (355)

Provided Z > 0, the poles of this type correspond to the spin-one particle states
Ip, A\, V') with the opposite intrinsic parity in comparison with |p, A, V'), which
couple to the antisymmetric tensor field as

(0| Ry (0)[p, A, V) = Z5 2wl (p). (3.56)

This degree of freedom is frozen in the free propagator due to the specific form
of the free Lagrangian and it decouples in the limit of the vanishing interaction.

As in the Proca field case, we can therefore generally expect dynamically
generated additional degrees of freedom, which can be either regular asymptot-

ic states (MVV, Zyy > 0) or negative norm ghosts (M‘2/‘~/ >0, Zyy < 0) or

tachyons (Mf/(/ < 0). Complex poles on the unphysical sheets can be then inter-
preted as resonances.

As the toy illustration of these possibilities, let us take the interaction La-
grangian similar to in the Proca field case e.g. in the form

Lo = La=-""L @)@ R,) - 0,10 Buy)
T 0 1% o P 0 af P L
+ L (00, R )00 Byy) + s (0,0, ) (070" Ra). (3.57)

We get then the following contributions to the longitudinal and transverse self-
energies

p4

SEp?) = —ap2+7W (3.58)
4

ST = —ﬁp2+(5%. (3.59)
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These are exactly the same as (3.20) and (3.19)) (with the identification X% <+
Y1), Therefore, provided we further identify M2, <« M‘% _» the properties of the
poles and residues are the same as in the previous subsection (see the discussion

after and ), with the only exception that instead of the extra spin-
zero states with the mass we have now extra spin-one states with the same
mass but with the opposite parity in comparison with the original degrees
of freedom described by the free lagrangian L.

Path integral formulation

We can again made the additional degrees of freedom manifest within the path
integral approach in the way parallel to subsection . An analog of the U(1)
gauge symmetry used in the case of the Proca field formalism in order to separate
the transverse and longitudinal components of the field V), is here the following
transformation with a pseudovectoﬂ parameter A,

1 —~
R" — R 4 55“”“/\&5, (3.60)

where

Aup = Oulhg — Dghg. (3.61)

This leaves the kinetic term invariant, while the mass term is changed. Note,
that the transformation with the parameters A, and A} where

AN = Ay + O\ (3.62)

are the same. This residual gauge invariance has to be taken into account when
using the Faddeev-Popov trick in order to isolate the longitudinal and transverse
degrees of freedom of the field R,,. Analog of the formula (3.28) is now

1 —~
RM = Ri" + éawﬁ/\ag (3.63)

where R“f “ is the longitudinal component of R,,. Its transverse component is
described with the transverse component A/ of the field A* where

A=A 4+ oM (3.64)
Starting with the path integral representation of the generating functiona]ﬂ

ZlJ]) = / DR exp (i / d*z (—%(aMRW)(aPRW) + iMQRWRW + Lo (R™ T, .. )))

(3.65)
and using the Faddeev-Popov trick twice with respect to the transformations
(3.60) and (3.62)) we finally find for Z[.J] the following representation

ZJ] = /DRDAL exp (i/d”‘xﬁ(Rﬁ”,A’i,...)) (3.66)

IThis is of course true only in the case of the proper tensor field R,,. Provided R, is a
pseudotensor, the parameter of the transformation is vectorial.
2Here J are the external sources, cf. previous subsecrion.
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where the integral measure is

DRyDA| = DRDAI(On R, + Oy Ry + 0, Rua)0(0,A") (3.67)
and
v 1 roa 174 [0}
Ry —ﬁ(a"g 97 +0"g" 0% — (1 > v))Rap (3.68)
oAV
AN = (g“” — (9D8 ) A, (3.69)

are the longitudinal part of the tensor field R*”and the transverse part of the vec-
tor field A* (describing the transverse part of the tensor field R*") respectivelyﬂ.
The Lagrangian expressed in these variables reads

L(RM™

1 .. 1 y 1 P S
2B OR)  + ZMQRW Ry + EMQA‘iDALM + Lo (R = 5&" Phag, .- . ).
The free propagators of the fields Rﬁ “and A/ are therefore

2

AP (p) = _p—2_M2HL“W5 (3.71)
v 11 _ ..
A (p) —WEP g (3.72)

and, similarly to the case of the Proca field, they have spurious poles at p? = 0.
Due to the form of the interaction, however, only the combination

AL p) = AJT(p) + e pupe AL o (p)
2 2

= -l s 3.73
P2 — M? + Ve ( )
corresponding to the free propagator of the original tensor field R*” is relevant
within the Feynman graphs and the spurious poles cancel. By analogy with the
Proca field case, for the interaction Lagrangian invariant with respect to the
transformation (3.60)) the field A/ completely decouples and can be integrated
out. Such a form of the interaction also allows to modify the propagator Aﬁ B (p)

within the Feynman graphs

AMVG/B N _guagyﬁ B g.u'/BgVa 374
@) POV (3.74)
and no spurious pole at p? = Oeffectively appears. In this case the opposite

parity spin-one states discussed in the previous subsection cannot be dynamically
generated.

In order to illustrate the appearance of the additional degrees of freedom con-
nected with the interaction Lagrangian within the path integral formalism,
we can make the same exercise with the interaction Lagrangian as we did

3Note again that, the field A, has opposite parity than the field R, (being pseudovector
for proper tensor field R,,,, and vice versa).
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in the previous subsection with . Our aim is again to make the additional
degrees of freedom explicit in the path integral representation of Z[.J]. The pro-
cedure is almost one-to-one to the case of the Proca fields so that we will be more
concise. The technical details can be found in the Appendix [3.7.2

We assume the interaction Lagrangian to be of the form

Eint - Lct + £;nt7 (375)

where L is given by (3.57)) and we assume a > —1and 6 > 0 as above. L;,; can
be then re-express it in terms of the longitudinal and transverse components of
the original field R,

v 1 vaBx v 1 vaBx v 1 vafx
Lint (R} =" Mg, Js- o) = La(R] -5 INaps T, )+ Lo (R -5 Phaps Iy
(3.76)

where

v 1 ra N « v
Lo(R"™ — 55“ BAaﬁja ) = ZRﬁ UR) u +

)
FOOM)OAL) — 50

4M2 —— (OR")(OR) )

2 (9°OA")(00AL,) (3.77)

We then introduce the auxﬂlary (longltudlnal) antlsymmetrlc tensor field B||

and (transverse) vector fields x/[, p/f, ¢/ and 7/ in order to avoid the higher
derivative terms in a complete analogy with the Proca field case. Again, not
all the fields correspond to propagating degrees of freedom and such redundant
fields can be integrated out. After rescaling the fields and diagonalization of the
resulting mass terms by means of two symplectic rotations with angles 6y, and
0y exactly as in the case of the Proca fields (see the Appendix for details)

we end up with
J) = / DR DB /DA, Dx,Dp, Do, Dr exp (3.78)
(i/d4$£(R”,B”,AJ_,XJ_,pJ_,UJ_,’]TJ_,J,...))

with (cf. (3.191))

| R— 1 v
L = JRIDRyu + My R Ry

4

1 1
_—BM”DBH w ZM‘%*BW

47
1 owu
+§M N OA,,

v
By

1 1 1 1
—§XiDXLH+2M XX+ O'J_DOLM—F — M2 oy,

LR, 0, (3.79)

where

Oum _ expby U owes (7~ ~
= R 1 _uwas <Aaﬂ + G apsinh 0y + X pag cosh ev)

uv B
(B)"+B)") — 5
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and with the diagonal mass terms corresponding to the eigenvalues ([3.21} [3.23])
(with identification M2, — M3,). Again we have two pairs of fields with the

opposite signs of the kinetic terms, namely (Rﬁ‘ Y, BﬂL ") and (x|, 0" ) respectively.
As a result we have found four spin-one states, two of them being negative norm
ghosts, namely B"“ “ and o/ and two of them with the opposite parity, namely
x| and o/. As in the Proca field case, the field AY effectively compensates
the spurious p?* = 0 poles in the Rl’l‘ Y and Bﬁ‘ Y propagators within Feynman

graphs.

3.2.3 First order formalism

The first order formalism is a natural alternative to the previous two (for the
motivation and details of the quantization see [60], cf. also [59]). It introduces
both vector and antisymmetric tensor fields into the Lagrangian, therefore the
analysis is a little bit more complex in comparison with previous two cases. In
this case, the Lagrangian is of the form

where now the free part is
v 1 2 o 1 2 7%
Ly=MV,0,R" + §M V,VE + ZLM R, R". (3.81)
Instead of just one one-particle irreducible two point Green function we have a

matrix o o
T2 (D T R(D)apw
F(2)(p) — E/Q‘)/( )u 2/21)'%( ) M (382)
v (P);wa kg (P)uuaﬁ

where (without any additional assumptions on the form of L;,;) the matrix ele-
ments have the following general form (cf. (3.4)) and (3.43))

Tk Dwos = 5(M + ST + (M + S5 (38)

TR (P = (M?+ 5T, (%) PL, + (M? + 35, (%) P, (3.84)
T (e = % (M + 2rv(P?)) M (3.85)
TYR(D)opw = % (M + Svr(p®)) Al (3.86)

Here Y55 (p?), 05 (p?) and Sgy (p?) = Syr(p?) are corresponding self-energies
and the off-diagonal tensor structures are

Na = _Al;guy = Pp9va — PvYpuc- (3.87)

This matrix of propagators

. AVV(p),UJ/ AVR(p)aW
A(p) N ( ARV(I));LV& ARR(p),Lwaﬁ ) (388>
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can be obtained by means of the inversion of the matrix (3.82)) with the result

2 MQ‘*’ng(P )HL

A vaB = e . +2 " 3.89
R 0 I 1 o R
1 M? + L (p?)
A , = PL + rriE  pr 3.90
ke = SEESGA T T D) (390
M+ ERv(pQ)
Arv(P)va = —IWAHW (3.91)
M+
AVR(p>aul/ = _ll)(—pvz};(p”/\gl“” (392)

where
D(p?) = (M4 X5 (0) (M?+55y (p?) —p* (M A+ gy (0°)) (M +Zv r(p)). (3.93)

Let us now discuss the structure of the poles, which is now richer than in previous
two cases. We have three possible types of poles, namely sy, sy and sg, being
solutions of

D(Sv) =
M? + Shp(sy) = 0
M?*+ %8, (ss) = 0 (3.94)

respectively. As far as the pole sy is concerned, let us assume sy = M2 > 0. We
get then at this pole (see also previous two subsections)

Arr(P)uvas = M2 Zuw )" +0(1) (3.95)

Avy(P)w = M2 Ze p)eM*(p) + O(1) (3.96)
Ary(P)wa = M2 ZuW ()N (p)* + O(1) (3.97)
AVR(P)apw = m;e&”(p)u,(ﬁ*(p) +0(1) (3.98)

where u,(j\y) (p) is given by lb and the residue are

M? + X5, (M)

Zrr = , (3.99)
(M)
M? 4 Sk (M2)
Zyy = i il 4 (3.100)
D' (M)
M + Xgyv (M) M + Sy r(M?)
ZRV = 7 MV = ZVR == 7 Mv. (3101)
D' (M) D' (M)

Note that, as a consequence of (3.94) we get the following relation
ZrrZvv = Zay = Zig, (3.102)
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(remember Xry (p?) = Sy r(p?)), therefore assuming Zrp, Zyy > 0 the pole p? =
MZ > 0 corresponds to the spin-one one-particle state |p, A, V) which couples to
the fields as

(ORw (0)p, A V) = Zrr'ufl) (p) (3.103)
OV, A V) = Z e (), (3.104)

Again at least one of such states is expected to be perturbative as above and it
correspond to the original degree of freedom described by Lg; the others decouple
when the interactions is switched off. The other possible poles, sg = M2 and
sy = M2 are analogical to the spin-zero and spin-one (opposite parity) states
discussed in detail in the previous two subsections; they correspond to the modes
which are frozen at the leading order and decouple in the free field limit. As we
have already discussed, without further restriction on the form of the interaction,
all the additional states can be also negative norm ghosts or tachyons.

Let us illustrate the general case using a toy interaction Lagrangian of the
form

Lo = -2, 00 T
ar —f v B o
—%@R“ )(0°R,,) — IR@R V(0" Rap).  (3.105)
This gives

EéR(pQ) = —aRp2
She(P?) = —Brp’
Egv(ﬁ) = —Oévp2
Z\L/V(PZ) = —5\/]?2
Srv(P?) = Bve(?) =0 (3.106)

and for Sy r > 0 the spectrum of one-particle states consists of one spin-zero
ghost, one spin-one ghost with opposite parity. Their masses and residue are

M? 1
M2 = —, Zg=—— 3.107
5 By 5 By ( )
M? 1
M2 = — 7o —__— (3.108)

v Br’ TV Br

(provided fr < 0 or By < 0 the corresponding states are tachyons) and two
spin-one states with masses

l+ar+ay £vVD
QOéROéV
D = (1+ag+ay)® —4dagay. (3.109)

M?/i = M?

To get both Mz, > 0 we need D > 0, ayag > 0 and 1 + ag + ay > 0; in this

case we get for the residue Z%g and Z‘(,j‘[/) at poles M2

_ o1
arZH 70 = ay 20 25 = 5 >0 (3.110)
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Assuming Z\), Z5) > 0 (note that, for small couplings M2 = M2(14+O(ag, av))

with Z](_-i_R), Z‘(/_V) = 1+ O(ag, ay) corresponds to the perturbative solution), the
additional spin one-state is either positive norm state for oy, gz > 0 or ghost for
ay.r < 0 (in this latter case the extra kinetic terms in £.; have wrong signs).
Also in this case the propagating degrees of freedom can be made manifest
within the path integral formalism. The corresponding discussion is in a sense

synthesis of subsections and and is postponed to Appendix [3.7.3

3.3 Organization of the counterterms

Let us now return to the concrete case of RxT. Our aim is to calculate the one
loop self-energies defined in the previous section in all three formalisms discussed
there. In the process of the loop calculation we are lead to the problem of perform-
ing a classification of the countertems, which have to be introduced in order to
renormalize infinities. For this purpose, it is convenient to have a scheme, which
allows us to assign to each operator in the Lagrangian and to each Feynman
graph an appropriate expansion index. Indices of the counterterms, which are
necessary in order to cancel the divergences of the given Feynman graph, should
be then correlated with the indices of the vertices of the graph as well as with the
number of the loops. When we restrict ourselves to the (one-particle irreducible)
graphs with a given index, the number of the allowed operators contributing to
the graph as well as that of necessary counterterms should be finite.

There are several possibilities how to do it, some of them being quite efficient
but purely formal and unphysical, some of them having good physical meaning,
but not very useful in practise. In the literature, several attempts to organize the
individual terms of the RxT Lagrangian can be found. Let us briefly comment
on some of them from the point of view of its applicability to our purpose.

The first one is intimately connected with the effective chiral Lagrangian £, ,es
which appears as a result of the (tree-level) integrating out of the resonances from
the RxT. Such a counting assigns to each operator of the resonance part of the
RxT Lagrangian L, a chiral order according to the minimal chiral order of the
coupling (LEC) of the effective chiral Lagrangian £, ;s to which the correspond-
ing operator contributes [58], |[57]. More generally, in this scheme the chiral order
of the operators from L, refers to the minimal chiral order of its contribution to
the generating functional of the currents Z[v,a,p,s] = 3. Z®[v,a,p,s]. The
loop expansion of Z[v, a, p, s| formally corresponds to the expansion around the
classical fields which are solutions of the classical equation of motion. The formal
chiral order of the resonance fields corresponds then to the chiral order of the
leading term of the expansion of the classical resonance fields in powers of p and
external sources according to the standard chiral power counting, i.e.

VE=0@p"), R" =O0(p®. (3.111)

At the same time, for the resonance mass (which plays a role of the hadronic
scale within the standard power counting) we take

M =0(1), (3.112)
and for the external sources as usual
v a" = O0(p), x,xT = 0. (3.113)

72



The resonance propagators are then of the (minimal) order O(1) and the order
of the operators which contain the resonance fields is at least O(p*). This formal
power counting therefore restricts both the number of the resonance fields in the
generic operator as well as the number of the derivatives. When combined with
the large N arguments, it allows for the construction of the complete operator
basis necessary for the saturation of the LEC’s in the chiral Lagrangian at a given
chiral order and a leading order in the 1/N¢ expansion [57].

Originally this type of power counting was designed for the leading order
(tree-level) matching of Rx7T and y PT within the large N¢ expansion and there
is no straightforward extension to the general graph I' with L loops. The reason
is that the above power counting of the resonance propagators inside the loops
does not reproduce correctly the standard chiral order of the graph. As a result,
the loop graphs violate the naive chiral power counting in a way analogous to the
xPT with baryons [61] .

The second possibility applicable to loops is to generalize the Weinberg [1]
power counting scheme and formally arrange the computation as an expansion
in the power of the momenta and the resonance masses [80] (though there is no
mass gap and no natural scale which would give to such a formal power counting
a reasonable physical meaningED. Nevertheless, provided we make a following
assignment to the resonance field and to the resonance mass M

VE R =0(1), M = O(p) (3.114)
we get for the kinetic and mass term of the resonance field
£kin; £mass = O<p2) (3115>

i.e. the same order as for the lowest order chiral Lagrangian, which allows the
same power counting of the resonance propagators as for PGB within the pure
XPT. As aresult, the Weinberg formula for the order Dr of a given graph I" with
L loops built from the vertices with the order Dy,

Dr=2+2L+Y (Dy—2), (3.116)
14

remains valid also within RxT. Note however, that now p?/M? = O(1) and
therefore the counterterms needed for renormalization of the graph with chiral
order Dr might contain more than Dr derivatives (this feature is typical for
graphs with resonances inside the loops because of the nontrivial numerator of
the resonance propagator). Therefore this type of power counting is less useful for
the classification of the counterterms than in the case of the pure yPT', where Dr
gives an upper bound on the number of derivatives of the counterterms needed
to renormalize I

4Sometimes it is argued [80], [81], that such a counting can be used within the large N¢
limit, due to the fact that the natural xPT scale A\pr = 47F = O(v/N¢) grows with N¢
while the masses of the resonances behave as O(1). In fact this results only in the suppression
of the loops but generally not in the suppression of the counterterm contributions. In the latter
case the expansion is rather controlled by the scale Ay ~ Mgr = O(1), where My, is the typical
mass of the higher resonance in the considered channel not included in truncated Lagrangian
corresponding to minimal hadronic ansatz.
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There are also some other complications, which depreciate this counting in the
case of RxT. First note that the interaction vertices with the resonance fields
can carry a chiral order smaller than two. This applies e.g. to the trilinear vertex
in the antisymmetric tensor representation

OfFE =g (R, R'"R") (3.117)

or to the odd intrinsic parity vertex mixing the vector and rge antisymmetric
tensor field in the first order formalism

O™ = eopuw ({V, R* }uP). (3.118)

Therefore, increasing number of such vertices will decrease the formal chiral order
causing again a mismatch between the chiral counting and the loop expansion.
Furthermore, such a naive scheme unlike the previous one does not restrict the
number of the resonance fields in a general operator because only the number of
derivatives, the resonance masses and the external sources score.

The former drawback can be formally cured by adding an artificial power of M
in front of such operatorsﬂ (or equivalently counting the corresponding couplings
as O(p?) and O(p) respectively) in order to increase artificially their chiral order
and preserve the validity of the Weinberg formula, which now can serve as a
formal tool for the classification of the counterterms. How to treat the latter
drawback we will discuss further bellow. Let us, however, stress once again, that
there is no physical content in such a classification scheme, though it might be
technically useful.

Third possibility how to assign an index to the given interaction terms and
to the general graphs, independent of the previous two, is offered by the large
N¢ expansion. In the Ng — oo limit, the amplitude of the interaction of the
n mesonic resonances is suppressed at least by the factor O(Né_n/ 2) and, more
generally, the matrix element of arbitrary number of quark currents and n mesons
in the initial and final states has the same leading order behavior; e.g. for the
GB decay constant we get F' = O(Né/ ?). Because within the chiral building
blocks the GB fields always go with the factor 1/F, we can treat the coupling
co corresponding to the operator O of the RxT Lagrangian as co = O(NS°),
where

wo=1-"1 _¢, (3.119)

n$ is the number of the resonance fields contained in O and sp is a possible
additional suppression coming e.g. from multiple flavor traces or from the fact,
that this coupling appears as a counterterm renomalizing the loop divergencesﬁ.
From such an operator, generally the infinite number of vertices V' with increasing
number nY 5 of GB legs can be derived, each accompanied with a factor co F'~"¢5 /2
and therefore, suppressed as O(NZ"), where the index wy is given byﬂ

O %4
wvzl—%f—”%—so. (3.120)

5In the case of OFV it seems to be natural from the dimensional reason.

6Note that, each additional mesonic loop yields a further suppression 1/N¢, see also bellow.

"Here and in what follows we use subscript @ when referring to the operator, while the
superscript V' corresponds to the concrete vertex derived from the operator O.
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For a given graph, we have the large N¢ behavior O(NA") Whereﬁ

1
wF:ZwV:1—§E—L—ZSO, (3.121)
14 @]

where L is number of the loops, E is the number of external mesonic lines and
we have used the identities

> (np+nés) = 20p+2es+E
%
In+Ilgg = L+V -1 (3.122)

relating L and F with the number of resonance and GB internal lines Iy and I5p.
The loop expansion is therefore correlated with the large N¢o expansion; higher
loops need additionally No—suppressed counterterms O, with higher sp,,:

1
50, = <1 - §E> —wr=L+) s0 (3.123)
(@

Though the formula refers seemingly to individual vertices, reformulated
in in the form it points to the members of the chiral symmetric opera-
tor basis of the RxT" Lagrangian. However, as it stays, it does not suit for our
purpose because the large N counting rules give no restriction for the number
of derivatives as well as to the number of resonance fields (once the couplings re-
spect the leading order large N¢ behavior described above). The formula
expresses merely the the fact that the large N¢ expansion coincide with the loop
one.

Let us now describe another useful technical way how to classify the coutert-
erms, which could overcome the problems with the above schemes and is in a sense
a combination of them. Let us start with the familiar formula for the degree of
superficial divergence dr of a given one particle irreducible graph I', which pro-
vides us with the upper bound on the number of derivatives dep_, in a counterterm
O, needed for the renormalization of I'. Because in the Proca and antisymmetric
tensor formalisms the spin 1 resonance propagator behaves a&ﬂ O(1) for p — oo,
we get

do,, < dp =4L —2Igp + Y _ do (3.124)
(@]

where dp means the number of derivatives of the vertex V derived from the
operator O. Eliminating I5p in favour of L and I and using the identity

> nQ =2Ip + Ep,
o
relating Ir with the number of external resonance lines Er, we get eventually

do,, <dr =2+2L+) (do+nf —2) - Eg.
@

8Here and in what follows, the sum over O include all the operators from which the individual
vertices entering the graph I' are derived with necessary multiplicity.

9In the case of the first order formalism, the mixed propagator behaves as O(p~!). In this
case, dp = 4L —2Igp — Iry + Y do where Iry is number of the internal mixed lines. In the
following considerations we can take the r.h.s. of as an upper bound on dr with the
conclusions unchanged.
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Adding further to both sides Y, (2n¢ 4 2nS 4 nf + ng), the total number of
insertions of the external v, a, p and s sources weighted with its chiral order, we
have

Do,, +nf—2<2L+>» (Do +nf —2)
o

where Dg is the usual chiral order (as in pure xyPT') of generic operator O.
Therefore, introducing an index i of a general operator O as followg'"]

io = Do +n8 —2 (3.125)
we get analog of the Weinberg formuld'’] now in the form of an upper bound

io, <ir=2L+ Y io. (3.126)
o

Let us now discuss its properties more closely. First, the number of operators
with given ip < i,y is finite, because this requirement limits both the num-
ber of derivatives as well as the number of resonance fields. Second, note that,
for general operator O the index ip > 0. We have ip = 0 for the leading or-
der yPT Lagrangian, for the resonance mass (counter)terms as well as for the
resonance-GB mixing term (A*w,) possible for 17~ resonances in the Proca field
formalism™®} The usual interaction terms with one resonance field and O(p?)
building blocks correspond to the sector 1o = 1, the same is true for the trilinear
resonance vertex as well as for the “mixed” vertex ({3.118]), while the two
resonance vertices with O(p?) building blocks correspond to the sector ip = 2,
etc.

Therefore, according to the formula , the loop expansion is correlated
with the organization of the operators and loop graphs according to the indices
1o and ip respectively analogously to the pure yPT, with the only exception
that also lower sectors of the Lagrangian w.r.t. ip» are renormalized at each step.
Therefore, we get the renormalizability provided we limit ourselves to the graphs
composed from one-particle ireducible building blocs for which the RHS of
is smaller or equal to 7,,y.

The counting rules can be summarized as follows

By V= O(p), M = O(1) (3.127)
and for the external sources as usual
v a = O(p), x,x" = 0. (3.128)

Note also that, the index 7o can be rewritten as

. ng
10 = DO -2 - 7 (3129)

10 Analogous assignment of the chiral order to the interaction terms with at least two resonance
fields is proposed in [80], note however, that in this reference it is used by means of substitution
Dy — ip in the Weinberg formula with counting M = O(p).

"' This can be recovered for ng = 0, when the inequality changes to the equality.

12Note however, that this term can be removed by means of the field redefinition.
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and in the last bracket we recognize the exponent controlling the leading large N¢o
behavior of the coupling constant in front of the operator O. Remember, however,
that the loop induced counterterms have an additional 1/N¢ suppression for each
loop (cf. (3.121))). Therefore it is natural to modify the index io and ir as follows
(the coefficient 1/2 is a matter of convenience, see bellow)

~ ' 1 9 1
o = Z—O-FSO:—DO—(l—n—R—SO):—DO—wO

2 2 2 2
-~ ir o =
i = E—l-SFZL—f—zO:?‘FSF:QL‘FzO:ZO (3.130)

where wo is given by (3.119) and we have used (3.123) in the last line. With such
a modified indices ip, it the formula (3.126)) has the form

o, <ir=2L+ Y io (3.131)
(@]

The content of this redefinition of 7o is evident: the operators are now classified
according to the combined derivative and large N¢o expansion according to the
counting rules (for pure xy PT introduced in [82], [83], [84])

1

p= 0(51/2), v,a = 0(51/2), X, X" =0(0), — =
N¢

0(6) (3.132)

In what follows we shall use for the classification of the counterterms and for
the organization of our calculation the index ip given by and .
Note however, that these formulae similarly to the previous cases, do not have
much of physical content and serve only as a formal tool for the proof of the
renormalizability and for the ordering of the counterterms. Namely, the index ir
which is by construction related to the superficial degree of the divergence (and
which applies to one-particle irreducible graphs only) does not reflect the infrared
behavior of the (one-particle irreducible) graph I, rather it refers to its ultraviolet
properties.

Note also, that the hierarchy of the contributions to the GF by means of fixing
it for one-particle irreducible building blocks@ might appear to be unusual. For
instance, let us assume the antisymmetric tensor formalism. Taking then ir = 0
allows only the tree graphs with vertices from pure O(p?) chiral Lagrangian with
resonaces completely decoupled (the only ip = 0 relevant term with resonance
fields is the resonance mass terms) and such a case is therefore equivalent to the
LO xPT. When fixing ir < 1, also the terms linear in the resonance fields (at least
in the antisymmetric tensor formalism, where the linear sources start at O(p?))
can be used as the one-particle irreducible building blocks and again only the tree
graphs are in the game. However, the resonance propagator is still derived from
the mass terms only. Therefore, summing up all the tree graphs with resonance
internal lines leads then effectively to the contributions equivalent to those of the
pure O(p*) xPT operators with O(p*) LEC saturated with the resonances in the

13That means at a given level i« we allow for all the graphs with one-particle irreducible
building blocks satisfying ir < imax. This point of view is crucial in order to preserve the
symmetric properties of the corresponding GF.
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usual way{"’] Because the resonance kinetic term has ip = 2, the resonances start
to propagate only when we take ir < 2. At this level we recover the complete NLO
XPT as a part of the theory (including the loop graphs) supplemented with tree
graphs built from the free resonance propagators and vertices with ip < 2. As
far as the resonance part of the Lagrangian is concerned, these vertices coincide
with the O(p®) vertices in the first type of power counting we have considered in
the beginning of this section (where we assumed R, = O(p?), see (3.111))) but
also the four resonance term without derivatives is allowed. The resonance loops
start to contribute at ir < 3 (with the resonance tadpoles) and ir < 4 (with the
pure resonance bubbles). In order to renormalize the corresponding divergences,
plethora of new counterterms with increasing number of resonances as well as
increasing order of the chiral building blocks is needed. In what follows we will
encounter graphs with ir = 6 (the mixed GB and resonance bubbles) for which
we will need counterterms up to the index 10 < 6.

3.4 The self-energies at one loop

In this section we present the main result of our chapter, namely the one-loop self-
energies within all three formalisms discussed in the Section[3.2|in the chiral limit.
In what follows, the loops are calculated within the dimensional regularization
scheme. In order to avoid complications with the d—dimensional Levi-Civita
tensor, we use its simplest variant known as Dimensional reduction, 7.e. we
perform the four-dimensional tensor algebra first in order to reduce the tensor
integrals to scalar ones and only then we continue to d dimensions.

3.4.1 The Proca field case

Our starting point is the following Lagrangian for 1~ resonances [85] (see also
[36])

—_

PREPS 1
Ly = —Z(VHVV“”>+§M2<VuV“>

1
2v/2

where we have written down explicitly only the terms contributing to the self-
energy. Originally it was constructed to encompass terms up to the order O(p%)
within the chiral power-counting . In the large Ng limit the cou-
plings behave as gy = O(Né/2) and oy = O(N51/2). This suggests that the
odd intrinsic parity terms are of higher order, however the vertices relevant for
our calculations have the same order O(N;') in both cases due to the presence

of the factor 1/F = O(N, '/2) which accompanies each Goldstone bosons field.
In the above Lagrangian the operators shown explicitly have no more than two
derivatives and two resonance fields. Therefore, because the interaction terms
are O(p?) we would expect (by analogy with the yPT power counting) the coun-
terterms necessary to cancel the divergencies of the one-loop graphs to have four

~ 1 ~
gv (V*u,,u,]) + Eavsaﬁ,W({V“, ViuPy 4. (3.133)

MHere we tacitly assume that the trilinear term without derivatives has been removed by
means of field redefinition, cf. [57}[58].
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Figure 3.1: The one-loop graphs contributing to the self-energy of the Proca
field. The dotted and full lines corresponds to the Goldstone boson and resonance
propagators respectively. Both one-loop graphs have ir = 6

derivatives at most. However, the nontrivial structure of the free resonance prop-
agator (namely the presence of the Pp part) results in the failure of this naive
expectation. In fact, according to and , the operators in
have index up to 1o < 2, whereas the Feynman graphs corresponding to the self-
energies Xy r (depicted in Fig. ir = 6. In order to cancel the infinite part of
the loops we have therefore to introduce a set of counterterms with two resonance
fields and indiceﬂ 1o < 6, namely

1 Ty o~ Y,
LY = oM ZZM<VyV“>+TV<VuuV“”> - %((DuV“W
X . Xy .
+%<{DQ>D5}VM{D >D/B}Vu> + T2<{DDMD5}VM{D 7DM}Vﬁ>
X X
+%<{Da, Ds}VA{D*, D"}V,) + %(DQV#{D“, DYV 4 Xy5(D?V, D*VH)
L0, (3.134)

Here the last term accumulates the operators with six derivatives (ip = 6),
which we do not write down explicitly. The bare couplings are split into a finite
part renormalized at a scale 4 and a divergent part. The infinite parts of the bare
couplings are fixed according to

Zy = Zy(p)

. 80 (M

i 80 (M\* , 1
Xy = Xv(u)——<7> U%/W)\oo

9
Yv = Yy(p)
Xy = XJ(N)
where
Xy(p) = Xyq(p) + Xys5(0)
Xy(p) = Xyy(p) + X{o(p) + Xys(p) + Xya(p) + Xys(p),
and

d—4
7 1 1

5 Note that, for these counterterms the index ip coincides with the usual chiral order Doe.
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The result can be written in the form (in the following formulae x = s/M?)

Sh(s) = (M)

mi) = M () ZW

In the above formulae «; and (; can be expressed in terms of the renormalization
scale independent combinations of the counterterm couphngs and xlogs. The
expllclt formulae are collected in the Appendix The functions B () and
J (x) correspond to the vacuum bubbles with two Goldstone boson lines or with
one Goldstone boson and one resonance line respectively. On the first (physical)
sheet,

3

Zazx - —gV (]\}({) > B(z) — 4500‘2,@ — 1%z J(z)

B(z) = B'(z)=1-1In(—2)
(z) = J(z) = = l1 - <1 - 1) In(1 — x)} : (3.135)

X i

)

where we take the principal branch of the logarithm (—7 < ImInx < 7) with
cut for x < 0. On the second sheet we have then B (z —i0) = B!(z 4+ i0) =
B!(z —i0) + 2i and similarly for J(z), therefore

B(z) = B'(z)+2ni
Tz = J'(z)+ 2m (1 - 1) . (3.136)
x x
The equation for the pole in the 17~ channel
s—M?—%p(s) =0

has a perturbative solution corresponding to the original 17~ vector resonance,
which develops a mass correction and a finite width of the order O(1/N¢) due

to the loops. This solution can be written in the form 5 = M3 . — iMphysTpnys
where
M\ [S 1 M\ 2
2 2 2 2 2
Mphys = M+ ReXp(M*) =M= |1+ (W) (izo Qy — 59‘/ (F) )
) o M N1, (M
MppysTphys = —Im¥p(M7) = M I F 59\/ Nl m
which gives a constraint on the values of «;’s
1 M\2E
Mr%hys ;Mphysrphys =M |1+ <47TF> Zaz]
i=0
and in terms of the physical mass and the width we have then
2 3 R 1 R
Yh(s) = Mﬁhys( phys> Z (x — 1)2xJ(JJ)] - ;Mphysfphysx?’B(x)

2 3
r hys
ZL(S> - Mphys ( — > Z
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For further numerical estimates it is convenient to adopt the on shell renormaliza-

tion prescription demanding M? Mghys and also to identify F' with F}; (because

F = F, at the leading order). This gives

1 Tpnys
s Mphys N 47TF Z i
and, introducing parameters a;, b; with natural size O(1)

Monys { Mpnys \°
a; = Wﬂ <ﬂ) OélNO<1)

Tongs \ 47 F,
My, Mops \ 2
b, = phys phys -~ O(1
"Tonye (47er> b (1)

we get in this scheme for of, | (z) = M ;2 35, | (M2

phys phys .73)

T Mphys

3 2
1 F S ; QS 40 M S o~
on(z) = — —phys <1 + § ai(zt — 1) — IBSB(:B)> -5 (ﬁ) ot (z — 1%z J(x)
i=1 T

ir >

r phys )
o = E biz'.
(@) Mpnys 2= X

3.4.2 The antisymmetric tensor case

We start with the following Lagrangian for 17~ resonances (here only the terms
relevant for the one-loop selfenergy are shown explicitly)

1 1
Lrp = —§<DMR“”DQRW>+ZM%RWRW)
ZGV

2V2
+ 38 prun (WD, R™ R} + dyt pope (u, { DR, R* })
+ IAYYA(R,LRR) + ... (3.137)

(R [up, wy]) + di€pvao (Dau { R*, R*P})

Note that, in the large N¢ limit the coupling Gy behaves as Gy = O(N, 1/2),
whereas d; = O(1) and AYVY = O(N;'/?). Apparently the intrinsic parity odd
part and the trilinear resonance coupling are thus of higher order. However,

the trilinear vertices contributing to the one-loop self—energles are O(N, 1 %) in

both cases due to the appropriate power of 1/F = O(N, 2) accompanying .
Therefore, the operators with two and three resonance fields cannot be got rid of
using the large N¢o arguments. Also nonzero d; are required in order to satisfy
the OPE constraints for VVP GF at the LO; especially for ds we get [87]

Ne (MN\® 1 [ F\?
ds = — — —| = 3.138
2T T 6an? (FV> T3 <FV) (3.138)
where Fy, is the strength of the resonance coupling to the vector current.

The Lagrangian (3.137)) includes terms up to the index ip < 2. The one-loop
Feynman graphs contributing to the self-energy are depicted in Fig. (3.2l The
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Figure 3.2: The one-loop graphs contributing to the self-energy of the antisym-
metric tensor field. The dotted and double lines correspond to the Goldstone
boson and resonance propagators respectively. The GB and pure resonance bub-
bles have ir = 4, while the “mixed” one has it = 6

first two bubbles include only interaction vertices with 7o = 1 and therefore they
have indices ir = 4 while the third one is built from vertices with i» = 2 and has
the index ir = 6. In order to cancel the infinite part of the loops we have then
to add counterterms with indices 7p < 6, namely the following set

C 1 v 1 Q 1 v [0
e = ZM2ZM<RM R.) + §ZR<DQR “DPRg,) + ZYR<DQR“ D°R,,)
1 1
+3Xm (D*R*{D,, D"} Rys) + g Xna({ Dy, D} R*{ D", D"} Ry)

1
+=Xprs({D?,D*}R*"{D,, Dy} R,.s)

8

1 1
+Wai(D* R D*Ryy) + 2o W ({D*, D°YR™{Da, D} R,
+L5O) (3.139)

where the last term accumulates the operators with six derivatives (ip = 6),
which we do not write down explicitly. The infinite parts of the bare couplings
are fixed as

80 /M’ AVVV 2
Zy = Z&(MHE(—) df)\oo—ﬁo( i > Moo

Zrp = Zh(n) % (%)2 #(ml(dg +dy) — d5 — 9d; + 6d3ds) Moo
+80 (A;V)Q %Ao@

Yr = Yi(p)+ %0 (%) 2 %(Gdf — 12d,(d3 + dy) + 5d; + 9d3 — 6d3ds) \so
—40 ()\v]\;v>2 %/\oo

Xp = Xp(p)+ %0 (%)2 %(dg — 6d3dy + 5d3) Aos — (%)2 %)\m

Wr = Whip) + % (%)2 %(dg + 6d3ds — 5d*) Aso — 10 (AVA;VY %Am

Xp(p) = Xpi(p) + Xpo(p) + Xpa(p)
We(p) = Wei(p) + Wea(p).
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An explicit calculation gives for the renormalized self-energies (in the following
formulae x = s/M?)

Sr(s) = (MF) w-(%G%)Z%%@+%@@%4yﬂmﬂ
(A) Do+ 27 ()
Sh(s) = QMF) }:@x+~9@f (ﬁ+ﬁ%@%ﬁ@x+2ﬁﬁ)@—lfﬂ@]
+5 (AZV) (2% — 22 4+ 4)J (x).

Here the functions B(z) and J(z) are same as in the previous subsection and
J(x) is given on the physical sheet by

J(z)=7" _2+,/1——hﬂ1_—_]L

with the same branch of the logarithm as before. On the second sheet we have
7

J (z—i0) = 7I(x +1i0) = 7I(x —1i0) 4 2imy/1 — 4/x and therefore

T (2) = T (2) + 2imy /1 — g.

The explicit dependence of the renormalization scale invariant polynomial param-
eters a; and ; on the counterterm couplings and ylogs are given in the Appendix
B4

In order to simplify the following discussion we put A¥VY = 0 in the rest of
this subsection. This is in accord with the fact, that the corresponding trilinear
interaction term can be effectively removed by resonance field redefinition [57].
Also, the two-resonance cut starts at x = 4 which is far from the region we are
interested in. Here the effect of the resonance bubble can be effectively absorbed
to the polynomial part of the self-energies.

The equation for the propagator poles in the 17~ channel

s—M?*—%(s)=0

has an approximative perturbative solution corresponding to the original 17~
vector resonance, which develops a mass correction and a finite width of the
order O(1/N¢) due to the loops. This solution can be written in the form § =

Mghys 1Ajphysl—‘phys where
M\ [ 1/Gu\2
2 - 2 2\ _ g2 v
M \*1 /Gy \?
MDgs = —ImEL(M?) = M (m) 2 ?) ™



which gives a constraint on the values of a;’s

M2

1 1/ M\?
phys T Mphysrphys =M’ (1 e (47)? <F> Z%) :
i=0

This allows us to re-parameterize perturbatively ¥, (s) in terms of My and
[onys as

. M. hvs 2
EL(S) lupzhys ( 47Tp Fy )
M M h; ?
ETI (3> zhys ( | . Fys> X

3
2
[Z Bz’ + 20 (2d3 + (d3 + 6d3dy + d3)x + 2d32?) (z — 1)* (x)] .
=0

3

.40 ~ 1 ~
>’ = S dia” ~ 1>2J<:v>] — ~Tpiys Mpny B(2)

=0

9

As for the Proca field case, within the on shell renormalization prescription
M? = M? _ and we get a constraint

phys
1 thys phys
_ .. 3.140
7 Moy ( AnF, Z “ (3.140)

As a result, we can re-write the self-energy (in the units of M3

phys»
previous section o7, (z) = MphysE’" (M2 x) in what follows) in the form

) 1 Tppye 40 [ Mypys -
oy (x) = 7T]\/fph};s [ —|—Zazx —1] > (41’;) d2(2? —1)%J (z)
using the re-scaled parameters a; with a natural size O(1)

Mphys Mphys ?
T T T e (47rF a; ~ O(1)

i.e. as in the

So that the X7 (s) has four independent parameters «;, i = 1,2, 3 and d3. Similar-
ly, £7.(s) can be written in this scheme in terms of six independent dimensionless
parameters b; , d3 and -y

Mhs Mhs 2
b — oitphys ((Mphys )\ g0 50
i "Tonye (47rF7r> Bi~01)
v = dy/ds ~O(1)

~

) 43 (2+ (1 + 6y + %)z +27%2%) (z—1)*J ().

op(r) =

bt
Tty \nE

1 thys i i @ Mphys
T M phys i—0 9

In order to satisfy the OPE constraints for V'V P correlator [87], we have to put

further (according to ([3.138]))
g8 Mipgs F,r21 1 [ 47F,\*
T 4 \4rF ) \ Ry 6 \ Mphys
which reduces the number of the independent parameters for ¢f (x) and o/.(z) to
three and five respectively.

(3.141)
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Figure 3.3: The extra one-loop graphs contributing to the vector field self-energy
of in the first order formalism. The dotted and double lines corresponds to the
Goldstone boson and antisymmetric tensor field propagators respectively, the
thick line stay symbolically for the “mixed” propagator.

3.4.3 The first order formalism

In this case, the interaction part of the Lagrangian describing 17~ resonances
collects all the terms from the previous two formalisms. It contains also one
extra term which mixes the the fields R, and V,

1 1 1 ~
'CRV — §M2<V V“) + ZLM2<RWRW> . —(RWV,W>
1
20-\/6046;1,1/<{Va V’LW}'LL >
(R [, 1)) + di€pvao (Dau® { R*, R*P})

35 7 o)) +
ZGV
"o

+d3gprur (W Dy R, R }) + dag poyua (un{ DR, R*7})

—i—%MO‘RVEaguV({Va, R uPy +INYYY(R,, R R +

Because the free diagonal propagators are the same as in the pure Proca or

antisymmetric tensor cases, all the graphs depicted in the Figs. contribute

also here to the diagonal self-energies Y gr and Yy . The mixed vertex and mixed
propagator generate additional graphs contributing to Xgzg, 2y and X gy which
are depicted in the Figs. , and respectively (in the latter case also the

GB bubble contributes).

e - .. N

Figure 3.4: The extra one-loop graphs contributing to the antisymmetric tensor
field self-energy in the first order formalism. The meaning of the various types of
lines is the same as in the previous figures.

@ - Y

Figure 3.5: The one-loop graphs contributing to the “mixed” self-energy in the
first order formalism.

Similarly, the set of counterterms necessary to renormalize the infinities in-
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cludes all the terms (3.134)) and (3.139)) and additional mixed terms

1
LS, = §M?ZMV<vv>

20,0 %«D Vi)
l<{Da7 Dﬁ}VM{Da7 Dﬁ}V”) + £<{D0¢7 Dﬁ}vﬂ{Dav D“}Vﬂ>
ng Xv4
2
+iM2ZMR<R“”RW) + 5ZR<Dazl‘f,wz)ﬁ}zm + ZYR(DQR“”DQRW>

1 1
+ZXR1 <D2RMV{DV7 DU}R;J,0'> + gXR2<{DV7 Da}RNV{DU7 Da}Rua>

1
+5Xns({D7, D"} R*{ Dy, Do)} Rye)

1 1
+ Wi (DR D Ry} + - Wial{D", D'YR*{ D, D3} R,

—§ZRVM<RWVW> + §XRVlM<DO‘RWDaVW> + §X3V2M<DMR””DUVW

“2{{Da, Dg}V?{D* D'}V,) + —=(D*V,{D", D°}V3) + Xv5(D*V, D*V*)
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Now the infinite parts of the bare couplings have to be fixed as follows

20
3

20 (M\* 1
XRV = XEV(M)_E(F) _2<URV+2UV)(4d3+URV))\oo

M 2
Zrv = Zpy(p) — (—) (orv +20v)(2d1 — ORrV) Moo

F

Zuv = Zyv(p)
20 (M
Zy = Z@(M)—{——(—) (O—RV<O_RV+20—V)+4O—\2/))\OO

3\ F

20 (M\* 1
XV = X{;('u)_?(F) W(URv(URv+QUv)+4U‘2/)/\OO
Yv = Yy(u)
Xy = Xy(w

20
3
40

Zr = Zﬁ(u)+§

M 2
Zur = Zyp(p) + (7) (4d} — orv(ory — 2d1)) Ao

M 2
(F) (12dy(ds + dy) — d3 — 9d3 + 6d3ds) Moo

10
—|—§O'Rv(10d3 + 18d4 + URV))\oo

r 10 (M ? 1 2 2 2
YR = YR(,M> + ? F W(24d1 - 48d1 <d3 + d4) + 20d3 + 36d4
—24d3d4 — U?%V + QO'Rv(dg, + 3d4>)>\oo

. 40 (MN\® 1

10 1 Gv\? 1
_EWURV(G(dS + d4) — URV))\oo — (?V) W)\OO
40 /M\? 1 10
WR = W}T%(,u)—f—— e —4(d§+6d3d4—5di))\oo+—O'Rv(O'Rv—Q(d3+3d4))/\oo
O\F /) M 9
where
Xy(p) = Xpq(p) + Xys(p)
Xy () = Xyy(p) + Xia(p) + Xyg(p) + Xy (p) + X5(0)
Xp(p) = Xpi(p) + Xpo(p) + Xps(p)
Wr) = Wei(p) + Wheay(u)
Xpv(n) = Xpyi(p) + Xpyo(p)
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The renormalized self-energies can be then written in the form

Sty = M () Z a3 () By

~

+%(0RV + 20v)<2d3$ + 2d3 — O'Rv>(ZE — 1)2 (ZL’):| = ZVR(S)T

St = () ZaV“— (%) B

~—

5 (omvlony +20v) +40%) (o= 1T (0)
Sho(s) = (%)Z e
Shar = 01 (o) ia;m 3 () B

5
> Bt 4 §(Sd§ — dopyds + 202,

1=0

. M \?
YER(s) = M? <—47TF)
+(Ad2 = 20 gy ds + 0%y + 24dsdy + 4d2 — 6o gy dy)z + 8d2a?) (x — 1)2T ()] .

Here again the renormalization scale independent coefficients of the polynomial
parts of the self-energies are expressed in terms of the couplings and chiral logs;
the explicit formulae can be found in the Appendix [3.7.4]

The equation for the poles in the 17~ channel

D(s) = (M? + Xgp(s))(M? + Syy(s)) — s(M + Sy (s))(M + Eva(s)) =0

can be solved perturbatively writing the solution in the form 5 = M3 & —
iMphysLphys = M? + A, To the first order in A and the self—energles we get
then

5 = M2+ Sha(M?) + STy (M?) = M(Say (M?) + Sy p(M?)

and therefore

M2 = M?+Re [Shp(M?) 4+ S0, (M?) — M(Sgy(M?) + Syr(M?))]
M ? ’ RR Vv 2 RV 1 M ? GV
=M* |1+ (4’/TF) (;(ai +q; )_2;% 3 (F) (gv+ﬁ)
MynysDphys = —Im [SEa(M?) + S0 (M?) = M(Sgpy(M?) + Sy p(M?))]

M \?*1 /M\?> G
- 2 LM v
- o (35) 5 (F) (0 5)

which yield the constraint

1 M\ /(S 2
i Mo A (”(m) (memm—zzafV))‘

i=0 =0
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In the on-shell scheme M? = M?

ohysWe get further

3 2

2
s (Mis )" (52085 4 00V) 93 0
7 Moy \4rF, : Z Z

i=0 =0

On the contrary to the previous two cases, this allows to exclude both the con-
stants gy and Gy in favor of the physical observables only for the combination

o) = wopp(@) +opy(r) — @(orv(2) + ove(@))
1 thys
— Mo <1+z:aZ (x — 1) — 2*B(x ))

_% (iﬁ’_ﬁ) 2(x — 12 (x) [ds(z + 1)(2ds(x + 1) + opy + 4ov) + av(ory — 20v)]

(here X257, = M?0k,, 3%, = Mogy etc.), where

Mpnys ( Mpnys ’ RR la% RV
a="T— | — al ol — 200"
Tonys \ 47F, (0i1 + 0 1)

with oftff = o] = 0 are parameters of order O(1),

From the OPE constraints applied to V'V P correlator within the first order
formalism we get further

Ne (M\? 1/F\* 1
dy = — Z) 1o (=) 42
5 64r? (FV> +8(FV) alory +ov)
3 (Mg \ [ Fr\’ 1 (4nF\?| 1
— I s T 1—= —
1 (AIWF,r Fy 6 \ Moo ) | T2lom TV

Using dimensionless variables, we can write the condition for the poles in the
form

(1+ 0ha(@))(1 + oy (2)) — 2(1 + ory(2))(1 + ove(z)) = 0

in the 17~ channel and

1+ogp(z) = 0
1+ob,(z) =
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in the 17~ and 07~ channels respectively. Within the on-shell scheme

r 1 thys - RV i 2D
ory(s) = T (Z:;a ' — (1 —C)CxB(x)
10 [ Mopys ) -
+3 <ﬁ) [(ony +20v) 2y + 205 — o) (& = 1) ()]
1T >
r hys i 2}
oiy(s) = 7TMI;hyys (; a/Vx +C2:c3B(:c)>
10 [ Mypys \ -
-5 (—47:]7:) [(JRV(URV + 20v) + 4o}, (z — 1)25&](37)}
3
T 1T hys %
oy (s) = W]\/fph};b 2 bV
3
r 1 F hys 7 9)
ohp(s) = - ]\/;hyys (ZO aVal 4+ (1 — C)2x3B(:z:))
10 [ Mopes \” -
-5 (ﬁ) [(4d§(m +1)? = 2dsopy (v + 1) + oy ) (x — 1)° (:c)}
r 1 F hvs 3 i 5 M hvs 2
ohr(s) = Wﬂ/[i)h; ;bzRRx + 9 <—47:FZ) (845 — dorvds + 205,
+(4d; — 20gyds + 0%y + 24dsdy + 4d; — 60ryds)T + 8di?) (v — 1)?
and

1thys 1 2 Mphs ’ Mhys 2
_phys o 2 )Mo phy
My 2V \TE, oy \ Y

and the other parameters are of natural size O(1) with the constraint

2 4
Z(afm—i-azyv)—22afw :Zai:

i=0 i=0 =0

3.4.4 Note on the counterterms

Let us note, that the counterterm Lagrangians (13.134)), (3.139) and (3.142)) might

be further simplified using the leading order equations of motion (EOM) in or-
der to eliminate the terms with more then two derivatives as it has been done

in [64). However, this does not mean, that we do not need to introduce
such counterterms at all. As we have proved by means of the above explicit
calculations, without the higher derivative counterterms (or equivalently with-
out the couterterms proportional to the EOM) we would not have the off-shell
self-energies finite.

In fact, the infinities originating in the missing EOM-proportional countert-
erms are not always dangerous. Note e.g., that such infinities are in fact harmless,
provided we restrict our treatment to strict one-loop contribution to the GF of
quark bilinears or to the corresponding on-shell S-matrix elements. Namely, in
this case, the one-loop generating functional of the GF is obtained by means
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of the Gaussian functional integration of the quantum fluctuations around the
solution of the lowest order EOM. As a result, the EOM can be safely used to
simplify the infinite part of the one-loop generating functional. On the strict
one-loop level the infinite parts of the self-energy subgraphs corresponding to the
missing EOM-proportional counterterms cancel with similar infinities stemming
from the vertex corrections.

Nevertheless, already at the one-loop level these counterterms might be nec-
essary under some conditions. Namely, near the resonance poles we can (and in
fact have to) go beyond the strict one-loop expansion e.g. by means of the Dyson
resumation of the one-loop self-energy contributions to the propagator. This will
generally destroy such a compensation of infinities. This is the reason why we

keep the counterterm Lagrangian in the general form (3.134), (3.139)) and ((3.142]).

3.5 From self-energies to propagators

In the previous sections we have given the explicit form of the self-energies in a
given approximation within all three formalisms for the description of the spin-1
resonances. Here we would like to discuss interpretation of these results and the
construction of the corresponding propagators. We will concentrate on the most
frequently used antisymmetric tensor representation, where all the characteristic
features of other approaches are visible without unsubstantial technical compli-
cations. The remaining two cases can be discussed along the same lines with
similar results.

Let us remind the form of the Self—energies for the antisymmetric tensor case

. 1 Tphys 40 [ Moo\ 2 ~
op(z) = 7T]\4p:;,s [ +Zazx —1] n (47:;;) d2(2? —1)%J (z)
(3.142)
3 2
1Ty 90 [ Mo ~
op(x) = - j\/;};y Z bix' + 9 (ﬁ) d3 (2+ (1467 + %)z + 29°2°%) (z — 1)*J (2),
PAYS i=0 T

(3.143)

where d3 is given by and where we have already re-parametrized the gen-
eral result in terms of the parameters of the perturbative solution of the pole
equation in the 17~ channel (which we have identified with the original degree
of freedom). In doing that we have tacitly assumed the validity of the gener-
al relation between the self-energies and the propagator (3.44)). The equations
determining the additional poles of the propagators are then

fo(@) = 2—1-0}(z)=0 (3.144)
fr(z) = 1+op(x)=0. (3.145)

In what follows we shall discuss these equations in more detail. We will find
a lower and upper bound on the number of their solutions and give a proof,
that the corresponding lover bounds are greater than one on both sheets. We
will also briefly discuss the compatibility of the relation (3.44]) with the Kallén-
Lehman representation and show, that at least one of the roots of and
corresponds inevitably either to the negative norm ghost or the tachyon.
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3.5.1 The number of poles using Argument principle

Let us first briefly discuss a determination of the number of solution of the equa-
tions and . This can be made using the theorem known as Argument
principle (see e.g. [88]). According to this theorem, for a meromorphic function
f(2) with no zeros or poles on a simple closed contour C', the difference between
the number of zeros N and poles P (counted according to their multiplicity)
inside C' is given as

N_P= %[arg F(2)]e (3.146)

Here [arg f(z)]c is the change of the argument of f(z) along C'. Using this theorem
we will show, that in both cases and there is a nonzero lower bound
on the number of solutions on the first and the second sheet, which correspond to
the poles of the propagator . We will also give conditions for the saturation
of these lower bounds.

Let us start with ([3.145)). The left hand side of the pole equation fr(z) =
1 + 0/(z) is analytic on the first sheet (and meromorphic on the second sheet)
of the cut complex plane with cut from z = 1 to 2z = +o0o. Let us choose
contour C = Cy + Cr — C_ + C. which is usually used for the proof of the
dispersive representation for the self-energy, namely the one consisting of the
infinitesimal circle C; encircling the point z = 1 clockwise, two straight lines C.
infinitesimally above and bellow the real axis going from z =1to z = R and a
circle C'p corresponding to z = Rel’, 0 < # < 2, and take the limit with e — 0,
R — oo in the end. According to the argument principle, the total change of
the phase of the function fé’”(z) along this contour gives the number of zeros
(with their multiplicities) n! of f(z) on the first sheet and nf — 2, where n!/ is
the number of zeros of f(z) on the second sheet (note that fX(2) has pole of the
second order at z = 0) lying inside the contour C i.e.

n = ol fG)e
n = o (e +2

Let us assume the contour C, first. Suppose that x = 1 is not a solution of
the equation fr(z) = 0. As a consequence, [arg f5""(z)]¢. vanishes
On the contour Cf, i.e. for z = Re'? we get for by # 0

I,H(Reiﬂ) — R36310 lﬂb + @ Mphys ? d2272 [1 _ IHR _I_ 1(27T _ 0 :F 7T)]
T T Mopys © 9 \dnF, ) ™°
(3.147)
11
+0 <}_%’ %ﬁ)) (3.148)

16Tn the case f%’”(m) — 0 for £ — 1 when fé’H(J:) = (z — 1)k g{ﬂ”(m) where k < 3 and
when g5'! () (which has the branching point at = 1) has a finite nonzero limit at = 1) we
111
get [arg f7 (2)lc. = —2mk.
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and therefore, for R — oo, [arg fé’H(z)]CR — 6m. The same is valid also for
by = 0 with v # 0. However, for b3 = v = 0 we get

. (1 Ty 20 [ Mypys \ 2 :
TR’y = R%eXY (W ]Wplz by + 9 <ﬁ) d3[1 —InR+i(2m — 0 F )]
phys ™

(3.149)
oL 1Ry, .150)

In this case [arg fi''(2)]¢, — 47 and because ds # 0 (unless we are in a
conflict with OPE for the tree level VV P correlatOIED this gives also the lower
bound for [arg f1"'(2)]c,,.

Finally let us discuss the lines Cy. Because Im fi(x £i0) = Imo?.(x £i0) = 0
(and f£ is real analytic), Im f& (2 4+i0) > 0 for > 1, and Refr"' (R £i0) —
—oo for R — oo, we can easily conclude that in this hmlt larg £ (2)]e, = 0
unless f7'/(1) > 0, in the latter case [arg f5"'(2)]¢, = 7 and in both cases
[arg f71 (2)]e = i[argfln( 2)ey-

Putting all pieces together we get under the assumption fI H( 1) # 0 the
following bound

larg f1 (2)]c > 4n

and therefore for the number of zeros in the cut complex plane we get

4 (3.151)
5 (3.152)

IA A

2 n <
4 <
where the lower bound is saturated for fI H( 1) < 0, b3 = v = 0 and the upper
bound for f1"'(1) > 0 and either b # 0 or v # 0. For f}"/(1) = 0 (provided we
include also this zero with its multiplicity into n’/!) the these bounds are valid
tod]

An analogous simple analysis for f;(z) = z — 1— 0% (z) in the cut complex
plane with the cut from z = 0 to z = +oo gives [ l for f111(0) #0

3 < nf<4 (3.153)

n'' =5 (3.154)

where the lower bounds are saturated for f; LIT0) < 0 otherwise n! equals to the
upper bound.

1"Note however, that the requirement that the tree level conditions for OPE are satisfied
might be modified by loop corrections.

18Tn this case the point x = 1 is solution of fé’H(x) = 0 and provided f-'(z) = (z — 1)*
gé” () (zero with multiplicity k¥ < 3) we have according to the footnote |16 the phase deficit
—27k (i.e. the number of the poles different from z = 1 is then reduced by k) in comparison
with the case f1'(z) # 0.

YNote, that in this case,

: : 11 . 40 [ Mo \ 2 1 nR
1,11 i0 3 3i0 phys phys 2 .
) i - — | —==) ds[1-InR+i27 -0 + 0
fr (Re”) =R’e ( WMphysa3+ 9 <4 F,T> 5 n i( F)l (R R ))

1,11

and therefore [arg f;"" (2)]c, = 6.

93



We can not therefore avoid in any way the generation of the additional poles
(some of them might even be of the higher order) in both 17~ and 17~ channels
of the propagator only by means of an appropriate choice of the free parameters
a;, b; and 7. The minimal number of the additional poles (with their orders) on
the second sheet is the same for both channels (note that, one pole in 17~ channel
has to correspond to the perturbative solution describing the original degrees of
freedom we have started with). The conditions for the saturation of the lower
bounds in the 17~ and 17~ channels are

3 2
Donys Z 20 ( Mpnys )™ o <1 (3.155)
T M hys p 4nF, )
and
by = =0 (3.156)
3

1 Tpnys
by > 1 3.157
m Mphys Z ( )

=0

respectively. Note that, while the first condition is in accord with the large N
counting, the last one is not. Let us now discuss the physical relevance of such

additional poles.

3.5.2 The Kallén-Lehman representation and nature of
the poles

In this subsection, we will show that the the propagator (3.44)) with self-energies
and is incompatible with the Killén-Lehman representation with
the positive spectral function. Moreover, at least one of the solutions of both
equations and is pathological and corresponds to the negative norm
ghost or the tachyonic pole.

Let us first briefly remind the Kallén-Lehman representation of the antisym-
metric tensor field propagator. According to the Lorentz structure we can write
the following spectral representation of the full propagator (modulo generally
non-covariant contact terms)

Auuaﬁ(p) 2H,uua,8( )AT(p ) znyuaﬁ’( )AL( )+AZ(1)/nofgCt( )

where (up to the necessary subtractions)

) 2
Ay = [ quelrris) 3.158
) = [P (3.158)

and where the spectral functions pr 1 (p?) are given in terms of the sum over the
intermediate states as

2m)20(0°) [pr(P*)P s (P) — pL(P*)P* L0 5(p)] (3.159)

™)
=D 09 (p = pn) (0| Ry (0)|N) (N |Rap(0)]0).
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Note that, in the above formula we assume all the states |N) to have a positive
norm; the spectral functions py7(p?) are then positive (for the proof see the
Appendix [3.7.5). For the one particle spin-one bound stated states |p, \) with
mass M either

(O Ry (0)[p, X) = Z;*ul) (p) (3.160)
or
1/2
(O] Ry (0)[p, ) = Zy P10 (p) (3.161)

according to its parity (cf. (3.50) and (3.56[)). Therefore (using the formulae from
the Appendix [3.7.5), the corresponding one particle contribution to pr 7 (u?) is

2
YE

pzl?;—particle ( 2)

Zpr0(u® — M?). (3.162)

Positivity vaT(,u2) implies Zr 7 > 0 in the above one-particle contributions.
For free fields with mass M we get

PE) = o (52— M) — 5(2))
D) = ) (3.163)

Note the kinematical poles in Ay r(p?) at p? = 0, which do not correspond to
any one-particle intermediate state and which sum up to the contact terms of the

form

ree,contac 1
Apar ™ (1) = 313 (9uasw — Gusta) - (3.164)

Let us now define for complex z by means of the analytic continuation (up to
the possible subtractions)

Apr(2) —/OOO asPers) (3.165)

s —Z

Within the perturbation theory however, the primary quantities are the self-
energies, which we define as (cf. (3.44]))

12
Br(s) = I o)
Aus) = 2 2 (3.166)

ss—M?—%,(s?)

The poles at s = 0 are of the kinematical origin and in analogy with the free prop-
agator they sum up into the contact terms provided ¥7(0) = 31 (0). The formulae
(3.166)) can be understood as the Dyson re-summation of the 1P self-energy in-
sertions to the propagator or as an inversion of the 1P two-point function. Due
to the positivity of pr r(s), we get for the imaginary parts of X, 7 the following
positivity (negativity) constraints:

1
ImYy(s+i0) = 6(s)s ImAL(s +i0)]s - M? =S (s+i0)]> <0

1
ImYr(s +i0) = —59(3)3 ImA7(s +i0)|M? + X1 (s +140)|* > 0. (3.167)
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Let us now turn to the RxT -like effective theories and try to demonstrate
their possible limitations. In such a framework the self-energies X7 7 are given
by a sum of the 1PI graphs organized according to some counting rule (for Rx7T’
e.g. by the index ir , cf. (3.126))). Up to a fixed given order (which we assume to
be fixed from now on) we have the asymptotic behavior ¥ 7(z) = O(z"In* 2))
for z - —oo according to the Weinberg theorem. Here n corresponds to the
maximal degree of divergence of the contributing (sub)graphs and therefore, it
grows with the number of loops as well as with the index of the vertices (cf.
B129) ).

Such a grow of the inverse propagator is known to lead to problems. Suppose
e.g., that we can organize the result of the calculation of the 1PI graphs in the
form of a dispersive representation for the functions ¥ r(2) on the first sheeﬂ

LT 0o .
5 g(e) = PUT () + LD [T _qrImrrle £00)
) T - anl—l(x) r—z

(3.168)

where @, > 0 is the lowest multi-particle threshold, P»7(z) and Q%[ (2) (we
suppose QL (x) > 0 for 2 > 0) are renormalization scale independent real poly-
nomials of the order n and n+ 1 respectively and Im> (2 +1i0) can be obtained
using the Cutkosky rules. The contributions to P*T(z) stem from the countert-
erms necessary to renormalize the superficial divergences of the contributing 1PI
graphs as well as from the loops (Xlogs)El

As a consequence, the functions zkAL,T(z) where 0 < k£ < n and where
Ap7(s) is naively defined by are analytic (up to the finite number of
complex poles z; generally different for A, and Az and a kinematical pole at
z = 0 - see bellow) in the cut complex plane. As far as the number of poles
z; are concerned, provided Im¥;, r(x 4 i0) < 0 as suggested by , we can
almost literally repeat the analysis from the previous subsection based on the
argument principle. The change of a phase of the inverse propagator along the
path Cg is now [arg A} ' (2)]c, — 2mn (for R — o0), while the absolute value
of the [arg A77.(2)]c, is bounded by m due to the positivity (negativity) of
Im¥, 7(x £i0). Provided AZ}T(xt) # 0, we can therefore conclude

! (3.169)

n—1 n
n n'l — p!! (3.170)

IA A

I

where n//!is the number of the solutions of the equation A;%(z) = 0 on the

first and second sheet respectively and p! is the number of the poles (weighted
with their order) of X, 7(z) on the second sheet]

20Here we do not assume the existence of any CDD poles [89] for simplicity. In general case,
provided the spectral representation of Ay r is valid in the form (3.165), and ImAZ,lT(S) =

O(s™) for s — oo we formally get

where C; > 0 and 0 < zg; < x; correspond to the CDD poles.
21In what follows we give such an representation of our one-loop ir < 6 result explicitly.
22Note that, the case n = 1 is in some sense exceptional. In this case it is possible to get a

o +  ImATL.(z
ALY (2) = Po(2) + Qi (2) (1 d (@) Z

T J, Qrszl(f) T —z

Ci

Z — 205
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Therefore, because 2*Ap r(2) = O(zF"71), we can write for 0 < k < n an
unsubtracted dispersion relation (cf. (3.165)), we will omit the subscript L, T" in
the following formulae for brevity and write simply A(z), p(s) etc.)

Rizb 1 [~ zkdiscA(x)
FA(Z) =) L _/ dpg—220
2"A(2) Z . + : x

T r—z
7>0

or
> aFdiscA(x)

= dp———. 3.171

z’“zz—z] 7rz’“/ E— ( )

and for £ = 0 (note the kinematical pole at z = 0)

1 discA
A(z):%+zi+—/ ap A ) (3.172)

2=z rT—z

Due to the asymptotic fall off A(z) = O(z7""!) the discontinuity discA(z) has
to satisfy the following sum rules

1 oo
— —/ dzzFdiscA(r) + ZRjz;.“ =0, 0<k<n-1. = (3.173)

T Sz, ;

™

1
——/ dadiscA(z) + Y Rj+ Ry = 0 (3.174)

J

Suppose on the other hand validity of the dispersive representation (|3.165)). Then
all the poles have to be real, and we can identify

p(s) = ——dlSCA )+ > Rid(s — z) + Rod(s). (3.175)

J

However, the sum rules are generally inconsistent with the spectral
representation ([3.165). The validity of some of them might require either an
appearance of the states with the negative norm in the spectrum, i.e. we are in a
conflict with the positivity of the spectral function p(s) > 0 or an appearance of
physically non-acceptable tachyon poles leading to the acausality. For instance,
suppose discA(s) < 0, then for Ry > 0 at least one of the poles has to correspond
to a negative norm one-particle state (ghost). On the other hand, for discA(s) <
0, R; > 0 we can still satisfy the & = 0 sum rule with negative R, however,
from the £ = 1 sum rule we need at least one pole to be negative (tachyon)
(in this case, however, the sum rules with even k& cannot be satisﬁed)m. These
considerations illustrate the known fact that the representation of the propagator
based on the formulas has limited range of validity within the fixed order
of the perturbation theory and has to be taken with some care.

realistic resonance propagator compatible with the Kallén-Lehman representation with no pole
on the first sheet and one pole on the unphysical sheet. Such a propagator has been obtained
in [90] for scalar resonances. Cf. also [91].

23 An analogous discussion can be done for the second sheet. Concrete examples of various
types of poles will be given in the next section.
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One point of view might be that the range of applicability of the formulae
(3.166) is |2| < Amax = min{|z;|} where {2;} is the set of unwanted poles. Pro-
vided there exists a genuine expansion parameter « applicable to the organization
of the perturbative series, according to which Xy =", aiE(LZ?T (e.g. expand-
ing in powers of @« = 1/N¢ in RxT), one can expect the additional (generally
pathological) poles of Ay, 7(z) to decouple ( i.e. Apax — 00 for a — 0). In such a
case we could argue that they are in fact harmless. However, the size of Ay, for
actual value of « need not to be far from M which could invalidate this approach
to the theory in the region for which it was originally designed.

Alternatively, instead of using the (partial) Dyson re-summation, we can ex-
pand directly A,,,5(p) to the fixed finite order n which leads to

s — M?

2 1 L ey 1 o L amyoy 1
Acls) = ;(S_MQMS_MQEL SRy v RS Sy yERIAL LR
2/ 1 1 1 1 1

This expansion (which does not give rise to the additional poles of the propagator)
might be useful for s < M?, however, in this case a higher-order pole at s = M?>
is generated, which is not correct physically in the resonance region s ~ M?2.
Here we instead expect a single pole on the second sheet of Ap(z), where z =
M2, — iMyphysTphys (Where the mass M2 - = M? + O(a) and the width Ty =
O(«)) corresponding to the original degree of freedom of the free Lagrangian.
Therefore, the Dyson re-summation (i.e. the application of the formulae )
suplemented with some other more sophisticated approaches (e.g. the Redmond
and Bogolyubov method 92,93 consisting of the subtractionﬁ of the additional
unwanted poles from the propagator, or diagonal Padé approximation method
[94]) seems to be inevitable for s ~ M?2.

However, in the concrete case of our calculations of the antisymmetric tensor
field propagator, the plain Dyson re-summation might produce various types of
poles some of which we illustrate in the next subsection.

3.5.3 Examples of the poles

The additional poles of the propagator can have different nature. Let us assume
the 17~ channel first. By construction for any values of the constants a; we have
one pole on the second sheet (which is directly accessible from the physical sheet
by means of the crossing of the cut for 0 < z < 1) which corresponds to the
physical resonance (p meson) we have started with at the tree level. On the first
sheet we get then a typical resonance peak. These two structures are illustrated in
the Fig. [3.6] where the square of the modulus of the propagator function, namely
i.e. |z —1—op(2)]72, is plotted®™| on the first and the second sheet for a; = 0.
In this case, no additional pole appears in the region of assumed applicability of

24Note that, in order to perform this on the lagrangian level, nonperturbative and nonlocal
counterterms would have to be added to the theory. However the status of such a counterterms
is not clear, cf. [95].

25We have used the following numerical inputs: Mpnys = 770MeV, Tphys = 150MeV, F =
93.2MeV, Fy = 154MeV.
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[|zfl—:rL(z)|'z, Ist sheet} {\z—l—u-,_(z)rz, 2nd sheel}

Figure 3.6: The plot of the the square of the modulus of the propagator function
|z —1—0r(2)|72 on the first and the second sheet for a; = 0. The pole on the
second sheet and the peak on the first sheet correspond to the p(770).

RxT. However, for another set of parameters we can get also pathological poles
not far from this region (e.g. tachyon as it is illustrated in analogous Fig. ,
now for ag = a3 = agy = 10, ag = 0).

[Iz—l-a’L(z)rz, 1st sheel} [Iz— l—a'L(z)|’2, 2nd sheel]

Figure 3.7: The plot of the the square of the modulus of the propagator function
|z —1—o0r(2)|7% on the first and the second sheet for ag = a; = ay = 10, az = 0.
The additional pole on the first sheet is a tachyon.

In the 17~ channel, there is no tree-level pole in the propagator. The struc-
ture of the poles of the Dyson resumed propagator is strongly dependent on the
parameters b; and « in this case. Let us illustrate this briefly. Note e.g. that, the
equation can have (exact) solution x = 1 on the first sheet provided the
parameters b; satisfy the following constraint

3
Mynys
> b= 16 (3.176)
=0

11phys

where the numerical estimate corresponds to (Mphys, I'phys) ~ (M,,I',). In order
to interpret this solution as a 17~ bound state pole we need the residuum 7, at
this pole to be positive, i.e.

3

, 1 Tpnys .
73 =0l () |pmr = ;]\/[pi Z]bj >0 (3.177)

phys j=1
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otherwise the pole is a negative norm ghost state. Of course, from the phe-
nomenological point of view, both these possibilities are meaningless. Note also
that, the constraints and require unnatural large values of the
parameters b; and it is also in a conflict with the large N¢ countingjﬂ.

For v = 0, a pathological tachyonic solution of exists for x = —2
provided

< My,
S (2 = b
(—2)'b; 7TF

i=0 phys

which might be satisfied with more reasonable values of the parameters b; than in
the previous case. More generally, we can have pathological poles x = z., where
x. is a solution of

2+ (1467 +H)z, + 272953 = 0.

This z is a pole of the propagator on both physical and unphysical sheets under
the conditions that the following constraint on the parameters b;

3
St = _ - Mynys
v T
=0

phys

is satisfied. Here ., is real (and negative) for |y + 5| > 21/6 and it represents
therefore a physically unacceptable tachyonic pole. Outside of this region of v we
get pair of complex conjugate poles on the physical sheet with Rex, > 0 when
—342V2>v>-3-2V2.

However, we can easily get a more realistic situation and ensure that the
position of the complex pole zr = x —iyr on the second sheet in the 17~ channel
corresponds e.g. to a resonance by(1235). In this case, two conditions for b;,
and v have to be satisfied, which correspond to the real and imaginary part
of the pole equation 1 + o%(2zg) = 0. This allows us to eliminate two of the
five independent parameters in favor of the mass and the width of the desired
resonancdﬂ. However, it might be difficult to eliminate additional pathological
poles in the assumed region of applicability of Rx7". We illustrate this in the Fig.
3.8 where the the square of the modulus of the propagator function |1+ o7 (z)|~2
on the first and the second sheet for by = —2.16, by = —3.66, by = —4.45, by = 1.47
and v = 0 is plotted on the first and the second sheet. In addition to the desired
b1(1235) pole on the second sheet we get also four additional poles on the second
sheet which is difficult to interpret physically as well as two additional structures
the first sheet one of which can be interpreted as an tachyonic pole.

In general it is not so straightforward to formulate the conditions for a;, b;, and
~ under which there are no additional poles on the real axis in the antisymmetric
tensor field propagator. Because Imo’ (24 :0) is negative for z > 0 (and similarly
Imo’.(z 4 i0) is positive for x > 1), we can clearly conclude, that there is no
real pole in these regions on the first and the second sheet. As far as the regions
of < 0 (for 0]) and x < 1 (for o}) are concerned, we can proceed as follows.
Note, that we can write for the functions J(z) and B(z) the following dispersive

26While b; = O(1) in the large N¢ limit, the right hand side of (3.176)) begaves as O(N¢).
27Similar conditions we get in the 1~ channel, provided we demand to generate e.g. p(1450)
dynamically.
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{I1+07(2)| 2 1st sheet} {I1+07(2)| 2 2nd sheet}

Figure 3.8: The plot of the the square of the modulus of the propagator function
|1 + o7(2)|72 on the first and the second sheet for by = —2.16, by = —3.66,
by = —4.45, b3 = 1.47 and v = 0. Along the desired b;(1235) pole on the 2nd
sheet (z = 2.552—0.295i) and peak on the 1st sheet, additional structures appear.

representation

!

dx 1
r+1)22 —x

Bl) - 2+:B+(x+1)2/oo(

= 242+ 0b(x)

~ < dz’ 1 1
J(e) = / da (1——,> L
.z xr)x —x

from which the representation (3.168|) for ¥, with desired properties easily fol-

-~

lows. From this we can see that on the first sheet b(z), J(z) > 0 for x < 0 and
x < 1 respectively. Similarly, for X7 we can write

~

1
(2+ (1 +6y+~")z+27%2%) J(z) =1+ G (37% + 18y +5) z + j(z)

where

> dz’ 1 : 0\ 1
j(m):xQ/ i(1—;) <2+(1+6'y+72)$ —|—272a72) i
1

'3 -z

and j(z) > 0 for x < 1. The equations (3.5) and (3.145) have therefore the
following structure

(x) = 1 Tpnys 2(5( )+2)_@ M 2d2( 2—1)2j( )(3.178)
prlx) = 7T]\4physaj v 9 \4rl, 3\ A

20 [ Mopys \° .
min) = 5 () =16, (3179

where pr, r(x) are the following polynomials of the third order

3
L r s i
ple) = po1- i ll—xu;ai(az —1)] ~ (2~ Dgu(a)

3
pT(I‘) = 14+ -——= E b;x* + (m

2
— A (37 +18v+5 —1)2.
TrMphys pr 27 ) 3 ( y + Y + )x(fﬂ )
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where

1D

1 2 -1 1
7 Mo (( +x+2%)(az—1)+a; + ax(x + ))

qr(z) =1
Because the right hand sides of the equations (3.178]) and (3.179) are negative in
the regions of interest, the sufficient (but not necessary) condition of the absence
of the poles in these regions is qr(x) < 0 for x < 0 and py(z) > 0 for z < 1. For
qr(z) this can be achieved in many ways, e.g. for

as 2 1
1T,
0) = 1——_Bb —1)<0
q.(0) 7 Mops (a1 + as + as )
/ 11,
0) = ———phs —1)>0
q.,(0) 7 Mo (a3 +az — 1)
1.e. M
a, > T phys, a2<0, as > 1.
thys

Note however, that such a condition for a; requires unnatural value for this pa-
rameter and is in a conflict with the large N¢ counting. Similarly, the condition
pr(x) > 0 can be ensured e.g. when the coefficients at the third power of z vanish
identically, 7.e.

10 [ Mopos N2 Moy
bo = ——— [ B8 PSS g2 (342 4 18 5
i 27(4@;) "Tonye 3 (377 + 187 +5),

the coefficients at the second power of x are positive, i.e

20 ( My \> My,
by > — PLYS P 2 (372 + 18y + 5
2 (47TF,F) "Tome 3 (377 +187+5),

and

3
1 s
pr(1) = 14—3P=3 >0

WMphys =0
1 3
/ hys .
pr(l) = -2 b7 > 0.
(1) = Cars Z :

On the contrary to the previous case, these conditions respect the large N¢ count-
ing. Therefore without any detailed information about the actual value of the a;
and b; it seems to be quite natural to have tachyonic pole in the 17~ channel and
no bound states or tachyon poles in the 17~ channel of the propagator.

3.6 Summary and discussion

In this chapter we have studied and illustrated various aspects of the renormal-
ization procedure of the Resonance Chiral Theory using the spin-one resonance
self-energy and the corresponding propagator as a concrete example. The explic-
it calculation of the one-loop self-energies within three possible formalisms for
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the description of the spin-one resonances, namely the Proca filed, antisymmetric
tensor field and the first order formalism is the main result of our article. Because
the theory is non-renormalizable and the loop corrections break the ordinary chi-
ral power counting, we had presumed an accurence of problems of several types
which have proved to be true within our explicit example.

The first sort of problems concerned the technical aspects of the process of
renormalization, namely the organization of the loop corrections and the coun-
terterms and the mixing of the ordinary chiral orders by the loops. In order to
organize our calculations we have proposed a self-consistent scheme for classifica-
tion of the one-particle irreducible graphs I' and corresponding counterterms O;
which renormalize its superficial divergences. The classification is according to
the indices i and 7, assigned to graph I' and operator O; respectively. Though
the scheme based on ip restricts both the chiral order of the chiral building blocs
(number of derivatives and external sources) as well as the number of resonance
fields in the operators in the Ryx7T Lagrangian at each fixed order and can be
understood as a combination of the chiral and 1/N¢ counting, it is however not
possible to assign to ir a clear physical meaning connected with the infrared char-
acteristics of the graphs I". Nevertheless the scheme works at least formally and
can be used for the proof of the renormalizability of RxT" to given order ir, 0, <
Imax- We have used it at the level i,,,, < 6 and proved that the complete set
of counterterms from zero up to six derivatives is necessary to renormalize the
divergences of the one-loop self-energies in the contrary to the naive expectations
based on the usual chiral powercounting.

The last aspect, namely that the complete set of counterterms including also
those with two derivatives (i.e. the kinetic terms) is necessary, is connected to
the second sort of problems. The tree level Lagrangian is constructed using just
one of such a kinetic term in order to ensure the propagation of just three degrees
of freedom corresponding to the spin-one particle state. If we would include all
possible kinetic terms with two derivatives into the free Lagrangian, we would
get (according to the formalism used) additional poles in the free propagator
corresponding to the additional one-particle states some of them being necessarily
either negative norm ghost or tachyon. This was the first signal of the problems
with unphysical degrees of freedom connected with the one-loop corrections to
the self-energies. The higher derivative kinetic terms further increase the number
of these extra degrees of freedom. We have studied this feature also using the
path integral representation and integrated in additional fields which appear to
be responsible for the additional propagator poles.

The problems with additional degrees of freedom are also connected with
the well known fact that the propagator obtained by means of the Dyson re-
summation of the perturbative one-particle irreducible self-enery insertions might
be incompatible with the Kallén-Lehman spectral representation even in the case
of the renormalizable theories [96]. As is well known, in this case tachyonic or
negative norm ghost state can appear as an additional pole. Such an extra pole
is usually harmless because it is very far from the energy range where the theory
is applicable. In the power-counting non-renormalizable effective theories like
RxT such problems are much stronger either because of the worse UV behavior
of the self-energies (which increases the number of additional poles) or because
the additional pathological poles might lie near the region where the theory was
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assumed to be valid. The nontrivial Lorentz structure of the fields describing spin-
one resonances further complicates this delineation because some of the additional
poles might have different quantum numbers than the original tree-level degrees of
freedom. As far as this type of poles is concerned, we have demonstrated using the
path integral formalism that it can be eliminated by means of the requirement of
additional protective symmetry of the interaction Lagrangian, which is an analog
of U(1) gauge transformation known for the Proca and Rarita-Schwinger fields.
However, these symmetries are in general in conflict with chiral symmetry, though
individual interaction vertices can posses such a symmetry accidentally.

The results of our calculations proved to fit this general picture. Using the
explicit example of the one-loop antisymmetric tensor self-energy we have shown
that the Dyson re-summed propagator has always (ie. irrespectively to the actu-
al values of the couterterm couplings) at least three additional poles on the first
sheet in the 17~ channel, just five such poles on the second sheet (one of them cor-
responding to the original degree of freedom) and at least two additional poles on
the first sheet in the 17~ channel and at least four such poles on the second sheet.
As we have seen in explicit analysis of the pole equations, without any additional
information about the size of the counterterm couplings and consequently about
the actual values of the renormalization scale invariant parameters entering the
polynomial part of the self-energies, a rich variety of poles in the propagator is
possible. Some of the poles might be unphysical (complex conjugated pairs of
poles on the first sheet and tachyonic or negative norm ghosts on both sheets)
and some of them even can be situated near or inside the assumed applicability
region of RyT'.

It might be argued that the additional poles are just artifacts of the inap-
propriate treatment of the theory and that the one-loop one-particle irreducible
self-energy insertion cannot be re-summed in order to construct a reliable ap-
proximation of the full resonance propagator. However, the mere truncation of
the Dyson series keeping only first two terms (corresponding to tree-level con-
tribution and to the strict one-loop correction to the propagator respectively)
generates double poles at s = M? on both sheets and is therefore in contradiction
with the expected analytic structure of the full propagator. Though this might be
an useful approximation of the full propagator for s < M?, it cannot be correct
in the resonance region. Therefore provided we would like to use RxT at one-loop
also for s ~ M?, the construction the propagator using some sort of re-summation
(i.e. the Dyson one or its modifications like e.g. the Redmond and Bogolyubov
procedure or Padé approximation) might be inevitable. The actual position of
the additional poles (if there are any within the chosen procedure) might be then
understood as a bound limiting the range of applicability of the theory. In the
most optimistic scenario all the additional poles are far form the region of inter-
est and RxT can be treated as a consistent effective theory describing just the
degrees of freedom we start with at the tree level. The less satisfactory case when
only the pathological poles are far-distant, we can either abandon the theory as
inconsistent or alternatively we can try to interpret the non-pathological poles as
a prediction of the theory corresponding to the dynamical generation of higher
resonances. Such a treatment was used in the case of scalar resonances in [77]
(see also [78,79]). Eventually in the case when all the additional poles lie near
s ~ M?, either the approximative construction of the propagator or one-loop
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RxT itself might be problematic. Which scenario actually turns up depends on
the values of the couplings in the Rx7T Lagrangian.

3.7 Appendix

3.7.1 Additional degrees of freedom in the path integral
- the Proca field

Suppose that the interaction Lagrangian has the form
Lint = Lot + Loy (3.180)

where L is the toy interaction Lagrangian . Our aim will be to transform
Z|[J] to the form of the path integral with all the additional degrees of freedom
represented explicitly in the Lagrangian and the integration measure. In terms
of the transverse and longitudinal degrees of freedom we get

£int(vi_aA7 J)) = ECt(VL _aAa Jv )+£mt< _aA J )

Q 16 )
= —V“DVLM — 5(DA)2 5 M2 @AV OV, + e ——(8,0A)(0"TA)
+L, (VL —0A, J..)). (3.181)

In order to lower the number of derivatives in the kinetic terms we integrate in
auxiliary scalar fields x, p, 7, 0 and auxiliary transverse vector field B ,. Writing

exp (—z/ r2(ON) ) /Dxexp(/ (%’X _ 90" A)) (3.182)

and similarly for other higher derivative terms we can finally formulate the theory
as

/DVLDBLDAD)CDpDUDWexp< /d4:v£(VL,Bl,A X, P50, T, J, . ))

(3.183)
with
DB, = DB(S((?HB“) (3.184)
oro”
Bi = (g“”— )By. (3.185)
O
and

LVi,Bi,Ax,pomJ...) =

1

1 1
EMQVfVM — ﬂMQBﬁBM - Biavt

1 1
+—= M28 AO*A + —y2% — Oux o' A

2 28
—%MQ(?H/)@“,O — Oypdto — 0,m"N — o
+L, (VL =0\, J,..) (3.186)
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In this formulation the kinetic terms have no more than two derivatives, however,
the number of fields is higher than the actual number of degrees of freedom.
We therefore have to integrate out the redundant variables. As a first step we
diagonalize the kinetic terms performing the shifts

1
Vi — Vi+—B"

1+a
N AL L 1
AT IpX T e
5
— p—WU
X — x—m (3.187)

respectively to the form
1 1
LVLBLA X pyoym, Te) = 1+ )VIOVy, + §M2VfVM

MR ((14a) - 47) BB,

1
—5(1+a) ' BIOB! +

+M?*(14 o) 'VI'By,

1, . " 1 9
+2M 0 N0 A 2M28“X8 X+2ﬁ( — )
—2—15]\/[28 po''p + e Oyodt'o — o
—i—Emt(V, g, (3.188)
where )
V=V + o Bl—aA——aX (3.189)

Now the superfluous degrees of freedom are easily identified. Namely, the fields
p and o decouple and moreover 7 has no kinetic term. Both of them can be
therefore easily integrated out. As a result of the gaussian integration we get

= /’DVLDBLDAprU exp (z / d*zL(V,, B, A\, x,0,J,.. )) (3.190)
where
1 1
LV ,B.,\ x,0,J,...) = 5(1 + VIOV, + EM"’VfVM

1 1
—5(1 + ) 'BYOBY + §M2 (1+a)?=~7") BBy,
—|—M2(1 + Oé)_lVfBJ_M

1
A, xO"x + Oyodto — 5/6’02 — X0

SN2
+1M2a AO*A
/:mt(v J, ... (3.191)

2M?

Let us assume o > —land 6 > 0 in what follows. Note that, in this case the
fields B/ and y have opposite minus sign at their kinetic terms. This is a signal
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of the appearence of the negative norm ghosts in the spectrum of the theory. The
”dangerous” fields B and x mix with the fields V{* and o respectively. In order
to identify the mass eigenstates we further rescale the fields
VE = (L) AV
Bl — (1+a)”B!
x — Mx
o — 6 Y2Mo (3.192)

and afterwards we diagonalize the mass terms

1 M? 1+ «a)?
Emass = §1+OZ <VEVLM+ (1_%) BT_Blp,>

—%MQ (Bo® +67*x0) (3.193)

by means of an appropriate Sp(2) symplectic rotation of the fields V!, B and
X, 0

Vit — V{'coshby + B/ sinh 6y
B — V{sinh6y + B/ coshfy
X — xcoshfg+ osinhfg
o — xsinhfg + o coshfg. (3.194)

This is possible for (14 a)? > 4y and 5% > 44, when the off-diagonal elements of
the mass matrix vanish for

14+a)?=2y—(1+a)y/(1+a)?—4y
2y

tanh 6y =

2 _ 45—
tanh g = P 2(51/5 5. (3.195)

We get finally for the generating functional

Z[J] = / DV, DB, DADXDo exp (2 / d*'zL(V., By, A, x, 0, J,...)) (3.196)
where

1 1 1 1
LV ,Bi,Ax,0,J...) = §VfDVM + =MZ VIV, — §BjDBi +-M{_B'B,,

2 2
1 " 1.5 5 1 " 1.5 o 15 "
+§8u08 o — §Ms+a — 58#)(8 X — 5 Mg x + §M 0, NO"A
L, (V).
(3.197)
where now

— 0
AR %(Vi + B, ) — Ox coshfg — o sinh g — OA (3.198)

and where M3, M2, are the mass eigenvalues and (3.23). The theory is
now formulated in terms of two spin one and two spin zero fields, whereas two of
them, namely B’ and y, are negative norm ghosts. The field A do not correspond
to any dynamical degree of freedom, its role is merely to cancel the spurious poles
of the free propagators of the transverse fields V|, and B, at p* = 0.
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3.7.2 The additional degrees of freedom in the path integral-
the antisymmetric tensor case

We assume the interaction Lagrangian to be of the form
£int - Ect + ﬁ;mg; (3199)

where L., is given by (3.57) and re-express it in the terms of the longitudinal and
transverse components of the original field R,

v 1 176 N v ]' 1776 N / v ]‘ rvo n
'Cmt(Rfr —§€’u BAaﬁ, J, .. ) = [,ct(RﬂL —55” BAag, J, .. )—|—£,mt<RﬂL —55” BAQB, J, .. )
(3.200)

where

174 1 1403 n « 174 ’y 174
La(R" = e Phop,...) = 2B DR + 5 OR) (OR) )
5
2 (OAL)(OAL,) — 50 (DALY (00A Lf8.201)

* 2M?

We can introduce the auxiliary (longitudinal) antisymmetric tensor field B and
(transverse) vector fields x|, p'/, o/ and 7/} in order to avoid the higher derivative
terms and write in complete analogy with the Proca field case

Z[J] = /DR”DBDALDXLDpLDO'lDﬂl

exp (i/d4x£(R||, Bi,Ay,x1.pro0,mi, )) (3.202)
where the measures and fields are
DB = DB0(0aByu + 9 Bay + 0uBua) (3.203)
1
Bﬂ“’ = —ﬁ(é"g”o‘ﬁﬁ +0"g" 0% — (11 <> 1)) Bag (3.204)

and for ¢* = x*, p*, ot and 7

Do, = Dd(0,0") (3.205)
oo
Qﬁ‘i = (g“” — n ) D1y (3206)
The Lagrangian is then
1+« v 1 v
L = ——RI"OR.+ 1M2Rﬁ Ry
]‘ 17 17
— M5 By + B OB
Lo ran L ou 1
+§M AJ_DALu — ﬁXLXlu — XJ_DAL#

1
+2—5M26°‘p’i WPy — 0P Oqo 1) — 0N Op iy — Tllo 1,

1 .
+£int (RMV _ 55MV&BA0457 J, .. ) . (3207)
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Note that, the fields x*, p*, o and 7" mix with A* and are therefore pseudovec-
tors. The Lagrangian is completely analogical to up to the more
Lorentz indices, so will be brief in the next steps. First we identify the redun-
dant degrees of freedom diagonalizing the kinetic terms by means of the following

sequence of shifts (cf. (3.187))

R — Ri"—2(1+a)"'B"

1 1
A‘i — Ali —+ lei — Wﬂ'i
)
pli - pL + 5 M2 u
N (3.208)

As a result we get the Lagrangian in the form (cf. (3.188)))

]' 14 1 14
L= S0 + Q) R{"OR) 0 + ZMQRﬂ‘ R
1
—(1+a) "' B*OByu + (1 +a) M B|" By 0, — WM B By
_(1 + Oz)fleRﬁVB”w,
1 1
+5MANOA L — X OX 1 — 5 6()@_ + ) (X + 7L
1
+26M28°‘ P Oapiy — W@%ﬁa&mu —mloL,
+Lint (R, J,...), (3.209)
where
HHY v v 1 vaB(x IR
R =R|" —2(1+a)"'B}" - <" B(Aop + WXMﬁ). (3.210)

Integrating out the superfluous fields p,, and 7, which are decoupled from the
interaction we get

J] = /DR”DBDAJ_DXJ_DpJ_DO—J_Dﬂ_J_

exp (i/d4x£(R||, B, AL, x1,p1,00,71,J, .. )) (3.211)
with (cf. (3.191))
1 v 1 v
L = 0+ a)ROR), + ZMQRﬂ‘ Ry

"B
l I [ IP

—(1+ )" M?R[" By

1
—(1+ ) 'Bi"0OB 0 + (1 + @) >M*B}"" B ., — —M*Bl/
f)/

1
+§M2A’1DALM

1 ) 1
_2M2 X/j_DXJ—# + 2M?2 O_LDO_J—,U« + ﬁO—J_O—J-M + XJ_O—J—#
S Lit(S, T, ) (3.212)
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Again, assuming o > —1 and § > 0 we have two pairs of fields with opposite
signs of the kinetic terms, namely (Rﬁ Y, Bﬂ‘ ") and (x|, o) respectively.The fields
within both of these these pairs mix. After re-scaling

R — (1+a) 2R (3.213)
1

uv - 1/2 puv

B — 2(1—1—@) B

XL = Mx4
M

ol = —d

Vo

the form of the mass matrix becomes identical to that of (3.193) (with obvious
identifications) and we can therefore perform the same symplectic rotations as in

the Proca field case and under the same assumptions to get diagonal mass terms
corresponding to the eigenvalues (3.21} [3.23]). As a result we have found four

spin-one states, two of them being negative norm ghosts, namely B"r " and o'/ and
two of them with opposite parity, namely x| and ¢//. As in the Proca field case,
the field A/} effectively compensates for the spurious p? = 0 poles in the Rﬁ Y and

BﬁL " propagators within Feynman graphs.

3.7.3 Path integral formulation of the first order formal-
ism

Within the first order formalism, the path integral formulation is merely a gen-
eralization of the previous two cases, so we will be as brief as possible in what
follows. Note that, now the kinetic term is invariant with respect to the both
transformations and , therefore the manifestation of the degrees of
freedom within the the path integral formalism can be done in analogy with the
previous two cases. Using triple Faddeev-Popov trick in the path integral

1 1
Z|J] = /DReXp <i/d4x (MV,,@“R‘”' + §M2VuV“ + ZM2RWRW + Lint))
(3.214)

where L,y = Ling(VE, R, J,...). We get
217 = /DRDALDVLDA exp <i/d4:c£(R“”, A LVELA .)) (3.215)
where
1 1
LR AL VE AN ) = MVLOLRE + §M2VLMVf + ZMZRHWRTT”
1 1
+§M2AﬁDAL“ + §M28HA€)“A

1 ~
+£mt(Rf|w - §€”Va6Aa,3, Vi —0%A, J,)3.216)
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and, as in the previous subsections

DRy = DRI(OnRu + 0, Ry + 0, R0a)
DA, = DASI,AY)
DV, = DV§(9,A")

1
RIY = —o=(9"g"0" +8°9"0" — (1 & v))Ray

loLatod
B wo_
A (g 5 ) A,

w AV
vk = (gW_aDa )V,,. (3.217)

In order to diagonalize the kinetic terms we perform a shift
1

VI VI = 0B (3.218)
and get
LR, N VE N = iRﬁ“’DRW + %IM2RWRﬁW + %MZVLHVL“
+%M2A’1DA 1ut %MQGHA&‘A
+Lim(RA — %ewﬁﬁw, Ve — %&,R”“ — 9\, J,).

(3.219)

The discussion of the role of the field R““ “ and the A/ is the same as in the
antisymmetric tensor case. The extra fields V{* and A do not correspond to the
original degree of freedom, their free propagators are

5 PT;J,Z/
AVIP) = —E (3.220)
11

with spurious poles at p? = 0. According to the form of the interaction, only the
combination with spurious poles cancelled, namely

PT v PL v

v 4 1 e v
AVLD) + PP BAD) + gpeapsf0) = — gt g (3:222)

enters the Feynman graphs.
Alternatively, we could make in (3.216)) the following shift

1
R = R + -2 (0"VY = 0"V) (3.223)
leading to
1 1 1
LRI AL VE LA ) = VL0V + §M2VLMVf + ZMQRHWRW” (3.224)
1
2
1 1 ~
L (R + 57 (0"VY = 0VI') = 5P hap, VI = 0, ).

1
5 MPNOA L, + 5 M?0,A0"A
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In this formulation, the role of the fields V{* and the field A is the same as in the
Proca field case. Rﬁ ” does not correspond to the original degree of freedom and,
as in the previous formulation, it serves together with A, to cancel the spurious
p? = 0 poles.

Let us end up this subsection with the path integral treatment of the toy
quadratic interaction Lagrangian (3.105). Using the same transformations as
before we get

E(Rﬂ“’,A’i, VLGN ) = MVL,,QLRﬂ“’ + %MQVL#Vf + iM2R||WR“”
+%M2A’1DAM + %MQGMAWA
+ VL,V - %V(DA)2 + SR, DR + %DA’iDAM
+Ly (R — %ewﬁﬁmg, Ve 9N, .. ) (3.225)
Introducing the auxiliary fields analogous to the previous two examples, we have
LR N X ot L) = %VLMDVf + %MQVMVL“ (3.226)
+ LR DR + }LMQR”WRW
+MVLV3#RT|“'
+%M2A’1DALM - %MQADA

1, 1
— OA — — ! — ' OA

/ 1

Lo (R — Eewﬁfxmﬁ, Ve —9°A, )

int
The kinetic terms can be diagonalized now by means of the shifts
1

A = A+ (3.228)

IV

to the form
y « 1
LR, N XX ) = %vluDVf+ SMAVLVE
QR v 1 v
+— RiwOR}” + ZMZRHWRﬁ
+MVLV8MR“‘“’

1 1
5 MPNOA L, — S MPADA

1 1
] N2
+2M2X X+ QBVX
+L, (S, W, J,...),

(3.229)
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where

B/\
Lap = 5yp€ Xlas

R = Rﬁ”—la’“’aﬁf\
2

1/ a le} 1 le}

Vi = ve—0 A—Wa Y.

In the formula (3.229) the scalar and axial-vector ghost field as well as two prop-

agating dynamically mixed spin-1 degrees of freedom are explicit.

3.7.4 The parameters «; and 3; in terms of LECs

In this appendix we present the expressions for the renormalization scale inde-
pendent polynomial parameters entering the self-energies (cf. Section |3.4)).

The Proca field case
2
w0 = (57) Zuto
(57)
a1 =
s = (57)
B 47rF2M4UT 2M21M2 2
o = (57) v (5) (miz-3)
by = ( )
B — ( )
B — ( )
2
o= (57) M.

Here Uy and Vi, are certain linear combinations of the couplings of 53(6) renor-
malized as

M\* 1
Uy = Up(p) — 297 (7) TR
W = V\;(M)
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Here Ui and Vg are certain linear combinations of the couplings of E%(G) with

the infinite parts fixed as
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The first order formalism
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e = <%)2 Zyr(1) + ?(URV(zdl —ory) - 4d}) <1n ]\5_22 * é)
—%(df +d2) + %ORV (dy +ds — ory)
= ot D+ Fony (25— owy)
RE. (%)2 Yi(p) — %(Gd% — 12d, (d3 + dy) + 5d3 + 9dj — 6d3d,) In ]\5_22
_g(gd% —18d; (dy + dy) — Td% — 1242 + 18dydy)
—2—5703‘/ (32d3 + 6(d3 + 9d4) In ]\5—22 — 30Rv (hl ]\5—; - ;))
BR_ (%)2]\/]2”/}2( - 290(0[2 + 6dydy — 5d2) 1n]\/f_2 — i—g(dg + 4d?)
%URV <8d3 + 6(ds + 3dy) In Aj—; — 30Rv (ln ]\Z—; - %))
RR <%)2M4V§(u) _ %Od (111]\5—22 — ;) :

Here Uy, Vi, Ugr, Vg and Ygry are certain linear combination of the couplings
from ﬁ%\? ) with infinite parts fixed according to

M\* 1
Uy = U0 — 262 (—) LI

F M4
W= Vg
Up = Uﬁ(u)—%(%) A
Ve = vg<u>+%(¥)2]\;d4x

3.7.5 Proof of the positivity of the spectral functions

Here we prove the positivity of the spectral functios py r(u?) defined as

2m)730(0°) [pr(P*)p*IILa5(p) — pr(P*)P*IIE,05(P)]
=6 (p — px) (0| Ry (0)|N)(N|Rap(0)]0). (3.230)

Let us define for p? > 0

ul)(p) = \/F(Wf?’(p)—pueff)(p))
1 50
W (v) = 55" s (v)



where 8,(}) (p) are the usual spin-one polarization vectors corresponding to the

mass \/p?. Then for p? > 0 we get the following orthogonality relations

ulp) (p)u® e (p)r = —20M
) () () = 2™
ul) (P (p) = 0

and the projectors can be written for p? > 0 in terms of the polarization sums as

1 A
Wias(p) = —5 Z ul) (p)ugs

Multiplying (?7) by u'y) (p)*ug\ﬁ) (p) and w,(j‘,) (p)*wgﬁ) (p) respectively we get the

positivity constraints for the spectral functions

0 < 3090 — o) K0 (O)|N)u ()" = 2(2m) 0 (1)

0 < D 0W(p = pw) (0] Ry (0) N)w™ 1 () P = 2(2m)20(0°) pr (07

117



4. Amplitudes in the Non-linear
sigma model

4.1 Introduction

The chiral nonlinear sigma model is a widely used tool for description of many
phenomena in theoretical particle physics. It is based on a simple Lie Group
GG and the spontaneous symmetry breaking G x G — G gives rise to massless
excitations - Goldstone bosons. For instance, in the theory of strong interactions,
the group G is SU(Ny) where Ny = 2,3 is a number of light quark flavors and
Goldstone bosons are associated with the triplet of pions (for Ny = 2) or octet of
pseudoscalar mesons 7, K and n (for Ny = 3). The interactions of these degrees of
freedom dominate the hadronic world at low energies. In this context, the leading
order nonlinear U(3) x U(3) chiral invariant effective Lagrangian, the kinetic part
of which corresponds to the chiral nonlinear U(3) sigma model, was constructed
in the late sixties by Cronin [97] while the SU(2) case was studied by Weinberg
[98,99], Brown [100] and Chang and Giirsey [101]. Further generalization lead to
the invention of Chiral Perturbation Theory as a low energy effective theory of
Quantum Chromodynamics by Weinberg [1] and by Gasser and Leutwyler [2], [3].
Chiral Perturbation Theory became a very useful tool for the investigation of the
low energy hadron physics.

The focus of this chapter is on scattering amplitudes of Goldstone bosons with-
in the SU(N) nonlinear sigma model described by the leading order Lagrangian.
In principle, the standard Feynman diagram approach allows us to calculate arbi-
trary amplitude. Because the model is effective, and the Lagrangian contains an
infinite tower of terms the calculation becomes very complicated for amplitudes
of many external Goldstone bosons even at tree-level. It would be therefore desir-
able to find alternative non-diagrammatic methods which could save the compu-
tational effort and provide us with a tool to get the amplitudes more efficiently.
In the past an attempt to formulate the calculation of the tree-level without any
reference to the Lagrangian was made by Susskind and Frye [102]. They postu-
lated recursive procedure for pion amplitudes based on certain algebraic duality
assumptions supplemented with the requirement of Adler zero condition which
should have to be satisfied separately for group-factor free kinematical functions
recently known as the partial or stripped amplitudes. Such a condition had been
proven in the special case of pion amplitudes described by the SU(2) nonlinear
sigma model by Osborn [103]. In [102] the authors successively calculated the
amplitudes up to eight pions and showed that these results are equivalent to the
diagrammatic calculation based on the SU(2) nonlinear sigma model. The full
equivalence for all amplitudes has been proven by Ellis and Renner in [104].

Over the past two decades there has been a huge progress in understanding
scattering amplitudes using on-shell methods (for a review see e.g. [105-108]).
They do not use explicitly the Lagrangian description of the theory and all on-
shell quantities are calculated using on-shell data only with no access to off-
shell physics (unlike virtual particles in Feynman diagrams). This has lead to
many new theoretical tools (e.g. unitary methods [109},/110], BCFW recursion
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relations for tree-level amplitudes [111,|112] and the loop integrand [113]) as well
as practical applications of on-shell methods to LHC processes (for recent results
of the next-to-leading order QCD corrections for W + 4-jets see [114]). Most of
the recent theoretical developments have been driven by an intensive exploration
of N' = 4 super Yang-Mills theory in the planar limit both at weak and strong
couplings (see e.g. |[115-126]).

There have been several attempts to extend some of these methods to other
theories. The most natural starting point are the recursion relations for on-shell
tree-level amplitudes, originally found by Britto, Cachazo, Feng and Witten for
Yang-Mills theory [111], [112] and later also for gravity |127], [128] . The main
idea is to perform a complex shift on external momenta and reconstruct the
amplitude recursively using analytic properties of the S-matrix. More recently,
this recursive approach was extended to Yang-Mills and gravity theories coupled
to matter, as well as more general class of renormalizable theories [129).

In this chapter, we find the new recursion relations for all on-shell tree-level
amplitudes of Goldstone bosons within SU(N) nonlinear sigma model. This
shows that on-shell methods can be applied also for effective field theories and it
gives new computational tool in this model. Using these recursion relations we
are also able to prove more properties of tree-level amplitudes that are invisible
in the Feynman diagram approach.

The chapter is organized as follows: In section 2 we discuss SU(N) nonlinear
sigma model, introduce stripped amplitudes and using minimal parametrization
(the convenient properties of which has been discussed in [104]) we calculate
tree-level amplitudes up to 10 points. In section 3 we review BCFW recursion
relations and their generalization to theories that do not vanish at infinity at large
momentum shift. Section 4 is the main part of the chapter, we first introduce
semi-on-shell amplitudes, ie. amplitudes with n — 1 on-shell and one off-shell
external legs. Then we prove scaling properties under particular momentum
shifts which allows us to construct BCFW-like recursion relations. Finally, we
show explicit 6pt example. In section 5 we use previous results to prove Adler
zeroes and double-soft limit formula for stripped amplitudes. Additional results
and technical details are postponed to appendices: In Appendix[4.7.1], we describe
the general parametrization of the SU(N) nonlinear sigma model. In Appendix
we give the results of the amplitudes up to 10p. Appendix is devoted to
the counting of flavor-ordered Feynman graphs needed for the calculations of the
amplitudes in nonlinear sigma models and other theories. In Appendix we
present additional scaling properties of the semi-on-shell amplitudes. In Appendix
4.7.5, we study the double soft-limit for more general class of spontaneously
broken theories for complete (not stripped) amplitudes.

4.2 Nonlinear sigma model

4.2.1 Leading order Lagrangian

Let us first assume a most general case of the principal chiral nonlinear sigma
model based on a simple compact Lie group G. Such a model corresponds to the
spontaneous symmetry breaking of the chiral group G x Gr where Gpr = G
to its diagonal subgroup Gy = G, i.e. to the subgroup of the elements h =
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(91, 9r) where g, = gr. The vacuum little group Gy is invariant with respect
to the involutive automorphism (g, gr) — (9r,gr) and the homogeneous space
G X Gr/Gy is a symmetric space which is isomorphic to the group space G. A
canonical realization of such an isomorphism is via restriction of the mapping

(91, 9r) = grg; ' =U (4.1)

(which is constant on the right cosets of Gy in G, XGg) to G, xGr/Gy . Provided
we induce the action of the chiral group on G x Gr/Gy by means of the left
multiplication, the transformation of U under general element (V7, Vg) of the
chiral group is linear

U— VRUV (4.2)

This can be used to construct the most general chiral invariant leading order
effective Lagrangian in general number d of space-time dimensions describing the
dynamics of the Goldstone bosons corresponding to the spontaneous symmetry
breaking G, x Gr — Gy as

@ _ I’ 1 o .
£ = - QUOU) = — (U QU)U0D)), (4.3)

where F is a constant]] with the canonical dimension d/2 — 1. Here and in what
follows we use the notation (-) = Tr(-) and the trace is taken in the defining
representation of G. The overall normalization factor is dictated by the form of
the parametrization of the matrix U in terms of the Goldstone boson fields ¢®
which we write for the purposes of this subsectionﬂ as

U = exp (ﬁ%¢) (4.4)
where ¢ = ¢*t* and t*, a = 1,...,dim G are generators of GG satisfying

" = 5% (4.5)
[te, 1] = iv2fbere, (4.6)

Here fe¢ are totally antisymmetric structure constants of the group G. According
to (4.2), the fields ¢* transform linearly under the little group Gy as the vector
in the adjoint representation of G while the general chiral transformations of ¢*
are nonlinear.

The Lagrangian £ can be rewritten in terms of the Goldstone boson fields
as follows. We have

exp (—ﬂ%Ad((ﬁ)) -1 1 exp (—%Dd,) -1

U'o,U =— Ad(9) D, = —Et- D, b (4.7)
where
Ad(¢)9u6 = ¢, 0u9] = V24" D9,¢" = V2t - Dy - 09, (4.8)
the matrix ng is given as
ng _ _jfeabge (4.9)

IThe decay constant of the Goldstone bosons.
2In what follows we will use also more general parametrization of U.
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and the dot means contraction of the indices in the adjoint representation. In-

serting this in (4.3]) we get finally
2 2n—2 -
(—F> D2 . 9.

(4.10)

1 — cos (2

F? Dy) . _ — (=1)"
r bz 00 i (; (2n)!

£ —
4

It -

4.2.2 General properties of the tree-level scattering am-
plitudes

Note that, the only group factors which enter the interaction vertices are the
structure constants f®°. In any tree Feynman diagram each f®° is contracted
either with another structure constant within the same vertex or via propagator
factor 0% with some structure constant entering next vertex. Therefore, using
the standard argumentation for a general tree graph [105], i.e. expressing any
fe¢ as a trace fo¢ = —(i[t®, t*]t°)/v/2 and then successively using the relations
like fedete = —i[t?,¢°]/ v/2 in order to replace the contracted structure constants
with the commutators of the generators inside the single trace, we can prove that
any tree level on-shell amplitude has a simple group structure, namely

MOy p) =Y (O %) M (py, . pa). (4.11)
O’ESn/Zn

Here all the momenta treated as incoming and the sum is taken over the permu-

tation of the n indices 1,2,...,n modulo cyclic permutations. As a consequence
of the cyclicity of the trace we get

Mo (pr.p2- - pn) = Mo(p2; .- Puy 1) (4.12)

Due to the Bose symmetry, the kinematical factors M, (p1,, ..., pn) has to satisfy

Moop(P1, - -2 Pn) = Mo (Do), Dp(2)s - - - > Dp(m) (4.13)

(where o o p is a composition of permutations) and therefore

Ma(ph o 7pn) = M(p0(1)7p0(2)7 <o 7pa(n)) (414>

where we have denoted M = M,q (here id is identical permutation). The am-
plitudes M(p1,...,p,) are called the stripped or partial amplitudes. Note that
the same arguments can be used also for the Feynman rules for the interaction
vertices, the general form of which can be written as

v:l“?““" <p17p27 s 7pn) = Z <ta0(1)tag(2) S tag(n)>vn(p0'(1)apa(2)7 s 7p(7(n))'
0ESn/Zn
(4.15)
After some algebra we get explicitly (see Appendix[4.7.1|for details) Vani1(p1, - - -, Pont1) =
0 and

Vi o) = GO (2) TZ_:<—1>“ (%22 iznlmm). (1.16)
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Let us note that besides , we need not to use any algebraic relations
specific for the concrete group GG when deriving this formula and it is therefore
valid for general G. In the general case we can therefore define the stripped
amplitudes and stripped vertices, however, their relation is not straightforward

and may depend on the group G. In what follows we will concentrate on the case
G = SU(N).

4.2.3 'Tree-level amplitudes for G = SU(N)
Flavor ordered Feynman rules

The standard way of calculation of the tree-level amplitudes M (py, ... p,)
is to evaluate the contributions of all tree Feynman graphs with n external legs
build form the complete vertices and propagators Ay = id4/p®.  This
includes rather tedious group algebra which is specific for each group G. In the
special case of G = SU(N) the calculations can be further simplified. Because
we have the completeness relations for the generators t* in the form

N2-1

STUXENEY) = (XV) (X)), (4.17)

a=1
we can simply merge the traces from the vertices of any tree Feynman graphs
in one single trace preserving at the same time the order of the generators t%
inside the trace. Note that the “disconencted” 1/N terms have to cancel in the
sum in order to produce the single trace in E| This enables us to formulate
simple “flavor ordered Feynman rules” directly for the stripped amplitudes M
completely in terms of the stripped vertices V,,. The general recipe is exactly the
same as in the more familiar case of SU(N) Yang-Mills theory, i.e. the tree graphs
built form the stripped vertices and propagators are decorated with cyclically
ordered external momenta and the corresponding ordering of the momenta inside
the stripped vertices are kept.

Let us note that such a simple way of the calculation of the stripped ampli-

tudes might not be possible for general group G. For instance for G = SO(N)
we have the following completeness relations

N(N—-1)/2

S (X ey =

a=1

(XY) — (XY™)) (4.18)

N | —

the second term of which reverses the order of the generators in the merged
vertex and the aforementioned simple argumentation leading to the flavor ordered
Feynman rules has to be modified.

The SU(N) case has also another useful feature. As a consequence of the com-
pleteness relations for the group generators of SU(N) and the analogous
relation

NZ_1<X tYt") = (X)N(Y) - %(X Y) (4.19)

3As we shall see in what follows, this fact can be understood as a consequence of the decou-
pling of the U(1) Goldstone boson in the nonlinear U(N) sigma model.
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it can be proved [105] that the traces (t*Mt*@ .. t%m) and (t% M%) . {%m)
are orthogonal in the leading order of N in the sense that

a a a, a a a * n— 1
D (tempte@ g m) ((hm e | gom)* = N"T?(N?-1) (5op+0(m))

a1,a2,...,0n
(4.20)
where 05, = 1 for p = 0 modulo cyclic permutation and zero otherwise. This rela-
tion is enough to uniquely determine the coefficients 7, in the general expansion
of the form
Terezean = Z (tPeMto@ )T (4.21)

0ESH/Zn,

(provided the coefficients 7, are N—independent) as the leading in N terms of
the “scalar product”

1
D Tmeen (et | o) = N"2(N?-1) (7; +0 (ﬁ)) (4.22)

a1,a2,...,an

Because the stripped amplitudes and vertices by construction do not depend on
N, the coefficients at the individual traces in the representation (4.11)) are unique
a therefore the stripped amplitudes and vertices are unique.

Dependence on the parametrization

Up to now we have identified the Goldstone boson fields ¢® using the exponen-
tial parametrization (4.4) of the group elements U(¢®). However, according the
equivalence theorem, the amplitudes M@ (py py, ..., p,) are the same for

any other parametrization U(¢") where

¢" ="+ F(¢) (4.23)

where F%(¢) = O(¢?) is at least quadratic in the fields ¢. Therefore, according to
the aforementioned uniqueness, the stripped amplitudes for the nonlinear SU(N)
sigma model do not depend on the parametrization. Note, however, that this is
not true for the stripped vertices which do depend on the parametrization because
the complete vertices V"> (py, pa, ..., pp) do.

As far as the on-shell tree-level amplitudes are concerned, in various calcula-
tions we are thus free to use the most suitable parametrization and consequently
the most useful form of the corresponding stripped vertices for a given purpose.
We shall often take advantage of this freedom in what follows.

A wide class of parameterizations for the chiral nonlinear sigma model with
G =U(N) and G = SU(N) has been discussed in [97]. The general form of such
a parameterizations reads

00 . k
U=>S a (ﬁi ) (4.24)
F
k=0
where ap = a; = 1 and the remaining real coefficients a; are constrained by

the requirement UU' = 1. The exponential parametrization (4.4)) corresponds
to the choice a, = 1/n!. In fact, as was proved in [97], for SU(N) nonlinear
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sigma model with NV > 2, the exponential parametrization is the only admissible
choice within the above class of parameterizations compatible with the
nonlinearly realized symmetry with respect to the SU(N) chiral transformations
([©.2). On the other hand, for SU(2) and for the extended chiral group G = U(N)
with arbitrary N, the parameterizations of the form (4.24]) represent an infinite-
parametric class. The more detailed discussion can be found in Appendix [4.7.1]

Interrelation of the cases G = U(N) and G = SU(N)

Let us note, that the SU(N) and U(N) chiral nonlinear sigma models are tightly
related. Within the exponential parametrization we can write in the U(N) case

i /2 ~
U= =1/ =" | U 4.25
exp ( 7\ ¢ ) (4.25)
where U € SU(N) and ¢° is the additional U(1) Goldstone boson corresponding
to the U(1) generator t° = 1/v/N. We get then

i 2 ~ ~
Uo,U = %, |0ud® + T*0,0 (4.26)
and as a consequence,
1 F? ~ o~
£? = §a¢0 - 0¢° + I(@U&“U‘l). (4.27)

Therefore ¢° completely decouples. This means that for the on-shell amplitudes
in this model
MUy pay . pn) = 0 (4.28)

whenever at least one a; = 0. Note that this statement does not depend on
the parametrization. We can therefore reproduce the on-shell amplitudes of the
SU(N) chiral nonlinear sigma model from that of the U(N) one simply by as-
signing to the indices a; the values corresponding the SU(N) Goldstone bosons.
Keeping this in mind, in what follows we will freely switch between the U(N)
and SU(N) case and use the general parameterizations also in the context
of the SU(N) chiral nonlinear sigma model.

The fact that the U(1) Goldstone boson decouples gives also a nice physical
explanation why the “disconnected“ 1/N term can be omitted in the relation
(4.17) when summing over virtual states in the tree-level Feynman graphs for the
SU(N) nonlinear sigma model. This term can be interpreted as the subtraction
of the extra U(1) virtual state contained in the first “connected“ part. However,
because this state decouples, no such correction is in fact needed.

The decoupling of the U(1) Goldstone boson is an effect analogous to the
decoupling of the U(1) component of the gauge field in the case of the U(N)
Yang-Mills theory. For the tree-level amplitudes (and the corresponding stripped
amplitudes) we get as a consequence a set of identities constraining their form.
For instance taking only one a; = 0 (say a;) in (4.28)), we get the “dual Ward
identity” (or the U(1) decoupling identity)

M(p17p27p37 cee 7pn) + M(p27p17p37 cee apn) + ... +M(p27p37 s 7p17pn) =0
(4.29)

exactly as in the Yang-Mills case (see e.g. [105] and references therein).
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4.2.4 Explicit examples of SU(N) on-shell amplitudes

Using we can reconstruct the complete amplitude M (py, ..., p,) just
from a single stripped amplitude M(py,...p,) which is given by the sum of
Feynman diagrams with ordered external legs {1,2,...n}. Though the aim of
this chapter is not to calculate scattering amplitudes using the Feynman diagram
approach, in this section we provide explicit examples for diagrammatic calcula-
tion of the stripped 4pt and 6pt amplitudes of the chiral nonlinear SU(N) sigma
model (the 8pt and 10pt amplitudes we postpone to the Appendix as the
reference result for the recursive formula given in section 4.

We can easily see that the only poles in the stripped amplitude are of the
form 1/s; ; where

J
siy=pi;  with  py=Y p (4.30)
k=i

(Obviously s; j = sj11,-1 due to momentum conservation). The variables s; ; are
therefore well suited for presentation of the amplitudes.

As we have discussed above, the SU(N) stripped amplitudes are essentially
the same as those for the U(N) case and, as we have discussed above, they are
independent on the parametrization of the unitary matrix U in . The most
convenient one for diagrammatic calculation of on-shell scattering amplitudes is
the minimal parametrization [104]

i ¢? i </ 1\"
U=v2— 1-2— =1+V2—¢—2 — ) Ch10™ 4.31
V2Zo+ = =1+ V256 ;(2F2> " (431)
where C,, are the Catalan numbers (4.164]). The stripped Feynman rules for
vertices can be written in terms of s; ; as follows (see Appendix for details)

2n+2

n n—1
1 1
Vonta(Si;) = (ﬁ) 3 Z CrCrk—1 Z Siit2k+1 (4.32)
k=0

=1

Note that within this parametrization the stripped vertices do not depend on the
off-shellness of the momenta entering the vertex and when expressed in terms of
the variables s; ; they are identical taken both on-shell or off-shell. This rapidly
speeds up the calculation, because there are no partial cancelations between the
numerators and propagator denominators within the individual Feynman graphs
and it allows us to find the final expressions for the amplitudes in very compact
form.
The four-point amplitude is directly given by the Feynman rule in the simple
parametrization,
2F2M(1,2,3,4) = 512 + Sa3. (4.33)

Note that for n-point amplitude > ;_, pr, = 0 and this can be used to systemati-
cally eliminate p,, or equivalently s. ,.

The six-point amplitude is given by diagrams in Fig. 4.1l The explicit formula
reads
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N/
/ N\

Figure 4.1: Graphical representation of the 6-point amplitude (4.34) with cycling
tacitly assumed.

4F*M(1,2,3,4,5,6) =

(51,2 +523)(S14 +545)  (S14+525)(52,3 +534) (51,2 + 8255) (534 + 545)
51,3 - 52,4 N 83,5

+ (12 + S14+ S23 + Sa5+ S3.4 + S45) (4.34)

This can be rewritten as
1(s12+ 523)(S1.4 + Sa5)

4F*M(1,2,3,4,5,6) = —= + 812 + cyel,
2 51,3
with ‘cycl’ defined for n-point amplitude as
n—1
Alsijy ...y Smn) +cycl = Z AlSivkjtks - -+ s Smtkntk) s (4.35)
k=0

which will quite considerably shorten the 8- and 10-point formulae. These are
postponed to Appendix [4.7.2]

4.3 Recursive methods for scattering amplitudes

Feynman diagrams are completely universal way how to calculate scattering am-
plitudes in any theory (that has Lagrangian description). However, it is well-
known that in many cases they are also very ineffective. Despite the expansion
contains many diagrams each of them being a complicated function of exter-
nal data, most terms vanish in the sum and the result is spectacularly simple.
The most transparent example is Parke-Taylor formula [130] for all tree-level
Maximal-Helicity-Violating amplitudes |7_f] The simple structure of the result is
totally invisible in the standard Feynman diagrams expansion.

Several alternative approaches and methods have been discovered in last
decades, let us mention e.g. the Berends-Giele recursive relations for the cur-
rents [131] and the more recent BCFW (Britto, Cachazo, Feng and Witten) re-
cursion relations for on-shell tree-level amplitudes that reconstruct the result from
its poles using simple Cauchy theorem [111], [112].

4.3.1 BCFW recursion relations

For concreteness let us consider tree-level stripped on-shell amplitudes of n mass-
less particles in SU(N) Yang-Mills theory (“gluodynamics” )| The partial am-

4Scattering amplitudes of gluons where two of them have negative helicity and the other
ones have positive helicity.

5The recursion relations can be also formulated for more general cases and also for massive
particles. See [132] for more details.
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plitude M,, is a gauge-invariant rational function of external momenta and addi-
tional quantum numbers h (helicities in case of gluons)

Mn EMn<p1,p2,...pn;hl,h27...hn). (436)

The external momenta are generically complex but if we are interested in physical
amplitudes we can set them to be real in the end. Let us pick two arbitrary indices
i, 7 and perform following shift.

pi = pi(2) =pi+2zq,  p; = pi(2) =p;—2q (4.37)

such that the momentum ¢ is orthogonal to both p; and p;, ie. ¢* = (¢ p;) =
(¢-pj) = 0 and the shifted momenta remain on-shell. Let us note that such ¢ can
be found only for the case of spacetime dimensions d > 4. The amplitude becomes
a meromorphic function M,,(z) of complex parameter z with only simple poles.
The original expression corresponds to z = 0. If M,,(z) vanishes for z — oo we
can use the Cauchy theorem to reconstruct M,, = M,,(0),

p— L\ (2) = Mo(0) + 3 Res (Mo, ) (4.38)

2mi C(o0) z " 2k

where C'(00) is closed contour at infinity. M,, can be then expressed as

M=-% Res (Mo, ) (4.39)

z
L k

where k is sum of all residues of M, (z) in the complex z-plane. Residues of
M., (z) can be straightforwardly calculated for the following reason: the only poles
of M,, are p2, = 0 where p,p = (Po + Pat1 + . 1). The poles of M, (z) have
still the same locations just shifted, namely p; ,(z) = 0 where i € (a,a+1,...D)
or j € (a,a+1,...b). If none of the indices i, j or both of them are in this range,
the dependence on z in p,;(2) cancels and it is not pole in z anymore. It is easy
to identify all locations of the corresponding poles z,. Suppose that particle
i € (a,a+1,...0),

pg,b
2((] : pa,b)
(4.40)
In the original amplitude M, the residue on the pole pz,b = ( is given by unitarity:
on the factorization channel with given helicity the amplitude factorizes into two
sub-amplitudes, and therefore

pi,b(z) = (Pa+ .- -pim1 + (P +2q) +Piga + .. -pb)2 =0 = z4p=-

RGS Mn,Zab ZML Zab amehab(Za b) (441)

where the summation over the helicities h,, of the one particle intermediate state
is taken. The “left” and “right” sub-amplitudes /\/l 5" (2ap) are

MG (z0) = Moara(Pas- o 01(zas)s Do —Pas(Zas)i s o —han) (4:42)
M%b (Za,b) Mn—(b—a) (pa,b(za,b)apb+la cee 7pj<za,b)a <o vy Pa—1, haln ey hi~4143)
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The amplitude M,, can be then written as
_ i
My=>" MLhab(za,b)pTMﬁgab(za,b) (4.44)

abhap ab
It is convenient to choose 7 and j to be adjacent because it eliminates the number
of factorization channels we have to consider.

4.3.2 Reconstruction formula with subtractions

The BCFW recursion relations discussed above are very generic and applicable
for a large class of theories. The main restriction is the requirement of large z
behavior: M, (z) — 0 for z — oo. However, this behavior is not guaranteed
in general and there exist examples when it is broken no matter which pair of
momenta p; and p; is chosen to be shifted. In such a case, an additional term
(dubbed boundary term) is present on the right hand side of eq. (4.44). The
boundary term, which is hard to obtain in general case, has been studied by
various methods in the series of papers [133], [134] and [135], however no general
solution is still available. Sometimes this problem can be cured by means of con-
sidering more general approach when all the external momenta p; are deformed
(such an all-line shift has been introduced in [136], see also [137])

pr — pr(2) = pr + 2. (4.45)

where z is a complex parameter and g, are appropriate vectors compatible with
the requirements of the momentum conservation and on-shell constraint for pg(z),
ie. pr - qr = q¢ = 0. The on-shell amplitude

My (2) = Mo (pr(2),p2(2), -, pu(2)) (4.46)

become again meromorphic function of the variable z the only singularities of
which are simple poles and the residue at these poles have the simple structure
dictated by unitarity. In some cases the desired behavior M,,(z) — 0 for
2z — 00 can be achieved in this way. However, in general case the behavior of
M, (2) for z — oo is power-like with non-negative power of z. This fact requires
some modification of the reconstruction procedure.

This can be done as follows. Let us suppose that we have made any (linear)
deformation of the external momenta p, — pi(z) in such a way that the deformed
amplitude M,,(z) is a meromorphic function the only singularities of which are
simple poles and let us assume the following asymptotic behavior

M, (2) ~ 2F (4.47)
when 2z — oco. Let us denote the poles of M,,(2) as z;, i = 1,2,...n. Assume
aj, j =1,2,...,k +1 to be complex numbers satistying |a;| < R different form

the poles z;. Then we can write for z # a; inside the disc D(R) (i.e. inside
the domain |z| < R the boundary of which is a circle C(R) of the radius R) the
following “k + 1 times subtracted Cauchy formula” (see Fig[4.2)

k+1
1 n 1
e R || (4.48)
211 Jo(r) Wz W
k+1 k+1 k+1 nC(R) k+1
1 M, (a;)) 1 Res (M,,; z;) 1

- Mn E J E ) .
(Z)HZ—GJ+ a; — 2 H‘CZ]— l+. Zi — % Hzi—aj

Jj=1 Jj=1 I=1,1#j =1 j=1



Im(z)

Figure 4.2: Tllustration of the contour used for the derivation of the subtracted
Cauchy formula (4.48) with £ =1 and n¢r) = 3.

Here 21,29, ..., 2Zng 5 are the poles inside D(R) and Res (M,; z;) are correspond-
ing residues. In the limit R — oo the integral vanishes due to and D(o0)
will contain all n poles. As a result we get a reconstruction formula with k£ + 1
subtractions

n Res (M 'z~)k+lz—a' k+1 k+1 2 —a
(2) = ny 2 J w(a; . (449
M, (2) Z P Hzi—aﬁZM (a)) H,aj—a, (4.49)
=1 j=1 j=1 1=1,l#j

This is the desired generalization of the usual prescription. In order to recon-
struct the amplitude with the asymptotic behavior from its pole structure,
we need therefore along with the residues at the poles z; (which are fixed by
unitarity) also supplementary information, namely the k£ + 1 values M, (a;) of
the amplitude at the points a;. Such a additional information is the weakest
point of the relations : there exists no universal recipe how to get the val-
ues M,,(a;) for a general theory. This corresponds to the well known analogous
situation of k£ + 1 subtracted dispersion relations, which allow to reconstruct a
general amplitude from its discontinuities uniquely up to the k 4 1 generally un-
known subtraction constants. Note that, provided we choose a; in such a way
that M,,(a;) = 0 (i.e. a; are the roots of the deformed amplitude M, (z)), we
can reproduce the formula

k+1

" Res (M,,: 2 Z—a;
M, (2) = E : ( ) H - ajj (4.50)
Jj=1

=z
i=1 v

first written in this context by Benincasa a Conde [138] and further discussed by
Bo Feng, Yin Jia, Hui Luo a Mingxing Luo in [139].

4.4 BCFW-like relations for semi-on-shell am-
plitudes

The straightforward application of the BCFW reconstruction procedure is not
possible for the SU(N) nonlinear sigma model because the amplitudes M, (z) do
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not have appropriate asymptotic behavior for 2 — oo. The reason is that due
to the derivative coupling of the Goldstone bosons the interaction vertices are
quadratic in the momenta. Therefore after the BCFW shift the vertices along
the “hard” z—dependent line of the Feynman graph are in general linear in z
and the linear large z behavior of the propagators cannot compensate for it. For
instance, under the shiftﬂ with ¢ = 1, j = 2 we get for the 6pt amplitude

(4.34) for z — o0

Me(z) = —22 ((q “P23) (814 + S45 — S13) 4 (¢ p25) (4 p23) (4.51)
51,3 (q '102,4)
_}_(q “P2s5) (53,;1 + S45 — 53,5)) L O(=").
3,5

and analogously M,,(2) = O(z) for generall| n. As discussed in the previous
section, in order to reconstruct such an amplitude from its pole structure, it
would be sufficient to know the values of M,,(z) for two fixed values of z. However,
such an information is difficult to gain solely from the Feynman graph analysis
restricted only to the amplitudes M,,. It is therefore useful to take into account
also more flexible objects, namely the semi-on-shell amplitudes, which unlike the
on-shell amplitudes depend on the parametrization of the matrix U and from
which the on-shell amplitudes can be straightforwardly derived. As we would
like to show in this section, appropriate choice of parametrization together with
suitable way of BCFW-like deformation of the semi-on-shell amplitudes allows to
substitute for the missing information on the amplitudes M, and to construct
generalized BCFW-like relations for them.

4.4.1 Semi-on-shell amplitudes and Berends-(Giele rela-
tions

The semi-on-shell amplitudes J2%2%(py ps, ..., p,) (or currents in the termi-
nology of the original paper [131], where they were introduced for QCD and more
generally for the SU(N) Yang-Mills theory) can be defined in our case as the
matrix elements of the Goldstone boson field ¢%(0) between vacuum and the n
Goldstone boson states |7 (py1) ... 7% (py))

T (o, pa) = (OO (pr) A (). (45

Here the momentum p, 1 attached to ¢*(0)

Pni1 = — ij. (4.53)
j=1

6Under the all-line (anti)holomorphic BCFW shift the large 2 behavior is the same. Here we
can use the general formulae derived in [137] which relate the number n of external particles,
the sum H of their helicities and the overall dimension ¢ of the couplings to the asymptotics
of the amplitude under the all-line holomorphic (O(z%)) and anti-holomorphic (O(z*)) shift.
These formulae reads 2s =4 —n —c+ H and 2a =4 —n —c— H. In our case H = 0 and
the only coupling constant is !, therefore ¢ = 2 — n, therefore in general case a = s = 1
independently on n.

"The general statement can be derived by induction from Brends-Giele recursive relations
discussed in the next subsection.
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1
1+1
\ Jm-1+1
n

Figure 4.3: Graphical representation of the Berends-Giele recursive relations

is off-shell. Note that J&1%%(p;, p,, ..., py,) has a pole for p2 ., = 0.

In complete analogy with the on-shell amplitudes, at the tree level the right
hand side of can be expressed in terms of the flavor-stripped semi-on-shell
amplitudes J,(p1, pa, - .., pp) in the form

(016" (0) 7w (1) -+ 7™ (p) hiree = Y TE(E4%70) .. 4%) T (Dy(1); Po(2)s - - -+ Port)-

oESH

(4.54)
Let us note that, at higher orders in the loop expansion the group structure
contains also multiple trace terms. We normalize the one particle states according
to

Ji(p) = 1. (4.55)

In this section the above semi-on-shell flavor-stripped amplitudes J, (p1, p2, - - -, Pn)
will be the main subject of our interest. The on-shell stripped amplitudes

M(p1,Dp2, ..., pns1) can be extracted from them by means of the Lehmann-Symanzik-

Zimmermann (LSZ) formulas

M(p1,p2, .- Pns1) = — hm pn+1J (P12, - -+ Pn)- (4.56)
pr =0

The main advantage of the semi-on-shell amplitudes J,,(p1, p2, ..., ps) (in what
follows we also use short-hand notation J(1,2,...,n)) is that they allow to aban-
don the Feynman diagram approach using appropriate recursive relation. The
latter has been first formulated by Berends and Giele in the context of QCD [131]
and proved to be very efficient for the calculation of the tree-level multi-gluon am-
plitudes. For the U(N) nonlinear sigma model the generalized recurrent relations

of Berends-Giele type can be written in the form (see Fig

m
J(1,2,.. Z Z Vi1 (P11 P +1,20 -+ - Pimoi+1ns —DPin) H J(Jr—1+1,. ..
A (e} k=1
(4.57)
where the sum is over all splittings of the ordered set {1,2,...,n} into m non-

empty ordered subsets {ji_1 + 1,jk-1 +2,...,Jx}, (here jo = 0 and j,, = n)ﬁ,

8Explicitly
n—m-+1 n—m+42 n—m+(m—1)
{ix} Ji=1 j2=j1+1 Jm—-1=Jm—2+1
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n 2] 3] 4] 5 6 7 8 9 10
t2n+1) |4 |12 33| 88| 232| 609 1596 1180 10 945
b2n+1) |5 |17 | 50 [ 138 | 370 | 979 | 2575 6 755 17 700
F@n+1) | 4|21 | 126 | 818 | 5594 | 39 693 | 289 510 | 2 157 150 | 16 348 960
ts(2n4+1) | 3] 6| 10| 15| 21 28 36 45 55
by2n+1) 4|10 | 20| 35| 56 84 120 165 220
fi@n+1) |3 12| 55| 273 | 1428 | 7752 | 43263 | 246 675 | 1430 715

Table 4.1: A comparison of the number ¢ of the terms on the right hand side
of the Berends-Giele recursive relation with the total number b of terms needed
for the Berends-Giele recursive calculation of the amplitude J(1,2,...,2n + 1)
and with the total number f of flavor ordered Feynman graphs contributing to
the same amplitude. In the last three row we compare these numbers with the
analogous ones for the case of “¢* theory”.

Vini1 is the flavor-stripped Feynman rule for vertices with m + 1 external legs
and p; = Zf:z p; as above.

Let us note that, because the Lagrangian of the nonlinear sigma model in-
cludes infinite number of vertices with increasing number of fields, the above
Berends-Giele relation for J,, have to contain vertices up to n + 1 legs, i.e. much
more terms than in the case of power-counting renormalizable theories like QCD
where the number of vertices is finitd’] This fact rather reduces the efficiency
of these relation for the calculations of the amplitudes. We illustrate this in the
Tab. 1, where the number of terms on the right hand side of the Berends-Giele
relation written for Jo, 41 (denoted as ¢(2n + 1)) and the total number of
terms necessary for the calculation of the same semi-on-shell amplitude using the
Berends-Giele recursion (denoted as b(2n+-1)) is compared with the total number
f(2n + 1) of the flavor ordered Feynman graphs contributing to Jo,,1 and with
the same numbers valid for the theory with only quadrilinear vertices (“¢* theory
7 ) denoted with subscript “4” . See Appendix for more details and for
derivation of the explicit formulae for these and other related cases.

On the other hand, as we will see in what follows, the Berends-Giele relations
can be used as a very suitable tool for the investigation of the general properties of
the semi-on-shell amplitudes. Let us mention e.g. the following simple relations
valid for J(1,2,...,n)

J(1,2,...,2n) = 0 (4.58)
J(1,2,...,n) = Jn,n—1,...,21). (4.59)
These relation are valid independently on the field redefinition. However, as we

shall see in what follows, some properties of the semi-on-shell amplitudes are not
valid universally and are tightly related to a given parametrization.

4.4.2 Cayley parametrization

Unlike the on-shell amplitudes M® % (py, po, ..., p,), which are physical observ-
ables and do not depend on the choice of the field variables provided the different

9The number of terms on the right hand side of 1) grows exponentially with increasing
n in contrast to the polynomial growths typical for the renormalizable theories. See Appendix

for details.
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choices are related by means of admissible (generally nonlinear) transformations,
the concrete form of J&* % (py,po,...,p,) as well as the flavor-stripped ampli-
tudes J,(p1,p2,-..,pn) depends on the parametrization of the U(N) nonlinear
sigma model. In what follows we will almost exclusively use the so called Cayley
parameterizations

1+

U= Lt ar? —1+2 Z( ) , (4.60)
vl
where the Goldstone boson fields are arranged into the hermitian matrix ¢ = ¢*t*
with ¢* being the U(N) generators. As described in Appendix , represen-
tation is a special member of a wide class of parameterizations suited for
the construction of the flavor-stripped Feynman rules. The interrelation between
the field ¢ and analogous field ¢ of the more usual exponential parametrization

U =exp <%<$) is through the following admissible nonlinear field redefinition

¢ = 2F tan <2f¢> —$+0 (53) . (4.61)

As is shown in Appendix [£.7.1 the flavor-stripped Feynman rules for vertices
read in the Cayley parametrization

‘/2n+1 =0
n n 2n42 2n n 2
(-1 2 (=1
Vania = 2n+1 Z Z Di * Di+2j+1) on ) Ia ZPQH-I )
7=0 =1 =0

(4.62)

where we have used the momentum conservation in the last row. For the first
non-trivial vertex V; we get

_ 2 _ 2
Vi=—gm (01 +p3)" = — 55 (02 +p4) (4.63)
and the first two non-trivial semi-on-shell amplitudes read in the Cayley parametriza-
tion
1
J(1,2,3) = — 2 4.64
( ) 4y ) QFQpZ(pl +p3) ( )
1 2 2 2
J(1,2,3,4,5) = (p1 + P2+ p3 + ps)(p1 + p3) n (p1 + p3 + pa+ ps)°(p3 + ps)

AF*pg (p1 + D2 + p3)? (ps + pa + ps)?

(p1+ p5) (P2 + pa)?
(p2 + p3 + pa)?

Let us illustrate explicitly the dependence of the semi-on-shell amplitudes on

the parametrization. Using the exponential one we obtain different amplitude
J(1,2,3), namely

— (p1 +ps +p5)2

1 (p1+p2)®+ (p2 + ps)® — 2(p1 + ps)®
J(1,2,3)exp = — . 4.66
( ) 4y ) P 6F2 pi ( )
However, both J(1,2,3) and J(1, 2, 3)exp give the same on-shell amplitude (4.33]).
In the next subsection we will prove additional useful properties of the semi-

on-shell amplitudes.
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4.4.3 Scaling properties of semi-on-shell amplitudes

The Cayley parametrization is specific in the sense that the semi-on-shell ampli-
tudes J,(p1, ..., p,) in this parametrization obey simple scaling properties when
some subset of the momenta p; are scaled p; — tp; and the scaling parameter ¢ is
then send to zero. Here we will study two important scaling limits, corresponding
to the case when all odd or all even on-shell momenta are scaled. As we shall
see in the following section, these two scaling limits are the key ingredients for
the construction of the BCFW-like relations for semi-on-shell amplitudes in the
Cayley parametrization.
We will prove that forn > 1 and ¢t — 0

Jons1(tp1, D2, tP3, Das - - - s Dars tD2r 415 P2rs2s - - > Pons tD2ns1) = O(1?) (4.67)

and

. 1
}1_135 Joni1(P1, P2, P3, D4, - -+ T2 D2ri1s tP201 2, - - - 5 tP20, P2ng1) = ) (4.68)
The general proof of (4.67)) and (4.68) is by induction. Let us first verify the
base cases. While the second statement holds already for n = 1
1 (p1 - p3) 1

P 1 4.69
3P P2 ps) = g T T G (4.69)

the first one is not valid unless n = 2. Indeed

1 t(p1 - p3) _
J3(tp1, p2, tps) = 3F (py - pa) & (2 p3) T Hpr - pa) O(t). (4.70)

On the other hand, using the explicit form of J; (cf. (4.65])) we get

J5(tp17p27tp37p47tp5> = O(t2)7 (471>

we can therefore proceed by induction starting at n = 2.

Let us first prove the scaling property . Suppose, that (4.67, 4.68))
holds for all n, where 1 < n < n and write for the left hand side of the
Berends-Giele relation expressing Jo,y1 in terms of Jozyy with n < n.
After the scaling poy1 — tpax+1, the t — 0 behavior of p3, ., and V,,41 is O(t°)
and O(t") where r > 0 respectively. The scaling of the remaining semi-on-shell
amplitudes on the right hand side of can be deduced from the induction
hypothesis. Note that it depends on the number of the external on-shell legs of
J(Jic1+1,...,7) as well as on the parity of j;_1 + 1, because the semi-on-shell
amplitude with scaled even or odd momenta scales differently. Namely, according
to the induction hypothesis, the scaling of these building blocks of the right hand
side of is as follows (see Fig. |4.4])

J(G)=1=0("), J(25—1,25,2j+1)=0(t), J(2j,...,2k) =O(t"),
J2j+1,...,2k+1)=0(t?) for k—j>1. (4.72)

This implies, that those terms of Berends-Giele relations which are depicted in
Fig. i.e. those which contain at least one block J(2j+1,...,2k+1) = O(t?)
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2j

2j+1

( ) _ O(to) . = O(to)

2k

2j —1 2j+1
25 +2
2j O(t) 2j+3 _ O(t2)
2j+1 T2k 41

Figure 4.4: Scaling of the building blocks on the right hand hand of the Berends-
Giele recursion relation according to the induction hypothesis when the odd mo-
menta are scaled.

2n + 1

Figure 4.5: The terms on the right hand hand of the Berends-Giele recursion
relation which are automatically O(t?) using the induction hypothesis when the
odd momenta are scaled.

with k—j > 1 or at least two building blocs J(2j —1, 27,25+ 1) are automatically
O(t?). Therefore, the only dangerous terms on the right hand side of are
those without the buildings block of the type J(25 +1,...,2k + 1) = O(¢*) with
k —j > 1 and at the same time without (case I) or with just one (case II)
building block J(2j — 1,27,25 + 1) = O(t) (see Fig. |4.6). To this terms the
induction hypothesis cannot be applied directly.

In the case I, the odd lines of the corresponding vertex V3, o are attached to
J(2jx + 1) = 1 and such a vertex is then proportional to the squared sum of the

odd momenta tpyj, +1, (cf. (4.62))
Vamso(tD1, D221 tD2j1 115 « « + > tP2ng1) ~ (tp1 + thaji 41 + - + tpans1)®  (4.73)

which means that it scales as O(¢?). This is in fact the scaling of the complete
contribution of the terms in the case I, because all the remaining building blocs
are of the order O(t") for ¢t — 0.

In the case II with exactly one building block J5(tpej_1,p2;, tp2j+1) = O(%)
(note that, it has to be attached to the odd line of the vertex Vs, 2), all the
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case | case 11

@t(]) ) 2% @@ ) 2%
V2m+2 - V2m+2 -

U 2jm-1+ 1 y
. 2j +1
O(to) 1 +2 O(to) 2jm-1+2
@ - @ -
2n 2n
2n+1 2n+1

Vamga ~ (tp1 + tpoj 1+« o+ tp2ni1)? = O(t2),  Vapso ~ (tpoj—1 + poj + thajr + Sk tpase1)? = O(th)

Figure 4.6: Typical terms on the right hand hand of the Berends-Giele recursion
relation to which the induction hypothesis cannot be applied directly. In
both cases, to all (case I) or to all but one (case II) odd lines of the vertex
the blocks J; are attached. In the case II, one building block J3 is attached to
remaining odd line.

other odd lines of V5, o are attached to J(2j, + 1) = 1 and such a vertex is then
proportional to the squared sum of the momenta tpy;, 11 and the momentum of
the line which is attached to Js(tpo;j_1,paj, tp2j+1), namely

2
Vamia ~ (tp2j1 + P2j + tp2j1 + Z tp2jk+1> = O(1). (4.74)
K

Therefore the complete contribution of the dangerous terms in the case II is in
fact O(t?) for ¢t — 0 because both Va9 and J3(tpaj_1, p2j, tpeji1) scale as O(t)
and again all the remaining building blocks are of the order O(t") for ¢ — 0.
All the other “non-dangerous” terms on the right hand side of the Berends-Giele
relations scale at least as O(¢?), which finishes the proof of (4.67).

Let us now prove (4.68)), i.e. the case when all even momenta are scaled.
Suppose validity of this relation for n < n  and again write the Berends-Giele
relation for the left hand side of . Thanks to the just proven statement
, the terms on the right hand side of with at least one building block
J(Jk +1,..., jkr1) with odd ji and jgy1 — jr > 1 do not contribute in the limit
t — 0. Such a block can be attached only to the even line of the vertex V1.
Therefore, the only terms which can contribute in the limit £ — 0 have the form
depicted in Fig. [4.7] i.e. those with the building blocks .J; attached to all even
lines of the vertex.

According to the induction hypothesis and using the explicit form of Vo o
this gives for t — 0
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251 +1

VZHH»Z

2jp — 1

o

Figure 4.7: Typical terms on the right hand hand of the Berends-Giele recursion
relation which contribute to (4.68]). Here to all even lines of the vertex the blocks
Jy are attached.

—1)k T 1 —1)*
_ &Y 11 — B Gl (4.75)
2 F2k - (2F2)Jl*]l—1*1 on 2n

where we denote jo = 0 and jir11 = n + 1. Sum of all such contributions is

Z Z <2_n112’2; = 2n1172n Z ( Z ) (_1)k_1 = ﬁ? (476)

k=1 1<j1<j2<...,jk<n k=1

which finishes the proof.

Another independent scaling properties of the semi-on-shell amplitudes Jo, 11
can be proven using the same strategy. For instance, when all odd momenta and
one additional even momentum (say ps,) are scaled, we get

g% Jont1(tp1, P2, tP3, Pas - - . tP2r—1, tD2r, tD2rs1, - - - DaN, tPon+1) =0 (4.77)

for n > 1. We postpone the proof to the Appendix |4.7.4]
Let us note that due to the homogeneity of J(1,2,...,2n+ 1) we can rewrite
the relations (4.67) and (4.68]) as a statement on the asymptotic behavior of the

scaled amplitudes for ¢ — oo, namely

) ) _ _ 1
tlgglo Jons1(tp1, P2, - - - Dons th2ns1) = tlggo Jons1(P1, T D2, T Dony Do) = 2F)
(4.78)
and
J2n+1 (pla tp?a e 7tp2n7p2n+1) = J2n+l(t_1pl>p2> <oy Pon, t_1p2n+1) = O(t_2)
(4.79)

4.4.4 BCFW reconstruction

As we have mentioned in the previous subsection, the standard BCFW-like de-
formation of the external momenta p; yields deformed amplitudes which behave
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as a non-negative power of z for z — co. As a result, for the reconstruction of
the amplitude from its pole structure we need to use the general reconstruction
formula for which additional information on the on-shell amplitude (its
values at several points) is necessary. However, such an information is not at our
disposal. We solve this problems by the following trick: we relax some demands
placed on the usual BCFW-like deformation and allow more general ones for
which either the reconstruction formula without subtractions can be applied or
additional information on the deformed amplitudes is accessible. The momentum
conservation cannot be evidently avoided, what remains is the on-shell condition
of all the external momenta. It seems therefore to be natural to relax this con-
straint and instead of the on-shell amplitudes My, 5> to use the semi-on-shell
amplitudes Jy, 11, or the cut semi-on-shell amplitudes M, 1 defined as

Mopi1 (1, -+ P2ng1) = p%,2n+1‘]2n+1 (P1,- - Pant1) - (4.80)

Motivated by the results of the previous section let us assume the following
deformation of the semi-on-shell amplitude M,,, .1 in the Cayley parametrization

M2n+1(2) = M2n+1(]91> ZP2, P34 P4y -« o5 P21 P2r+15 ZP2r 425 - -+ 5 Zp2n7p2n+1) (4-81)

i.e. all even momenta are scaled by the complex parameter z and the odd mo-
menta are not deformed

pa(2) = 2pak,  Paw+1(2) = Dokt (4.82)

Note that in contrast to the standard BCFW shift this deformation is possible for
general number of space-time dimensions d. The physical amplitude corresponds
to z = 1. For n = 1 we get explicitly

1

Mg(Z) = ﬁ

(p1 - p3) (4.83)

For general n let us denote the sums of all odd (even) momenta as

p-= Zp2k+17 P+ = szk : (4.84)
k=0 k=1

Then in general case the function My, 1(z) has the following important proper-
ties:

1. With generic fixed p; it is a meromorphic function of z with simple poles.

2. The asymptotics of Ms,1(z) can be deduced form the known properties
of Jant+1, namely for n > 1 we get as a consequence of (4.79)

M2n+1(2’) = (p+2 + p_)2J2n+1(p17 ZP2y .-, Zp2n7p2n+1) = O(ZO)- (485)

3. For n > 1 we have according to known scaling property (4.68)) of Ja,11

e ;Q)H P (4.86)

lim M2n+1 (Z) =
z—0
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The first two properties allows us to write for Ms,1(2z) the reconstruction
formula with one subtraction, i.e. the relation (4.49) with & = 0. The third
property is the key one for the complete reconstruction and determines both
the “subtraction point“ a; = 0 and the “subtraction constant® My, 1(a;) =
p2/(2F%)". The resulting formula read™|

1 Res (M2n+1 Zp) z
Mo, = 2 - — 4.87

where the sum is over the poles zp of My, 1(2). The position of the poles is
known and the corresponding residues can be determined recursively as in usual
BCFW relations, however, there are some subtleties.

The poles zp of My, 1(2) correspond to the vanishing denominators of the
deformed propagators p%(z) = 0, where

pp(2) =pij(2)> =0, for 2<j—i<2n (4.88)

and where j — i is even; in this formula p; ;(z) = zp;fj + p;; with

Pij = Z P2k Pij = Z P2k+1; (4.89)
1<2k<j i<2k+1<j
i.e. pt,isasum of all even (odd) momenta from the ordered set p;, pisi, ..., Di 1, Di-
pZ’J Di; Di+1, yPj—1,DPj

Explicitly for j —i > 2

_ _\1/2
L _(pz—‘t_j' pi,j) + (—G(piw pi,j))
0 +2
D g

(4.90)

where G(a,b) = a®0* — (a - b)? is the Gram determinant, which is nonzero for
generic momenta p;,...,p;. Therefore in the generic case for j —i > 2 we deal
with doublets of single poles.

The case of three-particle poles corresponding to j — i = 2 has to be treated
separately. In this case either piff =0 or p;f = 0 (this sets in for pzfj = Pijy1 O
for p;; = piy1 respectively; let us remind that py are on-shell). In the first case
we have only one pole

(p2j—1 'P2j+1)

22j-1,2j41 = — (4.91)
T P2j - (P2j—1 + Pajy1)
while in the second case we have apparently two poles
Z;rjzjw =0 (4.92)
Gajojin = Fajajre = — (P2; ¥ Pyv2) (4.93)

(ij : p2j+2>

10T et us note, that we could write analogous reconstruction formula directly for the currents
Jan+1 as we did in [142]. In such a case we do not need any subtraction. The price to pay is that
we get two more poles, the residues of which cannot be determined recursively from unitarity.
Fortunately, the relation and the residue theorem can be used in order to obtain the
unknown residues in terms of the remaining ones. The resulting formula is fully equivalent to
7 however it is a little bit less elegant.
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Figure 4.8: Graphical representation of the right hand side of the relation (4.95]).

However z;rjgj 4o = 0 cannot be a pole according to (4.86)) and the corresponding
residue has to be zero.

The residues of the function My, ;(2) are dictated by unitarity and at the
poles they factorize (see Fig. [£.8). Writing for j — i > 2

(zpfy + i) = i (2 = 25) (= = =5)) (4.94)
we get for j —i > 2
My ()M (25)

) (4.95)
p;ff(z;fj — %)

Res (M2n+1, ZZ:EJ) =+

where we denoted

M£Z7])(Zf,tj) = M2n+1—(j—i) (pl(zi:j)7 s ,pz‘—l(Zf,tj),pz‘,j(Zf,tj%ij(zfj)y s ’p2n+1(22:j))
(4.96)
M (z5) = My (0i(55), pia (55), - 03 (). (4.97)
Note that, while the amplitude M é” ) remains semi-on-shell, the amplitude M I(Jf’j )
is fully on-shell, because the deformed momentum p; ;(2) is on-shell for z = zf]
The formula (4.95)) is valid also for the three-particle pole z9j2;12 given by
(4.93). However the pole zg;_12;+1 deserves a special remark because the corre-
sponding residue is determined by the formula different from (4.95)), namely

A @i-125+1)

2j—1,2j+1
M£J ]+)(22j71,2j+1) R (22j71,2j+1) (4.98)

Res <M2n+1a sz—1,2j+1) = 2p+ s
2j—1,25+1 " P2j—-1,2j+1

where Mggl’%“)(zgj,ujﬂ) are given by (4.96) and (4.97) with zfj replaced by

225-1,25+1-

To summarize, we have found a closed system of recursive BCFW-like re-
lations for the tree cut semi-on-shell amplitudes Ms, 1, which consists of the
reconstruction formula , the pole positions , and and the
residue formulae (4.95) and (4.98)). Note that the initial condition for the recur-
sion can be understood as the special case of for n = 1 because then
there is no pole z; ; with 2 < j — 14 < 2 and the sum of the residue contributions
is empty. The physical amplitude My, 1(p1, ..., Pans1) corresponds to z = 1

1 Res (Ms, 11, 2 1
Mo (P Ponst) = Gyt + 3 ( -~ P)l_zp- (4.99)
P
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As a final result we get then using (4.95)), (4.98)), (4.91)), (4.93)) and (4.94))

1
(2F2)"

R
Moni1(p1, ...\ Pong1) = Pr+ ZMéP)(ZP)p—;MI(%P)(ZP). (4.100)
P P

Note that there is an extra function Rp in contrast to the standard BCFW

formula (4.44)), namely

ZP1 for Zp = 2252542
Rp=4 7 for e =aan (4.101)
1 i - -
zI. .—zI ZE. ’L.J for ZP - ZZ:J

For further convenience, we rewrite (4.100) with help of (4.83)) in the following

more explicit form

1
Mapy1 (p1s- -y P2nt1) = (2F2)npz_ +
n—1
2j,2j+2 25 * P2j+2
+3 M (z50500) =R
=1 D2j 2542
- 2j-1,2j+1 1 Dyjigjer Poj-12j11
_ ZMéj j+ )(22%172#1) - J—1.2j+ = 5—1,2j+
= P2 1,241
1
+ — X
Z zh =z
2<g—1<2n "~ bJ 2,]
i 1 i 1—zz_ i, 1 id _1—22'.
(Mé’”<z:j>TMg“<z:j>—z+ L= M ) o My () —— ) .
Pi; ij Pi; Zij
(4.102)
The on-shell amplitude is then
Mo, (1,2,...,2n—1;2n) = —  lim My, 4(1). (4.103)

2
P7,2n—1—0

4.4.5 Explicit example of application of BCFW relations:
6pt amplitude

As an illustration let us apply the BCFW-like recursive relations (4.87)) to the
amplitude M;s(z) = M;5(p1, 2p2, p3, 2p4, ps). In this case we have three poles, all
of them being three-particle, namely

—1
51,3 52,4 53,5
21,3 = 1——, 22,4 = <1 _ N 23,5 =1—-—r (4104)
S1,2 + 823 S2.3 + S3.4 §3.4 + Sa5

where the variables s; ; are given by (4.30]).The residues are given by the relations
(4.95) for 254 and (4.98]) for z; 3 and 23 5. After simple algebra using the explicit
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form of the poles (4.104)) we get

Res (M5, 2 1 1
(Ms, z13) _ (1 — 213)(S25 — So4+ S3.4 — S35) —

(81,5 — S14 — 84,5)

213 -~ 4F4 a
Res (Ms, 23,5) 1 1
Res (M35, 22,4) 1
= - — 525) - 4.105
Py 15 (515 = 14+ 824 — 525) (4.105)

Note that the potential unphysical poles z; ;(pr) = 0 have canceled completely.
We have also

(1=2)7" = fa e (1—z35) " = s34 545 (1—294)" " = 15237 834
o 53,5 52,4
(4.106)

These factors are responsible for setting of the physical poles in the resulting
amplitude. After inserting this to the formula (4.99) we get for the individual
contributions to the semi-on-shell amplitude in the Cayley parametrization

ReS<M57213) 1 _(814+S45_515)(312+823)
7 - 7 ’ ’ 7 ==+ S95 — So4+ S34— S
213(1 = 213) 4F? | S1.3 2,5 — S2.4 1 834 — S35
Res (M5, z35) 1 _(3172 + 825 — 515) (834 + Sa5)
2375<1 — 2375) - 4F2 i S35 + 51,4 51,3 + 523 S2.4
ReS<M5,2’24) 1 -(314+325_515)(323+834)
) SR TS O b sis — St t S 4.107
204(1 — 29.4) iF? | S24 15— S1,4 T S2.4 ( )
—S25 — S2.3 — S3.4]
p? 1
4F_2 = _4F2 [51,3 — S12 — S23+ 815 —S14+ So4 — So5+ S35 — S34 — 34,5] .
(4.108)
Finally we get
4F?M;(1) =
= (s14+ 815 — 515) ($12 + 523) n (s12+ S25 — S1,5)(S3.4 + Sa5) (4.109)
513 83,5
81,4+ S25 — S So3+ S
+< = = 175) ( = 374) + 2815 — S1,2 — S14 — S2,3 — S25 — S34 — S45-

52,4

Taking this amplitude on-shell according to (4.103)), i.e. setting s;5 — 0 and
changing the overall sign, we reproduce the parametrization independent physical
amplitude (4.34]).

4.5 More properties of stripped semi-on-shell
amplitudes

The BCFW recursive relations provides us with a Lagrangian-free formulation
of the tree-level nonlinear SU(N) sigma model in the Cayley parametrization.
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We can use them similarly as the Berends-Giele relations as a tool for the inves-
tigation of further interesting features of the stripped semi-on-shell amplitudes
My, 1 and Jo, 1. As we have already mentioned, these features are not universal
because of the parametrization dependence of My, 1 and Jy,,1, however, their
implications for the fully on shell amplitudes hold universallylﬂ. In this section
we will concentrate on the problem of single soft limits (Adler zeroes) and double
soft limit of the semi-on-shell amplitudes.

The presence of Adler zeroes for the on-shell Goldstone boson amplitudes
M2 (py 0 pay), 1e. validity of the limit

lim M990 (py po oL pay) = 0, (4.110)
p;—0

is a well known consequence of the nonlinearly realized chiral symmetry. More
generally it is an universal (non-perturbative) feature in the theories with sponta-
neous breakdown of a global symmetry. In such theories the amplitudes with one
extra Goldstone boson 7 in the out (or in) state vanishes when the Goldstone
boson become soft, e.g.

lim(f + 7“(p), out|s, in) = 0, (4.111)
p—0

provided the 7 cannot be emitted from the external lines corresponding to the
states |¢,in) or |f,out). In the SU(NN) nonlinear sigma model the Adler zero
is present also for the stripped on-shell amplitudes Mo, (p1,p2, ..., p2n) due to
the leading N orthogonality relations and corresponding uniqueness of the
decomposition (4.11)). However, this property is not guaranteed automatically for
the semi-on-shell amplitudes M, 1 and the soft Goldstone boson behavior can
depend on the parametrization. For instance using the Cayley parametrization,
we find for the amplitude M3 = (p; - p3)/F? the Adler zero for soft p; and ps,
however there is no zero for soft py in general when keeping p, off-shell. For
the same amplitude in the exponential parametrization (cf. ) we have no
Adler zero at all. As we shall show in this section, for the semi-on-shell amplitudes
My, 11 in the Cayley parametrization we can prove, using the BCFW-like relation,
the Adler zero for half of the momenta (namely for those p; with odd index j).
The double soft limit of the Goldstone boson on-shell amplitudes

MOr92-02nt2(p) po L poy1o) is more complicated and has been studied relatively
recently in connection with the regularized action of the broken generators on
the n Goldstone boson states [143]. Motivated by direct inspection of the six
Goldstone boson amplitude in the nonlinear chiral SU(2) sigma model it was
conjectured that provided the two soft momenta are sent to zero with the same
rate, the following limit holds

%g}gMdh(ll(lQ .a2n (tp7 tq p17p27 N ,p2n)

Z fabcfca’dpl (p— Q)Maluﬂi—ldai+l~“a2" (p1,D2, - - -, Pon 4. 112)

2F2 “(p+9q)

where f%¢ are the structure constants. Analogous statement has been then rig-
orously proven for the tree-level amplitudes in the NV = 8 supergravity using

HTet us remind that the on-shell amplitudes are parametrization independent.
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BCFW relations. In fact, for the on-shell amplitudes, the formula (4.112)) can be
proven non-perturbatively under some assumptions for the general enough case
of the theory with global symmetry breaking (including the case of chiral non-
linear sigma model with general chiral group G) using the symmetry arguments
only (cf. the PCAC soft-pions theorems [141]) . We postpone the details to the
Appendix :

In terms of the stripped on-shell amplitudes the relation can be

rewritten as

P_{% Mopio(D1, - Dic1: D4y - - EDj, Pit1, - - - P2nt2)

A2 7,141

1 i+2 * (Di — Di i—1 - \Di — Di
(p 2 (p P +1) _ P (p L +1)) M2n(291, <oy Pi—1,Pid2, - - -p2n+2)-
Dity2 - (pi — Pi+1 Pi-1- (pi — Pi+1
(4.113)

In this section we will prove this relation also for the tree-level semi-on-shell
amplitudes Jo,11 (and consequently for My, ;) of the SU(N) nonlinear sigma
model in the Cayley parametrization using suitable form of the generalized BCFW
representation.

4.5.1 Adler zeroes
In this subsection we will use the BCFW-like relations (4.102]) derived in the

previous section and prove the presence an Adler zero at M,, 1 when one of the
odd momenta, say py_1, is soft, i.e. we will prove that for [ =1,2,...,n+1

Ilfi_Ingl Moni1(p1,p2, - - - s D21—2, tD21—1, P2u41s - - - Pont1) = 0. (4.114)

For the fundamental amplitude M;(py, p2, p3) we have eXplicitlyB

1
M3(tp1, p2, ps) = Ms(p1, p2, tps) = ﬁt(pl -p3) = 0. (4.115)
In the general case the proof of (4.114)) is by induction. Let us assume validity of
(4.114]) for m < n. This assumption also means that, taking the cut semi-on-shell
amplitude My, 1 on shell, i.e. for pi% 41 — 0, the Adler zero is in fact present
at Momi1lon shen = —Mapmia for all momenta, i.e.

15% M2m+1(p1,p2, Ce ,tpj, .. -p2m+1)|on shell — 0 (4116)

for all 7 =1,...,2m + 1 due to the cyclicity of My, 2.

Let us now substitute py_1 — tpg_1 to the right hand side of . Note
that, under such substitution, the position of the poles 29;2;12, 22j-12;41 and
zfj become t—dependent. The t— dependence of the right hand side of (4.102])
is therefore both explicit (due to the explicit dependence on py_1) and implicit
(due to the implicit t—dependence of the poles zp).

12Note however that for t — 0 according to (4.68)).

1
Ms(p1,tp2, p3) — ﬁ(m +p3)?

and therefore the statement analogous to (4.114}) for even momenta does not hold.
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Figure 4.9: Graphical representation of the t — 0 limit of the second term on the
right hand side of (4.102)). The soft momentum is denoted by dashed line in the
case A. In the case B, O(t) indicates the order of the t—dependent z9;2;42.

We will now inspect the behavior of the individual terms under the limit
t — 0. The first term gives finite limit
1
(2F7)

1 2
(2F2)np—|1721—1—>0'

—p® — (4.117)

As far as the second term is concerned, the individual terms of the sum over j
vanish in this limit unless j = — 1. The reason is as follows. For j # [ — 1 (the
case A in the Figure , the kinematical factor pa; - pajia/ pgﬂj 4o as well as the
position of the pole 29 ;42 are t—independent and because tpy_; is placed on the
odd position in M fj 29 +2)(22j,2j+2), we can safel use the induction hypothesis
to conclude that

lim M (22j,2j+2) lpsy_1—0 = 0.

For j = [—1 (the case B in the Figure, the kinematical factor ps; -p2j+2/p§j72j+2
becomes explicitly t—dependent and tends to 1/2 for ¢ — 0, while M fj 2i+2) (2952j+2)
has both explicit (through pojojro = 22j2j12(P2j + P2j+2) + tp2j+1) and implicit
t—dependence. In this case z3j 92,12 = O(t), as can be seen from (4.93)). Therefore,

all even momenta in M£2j72j+2)(22]’72j+2) are scaled by O(t) factor, in the same way
as in (4.68). We can therefore conclude with help of (4.68]) that

o r(202542) L paj-pajr2 L,
%1_{% ML (Z2372]+2)p%j,2j+2 2 - 5371—1 (2F2)np*’p2l71_>0‘ (4118>

The third term on the right hand side of (4.102)) can be treated exactly in the

3Indeed, in general the momenta py(225,2j+2) and pajj+2(22j2j42) are t—independent and
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Figure 4.10: Graphical representation of the ¢ — 0 limit of the third term on the
right hand side of . The soft momentum is denoted by dashed line in the
picture A. In the picture B, we show only the j = [ case, the 7 = [ — 1 case is
treated analogously. O(t) indicates the order of the t—dependent 259, 2.

same way as the second (see Fig. . Also here the individual terms of the
sum over 7 do not contribute with the only exception of j =1 and j =1 — 1 by
induction hypothesis applied to ng_l’QjH)(zgj,ngH) which has for j # 1,1 — 1
only explicit t—dependence. In the remaining two cases j =1 and j = — 1, the
explicitly t—dependent kinematical factors p3. ;5.1 - Poj_1.9j41/P3; 12541 tend
again to 1/2 and within M£2j_172j+1)<22j_172j+1) the even momenta are scaled by
Zoj—12j+1 = O(t) (see (4.91)) and thus (4.68) can be usedE to conclude that

Jr J—
1 D2j—12j+1 " P2j—1.2j+1

=0 2j—1,2j+1

(4.119)
The fourth term on the right hand side of vanish completely in the
limit ¢ — 0. This is easy to see for those terms of the sum over (i,j) for
Whic limy g zf] # 0. In this case either M é” )(zfj) or M g’j )(zfj) have explicit
t—dependence through tpe;—; (which is for M é” )(zz+ ;) on odd position) and thus
the induction hypothesis in the form (4.114) or (4.116)) can be used™| By direct
inspection of we find that the only case for which the above argumentation
does not apply is the case j —¢ = 4 with ¢ even and ¢ < 2] — 1 < j. Here

nonzero.

4Note that, the odd momenta are t—idependent with the only exception of
P2j=1,241(22j-1,2j+1) [pa; 21— tpz,51 the limit of which is pojas.

15t is easy to realize that lim; o zj'j # lim; ¢ z; ; for generic py,.
16 et us remind that Mg’j)(z;fj) is fully on-shell.
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lim;_,q Z; # 0 and so for the “minus” part of this (i,j) term we can use the
induction hypothesis as above. However, the “plus” part might be problematic

because

(P21 - Par—1+2)
zf = — —=t+ O(t?). (4.120)

" (P12 - i)
Using this formula and (4.65) we find after some algebra

MI(%ZJ)(zj_,]) = MS(pZ(Zf,—;)a o tpar—a, - 7p](zf,j)) = O(tQ) (4121)

which shows that also the “plus” part has vanishing t —> 0 hmlt

Putting therefore the only nonzero contributions and (| m
together we get finally

11_1)% Mani1(p1, D2, -+ Par—2,tP2r—1, P2it15 - - - > Pant1)
1 n—1 n
— 2 B
= (2F2)np7|p2171—>0 (1 + ]Zl (5»’1—1 - ]Zl (5j,l —+ 5j,l—1)> — 07

which finishes the proof.

4.5.2 Double-soft limit

Let us now study the behavior of the semi-on-shell amplitude Js,.; in the Cayley
parametrization under the double soft limit, i.e. the case when two external
momenta, say p; and p;, are scaled according to p; ; — tp;; and t is sent to zero.
In this section we will prove, that for 1 <i < j <2n+1

15% J2TL+1 (ph s 7p2n+1) Di—tp;,p;—tp;
1 (pi 'pz'+2) (pz‘ “Pi-1) )
=0;; — Jon_1(p1, -+ Pic1,Pivo .-, P
7,i+1 2F2 (pi+2 . (pi+1 + p1> Dio1 - (pi+1 +pz) 2n 1( 1 1—1 Mit2 ) 2n+1)7

(4.122)

which has an identical form as E The key ingredient of the proof is the
generalized form of the BCF'W representation mentioned in Section [4.3.2 written
for a suitable two-parameter complex deformation of the amplitude Js,,1. Such a
representation allows us to calculate the double soft limit with help of the known
behavior of the poles and corresponding residues in this limit. Useful information
on this behavior can be inferred from the statement concerning the Adler
zeroes proved in the previous subsection.

The above mentioned deformation of J5,,1 can be defined as the following
function of two complex variables z and ¢

ng(za t) = J(pl: s ap2n+1) Pi—tpi,pj—2P; ) (4123)
Indeed,
(pi - Pit2) _ (pi - pi-1) _ 1 <pz'+2 “(pi — piv1) _ Di1- (pi —pi+1)>
Pive (Piv1 +pi)  pic1- Piv1 +pi) 2 \Pive - (i —piv1)  pic1 - (Pi — Piv1)
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therefore
St (L 1) = Jopga(p1s - -+, P2nt1) (4.124)

Various types of the double soft limit correspond then to various ways of taking
the limit (z,£) — (0,0) in the double complex plane (z,t); the limit (4.122)
corresponds to lim,_,o S7;(t,t) = S} J’.O.

For z — oo and t > 0 fixed the following asymptotic behavior holds

Sz‘r,Lj(Z>t) = O(Zo)v (4.125)

as can be easily proved e.g. by induction with help of the Berends-Giele recursive
relations (4.57)). We can therefore write the generalized BCFW relation with one
subtraction in the form (4.49)

Res (S ze4(t) 2z —a
Z — Zk’l(t) ZkJ(t) — CL.

Siy(z,1) = SPya,t) + ) (4.126)
k,l

where a # z;,(t) is a priory arbitrary, however, as we shall see in what follows,
appropriate choice of a can simplify the calculation.

The poles z(t) for k < j <1 correspond to the conditions pj |y, —tp,.p;—zp;, =
0, or explicitly

2
Dy i lpi—tpi,p;—0
ZkJ(t = — : . 4127)
) 2(p; * i) lpistp: (
The residues at the poles zy;(t) factorize
Res (S7';; 2k,(t)) ! [Jont1—(=k) (P15 - -+ s Ph=1: Pis Pig1s - - - P2N+1)
2(pj 'pk,l)|m—>tpi
><]\41—19—&—1 (pka s >pl)|pi—>tpi,pj—>zpj]|z—>zk’l(t)a (4128)

where Ml k+1 is the cut amplitude (4.80f). Namely the latter two formulae along
with (| contain sufficient amount of information for the calculation of the
double soft limit.

Let us first assume ¢ < j where ¢ is odd and j arbitrary. This choice is a
technical one, and as we shall see, the general case can be easily obtained using

the symmetry properties of the amplitude. In what follows we set a = 1 in
(4.126)), the double soft limit then simplifies to

Res (S0 ze0(t)) ¢t —1

S™0 = lim 8™ (¢, 1) = li 4.129
2y tg% 17]( ’ ) tg% t _ Zk,l(t) Zk,l(t) _ 17 ( )
where we have used the existence of the Adler zero for
SPi(L,t) = Janga(p1, - -5 tpis - s P2ng1) and @ odd (cf. (4.114)).
For generic p, there exist a finite limit
2,1(0) = lim 2, (F) # 1 (4.130)

In fact the only nonzero contributions to the right hand side of (4.129)) stem from
the cases for which z;,;(0) = 0. Indeed, for 24 ,;(0) # 0 we get for the corresponding

contribution .

21,1(0)(2£,(0) — 1) =

hm Res (57 2ea(t)) (4.131)
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and, according to , on the right hand side of we get either
B[ M1 (Phs - -5 PO [piostpips ;)| es2i00) = 0 (4.132)
fork<i<j<lor
li_{% Jont1——) (D1 - - t0i, -, p(B, 1)), Prgas - - - s D2ngr) =0 (4.133)

for : < k < j < [. In both cases the complementary factor has finite limit and
therefore

lim Res (S7';; zu(t)) = 0. (4.134)

t—0 ¢

Let us therefore discuss the contributions form the poles for which z;;(0) = 0.
Note that, for generic p, such a pole does not exist provided 7 > ¢ + 2. We can
therefore immediately conclude

St =0 for j>i+2. (4.135)

What remains are the following two alternatives for which the three-particle poles
2 (t) with [ = k 4 2 can vanish in the limit ¢ — 0 (see Fig. |4.11))

1. =14+ 1 and either k =17 or k =17 — 1. In this case either

p?—l,i+1|pi—>tpi,pj—>0 — p?_1 =0 (4.136)

or
Piitalpiostpip0 = Pl =0 (4.137)

2. =1+ 2 and k = 1, in this case
D2 is2lpi—tpipi—0 = Pl = 0. (4.138)

In what follows we will discuss separately the cases j =i+1 and j = i+2. Let us
first study the double soft limit of two adjacent momenta, i.e. j = ¢+ 1 where 7 is
odd. We will investigate the contributions of individual poles z;(t) on the right
hand side of separately. In this case we get for ¢+ > 1 only two potentially

nonzero contributions (i.e. (4.137)) and (4.136))) to the right hand side of (4.129)),

namely
"0 ~ Res (S[fiﬂ; zic1,41 (1)) t—1 _ Res (SZZ-H; ziip2())  t—1
Si e = lim +lim :
’ =0 t—zic1ir(t) Zicipa(t) =1 120 t— 2iiva(t) Ziya(t) — 1
(4.139)
We get for the poles z;_1,41(t) and z;;42(t)
P (t) o pi,k+2|pi—>tpiapj—>0 o t (pl . pT) + O<t2) (4 ]_40)
k,k+2 - = - = ) .
" 2(p; * Proj+2) lpiosts (pj - pr)

where either r = i+2 (for k = i) orr = i—1 (for k = i—1), and as a consequence,

1 t—1 1 (p-p)
t— 2ppi2(t) Zopr2(t) =1 tp. - (pj +pi)

(1+0()). (4.141)
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Figure 4.11: Graphical representation of the ¢ — 0 limit of the three cases (4.136)),

(4.137) and (4.138)) for which z;,() — 0. The soft momenta are denoted by
dotted lines. The multiplicative factors Ky (t) stays for (t—1)/(t—z,(t)) (zri(t)—

1).
We have further

Prp+2(t) = tpi + zkpro(t)pj +pr = pr #0 (4.142)

and therefore in both cases

%i_r)% J2n—1(p1, e 7pk—1,Pk,k+2(t);pk+37 e ,p2n+1) = JQn—l(pl, <oy Pi—2, Di—1, Pit2, - - - ;p2n+1)-

(4.143)
For the remaining ingredients of the formula (4.128) we get
1
M3 (tpi, ziiy2(t)Pis1, Piv2) = ﬁt(])i “ Pit2) (4.144)
1 1
Ms(pi—1,tpi, zie1,i41 (L) piv1) = ﬁzi—l,i—&-l(t)(pi—l “Piy1) = _tﬁ(pi -pi—1) (14 O(1)).
(4.145)

Inserting this into the formulae (4.128]) and (4.139)) get finally for ¢ > 1

gn0 1 < (pi-piv2) (i pic1)

- J2 —-1WP1y -y Pi—2,Pi—1yPi+2, - - -y P2n+1)-
vl 2 Pit2 - (Pit1 + Di) pi—l'(pi+1+pi)> e ’ ' " 1)

(4.146)
In the same way, for ¢ = 1 only the first term on the right hand side of (4.146|)
contributes.

Let us proceed to the case 2. when j =i+2 and z;;,2(f) — 0 for t — 0 is the
only pole which can give nonzero contribution to (4.129). In this case we have

150



n,0 Res (SP0rzii4a(t) -1
Siipe = lim : .
’ =0 b= Ziga(t)  Zige(t) —1
The formulae (4.140} 4.141} |4.142| |4.143)) are still valid with » =i + 1, but now

we have

(4.147)

1
Ms(tpi, piv1, Ziito(t)piv2) = ﬁtzi,i-ﬂ(t) (pi - pir2) = O(t?). (4.148)

which implies S}, = 0.
To summarize, we have for k > 0

P_{% Jon+1(D1s - -y P2ty tP2kt 1, - - - EDjs - oy Pongl) =
1
= 5j,2k+2ﬁ<]2n—1(p17 <oy P2k P2k435 - - - 7P2n+1)
% ( (P2x+1 - Por+3) _ (P21 " P2k) >
Dak+s - (Dokt2 + Pak+1) Dok - D2kt + Dokt1)

(4.149)

and for k=0

. 1 pL-p
1E>%J2n+1(tp17'"atpj7"'7p2n+l):5 ( : 3)

j Jn— P3, .- Pon .
722F? (p2 - p3) + (p1 - p3) -1 (Ps 1)

As it is clear from the above discussion, the “asymmetry” of the latter result
stems from the fact that ps,.s is off-shell and therefore the three-particle pole

corresponding to (p3 + pa + ... + pant1)? = (Pant2 — P1 — P2)? = P3,p0 # 0 does
not contribute.
Because

J(1,2,....2n+1)=J2n+1,2n,...,2,1), (4.150)
we get for j < 2k + 1

Jong1(P1, -+ tDj - P2k tD2k4 15 - - - 55 Pong1) = J2ng1(Pont, - - ED2kt1s P2ks -5 ED5, - - DL)-
(4.151)
On the right hand side of this identity the momentum poy,; stays on the odd
position and thus

gﬂ(l) Jont1(P1s- - tDj o Doks tP2k 1, - - s Do)

1
= 5j,2kﬁt]2n—1 (P1-- - D2k—1,D2k+2, - - - P2n+1)

X (— (P2t Pok-—1) 4 (P2 - Por+2) )

Pok—1* (Pok + Dakt1)  Poak+2 - (Pok + Dokt1)

(4.152)
Putting (4.149) and (4.152)) together the final result (4.122)) follows.
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4.6 Summary and conclusion

We have studied various aspects of the SU(N) chiral nonlinear sigma model
which describes the low-energy dynamics of the Goldstone bosons corresponding
to the spontaneous chiral symmetry breaking SU(N) x SU(N) — SU(N). As
we have shown, the tree-level scattering amplitudes of the Goldstone bosons can
be constructed from the stripped amplitudes, which are identical as those of the
U(N) chiral nonlinear sigma model. It is therefore possible to use this correspon-
dence and to investigate both the SU(N) and U(N) cases on the same footing.
Especially we are allowed to choose any parametrization (field redefinition) of
the chiral unitary matrix U(x) entering the Lagrangian from the wide class of
parametrizations admissible for the extended U(N) case, because the fully on-
shell stripped amplitudes do not depend on the parametrization. For the direct
calculation of the flavor ordered Feynman graphs, the most convenient choice
proved to be the minimal parametrization (4.31]), which we have chosen in order
to calculate the on-shell amplitudes up to 10 Goldstone bosons.

The proliferation of the Feynman graphs with increasing number of the Gold-
stone bosons call for alternative methods of calculation. The more efficient
method is based on the Berends-Giele recursive relations for the semi-on-shell
amplitudes, but due to the infinite number of the interaction vertices in the La-
grangian of the nonlinear sigma model, the number of terms necessary to evaluate
the n—point amplitude grows much faster (exponentially) with n than for the case
of the power-counting renormalizable theories (where the growth is polynomial).

The BCFW recursive relations could make the calculation of the on-shell
stripped amplitude as effective as for the renormalizable theories at least as far
as the number of terms (which is in both cases related to the number of fac-
torization channels) is concerned. However, the standard way of the BCFW
reconstruction is not directly applicable for the nonlinear sigma model because of
the bad behavior of the BCFW deformed amplitudes at infinity. We have there-
fore proposed an alternative deformation of the semi-on-shell amplitudes based on
the scaling of all odd or all even momenta, for which we were able to prove exact
results concerning the behavior of the semi-on-shell amplitudes when the scaling
parameter tended to zero. Using the Berends-Giele recursive relations we were
able to prove this scaling properties for general n—point amplitude. An essential
ingredient of the proof was the fact that the semi-on-shell amplitudes (unlike the
on-shell ones) are parametrization dependent and we could therefore make an
appropriate choice of the parametrization (the Cayley one). We have then used
these exact scaling properties for a generalized BCFW reconstruction formula
(with one subtraction) which determines fully all the semi-on-shell amplitudes
in the Cayley parametrization including the basic four-point one. Putting then
the semi-on-shell amplitudes on-shell we reconstruct simply the parametrization
independent on-shell amplitudes. In contrast to the standard BCFW relations
our procedure is not restricted to d > 4 space-time dimensions.

The BCFW recursive relation are also a suitable tool for investigation of the
properties of the amplitudes. We have illustrated this in two cases, namely we
have proved the presence of the Adler zero and established the general form of the
double soft limit for the semi-on-shell amplitudes in the Cayley parametrization.

The existence of BCFW recursion relations for power-counting non-renormalizable
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effective theory as the SU(N) chiral nonlinear sigma model gives an evidence that
the on-shell methods can be used for much larger classes of theories than has been
considered so far. It also indicates that the SU(N) chiral nonlinear sigma model
is rather special and deeper understanding of all its properties is desirable. For
future directions, it would be interesting to see whether the construction can
be re-formulated purely in terms of on-shell scattering amplitudes not using the
semi-on-shell ones. Next possibility is to focus on loop amplitudes. As was shown
in [113] the loop integrand can be also in certain cases constructed using BCFW
recursion relations, it would be spectacular if the similar construction can be
applied for effective field theories.

4.7 Appendix

4.7.1 General parametrization

In this Appendix we will discuss a very general class of parameterizations of the
U(N) sigma model originally studied in [97], which is suited for a derivation of
the stripped Feynman rules. Within this class the field U(z) € U(N) is expressed

in the form - )
i
= E 2— 4.1

where ¢ = t%¢® |, ¢* are the Goldstone boson fields, t* are the U(N) generators
normalized according to (t%t*) = §% and a, are real coefficients. These coefficients
are not completely arbitrary, because the unitarity condition UTU = 1 implies
the following constraint

> apan_ik(—1)F = 6,0, (4.154)
k=0

For n = 0 we get a3 = 1 and without lose of generality we can set ap = 1. In
order to preserve the correct normalization of the kinetic term and to keep the
interpretation of F' as the decay constant for the fields ¢* we have to fix also
a; = 1.

For n odd the relations are satisfied automatically while for n = 2k
we can solve them for ag, and get a recurrent formula for the even coefficients
expressed in terms of the odd ones

(-1,
Ao — — 5 az — Zl(—].)JCLjCLQk_j. (4155)
j=
This gives up to k =3
1 1
ay = 5&% = 5
1, 1
a, = —5@2 +ajaz = —g + as
1 1 1 1
ag = 5%21, +aias — azay = 16 2% + Ea?’, +as (4.156)
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The explicit solution of the recurrent relations (4.155)) to all orders can be
easily found by means of the following trick. Let us introduce the generating
function f(z) of the above coefficients ay

[e.o]

flo) =) apa*. (4.157)

k=0

The relations of unitarity with the initial conditions ag = a; = 1 are then equiv-
alent to

f=2)f(x) =1, f0)=1, f(0)=1 (4.158)
which represents a functional equations for the generating functions f(x). Let us

define fi(z) to be the even and odd part of f(x), i.e. fu(z) = (f(z) £ f(—2x)) /2.
From (4.158)) we get then

Fol@)? = f (@) =1 (4.159)

fole) = VT T @) (4.160)
The formal series expansion of both sides of the last equation at x = 0 gives the
solution of the recurrent relations (4.155)), i.e. the explicit expressions for ag in
terms of an infinite number of free parameters as;,1. The general solution of the
functional equation (4.158) is then

J(@) = f-(2) + I+ (@) (4.161)

where f_(z) is arbitrary odd real function analytic for = = 0 satisfying f’(0) = 1.
The minimal parameter-free solution corresponds to the choice agpyq = 0 for
k>0, ie. fm™"(z)=xand

or finally

fmin(x) = x4+ V1 + 22 (4.162)

ie. fork>1
) (_1)k+1
121}6111 = 22k—1 Ck—h (4163)
where .
2n
Cn:n+1( g ) (4.164)

are the Catalan numbers.
Another frequently used choices are the exponential and Cayley parameteri-
zations corresponding to fex,(z) and feayley () respectively, where

fexp(x) = €° (4.165)
fCayley(x) = %, (4166)

or in terms of the coefficients ay

= = (4.167)

k!
1 1
Cayley _ __ ~ _— 4.168
Q. 1 +6k,0 ok—1 ( )
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These two parameterizations can be understood as minimal parameter-free vari-
ants with respect to other two possible forms of the general solutions of the

functional equation (4.158]), namely

f(z) = expg(x) (4.169)
and W)
x
@) = 5 (4.170)
where g(z) and h(z) are arbitrary real functions analytic for x = 0 for which
g(x) = —g(==), (4.171)
g(0) = 0, ¢(0)=1 (4.172)
and )
W(0) = Sh(0) # 0. (4.173)

As was proved in [97], for N > 2 the only parametrization from the class
(4.153]) admissible also for SU(N) sigma model is the exponential one. The
reason is that, under the general axial SU(N) transformation

00 . k 00 . k
Ux) = a(\/ﬁi ’) U a<\/§i>U 4174
€] % K 79 A % K 70 ) Ua ( )
which defines corresponding nonlinear transformation of the matrix of the Gold-
stone boson fields ¢ = Zfl\i;l ¢*t* the SU(N) condition for the trace (¢') = 0
is not preserved unless a; = 1/kl. Of course, in the case N > 2 we can use
different admissible parameterizations of SU(N) which, however, do not belong

to the class (4.153) (see e.g. [140]).

Let us now find the stripped Feynman rules. Using the general parametriza-
tion (4.153) we can write the Lagrangian of the nonlinear U(N) sigma model in
the expanded form

n,m=0

£

where we get for v,,, after some algebra (and using the unitarity condition
(4.154])))

—j)ntm
(4F)n+m Z akam+n+2—k(_1>k+1(k5 —-1- m) (4]_76)

k=0

Un,m = (1 + (_1)n+m)

Therefore only the terms with even number of fields survive, explicitly

LO=>"rd, (4.177)
n=0
where
2n
L9 0= vnon (006" - 960 ) (4.178)
k=0
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The usual Feynman rules for the vertices can be easily obtained as a sum over
permutations

ai,...,a2n42 . _ +1 o o(2n
Vonis P (P1:02, -5 Pong1s Pang2) = 2" E (tho@ .. ghonr2)

0E€Son42
2n
X Z Uk,Qn—k(pa(l) : pa(1)+k+1)(4.179)
k=0

The stripped Feynman rule then follows in the form

2n 2n-+2

Voni2 (D1, D2y - -+ Ponst; Panya) = =211 Z Z Ok 2n—k (Di * Ditht1) (4.180)
k=0 i—1

Inserting (4.167)) into (4.176|) we get after some algebra for the exponential parametriza-

tion 1 (D)
-1 (-1 2n
oy = ) 4.181
Ckank = 9 (29 1 2)! ( k ) (4.181)
while for the Cayley parametrization we have Uzcka_{liy?n_%_l =0 and
Cayle (_1)71 1
2hon. 2k = 9F2n 92n+1 (4.182)

Similar calculations can be made also for the minimal parametrization, but the
result is much more lengthy and we will not need it explicitly. Instead we will
rewrite the Feynman rules for the vertex V5,15 with 2n + 2 external legs in terms
of the variables

Sij = Di; (4.183)
where 1 <1< 7 <2n+ 1 and
J
Pij =Y Dk (4.184)
k=i
Here we identify
Son422n4+24+k = Sk+12n+1 (4~185)
Signt2+k = Sktli-1- (4.186)

The scalar products (p; - p;) can be then expressed as

(pi-pi) = sii (4.187)
1
(Pi 'pH—l) = i(si,i—i-l — Sii — Sz’+1,i+1) (4-188)
and for k > 2
1
(pi - Digk) = §(Si,i+k — Siith—1 F Sit1itk—1 — Sit1,i+k)- (4.189)

On-shell we get s;; = 0 and $19,+1 = 0. The stripped Feynman rule in these
variables can be written in the form valid for n > 1

2n+2

2 \"
Varealong) = (1" () L oma 3 s (4.190
k=0 =1
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where

Wo = (—1)"2F" (20020 — V120-1) (4.191)
Wi = (—1)"2F" (208 20—k — Vk—12n41-k — Vkt12n-1-k) for k <n  (4.192)
Wy = (= 1)"2F* (V0 — Uy 1.11)- (4.193)

Within the general parametrization we get from (4.176) and (4.154) after some
algebra
(=1)*

Wi = makﬂa%ﬂ—k- (4.194)

For the above special cases this reads for N > 1

-1 on + 2
o _ 4.195
s 1+5kn(2n+2)!< k1 (4.195)
k

caey - (ZUT 1 4.196
Pk 1+ Opn 227 (4:196)
wia' = whh =0 (4.197)

- 1
Wt = CrChp_1. 4.198
2%-+1,n [ S T ( )
Note that, for the minimal parametrization the coefficients wg’l,iln at s;; = p?

vanish, therefore the stripped Feynman rules for vertices do not depend on the
off-shellness of the momenta in this case. This fact has been observed already
in [104] without calculating the explicit Feynman rules.

4.7.2 More examples of amplitudes
The eight-point amplitude is

8FOM(1,2,3,4,5,6,7,8) =
1 (s12+ 523)(s14 + Sa7)(S56 + S6.7) " (s12+ 523)(S1.4 + Sa5)(S67 + S7.8)

2 51,3557 51,356,8

S12+ S8 S45+ S47+ S56+ S58+ Sg7+ S 1
B ( 1,2 2,3)( 4,5 4,7 5,6 5,8 6,7 778) 42815+ =814 + cycl

51,3 2
(4.199)

and graphically in Fig. f.12] Finally the ten-point amplitude is given by

7K K

Figure 4.12: Graphical representation of the 8-point amplitude (4.199)) with cy-
cling tacitly assumed.
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16F°M(1,2,3,4,5,6,7,8,9,10) = _M{

51,3
1 (81,4 4 54,9) (558 + 56,9) (56,7 + 57,8) n 1(51,4 + 545) (51,8 + S6,9) (56,7 + 57.8)
2 85,956,8 2 81,556,8
n 1(31,8 + 549) (545 + S5.8) (56,7 + 57.8) n (51,4 4 5455) (51,6 + 56,7) (51,8 + S8,9)
2 54,8568 51,5517
(51,4 4 545) (51,6 + S6,9) (57,8 + S8.9) " (51,8 + 54,9) (54,7 + 858) (55,6 + 56,7)
$1,557,9 54,855,7
(81,6 + S4,9)(Sa5 + S56)(S7.8 + Ss.9)
$4,657,9
1(s1,4+ S18 4 S45+ S19 + S5.8 + S6,9)(S6,7 + S78)
2 S6.8
(51,8 + 54,9) (845 + Sa7 + 856 + 58 + 56,7 + 57.8)
S48
(1,4 + 816+ Sa5+ Sa7+ Ss6 + S67)(S1.8 + Ss,9)
S1,7
(1,4 + 51,6+ Sa5+ Sa9 + S56 + S6.9)(S7.8 + Ss,9)
87,9
(51,4 + 545)(S1,6 + 51,8 + 56,7 + 56,9 + 57,8 + S8.9)

S1,5
(51,44 S4,9)(856 + 858 + S6.7 + S6.9 + S7.8 + Ss8.9)
S5.9

+ 2814+ 816+ 2518+ 2545 + Sa7+ 2549+ 2556 + S58 + 2567 + Se9 + 2578 + 238,9}

1(s12+ 814+ S23+ Sa5 + S34+ Sa5)(S1.6 + S1.8+ S6.7 + S6.9 + S7.8 + Ss.9)

2 81,5
+ 5512 + 2514 + cycl (4.200)

with one-to-one correspondence with Fig. |4.13

4.7.3 Relative efficiency of Feynman diagrams and Berends-
Giele relations

In this appendix we review the solution of several types of recursive relations
which count the number of ordered Feynman graphs needed for the semi-on-shell
amplitude J(1,2,...,n) in the nonlinear sigma model and related toy models.

Number of the Feynman graphs

Let us start with the case of nonlinear sigma model, i.e. with the case with infinite
number of vertices in the interaction Lagrangian. The above recursive relations,
which determine the number f(2n + 1) of the (flavor ordered) Feynman graphs
which contribute to J(1,2,...,2n 4 1), are tightly related to the Berends-Giele
relations (4.57)). Indeed, after making the following substitution to (4.57)

i
p%n+2

J(1,2,....2n+1) = f(2n+1), 1, iVaprs = 0, iVappo =1, (4.201)
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N/
/\
|
|

A

Figure 4.13: Graphical representation of the 10-point amplitude (4.200) with
cycling tacitly assumed.

the individual terms on the right hand side just count the number of Feynman
graphs generated from these terms by the iterations of the recursive procedure.
As a result we get for f(2n + 1) the following recursive relation

2k+1

f2n+1) ZZ I1 rni+1), (4.202)

k=1 {n;} i=1

with the initial condition f(1) = 1. In the above formula the sum over {n;} is
constrained by the requirement

2k+1 2k+1
@i+l =2n+1e > ni=n—k (4.203)

i=1 i=1

i.e. it corresponds to the sum over all possible decompositions of ordered set of
2n + 1 momenta to non-empty clusters with odd number of momenta in each

cluster (cf. (4.58) and Fig. [1.3)), i.e. more explicitly

fen+1 Z oI ren+n, fa) =1 (4.204)

k=13 nij=n—Fk i=1

Standard method for solution of this type of recursive relation is based on the
generating function defined as

= i f2n+1)z". (4.205)
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The recursive formula (4.204)) implies the following equation for A(x)

T A3

_ k A2k+1 __
A—l—I—ZIA —1+m

k=1

(4.206)

or B B
T B+122B+1)  9(B) (4:207)

where B = A—1and g(z) = (241)?(22+1). In this form, the problem is prepared
for the application of the Lagrange-Bilirmann inversion formula

e " dnfl . o " dnfl . .
Blx)=>" — T 9(2) =0 = > S D22+ ). (4.208)
n=0 n=1

After straightforward algebra with help of Leibnitz rule we get for n > 1

2n,1n—1 n 2n —k n—1 1
f(2n+1)—TkZ(k+1>( ! >2 =2 gFl(l—n,—2n,2,§),

=0

(4.209)
where oF)(a.(3,7; 2) is the hypergeometric function. In the same way one can
solve the recurrence relations for the number of ordered Feynman graphs for
the semi-on-shell amplitudes J(1,2,...,n) in the cases when only quadrilinear
vertices (“¢* theory”), only trilinear vertices (“¢3 theory”) or both trilinear and
quadrilinear vertices (“¢® + ¢* theory”) are present in the Lagrangian. In the
first case, similarly to the nonlinear sigma model, only J(1,2,...,n) with n odd
can be nonzero, while in the remaining two cases J(1,2,...,n) both parities
of n are generally allowed. Let us denote the number of the Feynman graphs
for J(1,2,...,n) as fi(n), fa(n) and fs14(n) respectively. We get the following
recurrence relations

fi2n+1) = > fa(2ny + 1) fa(2ny + 1) fa(2n5 + 1)(4.210)
T, 150

fs(n) = + i >1f3(n1)f3(n2) (4.211)

) =3 :1f3+4(nl)f3+4(nz) (1.212)

L S ) s foraln) (4.213)

ni+ng+nzg=n, n;>1

with initial conditions f;(1) = 1, j = 3,4,3 + 4. The corresponding generating
functions

Ay(z) =D fa@n+ 12", Asza(r) =Y fysra(n)a” (4.214)
n=0 n=1

then satisfy

A4 = 1+JJA?1, Ag :$+A§, A3+4 :$+A§+4+A§+4. (4215)
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n 21 3 4 5 6 7 8 9 10
f3(n) 1] 2 5| 14 42 132 429 1430 4 862
fata(n) 11 3| 10| 38 154 654 2871 12 925 59 345
faC2n+1) | 3 | 12| 55273 | 1428 | 7752 | 43263 246 675 | 1430 715
f@2n+1) | 421|126 | 818 | 5594 | 39 693 | 289 510 | 2 157 150 | 16 348 960

Table 4.2: Number of flavor ordered Feynman graphs for J(1,...,n) and
J(1,...,2n + 1) in the models of the type ¢3, ¢* + ¢*, ¢* and nonlinear sig-
ma model.

In the second case we get

1—y1—4z 1 -

Ag(z) = — V"0 _ 21 V2 Capyr (4.216)
2 2 — k
and therefore ) ( )
2(n—1
where C), are the Catalan numbers. In the first case, writing
Ay —1 B

r="" - = ! (4.218)

Ai (B4 + 1)3

and using the Lagrange-Blirmann inversion formula we get for n > 0

1 drt 1 3n
m+1)=— 13—y = . 4.21
P+ ) = e e = s () (4.219)

In the third case, we get from
x = Aspa (1 — Azpa — A7) (4.220)

and using the Lagrange—Biirmann inversion formula

1 dn! 1 " 1) dt /1 N/ 1)
fsraln) = nldzn—1 <1—z—22> =0 = n!  dzn-t (zl—z> (Zg_zgi'ZZla

(where z; = —¢, 2z = ¢ —1 and ¢ = (1 4+ 1/5)/2 is the Golden ratio) the result

) = (OSSR (L (200 kY (o

k=0

4 n—1 1
_ <_<_h) T (n - 5) o Fy (1 —n,n,2 - 2n; %) . (4222)

The first twelve members of the above sequences are illustrated in the Table 4.2]

Efficiency of the Berends-Giele relations

We can compare this with the number of terms generated by Berends-Giele re-
cursion. For the nonlinear sigma model, the number of terms on the right hand

side of (4.57) is just
t2n+1)=> Y 1=Y_ 0o ) = P -1 (4.223)
}
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where

1
Fa= = ("= (6= 1)") (4.224)
are the Fibonacci numbers and ¢ = (1 4+ v/5)/2 is the Golden ratio. Therefore,
using the known results for J(1,2,...,2m+ 1) with m < n at each step, we need

to evaluate altogether

n

b(2n+1)=2t(2m+1)—%(¢3¢n— (¢_1)3%>_n

m=1

(4.225)

terms in order to calculate J(1,2,...,2n + 1) using the Berends-Giele recursion.

We show the sequences t(2n + 1) and b(2n + 1) in the first and second row of

Tab.1 respectively.

In the same way we can calculate analogous numbers ¢;(n) and b;(n) for

= 3,4,3 + 4, i.e. for “¢® theory” , “¢® theory” or “¢® + ¢* theory”. For
instance, for t4(2n + 1) we have (see Tab. 1 for numerical values)

1
ta(2n41) = ( n-QH ) L(2n+1) Zu 2m+1) = cn(n+1)(n+2) (4.226)

Note the exponential growth of #(2n + 1) and b(2n + 1) with increasing n in
contrast to the only polynomial growth of ¢4,(2n + 1) and by(2n + 1) .

4.7.4 Other example of scaling properties of the semi-on-
shell amplitudes

In this appendix we prove the following scaling limit
12% J2n+1 (tplap% tp37p47 ) tp?rfla tp2r7 tp2r+1a -y P2N; tp2n+1) =0 (4227)

which is valid for for n > 1. Let us note, however, that

J3(tp1, tp2, tps) = J3(p1,p2sp3) # 0. (4.228)

On the other hand, for N =2 we get by direct calculation
%1_138 J5(tp17 tp?? Ip3, P4, tp5) = 1151_{% J5(tp17 D2, tp37 D4, tp5) =0 (4229)

and we can therefore proceed by induction based on Berends-Giele relations al-
most exactly as in the case of the proof of . The only modification here is
that, along with the “dangerous” contributions without blocks J(jx+1, ..., jr+1)
where ji is even and jri1 — jr > 1 attached to the odd line of the vertex
Vima1(provided at least one such a block is present, the contribution vanish either
by the induction hypothesis or by ) we have to discuss separately new type
of “dangerous” terms with building block J(pa,_1, par, par+1) (this block does not
vanish due to (4.228])). The “old” dangerous terms do not in fact contribute as
was already discussed within the proof of . The “new” dangerous terms
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have the following general form

1
3 1V2k+2(p1,p2,2j1,p2j1+h ooy P2ji+2,20—25 P2r—1,2r4+15 D2r 42,2544 - - -
2N+2

<5 P2j_1,2n, P2n+1, —P1,2n+1)
X J(pl)J(2, R 2j1)J(p2j1+1) ce J(Zjl + 2, cee 2r — 2)
X J(p2r—1>p2rap2r+1)z](2r + 2, ce ,2jl+1) cee J(ij_l, PN QH)J(an_H). (4230)

Note that, pa,_1 2,41 is attached to the odd line of the vertex Vo2 and scales as

P2r—12r+1 = tP2r—1,2r41 (4.231)

i.e. in the same way as the remaining momenta attached to the odd lines of the
vertex. The vertex being proportional the squared sum of the odd line momenta
scales therefore as O(t?), and the contribution of the “new” dangerous terms
vanish. This finishes the proof.

4.7.5 Double soft limit of (Goldstone boson amplitudes

In this appendix we will discuss the properties of the on-shell scattering ampli-
tudes of the Goldstone bosons, which are dictated by the symmetry, namely the
limits of the amplitudes for soft external momenta. Some of these properties have
been obtained in the special case of pions by PCAC methods in the late sixties
(see e.g. [141]). Here we enlarge and reformulate them in a more general form
appropriate for our purposes with stress on the proof of the double soft limit
discussed recently for pions and N = 8 supergravity in [143].

Let us assume a general theory with spontaneous symmetry breaking accord-
ing to the pattern G — H where the homogeneous space G/H is a symmetric
space, i.e. the vacuum little group H is the maximal subgroup invariant with
respect to some involutive automorphism of G (“parity”). This implies the fol-
lowing structure of the Lie algebra of G

[Ta7 Tb] — if%bcTC
[Ta> Xb] — if}z{chc
(X X" = iFabere, (4.232)

Here T and X® are the unbroken and broken generators respectively and f&¢,
f#e and F¢ are the structure constants. The chiral nonlinear sigma model is a
special case for which f&b¢ = fabc = pabe = fabe,

The invariance of the theory with respect to the group GG can be expressed in
terms of the Ward identities for the correlators in the general form

n

ip" (Ve(p)O1(p1) - - Onlpn)) = = Y _i(O1(p1) - - 840i(pi + ) - .. On(pn))

- (4.233)
ip"(A%(p)O1(p1) - .. Onlpn)) = — Z (O (p1) ... 6%O0s(ps + ) - .. On(pn))-
- (4.234)
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Here Vi (x) and Af.(z) are the Noether currents corresponding to the generators
T and X respectively (in analogy with the chiral theories we will call them vector
and azial currents in what follows and to the Ward identities and
we will refer to the vector and azial WI) | O;(z) are (generally composite) local
operators, 040;(z) and §%O;(x) are their infinitesimal transforms with respect to
the generators T* and X* . The tilde means the Fourier transform

Oi(p) = /d4:veip'$0i(m). (4.235)

According to the Goldstone theorem the spectrum of the theory contains as
many Goldstone bosons 7¢ as the broken generators X* for which the currents
Af(x) play the role of the interpolating fields, i.e.

(01 A% (0)|7*(p)) = ip F6. (4.236)

where F'is the Goldstone boson decay constant. Let as denote M (py, ... p,)
the on-shell scattering amplitude of the Goldstone bosons 7 (py), ..., 7" (p,). In
what follows we will concentrate on the properties of M % (py, ..., p,) dictated
by the symmetry, i.e. those which are encoded in the WT ([4.233)) and (4.234)).

Vector WI and symmetry with respect to H

The invariance with respect to the unbroken subgroup H implies
Z FRb M- aimbaian (py - p) = 0. (4.237)

This can be understood as the consequence of the vector WI of the form
—ip" (Ve ()AL (pr) . A (pa)) = = D (A% (p1) ... 65 A% (p+ i) ... A (p))
i=1
(4.238)
Note that the infinitesimal transformations §*V,? and §°A% of these currents with
respect to the generator T of the unbroken subgroup H are as follows

0FAL = —fRCA; (4.239)
GV = —feve. (4.240)

Because there is no pole for p — 0 in the correlator on the left hand side of
(4.238), we get in this limit

Zf“‘“ (A (pr) .. A (pi) .. A (p)) = 0. (1.241)

Using the LSZ formula we get according to (4.236))

Aa Kan - 1 ai...an ai...

(A% (py) ... A% (p,)) = (HEZM) M= (py, ... pa) + B2 (4.242)
i=1 i

where Z,, = iF'p;,, and the remnant R} is regular on shell in the sense that

lim (sz) Ry = (4.243)

p—>0

which implies (4.237)) for the on-shell amplitude M (py, ..., pp).
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Figure 4.14: Graphical representation of the singular contributions to the matrix

element (4.244)).

Soft vector current singularity

Let us assume now the following matrix element

(Ve (pr) .7 (pi) -7 (pn)- (4.244)

In what follows we will discuss the behavior of this object in the limit p — 0.
On the level of the Feynman graphs, the only singularities in the soft limit p — 0
are those which stem from the one-Goldstone-boson-reducible graphs for which
the vector current Vii(p) is attached to the external Goldstone boson line. The
potential singularities are therefore of the form (see Fig. [4.14])

(T2 (0)6™ ()| () 1A (p — pi) 2 (™ (O)|7™ (p1) .- 7 (pi) .. 7" (pu)) 1

(4.245)
where the subscript 1PI means one-Goldstone-boson-irreducible block, the hat
means omitting of the corresponding particle, ¢*(x) is the Goldstone boson in-
terpolating field normalized as

(0l¢" (0)|=* (p)) = 6 (4.246)

and A%%(q?) is a Goldstone boson propagator. For ¢*> — 0 we have

5ajak

A% (q?) = 2 (14+0(g%) - (4.247)

As a consequence of the Lorentz invariance, invariance with respect to H and
LSZ formulae we have

(Vi (p)g™ ()7 (p:))1pr = 1Y Fy (0°) (2 — p)u+ O(p —pi)?)  (4.248)
where Fy/(p?) is the on-shell vector form-factor defined ad™
(1 (p — p) |V (0) |7 (0)) = 15" Fy () (20i — D) (4.249)
We can fix the normalization of the vector currents V! in such a way that

Fy(p?) =14+ O(p?). (4.250)

8The form of the right hand side is dictated by H-invariance, Bose and crossing symmetry.
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Analogously we have

—

(™ (0|79 (p1) . .. w9 (p;) . .. T (py)Vpy = MOti—1asaisian(p 5 VL O((p — pi)°).

(4.251)
Using (p — p;)* = —2(p - pi) + p* and putting all the ingredients together we get
forp — 0

(Vep >|7r“1<p1> () . T ()
Z faal 2pz ) M @i—1daiy1...an (pla o 7pn) + O(l)

2(p - pl)
(4.252)

Axial WI and Adler zero

To illustrate the method which we will use in the next subsection, let us briefly
recapitulate the textbook example of the derivation of the Adler zero for the
amplitude M (py,...,p,) (see e.g. [144]). Let us start with the axial WI in
the form

n

— ip" (AL (p) A% (pr) .. A (pa)) = = D H(AL (pr) ... 6% AL (p+pi) .. A (p))

=1

(4.253)
where now
0 A, = —F™Vy
SR VP = e Ac. (4.254)

Applying on both sides of (4.253) the LSZ reduction to all but one axial currents,
we get the conservation of the axial current in terms of the transversality of the
matrix element of Af between the initial and final states |i) and (f]|

— ip"(f] A% (p)li) = 0. (4.255)

On the other hand from (4.242)) we get the Goldstone boson pole dominance for
2
p°— 0

: Ta v L e/ oupa
— W AW = Sp 2 + T )i) — "B g (4.256)
where Z,, = iFp, and the remnant R ;; is regular in this limit
lim p? : 4.2
M p* R, g =0 (4.257)

Putting (4.255) and (4.256) together we get for the amplitude with emition of
the Goldstone boson 7%(p) in the final state

(f + 7 W)i) = 0 B (1.258)

Provided the following stronger regularity condition holds

hm p”RH ri =0, (4.259)
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we get
(f +7*(0)]i) =0, (4.260)

i.e. the Adler zero for p — 0.
An useful off-shell generalization of the formula (4.256)) reads

— ip" (A% (p) AL (p1) ... A (p,)) = iF (°(p)| AL (p1) . .. A% (p)) — ip" RS

(4.261)
where
phTo PPRYM - = 0. (4.262)
and using the Ward identity (4.253|) and (4.254)) we get
F(?T“(p)lﬁal( 1) ﬁ“”( n))
= PRI 4 ZFW A% (). VE(p+pi) .. A% (p,)).  (4.263)
Double soft limit
Our starting point is the axial WI (4.253) rewritten in the form
— i (AL AL (@A (1) . A (p)) = =AY D+ @) AL (1) Al (p)
=D WA AL (pr) . 0% A (p+pi) - Al (pa))
=1
(4.264)

Multiplying then both sides by —ig” and using the axial WI (4.253)) once again
we get

—pq” (A2 (p) AL (@) A% (p1) ... A (p))
= ¢ FVE(p+ ) A% () ... A% (p,))

n

Y P A (). T+ )V (e p) - A ()

i;éji j=1
+ Z Feose fRel (A% (py) ... AL (p+q+pi) ... Al (pa)). (4.265)
The left hand side of (4.265)) is symmetric with respect to the interchange of

(p,a) <> (q,b); its right hand side can be therefore rewritten in the manifestly
symmetric form

P AP A @A (1) - AL (b)) (4.266)
- _%<p q)" F(V(p + @) A% (p1) - .. A (pa))
s Z pose o (o (p1) |V (pi+q) . VE (p+py) ... A2 (p)
i#£j;1,5=1

4= Z F(lachde + Fbaleacd) <Aal( ) gﬁl (p +q+ ]%) e gzz (pn)>
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On the other hand, the LSZ formula gives for p?, ¢*> — 0

() A A (pr) . A (p)) = 3 ;mmzw»%<0\Af;\7rd<q>>

c,d
X (m(p)r (@) AL (pr) - .. Agr (pa)) + Ry
(4.267)
where the regular remnant satisfies
lim p’¢*Ri = 0. (4.268)

p2,q2—0

Therefore, using we get
¢ (A% (p) A (@) At (p1) .. Al (pn)
= F2< “(p)m°(q)| A% (p1) ... A% (p,)) — p"q” Re% (4.269)

On the other hand applying the LSZ reduction to (4.265] [4.266|) (let us note that
only the first terms on the right hand side has the appropriate poles at p?, ¢*> — 0)
we get

P (A () AL (q) |7 (1) - .. 7 (pi) . T (D))
= ¢'F “bc<‘ff(p+Q)IW“1(p1) 7 (pi) - 7 (pn)
= PFVip+Qlr™ (pr) .7 (pi) - 7 (pn))
= —%F“bc(p — " (Velp+ )l (p1) ... 7 (i) ... 7 (pa))  (4.270)

and as a consequence of LSZ reduction of (4.269))
F¥r(p)n"(@)l7 (p1) - .. 7 (pi) - 7 (D))

= —%F“bc(p — )"V + Q)|n™ (p1) ... 7 (pi) ... 7 (pn)) + "¢ R | sz
(4.271)
According to we have for p,q — 0
—%Fab%p - q>“<Vc<p FQIT (1) 7)o ()
_ = abe cal — P Q) (p — q) — 7Td ] ran _
- ZF e ) w7 () + O = a)
= — Z F“bcfc“’dpz P ;W” (1) 7 (pi) ... 7 (pn))
P’ —q
o (p R q)) 2
For p? = ¢*> = 0 we finally get
F2< “( )7 (g )I?T‘“(pl) 7 (pi) 7 (pn)
= Z P B e ) ) )
+p q”R“V sz +0(p—1q). (4.273)
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Pr0V1ded condition stronger than ( m ) holds, namely limy, ;0 p"q” Rib | Lsz =
(cf. m we get as a result

lim F02<7T“(tp)7rb(tq)|7T“1 (p1) .. 7% (pi) ... 7" (pp))

= —= Z Fabef c‘“d%(ﬂ‘“ (p1) ... 7% ps) ... 7™ (pn)).  (4.274)

For the chiral nonlinear sigma model corresponding to the symmetry breaking

G x G — G, we have F¢ = f@¢ = f2¢ and we get the formula (4.112)) as a

special case.
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Conclusion

Quantum Chromodynamics is a theory that accurately describes the sector of
strong interactions of the Standard model. However, it is a strongly coupled
theory and the fundamental degrees of freedom — quarks and gluons are not
physical degrees of freedom at low energies. We are forced to use the effective
field theory approach to be able to do any calculations.

In this thesis we studied different aspects of effective field theories for QCD.
In first two chapters we worked in the context of the effective field theory for
resonances. In the first chapter we calculated the SS-PP correlator at one-loop
and matched the result with low energy expansion in Chiral perturbation theory
and high energy OPE and obtained both the resonance saturation of low energy
constants as well as non-trivial constraints between resonance couplings. In the
second chapter we focused on more conceptual problem of one loop renormaliza-
tion and dynamical generation of new degrees of freedom that do not propagate
at tree-level. We showed that this indeed can happen even inside the resonance
region. In the last chapter we studied the tree-level amplitudes in the non-linear
sigma model which serves as a leading order low energy effective field theory for
QCD. Inspired by BCFW recursion relations in Yang-Mills theory we constructed
the recursion relations for all tree-level amplitudes using the non-trivial behav-
ior of amplitudes under certain shifts. This provides further insight on the well
known theory.
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