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poznatky nésledné aplikovat na Lorentzovy prostory, které nejsou a obecné ani nemo-
hou byt opatfeny vhodnou normou. Vyuzijeme vlastnosti nerostouctho prerovnani
a na specialnich pifpadech Lorentzovych prostoriit L pro ¢ € (1, 00] zavedeme vhod-
nou a-normu, kvasinormu a jejich metrické ekvivalenty, co nejpodobnéjsi pivodnimu
funkcionalu. Poté popiSeme nutnou a postacujici podminku pro spojité vnoreni Mar-
cinkiewiczovych prostoru a néasledné i podminky pro skoro kompaktni vnofeni mezi
nimi.
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Abstract: The modern theory of real interpolation has forced an introduction of many
new notions with superordinary importance. We will concentrate on Lorentz spaces,
which originated as a generalization of weak Lebesgue spaces, and on Marcinkiewicz
spaces, named after the Polish mathematician J. Marcinkiewicz, which represent an
example of the so-called Banach function spaces. Our goal is, at the beginning, to
describe some relationship between certain generalizations of a norm and a metric,
and, afterwards, to apply the knowledge obtained to Lorentz spaces, which, in general,
are not, and neither can be, equipped with a suitable norm. At first, we will endow them
with an a-norm. Using properties of the nonincreasing rearrangement of a function,
we will equip the special cases of Lorentz spaces, more precisely the spaces L9, where
q € (1, 00], with a suitable a-norm, a quasinorm and their metric equivalents, as similar
to original functional as possible. Hereafter, we induct Marcinkiewicz spaces based on
quasiconcave functions and describe a necessary and sufficient condition for continuous
and almost-compact embeddings between Marcinkiewicz spaces.
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Introduction

The thesis is divided into three parts.

In the first part we treat a norm in a normed linear space and its general-
izations, namely, a quasinorm and an a-norm. We describe relationship between
these functionals. More precisely, we will concentrate on an a-norm, its de-
pendence on various values of the positive parameter a and its relationship to
a quasinorm. The knowledge obtained thereby is then applied to a metric and,
analogously to a quasimetric and an a-metric.

In the second part, we introduce the nonincreasing rearrangement of a function
and Lorentz spaces. Next, we describe Lorentz spaces with a particular emphasis
to their norms. Because the usual functional used in Lorentz spaces does not
always satisfy all the norm axioms, we would like to find an a-norm, as similar to
original functional as possible. We will use results presented in [1]. We examine
separately the cases L' for 1 < ¢ < oo and L%*, in which case we also prove
the optimality of our results. In both cases we are able to find an a-norm and,
with the help of the results presented in the first part, we can equip them also
by a quasinorm and a quasimetric.

In the final part, we introduce the notion of a quasiconcave function, which
leads to Marcinkiewicz spaces, and we explore necessary and sufficient condi-
tions for continuous and almost-compact embeddings between them, using basic
properties of quasiconcave functions.
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1 Norms and metrics

Our purpose will be to study the question, whether it is possible to equip Lorentz
spaces with a suitable generalization of a norm and establish its optimality.

Definition 1.1. Let X be a vector space over the field C of complex numbers.

A mapping || - || : X — [0, 00) is called norm on X, if for all « € C and x,y € X

||| =0< x =0, (1)

laz|[ = |al||2], (2)

Iz +yll < llzl + [yl (3)

Definition 1.2. Let X be a vector space over the field C of complex numbers.

A mapping || - || : X — [0,00) is called quasinorm on X, if for all a € C and
xr,ye X

|lz]| =0«< x =0,
laz|| = |al||z]],
e+ vyl < K(||z| + ||ly||) for some K > 1.

Definition 1.3. Let X be a vector space over the field C of complex numbers.
Let a € (0, 1], then a mapping || - || : X — [0, 00) is called an a-norm on X for
some « € (0,1], if for all a € C and @,y € X

2] =0z =0, (4)

laz|| = |al||2], (5)
I +yl|* < [l + llyl*

It is obvious that every norm is a quasinorm with constant K = 1 and also an
a-norm with a = 1.

Remark 1.4. In all text we will use known the trivial inequalities
(A+ B)*<A*+ B* a<l;
(A+B)* > A*+B* a>1;

for A, B > 0.

Now we will prove that if a mapping is an ag-norm for some ag, then it is also
a (-norm for each (8 < ay.
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Proposition 1.5. Let X be a vector space and the mapping || - || is an «p-norm
on X for some «g, that is,

1+ gll*® < (LI + lgll* (6)

for each f,g € X. Let 5 € (0,p). Then for each f,g € X,

Lf + gl < A7 + gl

Proof. From (6) we have:
1f =+ all? = (1f + gll®)e < ([ fF11° + [lgll*e)? .
Because (/ag < 1, we have

(F11%0 =+ llglleey? oo < (LF10) e + (lgll*e)? e = [I£1I° + llgl®.
O

Remark 1.6. We say that an ap-norm is optimal on a vector space X, if ay is the
largest value, which satisfies all a-norm axioms, in other words, it is an a-norm
if and only if o € (0, a).

Hereafter we will describe the relationship between quasinorms and a-norms
and we will apply it to Lorentz spaces.

At the beginning we will prove that a Banach space equipped with an a-norm
can be also endowed with a quasinorm.

Proposition 1.7. Let 0 < o < 1 and assume that for every f and ¢ in a Banach
space X one has

£+ gll* < A1+ Nlgll*
Then )
I1f+ gl <2271+ llglh)-

Proof. Denote ¢ := ||f + g, a := || f|| and b := ||g||. Then
c* <a*+b"

and )
c < (a®+bY)e,

which we require to be less than or equal to

aYa+b).
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If a =0 or b =0, then the inequality holds. So, we find the maximum of

( a® + b ) «

(a+b)r) -

where a > 0 and b > 0, and we hope that this maximum is less than or equal to
i

Let b = Ma and let us find the maximum of
a® + (Aa)®
(1 + Na)>

Since
a®+ (Aa)* (14 AY)a”

(T+Na)*  (1+N)2a>’

it is sufficient to find the maximum of

14 A
(1+ N
Next,
( L+ > _ (@A) = (L Xa(l+ )
L1+ (14 A)2e 7
a1+ AL+ X) — (1+4%)] =0
and

AT\ — 1 — )\ =0.
/ / /
Thus, (ﬁ) =0 only for A = 1, (%) >0 for A < 1 and (&i:\\;) <0

for A < 1 (for @ < 1). Therefore, the maximum of our expression is attained at
1

A =1 and equals to (%) * =231, Consequently, we found a quasinorm on

the space X with the constant K = sl O

On the other hand, we would like to be able to make an a-norm from a quasi-
norm. Unfortunately, there exists no general dependence.

Proposition 1.8. There exists a quasinorm || - || which is not an a-norm for any
a € (0,1).

Proof. Let X be a Banach space equipped with the norm | - || x, and let Y be its
closed nontrivial subspace. Let us define

-5 = 2yllx, yevY;
X |lz]|x, =€ X\Y.
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At first, we have to confirm that || - || ¢ satisfies the axioms of a quasinorm. It is
easy to observe that
lz]|s =02 =0

and that
kx|l ¢ = |k|l|z||¢ whenever k is a scalar.

It remains to prove that || - || ¢ is a quasinorm with constant K = 2.
For x +y €Y, we have

lz +yllx = 2llz + yllx < 2(zlx + [lyllx)-
For z +y € X\Y,
Iz +yllx = llz +yllx < (lzllx +llyllx) < 202lx +llyllx).

We shall now prove that, given any o € (0,1), || - || ¢ is not an a-norm. Let
r,yeY, thuse+yeY. If ||- || was an a-norm, then it would have to obey

lz+yll% = 2%z +yll% < ll=[I% + [lyll%-
Let y = ma for some scalar m. Then it is required, that for all such m,

2z (M +m)l5% < |5 + [lme%-

Hence,
2°(1+m)* =% < (1 +m®)|lz(%
and
go o LEMT
~ (1+m)e
Because N
i LM

m—oo 1 4+ m®

it holds that (Hm) < 2% for large enough m. So, for any given «, we found = and
y such that || - ||°‘ does not satisfy the triangle inequality. Consequently, || - || is
not an a-norm, for any o > 0. O

Now we define some other important terms; in particular, a metric, which
is also called a distance function, and a quasimetric, which is an analogue of
a quasinorm in normed spaces.
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Definition 1.9. Let X be a (non empty) set. The function p: X x X — [0, 00)
is called a metric if, for all z,y,z € X,

plz,y) =02 =1y;

p(z,y) = p(y, x);
and
p(z,y) < p(z,2) + p(2,y).

Definition 1.10. Let X be a (non empty) set. The function p: X x X — [0, 00)
is called a quasimetric if, for all x,y,z € X,

plz,y) =0 2=y

p(z,y) = p(y,x);

and
p(z,y) < K(p(z,z) + p(z,y)) for some K > 1.

It is obvious that every metric is also a quasimetric with the constant K = 1.

Remarks 1.11. (i) Let (X, ]| - ||) be a normed vector space. Then we can
introduce a metric p on X by setting p(z,y) = ||z — y|| for all z, y in X.

(ii) Analogically, we can generate a quasimetric by a quasinorm.
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2 Lorentz spaces

In this section we shall develop a theory of the nonincreasing rearrangement of
a given function and, in particular, of Lorentz and Marcinkiewicz spaces.

Most of the material and further details can be found in [1].

Prior to the definition of Lorentz spaces we have to define some auxiliary
notions and their properties.

Let (R, ) denote a totally o-finite measure space.

Let M denote the collection of all extended scalar-valued (real or complex)
p-measurable functions on R, and let M denote the class of functions in M that
are finite p-a.e.

Definition 2.1. The distribution function py of a function f in My = My(R, p)
is given by
pe() = e € R: ()] > Ah, A0,

Observe that the distribution function is a nonnegative, nonincreasing and
right-continuous function on [0, c0).

Definition 2.2. Two functions f € M(R, ) and g € My(S,v) are said to be
equimeasurable if they have the same distribution function, that is, if ps(\) =

vy(A) for all A > 0.

Definition 2.3. Suppose f belongs to M(R, it). The nonincreasing rearrange-
ment of f is the function f* defined on [0, 00) by

FH) = mf{A: pp (N <1}, 120,

We will presume that inf () = co. Hence, if for some ¢, we have ps(\) >t for
all A\, then f*(¢) = co. Because pf is nonincreasing, we can express f* also as

fr(t) = sup{ A : puy(N) >t}

We can think of the nonincreasing rearrangement as a ‘generalized inversion’
of py. In the cases, when py is strictly decreasing and continuous, we have
fr= ()™

Now we shall introduce some properties of the nonincreasing rearrangement,
which we will need in this section. For the proof see [1, Chapter 2; Proposition
1.7].

Proposition 2.4. Suppose f, g belong to My(R, ) and let a € R be any
scalar. The nonincreasing rearrangement f* is a nonnegative, nonincreasing,
right-continuous function on [0, 00), and

(af)” = lalf", (7)



2 LORENTZ SPACES 12

([fP)*=(f)P, 0<p<oo,
and
(f+9) (ti+1t2) < f (t1) + 9" (t2), ti,t2 > 0. (8)

Observe that for a nonincreasing function f, f* = f.

Definition 2.5. Let f belong to My(R, ). Then f** will denote the mazimal
function of f*, defined by

() = %/0 f*(s)ds, t>0.

We will now summarize some properties of the maximal function. For the
proof see [1, Chapter 2; Proposition 3.2] and [1, Chapter 2; Theorem 3.4].

Proposition 2.6. Suppose f, g belong to M, and let a € R be any scalar. Then
f** is nonnegative, nonincreasing, and continuous on (0,00). Furthermore, the
following properties hold:

ff =0 f=0 pae

(af)™ = lal[f*;
(f +9)7 () < [ () + g™ (1)
Definition 2.7. Let (X, |- ||x) and (Y, || - ||y) be normed linear spaces such that
X CY. We say that X is continuously embedded into Y, denoted X — Y if

the identity function Id : X — Y is continuous, in other words, if there exists
a constant ¢ > 0 such that ||z||y < ¢||z||x for every z € X.

Definition 2.8. Let (R, i) be a totally o-finite measure space and suppose 0 < p,
q < oco. The Lorentz space LP? = LP9(R, i) consists of all f in My(R, u) for
which the quantity

e ope} ™ 0 <q <o
s (170} ifg=ce.

0<t<oo

1£llpa =

is finite.

Now we recall some properties of Lorentz spaces. If p = ¢ € (0,00), then
LPP = P and || f|lpp = |lf|lp, which results from (7) and the fact, that f and
f* are equimeasurable. If ¢ = oo, then LP* is the so-called weak Lebesque space
and LP> 2D LP for p < oco. For p = 0o and ¢ < oo, then L = {0}.

The next proposition describes an embedding of Lorentz spaces for a fixed p.
For the proof see [1, Chapter 4; Proposition 4.2].



2 LORENTZ SPACES 13

Proposition 2.9. Let 0 <p < oo and 0 < ¢ <7 < o0o. Then
LPT— [PT,

(There exists a positive ¢ such that for every f it holds that || f|l,, < c[/flly.4-)

The inclusions between LP? spaces with different p is similar to those between
Lebesgue spaces L?, independent of ¢ [1, Chapter 4; page 217].

Despite our notation, the functional || - ||,, is not always a norm. More
precisely, it is a norm if and only if 1 < ¢ < p and 1 < p < co. In cases when
1 <p<ooandqe[l,o0], it is at least equivalent to the norm || f**||,,-

However, the Lorentz space L%, where ¢ € (1,00], can not be equipped with
any norm equivalent to || - ||1,4.

Henceforward we will concentrate on the most interesting case p = 1 and our
goal will be to equip Lorentz spaces with a suitable a-norm or to show that such
an a-norm does not exist.

Now let us demonstrate the necessity of this search and prove that, for ¢ = oo,
the functional || f]|1,00 is not a norm.

Proposition 2.10. Let (L%, ||-||1,o) be as in Definition 2.8. Then, the mapping
|| - ]1,00 does not satisfy (3) — the triangle inequality.

Proof. 1t is sufficient to find a counterexample. Let f := x and g := 1 — x, then
f+g=1. We will compute their norms using 2.8. We have:

1

o = tf(t)} = tl—t) =,
1f 100 = sup {£f7(1)} = max t(1 — ) = 7

1
o= tg*(t)} = max (1 —t) = -
19ll10e = sup {tg"(t)} = max #(1 —1) = 7

and
Nf+ gll100 = sup {t(f +9)" (1)} = sup t-1 =1,
o<t<1

0<t<1

but 1 £ §+ ¢, hence [|f + gl £ [[f]| + llgll- N

Our purpose now is to equip LY with an optimal c-norm. Because the
functional || - ||1,.c obviously satisfies the norm axioms (1) and (2) , we have to
prove only the triangle-inequality. At first, we will prove it for a = 1/2.

Theorem 2.11. Let (L", || - |[1,5) be as in Definition 2.8. Then

1/2 1/2 1/2
I1f+ g2 <2 + llglh’2.
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Proof. We require:

(sup t(f+g)"()"* < (sup tf*(¢)2+ (sup tg*(t))"?

0<t<oo 0<t<oco 0<t<oo

that is, by the properties of the supremum,

sup VE/(f +9)*(t) < sup VE/f(t) + sup VE/g*(b).

0<t<oo 0<t<oo 0<t<oo
Denote a := sup ty/f*(t) and b := sup v/t\/g*(t). We need to show that,
0<t<oo 0<t<oo

for every t € (0, 00),
t(f+9)"(t) < (a+b)>

that is 1
(f+9)(®) < Sa+b)”
From (8), we get
(f+9)(t) < f*(A) +¢"((1 = \)t), for every A € [0,1]. 9)
Now, it suffices to prove that
F(M) + " (1= A)) < 7a+ D> (10)

Recall that

0<t<oo
hence
a= sup \/Atf*(At)
0<t<oo
and
a’® = sup Mf*(At).
0<t<oo
Thus,
MfE(M) < sup ALf*(Mt) = a?,
0<t<oo
that is
Fon <L
A

Similarly, we get

g' (1 =M)1) <
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Let us insert this into (10), we then obtain

a? b?
SRR

1
S ;(CL -+ b)2

and ) 2
a
- < b)?.
)\ +(1_>\)_(a+ )

Finally, we need to find \ satisfying

(1 —Na? + A% <A1 —N)(a+b)2

Because A can depend on a and b, we need to solve the quadratic inequation: let
A= 2, then A € (0,1) and

(1—=Na? + A% <M1= N)(a+b)>2
So, we found A satisfying (10), and from (9) we obtain the required inequality. [J

Combining this result with the Proposition 1.5, we immediately obtain that
| - |l is an a-norm also for all « € (0,1/2].

Now we shall demonstrate that o = 1/2 is the largest (optimal) value for
which the functional || - [|1 o is an a-norm.

Proposition 2.12. Let § > 1/2, then exist f,g € M such that

1+ 9l e > /1Y e+ 19117 o

Proof. We will use the same counterexample as above. Let f :=x and g :=1—x,
then f + ¢ = 1. Then

1
”fHLOO = Za
1
lolhoe = 5
and
1/ +glhee = 1.
Let us define h(3) := 2(%6), then h is a strictly decreasing function, h(1/2) =
1, so, for each > 1/2, h(B) < 1, proving the claim. ]

Corollary 2.13. Let (L] - ||1.00) be as in Definition 2.8. Then || - |1« is the
a-norm if and only if a € (0,1/2].
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Using the relationship between a a-norm and a quasinorm, we can formulate
the following corollary.

Corollary 2.14. We can equip the Lorentz space LY* with a quasinorm with
constant K = 2.

Using Remark 1.11 we can formulate yet another corollary.

Corollary 2.15. We can equip the Lorentz space L' with a quasimetric with
constant K = 2.

We shall now leave the case ¢ = oo and will explore other cases. Before doing
that, we will formulate a result by Godfrey Harold Hardy, for its proof see [1,
Chapter 2; Proposition 3.6].

Proposition 2.16 (Hardy’s lemma). Let f and g be nonnegative measurable
functions on (0, c0) and suppose

[ s < [ s

for all t > 0. Let h be any nonnegative nonincreasing function on (0,00). Then

/ F($)h(s)ds < /0°°9<s>h<s>ds.

Now we are able to show that ||f|[1, for ¢ € (0,1) is a g-norm. The first
two a-norm axioms (4) and (5) are obvious, so we will prove only the triangle-
inequality.

Proposition 2.17. Let 0 < ¢ < 1, then

If +9lliy < IAI5, + Mgl
Proof. We know that

[raraas [Trwis [Tgoa

Thus, for h nonincreasing, we have:

/Ooo(erg dt</ £t dt+/oog*(t)h(t)dt.

Let h := t77!, then, for ¢ < 1, h is decreasing, and

1f+glltg < A1, +1lglli,
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Next, we will describe the spaces L', where 1 < ¢ < co. The following propo-
sition shows that we are able to equip all such Lorentz spaces by an 1/2-norm.
Because of the properties of the nonincreasing rearrangement, it is necessary to
prove only the triangle-inequality.

Theorem 2.18. Let 1 < ¢ < oo and (L', - [|14) be as in Definition 2.8. Then

1/2 1/2 1/2
1f+ gl < IFIRE + gl (11)

Proof. Let denote a := || f||1,, and b := ||g|]1,,. We need to show that

( / T+ g)*(t)th—ldt) " < (A ViR (12)

From (8), we have

(/OOO(f : g)*(t>qtq_l) ) = (/ooo[f "(A) +g7((1 - A)t)]%q—ldt) " .

Using the Minkowski inequality, we obtain

1/q

</Ooo[f*(xt) +g%((1 - )\)t)]qtqldt) <

([ rooea) ™ s (o) s

We set s = At and get

</°Oo f*(At)th_ldt) - (/UOO rer(3)" %dt) "

and, similarly,

(/ooo g (1 - )\)t)qtqldt) " (/0“‘ g (5)? (1 > A)H ﬁdt> 1/q.

Then we insert this into (13), and we obtain

1 1 1

1
e + 7= llglhe = ya+ —b.

From (12) it sufficient to show

1 1
a4+ —b< 2,
)\a+1_)\b_(\/a+\/l—))

: _ _Va
Now, because A can depend on a and b we can just take A = NV and the

desired inequality (11) follows. O
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As in the case L, we can equip the Lorentz space L' with a quasinorm
and a quasimetric.

Corollary 2.19. We can equip the Lorentz space LY* with a quasinorm with
constant K = 2 and with a quasimetric with constant K = 2.
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3 Marcinkiewicz spaces

Now we would like to define Marcinkiewicz spaces and describe embeddings be-
tween them. Prior to the definition of Marcinkiewicz spaces we also have to insert
some preliminary material.

Definition 3.1. Let ¢ be a nonnegative function defined on the interval R* =
0,00). If
©(t) is nondecreasing on (0, 00);

o(t) =0t =0;
©(t)/t is nonincreasing on (0, o), (14)

then ¢ is said to be quasiconcave.

Definition 3.2. Let ¢ be a quasiconcave function on R*. The Marcinkiewicz
space my, = my,(R, i) consists of all functions f in M(R, i) for which the func-
tional

1 fllm, = sup {f*(¢)e()}
0<t<oo
is finite.
Definition 3.3. Let X be a normed vector space. The unit ball is the set
Bx ={z e X : |jz|| < 1}.
The next proposition describes embeddings between Marcinkiewicz spaces.

Proposition 3.4. Let ¢ and ¢ be a quasiconcave functions. Then

My = My (15)
if and only if
Y(t)
sup ——= < 0. 16
SIS0 (16)

Proof. At first, we will prove the sufficiency of the condition.
We would like to prove that, assuming (16), we have

1f |,
up < 00
20 |[fllm,,

<

(t)

Suppose that sup o)

0<t<oo

= ¢ for some ¢ > 0. Then, for every t > 0,

—~

©p

P(t) < cp(t).
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Let f be a fixed but arbitrary function in My(R, it). Then, by Definition 3.2 and
the properties of the supremum, we have

sup fr()y(t)  sup [fr(t)ep(t) sup f*(t)p(t)

0<t<oco 0<t<oo _O<i<oo

sup [*(5)p(s) ~ sup [(s)p(s)  sup f*(s)p(s)

0<s<oo 0<s<oo 0<s<oco

= C.

Thus,

Ml
em 5,

Now we shall prove the necessity of the condition (16).
Suppose, for contradiction, that (15) holds and simultaneously, for each n € N,
there exists a sequence a,, € (0,00), n € N, such that

Y(an)

p(an)

Let f, be a function defined by the following formula:
L, te|0,an];
no={ g e

t € (an,00).

> n. (17)

Since f, is nonincreasing, we have f, = f.

Now we will compute the norm || f,[|m,,:

sup fo(t)p(t) = max{ sup fi(t)e(t), sup fr(t)p(t)} =

0<t<oo te(0,an] t€(an,00)
max{ sup 1-¢(t), sup 0-p(t)} = sup (t).
te(0,an] te(an,00) te(0,an]

Because ¢ is nondecreasing,

[ fallm, = #(an), (18)

and f, € m,,.
Now, let us estimate the value of || f,, ||, : from the properties of the supremum
we have

sup [, ()Y(t) > fulan)¥(an) = 1¢(an),
hence, from (17) and (18)

Y(an) > np(a,) = n||fn||m<p

So
[Fullmy

[ fullme —
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for each n € N. Consequently,

Al
up =
seme || fllm,

)

which is a contradiction with (15). O

In the theory of compact embeddings between function spaces [2], the follow-
ing notion is of importance.

Definition 3.5. We say that one Marcinkiewicz space m,, is almost compactly
embedded into another one, my, if

l. * )l :0
af&f?éi 1" X(0.a) Iy

and

lim sup ||f*X(a7oo)||mw:0'
a—0o0 EBT)’up

The aim of this chapter is to characterize when this happens. We begin with
two properties.

Proposition 3.6. Let m,, my be Marcinkiewicz spaces. Then

l. * allm :0 19
Jlim. Sggw 1" X0,) (19)

if and only if

lim sup 0 = 0. (20)

a—0+ 0<t<q 90(75)
Proof. At first, we will prove the sufficiency of (20). We begin with writing out
the definition of the unit ball. We have
[ € B,
if and only if
1 llm, < 1.
By Definition 3.2, this is the same as

sup f*(1)e(t) <1,

0<t<oo

that is,

PSS forevey L€ (0.00)
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Because ¢ is nondecreasing, then 1/¢ is nonincreasing, and, for every ¢ € (0, 00)

hence

then
I (Oxom(t) < (%) (x00 (1)

It is obvious that

(f"X(0.2) @) = [*(t)X(0.0) (1)

((é) X(O’“))* (t) = (é) * ()X (0,0)(t)-

* 1 .
1f* X ©0.0)llm, < H(E) X(0,a)

Now we will test the condition (19):

and

Hence

My

. * < hi
A 2 M0l < 1,

= lim sup <l) ()X 0,0)(t)(t) = lim sup w(t)

a—0+ g<t<oo \ @ a—0+ 0<t<q SO(t)

and from the condition (20)

Jm figsw 1" x(0,a)llmy =0,

which we needed.

holds and

lim sup —= =¢> 0.

(t)

Let f:= %0. Then f* = <é) = %0 and f € By,,. Let us compute

G
i

a—0+ p<t<q

X(0,a)

¥

)
My

P
g W N0l = Jity

Now we shall prove the necessity of (20). Suppose for contradiction, that (19)
)

(21)
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using the computation above, we know that

a . t
lim ||X@2) = lim sup M,
a—0+ ) a—0+ g<t<q QD(t)
but from (21),
t
lim sup m:c>0,
a—0+ o<t<a #(t)
SO
]‘. * a m. > 07
A, s 1F*X©a)lm, = ¢ >
which is in a contradiction with (19). O

Proposition 3.7. Let m,,, m, be Marcinkiewicz spaces. Then

ah_{go sup ||f*X(a,00)||mw =0 (22)

€Bm,,

if and only if
t
lim sup 40 = 0. (23)
aA—0 g<t<oo So(t>

Proof. Analogously to the last proof, at first we will prove the sufficiency of (23).
Using the definition of the unit ball and Definition 3.2, we know that for every
f € B,

PSSy forevery L€ (0.00)

Since ¢ is nondecreasing, 1/ is nonincreasing and for every ¢ € (0, 00)

Hence
F (O #) < (é) (DX (8)

and

1P Ox el < H (%) Xowo

() 0 s

My

It is obvious that
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Now we will test the inequality (22):

1 *
lim sup ¥ a,00) ||m S lim H(_> a,00
u 1" X(a,00) [l 5 ) Xaeo

a—00 f a—00

S mep My,

= o (2e2) @i

a—00 )<t<oo 2

— 9
B ahigo 0§?<poo Sp(t + a)
L Y(t) Y(t+a)
= P U a) el ta)

Because 1) is nondecreasing, ¥ (t) /¥ (t + a) < 1. Therefore
U(t) P+ a) blita) o)

lim sup < lim sup ———= = lim sup —=
=00 0<t<oo P(t + @) p(t +a) T amooctcoo Pt +0a) a0+ actcoo (1)

and from the condition (23)

lim sup ||/*X(0.0)llm, = O,

a—00 fEBmLp

which we needed.
Now we shall prove the necessity of (23). Suppose for contradiction, that (22)
holds and .
lim sup 40) =c>0. (24)
a—00 g<t<oo (;0( )

Let f:= %0. Then f* = <é>* = %0 and f € B,,,. Let us compute

X (a,00)
%

9

ey
using the computation above, we know that

X(a.00) = lim sup —wt)
P A,  970<i<o0 (T + a)

- i o sy 20 v}
= lim max< sup ————, sup ———— ;.
a—00 0<t<a Sp(t + a) a<t<oo Qp(t + CL)

lim H

a—0o0

It is enough to consider only the case ¢ > a. We have

, vty P(t) Yt +a)
A S ey T S ot a)
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Because 1 is quasiconcave, from (14)

dla+1) < P(2t) < 2(t)

and
_ Y(t) p(t+a) _ . Ly(t+a)
Mm sup Ot +a) ot +a) = sup g p(t +a)
»(t)

=— lim sup —=.
A—=00 2a<t< 00 (,O(t)

that is, from (24)

t
— lim sup m > E,
A—00 2q<t< 0 Sp(t> 2
hence
lim HM > <
a—o0o ) My 2
which is in a contradiction with (22). O

The following theorem is a direct consequence of Propositions 3.6 and 3.7.

Theorem 3.8. A Marcinkiewicz space m,, is almost compactly embedded into
another one, my, if and only if (20) and (23) hold.

Acknowledgment: It has been recently brought to our attention that part of
our results in Section 2 has been independently obtained by J. Vybiral in [3].
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