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Autor: Robert Švarc
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Supervisor: prof. RNDr. Jǐŕı Podolský, CSc., DSc., Institute of Theoretical Physics

Abstract: In this work we study various aspects of the behaviour of free test particles in Einstein’s
general relativity and analyze specific physical properties of the background spacetimes. In the
first part we investigate geodesic motions in the four-dimensional constant curvature spacetimes,
i.e., Minkowski and (anti-)de Sitter universe, with an expanding impulsive gravitational wave. We
derive the simple refraction formulae for particles crossing the impulse and describe the effect of
nonvanishig cosmological constant. In the second part of this work we present a general method
useful for geometrical and physical interpretation of arbitrary spacetimes in any dimension. It
is based on the systematic analysis of the relative motion of free test particles. The equation
of geodesic deviation is rewritten with respect to the natural orthonormal frame. We discuss
the contributions given by a specific algebraic structure of the curvature tensor and the matter
content of the universe. This formalism is subsequently used for investigation of the large class
of nontwisting spacetimes. In particular, we analyse the motions in the nonexpanding Kundt and
expanding Robinson–Trautman family of solutions.

Keywords: Geodesics, gravitational waves, algebraic classification of spacetimes, Kundt spacetime,
Robinson–Trautman spacetime.



CONTENTS

1 Introduction 1

2 Geodesics in impulsive gravitational waves 5

Paper I: Refraction of geodesics by impulsive spherical gravitational waves in constant-

curvature spacetimes with a cosmological constant 7

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
Expanding impulsive waves in constant-curvature backgrounds . . . . . . . . . . . . . . 8
Geodesic motion in spacetimes with expanding impulsive waves . . . . . . . . . . . . . . 9

Geodesics in the backgrounds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
Explicit continuation of geodesics across the impulse . . . . . . . . . . . . . . . . . 10
Geometric interpretation and refraction formulae . . . . . . . . . . . . . . . . . . . 12
Privileged exact geodesics Z = const . . . . . . . . . . . . . . . . . . . . . . . . . . 14
Junction conditions in the five-dimensional representation of (anti-)de Sitter space 15

Geodesics crossing the impulse generated by a snapped cosmic string . . . . . . . . . . . 16
Explicit junction conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
Analysis and description of the resulting motion . . . . . . . . . . . . . . . . . . . 18
Effect on particles comoving in de Sitter space . . . . . . . . . . . . . . . . . . . . 22

Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

3 Geodesic deviation in higher dimensions 27

Paper II: Interpreting spacetimes of any dimension using geodesic deviation 29

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
Equation of geodesic deviation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
Canonical decomposition of the curvature tensor . . . . . . . . . . . . . . . . . . . . . . 31
Effect of canonical components of a gravitational field on test particles . . . . . . . . . . 33
Uniqueness of the interpretation frame and dependence of the field components on the

observer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
The effect of matter on test particles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
An explicit example: pp-waves in higher dimensions . . . . . . . . . . . . . . . . . . . . 37
Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
Appendix A: Relation to complex notation in D = 4 . . . . . . . . . . . . . . . . . . . . 40
Appendix B: Relation to other notations used in D ≥ 4 . . . . . . . . . . . . . . . . . . 41
Appendix C: Lorentz transformations of the null frame and the changes of ΨA... . . . . 42



viii CONTENTS

4 Properties of general non-twisting geometries 47

4.1 Geometric description of the spacetimes . . . . . . . . . . . . . . . . . . . . . . . . 47
4.2 Optical scalars . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
4.3 Riemann and Weyl tensors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
4.4 Einstein field equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
4.5 Explicit null reference frames . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

4.5.1 Natural null frames . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
4.5.2 Interpretation frame . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

4.6 Geodesic deviation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
4.6.1 The null frame components of the Weyl tensor . . . . . . . . . . . . . . . . 59
4.6.2 Geodesics and parallel transport of the frame . . . . . . . . . . . . . . . . . 62
4.6.3 On general algebraic type . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

5 Kundt spacetimes 63

5.1 Geometry of the Kundt spacetimes . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
5.2 Applying the field equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
5.3 Geodesic deviation in general Kundt spacetime . . . . . . . . . . . . . . . . . . . . 67
5.4 Properties of pp-waves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

5.4.1 Vacuum pp-waves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
5.5 VSI spacetimes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
5.6 The simplest gyratons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

6 Robinson–Trautman spacetimes 79

6.1 Geometry of the Robinson–Trautman spacetimes . . . . . . . . . . . . . . . . . . . 79
6.2 Geodesic deviation in the Robinson–Trautman spacetimes of general dimension D 81

6.2.1 Riemann and Weyl tensors . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
6.2.2 Equation of geodesic deviation . . . . . . . . . . . . . . . . . . . . . . . . . 84

6.3 Geodesic deviation in higher dimensions . . . . . . . . . . . . . . . . . . . . . . . . 86
6.4 Geodesic deviation in four dimensions . . . . . . . . . . . . . . . . . . . . . . . . . 88

7 Conclusions 91

Bibliography 93



CHAPTER

1

INTRODUCTION

A hundred years ago, in July 1912, Albert Einstein left Prague after his sixteen months appoint-
ment as a regular professor at the German Charles–Ferdinand University. During this stay he
found the basic ideas of his future gravitational theory. Yet, it took him another three years until
general relativity was completely finished (see the original paper [1]) and brought a fully new
viewpoint into the understanding of such fundamental concepts as space, time and gravity.

In this theory, the three dimensional space is inseparably connected with the time dimension,
and together they form the unified continuum called spacetime. In Einstein’s description, the
coordinates lose their directly measurable meaning, and the extraction of physically important
information becomes more complicated. The effects of gravity elegantly correspond to the curva-
ture of the spacetime which is naturally induced by the presence of matter and energy. On the
other hand, the spacetime curvature necessarily induces motion of the matter distribution, and
the theory thus becomes nonlinear. The gravitational field represented by such curved spacetime
then, in the mathematical terms, corresponds to the manifold with Lorentzian metric. Its ten in-
dependent components have to satisfy a set of nonlinear partial differential equations of the second
order describing the Einstein gravitational law. Due to the inherent nonlinearity, it is obviously
difficult to analytically solve these field equations except in very special cases which are usually
characterized by a high degree of symmetry. Therefore, perturbative approaches, or recently also
sophisticated numerical simulations, are often used to study the more realistic astrophysical situ-
ations. For pedagogical descriptions of the Einstein gravity theory and the related topics see, e.g.,
the textbooks [2, 3].

In spite of the mathematical difficulties and the necessary idealizations, the role of exact
analytical solutions of Einstein’s field equations is really essential. They bring more profound
insight into the structure of the theory, and help to elucidate the completely new aspects which
follow from the understanding of gravity as an inherent property of the surrounding space and time.
Such “exotic” phenomena as the black holes, bending of the light rays, evolution of the universe,
and gravitational waves were first introduced by investigations of specific exact solutions. The
detailed summary of the known four-dimensional exact spacetimes can be found in the classical
book [4], and physical interpretation of the most important of them in the work [5].

Let us briefly mention some of the most interesting effects predicted by the Einstein general
relativity. The examples listed below of the completely new physically relevant effects have been
tested precisely and confirmed during the last century, and they established the general relativity
as the best fitting theory of gravitation that we know. However, unification of the general relativity
with the quantum theory still remains an open problem.
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Einstein’s work was initially motivated by the anomalous precession of Mercury which was
immediately explained using his new theory [6]. In the case of Mercury the relativistic correction
is only approximately 43 arc seconds per century. However, such effects are much stronger in the
recently discovered compact and massive systems of binary neutron stars, e.g., the periaspis shift
of the binary pulsar PSR 1913+16 is about 4.2 arc degree per year, and for the double pulsar PSR
J0737+3039 is about 16.9 arc degree per year.

The influence of a gravitational field on the propagation of the light rays was already studied
by Einstein during his Prague stay [7]. The first direct test of general relativity thus naturally
became the measurement of the light bending which Eddington realized during the total solar
eclipse in 1919. The specific deflection of light rays caused by the strong gravitational field of the
compact masses such as galaxies is nowadays used for exploring the deep universe (gravitational
lensing). In the case where the lens is created by a star, the effect of light bending can be used
for the detection of exoplanets possibly orbiting the lensing star (gravitational microlensing).

Another important relativistic prediction is the existence of objects so massive and dense
that everything, even the light, is prevented from escaping out of the surrounding area called
event horizon. The exact spacetime describing the simplest (static and spherically symmetric)
such object was (surprisingly) the first nontrivial solution of the Einstein equations found by
Schwarzschild in 1916, see [8]. However, this geometry was better understood much later during
the golden age of general relativity in the sixties. More realistic rotating generalization was
presented by Kerr [9] in 1963. In our universe, these “black holes” can be formed as a final state
of the evolution of sufficiently massive stars when the internal pressure is not able to resist the
star’s own gravity. The supermassive black hole (about four millions solar masses) is observed
indirectly via the motion of orbiting stars in the center of the Milky Way Galaxy, and reside in
the centers of almost all galaxies.

The Einstein gravitational law can be also applied for simplified global modeling of the whole
universe. Employing the observed large scale isotropy and homogeneity of the known surrounding
space, the general relativity immediately predicted the non-stationary evolution since the possibly
static Einstein solution found in 1917 is not stable under perturbations. The universe is thus
necessarily either expanding or collapsing (for the review of the first cosmological attempts see
the work [10]). In 1929, the expansion of the universe was experimentally discovered by Hubble’s
measurements of the red-shift of the light emitted by distant galaxies, which is proportional to
the distance between the source and the observer.

One of the most fascinating features of Einstein’s relativity is the propagation of the gravi-
tational interaction with the finite speed of light in the form of weak ripples in the curvature of
the spacetime. Their existence was predicted by Einstein using the weak field limit in 1918, see
[11]. The particular example of large exact family of gravitational waves was subsequently found
by Brinkmann [12], however, the physical meaning of these solutions was understood much later.
The gravitational waves have quite similar properties as the electromagnetic waves. They are
transverse and (in four dimensions) have two independent polarization modes. The main differ-
ence is that the electromagnetic waves are of dipole character while the gravitational radiation is
quadrupole. Typical astrophysical source of the gravitational waves is thus an asymmetric col-
lapse of a star (ideally the explosion of supernova). Gravitational waves are also produced by the
system of two massive objects orbiting each other. General relativity then predicts that during
this motion the orbital energy is converted into the radiation and emitted away in the form of
ripples in the curvature. This necessarily leads to the decrease of the orbital period, and finally to
the merging of the orbiting objects. The first discovered system of this type was the binary pulsar
PSR 1913+16 detected by Hulse and Taylor using the Arecibo antenna in 1974. It consists of two
neutron stars with the orbital period 7.75 hours. The measured decrease of this period is about
76.5 microseconds per year. By the precise observations of this binary system during the following
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years it was shown that the cumulative decrease of the orbital period exactly corresponds to the
predictions given by the Einstein general relativity. Such measurements thus give us an indirect
but very strong evidence of the existence of gravitational waves, and the discovery made by Hulse
and Taylor was awarded the Nobel Prize in 1993.

The first attempts to directly detect the gravitational waves were performed by Joseph Weber
in the late sixties using his own resonance detectors which were able to measure the relative
deformations caused by the wave of the order 10−16. Although the sensitivity was pretty high,
the gravitational waves were not detected. The current models for the possible wave amplitudes
from the common astrophysical sources predict the relative deformations about 10−22 and lower.
This sensitivity corresponds to the measurements of the distance between the Sun and the Earth
with the precision a single atom.

In the last decade, there has been a considerable effort dedicated to the direct detection of
gravitational waves. The international network of detectors containing LIGO observatories in the
United States, VIRGO in Italy and GEO 600 in Germany, has been built. However, even using
these huge ground interferometric detectors with sensitivity about 10−22, the gravitational waves
have not yet been directly observed. Nowadays the LIGO and VIRGO detectors are upgraded for
the higher sensitivity up to 10−23 (Advanced LIGO) which should lead to the significant increase
of the possibly detectable sources. Also, the future space project of the European Space Agency
called the New Gravitational wave Observatory (NGO) should be prepared for launch in 2020. In
fact, it is based on the revised previous project LISA of ESA and NASA. The direct detection of
gravitational waves should thus be expected in the following years.

Regardless of these observable astrophysical and cosmological consequences of general relativ-
ity, our work presented in this thesis has purely theoretical character. We are mainly interested
in the physical interpretation of exact solutions of Einstein’s field equations in any dimension. A
special attention is paid to the idealized models of gravitational waves and to the interactions
of such waves with geodesic observers. We hope this may help us to understand the theory of
gravitational radiation in four and possibly any higher number of spacetime dimensions.

In the first part (Chapter 2) we analyze the behaviour of freely falling test particles in the four-
dimensional spacetimes of constant curvature with an expanding impulsive gravitational wave. The
class of solutions can be obtained as a null limit of two point masses accelerated in opposite direc-
tions, see [5]. We provide a detailed description of the observer’s transition across the expanding
wave surface with the δ-distribution profile. The effects given by the presence of a nonvanishing
cosmological constant are also discussed.

In the second part we introduce the general method describing the relative motions of free
test particles in an arbitrary spacetime of any dimension (Chapter 3). This method can be
useful for a deeper understanding of the specific properties induced by the particular algebraic
structure of the given spacetime. We demonstrate that the Weyl components cause the specific
effects corresponding to their boost weight. In Chapter 4 we apply this method to investigation
of the general nontwisting D-dimensional class of spacetimes. In Chapter 5 we investigate the
relative behaviour of geodesics in the shearfree and nonexpanding Kundt class. The properties
of important subclasses, namely pp-waves, VSI spacetimes and simple gyratons, are discussed in
detail. In Chapter 6 we analyze the relative motion in the nontwisting, shearfree, and expanding
Robinson–Trautman family of solutions. The differences between four and any higher dimension
are described from the viewpoint of the geodesic observers.





CHAPTER

2

GEODESICS IN IMPULSIVE

GRAVITATIONAL WAVES

In this chapter we analyze geodesic motion in spacetimes of constant curvature with an impulsive
spherical gravitational wave. Our results are presented in the form of the paper Refraction of

geodesics by impulsive spherical gravitational waves in constant-curvature spacetimes with a cos-

mological constant which was published in Physical Review D in 2010, for a full citation see [13].

In the classical work [14] Penrose described an elegant geometric construction of impulsive
gravitational waves. This approach is the so-called “cut” and “paste” method which is based on
the identification of two pieces of Minkowski spacetime with a suitable wrap, obtaining thus an
impulsive wave surface. Later Nutku and Penrose in [15] and Hogan in [16, 17] found explicit
continuous coordinate systems covering the whole spacetime, i.e., both Minkowski halfspaces and
the bordering impulsive surface. These results were extended for the case of a nonvanishing
cosmological constant in the works of Hogan [18] and Podolský and Griffiths [19, 20]. More details
and references can be found in [5].

The geodesic motion in such impulsive spherical gravitational waves propagating on a flat
Minkowski background spacetime was studied by Podolský and Steinbauer in [21]. Their main
attention was paid to an important family of explicit continuous Z = const. geodesics.

We subsequently investigated a more general class of C1 geodesics, i.e., continuous curves
with continuous first derivatives. Our results naturally cover and extend the previous case of
Z = const. geodesics on a flat background described in [21], and also generalize the discussion for
motion affected by a presence of an arbitrary cosmological constant, i.e., for de Sitter or anti-de
Sitter backgrounds.

Using only the assumption that these geodesics belong to the C1 class, and employing an
explicit form of coordinate transformations between the continuous coordinate system and natural
background coordinates on the subspaces “in front of” and “behind” the impulse, we found a simple
refraction formulae fully describing the effects of the wave. These relations identify position and
velocity of an observer before its interaction with the impulse, i.e., on the border of the halfspace
“in front of” the wave, with those resulting from the influence of the impulsive gravitational wave,
i.e., on the border of halfspace “behind” the impulse. Because the geodesics in the background
spaces of constant curvature are well known, these refraction formulae thus completely describe
the behaviour of continuous C1 observers in Minkowski, de Sitter and anti-de Sitter universe with
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arbitrary impulsive spherical gravitational waves.
We also apply the derived refraction relations to the axially symmetric case of an impulse

generated by a snapped cosmic string. The influence of the wave on free test particles than results
in focusing of particles in the directions of moving ends of the snapped string. These effects depend
only on the initial positions and velocities of the particles, and on the deficit angle characterizing
the cosmic string. Combination of a homogeneous expansion given by the presence of a positive
cosmological constant in de Sitter background spacetime and the refraction effects of the wave
was also described.

These results provide us with a physical and geometrical intuition of possible behaviour of
free test particles in spacetimes with impulsive spherical gravitational waves and can serve as
a heuristic ansatz for a rigorous mathematical discussion based on the algebras of generalized
functions.
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Refraction of geodesics by impulsive spherical gravitational waves in constant-curvature
spacetimes with a cosmological constant

Jiřı́ Podolský* and Robert Švarc†

Institute of Theoretical Physics, Faculty of Mathematics and Physics, Charles University in Prague,

V Holešovičkách 2, 180 00 Prague 8, Czech Republic
(Received 19 April 2010; published 16 June 2010)

We investigate motion of test particles in exact spacetimes with an expanding impulsive gravitational

wave which propagates in a Minkowski, a de Sitter, or an anti-de Sitter universe. Using the continuous

form of these metrics we derive explicit junction conditions and simple refraction formulas for null,

timelike, and spacelike geodesics crossing a general impulse of this type. In particular, we present a

detailed geometrical description of the motion of test particles in a special class of axially symmetric

spacetimes in which the impulse is generated by a snapped cosmic string.

DOI: 10.1103/PhysRevD.81.124035 PACS numbers: 04.20.Jb, 04.30.Nk, 11.27.+d

I. INTRODUCTION

In the fundamental work [1] Roger Penrose introduced

an elegant geometric ‘‘cut and paste’’ method for construc-

tion of impulsive spherical gravitational waves in a flat

background. This is based on cutting Minkowski space

along a null cone and then reattaching the two pieces

with a suitable warp. An explicit class of such spacetimes,

using coordinates in which the metric functions are con-

tinuous across the impulse, was subsequently given by

Nutku and Penrose [2], Hogan [3,4] and, to include a

nonvanishing cosmological constant, in [5–7]. An addi-

tional acceleration parameter can also be introduced [8].

This gives the complete family of expanding spherical

waves of a very short duration which propagate in a

Minkowski, a de Sitter, or an anti-de Sitter universe, that

is in spacetimes with a constant curvature (zero, positive,

or negative, respectively). Such solutions can naturally be

understood as impulsive limits of Robinson-Trautman

type-N vacuum solutions [9,10], namely, a suitable family

of spherical sandwich waves of this type [6,11].

A stereographic interpretation of complex spatial coor-

dinate involved in the Penrose junction condition across

the impulse can be used for an explicit construction of

specific solutions of this type, in particular, those which

describe impulsive spherical waves generated by colliding

and snapping cosmic strings [7]. A first such solution given

already in [2] represents the snapping of a cosmic string,

identified by a deficit angle in the region outside the

spherical impulsive gravitational wave. The collision and

breaking of a pair of cosmic strings can also be described in

this way.

The particular solution for a spherical gravitational im-

pulse generated by a snapping cosmic string in Minkowski

space was alternatively described by Bičák and Schmidt

[12]. This was obtained as a limiting case of the Bonnor-

Swaminarayan solution for an infinite acceleration of a pair

of Curzon-Chazy particles (see Chapter 15 of [10]). It was

observed in [13] that such a situation is equivalent to the

splitting of an infinite cosmic string as described in [14] or,

rather, of two semi-infinite cosmic strings approaching at

the speed of light and separating again at the instant at

which they ‘‘collide.’’

The same explicit solution was also obtained in the limit

of an infinite acceleration in the more general class which

represents a pair of uniformly accelerating particles with

an arbitrary multipole structure [15], or as an analogous

limit of the C metric which describes accelerating black

holes [16]. In the latter case, a nonvanishing cosmological

constant can also be considered. This leads to a specific

expanding spherical impulse generated by a snapping cos-

mic string in the (anti)de Sitter universe [17].

More details concerning these impulsive metrics and

other references can be found in the review works

[18,19] and in Chapter 20 of [10]. Note also that particle

creation and other quantum effects in such spacetimes were

investigated, e.g., by Hortaçsu and his collaborators [20–

23].

The main objective of the present work is to study

specific properties of these spacetimes, namely, the motion

of test particles influenced by the spherical impulsive

waves. In fact, Podolský and Steinbauer in [24] already

investigated and described the behavior of exact geodesics

in the case when the impulse expands in Minkowski flat

space. Here wewill generalize this study to any value of the

cosmological constant, i.e., we will analyze the effects on

geodesics when the spherical impulse expands in a

de Sitter or an anti-de Sitter universe. Moreover, we will

present the results in a form which is more convenient for

physical and geometric interpretation.

Our paper is organized as follows. In Sec. II we review

the class of spacetimes under consideration and describe

the geometry of the expanding impulses. By employing a

continuous form of the metric, in Sec. III we investigate a

large class of C1 geodesics crossing the spherical impulse.
*podolsky@mbox.troja.mff.cuni.cz
†robert.svarc@mff.cuni.cz

PHYSICAL REVIEW D 81, 124035 (2010)

1550-7998=2010=81(12)=124035(19) 124035-1 � 2010 The American Physical Society
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We explicitly derive the junction conditions and the refrac-

tion formulas, we study a subfamily of privileged global

geodesics, and rewrite the junction conditions in a conve-

nient five-dimensional formalism when � � 0. In Sec. IV

we focus on impulsive waves generated by a snapped

cosmic string. We discuss in detail the physical and geo-

metric interpretation of the motion of test particles influ-

enced by an impulse of such type.

II. EXPANDING IMPULSIVE WAVES IN

CONSTANT-CURVATURE BACKGROUNDS

As a natural background for constructing the family of

spherical expanding impulsive waves, we consider the

conformally flat metric

ds20 ¼
2d�d ��� 2dUdV

½1þ 1
6
�ð� ���UV Þ�2 : (2.1)

This is a unified form for all spaces of constant curvature,

namely, Minkowski space when � ¼ 0, de Sitter space

when �> 0, and anti-de Sitter space when �< 0.
Indeed, with the standard representation of the double

null coordinates

U ¼ 1
ffiffiffi

2
p ðt� zÞ; V ¼ 1

ffiffiffi

2
p ðtþ zÞ; �¼ 1

ffiffiffi

2
p ðxþ iyÞ;

(2.2)

the metric (2.1) reads

ds20 ¼
�dt2 þ dx2 þ dy2 þ dz2

½1þ 1
12
�ð�t2 þ x2 þ y2 þ z2Þ�2 ; (2.3)

which for � ¼ 0 is the familiar form of the flat space. In

the case � � 0, it is well known that the corresponding

de Sitter and anti-de Sitter spaces can be represented as a

four-dimensional hyperboloid,

� Z2
0 þ Z2

1 þ Z2
2 þ Z2

3 þ "Z2
4 ¼ "a2; (2.4)

embedded in a flat five-dimensional spacetime,

ds20 ¼ �dZ2
0 þ dZ2

1 þ dZ2
2 þ dZ2

3 þ "dZ2
4; (2.5)

where " ¼ 1 for the de Sitter space (�> 0), " ¼ �1 for

the anti-de Sitter space (�< 0), and a ¼
ffiffiffiffiffiffiffiffiffiffiffiffi

3=j�j
p

. The

specific parametrization of (2.4) given as

Z 0 ¼
1
ffiffiffi

2
p ðV þUÞ

�

1þ 1

6
�ð� ���UV Þ

��1

;

Z1 ¼
1
ffiffiffi

2
p ðV �UÞ

�

1þ 1

6
�ð� ���UV Þ

��1

;

Z2 ¼
1
ffiffiffi

2
p ð�þ ��Þ

�

1þ 1

6
�ð� ���UV Þ

��1

;

Z3 ¼
�i
ffiffiffi

2
p ð�� ��Þ

�

1þ 1

6
�ð� ���UV Þ

��1

;

Z4 ¼ a

�

1� 1

6
�ð� ���UV Þ

��

1þ 1

6
�ð� ���UV Þ

��1

;

(2.6)

or inversely

U ¼
ffiffiffi

2
p

a
Z0 � Z1

Z4 þ a
;

V ¼
ffiffiffi

2
p

a
Z0 þ Z1

Z4 þ a
;

� ¼
ffiffiffi

2
p

a
Z2 þ iZ3

Z4 þ a
; (2.7)

takes (2.5) to the metric form (2.1). Consequently, for U,

V 2 ð�1;þ1Þ, and � an arbitrary complex number,

these coordinates cover the entire (anti)de Sitter manifold

(except the coordinate singularities at U, V ¼ 1). For

more details about these coordinates and other properties

of maximally symmetric spacetimes, see Chapters 3–5 of

[10].

The Penrose ‘‘cut and paste’’ method [1] for construct-

ing impulsive spherical waves in such backgrounds of

constant curvature can now be performed explicitly as

follows (see [5,7]).

In the region U � 0, let us consider the transformation

V ¼ Vþ ¼ AV �DU;

U ¼ Uþ ¼ BV � EU;

� ¼ �þ ¼ CV � FU; (2.8)

to coordinates ðU;V; Z; �ZÞ, where

A ¼ 1

pjh0j ; B ¼ jhj2
pjh0j ; C ¼ h

pjh0j ;

D ¼ 1

jh0j

�

p

4

�

�

�

�

�

�

�

�

h00

h0

�

�

�

�

�

�

�

�

2

þ�

�

1þ Z

2

h00

h0
þ

�Z

2

�h00

�h0

��

;

E ¼ jhj2
jh0j

�

p

4

�

�

�

�

�

�

�

�

h00

h0
� 2

h0

h

�

�

�

�

�

�

�

�

2

þ �

�

1þ Z

2

�

h00

h0
� 2

h0

h

�

þ
�Z

2

� �h00

�h0
� 2

�h0

�h

���

;

F ¼ h

jh0j

�

p

4

�

h00

h0
� 2

h0

h

� �h00

�h0

þ �

�

1þ Z

2

�

h00

h0
� 2

h0

h

�

þ
�Z

2

�h00

�h0

��

; (2.9)
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with

p ¼ 1þ �Z �Z; � ¼ �1; 0;þ1 (2.10)

(the parameter � is the Gaussian curvature of the spatial 2-

surfaces in the closely related Robinson-Trautman folia-

tion of the spacetimes, cf. Sec. 19.2 of [10]). Here

h � hðZÞ (2.11)

is an arbitrary complex function, and the derivative with

respect to its argument Z is denoted by a prime. The

Minkowski and (anti)de Sitter metric (2.1) then becomes

ds20 ¼
2jðV=pÞdZþUp �Hd �Zj2 þ 2dUdV � 2�dU2

½1þ 1
6
�UðV � �UÞ�2 ;

(2.12)

where H is the Schwarzian derivative of h given as

HðZÞ ¼ 1

2

�

h000

h0
� 3

2

�

h00

h0

�

2
�

: (2.13)

In the complementary region U � 0, we apply a highly

simplified form of the transformation (2.8) which arises for

the special choice of the function hðZÞ ¼ Z. In view of

(2.9), this implies relations

V ¼ V� ¼ V

p
� �U;

U ¼ U� ¼ jZj2
p

V �U;

� ¼ �� ¼ Z

p
V: (2.14)

Since H ¼ 0 in this case, by applying the transformation

(2.14) the metric (2.1) takes the form

ds20 ¼
2ðV=pÞ2dZd �Zþ 2dUdV � 2�dU2

½1þ 1
6
�UðV � �UÞ�2 : (2.15)

Both in the coordinates of (2.12) and in the ones used in

(2.15), the boundary hypersurface U ¼ 0 is a null cone

given by � ���UV ¼ 0. Using (2.2), it is obviously an

expanding sphere x2 þ y2 þ z2 ¼ t2 in flat Minkowski

space. In view of (2.7), it is also an expanding sphere Z2
1 þ

Z2
2 þ Z2

3 ¼ Z2
0 in the (anti)de Sitter universe. Considering

the relation (2.4), it follows that such null hypersurface

U ¼ 0 is the vertical cut Z4 ¼ a through the de Sitter and

anti-de Sitter hyperboloid in a flat five-dimensional space-

time, as shown in Fig. 1. This represents a spherical

impulse which originates at time Z0 ¼ 0 and subsequently

for Z0 > 0 expands with the speed of light in these back-

grounds (alternatively, for Z0 < 0 the impulse is

contracting).

An explicit globalmetric which is continuous across the

impulse at U ¼ 0 is now easily obtained by attaching the

line element (2.15) for U < 0 to (2.12) for U > 0. The
resulting metric takes the form

ds2 ¼ 2jðV=pÞdZþU�ðUÞp �Hd �Zj2 þ 2dUdV � 2�dU2

½1þ 1
6
�UðV � �UÞ�2 ;

(2.16)

where �ðUÞ is the Heaviside step function. Such a com-

bined metric is continuous, but the discontinuity in the

derivatives of the metric functions across U ¼ 0 yields

an impulsive gravitational wave term in the curvature

proportional to the Dirac � distribution. More precisely,

in a suitable null tetrad, the only nonvanishing component

of theWeyl tensor is�4 ¼ ðp2H=VÞ�ðUÞ (for more details

see [7]). The spacetime is thus conformally flat everywhere

except on the impulsive-wave surface U ¼ 0. Also, the
only nonvanishing tetrad component of the Ricci tensor is

�22 ¼ ðp4H �H=V2ÞU�ðUÞ. This demonstrates that the

spacetime is vacuum everywhere, except on the impulse

at V ¼ 0 and at possible singularities of the function p2H.

The expanding spherical impulse located at U ¼ 0 ob-

viously splits the spacetime into two separate conformally

flat vacuum regions (Minkowski, de Sitter, or anti-de Sitter,

according to �). For brevity, in the following we shall

denote the constant-curvature half-space U > 0 as being

‘‘in front of the wave’’, and the other constant-curvature

half-space U < 0 as being ‘‘behind the wave.’’

III. GEODESIC MOTION IN SPACETIMES WITH

EXPANDING IMPULSIVE WAVES

The purpose of this paper is to investigate the effect of

expanding impulsive waves on motion of freely moving

test particles. We start by recalling geodesics in Minkowski

and (anti)de Sitter spaces, then we will derive junction

conditions for complete geodesics in the impulsive space-

times summarized in the previous section and we will

present the refraction formulas.

Z0

Z1

Z4

FIG. 1. An expanding spherical impulse can be visualized as a

section Z4 ¼ a of the four-dimensional hyperboloids represent-

ing de Sitter (left) and anti-de Sitter (right) spaces. The bold lines

are trajectories of opposite poles of an expanding spherical wave

surface given by Z2 ¼ 0 ¼ Z3. The time-reversed situation in the

region Z0 < 0, indicated by dashed lines, corresponds to con-

tracting impulsive waves.
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10 2 GEODESICS IN IMPULSIVE GRAVITATIONAL WAVES

A. Geodesics in the backgrounds

Geodesic motion in spaces of constant curvature (2.3),

the background spaces in which an impulse propagates, is

well known.

When � ¼ 0, this is just flat Minkowski space. General

geodesics are, of course, given by

t ¼ ��; x ¼ xi þ _xið�� �iÞ;
y ¼ yi þ _yið�� �iÞ; z ¼ zi þ _zið�� �iÞ;

(3.1)

with � ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

_x2i þ _y2i þ _z2i � e
q

, i.e., � is a normalized affine

parameter of timelike (e ¼ �1) or spacelike (e ¼ þ1)
geodesics. For null geodesics (e ¼ 0) it is always possible
to scale the factor � to unity. The constants xi; yi; zi and
_xi; _yi; _zi characterize the position and velocity, respectively,
of each test particle at the instant

�i ¼
1

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2i þ y2i þ z2i

q

; (3.2)

when the geodesic intersects the null cone U ¼ 0. At �i
each particle is hit by the impulse and its trajectory is

refracted, see Sec. III C.

In the case of a nonvanishing cosmological constant �,

to express all geodesics in the corresponding de Sitter and

anti-de Sitter spaces it is very useful to employ the five-

dimensional formalism. It can be shown [25] that, using the

coordinates of (2.5), the explicit geodesic equations have a

very simple and unified form, namely €Zp þ 1
3
�eZp ¼ 0,

where p ¼ 0; 1; 2; 3; 4. Thus, explicit geodesics on the

hyperboloid (2.4) are

Z p ¼ Zpi þ _Zpið�� �iÞ when "e ¼ 0; (3.3)

Z p ¼ Zpi cosh

�

�� �i
a

�

þ a _Zpi sinh

�

�� �i
a

�

when "e < 0;

(3.4)

Z p ¼ Zpi cos

�

�� �i
a

�

þ a _Zpi sin

�

�� �i
a

�

when "e > 0;

(3.5)

where a ¼
ffiffiffiffiffiffiffiffiffiffiffiffi

3=j�j
p

. The relation (3.3) describes null geo-

desics, expression (3.4) represents timelike geodesics in

de Sitter space (" ¼ 1) or spacelike geodesics in anti-

de Sitter space (" ¼ �1), whereas (3.5) corresponds to

spacelike/timelike geodesics in de Sitter/anti-de Sitter

space, respectively. Here � is an affine parameter and

Zpi; _Zpi are constants of integration, namely, the positions

and velocities at the instant of interaction with the impulse

� ¼ �i. These ten constants are constrained by the follow-

ing three conditions:

� ð _Z0iÞ2 þ ð _Z1iÞ2 þ ð _Z2iÞ2 þ ð _Z3iÞ2 þ "ð _Z4iÞ2 ¼ e;

(3.6)

� ðZ0iÞ2 þ ðZ1iÞ2 þ ðZ2iÞ2 þ ðZ3iÞ2 þ "ðZ4iÞ2 ¼ "a2;

(3.7)

� Z0i
_Z0i þ Z1i

_Z1i þ Z2i
_Z2i þ Z3i

_Z3i þ "Z4i
_Z4i ¼ 0:

(3.8)

Equation (3.6) is the normalization of the affine parameter,

Eq. (3.7) follows from the constraint (2.4), and Eq. (3.8)

from its derivative.

By combining relations (2.7), (3.3), (3.4), and (3.5) it is

now straightforward to express explicitly all geodesics in

the four-dimensional metric representation of the (anti)

de Sitter universe (2.1). Considering (2.2), which implies

t ¼ 2aZ0

Z4 þ a
; z ¼ 2aZ1

Z4 þ a
;

x ¼ 2aZ2

Z4 þ a
; y ¼ 2aZ3

Z4 þ a
;

(3.9)

we also obtain geodesics in the metric (2.3), and by using

other parametrizations of the hyperboloid (2.4), as summa-

rized in [10], we may easily derive geodesics in any

standard metric form of these constant-curvature space-

times. Some of them will be given below.

Notice finally that close to the impulse (where �� �i is
small) and also in the limit � ! 0 (so that 1=a is small)

expressions (3.3), (3.4), and (3.5) take the same linear form

Zp � Zpi þ _Zpið�� �iÞ. In view of (3.9) this is fully con-

sistent with Eq. (3.1).

B. Explicit continuation of geodesics across the impulse

Now we will investigate geodesics in complete space-

times (2.16) with the wave localized on U ¼ 0. Geodesics
which pass through the impulse have the same form (3.1)

or (3.3), (3.4), and (3.5) both in front of the impulse and

behind it. However, the constants of integration Zpi; _Zpi

may have different values on both sides.

We thus have to find explicit relations between these

constants. To apply the appropriate junction conditions, we

assume that the geodesics are C1 across the impulse in the

continuous coordinate system of (2.16). It means that the

corresponding functions Zð�Þ, Vð�Þ, Uð�Þ and also their

first derivatives with respect to the affine parameter �,
evaluated at the interaction time � ¼ �i [such that Uð�iÞ ¼
0], are continuous across the impulse. With this assump-

tion, the constants

Zi � Zð�iÞ; Vi � Vð�iÞ; Ui � Uð�iÞ ¼ 0;

_Zi � _Zð�iÞ; _Vi � _Vð�iÞ; _Ui � _Uð�iÞ; (3.10)

describing positions and velocities at �i have the same

values when evaluated in the limits U ! 0 both from the

region in front (U > 0) and behind the impulse (U < 0).
To express the corresponding values in the conformally

flat coordinates of (2.1), it is now straightforward to sub-

stitute (3.10) into the transformations (2.8) and (2.14),
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V þ
i ¼ AVi; V�

i ¼ Vi

p
;

Uþ
i ¼ BVi; U�

i ¼ jZij2
p

Vi;

�þ
i ¼ CVi; ��

i ¼ Zi

p
Vi;

(3.11)

and their derivatives,

_V þ
i ¼ ViðA;Z

_Zi þ A; �Z
_�ZiÞ þ A _Vi �D _Ui;

_Uþ
i ¼ ViðB;Z

_Zi þ B; �Z
_�ZiÞ þ B _Vi � E _Ui;

_�þ
i ¼ ViðC;Z

_Zi þ C; �Z
_�ZiÞ þ C _Vi � F _Ui;

(3.12)

_V �
i ¼ � �Vi

p2
ðZi

_�Zi þ �Zi
_ZiÞ þ

_Vi

p
� � _Ui;

_U�
i ¼ Vi

p2
ðZi

_�Zi þ �Zi
_ZiÞ þ

jZij2
p

_Vi � _Ui;

_��
i ¼ Vi

p2
ð _Zi � �ZiZi

_�ZiÞ þ
Zi

p
_Vi;

(3.13)

respectively [here A, B, C, D, E, F, p and their derivatives

are constants, namely, the coefficients (2.9) and (2.10)

evaluated at Z ¼ Zi].

Since wewish to express the ‘‘�’’ parameters behind the

impulse in terms of the ‘‘þ’’ parameters in front of the

impulse, we invert expressions (3.11) and (3.12) in the half

space in front of the wave, which yields

hðZiÞ ¼
�þ
i

Vþ
i

; Vi ¼
Uþ

i

B
¼ Vþ

i

A
¼ �þ

i

C
;

_Zi ¼
p2

Vi

ð �C; �Z _�þ
i þ C; �Z

_��þ
i � A; �Z

_Uþ
i � B; �Z

_V
þ
i Þ;

_Vi ¼ D _Uþ
i þ E _V

þ
i � �F _�þ

i � F _��þ
i þ 2� _Ui;

_Ui ¼
1

Vi

ð ��þ
i _�þ

i þ �þ
i
_��þ
i �Vþ

i
_Uþ
i �Uþ

i
_V
þ
i Þ:

(3.14)

In order to obtain these relations, we employed the iden-

tities valid for the coefficients (2.9),

AB� C �C ¼ 0; DE� F �F ¼ �;

AEþ BD� C �F� �CF ¼ 1;
(3.15)

and also for their derivatives

DE;Z þD;ZE� F �F;Z � F;Z
�F ¼ 0; A;ZEþ B;ZD� C;Z

�F� �C;ZF ¼ 0; AE;Z þ BD;Z � C �F;Z � �CF;Z ¼ 0;

A;ZBþ AB;Z � C;Z
�C� C �C;Z ¼ 0; A;ZB;Z � C;Z

�C;Z ¼ 0; D;ZE;Z � F;Z
�F;Z ¼ 0;

A;ZE;Z þ B;ZD;Z � C;Z
�F;Z � �C;ZF;Z ¼ H; C;Z

�C; �Z þ C; �Z
�C;Z � A;ZB; �Z � A; �ZB;Z ¼ 1

p2
;

F;Z
�F; �Z þ F; �Z

�F;Z �D;ZE; �Z �D; �ZE;Z ¼ p2jHj2;
A;ZE; �Z þ A; �ZE;Z þ B;ZD; �Z þ B; �ZD;Z � C;Z

�F; �Z � C; �Z
�F;Z � �C;ZF; �Z � �C; �ZF;Z ¼ 0; (3.16)

plus their complex conjugates.

Now it only remains to substitute (3.14) into the expres-

sions for positions (3.11) and velocities (3.13) behind the

impulse. For the positions we thus obtain

V�
i ¼ jh0jVþ

i ;

U�
i ¼ jh0j jZij2

jhj2 Uþ
i ;

��
i ¼ jh0jZi

h
�þ
i ;

(3.17)

while for the velocities, after straightforward but somewhat

lengthy calculation, we get

_V �
i ¼ bV

_V
þ
i þ aV

_Uþ
i þ �cV _�þ

i þ cV _��þ
i ;

_U�
i ¼ bU

_V
þ
i þ aU

_Uþ
i þ �cU _�þ

i þ cU _��þ
i ;

_��
i ¼ b�

_V
þ
i þ a�

_Uþ
i þ �c� _�þ

i þ c� _��þ
i ;

(3.18)

where

bV ¼ jhj2
4jh0j

�

�

�

�

�

�

�

�

h00

h0
� 2

h0

h

�

�

�

�

�

�

�

�

2

;

aV ¼ 1

4jh0j

�

�

�

�

�

�

�

�

h00

h0

�

�

�

�

�

�

�

�

2

;

cV ¼ � h

4jh0j

�

h00

h0
� 2

h0

h

� �h00

�h0
;

(3.19)

bU ¼ jhj2
jh0j

�

�

�

�

�

�

�

�

1þ Zi

2

�

h00

h0
� 2

h0

h

��

�

�

�

�

�

�

�

2

;

aU ¼ 1

jh0j

�

�

�

�

�

�

�

�

1þ Zi

2

h00

h0

�

�

�

�

�

�

�

�

2

;

cU ¼ � h

jh0j

�

1þ Zi

2

�

h00

h0
� 2

h0

h

���

1þ
�Zi

2

�h00

�h0

�

;

(3.20)
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12 2 GEODESICS IN IMPULSIVE GRAVITATIONAL WAVES

b� ¼ jhj2
2jh0j

�

1þ Zi

2

�

h00

h0
� 2

h0

h

��� �h00

�h0
� 2

�h0

�h

�

;

a� ¼ 1

2jh0j

�

1þ Zi

2

h00

h0

� �h00

�h0
;

�c� ¼ �
�h

2jh0j

�

1þ Zi

2

h00

h0

�� �h00

�h0
� 2

�h0

�h

�

;

c� ¼ � h

2jh0j

�

1þ Zi

2

�

h00

h0
� 2

h0

h

�� �h00

�h0
;

(3.21)

and, naturally, �cV ¼ cV , �cU ¼ cU. Again, all these co-

efficients are constants which are obtained by evaluating

the function h and its derivatives at Z ¼ Zi. Interestingly,

they do not depend on the parameter �. For hðZÞ ¼ Z there

is no refraction effect, which is consistent with the fact that

H ¼ 0, i.e., the impulse is absent.

Finally, using the transformation (2.2) we may rewrite

the expressions for junction conditions (3.17) and (3.18) in

the natural conformally flat background coordinates,

namely,

x�i ¼ jh0jZi þ �Zi

hþ �h
xþi ; y�i ¼ jh0jZi � �Zi

h� �h
yþi ;

z�i ¼ jh0j jZij2 � 1

jhj2 � 1
zþi ; t�i ¼ jh0j jZij2 þ 1

jhj2 þ 1
tþi ;

(3.22)

for positions and

_x�
i ¼ ax _x

þ
i þ bx _y

þ
i þ cx _z

þ
i þ dx _t

þ
i ;

_y�i ¼ ay _x
þ
i þ by _y

þ
i þ cy _z

þ
i þ dy _t

þ
i ;

_z�i ¼ az _x
þ
i þ bz _y

þ
i þ cz _z

þ
i þ dz _t

þ
i ;

_t�i ¼ at _x
þ
i þ bt _y

þ
i þ ct _z

þ
i þ dt _t

þ
i ;

(3.23)

for velocities. The coefficients in (3.22) and (3.23) are

somewhat complicated functions of Zi, h � hðZiÞ and its

derivatives h0 � h0ðZiÞ, h00 � h00ðZiÞ:

ax ¼
1

2
ðc� þ c �� þ �c� þ �c ��Þ; bx ¼

i

2
ð�c� � c �� þ �c� þ �c ��Þ; cx ¼

1

2
ð�a� � a �� þ b� þ b ��Þ;

dx ¼
1

2
ða� þ a �� þ b� þ b ��Þ; ay ¼

1

2i
ðc� � c �� þ �c� � �c ��Þ; by ¼

1

2
ð�c� þ c �� þ �c� � �c ��Þ;

cy ¼
1

2i
ð�a� þ a �� þ b� � b ��Þ; dy ¼

1

2i
ða� � a �� þ b� � b ��Þ; az ¼

1

2
ð�cU � �cU þ cV þ �cV Þ;

bz ¼
i

2
ðcU � �cU � cV þ �cV Þ; cz ¼

1

2
ðaU � aV � bU þ bV Þ; dz ¼

1

2
ð�aU þ aV � bU þ bV Þ;

at ¼
1

2
ðcU þ �cU þ cV þ �cV Þ; bt ¼

i

2
ð�cU þ �cU � cV þ �cV Þ; ct ¼

1

2
ð�aU � aV þ bU þ bV Þ;

dt ¼
1

2
ðaU þ aV þ bU þ bV Þ;

(3.24)

where the constants on the right-hand sides are given by

expressions (3.19), (3.20), and (3.21).

To complete the derivation, it only remains to express

the complex number Zi explicitly in terms of the initial

position of the test particle in front of the impulse. From

Eqs. (3.14) and (2.2) it follows immediately that hðZiÞ ¼
�þ
i =V

þ
i ¼ ðxþi þ iyþi Þ=ðtþi þ zþi Þ, i.e.,

Zi ¼ h�1

�

xþi þ iyþi
tþi þ zþi

�

; (3.25)

where h�1 denotes the complex inverse function to h.

C. Geometric interpretation and refraction formulas

In fact, relation (3.25) and its analogous counterpart in

the region behind the impulse admits a nice geometric

interpretation of the junction condition for positions across

the impulse. Let us observe that from expressions (3.11),

(3.14), and (2.2) it follows that

Zi ¼
x�i þ iy�i
t�i þ z�i

; (3.26)

hðZiÞ ¼
xþi þ iyþi
tþi þ zþi

: (3.27)

Therefore, the complex mapping Zi $ hðZiÞ can be under-
stood as an identification of the corresponding positions of

a test particle in the region behind the impulse (U < 0) and
the region in front of the impulse (U > 0), which is

uniquely determined by expressions (3.22). In other words,

if the particle, moving along a geodesic, is located at

ðxþi ; yþi ; zþi Þ when it is hit by the impulsive wave (U ¼ 0)
at the time tþi , then it emerges from the impulse at the time

t�i at the position ðx�i ; y�i ; z�i Þ.
Moreover, when the interaction time t�i is rescaled to be

equal 1, expression (3.26) and its inverse
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x�i ¼ Zi þ �Zi

1þ jZij2
; y�i ¼ i

�Zi � Zi

1þ jZij2
;

z�i ¼ 1� jZij2
1þ jZij2

;

(3.28)

become the well-known relations for a stereographic one-

to-one correspondence between a unit Riemann sphere and

a complex Argand plane. As shown in Fig. 2, such mapping

is obtained by projecting a straight line from the pole

through P onto the equatorial plane. A point P on the

sphere is thus uniquely characterized by a complex number

Z in the complex plane (for more details see [7]).

Because of the stereographic relations (3.26) and (3.27),

the complex mapping Zi $ hðZiÞ thus represents a geo-

metric identification of the points P� � ðx�i ; y�i ; z�i Þ and
Pþ � ðxþi ; yþi ; zþi Þ on a unit sphere, which may be consid-

ered as a rescaled spherical impulsive surface U ¼ 0. The
mapping Z $ hðZÞ thus naturally encodes the junction

conditions for position of a test particle on both sides of

the impulse.

Interestingly, relations (3.26) and (3.27) do not involve a

cosmological constant �. In other words, in the confor-

mally flat coordinates (2.3), this geometric interpretation is

valid for expanding spherical impulses in Minkowski,

de Sitter, as well as in anti-de Sitter space.

For an illustrative geometrical description of the com-

plete effect of the spherical impulsive wave on test parti-

cles moving along geodesics, it is useful to introduce

suitable angles which characterize position of the particle

and inclination of its velocity vector at the instant of

interaction. Specifically, in the ðx; zÞ section we define

tan�� ¼ x�i
z�i

; tan�� ¼ _x�i
_z�i

; (3.29)

while in the perpendicular ðy; zÞ section we define

tan�� ¼ y�i
z�i

; tan�� ¼ _y�i
_z�i

: (3.30)

The superscript ‘‘þ’’ applies to quantities in front of the

expanding impulse (outside the sphere where U > 0),
whereas the superscript ‘‘�’’ applies to the same quantities

behind the impulse (inside the sphere where U < 0).
Geometrical meaning of these angles is obvious from

Fig. 3.

It is also useful to introduce components of the velocity

of the test particle with respect to the frames outside and

inside the impulse as

ðv�
x ; v

�
y ; v

�
z Þ �

�

_x�i
_t�i

;
_y�i
_t�i

;
_z�i
_t�i

�

: (3.31)

If we now substitute the definitions (3.29), (3.30), and

(3.31) into the equations (3.22) and (3.23), we obtain the

following expressions which identify the positions:

tan�� ¼ ðjhj2 � 1ÞReZi

ðjZij2 � 1ÞReh tan�þ;

tan�� ¼ ðjhj2 � 1Þ ImZi

ðjZij2 � 1Þ Imh
tan�þ;

(3.32)

and inclinations of the velocity vector,

tan�� ¼ vþ
z ðax tan�þ þ bx tan�

þ þ cxÞ þ dx
vþ
z ðaz tan�þ þ bz tan�

þ þ czÞ þ dz
;

tan�� ¼ vþ
z ðay tan�þ þ by tan�

þ þ cyÞ þ dy

vþ
z ðaz tan�þ þ bz tan�

þ þ czÞ þ dz
;

(3.33)

on both sides of the impulse. These explicit relations are

the general refraction formulas for motion of free test

particles influenced by the expanding impulsive gravita-

tional wave.

FIG. 2. Mapping in the complex plane Z $ hðZÞ is equivalent
to identifying the points P� inside the impulsive spherical

surface with the corresponding points Pþ outside through the

stereographic projection.

FIG. 3. Definition of the angles �, � characterizing position of

the particle and inclination �, � of its velocity in the ðx; zÞ
section (top) and ðy; zÞ section (bottom), respectively. Here the

superscript ‘‘þ’’ denotes quantities outside the spherical impulse

(left), while ‘‘�’’ labels analogous quantities inside the impulse

(right). The points of interaction Pþ ¼ ðxþi ; yþi ; zþi Þ and P� ¼
ðx�i ; y�i ; z�i Þ correspond to those in Fig. 2. The impulsive gravi-

tation wave is an expanding sphere indicated in each section by

the bold outer circle.
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14 2 GEODESICS IN IMPULSIVE GRAVITATIONAL WAVES

D. Privileged exact geodesics Z ¼ const

In this part of Sec. III we restrict our attention to a

privileged class of exact global geodesics given by the

condition

Z ¼ Z0 ¼ const: (3.34)

Indeed, using the continuous form of the impulsive-wave

solution (2.16) it can easily be observed that the Christoffel

symbols �
�
UU, �

�
UV , and �

�
VV vanish identically when � ¼

Z; �Z. Therefore, the geodesic equations always admit

global solutions of the form (3.34), including across the

impulse localized at U ¼ 0 (i.e., without the necessity to

assume that the geodesics are C1).

In such a case, _Zi ¼ 0 and expressions (3.12) and (3.13)

thus reduce to

_V þ
i ¼ A _Vi �D _Ui;

_V
�
i ¼

_Vi

p
� � _Ui;

_Uþ
i ¼ B _Vi � E _Ui;

_U�
i ¼ jZij2

p
_Vi � _Ui;

_�þ
i ¼ C _Vi � F _Ui; _��

i ¼ Zi

p
_Vi;

(3.35)

respectively. Using the relations (3.14) for velocities we

obtain the (complex) constraint

_�þ
i
�C; �Z þ _��þ

i C; �Z � _Uþ
i A; �Z � _V

þ
i B; �Z ¼ 0; (3.36)

and the following equations:

_V �
i ¼ b0

V

_V
þ
i þ a0

V
_Uþ
i þ �c0

V
_�þ
i þ c0

V
_��þ
i ;

_U�
i ¼ b0

U
_V
þ
i þ a0

U
_Uþ
i þ �c0

U
_�þ
i þ c0

U
_��þ
i ;

_��
i ¼ b0�

_V
þ
i þ a0�

_Uþ
i þ �c0� _�þ

i þ c0� _��þ
i ;

(3.37)

where

b0
V

¼ 1

p
ðE� 2�BÞ þ �B;

a0
V

¼ 1

p
ðD� 2�AÞ þ �A;

c0
V

¼ � 1

p
ðF� 2�CÞ � �C;

(3.38)

b0
U

¼ jZij2
p

ðE� 2�BÞ þ B;

a0
U

¼ jZij2
p

ðD� 2�AÞ þ A;

c0
U

¼ � jZij2
p

ðF� 2�CÞ � C;

(3.39)

b0� ¼ Zi

p
ðE� 2�BÞ;

a0� ¼ Zi

p
ðD� 2�AÞ;

�c0� ¼ �Zi

p
ð �F� 2� �CÞ;

c0� ¼ �Zi

p
ðF� 2�CÞ:

(3.40)

The constants A, B, C, D, E, F, and p are given by the

values of the functions (2.9) and (2.10) at Z ¼ Zi ¼ Z0.

In terms of the real conformally flat coordinates of

metric (2.3), the velocities on both sides of the impulse

are given by relations (3.23), where now

a0x ¼ �2
ReZi

p
ReðF� 2�CÞ; b0x ¼ �2

ReZi

p
ImðF� 2�CÞ; c0x ¼

ReZi

p
½E�Dþ 2�ðA� BÞ�;

d0x ¼
ReZi

p
½EþD� 2�ðAþ BÞ�; a0y ¼ �2

ImZi

p
ReðF� 2�CÞ; b0y ¼ �2

ImZi

p
ImðF� 2�CÞ;

c0y ¼
ImZi

p
½E�Dþ 2�ðA� BÞ�; d0y ¼

ImZi

p
½EþD� 2�ðAþ BÞ�;

a0z ¼
jZij2 � 1

p
ReðF� 2�CÞ þ ð1� �ÞReC; b0z ¼

jZij2 � 1

p
ImðF� 2�CÞ þ ð1� �Þ ImC;

c0z ¼
jZij2 � 1

2p
½�EþD� 2�ðA� BÞ� þ 1

2
ð1� �ÞðA� BÞ;

d0z ¼
jZij2 � 1

2p
½�E�Dþ 2�ðAþ BÞ� � 1

2
ð1� �ÞðAþ BÞ; a0t ¼ �jZij2 þ 1

p
ReðF� 2�CÞ � ð1þ �ÞReC;

b0t ¼ �jZij2 þ 1

p
ImðF� 2�CÞ � ð1þ �Þ ImC; c0t ¼

jZij2 þ 1

2p
½E�Dþ 2�ðA� BÞ� � 1

2
ð1þ �ÞðA� BÞ;

d0t ¼
jZij2 þ 1

2p
½EþD� 2�ðAþ BÞ� þ 1

2
ð1þ �ÞðAþ BÞ: (3.41)
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Moreover, from the complex constraint (3.36) we may express two real components of the velocity in terms of the

remaining two, namely,

_yþ
i ¼ ½ _xþi ½ðB� AÞ ImF� ðE�DÞ ImC� þ 2 _zþi ðReC ImF� ImCReFÞ�=½ðB� AÞReF� ðE�DÞReC�;
_tþi ¼ ½ _xþi ðBD� AEÞ � _zþi ½ðBþ AÞReF� ðEþDÞReC��=½ðB� AÞReF� ðE�DÞReC�:

(3.42)

Substituting these two relations and the coefficients (3.41)

into (3.23), and using Eqs. (3.22) which relate the interac-

tion positions, we finally obtain

_x�i ¼ x�i
ðE�DÞ _xþi þ 2ReF _zþi
ðE�DÞxþi þ 2ReFzþi

;

_y�i ¼ y�i
ðE�DÞ _xþi þ 2ReF _zþi
ðE�DÞxþi þ 2ReFzþi

;

_z�i ¼ ½z�i ½ðE�DÞ _xþi þ 2ReF _zþi �
� ð1� �Þðzþi _xþi � _zþi x

þ
i Þ�=½ðE�DÞxþi þ 2ReFzþi �;

_t�i ¼ ½t�i ½ðE�DÞ _xþi þ 2ReF _zþi �
þ ð1þ �Þðzþi _xþi � _zþi x

þ
i Þ�=½ðE�DÞxþi þ 2ReFzþi �:

(3.43)

These relations are valid for any value of the cosmological

constant � and for an arbitrary spherical impulse. They

generalize Eqs. (4.5) obtained previously in [24] for a

special impulse generated by a snapping cosmic string in

the case when � ¼ 0.

E. Junction conditions in the five-dimensional

representation of (anti)de Sitter space

Finally, it will be illustrative to rewrite the explicit

junction conditions for positions (3.22) and velocities

(3.23) of test particles crossing the impulse in terms of

the representation of de Sitter or anti-de Sitter space as the

four-dimensional hyperboloid (2.4) in flat five-dimensional

spacetime (2.5). Conformally flat coordinates of the metric

(2.3) are obtained by the parametrization (2.6) with (2.2),

i.e.,

Z 0 ¼
t

�
; Z1 ¼

z

�
; Z2 ¼

x

�
;

Z3 ¼
y

�
; Z4 ¼ a

�

2

�
� 1

�

;

(3.44)

where� ¼ 1þ 1
12
�ð�t2 þ x2 þ y2 þ z2Þ, or inversely by

t ¼ 2aZ0

Z4 þ a
; z ¼ 2aZ1

Z4 þ a
;

x ¼ 2aZ2

Z4 þ a
; y ¼ 2aZ3

Z4 þ a
;

(3.45)

with � ¼ 2a=ðZ4 þ aÞ.
As explained in Sec. II, the expanding spherical impulse

located atU ¼ 0 corresponds to the cut Z4 ¼ a through the
hyperboloid, see Fig. 1. Therefore, at the instant of inter-

action the particle is located at

ti ¼ Z0i; zi ¼ Z1i; xi ¼ Z2i;

yi ¼ Z3i; �i ¼ 1:
(3.46)

The junction conditions (3.22) for positions thus imply

Z�
0i ¼ jh0j jZij2 þ 1

jhj2 þ 1
Zþ
0i; Z�

1i ¼ jh0j jZij2 � 1

jhj2 � 1
Zþ
1i;

Z�
2i ¼ jh0jZi þ �Zi

hþ �h
Zþ
2i; Z�

3i ¼ jh0jZi � �Zi

h� �h
Zþ
3i;

Z�
4i ¼ a ¼ Zþ

4i: (3.47)

By differentiating Eqs. (3.44) and evaluating them at the

interaction time we obtain the relations

_Z 0i ¼ _ti � _�iti; _Z1i ¼ _zi � _�izi;

_Z2i ¼ _xi � _�ixi; _Z3i ¼ _yi � _�iyi;

_Z4i ¼ �2a _�i;

(3.48)

where _�i ¼ 1
6
�ð�ti _ti þ xi _xi þ yi _yi þ zi _ziÞ, which are

valid both in front and behind the impulse. From expres-

sions (3.23) and (3.46) we thus obtain the following rela-

tions between velocities on both sides of the impulse:

_Z�
pi ¼ ap _Z

þ
2i þ bp _Z

þ
3i þ cp _Z

þ
1i þ dp _Z

þ
0i þ np _Z

þ
4i;

_Z�
4i ¼ �2a _�i ¼ _Zþ

4i;
(3.49)

where we denoted p ¼ 0; 1; 2; 3. The constant coefficients
ða0; a1; a2; a3Þ � ðat; az; ax; ayÞ, and similarly bp, cp, dp,

are given by (3.24). The coefficients np are defined as

np ¼ � 1

2a
ðapZþ

2i þ bpZ
þ
3i þ cpZ

þ
1i þ dpZ

þ
0i � Z�

piÞ;
(3.50)

where Z�
pi should be expressed using (3.47). Relations

(3.49) can also be written in the matrix form:

_Z�
2i
_Z�
3i
_Z�
1i
_Z�
0i
_Z�
4i

0

B

B

B

B

B

@

1

C

C

C

C

C

A

¼

ax bx cx dx nx
ay by cy dy ny
az bz cz dz nz
at bt ct dt nt
0 0 0 0 1

0

B

B

B

B

B

@

1

C

C

C

C

C

A

_Zþ
2i
_Zþ
3i
_Zþ
1i
_Zþ
0i
_Zþ
4i

0

B

B

B

B

B

@

1

C

C

C

C

C

A

: (3.51)

Expressions (3.47) and (3.51) are explicit junction condi-

tions which relate the positions and velocities of test par-

ticles when they cross an expanding spherical impulse.

They are expressed in the natural five-dimensional coor-

dinates of constant-curvature spaces with � � 0, namely,
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16 2 GEODESICS IN IMPULSIVE GRAVITATIONAL WAVES

the (anti)de Sitter half space in front of the impulse, and the

analogous half space behind it. Obviously, the junction

conditions depend on the complex function hðZÞ which

defines the specific impulse of this type.

The advantage of expressing the junction conditions for

geodesics in the ‘‘geometrical’’ five-dimensional formal-

ism is that they may easily be applied to obtain the corre-

sponding explicit conditions in terms of any standard

coordinates of de Sitter or anti-de Sitter background space.

We will demonstrate this procedure in the next section in

which we concentrate of spherical impulses generated by a

snapping cosmic string. Their influence on particles will

most naturally be expressed in global coordinates in

de Sitter space with a synchronous time coordinate, see

Sec. IVC.

IV. GEODESICS CROSSING THE IMPULSE

GENERATED BYA SNAPPED COSMIC STRING

The general results obtained above will now be applied

to an important particular family of spacetimes in which

the expanding spherical impulsive wave is generated by a

snapped cosmic string (identified by a deficit angle in the

region U > 0 in front of the impulse). Such exact vacuum

solutions were introduced and discussed in a number of

works, e.g. [2,7,12–17]. These can be written in the form of

the metric (2.16) with

HðZÞ ¼
1
2
�ð1� 1

2
�Þ

Z2
; (4.1)

which is obtained from the complex function

hðZÞ ¼ Z1��; (4.2)

using the expression (2.13). Here � 2 ½0; 1Þ is a real con-
stant which characterizes the deficit angle 2	� of the

snapped string that is located in the region outside the

impulse along the z axis given by � ¼ 0, as shown in

Fig. 4 (see [2,7] for more details).

A. Explicit junction conditions

Expressions (3.22) which are the junction conditions for

positions (in the natural conformally flat background co-

ordinates on both sides of the impulse) are thus

x�i ¼ ð1� �ÞjZij�� Zi þ �Zi

Z1��
i þ �Z1��

i

xþi ;

y�i ¼ ð1� �ÞjZij�� Zi � �Zi

Z1��
i � �Z1��

i

yþi ;

z�i ¼ ð1� �Þ jZij � jZij�1

jZij1�� � jZij��1
zþi ;

t�i ¼ ð1� �Þ jZij þ jZij�1

jZij1�� þ jZij��1
tþi ;

(4.3)

where, in view of relation (3.25),

Z1��
i ¼ xþi þ iyþi

tþi þ zþi
: (4.4)

Let us also recall that ðx�i Þ2 þ ðy�i Þ2 þ ðz�i Þ2 ¼ ðt�i Þ2 be-

cause the positions are evaluated on the impulse U ¼ 0.
Similarly, it is straightforward to evaluate the specific

form of the coefficients (3.24) which relate the velocities in

Eqs. (3.23), namely,

ax ¼
jZij�

2ð1� �Þ

��

1� 1

2
�

�

2

ðZ��
i þ �Z��

i Þ þ 1

4
�2jZij�2ðZ2��

i þ �Z2��
i Þ

�

;

bx ¼
jZij�

2ið1� �Þ

��

1� 1

2
�

�

2

ðZ��
i � �Z��

i Þ þ 1

4
�2jZij�2ðZ2��

i � �Z2��
i Þ

�

;

cx ¼
�ð1� 1

2
�Þ

4ð1� �Þ jZij�½ðZ�1
i þ �Z�1

i Þ � jZij�2�ðZi þ �ZiÞ�;

dx ¼ ��ð1� 1
2
�Þ

4ð1� �Þ jZij�½ðZ�1
i þ �Z�1

i Þ þ jZij�2�ðZi þ �ZiÞ�;

(4.5)

FIG. 4. Geometry of a spherical impulse expanding with the

speed of light. It is generated by a snapped cosmic string, whose

remnants are two semi-infinite strings located along the z axis

outside the impulsive wave. Any point P on the impulse is

described by two angles � and � which characterize its projec-

tions to the ðx; zÞ and ðy; zÞ planes, respectively (cf. Fig. 3).
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ay ¼
ijZij�

2ð1� �Þ

��

1� 1

2
�

�

2

ðZ��
i � �Z��

i Þ � 1

4
�2jZij�2ðZ2��

i � �Z2��
i Þ

�

;

by ¼
jZij�

2ð1� �Þ

��

1� 1

2
�

�

2

ðZ��
i þ �Z��

i Þ � 1

4
�2jZij�2ðZ2��

i þ �Z2��
i Þ

�

;

cy ¼
i�ð1� 1

2
�Þ

4ð1� �Þ jZij�½ðZ�1
i � �Z�1

i Þ þ jZij�2�ðZi � �ZiÞ�;

dy ¼
�ð1� 1

2
�Þ

4ið1� �Þ jZij�½ðZ�1
i � �Z�1

i Þ � jZij�2�ðZi � �ZiÞ�;

(4.6)

az ¼
�ð1� 1

2
�Þ

4ð1� �Þ jZij�½ðZ1��
i þ �Z1��

i Þ � jZij�2ðZ1��
i þ �Z1��

i Þ�;

bz ¼
�ð1� 1

2
�Þ

4ið1� �Þ jZij�½ðZ1��
i � �Z1��

i Þ � jZij�2ðZ1��
i � �Z1��

i Þ�;

cz ¼
1

2ð1� �Þ

��

1� 1

2
�

�

2

ðjZij� þ jZij��Þ � 1

4
�2ðjZij2�� þ jZij��2Þ

�

;

dz ¼
�1

2ð1� �Þ

��

1� 1

2
�

�

2

ðjZij� � jZij��Þ þ 1

4
�2ðjZij2�� � jZij��2Þ

�

;

(4.7)

at ¼ ��ð1� 1
2
�Þ

4ð1� �Þ jZij�½ðZ1��
i þ �Z1��

i Þ þ jZij�2ðZ1��
i þ �Z1��

i Þ�;

bt ¼
i�ð1� 1

2
�Þ

4ð1� �Þ jZij�½ðZ1��
i � �Z1��

i Þ þ jZij�2ðZ1��
i � �Z1��

i Þ�;

ct ¼
�1

2ð1� �Þ

��

1� 1

2
�

�

2

ðjZij� � jZij��Þ � 1

4
�2ðjZij2�� � jZij��2Þ

�

;

dt ¼
1

2ð1� �Þ

��

1� 1

2
�

�

2

ðjZij� þ jZij��Þ þ 1

4
�2ðjZij2�� þ jZij��2Þ

�

:

(4.8)

Considering the structure of these relations, it is very

convenient to reparametrize the complex number Zi in the

polar form as

Zi � Rei�; (4.9)

where R ¼ jZij and� are constants representing its modu-

lus and phase, respectively. It immediately follows from

the relation (4.4) that

R ¼
�ðxþi Þ2 þ ðyþi Þ2

ðtþi þ zþi Þ2
�

1=2ð1��Þ
¼

�

tþi � zþi
tþi þ zþi

�

1=2ð1��Þ
;

tanðð1� �Þ�Þ ¼ yþi
xþi

: (4.10)

The junction conditions (4.3) for positions then take the

form

x�i ¼ ð1� �Þ cos�

cosðð1� �Þ�Þ x
þ
i ;

y�i ¼ ð1� �Þ sin�

sinðð1� �Þ�Þ y
þ
i ;

z�i ¼ ð1� �Þ R� R�1

R1�� � R��1
zþi ;

t�i ¼ ð1� �Þ Rþ R�1

R1�� þ R��1
tþi ;

(4.11)

and the coefficients (4.5), (4.6), (4.7), and (4.8) simplify to

ax ¼
1

1� �

��

1� 1

2
�

�

2

cosð��Þ þ 1

4
�2 cosðð2� �Þ�Þ

�

;

bx ¼
�1

1� �

��

1� 1

2
�

�

2

sinð��Þ � 1

4
�2 sinðð2� �Þ�Þ

�

;

cx ¼
�ð1� 1

2
�Þ

2ð1� �Þ ðR��1 � R1��Þ cos�;

dx ¼ ��ð1� 1
2
�Þ

2ð1� �Þ ðR��1 þ R1��Þ cos�; (4.12)
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18 2 GEODESICS IN IMPULSIVE GRAVITATIONAL WAVES

ay ¼
1

1� �

��

1� 1

2
�

�

2

sinð��Þ þ 1

4
�2 sinðð2� �Þ�Þ

�

;

by ¼
1

1� �

��

1� 1

2
�

�

2

cosð��Þ � 1

4
�2 cosðð2� �Þ�Þ

�

;

cy ¼
�ð1� 1

2
�Þ

2ð1� �Þ ðR��1 � R1��Þ sin�;

dy ¼ ��ð1� 1
2
�Þ

2ð1� �Þ ðR��1 þ R1��Þ sin�; (4.13)

az¼
�ð1�1

2
�Þ

2ð1��Þ ðR�R�1Þcosðð1��Þ�Þ;

bz¼
�ð1�1

2
�Þ

2ð1��Þ ðR�R�1Þsinðð1��Þ�Þ;

cz¼
1

2ð1��Þ

��

1�1

2
�

�

2

ðR�þR��Þ�1

4
�2ðR2��þR��2Þ

�

;

dz¼
�1

2ð1��Þ

��

1�1

2
�

�

2

ðR��R��Þþ1

4
�2ðR2���R��2Þ

�

;

(4.14)

at¼��ð1�1
2
�Þ

2ð1��Þ ðRþR�1Þcosðð1��Þ�Þ;

bt¼��ð1�1
2
�Þ

2ð1��Þ ðRþR�1Þsinðð1��Þ�Þ;

ct¼
�1

2ð1��Þ

��

1�1

2
�

�

2

ðR��R��Þ�1

4
�2ðR2���R��2Þ

�

;

dt¼
1

2ð1��Þ

��

1�1

2
�

�

2

ðR�þR��Þþ1

4
�2ðR2��þR��2Þ

�

:

(4.15)

Notice finally that the terms involving R could also be

conveniently expressed using the hyperbolic functions as

R� R�1 ¼ 2 sinhr;

Rþ R�1 ¼ 2 coshr;

R� � R�� ¼ 2 sinhð�rÞ;
R� þ R�� ¼ 2 coshð�rÞ;

R1�� � R��1 ¼ 2 sinhðð1� �ÞrÞ;
R1�� þ R��1 ¼ 2 coshðð1� �ÞrÞ;
R2�� � R��2 ¼ 2 sinhðð2� �ÞrÞ;
R2�� þ R��2 ¼ 2 coshðð2� �ÞrÞ;

(4.16)

where

r � logR ¼ 1

2ð1� �Þ log
�

tþi � zþi
tþi þ zþi

�

: (4.17)

Employing the relation tþi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðxþi Þ2 þ ðyþi Þ2 þ ðzþi Þ2
q

¼
zþi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ tan2�þ þ tan2�þp

, this can be written explicitly

in terms of the initial position as

r ¼ 1

2ð1� �Þ log
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ tan2�þ þ tan2�þp

� 1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ tan2�þ þ tan2�þp

þ 1

�

: (4.18)

Moreover,

tanðð1� �Þ�Þ ¼ tan�þ

tan�þ : (4.19)

The above formulas enable us to investigate behavior of

arbitrary geodesics which cross the spherical impulse gen-

erated by a snapped cosmic string.

B. Analysis and description of the resulting motion

For simplicity, let us consider a family of test particles

which are at rest in front of the impulse (i.e., in the

constant-curvature region U > 0). Specifically, we will

first assume that the velocities of the particles in the

coordinates (2.3) of Minkowski, de Sitter or anti-de Sitter

space vanish, _xþ ¼ _yþ ¼ _zþ ¼ 0.
Junction conditions (3.23) for the velocities across the

impulse thus simplify considerably to

_x�
i ¼ dx _t

þ
i ; _y�i ¼ dy _t

þ
i ; _z�i ¼ dz _t

þ
i ; _t�i ¼ dt _t

þ
i ;

(4.20)

where the constants dx, dy, dz, dt are given by (4.12),

(4.13), (4.14), and (4.15), respectively. Using the defini-

tions (3.29) and (3.30) and relations (4.11) for positions, it

is straightforward to obtain the following refraction for-

mulas:

tan�� ¼ sinhðð1� �ÞrÞ
sinhr

cos�

cosðð1� �Þ�Þ tan�
þ;

tan�� ¼ �ð1� 1
2
�Þ coshðð1� �ÞrÞ cos�

ð1� 1
2
�Þ2 sinhð�rÞ þ 1

4
�2 sinhðð2� �ÞrÞ ;

(4.21)

and

tan�� ¼ sinhðð1� �ÞrÞ
sinhr

sin�

sinðð1� �Þ�Þ tan�
þ;

tan�� ¼ �ð1� 1
2
�Þ coshðð1� �ÞrÞ sin�

ð1� 1
2
�Þ2 sinhð�rÞ þ 1

4
�2 sinhðð2� �ÞrÞ :

(4.22)

Because of the axial symmetry of the spacetime along

the z axis (where the string is located in front of the im-

pulse), it is natural to restrict attention to a ring of test par-

ticles located in the ðxþ; zþÞ plane, i.e., assuming yþ¼0.
From (3.30) it follows that �þ¼0 and, using (4.19), this

implies � ¼ 0. Consequently, Eqs. (4.22) reduce to

�� ¼ 0 ¼ ��. It follows that y�i ¼ 0 ¼ _y�i , and motion

of such particles will thus remain in the ðx�; z�Þ plane

behind the impulse. Relations (4.21), which describe the

motion in the ðx; zÞ plane, now reduce to
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tan�� ¼ sinhðð1� �ÞrÞ
sinhr

tan�þ;

tan�� ¼ �ð1� 1
2
�Þ coshðð1� �ÞrÞ

ð1� 1
2
�Þ2 sinhð�rÞ þ 1

4
�2 sinhðð2� �ÞrÞ ;

(4.23)

where the parameter r is given by Eq. (4.18). Because

�þ ¼ 0, this further simplifies to

r ¼ 1

1� �
log

�

tan
�þ

2

�

: (4.24)

It is now possible to visualize the effect of the impulse

generated by a snapped cosmic string on such a ring of test

particles by plotting the corresponding graphs. In Figs. 5

and 6 we draw the functions ��ð�þÞ and ��ð�þÞ, respec-
tively, which are given by (4.23) with (4.24), for several

discrete values of the parameter �. The geometrical mean-

ing of these angles is described in Figs. 3 and 4. The angle

�þ parametrizes position of a particle of the ring in front of

the impulse, while �� and �� determine, respectively, its

position and velocity vector inclination behind the

impulse.

Combining these two relations, we plot in Fig. 7 the

motion of the (initially static) ring caused by the impulse. It

can be seen that the particles are displaced towards the

string, and directions of their velocities are oriented

‘‘along’’ the string. Particles located close to the string in

front of the impulse are accelerated almost to the speed of

light behind the impulse, and are ‘‘dragged’’ along the

string (except those in the perpendicular plane z ¼ 0 cor-

responding to �þ ¼ 	
2
). In Fig. 8 we plot the magnitude

v� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðv�
x Þ2 þ ðv�

z Þ2
q

of the resulting velocity vector as a

function of �þ for several values of the parameter �.

Indeed, for small values of the angle �þ the speed ap-

proaches that of light, v� ! 1. The components v�
x ¼

ð _x�i = _t�i Þ ¼ dx=dt and v�
z ¼ ð _z�i = _t�i Þ ¼ dz=dt are sepa-

rately drawn in Fig. 9. Since v�
x ð0Þ ¼ 0, v�

z ð0Þ ¼ 1 for

any � > 0, the particles close to the string are accelerated

‘‘parallelly’’ along it. For � ! 0, v�
z ð�þÞ becomes zero

everywhere except at �þ ¼ 0 where the string is located.

Also, v�
z ð	2Þ ¼ 0 which means that the particles in the

transverse plane z ¼ 0 are accelerated ‘‘perpendicularly’’

and they thus stay in this plane, which is consistent with the

symmetry of the system. The velocity vectors correspond-

ing to such components are indicated in Fig. 7 by arrows.

FIG. 6. The function ��ð�þÞ which determines the depen-

dence of the velocity vector inclination behind the impulse on

the particle’s position in front of the impulse. The curves plotted

correspond to � ¼ 0:1; 0:2; . . . ; 0:8.

FIG. 5. The function ��ð�þÞ which determines the displace-

ment of the position of a particle when it crosses the impulse

generated by a snapped cosmic string. The curves correspond to

different values of the deficit angle parameter � ¼
0; 0:1; 0:2; . . . ; 0:8.

FIG. 7. The effect of the impulse with � ¼ 0:2 on a ring of

initially static test particles in the ðx; zÞ plane. The particles are

shifted and they start to move, as indicated by their velocity

vectors with components ðv�
x ; v

�
z Þ behind the impulse. The

impulse is scaled here in such a way that it is given by a unit

sphere on both sides of the impulse.
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20 2 GEODESICS IN IMPULSIVE GRAVITATIONAL WAVES

To compare these velocity vectors for different values of

the initial position �þ, we plot them in Fig. 10 from the

common origin. The end points of these arrows for all

�þ 2 ½0; 	
2
� form a smooth curve, which is drawn in

Fig. 11 for several discrete values of the conicity parameter

�. For small � there is a single minimum in such curves,

while for large values of � the curves approach a unit circle

since the particles are accelerated by the impulse almost to

the speed of light in all directions.

Finally, in Figs. 12 and 13 we visualize the deformation

of the ring of test particles, initially at rest, as it evolves

with time. It can be concluded that the circle [which may

be considered as a ðx; zÞ section through a sphere] is

deformed by the gravitational impulse into an axially

symmetric pinched surface, elongated and expanding

along the moving strings in the positive z direction. Also,
the particles which initially started at x > 0 have v�

x < 0,
while those with x < 0 have v�

x > 0. This explicitly dem-

onstrates the ‘‘dragging’’ effect in such spacetimes caused

by the moving strings and the corresponding impulse. With

a growing value of the parameter �, the deformation in the

z direction is bigger.

In the complementary case, in which the ring of static

test particles is located in the ðxþ; yþÞ plane perpendicular
to the string (see Fig. 4), zþi ¼ 0 which corresponds to

�þ ¼ 	
2
. It thus follows from (4.17) that r ¼ 0, i.e., R ¼ 1.

In such a case, the explicit junction conditions for positions

simplify to

FIG. 9. The components v�
x (left) and v�

z (right) of the velocity vector behind the impulse as a function of initial position �þ. The
curves correspond to � ¼ 0:1; 0:2; . . . ; 0:8.

FIG. 10. The velocity vectors for � ¼ 0:2 plotted as a function

of the initial position �þ of the particle in the ring.

FIG. 8. The magnitude v� of the velocity vector behind the

impulse as a function of the particle’s initial position �þ. The
curves plotted correspond to different values of the parameter

� ¼ 0:1; 0:2; . . . ; 0:8.
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x�i ¼ ð1� �Þ cos�

cosðð1� �Þ�Þ x
þ
i ;

y�i ¼ ð1� �Þ sin�

sinðð1� �Þ�Þ y
þ
i ;

z�i ¼ 0; t�i ¼ ð1� �Þtþi ;

(4.25)

and the coefficients in Eqs. (4.20) relating the velocities on

both sides of the impulse become

dx ¼ ��
1� 1

2
�

1� �
cos�; dy ¼ ��

1� 1
2
�

1� �
sin�;

dz ¼ 0; dt ¼
1� �þ 1

2
�2

1� �
: (4.26)

Since _z�i ¼ 0 ¼ z�i , motion of the particles will remain in

the perpendicular ðx�; y�Þ plane behind the impulse. In

fact,

v� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðv�
x Þ2 þ ðv�

y Þ2
q

¼ �
1� 1

2
�

1� �þ 1
2
�2

;

v�
y

v�
x

¼ tan�:

(4.27)

This implies geometrically that all the particles will move

radially inward with the same speed, and the circular ring

will thus uniformly contract. This is in full agreement with

the corresponding partial result obtained previously in

Sec. IV B of [24].

For more general situations, in which the test particles in

front of the impulse are not static in the x, y, z coordinates,
the resulting motion can similarly be investigated using the

relations (4.11) and (3.23). In particular, employing (4.12),

(4.13), (4.14), (4.15), and (4.16) for the case when � ¼ 0,
we obtain

x�i ¼ ð1� �Þxþi ; y�i ¼ 0 ¼ yþi ;

z�i ¼ ð1� �Þ sinhr

sinhðð1� �ÞrÞ z
þ
i ;

t�i ¼ ð1� �Þ coshr

coshðð1� �ÞrÞ t
þ
i ;

(4.28)

and

_x�i ¼ 1� �þ 1
2
�2

1� �
_xþi � �

1� 1
2
�

1� �
½sinhðð1� �ÞrÞ _zþi

þ coshðð1� �ÞrÞ _tþi �;
_y�i ¼ _yþi ;

_z�i ¼ �
1� 1

2
�

1� �
sinhr _xþi þ ð1� 1

2
�Þ2

1� �
½coshð�rÞ _zþi

� sinhð�rÞ _tþi � �
1
4
�2

1� �
½coshðð2� �ÞrÞ _zþi

þ sinhðð2� �ÞrÞ _tþi �; (4.29)

_t�i ¼ ��
1� 1

2
�

1� �
coshr _xþi þ ð1� 1

2
�Þ2

1� �
½� sinhð�rÞ _zþi

þ coshð�rÞ _tþi � þ
1
4
�2

1� �
½sinhðð2� �ÞrÞ _zþi

þ coshðð2� �ÞrÞ _tþi �;

where r is given by (4.24).

FIG. 11. Envelope of the velocity vectors for all �þ 2 ½0; 	
2
�,

plotted for � ¼ 0:1; 0:2; . . . ; 0:8.

FIG. 12. Time sequence showing the deformation of the ring of

test particles (indicated here by an initial semicircle of unit

radius for �þ 2 ½� 	
2
; 	
2
�) caused by the spherical impulse

generated by a snapping cosmic string with � ¼ 0:2.
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C. Effect on particles comoving in de Sitter space

Finally, it will be illustrative to investigate the effect of

the impulsive spherical wave generated by a snapped cos-

mic string on test particles which are comoving in the

de Sitter (half)space in front of the impulse. Specifically,

these particles are initially given by


 ¼ 
þ
i ¼ 
0; � ¼ �þi ¼ �0; � ¼ �þ

i ¼ �0;

(4.30)

where 
0, �0, �0 are constants, in the coordinates which

naturally cover the de Sitter universe in the standard form

of the metric

ds20 ¼ �dt2 þ a2cosh2
t

a

� ðd
2 þ sin2
ðd�2 þ sin2�d�2ÞÞ:
(4.31)

Such a parametrization of the de Sitter hyperboloid (2.4) is

obtained by

Z0 ¼ a sinh
t

a
;

Z1 ¼ a cosh
t

a
sin
 cos�;

Z2 ¼ a cosh
t

a
sin
 sin� cos�;

Z3 ¼ a cosh
t

a
sin
 sin� sin�;

Z4 ¼ a cosh
t

a
cos
;

(4.32)

where t 2 ð�1;þ1Þ, 
, � 2 ½0; 	�, � 2 ½0; 2	�.
Inversely,

sinh
t

a
¼ Z0

a
; tan2
 ¼ Z2

1 þ Z2
2 þ Z2

3

Z2
4

;

tan2� ¼ Z2
2 þ Z2

3

Z2
1

; tan� ¼ Z3

Z2

:

(4.33)

The expanding impulse is located at Z4 ¼ a (see Fig. 1),

i.e., it is given by coshðt=aÞ ¼ 1= cos
 which can be

rewritten as

tanh
t

a
¼ sin
: (4.34)

The snapped cosmic string is located at Z2 ¼ 0 ¼ Z3 in the

de Sitter region in front of the impulse, which corresponds

to �þ ¼ 0, 	. The spacetime can thus be visualized as in

Fig. 14.

Notice that the impulse is always located at the fixed

value Z4 ¼ a but, as the spherical de Sitter universe ex-

pands, the impulse propagates from its north pole 
 ¼ 0 at
t ¼ 0 to its equator
 ¼ 	

2
as t ! 1. The cosmic string was

initially a closed loop around the whole meridian � ¼ 0; 	,
but it snapped in the north pole at t ¼ 0 (when the universe
had the minimum radius a) generating the impulsive gravi-

tational wave.

The convenient form of the junction conditions for geo-

desics is given in the five-dimensional representation by

Eqs. (3.47) and (3.51). Using (4.4), (3.46), (4.32), and

(4.34) we obtain a simple expression for the complex

interaction parameter

Z1��
i ¼ tan

�0
2
ei�0 (4.35)

(notice that this is consistent with the stereographic inter-

pretation shown in Fig. 2). In view of (4.9) we thus obtain

FIG. 13. Deformation of the ring of particles, as in Fig. 12, for � ¼ 0:005 (left) and � ¼ 0:8 (right).
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r ¼ 1

1� �
log

�

tan
�0
2

�

; � ¼ �0

1� �
: (4.36)

In terms of these initial data we may rewrite (3.47) and

(3.51), employing (4.16), explicitly as

Z�
0i ¼ ð1� �Þ coshr

coshðð1� �ÞrÞZ
þ
0i;

Z�
1i ¼ ð1� �Þ sinhr

sinhðð1� �ÞrÞZ
þ
4i;

Z�
2i ¼ ð1� �Þ cos�

cosðð1� �Þ�ÞZ
þ
2i;

Z�
3i ¼ ð1� �Þ sin�

sinðð1� �Þ�ÞZ
þ
3i;

Z�
4i ¼ a ¼ Zþ

4i:

(4.37)

and

_Z�
2i
_Z�
3i
_Z�
1i
_Z�
0i
_Z�
4i

0

B

B

B

B

B

@

1

C

C

C

C

C

A

¼
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; (4.38)

where the constant coefficients ap, bp, cp, dp are given by

(4.12), (4.13), (4.14), (4.15), and (4.16) and np is deter-

mined by expression (3.50). It follows from (4.32) and

(4.34) that

Zþ
0i ¼ a tan
0;

Zþ
1i ¼ a tan
0 cos�0;

Zþ
2i ¼ a tan
0 sin�0 cos�0;

Zþ
3i ¼ a tan
0 sin�0 sin�0:

(4.39)

Similarly, by differentiating (4.32) with respect to the

proper time � ¼ t of a comoving particle we obtain

_Zþ
0i ¼

1

cos
0

;

_Zþ
1i ¼

sin2
0

cos
0

cos�0;

_Zþ
2i ¼

sin2
0

cos
0

sin�0 cos�0;

_Zþ
3i ¼

sin2
0

cos
0

sin�0 sin�0;

_Zþ
4i ¼ sin
0:

(4.40)

These parameters explicitly satisfy the constraints (3.6),

(3.7), and (3.8) for a timelike geodesic in de Sitter space

(e ¼ �1, " ¼ 1).
We can thus visualize the effect of the impulse on

initially comoving particles in a de Sitter universe in the

‘‘five-dimensional’’ pictures shown in Figs. 15 and 16,

where we plot the corresponding velocity vectors (with

the spherical space, impulse and the snapped string as in

Fig. 14).

In Fig. 15 the arrows indicate the velocities of different

test particles, given by (4.38) and (4.40) with the same

values of 
0 (and �0 suppressed), behind the impulsive

wave. The outer semicircle indicates the position of the

same particles if the impulse would be absent—they would

(comovingly) move because the de Sitter universe itself

expands. Therefore, the difference gives the ‘‘net’’ effect of

the impulse on these particles (by subtracting a natural

comoving motion due to the global expansion of the uni-

Z4

Z2

Z1

FIG. 14. The de Sitter universe with the snapped cosmic string

(indicated by a dashed line at Z2 ¼ 0 ¼ Z3) and the related

impulse (Z4 ¼ a) at a given time (the coordinate Z3 is sup-

pressed). As the universe expands, the impulse propagates from

the north pole to the equator.

FIG. 15 (color online). The de Sitter universe with the snapped

string and the impulsive wave, at a given time. The arrows

indicate the velocities of different test particles behind the

impulse. The outer semicircle locates the same comoving parti-

cles at a later time if the impulse would be absent, i.e., if they

would move solely due to the expansion of the universe.
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verse). This is shown in Fig. 16. It can be seen that the

particles close to the string are accelerated to higher speeds

and are dragged along the string, while the particles in the

transverse plane are accelerated perpendicularly to the

string. In fact, Fig. 7 can be understood as a projection

onto the horizontal section Z4 ¼ a through Fig. 16.

V. CONCLUSIONS

We presented a complete and explicit solution of geo-

desic motion which describes the effect of expanding

spherical impulsive gravitational waves propagating in

constant-curvature backgrounds, provided the trajectories

of test particles are of class C1 in a continuous coordinate

system. This generalizes results obtained previously for

Minkowski background space [24] to any value of the

cosmological constant, i.e., the de Sitter universe (�> 0)
or anti-de Sitter universe (�< 0). Also, it is a counterpart
of paper [25] in which motion of test particles in these

background spaces with nonexpanding impulses was

analyzed.

We derived a convenient form of the junction conditions

(3.22), (3.23), and (3.24) and the corresponding refraction

formulas (3.32) and (3.33), employing the natural coordi-

nates in which the background metric (2.3) is conformally

flat. Interestingly, the expressions are independent of the

parameter � ¼ �1; 0;þ1 which occurs in the continuous

metric (2.16) for the impulsive-wave spacetimes. We also

considered the five-dimensional formalism which is suit-

able when � � 0, see Eqs. (3.47) and (3.51).

Subsequently, we discussed in detail the behavior of test

particles in axially symmetric spacetimes in which the

gravitational impulse is generated by a snapped cosmic

string. In particular, we demonstrated that the particles are

dominantly dragged by the impulse in the direction of the

moving strings, and are accelerated to ultrarelativistic

speeds in their vicinity, see Figs. 7–9. These results apply

to any value of the cosmological constant. The strings and

the associated impulse would thus effectively create oppo-

site ‘‘beams’’ of particles, dominantly moving along the

strings with the speed close to the speed of light, as

visualized in Figs. 12 and 13.
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Žofka (World Scientific, Singapore, 2002), p. 205.

[19] C. Barrabès and P.A. Hogan, Singular Null Hypersurfaces

in General Relativity (World Scientific, Singapore, 2003).
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CHAPTER

3

GEODESIC DEVIATION

IN HIGHER DIMENSIONS

The main purpose of this chapter is to investigate the general properties of relative motions of
free test particles in spacetimes of an arbitrary dimension. The obtained results are presented in
the form of the paper Interpreting spacetimes of any dimension using geodesic deviation which
was published in Physical Review D in 2012. Full citation of this paper is [22].

Due to a freedom in the choice of particular coordinate system in general relativity (and also
in other covariant theories) it is quite difficult to distinguish net effects of the gravitational field
from those given by unsuitable choice of the coordinates. An important tool which can help us to
analyze the physical properties of a given spacetime is a systematic study of relative accelerations
between freely falling nearby test particles. Their relative motion is described by the equation of
geodesic deviation (sometimes also called the Jacobi equation), see e.g. [3], which was generally
analyzed in standard four-dimensional relativity by Szekeres [23] and many others. Rewriting the
Szekeres results in a more convenient form using Newman–Penrose coefficients, see [24, 25] gives
a direct connection between algebraic type of the spacetime and relative behaviour of free test
particles.

Also the equation of geodesic deviation posses a tool how to directly measure the curvature of
the spacetime since, e.g., the interferometric detectors of gravitational waves are based on precise
measurements of relative changes of the test bodies positions.

Motivated by a growing interest in exact solutions of Einstein’s equations in higher-dimensions
in recent years, see [22] for references, we extend here the description of relative motion to an
arbitrary spacetime in any dimension, and analyze the general behaviour of geodesic congruences
with respect to the algebraic structure of a given spacetime. Such algebraic classification of higher-
dimensional Lorentzian manifolds was developed by Coley, Milson, Pravda and Pravdová [26]. We
use a fully equivalent notation introduced by Krtouš and Podolský in [27] because it is closer to
those standardly used in four-dimensions.

To obtain invariant results we express the equation of geodesic deviation in an orthonormal
frame connected to an observer. The components of Riemann curvature tensor are expressed
by a traceless Weyl tensor representing a free gravitational field, specific combinations of energy–
momentum tensor and its trace describing the matter content of a given spacetime. We rewrite the
orthonormal frame components of the Weyl tensor in terms of the null fame aligned to the algebraic
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structure of the spacetime. In correspondence with four-dimensional case we find that the overall
effect of general gravitation field consists of purely transverse deformations, i.e., gravitational
waves (in general propagating in opposite spatial directions), longitudinal effects, Newton-like
deformations, isotropic influence of a cosmological constant, and effects connected with particular
matter content of the universe. We also describe the dependence of our results on a particular
observer, corresponding to a freedom in the choice of the frame given by Lorentz transformations.

The utility of the presented approach is demonstrated in our paper [22] by applying it on the
case of pp-waves. More general and explicit examples will follow in this thesis, namely discussion
of general nontwisting solutions of Einstein’s equations in Chapter 4, nontwisting, nonexpanding
and shearfree Kundt solutions in Chapter 5, and expanding Robinson–Trautman spacetimes in
Chapter 6. For the transverse gravitational waves we found a more complex behaviour than in
four spacetime dimensions.
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Interpreting spacetimes of any dimension using geodesic deviation
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We present a general method that can be used for geometrical and physical interpretation of an arbitrary

spacetime in four or any higher number of dimensions. It is based on the systematic analysis of relative

motion of free test particles. We demonstrate that the local effect of the gravitational field on particles, as

described by the equation of geodesic deviation with respect to a natural orthonormal frame, can always

be decomposed into a canonical set of transverse, longitudinal and Newton–Coulomb-type components,

isotropic influence of a cosmological constant, and contributions arising from specific matter content of

the Universe. In particular, exact gravitational waves in Einstein’s theory always exhibit themselves via

purely transverse effects with DðD� 3Þ=2 independent polarization states. To illustrate the utility of this

approach, we study the family of pp-wave spacetimes in higher dimensions and discuss specific

measurable effects on a detector located in four spacetime dimensions. For example, the corresponding

deformations caused by generic higher-dimensional gravitational waves observed in such physical

subspace need not be trace-free.

DOI: 10.1103/PhysRevD.85.044057 PACS numbers: 04.50.�h, 04.20.Jb, 04.30.�w, 04.30.Nk

I. INTRODUCTION

In the last decade, there has been a growing interest in

exact spacetimes within the context of higher-dimensional

general relativity, primarily motivated by finding particular

models for string theories, AdS/CFT correspondence, and

brane-world cosmology. Such investigations thus concen-

trated mainly on various types of black holes and black

rings, see [1–8] for reviews and further references. More

general static or stationary axisymmetric [9–15], multi-

black hole Majumdar–Papapetrou-type [16–23], and static

solutions with cylindrical/toroidal symmetry [24–28] were

also considered, including uniform and nonuniform black

strings [29–36] with the aim to elucidate their instability

[37–39]. Other important classes of higher-dimensional

exact solutions of Einstein’s equations have also been

studied recently, for example, Robinson-Trautman and

Kerr-Schild spacetimes [40–45], extensions of the

Bertotti-Robinson, (anti-)Nariai, and Plebański-Hacyan uni-

verses [46], higher-dimensional Friedmann-type [47–51]

and multidimensional cosmological models [20,52] (see

also references therein), specific solitons [24,53,54], or

various exact gravitational waves—in particular those that

belong to nonexpanding Kundt family [55,56], namely,

generalized pp-waves [57–63] (for a study of their colli-

sions see [64]), vanishing scalar invariant (VSI) [62,63],

and constant scalar invariant [65] spacetimes, or relativ-

istic gyratons [66–71].

Fundamental general questions concerning the classifi-

cation of higher-dimensional manifolds based on the alge-

braic structure of the curvature tensor have been clarified

[72–75], including generalizations of the Newman-Penrose

and the Geroch-Held-Penrose formalisms [76–80]. This

paved the way for a systematic study of wide classes

of algebraically special spacetimes in higher dimensions

[81–84]. Investigation of asymptotic behavior of the

corresponding fields and their global structure, in particu-

lar, properties of gravitational radiation, has also been

initiated [85–99].

Nevertheless, in spite of the considerable effort devoted

to this topic, there are still important aspects concerning

the nature of gravitational fields in higher-dimensional

gravity that remain open. Any sufficiently general method

that could be used to probe geometrical and physical

properties of a given spacetime would be useful. In the

present work, we suggest and develop such an approach,

which is based on investigation and classification of spe-

cific effects of gravity encoded in relative motion of nearby

test particles.

In fact, in standard four-dimensional general relativity,

this has long been used as an important tool for studies of

spacetimes. Relative motion of close free particles helps us

to clarify the structure of a gravitational field in which the

test particles move. When they have no charge and spin,

this is mathematically described by the equation of geo-

desic deviation (sometimes also called the Jacobi equa-

tion), which was first derived in the n-dimensional

(pseudo-)Riemannian geometry by Levi-Civita and

Synge [100–103], see [104] for the historical account.

Shortly after its application to Einstein’s gravity theory

[105–114], it helped, for instance, to understand the be-

havior of test bodies influenced by gravitational waves or

the physical fate of observers falling into black holes.

Textbook descriptions of this equation, which is linear

with respect to the separation vector connecting the
*podolsky@mbox.troja.mff.cuni.cz
†robert.svarc@mff.cuni.cz
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test particles, are given, e.g., in [115–118]. Let us also

mention that generalizations of the equation of geodesic

deviation to admit arbitrary relative velocities of the

particles were obtained in the works [119–127]. Further

extensions, higher-order corrections to the geodesic de-

viation equation, their particular applications, and refer-

ences can be found in the recent papers [127–134] and in

the monograph [118].

In 1965, Szekeres [114] presented an elegant analysis of

the behavior of nearby test particles in a generic four-

dimensional spacetime. He demonstrated that the overall

effect consists of specific transverse, longitudinal, and

Newton–Coulomb-type components. This was achieved

by decomposing the Riemann curvature tensor into the

Weyl tensor and the terms involving the Ricci tensor (and

Ricci scalar). While the former represents the ‘‘free gravi-

tational field,’’ the latter can be explicitly expressed,

employing Einstein’s field equations, in terms of the cor-

responding components of the energy-momentum tensor,

which describes the matter content. In order to further

analyze the Weyl tensor contribution, Szekeres used the

formalism of self-dual bivectors [135,136] constructed

from null frames. This enabled him to deduce the effects

of gravitational fields on nearby test particles in spacetimes

of various Petrov types. When these results are reexpressed

in a more convenient Newman-Penrose formalism

[137,138], explicit physical interpretation of the corre-

sponding complex scalars �A is obtained. In particular,

the Weyl scalar�4 (the only nontrivial component in type-

N spacetimes) represents a purely transverse effect of exact

gravitational waves, the scalar�3 (present, e.g., in type-III

spacetimes) is responsible for longitudinal effects, and �2

(typical for spacetimes of type D) gives rise to Newton-like

deformations of the family of test particles (see [139–141]

for more details; inclusion of a nonvanishing cosmological

constant was described in [128]).

It is the purpose of the present work to extend these

results to arbitrary spacetimes in any dimension D � 4.
The paper is organized as follows. In Sec. II, we recall the

equation of geodesic deviation, including its invariant form

with respect to the interpretation orthonormal frame

adapted to an observer. In Sec. III, we perform the canoni-

cal decomposition of the curvature tensor using Einstein’s

equations and the real Weyl tensor components �A��� with
respect to an associated null frame. We thus derive an

explicit and general form of the equation of geodesic

deviation. Section IV analyses the character of all canoni-

cal components of a gravitational field. Section V is de-

voted to the discussion of uniqueness of the interpretation

frame, and derivation of explicit relations that give the

dependence of the field components on the observer’s

velocity. In Sec. VI, we describe the effect of pure

radiation, perfect fluid and electromagnetic field on test

particles. Final Sec. VII illustrates the method on the

family of pp-waves in higher dimensions. There are also

3 Appendices: In Appendix A, we give relations to the

standard complex formalism of D ¼ 4 general relativity,

and in Appendix B we summarize alternative notations

commonly used in literature on D � 4 spacetimes.

Finally, in Appendix C the Lorentz transformations of

the �A��� scalars are presented.

II. EQUATION OF GEODESIC DEVIATION

The main objective of the present work is to investigate

and characterize the curvature of an arbitrary spacetime of

dimension D � 4 by its local effects on freely falling test

particles (observers). The gravitational field manifests it-

self, in Newtonian terminology, as specific ‘‘tidal forces’’

that cause the nearby particles to accelerate relative to each

other. This leads to a deviation of corresponding geodesics

whose separation thus changes with time: in various spatial

directions the particles approach or recede from them-

selves, exhibiting thus the specific character of the space-

time in the vicinity of a given event.

In standard and also higher-dimensional general rela-

tivity, such a behavior of free test particles (without

charge and spin) is described by the geodesic deviation

equation [100–118]

D2Z�

d�2
¼ R�

���u
�u�Z�; (1)

where R�
��� are components of the Riemann curvature

tensor, u� are components of the velocity vector u ¼
u�@� of the reference (fiducial) particle moving along a

timelike geodesic �ð�Þ � fx0ð�Þ; . . . ; xD�1ð�Þg, u� ¼ dx�

d� ,

the parameter � is its proper time (so that u � u �
g��u

�u� ¼ �1), and Z� are components of the separation

vector Z ¼ Z�@�, which connects the reference particle

with another nearby test particle moving along a timelike

geodesic ��ð�Þ. The situation is visualized in Fig. 1.

FIG. 1. In a curved D-dimensional spacetime, nearby test

particles moving along geodesics accelerate toward or away

from each other, as given by the equation of geodesic deviation

(1). Here, u is the velocity vector of a reference particle, and Z is

the separation vector that represents actual relative position of

the second test particle at a given proper time �.
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Equation (1) explicitly expresses the relative accelera-

tion of two nearby particles by the second absolute (cova-

riant) derivative of the vector field Z along �ð�Þ,

D2Z�

d�2
¼ ðZ�

;�u
�Þ;�u� ¼ Z�

;��u
�u�; (2)

in terms of the local curvature tensor and the actual relative

position of the particles, described by the separation vector

Zð�Þ at the time �.
To be geometrically more precise, the two geodesics

should be understood as specific representatives of a

congruence �ð�; zÞ, i.e., smooth one-parameter family of

geodesics, such that �ð�Þ � �ð�; z ¼ 0Þ and ��ð�Þ �
�ð�; z ¼ constÞ. The proper time � and the parameter z,
which labels the geodesics, can be chosen as coordinates

on the submanifold spanned by the congruence. Thus,

u ¼ @� and Z ¼ @z, and the deviation vector field Z is Lie-

transported along the geodesics generated byu. Consider now

the positions of two test particles at a given time, for example,

P (located at z ¼ 0) andQ (for which z ¼ 1, say) at � ¼ 0,
as shown in Fig. 1. Their coordinates are related by the

exponential map x
�
Q ¼ expðzZÞx�P generated by Z at P ,

where we set z ¼ 1 to locate Q. If the higher-order terms

are negligible, this expression reduces to x
�
Q � x

�
P �

ðZx�ÞP , demonstrating that the separation vectorZ describes

the relative position of the two test particles, and Zð�Þ
gives its evolution that is obtained by solving the Eq. (1).

Such linear approximation improves when the second test

particle moves very close to the reference one, i.e., along

the geodesic z ¼ const � 1, in which case the separation

is described by the vector field zZð�Þ.
It should also be recalled that the equation of geodesic

deviation (1) is linear with respect to the components of the

separation vector, neglecting higher-order terms in the

Taylor expansion of exact expression for relative accelera-

tion of free test particles. It can thus be used when the

relative velocities of the particles are negligible, i.e., their

geodesics are almost parallel. Generalizations of Eq. (1) to

admit arbitrary relative velocities were obtained and ap-

plied in the works [119–127]. Further extensions, higher-

order corrections to the geodesic deviation equation, and

their specific applications can be found in [129–134] (for

reviews and other references see [118,127,130,134]). Our

aim, however, in this paper is to investigate local relative

motion of nearby free test particles that are initially at rest

with respect to each other. For such an analysis, the clas-

sical geodesic deviation Eq. (1) will be fully sufficient.

Now, in order to obtain invariant results independent of

the choice of coordinates, it is natural to adopt the Pirani

approach [105,106] based on the use of components of the

above quantities with respect to a suitable orthonormal

frame feag. At any point of the reference geodesic, this

defines an observer’s framework in which physical mea-

surements are made and interpreted. In particular, the

separation vector is expressed as Z ¼ Zaea. The timelike

vector of the frame is identified with the velocity vector of

the observer, eð0Þ ¼ u, and eðiÞ, where i ¼ 1; 2; . . . ; D� 1,

are perpendicular spacelike unit vectors that form its local

Cartesian basis in the hypersurface orthogonal to u (see

also Fig. 2),

e a � eb � g��e
�
ae

�
b ¼ �ab � diagð�1; 1; . . . ; 1Þ: (3)

Because of the fact that u is parallelly transported, for the

zeroth frame component Zð0Þ � eð0Þ � Z ¼ �u � Z we im-

mediately obtain

d2Zð0Þ

d�2
¼ �u�

D2Z�

d�2
¼ �R����u

�u�u�Z� ¼ 0; (4)

using the skew-symmetry of the Riemann tensor.

Therefore, Zð0Þð�Þ must be at most a linear function of

the proper time. By a natural choice of initial conditions,

consistent with the above construction of the geodesic

congruence �ð�; zÞ, we set Zð0Þ ¼ 0. The temporal compo-

nent of Z thus vanishes and the test particles always stay in

the same spacelike hypersurfaces synchronized by �.
Physical information about relative motion of the test

particles is thus completely contained in the spatial frame

components ZðiÞð�Þ � eðiÞ � Z of the separation vector Z.

These determine the actual relative spatial position of the

two nearby particles. By projecting the geodesic deviation

Eq. (1) onto eðiÞ ¼ eðiÞ, we obtain

€Z ðiÞ ¼ RðiÞ
ð0Þð0ÞðjÞZ

ðjÞ; (5)

where i; j ¼ 1; 2; . . . ;D� 1, and we denote the physical

relative acceleration as

€Z ðiÞ � eðiÞ � D
2Z

d�2
¼ eðiÞ�

D2Z�

d�2
: (6)

The frame components of the Riemann tensor are

RðiÞð0Þð0ÞðjÞ � R����e
�
ðiÞu

�u�e�ðjÞ. Let us note that Pirani

[105,106] labeled, in D ¼ 4, the frame components of

the ‘‘tidal stress tensor’’ that occurs in Eq. (5) (with an

opposite sign) as Ka
b � Ra

0b0 ¼ Ra
cbdu

cud. They are

equivalent to the electric part of the Riemann tensor

Eab � Ra0b0 ¼ Racbdu
cud, see [118].

Following Pirani, it is also usually assumed that the

orthonormal frame feag is parallelly propagated along the

reference geodesic. However, in our work we do not make

such an assumption. In fact, as a key idea of the proposed

interpretation method, we align the orthonormal frame

with the algebraic structure of a given spacetime instead

(see also Sec. V). This makes the investigation of its

physical properties much easier.

III. CANONICAL DECOMPOSITION OF THE

CURVATURE TENSOR

The next step is to express the frame components

of the Riemann tensor RðiÞð0Þð0ÞðjÞ. Using the standard
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decomposition of the curvature tensor into the traceless

Weyl tensor Cabcd and specific combinations of the

Ricci tensor Rab and Ricci scalar R,

Rabcd ¼ Cabcd þ
2

D� 2
ðga½cRd�b � gb½cRd�aÞ

� 2

ðD� 1ÞðD� 2ÞRga½cgd�b; (7)

we immediately obtain

RðiÞð0Þð0ÞðjÞ ¼ CðiÞð0Þð0ÞðjÞ þ
1

D� 2
ðRðiÞðjÞ � �ijRð0Þð0ÞÞ

� R�ij

ðD� 1ÞðD� 2Þ : (8)

Before substituting this into the geodesic deviation

Eq. (5), we also employ the Einstein field equations,

generalized to any dimension D � 4,

Rab � 1
2
Rgab þ�gab ¼ 8	Tab; (9)

where � is a cosmological constant and Tab is the

energy-momentum tensor of the matter field. Using (9)

and its trace R ¼ 2
2�D

ð8	T �D�Þ, we rewrite (8) as

RðiÞð0Þð0ÞðjÞ ¼
2��ij

ðD� 1ÞðD� 2Þ þ CðiÞð0Þð0ÞðjÞ

þ 8	

D� 2

�

TðiÞðjÞ � �ij

�

Tð0Þð0Þ þ
2T

D� 1

��

:

(10)

The equation of geodesic deviation (5) thus takes the

following invariant form:

€ZðiÞ ¼ 2�

ðD� 1ÞðD� 2ÞZ
ðiÞ þ CðiÞð0Þð0ÞðjÞZ

ðjÞ

þ 8	

D� 2

�

TðiÞðjÞZ
ðjÞ �

�

Tð0Þð0Þ þ
2

D� 1
T

�

ZðiÞ
�

:

(11)

The first term represents the isotropic influence of the

cosmological constant � on free test particles, the

second term describes the effect of a ‘‘free’’ gravita-

tional field encoded in the Weyl tensor, while the

second line in (11) gives a direct effect of specific

matter present in a given spacetime.

The terms proportional to the coefficients CðiÞð0Þð0ÞðjÞ
can further be conveniently expressed using the

Newman–Penrose-type scalars, which are the components

of the Weyl tensor with respect to an associated (real) null

frame fk; l;mig. This frame is introduced by the relations

k ¼ 1
ffiffiffi

2
p ðuþ eð1ÞÞ; l ¼ 1

ffiffiffi

2
p ðu� eð1ÞÞ;

mi ¼ eðiÞ for i ¼ 2; . . . ; D� 1;

(12)

where u � eð0Þ is the velocity vector of the observer. Thus,
k and l are future-oriented null vectors, and mi are D� 2
spatial Cartesian vectors orthogonal to them, satisfying

k � l ¼ �1; mi �mj ¼ �ij;

k � k ¼ 0 ¼ l � l; k �mi ¼ 0 ¼ l �mi: (13)

Using the notation of [93], the components of the Weyl

tensor in such a null frame are determined by the following

scalars (grouped by their boost weight):

�0ij ¼ Cabcdk
amb

i k
cmd

j ;

�1ijk ¼ Cabcdk
amb

im
c
jm

d
k ; �1Ti ¼ Cabcdk

albkcmd
i ;

�2ijkl ¼ Cabcdm
a
im

b
jm

c
km

d
l ; �2S ¼ Cabcdk

alblckd;

�2ij ¼ Cabcdk
albmc

im
d
j ; �2Tij ¼ Cabcdk

amb
i l

cmd
j ;

�3ijk ¼ Cabcdl
amb

im
c
jm

d
k ; �3Ti ¼ Cabcdl

akblcmd
i ;

�4ij ¼ Cabcdl
amb

i l
cmd

j ; (14)

where i; j; k; l ¼ 2; . . . ; D� 1. All other frame compo-

nents can be obtained using the symmetries of the Weyl

tensor. The scalars in the left column are independent, up to

the obvious constraints

�0½ij� ¼ 0; �
0k

k ¼ 0;

�1iðjkÞ ¼ 0; �1½ijk� ¼ 0;

�2ijkl ¼ �2klij ; �2ðijÞ ¼ 0;

�2ðijÞkl ¼ �2ijðklÞ ¼ �2i½jkl� ¼ 0;

�3iðjkÞ ¼ 0; �3½ijk� ¼ 0;

�4½ij� ¼ 0; �
4k

k ¼ 0;

(15)

while those in the right column of (14) are not independent

because they can be expressed as the contractions (hence

the symbol ‘‘T,’’ which indicates ‘‘tracing’’)

�1Ti ¼ �
1k i

k ;

�2S ¼ �
2Tk

k ¼ 1
2
�

2kl
kl ;

�2Tij ¼ 1
2
ð�

2ikj
k þ�2ijÞ

where �2TðijÞ ¼ 1
2
�

2ikj
k ; �2T½ij� ¼ 1

2
�2ij ;

�3Ti ¼ �
3k i

k : (16)

In the case D ¼ 4, these Weyl tensor components in the

null tetrad reduce to the standard Newman-Penrose

[137,138] complex scalars �A. Explicit expressions are

given in Appendix A.

Using relations eð0Þ ¼ 1
ffiffi

2
p ðkþ lÞ, eð1Þ ¼ 1

ffiffi

2
p ðk� lÞ, and

the definition (14), a straightforward calculation then leads

to the following expressions for the components CðiÞð0Þð0ÞðjÞ
of the Weyl tensor, which appear in Eq. (11):
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Cð1Þð0Þð0Þð1Þ ¼ �2S;

Cð1Þð0Þð0ÞðjÞ ¼
1
ffiffiffi

2
p ð�1Tj ��3TjÞ;

CðiÞð0Þð0Þð1Þ ¼
1
ffiffiffi

2
p ð�1Ti ��3TiÞ;

CðiÞð0Þð0ÞðjÞ ¼ �1
2
ð�0ij þ�4ijÞ ��2TðijÞ ;

(17)

where i; j ¼ 2; . . . ; D� 1 label the spatial directions

orthogonal to the privileged spatial direction of eð1Þ.
Putting this into (11), we obtain the final invariant and

fully general form of the equation of geodesic deviation:

€Zð1Þ¼ 2�

ðD�1ÞðD�2ÞZ
ð1Þþ�2SZ

ð1Þþ 1
ffiffiffi

2
p ð�1Tj ��3TjÞZðjÞ

þ 8	

D�2

�

Tð1Þð1ÞZ
ð1ÞþTð1ÞðjÞZ

ðjÞ

�
�

Tð0Þð0Þþ
2

D�1
T

�

Zð1Þ
�

; (18)

€ZðiÞ ¼ 2�

ðD� 1ÞðD� 2ÞZ
ðiÞ ��2TðijÞZðjÞ

þ 1
ffiffiffi

2
p ð�1Ti ��3TiÞZð1Þ � 1

2
ð�0ij þ�4ijÞZðjÞ

þ 8	

D� 2

�

TðiÞð1ÞZ
ð1Þ þ TðiÞðjÞZ

ðjÞ

�
�

Tð0Þð0Þ þ
2

D� 1
T

�

ZðiÞ
�

: (19)

This completely describes relative motion of nearby free

test particles in any spacetime of an arbitrary dimensionD.

In the next section, we will discuss the specific effects

given by particular scalars that represent the contributions

from various components of the gravitational and matter

fields.

Finally, we remark that our notation, which uses�A��� in
any dimension, is simply related to the notations employed,

e.g., in [72,73], in [76,81], and recently in [79]. The iden-

tifications for the components present in the invariant form

of the equation of geodesic deviation are summarized in

Table I. More details are given in Appendix B, in particular,

see expressions (B8), (B11), and (B13).

IV. EFFECT OF CANONICAL COMPONENTS

OFA GRAVITATIONAL FIELD ON

TEST PARTICLES

Let us consider a set of freely falling test particles,

initially at rest relative to each other, which form, e.g., a

small (hyper)sphere. In any curved spacetime, such a

configuration undergoes tidal deformations that can be

deduced from the accelerations measured by the fiducial

observer attached to the reference test particle in the center.

The resulting relative motion represents the effect of a

given gravitational field, whose specific structure is explic-

itly characterized by the system (18) and (19).

First concentrating on the vacuum case, i.e., Tab ¼ 0,
the system of equations describing purely gravitational

interaction simplifies considerably to

€Zð1Þ ¼ 2�

ðD� 1ÞðD� 2ÞZ
ð1Þ þ�2SZ

ð1Þ

þ 1
ffiffiffi

2
p ð�1Tj ��3TjÞZðjÞ; (20)

€ZðiÞ ¼ 2�

ðD� 1ÞðD� 2ÞZ
ðiÞ ��2TðijÞZðjÞ

þ 1
ffiffiffi

2
p ð�1Ti ��3TiÞZð1Þ � 1

2
ð�0ij þ�4ijÞZðjÞ:

(21)

The overall effect of the gravitational field on test particles

is thus naturally decomposed into clearly identified com-

ponents proportional to the cosmological constant � and

the Weyl scalars �A���. Of course, for algebraically special

spacetimes some (or many) of these coefficients vanish

completely, and even in algebraically general cases specific

numerical values of the scalars �A��� can distinguish the

dominant terms from those that are negligible. Let us now

briefly describe the character of each term separately,

including its physical interpretation.

(i) �: isotropic influence of the cosmological

background

The presence of the cosmological constant � is

encoded in the term

€Zð1Þ

€ZðiÞ

 !

¼ 2�

ðD� 1ÞðD� 2Þ
1 0

0 �ij

 !

Zð1Þ

ZðjÞ

 !

;

(22)

which can be written as €ZðiÞ ¼ 2�
ðD�1ÞðD�2ÞZ

ðiÞ for all

spatial components i ¼ 1; 2; . . . ; D� 1. In parallelly
propagated frames, this yields the following explicit

solutions:

TABLE I. Different equivalent notations used in the literature

for the Weyl scalars that occur in the equations of geodesic

deviation (18) and (19).

Refs. [72,73] Refs. [76,81] Ref. [79]

�2S �C0101 �� ��

�2Tij �C0i1j ��ij ��ij

�1Tj �C010j ��j

�3Tj C101j �j �0
j

�0ij C0i0j �ij

�4ij C1i1j 2�ij �0
ij
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� ¼ 0: ZðiÞ ¼ Ai�þ Bi;

�> 0: ZðiÞ ¼ Ai cosh

2

6

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2�

ðD� 1ÞðD� 2Þ

s

�

3

7

5

þ Bi sinh

2

6

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2�

ðD� 1ÞðD� 2Þ

s

�

3

7

5;

�< 0: ZðiÞ ¼ Ai cos

2

6

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2j�j
ðD� 1ÞðD� 2Þ

s

�

3

7

5

þ Bi sin

2

6

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2j�j
ðD� 1ÞðD� 2Þ

s

�

3

7

5;

where Ai, Bi are constants of integration. These

are characteristic relative motions of test particles

in spacetimes of constant curvature, namely,

Minkowski space, de Sitter space and anti-de Sitter

space, respectively, as derived by Synge [102,103].

(ii) �4ij : transverse gravitational wave propagating in

the direction þeð1Þ
This part of a gravitational field influences the test

particles as

€Zð1Þ

€ZðiÞ

 !

¼ � 1

2

0 0

0 �4ij

 !

Zð1Þ

ZðjÞ

 !

: (23)

Obviously, this is a purely transverse effect because

there is no acceleration in the privileged spatial

direction eð1Þ. The set of scalars �4ij forms a sym-

metric (�4ij ¼ �4ji) and traceless (�
4k

k ¼ 0) ma-

trix of dimension ðD� 2Þ � ðD� 2Þ, cf. the last

line in (15), so that it has 1
2
DðD� 3Þ independent

components corresponding to polarization modes

(see also [72,78,79]). In direct analogy with a line-

arized Einstein gravity in four [115,116] and higher

dimensions [86,93], �4ij represents the gravita-

tional wave that propagates along the null direction

k, i.e., in the spatial direction þeð1Þ [in view of

relations (12) there is kð1Þ � k � eð1Þ > 0 while

kðiÞ � k � eðiÞ ¼ 0 for i ¼ 2; . . . ; D� 1].

Spacetimes of algebraic type N (for which only

the components �4ij � C1i1j are nonvanishing

[72,73]) can thus be interpreted as exact gravita-

tional waves in any dimension D � 4.
(iii) �3Ti : longitudinal component of a gravitational

field with respect to þeð1Þ
Such terms cause longitudinal deformations of a set

of test particles given by

€Zð1Þ

€ZðiÞ

 !

¼ � 1
ffiffiffi

2
p 0 �3Tj

�3Ti 0

 !

Zð1Þ

ZðjÞ

 !

: (24)

These (D� 2) scalars�3Ti , which combine motion

in the privileged spatial direction eð1Þ with motion

in the transverse directions eðiÞ, are also obtained

using �3Ti � �
3k i

k , where �3ijk ¼ ��3ikj and

�3ijk þ�3jki þ�3kij ¼ 0. Longitudinal effects of

this type occur in spacetimes of type III and in

algebraically more general cases.

(iv) �2S;�2TðijÞ : Newton-Coulomb components of a

gravitational field

The terms

€Zð1Þ

€ZðiÞ

 !

¼
�2S 0

0 ��2TðijÞ

 !

Zð1Þ

ZðjÞ

 !

(25)

give rise to deformations that generalize the classi-

cal Newton–Coulomb-type tidal effects in D ¼ 4,
namely, those in the vicinity of a spherically

symmetric static source. Recall that �2S ¼ �
2Tk

k

[see (16) and (15) for further relations], so that the

ðD� 1Þ � ðD� 1Þ-dimensional matrix in (25) is

symmetric and traceless. These terms are typically

present in type-D spacetimes, for which the nota-

tion �2S � �� and ��2TðijÞ � �S
ij is commonly

used [76,78–82,99], see (B11). As shown in (A6),

the only nonvanishing coefficients of this type in

four dimensions are the diagonal elements
1
2
�2S ¼ �2Tð22Þ ¼ �2Tð33Þ � �Re�2.

(v) �1Ti : longitudinal component of a gravitational

field with respect to �eð1Þ
The corresponding effect on test particles is

€Zð1Þ
€ZðiÞ

 !

¼ 1
ffiffiffi

2
p 0 �1Tj

�1Ti 0

� �

Zð1Þ

ZðjÞ

 !

; (26)

which is very similar to the acceleration caused by

the longitudinal component �3Ti , as described by

(24). In fact, it is its counterpart: it follows from the

definition (14) that the scalars�1Ti � �
1k i

k (where

�1ijk ¼ ��1ikj and �1ijk þ�1jki þ�1kij ¼ 0) are

equivalent to �3Ti under the interchange k $ l.

Since kð1Þ � k � eð1Þ > 0 while lð1Þ � l � eð1Þ < 0,

the scalars �1Ti represent the longitudinal compo-

nent of the field associated with the spatial direc-

tion �eð1Þ.
(vi) �0ij : transverse gravitational wave propagating in

the direction �eð1Þ
This component of a gravitational field is charac-

terized by

€Zð1Þ

€ZðiÞ

 !

¼ � 1

2

0 0

0 �0ij

 !

Zð1Þ

ZðjÞ

 !

; (27)

which is fully equivalent to (23) under k $ l. The

scalars �0ij [which form a symmetric and traceless

ðD� 2Þ � ðD� 2Þ matrix: �0ij ¼ �0ji , �0k
k ¼ 0]

thus describe the transverse gravitational wave
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propagating along the null direction l, i.e., in the

spatial direction �eð1Þ. Superposition of gravita-

tional waves that would propagate in both direc-

tions simultaneously (that is, an ‘‘outgoing’’ wave

given by �4ij and an ‘‘ingoing’’ wave given by

�0ij) can only be present in spacetimes that are of

algebraically general type.

V. UNIQUENESS OF THE INTERPRETATION

FRAME AND DEPENDENCE OF THE FIELD

COMPONENTS ON THE OBSERVER

The canonical components of a gravitational field de-

scribed in the previous section are represented by the real

coefficients�A���. These are projections of the Weyl tensor

onto particular combinations of the null frame fk; l;mig, as
defined in (14). They are spacetime scalars and in this

sense the above physical interpretation is invariant. On

the other hand, the values of �A��� depend on the choice

of the basis vectors of the frame. In this section, we will

argue that such a dependence corresponds to simple local

Lorentz transformations related to the choice of specific

observer in a given event, and that the natural interpretation

null frame is essentially unique.

Let us consider an observer attached to the reference

(fiducial) test particle moving through some event in the

spacetime, such as the point P in Fig. 1, whose velocity

vector is u. This timelike vector (normalized as u � u ¼
�1) defines an orthogonal spatial hypersurface of dimen-

sion D� 1 spanned by the Cartesian vectors eðiÞ, where
i ¼ 1; 2; . . . ; D� 1. Assuming the spacetime is of an

algebraic type I or more special, it is most natural to

associate the corresponding Weyl-aligned null direction

(WAND) with the null vector k of the interpretation

reference frame, see Fig. 2.

The privileged unit vector eð1Þ, defining the longitudinal

spatial direction, is then uniquely obtained by projecting k

onto the spatial subspace orthogonal to u. This also fixes

the normalization of k [to satisfy the first relation in (12)

we require k � u ¼ � 1
ffiffi

2
p ]. The complementary null vector

l of the frame is then also uniquely given via the relation

l ¼
ffiffiffi

2
p

u� k. It only remains to choose the transverse

spatial vectors eð2Þ; . . . ; eðD�1Þ, i.e., mi ¼ eðiÞ. As shown

in Fig. 2, these must lie in the (D� 2)-dimensional sub-

space orthogonal both to u and eð1Þ, so that k �mi ¼ 0 ¼
l �mi as required by (13). Neglecting possible inversions,

the only remaining freedom is thus standard spatial

rotations represented by the rotation group SOðD� 2Þ,
which acts on the space spanned by mi, see the explicit

relation (C4) presented in Appendix C.

For any spacetime of type N (in which the WAND has

maximal alignment order) the null vector k is unique. In

spacetimes of other algebraic types (namely IIIi, IIi, Ii,
and D), different WANDs exist. These can alternatively

be used as the vector k of the interpretation null frame

fk; l;mig. Because the distinct WANDs can always be

related using the null rotation with fixed l, as given

explicitly by Eq. (C2) in Appendix C, it is straightforward

to evaluate the ‘‘new’’ values of the Weyl scalars �A���
using the expressions (C6). Notice that the coefficients

�4ij , which are the amplitudes of transverse gravitational

waves propagating along k, are invariant under such a

change.

Let us now consider another observer moving through

the same event P with a different velocity ~u. Locally, this
transition is just the Lorentz transformation from the origi-

nal reference frame feag to f~eag for which

~u ¼ uþP

D�1
i¼1 vieðiÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�P

D�1
i¼1 v2

i

q ; (28)

where v1; . . . ; vD�1 are components of the spatial velocity

of the new observer with respect to the original Cartesian

basis eðiÞ. This can be obtained as the combination of a

boost in the k� l plane followed by a null rotation with

fixed k, see Eqs. (C3) and (C1) in Appendix C, if we take

the specific parameters

B ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�P

D�1
i¼1 v2

i

q

1� v1

; Li ¼
vi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�P

D�1
i¼1 v2

i

q ; (29)

where i ¼ 2; . . . ; D� 1:

~k¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�P

D�1
i¼1 v2

i

q

1�v1

k;

~l¼ 1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�P

D�1
i¼1 v2

i

q

�

ð1�v1Þlþ
ffiffiffi

2
p X

D�1

i¼2

vimiþ
P

D�1
i¼2 v2

i

1�v1

k

�

;

~mi¼miþ
ffiffiffi

2
p vi

1�v1

k: (30)

Indeed, ~u � 1
ffiffi

2
p ð~kþ ~lÞ gives exactly the relation (28). The

corresponding change of the Weyl scalars�A��� can thus be
obtained by combining (C7) with (C5), which yields

FIG. 2. Natural choice of the interpretation null frame and the

related orthonormal frame (12) and (13). Up to spatial rotations

of mi ¼ eðiÞ, they are uniquely given by the velocity vector u of

the observer and the WAND k at any event P of the spacetime.
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1

B2
~�0ij ¼ �0ij ;

1

B
~�1ijk ¼ �1ijk � 2

ffiffiffi

2
p

�0i½jXk�;
1

B
~�1Ti ¼ �1Ti þ

ffiffiffi

2
p

�0ijX
j;

~�2ijkl ¼ �2ijkl � 2
ffiffiffi

2
p

ðX½l�1k�ij � X½i�1j�klÞ þ 4ð�0i½kXl�Xj þ�0j½lXk�XiÞ; ~�2S ¼ �2S � 2
ffiffiffi

2
p

�1TiXi � 2�0ijX
iXj;

~�2ij ¼ �2ij þ
ffiffiffi

2
p

�1kijX
k � 2

ffiffiffi

2
p

�1T½iXj� � 4�0k½iXj�X
k;

~�2Tij ¼ �2Tij þ
ffiffiffi

2
p

�1ikjX
k �

ffiffiffi

2
p

�1TiXj � 2�0ikX
kXj þ�0ij jXj2;

B ~�3ijk ¼ �3ijk þ
ffiffiffi

2
p

ð�2lijkX
l ��2jkXi þ 2X½j�2Tk�iÞ þ 4�1T½jXk�Xi � 2ð�1jliXk þ�1ljkXi ��1kliXjÞXl

þ�1ijk jXj2 þ 4
ffiffiffi

2
p

�0l½jXk�XiX
l � 2

ffiffiffi

2
p

�0i½jXk�jXj2;
B ~�3Ti ¼ �3Ti þ

ffiffiffi

2
p

�2ijX
j �

ffiffiffi

2
p

ð�2TkiXk þ�2SXiÞ þ 2ð2�1TjXi ��1kjiX
kÞXj ��1Ti jXj2

þ 2
ffiffiffi

2
p

�0jkX
jXkXi �

ffiffiffi

2
p

�0ijX
jjXj2;

B2 ~�4ij ¼ �4ij þ 2
ffiffiffi

2
p

ð�3TðiXjÞ ��3ðijÞkX
kÞ þ 2�2ikjlX

kXl � 4�2TkðiXjÞX
k þ 2�2TðijÞ jXj2 � 2�2SXiXj � 4�2kðiXjÞX

k

� 2
ffiffiffi

2
p

ð2�1klðiXjÞX
kXl þ�1ðijÞkX

kjXj2 þ�1TðiXjÞjXj2 � 2�1TkXkXiXjÞ þ 4�0klX
kXlXiXj

� 4�0kðiXjÞX
kjXj2 þ�0ij jXj4; (31)

where we denoted

Xi � BLi ¼
vi

1� v1

: (32)

In particular, for spacetimes of algebraic type N, which

admit a WAND of the maximal alignment order, the only

nonvanishing component of the gravitational field is �4ij

representing the transverse gravitational wave propagating

in the spatial direction eð1Þ. It immediately follows from

(31) and (29) that the transition to any other observer

results just in a simple rescaling of the gravitational wave

amplitudes

~� 4ij ¼
ð1� v1Þ2

1�P

D�1
i¼1 v2

i

�4ij : (33)

If the new observer moves only in the spatial direction in

which the wave propagates, v1 > 0 and vi ¼ 0 for i ¼
2; . . . ; D� 1, then ~�4ij ¼ ð1� v1Þ=ð1þ v1Þ�4ij , which is

smaller than�4ij . If the observer’s velocity approaches the

speed of light, v1 ! 1, the amplitudes of the gravitational

wave disappear, ~�4ij ! 0. Contrarily, when the observer

moves against the wave its amplitudes grow, and for

v1 ! �1 they diverge.

VI. THE EFFECT OF MATTER ON

TEST PARTICLES

Let us now consider the direct effect of specific forms of

matter on relative motion of test particles, as described by

the invariant form of the equation of geodesic deviation

(18) and (19). Setting the cosmological constant � and all

components of the Weyl tensor to zero, it reduces to

€Zð1Þ ¼ 8	

D� 2

�

Tð1Þð1ÞZ
ð1Þ þ Tð1ÞðjÞZ

ðjÞ

�
�

Tð0Þð0Þ þ
2

D� 1
T

�

Zð1Þ
�

;

€ZðiÞ ¼ 8	

D� 2

�

TðiÞð1ÞZ
ð1Þ þ TðiÞðjÞZ

ðjÞ

�
�

Tð0Þð0Þ þ
2

D� 1
T

�

ZðiÞ
�

: (34)

It will be illustrative to investigate some important types of

matter usually contained in the families of exact solutions

of Einstein’s equations, namely, pure radiation, perfect

fluids, and electromagnetic fields.

(i) pure radiation

The energy-momentum tensor of a pure radiation

field (or ‘‘null dust’’) aligned along the null direction

k is

Tab ¼ 
kakb; (35)

where 
 is a function representing the radiation

density. Its trace vanishes, T ¼ 0, and using (12)

we derive that the only nonvanishing components

of Tab in the equation of geodesic deviation are

Tð0Þð0Þ ¼ Tð1Þð1Þ ¼ 1
2

. Equations (34) thus reduce

considerably to

€Zð1Þ

€ZðiÞ

 !

¼ � 4	


D� 2

0 0

0 �ij

 !

Zð1Þ

ZðjÞ

 !

: (36)

In an arbitrary dimension D, there is thus no accel-

eration in the longitudinal spatial direction eð1Þ. The
effects in the transverse subspace are isotropic and

(since 
 > 0) they cause the radial contraction that

may eventually lead to an exact focusing.
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(ii) perfect fluid

For a perfect fluid of energy density 
 and pressure

p (which is assumed to be isotropic), the energy-

momentum tensor is

Tab ¼ ð
þ pÞuaub þ pgab: (37)

Provided the fluid is comoving, its velocity u co-

incides with the observer’s velocity, which is the

vector eð0Þ of the orthonormal frame. The trace is

T ¼ ðD� 1Þp� 
, and the relevant nonvanishing

frame components are Tð0Þð0Þ ¼ 
, Tð1Þð1Þ ¼ p, and

TðiÞðjÞ ¼ p�ij. The equation of geodesic deviation

thus takes the form

€Zð1Þ

€ZðiÞ

 !

¼�8	
ðD�3Þ
þðD�1Þp

ðD�1ÞðD�2Þ
1 0

0 �ij

 !

Zð1Þ

ZðjÞ

 !

:

(38)

The resulting motion is isotropic, the same in the

longitudinal and all transverse spatial directions.

For positive 
 and p, the fluid matter causes a

contraction, such as in the case of dust (p ¼ 0),
incoherent radiation (p ¼ D�3

D�1

), or stiff fluid

(p ¼ 
). However, for matter with a negative pres-

sure, the set of test particles may expand. In par-

ticular, if the matter is described by the equation of

state p ¼ �
 ¼ const, it mimics the cosmological

constant � ¼ 8	
 since (38) is then completely

equivalent to (22).

(iii) electromagnetic field

The energy-momentum tensor of an electromag-

netic field is given by

Tab ¼ 1

4	

�

FacFb
c � 1

4
gabFcdF

cd

�

; (39)

so that its trace is T ¼ 1
16	

ð4�DÞFabF
ab. The

frame components of Tab, which occur in expres-

sions (34), are

Tð0Þð0Þ ¼
1

4	

�

Fð0ÞcFð0Þ
c þ 1

4
FabF

ab

�

;

Tð1Þð1Þ ¼
1

4	

�

Fð1ÞcFð1Þ
c � 1

4
FabF

ab

�

;

Tð1ÞðiÞ ¼
1

4	
Fð1ÞcFðiÞ

c;

TðiÞðjÞ ¼
1

4	

�

FðiÞcFðjÞ
c � 1

4
�ijFabF

ab

�

:

(40)

In this case, the equation of geodesic deviation

takes the following more complicated form:

€Zð1Þ

€ZðiÞ

 !

¼
T T j

T i T ij

 !

Zð1Þ

ZðjÞ

 !

; (41)

where

T ¼ 2

D� 2
ðFð1ÞcFð1Þ

c � Fð0ÞcFð0Þ
cÞ

� 3

ðD� 1ÞðD� 2ÞFabF
ab;

T i ¼
2

D� 2
Fð1ÞcFðiÞ

c;

T ij ¼
2

D� 2
ðFðiÞcFðjÞ

c � �ijFð0ÞcFð0Þ
cÞ

� 3

ðD� 1ÞðD� 2Þ�ijFabF
ab: (42)

We observe that the clear distinction between the

longitudinal and transverse spatial directions is not

present, except at very special situations. Some

important particular subcases can be easily identi-

fied and analyzed, for example, a null electromag-

netic field for which the invariant vanishes,

FabF
ab ¼ 0, or purely electric aligned field in the

vicinity of static black holes.

VII. AN EXPLICIT EXAMPLE: PP-WAVES

IN HIGHER DIMENSIONS

We conclude this paper by demonstrating the usefulness

of the above interpretation method on an important family

of exact spacetimes, namely, the pp-waves. These are

defined geometrically as admitting a covariantly constant

null vector field k. Such spacetimes thus form a special

subclass of the Kundt spacetimes because the geodesic

congruence generated by k is twist-free, shear-free, and

nonexpanding.

In [55], we investigated general Kundt spacetimes in

higher dimensions, admitting a cosmological constant �
and a Maxwell field aligned with k (which is necessarily a

multiple WAND). In natural coordinates, the metric of all

such pp-waves can be written in the Brinkmann form [57]

d s2 ¼ gij dx
idxj þ 2ei dx

idu� 2dudrþ c du2; (43)

where k / @r and gij, ei, c are functions of the transverse

spatial coordinates xk and the null coordinate u. The ex-

plicit Einstein-Maxwell equations can be found in [55],

namely, Eqs. (115)–(118).

For the metric (43), the interpretation null frame

adapted to a general observer that has the velocity

u ¼ _r@r þ _u@u þ _x2@x2 þ . . .þ _xD�1@xD�1 is

k ¼ 1
ffiffiffi

2
p

_u
@r;

l ¼
�

ffiffiffi

2
p

_r� 1
ffiffiffi

2
p

_u

�

@r þ
ffiffiffi

2
p

_u@u

þ
ffiffiffi

2
p

_x2@x2 þ . . .þ
ffiffiffi

2
p

_xD�1@xD�1 ;

mi ¼
1

_u
ðek _uþ gjk _x

jÞmk
i@r þm2

i@x2 þ . . .þmD�1
i @xD�1 ;

(44)
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where gklm
k
im

l
j ¼ �ij, and nontrivial components of

the Weyl tensor are

Cruru ¼ � 1

ðD� 1ÞðD� 2Þ
sR;

Criuj ¼
1

D� 2
sRij �

1

ðD� 1ÞðD� 2Þ
sRgij;

Cruui ¼
1

D� 2
Rui �

1

ðD� 1ÞðD� 2Þ
sRei;

Cijkl ¼ sRijkl �
2

D� 2
ðgi½ksRl�j � gj½k

sRl�iÞ

þ 2

ðD� 1ÞðD� 2Þ
sRgi½kgl�j;

Cuijk ¼ Ruijk �
2

D� 2
ðe½jsRk�i � gi½jRk�uÞ

þ 2

ðD� 1ÞðD� 2Þ
sRe½jgk�i;

Ciuju ¼ Riuju �
1

D� 2
ðc sRij � 2eðiRjÞu þ gijRuuÞ

þ 1

ðD� 1ÞðD� 2Þ
sRðcgij � eiejÞ:

(45)

Using definition (14), we evaluate the Weyl tensor (45) in

the interpretation null frame (44). Lengthy calculation

(with some ‘‘miraculous’’ cancellations) gives the follow-

ing nonvanishing Weyl scalars that enter the equations of

geodesic deviation (18) and (19):

�2S ¼ 1

ðD� 1ÞðD� 2Þ
sR;

�2Tij ¼ 1

D� 2
sRklm

k
im

l
j �

1

ðD� 1ÞðD� 2Þ
sR�ij;

�3Ti ¼ �
ffiffiffi

2
p

D� 2
ðsRkm _xm þ Rku _uÞmk

i ;

�4ij ¼ 2

��

sRkmln �
1

D� 2
gkl

sRmn

�

_xm _xn

þ 2

�

Rkmlu �
1

D� 2
gklRmu

�

_xm _u

þ
�

Rkulu �
1

D� 2
gklRuu

�

_u2
�

mk
ðim

l
jÞ: (46)

This is a general result valid for any pp-wave spacetime

because no particular field equations have not yet been

imposed.

Notice that �2Tij ¼ �2TðijÞ . Moreover, in accordance

with the relations (16) and (15), �2S ¼ �
2Tk

k and

�
4k

k ¼ 0 so that any pp-wave is traceless.

The relative tidal motion of nearby test particles in

general pp-waves will thus be caused by the combination

of the transverse gravitational wave (23) propagating along

k with amplitude �4ij , the longitudinal component (24) of

the gravitational field with amplitude �3Ti , and the

Newton-Coulomb contribution (25) determined by the

scalars �2S and �2Tij :

€Zð1Þ ¼ �2SZ
ð1Þ � 1

ffiffiffi

2
p �3TjZðjÞ;

€ZðiÞ ¼ ��2TðijÞZðjÞ � 1
ffiffiffi

2
p �3TiZð1Þ � 1

2
�4ijZ

ðjÞ: (47)

There is also the isotropic background influence (22) if the

cosmological constant � is present, or the interaction (41)

with the electromagnetic field.

The scalars (46) that enter (47) combine kinematics

(namely the velocity components _xm, _u of the observer)

with the specific curvature of spacetime encoded in the

only nonvanishing components of the Riemann and Ricci

tensors, namely,

Rijkl¼ sRijkl;

Ruijk¼ 1
2
ðek;ij�ej;ikþgij;uk�gik;ujÞ
þ s�m

ijð12gkm;uþe½m;k�Þ� s�m
ikð12gjm;uþe½m;j�Þ;

Riuju¼ 1
2
ðei;ujþej;ui�c;ij�gij;uuÞ
þgklð1

2
gik;uþe½k;i�Þð12gjl;uþe½l;j�Þ

� s�k
ijðek;u� 1

2
c;kÞ; (48)

and

Rij ¼ sRij;

Riu ¼ ½gjkð1
2
gij;u þ e½j;i�Þ�;k þ ½gjkð1

2
gij;u þ e½j;i�Þ�ðln

ffiffiffi

g
p Þ;k

þ gjkglmðgim;ke½l;j� � 1
4
gkm;igjl;uÞ � ðln ffiffiffi

g
p Þ;ui;

Ruu ¼ �1
2
ðgijc;jÞ;i � 1

2
ðgijc;jÞðln

ffiffiffi

g
p Þ;i þ ðgijej;uÞ;i

þ ðgijej;uÞðln
ffiffiffi

g
p Þ;i þ gijgkle½i;k�ej;l

� 1
4
gijgklgik;ugjl;u � ðln ffiffiffi

g
p Þ;uu; (49)

where sRijkl and
sRij denote, respectively, the Riemann and

Ricci tensors corresponding to the spatial metric gij only.

The Ricci scalar sR (equal to R) of this transverse (D� 2)-
dimensional Riemannian space enters, in fact, only the

Newton-Coulomb scalars �2S and �2Tij . Interestingly,

these are also independent of the velocity of the observer.

There is a big simplification if we restrict ourselves to

vacuum pp-waves. As shown in [55], the absence of an

aligned electromagnetic field requires that the cosmologi-

cal constant � also vanishes, so that the transverse

Riemannian space must be Ricci flat, sRij ¼ 0. In such a

case, �2S ¼ 0 ¼ �2Tij . Moreover, since Riu ¼ 0 ¼ Ruu,

the Weyl scalar �3Ti also vanishes and the gravitational

wave amplitudes reduce to

�4ij ¼ 2 ½sRkmln _x
m _xn þ 2Rkmlu _x

m _uþ Rkulu _u
2�mk

ðim
l
jÞ:

(50)
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Taking the simplest possibility of a flat transverse space,

gij ¼ �ij; (51)

we obtain an important family of exact vacuum plane-

fronted gravitational waves (possibly representing an ex-

ternal field of gyratons [66,67]), which propagate in

Minkowski space. In fact, these metrics with

sRijkl ¼ 0; Ruijk ¼ 1
2
ðek;ij � ej;ikÞ;

Riuju ¼ 1
2
ðei;uj þ ej;ui � c;ijÞ þ �kle½k;i�e½l;j�; (52)

belong to the family of VSI spacetimes [63].

If the functions ei can be globally removed by a suitable

coordinate transformation (in the absence of gyratonic

sources), the metric reduces to

d s2 ¼ �ijdx
idxj � 2dudrþ cðxk; uÞdu2: (53)

In such a case, the spatial vectors of the null frame (44) are

simply mi ¼ ð _xi= _uÞ@r þ @xi , and the frame is parallelly

transported. This implies that the physical relative accel-

erations (6) are, in fact, ordinary time derivatives of the

components of the separation vector, €ZðiÞ ¼ d2

d�2
ZðiÞ.

Moreover, _u ¼ const along the geodesic since there is

�u
�� ¼ 0 for the metric (53).

The scalar components of the gravitational field (50)

and (52) simplify to

�4ij ¼ � _u2c;ij: (54)

Using (49), the only remaining Einstein’s vacuum equa-

tion Ruu ¼ 0 reads �c � �ijc;ij ¼ 0, which explicitly

guarantees that the ðD� 2Þ � ðD� 2Þ symmetric matrix

of the wave amplitudes �4ij is traceless. The equations of

geodesic deviation thus reduce to

d2Zð1Þ

d�2
¼ 0;

d2ZðiÞ

d�2
¼ 1

2
_u2c;ijZ

ðjÞ; (55)

exhibiting the transverse character of the vacuum gravi-

tational pp-waves propagating along eð1Þ. In general,

there are 1
2
DðD� 3Þ independent polarization modes

corresponding to the same number of free components

of the matrix �4ij .

In particular, if the metric function c is a quadratic form
of the transverse spatial coordinates,

c ¼
X

D�1

i¼2

AiðxiÞ2; (56)

where the constant coefficients Ai must satisfy

X

D�1

i¼2

Ai ¼ 0; (57)

�4ij is a traceless diagonal matrix with eigenvalues

�4ij ¼ �2Ai _u
2. The amplitudes are constant, i.e., the

corresponding gravitational waves are homogeneous. If

the test particles are initially at rest [ _ZðiÞð� ¼ 0Þ ¼ 0,

ZðiÞð� ¼ 0Þ ¼ ZðiÞ
0 ¼ const], equations of geodesic devia-

tion (55) for (56) can be explicitly integrated to

Zð1Þ ¼ Zð1Þ
0 ;

ZðiÞ ¼

8

>

>

>

<

>

>

>

:

ZðiÞ
0 coshð

ffiffiffiffiffiffiffiffi

Ai

p

j _uj�Þ for Ai > 0;

ZðiÞ
0 cosð

ffiffiffiffiffiffiffiffiffiffiffiffi

�Ai

p

j _uj�Þ for Ai < 0;

ZðiÞ
0 for Ai ¼ 0:

(58)

Therefore, in the transverse spatial directions eðiÞ with

Ai > 0 the test particles recede, while in those directions

with Ai < 0 they focus. There is also a possibility that

Ai ¼ 0, in which case there is no influence of the

gravitational wave in the corresponding transverse spatial

directions.

This results in completely new effects that are not

allowed in classical D ¼ 4 general relativity for which

i ¼ 2, 3 and the constraint (57) is simply A2 ¼ �A3.

Therefore, either a vacuum gravitational pp-wave in four-

dimensional spacetime is absent (A2 ¼ �A3 ¼ 0), or it
generates specific particle motions in both transverse di-

rections eð2Þ and eð3Þ (focusing in one of them). In higher

dimensions, however, the amplitudes are coupled via the

D-dimensional constraint A2 ¼ �A3 �
P

D�1
i¼4 Ai.

From the point of view of a detector located on a

(1þ 3)-dimensional brane with spatial directions eð1Þ,
eð2Þ, eð3Þ, this would clearly exhibit itself as a violation of

standard TT-property of gravitational waves (unless
P

D�1
i¼4 Ai ¼ 0, which corresponds to a very special sub-

case). Such an anomalous behavior could possibly serve as

a sign of the existence of higher dimensions (see also

discussion of a similar effect within the context of line-

arized five-dimensional gravitational waves [91]).

It may also happen that Ak ¼ 0 for some k [in which

case the metric function c given by (56) is independent of

the corresponding spatial coordinate xk] and thus there is

no effect of the vacuum gravitational pp-wave on test

particles in the transverse spatial direction eðkÞ. Even the

special situations with A2 ¼ 0 or A3 ¼ 0 are allowed.

VIII. CONCLUSIONS

Let us conclude this work by quoting from the classic

monograph [115], page 35: ‘‘In Einstein’s geometric the-

ory of gravity, the equation of geodesic deviation summa-

rizes the entire effect of geometry on matter.’’ This is true

not only in standardD ¼ 4 general relativity, but also in its
extension to any higher number of dimensions. Indeed, we

have explicitly demonstrated that the geodesic deviation

equation, expressed in a suitable reference frame adapted
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to the observer’s geodesic and to the specific algebraic

structure of a given spacetime, can be used as a useful

tool for analyzing and understanding the specific effects of

the gravitational field in an arbitrary dimension.

In particular, we derived the general canonical decom-

position (18) and (19) of relative accelerations of nearby

test particles freely falling in any spacetime. The gravita-

tional contributions, identified and described in Sec. IV,

consist of the isotropic background influence (22) of the

cosmological constant �, transverse gravitational waves

(23) and (27), complementary longitudinal effects (24) and

(26), and the Newton-Coulomb component (25) of the

gravitational field. The matter contributions were dis-

cussed in Sec. VI, namely, the influence of a pure radiation

field (null dust) (36), perfect fluid (38), and generic elec-

tromagnetic field (41).

In the final Sec. VII, we also exemplified these results on

an important family of exact pp-waves in higher dimen-

sions (admitting a covariantly constant null vector field k).

Their nontrivial amplitudes are given by expressions (46).

The vacuum VSI subclass of such Kundt spacetimes rep-

resents purely transverse gravitational waves propagating

along the WAND k (in general associated with gyratonic

sources). These exact gravitational waves have amplitudes

�4ij determined by Eqs. (50) and (52), which form a

ðD� 2Þ � ðD� 2Þ symmetric traceless matrix. Its
1
2
DðD� 3Þ components characterize the independent po-

larization modes. Explicit solution of the invariant equa-

tion of geodesic deviation for the metric function (56) is

given in (58). Because of coupling between the eigenvalues

of �4ij , such higher-dimensional gravitational waves

could possibly be identified observationally in (1þ 3)-
dimensional brane as a violation of standard TT-property.

We hope that the presented general method of interpret-

ing exact spacetimes, based of the study of geodesic de-

viation, will help to elucidate the physical and geometrical

properties of various explicit solutions of Einstein’s equa-

tions in an arbitrary dimension.
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APPENDIX A: RELATION TO COMPLEX

NOTATION IN D ¼ 4

In standard D ¼ 4 general relativity, it is usual—instead

of the real null frame fk; l;m2;m3g—to introduce a com-

plex null tetrad fk; l;m; �mg and to parametrize the Weyl

tensor by the corresponding five complex components.

These Newman-Penrose scalar quantities �A, first defined

in [137], are closely related to the real quantities intro-

duced in our text. Here, we present a dictionary relating

these two notations. InD ¼ 4, the transverse spatial index i
runs only over two values 2, 3 and we can combine the real

vectors mi into the complex vectors

m � 1
ffiffiffi

2
p ðm2 � im3Þ; �m � 1

ffiffiffi

2
p ðm2 þ im3Þ: (A1)

Any real spatial vector V spanned on m2, m3 can be

parametrized by a complex number V via the relation

V ¼ V2m2 þ V3m3 ¼
1
ffiffiffi

2
p ð �Vmþ V �mÞ; (A2)

so that V ¼ V2 � iV3 and jVj2 � ðV2Þ2 þ ðV3Þ2 ¼ V �V.
In four dimensions, there are only two real independent

components of the Weyl tensor for each boost weight,

namely,

�022 ¼ ��033 ; �023 ¼ �032 ;

�1T2 ¼ �1332 ¼ ��1323 ; �1T3 ¼ �1223 ¼ ��1232 ;

�22323 ¼ �23232 ¼ ��23223 ¼ ��22332

¼ 2�2T22 ¼ 2�2T33 ¼ �2S;

�223 ¼ ��232 ¼ 2�2T23 ¼ �2�2T32 ;

�3T2 ¼ �3332 ¼ ��3323 ; �3T3 ¼ �3223 ¼ ��3232 ;

�422 ¼ ��433 ; �423 ¼ �432 : (A3)

These can be combined into five complex NP components

[140,141] defined by

�0 ¼ Cabcdk
ambkcmd; �1 ¼ Cabcdk

albkcmd;

�2 ¼ Cabcdk
amb �mcld; �3 ¼ Cabcdl

akblc �md;

�4 ¼ Cabcdl
a �mblc �md;

(A4)

as

�0 ¼ �022 � i�023 ; �1 ¼
1
ffiffiffi

2
p ð�1T2 � i�1T3Þ;

�2 ¼ � 1

2
ð�22323 þ i�223Þ;

�3 ¼
1
ffiffiffi

2
p ð�3T2 þ i�3T3Þ; �4 ¼ �422 þ i�423 :

(A5)

Notice the differences with respect to the notation used in

[93]: here we have relabeled all transverse spatial indices

as i ! iþ 1 to achieve that the privileged spatial direction
is denoted as m1 ¼ eð1Þ, and the scalars �2S, �2Tij are

defined in (14) without the unnecessary factor 2. (Also,

there is a missing factor 1
2
in Eq. (A.7c) in [93].) Inversely,

we obtain
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�022 ¼ ��033 ¼ Re�0; �023 ¼ �032 ¼ �Im�0;

�1T2 ¼
ffiffiffi

2
p

Re�1; �1T3 ¼ �
ffiffiffi

2
p

Im�1;

�2S ¼ 2�2T22 ¼ 2�2T33 ¼ �22323 ¼ �2Re�2;

�223 ¼ �2 Im�2;

�3T2 ¼
ffiffiffi

2
p

Re�3; �3T3 ¼
ffiffiffi

2
p

Im�3;

�422 ¼ ��433 ¼ Re�4; �423 ¼ �432 ¼ Im�4: (A6)

According to (17), the orthonormal components CðiÞð0Þð0ÞðjÞ of the Weyl tensor are

Cð1Þð0Þð0Þð1Þ ¼�2Re�2; Cð1Þð0Þð0Þð2Þ ¼þRe�1 �Re�3; Cð1Þð0Þð0Þð3Þ ¼�Im�1 � Im�3;

Cð2Þð0Þð0Þð2Þ ¼ Re�2 � 1
2
Re�0 � 1

2
Re�4; Cð3Þð0Þð0Þð3Þ ¼ Re�2 þ 1

2
Re�0 þ 1

2
Re�4; Cð2Þð0Þð0Þð3Þ ¼ 1

2
Im�0 � 1

2
Im�4:

(A7)

Explicit equations of geodesic deviation (11) in D ¼ 4 thus take the form

€Zð1Þ ¼ �

3
Zð1Þ � 2Re�2Z

ð1Þ þ ðRe�1 � Re�3ÞZð2Þ � ðIm�1 þ Im�3ÞZð3Þ

þ 4	

�

Tð1Þð1ÞZ
ð1Þ þ Tð1Þð2ÞZ

ð2Þ þ Tð1Þð3ÞZ
ð3Þ �

�

Tð0Þð0Þ þ
2

3
T

�

Zð1Þ
�

;

€Zð2Þ ¼ �

3
Zð2Þ þ Re�2Z

ð2Þ þ ðRe�1 � Re�3ÞZð1Þ � 1

2
ðRe�0 þ Re�4ÞZð2Þ þ 1

2
ðIm�0 � Im�4ÞZð3Þ

þ 4	

�

Tð2Þð1ÞZ
ð1Þ þ Tð2Þð2ÞZ

ð2Þ þ Tð2Þð3ÞZ
ð3Þ �

�

Tð0Þð0Þ þ
2

3
T

�

Zð2Þ
�

;

€Zð3Þ ¼ �

3
Zð3Þ þ Re�2Z

ð3Þ � ðIm�1 þ Im�3ÞZð1Þ þ 1

2
ðIm�0 � Im�4ÞZð2Þ þ 1

2
ðRe�0 þ Re�4ÞZð3Þ

þ 4	

�

Tð3Þð1ÞZ
ð1Þ þ Tð3Þð2ÞZ

ð2Þ þ Tð3Þð3ÞZ
ð3Þ �

�

Tð0Þð0Þ þ
2

3
T

�

Zð3Þ
�

: (A8)

This fully agrees with the results presented in our pre-

vious work [128] [after permuting the indices as

1 ! 2 ! 3 ! 1, and changing the signs of all imaginary

parts due to a convention different from (A1)].

APPENDIX B: RELATION TO OTHER NOTATIONS

USED IN D � 4

In the literature on higher-dimensional spacetimes, it

is common to use alternative conventions for the null

frame and the corresponding components. In particular,

in the fundamental papers on algebraic classification of

the Weyl tensor [72,73] the null frame f‘;n;mig, where
i ¼ 2; . . . ; D� 1,

‘ � m0; n � m1; m2; . . . ;mD�1; (B1)

is employed such that the metric is gab ¼ 2‘ðanbÞ þ
�ijm

i
am

j
b, i.e.,

‘ � n ¼ 1; mi �mj ¼ �ij;

‘ � ‘ ¼ 0 ¼ n � n; ‘ �mi ¼ 0 ¼ n �mi:
(B2)

Following [72,73], the Weyl tensor can be decomposed

into the frame components

Cabcd ¼ 4C0i0jnfam
i
bncm

j
dg

þ 8C010infa‘bncm
i
dg þ 4C0ijknfam

i
bm

j
cmk

dg

þ 4C0101nfa‘bnc‘dg þ 8C0i1jnfam
i
b‘cm

j
dg

þ 4C01ijnfa‘bm
i
cm

j
dg þ Cijklm

i
fam

j
bm

k
cm

l
dg

þ 8C101i‘fanb‘cm
i
dg þ 4C1ijk‘fam

i
bm

j
cmk

dg

þ 4C1i1j‘fam
i
b‘cm

j
dg; (B3)

where Tfabcdg � 1
2
ðT½ab�½cd� þ T½cd�½ab�Þ is a useful

notation representing the standard symmetries of the

curvature tensor. The terms in the separate lines of

(B3) are sorted according to their boost weight corre-

sponding to the scaling

~‘ ¼ �‘; ~n ¼ ��1
n; ~mi ¼ mi: (B4)

Using (B2), we immediately infer that the various scalar

components in (B3) are explicitly given as
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C0i0j ¼ Cabcd‘
amb

i ‘
cmd

j ; C0ijk ¼ Cabcd‘
amb

im
c
jm

d
k ;

C010i ¼ Cabcd‘
anb‘cmd

i ; Cijkl ¼ Cabcdm
a
im

b
jm

c
km

d
l ;

C0101 ¼ Cabcd‘
anb‘dnc; C01ij ¼ Cabcd‘

anbmc
im

d
j ;

C0i1j ¼ Cabcd‘
amb

i n
cmd

j ; C1ijk ¼ Cabcdn
amb

im
c
jm

d
k ;

C101i ¼ Cabcdn
a‘bncmd

i ; C1i1j ¼ Cabcdn
amb

i n
cmd

j :

(B5)

They are subject to a number of mutual relations that

follow from the symmetries and from the trace-free

property of the Weyl tensor, see [72]:

C0i0
i ¼ 0; C010j ¼ C0ij

i; C0½ijk� ¼ 0;

C0101 ¼ C0i1
i; Ci½jkl� ¼ 0;

C0i1j ¼ �1
2
Cikj

k þ 1
2
C01ij; C011j ¼ �C1ij

i;

C1½ijk� ¼ 0; C1i1
i ¼ 0:

(B6)

Now, by comparing (B2) with our definition (13) it

follows that the two null frames (B1) and (12) are

related simply as

k � ‘; l � �n; mi � mi: (B7)

Putting this identification into (B5), and comparing with

(14), we observe that

�0ij � C0i0j;

�1ijk � C0ijk; �1Ti � �C010i;

�2ijkl � Cijkl; �2ij � �C01ij;

�2S � �C0101; �2Tij � �C0i1j;

�3ijk � �C1ijk; �3Ti � C101i;

�4ij � C1i1j: (B8)

Moreover, the relations (B6) are equivalent to the con-

straints (15) and (16).

Also, in [62,63,76,83] the notation

�ij � 1
2
C1i1j; �ijk � 1

2
C1kij; �i � C101i (B9)

was introduced and employed, which is useful for studies

of type-N and type-III spacetimes, and

�ij � C0i1j; �A
ij � 1

2
C01ij; �S

ij � �1
2
Cikj

k;

� � C0101 ¼ �1
2
Cij

ij; (B10)

(where�A
ij,�

S
ij,� denote antisymmetric, symmetric parts

of �ij and its trace, respectively) which is convenient for

type-D spacetimes [78,81,82,99]. In view of (B8), we thus

easily identify

�2ijkl � Cijkl; �2ij � �2�A
ij; �2S � ��;

�2Tij � ��ij; �3ijk � �2�jki; �3Ti � �i;

�4ij � 2�ij: (B11)

Very recently, in the generalization of the Geroch-Held-

Penrose formalism to higher dimensions [79], another

convention was suggested, namely,

�ij � C0i0j; �ijk � C0ijk; �i � C010i;

�0
ij � C1i1j; �0

ijk � C1ijk; �0
i � C101i;

�ijkl � Cijkl: (B12)

These scalars are straightforwardly related to the quantities

used in the present paper:

�0ij � �ij;

�1ijk � �ijk; �1Ti � ��i;

�2ijkl � �ijkl; �2ij � �2�A
ij;

�2S � ��; �2Tij � ��ij;

�3ijk � ��0
ijk; �3Ti � �0

i;

�4ij � �0
ij: (B13)

APPENDIX C: LORENTZ TRANSFORMATIONS

OF THE NULL FRAME AND THE

CHANGES OF �A���

It is well known (see, e.g., [72,73,93]) that general

transformations between different null frames can be com-

posed from the following simple Lorentz transformations:

(i) null rotation with k fixed (parametrized by D� 2
real parameters Li):

~k¼k; ~l¼lþ
ffiffiffi

2
p

LimiþjLj2k; ~mi¼miþ
ffiffiffi

2
p

Lik;

(C1)

(ii) null rotation with l fixed (parametrized by D� 2
real parameters Ki):

~k¼kþ
ffiffiffi

2
p

KimiþjKj2l; ~l¼l; ~mi¼miþ
ffiffiffi

2
p

Kil;

(C2)

(iii) boost in the k� l plane (parametrized by a real

number B):

~k ¼ Bk; ~l ¼ B�1l; ~mi ¼ mi; (C3)

(iv) spatial rotation in the space ofmi (parametrized by

an orthogonal matrix �i
j):

~k ¼ k; ~l ¼ l;

~mi ¼ �i
jmj; with �i

j�k
l�jl ¼ �ik:

(C4)
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Because of (13), Li ¼ Li, K
i ¼ Ki, and we employ a shorthand jLj2 � LiLi, jKj2 � KiKi. Under these Lorentz

transformations of the frame, the Weyl scalars change as

(i) null rotation with k fixed:

~�0ij ¼ �0ij ;

~�1ijk ¼ �1ijk � 2
ffiffiffi

2
p

�0i½jLk�;

~�1Ti ¼ �1Ti þ
ffiffiffi

2
p

�0ijL
j;

~�2ijkl ¼ �2ijkl � 2
ffiffiffi

2
p

ðL½l�1k�ij � L½i�1j�klÞ þ 4ð�0i½kLl�Lj þ�0j½lLk�LiÞ;
~�2S ¼ �2S � 2

ffiffiffi

2
p

�1TiLi � 2�0ijL
iLj;

~�2ij ¼ �2ij þ
ffiffiffi

2
p

�1kijL
k � 2

ffiffiffi

2
p

�1T½iLj� � 4�0k½iLj�L
k;

~�2Tij ¼ �2Tij þ
ffiffiffi

2
p

�1ikjL
k �

ffiffiffi

2
p

�1TiLj � 2�0ikL
kLj þ�0ij jLj2;

~�3ijk ¼ �3ijk þ
ffiffiffi

2
p

ð�2lijkL
l ��2jkLi þ 2L½j�2Tk�iÞ

þ 4�1T½jLk�Li � 2ð�1jliLk þ�1ljkLi ��1kliLjÞLl þ�1ijk jLj2 þ 4
ffiffiffi

2
p

�0l½jLk�LiL
l � 2

ffiffiffi

2
p

�0i½jLk�jLj2;
~�3Ti ¼ �3Ti þ

ffiffiffi

2
p

�2ijL
j �

ffiffiffi

2
p

ð�2TkiLk þ�2SLiÞ
þ 2ð2�1TjLi ��1kjiL

kÞLj ��1Ti jLj2 þ 2
ffiffiffi

2
p

�0jkL
jLkLi �

ffiffiffi

2
p

�0ijL
jjLj2;

~�4ij ¼ �4ij þ 2
ffiffiffi

2
p

ð�3TðiLjÞ ��3ðijÞkL
kÞ

þ 2�2ikjlL
kLl � 4�2TkðiLjÞL

k þ 2�2TðijÞ jLj2 � 2�2SLiLj � 4�2kðiLjÞL
k

� 2
ffiffiffi

2
p

ð2�1klðiLjÞL
kLl þ�1ðijÞkL

kjLj2 þ�1TðiLjÞjLj2 � 2�1TkLkLiLjÞ
þ 4�0klL

kLlLiLj � 4�0kðiLjÞL
kjLj2 þ�0ij jLj4; (C5)

(ii) null rotation with l fixed:

~�0ij ¼ �0ij þ 2
ffiffiffi

2
p

ð�1TðiKjÞ ��1ðijÞkK
kÞ

þ 2�2ikjlK
kKl � 4Kði�2TjÞkKk þ 2�2TðijÞ jKj2 � 2�2SKiKj þ 4�2kðiKjÞK

k

� 2
ffiffiffi

2
p

ð2�3klðiKjÞK
kKl þ�3ðijÞkK

kjKj2 þ�3TðiKjÞjKj2 � 2�3TkKkKiKjÞ
þ 4�4klK

kKlKiKj � 4�4kðiKjÞK
kjKj2 þ�4ij jKj4;

~�1ijk ¼ �1ijk þ
ffiffiffi

2
p

ð�2lijkK
l þ�2jkKi � 2�2Ti½jKk�Þ

þ 4�3T½jKk�Ki � 2ð�3jliKk þ�3ljkKi ��3kliKjÞKl þ�3ijk jKj2

þ 4
ffiffiffi

2
p

�4l½jKk�KiK
l � 2

ffiffiffi

2
p

�4i½jKk�jKj2;
~�1Ti ¼ �1Ti þ

ffiffiffi

2
p

�2jiK
j �

ffiffiffi

2
p

ð�2TijKj þ�2SKiÞ
þ 2ð2�3TjKi ��3kjiK

kÞKj ��3Ti jKj2 þ 2
ffiffiffi

2
p

�4jkK
jKkKi �

ffiffiffi

2
p

�4ijK
jjKj2;

~�2ijkl ¼ �2ijkl � 2
ffiffiffi

2
p

ðK½l�3k�ij � K½i�3j�klÞ þ 4ð�4i½kKl�Kj þ�4j½lKk�KiÞ;
~�2S ¼ �2S � 2

ffiffiffi

2
p

�3TiKi � 2�4ijK
iKj;

~�2ij ¼ �2ij �
ffiffiffi

2
p

�3kijK
k þ 2

ffiffiffi

2
p

�3T½iKj� þ 4�4k½iKj�K
k;

~�2Tij ¼ �2Tij þ
ffiffiffi

2
p

�3jkiK
k �

ffiffiffi

2
p

�3TjKi � 2�4jkK
kKi þ�4ij jKj2;

~�3ijk ¼ �3ijk � 2
ffiffiffi

2
p

�4i½jKk�;

~�3Ti ¼ �3Ti þ
ffiffiffi

2
p

�4ijK
j;

~�4ij ¼ �4ij ; (C6)
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(iii) boost in the k� l plane:

~�0ij ¼ B2�0ij ;

~�1ijk ¼ B�1ijk ;
~�1Ti ¼ B�1Ti ;

~�2ijkl ¼ �2ijkl ;
~�2ij ¼ �2ij ;

~�2S ¼ �2S; ~�2Tij ¼ �2Tij ;

~�3ijk ¼ B�1�3ijk ;
~�3Ti ¼ B�1�3Ti ;

~�4ij ¼ B�2�4ij ; (C7)

(iv) spatial rotation in the space of mi:

~�0ij ¼ �i
p�j

q�0pq ;

~�1ijk ¼ �i
o�j

p�k
q�1opq ; ~�1Ti ¼ �i

p�1Tp ;

~�2ijkl ¼ �i
n�j

o�k
p�l

q�2nopq ; ~�2S ¼ �2S;

~�2ij ¼ �i
p�j

q�2pq ; ~�2Tij ¼ �i
p�j

q�2Tpq ;

~�3ijk ¼ �i
o�j

p�k
q�3opq ; ~�3Ti ¼ �i

p�3Tp ;

~�4ij ¼ �i
p�j

q�4pq : (C8)
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064043 (2010).

[84] M. Ortaggio, V. Pravda, and A. Pravdová, Classical
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CHAPTER

4

PROPERTIES OF GENERAL

NON-TWISTING GEOMETRIES

In this chapter we will present specific geometrical properties of a general family of spacetimes
admitting a nontwisting null congruence of geodesics. Spacetimes of this type are well known
in standard four-dimensional relativity, see [4] for review, and some of their subclasses were also
investigated in the context of higher-dimensional theory, see e.g. [28, 31, 32, 34]. Employing the
general formalism derived in Chapter 3, we will decompose the equation of geodesic deviation into
specific components with respect to their boost weight which will be useful for subsequent analysis
of relative motions of free test particles in more specific classes of nontwisting spacetimes, namely
the Kundt (Chapter 5) and the Robinson–Trautman (Chapter 6) family.

4.1 Geometric description of the spacetimes

Following a standard approach, first we would like to heuristically construct a line element of
spacetimes which can be foliated by null hypersurfaces with normal (and also tangent) affinely
parameterized geodesic null vector field. In section 4.2, we will show that the congruence of integral
curves generated by this vector field is necessary nontwisting and, on the other hand, that the
requirement of a nontwisting geodesic field induces the foliation by orthogonal null hypersurfaces.

Initially, we consider a general Lorentzian manifold M of arbitrary dimension D ≥ 4 which
is locally covered by coordinates xa where a = 0, . . . , D − 1. We introduce a family of null
hypersurfaces, labeled by u, by a constraint u(xa) = const. and we choose the function u as a new
coordinate on this manifold. The tangent and also normal of these hypersurfaces is simply given1

by k̃a = −u,a = −δua which must satisfy gabk̃ak̃b = gabu,au,b = 0 by the definition, and we thus
obtain restriction on the metric function guu = 0.

In the next step we construct a null vector field k̃b = gabk̃a = −gub whose integral curves are
affinely parameterized geodesics, i.e., k̃a;bk̃

b = 0.2 The corresponding affine parameter r will be

taken as the other coordinate on the manifold M, i.e., the null vector field k̃ is simply k̃ = ∂r. In

1We could consider a more general case k̃a = −f(xb)u,a, but the corresponding integral curves will not be
affinely parameterized. We assume the affine parameterization for a simpler construction of optical scalars.

2Proof: the covariant differentiation of the scalar product 0 = k̃bk̃b gives 0 = (k̃bk̃b);a = 2k̃b;ak̃
b, and the explicit

form of the covariant derivative k̃a;b = −u,ab + Γc
ab
u,c imply the a ↔ b symmetry.
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coordinate components it means k̃b = δbr which is also given by k̃b = −gub. We thus immediately
obtain additional requirements on the metric functions, namely gur = −1 and gui = 0.

Our set of adapted coordinates (r, u, xi) thus consists of the affine parameter r along null rays
generated by the vector field k̃, u which labels null hypersurfaces orthogonal to k̃, and D − 2
spatial coordinates xi covering the transverse Riemannian space. The resulting line element of
the spacetime takes the form

ds2 = gij(r, u, x) dx
idxj + 2gui(r, u, x) dx

idu − 2dudr + guu(r, u, x) du
2 , (4.1)

where gij , i.e., the metric on the transverse space, and components gui = gijg
rj and guu =

−grr+guig
ri can be arbitrary functions of all coordinates, and the indices i, j range from 2 toD−1.

Finally notice that in the case of general metric function gru, which corresponds to a nonaffinely
parameterized vector field, we can always make a transformation of the parameter r → r̃(r, u, x)
and thus obtain line element with the gauge gru = −1, and with other metric functions rescaled.

4.2 Optical scalars

In [29, 30] properties of the null geodesic congruences and optical scalars in a generalD-dimensional
spacetime were discussed. It is natural to introduce a frame3 (k, l, mi) consisting of two future
oriented null vectors k and l, and D − 2 orthonormal spacelike vectors mi,

k · l = −1 , mi ·mj = δij , k · k = l · l = 0 , k ·mi = l ·mi = 0 . (4.2)

The metric is thus given by gab = −2k(alb) + δijm
i
am

j
b, and the covariant derivative of the null

vector k can be rewritten in terms of this frame as4

ka;b = K11kakb +K10kalb +K1ikam
i
b +Ki1m

i
akb +Ki0m

i
alb +Kijm

i
am

j
b . (4.3)

The components Kab can be expressed5 inversely as

K11 = ka;bl
alb , K10 = ka;bl

akb , K1i = −ka;bl
amb

i ,

Ki1 = −ka;bm
a
i l

b , Ki0 = −ka;bm
a
i k

b , Kij = ka;bm
a
im

b
j . (4.4)

Using the decomposition (4.3), the condition of geodesicity can be rewritten as ka;bk
b = −K10ka−

Ki0m
i
a, and we find that general vector field k could be geodesic, i.e. ka;bk

b ∼ ka, and even affinely
parameterized, i.e. ka;bk

b = 0, if and only if Ki0 = 0 and K10 = 0.
Geometrical properties of the congruence of integral curves generated by the null vector field k

are characterized by the matrix Kij which remains invariant under null rotations with k fixed, see
(4.44) below, and is only simply rescaled under boosts in the k− l plane, given in (4.45); detailed
description of the Lorentz transformations can be found in Chapter 3. For further analysis of
the congruence we now decompose the matrix Kij into its trace, traceless symmetric part, and
antisymmetric part,

Kij = Θδij + σij +Aij , (4.5)

which are called expansion, shear matrix and twist matrix, respectively, and can be explicitly
written as

Θ =
TrKij

D − 2
, σij = K(ij) −

TrKij

D − 2
δij , Aij = K[ij] , (4.6)

3Particular choice of such frame will be given in Section 4.5.
4The components K01, K00 and K0i are not present because of (gabkakb);c = 0 and thus ka;ck

a = 0.
5The coefficients Kab correspond to Lab used in [30] except for sign changes given by a different normalisation

of the null vectors k · l = ±1.
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These quantities are also preserved under the null rotations with fixed k. For affinely parameterized
geodesics we can construct scalars corresponding to the standard expansion, shear and twist,
expressed only in terms of covariant derivatives of the null vector k:

Θ =
1

D − 2
ka;a , σ2 = k(a;b)k

a;b − 1

D − 2
(ka;a)

2 , A2 = −k[a;b]k
a;b . (4.7)

Vanishing σ2 and A2 scalars are equivalent to σij = 0 and Aij = 0 for all values i, j.
We may calculate the optical scalars (4.7) for the geodesic and affinely parameterized vector

field k̃ introduced in the previous section and used for our initial construction of the line element
(4.1). Its covariant derivative is k̃a;b =

1
2gab,r and the optical scalars thus are

Θ =
1

2(D − 2)
gabgab,r =

1

2(D − 2)
gijgij,r =

1

2(D − 2)
(ln det gij),r ,

σ2 =
1

4

(

gacgbd − 1

D − 2
gabgcd

)

gab,rgcd,r =
1

4
gikgjlgij,rgkl,r − (D − 2)Θ2 , (4.8)

A2 = 0 ,

where a , b , c , d = 0, . . . , D− 2 and i , j , k , l = 2, . . . , D− 2. We conclude that the spacetime (4.1)
admit nontwisting null congruence of geodesics generated by the vector field k̃.

In a more general way, a congruence of null curves with tangent ka is (locally) orthonormal to
a family of null hypersurfaces u if and only if

k[a;bkc] = 0. (4.9)

This is obviously satisfied by our tangent k̃a = −u,a which generates the existence of a nontwisting
congruence. On the other hand, the existence of hypersurfaces (locally) orthogonal to a general
vector field satisfying this condition is guaranteed by the Frobenius theorem, see [4] for more
details. Crucial observation is that the condition (4.9) for geodesic null congruence can be rewritten
using (4.3) only in terms of the twist matrix Aij as

k[a;bkc] =
1

3
Aijm

i
[am

j
bkc] . (4.10)

For an arbitrary null vector lc we get k[a;bkc]l
c = − 1

3Aijm
i
am

j
b, from which it follows that non-

twisting requirement Aij = 0 is thus equivalent to the condition (4.9).
Finally, for further discussion of special cases such as shearfree and nonexpanding Kundt and

expanding Robinson–Trautman spacetimes it is useful to assume that spatial metric gij can be
decomposed6 as γij = p2gij , see e.g. [34], where γij is an unimodular matrix, i.e., det γij = 1. For
the determinant of the complete metric we immediately get

det gab = − det gij = p−2(D−2) , where gij = p−2γij . (4.11)

The nonvanishing shear and expansion scalars (4.7) now become

Θ = −(ln p),r , σ2 =
1

4
γikγjlγij,rγkl,r , (4.12)

which will be useful for determination of r-dependence of the spatial part of the line element with
respect to the optical properties of the geodetic congruence, see also [31, 34].

6This assumption is taken without loss of generality. Although this decomposition is not invariant with respect
to the choice of the spatial coordinates xi, it gives unique conditions for the r-dependence of the optical scalars.
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4.3 Riemann and Weyl tensors

Considering the general form (4.1) of the line element of a nontwisting spacetime we can now
calculate all quantities characterizing its curvature. Using the common expression for Christoffel
symbols,

Γa
bc =

1

2
gad(gdb,c + gdc,b − gbc,d) , (4.13)

where nontrivial components of an inverse metric gab are

gij , gri = gijguj , gru = −1 , grr = −guu + gijguiguj , (4.14)

we immediately obtain

Γr
rr = 0 , Γr

ru = −1

2
guu,r +

1

2
grigui,r , Γr

rj = −1

2
guj,r +

1

2
grigij,r ,

Γr
uu =

1

2

[

−grrguu,r − guu,u + gri(2gui,u − guu,i)
]

,

Γr
uj =

1

2

[

−grrguj,r − guu,j + gri(2gi(u,j) − guj,i)
]

,

Γr
jk =

1

2

[

−grrgjk,r − 2gu(j,k) + gjk,u + gri(2gi(j,k) − gjk,i)
]

, (4.15)

Γu
rr = 0 , Γu

ru = 0 , Γu
ri = 0 ,

Γu
uu =

1

2
guu,r , Γu

ui =
1

2
gui,r , Γu

ij =
1

2
gij,r , (4.16)

Γi
rr = 0 , Γi

ru =
1

2
gijguj,r , Γi

rk =
1

2
gijgjk,r ,

Γi
uu =

1

2

[

−griguu,r + gij(2guj,u − guu,j)
]

,

Γi
uk =

1

2

[

−griguk,r + gij(2gj(u,k) − guk,j)
]

,

Γi
kl =

1

2

[

−grigkl,r + gij(2gj(k,l) − gkl,j)
]

, (4.17)

where i , j , k = 2, . . . , D − 1. The standard definition of the Riemann curvature tensor,

Ra
bcd = Γa

bd,c − Γa
bc,d + Γe

bdΓ
a
ec − Γe

bcΓ
a
ed , (4.18)

the indices lowering by Rabcd = gaeR
e
bcd, and long calculations lead to

Rrprq = −1

2
gpq,rr +

1

4
gijgip,rgjq,r , (4.19)

Rrpru = −1

2
gup,rr +

1

4
gijgip,rguj,r , (4.20)

Rruru = −1

2
guu,rr +

1

4
gijgui,rguj,r , (4.21)
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Rrpkq = gp[k,q],r +
1

4
(gpk,rguq,r − gpq,rguk,r)−

1

4
gri (gpk,rgiq,r − gpq,rgik,r)

+
1

4
gij

[

giq,r
(

2gj(p,k) − gpk,j
)

− gik,r
(

2gj(p,q) − gpq,j
)]

, (4.22)

Rrpuq = gp[u,q],r +
1

4
(gup,rguq,r − gpq,rguu,r)−

1

4
gri (gup,rgiq,r − gpq,rgui,r)

+
1

4
gij

[

giq,r
(

2gj(u,p) − gup,j
)

− gui,r
(

2gj(p,q) − gpq,j
)]

, (4.23)

Rrupq = gu[p,q],r −
1

4
gri (gup,rgiq,r − guq,rgip,r)

+
1

4
gij

[

giq,r
(

2gj(u,p) − gup,j
)

− gip,r
(

2gj(u,q) − guq,j
)]

, (4.24)

Rruup = gu[u,p],r −
1

4
gri (guu,rgip,r − gup,rgui,r)

+
1

4
gij

[

gip,r (2guj,u − guu,j)− gui,r
(

2gj(u,p) − gup,j
)]

, (4.25)

Rkplq = SRkplq +
1

4
grr (gkq,rgpl,r − gkl,rgpq,r)

+
1

4
gkl,r

[

gpq,u − 2gu(p,q) + gri(2gi(p,q) − gpq,i)
]

+
1

4
gpq,r

[

gkl,u − 2gu(k,l) + gri(2gi(k,l) − gkl,i)
]

−1

4
gkq,r

[

gpl,u − 2gu(p,l) + gri(2gi(p,l) − gpl,i)
]

−1

4
gpl,r

[

gkq,u − 2gu(k,q) + gri(2gi(k,q) − gkq,i)
]

, (4.26)

Rupkq = gp[k,q],u − gu[k,q],p +
1

4
grr (guq,rgpk,r − guk,rgpq,r) +

1

4
(guu,qgpk,r − guu,kgpq,r)

+
1

4

[

guk,r
(

gpq,u − 2gu(p,q)
)

− guq,r
(

gpk,u − 2gu(p,k)
)]

+
1

4
gri

[

guk,r
(

2gi(p,q) − gpq,i
)

− gpk,r(2gi(u,q) − guq,i)
]

−1

4
gri

[

guq,r
(

2gi(p,k) − gpk,i
)

− gpq,r(2gi(u,k) − guk,i)
]

+
1

4
gij

(

2gj(u,q) − guq,j
) (

2gi(p,k) − gpk,i
)

−1

4
gij

(

2gj(u,k) − guk,j
) (

2gi(p,q) − gpq,i
)

, (4.27)
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Rupuq = gu(p,q),u − 1

2
(gpq,uu + guu,pq) +

1

4
grr (gup,rguq,r − guu,rgpq,r)

−1

4
guu,r

[

2gu(p,q) − gpq,u − gri
(

2gi(p,q) − gpq,i
)]

−1

4
gpq,r

[

guu,u − gri (2gui,u − guu,i)
]

+
1

4
gup,r

[

guu,q − gri
(

2gi(u,q) − guq,i
)]

+
1

4
guq,r

[

guu,p − gri
(

2gi(u,p) − gup,i
)]

+
1

4
gij

(

2gj(u,p) − gup,j
) (

2gi(u,q) − guq,i
)

−1

4
gij (2guj,u − guu,j)

(

2gi(p,q) − gpq,i
)

, (4.28)

where the superscript S denotes tensors calculated from the spatial metric gij only, with respect
to the spatial coordinates xi. The Ricci tensor is given by contraction Rab = gcdRcadb = Rc

acb,
namely,

Rrr = −1

2
gpqgpq,rr +

1

4
gpqgijgip,rgjq,r , (4.29)

Rru = −1

2
guu,rr +

1

2
grigui,rr + gpqgp[u,q],r

+
1

2
gpqgup,r

(

guq,r − grigiq,r
)

− 1

4
gpqgpq,r

(

guu,r − grigui,r
)

+
1

4
gpqgij

[

giq,r(2gj(u,p) − gup,j)− gui,r(2gjp,q − gpq,j)
]

, (4.30)

Rrk = −1

2
guk,rr +

1

2
grigik,rr + gpqgp[k,q],r

+
1

2
gpqgpk,r

(

guq,r − grigiq,r
)

− 1

4
gpqgpq,r

(

guk,r − grigik,r
)

+
1

4
gpqgij

[

giq,r(2gj(p,k) − gpk,j)− gik,r(2gjp,q − gpq,j)
]

, (4.31)

Ruu = −1

2
grrguu,rr − 2grigu[u,i],r +

1

2
gpq (2gup,uq − gpq,uu − guu,pq)

+
1

2
grpgrq (guu,rgpq,r − gup,rguq,r) +

1

4
grrgpq (2gup,rguq,r − guu,rgpq,r)

−1

2
gpqgri

[

gip,r(2guq,u − guu,q)− gup,r(2gq(u,i) − gui,q)
]

−1

4
gpqguu,r

[

2gup,q − gpq,u − gri (2gip,q − gpq,i)
]

+
1

2
gpqgup,r

[

guu,q − gri
(

2gi(u,q) − guq,i
)]

−1

4
gpqgpq,r

[

guu,u − gri (2gui,u − guu,i)
]

+
1

4
gpqgij

(

2gj(u,p) − gup,j
) (

2gi(u,q) − guq,i
)

−1

4
gpqgij (2guj,u − guu,j) (2gip,q − gpq,i) , (4.32)
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Ruk = −1

2
grrguk,rr − gu[u,k],r + gri(gu[i,k],r − gk[u,i],r) + gpq(gp[k,q],u − gu[k,q],p)

+
1

4
grrgpq (2gpk,rguq,r − gpq,rguk,r) +

1

2
gri(guu,rgik,r − guk,rgui,r)

+
1

2
grpgrq(guk,rgpq,r − gkp,rguq,r)

+
1

2
gpqgri

[

2guq,rgk[p,i] + 2gpk,rgu[q,i] − gip,r(2gq(u,k) − guk,q)
]

+
1

4
gpqgri

[

guk,r(2gi(p,q) − gpq,i) + gpq,r(2gi(u,k) − guk,i)
]

+
1

4
gpq

[

4gpk,rgu[u,q] + 2gup,rguq,k − guk,r(2gup,q − gpq,u)− gpq,rguu,k
]

+
1

4
gpqgij

(

2gj(u,q) − guq,j
) (

2gi(p,k) − gpk,i
)

−1

4
gpqgij

(

2gj(u,k) − guk,j
)

(2gip,q − gpq,i) , (4.33)

Rpq = SRpq −
1

2
grrgpq,rr + gpq,ur − gu(p,q),r + gri(gi(p,q),r − gpq,ir)

+
1

4
grrgkl(2gkp,rglq,r − gkl,rgpq,r)

+
1

2
(gpq,rguu,r − gup,rguq,r) +

1

2
gri (gup,rgiq,r + guq,rgip,r − 2gpq,rgui,r)

+
1

2
grkgrl (gpq,rgkl,r − gpk,rgql,r) +

1

2
gkl

(

guk,r − grigik,r
) (

2gl(p,q) − gpq,l
)

−1

4
gklgkl,r

[

2gu(p,q) − gpq,u − gri(2gi(p,q) − gpq,i)
]

−1

4
gklgpq,r

[

2guk,l − gkl,u − gri(2gik,l − gkl,i)
]

−gklgkq,r
(

gp[l,u] + grigp[i,l]
)

− gklgkp,r
(

gq[l,u] + grigq[i,l]
)

. (4.34)

Finally, the Ricci scalar defined as R = gabRab is

R = SR + guu,rr + (grpgrq − gpqgrr)gpq,rr − 2grigui,rr + 4gpq(gp[q,u],r + grigp[i,q],r)

−1

2
gpq (3gup,rguq,r − 2guu,rgpq,r) + gpqgri (3gup,rgiq,r − 2gui,rgpq,r)

+
1

4
grrgpqgkl (3gkp,rglq,r − gkl,rgpq,r)−

1

2
gpqgrkgrl (3gpl,rgkq,r − 2gpq,rgkl,r)

−1

2
gpqgkl [gkl,r(2gup,q − gpq,u) + gkq,r(3gpl,u − 2gup,l)− 2guk,r(2glp,q − gpq,l)]

+
1

2
gpqgklgri [gkl,r(2gip,q − gpq,i) + gkq,r(3gpl,i − 2gip,l)− 2gik,r (2glp,q − gpq,l)] . (4.35)

Our main aim now is to combine the Riemann tensor, Ricci tensor and Ricci scalar into the
traceless Weyl tensor which, in arbitrary dimension D, is given by formula

Cabcd = Rabcd −
1

D − 2
(gacRbd − gadRbc + gbdRac − gbcRad) +

R (gacgbd − gadgbc)

(D − 1)(D − 2)
, (4.36)
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the components of the Weyl tensor for the line element (4.1) are thus

Crprq = Rrprq −
1

D − 2
gpqRrr ,

Crpru = Rrpru − 1

D − 2
(Rrp + gupRrr) ,

Cruru = Rruru − 1

D − 2
(2Rru + guuRrr)−

R

(D − 1)(D − 2)
,

Crpkq = Rrpkq −
1

D − 2
(gpqRrk − gpkRrq) ,

Crpuq = Rrpuq −
1

D − 2
(−Rpq + gpqRru − gupRrq)−

Rgpq

(D − 1)(D − 2)
,

Crupq = Rrupq −
1

D − 2
(guqRrp − gupRrq) ,

Cruup = Rruup −
1

D − 2
(−Rup + gupRru − guuRrp)−

Rgup

(D − 1)(D − 2)
,

Ckplq = Rkplq −
1

D − 2
(gklRpq − gkqRpl + gpqRkl − gplRkq) +

R (gklgpq − gkqgpl)

(D − 1)(D − 2)
,

Cupkq = Rupkq −
1

D − 2
(gukRpq − guqRpk + gpqRuk − gpkRuq) +

R (gukgpq − guqgpk)

(D − 1)(D − 2)
,

Cupuq = Rupuq −
1

D − 2
(guuRpq − guqRup + gpqRuu − gupRuq) +

R (guugpq − gupguq)

(D − 1)(D − 2)
. (4.37)

For the following discussion it will also be useful to present the simplest of these expressions
explicitly, namely

Crprq = −1

2
gpq,rr +

1

4
gijgip,rgjq,r −

gpqg
kl

D − 2

(

−1

2
gkl,rr +

1

4
gijgik,rgjl,r

)

. (4.38)

4.4 Einstein field equations

Einstein’s equations for a metric tensor gab can be written in the standard form as

Rab −
1

2
Rgab + Λ gab = 8πTab , (4.39)

or, equivalently, substituting its trace R = 2
D−2 (ΛD − 8πT ) as

Rab =
2

D − 2
Λ gab + 8π

(

Tab −
1

D − 2
T gab

)

. (4.40)

At the moment we admit the presence of an arbitrary matter field given by its energy momentum
tensor Tab, and a nonvanishing cosmological constant Λ. The set of equations corresponding to
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the line element (4.1) thus becomes

Rrr = 8πTrr ,

Rru = − 2

D − 2
Λ + 8π

(

Tru +
1

D − 2
T

)

,

Rrp = 8πTrp ,

Ruu =
2

D − 2
Λ guu + 8π

(

Tuu − 1

D − 2
T guu

)

,

Rup =
2

D − 2
Λ gup + 8π

(

Tup −
1

D − 2
T gup

)

,

Rpq =
2

D − 2
Λ gpq + 8π

(

Tpq −
1

D − 2
T gpq

)

, (4.41)

where Rab are explicitly given by (4.29)–(4.34).

4.5 Explicit null reference frames

In the previous discussion in section 4.2 we used some general properties of the real null frame
consisting of two future oriented null vectors k and l, and D − 2 perpendicular spacelike vectors
mi, namely,

k · l = −1 , mi ·mj = δij , k · k = l · l = 0 , k ·mi = l ·mi = 0 . (4.42)

Now we will show how to construct explicit such frames in general nontwisting spacetimes (4.1).
In the adapted coordinates (r, u, xi) with i = 2, 3, . . . , D− 1, introduced at the beginning of this
chapter, the metric can be rewritten in the matrix form as

gab =





















0 −1 0 0 . . .

−1 guu gu2 gu3 . . .

0 gu2 g22 g23 . . .

0 gu3 g23 g33 . . .

...
...

...
...

. . .





















. (4.43)

There are several possibilities how to choose our reference frame which may be motivated either by
mathematical simplicity or by specific relation to some physically preferred observer. The freedom
in the choice is given only by the Lorentz transformations, and is described in Chapter 3. Now
let us only recall the formulae for null rotations with k fixed, boosts in k − l plane, and spatial
rotations in the transverse space of mi which will be important for further relations between the
null frames (4.48), (4.49) and (4.50) introduced below:

• null rotations with k fixed are parameterized by D − 2 real parameters Li = Li:

k̃ = k , l̃ = l+
√
2Limi + |L|2k , m̃i = mi +

√
2Lik , (4.44)

• boost in k− l plane is parameterized by a real number B:

k̃ = Bk , l̃ = B−1l , m̃i = mi , (4.45)

• spatial rotation in the space of mi is parameterized by an orthogonal matrix Φ j
i :

k̃ = k , l̃ = l , m̃i = Φ j
i mj , where Φ j

i Φ
l
kδjl = δik . (4.46)
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4.5.1 Natural null frames

In this subsection we identify the first vector k of the null frame with the nontwisting, affinely
parameterized geodetic vector field k̃ = ∂r introduced in section 4.1. Employing the conditions
(4.42) we find that (necessarily) lu = 1 and mu

i = 0, but there is still a freedom in the remaining
components of l and mi, constrained by the conditions

0 = −2lr + guu + 2guil
i + gij l

ilj , 0 = mr
i − gujm

j
i − gjkm

j
i l

k , δij = gklm
k
im

l
j . (4.47)

There are two natural choices

• assuming li = 0 we immediately get

k = ∂r , l =
1

2
guu∂r + ∂u , mi = guqm

q
i ∂r +m

j
i∂j , (4.48)

• if we wish the component mr
i to be vanishing, the resulting frame must take the form

k = ∂r , l = −1

2
grr∂r + ∂u − gri∂i , mi = m

j
i∂j . (4.49)

These simplest possibilities are useful, e.g., for algebraic classification of spacetimes. If we assume
identical spatial parts7 of the vectors mi in both these frames, the relation between (4.48) and
(4.49) will be given only by the null rotation (4.44) with k fixed. The frame (4.48) can be obtained
from (4.49) using Li =

1√
2
guqm

q
i , and inversely by Li = − 1√

2
guqm

q
i .

4.5.2 Interpretation frame

In the context of equation of geodesic deviation, we need to construct a frame connected with a
particular observer moving along timelike geodesic γ(τ) = (r(τ), u(τ), xi(τ)). The D-velocity of
the observer is thus u = ua∂a where ua = (ṙ, u̇, ẋi), the dot denotes differentiation with respect
to observer’s proper time τ , i.e., d

dτ . The observer’s velocity u will be identified with the timelike
vector constructed from the null vectors k and l as e(0) ≡ u = 1√

2
(k + l), where the vector k of

this null frame will be proportional to the nontwisting vector k̃ = ∂r introduced in section 4.1.
It means that its only nonvanishing component will be kr, i.e., k = kr∂r. Using the properties
(4.42) we obtain

k · u = gabk
aub =

1√
2
, which implies kr =

1√
2u̇

,

e(0) = u =
1√
2
(k+ l) , and thus la =

√
2ua − ka ,

k ·mi = gabk
amb

i = grbk
rmb

i , but only gru 6= 0 , so that mu
i = 0 ,

l ·mi = lam
a
i = 0 , but mu

i = 0 , so that mr
i = − lqm

q
i

lr
,

mi ·mj = gabm
a
im

b
j = δij , but grr = 0 and mu

i = 0 , so that gpqm
p
im

q
j = δij ,

where the indices are a, b = 0, . . . , D−1 and i, j, p, q = 2, . . . , D−1. The resulting interpretation
null frame is thus

k =
1√
2u̇

∂r , l =

(√
2ṙ − 1√

2u̇

)

∂r+
√
2u̇ ∂u+

√
2ẋi∂i , mi = − lqm

q
i

lr
∂r+m

j
i∂j . (4.50)

7If these parts are different we have to use spatial rotation (4.46).
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In components we get

ka =

(

1√
2u̇

, 0, 0, 0, . . .

)

,

la =

(√
2ṙ − 1√

2u̇
,
√
2u̇,

√
2ẋ2,

√
2ẋ3, . . .

)

,

ma
i =

(

− lqm
q
i

lr
, 0,m2

i ,m
3
i , . . .

)

, (4.51)

where lr = −
√
2u̇, lq =

√
2(guqu̇ + gqkẋ

k), and mr
i can thus be rewritten as mr

i = 1
u̇
(guqu̇ +

gqkẋ
k)mq

i . It is always possible to construct the spatial parts of the vectors mi from an arbitrary
basis by standard Gram-Schmidt orthogonalization procedure.

This interpretation frame (4.50) is also related to other frames, namely (4.49), by a simple
Lorentz transformations. Assuming again the same spatial parts of mi in both these frames, we
obtain (4.50) from the natural null frame (4.49) by the boost in k − l plane (4.45) and the null
rotation with k fixed (4.44), where

B =
1√
2u̇

, Li = (guqu̇+ gqkẋ
k)mq

i . (4.52)

4.6 Geodesic deviation

We are going to follow the procedure introduced in Chaper 3 and investigate the relative motions
of free test particles in nontwisting spacetimes of type (4.1). Let us briefly recall the main concepts
and principal results of this approach, detailed description can be found in Chapter 3. The equation
of geodesic deviation is

D2Za

dτ2
= Ra

bcdu
bucZd , (4.53)

where Ra
bcd is the Riemann curvature tensor, ub are components of the velocity vector of the

reference particle (geodesic observer), the parameter τ is a proper time of the observer’s timelike
geodesic, and Za are components of the separation vector which connects the reference particle
with another nearby test particle. We express this equation in coordinate-independent form. We
thus consider an orthonormal frame (e(a)), i.e.,

e(a) · e(b) ≡ gcd e
c
(a)e

d
(b) = ηab ≡ diag(−1, 1, . . . , 1) , (4.54)

consisting of one timelike vector e(0), which we identify with observer’s velocity e(0) = u, andD−1
perpendicular spatial vectors e(i). The only nontrivial components of the projected equation of
geodesic deviation (4.53) onto the orthonormal frame (e(a)) than are

Z̈(i) = R
(i)
(0)(0)(j) , (4.55)

where i, j = 1, . . . , D − 1 and Z̈(i) = e
(i)
a

D2Za

dτ2 . For more precise discussion of the relative motion
of free test particles it is natural to decompose Riemann tensor using (4.36) into the traceless
Weyl tensor, Ricci tensor and scalar curvature, and to rewrite the orthonormal components of
the Weyl tensor in terms of the null components, i.e., with respect to the real null frame (4.42).
Also the Ricci tensor and Ricci scalar are expressed using the Einstein equations (4.40) and their
trace. The null frame (k, l, mi) satisfying the conditions (4.42) is than related to the orthonormal
frame (e(a)) by

k =
1√
2
(e(0) + e(1)) , l =

1√
2
(e(0) − e(1)) , mi = e(i) , (4.56)



58 4 PROPERTIES OF GENERAL NON-TWISTING GEOMETRIES

and orthonormal frame is inversely given by

e(0) =
1√
2
(k+ l) , e(1) =

1√
2
(k− l) , e(i) = mi . (4.57)

The components of the Weyl tensor ΨA• with respect to the null frame (k, l, mi) are defined8 as

Ψ0ij = Cabcdk
amb

ik
cmd

j ,

Ψ1ijk = Cabcdk
amb

im
c
jm

d
k , Ψ1T i = Cabcdk

albkcmd
i ,

Ψ2ijkl = Cabcdm
a
im

b
jm

c
km

d
l , Ψ2S = Cabcdk

alblckd ,

Ψ2ij = Cabcdk
albmc

im
d
j , Ψ2T ij = Cabcdk

amb
i l

cmd
j ,

Ψ3ijk = Cabcdl
amb

im
c
jm

d
k , Ψ3T i = Cabcdl

akblcmd
i ,

Ψ4ij = Cabcdl
amb

i l
cmd

j , (4.58)

where the scalars in the left column are independent while the right column represents their
contractions:

Ψ1T i = Ψ1k
k
i ,

Ψ2T ij =
1

2
(Ψ2ikj

k +Ψ2ij ) , Ψ2S = Ψ2Tk
k =

1

2
Ψ2kl

kl ,

Ψ3T i = Ψ3k
k
i . (4.59)

The obvious symmetries of the Weyl tensor in the notation of (4.58) take the form

Ψ0[ij] = 0 , Ψ0k
k = 0 ,

Ψ1i(kl) = 0 , Ψ1[ikl] = 0 ,

Ψ2ijkl = Ψ2klij , Ψ2(ij)kl = Ψ2ij(kl) = Ψ2i[jkl] = 0 , Ψ2(ij) = 0 ,

Ψ3i(kl) = 0 , Ψ3[ikl] = 0 ,

Ψ4[ij] = 0 , Ψ4k
k = 0 . (4.60)

Using (4.57) the Weyl tensor frame components with respect to the orthonormal frame (e(a)),
which are important in the equation of geodesic deviation (4.55), can be expressed in terms of the
null frame components (4.58) as

C(1)(0)(0)(1) = Cabcde
a
(1)e

b
(0)e

c
(0)e

d
(1) =

1

4
Cabcd(k − l)a(k + l)b(k + l)c(k − l)d

= Cabcdk
alblckd

= Ψ2S ,

C(1)(0)(0)(j) = Cabcde
a
(1)e

b
(0)e

c
(0)e

d
(j) =

(

1√
2

)3

Cabcd(k − l)a(k + l)b(k + l)cmd
j

=
1√
2
Cabcd(k

albkcmd
j − lakblcmd

j )

=
1√
2
(Ψ1T j −Ψ3T j ) ,

C(i)(0)(0)(j) = Cabcde
a
(i)e

b
(0)e

c
(0)e

d
(j) =

1

2
Cabcdm

a
i (k + l)b(k + l)cmd

j

=
1

2
Cabcd

(

kamb
ik

cmd
j + lamb

i l
cmd

j + 2kamb
(il

cmd
j)

)

= −1

2
(Ψ0ij +Ψ4ij )−Ψ2T (ij) . (4.61)

8Their relations to the other commonly used conventions are given in Chapter 3.
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Therefore, the geodesic deviation equation (4.55) can be written in the invariant and decomposed
form as

Z̈(1) =
2Λ

(D − 2)(D − 1)
Z(1) +Ψ2SZ

(1) +
1√
2
(Ψ1T j −Ψ3T j )Z(j)

+
8π

D − 2

[

T(1)(1)Z
(1) + T(1)(j)Z

(j) −
(

T(0)(0) +
2T

D − 1

)

Z(1)

]

,

Z̈(i) =
2Λ

(D − 2)(D − 1)
Z(i) −Ψ2T (ij)Z(j) +

1√
2
(Ψ1T i −Ψ3T i)Z(1) − 1

2
(Ψ0ij +Ψ4ij )Z

(j)

+
8π

D − 2

[

T(i)(1)Z
(1) + T(i)(j)Z

(j) −
(

T(0)(0) +
2T

D − 1

)

Z(i)

]

, (4.62)

where the indices i, j range form 2 to D−1. The overall effects of gravitational field on the relative
behaviour of free test particles is thus given by influence of the matter content of universe repre-
sented by projections of its energy-momentum tensor Tab, isotropic influence of the cosmological
constant Λ, transverse gravitational waves described by the symmetric traceless matrices Ψ0ij and
Ψ4ij , longitudinal components Ψ1T i and Ψ3T i , and Newton components of the gravitational field
given by Ψ2S and Ψ2T (ij) . Discussion of specific properties of these components can be found in
Chapter 3. Explicit form of the Weyl scalars ΨA• will be given in the following subsection 4.6.1.

4.6.1 The null frame components of the Weyl tensor

We now consider a general frame of the form (4.51), i.e., the null vector k has a component only
in the r direction, all components of the null vector l are nonvanishing, and spatial vectors mi

have only the u-component vanishing. Using these specific assumptions, which involve all three
frames (4.48), (4.49) and (4.50), and employing the definition of the ΨA• scalars (4.58), the frame
components of the Weyl tensor relevant to the equations (4.62) will be

Ψ0ij = Crprqk
rm

p
i k

rm
q
j ,

Ψ1T j = Crprqk
rlpkrm

q
j + Crpruk

rlukrm
p
j ,

Ψ2S = −Crprqk
rlplqkr − 2Crpruk

rlulpkr − Cruruk
rlulukr ,

Ψ2T ij = Crprqk
rm

p
i (l

rm
q
j − lqmr

j)− Crpruk
rm

p
i l

umr
j

+Crpuqk
rm

p
i l

um
q
j + Crpkqk

rm
p
i l

km
q
j ,

Ψ3T j = Crprql
pkr(lqmr

j − lrm
q
j) + Crprul

ukr(2lpmr
j − lrm

p
j ) + Crurul

ukrlumr
j

−Crpuql
pkrlum

q
j − Crpkql

pkrlkm
q
j − Cruupl

ukrlum
p
j − Crupql

ukrlpm
q
j ,

Ψ4ij = Crprq(l
rm

p
i l

rm
q
j − lrm

p
i l

qmr
j + lpmr

i l
qmr

j − lpmr
i l

rm
q
j)

+Crprul
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For the sake of completeness we also present all the remaining Weyl components,
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and a general form of the frame components of an arbitrary energy–momentum tensor,
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Substituting now the explicit form of the interpretation frame components (4.51), which are con-
nected to the geodesic observer with velocity vector ua = (ṙ, u̇, ẋi), into equations (4.63) we get
the following expressions which include the kinematic effects given by the specific motion of our
observer.

The component of the gravitational field representing the effect of the transverse gravitational
wave propagating along the null direction l, i.e., in the spatial direction −e(1), is

Ψ0ij =
1

2
m

p
im

q
j

1

u̇2
Crprq . (4.66)

The terms which cause the longitudinal deformation of the congruence of free test particles in the
spatial direction −e(1) are

Ψ1T j =
1√
2
m

p
j

(

1

u̇2
ẋkCrprk +

1

u̇
Crpru

)

. (4.67)
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The Newton-like components of the gravitational field are given by

Ψ2T ij = m
p
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, (4.68)

Ψ2S = − 1

u̇2
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1

u̇
ẋk2Crkru − Cruru . (4.69)

The longitudinal deformation in the direction +e(1) is represented by the set of scalars

Ψ3T j =
√
2mp

j

[

1

u̇2
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Finally, the transverse gravitational wave propagating along null direction k, i.e., in the spatial
direction +e(1), corresponds to the deformation caused by matrix

Ψ4ij = 2mp

(im
q

j)

{

1

u̇2
ẋkẋlẋmẋn

[

1

4
Crprqgklgmn + Crkrlgpmgqn − Crlrpgkmgqn

]

+
1

u̇
ẋkẋlẋm

[

Crprqgumgkl + 2Crkrlgupgqm − Crlrp (guqgkm + 2gukgqm)

+2Crlrugpmgqk − Crprugqmgkl + Crplqgmk − 2Crklqgmp

]

+ẋkẋl
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. (4.71)

General properties of these scalars ΨA• representing pure effects of the gravitational field are
discussed in more details in Chapter 3.
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4.6.2 Geodesics and parallel transport of the frame

Because of the connection of the interpretation frame (4.50) with a particular observer moving
along the timelike geodesic γ(τ) let us present the explicit form of equations for general geodesic
motion in the spacetime (4.1),
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where the Christoffel symbols are given in (4.15)–(4.17). Notice that

• the second equation can be rewritten explicitly as

ü+
1

2
guu,ru̇

2 + guj,ru̇ẋ
j +

1

2
gjk,rẋ

j ẋk = 0 , (4.73)

• the first equation for r can be replaced by an explicit expression which follows from the
normalization of the velocity u · u = −1 as

ṙ =
1

2u̇

(

1 + guuu̇
2 + 2guju̇ẋ

j + gjkẋ
j ẋk

)

. (4.74)

For further discussion of the equation of geodesics deviation, it is sometimes useful to employ
parallelly transported frames (e(a)) along observer’s geodesic γ(τ) with tangent vector e(0) = u.
We thus explicitly express the corresponding conditions for the components of an arbitrary frame
vector, i.e., eb(a);cu

c = 0:

der(a)
dτ

+ Γr
bcu

bec(a) = 0 ,
deu(a)
dτ

+ Γu
bcu

bec(a) = 0 ,
dei(a)
dτ

+ Γi
bcu

bec(a) = 0 . (4.75)

Using u · e(a) = η0a and ua
;bu

b = 0 we find that ure
r
(a);bu

b + uue
u
(a);bu

b + uie
i
(a);bu

b = 0, i.e.,

if the components eu(a) and ei(a) are parallelly transported than er(a) is necessarily parallelly trans-
ported too.

4.6.3 On general algebraic type

The relation (4.66) for the Weyl tensor component Ψ0ij can be rewritten using (4.37) as

Ψ0ij =
1

2u̇2

(

Rrprqm
p
im

q
j −

Rrr

D − 2
δij

)

. (4.76)

If the spatial vectors mi are eigenvectors of the matrix Rr(i)r(j), this becomes diagonal, and
Ψ0ij = 0 prescribes simple conditions for the vanishing transverse gravitational wave propagating
along l, i.e., all such eigenvalues have to be equal to 1

D−2Rrr. It is not obvious that these
conditions are automatically satisfied for an arbitrary nontwisting spacetime (4.1) without further
restrictions, and thus all possible effects of gravitational field on relative motion of test particles
are generally present. Geometrically, Ψ0ij 6= 0 is equivalent to the condition when the spacetime
is algebraically general (for Ψ0ij = 0 it is at least of type I, with k being the Weyl-aligned null
direction – WAND).

The results of this chapter will now be used for description of geodesic deviation and algebraic
structure of spacetimes in more specific situations in Chapter 5 and 6.



CHAPTER

5

KUNDT SPACETIMES

In this chapter we will investigate the relative motion of free test particles in the important family
of Kundt spacetimes which are geometrically defined as solutions of Einstein’s field equations
admitting a nontwisting, nonexpanding and shearfree null congruence of geodesic. They thus form
a particular subclass of general nontwisting geometries (4.1) discussed in the previous Chapter 4.
Here, we will first recall general properties of the Kundt class given by its geometric definition and
employ the field equations to obtain more specific line element, see [31] for more details. Then
we will apply our general results of Chapter 3 and Chapter 4 and we will analyze the deviation of
geodesics in the particular subclasses of Kundt spacetime, such as pp-waves, VSI spacetimes and
simple gyratons.

5.1 Geometry of the Kundt spacetimes

In the case of general nontwisting spacetimes we introduced the scalars Θ (expansion), σ2 (shear)
and A2 (twist) characterizing optical properties of the null affinely parameterized geodesic con-
gruence, see equation (4.7) in section 4.2. We showed that line element (4.1) represents a D-
dimensional nontwisting spacetime, but its shear and expansion are still in general nonvanishing.
Using the decomposed form of the optical scalars (4.12),

Θ = −(ln p),r , σ2 =
1

4
γikγjlγij,rγkl,r , (5.1)

where gij = p−2γij , we find that the geometric definition of the Kundt family, i.e., spacetimes
admitting a nontwisting (A = 0), nonexpanding (Θ = 0) and shearfree (σ = 0) null geodesic
congruence, imply the independence of the spatial part of metric gij on the coordinate r, see also
[31]. The line element of general Kundt spacetime, in suitable coordinates, thus necessarily takes
the form

ds2 = gij(u, x)dx
idxj + 2gui(r, u, x)dx

idu− 2dudr + guu(r, u, x)du
2 , (5.2)

where the metric on the transverse space gij is a function only of the coordinates u and xi. The
other metric components gui and guu are still arbitrary functions of all coordinates, i.e., (r, u, xi),
and have to be specified employing the Einstein field equations (4.41).
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Considering the Kundt line element of the form (5.2), from expressions (4.15)–(4.17) for non-
vanishing Christoffel symbols we immediately get

Γr
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guu,r +
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2
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, (5.3)
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gui,r , (5.4)
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]

,
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gij(2gj(k,l) − gkl,j) , (5.5)

where the indices i, j, k, l range from 2 to D − 1. Using the constraint gij,r = 0 in (4.19)–(4.28)
for the Riemann tensor of a general nontwisting spacetime we immediately find that Rrprq and
Rrpkq vanish identically,

Rrprq = 0 , and Rrpkq = 0 , (5.6)

while the remaining nontrivial components of the Riemann tensor are

Rrpru = −1

2
gup,rr , (5.7)
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4
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4
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)

, (5.9)

Rrupq = gu[p,q],r , (5.10)
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1

4
grigup,rgui,r −

1

4
gijgui,r

(

2gj(u,p) − gup,j
)

, (5.11)

Rkplq = SRkplq , (5.12)
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Rupkq = gp[k,q],u − gu[k,q],p
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)

, (5.14)

where the superscript S denotes again tensor quantities calculated using only the spatial metric
gij , and derivatives taken only with respect to the spatial coordinates xi. Simplification of the
expressions (4.29)–(4.34) for the Ricci tensor immediately gives Rrr = 0, and
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2
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1

2
grigui,rr +
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2
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2
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4
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]

+
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)]

+
1

4
gpqgij

(
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) (
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)

−1

4
gpqgij (2guj,u − guu,j) (2gip,q − gpq,i) , (5.17)
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Ruk = −1

2
grrguk,rr − gu[u,k],r + gri(gu[i,k],r − gk[u,i],r) + gpq(gp[k,q],u − gu[k,q],p)

−1

2
griguk,rgui,r +

1

4
gpqgri

[

4guq,rgk[p,i] + guk,r(2gi(p,q) − gpq,i)
]

+
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4
gpq [2gup,rguq,k − guk,r(2gup,q − gpq,u)]

+
1

4
gpqgij

(

2gj(u,q) − guq,j
) (

2gi(p,k) − gpk,i
)

−1

4
gpqgij

(

2gj(u,k) − guk,j
)

(2gip,q − gpq,i) , (5.18)

Rpq = SRpq − gu(p,q),r −
1

2
gup,rguq,r +

1

2
gklguk,r

(

2gl(p,q) − gpq,l
)

, (5.19)

Finally, using (4.35) the scalar curvature of any Kundt spacetime is given by

R = SR+ guu,rr − 2grigui,rr − 2gpqgup,rq −
3

2
gpqgup,rguq,r + gpqgklguk,r(2glp,q − gpq,l) . (5.20)

5.2 Applying the field equations

We have not specified the matter content of the spacetime so far. However, we may recall the
approach of [31] and simplify the r-dependence of the metric (5.2) using the Einstein field equations
(4.41). Notice that

• the explicit value of the Ricci tensor component Rrr = 0 together with grr = 0 gives a
restriction on the energy–momentum tensor, namely Trr = 0,

• we can also directly integrate the Einstein’s equation connected with Rrk assuming Trk = 0,

• assuming Trk = 0, the equation for Rru implies that Tru must be independent of r,

• using the trace of Einstein’s equations we can determine the r-dependence of guu; if the
trace of energy–momentum tensor does not depend on r, the metric function guu could be
only quadratic in r.

Following [31], we restrict ourselves to the vacuum spacetimes, possibly with a cosmological con-
stant Λ or spacetimes with the Maxwell field aligned with the null vector k̃ (Fabk̃

b = Qk̃a, where
Q is an arbitrary function). The energy–momentum tensor in such a case is

4πTab = FacF
c

b − 1

4
gabFcdF

cd , (5.21)

where Fab in coordinates (r, u, xi) adapted to the field k̃ = ∂r has the components Fru = Q and
Fri = 0, and thus Trr = Tri = 0. The components Fui and Fij are constrained by source-free
Maxwell equations F[ab;c]=0 and F ab

;b = 0. Their precise discussion can be found in [31], recall
only the main results:

• the components Fru = Q(u, x) and Fij = Fij(u, x) are independent of r, and Fui is given by
Fui = −rQ,i − ξi where ξi(u, x) are arbitrary functions,

• the trace of energy–momentum tensor is T = −D−4
16π FabF

ab, where FabF
ab = FijF

ij−2Q2 ≡
F 2 − 2Q2, and it does also not depend on r.
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Concerning these restrictions and employing Einstein’s field equations the line element of a general
Kundt spacetime can be written in the form

ds2 = gijdx
idxj + 2(ei + fir)dx

idu− 2dudr + (ar2 + br + c)du2 , (5.22)

with the r-dependence fully determined. All the remaining functions, gij , ei, fi, a, b and c, are
constrained by the specific Einstein–Maxwell equations and only depend on the coordinates u

and xi. In particular, the function a(u, x) reads

a(u, x) =
1

2

[

f ifi + f i
,i + f i(ln

√
g),i

]

+
2Λ

D − 2
− F 2 + 2(D − 3)Q2

D − 2
, (5.23)

where f i = gijfj and g = det gij , see [31].

5.3 Geodesic deviation in general Kundt spacetime

The geometric restrictions leading to the line element (5.2) imply Crprq = 0, see (4.38) with
gpq,r = 0, and (4.63) then gives Ψ0ij = 0. The Kundt spacetimes are thus necessarily of algebraic
type I or more special, see subsection 4.6.3.

Moreover, the assumption Trk = 0 and Einstein’s equations guarantee that gui = ei + fir, i.e.,
additionally Rrpru = 0, Rrp = 0 which imply Crpru = 0 and Crpkq = 0, see (4.37). Substituting
these vanishing components of the Weyl tensor into (4.63) and (4.64) we immediately find1 that
Ψ1T j = 0 and Ψ1ijk = 0. Due to the vanishing Weyl tensor null components of boost weights 2
and 1, the line element (5.22) represents a Kundt spacetime which is (at least) of algebraic type II.

The equations (4.62) describing the geodesic deviation in general nontwisting spacetime, using
Ψ0ij = 0 and Ψ1T j = 0 in the case of the Kundt class (5.22), reduce to

Z̈(1) =
2Λ

(D − 2)(D − 1)
Z(1) +Ψ2SZ

(1) − 1√
2
Ψ3T jZ(j)

+
8π

D − 2

[

T(1)(1)Z
(1) + T(1)(j)Z

(j) −
(

T(0)(0) +
2T

D − 1

)

Z(1)

]

,

Z̈(i) =
2Λ

(D − 2)(D − 1)
Z(i) − Ψ2T (ij)Z(j) − 1√

2
Ψ3T iZ(1) − 1

2
Ψ4ijZ

(j)

+
8π

D − 2

[

T(i)(1)Z
(1) + T(i)(j)Z

(j) −
(

T(0)(0) +
2T

D − 1

)

Z(i)

]

, (5.24)

where the trace of the energy–momentum electromagnetic tensor is T = −D−4
16π FabF

ab with
FabF

ab = F 2 − 2Q2, and its frame components are

T(0)(0) =
1

4π

(

F(0)aF
a

(0) +
1

4
FabF

ab

)

, T(0)(i) =
1

4π
F(0)aF

a
(i) ,

T(1)(1) =
1

4π

(

F(1)aF
a

(1) − 1

4
FabF

ab

)

, T(1)(i) =
1

4π
F(1)aF

a
(i) ,

T(0)(1) =
1

4π
F(0)aF

a
(1) , T(i)(j) =

1

4π

(

F(i)aF
a

(j) − 1

4
δijFabF

ab

)

. (5.25)

1Notice that Ψ1ijk = 0 implies Ψ1T j = 0 by the definition.
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The null interpretation frame (4.50) connected with a particular observer moving along timelike
geodesic γ(τ) with velocity u = ṙ∂r + u̇∂u + ẋi∂i is of the form

k =
1√
2u̇

∂r ,

l =

(√
2ṙ − 1√

2u̇

)

∂r +
√
2u̇ ∂u +

√
2ẋi∂i ,

mi =
1

u̇
(guqu̇+ gqkẋ

k)mq
i ∂r +m

j
i ∂j , (5.26)

where guq = eq + fqr. Using our previous results for the projections of the Weyl tensor on the
null frame (4.68)–(4.71) and the exact values

Crprq = 0 , Crpru = 0 , Crpkq = 0 , (5.27)

we obtain the only nonvanishing null frame components of the Weyl tensor, which are relevant in
equations (5.24), namely,

Ψ2T ij = m
p
im

q
j Crpuq ,

Ψ2S = −Cruru ,

Ψ3T j =
√
2mp

j

[

ẋk (Cruru gkp − Crkup − Crukp) + u̇ (Cruru gup − Cruup)
]

,

Ψ4ij = 2mp

(im
q

j)

{

ẋkẋl (Crpuq gkl − 2Crluq gkp + Cruru gpkglq − 2Crulq gkp + Ckplq)

+2u̇ẋk (Crpuq guk − Crkuq gup + Cruru gupgqk − Cruup gqk − Crukq gup + Cupkq)

+u̇2 (Crpuq guu + Cruru gupguq − 2Cruup guq + Cupuq)

}

. (5.28)

We may also substitute the explicit expressions for the Weyl tensor (4.37):

Ψ2T ij = m
p
im

q
j

[

Rrpuq −
1

D − 2
(gpqRru −Rpq)−

Rgpq

(D − 1)(D − 2)

]

,

Ψ2S = −Rruru +
2

D − 2
Rru +

R

(D − 1)(D − 2)
,

Ψ3T j =
√
2mp

j

{

ẋk

[

Rruru gkp −Rrkup −Rrukp −
1

D − 2
(gkpRru +Rkp)

]

+u̇

[

Rruru gup −Rruup −
1

D − 2
(gupRru +Rup)

]}

,

Ψ4ij = 2mp

(im
q

j)

{

ẋkẋl

[

Rrpuq gkl − gpk(2Rrluq − glqRruru + 2Rrulq) +Rkplq −
gpq

D − 2
(gklRru +Rkl)

]

+2u̇ẋk

[

Rrpuq guk −Rruup gqk − gup(Rrkuq −Rruru gqk +Rrukq) +Rupkq −
gpq

D − 2
(gukRru +Ruk)

]

+u̇2

[

Rrpuq guu − guq (2Rruup − gupRruru) +Rupuq −
gpq

D − 2
(guuRru +Ruu)

]}

. (5.29)

where the components Rabcd are explicitly given by (5.8)–(5.14), Rab by (5.15)–(5.19) and the
scalar curvature R by (5.20).

In conclusion, concerning a general Kundt spacetime (5.22), the equations of geodesic deviation
(5.24) imply that the behaviour of a set of free test particles will be determined by presence of
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the spacetime matter content (for example by aligned Maxwell field (5.25)), by isotropic influence
of cosmological constant Λ, and by pure gravitational effects consisting only of Newton-like tidal
deformation represented by Ψ2T (ij) and Ψ2S, longitudinal accelerations with respect to +e(1) given
by Ψ3T j , and transverse gravitational wave propagating in +e(1) encoded in traceless symmetric
matrix Ψ4ij .

Notice finally that the Newton-type deformation does not directly depend on the velocity
of observer’s motion, see (5.29). On the other hand, longitudinal and radiative component are
affected by observer’s motion in the u direction by terms proportional to u̇, but also in all spatial
directions xi, i.e., by terms proportional to the velocities ẋi. The kinematic effects given by motion
in the transverse space and represented by terms proportional to ẋi can be transformed away by
transition to another observer moving with the same velocity in the opposite direction, for more
details see Chapter 3 and particular example in section 5.6.

5.4 Properties of pp-waves

It is natural to start the investigation of subclasses of Kundt’s spacetimes with an important exact
gravitational wave model, namely “plane fronted waves with parallel rays” which are also called
pp-waves. We only briefly recall the main results described in Chapter 3 and we will focus on
the properties of vacuum pp-waves which represent exact higher-dimensional type N solutions.
We show that these properties are in general different form those well known in classical four-
dimensional general relativity, and similar for all higher-dimensional radiative spacetimes.

This class of solutions was discovered by Brinkmann in the context of conformal mapping of
Einstein spaces, see [12]. Their geometric definition requests the existence of covariantly constant
null vector field k̃. The expressions (4.7) for optical scalars then implies that these solutions
have to necessary belong to the Kundt class. The explicit form of the covariant derivative in the
spacetime (5.22) with adapted coordinates (r, u, xi) is k̃a;b = 1

2gab,r. If we require k̃a;b = 0, the
resulting line element must be independent of coordinate r. We thus get the line element

ds2 = gijdx
idxj + 2ei(u, x)dx

idu− 2dudr + c(u, x)du2 , (5.30)

where the functions ei(x, u) ≡ gui and c(x, u) ≡ guu have to satisfy the Einstein-Maxwell equations
(4.41). For construction of the ΨA• scalars we use (5.7)–(5.14) together with property gab,r = 0,
and calculate the only nonvanishing components of Riemann tensor:

Rkplq = SRkplq , (5.31)

Rupkq = gp[k,q],u − gu[k,q],p

+
1

4
gij

(

2gj(u,q) − guq,j
) (

2gi(p,k) − gpk,i
)

−1

4
gij

(

2gj(u,k) − guk,j
) (

2gi(p,q) − gpq,i
)

, (5.32)

Rupuq = gu(p,q),u − 1

2
(gpq,uu + guu,pq)

+
1

4
gij

(

2gj(u,p) − gup,j
) (

2gi(u,q) − guq,i
)

−1

4
gij (2guj,u − guu,j)

(

2gi(p,q) − gpq,i
)

. (5.33)
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For the Ricci tensor we immediately get from (5.15)–(5.19)

Ruu =
1

2
gpq (2gup,uq − gpq,uu − guu,pq)

+
1

4
gpqgij

(

2gj(u,p) − gup,j
) (

2gi(u,q) − guq,i
)

−1

4
gpqgij (2guj,u − guu,j) (2gip,q − gpq,i) , (5.34)

Ruk = gpq(gp[k,q],u − gu[k,q],p)

+
1

4
gpqgij

(

2gj(u,q) − guq,j
) (

2gi(p,k) − gpk,i
)

−1

4
gpqgij

(

2gj(u,k) − guk,j
)

(2gip,q − gpq,i) , (5.35)

Rpq = SRpq , (5.36)

and the Ricci scalar is given only by its spatial part, R = SR. The expressions (5.29) for the ΨA•

scalars then take the simplified explicit form

Ψ2S =
SR

(D − 1)(D − 2)
, Ψ2T (ij) = m

p

(im
q

j)

[

1

D − 2
SRpq −

SRgpq

(D − 1)(D − 2)

]

,

Ψ3T j = −
√
2

D − 2
m

p
j

(

ẋk SRkp + u̇ Rup

)

,

Ψ4ij = 2mp

(im
q

j)

[

ẋkẋl

(

SRkplq −
gpq

D − 2
SRkl

)

+2u̇ẋk

(

Rupkq −
gpq

D − 2
Ruk

)

+ u̇2

(

Rupuq −
gpq

D − 2
Ruu

)]

. (5.37)

Notice that the Newton components of the gravitational field represented by Ψ2S and Ψ2T (ij)

depend only on the curvature of transverse space, i.e., on the Ricci tensor SRpq and the scalar
SR calculated using the Riemannian metric gij on the transverse (D− 2)-dimensional space with
respect to coordinates xk. In the case of the Ricci flat transverse space, these components vanish
and such pp-waves will be necessarily of algebraic type III or more special.

5.4.1 Vacuum pp-waves

Now, we restrict our attention to the vacuum pp-waves. Because of Rru = 0, the Einstein equation
Rru = − 2Λ

D−2 implies vanishing2 cosmological constant Λ. Moreover, applying the remaining
vacuum field equations we find that the only nonvanishing component of Weyl tensor is

Ψ4ij = 2mp

(im
q

j)

(

ẋkẋl SRkplq + 2u̇ẋkRupkq + u̇2Rupuq

)

. (5.38)

Vacuum pp-waves are thus necessarily of algebraic type N, and represent exact transverse gravi-
tational waves propagating along the null direction k̃ corresponding to the spatial direction +e(1).
The deformation of a set of free test particles is described only by

Z̈(1) = 0 , Z̈(i) = −1

2
Ψ4ijZ

(j) . (5.39)

Obviously, there is no acceleration in the privileged spatial direction e(1). The set of scalars
Ψ4ij forms a symmetric and traceless matrix of dimension (D − 2)× (D − 2) which has in general

2In a case of an aligned Maxwell field, cosmological constant is necessarily positive, namely 2Λ = F 2+2(D−3)Q2.
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N ≡ 1
2D(D − 3) independent components corresponding to polarization modes of a gravitational

wave. The freedom in a choice of the transverse part mi of the interpretation frame is given just
by spatial rotations (4.46), see Chapter 3,

m̃i = Φi
j mj , where Φi

j Φk
l δjl = δik , (5.40)

which leave the null frame vectors unchanged, k̃ = k and l̃ = l. These spatial rotations belong
to SO(D − 2) group containing Nrot ≡ 1

2 (D − 2)(D − 3) independent parameters representing its
generators. Therefore, the number of physical degrees of freedom is

N −Nrot = D − 3 , (5.41)

which corresponds to the number of independent eigenvalues of the symmetric and traceless matrix
Ψ4ij , and fully characterize the deformation of a test congruence. With respect to the signs of the
eigenvalues we can distinguish

(

D − 2

2

)

=
1

2
(D − 2)(D − 3) , (5.42)

physically different cases. Sum of all the eigenvalues must be vanishing (traceless property of
gravitational waves), i.e., there is at least one positive and one negative eigenvalue in case of a
nontrivial Ψ4ij . The relation (5.42) gives the number of distinct possibilities how to divide the
remaining eigenvalues into three groups with positive, null and negative sign, respectively. Such
a discussion is primarily motivated by a particular example of pp-waves, but holds also for any
other exact gravitational waves represented by traceless symmetric matrix.

Finally, we would like to illustrate these results in a particular case which can be completely
integrated. We may choose the simplest possibility, discussed also in Chapter 3, which corresponds
to plane fronted waves propagating in Minkowski spacetime, i.e., the spatial metric will be flat,
gij = δij . We additionally assume that the nondiagonal metric functions gui = ei are vanishing
or can be globally removed by a suitable coordinate transformation (gyratons are absent). The
general line element (5.30) then becomes

ds2 = δij dx
idxj − 2dudr + c(u, x)du2 . (5.43)

Our interpretation frame (5.26) will be of the form

k =
1√
2u̇

∂r , l =

(√
2ṙ − 1√

2u̇

)

∂r +
√
2u̇∂u +

√
2ẋi∂i , mi =

ẋi

u̇
∂r + ∂i . (5.44)

The only nontrivial components of Riemann tensor in spacetime (5.43) are Rupuq = − 1
2c,ij which

imply that the scalars (5.38) simplify to

Ψ4ij = −u̇2c,ij . (5.45)

The remaining Einstein equation, namely Ruu = δijc,ij = 0, guarantees that the amplitude matrix
Ψ4ij is traceless. From the equation of geodesics (4.73) it follows that ü vanishes identically and
the velocity u̇ is necessarily constant along the geodesic. Moreover, using the conditions for parallel
transport (4.75) we find that the interpretation frame is parallelly transported and the relative
accelerations in (5.39) can be thus replaced by ordinary time derivatives. Deformation of the test
congruence of geodesics will be given by

d2Z(1)

dτ2
= 0 ,

d2Z(i)

dτ2
=

1

2
u̇2c,ijZ

(j) , (5.46)
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where we only have to specify the function c(u, x) satisfying δijc,ij = 0. We will consider a simple
quadratic form constructed only of spatial coordinates xi, i.e.,

c =
D−1
∑

i=2

Aix
i2 , where

D−1
∑

i=2

Ai = 0 , (5.47)

Ai are constants. The amplitudes of corresponding gravitational waves are thus constants Ψ4ij =
−2u̇2Aiδij (no summation), and the waves of this type are thus homogeneous. Explicit solution
of equations of geodesic deviation (5.46) will take the form

Z(1)(τ) = A1τ +B1 , Z(i)(τ) = AiRe
{

e|u̇|
√
Aiτ

}

+BiRe
{

e−|u̇|
√
Aiτ

}

, (5.48)

where Ai and Bi are constants of integration. The most illustrative case to investigate is the
deformation of a sphere formed by static test particles. Such initially static configuration, Ż(i)(τ =
0) = 0, corresponds to the choice A1 = 0 and Ai = Bi =

1
2Z

i(τ = 0) ≡ 1
2Z

i
0. The equation (5.48)

can be rewritten as

Z(i)(τ) = Zi
0 cosh (|u̇|

√

Aiτ) for Ai > 0 ,

Z(1)(τ) = Z1
0 , and Z(i)(τ) = Zi

0 cos (|u̇|
√

−Aiτ) for Ai < 0 ,

Z(i)(τ) = Zi
0 for Ai = 0 , (5.49)

We immediately observe that the particles in spatial direction e(i) with positive Ai recede, in
directions with negativeAi are focused, and particles in directions where Ai vanish are not affected
by the wave.

As an example, we will analyze a deformation of a three-dimensional test sphere in the trans-
verse space induced by a five-dimensional plane fronted wave. There may occur three nontrivial

physically different situations, see (5.42),

• two eigenvalues are positive and one is negative: Ψ422 ≥ Ψ433 > 0 > Ψ444 , see Figure 5.1,

• one eigenvalue is positive and two are negative: Ψ422 > 0 > Ψ433 ≥ Ψ444 , see Figure 5.2,

• one eigenvalue is positive, one is vanishing and one is negative: Ψ422 > Ψ433 = 0 > Ψ444 , see
Figure 5.3.

Notice that there exists only one possibility in the classical four-dimensional general relativity,
where necessarily Ψ422 = −Ψ433 . Its visualization is similar to the Figure 5.3, where e(3) will
become the direction of propagation of the wave.

If we restrict our measurements of gravitational waves in generally D-dimensional universe
only into four-dimensional “real” subspace spanned by the vectors (e(0), e(1), e(2), e(3)), in this
subspace we should observe the violation of traceless property of such waves3, namely Ψ422 =
−Ψ433 − ∑D−1

i=4 Ψ4ii . In the extreme cases when Ψ422 > 0 and Ψ433 ≥ 0 we will observe a
behaviour which is not typical for gravitational waves in standard general relativity.

3Except very special cases when Ψ422 = −Ψ433 and
∑D−1

i=4
Ψ4ii = 0.
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Figure 5.1: Deformation of a sphere of test particles in the case when Ψ422 ≥ Ψ433 > 0 > Ψ444 .
These pictures display planes (e2, e3), (e2, e4), (e3, e4), and a global view.
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Figure 5.2: Deformation of a sphere of test particles in the case when Ψ422 > 0 > Ψ433 ≥ Ψ444 .
These pictures display planes (e3, e2), (e4, e2), (e4, e3), and a global view.
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Figure 5.3: Deformation of a sphere of test particles in the case when Ψ422 > Ψ433 = 0 > Ψ444 .
These pictures display planes (e2, e3), (e2, e4), (e4, e3), and a global view.

5.5 VSI spacetimes

In the works [32, 33], spacetimes with vanishing scalar invariants of all orders were presented.
These solutions of Einstein’s equations belong to general Kundt class (5.22), in the case when the
transverse metric gij is flat, i.e., gij = δij . The resulting line element is given by

ds2 = δijdx
idxj + 2(ei + fir)dx

idu− 2dudr + (ar2 + br + c)du2 . (5.50)

Its obvious that pp-waves on a flat Minkowski background, discussed in the previous section, form
a subclass of VSI spacetimes. The components of the Weyl tensor are almost of the same form as
in the general case (5.29), only with Rkplq vanishing in the scalars Ψ4ij , namely,

Ψ2T ij = m
p
im

q
j

[

Rrpuq −
1

D − 2
(gpqRru −Rpq)−

Rgpq

(D − 1)(D − 2)

]

,

Ψ2S = −Rruru +
2

D − 2
Rru +

R

(D − 1)(D − 2)
,

Ψ3T j =
√
2mp

j

{

ẋk

[

Rruru gkp −Rrkup −Rrukp −
1

D − 2
(gkpRru +Rkp)

]

+u̇

[

Rruru gup −Rruup −
1

D − 2
(gupRru +Rup)

]}

,

Ψ4ij = 2mp

(im
q

j)

{

ẋkẋl

[

Rrpuq gkl − gpk(2Rrluq − glqRruru + 2Rrulq)−
gpq

D − 2
(gklRru +Rkl)

]

+2u̇ẋk

[

Rrpuq guk −Rruup gqk − gup(Rrkuq − gqkRruru + Rrukq) +Rupkq −
gpq

D − 2
(gukRru +Ruk)

]

+u̇2

[

Rrpuq guu − guq (2Rruup − gupRruru) +Rupuq −
gpq

D − 2
(guuRru +Ruu)

]}

, (5.51)
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where, using the flatness condition gij = δij and (5.8)–(5.14), the Riemann tensor becomes

Rruru = −a+
1

4
f ifi , (5.52)

Rrpuq =
1

2
fp,q +

1

4
fpfq , (5.53)

Rrupq = f[p,q] , (5.54)

Rruup =
1

2
(2ra,p + b,p − fp,u) +

1

4
grififp −

1

2
f i

(

e[i,p] + rf[i,p]
)

, (5.55)

Rupkq = (e[q,k] + rf[q,k]),p +
1

2

[

fq(e(p,k) + rf(p,k))− fk(e(p,q) + rf(p,q))
]

, (5.56)

Rupuq = (e(p,q) + rf(p,q)),u − 1

2
(ar2 + br + c),pq

+
1

4
grrfpfq −

1

2
(2ar + b)(e(p,q) + rf(p,q))

+
1

4
fp

[

(ar2 + br + c),q − 2gri
(

e[i,q] + rf[i,q]
)]

+
1

4
fq

[

(ar2 + br + c),p − 2gri
(

e[i,p] + rf[i,p]
)]

+δij
(

e[j,p] + rf[j,p]
) (

e[i,q] + rf[i,q]
)

. (5.57)

Nontrivial components of the Ricci tensor given by (5.15)–(5.19) are

Rru = −a+
1

2
δpqfp,q +

1

2
fpfp , (5.58)

Ruu = −grra− gri(2ra,i + b,i − fi,u) +
1

2
δpq

[

2(ep + rfp),uq − (ar2 + br + c),pq
]

−1

2
grpgrqfpfq +

1

2
grrfpfp

+grifp(e[p,i] + rf[p,i])−
1

2
δpq(2ar + b)(ep,q + rfp,q)

+
1

2
fp

[

(ar2 + br + c),p − 2gri(e[i,p] + rf[i,p])
]

+δpqδij
(

e[j,p] + rf[j,p]
) (

e[i,q] + rf[i,q]
)

, (5.59)

Ruk = −1

2
(2ra,k + b,k − fk,u) +

1

2
gri(fi,k − 2fk,i)− δpq(e[k,q] + rf[k,q]),p

−1

2
grifkfi +

1

2
δpq (fp(eq,k + rfq,k)− fk(ep,q + rfp,q)) , (5.60)

Rpq = −f(p,q) −
1

2
fpfq , (5.61)

and from (5.20) for the Ricci scalar it follows that

R = 2a− 2δpqfp,q −
3

2
fpfp . (5.62)

Notice that from (5.51) and the explicit relations for the components Rruru, Rrpuq, Rru, Rpq and
the scalar R it immediately follows that Ψ2T ij (and necessary also Ψ2S) depend only on the metric
functions a and fi which are thus fully responsible for Newton-like deformations of a set of test
particles in the VSI spacetimes.
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In particular, in a vacuum case with Λ = 0, these Newton-like components are explicitly

Ψ2T ij = m
p
im

q
j

1

2

(

fp,q +
1

2
fpfq

)

, Ψ2S = a− 1

4
f ifi , (5.63)

where, using (5.23), it immediately follows that Ψ2S = Ψ2Tk
k .

5.6 The simplest gyratons

Considering a = b = fi = 0 in the line element (5.50) of the VSI spacetimes we obtain the simplest
example of solution belonging to another important subclass of Kundt family which are physically
interpreted as gyratons. These solutions represent a field of localized spinning null fluid and the
simplest metric of this type is a particular pp-wave (5.30) with a flat transverse part,

ds2 = δijdx
idxj + 2eidx

idu− 2dudr + cdu2 . (5.64)

However, this solution is not in general vacuum, and presence of the gyratonic matter implies that
the functions ei can not be removed globally, see [31] for details. Using (5.37) with gij = δij , the
only nonvanishing Weyl scalars become

Ψ3T j = −
√
2mp

j u̇ Cruup ,

Ψ4ij = 2mp

(im
q

j)

[

2u̇ẋk (Cupkq − Cruup gqk) + u̇2 (Cupuq − 2Cruup guq)
]

, (5.65)

or equivalently by substituting for the Weyl tensor (4.37):

Ψ3T j = −
√
2

D − 2
m

p
j u̇ Rup ,

Ψ4ij = 2mp

(im
q

j)

[

2u̇ẋk

(

Rupkq −
gpq

D − 2
Ruk

)

+ u̇2

(

Rupuq −
gpq

D − 2
Ruu

)]

, (5.66)

where the explicit expressions for all nontrivial components of the Riemann and Ricci tensors are

Rupkq =
1

2
(eq,pk − ek,pq) ,

Rupuq =
1

2
(ep,uq + eq,up − c,pq) + δije[i,p]e[j,q] , (5.67)

and

Ruu = −1

2
δpqc,pq − δpqδklep,le[k,q] + δpqep,uq ,

Rup = δkqe[q,p],k . (5.68)

We immediately observe that the longitudinal term Ψ3T j depends only on the functions ei corre-
sponding to the gyratonic source, which thus necessary induce the longitudinal deformations of
the test congruence. Due to the flatness of the transverse space, and a = fi = 0, there are no
components of boost weight zero, and this solution is thus in general of algebraic type III.

In a vacuum case, i.e., outside the gyratonic source, only the transverse components Ψ4ij are
nonvanishing, namely,

Ψ4ij = 2mp

(im
q

j)

[

2u̇ẋke[q,k]p + u̇2

(

e(p,q)u − 1

2
c,pq + δkle[k,p]e[l,q]

)]

. (5.69)
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The pure effects of the gravitational field can be explicitly seen using a suitable Lorentz trans-
formations. At the end of Section 5.3 we mentioned that those terms proportional to the spatial
velocities xi in the projections of the Weyl tensor represents only kinematic effects, and can be
removed by a transition to another observer (as described in Chapter 3). We demonstrate such
a transition in the simple case of the spacetime (5.64). In particular, the D-velocity of a new
observer is

ũ =
u+

∑D−1
i=1 vi e(i)

√

1−∑D−1
i=1 v2i

, (5.70)

where vi are components of the spatial velocity of a new observer with respect to the old one.
The appropriate changes of (k, l,mi) frame correspond to the combination of a boost in the k− l

plane (4.45), and a null rotation with k fixed (4.44), where the parameters are

B =

√

1−∑D−1
i=1 v2i

1− v1
, Li =

vi
√

1−∑D−1
i=1 v2i

. (5.71)

Using the frame (k̃, l̃, m̃i) obtained by these Lorentz transformations, the relevant Weyl scalars
(of boost weights −1 and −2) take the form

BΨ̃3T i = Ψ3T i ,

B2Ψ̃4ij = Ψ4ij + 2
√
2
(

Ψ3T (iXj) −Ψ3(ij)kX
k
)

, (5.72)

where Xi = BLi. Due to gij = δij , we choose the spatial part of the vectors mi in the interpre-

tation frame (5.26) simply as mj
i = δ

j
i . Using (5.65) and (4.64) for Ψ3ijk the coefficients in (5.72)

thus become

Ψ3T j = −
√
2u̇ Cruuj , Ψ3ijk =

√
2u̇ Cuijk ,

Ψ4ij = 2δp(iδ
q

j)

[

2u̇ẋk (Cupkq − Cruupδqk) + u̇2 (Cupuq − 2Cruup guq)
]

. (5.73)

If we require the terms proportional to spatial velocities ẋi in Ψ̃4ij given by (5.72) to be vanishing,
we have to take X i = −ẋi. The Weyl components measured by such a new observer than become

Ψ̃3T j = −
√
2u̇

B
Cruuj , Ψ̃4ij =

2δp(iδ
q

j)u̇
2

B2
(Cupuq − 2Cruupguq) , (5.74)

where B is given by (5.71). If the new observer does not change its motion in the direction of

propagation of the wave e(1), i.e., v1 = 0, the parameter B becomes B =

√

1−∑D−1
i=2 v2i , and

from (5.74) we immediately see that the measured amplitude of the wave grows with observer’s
motion in the transverse space.





CHAPTER

6

ROBINSON–TRAUTMAN SPACETIMES

In this chapter we will analyze the properties of nontwisting, shearfree, and expanding space-
times which form the so-called Robinson–Trautman class. These solutions are well known in
four dimensions where they represent an important family of exact radiative spacetimes (see e.g.
the textbooks [4, 5] for their mathematical description, physical interpretations and list of ref-
erences). Their higher-dimensional generalizations were investigated by Podolský, Ortaggio and
Žofka in the works [34, 35], where it was surprisingly shown that the requirements imposed by
Einstein’s field equations are much more restrictive than in four dimensions. In particular, the
higher-dimensional Robinson–Trautman family (vacuum or with an aligned electromagnetic field)
is necessary of algebraic type D, i.e., it is not so rich as in four dimensions where it can be of
type II or more special, see [4].

Following the discussion of relative motion of free test particles presented in the previous
chapters, here we would like to emphasize the fundamental difference between the nontwisting,
shearfree, and expanding Robinson–Trautman solutions in four and in any higher number of
dimensions.

6.1 Geometry of the Robinson–Trautman spacetimes

In this subsection we briefly recall the main results of [34, 35]. We employ geometrical restrictions
and field equations, and introduce the Robinson–Trautman line element in D ≥ 4.

The general construction presented in Chapter 4 guarantees that the spacetimes described by
metric (4.1) are nontwisting (A = 0), and the remaining optical scalars Θ (expansion) and σ

(shear) can be written as (4.12), namely,

Θ = −(ln p),r , σ2 =
1

4
γikγjlγij,rγkl,r . (6.1)

The existence of a shearfree null congruence of geodesics leads to the condition γij,r = 0, and the
spatial part of the metric thus necessary becomes

gij(r, u, x) = p−2(r, u, x) γij(u, x) , (6.2)

where γij is unimodular. However, this decomposition does not significantly simplify the relations
for the Riemann tensor, Ricci tensor and Ricci scalar (4.19)–(4.35). Therefore, we first employ
the Einstein field equations (4.41) with specific energy–momentum tensor, in particular, with an
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aligned Maxwell field Fabk̃
b = N k̃a, where N is an arbitrary function1 and k̃ = ∂r. The energy–

momentum tensor Tab will thus be of the form (5.21), and in the adapted coordinates (r, u, xi)
its components Trr and Trk vanish. Using Fru = N and Frk = 0, then the trace of Tab becomes
T = −D−4

16π

(

FijF
ij − 2N 2

)

. The Einstein–Maxwell field equations (4.41) then simply determine
the r-dependence of the metric (4.1) in the Robinson–Trautman case:

• Due to the vanishing component Trr and the factorization (6.2), the equation containing
Rrr, given by (4.29), will be Rrr = 0, namely,

Rrr = (D − 2)

[

p,rr

p
− 2

(

p,r

p2

)2
]

= −(D − 2)
(

Θ,r +Θ2
)

= 0 , (6.3)

and the function p becomes p = r−1P (u, x). The spatial metric gij can thus be written as

gij = r2hij(u, x) , where hij = P−2γij . (6.4)

• The equationRrk = 0, with Rrk given by (4.31), written in the formRrk = − 1
2hklr

2−D
(

rDgrl,r
)

,r
,

implies that the components grl have to be powers of r, namely,

grl = el(u, x) + r1−Df l(u, x) . (6.5)

• The source-free Maxwell equations F[ab;c]=0 and F ab
;b = 0 specify restrictions on the electro-

magnetic field, see [35] for details, and give the r-dependence of the Maxwell tensor Fab,

Fij = Fij(u, x) , Fru = N = r2−DQ(u, x) , Fui = r3−D Q,i

D − 3
− ξi(u, x) , (6.6)

where ξi(u, x) are arbitrary functions and the invariant FabF
ab thus becomes FabF

ab =
r−4F 2 − r2(2−D)2Q2 with F 2 defined as F 2 = FikFjlh

ijhkl.

• The Einstein equations containingRij determine the remaining r-dependence of the Robinson–
Trautman metric. The detailed discussion can also be found in the works [34, 35]. Here, we
only recall that the metric function grr is power of the coordinate r, functions f i have to
vanish identically, ei can be (at least locally) set to zero, ei = 0, and the spatial part of the
metric hij may depend on the coordinate u only via conformal factor P−2,

hij(u, x) =
γij(x)

P 2(u, x)
. (6.7)

Applying these results on the metric (4.1), the line element of the Robinson–Trautman spacetimes
with aligned Maxwell field will be of the simple form

ds2 = r2hij(u, x)dx
idxj − 2dudr − grr(r, u, x)du2 , (6.8)

where grr = −guu and guk = grk = 0. The component grr is, in general, a function of all
coordinates, where its r-dependence is the combination of powers, and can be written as

grr =
R

(D − 2)(D − 3)
+

2(ln
√
h),u

D − 2
r − 2Λ

(D − 2)(D − 1)
r2 − µ

rD−3

+
2Q2

(D − 2)(D − 3)r2(D−3)
− F 2

(D − 2)(D − 5)r2
, (6.9)

1In the context of Robinson–Trautman spacetimes, we follow the notation of [35] and we use N instead of Q
which is have reserved for the r-independent part of N .
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where R represents a scalar curvature calculated with respect to spatial metric hij , parameter

h = dethij so that
√
h = P 2−D, Λ is a cosmological constant, µ is an arbitrary function of u

and x, and Q and F characterize the electromagnetic field. Other restrictions on these functions
following from the Einstein–Maxwell equations depend on the number of dimensions D, namely,

• In any higher dimension D > 4 we get R = R(u), µ = µ(u), and Q = Q(u).

• In even dimensions (except D 6= 4 and D 6= 6) the function F becomes F = F (u) and the
factor P can be written as P (u, x) = P (x)U(u). Using the freedom in a choice of coordinates
it can be (without loss of generality) set

P = P (x) , hij = hij(x) , R = const. ,

µ = const. , Q = const. , F 2 = const. . (6.10)

• In odd dimensions the previous conditions (6.10) hold, and additionally F 2 = 0.

• In D = 6 it is necessary to distinguish the case Q 6= 0, in which P (u, x) can be factorized
and it is possible to set hij = hij(x), Q = const., and F 2 = F 2(x), and the alternative case
Q = 0, where P does not take a factorized form and, in general, P = P (u, x), hij = hij(u, x),
and F 2 = F 2(u, x).

• In D = 4 the spatial part of metric can always be written in a conformally flat form hij =
P−2(u, x)δij and the remaining functions contained in grr depend on u and xi coordinates.

6.2 Geodesic deviation in the Robinson–Trautman space-

times of general dimension D

Following the general description of relative motion of free test particles discussed in Chapter 3,
we now construct the frame components of the Weyl tensor (4.66)–(4.71) and then substitute them
into the equation of geodesic deviation (4.62). We will consider a fully general form (6.8) of the
(electro)vacuum Robinson–Trautamn metric. Specific conditions given by the particular number
of dimensions will be employed later, see Section 6.3 and 6.4.

6.2.1 Riemann and Weyl tensors

For further discussion of possible observer’s motion it is useful to explicitly express the Christoffel
symbols. Using (4.15)–(4.17),

Γr
rr = 0 , Γr

rj = 0 , Γi
rr = 0 , Γi

ru = 0 ,

Γu
rr = 0 , Γu

ru = 0 , Γu
ri = 0 , Γu

ui = 0 , (6.11)
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and

Γr
ru = −1

2
guu,r , Γr

uu = −1

2
(grrguu,r + guu,u) ,

Γr
uj = −1

2
guu,j , Γr

jk =
1

2
r (−2grrhjk + rhjk,u) ,

Γu
uu =

1

2
guu,r , Γu

ij = rhij ,

Γi
rk = r−1δik , Γi

uu = −1

2
r−2hijguu,j ,

Γi
uk =

1

2
hijhjk,u , Γi

kl =
1

2
hij(2hj(k,l) − hkl,j) . (6.12)

The general relations (4.19)–(4.28) for the Riemann tensor of nontwisting spacetimes in the case
of (electro)vacuum Robinson–Trautman metric (6.8) give

Rrprq = 0 , Rrpru = 0 , Rrpkq = 0 , Rrupq = 0 , (6.13)

and

Rruru = −1

2
guu,rr ,

Rrpuq = −1

2
r (hpqguu,r + hpq,u) ,

Rruup =
1

2

(

guu,rp − r−1guu,p
)

,

Rkplq = r2Rkplq + grrr2 (hkqhpl − hklhpq)

+
1

2
r3 (hklhpq,u + hpqhkl,u − hkqhpl,u − hplhkq,u) ,

Rupkq = r2hp[k,q],u +
1

2
r (guu,qhpk − guu,khpq)

+
1

4
r2hij

[

hjq,u

(

2hi(p,k) − hpk,i

)

− hjk,u

(

2hi(p,q) − hpq,i

)]

,

Rupuq = −1

2

(

r2hpq,uu + guu,pq
)

− 1

2
rhpq (g

rrguu,r + guu,u)

+
1

4
r2guu,rhpq,u +

1

4
hij

[

r2hjp,uhiq,u + guu,j
(

2hi(p,q) − hpq,i

)]

, (6.14)

where Rkplq is the Riemann tensor calculated with respect to the metric hij and its coordinates xi.
From (4.29)–(4.34) for the Ricci tensor we immediately obtain Rrr = 0, Rrp = 0, and

Rru = −1

2
guu,rr −

1

2
r−1 [hpqhpq,u + (D − 2)guu,r] ,

Ruu = −1

2
grrguu,rr −

1

2
hpq

(

hpq,uu + r−2guu,pq
)

− 1

2
(D − 2)r−1(grrguu,r + guu,u)

+
1

4
hpqguu,rhpq,u +

1

4
hpqhij

[

hjp,uhiq,u + r−2guu,j (2hip,q − hpq,i)
]

,

Ruk = −1

2
guu,rk + hpqhp[k,q],u − 1

2
r−1(D − 4)guu,k

+
1

4
hpqhij

[

hjq,u

(

2hi(p,k) − hpk,i

)

− hjk,u (2hip,q − hpq,i)
]

,

Rpq = Rpq − (D − 3)grrhpq + rhpqguu,r +
1

2
r
[

(D − 2)hpq,u + hklhpqhkl,u

]

, (6.15)
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and the Ricci scalar given by (4.35) becomes

R = r−2R+ guu,rr + 2(D − 2)r−1guu,r

−r−2grr(D − 2)(D − 3) + r−1 (D − 1)hpqhpq,u . (6.16)

Notice that using the factorization (6.7) of spatial metric hij and the definition guu(r, u, x) ≡
−2H(r, u, x), together with guu = −grr, we can rewrite these quantities into the standard form
usually used in four dimensions, see e.g. [5], and also in the works [34, 35]. In particular, the
Riemann tensor becomes

Rruru = H,rr ,

Rrpuq = r hpq [H,r + (lnP ),u] ,

Rruup = −H,rp + r−1H,p ,

Rkplq = r2Rkplq − 4r2hk[lhq]p [H + r(lnP ),u] ,

Rupkq = 2r
[

H[,khq]p + r hp[q(lnP ),k]u
]

,

Rupuq = H,pq −
1

2
H,kh

kl(2hl(p,q) − hpq,l)

+r hpq

{

H,r [2H + r(lnP ),u] +H,u − r [(lnP ),u]
2
+ r(lnP ),uu

}

, (6.17)

the nonvanishing components of the Ricci tensor are given by

Rru = H,rr + r−1(D − 2) [H,r + (lnP ),u] ,

Ruu = 2HH,rr + r−2hpqRupuq ,

Ruk = H,rk − r−1H,k + r−2hpqRupkq ,

Rpq = Rpq − 2rhpq [H,r + (lnP ),u]− 2(D − 3)hpq [H + r(lnP ),u] , (6.18)

and the scalar curvature R is simply

R = r−2 {R − 2(D − 2)(D − 3) [H + r(lnP ),u]} − 2H,rr − 4r−1(D − 2) [H,r + (lnP ),u] . (6.19)

Now we employ the general expressions (4.37) for the components of the Weyl tensor and we im-
mediately find that Crprq, Crpkq , Crpru, Crupq vanish identically while the remaining components
are given by

Cruru = Rruru − 2Rru

D − 2
− R

(D − 1)(D − 2)
,

Cruup = Rruup +
Rup

D − 2
,

Crpuq = Rrpuq −
1

D − 2
(gpqRru −Rpq)−

Rgpq

(D − 1)(D − 2)
,

Ckplq = Rkplq −
1

D − 2
(gklRpq − gkqRpl − gplRkq + gpqRkl) +

R

(D − 1)(D − 2)
(gklgpq − gkqgpl) ,

Cupjk = Rupkq −
1

D − 2
(gpqRuk − gpkRuq) ,

Cupuq = Rupuq −
1

D − 2
(guuRpq + gpqRuu) +

Rguugpq

(D − 1)(D − 2)
. (6.20)

Finally, combining these relations (6.20) for the Weyl tensor with explicit formulae for Rabcd, Rab

and R, see (6.14)–(6.16) or equivalently (6.17)–(6.19), we obtain the following useful identities
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which express the Weyl tensor components Crpuq, Ckplq and Cupuq as specific combinations of
the component Cruru, quantities characterizing the transverse-space metric hij , and the metric
function H ,

Crpuq = − r2hpq

D − 2
Cruru ,

Ckplq = r2Rkplq −
2r2hk[lhq]p

(D − 2)(D − 3)

(

2r2Cruru +R
)

,

Cupuq = 2HCrpuq +H,pq −
1

2
H,kh

kl
(

2hl(p,q) − hpq,l

)

− hpq

D − 2
hij

[

H,ij −
1

2
H,kh

kl
(

2hl(i,j) − hij,l

)

]

. (6.21)

The component Cruru can be written as

Cruru =
D − 3

D − 1

(

−1

2
guu,rr + r−1guu,r − r−2guu

)

− r−2R
(D − 1)(D − 2)

, (6.22)

and using the explicit relation (6.9) for the metric function guu it becomes

Cruru = −(D − 2)(D − 3)
µ

2rD−1
+

2(2D − 5)Q2

(D − 1)r2(D−2)
− 6(D − 3)F 2

(D − 1)(D − 2)(D − 5)r4
. (6.23)

It is also useful to define the difference wpq ≡ Cupuq − 2HCrpuq, which employing the identities
(6.21), takes the form

wpq = H,pq −
1

2
H,kh

kl
(

2hl(p,q) − hpq,l

)

− hpq

D − 2
hij

[

H,ij −
1

2
H,kh

kl
(

2hl(i,j) − hij,l

)

]

, (6.24)

where we can substitute for the functionH from (6.9) and use a shorthand Γk
pq ≡ 1

2h
kl
(

2hl(p,q) − hpq,l

)

.
For the first part we immediately get

H,pq −H,kΓ
k
pq =

R,pq −R,kΓ
k
pq

2(D − 2)(D − 3)
+

(ln
√
h),upq − (ln

√
h),ukΓ

k
pq

D − 2
r −

µ,pq − µ,kΓ
k
pq

2rD−3

+
(Q2),pq − 2QQ,kΓ

k
pq

(D − 2)(D − 3)r2(D−3)
− (F 2),pq − 2FF,kΓ

k
pq

2(D − 2)(D − 5)r2
, (6.25)

while the second part subtracts its trace and thus guarantees that wpq is traceless.

6.2.2 Equation of geodesic deviation

The interpretation frame (4.50) connected with a particular timelike observer moving in the non-
twisting, shearfree and expanding Robinson–Trautman spacetime (6.8) becomes

k =
1√
2u̇

∂r , l =

(√
2ṙ − 1√

2u̇

)

∂r+
√
2u̇ ∂u+

√
2ẋi∂i , mi =

gkpẋ
km

p
i

u̇
∂r+m

j
i∂j , (6.26)

where gkp = r2hkp. Employing the general form of the projections of the Weyl tensor (4.66)–(4.71)
and the fact that the components Crprq, Crpkq, Crpru, Crupq are in this case vanishing, the terms
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important for the equation of geodesic deviation (4.62) will be given by

Ψ2S = −Cruru ,

Ψ2T ij = m
p
im

q
jCrpuq ,

Ψ3T j =
√
2mp

j

[

ẋk (gkpCruru − Crkup)− u̇ Cruup

]

,

Ψ4ij = 2mp

(im
q

j)

{

ẋkẋl [gklCrpuq − gpk (2Crluq − glqCruru) + Ckplq ]

+2ẋku̇ (Cupkq − gkqCruup) + u̇2 (guuCrpuq + Cupuq)

}

. (6.27)

We can rewrite these scalars by substituting the explicit decomposition (6.20), namely,

Ψ2S = −Rruru +
2

D − 2
Rru +

R

(D − 1)(D − 2)
,

Ψ2T ij = m
p
im

q
j

[

Rrpuq −
1

D − 2
(gpqRru −Rpq)−

Rgpq

(D − 1)(D − 2)

]

,

Ψ3T j =
√
2mp

j

{

ẋk

[

gkpRruru −Rrkup −
1

D − 2
(gkpRru +Rkp)

]

− u̇

(

Rruup +
Rup

D − 2

)}

,

Ψ4ij = 2mp

(im
q

j)

{

ẋkẋl

[

gklRrpuq − gkp (2Rrluq − glqRruru) +Rkplq −
gpq

D − 2
(gklRru +Rkl)

]

+2ẋku̇

(

Rupkq − gkqRruup −
gpq

D − 2
Ruk

)

+u̇2

[

guuRrpuq +Rupuq −
gpq

D − 2
(guuRru +Ruu)

]}

. (6.28)

Using the relations (4.64) for the remaining Weyl components we find that Ψ1ijk is vanishing and
thus the Robinson–Trautman class of spacetimes described by the metric (6.8) is (at least) of
algebraic type II in any dimension D.

The equation of geodesic deviation (4.62) will thus contain the same Weyl scalars ΨA• as in
the Kundt spacetime (5.24), i.e.,

Z̈(1) =
2Λ

(D − 2)(D − 1)
Z(1) +Ψ2SZ

(1) − 1√
2
Ψ3T jZ(j)

+
8π

D − 2

[

T(1)(1)Z
(1) + T(1)(j)Z

(j) −
(

T(0)(0) +
2T

D − 1

)

Z(1)

]

,

Z̈(i) =
2Λ

(D − 2)(D − 1)
Z(i) − Ψ2T (ij)Z(j) − 1√

2
Ψ3T iZ(1) − 1

2
Ψ4ijZ

(j)

+
8π

D − 2

[

T(i)(1)Z
(1) + T(i)(j)Z

(j) −
(

T(0)(0) +
2T

D − 1

)

Z(i)

]

, (6.29)

where the Weyl scalars are now given by (6.28). The components of the energy–momentum tensor
describing aligned electromagnetic field are also given by (5.25), together with specific restrictions
following from the geometry of Robinson–Trautman spacetime, see [35]. Relative motion in the
geodesic congruence caused by a free gravitational field contained in the Weyl tensor thus again
consists of the Newton-like tidal deformation encoded in the terms Ψ2S and Ψ2T ij , longitudinal
effects given by the set of scalars Ψ3T j and transverse gravitation waves described by the symmetric
and traceless matrix Ψ4ij . However, these specific behaviour now significantly depends on the
number of dimensions D, see sections 6.3 and 6.4.
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Finally, notice that the terms containing the spatial velocities ẋi in (6.27) and (6.28) can
be removed by a suitable transition to another observer with its D-velocity (5.70) represented
by specific Lorentz transformation, see Chapter 3 or an explicit example in Subsection 5.6. In
particular, we substitute the general form of the Weyl scalars (6.27) and the remaining scalars
ΨA• given by (4.64), namely,

Ψ2ij = 0 , Ψ2ijkl = Cmpnqm
m
i m

p
jm

n
km

q
l ,

Ψ3ijk =
√
2ẋp

[

Crmun gpqm
n
i

(

m
q
jm

m
k −mm

j m
q
k

)

+ Cpmqnm
m
i m

q
jm

n
k

]

+
√
2u̇ Cuplqm

p
im

l
jm

q
k , (6.30)

into the relations describing the combination of the Lorentz boost in k− l plane and null rotation
with k fixed in the case of (electro)vacuum Robinson–Trautman spacetimes,

Ψ̃2S = Ψ2S , Ψ̃2T ij = Ψ2T ij ,

BΨ̃3T i = Ψ3T i −
√
2
(

Ψ2TkiXk +Ψ2SXi

)

B2Ψ̃4ij = Ψ4ij + 2
√
2
(

Ψ3T (iXj) −Ψ3(ij)kX
k
)

+2Ψ2ikjlXkX l − 4Ψ2Tk(iXj)X
k + 2Ψ2T (ij) |X |2 − 2Ψ2SXiXj , (6.31)

with
Xi = BLi = −gpqẋ

pm
q
i , (6.32)

where the parameters B and Li are given by (5.71). The Weyl scalars measured by the new
observer with D-velocity given by (5.70) in the equation of geodesic deviation (6.29) then simply
become

Ψ̃2S = −Cruru ,

Ψ̃2T ij = m
p
im

q
jCrpuq ,

BΨ̃3T j = −
√
2mp

j u̇ Cruup ,

B2Ψ̃4ij = 2mp

(im
q

j)u̇
2 (guuCrpuq + Cupuq) . (6.33)

For investigation of pure gravitational effects, which are not affected by the transverse motion
of the observer, we can also try to choose a particular class of ‘radial’ geodesic observers which
are “static” in the spatial directions, i.e., their velocities ẋi are vanishing.

6.3 Geodesic deviation in higher dimensions

In this section we will investigate the relative motion of test particles in the higher-dimensional
(electro)vacuum Robinson–Trautman class. In particular, we restrict our attention only on the
typical cases D > 4 and D 6= 6.2 These solutions are characterized by the metric function grr

independent on the spatial coordinates xi and, on the other hand, the factor P becomes only the
function of xi. These restrictions immediately simplify the relations (6.17)–(6.19) for the Riemann
and Ricci tensor and the Ricci scalar. For the nonvanishing components we get

Rruru = H,rr ,

Rrpuq = r hpqH,r ,

Rkplq = r2Rkplq − 4r2hk[lhq]pH ,

Rupuq = r hpq (2HH,r +H,u) , (6.34)

2Except some very special situations, the case D = 6 is also included in this discussion, see [35] for details.
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Rru = H,rr + r−1(D − 2)H,r ,

Ruu = 2HH,rr + r−2hpqRupuq ,

Rpq = Rpq − 2rhpqH,r − 2(D − 3)hpqH , (6.35)

and
R = r−2 [R− 2(D − 2)(D − 3)H ]− 2H,rr − 4r−1(D − 2)H,r . (6.36)

Employing these results, the identities (6.21) and the relations (6.20), for the Weyl tensor we find
that the only only nonvanishing components are

Crpuq = − r2hpq

D − 2
Cruru ,

Cruru = −(D − 2)(D − 3)
µ

2rD−1
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2(2D − 5)Q2
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(D − 2)(D − 3)

(

2r2Cruru +R
)

,

Cupuq = 2HCrpuq . (6.37)

The equations of geodesic deviation still retains of the form (6.29) where the Weyl scalars now
become

Ψ2S = −Cruru , Ψ2T ij = − δij
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. (6.38)

We immediately see that the general observer with D-velocity u = ṙ∂r + u̇∂u + ẋi∂i will measure
the Newton-like tidal deformations induced by Ψ2S and Ψ2T ij , the longitudinal deformations given
by Ψ3T j , and also the transverse behaviour described by the matrix Ψ4ij .

However, the effects represented by the terms Ψ3T j and Ψ4ij are only kinematic, i.e., caused
by the motion of the observer itself. This follows directly from the transformed quantities (6.33),
where the scalars Ψ̃3T j and Ψ̃4ij vanish. We can also employ the explicit choice of observer’s
geodesic described by the equations (4.72), namely,
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where the Christoffel symbols are given by (6.11)–(6.12) with guu,j = 0 and hjk,u = 0. These
equations admit the ‘radially’ falling observers characterized by fixed transverse positions xi(τ) =
xi
0 = const., i.e., ẋi = 0. It follows from (6.38) that these will measure only the tidal deformations

induced by the terms Ψ2S and Ψ2T ij . This is in correspondence with the result of the works [34, 35],
according to which the (electro)vacuum higher-dimensional Robinson–Trautman spacetimes are
of algebraic type D.
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6.4 Geodesic deviation in four dimensions

The most important difference between the four-dimensional and higher-dimensional cases is that
the functions contained in grr component of the Robinson–Trautmann metric (6.8) depend, in
general, on u and xi coordinates. Also, it is always possible to express the transverse metric hij

in a conformally flat form, see [34]. The complete Robinson–Trautman line element in D = 4 thus
reads

ds2 = r2P−2(u, x)
[

(dx2)2 + (dx3)2
]

− 2dudr − 2H(r, u, x)du2 . (6.40)

with the function H(r, u, x) given by (6.9),

2H =
R
2

− 2r(lnP ),u − Λ

3
r2 − µ

r
+

Q2 + 1
2F

2

r2
, (6.41)

where R(u, x) is the scalar curvature of the transverse two-space with the metric hij related to
the conformal factor P (u, x) by R = 2∆ lnP = 2P 2[(lnP ),22 + (lnP ),33], parameter Λ repre-
sents the cosmological constant, the functions F 2 = F 2(u, x) and Q2 = Q2(u, x) characterize the
electromagnetic field, and µ = µ(u, x) is an arbitrary function.

For simplicity, we restrict ourselves only to the vacuum solutions, i.e., F = 0 and Q = 0, with
cosmological constant Λ and the constant function µ redefined as µ = 2m. The components of the
interpretation frame (6.26), using the four-dimensional metric (6.40) which implies the natural
choice of the spatial parts of the vectors mi, namely m

p
i = P

r
δ
p
i , simply become
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. (6.42)

Combining the relations for the frame components of the Weyl tensor (6.28) with the expressions
(6.17)–(6.19) for Rabcd, Rab and R we obtain an explicit form of the Weyl scalars,
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where the matrix wij , which is absent in the higher-dimensional caseD > 4, describes gravitational
radiation. It is explicitly given by (6.24), i.e.,

wij =
R,ij

4
− r(lnP ),uij + 2δk(i(lnP ),j)
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4
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. (6.44)

The explicit, invariant form of equations of geodesic deviation (6.29) in the four-dimensional
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vacuum Robinson–Trautman class of spacetimes will thus simply read

Z̈(1) =
2Λ

(D − 2)(D − 1)
Z(1) +Ψ2SZ

(1) − 1√
2
Ψ3T jZ(j) ,
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2
Ψ3T iZ(1) − 1

2
Ψ4ijZ

(j) , (6.45)

where i, j = 2, 3. The overall relative motion thus consists of the isotropic influence of the
cosmological constant Λ, Newton-like deformation induced by the terms Ψ2S and Ψ2T (ij) , the
longitudinal effect given by Ψ3T i and the transverse deformation corresponding to Ψ4ij .

Pure influence of the gravitational field can be obtain again by the transition to a suitable
observer, described by (6.33), which will measure the amplitudes

Ψ̃2S = 2
m

r3
, Ψ̃2T ij = δij

m

r3
,

BΨ̃3T j = − u̇√
2r2

P (∆ lnP ),j , B2Ψ̃4ij = 2u̇2P
2

r2
wij . (6.46)

This is in accordance with the fact that four-dimensional vacuum Robinson–Trautman spacetime
are of algebraic type II, or more special.

Finally, employing the relation R = 2∆ lnP and using notation x2 ≡ x and x3 ≡ y, the inde-
pendent components of the symmetric traceless matrix Ψ4ij describing the transverse gravitational
waves can be rewritten in a more convenient form,

Ψ4xx = − 6m

rP 2
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r
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,

directly representing “+” (xx) and “×” (xy) amplitudes of the expanding Robinson–Trautman
waves.





CHAPTER

7

CONCLUSIONS

In the first part of the thesis (Chapter 2) we analyzed the geodesic motion in four-dimensional
Minkowski, de Sitter and anti-de Sitter universe in which expanding impulsive spherical gravita-
tional waves propagate. Since the geodesics in the background spacetimes of constant curvature
are well known we concentrated our attention on their correct connection across the null impulsive
hypersurface. Employing the continuous form of the line element describing such waves, and using
explicit transformations to the background coordinates, we derived and investigated the general
refraction formulae fully characterizing the transition of general C1 observers (in the continuous
coordinates) across any spherical impulse. The influence of the nonvanishing cosmological con-
stant has been naturally included and emphasized by expressing the results in the suitable global
five-dimensional parameterizations of the (anti-)de Sitter universe.

All the effects were explicitly illustrated in the case of impulsive waves generated by a snapped
cosmic string. In full detail we elucidated the specific focusing properties of such waves and we
described the dependence of the behaviour of free test particles on the deficit angle parameter
characterizing the mass of the cosmic string. In the case of de Sitter spacetime, we analyzed the
superposition of the impulsive spherical wave effects with the isotropic expansion of the background
universe given by the presence of the positive cosmological constant.

These results were published in the journal Physical Review D (2010), see the full reference [13].

The second part of the thesis contains the analysis and discussion of properties of higher-
dimensional equation of geodesic deviation and its applications in specific interesting situations.

In Chapter 3 we presented the general analysis of the relative motion in the congruence of free
test particles in arbitrary spacetimes of any dimension. Employing the natural orthonormal frame
connected with a particular timelike observer we obtained the invariant form of the equation of
geodesic deviation. Its right-hand side, namely the Riemann curvature tensor, was expressed in
terms of the Weyl tensor and specific combinations of an energy momentum tensor and its trace.
The Weyl tensor was further decomposed into the null-frame scalar components naturally related
to the algebraical structure of the spacetime. The overall behaviour of free particles in an arbitrary
D-dimensional spacetime thus consists of the effects given by the presence of the specific matter
content of the spacetime, the isotropic influence of the cosmological constant, and contributions
from the free gravitational field represented by the null-frame components of the Weyl tensor,
namely, the Newton-like tidal deformations, the longitudinal accelerations, and the effects due to
the transverse gravitational waves.

These results were published in the journal Physical Review D (2012), see the full reference [22].
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We applied this procedure and demonstrated its usefulness in the case of the general nontwist-
ing spacetimes (Chapter 4), and their specific subclasses, namely the nonexpanding Kundt family
(Chapter 5), and the expanding Robinson–Trautman family (Chapter 6). The work in progress
is the application of these results also to the family of spacetimes constructed by the so-called
warp product method, in which case it seems that the transverse effects caused by the additional
warped dimension are trivial due to the fact that the relevant Weyl components vanish.

Specifically, in Chapter 4 we applied the method introduced in Chapter 3 to the wide class
of higher-dimensional spacetimes admitting a nontwisting congruence of null geodesics. We have
recalled the geometry of such spacetimes, and calculated the fully general explicit expressions
for the corresponding Riemann and Ricci tensors and the Ricci scalar. We have then introduced
the specific frame connected with a particular observer and expressed the equation of geodesic
deviation in the invariant form. All the effects mentioned above are in this nontwisting case
present, and such spacetimes are thus (without further restrictions) algebraically general.

The explicit geometric quantities derived in our work, characterizing the curvature of arbi-
trary nontwisting spacetimes, can also be used in the search for new solutions of this type in
standard Einstein’s relativity (or in the generalized theories), and for investigation of their physi-
cal properties.

In Chapter 5 we discussed the properties of nontwisting, nonexpanding and shearfree Kundt
family of solutions. We employed the general discussion of relative motion of free test particles,
and the results derived in the case of general nontwisting spacetimes (Chapter 4). The physical
meaning of specific metric functions and their role in the equation of geodesic deviation was
described, and the utility of this approach demonstrated in the various Kundt subclasses such
as pp-waves, VSI spacetimes and simple gyratons. The richer structure of effects induced by the
additional dimensions were observed in the behaviour of free test particles caused by the higher-
dimensional gravitational waves. These results can be simply applied to explicit analyzes of the
relative motion in any other spacetime of the nonexpanding Kundt type.

In Chapter 6 we investigated the family of nontwisting, shearfree and expanding Robinson–
Trautman solutions. Employing the geodesic deviation equation we demonstrated the signifi-
cant difference between the higher-dimensional solutions of this type and those well known from
the standard four-dimensional theory. Suitable observer in the higher-dimensional Robinson–
Trautman spacetime will measure only the Newton-like tidal components of the gravitational
field (algebraic type D effects), but in the four-dimensional solutions the longitudinal effects and
the transverse gravitational waves are also present (algebraic type II, or more special, effects).
Applications of these results and their illustrations in the particular cases, e.g., the C-metric in
four-dimensions, and the black hole spacetimes in higher-dimensions, are still the work in progress.
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[21] Podolský J and Steinbauer R 2003 Geodesics in spacetimes with expanding impulsive gravi-
tational waves Phys. Rev. D 67 064013 (13pp)
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[32] Coley A, Milson R, Pravda V and Pravdová A 2004 Vanishing scalar invariant spacetimes in
higher dimensions Class. Quantum Grav. 21 5519–5542

[33] Coley A, Fuster A, Hervik S and Pelavas N 2006 Higher dimensional VSI spacetimes Class.
Quantum Grav. 23 7431–7444
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