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Casové fady sestavajici z nezapornjch pozorovani se hojné vyskytuji v praxi napii¢ véd-
nimi disciplinami. Nezapornost danych pozorovani lze vyuzit k odvozeni specidlnich
metod odhadu, které mohou konvergovat rychleji nez klasické silné konzistentni odhady.
Metody odhadu v modelech nezapornych casovych fad vSak musi zohlednit podminky,
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Abstract:

Models for non-negative time series find their usefulness in many diverse areas of ap-
plications (hydrology, medicine, finance). The non-negative nature of the observations
has been utilized for deriving estimators with superior asymptotic properties. For the
purposes of estimation, it is necessary to recognize the situations when the estimated
model indeed defines a non-negative time series. Such non-negativity conditions can
then be used as a basis for constrained optimization. The main thrust of this work is to
review the non-negativity conditions currently available for ARM A models and, more
importantly, to generalize the existing results for some models for which the explicit
result was missing. We center our discussion mainly on univariate models. However, we
note that the pursued ideas are directly applicable also for multivariate time series. This
observation enables determination of some readily obtainable conditions for lower order
vector valued Autoregressive Moving Average models.
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Chapter 1

Introduction

Many time series arising in practice are intrinsically non-negative, in the sense that the
nature of observed phenomena does not allow negative values. Non-negative time series
occur in many different domains of applications involving many seemingly distant dis-
ciplines. Increasing demand for statistical methodologies which can model adequately
such observations has been observed in hydrological applications. Many aspects of hy-
drological cycle, e.g. rainfall runoff, precipitation or streamflow, have been subjected to
non-negative time series models, see e.g. Hutton (1990). Another area of applications
with cumulative occurence of non-negative time series is financial data, see Tsay (2005).

In the context of autoregressive moving average models, the established methodology
based on the assumptions of normality (in the innovation sequence) is no longer appli-
cable to adequately represent the non-negative time series. Instead, more suitable inno-
vation distributions have been sucessively accommodated in the autoregressive/moving
average schemes. The associated estimation theory have been developed by several au-
thors: Andél and Garrido (1991), Andél (1988a), Andél (1988b), Andél (1990), Datta
and McCormick (1995), Bell and Smith (1986).

Parameter estimation in non-negative autoregressive moving average models raises
some additional challenges. Even under the assumption of positive innovations, the
model parameters need to satisfy certain conditions so that the fitted model indeed de-
fines a valid non-negative random process. Such non-negativity conditions can be then
directly incorporated in the estimation scheme, in that the solution can be obtained by
solving a constrained optimization problem. If not included in estimation, the conditions
for non-negativity can be used for a post-hoc verification that our fitted model indeed
corresponds to a non-negative time series. Our interest here will be centered almost ex-
clusively on the non-negativity conditions. For an overview of the estimation techniques
in non-negative time series we refer to the last chapter in this thesis and to the cited
literature.

The practical utility of conditions for non-negativity is recognized mainly in anal-
ysis of financial time series. One important application is modeling volatility of as-



set return. A popular econometric model for volatility modeling is the Generalized
Autoregressive Conditional Heteroscedastic (GARC H) model (Engle (1982), Bollerslev
(1986)). Recently, considerable effort has been made to identify conditions under which
the process of conditional variances in the GARC H model is non-negative almost surely.
Nelson and Cao (1992) present a set of necessary and sufficient conditions for the non-
negativity of a lower order GARC H (p, q) process and a sufficient condition for the general
GARCH (p,q) model. Tsai and Chan (2008) showed that this conditions was also neces-
sary. Recently, non-negativity conditions for hyperbolic GARC H model were provided
by Conrad (2010).

Despite the majority of the up-to-date literature devoted to the conditions for non-
negativity in time series deals with the GARC' H model or some modification thereof, we
believe that the conditions for Autoregressive Moving Average (ARM A) processes are
equally important. However, the literature on the non-negativity conditions for ARM A
models is far more sparse.

In this thesis we give an overview of the state-of-the-art results on this topic. These
involve mainly results for lower order univariate autoregressive and autoregressive moving
average models based on the connection between the non-negativity of a kernel sequence
and absolute monotonicity of its generating function. We aspired to extend the set of
existing results by deriving conditions for higher order univariate ARM A models. Our
methodological strategy consists of two inferential approaches. The first one produces
conditions expressed in terms of roots of autoregressive lag polynomial. This approach
has been utilized to derive non-negativity conditions for lower order AR models, Tsai
and Chan (2007). We demonstrate that this strategy enables derivation of tractable non-
negativity conditions also for ARM A models, namely ARMA(3,1) and ARMA(3,2).
These two models are not the single ones for which the explicit result was missing. To
the best of our knowledge, the conditions for ARM A(2,1) models have also not been
derived yet. We present an explicit result for this model, which appears as a special case
of the conditions we deduce for ARM A(2,q) and finally also for ARM A(p, q) models.
The latter results were derived using the second approach, which rests purely on the
similarity between ARM A and GARCH models. We exploited the existing results for
GARCH models to derive analogous conditions for the general ARM A model.

Finally, we benefit from our experience acquaired in the univariate setting to elaborate
on conditions in multivariate time series. These are based on the observation that the
absolute monotonicity argument applies also for multivariate time series, just with the
coefficients replaced by matrices. We present a set of necessary and sufficient conditions
for two-variate AR(1), ARMA(1,1) and ARM A(q,1) models. Whereas the result for
AR(1) model has been derived previously by Andél (1992), just by different argument,
the two later results are rather new.

We start our discussion with the theoretical introduction into time series methodol-
ogy, Chapter 2. The univariate conditions for the non-negativity are dealt in Chapter
3. The treatment of multivariate conditions is postponed until Chapter 4. In Chapter 5
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we briefly discuss estimation techniques in non-negative time series. We wrap up with a
discussion on further research topics in Chapter 6.
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Chapter 2

Theoretical Set up

In this section we introduce the basic theoretical background for (vector-valued) autore-
gressive moving average time series, following the line of the book of Brockwell and Davis
(1986).

2.1 Univariate Stationary ARMA Processes

Let (2, A, P) be a probability space and let T' = Z be an index set. Denote X (¢,w) a real
valued function defined on 7" x € such that for each given ¢t € T', X (¢,w) is a real random
variable on (2, A, P). Let X; denote the random variable X (¢,w). Then a real valued
time series is defined as a collection of random variables {X; : ¢ = 0,+1,4+2,...}. For
a fixed w € Q, X (t,w) is a real valued function in ¢ known as the realization function.
Given w € €, the sequence {X(t,w) : t € T'} is called a realization of a time series
{X;:t € T}. In the following text we will use the term time series to characterize both
the sequence of random variables and a sequence of realizations. We believe that the
proper meaning will be clear from the context.

Two important probabilistic concepts are often distinguished in the time series lite-
rature: the strict stationarity and the weak stationarity.

Definition 2.1.1. For a given n € N and a set of indices iy, ...,%, denote F;, ;. (-) the
joint distribution function of a random vector (X;,,...,X;,)’. The time series {X; : t =
0,4+1,£2,...} is said to be strictly stationary if

El,...,in (x17 L 7xn) — El—kh,‘..,in—‘-h(xly LIRS 7In)7
for all n € N, any set of integer indices 7y, ..., and any real numbers x1, ..., z,.

The weak stationarity relaxes the distributional assumptions as it operates only with
first and second order moments.

10



2.1 Univariate Stationary ARMA Processes

Definition 2.1.2. The time series {X; : t = 0,£1,42,...} is said to be weakly sta-
tionary if

(1) EX? <o (t=0,%1,42,...),
(2) EX;=c¢ (t=0,£1,£2,...),
(3) E(Xi4n — EXein)(X: — EX,) is independent of ¢ for any choice of h € Z.
Remark 2.1.1. In what will follow, by a stationary random process we always refer to a

weakly stationary random process.

One important class of time series appears as a stationary solution to a certain set
of linear difference equations involving white noise.

Definition 2.1.3. A sequence of random variables {Z; : t = 0,+1,+2, ...} is said to be
white noise with mean p and variance o2, written as {Z;} ~ WN(u, 0?), if and only if
the variables Z;,t € Z, are uncorrelated and have mean u and variance o2.

Remark 2.1.2. The white noise sequence {Z; : t = 0,+1,+2,...} is sometimes called a
sequence of inovations. We do use these two terms interchangeably.

Definition 2.1.4. The time series {X; : t = 0,4+1,+2,...} is said to be an autore-
gressive moving average process of orders p and ¢ (abbreviated as ARM A(p, q)) if
it is stationary and if for every t € Z

Xt - Clet—l — gprt—p - Zt + QIZt—l + e + Qth_q, (211)
where {Z; : t = 0,41,42,...} is the white noise with mean p and variance o and
1, .., p, U1, ..., 0, are real coefficients.

Remark 2.1.3. It is customary to assume that the mean p of the white noise sequence is
equal to zero. Nevertheless, later in the text we will work with ARM A processes with
non-negative innovations. That is why we introduced a more general definition.

Remark 2.1.4. The autoregressive process of order p (abbreviated as AR(p)) refers
to a special case of ARM A(p, q) when g = 0. The moving average process of order ¢
(abbreviated as M A(q)) refers to a special case of ARM A(p,q) when p = 0.

The equation in (2.1.1) is usually written compactly using the back-shift operator B
given by B/X; = X;_; and the lag polynomials

O(z) =1— 12— — p2°

and
0(z) =14+012+ -+ 0,27

Non-negative Time Series 11



2.2 Multivariate Stationary ARMA Processes

as follows:
¢(B)X, =0(B)Z;,, t=0,+1,42,....

The polynomials ¢(-) and 0(-) are called autoregressive and moving average lag poly-
nomials respectively. In practice it is often possible to describe the behavior of the
observed time series using elementary time series like white noise. These are known as
linear time series, as they represent the series as an (infinite) linear combination of the
white noise sequence. This property relates to the concept of causality of a stationary
random process.

Definition 2.1.5. The ARM A(p, q) process {X; :t =0,4+1,£2, ...} defined by (2.1.1)
is said to be causal if there exists a sequence of constants {1;}32,, such that 37 |¢;| <
oo and

Xe=> iZj, t=041,42,.. .. (2.1.2)
j=0

The following theorem (Theorem 3.1.1 in Brockwell and Davis (1986), p. 85) gives a
set of necessary and sufficient conditions for an ARM A process to be causal.

Theorem 2.1.1. Let {X;:t=0,+1,£2,...} be an ARM A(p, q) process for which the
polynomials ¢(-) and O(-) have no common zeroes. Then {X; : t = 0,£1,£2,...} is
causal if and only if ¢(z) # 0 for all z € C such that |z| < 1. The coefficients 1; in
(2.1.2) are determined from the equation

0(z)
¢(2)’

Proof. We refer to Brockwell and Davis (1986), p. 85.

P(z) = b2 = 2| < 1. (2.1.3)
j=0

2.2 Multivariate Stationary ARMA Processes

In many practical situations the variable measured over time, a subject to a time series
model, may be a part of a more complex system. Its behavior may be partially attributed
to some other interacting variables. Modelling co-movements and interactions between
these variables is then necessary to acquire understanding of the underlying mechanisms
in such a system. Multivariate time series are uniquely suited to capture these complex
relationships.

By m-variate time series {X; = (Xu,..., X))t = 0,£1,£2,... } we under-

stand a collection of m scalar time series {X;; : ¢t = 0,£1,4+2,...},i = 1,...,m, which
are observed in parallel and encapsulated for each ¢ € Z in a vector the possibly related
random variables {X;1, ..., Xy, }-

The theory on univariate time series can be extended in a natural way for the mul-
tivariate setting. The concepts of stationarity and causality are analogous.

Non-negative Time Series 12



2.2 Multivariate Stationary ARMA Processes

Definition 2.2.1. The m-variate series {X; = (Xy1,..., Xp) 1t = 0,£1,£2,... } is
said to be weakly stationary if

(1) EX2 <00 (i=1,...,mit=0,+1,42,...),
(2) EXtE (Eth,...,EXtm)/:ll/ (t:O,il,i2,),
(3) E[(Xt4n — EX¢yn) (Xt — EX)'] is independent of ¢ for any choice of h € Z.

Definition 2.2.2. A sequence of random vectors {Z; = (Zy,..., Zyn) :t =0,4+1,4+2,...}
is said to be m-variate white noise with mean g and covariance matrix 3, abbreviated
as as {Z;} ~ MWN(pu, %), if and only if the random vectors Z;,t € Z, have mean p
and for h € N it holds that

> if h=0,

E[(Z:1h — Z,— )=
(Zeen = p)(Ze = W) {0, otherwise,

where 0 denotes a m x m matrix with zero entries and where the matrix X is positive
definite.

Definition 2.2.3. The series {X; = (Xy1,..., X)), t = 0,£1,+2,...} is said to be a
vector-valued autoregressive moving average process of orders p and ¢ (abbrevi-
ated as VARMA(p, q)) if it is weakly stationary and if for every ¢t € Z

Xt - CI)lthl —_ q)pthp - Zt + 61Zt71 + -+ @th,q, (224)
where {Z; = (Zy,..., Zim) : t = 0,£1,£2 ...} is a m-variate white noise sequence
with mean vector p and covariance matrix 3 and where ®;,®,,...,®,,01,0,,...,0,

are real m X m matrices.

Again, the equations in (2.2.4) can be rewritten using the back-shift operator B(-)
and matrix-valued autoregressive polynomial

®(2)=1, — Pz —---—P,2°F
and moving average polynomial
O() =1, +012+ 602> +--- + 0,27

as follows:

The definition of a causal multivariate process is practically the same as the Definition
2.1.5. The only difference is that the coefficients {1;}22 in the univariate setting are
now replaced by matrices {W;}22,.

Non-negative Time Series 13



2.2 Multivariate Stationary ARMA Processes

Definition 2.2.4. The vector-valued autoregressive moving average process {X,; =
(Xuy. ooy Xem) ot = 0,£1,£2,...} defined by (2.2.4) is said to be causal if there

o
m
exists a sequence of matrices {\Ifk = ( fj) . 1} , which is absolutely summable, i.e.
L= k=0
Yoo |1/ij\ <oo (i,j=1,...,m), and such that

[o.¢]
X,=) WZiy, t=0,41,42,....
k=0

The necessary and sufficient condition for the VARM A process to be causal is sum-
marized in the following theorem.

Theorem 2.2.1. Let {X; = (Xy,..., Xpm) :t = 0,£1,+2,...} be a VARMA(p,q)
process. Then {X; :t=0,£1,£2,...} is causal if

det[®(2)] #0 forall ze€ C such that |z| <1.

The matrices W, are then determined uniquely from
W(z) =) U2/ =®(2)7'O(2), 2| <L

Proof. The proof can be found in Brockwell and Davis (1986), p. 408.

Non-negative Time Series 14



Chapter 3

Non-negativity Conditions for
Univariate ARMA Processes

The amount of literature on non-negativity conditions for ARM A models is relatively
modest. Relevant work on this topic has been done by Andél (1991), who derived
necessary and sufficient conditions for the non-negativity of AR(2) and AR(1) models.
His work falls within the framework of conditions which are formulated naturally as a
set of constraints on the autoregressive model parameters. In some situations, however,
it may be more convenient to express the non-negativity conditions in terms of roots
of autoregressive (and/or moving average) polynomials. This methodological framework
builds on the theory of absolutely monotone functions and has been introduced by Tsai
and Chan (2007). The ease of verifiability of the two types of conditions is model
dependent.

This section provides a compact review of the two approaches and discloses some
interesting connections between them. Some of the presented results are rather new, as
we have not found any equivalent in the literature published to date. Our contributions
can be summarized in the following points:

e Tsai and Chan (2007) derived sufficient and necessary conditions for AR(1), AR(2),
AR(3), AR(4) models. We provide a set of sufficient and necessary conditions for
an autoregressive model of a general order.

e Tsai and Chan (2007) derived sufficient and necessary conditions for ARM A(1, q)
models. We provide recipes for explicit results for ARM A(2,1), ARM A(3,1) and
ARMA(3,2).

e Tsai and Chan (2007) provided only necessary conditions for ARM A(p, q) pro-
cesses. We argue that the conditions of Tsai and Chan (2008) for GARCH (p, q)
processes can be applied with only slight modifications also for ARM A(p, ¢) mod-
els. We take advantage of this similarity and formulate an analogous set of sufficient

15



3.1 Non-negativity Conditions for Linear Processes

and necessary conditions for ARM A models of general orders. We will see that
these conditions are relatively easy to verify for ARM A(2,q) models.

Our discussion will start with the conditions for non-negativity of a general linear
process.

3.1 Non-negativity Conditions for Linear Processes

We have seen in Theorem 2.1.1 that under mild assumptions on the zeroes of the lag
polynomials, the ARM A process can be expressed as an infinite sum of weighted lagged
inovations, i.e.

Xe=> iZ; (t=0,£1,£2,...). (3.1.1)
j=0

A similar property holds also for the conditional variances in GARC H models, where
squared inovations are used instead. Clearly, if the sequence of weights in the infinite
linear combination is non-negative, the process of conditional variances must be also
non-negative. The same would apply for the ARM A process if we assumed that the
inovation sequence {Z; : t = 0,4+1,4+2,...} in (3.1.1) consists of non-negative random
variables.

Definition 3.1.1. A sequence of random variables {Z; : t = 0,£1,4+2,...} is said to
be a non-negative inovation sequence if the random variables Z; are uncorrelated,
P(Zf>0)=1and 0 < var Z; < o0, Vt € Z.

The following result of Andél (1991) shows that when the distribution of the non-
negative innovation sequence satisfies certain conditions, the non-negativity of {@Z)j};?‘;o
is also a necessary condition for the non-negativity of the resulting linear process.

Theorem 3.1.1. Let {Z; : t = 0,+1,£2,...} be a non-negative inovation sequence.
Assume that the inovations are iid random variables with a distribution function F(-).
Assume that F(d) — F(c) <1 for all 0 < ¢ < d < oo. If there ezists an index k € Z such
that ¥ < 0, then with probability one X; < 0 for infinitely many indices t € Z.

Proof. A proof can be found in Andél (1991).

From Theorem 3.1.1 and the preceding discussion it follows that it makes enough
sense to investigate conditions under which the non-negativity of the sequence {@Dj};";o
holds. As will be seen in a while, the non-negativity of the “kernel” sequence {; 20
can be related to the absolute monotonicity property of its generating function. Let us
first recall definitions of a generating function and an absolutely monotone function.

Definition 3.1.2. Let {1;}32, denote a sequence of real numbers v, 1, ... . If

Y(2) = o + b1z + o2 + ... (3.1.2)

Non-negative Time Series 16



3.1 Non-negativity Conditions for Linear Processes

converges in an interval —zy < z < zg, where z5 € R, then 4)(-) is called the generating
function of the sequence {1;}3,.

Definition 3.1.3. A continuous function f(-) is said to be absolutely monotone in the
interval 0 < z < 1 if all the derivatives £ (z) (n € N) are non-negative for 0 < z < 1.

The following theorem links the non-negativity property of the sequence of real num-
bers with the absolute monotonicity property of its generating function.

Theorem 3.1.2. The sequence of real numbers {wj};?’;o is non-negative if and only if
its generating function ¢ (2) is absolutely monotone in 0 < z < 1.

Proof. The proof can be found in Feller (1971), p. 232.

Remark 3.1.1. Feller (1979), p. 232, proves even stronger statement about absolutely
monotone functions, namely the equivalence of the following conditions:

(1) a continuous function f(z) defined on 0 < z < 1 is absolutely monotone,

(2) a continuous function f(z) defined on 0 < z < 1 admits a power series representa-
tion (3.1.2) with non-negative coefficients.

The linkage between the non-negativity of the weights {1/}52, in the infinite moving
average representation and the absolute monotonicity of its generating function allows
derivation of several easily verifiable non-negativity conditions. The sustainability of
absolute monotonicity with respect to multiplication is especially helpful, as will be seen
later in this section.

Theorem 3.1.3. A product of two absolutely monotone functions is absolutely mono-
tone.

Proof. A proof can be found in Widder (1946), p. 145.

3.1.1 The Implications for ARMA Processes

From the discussion above, we can already draw some important implications for the non-
negativity of ARM A models. These will be utilized throughout next sections. Therefore
we find it convenient to introduce them already at this point.

From this point onwards, whenever we mention autoregressive moving average mod-
els, we implicitly assume that the polynomials 8(z) and ¢(z) have no common roots.

Theorem 3.1.4. The kernel sequence {wj};?‘;o in the moving average representation of
the general ARM A(p, q) process is non-negative if and only if its generating function

0(z)
b(2)

Y(z) = (Il <1)

s absolutely monotone in 0 < z < 1.
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3.1 Non-negativity Conditions for Linear Processes

Proof. A proof follows directly from Theorem 3.1.2.
The following necessary condition for the non-negativity of the kernel sequence will
be repeatedly utilized in next sections.

Theorem 3.1.5. Let A\q,...,\, denote the roots of the autoregressive lag polynomial
¢(z) =1 — 1z — ... ¢pp2P, such that 1 < |A\i| < [Ag| < -+ < |N\,|. Assume that these
roots are distinct. If the kernel sequence {1}32, of the ARMA(p,q) process is non-
negative, then A\ is real and \y > 1.

Proof. The indication of the proof was given in Tsai and Chan (2007). We will discuss
it in more detail.
By the equation (4.8) in Feller (1968), p. 276, we have

p

T
wnzz)\?ﬂ, n > max(q¢ —p,0) + 1, (3.1.3)
i=1
where r; = — 4)?1()’\(")3_). First assume that A; € R. We can write

n+1

p
A
%ﬁ\?“ =r+ E </\—1) ri.
i=2 g

Assume that a root A\;,i € {2,...,p}, is real. From the assumption |A;| < |);| it holds

that "
A"
lim r; | = — 0.

If a root A\;,i € {2,...,p — 1}, is complex and \;;; = \;, then we have

)\?Hri )\?Hﬁ'ﬂ In+1 A e
APt " A = 2Relri™) A2 '

) Tntl A n+1 | n+1 . Al n+1'
Since, [2Re(r; A7) <|/\:‘2> < 2|ry] (IM) and lim,, o 2|7 <|/\i|> is zero, we

. )\1 ) n+1 ( )\1 ) n+1
lim r; [ — + r; =0.
n=o0 <Ai T\ i

p )\ T'L+1
lim Z ()\—1> r; =0,
i=2 N7

have

This altogether gives
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3.1 Non-negativity Conditions for Linear Processes

which implies that

n)\n+1
lim LA g (3.1.4)
n+1 oo
Now assume that A\; < —1. The sequence {%} is of oscilating sign, meaning that
i=1

n+1
% is negative for infinitely many n € N. Therefore, it is not possible that the limit
of this sequence equals one. This implies that if Ay € R and |\{| > 1, it must be greater
than one.

Now assume that \; € C and \y = \;. We can write

W !A”*ll——me(ﬁx?ﬂ) p (M)nﬂr-
n|\1 |A?1’L+1| - )\z I8

i=

Similarly as in the previous case, the assumption |A;| < |);| implies
P n+1
| |
lim — ri =20

Yu AT
im - =

We claim that there exists an infinite number of indices n € N such that 2Re(r; \})
is negative. We prove this claim by contradiction. Assume that 2Re(r;A\}*!) is non-
negative Vn € N. This assumption is without loss of generality, since we could (without
much change in the proof) assume that 2Re(r; A7) > 0 for all n € N, which are greater
than or equal to some ny € N.

Denote r; = Ae!® and \; = Be'®. Then we have 2Re(r; A\]1!) = 2 cos[a + (n + 1)4].
Note that it is not possible that 2 cos[ae + (n 4+ 1)3] = 0 for all n € N. Even if we could
find n € N such that 2cos[a + (n + 1)3] = 0, then 2cos[a + (n + 2)5] would not be
zero. This follows from the fact that 3 # km, k € N (because we assumed \; € C). That
means there exist infinitely many indices n € N such that 2Re(r; A7) > 0. For those
n € N, two situations can occur

(i) 0 < [a+ (n+ 1)F]mod 27 < 7/2, or

and therefore
(3.1.5)

(i) 37/2 < [+ (n + 1)B]mod 27 < 2.

Because 3 # km, k € N, there must exist integer K such that /2 < (K;5)mod 27 < 7.

Assume n € N satisfies the condition in (i). Then it holds that 7/2 < [a + (n + K +
1)B]mod 27 < 37/2, which implies that 2Re(r; A} **1) is negative for such n € N. For
those n € N, which satisfy (ii), we have 7/2 < [a + (n — K + 1)8]mod 27 < 37/2. This
implies that 2Re(r; \f~*™) is negative. One way or another, there exists an infinite
number of indices n € N, such that 2Re(r; A7) is negative. This, however, contradicts
the fact that the limit in (3.1.5) is one. Therefore A\; cannot be a complex number. [J

Non-negative Time Series 19
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Remark 3.1.2. The assumption that all the roots are distinct can be relaxed. The The-
orem 3.1.5 still holds, provided that the root \; is of the multiplicity one. If, say, root

Aiyi € {2,...,p}, is of the multiplicity 2, the expansion in (3.1.3) will contain an addi-
a(n+1)
P2

tional term of the form . This term has no impact of the limit behavior in (3.1.4)

and (3.1.5). A similar property holds for multiplicities higher than 2.

From now onwards, we will assume that the noise sequence in the infinite moving
average representation of a causal ARM A process is the non-negative inovation sequence.
The non-negativity of the series {X; : t = 0,+1, £2, ... } with such a representation then
boils down to the non-negativity of the sequence {¢;}32,. In the following sections we
discuss separately some interesting cases of lower order ARM A models as well as general
conditions for ARM A(p, q) models. We start with the discussion of AR models.

3.2 Autoregressive processes

Investigating the non-negativity of the kernel sequence {1); };";0 via the absolute mono-
tonicity property of its generating function % (z) in (2.1.3) has appeared to be a fruitfull
idea. Tsai and Chan (2007) derived a variety of sufficient, necessary, and sufficient and
necessary conditions for ARM A processes. In this section we review the existing results
for lower-order autoregressive processes and we suggest necessary and sufficient condi-
tions for a general AR(p) process. We start with the simplest possible model, the AR(1)
model.

3.2.1 AR(1)

The AR(1) process {X; :t =0,£1,42,...} with non-negative innovations is defined as
a stationary solution of the following stochastic difference equations

X=Xy 1+ 27 (t=0,£1,4£2,...),

where {Z; : t = 0,+1,42,...} is the non-negative inovation sequence from Definition
3.1.1. From the Theorem 2.1.1 we know that in order the process {X; : t = 0, +1,4+2,...}
to be causal it must hold that |¢;| < 1. The fulfillment of the causality condition allows
the following linear representation

Xo=> Z; ; (t=0,£1,£2,),
j=0

where ¢; = ¢{. Clearly, the kernel sequence {9, 720 Is non-negative if and only if ¢; > 0.
The following theorem summarizes the non-negativity of the AR(1) process formally.
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3.2 Autoregressive processes

Theorem 3.2.1. Let {X,:t=0,4+1,£2,...} be AR(1) process. Denote A\, the root of
the autoregressive lag polynomial ¢(z) =1 — ¢1z. The sequence {wj};?‘;o 18 mon-negative
if and only iof Ay is real and Ay > 1.

Proof. In order \; to be well-defined, assume that ¢; # 0. The root A\; of the autore-
gressive polynomial 1 — ¢,z = 0 is always real and equals \; = i In order to assure the
non-negativity of {1;}52,, it is necessary and sufficient that 0 < ¢; < 1. This condition
is equivalent to A\; > 1. [

Remark 3.2.1. Another way to prove the sufficy in Theorem 3.2.1 is by exploiting the
properties of absolutely monotone functions. For the AR(1) proces, the generating func-

tion is the following
1

A1

For 0 < z < 1 and A; > 0 the n—th derivative

' —(TL+1)
O (R
W) = (1- 1)

is non-negative for every n > 0. In other words, for A\; > 1 the function 4 (z) is absolutely
monotone in 0 < z < 1. By Theorem 3.1.2, this is equivalent to the non-negativity of

{51520
Remark 3.2.2. The necessity of the condition A\; > 1 in Theorem 3.2.1 follows also from
the Theorem 3.1.5.

The non-negativity conditions for AR(1) process were rather trivial. The situations
gets more complicated for AR(2).

3.2.2 AR(2)

The AR(2) process {X; :t=0,4+1,£2,...} with non-negative innovations is defined as
a stationary solution of the following autoregressive equations

Xi— 01Xy 1 — X o=2; (t=0,£1,£2,...).

The causality condition from Theorem 2.1.1 demands that the roots of the autoregressive
lag polynomial \; and Ay are outside the unit circle. Said in terms of autoregressive
parameters ¢; and ¢o, this translates as follows:

¢1+¢2<17 ¢2_¢1<1, ¢2>—1.
Andél (1991) has shown that the non-negative parametric region for AR(2) process is
pr+da <1, ¢7+402>0, ¢ >0. (3.2.6)

The same conclusion supported by a different argument was given also by Tsai and Chan
(2007). They formulated the following non-negativity conditions.

Non-negative Time Series 21



3.2 Autoregressive processes

Theorem 3.2.2. Let {X; :t =0,4+1,£2,...} be an AR(2) process. Denote A1, \y the
roots of the autoregressive lag polynomial ¢(z) = 1— 12— po2?, such that 1 < |A| < |Aof.
Then the sequence {@/)j};-";o 1s non-negative if and only if Ay and Ny are real, \y > 1 and
M+ >0.

Proof. We reproduce the proof as it was given by Tsai and Chan (2007). The necessity of
the condition \; > 1 follows from the Theorem 3.1.5. Note that roots of a real polynomial
are either all real or come in conjugate imaginary pairs. The necessity of Ay € R hence
comes along with the necessary condition A; € R. The necessity of A\{* + ;" > 0 follows
from two facts: (1) the coefficient ¢; of the autoregressive lag polynomial 1 — ¢12 — @22
equals A\; ' + Ay ', (2) from the equation (3.3.5) of Brockwell and Davis (1986) p. 91 we
get ¥y = ¢1.

To prove the sufficiency of given conditions, we first assume Ay > 1. The generating
function of the sequence {1;}32, is

1
-0 =-%)

From Remark 3.2.1 we know that for 0 < z < 1, Ay > 1 and Ay > 1, each of the two
factors in (3.2.7) is an absolutely monotone function. According to Theorem 3.1.3, the
function (z) is also absolutely monotone. The non-negativity of the sequence {9; }20
then follows from Theorem 3.1.2.

Now we prove the sufficiency of Ay > 0 and 1/A; — 1/Ay > 0 for Ay < —1. According
to equation (4.8) in Feller (1968) p. 276 it holds that

1 1 1
i G ) 525

The coefficient ¢ equals —ﬁ. Provided that \; > 1 and Ay < —1, we have ¢ > 0 and

also A\; — Ay > 0. The non-negativity of (3.2.8) is then assured whenever /\n—1+f — ﬁ > 0.
1 2

P(z) = (3.2.7)

This expression is always non-negative for n = 2k. For n = 2k + 1 we can rewrite it as

)\,}H e /\21)n+1, which is non-negative because we assumed /\1’1 + A5 '>0. O
1

Remark 3.2.3. The assumption A;' + ;' > 0 in Theorem 3.2.2 is somewhat redundant.
For \; > 1 and Ay > 1 it holds trivially and for A\; > 1 and Ay < —1 it translates as
A1 < |Ag, which we assumed anyway.

Remark 3.2.4. There is indeed a mutual correspondence between the Theorem 3.2.2
and the non-negativity parameter constraints in (3.2.6). Since ¢; = A" + A;', the
condition )\fl +A5 1'> 0 coincides with ¢1 > 0. The condition A; > 1 is contained within
)\1_1 + )\2_1 > 0. If Ay < —1, we would have 0 < Ay < —A;. This would contradict our
nontation 1 < |A;| < |X]. Next, the two roots Aj, Ay are real if and only if ¢? + 4¢y > 0.
The non-negative causal parametric region for AR(2) process is depicted on Figure 3.1.
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The non-negativity region: AR(2)

phi2
0

Figure 3.1: The AR(2) non-negativity parametric region for ¢; and ¢2

3.2.3 AR(3)

Now, we consider a causal AR(3) process {X; : ¢t = 0,£1,42,...} with non-negative
innovations, determined from the following stochastic difference equations

Xt - lethl - ¢2Xt72 - ¢3Xt—3 = Z: (t = 07 il, iQ, cee )7

where the roots of the autoregressive lag polynomial ¢(z) = 1 — 12 — 92? — @323 lie
outside the unit circle. We distinguish the following two situations: (1) all the roots
of the autoregressive polynomial are real, (2) one root is real and the other two form
a complex conjugate pair. In the first scenario, the conditions for the non-negativity
are analogous to those for AR(2) in Theorem 3.2.2. The proof rests purely on algebraic
operations with inequalities and is rather lengthy. We do not reproduce it here and refer
a reader to T'sai and Chan (2007).

Theorem 3.2.3. Let {X, :t = 0,£1,42,...} be an AR(3) process. Denote \i, A2, \3
the roots of the autoregressive lag polynomial ¢(z) = 1 — ¢p12 — o2® — ¢323, such that
L<|M] < A < [Xs]. Assume N; € R, j = 1,...,3. Then {;}22, is non-negative if
and only if \{P+ A\t A3 >0 and A > 1.

Proof. A proof is given in Tsai and Chan (2007).

Now, consider the second situation. Denote again A\;, Ay and A3 the the three roots
of the autoregressive lag polynomial so that 1 < |A;| < [A2| < |As]. From Theorem 3.1.5
the conditions \; € R and A\; > 1 are necessary for the non-negativity of {¢/}52,. In the

Non-negative Time Series 23



3.2 Autoregressive processes

following, we assume they are satisfied. Denote further Ay = A\3 = a + bi, where a,b € R
and b > 0. From the equation (4.8) in Feller (1968) p. 276 it holds that

™ (] T3
wn = n+1 + n+1 + n+17
A Ay Ay

where r; = —m, i =1,2,3. More specifically,

1 1 1
P VRS T Wy W Ll 5 Wy W T 6 Wy v S L e o 5 WS W 15 W W &

Now denote ¥ = 1,| A1 — Ao|> AT Ao|>"+2. Then we have

r =

)\111—&-2()\;—&-1 _ )\121—&-1) B /\?4—1(/\?4—2 _ /\34-2)

=[Pt 3.2.9
i =lpafprsz o A2 A (3:2:9)
NP2 A" sin](n + 1)0] NPT A2 sin[(n + 2)6)]

=[Ag? 2 22 -4 3.2.10
sl * | A2| sin @ | A2| sin @ ( )

X |"T [ Ao sin[(n+2)0]  sin[(n + 1)6]

_\n+2 n _2 . _2

=M [ A M sin 6 + sin @ (3.2.11)

Denote ' \a _ g
Frolz) = ant? — pSln + 2)0] | sinl(n + 1)6] (3.2.12)

sin 6 sin 6
It is not difficult to see that the following three conditions are equivalent:

(a) the single coefficient 1), is non-negative,

(b) the single coefficient 1 is non-negative,

(c) fn,9<

The function f,4(-) is increasing on [1,00) for any n € N and 0 € (0,7). This stems
from the following fact: for x > 1 and 6 € (0, 7) it holds

A2
A1

) is non-negative.

in|(n 0
hol@) =(n + 2yt - 2

(n+2)sinf — sin[(n + 2)6]
sin ¢

>

> 0.

We have utilized the following inequality sin[(n + 2)0] < (n + 2)sin 6, for 6 € (0, 7) and
any n € N. A proof of this inequality can be found in Tsai and Chan (2007) Now, there
are two possibilities:
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(1) fne(1) >0, implying that the function f,¢(z) is non-negative on [1, c0),

(i) fne(1l) <0, implying that there must exist one point x, ¢ such that f,¢(z) > 0 on
the interval (x, g, 00).

For some choices of # € (0,7), namely 0 = 27/k(k = 3,4,...), it is automatically
assured that f, (1) > 0 for all n € N. The condition for the non-negativity of the
sequence {1;}32, then boils down to [Ag|/A1 > 1.

For more “general” 6’s the condition |As|/A; > 1 is not sufficient to assure the non-
negativity of the whole sequence. Let us take one such 0* # 2xw/k (k = 3,4,...). Then
there exists a non-empty set of indices Iy~ such that Vn € Iy, f,0-(1) < 0. We know
that for any n € Iy, there exists a real number z, 9 > 1, such that f,¢«(z) > 0 for
x > ,9-. The non-negativity of the single coefficient i,,,n € Iy, is then equivalent to
the condition |Aa|/A; > @, 0+ In order the whole sequence {1, }3°, to be non-negative,
|X2|/A1 has to be at least as large as the maximum of the roots z. = max,ecy,. Tno+-

In summary, if the complex root \; has the argument 6* and an absolute value greater
than or equal to ;. x A, then the sequence {%}‘;‘;0 is non-negative. Tsai and Chan
(2007) showed that z}. = x,, -, where ng = min,¢,. n. They also showed that n € Iy
if and only if sin[(n 4 1)8*] < 0 and sin[(n + 2)0*] > 0. Their result for AR(3) process is
summarized formally in the following theorem.

Theorem 3.2.4. Let {X; : t = 0,+1,42,...} be an AR(3) process. Denote i, A2, \3
the roots of the autoregressive lag polynomial ¢(z2) = 1 — ¢p12 — 22 — @323, such that
1< M| < [N < |\3|. Assume Ny = A3 = |Mel? = 1+ bi, where a,b € R, b > 0 and
0<6<m.

(i) If 0 = 2w /k for some integer k > 3, then {1;}52, is non-negative if and only if
|)\2| > /\1 > 1.

(i) If 0 ¢ {27 /k|k = 3,4,...}, then {1;}32, is non-negative if and only if |Xa|/ X1 >
Tog > 1, where xog is the root of fu,e(x) =0, where

s sinl(ng +2)6]  sinl(no + 1))
sin 0 sin 0

fn0,9($) =

and ng is the smallest positive integer n such that sin[(n + 1)0] < 0 and sin[(n +
2)0] > 0.

(1) If a > A\ > 1, then {1;}32, is non-negative.

Proof. A proof is given in Tsai and Chan (2007).

Remark 3.2.5. The conditions in Theorem 3.2.4 are slightly more difficult to verify, since
they do not involve model parameters but roots of the autoregressive lag polynomial. A
graphical representation of the conditions might help to clarify them. Let us suppose
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AR(3): Negativity region for the complex roots

im
0
|

real

Figure 3.2: Regions of negativity and non-negativity of the sequence {v; };‘;0 for AR(3) and A\; =3

that the real root \; of the polynomial 1 — ¢z — ¢92% — ¢322 is equal to 3 and the other
two roots are complex. The complex roots Ay = A3 have to satisfy at least one of the
conditions in the Theorem 3.2.4 to assure the non-negativity of the sequence {1; 720

The plot in Figure 3.2 shows two regions in complex plane, divided by a closed curve
(coloured with dark blue). The “blue” area represents those complex roots Ay and Az for
which at least one coefficient in {1;}32, is negative. Note that the roots Ay are depicted
in the “positive hemisphere” (i.e. positive imaginary part), whereas the conjugates A3 lie
in the negative hemisphere. The area complementary to the blue domain, is the region
of the non-negativity described analytically in Theorem 3.2.4.

According to the part (i) in Theorem 3.2.4, the complex roots Ay = A3 with argument
0 = 2r/k,k = 3,4,..., need to have absolute value greater than 3 in order to assure
the non-negativity. The black dashed lines in Figure 3.2 correspond to roots A\, with
respective arguments 27 /3,27 /4,27/5,27 /6. The red points then correspond to those
roots which have the absolute value equal to Ay = 3. These points indeed lie on the
border of the negativity region.

According to the part (ii) in Theorem 3.2.4,if 0 ¢ {27/k : k = 3,4,... }, in order the
root Ay to fall into the non-negativity region, its absolute value must be greater than 3
times the “maximal root” zyy > 1. This explains the cloud-like shape of the negativity
region.

According to the part (iii) in Theorem 3.2.4, if the real part a of the complex roots
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Psi_1 Psi_2 Psi_3
©w - o - o -
<+ <+ <+ -
o~ o o ]
E o E o E o
% o+ % o
< | + <+
i i |
il T 54
T T T T T T T T T T T T T T T T T T
-6 -4 -2 0 2 4 -6 -4 -2 0 2 4 -6 -4 -2 0 2 4
real real real
Psi_4 Psi_5 Psi_6
© o P
<+ — =<+ - <+ -
~ - o ~
E o E o E o
o o o
i [ i
T I ¥
ik iy i
T T T T T T T T T T T T T T T T T T
-6 -4 -2 0 2 4 -6 -4 -2 0 2 4 -6 -4 -2 0 2 4
real real real

Figure 3.3: Regions of negativity (in blue) of the single coefficients 1, ..., for AR(3) and A\; = 3, the blue curve
corresponds to the boundary of the AR(3) negativity region

A2 and )3 is greater than 3, the sequence {1;}52, is non-negative. We notice from the
picture that the cloud is located to the left from all complex values with a real part
greater than 3.

In fact, the blue region in Figure 3.2 is an union of infinitely many smaller regions,
each representing the negativity of each of the coefficients 1);, see Figure 3.3. The area
of negativity of ¢ is a circle centered at [—A;, 0] with a diameter A\;. A negativity region
for 1), consists of two “drops” connected at origin and so on.

3.2.4 AR(p)

In this section we discuss non-negativity conditions for higher order autoregressive pro-
cesses. Recall that the AR(p) process {X, : t =0,+1,42,...} is defined as a stationary
solution of the following stochastic difference equations:

Xt - ¢1Xt_1 - ¢2Xt_2 ... gprt—p - Z: (t - O7 Z|:]_, Z|:2, e )

Again we assume the process is causal and that the innovations are non-negative. One
particular result for AR(4) models has been derived by Tsai and Chan (2007). The proof
is again a rather technical application of algebric operations and we omit it here.
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Theorem 3.2.5. Let {X; :t =0,£1,+2,...} be an AR(4) process. Denote A1, Ao, A3, \y
the roots of the autoregressive lag polynomial @(2) = 1 — ¢12 — ¢o2? — P32 — dy2*, such
that 1 < A < || < |As] < |Ay|. Assume \; € Ryi = 1,...,4. Then the sequence
{¥i}320 is non-negative if and only if Ay > 1 and AMPENTENTEA>0.

Proof. A proof is given in Tsai and Chan (2007).
Remark 3.2.6. Given the Theorem 3.2.3 and Theorem 3.2.5, one would expect that
conditions A\; > 1 and -7 | A;!' > 0 are sufficient and necessary for a general AR(p)

process to be non-negative, as long as the roots \; are all real. A proof of the necessity
is not difficult.

Theorem 3.2.6. Let {X; :t =0,%+1,%2,...} be an AR(p) process. Denote A\, Aa,..., A\,
the roots of the autoregressive lag polynomial ¢(z) = 1 — ¢12 — — ¢p2P, such that
AL < Xof <o KN If the sequence {15152, is non-negative, then Z >0, \
15 real and greater than one.

i=1 j

Proof. We reproduce the proof from Tsai and Chan (2007). The autoregressive lag
polynomial can be expressed as follows:

—1—2@,2 _H<1_)\%)'

=1

Comparing the coefficients on both the sides, we get ¢, = /\_1 From equations
(3.3.5) in Brockwell and Davis (1986) p. 91 we know that ¢; = ¢1 Therefore NP N>
0 whenever {1;}32, is non-negative. The necessity of the condition A\, € R and )\1 > 1
follows from Theorem 3.1.5. [
Remark 3.2.7. The sufficiency of the conditions in Theorem 3.2.6 is more difficult to
show. It has not been yet proven analytically in the literature.

In Section 3.3.7 we will derive a set of sufficient and necessary conditions for the
non-negativity of ARM A(p, q) processes. These conditions can be easily accommodated
for AR(p) processes. In contrast to what we had so far, these conditions utilize model

parameters rather than the zeros of autoregressive lag polynomial. We formulate the
result for AR(p) now, but wait with the proof until the Section 3.3.7.

Theorem 3.2.7. Let {X; : t = 0,£1,£2,...} be an AR(p) process. Denote A1, Aa, ..., A\,
the roots of the autoregresswe lag polynomial ¢(z) = 1 — g1z — -+ - — @2, such that
IA1] < [Ao| < -+ < N|. Assuming that these roots are distinct, the conditions (1)-(2)
are necessary and sufficient for {wj} o to be non-negative:

(1) A1 is real and Ay > 1,
(2) V>0 for k=1,... k",
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where k* is the smallest integer greater than on equal to max{0,~}, where

_logry — log[(p — 1))
log ‘)\1\ — log ‘)\2‘

-1

with r* = maxs<;j<p ’Tj’ and ry = _¢<+()‘j)7 1 < ] < b

Proof. A proof follows from Theorem 3.3.18.

Remark 3.2.8. Assuming that the roots \; are distinct and real, the sufficiency of the
conditions in Theorem 3.2.6 could be proven by showing that the v in Theorem 3.2.7
equals 1.

Some other sufficient conditions for the non-negativity of AR(p) processes can be
readily obtained, again using the properties of absolutely monotone functions.

Theorem 3.2.8. Let {X; :t = 0,£1,£2,...} be an AR(p) process. Denote A1, Aa, ..., A
the roots of the autoregressive lag polynomial ¢p(z) = 1 — 12 — -+ — ¢,2P, such that
A< Ao <o <N If all the Ay, ..., N\, are real and greater than one, then the
sequence {1;}52, is non-negative.

Proof. The generating function is now a product of p factors:

p
1
2) = : 3.2.13
v =11~ (3213)
If all the roots \; are real and greater than one, each of the factors in (3.2.13) is absolutely
monotone in 0 < z < 1, see Remark 3.2.1. Their product is absolutely monotone as well,
implying that the sequence {9; }320 is non-negative. [

Remark 3.2.9. Another set of sufficient conditions can be obtained when the roots are
not necessarily all real. Recall that roots of the real autoregressive lag polynomial ¢(z)
are either all real or occur in conjugate imaginary pairs. If for each complex pair we can
find a real root for which one of the conditions in Theorem 3.2.4 is satisfied, then the
generating function 1 (z) = 1/¢(2) is absolutely monotone.

3.3 Autoregressive Moving Average Processes

In this section we concentrate on the conditions for the non-negativity in ARM A time
series models. Similarly as in the previous section, we will investigate situations, when
the sequence of weights {wj}J‘?‘;O in the infinite moving average representation is non-
negative. Some conditions for ARM A models emerge as a natural extension of those we
have seen for AR models. Let us start with some instructive examples of lower order
models.
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3.3.1 ARMA(1,1)

Assume a stationary ARMA(1,1) process {X; : t = 0,+1,+2, ...}, which is determined
from the following stochastic difference equations

X, — 1 Xy 1 =2 +0, 75, (t=0,41,+2,...), (3.3.14)

where |¢;| < 1 and the sequence {Z; : t = 0,+1,+£2,...} is the non-negative innovation
sequence. Such a process has a infinite moving average representation

Xt = Z wJZt*fy
=0

where the weights 1;, 7 € N, are determined from

1—|—912
1—¢1Z

One sufficient condition for the non-negativity of {1;}32, readily follows from the fac-
torization of (3.3.15) into two absolutely monotone functions. If #; > 0 the numerator
is an absolutely monotone function. Moreover, we have shown in Remark 3.2.1 that
if the coefficient ¢, is non-negative, then the function - o is absolutely monotone in
0 < z < 1. The property that a product of absolutely monotone functions is again
absolutely monotone gives immediately the sufficiency of the conditions ¢; > 0 and
61 > 0. However, these conditions are unnecessarily strict. The following theorem gives
less stringent non-negativity restrictions on the two model parameters.

Theorem 3.3.1. Let {X; : t = 0,+1,£2,...} be an ARMA(1,1) process given in
(8.3.14). The sequence {1;}32, is non-negative if and only if ¢y > 0 and ¢; + 61 > 0.

P(z) = Z?/)jzj = (0<z<1). (3.3.15)

Proof. From the equations (3.3.3) and (3.3.4) in Brockwell and Davis (1986) p. 91 it
follows that

¢0 = ]-7
Yy = 01 + ¢,
U = g1 (kK 2> 2).

If 11 > 0 and ¢; > 0, then the whole sequence {1;}32, is non-negative. The necessity
follows also trivially. [
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3.3.2 ARMA(1,2)

Consider now the causal ARM A(1,2) process {X; : t = 0,+1,42,... } with non-negative
innovations {Z; : t = 0,+£1,42,...}, which is given by the set of equations

X=Xy =25+ 027 |+ 0,7, (t=0,%1,£2,...), (3.3.16)
where |¢;] < 1. The generating function for the sequence {1;}%22, is now the following

. 1+ 912 + 6222
’(b(Z) - 1 — ¢1Z
Similarly as for the ARMA(1,1), if all the coefficients ;1,60 and ¢; are non-negative,

the generating function is a product of absolutely monotone functions. The following
theorem shows that we can suffice with milder restrictions.

Theorem 3.3.2. Let {X; : t = 0,+£1,£2,...} be an ARMA(1,2) process given in
(8.3.16). The sequence {1);}%2, is non-negative if and only if ¢1 > 0, ¢1 + 01 > 0 and
Oy > —¢1(01 + ¢1).

Proof. The equations (3.3.3) and (3.3.4) in Brockwell and Davis (1979) for ARM A(1,2)
model are the following

(0<z<1).

Yo = 1,
Py =01 + ¢,
Yy = 0y + ¢1(01 + é1),
U = o1 (k> 3).
The sufficiency and necessity then follows immediately. [

The trivial results for ARMA(1,1) and ARMA(1,2) suggest the following simple
result for models ARM A(1, q).

3.3.3 ARMA(1,q)

Consider the stationary ARM A(1, q) process {X; : t = 0,£1,4+2,...} defined from the
autoregressive moving average equations

Xi— X1 =2+ 025+ 077+ 40,77, (t=0,£1,42,...), (3.3.17)

where |¢;| < 1 and the sequence of innovations {Z; : ¢t = 0, £1,+2, ...} is non-negative.
The generating function of the ARM A(1, q) model is
140240227+ 40,20
N 1-— ¢1Z

The non-negativity of the ARMA(1,q) kernel sequence {1, 720 is summarized in the
following theorem of Tsai and Chan (2007).

P(z) (0<z<1).

Non-negative Time Series 31



3.3 Autoregressive Moving Average Processes

Theorem 3.3.3. Let {X; : t = 0,£1,£2,...} be an ARMA(1,q) process given in
(3.3.17). The sequence {1;}32, is non-negative if and only if ¢1 > 0 and y; = ¢13p; 1 +
0; >20,1<j5<gq.

Proof. Again, the necessity and sufficiency follows trivially from the equations (3.3) and
(3.4) of Brockwell and Davis (1986) p. 91:

Py =1
U = 01 + ¢,

Yy = 0y + P19,

Yy =04+ 01941,
Y=o (E>q+1). O

The Theorem 3.3.3 shows that the infinite number of inequalities ¢»; > 0 (5 > 0) can
be effectively reduced to a finite set of inequalities, which are expressed directly in terms
of model parameters. Later we show a similar set of conditions for ARM A(2, ¢) models.
First, we investigate ARM A(-, 1) processes.

3.3.4 ARMA(2,1)

We consider the ARMA(2,1) process {X; : t = 0,£1,£2,...} determined by the
stochastic difference equations

Xt - (letfl - ¢2Xt72 == Z: + HlZ;_l (t - O, :l:l, :|:2, ce ), (3318)

where the roots [\;| < |\s| of the polynomial 1— ¢z — @922 are outside the unit circle and
again the innovations are non-negative. The generating function for the ARMA(2,1)
kernel sequence {1;}22, is

. 1—|—912
11— ¢1Z—¢222

We can again readily derive sufficient conditions for the non-negativity by using the fac-
torization of the function (3.3.19) into absolutely monotone components. From Theorem
3.1.5 we know that the smallest root in absolute value, i.e. A, has to be real and greater
than one. We have also seen in Theorem 3.2.7 that if Ay > 1, the function m is
absolutely monotone. Together with the assumption #; > 0, we obtain immediately a set
of sufficient conditions. However, it is possible to derive without substantial difficulties

also a set of sufficient and necessary conditions. We have derived the following result.

P(z) (0<z<1). (3.3.19)
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Theorem 3.3.4. Let {X;:t=0,£1,£2,...} be ARMA(2,1) process given by (3.3.18).
Let A1, Ag be the two distinct roots of the autoregressive lag polynomial ¢(z) = 1— 1z —
¢22°, such that 1 < |\| < |Ao]. The sequence {1;}32, is non-negative if and only if

(1) AL, ER, A > 1,
(2) 9(/\1) > 0,
(3) ;> 0,5=1,2

Proof. Let us start with the necessity. The necessity of the conditions \; € Rand A\; > 1
follows from Theorem 3.1.5. We know that whenever A\; € R, the second root A\, has to
be real as well. The necessity of (3) is trivial. The necessity of the condition (2) follows
from Theorem 3.3.18 which we prove later in this section.

Now we prove the sufficiency. According to Feller (1968) the coefficients v, are given
by

1 14+6:M0 14+61)
U =) ( NV ) o=t

We are assuming that 1 < A; < |A\g|, which implies that ¢o(A; — A2) is always non-
negative. This follows from the following facts: (a) if Ay < —A; < —1, the coefficient
Py = —ﬁ is positive and Ay — Ay > 0, (b) when Ay > A\; > 1 we have ¢ < 0 and
A1 — A < 0. Next, we can write

)\ n+1
2
The non-negativity of a single coefficient ¢, is then equivalent to the non-negativity of
the expression in (3.3.20). From the assumption (2), the term 146, )\ is positive. Denote
n+1
A, = (i—;) (1 4+ 6;)2). This term is declining in magnitude as n approaches infinity

and it has eventually oscilating sign. We now show that the non-negativity of the first
two coefficients 1; and v, will assure the non-negativity of the whole sequence {1, };";0.

Let us first consider the case \a > Ay > 1 and 1 + 6;\y > 0. Then the term A, is
always positive with the largest value for n = 1. This implies that if the expression in
(3.3.20) is non-negative for n = 1, then it is non-negative for any n > 1. Consider further
the following case: Ao > A\ > 1 and 1 4+ 013 < 0. The term A,, is now always negative
and adds positively to 1 + 61\, giving a non-negative value of the whole expression in
(3.3.20) for any n € N. Assuming that \y < —A\; < —1 and 14 61A; > 0, the term A, is
negative for n = 2k and positive for n = 2k + 1. For n = 2k it adds positively, whereas
for n = 2k + 1 it contributes negatively in (3.3.20). Nevertheless, because the term A,
diminishes in absolute value as n — oo, it holds that if the expression (3.3.20) is non-
negative for n = 1, then it is non-negative for any n = 2k+1. Finally, let Ay < —X\; < —1
and 1+ 612 < 0. Now the expression (3.3.20) is always non-negative for n = 2k + 1
and always positive for n = 2k. By the similar argument, if (3.3.20) is non-negative for
n = 2 then it is non-negative for any n = 2k. [
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The non-negativity region: ARMA(2,1), theta=-0.7 The non-negativity region: ARMA(2,1), theta=0.7

phi2
0
phi2

phit phit

(a) 91 =-0.7 (b) (91 =07

Figure 3.4: The non-negativity parametric region for ¢1 and ¢2 for ARM A(2,1) model for given parameter 61

Remark 3.3.1. The conditions in Theorem 3.3.4 can be expressed in terms of model
parameters. We then obtain a similar non-negativity causality region as in (3.2.6) for
the AR(2) process.

(1) The assumption 1 < A\; < |Xo| implies ¢y = A\;' 4+ Ayt > 0.
(2) The roots A;, Ay are real whenever ¢? + 4¢, > 0.

(3) The condition @(\;) > 0 translates into 1 4+ 6;A; > 0. Assuming that A\ > 1,
1 + 61\ holds trivially for 6, > 0.

(4) The conditions ¥ > 0 and 19 > 0 correspond to 61+¢; > 0 and o+ (¢p1+61) > 0,
respectively.

Two examples of non-negative parametric regions for ARM A(2,1) are given in Figure
3.4(a) and Figure 3.4(b). Both plots depict the parametric region for ¢; and ¢, keeping
the third parameter 6; fixed. The vertical dashed line corresponds to the restriction
¢1 + 01 > 0. The dashed parabola corresponds to ¢s + ¢1(¢; + 61) = 0. The parabola
always passes through origin. For 6, > 0, the vertex of the parabole is always located to
the left from the origin. In Figure 3.4(b), we have 6; = 0.7. This non-negative parametric
region coincides with the one for AR(2) in Figure 3.1.

3.3.5 ARMA(3,1)

The sufficient and necessary non-negativity conditions for ARM A(2,1) were derived
without the notion of absolute monotonicity. By essentially the same approach we
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will later in this chapter derive the necessary and sufficient conditions for a general
ARM A(p, q) model. One might wonder, whether it is really necessary to continue scru-
tinizing separately some other lower order ARM A models. Our reason for doing so is
that we are curious to see whether a different approach would lead to conditions that
are more easily verifiable. That is why we try to generalize the result of Tsai and Chan
(2007) derived for AR(3) models also for ARM A(3,1) models. Such conditions would be
expressed in terms of moving average coefficients and roots of the autoregressive poly-
nomial. We discuss what the additional complications are and provide some explicit
results.

We consider the ARM A(3,1) process {X; : t = 0,+1,£2,...}, which is determined
from the following autoregressive moving average equations

Xi— 1 X1 — 02Xy 0 — 03Xy 5 =27 + 0.7, (t=0,£1,%£2,...),

where {Z] : t = 0,£1,+2, ... } is the non-negative innovation sequence. We assume that
the process is causal and therefore admits the infinite moving average representation.
The generating function for ARM A(3,1) process takes the following form

. 1+ 912
C1- P12 — Pa2® — 323’
Noting that (3.3.21) is a product of a generating function for the AR(3) process and the

moving average lag polynomial, one sufficient condition for the non-negativity immedi-
ately follows.

P(z) 0<z<1l (3.3.21)

Theorem 3.3.5. Let A\, Ay and A3 be the roots of the autoregressive lag polynomial
@(2) =1 — ¢12 — ¢a2? — 9323, such that 1 < |N\i| < | Ao < |A3|. Suppose that 6; > 0.
Assume further that either the conditions in Theorem 3.2.3 hold, or at least one of the
conditions (i), (i), (i) in Theorem 38.2.4 is satisfied. Then the sequence {1;}52, is
non-negative.

Proof. A proof follows directly from Theorem 3.1.3. [

Using the fact that the absolute monotonicity property retains with multiplication,
the non-negativity of any higher order autoregressive moving average model could be
split into two or more lower order problems. In Theorem 3.3.5, the non-negativity of
ARMA(3,1) has been factorized into two separate tasks: the non-negativity of a cor-
responding AR(3) process and the absolute monotonicity of the moving average lag
polynomial. However, this sort of factorization will provide only a set of sufficient con-
ditions for the non-negativity. In order to obtain necessary, or sufficient and necessary
conditions, we need to adopt a different approach. We will investigate the case when

Ao, A3 € C.
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According to the equation (4.8) in Feller (1968) p. 276 the coefficients v; are given
by
4! T2 T3
Un = )\7114-1 + )\;H-l + )\73?-1-1’

where 7; = —0(\;) /oM (), i = 1,2,3. More specifically,

1+ 612  — 1461 and e — 1+ 60123
G301 —A) (M —Aa)’ 0 d3(ha — A (e — Ag) 57 hs(As— A (A3 — Ag)”

Now, denote 1** = ¢3|A\; — Xo|2A1 | A2|?"+24h,. Then we have

r =

w;* :(1 4 ‘91>\1)|)\2|2n+2 + )\711—'—1)\;4—1()\3 — )‘1)(1 + 01)‘2) + A?+1AS+I(A2 - )\1)(1 + 91)\3)

(A2 — A3) A3 — Ao
g APOFT =AY AT R = A8
2 A3 — Ao A3 — A

AP = Ag) 0, MTTPOST = AT

9)\)\2n+2 9
+ 01 A1 Ao + 01 N — Ay N — N

We can write

=P 4+ O [ Nal Py, (3.3.22)

where
Xl@+2(>\§+1 _ /\gb+1> )\?4’1 ()\gz+2 _ )\g+2)
Az — Ao Az — Ao ’
which we already defined in (3.2.9). In Section 3.2.3 we have shown that the non-
negativity of ¢ relates to the absolute monotonicity of a function - T 1;2227 ol As

we know, this is a generating function corresponds of the AR(3) kernel sequence. We
have also derived that

w;kb — ’)\2’2n+2 4

N PWE A2 Ao sin(n + 1)6)] B AT Ao "+ 2 sin[(n + 2)6)

| A2| sin @ |A2| sin 6
wios m 1222 [ Ao sinf(n +2)0]  sin[(n + 1)]
= >\1 |>\2| 3 e - + - .
A A1 sin @ sin 0

Plugging the expression for ¢* into (3.3.22) yields

Pr* A |12 Ao |2 sin[(n 4+ 1)0] | Aa]| [ sin[(n + 2)6] sin nf
—n |22 1 — |22 i ALBLEPA6 I D D e A el M7t R
)\g‘+2|)\2|n A1 (L+601) A1 ih sin 6 A1 sin 6 fih sin 6
sin[(n + 1)0]
sinf
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For 0 < # < 7 and n € N, denote

an(®) = 22 (14 61 A1) 20\, Sln[(T‘l +1)6] . sm[(?.z +2)60] 0., 0 nf +s1n[(7.z +1)0] .
’ sin 6 sin 6 sin 6 sin 6
Then we can write
A2

**:)\n+2)\nn s
wn 1 |2|g,9(‘>\1

A2

) . (3.3.23)

Note the similarity between the expression in (3.3.23) and ¥* = N/T| X" f,0 ( 2 ),

where the function f, ¢(-) was defined in (3.2.12). Similarly as in Section 3.2.3, assuming
that A\; € R and A\; > 1, we have the equivalence between the following conditions

(a) a single coefficient v, is non-negative,

(b) a single coefficient 1* is non-negative,

(¢) Gno <‘:\\—f’> is non-negative.

Similarly as in Section 3.2.3 we need to show that for each n € N and 0 € (0, 7) such that
gno(1) < 0 there exists one and only one root z, ¢ > 1 of the equation g, ¢(x) = 0. The
convenient monotonicity property on the interval [1, c0) of the functions f, ¢(-) made the
situation for the AR(3) process much easier. Unfortunatelly, such property is no longer
valid for the functions g, ¢(-) (at least not in general), see Figure 3.5. We circumvent this
difficulty by showing that each function g, ¢(-) such that g, (1) < 0 is increasing on some
interval () 4,00), 7}, > 1, and negative on interval (1,z;,,). In order to demonstrate
such property, we need to prove several auxiliary lemmas. We split our considerations

into two cases: 6; > 0 and 6; < 0.

(1) 6, >0

The assumption #; > 0 simplifies matters a great deal. We first show some auxiliary
statements about the functions g, ¢(-). Without noting explicitly, throughout this section
we assume that 1 < Ay < [Ao] < |A3].

Lemma 3.3.6. For a given § € (0,7) and n € N, let g,(-) denote g,4(-). Suppose that
01 > 0. ThenVn € N and Vx > 1, the following statement holds:

if gn(x) >0 then g, (z)>0.

Proof. We prove this claim by contradiction, that is we assume that for any z > 1 the
statement g,(z) >0 and ¢/, (z) < 0 leads to a contradictory conclusion. Denote
sin[(n +1)8]  sin[(n + 2)0] sin(nf)

sin 0 sin(6)

A= $n+1(1 + 61)\1) — w@l)\l
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25

2.0

0.5 1.0 1.5

0.0

-1.0 -05

-1.0 -0.5 0.0 0.5 1.0 15 2.0 25

Figure 3.5 Plot of gn.0(@) (black line), g; 4(z) (red line) and g,/ ,(x) (blue line) for: § = 2,61 = —0.3,A\1 = 3 and
n=2

Then, the inequality g,(z) > 0 is equivalent to
sin[(n 4 1)0]

Ax > 3.24
v= sin (3:3:24)
The first derivative g/, (-) is given by a formula
N B sinf(n +1)0]  sin[(n + 2)0] sin(nf)
gn(x) = 2" (14 01 A1) (n +2) — 220, 0 i d ey 01\ g
The statement ¢/,(x) < 0 is then equivalent to an inequality
i 1)0
A< —(n+ D11+ ) + 26y xSl £ D)
sin ¢
in particular (for x > 1)
i 1
Az < —(n+1D)z" P21+ 0,0) + xQQIAIW- (3.3.25)
From (3.3.24) and (3.3.25), we obtain
i 1)0
(n+ 1) 2(1 + 0 < S+ DO ag 341y, (3.3.26)

sin 0
Because we assumed 0; > 0, it holds that 0 < 1+ 226;\; < 2%(1 + 01\;) for z > 1.
According to the inequality sin[(n + 1)0] < (n + 1)sin@, 0 € (0, 7), we have:

(n+ D" P21+ 0,0) < (n+ D220 +1) < (n+ D)2 (010 + 1),
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Because 1 4+ ;A1 > 0, we have
(n+1)z" <n+1,

which is contradictory, as we assumed x > 1. [

Lemma 3.3.7. For a given 6 € (0,7) and n € N, let g,,(-) denote g,o(-). Assume that
6, > 0. Then g/!(z) >0, Vn € N and Vo > 1.

Proof. The second derivative equals

sin[(n + 1)9].

gn(x) = (n+2)(n+ 1)(1 + 612" — 201\ o

We can see that the second derivative is a monotone function, increasing whenever
1+ M6 > 0. For 6; > 0, we can write

gi(x) > gl (1) > (n+2)(n+ 1)(1+6,\) — 201\ (n+1).
The expression on the right hand side can be rewritten as
2(n+ 1)+ (n+1)n(l+6:X) >0. O

Lemma 3.3.8. For a given 0 € (0,7) and n € N, let g,(-) denote g, o(-). Suppose
61 > 0. If gno(1) < 0, then there exists one and only one x,, > 1 such that g,,(x,) =0
and gn(x) > 0, Vo > x,.

Proof. First assume that g/, (1) > 0. From Lemma 3.3.7 we know that ¢/ (z) > 0,Vn € N
and = > 1, which implies that ¢/ (z) is increasing for + > 1 and therefore positive
on (1,00). From the positivity of the derivative ¢/, (-) on (1,00), it follows that the
function g¢,(+) is increasing for > 1. Therefore, there must exist some z,, > 1 such that
gn(z,) =0 and g,(z) > 0, Vo > x,.

Now, assume that ¢/ (1) < 0. From the fact that the second derivative g(1) is
positive, the derivative g/ (-) is increasing on (1,00), which implies that there must be
one point z/, > 1 such that the function g, (-) is decreasing in 1 < x < 2/, and increasing
for x > z/,. Conclusively, there must be some point z, > 2!, such that g,(z,) = 0 and
gn(z) >0, Ve >z,. O

Assume that 6 € (0,7) is given. For those n € N, for which ¢, 4(1) > 0, we have
¥, > 0. This follows from the same chain of arguments as for the AR(3) model. The
function g, (-) is non-negative on (1, 00), Lemma 3.3.6 and Lemma 3.3.7, and therefore

Gn.6 <%) > 0. For n € N, such that g, 4(1) < 0, it follows from Lemma 3.3.8 that there

exists one and only one root x,y > 1 of the equation g, ¢(z) = 0 and that the function
gnp(-) is non-negative on (x,g,00). It then follows that if |A3|/A; > x,9 > 1, then a
single coefficient 1, is non-negative.
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Similarly as in Section 3.2.3, we can show that for certain #'s in (0, 7) it holds that
gno(1) > 0,¥n € N. The non-negativity of the sequence {¢/;*}32, is then equivalent to
the statement |[A\y|/A; > 1. This situation is summarized in the following theorem.

Theorem 3.3.9. Suppose that \; € R and Ay = X3 = |\s]e!’ = a + bi, where a,b € R
and 0 < 0 < w. If0; > 0 and 0 = 27/k for some integer k > 3, then the sequence
{¥i}320 is nonnegative if and only if [Ao| > Ay > 1.

Proof. 1t suffices to show that g, (1) > 0, ¥n > 0, whenever § = 27/k for some integer
k > 3. We know from Theorem 3.2.4 that this condition is sufficient for the functions

sin[(n +2)0]  sin[(n + 1)0]
T - + -
sin 0 sin 6

foo(z) = 2" — (n > 0)
to be non-negative on [1,00). It can be easily verified that the function g, ¢(-) is a linear
combination of the functions f, () and f,_1(:), namely

gnﬂ(l‘) = fn,@(x) + 1"91/\1fn—1,9(x) (TL Z 0)7

where f_;(-) is defined as a zero constant function. Then for Ay > 1 and 6; > 0
we obtain ¢, (1) > 0, Vn € N. Therefore the condition |As|/A; > 1 is sufficient and
necessary for the non-negativity of the sequence {w;‘* 720, which is equivalent to the
non-negativity of {1;}32,. [
Remark 3.3.2. In Theorem 3.3.5 we already stated that when ¢, > 0 and 0 = 27 /k, k =
3,4,..., the condition |Az|/A; > 1 was sufficient for the non-negativity of {1}*}22,. In
Theorem 3.3.9, we proved that this condition was also necessary.

Similarly as in Theorem 3.2.4, we would assume that if 0 ¢ {27/k : k = 3,4,...},

the condition |Az[/A; > 1 is not sufficient to assure that the whole sequence {1);}32, is

non-negative. As we will see in the following theorem, this condition is still sufficient
when 6,2 = 1.

Theorem 3.3.10. Suppose that \; € R, 01 > 0 and Ny = X3 = |\o|e? = a + bi,

where a,b € R and 0 < 0 < 7. If \y > 1 and 01\, = 1, then the sequence {1;}32, is
non-negative.

Proof. It suffices to show that under the given assumptions, g,¢(1) > 0 for all n € N and
for every 0 € (0,7). Note that when 6, = 1 we have g, (1) = 2 — 2220 | sin(nd),
Then we have

sin(nf) — sin[(n + 2)0] = —2sinfcos[(n + 1)0] > —2sinb.
Since sin # > 0, this is equivalent to

sin(n#) — sin[(n + 2)0)
sin ¢

> =2
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Then we have
gno(1) >0, ¥YneN and 6€(0,7). O

Now assume that 6 ¢ {27/k : k = 3,4,...} and 6\, # 1. Similarly as in Section
3.2.3 we denote Iy a set of indices n € N, such that g,,9(1) < 0. We hypothesize that this
set is non-empty under the given assumptions. According to Theorem 3.3.8 we can find
for each n € Iy a single root x, 9 > 1 of the equation g,¢(z) = 0. Again, if we denote
Tj = MaXues, Tng, then g,o(x) > 0 for x > xj and Vn € N. For the AR(3) process,
the situation was much easier, because the maximal root xj was actually the “first” root
Tn,.0, Where ng = min, ¢y, n. This is no longer true for ARMA(3, 1), see Figure 3.6(b).

The blue dots in Figure 3.6(a) and Figure 3.6(b) represent the roots (that are greater
than one) of the equations g, ¢(z) = 0 for n € Ip,n < 50, where the argument 6 was
chosen equal to 2. The parameter 6, is also kept fixed. On the left we have #; = 0 and
on the right #; = 2. The dashed line represents a function of a continuous variable n
defined as a constant 1 if g, (1) > 0 and x, ¢ if g, (1) < 0. The Figure 3.6(a) actually
corresponds to the roots of a function f, ¢(-). We can see that the first root is indeed the
largest one. According to the Theorem 3.2.4 we know that this holds in general. On the
other hand, the first root of the function g, ¢(-) is not the maximal one, Figure 3.6(b).
However, we observe, that the maximal root is contained within first, say k, roots with
the smallest indices n; < ng < -+ < ng,n; € Ip,t = 1,..., k. The question is how to
find the appropriate k in practice. The guideline is given in the following theorem.

Theorem 3.3.11. Suppose that \y € R and Ay = \g = \)\g\ew = a + bi, where a,b € R
and 0 < 0 < m. Assume 6y >0, 010 # 1 and 0 ¢ {2r/k : k = 3,4,...}. For the given
6 € (0,7) and an integer number a*, denote Iy« a set of indices n < a*,n € N, so that
gno(1) < 0 forn € Ip,+. Let o' be defined as the smallest positive integer number a*
such that

log 2 * * i
a® > L and min Keg )modw,ﬂ— (0; )modw] < 51267

where Tgq« = MaXpely .« Tn,o and x, 9 is a root of the equation g,g(x) = 0. Then the
sequence {1;}32, is non-negative if and only if |Xa|/ M1 > g > 1.

Proof. Assume that for some 6 € (0,7) and n € N it holds that g,s(1) < 0. Lemma
3.3.8 gives the existence of one particular root x,y > 1 of the equation g, () = 0.
Furthermore, the function g, (x) is increasing and therefore non-negative on (x,,, 00).
The condition |Aa|/A; > 2, is then equivalent to the non-negativity of a single coefficient

** resp. coefficient ¢,,. To prove the theorem, we need to show that for a given 6 € (0, 7)
it holds that g, ¢(x) > 0,n € N, whenever x > %y .. Denote

— 91)\1

Moz (n) = _3;291)\1M . {M Sinn@} N sin[(n + 1)g].

sin @ sin 6 sin 6
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1 if gn,@(l) >0

i , the blue dots are the roots x; ¢,7 €
ZTn2 i gne(l) < ’

Figure 3.6: The dashed line is the function h(n) = {

Iy,i<50,0 =2

Then we can write
Gno(x) = x"”(l + 601 A1) + mg(n).

The function mg.(n) as a continuous function in n is periodic. Its period 27/6 is
not an integer number for 0 ¢ {27/k : k = 3,4,...}. However, we might find some
“approximate period”, say a*, such that |mg,(n + a*) — mg(n)| is sufficiently small for
any n. For a* large enough, the difference between the leading terms 2% (1+6,);) and
x™(1 4 01 \;) will be sufficiently big to assure that g, . ¢(x) — gaxo(x) > 0, Vn € N and
for all x greater than some z*. We will now show that the integer a* = o’ and x* = Ty o
from our theorem satisfy these requirements.

Note that ¥n € N and Va € N it holds that

sin[(n + a)0 — sin(nd)]| = ‘2 cos (2”; ae) sin (56) ‘

< 2min [(9;) modw, T — (%l) modﬂ} .

Denote A = 2min [(%al) modrm, 7 — (97“/) mod 7T]. From our assumptions it holds
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that 2A <sinf. Then for z > 1 and #; > 0, we have

Ime.(n+a’) —mg.(n)sind < 220\ A + A + 26, A + A
S IL‘2(1 + ‘91/\1) sin 4.

Because sin > 0, we have |mg .(n + a’) — mg.(n)| < 22(1 4 61 \1).
Conclusively, we obtain

gn—l-a’ﬁ(x) - gn’g(l’) Z xn+a’+2<1 + 91)\1) - In+2(]. + 91)\1) - 1,2(1 + 91)\1)
= $2<1 -+ 91)\1)<xn+a’ — " — 1)

From the assumption a’ > 110.52 it holds that :zgt“' — 2y, —1 > 0. Therefore
08 Zg o @ @

Gnta' 0 (.f'gﬂl)—gn,g (ig}a/) > 0,Vn € N. From the definition of i‘gﬂl it holds that 0 (ig}a/) >
0 for all n < a’. We have shown above that gnia.0(Zo.0) > gno(To.ar) > 0,Yn € N. This
means that ¢,a (o) > 0,¥Yn € N. From Lemma 3.3.6 and Lemma 3.3.7, we obtain
that g,(-) is increasing on [Zg ., 00) and therefore g, o(z) > 0,Vz > Ty . O

Example 3.3.1. We illustrate the application of Theorem 3.3.11 on an example. Assume
that \; = 3,6, = 2 and 6 = 2. We need to find the maximal root max,¢s, T, 2. If we can
find an integer number a’ which satisfies the two requirements in the Theorem 3.3.11, we
know that the maximal root will be contained within first k£ < a’ roots. To find &’ which
fulfills the first requirement, let us take the smallest integer a such that min[a mod 7, 7w —
amod 7] < % = 0.227. This integer equals 3. The set of indices ly—3 ,—3 is an empty
set, since the smallest integer n such that g, 2(1) < 1 is 6. The second smallest integer
a which satisfies the condition minja mod 7,7 — amod 7] < 0.227 is 19. Then we have

I 19 ={6,9,12,15,18}. The corresponding roots are 1.036,1.039, 1.033,1.024 and 1.013.

The maximum of these roots 319 equals 1.039. The second requirement a’ > lolgo;% is
satisfied for @’ = 19, indeed 19 > log2_ _ 1895, According to the Theorem 3.3.11, the

log 1.039
sequence {1}, is non-negative if and only if |A\s|/3 > 1.039. This condition is depicted

graphically in Figure 3.7(a). The light-blue region again represents those complex roots
A2 and A3 for which at least one coefficient 1;,j € N, is negative. The dark blue
envelope is the boundary of the negativity region of AR(3) process. The dashed line
connects all the complex roots with the argument equal to 2. We have just derived
that the complex number with argument 2 has to be at least at a distance of 3 x 1.039
from the origin to assure the non-negativity of {i; 720- A complex root with such a
distance is marked by the red point. The Figure 3.7(b) depicts the roots of the equations
gn2(x) = 0,n < 50,n € I,. The dashed vertical line corresponds to the approximate
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(a) The negativity region for ARM A(3,1) (b) The roots of the function g, o(+)

Figure 3.7: On the left, the light blue area is the region of negativity for ARM A(3,1) with A\ = 3 and 6; = 2, the
dark blue closed curve corresponds to the boundary of the negativity region for AR(3); on the right, the roots of the
function gy 2(-) with 6; = 2 and A\; = 3, the dashed vertical line corresponds to n = 19

period @’ = 19. We observe that indeed the largest root, being the second one in a row,
is contained within the first cardl; 9 = 5 roots.

Similarly as for the AR(3) process, we can prove that when the real part of the
conjugate complex roots Ay, Az is greater than \;, then the non-negativity of the sequence
{1152, is always assured.

Theorem 3.3.12. Suppose that \; € R, 61 > 0 and \y = X3 = |\o]e® = a + bi, where
a,b€ Rand0 <0 <m. Ifa> X\ >1, then {¢;}32, is non-negative.

Proof. Note that a > A; > 1 implies |A\2| cos@ > A\; > 1, or equivalently

a
A

1

> 1.
cos 0

We need to prove that

> 1.
cos

Note that it suffices to show that gn( 1 ) > 0. From Lemma 3.3.6 we then readily

cosf

obtain that ¢/, ((:0150) > (0. From Lemma 3.3.7 we know that the second derivative is

positive on [1,00). It then follows that ¢'(x) > 0 for z > ﬁ > 1 and therefore g(z) > 0

gn(z) >0, for x>

Non-negative Time Series 44



3.3 Autoregressive Moving Average Processes

H 0 B2 @E1 B3

real

Figure 3.8: Negativity regions for ARMA(3,1) models with A; = 3 and 6; = 0 (dark blue), 6; = 2 (violet), 6; = 1
(pink), 61 = 1/3 (red)

for x > ﬁ > 1. Now we show that that g, (ﬁ) > (0. We have

1 1 — cos™™ G cos[(n + 1)0] + 0101 — 611 cos™ 0 cos(nb)
Gn.0 = n—+2
cos"t2 ¢
14 61A — cos™ 001\ cos(nb) + cos cos[(n + 1)0]]
B cos"t2 6
> 1 + 61/\1 — cos™ 0(1 + 91)\1)
- cos"t2 6

(14 6;M1)(1 — cos™0)
= >0. O
cos"t2 60 20

cosf

Remark 3.3.3. The Figure 3.7(a) pictures the negativity /non-negativity region for one
special ARM A(3,1) model. In order to get an idea about the influence of the coefficient
0, on the size of the region, we depicted several regions for several choices of 6, see
Figure 3.8. The dark blue region corresponds to the choice #; = 0, which is the AR(3)
negativity region we already saw in Figure 3.2. We observe that the other three regions,
for 6, = 2 (violet), 6; = 1 (pink) and 6, = 1/3 (red), are nested within each other. The
smallest one is a circle centered at zero with a diameter 1/\; = 1/3. This corresponds to
the Theorem 3.3.10. The principal observation is that with increasing 6, which is greater
than 1/, the negativity region stretches, but according to Theorem 3.3.5 never exceeds
the AR(3) region. A similar stretching tendency can be observed also for ¢, < 1/)\;
which are approaching zero. The second observation is that the negativity region never
includes roots with a real part greater than A\; = 3. This is in accordance with Theorem
3.3.12.
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(b) 91 <0

A similar result as in Theorem 3.3.11 can be obtained also when #; < 0. Again we will
need to prove some auxiliary statements about the functions g, ¢(-).

Lemma 3.3.13. For a given § € (0,7) andn € N, let g,(-) denote g, (). Suppose that
01 <0 and 14+ 60,A1 > 0. ThenVn € N and Vx > 1, the following statement holds:

if (1) >0 then gi(1)>0.
Proof. We have

sin[(n + 1)0]

9,0(1) = guo(1) = (0 + (1 +1x) - 2

(14 61\).
Since 1 + 61\ > 0 and W < n+ 1 it holds that g, 4(1) — gne(1) > 0, Vn € N and
Vo e (0,m). O

Lemma 3.3.14. For a given § € (0,7) and n € N, let g,(-) denote g, (-). Suppose
6y <0 and14+26,A; > 0. If g,9(1) <0, then there exists one and only one x,, > 1 such
that g,(x,) =0 and g,(z) > 0, Vo > x,,.

Proof. First we show that the assumption 1 4 26;A; > 0 implies that Vn € N and any
0 € (0,7) it holds g, y(z) > 0,2 > 1. For #; <0 and x > 1 we have

gl(x) > g'(1) > (n+2)(n+ 1)(1+ 6:10) + 20,0 (n + 1).
The expression on the right hand side can be rewritten as
n(n+1)(1+6,M) +2(n+ 1)(1 4260, \),

which is non-negative for any n € N, assuming 142 6;\; > 0. Now assume that for a given
6 € (0,7) and n € N, g,0(1) < 0 and g,,(1) > 0. We know that under the assumption
1426, > 0, the second derivative is positive on [0,00) whenever 1 + 6;\; > 0, which
is satisfied because we assume 1 + 26;A; > 0. This implies that ¢/,(z) is increasing for
x > 1 and therefore positive on (1,00). From the positivity of the derivative ¢/ (-) on
(1,00), it follows that the function g,(-) is increasing for x > 1. Therefore, there must
exist some x,, > 1 such that g,(x,) =0 and g,(z) > 0, Vo > z,.

Now, assume that g,s(1) < 0 and ¢/,(1) < 0. We know that the second derivative
g"(1) is positive on [1, 00) and therefore the derivative ¢/, (-) is increasing on [1, c0), which
implies that there must be one point z/, > 1 such that the function g,(-) is decreasing in
1 <z < ), and increasing for = > z/,. Conclusively, there must be some point z,, > x/,
such that g,(z,) =0 and g,(x) >0, Vo > z,,. O
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Remark 3.3.4. The assumption 1 + 26;A; > 0 in Lemma 3.3.14 might be replaced by
14 6,A; > 0. This observation has been supported by empirical evidence, but appeared
slightly difficult to prove analytically. The key would be to show that if 1 4+ 61\, > 0,
then the non-negativity of the first derivative implies the non-negativity of the second
derivative on the interval [1, c0).

In the previous section we distinguished between two situations, where the argument
0 could or could not be expressed as 27 /k for some 3 < k € N. For ¢; < 0 we will do
practically the same thing. Previously, if § € {2n/k : k = 3,4,...} the sequence was
automatically non-negative as long as 1 < A\; < |\y| was satisfied. For those 0’s which
could not be expressed this way, the ratio |\2|/A; had to be greater than or equal to
the maximal root, which is contained within several first roots with the lowest indices.
When 6; < 0 the results change slightly. Even if § € {27/k : k = 3,4, ...}, the condition
|[A2|/A1 > 1 is not enough to assure the non-negativity. Again this ratio needs to be
greater than or equal to the largest root. Similarly, we show that the largest root is
contained within first, say j, roots. The advantage now is that it is straightforward to
determine the upper bound for j. We show that the maximal root lies within first j < k
roots, where k is determined from the relation 6 = 27 /k.

Theorem 3.3.15. Suppose that \y € R and Ay = \g = |Ao|e!? = a + bi, where a,b € R
and 0 < 6 < m. Assume 0; < 0, 1 +26;A\; > 0 and 0 € {2n/k : k = 3,4,...}.
For the given 0 and an integer number a*, denote Iy, a set of indices n < a*,n € N,
so that gne(1) < 0 for n € Iy, and denote Tgpq = MaXpel, ,» Tno; where T, 15 a
root of equation g, o(x) = 0. Then the sequence {%};’io 1s non-negative if and only if
|)\2|/)\1 > Ii‘g,k > 1.

Proof. We know that for those indices n € N for which g, (1) > 0, it is always assured
that g,¢(r) > 0,2 > 1. This follows from Lemma 3.3.13 and the fact that the second
derivative is non-negative on [1, 00). Now, assume that g, 4(1) < 0. Lemma 3.3.14 gives
the existence of one particular root x,, of an equation g, ¢(z) = 0 on an interval (1, c0),
such that g,¢(z) is increasing and therefore non-negative on (z,,00). The condition
|A2| /A1 > @, is then equivalent to the non-negativity of a single coefficient 1,,.

To complete the proof of the theorem we need to show that if x > Zg, then g,(z) >
0, Vn > 0. Recall the definition of the function mg,(-):

mgw(n) = —1'291)\1 — 91)\1 S'

sin 6 sin 0 iné sin

sin[(n +1)0] . {sin[(n +2)0] sin nﬁ} N sin[(n + 1)6]

The function my . (n) is periodic with a period 27/0, i.e. mg(n) = my.(n+27/0),¥n €
N. The period equals k if # = 27 /k. From the definition of Zy 4, it follows that g, ¢(z) > 0
for all z > Zpp and n = 0,..., k. Because g,9(x) = 2""*(1 + 61M1) + my.(n) and
me(n) = mp(n + k),n € N, it holds that g,+re(z) > gne(x) for any n € N and
x > Tgpp, as long as 1 4+ 64 A\; > 0. The condition 1 4+ ¢1A; > 0 follows from the
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Figure 3.9: On the left, the light blue area is the region of negativity for ARM A(3,1) with Ay = 3 and 6; = —0.1, the
dark blue closed curve corresponds to the boundary of the negativity region for AR(3), dashed black line connects complex
roots with an argument 27/3, the red cross corresponds to the root with argument 27 /3 and absolute value 4.287; on the
right, the roots of the function gn’QW/g,(-) with 61 = —0.1 and A1 = 3, the dashed vertical line corresponds to n =3

assumptions 1 + 260;A; > 0,6; < 0. From all the considerations, it easily follows that
gno(x) > 0,Yn € Nand > Tgy. O

Example 3.3.2. We again illustrate the use of the Theorem 3.3.15 on the example.
Suppose that #; = —0.1,\; = 3 and 0 = 27/3, i.e. k = 3. We know that the non-
negativity of {1;}32, is equivalent to the condition |A\p| > 3 X Tpr/3, where Tor3 is
the maximum of the roots z,, 2-/3 of the equations g, 2r/3(z) = 0,7 € Isr/3. From the
Theorem 3.3.15 we know that this maximal root is contained within first card I»,/33 < 3
roots. The roots @, 9./3 for n € Iyr/3,m < 50, are depicted on Figure 3.9(b). There
are only two indices n < 3 so that g, 2./3(1) < 1, i.e. card Ir;/33 = 2. The two roots
corresponding to these indices are 1.429 and 1.18. According to the Theorem 3.3.15. The
sequence {1;}22, is non-negative if and only if [X\y| > 1.429 x 3 = 4.287. A complex root
with an argument 27/3 and absolute value 4.287 is marked with a red cross on Figure
3.9(a). The light blue region is the negativity region for complex roots Ay and Az for
the given ¢; = —0.1, \; = 3. This region contains the AR(3) region (bounded with dark
blue).

Now we focus on the case when 0 ¢ {27/k : k =3,4,...}.

Theorem 3.3.16. Suppose that \; € R and My = A3 = |\o]e!’ = a + bi, where a,b € R
and 0 < 6 < 7w. Assume 01 <0, 1+20,\; >0 and 0 ¢ {2n/k : k = 3,4,...}. For the
gwen 0 and an integer number a*, denote Iy, a set of indices n < a*,n € N, so that
Ggno(l) < 0 forn € Ip,+. Let a’ be defined as the smallest positive integer number a*
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Figure 3.10: On the left, the light blue area is the region of negativity for ARM A(3,1) with Ay = 3 and 6; = —0.1,
the dark blue closed curve corresponds to the boundary of the negativity region for AR(3), dashed black line connects
complex roots with an argument 2.5, the red cross corresponds to the root with argument 2.5 and absolute value 6.87. On
the right, the roots of the function gn,2,5(~) with 87 = —0.1 and A1 = 3, the dashed vertical line corresponds to n = 3

such that

. log 2 , Oa* Oa* (14 61\)sind
> =" — |5 <
a* > log o o and min [( 5 )modﬂ,ﬂ ( 5 )modw} TSN ,

where Tg g+ = MaXpej, . Tn,o and ,, 9 is a root of equation g, ¢(x) = 0. Then the sequence
{41520 is non-negative if and only if [Xa|/ X > Tgr > 1.

Proof. The construction of the proof is analogous to the one in Theorem 3.3.11. Denote
now A = 2min [(%) modm, T — (%) modﬂ. For x > 1,0; <0 and 1+ 20,:\; > 0, we
now have

|mg . (n+a’) —mg.(n)|sinf < — 2O M A + 2 A — 2O A + A

From the assumptions it follows that 2A(1—61A;) < (1460;A;) sin . Therefore, |mg . (n+
a') — my(n)|sinf < 2*(1 + 6;);) sinf. Because sinf > 0, we have |mg.(n + a’) —
mg..(n)] < z?(1+ 6;1). The rest of the proof is again the same as in Theorem 3.3.11.
]

Example 3.3.3. Let us suppose that §; = —0.1,\; = 3 and 6§ = 2.5. The minimal

integer number a for which min [(23“) modm, ™ — (2‘3“) mod 7r] < % =0.08 1s

5. The set I, 5 5 contains three indices 1, 3,4. The corresponding roots are 2.29,1.19 and

1.06. Because it holds that 5 > 1015_229 = 0.8370, according to Theorem 3.3.16, 2.29 is the
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Figure 3.11: Negativity regions for ARMA(3,1) models with A\; = 3 and 6; = —0.3 (green), 6; = —0.2 (light-blue),
01 = —0.2 (marine blue), §; = 0 (dark blue)

overally maximal root. From the plot of roots on Figure 3.10(b) we see that it is indeed
the case. Also note the irregular behavior of the roots when compared to Figure 3.9(b).
This artefact is caused by the non-integer period of the function ms ;5 ,(n). To conclude,
the sequence {1;}32, is then non-negative if and only if [A;] > 2.29 x 3 = 6.87. Again,
the complex root with an argument 2.5 and an absolute value 6.87 is marked by a red
cross on Figure 3.10(a).

Remark 3.3.5. In order to see the effect of 6, the negativity regions were plotted in
one figure for various choices of 6; < 0, Figure 3.11. The value A\; was chosen equal
to 3. Again, the regions are nested within each other. This time the AR(3) region
corresponding to #; = 0 is the smallest one. With a decreasing 6, the region stretches.
Note that the results for 6; < 0 were derived under assumption 1 + 26;\; > 0. This
condition is not satisfied for ; = —0.2 and A = —0.3. However, as noted in Remark
3.3.4 we believe the given results would hold also if we assumed only 1 + 611 > 0. It
would suffice to show that the functions g,(-), for which g, (1) < 0, have also one
unique root x,¢. Inspecting the plots functions g, ¢(-) and their derivatives for different
choices of parameters, we believe that this is true. We are convinced that the negativity
regions for #; = —0.2 and #; = —0.3 can be parametrized similarly as those under the
assumption 1426, A; > 0. This conjecture was supported empirically by simulating the
conjugate roots Ao, A3 and plotting those, for which at least one of the first, say 1000,
coefficients in the sequence {1; }5’0:0 was negative. These simulated values clustered in
the regions whose borders correspond to A\; X maxyes, Tpn.0-

Remark 3.3.6. Looking at the negativity regions in Figure 3.11, we see that regardless
the 61, the complex roots with a real part greater than \; = 3 lie always outside the
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negativity region. This property was also observed for #; > 0. In order to prove this
for 6, < 0 we might suffice to show e.g. that g,4(z) > 0 implies g, ,(z) > 0 for any
n € N,0 € (0,7) and x > 1, which was not that straightforward task.

3.3.6 ARMA(3,2)

Consider the causal ARM A(3,2) process {X; : t = 0,£1,+2,...} with non-negative
innovations, determined from the following stochastic difference equations:

Xe — 1 X1 — 02 Xs 0 — 03 Xy 5 =2+ 012 |+ 6027 , (t=0,£1,£2,...),

where the roots of the autoregressive polynomial 1 — ¢z — 922 — @322 lie outside the
unit circle. The generating function for the ARM A(3,2) kernel sequence {1;}22, is

. 1+ 912 -+ 9222
1 P12 — Paz® — P32°
A similar chain of reasoning to the one we used in previous section could be entertained

to derive a set of necessary and sufficient conditions for ARM A(3,2) models. Note that
this time the coefficients 1, are obtained from the following relations:

P(z) 0<z<1). (3.3.27)

1 T2 T3
Uy = + +
)\n—i- 1 )\n—l-l )\n—l-l
1 2 3

(n>1),

where r; = —0(\;) /Y (\), i = 1,2,3. More specifically,

_ 1+ 601A1 + 020 Y — 1+ 601X + 02 and e — 1460123 + 02)3
d3s(A —A) A —A3) 0 ds(ha— M) (A2 — A3) 57 hs(As — A (A3 — Ag)”

Now, denote 1 = ¢3]A; — Ao|2AT | Ag|?"*24),,. Then we have

1

i )‘?H)‘QHO\:% — A1) (140120 + 02)9)

=1+ 01\ + o)) A2
(G ( 1AL+ 62 A1) [ As Ow — M)

n =

N APFINIHL G — AD)(1 4 0105 + O)s)
A3 — Ay
)\ZH-Z()\QL-H _ )\g-i-l) )\?—f—l()\g—i—l _ )\g—i-l)
A3 — Ao B A3 — Ao
NG =8 ARy — AS)}
Az — Ay Ay — A3
O e I R A O T )
= Ao — A3 }

:|)\2|2n+2 +

+ 610X {|>\2|2" +

+ O N2 Ny |* l|>\2|2”2 +
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Note that we can write

U = O oA Al

where 1) were defined in (3.2.9). For 0 < § < 7 and n € N, denote

By () =2 2(1 4+ 01 A + 02A1) — 200 sin(nd) 2 g\, sin[(n + 2)0] VR sin[(n — 1)0]
’ sin f inf inf
. sin(n +2)0] g sin(nf) sin[(n + 1)6]
sin 0 M ing sinf

It can be easily verified that

A

*okok )\n+2)\ nhn
v ol (|32

) . (3.3.28)

The expression in (3.3.28) is more than familiar. We have already seen similar ones be-
fore: ¥ = A2 | o] fr0 ( ) AR(3) models, 1** = A12| X[ g0 ( ] ) ARMA(3,1)

models. This immediately suggests that the same strategy used previously for AR(3)
and ARM A(3,1) can be applied. Again, the following statements are equivalent

(a) a single coefficient v, is non-negative,

koksk

(b) a single coefficient ;"

(©) hna (

Also note the following relationship between functions A, (), gne(-) and f,¢(-):

hno(2) = fro(x) + 26\ fro10(x) + $292)\1fn—2,9(13) = gno(x) + 1U292)\1fn—2,9(13)7

is non-negative,

A2
A1

> is non-negative.

where f_1(-) and f_5(-) are again defined as constant functions equal to zero. An analogy
of the Theorem 3.3.9 can be obtained readily also for ARM A(3,2) processes.

Theorem 3.3.17. Suppose that \y € R and \y = A3 = \)\g\ele = a + bi, where a,b € R
and 0 < 0 <m. If0; > 0,05 > 0 and 0 = 27 /k for some integer k > 3, then the sequence
{¥}320 is nonnegative if and only if [Az| > A > 1.

Proof. The proof follows directly from the facts that: (a) h, (1) is a non-negative linear
combination of f,(1), f,—1(1) and f,_2(1), i.e.

hn,@(l) = fn,9(1> + 01)\1fn71,9(1) + 92)\1fn72,0<1)7
)

where 011 > 0 and 63\ > 0, (b) the values f,(1) are under the assumption 6§ = 27 /k
always non-negative, Theorem 3.2.4. []
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thetal=1 7 thetal=1 7] thetat=1 1 thetal =1
theta2=2 thetaz=0.5 thete2=0.22 theta2=0.05

Figure 3.12: Negativity regions for ARM A(3,2) models for various choices of 62 and fixed ; = 1

theta1=0.5 7 thetal=1 1 thetal=2 T theta1=10
theta2=1 theta2=1 thete2=1 theta2=1

Figure 3.13: Negativity regions for ARM A(3,2) models for various choices of 61 and fixed 2 =1

We anticipate that analogous conditions which we derived for ARMA(3,1) pro-
cesses in Theorem 3.3.11, Theorem 3.3.15 and Theorem 3.3.16 could be obtained also
for ARMA(3,2). However, the labor in studying monotonicity properties of the func-
tions h,¢(-) and their derivatives would be more involved. That is why we provide only
some empirical evidence. Roots Ay, A3 of the autoregressive polynomial were randomly
generated and those roots for which at least one of the first 1000 coefficients in the
sequence {1;}22, was negative were plotted in the complex plane. These values tend
to cluster within regions similar to those we saw previously for AR(3) or ARM A(3,1)
processes. We wondered whether the borders of these regions can be parametrized as
A1 X x, where ©, = max,er, %9, Iy again denotes the set of indices for which A, (1) <0
and x,9,n € Iy, denotes a root of the equation h,g(x) = 0. Indeed, after plotting the
complex roots with absolute value equal to A\; x zj; and with argument 6 for a fine grid
of values 6 € (0, 7), the curve that resulted by joining these points nicely circumscribed
the simulated values.

These regions are depicted for varying positive coefficients 05 and fixed positive 6
on Figure 3.12, varying positive coefficients #; and fixed positive 6, on Figure 3.13. The
blue closed curve again frames the negativity region for AR(3). The borders of AR(3)
region and ARM A(3,2) regions touch each other for § = 27/k, k = 3,4,.... Again, this
corresponds to the Theorem 3.3.17.
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3.3.7 ARMA(p,q)

Consider the causal ARM A(p, q) process {X; : t = 0,£1,+2,...} with non-negative
innovations {Z; : t = 0,£1,42,...}, which is determined from the following stochastic
difference equations

X=Xy 1= 0o Xy o= =0y X p = Zit01 27\ 4070 gt 0,77, (t=0,41,42,..).
The generating function of the kernel sequence {1;}52, is given by

_ 1+ 6012+ 0p2% + 6,27
L =iz — gz — - — 2P

Some necessary conditions for the non-negativity of the sequence {%’}j’io were already
given in Theorem 3.1.5. A set of necessary and sufficient conditions has not been
presented yet in the literature. However, Tsai and Chan (2008) investigated condi-
tions for the non-negativity of GARCH (p,q) time series. The generating function of
the sequence {1;}22, for an ARM A(p,q) process shares a lot of similarities with the
one of GARCH (p,q) process. Therefore, their result can be applied directly also for
ARMA(p,q) models. We now reformulate and prove the result for the ARM A(p, q)
process with only minor modifications.

Theorem 3.3.18. Let {X; : t = 0,£1,+2,...} be an ARMA(p,q) process. Denote
A, A2, ..., A, the roots of the autoregressive lag polynomial ¢p(z) =1 — P12z — -+ — ¢,2P,
such that |A\1] < |Ao| < --- < |A,|. Assuming that these roots are distinct, the conditions
(1)-(3) are necessary and sufficient for {1;}32, to be non-negative:

P(2)

(0<z<1).

(1) A is real and A\ > 1,
(8) p >0, fork=1,... k",

where k* is the smallest integer greater than or equal to max[max(0,q — p) + 1,7], where

_ logr — log[(p — 1)r7]
log [A1] — log Az

with r* = maxo<<, || and r; = —%, 1<j<p.

== & ()
Proof. Let us start with the necessity. The necessity of the condition (3) is obvious. The
necessity of the condition (1) has been shown in Theorem 3.1.5. The necessity of (2)

proceeds as follows: by equations (4.8) and (4.9) in Feller (1968) p. 276 it holds that

P
Uy, = Zri)\;("ﬂ), n > max(q —p,0) + 1.
i=1
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This can be rewritten as

i

P AT =1 4 Zm (Al) : (3.3.29)

In the proof of Theorem 3.1.5, we have already shown that under the assumption 1 <

A< ‘)\J,Z =2,...,p,
A
li i :O.

This means, as n tends to infinity, the first element 7 prevails the expansion in (3.3.29).

The coefficients v,, can be for large n approximated by 7“1)\1_(n+1)- In other words
n)\n+1
im LM g (3.3.30)

Assuming that the sequence {1;}22, is non-negative, we have shown that A\; € R and
A1 > 1, Theorem 3.1.5. In order the limit in (3.3.30) to be one, it is not possible that r

is negative. Let us now look more closely at the term r; = — 91(>)\1)\ 7 It holds that
z
=1- 2t = 1——.
Z o H (-3)

The derivative evaluated at A\; > 1 equals

ooa--31(-3)

Assume that a root A\;,i € {2,...,p} isreal. If \; < —A\; < —1, the element 1 — —1 is

Z

always positive. If ); is positive, the property 1 — % > 0 follows from the assumption
that \; > A\; > 1. Now assume that a root \; is complex and that \;;; = Xi. Then we

have \ \ N A
-2 (- ) =2 A 0.
( Az) ( )\z‘+1) | Ail? g

This altogether gives that []7_, < - :\\—1> is always positive and therefore —

T 8
positive. Since we assume that 6(z) and ¢(z) have no common roots, r; cannot be equal
to zero. Moreover, the positivity of r is equivalent to the positivity of @(\;). This
proves the necessity of the condition (2).

Now, we prove the sufficiency. First suppose that v is negative, i.e.

logry — log[(p — 1)r*]

< 1.
log‘)‘l‘ —logl)\2|

Non-negative Time Series 55



3.3 Autoregressive Moving Average Processes

This is equivalent to

logry —log[(p — 1)r*] > log |A\1| — log | Azl (3.3.31)
We have
b T T1 b T, T b T
W:ZW = N T ‘ZW = W_Z | 2 )\n+1 Z ‘)\n—i-l‘
i=1 7 i=2 Vi i=1 17
rno (=1
= o[l

The inequality (3.3.31) is equivalent to r; > (p — 1)r* }f\‘ll and therefore , we obtain

N Dl () P
n+1 * 1 1 1
2 n =00 > 0= (1 ) 20

This implies that v, > 0,n > max(q — p,0) + 1, whenever v < 0. Now, suppose 7 > 0.
It still holds that

A7+
|)\2|n+1 '

The first term r; is positive from the assumption (2). The second term monotonously
decreases in magnitude as n tends to infinity. This means that if there exists n* such
that the term on the right hand side of (3.3.32) is non-negative, then the term remains
non-negative for all n > n*. The right hand side in (3.3.32) is non-negative whenever

Nitah, > — (p— 1)r* (3.3.32)

logry — log[(p — 1)r*]

n+1>
10g|>\1| —10g|)\2|

or equivalently when n > ~. This completes the proof. [
In the following, we show that the conditions in Theorem 3.3.18 are relatively easy
to verify for ARM A(2,q) models.

Theorem 3.3.19. Let {X; :t=0,£1,42,...} be ARMA(2,q) process. Denote Ai, Az
the roots of the autoregressive lag polynomial ¢(z) = 1— 12— da2%, such that |A| < |Aaf.
Assuming that these roots are distinct, the conditions (1)-(3) are necessary and sufficient
for {1;}32, to be non-negative:

(1) A is real and Ay > 1,
(2) 6(\) >0,
(3) 1%207 fOT k:17“'7q7
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Proof. We prove only the sufficiency, since the necessity follows from Theorem 3.3.18.
The equations (4.3) and (4.4) in Feller (1968) p. 276 for ARM A(2,q) process take the

following form:

1 9()\1) 9()\2)
n = — 5 2 _1
U= G — ) (Xf“ VAN
We can write
)\?4,1 )\1 n+1
— 2 e — () 8, nzq—1. 3.3.33
b~ 000 - () 6. nzg (3.3.33

Similarly as in the Theorem 3.3.4 we consider the following 4 cases: (i) 1 < A\; < A and
0()\2) > 0, (11) 1< )\1 < )\2 and 0()\2) < 0, (lll) -1 > —/\1 > /\2 and 0(/\2) > O, (lV)
—1> =X > Xy and 6()\y) < 0.

n+1
In the first case the second summand (:\\—;) 0()2) is positive and contributes a

negative value to (3.3.33). It is monotonously decreasing in magnitude. If (3.3.33) is
non-negative for n = ¢ — 1, then it is non-negative for all n > ¢. In the second case, the
summand is always negative and therefore contributes positively in (3.3.33). In that case
¥, > 0,n > q¢—1. In the third case, the summand has oscilating sign and monotonously
decreases in absolute value. For n = 2k — 1 the summand is positive. In case ¢ is
an even number, it suffices that (3.3.33) is non-negative for n = ¢ — 1. For odd g, it
suffices to assume the non-negativity of (3.3.33) for n = ¢. If n = 2k, the summand is
always negative and therefore (3.3.33) always non-negative for n > ¢ — 1. The case (iv)
follows analogously as (iii). Still it is sufficient to assume that (3.3.33) is non-negative
for n = ¢ — 1 or n = ¢, depending whether or not ¢ is odd. [

Remark 3.3.7. The Theorem 3.3.4 is in fact as a special case of Theorem 3.3.19, where
the expansion (3.3.29) is valid already for n > 1. We then needed to assume the non-
negativity of just the first two coefficients. The same holds for ARM A(2,2). However,
for ARM A(2, q), where ¢ > 2, the expansion can be applied only for n > ¢—1. Therefore
we need to assume the non-negativity of the first ¢ coefficients.

Remark 3.3.8. Note the similarity between Theorem 3.3.19 and Theorem 3.3.3. The
Theorem 3.3.19 contains the additional assumption 6(z) > 0.
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Chapter 4

Conditions for Non-negativity in
Multivariate Time Series

Many phenomena observed in practice arise as a result of many underlying processes that
interact with each other. Simultaneous measurements on more than one such process
are then demanded to aid understanding of such phenomenon. For example, in water
resource streamflow modeling, in order to understand the dynamics of the streamflow
within a water basin, it is usual to measure streamflow intensities at different sites of
the basin. Joint modeling of these measurements requires taking into account possible
spatial correlations between neighboring sites as well as correlations induced by time.
Multivariate time series models are capable of modeling data with these characteristics.

Many observed multivariate time series are allowed to take only non-negative val-
ues. Examples can be found not only in hydrology but also other fields like medicine
or finance. Describing the non-negative multivariate time series by a statistical model
then again requires special modeling or parameter estimation techniques and, implicitly,
a specification of the non-negativity conditions. Conditions for the non-negativity for
multivariate processes have not been investigated as thoroughly as the univariate condi-
tions. To our knowledge, the only note on this problematics was given by Andél (1992),
who derived a necessary and sufficient condition for a p-dimensional AR(1) process. In
this section we review this existing result and we discuss a different approach based on
the absolute monotonicity argument, generalized to the multivariate case. We focus on
the VAR(1),VARMA(1,1) and VARMA(1, q) models.

4.1 Conditions for Non-negativity
In Section 2.2 we established that if a multivariate (p-variate) ARM A series {X; =

(Xe, ..., Xgp) 1t =0,£1,42, ...} satisfies the causality criterion det[®(2)] # 0, |z| < 1,
it can be represented as a infinite matrix-valued linear combination of the vector white
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noise sequence {Z; = (Zy,..., Zy) 1t =0,£1,£2,...}, ie.
X, =) U;Z,;, t=0+1,42, .. (4.1.1)
j=1

Assuming that the multivariate white noise comprises of non-negative random variables
and that all the elements of the matrices {W;}22,, are non-negative, it trivially follows
that the vector process {X; : t = 0,+1,+2,...} is also non-negative. It follows from
Theorem 3.1 and Corollary 3.2 in Andél (1992) that if the elements of the multivariate
white noise are independent, the non-negativity of all the matrix components in the
sequence {\Ifj};?‘;o is also a necessary condition for the non-negativity of the process
{X;:t=0,£1,42,... }.

Theorem 4.1.1. Let Z, = (Zy,...,Zy,)',t € Z, be iid random vectors. Assume that
Zy, ..., Zy,t € N, are independent non-negative random wvariables. Assume P(Zy,; =
0) <1land P(Zy <e) >0 foralli=1,...p,t € Z and every e > 0. Let {X; :t =
0,+1,£2,...} be a p-dimensional ARMA process given by (4.1.1) and denote ¥, =
( Z)fj:l' Assume that there exist n € N and i,j € {1,...,p} such that Vi < 0. Then
there are infinitely many indices t € 7 such that Xy < 0.

Proof. From our assumptions it holds that P (>°F _, ¢y 2y, <€) > 0, Ve > 0, for any
(c1,...,¢,) € RP and t € Z. Furthermore, from the assumptions P(Z; = 0) < 1 and
P(Zy; > 0) = 1, there must exist ¢ > 0 such that

P2y < —2¢) >0, t€ L.

Then we have

p
P (Z U Zm < —c) > P (] Zy; < —2¢) P (Z UL T < c> >0, (412)
m=1

m#j

The fulfillment of the condition in (4.1.2) together with Theorem 3.1 in Andél (1992) gives
that with probability 1 there exist infinitely many subscripts ¢ such that X,; < 0. [
From now on we assume that the components of the vector valued strict white noise
sequence are independent and non-negative random variables. We will investigate situ-
ations, when the elements of the matrix sequence {V; }f.io are non-negative. First, we
establish concepts of matrix-valued generating and absolutely monotone functions.

Definition 4.1.1. Let {VU,,}>° , denote a sequence of real p x p matrices Vo, Uy, . ...
Denote
W(z2) = [¢hi;(2)]F _) = Wo+ Uyz+ Uy2” 4 ...

ij=1
a matrix valued power series function. If each function ;;(2),7,j = 1,...p, converges
in some interval —zp < z < zp, then ¥(z) is said to be a generating function of the
sequence {W, }> .
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Definition 4.1.2. A matrix-valued generating function ¥(z) = Wo+ Uz + We2? + ...,
where W; are p X p real matrices, is said to be absolutely monotone, if all its elements
Yij(z) = ,?j + w,}jz + w,?jZQ +...,4,5=1,...,p, are absolutely monotone functions.

Definition 4.1.3. A real valued p x p matrix A is said to be non-negative if all its
entries a;;,¢,j = 1,...,p, are non-negative.

The following theorem is a matrix-valued version of the Theorem 3.1.2.

Theorem 4.1.2. The sequence of matrices {V;}32, is non-negative if and only if its
generating function W (z) = Wo+ Wz + Uy22 + ... is absolutely monotone on 0 < z < 1.

Proof. The theorem is an immediate consequence of Theorem 3.1.2.

Note that each of the functions 1;;(-) is a generating function of the sequence {17 :
n € N}. This suggests that the non-negativity of the sequence of matrices {V; }ﬁo can
be explored component-wise. For each sequence {wl’; :n € N}, we can utilize the duality
between the non-negativity of a sequence of real numbers and the absolute monotonicity
of its generating function.

From now on, we adopt the following assumptions:

(1) let Z; = (Zu, ..., Zy,), t € Z, be iid random vectors,
(2) the random variables Zy, ..., Z,t € N, are independent and non-negative,
(3) P(Z;=0)<1land P(Z; <e) >0foralli=1,...p,t € Z and every € > 0.

A series of vector valued innovations {Z; = (Z,...,Zy,)" : t = 0,£1,%2,...} with
properties (1), (2) and (3) will be further referred to as a p-dimensional non-negative
innovation sequence and denoted {Z; = (Z;;,...,Z;) :t=0,£1,£2,... },

4.2 Vector-valued AR(1)

A stationary p-dimensional AR(1) process {X; = (Xu,..., X)) 1t =0,£1,£2,...}
with non-negative innovation vectors is determined from the following system of differ-

ence equations:
X —0 X, 1=2;, t=0,£1,£2,..., (4.2.3)

where the eigenvalues of the matrix ®; are assumed to lie inside the unit circle. The ful-
fillment of the causality condition enables to represent the series {X; : t = 0,+1,4+2,...}
as an infinite matrix-valued moving average combination of the multivariate innovations,
ie.

X, =)» 9,Z; (4.2.4)
=0
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where the coefficient matrices are determined from the entity W(z) = 3377 W;27 =
(I, — ®12)~ " According to the equations 11.3.12 in Brockwell and Davis (1986), the
matrices W; can be obtained from the following recursive equations

‘IJO = Ip
v, =
\I/k = (I)l‘llk_l, k’ Z 2

Under the assumptions of Theorem 4.1.1 it holds that the non-negativity of all the
matrices ¥; is a necessary and sufficient condition for the non-negativity of the series
{X,:t=0,%1,42,...}. For the p-variate AR(1) process it holds that ¥; = ®]. It then
easily follows, that the condition ®; > 0 is a sufficient and necessary condition for the
non-negativity of the sequence {¥;}32,. The non-negativity of the process VARM A(1)
is summarized in the following theorem.

Theorem 4.2.1. Let {X,;:t=0,+1,£2 ...} be a p-dimensional AR(1) process given
by (4.2.3). Then the non-negativity of the matriz ®; is a sufficient and necessary con-
dition for the non-negativity of the components in the process {X,;:t=0,£1,4£2 ... }.

Proof. A proof follows from the Theorem 4.1.1, or from Corollary 3.2. in Andél (1992).

Remark 4.2.1. To derive Theorem 4.2.1, we did not need to investigate the absolute
monotonicity of the function W(z). However, it might be interesting to see whether the
absolute monotonicity argument would lead to the same conclusion. We confine ourselves
only to 2-dimensional AR(1) process.

4.2.1 Two-dimensional AR(1)

Let us rewrite the system of stochastic difference equations as follows:

X X Zf
t1) P11 P12 =11 _ t,1 Ct—=0,41,42. ...

X2 o1 P22 Xi—12 ZZQ

Denote 1 and ps the two eigenvalues of the matrix &, = (@-j)ijzl. The fulfillment of
the causality criterion || < 1 and |us| < 1 allows for the vector-valued infinite moving
average representation with matrix coefficients, which are determined from the following
representation

-1

o 4 1— 011z —diaz
\II(Z) _ Z \Iszj _ (12 . q)lZ)*l _ lel ¢12
=0 —¢o1z 1 — gz
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V22(2) Y11(2)
(1) A, 2eR, A >1,| (1) A, eR, M\ >1,
(2) 1— @11\ >0, (2)* 1 — oA >0,
(3) P22 > 0, (3) ¢11 >0
(4) O3+ 0dn =0 | (4)° ¢+ drag 2 0.

Table 4.1: Conditions for the absolute monotonicity of the functions 11 (-) and ¥22(-)

Y12(2) Va1(2)
(1) Ay eR, A >1, | (1) M AeR, M\ >1,
(2) ¢12A1 > 0, (2)* b A1 >0,
(3) $12 2 0, (3)* o1 >0
(4) Pratr(P1) >0 (4) Ptr(P1) >0

Table 4.2: Conditions for the absolute monotonicity of the functions ¥12(-) and 21 (+)

We can write

\I’(Z) _ %1(2) ¢12(Z) _ 1 11— ¢222 ¢1QZ
Uo(2) Pma(z)) (1= 0n2)(1 = dn2) —d2onz® \ 4, 14,2

We know from Theorem 4.1.2 that the non-negativity of the sequence {\I’j}?io is
equivalent to the absolute monotonicity of W¥(z), which is from our definition equivalent
to the absolute monotonicity of each of the functions );;(2). Note that each component
Yij(2),1,7 = 1,2, is a ratio of two polynomials and is similar in resemblance to the
generating functions of the kernel sequences for univariate time series. We can therefore
apply the results we already obtained in previous chapter.

Denote A\; and Ay roots of the polynomial det(I; — ®1z). Without loss of generality
assume that |A;| < |Xo|. Note that A\[' and A;' are eigenvalues of the matrix ®; and
from the causality it must hold that 1 < |[A;| < |A\z|. Assume that the numerators
and denominators of the functions in W(z) have distinct roots. The functions 1;;(z)
are ratios of two polynomials, where the numerator polynomial is of degree one and
the denominator polynomial degree two. This suggests that we can apply results for
univariate ARM A(2,1) models. The numerator of the diagonal functions is of the form
1+ az, which can be regarded as a moving-average polynomial of a degree one. Take for
example the function v1,(z). The denominator function is 1 — byz — by2? with by = tr &,
and b, = —det ®; and in the numerator we have is 1 + az with a = —¢95. According to
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the Theorem 3.3.4, the absolute monotonicity of the function 1;(2) is equivalent to

)\1,)\2 €¢R and )\1 > 1,
1 — g2\ >0,

wil 2 07
Y1, > 0.

According to the equations (3.3.5) in Brockwell and Davis (1986), p. 91, we have ¢;; =
a + bl = _¢22 + tr<I>1 = gbu and Qﬁ%l = bg + bla + b% = —det @1 — gbggtl" (I)l + (tI‘ @1)2 =
®2, + ¢12¢21. The conditions for the absolute monotonicity of the functions ;(z) and
195(z) are summarized in Table 4.1.

The numerator of the off-diagonal functions ;;(-),7 # j, does not take the form of
a moving-average polynomial. Nevertheless, we can still apply the Theorem 3.3.4 or
3.3.19. The only difference is that the coefficients ;; and 7;,i # j, follow from recursive
formulas different from the ones in Brockwell and Davis (1986), p. 91. Let

P(z) = ;Wﬂ' = % 0<z<1, (4.2.5)
where au(z) = anz+0p2°+- - F 27, B(z) = 1=frz—[r2° —- - — [+ 2" and a(z), B(2)

have no common zeroes. Denote r = max{¢*,p*} and define a; = 0 for j > ¢*, 3; =0
for 5 > p*. Now we have

Yo =0, (4.2.6)
Y1 =, (4.2.7)
Yo = Bihr + g, (4.2.8)
V3 = Bihe + Pathr + as, (4.2.9)

: (4.2.10)
U = B1tbr_1 + Pothr—o + -+ + Bro1thy + o, (4.2.11)
Un = B1n-1 + Botbno+ -+ Brthn—y, (n>71+1). (4.2.12)

The functions 112(2) (resp. ¥91(z)) are of the form (4.2.5) with ¢* = 1 and p* = 2. We
apply the Theorem 3.3.18 with 0(z) = ¢122 (resp. 0(z) = ¢91 2) and the conditions

5> 0,47 > 0,1 # j, relating to the equations (4.2.7) and (4.2.8). The conditions for
the absolute monotonicity of the functions 112(2) and 151(z) are summarized in Table
4.2.

Inverse spectrum problem

In Theorem 4.2.1 we derived the non-negativity conditions which utilize only model
parameters gathered in the matrix ®;. We have seen in the preceding paragraph that the
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4.3 Vector-valued ARMA(1,1)

absolute monotonicity approach leads to conditions that operate rather with eigenvalues
of the matrix ®;. There is a connection between the two approaches. In fact, the
conditions in Table 4.1 and Table 4.2 should together be equivalent to the non-negativity
of the matrix ®;. In this sense, these conditions relate to the inverse eigenvalue problem
for non-negative matrices, that is a problem of determination sufficient and necessary
conditions for a p-tuple of complex numbers to be a spectrum of a real valued p x p non-
negative matrix. One immediate necessary condition is that the sum of the eigenvalues,
being the trace of the matrix, needs to be non-negative. Another necessary condition is
given in the following theorem.

Theorem 4.2.2. If A is a non-negative p X p matrix, then it has a non-negative eigen-
value ;1 € R that is at least as large as the absolute value of any eigenvalue of A.

Proof. A proof is given in Minc (1988) p. 14.

The necessary condition in Theorem 4.2.2 implies that the smallest root (in absolute
value) of the autoregressive polynomial, here \;, has to be real and non-negative. To-
gether with the causality condition, this means that A; needs to be greater than one.
The necessity of conditions (4) and (4)* for the non-negativity of ®; is trivial. In fact,
the conditions (3) and (3)* together translate as ¥; = ®; > 0 and ¥y = ®7 > 0. The
conditions (2) and (2)* can be for A; > 0 together restated as

1
adJ(12 — (I)l)\l) >0 or adJ (/\—12 — @1) > 0. (4213)

1

Assumming that the matrix ®, is irreducible, the condition (4.2.13) holds (Corollary 4.1
in Minc (1988), p. 16).

4.3 Vector-valued ARMA(1,1)

We consider a causal p-dimensional ARM A(1,1) process { X, :t=0,£1,4+2,...} with
non-negative innovation sequence, which is determined from the following system of
difference equations:

X, - X, 1 =Z;,+6:Z; ;, t=0,£1,£2 .... (4.3.14)
The matrix-valued generating function W(z) takes the following form
U(2)=(I,—®2) (I, +60:2), 0<z2z<1.

A set of sufficient conditions for the non-negativity of the matrix series {¥;}32, for the
p-variate ARM A(1,1) can be readily obtained from the equations (11.3.12) in Brockwell
and Davis (1986).
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Theorem 4.3.1. Let {X;:t=0,+1,£2,...} be a p-dimensional ARMA(1,1) process
in (4.3.14). If &1 > 0 and ®; + O > 0 then the sequence of matrices {\Ilj};";o I8
non-negative.

Proof. The equations 11.3.12 in Brockwell and Davis (1986) give the following represen-
tation of the matrices W;:

Uy =1,
U, =& +6,
U, =o,V,_1, k>2.

The sufficiency follows immediately. [
In order to derive a set of sufficient and necessary conditions, we employ the absolute
monotonicity approach. We confine ourselves to only a two-dimensional time series.

4.3.1 Two-dimensional ARMA(1,1)

Recall that the two dimensional AR(1) time series appears as a stationary solution to
the following set of equations:

X X zZ7F 0, 0 zZ7F
t,1 . ¢11 ¢12 t—1,1 _ t,1 + 11 12 t—1,1 7 t:O,il,i2,....

Xt,2 ¢21 ¢22 Xt71,2 ZZQ 921 622 Zt*7172

Assume that the eigenvalues p1; = 1/\; and ps = 1/Ay of the matrix ®; are distinct and
smaller than one in absolute value. The fulfillment of the causality criterion allows the
matrix-valued infinite moving average representation, where the matrix coefficients are
determined from the matrix-valued power series expansion of the generating function

W(z), ie. N
P(z) = Z\I/jzj = (I — ®12) (I +0,2).

Denote

P11(2) Pra(2)
Pa1(2) 2a(2)

U(z) =

Then we have
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4.3 Vector-valued ARMA(1,1)

Vi (z) = 22(P12021 — Pa2011) + 2(011 — o) + 1
. (1 = ¢112)(1 — ¢222) — Pp12¢2122
22 (P12092 — Pa2bha) + 2(d12 + 612)

bule) = (1= ¢112)(1 — ¢222) — Pp129n 2%’
o (2) = 22011921 — O21611) + 2(P21 + 0a1)

(1 - ¢112)(1 - ¢222) — P12¢2122 ’
Uon(2) = 22(Pa1612 — P11622) + 2(0a2 — P11) + 1

(1 - Cbuz)(l - ¢22Z) - ¢12¢2122

For a two-dimensional ARM A(1,1) process, the functions v;;(-) are ratios of two
polynomials, both of a degree two. This naturally suggests that a result for univariate
ARMA(2,2) processes could be applied for each of the functions 1);;(-). For the two
diagonal functions v;(-)(: = 1,2), the denominator again takes directly the form of
a moving average lag polynomial. The absolute monotonicity conditions then directly
follow from Theorem 3.3.19. For the ease of notation, we can rewrite the functions 11, (-)
and 195(-) as follows:

1+ tr(A)z + det(A)2? 1 + tr(B)z + det(B)2?

Yu(2) = 1 — tr(®;)z + det(®;)22’ vale) = 1— tr(®1)z + det(Py)2?
where
O — O —
A P12 . B 22 —Qa1
Oa1 —dao by —du1

Take for instance the function y;(-). According to Theorem 3.3.19 and Remark 3.3.7
we know that the absolute monotonicity of ¥1;(-) on [0, 1) is equivalent to

M, €R and A > 1,

1+ tr(A)A\; +det(A)N? >0,

Y1, = tr(A) + tr(®;) > 0,

P} = —det(®) + tr(A)tr(®y) + tr(P;)* > 0.

Conditions for the absolute monotonicity of functions 1 (-) and t9(-) are summarized
in Table 4.3. The off-diagonal functions ¥13(-) and t9(-) admit the slightly different
expansion in (4.2.5) with p* = 2 and ¢* = 2. The Theorem 3.3.19 can be again applied,
just with the minor modification that the coefficients ¢};(i # j;i,j = 1,2) and ¢7;(i #
J;i,7 = 1,2) are now determined from (4.2.7) and (4.2.8), respectively. The conditions
are summarized in Table 4.4
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4.4 Vector-valued ARMA(1,q)

Yn(z) Y22(2)
(1) A €R A > 1, (1)* A €R A > 1,
(2) A2det(A) + M tr(A4) +1 >0, (2)* A det(B) + A tr(B) +1 > 0,
(3) 011+ é1 > 0, (3)" B2 + 22 > 0
(4)  oulpn +0n) + d1a(da +021) >0, | (4)*  ¢2a(P22 + O22) + P21 (12 + 012) > 0.

Table 4.3: Conditions for absolute monotonicity of functions ¥11(-) and 22(+)

12(2) Va1(2)
(1) A, A €R A > 1, (1) A, M EeR A > 1,
(2)  AH(dr2b2 — d22bha) + Ai(dr2 + 012) > 0, | (2)*  A(12022 — P226h2) + A1 (P21 + 021) > 0,
(3) P12 + 012 > 0, (3)* o1+ 021 >0
(4)  (d12+ Or2)tr(P1) + 011612 — 21011 = 0, | (4)" (P21 + O21)tr(P1) + P12020 — P22612 > 0,

Table 4.4: Conditions for absolute monotonicity of functions ¥12(-) and 21 (+)

The conditions in Table 4.3 and Table 4.4 form together a set of sufficient and neces-
sary conditions for the non-negativity of the kernel sequence {¥; };’OZO. Note that the con-
ditions (3), (3)*, (4), (4)* are equivalent to ¥; = ©; +®; > 0 and ¥y = ¢1(0; 4+ P;) > 0.
The conditions (2) and (2*) translate as [adj(Is — ®1A1)](Io + ©1A1) > 0. This leads to
the following theorem

Theorem 4.3.2. Let {X;:t=0,+1,42,...} be a bivariate ARM A(1,1) process given
in (4.8.14). Let uy, o denote eigenvalues of the matriz @1, such that |us| < |ui| < 1.
Assume that the two eigenvalues are distinct. Then the sequence of matrices {V;}22, is
non-negative, if and only if the following conditions hold

1
2
3
4

ﬂl?ﬂ?eRa and O<,ul<17
®, + 0, >0,
(I)l(q)1+@1) >0,

(
(
(
(4) [adj(pla — @1)](pala + ©1) >0

)
)
)
)

Proof. A proof follows from the discussion above. [

4.4 Vector-valued ARMA(1,q)

Finally, we consider a p-dimensional ARM A(1,q) process {X; : t = 0,+1,%+2,...}
with non-negative innovation vectors, which determined from the following system of
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4.4 Vector-valued ARMA(1,q)

difference equations:
X -1 Xy 1=Z;,+0,Z_+---+0,Z; |, t=0,%£1,%2,.... (4.4.15)
The matrix-valued generating function ¥(z) now takes the following form
V()= (I, —®12) (I, + 012+ - +0,29), 0<z<l1.

Assuming that all the matrices ©;,7 = 1,...,¢q and ®; are non-negative, the non-
negativity of the series {X,; : t = 0,+1,£2,...} follows directly from the equations
(11.3.12) of Brockwell and Davis (1986), p. 409:

Uy =1,
Uy = Oy (Py + O;) + Oq,

v, =o,¥, 1+ 0,
Uy =®,W 4, kE>q+1.

Similarly as in the previous section we derive a set of sufficient and necessary conditions
using the absolute monotonicity approach. Again, we confine ourselves only to two
dimensional time series.

4.4.1 Two-dimensional ARMA(1,q)

The components of a matrix-valued generating function of the sequence {W;}22, are ra-
tios of two polynomials. The denumerator is of a degree two whereas in the numerator
we have polynomials of a degree ¢ + 1. For all the functions we can directly apply The-
orem 3.3.19. Again the off-diagonal functions admit the expansion (4.2.5) with slightly
different coefficients.

According to Theorem 3.3.19 applied to all the functions v;;(2),4,j = 1,...,2, the
conditions for the series of matrices {W;}22, to be non-negative are the following:

(a) the roots pu1, j1o of the matrix ®; have to be real and the maximal root in absolute
value, say p, is positive (smaller than one from the causality),

(b) the numerators of the functions v;;(z) evaluated at 1/, are non-negative,

(c) first ¢ + 1 coefficient matrices Wy,..., W,y in the sequence {¥;}32, are non-
negative.

These conditions are summarized in the following theorem.
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Theorem 4.4.1. Let {X; : t = 0,£1,%2,...} be the bivariate ARMA(1,q) process
given in (4.4.15). Let jq, ps denote eigenvalues of the matriz ®1, such that |ps| < || <
1. Assume that the two eigenvalues are distinct. The sequence of matrices {\I/j};-";o is
non-negative, if and only if the following conditions hold

(1) p,pe €R, and 0<py <1,
(2) [adj(plz — @1)] (pal2 + ©1) > 0,
3) U;>0,j=1,...g+1

Proof. A proof follows from the discussion above.
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Chapter 5

Parameter Estimation in
Non-negative Time Series

Finding parsimonious, yet well-fitting, representation of the observed data by a statis-
tical model usually requires several interconnected modeling steps. In the context of
autoregressive (moving average) models, these are basically twofold: (1) determination
of a dimensionality of the model (orders p and ¢ of the autoregressive and moving average
polynomials), (2) estimation of the corresponding coefficients ¢1, ..., ¢,,01,...,60, and
eventually mean and/or variance parameters of the innovation sequence. The estimation
of the orders of autoregressive moving average models constitutes a challenge on its own.
We will confine ourselves only to the discussion on the estimation of model parameters
of a given dimension.

The customized approaches for parameter estimation involve methods based on Yule-
Walker equations, (conditional) Gaussian maximum likelihood or least squares, Brock-
well and Davis (1986) Chapter 8. However, the rate of convergence of such estimators,
when utilized for non-negative time series models, is not the best we could accomplish.
Improvements with respect to the convergence speed might be achieved by exploiting the
non-negative nature of the observations. This was one of the motivations for developing
special estimation techniques for non-negative time series models. The second reason
is that the classical estimation methods might lead to a model that does not define a
non-negative time series. That is why a special care needs to be exercised to make sure
that the estimates satisfy the non-negativity conditions.

The methodology considered for discussion here builds on the following frameworks:
(conditional) maximum likelihood estimation, eventually leading to the linear program-
ming problem, and the Bayesian approach. We concentrate on lower order autoregressive
and moving average models (eventually nonlinear and/or multi-dimensional).

70



5.1 AR(1)

5.1 AR(1)

Consider the causal AR(1) process {X; :t =0,+£1,+2,...} which satisfies the difference
equation
Xo= ¢ Xoy + 20, t=0,+1,42,..., (5.1.1)

where the sequence {Z; : t = 0,£1,+2,...} consists of iid non-negative random vari-
ables distributed according to a distribution function F'(-). Assuming that the variance
of Z is finite, it can be shown that the first order sample autocorrelation estimate

_ X
- — ,  where X = Q,
> (X — X)? n

5 - S = X)X = 5)

is asymptotically normally distributed with mean ¢; and variance n=!(1 — ¢?). In other
words

~ d

Vi(dr —¢) = N(0,1—¢7).
The rate of the convergence n'/? is the same as for the Yule-Walker estimators, Brockwell
and Davis (1986) p. 233. The asymptotic properties can be improved, if the estimator
takes into account the non-negativity of the observations.

An alternative estimator emerges naturally from the observation that in the model
(5.1.1) it holds that

Xy
¢1 < , teZ
P X
Suppose that a segment of realizations Xi,...,X,, has been observed. The so called

extreme value estimator of the “correlation parameter” ¢; is given by

Xy
W, = QI%ltléln X
The statistical relevance of this intuitive estimator can be justified by several argu-
ments. First, Bell and Smith (1986) who were the first to consider this estimator proved
its strong consistency under general assumptions.

Theorem 5.1.1. Let X; > 0,2 > 0(t > 2) and ¢; > 0. If F(d) — F(c) < 1 for all
0<c<d<oo, then W, — ¢1 almost surely.

Proof. Bell and Smith (1986)

Second, the extreme value estimator is the conditional maximum likelihood estima-
tor, assuming that X; is known and that the innovation sequence Z; is distributed
according to exponential distribution with the expectation A\ (we utilize the following
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5.1 AR(1)

parametrization of the exponential density f(z) = %exp(—f)). More precisely, provided
that X, = z; the likelihood of X5, ..., X, is given by

1
)\n—l

exp (— Z %) , provided that x; — 1241 >0 (t=2,...,n),
t=2
and zero otherwise. The expression inside the exponential function is increasing in ¢y,
which implies that the conditional maximum likelihood estimate is the maximal value
¢1 that satisfies the given constraints. This is exactly the value w,, = mins<;<, xj’jl
Third, the extreme value estimators appears to be equivalent in large samples to the
Bayesian “posterior mean estimator” resulting from a certain uninformative prior coupled
with an approximate likelihood function. More specifically, it is known that under the
exponentially distributed innovations (with a mean \), the expectation of the stationary

distribution of the process in (5.1.1) equals ﬁ, Andél (1988b). Since the stationary

distribution is mathematically intractable, Andél (1988b) suggests to utilize a crude
approximation of the distribution of X;. This approximation is obtained by matching
the stationary distribution with an exponential distribution of the same expectation.
The “approximate” likelihood function of X7,...,X,, then equals

L(g1, M Xy =1,..., Xy = 2p) _d=d1) exp {—1\ [(1 — ¢+ (- ¢156t—1)] } La()

t=2

1-— 1
:()\nqsl) exp{—)\ [TLI‘—QZ)]_S]}IA(.’L'),
where
x=(11,...,2,),
A={xeR": 21> 0,2y > 1y 1,t =2,...,n},
I
€r = — i
n “
=1
n—1
i=2

Andél (1988b) then shows that the maximum likelihood estimators are

~ S—1
ML _ g
1 mm(w, 5 )

- g
ML _ 7 GML
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Turkman (1990) uses the likelihood construction of Andél (1988b) and matches it with
a non-informative improper prior. This prior is assumed to be proportional to the mean
value of the stationary distribution, i.e.

A
1—¢

The advantage of this type of prior is ease of analytical tractability. More general prior
specification has been considered by Ibazizen and Fellag (2003), namely

p(¢1, )\) X I[O,l)x(O,oo)(¢1a )\)-

¢
p(gblv)‘) X )‘1 — ¢1

The authors utilized this prior in order to assess the sensitivity on the choice of # and
thereby stability of the posterior inference under varying prior assumptions.

Under the prior of Turkman (1990), the joint posterior distribution of the parameters
¢1, A following from the Bayes theorem is

Lo1)x(0,00) (¢1,A)  for 3> 0.

C 1
p(¢1, )\|X1 =T,...,Xp, = xn) = exp {_X [ni - ¢15]} I[o,min(l,wn)}(¢1)1(o,m)(/\)7

where C' is the normalizing constant. The marginal posterior distribution of ¢; then
equals

CT'(n—2) I
(ni’ — ¢18)n—2 [O,mln(Lwn)]

p(gﬁl‘Xl:Il,...,Xn:In): (gbl)

Turkman (1990) analytically derived the posterior mean estimator for ¢; under given
prior assumptions, which is

n—11-—7r"

nxr 1 —orn-1’

P=E@|Xi=m1,..., X, =1,) =

where r = 1 —wnn%. She further shows that this Bayesian estimator is strongly consistent
and that for large n it can be closely approximated by the extreme value estimator W,.
The extreme value estimator is known to be biased upwards, Bell and Smith (1986).
It has been shown by means of simulations that the Bayesian estimator has little bias
compared to the extreme value estimator, Turkman (1990). However, how well would
the Bayesian estimator perform when compared to the bias corrected version of W,
introduced by Andél and Zvara (1988) was not investigated.

The distributional properties of the extreme value estimator W,, have been studied

by several authors. Andél (1988b) derives exact distribution of W,, under the assumption

of exponential innovations and X; ~ Exp (1 _A¢1).
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Theorem 5.1.2. Let X; ~ Exp (ﬁ) and Z} ~ Exp(X). Then the distribution of W,
is given by P(W,, <w) =1 — G(w), where

G(w) =(1 — g1 ){[w+ (L — ¢1)] X [w? + (1 — 1) (L +w)] x ...
W2+ (1 —g)(1+w+--+uw"?)x
W+ (1=g)(I+w+-+w"?) — ¢}

forw > ¢1, and G(v) =1 for w < ¢;.

Proof. Andél (1988b)

Furthermore, Andél and Zvara (1988) derived E W,, and (Var W,,)'/? which enables to
quantify the bias. Davis and McCormick (1989) determined the limiting distribution un-
der the assumption of regular variation of the distribution F'(-) and that the distribution
of innovations satisfies a suitable moment condition.

Theorem 5.1.3. Let Z;} be distributed according to the distribution function F(-), which
satisfies F/(07) =0 and

F(tx)
o F(1)

(07

=za% forall x>0.

Assume further that
2Pd pp(z) < oo for some > a.

Then
P{caa,' (W, — ¢1) < 2} — 1 —exp(—z®) for x>0,

where
ap = inf{z: F(z) >n"'} and c,= (EXY)Y

Proof. Davis and McCormick (1989)

In order to apply this asymptotic result, the innovation distribution F(-) is needed
to be known in order to compute the index of regular variation «.

The extreme value estimator W,, offers improvements with respect to the rate of
convergence. As we have seen, this rate depends on the behavior of F(-) at zero, more
specifically, on the coefficient of regular variation «. For instance, if F(z) ~ cx® as
x — 0, then W, converges to ¢, at rate n'/®. Assuming the exponential innovations, i.e.
F(z)=1—e" ~ux as v — 0, then the rate equals n.

It is possible to generalize the extreme value estimator also for non-linear AR(1)
models. Let X; be a assumed known and g(-) be some measurable function. The
nonlinear AR(1) process {X; : ¢t =0,%1,+2,...} is defined by the equations

Xe=¢g(Xen) + 27 (t=22).
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Assuming that the innovation sequence is non-negative and X; > 0,¢; > 0 and g(x) > 0,
Andél (1988a) considers the following estimator

— X

He proves the following property:
Theorem 5.1.4.

(i) Let F(d)—F(c) <1 for all0 < c < d < oo. If g(-) is nondecreasing and g(x) — oo
as x — 0o, then W,, — ¢1 almost surely.

(ii) Let F(c) > 0 and F(c) < 1 for all ¢ > 0. If g(-) is nonincreasing, g(x) — 0 as
r — o0 and g(x) — 0o as x — 07, then W,, — ¢1 almost surely.

Proof. Andél (1988a)

5.2 Vector-valued AR(1)

The extreme value estimator for univariate AR(1) model can be naturally extended to
the multivariate setting. Consider the stationary p—dimensional autoregressive process
of the first order {X; = (Xu,..., Xsp) : ¢t =0,£1,£2,...} given by the relation

X, =0, X, + 2, t=0+1,4+2 ..., (5.2.2)

where the innovation vectors are independent and identically distributed according to a
distribution function F(-) and ®; = ( i )szl is a p X p matrix whose roots lie inside
the unit circle. Assume that a finite set of realizations X 1,...,X, arising from a model
(5.2.2) in which all the elements of the matrix ®; are non-negative and the vectors Z;
have only non-negative components has been observed. Andél (1992) proposed estimator

C/I\)l of the matrix ®;, whose elements (}f take the form

alij:min , i, je{l,...,p}

2<t<n Xy_1

Under mild assumptions on the distribution of the elements of the innovation vectors,
Andél (1992) proves that each estimator ¢} is strongly consistent.

Theorem 5.2.1. Assume that P(Z}, < z,...,Z}, < z) > 0 for all z > 0 and that for
every v > 0 and for each i € {1,...,p} there exists a number v > 0, such that

P(Zi<v,.... 2 <v,Z ;> Zi i <v,....Z;,<v)>0.

Then &71] — ¢ almost surely as n — oo for each i,j € {1,...,p}.
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Proof. Andél (1992)

The convergence of this estimator is quite slow, as noted by Andél (1992). He pro-
posed an alternative estimator based on the approximation of the solution to the con-
ditional maximum likelihood, assuming independent exponentially distributed elements
of the innovation random vectors. He exemplified the procedure on two-dimensional
AR(1) process. Let Z;; ~ Exp(A1) and Z;5 ~ Exp()\2), the conditional likelihood of
X,,..., X, given X equals

)\1*”“ exp {— Z(th —onuXi—11 — ¢12Xt1,2)/>\1} X

t=2

Ay, " exp {— Z(Xw — P Xi-11 — <Z522Xt1,2)/>‘2} ;

t=2
subject to
Xy — o Xi—11 — P12 X412 > 0,
Xig — 0 Xi-11 — 922 X412 > 0,
for t = 2,...,n. The maximization of the likelihood boils down to finding a maximum

of these two objective functions

o1 Z Xi—11 + @12 Z Xi12 and @9 Z Xio11+ P22 Z X192
t=2 t=2 t=2 t=2

Since for n large enough the difference between >} , X; 1, and Y | X;; will be small
(respectively for ¢ = 1,2), it is reasonable to assume that the solution to the original
constrained optimization problem will be close to the solution of a linear program

max <¢z’1 Z X1+ 0o Z Xt,2>
=1 =1
under constraints
Xii — o Xim11 — 02 Xim12>0 (t=2,...,n), ¢i >0,¢i2 >0,

for i = 1,2. Andél (1992) shows that the solution to this linear program gives strongly
consistent estimators of ¢;; (i, = 1,2).
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5.3 AR(2)

Consider the causal autoregressive process {X; : t =0, 41,42, ...} of the second order,
which is given by the equations

Xy = Xo1+ X o+ 27, t=0,+1,42,. .., (5.3.3)

where {Z : t = 0,+1,£2,...} is an iid sequence of non-negative random variables
with a common distribution function F'(-). Andél (1989) generalized the extreme value
estimator for second order autoregressive model. Denote

X

/ : / . t
= min and = min .
¢1 3<t<n thl ¢2 3<t<n X 1—2

Andél (1989) showed the strong consistency of these estimators.

Theorem 5.3.1. Let F(d) — F(c) < 1 for all0 < ¢ < d < oo. Then ¢ — ¢ and
dhy — @9 + d? almost surely.

Proof. The proof is given in Andél (1989) The motivation for the estimators ¢} and ¢}
follows from two principal observations. The first one is that

Xy G X9+ Z}

- —|- _—,
X X,

t=23,....
Andél (1989) shows that

min
3<t<n

( G X0 + 27

— 0 almost surely.
X, ) Y

This implies that ¢/ is a strongly consistent estimator for ¢;. The second observation is
that

Xy _ 01X+ 2 G102 X3+ 01 4f | + Zf

+ ¢y = o+ O] + t=3,4,....

Xi—2 Xi2 Xi—2 ’
Similarly, Andél (1989) shows that
(0102 X3+ 0127+ 4]
min — 0 almost surely,
3<t<n Xio

which implies the strong consistency of ¢, in the estimation of ¢, + ¢2. This altogether
gives that ¢f, — ¢ is a strongly consistent estimator for ¢,.

Similarly as for the extreme value estimators in multivariate AR(1) process, the
convergence is quite slow. Andél (1989) therefore proposed another estimators that
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5.3 AR(2)

might have superior asymptotic behavior. Such estimators follow from the maximum
likelihood principle, assuming that X, and X; are assumed known. The conditional
likelihood, assuming the exponential distribution Exp(\) of the innovations, given X,
and X, equals

n

N2 _ Ty — Q1741 — P2Ty—2
st

t=3

provided that
Ty — qf)lflft_l - ¢2!Et_2 Z 0 (t = 3, . ,n), (534)

and zero otherwise. The likelihood will attain its maximum for those values ¢; and
¢2 which maximize ¢1> ;s Xy—1 + @2 ), 5 Xt—o under the restrictions in (5.3.4) and
assuming #; > 0,60, > 0, which complete the set of sufficient conditions that assure the
non-negativity of the series {X; : t = 0,+1,42,...}. For n large enough the quantities
Yoa X1 and Y ;o X, o will be sufficiently close and therefore the objective function
can be approximated by (¢1 + ¢2) Y 15 X;—1. The conditional maximum likelihood
estimates will be then approximately determined by solving the linear program with the
objective function ¢; + ¢o. Andél (1989) proves that such solution provides strongly
consistent estimators.

Theorem 5.3.2. Let F'(d) — F(c) <1 for all0 < ¢ < d < co. Let ¢}, ¢ be values that
mazximize ¢1 + ¢o under the conditions ¢1 > 0,09 > 0, Xy — 01 X4 1 — ¢ Xy 2 > 0(t =
3,...,n). Then ¢7 — ¢1 and @5 — ¢ almost surely.

Proof. Andél (1989)

Andél (1989) found by simulation that these estimators converge at a faster rate
then the Yule-Walker estimators. The probabilistic justification of this observation was
given by Feigin and Resnick (1992) who established the rate of the convergence of these
estimators.

Feigin and Resnick (1994) formalized the linear programming estimators for autore-
gressive models of a general order p. Based on the observed values on X, ..., X, these
are defined as

bLp = arggé%f(aﬁl - ),

where the feasible region is defined as

p
Dn:{¢:(qﬁl,...,gbp)’G]Rp:Xt—ZgbiXt_i20,tzp+1,...,n}.

i=1

Whereas Andél (1989) provided the motivation for the linear programming estimator as
an approximate maximum likelihood estimators for AR(2) models, Feigin and Resnick
(1994) pointed out the theoretical connection to the generalized martingale estimating
equations. Assuming regular variation of the innovation distribution function F'(-), they
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5.3 AR(2)

show that there exist (n) — oo such that r(n)[¢p — ¢ has a limiting distribution.
The linear programming estimators often provide superior convergence rate to the Yule-
Walker estimators, Feigin and Resnick (1994).

The extreme value, as well as linear programming, estimators were accommodated for
nonlinear AR(2) process by Andél (1990). Assuming that ¢; > 0, ¢y > 0 and hy(-), ha(-)
are non-decreasing positive functions, the positive nonlinear AR(2) process is defined as

Xt = o1hi(Xio1) + poho(Xe o) + 2, t=3,4,...,

where X, X, are given random variables. Andél (1990) considered following estimators
based on the finite realization X;,..., X,
Xy Xy
1= min ——— and ¢; = min ———.

o1 3<t<n hy(X;_1) ¢ 3<t<n ho(X;_2)
He shows that under certain assumptions on the functions h4(-), ho(+) (concerning mono-
tonicity and limiting behavior) the two estimators are strongly consistent. Similarly, he
shows that the linear program estimators defined as

arg fqgleag(% + ¢2),

where D = {(¢1,¢2)" 1 ¢1 > 0,02 > 0,017 (X;1) + daha(Xy ) < Xyt = 3,...,n} are
strongly consistent.

The Bayesian approach to parameter estimation in AR(2) has been dealt by Andél
and Garrido (1991). They considered an analogous prior specification as Turkman (1990)
did for AR(1). Again, the likelihood function is approximated, assuming that X; and
Xy are independent, exponentially distributed with a mean equal to the mean of the
stationary distribution, which is m The approximate likelihood function based on
the observed random variables X, ..., X, is

L(p1, 2, M X1 =21, ..., Xy = ) =(1 — ¢1 — ¢2)° A exp{—A"(1 — ¢1 — o) (1 + 29)]} X
exp {/\_1 [Z(%’t — P1T—1 — ¢2th—2)] } Ip(z),
t=3

where
B={x=(x1,...,2,) 121 > 0,20 > 0,24 — 1041 — P42 >0, =3,...,n}.

Andél and Garrido (1991) considered the following joint prior density for the parameters

o1, P2 and A
1

(1—¢1—¢2)

p()\7¢1a¢2) = \ QICX(O,OO)(¢17¢27/\)7

where

C={(¢1,¢2) : 1 > 0,00 >0,2° — 1z — o #£0 for |z >1}.
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This prior is again improper and simplifies analytical derivation of the posterior densities.
The joint posterior density from the Bayes theorem equals

p(¢1,d2, A X1 = 21,..., X, = 2,) =C'A7" Lexp {—S — Slgb)l\ — 5202 } 1((0,00)) (M1t (91, ¢2),

where
n—2

n n—1
S:tha 511552—1‘25% 52:951+$2+Z$t,
t=1 t=1 t=1
(' is the normalizing constant and

M:CQ{(¢17¢2),:¢1 207¢2 207Xt_¢lXt—l_¢2Xt—2 207t2377n}

The calculation of posterior (marginal) moments is more involved. If we denote I;; =
[[ #idh(1 — s11 — sa¢p2) " "d 1d 2, then it can be derived that
M

E(¢§¢§|m) = Ioo i, 12>0,7>0.

Andél and Garrido (1991) show that the posterior expectation is strongly consistent
estimator for the parameter vector (¢y, ¢s)’. However, the calculation of the integrals
involved in the posterior expectations is prohibitive for larger values of n. That is
why they suggested an analytical approximation of the integrals I;;, which involved
both approximation of the set M and approximation of the integrand. By a simulation
study they demonstrate that the bias reduction that applied nicely for the AR(1) Bayes
estimator, no longer characterizes the Bayesian AR(2) estimator.

5.4 MA(1)

Less statistical theory has been developed for estimating parameters in non-negative
moving average models. Andél (1994) employed the extreme value idea to the M A(1)
and M A(2) models.

Let the process { X, : t = 0,41, £2, ...} be an invertible non-negative M A(1) process,
i.e. it satisfies the equations

X, =2+ 2 ,6,, t=0,+142 ...,

where {7 :t =0,41,£2,...} is a sequence of iid random variables with non-negative
support and a common distribution function F'(-) and 0 < #; < 1. Andél (1994) defines
the following estimator of the parameter 6,

0 — X+ X
1= min ————.
2<t<n—1 X

He also shows its strong consistency.
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Theorem 5.4.1. Assume that F(d) — F(c) <1 for all0 < ¢ < d < co. Then 6] — 6
almost surely, as n — oo.

Andél (1994) shows by simulation that this estimator suffers from severe positive
bias. In order to correct for the bias, it would be handy to know the distribution of this
estimator. However, the distributional properties are not easily obtainable. Andél (1994)
derived approximation of the expectation E#] under the assumption of exponentially
distributed innovations.

5.5 MA(2)

The second order invertible non-negative moving average sequence { X; : t = 0, £1,+2,...}
is given by the set of equations

Xo=Z 4+ 0.2 | +0.2",, t=0,+£1,42, ...,

where, again, the innovations constitute a sequence of iid non-negative random variables
with a distribution function F(-) and the polynomial 1+ 6,2 + 6,22 has no complex roots
inside the unit circle |z| < 1. Assume further that (6;,6)" fulfill the non-negativity
conditions ¢; > 0,60, > 0, that are sufficient to assure that {X; : t = 0,£1,£2,...} is
non-negative. Andél (1994) suggested the following estimators

g oy X H3Xa o, X £ 2X 0+ X
1 s 5 =

2<t<n—1 X, 3<t<n—2 X,

and proved that they are strongly consistent.

Theorem 5.5.1. Assume that F'(d) — F(c) <1 for all 0 < ¢ < d < co. Then 0| — 6,
and 04 — 05 almost surely, as n — oo.

These estimators again suffer from substantial bias. The linear programming estima-
tors for moving average models were considered by Feigin et al. (1996).
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Chapter 6

Discussion

This thesis summarizes theoretical developments associated with non-negativity con-
ditions in (vector-valued) autoregressive and moving average models. These involve
conditions already established and but also newly formulated. The majority of the ex-
isting conditions build extensively on the theory of absolutely monotone functions, Tsai
and Chan (2007), but has the scope limited to only autoregressive (moving average)
models of lower orders. We have attempted to broaden this scope by deriving new con-
ditions for models for which an explicit result was missing. We provided conditions for
AR(p), ARMA(2,1), ARMA(3,1), ARM A(2,q) and ARM A(p, q¢) models. By empirical
demonstration, we also provided a direction for derivation of non-negativity conditions
for ARM A(3,2). We also presented illuminative graphical representation of the results
for ARMA(3,1), ARM A(3,2) and AR(3).

The obtained conditions for ARM A(p, q) served as a basis for derivation sufficient and
necessary conditions for multivariate autoregressive moving average models. We confined
ourselves to only two dimensional AR(1), ARM A(1,1) and ARMA(1, q). However, this
is surely not an exhaustive list of models, for which such conditions are feasible. The
non-negativity of practically any multivariate ARM A(p, q) model could be conveniently
described with the aid of the conditions for univariate ARM A(p, q).
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