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podlozky pomoci Yehova formalismu [J. Opt. Soc. Am. 69, 742-756 (1979)]. Ve
Voigtové geometrii byl pozorovan vyznamny rozdil pro transmisi elektromagne-
tického zafeni s linedrni polarizaci paralelni s magnetickym polem a pro pola-
rizaci kolmou. Navrzeny fenomenologicky model postihuje pozorované vlastnosti
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Preface

This thesis is devoted to experimental and theoretical investigations of the trans-
mission of thin superconducting NbN films in terahertz frequency range in mag-
netic field carried out over past four years. Our main aim is to understand high-
frequency behavior of classical superconducting thin films in externally applied
magnetic field. Although the exact knowledge of physical properties of supercon-
ductors is fundamental from the point of view of their future application, to our
knowledge there has not yet been systematic study over broad terahertz range for
temperature ranging from zero up to the critical temperature in high magnetic
fields. Terahertz region currently attracts great attention since a substantial tech-
nological progress in generation and detection of terahertz radiation was achieved
and advance in hardware technology pushes application to higher frequencies, in
future possibly even in terahertz range. Further, controlled vortex motion - flux-
onics - might be used in quantum computation. High-frequency vortex dynamics
constitutes an essential tool for these aspirations, however, it is not yet properly
understood.

The work is a result of collaboration between Department of Low Tempera-
ture Physics, Faculty of Mathematics and Physics, Charles University in Prague
and Institute of Physics of the Academy of Sciences of the Czech Republic, v. v. i.
Experiments have been performed in Far-InfraRed Magneto-optical (FIRM) lab-
oratory in the Institute of Physics in Cukrovarnicka 10, Prague. Our small work-
ing group includes the author, Roman Tesaf, Jan Kolac¢ek and Ladislav Skrbek.
While Tesaf has been in charge of our laboratory equipment, Kolac¢ek and Skrbek
have provided general overview of our physical research and guidance.

More recently, time-domain terahertz spectroscopy have been employed to
study high-frequency conductivity of NbN films in THz range in cooperation
with Petr Kuzel, Christelle Kadlec and Filip Kadlec from the group of Terahertz
and ultrafast spectroscopy, Institute of Physics of the AS of the CR, v.v.i, Na
Slovance 2, Prague.

In the presented research, the author actively participated in all described
experiments. In particular, he created LabView scripts which automated trans-
mission experiments, analysed the experimental data and spent countless hours
"'babysitting” experiments. On the theoretical side, the author studied optical
properties of multilayer structures and calculated transmission through supercon-
ductor/substrate samples in case of isotropic layers as well as in case of anisotropic
layers. The author developed the phenomenological model presented in this the-
sis.

Besides this thesis, author contributed in writing of four reviewed articles |1, 2,
3, 4| which were published or accepted for publication. Drafts [1, 4] were written
entirely by the author and he substantially contributed in numerical calculations
in paper [3]. Author contribution to these papers allows him to use selected parts
of these articles in this thesis. Additionally, results of ongoing progress in our
research have been presented by the author at several international conferences.



1. Introduction

In this chapter theoretical introduction is given. Topics are organised into three
sections. First section is devoted to the general dielectric properties of solids
and description of propagation of THz radiation. Basic optical variables are
introduced so one gets familiar with conventions and notation used in this thesis.
Other two sections are devoted to the properties of superconducting materials.
First of them describes normal state while the other one, quite extensive, presents
selected theoretical aspects of superconductivity.

1.1 General dielectric properties of solids

Electromagnetic radiation can be described by a monochromatic wave
E = goez'(f(.rfwt) (11)

where k is the wavevector!, r is the position vector, the symbol *.* indicates the
dot product, w is the angular frequency (= 27v), t is the time, £ is the electric
intensity and &y is the amplitude of electric intensity. This approximation has
many advantages: it is easy to work with and it describes laser radiation well [5].
Assuming that the electromagnetic radiation is propagating in the direction of
the z-axis, we can rewrite equation 1.1 as

E(z,1) = Egei 1), (1.2)
Generally, wavevector kis a complex quantity
k=ni"s = (n+ir)"s, (1.3)
c c

where n is the complex refractive index, ¢ is the speed of light in the vacuum
and s is the unit vector in the direction of propagation. Further, n is the real
part of refractive index while the imaginary part « is called extinction coefficient
and it enables to describe absorption. By inserting this expression for complex
wavevector into equation 1.2 we obtain

5(Z,t) _ goei(wﬁz/cfwt) _ goefﬁwz/cei(wnz/cfwt). (14)

This shows that the non-zero extinction coefficient leads to an exponential
decay of the wave in the medium. The radiation intensity is given as a magnitude
of the time-averaged Poynting vector [6]:

1 1
I:|<S>|:§|5XH*|:§HCEU|SQ|2. (15)

Here H is the magnetic field strength and ¢( is the permittivity of vacuum.
Intensity is proportional to the square of the electric field, I o« EE*, so intensity
decays according to Lambert-Beer law as

I = loe_az, (16)

Vectors are labeled by hold letters throughout the thesis except for £ and H which are also
vectors.



where the absorption coefficient is

2WK
oa=—-: 1.7
- (17)
So far we described all material properties by refractive index but it is usually
preferable to describe optical properties by variables such as relative permittivity
€, and conductivity o since they are closely connected with microscopic phenom-
ena. Again, we will introduce a convenient complex form of permittivity

o
Elw)=¢€1+ieg =6, +1— 1.8
@) =er+in = e +i (1)

and complex conductivity
F(w) = 01 + 10y = —iweeé. (1.9)

These two complex quantities are just two different ways how to fully describe
both dielectric and conductive behavior of material. Excellent overview devoted
to various optical parameters, such as €, ¢ and other, and to the relations among
them is given by Schwartz [7].

Assuming a non-magnetic material, the refractive index is related to the com-
plex permitivity [8]:

n= e (1.10)

The real and imaginary parts of permittivity, the conductivity or the refractive
index are not independent. It can be shown [9] that they are related to each other
and they obey Kramers - Kronig relations, which enable to determine imaginary
part if we know entire frequency dependence of the real part and vice versa. Here
we explicitly write Kramers-Kronig relations for conductivity [10]:

2 % / /d /
nw = 2f L)AL nstant (1.11a)
T w?—w
0
2w Ooal(w’)dw’

0

We have to point out that in some literature one can find complex refractive
index in the form n = n — ix. This is because some authors describe monochro-
matic wave in the form & = & exp —i(k.r — wt), so in order to get physically
meaningful exponential decay according to Lambert - Beer law (eq. 1.6), sign
in front of the imaginary part must be reversed. Differences between these two
conventions are summarized in table 1.1.

Table 1.1: Table of conventions

Monochromatic wave | & expli(k.r — wt)] | & exp[—i(k.r — wt)]
refractive index n+ik n—ik
permittivity g1+ i€2 g1 — 152
conductivity o1+ 109 o1 — 10y




When studying interaction of light with solid state material, three basic pro-
cesses are observed: reflection, propagation and transmission. Propagation is
generally accompanied with absorption if some dissipation process takes place.
Reflection and transmission occur on interface between the two media with dif-
ferent refractive indices. Following Maxwell equations, the parallel components
of the vector fields £, H are continuous across the interface. The reflection am-
plitude coefficient r and the transmission amplitude coefficient ¢ are introduced
using Fresnel‘s equations. Let’s stress that in the whole thesis we will only deal
with the normal incidence. In that case, p-wave and s-wave? can not be distin-
guished, so only one formula for r, respectively %, is needed.

Before we proceed any further, it is necessary to introduce a consistent way of
describing the optical variables (r, ¢, £) in a multilayer medium, which enable to
account for all the cases described in this thesis. A multilayer structure consists
of N layers numbered in their order as 1,2...N. This multilayer is surrounded
by environment number 0 from the left and environment number (N +1) from the
right. Although it is possible to treat the cases when electromagnetic radiation is
incoming from both environments simultaneously, we will consider only the case
of radiation propagating from the left to the right. We will use upper indices
to associate the variable with that medium for which it applies. We start using
this convection by writing the reflection amplitude coefficient for the interface
between medium 0 and medium 1 when light propagates from the left to the
right

&Y g -
pon 2 oM (1.12)
Sz( ) Nog + N1

and the transmission amplitude coefficient for the same case

&Y omg
g IR

O = (1.13)

Lower indices ¢, t and r stand for incoming, reflected and transmitted waves,
respectively. During free propagation the wave acquires a phase

5="2q (1.14)
C

Capital letters R and T describe the reflection intensity coefficient and the
transmission intensity coefficient:

I,
I (i) |12

T==2= {2, 1.15b
T~ o) (1.15b)

where subscript in is associated with the medium from which radiation propagates
and subscript out means the medium where radiation goes out.

2s-wave, respectively p-wave, is well-established description of electromagnetic wave with
electric component in the plane of the interface, respectively in a perpendicular direction to

s-polarized wave above



Now, we can turn our attention to the simplest case of a multilayer structure -
a monolayer slab with all media isotropic and homogeneous. This simple case can
be described by the method of beams summation. We consider that surrounding
media on both sides can in principle be different.

Medium 0 Medium 2
ny,t+ik, n,t+ik,
2)
& & = t0d¢g,
F(O’l)
& =Yg,

Figure 1.1: Schematic description of Fabry-Perot resonator

Following the beam in figure 1.1, the incoming beam &; is both reflected
rODE; and transmitted through t“V&; at the 01 interface. The transmitted
beam is propagating in medium 1 and it reaches the second interface with a
phase difference

(51 - le, (116)

where d; is the film thickness. On the interface it is reflected again and transmit-
ted through. According to figure 1.1, a monochromatic wave experiences infinite
number of internal reflections and during each "cycle" the wave is partially trans-
mitted through both surrounding environments. The total amount of transmitted
radiation is given by sum

St (00) i1 (1,2) | 4(01).(1,2) . (10)4(1:2) Bid1 | 4(0,1).(1.2),.(1,0),.(12) . (L0) p(1,2) g5idr |

(1.17)
In this sum, the first term represents the direct transmission through the layer,
the second term considers two internal reflections and acquired phase in the film
before it is transmitted to the medium 2, the remaining terms simply consider
an even number of internal reflections and acquired phase in an analogical way
as the second term. We can rearrange the sum

£v

7

_ t(o’l)eiélt(l’z)(l + T(1,2)r(1,0)62i61 + 7“(1’2)7’(1’0)7’(1’2)7’(1’0)64i61 4. ) (1.18)

The term in the brackets represents a geometrical progression with a common
ratio ¢ = r(H2r(10e20 ahsolute value of which is smaller than unity (|q| < 1)

5



since |r| < 1, [t| < 1 and |exp(idy)| < 1 (except for very special cases). Therefore
we can use a standard formula to sum:

1
= 1.19

and the resulting transmission through a monolayer structure is obtained as

02) 5t(2) £0,1)4(1,2) gidy
T g0 T 1 = 020 g6 (1.20)

By the same method one can obtain the total amplitude reflection coefficient for
a monolayer system:

r0:2) _ 550) B r01) 4 (1,2) 20
B g0 1 4 p(01)p(1,2) p2i81

(1.21)

If we try to deal with a double layer system, we will face a problem: how
to sum all internal reflections and transmissions through internal surfaces and it
is not clear how to solve this problem. However, for some special cases internal
reflections in layer can be neglected (]r| < 1) and we can use summation of beams
analogically as in case of Fabry Perot etalon. One layer is treated as a monolayer
structure and internal reflections inside the remaining layers are neglected and
only direct transmission is considered.

This can be done for very thin superconducting layers. Let‘s express transmis-
sion as t = tegmpie/tref, Where t, s is the transmission through the bare substrate
without a film and #sgmpre is the transmission through the whole double-layer.
Further, the thin film approximation (|7;(w/c)d| < 1) is used to simplify the
exponential term: exp(i(w/c)idy) ~ 1+ i(w/c)nidy and the refractive index of
surrounding enviroment ny = ng is explicitly written as unity. Using all men-
tioned approximations and formula for refractive index 7 = /1 + i /eqw, the
equation for transmission yields

. 1+TLQ
N 1+n2+206(w)d

t(w) expli(w/c)ALJ, (1.22)

where Z; represents the impedance of free space

Zo = HoCo = + /? = 377 Q. (1.23)
0

Here pg is vacuum permeability and AL = ds —d,,;, accounts for possibly different
thicknesses of bare substrate and substrate in the double-layer.

1.2 Dielectric properties of normal metals

Optical properties of metals are mainly governed by the response of free electrons,
although contributions from phonons or from interband transitions have to be
taken into account in many cases. The free electron model was proposed by
Drude in 1900. It considers the valence electrons to be free. When an electric
field is applied, the free electrons accelerate and then undergo collisions with the



characteristic momentum scattering time 7 (also known as the relaxation time).
The high frequency conductivity is given as

- on(0)
= — 1.24
ow) 1 —iwt’ (1.24)
where N2
e’r
= 1.2
on(0) = (129

is the DC conductivity, IV is a number of electrons per unit volume (for metals,
typically in the range 10%® — 10%° m=3 [11]), —e is the charge of electron and my
is its mass. Drude assumed bare electron mass but nowadays better results are
achieved by using effective mass of electron in the medium. Note that, at room
temperature, for metals 7 is typically 10713 to 107 s [11, 12].

Let‘s introduce an important quantity called plasma frequency w,

wp=:<Ak2);, (1.26)

€My

which in metals is typically in the ultraviolet region.
Using the equation for plasma frequency 1.26 and equation 1.8 one can express
the complex permittivity

2,2
e1=1— L; (1.27a)
1+ w?7?
w7 (1.27D)
2T (It w22 ‘

High reflectivity of metals can be explained by these equations. For simplicity,
let us assume that 7 — 0. The formula for permittivity is then greatly simplified

w2

E=1-—1. (1.28)
Permittivity is therefore purely real and for w < wy, it is negative while for w > w,
it is positive. Negative value of permitivity leads, according equation 1.10, to
purely imaginary refractive index. For sufficiently thick medium, the reflectivity
R can be calculated as [§]
n—1
n+1

: (1.29)

therefore for w < w, reflectivity is unity, and then it decreases for w > wyp,
approaching zero at w = oo. Therefore metals are shiny for frequencies below w,
but they are transparent for higher frequencies.

1.3 Properties of superconductors

In this section a brief overview of properties of superconductors, which are im-
portant for our experimental efforts, is given.



First, microscopic Bardeen-Cooper-Schrieffer theory explains the origin of su-
perconductivity for classical low-T. superconductors. Further, it is able to quan-
titatively describe various properties such as excitation spectrum, ultrasonic at-
tenuation, electromagnetic absorption and many others. We will focus on origin
of coherence effects since they are closely related to electromagnetic absorption.
Explanation of effects due to the coherence effects is one of the greatest successes
of BCS theory since the two-fluid model is unable to explain them even on qual-
itative level. It might seem that BCS theory is almost almighty but it has also
its limits. So far, it has not been able to explain high-T. superconductivity of
cuprates or pnictides. Further, any extension of BCS theory to the cases in which
energy gap A is not constant in space is very difficult and other approaches are
usually utilized.

Second, the energy gap A(r) in the presence of magnetic field is not spatially
uniform and Ginzburg-Landau theory is more convenient than BCS theory in this
case. We will focus on behavior of second type of superconductors, particularly
on effects associated with the presence of vortices.

1.3.1 BCS theory

In 1956 Cooper [13| showed that arbitrarily small attractive interaction between
two electrons near the Fermi surface leads to formation of at least one bound
pair of electrons with energy smaller than the sum of energies of these individual
electrons. Assuming weak interaction that affects only electrons in a thin layer
around spherically symmetric Fermi surface, the lowest energy of bound Cooper
pair corresponds to the pair of electrons with equal magnitude of momenta but
of opposite direction (see fig 1.2). Further, we expect singlet coupling of spins to
have lower energy because electrons can be found near each other with greater
probability, due to the requirement of total antisymmetry of wavefunction. To
summarize, Cooper pairs are formed from electrons with opposite momentum and
spin: (k, s) with (—k, —s).

Only a year later, in 1957, Bardeen, Cooper and Schrieffer [14] extended
Cooper idea of bound electron pairs and introduced first successful microscopic
theory of superconductivity. Schrieffer constructed a coherent state many-particle
wavefunction that enables Cooper pairs to exhibit quantum mechanical properties
on macroscopic scale including zero DC resistivity. Finally, Bardeen argued that
the origin of attractive interaction is due to the electron-phonon interaction as
it was first suggested by Frohlich [15]. In a little oversimplified way, one can
imagine that a moving electron with its negative charge attracts positive ions
leading to a small lattice distortion. Positive ions overscreen the negative charge
of that electron and second electron of the Cooper pair is attracted towards this
positively charged area.

A fermionic many particle wavefunction is required to be antisymmetric. This
can be utilized by Slater determinant which specifies N-electron antisymmetrized
product function. The Slater determinants are conveniently expressed using the
language of second quantization. We introduce creation operator i, which creates
electron in state & with spin up and annihilation operator czy which empties
the corresponding state. Fermion creation and annihilation operators obey the
following anticommutation relations:



a,

Figure 1.2: Interaction of two electrons near Fermi surface. Total energy and
total momentum K = k; + ky of electron pair is conserved during scattering due
to the interaction. The momentum of first electron can be changed by interaction
from k; to k; +q while the momentum of second electron must be simultaneously
changed from ks to ko — q. Magnitude of matrix element is proportional to the
number of possible scattering events. In the case A only interaction with q = q2
preserves total energy while in the case B number of possible q is much greater,
therefore this case (K = 0 with k; = —ks) maximizes number of such scattering
events and minimizes the energy of the electron pair.

* _ * *
[Ck57 Ck751]+ = CksCq,g, + Ck.s.Cks = 6kk1553’

x o 1.30
[Cksy Ckvs»]—i— = [cksv Ck,s,]+ =0 ( )
The particle number operator ny, is defined by

Tks = ClosChis- (1.31)

In BCS theory the ground state many-particle wavefunction is given as

[va) = H (uk + UkCZTCim) |0}, (1.32)

k=k1,....knm

where |ug|* + |vg|* = 1 and |0) is vacuum state with no particles present. vy is
generally a complex number and a square of its absolute value, |vi|?, represents
the probability that the pair (k 1, —k |) is occupied. Analogically, |uy|* represents
the probability that it is empty.

Bardeen, Cooper and Schrieffer wrote reduced hamiltonian, which contains
only terms important for superconductivity

H = Zﬁkczscks + Z Vk‘lcl:TCikiC—liclT' (133)
ks kl

Here & is the single-particle energy relative to the Fermi energy and Vj; is the
matrix element corresponding to scattering electrons from state (I 1,—[ ) to
state (k T, —k ]) due to the attractive interaction. Hamiltonian can be further
simplified assuming a simple form of Vi,

=V if & and |§] < hw,
Via = { 0 otherwise (1.34)



where V' is a positive constant and w, is maximum phonon frequency correspond-
ing to approximately Debye frequency wp [16]. This hamiltonian can be solved
by different techniques. Originally, variational method was applied [14]. In this
work, the analysis is skipped and only results are shown. A comprehensive step
by step solution can be found in some standard superconductivity textbooks such

as [10].
The BCS wavefunction (eq. 1.32) minimizes energy with proper choice of
coefficients
1 &k
= (1-2); 1.35
k=3 (1- ) (1.354)
1 &k
2
=—(14+= 1.35b
P = (1+2), (1.350)

where Ej is the excitation energy of a quasiparticle of momentum hk. In figure
1.3 we see that distribution of electrons in superconducting state at zero temper-
ature is only slightly different from the Fermi-Dirac distribution function f; at
T.. The phase transition from normal state to superconducting state is rather
due to replacing electron states with random phases by a coherent state with a
fixed phase rather than due to changes in occupation of one-electron momentum
eigenstates, see figure 1.3.

= 1

viatT=0
= === Fermi function at T,

kT,

| 1 r>—=

—fw, -A 0 A Ao, Er=€— |

Figure 1.3: Plot of BCS occupation fraction |v|*> versus Fermi-Dirac statistics
at T, [10]. Here ¢ is the single-particle energy, u is the chemical potential, in
this case Fermi energy, and £ is the Boltzmann constant.

B =g + A2, (1.36)

where A corresponds to minimal energy required to add one electron.

Usually, we are interested in excitation of an electron from the ground state
rather than adding an extra new electron. In this case, a minimal energy 2A is
required since it is not possible to excite one electron and leave the other electron
from Cooper pair in its original state. In a weak coupling limit N(0)V < 1
(where N(0) is the density of state on the Fermi surface) the optical gap becomes

Energy E} is given by

2A(0) = 3.53 kT, (1.37)

10



where kp is Boltzmann constant, A(0) is the gap at zero temperature and T, is
the critical temperature. Experimental values of 2A(0) for different materials and
different direction in k space generally fall in the range from 3.0 kg7, to 4.5 kgT,,
with most of them clustered near the BCS value [10].

Note that in the case of A = 0 and coefficients

u, =0, vy=1, fork <kp

u, =1, v, =0, fork >kp (1.38)

the above analyzed description reduces to the description of the normal state.
Below T, the normal state is also a solution of our problem, but with higher
energy than the superconducting state. The energy difference between supercon-
ducting and normal phase (condensation energy) at zero temperature can be now
evaluated as

U, — Uy = —%N(O)AQ(O), (1.39)

where U is the standard thermodynamic variable for the internal energy density
and N(0) denotes the density of states at Fermi surface. In the case of non-zero
temperature, we have to introduce the temperature dependent gap A(7) and
equation will have the same form. For thermodynamic reasons, the condensation
energy can also be expressed as
B
Us— Uy . (1.40)

where B, is the thermodynamic critical field and pg is the permeability of vacuum.

Although variational approach describes the ground state well, it becomes
clumsy for treating the excited state. It is possible to diagonalize the BCS hamil-
tonian 1.33 by suitable change of variables [17|. This Bogoljubov-Valantin ap-
proach handles excited quasiparticle from BCS ground state and it is well-suited
for description of superconducting state for finite temperatures up to 7.. Futher,
we assume real valued v and v. It is necessary to introduce a new set of operators
which are linear combinations of the original operators

Viep = UkCrp + VkCogy (1.41a)
Y-kl = _Uk?CZ:T + URC—k| - (141b)

In fact, writing v = cosf and v = sin6, the new operators are just a 2x2
rotation of the original ones [17]:

Ter ) _ cosf sind Cht
( Ykl ) ( —sinf# cost ) ( gy ) (1.42)

By reverse transformation we can express the old operators in terms of the
new ones:

Cht = URYEr — UkV—kl (1.43a)
C—kl = +Uk'7ZT+Uk'Y—k\|,‘ (1.43b)

Hamiltonian in terms of new creation and annihilation operators becomes:

H = Fos + Z By (Ver vet + Yok vk (1.44)
k
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where FEy, corresponds to energy of superconductor at zero temperature. The
sum gives the energy increase due to excitation of quasiparticles since ;7 is the
quasiparticle number operator. These quasiparticles are often called Bogoliubons
[10] and their wavefunction is a linear combination of normal state one-electron
states. Evidently, the energies of these excitations are

Ey, = (& + [Ak?)'2. (1.45)

Bogoliubons follow the Fermi-Dirac distribution function f;. BCS theory is thus
extended to finite temperatures. Once again, we will not follow calculations since
they can be found in standard books on superconductivity [10].

Temperature dependence of the gap A(T') can be obtained from the integral
expression numerically

L /"“’c tanh 38(€% + A(T))"/?
NOV  Jo (62 + A%(T))'2

dé. (1.46)

For weak coupling superconductors, A(7")/A(0) is a universal function of ¢ =
T/T.. Tt is almost constant at low temperatures, then it monotonically decreases
to zero at T, as it is shown in figure 1.4. This temperature dependence can be
well-approximated by the following formula [18]:

A(T T\?
—A((O)) = ,|cos g(7> . (1.47)
1.0
o8l 2A(0)=3,53 kBTC
S 06f
I
=
I 04L
021
00 | | | |
0.0 0.2 0.4 0.6 0.8 1.0

Temperature (T/T (0))

Figure 1.4: Temperature dependence of the gap

Assuming that the density of states is almost constant around Fermi surface
in the normal state (N,(§) = N(0)), the density of states in superconducting
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state becomes

Ny(E) _d§ { <E;E-A2> (B> 4) (1.48)

N(©0) dE

1.3.2 Coherence effects

The interaction hamiltonian describing the effect of an external perturbation on
electron can be expressed as

*
H, = E Bk’s’,kzsck/s/cksa (149)
ks,k’'s’

where the By s are matrix elements of the perturbing operator between the
ordinary one-electron states of the normal metal. In the normal state, each term
in this sum is independent and the square of each By s is proportional to
a corresponding transition probability [10]. Superconducting state consists of a
phase coherent superposition of one-electron states and interference terms become
important. This situation is analogical to interference effects in optics, where in
the case of coherent light one has to sum amplitudes while in the case of non-
coherent light summing intensities is possible.

In this thesis we assume s = s’ since we are interested only in interaction
which does not involve spin. Expressing one-electron operators ¢ in terms of
quasiparticle operators v we can see that the terms ¢}, cxs a ¢*_ c_p—s connect
the same quasiparticle states and they have to be added before squaring. This
task is simplified by the fact that matrix elements By s and B_jp_s _p—s are
expected to differ at most in sign because they both represent processes in which
the momentum change of the electron is &' — k [10] and thus the sum of these
two terms yields

Bk/3/7k5(cz/slcks + Cik—sc—k}l—sl)7 (150)

where the sign depends on the type of external perturbation. Positive sign corre-
sponds to case I, which is represented, for example, by ultrasonic attenuation. In
this case electron interacts with simple scalar deformation potential so it depends
only on the magnitude of momentum change, and two matrix elements have the
same sign and add coherently. Negative sign corresponds to case Il with nucle-
ar relaxation and electromagnetic absorption as its typical representatives. On
replacing k by —k the term describing interaction of the electron with the elec-
tromagnetic field p.A changes its sign so the negative sign in 1.50 is appropriate.
Let‘s evaluate expression 1.50 in terms of quasiparticle operators

Bioss ksl (urrtie F vpror) (Vs Vos TV sV—kr—s )+
(k£ wrve) (Vg Vopos £ V-w—sWs)]. (1.51)
Once again the upper signs correspond to case I, the lower signs to case II. In this
equation so called coherence factors F are introduced, namely, (uu’ F vv')? for

the scattering of quasiparticles, and (vu’ & uv’)? for the creation or annihilation
of two quasiparticles. These coherence factors can be evaluated using formulas
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1.35 and they become

1 A?
/ ne _ -
(v Fov')* = 5 (1:F EE’) (1.52)
1 A?
/ ne _ -
(vu' £u')” = 5 (1:|: EE’) . (1.53)

The physical origin of the coherence factors can be explained fairly simply.
We will follow explanation given by Schrieffer [19]. Suppose we are interested in
a process in which a quasiparticle is scattered from its initial state, say k 1, to a
final state, say k' T, by absorbing a boson of momentum &' — k. For simplicity
we assume no quasiparticles in states —k |, 1T and —k’ | initially.

kT Ko kT K 4
) o .

K "kl -k “k

amplitude u; amplitude vy

—k ] —kl K] —k

amplitude uy, amplitude v,

Figure 1.5: Upper panel - initial states for scattering, lower panel - final states
[19].

Let’s closely observe figure 1.5. A quasiparticle is in k& 71 state while the
pair state (k' 1, —k’ |) is either empty with a probability amplitude wuy (left
upper quadrant in the figure) or occupied with a probability amplitude vy (right
upper quadrant). Since u}, + v = 1, there is zero amplitude for other possible
occupancies of this pair state. By analogy, the final state has k' 1 definitely
occupied and —k’ | definitely empty, while there is an amplitude u; such that
kT and —k | are empty (left lower quadrant), and vy such that these states are
occupied (right lower quadrant).
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The interaction hamiltonian 1.49, being a one-body operator, can at most
change the state of one electron. Consider the operator ¢ cxt: it transforms the
portion of the initial state shown in the left upper quadrant into the final state in
the left lower panel. The probability amplitude for this process is clearly wugu .
In analogy, the operator ¢*; c_j affects states displayed on the right and the
probability amplitude is —vivg. The negative sign arises from ordering operator
using anticommutation relations 1.30. The overall amplitude for the quasiparticle
scattering is thus ugur F vkvr, in agreement with equation 1.52. Creation and
annihilation of quasiparticles can be analyzed in the same way.

It is convenient to use the so-called semiconductor-model sign convention,
in which each pair of quasiparticles created or destroyed is assigned a negative
energy [10]. Both coherence factors thus have the same form

1 A?
F(A B B') = 5 (1 + EE) . (1.54)

From now on only electromagnetic absorption (case II) is considered so only
the positive sign in equation 1.54 is taken into account. For low frequencies,
hw < A(T), energies E and E’ have the same sign and quasiparticles are not
excited, so that F' =~ 1. In case hw > A(T) quasiparticles are created. Energies
FE and E' have opposite signs and F' < 1. If both |E| and |E’| are much larger
than the gap, there is little difference between properties of the normal and the
superconducting state.

Transition rate (probability of transitions per unit time) between electron
states with energies E and E + hw is expressed as

:/|W|2F(A,E,E+hw)Ns(E)NS(E+hw) x [f(E) — f(E + hw)]dE, (1.55)

where lower index s indicates that variable with this index describes supercon-
ducting state, NNy is the density of states and W is the magnitude of a suitable
one-electron matrix element. Using expression 1.54 and equation 1.55, transition
rate becomes

RN /|EE+ﬁw)+A2|[f(E)—f(E+hw)]dE’ 150

A2)12[(E + hw)? — A?]1/2

where it is understood that the regions with | F| or | E+hw| < A are excluded from
the integration [10]. The normal state is characterized by A = 0, so transition
rate reduces to a,, = |[M|>N(0)?*fiw. It is convenient to express the transition rate
as a ratio between the superconducting and the normal states

|E( E + hw) + A?|[(E) — (E + hw)]
a—n — / dE. (1.57)

— A2)12[(E + hw)? — A2]1/2

1.3.3 Complex conductivity in zero magnetic field

Our discussion of BCS theory has been so far for the case of a pure metal, in
which k is a good quantum number, allowing the simple formulation of the BCS
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pairing theory. Fortunatelly, extension to the case of impure metals is possible
[10]. Purity of sample is characterized by the mean free path [ or by momentum
scattering time 7. The other important characteristic length is the coherence
length £. & represents the physical size of the Cooper pair bound state in the BCS
theory so naturally £ is also characteristic length for variation of order parameter
as will be discussed in the next section devoted to the Ginzburg-Landau theory.

We recognize two important limiting cases. If the mean free path [ is much
longer than &, [ > £ the superconductor is said to be in the clean limit and
electrodynamic response is non-local, with characteristic length scale given by
Pippard coherence length? rq

— ==+ (1.58)

Characteristic representatives of clean limit are very pure metals. In the opposite
case, | < &, the superconductor is said to be in the dirty limit and response
is well localized. In fact, it is a surprising and very important property of most
superconductors that they can remain superconducting even when there are large
numbers of impurities making the mean free path [ very short. In fact, many alloys
are superconducting despite the strongly disordered atomic structure [17].

Absorption of electromagnetic radiation is proportional to ;2. Absorption
is also proportional to the transition rate «, so the ratio oy5/01, is equal to
as/a,. Integral 1.57 has to be solved numerically. o5 can be calculated using
Kramers-Kronig relations.

Historically, Mattis and Bardeen [20] were the first who evaluated complex
conductivity from BCS theory. Their work is limited to the case of dirty limit.
In this thesis Zimmermann numerical procedure for complex conductivity [21] is
utilized. Similar expressions are given by Nam [22, 23|, by Leplae [24], by Bickers
et al. [25] and by other authors. Zimmermann expression applies to isotropic
BCS-superconductors with a spherical Fermi surface with arbitrary purity that
includes cases of clean limit and dirty limsit. This model became very popular
and it has been used by various authors [1, 26, 27, 28|.

The typical frequency and temperature dependence of the complex conduc-
tivity for a classical BCS-like superconductor (dirty limit) is shown in Fig. 1.6.
The upper panel presents the real — dissipative — part of the complex conduc-
tivity. At zero temperature, one sees a sharp turning point at the frequency
corresponding to the optical gap (hv = 2A(0)); for higher frequencies dissipation
due to the Cooper pair breaking mechanism becomes significant. With increas-
ing temperature the optical gap is reduced and this turning point becomes less
pronounced. Quasiparticle population increases with temperature from zero at
zero temperature to its normal state value at 7., consequently, conductivity o
acquires non-zero values even for {requencies below the optical gap; hv < 2A(T).
Even at somewhat higher temperatures the turning point at the optical gap is
still recognizable. At low frequencies, roughly for hr < 0.2 x 2A(0), the tem-
perature dependence exhibits a coherence peak near T, which is a manifestation
of macroscopic quantum nature of superconductivity. For higher frequencies, oy
continuously rises from zero at zero temperature towards its normal-state value,
displaying a derivative discontinuity at temperature 7 where 2A(T*) = hv. This
can be thought of as a direct consequence of the Cooper-pair breaking mechanism.

3Pippard coherence length is often labeled ¢ which we found confusing
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Figure 1.6: Real (upper panel) and imaginary (lower panel) components of com-
plex conductivity normalized to its normal state value of a BCS-like supercon-
ductor in dirty limit. Both temperature and frequency scales are in reduced
dimensionless units 7'/T,. and hv/2A(0).

For frequencies above the optical gap, oy is finite even at zero temperature and
monotonously increases towards its normal state value. The normal state conduc-
tivity is well-described by Drude model: 65 = on(0)/ (1 —iwT). If wr < 1, then
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the real component oy,(w) is almost constant, while the imaginary component
oon(w) is almost zero.

The imaginary component of conductivity, os(w,T’), is shown in the lower
panel of Fig. 1.6. It behaves with frequency as 1/w and increases towards zero
temperature as the condensate fraction grows. This typical 1/w dependence is
a result of Kramers-Kroning relation coming from o-function in oy(w). Let us
note that while the two-fluid model can describe oo(w,T’) quite reasonably, it
cannot reliably describe o1(w,T’) because it does not comprise optical gap and
consequently disregards all associated phenomena.

Complex dielectric function of superconducting materials (both in normal and
in superconducting state) £(w) is assumed to be a linear superposition of several
contributions. Most important in far-infrared region are those originating from
conduction electrons, from phonons and from electronic absorption caused by
interband transitions [21]. The contribution from conduction electrons can be
expressed in terms of the complex conductivity & (for T' < T, 6, = dpcs and
for T' > T, it follows Drude formula). In many cases the phonon and interband
absorption terms can be neglected in the THz region, since they are negligible
in comparison with the main contribution from conduction electrons. These for-
mer terms become more important for higher frequencies (for phonons typically
above 10 THz |29]). In the following discussion, we shall neglect them, assuming
constant high-frequency part €., = 1.

The key quantity in optical calculations is the complex refractive index 7,
which can be obtained by straightforward calculation: 7 = n + ix = V&. In the
normal state the real part of conductivity o; dominates, therefore in the limit of
low frequencies the refractive index is given as 71 & /01 /eow (1+1) /+/2. On the
other hand, at low temperature the situation is reversed — the imaginary part of
conductivity oo dominates while oy for hv < 2A(0) vanishes. Consequently, x
increases towards its zero temperature value, while n decreases, reaching almost
zero for frequencies below the optical gap.

1.3.4 Superconductivity in the presence of magnetic field

Ginzburg-Landau theory was born in 1950 [30] as an extension of Landau theory
of phase transition to the case of supeconductivity. Superconductivity is charac-
terized by a complex order parameter 1. [¢(r)|? can be identified as the local
density of Cooper pairs, ns(r). In many applications ¥ (r) was found to be propor-
tional to the gap parameter A(r). Above the critical temperature in normal state,
¥ is equal to zero, i.e. the sample does not exhibit any sign of superconducting
behavior.

Near the critical temperature the free-energy density F can be expanded in a
series of the form
B2

[(—ihV — 2eA)p|* + o (1.59)

1
2m*

F = Fuo+ aluf? + Sjuft +

Here F, is the free-energy density of the normal state in zero magnetic field, «
and [ are coefficients of Taylor expansion, m* is effective mass of Cooper pair, A
is magnetic field vector potential and B is magnetic field. Such expansion is valid
only for temperature near the criticial temperature, but some results of Ginzburg-
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Landau theory can be extrapolated to lower temperatures. Order parameter v is
found as a function which minimizes the free-energy, equation 1.59.
In the absence of fields and gradients, free-energy density becomes

Fo= FutoluP + St (1.60)

Inspection of 1.60 shows that § must be positive if the theory is to be useful,
otherwise the lowest free energgy would occur for arbitrarily large values of |2,
where the expansion is surely inadequate [10]. In order to ¢ be zero above T,
and non-zero below T, coefficient o must be function of temperature so that « is
positive above T, and negative below it. Empiricaly it was found [10] that

1 —¢2

and [ can be taken as constant, although it is slightly temperature dependent.
Under above described conditions solution below T, becomes

WP = [thoo]® = — (1.62)

«
/87
where the notation 1., is conventionally used because v approaches this value
infinitely deep inside the superconductor bulk. When value of 1, is substituted
back into 1.60, condensation energy is found:

B? —a?
2u0 28

where B, is the thermodynamical critical field.
Let’s consider a simple case in which magnetic field is not present. ¥ is in
this case real and it is convient to use its normalized form

Y

FomFu=— (1.63)

and formula 1.59 can be expressed as
h2 del
Eaﬁﬂaﬁwwﬂ—wﬁzo (1.65)

From this equation we can see that )’ can vary on the typical scale of coherence

length

h2
2

T .
&) 2m* ||
Another characteristic length for superconductors is penetration depth A which
measures how far magnetic field penetrates into the superconducting bulk. Mag-
netic field parallel with the surface of semi-infinite superconductor (z > 0) will

exponentially decay inside the superconductor as

(1.66)

E%x)::BGDexp<—§). (1.67)

Let’s investigate the case of infinite slab in perpendicular magnetic field. Re-
gions, where superconductivity is fully or partially suppresed, are formed and
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magnetic field passes through the slab. Important quantitity is the surface en-
ergy of interface between normal and superconducting regions. We can separate
two classes of superconductors: type I with positive surface energy and type 11
with negative surface energy. Ginzburg-Landau theory introduces important ratio
between penetration and coherence length

A
=g (1.68)

and detailed analysis shows that

1/v/2 >k for type I superconductor

1.
1/\/§ < k for type II superconductor (1.69)

The origin of positive surface energy can be explained qualitatively following Tin-
kham textbook [10]. The surface energy is positive for k < 1 since there is a
region of thickness ~ (£ — A) from which the magnetic field is held out (contribu-
tion to the positive diamagnetic energy) while not enjoying the full condensation
energy associated with ¢o.. The argument is reversed for x > 1, leading to a neg-
ative surface energy. The sign of surface energy has profound effect on behavior
of superconductors in magnetic field.

In type I superconductors positive surface energy requires normal state region
to minimize surface of interfaces with superconducting regions together with en-
ergy associated with magnetic field. Normal state regions with typical dimensions
much larger than coherence length & are formed. In parallel magnetic field the
superconductor expells field from its interior (Meissner-Ochsenfeld effect) up to
the critical field B.(T') where first order transition takes place. Above B.(T) the
material is in normal state. Typical representatives of type I superconductors are
elements (Al, Sn, In).

In type II superconductors the surface energy is negative, therefore surface
between regions, where superconductivity is suppressed and regions with fully
developed superconductivity, are maximized. This leads to the most typical fea-
ture of type II superconductors - presence of vortices [31|. Vortex is a topological
defect induced by sufficiently large magnetic field which allows magnetic flux
®y = h/2e to pass through a superconductor. Order parameter ¢ is locally su-
pressed around vortex center up to the distance of coherence length &(7"). In
isotropic superconductors 1 is cylindrically symmetric around the vortex center®
and it can be approximated as

¥ & o tanh (%T) , (1.70)

where v is a constant ~ 1, see figure 1.7. The area where v is substantially
suppresed is called vortex core. Screening currents around the vortex core prevent
magnetic field from further penetration inside the superconductor. Magnetic field
profile h(r) of a single vortex, assuming x > 1, can be described as

h(r) = %KO (%) (1.71)

4We assume that there is only one vortex present.
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where Kj is the zeroth-order Hankel function of imaginary argument. For large
distance from vortex core magnetic field decreases exponentially as e~"/*, as one
can expect. Vortices tend to align themselves into a triangular lattice but theoret-
ical energy difference between different alignments are usually small thus allowing
different alignments to take place due to the specific material pecularities. With
each vortex, there is a positive energy resulting from kinetic energy of screening
currents. Therefore first vortices can appear only at sufficiently high magnetic
field, so called lower critical field B (7). Below B the superconductor exhibits
full Meissner-Ochsenfeld effect. With increasing magnetic field the density of
vortices grows until vortex cores fill almost entire volume and phase transition of
second order takes place at upper critical field B.o(T). Typical representatives
of type II superconductors are alloys (NbN, Nb3Sn, NbsGe), cuprates and many
other superconductors.

|
0g A e

Figure 1.7: Typical structure of isolated vortex [10].
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2. Experimental setup

2.1 Laser thermal spectroscopy

Most experimental results shown in this thesis have been obtained by using an
experimental method known as laser thermal spectroscopy. The basic idea is
simple. A monochromatic electromagnetic radiation probes the sample while its
temperature (or applied magnetic field) is varied in a controlled way, resulting in
obtaining temperature dependence of transmission or reflection. Intensities are
usually measured but phase can be measured as well utilizing the Mach-Zender
interferometer in the same way as it is implemented in BWO spectroscopy [32, 33].
Phase measurement has its drawback since the detailed measurements of temper-
ature dependence take much more time in comparison with the measurements
of transmitted intensity. On the other hand, advantages of laser thermal spec-
troscopy as a suitable tool to study thin superconducting films were pointed out
by several authors [34, 35, 36, 37|. Laser thermal spectroscopy can also be used
to study semiconductors with magnetic field dependent gap |38].

Table 2.1: List of available FIR lines. MA=methanol (CH;OH), FA = formic
acid (HCOOH).

Frequency | Energy | Wavelength | Wavenumber | Intensity | Gas
THz meV pm cm™!
0.4037 1.670 742.6 13.5 weak FA
0.5254 2.173 570.6 17.5 medium | MA
0.5617 2.323 533.7 18.7 medium FA
0.5844 2.417 513.0 19.5 strong FA
0.6538 2.704 458.5 21.8 weak FA
0.6929 2.866 432.7 23.1 medium FA
0.7162 2.962 418.6 23.9 medium FA
0.9622 3.979 311.6 32.1 weak FA
1.8213 7.533 164.6 60.8 medium | MA
1.8388 7.605 163.0 61.3 medium | MA
2.5228 10.433 118.8 84.2 very strong | MA
3.1059 12.845 96.5 103.6 very strong | MA
4.2517 17.584 70.5 141.8 very strong | MA
4.8657 20.123 61.6 162.3 very weak | MA

Our experimental setup is described in detail in figure 2.1. As a source of
monochromatic far-infrared light the commercially available FIR waveguide laser
model 295 is used, pumped by the CO, PL4 laser, both made by Edinburgh
Instruments Inc. This setup enables generating linearly polarised far-infrared
radiation at a series of discrete lines in range from 0.4 to 4.9 THz (13-162 ¢cm™!,
1.7-20 meV, 742-62 pm), see table 2.1 for details. To achieve a successful laser
action, several conditions must be fulfilled. First, the waveguide tube of CO5 laser
is filled with mixture of very pure He, Ny and CO5 gases, length of its resonator

cavity is fine tuned to meet lasing conditions and appropriate excitation energy is
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injected into resonator cavity with 130 Hz repetition frequency. The FIR gas laser
is tuned in a similar manner. Operating gas can be chosen from many different
gases [39] and required power is provided by a CO laser with suitably chosen
laser line. In the presented work, all discrete laser lines were produced using only
methylalkohol (CH30H) and formid acid (HCOOH) gases, see table 2.1. In order
to set the laser system correctly, one has to carefully tune all parameters and even
then the time stability of laser power can fluctuate at the level of tens percents
when laser is operating for several hours.

M1 4 M1’
L1
2 o M5 M4
© ©
—' - r N
o o4 | |
T
Bolometer
— L2

M2 7/ BS P
PO N |

M3

Figure 2.1: Scheme of laser thermal spectroscopy experimental setup in our FIRM
laboratory [2]. Optical elements are described by shortcuts: flat mirrors (M;,
Ms), focusing mirrors (My, My, Ms), lenses (L, Lg), mylar beamsplitter (BS),

(By) configurations are indicated.

Laser beam follows the optical path indicated in figure 2.1. Part of FIR
beam is reflected by a mylar beamsplitter (BS) and then focused by a mirror
(M2) to a pyroelectric detector (PD), which monitors the laser power. Note that
for different wavelengths the ratio between intensity reflected by beamsplitter
and intensity transmitted through is different. The beam transmitted through
the beamsplitter is concentrated on the sample inside the Spectromag magneto-
optical cryostat [40| using a gold coated off-axis parabolic mirror (M4). Wire-grid
polariser (P) can be incorporated in the optical path if well specified linear po-
larisation is required. Intensity transmitted through the sample is collected by
mirrors (M4’,M5) into the LN-6/C bolometer [41]. The detection element oper-
ates at temperature of 4.2 K which is ensured by a small liquid helium dewar.
Larger dewar filled with liquid nitrogen further improves thermal stability and
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cooling power. The bolometer is equipped with spectrum-sensitive filters allow-
ing only electromagnetic radiation within the range 3 x 10! — 2 x 10'3 Hz to
pass. The obtained signal is enhanced by a preamplifier with two stages: one is
mounted on the cold plate and operates at 60 K and the second stage operates at
room temperature. Surrounding effects are effectively eliminated by synchronous
detection.

The spectromag cryomagnetic equipment operates in the temperature range
from 3 K to 300 K in magnetic fields up 10 T (11 T if helium bath is pumped).
The cryostat is placed on non-magnetic pedestal which enables us to rotate the
whole system as it is indicated in figure 2.1. In principle, the cryostat can be
rotated even when it is operating. Superconducting Helmholtz coils are supplied
by a bipolar current source which allows energizing the magnet in both field direc-
tions. Persistent mode is conveniently used if constant magnetic field is desirable.
Optical access in two perpendicular directions, see figure 2.1, is provided by two
pairs of mylar windows and aperture with 0.8 mm diameter on the sample rod,
figure 2.2. The sample rod can be rotated about its vertical axis to ensure normal
incidence.

Figure 2.2: Sample holder [2]

The temperature inside the cryostat is controlled by Intelligent Temperature
Controller 503S device [42| which regulates a dynamic cooling and a heater. Liq-
uid helium flows from the main bath into the sample space through a needle valve
and evaporates in a heat exchanger. A stabilized flow rate is adjusted and the
sample surrounded by flowing gas is constantly cooled. A heater is placed in a
cooper block near the sample. Temperature of sample is measured by a small Cer-
nox thermometer located nearby, which performs well even in high magnetic field.
Error should be less than 3.5% even for the highest attainable fields at low tem-
peratures and smaller otherwise. Temperature gradient between the thermometer
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and the sample is a more important issue. To eliminate possible temperature dif-
ference, the DC resistivity is monitored by the four-probe method simultaneously
with the transmission measurement. In some experiments problems with contact
pads occurred but the two-probe method was equally as good in determination of
critical temperature. A small current ~ 10 pA was chosen so it did not heat the
sample. Experiment showed that even current ten times larger did not noticeably
increase the sample temperature.

Our experimental protocol is to set the magnetic field constant and to cool the
sample from T slightly above T, to the minimum attainable (usually 3 K), then
the sample is heated up. For cooling and heating a constant rate of 1 K per minute
is used. Slower and faster rates have been tried but it does not affect experimental
results. We found that more important is to set conditions properly so that the
temperature is swept smoothly with a constant rate. In many experiments we
observed that probably the best is to set a constant, reasonably high, gas flow
and let the ITC to control only the heater power. It is also possible to set the
temperature constant and sweep magnetic field. The transmission is given as a
ratio between the signal detected by the bolometer and the signal detected by the
pyroelectric detector (PD). This method minimizes effects of any possible time
instability in the laser power. Finally, it is convenient to normalize this ratio so
that the normal-state transmission is unity.

2.2 Time-domain terahertz spectroscopy (TD TS)

In this section we briefly introduce a complementary far-infrared technique to the
laser thermal spectroscopy - time-domain terahertz spectroscopy. In particular,
we restrict ourselves to the case of steady-state transmission measurements. TD
TS measures the electric field of a broadband terahertz pulse (i.e. amplitude and
phase) and it is thus capable of determining the optical properties (i.e. 7n(w),
7(w) or &(w)) of a sample over a broad frequency range at fixed temperature
and magnetic field. Our experiments have been performed by the THz group
of the Institute of Physics of AS CR. The available spectral range of the spec-
trometer was 0.1 to 2.5 THz for fields up to 7 Tesla and temperature from room
temperatures down to 2 K.

We will explain the principle of the technique using schematic figure 2.3. The
basic idea is to use a femtosecond optical pulse to generate THz pulse in a coher-
ent manner; the THz radiation is then transmitted through the sample and the
gated detection scheme allows one to measure the THz electric field £(t) [43, 44].
A femtosecond optical pulse is generated by femtosecond Ti/sapphire oscillator
which is pumped by a Nd: vanadate laser. The output pulse is divided into two
beams by a beamsplitter: the first one serves for THz pulse generation, the second
one is used for the sampling of the transmitted pulse. In the experiment the tera-
hertz pulse is generated by photoconductive switching [45], a femtosecond optical
pulse injects electron-hole pairs into ultrafast semiconducting material; a bias
field accelerates the free carriers which radiate the THz pulse (i.e. Erpy, = %(f)
where j(t) is the time dependent photocurrent). The THz radiation is detected
by a (110) oriented ZnTe crystal by so called electro-optic sampling technique
[46]. The THz pulse induces birefrigence An ~ n®r.;¢E, which is probed by
sampling (gating) the optical pulse. The change of the polarisation state of the
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Figure 2.3: Scheme of time-domain terahertz spectroscopy experimental setup.

Courtesy of P. Kuzel.

sampling pulse is detected by a polarisation-sensitive setup comprising a quater
waveplate, a Wollaston prism and a pair of balanced photodiodes (see figure 2.3).
The difference of the signals in photodiodes is proportional to the THz field F(w)
for a given position of the delay line. The optical pulse is much shorter in time
domain than the THz pulse. By moving the delay line, one can scan the whole

profile £(t) of the THz pulse.
Having obtained the time dependence of electric field £(t) it is possible to use

Fourier transformation into a frequency domain, see fig.2.4.
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Figure 2.4: Typical THz electric field profile in the time domain (left panel) and
in the frequency domain (right panel). Courtesy of P. Kuzel.

The measured time profile of the electric field of the THz pulse &,eqs(t) is
given by convolution of the emitted pulse with instrumental functions describing
the propagation before the sample, propagation through the sample, propaga-
tion after the sample and the detector response. In order to eliminate all the
instrumental function from measurement a reference &,.; must be measured. By
calculating ratio of ¢t(w) in the Fourier space t(w) = Esampie(w)/Eres(w) all instru-
mental functions cancel out and the value of ¢(w) depends only on the properties
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of the measured sample. Using Fresnel equations, the complex refractive index
or conductive spectra can be numerically determined. In the case of thin metalic
film on a thick substrate, multiple internal reflections in the substrate are sepa-
rated in time, consequently, higher order reflection are removed from the spectra
by cutting the waveform in the time domain. The multiple reflections inside the
thin film must be all taken into account.

We can assume multiple reflections only in thin metallic layer since the re-
flections inside optically much thicker substrate are temporally separated. The
appropriate equation for transmission, which was derived in chapter 1 (equation
1.22), yields:

Esample (w) 1 + 'ﬁ2

t p— pr—
() Bref(@) 1+ fia + Zoo(w)dy

exp(1Ad), (2.1)

where notation from chapter 1 is employed, refractive index of surrounding envi-
ronment is assumed as unity and Ad is the difference between phase change due
to the sample and the reference. If the same substrate is used as reference, the
phase difference yields

W, .

A§ == |(in = 1)ds + fin(da — | (2.2)
where the first term is the phase difference due to the different propagation in
the film and the second one is the phase difference due to the different thickness
of the sample’s substrate and the reference substrate.

Let us mention that, due to internal reflections in substrate, another signal
E(t), the so called echo, is observed (2nady/c) time shifted after the first. This is
conveniently used to determine substrate thickness with high precision.

2.3 Thin films

Typical samples for the experiment are thin superconducting films deposited on
suitable transparent dielectric substrate, prepared by various layer growing tech-
niques. It is important that the substrate has similar lattice parameters as the
deposited superconducting film. In some cases optimal lattice parameters of the
substrate are achieved at the cost of anisotropic properties of the substrate. Sub-
strates substantially influence transmission of such a double layer system, it is
therefore important to accurately determine their physical properties.

Critical temperature of a very thin film might appreciably depend on its thick-
ness [47]. Certain films can exhibit higher critical temperatures than bulk materi-
als since they can be prepared with greater purity and with less defects than bulk
samples. In our research we mostly use NbN thin films as typical representatives
of type II BCS — like superconductors.

As shown by Semenov [48], each individual NbN film has unique properties;
this applies in particular to its electric conductivity. In table 2.2, we list properties
of all measured NbN films.

The first sample is rectangular in shape, a high-quality 80 nm thick polycrystal
NbN layer deposited on a silicon substrate with a very thin (= 5 nm) SiOs
interlayer, prepared by S. Beftacka in the Institute of Electrical Engineering,
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Table 2.2: Parameters of the samples

Film dy T. on(0) substrate | ds
[nm| | [K] | Q@ tm™! [mm]

NbN Benacka | 80 | 10.8 | 0.45 x 10° Si 0.25
NbN #383 15 16 | 0.51 x 10° Al,Os3 0.33
NbN #1544 11.5 | 12.5 | 0.46 x 10° Si 0.40

Slovak Academy of Science, Bratislava [49]. From the DC resistance measurement
it was found that the sample has finite transition width AT, = 0.4 K.

The second film is high quality 15 nm thick NbN film #383 deposited on
R-cut sapphire substrate, prepared by K. II'in from Institute for Micro- and Na-
noelectronic Systems, University of Karlsruhe. The NbN film has been deposited
using DC reactive magnetron sputtering of a pure Nb target in Ar/Ns gas atmo-
sphere with a total pressure of about 5 x 1073 mbar [48]. The one side polished
R-plane sapphire substrate has been placed on a heater kept at a temperature of
750° C during deposition. The main parameters of the deposition process, i.e. the
gas pressure, the substrate temperature and the plasma discharge current, were
optimized for deposition rate of NbN film of about 0.17 nm/sec. The critical
temperature of as deposited film in zero field was found to be T, = 16 K.

The anisotropic sapphire R-cut substrate has the c-axis at angle ¢ = 57.6°
with respect to the surface normal. The extraordinary ray axis is oriented diago-
nally, at the angle 45° with respect to the y — axis. Ordinary and extraordinary
refractive indices n, (orange open circles) and n. (cyan open circles) can be found
in literature [50], see figure 2.5. The extraordinary index n.(¢ = 57.6°) (mangen-
ta open circles) associated with R-cut sapphire was calculated using values for n,
and n. [8]

2 .2

21 _ cos 2(<p) 4 Hin gap) (2.3)

n€<()0) nO ne

Sapphire exhibits only a weak dispersion in the THz region, which we take into

account by linear fit through data obtained from literature [50]: n, = 3.047 +

0.021 x 1072y, n, = 3.38 + 0.035 x 107*?v and n.(¢ = 57.6°) = 3.274 + 0.030 x
10712y, see dashed lines in figure 2.5.

Both the ordinary and extraordinary refractive indices were also determined in
the supporting time-domain terahertz spectroscopy experiment at room tempera-
ture using an identical sapphire substrate. The optical thickness of the substrate,
nads, is to a very good approximation temperature independent [51, 52| which jus-
tifies using room temperature values. Real part of both ordinary (pink triangles)
and extraordinary (blue triangles) index are in excellent agreement with Palik da-
ta, imaginary part is almost frequency independent. Absorption by the substrate
is nearly negligible at room temperature and even smaller at low temperatures.
Full circles are values of refractive indices obtained by fitting procedure which is
described in chapter 4.

The third sample is 11.5 nm thick NbN film #544 deposited on highly resistive
Si substrate. It was prepared also by K. II'in, who also measured its DC resistance
and found T, = 12.5 K.
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Figure 2.5: Ordinary and extraordinary refractive index of sapphire. Open circles
present data from literature [50] and dashed lines linear fit of these data. Open
triangles are values obtained by independent measurement and solid symbols
values determined by fitting temperature dependent transmission, see chapter 4.
For further details see the text.
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3. Yeh formalism

3.1 Theoretical overview

A 4 x 4 matrix algebra, which combines and generalizes Abelés 2 x 2 matrix
method [53] and Jones 2 x 2 matrix method, is introduced to investigate plane-
wave propagation in an arbitrarily anisotropic homogeneous medium |54, 55|.
In this method, each layer of finite thickness is represented by a propagation
matrix which is diagonal and consists of the phase excursions of the four partial
plane waves. Each side of an interface is represented by a dynamical matrix that
depends on the direction of the eigenpolarizations in the anisotropic medium.
Assuming we know all optical parameters of involved materials, we can solve

the wave equation:
2

k x (k x &)+ %Mrgg =0, (3.1)

where p,. is relative permeability and k is the wavevector, its x- and y-components
are zero since we present special case of normal incidence. Further, we will assume
non-magnetic medium, i.e. u, = 1. The wavevector is closely connected with the
refractive index since k = fz%”s, where s is the unit vector in the direction of
propagation, A is the wavelength and n is the complex refractive index.

In order to have nontrivial plane-wave solutions, the determinant of the matrix

in eq. 3.1 must vanish:

@ K (WP, (W)
0=| @Yo (@/A)ey -k (WA, |- (3.2)
(w2/02)§xz (WQ/CQ)éyz (WQ/CQ)ENZZ

This gives a quartic equation in k which yields four roots k,, o = 1, 2, 3, 4.
There is a corresponding eigenpolarization p, to each k, . The electromagnetic
radiation can be decomposed into four partial waves

E(2) =) AePoexpilky(z — z,) — wt), (3.3)

where A, is an amplitude. Let‘s arrange partial waves in following order: &;
corresponds to the beam traveling in positive 7 direction with polarisation py, &
the beam traveling in negative z direction with eigenpolarisation ps = pi, &3 is
the beam traveling in positive z direction with polarisation ps and &4 is the beam
traveling in negative z direction with polarisation ps = ps. In case of anisotropic
medium, p; and ps are linear polarisations corresponding to the extraordinary
and the ordinary beam. In isotropic environment a basis of polarisation vectors
can be chosen arbitrarily, in this work we use p; parallel with x-axis and p3
parallel with y-axis. Laboratory coordinate system is defined in figure 3.1.
Magnetic field is obtained using Maxwell equation and it is given by

4
H(Z) = ZAUqU eXpi(k?o(Z - Zn) - Wt)y (34)
o=1
where
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Figure 3.1: Schematics and orientation of a multilayered sample. Individual layers
are enumerated 1,2... N and surrounding environment as 0, N + 1, respective-
ly. The method of calculating resulting transfer matrix and orientation of the
laboratory system are also indicated.

4o = (Cko/wﬂ) X Po- (3'5)
Imposing the continuity of &;, &,, H, and H, at the interface z = z, leads to

ZA pe(n—1)-x = z:AU(zJr
ZA . )Pe(n—1)y = ZAC,(ZTJ{)pU(n) "y
ZA Dar(n—1)-x = Y A (27)as(n) - x

ZA D(n=1)-y = > A(z)a.(n) -y, (3.6)

where 2, (z) correspond to the left (right) side of the interface, see figure 3.1,
and expressions on the left hand side of equations are associated with the left
side of interface; right hand side of equations are associated with the right side
of the interface.

Using these four equations we can associate amplitudes at z,,_; and 2,

IHER i)
Alo) | = ) o P | 2 | (3.7
Au(z,_1) Au(z)
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where

Plgng "X ngn; "X P3En§ "X P4En§ "X
_ | @)y Qn)-y qz3(n)-y dan)-y
PW=1 pin)-y po(n)-y pon)-y paln)-y (38)
qi(n)-x @qn)-x qs(n)-x qun)-x
is called the dynamical matrix and
exp(+iki(n)d,) 0 0 0
P(n) = 0 exp(+iks(n)d,) 0 0
" 0 0 exp(+iks(n)d,) 0
0 0 0 exp(+iky(n)d,)
(3.9)

is called the propagation matrix, depending only on the phase excursion of these
four partial waves.
The transfer matrix can be defined as

T(n—1,n) = D(n—1)"'D(n)P(n). (3.10)

The matrix equation which relates A(z,) and A(z,,) is therefore given by

) e[ 4
AS(ZZ_) = ET@' —1,1) Ag(zg) . (3.11)
Ayzy) Au(2,,)

If m equals to N + 1, we can define transfer matrix M of entire multilayer
system

M = HTZ—lZ (3.12)

and equation 3.11 relates amphtudes of incoming and of outcoming radiation.
We can write

Ai(zy) My My Mz My Ai(zy)

As(zg) | _ | Mar Mz Mo Moy 0 (3.13)
As(zy) Mz Msy Mss Msy As(zy) | .
Ay(zy) My My Myz My 0

where we used the fact that radiation does not propagate from the right side of the
structure, so that As(z;}) and A4(z;") must be to zero. As(z; ) and A4(z; ) are am-
plitudes of light reflected from multilayer structure with its eigenpolarisation ps,
P4, respectively. Similarly, A;(z}) and As(z]) are amplitudes of light transmit-
ted through multilayer structure with its eigenpolarisations ps, p4, respectively.
This amplitude can be related to incoming light described by amplitudes A;(z; ),
As(zg ) via transmission and reflection coefficients

+ M.
iy Y = < (Z]f)> % (3.14)
A1(20) ) agz5)=0 ~ My Mss — MyzMs,
iy T = (Al(z]t)) = — s (3.15)
Asz(z) A1 (25)=0 My Mz — MMz,
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As (21 —M.
N = < sl )> - o (3.16)
A1(20) ) ageym0  MinMss — MisMs
pONHD _ <A3(zj(,)> _ M, (3.17)
As(zy) Ar(z5)=0 My Mg — M3 Ms,
SONED) (A2(Zo_)) Moy M3z — Moz My (3.18)
2 Ai(zy) As(z5)=0 My Mg — M3 Ms, '
SON+D) (A4(z0_)) My M3z — Myz M3, (3.19)
" A1(20) ) ayzymo  MiiMsz — MisMs, '
(O,N+1) _ (A2(Zo_)) My Moz — Moy M3 (3.20)
23 As(zy) A (20)=0 My Msz — Mg M3,
FON+D) (A4(z0_)) _ My Myz — My M3 (3.21)
43 A3(Za) A1(25)=0 My Msz — Mg M3, '

Using the defined transmission and reflection coefficients, we can simplify the

algebra:
()= () () .
()= () () a2

This way we can obtain electric field £(zy ) or £(z3;) and analyse field inside
the m-th layer using the transfer matrices

Z+=+

and

E(=h) = (H TG, j+ 1)) £(=%) (3.24)

j=m

or )
m—1 -
E(z,) = (H T(,5+ 1)) E(z). (3.25)
§=0
Intensity of transmitted wave is given by

I = ‘Al(zx})ﬁ + ‘A3(2§)|2. (3.26)

3.2 Application of Yeh formalism

In order to illustrate how Yeh formalism works, we will solve non-trivial case
of our NbN/sapphire (R-cut) sample. Helium gas surrounding our sample is
isotropic and does not interact with FIR radiation, therefore - ng = n3 = 1. In
zero magnetic field, NbN is isotropic medium, but by switching magnetic field on
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anisotropy is induced (for the moment we assume applied magnetic field in x-axis
direction) and in the laboratory system permittivity tensor takes the form:

e 0 0
g% = 0 & 0 ) (3.27)
0 0 Evm

Sapphire is an important anisotropic uniaxial material with ordinary n, and ex-
traordinary n. refractive indices, which are well tabulated. The dielectric tensor
in the coordinate system with z-axis parallel with c-crystal axis is given by

e 0 0
g% = 0 e O . (3.28)
0 0 e,

The c-axis, in case of R-cut, makes an angle of ¢ = 57.6° with the surface plane.
Its projection to surface plane makes an angle of ¥ = 45° with x-axis. Thus
permittivity tensor in our laboratory system yields

5 (ec — €q)sin (0)* + €4 %(ea —&.)sin (2¢) 5 (ec — €4) sin ()
1 (€a — &) sin (2¢) teccos ()" + €4 (sin(gp)2 + %cos(@z) 1 (ca — &) cos (p)
1 (e — £4) sin () 3 (20— 20) cos (9) 2 (€ tee)

(3.29)
Using wave equation 3.1, particularly 3.2, we can obtain k, and corresponding
eigenpolarisation p, for all media.

Helium gas
P1 = P2 = (17070)
P3 = P4 = (07 17 0) (330)
n=1

NbN

)= Ve (3.31)
R-cut sapphire

p1 = p2 = (cos(V), sin(1}), 0) Mo
Ps = ps = (sin(d9), — cos(V), — cos(ip) sin(p) (. — xz)/(cos(p)?e. + sin(p)?cue))

cos? sin?
ator =

e

(3.32)
Non-zero z-component of eigenpolarisation corresponding to the extraordinary
beam is responsible for the well known fact that Poynting vector and wavevector
are not parallel in anisotropic medium [8].
Knowing eigenpolarisation vector we can proceed using equations 3.8 and 3.9.
For our case, dynamical matrices of helium gas and superconducting NbN layer
have the following structure:

1 1 0 0
iy —ity 0 0

p=|"v 1 1| (3.33)
0 0 —i, 7,



while dynamical matrix for sapphire is more complicated

cos(1) cos(1)
Necos(¥)  —n,cos(d¥)  fesin
sin(19) sin(d

Dsap - )
—n,sin(d)  n,sin(¥)  necos(V¥) —n, cos(P)

(3.34)

Propagation through medium is described by propagation matrices P(n) which
have the same characteristic structure for all media. For example, for sapphire it
is of the form

exp i 5 Mody 0 0 0

- 0 exp —z'%”ﬁodg 0 0

Pn) = 0 0 exp i 2571, (1) dy 0
0 0 0 exp —i 2571 () dy

(3.35)
Imaginary part of the refractive index « in the first and in the third line corre-
sponds to absorption according to Lambert-Beer law. Opposite sign of x in the
second and in the fourth line corresponds to the fact that these modes travel in
opposite direction and their intensity decays exponentially from higher values of
z to lower values of z.

With explicit expressions for propagation matrices and dynamical matrices, it
is easy to calculate optical response of NbN /sapphire double layer using equations
for transmission and reflection amplitude coefficients.

Our numerical calculations of transmission were found correct by comparing
our data calculated utilizing Yeh formalism with the data calculated for various
isotropic cases where analytical formuli are available. Further, Mansuripur [56]
found a recursive 2x2 matrix formalism which describes optical properties of
multilayer structures equally well as the Yeh formalism. This formalism was used
to check that our results of numerical recipes are correct, which was done within
limits of numerical errors.

As one can see from the explicit expressions for dynamical and propaga-
tion matrices, in the case of isotropic systems both matrices will become block-

diagonal
A 0
( 0 B ) , (3.36)

where A and B are 2x2 matrices and the mode coupling disappears. It is thus
possible to investigate each polarisation independently and corresponding formu-
las are greatly simplified. In non-zero magnetic field the dynamical matrix of
NbN film, eq. (3.33), is still block diagonal, thanks to suitably chosen labora-
tory system, so x- and y-axes correspond to the direction of eigenpolarisations
of ordinary and extraordinary beams. By different suitable choice of laboratory
system one can make the dynamical matrix of the R-cut sapphire, eq. (3.35),
block diagonal, too. However, there is no laboratory system in which these two
dynamical matrices would be block diagonal at the same time and Yeh 4 x 4
matrix formalism is necessary.

If coupling between the modes is absent, we can investigate optical properties
individually for each eigenpolarization by 2x2 Abelés formalism [53]. In that case,
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formuli for transmission and reflection are greatly simplified. For n-layer system
without mode coupling we get recursive formulas for amplitude reflection and

transmission coefficients [57]:

r(01) o (1) g2i61

(0n)

1+ O (L) 2ids (3.37)
t(O,n) B t(O,l)t(l,n)ezél (3 38)
T 1 4 (0 p(1n) p2ié1 | .
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4. Transmission in zero magnetic

field

Now, we finally move into the experimental part of this thesis. Experimental data
are presented and discussed, starting with transmission through three different
NbN films in zero magnetic field in this chapter and continue with experiments
in non-zero magnetic field in the following chapter.

4.1 Theoretical analysis of transmission of a free

film

We begin with theoretical calculation of transmission through a free supercon-
ducting film. This starting point will be essential later for understanding of
more complicated behavior of multilayered systems. Moreover, theoretical trans-
mission of a free film is also important for other techniques than laser thermal
spectroscopy: time-domain terahertz spectroscopy |26, 58| or Backward-Wave
Oscillator Spectroscopy [32, 59]. Let us stress, once again, that in this work only
the case of normally incident beam is discussed.
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Figure 4.1: Dependence of transmission, reflection and absorption on film thick-
ness for frequency v = 0.4037 THz . Optical properties of NbN #383 sample in

normal state were used in numerical calculations, see table 2.2.

A free film represents a physically ideal system for measuring transmission,
which, however, does not depend entirely on optical properties of material —
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film thickness is equally as important. In the theoretical limit of zero thickness
transmittance 7 reaches unity and, consequently, reflectance R and absorptance
A become zero, see figure 4.1. With increasing thickness (assuming temporarily
that film parameters do not depend on thickness) transmission sharply falls while
reflection is growing. Absorption is also growing for small thicknesses, however,
with thickness increasing further huge reflection leads to a decrease in absorption
and, as a consequence, absorption exhibits a maximum for certain film thick-
ness. Note that the described thickness dependence is relevant to a particular
wavelength of the incident light.

o
a
o

Transmission (I/I 0)

Figure 4.2: Transmission of free NbN film

As an illustrative example, we calculate optical properties of a free NbN
film #383 with parameters enlisted in table 2.2. In figures 4.2-4.4 transmis-
sion, reflection and absorption are plotted versus normalized dimensionless tem-
perature T'/T, and frequency. The frequency corresponding to the optical gap
is = 1.39 THz. Similar calculations for different thicknesses of order tens of
nanometers show that these quantities transmission, reflection and absorption
— are qualitatively the same.

The behavior of these three interconnected variables can be understood on
the basis of (T, v), plotted in figure 1.6. For low temperature and frequency,
o1 is almost zero and therefore absorption follows this tendency, see figure 4.4.
Low resistivity in this region leads to high reflection and, consequently, to a low
transmission. By careful observation of transmission in fig. 4.2 one sees a ther-
mal peak in the temperature dependence of transmission for frequencies below
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Figure 4.4: Absorption of free NbN film

the optical gap. Numerical analysis explains this peak as a competition between
temperature dependencies of o1(7T") and o9(7"), which cause oposite tendencies
in resulting transmission. For even lower frequencies, when the coherence peak
appears in 01(7T), both the real and imaginary parts of conductivity grow from
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T. towards lower temperature within a small temperature interval and no peak
in transmission is present. This excludes any direct connection between the co-
herence peak and the thermal peak described above. For frequencies around and
above the optical gap, o2(T), the temperature dependence prevails and transmis-
sion grows monotonically from T, towards zero temperature.

4.2 Theoretical analysis of double layer film in ze-
ro magnetic field

A thin superconducting film cannot stand alone — an essential part of any thin
superconducting sample for optical measurements is its substrate layer, usually
much thicker than the superconducting film itself. In order to explain optical
response of such a double-layer system, one has to assume all possible interfer-
ence effects. Moreover, surface roughness and even a very thin oxide layer on
superconductor might generally influence transmission.

In order to treat transmission of multilayer systems quantitatively, we utilize
Yeh formalism [54, 55|. This powerful tool can be applied even for anisotrop-
ic homogeneous layers, as was described in more detail above. If all matrices
in Yeh formalism are block diagonal (for example in the case of isotropic film
and anisotropic substrate), then ordinary and extraordinary rays are transmitted
through double layer separately and transmission can be calculated for each ray
in the same way as for isotropic layers. Their intensities should be added at the
end [3].
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Figure 4.5: Numerical analysis (red dotted line) of transmission of horizontally
polarised beam for a NbN #383/sapphire double-layer system (left panel) and
NbN(Benacka)/Si double-layer system (right panel), respectively. Transmissions
of free film (black solid line) and of bare substrate (blue dotted line) are also
given. Details of numerical calculations are given in the text.

Interference effects due to the substrate are very important since substrates are
typically rather thick (dg,, is about tenths of millimeter), with optical thickness
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Nsub@sup (Nsup 18 of orders unity, typically 2-4) comparable with the wavelength
(1 THz corresponds to 0.33 mm) of the incident laser beam. The substrate
thus behaves as an asymmetric Fabry-Perot resonator. Transmission of such a
double-layer system can be greatly enhanced or diminished, see fig. 4.5, where
the interference effects are demonstrated by numerical calculation for two par-
ticular samples - NbN#383 on sapphire (R-cut) substrate and NbN Benacka on
Si substrate. Omne sees that the overall transmission of a double layer is giv-
en by transmission through the NbN superconducting film, but modulated by
the interference effects due to its substrate. One can also compare transmission
patterns of NbN film on isotropic substrate (Si) and anisotropic R-cut sapphire
substrate. NbN Benacka film is much thicker than NbN #2383 film therefore its
transmission is smaller. Note that the transmission in case of NbN on anisotropic
R-cut sapphire strongly depends on direction of linear polarisation. In figure 4.5
linear polarisation makes an angle of 45° with polarisation of both ordinary and
extraordinary rays. Still, the temperature dependence of transmission of such
a double layer system at a fixed frequency preserves all fundamental features of
transmission through a free film, but substantially modified. In order to appre-
ciate these changes, we present the temperature dependencies of free film and
double layer system for several selected frequencies in fig. 4.6.
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Figure 4.6: Comparison of transmission of free NbN film (solid lines) and NbN
thin film on R-cut sapphire substrate (dotted lines) for several experimentally
available frequencies as indicated. Transmission is normalized by its normal state
value.

In some cases, there is an interlayer between the thin superconducting film
and its substrate. If the interlayer is very thin, i.e., phase almost does not change
as beam propagates through the interlayer, then its influence on transmission
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will be negligible. Following the same argument, oxidized surface of NbN ~ 1
nm thick [48] will not have any appreciable effect. For optical measurements,
ideally, substrate should be a plane-parallel both side polished slab with negligible
roughness. Rough surface can be treated by effective medium theory [60] as an
effective medium consisting of air or gaseous helium and the substrate’s material
— if the roughness is small enough, diffraction effects can be neglected. In that
case, slightly rough surface can be thought of as another interlayer and can be
neglected. Let us stress that the superconducting film itself cannot be neglected
since it has enormously high values of refractive index in comparison with the
interlayer material.

Note that any anisotropy of superconducting film (some superconductors are
anisotropic by nature or anisotropy can be induced by external magnetic field) in
general requires the full power of Yeh formalism.

4.3 Experimental observation of transmission

In the last two sections numerical calculations of temperature dependence of
transmission through our sample were described in detail. Now, when we might
be confident to understand all features of transmission in laser thermal spec-
troscopy, the numerically calculated transmission curves must be compared with
the experimentally acquired data.

In this section experiments performed on two different samples (NbN/Si and
NbN /sapphire) are presented. Since each sample has its peculiarities, they are
treated separately.

First, let’s concentrate on NbN sample prepared by Benacka. Basic sample
parameters are enlisted in table 2.2. NbN film is connected to the Si substrate by
a very thin SiO, interlayer (= 5 nm thick). Such an interlayer hardly influences
transmission, so the sample can be treated as an effective double-layer system.
Indeed, exact calculations of three-layer system were made and no difference was
found. We estimated value of momentum scattering time as 5 fs with reasonable
agreement with other experiments |26, 48]. Numerical calculation shows that
transmission is not very sensitive to the exact value of 7 since its value in order of
few femtosecond makes o almost constant in THz region and g is well described
by the dirty limit (7 — 0). The optical gap was estimated as 2A(0) = 4.16 kg7,
in excellent agreement with Semenov [48|, so that its magnitude is 3.87 meV
(0.94 THz) for T, = 10.8 K. Ikebe [26] and Pambianchi [61] reported 2A(0) =
(4.1 £0.1) kT, while other authors found both lower and higher values [62, 63].
In experiment two different lines are used: 0.4037 THz line is well below the
optical gap (hv/2A(0) = 0.43) while 2.523 THz line is well above the optical
gap (hv/2A(0) = 2.7). Experimental data are shown in fig 4.7 together with
theoretical curves which will be discussed later.

An explicit formula for amplitude transmission coefficient for isotropic homo-
geneous NbN/Si sample using equation 3.37 for double-layer system yields

03) £(0,1)4(1,2)4(2,3) i(81+62) 1) r(12) 4 p@3)2i02 -1
) J— ) 1201
t 1 4 p(1,2)p(2,3) gi202 < +r 1 + r(1,2)9(2,3) 2002 € ) ) (4-1)

0,3) |2_

and the transmitted intensity becomes 7 = |t{ This formula can be easily
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Figure 4.7: The observed zero field transmissions for two frequencies are plotted
versus temperature. Symbols represent experimental data, dashed lines are cal-
culated curves for BCS superconductor with the sharp transition and solid lines
are calculated using modified conductivity as described in the text.

modified to account for non-zero angle of incidence [57]. We compared transmis-
sions for low angles of incidence and found that even if the sample is a bit tilted
(up to &~ 6°), one can still consider this as normal incidence. In the experiment,
the surface of the sample is adjusted with much better precision.

In figure 4.7 the numerical calculations following the recipe from previous sec-
tions are given by dashed lines. Although it qualitatively describes the character
of the data, quantitative agreement is rather poor. Any misalignment of sample
surface or reasonably high deviations of sample parameters cannot account for
this quantitative disagreement.

Better agreement can be achieved by treating our real sample not as a homoge-
neous superconductor with sharp transition but as a mixture of superconductors
with different T, and corresponding optical gaps 2A(0) = 4.16 kgT,.. This view
is supported by the dc electric resistance measurement showing transition width
AT, ~ 0.4 K. Spread of T, in the mixture will be even larger than the spread
of T, suggested by resistivity measurements because zero dc resistance does not
exclude presence of non-superconducting regions. Since there is no reason, known
to us, to assume any specific distribution function of 7, in such a mixture, we
assume that all 7. within suitably chosen temperature interval are represented
with equal probability. For convenience, we approximate our NbN sample as a
mixture of ten ideal superconducting materials with 9.8 K < T, < 10.8 K. Con-
ductivity computed this way (solid lines in figure 4.7) agrees notably better with
the experimental data. Note that there are other ways how to account for imper-
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fections of real sample, i.e. AT, # 0. For example, the film can be though of as
a series of much thinner superconducting films with slightly different properties.
Careful studies of transition from normal state to superconductivity and micro-
scopic structure would improve our treatment of superconducting film as a real
imperfect sample but instead of performing such experiments we decided to focus
our experimental efforts to study better quality samples with sharp transition
and we conclude that by taking into account imperfections of the real sample
better agreement with theoretical data is achieved.

Second, NbN sample deposited on R-cut sapphire substrate is studied. Tran-
sition to the superconducting state is sharper so we can assume that behavior
of the sample is well described by perfectly sharp transition in contrast to the
previously described sample. The major issue is the anisotropy of substrate, see
figure 2.5.

Transmission is measured for horizontal and vertical linear polarisation. In
our special case, angle between the electric vector of the incident beam and the
extraordinary ray axis of the sapphire substrate is 45°, therefore the relative
transmissions of the horizontally and vertically polarized radiations should be
equal. Note that intensities of horizontal and vertical polarisation are different,
which might affect the accuracy of transmission measurements but not the re-
sulting dependence. Transmission was measured in both polarisations and the
observed difference was less than 5%, which can most likely be attributed to a
slight misalignment of the sample. Even for the 0.4037 THz line, for which the
transmission in the zero-temperature limit is very weak, the relative difference is
still within 10%.

The extraordinary and ordinary rays are perpendicular to each other, therefore
they do not interfere and we can treat each ray in the same way as before and
sum their intensities with proper weights

T = |tO¥2 cos®(a) + [0 ? sin?(a), (4.2)
where téo’g), respectively £, are transmission amplitude coefficients according
equation 4.1 assuming extraordinary, respectively ordinary, refractive index. Here
« is the angle between direction of linear polarisation corresponding to the ex-
traordinary ray and polarisation used in experiment. The calculations for both
vertical and horizontal polarisations were made assuming the following values:
a = 45°, 7 = 3.86 fs [48] and 2A(0) = 4.15kpT,. While variations of the film
parameters within their experimental errors affect the calculated transmission
only slightly, the results are much more sensitive to the exact values of ordinary
and extraordinary indices of the substrate. This is understandable, since the
interference effects greatly influence transmission.

To achieve the best agreement between calculated and experimental trans-
mission values, optical properties of the substrate were slightly refined within
their experimental errors, see figure 2.5. Resulting calculated curves (solid lines
in figure 4.8) agree with experimental data remarkably well for all measured fre-
quencies. Determined values of ng.(¢) (full blue circles), na, (full red circles)
respectively, slightly deviate from independently measured values. Values of re-
fractive indices determined in such a way can account for slight deviation from
normal incidence or slight inaccuracy in determination of thickness, thus achiev-
ing better agreement with experimental data than expected since this agreement

(0,3)
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Figure 4.8: Normalized transmission as measured (individual data points) and
calculated (solid lines) as described in the text for six different frequencies as
indicated, plotted versus reduced temperature 7'/T..

seems to be better than agreement between individual measurements.

Now, we will focus on the set of experimental data obtained without im-
plementing the wire-grid polariser. FIR laser provides linearly polarised beam.
Since excellent agreement of calculated and measured data was achieved (fig 4.8),
it seems reasonable to assume that o which minimizes the difference between the
experiment and calculated data according to equation 4.2 corresponds to the po-
larisation used in the experiment. Additional determination of direction of linear
polarisation is in principle possible, but not fully faithful, as it is not possible to
adjust the laser system to exactly the same state as it was during the measure-
ment. Moreover, in measurements without polariser the intensity of incoming
radiation is not reduced by the polariser.

In figures 4.9-4.13, the temperature dependencies of transmission are given for
five different lines. Three different calculated curves are given for each measured
dependence. Transmission of far-infrared radiation with eigenpolarisation corre-
sponding to ordinary (black lines) and extraordinary rays (green lines) in R-cut
sapphire limits transmission of radiation with linear polarisation described by an-
gle v (blue lines) defined by equation 4.2. In most cases values of « are clustered
around 45°, which is in good agreement with estimated directions of laser polar-
isation given in the laser manual [39]. Laser lines relevant to this experiment are
parallel with the polarisation of CO, pump radiation. Brewster window ensures
that the polarisation is partially polarised in vertical direction. In the case of
0.4037 THz line, it seems almost impossible to distinguish between transmission
of ordinary and extraordinary ray except for a narrow temperature region just
below T,, which is strongly influenced by the finite width of transition. The angle
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merical calculations described in detail in the text.
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merical calculations described in detail in the text.

« is thus probably not determined well in this particular case. The main point of
this part dedicated to measurements without wire-grid polariser is to determine
the a angle, important for interpretation of measurements performed in magnetic
field which will be discussed later.

4.4 Complex conductivity observed by Time Do-
main THz Spectroscopy

In this section, complementary measurements to the laser thermal spectroscopy
experiments are presented. The complex conductivity (w) is determined in a
broad frequency range (0.25 - 2.25 THz) by time-domain THz spectroscopy (TD
TS) for fixed temperatures.

In these experiments, it is essential to measure the reference precisely since
any inaccuracy will affect all experimental results. Transmission through the
0.404 mm thick Si substrate was measured as a reference. Then the transmis-
sion through our NbN#544 film on Si substrate was measured above 7. which
determined important sample parameters - normal-state DC conductivity ox(0),
momentum scattering time 7 and the thickness of substrate dy. Values of ox(0)
and 7 are obtained by fitting the Drude formula to the measured data, see figure
4.14. 7 is very small for metals (several femtoseconds) and it can not be deter-
mined with high precision. We see that &y (w) is nearly purely real and almost
constant in the THz range. For reasonably high temperatures above 7, the prop-
erties of NbN in the normal state are expected to be temperature independent as
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we observed that transmission of NbN samples measured by laser thermal spec-
troscopy was constant above T.. on(0) was determined as 0.462 x 106 Q= tm™!
and momentum scattering time as 21 fs. It was important to take into account ex-
perimental errors, see figure 4.15. Let’s note neglecting these instrumental errors
in fitting procedures leads to slightly different values of normal-state parameters:
on(0) = 0.472 x 10° Q7' m~! and 7 = 19 fs. The thickness of highly resistive Si
is determined using the second signal, so called echo, and is found to be 405 nm.

Complex conductivity of NbN thin film was measured at several different
temperatures below 7. = 12.5 K. Representative ensemble is presented in figure
4.14. o9 exhibits typical 1/w dependencies while typical sharp edge feature due
to existence of the optical gap is observed in o;(w). Unfortunately, the temper-
ature sensor was not placed in direct contact with the sample so we discovered
that an offset of up to 5.5 K existed between the measured temperature and the
temperature of the sample. As we have already shown, both experimentally and
theoretically, optical properties of NbN films are strongly temperature dependent
except in the low temperature region. High-complex conductivity of supercon-
ducting film thus can be measured and NbN film can be, in principle, used as a
thermometer. We used Zimmermann model [21] to fit the experimental data hav-
ing temperature of the sample to be the only variable parameter of the fit. The
remaining parameters were either specified prior to the experiment, see table 2.2,
or reasonably estimated, 2A(0) = 4.15kgT,. Any variations in these remaining
parameters do not improve the fit we obtained. Experimental errors are essential-
ly due to the uncertainty of the thickness of the reference substrate (with respect
to the thickness of the substrate with the film), see figure 4.15. They are not
constant throughout the measured frequency range. These errors were used to
weight the least square sum in the fitting procedure. Aoy grows almost linearly
with frequency while frequency dependence of Aoy is more complicated. o;(w)
is determined less accurately in low frequency region. Careful observation of oy
(black points in figure 4.14) reveals an unexpected dip around 0.5 THz. This dip
is most likely an experimental artifact and direct consequence of low experimental
accuracy in the low frequency region.

To summarize this section, by minimizing the sum of least squares fitting the
Zimmerman’s model [21]| with temperature as only one free parameter to the mea-
sured data, the actual temperature of the sample is determined and theoretical
curves are compared with the experimental data, see solid lines in figure 4.14.
Theoretical values of o are in excellent agreement with the measured data. In
the case of oy, the calculated dependence qualitatively describes measured data
but theoretical curves seem to shift the sharp edge due to the optical gap 2A(T")
in comparison with the experiment. It is probably due to a rather high inaccuracy
of o in this frequency region. Further, os is determined quite accurately in this
frequency region so that the fitting procedure prefers to optimize o9(w) rather
than o1(w). Similar far-infrared studies on NbN film [26, 62] do not indicate any
failures of the Zimmermann model.

To summarize this chapter, transmission through different NbN films was
measured by laser thermal spectroscopy technique and time-domain terahertz
spectroscopy. All samples are quite similar and in all cases the Zimmerman model
was able to describe their THz properties both qualitatively and quantitatively.
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curves follows the Zimmermann model [21]
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5. Non-zero magnetic field

As it was already discussed, magnetic field substantialy changes properties of
superconductors, especially in case of thin films geometry becomes an important
issue. In our experiment we recognize three fundamental geometrical configura-
tions in regard of applied magnetic field, sample position and linear polarisation
with respect to each other. In Faraday configuration, see figure 5.1, external
magnetic field is applied perpendicularly to the plane of the film and optical
properties of a NbN film do not depend on the direction of linear polarisation.
In Voigt configuration, magnetic field is applied parallel with the sample surface.
Optical properties depend on the direction of linear polarisation in this case. Dif-
ferent properties are expected when THz electric field is applied along with the
vortex axis and perpendicularly to it.

Faraday configuration

—

E

wel}

k
E1B

Voigt configuration

-

B

Parallel polarisation Perpendicular polarisation
E E
k Blk k BLk
E|| B E1lB

—

Figure 5.1: Magneto-optical configurations relevant to the experiment. F is
electric component of electromagnetic radiation, B is applied magnetic field and
k is wavevector.
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First, we will discuss features common to both configurations, then each con-
figuration will be treated separately - presenting experimental results and phe-
nomenological theoretical description.

5.1 Features common for Faraday and Voigt ge-
ometry

In both Faraday and Voigt configurations vortices will appear in the interior of
the superconducting sample in sufficiently high magnetic field (B, < B < Bg).
Two similar models are introduced to account for their presence. Further, the
extension of these models is given to include effects of vortex motion. In this
chapter, when we refer to the critical temperature or other parameters, we have
in mind that these variables can have different values, even different functional
dependencies, for Faraday or Voigt configuration.

Although vortices have been observed by a number of different techniques uti-
lizing measurements of local magnetic flux or registering suppression of supercon-
ductivity, a satisfactory microscopic theoretical description is still missing. Clem
[64] proposed a very simple treatment of vortices that works surprisingly well.
He assumed that normal state properties inside vortex cores are locally restored
and the system can be thought of as a superconducting material with cylindrical
inclusions of normal state material. The situation becomes more complicated as
individual vortices interact with each other and might move. Moreover, physical
properties of the superconducting matrix are modified by magnetic field.

To the best of our knowledge, there is as yet no fundamental theoretical
model that would consider all physical phenomena associated with the presence
of quantized vortices in type II superconductors. We will therefore limit our
theoretical considerations to phenomenological level.

In order to understand magneto-optical measurements in THz region, we pro-
pose a simple phenomenological model, which neglects vortex motion and treats
the superconducting thin film as a system consisting of a superconducting matrix
and cylindrical inclusions of normal state material that represent vortex cores.
Coherence length ¢ is of order of a few nm (Ikebe [26] estimates the coherence
length ¢ 2 5 nm for NbN at zero temperature) and the intervortex distance is
usually of the same order — so the typical wavelengths in far-infrared range are
much larger. We can therefore use the long wavelength limit — electromagnetic
radiation does not sense individual vortices and the system can be thought of as
a homogeneous one, possessing an effective complex conductivity .¢s, which in
turn can be described by suitable effective medium theories.

Effective medium theories include the effects due to the local field and define
the effective dielectric function of the inhomogeneous medium in terms of volume-
averaged fields, (£) and (H), and responses (D) and (B) [60, 65]. Different
approximations are made to tackle this problem. Here Mazwell-Garnett theory
(MGT) and effective medium aprozimation (EMA) are presented. We should keep
in mind that in both theories a random distribution of inclusions is assumed which
is in disagreement with actual more realistic periodic distribution of vortices.
Let’s assume a two component composite only. The volume fraction of vortex
cores is f, = V,,/V while the superconducting fraction f; must be equal to 1— f,,.
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The vortex core fraction f,, can be approximated by |26, 28]
fn=B/Bx(T). (5.1)

For relatively high temperatures, B.o(T") can be obtained by interpolation of the
measured values and f,, is described correctly. For low temperatures, B.o(T)
is extrapolated using suitable theoretical description. This procedure, however,
might lead to incorrect values of f,, at low temperatures. As we will see, different
theoretical models describing measured values equally well, will give different
values of B.(0) and, consequently, different values of f,,. On the other hand,
direct measurement of B for some of our samples at low temperatures would
require very high magnetic field above 10 tesla which represents the maximum
attainable field in our experimental setup.

The normal state conductivity of NbN, &, is considered to be independent on
magnetic field. This was confirmed by our transmission measurements when mag-
netic field was increased up to 10 tesla and no appreciable change was observed.
Although we are aware that magnetic field generally modifies the superconduct-
ing state conductivity s, we limit ourselves to a rather crude approximation,
assuming that Zimmerman et al. expressions are valid even if T, is replaced by
its field value T.(B). A somewhat more rigorous treatment of superconducting
fraction is also possible in some cases, e.g., by utilizing the pair-breaking theory
of Abrikosov and Gorkov [66]. Experimentally it is possible to measure &, in very
thin films, i.e. d < &, applying magnetic field along the film surface in which case
a macroscopic wavefunction must be uniform in the entire sample and no vortices
appear. Xi [67] reports such a measurement on a 10-nm-thick Nbg;TigsN film
with coherence length £ = 20 nm at low temperature. Both real and imaginary
parts of conductivity &(w) are only slightly quantitavely modified, thus justifying
our crude approximation.

Maxwell-Garnett formulated his theory for dilute systems assuming that the
inclusions feel the external field that coincides with the local field for the filler,
see fig 5.2. In our case vortices are considered as inclusions and superconducting
environment surrounding the vortices is the filler. Mutual interaction between
inclusions is thus neglected. More generally, it was found that MGT formulas can
hold even for higher concentrations of inclusions as long as the filler is percolated
[68].

Considering the special case of cylindrical inclusions, MGT gives the formula

2fn6s<6'n - 6'3) ~

o = ~ - — + 04 5.2
mer (1 - fn)(gn - Us) + 203 ( )

if electric field is perpendicular to the vortex axis and
omar = fuOn + (1 — fn)os (5.3)

if electric field is parallel with the vortex axis. The latter formula can be qual-
itatively understood as that charges move independently along the vortex cores
and in the superconducting matrix.

In contrast to the MGT, the EMA considers mutual interation between the
inclusions. Both superconducting and vortex core components are considered
to be surrounded by an effective medium with effective permittivity e.rf, see
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Figure 5.2: Schematically pictured difference between the Maxwell-Garnett theo-
ry and effective medium approximation. MGT considers each individual inclusion
to be surroundend by a filler without any other inclusion, while EMA treats each
component as it is surrounded by an effective medium possessing an effective
permittivity.

figure 5.2. Local field and effective conductivity values are found in the self-
consistent way, for details see [65]. The EMA| in contrast with the MGT, predicts
a percolation threshold. In case of cylindrical inclusions, the EMA assumes that
if the concentration of superconducting filler becomes smaller than 1/2 it stops
being perfectly percolated. This is not in agreement with the common view of
vortex behavior in superconductor. However, f, is less than one half except for a
narrow temperature range just below 7. and very high magnetic fields.
Considering now our case of cylindrical vortex cores, the EMA gives the fol-
lowing expression for linear polarisation perpendicular to the vortex axis [65]:

Gpaia = % (5 +/3 + 45na—sc> . (5.4)

Here f = (1 — 2f,) (6, — ds) and the sign is chosen so that o1gpa > 0, ie.,
we choose physically relevant solution of quadratic equation. In case of linear
polarisation aligned parallel with the vortex axis EMA naturally gives the same
expression 5.3 as MGT.

To summarize, MGT better describes the picture in which vortex cores are
considered as cylindrical normal state inclusions completely surrounded by the
superconducting filler. On the other hand, EMA seems to better describe local
field thanks to its self-consistent way of treating local fields.

Although the expression for the two mentioned magneto-optical configura-
tions, when electric component of electromagnetic radiation is applied perpendic-
ularly to the vortex axis, is formally the same, these two cases are not identical.
The reason is that T,(B) acquires different values for magnetic field parallel with
the thin film and perpendicular to it. Additionally, the vortex lattices will be very
different for B+ and BIl. In perpendicular field (assuming no crystal defects) vor-
tices will arrange themselves into a triangular lattice |[10]. In parallel field this is
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not possible, because the film thickness is of the same order as £ or intervortex
distance. Vortices will align themselves into rows [69]. Generally, THz radiation
can cause vortices to move. In the special case when electric field points in the
same direction as the vortex axis E || B vortices do not move and dissipation
term due to the vortex dynamics is zero.

Coffey and Clem [70] solved self-consistently the modified London equation
in the presence of vortices and expressed their result in terms of complex pene-
tration depth A. The results can be conveniently expressed in terms of complex
conductivity

~cc __ (1 — fn)&s + fn57L

1+ (1= fa)ds/Gva’
where the conductivity induced by the vortex dynamics 0,4 can be expressed fol-
lowing Bardeen and Stephen [71] as 6,/ f,. Vortices are assumed to be located in
a potential well so that they oscillate only around their equilibrium position. As it
was discussed in earlier chapter, two-fluid model is inferior in comparison with the
BCS theory which must be used if substantial number of quasiparticles is present.
Therefore this model is justified only for low temperatures and frequencies be-
low the optical gap. Modern approach by Time-Dependent Ginzburg-Landau
(TDGL) theory |72] suffers the same limitations so it was able to explain low-
temperature measurements of complex conductivity in THz region performed by
Ikebe [26] only in a limited frequency range.

An explicit formula considering local field effects treated by MGT and vortex
dynamics following Coffey-Clem model was derived in Ikebe’s paper [26]:

(5.5)

, o
5-ZC\ZGT = M?T&, : (5-6)
1+&n(1+ ;:lb 265 )

In EMA, a similar explicit formula can be obtained following the same proce-
dure: ~
OEMA

OEMA = 2% 5"
Lt full = fo) 5550 o

(5.7)

5.2 Faraday configuration

Now, we can finally fully concentrate on obtained experimental data. In Faraday
configuration, measurements performed on two different films are considered -
NbN (Benacka) and NbN#383 (Il'in).

Let’s start with experiments performed on Benacka sample. Temperature de-
pendence of transmission was measured for magnetic fields up to 9 tesla with
1 tesla step for frequency well below the optical gap (0.4037 THz), see figure
5.3. Transmission in small magnetic field exhibits qualitatively similar behavior
as in zero magnetic field. With increasing magnetic field the transmission peak
decreases and shifts to lower temperatures while low-temperature transmission
slowly approaches its normal-state value. For highest attainable fields transmis-
sion becomes nearly the same as in the normal state over entire temperature
interval.

Starting from temperature above 7., transmission is constant until a sharp
increase occurs at T,. This allowed us to determine 7, with reasonable accuracy,
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Figure 5.3: Experimental data of transmission of 0.4037 THz line through NbN
(Benacka) in Faraday orientation.

see figure 5.4. Transmission data measured in magnetic field above 5 tesla do
not exhibit sharp increase any more and 7, is hard to determine and thus it is
determined less accurately than in the case of the low-field data, see error bars
in figure 5.4.

We fit these experimental data with three different functions. Note that de-
pendencies of B.o(T') and T.(B) express the same physics - a line in 7' — B phase
diagram below which the material is superconducting. Benacka measured T, in
zero magnetic field more precisely so we fix 7,(0) to its value of 10.8 K in all
following fits. Following Tinkham [10] and Tkebe [26] recommendation, the upper
critical field is given as
1—¢
1+ t2
where t is the reduced temperature (T7'/T.(B = 0)). This formula predicts linear
decrease of T, with magnetic field almost up to Bew(0) where it deviates from
linear dependence and takes almost parabolic form. Although it seems to describe
experimental data up to 7 tesla well, for higher magnetic field the experimental
data seem to deviate and the extrapolated value of upper critical field B.o(0) =
27.6 tesla seems too high. In our previous work [73] we used

By = Ba(0)V1 — 2. (5.9)

By = B(0) (5.8)

Although the fitting gives reasonably high value of upper critical field B.(0) =
10.9 tesla, overall agreement with experimental data is not fully satisfactory.
Following the Ginzburg-Landau expression of B in terms of coherence length as
Bey = ®/(27€3(T)) and assuming the two-fluid temperature dependence of £(T)
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Figure 5.4: Critical temperature T, of Benacka sample as determined from the
transmission data (points). For higher magnetic fields 7, was determined less
precisely, which is reflected by larger error bars.

we get expression

By = Bep(0)(1 —t%) (5.10)

that seems to best describe our experimental data and it estimates a reasonable
value of B (0) = 10.6 tesla.

So in the following, vortex core volume fraction f, is evaluated using this
dependence of B.o(T) (eq. 5.10). This approach is a little different from the one
published in our previous article [1|. However, the difference is almost negligible.
Note that all parameters needed for calculation of transmission are determined so
no parameter is optimized by fitting its value. Following previous chapter, trans-
mission is calculated utilizing the Maxwell-Garnett theory (figure 5.5) and the
effective medium approximation (figure 5.6). Contribution from the vortex dy-
namics (eq. 5.6, 5.7 respectively) is presented by dotted lines at low temperatures
only. We found that effective medium approximation describes the experimental
data (figure 5.3) better than Maxwell-Garnett theory and further improvement
is obtained by including vortex motion following the Coffey-Clem model.

Let’s now discuss transmission through NbN/R-cut sapphire sample in Fara-
day geometry. In previous chapter, experiments performed without wire-grid
polariser were discussed and the angle of linear polarisation a was determined for
zero-magnetic field measurement. Now we describe the temperature dependence
of transmission was measured in perpendicular field up to 10 tesla with the re-
maining settings unchanged, see figures 5.7 -5.10. Systematic difference between
transmissions obtained during cooling and heating was not observed. This can
be thought of as a proof that the temperature of the sample was measured cor-
rectly, with no appreciable temperature difference between the sample and the
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Figure 5.5: Numerical calculation of transmission using Maxwell-Garnett theory
without vortex motion (solid lines) and with Coffey-Clem contribution (dotted
lines at low temperatures).
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Figure 5.6: Numerical calculation of transmission using effective medium approx-
imation without vortex motion (solid lines) and with Coffey-Clem contribution
(dotted lines at low temperatures).
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Figure 5.7: Transmission through NbN /sapphire sample, v = 2.5228 THz

temperature sensor. Frequencies used in experiment were not selected randomly
but having in mind three qualitatively different physical situations - laser line
2.5228 THz has energy greater than the optical gap!, line 0.962 THz is close to
the optical gap and the remaining frequencies are well below 2A(0). In all cases
the transmission has a tendency to approach the normal-state transmission with
increasing magnetic field.

In contrast with experiments on Benacka sample, the sample resistance was
measured simultaneously with the transmission, see typical example in figure
5.11, and 7. is determined with higher precision. Data obtained during cooling
and heating are in excellent agreement without any hysteresis. Transition to the
superconducting state occurs within small temperature region AT,. In literature,
there is no general agreement how to define superconducting transition temper-
ature [74]. Various authors consider it in term of the onset, 5%, 10%, midpoint,
90%, 95% and zero resistance points. In this thesis 7, is determined as a mid-
point. The onset of superconductivity suggests that superconducting regions are
being formed. The sharpness of the drop to zero resistance is a measure of the
quality or purity of the sample [74]. Impure samples have broader transition, on
the other hand, they can exhibit higher 7,.. With increasing magnetic field AT,
becomes broader. Note that the experimentally obtained 7,.(B) in figure 5.12 are
linearly dependent on magnetic field up to maximum attainable magnetic field
(10 T). A reasonably looking fit was obtained using formula 5.8, but extrapolation
to the low-temperature region is not perfectly justified. Extrapolated values of
B (T) at low temperatures are very sensitive to any error in our measured data.

12A(0) was determined as 5.7 meV, i.e. 1.38 THz, for the discussed NbN #383 sample
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Figure 5.9: Transmission through NbN /sapphire sample, v = 0.5844 THz
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Figure 5.10: Transmission through NbN /sapphire sample, v = 0.4037 THz

Further, in case of NbN/Si sample this formula seems to fail for low temperatures.
The apparently succesfull formula 5.10 is unable to describe the sharp drop of T,
with magnetic field.

The conclusion of this analysis is that we can not reliably determine f,(7") =
B/B(T), one of the key parameters of our numerical analysis. Estimated values
of B.o(T) at low temperatures are too high to be determined directly with avail-
able experimental equipment. Possible solution is to measure ¢(w) by TD TS in
high magnetic field starting from low temperature towards 7. Values of f,, can
be determined in this case by fitting measured spectra by our model with f, as
a only one free parameter?.

In spite of the fact that we can not reliably determine f,(T"), we briefly
present our numerical calculations utilizing the effective medium approximation
approach, see figures 5.13 and 5.14 showing that the model captures all essen-
tial features of the measured data. Thermal peaks are diminished with increased
magnetic field and transmission at low temperatures changes with magnetic field
in the same manner as the experimental data do, but only on the qualitative lev-
el. Analysis of low-temperature transmission for different values of magnetic field
suggests that values of Be(0) around (15 %+ 2) tesla might satisfactory explain
low temperature transmission. Maxwell-Garnett theory gives similar results but,
once again, the effective medium approximation seems to be more successful.

2This experiments have not been performed since experimental equipment was not fully
installed at the time.
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5.3 Voigt configuration

Transmission of far-infrared radiation through NbN/sapphire sample was also
measured in Voigt orientation utilizing two fundamental directions of linear po-
larisation, the THz electric field pointing parallel with the vortex axis and per-
pendicular to it. Boundary conditions force vortices to exit the sample perpen-
dicularly with respect to the sample surface. Therefore vortices prefer to stay
parallel with the surface even if the sample surface and applied magnetic field
are not exactly parallel. In our experiment, this misalignment does not exceed
1°. Further, in case of very thin films such as ours (dfy, = 15 nm), the ap-
plied magnetic field is not fully expelled from the interior of the sample, as the
penetration depth is much larger than the sample thickness. Positive diamagnet-
ic contribution to the free energy is diminished and thin superconducting films
can remain superconducting in much larger fields than bulk samples. Abrikosov
used Ginzburg-Landau theory and estimated the value of lower critical field B,
[75] when first vortices appear. For very thin films his non-analytic expression
of B can be roughly approximated as (\/dfiy,)B%. Thus B, can be greatly
enhanced in very thin films up to magnetic fields of few tesla. For even thinner
films (£ > dgim) phase transition of second order occurs at B.; and vortex phase
does not occur. We have experimentally measured susceptibility of our sample
and it was determined that B, is roughly (0.3+0.1) T. So, B, is indeed greatly
enhanced in comparison with its bulk value B%* = 9.3 mT [76]. In magnetic
fields just above B, vortices will arrange themselves in a row with vortices po-
sitioned in the middle of the film [69]. With increasing field more vortices are
added in this row and, as a consequence, the distance between vortices decreases.
At higher magnetic field Bg) structural transition from one to two vortex rows
occurs and for even higher magnetic fields more vortex rows appear if the geom-
etry of the film allows that. Our film is very thin (dsum =~ 3£)?, so only one row
can be placed inside.

In non-zero magnetic field, both NbN film and R-cut sapphire are anisotropic,
which leads to new features. Matrices in Yeh formalism are no longer block
diagonal and it is no longer possible to decompose the beam into two different
parts with their own eigenpolarisations - mode coupling occurs. This prevents
us to treat transmission of linearly polarised beam parallel to and perpendicular
with applied magnetic field independently.

Let us consider our experimental results, see figures 5.15-5.19. One can appre-
ciate a nice agreement between transmission obtained while cooling and heating
our sample in almost all cases. In the case of 0.58 THz transmission measurement
beam with perpendicular polarisation had only small intensity and experimental
data are very noisy. Original data were smoothed by adjacent averaging, see the
top panel in figure 5.17. Transmission in low magnetic fields (2 tesla) deviates
from its zero field values only slightly in all observed cases, ussually within exper-
imental error, so it can not be reliably distinguished from the zero-field transmis-
sion. With increasing field transmission becomes more sensitive to the magnetic
field and the direction of linear polarisation. Only transmission of 0.4037 THz

3¢ can be estimated from formula for upper critical field in Faraday configuration as £(0) =
V®0/(27B2(0)). Assuming value of B2(0) roughly as 20 T coherence length becomes ~ 4
m.

1
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laser line is insensitive to the direction of linear polarisation, see figure 5.19. On
the other hand, huge differences in transmission for different polarisations have
been observed, especially in the case of 0.58 and 0.65 THz line (figures 5.16 and
5.17) for the largest magnetic fields.
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Figure 5.15: Transmission through NbN /sapphire sample in Voigt orientation for
perpendicular to the applied magnetic field (top panel) and linear polarisation
parallel with magnetic field (bottom panel), v = 2.5228 THz
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The key variable in our model is f,(7"). Once again, its temperature depen-
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dence is obtained by extrapolation of our experimentally determined values of
T.(B), see figure 5.20. Time dependent Ginzburg Landau theory predicts upper
critical field in the thin film limit in parallel field [77] as:

Beo :302(0),/1_%. (5.11)

Our results are also well-described by this formula with B.o(0) = 25.1 tesla. In the
same paper [77|, it was found that this formula well describes experimental data
but upper critical field was not measured for temperatures below 7'/T,. < 0.3. Our
experimental data can be equally well described by the equation 5.9, which can
be used to extrapolate the value of the upper critical field at zero temperature:
Be(0) = 18.4 tesla. Once again, it is clear that extrapolation of Be(T) is an
important issue.

Even though that there are some doubts concerning values of f,,(T) in the
low temperature region we can compare our phenomenological model using EMA
model and Drew formula 5.11 with our experimental data. Numerical calculations
for transmission of the beam with the parallel polarisation are presented in figure
5.21. These theoretical curves capture all esential features of the experimental
data - with the applied magnetic field the thermal peaks become diminished and,
almost constant transmission at the low temperatures shifts in agreement with
the experiment. Note that vortex dynamics influence transmission even in this
case due to the mode coupling which is indicated by dashed lines. However, all
these remarks are valid only on the qualitative level and quantitative agreement,
is rather poor. The situation for perpendicular polarisation is even less encour-
aging, see figure 5.22. Here the effective medium approximation fails to describe
experimentally observed transmission even on qualitative level.

However, dotted lines indicate large contribution due to the vortex motion
according Coffey-Clem model. It improves the agreement of the theoretical mod-
el with the experiment for 2.52 THz, 0.65 THz and 0.58 THz laser lines while
the contribution for 0.54 THz and 0.40 THz laser line leads to much higher
transmission than that observed in experiments. Using the MGT model or dif-
ferent dependence of B.o(T) (eq. 5.9) - with or without vortex contribution -
does not provide better description of experimental data. Note that in case of
2.52 THz Coffey-Clem model was not applied since the limit of its applicability
is hv > 2A(0) and quasiparticles are excited even at zero temperature.

To conclude this section, transmission in Voigt configuration was systemati-
cally measured for 5 different frequencies up to 10 tesla for two fundamental linear
polarisations - parallel with and perpendicular to the direction of applied magnet-
ic field. Substantial difference between transmission for these two polarisations
is observed. In the case of parallel polarisation experimental data are partial-
ly explained by our phenomenological model while in the case of perpendicular
polarisation phenomenological model fails to describe experimental data without
assuming contribution from vortex motion. Although Coffey-Clem contribution
modifies the transmission substantialy and improves the agreement with some of
our experimental data, overall quantitative agreement was not reached. In future
experiments, film deposited on anisotropic substrate should be avoided so the
transmission of parallel and perpendicular polarisation can be treated indepen-
dently. Let’s stress that majority of superconducting film parameters, such as
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Figure 5.20: Critical temperature of NbN #383 sample versus applied magnetic
field

T. or B., are the same for both polarisation. The idea is to obtain full, both
qualitative and quantitative, agreement with the experimental data for parallel
polarisation before investigating more complex case of the transmission of perpen-
dicularly polarised beam. Effects due to the vortex motion are well pronounced
in that case so vortex dynamics can be studied.
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Figure 5.21: Numerical calculation of transmission through NbN /sapphire sample
without vortex motion (solid lines) and with Coffey-Clem contribution (dashed
lines at low temperatures) in Voigt orientation for linear polarisation parallel with
applied magnetic field.
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without vortex motion (solid lines) and with Coffey-Clem contribution (dashed
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ular to applied magnetic field.
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6. Conclusions

We have systematically measured magneto-optical properties of thin supercon-
ducting NbN films in THz range in various magnetic fields (Faraday and Voigt
geometry) up to 10 tesla by means of laser thermal spectroscopy. Our experimen-
tal setup enables us to conveniently measure temperature dependent transmission
at fixed frequencies. In case of Voigt geometry, wire-grid polariser is conveniently
used to study optical response in two fundamental configurations - with polari-
sation parallel with and perpendicular to the vortex axes.

Optical properties of NbN films in zero magnetic field are well-described by
Zimmerman's model [21]. The optical gap was found to be 4.16 kg7, for all
measured NbN samples which suggests applicability of strong-coupling approxi-
mation.

In order to obtain quantitative agreement with experimental data for the
Benacka sample we described the real sample as a mixture of superconductors
with different critical temperatures 7, and corresponding optical gaps. This view
is supported by the dc electric resistance measurement showing broad transition
from normal to superconducting state.

In the case of NbN /sapphire sample, full quantitative agreement of theoretical
curves with experimental data was achieved assuming a sharp superconducting
transition. Numerical calculations are in case of anisotropic substrate very sen-
sitive to values of ordinary and extraordinary refractive indices. To achieve the
best agreement between calculated and experimental transmission data, the val-
ues of both ordinary and extraordinary refractive indices of substrate were slightly
refined within experimental errors of their independent determinations.

Complex conductivity of NbN thin film deposited on highly resistive Si was
measured by time-domain terahertz spectroscopy. While the former experiments
tackle indirectly temperature dependence of complex conductivity, Time do-
main THz spectroscopy determines complex conductivity over THz region from
0.25 THz to 2.1 THz at fixed temperature. In these experiments temperature
was not reliably determined but numerical calculations with temperature as the
only free parameter showed reasonably good agreement with this experiment.

In applied magnetic field, vortices greatly influence properties of superconduc-
tors including their THz conductivity. We utilized simple Clem model in which
the rather complex structure of vortex is approximated as a cylinder of normal
state material with radius proportional to the coherence length ¢ surrounded by
fully superconducting environment. ¢ is of order of few nanometers, thus much
smaller than any wavelength exploited in experiments. Under these conditions
the long-wavelength limit is justified and the superconducting film, inhomoge-
nous at microscopic scale, can be thought of as homogeneous with an effective
conductivity. Two models - Maxwell-Garnett theory (MGT) and effective medi-
um approximation (EMA) - consider effects of local electric field and we used
them to describe optical properties of superconductor in mixed phase. In all
cases, EMA seems to work slightly better than MGT.

Although the theory of effective medium is capable of capturing essential
features of the measured data, further improvement can be achieved by taking into
account vortex motion in the frame of Coffey-Clem model. This model is limited
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to low temperatures and frequencies below the optical gap. The key quantity
for any effective medium theory is volume fraction of inclusions, in our case
magnetic field and temperature dependent vortex core fraction, f, ~ B/Bu.(T).
Our NbN samples exhibit high upper critical magnetic field B (0), far above the
maximum magnetic field accessible in our experiment and, as a consequence, its
low temperature values had to be extrapolated.

In Faraday orientation, upper critical magnetic field of the Benacka sample is
reasonably well described by B = Be(0)(1—T*/T4(0)) with B (0) = 10.6 tesla
and both EMA and MGT describe transmission of 0.4037 THz line through the
Benacka sample well. By utilizing EMA with Coffey-Clem correction for vortex
dynamics, excellent agreement with experimental data is reached. Transmission
through the NbN #383 sample is substantially influenced by anisotropic behav-
ior of its birefringent sapphire substrate. Linear polarisation of the beam was
not specified by polariser but we were able to determine polarisation from ze-
ro field transmission measurement. Numerical calculations describe transmission
experiments performed at several discrete frequencies well but on the qualitative
level only, since we were unable to reliably extrapolate B.. Previous case of
the Benacka sample and its numerical analysis lead us to believe that quantita-
tive agreement might be possible if Be.o(T) is better determined over the entire
temperature interval from 7T, to zero.

In Voigt orientation, the most interesting experimental data have been ob-
tained. Transmissions for linear polarisation parallel with and perpendicular to
the vortex axes exhibit very different behavior with increasing magnetic field. Due
to anisotropic nature of substrate these two cases cannot be treated separately
due to the mode coupling. Again, extrapolation of B (T) to low temperatures
is tricky and limits our analysis. Nevertheless, we were able to obtain fairly good
semi-quantitative description of transmission of the parallel polarised beam. EMA
fails to describe transmission of perpendicularly polarised beam even on the qual-
itative level. Our analysis suggests that Coffey-Clem contribution due to vortex
motion is large and some of our experimental data are reasonably described by
it while for other data this correction fails.

In the near future, we plan to systematically measure transmission of NbN
films deposited on MgQO isotropic substrate utilizing laser thermal spectroscopy
and time-domain terahertz spectroscopy for both Faraday and Voigt geometries.
Utilizing both experimental techniques should solve various problems mentioned
in the text, especially determination of f,,, and it will enable comparison of results
of these methods by measuring the same sample. Hopefully, phase sensitive setup
utilizing Mach-Zender interferometer [32] will be available in FIRM laboratory.
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List of symbols used in thesis

Although all variables are introduced in text, alphabetically ordered list of vari-
ables is given for clarity. In thesis we tried to label variables uniquely but in
some cases we could not avoid using the same letter for various variables. In our
opinion introducing unconventional notation would be even more confusing. We
believe that reader will not have difficulties in understanding our notation.

Ag magnitude of corresponding partial wave
O e et e absorption coefficient
QU et e e e transition rate
a, B coefficients of Taylor expansion in Ginzburg-Landau theory
a ... the angle between direction of linear polarisation corresponding to the

extraordinary ray and polarisation used in experiment

B magnetic field
Be o thermodynamical critical magnetic field
B lower critical magnetic field
Bio o upper critical magnetic field
C e e e speed of light in vacuum
Chisy Clg <« v eee e annihilation, respectively creation, operator
D dynamical matrix
XA phase
A\ the energy gap
e elementary charge (positive)
B energy
E electric component of electromagnetic wave
E single-particle energy relative to the Fermi energy
S PP coherence length
ot T PP permittivity of vacuum
€ complex permittivity (relative)
o T real part of €
3 T P imaginary part of €
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B coherence factor

b Fermi-Dirac distribution function
£ vortex cores volume fraction
o free-energy density
Dy quantum of magnetic flux
O e angle between c-axis of sapphire and the surface normal, ¢ = 57.6°
Viers Vit wee e Bogoljubov-Valantin creation, respectively annihilation, operator
H oo magnetic field strength
H o hamiltonian
B microscopic magnetic field
2 P Planck constant
P Planck constant (h/27)
P complex unit
L intensity
KB o Boltzmann constant
K quasi-momentum
K wavevector
K o Fermi wavevector
B e e imaginary part of refractive index n
K ovunns ratio between the penetration depth and the coherence length k = A\/¢
P mean free path
A penetration depth
A wavelength
22+ SRR mass of electron
7 S PP permeability of vacuum
M o transfer matrix of entire multilayer system
2 R complex refractive index
N o number of electrons per unit volume
N(O) e density of states at Fermi surface



£ P PP describes the n-th layer

£ 2SS P real part of n
P frequency
U order parameter
L normalized order parameter ¢’ = 1 /1,
P propagation matrix
P o eigenpolarisation vector
P PP position vector
TSP U Pippard coherence length
rOD reflection amplitude coefficient for interface between medium 0 and
medium 1
R reflection intensity coefficient
S e unit vector in the direction of propagation
S e e spin variable
N Poynting vector
o PP conductivity
o (subscript) summation index
O e et e complex conductivity
o8 real part of &
o Y P imaginary part of &
OEMA «nnnnns complex conductivity following effective medium approximation
OMGT « oo, complex conductivity following Maxwell-Garnett theory
¥4 complex conductivity including vortex dynamics according to Coffey-Clem
model
020 complex conductivity Bardeen Stephen
L time

1) transmission amplitude coefficient for interface between medium 0 and
medium 1

T transmission intensity coefficient

TN = 1,M) e transfer matrix
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PP temperature

7 PP critical temperature
b reduced temperature t = T'/T.
T e e momentum scattering time

¥ angle of projection sapphire c-axis into the surface plane with z-axis, v = 45°

U o internal energy density
Wy Uk v e e e e e e e e e ettt et e e e e coeflicients of BCS wavefunction
PP one-electron matrix element
U e e e e angular frequency
U e e e e e plasma frequency
e e et e e e e e maximum phonon frequency
N IR Cartesian coordinates
) e impedance of free space
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Transmission of terahertz waves through a thin layer of the NbN superconductor deposited on a sapphire
substrate was studied as a function of temperature in zero field as well as in magnetic field perpendicular
to the sample. For photon energies lower than optical gap, detailed temperature measurements in zero
field provide BCS-like curves with a pronounced peak below the critical temperature. In accordance with
the BCS model, the temperature peak disappears as the energy of incident radiation is increased above
the gap. In non-zero field, the temperature behavior of transmission is modified because the gap is sup-
pressed and vanishes at upper critical field. In addition, the presence of quantized vortices in the super-
conducting film substantially changes shape of the temperature curves.

© 2010 Elsevier B.V. All rights reserved.

1. Introduction

Vortex dynamics in superconductors is experimentally most
effectively studied in the terahertz frequency region. A number
of experiments have already been performed, nevertheless, some
questions still remain open. Recently Ikebe et al. [1] used terahertz
time-domain spectroscopy to study vortex dynamics in the NbN
thin film at 3 K. They used the Maxwell Garnett theory [2] and
the modified Coffey-Clem self-consistent theory [3] to reveal
how vortices contribute to ac conductivity in the THz frequency
range. In this paper, we describe our experimental setup, report
first observed temperature and magnetic field dependences of ter-
ahertz wave transmission through a NbN thin film sample depos-
ited on a sapphire substrate and compare these results with
available theories.

2. Experimental setup

Our experimental setup is schematically shown in Fig. 1. Its
essential parts are the CO, laser pumping the far-infrared (FIR) la-
ser source [4], the SM4000 Spectromag cryomagnetic system [5]
and the helium cooled bolometer [6].

The FIR laser generates a coherent, linearly polarized, mono-
chromatic radiation at discrete wavelengths in the range from
40 pm to 1 mm. From a number of the available far-infrared lines
only few sufficiently intense lines have so far been exploited in
our experiment, as listed in Table 1. To achieve a successful laser

* Corresponding author. Address: Institute of Physics ASCR, v. v. i., Cukrovarnicka
10, CZ-162 53 Praha 6, Czech Republic.
E-mail address: tesar@fzu.cz (R. Tesar).

0921-4534/$ - see front matter © 2010 Elsevier B.V. All rights reserved.
doi:10.1016/j.physc.2010.02.077

action, several conditions must be satisfied. First, the waveguide
tube of the FIR laser is filled with the operating gas at a low pres-
sure. Appropriate excitation energy emitted from the strong infra-
red CO, laser is injected into the resonator cavity with 130 Hz
repetition frequency. The length of the FIR resonator is fine tuned
to meet the lasing condition. Part of the FIR output beam reflected
by a mylar beamsplitter (BS) is focused by a mirror (M2) to a pyro-
electric detector (PD) which is used for monitoring the laser power.
The beam transmitted through the beamsplitter is concentrated on
the sample using a gold coated off-axis parabolic mirror (M4).
Radiation transmitted through the sample is collected by mirrors
(M4, M5) to the bolometer detector. Transmission of the sample
is proportional to the ratio of signals from bolometer and pyrode-
tector. This method effectively eliminates any possible time insta-
bility in the laser power.

The Spectromag cryomagnetic equipment enables to measure
optical transmission at temperatures ranging from 3 K to 300 K
in magnetic fields up to 11 T. The system stands on a simple
non-magnetic rotation stage designed for an easy change of the
field configuration as indicated by the curved arrow in Fig. 1. The
horizontal split pair of superconducting coils provides optical ac-
cess in two perpendicular directions through four pairs of mylar
windows. The sample rod can be rotated manually about vertical
axis to adjust position of the sample perpendicular or parallel with
the magnetic field. The magnet coils are supplied by a bipolar cur-
rent source which allows energizing the magnet in both field
directions.

The temperature of the sample can be controlled automatically
by a dynamic cooling and heating. Liquid helium flows from the
main bath into the sample space through a needle valve and
evaporates in a heat exchanger. A stabilized flow rate is adjusted
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Fig. 1. Schematic drawing of the experimental setup showing two different
orientations of magnetic field (B,,By), flat mirrors (M1,M3), focusing mirrors
(M2,M4,M5), lenses (L1,L2), beamsplitter (BS) and pyrodetector (PD).

Table 1
Far-infrared laser lines frequently used in the experiment. MA, methyl alcohol
(CH30H); FA, formic acid (HCOOH).

Wavelength (pum) Frequency (THz) Intensity Pump line Gas
70.5120 4.25165 Very strong 9P34 MA
96.5224 3.10594 Very strong 9R10 MA

118.8341 2.52278 Very strong 9P36 MA

164.7832 1.81931 Strong 9R10 MA

311.5540 0.96225 Week 10R22 FA

405.5848 0.73916 Medium 9R18 FA

458.5229 0.65382 Week 9R38 FA

513.0157 0.58437 Strong 9R28 FA

570.5687 0.52543 Medium 9P16 MA

742.5720 0.40372 Week 9R40 FA

and the sample surrounded by flowing gas is constantly cooled. A
heater placed in a copper block near the sample enables varying
the sample temperature. Calibrated field independent Cernox sen-
sor is used for an accurate temperature measurement. Four con-
tacts in corners of the superconducting film allow for a
simultaneous monitoring of the dc resistance as shown on the
photo of the sample holder in Fig. 2.

FIR radiation transmitted through the sample is focused to the
bolometer which is mounted in the center of a small liquid helium
dewar. The light passes through a wedged white polyethylene vac-
uum window, a far-infrared cut-on filter and a Winston cone col-
lector to the composite silicon bolometer element. The detector

Copper Block

l Sample
He Gas Flow

@8 mm Aperture

Fig. 2. Sample holder.

operates at a temperature of 4.2 K, which is ensured by a thermal
bond to liquid helium bath. The first stage of the preamplifier is
mounted on the cold plate and operates at temperature of 60 K,
the second stage is mounted outside the dewar at room
temperature.

The sample is a 15 nm thick NbN superconducting film on the
sapphire substrate with dimensions 10 x 10 x 0.33 mm?>. The
NDN film has been deposited using DC reactive magnetron sputter-
ing of a pure Nb target in Ar/N, gas atmosphere with a total pres-
sure of about 5 x 10~ mbar. The one side polished R-plane
sapphire substrate has been placed on a heater kept at a tempera-
ture of 750 °C during deposition. The main parameters of the depo-
sition process, i.e. the gas pressure, the substrate temperature and
the plasma discharge current, were optimized for deposition rate
of NbN film of about 0.17 nm/s. The critical temperature of as
deposited film in zero field was found to be T, ~ 16 K. For more de-
tails on the preparation and properties of such NbN films on sap-
phire see [7].

3. Experimental results

We have measured optical properties of the thin NbN film in its
normal and superconducting state as functions of temperature and
magnetic field. It is convenient to analyze the temperature
dependences of the far-infrared transmission 7 normalized to that
in the normal state 7y, taken slightly above the critical
temperature.

2.0 T T T

2.5228 THz

1.0 -
0.9622 THz

0.5

Normalized Transmission (T/T,)

0.4037 THz

00 1 1
0 5 10 15 20

Temperature [K]

Fig. 3. Normalized transmission of the NbN thin film (relative to values above T.) in
zero magnetic field for three representative frequencies. Full lines are theoretical
curves following from the BCS model as described in Section 4.

0.9622 THz

1.5

10T @Wwﬁwﬁ%f%‘%w

1.0 |

Normalized Transmission [T/T, ]

05 P R S S S R ST S SR |

Temperature [K]

Fig. 4. Temperature dependences of normalized transmission in field perpendicular
to the sample.
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Fig. 5. Normalized transmission in field perpendicular to the sample at several
temperatures.

Typical examples of our zero field measurements are shown in
Fig. 3. For frequencies low enough compared with the optical gap,
hw < 2A¢, we observe a monotonous transition from normal to
superconducting state. At frequencies near the gap, hw < 2A,, a
pronounced peak is formed below the critical temperature that
disappears at very high frequencies, hw > 2A,.

Fig. 4 presents transmission measured at a laser line with pho-
ton energy near the optical gap for several magnetic fields perpen-
dicular to the sample. It is obvious that the onset of the peak shifts
to lower temperatures as the T. is depressed by increasing mag-
netic field. The peak is gradually reduced in height and disappears
completely when the applied field diminishes the optical gap be-
low the laser photon energy, 2A,(H) < how. The shape of the curve
is then similar to that measured at high frequency in zero field,
only the critical temperature is shifted accordingly.

Fig. 5 shows transmission measured as a function of magnetic
field at selected temperatures. The transmission is nearly field
independent at 4 K. For temperatures on the left and right hand
sides of the peak (cf. Fig. 3), the transmission at zero field has min-
imum and maximum, respectively.

4. Discussion

In order to understand the observed behavior of transmission
through the sample, we have to consider interference effects
resulting from multiple reflections of the incoming laser light in
the film as well as in the substrate. These can be computed using
standard formulas [8,9], assuming that all optical interfaces are
ideal. As the wavelengths of all our FIR lines exceed the optical
thickness of the NbN film, interference effects within the supercon-
ducting film itself are negligible.

The NbN is supposed to be a homogenous isotropic BCS type-II
superconductor. Since the coherence length is much smaller then
both the magnetic penetration depth and the wavelength of the
incident light, the local limit is appropriate.

4.1. Zero field results

We describe the NbN superconductor using the complex optical
conductivity o(w,T) given by an explicit integral expression in
[10]. Temperature dependence of the BCS gap is approximated by
an analytical function [11]

A(T) = A cos%(%)z. 1

The optical properties are calculated from the index of refrac-

tion n
io(w, T

W = a(0,T) = (o0) + ), 2)
where at high frequencies the relative permittivity can be approxi-
mated with unity &-(co) =~ 1. By use of (2) and formulas in [10] we
can calculate the temperature dependence of the relative transmis-
sion in zero magnetic field. As seen in Fig. 3 the experimental data
are in good agreement with the theoretical curves obtained from
the BCS model.

4.2. Non-zero field results

As NbN represents a superconductor of the second kind, in mag-
netic fields exceeding H.; ~ 10 mT vortices penetrate into the sam-
ple and modify its optical properties substantially, as seen in Figs. 4
and 5. To describe experimental observations, the above suggested
model for zero field must be modified by taking into account the
presence of vortices and their dynamics in applied magnetic field.

Systematic measurements of the transmission over a tempera-
ture range (3-20) K in magnetic fields up to 11 T (both in parallel
and perpendicular configuration with respect to the sample) are
under progress. The detailed analysis of the data as well as a devel-
oped theoretical model that takes into account magnetic vortices
and more realistic optical properties of the substrate will be given
in a later paper.

5. Conclusions

We have built an experimental setup capable of investigating
far-infrared optical properties of thin films over a wide tempera-
ture range in magnetic fields of various configurations up to 11 T.
Our zero-field transmission data on NbN thin film sample depos-
ited on a sapphire substrate are well understood in frame of the
BCS based model [10]. More detailed experimental and theoretical
description of optical properties in magnetic fields exceeding H,
will be published elsewhere.
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We report far-infrared optical properties of a thin NbN superconductor in magnetic field, B, up to 10 T.
Transmission, Tr(T,B), of monochromatic linearly polarized laser beam with frequency below and above an
optical gap is measured both below and above T... Tr(T,B=0) is well described by the BCS-based model that
approximates the sample as a mixture of superconductors with different T,.. Tr(T,B #0) appears qualitatively

different for Voigt and Faraday geometry. To calculate optical properties, we use Bruggeman’s approach and

present a phenomenological model accounting for both field orientations. The model captures all observed

features of the Tr(T,B) data.

DOI: 10.1103/PhysRevB.81.184529

I. INTRODUCTION

Far-infrared spectroscopy serves as a sensitive tool for
investigating physical properties of superconductors, as their
optical gap 2A(0) is comparable with the energy of radiation
quanta. Photons with energy higher than the gap can break
Cooper pairs, which strongly influences high-frequency con-
ductivity. Measurements of optical properties of supercon-
ductors thus enable deduction of important physical phenom-
ena. Most authors present infrared transmission spectra
measured at fixed temperatures using a continuous source of
radiation’? or a set of many monochromatic laser lines’
while we report a complementary method using monochro-
matic source of radiation while sweeping the temperature.*>
In gigahertz frequency region, Oates et al.® reported both
approaches.

Superconductors of the second type in magnetic field
larger than the lower critical field B> B, are in Abrikosov
state. Superconductivity in the vortex core region is sup-
pressed and its conductivity approaches normal-state value.
Electric currents flowing through the material interact with
the vortices, cause their motion, and the nondissipative re-
gime is lost. Motion of the vortex lattice thus also influences
conductivity.  Controlled vortex  motion—fluxonics—
currently represents a hot topic of investigation. High-
frequency vortex dynamics constitutes an essential tool for
these aspirations, however, it is not yet properly understood.
One of the most successful theoretical models is that by Cof-
fey and Clem.” At present, there is aspiration to understand
vortex dynamics by means of the time-dependent Ginzburg-
Landau theory.® This paper represents our experimental con-
tribution to this effort.

II. EXPERIMENT

We report far-infrared transmission of a thin supercon-
ducting (sc) NbN film deposited on silicon substrate in mag-
netic field B up to 10 T for both Faraday (B's) and Voigt
(B's) orientations with respect to the sample surface s. Our
far-infrared gas laser can be tuned to various frequencies
including 0.4037 THz (3.3 meV) and 2.5228 THz (10.4
meV) reported in our previous paper.’ By using a beam split-

1098-0121/2010/81(18)/184529(5)

184529-1

PACS number(s): 74.78.—w, 74.25.Gz, 74.25.Ha, 74.25.N—

ter, the laser output is monitored by a pyroelectric detector
and the transmitted intensity is measured by a helium-cooled
bolometer. Transmission is measured at normal incidence in
a constant magnetic field while temperature is swept continu-
ously from above 7. to minimum attainable and back. The
temperature of the sample monitored by a Cernox thermom-
eter (error in T due to magnetic field less than 3.2%) is con-
trolled by adjusting He-gas flow rate and by a resistive
heater. To keep measurement times reasonable, sweep rate of
1K/min was chosen [sweep rates (0.5-2) K/min as well as
cool-down and heat-up data series showed no appreciable
differences]. Our experimental method was described in
more detail in previous papers.*>

The investigated high-quality polycrystalline NbN sample
on Si substrate with a very thin SiO, interlayer® was prepared
by Benacka, who measured its basic properties listed in
Table I. It is important to characterize each NbN sample
individually, since various NbN films'? can display different
T,

o

A. Zero magnetic field data

The T-dependent transmission, shown in Fig. 1, is in good
quantitative agreement with our previous experiments.*
Transmission in the normal state Tr,(T.<T) is constant and
serves as a suitable reference for transmission of the sc state
Trg; all measured transmission dependencies are expressed
in a normalized dimensionless form as Tr=Tr/Tr,. There
are two important cases: (i) Zw>2A(0), represented by
2.5228 THz line with the photon energy safely above the
optical gap and (ii) Ziw <2A(0) for 0.4037 THz line, which is
more complicated. The quantity 2A(7) is almost constant at
low temperature, approximately equal to the 7— 0 value, but
with increasing temperature it falls toward zero at T,.. For
each frequency there is a temperature where the energy of
radiation exceeds 2A(7T) and Cooper pairs can absorb pho-
tons. In case (i) Tr monotonously decreases with temperature
until it reaches its normal-state value and remains constant
up to 16 K and in case (ii) a well-pronounced peak is ob-
served. The T, onset can easily be determined from Tr(T)
data.

©2010 The American Physical Society
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FIG. 1. (Color online) The observed zero-field transmissions for
two frequencies are plotted versus temperature. Symbols represent
experimental data, dashed lines are calculated curves for BCS su-
perconductor with the sharp transition and solid lines are calculated
using modified conductivity as described in the text.

B. Finite magnetic field data

In B> 0 the optical response of material depends on mu-
tual orientation of B and electric component of light E. B
determines orientation of the vortex lattice, therefore it is
useful to measure in both (B*) and (B") geometries. In both
cases, T.(B) is easily determined since transmission of sc
state deviates from constant normal-state value at T.,.

In Faraday orientation (Fig. 2), Tr in small B exhibits
qualitatively similar behavior as in B=0. With increasing B
the transmission peak decreases and shifts to lower tempera-
tures while low-T transmission slowly approaches its
normal-state level. For highest attainable fields 7r becomes
nearly the same as in the normal state over entire 7 interval.

III. PHENOMENOLOGICAL MODEL

Let us attempt to interpret the family of measured Tr
curves phenomenologically. If our model is successful, it
ought to shed light on optical properties of second type sc in
the terahertz range. In order to interpret these data one has to
calculate relevant material properties of superconductor and
only then to evaluate 77 and compare it with the experimen-
tal data sets.

In order to evaluate transmission of our double-layer sys-
tem, the refractive index and the thickness of each layerrhave
to be known. Refractive index of NbN is given as 7i1;= V€. As
a first step, we evaluate the complex permittivity of our NbN
superconductor

g=1+i0(w)/(gow) + Xo> (1)

where the contribution from conductive electrons is de-
scribed by complex conductivity (=0 +io,) and the con-

PHYSICAL REVIEW B 81, 184529 (2010)

NbN - theoretical calculation

~ 15}
—
'_
~
3
| .
=
C
5 10
(/2]
&
e
(7))
C
S 05t
0.0 } } + +

W)
N
o

sc

Tr [ Tr

Transmission (
5

e
)

00 L | L | L | L | L

Temperature (K)

FIG. 2. (Color online) Temperature-dependent transmission in
Faraday orientation (B*). Experimental data are points and theoret-
ical calculations are lines.

tribution from all other effects via x,. This last term can be
neglected, since contribution from conductive electrons in
our frequency range dominates. Complex conductivity calcu-
lation will be described later.

We take into account interference effects. Assuming ide-
ally parallel and flat surfaces, relevant quantities describing
transmission through interface are transmission and refrac-
tive amplitude coefficients

;=i 27,
tl]=~ — rij_,. ~ (2)
n;+ I’lj n;+ I’lj
Propagation through material is proportional to e'%, where

TABLE 1. Parameters of the sample.

Layer d, (nm) T. (K) AT. (K) opn(0) (7T m™h Substrate d, (mm) n,
NbN 80 10.8 0.4 0.45x10° Si/Si0, 0.25 3.5
184529-2
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85="4, (3)
C

Indices i and j relate to material layers and c is the speed of
light. Indices 0 and 3 describe surrounding medium (gaseous
helium in this case, ny=n3=1), index 1 relates to the super-
conducting layer and index 2 to the substrate. Finally, for the
whole multilayer structure the transmission coefficient can
be explicitly written as'!

fort1atze™ %) rip+ rye’ s B
t= 2 1 + 7 1 - 1 N (4)
l+r12r23e % l+r12r23e %
and the transmitted intensity 77 becomes
n
Tr=—"|e2. (5)

n3

In our case it reduces to Tr=|t|*.

Surface roughness might influence transmission, espe-
cially when surface imperfections are comparable with, or
bigger than, the wavelength \. In our case of submillimeter
waves, however, this should not lead to significant difficul-
ties. Our calculations show that slight deviations (less than
7°) from the normal incidence can be neglected; our experi-
ment is performed at more precise orientation of the sample.

A. Zero magnetic field

Permittivity in the terahertz region is almost entirely gov-
erned by the response of conductive electrons that justifies
neglecting other contributions. We used BCS-theory-based
formula for calculating complex conductivity following Zim-
mermann et al.'> The essential input parameter is normal-
state high-frequency conductivity, which is well described by
Drude model: 6(w)=0y(0)/(1-iw7). Reasonable estimation
for momentum scattering time!!% is 7=5 fs. The crucial pa-
rameter is the optical gap. BCS theory predicts its value
2A(0)=3.53kgT,, but many materials, including NbN, ex-
hibit deviations from this formula.!*> For our sample we
estimate’!” 2A(0)=4.16kzT. (3.87 meV). Temperature de-
pendence of the gap is well approximated by'#

COS[%T(TE)Z]. (6)

Together with other sample parameters given in Table I, the
calculation gives the dashed line in Fig. 1. Although it quali-
tatively describes the character of the data, quantitative
agreement is rather poor.

Better agreement can be achieved by treating our real
sample not as a homogeneous sc with sharp transition but as
a mixture of superconductors with different 7, and corre-
sponding optical gaps 2A(0)=4.16kzT.. This view is sup-
ported by the dc electric-resistance measurement showing
AT.=0.4 K. Spread of 7, in the mixture will be even larger
than the spread of T, suggested by resistivity measurements
because zero dc resistance does not exclude presence of non-
superconducting regions. Since there is no reason to assume
any specific distribution function of 7. in such a mixture, we
assume that all 7, within suitably chosen T interval are rep-

AM) _
A0)
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resented with the same probability. For convenience, we ap-
proximate our NbN sample as a mixture of ten ideal sc ma-
terials with 9.8=7,.=10.8 K. Conductivity computed this
way (solid lines in Fig. 1) agrees notably better with the
experimental data.

On a qualitative level, transmission in case of Aw
>2A(0) is influenced by the absorption caused by breaking
of Cooper pairs and by presence of thermally activated qua-
siparticles. Absorption would be higher at lower tempera-
tures, since Cooper pair density is higher. It leads to a de-
crease in reflection and, consequently, to an increase in
transmission.

In case of hw<<2A(T) energy of photons is not high
enough for breaking Cooper pairs and the absorption occurs
due to thermally excited quasiparticles only. With increasing
T the optical gap gradually decreases until at some T optical
gap reaches energy of incident photons. For higher T the
Cooper pair-breaking mechanism is set on contributing thus
to absorption. As a result absorption exhibits a peak. Al-
though it may seem confusing, the highest transmission oc-
curs at the highest absorption. It is because the increase in
absorption leads to a decrease in reflection, which governs
optical properties.

B. Finite magnetic field

We assume that conductivity of normal state does not de-
pend on magnetic field. This assumption is supported experi-
mentally, as at 16 K in magnetic field up to 10 T transmission
within experimental accuracy remains constant.

In a sufficiently high magnetic field the superconductor is
in Abrikosov state, inhomogeneous at nanoscale level. Each
vortex has a complex structure, consisting of cylindrical core
area with diameter equal to coherence length & in which the
order parameter is suppressed. In this paper, we do not aim to
describe all complexity of the vortex lattice. Following
Clem," we assume fully normal vortex cores surrounded by
fully superconducting bulk material. Normal-state volume
f,=Vy/V is proportional to both the core area 7w&(T)? and the
vortex density. Temperature dependence of f, is given by
temperature dependence of coherence length &(T)>=&X1
—[7/T.(0)]*}"" and must reach unity at experimentally deter-
mined T,(B). It is satisfied by the following formula:

| - T.(B)*IT}, ;
= (7)

Superconducting phase f,.=1-f, is assumed to behave in
a similar way as a superconductor without magnetic field.
Thus our sample is treated as an effective mixture of ideal
BCS superconductors with sharp transitions, with critical
temperatures equally distributed over temperature range (7.
—1 K,T,). Additionally, we assume that 2A(0) has zero field
value and for its temperature dependence in Eq. (6) we use
T.(B) instead of T,.(B=0).

For NbN, ¢ is few nanometers (Ikebe! estimated 5 nm),
several orders of magnitude smaller than the wavelength in-
side the sample, so we can use the long-wavelength limit,
i.e., consider the material as a composite system with some
effective high-frequency permittivity &, Optical properties
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of such composite systems can be described by various ef-
fective medium theories. We have to consider a theory that
will distinguish between Faraday (B*) and Voigt (B') sample
orientations. Generalized Bruggeman’s theory for ellipsoidal
inclusions'® describes two-composite system for any fraction
ratios and respects the geometry by considering polarization
effects due to local fields when it calculates the effective
permittivity of the composite system.

In (B") case we use linear polarization having electric field
component parallel with axes of vortex cores. Therefore lo-
cal charges inside the sample are not induced and Brugge-
man’s theory gives a simple result for permittivity

geff:frtgf1'+' (1 _fn)gsc’ (8)

where €, and & are permittivities of normal and supercon-
ducting phases, respectively.

In (B*) case, electric field of the laser beam acts in the
direction perpendicular to the vortex core axis and creates
local field that is different from the applied field. It can be
shown that the following formula applies:'©

- 1 ——
Eeff = 5(,3 + VB2 +48,8,), 9)

where B=(2f,—1)g,.+(1-2f,)&,. The theoretical lines
shown in Figs. 2 and 3 were calculated using this approach.
Despite the simplicity of the model, the experimental data
sets are described surprisingly well, including the qualitative
difference between Faraday and Voigt sample orientations.

We emphasize that our model does not take into account
any vortex motion. In principle, the laser beam interacts with
vortices also via the Magnus force; this effect is neglected in
our analysis. Good agreement between calculated and ob-
served temperature-dependent transmission suggests that this
term is either small or the vortex lattice in our NbN sample is
strongly pinned.

IV. CONCLUSIONS

We have investigated far-infrared magneto-optical proper-
ties of the thin-film NbN sample (B up to 10 T) deposited on
a Si substrate using our new experimental apparatus. As for
T-dependent transmission in B=0, presented measurements
agree with previous data obtained with the same sample us-
ing the old experimental equipment.* Two cases are probed
by laser beams of two different frequencies—(i) energy
above the optical gap and (ii) energy below the optical gap
(its zero-temperature value), displaying qualitatively differ-
ent behavior. The above-mentioned model describes a behav-
ior of transmission for both cases qualitatively well, but bet-
ter quantitative agreement is achieved by modeling our
imperfect real sample as a mixture of superconductors with
different 7, and corresponding optical gaps 2A=4.16kgT,.

We have probed the Abrikosov state of our sample using
0.4037 THz laser beam by measuring Tr(T,B. <B
=10 T) curves in both (B*) and (B") geometries, giving
qualitatively different results. For clarity, in this work we
present only the B# 0 data obtained with one sample using
one particular laser line as a representative data set, although
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FIG. 3. (Color online) Temperature-dependent transmission in
Voigt orientation (B"). Experimental data are points and theoretical
calculations are lines.

data obtained with several laser lines on this sample as well
as on additional NbN samples are available. Further detailed
investigations are under progress and will be reported else-
where.

We are not aware of any relevant microscopic theory that
would describe transmission in magnetic field. We have
therefore developed a phenomenological theoretical model,
based on the following assumptions. Vortex lattice was sim-
plified according to Clem model with entirely normal-state
vortex cores and a fully superconducting surrounding
bulk—a mixture of ideal superconductors with different 7',
spread over about 1 K. The corresponding Tr(T,B) curves
have been calculated by means of Bruggeman’s approach,
allowing to take into account various mutual orientations of
B and electric component E of the polarized terahertz radia-
tion, leading to different induced local fields. Good semi-
quantitative agreement with the observed data suggests that
our phenomenological model is capable of capturing essen-
tial physics and can be used for further investigations aiming
at determining the role of vortex motion that would lead to
better understanding and eventually to practical use of super-
conductors in fluxonics.
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Terahertz thermal spectroscopy of a NbN superconductor
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We report far-infrared optical properties of a NbN superconductor. Transmission through a high-quality NbN
film grown on a birefringent sapphire substrate above and below its superconducting transition down to the
zero-temperature limit is measured at six different frequencies from 0.4 to 2.5 THz both above and below its
optical gap. The experimental results agree with theoretical calculations developed based on utilization and
extension of the BCS model of Zimmermann ez al. [Physica C 183, 99 (1991)] applied for the NbN film.
Full quantitative agreement over the entire ranges of temperature and frequencies is found based solely on the
physical properties of this NbN film sample and on the parameters of an identical sapphire substrate as measured
in time-domain spectroscopy experiments, without use of any additional fitting parameters.

DOI: 10.1103/PhysRevB.84.132506

I. INTRODUCTION

The exact knowledge of physical properties of conventional
superconductors such as NbN is fundamental from the point of
view of their future application. At first glance it might seem
that all of them are indeed well known and understood. A closer
look shows, however, that some of them are still understood
rather poorly. The high-frequency conductivity serves as an
example—in principle, the Mattis-Bardeen theory! can be used
to calculate it, but some terahertz frequency experiments still
lack a satisfactory explanation. This Brief Report represents
our effort to improve this situation.

Time-domain terahertz spectroscopy provides data in a
broad frequency region and enables one to determine the
complex conductivity; see, e.g., Ikebe et al? On the other
hand, laser thermal spectroscopy is advantageous in that the
transmission measurements are performed quasistatically. It
enables precise measurement of transmission at fixed laser
frequencies as a function of temperature in the vicinity of
the superconducting transition, where a peculiar behavior was
observed, and has proved to be a very useful experimental
method.>*

Earlier we performed experiments in the terahertz fre-
quency range,*> but a satisfactory theoretical explanation
has not been found. Our previous experiments suffered from
the fact that the NbN sample we used displayed a rather
broad superconducting transition.’ In order to get better
agreement between the experiment and the BCS theory we
had to artificially treat it as a mixture of superconductors with
different 7,’s.

In this Brief Report we present experimental data on a much
higher-quality NbN film obtained using our setup,* as well as
additional supporting experiments.® Further, we discuss a full
analysis of the thermal and frequency behavior of the NbN
superconductor in terms of a developed BCS-based model
that takes into account optical properties of the birefringent
sapphire substrate. Without using any additional fitting pa-
rameters, we demonstrate full quantitative agreement between
theory and experiment over entire ranges of temperature and
frequency.

1098-0121/2011/84(13)/132506(4)
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II. EXPERIMENT

We have measured far-infrared (FIR) transmission of a
superconducting NbN film of nominal thickness d; = 15 nm
grown epitaxially on a sapphire substrate. We estimate the
thickness uncertainty of 1 nm to be due to the partially
oxidized NbN surface layer.”

The quality of our NbN sample is very high, as is apparent
from the temperature dependence of its dc resistivity displayed
in Fig. 1, showing that the resistance drops to zero within
an interval of 0.5 K. Measurements of the dc electrical
conductivity have been performed using a 0.7 x 10 mm? strip
cut for this purpose from our actual sample and measured
by the four-probe method, as sketched in the upper inset
of Fig. 1. The critical temperature has been determined as
T, ~ 16 K. The normal-state dc resistivity has been estimated
as pp = (2.0 0.2) x 107° Qm, with the accuracy limited
mainly by the uncertainty of the film cross section and the
size and separation of the potential contacts. The lower inset
in Fig. 1 shows that the normal-state resistivity is nearly
temperature independent over the entire temperature range up
to room temperature with a residual resistivity ratio of 0.97.

FIR transmission is strongly influenced by optical interfer-
ence of multiple internal reflections, especially in a relatively
thick substrate. Thus for accurate numerical analysis of
transmission it is important to have a well-determined optical
thickness of the substrate. Our NbN sample is grown on a
birefringent R-cut sapphire with dimensions 10 x 10 mm? and
thickness d, = 0.333 mm. Sapphire is an important anisotropic
uniaxial material with ordinary, n,, and extraordinary, n,,
refractive indices that are tabulated.® The structure and
orientation of our sample in the experiment are shown in Fig. 2.
The extraordinary ray axis is oriented diagonally (at an angle
o = 45° with respect to the y axis), while ¥ = 57.6° is the
angle between the ¢ axis of the sapphire crystal and the z axis
oriented normally to the substrate.

Both the ordinary and extraordinary refractive indices
were determined in the supporting independent time-domain
terahertz spectroscopy experiment° atroom temperature, using
an identical sapphire substrate, as shown in Fig. 3. While the

©2011 American Physical Society
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FIG. 1. (Color online) Temperature dependence of the electrical
resistivity of the NbN sample in the vicinity of its critical temperature
T, (red). The lower inset shows the extension of the temperature range
up to room temperature (blue); the upper inset is a sketch of the sample
strip and the four-probe method used in this measurement.

real part of the refractive index increases slightly, approxi-
mately linearly with frequency v, the imaginary part is almost
frequency independent. The optical thickness of the substrate,
nyds, is to a good approximation temperature independent.”'”
Absorption by the substrate is nearly negligible at room tem-
perature and is even smaller at low temperature. The values of
refractive indices deduced from the time-domain spectroscopy
experiment are given in Table I together with those tabulated
by Palik:® the agreement is excellent. Additionally, these
measurements allowed us to determine that the polarization
of the ordinary ray is parallel with the diagonal direction of
the square sapphire substrate.

Our experimental setup has been described in detail in our
previous report.* In short, the FIR gas laser can be tuned
to various terahertz frequencies. A wire grid polarizer was
inserted in the optical path to ensure a horizontal or vertical
orientation of the FIR laser beam polarization. The sample is
placed in the cryomagnetic system and its temperature tuned
and controlled by means of a heater and by flowing He gas.

E
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FIG. 3. (Color online) Real and imaginary parts of the refractive
indices of the R-cut sapphire substrate. Lines, data from terahertz
time-domain spectroscopy; single points, obtained from the best fit of
the FIR transmission. The full (red) and dashed (blue) lines represent
the ordinary and the extraordinary ray, respectively.

To eliminate a possible temperature difference between the
sensor and the true temperature of the sample, the dc resistivity
is monitored by the four-probe method simultaneously with
the transmission measurement. This allows, in particular,
determination of the superconducting transition temperature
T, with sufficient precision.

Since NbN is an isotropic superconductor, the only
anisotropy introduced in the system is due to the birefringent
sapphire substrate. In the special case of a 45° angle between
the electric vector of the incident beam and the extraordinary
ray axis of the sapphire substrate (and only in this case), the rel-
ative transmission of the horizontally and vertically polarized
radiation should be equal. Transmission was measured in both
polarizations and the observed difference was less than 5%,
which can most likely be attributed to a slight misalignment
of the sample. Even for the 0.4037 THz line, for which the

TABLE I. Parameters of the sapphire substrate.

Palik, Ref. 8 Ref. 17

y v (THz) ny  N2(F) n, e n(9%)
)[ 0.4037 3.06 3.26 3.06 3.39 3.29
xz.":- 0.5254 3.05 3.26 3.06 340 3.29
0.5843 3.06 3.26 3.06 340 3.29
0.6538 3.06 3.26 3.06 340 3.29
FIG. 2. (Color online) Schematic representation of the double- 1.8191 3.06 3.30 3.08 3.44 3.33
layer structure of the NbN sample on the sapphire substrate. For 2.5228 3.08 3.32 3.10 347 3.35

notation details, see the text.
132506-2
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FIG. 4. (Color online) Normalized transmission as measured
(individual data points) and calculated (solid lines) as described in the
text for six different frequencies as indicated, plotted versus relative
temperature 7'/ T..

transmission in the zero-temperature limit is very weak, the
relative difference is still within 10%.

Our experimental data for the horizontally polarized beam
are displayed in Fig. 4 as individual data points. The sample
temperature was swept up and down at a low rate of about
1 K/min, without observable temperature hysteresis. The far-
infrared transmission, 7T, is related to that in the normal state,
Tw, taken slightly above T,.

The transmission of photons with energies far below the
optical gap displays a monotonic increase toward the critical
temperature. As the frequency approaches the optical gap, the
characteristic BCS thermal peak starts to appear close below
T.. As the frequency increases further, the peak becomes wider
and its center shifts toward a lower temperature. Above the
optical gap, the transmission displays a monotonic decrease
and in the high-frequency limit approaches the normal-state
transmission.

III. THEORETICAL MODEL

The theoretical calculation and subsequent numerical eval-
uation of transmission requires precise values of the refractive
indices of both the NbN film and the sapphire substrate.
Additionally, precise knowledge of the relative permittivity
of the superconductor film for angular frequency w is also
needed, which is given by!!

io(w,T)
weo ’

e,T) = € + ey
where e, ~ 1 is the core permittivity, &g denotes the permittiv-
ity of vacuum, and o (w, T) is the optical complex conductivity.
Other contributions, such as that from phonons, are negligible
in our spectral range, as proved by Ikebe et al.? and Semenov
et al” The refractive index of the superconducting film
n; = +/e(w,T), and the indices of the substrate n,,, n,, enter
the recurrence relations'? for the transmission coefficients #o3
of the extraordinary and ordinary rays. The electric vector of a
monochromatic wave incident normally on the double-layered
system shown in Fig. 2 can be decomposed in the directions
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parallel and perpendicular to the plane containing the k wave
vector and the ¢ axis of the sapphire crystal. The extraordinary
and ordinary rays do not interfere with each other and travel
through the system independently, resulting in summation of
their intensities at the output. Due to the geometry of the
system, the transmissivities are the same for both horizontally
and vertically polarized beams:

T = lto3(n2e)|* cos® & + |to3(n2,)|* sin® .. 2)

The transmission in the normal state, T, can be calculated in
the same way, replacing the BCS conductivity by the Drude
formula for a normal metal:

0o

3)

on(w) = ——,
l —iwt
where o and 7 are the dc conductivity and the relaxation rate
of the NbN film, respectively.

The optical conductivity o(w,T) of a BCS superconductor
is well described by the theoretical approach of Zimmermann
et al.'> We utilize their approach, but instead of their
simple approximation for the gap temperature dependence
we use values obtained by numerically solving the BCS gap
equation.'*'> The model parameters 7. and oy are sufficiently
well established and their variations within experimental errors
do not appreciably influence the calculated transmission. The
values of the optical gap 2Ay = 4.15kg T, and the relaxation
rate T as low as 3.86 fs have been taken from the literature.’
In our frequency range, however, wt < 0.1, and the dirty limit
7 — 0 seems appropriate.

The parameters for sapphire—the ordinary and extraordi-
nary refractive indices n,, and n,, and the substrate thickness
d> = 0.333 mm—have been determined from our time domain
spectroscopy experimental data. As the optical system is
anisotropic, calculation of the transmission is rather compli-
cated. While variations of the film parameters (within their
experimental errors) hardly affect the calculated transmission,
we found that the results are much more sensitive to the
ordinary and extraordinary indices of the substrate. This is
understandable, since the optical thickness of the substrate is
responsible for interference effects.

To achieve the best agreement between calculated and
experimental transmission values, we have modified the
substrate parameters slightly, within their experimental errors.
This procedure yields optimum indices of refraction that
are displayed in Fig. 3 as individual data points. Their
scatter can most likely be attributed to small experimental
errors in transmission measurements, which in turn could be
caused by standing waves in the optical path and/or by small
misalignment of the sample with respect to the polarization
vector. The optimal calculated values of transmission of
light for six different frequencies from 0.4 up to 2.5 THz
plotted versus temperature as solid lines, together with the
experimental data points, are displayed in Fig. 4.

IV. DISCUSSION AND CONCLUSIONS

The temperature dependencies of FIR transmissions at six
frequencies kv close to 2A( have been measured on a high-
quality NbN epitaxial film deposited on a birefringent sapphire
substrate. Linearly polarized laser lines with photon energies

132506-3
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in the vicinity of the optical gap revealed typical BCS behavior.
The transmission of photons with energies far below/above the
optical gap showed monotonic decrease/increase toward the
zero-temperature limit. The transmissions for photon energies
close to the optical gap follow a complex behavior with
a characteristic BCS thermal peak. Let us stress that our
approach, unlike that of Ikebe et al.,” enables the study of
quasistatic FIR transmission over a full range of temperature.

The experimental results are found to agree with theoretical
calculations developed based on utilization of the BCS model
of Zimmermann et al.'* applied for a NbN film with the
numerical solution of the gap equation'* replacing the original
simple approximation for the temperature dependence of the
gap. Full quantitative agreement within error bars over the
entire range of temperature and frequency is found based
solely on physical properties of this NbN film sample and
an identical sapphire substrate as measured in additional
experiments. This important quantitative step was not possible
to achieve with our previously investigated NbN samples,
where a more or less satisfactory agreement was possible
only when the superconducting transition temperature was
artificially smeared out over a temperature interval of order
of 1 K. In addition, we have found that transmission is notably

PHYSICAL REVIEW B 84, 132506 (2011)

affected by interference effects in the substrate, which acts as a
Fabry-Pérot étalon possessing temperature-dependent surface
reflectivity.

In conclusion, the reported results represent a textbook
example of thermal spectroscopy of a conventional BCS
superconductor: a full quantitative agreement between the
experimental data spanning broad ranges of temperature and
frequency and the fundamental BCS-based microscopic theory
with no free parameters. They constitute therefore a valuable
basis for a further important extension: a detailed quantitative
investigation of the terahertz properties of superconducting
thin films in a magnetic field and in a nonequilibrium regime.
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Abstract

We provide a thorough analysis of THz properties of BCS-like superconducting thin films. Temperature and frequency
dependence of complex conductivity in zero magnetic field is discussed by utilizing the Zimmerman et al. explicit
BCS based formula [Physica C 183 (1991) 99]. We extend this approach by employing the effective medium theory
and develop a phenomenological model capable of accounting for the influence of external magnetic field. Using Yeh
powerful formalism [Surface Sci. 96 (1980) 41] we calculate optical transmission of linearly polarised laser beam
normally incident to a multilayered sample consisting of a thin NbN film grown on birefringent sapphire substrate,
entirely covering ranges of interest in temperature and frequency. A proposal to exploit linear polarisation of the
incident beam parallel with principal axes of conductivity tensor is explained and theoretical predictions for a realistic

NbN sample are computed and discussed.

Keywords: Far-infrared transmission, NbN, superconducting film, vortices, terahertz waves

PACS: 74.25.Gz, 74.25.Ha, 74.25.nj, 74.78.-w

1. Introduction

Far-infrared techniques have played crucial role in
experimental validation of Bardeen-Cooper-Schrieffer
(BCS) theory thanks to their ability of studying phys-
ical behavior of quasiparticles and Cooper pairs, in par-
ticular in determining the optical gap 2A. BCS theory is
universally recognized as a microscopic theory explain-
ing various physical features of many superconducting
materials, especially metals, alloys and diatomic com-
pounds. An important limitation of BCS theory is that
it generally does not describe behavior of superconduc-
tors in externally applied magnetic field, except in some
special cases [1]. Indeed, in external magnetic field su-
perconductors of type II exhibit very complex proper-
ties due to inhomogeneity of the energy gap associated
with quantization of magnetic flux and, consequently,
with the existence of quantized vortices. They in turn
sense an applied electric field so it is our belief that ex-
perimental efforts in far-infrared region provide a very
convenient way to study vortex motion. Further, in ex-
ternal magnetic field quantized vortices in the interior
of type II superconductors appreciably influence their
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high-frequency complex conductivity and these studies
could play a crucial role in stimulating further advances
in superconductivity theory.

In this paper, we provide a thorough analysis of THz
properties of classical BCS-like superconducting thin
films. This theoretical attempt is closely related to our
experimental efforts [2, 3, 4] based on laser thermal
spectroscopy technique [5]. Temperature and frequency
dependence of complex conductivity following the Zim-
merman et al. [6] explicit formula based on BCS theory
is discussed and utilized together with effective medium
theory to account for the influence of external magnetic
field. Transmission through a realistic thin supercon-
ducting film sample is discussed based on analysis of
a free standing film and a bare substrate. Better qual-
ity superconducting films are in some cases obtained
by growing them on anisotropic substrates. In order
to describe complex multiple reflections of normally
incident beam inside the multilayered superconducting
film/substrate sample, Yeh formalism [7, 8] is employed
(see Appendix). We show that in applied magnetic field
in the general case of anisotropic substrate this power-
ful tool becomes essential. Our goal is to describe trans-
mission in broad frequency and temperature ranges both
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in zero-field and under influence of externally applied
magnetic field, where we pay close attention to geome-
try.

A crucial test of the presented model will be experi-
mental verification of its predictive power, especially in
testing predicted differences in transmission that ought
to be observed in measurements in magnetic field paral-
lel with the sample surface using normally incident lin-
early polarised beam but in different mutual orientation
with respect to the magnetic field direction. Verifica-
tion of this prediction will have to await until further
detailed experimental studies on available high quality
NbN film samples grown on birefringent sapphire sub-
strate are completed and carefully analyzed.

2. Basic theoretical considerations

2.1. Zero magnetic field

Complex conductivity of superconductors in zero
magnetic field is well described by the Mattis-Bardeen
extension of BCS theory [9]. Following Zimmerman
et al. [6], an explicit expression for the complex opti-
cal conductivity dpcs of a homogeneous BCS super-
conductor with arbitrary electron mean free path can
usefully be utilized, covering whole range of BCS su-
perconductors from clean to dirty limit. Although the
Zimmerman et al. formula does not include the strong-
coupling case, it still works well for a number of su-
perconductors possessing somewhat larger (or smaller)
gaps than the theoretical BCS prediction 2A(0) =
3.53 kgT, [10], such as NbN with the optical gap (4 —
4.2)xkgT. [11, 12]. For high-temperature superconduc-
tors complex conductivity does not follow the model of
Zimmerman et al. and more robust two-fluid model is
often used [13] for describing it.

The typical frequency and temperature dependence of
the complex conductivity for a classical BCS-like su-
perconductor (dirty limit) is shown in Fig. 1. The up-
per panel presents the real — dissipative — part of the
complex conductivity. At zero temperature, one sees
a sharp turning point at the frequency corresponding
to the optical gap (hv = 2A(0)); for higher frequen-
cies dissipation due to the Cooper pair breaking mech-
anism becomes significant. With increasing tempera-
ture the optical gap is reduced and this turning point
becomes less pronounced. Quasiparticle population in-
creases with temperature from zero at zero temperature
to its normal state value at 7., consequently, conduc-
tivity 0| acquires non-zero values even for frequencies
below the optical gap; hv < 2A(T). Even at somewhat
higher temperatures the turning point at the optical gap
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Figure 1: (Color online) Real (upper panel) and imaginary (lower
panel) components of complex conductivity normalized to its normal
state value of a BCS-like superconductor in dirty limit. Both temper-
ature and frequency scales are in reduced dimensionless units 7'/7
and hv/2A(0).

is still recognizable. At low frequencies, roughly for
hv < 0.2 x 2A(0), the temperature dependence exhibits
a coherence peak near 7., which serves as a manifes-
tation of macroscopic quantum nature of superconduc-
tivity. For higher frequencies, o; continuously rises
from zero at zero temperature towards its normal-state
value, displaying a derivative discontinuity at temper-
ature 7% where 2A(T*) = hv. This can be thought
of as a direct consequence of the Cooper-pair break-
ing mechanism. For frequencies above the optical gap,
o1 is finite even at zero temperature and monotonously
increases towards its normal state value. The normal
state conductivity is well-described by Drude model:
oy = on(0)/ (1 —iwt), where 7 is the collision time.
If wt < 1, then the real component o,(w) is almost
constant, while the imaginary component 0,(w) is al-
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most zero.

The imaginary component of conductivity, o (w, T),
is shown in the lower panel of Fig. 1. It behaves with
frequency as 1/w and increases towards zero temper-
ature as the condensate fraction grows. This typical
1/w dependence is a result of Kramers-Kroning rela-
tion coming from d-function in o (w). Let us note that
while the two-fluid model can describe o> (w, T) quite
reasonably, it cannot reliably describe o1 (w, T) because
it does not comprise optical gap and consequently dis-
regards all associated phenomena.

Complex dielectric function of superconducting ma-
terials (both in normal and in superconducting state)
&(w) is assumed to be a linear superposition of sev-
eral contributions. Most important in far-infrared region
are those originating from conduction electrons, from
phonons and from electronic absorption caused by in-
terband transitions [6]. The contribution from conduc-
tion electrons can be expressed in terms of the com-
plex conductivity . (for T < T, &, = Jpcs and
for T > T, it follows Drude formula). In many cases
the phonon and interband absorption terms can be ne-
glected in the THz region, since they are negligible in
comparison with the main contribution from conduction
electrons. These former terms become more important
for higher frequencies (for phonons typically above 10
THz [14]). In the following discussion, we shall neglect
them, assuming €. = 1.

The key quantity in optical calculations is complex
refractive index 7, which can be obtained by straight-
forward calculation: 7 = n + ik = V&. In the normal
state the real part of conductivity oy dominates, there-
fore in the limit of low frequencies the refractive index
is given as 1 & Voi/gw (1 +1i)/ V2. On the other
hand, at low temperature the situation is reversed — the
imaginary part of conductivity o, dominates while o
for hv < 2A(0) vanishes. Consequently, « increases
towards its zero temperature value, while n decreases,
reaching almost zero for frequencies below the optical

gap.

2.2. Finite magnetic field

In this subsection we discuss behavior of thin films
of type II superconductors in magnetic field. Clearly,
externally applied magnetic field strongly affects phys-
ical properties of superconductors. Critical tempera-
ture 7. becomes reduced until it vanishes at the upper
critical magnetic field B.,. In sufficiently large mag-
netic field (B > B.) vortex matter is introduced into
a superconducting layer. Quantized magnetic vortex
represents a topological defect inside the superconduc-
tor. Energy gap is suppressed in a cylindrical volume

with typical radius of the coherence length & and mag-
netic flux penetrates superconductor through a cylindri-
cal volume with typical radius of the penetration depth.
If, however, a superconducting layer has relevant typi-
cal dimension comparable with or smaller than the co-
herence length &, the superconductor is in the so called
non-vortex regime. This is only possible for extremely
thin films in parallel magnetic field, as discussed by Xi
etal [1].

Although vortices have been observed by a number
of different techniques utilizing measurements of local
magnetic flux or registering suppression of supercon-
ductivity, a satisfactory microscopic theoretical descrip-
tion is still missing. Clem [15] proposed a very sim-
ple treatment of vortices that works surprisingly well.
He assumed that normal properties inside vortex cores
are locally restored and the system can be thought of as
a superconducting material with cylindrical inclusions
of normal state material. The situation becomes more
complicated as individual vortices interact with each
other and might move. Moreover, physical properties
of the superconducting matrix are modified by magnetic
field.

To the best of our knowledge, there is as yet no funda-
mental theoretical model that would consider all phys-
ical phenomena associated with the presence of quan-
tized vortices in type II superconductors.

In order to interpret magneto-optical measurements
in THz region, we propose a simple phenomenological
model, which neglects vortex motion and treats the su-
perconducting thin film as a system consisting of a su-
perconducting matrix and cylindrical inclusions of nor-
mal state material that represent the vortex lattice. Co-
herence length ¢ is of order of a few nm (Ikebe [11] es-
timates the coherence length ¢ = 5 nm for NbN at zero
temperature) and the intervortex distance is usually of
the same order — so the typical far infrared wavelengths
are much larger. We can therefore use the long wave-
length limit — electromagnetic radiation does not sense
individual vortices and the system can be thought of as a
homogeneous one, possessing an effective permittivity
&.rr, which in turn can be described by suitable effective
medium theories.

Our model utilizes generalized Bruggeman theory
for cylindrical inclusions [16], which can describe two
composite systems for any volume fraction of vortex
cores (f, = V,/V) and respects the geometry by consid-
ering polarisation effects via local electric fields. On the
other hand, Lee [17] treated a similar case by Maxwell-
Garnett theory (MGT).

The normal state volume fraction f, is proportional
to the area occupied by vortex cores, i.e. n&(T)?,
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and to vortex density. Upon increasing the tempera-
ture of a type II superconductor in external magnetic
field, the fraction of its normal state will monotonously
grow until superconductor becomes fully normal at 7 .
Thus the superconducting to normal state transition can
be thought of as continuous grow of the normal state
area until f, reaches unity at 7,.. Using the tempera-
ture dependence of coherence length &(7T) = £(0)[1 —
(T/T.)*1""* we can describe the normal state fraction

as
- (3a)
- ()’

where one ought to carefully distinguish between criti-
cal temperature in zero field 7.(0) and critical tempera-
ture in non-zero field 7.(B). The superconducting ma-
trix fraction is given by f; = 1 — f,.

Let us mention here that different approximations for
the temperature dependence of normal state fraction are
possible. For example, Ikebe [11] expressed f, via mag-
netic field and obtained somewhat different temperature
dependence. As both these approaches have the same
physical basis, it is hardly surprising that resulting tem-
perature dependencies are qualitatively the same.

Although we are aware that magnetic field generally
modifies &s¢, we limit ourselves to a rather crude ap-
proximation, assuming that Zimmerman et al. expres-
sions are valid even if T, is replaced by its field value
T.(B). A somewhat more rigorous treatment of super-
conducting fraction is also possible in some cases, e.g.,
by utilizing the pair-breaking theory of Abrikosov and
Gorkov [18].

There are three principal mutual orientations of the
thin film sample, external magnetic field and linear po-
larisation of the normally incident laser beam. In the
case of Faraday orientation, magnetic field is perpen-
dicular to the sample and any changes of its physical
properties induced by magnetic field are isotropic in the
plane of the sample. It follows that optical properties
are the same for any direction of linear polarization and
in the experiment it can be chosen arbitrarily. Note in
passing that some experiments [20] suggest that utiliza-
tion of circularly polarised radiation might also be use-
ful. In Voigt orientation, when magnetic field is parallel
with the surface of the thin film sample, two principal
geometries are available - linear polarisation with elec-
tric field component parallel (E || B) or perpendicular
(E L B) to the magnetic field direction and anisotropic
behavior is expected [19].

The simplest case to treat is the Voigt configuration
- the case of E || B. The local field is identical with

Jo = ey

the applied field and Brugemann expression for effec-
tive permittivity [16] reads

‘Z:eff = fnén + fséSC . (2)

Permittivity, resp. conductivity, is just the weighted av-
erage of normal state conductivity (6x =~ on(0) + 0i).
As f, increases, the frequency and temperature depen-
dence of o is shifted towards its normal state value.
Similarly, o, is pushed towards zero.

For the remaining two cases — Faraday configuration
and the case of E L B in Voigt configuration - the local
field due to the charge induced on the interface between
vortex inclusion and superconducting matrix leads to
the same expression [16]

éeff = % (,3 =+ \[,82 + 4<§n<§sc) , 3)

where 8 = (1 —2f,) (€, — &s) and the sign of the square
root is chosen so that /m(e.rr) > 0. Although the ex-
pression for the two mentioned magneto-optical con-
figurations is formally the same, these two cases are
not identical. The reason is that 7.(B) acquires differ-
ent values for magnetic field parallel with the thin film
and perpendicular to it. Additionally, the vortex lattices
will be very different for B+ and B!, In perpendicular
field (assuming no crystal defects) vortices will arrange
themselves into a triangular lattice [10]. In parallel field
this is not possible, because the film thickness is of the
same order as ¢ or intervortex distance. Generally, THz
radiation can cause vortices to move. However, not in
the special case when electric field points in the same di-
rection as the vortex axis E || B, when dissipation from
vortex dynamics ought to be switched off.

3. Brief description of a complementary experiment

In a typical experimental run, we set the frequency
of incoming laser beam (between 0.40 THz and 2.52
THz) and transmission of linearly polarised beam nor-
mally incident to a sample is measured while the tem-
perature of the sample and/or applied magnetic field is
slowly (avoiding any hysteresis) swept. Absolute value
of transmission is difficult to determine, therefore trans-
mission - the quantity of interest - is displayed normal-
ized, so that its normal state value (with good accuracy
constant above the critical temperature) is unity. Fur-
ther details can be found in our previous publications
[2, 3, 4].

Typical samples for the experiment are thin supercon-
ducting films deposited on suitable transparent dielec-
tric substrate, prepared by various layer growing tech-
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niques. It is important that the substrate has similar lat-
tice parameters as the deposited superconducting film.
In some cases optimal lattice parameters of the substrate
are achieved at the cost of anisotropic properties of the
substrate. Substrates substantially influence transmis-
sion of such a double layer system, it is therefore impor-
tant to accurately determine their physical properties.

Critical temperature of a very thin film might appre-
ciably depend on its thickness [21]. Certain films can
exhibit higher critical temperatures than bulk materi-
als since they can be prepared with greater purity and
with less defects than bulk samples. In our research we
mostly use NbN thin films as typical representatives of
type II BCS - like superconductors.

As shown by Semenov [12], each individual NbN
film has unique properties; this applies in particular to
its electric conductivity. In table 1, we list properties of
one particular NbN film, which will serve as our model
example for subsequent numerical analysis. This film
was grown on an anisotropic sapphire R-cut substrate —
the c-axis at angle ¢ = 57.6° with respect to the sur-
face normal. The extraordinary ray axis is oriented di-
agonally, at the angle @ = 45° with respect to the y —
axis. Ordinary and extraordinary refractive indices n,
and n, can be found in literature [22]. Extraordinary in-
dex n.(¢ = 57.6°) associated with R-cut sapphire can be
calculated using values for n, and n, [23]

_ sin’(p)
()2 n2 n2

I cosz(go)

“)

Sapphire exhibits only a weak dispersion in the THz re-
gion, which we take into account by linear fit through
data obtained from literature [22]: n, = 3.047 +0.021 x
1072y and n.(¢ = 57.6°) = 3.274+0.030x 10~"?y. Fur-
ther, we assume that the optical gap at zero temperature
is given as 2A(0) = 4.16 kgT..

Table 1: Parameters of the sample

Film d, T. on(0) substrate d>
[nm] | [K] Q! [mm)]
NbN 15 16 | 0.51 x 10° Al,O3 0.33

4. Transmission calculation

4.1. Free film in zero magnetic field

We begin with theoretical calculation of transmission
through a free superconducting film. This starting point
will be essential later for understanding of more compli-
cated behavior of multilayered systems. Moreover, the-
oretical transmission of free film is also important for

other techniques than laser thermal spectroscopy: Time
Domain Terahertz Spectroscopy [11, 13] or Backward-
Wave Oscillator Spectroscopy [24]. Let us stress, how-
ever, that in this article only the case of normally inci-
dent beam is discussed.

A free film is physically ideal system for measur-
ing transmission, which, however, does not depend en-
tirely on its superconducting properties — its thickness
is equally as important. In the theoretical limit of zero
thickness transmittance 7  reaches unity and, conse-
quently, reflectance R and absorptance A become zero.
With increasing thickness (assuming temporarily that
film parameters do not depend on thickness) transmis-
sion sharply falls while reflection is growing. Absorp-
tion is also growing for small thicknesses, however,
with thickness increasing further huge reflection leads
to a decrease in absorption and, as a consequence, ab-
sorption exhibits a maximum for certain film thickness.
Note that the described thickness dependence depends
significantly on wavelength of the incident light.

As an illustrative example, we calculate optical prop-
erties of a free NbN film with parameters listed in ta-
ble 1. In Fig. 2 transmission, reflection and absorption
are plotted versus normalized dimensionless tempera-
ture 7'/ T, and frequency. Similar calculations for differ-
ent thicknesses of order tens of nanometers show that
these quantities — transmission, reflection and absorp-
tion — are qualitatively the same.

The behavior of these three interconnected variables
can be understood on the basis of &(7,v), as plotted
in Fig. 1. For low temperature and frequency, o is
almost zero and therefore absorption follows this ten-
dency, see lower panel of Fig. 2. Low resistivity in this
region leads to high reflection and consequently to a
low transmission. By careful observation of transmis-
sion in upper panel of Fig. 2 one sees a thermal peak
in the temperature dependence of transmission for fre-
quencies below the optical gap. Numerical analysis ex-
plains this peak as a competition between temperature
dependencies of 1 (T") and 0 (T"), which cause opposite
tendencies on resulting transmission. For even lower
frequencies, when the coherence peak appears in o (7)),
both the real and imaginary parts of conductivity grow
from T, towards lower temperature within a small tem-
perature interval and no peak in transmission is present.
This excludes any direct connection between the coher-
ence peak and the thermal peak described above. For
frequencies around and above the optical gap, o»(7T),
the temperature dependence prevails and transmission
grows monotonically from 7', towards zero temperature.
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Figure 2: (Color online) Transmission (upper panel), reflection (mid-
dle panel) and absorption (lower panel) of free NbN film with param-
eters from table 1. These quantities are expressed in dimensionless
form, as a ratio between the transmitted (reflected, absorbed) inten-
sities and the incoming intensity Ip. The frequency corresponding to
the optical gap is = 1.39 THz.

4.2. Double layer film in zero magnetic field
A thin superconducting film cannot stand alone —
an essential part of any thin superconducting sample

for optical measurements is its substrate layer, usually
much thicker than the superconducting film itself. In
order to explain optical response of such a double-layer
system, one has to assume all possible interference ef-
fects. Moreover, surface roughness and even a very thin
oxide layer on superconductor might generally influ-
ence transmission.

In order to treat transmission of multilayer systems
quantitatively, we utilize Yeh formalism [7, 8]. This
powerful tool can be applied even for anisotropic ho-
mogeneous layers, as described in more detail in Ap-
pendix. If all matrices in Yeh formalism are block di-
agonal (for example in the case of isotropic film and
anisotropic substrate), then ordinary and extraordinary
rays are transmitted through double layer separately and
transmission can be calculated for each ray in the same
way as for isotropic layers and their intensities should
be added at the end [4].
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Figure 3: (Color online) Numerical analysis (red dotted line) of inter-
ference effects for a NbN/sapphire double-layer system. Transmission
of free film (black solid line) and of bare substrate (blue dotted line)
is also given. In upper figure we assumed that NbN film mentioned
in the text is deposited on 0.333 mm thick isotropic Si substrate with
refractive index ng; = 3.4175 constant with variation less than 0.0001
in whole range of interest [14]. Bottom figure displays the case of
NbBN on R-cut sapphire.

Interference effects due to the substrate are very im-
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portant since substrates are typically rather thick (dj
is about tenths of millimeter), with optical thickness
Nsupdsup (Ngyp 18 Of orders unity, typically 2-4) compa-
rable with the wavelength (1 THz corresponds to 0.33
mm) of the incident laser beam. The substrate thus be-
haves as an asymmetric Fabry-Perot resonator. Trans-
mission of such a double-layer system can be greatly
enhanced or diminished, see Fig 3, where the interfer-
ence effects are demonstrated by numerical calculation
for two particular examples of NbN on Si and sapphire
(R-cut) substrates. One sees that the overall transmis-
sion of a double layer is given by transmission through
the NbN superconducting film, but modulated by the in-
terference effects due to its substrate. One can also com-
pare transmission of NbN film on isotropic substrate
(Si) and anisotropic R-cut sapphire substrate. Still, the
temperature dependence of transmission of such a dou-
ble layer system at a fixed frequency preserves all fun-
damental features of transmission through a free film,
but substantially modified. In order to appreciate these
changes, we present the temperature dependence of free
film and double layer system for several selected fre-
quencies in Fig. 4.

In some cases, there is an interlayer between the thin
superconducting film and its substrate. If the interlayer
is very thin, i.e., phase almost does not change as beam
propagates through the interlayer, then its influence on
transmission will be negligible. Following the same ar-
gument, oxidized surface of NbN ~ 1 nm thick [12] will
not have any appreciable effect. For optical measure-
ments, ideally, substrate should be a plane-parallel both
side polished slab with negligible roughness. Rough
surface can be treated by Bruggeman theory as an effec-
tive medium consisting of air or gaseous helium and the
substrate’s material — if the roughness is small enough,
diffraction effects can be neglected. In that case, slightly
rough surface can be thought of as another interlayer
and can be neglected. Let us stress that the supercon-
ducting film itself cannot be neglected since it has enor-
mously high values of refractive index in comparison
with the interlayer material.

Note that any anisotropy of superconducting film
(some superconductors are anisotropic by nature or
anisotropy can be induced by external magnetic field)
in general requires the full power of Yeh formalism.

4.3. Double layer film in non-zero magnetic field
Description of transmission through a superconduct-
ing thin film in non-zero magnetic field becomes much
more complicated. In the case of Voigt orientation one
can measure anisotropic optical properties. Matrices in
Yeh formalism are no longer block diagonal and it is
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Figure 4: (Color online) Comparison of transmission of free NbN film
(solid lines) and NbN thin film on R-cut sapphire substrate (dotted
lines) for several experimentally available frequencies as indicated.
Transmission is normalized by its normal state value.

no longer possible to decompose the beam into two dif-
ferent parts with their own eigenpolarisations — mode
coupling occurs. Fortunately, in the case of our model
sample — NbN thin layer on sapphire — this anisotropic
non-linear system behaves quite reasonably and exhibits
properties similar to those in zero magnetic field.

Returning to the transmission of a free film (Fig. 2),
changes occurring in magnetic field can be explained
relatively easily. First of all, the critical temperature de-
creases with increasing magnetic field. Further, mag-
netic field spoils superconducting properties, which re-
sults in decreasing reflectivity for lower frequencies and
temperatures and, as a consequence, the low transmis-
sion plateau is shifted up. At the same time the maxi-
mum in transmission is shifted towards lower frequen-
cies and temperatures. Not surprisingly, transmission of
superconducting state has a tendency to change towards
its normal state value. Although this crude qualitative
description holds for both vertical and horizontal polari-
sations, there are important quantitative differences. Let
us stress that the presence of the birefringent sapphire
substrate makes these tendencies less straightforward.

Our main aim in this section is to give theoretical
prediction of typical temperature dependencies of trans-
mission for several frequencies available in our experi-
ment. Theoretical calculations of transmission in paral-
lel magnetic field (computed for 0,2,4,6,8 and 10 T) for
two typical linear polarisations of electric field — verti-
cal (E L B) and horizontal (E || B) — for frequencies
demonstrating typical cases for our NbN double-layer
are given in Fig. 5. Experimentally determined critical
temperatures 7.(B) were used — their values can eas-
ily be seen in Fig. 5 as a transmission onset at 7.(B).
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Figure 5: (Color online) Temperature dependencies of transmission
of thin NbN film in (horizontal) magnetic field (0, 2, 4, 6, 8 and 10
T) for three selected frequencies as indicated, for both horizontal and
vertical beam polarisations.

Note that results for Faraday configuration will be qual-
itatively the same as for the case of vertical polarisation
since both these cases follows the same formula (3) and
the only difference in the frame of our model is the dif-
ferent T.(B) dependence.

The predicted temperature dependence of transmis-
sion for low frequencies (Fig. 5 - lower panel) as well
as for those above the optical gap are very similar for
vertical and horizontal polarisation. Especially for fre-
quencies above the optical gap, properties of supercon-
ducting and normal state are almost the same and this is
why any difference between polarisations due to pres-
ence of vortices is hardly expected. A crucial test of our
theory is in the intermediate frequency interval — at fre-
quencies slightly lower than the gap frequency. One can
see in upper and middle panel of Fig. 5 that substantial
differences in transmission for vertical and horizontal
polarisation are indeed expected.

Experimental efforts should therefore concentrate on
this critical interval of frequencies, where this predicted
anisotropy in transmission ought to be easily observ-
able. Moreover, comparison of theoretical predictions
with experiments might shed light on possible impor-
tance of vortex dynamics. Indeed, for polarisation par-
allel with vortex axis one may expect better agreement
with theoretical prediction since in this case transmis-
sion is hardly influenced by possible vortex motion. Ad-
ditionally, optical measurements in Voigt orientation for
horizontal and vertical polarisation might serve as a use-
ful tool in proving the existence and investigating phys-
ical properties of the non-vortex regime [1], starting
from film thicknesses much smaller than the coherence
length and increasing the thickness up to films thick
enough to undoubtedly display vortex dynamics.

Any quantitative prediction how vortex dynamics
might affect transmission seems extremely tricky, as
vortex motion will not only increase dissipation (o)
but at the same time a decrease in the imaginary part
of conductivity can be expected. We are not aware
of any model capable of accounting for vortex mo-
tion over the whole temperature and frequency ranges.
Thus we did not include vortex motion in our trans-
mission calculation. However, in the linear regime
for low frequencies and low temperatures such that
2A(T) > hv the response due to the vortex motion can
be described by Coffey-Clem model [25, 19] or time-
dependent Ginzburg-Landau theory [26]. Together with
influence of thick substrate prone to interference effects,
any quantitatively accurate prediction of transmission
changes are not feasible without further improvements
of the theoretical model which will have to explicitly
include other ingredients, such as BCS response, local

109



charge effects and vortex dynamics.

Let us comment on one substantial disadvantage of
our experimental method. Measured transmission alone
cannot provide complete information on THz properties
of a superconductor, in that it is not possible to obtain
complex conductivity. On the other hand, we already
demonstrated that transmission serves as a convenient
quantity for testing various models and provides use-
ful physical insights. In fact, one can also measure re-
flection and knowing both transmission and reflection,
the complex conductivity can in principle be deduced
[27], however, non-linear nature of equations describ-
ing interference effects does not make such an analy-
sis straightforward. Corresponding values of reflection
and transmission do not have to correspond to unique
values of o and o, which makes correct analysis to-
gether with further complications due to noise and other
sources of experimental errors extremely tricky. A sim-
ple test, starting from o and o to calculate transmis-
sion and reflection and adding realistic noise and then
subsequent use of Newton method to obtain complex
conductivity, revealed that the input values do not al-
ways coincide with the output values. Simultaneous
measurement of transmission and phase is experimen-
tally more demanding, however, in this case the non-
linear system of equations should be numerically more
stable. It is therefore more advantageous to simultane-
ously measure transmission and phase rather than trans-
mission and reflection [28].

5. Conclusions

To conclude, we attempted to discuss THz proper-
ties of classical superconducting films using the explicit
Zimmerman et al. formula for conductivity. We did not
consider the strong coupling case, however, our BCS
theory based approach works well also for supercon-
ductors with 2A(0)/kpT. ratio larger than the theoretical
BCS value of 3.53. As an illustrative example, trans-
mission of NbN thin layer on anisotropic substrate is
computed and presented, and has been found in good
quantitative agreement with our previous experiments
[4] performed in zero magnetic field.

When magnetic field is introduced into superconduc-
tors, BCS theory is no longer capable of exact treat-
ment of their optical properties, as quantized magnetic
vortices significantly alter their superconducting prop-
erties. We incorporated Clem description of a single
vortex into effective medium theory and predicted dif-
ferent behavior for various mutual orientations of ap-
plied magnetic field and linear polarisation of incoming

radiation with respect to the film surface. Since our pro-
posed model is based on zero field BCS conductivity,
it becomes less precise for higher magnetic field. Its
predicting power is further limited by the fact that it ne-
glects vortex dynamics. On the other hand, in our earlier
study [3] we have found that it is capable of explaining
experimental data rather well, at least at qualitative level
and partly also at quantitative level. To the best of our
knowledge, there is no other model capable of quan-
titative description of complex conductivity in various
magnetic fields over sufficiently broad temperature and
frequency range.

Our model calculations lead to a very interesting op-
tion for observing the influence of vortex presence and
vortex dynamics, by measuring optical properties us-
ing linear polarisation parallel with and perpendicular
to vortex axes. In case of horizontal polarisation, radia-
tion does not cause vortices to move and vortex dynam-
ics will not contribute. In experimentally almost identi-
cal situation but with vertical polarisation, electric field
forces vortices to move. It may be very instructive to
compare these two measurements in order to determine
possible influence of vortex motion. Further, measure-
ments with horizontal and vertical polarisation on super-
conducting films of variable thickness (from thicknesses
smaller than the coherence length to thick films display-
ing essentially bulk superconducting features) ought to
indicate an onset of vortex regime. Our experimental ef-
forts directly related to the outlined problems are under
progress and a full account will be reported elsewhere.
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APPENDIX: Yeh formalism

The aim of this appendix is to describe calculation
of transmission through a multilayer system using Yeh
formalism in detail. Multilayer system of interest is in-
troduced in Fig. .6. Explicit formulae for numerical cal-
culations are also given.

Yeh formalism, a 4 x 4 matrix algebra, which com-
bines and generalizes Abeles 2 x 2 matrix method and

110



Jones 2 x 2 matrix method, is introduced to investigate
plane-wave propagation in an arbitrarily anisotropic ho-
mogeneous medium [7, 8]. In this method, each layer
of finite thickness is represented by a propagation ma-
trix which is diagonal and consists of the phase excur-
sions of the four partial plane waves. Each side of an
interface is represented by a dynamical matrix that de-
pends on the direction of the eigenpolarisations in the
anisotropic medium.

A wave equation has to be solved in each layer, with
condition for non-trivial plane-wave solution leading to
a quartic equation for the wavevector k. The four solu-
tions correspond to beams with two different eigenpo-
larisations p, traveling in positive and in negative direc-
tions. Although eigenpolarisation does not have to be
normalized, here we do so for convenience. We assume
that electromagnetic radiation propagates along the z-
axis normally to the sample surface, see figure .6. Thus,
electromagnetic radiation is decomposed into four par-
tial waves

4
E@) = ) Acprexpitks(z=z) =), (1)

o=1

where A, denotes the amplitude and p, is the eigenpo-
larisation vector. Amplitude A, and eigenpolarisation
P depend on the z-coordinate which takes into account
the corresponding layer. Partial waves are ordered, so
E; corresponds to the beam with p; polarisation travel-
ing in positive z - direction, E; beam traveling in neg-
ative z - direction with the same polarisation p; , E;
beam with ps polarisation traveling in positive z - di-
rection and E4 beam traveling in negative z - direction
with the same polarisation ps. In the case of anisotropic
environment the partial waves correspond to ordinary
and extraordinary rays. For isotropic material, polari-
sation can be chosen arbitrarily. For convenience, we
assume linear polarisation. Magnetic field is obtained
from Maxwell equation and is given by

4
H(z) = Z Asqyexpilko(z—2z,) —wt), (2)
o=1
where

qo = (ko /W) X por - (.3)

Imposing the continuity of E,, E,, H, and H, at the in-

10

terface z = z, leads to

4 4
D Ac@pen =1 x= > Ag(zIpo(n) - x
o=1 o=1

4 4
D AP =1)-y = Y AZPon) -y
o=1

o=1

4
D Ac(zas(n) - x

o=1

4
D Ac(@)e(n = 1) x =

o=1

4
D Acz)asn—1) -y =

o=1

4
D Ac@asm) -y, (4)
o=1

where z; (z)) correspond to the left (right) side of the
interface and expressions on the left hand side of equa-
tions are associated with the left side of interface; right
hand side of equations are associated with the right side
of the interface.

Using these four equations we can associate ampli-
tudes atz,_, and z,

Az ) Ai(z,)
Axz ) | _ T As(z,)
AS(Z;_i) =D(n—1)""D(n)P(n) Ay | (.5)
As(Z, ) As(5)
where D(n) is the dynamical matrix
pi(n)-x pa(n)-x p3(n)-x pa(n)-x
Dy =| WY @)y G-y quln) -y
pi(m)-y pn)-y ps(m)-y ps@)-y
Q) -x q@m)-x q(n)-x q@)-x
(.6)

and P(n) is the propagation matrix, which describes free
propagation in the layer and depends only on the phase
excursion of these four partial waves

ethd 0 0
0 ek 0 0
P=1 o 0 etk 7
0 0 0 el

There are no off-diagonal terms since we are working in
eigenpolarisation basis.
The transfer matrix can be defined as

T(n—-1,n) = Dn - 1)"'Dn)P®). (.8)

The matrix equation which relates amplitudes A(z;)
and A(z;,) is therefore given by

A Y M)
Axz) | _ .| Az
ap |=LITE 1o e | @
Ailz) Aslz)
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0 1 2 N N+1

Propagation of |FIR radiation

Figure .6: Schematics and orientation of a multilayered sample. Indi-
vidual layers are enumerated 1,2 ... N and surrounding environment
as 0, N + 1, respectively. The method of calculating resulting transfer
matrix and orientation of the laboratory system are also indicated.

as it is indicated in Fig. .6.

In the case when m is equal to N + 1, this equation
relates amplitudes of incoming and of outcoming radia-
tion for multilayer system with N layers. We can write

Ai(zg) My Mp M My ( Alzy)
Axzg) |_| Ma My My My 0
As(zy) My Mz Msz Msy || As(zy) |
Aq(zy) My My Mgz My 0

(.10)

where we used the fact that incoming radiation propa-
gates from left to right and not the other way around,
therefore putting A»(zy,) and A4(z}) equal to zero.
Ax(zy) and A4(z,) are amplitudes of light reflected from
the multilayered structure with their eigenpolarisations
P2, Ps, respectively. Similarly, A;(z3) and A3(zy) are
amplitudes of light transmitted through the multilayered
structure with their eigenpolarisations p», ps, respec-
tively. These amplitudes can be related to the incoming
light described by amplitudes A1(z;), A3(z;) via trans-
mission coefficients:

ON+1) _ (AI(ZXI)) _ M3; (1)
1 A1) a0 MiMss = MisMs
ON+1) _ (A3(ZX/)) _ —M3, (12)
" A1) [y M1iMss — MisMs,
JON+1) _ (AI(ZX/)) _ —M3 (13)
o A3@) g =0 MuMsz — MisMs

t

(O,N+1) — (A%(Z?\—/) My, (14)

. A3(Z0))A1(z0)=o M Msz - Mi3Ms,

Using the defined transmission coefficient, we can
simplify the algebra:

Ay (o ot [ Auzg) (15)
As(zy) hy t3 )\ As(z) ) '
In the case of isotropic multilayered structure, #;3 and

131 are zero so the matrix in eq. (.15) is diagonal.
Transmittance is given as

T = Z—Z(ml(z;)ﬁ AP (16)

assuming isotropic non-dissipative surroundings.
Analogically, the whole procedure can be applied for
reflection.
In our case, the dynamical matrices of helium gas
(i, = #i, = 1) and superconducting NbN layer have
the same structure:

1 1 0 0
fie -, 0 0

p="0 " 1 1| (17)
0 0 @i,

while the dynamical matrix, Dy, for sapphire is more
complicated:

cos(a) cos(a) sin(a@) sin(a@)
fi,cos(a) —i,cos(a) T(p)sin(a) —7.(p)sin(a)
sin(a) sin(@) —cos(a) —cos(a)
-, sin(@) 7, sin(@)  7i.(¢)cos(a) —ii(p)cos(a)
(.18)

Here 7, is the ordinary refractive index, 7i.(¢) is the ex-
traordinary refractive index and @ = 45° is the angle be-
tween the direction of eigenpolarisation of the normal
beam and x-axis of the laboratory frame. The propa-
gation matrix has the same form as expression (.7) for
every system. In table .2 we specify the corresponding
values of k, (positive sign corresponds to ky, k3, nega-
tive sign to ky, k4).

Table .2: Values of wavevectors

Layer k 1,2 k3,4
NbN £27n, /A | £21n,/A
sapphire +2nn,/A | ¥2xn./A
helium gas +2/A +2/A

As one can see from explicit expressions for dynam-
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systems both matrices will become block-diagonal and
coupling between modes disappears. It is thus possi-
ble to investigate each polarisation independently and
corresponding formulae are greatly simplified. In non-
zero magnetic field the dynamical matrix of NbN film,
eq. (.17), is still block diagonal, thanks to suitably cho-
sen laboratory system, so x- and y-axes correspond to
the direction of eigenpolarisations of ordinary and ex-
traordinary beams.

By different suitable choice of laboratory system one
can make the dynamical matrix of the R-cut sapphire,
eq. (.18), block diagonal, too. However, there is no lab-
oratory system in which these two dynamical matrices
would be block diagonal at the same time.

Mansuripur [29] found a recursive 2x2 matrix formal-
ism which gives results in agreement with Yeh formal-
ism. We have used this formalism to check that results
obtained by the numerical recipe described above are
indeed correct.
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