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Chapter 1

Introduction

One of the most challenging problems of mathematics in recent decades con-
cerns with the equations describing motion of a viscous, compressible and
heat conducting fluid:

Op +div (pu) =0
O (pw;) + div (puw;) + 0,,p = 23:1 0u,Sij +pfi, 1=1,2,3 (1.0.1)
Oi(pe) + div (peu) + divg = S : Vu — pdivu

in (0,7) x €. The set of equations, even though looking a bit awkward, has
a clear structure that reflects a set of physical conservation laws:

e The first equation expresses the conservation of mass, i.e. the fluid
nowhere vanishes and nowhere emerges, the total amount of mass is
a constant of motion.

e The second equation is in fact a triple of equations each expressing
the Newton second law in each of the space coordinates: the linear
momentum of each of the elements of the fluid can be changed only
through an action of an external force (here ‘external’ means having
its origin outside of the element).

e The third equation balances out the internal energy of the fluid and
can be viewed as a mathematical formulation of the first law of ther-
modynamaics.

Note that taking the scalar product of the linear momentum equation
with u, summing up with the balance of internal energy and integrating over
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the whole spatial domain €2, one recovers the total energy equality
1 2
(5plul” + pe)(t, z) dx =
q 2

1 9 t
/Q(ép\u\ —l—pe)(O,x)dx—i—/O /pru(t,x)dxdt (1.0.2)

provided
u-n=20,(Sn)-u=0,and q-n =0 on J9N. (1.0.3)

The boundary conditions (1.0.3) express the fact that there is no heat flux
between the fluid and the outer world, the boundary is impermeable and
there is no energy input from friction between the fluid and the boundary.
That is, the system is both thermally and mechanically isolated.

In order to satisfy the common sense of the balance of the total energy,
the velocity should satisfy that

e the normal part of the velocity vanishes at the boundary, and
e the velocity is perpendicular to the term Sn.

Note that the second condition is satisfied whenever the first condition holds
and the tangential part of Sn vanishes, or the tangential component of u is
ZEro.

One of the most often used boundary conditions satisfying the conditions
described above is the homogeneous Dirichlet boundary condition i.e.

u)sq = 0. (1.0.4)

The condition (1.0.4) says the particles of the fluid stick to the boundary.
Gibbs equation

Instead of a direct attempt to solve the system (1.0.1) (which can be
found in [8]), one can make a step aside and ask for any more friendly-
to-solve representations of the system. In the case of the so called weak
solutions (defined later on in this thesis), it turns out that the energy balance
equation can be transformed introducing a new internal variable entropy
to the entropy balance equation. The entropy is expressed via the entropy
density s. The entropy rate is binded with the specific internal energy rate
e through the Gibbs equation

1
9Ds = De + pD~
p
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By virtue of the Gibbs relationship between the entropy, internal energy,
density and pressure, the internal energy balance transforms into the entropy
balance provided the temperature is positive:

Oi(ps) + div (psu) + div% = %S Vu— 3 WVﬂ
The advantage of this approach lies in getting around the issue of estimating
the term pdiv u while trying to estimate the gradient of the velocity hidden in
the expression S : Vu on the right-hand side of the internal energy balance.

The formulation of the system (1.0.1) is by no means complete. The be-
haviour of the system’s unknowns density, velocity and temperature (present
through entropy) is determined also by the particular kind of interactions
inside the fluid. This is desribed by so called constitutive assumptions on
the structure of the viscous stress tensor S, the pressure p, the external
forces term f, the heat flux term q, and the entropy production term o that
are determined by the physical properties of the system.

There are two main approaches to finding an answer to the question of
existence of solutions to the system (1.0.1): the way of strong solutions, and
the route of weak solutions.

The former concept of strong solutions is closely related with the functional-
analytic framework and the semigroup theory, as it usually relies on some
kind of perturbation of the linearized problem in the spirit of the Duhamel
formula. Since the main tool is the fixed point argument, one obtains rel-
atively smooth solutions (in the sense of regularity of the underlying semi-
group). The drawbacks are, however, fatal: the existence theory is limited
either for small initial data, or only short time intervals. This approach
has got many important contributions, among which it is worth quoting
the initiating works by Matsumura and Nishida [31], as well as significant
contributions by Hoff [22, 23] and others.

The latter route of weak solutions does not promise any significant reg-
ularity properties at all. However, being based on the construction using
the Faedo—Galerkin approximation coupled with addition of vanishing mol-
lifying terms into the system, it provides an existence result for arbitrary
large initial data on large time intervals. Despite the lack of regularity prop-
erties, the notion of the weak solution is still strong enough to ensure that
the physical principles motivating (1.0.1) are valid.

The idea of weak solutions, originating from Leray’s ideas on incompress-
ible flows [28], was successfully applied by P.-L. Lions to the framework of
compressible barotropic flows. The original limitation to the pressure term
of the form p(p) ~ p? with v > 2 was weakened to the physically relevant
constrain v > 2 by E. Feireisl (see [15]). Later on, E. Feireisl extended the ex-
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istence result to the full system of equations, i.e. the system with density,
velocity and temperature (see [8]), and, few years later, to the full system
with a general pressure function (see [14]).

In parallel with Feireisl’s approach, there is a recent result for the tem-
perature dependent case by Bresch and Desjardins [1], and by Vaigant and
Kazhikhov [43] for the barotropic case. In connection with the barotropic
case, one should mention the recent result by Kukucka [26] where the exis-
tence result with the total energy inequality in the differential form is given.

Whereas the existence theory for the barotropic flows has existed for arbi-
trary open sets since the result on the domain-dependence of weak solutions
by Feireisl, Novotny and Petzeltovd [12], the existence issue for the full sys-
tem of equations was solved only for domains with C?™ smooth boundary,
where v > (0. The extension of the existence results from smooth domains
to domains with rough boundary is the main topic of the first part of this
thesis.

In general, the proof of existence of weak solutions relies in general on two
basic steps:

(a) the construction of an approximating sequence, and

e proof of stability of the approximating sequence, i.e. showin a
b) th f of stability of th imating i howing that
the limit of the approximating sequence solves the limit system.

In the existence theory for solutions on smooth domains, the approxi-
mating sequence is a sequence of solutions to the modified system where
the equations of the original problem are enriched with mollifying terms that
ease the solvability of the problem and vanish in the limit. The existence the-
ory for nonsmooth domains, developed in the first part of this thesis, benefits
from the existence theory for smooth domains and its main core focuses on
domain dependence of weak solutions. This means an introduction of a suit-
able kind of set topology that is strong enough to ensure the weak solutions
form a converging sequence, and mild enough to enrich the existence theory
with more general domains or sets.

The second part of the thesis concerns with the qualitative properties of
weak solutions to the full system of equations. It focuses on the issue con-
nected with the so called ‘characteristic parameters’ of the fluid (like speed
of sound etc.): What happens if some of the parameters tend to zero? From
the physical point of view the qualities of the fluid change — it may tend to
behave like an incompressible fluid, for example. At least this is the result
of rough computations done by engineers, e.g. But the mathematical real-
ity is a bit different: The limiting of the characteristic parameters induces
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nonfriendly effects that have to be treated in a very precise way in order to
verify the conclusions done by the physicists before.

This work’s contribution can be recognized in two ways — the improve-
ment of the existence theory for domains with non-smooth boundaries, and
analysis of the singular limit in case of a compressible fluid when the Mach
number tends to zero. The former part is contained in the larger part of
this thesis as it reflects the route followed by the author while attempting
to solve the problem of existence of weak solutions to a fluid flow on un-
bounded domains. It starts showing existence of weak solutions of the full
Navier—Stokes—Fourier system on Lipschitz domains, where approximation of
the target domain with smooth domains is done for the case where the pres-
sure term p consists of the elastic pressure p. = p.(p) and linear perturbation
of the temperature in the form Jpy(p).

The same structural assumption on the pressure term was used later on,
together with an additional growth assumption on the viscosity terms in
the spirit of the thermodynamical theory developed by Oxenius [35], to show
the existence of a weak solution on an unbounded domain. The key ingre-
dient here is the verification of the internal energy inequality for the weak
solutions under the assumptions on the viscosity terms, and later derivation
of the estimates on the velocity term.

The general concept of the pressure described in terms of a thermody-
namical function for a monoatomic gas, i.e. p = p(p,9) = ¥/2P(p9=3/?)
is used in the next chapter where the existence result of weak solutions to
the full Navier-Stokes—Fourier system on unbounded domains with in gen-
eral rough boundary is yielded. Here the complications with integrability of
the entropy term implied the necessity of use of the theory of Muckenhaupt’s
weights which resulted in several technical complications.

The series of works devoted to the question of existence is finaly concluded
with the part dedicated to the full Navier-Stokes—Fourier system with gen-
eral pressure function in case of an unbounded domain where the density and
temperature attain prescribed positive values ‘at infinity’. The result relies on
the notion of the Helmholtz-like total energy, which enables us to introduce
the nonvanishing boundary conditions to the system in a relatively harmless
way. The result then follows from the estimates on the Helmoltz-like total en-
ergy and the techniques introduced in the previous chapter. The advantage,
in comparison with the approach of the preceding chapter, is no necessity of
the weights, and sufficiently strong apriori estimates, that facilitate the whole
limit passage.

The last part of this thesis deals with the particular singular limit of a com-
pressible flow on large domains where the so called Mach number is assumed
to vanish. The result obtained extends the knowledge concerning the singular
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limit problems for bounded domains studied by E. Feireisl and A. Novotny
(see, e.g. [16]), and the unbounded limit problem for the isentropic case dealt
by Desjardins and Grenier [5] and Lions and Masmoudi [30].

The results published in this thesis are included in the articles written ei-
ther solely by the author himself or in cooperation with E. Feireisl. The chap-
ters with original scientific results correspond to the following articles:

(i) Chapter 2, Existence of a weak solution on bounded domains with Lip-
schitz continuous boundary, contains the article Ezistence of weak so-
lutions to the Navier—Stokes—Fourier system on Lipschitz domains [36]
published by the author in Discreet and Continuous Dynamical Sys-
tems,

(ii) Chapter 3, Ozenius-like model of a fluid flow in an unbounded domain
case is covered by the article On the Ozenius-like model of a fluid flow
in the unbounded domain case [37] published by the author in the Pro-
ceedings of the Week of Doctoral Students 2007, Part I — Mathematics
and Computer Sciences.

(iii) Chapter 4, Fluid flow in an unbounded domain with a rough boundary,
corresponds with the paper On dynamics of fluids in astrophysics [38]
submitted by the author to Journal of Evolution Equations.

(iv) Chapter 5, Ezistence of a weak solution on an unbounded domain with
prescribed nonvanishing density and temperature at infinity, is covered
by the article On dynamics of fluids in meteorology [39] submitted by
the author and accepted for publication in the Central European Jour-
nal of Mathematics.

(v) Chapter 6, Low Mach number limit for a viscous compressible fluid
corresponds to the joint article with Eduard Feireisl which was sent
to Mathematical Methods in Applied Sciences under the name On
compactness of the velocity field in the incompressible limit of the full
Navier-Stokes-Fourier system on large domains [19].



Chapter 2

Existence of a weak solution on
bounded domains with
Lipschitz continuous boundary

Corresponds to the article by Poul, L.: Existence of weak solutions to the Navier—Stokes—

Fourier system on Lipschitz domains, Discr. Cont. Dyn. Syst., (2007).

Abstract: We prove existence of a weak solution to the Navier—Stokes—Fourier system
on a bounded Lipschitz domain in R®. The key tool is the existence theory for weak solu-
tions developed by Feireisl for the case of bounded smooth domains. We prove our result
by inserting an additional limit passage where smooth domains approximate the Lipschitz
one. Results on sensitivity of solutions with respect to the convergence of spatial domains
are shortly discussed at the end of the paper.

Key words: Navier—Stokes—Fourier system, weak solutions, existence, Lipschitz domains.

2.1 Introduction

The immediate state of a viscous, compressible, and heat conducting fluid
can be described by a triple of functions (p,u,?). These functions repre-
sent physical quantities of the fluid: density p, velocity u, and temperature
. The time-evolution of the system can be caught up by a system of par-
tial differential equations representing basic physical principles. They are:
The continuity equation expressing the total balance of mass of the system

Op + div (pu) = 0. (2.1.1)

14
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The second Newton’s law in form of the linear momentum equation
O(pu) + div (pu ®@ u) + Vp = div S + pf, (2.1.2)

where p denotes the pressure and S denotes the Cauchy stress tensor. The ex-
act forms of p and S are given by constitutive relations. External forces are
expressed by f.

The first law of thermodynamics specifies internal energy e as a conserved
quantity. It is equivalent with the entropy equation.

O¢(ps) + div (psu) + div% =0, (2.1.3)

where q denotes the heat flux and o stands for the entropy production.
If the state variables p, u and ¢ are smooth, the entropy production o is
equal to 5S : Vu+q;;'9

holds . v
q .
>-S:V 2.14
o> 7 u -+ 02 ( )
In this case, the system is supplemented by a requirement on the total energy
(in)equality.

The constitutive relations describing quantities p, S and q are given as
follows

p=p(p,9) = pelp) + Ipalp) + 50° (215

= p(?) (Vu+vu") + A(ﬁ)div ul (2.1.6)
() (Vu +Vu’ — gle u]I) + ¢ (¥)divul

q = —r(I)V0. (2.1.7)

Quantities p, s, and e are interrelated by Gibb’s equation ¥Ds = De +
pD(%), where D represents the total derivative with respect to variables p
and 1. Consequently, assuming moreover that the specific heat at constant
volume c, is constant, e and s have the form

194
6(pa 19) = Pe(p) + d? + Cv19>

4 93
S(p, 19) = gd? + ¢y logﬁ - Pﬁ(p)

where P () = [ 62 ds, and Py(2) = [ 224 ds.

1 1
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We assume that there is no slip on the boundary and the system is ther-
mally isolated, i.e.

u|pg = 0, and (VI -n)|sq = 0.

Moreover, we assume that the following structural assumptions hold.

pe(0) =0, p.lp)>ap” " —c1, pelp) < asp’ + o,
ps(0) =0, phip) >0, pslp) <azp" +cs,

0 < p(l+9%) < p@) <a(l+9)%,
0 < U™ < (W) <C(1+09)7,

0 < kg < kg(¥) <Ra(1+9°), rr(Y) =0’

where a; > 0,7 > 2,v > %, and % <a<l.

The notion of a weak (or variational) solution can be seen as an approach
where one replaces the pointwise values of physical quantities by their integral
averages around the given point. This concept, being started by Leray [28]
for the case of incompressible fluids, leads to the following definition.

Definition 2.1.1. Let (p,u,¥) be a triple of measurable functions, p being
nonnegative. We say that (p,u,?) is a weak solution to the Navier—Stokes—
Fourier system on the domain (0,7 x Q

e p,u solve the renormalized continuity equation

0:b(p) + div (b(p)u) + (b (p)p — b(p))divu = 0 in D'((0,T) x R?)
(2.1.1%)

provided p and u are extended to be zero outside €.
e p,u,v solve the linear momentum equation (2.1.2) in D'((0,T) x Q),
e p,u, v solve the entropy inequality (2.1.3) in D'((0,T) x Q), and

e p,u,v satisfy the total energy equality

/Q(%p!u!2+pe(p,z9)) (t) dx = /Q (%!n;z!? +p06(p07190)) N
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We introduce the following concept of convergence of domains.

Definition 2.1.2. Let Q be a bounded domain in RN with Lipschitz contin-

wous boundary. We say, that the sequence of domains €2, converges to ) if
the following holds:

e for any ball B C R®\ Q there exists ng such that B C R*\ Q, for all
n > ng, and

e for any compact K C 2 there exists ng such that K C €, for alln > nyg.
o capy(Q2\ §2,) — 0 as n tends to infinity.

Note that for any bounded set €2 with Lipschitz continuous boundary
there exists a sequence of domains €2,, with smooth boundary being uniformly
Lipschitz continuous with respect to n, that converge to €2 in the sense of our
definition. Moreover, one can take {2 C €2,. This can be seen, for example,
by smoothing the boundary’s graph via mollifiers, and moving it outwards
the target domain. In what follows, we will consider the sequence 2,, with
these properties granted.

The following lemma is an easy consequence of Lipschitz regularity of
the boundary, in particular, of existence of the trace operator for Lipschitz
domains (cf. Stein [40]).

Lemma 2.1.3. Let Q be a bounded domain in RN with Lipschitz continuous
boundary and let 2, be a sequence of domains that approximate 2 in the sense
of Definition 2.1.2. Assume, that u, is a sequence of functions from W1H2(RY)
and u, € Wy () for eachn. Ifu, converge weakly in W'2(RN) to u, then
u € W,2(Q).

Theorem 2.1.4 (Main Theorem). Let Q be a bounded domain in R with
Lipschitz continuous boundary. Moreover, let the assumptions on terms
Des Do, Ky A, i1 hold, and let £ € L>®((0,T) x Q). Then for any initial condi-

tions p(0) = po > 0, po € L(2), (pu)(0) = my € L} (27, M ¢ [1(),

9(0) = ¥y € L®(Q), 19—10 € L>(Q), ¥9 > 0, there exists a weak solution to

the Navier-Stokes—Fourier system on €.

Moreover, there ezists a weak solution (p,u,v) satisfying the initial condi-
tions above and enjoying the following properties: u € L™ (0,T; Wy (Q)?) for
some r > 1; 9,logd € L*(0,T; WH2(Q)); p € C([0,T]; L*(2))N

L=(0,T; L7(Q)); pu € C([0,T); L2T! (Q;R?)); the quantities pu®@u, S : Vu,

weak

p, pf are integrable on (0,T) x €.
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2.2 Existence of J-approximate solutions on
Lipschitz domains

Following the method for proving existence of solutions developed by Ducomet
and Feireisl in [6], one starts solving the modified system of equations namely
the continuity equation with the artificial viscosity term, the linear momen-
tum equation with artificial pressure term and equation for internal energy,
which is equivalent to the entropy equation. The approximate solutions are
constructed so that they satisfy the (approximate) total energy equality.
Consider a domain with smooth, at least C?™, boundary. This regularity is
necessary for construction of approximate solutions satisfying the continuity
equation with the artificial viscosity term €Ap on the right-hand side, and
corresponding parabolic estimates to hold. Then applying the vanishing-
viscosity part of the proof in [6] we obtain solution (p,,u,,?,) of the J-
approximated system of equations with 6 > 0 on the domain 2,,:

Oypn + div (ppu,) = 0 , in Q,

. 2.2.1
pn(o) = pPon , 1 Q ( )

O (pnun) + div (pnun ® un) +Vps = divS, +p,f , inQ,
u, = 0 , on 0¥, (2.2.2)

(pnun)(o) = Iy, ) in Qn

at(pnsn) + div (annlln) — div n(ﬁ%)nVﬁn = On , on ),
Vi, -n, = 0 , on 08, (2.2.3)

pn(O)sn(O) = Po,nS0,n ,in Qn

where ps = pe(pn) + Pupo(pn) + %19;11 + 0p2 represents the pressure term
with artificial part §p° and o,, stands for production of the entropy s,,. Using
results of the corresponding part of the existence-proof by Ducomet and
Feireisl [6], one can state the following lemma on boundedness of approximate
solutions.

Lemma 2.2.1. Let Q C R? be a bounded domain with C**V,v > 0 smooth
boundary. Moreover, consider that that the assumptions on constitutive terms

hold. Then for any 6 > 0 there exists a triple (p,u, ) solving the problem
(2.2.1), (2.2.2) and (2.2.3) in the sense of distributions. Moreover, there
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exists a solution satisfying the total energy equality

T 1 6
—/ / 05 (§,o|u|2 + pP.(p) + ——p° +dv* + cypﬁ) dx dt
o Ja

G6—1
|mo\2

5 T
= +p0Pe(p0)+—pg+d19§+cvpo190 dx+/ /§f~udxdt
a 200 g—1 o Jo

(2.2.4)

for any & € C*[0,T1],£(0) = 1,£(T) = 0, and enjoying the following esti-
mates indepedently of the smoothness of the boundary:

e pc L®(0,T;LP()), plu)® € L®(0,T; L*(2)), p? € L=(0,T; L'(Q)),
e ¥ € L*(0,T;L*Q)), plogd € L=(0,T; L*(Q)), & € L'((0,T) x ),
e Viogd € L2((0,T) x Q), V32 € L*((0,T) x ),

e uc L0, T; W, " (Q),r = =2

S—a
Now we can benefit from the technique by Ducomet and Feireisl [6].
For domains €2,, with smooth boundary, that converge to domain 2 with
boundary being merely Lipschitz continuous, we obtain solutions (p,, u,,?,)
which satisfy estimates stated in the lemma above. Note that these estimates
are independent of n.
First, we use the test function

oult, 1) = H(1)B {pm - pn<t>] (x)

where to obtain p,|q € LFTH((0,T) x Q). Here, v € D(0,T) and B denotes
so called Bogovskii operator on domain 2 (and we consider it is extended by
zero outside €2). It expresses certain kind of inverse to the div operator and
its main properties are stated in the following lemma.

Lemma 2.2.2 (Bogovskii operator, paragraph 3.3 in [34]). Let Q C R?
be a bounded domain with Lipschitz continuous boundary. Then there exists
a bounded linear operator B = (By, Ba, Bs) satisfying the following properties:

o B:Lr(Q):={feLr): [, fdx=0} — WP (%R with
1B v omey < @ llze @

for any 1 < p < oco.
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e the function v = B[f] solves the problem

divv=finQ, v|sgq=0.

o for any f € LP(Q) such that there exists g € LI(S;R3) satisfying f =
divg and g - nlysq = 0 we have
HB[f]HLT(Q;RS) < C(T)HgHLr(Q;Rg’)
forany 1 <r < oo.

More precisely, testing (2.2.2) with ¢, and employing the estimates given
in Lemma 2.2.1 we obtain uniform bound in the form

T
/ / PP dx dt < ¢(6) (2.2.5)
o Jo

for any § > 0.

2.2.1 Strong compactness of the temperature

Up to this moment, we only have weak compactness of the temperature
which follows from the estimates in Lemma 2.2.1. In order to strenghten
the convergence to the strong one, we shall use the variational formulation
of the entropy inequality

4d 4d
O (3193’1 + cypn log ﬁn) + div (3193’1 ~+ ¢y pn log ﬁn)un) —

3 )
div (—KG(QSQT;; + o, Vﬁn) > —py(pn)divu, + Ln bvunjt

3
Kon) £ 00199, 2 i D/([0.T) x )

In order to show relative compactness of the sequence of functions bounded
in Bochner spaces, one can utter the following version of the Aubin-Lions
lemma (see Lemma 6.3, Chapter 6 by Feireisl [8]).

Lemma 2.2.3. Let Q C RY, N > 2 be a bounded Lipschitz domain. Let
{vn} be a sequence of functions bounded in
2N
N+2
Furthermore, suppose that Oy, > g, in D'((0,T) x Q), where distribu-

tions g, are bounded in L'(0,T; W~™2(Q)) for certain m > 1,p > 1. Then
the sequence {v,} is relatively compact in the space L*(0,T; W~12(Q)).

L*(0,T; LYQ)) N L>(0,T; L*(Q)), q>
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Applying Lemma 2.2.3 to the sequence {4—;19i + cypn log ﬁn}n as in the
part 5.4 and 6.2 of Ducomet and Feireisl [6] and using 9,, — ¢ in
L*(0, T; Wh2(Q))) we obtain

T 4
/ / (—dﬁi; + Ccypn log 19”) Y, dx dt
0o Ja\3

r 4d— S
— — 13 + cpprlog ¥ | Ydx dt. (2.2.6)
o Ja\3

This immediately yields 9,, — ¢ in L*((0,7T) x Q).

2.2.2 Propagation of density oscillations

Having proved pointwise convergence of the temperature, the next thing we
have to show is convergence in the linear momentum equation. In order to
pass, we need to show convergence of the nonlinear pressure term. This can
be done by showing pointwise convergence of the density.

Similarly to the part 6.3 by Ducomet and Feireis] [6] we can show that

P, @1, — pu®uin L'((0,T) x Q)

Growth assumptions on the pressure term and results of Lemma 2.2.1 yield

d _
di(pu) +div (pu@u) +V (pe(p) +Ipy(p) + 5194 + 5pﬁ) =
divS + pf in D'((0,7T) x )

By the Div-Curl lemma (see e.g. Lemma 6.1 by Feireisl [8]), the functions
p € L>(0,T; LA(Q)) and u € L*(0,T; Wy*(€2)?) solve the continuity equation
in D'((0,7) x Q) and it is easy to see that, provided we extend them by zero,
the equation holds in D’((0,T') x R*). Moreover, we can take 3 sufficiently
large to recover that p and u solve the renormalized continuity equation on
R3

0:b(p) + div (b(p)u) + (¥ (p)p — b(p))divu = 0 in D'((0,T) x R*) (2.1.1%)

where the function b satisfies certain growth assumptions (for details, see e.g.
Novotny and Straskraba [34], Chapter 6).
Thus we can take z — zlog z for b and write

di(plog p) + div (plog pu) + pdivu = 0 in D'((0,T) x R?) (2.2.7)
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On the other hand, p, € L=(0,T;L%(Q)) and u, € L*(0,T;W,"(Q)?)
satisfy the renormalized continuity equation with b(z) = zlog z, passing with
n to infinity we get

di(plog p) + div (plog pu) + pdivu = 0 in D'((0,T) x R?) (2.2.8)

Substracting (2.2.7) and (2.2.8), and integrating yields

/(p log p — plog p)(7) dx = / / pdivu — pdiv udx dt. (2.2.9)
Q 0o Jo

As the function z — zlogz is strictly convex and continuous, we have
that the term on the left-hand side is always non-negative and vanishes if
and only if p, — p strongly in L'((0,T) x Q). Therefore our next step is
to obtain suitable bounds on the right-hand side. In order to do this, we
employ the strategy by Lions [29] to use a test function of the form

pnlt,x) = Y(O)n(x) (VAT [pa(t, )](z), ¥ € D(0,T),n € D(Q)

for problem on the set €2,,. This yields
T d
/ / ¥n (pe(pn) + Unpo(pn) + 519;‘; +0p) = A(Un)div un) pn dx dt
0 Q
T
9 / / D0, Vi, : (VA~IY)[p,] dx dt

/ / { (¥,,)divu,, — (pe(pn) + Unpo(pn) + ;lﬁ;‘; +5p§)} Vix
“lew]

/ / O [1(9,)(Vu, + Vup) — p(u, @ u,)] Vi - (VAT [p,] dx dt
—/0 /Qﬁtwnun (VA Y [p,] dxdt—i—/o g Ynf - (VA [p,] dx dt

4 / / Bty - (pu(TA™ i ) [p11a] — (VATIV) [pu] (p1)) dxcdt

where the terms VA~!div and VA~V are defined in terms of the Fourier
transformation and represent continuous linear operators from LP(R3)? to
LP(R3)3, LP(R?) to LP(R3)%*3 respectively, with 1 < p < oo (see e.g. Stein [40])
for details).

Similarly, one can use the test function ¢(t, z) = ¥(t)n(x)(VA™)[p], with
Y € D(0,T), and n € D(2) in the limit version of the linear momentum
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equation. Substracting both equations and passing to the limit, results on
the weak continuity of the bilinear forms of singular integrals (Lemma 3.4 in
Feireisl, Novotny and Petzeltova [10]) can be used to obtain

n—oo

T
lim < / Un(pe(pn) + Onpo(pn) + 0p — AM(Un)div u,)p, dx dt
0 Qn

—2/0 : Ynu(9,)Vu, - (VA™IV)[p,] dxdt)

=[] entouo) + ol + 87 = Aoiv et

9 /0 /Q D)V (VA1) [p] dx d.

Our next step is to simplify the integrals in the equation, more precisely, we
wish to obtain

lim /0 /Q o0 (20(9,) Y, < (VA™'V)[pa] — 20(9)Vu : (VA™'V)[]) dxdt

n—oo

T
= lim / /1/)7] (2u(9,)div u, p, — 2u(9)divup) dxdt.

To this end, we employ the commutator theory for singular integrals de-
veloped by Coifman and Meyer [4].

Lemma 2.2.4 (Commutator Lemma (Proposition 5.1 in [7])). Let v :
(0,T) x RN — RY be a vector field and let g : (0,T) x RN — R be a scalar
function such that

v e L'(0,T; L" (RN, RY)), g € LP(0, T; WHP(RY)) N L™=(0, T; (LY N L) (RY)),

Nr

where {2 —x

<p<N, % + % < 1. Furthermore, assume that

€ss sup (Hg(t)HLq(RN) + Hg(t)HLl(RN)) < K.
te(0,T)

Then there exist constants ¢ = ¢(p,q, 7, K) > 0, w = w(p,q,7) > 0, and
s =s(p,q,r) > 1 such that

H (0, Adiv)[gv] — g(0; A div)[v] }

L(0,T;Wess(RY))

S cHgHLP(O’T;WI,p(RN)HVHLT((LT;WLT(RN;RN))7 fOT 1= 1, ey N.
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Taking v = Vu' and g = nu(d) in the preceding lemma and using
the strong convergence of the temperature we see that the identity we claim
holds.

We have shown, that

pe(p)p + UIps(p)p + 6pT — (2u(V9) + A(¥)) pdiv u
= pe(p)p + Ipa(p)p + 6p%p — (2u(0) + A1) pdiv u in D((0,T) x Q).

This relation can be rewritten to the form

(Q1+ Q2+ Q3)

pdlvu — pdlvu = m

where
Q1 =pe(p)p—pelp)p, Q2=1 (pﬂ(p)p — pﬂ(p)p> , Q3= (W - W) '

As py is non-decreasing, we have Q)5 < 0, and similarly )3 < 0. What
remains is to estimate the term ¢);. We can use the pressure decomposition
technique by Feireisl [8] in order to show that Q1 < py(p)p — pu(p)p, where
the term py, is a bounded part of the pressure p, = p.+p,,+p, with the convex
part p. and the monotone part p,,. Now we can estimate the difference of
the bounded pressure parts as it was done by Feireisl [8], and employ (2.2.9)
in order to obtain existence of A < co such that

- A [T -
/(plogp—plogp) (1)dx < —/ /(plogp—plogp) dx dt
Q ®Jo Ja

for almost every 7 € [0, T]. Consequently, the Gronwall lemma yields plog p =
plog p which is equivalent to

pn — pin L*((0,T) x Q).

2.2.3 Approximate entropy inequality and total energy
equality

As we already know, the limit functions p and ¢ satisfy the continuity equa-
tion as well as the linear momentum equation, our next task is to verify that
also the entropy inequality and energy equality are satisfied. In the previous
parts, we have proved convergence of all the terms involved in the energy
and entropy formulae except for pP.(p) and pPy(p), but this follows as p and
u solve the renormalized continuity equation on (0,7) x R3.

Passing to the limit in the entropy inequality, we see that the terms

In)+093 In) o .
ra( 19)“ n and fel 19);“’ 2|V, |* need some special care.

n

Sn:Vu,
On
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Lemma 2.2.5 (Lemma 5.4 in [6]). Let ¥, — 9 in L*((0,T) x Q), and
log ¥, — log ¥ in L*((0,T)x2). Then ¥ is strictly positive a.e. on (0,T) %,
and log v = log 1.

A direct consequence of the lemma above yields log 9, — log ¥ in L*((0, T') x
Q). As Vg, = Y= is uniformly bounded in L*((0,T) x ), we obtain

kg (U )—i—aﬁivﬂ B ka(Y) + o

g 3 V9 in D'([0,T) x Q)

Convergence in terms 5S : u and W\Vﬂp follows by the weak lower
semicontinuity of the norm and formulae
¢(@)

2
u | fu(9) r_ 1.
= | 3 (Vu + Vu 3dlv ul 9

/ VEg(s —1—033

+ divu

Y

ka(0) + o
9?2

(VI|? =| Vg (9)|?, where K¢ o (2

To complete our considerations, it is enough to write for any ¢ € D([0,T') x
Rg)’ (10|(0,T)><ﬁ = 0.
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T 4d
atQO _1911 + CyPn 1Og 1971 - pnPﬂ (pn) dx dt
o Jo 3
T 4d
+ ?ﬁn + Copn log Up — pnPﬂ(pn> u, - VQO dx dt
0

T/m a(0,) + o0
¥

2

+AZ
J

RGOy, - Ve dx dt

n

o
2

4d
at(,@ (?ﬁi + CvPn log ﬁn - pnpﬂ(pn)) dx dt
n\Q

+

4d
\ ( 3 193 + cypn log ¥, pnpﬁ(pn)) u, - Vedxdt
A\Q

S~— 55— 55— 5—

T 9 193
_/ ww Vi dx dt
0 n\Q 1971
T 3
< _/ Su: Vb | Falbn) + 09, |wn\2) dx dt
o Ja, I V2

2
4d
©(0) 190n + cypon +10g(Do.n) — ponPs(pon) | dxdt

2

4d
(,0(0) (?ﬁg’” + CyPo,n + 10g(1907n) — pO,nPﬂ(pO,n)) dx dt
2,\Q

: 3
_/ /@(Sn.ﬂVunjLn () + o) "y, ‘2) dsc it
0 Q n
i

V2

n

4d
_ / 0) (—198771 + cypon +1og(Pon) — po,nPg(pom)) dx dt
Q

4d
[ o0) (B0 o+ 1080000) = maPa(m) ) axat
Qn\Q2

where we have taken for ¢ its nonnegative part, o(t,z) := (o(t, z))", which
is possible by the density argument.

It is now easy to see that all the integrals over €, \ €2 vanish in the limit.
As the weak lower semicontinuity of the first integral on the right-hand side
preserves the inequality sign in the limit, we are done.
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2.3 Vanishing artificial pressure

As we have proved existence of a solution to the d-approximate problem on
domain €2 with boundary being merely Lipschitz continuous, we are now able
to employ the rest of procedures of the proof by Ducomet and Feireisl [6] and
obtain solution to the Navier—Stokes—Fourier system on ).

2.4 Remarks on sensitivity with respect to
the boundary

Throughout our proof we considered approximation of the Lipschitz domain
2 by smooth domains €2,,, {2 C €2,,. It was shown that only some reasonable
property that for any ball B C R*\( there exists n(B) such that if n > n(B),
then B C R3\ Q,,, is needed. The question is what can one obtain in the case
of approximation by “smaller” smooth domains, that is 2, C €. It turns
out, that in addition to the rather natural requirement that any compact
subset K C € is absorbed by €2, for all n > ny(K'), we have to require even
more — capy(2\ Q,) — 0 asn — 0.



Chapter 3

Oxenius-like model of a fluid
flow in an unbounded domain
case

Corresponds to the article by Poul, L.: On the Oxenius—like model of fluid flow in the un-
bounded domain case, WDS’07 Proceedings of Contributed Papers: Part I - Mathematics
and Computer Sciences (eds. J. Safrankova and J. Pavlu), Prague, Matfyzpress, (2007).

Abstract This article is concerned with the study of existence of weak solutions to
the Navier—Stokes—Fourier—Poisson system on an unbounded domain with minimally smooth
boundary in R3. The tools used in this paper are deeply related to the ones used by Feireisl

in the proof of existence of weak solutions on smooth domains.

3.1 Introduction

The immediate state of a flow at each point in the time-space can be described
by three physical quantities — the density p, the velocity u and the tempera-
ture v. These quantities evolve in time so that basic physical principles are
satisfied. These principles can be expressed in terms of partial differential
equations. They are:
The principle of balance of mass says that the total mass of the system is
a conserved quantity, and is expressed in the way of the so called continuity
equation:
Op + div (pu) = 0, (3.1.1)

Second Newton’s law says that the linear momentum is a ballanced quan-
tity and the linear momentum equation translates this into the language of

28
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partial differential equations:
Oi(pu) +div (pu ® u) + Vp = divS + pV o, (3.1.2)

where p stands for the pressure and S for the Cauchy stress tensor. ® denotes
the gravitational potential.

The second principle of thermodynamics claims that the total entropy of
the system is a nondecreasing quantity. In our framework it writes as follows:

Oi(ps) + div (psu) + div% = o, (3.1.3)
where s denotes the entropy, q is the heat flux, and o is the entropy produc-
tion function.

Finally, the Poisson equation states that the gravitational potential of
the fluid with the density p is a solution to the following elliptic equation
on R?, where we suppose the right-hand side is extended by zero outside
the domain 2:

—Ad = Gp. (3.1.4)

We suppose the flow sticks on the boundary and the fluid is thermally
isolated. This yields the following boundary conditions

ulpo =0, q-nlspg =0. (3.1.5)
The initial conditions are given as
p(0) = po, p(0)u(0) =my, Y(0) = V. (3.1.6)

The total energy of the system is given as

B0 | [§p|u|2<t>+pe<p,ﬁ><t>—épcb(t) x,  (3.17)

where the term e denotes the internal energy of the fluid and its evolution is
caught by the (internal) energy (in)equality:

Oi(pe) + div (peu) +divg =S : Vu — pdiv u. (3.1.8)

The notion of the internal energy is closely related with the notion of the en-
tropy and, in fact, one can use both (3.1.3) and (3.1.8) simultaneously,
provided all the terms are well defined in appropriate spaces. In fact, if
the motion is smooth and the temperature is strictly positive, one can switch
between these two equations.
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3.1.1 Constitutive Assumptions

In the equations governing the system, some terms were mentioned without
explicit dependence on the state variables. The structure of these terms is
given through the consitutive assumptions that reflect particular properties
of the fluid.

We suppose the fluid is Newtonian and so its Cauchy stress tensor is given
by

S = pu() <Vu +vu’ — gdiv uI[) + ¢(0)divul (3.1.9)

where p and ¢ are shear and bulk viscosity coefficients, respectively. The heat
flux q obeys the Fourier law and so

q=—k(V)VY (3.1.10)

where x stands for the heat conductivity coefficient and is supposed to consist
of the thermal and radiative part

k(9) = ka(9) + o0 (3.1.11)
The relation between thermodynamical quantities: pressure, energy, and
entropy, is given by Gibb’s equation

1
YDs = De+ pD—, (3.1.12)
p

where D denotes the total derivative. We suppose that the pressure is com-
posed from the interaction between particles the fluid consists of, and the ra-
diation term due to the temperature. This means

D = pc + Pr- (3.1.13)

Furthermore, the interaction between the particles can be decomposed to
the elastic part p.(p) and the thermal part Opy(p) so that

pa(p,9) = pe(p) + Ips(p). (3.1.14)

Consequently, using (3.1.12) we conclude the structure of the entropy and
internal energy terms:
9? 4 93

€(p, 19) = Pe(p) + d? + Q(ﬁ)7 S(ﬂ? 19) = gd? + Ov(ﬁ) - Pﬂ(ﬂ)? (3'1'15)

where P.(p) = [ peg—(;) dz and similarly for Py, and C,(¢) = foﬂ % dz.
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If the motion is smooth, one can obtain the entropy production function
o equals %S :Vu — qTVQ'?. However, in the weak solutions case one can have
only one inequality, which is supported by the second principle of thermody-
namics. More precisely,

1 q- Vv
UZESZVU— KR

(3.1.16)

3.1.2 Smoothness and Growth Assumptions

We suppose the pressure terms to satisfy the following growth and smooth-
ness assumptions:

Pe> Dy € 01[07 OO)
Pe(0) = 0,p.(p) > a1p”™" — c1,pe(p) < azp” + ¢ (3.1.17)
ps(0) = 0,p5(p) = 0,py(p) < agp' + c3

where we suppose v > 2 and v > 181"/7. Due to Oxenius [35], the radiative
interaction implies dependence of the viscosity terms also on temperature
and the radiative parts of the shear and bulk viscosity grow like 9. Merg-
ing the radiative and standard part of the viscosity together, we come to
the following structural hypotheses:

e CH0,00),0 < p(1+9%) < p(¥) <A1+ 9% } (3.1.18)

o
¢ € CM0,00),0 < ¢V* < (V) < C(1+ 9

Finally, we suppose the specific heat at constant volume tends to zero while
temperature is small. This implies that the entropy of the system stays
bounded for low temperature. This means we assume:

Q € BC'[0,00), lim Q)

z—0 Z

< oo for some «a € (0,1) (3.1.19)

Finally, we introduce the notion of a weak solution:

Definition 3.1.1 (Weak solution). Let (p,u,?) be a triple of locally inte-
grable functions, p being nonnegative. We say that (p, u,v) is a weak solution
to the Navier—-Stokes—Fourier system on (0,T) x Q if

e p,u solve the renormalized continuity equation
O:b(p)+div (b(p)u)+ (¥ (p)p—b(p))divu = 0 in D'((0, T)xR?) (3.1.20)

provided p and u are extended by zero outside €2,
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e p,u,v solve the linear momentum equation (3.1.2) in D'((0,T) x Q),
e p,u,v solve the entropy inequality (3.1.3) in D'((0,T) x Q), and
e p,u,v satisfy the total energy inequality:

E(r) < Ey fort e (0,T) (3.1.21)

Theorem 3.1.2 (Main Result). Let Q be a domain with minimally smooth
boundary in R3. Moreover, let the assumptions on pe, pg, K, \, it, C hold. Then
for any wnitial conditions p(0) = py > 0, py € L' N L7(Q), (pu)(0) = my €
LY EY), ™ e L), 9(0) = ¥ € L*NL=(Q), & € L), 9 > 0
there exists a weak solution (p,u,v) satisfying the initial conditions men-
tioned above and enjoying the following properties: u € L*(0, T Dé’Q(Q; R3));
9,0%% € L2(0,T;W22(Q); p € C([0,T); L) N L®(0,T; L7 (Q)); pu €
C’([O,T];Lil{l(,z+1)(Q;R3)),' the quantities pu @ u, S : Vu, p, pVA~Yp] are

integrable on (0,T) x .

For the definition of a domain with minimally smooth boundary, see e.g.
Stein [40].

The approach benefits from the existence theory for weak solutions on
bounded domains. However, the unbounded domain case includes some ob-
stacles that avoid straightforward approach. The main differences are due to
the following facts:

1. The existence theory is developped for bounded domains with Lip-
schitz continuous boundary. The approach to an unbounded domain
with minimally smooth boundary requires analysis of the system’s limit
while underlying domains are beign blown-up.

2. The theory is developed for the case with viscosity coefficients growing
as 9% with 1/2 < o < 1. The structural assumptions on viscosity
proposed by Oxenius [35] state, however, the viscosity coefficients have
growth of order ¥*.

The latter point can be dealt just by checking the approximation schemes.
The first difficulty is more delicate: in the unbounded-domain case the en-
tropy is not (known to be) integrable, which yields lack of suitable estimates
on the velocity field. However, the internal energy inequality can be applied
to get this point over with. Unfortunately, the use of the energy inequality
requires more restrictive assumptions on the growth of the thermal pressure
term.
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3.2 Existence Results for Bounded Domain
Case

If Q is a bounded domain with boundary of class C?%, there are existence
results for weak solutions of the Navier—Stokes—Fourier—Poisson system by
Ducomet and Feireisl [6]. This was later generalized in [36] for domains with
Lipschitz continuous boundary. One can make the following statement:

Proposition 3.2.1. Let ) be a bounded domain with Lipschitz continuous
boundary. Suppose that all the assumptions of Theorem 3.1.2 hold. Then
there exists a weak solution (p,u,d) to the Navier-Stokes—Fourier—Poisson
system on (0,T) x £ enjoying the same properties as the solution from The-
orem 3.1.2 does.

Our intention is to use the existence result for bounded domains, construct
a sequence of bounded Lipschitz domains €2,, that converges to {2 and show
that the solutions of bounded-domain problems converge to a weak solution
on the unbounded domain. In order to do this, we have to derive estimates
that are independent of the measure of the domain.

3.3 Total Energy Estimates

For any bounded Lipschitz domain 2, we have existence of a weak solution
by Proposition 3.2.1. This solution satisfies the total energy equality which
yields the following set of estimates:

e p, bounded uniformly in L°°(0,7; L' N L7(£2,)),
e plu|? bounded uniformly L>(0,T; L'(£2,)),
e ) bounded uniformly in L>(0,T; L*(©,)),

provided the initial total energy F,,(0) is uniformly bounded with respect to
n. We had to use an estimate on (nonpositive) term pA~!p in the form

— 4/3 2/3
oA pll sy < ellpnllziia, Il (3:3.1)

3.4 Internal Energy Inequality

In the bounded-domain method of constructing weak solutions the inter-
nal energy (in)equality is used only at the very beginning while showing
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that the system of Galerkin approximations posseses a solution. After this,
the internal energy equation is transformed into the entropy equation which
enables us to reach better results on growth conditions of constitutive terms.
However, in the unbounded-domain case the lack of estimates on the global
integrability of the entropy requires us to verify that the internal energy
inequality holds as well. This approach, however, requires more restrictive
assumptions on the thermal pressure part growth, namely, one has to have
~ > 18['/7. Checking the limit passages in the bounded-domain case, one
can recover that besides the entropy inequality, also the internal energy in-
equality holds in the form:

O (dv* + pQ(V9)) + div ((dV* + pQ(¥))u) — div (k(I9)VV)
>S:Vu-— (ﬁp,g(p) + %94) divu. (3.4.1)

3.5 Energy estimates

Integrating (3.4.1) over €, yields

T t
T) > / / S, : Vu, dxdt — / / (ﬂnpg(pn) + gﬂi) divu,, dxdt
0o Ja, o Ja,

Using the Young’s inequality we can write:
/ / ﬁi|divun|dxdt§05/ / V3 dx dt + 92 |div u, |* dx dt
0 JOn 0 JQn

Similarly, for the thermal pressure part we obtain

/ / Pnpo(pn)|diva, | dx dt <

<C(e, 7, |lpnll L~ on(Q))) +e7||d,, ||L°°(OTL4(Q )

+€/ / ﬁi‘divun‘Qdth+C€’|Vlln“%2((0,7.)xgn)
0 JO,

Since u,, vanishes on the boundary of €2,, we can extend it by zero to
R3\ Q, and apply (3.1.18) together with Korn’s inequality

< GV

2
HVV + (Vv)T — gdiv vl )

LP(RS;RSXS)
for any v € Dy”(R?),1 < p < 0o, (3.5.1)
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where D'?(R?) denotes the homogeneous Sobolev space. Employing the Sobolev
imbedding D*?(R?) — L5(R?) we conclude

u,, is uniformly bounded in L?(0,T; Dy (R*; R?)) < L?(0, T; LS(R?; R?)).
(3.5.2)

3.6 Entropy estimates

Lack of global integrability estimates of the entropy suggests the use of a suit-
able weight function in place of a test function for (3.1.3). The particular
type of weight we are going to use is

o(x) = exp(—y/1+ |z]?) (3.6.1)

Note that ¢ is smooth, positive, bounded, integrable with any power on R3
and [Vp(x)| < cp(x).

Merging the entropy inequality and testing with the weight function ¢
given by (3.6.1), we obtain

/ ann( )QOdX_/ pOnSOnQO>/ / PnSnUn - VQOdth
Qn
// V dxdt
+// St Vit + s (00)| V|2 ) o dx it
I : — X
o i 19” n u, 19721"‘7/ n n 2

We wish to use the dissipation estimates that follow from Ii(l?n)‘vg%?. In

order to do this, we need to show that the remaining terms in the inequality
are integrable. First of all, let us use the energy estimates to show bounded-
ness of the left-hand side. Taking into account the entropy structure (3.1.15),
we can write

4d
[ mlstonolpax < [ (G084 mpion)+ pncmn)) pdx
§C/ P+ 1+ pho+ pa2pdx < C(Eypn, Mo, ) <

Estimates of the terms without given sign can be written as follows:
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t t
/ / PnSnly - Vo dx dt’ < / HpnsngDHL6/5(Qn)HunHLG(Qn) de
0 n 0

< Hpnsn@HLO@(O,T;LF)/G(Qn)) HunHLQ(OvT;LG(Qn))
S C(Eo,na Mo,na 90) < 0, and

/0 t /Q nnwwvﬁi

t
SC/ 19l Z1 0 I VIn@ll 220, + IV l0g Unll L)
0

Vi,
Un

t
”dxdt'go// W02V 0, ][V n] + ||V dxc dlt
0 Qn

<C.(p) [Hﬁnuiw(o,T;L‘l(Qn)) + 1}
+e [HVﬁn\/ﬁ&?(o,T;m(nn)) + IV 1og /0l 20 722000 | -

Merging all the estimates above together, we bound the temperature term

m(ﬁn)WgﬂQ and the disipation term I%Sn : Vu,,. Growth assumptions on

coefficients x and p yield

1
8. (||Vlog 19n\/¢’|%2(0,T;L2(Qn)) + HVﬁS’/Q\/@H%?(o,T;m(Qn)))

T 1 IV, |2
§/0 /n <19—nSn : Vu, + k(9,) 7 )gpdxdt

< / pSn(t)QO dx — / P0o,nS0,n¥ dx
Q

n Qn
T T ‘Vﬂn’
+ |psn||un|| V| dx dt + K(0y) 3 V,|dxdt
0 JQ, 0 JQ, n

<C(Eon, Mo, ) + ¢ <’|V19m/95“%2(0,T;L2(Qn)) + HV10g19n\/@||%2(o,T;L2(Qn))>

This procedure yields
VeVlogd,, VpVi¥/? bounded in L*(0,T; L*(,)). (3.6.2)

This implies 932, 9, € L2(0,T; W 2(1,, V®)). In particular,
¥, € L*(0,T; L) ().

loc
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3.7 Local estimates on density

Taking the Bogovskii operator of p; for the test function of the linear momen-
tum equation (for details on Bogovskii operator, see Novotny and Straskraba
[34]), we can apply similar procedure to the one used by Ducomet and
Feireisl [6], and conclude

pn € LT[0, T] x R?) uniformly with respect to n, for some v > 0 small.
(3.7.1)

3.8 The Limit Process

At this point, we have all the estimates we need to show that the weak
limit of a sequence (p,,u,,¥,) is a weak solution to the Navier—Stokes—
Fourier system on €). First of all, we construct a sequence of approximating
Lipschitz domains €2, C €2 with the following property: given R > 0 there
exists ng > 0 such that if n > ng, then Q N Bgr = Q, N Bg. Due to [36],
there exists a weak solution (p,, u,,,) of the Navier—Stokes—Fourier—Poison
system on (0,7) x €,. We can apply the results on continuous dependence
of weak solutions developed by Feireisl (see, e.g. [6]) to show that the limit
(p,u,v) solves the renormalized continuity equation, the linear momentum
equation, and the entropy inequality in the weak sense. What remains to be
shown is the total energy inequality. However, by [12], Lemma 5.2, we have

T T
liminf/ / wpn|un\2dxdt2/ / Yplu)? dx dt
n 0o JR? 0o JR®

for any ¢ > 0,4 € D(0,T). Similarly, one can use the [12], Lemma 5.2
to show that the negative part of the elastic pressure potential converges,
namely

P (pn)(t) — P (p) in L'(R?) for any t € [0, T).

e

Convergence in the gravitational potential p,A~![p,] follows from equiinte-
grability of the density (see the proof of Lemma 4.4 in [12]). Indeed, we
can argue similarly as for (3.3.1) and estimate the size of the potential term
outside large balls:

/]RB\B pnATH [pn] dx| < HanL4/3(R3\BR)HAil[pn]HL4(]R3)
Re

(3y—4)/(4v—4
CHpn”LI’YRB\B ’y) )C(Mo,n, EO,n) <e€
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The remaining terms appearing in the total energy (3.1.7) are nonnegative.
Their convergence on bounded set is clear and passing then to the unbounded
domain we get the total energy inequality. Hence, (p, u, ) is a weak solution
to the Navier-Stokes—Fourier-Poisson system.
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4.1 Introduction

We study existence of weak solutions to equations of a fluid flow in the case of
unbounded domains, which has particular applications in models used in as-
trophysics. The model proposed in this work is inspired by thermodynamical
properties of a monoatomic gas successfully used e.g. in [13].

The contribution of this paper is the treatment of the unbounded-domain
case, and a detailed analysis of the essential weak continuous dependence of
weak solutions on convergence of the underlying spatial domain, which pushes
forward a shortnote published in [36] for the case of bounded domains with
Lipschitz continuous boundary.

39
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This paper is a continuation of a series dedicated to the question of ex-
istence of weak solutions of the Navier-Stokes-Fourier system on domains
with nonsmooth boundary. It benefits, like the author’s previous works [36]
and [37], from the existence theory for the system on bounded domain with
boundary of class C**", v > 0, developed by Feireisl and others, see e.g. [8],
[6], [13]. It generalizes the results on domain dependence of weak solutions
for the barotropic flow (i.e. the flow where the pressure is a function of den-
sity and the temperature terms are not included) known from the paper by
Feireisl, Novotny and Petzeltova [12] to the full system of equations.

The paper is organized as follows: In the first section, we introduce
the most important introductory issues for futher work. In section two,
the estimates independent of the size of the domain are obtained: first, we
get bounds from the total energy inequality and, consequently, we apply
the weighted theory in order to get the estimates based on the disipation
terms from the entropy inequality. Finally, we get the local-in-space esti-
mates on the pressure due to the Bogovskii lemma. The concluding third
part is devoted to the limit process where we prove that the weak limit of
the constructed approximating sequence is the desired solution of the problem
on an unbounded domain §2. At the very end, we briefly discuss the question
of strict positivity of the temperature.

4.1.1 Equations governing the system

A fluid flow can be described as a time-evolution of the fluid’s immediate
state. This state is characterized by a triple of physical quantities: the den-
sity p, the velocity u, and the temperature 9. The fluid flow evolves in time
so that a set of basic physical principles is satisfied. These principles are
translated into the language of partial differential equations as follows.
The total balance of mass in the system, described in terms of the conti-
nuity equation
Op + div (pu) = 0; (4.1.1)

Newton’s second law, saying that the linear momentum is a balanced quan-
tity, captured by the linear momentum equation,

Oi(pu) +div(pu®@u)+ Vp =divS + p(VP +f), (4.1.2)

where p denotes the pressure, S is the so called Cauchy stress tensor, f stands
for external forces with the origin out of the fluid, and & is the gravitational
potential of the fluid itself; the first law of thermodynamics which says the in-
ternal energy e is a conserved quantity, which is equivalent to the entropy
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production equation:

Oi(ps) + div (psu) + div% =3, (4.1.3)
where s is the entropy, q is the heat flux and ¥ stands for the entropy
production rate — a nonnegative quantity (possibly a measure). If the motion
is smooth, ¥ is represented by a nonnegative function and ¥ = %S :Vu +
q%ﬂ. For non-smooth motion, however, only the inequality

1 q- Vv
EZESVH— 92

holds. Moreover, the second law of thermodynamics implies ¥ > 0 since

%S : Vi + q;gvf > 0. The gravitational potential ® is given in terms of

the Poisson equation

—AD = Gp, (4.1.4)

with G > 0, considered on the whole R? provided the density p is considered
to equal zero outside €.
The relation between entropy, pressure, and internal energy terms is given

through Gibbs’ equation

1
VDs = De + pD— (4.1.5)
p

where D denotes the total derivative.

The pressure is supposed to be composed from the interaction between
particles the fluid consists of, and the radiation term due to the temperature.
This means

P = pag + Pr, (4.1.6)

where the radiation part is given by
L.

and d > 0 is the Stefan-Boltzmann constant.
Similarly, the decomposition of the entropy and the energy yields

4d 93 !

s =sq+ sr, Sr(p,V) = , e=eq+er, er(p, V) =d—.
3 p P

Furthermore, in a monoatomic gas, there is a relation between pressure,

density and energy:
2

ba = 3pec: (4.1.8)
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Following the analysis by Feireisl and Novotny [11], (4.1.5) and (4.1.8) yield
the following formulae for functions pg and s¢:

bc = pG(pa 19) = 195/2]3 (1925/2) ) }
4.1.9
s¢ = salp,d) =5 (5%). (4.1.9)

where P is a function from C'[0, 00) which choice will be restricted later on
so that the thermodynamic principles hold. S is related with P through

S'(Y) = —gy—2 (gP(Y) - P’(Y)Y) , Y >0 (4.1.10)

Which means S is determined by P up to an additive constant. Throughout
this paper the function S is supposed to satisfy

lim S(Y) = 0. (4.1.11)

Y—oo

The fluid under consideration is assumed to be Newtonian. This means
the stress tensor depends linearly on the velocity’s gradient and so the Cauchy
stress tensor S is given by

2
S = pu() (Vu + V' — Zdiv uI[) + ¢ (9)divul, (4.1.12)

where 1 and ¥ are viscosity coefficients. The heat flux q obeys the Fourier
law and so

q = —r(1) V1, (4.1.13)

where x stands for the heat conductivity coefficient.
We suppose the flow sticks on the boundary and the system is thermally
isolated. This yields the boundary conditions

ulso =0, q-nlspg =0. (4.1.14)

The total energy of the system is given as

1 1
E = / [—p\u\2 + pe(p, V) — =p®| dx. (4.1.15)
a2 2
Finaly, the system is supplemented with the initial conditions

p(0) = po. (pu)(0) = my,  V(0) = . (4.1.16)
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4.1.2 Some mathematical tools and notation

Since the underlying spatial domain is unbounded, the imbeddings of L”
spaces fail and, moreover, boundedness of derivatives is not sufficient for
boundedness of the original function in the same space. To be more precise,
in section 2 we show that the temperature is bounded in L*°(0,T; L*(Q))
with the bound independent of the size of 2. This is, however, insufficient to
get the total entropy bounded in L'(Q) since it contains the term 2. This
is why weights are used in this work. By weight we understand a positive
measurable function. Moreover, we will restrict ourselves to a special type of
radial weights given by wg(x) = (1 + |z|?)?/2. Appearance of weights forces
us to state here a few basic comments concerning them and their role in
weighted spaces.

Given a weight w, we define the weighted Lebesgque space LP(€);w), or
LP(Q),1<p<ooas

{£€ L@ 1y = [ 170 <o
The weighted homogeneous Sobolev space with zero trace

D2 (Q) = Dy (9% w)

0,w

is a closure of the set D(2) in the topology given by the norm
1Al oo 0y == IV 2,2

The weighted Sobolev space WHP(Q;wy,ws) is a set of functions from
WL (Q) such that

1 llwre @i ws) = [1f | ze@swn) + IV fllLr@sws) < 00

For the sake of clarity what do we mean by some rather obscure notation

used in this work, we present here several examples: Lj (€2) denotes the set
of functions f € L} () such that for any compact subset of Q f € LP(K).
Clearly, if 2 is bounded, one has L (Q) = L?(Q2). However, having the case
of 2 unbounded the situation changes since we don’t care about integrability
in distant regions of Q. The space W,-?(€) may be interpreted in a similar
way. The space W, **(Q) is a set of functionals ¢» € D'(€2) such that for any
open bounded subdomain Q € Q it holds 1 € W—17(Q).

Furthermore, we fix the notation on exponents related to duality in the Le-
besgue spaces as well as to the Sobolev imbeddings:

!/ p * np
p=—" P = )
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where n denotes the dimension. Throughout this work, we distinguish be-
tween different types of convergence by the following notation:

1. — means the standard norm-convergence,

2. — stands for the weak convergence, and
*k

3. — denotes the weak™ convergece.

Last but not least, to get around merely local-in-space estimates, there is
a beautiful virtue of the invading domains lemma:

Proposition 4.1.1 (Invading domains lemma, Lemma 6.6 in [34]). Let
{fu}, fo € LP(0,T; LI (R?)) with 1 < p,q < 0o, a sequence such that

loc

anHLP(O,T;Lq(BM)) S K(M) fO?" M = M(], MO + 1,M0 —+ 2, e

Then there exists a subsequence {n'} C {n} such that f,, — f weakly-+ in
LP(0,T; LY(BgR)) for any R > 0.

Finally, throughout this work we denote Bg the open ball of diameter
R > 0 centered at the origin.

4.1.3 Weak solutions

The idea of weak solutions, originating from Leray’s work on incompressible
flows [28], and further developed for the compressible case by P.-L. Lions [29]
and Feireisl [8], is a fruitful way with no limitations on the time of existence
or size of the initial data. On the other hand, weak solutions promise no
regularity properties. Moreover, as Feireisl has mentioned in [14], the theory
of compressible fluid is more likely to rely on the concept of ‘genuinely weak’
solutions incorporating various types of discontinuities and other irregular
phenomena. However, even though the weak solutions fail to have regularity
properties, their mathematical formulation as a set of integral identities is
much closer to the original formulation of the balance laws. Moreover, the no-
tion of a weak solution is strong enough to ensure the ‘classical’ interpretation
of balance laws as it is discussed in [14], for discussion on initial conditions
attained by the weak solutions of the Navier-Stokes—Fourier problem one can
see [13].

We take over the notion of the weak solution to the Navier—Stokes—Fourier
system in a similar way as it was introduced in the works of P.-L. Lions,
E. Feireisl and others.
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Definition 4.1.2 (Weak solution). Let 2 be an open subset of R® and let
uc LQ((O,T);DéfOC(Q)) for some p > 1, p € L>*((0,7); L*(Q) N L*3(Q)),
and 9 € L*((0,T); WL2(Q)) be such that \/pu € L¥(0,T; L*(2)). We say
that the triple (p,u, ) is a weak solution to the Navier—Stokes—Fourier system
on the domain 2, if the following holds.

(i) The continuity equation is satisfied in the sense of distributions in
the renormalized form, i.e.

0:b(p) +div (b(p)u)+ (V' (p)p—b(p))divu = 0 in D'((0,T) xR® (4.1.1%)

for all b € BC'0,00), where we suppose p and u are extended to be
zero outside 1,

(i) the linear momentum equation (4.1.2) holds in the sense of distribu-
tions, i.e. in D'((0,T) x Q),

(iii) the entropy production inequality (4.1.3) holds in D'((0,T) x Q),

(iv) the total energy (in)equality holds, i.e.

T
E(t) §E0+/ /,ou-fdxdt, £>0, (4.1.17)
0 Q

where E is defined by (4.1.15),

(v) and the density and temperature are non-negative on (0,T) x Q.

4.1.4 Assumptions & the main results

Partly due to the requirements of thermodynamics, partly because of tech-
nical reasons, we impose here assumptions on particular terms in the system
of equations:

The thermodynamical function P defining the pressure as well as the en-
tropy term, is C''([0, 00)). Moreover,

P(0) = 0,P'(2) > 0 for all z > 0,lim._.. 2% = P, > 0, and (4.1.18)
0 < 2P(z) — P'(2)z < ¢z", for some 0 < r < 1, for all z > 0. o

The viscosity coefficients p and ( satisfy:

0 < p(l+9%) < p(), W) <7 +9) }
C(9) 20, ' =1<¢), [CW) <,

(4.1.19)
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where a € (2/5,1], u, T, (, ¢ are positive constants.

The heat conductivity coefficient & consists of, similarly to the pressure
and entropy terms, the heat conductivity between particles of the fluid, and
the heat transfer due to radiation: x(p,¥) = kg(9) + kg(¥), where kg and
kg are continuously differentiable functions with growth conditions

0< k< k(W) <E(A+9?), kr(d) =0’ (4.1.20)
for some positive constants k, &, and o.

Theorem 4.1.3 (Main Result I). Let Q C R? be an open set in R3. Suppose
that the initial state of a fluid is given by the initial density po € L*(2) N
L>3(Q) such that polog po € L*(Q), linear momentum my € L' (Q)NLY4(Q),
and temperature 9y € LY(Q)NL3(Q), ¥o > 0, 9 € L>®(Q). Then for any time
T > 0 there emists a weak solution to the Navier—Stokes—Fourier—Poisson
system on (0,T) x Q. Moreover, there exists a weak solution (p,u,d) on
(0, T) x Q such that the following holds:

e pe C(0,T]; LNQ)) N L=(0,T; LY3(Q)), pluf* € L=(0,T; L}(2),
9 € L=(0,T; LYQ));

e uc L*0,T; Dy* (s w)), 9 € L*(0,T; WL2(Q)) for some weight w and
p>1
e SelL

loc

((0,7) x Q) for some q¢ > 1.

Futhermore, the temperature ¥ is positive in the sense that %S : Vu is locally

integrable in (0,T) x Q and, moreover, there exists time to > 0 such that for
all 0 < t < tg the temperature is strictly positive in the sense that logd(t,-)
is locally integrable on ).

Remark 4.1.4. It is worth discussing what boundary conditions does
the particular solution addressed in the theorem satisfy at infinity. Let us
assume that € is unbounded and nongenerate, that is |Q2] = co. Then one
obtains that p(t,x), (¢, z), pu(t,x) — 0 as |x| — oo because they belong
to some LP space. Since the weight w, given by (4.2.1), does not belong to
LY(2), we obtain that Vu(t, x), VI(t, ) — 0 for large |z|. The statement of
a similar property for the velocity u follows from the estimate

Huwﬂ/2HL2(0,T;L24/7(R3)) < HvuwﬂﬂHLQ(O,T;L8/5(R3))
1

1/2
< |jo" HLOO(O,T;LSS(R3))HWvuwﬁ/2HL2(0,T;L2(R3))' (

4.1.21)

Since for 8 € [—21/24, —1/2) we have wg, ¢ L**/7(R?). The result on u — 0
for large |x| follows.
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Remark 4.1.5. Similarly to the boundary conditions, one can ask as well
in which sense the initial condition (4.1.16) is satisfied. It is easy to use

the regularization procedure to show that p € C([0,T]; L*(R®*)N L?ﬁ wear ()
and pu € C([0,T]; L. ..(Q) N Liﬁweak(ﬁ)) and so the initial conditions for
p and pu are attained in an approriate weak sense. Concerning the initial

condition for the temperature, it is clear that

t—0+

liminf/(ps(p, D)) (t)p dx z/pos(po,ﬂo)gpdx, ¢ € D(R*), >0, and
0 0

. 1 1
llmsup/(§/)’u’2+P€(P>79))(t) dx < /(500\‘10’2+Po€(00>790))dx-
Q 0

t—0+

The stronger result is, however, much more delicate: Let us assume the initial
temperature vy is positive and smooth enough (Wh>°(Q) N W1(Q)). Using
its product with ¢ > 0, € D(€) as a test function in the entropy inequality
and subtracking it from the total energy inequality yields

1
[ 5elal(0) = polual?) ax
Q
+ [ (peclo.0)(0) = poeclon, 10))(1 — ) dbx [ (0(0) = 00)(1 - ) e
Q Q
+ [ (pect.9) = dopsalp,9))(0) ~ (mec(n. 90) ~ Dops(n, 9u))} dx
Q
+§ (30% —49y0° (t) + ) dx + (ps(p, ﬁ)u—m(ﬁ)v) -V (Uop) dx ds
Q 0 Jo
t
+ X (Dol gxa) g/ /pf-udxds (4.1.22)
0 Jo
Passing with ¢ to zero one can observe, similarly as in [13], that
ess liminf/ plul?(t) — polug|* dx > 0.

Then the properties of the function

Hy,(p,9) = pe(p, V) — dops(p, V)

(the function (p, ) — Hy,(p, ) — Hy,(po, Vo) — 81;;90 (po, Vo) (p—po) is strictly

convex and attains its minimum at (pg, o), see [13]) transfer the problem to
the investigation of the limit

OHy,

JLim Q(p—po) o (P Vo) dx




CHAPTER 4. FLOW IN AN UNBOUNDED DOMAIN 48

which turns out to be zero if py, log po, Jo belong to L2, (€2).
Thus we get

d
/Q S0 = 90)2(30 + 2000 + 93) (1) dx

— /(poeg(po, Wo) + dig)(1 — @) dx < h(t,p) — 0 for t — 0+ (4.1.23)
Q

From integrability of ppec(po, Jo), J3 and continuity of the integral it fol-
lows that for any € > 0 there exists a compact set K, such that

/ (poec(po, o) + dig) dx < .
Now consider the test function ¢. € D(R*) such that 0 < . < 1 and
¢e|k. = 1. This yields for any bounded set B C (2

ess Iim / 19 — 9|[2(¢) dx < eC(B) for any & > 0. (4.1.24)
- B

Thus we conclude that the initial condition for the temperature is satisfied
in the sense

ess (1)1+m |19(t) — YollL2gy =0, B bounded C (4.1.25)

As a certain kind of a by-product to the analysis connected with Theo-
rem 4.1.3, we recover the following result on the relative compactness of solu-
tions to the Navier—Stokes—Fourier system with respect to the domain conver-
gence, in particular, this implies the essential weak continuity of the solutions
with respect to the convergence of domains contained in Definition 4.3.1.

Theorem 4.1.6 (Main Result II). Let Q, be a sequence of domains in
R3.  Suppose that for any compact K C Q there exists ng such that for
n > ng one has K C Q,, and 0, \  is bounded and cap,((2, \ ) — 0 as
n — 00. Moreover, assume that pon, ponlogpon, Moy, and Yy, converge
to po, pologpo, my, and ¥y respectively so that the convergence is strong in
the appropriate function spaces stated in Theorem 4.1.3. Then there exists
a subsequence (pn,u,,¥,) converging to a triple (p,u, ) which is a solution

to the problem on Q with initial conditions (po, ug, Vo).

4.2 Estimates for weak solutions

The basic strategy of constructing a weak solution on a given unbounded
domain is to approximate the domain with a sequence of smooth bounded
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domains and pass to an essential limit with corresponding approximate so-
lutions. Once we succeed in getting estimates on the approximate solutions
independently of the size of the domain, we can apply the limiting procedure
well known from works by Feireisl (see, e.g, [8]) and obtain the wanted triple
of functions.

4.2.1 Weak solutions on smooth bounded domains

Consider a bounded domain © with C?>™ v > 0, boundary. The existence
result by Feireisl, Petzeltovd and Trivisa [13] gives us a weak solution (p, u, 9)
to the Navier—Stokes—Poisson—Fourier system on (2. Given a sequence of
bounded smooth domains €,,, our aim is to obtain estimates on corresponding
solutions (p,, u,,¥,), independent of the size of €2,.

First of all, show that for any weak solution the total mass is a balanced
quantity.

Proposition 4.2.1. Let (p,u,?9) be a weak solution according to Defini-
tion 4.1.2. Then the total mass of the system is a conserved quantity, i.e.:

/p(t) dx = / podx for any t € [0,T].
Q Q

In particular, the total mass of the system at every time t € [0, T is bounded
in terms of the total mass at the begining.

Proof. First of all, the regularization procedure by DiPerna-Lions shows p €
C([0,T]; Li,.(R2)). Thus the instantaneous value of p is well defined at every

time ¢ € [0, T]. Taking test functions ¢, such that |Veg| < 1 and supp ¢x C
B(0,2k) yields

t
/p(t)cpkdx:/pogokdx+/ /pu-chkdxds.
Q Q 0o Ja

Holder inequality and p € L>°(0,7; L'(2), and \/pu € L>(0,T; L*(Q)) yield
pu € L>*(0,T; L'(Q), the claim follows then passing with k to infinity. O

4.2.2 Energy estimates

The energy inequality yields boundedness of the term %p\uP + pec(p, V) +
dy* — 1p® in L>(0,T; L'(Q2)). As all the terms except the last one are
non-negative, we can proceed if we manage to bound it in L>(0,T; L'(Q)).
However, the potential ® is a solution to the Laplace equation —Ad =
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Gp on R? (provided we have extended the function p to be zero outside

Q) which is given in terms of a weakly singular kernel £ = —ﬁﬁ as ¢ =

& * (—Gp). Finally, as p is bounded in L>(0,T; L' N L%/3(Q)), ® is bounded
in L>(0,T; LP(R2)) for any 3 < p < co. Now the Holder inequality yields

0@l 1) < ol @ 1Pllzr@) < cllpllrre—@)llollLareron @) r >3

By interpolation,

1,f

5/2 r
ol ey < Nl i 1ol s 62

el sy and llpll parseran @) < ol Q>||p||L5/3 ‘)

Thus,

7/6 5/6

lp®ll ) < ol ey llells/s

By hypothesis, f € L>°(0,T; L>°(Q2)) and so we can write the total energy
(in)equality in the form

1 1 t
/ ép\u\Q(t) + peg(p, V) + dI* + ipcb(p) dx < Ey —|—/ / pu - fdxds
£ 0 Ja
t 1/2
< ot [ Mmooy ( [ plulfax) - as
0 0

t
1
go<1+t)+/ /—p|u|2dxds
0 Jo?2

Consequently, the Gronwall lemma yields the following bounds:
e /pu bounded in L>*(0,T; L*(2)),
e p bounded in L>(0,T; L' N L>/3(2)), and
e ) bounded in L>(0,T; L*(2))
independently of the size of 2.

Remark 4.2.2. One can allow more general classes of the external forces
term f, which can be treated similarly. However, in our scope where f rep-
resents forces originating far away from the fluid, it is reasonable to assume
the boundedness of f in the space-time and avoid further technical difficulties.
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4.2.3 Entropy estimates with weights

From total energy estimates we know that the temperature is integrable with
the fourth power. However, since the measure of the underlying domain may
be infinite, one cannot state anything concerning the integrability of tem-
perature with the third power which appears in the entropy term. In order
to deal with this difficulty, we are forced to employ weights. The problems
connected with the use of weights are the following;:

e the terms div (psu) and div (k(9)%) don’t vanish while integrated over
the whole domain 2 and have to be estimated by virtue of the dissi-

2
pation terms %S : Vu and /@(19)'7;3‘ , and the energy estimates from

the previous section.

e the estimate of the term div (psu) needs to know certain bounds on
the velocity. However, from the dissipation term %S : Vu we ob-
tain only bounds on the traceless symmetric gradient of the velocity
in the weighted space. This requires us to combine weighted Korn and
Poincaré inequalities.

We use the results of weighted integral operator theory connected with
the Muckenhoupt weights which definition is as follows:

Definition 4.2.3 (Muckenhoupt weights). Let w : RN — R be a measurable,
nonnegative and locally integrable function. Then we say that w satisfies
the A, condition (or, belongs to the Muckenhoupt class A,) if and only if
there exists a constant C' > 0 such that for any cube Q C R® one has

() )=

Lemma 4.2.4. Consider function w, : R® — R defined as follows:
wa(z) = (1 + |z|*)*. (4.2.1)

Then w,, is smooth, bounded, strictly positive, |Vwa(z)| < C(wg ()12
and for a < 0 w, belongs to any LP(R?),p > 1 with p > ;—j Moreover, for

cylinder C(c,r) := {(z1,22,73) € R® : |z1 — ¢| < 1,23 + 23 < r?} one has
the following asymptotics:
(1+c)*R3 , for & small,
walCle R)] ~ Cat1 + Ca2(l+ R)**™ | for § large, c large,
A (1+ R)?+3 , for R ~ ¢ large,2a+ 3 > 0,
Ca3 , for R ~ ¢ large,2a+ 3 < 0

provided o # —%, -1, —%.
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Proof. The only thing to show is the asymptotics on cylinders. Direct com-
putation recovers that for R < ¢ one has

-2
(2a+1)(2a +2)(2a + 3)
[(1 +C+2R)2a+3 o (1 +C)2a+3 o (1 +C—|—R)2a+3 + (1 +eo— R)2a+3}
2T R

* (20& + 1)(2@ + 2) [(1 +c+ 2R)20‘+2 _ (1 + C)2a+2}’

we[C(e, R)] ~

and for ¢ < R it holds

~1
2
W{ (2a+1)(2a +2)(2a + 3)
[(142R+¢)** P+ (142R—c)** P =2(14 R)***°— (1+ R+¢)** T — (14 R—c)**
+ 2]

we[C(c, R)] ~

+ CEDED) [(1+2R+0)2a+2+(1+2R—c)20‘+2—2(1+R)2a+2]}'

The rest follows by straightforward analysis. O

Corollary 4.2.5. Consider the function wg given by (4.2.1). Then wg is
a doubling weight, and for —3 < 3 < 3(p — 1) it satisfies Muckenhoupt’s A,
condition.

Weighted Poincaré and Korn Inequalities

The bounds on the dissipation term %S : Vu give us estimates on the traceless
symmetric gradient of the velocity in the weighted space. Since the velocity
at the boundary vanishes, one can ask for some generalizations of the classi-
cal Korn and Poincaré-Sobolev inequalities into the framework of weighted
spaces.

Lemma 4.2.6 (Weighted Korn’s inequality). Let w : R® — R belong to
the Muckenhoupt A, class. Then there exists a constant C' > 0 such that for

any v € Dé:ﬁ(R?’; R?) one has

ol s o, = 920 gy < Cll < Vo> g

Proof. Suppose that u belongs to the Schwartz space S(R?). Then the Fourier
transform is well defined for u.
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Denote 9
F(u) =< Vu >= Vu + Vu’ — gdiv ul.

Applying the div operator to F'(u) we obtain
I, .
Au + §lev u = div F(u)
Applying the A~! operator we obtain
1
I+ §VA’1div)u = A~ 'div F(u)

Since the inverse to the operator (I + %Vdiv) can be expressed in terms of
a matrix of multipliers M(&):

3E7+4€544E65 16 €1 &3
E7+65+¢% E24+E5+¢7 E24+E5+¢7
M) = = | —ofle AgHGHE oo
4 §1+e5+¢3 §1+E5+¢5 §1+e5+¢3 ’
. &i&s . &s&s 4674385 +4¢5
€2 +eZ+e€52 £24+£3+¢62 E7+E5+E5

we can write

Vu = (VI A~ div ) [F(u)].

Clearly, M is a multiplier on L?(R* w),1 < p < oo, for any weight w € A,
because it is a linear combination of compositions of Riesz transforms. There-
fore the operator VA~Y2TyyA='/2div is bounded on L? (R*). Consequently,

IVull gy < Cll < V> [ g,

for any w € A,. O

In the second part, we report and apply the result concerning imbeddings
of weighted Sobolev spaces by Gurka and Opic [21].

Proposition 4.2.7. Let Q C R3 be an exterior domain with boundary 05
Lipschitz continuous. Then for ;‘—q — 2% + % + % +1<0 and % — % +1>0
one has

lollzs, @) < IVllig, ), for all v e Dyl (92). (4.2.2)

As a direct consequence, we obtain the following corollary.
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Corollary 4.2.8. Let wg be given by (4.2.1). Furthermore, suppose that

¥ € L>(0,T; L*()), u vanishes at the boundary, fOT Jo 3S : Vuwgdxdt is
finite and the constitutive assumptions (4.1.12) on S hold. Then

T
1
HuHL2 OTLP 2 (Q S O/O /QESZVllw/ngdt.

In particular, u € LF" (Q; wgp o)

Proof. Tt suffices to write

T . 2/p*
/ (/ [ul” wgpe 2 dx) dt
0 Q
T 2/p
< C/ (/ |VulPwg, /s dx) dt
0 Q
T 2/p
< C’/ (/ | < Vu > [Pwg,s dx) dt
0 Q

T 2/p
S/ (/ 19(1_0‘)7’/219(0‘_1)7’/2|Vu\pwgp/2 dx) dt
0 Q

<CH19H(LlooO(I)TL4 @) / /19“ '| < Vu > Pwsdxdt

<CW§M%%TL4mL/ /ﬂ =S : Vuwgdxdt (4.2.3)

with p = 5%. O

[0

At this point, we are ready to obtain estimates from the dissipation terms
in the entropy inequality. Testing (4.1.3) with the weight wg we get:

¢
/ps(t)wﬁ dx — (So, wg) > / /psu - Vwg dx dt
Q

b k(9)VY 1
—i—/O/Q (v) Vwg dx dt+//( S: Vu—l—ﬁ2 ()]Vﬁ]Q)wﬁdxdt

The structural and constitutive assumptions (4.1.10), (4.1.11) and (4.1.18)
yield bounds for the entropy function S:

Cpllog p| + S(1)p, p <32 <1
pS(p9=3/%) < { Cpllogp| + p( — 1)+ S(1)p, p<¥¥? and ¥ > 1
S(L)p, p =032

(4.2.4)
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The energy estimates and (4.2.4) yield bounds on the entropy term on
the left-hand side.

Ad
[osto.0)Ouadx < [ p(o/0) 0wy + 5 0w
Q Q

<C / pllog(p)|(t)wgdx + C / p(t)ws dx

QN{p<9—3/2} QN{p>9—3/2}
Ad
+ / pI(t)wg dx +/ 3193(t)w5 dx
Q Q
Ad

SC/ <p| logp| + pd +p+ 3193) (Hwgdx < C(M, Ey, f,3) < oo.

Q

Similarly, the entropy term div (psu) on the right-hand side can be esti-
mated as follows:

t t
’/ /PSU'Vwﬁdth' SC/ lpswss2-1/2]| Lo o 0w 2l 1o ()
0 Q 0

< C(8,1) (190030 + 105002 52172 sy )

+ ellwws 21720 7.0 )
< C.(B, Eo, £,1) + 5HV“H%2(0,T;Ll’(ﬂ%wﬁp/2>)’

where we have used (4.2.4) to write

1pS (P9~ )ws o-1/2]| 2o 210 )
5/2
< C(B.1) (o108l om0 @y + Il oy + 12132 0 iz ) -

The estimate of the heat flux term reads as follows:

¢
//ﬁ(l?)v—ﬂ~Vwﬁdxdt‘
0o Jo v

o )
<C (99| [Vuws| + | == [| Vws| dx ds
0 Q

t
<c / 19121 0 | V051 ol 22y + [ Jog Dasp— ol ey ds
0
<Copt 10w s + 1]+ (19920703 ) + 1V 08930 iz, o)

for any € > 0 provided § < —1/2.
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Merging all the estimates above together, we bound the temperature term
2
k(1) 'Y;Z‘ and the disipation term %S : Vu. Growth assumptions on coeffi-
cients xk and p yield the following

1
(HVUHL? 0.T5LE () + HVlogﬁHLQ(OTLQ @) T ||V193/2||%2(0,T;L5B(Q)))

/ /( S:Vu m(ﬁ)’vﬂf’ )gpdxdt

S/QPS(T)wﬂ dx — (S0, wg)

T T ‘Vﬂ‘
+ |ps||u||Vwgs| dx dt + ﬁ(ﬁ)T\ng\dxdt
o Jo o Ja

HUHLz 0731, + ||V19||%2(0,T;L12U @)t ||V1Og19“%2(0,T;L?U (Q))
apy2 () 8 8

+ Cpr(Eo, M, £).

By virtue of Corollary 4.2.8, we obtain the following estimates:

e Vu is bounded in L*(0,T; LP(€; R**?, wg,2)),
o V32, ¥ are bounded in L*(0, T L*(Q; R?, wp))

provided —5 < 8 < —3, with the bound independent of the size of 2. By
virtue of the energy estlmates, 932 in L*(0,T; W,5*(Q)) and, by the Sobolev
imbedding,

¥ € L30,T; L}, (). (4.2.5)

Taking advantage of (4.2.5) we finally obtain

18

Vu e L7 (0,T; L () (4.2.6)

loc

which means, by the Sobolev imbedding,
_24

we L% (0,T; L= (Q)) N L2(0,T; LT (Q0)).

loc loc

As a consequence, we get estimate of

pu®u e Li%(0,T; L7 (Q))

loc
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provided o > % Similarly, writing

S = (Yu(9))? (@)m < Vu > +(9¢(0))"? (%) v div ul

we bound S by virtue of bounds on %S : Vu and ¢ so that

S € L¥?(0,T: L} (Q0)). (4.2.7)

loc

4.2.4 Refined pressure estimates

In this part, we improve the estimates on integrability of the density. This
has to be done in order to get bounds on the pressure term in L} () with
p > 1. We use the procedure known from the works by Feireisl and others,
see e.g. [9], [13] etc. This method is based on using a special test function
on the linear momentum equation based on the so called Bogouvskii opera-
tor. The Bogovskii operator has a meaning of an ‘inverse’ to the divergence
operator; it was first introduced in the paper by Bogovskii [3] and can be
characterized, for example, in terms of the following statement:

Proposition 4.2.9 (Bogovskii operator ([34], section 3.3 )). Let Q be
a bounded Lipschitz domain in RYN. Then there exists a linear operator
Bo = (B, ...,BY) with the following properties:

(i) Bo : LP(Q) — WP (Q),1 < p < o0,
(i1) div Balf] = f — |—$‘fﬂfdx a.e. in S, f e LP(Q),
(i) 19 Bal Ml < e, QI — 2 Joy Fllen 1 < p < o0,

() if f=divg, where g,divg € L1(Q),g - n|sq = 0 for some 1 < ¢ < o0,
then || Ba[fllLa@) < (g, Q)8 Loe)-

Let Q2 be a bounded domain with Lipschitz continuous boundary. The re-
sult on local-in-space integrability of the density function is given through
testing the momentum equation (4.1.2) with a function

p(t, x) = P(t)Bagne(t, -)](x)

where ¢ € D(0,T), n € D(R®) and the Bogovskii solution is considered to
be extended by zero outside Q2g.
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T T 1
/ Yp(p,V)p"ndxdt = / Yp(p, V) (— np” dy) dx dt
0 Qr 0 Qr ‘QR‘ Qr

T
_/0 0 dbpu - Bay[np"] — pu - B, [div (np”)]+

+ Ypu - Bo,[pYu- Vil dxdt

T
—|—/ / (v — D)ypu - Ba,[np'divu] — p(u®@u) : VBq,[np”] dxdt
0o Jog

T
+/ YS : VBa,np”] — vp(f + V) - Bq,[np”] dx dt
0o Jag

This would yield bounds on the density in L?((0,7") x2g) for some ¢ > 5/3
provided we succeed in estimating the terms on the left-hand side. Clearly,

Ly by 155— P
Bog[np'] € L2(0,T; Wy ™ (Qg)), Bag[p"a- Vil € L20, T3 Wy =™ (Q)),
Bq,[np'divu] € L*(0,T; Wol’5+3”” (Qr)). In view of estimates on pu, pu ® u,
S, and V&, we conclude that for » > 0 small enough the right-hand side is
bounded. The structural assumptions (4.1.18) yield

Poop™® < palp,9) < P(1)(p"* +0°/7),
which implies
p e L3 ((0,T) x Qr), pa € LY(0,T) x Q) (4.2.8)

for some ¢ > 1.

4.3 The Limit

In the previous parts, the apriori estimates independent of the size of the do-
main (or local in the domain) have been recovered. The second step is
the construction of a solution to the system (4.1.1 — 4.1.4) on a given un-
bounded domain. As the reader could expect, the theory of weak solutions
on bounded domains will be used to construct an approximating sequence.

4.3.1 Approximation scheme for domains

Analyzing the weak formulation of the problem in Definition 4.1.2, we come
to the following definition on convergence of domains:
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Definition 4.3.1 (Convergence of domains). Let Q be an open set in R3.
We say that open sets Q,, C R converge to the domain 0, if:

e for any compact K C ) there exists ng such that for any n > ng
K CQ,.

o the set Q, \ Q is bounded, and, moreover,

capy (2, \ ) — 0 for n — oc. (4.3.1)

Where the exterior capacity cap, is defined as

capy(M) = inf {/3 |Vol?dx : v € D(R?), v|p > 1}
R

for any compact M C R3.

The condition on the capacity of the target emerges from the requirement
on the transfer of the boundary conditions for the velocity field u. Indeed,
we state here the following lemma on the Mosco—type convergence inspired
by Lemma 3.1 from [12].

Proposition 4.3.2. Let (), — ) in the sense of Definition 4.3.1. Moverover,
let v, € DyP(Q;w) € DYP(R%; w) be an arbitrary sequence such that v, — v
in, DVP(R3;w), where w is given by (4.2.1). Then v € DiP(Q;w).

Remark 4.3.3. It is worth noting that the capacitary condition in the def-
inition 4.3.1 can be much relaxed. For some ideas, one can look into [12],
Part 6. Another condition emerges from the procedure of domain-approximation
in [36] and is supported by the concept of locally Lipschitz convergence of
the graphs of boundaries 052, i.e.:

Definition 4.3.4 (A domain with locally Lipschitz boundary). Let Q be
an opet set in RN . We say that the boundary 0D is locally Lipschitz if there
exists Ry > 0 such that for any R > Ry there exists a domain (g enjoying
the following properties:

1. Qg is a domain with Lipschitz continuous boundary, and
2. QN Bgr C Qr C QN Bypg.

Definition 4.3.5 (Domain convergence for domains with locally Lipschitz
boundary). A sequence of domains €, converges to € if the parameters of
locally Lipschitz covering are uniformly bounded with respect to n, and
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e for any compact K C ) there exists nyg such that for any n > ng
K CQ,.

e for any compact K C R* one has |(Q, \ Q) N K| — 0.

It is a staightforward consequence of the above definition that the con-
clusion of Proposition 4.3.2 remains valid even for this type of converging
domains.

The existence of an approximating sequence of bounded smooth domains
Q,, that converge to any open set (2 in the sense of Definition 4.3.1 is then
granted by virtue of the following proposition:

Proposition 4.3.6 ([12], Lemma 7.1). Let Q C R® be a non-void open set.

Then there exists a sequence of open sets €2, such that €, C Q, Q, — Q in
the sense of Definition 4.3.1, and

k()
Q= | Qi with k(n) finite

k=1

where Q, . are bounded domains with the boundary of the class C* and such
that Q,; N Q,, ; fori # j.

4.3.2 Convergence in continuity and linear momentum
equations

Having all the necessary estimates, we can pass with (p,, u,,?,) to its weak
limit (p, u, ). We have to show that the weak limit is a variational solution
to the problem on (0,7) x Q. This means we have to verify that (p,u,?)
solves the continuity equation in the renormalized sense in D'((0,T) x R3),
the linear momentum equation holds in D’'((0,T") X Q2), the entropy inequality
is satisfied in D’((0,T) %), and finally that the total energy inequality holds.

The Div—Curl lemma is a valuable tool and we report it shortly here in
the form as it can be found in [14]:

Proposition 4.3.7. Let Q C RM be a bounded domain. Assumne {U,},
and {V,}n are vector fields such that

U, = Uin LP(Q;RM), V, =V in LY(Q;RM),

where 1 < p,q < oo and %+% = % < 1. Furthermore, let {divU,}, {curl V,;}
be precompact in W=15(Q), W=13(Q; RM*M) respectively, for certain s > 1.
Then
U, -V, ~U-V in L'(Q).
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The Div—Curl lemma can be applied in the same way as is was shown
in [14] to verify that

Oip +div (pu) = 0 in D'((0,T) x R?),

ib(p) + div (b(p)u) + (pb'(p) — b(p))diva = 0 in D'((0,T) x Q)
for b € BC'0, 00), and

Oi(pu) + div (pu @ u) + Vp(p,9) = divS + p(V® + f) in D'((0,T) x Q),

where p(p, ) denotes the weak limit of the sequence p(p,, ¥,) and by analogy
for b(p) and other terms. The question whether p(p,¥) = p(p, 1), b(p) = b(p)
etc. will be answered (affirmatively) later on.

4.3.3 Convergence of the temperature

We report here a version of the Aubin—Lions lemma (for further details, see
Lemma 6.3 by Feireisl [8]).

Proposition 4.3.8. Let D C R? be a bounded Lipschitz domain. Let {v,},
be a sequence of functions bounded in

L*(0,T; LY(D)) N L>(0,T; L*(D))

with q > 3.
Furthermore, assume that

Oyvn > gn in D'((0,T) x D),

where the sequence of distributions g, is bounded in L*(0,T; W~"F(D)) for
certain m > 1,p > 1.
Then it holds
v, — v in L*(0,T; W~ 2(D))

passing to a subsequence as the case may be.

Applying Proposition 4.3.8 to the variational formulation of the entropy
inequality together with the estimates from section 2 yields

4d
PnSG(PnsUn) + 3193’1 is relatively compact in L*(0,T; W_1*(Q)),

and

4d dd—s  ———% -
< U+ pnsalpn On) = 50 + psalp, 0) in L2(0, T; Wy *(2)-
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As ¥, is uniformly bounded in L?(0,T; W,*(Q)), we conclude

loc
Ad— — Al
§d194 + psc(p, )V = 30119319 + psa(p, )V in L, ([0,T] x Q).

Finally, the nonlinearity of the radiative part of the entropy, together with
the arguments similar to the ones in [14] implies:

¥, — 9 in L}, ([0,T] x Q),

loc

where we have used

PG (Pn, On)0n — prsa(pn, On)0
= (Pn5G(Pns Un) = pns5c(pPn, V) (V0 — I) + s6(pn, V) (00 — V). (4.3.2)

Since z +— puSa(pn, z) is monotone, the first term is nonnegative while
the second one tends to zero by virtue of the Div—Curl Lemma.

As a direct consequence of the pointwise convergence of the temperature
we get S =S.

4.3.4 Convergence of the density revisited

The main aim of this part is to introduce two major results: (a) quantities
p,u solve the renormalized continuity equation, and (b) p, converges to p
strongly in L!((0,T) x ).

From the previous parts, we already know that p,u solve the continuity
equation in D'((0,7) x€2). The question whether p and u solve also the renor-
malized continuity equation can be answered affirmatively (see Corollary 4.1
by Feireisl [8]) under the condition p € L*(0,T;L%.(2)). However, this is
not satisfied since we merely have p € L>®(0,T; L°3(f2)). In order to bypass
this obstacle, we have to introduce Feireisl’s notion of the oscillations defect
measure

0sCp[pn — p)(Q) = sup (lim sup /Q | Tk(pn) — Ti(p) " dx dt) , (43.3)

k>1 n—00

where T}, are the cut-off functions,
Ty(2) = kT (%) k>, (4.3.4)

with '€ C*(R), T(—z) = —T(z) for all z in R, T" concave on (0, c0), and

z, 0<2z<1
T(Z):{Q z > 3.
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The following proposition is a modification of Lemma 5.3 in [14] so that it
fits our case, it says that if p,, u,, are solutions of the renormalized continuity
equation (4.1.1x) in D'((0,7) x Q), and the oscillations defect measure is
bounded, then the weak limits p, u solve the renormalized continuity equation
as well:

Proposition 4.3.9. Let Q@ C RN N > 2 be an arbitrary domain. Let {p,}n
be a sequence of non-negative functions such that

pn = p in L;,.((0,T) x Q),

loc

u, ~uin L, ((0,T) xQ),

loc

Vu, = Vuin L} ((0,7) x Q),p > 1,

loc

and

1 1
08¢q[pn — pl(Q) < ¢(Q) for some q such that — + — < 1
p q

for any bounded QQ C (0,T) x Q. Let p,,u, solve the renormalized continu-
ity equation on (0,T) x Q in D'((0,T) x Q). Then p,u is a renormalized
continuity equation on (0,T) x Q in D'((0,T) x Q).

Thus showing boundedness of the oscillations defect measure we obtain
the claim (a). In order to yield this we may combine the way shown in
the work by Feireisl, Petzeltovd and Trivisa [13] (with obvious modifications
due to the fact that we need to work only on bounded subdomains of ) with
the arguments stated by Feireisl, Novotny and Petzeltova in [12] and obtain

0scylpn — p)(Q) < ¢(Q), for any @ bounded C (0,7) x R®.

i _8
for certain g > o

Having claim (@) in mind, we can use it in order to show claim (b). Since
p, u solve the renormalized continuity equation in D’((0,7) x R?) and p,, u,
are solutions to the renormalized continuity equation in D'((0,7) x R3) as
well, we can write

O Li(p) + div (Li(p)u) + Ti(p)diva = 0
9 Li(p) + div (L (p)u) + Tii(p)divu = 0,

where the line over terms in the second equation denotes the terms’ weak
limits. The functions Lj are defined as solutions to the differential equation
Li(2)z — Li(z) = Ti(2), Lx(0) = 0 and are given by the following formula

Lulz) = z/l Tls) g

52
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Subtracking the renormalized equations and testing the result with a func-
tion o € D(R?) yields

| 8@ - tonmedx- [ [ G - Luphu- Vidxa
R o JR
—|—/0 /R:z(Tk(p)divu—Tk(p)divu)gpdxdt

= [ [ (@) - Tildivwgaxat + [ (Tl5) - Li(p)(0)dx
o JR R
(4.3.5)

Since we can write

(%u(ﬁ) + C()(Tk(p)divu — Ti(p)divu) = pe(p, V) Tk(p) — palp, ) Ti(p),

and we have already shown the pointwise convergence of the temperature in
L} .((0,T) x Q), and pg is non-decreasing in p, we have

loc
Ti(p)divu — Ty(p)divau > 0 in D'((0,T) x ).

Next, we deal with the first integral on the right-hand side. We use bound-
edness of ¢divu in LP(R?) (because of the compactness of ¢’s support). To
show the term Ty(p) — Ti(p) — 0 in LP", we use boundedness of the os-

8

cillations defect measure (4.3.3) in some L7, ¢ > Tt — P together with

the interpolation inequalities and the fact that Ty (p) — Tx(p) — 0 in L'(R3).
So, passing with k£ to infinity yields

/Rg(p log p — plog p)(7)p dx

S/ /Rs(plogp—plogp)u-Vsﬁdxdtﬂt/RB(/)logp(O)—pologpo)sodx
0
Taking a sequence of test functions ¢, such that [Vei| < + and supp e C
B(0,2k) one recovers that

IVer| < Cwgy

with § = —1 and wg given by (4.2.1).
Writing |Vor| < Cw_s/s|Vir|/* and estimating p,, log p, in LP" in terms
of HpHLl(R3)ﬂL5/3(R3) yields the final estimate

/Rs(p log p — plog p)(7) ¢y, dx

—— 1
S/ (plog p(0) — polog po)pr dx + Crog77, (4.3.6)
R® k
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which means that the density converges pointwise provided it did so at the ini-
tial time.

4.3.5 The entropy and the total energy inequality

The total energy inequality follows immediately since for any K compact
subset of 2 and n large enough so that K C €2, one has

1
[ 3oulua(®)+ d02(6) + pclpn, )0 dx — L@, () dx
2 BrU(R*\Bp) 2

1 1
B0 = [ 5oalual(O) + AT+ puclpn, D)0 ~ 50,20 dx

Q, 2
t
:E07n+// pnfy -1, dx ds.
0 J

By the equi-integrability of p,, and the estimates of ®,, we show the integral
over R* \ Bp is less than arbitrary e > 0 provided the diameter R = R(e) is
chosen large enough. Passing with n to infinity yields

/K%p|u|2(t)+d194(t)+pe(p,19)(t)dx—/ %p@(t)dx—e

Br

t
§E0+/ /pf~udxd3,
0 Jao

Taking supremum over all R > 0 and K compact subset of €2 finaly verifies
the total energy inequality since € > 0 was arbitrary.

The entropy inequality, however, does not possess so fast approach. As
it was already mentioned in concluding remarks of [36], the convergence of
the temperature term is deeply related to the convergence of the underly-
ing domain’s boundary, as described in Definition 4.3.1. For any solution
(P, Up, ¥y, corresponding to the spatial domain 2, the weak formulation for
the entropy inequality reads:

' Vi,
0 n n

T 1 9
S _/ / (19—871 . Vun + H(??n) |V1;92n‘ ) gpdxdt — <So7m QD(O, )>’
0 n n .
(4.3.7)

for all p € D([0,T) x R?), ¢ > 0.
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The inequality for the limit problem would read:
r Vi
/ / ps(p,0)0cp + ps(p, O)u- Vi — k(0) == - Vipdx dt
0

/ /( S: Vu + (ﬁ)‘vﬁf‘ )wdxdt—wo,@(o,.)), (43.8)

for all ¢ € D([0,T) x R?), ¢ > 0.
For any compact set K C 2 there exists ng such that if n > ng, then
K C €,,. For this compact set we may apply the results on strong convergence

of the density and temperature, along with the weak convergence of v%” and
u in order to rewrite (4.3.7) to

T A\
/ / ps(p,0)0ip + ps(p,V)u - Vo — %(19)? -Vpdxdt
0 Q

T A\
—/ / ps(p, V)0 + ps(p,V)u - Vo — k() — - Vo dxdt
0 JOK ¥

T
Vi,
+ lim / / lq, {pns(pn, ) (Orp + 1y, - V) — K(V,) : Vgo} dx dt
R3*\K U

n—~o0 0

2
S—ligglf{/ /( S, : Vu, + (ﬁn)’vq%n‘)godxdt

— (So.n, (0, ))] . (4.3.9)

Since supp ¢ C [0, T) xR? is compact, Definition 4.3.1 implies that the mea-
sure of [0,7") x (€2, \ K) Nsuppy and [0,7) x (2 \ K) N supp ¢ vanishes
as n goes to infinity. Consequently, the LP estimates on p,s(p,,?,) and
PnS(pn, O )uy, imply, by virtue of the Holder inequality, convergence of these
parts. The discussion on the term (1, )Vﬂg V¢ as well as the limit terms in
the first integral, is similar. The integral terms on the right-hand side are
dealt with in the following way: by Definition 4.3.1, for any K C 2 there
exists ng such that for any n > ng K C ,. So, taking n large enough,
the integral is estimated from above by

K(Un)
/ / (—S : Vu n+19% - +193)\V19 ]2)gpdxdtforany5>0
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Passing with n to infinity yields finally

T Vi -V
/ / ps(p, )0 + ps(p, O)u - Vip — w(9)~——7 dxdt
0 Q

L Lo s

() gt ) e = (8600,

As € and K were arbitrary, we have

T Vi -V
/ / ps(p, 0)0p + ps(p,V)u- Vi — %(ﬁ)T@ dx d¢
0 Q

/ /( S:Vu+ (ﬁ)‘vﬁf‘ )@dxdt—<50,¢(07.)>7

for any ¢ € D([0,T) x R?). In other words, the entropy inequality is verified
as well.

4.3.6 Strict positivity of the temperature

Lemma 4.3.10. Suppose the assumptions of Theorem 4.1.3 hold and let
(p,u,9) be the solution to the Navier—Stokes—Fourier system on (0,T) x €
discussed throughout this paper. Then there exists time ty such that fort €
(0,to) the temperature ¥ is strictly positive.

Proof. Take weight w,, we(z) = (1 + |z[*)* and test the entropy inequality.
We obtain:

(So, wa) — S(N) /Q p(E)w dx

/ A 3 ()t (VS (1)) 0%y et / / P2 i wh/ 212 dx ds

//—193|u\/w_a\ N 1/2adxds+// )|V log 9| y/wawy/* /> dx ds
—/O /QES:Vuwa+/<c(19)|Vlog19|2wadxds (4.3.10)

In the terms where the integration in time appears, we use the Holder and
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the Young inequality to get

(So, wa) — S(N) / p(E)w dx

Q

4d
< / 3193(t)wa + (NS(1) + )% (t)w, dx + sHu\/waHiQ(O’t;Lp*(m)
0

+Ct7? WHiw(o,t;M(Q)) chly/%l/m H%Mp/(zsp—w @ T elluy waHiQ(O,t;LP* ()
+ Oat3’|19||6Loo(o,t;L4(Q)) chly/%l/m Hiwp/wp—m(g) +¢[|V1og Jy wa“%?(o,t;n(ﬂ))
+ Cetflwy ™| r oy + Ct? 10017 o0 0.1:14(02) Hwé/2—1/2a“%4(ﬂ)

¢
1
—/ /ES:Vuwa+m(19)|V10g19|2wadxds (4.3.11)
0 Jo

For w, belonging to the Muckenhoupt class A, (in our case it means ap >
—3) we can use the imbedding of weighted Sobolev spaces and the weighted
Korn’s inequality in order to write

t 1 1
/0 /QES : Vuw, dxds > 6““\/w_aui?(o,t;m*(ﬂ)'

Moreover, one can use the growth estimates on the heat conductivity coeffi-
cient k to obtain

t
//ﬁ(ﬁ)\VlogﬁFwadxds
0 Jo

> ||V log Jy/w, ||%2(O,t;L2(Q)) + EHVﬁ?’/Q\/ We ||%2(0,t;L2(Q))'

We collect the estimates just obtained above, take ¢ > 0,¢ > 0 small
enough and N large enough in order to obtain

0<cy< / PP ()we + 9% (t)we dx
Q

< / (93 () + 92 (1)) we dx + (6% + 03w (Q)  (4.3.12)
QN{v¥>6}

Consequently, the Holder inequality yields

0 < co — wa(Q)(8 + 63/2)

< (A [{0 > SNV IO gy + [0 > SO0, (4.3.13)

for 6 > 0 small enough. Therefore for any ¢ > 0 small enough there is a set

M(t) of positive measure where (¢, ) is greater that ¢ and so log(¥(t, )) is
integrable. O



Chapter 5

Existence of a weak solution on
an unbounded domain with
prescribed nonvanishing density
and temperature at infinity

Corresponds to the article by Poul, L.: On dynamics of fluids in meteorology. Accepted

for publication in Central European Journal of Mathematics.

Abstract: We consider the full Navier—Stokes—Fourier system of equations on an un-
bounded domain with prescribed nonvanishing boundary conditions for the density and
temperature at infinity. The topic of this article continues author’s previous works on
existence of the Navier—Stokes—Fourier system on nonsmooth domains. The procedure
deeply relies on the techniques developed by Feireisl and others in the series of works on
compressible, viscous and heat conducting fluids.

Keywords: unbounded domains, Navier-Stokes-Fourier system, compressible fluid flow,

weak solutions.

5.1 Introduction

Many models arising in meteorology can be regarded as a flow of a viscous,
compressible and heat conducting fluid in an unbounded spatial domain with
prescribed nonvanishing density and temperature ‘at infinity’. The fluid flow
is governed by a set of physical principles expressed in the way of partial
differential equations: The total balance of mass in the system, described in

69



CHAPTER 5. PRESCRIBED DENSITY AND TEMPERATURE 70

terms of the continuity equation
Op + div (pu) = 0; (5.1.1)

Newton’s second law, saying that the linear momentum is a balanced quan-
tity, captured by the linear momentum equation,

Oi(pu) +div (pu @ u) + Vp = divS + pf, (5.1.2)

where p denotes the pressure, S is the so called viscous stress tensor, and
f = VF stands for external forces of potential type; the first law of thermo-
dynamics which says the internal energy e is a balanced quantity, which is
equivalent to the entropy production equation:

Oi(ps) + div (psu) + div% =3, (5.1.3)
where s is the specific entropy, q is the heat flux and ¥ stands for the entropy
production rate — a nonnegative quantity. Gibbs’ equation

1
YDs = De + pD—, (5.1.4)
P

implies X = %S :Vu + q;’?, provided the motion is smooth.

We suppose the flow sticks on the boundary and the system is thermally
isolated. This yields the boundary conditions on 02

11’39 = 0, q - l’l‘aQ = 0, (515)

and we require our solutions to satisfy certain boundary conditions ‘at infin-
ity’, i.e.:

lim u(t,z) =0, lim p(t,2) = poo, lim I(t,2) = Voo (5.1.6)
o e e

Finaly, the system is supplemented with the initial conditions
p(0) = po,  (pu)(0) =my, (0) = . (5.1.7)
The total energy of the system is given as
1
B0)= [ 3ol peto.0) + (0= p) | (x (518
Q

However, in our case the total energy is unbounded since p and v are expected
to stay far away from zero on a domain of infinite measure. Thus we will omit



CHAPTER 5. PRESCRIBED DENSITY AND TEMPERATURE 71

the classical total energy of the system and instead of it we shall introduce
the Helmholtz-like energy that is much more convenient for dealing with
nonvanishing density and temperature at infinity. Denote

Hy. (p,9) = pe(p, V) — Doops(p, ). (5.1.9)

Then we consider the total Helmholtz-like energy in the system given by
the form

o = [ B”‘“‘Q  Hy(p.)

_ 0Hy,,
dp

Note that, in the bounded-domain case (5.1.10) corresponds with the stan-
dard total energy minus entropy of the system minus the energy minus en-
tropy at the state (poo, Vo) provided py, is the integral mean of p, that is:

/Q(p—poo)dxzo‘

It is easy to see that in the bounded-domain case the integral mean of the den-
sity is a preserved quantity as long as p and u lie in a suitable Lebesgue (or
Sobolev) space.

This paper is a continuation of a series dedicated to the question of exis-
tence of weak solutions of the Navier—-Stokes—Fourier system on domains with
nonsmooth boundary. It benefits, like the author’s previous works [36], [37],
and [38] from the existence theory for the system on a bounded domain with
boundary of class C?*™ v > 0, developed by Feireisl and others, see e.g. [8],
[6], [13]. As a continuation of [38], the paper fills the open gap answering
the question about existence of weak solutions on unbounded domains with
prescribed nonzero values for density and temperature ‘at infinity’.

The paper is organized as follows: In the first section, we present some
introductory material concerning the system and state the main result on
existence of solutions. In section 2, the estimates necessary for the weak
relative compactness are obtained. The concluding section 3 is devoted then
to the analysis of the limit system and recovering the main theorem.

- Hﬂoo (pom 1900)

(pom 1900)(0 - poo) + (10 - poo)F (t) dx (5'1'10)

5.1.1 Constitutive Assumptions

The pressure is supposed to be composed from the interaction between par-
ticles the fluid consists of, and the radiation term due to the temperature.
This means

P = Pc + PR, (5.1.11)
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where the radiation part is given by

1
pr = pr(v) = gdﬁ‘*, (5.1.12)
and d > 0 is the Stefan-Boltzmann constant.

Similarly, the decomposition of the entropy and the internal energy yields

4d 93 v

§ = Sg + SR, SR(paﬁ) = 5 e = eqg + eg, eR(p719):d_‘

3 p p
Furthermore, in a monoatomic gas, there is a relation between pressure,

density and energy:
2
Pe = 3PeG- (5.1.13)
Following the analysis by Feireisl and Novotny [11], (5.1.4) and (5.1.13) yield

the following formulae for functions pg and s¢:

pe = pc(p,ﬁ)zﬁs/QP(Wf/Q),}
sa = salp,) =5 (55),

where P is a function from C'[0, 00) which choice will be restricted later on
so that the thermodynamic principles hold. S is related with P through

(5.1.14)

S'(Y) = —%YQ (gP(Y) — P’(Y)Y) , Y >0. (5.1.15)

This means S is determined by P up to an additive constant. Throughout
this paper the function S is supposed to satisfy the third law of thermody-
namaics

lim S(Y) =0, (5.1.16)

Y —o0
that is, the entropy vanishes for degenerate states of high density and/or low
temperature.
The fluid under consideration is assumed to be Newtonian. This means
the viscous stress tensor depends linearly on the velocity’s gradient and so it
is given by

S = (V) <Vu +vVu’ — gdiv u]I) + ¢(V)div ul, (5.1.17)

where ;1 and 9 are viscosity coefficients. The heat flux q obeys the Fourier
law and so

q=—k(V)VY, (5.1.18)

where x stands for the heat conductivity coefficient.
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5.1.2 Some mathematical tools and notation

We introduce the definition of homogeneous Sobolev spaces Dy () as a clo-
sure of D(£2) with respect to the norm || - || pisg) == IV - [|Lo()-

We fix the notation on exponents related to the duality in the Lebesgue
spaces as well as to the Sobolev imbeddings:

n
p:—l,and Pt = P for 1 <p<mn,

p— n—p
where n denotes the dimension. Throughout this work, we distinguish be-
tween different types of convergence by the following notation:

1. — means the standard norm-convergence,

2. — stands for the weak convergence, and
3

3. — denotes the weak™ convergece.

Last but not least, we get around merely local-in-space estimates by virtue
of the invading domains lemma:

Proposition 5.1.1 (Invading domains lemma, Lemma 6.6 in [34]). Let
{fu}, fo € LP(0,T; LI (R?)) with 1 < p,q < 0o, a sequence such that

loc

| falleo,riaBary) < K (M) for M = My, Mo+ 1, My +2,.. ..

Then there exists a subsequence {n'} C {n} such that f,, — f weakly-+ in
LP(0,T; LYBgR)) for any R > 0.

5.1.3 Weak solutions

We deal with the problem (5.1.1) — (5.1.3) through the concept of so called weak
solutions, introduced by Leray [28] for the incompressible case and further
developed for the compressible case by P.-L. Lions [29] and Feireisl [8].

We propose the following definition of the weak solution to the Navier—
Stokes—Fourier system in a similar way as it was introduced in the works of
E. Feireisl and others.

Definition 5.1.2 (Weak solution). Let 2 be an open subset of R® and let

u € L2((0,T); DIP(Q)) for some p > 1, p € L=((0,T); L. (Q) N L)*(Q)),

loc loc

and ¥ € L*((0,T); W2*(Q)) such that log € L*(0,T; W,2*(Q)). We say that

loc loc
the triple (p,u, V) is a weak solution to the Navier—Stokes—Fourier system on

the domain 0 with nonvanishing boundary conditions at infinity p = peo,

¥ = VY, if the following holds.
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(i) The continuity equation is satisfied in the sense of distributions in
the renormalized form, i.e.

0:b(p)+div (b(p)u)+(b'(p)p—b(p))divu = 0 in D'((0,T) xR* (5.1.1%)

for all b € BC'0,00), where we suppose p and u are extended to be
zero outside 1,

(i) the linear momentum equation (5.1.2) holds in the sense of distribu-
tions, i.e. in D'((0,T) x Q),

(#ii) the entropy production inequality (5.1.3) holds in the sense of integral
mequalities:

T
/ / psOyp + psuVy + %Vgp dxdt <
0o Ja

_/OT/Q(és;Vqu(ﬁ)wﬁf‘?) dxdt—/ﬂs(O)cp(O)dx (5.1.19)

for any ¢ > 0,90 € D([0,T) x R?).

(iv) the total Helmholtz-like energy inequality holds, i.e.
H(t) + 9.2([0,1] x Q) < H(0), t>0 (5.1.20)

where H is defined by (5.1.10), and ¥ is the entropy production rate
gien in (5.1.3),

(v) and the density is non-negative on (0,T) x Q.

The definition delineated above deserves several comments: First, the ap-
pearance of the renormalized solutions to the continuity equation is much
stronger than the ‘usual’ distributional solution. Indeed, the notion of a renor-
malized solution in our scope preserves some kind of regularity, since any
‘classical’ solution is the renormalized one, though not every distributional
solution satisfies the renormalized equation. The second point for discus-
sion concerns the violation of the equality sign in the weak formulation of
the entropy inequality (5.1.19). This is gap is balanced out by supplementing
the Helmholtz-like energy balance (5.1.20).
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5.1.4 Assumptions & the main result

Partly due to the requirements of thermodynamics, partly because of tech-
nical reasons, we impose assumptions on particular terms in the system of
equations:

The thermodynamical function P defining the pressure term is C'([0, 00)).
Moreover,

P(0) =0, P'(z) >0 for all z>0,lim,_, 5(/3) P >0, and (5.1.21)
0<cyz<2P(2) — P/()zgcvzforallz>0. o

The viscosity coefficients p and ( satisfy:

0<p(l+9) <p()., W] <7 } 512
()20, I-1<CW), W] <T b
where p, i, ¢,  are positive constants.

The heat conductivity coefficient & consists of, similarly to the pressure
and entropy terms, the heat conductivity between particles of the fluid, and
the heat transfer due to radiation: k(p,9) = kg(¥) + kr(9), where kg and
kg are continuously differentiable functions with growth conditions

0<k<re() <EA+9%), rr() = (5.1.23)
for some positive constants k, &, and o.

Theorem 5.1.3 (Main Result). Let Q C R® be an unbounded domain of
infinite measure with boundary locally Lipschitz continuous. Suppose that
the initial state of the fluid is given by the initial density pg > 0, the initial
linear momentum mq and the initial temperature g > 0. Moreover, let
the integral average of py— pso > 0 vanish and suppose Voo > 0 and Vg—1V €
WhinWwhee(Q). Futhermore, let py, Yo > 0, and polue|? € LY(Q). Suppose
that f € L>NLY2(Q), mg € L'NL*(Q). Then for any time T > 0 there exists
a weak solution to the Navier—Stokes—Fourier system on (0,T)x$2. Moreover,
there ezists a weak solution (p,u,v) on (0,T) x  such that the following
holds:

® p—poo € L¥(0,T5 L>NL=(Q) + L' NLYA(Q)), plul* € L>(0,T; LY(Q)),
¥ — 0 € L®(0,T; L2 N L>®(Q) + L' N LY(Q));

e uc L0, T;W,%(Q)), ¥ — o € L2(0,T; WH2(Q));

e Se L¥0,T; L (Q).

loc
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Futhermore, the temperature 9 is strictly positive in the sense that
log ¥ — log Vs, € L*(0,T; WH2(Q)).

Remark 5.1.4. The boundary conditions for u at infinity are formally
satisfied since u € L*(0, T; W, *(Q; R?)). Boundary conditions for the density
and temperature are satisfied in the sense that p — p, € L>(0,T; L3 +
L3(Q)) and ¥ — Vo € L*(0,T; WH2(Q)).

5.2 Estimates on weak solutions

The basic strategy of constructing a weak solution on a given unbounded
domain is to approximate the domain with a sequence of smooth bounded
domains and pass to an essential limit with corresponding approximate so-
lutions. Once we succeed in getting estimates on the approximate solutions
independently of the size of the domain, we can apply the limiting procedure
well known from works by Feireisl (see, e.g, [8]) and obtain the desired triple
of functions.

5.2.1 Weak solutions on smooth bounded domains

Consider a bounded domain Q with C?>™ v > 0, boundary. The existence
result by Feireisl, Petzeltovd and Trivisa [13] gives us a weak solution (p, u, 9)
to the Navier—Stokes—Poisson—Fourier system on (). Given a sequence of
bounded smooth domains €,,, our aim is to obtain estimates on corresponding
solutions (p,, u,,v,), independent of the size of (2,.

5.2.2 Estimates from the Helmholtz-like energy bal-
ance

In order to simplify the forthcoming formulae, we introduce the following

notation: Let Mess = {(p, V) @ poo/2 < p < 200, and Uoo/2 < 920} denote

the “essential set”, whereas M,es = [0,00) X [0,00) \ Mg denote the set of

“residual” values of p,d. Similarly, for any function h defined on (0,7") x

let [Mess = 1{(ta):(p(t,2)0(t.2) eMese} P AN [Plres 1= 1{(1.2):(o(t.0).0(t2))eMres} -
Let us state the following proposition:

Proposition 5.2.1 (Properties of the function H). Let H be given by (5.1.9),
then there exist positive constants c;,i = 1,..,4, depending solely on ps, Vo
such that



CHAPTER 5. PRESCRIBED DENSITY AND TEMPERATURE 77

(i)
Cl(‘p_poo| —Hﬁ_ﬁoo‘ ) < H(,O, ﬁ)_H(powﬁoo)_(p_poo)a—p(pom1900)
< ea(]p = pool® + [0 = Doo]?) for all (p,9) € M, (5.2.1)
(ii)
0H
c1lp = poo* < H(p,0) = H(poo, Vo) — (p — poo)a—p(poo,ﬁoo)
for all poo /2 < p < 2ps, (5.2.2)
(iii)
OH
H(IO7 19) - H(poo: 1900) - (10 - poo)a—p(pooaﬁoo)
> i AHEO) = Hpw,0o) — (r— p) (g0 ) b = 0y > 0
- (1,0) €0 M ess r Poos Voo r Poo ap Pooy Voo =C3 )
(5.2.3)
for all (p, V) € Mes,
(iv)
0OH
H(p, ﬁ)—H(pw,ﬁoo)—(p—poo)a—p(poo, Uoo) = calpelp, V)+pls(p,I)])
(5.2.4)

for all (p, V) € Mes.

Proof. Parts (i), (¢i7) and (iv) are contained in Lemma 6.1 by Feireisl and
Novotny [16]. The proof of part (i7) proceeds with similar arguments since
the function ¥ — H(p,¥) has its strict minimum at V. O

Since P(Y)Y ~5/3 is decreasing, we immediately obtain pe(p,9) > cp®/>.
Consequently, the Helmholtz-like energy balance and Proposition 5.2.1 yield
1
3o+ xlllo = el + 19 = Vel
+ 2(I[p = Poolres]™® + 1[0 = Focres| ) } () dx + 9o ([0, 1) x Q)
<C +/(p — peo)F}(t) dx. (5.2.5)
0
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By virtue of the Holder and Young inequality we obtain

1
[ {3+ alllo = o+ 110 = 0] P2
aallp = o]l 4110 = 0], 1 f0) 0
A\,
+ Voo // —S:Vu+sk 19)‘192‘ dx ds

< C+1[p - peo] )+ Crll Pl
5/2
+OnTHF||L/5/2 (5.2.6)

ess ’ ’ L>°(0,t;L2(Q2))
5/3
Lo°(0,t;L5/3(Q))

+77H [p_ poo]res

Since n > 0 can be taken arbitrary small, we conclude with the following
bounds:

(i) y/pu is bounded in L>*(0,T; L*(Q2)),

(i) [P = Poclesss (P = Poo)lipee/2<p<2pe}s and [ — Voless are bounded in
L>(0,T; L*(Q)),

(iii) [p — Poo)res is bounded in L>=(0,T; L>/3(Q)),
(iv) [ — Duolres is bounded in L>(0,T; L)),
(v
(vi) [1]res is bounded in L>=(0,T; L'(€2)).

)
)
) Vu, VI, V32 and ¥ are bounded in L*((0,T) x ),
)

provided F' € L? N L°/%(Q) and

oH

H(po,ﬁo)—H(poo,ﬁoo)—a—p(poo,ﬁw)(po—poo)+po|uO\2+(po—poo)F € L'(Q)

independent of the size of €.

Note that in view of the last estimate, the measure of Qs := {(¢,2) :
(p, V) € Myes} is bounded independent of the size of Q. As a direct conse-
quence, one has

[0 — Poo)res bounded in L>°(0,T; LP(2)) for any 1 < p < 5/3, (5.2.7)
and

[0 — Voo res bounded in L(0,7"; LY(2)) for any 1 < g < 4. (5.2.8)
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Moreover, since

T
//\u\dedt
o Ja
2 [T )
< — plul”dx dt
Poo Jo  Jan{peo/2<p<2p00’}

T
—i—C/ / ]p—poo\lo/glu]2dxdt
0 QN{p<poc/2 or p>2psc }

10/9
< CT <]. + H[p poo]reSHLoé OTL5/3 ))HVHH%Q(O,T;LQ(Q))) ; (529)

we conclude u € L?*(0,T; L*(Q)) and consequently,
u e L*0,T; Wy*(Q)). (5.2.10)

The estimate for ¥ — ¥ is more straightforward, since [ — Juc]ess €
L>(0,T; L*(R2)), and [¥ — Uoo)res € L=(0,T; L*(2)) by (5.2.8). Thus

¥ — Vo € L2(0,T; WH2(Q)). (5.2.11)
For the logarithm of the temperature we get
log ¥ — log Vs, € L*((0,T; W12(Q)), (5.2.12)
where we have used the following lemma:

Lemma 5.2.2. Let Q be a domain in R® and consider a set M C Q of
finite measure such that | M| < |Q|. Then for any 1 < p < oo there exists
a constant C = C(|Q|, |K|,p) such that

1 llwre@) < CUV fllir@) + 1LfllLr@n)- (5.2.13)
provided the right-hand side is finite.

Proof. There exists a covering {2} of  such that |M| < 2|€Qy| for every k
and [{j : |[%NQ;| # 0} is bounded uniformly for k. Thus we may decompose
the LP norm of f over () writing

1y < Z Ry
<> (19 + 171 s ayan))
k

< C (19 Wiy + 11 Fonianan))

where we have used the Poincaré-type inequality from Proposition 9.6 in [16].
O
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5.2.3 Estimates on the entropy-related terms

Taking into account the structural assumptions, the entropy term is bounded
as

pls(p, )| < C(1+ 9+ p|log p| + pllogd — log Vus]). (5.2.14)
Clearly, the essential part of the entropy is bounded in L*> and so we have
[pS(p, ﬂ)]ess € LOO(O> T7 LOO(Q)) (5 2 15)
[ps(p, V)]essu € L2(Oa T; L? N L%(Q)) o

and for the heat flux term we get

{m(ﬁ)%ﬂ € L*(0,T; L*()). (5.2.16)

The estimates of the residual part of the entropy require a bit more technical
manipulations: Since

93 v
I [m}m [—— [m}res“?iwmm;mm)) <C (5.2.17)
|lplog p] . llre=oriza) < Cq for 1< q<5/3, (5.2.18)

and
I[p(log ¥ —10g Voo )vesll L2(0,7:0r @y < Cp for 1 <p<30/23,  (5.2.19)
we get a bound on the residual part of the entropy in the form
Ilos(p, )res |l L20i200) < Cq (5.2.20)

with 1 < ¢ < 30/23.
Similarly, we can write

I[p(log ) — log Voo Julves || 20,1, 30/20 () < C, (5.2.21)
and -
H ['L{'}(,ﬂ)?]res HLQ(O,T;L8/7(Q) S C, (5222)

where we have used the structural assumptions on k to write

n(ﬁ)—’vﬁm <E (—Wf‘ + 193/2\%93/2\) :
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5.2.4 Refined pressure estimates

Next, we concentrate on bounds on the pressure term in L} (Q) for certain

p > 1. This is done through bounds on the density in Lf’o/f (Q) for certain

v > 0 and the procedure relies on the method known from the works by
Feireisl and others, see e.g. [9], [13] etc. The method is based on using a
special test function on the linear momentum equation based on the so called
Bogouvskii operator. The Bogovskii operator has a meaning of an ‘inverse’ to
the divergence operator; it was first introduced in the paper by Bogovskii [3]
and can be characterized, for example, in terms of the following statement:

Proposition 5.2.3 (Bogovskii operator ([34], section 3.3 )). Let Q be
a bounded Lipschitz domain in RY. Then there exists a linear operator
Bo = (B, ...,BY) with the following properties:

(i) Bq : LP(Q) — WyP(Q),1 < p < oo,
(i) div Bo|f] = f — ﬁfﬂfdx a.e. in ), f € LP(Q),
(iii) |V Balfll ey < elp. QIF — & Jop Flinieny 1 < p < o0,

(w) if f=divg, where g,divg € L1(Q),g - n|sq = 0 for some 1 < ¢ < o0,
then || Ba[fllLa@) < (g, Q)8 Loe)-

Let Qg be a bounded domain with Lipschitz continuous boundary. The re-
sult on local-in-space integrability of the density function is given through
testing the momentum equation (5.1.2) with a function

p(t, x) = P(t)Bagne(t, -)](x)

where ¢ € D(0,T), n € D(R?) and the Bogovskii solution is considered to
be extended by zero outside (2g.

T T 1
/ Yp(p,V)p"ndxdt = / Yp(p, V) (— np” dy) dx dt
0 Qr 0 Qr ‘QR‘ Qr

T
— /O ) dnppu - Boy, [np”] — vpu - Bag[div (np”)]+

+ Ypu - Bo,[pYu- Vnldxdt

T
—|—/ / (v — D)yppu - Ba,[np'divu] — p(u®@u) : VBq,[np”] dxdt
0o Jog

T
+ [ [ w8 OBaglng) - ot - Boy ) axdt
0 Jag
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This will yield bounds on the density in L((0,7T") x Q) for some ¢ > 5/3

provided we succeed in estimating the terms on the left-hand side. Clearly,
15p

5 1, -
Boalng'] € L(0.T5Wy'™ (), Ba[p'u- Vil € L2(0, T3 Wy ™% (0)),

Bq,[nprdivu] € L*0,T; W0L5+3”” (Qg)). In view of estimates on pu, pu ®
u, and S, we conclude that for v > 0 small enough the right-hand side is
bounded. The structural assumptions (5.1.21) yield

Poop™? < pa(p,9) < P(1)(p* + 9°/?),
which implies
pe L3 ((0,T) x Qr), pa e LY0,T) x Q) (5.2.23)

for some ¢ > 1.

5.3 The Limit

In the previous parts, the apriori estimates independent of the size of the do-
main (or local in the domain) have been recovered. The second step is
the construction of a solution to the system (5.1.1 — 5.1.3) on a given un-
bounded domain. As the reader could expect, the theory of weak solutions
on bounded domains will be used to construct an approximating sequence.

5.3.1 Approximation scheme for domains

There are several different approaches to the technique of the domain approx-
imation that differ in the smoothness of the target (approximated) domain.
In this paper, we propose the concept of unbounded domains with locally
Lipschitz boundary as described in the following definition.

Definition 5.3.1 (A domain with locally Lipschitz boundary). Let Q be
an opet set in RY. We say that the boundary OS2 is locally Lipschitz if there
exists Ry > 0 such that for any R > Ry there exists a domain (dg enjoying
the following properties:

1. Qg is a domain with Lipschitz continuous boundary, and
2. QN Br C Qr C QN Bypy.

Definition 5.3.2 (Domain convergence for domains with locally Lipschitz
boundary). A sequence of domains €, converges to ) if the parameters of
locally Lipschitz covering are uniformly bounded with respect to n, and
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e for any compact K C ) there exists nyg such that for any n > ng
K CQ,.

e for any compact K C R® one has |(2, \ ) N K| — 0.

One of the most important parts the concept of domain convergence should
capture is the convergence of the velocity: provided the velocity field u,
vanishes on the boundary of each €2,,, we would like to see the trace of u on
0f) be zero as well. In view of Definition 5.3.2 and the trace and extension
theorems (see e.g. Stein [40]), one can state the following proposition:

Proposition 5.3.3. Let (), — € in the sense of Definition 5.3.2. Moverover,
let v, € Dy*(,) C DYP(R?) be an arbitrary sequence such that v, — v in
DYP(R3). Then v € DyP(Q).

The construction of the approximating sequence is straightforward: We
take the Lipschitz subdomains 2 C 2 which existence follows from the defi-
nition, and mollify the graph of the boundary so that the mollifying parame-
ter tends to zero for large R. Moreover, we suppose that the initial conditions
are approximated so that

e (Pon — Poo) = (po — poo) In L'(Q) N L*(Q), and
/RB(pO,n - poo) dx = 0.

e 1o, (Vo — Vo) — la(¥g — Vs) in L3 N L>®(R?),
o 1o (log¥g, —log¥s) — la(logdy, — logids,) in L*(R?),

e m, — mgin L' N L*(Q).

5.3.2 Convergence in the continuity and the linear mo-
mentum equation

Having all the necessary estimates, we can pass with (p,, u,,?,) to its weak
limit (p, u, ). We have to show that the weak limit is a variational solution
to the problem on (0,7) x Q. This means we have to verify that (p,u,?)
solves the continuity equation in the renormalized sense in D'((0,T) x R3),
the linear momentum equation holds in D’((0,7) x 2), the entropy inequality
holds in D'([0,T) x ), and the total energy inequality holds.

The Div—Curl lemma, discovered by Murat [32] and Tartar [42] is a valu-
able tool and we report it shortly here in the form as it can be found in [14]:
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Proposition 5.3.4. Let Q C RM be a bounded domain. Assumne {U,},
and {V,}, are vector fields such that

U, — U in LP(Q;RM), V, =V in LYQ;RM),

where 1 < p,q < oo and %+% = % < 1. Furthermore, let {divU,}, {curl V,;}

be precompact in W=15(Q), W=13(Q; RM*M) respectively, for certain s > 1.
Then
U, -V,—=U-VinL(Q).

The Div—Curl lemma can be applied in the same way as is was shown
in [14] to verify that

Oip +div (pu) = 0 in D'((0,T) x R?),

ib(p) + div (b(p)u) + (pb'(p) — b(p))diva = 0 in D'((0,T) x Q)
for b € BC'[0, ), and

Oi(pu) + div (pu ® u) + Vp(p,d) = divS + pf in D'((0,T) x Q),

where the line over a particular term denotes the weak limit.

5.3.3 Convergence of the temperature

We report here a version of the Aubin—Lions lemma (for further details, see
Lemma 6.3 by Feireisl [8]).

Proposition 5.3.5. Let D C R? be a bounded Lipschitz domain. Let {v,},
be a sequence of functions bounded in

L*(0,T; LY(D)) N L>(0,T; L' (D))

with q > 2.
Furthermore, assume that

vy > g, in D'((0,T) x D),

where the sequence of distributions g, is bounded in L*(0,T; W~"F(D)) for
certain m > 1,p > 1.
Then 1t holds
v, — v in L*(0,T; W~ 2(D))

passing to a subsequence as the case may be.
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Applying Proposition 5.3.5 to the variational formulation of the entropy
inequality together with the estimates from section 2 yields

4d
PnSc(Pn,Un) + 3193’1 is relatively compact in L*(0,T; W_1*(Q)),
and
4d
3
As 19, is uniformly bounded in L?(0,T; W;2(Q2)), we conclude

loc

4d— ——mm—
19:731 + pnsG(pna ﬁn) - ?193 + PSG(p7 19) in LQ(Oa T; W7172(Q))'

loc

d—e — dd—, —
3194 + psa(p, V)0 = §ﬁ3ﬂ + psa(p, )9 in L],

Finally, the nonlinearity of the radiative part of the entropy, together with
the arguments similar to the ones in [14] implies:

([0,T7] x €2).

¥, — 9 in L} ([0, T] x Q), (5.3.1)

where we have used

PG (Pn, In)0n — prsa(pn, On)0
= (Pn5G(Pns Un) = Pns5c(pPn, V) (Vn — I) + s6(pn, V) (In — V). (5.3.2)

Since z +— pnpSa(pn, z) is monotone, the first term is nonnegative while
the second one tends to zero by virtue of the Div—Curl Lemma.

Note that, by virtue of (5.3.1) we get S = S in the limit version of the linear
momentum equation.

5.3.4 Convergence of the density revisited

The main aim of this part is to introduce two major results: (a) quantities
p,u solve the renormalized continuity equation, and (b) p, converges to p
strongly in L}, ([0, 7] x Q).

From the previous parts, we already know that p,u solve the continuity
equation in D'((0,7) x€2). The question whether p and u solve also the renor-
malized continuity equation can be answered affirmatively (see Corollary 4.1
by Feireisl [8]) under the condition p € L?(0,T; L2,.(2)). However, this is not
satisfied since we merely have p € L>®(0,T; L°/3(12)). In order to bypass this
obstacle, we have to introduce a notion of the so called oscillations defect

measure

0s¢y[pn, — p](Q) = sup (lim sup/Q [Tk (pn) — Tr(p)|P dx dt) : (5.3.3)

k>1 n—00
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where T}, are the cut-off functions,
Ti(2) = kT (%) k> 1 (5.3.4)
with '€ C*(R), T(—z) = —T(z) for all z in R, T" concave on (0, c0), and

z, 0<2z2<1
T(Z)Z{Q z > 3.

The following proposition is a modification of Lemma 5.3 in [14] so that
it fits our case. It says, if p,, u, are solutions of the renormalized continuity
equation (5.1.1x) in D'((0,7) x Q), and the oscillations defect measure is
bounded, then the weak limits p, u solve the renormalized continuity equation
as well:

Proposition 5.3.6. Let Q C RN, N > 2 be an arbitrary domain. Let {p,}n
be a sequence of non-negative functions such that

pn = p in L;,.((0,T) x Q),

loc

u, ~uin L, ((0,7) xQ),

loc

Vu, — Vu in L*((0,T) x Q),

and
0scqlpn — pl(Q) < ¢(Q) for some q > 2

for any bounded Q@ C (0,T) x Q. Let p,,w, solve the renormalized continu-
ity equation on (0,T) x Q in D'((0,T) x Q). Then p,u is a renormalized
continuity equation on (0,T) x Q in D'((0,T) x Q).

Thus showing boundedness of the oscillations defect measure we obtain
the claim (a). In order to get this we may combine the way shown in the work
by Feireisl, Petzeltova and Trivisa [13] (with obvious modifications due to
the fact that we need to work only on bounded subdomains of §2) with the ar-
guments stated by Feireisl, Novotny and Petzeltové in [12] and obtain

0s¢q[pn — pl(Q) < ¢(Q), for any Q bounded C (0,7) x R®.

for certain g > 2.

Having claim (@) in mind, we can use it in order to show claim (b). Since
p, u solve the renormalized continuity equation in D’((0,7) x R?) and p,, u,
are solutions to the renormalized continuity equation in D'((0,7) x R3) as
well, we can write

O Li(p) + div (L (p)u) + Ti(p)diva = 0
O Li(p) + div (Lg(p)u) + Ty (p)divu = 0,
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where the line over terms in the second equations denotes the weak limits.
The functions Ly are defined as solutions to the differential equation L} (z)z—
Li(z) = Ti(2), Lg(0) = 0 and are given by the following formula

Li(z) = 2 /1 Tuls) g

52

Subtracking the renormalized equations and testing the result with a func-
tion ¢ € D(R?) yields

[ B0 - Loedx— [ [ G - Lo Vodxds
R o JR
—|—/0 /R3(Tk(p)divu—Tk(p)divu)gpdxdt

= [ [ (@0 - Tondivuppaxae+ [

R

(Li(p) = Li(p))(0) dx
(5.3.5)

Since we can write

4

(gﬂ(ﬁ) + C()(Tk(p)divu — Ti(p)divu) = pa(p, V) Tk(p) — palp, ) Ti(p),

and we have already shown the pointwise convergence of the temperature in
L} .((0,T) x Q), and pg is non-decreasing in p, we have

loc

Ti(p)divu — Ty(p)divau > 0 in D'((0,T) x ).

Next, we deal with the first integral on the right-hand side of (5.3.5). We
use boundedness of ¢divu in L*(R3) to show the term T} (p) — Ti(p) — 0 in
L?  we use boundedness of the oscillations defect measure (5.3.3) in L9, for
certain ¢ > 2 together with the interpolation inequalities and the fact that

T(p) — Ti(p) — 0 in L;,.(R?). So, passing with k to infinity yields

loc

/Rs(plogp—plogp)(f)wdx
S/ /Rs(plogp—plogp)u-dexdt+/ﬂ§3(plogp(0)—pologpo)sodx
0

Taking a sequence of test functions ¢y such that |Vy| < % and supp ¢ C
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B(0,2k), we can write

/Rs(p log p — plog p)(7) ¢y, dx
1 (7 -
< E/ /3 |p10g p = poc 108 poc — p10g p + poc 10g pos|[u] dx dt
o JR
+/Rs(plogp(0) — polog po)wr dx

Decomposing the integral to the residual set of finite measure where p
belongs to L%/ and the essential set where we know the estimate of p — peo
in L? yields

/Rs(p log p — plog p)(7) ¢y, dx

< -Cr (H[p - pOO]eSSHL“(O,T;L?(Q)) + ”[p]rBSHLOO(O,T;Lf)/?’(Q)))

| =

X ]|u]|L2(07T;W1,2(Q))
+ /}R ,(plog p(0) — polog po)epr. dx.

And so we get the final estimate

/Rg(p log p — plog p)(7)epr dx
— 1
< /Rs(p log p(0) — polog po)prdx + Cr, 0 <7 < T (5.3.6)

which means that the density converges pointwise provided it did so at the ini-
tial time.

5.3.5 The entropy and the total energy inequality

The Helmholtz-like total energy inequality follows immediately since for any
K compact subset of 2 and n large enough so that K C €2, one has

1 OH
/ §pn‘un|2 + H(pn, Un) — H(poo, Vo) — a—(pomﬁm)(pn — Poo) dx
K P

OH

a ooa'ﬂoo - P d

o (p )(p = poc) dx
t

S HO,n - 1900271,([07 t] X K) + / pnfn Uy dx ds.
0 JQ,

1
S0 = [ Gl + H(p.0) = Hlpws0) -
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Passing with n to infinity yields

oH

/K %p|u|2(t) + H(ﬁ? 19) - H(pOO71900) - a—p(pooaﬁoo)(p - poo) dx+

t
Voo 2([0, 2] xK)gHo,n—i-/ /pf~udxd3.
0o Ja

Thus taking supremum over all compact subsets of €2 finaly verifies the Helmholtz-
like total energy inequality.

The entropy inequality does not possess so fast approach. For any solution
(P, Up, ¥y,) corresponding to the spatial domain 2,, the weak formulation for
the entropy inequality reads:

r v,
/ / P8 (Prs Un) 0o + prS(pn, Un)ty - Vo — k(1) 5 Vedxdt
0 Qn n

T 1 2
< —/ / <—Sn : Vu, + ﬁ(ﬁn)M) pdxdt — (Sp.n, (0,-)),
0 Qn 1971 19721 7
(5.3.7)

for all p € D([0,T) x R?), ¢ > 0.
The inequality for the limit problem would read:

r A\
/ / ps(p,0)0ip + ps(p,V)u - Vo — %(19)7 -Vpdxdt
0 Q

< _/OT/Q (%S:Vqun(ﬂ)Wﬁi‘?) pdxdt — (S0, 0(0,)), (5.3.8)

for all ¢ € D([0,T) x R3), » > 0.

For any compact set K C ) there exists ny such that if n > ng, then
K C (,. For this compact set we may apply the results on strong convergence
of the density and temperature, along with the weak convergence of %’i" and
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u, in order to rewrite (5.3.7) to

T
i
/ / ps(p, 9)0ip + ps(p, V)u - Vi — k(1) —5= - Vipdxdt
0 Q

T A\
- / / ps(p, 0)0p + ps(p,V)u- Vi — k() — - Vo dxdt
0 JOK ¥
. r A
+ lim / / Lo, [Pns(pn, U0) (O + 1y - V) — K(0,) ——
R3*\K U

n—~o0 0

. VI,
S—hglolgf S : Vu, + k() 5 pdxdt

— (So.n, (0, ))] (5.3.9)

w} dx dt

Since supp ¢ C [0, T) xR is compact, Definition 5.3.2 implies that the mea-
sure of [0,7) x (©, \ K) N supp ¢ vanishes as n goes to infinity, while
[0,7) x (\ K)Nsupp ¢ can be made arbitrary small. Consequently, the L?
estimates on p,s(pn, ¥,) and p,s(pn, 9y )w, imply, by virtue of the Hélder in-
equality, convergence of these parts. The discussion on the term n(ﬂn)w,
as well as the limit terms in the first integral, is similar. The integral terms on
the right-hand side are dealt with in the following way: by Definition 5.3.2,
for any compact K C () there exists ng such that for any n > ng K C €,,.

So, taking n large enough, the integral is estimated from above by

‘/OT/KQ?

Passing with n to infinity yields finally

k()
V2 +e(1493

)\VQS‘ ]2) e dxdt for any € > 0.

T
Vi -V
/ / ps(p, )0 + ps(p,D)u- Vo — ﬁ(ﬁ)T@ dx dt
0 Q
[VY|?

_/OT/K (19 192+e<1+z93>)Wdth_<SO’“D(O”)>'

As € and K were arbitrary, we have

(V)

T Vi -V
/ / ps(p, )0 + ps(p, O)u - Vip — k() ~——7 dxdt
0 Q

<= [ [ (58: vus s D) paxat — (5000,
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for any ¢ € D([0,T) x R?). In other words, the entropy inequality is verified

as well.
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Chapter 6

Low Mach number limit for
a viscous compressible fluid

Corresponds to the article by Feireisl, E., Poul, L.: Low Mach number limit in large do-

mains. Submitted to Mathematical Methods in Applied Sciences.

6.1 Introduction

Many problems in continuum fluid mechanics are considered on unbounded
spatial domains, in particular on the whole space R®. Although it seems
intuitively clear that any observable physical space is necessarily bounded,
the concept of unbounded domain offers a useful approximation when the
influence of the boundary on the motion is negligible. For instance, the pres-
ence of acoustic waves is usually neglected in meteorological models, where
the underlying physical domain is large and the speed of sound dominates
the characteristic speed of the fluid (see Klein [24]). Under these circum-
stances, a relevant mathematical description can be obtained through a suit-
able scaling of the primitive equations typically represented by the complete
Navier-Stokes-Fourier system.

We examine the situation when the characteristic velocity of the fluid
Uchar = €, the characteristic time fug,, = 1/¢ as well as the characteristic
Viscosity fichar = € are given in terms of a small parameter € > (0. The motion
of the fluid is governed by the standard Navier-Stokes-Fourier system in the
dimensionless form:

0,0 + div,(pu) = 0, (6.1.1)

92
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1
O¢(ou) + div,(ou ® u) + ?pr = div,S, (6.1.2)

i (0s) + div,(psu) + div, (ﬂ) o, (6.1.3)

U

where ¢ = o(t, z) denotes the density, u = u(t,z) is the velocity field, and
¥ = ¥(t,z) is the absolute temperature. The pressure p = p(p,¥) and the
specific entropy s = s(p, 1) are given functions of the state variables g, ¥. The
symbol S denotes the viscous stress tensor assumed to satisfy the standard
Newton’s rheological law

2
S = ,u(qu +Viu— gdivxu]l>, (6.1.4)
while q denotes the heat flux obeying Fourier’s law
q=—rV, 7. (6.1.5)

Finally, the entropy production ¢ satisfies

q-V$19).

Lrs
U—5<€S.qu— 3

(6.1.6)
The singular coefficient in the pressure term in (6.1.3) corresponds to the
Mach number proportional to ¢ (Klein et al. [25]).

System (6.1.1 - 6.1.6) will be considered on a spatial domain €. large
enough in order to eliminate the effect of the boundary on propagation of
the acoustic waves. Seeing that the speed of sound in (6.1.1 - 6.1.6) is pro-
portional to 1/e we shall assume that the family {Q.}.~o enjoys the following
property:

Property (L)

For any x € R3, there is g = go(x) such that x € Q. for all 0 < & < &.

Moreover, there exists a function h, lim, ., h(z)/z = oo such that

dist[z, Q] > h(1/¢e) for all 0 < € < eo. (6.1.7)

In addition to (6.1.7), we suppose that the initial distribution of the den-
sity and the temperature are close to a spatially homogeneous state. More
specifically,

0(0,) =2+ =0}, (6.1.8)
9(0,-) = 0 + 0y, (6.1.9)
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where g, 9 are positive constants and

/ (\983\2 + \1982!2) dr <c (6.1.10)

£

uniformly for ¢ — 0.

Consider a family {o., u., V. }.~o of (weak) solutions to problem (6.1.1 -
6.1.6) on a compact time interval (0,7") emanating from the initial state
satisfying (6.1.8), (6.1.9), (6.1.10). The main goal of the present paper is to
show that

u. — u in L*(0,T; L*(B; R?)) for any bounded ball B C R*,  (6.1.11)

at least for a suitable subsequence ¢ — 0, where the limit velocity field
complies with the standard incompressibility constraint

div,u = 0. (6.1.12)

As already pointed out, the result should be independent of the behavior
of {0e, Uz, Ve }eso “far away” from the set B, in particular we do not impose
any specific boundary conditions. On the other hand, certain restrictions
have to be made in order to prevent the energy to be “pumped” into the
system at infinity. Specifically, the following hypotheses specified below are
required:

e The total mass of the fluid contained in €2, is a constant of motion.

e The system dissipates energy, specifically, the total energy of the fluid
contained in (2. is non-increasing in time.

e The system produces entropy, in particular, the total entropy of the
system is non-decreasing in time.

Apart from the general stipulations stated above, we assume that the
quantities {o.,u.,J.}es0 solve (6.1.1 - 6.1.5) in the sense of distributions
while (6.1.6) is replaced by an inequality

q-V$19)

1
025<628:qu— 3

(6.1.13)
in the spirit of the existence theory developed in [14].

Our technique is based on uniform estimates of the family {o., u., ¥ }c0
resulting from the dissipation inequality deduced in a similar way as in [18§]
(see Section 6.2). The time evolution of the acoustic waves is governed by
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a wave equation (acoustic equation) derived in Section 6.3. At this stage,
the finite speed of propagation of the waves is used in order to reduce the
problem to a bounded spatial domain (Section 6.4). Finally, we use the
dispersive estimates for the acoustic equation in order to obtain the desired
conclusion stated in (6.1.11) (see Section 6.5). The paper is concluded by a
rigorous formulation of the main result stated in Section 6.6.

A similar problem for the Navier-Stokes system in the isentropic regime
posed on the whole space R® was addressed by Desjardins and Grenier [5]. In
contrast to their work, the acoustic equation for the complete system contains
the contribution of “thermal” waves including the entropy production rate o
being merely a positive measure. In order to handle this additional difficulty,
a regularization and “time lifting” technique is used in combination with the
standard L'—dispersive estimates for the acoustic equation (see Section 6.5).

6.2 Uniform estimates

6.2.1 Estimates based on the hypothesis of thermody-
namics stability

In accordance with the principle of thermodynamics stability, we shall assume
that
dp(e, V) de(o, V)
0o oY

where e = e(p, 1) is the specific energy interrelated to p and s through Gibbs’
equation

> 0,

> 0, (6.2.1)

¥Ds(p,9) = De(p,9) + p(o, ﬁ)D(é) (6.2.2)

The former condition in (6.2.1) asserts that the compressibility of the fluid is
always positive while the latter says that the specific heat at constant volume
is positive (see Gallavotti [20]).

In accordance with the general principles delineated in the previous sec-
tion, we shall assume that the total mass is a conserved quantity, specifically,

/Q (96(757 ) —E) dr =0 for a.a. t € (0,7T), (6.2.3)

in particular, we have to take

/ 0y dx = (6.2.4)

in (6.1.8).
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Similarly, the total energy is a non-decreasing function in time, meaning

| [Godu o+ eclon0)0) = S euP0) - elon 0)0)] do <0

2
(6.2.5)
while the entropy is being produced:

/ (00500, 9:)(1) = 0250, 9:)(0)] o = .[[0.1] x O] (6.2.6)

£

for a.a. ¢t € (0,7), where the entropy production rate o. is a non-negative

measure satisfying
i M). (6.2.7)

o, > —<5 —‘V u. +Viu — 3divivugﬂ + 3

— U

Combining (6.2.3) with (6.2.5), (6.2.6) we get, first formally, the so-called
dissipation inequality

/Q [t + 5 (Hiylon 0.)-0,Hy(2. ) (0.~0) - Hy@. ) (1) da (6:28)

005 —
+§a€[[0,t] x §2.]

1 1 —
< L 2 L N (=
= /Qs |:2QE‘U-€| + - <H (Qaa ) 8 H; ( )(Qa Q) ]{19(97 19))}(0) dx
for a.a. t € [0,T], where we have introduced
Hy(o,9) = ge(0, ) — Vos(o, V). (6.2.9)
Since, by virtue of Gibbs’ relation (6.2.2),

9e(o, V)
a9

0°Hy(o,0) _ 10p(e,9) 0Hy(0,9)
002 o 0o o

0
)

the thermodynamics stability hypothesis (6.2.1) implies that
0 — Hy(p, V) is strictly convex on (0, c0),
and

¥ — Hy(p,v) is decreasing for ¥ < 9 and increasing for ¥ > 4.
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Introducing the essential and residual set of values as follows
Mess = {(0.9) | 2/2 < 0 <20, /2 <0 < 20}, Mies = [0,00)" \ Mesy
we report the following estimates (see Lemma 2.1 in [17]):
c1<\g—§\2+ 119—5]2) (6.2.10)

OHy(o, ) —
—r— 2 H-+(p,9
ag 19(@7 )

< Q(\Q —o*+ W —5\2) for all (9,9) € Mg,

< Hy(0,9) — (0 —0)

OH1(2.7)

Hy(0, V) — (0 —0) %0 H5(2,9) (6.2.11)
- _ _O0Hy(@9) =
> (T@)lenaness {Hﬁ(r, 6)—(7"—@)37@—1%(@, 19)} > 0 for all (9,9) € Mues,
and _
OH5(0,9 _
Hy(0,7) — (0 — @)% — Hy(0,7) (6.2.12)

> ¢(0e(0,9) + ols(0,9)]) for all (0,) € My,

It follows from (6.2.10) that the integral on the right-hand side of the
dissipation inequality (6.2.8) is bounded uniformly with respect to & — 0 as
soon as the initial data satisfy (6.1.8), (6.1.9), together with

u.(0,-) = uo,, (6.2.13)
where
oS pine o + 1952 Lm0 + ol 2rpeonmsy <€ (6.2.14)

with ¢ independent of ¢.

Thus relation (6.2.8), together with the structural properties of the func-
tion Hy listed in (6.2.10 - 6.2.12), can be used to deduce uniform bounds
on the family {o.,u.,¥.}.50. To this end, it is convenient to associate to a
family {h.}eso its essential and residual part as follows:

[Peless = hel{ta) | (0o0o)(t)eMess}s [Pelres = Pel{(ta) | (0o02)(t2)eMues}-

The dissipation inequality (6.2.8) gives rise to the following uniform esti-
mates:
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ess sup ||v/0:uc|lr2ms) < ¢, (6.2.15)
te(0,7)
ess sup H [Qs —_ Q] <cg, (6.2.16)
te(0,7) S ess I L2(0;)
V. — 0
ess sup H[ d } <cg, (6.2.17)
t€(0,7) essl1L2(Qc)
€ss sup || [966(957195>]res“L1(95) < 5267 (6'2'18)
te(0,7)
ess sup || [0:5(0s, Ve lves| 100y < E7¢, (6.2.19)
te(0,T)
and
10yt (o170, < €7¢ (6.2.20)

4

Moreover, the measure of the “residual” set is small, specifically,

€ss sup H[l]reSHLl(Qs) < e’c. (6221)
t€(0,T)

Finally, combining (6.2.7), (6.2.20) we conclude that
/ / —)vgcue + Viu, — =div,ud| dz dt <c, (6.2.22)
o Ja. ¥ 3

and
T K
/ / @mﬁg\? dz dt < &%c. (6.2.23)
0 e

Note that all bounds established in (6.2.15 - 6.2.23) have been estab-
lished assuming only the thermodynamics stability hypothesis (6.2.1), the
uniform bound on the data (6.2.14), and the general physical principles
(6.2.2), (6.2.3), (6.2.5), and (6.2.6). In particular, these bounds are inde-
pendent of the specific form of the constitutive relations.

6.2.2 Estimates based on constitutive relations

Unlike the uniform bounds established in the previous part, the following es-
timates are derived under certain restrictions imposed on the material prop-
erties of the fluid. The purpose of these estimates is to control the residual
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part of the quantities appearing in the acoustic equation introduced in Sec-
tion 6.3 below. Note that all restrictions introduced here are technical and
by no means optimal.

Motivated by the existence theory developed in [14], we consider the state
equation for the pressure in the form

2

19§>7 Pr = %1947 &>O,

molecular pressure radiation pressure

(6.2.24)
while the integral energy reads
393 4
6(Qa 19) = 6M(Q> 19) + 6R(Qa 19)7 €M = __P<%)> €rR = a—, (6225)
20 \y2 0
and, in accordance with Gibbs’ relation (6.2.2),
0 4 ¥
s(0,9) = sp(0,9) + sr(o, ), su(o, V) = S<—§>, Sp = —az, (6.2.26)
2
where SP(Z)— ZP'(Z
S'(Z) = 3P ZZPZ) 7o (6.2.27)

2 Z?
The thermodynamics stability hypothesis (6.2.1) reformulated in terms of
the structural properties of P reads

P € C'0,00) N C?*0,00), P(0)=0, P'(Z)>0forall Z>0, (6.2.28)

SP(Z)—ZP'(Z) 2P(z) — zP'(2)

0<?2 < o0. (6.2.29)

Z T 250 z

Furthermore, it follows from (6.2.29) that P(Z)/Z°/? is a decreasing function
of Z, and we assume that
P(Z)

Zh_r)r;O prale Poo > 0. (6.2.30)

The transport coefficients 1 and x are continuously differentiable functions
of the temperature ¢ satisfying the growth restrictions

0 < p(1+9) < p() <aEl+9),
(6.2.31)
0<kr(1+9%) < k() <R +93) for all ¥ > 0,

where i, Ti, Kk, and K are positive constants.
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By virtue of (6.2.31), the uniform estimate (6.2.22) yields
g 2
/0 | Vo + Vi — 2divent o) i < c (6.2.32)

with ¢ independent of ¢ — 0.
In order to get more information, we need the following version of Korn’s
inequality proved in [13, Proposition 6.1].

Proposition 6.2.1. Let Q C R? be a bounded Lipschitz domain. Let r > 0
be a function such that

0<m:/rdx, /7” dz < K for a certain v > 6/5.
Q Q
Then
2
||VHI2/V1’2(Q;R3) < C(m, k,Q)(H V$V+v2v—§diV$VH ||%2(95;R3X3)+/ T|V‘2 dlL’)
Q

for any v € WH2(Q; R?).

Taking r = [0c]ess, V = u. we can cover the domains 2. by a finite number
of cubes and apply Proposition 6.2.1 in order to conclude that

T
/ [0 [[3y1.2 (.9 dt < ¢ uniformly for & — 0, (6.2.33)
0

where we have used the uniform estimates (6.2.15), (6.2.32), together with
the “smallness” of the residual set established in (6.2.21).
Similarly, we can use estimates (6.2.17), (6.2.23) in order to obtain

T T
/O 10:~ 0|2 s, i+ /O 1 og(9.) —log(@)|s,, dt < %c. (6.2.34)

Finally, a combination of (6.2.18), (6.2.30) yields



CHAPTER 6. LOW MACH NUMBER LIMIT 101

ess sup / [0:]2/3 da < £%c. (6.2.35)
te(0,T) -

6.3 Acoustic equation

Acoustic equation is a wave equation governing the time evolution of the
acoustic waves. It can be viewed as a linearization of system (6.1.1 - 6.1.3)
around the static state {g,0,9}. If {0, u., V. }.50 satisfy (6.1.1 - 6.1.3) in
the sense of distributions, we get

/T/ [‘E(QE - §>a“’0 Tl VW] dz dt =0 (6.3.1)
0 Qe

€

for any test function ¢ € D((0,T") x €. );

/OT/ 8Q€<S(Qs,195)8— 8(@,@))@@ b dt 6.

T 2,0) — s(0-, V.
:/ / 595<S(9’ ) — s(e; >)ug-vx¢dx &
0 JQ. €

T

(II196

—l—/ / Kvﬁ -Vep de dt— < 0., >
0 . €

for any test function ¢ € D((0,7) x .); and

/T/ [&T(que) o+ <P(Qs,l95) — p(0, 19)>div$30} dr dt (6.3.3)

£

T
= / / €<S5 — 0:U, ® us) Ve do dt
0 e

for any test function ¢ € D((0,7T) x Q.; R?).
Thus, after a simple manipulation,

T
/ / [67“58,590 + A(o-ue) - ngp] dx dt (6.3.4)
0 B

T > 9 J—
:B/ / 6Qe<s(g,q9) 8(Q67196))u5'va:<,0 de df
0 e

3
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Ve
for all ¢ € D((0,7) x €2), and

T
/ / [e(gsus) <O + rgdivxgo} dr dt (6.3.5)
0 e

T
+B/ / 'N’Cﬁs-vw de dt — B < o.,p >
0 e

:/T/ [n—— <p(95,195)€—p(@,19))]divw dz di

+/0T/E 5(85 — 0. ® us) : Ve do dt

for any test function ¢ € D((0,T) x .; R?), where we have set

0- — 0 5(0:, V) — 5(0, V)
re = A<T> + BQe( - )7 (6.3.6)
with A, B determined through
B@as;%ﬂ) = ap(af;ﬁ), A+ B@as(a@f) = ap(ai;ﬁ). (6.3.7)
As a direct consequence of Gibbs’ relation (6.2.2), we have
ds 1 dp
o0~ Fov

in particular, A > 0 as soon as e, p comply with the thermodynamics stability
hypotheses (6.2.1).
Finally, introducing the “time lifting” . of the measure o. as
t

Y. € L0, T; M (1)), <X,¢ >=<0.,¥ > U(t,z) = / (s, ) ds
0

(6.3.8)
we can rewrite system (6.3.4), (6.3.5) in a concise form

T T
/ / [sZsﬁtgo+AV5~Vx<,o} do dt = / / eFl . V0 do dt (6.3.9)
0 c 0 <

for all o € D((0,T) x Q.),

T T
/ / [aVs-ﬁtcp—i—ZEdivxgp] do dt = / / <5F§ : ng0+5FE3divxcp) de di
0 c 0 <

(6.3.10)

for all ¢ € D((0,T) x Q.; R3),
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where we have set

e__ 57196 - _719 B
Z5:A<Q - Q) +BQE<S(Q >6 5(0 )> + 2%, Vo= o, (63.1)

@75) - 8(@67196))11 + B"ivxﬂs
€ c e,

F? =S, — o.u, @ U, (6.3.13)

€

Fl = B&(S( (6.3.12)

and

FS:EQZEJFA ¢ —2) , p,, 8(95,195)2—8(@19) B p(gs,ﬁs);p(@ﬂ) ‘
R e R )

6.4 Regularization and extension to R®

6.4.1 Uniform estimates

To begin, we establish uniform estimates for all terms appearing on the right-
hand side of acoustic equation (6.3.9), (6.3.10).
Writing
0 (8(§a 19) B S(Qsa ﬁs))

3

T e )

€ 9

we can use the uniform bounds (6.2.16), (6.2.17) in order to obtain

| H[@e]ess(s(@ V) — s(e, M))

3

<ec. (6.4.1)

ess sup
L2(Qe)

te(0,T
Furthermore, estimate (6.4.1) combined with (6.2.33) yields

[ ot (DA,

2

<e, (6.4.2)

€ L(Qc;R3)

where both estimates are uniform for e — 0.
On the other hand, in accordance with (6.2.18), (6.2.21, and (6.2.35),

H[QE]M(S(@, J) — s(pa,ﬁa))’

3

< ee, (6.4.3)

L1(Q)

€ss sup
te(0,T)
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Next it follows from the structural hypotheses (6.2.27 - 6.2.29) that
losar(0,9)] < c(1 + o|log(0)| + o| log()]) for all positive p, 9.
In particular, we deduce from (6.2.21), (6.2.35) that

log(o.)| ‘
£

<cg, (6.4.4)
1,6/5 (Qa)

ess sup

H [0cres|
te(0,7)

which, together with (6.2.33) and the Sobolev embedding relation W12(R3) «—
L* N L%(R?), gives rise to the uniform bound

/T H oc)al logl@)] 17 gy (6.4.5)
0 € ey  — o
Similarly, we can write
’ [Qe]res‘ log(ﬁe)‘uf
9
’ log(ﬂf) - lOg(E)‘ [Qs]res —
< V[0c]ves - V [0c]res [uc| + - lu| [log(V)]

and use the uniform estimates (6.2.15), (6.2.21), (6.2.34), and (6.2.35) in
order to conclude that

/ g H [0c]es| Jog (V)]

g

2

dt < c. (6.4.6)
L1(22)

U

Since exactly the same estimates can be deduced also for the radiation
component g.Sg(0.,9.) ~ 92, we infer that

/OT H[Qg]m(s(@, ) - s(ga,ﬁa))ua

2

<cg, (6.4.7)

€ L1(Qc;R3)

Using estimates (6.2.22), (6.2.23), we get

2

T
V.0
2 TvE
/0 (I 8eleslimons + | Wl g

Finally, the contribution of the radiation energy in (6.2.18) gives rise to a
bound

) dt <ec.  (6.4.8)
LQ(QE§R3)

ess sup / (0.2, dz < e%c (6.4.9)
) J Qe

te(0,T
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which can be used in combination with (6.2.22), (6.2.23) in order to infer
that

2

/OT <|| [ Se]res”%m)s;pngg) + H [K]resszis

As a matter of fact, it can be shown that the presence of radiation terms
is not necessary, however we would have to content ourselves with a weaker

bound

e ‘RS)) dt <e.  (6.4.10)

SE res 112 Q 'HSXS R res
0 ( 87 ) 8/198

Having established all the preliminary estimates we are ready to deduce
uniform bounds on all quantities appearing in the acoustic equation (6.3.9),
(6.3.10).

To begin, it follows from (6.2.16), (6.2.20), (6.2.21), (6.4.1), and (6.4.3)
that

)dtgc.

L1(Qc;R?)

Z.=7+ 72+ 72, (6.4.11)

with
{Z!} .o bounded in L>(0,T; L*(9.)),

{Z2}.20 bounded in L*(0, T; L'(92.)), (6.4.12)

{Z2}.~0 bounded in L*(0,T; M*(€.)).
Similarly, using (6.2.15), (6.2.21) together with (6.2.35), we obtain
V. =V.+VZ (6.4.13)
where

{V1}es0 s bounded in (0, 7% LA(0; ).

(6.4.14)
{VZ%}.. is bounded in L>*(0,T; L'(Q.; R?)).
Furthermore, in accordance with (6.4.2), (6.4.7 - 6.4.10),
F! =F}' +F!?, (6.4.15)
with
{FL1} o bounded in L%(0,T; L?(Q.; R?)),
(6.4.16)

{F1?}.. bounded in L*(0, T; L'(2; R®)).
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By the same token, 6.4.10),
F2 = F2! + F>? (6.4.17)

where

{F?1}_ . is bounded in L?(0,T; L*(2; R3*3)),
(6.4.18)
{F??}..¢ is bounded in L?(0, T; L*(Q; R¥*?)).

Finally, by virtue of our choice of the parameters A, B in (6.3.7), we
conclude, by help of (6.2.16 - 6.2.21), that

F3 = P31 4 32, (6.4.19)
with
{F2"}.>0 bounded in L*(0, T; L'(22.)),

(6.4.20)
{F3?} .. bounded in L*°(0,T; MT()).

6.4.2 Regularization

Our final goal is to show strong convergence of the velocity fields claimed in
(6.1.11). By virtue of the uniform estimates (6.2.33), we already have

u. — u weakly in L*(0,T; W?(B; R*)) for any bounded domain B C R*
(6.4.21)
passing to a suitable subsequence (independent of B) as the case may be.
Let

Mott.a) = [ asle = w)vitn) dy

denote the smoothing operator associated to a family {7s}s>0 or smooth
regularizing kernels supp(n;s] C {|y| < 6}. We claim that the desired relation
(6.1.11) follows as soon as we are able to show

[o-u.]s — o[u]s in L*(0,T; L*(B; R?)) ase — 0
(6.4.22)
for any bounded domain B C R?, and any fixed J > 0.
Indeed relation (6.4.22) implies

E_Qa

[@us]é - 5[ u5]5 + [qus]ﬁ - @[U](g,
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meaning
s — [uls in L2(0, T; L2(B; R®)) for any bounded B C R?;

whence the desired conclusion follows from compactness of the Sobolev em-
bedding W?(B; R?) —< L*(B; R?)).

In order to see (6.4.22), we regularize the acoustic equation, that means,
we take ¢, (t,y) = ¥(t)ns(z — y), ¥ € D(0,T), as test function in (6.3.9),
(6.3.10). The resulting equation reads

£0/[Z2]5 + Adivy[ V] = =div, (Gl + G2,)
a.a. in (0,7) x Q,
eO[Vels + ValZ)s = ediv, (8L, + 12,
(6.4.23)

where, by virtue of the uniform estimates (6.4.16), (6.4.18), and (6.4.20)
{G;,5}5>0 is bounded in L2(0, T; W*1(Q.; R3)),

{G25}c>0 is bounded in L?(0,T; W*2(Q.; R?)),

(6.4.24)
{H! 5}c>0 is bounded in L?(0, T; W*!(Q.; R¥*?)),
{H§75}5>0 is bounded in LQ(O, T; Wk’Q(Qe; R3><3)).
Moreover,
[26]5 — Zél,é + ZEZ’(S’ [V5]5 — [Q5u6]57
with
{ZEI,(;}DO bounded in L>(0,T; W*1(€,))
(6.4.25)

{Z3,5}s>0 bounded in LOO(()’ T; Wk,Q(QE))

for any k£ = 0,1,..., where all bounds depend on k and 0 but they are
uniform for ¢ — 0.
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6.4.3 Extension to the whole space R?

The acoustic equation (6.4.23) admits a finite speed of propagation propor-
tional to e~!. Indeed multiplying the left-hand side of (6.4.23) on [Z., AV_]
we get the expression

2A
(| Ze* + AIVLP) + —dive(ZVe);

whence the desired result follows by integration over an appropriate space-
time cone.

From now on we fix a bounded ball B C R3. Since our goal is to show
strong convergence of {[p.u.]s}e~0 on B as claimed in (6.4.22), the family
{Q:}:>0 enjoys Property L formulated in Section 6.1, meaning the boundaries
). are “far away” from B, and equation (6.4.23) admits the finite speed of
propagation, we can extend all quantities in (6.4.23) onto the whole space
R3 in such a way that

e the acoustic equation (6.4.23) is satisfied a.a. in the set (0,7) x R

e the uniform bounds established in (6.4.24 - 6.4.25) hold with €. re-
placed by R3:

{[V.]5(0,)}es0 is bounded in W*!'(R?: R*) for any k = 0,1, ...
(6.4.26)
(see (6.2.14));

/ 12.05(0,2) dx = 0: (6.4.27)
R3

e all quantities appearing in (6.4.23) have compact support in R*, the
radius of which depends on €.

6.5 Dispersion estimates and time-decay of
the acoustic waves
The problem being reduced to the situation described in Section 6.4, the

proof of the desired relation (6.4.22) will follow from the standard dispersive
estimates for the acoustic equation (6.4.23).
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Integrating the first equation in (6.4.23) and using (6.4.27) we observe
that

/ Z]5(t.2) dx = 0 for all £ € [0, ). (6.5.1)
R3
Let us introduce the Helmholtz decomposition on R3,

v = H[v] + H*[v],

where H ~ V,A~!div, can be determined in terms of the Fourier symbols

as
S
9%
where F denotes the Fourier transform in the x—variable.
Applying H to the second equation in (6.4.23) we deduce easily that

HA[v] = 72, |

-

Faoe [V]] )

H[ [o.u.]5] — H] [pu]s] = 7[u]s in L*(0,T; L*(B; R?)) (6.5.2)

for any fixed § > 0. Consequently, in order to complete the proof of (6.4.22),
it is enough to handle the gradient component

HL[ [qus]é] - Hl[ [Vs]5 ] - VwA_ldiVa:[Va]é‘

For
U, = A_ldiV$[V5]5, e = —[25]5

we have a ”classical” wave equation

€0z — AAV, = (g + ¢?) (6.5.3)
e0, U, — z. = e(hl + h?), (6.5.4)

supplemented with the initial conditions

where, in accordance with (6.4.24 - 6.4.26),

{WUo,c}es0, {#0e}e>0 are bounded in WH2(R?), (6.5.6)

/ng;' dXZ/Rghi dx =0, i=1,2, (6.5.7)
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{9} es0, {hl}eso are bounded in L*(0, T; WH(R?)), (6.5.8)
and

{g?}es0, {h?}os0 are bounded in L*(0,T; W*2(R?)) (6.5.9)
forany k =0,1,...

Since [V,]s coincides with [p.u.]s on the set (0,7) x B, and since we have
already shown (6.5.2), relation (6.4.22) follows as soon as we are able to verify
that

¥, — 0in L*(0,T; W"*(B)). (6.5.10)

Any solution of (6.5.3 - 6.5.5) can be expressed by means of Duhamel’s
formula

i Jo=s@ [ [ [ [T | oo

20 | | z(t)
sof2]-[20] -
is the unique solutions of the homogeneous problem

Oz — AAY =0, O,V — 2z =0, 2(0) = 2z, ¥(0) = V,. (6.5.13)

As we need only a local bound, the component

Pty [ 6i(s)

S(==2) | Sy |

/5= { hi(s) ] i
is easily controlled by means of the classical L' — L dispersive estimates
for the wave equation (see Strauss [41, Chapter 1]). In order to handle

the L?—terms, we use the following result by Burq [2, Theorem 3] (see also
Metcalfe [27, Lemma 4.1]).

Proposition 6.5.1. For any function x € D(R®), there is a constant ¢ =

{ :| I 2
\Ijo (RB)XDO’ (RB)

[ esola)]
(6.5.14)

where Dé’Q(R?’) 18 the so called homogeneous Sobolev space, i.e. a completion
of functions from D(R?) with respect to the gradient norm ||V, - || 2(gs).

2 2

dt <c

Y

L2(R3)xDy* (R3)
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Rescaling (6.5.14) in ¢t we get
2

2
*° t
[ s ] e ] asee| o .
—00 € Oe 1llz2(ByxDL?(B) O 11l L2(R3)xDy? (R3)
(6.5.15)
Finally, by the same token
Tt 2
/ /S( S) Hg(s) }ds dt (6.5.16)
o IlJo 3 =(s) L2(B)x Dy (B)
T 00 t . ) 2
<) [ [s()s(2) | ) ] at ds
0 Jooo 3 € =(s) L2(B)x DY (B)
T o ) 2
< sc(T)/ S(—S [ gg(s> } ds
0 € ha(s) LQ(R3)><D(1)"2(R3)
T 2 2
= 6C(T)/ { %2(8) } ds,
0 5(S> LQ(R3)><D(1)’2(R3)

where we have used the fact that (S(t))ier is a group of isometries on

L*(R?) x Dy*(R?).
Combining (6.5.9), (6.5.15), (6.5.16) we obtain (6.5.10).

6.6 Conclusion - main result

We have proved the following result.
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Theorem 6.6.1. Let {Q.}.~o be a family of domains in R® enjoying Prop-
erty L introduced in Section 6.1. Assume that the thermodynamics func-
tions p, e, s as well as the transport coefficients i, k satisfy the structural
hypotheses (6.2.24 - 6.2.31). Let {o-,u., V. }eso be a distributional solution
of the Navier-Stokes-Fourier system (6.1.1 - 6.1.5) in (0,T) x Q. satis-

fying (6.2.3 - 6.2.7) and emanating from the initial data (6.1.8), (6.1.9),
(6.2.13) satisfying (6.2.14).

Then, at least for a suitable subsequence,

u. — u in L*(0,T; L*(B; R®)) for any bounded ball B C R,

where div,u = 0.

The presence of the radiation terms in the system is not necessary. The
same result can be obtained if @ = 0 in (6.2.24).



Chapter 7

Conclusion

In the previous chapters, an approach to the problems of compressible fluid
flow on unbounded domains was shown. In the first part, the existence of
weak solutions was studied and the results were reported as they occured
through the time. In the second part, i.e. in the last chapter, the question of
qualitative behavior of the weak solutions in the process of low Mach number
limit was studied.

The first contribution concerned with generalization of the existence re-
sult of the weak solutions to the compressible full system of equations to
bounded Lipschitz domains. The main tool was existing theory and the strat-
egy of the proof lied in inserting an additional approximating sequence inside
the limit process. The restriction on Lipschitz domains and the type of con-
vergence of these domains emerged from estimates for the limit passage in
the entropy inequality and has been weakened by the later results (published
in this thesis).

The second result dealt with the unbounded domain case. The model
proposed reflects the additional radiative viscosity term due to Oxenius [35].
This radiative term, which presence is influential in the case of high temper-
ature regimes, makes the viscosity to be proportional to the fourth power of
the temperature. Thanks to the radiative viscosity phenomenon, one could
employ the internal energy inequality in order to get estimates on the gradient
of the velocity. The drawback of this approach was an additional constrain
on the growth of the pressure terms.

The generalization to the unbounded domains reached its top in the third
result. The model uses the general pressure function in the constitutive as-
sumptions and the existence result given concerns with an arbitrary open set.
Furthermore, the problem of attaining the initial data and so called formal
compatibility are studied as well. The extent of these results required general
approach: Unknown bounds on the temperature in L? required the use of

113
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the Muckenhoupt theory of weights, which required to pay a special attention
to all the steps in order get through several narrow integrability constrains.

In the next result, the focus moved to the question of the full system of
equations in the case of unbounded domains with nonhomogeneous boun-
dary conditions for the density and temperature at infinity. The basic idea
was similar to the previous approach — benefit from the existing theory for
bounded domains and approximate the unbounded domains with the bounded
ones. The presence of the nonvanishing density and temperature would, how-
ever, imply nonintegrability of the internal (and so the total) energy term.
This obstacle was bypassed by the introduction of the linearized energy term
in the form of the so called Helmholtz-like total energy. This approach facili-
tated the process of the integrability estimates. On the other hand, the price
paid was a lack of the formal compatibility which seems to be disrupted in
this approach.

The study of the existence question was closed at this point. In the follow-
ing chapter, the attention was given to the qualitative behavior of the com-
pressible flow on an unbounded domain in the low Mach number limit.
The problem reduced onto the question of strong convergence of the ve-
locity field, i.e. one had to focus on showing strong relative compactness of
the velocity sequence. The compactness of the velocity sequence was recov-
ered through the analysis of the related accoustic equation and the dispersive
estimates.
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