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ptylovému modelu, kde bodova interakcia medzi kandlmi je sprostredkovanda delta po-
tencidlom. Tento rozptylovy problém je analyticky riesitelny. RieSenim Lippmannovej-
-Schwingerovej rovnice si ndjdené rozptylové vlastné stavy, ndsledne maticové elementy
S matice a vlastné fazy. Skiima sa vplyv parametrov na prahové a rezonancné javy
(pritomnost, poloha, $irka) a ich vztah ku pélom S matice v komplexnej k-rovine.
Potom pre model v rezonané¢nom rezime je aplikovany projekény formalizmus a roz-
ptylova T matica sa separuje na ortogonalny, priamy a rezonan¢ény ¢len. Diskutuje sa
vplyv vyberu podpriestoru kvazi-vizbovych stavov na separaciu T matice.
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Abstract: In this thesis we study simple one-dimensional two-channel scattering model
where pointlike coupling between channels is provided by the delta potential. The
scattering task can be completely solved analytically. The solution of the Lippmann-
Schwinger equation leads to improper scattering eigenvectors, consequently to scatter-
ing S matrix elements and eigenphases. We study how the setting of parameters affects
threshold and resonant behaviour (presence, position, width) and the mutual relation-
ship between resonances and poles of the S matrix in complex k-plane. Then we apply
projection-operator formalism to model with resonance and the on-shell T matrix is
separated into the orthogonal, direct and resonant term. We discuss how choice of
subspace of quasi-bound states effects the separation.
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Introduction

Scattering experiments are useful and essential tool of modern physics. They are used
in many fields (e.g. particle, nuclear, atomic or molecular physics) and have found wide
range of applications in other disciplines too (e.g. crystallography, nuclear medicine).
The common element of scattering experiments is collision of particles. The nature of
the collision depends on the energy. The low-energy collision usually leads to only one
possible outcome — single-channel (elastic) scattering. For higher energies the range
of possible outcomes is often more interesting (more complex) and we can get more
than one configuration — multichannel scattering. Another interesting often observed
phenomenon are resonances — the rapid and sharp chance of scattering quantities (e.g.
scattering probability) in small interval of energies (Figure [I). They can be often
understood as temporary capture of particle into quasi-bound state.

In this thesis we will study simple exactly solvable one—dimensiona]lﬂ two-channel
scattering model, where we can observe threshold behaviour (common in multichannel
scattering, Figure and resonances. The interaction between two channels is pointlike
and is ensured by Dirac delta ”function” potential (also called delta potential).

The first chapter serves as a short introduction to time-dependent and time-inde-
pendent formalism of the quantum scattering theory. Bulk of terminology and basic
structure is rephrased from or inspired by [6].

The chapter number two is dedicated to same one-dimensional model with delta
potential only restricted to one channel. It mainly serves as simpler problem to show
instructive application of the framework, but also as reference model without coupling.

The third chapter contains complete solution of the one-dimensional two-channel
scattering model and studies influence of parameters on threshold and resonant beha-
viour. Mutual relation between resonance and poles of the S matrix in complex k-plane
is discussed.

In the fourth chapter we have applied projection-operator formalism to separate
background and resonant terms of on-shell T matrix. This separation is commonly
used in molecular physics to generalize Born-Oppenheimer approximation for electron-
scattering resonance states (e.g. in [I] or [4]). The formalism is outlined in [3] or in

2.

1.0 T T T T T T T T T T T T
0.8 F .
&
= 06 | 1
Q
B L
o 04F .
o
0.2 —
00 T 1 L 1 % L 1 L 1

0.0 0.2 0.4 0.6 0.8 1.0 1.2

Figure 1: The resonant (green line) and threshold (red line) behaviour.

IThe scattering in spherical potential can be transformed into one-dimensional scattering.



1. The brief introduction to the
scattering theory

In this chapter we will make a short introduction to the quantum scattering theory[ﬂ
The terminology, the notation and the basis structure of the scattering theory have
been adapted from Taylor’s publication [6], where these can be found in more details.
In general, the scattering theory is wide framework describing scattering experiments.
The scattering experiment is (usually a deliberate) collision of (accelerated) particle(s)
with a static target (particle(s) with negligible kinetic energy, e.g., atoms) or with
another (accelerated) particle(s).
The scattering theory has two main tasks:

1. Prediction. The input variables of the experiment (type and kinetic energy of
particles, type of target...) are known and can be controlled by experimentalist.
The correct scattering theory should provide prediction of probabilityE] of cer-
tain output variables of the experiment (kinetic energy of outgoing particles, the
scattering angle...) or observation of various phenomena (e.g., resonance and
threshold effects).

2. Analysis. Oppositely to the previous task the output variables of the experiment
and the nature of interactions are known (and possibly some input variables).
The scattering theory should provide information about ingoing particles or about
target (type of particles, kinetic energy...). In general the difficulty of this task
depends on amount of known information.

This thesis will be dealing with the first task.

1.1 Preliminaries

In formalism of spectral decomposition the eigenvectors of Hermitian operator (or set
of operators called complete set of commuting observables (CSCO)) form orthonormal
basis of the corresponding Hilbert space . In the scattering theory it is convenientrﬂ
to work with the momentum eigenvectors \p>E] In position representation they can be

expressed ad[[f[[]

(z|p) = (2m) "2 eP* | (1.1)

'In the whole thesis the scattering is described on the level of the non-relativistic quantum mechanics.

2The scattering theory of our interest is based on quantum mechanics, therefore the probabilistic
interpretation is in the nature of this theory. We cannot predict results of experiment, we can only
determinate the probability for all possible results.

3The convenience will arise in the second property of the scattering operator S.

4The vector |p) can also be denoted as vector |p,p) by the magnitude p := |p| and unit vector
p = % of momentum vector p, specifically in 1D as |p, s), where s := sgn(p) = £1 is the direction of
the momentum.

5In our thesis we will be dealing only with one-dimensional scattering, hence everywhere the dimen-
sionality is equal to 1. But whole concept of the scattering theory is independent of dimensionality and
can be performed without this specification.

SIn suitable units we can choose /i = 1.

"Even though we work in one dimension, we preserve the vector notation for momentum to make
difference between the momentum p (real number) and the magnitude of the momentum p (non-negative
number).



The momentum eigenvectors |p) are improper vectors non—square—integrable)ﬁ
If some operator B := f(A) is defined as some function’| of the other operator, they
have same eigenvectors

Aln) = apn) = Bln) = f(an)|n). (1.2)

1.2 Time-dependent scattering theory

Typically a single scattering experiment can be roughly divided into three phases:

1. several particles are in large separation from each other (so they don’t interact
with each other) approaching on collision course,

2. collision and interaction of particles,

3. particles flying away to large separation from each other.

To define more precisely the basic terminology of the scattering theory we will
choose the simplest scattering experiment: the scattering of a single spinless particle
by fixed potential (e.g., the potential of atom) also known as potential scattering@lﬂ
We assume time-independent Hamiltonian of single particle H (t) = H

H=T+V,
where 7T is operator of kinetic energy and 1% operator of potential energy. The system

at the instant ¢ is described by a state vector [¢(¢)), which satisfies the time-dependent
Schrodinger equation with the formal solution

d 2l —ift
Zalw(t» =H|yY(t) = [¢(t)) = e\j/hb% (1.3)

=:U(t)

where U(t (t) is the evolution operator and |i¢) has meaning of the state vector at the
time ¢ = 0 (11(0)) = |v) € #)[7]

The Hamiltonian H can be divided into Hamiltonian of free particle Hy (the free
Hamiltonian) and the interaction potential 1%
T
—~
=:Hy

H=_T +V. (1.4)
In the infinite time limit ¢ — +oo (both before and after the collision) the motion

of the particle is determined by free Hamiltonian Hy and there exist incoming (|9, ))
and outgoing (|1out)) particle asymptotesﬂ

8The handling of improper vectors is same as of proper vectors, but every mathematical treatment
must be underpinned by rigorous justification. In general, we will treat them same and we will note
every difference from proper vectors if such occurs. Especially in scattering theory there are statements
which hold for any square—mtegrable vector, but are false for improper vectors.

9We can define the operator B other way around on eigenvectors of the operator A. Then the only
condition for the function f is to be defined on eigenvalues a,.

108ince the elastic scattering of two particles described in their center-of-mass frame of reference is
equivalent to the scattering of a single particle by a fixed potential, this scattering problem is also
important in two-particle scattering theory.

"The terminology can be generalised for more complicated systems. Our objective is to become
familiar with terminology using also intuition based on classical mechanics.

12%When we talk about real physical states of scattering particle, we will think of them as wave
packets.

13This is not true for any arbitrary potential. Mathematics: The potential V must satisfy conditions,
which ensure the existence of the infinite time limit. Physics: When the particle (wave packet) is
localised in large distance from target atom, the potential vanishes and does not affect the particle.



The motion of free particle is described by a state vector |y, jout (f)), which satisfies
the time-dependent Schrodinger equation with the formal solution

.d 73 —if]
Z&W)in/out(t» = HUW)in/out(t» = |¢in/0ut(t)> =& < Ot,wjin/out> ) (15)
=:U0(t)

where (70(75) is the free evolution operator and |4y, /out) has analogous meaning as before

in equation (|1.3)).
Mathematically, the incoming/outgoing asymptote [¥i, /out (t)) approaches the state
evolution [t (¢)) in the limi@

lim Hwin/out(t) - 1/’(75)” =0. (16)

t—Foo

This concept can be illustrated schematically as shown in Figure 1}

~ ) ~. / _ v ‘
U()(t) U/'in> RS -7 []()(t)|wollt>

-

target atom

Figure 1.1: The asymptotes [, /out(t)) of the orbit |¢(t)) in the scattering of a single spinless
particle by fixed atom.

The interaction time in scattering experiment is usually short (= 107'0s), thus we
can only measure the free motion of particles before and after collision (|1, (t)) and
%out(t))). Therefore the basic task of scattering theory is to determine relationship
between states |¢i,) and Wout> This relation is given by the scattering operator S.
From condition it also follows that the state [1)) is linearly related to states |11, /out)

by operators called the Mgller operators (Ali.
S: A H Oy Ao H O_: H#—H
W}in> — |¢out> |1/}in> - |¢> Wjout> - |¢>

We can "move” along the dashed lines and bold line in Figure by acting the
free evolution operator Up(t) and the evolution operator U(t) respectively. Hence we
can properly define the Mgller operators 2+ and the scattering operator S using the

evolution operators as shown in Figure aﬂ
Q= t_l)igloo U(t)TUp(t) S:=QrQ, . (1.7)

The properties of the Mgller operators:

14 As already pointed out, the existence of the limit depends on the potential V. For not fast enough
decreasing potential (e.g. Coulomb potential) the limit does not exist. For potential satisfying so called
the asymptotic condition(s) there exists the limit for any state vector |¢) € 2.

5The figure can be understand in terms of classic mechanics [quantum mechanics] as an orbit of
pointlike particle 7(t) [U(t)[)] with asymptotic orbits Tin/out (t) [0o(t)|1/)in/out>] — straight dashed lines
~ in real space R* [Hilbert space /] with a marked positions 7(0), Tin/out(0) [states [1), |tin/ous)] in
certain instant.

Y50ne could argue that the whole free motion is described by whole orbits |thin(t)) and [thous(t)), not
by states |¢in) and |%out). But the orbits are uniquely determined via formula thus our approach
is valid.

7]t is convenient to note U (£)* = U(—t).



target atom

Figure 1.2: Definition of the Mgller operators ﬁi and the scattering operator S.

1. Orthogonality theorem. For potential 1% satisfying the asymptotic condition:
Xy L B and Z- L #B. (We denote #Z as the range of the Mgller operator
Q4 and A as subspace of bound states.)

2. Asymptotic completeness. If #, = %_ =: X, then the scattering theory is called
asymptotically complete@ The Mpgller operators map from space ¢ (space of
asymptotes) onto the subspace # (space of scattering states).

W)) = §+ ‘¢in> = ﬁ— ‘wout> (18)
EX en eH

3. Isometry. The Mgller operators are defined as limit of product of unitary oper-
ators, consequently they preserve the norm. But unlike the unitary operato
(which maps J# onto ) the Mgller operators maps ¢ onto %. Therefore

Q0L =1, Q0L =14.
which implies isometry on J# (and unitarity on ,@)H

4. Intertwining relation] R R
HQL = QL Hy (1.9)
The properties of the scattering operator S:

1. Unitarity. The scattering operator is unitary operator. This follows directly from

definition ((1.7)) and asymptotic completeness 1’
St5=85t=1

2. Figenvalues. Eigenvalues of the scattering operator S lie on the unit circle
g 2i6y,
Ss,) = snlts,) = |snl =1 sp=1€" ,0n €ER,
18 This directly implies that Hilbert space can be written as the direct sum: % = Z & 4.
YUnitarity: UTU = U0+ =1.

20The operators ﬁi have similar (but not the same) property called coisometry on S (preserving
the norm, mapping from Z to J¢).

21The result can be proved in 3 steps: proving expression e'f tﬁi = @ieiHot from definition of the
Mgller operators 7 Taylor expansion of previous expression at ¢ = 0 and comparison of both sides
term by term.

*2The operator 5\2+ is isometric operator from .7 onto #, the operator QF is coisometric operator
from Z onto S, so their composition is unitary operator from ¢ onto 7.

Z3This is property of any unitary operator.

<w5n|w5n> = <’¢sn |/1\W}5n> = <'¢'5n|‘§+§‘¢5n> = 3;5n<w8n"¢)5n> = |5n‘ =1,

where eigenvectors have non-zero norm (eigenvectors cannot be zero vector).


http://www.youtube.com/watch?v=YqeW9_5kURI

where we can define real-valued quantity d, called eigenphase or phase shift.
There is ambiguity in the definition of phase shift d,, up to additional multiple of
. The factor 2 is added for quantity J,, to represent conventional phase Shift@

3. Conservation of energyﬁ

~ o~

STH\S = Hy <= [S,Hy] =0 (1.10)
S+

This relation can be understood as follows: Energy measured on incoming (|¢iy))
and outgoing (|tout)) asymptote is equal (we measure energy with free Hamilto-
nian Hp).

"‘/’out>:§|win>

by = <7pin|ﬁ0|¢in> = <¢in|§+ﬁ0§‘win> <wout|ﬁ0’wout> = Lout

It is convenient due to commutation relation ) to choose the eigenvectors
of the free Hamiltonian Hg for the orthonormal ba51s Equation . ) for free

Hamiltonian HO = ;2 implies that

Hylp) = > |p) - (1.11)
~
=:FEp

4. Matriz elementsm From matrix elements of (1.10) it follows that
0= (p'[[S, Hollp) = (Ey — Ep)(P'|SIp) .

which implies that the matrix element (p’ |§ |p) is zero for E,; # E, and can be
written ad?’] R
(p'|S|p) = 6(E,y — Ep) x remainder . (1.12)

With no scattering potential (.FAI = fAIO) the scattering operator is pure identity
operator S = 1 hence it is useful to look at the scatterl operator in the form
S=1+ R which can be written with respect to ai

(p'IS|p) = 8(p' — p) — 2mid(Ey — Ep)t(p' + p), (1.13)

where have defined the on-shell T matriz t(p' + p)@

%41t can be shown, that the free asymptotic solution (z[ti, /ous) and the full solution (x|t)) synchron-
ised at the origin x = 0 are in the limit x — Zoo shifted by phase shift 6,. This is the origin of the
term.

*>This can be proved using the intertwining relation (L.9).

o~ o~~~ ~p A~ o~ ~ o~ + ~ ~ A~ ~ o~
SH, = 0+, 8, @ ataa, - (% ) o, L2 (0-1)" 0. = A0, = HoS

2When we talk about matrix elements (p’|S|p) and processes with incoming (p) and outgoing (p’)
momentum, the vectors |p) are improper (so they do not represent any physical state), but we can
imagine sequence of wave packets (p|¢;) with mean momentum p and gradually smaller and smaller
variance in momentum space.

2TThis relation expresses the conservation of energy before and after the scattering experiment.

28The arbitrary prefactor —2mi is chosen for later convenience.

2The term ”on-shell” means that it is defined only on the energy shell E,, only for momenta p’ and
p which correspond to same energy E,, = E, because of the term §(E, — E,). Based on this definition
it would make no sense to talk about values of T matrix for p’ and p, where E,, # E,. Later on we
will define T operator whose matrix elements (p’|ﬂp> will be naturally defined for every momenta p’
and p and it will coincide with the on-shell T matrix elements.



1.3 Time-independent scattering theory

Up to now we have discussed scattering theory based on the terminology of the time
evolution operators U( ) and UO() and derived operators (Qi, S and t(p' < p)).
The direct calculation from definitions for given system is impractical for analytic
calculation. But there is approach which provides time-independent framework which
is more convenient for practical calculation.

The useful tool to define for algebraic formulation of the scattering quantities is
Green’s operator (in mathematics often called resolvent). The Green’s operator G(z)
and the free Green’s operator Gy (z) are defined as

~ ~

~ -1 -1
G(z) == (z - H) . Golz) = (z - HO) (1.14)
for any complex z, if the inverse ex1stsm Accordlng to spectral decomposition the set

of elgenvectors of the (free) Hamiltonian H (Ho) can form orthogonal basis {|E, «)
thus using ) the (free) Green’s operator G(z) (Go(z)) can be expressed as

ZIdE“E o){E.al (1.15)

Therefore we can see, that Green’s operators @(z) and @o(z) are well-defined and
analytic operatoﬁ everywhere except for z equal to eigenvalues (Figure [1.3)).

Im(z) Im(z)
I z—plane I z—plane

Re(z)

‘ Re(z) E, E, Es

Figure 1.3: Analyticity of the free Green’s operator éo(z) (left) and the Green’s operator
G(z) (right) in z-plane.

For operator G/(z) there are isolated poles (E < 0, the bound states) and continuous
cut from 0 to 400 (E > 0, the scattering states). The operator Go(z) is analytic for
every z except for continuous cut from 0 to +oo. R R

Because of the relation between the Hamiltonian H and the free Hamiltonian Hj

fIfoo—l-‘/}

the Green’s operators G(z) and Go(z) are intertwined. From definitions we
obtain

Golz) ' =Gz) t+ V.
In order to get rid of the inverses we will act with operator Go(z) on the left [right] and
CA?(Z) on the right [left] and we will gain operator relation(s) relating operators @(z)
and éo(z) called Lippmann-Schwinger equation for é(z)

~

G(z) = Go(z) + Go(2)VG(2), G(2) = Go(2) + G(2)VGo(z). (1.16)

30We allow complex values of z, because it turns out that the complex analysis is useful tool of
modern scattering theory.

31For instance, in 3D the CSCO {ﬁo, L, Ez} forms orthonormal basis {|F,l,m)}.

32The operator is analytic, when for any 2 state vectors the matrix element (¢|G(2)[¢)) is analytic
function of the complex variable z.



We introduce the operator f(z)
T(z):=V+VG(2)V. (1.17)

From definition it is clear that the operator f(z) has the same analyticity as the oper-
ator G(z). From definition (1.17) and (1.16]) we get operator identities

Go(2)T(z) = G(2)V, T(2)Go(z) = VG(z), (1.18)

and from the first identity and definition (1.17]) we obtain Lippmann-Schwinger equation

for f(z) R o R
T(z) =V +VGy(2)T ().

In the following lines we will attempt to develop time-independent scattering theory
for basic terms in time-dependent theory. We will begin with the Mgller operators 4

Qulp) = lim Tt To(t)|v)

t—Foo

and operator identity (for continuously differentiable operator zzl\(t))

For the operator A(t) = U (t)TUy(t) we getf?

N PSRN - dA d /.5 .= . N
_ 4HO _ —iHy0 __ — iHt _—i1Hgt — +
A0) = eMemM0 =T, 2@ = = (e e ) U ) VTo(t) .

33From analogy of pairs H and Ho, G(z) and Go(z) . . ., it would be natural to define the free operator
j“\o(z), but it is clear that would be pure zero operator 0. Similarly, the free scattering operator §o
would be the unit operator 1.

34This equation is more useful than definition, because we usually do not know matrix elements of
the Green’s operator G(z) for certain Hamiltonian, but we do know matrix elements of the free Green’s
operator Go(z) (more appendix.

35Tt is instructive to recall

Tty =e 1t Tt)y" =o't To(t) = ot Ty(t)" = e'flot.



leading tof’Y]

=:[(t))

~ t ~ AN AN
Quly) =|y) +i lim [ drU(7) " VUo(7)¥),
~—

=:ly£) =:Ix(7))

Now we will use trick and introduce so called dumping factorf)

Foo Foo
| areon = Jim [* are i),

Using furthermore the momentum expansion of the state vector 1) [
Foo . PN
v} =10 +i lim [ ap [T ar e B D))
e—=F0 Jr 0

ﬂ@+4@é@¢wﬁmwm. (1.20)

36 Justification of the existence of the limit: The existence of the limit is equivalent to convergence
of the integral as the sequence |¢(t)) in Foo, in the Hilbert space equivalent to Cauchy convergence

condition
t,
[ drlxon
t

The stronger condition (from triangular inequality) is f:/ dr ||x(7)|] LEZF, 0, which is Cauchy condi-

t,t' - Foo

le@®) — ()| ———0 tt'oFeo

tion for Cauchy sequence fg d7 ||x(7)] in the space of real numbers R (also Hilbert space with multiplic-
ation as the inner product). As we have mentioned a moment ago, this is equivalent to the convergence
of [;Fd7 |[x(7)|| < co. We retrieve |x(7))

/m ar ||T () Vo) = /m ar [P0o(r)y| < o
0 0
and for Gaussian functiox|¢(x0, o)) = exp [7%] we obtain

Foo N . /2
$/ dTHVUo(T)i/)H £ 2.6220° (/ dx|V(w)\2> < 4oo = /dx|V(ac)|2 < +o0.
0 R R

This is only the necessary condition for the potential (we have used some inequalities). The sufficient
condition (called asymptotic condition) is weaker. We assume that, this condition is fulfilled and
consequently the limit exists.

37Tt is important to highlight this: If the sequence is convergent for Gaussian function, it is also
convergent for any finite linear combination of Gaussian functions. And any function of Z?(R") can
be replaced by finite linear combination of Gaussian functions with arbitrary accuracy.

38 Justification of dumping factor: We proved convergence and absolute convergence of the integral
fO:FOO d7|x(7)). Due to Lebesgue’s dominated convergence theorem, it is allowed to interchange limit and
integration if there exists dominating integrable function. The function ||x(7)]|| is integrable (absolute
convergence) and dominating

Lx(Dl = e Ix(n)ll = [le™x(7)]| ,

therefore interchange is justified

Foo Foo Foo
lim dre” " |x(7)) :/0 dr lim e " |x(7)) :/0 dr|x(7)).

e—=TF0 0 e—=TF0

39The underwaved was evaluated as

Foo

Foo . o~ (—E—iEp-‘riI:\I)T R
/ drelmeimptill)r _ | & 7 7 = —iG(B, — ic). (1.19)
0 (—5 — By + iH) z=Bp—ic
0
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Without the dumping factor, we would get stuck on two spots: evaluation of under-
waved integral (the upper limit does not vanishes, it oscillates) and analyticity of
the free Green’s operator (Figure it is not defined for E,, > 0). Hence introduction
of the dumping factor was inevitable and at the same time rigorous.

We denote (as for proper vectors [¢)) two improper vectorﬂ

pt) = Qu[p),
which coincidently are eigenvectors of the Hamiltonian H (the scattering states)
Alp=) = A0 |p) & Q. filp) = B,041p) = Eylp+).
From we conclude
[p) = |p) + G(E, £10)V|p). (121)
Using the same technique for the scattering Operato S we get for matrix elements
(p'|S|p)

(p'|S|p) = 8(p' — p) — 2mid(Ey — E,) (p/|T(E, +i0)|p) (1.22)

t(p'<p)

which link relationship between the operator T'(z) and the on-shell T matrix t(p’ + p).
From definition ((1.17)) we obtain

T(B, +i0)p) =0V [T+ G(E, + z'o)f/] ip) B Vip) . (1.23)

This leads to two convenient®? formulas:
e the first one for the on-shell T matrix ¢(p’ < p)

tp' —p) = @' Vip+) = ¥ ~|VIp). (1.24)
e the second one called Lippmann-Schwinger equation for \p:t>ﬁ

Ip) = |p) + Go(E, £0)V |p). (1.25)

49The Mgller operators are defined at ., thus proper definition is

) = / dpY@)|p) = L) = Dl = / dp(p) O |p)

=:[pt)

“I'More detailed procedure can be found in the literature, e.g. Taylor (2006) [6].

42The convenience is evident. The scattering system is specified directly by the potential \7, the
Lippmann-Schwinger equation for |p+) provides implicit solution for scattering states |p+) (the matrix
elements of the free Green’s operator are known, more at appendix . UsAing we have directly
the on-shell T matrix, thus the matrix elements of the scattering operator S.

431n "

G(E, +i0)V|p) Go(E, +i0)T(E, + i0)|p) Go(E, £i0)V|p+).
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2. Delta potential and
one-channel scattering

Before we solve the two-channel scattering problem, it would be instructive to solve
simpler scattering problem (one channel) with two different methods.

First, we calculate eigenvectors for given Hamiltonian H and then we determinate
the on-shell matrix elements of T operator. From theory we know direct relationship
between matrix elements of the on-shell T operator (k,s'|T(Ex + i0)|k, s) and
the scattering operator (k, s'|S|k, s).

For one-channel one-dimensional scattering problem we assume that the state of
particle |¢)) € S is represented (in position representation) by square-integrable wave
function ¢ (x) € Z?(R). We assume time-independent Hamiltonian of single non-
relativistic particle of mass m as (expressed in position representation)

h? d?

Ao v,
2m dz? + V(@)

By choosing suitable units we can reduce multiplicative constants in equation. This

is equivalent setting h = 1 and m = 1. Our model system will contain Dirac delta

function potential (usually shortened as delta potential), thus

~ 1 a2
—— D
D v
Hy

where A is parameter of potential strength.
From (1.1 and (1.11) we have eigenvectors |k, +) of the free Hamiltonian Hy with
non-negative energy (Ey > 0)

1 o ~ k?
x|k, s) = ——e"%™ Hylk,s) = — |k, s), 2.1
(alhvs) = —= olts) = 5 hes) 2.)
Ex

representing free particle moving right (|k,+)) or left (|k, —)) along the positive z
coordinate axis, where k > 0 is the magnitude of momentum and s = =41 is the
direction of momentum.

2.1 Solution of Schrodinger equation — sewing method

In the first place, we will briefly describe main idea of the sewing method.

Systems with delta potentials can easily be solved because potential is zero almost
everywhere. In these intervals we get solution of time-independent Schrodinger equation
for Hamiltonian without potential (free particle). We need to "sew” (”glue”) these
particular solutions in points {a;}, where delta potential d,, () := 6(z — a;) has origin.
This is accomplished by fulfilling two conditions:

1. Continuity of wave function. The wave function 1 (x) is continuous everywhere

lim ¢(x) =v¢(a;) = lim ¢¥(z). (2.2)

- +
z—a; z—a]
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2. Step discontinuity in the derivative. The derivative of the wave function ¢'(x)
has step discontinuity at x = ajE|

lim+ Y'(z) — lim ¢'(x) = 2\ep(ay) . (2.3)

Now more detailed solution is provided for our specific case. In the intervals I_ :=
(—00,0) and I, := (0,+00) we solve time-independent Schrédinger equation for free
particle for function 1/1(:L")E|

-~ (z 1 d21/1 .
(8- E)w) Lol 5 e (@) = Etp(a) = 0.
Solving homogeneous linear ordinary differential equation (ODE) we attain general

solution 1/1(3:)E|
L A EV2E E<O
T T £iWV2E JE>0
¢($) = 147 4 g e®?” ,x € Iy (2.4)

2.1.1 Scattering states

For positive energy (E > 0) we define k = V2E. In the scattering theory we choose
these boundary conditions: ¢i— =1, co— =7, c14 =t, co = 0E|

Applying boundary conditions and (where aj = 0) for general solution
(2.4) we obtain

A
2 = L+r=9(0) = t N B p—y;?
(2.3) = (ikt —ik0) — (ik1 —ikr) = 2X(0) po k7
A — ik

and the complete solution 9 (z) ¢ Z?(R) is

+ik A —ik
V() = e Z'””——/\_ike’x ,x <0 (2.5)
- ik e+ikx x>0 ) :
A—ik =

for energy E = Ej.

! The second condition arises from the formal integration of time-independent Schrédinger equation
in the e-neighbourhood (a; — €, a; + ¢€) for € > 0

aj+e

/:HE de Hy(z) = /aj+€ dx <_%¢”(x) + Ada, (x)w(x)) - vt

j—€ aj—e aj—e

~ 4w @1 Tia(a) o
Using limit ¢ — 07 we achieve desired result.

2Eigenfunctions t(z) of the Hamiltonian H does not have to be (and indeed for E > 0 they will
not be) from space .ZZ(R).

3Solution of ODE is defined on open intervals I+ therefore it is not defined in = = 0.

4 This choice is motivated by following reasoning. We are looking for solution with only one incoming
wave (and outgoing waves with some amplitudes). Incoming waves are '** for < 0 and e~ *** for
z > 0. Outgoing waves are e **® for 2 < 0 and e** for £ > 0. One constant can be chosen without
restrain, because any quantum state |¢) is represented by ray in Hilbert space {aly)|a € C\ {0}} (or
alternatively one multiplicative constant is determined by normalization). We choose ¢i— = 1 and
c2+ = 0. Remaining constants are relabelled co— = r (reflection), c14 =t (transmission).

13



2.1.2 Bound states

So far we did not treat the case, when energy is negative (E < 0). General solution
has problem with the parts, which in limit (z — +00) diverge. This is in contradiction
with normalizability. Thus we choose co— = c1+ = 0.

From sewing conditions and (where a; = 0) for general solution (2.4]) we

retrieve

2.2) = ci- =¢(0) = coy } . { cl— =cap = N
2.3) = (—Acoy) — (A=) = 2X(0) A=-)

We got for given potential one bound state and only for negative parameter A < 0.
The wave function of the bound state ¥(z) € Z?(R EE|

Y(z) = Nel*l = \ﬁexm ’

with energy
)\2

Ebound = _? .

2.2 Solution of Lippmann—Schwinger equation

Alternatively and more quickly, the scattering problem can be solved using Lippmann—
Schwinger equation for |pi>|ﬂ (1.25)) in the position representation (using insertion of
the spectral decomposition of the unit operator 1)

(z|(k, s)£) = (z|k, s) + /Rdx'<:v|@0(Ek +i0) |2 ) (&' |V|(k, s)£) . (2.6)

From (A.7) we know
A L
<$’G0(Ek + ZO)|$I> = i%eil’dx 7$| ,

1

and term (z/|V|(k, s)=£) is straightforward
(2! |[V|(k, 5)%) = Mo(a') (' |(k, 5)£) (2.7)

Applying these changes into the equation (2.6)) and using equation (2.1)) (notation:
Upeo(w) = (z|(k, 5)%)) we get

1 . AL
¢ki73 (l’) _ ezsk;c £+ 7eizk|x\w§s(0) 7

o ik
where undetermined implicit constant wkf ;(0) is determined by setting = 0
1 A 1 ik
+ + +
1/’19,5 (0) oy ik 1/}1975 (0) 1/’19,5 0) =+ om AT ik

The complete solution then is

1 . .
¢ki,s(x) _ ezska: _ A e:i:zk\a:| (2.8)

V2or \ Fik ’
for energy F = Ej.

Notice that the solution T,Z)k +( x) of Lippmann—Schwinger equation and the
solution 1 (x) of Schrédinger equation (2.8)) differs only by multlphca‘clve constant L\/om
(consequence of different normahzatlon) The other solutions djk (z) are equivalent to
the solution v (z) of Schrodinger equation with different boundary conditions.

®The normalization constant N was determined using normalization condition (tb|tp) = 1.

In three dimensional scattering the Mgller operators f\li related plane wave |p) to two improper
vectors |p£). In one dimensional scattering the corresponding notation for the plane wave is |k, s) and
for two improper vectors |(k, s)t).
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2.3 DMatrix elements of the scattering operator S

As it has been shown in the first chapter -i and , the matrix elements of the
scattering operator S can be expressed ad’

~ oIi ~
(K',s'|S|k, s) = 5(K — k) [65/8 — %(k,s’ﬂ/\(k, s)+) |,

/

=:5,,(Ek)

where Sy s(Fy) is called S matrix.
Using the same trick (insertion of the unit operator 1) we obtain for S matrix

2mi ~ :
Sus(ER) = 85 = =0 | dafl, /|2) @]V |k, 5)+) &
R
B 271 . B A
= 0grs — 2 A, (0) ¢k75(0) = ds/s N ik (2.9)

The situation is symmetrical about the origin = 0, hence Sy (Fx) = S_g_s(Fk)
and we need only to evaluate Sy for one incoming direction (s = +1). The result-
ing probability of transmission T := |S;(E)|? and probability of reflection R :=
|S_ 4 (Ex)|? as function of k are

k:2 )\2

and expressed in terms of dimensionless energy e : 2/\E2’“ as
T=1", R@=r

R DT 1xe

Easy check gives us total probability equal to T'(E)) + R(Ey) = 1. We can see, that for
any A the energy can be rescaled into the units /\72 and in terms of T'(E)) and R(Ey)
there is only one delta potential one-channel scattering model without any parameters.

"The term 6(Ejs — Ex) from (T.22) can be expressed in terms of k and k": The free Hamiltonian Ho
has orthogonal bases |E, ) and |k, @) normalized to Dirac delta function as follows

|E, a) : T:Z/EdE|E,a)<E,a\ S(E'—E)=> (F' olE,a),

a

|k, a) : T:ZAdk|k,a)<k,a| S(k' —k)y=>_(K,alk,a).

«

The improper vectors |Ey, ) and |k, ) differ only by some normalization constant N (k, «)
‘Ekv a) = N(ka Oé)|k, a> .

Using substitution £ = ﬁ we can transform one spectral decomposition of unit operator to other one

dE|E,a)(E, af —dk:’ ’|N (k, @) 2|k, a) (k, o] = dk|k, o) (k, a] .
\/—/

k

We get formula for normalization constant N (k, «) (determined up to phase, we chose real non-negative
constant)

N(k,a) =

£i-

and for the term 6(Ey — Ey) we get

§(Ey — Ex) =Y _(Ew,0|Ex, o

@

1 / = sy = s -
>:mza:<k,a|k,a>_m5(k k)= 200K — k).

SThe on-shell matrix elements of T operator can be evaluated as (k',s'|V|(k,s)+) or
((k',s") — |V]k,s). We chose the first option.
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Figure 2.1: The probability of transmission T'(F}) and the probability of reflection R(FE}) as
a function of energy of particle Ey.

We can notice that transmission and reflection is not influenced by the sign of the
parameter A and the scattering properties are same for delta potential well (A < 0) and
delta potential barrier A > 0 of the same |A|.

2.3.1 Eigenphases

In order to find the eigenphases On, we need to find eigenvalues of S matrix. We
notice that the parity operator P commutes with the full Hamiltonian [H P] = 0,
therefore situation is same for the unitary operator [U (1), P] = 0, the Mgller operators
[Q1, P] = 0 and also for the scattering operator [S, P] = 0. Therefore we can choose
common set of eigenfunctions. The parity operator P has 2 eigenvalues A = £1 and 2
types of eigenfunctions: even (A = +1) and odd (A = —l)ﬂ The symmetry adapted
linear combinations of the functions (z|k, s) are

1 (1 0 1 ) 1
T = — [ —e""" + —e7"" | = — cos(kx),
1 1 1 i ) i
T = — | —e""* — —e7""* | = —=sin(kx).
ot = 75 (75~ 7 v o)
The change-of-basis matrix @ and the inverse matrix Q! arﬂ
1 (11 Lo 1 (11
o= ) et h)
The new S matrix S’(k) in the new basis is
. Atik
S’:QSQ*:L 11 L (=ik —=x\ 1 (1 1\ _ (=35 0}
2\l -1 x—ik \ -\ —ik) 2\l -1 0 1

9This can be shown simply from the property pP?=1.
OFor unitary matrix the inverse is Q7! = Q™.
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This gives us two eigenphaseﬁ

(k) = %arg <—ii—z:> = arctan <I;\) + g (mod ),  d2(k) =0 (mod 7).
(2.10)
The momentum dependence of the eigenphases d1(k) and d2(k) have been plotted
in Figure with respect to modulo 7 ambiguity.

+7T T T LIkl SR L ELELEE LT T e Cemmmmmmeeeees
+g /_/— |
g | T
< | T
'QQ‘ ------------------------------------------------
= 0
&0 —
¢ 57 (K)
5k By (k) e -
______________________________ (52(k)
- , , — -
0 1 2 3 4 5 6 7

kAN

Figure 2.2: The eigenphases d0; (k) (for A > 0), 6; (k) (for A < 0) and d3(k) as a function of
magnitude of momentum of particle k.

In the second case, the delta potential is "invisible” for the sine wave (x|¢2). The
boundary conditions and are full-filled for any A, thus presence (A # 0) or
absence (A = 0) of the delta potential does not change the solutionE

In the scattering theory of spherical potentials, the problem can be transformed
into one-dimensional radial Schrodinger equation and in the low-energy limit there
is defined quantity called scattering length GE The meaning: At low energies the
differential cross section is g—g = a®. The scattering length a appears in the low-energy

limit of eigenphase 0(k) as (from Taylor (2006), p. 194 [6])

1
5(k) 2% <n0+ 2) ™ —ak. (2.11)
For our model we get
k0 T kK 1
4z =__, 2.12
NOE=USLE (212

" To be complete for A = 0: 41 (k) =0 (mod 7).

1211 general, we know from the boundary conditions and that is true for any wave function
with zero magnitude in the origin and continuous first derivative in the origin.

13This quantity can be defined for any orbital quantum number I, but only for I = 0 is it has the
dimension of length.
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3. Delta function potential and
two-channel scattering

In the second chapter we have shown approach how to solve one-channel scattering
problem. As the title of chapter suggests, we will be dealing with two-channel scattering
problem with delta function potential using same method.

For two-channel one-dimensional scattering problem we assume that the state of
particle |¢)) € S ®# = # ®C? is represented (in position representation) by ordered

pair {z|y) = < z;gg > of two square-integrable wave functions 11 2(z) € Z%(R).

We made the same assumptions about the Hamiltonian (time-independent non-
relativistic Hamiltonian of single spinless particle in one dimension with local delta
potential) and about units (A =1 and m = 1), thus

ﬁ__1d2+ 0 0Y, (a
©o2de2 T\ 0 W c*

Hy

> 5(z) (3.1)

<K S0

where W is the energy difference of channels and a, b, c are parameters of the potential.
Since the Hamiltonian is a self-adjoint operator, elements of main diagonal a, b are real
a,b € R and off-diagonal elements are mutually the complex conjugate.

The free Hamiltonian ﬁo in every channel has same form as one-dimensional free
Hamiltonian (except for additional constant W). Therefore using and the
eigenvectors of the free Hamiltonian fAIO are

1 .
x|k, s,n :e’SR”Z<
(el ) =

~ k2
O1n > Holkn, 5,m) = <“ + W52n> e, 5,m) 5 (3.2)
Som 2
=:én E

for particle in n-th channel with the magnitude of momentum k,, > 0 and the direction
of momentum s = +1.

While working on this thesis, we have found the article from Exner (1991) [5] about
equivalent two-channel scattering model. The model is solved on positive x-axis R4 and
the delta-potential interaction is realised by mathematically more rigorous self-adjoint
extension. The correspondence between out notation and notation of the article is

following
W E, afVaesa, YWVaeb cfNaee V2reor.

3.1 Solution of Lippmann—Schwinger equation

We will use already familiar procedure starting with Lippmann—Schwinger equation for
p+)

(2|(p, s,n)%) = <m|k:n,s,n>+/Rdx’@]@o(Ej:i0)|x’><x’\l7|(kn,s,n)j:). (3.3)

The term (z|Go(E =+ i0)|z') for two-channel scattering is analogous to (A.7) and
%)

N . . :I:’lk e:tikl\a:—z’| 0
(@|Go(E£i0)[a) = | =™ L ofoles'| | (3.4)
2
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where
+ike E>W

Ko = Ky(E +i0) ::{ e W E0

and k1 = V2E, ko = \/2(E — W) and ko = /2(W — E).
As before, the term (z/|V|(ky, s,n)=£) is simple to express

(@' |V (kn, s,m) %) = 5(2) ( @ Z ) (2| (K, 5,m) %) . (3.5)

By inserting the terms (3.4), (3.5) and (3.3 and simpler notationlﬂ e ebtain
I .
d)ll:(k’n,s,n) () :ieisknx+
3 (o) () NG (3.6)
s ﬁkleiikl‘xl 0 < a c ) ¢i(kn,s,n) (0) .
0 éeK2|x\ c b 1/12 (kn,5,n) (0>

Again, the undetermined implicit constants @Z’I:(k:n sm) (0) and w;t(k n) (0) are de-

termined from equation for z = 0

wit(kn,s,n)(o) B [< 10 > _ ( om0 > ( a c)]_l €n
— 7!);t(l<;7L’8771)(()) - 0 1 0 %2 ct b \/ﬂ

For the invertible matrix 2 x 2 the inverted matrix is

-1
M1:<é g) :deth(_DC _AB> ,det M = AD — BC, (3.7)

S,

assuming non-zero determinant (det M # 0). Using formula (3.7)) we get

wit(kn,s,n) (0) _ 1 ( :i:ik‘l (b — KQ) —CKQ > o (3 8)
%i(kn,s,n) (0) V2r AL Fic*ky KylaFiky) )™ ‘

where A = (a F iky)(b— K3) — |c|%.
As we have seen in the second chapter ([2.9)), for the matrix elements of the scattering
operator S we need only the value of wave function ¢1i2 (kns5) (z) at x = 0.

+
(i ) = e
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3.2 Matrix elements of the scattering operator S

Analogously to the one-channel we can define two-channel S matrix S(S/n/)(sn)(E) aeﬂﬂ

Ss’n’ sn E) = 55’5671’71_
wortom ) ik

After the insertion of the identity operator T we get

271 ~
T ks 810 |V | (s 5,1)+)

[¥8)
]

271 ~
Sisrn) (sm) (B zéslsén/n—/dx kp, s n|e) x|V ](kn, s,n)+
(s/n’) (sm) (£) T o ) (2 |V|( )+)

_ (5 ) 5 L 271 ( 1/11 (kn/,s’,n’)(o) >+ < a C ) ¢;r(kn,s,n)(0)
ST ki Py (kn/,s/,n’)(o) b w;_(kn,s,n)(o)

Using (3.2) and (3.8]) we obtain

1
Sy (o (E) = 8By + — 3.9

Mn’na

where M is matrix 2 x 2 defined as

M — a c ikl(b — Kz) —CK2 .
T * b —ic*ky Ky(a —iky) )

C

ik‘l (D — CLKQ) Cklk?g
*kiky ko(iD + bky) )

where D := ab — |c\2E|
For ¢ = 0 we obtain

& 0
_ P a—ik
S(s’n’) (sn)(E) = 0g/50nn ( 0 ! b ) ) (310)
1R2

2As in one-channel chase the free Hamiltonian Hy has orthogonal bases |E,, «,n) and |k, a,n)

~ +oo +oo
|E,a,n): 1 :Z/ dE|E, o, 1><E,a,1|+2/ dE|E,a,2)(E, a,2],
«@ 0 o w

R —+oo —+oo
|kn, ) : 1:2/ dkl\kha,l)(kl,aﬂ\—i—Z/ dks ks, o, 2) (ko) o, 2] .

The improper vectors |E, a,n) and |kn, a,n) differ only by normalization constant N (kn, «,n)

|E, a,n) = N(kn,a,n)lkn,a,n).

2
k1

Using substitutions £ = -
operator to other one

2
and £ = %2 + W we can transform one spectral decomposition of unit

dE

dknr
k

We get formula for normalization constant N(kn,a,n) (determined up to phase, we chose real non-

dE|E,O(,7’L><E,O£,7L‘ = dk” |N(k’ﬂ7aan)|2|kn7aan><kn7a7n| = dkn‘kn7a7n><kn7a7n| .

negative constant)
1

N(kn,a,n) = .
Vkn

and for the term §(E' — E) we get

S(E' — E) = Y {E',a,n| B, a,n) = \/k% > {kh il ).

a,n

3 As before, we can use (ky,s',n/|V|(kn,s,n)+) or ((kns,s',n') — |V|kn,s,n). Both options lead to

the same result. We chose the first one.
“The term §(E’ — E) in (1.22) allows for elements with energy E > W to specify Ko as iko.
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which agrees with the one-channel scattering result .

As before, the task is symmetrical about z = 0 (S(sn/) (sn)(E) = S(—smr) (=sn)(E)),
thus it is necessary to evaluate only for one direction, for instance s = +1. We define the
probability of transmission [reflection] from the n-th channel to the n’-channel T/, (F)

[Ryn(E)] aﬂ
Tyn(E) = ‘S(sn’) (sn)(E)|27 Ry (E) = |S(fsn’) (sn)(E)|2'

Our interest is focused on situation with particle incoming in the first channel (n = 1).
We can notice that T»;(E) and Roi(E) are same. This is expectable, because
coupling between two channels is provided by the delta potential, which effectively
mediates only the value of wave function in the origin = 0, but nothing else (not even
the direction of the incoming particle)ﬂ Thus the solution in the second channel must
be symmetrical.
As verification of the unitarity of S matrix we can check probability conservation.

T11(E) 4+ Ri1(E) + To1(F) + Ra1(E) = 1.
For W > E > 0 we get

‘1_D+a/<a2 2+‘D+a/€2 2 0 = ]—ikl(b+ﬂ2)\2+\D+aﬁg\2_1
A A ~~ g 2 T
+ + e |D + akg — ik1 (b + K2)|
T R

where in the last step we just need to notice that there is the sum of squares of imaginary
and real part of some complex number in the numerator and there is the square of
the absolute value of the same complex number in the denominator (the Pythagorean

theorem).

For £ > W we get

1— D*Z'CL]{?Q 2+ D*Z'CL]{?Q 2+2 C*\/k‘lk’z 2 _

Al Al Al
7:;1 1€1r1 T21:R21
[(k1k2)2 + (bkl)ﬂ + {Qf + (aka)?| + 2|c|?k1 ko
_ B L e I— .
[Df + (—2Dk1k2) + (klkz)Q] + [(bk1)2 + 2abk1 kg + (aks)?

This model has 5 real parameters: W, a, b and ¢ = \c[ei¢. But it is possible

to express energy in the units W and rescale variable x — \/LW’ which is equivalent
setting W = 1. Also the phase ¢ of the constant ¢ does not occur in terms of T, (E)
and Rn/n(E)m The delta potential two-channel scattering model has 3 free parameters:
a, b and |c|.

To get better insight we plotted the energy dependence of the probabilities T,,/1 (E)
and R,/ (F) for a few values. Colour coding of curves is explained in Figure T(E)
and R(F) represent the scattering for uncoupled case (see (3.10])), the background
scatterin

5Tt is important to note, that this holds only for open channels. For instance, for W > E > 0 matrix
elements S(yr9) (+1) are technically non-zero, but from the energy point of view the second channel is
closed.

5This can be illustrated in the 2D plane. The first and the second channel can be identified with =
axis and y axis, respectively. The particle incoming from the positive x axis has same probability to
go to the positive and to the negative y axis.

"The phase ¢ only shifts the phase of the outgoing waves, thus it does not affect the probability.
Also the phase of ¢ can be eliminated by the suitable choice of phases of base vectors é; and é,.

8This background scattering is different from the background scattering in the projection-operation
formalism.
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Figure 3.1: The energy dependence of the probabilities T,,/1(F) and R,/1(F) for parameters:
a=1,b=1, |c| = 0.6 with marked threshold energy W = 1 (dashed line) and the probabilities
T(E) and R(E) of one-channel scattering for A = a for comparison (equivalent to no coupling
e[ = 0).

Rough insight into the effects of parameters. In every row of Figure [3.2| we
change the value of one parameter, while the others are fixed. In the first row, we
can see that the parameter a determines increasing and decreasing rate of T'(E) and
R(FE) respectively, relatively to the threshold energy W = 1. In the second row, we
observe that the parameter |c| determines strength of coupling (for |¢| = 0 there is
no interaction) and affects the magnitude of cusps. The common behaviour in this
two-channel model is the presence of cusps around threshold E = W = 1 (typical
threshold behaviour). This phenomenon can be more or less seen in every figure for
any settings of parameters (only for the trivial uncoupled case |c| = 0 this effect is not
present). In the third and fourth row, we see that parameters b and |c| determine the
presence (both), position (mainly b; the 3rd row) and width (mainly |c|; the 4th row)
of resonances. The resonances will be studied in more detail in the following section as
analytical properties of S matrix.
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Figure 3.2: The energy dependence of the probabilities T;,/1(E) and R, (F) for various
settings of parameters with marked threshold energy W = 1 (dashed line) and the no-coupling
probabilities T'(E) and R(E).
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3.2.1 Eigenphases

As already seen in the previous chapter for the one-channel model, the commutativity
of the parity operator P and the full Hamiltonian H ([I;T, ﬁ] = 0) helps to find the
eigenphases d,, (eigenvalues of S matrix). In the same manner this commutativity im-
plies commutative relation [§ , ﬁ] = 0 and we can choose common set of eigenfunctions.
The symmetry adapted linear combinations of the functions (z|ky, s,n) are

(xr) = \}5 (\/12?6““5" + \/1277Te_“’““’”> é1 = \/1% cos(k1z)éq ,
(z|th2) 1= \% <\/1277r ke _ \/;?e_iklx> é1 = \/ZE sin(kyz)éy ,
(z|t3) = \}5 <\/127reik2m + \/12?6_““”) éy = \/17? cos(kax)és
(xlahy) == \}5 (\/12? k2w _ \/12?e““25”> €9 = \/l% sin(koz)és .

We must not forget that the dimensionality of the S matrix depends on the energy:
for W >FE>0itis 2 x 2, for E > W it is 4 x 4. When the second channel is closed,
we will use for base only first two symmetry adapted functions (z|;).

The change-of-basis matrix ) and the inverse matrix Q! are

1 1 0 0 1 1 0 0
11 -10 0 . 1|1 =10 0
=%lo o1 1| ¢ 740 0 1 1
0O 0 1 -1 0 0 1 -1
The new S matrix S’ in the new basis is
—D—ako—1k1b—iki k2 0
<+D+al~”v2ik‘1bik1ﬂ2 > W>FE>0
1 )
—D—kiko—iki1b+ikaa 0 2ic\/ k1 ko 0
S/ — QSQ*l — +D—k1ko—ik1b—ikoa +D—k1ko—ik1b—ikoa
1 0
2ic*\/kika 0 —D—kiko+ikib—ikoa O ’E > W
+D—kiko—ik1b—ikoa +D—kiko—ik1b—iksa
0 0 0 1

For the case W > E > 0 the corresponding eigenphases are

-D — arg — iklb - ikllig
+D + aky — 1k1b — ik1k9

51(/-31);;&@( ) (mod 7),  Ga(k1) =0 (mod 7).

As before, for the sine waves (z[i2) and (z|i4) the potential is ”invisible” and the
corresponding eigenphases do(k1) and d4(k1) are zero for any energy E

d2(k1) =0 (mod ),  d4(k1) =0 (mod 7).
For the case E > W the task of finding the eigenvalues is not complete and using
the standard technique (characteristic polynomial) leads to quadratic equation. The

corresponding eigenphases areﬂ

—-D — klkg + Sgn(b)i\/(klb — ]{22(1)2 + 4’C|2/€1k§2
D — k’1/€2 — ik’lb - ikQG

61/3(k1) = %arg < ) (mod 7).

9The term sgn(b) is present, so the eigenphase 61 (k;) is continuous at threshold k1 = v2W.
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For no coupling ¢ = 0 we get eigenphases corresponding to one-dimensional case
(12.10))

1 —a — ik

0_ 1+ 1 0 _

o= 2arg< p— > (mod ), d9=0 (modm),
1 .

69 = 5 I8 <bb_212£2) (mod ), 69=0 (mod 7).

To understand better the eigenphases we plotted the ki-momentum dependence of
the eigenphases 0;(k;) for a few values. In Figure we can see common key for all
plotted dependences.

+g / |
o
z
2
g 0
&
) /

3 ) —— |

d2/4(k)
d3(k) ——
—T
0.0 0.5 1.0 1.5 2.0 2.5 3.0

k1

Figure 3.3: The eigenphases 6;(k1) for parameters: a = 1, b = 1, |¢| = 0.6 with marked
threshold momentum k; = v2W (dashed line) and no-coupling eigenphases 69 (k1) for compar-
ison (pale lines).

In Figure we get same rough insight based on the eigenphases into the effects
of parameters as before in Figure based on the probabilities. The resonances can
be seen as the rapid changes in eigenphase and they are directly linked to quick +7r
change, which graphically means shift to the next m-wide strip (modulo 7w ambiguity of
eigenphase; the third and the fourth row of Figure .

As before in the one-channel scattering model, we can define in the low-energy limit
scattering length a and using the relation (2.11) we get

i, T VAW b+ VAW
2 Dtav2w T b+ VRW) — o2

For no coupling ¢ = 0 we can see agreement with the one-channel relation (2.12]).

01 (ky
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Figure 3.4: The eigenphases 0;(k;) for various settings of parameters with marked threshold
momentum k; = v2W (dashed line) and the no-coupling eigenphases 69 (k1) (pale lines).
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3.3 Poles of the S matrix

From theory (for instance Taylor (2006), chapter 13 "Resonances” [6]) we know, that
if we extend the matrix elements of the scattering operator S from function of real
variable k1 > 0 to analytic function of the complex variable k1, then the poles of the S
matrix correspond to some important states of the system.

Analytic functions have an important property: If two analytic functions coincide
on some line segment, then they coincide everywhereH This allows us unique analytic
continuation of any analytic (differentiable) function defined on some line segment
of real axis into complex plane. From we know matrix elements Sy (sn) (k1)
as functions of non-negative real kj. They are differentiable on intervals (0,v/2W)
and (\/W ,+00) and can be analytically continued into kj-complex plane. We can
see the problem in point +v/2W, where locally we have square-root-like behaviour
\/2W — k%, which brings the analytic continuation into two Riemann sheets. In other
words, the point ++v/2W is the branch point and the analytically continued function
will be multifunction (multi-valued function).

If we take the relation (3.9)) as the definition of the analytic continuation and replace
Ky with multifunction $!!2W — k2, this fulfills the Cauchy-Riemann conditions in
whole kj-complex plane (both sheets) except for zeroes of A (k1) (poles) and points
++/2W (branch points).

The poles on the positive imaginary axis (Re(k;) = 0, Im(k;) > 0) correspond to
bound states, poles on the negative imaginary axis (Re(k1) =0, Im(k1) < 0) are called
virtual states and the poles in The lower half-plane (Re(k1) # 0, Im(k1) < 0) usually
correspond to resonances.

From we can see, that poles of the S matrix are zeroes of A (k1) (the sign +
depends on the sheet)

AL (k) = (a—ikp) (bi \/2W — k%) — Ie)?.

The condition for roots can be rewritten as
A (k1)(a,b,le[) =0 < Re(A+(k1))(a,b,|c]) =0AIm(A(k1))(a,b) =0.

The condition Im(A4 (k1)) = 0 is independent of the parameter |c|. We can plot
the solution of the condition Im(A4 (k1)) = 0 for fixed parameters a and b and plot
the solution of the condition Re(Ay (k1)) = 0 for various values of the parameter |c|.
Intersections of the plotted curves are wanted poles of the S matrix. In the Figures
from to in the upper halves we have plotted for various parameters a and b
solutions of equation Im(A4 (k1)) = 0 in two Riemann k;-sheets and for given |c| (from
0 to 1.6 with step 0.1) the solutions of equation Re(A4 (k1)) = 0; in the lower halves
we have plotted scattering quantities (the scattering probabilities T},/1 (E) and R,,/1(E),
the eigenphases 0;(k1)) to demonstrate their relation to poles of the S matrix.

3.3.1 Phenomena

1. The dark green lines trace the movement of the poles with increasing parameter
lc|. Their structure changes with parameters a and b: no intersection point
(the left Riemann sheet of Figures from to the right Riemann sheet
of all Figures from to , 1 intersection point (borderline case, the left
Riemann sheet of Figure and 2 intersection points (the left Riemann sheet

0N\ ore precisely: If two analytic functions on some domain (simply connected open subset of the
complex plane) are same on some line segment of the domain, they are same on the domain.
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-6 -4 -2 0 2 4 6

a
Figure 3.5: The solution of the equation (3.11)) and the number of intersection points on the
first and the second Riemann sheet (N7, N) in different regions divided by the solution.

of Figures and . Further exploration uncovers that the borderline case
of one intersection point happens for parameters a and b satisfying the equation
EE The solution of such parameters a and b is plotted in Figure The
convex curve divides plane on the no intersection point region (above the curve)
and the 2 intersection point region (under the curve) on the first Riemann sheet.
Similarly, the concave curve divides plane on the 2 intersection points region
(above the curve) and the no intersection point region (under the curve) on the
second Riemann sheet.

2. We can see in the Figures from to that with increasing parameter |c| the
virtual state becomes the bound state, which can be observed in the change of the
limit eigenphase difference d1(0) — &;(+00) by value +7 /7

3. The poles of the S matrix in the lower half-plane usually linked to resonances
do correspond to resonant behaviour in scattering quantities (rapid changes, e.g.
Figure from to , but this model also provides counter-examples. For
instance in Figure the probabilities T,,/1 (F) and R, (E) or the eigenphases
di(k1) do not have rapid changes or any other similarities with resonant behaviour.
This usually happens to poles further from real axis.

In the figure for a =1 and b = 1 we can see virtual state, which with increasing
|c| becomes bound state.

11YWe note that, we have chosen threshold W = 1 and the parameter W is redundant. We can always

. E x a b c
rescale.W—)l,E—>W,x—>\/—W,a—>\/—W,b—>\/fWandc—>\/W.
2The solution for a = 1 is b = i\/—g —3x25(=11+5V5)8 +3 x 25 (11 +5v5)3 ~ +1.29989,
which is in a good agreement with the chosen value ¢ = —1.3 in Figure

13 This can be understood in analogy to one-channel case as the implication of Levinson’s theorem (for
instance Taylor (2006), p. 227 [6]). When the virtual state becomes the bound state, then the difference
6(0) — §(+00) changes by constant +m. However for proper interpretation (explaining discrepancies
like ”why this happens only for some eigenphases”, "meaning of the number no” and so on) we would
need the generalized Levinson’s theorem for the multichannel scattering. This is beyond the scope of

this footnote, this thesis and maybe even the universe itself.
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Figure 3.6: The upper half: Solutions of Im(Ay (k1)) = 0 (dark green bold lines) and
Re(A4 (k1)) = 0 (coloured lines, parameter |c| from 0 to 1.6 with step 0.1) on two Riemann
sheets for a = 1 and b = 1. The lower half: The energy dependence of the probabilities T,/ (F)
and R,1(F) and k;-dependence of the eigenphases d;(k;) for various settings of parameters.
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Figure 3.7: The upper half: Solutions of Im(Ay (k1)) = 0 (dark green bold lines) and
Re(A4 (k1)) = 0 (coloured lines, parameter |c| from 0 to 1.6 with step 0.1) on two Riemann
sheets for a = 1 and b = 0.1. The lower half: The energy dependence of the probabilities T,/ (F)
and R,1(F) and k;-dependence of the eigenphases d;(k;) for various settings of parameters.

30



—T
/Cl ]{31
0
a=1,b=-01,¢=02 a=1,b=-01,¢=10 a=1,b=-0.1,c=14
Figure 3.8: The upper half: Solutions of Im(A4 (k1)) = 0 (dark green bold lines) and
Re(A4 (k1)) = 0 (coloured lines, parameter |c| from 0 to 1.6 with step 0.1) on two Riemann
sheets for ¢ = 1 and b = —0.1. The lower half: The energy dependence of the probabilit-

ies Tr1(E) and R,1(E) and ki-dependence of the eigenphases 0;(k1) for various settings of
parameters.
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Figure 3.9: The upper half: Solutions of Im(A4 (k1)) = 0 (dark green bold lines) and
Re(A4 (k1)) = 0 (coloured lines, parameter |c| from 0 to 1.6 with step 0.1) on two Riemann
sheets for a = 1 and b = —1. The lower half: The energy dependence of the probabilities T,/ (F)
and R,1(F) and k;-dependence of the eigenphases d;(k;) for various settings of parameters.
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Figure 3.10: The upper half: Solutions of Im(A; (k1)) = 0 (dark green bold lines) and
Re(A4 (k1)) = 0 (coloured lines, parameter |c| from 0 to 1.6 with step 0.1) on two Riemann
sheets for ¢ = 1 and b = —1.3. The lower half: The energy dependence of the probabilit-

ies Tr1(E) and R,1(E) and ki-dependence of the eigenphases 0;(k1) for various settings of
parameters.
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Figure 3.11: The upper half: Solutions of Im(A; (k1)) = 0 (dark green bold lines) and
Re(A4 (k1)) = 0 (coloured lines, parameter |c| from 0 to 1.6 with step 0.1) on two Riemann
sheets for ¢ = 1 and b = —1.4. The lower half: The energy dependence of the probabilit-

ies Tr1(E) and R,1(E) and ki-dependence of the eigenphases 0;(k1) for various settings of
parameters.
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Figure 3.12: The upper half: Solutions of Im(A, (k1)) = 0 (dark green bold lines) and
Re(A4 (k1)) = 0 (coloured lines, parameter |c| from 0 to 1.6 with step 0.1) on two Riemann

sheets for a = 1 and b = —2. The lower half: The energy dependence of the probabilities T,,/1 (F)
and R,1(F) and k;-dependence of the eigenphases d;(k;) for various settings of parameters.
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4. Theoretical description of
resonances

In this chapter we will apply projection methods to separate the resonant scattering
(sharp, rapid energy dependence) and the background scattering (smooth energy de-
pendence) in scattering quantities, namely T matrix. Resonances (in this approach)
are naturally understood as the effect of the interaction between the continuum of open
channel(s) and quasi-bound state(s) of closed channel(s)[l] First, we will develop brief
insight to the theory, then we will use formalism to our model.

4.1 Projection-operator formalism

As mentioned before, near the resonance energy the particle is trapped into unstable
quasi-bound state (of a closed channel) and subsequently released. The mechanism
causes the rapid changes of cross sections in energy dependence. This leads us to the
idea of separation the Hilbert space 7 into the space of quasi-states 2 and remaining
space of non-resonant continuum 4.

H =P D2

To achieve the separation of vectors and operators according to these subspaces, we
introduce (orthogonal) projection operators P and @) projecting onto the subspace &
and 2 respectively.

P.# - P Q: 4 — 2 P+Q=1
PP=pP Pt=P (@?=Q Qt=Q PQ=QP=0
We recall the splitting of the full Hamiltonian H into free Hamiltonian ﬁo and
potential V' ([1.4) and corresponding Lippmann-Schwinger equation for |p£) (1.25).
H= Hy +V pt) = |p) + Go(E, +i0)V|p+)
~
T

In the same fashion we can do for Hamiltonians fp Hpp and H

Tpp =T + (Tpp —T) pE) =|p)  + Go(Ey, % i0)(Tpp — T)|py+) (4.1)
Hpp = Tpp + (Hpp — Tpp)  [p”%) = |p+) + G (B, +i0)(Hpp — Tpp)|[p”+) (4.2)
H =Hpp+ (H—-Hpp) |pt) =|p”%)+G7”(E,+i0)(H — Hpp)|p=+) (4.3)

1One could understand the approach as a strict mathematical technique without any physical weight,
but for the key element (the choice of the quasi-bound state(s) space 2) there is no mathematical
formalism, only physical intuition. Incorrect choice could add false resonance peaks in background and
resonant part. On the other hand, we should point out, that only rough estimate is necessary, because
the small errors are corrected within the formalism.

2We introduce the notation A\Xy = XAY.

3This is justified only for potentials satisfying the asymptotic condition. The potential (PAIpp *T\Pp) =
Vep is full potential 1% (for which we assume, that the asymptotic condition is fulfilled) restricted onto
subspace &, thus condition is fulfilled. For potentials (’fpp -T) = —ﬁQ —Tin + Tho and (H — ﬁpp) =
fIlQ + ITIQl - ﬁQQ and for the subspace 2 equal to the linear span of finite number of quasi-bound states
(square-integrable functions) the asymptotic condition is also fulfilled.

36



The vectors |p), |pg+), [p?+) and |p+) are improper eigenvectors (asymptotes) of

Hamiltonians T, Tpp, Hpp and H respectively. Therefore the vectors \pg’ +) represent
the non-resonant continuum. Similarly, the operators Go(z), @(‘)@ (2), GZ(2) and G(z)
are Green’s operators of Hamiltonians T , fpp, ﬁpp and H respectively. It can be shown
that the vectors [p7+) and [p”+) are orthogonal to subspace Qﬂ

Qlpi+) = Qlp”+) =0 = Plpi+) = p’+), Plp”+) =[p”+).

Using two-potential formulaﬂ twice we can separate the on-shell T matrix t(p’ < p)
into three terms

t(p' « p) = ('|Hpp — TIp”+) + (p"”—|H — Hpp|p+)
=:tpg(P'<P) =ttres(P'+P)
= (p'|Tpp — T|p§ +) + (B~ Hpp — Trp|p”+) + (0'7—|H — Hpp|p+) .
=tortho (P’ < P) =:tdir (P <P)

Because the vectors |p” =) represent the non-resonant continuum, the first term is
often referred to as background scattering tpg(p' <— p), which implies that the remaining
term is responsible for resonant scattering tyes(p’ < p). The background term can be
split into two terms usually called orthogonality scatteringﬁ tortho(P < p) and direct
scattem’ngﬂ tortho(P’ < p). Usually one needs only separation into two terms: the
background (non-resonant) and the resonant term.

First, to achieve this separation, we choose the subspace 2 as linear span of M

orthonormal proper vectors {|Xn>}M From the theory of spectral decomposition

n=1"
the eigenvectors of the Hamiltonian H: proper vectors |n) (the bound states from
subspace #) and improper vectors |p£) (the scattering states from subspace Z), form

the orthonormal basis.

H=BDR
(n"n> = On'n

(Ktlet) — oy — k) L= 2 Imnl /RN dk|ek) (k|

(n|k+) =0 T ~
o L

In the same fashion, we can write for the subspaces 2 and &.

H =20 P o
w|Xn) = Onn T < :
o sy T badlul+ [kl (7
<Xn’kﬂj:> -0 n=1 — — y
.20 To=P

“4For the vector |p§+) as eigenvector we can write

EQ|pd+) = QE|p{+) = QTpp|pd+) = QP TP|pd+) = 0.
0

Similarly we can write for |p%+).
® Two-potential formula. (Taylor (2006), p. 270-271 [6]) If the full potential V is equal to sum of
two potentials V = V; + Va, then we can write for the on-shell T matrix ¢(p’ < p)

t(p' < p) = (p'|Vilp'+) + (0" —|Valp+)

where |p'4) are improper eigenvectors of Hamiltonian Ho + Wi (i.e. the solutions of Lippmann-
Schwinger equation).

5Coming from orthogonal separation of asymptote space . into & and 2.

"As direct scattering without any trapping into quasi-bound states.
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4.1.1 Orthogonal scattering

As shown in Domcke’s article (1983) [3], it is possible to solvdﬂ the orthogonal scattering
in closed form. We start with Lippmann Schwinger _equation for |pg’+) (&1) with the

potential (fpp - T) = —TlQ TQl + TQQ and using Q|p0 +) =0 we get
[pi"£) = Ip) + Co(Ey = i0)(~ T — Ton + Tagd i+

M
- Z GO(EP + i0)|Xn><Xn|T‘pb@i> .
n=1

The solution is obtained in closed formPl

M
[p6"£) = Ip) = Y Go(By £0)xa) A(Ey £ i0),, (xm|P) (4.4)

n=1
m=1

where A(z)~! is inverted M x M matrix of M x M matrix A(z) defined as A(2)nm :=

(xn|Go(2) [ xXm)- Using the same steps with the on-shell T matrix orino(p’ < p) and
closed form of (Xn\T|p0 +) we get

M:

tortho(P' < D) (' |xn) A(Ep + 10) 7, (Xm|D) - (4.5)

:1

,_.

In same fashion the free Green’s operator Go pp(2) in subspace & is obtained
Gilpp(2) Z Gio(2)[Xn) A(2)om (x| Glo(2) - (4.6)
m 1

The off-diagonal terms ng’z po(#) and GS‘); op(#) are from definition zero and the free
Green’s operator CA?(‘)WQQ(Z) in subspace 2 is simply 2_1@.

4.1.2 Resonant scattering

It is possible to express the resonant scattering T matrix t,e5(p’ + p) without using full
scattering continuum |p+) and instead to use background scattering continuum |p?'+)
(e.g. in [2]). From the definition of the resonant scattering T matrix tes(p’ < p) for
the potential (H pr) HQQ + HQp + HpQ and using Q]p’ Z4) = 0 we get

tes(P 4 p) = (07~ | Hy + B + Hrolp+) = (07~ [PHQIp+) .

In order to get rid of the term @| p+), we will project the Lippmann-Schwinger equation
for |p£) (4.3) into subspaces & and 2

Plp+) = Plp”+) + PG” (E, + i0)(Hg + Hap + Hro)lp=) , (4.7)
|pZ+)
Qlpt) = Qlp” £) +Q G7 (B, + i0) (Hg + Hop + B ) p=) (4.8)
0 (Ep4i0)—1
p=tU)™

8To find the scattering vectors |p§’+), on-shell T matrix foreno(p’ < p) and the Green’s operator
G& (2). N
9After acting with (x;|T from the left on the equation we get solvable matrix equation for

(xn|Tlp& +)
M

> (el Go(Bp £i0)[xm) (xm| TIPS %) = (xx|P) -

m=1

Agm (Ep+i0)
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where we used fact, that the Green’s operator G?7 (z) is diagonal with respect to sub-
spaces & and 2, therefore @%(z) = @‘gp(z) =0 and @g&?(z) = 271Q. We substitute
in the secondAequation the term ]Slp:t> from the first equation and we get
equation for Q|p+) with the solution

N N o -1 )
Olp+) = [(Ep +i0) — Hoo — HopG? (B, + zo)HpQ] Hoplp”+) .

Using this result we can write the resonant scattering T matrix t,e5(p’ + p) as

tes(p' < p) = (P~ | Hpg [(Ep +10) — Hyo — HopG” (E, + io)ﬁ[PQ} Hoplp”+) .
(4.9)
Even though this formula looks horribly clumsy, it can be broken down into three
matrix element evaluated on subspace 2. We define the discrete states’ Hamiltonian
Hpun, discrete-states-continuum coupling Vnﬁp and complex level-shift matric F,,(2)
as

Hynp o= (x| H|xn) ,
Vi, = (xm|H|p”=E),

Fon(2) = <Xm’HGgP(Z)H‘Xn> =: Apn(2) — irmn(z)v

where Ay, (2) is real part of level-shift matrix F,,(z) and I';;,(2) is (up to multiplic-
ative constant —!/2) imaginary part of level-shift matrix also called widt

Applying the formalism for subspace 2 of one normalised discrete state |x;) sim-
plifies the inverse of a M x M matrix in to inverse of a number and we get

(Vi) Vi (Vi) Vit
E—Hy— Fi(E,+i0)  [E— Hy — Ay (B, +40)] + 1T (Ey +i0)
(4.10)
If the resonance is sharp, then the energy dependence of functions Vljfp, A17 and T'1q
is negligible and we have obtained Breit- Wigner resonance formula with the resonance

energy F;, = Hi1+Aq; (the position of the peak in energy spectrum) and the resonance
width T' = T'y; (the full width at half maximum of the peak).

treS(P —p)=

4.2 Application of formalism

Now we will apply developed formalism to out model in regime of narrow resonance
(b < 0 and [b| > |c|). Explanation at the level of physical intuition: In the case of no
coupling between channels (|c| = 0) the channels are isolated and cannot influence each
other. Iff b < 0, there is bound state in the second channel (as seen in subsection
with the wave function

(@|y) = v/=be'l"le (4.11)

and the energy
b2
Ebound =W — 5 (412)

Now we do small perturbation, we allow coupling [b] > |¢| > 0. For energies
W > E > 0 the first channel is opened and the second one is closed. The bound state
in the second channel will become quasi-bound state. This gives us second restriction

0The origin of the term and reason of the factor —1/2 become obvious later, when we will show
connection to Breit-Wigner resonance formula.
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—V2W < b < 0, otherwise the bound state of the unperturbed Hamiltonian would stay
the bound state of the full Hamiltonian.

After this analysis the choice of subspace 2 becomes quite straightforward: linear
span of M = 1 normalized vector |x1)

(xlx1) = Ve "Wley, (4.13)

where £ > 0 is parameter, ideally k = —b. Later on we can test, how the choice of
parameter k£ (and consequently the choice of subspace 2) can affect the separation of
on-shell T matrix ¢(p’ + p).

We have calculated the energy of the state |x1) in the full Hamiltonian H (equation
(A.14))) and plotted its xk-dependence in Figure We can notice that the energy Hiq
will be same for the full Hamiltonian H restricted only to the second channel. The state
|4} from equation is the ground state of this restricted Hamiltonian with energy
Fhound — equation . From the variational principle we know that the energy Hi
of the state |y1) is always greater or equal than the energy of the ground state Epound
with equality for k = —b (Figure .

[ Hy (r)

W

~ 1
\ J/ Hu = (alH[x1) =W+ gw(k +20).
W — %bQ \ /

0 —b —2b

Figure 4.1: The x-dependence of energy Hi; of the discrete state |x1) with marked threshold
energy W (black line).

4.2.1 Orthogonal scattering

The orthogonal scattering have been solved in closed form. We only need to calcu-
late for chosen subspace 2 three matrix elements (x1|kn,s,n), (z|Go(E £1i0)|x1) and

(x1|Go(E £i0)|x1) (Appendix [A.2.1) and insert expressions into equations ({.4), (4.5)
and (4.6) (for z = E +10).

:U‘GO(Eiio)’x1><xl|kn737n>
(x1|Go(E + i0)[x1)
éineiskna: _5 ) 27
Vor 2 Jor (26 F ik (K + iko)2
<kn’as,an,‘xl><X1|kna57n>

/ IR _ —_
tortho(kn’as , 7kn787n) - —

(x1|Go(E + i0)| 1)

(| (ks 5, )P ) = (e, 5,) —

(ﬁeiikﬂz‘ + ikge_"'z‘) (4.14)

(00 ikor3
o 0 1 71'(2/{ — ikQ)(K, + ikg)z ’
2'|Go(E £ i0)[x1) (x| Go (B £ i0)|x)

(@ |G pp (B £ 0)]a) = (o/|Co(E £ 0)Ja) —

<x1|@o(E +40)|x1) A12)
= (2/|Go(E £ i0)|z)—
5.0t
TR +?6)22€<3 ey (" + o) (elSbl o pigesl) - (415)
2K 2 Kk — Ko
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4.2.2 Direct scattering

Even though we do not possess any closed form general solution of direct scattering,
we can for our special Hamiltonian apply familiar procedure of solving Lippmann-

Schwinger equation used in sections [2.2] and /
We start with Lippmann-Schwinger equation for |(ky,s,n)?+) from ([#.2) (in pos-
ition representation, insertion of the unit operator)lﬂ

(x|(kn, s,m)7 +) = <xy(kn,s,n)§”i>+/ da' (x| G pp(E £ i0)|2') (@' |V |(kn, 5,n) 7 £) .
R

As we have already experienced, for the on-shell T matrix tair (P’ < p) we would
need only terms (z = 0|(k,,s,n)5 +) and (z = O]GOB?PP(E +40)|2" = 0). From (4.14)
and (4.15)) for x = 2/ = 0 we get

<0|<kn,s,n>g@>:<1 0 > én

0 v+ ) Vor’

Ao e 0 0
(01Ggpp(E £i0)[0) = [ 7 Y 2k(etKkg) = ( if)"“ 1 ) (4.16)

Ko K;(K,—‘rKg)(QH,—KQ) Lo

where
. iZkQPi 7E > w
L2:L2(Eizo)::{—,‘£2—2/€ W>E>0 "

where for convenience we have defined v := % and py = %

Following same steps as before, we get implicit equation

g g NG . a C g
(s 501)72) = (ol 5007 )+ GalGT B £1000) (5 ) (0108 5,) 7).

where the undetermined implicit constants (0|(ky,s,n)?£) are solved from equation
forx =0

—1 N
o _[(1 O\ (zm O a c L0 én
— (01(kn, 5, m) i>—[<0 1> < 0 L% ct b 0 v+ /) Vor
Using (3.7) we get

1 +iky (b — Lo) —cLoy+ ) R
0|(kn, s,n)7+) = — - . : - 4.17
Ok, 5m) ) =~ (O e Jee e

where Ay := (a F ik1)(b — La) — |c|2.
For the direct on-shell T matrix tgi(kn, 8", n'; kn, s,n) H we can write

tair(knr, 8’15k, s,m) = / da:((kn/,s’,n')‘()@—\a:)(x\f/](kn,s,n)‘@+> =
R

a cC

— (o700 (&5 ) 0105, )74 =

_ 1 < ik1(D — aLs) ck1koyyp+ >
orAL \ Ckikevipr  ko(iD + bki)vips )

11
G (2) PVE |p”4) = (Gilpp(2) + Gap®)) V Plo”%) = G (=) VIp™7%)
~ ~ \—Vg
Hpp —Tpp [pZ+)
12
tai(p’ < p) = (p”—|Hpp — Trp|p”+) = (pt”—|PVP|p”+) = (pi”~|VIp”+)
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4.2.3 Resonant scattering

From theory in the subsection we know that key matrix elements to calculate
the resonant scattering T matrix t..5(p’ < p) are discrete state energy Hipp (calcu-

lated in Appendix equation (A.14)), discrete-state-continuum coupling Vli( o 5.1)

(calculated in Appendix equation (A.15))) and complex level-shift matrix F11(2).
To calculate the last one we start with Lippmann-Schwinger equation for G7(2)

(1.16]) projected to subspace & on both sides leading to

Gp(2) = éi?PP(Z) + éi?PP(Z)‘A/é?P(Z) :

For spatial matrix elements (z’ \G?P(z)m we get integral equation
(@'|GEp(2)|x) = (/|GG pp(2)|2) + /Rdy 3(y){a'|Gpp (2)ly) Aly|GEp(2)]) |

where A = Ci Z

(sections and subsection 4.2.2), so we just skip familiar procedure (implicit
equation for (z/|G%p(2)|z), set 2’ = 0, express and insert (0|G7p(2)|z)) and we get

. We already have experience with this type of integral equation

(&G 2) ) = /|G (2)2) + (& |G (I O) A [T (01CE pp (]0)A] OIC (2]

Fortunately we will need only spatial matrix element <0|@?P(E +10)|0), for which the
above expression reduces to

o -~ G . -1 G .
OIG7(E +i0)[0) = [T~ (0IGTpp(E +i0)|0)A]  (01CTpp(E +i0)]0) =

. _i b— L2 —C
AL\ ¢ a—ik)
Inserting to equation (A.17]) we get
iy = _Zi [(a — iky) (5 +b)% — |c2(26 + Ly +b)] .

_l’_
We are mostly interested in the case W > E > 0. From equation (4.10) we get

— *1/7+
t = (‘/1,(142”/,8/,77/)) Vl:(knvsvn) _ k%’i’c|2
U E—-Hnu—-Fu(E+i0) A A,

We can verify whether the orthogonal, direct and resonant on-shell T matrix add
up to total the scattering on-shell T matrix ¢(k,, s, n’; k,, s,n)

t= tortho + tdir + tres
ik [D+ agm + 2k)] N k%/ﬂi\z _ k(D + any)
27TA+ 7TA+A+ 27TA+ ’

=0

which is in agreement with the total scattering on-shell T matrix t(k,/, s’,n’; ky, s, n)
(deduced from S matrix (3.9)))

t(kn’v 5/3 ’I’Ll; knv S, n) =

1 ik1(D — aK>) ckiko
27TA+ C*klk‘Q k‘Q(’iD + bkl) ’
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4.2.4 ~r-dependence

To observe the x-dependence of the separation first we plot the on-shell T matrix
elements for ideal value k = —b (Figure . The background on-shell T matrix is the
sum of the orthogonal and the direct, but the orthogonal matrix element tu.tno,11 is
zero. We can see that the separation of the total on-shell T matrix ¢1; (rapid changes
around the resonance energy E, ~ 0.5) to the background scattering term #y,4 11 (smooth
behaviour) and the resonant term was successful. We can notice that, while the overall
on-shell T matrix elements (thus also S matrix elements) are continuous everywhere,
the separated terms have one discontinuity at threshold energy W. This is caused by
the discontinuity of the function Lo defined in .

0-16 T T T T T
|tbg,11(E)]
0.12 ‘tres,ll(E)‘ E— ___—__—___,_——/
D tE)|] —— i
2 008} /_\ -
0.04 + i
0.00 ! ! ! T
0.0 0.2 0.4 0.6 0.8 1.0 1.2
E
0.16 . : T T T
[tbg,11(E)] —
0.12 |tres,11(E)] ——
O a(B)] —— |
2 008} -
0.04 + i
OOO ! | ! !
0.0 0.2 0.4 0.6 0.8 1.0 1.2
FE

Figure 4.2: The energy dependence of absolute value of the background (tg), resonant (tyes)
and total (¢) on-shell T matrix element ¢1; for parameters: a = 1, b = —1, |¢| = 0.1 (the 1st
graph); a =1, b = —1, |¢| = 0.3 (the 2nd graph); k = —b = 1 with marked threshold energy
W =1 (dashed line).

In the Figure we can see how the parameter k affects the separation of the
scattering terms. Two effects are observed: in the wide range of values ((0.6,2.5)) the
parameter has minimal if none influence on the separation, which corresponds to fact,
that one only needs to estimate the subspace 2 roughly; for some values (= (0,0.5))
there appears the second, fake resonance peak with corresponding opposite peak in
direct scattering. For x = 0 the resonant term is zero and t11 = #y,4,11, therefore as we
approach this value the separation is worse and worse.
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[t11]
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0.16 | & ]
0.12 ¥w ]

0.08

0.04 |/ [\ :
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0.0 0.2 0.4 0.6 0.8 1.0 1.2
E
0.20

0.16

0.12

0.08

0.04

0.00
1.2

02 04 06 08 1.0 12 14 16 18 2.0 22 24
K

Figure 4.3: The dependence of absolute value of the direct and resonant on-shell T matrix
element ¢1; on the parameter x (from 0.2 to 2.5 with step 0.1; idealy k = —b = 1.0) for
parameters: a = 1, b= —1, |¢| = 0.1 (the 1st graph); a =1, b= —1, |¢| = 0.3 (the 2nd graph),
with marked threshold energy W =1 (dashed line).

4.2.5 Eigenphases

For scattering in full potential we calculated corresponding eigenphases (subsection
3.2.1)). We can analogically assign to background and resonant on-shell T matrix cor-
responding S matrix and consequently eigenphasesH But to achieve separation of
eigenphases, we cannot directly use relation . The background scattering is scat-
tering in potential ﬁpp—f and corresponding background S matrix Sy, and background
eigenphases dpg (the eigenvalue e%¥vg) can calculated from background on-shell T mat-

13We can also define orthogonal, direct and resonant S matrices and eigenphases, but there is no
need to divide background term into two terms.
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eigenphase

resonant
eigenphase

background

eigenphase

rix aﬂ

Shg = 1- 27ty -
To preserve unitarity of resonant S matrix and to get simple additive separation of
eigenphases, we define altered resonant T matrix #yeg

7 -1
tres = Sbg lres s
and corresponding resonant S matrix Syes and resonant eigenphases Oyes

Shes = 1- 2Tt pes -

For S matrices defined like this we can writd™|
S = Sngres ) 6= 5bg + Ores -

I —
0
-z /
s . .
0.0 0.5 1.0
+m ' —"
+z|
0
-z i
g : _— : by ~T . | e ky
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
Figure 4.4: Separation of eigenphases d;1(k1) (violet), d3/4(k1) (orange) and d3(k1) (pink)
to background dng ;(k1) and resonant dyes;(k1) eigenphases for parameters: a = 1, b = —1,

le| = 0.1 (left side); a =1, b= —1, |¢| = 0.3 (right side); K = —b = 1.

From given background and resonant on-shell T matrices we calculated correspond-
ing S matrices and using same technique as before (subsections and we
calculated eigenphases 0pg (k1) and des i(k1) for i € N}. The ki-dependence of separ-
ated and total eigenphases for ideal parameter x = —b was plotted in Figure [.4]

We can see, that separation of the background (smooth without rapid changes)
eigenphase 0y, and the resonant (step-like) eigenphase dres for ideal choice of parameter
K was successful.

M4YWhen calculating we need to be careful to put the normalization term 1/ /knk, s in the right place.
15The second equation applies for one-dimensional matrices.
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Conclusion

In conclusion we would like to summarise achieved results. At first we solved Lippmann-
Schwinger equation for one-dimensional two-channel scattering model with delta po-
tential and calculated scattering improper eigenvectors, the S matrix and eigenphases.
Out of 5 parameters W, a, b, |c| and ¢ the model has 3 free parameters a, b and |c|.
We were mostly focused on the most interesting situation with particle incoming in
the first channel. The parameter a determines increasing and decreasing rate for un-
coupled (”background”) scattering. The parameter |c| determines strength of coupling
and the magnitude of threshold effects (cusps). The parameters b and |c| determine
the presence (both), position (mainly b) and width (mainly |c|) of resonances.

The further analysis of the poles of the S matrix in complex k-plane (two Riemann
sheets) shows their mutual relationship with resonances and bound states. Also the
change of virtual state to bound states is observed as the change of the limit eigenphase
difference 61(0) — d1(400) by value +.

Then we applied the projection-operator formalism to explicitly and analytically
separate scattering on-shell T matrix to background and resonant part. In the wide
range of values of parameter £ (the choice of discrete state) the separation holds with
very minimal alternations. Also we managed to separate eigenphases into background
and resonant eigenphases.

This model can serve as simple toy model for effects, which occurs in more com-
plicated and complex calculations (e.g. electron — molecule collisions).
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A. Appendices

A.1 The matrix elements of the free Green’s operator

@O(Z)

For our purposes we need to find the matrix elements of the free Green’s operator éo(z)
for one-dimensional Hamiltonian Ho
We recall the definition ([1.14)) of the free Green’s operator Go(z)

éo(z) = (z - flo)_l )

and using property (1.2)) we get the full set of eigenvectors |p)

1

Colln) = -

p)- (A1)

For the momentum matrix elements of the free Green’s operator (p'|Go(2)|p) it is
straight-forward

®'lp) = 2%5(17’ —p).

(W'\Go(2)lp) = 5

z—E,

For the spatial matrix elements of the free Green’s operator (2/|Go(z)|z) using the
spectral decomposition of the unit operator 1 we obtain (compare the middle term to
([T13))

+o0
@IGo(a)le) = @Go(lle) = [ dnle/| o)) ple)
/+ood <x’|p><p|:c> 1/+ood eip(a' 1) 1/+ood eip(z' 1)
I b z—E, 21 )_o pz—Ep I p22—p2'

To evaluate the integral we need to use basic tools of complex analysis: Cauchy’s residue
theoremP and Jordan’s lemmd?l

!Same procedure can used for multi-dimensional case, the trick is to use the spherical coordinate
system with 2 = p.
2 Cauchy’s residue theorem. Let

e ) C C be simply connectedﬂ)pen subset of the complex plane,

. {pj};-\]:1 € Q be finite points of subset €2,

N

e f(p) be analytic function on Q\ {p,};_,,

N

e 7 be closed path in Q\ {p;};_;,

then
N
y{ dp f(p) = 2wy ind(v,ps)res(f,p;) (A2)

j=1
where ind(y,p;) is winding number (the total number of times that path ~ travels counterclockwise

around the point p;) and res(f,p;) is resudue (the coefficient c—1 in the Laurent series of function f(p)
+oo

at the point p;, f(p) = D calp—p;)")-
—n=o00
31. Every two points of the set are connected with continuous path in this set.
2. Every path between two fixed points can be continuously transformed into any other path.
4 Jordan’s lemma. Let

o Cr = {Rei¢|¢ € (0,7)} be semicircular contour of radius R > 0 lying in the upper half-plane,
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A.1.1 Non-negative energy (E > 0)

First, we are interested in the matrix elements of the limit operator ao(Ep +40) =
). The function f(p) := ez =)

as function of the complex variable p has 2 simple poles (for |z| > 0, which is always the
)

22—p?
A5 : — D — 7 jog — :
case’)) at points p; = +p(z) and pa = —p(z), where p(z) := v/2z. It can be rewritten
into the form

hrfrlo Go (Ep=tie) (in other words for non-negative energy
e—

eip(a’'—z)  gip(a'—z) 1 1
_ _ _ ] A.
flp) =5 — 7 25(2) <p +p(z) p— 5(2)> .

We distinguish three cases:
1. (' —x) > 0. Let R > [p(z)] > 0 be radius and choose closed contour 7 as seen
in Figure The contour v := =1 4+ = consists of two path: ~; — semicircle of

radius R from the point +R to —R, 2 — straight line along the real axis from
point —R to +R.

YE=EN T2

Figure A.1: The contour of integration 7 in complex p-plane.

Now we will look at Cauchy integral of function f(p) over the contour ~:

+R - 2
[ avswr+ [ s 2= §apso) B2 oni 3 imder.pyeest£.py).
Cr R Y

j=1
(A.5)
From Figure we know ind(v,p;) = 1 and ind(v,p2) = 0 and from the ex-
pression (A.4) we can see values of the residues res(f,p1) = el and

2p(2)
eip2 (z' —z)

res(f,p2) = O

e T ) —a)
/Cdef<p>+/R A f(p) =~

e f(p) = ePg(p) be continuous complex function with a positive parameter a > 0 defined at Cg,
then

/ dpf(p)’ <™ max
Cr

T a ¢€(0,7)

g (Rew) ’ . (A.3)

|z| = (Ef, +62)1/2 >e>0
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Now we are interested in limit R — +oo0.

oo T o ’
lim dp f(p —|—/ dp f(p) = —__¢P(2)(" =)
R—+0 Jop, () oo () p(2)
Using Jordan’s lemma (A.3) for g(p) = 1p2 and a = (2' — ) we get
U 1
li < 1 —_— _— | =
R 4o /CR dp fp)| = Rsto (2 — x) ¢ren<%,);> 2z — R2e2i¢
s 1
PN P R S I
what directly implies
lim dp f(p) =0 (A.6)

R—+o00 Cr
and we obtained required result
oo 7Tl oy /
dp f(p) = _Tew(Z)(z —x)
[ =55

. (@ —x) = 0. We follow exactly same procedure as in the previous case and
end up with same result for (z' —x) = 0. Only argumentation for zero integral

lim dp f(p) will be different.

R—+o0 Cr

. __ || p=Re? 1 " i 1)
REI-EOO dpf ' Hdp:Rieid’d¢>H N RETOO /O dof (Re ) Rie™) <
< lim d¢ ‘ f (Re”’) Rie®| < lim [ d¢ max |f (Re“f’) ’ R=

R—+00 R—+00 Jg #€(0,m)

R TR

= I "d lim —— =

R%HJIrloo ¢ —2‘Z| Rﬁl\I}rloo RQ—Q‘Z‘

. (2’ —x) < 0. Firstly we substitute p’ = —p

+oo p/:7p —00 , e,ip/(m/fx) 400 ) eip’[f(z’fa:)]
[l =] v v S

— 00 —00

which leads to the same integral as in the first case for [— (2’ — x)] > 0, therefore

the result is
+0o0 7TZ -~ ’
/ dp f(p) = — L eiP)~(a'~2)]
P

Result for all three cases can put into single formula

+oo 7Ti .~ ’
q — T i)l
/ p f(p) 5

—0o0

which gives us

na _ Vi)’ —al

At last, we need to proceed limit hIEOE + ie := E, £ 0, what can be done using
E—>

Figure For +¢e > 0 the value +p(z) approaches value +p(z) — +p (densely dashed
arrow), for —e < 0 the value +p(z) approaches value +p(z) — —p (loosely dashed
arrow).

The final result is

~ 1 -
(2'|Go(E, + i0)|z) = +—eFPle’=al (A7)
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A.1.2 Negative energy (F < 0)

Second, we will evaluate the spatial matrix elements of the operator @O(E ) for negative
energy Eﬁ For negative energy we define x(E) := v/ —2F. As before, the function f(p)
has 2 simple poles at points p; = +ik(E) and ps = —ik(E), thus we can f(p) rewrite
as

f(p)

ip(z’' —x) __inip(a’—x)
e _ —ie ( 1 1 > ‘ (A8)

T2E-p2  2w(E) \p+in(E) p—ir(E)

In the same fashion as before, we distinguish three cases:

1. (¢ —2) > 0. Let R > k(F) > 0 be radius and choose the same closed contour
as previously (Figure [A.2)).

V=t

D o

—ik(E)

Figure A.2: The contour of integration v in complex p-plane.

Again we will express the Cauchy integral of function f(p) over the contour ~y
(A.5)). From Figure we get ind(y,p1) = 1 and ind(vy,p2) = 0 and from the

expression (A.8]) we deduce values of the residues res(f,p1) = % and
res(f,p2) = et BN ) Proceeding the limit R — 400 and using the result of

2k(E
Jordan’s lemma ((A.6) we get

T dp Fp) = — BN )
pJ\p K(E)

— 00

2. (2' —x) = 0. Same procedure as before leading to the same result for (2’ —z) = 0.
Argumentation for zero semicircle integral is same as for non-negative energy.

3. (' —x) < 0. Using same substitution as for non-negative energy we obtain the
same result for [—(z' — x)] > 0.

Putting all cases into single formula gives us

400 T , N ,
/ A (0) = — e O = @Go(E)la) = — e PR (A0)

6 According to analyticity of the free Green’s operator Gy (2) (Figure [1.3) for non-negative energy
we had to use limit, but for negative energy the limit is equal to defined operator for real z as we will
see.
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As we can see in Figure [A.2] the whole process with limits 11111 E + ie would lead
E—r

to the same result. Either for +¢ > 0 (densely dashed arrows) or for —e < 0 (loosely
dashed arrow)

(2!|Go(E +i0)|z) = (2/|Go(E)|z) .

A.2 Computation of matrix elements in projection-ope-
rator formalism

In this appendix we will outline ways, how the matrix elements in projection-operator
formalism have been evaluated. In general, the technique involves: insertion of unit
operator (1 = Jg dz|z)(x|), insertion of already known matrix elements and evaluation
of a simple integral (integration with delta function 6(x) or exponentia e—alz=wol),

A.2.1 Orthogonal scattering

(alkan, s, n>—/dx<xl|x>< n,s s, >

N ~ K|T 18 X K
—e;em/ /dxe |z|+iskn _52m/27ﬂ<¢2+k2 (A.10)

@lGo(E £ i0)) = | da'(alGo(E £ i0))a")(w'a) 2
R :
_ \/Eé2 1 Ko|lz—2'|—k|z!| _ 2\/Eé2 Ko|z| —klz|
= 72 /Rdx (§ = m (K/e +K2€ > (Al].)
ot . (A.11
(alGo(B £ i0)x1) = [ detala) elGo(E £ o)) B
(I8E)
QHé;_éQ (Ka—k)|z| _92 (2:‘£ — KQ)
__ “h& e Rzl | pe 2kl e g A.12
Kol — K3) / dx (Fae + Kge ) Ko(r — Ka)? ( )

—alz—zg|

"The integral with exponential e is split into two integrals over two intervals (—oo, zo) and

(20, +00), which are simple.
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A.2.2 Resonant scattering

T 7 @.13) cd(x) e Rzl — c6(z) el —
b &, (—W+w+ba< >)f ‘(—;ﬂ2+m<x>+w+w<x>>‘f B

_ \/g< c > 5(z) + <—;m2 + W> (zh) (A.13)
Hyy = (x1|Hlxa) :/]Rd w(x1le) (x| H|x1) :"

—/ [(b+n)5(x) (—nMWﬂ —2nfzl — W—i—%nQ—kbn (A.14)
Vi = Ot 5.m)72) = [ das el 5,m) )

:/ dz 6(z)vVk (¢ b+ k) <l‘|(k‘n,8,n)gﬁ:>+<—;ﬁ2—|—w> ) E) &7

R
=/ Al (Fikic* (Lo + &) Loys [(@F ik) (b + &) — [ef2]) é (A.15)

(2|Gp(E + i0)H|x1) = / dy(z|GFp(E +i0)y) (| H xa) =

— [ st elGz e+ 0 vE(, 5 )+
R
1 -~ . = G
+<—2n2+W> (2| CZAE=T0)) B2 (2| G2 (E + i0)|0)/m <bjﬁ (A.16)
=N N £ o~ ~y PN (E19)
Fit = (al BGZ(E + 0) ) = [ detalAla) (2|G7p(E + 0) Ha)
R

_ / ded(2)VR (¢ b+ k) (@|Ghp(E +i0)Hlx1)+

+ <—;I€2 + W) (Xl é@ H’X1> !
=r(c* b+k) (0|G7p(E + i0)]0) <b_T_ K) (A.17)
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