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Abstrakt:

V této praci se zabyvame rizikové neutralni oceniovaci formuli pro kreditni prirdzku
k trznimu ocenovani v piipadech, kdy jsou jedna nebo obé strany kontraktu vys-
taveny riziku upadku. V pripadé, kdy celi ipadku jen jedna strana, je toto
riziko kvantifikovano pomoci tzv. Credit Valuation Adjustment (CVA). Pokud
této moznosti Celi obé strany, je riziko reprezentovidno pomoci tzv. Bilateral
Risk Adjustment (BVA). Tyto kreditni prirazky (CVA, BVA) jsou zapracovany
ve vzorcich pro ocehovani bezkupénovych dluhopisiu, kupénovych dluhopisi a
urokovych swaptu. Rizikové neutralni pravdépodobnosti bankrotu, potfebné k
zahrnuti téchto prirazek do cen danych kontraktu, jsou odvozeny z trznich kotaci
tzv. Credit default swaps. Pro jejich odvozeni pouzijeme tzv. bootstrap meto-
du. Pro modelovani pravdépodobnosti ipadku pouzivame tzv. reduced form
approach. 'V praktické casti prace jsme se zamérili na odvozeni rizikové neu-
tralnich pravdépodobnosti upadku pro Recko a Ceskou Republiku v obdobi let
2008-2010 vcetné bourlivého obdobi v kvétnu 2010 na feckém trhu. Nasledné je
kvantifikovano CVA pro 18 statnich dluhopisu kotovanych na trhu a ceny up-
raveny o CVA jsou porovnavany s redlnymi trznimi cenami. Také studujeme vliv
vybéru bezrizikové urokové miry na tento vypocet. V posledni sekci konstruu-
jeme trokovy swap mezi Ceskem a Reckem pro ktery urc¢ujeme CVA a BVA.

Klicova slova: kreditni prirdzku k trznimu ocenovani, rizikové neutralni pravdépodob-
nosti ipadku protistrany, riziko ipadku



Title: Credit Valuation Adjustment: approaches to computation and modeling

Author:Peter Mlej

Department: Department of Probability and Mathematical Statistics

Supervisor: doc. RNDr. Witzany Jifi, Ph.D

Abstract: In this work we are introducing a risk neutral valuation formula for
counterparty default risk adjustments in an unilateral and in a bilateral case. In
the unilateral case the adjustment is represented by a Credit Valuation Adjust-
ment(CVA) and in the bilateral case the adjustment is quantified by a Bilateral
Risk Adjustment(BVA). We are incorporating these adjustments into the values
of zero coupon bonds, coupon bearing bonds and interest rate swaps. For such an
incorporation, risk neutral default probabilities extracted from the market quotes
of Credit Default Swaps are needed. A Bootstrap method is used to derive them
and a reduced form approach is used to model the default times. In the practical
part, we are calculating Greek and Czech risk neutral default probabilities during
the years 2008-2010. We are calculating CVA for 18 quoted Greek government
bonds and we are comparing the adjusted prices with the market quoted prices of
these bonds. We study the impact of a risk free interest rate curve choice on such
a valuation. In the last sections, we construct an interest rate swap between the
Czech and the Greece. We compute and study CVA and BVA for this interest
rate swap.

Keywords:credit valuation adjustment, debit valuation adjustment, counterparty
default risk



Contents

(1 _Introduction|

2 Valuation of Default Free Bonds|

.................................
[3.4 Swaptions| . . . . ...

Counterparty Credit Risk Framework]|

(4.1  General Pricing Formula| . . . . ... ... ... ... ... ...
[4.1.1 Probabilisticset up| . . . . . .. ... ... ... ... ...
[4.1.2  Valuation Formula:unilateral counterparty risk| . . . . . . .
[4.1.3  Valuation Formula:bilateral counterparty riskl . . . . . ..

5

Incorporation of Counterparty Riskl

[>.1  Detaultable Zero Coupon Bonds| . . . . . . . ... ... ... ...
[5.2  Detaultable Coupon Bearing Bonds| . . . . . . ... ... .. ...
[>.3  Detaultable Interest Rate Swap| . . . . . . .. ... ... .. ...

H.3.1  Defaulable IRS: unilateral casel . . . . .. ... ... ...

6 Credit Derivatives

[6.1 Credit Detault Swaps| . . . . . . .. .. .. ...
[6.2  Credit Detault Swaps:valuation| . . . . .. . ... ... ... ...

[8.1 Risk Neutral Default Probabilities Extracted from CDS Quotes|

[9

Case Study: Greek Debt Crisis|

9.1 Datal . . . . . ..

[9.3  Preparation ot Default Free Interest Rate Curve for Modeling | . .
(9.4 From CDS Quotes to Default Probabilities| . . . . . . ... .. ..
0.5 Greece Debt Crisid . . . . . . . . ...




(10 Application Of Deftaultable Coupon Bearing Bond Formula | 58

11 Interest Rate Swap Spread: Adjusted to Counterparty Risk| 64

[11.1 Unilateral Credit Raskl . . . . . . . . . . . . . .. . .. ... ... 65
1.2 Bilateral Credit Riskl . . . . . . . . . . . . . . . ... 69
12 Conclusionl 75

[A" Descriptive Statistics of Used Data and Parameters Estimations| 79

(B Computed Hazard Rates and Default Probabilities| 83

C_Charts 85



1. Introduction

Recently, we are witnesses to big private corporations bankruptcies and even
whole countries are balancing on the edge of state bankrupt. These situations
with connection of rapidly increasing so called over-the-counter(OTC) deals in
financial markets are yielding following question. What is the impact of such a
risk on a financial contract and its value? We are trying to answer this question
through an adjustment of default free prices of financial instruments. Measures for
quantification of default risk are expressed by CVA(Credit Valuation Adjustment)
and BVA (Bilateral Valuation Adjustment) respectively. The key relations in this
work that are representing these adjustments are

CVA = Vdefault free — vexposed to default risk

BVA = VBi -V default free

exposed to default risk

where Vietault ree 1S the value for a contract in default free environment and
Viexposed to default risk a0d V21 qepaute rigk Stand for the values of the instruments
in which is already incorporated unilateral and bilateral default risk exposure, re-
spectively. CVA adjustment represents the case, where we are assuming that just
one counterparty in the contract can default, thus CVA can be just nonnegative.
In more realistic case, where both counterparties are exposed to default risk, BVA
serves as a risk measure and it may be either positive or negative one. This thesis
is divided into two main parts, theoretical and practical. In the theoretical part,
we are summarizing the risk neutral approach to the valuation of bonds, swaps
etc. . In Chapter |4] we are introducing key theorems that later in Chapter |5 help
us to incorporate default risk into the price of financial contracts. We are dealing
with two types of risks here: unilateral default risk and bilateral default risk. For
quantification of default risk are crucial risk neutral default probabilities. We are
using implied risk neutral default probabilities from the market, extracted from
CDS quotes, this procedure is described in Section [8.1} Some of these theoretical
parts, mainly about unilateral default risk and risk neutral valuation, are based
on my prior diploma thesis that was submitted to Faculty of Sciences, Vrije Uni-
versity in Amsterdam in 2010.

In the practical part, we apply the whole theory on real market data. We use dis-
tressed situation around Greece in May 2010 to study CVA for Greek government
bonds. We are extracting risk neutral default probabilities from CDS quotes on
these bonds and then we use them to compute CVA for 18 coupon bonds quoted
on the market. Market implied risk neutral default probabilities are extracted
also for Czech Republic and are used in the last chapter. By the means of CVA,
we are trying to approach real market prices of bonds through our theory, from
default free price(cash-flows discounted by risk free interest rate) to real market
prices of these bonds. Here in this thesis we also study the impact of default
free interest rate curve choice. We are working with two most common curves;
Treasury curve and interest rate swap curve. In the last Chapter we apply
the theory for unilateral and bilateral default risk for interest rate swaps. We
work with artificially constructed interest rate swap between Greece and Czech
Republic and computing CVA and DVA for it. From the price already adjusted
for credit risk we subsequently compute fixed rates, that already include default
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risk exposure of counterparties, payed in the interest rate swap contract.



2. Valuation of Default Free Bonds

2.1 Zero-coupon Bonds

Zero coupon bond (or discount bond) is a financial instrument that at the ma-
turity time, let denote it T, pays a certain amount of money (principal or face
value) to its holder; we will consider the face value that equals to 1 without
loss of generality. There are no payments between the issue of the bond and its
maturity. We are considering a continuous trading economy with trading within
interval [0, 7] for 7 > 0. We denote P(t,7") the value of zero coupon bond at time
t,t € [0,T], for t < T < 7 and hence we require P(T,T) = 1 and P(¢t,T) > 0
for all T € [0,7] and t € [0,7]. We are excluding the existence of non-trivial
arbitrage opportunity in the market.

2.2 Interest Rate Term Structure

We are considering a zero-coupon bond with its maturity at time 7' < 7 and price
P(t,T) for t € [0,T], trading in the market where bond price is strictly positive
and adapted process on probability space (2, F,P). Where € is state space, F is
a o-algebra representing measurable events and P is a probability measure. The
term structure of interest rates is also known as a yield curve and it relates yields
to maturity times. Yield-to-maturity on zero coupon bond is defined as

Y(t,T)=— In P(t,T) for all t € [0,T) (2.1)

T—t
To a given yield curve uniquely corresponds the bond price process according to
the following formula

P(t,T) = exp (=Y (t,T) - (T —t)) for all ¢ € [0,T] (2.2)

There are two possibilities how the initial interest rate term structure is repre-
sented. Either it is represented by the current bond prices P(0,7) or by the
initial yield curve given by the following formula

P(0,T) =exp(—Y(0,7)T) for all T € [0, 7] (2.3)

2.2.1 Forward Interest Rates

The general view on bond price methodology is through the spot rates to the
forward rates. The interest rate in infinitesimal time interval [T, T + dT] ob-
served from time ¢ is called instantaneous continuously compounded forward rate
or simply instantaneous forward rate and is denoted by f(¢, 7). This rate is not
observable in the market. Starting from this concept the zero-copon bond price
is

P(t,T) = exp (— /t ' f(t,u)du) for all ¢ € [0, ] (2.4)
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Alternatively, assume that prices P(t,T) are continuously differentiable in T
Then we define a forward rate by the way of bond price definition as follows

0
o1y = O PET)

We can look at the forward rate as a limit case of forward rate f(¢,7,U) that is
observed at time ¢ for borrowing over the future time interval [T, U] fort < T < U.
If we use the zero coupon bond price it follows that
b(t,U)
P(t,T)

or equivalently

(2.5)

=exp(—f(t, T, U)U —=T)) forallt <T <U (2.6)

P(t,T)— P(t,U)
U-T
Granting continuity, we have Y'(¢,7) = f(t,t,T), that follows from introduced
formulas, but also from argument that lending money from time ¢ to time 7', ¢t < T
is equivalent to investing money at time ¢ to bonds with maturity 7.

f(t,T.U) = (2.7)

2.2.2 Short-term interest rates

We consider stochastic interest rate models that, are then used, in pricing of
bonds based on short-term interest rate. Short-term interest rate is interpreted
as an interest rate for borrowing or lending money during time interval [t, ¢ + dt]
observed at time ¢. From the previous part we write r, = f(¢,t).

In stochastic set up r is defined on probability space (£2,F,P) and generally it is
assumed that stochastic process r is modeled as an adapted process with almost
all sample paths integrable on [0, 7] with respect to the Lebegue measure.

We introduce the price process of continuously compounded risk free security
with interest rate r(we can refer to it as a saving account)

t
B, = exp (/ rudu) for t € [0, 7] (2.8)
0

It is also possible to express B; as a solution of stochastic differential equation.
For almost all w € €2, the function B, = B;(w) solves the equation dB; = r,Bdt
with initial condition By =1 .

The B, is amount that corresponds to the cash that is accumulated from time 0 to
time ¢, starting with one unit of cash and rolling over the bonds with infinitesimal
time to maturity.

2.3 Coupon Bearing Bonds

Coupon bearing bonds are financial instruments that pay to a holder ¢, ca, ..., ¢
amounts of money at times T3,7s,...,T,, = T respectively. Typically, bonds
pay a fixed coupon c and repay the principal M; ¢; = ¢ for j=1,2,...m — 1
and ¢,, = M + c. If we are considering different cash flows during the dates
Ty, Ts,...,T,, then the expression for a bond price P.(¢,T) is given by

PALT) = P T) 2.9
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For comparative purposes we extend the notation of yield to maturity from zero-
coupon bonds to coupon bearing bonds. We are considering bonds that pay the
same amount of money ¢ at times 717,75, ...,T,, and the principal M is paid at
time T},. If the coupon is expressed as a preassigned interest rate times face value
c:=r-M, we called it coupon rate and then we have

P.(0,T) = ce O 4 Nemm¥e(©) (2.10)

J=1

where P.(0,7) is the current market price of the coupon bearing bond at time 0.



3. Default Free Valuation

This chapter is dealing with well known topic of risk neutral valuation of financial
instruments. We assume default free environment here. We introduce here short-
ly, the standard theory about a risk neutral valuation of bonds, coupon bearing
bonds and interest rate swaps. This serves as preliminaries to the valuation of
such instruments in the markets, where counterparties are exposed to a default
risk.

3.1 Risk-neutral Valuation Formula

In this section, we very shortly summarize the valuation process of contingent
claims, that is used further in this work for valuation of various financial in-
struments. For full derivation of Risk-neutral Valuation Formula, we refer to
Bingham&XKiesel [4] Chapter 6 and also we are following this publication here.
We are considering a market, let’s denote it M, where an investor can trade
continuously in time interval [0,7]. The uncertainty in the market is modeled by
probability space (€2, F,P) and filtration F = (F)o<t<r, which satisfies the usual
conditions of completeness and right continuity. In our market, we have n + 1
primary traded assets that have price processes modeled by stochastic processes
So,S1, ..., S We assume that S = (Sp, ..., S5,) follows an adapted, right con-
tinuous, with left limits and strictly positive semimartingale on (2, F,P,F). As
it is usual we are considering the numeraire

Bi=ew ([ tr(s)ds)

where r(s) is well defined integrable process.

Definition 3.1.1. A stochastic process S = S(t),t =0,1,...T is called a mar-
tingale under the probability measure QQ, sometimes called Q-martingale, and
with respect to filtration F, if the conditional expectation

Eo[S(t)|Fica] =St —1), foralltt=1...,T

Definition 3.1.2. Probability measure Q defined on (€2, F) is called the equiv-
alent martingale measure if Q is equivalent to P and if the discounted process .S
(S(t) := S(t)/By) is Q-martingale.

We assume that in our market model exists equivalent martingale measure
and denote our reference measure P and we restrict our attention to contingent
claim C' such that C/By € L'(F,P).

The next important thing is definition of attainable contingent claim. Freely
speaking attainable contingent claim C' is such a claim, that its value is possible
to replicate in the market M. It means that there exists trading strategy that by
the combination of assets Sy, S1, ..., .5, replicates the value of our desired claim.
It is possible to prove that the existence of a martingale measure implicates no
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arbitrage. Next we introduce the fundamental theorem of risk neutral pricing.
Since we have not built up mathematically rigorous risk neutral pricing theory
here, we are presenting it without a proof. For the proof see Bingham&Kiesel [4].

Proposition 3.1.3. Risk-Neutral Valuation Formula For any attainable
clatm C s given the unique arbitrage price process by the the risk neutral val-
uation formula

e (t) = BiFE5 [BET‘E] for any t € [0,T] (3.1)

This proposition tells us that the expectation under the equivalent martingale
measure gives us the unique arbitrage free price of contingent claim.

3.2 Bonds

Basic building element in mathematical finance is zero coupon bond. From our
risk neutral valuation framework just by putting in Theorem C =1 we get
following proposition.

Proposition 3.2.1. In our risk neutral framework and existence of.. equivalent
martingale measure P we have following:

i) the price of zero coupon bond with maturity T, at time t < T is given by

ft] R {exp (_ /t Tr(u)du)‘ft} (3.2)

ii) the price of coupon bond with maturity T, at time t < T defined as in Section
is given by

B
P(t,T) = E; {B—t

T

m

B
>

7j=1 J

P.t) = Ep F| = B

Zj;cj exp (— /t Tjr(u)du)‘]—}] (3.3)

Proof. In case i) we simply use Theorem for C' =1
In case ii) we use that for C'= ", ¢; P(t, Tj) O

3.3 Swaps

A swap is a contract or agreement between two parties to exchange(swap) cash
flows at some future prescribed dates. Under the usual conditions, the value of
the swap at inception date and at the end of the swap’s life is zero. We will
consider the most usual fixed-for-floating forward swap called plain vanilla in-
terest rate swaps. In this contract, there are two positions. The first position,
long position, is when investor(payer) makes predetermined payments by a fixed
interest rate from nominal value M and receives the cash that is based on some
pre-specified floating rate. The second position is short and cash-flows are vice
versa. The usual floating rate in interest rate swaps agreements is LIBOR[Y]

!'The London InterBank Offered Rate, or LIBOR, is the average interest rate at which
banks in the London interbank market can borrow unsecured funds from other banks



Swaps can be settled in arrears and in advance .

e Settlement in advance: floating rate is determined at the beginning of the period
and payments are also settled at the beginning.

e Settlement in arrears: payments are settled in the end of the period and the
floating rate is determined at the beginning of the period.

Convention Now we work with the settlement in arrears.

Let’s denote future dates 7}, 7 = 0,...,m, called reset dates and dates when
payments are settled(settlement dates) 7, j = 1,...,m, where 0; = T;—=T;_1 > 0
for every j = 1,...,m. The floating rate for time period [}, Tj+1] is determined
at time 7). At time T}, received cash-flow is, let’s denote it L(7}), by reference
to the price of zero coupon bond prevailing in this period, given as follows

1 1
L(T-):(——1)—forj:0,...,m—1 (3.4)
! P(T5, Tjv) 0j41
This is simply the return of one unit investment per period [T}, 7j41]. The cash
flows at any settlement date T, j = 1,...,m are from payer(long position) point

of view, L(Tj_1)6;41M and —rd;41 M, where M is a notional principal and the &
is predetermined fixed rate.

Convention We assume for simplicity and without loss of generality that M = 1.
According to our formula from Section we have following,

Proposition 3.3.1. Let us consider the payer interest rate swap with payments
defined as above. Then the value of such a swap at time t, t < Ty in arbitrage
free framework is given by

Vi(t) = BiE; {Z Bz (L(T);-1)8; — 6)) \7—1} (3.5)

Proof. Proof follows from Proposition where C' is replaced by interest rate
swap cash-flows. O
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Furthermore we can write

" B
Vi(t) = Efpv{ B—;(L(E—l)(sj—/‘@
=1 T

t }
using the term (3.4))

_ ZE { P(Ty0, )™ — (1+ #6,)) ]Ft}

usmg the formula for zero-coupon bond pricing
“ B Br._,

- Ya{r@an gt () |5
=1 T

T—1 ’
= B

— D (1+£d))Es {B—t ft}
=1 &

using the information from filtration and equation (3.2))

}}} _ iu + 16, P(t,T})

=1

rt

Zm e
— ¥ erli-1
‘7:

From the previous lines we have proved the following result,

Proposition 3.3.2. The price of interest rate swap settled in arrears with the
same properties as were defined in the beginning of this chapter at time t,;t < Ty
18 .
Vi(t) = > (P(t,Tj1) — (14 w6, P(t,T)) (3.6)
j=1
Small rearrangement of the proposition leads to the following.

Proposition 3.3.3. For the price of interest rate swap settled in arrears holds
following,

V(1) = P(t, Tp) — Zm:cjp(t,Tj), fort € [0,Ty] (3.7)

where ¢; = k0; for j =1,2,...m —1 and ¢, = 1 4 Ko,

Remark 3.3.4. As we see, the relationship[3.7 is just a combination of delivering
the specific coupon bearing bond and to receive zero-coupon bond at the same time.
It could easily be derived from a comparison of these two bonds that
V.(t)= P(t,Ty) — c;P(t,T;
(t) ( Z d ; P, T;)
ZETO-CoUupomn oon,

coupon bearing bond

As it is mentioned above, the value of a swap at its time of initiation is 0.
This important swap property leads to the following definition.

Definition 3.3.5. The forward swap rate x(t, Ty, m) at time t for the date T is
the value of the fixed rate x that makes the value of the m-period forward swap
Z€ero,

Vi(t)=0

11



Using the Equation (3.7)) we obtain the explicit formula for m-period forward
swap rate, that is formulated in next proposition.

Proposition 3.3.6. The m-period interest rate swap rate settled in arrears at
time t,;t < Ty is given by
(P(t>T0) — P<t7Tn))

(t, To,m) = Sy 6, P(t T))

(3.8)

3.4 Swaptions

In the next step, we consider an option on interest rate swap(IRS), swaption. We
assume same setup for IRS as in previous chapter. The owner of a payer(receiver)
swaption with strike x maturing at time T" = T}, has the right to enter at time T
to the underlying payer(receiver) swap settled in arrears. The payer swaption is
an option that gives the buyer the right to enter into a swap from which he/she
receives fixed payments. On the other hand the seller of a payer swaption gives to
the investor right to enter into the payer swap in which the investor will receive
payments based on floating rate and will pay fixed payments. From our standard
risk neutral theory follows.

Proposition 3.4.1. Let’s denote Swap(k,T) the value of the payer interest rate
swap, at time T with fived swap rate xk and with the same payments and their
pattern as defined in the beginning of Section 3.5 Then the price of the payer
swaption with maturity T', at time t, t < T equals to

B
Ps(t) = B ( - (Swap(s 1) |7 (39)
T
Analogously for the receiver swaption is
B,
RS(0) = B ( p-(-Suapln. 7). |7 (3.10)
T

Convention: for simplicity and without loss of generality here we assume
M =1 as well. If we plug in for the swap expression from Proposition then

we obtain following,
]—"T}> ‘]—"t (3.11)
+
and for the receiver swaption

RS(t) = Ep (% (Eu”m {Z E_TT(“‘SJ'H - L(Tj—l)éj+1)‘}—T}> )ﬂ) (3.12)

1=1 J

B "B
PS(t) = Es | 5= | B q Y 5 (L(T5-1)3; — K6))
Br = Br,

If we use property, that any function can be spread as follows f = f* — f~ =
f+—(=f)* Pland combine two formulas from above it yields following swap parity:

2f:R—Rand ft:= ff(z) = max(f(z),0) and f~ := f~(2) = —min(f(z),0)

12



Proposition 3.4.2. For the value of receiver swaption and the value of payer
swaption, both are expiring at the same date, holds following "parity" to a value
of interest rate swap

Payer Swaption-Receiver Swaption= Interest Rate Forward Swap

Remark 3.4.3. Structure of Swaption Trading strategy

If we look at the payer swaption, we can describe the strateqy of the swaption
owner, who wants to enter into a swap as follows,

Strategy

1st case If k is less then a swap rate of a market swap at time T, then the owner
exercises the swaption and in the future his predetermined payments will be less
than the market fix payments at the time of swap initiation.

2nd case If a swap rate is less than k of the swaption at time T, the owner does
not exercise the swaption but he has the possibility to enter into the swap anyway
at the market swap rate.

From these two cases, we can conclude that the fixed rate paid by the owner of
the swaption who wanted to enter into swap is always smaller or equal to the k.

Formulas from above give us a good picture what is the price of swaption,
but for our purposes in practical part of this work we need an analytical formula
that is easily computable. In the beginning of this section we have started that
swaption is an option on IRS. From this fact one can expect that the easily com-
putable pricing tool comes from Black Scholes formula. Black Scholes formula is
proved in Appendix 12A in Hull(2002) [13] and in the same publication is derived
formula for european swap option. This formula is called Black’s Model( some-
times known as the Black-76 model).

Black’s Model

Veaw = A[FoN(dy) — kN (dy)] (3.13)
where
In(Fy/k) + 0*T/2
VT
In(Fy/k) — 0?T/2
oVT

d1:

dy =

T:Time to maturity of the option

Fy: forward swap rate

r: Strike price of the option

Vr: Value of V at time T

o : Volatility of Fj

A= % where n is number of payments during the year
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This formula is used to compute payer swaption price. It gives the owner
of the swaption right to enter into a swap in which he/she is paying fixed rate
k. The equivalent situation is for receiver swaption, where the swaption value is
given by

Vo = A[N(—ds) — FyN(—d,)] (3.14)

All notations remains the same as for the payer swaption. We will see, that this
formula is essential for a computation of defaultable IRS price.
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4. Counterparty Credit Risk
Framework

In this section, we introduce the framework for treating with the counterparty
credit risk, also referred to as a default risk or a counterparty default risif'] By
the term credit quality we mean an exposure of given entity to this risk. It
means a possibility that a counterparty in a financial contract will not fulfill its
contractual commitment to meet his or her obligation stated in the contract. For
later purposes we need to distinguish two types of counterparty risk, because in
each contract exists at least two sides: an investor(who buy defaultable financial
instrument) and a counterparty (who sell /issue instrument) and hence there exist
two default events as well. So we need to distinguish

e Unilateral counterparty risk

e Bilateral counterparty risk

Unilateral risk means, that just one counterparty faces default risk and on
the other hand, the bilateral counterparty risk exposes both sides to default risk.
We need to consider unilateral counterparty risk in instruments, that are either
assets or liabilities for an investor, during the whole life of the contract. To this
category of instruments belongs e.g. bonds; it does not matter if the investor will
default, because only he/she can lose money. For a bond issuer bond is booked
on his/her liability site as a credit, so issuer can not lose any money. So there is
no need to assume bilateral credit risk for this type of instrument, because even
if we assume that also bond investor can default, it does not affect the price of
the bond in any way.

On the other hand there, exist contracts that can be during their lifetime a liabil-
ity and also an asset for both participants, depending on market conditions. For
this type of contracts we need to consider bilateral credit risk because both sides
can lose money, in the case of others default. To this group belong e.g. a swap; for
a buyer of the swap it can be either assets or liabilities depends on the difference
between floating rate and fixed rate. So in this case, both the buyer and the seller
are exposed to counter party risk and can lose money and therefore the price of
swap is affected. The reason why we are introducing this kind of risk besides the
others, is that there is high increase in over the counter(OTC) trades during last
decades. This kind of trades are directly negotiated between two private parties,
there is no supervised intermediary between them or any clearing house. So there
is no middle step between contractual sides that can alleviate the loss. The pos-
sible default exposure of counterparty is crucial in evaluating the contract. Good
evidence of steep increasing OTC trades is the half year period from June 2008
to December 2008, when was recorded one of the steepest increase, gross market
value increased from $ 20 trillion to $34 trillion ( 70 %)

The concept of the default risk can be easily illustrated on the following con-
sideration: an investor, who is trading on OTC market with entities that can

Lwe are using these terms equivalently with any further notice in the text

2data from Bloomberg publication Counterparty Valuation adjustments
http://ssm.com/abstract=1463042
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default, wants to be rewarded for this risk. This investor requires an additional
risk premium. Clearly, it is possible to see on the bond markets, even if the bonds
are not usual OTC instruments, that market participants who are investing into
bonds, issued by lower credit quality entities, require to have higher yields. The
difference between yields from risky instruments and non risky , in the meaning
of default risk, is called credit spread.

To include the impact of the default risk to the value of financial instrument
we need to model it somehow firstly. There exists two main categories of credit
risk models
(1) Reduced form models also known as intensity-based models
(1) Structural models also known as models based on the value of the firm .

Reduced form models describes the default by the means of exogenous jump pro-
cess. This type of models are also called intensity models or hazard rate models.
The main tool in this approach is the exogenous specification of conditional prob-
ability of default, given that default has not yet happened. The family of reduced
form models, is suited to model credit spreads and it is in relatively simple way
calibrate-able to the Credit Default Swap (CDS), see Section Default events
are modeled directly by probabilities of occurrence of such an event. We are using
also this type of model to calculate risk neutral default probabilities.

Structural models represent different approach how to model defaults. These
type of models deal with the firm’s economics fundamentals. The market value
of the company is the main stream of uncertainty that drives credit risk. They
are mostly based on the work of Merton(1974) [19]. We can motivate to use such
a model by the following consideration. Let us assume, that the company has
issued a bond to finance its business activities. If at the maturity date T the
firm can not repay all its commitments to the bond holders, we can conclude,
that there has been a default. We can also consider more sophisticated and more
reality capturing models, where the default can happen not only at the maturity
date but also before this date. They are called first-passage-time approach model
see Black ans Cox(1976)[5]. The default happens when the value of asset hit from
above the certain barrier, this barrier may be either deterministic or a random
process itself calling barrier process. First-passage-time approach allows to adapt
the model to the real world conditions such as those mentioned; default before
maturity or in many other possible ways, precisely specified the recovery payoft
associated with default event or bankruptcy costs or taxes. Structural models
assume that the company value follows the stochastic process, that is similar to
the random process that describes the behavior of stocks. Because of this feature,
the value of the company can be observed at any time and the default process
can be completely monitored on default free market. For more properties of these
model see Chapter 3 of Bielicky and Rutkowsky(2002) [3]. The disadvantage of
these models is that they can not be easily calibrated on publicly accessible data,
for example as CDS quotes.
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4.1 General Pricing Formula

In this section, we introduce two types of general pricing formula for unilateral
credit risk and also for bilateral credit risk. In the process of deriving the pricing
formula of general payoff with no specified default, we follow the paper Brigo and
Masseti(2004)[11] for unilateral case and for bilateral case we follow the article
Brigo and Capponi(2008) [9]. In the beginning, we set up the framework for the
probabilistic part and then we derive the pricing formula for general payoff.

4.1.1 Probabilistic set up

We construct the probability space (Q,G, G, P). The measure P is risk neutral
measure and G, represents the flow of all information. The sub filtrations F;, that
is right continuous and complete, represents the information about market but
without default (F; C G, := F; V Hy), where Hy = ({01 < u}, {02 < u});ju <t
is the right filtration generated by the default events. We use two default events
since, we are going to use both of them for bilateral credit risk pricing formula.

In previous sections there was no need to monitor default events because we
did not use this information. The information included in filtration F; was suffi-
cient. Now we want to incorporate the information about default events into the
price of financial instrument. We need to model it by o— algebra G;. The differ-
ence in the probability space for non-default case and default case of the market
is in information included in filtration. To the further notice, we are assuming all
expectation with respect to risk neutral probability measure P.

Assumption: We are assuming that default times are independent from the
interest rate term structure .

4.1.2 Valuation Formula:unilateral counterparty risk

Here we are considering just the possibility of one counterparty default, so we are
working with filtration H; = o ({0 < u};u < t), generated by default event of the
counterparty. The next step is to determine a pricing formula of a general payoft
with maturity 7. We do not need, at least now, to specify a model for the default
time. Now we introduce required notation
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C(t, 1) Net cashflow from the claim during the time interval [t, 7]
discounted to time ¢

NPV (0) := Es[C(0,7)|Gs] Net Present Value, expectation with respect
to a risk neutral measure

R The fraction of the payoff from a face
value paid to an investor in case of default

LGD:=1—-R Loss Given Default;loss in a value
if default occures

D(t,0) := % Discounting factor at time t for maturity ¢

In the process of payoff determination we need to distinguish two cases of possible
default time. If 6 > 7 or 6 < 7 respectively. If the default happened and the
counterparty could not fulfill its obligations, or there was no default and all
obligations from the contract were fullfiled.

e ) > 7 there was no default up to time 7, so the payoff is

1{5>T}C(t,7') (41)

where 15~} is indicator function of the set of all events in €2 for which ¢ > 7.

e 0 < 7 The counterparty defaulted during the life of the contract so, could
not fully repay the investment. We need to compute the net present value(NPV)
of the residual payoff from time of default § until maturity 7. If the NPV is posi-
tive for the defaulted counter party it is completely received by the counterparty
itself.

If it is negative for defaulted counterparty, only the recovered part is payed.

Lisery (RINPV(5));) (4.2)

where ()4 := max{0,x} for any real .
If we combine two terms from above, we get the following pre-result

Proposition 4.1.1. The payoff of the defaultable claim, discounted to time t,
let’s denote it TI(t)P, is given by

HD(t) = 1{5>T}C(t7 T) + 1{5§7’} [C<t7 6) + D<t7 5) (R(NPV<5>+> - (_NPV((s)(Zf—?))])

Remark 4.1.2. We can see that, if a default does not occur, the formula is
reducing to standard expression for non-defaultable payoff, because the last term
vanishes.

From the previous lines we formulate the General Counterparty Risk Pricing
Formula as an expectation of [4.3]
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Theorem 4.1.3. General Unilateral Counterparty Risk Pricing Formula.
Let assume that a counterparty does not default before valuation date t and LGD
18 deterministic, then the price of payoff under the counterparty risk exposure is

Ep{T1°(1)|G:} = Es{IL(1)|G:} — LGD x Ep{1i1<52r D(t, 0)(NPV(9))+]Ge} (4.4)

where Eg{I1(t)|G;} is expected value of the net cash-flows, discounted to time t of
the claim without, any default risk consideration, nor investor’s nor counterpar-
ty’s(further just a default free cash-flows).

Proof. We can expand the terms inside the right hand expectation of4.4]as follows

1{5>T}C(t, T)—i—l{(;ST}C(t, T)—i-Rl{(;ST}D(t, J) (NPV((S)+)—1{5§T}D(t, N(NPV(H))s
(4.5)

since we know that
H(t) = C(t, 7‘) = 1{5>T}C(t, T) + 1{5§T}C(t, 7')

Now we take the expected value of the second and the fourth term of condi-
tioned at time 0 and use these two facts.

f=r=f=r—-=n"
and
15<n C(t,T) = 15<-(C(t,6) + D(t,6)C(0,7))
it follows
Es[15<ryC(t, 7) — Ls<ry D(, 6) (N PV (6))+|Gs]
= Ep[1{6 < 7}C(t,6) + D(t,6)C(6,7) — D(t,0) Ep([C(6, 7)]|Gs) +]Gs]

1{5§T} [C(t’ T) - D(tv 5) (E@[C((S, T)] |g5)—]
= L<n[C(t,7) — D(t,0)(Ep[—C(6,7)]|Gs)+]

When we combine result from the above computation with [£.5 we get

1{5>T}C(t, T)+
Lesn [C(t, ) 1 D(t ) (RINPV()). — (-NPV(5),)]

which is the L3l O

Remark 4.1.4. From Theorem[].4), the price of defaultable instrument is default
free price minus a discounted option term, more precisely a call option with zero
strike price on the residual NPV, in case of 6 < 7 =T. From this follows that
even if the original non default payoff is interest rate term structure independent,
the optionality in the formula requires for some other valuations interest rate term
structure model. We will see it in the following chapter, where we are dealing with
defaultable interest rate swaps.
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4.1.3 Valuation Formula:bilateral counterparty risk

A logical extension of the unilateral counterparty risk pricing formula is incorpo-
ration of the second possible default into the the payoff. Let’s denote investor’s
default time d; and counterparty’s default time d,. Now we are working with

Hi=0({0 <u}, {0 <u})u<t

as it was previously defined. The whole notation is the same as before, just it
needs to be distinguished between two recovery rates Ry and Ry and correspond-
ing LGD; and LGD,. It is because the participants of the contract can come
from different environments with different bankrupt laws and policies. We make
an analysis of possible outcomes that come from different combinations of default
times 01,02 and maturity time 7. All statements in the following bullet points
are from investor’s perspective. From the perspective, of the counterparty per-
spective each cashflow is with different sign(e.g. investor pays so counterparty
receives, for investor positive NPV, it is negative for counterparty etc).

e 0; > 7 and d; > 7 The investor nor the counterparty defaults, the payoff is
original default free payoft.

e 0, < 0y < 7 If the NPV is positive for a defaulted investor, it is completely
received by the investor. If the NPV is negative for defaulted investor, only
recovery fraction is paid(R;).

e 0y < 0y < 7 If the NPV is positive for an investor, the investor receives just
a recovery fraction from the residual payoff(Rs). If it is negative for the
investor it is completely paid by the investor.

We denote the discounted net cashflows from a claim exposed to bilateral
default risk as follows CE (¢, 7;), for i = 1,2 and the discounted net cashflow that
does not face any credit risk remains the same as C(¢,7). From the previous
statements follows next pre-result.

Proposition 4.1