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Introduction

Testing randomness of a given univariate time series usually stands at the beginning of any further
in-depth analysis and helps to answer several important questions such as the economic hypotheses
of the life cycle-permanent income (see [Hall, 1978]), market efficiency (see [Kantor, 1979]) or
rational expectations (see [Fama, 1970] or [Fama, 1991]). That is why this topic still attracts
attention of many researchers and why a large number of testing procedures have already been
developed for this purpose, see [Kuan, 2003] for a selective introductory overview.

Uncomplicated portmanteau tests (see [Arranz, 2005]) play a dominant role among them,
especially in practical applications. They have also been used for testing seasonality (by con-
sidering only proper autocorrelations) or goodness-of-fit (see [McLeod and Li, 1983]), for statis-
tical process control (see [Atienza et al., 2002]) and for inference in time series of counts (see
[Jung and Tremayne, 2003]), among others.

Roughly speaking, such tests are usually somehow related to the popular one introduced in
[Box and Pierce, 1970] and they only concentrate on the dependence among the observations not
too distant in time, at least by the definition considered here. As practitioners strongly prefer
versatile, simple, quick, and easy to implement diagnostic tools, we further consider only those
portmanteau tests based on autocorrelation-like coefficients, computed in time domain and not
requiring any simulations. We review them extensively in Chapter

Then we focus attention on the portmanteau tests based on ranks due to their wide range of
possible applications even in the frequent cases of some data distortion or distributional uncer-
tainty.

In Chapter [2, we summarize some common features of most Monte Carlo experiments con-
ducted in this work, including the null hypothesis, alternatives, software and realization details.

In Chapter 3] we introduce weighted serial modifications of the well known sign and turning
point test statistics to any positive lag, explore their asymptotic properties as well as finite sample
moment characteristics, show their benefits and use them successfully for portmanteau testing
against some common alternatives. We also propose their orthonormal versions and illustrate
their advantages in the case of shorter time series and also in Chapter [4] where we employ them in
a newly developed methodology for assessing random number generators (RNGs). We then test
the new evaluating approach in a large Monte Carlo study involving five popular RNGs.

In Chapter [5], we extend the theory regarding Kendall’s rank autocorrelations by computing
their exact variances at higher lags. This allows us to use these coefficients in correctly sized
portmanteau tests whose application is also discussed and illustrated by Monte Carlo experiments.

The Kendall autocorrelations are computationally quite demanding when calculated from
longer time series. This is one of the reasons why we introduce their simpler weighted versions



in Chapter [6] Besides, we also find their exact means and variances, establish their joint asymp-
totic normality and search for some good weighting functions and trimming rules by means of
simulations.

Next we deal with certain (signed-)rank autocorrelations of scores in Chapter (7| Especially, we
discuss their joint asymptotic normality and find simple exact formulae for their means, variances
and covariances. Besides, we also discover and analyse their surprisingly good performance in
testing against conditional heteroscedasticity, not reported yet to the best of our knowledge.

Then we proceed with some recommendations on how to construct powerful portmanteau tests.

In Chapter |8, we criticise every portmanteau statistic based on a (possibly weighted) sum of
some common serial correlation coefficients and show both theoretically and empirically that its
finite sample and asymptotic distribution may differ significantly even if quite long time series are
examined.

In Chapter [0, we suggest a unifying view of portmanteau testing, introduce original portman-
teau statistics in the new spirit and show their dominance over the most widespread benchmark
in many important cases.

We proceed in the same way even in Chapter [10] where we establish joint asymptotic indepen-
dence of various types of rank autocorrelation coefficients and solve the problem on how to combine
them optimally in a single portmanteau statistic. This combining is then shown advantageous for
testing against trend alternatives in a Monte Carlo study.

Finally, we summarize some interesting results achieved, discuss their possible applications,
suggest further extensions to our work and produce several related problems to be solved.

It remains to note that virtually all the results are derived under a null hypothesis. The only
exception can be found in Chapter 4 and lies in providing some asymptotic relative efficiency
details regarding contiguous ARMA and trend alternatives.

The accompanying CD contains an electronic hypertext copy of this publication and the direc-
tories corresponding to each chapter where all the outputs and auxiliary computations are placed
to help the reader with prospective checking of all the information provided, see readme.rtf therein
for more comments.

There is a great deal of programming and computer work hidden behind these pages. Even most
theoretical derivations are performed or at least verified with the aid of a software tool (concretely
MAPLE 8.00), which is not surprising, for the computer algebra systems like this are known to be
very beneficial in the context of nonparametric statistics, see e.g. [Dufour and Roy, 1986] and in
particular [van de Wiel et al., 1999).

We hope that this work will be found useful and that it will help the others to improve their
portmanteau testing skills.



Chapter 1

Portmanteau Tests Under Review

First of all, we explain our notation and terminology used throughout this work.

1.1 Notation

Let Ri, Rs, R3,... and RT,R; ,R;{, ... be the ranks respectively associated with a given time

series Y7,Ya,...,Yr and its absolute values |Yi],|Y2|,...,|Yr|. We use the natural convention
() _ p(+H) _

R, _R((k—l)modT)+1 fork=T+1,T+2,...

Independent and identically distributed random variables will be called white noise. They

figure in most of the null hypotheses considered:
Hév : Yy’s are independent and identically distributed gaussian random variables
HgV . Yy's are independent and identically distributed random variables with finite variance
Hy: Yy's are independent and identically distributed continuous random variables
HOS : Yy’s are independent and identically distributed symmetric continuous random variables
H(]]E . Yy's are exchangeable random variables with a continuous distribution

As a rule, H@g occurs mainly in Chapter 7, HJ® or Hy are generally assumed for rank tests and
Hév or HgV are usually supposed to hold for parametric tests. Apparently, H{]E D HyD Hﬁg D Hév .
We point out that the distribution of any rank-based statistic is the same under both Hy and H(])E .

We sometimes write Eg, varg or covg to highlight the fact that the means, variances or covari-
ances are computed under a prespecified null hypothesis.

Portmanteau tests do not require their alternatives to be specified concretely and they are thus
ordinarily assumed very general.

Cumulative and quantile distribution functions will be denoted by F, and F. ! with the sub-
script * clearly indicating the associated distribution. Besides, Fy(,1) and its density will be
sometimes symbolised by ® and ¢ as usual.

Let us also recall the widespread definitions of sample ordinary and partial autocorrelations
7(k)’s and p(k)’s at lag k < T, very useful in the context of portmanteau tests:

- > > T
o SNy - (Y - Y)
k) = &= v=-%"v,
(k) : T;

S (Y —Y)2
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_ R*(k
ik = L EL
| R(F)]
where ﬁ(k) = (7(i — j))f j=1 stands for the sample correlation matrix of the random vector

(Y1,...,Y3) and R*(k) differs from R(k) only in the last column that is replaced by the vec-
tor of the first k sample autocorrelations

7 = (F(1),7(2),...,7(k))".

And lastly, we refer to [Pollock et al., 1999] where accurate calculation, consistency and as-
ymptotic moments of the sample ordinary autocorrelations are discussed, among others. We know
at present that v/TT}, is asymptotically standard normal not only under Hév , but also under H(I)/V
(see [Dufour and Roy, 1986]) which still guarantees that the function mapping rj to

pr = (p(1),...,p(k))’

is continuous. As /TPy is asymptotically standard normal under HY' (see e.g. [Monti, 1994]),
it keeps the same asymptotic distribution under H(I)/V as well. Although we further report the
original assumptions given to ensure the asymptotic distributions of the portmanteau statistics
(often primarily intended for goodness-of-fit testing), it follows that their asymptotic properties
usually remain unchanged even under H}V.

1.2 A Brief Excursion to the Universe of Portmanteau Tests

We start in the early seventies of the last century when [Box and Pierce, 1970] proposed the
portmanteau statistics

Q=T (k).
k=1
m -2
Q2 ZT(T+2)Z;(_]€I)€

k=1

with the so called portmanteau (= threshold) parameter m selected conveniently in advance, and
proved their x?(m) asymptotic distribution under Hév . That is to say that the sample ordinary
autocorrelations are then asymptotically standard normal with
Eo(F(k)) =0 and  varg(F(k)) = T(TT+k2) =

It is well known (under H{ and for T large enough) that the true distribution of Q1 is always
shifted to the left of the asymptotic one, while that of Q)2 is almost centered but with a slightly
heavier right tail than y?(m) for m > 2. Therefore the actual significance level for Q1 is likely to
be smaller (and for Q9 larger) than expected. Besides, this discrepancy increases with m in both
cases. See [Battaglia, 1990].

Many fruitful ideas on how to modify or further improve these statistics have appeared since
then. The most interesting are briefly outlined below.
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1.2.1 Idea 1: to transform or rearrange data before testing

Portmanteau tests can alternatively be applied to transformed or rearranged observations, which
can sometimes lead to a substantial power increase. For example, absolute values or their pow-
ers are usually successfully employed this way for testing against time series with time varying
higher order moments (see e.g. [Rodriguez and Ruiz, 2005] and references therein), and [Lai, 2001]
showed that portmanteau tests of Hév against some noisy low dimensional chaos alternatives are
much more powerful if applied unchanged to rearranged data YV, ... YT~ where Y*) = Y; if
Yi_1 is the kth lowest observation (i =2,...,7, k=1,...,T —1).

In general, the choice of a suitable transform may be a delicate problem. However, both
the link between ordinary autocorrelations of a generalised linear process and of its squares from
[Palma and Zevallos, 2004] and the connection between autocovariance functions of two transforms
of a time series established in [Abadir and Talmain, 2005] could provide some guidance in this
respect.

It should perhaps be mentioned as well that suitably transformed data may meet all required
moment (or other) conditions while the original data need not.

1.2.2 Idea 2: to stabilize variances of sample autocorrelations

Portmanteau tests (or at least their size) can be improved by using sample autocorrelations mod-
ified with a variance stabilizing transformation. [Kwan and Sim, 1996a), Kwan and Sim, 1996D]
follow this idea, use Fisher’s (~ z1), Jenkins’ (~ z4) and both Hotelling’s (~ 22 and z3)
transformations of 7(k)’s:

1 14 7(k) . 1

k=5 1”(1—7?(1@) {EO (218) = 0, varo(z1x) = 77— }
C Bent ) !

TR T AT k) {EO 22k) = 0, varo(z21) = m}’
2321% + 337(k) — 575 (k 1

Zap = 2ok — 1k 96(T(_)k)2 ( ) {EO Z3k =0, V&I‘o(23k) T _k_1 }7

o ‘ CT—k-1
2 = sin ! (7(k)) {Boean) = 0.varo(ew) = T

and show both their asymptotic normality and asymptotic independence under Hév . The port-

manteau statistics
m

2
ik :
2414 = T\ Z:17273747
Qv ; varo(2ik)
are then asymptotically x2(m) distributed. However, the more accurate x? (E (Q2+i)) approximate
distribution is suggested for their application in practice. For example, if m is small relative to
the time series length 7', then
. . . m(m + 4 m(m+ 1
Eo(Q3) = Eo(Q4) = Eo(Qs) =m — Q, ¥

T T
Q3 to Qg control test size with increasing m slightly better than Q)2 or ¢)1. On the other hand,
they are usually less powerful than Q2. See also [Lai, 2001] and [Kwan et al., 2005], among others.

and Ey(Qe) =m —
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Virtually the same approach can hypothetically be applied even to other measures of ser-
ial dependence. For example, the case of rank autocorrelations and Fisher’s variance-stabilizing
transformation is addressed in [Kwan et al., 2004].

1.2.3 Idea 3: to employ alternative measures of dependence

In principle, portmanteau tests can be based on other than ordinary autocorrelations. For example,
[Baragona and Battaglia, 2000] and |Gallagher, 2001] suggested to use sample inverse autocorre-
lations and sample covariations, respectively. But the portmanteau statistics based on the former
coeflicients are quite complicated to handle and those using the covariations do not lead to any
significant improvement in the case of finite variance data, and therefore we do not discuss any of
them in detail here.

On the other hand, sample partial autocorrelations are far more popular and their asymptotics
is clarified much better. [Anderson, 1993] derived both asymptotic normality and asymptotic
independence of p(k)’s, k < T, under H':

ﬁ(ﬁ(k) + (1 ; 6)) ~asympt. N(O, 1)

where § = 0 for k odd and 6 = 1 if k is an even number. At the same time, [Monti, 1994] proposed
the test statistic Q7:

p*(k)

T—k

Qr=T(T+2))

k=1
and proved its x?(m) asymptotic distribution under HY'. Finally, [Kwan, 2003] considered its
finite sample modification

S ’Z": (P(k) + 6/T + (k)5 — 6)/T%)°
Pt T—k—2
based on Anderson’s more accurate approximations to Eo(p(k)) and varg(p(k)), see references
given ibidem.

Simulation experiments indicate that (g is better than @7 as for the test size. However, Qg
does not appear, on average, more efficient than Qo although it may be sometimes significantly
more powerful, see also [Kwan and Wu, 1997] or [Pena and Rodriguez, 2002].

Rank measures of serial dependence and their use in portmanteau tests are discussed in another
subsection.

1.2.4 1Idea 4: to standardize the autocorrelations or statistics properly

The finite sample behaviour of portmanteau statistics could possibly be improved if the sam-
ple autocorrelations or the whole statistics were standardized conveniently, for example by their
(almost) exact means and variances. This is the reason why [Ljung and Box, 1978] advocated
Q2 against @1 and why both [Li and McLeod, 1981] and [Kheoh and McLeod, 1992] argued for
another revised statistic Qg:

. mAz m(m +1)
Qg—Tkzlr(kHQT .
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However, there is hardly any reason for employing ()9 instead of ()2, at least according to the
Monte Carlo studies performed ibidem.

[Dufour and Roy, 1985], [Dufour and Roy, 1986] derived the exact means, variances and co-
variances of sample ordinary autocorrelations under HY (1 <k <h <T/2,T > 3):

_ Tk
Eo(7(k)) = T((T—1))
. T4 — (k+ 3)T3 + 3kT? + 2k(k + 1)T — 4k>
varo(r(k)) = ,

(T + 1)T2(T — 1)

U 2[kh(T — 1) — (T — h)(T? — k
covo (7(k),7(h)) = [ ((T_|_)1)7E2(T_)1()2 )]7

and used them for building portmanteau statistics:

Q10 = (B — Eo(Fm)) (varg(®n)) ™' (B — Eo(Fm)),

S (7(k) — Eor(k)
Qu=2_ varg(F(k))

k=1

asymptotically x?(m) distributed under the null hypothesis. Empirical studies show that Q19 and
(D11 behave similarly and slightly better than ()9 as for the test size, and that )11 usually outdoes
Q2 a little in terms of power. See also [Kwan et al., 2005], [Lai, 2001], [Kwan and Sim, 1996a],
and [Kwan and Sim, 1988].

Other attempts in this spirit include using beta approximations for sample autocorrelations
with lower T’s (see e.g. [Hallin and Mélard, 1988 and references given there) or rewriting 7(k)’s
as ratios of quadratic forms and employing the corresponding approximation theory, see e.g.
[Ayadi and Mélard, 2004] and also references given there for yet other approaches.

Besides, [Dufour and Roy, 1985], [Dufour and Roy, 1986] also found quite accurate bounds for
var(7(k))’s and cov(7(k),7(h))’s, valid for any continuous white noise (1 <k < h < T/2,T > 3):

T3 — (k+5)T?% + (5k + 6)T + 2k(k — 4)
T(T — 1)2(T - 3) ’
(T — h)(T + k) — 2kh
T(T — 1)(T — 2)(T - 3)
conn (7). 7(1) = ~ o S = Ok Eofr) = 252 or)

the upper and lower bounds are interchanged for (7' — h)(T + k) — 2kh < 0. They allow us to
construct conservative portmanteau tests, see ibidem.

These results are further extended by [Dufour et al., 2006] who propose several ways on how
to bound the distribution of 7(k)’s computed from some observations that are symmetric about
known medians (but possibly not identically distributed, discontinuous or arbitrarily heavy-tailed).

var (7(k)) <

— Bo(F(k)) Eo(F(h)) = 2(’“;;2) O,

covo (F(k), 7(h)) <

1.2.5 Idea 5: not to ignore covariances between sample autocorrelations

Considering the pattern among sample autocorrelations could possibly lead to further improve-
ments.
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[Rodriguez and Ruiz, 2005] propose a solution essentially different from @19. They suggest to
use the portmanteau statistics

m—i 1

Q12(i) :TZ<Z?(k+j)>2, i=0,1,2,...,m—1,

0

bl

Il

—
<

and to approximate them under any white noise with the finite fourth order moments as follows:

Q12(1)

a

~~asympt. X2(b)

: b:%, u=(+1)(m—1i), v=(m-20)(i+1)>+2> A(m—1+i-3(-1).
j=1

Besides, the authors also give complicated formulae for the parameters 3, u and o that can be
used to approximate Q12(¢) with a normal distribution:

~(Qh00) ~ 1) ~ N (0, 1),

and tabularize their values for some common choices of i and m.

Monte Carlo experiments reveal that both these approximations behave similarly if m > 10
and T is sufficiently large. Besides, it appears that i = [%§] — 1 often proves best and that Q12(7)
with optimum ¢ can provide more satisfactory results than ()1 or ()14 when applied to the absolute

values of some time series with highly persistent volatility.

1.2.6 Idea 6: to assign higher weights to lower lags

It also seems very fruitful to assign higher weights to the autocorrelations that are expected
the most significant under the alternatives. This idea dates back to [Knoke, 1977] and has been
applied several times since then, see e.g. [Hong, 1996] or [Hong and Shehadeh, 1999] and references
therein. Such a representative portmanteau statistic is

Quz =T wit*(k)

k=1
where wy, > 0, k = 1,...,m, are some suitable weights, for example those derived from the Bartlett
kernel: k1
wkzlf;, k=1,...,m.
m

The threshold parameter m can be selected wisely in advance or perhaps determined by a conve-
nient data-driven procedure, see e.g. [Hong, 1996].

Both the asymptotic distribution of ()13 under H(‘)/V and its upper quantiles can be approxi-
mated using the theory developed for quadratic forms in normal variables, see e.g. [Imhof, 1961],
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[Solomon and Stephens, 1977] or [Kuonen, 1999]. For example, if we assume at least one positive

weight and define
m
,ul:Zwi;, 1=1,2,3,...
k=1

then two such simple (two-moment and three-moment) approximations are as follows:

Q h
% ~asympt. X(b) and  (Q13 — p1) i +h ~asympt. X°(R)

where )

B2y B and h—“?

H1 2 Hg

Alternatively, one could possibly use a normalizing root transformation, preferably that from

[Chen and Deo, 2004] which gives (for all positive wy’s):

B _ B _ —_1),52 9
@z =y —SB=Dpy "pp N(0.1) where §—1- 2Ks.
8-1 ymp 32
By V2u2 Ha
Comparative Monte Carlo studies show that ()13 with the Bartlett weights clearly outperforms
@1 and @2 in many respects, at least in a series of common situations considered.

[Pena and Rodriguez, 2002, [Pena and Rodriguez, 2006] proposed two other portmanteau sta-
tistics interpretable in the same spirit:

Qua =T(1— |R(m +1)|m),

Qi = — log(|R(m + 1)]),

a =

m—+1

based on the determinant of the sample autocorrelation matrix R(m 4 1) = (7(i — j))%“l where
7(k)’s can be possibly replaced with 7, (k)’s:

- (T+2) B
Ta(k) = 7= k)r(k) kE=1,...,m.

Besides, [Mokkadem, 1997] (see also [Dette and Spreckelsen, 2000]) introduced an unweighted
portmanteau statistic based on — 3 ;" log(l — ﬁQ(k)) that is closely related to Q15 because

m

1-k

Ron+ 1) = T[(0 - 720)™
k=1

see e.g. [Pena and Rodriguez, 2002].
In fact, the distributions of Q14 and @15 were approximated under Hév the same way as Q13
with wg = (m — k+1)/m and wp = (m — k +1)/(m + 1), respectively:

. _ ma1 _ (m4+1)(2m+1) _ (m+1)?2 _ 2(2m+1)3  om24m4+1 1
Q4 H1= "9 H2="65 » M= "4m > = %mmt1)y 5—(2m+1)2—>17
. _m _ m(2m+1) _ om2 _ 2(2m+1)3 _ m24m41 1
Q15 H1 = 3 H2 = Tg(mt1) > H3 = Tm+1)> h = 2Tm(m+1)’ B = @m+1)2 1
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The authors considered both the power transformation and the two-moment one. Both of them
are said to produce comparable results in practice. It also appears that ()14 often equals or even
outperforms both Q2 and Q)7 and that ()15 usually beats Q14 and some versions of Q3. Besides,
Q15 seems less sensitive to the values of m than Qs or Q7. The same holds for Q13 and Q14 to
a certain extent, too.

Some portmanteau statistics of the form of weighted sums are also discussed in the next
subsection.

1.2.7 1Idea 7: to consider the signs of sample autocorrelations

The well-known statistics @1, @2 and Q)7 completely ignore the information present in the auto-
correlation signs. That is why [Levich and Rizzo, 1998| proposed the test statistics

(),

Ms
ﬁ>

k

I
R

Qi = VT
f

Qv = m(k),

Ms

>
Il
MR

based on the sum of the first few sample ordinary or partial autocorrelation coefficients. They
were approximated by their N (0, m) asymptotic distribution under the null hypothesis and shown
advantageous in the presence of small (but persistent) autocorrelations of a specific sign (and for
large T’s only).

A few other (possibly weighted) sum-based portmanteau statistics appear in the literature
([Hong, 1997], [Hallin et al., 1985], ...); see also [Richardson and Smith, 1994] and [Daniel, 2001]
for unifying approaches to such statistics and for their power investigation.

1.2.8 Idea 8: to allow for outliers or infinite variance

Robust autocorrelation estimators (see e.g. [Bustos and Yohai, 1986] and [Chan and Wei, 1992])
can be found useful in the presence of outliers and they have already been employed successfully
in portmanteau tests indeed, see e.g. [Li, 1988], [Chan, 1994] and [Duchesne, 2004]. Besides, they
can likewise be used even for robust goodness-of-fit portmanteau testing of estimated residuals,
see also [Jiang et al., 2001] and [Allende et al., 2004]. However, all these estimators usually lead
to the tests with lower power in comparison to their non-robust counterparts, which is undesirable
especially if the data are not contaminated with any outlier.

In principle, if some observations are clearly identifiable as outliers, they can be treated as miss-
ing values and used in some portmanteau tests allowing for them (see [Stoffer and Toloi, 1992]).

[Runde, 1997] proposed an impractical modification of @1, usable (only) for infinite variance
observations. [Gallagher, 2001] used the so called autocovariations in the portmanteau tests as-
suming only a finite mean. However, their application to finite variance time series do not result
in any significant improvement in comparison with the tests based on )1 or Qo.

Alternatively, some rank measures of autocorrelation can be employed. This approach seems
very promising because it usually works well even in the case of some distribution uncertainty or
severe data distortion (caused e.g. by outliers).
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The Spearman sample rank autocorrelations 7g(k)’s:

SIEMR — R)(Rigy — R

rs(k) k) R ! XT:R k=1 T-1
T = — ) = 7 iy = 1,..., - 4
i ST (R — R)? T &

(where R and .- (R; — R)? are only deterministic functions of T) are probably most fre-
quently employed in this context. They were discussed in detail in [Dufour and Roy, 1985] and
[Dufour and Roy, 1986] where their exact means, variances and covariances under H¥’ were derived
(1<k<h<T/2):

Eo(7s(k)) = :,E{T__kl)),
. 5T* — (5k + 9)T3 + 9(k — 2)T? + 2k(5k + 8)T + 16k>
var (s (k)) = ,

5(T — 1)2T%(T +1)
_ 2[57° — (5h — 6)T* — (5hk — k + 6h)T — 8hk]

covo (Fs(k), Fs(h)) = 5(T — 1)2T2(T + 1) ’

useful for defining the standardized versions rg(k)’s of 7g(k)’s:

7s(k) — Eo(Ts(k)) _

rs(k) = —
varg (7s(k))
The asymptotic multivariate standard normal distribution of (7g(1),... ,?S(m))/ under HY was

proved ibidem.

Spearman’s rank autocorrelations have already been employed in portmanteau statistics similar
to Q2 (see e.g. |[Dufour and Roy, 1986], [Wong and Li, 1995] or [Burns, 2002]) that appear much
more credible (but usually also slightly less powerful) than their parametric alternatives if applied

to heavy-tailed or contaminated data.
Several other rank autocorrelation-like measures of serial dependence have already been pro-

posed in the literature:

e autocorrelations of scores (= transformed ranks), see for example [Ferretti et al., 1995] and
[Hallin et al., 1985 [Hallin et al., 1987] - the sums of suchlike coefficients or of their squares
have also been used for testing very successfully, see ibidem

e signed f-rank autocorrelations, tailored to Hj (see [Hallin et al., 1990])
e rank-based partial autocorrelations, see [Garel and Hallin, 2000]

e Kendall’s rank autocorrelations, see [Ferguson et al., 2000]

e Gini’s rank autocorrelations, see [Borroni, 2003a] and [Borroni, 2003b]

e sign-and-rank autocorrelations, recently proposed for testing zero median white noise (see
[Hallin et al., 20006])
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Sufficient conditions for asymptotic normality of general serial rank coefficients were given in
[Mason and Turova, 2000], [Haeusler et al., 2000], |[Turova, 2004] for continuous white noise and
in [Tran, 1990], [Nieuwenhuis and Ruymgaart, 1990], [Harel and Puri, 1990] for some weakly de-
pendent alternatives.

In general, rank tests require ranking the data first, which is usually more time and space
consuming, especially for longer time series. However, the test statistics based on signs or turning
points do not suffer from this drawback as they can be computed directly from the original data.

Besides, rank tests are often supposed to be behind with their power. But in fact, numerous
optimal rank-based methods (including portmanteau tests) are uniformly at least as powerful as
their parametric alternatives, see e.g. [Paindaveine, 2004] and references therein.

Most rank autocorrelations also have other advantages such as

e simplicity and intuitive interpretation

e simple exact asymptotics without any need of simulations or tabularized critical values
e independence from the type of the underlying continuous distribution

e extreme robustness to outliers

e easy use in one-sided testing

e straightforward multivariate generalization (several concepts of ranks and signs have already
been proposed for multivariate data and a great many univariate rank methods have already
been generalised this way, see e.g. [Oja and Randles, 2004], [Hallin and Paindaveine, 2005],
[Oja and Paindaveine, 2005], [Taskinen et al., 2005] and references therein)

We should also mention the fact that there are several extensive surveys of older results re-
garding nonparametric tests in the time series context, see at least the bibliographical one in
[Dufour et al., 1982].

1.3 Selection of the Threshold Parameter

It still remains to discuss the choice of the threshold parameter m that can in general significantly
affect both the test size and power, see for example [Pena and Rodriguez, 2006]. We have already
mentioned its recommended values for some specific portmanteau statistics. In the other cases,
m is supposed not to be chosen pointlessly too high, which is in good accordance with the theo-
retical results achieved in [Battaglia, 1990]. Similarly, [Burns, 2002] investigated the statistic Q2
empirically and recommended not to set the parameter m higher than 5% of the total time series
length (see also |[Chen, 2002]). Besides, rich empirical experience with shorter time series often
favours m < 10, too.

In practice, one should also take into account the alternatives most often expected. For exam-
ple, it is generally believed that portmanteau tests against seasonal alternatives of some specific
period(s) should be based only on sample autocorrelations (of a convenient kind) at the critical
lags.

We add that [Keenan, 1997] and [Harris et al., 2003] made the first steps to allow for the
thresholds and autocorrelation lags dependent on the time series length T
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1.4 Portmanteau Testing of Dependent Data

The aforementioned portmanteau tests are insensitive to certain uncorrelated alternatives and
thus tempt to be used unaltered even for testing serial uncorrelatedness, which would be how-
ever wrong and quite misleading. This is evident in the light of [Romano and Thombs, 1996]
where it is clearly demonstrated that the normalized sample ordinary autocorrelation vT7(1)
may be both asymptotically dependent and of any positive asymptotic variance, even in the
case of 1-dependent serially uncorrelated sequences. Besides, found that the sam-
ple variances of v/T7(k)’s computed from approximately uncorrelated long financial time series
are much higher than the asymptotic ones corresponding to a white noise process. See also
ILo and MacKinlay, 1989|, [Lobato et al., 2001] and |Lobato et al., 2002], among others.

However, the zero mean asymptotic normal distribution N(0,%) of VT (T, — E(Ty)) was es-
tablished (under some additional conditions) even for some dependent data, for example for con-
ventional linear models (see e.g. [Anderson and Walker, 1964], [Anderson and de Gooijer, 198§],
[Boshnakov, 1989], [Brockwell and Davis, 1991], [Phillips and Solo, 1992]), for some long memory
linear (see e.g. [Hosking, 1996]) and nonlinear (see e.g. [Pérez and Ruiz, 2003]) processes, for
linear models driven by dependent innovations (see e.g. [Hannan and Heyde, 1972] and related re-
sults from [Wu and Min, 2005]), for a-mixing time series (see e.g. |[Romano and Thombs, 1996])
and even for the processes that are near epoch dependent on - and ¢-mixing sequences (see
[de Jong and Davidson, 2000] and [Lobato et al., 2002]). See also [Davis and Mikosch, 2000] for
a review of the limit theory for the sample ordinary autocorrelations of some popular processes
including linear, stochastic volatility, bilinear, and ARCH time series.

Portmanteau testing for some null hypotheses of serial uncorrelatedness is thus possible and sev-
eral (usually @;-like) portmanteau statistics have already been proposed for this problem, see e.g.
ILo and MacKinlay, 1989|, [Horowitz et al., 2006], |[Guo and Phillips, 2001], [Lobato et al., 2001],
[Lobato, 2001] and [Lobato et al., 2002]. However, they generally require either bootstrap specifi-
cation of their null distribution or using an estimator of X that is consistent under the concrete null
hypothesis employed; see for example [Romano and Thombs, 1996] for some powerful bootstrap
techniques potentially useful in this context, [den Haan and Levin, 1997| for a guide on these es-
timators and [Jansson, 2002], [Kiefer and Vogelsang, 2002| and references therein for some recent
results on them.

The theory from [Harel and Puri, 1990], [Nieuwenhuis and Ruymgaart, 1990] and
indicates that even rank autocorrelations could be used this way in the future.

Portmanteau tests are also widely used for testing the appropriateness of a fitted model. This
is most often realized by testing sample ordinary autocorrelations of (estimated) residuals or
their squares for their asymptotic (usually normal) distribution under correct model specification
that is known in a large variety of models, see e.g. [Box and Pierce, 1970] for ARMA models,
for regression models with ARMA errors, for dynamic-disturbance
models, for multiplicative seasonal ARMA models, [McLeod and Li, 1983] for
ARMA models (and squared-residual autocorrelations), [Li and McLeod, 1986] for FARIMA mod-
els, [Soderstrom and Stoica, 1990] for possibly nonlinear prediction error models, for gen-
eral nonlinear (e.g. threshold) models, for ARMA models (and partial residual au-
tocorrelations), [Ling and Li, 1997] for FARIMA-GARCH models (and both residual and squared-
residual autocorrelations), for nonlinear regression models with an unknown form
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of heteroscedasticity, [Berkes et al., 2003] for pure GARCH models (and squared-residual autocor-
relations), |[Li and Yu, 2003] for autoregressive conditional duration models, [Berkes et al., 2004D]
for pure GARCH(1,1) models (and a weighted quadratic form of squared-residual autocorrela-
tions), |[Andreou and Werker, 2005] for general locally asymptotically normal models (and both
residual and squared-residual autocorrelations), [Francq et al., 2005] for ARMA models with un-
correlated (possibly dependent) innovations, |[Li and Li, 2005 for pure GARCH models (and both
absolute residual and squared-residual autocorrelations obtained by the least absolute deviation
approach) and [Wong and Ling, 2005] and [Chen, 2005] for models allowing for general conditional
mean and variance (the former for the joint distribution of residual and squared-residual autocorre-
lations and the letter for autocorrelations between transformed residuals). Besides, even rank auto-
correlations of estimated residuals have been investigated, see for example [Hallin and Puri, 1994],
[Ferretti et al., 1995] and [Andreou and Werker, 2005], and some autocorrelations computed from
(possibly transformed) autoregression or nonlinear rank scores (see [Hallin and Jureckova, 1999
and [Mukherjee, 1999]) are likely to be used for goodness-of-fit testing soon; see [Hallin et al., 1999
for a similar application of these rank scores in time series context.

The portmanteau statistics are then often constructed naturally as quadratic forms in the sam-
ple residual autocorrelations used. Besides, even the statistics 1, @2, @7, and Qg to ()15 were orig-
inally proposed for goodness-of-fit testing, see the original articles and also [Chen and Deo, 2000],
[Chen and Deo, 2004] for Q13 and [Hong, 1997 for a weighted Q16-like statistic.

Note that portmanteau tests of independence based on ordinary autocorrelations are inconsis-
tent against all the time series constituted by squared residuals well estimated from an ARMA(p,q)
process (see [McLeod and Li, 1983]) or even from a more general conditional homoscedasticity
model (see [Chen, 2005]).

If a large data set is available, one could possibly use one its part for model estimation and an-
other one for checking model validity and optimality. Considering ARMAX models, [Fasso, 2000]
formally derived the asymptotic multivariate normality of the residual autocorrelations in such
a validation subset.

1.5 Practical Application to Real Time Series

Portmanteau statistics based on sample ordinary autocorrelations can be seriously affected by
outliers, see e.g. [Martin and Yohai, 1986], [Chan, 1995], [Lee et al., 2001] and [Burns, 2002] for
exact theoretical justification and empirical illustration.

Monte Carlo studies performed in [Chen, 2002] and [Kwan et al., 2005 indicate that nonzero
skewness of tested data significantly influences the finite sample distribution of both the sample
ordinary autocorrelations and the portmanteau tests based on them. This observation corresponds
to the empirical evidence that some portmanteau tests deteriorate with the kurtosis of the data
whose squares they are applied to, see e.g. [Burns, 2002], [Chen, 2002] and [de Lima, 1997].

[Kwan et al., 2005] show considerable robustness of @)1 to heavy tails when the data comes
from a symmetric distribution. However, even this insensitivity is not absolute as [Burns, 2002]
and [Chen, 2002] illustrate by the data samples from the Student distribution with only a few
degrees of freedom.

Furthermore, the standardized sample ordinary autocorrelations converge in probability to zero
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when computed from independent, identically distributed random variables with finite mean but
infinite variance, see e.g. [Runde, 1997]. Apparently, it can influence a portmanteau test dramati-
cally as long as their asymptotic distribution is still assumed to be N(0,1) (see e.g. [de Lima, 1997],
[Burns, 2002] and [Chen, 2002]).

Note that the sample partial autocorrelations are very likely to mimic all these bad properties
of their ordinary counterparts.

Besides, the (possibly uncentered) sample ordinary autocorrelations computed from heavy-
tailed dependent data can also be very misleading, see for example |Davis and Resnick, 1985],
[Davis and Resnick, 1986], [Cohen et al., 1998|, [Resnick et al., 1999|, [Davis and Mikosch, 199§],
IDavis and Mikosch, 2000], ... although they can still be used for correct testing even then, see
e.g. [Runde, 1999] and |[Resnick and van den Berg, 2000]. For example, the sample ordinary au-
tocorrelation function of GARCH and other popular models and of their squares exhibits the
standard asymptotics only if their fourth and eighth moments are finite, respectively (see e.g.
[Davis and Mikosch, 1998] or [Davis and Mikosch, 2000]).

In the light of the information presented above, all common parametric portmanteau tests seem
quite likely to produce unreliable results in practice, especially when applied to higher powers of
real data or to their absolute values. Note that not the fourth or fifth moments of financial
time series are usually finite, see |[Loretan and Phillips, 1994], [de Lima, 1997] and in particular
[Cont, 2001], a pedagogical overview of the statistical properties shared by the asset returns of
financial markets.

Nevertheless, all these problems can be overcome easily by using rank-based autocorrela-
tions that do not appear to suffer from any of these drawbacks, see e.g. and
IKwan et al., 2005].




Chapter 2

Details About Monte Carlo Studies

This chapter summarizes the common characteristics of most Monte Carlo experiments conducted
in this work.

2.1 Hypotheses

We always assume the null hypothesis H@q of continuous and symmetric white noise. We use
only that with zero mean and unit variance, denote it by {g;}._; and model it with N(0,1) or
standardized t(3) distribution.

Up to five groups of time series can figure in the simulations, each with eight different nontrivial
representatives and with the corresponding white noise. The groups are called TREND, SHORT-
TREND, LONGARMA, ARMA, and GARCH and all the results regarding them are stored in
the subdirectories Output TREND, OutputSHORTTREND, OutputARMA, OutputLONGARMA
and OutputGARCH, respectively.

To be more specific, the time series for testing are always recruited from some of the under-
mentioned classess:

The TREND Class

These time series {Y;}1_; are under consideration:

A) No trend (Hf). Y =&

B) Linear trend. Y; = 0.015¢ + &

C) Quadratic trend. Y; = 0.00015¢2 + ¢

D) Exponential trend. Y: = exp(0.01¢) + &

E) Piece-wise constant trend. Y; = 1.41(¢t > |T/5]) 4+ &

F) Piece-wise linear trend. Y, =0.091(t > |T/5])(t — |T/5]) + &
G) Sinusoidal trend. Y = 0.7cos(27t/T) + &

H) Arch-shaped trend. Y;: = 0.6 cos(nt/T") + ¢

I) Increasing curly trend. Y; = 0.015¢ + 0.015 cos(7t/2) + &¢

18
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Note that the eighth label (H) is somewhat misleading here (and in the SHORTTREND class
as well) because the actual trend is not arch-shaped as such but rather similar to the tilted ~ or
to something like that.

The SHORTTREND Class

The following time series {Y;}1_; are included:

A) No trend (H). Yi=¢¢

B) Linear trend. Y: = 0.09t + &;

C) Quadratic trend. Y; = 0.0035t% + &

D) Exponential trend. Y: = exp(0.05¢) + &

E) Piece-wise constant trend. Y; =2.0I(¢t > [3T/4]) + &

F) Piece-wise linear trend. Y, =0.11(t > |3T/4])(t — |3T/4]) + &¢
G) Sinusoidal trend. Y; = 1.0cos(2nt/T) + &¢

H) Arch-shaped trend. Y: = 0.9 cos(nt/T') + ¢

I) Increasing curly trend. Y: = 0.09¢ 4 0.09 cos(nt/2) + &4

The ARMA Class
This group consists of weakly stationary ARMA(1,1) processes {Y;},

Yi=a1Y;—1 + et + bige1.

Their parameter vectors (ag, b1) are equal to (0,0), (—0.3,0), (0,—0.3), (0.3,0), (0,0.3), (0.2,0.2),
(—0.2,-0.2), (0.2,0.4), and (0.4, 0.2), respectively.

The LONGARMA Class
This class also includes weakly stationary ARMA(1,1) processes {Y;},
Yi=a1Y; 1+ + b,

but this time determined by the parameter couples (a1, b1) equal to (0,0), (—0.2,0), (0,-0.2),
(0.2,0), (0,0.2), (0.1,0.1), (—0.1, —0.1), (0.1,0.2), and (0.2,0.1).

The GARCH Class
Weakly stationary GARCH(1,1) models {Y;},
Y, = g0y, 0752 =c+ a1Yt2,1 + b10,52717

are considered here, with ¢ = 1 and with parameter vectors (a1,b;) equal to (0,0), (0.15,0.8),
(0.2,0.2), (0.3,0.3), (0.4,0.4), (0.2,0.4), (0.2,0.6), (0.4,0.2), and (0.6,0.2).
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General Comments on the Alternatives

There is no doubt that ARMA processes deserve our attention as they stand at the birth of most
stochastic time series models ever created. The ARMA(1,1) ones with normal white noise are
especially popular among them. We further refer to [Brockwell and Davis, 1991] for a transparent
survey.

The pure GARCH (1,1) processes play a key role in modelling volatile time series and often out-
perform many other models for conditional heteroscedasticity, see e.g. [Hansen and Lunde, 2005].
They thus seem to represent the class of volatile alternatives quite well. They were proposed
by [Bollerslev, 1986] and reviewed in [Giraitis et al., 2006], [Li et al., 2002], [Berkes et al., 2004a],
and [Degiannakis and Xekalaki, 2004], among others.

In practice, the asymptotic distribution of the GARCH innovations &;’s is usually assumed
standard normal or the standardized Student one with three or slightly more degrees of freedom, see
e.g. |[Tsay, 2001]. It is because such heavy-tailed symmetric distributions of &;’s better correspond
to the empirical findings that important economic variables usually exhibit finite variances but
already the fourth or fifth infinite moments (see e.g. [de Lima, 1997], [Cont, 2001] and references
therein) and that there is no need to assume nonzero skewness of many such variables, see for
example [Kim and White, 2004] or [List, 2005].

Note that H(*]g corresponds to the choice a; = by = 0 of the GARCH or ARMA parameters.
We test it on the absolute values |Y;|’s of the GARCH time series and on the original values Y;’s
in all the other cases considered.

As far as the simulations of the ARMA, LONGARMA and GARCH time series are concerned,
we generate them 300 observations longer and then trim them from the origin to the correct length
in order to eliminate the influence of the automatically preset initial conditions.

2.2 Realization and Output

All tests considered in the Monte Carlo studies use the asymptotic distributions of their test
statistics under HS. The test T associated with the test statistic

Ss(m) =) (k)
k=

1

is often employed as a benchmark, with the x?(m) asymptotic distribution.

For each time series, each length T and each distribution of white noise considered, N = 10 000
realizations of {Y;}]_, are generated and the empirical frequencies of rejection of H@g by each test
at the nominal level a = 0.10 are computed for a number of values of the threshold parameter m.
They are stored in the text files with the substring Port in their name. Besides, both the sample
means and sample standard deviations of the standardized or orthonormalized (see Section
serial rank coefficients used for testing are stored in the files *Corrs.txt or *OrtNx.txt. The results
are graphically illustrated in the files with the eps extension, too. Each file name also includes
some important characteristics regarding the associated Monte Carlo experiment.

The outputs can be reproduced easily with the aid of MATLAB 6.5 [The MathWorks, 2002]
by running the program #SimAllFin.m, with the auxiliary functions *SimFin.m (and possibly
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*SimFin2.m), rankitall. m and randraw.m (x always stands for a substring that differs from one
case to another). The paths in the first code must be set properly in advance. In fact, the first two
m-files are quite flexible so that the distribution of white noise, time series length and numerous
other features can be changed quite easily. The last two m—functions can be downloaded freely
from the internet, see references therein for more details. All the programs are placed in the
directory reserved for the corresponding chapter.

Any departure from this scheme will be indicated in the right place, as well as the use of other
codes created in MAPLE 8.00 [MapleSoft, 2002] or R 2.1.0 [R Development Core Team, 2005].



Chapter 3

New Serial Rank Coefficients

A great many rank measures of dependence have already been proposed (see e.g. [Tarsitano, 2002]
for an extensive overview) and others still appear, see for example |[Genest and Plante, 2003],
[Blest, 2000], [Blest, 1999] or [Shieh, 1998]. Some of them have also been modified for testing serial
dependence, such as that of Spearman ([Dufour and Roy, 1985], [Dufour and Roy, 1986]), Gini
(IBorroni, 2003a],[Borroni, 2003b]) or Kendall ([Ferguson et al., 2000]). We are going to introduce
serial versions of yet other rank coefficients and investigate both their asymptotic properties and
the finite sample behaviour.

3.1 Definitions and Notation

Let us recall that the MacMahon rank correlation, Fechner index and Moore—Wallis rank coefficient
are based, respectively, on the sums

T-1 T-1 T-1
Z i2 I(RZ‘ > Ri+1), [I(RZ < Ri—l—l) — I(RZ' > RZ‘_H)}, I(Ri < Ri+1)a
=1 =1 =1

see e.g. [Tarsitano, 2002] and references therein. These coefficients were also investigated in a large
comparison experiment documented ibidem and they proved quite good in relevant situations.
The following definition introduces two useful and natural serial generalizations of such correla-
tions and of other tests of independence based on runs, signs or turning points, see for instance
[Jolliffe, 1981], [Goodman and Grunfeld, 1961], [Cox and Stuart, 1955], [Moore and Wallis, 1943],
and [Wallis and Moore, 1941].

Definition 1. Let the sample weighted (noncircular) Moore and Wallis serial rank coefficients
Tamw(k)’s and 7w, (k)’s, k= 1,2,..., be defined as follows:

T—-k

Parw(k) = > w(@) (R > Riyy),
i=1
T2k

Twuw(k) = Z w(i) [I(R; > Ry, Rivk < Ritor) + 1I(Ri < Riyk, Rivk > Rivor)],
=1

22
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where w(-) is an arbitrary weighting function, possibly dependent on k. Their circular versions
T3y (k)’s and 7y, (k)’s are defined in the same way but with T" replaced by T'+ k. The unweighted
coeficients ?M(kj’s, rw (k)’s, 73,(k)’s and 7y, (k)’s correspond to the case of constant unit weights.
If w(i) =, j=0,1,2..., we will sometimes replace the subscript w with j.

Note. The coefficients 7y (1) and 737(1) express the total number of turning points or negative
differences, respectively. Both such characteristics have already been suggested for testing in
the time series context, see e.g. [Moore and Wallis, 1943] and [Wallis and Moore, 1941]. Besides,
[Cox and Stuart, 1955] investigated a class of sign statistics including 7., (k)’s for k > T'/2 and
proposed a few such coefficients, and [Noether, 1956] considered a sequential test virtually based on
7 (k)’s. Furthermore, 7y (k)’s are in spirit similar to the autocorrelation of two signs, considered
without any deeper statistical theory in [Christoffersen and Diebold, 2002] and for some (multi-
variate) time series problems in [Hallin and Paindaveine, 2005] and in the articles cited there.

3.2 Moment Structure

The means and variances of the Moore and Wallis serial rank coefficients are given by the following
theorem.

Theorem 2 (Means and variances). If HF holds, then

- 1 :
E(Farw(k)) = B Z; w(i), (1<k<T)
Y 1 1 . 2 1 1
V&I“(T’Mw(k)) §CLM 3bM + ZCM [E(T’M,w(k))] = ZCLM — ébM, (1 < k< T)
o T—2k
E(Pw,w (k) =3 Z (1<k<T/2)
var(Fvaw(k)) = 2aw + 2bw + e + ~dw — [E(Fina (k)]
’ 3 6 10 9 ’
2 1 1
Zaw — — — 1<k <T/2
= gaw 18bw+900W, (1<k<T)/2)
where
T—k T2k T—kT—k
ay = Z w?(i), by = Z w(t)w(i + k), e = w( —ap — 2byy,
=1 =1 i=1 j=1
and
T—2k T—3k
aw = w2(z), by = w(@)w(i + k)
i=1 i=1
T—4k T—2k T—2k
cw = w(i)w(i+ 2k) dw = w(t)w(j) — aw — 2bw — 2ew
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Furthermore, replacing T with T + k in these formulae leads directly to the expressions for the

) ‘ ) ol , -
means and variances of the circular coefficients 7y, (k) ’s and 7y, (k) ’s.

)

Note. Each sum is always treated as zero in this chapter if its lower bound on the summing index
exceeds the higher.

Proof. The ranks R;’s are exchangeable under HOE and consequently

T—k 1 T—k
E(?M,w(k» = w(i)P(Rl > Rg) = 5 w(i),
i=1 i=1
T—2k 9 T2k
E(Fww(k)) = w(i)[P(R1 > Ry, Ry < R3) + P(R1 < R, Ry > R3)] = 3 > w(i),
i=1 i=1
E(73.,(k)) = anpa’ + 20mpy” + capl’,
E( (k)) = aWpZV + wapgv + QCngV + dwpgv,
where
1
pé\/[ = P(Rl > Rz) = 5,
1
pl = P(Ry > Ry, Ry > R3) = 5’
1
pM = P(Ry > Ry, R3 > Ry) = 7
and

PV =0+04 P(Ry > Ry, Ry < R3) + P(R; < Ry, Ry > R3)

_ 1_2
B
pXVZO—FO—FP(Rl >R2,R2<R3,R3>R4)+P(R1 <R2,R2>R3,R3<R4)
_ 5 5
24 12

pY = P(Ry > Ry, Ry < R, R3 > Ry, Ry < R5)
+ P(R; > R2,Re < R3, R3 < Ry, Ry > R5)
+ P(Rl < Ro,R9 > R3, R3 < Ry, Ry > R5)
+ P(Rl < Ro,Ry > R3,R3 > R4, Ry < R5)
16 11 9
S0 Tt 0 T w0
p = P(Ry > Ry, Ry < R3, Ry > Rs, Rs < Rg)
+ P(Rl < Ro, Ry > R3, R4y > R5, R5 < RG)
+ P(Rl > Ro, Rs < R3, Ry < R5, Rs > RG)
+P(R1 < Ro, Ry > R3, R4y < Rs, R5 > RG)
1 4
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The probabilities p!¥ and ng can be checked with the R code MWProbs.r and the rest is abun-
dantly obvious. O

Corollary. The means and variances of Tas,(k)’s, 1 <k < T, and 7w, (k)’s, 1 <k <T/2, can
be obtained under H(’)E for any polynomial weights with the aid of the two MAPLE programs
MWEsVarsM.mws and MWEsVarsW.mws. The exact formulae for E(Faw(k)), 1 < k < T,
var(Tarw(k)), 1 <k <T/2, E(fwuw(k)), 1 <k < T/2, and var(Fw,w(k)), 1 < k < T/4, are given
below for some simple choices of weights. They can be checked with the R code MWExactMom.r.

w(i) =1
E(Far(k)) = 5(T — k)
var(Far (1) = 75 (T + )
E(fw (k) = %(T — 2k)
var (P (k) = %(T —2k) + 3%
w(i) =1
_ 1 , 1
B(Fara(k) = (T = k) + (T k)
var(Fua () = o (0~ K+ 2t gy B gy L
E(Fwa(k) = %(T —2k)% + —(T — 2k)
var (Fws () = o (T — 20+ 2001 = ok P80 o) (1 4 k)
w(i) = i?
~ 1 5 1 s 1
E(Fura(k) = (T = k)* + LT = k)* + (T — k)
2 — —
Var(rMQ(k)) = 6—10(T — k)5 + kal_ 1 (T — k)4 _ W(T - k:)3
A L Lt A S
12 360 180
E(Fwa(k)) = S(T —2k)* + é(T —2k)? + é(T — 2k)
var (e () = oo (7 = 20+ 210 _gpge (IR 10) gy
2 _ 2
_ W(T _ 2]4:)2 . W(T _ Qk) _ ﬁ(ng + k‘)
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Note. These results for /(1) and 7y (1) agree with those from [Moore and Wallis, 1943] and
[Wallis and Moore, 1941].
In general, circular serial coefficients can be found useful for some processes defined on a circle,

for example in the case of 24 measurements (at hourly intervals) of a daily cycle. However, we are
not interested in such time series and that is why we will focus on the noncircular coefficients in

the following text.

Theorem 3 (Covariances between 7ys.,(k)’s). Under the null hypothesis HE, the covariances
between T (k) ’s can be expressed in the following way (1 < h <k <T):

cov (Tat,uwy (k) Py, (R)) = pMTFIJ;M + C_ZMﬂ'é\/[ + M 4+ sy 4t

= B(Far (8)) E(Far, (1)

=Y T sur),
12 PyvM —qm —TM T SM
where
T—k T—h—k
py =Y wi(i)wy(i), Z wy (1w (i + k),
=1 =
T—h—k T—k
v o= Z wi(J + h)wn(4), sp o= Zwk(i)wh(i+k—h),

T—kT—h
tar =Y > wp(D)wn(j) = par — qur — ras — sar,
=1 j=1

1 1
M = P(Ry > Ry, Ry > R3) = 3 !l = P(Ry > Ry, R > By) = o
1 1
WTM:P(R1>R2,R3>R1) 6, Wé\/[:P(R1>R27R3>R2):§a
1
ﬂiw:P(R1>R2,R3>R4) 1

Proof. All that follows directly from the definition of covariances and from the exchangeability of
the ranks under H(J)E . The ranks may coincide and each such case must be treated separately. [

Theorem 4 (Covariances between Ty, (k)’s). Under the null hypothesis HE, the covariances
between Ty, (k)’s can be expressed in the following way (1 < h <k <T/2):

cov (?W,wk (k) ?th (h))
= pWﬂ' + qWTI' + Twﬂ' + Swﬂ' + twﬂ't + Uwﬂ' + Uwﬂ’ + wwﬂ' + xwm,
+ Zw’iT — E(T'ka (k)) E(’I”th (h))
1

= 150 (Pw = 2aw = 2rw + sw + tw + duw + vw — 2ww — 2zw) if k# 2h,

1
= @(—5]?1/{/—5qW—2T‘W+Sw+tw+4uw+vw—2ww—21‘w) if k=2h,

w
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where

T—2k—h
= 3w+ ),
j=1
T—2k—2h
tw = Z wg (7 + 2h)wp(4),
j=1
T—2k
v = Z wi (D wp (1 + 2k — 2h) if k # 2h,
i=1
— 0 if k = 2h,
T—2k
Tw = Z wi(D)wp (i + k — 2h) if k > 2h,
i=1
— 0 if k= 2h,
T—k—2h

Z k(G — k =+ 2h)wp(§) if k < 2h,

T-2k

—2
wi(i)wp (i + k) if k> 2h,
i=1
T—-2h—k
wk(i)wh(i + k:) if kK < 2h,
i=1
T—2h—2k
= wi(i)uon (i + 2k),

qw =

=1

T2k

i=1

wk(i)wh(i + k — h),
T
k

uw =
h—2k
wy = wi (D) wp (i + 2k — h),
i=1

T—-2kT—-2h

= 33 g

=1 j=1

—bw —qw

—rw — Sw —tw — uw — vw — ww — Tw,

7TZV = 2P<R1 > RQ,RQ < R3,R1 > R4,R4 < R5) + 2P<R1 > RQ,RQ < R3,R1 < R4,R4 > R5)

16 11

= 2P(R1 > Ro, Ry < Rg,Rl > Ry, Ry < Rz) + 2P(R1 > Ro, Ro < R3, R < R4, Ry > Rz)

=2 — 2~7—— 2h,
120+ 120 20 k7
2 3

W 2P(R1 > Ro, Ro < R3, Ry > Ry, Ry < R5) +2P(R1 > Ro, Ro < R3, Ry < Ry, Ry > R5)

= 2P(R1 > RQ,RQ < R3,R2 > R4,R4 < Rg) + 2P<R1 > RQ,RQ < R3,R2 < R4,R4 > Rg)

W 2P<R1 > RQ,RQ < R3,R4 > Rl,Rl < R5) +2P<R1 > RQ,RQ < R3,R4 < Rl,Rl > R5)

W 2P(R1 > RQ,RQ < R3,R3 > R4,R4 < R5) —I—QP(Rl > RQ,RQ < R3,R3 < R4,R4 > R5)

—9. %4—2 %:%ifk;é%,
—2. 2—244—2 21 Esz—Qh
=2 %+2 11280_%

_g. B, Y

120 120~ 20’
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W?IZZQFth,>.R2,Bb <.R3yR4Z>]ﬁhfﬁ;<.Rl)+-2f«fh,>.R2,Bb <.R3,BM <,R5,R5I>]%ﬂ
L, 16, 110
120 120 20’
WKI:ZQP%fh,>AR2,Bb <AR3,EM ><R2,RQ<<AR5)+-2P%fﬁ,>AR2,BE <AR3,EM <<R2rR2:>}%)
24 4 7
42— = —,
120 120 15
WK/=:2f“fﬁ,><R2,Bb <AR3,EM >AR5,E% <<R3)+-2f“fﬁ,><R2,Bb <AR3,EM <<R5rR5)>f%)

1
L, 10, 19
120 120 20
WﬁIZZQPth,>.R2,Bb < R3, R4 >.R3rR3<<.R5)+-2f“fh,>.R2,Bb < R3, R4 <.R3PR3:>}%)
8 18 13
=% 10" 120~ 307
W?IZZQFKfﬁ_>.R2PR2<ZR3rR4Z>f%,f% <.R2)+—2f%fﬁ >.R2PRQ<ZR3VR4<ﬂR5rR5:>fQ)
8 18 13
=2.—+2-

120 77120 307
W?7=:4P(R1:>fb,fQ <.R3rR4Z>f%,f% <.R6)
1 4
9 9
Proof. All that follows immediately from the definition of covariances and from the exchangeability
of the ranks under HéLJ . The ranks may coincide and each such case must be treated separately.
Some details can be verified by means of the R code MWProbs.r. O

Note. We mark w with the h or k to denote the proper lag to be used in case the weights are
lag-dependent.

Corollary. The exact formulae for the covariances cov(Tazw, (h), Parw, (k))’s, 1 < h < k < T,
and cov (P, (R), Tw,w, (k))’s, 1 < h < k < T/2, can be obtained under H{ for any polynomial
weighting function with the aid of the MAPLE codes MWCovsM.mws and MWCovsW.mws, re-
spectively. They are listed below for some simple choices of weights and under the additional
assumptions h + k < T in the former case and h + k < T/2 in the latter. They can be verified
with the program MWExactMom.r.
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cov(tw (k), 7w (h)) =
1 2.
_—4—5k+—h1fk<2h
2

_ 2y M o
5 T1get T !

=0if k> 2h

w(i) =1

COV(?MJ(k),?M,l(h)) =
1 1 1
= —hT? ——kh - 7112 —h T+ —kh? + 7113 - —k:h —h2 —h
1 + ( 12 12 ) T 72 51" T 36
cov(Fw1(k), 7w (h)) =

:(_7k+—h)T2 ( 2o pn o Zp2o Ly h)T

45 45 45 90
— ﬁ/ﬁ 71@% + —W + Ehi" %zﬁ —kh — £h2 — ka: + ﬁh if k < 2h
:—%Tﬂ (%m%h—g)ﬂ ( Ekz——kh—fiﬂ 31690k+%h—é)T
+ %/ﬁ 4—5k2h + BW 277113 Ezﬁ — @kh — ﬁfﬂ @k + mh if k= 2h

= —khQ if k> 2h
90 1 >

w(i) =1

cov (?M,2(k‘), ?M;(h)) =

1 2 1 1 1 1 1 1 1 1
— — p74 (_7 _Zp2 4 = > 3 (7 2 k2 2R3 T kh 24— ) 2
12h1 + kh h 4+ -h)T° + 4k h—|—4/~ch + -h 3kh 4h +12h 1

9 6 6 6
- S _Z S Z Z Zhe — Zkh — — T
+( Sk — S kPh? = Ckh® — S Sk kb 4 B — Skh— —h
1 1 7 1 1 1
—k*h + — k2R3 + —kh4 —h® — 71@% 71@%2 — —kh®— —h*+ —Kk%h
T * 36 * 360 12 24 12 51" Ty

1 1
—kh? 4+ —h? — —h
YT, 180

29
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cov(Twa(k), Twa(h)) =

= (~ggh+ Eh)T4 (g - - £h2 B Ek B
+ (—ﬁk?’ + 4—514:211 + 4—75k:h2 + %h?’ + 1—5k2 - 1—5kzh - %hQ - %k + %h)TQ
+ (%k‘* - 4%1@%2 - ikh?’ - %h”‘ - ikf* + ith + lkth + lh?’ + %kQ - 4715%
— 42—5h2>T %kf’ + ﬁk‘*h ﬁki”h? 135k2h3 %kh“ %h5 4—5k4 — %thQ
— 44—5kh3 — %h - %k?’ 270k2h+ 27Okh2 270h3 + %k — %h if k< 2h
- _%ﬁ + (%k * %h B %)ﬂ * ( ;Z(l)k2 B Bkh B 135h2 11890k * %h B %)Ts
+ <2k3 ! ook2h+ Ekh + %h?’ - %1& - %kh 33}3 + %k + %h)TZ
+ (—4@4 485k3h - —k:QhZ . gmﬁ - gh4 + gk?’ - lkzh + —k:h2 + %h?’ - %/&
%kh - %iﬁ + %)T + %kf’ 45k h— %k?’}ﬂ 11365k2h3 25;’0%4 ﬁh‘r’
— §k4 + 44—5k3h — %thQ — gkh — %h“ 1—5k3 — 577019}1 + %W 21790h3
—%k—%hifk:%
- (ikhQ - ihi”)T? + (—4351@»2112 + 3114 + ikhQ - ih3)T
4—5k2h3 %kh‘* — 1i35h5 4—5k2h2 —h4 + ﬁmﬂ - %h?’ if k> 2h

Note. In general, the assumption of polynomial weights is not too restrictive because any suffi-
ciently smooth function can be approximated satisfactorily by its Taylor polynomial.

Theorem 5 (Covariances between 7y, (h)’'s and Py, (k)'s). If HE holds, then the coeffi-
cients Tafwy, (h)’s and Tway, (k) ’s are mutually uncorrelated for every possible choice of weighting
functions wyr and wyy, i.e.

oV (Pt (R), Twwy (K)) = 0, 1<h<T, 1<k<T)2 (3.1)

Proof. 1t follows directly from the definition of covariances and from the exchangeability of the
ranks under HéE that

Ccov (?M,wM (h), ?W,ww (k)) = Aﬂ-A + Bﬂ-B + C?TC + Dﬂ-D - Eﬂ-E + FWF * Gﬂ-G
- E(?MJUM (h)) E(?W,ww (k))’
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where
T—h

A — Z ww(Z)U)M(Z) lf h > 2]{3, T—2k—h
i=1 ’ '
= B = Z ww (J + h)war(4),

= > ww(@)wa (i) if b < 2k,

T—h—k
T—h—k D= ww(j+h—k)wy(j) if h >k
C= Y wwl)wn(i+k)if h>Fk, ;
i=1 .
o =0if h =k,
= ww (wa (i + k) if b < F, T2
vt w (Do i+ ) = S ww(@wnli+k—h)ifh <k
;w
F = w (i + h—2k)wy(7) if h > 2k,
T—2h—k J=1
E= Y ww(@)wu(i+2k), =0if h=kor h = 2k,
=1 T—-2k
Z J + 2k — h) otherwise,

T—-2kT—h

G=> > ww(wy(j)—A-B
i=1 j=1
~-C-D-E-F-G,

WA:P(Rl >R2,R2<R3)
—Yitn ok
3

:P(Rl > Ry, Ry < R3, Ry >R3)+P(R1 < Ro, Ry > R3, Ry >R3)

1 1 1.

= P(Rl > Ry, Ry < R3, Ry > R4) +P(R1 < Ro,Ry > R3, Ry > R4)
9 3 1
=57 + 1= 3 otherwise,
T = (Rl > RQ,RQ < Rs3, R4 > R1) +P(R1 < Ro,Ry > R3, Ry > Rl)
3 5

_ 35 e
st~z itk
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T :P(R1 < RQ,RQ > Rg)
1

:P(R1 > RQ,RQ <R3,R2 > R4)+P(R1 <R2,R2 >R3,R2 > R4)
2 6

ﬂ—l—ﬂ—glfh;ék,

D = (Rl>R2,R2<R3,R4>R2)+P(R1<R2,R2>R3,R4>R2)
B 6 2 _1
T tuTy
FE:P(Rl>R2,R2<R3,R3>R4)+P(R1<R2,R2>R3,R3>R4)
53 1
T tuTy
WF:P(Rl>R2,R2<R3,R4>R3)+P(R1<R2,R2>R3,R4>R3)
3 5 1
T tuTy
WG:P(Rl>R2,R2<R3,R4>R5)+P(R1<R2,R2>R3,R4>R5)
1 1 1

6 + 6 3
Therefore

—2kT—h
- - 1 N
oV (Fatns (), Fwuny (K)) = (A+B+C’+D+E+F+G -3 Z lew(z)wM(j) =0.

Some details regarding this proof can be verified by means of the programs MWProbs.r and
MWCovsMW.mws. O

Corollary. The well known sign and turning point statistics 7a7(1) and 7 (1) are thus uncor-
related under HSE . Later we shall see that this implies their asymptotic independence in that
case.

3.3 Standardization

Apparently, too small/high values of 7., (k)’s or 7w, (k)’s agree with strong positive/negative
serial dependence at lag k. However, they should be standardized in some way that would allow
their better interpretation, for example by rescaling them to be just covered by the [—1, 1] interval.
We prefer to normalize them with their true means and variances under HéE , which leads to another
useful definition:

Definition 6. We define the standardized Moore and Wallis serial rank coefficients 77, (k)’s and
Tww(k)’s as follows:

Eo(Paw(k)) — Parw (k)

varg (?M,w (]C))

Fat(k) = (1<k<T)
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P () = Eo (Pw,w(k)) — ?W,w(k), (1<k<T/2)

varg (?WJU (k))

and we define their standardized circular modifications analogously. All the subscripts of r remain
unchanged and always keep their original meaning.

Note. Higher values of these standardized coefficients correspond to positive serial dependence as
usual. Their evaluation under H¥ is made possible by the following theorem.
3.4 Asymptotic Distribution

Theorem 7 (Asymptotic distribution under H(]]E ). Let us assume that HéE holds and that p,q > 1
are two integers.

1. If
maxi<;<7—1 W () =o(1) for T — oo, (3.2)
ming<g<p Var(?M,’w]\l(k))
then
M = T Mgy p = (FM,wM(1)7 e TMowy (p))/ ~asympt. IV (0, Upxp)-
2. If
max<i<r-pww (i) o(l) for T — oo, (3.3)
ming <g<g /var (Fvwy, (k)
then

Y‘W = i'/W,wW,q = (FWJ,UW(]')’ o a’FW,wW (Q))/ ~ asympt. N(07 VI}Xq)-

3. If both and hold, then even the vector Tnyw = (Fis s Ty, ) 18 asymptotically

. . . ‘ U, 0
zero mean normal with the block diagonal variance matriz W = ( 5 Vixa )

The matrices Upxp and Vyxq can be inferred from the theory in Section 3.3

Note. Analogous statements can be formulated even for the circular standardized coefficients
Ty, (K)'s and 7y, (K)'s.
Proof. We only focus on because and can be treated in the same way.

If Hy holds, then the asymptotic distribution of Ty does not depend on L£(Y;), hence we can
assume that Y;’s are uniformly distributed on the [0, 1] interval.
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If we set z = max(p, 2¢q) and define random vectors

X (i) = (X1(i), .- o Xpag(@)), i = 1,2,...,T — 2,

such that
NE
L1y > Y,
xui) = il I Yinl] g
var (?M,wM (k:))
Xy (i) = ww () [3 = 1(Y; > Yitm, Yiem < Yitom) — 1(Y; < Yigm, Yigm > Yigom)) 1<m<q

\/V&I‘ (?W,ww (m))

then the assumptions (3.2) and (3.3) guarantee that rp;y is asymptotically equivalent to the
sum Sy of the zero mean z-dependent random vectors X(i)’s,

T—z

The asymptotic zero mean normal distribution thus follows easily from and from any suitable
central limit theorem for m-dependent random vectors. Alternatively, we could use the Cramér-
Wold device and a univariate central limit theorem of this type.

The joint distribution of R;’s is identical under both Hy and H¥ (see [Dufour and Roy, 1986]),
which implies that the same holds even for the asymptotic distribution of Tpsyy. O

Corollary. If wy(i) = z’jM7 g =0,1,2) wy (i) = Z'jW7 jw =0,1,2, and 1 < h < k < T/4, then
COV(TFM»wM (k)7 ?M,w]w (h/)) == O(Tﬁl),
cov (Fiw s (k) Py (R)) = O(T™Y) if k < 2h,
1
=0or O(T73) if k > 2h,

and the asymptotic variance matrix W = (W) 7%, of Tasw has then the following elements:

Wip=1ifk=hand k,h=1,2,...,p+q,
1
=—qifk—p=2(h-plorh—p=2k-p), p<kh<p+tq
= 0 otherwise.

In other words, certain components of s are then asymptotically jointly zero mean normal and
independent, for example T); and Ty, or all the Moore serial rank coefficients together with all
the Wallis ones at odd lags. This fact has strong implications for any statistical inference based
on ?M and FW
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The proof of Theorem [7]indicates that Ty remains asymptotically normal even under a large
number of mixing alternatives as far as a proper central limit theorem can be applied, see
[Bradley, 2005] for a survey of strong mixing conditions and their properties. We recall that many
important models (such as numerous Markov, ARMA, GARCH or ACD processes) have been
proved a-mixing, see [Bradley, 2005], [Meitz and Saikkonen, 2004], [Carrasco and Chen, 2000] and
references therein.

Besides, both 77, (k)’s and Ty, (k)’s are closely related to the weighted serial rank statistics
considered in [Harel and Puri, 1990] and the 7/4,(k)’s roughly correspond to those investigated
in [Jogdeo, 1968].

More theoretical results can be applied in the special case of constant weights. For example,
7w (k)’s have much in common with U-statistics, e.g. with the following incomplete ones of degree
two:

Urk) = 7y T k- 1) Z_: Z #3920 23),
i=1 j=i+1

where

Zi = (Y;ay;l—‘rk’)a Zj = (}/371/}+k)7
9(Zi,Z;) =1(Y; > Y, Y, < Vi) + 1Y <Y}, Yigr > Vi),

and

w;j=1if j=1+k,
= 0 otherwise.

See [Hsing and Wu, 2004] and references therein for current knowledge in this field. Another
relation of 7y (k)’s (and 7/ (k)’s) to U-statistics follows from [Hallin et al., 1985].

Another theory suitable for individual r/(k)’s and 7 (k)’s can be found in [Turova, 2004]
and includes the Berry-Esseen and central limit theorems. Besides, all the results proved for
serial linear rank statistics (see, for example, [Hallin et al., 1985] and [Hallin et al., 1987]) may
be applied to 7a/(k)’s and T (k)’s as well. For example, useful asymptotic relative efficiency
details can be obtained this way in the context of testing randomness against contiguous ARMA
alternatives. We illustrate this in the next section.

Although there exists a good deal of related theory, we believe that Theorem [7] still remains
useful because it allows for general weights, its proof is easy, its weak assumptions can be easily
verified and some of its statements for inconstant wys or wy do not follow directly from any other
available results, at least to the best of our knowledge.

3.5 Asymptotic Relative Efficiency (ARMA Alternatives)

First, let us consider the statistics Sys(k)’s and Sy (k)’s:

S z_: R >Rz+kz
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T—2k
1
Sw (k) = Tk Z [I(Ri > Riyk, Rivk < Ritor) + 1(Ri < Riyk, Rivse > Ritor)],
i=1
with the associated score-generating functions Jys p(u1,. .., ugt1) and Jywg(ui, . .., ugky1) defined
in [0,1] x -+ x [0,1]:
Ing(uas - oo ugyr) = ug > ugg),
Jwr(ur, . ugpy1) = Wur > uppr, uprr < ugepr) + Lur < ugpr, uggr > ugggr).

In particular, we focus on their centered versions S§,(k) and S}, (k) that arise from replacing Jas
and Jy, with Jy, . and Jj,,:

J]Tl,k(“h cety uk+1) - I(Ul > Uk+1) —up + Ukt] — 57
Tt k1) = Lur > uppr, uppr < uggr) + L(ur < wpgr, ugr > uzke1)
2
2 2 9
+uy —up + Uy — Uoky1 + 2upy1 — 2ufyq — 3

[Hallin et al., 1985] developed a theory for such statistics that can be applied directly in this
context. Their results relevant for us are summarized in the following theorems.

Theorem 8 (ARMA alternatives contiguous to Hy). Let €;’s be independent and identically dis-
tributed zero mean random variables with the finite third moments, density f(x), distribution
function F(z) and the quantile function F~'(u) = inf{z|F(x) > u}, 0 < u < 1, such that

1. f(x) is almost everywhere (a.e.) derivable and its derivative f'(x) satisfies

| Ir@lis <.

—00

2. f(x) is absolutely continuous on finite intervals and

0<I(f) = /Z @8)2 f(@)dz < 0.

3. The function ¢,

(@)
1)),

is derivable (a.e.), and its derivative ¢'(x) satisfies (a.e.) a Lipschitz condition

¢ (x) = &' (y)| < Alz —yl.

o(F ) =~ L) gy oy, (i.e. éla) = -
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Then the ARMA (p,q) alternative Hy(T') with its associated vector d = (d1,. .., dmax(p,g))*

P q
Y, — T71/2 Z aiYii =g + T2 Z biet—;
i1 i=1

where a1, ..., ap,b1,...,bq are arbitrary real numbers and
d; = a; +b; if 1 <i < min(p,q),
=aqa; ift <pandi>q,
=b; ifi <q andi>p,
is contiguous to Hy = Hy(T).
Proof. See [Hallin et al., 1985], in particular Proposition 3.1. O

Theorem 9 (Asymptotic distribution under contiguous ARMA alternatives). If a contiguous
ARMA alternative from the preceding theorem holds, then

2k
%1 (k) ~asympt. N(Z d;CM(F), Vi k) and S5y (k) ~asympt. N(Z d,CW (), Vw,k)
=1
(i.e. "1 () ~asgmpt. N( VMk Zd F),1), (k) ~asymp. N (—= VWk Zd ))
where
Vg = /[ - S (s upyr)dur - dugi
0,1
k
+22/ . J;\}k(ul,...,uk+1)JJ’f/[k(uj+17...,uj+k+1)du1...duj+k+1
=1 0]k ’ ’
=13’ (independent of k and F)
VW,k = /[ phi J‘fV’kQ(ul, ... ,U2k+1)dU1 R du2k+1
0,1
+2 Z/ Wk ul, R ,u2k+1)J{,}7k(uj+1, ey uj+2k+1)du1 . de+2k+1
0 1]J+2k+1

5 (independent of k and F)

N

—1

C%(F) = /[0 e J]’\‘/Lk(ul, e, uk+1) (ﬁ(Ffl(uk+1,j))Fﬁl(uk+1,j,i)dul e duk+1

.
Il
=)

=0, (independent of k, i or F)



CHAPTER 3. NEW SERIAL RANK COEFFICIENTS 38

Ue—i
C@Wk(F) = /[0 - Sy (s, uopy) Z ¢ (F (uzpt1—7)) F (uakg1—j—i)dus . .. dugg 41
) ]:0
=0ifi#k and i # 2k,

= a number independent of k and i otherwise.

Besides, C’XE/]C(F) = —C’;‘,;AF), and

. 7. 2
Ci(Form) = —0.184,  CY(FLog) = “36 —0.194, CP(Frep) = -5 = —0.222

for the N(0,1), standard logistic and standard Laplace white noise distribution, respectively.

Proof. 1t is a direct application of general Propositions 4.1 and 4.2 from [Hallin et al., 1985] to the
special case of 7/(k)’s and 7w (k)’s addressed here. The simple score-generating functions Jj,
and Jjj,,. lead to some simplification, together with the fact that

1 1
/ ¢(F_1(u))du =0 and / F~Y(u)du = 0.
0 0

Some computational details can be checked with the programs MWAREM.mws, MWAREW.mws
and MWAREW.r. O

Note. The variances Vs and Vi should be the same even under the null hypothesis Hyp and
therefore they could be inferred directly from Theorem

Corollary. The asymptotic distribution of 7js(k)’s or 7y (k)’s does not distinguish the type of
linear process (AR, MA and ARMA) used as a contiguous alternative. Besides, the Moore au-
tocorrelations 7/ (k)’s are completely insensitive to such alternatives while the Wallis serial rank
coefficients 7y (k)’s exhibit the same drawback only for di = doi. Apparently, the contiguous
ARMA alternatives driven by the Laplace white noise are more easily detectable by means of
Tw (k)’s than if they were based on normal or logistic innovations. Furthermore, we can deduce
that C}", k. Temains invariant under scale transformations of f. See [Hallin et al., 1985] for more
details.

Now the asymptotic relative efficiency (ARE) of 7y (k)’s with respect to other statistics relevant
to our work can be computed easily. For comparison, we will consider the sample standardized
ordinary autocorrelations 7(k)’s as well as the standardized van der Waerden, Wilcoxon, Laplace
and Spearman serial rank coefficients ryqw(k)’s, Twil(k)’s, TLap(k)’s and 7s(k)’s, associated with
the score-generating functions

¢Norm (Fl\?orm(ul)) Norm(uk‘f‘l)
Lo (Log )FL (Ukt1),

¢Lap( Lap )FL (ug11),

vdW ULy -y Uk+1

Jwit(U1, - -+ Uk41

( ) =
( ) =
Jrap (U1, ..., Ups1)
Js( ) =

ULy« vy Uk+1 UTUE+1-
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Some tests based on Tyqw (k)’s, Fwil(k)’s and Trap (k)’s are known to have certain optimal properties
in the case of contiguous ARMA alternatives with normal, logistic and Laplace white noise, re-
spectively (see for example [Hallin et al., 1985, [Hallin et al., 1987], [Hallin and Puri, 1988a] and
[Hallin and Puri, 1988b]).

Let us recall the fact that if 74, ¥g and r¢ are three sample standardized autocorrelation
coefficients with N(ma,Va), N(mp,Vp) and N(mc, V) asymptotic distributions under a spe-
cific contiguous alternative, ma, mpg, me, Va, Ve, Vo # 0, then the asymptotic relative efficiency
e(ra,7p) of T4 with respect to 7p is defined as

mi/VA
m%/Vp’

e(ra,rc)
e(fp,Tc)’

e(ta,rB) = ie. e(Ta,rB) =

The coefficient 7y (k) is somewhat exceptional as its asymptotic distribution depends not
only on dj, but also on dsg. Therefore its direct comparison to the other autocorrelations seems
problematic. However, the following theorem could still be found useful.

Theorem 10 (Asymptotic relative efficiency of Fy (k)’s). Let the assumptions of Theorem[9 hold
and let us consider two nontrivial cases with di # 0: dop, = 0 and dop, = —di.. Then

Normal white noise Logistic white noise Laplace white noise

dog = 0| dop, = —dy | do, =0 | doyy = —dy | dog = 0| do, = —dy,
e(fw(k),7(k)) = 0.19 0.76 0.20 0.81 0.23 0.91
e(tw(k),Tvaw(k)) = 0.19 0.76 0.20 0.81 0.23 0.91
e(fw(k), Twa(k)) = 0.20 0.80 0.19 0.78 0.19 0.75
e(tw(k),Trap(k)) = 0.31 1.2 0.26 1.05 0.14 0.56
e(fw(k),rs(k)) = 0.21 0.83 0.21 0.85 0.22 0.88
Proof. Tt follows from the preceding comment, Theorem [J] and from Corollary 5.1. with Table 1
in [Hallin et al., 1985]. Computational details can be checked with MWAREComp.mws. O

Note. These results can be checked thanks to [Knoke, 1977] and [Aiyar, 1981], where some ARE’s
regarding the turning point test, 7s(1) and 7,qw(1) are computed in a similar context.

In fact, the ARE’s of various sums of these coefficients or of their squares could be calculated
virtually in the same way; see also [Hallin et al., 1987] where T heorem@] is generalised to the joint
distribution of the (unweighted) serial rank statistics.

Unfortunately, the assumptions adopted in [Hallin et al., 1985] and here rule out any white
noise coming from the Cauchy, Student, (centered) uniform and other useful distributions. Besides,
these results are only of asymptotic nature. Although the Wallis coefficients appear clearly worse
than the others in our ARE comparison, there is still some hope that they could prove better
under some contiguous ARMA alternatives with other white noise distributions or under fixed
ones. Besides, both 75/ (k)’s and 7y (k)’s might be found useful in other context, e.g. for evaluating
random number generators or for testing against other types of alternatives.
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3.6 Asymptotic Relative Efficiency (Trend Alternatives)

For short, we focus in detail only on the most frequent case of the increasing linear trend alterna-
tives with N(0,1) white noise {g}:

Yi=a+pft+e, B8>0, (t=1,...,T).

The null hypothesis then corresponds to g = 0.

Now we recall the theory from [Stuart, 1954], [Noether, 1955] and [Stuart, 1956 that can be
employed in this situation. Let S, So be two consistent and asymptotically normal test statistics
computed from Y;’s and let m; be the least integer such that

o
5™

E™(S) = [ E(si)} £0, i=1,2.

B=0
If we further define &; > 0 and ¢? > 0 by

i
Tl—rgo T (2mid:) varg (Sz)

i=1,2

(assuming that the limit exists), then the asymptotic relative efficiency (ARE) e(S1,S2) of Si
compared to S is

6(51, SQ) =0 if (51 < 52
2. 1/(2mé)
:<%> if 01 =89 =6 and m1 = mo = m.
)
The values of m, §, and ¢? have already been determined for a large number of statistics
including 75(1), 7as(1), 7w (1) and also the ordinary least squares estimator ropg of the slope 3
(see [Stuart, 1954] and [Stuart, 1956]). Moreover, we computed these characteristics for the Moore

and Wallis autocorrelations at any fixed lag:

m 1) 2
TOLS 1 3 L
7s(1) 2§ 9w
Pulk) (k<) |1 F
Pw(k) (k<®) | 2§ EE

It appears that 7as(k)’s and 7y (k)’s are inefficient with respect to both 7org and 7g(1) for any
fixed k, at least from this point of view. However, we are going to show that these conclusions need
not hold if we choose k proportionately to T'. In fact, anyway one cannot distinguish between the
fixed and proportionate choice of k£ in practical applications. For example, there is no difference
between k = 25 and k = T'/4 in the case of time series with 7' = 100 observations.

It turns out that 7j/(k)’s maximize their contribution to ARE for kqp = 27°/3 and 7w (k)’s
do so for kopt = 27'/5. Besides, if we choose k = T, 0 < a < 1, then m remains the same
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and § increases by one, which leads to nonzero e(7y(k),7oLs) and e(7w (k),7s(1)), see Tables
and These findings significantly extend the results from [Cox and Stuart, 1955] where the
optimality of 7/(27/3) among all 7p/(k)’s, k > T/2, is shown.

We also considered 7as.,(k)’s and 7w, (k)’s with w(i) = @ for several reasonable power
exponents p’s. We achieved the same m’s and d’s for p > —1/2 and calculated the ARE’s
e(Faw(k),Tors) and e(Fw,w(k), (1)) for selected ks, see Tables and As the depen-
dence of these ARE’s on k looks similarly for all p’s considered, we illustrate it only for p = 0 that
seems optimal in this respect (see Figures and .

As far as all the new statements in this section and their proofs are concerned, they follow
directly from the theory mentioned above and from the fact that

(}/t*Y;H-k) NN(*k572))
(Ye =Ygk, Yer — Yeqor) ~ N((%)? (—21 21))

under the alternative. See MWTrendARE1l.mws and MW TrendARE2.mws for more details, out-
puts and for all the computations.

Finally, we would like to point out that [Aiyar et al., 1979 calculated the ARE’s for a large
number of statistics (including 7as(k)’s, & > T'/2) in the case of quite general increasing trends
with possibly non-normal errors. Their results indicate that kopy for 7ar(k)’s, k > T'/2, often lies
in the interval [27'/3,3T'/4] and that the asymptotic relative efficiency of s (kopt) with respect to
the best linear rank test grows with the trend rate of increase. The authors themselves suggest to
use 77 (k)’s with kopy = 37/4 if nothing is known about the trend a priori.

Asymptotic relative efficiencies of 7/, (k)’s

p=\k= 01T 0.2T 03T 04T 05T 0.6T 2T/3 07T 08T 09T

—1/4 ? ? ? ? 0.752 0.788 0.795 0.793 0.757 0.650
—1/8 ? ? ? ? 0.776 0.814 0.821 0.819 0.782 0.672

0 0.439 0.625 0.730 0.778 0.782 0.819 0.827 0.825 0.788 0.676
1/8 ? ? ? ? 0.778 0.816 0.824 0.822 0.785 0.674
1/4 ? ? ? ? 0.771 0.808 0.816 0.814 0.777 0.667

1/2 0.420 0.593 0.685 0.729 0.752 0.788 0.795 0.793 0.757 0.650
1 0.387 0.541 0.626 0.673 0.710 0.744 0.752 0.750 0.716 0.615
3/2 0.359 0.498 0.578 0.629 0.674 0.706 0.713 0.711 0.679 0.583
2 0.336 0.464 0.541 0.595 0.643 0.674 0.680 0.678 0.648 0.556
5/2 0.316 0.436 0.511 0.568 0.616 0.646 0.652 0.650 0.621 0.533

Table 3.1: The asymptotic relative efficiencies of 7ar 4, (k)’s, w(i) = i, with respect to Torg in the
case of the linear trend alternatives with N(0,1) errors. The symbol ? stands for the values that
could not have been computed explicitly with the aid of MAPLE.
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) ARE detailsregarding the M oor e coefficients [ w(i) = 1]
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Figure 3.1: The asymptotic relative efficiency of 7as(k)’s with respect to rFors in the case of the
linear trend alternatives with N(0,1) errors.

Asymptotic relative efficiencies of 7y, (k)’s

p=\k= 0.10T 0.15T 0.20T 0.25T 0.30T 0.35T 0.40T 0.45T

—1/4 ? ? ? ? ? 0.736  0.755 0.722
-1/8 ? ? ? ? ? 0.751 0.770 0.737
0 0.350 0.470 0.572 0.655 0.715 0.754 0.773 0.740
1/8 ? ? ? ? ? 0.752 0.771 0.738
1/4 ? ? ? ? ? 0.748 0.767 0.734
1/2 0.342 0.459 0.557 0.637 0.695 0.736 0.755 0.722
1 0.330 0.442 0.536 0.612 0.669 0.711 0.730 0.698
3/2 0.319 0.427 0.517 0.590 0.647 0.689 0.707 0.677
2 0.309 0.414 0.501 0.572 0.628 0.670 0.688 0.658
5/2 0.301 0.402 0.487 0.556 0.612 0.653 0.670 0.641

Table 3.2: The asymptotic relative efficiencies of 7., (k)’s, w(i) = i, with respect to 7s(1) in the
case of the linear trend alternatives with N(0,1) errors. The symbol ? stands for the values that
could not have been computed explicitly with the aid of MAPLE.
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ARE detailsregarding the Walllis coefficients [ w(i) = 1]

ARE

0.4 4

o 1000 2000 3000 4000
k(T)

Figure 3.2: The asymptotic relative efficiency of 7y (k)’s with respect to 7s(1) in the case of the
linear trend alternatives with N(0,1) errors.

3.7 Orthonormalization

The joint asymptotic normality of 7as.,(k)’s and 7y, (k)’s under HE allows us to use these coef-
ficients together for statistical inference (e.g. in correlogram-based tools) instead of the ordinary
autocorrelations. However, the nonzero covariances between them could complicate the decision
making in finite samples and even asymptotically. This problem can partly be solved by using only
selected Ty, (k)’s (e.g. only those at odd lags). Nevertheless, a complex solution of this problem
also exists and lies in the use of some asymptotically independent modifications of the coefficients.
Prime candidates for this application are defined below.

Definition 11 (Orthonormal(ized) coefficients). Let the orthonormal(ized) coefficients ri; , (k)’s

and rﬁv’w(k:)’s be defined with the aid of the Gram-Schmidt orthogonalization in the following
recursive way:

ita(1) = Parw (1),

N . FM,w<k) - Z]:C_ll Covo (?Mﬂﬂ(k% TJJ\_l,w(i))T]J\_l,w(i)

TM7,wk' = ,k:2,3,...,
V1= S covd (Farw (k) 747, (1)

(1) = Fwaw(1)

Lo (k) — covo (Fu (K). i (D) i)

me k) =
V1= Sh covd (R (k). 7y, (1)
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and if, say, ‘
er Za]er and rﬁ/’w(i) = ij?w,w(j),
then
covo (Farw(k), 137 (i Zaj covo (Faw(k), Tarw (7))
COVo (FW,w(k TWw Zb COovo TWw(k)7FVV,’LU(j))'

Corollary. The orthonormal coefficients 3, (k)’s and 755, (k)’s are mutually uncorrelated and,
under the assumptions of Theorem [7] also asymptotically independent standard normal.

Note. These orthonormal coefficients have at least two important advantages: they can be used
straightforwardly in correlograms and they can be combined in a single portmanteau statistic
quite simply. Both these benefits will be found important further in this work. We will also show
that this concept of orthonormalization leads to significant improvements in statistical inference
even if applied to other standardized rank autocorrelations. This holds especially in the case of
short time series when one cannot rely on any asymptotic results too much. The importance of
considering the finite sample covariance structure of sample autocorrelations will be stressed again
in Chapter

In practice, the vectors of some sample autocorrelation coefficients are often orthonormalized
by multiplying by the square root of their inverse variance matrix. However, such approach may
lead to the orthonormal vectors whose elements are difficult to interpret meaningfully. Our ortho-
normalization procedure thus seems more reasonable even from this point of view, as its output
vectors consist again of some measures of autocorrelation at the same individual lags. Apparently,
either of the two orthonormal vectors resulting from the two orthonormalization procedures can
be multiplied with a suitable orthonormal matrix to coincide with the other.

Our concept of the orthonormal autocorrelations is likely to be new as we are not aware of its
practical application of any kind.

3.8 Advantages and Disadvantages

The sample Moore and Wallis serial rank coefficients possess all the advantages common to all
rank autocorrelations and mentioned in Subsection and also another three:

e speed and other computational benefits. This may be the key merit in some financial ap-
plications when a large number of long sequences (typically with thousands of observations)
have to be processed simultaneously. These coefficients can be computed directly from the
original series, do not need any time consuming ranking of the data, and their calculation
requires little computer memory space and is quite resistant to numerical inaccuracies.

o forecast interpretation. Obviously, 7/ (k)’s and 7y (k)’s can be interpreted easily as measures
of predictability of the forecast direction in the first one or two periods of length k.
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e quick update. The coefficients 7'y, (k)’s and 7w, (k)’s can be updated quickly with every
new observation because there is no need to rank the data again or to employ all the time
series history. Their unweighted versions are thus especially convenient for sequential testing,
see e.g. [Noether, 1956] for such a modification of 75/ (k)’s.

On the other hand, these coefficients also exhibit several drawbacks. For example, they com-
pletely ignore the magnitudes of all observations, which often weakens their power in testing.
Besides, their unweighted versions take no account of the location of the signs or turning points
in time and even the weighted modifications do not solve this problem completely. However, un-
equal weighting could be found useful if we wanted to lay emphasis on the time series behaviour
in certain time spans (typically if we intended to favour the most topical observations) or if we
expected some alternatives of a special type.

3.9 Monte Carlo Simulations

We have conducted many Monte Carlo experiments to find possible applications of the Moore
and Wallis serial rank coefficients and to justify their existence that way. Some interesting results
regarding their use in portmanteau tests will be presented in this section.

To be more specific, we will focus on the portmanteau tests Ts, T j, Tw,;, Tmw,j, j = 0,1, 2,
and their - versions, based on the statistics listed below:

m m

Ss(m) =3 _7§(k), Ss(m) = > rs*(k),
k=1 k=1
m

S, (M) =Ty Varh Tt jims Saz;(m) = Z raz;(k),
k=1
m

Swi(m) =Ty m Vm—/,?,m?WJ:W SVLV,J’ (m) = Z TIJ/‘_/?J' (k),
k=1

Suw,j(m) = Suj(m) + Sw,;(m), Saaw,j(m) = Syg 5(m) + Sy, (m),
where Vj jm is the finite sample variance matrix of Te jm = (7o ;(1), ... ,?.J(m))/ under the null

hypothesis H@g ( =0,1,2, and e substitutes either M or W). Obviously, Sg(m), Sﬁ(m), Sar;(m),
S]J\_/[,j(m)a SW,j(m>aSIJ/I_/7]’(m) ~asympt. X2(m> and SMVV,j(m),S]J\ZWJ(m) ~asympt. X2(2m) under the
null hypothesis. * versions are included in order to investigate the advantages and disadvantages
of the orthonormal coefficients.

The power of the tests will be investigated separately in each category SHORTTREND +
TREND, ARMA, and GARCH. It is good to keep in mind that Tjs0(1) corresponds to the sign
test while Ty (1) virtually coincides with the turning point one.

The TREND Class (7 = 100,200) + the SHORTTREND Class (T = 25)

As far as the test power is concerned, all the simulations support the conclusions listed below and
agree quite well with the ARE considerations in Section
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e The Moore coefficients are more suitable for testing here than the Wallis ones, at least in
most situations considered. However, the reverse can be true in some special cases. See

Figures and

o Ty (1) and Ty (1) are far less powerful than the tests T ;(m) and Ty j(m) with opti-
mum values of m, j = 0,1,2 (see Figures and . In fact, this striking rise in
power with increasing m can by itself fully justify the introduction of the Moore and Wallis
autocorrelations at higher lags.

e Bach of the tests Ty o(m), Tar1(m) and Thr2(m) can outperform the other two in some
situations, which justifies the existence of the weighted modifications of the Moore coeffi-
cients. To be more specific, T o(m) appears the most generally applicable while Th; ;(m)
and T 2(m) seem useful only in certain special cases (e.g. for some alternatives with a struc-
ture change) that are fortunately often identifiable a priori, see Figure The same holds
even for the tests Ty o(m), Tw,1(m) and Tyy2(m), see Figure

e The portmanteau tests based on the Moore autocorrelations can often almost achieve the
maximum power of the benchmark test Ts and even exceed it, see Figures [3.3] and

e The overall performance of Tysw ;(m) with an optimum m is better than that of the indi-

vidual tests T ;(m) and Ty ;(m), j = 0,1, 2, (see Figures and [3.11]). Such tests can
also outdistance the benchmark, see Figure [3.10]

e The sums of the squared orthonormal coefficients achieve virtually the same power as the
alternative tests based on the quadratic forms, compare Figures and with Figures
and However, they are much better than the sums of the squared standardized
coefficients (compare the performance of Ts and T§- in Figures and [3.12)). This feature
will be illustrated in Chapter [7} too.

We further present the average values of the standardized and ortonormalized Spearman and
Moore coefficients resulting from our Monte Carlo testing under the alternative

Yt:0.09t+€t, EtNN(O,l), tzl,...,252

k= 1 2 3 4 ) 6 7 8
rs(k) |1.406 1.260 1.105 0.944 0.761 0.586 0.406 0.231
'rfg(k‘) 1.406 1.390 1.372 1.353 1.317 1.292 1.265 1.243

Tar0(k)[0.414 0.786 1.093 1.376 1.580 1.763 1.907 2.005
(k)|0.414 0.757 0.968 1.093 1.088 1.050 0.973 0.859

They speak for themselves and also confirm our claims that the covariances between sample
autocorrelation coefficients may play an important role in the case of short time series.

e If the null hypothesis does not hold, some coefficients typically testify against it more than
the others. Apparently, the tests based solely on them would be even more powerful than
those considered here. For example, leaving the first few Moore or Wallis coefficients out in
the tests against a monotone trend alternative would probably lead to further power increase.
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The ARMA Class with 7= 200 and 7 = 500

The test power investigation strongly suggests the following conclusions:

o All tests based on the Moore coefficients are virtually insensitive to all the ARMA(1,1)
alternatives considered, see Figure[3.16] This is in good accordance with the results regarding
their ARE, see Theorem [0

e Ty 0(1) beats all the other examined tests based on the Moore or Wallis rank autocorrelations
and it can be quite powerful even for relatively short time series, see Figures to [3.15]

In other words, there is hardly any advantage in using the Moore and Wallis coefficients at higher
lags in this context. However, there is still some hope that they could be found useful in the case
of some higher order (S)AR(I)MA alternatives (with possibly unconventional innovations).

The GARCH Class with T'=1 000 and 7' = 5 000

As for the test power, the logical inferences drawn from the simulations are as follows:

e In general, the Moore serial rank coefficients do not seem successfully applicable in this
context, at least in the case of symmetric GARCH time series with only several thousands
of observations at most. See Figures and However, they could possibly prove
better if applied to some GARCH alternatives with asymmetric innovations and/or with

other formulae for the conditional variance o7.

e On the other hand, the tests Ty 1, T2 and especially Ty, appear much more promis-
ing, although all of them are still less powerful than the benchmark Ts. See Figures [3.18
and Two(m) can therefore be recommended for quick testing of extremely long time
series hypothetically driven by a GARCH process. Such series are quite common (not only)
in finance.

e Besides, Tyyo(m) often achieves its maximum power for m > 1, which again shows the great
importance of the Wallis serial rank coefficients at higher lags (see Figure or |3.20)).

Test Size Comparison

The most interesting findings regarding the test size can be summarized in the following items:

e Generally, the tests Ths;(m), Tw,i(m), and Tarw,(m), i = 0,1,2, seem correctly sized for
almost all considered values of m, contrary to the benchmark test Ts(m) (see Figures
and . The small discrepancies for m = 1 might be attributed to the discrete nature of
the test statistic, although the pseudorandom number generator could be to blame, too (see
Chapter [4)). This drawback diminishes with increasing T or m (see the upper left subplot
in Figures to and some proposals for its elimination are given in the last chapter.
Note that the Moore serial rank coefficients at higher lags are useful for portmanteau testing
even from this point of view.

e These tests reach virtually the same size as their alternatives based on the orthonormal
coefficients, see also Figures [3.5] and
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3.10 Accompanying Figures

Empirical power: Trend alternatives with t(3) noise (T = 100, N = 10000)
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Figure 3.3: Behaviour of the tests based on Sg(m) (00000), Spr(1m) (), Spz1(m) (mmm) and
Sara(m) ( ) when applied to a trend plus standardized t(3) white noise (T" = 100 ... time
series length, N = 10 000 ...number of replications, mumm ... bounds of 95% confidence intervals
for the empirical size).

Empirical power: Trend alternatives with t(3) noise (T = 100, N = 10000)
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Figure 3.4: Behaviour of the tests based on Sg(m) (00000), Syyo(1m) (), Syy1 (M) (mmm =) and
Swa(m) ( ) when applied to a trend plus standardized t(3) white noise (7" = 100 ...time
series length, N = 10 000 ...number of replications, wmmm . ..bounds of 95% confidence intervals
for the empirical size).
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Empirical power: Trend alternatives with t(3) noise (T = 100, N = 10000)
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Figure 3.5: Behaviour of the tests based on Sz (m) (oocoo), Sﬁo(m) (), Sﬁl(m) (mwmm) and

S]J\Z’Q(m) (——) when applied to a trend plus standardized t(3) white noise (7" = 100 ... time
series length, N = 10 000 ...number of replications, mumm ...bounds of 95% confidence intervals
for the empirical size).

Empirical power: Trend alternatives with t(3) noise (T = 100, N = 10000)
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Figure 3.6: Behaviour of the tests based on S&(m) (coooo), Sﬁﬂo(m) () Sﬁﬂ(m) (mmm) and
S‘}m(m) (——) when applied to a trend plus standardized t(3) white noise (I" = 100 ...time
series length, N = 10 000 ...number of replications, wumm ... bounds of 95% confidence intervals
for the empirical size).
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Empirical power: Trend alternatives with t(3) noise (T = 100, N = 10000)

A) No trend B) Linear trend C©) Quadratic trend
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Figure 3.7: Behaviour of the tests based on Sg(m) (00000), Spz,o(1m) (), Syy0(17) (m=wm) and
Sywo(m) ( ) when applied to a trend plus standardized t(3) white noise (7" = 100 ... time
series length, N = 10 000 ...number of replications, wumm ... bounds of 95% confidence intervals
for the empirical size).

Empirical power: Trend alternatives with t(3) noise (T = 200, N = 10000)
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Figure 3.8: Behaviour of the tests based on Sg(m) (00000), Spz,o(M) (), Syy0(17) (== m) and
Sywo(m) ( ) when applied to a trend plus standardized t(3) white noise (7" = 200 ... time
series length, N = 10 000 ...number of replications, wumm ... bounds of 95% confidence intervals
for the empirical size).
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Empirical power: Short—Trend alternatives with t(3) noise (T = 25, N = 10000)
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Figure 3.9: Behaviour of the tests based on Sg(m) (00000), Spro(m) (), Spz,1(M) (m =) and
Saz(m) ( ) when applied to a short trend plus standardized t(3) white noise (T' = 25 ... time
series length, N = 10 000 ...number of replications, wumm ... bounds of 95% confidence intervals
for the empirical size).

Empirical power: Short—Trend alternatives with t(3) noise (T = 25, N = 10000)
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Figure 3.10: Behaviour of the tests based on Sg(m) (o000o), Sprw,(1m) (), Snyryy,1 (1) (s =)
and Syrw2(m) ( ) when applied to a short trend plus standardized t(3) white noise (7' = 25
... time series length, N = 10 000 ...number of replications, wmum ...bounds of 95% confidence
intervals for the empirical size).




CHAPTER 3. NEW SERIAL RANK COEFFICIENTS

52

Empirical power: Short—Trend alternatives with t(3) noise (T = 25, N = 10000)
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Figure 3.11: Behaviour of the tests based on Sg(m) (0oc0o), Spro(M) (), Sp,0(70) (s =)
and Syrwo(m) ( ) when applied to a short trend plus standardized t(3) white noise (7" = 25
... time series length, N = 10 000 ...number of replications, wmumn ...bounds of 95% confidence
intervals for the empirical size).
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Empirical power: Short—Trend alternatives with t(3) noise (T = 25, N = 10000)

[ ©) Quadratic trend]]

. o0.1a 1 q
7]
S o012 : 0.8 1
S
< RPN A rn gy 0.6 1
e Rl FERE OO - o.a 1]
=
S o.os o2 ]
W 506 o
1 5
[ D) Exponential trend | [ E) Piece—wise constant trend] [ Piece—wise linear trend]
- 1 + 1
= o.8 0.8 1 Q/o—-—°_°_°—'—°—-—o—.° o8 W_H
S
= 06 0.6 ] 0.6
<
2 o4 0.4 4 0.4
= -
g'o.z o.21 _---“-- 0.2
L o o o
1 s 1 s
[ &) Sinusoidal trend] [H) Arch—shaped trend]
- 1 1 1
D
= o.8 T o.8 {
S
c_c‘;—o.s PRl 0.6 ]
2 o4 o 2 : 0.4 4
= .
& 0.2 0.2 1
Ll
o o
1 5
m

Figure 3.12: Behaviour of the tests based on S&(m) (occoo), Sﬁ,o(m) (), Sﬁm(m) (o o )
and S]ﬁwyo(m) ( ) when applied to a short trend plus standardized t(3) white noise (T = 25
...time series length, N = 10 000 ...number of replications, mum ...bounds of 95% confidence
intervals for the empirical size).
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Empirical power: ARMA(L1,1) alternatives with t(3) noise (T = 200, N = 10000)
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Figure 3.13: Behaviour of the tests based on Sg(m) (00000), Sywo(M) (), Spy,1(M) (s =)
and Swa(m) ( ) when applied to ARMA(1,1) processes with standardized t(3) white noise
(T" = 200 ...time series length, N = 10 000 ...number of replications, wmmm ...bounds of 95%
confidence intervals for the empirical size, A,B ... ARMA parameters aq, by).

Empirical power: ARMA(L1,1) alternatives with t(3) noise (T = 500, N = 10000)
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Figure 3.14: Behaviour of the tests based on Sg(m) (00000), Syo(M) (), Syy,1(1m) (s =)
and Swa(m) ( ) when applied to ARMA(1,1) processes with standardized t(3) white noise
(T = 500 ...time series length, N = 10 000 ...number of replications, wmmm ...bounds of 95%
confidence intervals for the empirical size, A,B ... ARMA parameters aq, by).
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Empirical power: ARMA(L1,1) alternatives with normal noise (T = 500, N = 10000)
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Figure 3.15: Behaviour of the tests based on Sg(m) (00000), Syo(M) (), Spy,1(1m) (s =)
and Swa2(m) ( ) when applied to ARMA(1,1) processes with standard normal white noise
(T" =500 ... time series length, N = 10 000 ...number of replications, wumm ...bounds of 95%
confidence intervals for the empirical size, A,B ... ARMA parameters aq, by).

Empirical power: ARMA(L1,1) alternatives with t(3) noise (T = 500, N = 10000)
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Figure 3.16: Behaviour of the tests based on Sg(m) (00000), Snro(m) (), Spr1(70) (e =)
and Syra(m) ( ) when applied to ARMA(1,1) processes with standardized t(3) white noise
(T = 500 ...time series length, N = 10 000 ...number of replications, wmmm ...bounds of 95%
confidence intervals for the empirical size, A,B ... ARMA parameters aq, by).




CHAPTER 3. NEW SERIAL RANK COEFFICIENTS 55

Empirical power: GARCH(1,1) alternatives with t(3) noise (T = 5000, N = 10000)
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Figure 3.17: Behaviour of the tests based on Sg(m) (00000), Snro(m) (), Spz1(1m0) (e =)
and Syra2(m) ( ) when applied to GARCH(1,1) models with standardized t(3) innovations
(T"=5000 ...time series length, N = 10 000 ...number of replications, wmum ...bounds of 95%
confidence intervals for the empirical size, A,B ... GARCH parameters a1, by).

Empirical power: GARCH(1,1) alternatives with t(3) noise (T = 5000, N = 10000)
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Figure 3.18: Behaviour of the tests based on Sg(m) (00000), Syo(M) (), Syy,1(1m) (s =)
and Sy2(m) ( ) when applied to GARCH(1,1) models with standardized t(3) innovations
(T"=5000 ...time series length, N = 10 000 ...number of replications, wuum ...bounds of 95%
confidence intervals for the empirical size, A,B ... GARCH parameters a1, by).
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Empirical power: GARCH(1,1) alternatives with normal noise (T = 5000, N = 10000)
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Figure 3.19: Behaviour of the tests based on Sg(m) (00000), Snro(m) (), Spz1(1m0) (e =)
and Spr2(m) ( ) when applied to GARCH(1,1) models with standard normal innovations
(T'=5000... time series length, N =10 000 ...number of replications, uumm ... bounds of 95%
confidence intervals for the empirical size, A,B ... GARCH parameters a1, by).

Empirical power: GARCH(1,1) alternatives with normal noise (T = 5000, N = 10000)

A=0,B=0 A =0.15, B = 0.8 A =02, B=0.2
. 0.14a 1 1
<5}
% 0.12 0.8 NS
=%
= IR o.6 oy —
< 0.1 el S
B ARk gnnaf e KRah 0.4 -
=
EO- o.o8 o2
W 506 o
1 5 10 15 20 25 30 35 40 45 1 5 10 15 20 25 30 35 40 45 1 5 10 15 20 25 30 35 40 45
A =0.3, B=0.3 A =0.4,B=0.4 A =0.2, B=0.4
- 1
’
= o.8
S
= 0.6
[3+]
2 0.4 0.4
Eo'oz 0.2
L o o o
1 5 10 15 20 25 30 35 40 45 1 5 10 15 20 25 30 35 40 45 1 5 10 15 20 25 30 35 40 45
A =0.2, B=0.6 A =0.6, B=0.2
- 1
<5}
= o.8
S
= o.e
<
2 0.4 0.4
=
ED' 0.2 0.2
] ° °
1 5 10 15 20 25 30 35 40 45 1 5 10 15 20 25 30 35 40 45 1 5 10 15 20 25 30 35 40 45
m m m

Figure 3.20: Behaviour of the tests based on Sg(m) (00000), Syo(M) (), Spy,1(7m) (s =)
and Swa(m) ( ) when applied to GARCH(1,1) models with standard normal innovations
(T"=5000 ...time series length, N = 10 000 ...number of replications, wuum ...bounds of 95%
confidence intervals for the empirical size, A,B ... GARCH parameters a1, by).




Chapter 4

Testing Random Number Generators

The means, variances and covariances of the Moore and Wallis serial rank coefficients should be the
same for both independent and pseudo-random sequences, which might be used for testing the qual-
ity of (pseudo-)random number generators (RNGs). Such general tests do not figure in any of the
recent summary papers covering this area, see e.g. [Soto, 1999] and [L’Ecuyer and Simard, 2005],
and this is why we investigate this possibility here. Besides, we would like to show that the Moore
and Wallis orthonormal autocorrelations can be helpful even in this context.

4.1 Methodology and Realization

We focus on the following five RNGs:

RNG1: the Wichmann-Hill generator,

RNG2: Marsaglia’s multiply-with-carry generator,
RNG3: Marsaglia’s Super-Duper generator,

RNG4: the Mersenne-Twister generator,

RNG5:  the Knuth-TAOCP generator (the 2002 version),

that are implemented and referenced in R, see [R Development Core Team, 2005]. We use each
of them with three different seed initializations (—1,0, and 1). For comparison, we also analyse
Marsaglia’s allegedly perfect random numbers from his well known CD [Marsaglia, 1995], stored
in the subdirectory TRUERANDNUM.

We always get 7 = 200 time series with T" = 500 000 observations, use each of them to compute
the orthonormal Moore and Wallis serial rank coefficients at lags 1 to ¢ = 500 and calculate the
one-sided (upper) p-values from their squares by means of the x?(1) inverse distribution function.
Finally, we analyse the matrices Pl 00 = (p%) and Py 500 = (p%) of the p—values associated
with the Moore and Wallis orthonormal rank autocorrelations, respectively. (Generally, we use M
and W to distinguish anything related to these two kinds of coefficients.)

Suppose we are just processing such a matrix P = (p; ;). First, we employ the Fisher and
Tippett combining methods, used and described in Chapter [0 in a different context. To be more
specific, we use Fisher’s method to combine all p—values from the column Tippett ones, which

o7
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leads to the final p—value pr from the test Tr based on the statistic
C
. T
Sp = —2;ln(1 — (1 — i:Ll{l’r(pi’j)) )
j:

with the x?(2¢) asymptotic distribution under the null hypothesis Hy of ideal randomness.

And second, we apply Pearson’s x? multinomial goodness-of-fit test to all pi,j’s and compute
both its p—values p,, for any reasonably small integer number n of isometric interval cells and the
overall p—values

PN = (N_l) min _pp

n=2,...,
resulting from Bonferroni’s crude approach to combining possibly dependent tests. The choice of
just the Pearson test can be justified easily, see e.g. [Cressie and Read, 1984], [Haberman, 1988]
and references therein. By the way, it also seems promising to combine the p-values p; ;’s into
m—tuples (m = 2,3,...) in a reasonable way and then to test their m—dimensional uniformity, e.g.
again with a goodness-of-fit test.

Our primary intention is to show that the Moore and Wallis orthonormal autocorrelations can
be useful in this context and that even common RNGs can significantly influence some Monte
Carlo studies based on them. Even these elementary statistical tools are then sufficient for this
purpose. That is to say there is a common belief that perfect RNGs should pass any simple
statistical test. Besides, the Moore and Wallis coefficients can be interpreted as measures of the
forecast direction predictability and that is another reason why any good RNG should not fail in
the tests based on them.

The generation of (pseudo-)random numbers and computation of the standardized Moore and
Wallis autocorrelations can be reproduced with RNGDat.r and RNTrueRan.r, their orthonormal-
ization with RNGDatOrt.m and RNTrueRanOrt.m and the statistical analysis with RNEval.r,
RNEvalAdd.r, RNEvalAdd2.r and RNExam.r. All the final results are stored in the RNGANALY-
s1s subdirectory and some of them are also illustrated in Tables to

It remains to assess the results and provide them with a few comments. We consider several
evaluation schemes for the purpose of greater objectivity. All of them are based on p%/[ , p?/, ﬁ%‘[M
and ﬁ]V\I,/W and differ from one another only in the choice of Nj; and Nyy. We reject Hy at a level o
if at least one of these p—values is less than a/4.

It is evident that RNG2(-1) leads to rejecting Hy at the level a = 0.003, and both RNG2(0) and
RNG2(1) allow us to reject Hy even for o as low as 0.0001. Besides, the p}’s and pA!’s observed
also indicate some discrepancies regarding this generator. We thus conclude that there is something
wrong with RNG2 and we do not consider it hereafter. It is quite surprising because RNG2 is said
to pass all the Diehard tests (see [Marsaglia, 1995]), at least according to the R documentation.

We can get very interesting results, depending on Nj; and Ny :

e (N =500, Ny = 500) This is the choice where the benchmark Marsaglia’s numbers clearly
look as perfectly random from all our points of view. Nevertheless, both RNG3(1) and
RNG5(0) would reject Hy at a significance level lower than 0.05.

e (Np; =700, Ny = 700) Although there is no apparent change in the behaviour of Marsaglia’s
numbers, we could reject Hy in the case of RNG3(1), RNG4(0), and RNG5(0) at the levels
0.05,0.04, and 0.02, respectively.
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o (Ny = 800, Nyw = 800) The benchmark still seems all right but RNG1(0), RNG1(1),
RNG3(-1), RNG3(0), RNG3(1), RNG4(0), RNG5(0) and RNG5(1) reject Hy for o = 0.05
and RNG1(0), RNG3(-1), RNG4(0), RNG5(0) do so even for v = 0.003.

e (Njp = 700, Ny = 1400) Marsaglia’s numbers and all the generators except for RNG4(-1),
RNG4(1) and RNG5(-1) reject Hp at a level lower than 0.03, with RNG1(0), RNG1(1),
RNG3(-1), RNG3(0), RNG4(0) and RNG5(0) rejecting at a level lower than 0.002.

e (Njr = 1200) We can reject Hy due to py,, at a level lower than 0.0002 in all the cases.

Note that RNG1, RNG3, RNG4, and RNG5 would appear even much worse if we based their
evaluation only on ﬁjv\[,/w ’s and if we computed these overall p—values more naturally, i.e. only from
the individual p—values p,,’s with sufficiently high n’s.

You can also consult the files RNGOrtCoefMsExam.txt and RNGOrtCoefWsExam.txt where
the individual contributions of all cells to the Pearson x? statistic are reported for several prob-
lematic n’s in each case. They further confirm the peculiar behaviour of some generators and give
deeper insight into why their randomness is rejected.

In principle, these results need not be infallible due to several factors including round-off errors,
numerical inaccuracies, bad implementation or asymptotic approximations to the finite sample
distributions. All of them might deteriorate (but almost never improve) the output. We neither
plan to investigate all these factors in detail, nor do we intend to conduct similar experiments with
other T’s, r’s, and ¢’s because it would lie far beyond the scope of this work. Therefore we are
not going to render any definitive judgments. In fact, we are not even competent enough to draw
irrefutable conclusions regarding RNGs and related topics.

However, it seems reasonable to assume the results quite reliable at least when Marsaglia’s
numbers appear correct (although they need not be absolutely faultless either, see [Davies, 1999)).
The implications are then straightforward:

e the outputs of Monte Carlo studies should be judged very reservedly and with extreme care,

e the way RNGs are initialised matters considerably (and thus it should not be chosen at
random),

e RNG4(1) appears the best of all the possibilities investigated.

Nevertheless, much more investigation would be necessary to assess the RNGs at least a little
objectively. Some proposals for further improvements are made in the last chapter.

We can conclude that the Moore and Wallis orthonormal autocorrelations can be useful for
testing the quality of RNGs and that all the Monte Carlo studies in this work may be somewhat
biased due to the RNG employed.
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4.2 Accompanying Tables

Random Number Generator No. 1

Seed = —1 Seed =0 Seed =1

M \ W M \ W M \ W
pr 011381 [ 0.32835 | 0.82310 | 0.42284 | 0.14625 | 0.23693
P2 |0.68565 (2) [0.04170
D100 1 (95) 1
D200 1 (155)
D300 1 (238)
Paoo | 1 (395)
Psoo |0.90174 (405)

(405)

(682)

(797)

(882)

2) [0.74225 (2) [0.36578 (2) [0.29669 (2) [0.77111 (2)
Dl 1 | 1 (e 1 (92) | 1  (80)
2| 1 1m4)) 1 (153)| 1 (105
2) | 1 243)] 1 (248)| 1 (105
2) [0.24703 243)[0.52437 (397)| 1 (105
78)|0.30894 486)[0.02084 (459) | 1 (478
78 502)[0.02502 (459) [0.14984 (536
71 (459)

(727)

(727)

(

—_ = =
—_ = e

(
(
(
(
(
4
Peoo | 1 405 4
6

(114) (105)

(243) (105)

(243) (105)

o 530

Proo |0.84657 (682) | 1 0.43276 1 (676)]0.02920 0.17485 (536)
Psoo |0.03247 0.12670 0.01413 0.00054 (782)|0.00282 0.00229 (778)
(813) (847)

(813) (847)

(813) (847)

(813) (847)

(813) (847)

) (847)

797 778

(

(

(

(
0.37085 (366

(

(

(

( 847
847
847
847
847

P1100[9.8E-09 (1078)[0.00417 (909)|1.5E-06 (1069)[0.00015 (813)|4.6E-06 (1061)|0.00023
P120o0|6.1E-14 (1189)[0.00455 (909)|1.5E-11 (1194)|0.00016 (813
Pisoo| — — 10.00493 (909)| - ~ 10.00017 (813
Paoo|  — — 10.00531 (909)| - ~ 10.00019 (813

1.5E-08 (1146)|0.00025
- - 10.00027
- - 10.00029

(478)

(478)

(671)

(778)
Pooo [0.00169 (882) [0.00693 (877)|0.00076 0.00012 (813)|0.00318 0.00019 (847
Fiooo|1.5E-06 (983) [0.00379 (909)0.00003 (995) [0.00013 (813)[0.00017 (986) |0.00021

(909)

(909)

(909)

(

Table 4.1: Selected outputs regarding RNG1, including both Fisher’s p—values pr’s and Pearson’s overall
p—values py’s, N = 2,100, ...,1 400, each with the most influential number of cells in parenthesis. The
letters M, W denote the relation to the Moore or Wallis orthonormal autocorrelations.

Random Number Generator No. 2

Seed = —1 Seed =0 Seed =1

PF \ 0.00052 \ 0.81083 \ 0.00001 \ 0.22623 \ 0.00002 \ 0.65180

P2 |0.00461 (2) ]0.06208 (2) |0.65797 (2) [0.84952 (2) |0.01682 (2) 1 (2)
P1oo |0.45595  (2) 1 (2) 10.01379 (77) 1 (18) [0.01341 (4) 1 (18)
D200 0.91651  (2) 1 (2) 10.01328 (160) 1 (166)]0.02695 (4) 1 (18)
Do | 1 (2) 1 (2) [0.01996 (160)| 1  (274)|0.04050 (4) 1 (18)
D400 1 (2) 1 (2) 10.02663 (160) 1 (332)]0.00649 (379) 1 (18)
D500 1 (2) 1 (2) 10.03331 (160) 1 (332)|0.00812 (379) 1 (18)
D600 1 (2) 1 (2) 10.03999 (160) 1 (332)|0.00975 (379) 1 (18)
D700 1 (629) 1 (671)]0.04666 (160) 1 (699)]0.01137 (379) 1 (646)
DR00 1 (727) 1 (722)]0.00519 (777) [0.00974 (776)|0.00167 (755) |0.09831 (797)
Dooo |0.00184 (825) [0.59274 (898)]0.00448 (851) |0.00402 (870)|0.00001 (861) [0.04151 (875)
P1ooo|7-5E-07 (957) 0.44242 (935)|0.00011 (989) |0.00446 (870)|3.8E-07 (974) |0.04613 (875)
P1100|1.6E-08 (1080)[0.48671 (935)|1.4E-06 (1099)]0.00491 (870)|5.0E-10 (1097)]0.05075 (875)
P1200|4.8E-10 (1178)]0.53099 (935)|2.1E-09 (1167)]0.00536 (870)|6.2E-13 (1199)|0.05537 (875)
D1300 - - 10.57528 (935) - — 10.00581 (870) - — 10.05998 (875)
D1400 - — 10.61956 (935) - —10.00625 (870) - —10.06460 (875)

Table 4.2: Selected outputs regarding RNG2, including both Fisher’s p—values pr’s and Pearson’s overall
p—values py’s, N = 2,100, ...,1 400, each with the most influential number of cells in parenthesis. The
letters M, W denote the relation to the Moore or Wallis orthonormal autocorrelations.
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Random Number Generator No. 3

Seed = — Seed =0 Seed =1
M \ W M \ W M \ W

PF 0.85716 | 0.57444 [ 055431 | 056818 [ 0.38730 [ 0.48162

P2 |0.14230 (2) [0.57783 (2) [0.64884 (2) 1 (2) [0.31461 (2) [0.33007 (2)
Poo | 1 (92) |047135 (97)| 1 (96) | 1  (96) |0.85076 (94) | 1  (22)
P00 |0.14577 (169) |0.33606 (184)] 1 (158)| 1  (96)| 1  (94) | 1  (166)
Psoo |0.21902 (169) 0.50493 (184)] 1 (201)| 1 (253)] 1  (279)| 1  (166)
Paco [0.04604 (368) |0.25077 (327)] 1 (336)| 1  (253)] 1  (391)| 1  (166)
Psoo |0.04850 (434) |0.10158 (487) 1 (420) | 1  (470)|0.29736 (431) |0.00812 (498)
Peoo |0.05822 (434) |0.12194 (487)| 1 (420)| 1  (470)|0.35695 (431) |0.00975 (498)
Proo |0.06794 (434) |0.14229 (487)] 1 (691) |0.20928 (682)|0.13842 (695) |0.01137 (498)
Psoo |0.07766 (434) |0.00066 (790)| 1 (764) [0.00213 (768)|0.03489 (794) |0.00751 (772)
Pooo [0.00012 (899) |0.00002 (864)0.00381 (900) (9.7E-07 (825)|0.00063 (867) |0.00057 (817)
P1o00|3-5E-06 (992) |0.00002 (864)0.00005 (958) [1.1E-06 (825)]0.00001 (997) |0.00063 (817)
P1100|1.8E-08 (1030)|0.00002 (864){0.00006 (958) |1.2E-06 (825)|8.9E-08 (1100)(0.00070 (817)
Pr20o|2.7E-11 (1171)(0.00002 (864)|1.8E-08 (1114)|1.3E-06 (825)|4.4E-11 (1162)|0.00076 (817)
Pisoo| ~ |0.00003 (864)| - ~ |L4E-06 (825)| - ~|0.00082 (817)
Praco|  — — |0.00003 (864)| - ~ |1.5E-06 (825)| - ~]0.00089 (817)
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Table 4.3: Selected outputs regarding RNG3, including both Fisher’s p—values pr’s and Pearson’s overall

p—values py’s, N = 2,100,...,

1 400, each with the most influential number of cells in parenthesis.

letters M, W denote the relation to the Moore or Wallis orthonormal autocorrelations.

Random Number Generator No. 4

Seed = —1 Seed =0 Seed =1
M \ W M \ W M \ W

PF 0.55659 [ 0.41500 | 0.87013 | 0.58007 | 0.91034 | 0.97978

P2 ]0.36914 (2) [0.63977 (2) [0.75663 (2) [0.72795 (2) [0.14402 (2) [0.64884 (2)
Poo| 1 (94| 1 (58| 1 (24| 1 ®)| 1 (12| 1 (5
Poo | 1 (136)| 1 (136)] 1  (190) |0.96578 (170)] 1  (72) | 1  (5)
Psoo | 1 (292)| 1 (21000 1 (230)| 1 (170)] 1 (72) | 1 ()
pwo | 1 (292)| 1 (210)) 1  (345)|0.74362 (340)] 1  (72) | 1  (5)
Psoo | 1 (431)| 1 (485)| 1  (345)|0.19897 (474)| 1  (72) | 1  (467)
Peoo | 1 (431)| 1 (485)] 1  (345)|0.23885 (474)| 1  (72) | 1  (467)
proo | 1 (431)| 1 (696)] 1  (690)|0.00787 (691)| 1  (649)| 1  (649)
Psoo |0.02559 (792) |0.20206 (758)|0.13542 (799) |0.00069 (749)| 1 (781)| 1  (761)
Pooo |0.01051 (881) |0.22735 (758)|0.00085 (872) |0.00017 (808)|0.03882 (875) |0.40773 (832)
Prooo|L.5E-06 (978) |0.25264 (758)|3.6E-07 (1000)|0.00019 (808)|0.00230 (983) |0.45308 (832)
Pr100|9-6E-07 (1019)(0.27793 (758)|4.2E-11 (1084)|0.00021 (808)|1.1E-06 (1096) 0.49843 (832)
Pr20o [2-4E-08 (1191)(0.30322 (758) |4.5E-11 (1084)|0.00023 (808)|3.5E-09 (1113)0.54379 (832)
Pisoo| — ~ ]0.32851 (758)| - ~]0.00024 (808)| - ~ ]0.58914 (832)
Praco| — ]0.35380 (758)| - ~ [0.00026 (808)| - ~]0.63449 (832)

The

Table 4.4: Selected outputs regarding RNG4, including both Fisher’s p—values pr’s and Pearson’s overall

p—values py’s, N = 2,100,...,

1 400, each with the most influential number of cells in parenthesis.

letters M, W denote the relation to the Moore or Wallis orthonormal autocorrelations.

The
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Random Number Generator No. 5

Seed = —1 Seed =0 Seed =1
M \ W M \ W M \ W

pr 0.66292 | 0.74477 [ 043675 [ 0.87417 | 0.11573 | 0.87557

P2 0.37252 (2) 1 (2) [0.19698 (2) [0.64884 (2) [0.55217 (2) I (2
Poo| 1 (98| 1 (91)| 1 (8) Loy 1 (14| 1 (4
Pooo | 1 (196)| 1 (125)] 1 (8) 1 (193 1 (146)| 1 (4
Psoo | 1 (196)| 1 (125)] 1 (8) 1 (272)) 1 (146)| 1  (261)
Pao | 1 (392)| 1 (339)] 1  (371)0.35297 (332)/0.50148 (379) | 1  (314)
Psoo | 1 (392)| 1 (471)] 1 (371) |0.01218 (477)|0.62718 (379) | 1  (435)
Peoo | 1 (392)| 1 (471)] 1  (371) |0.01215 (506)|0.75286 (379) | 1  (435)
proo | 1 (392)| 1 (471)] 1  (371) |0.00404 (685)|0.87855 (379) |0.88785 (696)
psoo | 1 (780)]0.70505 (792)] 1 (757) |0.00029 (794)|0.32536 (776) [0.00652 (776)
Pooo 0.17347 (890) |0.09737 (815)[0.70935 (898) |0.00001 (849)|0.00399 (876) (0.00322 (823)
P1000{0.00199 (924) 0.10820 (815)[0.02111 (1000)|0.00001 (849)|0.00006 (992) [0.00358 (823)
P1100{0.00001 (1020)[0.11903 (815)[0.00049 (1093)|0.00001 (849)|2.5E-06 (1091)(0.00394 (823)
P1200|2-5E-06 (1175)[0.12986 (815)]0.00004 (1174)(0.00001 (849)|2.0E-08 (1154)(0.00430 (823)
Pisoo| ~|0.14069 (815)| - ~|0.00001 (849) - ~|0.00465 (823)
Pravo|  — ~ |0.15152 (815)] - — ]0.00001 (849)| - — ]0.00501 (823)
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Table 4.5: Selected outputs regarding RNG5, including both Fisher’s p—values pr’s and Pearson’s overall
p-values pn’s, N = 2,100,...,1 400, each with the most influential number of cells in parenthesis. The
letters M, W denote the relation to the Moore or Wallis orthonormal autocorrelations.

Marsaglia’s Random Numbers

M|

W

PFr

0.61085 |

0.81276

D2
D100
D200
D300
D400
D500
D600
D700
D800
D900
D1000
DP1100
P1200
DP1300
D1400

0.90435 (2)
1 (4)
1 (4)
1 (255)
0.86766 (370)
1 (370)
1 (370)
0.75951 (699)
0.04278 (772)
0.00740 (862)
0.00014 (989)
0.00001 (1051)
4.3E-08 (1138)

0.09250 (2)
1

= e e

(
(
L
0.19087 (
0.00231 (898
0.00257 (
0.00283 (
0.00309 (
0.00334 (
0.00360

Table 4.6: Selected outputs regarding Marsaglia’s numbers, including Fisher’s p—values pg’s and Pearson’s
overall p—values py’s, N = 2,100, ...,1 400, each with the most influential number of cells in parenthesis.
The letters M, W denote the relation to the Moore or Wallis orthonormal autocorrelations.



Chapter 5

Kendall’s Rank Autocorrelations

In this chapter, we are going to extend the results regarding the noncircular Kendall rank auto-
correlations (from [Ferguson et al., 2000]) and to judge their usefulness and possible application
in portmanteau tests.

5.1 Theory

We start with the definition from [Ferguson et al., 2000]:

Definition 12. The Kendall rank autocorrelations 7x (k)’s, k = 1,2,..., are defined by

AN}, 7 T—-kT—k
rr(k)=1- T k)(T’_ ) where Nyp = ; ;1 I(R; < Rj, Rivk > Rjik).

Here we will also consider their exactly and roughly standardized versions 7k (k)’s and 7x (k)’s:

=y — TE (k) — Eo(Fk (k) oy — TE () = Eo(Fk (k)
b= varg (Fc(k)) =)

The following theorem summarizes some relevant results proved ibidem.
Theorem 13. If we assume the null hypothesis H{)E to be true, then

(3T —3k—1)(T —k) &k

T
Eo(Nir) = G ~% for1<k< 3,
T—-k)(T-k-1
:( )(4 ) for%§k<T—1,
1073 — 3772 4+ 27T + 74
varg(Ny1) = 0 ST+ 27T 47 for T > 4,
’ 360
Vv T?K(k) ~ asympt. N(O, %) fOT’ k > 1.

Besides, it also holds asymptotically that i (k)’s are then equivalent to rs(k)’s, jointly standard
normal and independent.
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Proof. See [Ferguson et al., 2000]. O

Unfortunately, there are no formulae for varg(7x(k))’s at lags k > 1 given there (because of
their extremely tedious computation), although the authors indicated that they could be found
essentially in the same way. But such formulae are needed for the accurate standardization of
Tk (k)’s and that is why we derive them now.

Theorem 14 (Variances of 7 (k)’s). If HF holds, T >k >0, and T > 8, then

varg (?K(kz)) =
_2[10T3 + (—30k + 15)T? + (30k? — 30k — 25)T + (—10k> + 15k* + 25k)]

k<T <2k
45(T — k)2(T — k — 1)2 SRR

_ 2[107% + (=30k + 13)T? + (30k2 — 34k — 21)T + (—10k° + 31k* + 17%)]’ ok < T < 3k,
A5(T — k)2(T — k — 1)2

_ 201073 + (=30k — 7)T*? + (30> + 46k — 37)T + (—10k" — 29k +65k)]’ 3k < T < 4k,
A5(T — k)2 (T —k — 1)2

_ 2[107° + (=30k — T)T + (30k* + 46k — 49)T + (~10k° — 20k” + 113k)]

A5(T — k)X(T — k — 1)2
Proof. 1t is sufficient to get varg(Ny 7). The second moment

T—kT—kT—kT—k
Eo(N; 1) = Z Z Z Z P(R; < Rj, Riti, > Rjyi, By < Ry, Rpti, > Ryt

i j P
can be decomposed as in [Ferguson et al., 2000]:
Eo(Nir) =A+2B+2C + D,
A=Y "P(R; < Rj, Rirx > Rjyp),

(2%]

B= Y P(R; < Rj,Riyx > Rjix, Ri < Ry, Riyy, > Ryys),
1,5,97#7

C= Y P(Ri<RjRiyr> Rjp, Ry < Ri, Rppi > Riyy),
1,j#p,pF#i

D= Y P(Ri<Rj,Ripx > Rjsp, Ry < Ry, Ryi > Ry,

,7,p,q distinct

where A = Eo(Nj, 1) is already known.

As far as the terms B, C, D are concerned, the indices of R’s may mutually coincide and thus
numerous special cases must be considered separately, see [Ferguson et al., 2000] for some details.
All the complicated computation was realized by means of the MAPLE program KMomComp.mws
(with almost 20 pages of a dense code). The auxiliary R files KProbs.r and KExactMom.r compute
empirically the probabilities P(R; < Rj, Ri1r > Rjti, Ry < Rq, Ryt > Rgyk) and the variances
var(Ny 1) for small T’s (and under HY). O

Note. These formulae agree exactly with the results obtained for k = 1 in [Ferguson et al., 2000].
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5.2 Monte Carlo Simulations

Both the coefficients 7 (k)’s and 7 (k)’s are asymptotically independent and thus they seem to be
prime candidates for using in the portmanteau tests. The empirical study in [Ferguson et al., 2000]
indicates that some improvement could really be achieved this way in practice (despite the asymp-
totic equivalence of 7 (k)’s and 7g(k)’s under HY).

We investigate such possibility in this small comparative Monte Carlo study where the bench-
mark test T's(m) and the tests Tk, (m) and Tk, (m) based on the statistics Sk, (m) and Sk, (m)
are judged,

Sia(m) =Y 7 (k) ~asympe. X3 (m), Sip(m) = Y 75 (k) ~asympe. X (m).
k=1 k=1

We take account of all the time series from the classes TREND (7" = 100), SHORTTREND
(T'=25), ARMA (T = 100) and GARCH (7" = 200). The lines s , mmm and coocoo correspond
to the tests Ts, Tk, and Tk, respectively.

The results lead to the following conclusions:

e The test Tk ,(m) is badly sized even for very small m’s and quite long time series with
T = 200 observations, see Figure It clearly demonstrates that the standardization by
means of the asymptotic variance is inappropriate, and it also justifies our effort spent on
the derivation of the exact formulae for varg (7x (k))’s.

e In general, the tests T's and Tk, always exhibit virtually the same size. Besides, they also
have almost the same power when longer time series are investigated, see Figures[5.3]and [5.4]
Therefore we cannot recommend to use Tk, for longer time series, as the computation of
Sk, is then usually more demanding than the evaluation of Sg.

e However, Tk, (m) clearly outperforms Ts(m) in the case of short trend alternatives when it
is much less sensitive to the misspecification of m and its maximum power may exceed that
of Ts(m) even by more than 5 percentage points, see Figures and

o Ty, (1) is sometimes much less powerful than Tk, (m) with a higher value of m (see e.g.
Figures and , which speaks in favour of the use and existence of the precisely
standardized Kendall rank autocorrelations at higher lags.
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5.3 Accompanying Figures

Empirical power: Short—Trend alternatives with normal noise (T = 25, N = 10000)
A) No trend [©) Quadratic trend]
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Figure 5.1: Behaviour of the tests based on Sg(m) (), Sk ,(m) (mmm) and Sk, (m) (cooco)
when applied to a short trend plus N(0,1) white noise (7" = 25 ... time series length, N = 10 000
...number of replications, wmmmn ... bounds of 95% confidence intervals for the empirical size).

Empirical power: Short—Trend alternatives with t(3) noise (T = 25, N = 10000)
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Figure 5.2: Behaviour of the tests based on Sg(m) (), Sk ,(m) (mmm) and Sk, (m) (cooco)
when applied to a short trend plus standardized t(3) white noise (T' = 25 ...time series length,
N =10 000 . ..number of replications, wmmm . . . bounds of 95% confidence intervals for the empirical
size).
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Empirical power: ARMA(L1,1) alternatives with normal noise (T = 100, N = 10000)
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Figure 5.3: Behaviour of the tests based on Sg(m) (), Sk, (m) (mmm) and Sk, (m) (ooocoo)
when applied to ARMA(1,1) processes with N(0,1) white noise (T = 100 ...time series length,
N =10 000 ...number of replications, mus . . . bounds of 95% confidence intervals for the empirical
size, A,B ... ARMA parameters aq, by).

Empirical power: GARCH(1,1) alternatives with t(3) noise (T = 200, N = 10000)
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Figure 5.4: Behaviour of the tests based on Sg(m) (), Sk, (m) (mmm) and Sk, (m) (ocoocoo)
when applied to GARCH(1,1) models with standardized t(3) innovations (7' = 200 ... time series
length, N = 10 000 ...number of replications, wumm ... bounds of 95% confidence intervals for the
empirical size, A,B ... GARCH parameters aq, by).



Chapter 6

Weighted Kendall’s Serial Rank
Coefficients

Kendall’s rank autocorrelations are quite slow to compute, especially in the case of long time
series. We show that this drawback can be overcome by introducing their weighted modifications
that can be obtained easily as the most natural generalization of both those serial unweighted
[Ferguson et al., 2000] and nonserial weighted [Shieh, 1998] Kendall’s serial rank coefficients.

6.1 Theory

For simplicity, we only introduce the standardized versions of the weighted Kendall autocorrela-
tions.

Definition 15. The standardized weighted Kendall serial rank coefficients 7, (k)’s, k = 1,2, ...,
are defined in the following way:

Niw.r = Bo(Niw,r) — =
?K,w(k) — W il ,  where Nk,w,T = Z Z w(i,j) I(Ri < Rj, Ry > Rj+k)
varo(Nk,w,r) i=1 j=1

and w is a real function symmetric in its arguments and possibly dependent on k.

As we want to speed up the computation, we focus only on the trimmed weighting functions
satisfying w(i, j) = 0 for |i — j| > m, m < T, namely on those listed below:

wi(i, j) = I(|i — j| < m), wa(i, j) = i — | I(]i — j| < m),
ws(i,j) = (m+1—|i—j)I(i —j| <m), wy(i, j) = (i + ) I(ji — j| < m).
The means, variances and joint asymptotic normality of 7 ., (k)’s can be obtained easily in all
these cases.
Theorem 16. If the null hypothesis H(])E holds, w = w1, wo, w3 or wy, T > 8, T > 5k +m, and
m > 3k, then the means and variances of Ny, 1’s are as follows:
1 1

1 1 1 1
E(](Nk’th) = (im + E)T — ZmQ — ikzm — Zm — gk,

68
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varg(Ne,w,, 1) = (; + % — %51@‘ — %)T — %mg — %nﬂ - ék‘m2 — %m + fk:m
13810k + gk
Eo(Nkw,,T) = (im + im + 6k>T - %m3 - %mQ — %l{:m — ikm — %m — %k:Q,
varg(Ng,w,,1) = (316m4 + % - % 2 gk 2 §k m + % éng %/& — %k)
I T R L T
+ 1—20k: 45k2 m+ %km + %m 1201870k4 §k3 + %k%
Eo(Nkws,m) = (im + % - fk + 6>T - % - imQ — ik‘m2 — %k:m — %m + ékj - ék,
varo(Niuws,7) = (316m4 + % ' % i 475lC %km N %ka - %m + %kg - ékQ
%k B %>T N %gomfs - %m4 - %Wl N %km3 - 1320 + 417??2 i
* %k %kQ * 21770]“37” 2?6 * %k 19007]“72 120187()k4

233 5 1049, 197
270" 1080 ' 540

1 1 1 1 1
Eo(Nk,w,,1) = (fm—i—é)TQ—l— (—fm +-m — k:m—f/f+ 6)T+ —km? — -m? —fk:m

2 1 1 1
+ 113 L + k2 k
1o 1 1o 1
2 A" TR T g
4 13 4 923
Newor) = (—=m? + — ——k——)
varo(Nguw,.1) (27m T T 5 13
5 5 4, 1 49 43 , 23\, 4
S, By A ot Lk Bkt By ——)T
+ ( 7™ gk g™ 540er mEGRt 9" T 90
17 a1 g 10 ) 13 ,_ 2, 5 3, 7
L km® 4+ ok2m? — =22 — Zem? = 2k g
+ (216 970" T a7 +9 1357 T gt T RN gt
1 467 . 71 134 23 1 83 17
o —7]{3—7162 7]?_7)11_7 5 P2 4—7k' 4
360" 540 45 135" 270 60" 2160m 216" "

5 31 7 4 35
—7k'2 3_ 2= 3 k 3 k,? 2_71{73 7]{: Y 2
7" " 360m * 210 TR s 132"
47 1 23 107 27 23
- — 2 m 4 2, A ey
540 45 + 216 me 60 met 40 * 90 40 * 90
Proof. This proof is similar to that of Theorem [14] but the resulting formulae obtained directly
that way are too difficult to simplify. Fortunately, the weighting functions wy, ..., wy lead to the

means and variances in a polynomial form whose maximum possible powers of T', k, and m can
be determined easily in advance. We therefore compute the values of Eq(Nj 1) and varg(Ng, 1)
for numerous choices of T', k, and m and then fit them with an adequate polynomial.

All the computations can be reproduced by means of the MAPLE codes KWMomCompW1.mws,
KWMomCompW2.mws, KWMomCompW3.mws, and KWMomCompW4.mws that also allow us
to calculate the moment characteristics for any weights if T' and k are given. The results can be
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checked with KWExactMom.r and KWMean VarCheck.mws.

We discuss only the case when T' > 5k + m and m > 3k, which is usually the most relevant
in the time series context. Nevertheless, the other possibilities could be treated analogously with
the same programs. O

Note. Apparently, the exact formulae for Eq(Ny 1) and varg(Ng, 1) can be derived the same
way even for any other weighting functions in a polynomial (or other similar) form. Recall that
a large number of weighting functions may be approximated by a polynomial thanks to the Taylor
formula.

Note. Unfortunately, the covariances covg (?K,w(h),?K,w(k))’s, 1 < h <k <T, still remain un-
known because their computation seems tedious even for us. The use of 7k ,,(k)’s in portmanteau
tests thus remains problematic. However, these autocorrelations can still be employed individu-
ally, especially the coefficient 7 ,,(1). Its asymptotic standard normal distribution is guaranteed
by the next theorem.

Theorem 17 (Asymptotic distribution under H¥). Let us assume that HY holds and that w is an
arbitrary symmetric weighting function such that w(i,j) =0 for |i — j| > m. Then the individual
coefficient Tx 4, (k) is asymptotically standard normal for any k > 1.

Proof. 1f Hy holds, then the asymptotic distribution of 7k (k) does not depend on L(Y;) and
hence Y;’s can be treated as uniformly distributed in [0, 1] without any loss of generality. As
Ni.w,1 can be rewritten in the following form:

T—-kT—k

Newr = > w(i,j)I(Ri < Rj, Risp, > Rjyp)
=1 j=1
T—-k T—k

= Z Z I(Y; <Y}, Yigr > Yir) +1(Y; > Y}, Yigr < V)]
=1 j=i+1

T—k
= E Si,ku
=1

where
i+m
Sik = w(i,j)[I(Y; <Y}, Yisr > Vi) + 1(Y; > ¥}, YVigr < Yjgs)]
j=i+1

are (m + k)-dependent random variables and

E(Ng,w,r) = ZE ik)

it suffices to apply any suitable central limit theorem for m-dependent random variables, just as
in the proof of Theorem

The joint distribution of R;’s is identical under both Hy and H(;E (see [Dufour and Roy, 1986]),
which implies that the same holds even for the asymptotic distribution of 7x ., (k). O
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Note. This theorem deserves a few more comments. First, the joint asymptotic zero mean normal
distribution of the first 7x ,,(k)’s (possibly together with other such coefficients at the same lags
but with different weighting functions) could be proved virtually the same way as in Theorem

Second, N}, ., 7 can be treated as a serial linear rank statistic if the trimmed weights w(3, j)’s de-
pend only on the difference j—i. Then the relevant theory might be applied, see e.g. [Turova, 2004],
[Harel and Puri, 1990], [Hallin et al., 1987], and [Hallin et al., 1985].

And third, Nj, 7’s have much in common with the weighted U-statistics Ur(k)’s of degree
two:

Ur(k) = ) T k— 1) i i 9(2:25),

where

Z; = (Y3, Yiqr), Zj = (Y}, Yjqn),
9(Zi,Z5) =1(Y; > Y, Yigr < Yigp) +1(Y; <Y}, Vi > Vi)

See [Hsing and Wu, 2004] and references therein for current knowledge on them.

Now we are going to proceed with the empirical investigation of 7 ., (1).

6.2 Monte Carlo Simulations

We investigate the performance of the newly introduced weighted Kendall serial rank coefficients
T (1), TR ws (1), T ws (1), and 7x 4, (1) in dependence on the trimming parameter m. To be
more specific, we use the two-sided tests T, Tk w, (M), Tk ws (M), Tk s (M), and Tk 4, (m) based
on the statistics Sk, Sk w, (M), Sk ws (M), Sk ws (M), and Sk, (M):

Sk =Tk(1),
SKvwi(m) = 77[(711)1.(1), i = 17 273747

that are all asymptotically standard normal under Hﬁq . Tk is included only as a benchmark.

We consider the classes ARMA (T' = 50), LONGARMA (7" = 100) and GARCH (T = 200)
and all the time series therein. In fact, it is quite natural to aim at longer time series where the
differences in the computational costs are more significant and where the Moore and Wallis serial
rank coefficients cannot be applied too successfully. The lines —._ ., s, 00000 , m == and
correspond to the tests T, Tk w, (M), Tk wy (M), Tk ws(m), and Tk 4, (m), respectively.

All the results (illustrated in Figures to speak for the following conclusions:

e All the tests are correctly sized for all the time series lengths considered (7' = 50,100, 200).
The only exception regards the tests Tk ., and Tk ., for small values of T and m (T = 50
and m < 5).

e The test Tk, clearly exhibits the lowest power. However, it might still be reasonable to
apply in some special cases, e.g. if we decided to prefer more topical observations.
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e On the other hand, Tk 4, proves the best in the case of ARMA processes and Tk ., appears
so for GARCH(1,1) alternatives, especially for those with persistent volatility. As far as
their overall behaviour is concerned, T ,,, seems to be the winner.

o The tests Ty, ¢t =1,2,3,4, never beat Tk significantly, at least in all the situations investi-
gated.

e There is hardly any reason for setting m > T'/3. In fact, satisfactory results can often be
achieved even with much lower values of m.

It seems that the newly proposed tests could really be found useful for quick testing against
extremely long ARMA or GARCH time series alternatives.
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6.3 Accompanying Figures

Empirical power: ARMA(L1,1) alternatives with normal noise (T = 50, N = 10000)
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Figure 6.1: Behaviour of the tests based on Sk (—.—.), Sk, (M) (w—), Sk u,(M) (00000),
Sk s (M) (mmm) and Sk, (M) ( ) when applied to ARMA(1,1) processes with N(0,1) white
noise (7" = 50 ...time series length, N = 10 000 ...number of replications, wunm ...bounds of
95% confidence intervals for the empirical size, A,B ... ARMA parameters aj, b).

Empirical power: Long—ARMA(1,1) alternatives with normal noise (T = 100, N = 10000)
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Figure 6.2: Behaviour of the tests based on Sk (—=.—.), Sk, (M) (w—), Sk u,(M) (00000),
SKws(m) (mmm) and Sk ., (m) ( ) when applied to long ARMA(1,1) processes with N(0,1)
white noise (7" = 100 . .. time series length, N = 10 000 . .. number of replications, wus . . . bounds
of 95% confidence intervals for the empirical size, A,B ... ARMA parameters aj, by).
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Empirical power: GARCH(1,1) alternatives with normal noise (T = 200, N = 10000)
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Figure 6.3: Behaviour of the tests based on Sk (—.—.), Sk, (M) (w—), Sk (M) (00000),
SKawg(m) (mmm) and Sk, (M) ( ) when applied to GARCH(1,1) models with N(0,1) innova-
tions (7" = 200 ... time series length, N = 10 000 ...number of replications, mmm ...bounds of
95% confidence intervals for the empirical size, A,B ... GARCH parameters a1, by).

Empirical power: GARCH(1,1) alternatives with t(3) noise (T = 200, N = 10000)
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Figure 6.4: Behaviour of the tests based on Sk (—.—.), Sk, (M) (w—), Sk (M) (00000),
SKws (M) (mmm) and Sk, (M) ( ) when applied to GARCH(1,1) models with standardized
t(3) innovations (7" = 200 ...time series length, N = 10 000 ...number of replications, wuumn
... bounds of 95% confidence intervals for the empirical size, A,B ... GARCH parameters a1, by).




Chapter 7

Autocorrelations of Scores

Contrary to the Moore and Wallis serial rank coefficients, the Spearman ones are not invariant to
all possible increasing transformations of the ranks. This chapter contains a few comments and
suggestions on this issue.

7.1 Introduction

Correlation of scores is a common tool for statistical analysis of ordered nonserial data, see e.g.
[Tarsitano, 2002] for a review. It has been successfully generalised to the time series context
in a string of articles including [Hallin et al., 1985], [Hallin et al., 1987], [Hallin and Puri, 1988a],
and [Hallin and Puri, 1988b] where the f-rank (sample) autocorrelation coeflicients r¢(k)’s and
their standardized versions 7¢(k)’s are introduced:

= . _ N 7r(k) — Eo(Fr(k
00 = 7 S G (). 7yt = T,
i=1 Varo(rf(k:))

where G(-) = —f(F7'(-))/f(F~!(-)) and F~'(-) is the quantile function associated with the
density type f. For example, the van der Waerden rank autocorrelations 7, (k)’s,

correspond to the standard normal density ¢ and beat the sample ordinary ones in many respects.

Subject to certain regularity conditions, 7¢(k)’s are known asymptotically jointly normal un-
der H¥ and optimal from several points of view for testing against ARMA alternatives with the
underlying white noise density f (same references). Unfortunately, these conditions rule out several
important distributions such as the Cauchy, Student, and uniform ones. Besides, the original for-
mulae for Eg (?f(k:)) and varg (?f (k)) are very complicated and unusable in practice for higher T”s as
they include complicated double and quadruple sums over almost all the ranks, see ibidem. Fortu-
nately, their simplification in [Hallin and Mélard, 1988| (see also [Hallin and Puri, 1994]) weakens
the last mentioned drawback significantly.

75
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If the null hypothesis Hy is assumed, the signed-rank modifications ?f_(k)’s with much simpler
means and variances may be employed as well, see e.g. [Hallin et al., 1990] and references therein.
They are claimed to yield substantially better performance in some cases, although they are
known to be asymptotically equivalent to 7¢(k)’s under HJ (and therefore also under all local

alternatives). For example, the signed-rank van der Waerden autocorrelations 7, (k)’s,

Tk

— 1 . ~101 ., R ~1(1 R

T, (k) = T % Z sign(Y; Vi)@' (5 + Q(Tﬁ))q) (3+ 2(T+1))’
=1

are tailored to normal white noise and strongly encouraged to be used in practice, see ibidem.
Other related references are probably also worth mentioning. First, the signed-and-rank auto-
correlations (suitable for testing the zero median white noise null hypothesis) are introduced and
investigated in [Hallin et al., 2006]. Second, the application of (possibly signed) f-rank autocorre-
lations to the estimated residuals from ARMA (X) models is considered in [Hallin and Puri, 1994]
and [Ferretti et al., 1995]. And third, multivariate generalizations of these coefficients also exist,
see [Hallin and Paindaveine, 2006, [Oja and Paindaveine, 2005], [Hallin and Paindaveine, 2005],
[Hallin and Paindaveine, 2004a], [Hallin and Paindaveine, 2004b], [Hallin and Paindaveine, 2002].

7.2 Theory

First, we specify the autocorrelation coefficients of our current interest.

Definition 18. Let us define the transformed ranks P;(F')’s, the transformed ranks of absolute
values P;"(F)’s and their signed versions P, (F)’s in the following way:

Ry p(F) = sign(Y:) P (F),

P(F) = F7L\( L), PE(F) :F—1(§+(1—§)(T+1)), :

T+1

where F~! stands for any increasing quantile function and ¢ is the number satisfying F~!(¢) = 0.

Their sample (F-rank) autocorrelations will be further denoted by 7r(k)’s, 75 (k)’s and 7 (k)’s,

respectively. For example,

S (PE) = P(R) (Per(F) = P(F) 50 1=, 0
e NGRS

Besides, the symbol 75.(k) will be used to replace all the coefficients 7r (k), 71(k), 77 (k).

rr(k) =

Basic properties of these coefficients are established by the next theorems.

Theorem 19. If 1<k <h<T/2,T >3 and F~' is an arbitrary increasing quantile function,
then:

rr(k)| <1,

Bo(Fp(k)) = — et

T(T - 1)’
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il “+ (5K k(k —
) v 2 i S

((T = h)(T + k) — 2kh) (2Q*(F) — 1)

Eo (TR (KT (1)) = T(T — 1)(T —2)(T — 3) ’
and
B (P (k)% = "+ (b4 T2 — KT = 6k2)Q"(F) + T — T2k + 4) + 3T(h +1) + 3h(k = 1)
T(T —1)(T - 2)(T - 3)
where
1 I (Pr(F) - P*(F))*
T <SQU(F) = (sz_ll((ﬂ*((F;— ]5*((}7))))2)2 <1,

The subscript 0 refers to Hﬁg if * stands for — (and to HSE otherwise). This convention holds
everywhere in this chapter.

Note. The variances and covariances follow immediately.

Proof. 1t suffices to realize that

e both P;(F)’s and P;"(F)’s are exchangeable under H’ and the same holds even for P, (F)’s
under HOS ,

e Q*(F) is a deterministic factor depending solely on F' and T in this context,
e P(Pf(F)=P;(F)=---=P}(F)) =0 due to (strictly) increasing F~*.

The rest follows from the theory developed in [Dufour and Roy, 1985|, [Dufour and Roy, 1986] for
the autocorrelations of exchangeable variables. Partial verification of the results is possible by
means of SCMoms.r. I

These moment characteristics can naturally be used for standardization.
Definition 20. Let us define the standardized coefficients 77 (k)’s:
P (k) — Bo (7 (k)

varg (75(k))

(k) =

and both their orthonormal versions r}l(k)’s (see Section i and conservative modifications

oy Te(R) —Bo(FR(R)
in(k) = Nize , k=1,2,...

see e.g. [Dufour and Roy, 1986] for another example of the use of conservative variances of some
autocorrelations in portmanteau tests.
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Although the coefficients like 7}.(k)’s are already known and their exact means and variances
follow easily from [Hallin and Mélard, 1988], we are not aware of any use of their conservative
variances or finite sample covariances and therefore we present the formulae here.

Note. Apparently, cov(7(k), 7(h)) = O(T '), 1 < k < h < T/2, independently of F.

Theorem 21. Let F~! be an increasing quantile function continuously differentiable in (0,1) that
corresponds to a finite variance distribution. If HéE holds and m > 0 is a fized integer, then

?F(k’) ~ asympt. N(O, 1), k=1,....,m,

and these coefficients are moreover asymptotically both jointly normal and independent.
The same holds even for ?}'(k) 's when it suffices to consider the differentiability condition only

in (& 1).

Proof. We can focus on 7 (k)’s without any loss of generality. The only important stochastic term
in the definition of 7z (k) is the product Z;‘F:_lk P;(F)P;(F) whose asymptotic normal distribution
under Hy results from [Harel and Puri, 1990]. The extension to HY is straightforward and the
statement regarding the joint asymptotic normality and independence follows directly from the
Cramér-Wold device and the preceding note. O

Note. The asymptotic normality of 7r(k)-like coefficients is also discussed elsewhere, see e.g.
[Nieuwenhuis and Ruymgaart, 1990], [Tran, 1990], [Haeusler et al., 2000], and [Turova, 2004]. Be-
sides, the case of 7g(k)’s under Hl is also covered by [Hallin et al., 1987].

As far as 7, (k)’s are concerned, it is quite natural to assume them asymptotically jointly
normal as well (see e.g. [Hallin et al., 1990]) and this normal approximation indeed works well in
our Monte Carlo experiments. We do not analyse their asymptotic normality and independence
here because our simulation results indicate that it is not worth any effort, and we rather refer to
[Hallin and Puri, 1994], [Hallin and Paindaveine, 2006] and references therein.

Note. All these coefficients 75.(k)’s have a strong advantage over the f-rank ones: their stan-
dardization is very simple and their finite sample covariances are also known and easy to com-
pute. Furthermore, we show in Chapter [10| that 7r(k)’s (and 71 (k)’s) are uncorrelated with and
asymptotically independent of 7/ (k)’s and 7y (k)’s under H, contrary to the f-rank autocor-
relations with unequal score functions. Besides, 7g(k) is asymptotically equivalent (under HE)
to the most promising f-rank autocorrelation coefficient 7, (k) and the same holds for 7 (k) and
7, (k) under HE'. Tt also explains why we leave the (possibly signed) f-rank autocorrelations out
in further considerations.

Now we proceed with a few Monte Carlo experiments to reveal some pros and cons of 7}.(k)’s.

7.3 Monte Carlo Simulations

We investigate the portmanteau tests T2 (m), T+ (m) and T7(m) associated with the statistics

Sem) = 3" (k)% Sat(m) =D (5t (k) Sim) =D (75 (k)
k= —

1 k=1 k=1
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e always stands for the cumulative distribution functions of the standard normal, logistic, Laplace
and t(5) distributions. We use the subscripts t(5), Norm, Log, and Lap for short when referring to
them individually. Besides, we consider the benchmark tests Ts(m), Tq (m), and T (m), based on
the sum of the first m squared standardized Spearman coeflficients computed from the ranks, from
the ranks of absolute values and from the signed ranks, respectively. They roughly correspond
to Tv,* (m)’s with a uniform distribution used. The orthonormal and conservative modifications of
such Spearman coefficients are employed in ~ and  versions of Tg. It remains to note that we
assume the x?(m) null asymptotic distribution for all the tests based on the first m autocorrelations
of any kind.

Simulation results have been obtained for all the classes SHORTTREND (T = 25), TREND
(T = 100), ARMA (T = 50), LONGARMA (T = 100) and GARCH (T = 200). They speak for
themselves and need little comment. The most important conclusions are illustrated in Figures

71 to [[.I0F

e All the tests Tx(m)’s and T3 (m)’s exhibit roughly the same size behaviour as the bench-
mark Ts(m). T¢(m)’s seem convenient for application only if the other tests are oversized.

e Not surprisingly, the tests with % equal to blank space are in general the most suitable for
testing against SHORTTREND, TREND, ARMA, and LONGARMA alternatives while the
+ tests are the most advisable against the GARCH ones. There is hardly any reason to
employ the — tests for testing against TREND or SHORTTREND alternatives and besides,
they never lead to a power growth higher than one or two percentage points even if the time
series from ARMA and LONGARMA classes are considered.

e The tests based on the orthonormal coefficients should generally be preferred, especially for
shorter time series when their use may cause a power increase higher than 12 percentage
points. This shows the importance of the covariances between the single coefficients.

e As far as the TREND and SHORTTREND alternatives are concerned, Ty, . (m) slightly
dominates the other tests T,-(m) in the case of N(0,1) white noise while Tg (m) clearly
leads the area when the t(3) distribution is used instead. But Tg. . (m) is never signifi-
cantly outperformed by any other test T;-(m) if applied to the ARMA and LONGARMA
alternatives.

o As for the GARCH alternatives, T, ﬂ;t(m) appears the best and sometimes beats the bench-
mark Tg L(m) and the test TJ.- (m) even by more than 24 and 5 percentage points, re-
spectively. This conclusively confirms the qualities of the score autocorrelation coefficients
considered here and gives reasons for their existence. By the way, it is still quite possible

that there exists a function F' leading to even better results.

Given a white noise or an ARMA time series, [Chan, 1995] convincingly demonstrates (both
theoretically and empirically) that two additive outliers of the same sign, say at times ¢ and ¢ + k,
crucially influence the sample ordinary autocorrelation at lag k and force its value to 0.5 as their
magnitude and time series length increase. Besides, [Burns, 2002] further supports these results.
In light of this, the conclusions regarding GARCH alternatives are not as surprising as they could
seem at first sight because one typical feature of any volatile series is that the observations with
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high absolute values (and thus with high transformed ranks) occur close to one another in clusters.
This heuristics also partly explains why T; Ij)é(m) and 1?(% (m) achieve almost the same power as

the winner Ti;t (m) and clearly beat the benchmark Tg*(m) in the GARCH context.
We should perhaps mention as well that [Abadir and Talmain, 2005] show an important case
when a simple logarithmic transformation results in much more autocorrelated data. Therefore

the success of FL_aL is not quite unexpected even from this point of view.
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7.4 Accompanying Figures

Empirical power: Short—Trend alternatives with normal noise (T = 25, N = 10000)
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Flgure 7.1: Bel’j_aVlOUI' of the tests TS (m) (—), TNorm(m) (- - -), TNorm(m) (- 1 -l), TS (m)
(+=—) and Ty, (m) (ococoo) when applied to a short trend plus N(0,1) white noise (T" = 25
...time series length, N = 10 000 ...number of replications, mum ...bounds of 95% confidence

intervals for the empirical size).

Empirical power: Short—Trend alternatives with t(3) noise (T = 25, N = 10000)
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Figure 7.2: Behaviour of the tests T (1) (), T (1) (mmw), TNorm (M) (m 1 mm1), TS_L(m)
(+=—+) and Ty (m) (occoo) when applied to a short trend plus standardized t(3) white noise

(T = 25 ...time series length, N = 10 000 ...number of replications, wmmm ...bounds of 95%
confidence intervals for the empirical size).
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Empirical power: Trend alternatives with normal noise (T = 100, N = 10000)
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Figure 7.3: Behaviour of the tests Tg (m) (), T, (M) (mmm), TNorm(m) (mim1), Tg—(m)
L . ) . . o .
(+—+) and T, (m) (oocoo) when applied to a trend plus N(0,1) white noise (7" = 100 ... time
series length, N = 10 000 ...number of replications, wmmm ... bounds of 95% confidence intervals

for the empirical size).

Empirical power: Trend alternatives with t(3) noise (T = 100, N = 10000)
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(+=—) and Ty, (m) (oooco) when applied to a trend plus standardized t(3) white noise (7" = 100
...time series length, N = 10 000 ...number of replications, mum ...bounds of 95% confidence

intervals for the empirical size).
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Empirical power: ARMA(1,1) alternatives with normal noise (T = 50, N = 10000)
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Figure 7.5: Behaviour of the tests Té‘(m) (—), Tﬁ‘orm(m) (---), fNorm(m) (-l-l), TS_J‘(m)

(+——+) and Ti(:

Norm

(m) (ooooo) when applied to ARMA(1,1) processes with N(0,1) white noise

(T = 50 ...time series length, N = 10 000 ...number of replications, wum ...bounds of 95%
confidence intervals for the empirical size, A,B ... ARMA parameters aj, by).
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Empirical power: ARMA(L1,1) alternatives with t(3) noise (T = 50, N = 10000)
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Figure 7.6: Behaviour of the tests T4 (m) (wm), Tx 0 (17) (=), Trorm (1) (m v 1), T;L(m)

(4+——+) and Tﬁjrm(m) (0000o) when applied to ARMA(1,1) processes with standardized t(3) white
noise (7" = 50 ...time series length, N = 10 000 ...number of replications, wunm ...bounds of

95% confidence intervals for the empirical size, A,B ... ARMA parameters a1, b).
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Empirical power: Long—ARMA(1,1) alternatives with normal noise (T = 100, N = 10000)
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Figure 7.7: Behaviour of the tests T (m) (wem), 75 (1) (=), TNorm(m) (mimi), T - (m)
(+=—+) and T, (m) (occoo) when applied to long ARMA(1,1) processes with N(0,1) Whlte noise
(T = 100 ...time series length, N = 10 000 ...number of replications, wmum ...bounds of 95%
confidence intervals for the empirical size, A,B ... ARMA parameters aj, by).

Empirical power: Long—ARMA(L,1) alternatives with t(3) noise (T = 100, N = 10000)
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Figure 7.8: Behaviour of the tests T4 (m) (wem), Tx . (177) (=), Trorm (1) (m 1), T;L(m)
(4+——+) and TNorm( m) (ooooo) when applied to long ARMA(1,1) processes with standardized t(3)
white noise (7" = 100 . .. time series length, N = 10 000 . .. number of replications, wumm . . . bounds
of 95% confidence intervals for the empirical size, A;B ... ARMA parameters ay,by).
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Empirical power: GARCH(1,1) alternatives with normal noise (T = 200, N = 10000)
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Figure 7.9: Behaviour of the tests T~ (m) (mmm), T'g (m) (00000), T3, (M) (mmm) and 175 (m)
( ) when applied to GARCH(1,1) models with standard normal innovations (7= 200 ... time
series length, N = 10 000 ...number of replications, mumm ...bounds of 95% confidence intervals

for the empirical size, A,B ... GARCH parameters a1, by).

Empirical power: GARCH(1,1) alternatives with t(3) noise (T = 200, N = 10000)
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Figure 7.10: Behaviour of the tests T;L(m) (), T (1) (000007), TIL (1) () and Tﬂ;t(m)
when applied to GARCH(1,1) models with standardized t(3) innovations (7" = 200 ... time
9y
series length, N = 10 000 ...number of replications, wumm ... bounds of 95% confidence intervals

for the empirical size, A,B ... GARCH parameters a1, by).



Chapter 8

A Cautionary Note

The asymptotic independence of some serial rank coefficients under a null hypothesis of randomness
tempts into the wrong belief that their mutual covariances can always be ignored completely. But
this conviction may lead to very badly sized tests (i.e. to very misleading results), which is
demonstrated in this chapter.

For example, let us consider the statistic

Sxu(m) = Fs(k).

k=1

It is quite representative as the tests based on (possibly weighted) sums of some autocorrelations
play an important role in statistical inference, see [Hallin et al., 1985], [Hallin and Puri, 1988a],
[Hallin and Puri, 1988b], [Richardson and Smith, 1994], [Hong, 1997], [Levich and Rizzo, 199§,
and [Daniel, 2001], among others.

Sy.(m) is asymptotically zero mean normal under HOE , see Subsection If we neglect the
influence of covo (7s(k),7s(h))’s, its variance is varg(Sx;(m)) = m and does not depend on T'. The
trouble is that all the covariances covo(rs(k), 7s(h))’s are asymptotically O(—2/T) and therefore
of the same sign for sufficiently large T’s, see Subsection or [Dufour and Roy, 1986]. If we
take account of them, we get varg (Sg(m)) far from m even for high 7"s:

varg(Sy,(m)) | T=25 T=50 T=100 T =200 T =500 7 =1000
m= 5| 329 417 4.59 4.80 4.92 4.96
m=10| 313  6.38 8.19 9.10 9.64 9.82
m=12| 263  6.77 9.35  10.68  11.47 11.74
m =15 -~ 691 1082 1290 = 14.16 14.58
m =20 - 621 1256  16.22  18.48 19.24
m =24 - 525 1336 1854  21.80 22.90
m =25 - -~ 1348  19.08  22.61 23.80
m = 30 - - 1367 2147  26.54 28.26

These results can be checked by means of the MAPLE code CIVars.mws.
Fortunately, this discrepancy regarding the impact of covo (rg(k), 7s(h))’s can be wrestled with
easily. For example, we could simply consider their influence when computing varg (Sg (m)), or we
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could use the orthonormal autocorrelations 73 (k)’s (see Section instead of rg(k)’s. However,
the dependence and nonnormal null distribution of 7g(k)’s or rg(k)’s in finite samples may still
give rise to some inaccuracies.

Although this problem is illustrated only by 7s(k)’s here, the results are of much more general
validity. For example, the standardized ordinary autocorrelations generally suffer from the same
drawback (see [Dufour and Roy, 1985]), e.g. their covariances are also asymptotically O(—2/T)
if computed from normal white noise. The Moore serial rank coefficients 73/ (k)’s, 7as,1(k)’s and
7ar2(k)’s or the standardized score autocorrelations 7r(k)’s also have their covariances under Hf
of the same sign for T sufficiently large (see Section and Chapter [7) and so on. This partly
explains why the sum-based tests are often empirically investigated only with very high T’s (see
for example [Levich and Rizzo, 1998]) or not at all.



Chapter 9

Autocorrelation Signs Matter

The benchmark portmanteau test based on the first few squared autocorrelations totally ignores
their signs even when they are likely to play an important role. In this chapter, we introduce its
competitors not suffering from this drawback and show their clear dominance over the benchmark
in many important cases.

9.1 Theory

In principle, rank portmanteau tests check the joint asymptotic multivariate standard normal
distribution of some sample serial coefficients r4(k)’s standardized under H¥. However, they are
asymptotically gaussian under a great many alternatives as well (see e.g. Section [Tran, 1990],
[Nieuwenhuis and Ruymgaart, 1990], and [Harel and Puri, 1990]) and thus this normal asymptotic
distribution seems less characteristic of the null hypothesis than its parameters themselves.

It therefore appears quite natural to check HSE with the aid of some tests based only on the
minimal sufficient statistic (7, 52),

1 & 1 &
1 2 _ - =2
o= — > ra(k), 8 —~ D (re(k) = 74)?,
k=1 k=1
for unknown parameters of the univariate normal distribution of r¢(k)’s, k = 1,...,m. Besides,

such tests have the intuitive appeal that they can be sensitive even to the alternatives with small
nonzero autocorrelations of a dominant sign. As \/mf, and m3? are continuous functions of
(r.(l), ey Te (m)), they are asymptotically independent under H¥ with asymptotic distributions
N(0,1) and x?(m — 1), respectively.

For example, we could apply some methods for combining independent tests of the same null
hypothesis. In this special case, we want to combine two x? tests based on m#2 and m3s2. Available
literature on this topic indicates that we can focus only on the sum, Fisher and Tippett procedures
(see e.g. [Koziol and Perlman, 1978] and references therein).

Fisher’s one is known superior to many others and asymptotically Bahadur optimal in the class
of virtually all possible combination methods, see [Littell and Folks, 1971} [Littell and Folks, 1973].
Contrary to many others, both Fisher’s and Tippett’s procedure are admissible in this context
(see [Marden, 1982]) and neither of them can be generally preferred, see [Westberg, 1985].

88



CHAPTER 9. AUTOCORRELATION SIGNS MATTER 89

In the case of combining independent x? tests, both the sum and Fisher method are known to
minimize the maximum shortcoming in power relative to several other procedures, respectively for
all degrees of freedom equal to one and greater than one, see [Koziol and Perlman, 1978]. Their
combination is recommended otherwise, see ibidem. Both these approaches may also have their
natural Bayes interpretation, see [Koziol and Perlman, 1978] and [Koziol and Tuckwell, 1999].

In the general case of n independent test statistics C; ~ x2(p;), i = 1,...,n, under the same
null hypothesis, the Tippett, Fisher and sum methods and the combination of the last two lead
to the tests with the critical regions:

min(1 — Fy2(,y(C1), ..., 1 = Fy2(p)(Cn)) <1—-(1-a)m,

> —2In(1 = Fap(Cy)) > F oy, (1— ),

=1

ZC > Fasn - @),

Z C —2 Z ln 1-F )(C)) >F_2(Zzp*1p1+221p>1 )(1—0&)7
1,pi=1 i,p;>1

respectively, where « is the overall significance level. Note that the Fisher and sum tests coincide
here if all p; = 2 (see [Koziol and Perlman, 1978]) and that [Han, 1989] also used the Fisher
method for combining single (but non-serial) correlations together (but in a completely different
way and context).
In the special situation considered in this chapter, these methods result in the tests 7.} (m),
, Td(m) with the following critical regions:

T!: min (1 — Fxg(l)(mfg), 1-— Fxg(m_l)(m§2)) <1—+V1-aq,
T2 0 —2In(1— F2q)(m7?)) — 2In(1 — Fyz(,-1)(ms3)) > F, 1( (1= a),
T3 : mi? + ms> > F7, 1( )(1 a),
T mr? — 2In(1 - sz(m,l)(mﬁ)) > F 1( )(1 - a).

Note that T2 is equal to the benchmark form of the portmanteau test, i.e. to the sum >y r2(k).
However, it is likely to perform worse than T., especially for higher values of m (see for instance
[Koziol and Perlman, 1978]).

Another possibility is to use some weighted combining methods, for example those asymptot-
ically Bahadur optimal (see e.g. [Berk and Cohen, 1979]) or those with a natural Bayes interpre-
tation (see e.g. [Koziol and Perlman, 1978] and [Koziol and Tuckwell, 1999]). However, we do not
intend to proceed this way here.

Finally, even the full specification tests of the normal distribution summarized and investi-
gated in [Omelka, 2004], [Omelka, 2005] might come in handy. Unfortunately, they are designed
(and often also optimized) for the testing problem assuming some gaussian random sample also
under its alternative, which is usually not exactly the case of re(k)’s obtained from the time se-
ries alternatives frequently considered in practice. However, there is still some hope that they
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will perform well even in our context. The most promising ones lead to the portmanteau tests
T2(m),..., T (m) associated with the statistics

SE) = ’I?’Lfg + m(EE —-1- 111(53)) ~asympt. X2(2)a
=2 <2 2
6 mre m(s, - 1) 2
S, = gg + 254.1 ~asympt. X (2),
SZ = mf% + %(f% + 52 — 1)2 "~asympt. X2(2)7
m—1 [ ms? 2
S? = m'F? + NN (m 1 1) ~~asympt. X2(2)a
S =—2n(2[1 — &(|vVmr.|)]) — 2In[1 = Fy2()(—21n(Hy))] ~asympt. X°(4),

where m is assumed greater than two and

Hy, =21(ms; < Fxgl(m_l)(0.5))Fxg(m,1)(m§2) +21(ms? > F);;(m_l)(o.@) [1— Fy2(n_1)(ms2)].

Their asymptotic distribution under the null hypothesis is stated behind the ~ sign. Note that
T2 and T)) are based on the same idea, i.e. on the Fisher combination method.

Although a great number of portmanteau tests have already been proposed and some of them
have even been tailored for the alternatives with autocorrelations of a dominant sign (see Chap-
ter [1), none of them to the best of our knowledge coincides with any of the tests T, T2, T.}
to T2,

9.2 Monte Carlo Simulations

Now we investigate the tests T),...,TY with some reasonable 74(k)’s in a small simulation ex-
periment. Its results regarding the SHORTTREND (7" = 20, 25,50), TREND (7" = 75,100, 200),
ARMA (T = 50,100,200), LONGARMA (T = 200,500) and GARCH (7 = 200, 2000) time series
indicate several conclusions that are partly illustrated in Figures[9.1]to and briefly summarized

bellow:
e Only orthonormal coefficients prove good.

o T2, TS and T are poorly sized even for moderate values of m and they are therefore quite
inconvenient for any practical application.

o In general, T2 appears slightly superior to all its competitors as for the test size, especially
if 74 (k)’s or 75 (k)’s are considered.

o 71 T2 T8 and T? behave in much the same way as for their power. We suggest to use 77
due to its excellent overall performance and more acceptable size for higher values of m.

e (TREND and SHORTTREND classes) Using T2 instead of T; can lead to the power increase
as high as 40, 35, and 20 percentage points for ri;(k)’s, rij-(k)’s and r&(k)’s (or rg(k)’s)
employed, respectively. It seems then reasonable to set m close to T/2 for r]{/[(k)’s and
ri7-(k)’s and close to max(7,7/10) for r& (k)’s or 73 (k)’s, at least in the situations considered
here.
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e (ARMA and LONGARMA classes) We slightly prefer the test T2 although it is usually
inferior to T2 for higher values of m. Nevertheless, 72 is more than comparable to T3 for the
optimum threshold parameter m (~ 3) and there is still some hope that 72 is more suitable
for testing against some other ARMA processes.

e (GARCH class) T2 performs the best especially against the most common alternatives with
highly persistent volatility when it can easily beat the benchmark 723 even by more than 25
percentage points if rﬁv(k‘)’s are used.
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9.3 Accompanying Figures

m

m
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Empirical power: Short—Trend alternatives with normal noise (T = 25, N = 10000)
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Figure 9.1: [re(k) = r1;(k)] Behaviour of the tests T2 (m) (——), T2(m) (mmm), T2(m) (s—m),
and T§(m) (oocco) when applied to a short trend plus N(0,1) white noise (T = 25 ... time series
length, N = 10 000 ...number of replications, wumm ... bounds of 95% confidence intervals for the
empirical size).

Empirical power: Trend alternatives with normal noise (T = 100, N = 10000)
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Figure 9.2: [re(k) = r3;(k)] Behaviour of the tests T (m) ( ), T2(m) (mwmm), T2 (M) ()
and T8(m) (ococo) when applied to a trend plus N(0,1) white noise (7' = 100 ...time series
length, N = 10 000 ...number of replications, wom . .. bounds of 95% confidence intervals for the
empirical size).
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Empirical power: Short—Trend alternatives with t(3) noise (T = 25, N = 10000)
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Figure 9.3: [re(k) = rw(k)] Behaviour of the tests T (m) ( ), T2(m) (memm), T2(1M) (),
and T8(m) (oocco) when applied to a short trend plus standardized t(3) white noise (T = 25

.time series length, N = 10 000 ...number of replications, mumm ... bounds of 95% confidence
intervals for the empirical size).

Empirical power: Trend alternatives with t(3) noise (T = 100, N = 10000)
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Figure 9.4: [re(k) = rii; (k)] Behaviour of the tests T} (m) ( ), T2(m) (), T2(1M) (),
and T8(m) (ooooo) when applied to a trend plus standardized t(3) white noise (T = 100 ... time
series length, N = 10 000 ...number of replications, wumm ... bounds of 95% confidence intervals
for the empirical size).
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Empirical power: Short—Trend alternatives with t(3) noise (T = 20, N = 10000)
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Figure 9.5: [re(k) = 73 (k)] Behaviour of the tests T (m) ( Y, T2(m) (mmm), T3(1M) (),
and TS(m) (oocoo) when applied to a short trend plus standardized t(3) white noise (T = 20
... time series length, N = 10 000 ...number of replications, wmum ...bounds of 95% confidence
intervals for the empirical size).

Empirical power: Trend alternatives with t(3) noise (T = 75, N = 10000)
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Figure 9.6: [re(k) = 73 (k)] Behaviour of the tests T (m) ( Y, T2(m) (mmm), T3(1m) (),
and T8(m) (oooco) when applied to a trend plus standardized t(3) white noise (T = 75 ...time
series length, N = 10 000 ...number of replications, wumm ... bounds of 95% confidence intervals
for the empirical size).
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Empirical power: ARMA(L1,1) alternatives with normal noise (T = 100, N = 10000)
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Figure 9.7: [re(k) = r3 (k)] Behaviour of the tests T} (m) (——), T2(m) (m mm), T3(1m) (), and
T8(m) (ooooo) when applied to ARMA(1,1) processes with N(0,1) white noise (7' = 100 ... time
series length, N = 10 000 ...number of replications, wumm ... bounds of 95% confidence intervals
for the empirical size, A,B ... ARMA parameters aq, by).

Empirical power: ARMA(L1,1) alternatives with t(3) noise (T = 100, N = 10000)
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Figure 9.8: [re(k) = 73 (k)] Behaviour of the tests T} (m) ( Y, T2(m) (mmmm), TS (1) () , andl
T8(m) (ooooo) when applied to ARMA(1,1) processes with standardized t(3) white noise (7' = 100
... time series length, N = 10 000 ...number of replications, wmumn ...bounds of 95% confidence
intervals for the empirical size, A,B ... ARMA parameters aq, by).
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Empirical power: Long—ARMA(1,1) alternatives with normal noise (T = 500, N = 10000)

A=0,B=0 A=-02,B=0 A=0,B=-0.2
. 0.14 1 1
D
= o.8
S
= o.6
<
E 0.4
=
£ 0.2 !!%w
] ° o
35 10 15 20 25 30 35 40 45 35 10 15 20 25 30 35 40 45 35 10 15 20 25 30 35 40 45
A=0.2,B=0 A=0,B=0.2 A=0.1,B=0.1
- 1 1 1
D
= o.8 o.8 o.8
o
= 06 0.6 0.6
< a
£ 0.4 0.4 0.4
g‘ 0.2 0.2 0.2
L o o o
35 10 15 20 25 30 35 40 45 35 10 15 20 25 30 35 40 45 35 10 15 20 25 30 35 40 45
[A=-0.1,B=-0.1] A=0.1, B =0.2 A=0.2,B=0.1
- 1 1 1
D
= o.8 o.8 o.8
(<} -
= os 0.6 = 0.6
<= -
-2 0.4 0.4 0.4
=
= o.=2 !m 0.2 0.2
]
o o o
35 10 15 20 25 30 35 40 45 35 10 15 20 25 30 35 40 45 35 10 15 20 25 30 35 40 45

m m m

Figure 9.9: [re(k) = rii; (k)] Behaviour of the tests T} (m) ( ), T2(m) (memm), T2(1M) (),
and TS(m) (oocco) when applied to long ARMA(1,1) processes with N(0,1) white noise (7" = 500
... time series length, N = 10 000 ...number of replications, wmumn ...bounds of 95% confidence
intervals for the empirical size, A,B ... ARMA parameters aq, by).

Empirical power: Long—ARMA(L1,1) alternatives with t(3) noise (T = 500, N = 10000)
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Figure 9.10: [re(k) = ri;, (k)] Behaviour of the tests T (m) ( ), T2(m) (), T3(1N) (),
and T (m) (coooo) when applied to long ARMA (1,1) processes with standardized t(3) white noise
(T = 500 ...time series length, N = 10 000 ...number of replications, wmmm ...bounds of 95%
confidence intervals for the empirical size, A,B ... ARMA parameters aq, by).
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Empirical power: GARCH(1,1) alternatives with normal noise (T = 200, N = 10000)
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Figure 9.11: [re(k) = r& (k)] Behaviour of the tests T} (m) (——), T2(m) (mmm), T23(1) (),
and T (m) (oocoo) when applied to GARCH(1,1) models with N(0,1) innovations (7' = 200 . .. time
series length, N = 10 000 ...number of replications, wumm ... bounds of 95% confidence intervals
for the empirical size, A,B ... GARCH parameters a1, by).

Empirical power: GARCH(1,1) alternatives with t(3) noise (T = 200, N = 10000)
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Figure 9.12: [re(k) = r}ip(k)] Behaviour of the tests T} (m) (—), T2(m) (mmwm), T2(m)
(), and T (m) (o0000) when applied to GARCH(1,1) models with standardized t(3) inno-

vations (7= 200 ...time series length, N = 10 000 ...number of replications, mmum ... bounds of
95% confidence intervals for the empirical size, A,B ... GARCH parameters a1, by).
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Empirical power: GARCH(1,1) alternatives with normal noise (T = 2000, N = 10000)
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Figure 9.13: [re(k) = rij, (k)] Behaviour of the tests T2 (m) (——), T2(m) (mmm), T2(m) (),
and T8(m) (oocoo) when applied to GARCH(1,1) models with N(0,1) innovations (7" = 2 000
... time series length, N = 10 000 ...number of replications, wmumn ...bounds of 95% confidence
intervals for the empirical size, A,B ... GARCH parameters a1, by).

Empirical power: GARCH(1,1) alternatives with t(3) noise (T = 2000, N = 10000)
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Figure 9.14: [re(k) = ri;, (k)] Behaviour of the tests T2 (m) (—), T2(m) (mmm), T23(1m) (),
and T8 (m) (ooooo) when applied to GARCH(1,1) models with standardized t(3) innovations
(T"=2000 ...time series length, N = 10 000 ...number of replications, wmum ...bounds of 95%
confidence intervals for the empirical size, A,B ... GARCH parameters a1, by).



Chapter 10

Combining Different Types of
Autocorrelations

We start this chapter with investigating joint asymptotic distributions of some types of sample
autocorrelations. Then we proceed with a few suggestions in the spirit of Chapter [9] on how to
combine them together in an optimal way. Finally, all such proposals will be analysed by means
of Monte Carlo simulations.

10.1 Theory

First of all, we need some additional notation. To be specific, we will write (k) for any sample
autocorrelation at lag k and To(m) for (7e(1),... ,?.(m))/. Their standardized and orthonormal
versions (see Section will be denoted with ~ and * as usual. The index e always stands for
any meaningful subscript. If F is used instead of e, it will always be assumed to denote a quantile
function meeting all the conditions of Theorem

As we already know, each of the vectors rij (m), Tx(m), Tar(m), Ts(m), and Tp(m) is asymp-
totically standard normal and the same holds even for - versions of the last three ones. Besides,
Ta(m) and rij(m) are asymptotically jointly standard normal and mutually independent, see
Theorem [7] The following statements extend this result to other types of autocorrelation coeffi-
cients.

Theorem 22. If HY holds and T > 3, then covo(7r(k),7ar(h)) = 0 and covo(Fs(k), Tar(h)) = 0
for any positive integers k < T and h < T.

Proof. The proof is based on the exchangeability of R;’s under H.
Let G be an arbitrary increasing function. It suffices to show that

T-k T—k
B GR)G(Riy)7u (h) = B( Y G(R)G(Risk)) B(Fu(h)),
i=1 =1
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This will be satisfied if
1
M= E(G(Ri)G(RHk) I(R; > RM)) = S B(G(R)G(F))

for any allowable i, j, k, and h.
In general, M always equals to one of the following four terms

Ay = E(G(R)G(Ba) L(Rs > Ry) ). A = E(G(R)G(B) LRy > Rs)).
As = E(G(Rl)G(Rg) I(Rs > R1)>, Ay = E(G(Rl)G(Rg) (R > R2)).
Each of them can be rewritten as a sum of 7! summands B(ry,...,rr) over all the equiprobable

permutations (r1,...,7r7) of {1,2,...,T}. Let us consider any fixed integers i,j,7 # 7, and all
such summands with 71 = ¢ and r9 = j or with r; = j and ro = ¢. It is then easy to check that
exactly one half are zero and the others are G(7)G(j)/T"!, no matter which of the terms A;,..., A4
is considered. Therefore

A= Ay = As = Ay = %E(G(Rl)G(Rg))

and the proof is complete. O

Theorem 23. If HY holds and T > 3, then covq(7r(k), 7w (h)) = 0 and covo(Fs(k), 7w (h)) =0
for any positive integers k < T and h < T /2.

Proof. The proof is based again on the exchangeability of R;’s under Hg; and closely mimics the
previous one.
Let G be an arbitrary increasing function. It suffices to show that

T—k T—-k

E Y GR)G(Ria)iw (h) = B( Y GIR)G(Risr) ) E(Fw ().
i=1 =1

i.e. that

T—kT—2h

>N E(G(Rz‘)G(RHk) [(Rj > Rjyn, Rjsn < Rjyon) + L(Rj < Rjpn, Rjyn > Rj+2h)])

=1 j=1
is equal to

%(T —9h)(T — k)E(G(R1)G(Ry)).

This will be satisfied if

M = B(G(R)G(Ri 1) [(R; > Rysn, Rysn < Rjvon) + (R < Ry, Ryy > Rj+2h)})
2

= gE(G(Rl)G(Rz))

for any allowable i, j, k, and h.



CHAPTER 10. COMBINING DIFFERENT TYPES OF AUTOCORRELATIONS 101

In general, M always equals to one of the following five terms:

— B(G(R)G(Ra) [I(Rs > Ry, Ry < Rs) +1(Rs < Ra, Ry > Rs)] )

(G(Rl 2)[I(Ry > Rs, Ry < Ry) +1(Ry < Rg, Ry > Ry ])

- <G(R1 2)[I(Rs > Ry, Ry < Ry) +1(R3 < Ry, Ry > Ry) ])

- (G(R1 )[I(Ry > Ry, Ry < R3) + 1(Ry < Ry, Ry > Ry ])

( (R1)G(Ro)[I(Ry > R, Ry < Ro) + I(Ry < Rs, R > Ry) ])
Each of them can be rewritten as a sum of 7! summands B(rq,...,r) over all the equiprobable
permutations (rq,...,rp) of {1,2,...,T}. Let us consider any fixed integers i, j,7 # j, and all such

summands with 71 =7 and ro = j or with r; = j and r9 = i. It is then easy to check that exactly
one third are zero and the others are G(i)G(j)/T!, no matter which of the terms Aj,..., A5 is
considered. Therefore

2
A=Az = Ay = Ay = A5 = S E(G(I)C(R))

and the proof is complete. ]

Theorem 24. If the null hypothesis H§ holds and T > 3, then covo(Tx(k),7a(h)) = 0 for
1<k h<T and limp_ covo('FK(k),rﬁ/(h)) =0for1<k<T,1<h<T/2.

Proof. Let us focus on covq (7 (k),7ar(h))’s first. It suffices to show that

T—kT—k T—-hT—-kT—k
EY ) I(Ri < Ry, Rix > Riyr)Pu(h) = > D Y P(Ri < Ry, Riyr > Rjyi, Ry > Ryyn)
i=1 j=1 p=1 i=1 j=1
is equal to
T—kT—k 1 T—-hT—-kT-k
> Y P(Ri < Rj,Risi > Rji) B( ) =3 P(R; < Rj,Rir, > Rjvy).
i=1 j=1 p=1 =1 j=1

This will be satisfied if
M i= P(Ri < Rj, Risx > Rjop, Ry > Ry ) + P(Ri > Ry Rivk < Ryaxs Ry > Ryin)

equals to
1
N i= 3 |P(Ri < Ry, Ris > Risx) + P(Ri > Ry, Rige < Ry

for any allowable i, j, p, k, h such that ¢ < j. We can alternatively prove M (a,b,c) = N(a,b,c) for
all a,b,c € {1,...,6} such that b # c,

M(a,b, ) = P(R1 < Ro, Ry > Rs, Ry > Rc> n P(R1 > Ro, Ry < R, Ry > RC>,
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N(a,b,c) = %[P(Rl < Ro, R, >R3) —I—P(Rl > Ro, R, <R3)],

due to the exchangeability of R;’s under HéE . But this really holds as can be verified easily by
means of CMCovsKM.r. The first part of the proof is thus complete. The second follows directly
from Theorem [23| and from the asymptotic equivalence of 7 (k)’s and 75(k)’s under H{’:

lim (Fgx (k) — Tg(k)) =0 in probability, k=1,2,...,

T—o00
proved in [Ferguson et al., 2000]. O

Note. All the covariances considered here can be computed exactly for T' < 9 with CMCovsEx.r.
A hybrid coefficient 7x (k) based on EZT:_lk R;® 1 (R;yx) (i.e. with unequal score functions) is
also included in the exact empirical calculation to indicate generally nonzero covariances between
7r(k)’s and 7ar(k)’s or 7w (k)’s. Really, as everybody can check easily for small values of T,
covo (Ts(k), Tar(h))’s, covo(Ts(k), Tw(h))’s (and covo (7 (k),7w(h))’s) need not be zero, which
also shows another drawback of 7¢(k)’s in comparison with 7#(k)’s.

Theorem 25. If HY holds and T > 3, then each of the vectors (ri;(m), i, (m), Fx(m)'),
(v (m), rif (m)’, rfg-(m)’)l and (r3;(m)’, vy (m), rf(m)’)/ is asymptotically standard normal. The

same holds even if Tpr(m), Tg(m) and Tr(m) are used instead of their - versions.

Proof. It is an easy consequence of the Cramér-Wold device and Theorems [22] to 24} O

It remains to solve the question on how to combine several types of sample autocorrelations into

a single portmanteau statistic in an optimal way. However, only combining the vectors rﬁ(m M),

rii; (mw), and r&(mg) (or rg(mp)) in the case of TREND and SHORTTREND alternatives seems
reasonable enough to be taken into consideration here.

Let 7o and Say be the mean and standard deviation computed from all Npj coefficients of
nan types considered together and let us introduce the following notation:

Can = Nanmay, Dan = Nandan,
Py =1 = Fey(Ca), P =1— Fye(ny-1)(Dan),

where Ay says which of the following seven possibilities:

(r3(mar) s iy (mw) s es (ms))) (Nan = mar + mw +ms, nan = 3, All = {M, W, S}),
(r3r(mar)'s vy (mw)')’ (Nan = mas + mp,nan = 2, All = {M, W}),
(r3;(mar) v (ms)")’ (Nan = mys + mg, nan = 2, All = {M, S}),
(I‘Jﬁ/(mw)/, rJS‘(ms)')/ (Nan = mw + mg,nan = 2,All = {W, S}),
(r3(mar)s i (mw) s vs (ma)) (Nan = mar + mw + mp,nan = 3, All = {M, W, P}),
(r3(mar) vd (ma)')’ (Nan = mas +mp,nan = 2, All = {M, P}),

(riy (mw)', r$(ma))’ (Nan = myw +mp,nay = 2, All = {W, P}),
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is considered for testing. They are respectively denoted by the strings MNWNSN, MNWN, MNSN,
WNSN, MNWNPN, MNPN, and WNPN in the output files associated with this chapter. Besides,
we replace aj with the subscripts ar, w,s or p if only r3;(k)’s, ri5(k)’s, r&(k)’s or 75 (k)’s are
considered, respectively.

Naturally, we employ the theory from Chapter [9 again. To be more specific, we will investigate

the tests 11, ...,T14 with the following critical regions:

71 : min(Pg, PAY) <1-V1-a,

Ty: —2In(Pg)) —2In(P5) > Foy(1—a),

T3 : Can+ Dan > F;zl(NAH)(l —a),

Ty: Can—2n(Pg) > Fxgl(g)u — ),

Ts: Can+ <NA“2_ 2 ((NZAE 5 1)2 > Fop (1 —a),

T : gkrﬁ(Pf, P*D) <1—(1—a)l/@ran)

i Y (~2m(PS) —2m(PP)) > oty (- a),
*€All

Ts: Y <C* - 21n(P*D)> > F g (1= 0),
*€All

Ty: —2Wn(PY) —2In(PY) > Foy(1—a),

Tio: —2In(Pf) —2In(PY) > Foy(l—a),

Tii: —2W(PY) —2n(PL) > F o (1= a),

Tia: Cy+ Dy > Fon (L —a),

Ti3: Cw + Dw > F oty (L~ @)

Tiy: Cs+ Ds > F e (1 — ).

The tests Ty to T4 are included only for comparison. T3 corresponds to the naive approach lying
in summing the squares of all the coefficients considered.

We further compare these tests in a Monte Carlo study and reveal their pros and cons in the
simplest case my; = my = mg = mp = m.

10.2 Monte Carlo Simulations

Our simulation experiments with the tests T1,...,7T14 applied to SHORTTREND (T = 20, 25)
and TREND (T = 50, 75, and 100) time series reveal several interesting facts that are illustrated

in Figures [10.0] to and listed below:
1

e Combining ri(k)’s with 75 (k)’s or r4(k)’s leads to badly sized tests even for small values
of m (probably due to their discrete nature, finite sample dependence or possibly owing to
a weakness of the random number generator) and it would not be too beneficial anyway.
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e Only combining 73;(k)’s with either r&(k)’s or r3 (k)’s gives, on average, better results than

the test T11. We slightly favour the tests based on ré(k)’s because of their simplicity and
good overall behaviour.

e Ty, Ty, and Ty exhibit virtually the same power and clearly beat all their competitors in
most cases. Especially, their power can be higher than that of T35 and 771 by more than 25
and 10 percentage points, respectively. Even T is still almost uniformly better than the two
benchmarks T3 and T7;.

e Nevertheless, we prefer Ty to both 17 and T5 due to its excellent size behaviour here, accept-
able for m not greater than max(10,7"/5) for any T > 20.

Note that even 177 is still much better than 77,4, as we already know from the previous chapter.
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10.3 Accompanying Figures

Empirical power: Short—Trend alternatives with t(3) noise (T = 20, N = 10000)

A) No trend B) Linear trend [© Quadratic trend]
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Figure 10.1: [All = {WV, P}] Behaviour of the tests To(m) (o0ocoo), T3(m) (mim1), T5(1m) (mm—m),
T7(m) (mwmwm) and T71(m) ( ) when applied to a short trend plus standardized t(3) white noise
(T = 20 ...time series length, N = 10 000 ...number of replications, wmm ...bounds of 95%
confidence intervals for the empirical size).

Empirical power: Trend alternatives with normal noise (T = 75, N = 10000)
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Figure 10.2: [All = {M, W, S}] Behaviour of the tests Ta(m) (o0ocoo), T5(m) (mim1), T5(1m) (mmm—mm),
T7(m) (mmm) and 771(m) (——) when applied to a trend plus plus N(0,1) white noise (7" = 75
...time series length, N = 10 000 ...number of replications, wwmm ...bounds of 95% confidence
intervals for the empirical size).
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Empirical power: Short—Trend alternatives with normal noise (T = 20, N = 10000)
A) No trend [© Quadratic trend]
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Figure 10.3: [All = {M, S}] Behaviour of the tests T5(m) (o0o00o), T3(m) (mmim1), T5(1M) (m—m),
T7(m) (mmmm) and T71(m) ( ) when applied to a short trend plus N(0,1) white noise (7" = 20
... time series length, N = 10 000 ...number of replications, wmum ...bounds of 95% confidence
intervals for the empirical size).
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Empirical power: Short—Trend alternatives with normal noise (T = 20, N = 10000)
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T7(m) (mmmm) and T71(m) ( ) when applied to a short trend plus N(0,1) white noise (7" = 20
... time series length, N = 10 000 ...number of replications, wmum ...bounds of 95% confidence
intervals for the empirical size).
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Empirical power: Trend alternatives with normal noise (T = 75, N = 10000)
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Concluding Remarks

First, let us aggregate the improvement proposals regarding portmanteau testing against all the
alternatives considered.

Generally, we suggest to orthonormalize all the sample autocorrelations used (see Section [3.7),
especially in the case of shorter time series. Furthermore, it also appears that

e Ty from Chapter (based on r&(k)’s and ri;(k)’s) should be recommended for testing
against trend alternatives. However, Ty or T, using the coefficients r]{/[(k:)’s with only the
most promising k’s might then be even much more powerful. Apparently, such test Ty would
be more advantageous for very long time series.

e T2 or T? from Chapter |§I (both based on r3 (k)’s) should be recommended for testing against
ARMA alternatives. Note that T3 (= the benchmark sum of squared autocorrelations) is
optimal from a certain point of view in this case (see [Hallin et al., 1987]) and thus we
can hardly expect any significant improvement from 72 in this context, at least for normal
innovations.

e T2 from Chapter@ (based on ry, 8fl‘)(k)’s) should be recommended for testing against GARCH

alternatives.

Besides, we suggest to use 72 with rg-(k)’s (and suitable k’s) for quick analysis of very long
stationary time series. Alternatively, we could possibly employ 7k ., (1) for ARMA alternatives
and T u, (1) for GARCH ones (see Chapter [6]) or combine both these approaches.

However, many more simulations should be performed to confirm these proposals and to cre-
ate some reliable rules for optimal selection of the portmanteau parameter. For example, the
portmanteau tests considered should also be investigated when applied to the trend, ARMA and
GARCH alternatives with asymmetric white noise, to higher order ARMA and GARCH processes
or to other (possibly nonlinear) models. It would be highly desirable to compare these tests with
other relevant competitors of theirs, too.

We would also like to recall that

e Simple parametric portmanteau tests are usually inappropriate for very short time series.

e Testing against trend alternatives may be very helpful, for example in automatized computer
time series analysis or in statistical process control.

e The test power need not always be the most important criterion. For example, if we have to
evaluate a large collection of long time series quickly and to choose only a few of them that
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are the most promising for future modelling or forecasting, it may then be quite reasonable
1

to do so just by the values of some ry; (k)-based portmanteau statistic.
Although this work answers a few important questions, many others still remain open. Some
of the proposals for future research are listed below:

e Other rank correlations could possibly be serialized and then investigated in detail, see
[Tarsitano, 2002| for some potential candidates. Besides, such score autocorrelations should
be found that would be optimal for testing against GARCH or other volatile alternatives.

e Some corrections for continuity, ties or missing observations could be introduced for every
type of rank-based autocorrelations. For example, both the Laplace correction for mean and
the Sheppard one for variance seem applicable in the case of 7ys(k)’s, Tw (k)’s and 7k (k)’s, see
[Héjek and Siddk, 1967]. In fact, such corrections have already been employed successfully
for k = 1, see [Ferguson et al., 2000], [Moore and Wallis, 1943], [Wallis and Moore, 1941].
The ties possibly occurring in practical applications could often be dealt with by standard
methods, see [Hajek and Sidék, 1967].

e Exact higher order moments and covariances of (not only) rank-based autocorrelations and
their squares could be calculated and used for finite sample corrections to each portmanteau
statistic as a whole, to the autocorrelations themselves or to their (possibly joint) asymptotic
distribution and its characteristics, for example by means of the orthonormalization (see
Section , variance stabilizing transformations (see Section or some sophisticated
approximation techniques (see at least [Anderson et al., 1992] and recent review articles
such as |[Reid, 1988], [Ronchetti, 1990], [Huzurbazar, 1999], |[Goutis and Casella, 1999], and
[Strawderman, 2000]), among others. Such approximation methods could further be used
for power investigation of the portmanteau tests and for their optimization subject to some
parameters potentially involved such as the threshold parameter or weights.

However, 77(1) and 737(1) (after a continuity correction) behave like normally distributed
even for some T = 13 (see [Wallis and Moore, 1941] and [Moore and Wallis, 1943]), and
therefore the Moore and Wallis serial rank coefficients are not likely to require such refine-
ments very much.

e One could perhaps try to find some simple recurrence formulae for the probability distri-
butions of rank-based autocorrelations, see [Moore and Wallis, 1943] for such an example
regarding 737(1). These formulae could then serve for investigating the finite sample distrib-
utions and for establishing both their asymptotic normality and exact higher order moments,
just the same way [Jirina, 1976] proposed in a non-serial case.

e The methodology for evaluating RNG’s from Chapter [4] should be transferred to the C or
FORTRAN code, checked carefully for numerical inaccuracies, round-off errors and other pos-
sible flaws, and investigated with different values of the parameters T, r, ¢ and especially m.
Other serial coefficients might also be used in this context, for example the weighted Moore
and Wallis rank autocorrelations or the Spearman ones that are more demanding to compute
but independent of both 73;(k)’s and 7y (k)’s, see Theorems [22| and Besides, the com-
parison should be extended to encompass other RNGs and also other benchmarks because
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that of Marsaglia need not be perfect although it is said to pass all the Diehard tests, see
[Davies, 1999].

e We note that even the current MATLAB random number generator is reported to fail some
tests of randomness dramatically, see [Kahanek, 2005]. Therefore it would be interesting to
know how it affected our simulations.

e Other serial rank coefficients based on the sums of some multiple products of the indicators
(such as I(Y; > Yiyq) and I(Y; < Yj14)) could be introduced and investigated in the same
way as 77 (k)’s and 7y (k)’s. There is some hope that they could be found useful for testing
RNGs or elsewhere, possibly together with 737 (k)’s or 7w (k)’s.

e All the rank autocorrelations (and not only them) might be used for parameter estimation
of time series models. At worst, such estimators could be employed as initial values for some
better estimation procedures. First attempts in this direction have already been made, see
[Allal et al., 2001] for such an application of rank-based autocorrelations in ARMA models.

e Most standardized (or orthonormalized) rank autocorrelations possess the same asymptotic
joint normal distribution under HéE as the standardized ordinary or partial ones under
HgV C H 65 . Therefore the former coefficients could be employed instead of the latter alterna-
tively, not only in all the portmanteau statistics Q1 to 17 introduced in Chapter [1}, but also
in other autocorrelation-based tests including spectrum-based tests (see e.g. [Milhoj, 1981],
[Hong, 1996], or [Kuan, 2003]), the variance ratio test and some other tests for random walk,
unit root or mean reversion (see [Lo and MacKinlay, 1989], [Richardson and Smith, 1994],
and [Daniel, 2001], for example) and some tests based on the maximum likelihood approach
(see e.g. [Buse, 1982] and [Newbold, 1980]), among others. Many ideas introduced for port-
manteau tests (see Chapter [1)) could be transferred even to these tests and vice versa.

e On the other hand, some proposals regarding rank autocorrelations could be applied even
to the parametric ones, for example the orthonormalization concept (see Section or the
theory from Chapters |§| and By the way, the choice of involved lags, mps’s, mg’s (or
mp’s) and my’s in Chapter [10| would also deserve more attention.

e It seems very promising to extend the results from Chapters [0 and [I0]in several ways. To be
more specific, some good weighted or Bayesian combining methods could be employed such as
those asymptotically Bahadur optimal (see e.g. [Berk and Cohen, 1979]) or those with a nat-
ural Bayes interpretation (see [Koziol and Perlman, 1978] and [Koziol and Tuckwell, 1999]).
Besides, optimal tests of N(0,1) normality (say of the sample Xi,..., X,,) against the al-
ternatives assuming X; ~ N(u;,02), i = 1,...,m, (where p; = Ba’,8 + i, 3i%,... and
02 =1,0%,v + 6i,...) might be derived (like those from [Omelka, 2004] or [Omelka, 2005])
and applied in the spirit of Chapters [9] and

e The tests considered here could also be used to detect a trend in the dispersion about a fixed
location. For example, the time series could be divided into some reasonable subsets of
successive observations and the tests could then be applied to a sample measure of variability
within each of them. See [Cox and Stuart, 1955] and [Ury, 1966] for two illustrative examples
of such approach.
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e All the rank autocorrelations (and not only them) could be adapted to testing dependent
data, e.g. by means of sophisticated bootstrap techniques. See [Park and Lee, 2001] for
some of them applied to both the non-serial Spearman rank correlation coefficient and its
Fisher transform, and consult recent review articles ([Bihlmann, 2002, [MacKinnon, 2002],
[Hardle et al., 2003], [Horowitz, 2003], [Politis, 2003], [Davidson and MacKinnon, 2004], and
[MacKinnon, 2006]) on the use of bootstrap methods in time series context and in econo-
metrics at all. Note that both rank and parametric serial autocorrelations are often asymp-
totically normal even if computed from weakly dependent data, see Section

e In times of powerful computers, goodness-of-fit tests are far less important than they used
to be, because one can simply estimate all the reasonable models and then choose the best
by means of a suitable criterion, for example by a reasonable function of their in-sample or
out-of-sample prediction errors. Nevertheless, it might still be useful to adapt both the rank
autocorrelations and the newly proposed portmanteau statistics to goodness-of-fit testing.

Let us focus on the last proposal in more detail. We know that the asymptotic distribution of
the sample (squared-)residual ordinary autocorrelations from some true models remains asymptot-
ically multivariate standard normal, see [Chen, 2005] and [McLeod and Li, 1983]. Therefore these
autocorrelations could then be used for model validation in all portmanteau statistics (including
those from Chapters |§| and without any difficulties and with the same asymptotic distribu-
tion as under the null hypothesis of independence. Although most of the existing goodness-of-fit
portmanteau statistics result from the gaussian likelihood-based tests against reasonable alterna-
tives, there is still a considerable hope that the new ones from Chapters [9] and might lead
to some improvement in finite samples, with non-normal innovations or at least in some cases of
misspecification.

The vectors of some sample (possibly rank) residual or squared-residual autocorrelations from
the true model are usually asymptotically zero-mean normal with a specific variance matrix (see
Section that may be known in advance (or at least consistently estimated) and used for
orthonormalizing the autocorrelations in a cautious way. Resulting orthonormal coefficients might
then be employed almost as usual, especially if the asymptotic variance matrix were regular.
Otherwise this approach should be corrected for singularity in a clever way. Alternatively, some
sophisticated bootstrap techniques might be applied to the portmanteau statistics based on such
autocorrelations of any kind.

Note that the joint distribution of any residual and squared-residual rank autocorrelations
would be very helpful to know in this context as well. Unfortunately, the only similar results so
far available regard the ordinary autocorrelations (see [Wong and Ling, 2005]).

At the very end, we would like to wish the reader good luck with statistics and econometrics
and rosy future at all.
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