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Abstract: The presented study gives a comprehensive overview of the theory
and the evidence for a systematically varying stellar initial mass function (IMF).
Then we focus on the impact of this paradigm change, that is, from the universal
invariant IMF to a variable IMF, on galaxy chemical evolution (GCE) studies.
For this aim, we developed the first GCE code, GalIMF, that is able to incor-
porate the empirically calibrated environment-dependent IMF variation theory,
the integrated galactic initial mass function (IGIMF) theory. In this theory, the
galaxy-wide IMF is calculated by summing all the IMFs in all embedded star clus-
ters which formed throughout the galaxy in 10 Myr time epochs. The GalIMF
code recalculates the galaxy-wide IMF at each time step because the integrated
galaxy-wide IMF depends on the galactic star formation rate and metallicity.
The resulting galaxy-wide IMF and metal abundance evolve with time. Using
this code, we examine the chemical evolution of early-type galaxies (ETGs) from
dwarf to the most massive. We find that the introduction of the non-canonical
IMF affects the best estimation of the galaxy properties such as their mass, star
formation history, and star formation efficiency. Moreover, we are able to provide
an independent estimation on the stellar formation timescale of galaxies, the type
Ia supernova production efficiency, and constrain the IMF variation law of the
low-mass stars. This work provides to the community the publicly available Gal-
IMF code with improved constraints on the IMF variation and has, for the first
time, resolved the discrepancy between the galaxy formation timescales obtained
from stellar population synthesis and chemical enrichment studies.
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Introduction
Modern astrophysics has gone through two major revolutions. One is the Monte
Carlo method and Bayes’ theorem. The other is the advances in computational
power and numerical optimisation routines. As a result, scientific development
has become dependent more on pure and parallel computation rather than dis-
cursive and linearly ordered reasoning. The conclusions are given more precise
and quantitative but not necessarily more helpful when it is buried in implicit
assumptions, difficult to compare with inconsistent peer results.

The subject of the present work, that is, the study of galaxy chemical evo-
lution (GCE), has benefited from and, in the meantime, is a victim of modern
astrophysics development. The numerical GCE study depends heavily on com-
plicated galaxy models with many parameters describing physical processes not
independently well constrained but only justified by the fact that the model as a
whole can reproduce the observed feature of galaxies. The GCE study aims to
find the most likely formation and evolution history of galaxies that reproduce
the chemical abundances we observe today, and by doing so, achieves a better
understanding of how galaxies form. However, this methodology is greatly weak-
ened by our capability to accurately measure the chemical abundances of the real
galaxies and the limitations of our galaxy model.

On one hand, the measured galaxy abundance that a GCE code aims to re-
produce is not certain at all. The galaxy chemical abundance given by a stellar
population synthesis (SPS) code depends on the assumed spectrum of single stars
and the distribution of the stellar masses, ages, and element abundances. There is
a limited number of spectrum models with different stellar initial element abun-
dances, evolving to different phases in the lifetime of a star, and affected by
different degrees of dust attenuation. These spectrum models are either cali-
brated by local stars close to our Sun, which have similar abundances and do not
cover every stellar evolution phase or are predicted by theoretical models that
are difficult to validate. It is true that different stellar spectrum libraries provide
spectra similar enough to not cause a significant difference in the results of the
SPS but systematic errors and confirmation bias cannot be excluded.

On the other hand, there are large uncertainties in a GCE model. When
and how stars form and what elements do they eject during their final explosion
are under debate. The simulation of the hydrodynamic evolution of the gas
in a galaxy is not accurate. The physical processes such as gas mixing, cooling,
accretion, and stellar feedback in GCE models are still represented by parameters
that are not well constrained, let along with the gas with different temperatures
and abundances of different elements. In fact, it is not a surprise that we can
find more degrees of freedom in a GCE model than the number of observational
constraints because we observe only the present-day snapshot of a galaxy while
the GCE model simulates its evolution. The more complex a model becomes
and the more free parameters (or not well-constrained parameters) it includes to
explain a given set of observations, the less predictive power it has.

In particular, the standard GCE model has originally been developed to ex-
plain and, therefore, being calibrated by the observation of stars in the MW
galaxy. The complex formation history of our disc galaxy results in multiple
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stellar populations with significantly different abundance features that require an
equally complex GCE model to explain. However, for the extra-galactic galaxies,
the information we have accumulated is much less and they form in environments
nothing like the MW. The consequence is that the complex GCE model devel-
oped over the years with parameters fine-tuned to fit the MW observations is not
directly applicable to the extra-galactic galaxies. The value of the many free pa-
rameters has not been validated in a different environment nor do we have enough
independent observational constraints to do so. The solution to the current situa-
tion is to apply a much more simplified GCE model, a basic version that balances
the number of free parameters and observational constraints, and starts from the
beginning to first explain the global properties of the extra-galactic galaxies. Ba-
sically, we need to climb the ladder again from a different starting point to reach a
different roof. We need to first adjust the most influential zero-order parameters
before we trying to fit the higher-order details.

For example, it has been a long-standing problem to understand the fast
formation and early enrichment of the massive elliptical galaxies applying the
standard GCE models. Their stellar population appears to be too metal-rich
and α-element1 enhanced (Thomas et al., 2005; Yan et al., 2019a). The X-ray
observation of the gas surrounding the galaxy clusters supports this picture – far
more metal exists than the amount a standard GCE model can produce (Renzini
and Andreon, 2014; Urban et al., 2017; Ghizzardi et al., 2021). Complex galactic
feedback models have been developed in order to solve this mystery but failed
(De Lucia et al., 2017; Okamoto et al., 2017) because people are trying to reach
a different roof without climbing down their current ladder. Problems exist also
on the lower end of the galaxy mass distribution. The ultra-faint dwarf galaxies
appear to have an abnormally low star formation efficiency (Vincenzo et al., 2014;
Romano et al., 2015) and abundance ratios difficult to understand within the
standard GCE model (Fernández-Alvar et al., 2018; Theler et al., 2020; Minelli
et al., 2021). It is shown in Pflamm-Altenburg and Kroupa (2009) and one of my
studies below (Chapter 3.1) that these abnormal features are only apparent when
one applies the standard GCE model overfitted by MW observations. Then the
only question is, what is the most important component of a GCE that we need
to reconsider when studying the extra-galactic galaxies?

Unarguably, the stellar initial mass function (IMF) in the GCE model needs
to be examined with caution, that is, how many low-mass stars and how many
massive stars form in a stellar population. It has been studied in detail through
observation and computational models on how stars evolve differently due to
the difference in their initial masses. Low mass stars with a mass of less than
about eight solar masses (denoted by M⊙ throughout this thesis) end up as white
dwarfs which then have a chance to ignite as a thermonuclear supernova if they
obtain enough additional mass from a companion star. The best-known object
in this class, the Type Ia supernova (SNIa, we use this term interchangeably
with thermonuclear supernova throughout this thesis), produces most of the iron
peak elements in the universe over a Gyr to 10 Gyr timescale after the formation
of their progenitor stellar population (cf. Eq. 2.10 below). Massive stars above
about 8 M⊙, on the other hand, are likely to explode as a core-collapse supernovae

1α-elements, including O, Mg, Si, S, and Ca, are synthesised by core-collapse supernovae
through α-particle capture.
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(CCSN) within 40 Myr, a blink of an eye in galaxy evolution. CCSN distribute
most of the α elements to the galaxy and may leave a neutron star or black
hole stellar remnant. Therefore, the GCE involving the abundance of different
elements in a galaxy depends strongly on the mass distribution of the stars, that
is, IMF. This is indeed the standing ground of our ladder for any GCE research.

The standard GCE model has been assuming that the IMF for all stellar pop-
ulations is the same – the universal and invariant IMF. This idea is supported by
the observation of the local universe, where it is found that stellar populations in
vastly different environments across several orders of magnitude of temperature
and density have indistinguishable IMFs (Kroupa, 2002; Bastian et al., 2010).
This is partially due to the fact that the measurement of the IMF is difficult
and has large uncertainties. With new IMF indicators and better telescopes for
observing extra-galactic galaxies that live in more extreme environments, a sys-
tematic variation of the IMF has been discovered (see the overwhelming evidence
listed in Chapter 1) and is consistently described by the integrated-galactic IMF
(IGIMF) theory (Yan et al., 2017, and references therein). This recent develop-
ment of the IGIMF theory needs to be convolved with the GCE studies.

The IMF variation in GCE is the theme of my doctoral study where a new
GCE model with an environment-dependent IMF and a high temporal resolution
is developed particularly for this purpose. The implications of this important
model paradigm shift are discussed. For example, how the constraints are changed
regarding the physics of stellar evolution and formation, the yield and frequency
of core-collapse and Type Ia supernovae, the formation history of galaxies and
the recycling of gas. We explore a vast parameter space of SFH, gas supplies,
different IMF variation models and SNIa models to demonstrate their effects,
utilizing the SIRRAH computer cluster of the Astronomical Institute of the Fac-
ulty of Mathematics and Physics of Charles University. The GCE results with
the variable galaxy-wide IMF (gwIMF, calculated with the IGIMF theory) are
compared side by side with the same model assuming an invariant canonical IMF.

In Chapter 1, we explore the literature on the IMF variation indicators and
the pattern of how the IMF varies with the physical properties of the star-forming
region. The mathematical formula of the IGIMF theory is developed and pro-
grammed, with which we are able to confront the theoretical description with
observation. The IGIMF theory is implemented in the galaxy chemical evolu-
tion model in Chapter 2 to further test the IGIMF theory. A publicly available
python code, GalIMF, is developed to allow for the environment-depended IMF
variation and custom applications. In a first study, the GCE model is simplified
to a closed-box model and applied to early-type galaxies (ETGs) to study the
potential effects of the IGIMF theory. Two realistic applications of the GalIMF
are further explored in Chapter 3. In Section 3.1, a case study to reproduce
the observed property of a dwarf galaxy, Boötes I, demonstrates that the IGIMF
theory explains the observation better than an invariant canonical IMF. The in-
troduction of the new IMF formulation changes our understanding of the star
formation efficiency of this ultra-faint dwarf galaxy (UFD). Similarly, when we
apply the IGIMF theory to ETGs with different masses in Section 3.2, the esti-
mation of their star formation timescales (SFTs) is different from the canonical
model. The canonical model tends to result in extremely short SFT estimations
for the massive ETGs, which are difficult to reconcile with hydrodynamical mod-
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elling of galaxy formation. This long-standing problem can be solved naturally
with the IGIMF theory. Finally, a summary of these studies and the conclusion
is given.

This thesis is based on five refereed publications of which the author of this
thesis is the first author (see attached list of publications). This series of publica-
tions are merged, restructured, and modified to give a linearly ordered reasoning.
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1. IMF variation

This chapter is partially based on the publication Yan, Jeřábková, and
Kroupa (2017) with the title “The optimally sampled galaxy-wide stellar
initial mass function - Observational tests and the publicly available Gal-
IMF code” and Yan, Jeřábková, and Kroupa (2021) with the title “Down-
sizing revised: Longer star formation timescales for elliptical galaxies with
an environment-dependent IMF and number of SNIa”. Modifications were
made in order to present it as a chapter in the thesis.

1.1 Introduction: What is the IMF?
The birth mass distribution of stars determines the observed properties of stellar
populations and is critical to a wide range of astrophysical applications including
star formation, stellar populations, galaxy evolution and more (Kennicutt, 1998).
This mass distribution of stars is described by their initial mass function (IMF),
which is the function for the number of stars per stellar mass bin. Since it
is of crucial importance to achieve the correct IMF for the stellar population
being studied, a huge amount of effort has been devoted to measuring the IMF
since about a century ago with a growing number of review articles dedicated to
it (see Section 1.2 below). Using the observed luminosity distribution of stars
and an approximated stellar mass-luminosity relation, Salpeter (1955) was able
to first measure the IMF of field stars in the solar neighbourhood with a mass
between 0.4 and 10 M⊙. The result shows that the IMF can be described by a
power law. Miller and Scalo (1979) updated the Salpeter IMF for a larger mass
range. Then Scalo (1986) gave a much more detailed discussion and discovered
subtle features of the IMF. After that, Kroupa et al. (1993) recovers a smooth
two-part power-law IMF by showing that the subtle features are due to changes
in the stellar mass-luminosity relation and they also, for the first time, applied
corrections for unresolved multiple stars. See Fig. 1.1 for a comparison of these
IMF measurements for the local field stars and Kroupa and Jerabkova (2019) for
more historical details.

As emphasised by Kroupa et al. (2013), in contradiction with the local mea-
surements, a variable stellar initial mass function (IMF) has been expected by
theoretical studies for a long time since the star-forming environment should in
principle affect the masses of stars that form, for example, through an ambient gas
temperature, metallicity, density, and pressure dependences, as argued by Adams
and Fatuzzo (1996), Larson (1998), Elmegreen (2004), Dib et al. (2007), and Pa-
padopoulos (2010). Although much effort has been invested in constraining the
shape and possible variation of the IMF (Hopkins, 2013, 2018), a comprehensive
theory, supported by observational evidence, has not been fully developed. The
successful theory describing star formation and IMF must be consistent with the
observations both on star cluster and galaxy scales and also needs to be able to
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Figure 1.1: Figure taken from Kroupa and Jerabkova 2019. It shows the development history
of IMF measurements. From top to bottom, the IMF determined by Salpeter (1955) (blue),
Miller and Scalo (1979) (dashed black), Scalo (1986) (solid black), and the present-day generally
accepted Kroupa IMF (Kroupa et al. 1993 and Kroupa 2001, green and red, respectively, in
near-exact agreement with the Chabrier 2003 IMF). The IMFs are shifted vertically arbitrarily
to demonstrate their differences.
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make predictions of new phenomena.
A top-heavy IMF in high redshift starburst galaxies is well physically moti-

vated. The early universe has a lower metallicity and a higher ambient temper-
ature, yielding higher stellar masses after accretion (Larson, 1998; Adams and
Laughlin, 1996). The extremely metal-poor Population III stars are predicted to
have an IMF shifted to higher masses, which results in a top-heavy IMF when
combined with other stellar populations. The higher ISM temperature in the
early universe leads to a higher Jean’s mass, also suggesting a top-heavy IMF
(Narayanan and Davé, 2013). Distinct physical processes like collapse, accretion,
and dynamical processes are considered as possible origins for the observed rela-
tive variations of the IMF in Elmegreen (2004). The model of Elmegreen (2004)
suggests a top-heavy IMF in starburst clusters and a bottom-heavy IMF in low
surface brightness galaxies. A model considering pre-stellar condensations also
suggests a top-heavy IMF in some starburst clusters (Shadmehri, 2004).

This chapter describes the evidence for a systematically varying IMF on dif-
ferent scales in Section 1.2 then it introduces the up-to-date formulation of the
IGIMF theory in Section 1.3, which accounts for the IMF variation as a function
of star formation environment. Finally, we compare the IMF properties calculated
by the IGIMF theory with observations in Section 1.4.

1.2 Observation

1.2.1 Historical consensus of a universal IMF
Star-formation has a complex multi-scale physical nature occurring in sub-parsec
regions of molecular clouds, at the same time being coupled to the galactic gravita-
tional potential affected by tides and shears. This poses a computational challenge
pushing technical feasibility in terms of computational time and the required spa-
tial resolution. On the other hand, detailed observations of star-forming regions
nearby are limited by the near-uniformity of environments, such as the cloud den-
sity and metallicity. The investigation of a large variety of different environments
in galaxies near and far is limited by observational resolution and it is difficult to
break the degeneracy between different physical effects (IMF, star formation his-
tory, dust reddening, metallicity, etc.) on the integrated light of a galaxy. Thus,
despite a large and fruitful community effort in this field, we are still lacking the
full picture of how stars and star clusters form and what are the true IMFs for
those extragalactic stellar systems where single stars cannot be resolved. Using
resolved stellar populations in the local universe, different functional forms have
been proposed to describe the IMF (Salpeter 1955; Scalo 1986; Kroupa 2001;
Chabrier 2003, among the most popular). Since 2000, a consensus has emerged
for the massive end of the IMF that it is a power-law function. Kroupa (2001,
2002) demonstrated that the observed IMF power-law index above a few solar
masses shows a scatter that is smaller than random sampling would give (see
Kroupa et al. 2013, their Fig. 27) being consistent with the assumption that
the IMF is universal and invariant. Therefore, it is generally accepted that the
stellar IMF in star clusters is the universal canonical IMF, for example, the two-
part power-law Kroupa IMF (Kroupa, 2001, 2002; Bastian et al., 2010; Kroupa
et al., 2013). The lack of scatter and the existence of the mmax–Mecl relation (see
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Section 1.3.2 below) are interpreted by Kroupa et al. (2013) to imply the IMF
to be an optimal distribution function (and not a probability density) which is
consistent with star formation being highly self-regulated.

1.2.2 IMF variation on different scales
For the IMF in star clusters, many teams are focusing on detailed hydrodynamical
simulations studying the initial fragmentation of molecular clouds and trying to
reach as high a resolution as possible (e.g. Klessen and Hennebelle 2010, Feder-
rath 2016, Vázquez-Semadeni et al. 2018, Bate 2019, and Guszejnov et al. 2021)
in order to be able to capture the complex filamentary structure of molecular
clouds (e.g. Hacar et al. 2017, 2018). Marks et al. (2012), applying N-body sim-
ulations, demonstrated that the IMF of globular clusters within the Milky Way
is a function of their metallicity and mass (cf. Banerjee and Kroupa 2018). From
an observational point of view, one can use sub-mm facilities such as APEX or
ALMA to investigate the structure of molecular clouds finding more evidence
pointing to star-formation happening in thin dense filaments ((Hacar et al., 2017,
2018)). Researching the later stages of star-formation is now becoming possible
thanks to the Gaia satellite (e.g. Zari et al. 2018, 2019). The ultra-compact
dwarf galaxies, some considered as very massive star clusters, also show evidence
of having a top-heavy IMF (Dabringhausen et al. 2009 and Dabringhausen et al.
2012).

On the galaxy scale, Matteucci and Brocato (1990); Vazdekis et al. (2003);
Hoversten and Glazebrook (2008); Lee et al. (2009); Meurer et al. (2009); Gu-
nawardhana et al. (2011), and Zhang et al. (2018) have shown with independent
methods that galaxy-wide IMFs (gwIMFs) appear to have a systematic variation,
being different in star-forming regions with a more extreme environment (revealed
by the galaxy-wide star formation rate). In recent years, pioneering studies us-
ing spatially resolved spectroscopy (e.g. Mart́ın-Navarro et al. 2015; La Barbera
et al. 2017, 2019) are now starting a new branch of research, e.g. Mart́ın-Navarro
et al. 2019; Fensch et al. 2019; Emsellem et al. 2019. These studies of stellar
populations are also being combined with dynamical modelling (Poci et al., 2019,
2021) presenting powerful tools that can identify different stellar populations in
a galaxy in a more reliable way and also getting a better understanding of the
formation assembly.

Galaxy clusters appear to form more metal elements than expected assuming
a canonical IMF, suggesting a top-heavy IMF. More massive galaxy clusters have
smaller stellar-mass fraction but a similar intracluster medium (ICM) metallicity,
thus generating a major tension with the nucleosynthesis expectation and inflating
the ratio of metal mass in ICM and stars to extremely high values (up to ≈6,
Renzini and Andreon 2014).

1.2.3 IMF variation at different redshifts
In terms of the redshift and at redshift z ≈ 0, evidence has suggested a clear
correlation between the mass of nearby massive elliptical galaxies and their IMF
slope, supporting a more bottom-heavy IMF for more massive galaxies. Many
such studies are based on spectral synthesis of the galaxy. For example, Conroy
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and van Dokkum (2012) studied the spectral absorption lines in 34 nearby ETGs
and suggest that the most plausible explanation is that the IMF becomes increas-
ingly bottom-heavy with increasing velocity dispersion. Similarly, Lagattuta et al.
(2017) studied the near-infrared spectroscopy of nearby massive ETGs and con-
clude that higher mass galaxies are better described with a steeper (dwarf-star
rich) IMF slope. A consistent result according to investigations of SDSS galaxies
is given by Spiniello et al. (2012); Ferreras et al. (2013); Tortora et al. (2013);
La Barbera et al. (2013); Spiniello et al. (2014); Clauwens et al. (2016), suggest-
ing a significantly bottom-heavy IMF which correlates strongly with the galaxy
velocity dispersion. Smith et al. (2015a) report that the Na I doublet at 1.14
µm of massive passive galaxies suggests a steeper IMF with increasing velocity
dispersion. Then La Barbera et al. (2017) confirmed this study by analyzing four
Na features in the optical and near-infrared spectral ranges of two nearby massive
ETGs which matched a bottom-heavy IMF. In addition, Spiniello et al. (2015)
show that the non-universality of the low-mass end of the IMF is robust against
the choice of the SSP model.

Higher redshift galaxies seem to show the same character. Mart́ın-Navarro
et al. (2015) suggest that the IMF of a sample of 49 massive quiescent galaxies
at 0.9 < z < 1.5 is bottom-heavier for more massive galaxies and has remained
unchanged in the last ≈ 8 Gyr. Cañameras et al. (2017) provide the first direct
constraints on the IMF at z = 1.5 in a lens, deducing a bottom-heavy IMF.
At redshift about 4 to 7, González et al. (2011) find a steep low-mass IMF slope
using FAST spectral energy distribution (SED) fitting with a constant SFR and a
Salpeter-like (single slope) IMF assumption. Duncan et al. (2014), using a similar
method on the galaxies in the same redshift range but with an exponentially
decreasing SFR and a Chabrier IMF (Chabrier, 2003), find a significantly steeper
low-mass IMF slope and the slope is steeper at higher redshift (see Duncan et al.
2014 their figure 10).

However, the canonical invariant or bottom-heavy IMF cannot account for
the Solar or even super-Solar metallicities of massive galaxies at high redshift
as is explained by Weidner et al. (2013a). The metal enrichment of the massive
galaxies is too early and too fast (Urban et al., 2017).

1.2.4 Scaling relations
Efforts have been made to understand the relation found between IMF slope
and galaxy mass as a combination of the mass–metallicity and the metallicity–
IMF slope relations. The radial gradients of IMF sensitive features in a sample
of 24 ETGs observed by the CALIFA survey in Mart́ın-Navarro et al. (2015)
find that the IMF is tightly related to metallicity, becoming more bottom-heavy
toward metal-rich populations. The most recent study assessing the diversity of
IMF and stellar population maps within the Fornax Cluster confirms the strong
metallicity–IMF slope correlation (Mart́ın-Navarro et al., 2021) with metal-rich
galaxies forming more low-mass stars than expected by the canonical IMF.

Concerning the abundance ratio of α elements, the IMF correlation with, for
instance, the [Mg/Fe] value seems not to be settled. La Barbera et al. (2013,
2015) find that there is no obvious correlation while Smith et al. (2012); Conroy
and van Dokkum (2012); Conroy et al. (2014) find that the IMF becomes increas-
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ingly bottom-heavy with increasing [Mg/Fe]. Under the conventional assumption
that these ratios reflect the star-formation timescale, with higher [Mg/Fe] values
corresponding to shorter timescales, these studies suggest that galaxies harbour-
ing α-enhanced stellar populations formed in rapid and intense starbursts tend
to generate a larger population of low-mass stars than galaxies with extended
star-formation histories. Chabrier et al. (2014) then state that such a variation
can be caused by the turbulence in high SFR regions which fragment the cloud
into smaller pieces. However, not discussed by the authors, the assumption that
reflects the star-formation time scale is itself based on the assumption that IMF
is invariant. Once applying a bottom-heavy IMF, the [Mg/Fe] ratio naturally
becomes larger and thus counterweights the relation because, although the ratio
of the number of potential progenitors for CCSN and SNIa keeps the same when
the top-part of the IMF (for stars with a mass above 1 M⊙) is unchanged, the
number of SNIa depends on the square of the number of its potential progenitors
(i.e. stars with initial mass between about 3 and 8 M⊙ see Eq. 2.11 below) while
the number of CCSN changes linearly with the number of stars above 8 M⊙.
In addition, the assumption that the trends of [α/Fe] ratios can be simply con-
verted into relative time-scale indicators is not valid according to De Lucia et al.
(2017). Thus the interpretation of a relation between SFR and low-mass IMF
slope may not be reliable, requiring a more robust analysis (for example, Recchi
et al. (2009)). Even if the progenitor-SFR–IMF-slope relation is real, it is not
a current-SFR–IMF-slope relation and the causation of this correlation is un-
clear. Moreover, the low-mass IMF studies certainly do not give information on
the high-mass IMF behaviour as shown by some X-ray studies mentioned below.
Saying all this, Smith et al. (2012); Conroy and van Dokkum (2012); Conroy et al.
(2014)’s conjecture is consistent with the more direct constraints summarised in
Duncan et al. (2014) as mentioned above, and the conjecture is physically moti-
vated as suggested by Chabrier et al. (2014). Together, they indicate a low-mass
IMF slope–SFR relation and the IMF is more bottom-heavy for higher SFR.

The strong lensing studies lead to different deductions concerning the bottom-
heavy IMF than suggested by the above studies on dwarf-star-sensitive spectral
features. Auger et al. (2010); Barnabè et al. (2013) use stellar dynamics, strong
lensing, stellar population synthesis models, and weak lensing shear measure-
ments to constrain the dark matter profile and stellar mass in nearby massive
ETGs. These studies prefer a Salpeter-like IMF over a Chabrier or Kroupa IMF1

being consistent with spectral studies. On the other hand, Smith and Lucey
(2013); Smith et al. (2015b); Newman et al. (2017) show that some nearby ETGs
are only consistent with a Kroupa IMF while a ”heavyweight” IMF, with a mass
twice as large as the Kroupa case, is firmly excluded, suggesting tension between
dwarf-star indicators and lensing-mass constraints. They conclude that current
models struggle to reconcile this feature in the most massive galaxies without
breaking other constraints, and caution against over-reliance on the sodium lines
in spectroscopic IMF studies. Finally, Leier et al. (2016) reveal a large range of
allowed IMF slopes, which may explain the above disagreement, but they need to
invoke a significant dark matter component which may be stellar remnants from
a top-heavy IMF (see below) rather than a dark matter component (Kroupa,

1The Chabrier IMF (Chabrier, 2003) is indistinguishable from the previously constrained
canonical Kroupa IMF (Kroupa, 2001) as shown in Fig.8 in Dabringhausen et al. (2008).
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2015).

1.2.5 Towards an environment-dependent IMF
The above observations for the bottom-part of the IMF, that is, the observed
massive low-redshift galaxies with a bottom-heavy IMF, do not suggest that the
IMF in the star-forming progenitors of these massive galaxies in the early Uni-
verse have lack of massive stars because the massive stars have a short lifetime
and are not observed. Many astronomical facts suggest a top-heavy IMF for
massive galaxies. Matteucci (1994) was the first to deduce that massive elliptical
galaxies should have had a top-heavy IMF given their chemical abundances. It
is also suspected that a top-heavy IMF could help to account for the energet-
ics and chemical enrichment of the early Universe (Larson, 1998). In addition,
semi-analytic models of galaxy formation demonstrate that a top-heavy IMF in
starbursts can adequately account for the chemical abundances of sub-millimetre
galaxies (SMG) at high redshifts while previous models with an invariant IMF
can not (Muñoz et al., 2011; Lacey et al., 2016). Likewise, dust produced only
by low-to-intermediate-mass stars falls a factor 240 short of the observed dust
masses of SMGs in the semi-analytic model, supporting the need for higher su-
pernova yields, substantial grain growth in the interstellar medium or a top-heavy
IMF if dust is produced by both low-mass stars and supernovae and is not ef-
ficiently destroyed by supernova shocks (Rowlands et al., 2014). Haghi et al.
(2017) applied the top-heavy IMF derived by Marks et al. (2012) and signify
that the combination of the density- and metallicity-dependent top-heavy IMF,
the anti-correlation between age and metallicity, stellar evolution, and standard
dynamical evolution yields the best possible agreement with the observed trend
of M/L-[Fe/H] for M31 globular clusters (GCs). Finally, Romano et al. (2017);
Zhang et al. (2018) constrain the stellar IMF in galaxies using C, O and N iso-
tope abundance ratios and find compelling evidence for a top-heavy stellar IMF
in starburst galaxies.

We argue that galaxies cannot be described by a single age single metallic-
ity SSP model as is assumed in van Dokkum and Conroy (2010). However, van
Dokkum notes this potential threat and point out that their result is not consis-
tent with the observed colour and M/L evolution of massive cluster galaxies. In-
deed, Weidner et al. (2013a); Ferreras et al. (2015) show that no time-independent
IMF is capable to reproduce the full set of constraints on the stellar populations
of massive ETGs. So the apparant excess of low-mass stars in the present mas-
sive ellipticals do not necessarily imply a bottom-heavy IMF of their star-forming
progenitors. Indeed, Gunawardhana et al. (2011) study the different evolutionary
paths a galaxy would take in the Hα equivalent width and g–r colour plane with
a sample of about 33000 galaxies from the Galaxy And Mass Assembly (GAMA)
survey and find that the stellar IMF within galaxies has a strong variation with
the galaxy SFR by becoming increasingly top-heavy with increasing SFR.

As mentioned above, the low-redshift low-mass IMF studies do not tell us
much about the high-mass IMF behaviour. If we assume that the low-mass
IMF shape can be extrapolated to the high-mass range, one finds that a top-
light IMF can not account for the high metal abundance of massive galaxies
(Weidner et al., 2013a). X-ray observations sensitive to the high-mass IMF also
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show disagreements with the low-mass IMF trend. Coulter et al. (2017) count
the low-mass X-ray binaries per unit near-IR luminosity in seven nearby low-
mass ellipticals and conclude that the slope for low-mass stars in the suggested
bottom-heavy IMF must not extrapolate to high-mass stars if the IMF is time-
invariant. Similarly, Peacock et al. (2017) studied the low-mass X-ray binary
populations of nine local ETGs and found that an increasingly top-heavy IMF
with increasing velocity dispersion or an invariant IMF are both consistent with
these observations while IMFs which become increasingly top-light with velocity
dispersion are rejected. Thus the IMF seems to have to be both bottom- and
top-heavy.

By comparing models assuming an increasing bottom- or top-heavy IMF at
increasing galaxy-wide stellar mass or SFR, Fontanot (2014) suggested that the
high stellar mass range is the most promising for breaking the degeneracies be-
tween the different proposed IMF variations. But the observations may not be
completely against each other if one gives up either the time invariance of the
IMF shape or the assumption that an excess of low-mass stars must indicate fewer
massive stars (and vice versa) or both.

Combining the above information, one finds that the IMF is more bottom-
heavy for higher mass galaxies at low redshift and more top-heavy for higher
SFR galaxies at high redshift. Thus the only possible scenario, assuming the
observational conclusions are correct, is that the IMF was top- and bottom-heavy
for starburst galaxies in the early universe and top-light bottom-heavy at lower
redshifts where SFR is low while metallicity is high. As pointed out by Weidner
et al. (2013a) in their toy model, a scenario in which the IMF is top-heavy in the
early universe and bottom-heavy at late times is in good agreement with various
observational constraints on massive elliptical galaxies, such as age, metallicity,
α-enhancement, mass-to-light ratio or the mass fraction of the stellar component
in low-mass stars.

We note that either a top-heavy or a bottom-heavy IMF, where there is an
excess of high or low mass stars, suggests a larger mass-to-light ratio of the galaxy
than an invariant IMF. The scenario that the gwIMF changes from top-heavy to
bottom-heavy is consistent with a study of 260 nearby ETGs by Cappellari et al.
(2011) showing that the mass-to-light ratios for ETGs increase with increasing
stellar velocity dispersion, that is, a more massive galaxy was formed with a more
top- or bottom-heavy IMF.

But what is the physical reason for the IMF variation and how can this vari-
ation be consistent with the IMF on the star cluster scale? Knowing that the
star formation duration is generally inversely correlated with the mass of the
galaxy (Thomas et al. 2005, 2010 and Recchi et al. 2009), more massive galaxies
having a larger SFR in early cosmological times but exhausting their gas reser-
voir on shorter time scales, one possible solution is to associate the high-mass
IMF with the galaxy-wide SFR, and the low-mass IMF with both the galaxy-
wide metallicity and SFR. The early universe, with a high SFR, results in both a
bottom-heavy and top-heavy IMF. From the downsizing relation (star formation
duration inversely correlates with the mass of the galaxy) we know that the early-
time SFR of a galaxy positively correlates with its mass. The high-SFR galaxies
with a top-heavy and bottom-heavy IMF naturally become the massive galaxies
at lower redshifts, which have been suggested to have similar IMF features. At
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lower redshifts, the metallicity growth, while the SFR drops, results in a bottom-
heavy top-light IMF when the earlier formed massive stars have already died out.
Thus the IMF shape varies at different redshifts. A self-consistent formulation
between the gwIMF and the IMF on star cluster scales can be achieved by the
IGIMF theory where the galaxy-wide stellar population is the combination of all
star clusters, each of these having a different IMF in dependence of their metallic-
ity and mass. The mass-to-light ratios of ETGs with different masses calculated
by the IGIMF theory has been discussed and calculated in Dabringhausen (2019)
and Yan et al. (2021), resulting in a good agreement with observations without
the need to add exotic dark matter. In the following section, we introduce the
IGIMF theory and demonstrate the key observational tests of it.

1.3 Theory

1.3.1 Overview
The evident IMF variation on small scales (i.e. individual star-forming regions)
and in galaxies needs to be consistently explained by a unified IMF theory. A
promising proposal, the integrated galactic initial mass function (IGIMF) theory,
was developed over the years for this purpose. Originally formulated in Kroupa
and Weidner (2003), in which it was called the ”field-star IMF”, the IGIMF
theory predicted and explains the gwIMF variation. The fundamental insight
underlying the IGIMF theory is that the empirical systematic variation of the
gwIMF, which appears to correlate with galactic SFR and metallicity, has its
origin from the variation of the IMF on a molecular-cloud core and embedded
star cluster scale where a correlated star formation event (i.e. a gravitationally
driven collective process of transformation of the interstellar gaseous matter into
stars in molecular-cloud overdensities on a spatial scale of about one pc and within
about one Myr Lada and Lada 2003; Kroupa et al. 2013; Megeath et al. 2016)
happens. In other words, there exists a universal law of the star-cluster-scale IMF
shape which leads to the various IMF shapes of different composite systems.

The IGIMF theory was originally based on a universal IMF on the star-cluster
scale (i.e. in Kroupa and Weidner 2003) and embedded cluster mass function
(ECMF) with later adoption of a systematically varying IMF given by Marks
et al. 2012 and a varying ECMF formulation suggested by Weidner et al. (2013c),
leading to a good description in explaining observations. There are three cen-
tral axioms of the IGIMF theory which are formulated based on observational
constraints (cf. Yan et al. 2017). These axioms are:

• All stars form in embedded star clusters. Therefore, all the stars in a galaxy
are accounted for by adding all the embedded star clusters formed in that
galaxy. This leads to the so-called IGIMF equation (Eq. 1.11 below). This is
reasonable because stars form in molecular cloud overdensities that contain
much more mass than the mass of the least massive star. Observations
indeed suggest that most and perhaps all the observed stars were formed
in embedded clusters (Lada and Lada, 2003; Kroupa, 2005; Megeath et al.,
2016).

• How the stellar IMF and the ECMF change with physical conditions: These
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include not only how the slope of the mass functions changes (Eq. 1.4 and
1.10 below) but also how the upper mass limit of the mass function changes
according to the calculation given by the optimal sampling theory (Eq. 1.3
and 1.9 below). As a side note, it is important to differentiate the random
sampling with a provided variable upper stellar mass limit from the optimal
sampling resulting in the variable upper stellar mass limit. The relation
between the stellar mass upper limit and the embedded cluster mass and
the relation between the galactic SFR and the most massive just formed star
cluster mass in that galaxy is never plugged into the IGIMF formulation
as a known input. They are both observations applied to test the natural
outcome of the optimal sampling theory and support the theory.

• There is a typical timescale, δt = 10 Myr, for the optimally-sampled galactic
stellar population to form. The embedded star clusters formed within this
timescale are correlated and optimally populate the ECMF of this formation
epoch. Outside this timescale, the embedded star clusters are independent,
that is, not populating the same ECMF. The time-scale δt = 10 Myr, dis-
cussed in Schulz et al. (2015), is essentially the lifetime of molecular clouds
and is also the time-scale in which the inter-stellar-medium of a galaxy
churns out an optimal or full population of freshly formed embedded clus-
ters, each of which dissolves into the galactic field through gas expulsion,
stellar evolution mass loss and two-body relaxation-driven evaporation.

The detailed mathematical formulation of these axioms and the calculation of the
galaxy-wide initial mass function (gwIMF) are given in Section 1.3.3 below.

The IGIMF theory has solved a number of previously outstanding extra-
galactic problems such as explaining the UV extended galactic disks (Pflamm-
Altenburg and Kroupa, 2008) and naturally accounting for the time-scale prob-
lem for building up a sufficient stellar population in dwarf galaxies given their low
SFRs (Pflamm-Altenburg and Kroupa, 2009). The theory made the prediction
that dwarf galaxies must show a deficit of Hα emission relative to UV emission;
see Pflamm-Altenburg et al. (2007, 2009). This was verified to be the case by Lee
et al. (2009). The adoption of the IGIMF theory to the galaxy chemical evolution
model also leads to good reproduction of what we observe which has previously
been unachievable (Gargiulo et al., 2015; Fontanot et al., 2017; Romano et al.,
2017; Palla et al., 2020). Thus, the IGIMF theory, based on an empirical relation
of the small-scale IMF variation, is able to account for the IMF of galaxies and
explain their special features self-consistently thereby also allowing prediction
and is capable of incorporating different empirical constraints on the star-cluster
scale if they are well constrained by observations (see Section 1.5). With this
semi-empirical approach, we can constrain the star-cluster-scale IMF and gwIMF
and potentially understand the variations of the IMF in different stellar systems.

1.3.2 Optimal sampling
Before introducing the mathematical formulation of the IGIMF theory in Sec-
tion 1.3.3, we clarify the stellar sampling method that goes into the presented
formulation. It is one question to abstract the mass distribution function from
a set of observed discrete stellar masses, which we detail in Section 1.3.3, yet a
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different question to simulate a set of stars given the correct IMF (i.e. to draw a
set of stellar masses from an IMF). In the simulation of single dwarf galaxies (and
in recent years, the cosmological galaxy simulations that are pushing to higher
and higher resolutions to study the ultra-faint stellar populations), the number
of stars in a galaxy or a “star particle”2 becomes low enough that the IMF can no
longer be considered as a continuous function. A fraction of a supernova explo-
sion in a time step is yielded when the IMF integrated number of stars between
two mass limits (given by the stellar mass–lifetime relation, cf. Fig. 2.2) is less
than one (Revaz et al., 2016). It has been demonstrated that the more realistic
description of a stellar population with a list of sampled stellar masses alter the
property and the evolution of the simulated galaxy compared to a model with a
continuous energy injection given by the smooth IMF. Both the SFR (Su et al.,
2018) and the strength of photoionization (Smith, 2021) are affected. Therefore,
the sampling of stellar masses from an IMF has been discussed and applied in an
increasing number of recent studies doing simulations for low-mass stellar pop-
ulations, low-SFR systems, and/or with a high time and mass resolution3. The
question that remains is how to perform the sampling of stellar masses assuming
a known IMF.
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Figure 1.2: The observed relation between the most massive stellar mass and the stellar mass
of the embedded cluster (the mmax–Mecl relation). Data come from Kirk and Myers (2012)
(orange circles), Stephens et al. (2017) (red circles), and Weidner et al. (2013b) (gray circles),
where Weidner et al. (2013b) is an inhomogeneous set of data culled from the literature for very
young clusters without supernova remnants. Larger circles are more accurate measurements.
The thin solid line is the Mecl = mmax limit and the horizontal thin dotted line represents the
physical stellar mass upper limit of 150 M⊙.

2The dynamical simulations of galaxies rarely track individual stars (exceptions include Hu
et al. 2017 and Emerick et al. 2019 studying dwarf galaxies) but an ensemble of stars called a
“star particle” with a mass resolution much higher than single stars (e.g., 105 M⊙).

3Here we refer to actually sampling the stellar masses, which is different from post-processing
the discrete behaviour of a stellar population assuming a continuous IMF as is explained in
Applebaum et al. (2020, their section 2.3).
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There are two extreme methods to sample stars from an IMF – stochastic
sampling and optimal sampling. The stochastic sampling method assumes that
the formation of each single star is purely an independent event and a random
process. Therefore, it would be reasonable to treat the IMF as a probability
distribution function and sample stellar masses randomly from the IMF4. On the
other end, optimal sampling assumes that the formation of any stellar population
is a perfectly self-regulated process and, therefore, that a deterministic relation-
ship exists between the mass of a star cluster and the mass of each single star
within that cluster. This is formulated by Eqs. 1 to 7 and 9 in Schulz et al. 2015
and updated in Yan et al. 2017, their section 2.2. We note that the deterministic
nature of the optimal sampling makes the sorted sampling process practically
more flexible and feasible as the method can give directly the total number of
stars in a given mass range while the random sampling has to sample all the
stars, including the low-mass stars, to know this information. This is particularly
useful when only the sampling of the massive stars is required (e.g. the situation
discussed in Applebaum et al. 2020, their section 2.2).

In most cases, sampling only matters for low-mass stellar populations (with
masses below about 105 M⊙ as is shown by Carigi and Hernandez 2008 and
Applebaum et al. 2020 when discussing the number of CCSN) unless one aims
to discuss the rare events only triggered by extremely massive stars (e.g. pair-
instability supernovae). Low-mass stellar populations not only show discrete
stellar feedback behaviour but also a systematic lack of massive stars (Fig. 1.2,
Weidner et al. 2010, Weidner et al. 2013b, Yan et al. 2017, and Oh and Kroupa
2018) and, as a consequence, a systematic depletion of Hα line strength relative
to the far-ultraviolet (FUV) luminosity (Meurer et al. 2009 and Lee et al. 2009).
Both sampling methods can, in principle, account for these depletions. In optimal
sampling, the lack of massive stars results from Eqs. 1.3 and 1.9, assuming that
the integrated number of stars between the stellar-mass upper limit of a star
cluster and the physical stellar-mass upper limit of 150 M⊙ (see references in
Yan et al. 2017) is exactly one (detailed in Section 1.3.3 below). In the random
sampling theory, the lack of massive stars in low-mass stellar system is accounted
for, on average, due to the restriction that stars cannot form when the mass of the
available gas reservoir is lower than the sampled mass (demonstrated in Cerviño
et al. 2013), mimicking, on average, the optimally sampled results but with a
large scatter.

The observational feature that discriminates the two sampling theories and
favours the optimal sampling is the low intrinsic scatter of the relation shown in
Fig. 1.2. The small scatter of the data points compared to the uncertainty of
the measurements indicates a low or even no intrinsic scatter of the underlying
relation between the two quantities (given in Section 1.3.3 below), that is, there
exists a deterministic relationship between the mass of a very young star cluster
and the mass of the most massive star in that cluster. A Bayesian analysis is
preformed (to be published), where the random sampling is rejected with a 4σ
confidence level because the model gives a much larger scatter than the observed
relation. On the other hand, the number of observed data points outside the stan-

4However, there are a variety of treatments regarding when to stop the random drawing of
stars in order to match the sampled total stellar mass with the desired value (e.g. the total
stellar mass of the star cluster or “star particle” known as a priori).
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dard deviation region given by the optimal sampling model (see the solid curve
in Fig. 1.3 below) is exactly what is expected for a Gaussian error distribution –
around 1/3 of the data points (to be published). We conclude from these tests
that the star formation process appears to behave in a highly-self regulated man-
ner and optimal sampling is a better description of nature compared to random
sampling.

Finally, we note that optimal sampling is the foundation of the IGIMF the-
ory. The IGIMF theory is formulated (below) such that low-SFR galaxies cannot
form massive star clusters. This is a consequence of optimally sampling the clus-
ter masses from an ECMF, which would not be the case when random sampling
is applied. With random sampling, the sampled cluster mass distribution for
high-SFR and low-SFR galaxies would not have any difference (cf. the sam-
pling procedure in da Silva et al. 2012). Therefore, the integration formulation
introduced in the following section for the IGIMF theory serves as a close approx-
imation of the optimally sampled stellar mass distribution (see Yan et al. 2017,
their fig. 4). The integrated gwIMF shall not be taken as a distribution function
independent from optimal sampling (e.g. Fumagalli et al. 2011 and da Silva et al.
2012).

1.3.3 IGIMF theory
In the following, we specify the exact formula for calculating the gwIMF that
is applied for this work. The IMF follows the prescription in Yan et al. (2017)
(see α3 in Eq. 1.4 below), and equation 9 of Yan et al. (2020) (i.e. α1 and α2 in
Eq. 1.1). In most cases, the most massive star is heavier than 1 M⊙ and we have
the following stellar IMF:

ξ⋆(m) = dN⋆/dm =

⎧⎪⎨⎪⎩
2k⋆m

−α1 , 0.08 ≤ m/M⊙ < 0.50 ,
k⋆m

−α2 , 0.50 ≤ m/M⊙ < 1.00 ,
k⋆m

−α3 , 1.00 ≤ m/M⊙ < mmax .
(1.1)

dN⋆ is the number of stars in the mass interval m to m+dm. The IMF upper mass
limit, mmax, depends on the mass of the embedded cluster (see Oh and Kroupa
2018 and Section 1.4.2 below). The normalization parameter, k⋆, is determined
by simultaneously solving for the stellar mass in the embedded cluster,

Mecl =
∫ mmax

0.08 M⊙
m ξ⋆(m) dm, (1.2)

and mmax according the optimal sampling theory (Kroupa et al., 2013; Schulz
et al., 2015; Yan et al., 2017),

1 =
∫ mmax∗

mmax
k⋆m

−α3 dm. (1.3)

mmax∗ is the physical stellar upper mass limit. We adopt mmax(Mecl) ≤ mmax∗ =
150M⊙ (Yan et al., 2017). We note that Eq. 1.3 is only valid when mmax > 1 M⊙,
which is the case for all clusters more massive than 5 M⊙ and has a sub-Solar
metallicity5. For cases where mmax < 1 M⊙, Eq. 1.1 and 1.3 need to be changed

5The metallicity enters here because of Eq. 1.4 below. Super-Solar metallicity leads to a
bottom-heavy IMF, therefore, reduce the mmax for a given cluster mass.
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accordingly involving α2 and α1. See the supplementary document of the GalIMF
code6, their section 2.2 and 2.3.

Optimal sampling describes a highly-self regulated star formation process
and samples the mass of each star in a stellar population (Kroupa et al.,
2013; Schulz et al., 2015; Yan et al., 2017). It does not give a stellar upper
mass limit in a statistical sense but directly gives the mass of the most
massive star. The optimally sampled stars are consistent with observations.
One shall not sample stars again from the mass distribution of the optimally
sampled stars or the integrated gwIMF which is an approximation of the
optimal sampling procedure, as was wrongly done in Fumagalli et al. (2011)
and in the SLUG program (da Silva et al., 2012, their fig. 12). The sampled
maximum stellar mass would be lower than the mass of the most massive
optimally sampled star and therefore lower than the observed most massive
star.

The power-law indices of the IMF have been constrained by Marks et al. (2012)
and Yan et al. (2020) (which is supported by the recent studies of Villaume et al.
2017 and Mart́ın-Navarro et al. 2019) as

α1 = 1.3 + ∆α · (Z − Z⊙),
α2 = 2.3 + ∆α · (Z − Z⊙),

α3 =

⎧⎨⎩2.3, x < −0.87,
−0.41x+ 1.94, x > −0.87,

(1.4)

where, Z and Z⊙ = 0.0142 are the metal mass fraction of the target star cluster
and the Sun, respectively. The value ∆α = 63 is estimated by Yan et al. (2020,
their equation 9) and updated by Yan et al. (2021). The parameter x in Eq. 1.4
depends on the metallicity, [Z/X] ≈ [Z] = log10(Z/Z⊙), and on the core density,
ρcl, of the embedded star cluster,

x = −0.14[Z] + 0.99 log10(ρcl [M⊙/pc3]/106), (1.5)

with the core density correlated with the mass of the embedded star cluster

log10(ρcl [M⊙/pc3]) = 0.61 log10(Mecl [M⊙]) + 2.85, (1.6)

as is detailed in Yan et al. (2017, their eq. 7).
The ECMF for a star cluster population formed within a δt = 107 yr star-

formation epoch is approximated by a power-law (Gieles et al., 2006; Lieberz and
Kroupa, 2017):

ξecl = dNecl/dMecl = keclM
−β
ecl , 5M⊙ ≤ Mecl < Mecl,max. (1.7)

The total stellar mass is given by

Mtot =
∫ Mecl,max

Mecl,min
Mecl ξecl(Mecl) dMecl = ψ̄δt δt, (1.8)

6https://github.com/Azeret/galIMF/blob/master/supplementary-document-galimf.pdf
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where ψ̄δt is the average SFR over the δt = 107 yr in units of M⊙/yr.
The upper mass limit of the ECMF, Mecl,max, is given by the optimal sampling

theory:
1 =

∫ 109 M⊙

Mecl,max
keclM

−β
ecl dMecl, (1.9)

where 109M⊙ approximately corresponds to the mass of the most massive known
star-cluster-type system, that is, the most massive ultra-compact dwarf (UCD,
Dabringhausen et al. 2008). Solving the above two equations yields kecl and
Mecl,max.

The power-law index, β, is a function of the mean galaxy-wide SFR over the
δt time period, ψ̄δt, according to Weidner et al. (2013c),

β = −0.106 log10 ψ̄δt + 2. (1.10)

This variation is supported by observation (see Weidner et al. 2004 and Yan
et al. 2017, their Fig.6 and Appendix B) and also the galactic cluster formation
simulation study (Li et al., 2021).

The time-dependent gwIMF follows by adding-up all the stars formed in all
embedded clusters,

ξ(t) = dN⋆/dm =
∫ Mecl,max

5M⊙
ξ⋆(m,Mecl, [Z/X]) ξecl(Mecl, ψ̄δt) dMecl. (1.11)

Therefore, the gwIMF varies through time according to the galactic metal evolu-
tion and SFR fluctuation. Eq. 1.11 is the “IGIMF equation”.

The above formulation is empirically determined. They are consistent with
the observational constraints from the resolved star clusters and the galaxies as
we will demonstrate below.

1.4 Comparing the IGIMF theory with obser-
vation

1.4.1 Overview
The IGIMF theory asserts that the time and space integrated IMF of a galaxy can
be calculated from the IMFs in all star clusters ever formed in that galaxy. That is,
there are three levels of complexity to compare the theoretical and observational
IMF:

1. The applied IMF variation law in single star clusters needs to be consistent
with the observed stellar populations in different environments. This is not
easy since the star clusters form on a timescale that is similar to the life-
time of the most massive star. The dynamical evolution of the star clusters
can only be accounted by N-body simulations which can be significantly
affected by the assumption of the initial distribution of the stars (e.g. ini-
tial mass segregation) and the accuracy of the code that is hard to verify
observationally.
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2. Within a single star formation epoch of about 10 Myr (see the third axiom
in Section 1.3.1), the applied embedded cluster mass distribution and its
possible variation needs to be consistent with the observation. Using the
IGIMF theory (Eq. 1.11) the gwIMF for this single 10 Myr star forma-
tion epoch can be calculated and compared with the observation. Since the
massive stars certainly dominate the luminosity of a 10 Myr old stellar pop-
ulation, it is currently only possible to compare the theory and observation
for massive stars as is shown in Section 1.4.4 below.

3. The present-day galactic IMF is a composition of multiple simple stel-
lar populations formed with an extended SFH, that is, a time-integrated
gwIMF (TIgwIMF). Since the gwIMFs are different for each 10 Myr star
formation epoch depending on the instantaneous galactic environment, such
as SFR and metallicity, we need to apply a galaxy evolution model (chemi-
cal or even chemo-hydrodynamical models) to calculate the TIgwIMF. This
can then be compared with galaxies that have stopped their star formation
for a certain time which allows observational tests for lower-mass stars. The
TIgwIMF also determines the mass-to-light ratio of a galaxy which can be
constrained by the dynamical properties or lensing studies of galaxies.

1.4.2 The IMF
Assuming that the IMF for the massive stars (m > 1M⊙) follows a single power-
law description and that, if the IMF of low-mass stars varies, the IMF slopes
of different mass ranges (from 0.08 to 0.5M⊙ and from 0.5 to 1M⊙) vary by
the same amount (i.e. following Eq. 1.4), then we can test the IMF variation
separately for low and high mass stars without measuring the IMF shape for each
different mass bins. The constraint on massive-star IMF was derived from the
dynamical simulation of GCs (Marks et al., 2012) and can be tested independently
by observation of young stellar objects (YSOs) in different star clusters.

For the low-mass stars in a star cluster, the dynamical evolution would pref-
erentially reduce the number of lower-mass stars and therefore change the shape
of the IMF. A detailed dynamical simulation is required (e.g. Baumgardt and
Makino 2003; Baumgardt and Kroupa 2007).

For massive stars of the young stellar regions, the challenge to measure their
IMF would be the poor statistics. Unlike for low-mass stars, there is a very limited
number of massive stars in each of the young star clusters on the main sequence.
Hence a meaningful statistical analysis is challenging. However, it is possible
to test an alternative quantity, namely the mass of the most (and second, etc)
massive stars. The optimal sampling theory, assuming a highly self-regulated star
formation activity, predicts that there is a correlation between the IMF shape and
the mass of the most massive star that would form in a star cluster as discussed
next.

The mmax–Mecl relation

The mmax–Mecl relation calculated with optimal sampling can be verified by ob-
servation. The result is shown in Fig. 1.3. See Yan et al. (2017) for more details
regarding the data points in this figure.
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The mmax–Mecl relation agrees well with the observation and is not a fit
but is calculated from the assumed IMF variation and optimal sampling.
The observational data points in Fig. 1.3 show no evidence for an intrinsic
scatter (cf. Weidner et al. 2013b their figure 1). It is not the mean mmax–
Mecl relation but the small scatter of the observations differentiate optimal
sampling from random sampling. The observation does not show a scatter
as large as the result given by the random sampling procedure. Considering
the measurement error of the stellar mass and star cluster mass, the ob-
served correlation between them is consistent with no intrinsic correlation
at all.
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Figure 1.3: Figure taken from Yan et al. 2017. The relation between most massive stellar
mass and embedded cluster mass (mmax–Mecl). The optimally sampled results for the most,
second, and third massive star mass as a function of embedded cluster mass are shown as a solid
curve, blue dashed curve, and green dotted curve, respectively. Observational data come from
Kirk and Myers (2012) (orange dots), Stephens et al. (2017) (red dots), Weidner et al. (2013b)
(gray dots), and Ramı́rez Alegŕıa et al. (2016) (blue dots), where Weidner et al. (2013b) is an
inhomogeneous set of data culled from the literature for very young clusters without supernova
remnants. The average Mecl uncertainty is 0.34 dex, the average mmax uncertainty is 0.16 dex,
being indicated by gray dots, and light gray dots indicate data points with larger uncertainties.
The thin solid line indicates the Mecl = mmax limit and the horizontal thin dashed line indicates
the mmax∗ = 150 M⊙ limit (see Eq. 1.3). The light grey data points are slightly larger for better
visibility.

1.4.3 The ECMF
Similar to the mmax–Mecl relation, the distribution of embedded star cluster
masses in a galaxy is related to the galaxy-wide SFR. Observations have sug-
gested that low-SFR galaxies do not form massive star clusters. This is expected
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by optimal sampling formulated above in Section 1.3.3. Here we compare the
observed and calculated Mecl,max–ψ̄107yr relation in Fig. 1.4. The data points
provided by Weidner et al. (2004) comprise a homogeneous data set of galaxies
with young star clusters. Randriamanakoto et al. (2013) extend these observa-
tions to higher SFRs and note that the small scatter of their data is inconsistent
with random sampling. These results support our assumed β–ψ̄107yr relation in
Eq. 1.10.

-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6

log10( 107yr [M /yr])

1

2

3

4

5

6

7

8

9

lo
g 1

0(
M

ec
l,m

ax
[M

])

Figure 1.4: Figure taken from Yan et al. 2017. Most massive young cluster mass to galaxy-wide
SFR (Mecl,max–ψ̄107yr) relation. The optimally sampled results for different β are shown as a
red solid curve for β following Eq. 1.10, blue dotted curve for β = 2, and green dashed curve
for β = 2.4. Observational data (gray dots) adopted from Weidner et al. (2004) have a typical
uncertainty of 0.3 dex. The β = 2 and 2.4 curves are almost identical with Fig. 6 in Weidner
et al. (2004) (middle dotted and middle dashed curves, respectively), in which δt = 107 yr is
also adopted. See also Randriamanakoto et al. (2013).

1.4.4 The gwIMF
αgal

3 –ψ̄107yr

The gwIMF, which is an integration of power-law IMFs, is no longer a power
law. Therefore, the slope and the “power-law index” of the gwIMF is different for
each stellar mass range. We compare the IGIMF calculation with observationally
estimated power-law indices of the gwIMF for the massive stars over different
stellar mass ranges and galaxy-wide SFRs. For this purpose, the short IGIMF
segments in each mass range are approximated by a power-law with index αgal

3 .
The resulting αgal

3 –ψ̄107yr relation is shown in Fig. 1.5. The calculation given by
the IGIMF theory matches the observations nicely. The gwIMF becomes top-
heavy in high-SFR galaxies and top-light in low-SFR galaxies.
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By applying the presumed star cluster scale IMF variation given by Marks
et al. (2012), the observed ECMF, and the IGIMF theory that links this
small scale IMF variation to the gwIMF, we find the calculated gwIMF
agrees well with the observations. This is a consistency success of the
IGIMF theory.
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Figure 1.5: Figure taken from Yan et al. 2017. Observed high mass end power-law index of the
gwIMF resulting from the calculated IGIMF, αgal

3 (i.e. αgal for stars with mass m > 1 M⊙)
as a function of the galaxy-wide SFR. αgal

3 values diverge for different SFRs and also vary for
different stellar masses. Because at each stellar mass value there exists a different αgal

3 –ψ̄107yr
relation, we plot solid lines for log10(m/M⊙) = 0.2, 0.4, ..., 2, that is, 1.58, 2.51, ..., 100 M⊙
from black to gray (top to bottom) for the IGIMF calculated results. The blue squares are
data from the GAMA galaxy survey (Gunawardhana et al., 2011). The red triangles and red
dash-dotted line are data from Weidner et al. (2013c); the left triangle is for the MW field,
the middle three triangles are galaxy studies, the right triangle is for the bulges of the MW
and M31, and the dash-dotted line is their IGIMF model assuming β = 2. A recent study has
suggested that the 2 M⊙/yr SFR for MW is overestimated (Chomiuk and Povich, 2011), but
we leave this data point the same as in Weidner et al. (2013c). Gargiulo et al. (2015) report
consistency between their IGIMF model assuming β = 2 (thick orange dashed line) and the
[α/Fe] abundance ratios of elliptical galaxies. The purple diamond is an individual analysis
for the dwarf galaxy NGC 2915 (Bruzzese et al., 2015). Green stars are based on the Lee
et al. (2009) 11HUGS observations of dwarf galaxies. The black circle is an observation for the
solar neighbourhood from Rybizki and Just (2015) with adopted MW SFR from Robitaille and
Whitney (2010) as an upper limit of the solar neighbourhood SFR because the Sun is located in
an inter-arm region where the relevant SFR is significantly smaller. The thin horizontal dashed
line represents the canonical IMF slope, α3 = 2.3.
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The galaxy-wide most massive star mass–SFR relation

The most massive star in a galaxy also depends on the galaxy-wide SFR according
to the IGIMF formulation. The calculation results shown in Fig. 1.6 are a testable
prediction that requires further investigation. Galaxy NGC 2915 appears to fit
perfectly with this relation (Bruzzese et al., 2015) but a large number of galaxies
need to be studied to give a statistically significant result. See the discussion in
Section 1.5 above.
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Figure 1.6: Optimally sampled most-, second-, and third-massive stars to be found in a galaxy
as a function of the galaxy-wide SFR. These stars are shown as a solid curve, blue dashed curve,
and green dotted curve, respectively. The thin horizontal dashed line indicates the mass limit
below which CCSN explosions are not likely (8 M⊙), and the vertical thin dashed line shows
the SFR below which galaxies are not expected to host CCSN events, subject to the axioms
adopted in the present study. We note that ψ̄107yr here is the true SFR, not an estimation
assuming a universal IMF.

1.4.5 The TIgwIMF
The old stellar populations of ETGs have their most massive star weighing about
1M⊙. Observations of these galaxies can constrain the IMF of low-mass stars. For
instance, the IMF-sensitive features of the old galaxies as well as their dynamical
mass-to-light ratios can be compared with the theory.

The canonical galaxy model assuming an invariant IMF and considering old
stellar populations simplifies the calculation by assuming a simple stellar pop-
ulation (SSP) for the galaxy that all stars have the same age and metallicity
(e.g., Thomas et al. 2005). Such a simplification cannot be applied when the
gwIMF evolves as a function of the star formation and metal enrichment history.
The integrated IMF for all stars formed over the entire SFH, that is, the time-
integrated gwIMF (TIgwIMF) also changes (see e.g. Fig. 2.7 below). To study
the TIgwIMF, we must apply a self-consistent galaxy chemical evolution model
which we developed as is introduced in the next Chapter.
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1.5 Summary and caveats
In this section, we compare the IGIMF theory with the observed IMF variation
from star cluster to galaxy scales. The IGIMF theory provides a mathematical
framework that is able to reproduce a variety of extragalactic observations and
is consistent with the local star cluster scale IMF measurements in so far as
tests have been made, see, for example, the summaries and references in Pflamm-
Altenburg and Kroupa (2008); Weidner et al. (2013c); Yan et al. (2017); Fontanot
et al. (2017); Jeřábková et al. (2018); Yan et al. (2020, 2021). It is impressive
and convincing to find many independent pieces of evidence that converge to the
same trend of a systematically varying gwIMF and also to find that the IMF
variation on the embedded cluster scale and on the galactic scale fit the same
picture consistently.

However, the application of the IGIMF formulation has its limits. The em-
pirical high-mass IMF variation given by Marks et al. (2012) is for clusters below
a certain mass and metallicity. Extrapolation of their formulation may or may
not be physically valid and one needs to be cautious when applying the formu-
lation to extreme cases. Yan et al. (2017) show that galaxies with SFRs up
to 100M⊙/yr are still consistent with the calculation of the IGIMF theory but
higher-SFR galaxies forming more extremely massive star clusters may start to
deviate from the expectation of the present formulation. The ECMF formulation
is also suggested by limited observations. When the SFR of a galaxy is too low
(e.g. ψ̄107yr < 10−6M⊙/yr), the ECMF is not well-defined because a temporarily
and spatially correlated galactic star cluster population does not exist. This is
clear since only 10M⊙ of stars are formed in 10 Myr. For example, Yan et al.
(2020) apply a SFH cut off (their Fig. 1) and a fluctuated SFH (their Fig. 9) to
simulate a dwarf galaxy.

The IGIMF theory is a mathematical framework that links the IMF on
different spatial scales. By improving the description of the small embed-
ded star cluster scale IMF variation, the large galactic scale IMF variation
calculated according to the IGIMF theory will become more accurate. A
disclaimer is made for galaxies with extremely high and low SFRs or super-
solar metallicity.

In addition, we still lack a more direct constraint on the IMF. All the evidence
that has been collected so far is indirect evidence coming from dynamical simu-
lations, galactic abundance ratios and luminosity ratios, etc. These constraints
on the IMF variation have a large uncertainty, which makes the calculation of
the gwIMF not really accurate and conclusive. For the situations where the
IGIMF does apply, a test of the IGIMF theory is not trivial to perform. For
example, a calculation made in (Yan et al., 2017) applying the IGIMF theory
gives a relation between the mass of the most massive star in a galaxy and the
true galactic SFR. There are galaxies that agree perfectly with this calculation,
such as with the compact dwarf galaxy NGC 2915 (Bruzzese et al., 2015). But
there are also massive stars reported in low-SFR galaxies, such as Leo P (Mc-
Quinn et al., 2015), apparently being inconsistent with the IGIMF calculation.
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It is discussed in Jeřábková et al. (2018) that Leo P actually fits perfectly with
the IGIMF theory because the observationally deduced SFR changes when the
gwIMF of Leo P is not the canonical IMF. There are some other galaxies that
do not appear to agree with the IGIMF theory, e.g., Bruzzese et al. (2020, their
table 9). Considering that the estimation of the IMF and the observed highest
stellar mass are affected by the SFH assumed and the region being observed, it is
not yet possible to tell whether these galaxies are outliers with the small number
of galaxies being tested. Further work is required to fully examine these cases
and the observation of more galaxies with a homogeneous study is required to
test the IGIMF formulation.

A relatively clean method that avoids the difficult estimation of the stellar
mass could be to statistically test whether low-SFR galaxies are lacking CCSN.
The number of SNe detected are much lower than the number of galaxies we may
explore, therefore, may not be able to result in a strong conclusion. But as a first
step, such tests of the theory would allow us to achieve a better constraint on how
the IMF varies in the embedded clusters. By improving the IGIMF formulation
of the embedded cluster scale, the theory will provide a more accurate description
for the gwIMF.

It is possible that the IMF variation depends on additional physical parame-
ters. Currently, we apply the formulation given by Marks et al. (2012) where the
IMF is affected by star formation intensity and metallicity. There are also other
IMF variation considerations. For example, the formulation applied in Fontanot
et al. (2018) relates the IMF variation to cosmic-ray intensity mostly produced by
type II supernovae that exploded in the same star-forming region (Papadopou-
los, 2010). Sharda and Krumholz (2021) studied how the characteristic stellar
mass (i.e. the peak of the IMF) might vary as a function of metallicity due to
the different physical processes dominating the cooling including molecular hy-
drogen cooling, metal line cooling, and dust-gas collisions. In comparison with
varying the IMF power-law index, varying (in addition) the characteristic stellar
mass has the advantage of being theoretically supported/derived. But it also
introduces more free parameters to describe the IMF variation, therefore, being
more difficult to validate. Such a modification of the IGIMF formulation in the
GalIMF code is plausible as long as the proposed formulation is well calibrated
with observations.

The above discussions are only for the high stellar mass part of the IMF. The
IMF variation for the low-mass stars is more difficult to determine. Considering
that the low-mass stars affect galactic metal enrichment by locking up mass, it
is possible to constrain the IMF of low-mass stars by study the abundance and
enrichment history of the galaxies. In the following Chapters, we combine the
IGIMF theory with a newly developed GCE model. A GCE constrained low-mass
IMF variation formulation is provided in Chapter 3.1.

For more details, we refer the reader to Yan et al. (2017) which is attached at
the end of this dissertation.
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2. Chemical evolution of the
galaxies

This chapter is partially based on the publication Yan, Jeřábková, and
Kroupa (2019) with the title “Chemical evolution of elliptical galaxies with
a variable IMF. A publicly available code” and Yan, Jeřábková, and Kroupa
(2021) with the title “Downsizing revised: Longer star formation timescales
for elliptical galaxies with an environment-dependent IMF and number of
SNIa”. Modifications were made in order to present it as a chapter in the
thesis.

2.1 Introduction

2.1.1 Motivation
Growing evidence suggests a systematic variation of the IMF as is successfully
described by the IGIMF theory. While our understanding of the IMF has changed
rapidly in the past decade, this has not been applied to related astrophysical
studies. For example, the observed stellar abundance ratios in galaxies with
different masses, SFRs, and metallicities has not been well explained by previous
galaxy chemical evolution (GCE) models assuming the invariant canonical IMF.
The evolution of galaxies sensitively depends on the IMF. GCE studies of massive
elliptical galaxies have suggested a problem in simultaneously reproducing the
total metallicity and α-enhancement of them (De Lucia et al., 2017; Okamoto
et al., 2017) indicate the necessity of introducing at least one new degree of
freedom, for example, a varying and top-heavy gwIMF (Arrigoni et al., 2010;
Mart́ın-Navarro et al., 2018).

The IGIMF theory is likely to be the missing link of the problem and needs
to be explored. When the gwIMF varies, GCE will differ from the canonical
estimate. However, the publicly available GCE codes (e.g. NuPyCEE, Ritter
and Côté 2016) all assume invariant IMFs. For this contribution, we developed
an open-source code that is able to couple an environment-dependent IMF theory
with the GCE. The instantaneous environment (e.g. metallicity) determines and
constantly updates the gwIMF while the gwIMF of each stellar population ever
formed determines the later metal enrichment process.

2.1.2 New open source code – GalIMF
A freely available Python3 code, GalIMF, is developed for this PhD project and
future applications to calculate the gwIMF according to the IGIMF theory and
galaxy chemical evolution under the framework of an environment-dependent
IMF. GalIMF stands for the Galaxy-wide Initial Mass Function. GalIMF version
1.0 (with a companion paper Yan et al. 2017) is a Python 3 module that computes
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gwIMFs based on the IGIMF theory. GalIMF version 1.1 (with a companion
paper Yan et al. 2019b) is a Python 3 module that couples the IGIMF theory
with galaxy chemical evolution.

The GalIMF code, deployment manual, examples, as well as version update
records, are available at GitHub:
https://github.com/Azeret/galIMF

Before looking into the details and the application of the GalIMF code, we
introduce the following classification and terminology for the GCE models.

2.1.3 Classification of GCE models
Hydrodynamical versus mixing-zone model

A hydrodynamical simulation provides 3D resolution and constraints on the lo-
cal SFR. It self-consistently includes star formation, SNe feedback and metal
enrichment from CCSN and SNIa.

The mixing-zone model assumes the gas in each zone is well (stochastically)
mixed. It can be coupled to cosmological N-body simulations.

The mixing-zone model has the advantage of a far smaller computational cost,
allowing an easier exploration of the variation of free parameters in the model.

The ”semi-analytic model” or SAM is often referred to in publications. We
note that analytical relations and look-up tables are involved, to a certain extent,
in both mixing-zone and hydrodynamical models. The difference between mixing-
zone and hydrodynamical models is whether the mass-particle/well-mixed zone
(for stars or gas) has an evolvable 3D coordinate.

In reality, the ISM is not well mixed. Stochastic models can involve inhomo-
geneous mixing statistically. These more ”realistic” models (and the intermediate
approaches mentioned above), considering more physic processes, are not neces-
sarily more realistic if the processes are not effectively constrained by independent
observation but act as free parameters (e.g. Côté et al. 2016, 2017; Andrews et al.
2017). It is therefore important to compare the number of free parameters with
the number of observational constraints. Keep in mind that although not all
the free parameters have a significant effect on the GCE results, many seemingly
independent measurements also degenerate (correlate) under a low resolution.

Single-zone closed-box approximation

Instead of the high-resolution 3D hydrodynamical simulation that captures all
the details of gas movements and mixing, the discussions here apply the zero
dimension approximation, that is, the closed-box approximation, which is useful
to describe the bulk average and essential galactic properties while being much
cheaper and, more importantly, working with much fewer model parameters,
many of which still cannot be well constrained by observation. The closed-box
approximation without hydrodynamical considerations is useful especially when
the galaxy being studied forms in a short timescale such that gas flows are not
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a dominant factor determining the chemical abundance of the stellar population.
This is likely to be the case for the present-day quiescent elliptical galaxies which
I focused on.

Instantaneous recycling approximation

Many models before about the year 2010 assume the instantaneous recycling ap-
proximation (IRA), i.e. they neglect the dependence of stellar lifetimes on stellar
mass, and assume that gas recycling and chemical enrichment occur “instanta-
neously”. Modern models track the yield of CCSN, SNIa, and asymptotic giant
branch (AGB) stars where the latter two cannot apply IRA.

2.1.4 Summary
Our GalIMF code is a single-zone GCE model with the possibility to include
galactic gas inflow and outflow. The element yield of a star depends on its
initial mass and metallicity. Precise stellar ages coupled with a short evolution
time step (10 Myr) is implemented to result in accurate abundance evolution
histories (i.e. no IRA). Other than applying different star formation laws (e.g. the
Kennicutt–Schmidt law), it is also possible to specify the star formation activity
for each 10 Myr time step. This mode has the advantage to compare different
IMF formulations for identical SFHs. The number of SNIa is re-calibrated to
account for the IMF variation and potential environmental effects.

In the following sections, we explain the code routine, demonstrate the mecha-
nism and the impact caused by the variable IMF by the case study of a closed-box
GCE simulation. It is shown that GCE can be significantly affected when the
IGIMF theory is applied.

2.2 Ingredients of the GalIMF code

2.2.1 Star formation history
The SFH of a galaxy in a cosmological model assuming standard cosmology is
determined by the merging history of dark matter halos (merger tree). The
baryon density is correlated with the dark matter density which determines the
SFR following the Kennicutt–Schmidt law.

On the other hand, galactic simulations assume an empirical SFH. This is
performed either by assuming the SFH directly or by assuming a baryonic infall
history along with the Kennicutt–Schmidt law. These two methods have essen-
tially the same amount of input information to constrain the SFH but the adopted
gas-mass related star formation law, in addition, affects the chemical evolution
of the galaxy. GCE studies of a specific galaxy can apply the SFH determined
by observation (e.g. SPS).

For this Chapter, we demonstrate our GCE model with a directly specified
SFH. The SFH is set up before the simulation starts where the SFR per 10 Myr
time, ψ̄107yr, is given according to a log-normal distribution, as is shown in Fig. 2.1.
The timescale over which 80% of the stellar population forms is called the star
formation timescale (SFT). The SFT for the example galaxy shown in Fig. 2.1
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is about 1 Gyr. Alternative SFH distributions can be applied with the GalIMF
code, for example, a constant SFR over certain time, exponential or a skew-
normal distribution, or a double burst SFH that models the bulk of the stellar
formation with an earlier burst and the latest episode of star formation with a
recent burst (Ciesla et al., 2016, 2017).
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Figure 2.1: Figure taken from Yan et al. 2019b. Adopted SFH. The SFH given by a log-normal
function finishes its 50%, 75%, and 90% star formation (in mass fraction) in 0.5, 0.98, and
1.8 Gyr, respectively.

2.2.2 Time structure
GCE is all about time. Stars with different masses return different amounts
of elements to the galactic gas at different times due to the mass-dependent
stellar evolution and stellar lifetimes. The returned elements then affect the
following stellar populations because the star formation and the stellar evolution
also depend on the stellar initial metal abundance. Therefore, the time structure
of a GCE code is of crucial importance and a critical property of the code. It is
not only the theoretical formalism a code intends to simulate but also the actual
implication of the formalism in the code that matters.

There is a fundamental difference between the GCE codes that assume an
invariant IMF and an environment-dependent IMF. The invariant IMF models
apply a continuum star formation and use an iteration process to calculate the
integrated mass and abundance evolution between two simulation time steps.
That is, the star formation activity at each instant depends on the gas mass
while the gas mass changes continually due to star formation and stellar back
ejection, (Talbot and Arnett, 1971, their eq. 7).

On the other hand, the environment-dependent gwIMF needs to be calculated
at a given time. The IMF evolution can only be calculated discretely. Therefore,
the gas mass cannot be smoothly integrated when the IMF is different. For this
reason, our code assumes that stars form in time steps. Stars formed in the same
10 Myr time step all have the same age and metallicity. The code simulates the
evolution of the galaxy by adding the effects of all the previous stellar populations
between two neighbouring time steps (Section 2.2.2).
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The IMF evolution is not differentiable but discrete at each time step. The
GalIMF code adds the effects of all the previous stellar populations between
two neighbouring time steps.

Canonical GCE models assuming an invariant IMF also apply or can apply
a 10 Myr or even shorter time steps. But that is only an integration boundary
point for the continuous star formation activity. The finer time step results in
a higher accuracy but a different time step would not significantly affect the
results. On the other hand, for our code, the stars only form at time steps. A
longer time step would significantly reduce the accuracy of our calculation of the
stellar population. A shorter time step is also not appliable in the current IGIMF
formulation because the formation of a galaxy-wide stellar population requires a
minimum time. Under 10 Myr, too few star clusters have been formed to properly
populate the ECMF (see Weidner et al. 2004, Yan et al. 2017).

At a new time step, the gas-phase element abundances are calculated given
the values at the nearest previous time step and the ejections from all the stellar
populations formed between these two simulation time steps. If there is star
formation at the new time step, the amount of mass transformed into stars is
deducted from the gas phase.

2.2.3 Gas-, star-, and remnant-mass evolution
In our GCE model, the mass of different elements in gas and stars are updated
at each time step. Stars return a portion of their mass to the gas phase and turn
into stellar remnants when exhausting their lifetimes. The stellar lifetime and
the mass of stellar remnant are adopted from Portinari et al. (1998) and Marigo
(2001) as a function of stellar initial mass and metallicity. Smoothing spline fits
on the logarithmic scale of the stellar models are applied (Ritter et al., 2018) as
is shown in our Figs. 2.2. We note that the spline fitted remnant mass is only
for demonstration while the actual amount of gas ejection from the dying stars
is given by a two-dimensional (metallicity and mass) interpolation of the stellar
yield table. All SNIa are assumed to eject 1.15 M⊙ of gas (Thielemann et al.,
1993; Gibson et al., 1997).
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Figure 2.2: Figure taken from Yan et al. 2019b. Lifetime (upper panel) and remnant mass, mr
(lower panel), of a star as a function of its initial mass, m, and metal mass fraction, Z. The
shown relations are one-dimensional smoothing spline fits to the stellar evolution tables given
by Marigo (2001) and Portinari et al. (1998) for AGB and massive stars, respectively.

2.2.4 The definition of the metallicity

The values of [Z] and [Z/X] (or [Z/H]) are not the same, especially for
helium-rich stars. Therefore, it is important to define “metallicity” in pub-
lications, which however is often omitted.

For each element i, we adopted the classical notations

Ai = log10(Ni/NH) + 12, (2.1)

where N denotes the number of atoms and NH is the number of the hydrogen
atom. The abundance ratio of element i and hydrogen is defined as

[i/H] = Ai,⋆ − Ai,⊙, (2.2)

where the subscripts ⋆ and ⊙ denote the target value and the solar value, respec-
tively. We note that the [i/H] value is unaffected if we adopt the element mass
ratio, Mi/MH, instead of the element number ratio, Ni/NH, in Eq. 2.1. This is
the case for the calculation of the luminosity-weighted element ratio ([Fe/H]lw)
introduced below.

Finally, the abundance ratio of two elements i and j is

[i/j] = [i/H] − [j/H]. (2.3)

34



The mass fraction of hydrogen, helium, and all other elements (i.e. metals)
in stars are denoted by X, Y , and Z, respectively. The “metallicity” in different
publications is defined either as

[Z] = log10(Z/Z⊙), (2.4)

or [Z/H]. Our works apply a different symbol [Z/X] which has the same value
as [Z/H] but is defined clearly as an element mass ratio instead of an element
number ratio, although they have the same value in this case.

[Z/X] = log10(Z/X) − log10(Z⊙/X⊙). (2.5)

Z⊙ is the solar metal mass fraction. Our recent work adopts Z⊙ = 0.0142 es-
timated by Asplund et al. (2009). X⊙ = 0.70683 is the solar mass fraction of
hydrogen adopted from Anders and Grevesse (1989).

We note that the values of [Z] and [Z/X] are similar but deviate from each
other as stellar helium abundance increases to super-solar values. For example,
if Y increases from the solar value of about 0.27 to 0.46 as is suggested by some
observations of globular clusters (GCs) and early-type galaxies (ETGs, e.g. Yi
et al. 2011, Karakas and Shingles 2017, and Ali et al. 2021), then [Z] and [Z/X]
will differ by log10(X/X⊙) ≈ 0.13 dex, which is not negligible.

2.2.5 Metal enrichment
The gas-phase primordial element composition is adopted from Cyburt et al.
(2016). The gas is enriched by stellar and SNIa ejections which then form a new
generation of enriched stars. The masses of the elements H, He, C, N, O, Ne, Mg,
Si, S, Ca, Fe are traced with the possibility to include more elements and isotopes.
The total stellar yield for [Z], Y , and [Mg/Fe] values for stars with different
initial mass and metallicity adopted from Portinari et al. (1998) and Marigo
(2001) are shown in Fig. 2.3. The newest version of the code (version 1.1.10)
updates the yield table for massive stars with the results given by Kobayashi
et al. (2006). This Kobayashi’s table is based on the theoretical modelling of Type
II/Ibc supernovae and hypernovae. The yield for electron-capture supernova and
rarer types of supernova (see relative number in Kobayashi et al. 2020, their table
2) and neutron star mergers are not included as they do not have a significant
effect on the enrichment of elements lighter than iron. The SNIa yield is adopted
from Gibson et al. (1997, their TNH93 dataset) and does not depend on the
property of the SNIa progenitor. All elements in the gas reservoir are always
well mixed, that is, there is only a single gas phase. More technical details are
provided in Yan et al. (2019b).
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Figure 2.3: Figure taken from Yan et al. 2019b. Metallicity [Z], helium mass fraction Y , and
α-enhancement [Mg/Fe] of the ejected gas from a dying star (or supernova event) as a function
of the stellar initial metal mass fraction Z and the stellar initial mass m (or the initial mass
of the possible SNIa progenitor, i.e. 3 to 8 M⊙ shown by the horizontal dashed line). The
horizontal thin dotted lines indicate the solar value (the solar value of Y = 0.273 is adopted
from Serenelli and Basu 2010). The relation is interpolated from the stellar yield table given by
Marigo (2001) and Portinari et al. (1998) where a solar value stellar initial helium abundance
is assumed for the stellar evolution model.

In addition to the mass-weighted element abundance, our code also gives an es-
timation of the stellar luminosity-weighted abundance. A simple mass-luminosity
relation for main-sequence stars is adopted (Duric 2004, their chapter 1.3.8 and
Salaris and Cassisi (2006, their chapter 5.7)) while the AGB luminosity is not
taken into consideration. The luminosity of a star of mass m is

L

L⊙
=

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
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(
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M⊙

)2.3
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m
M⊙

)4
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1.4
(

m
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)3.5
, 1.96 ⩾ m
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32000 m
M⊙

, 55.41 ⩾ m
M⊙

,

(2.6)
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where m is the stellar initial mass. Then the luminosity-weighted metallicity, Zlw,
of all the living stars at time tn is calculated as

Zlw(tn) =

tn∑
t=t1

[∫ mmax(tn−t)
m=mmin

ξ(t,m)L(m)dm · Z(t)
]

tn∑
t=t1

[∫ mmax(tn−t)
m=mmin

ξ(t,m)L(m)dm
] , (2.7)

where ξ(t) is the gwIMF for the stellar population formed at time t (see ξIGIMF
in Yan et al. 2017 for definition), mmax is the mass of the most massive star
that is still living at time tn for the stellar population formed at time t, and
mmin = 0.08 M⊙ is the lowest possible stellar mass.

The luminosity-weighted element ratio ([Fe/H]lw) is calculated by a similar
equation. It is not weighted with the [Fe/H] value of each star, but with the
element mass Mi,mw of the stars, where i is Fe or H and

Mi,mw(tn) =

tn∑
t=t1

[∫ mmax(tn−t)
m=mmin

ξ(t,m)L(m)dm ·Mi(t)
]

tn∑
t=t1

[∫ mmax(tn−t)
m=mmin

ξ(t,m)L(m)dm
] . (2.8)

Then, Eq. 2.1 to 2.3 are applied to calculate [Fe/H]lw where Ni is substituted by
Mi,mw.

Finally, we note that some studies adjust the yields of metal elements (such as
Mg and C) or the rate of SNIa in their model in order to fit certain observational
constraints. The better approach (e.g. in Arrigoni et al. 2010) would be to (i)
show straightforwardly that the model cannot fit the observation (cf. Kobayashi
et al. 2020, their fig. 39) then (ii) suggest modifications on this fiducial model
because the possible option includes, but is not restricted to, an adjustment of the
metal yields. Different yield tables are compared by, e.g., Philcox et al. (2018).

2.2.6 Environment-dependent IMF
Recent developments of the GCE models have started to adopt non-canonical vari-
able IMFs that depends on the local gas density, mentallicity and/or other prop-
erties. For example, Recchi et al. (2009); Haas and Anders (2010); Ploeckinger
et al. (2014); Recchi et al. (2015); Gargiulo et al. (2015); Fontanot et al. (2017,
2018); Palla et al. (2020) and most recently Prgomet et al. (2021) applied a
metallicity-dependent IMF in a hydrodynamical GCE model.

Most GCE models were developed initially assuming an invariant IMF and
were then modified to adopt a variable IMF. It is not always the case that this
paradigm shift is done or explained correctly. Many models assume the single
degenerate SNIa scenario where the SNIa rate depends on the number and lifetime
of the companion star and there with depends on the IMF shape. Therefore, the
IMF dependence is encoded in this original formulation and the model can adopt
different IMFs effortlessly. However, the calculation using the original single
degenerate formulation is complicated and costly. The models usually apply an
analytical fit of the SNIa rate result for a certain given IMF, thus assuming,
not in the SNIa formulation or theory but in the implementation of the SNIa
formulation in the code, that the IMF is invariant (e.g. Lia et al. 2002). Another
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popular SNIa rate formulation is the power-law delay time distribution (DTD)
formulation which does not depend on the IMF shape explicitly in the first place
and requires recalibration on the total SNIa number for each new IMF shape as
is described in Section 2.2.7 below. We urge the researchers to check and explain
in more detail how their galaxy model assuming an invariant IMF is transformed
into the variable IMF paradigm, if this information has not been covered in their
previous publications.

Rather than introducing ad-hoc variations of the IMF, our calculation applies
the IMF variation formulation that is consistent with previously established ob-
servational constraints, including dwarf galaxies (Lee et al., 2009; Dabringhausen
et al., 2009, 2010, 2012), the young cluster R136 (Banerjee and Kroupa, 2012),
globular clusters (Marks et al., 2012), dusty starburst galaxies (Zhang et al.,
2018), and chemical-evolution constraints (Yan et al., 2020).

Our calculation applies a formulation of the IMF variation that is consistent
with previously established observational constraints. No ad-hoc variation
of the IMF is introduced.

A new code assuming not a continuum star formation activity but the forma-
tion of simple stellar populations (stars that have the same age and metallicity)
for each 10 Myr star formation epoch is developed in particular for this PhD
project to incorporate the environment-dependent gwIMF into the GCE model.
The underlying notion is that the IMF is related to the embedded cluster mass
and the embedded cluster mass distribution (ECMF) needs to be taken into con-
sideration in the calculation of the gwIMF. That is, the IMFs of a population
of star clusters need to be considered together. Since the typical time scale to
form enough star clusters that properly populate the ECMF is about 10 Myr, it
is difficult to consider shorter time steps in the one zone evolution model. That is
why we only have 10 Myr steps. The hydrodynamical model can have a shorter
time step which corresponds to the formation of single clusters instead of cluster
population but there are other problems, such as resolving the vast number of
very low-mass embedded clusters that form thoughout the galaxy.

To incorporate the environment-dependent gwIMF into the GCE model, the
GCE module requires the gwIMF calculation module to calculate the gwIMF
according to the IGIMF theory at each time step according to the instantaneous
galaxy-wide SFR and gas-phase metallicity (Fig. 2.4). Different from the invariant
IMF assumption where the star formation activity is assumed to be a continuum,
the calculation of gwIMF with the IGIMF theory is done for 10 Myr time steps
assuming that the gwIMF is invariant during each 10 Myr time.
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Figure 2.4: Figure taken from Yan et al. 2019b. Interaction between the GCE module and the
IGIMF calculation module and the input/output.

2.2.7 The SNIa production efficiency

The number of SNIa depends on the number of possible SNIa progenitors,
that is, on the number of stars with a mass between about 3 to 8M⊙ (see
below), therefore, on the gwIMF.

The total number of SNIa explosions for a simple stellar population (SSP,
stars formed at the same time) after t years of the birth of the SSP per unit
stellar mass of the SSP (i.e. the time-integrated number of SNIa per stellar mass
formed until time t) is

nIa(t, ξ, ψ̄δt) = NIa(ξ, ψ̄δt)
∫ t

0
fdelay(t)dt , (2.9)

where NIa is the SNIa production efficiency, that is, the total number of SNIa
per unit mass of stars formed in the SSP, and fdelay is the delay time distribution
(DTD) function, that is, the fraction of exploded SNIa for an SSP with age t. We
adopt the empirical power-law DTD function from Maoz and Mannucci (2012),

fdelay(t) =

⎧⎨⎩0, t ⩽ 40 Myr,
k · t−1, t > 40 Myr,

(2.10)

where the normalization factor k is determined by the condition
∫ ∞

t=0 fdelay(t)dt =
1. Therefore, NIa = nIa(t = ∞) ≈ nIa(t = 10 Gyr).

A high fraction of multiple stellar systems and uncorrelated masses between
the stars that form the multiple stellar systems is evident (Kroupa et al., 1993;
Kroupa, 1995; Belloni et al., 2017, 2018). In the present work, we consider the
simplest scenario that the mass of the primary and secondary star are independent
concerning the formation of SNIa, that is, the probability of having a companion
star of a certain mass is proportional to the number fraction of the stars having
that mass and is independent of the accompanied SNIa progenitor star.
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The SNIa production efficiency, NIa, is calculated as

NIa(ξ, ψ̄δt) = n3,8(ξ)
M0.08,150(ξ)

·Bbin(ψ̄δt) · n3,8(ξ)
n0.08,150(ξ)

· CIa(ψ̄δt), (2.11)

where n3,8 and n0.08,150 are the number of stars within the mass range given by
their subscript (in the unit of M⊙). Similarly, M0.08,150 is the mass of stars in
the mass range indicated by its subscript. Therefore the first and third terms on
the r.h.s. depend on the IMF. Bbin denotes the binary fraction of stars within
the mass range of 3 to 8 M⊙ and CIa is the realisation probability of an SNIa
explosion for the potential SNIa progenitor system. Both depend on environmen-
tal factors such as the stellar density and metallicity. The variation of the SNIa
production efficiency has been suggested by, for example, Friedmann and Maoz
(2018) and Freundlich and Maoz (2021) who find a significantly enhanced occur-
rence of SNIa in galaxy clusters (see Table 2.1). A more detailed interpretation
and comprehensive discussion of the above equation is given in Yan et al. (2021),
where this has been published for the first time.

Table 2.1: Observational estimations on the time-integrated number of SNIa per stellar mass
formed. The estimations of the SNIa production efficiency are given in two groups, those
targeted at galaxy clusters, and those obtained in volume-limited surveys and in field galaxies.

NIa · 103 [M−1
⊙ ] Reference

Volumetric and field galaxies
2.3 ± 0.6 Maoz et al. (2011)
1.3 ± 0.15 Maoz et al. (2012)

0.485 ± 0.065 Perrett et al. (2012)
0.43+0.04

−0.1 Graur and Maoz (2013)
0.98+1.3

−0.76 Rodney et al. (2014)
1.3 ± 0.1 Maoz and Graur (2017)
1.6 ± 0.3 Maoz and Graur (2017)

2 ± 1 Heringer et al. (2019)
4+2

−1 Heringer et al. (2019)
Galaxy clusters

4.4+1.5
−1 Maoz et al. (2010)

5.4 ± 2.3 Maoz and Graur (2017)
3.1+1.1

−1.0 Freundlich and Maoz (2021)

Equation 2.11 is calibrated empirically. Assuming the average SFR of the
local universe is ψ0 = 1M⊙/yr, which is a reasonable approximation. The value
of Bbin(ψ0) · CIa(ψ0) is determined by the observed number of SNIa events in
nearby stellar systems assuming they have the canonical gwIMF and a Galactic
SFR of ψ0. Following Maoz and Mannucci (2012), we set

nIa(t = 10 Gyr, ξcanonical, ψ0) = 0.0022/M⊙, (2.12)

where ξcanonical denotes the canonical IMF (Kroupa 2001, i.e. Eq. 1.1 with α1 = 1.3
and α2 = α3 = 2.3).

In addition to the IMF variation effect, we define an SNIa realisation re-
normalisation parameter, κIa(ψ̄δt), to account for the environmental variation on
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the SNIa production efficiency. κIa represents the variation of the overall SNIa
realisation parameter as a function of the galaxy-wide SFR,

κIa(ψ̄δt) = Bbin(ψ̄δt) · CIa(ψ̄δt)
Bbin(ψ0) · CIa(ψ0)

, (2.13)

which allows the variable Bbin(ψ̄δt) ·CIa(ψ̄δt) to become larger in massive galaxies.
Through trial and error, we find that assuming

κIa(ψ̄107yr) = 1.75 + 0.75 · erf[log10(ψ̄107yr) · 1.25 − 2], (2.14)

where erf stands for the Gauss error function (Fig. 2.5), leads to a result that
roughly fits the observed τSF,SPS–Mdyn relation suggested by McDermid et al.
(2015).

1.0 0.5 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
log10( 107yr [M /yr])
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Error function
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Figure 2.5: Figure taken from Yan et al. 2021. The SNIa realisation re-normalisation parameter,
κIa defined in Eq. 2.13, as a function of the galaxy-wide SFR, ψ̄107yr. Different from the
canonical assumption that the SNIa production efficiency is independent of the environment
(the dotted line), we find that an increasing SNIa production efficiency for the higher-SFR
galaxy described by Eq. 2.14 (solid line) best reproduces the observed ETGs. On the other
hand, the dashed line, a power-law, has been excluded by our study (Yan et al., 2021).

Since the gwIMF predicted by the IGIMF theory is a function of the galaxy-
wide SFR and metallicity (see Eq. 1.11), Fig. 2.6 shows how nIa(t = 10 Gyr)
changes as a function of these two parameters.
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Figure 2.6: Figure taken from Yan et al. 2021. The number of SNIa per unit stellar mass
integrated over 10 Gyr formed for the error function model (Eq. 2.14). The model assumes
that the gwIMF is given by the IGIMF theory (Eq. 1.11) as a function of the galaxy-wide
SFR, ψ̄107yr, and metallicity, [Z/X]. The black line is the relation for [Z/X] = 0. Other
lines with different colours represent different values of [Z/X] as indicated by the white stripes
on the colour map on the right: [Z/X] = 0.3, 0.2, 0.1, -0.1, -0.2, -0.3, -0.4, -0.5, -1, -2, -4,
and -6. The black horizontal dotted line represents the canonical nIa(t = 10 Gyr, ξcanonical)
value of 0.0022/M⊙ (Maoz and Mannucci, 2012). The green and red horizontal dashed lines
indicate observational constraints on nIa(t = 10 Gyr) for SNIa surveys up to a certain redshift
and in galaxy clusters, respectively. The shaded regions represent the uncertainty ranges of
the horizontal dashed lines. Here we plot the observational values listed in Table 2.1, given
NIa = nIa(t = ∞) ≈ nIa(t = 10 Gyr).

2.3 Galaxy evolution results
In this section, the calculation results of our GCE model applying the IGIMF
theory, a log-normal SFH, and other assumptions described above are shown.
The gwIMF is metallicity- and SFR-dependent. The initial gas mass is set to
be the same as the sum of the initial stellar masses of all the stars ever formed
throughout the galaxy formation history given in Fig. 2.1. The GCE is simulated
for 13 Gyr.

2.3.1 Evolution of the TIgwIMF
Figure 2.7 shows the resulting time-integrated gwIMF (TIgwIMF) for the log-
normal SFH shown in Fig. 2.1. The TIgwIMF changes gradually from top-heavy
bottom-light (bottom lines) to top-light bottom-heavy (top lines).
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Figure 2.7: Figure taken from Yan et al. 2019b. Evolution of the TIgwIMF for a galaxy with
the log-normal SFH shown in Fig. 2.1, where ξ is the total number of stars in the galaxy within
a unit mass range. The assumed lowest and highest possible stellar mass is 0.08 M⊙ and 150
M⊙, respectively, following Yan et al. (2017). The solid lines represent the TIgwIMF after 10,
20, ..., and 1000 Myr since the beginning of the star formation (from bottom to top). The
colour of the lines indicates the metallicity [Z] in gas at the time. The colour-coding is the
same as in Figs. 2.2 and 2.3. The dashed line is the canonical IMF given by Kroupa (2001),
normalized to have the same ξ as the final TIgwIMF at m = 1 M⊙.

The gwIMF is top-heavy due to the high SFR during the early starburst (this
being directly related to the rapid formation of supermassive black holes, Kroupa
et al. 2020) and the gwIMF for the low-mass star evolves from bottom-light to
bottom-heavy due to metal enrichment (according to Eq. 1.4). See a more in-
depth discussion in Jeřábková et al. 2018).

For the old ETGs, the observations of the still living low-mass stars do not
give information on the gwIMF slope for the massive stars. We demon-
strated here that gwIMF can be both top-heavy and bottom-heavy. It
would be incorrect to assume a single power-law IMF for such galaxies and
to suggest a top-light gwIMF due to an observed bottom-heavy gwIMF.

2.3.2 Gas, living star, and stellar remnant mass evolution
The mass evolution of gas, stars, and stellar remnants are shown in Fig. 2.8. We
assume no galactic outflow for this simulation which leads to a high gas-to-star
mass ratio. This resembles the massive hot gas halo around the massive ETGs.
For dwarf galaxies that do not have a deep galactic potential, gas outflow can be
introduced which depletes the gas reservoir as we apply in Yan et al. (2020) (see
Chapter 3.1 below).
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Figure 2.8: Mass evolution of gas, living stars, and stellar remnants as a function of time for
the SFH shown in Fig. 2.1. The ‘all gas’ includes gas outside the galaxy that is constrained
by the galactic potential. The final total gas mass at 13 Gyr equals the ejected gas mass only
because the simulation is set such that the initial gas mass is the same value as the sum of
the initial stellar masses of all the stars ever formed given by the assumed SFH (i.e. Fig. 2.1).
Different from Fig. 2.7, here the mass values at 10, 19, 20, 29... Myr are also calculated and
demonstrated in addition to the star formation times happen at 10, 20... Myr. The death of
stars with a lifetime shorter than the star formation time step (10 Myr) causes the serrated
shape of the lines (the serrated shape is more prominent in the logarithmic scale, e.g., Fig. 2.9
to 2.11). There is no colour code for the lines in this and the rest of the figures in this chapter.

The stellar remnant mass with the top-heavy gwIMF is significantly increased
relative to a model assuming the canonical IMF. This leads to a higher dynamical
mass-to-light ratio (cf. Cappellari et al. 2012, Li et al. 2017, and Oldham and
Auger 2018) which we demonstrate in Chapter 3.2 below.

2.3.3 Number of supernovae
The time evolution of the number of SNIa and CCSN is plotted in Fig. 2.9. The
high CCSN rate with about 1 CCSN event per day is a result of the assumed
high SFR and top-heavy gwIMF, consistent with the observed CCSN rate for
high-redshift galaxies (Labbé et al., 2013; Stark et al., 2015).
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Figure 2.9: Figure taken from Yan et al. 2019b. Number of SNIa and CCSN per century as
a function of time for the SFH shown in Fig. 2.1. The dotted line below and the solid line
above are the rates for SNIa and CCSN, respectively. The serrated shape is caused by the
simplification that all the stars formed in a 10 Myr star formation epoch have an identical age.

2.3.4 Element abundances
The mass- or luminosity-averaged [Fe/H] and [Mg/Fe] evolution for stars and
gas are shown in Fig. 2.10 and 2.11, respectively. The stellar luminosity-weighted
result approaches the gas-phase value during the star formation and then quickly
falls back to the stellar mass-weighted value as the luminous massive stars die
out on a hundred million year timescale.
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Figure 2.10: Figure taken from Yan et al. 2019b. Evolution of gas- and mass-averaged stellar
[Fe/H] for the SFH shown in Fig. 2.1. The solid, dashed, and dotted lines represent the value
calculated for the gas phase, the mass averaged, and luminosity averaged (approximation, see
text) values, respectively. The serrated shape is caused by our simplification that all the stars
formed in a 10 Myr star formation epoch have an identical age.
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Figure 2.11: Same as Fig. 2.10, but for [Mg/Fe].

Caveat: the calculation for the helium abundance here applies a simplified
stellar total helium yield table that does not depend on the stellar initial
helium abundance. This leads to a lower helium abundance than a more
detailed calculation.
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2.4 Outlook and Conclusion
GCE involves a large number of physical assumptions. Many of them are embod-
ied implicitly in the GCE code. When applying the code to a new type of galaxy
for the first time, it is likely that some of the implicit assumptions need to be
adjusted. Such adjustments can only be done by someone who knows the code
very well. In order to make the code easy to maintain and expandable, I plan to
shift to a modular design of the code, with different physical assumptions easy to
be exchanged. Currently, the GalIMF code is under further development under
the following aspects:

1. The different parts of the code will be modulized to allow easier access and
tailored modification. The star formation law is certainly more complicated
than the current formulation assumed in the code and may depend on more
environmental parameters other than local SFR and metallicity.

2. Allow more choices of the applied stellar yield table in order to allow tracing
of more elements and isotopes. In particular, we would include the stellar
yield table for better calculation of the helium abundance evolution and the
yield of rotating stars. Theoretical studies suggest that stars with a high
rotational speed (e.g. with an initial H-burning phase equatorial velocity of
300 km/s) may produce 10 or 100 times more metals for elements heavier
than zinc (Limongi and Chieffi, 2018).

3. The code will be modified for faster and extensive calculations.

Our code will stay publicly available. It can be checked, questioned, and the
results can be independently reproduced.

In this chapter, we describe the open-source GCE code, GalIMF. It is able
to vary the gwIMF according to the star-forming environment at each time step,
yielding the mass and chemical composition evolution of the galaxy. In particular,
we considered the environmental and IMF variation effect on the SNIa produc-
tion efficiency. This enables us to perform a comprehensive and detailed exami-
nation of the different IMF theories in GCE studies. Thus, results obtained for
a high-mass starburst galaxy assuming the IGIMF theory demonstrates a strong
modification of the element composition of the galaxy. We use the GalIMF code
to explore the GCE of galaxies with different masses and SFHs in the following
chapters.

For more details, we refer the reader to Yan et al. (2019b) and Yan et al.
(2021) which are attached at the end of this dissertation.

47



3. Applications

3.1 Chemical evolution of dwarf galaxies

This section is based on the publication Yan, Jeřábková, and Kroupa (2021)
with the title “Chemical evolution of ultra-faint dwarf galaxies in the self-
consistently calculated integrated galactic IMF theory”.

The nearby dwarf galaxies provide a unique opportunity to study their gwIMFs.
Firstly, many of these low mass galaxies are formed with a short starburst, then
the star formation stops due to a depletion of gas. This leaves a relatively simple
stellar population with no recently formed younger stars. Not only the SPS is
more reliable, but the SFH in the GCE model can also be greatly simplified.
Secondly, there are a large number of them relative to massive galaxies, provid-
ing more close-by targets within which we can measure the abundances of single
stars with high accuracy. This measurement is important as the abundances of
stars formed at different times trace the gas abundance evolution of the galaxy.
Fernández-Alvar et al. (2018) has suggested that the GCE model is able to deduce
whether a difference in the abundance evolution is caused by a SFH or IMF varia-
tion. Indeed, the GCE of dwarf galaxies is different from the MW’s. For instance,
Theler et al. (2020) find that the stellar [α/Fe] values of Sextans, Sculptor, and
Fornax dwarf galaxies bend and decrease at different [Fe/H] values than in the
MW. Minelli et al. (2021) find, in addition, that different α-elements behave dif-
ferently as one would expect if the gwIMF varies because different elements are
produced mainly by stars of different mass.

In Yan et al. (2020), we apply the IGIMF theory to the GCE modelling of
one of the best-observed ultra-faint dwarf (UFD) satellite galaxies, Boötes I. We
find that the [α/Fe]–[Fe/H] relation of Boötes I can be well reproduced if it has
the average gas-depletion timescale of dwarf galaxies (Pflamm-Altenburg and
Kroupa, 2009), challenging the idea that UFDs have a much longer gas-depletion
timescale than dwarf galaxies. Remembering that when the galaxy stellar mass as
an observable is known, the gas-depletion timescale determines the average SFR
which then determines the gwIMF of the massive stars that affect the shape of
the [α/Fe]–[Fe/H] relation. Therefore, the IGIMF theory suggesting a top-light
IMF naturally accounts for the observed [α/Fe]–[Fe/H] relation of Boötes I.

The parameters applied in our GCE model are not fine-tuned to force a good
fit. They are either inherited from previous studies or significantly constrained
by independent sources or data. It is remarkable that the UFD Boötes I is so
well described using the IGIMF theory. This confirms that the optimal sampling
of ECMF and the IGIMF theory is most likely correct.
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The gas-depletion timescales of galaxies are estimated by GCE studies and
the conclusion depends on the assumed IMF. While the studies assuming
the canonical IMF suggest a long gas-depletion timescale of the UFDs, our
study assuming the IGIMF theory leads to a normal gas-depletion timescale
which is, in fact, the same as the average gas-depletion timescale of dwarf
galaxies (cf. Pflamm-Altenburg and Kroupa 2009).
When exploring a new IMF law, one must keep in mind that galactic proper-
ties such as the gas-depletion timescale determined previously from studies
assuming the canonical IMF are no longer correct.

In addition, we find in Yan et al. (2020) that the GCE model can be used
to constrain the IMF variation law of low-mass stars. Once the SFH and the
gwIMF of the massive stars are determined by the [α/Fe]–[Fe/H] relation and,
in addition, by an independent SPS study (Brown et al., 2014) of the galaxy, the
mean stellar metallicity of the galaxy is affected by the gwIMF of the low-mass
stars. Since the mean stellar metallicity is also deducible from SPS, the variation
of the gwIMF of the low-mass stars can be constrained, that is, the parameter
∆α in Eq. 1.4.

For more details, we refer the reader to Yan et al. (2020) which is attached at
the end of this dissertation.

3.2 Evolution of ETGs with different masses

This section is based on the publication Yan, Jeřábková, and Kroupa (2019)
with the title “The star formation timescale of elliptical galaxies - Fitting
[Mg/Fe] and total metallicity simultaneously” and Yan, Jeřábková, and
Kroupa (2021) with the title “Downsizing revised: Longer star formation
timescales for elliptical galaxies with an environment-dependent IMF and
number of SNIa”.

The SFH of a galaxy is not easy to determine when we can only look at the
present-day snapshot of it, in particular for the galaxies that cannot be resolved
and examined with a CMD of its stars. In this Chapter, we run the GCE cal-
culation for ETGs and study how the newly implemented IGIMF theory affects
our understanding of the formation history of ETGs.

The standard way to estimate the SFH, given the integrated galactic light, is
to fit an artificially synthesized stellar population with a realistic age, metallicity,
and mass distribution to the observed spectrum. This is the so-called stellar
population synthesis (SPS) method. One problem of the SPS method is that
the solution is not unique. The distribution of all three properties of the stellar
population can be adjusted to fit the data. For example, a more fluctuating SFH
instead of a smooth SFH (Furlanetto and Mirocha, 2021), a stellar population
with some elements more abundant than usual, and a different IMF such as the
one given by the IGIMF theory. All these factors affect the final estimation.
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One of the important requirements, for the synthesized stellar population to be
realistic, is that the age and metallicity distribution can be naturally reproduced
by the GCE model. That is, the stellar population becomes more enriched as
time passes.

A combination of SPS and GCE models to fulfil this requirement has been
demonstrated recently by Bellstedt et al. (2020). Historically, the SPS method
does not consider GCE and only estimates the average age and metal abundance
of the stars. The formation time scale of the stars, SFT, is estimated on top of
that using the α elements-to-iron peak elements ratio. This ratio is sensitive to the
SFT because most of the two groups of elements are produced by different types
of supernovae. α-elements are almost exclusively produced by CCSN over a short
timescale, while about half of the iron-peak elements are continuously produced
by thermonuclear supernovae long after the formation of the stellar population.
With this method, the most famous “downsizing” relation of ETG formation is
established by Thomas et al. (2005) and Thomas et al. (2010) with the result that
more massive ETGs form at an earlier time with a shorter SFT. This conclusion
revolutionized our understanding of how these galaxies form at the time when the
standard cosmology model (LCDM) expected that more massive galaxies formed
at the centre of massive dark matter halos (DMHs) as a result of the hierarchical
merging of smaller DMHs and therefore should have formed later over longer
timescales.

With the intention to introduce the IGIMF theory into the previous calcula-
tion done by Thomas, we first reproduced the previous “downsizing” relation in
Yan et al. (2019a). We also improved the SFT estimation of the GCE method
by considering the constraints of mean stellar metallicity in addition to the α
elements-to-iron peak elements ratio. This is because the element ratio yields are
different for stars with different metallicity.

We point out a few difficulties of the canonical “downsizing” scenario. Namely,
the idea of shorting the SFT to reproduce the observed α-element enhancement
only works in a simple GCE model where stellar ejections mix with environmental
gas instantaneously, but does not work in a more realistic hydrodynamical model
of galaxies. When considering the cooling and mixing of the gas, a non-negligible
time is required for the stellar ejection to participate in the formation of a new
generation of stars and increase the mean stellar metallicity. It happens that
when the SFT is too short, the mean stellar metallicity of the galaxy does not
have time to enrich to the observed value. Therefore, people struggle to fit both
the α-element enhancement and mean stellar metallicity simultaneously as is
demonstrated and explained in De Lucia et al. (2017) and Okamoto et al. (2017).
The same intrinsic problem persists in Barber et al. (2018) and Pantoni et al.
(2019). In addition, gravitational lensing observations of high-redshift quiescent
galaxies find that the metal abundance and α-elements are enriched early on and
that this cannot be explained by simple GCE models that vary only the SFT
(Jafariyazani et al., 2020). We suggested that the IGIMF theory constitutes a
natural solution to these difficulties.

In the follow-up paper, Yan et al. (2021, hereinafter Yan21), we perform the
same SFT calculations but by introducing the environment-dependent IMF to
this problem for the first time. We noted that there is no surprise if one man-
ages to fit the same observational constraints with an arbitrarily adjusted IMF.
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The point of our work is to test the independently and empirically constrained
IGIMF theory to get a reliable insight into how the ETGs form. By doing this, we
found out that the α-element production in the massive ETGs outperforms the
iron-peak elements to a great extend, altering the SFT estimation significantly
(Yan21, their Fig. 4). For the result to be consistent with other SFT constraints,
such as using SPS methods (Yan21, their Fig. 7), it necessarily follows that the
iron-element production is also elevated in these massive ETGs, most likely due
to a higher production efficiency of SNIa in the high stellar density region of the
high-SFR massive galaxies. We estimated how much the production efficiency
of SNIa needs to rise as a function of galaxy mass (Yan21, their Fig. 5) and
compared our estimation with the observational constraints given by direct SNIa
number counts in field galaxies and in galaxy clusters (Yan21, their Table 1 and
Fig. 6). As mentioned in Section 2.2.7, we find that our model nicely agrees with
the theoretical expectation from the N-body simulations and the observational
suggestion that the production efficiency of SNIa in higher density regions ap-
pears to be higher. This is exactly why the canonical IMF model cannot work
as it would require a lower SNIa production efficiency for massive galaxies to
better fit with the stellar abundance ratios, being inconsistent with the obser-
vations. Finally, we calculated the dynamical mass-to-light ratios (M/L) of the
ETGs in our best-fit model and found them to naturally reproduce the observed
M/L–galactic-mass relation (Yan21, their Fig. 10). The bottom-heavy gwIMF
of massive ETGs in our model also agrees with recent observational suggestions
(Yan21, their Fig. 9). Therefore, many observed ETG properties come together
naturally and are straightforwardly explained, all are consequences of the ap-
plication of the IGIMF theory to the monolithic collapse of post-Big Bang gas
clouds.

For more details, we refer the reader to Yan et al. (2019a) and Yan et al.
(2021) which are attached at the end of this dissertation.
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Summary and conclusion
A systematic IMF variation is currently the simplest explanation to consistently
account for the vast variety of anomalies observed for stellar populations on differ-
ent scales and at different redshifts (Section 1.2). With the empirically calibrated
IGIMF theory describing how the IMF varies (Yan et al., 2017) and the computa-
tional tool developed specifically for this study (Yan et al., 2019b), we are able to
explore the effect of a realistic IMF variation scenario on the chemical evolution
of different types of galaxies. From the dwarf galaxy with a stellar mass of only
a few times 104 M⊙ to the most massive monster galaxies with a dynamical mass
of 1012 M⊙, our GCE model adopting the IGIMF theory is able to explain the
individual stellar chemical abundances inside the galaxy better than models that
assume the IMF is invariant.

In Yan et al. (2020), it is shown that the IGIMF theory is able to naturally ex-
plain the element ratio of the dwarf galaxy Boötes I. According to our best-fit so-
lution, we find that Boötes I is not unusual but follows the same gas-consumption
process as other galaxies. This practice also allows us to put constraints on the
low-mass IMF dependence on the metallicity for the first time. This is an impor-
tant result because the IMF variation law of low-mass stars outside our Galaxy
is difficult to constrain because the observed relation from old quiescent galaxies,
where massive stars do not outshine the low-masses, is for the time-integrated
present-day stellar mass function that is different from the varying IMF.

In Yan et al. (2019a) and Yan et al. (2021), we explain the scaling relation
between the abundance ratios and galaxy mass which has not been understood in
canonical models. Yan et al. (2019a) demonstrated the importance of consider-
ing stellar metallicity and α-element enhancement together when estimating the
star formation timescale of a galaxy. The results show that the model adopting
the canonical IMF does not give formation timescales that are consistent with
independent constraints even if one allows a tuning of the stellar element yield
table. Either the formation timescales for massive galaxies are too short or the
formation timescales for the low-mass galaxies are too long. Following this work,
Yan et al. (2021) shows that the IGIMF theory provides a natural solution to
this problem. The more top-heavy galactic IMF of the massive and high-SFR
galaxies produces a lot more α-elements at early times, modifying the estimated
stellar formation timescales of these massive galaxies to longer values. In fact,
the empirically calibrated IGIMF formulation predicts that too many α-elements
should have been produced such that more iron-peak elements should also have
been produced to result in the observed α element-to-iron peak element ratio.
Therefore, we are able to use this constraint to estimate how the production
efficiency of SNIa should change in a different environment.

We conclude that the realistic IMF variation can have a strong impact on
the modelled GCE and our interpretation of galaxy observations. The estimated
galaxy mass and formation timescales are different from the canonical model,
which affects our understanding of how the universe evolves. The abnormal el-
ement abundances, if accounted by the IMF difference, no longer requires an
adjustment of the stellar evolution model or the introduction of exotic stellar ex-
plosion scenarios. Therefore, the IMF variation, being the missing link between
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the stars and the universe in many of today’s astronomical studies, needs to be
taken into consideration.

The future development of the field will require a significant amount of effort
to further test and constrain the IMF variation formulation empirically in order
to give an accurate and reliable description of how the IMF varies. Usage of
different GCE codes with different advantages that make possible cross-checking
are highly encouraged. Open-source codes or, at least, an extensively detailed
description of the GCE method, should become the standard. Communication
and collaborative effort are most valuable.

53



Bibliography
Fred C. Adams and Marco Fatuzzo. A Theory of the Initial Mass Function for Star

Formation in Molecular Clouds. ApJ, 464:256, June 1996. doi: 10.1086/177318.

Fred C. Adams and Gregory Laughlin. Implications of White Dwarf Galactic
Halos. ApJ, 468:586, September 1996. doi: 10.1086/177717.

S. S. Ali, R. De Propris, C. Chung, Steven Phillipps, and Malcolm Bremer.
Evolution of the Ultraviolet Upturn at 0.3 < z < 1: exploring helium rich
stellar populations. arXiv e-prints, art. arXiv:2109.13935, September 2021.

E. Anders and N. Grevesse. Abundances of the elements - Meteoritic and so-
lar. Geochim. Cosmochim. Acta, 53:197–214, January 1989. doi: 10.1016/
0016-7037(89)90286-X.

Brett H. Andrews, David H. Weinberg, Ralph Schönrich, and Jennifer A. Johnson.
Inflow, Outflow, Yields, and Stellar Population Mixing in Chemical Evolution
Models. ApJ, 835(2):224, February 2017. doi: 10.3847/1538-4357/835/2/224.

Elaad Applebaum, Alyson M. Brooks, Thomas R. Quinn, and Charlotte R. Chris-
tensen. A stochastically sampled IMF alters the stellar content of simulated
dwarf galaxies. MNRAS, 492(1):8–21, February 2020. doi: 10.1093/mnras/
stz3331.

Mat́ıas Arrigoni, Scott C. Trager, Rachel S. Somerville, and Brad K. Gibson.
Galactic chemical evolution in hierarchical formation models - I. Early-type
galaxies in the local Universe. MNRAS, 402(1):173–190, February 2010. doi:
10.1111/j.1365-2966.2009.15924.x.

M. Asplund, N. Grevesse, A. J. Sauval, and P. Scott. The Chemical Composition
of the Sun. ARA&A, 47:481–522, September 2009. doi: 10.1146/annurev.astro.
46.060407.145222.

M. W. Auger, T. Treu, R. Gavazzi, A. S. Bolton, L. V. E. Koopmans, and P. J.
Marshall. Dark Matter Contraction and the Stellar Content of Massive Early-
type Galaxies: Disfavoring “Light” Initial Mass Functions. ApJ, 721:L163–
L167, October 2010. doi: 10.1088/2041-8205/721/2/L163.

S. Banerjee and P. Kroupa. On the true shape of the upper end of the stellar
initial mass function. The case of R136. A&A, 547:A23, November 2012. doi:
10.1051/0004-6361/201218972.

Sambaran Banerjee and Pavel Kroupa. Formation of Very Young Massive
Clusters and Implications for Globular Clusters. In Steven Stahler, edi-
tor, The Birth of Star Clusters, volume 424, page 143, January 2018. doi:
10.1007/978-3-319-22801-3\ 6.

Christopher Barber, Robert A. Crain, and Joop Schaye. Calibrated, cosmological
hydrodynamical simulations with variable IMFs I: method and effect on global
galaxy scaling relations. MNRAS, 479(4):5448–5473, Oct 2018. doi: 10.1093/
mnras/sty1826.

54
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M. Cerviño, C. Román-Zúñiga, V. Luridiana, A. Bayo, N. Sánchez, and E. Pérez.
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sampled results for different β are shown as a red solid curve for β
following Eq. 1.10, blue dotted curve for β = 2, and green dashed
curve for β = 2.4. Observational data (gray dots) adopted from
Weidner et al. (2004) have a typical uncertainty of 0.3 dex. The
β = 2 and 2.4 curves are almost identical with Fig. 6 in Weidner
et al. (2004) (middle dotted and middle dashed curves, respec-
tively), in which δt = 107 yr is also adopted. See also Randria-
manakoto et al. (2013). . . . . . . . . . . . . . . . . . . . . . . . . 24
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1.5 Figure taken from Yan et al. 2017. Observed high mass end power-
law index of the gwIMF resulting from the calculated IGIMF, αgal

3
(i.e. αgal for stars with mass m > 1 M⊙) as a function of the
galaxy-wide SFR. αgal

3 values diverge for different SFRs and also
vary for different stellar masses. Because at each stellar mass value
there exists a different αgal

3 –ψ̄107yr relation, we plot solid lines for
log10(m/M⊙) = 0.2, 0.4, ..., 2, that is, 1.58, 2.51, ..., 100 M⊙ from
black to gray (top to bottom) for the IGIMF calculated results.
The blue squares are data from the GAMA galaxy survey (Gu-
nawardhana et al., 2011). The red triangles and red dash-dotted
line are data from Weidner et al. (2013c); the left triangle is for the
MW field, the middle three triangles are galaxy studies, the right
triangle is for the bulges of the MW and M31, and the dash-dotted
line is their IGIMF model assuming β = 2. A recent study has sug-
gested that the 2 M⊙/yr SFR for MW is overestimated (Chomiuk
and Povich, 2011), but we leave this data point the same as in
Weidner et al. (2013c). Gargiulo et al. (2015) report consistency
between their IGIMF model assuming β = 2 (thick orange dashed
line) and the [α/Fe] abundance ratios of elliptical galaxies. The
purple diamond is an individual analysis for the dwarf galaxy NGC
2915 (Bruzzese et al., 2015). Green stars are based on the Lee et al.
(2009) 11HUGS observations of dwarf galaxies. The black circle
is an observation for the solar neighbourhood from Rybizki and
Just (2015) with adopted MW SFR from Robitaille and Whitney
(2010) as an upper limit of the solar neighbourhood SFR because
the Sun is located in an inter-arm region where the relevant SFR
is significantly smaller. The thin horizontal dashed line represents
the canonical IMF slope, α3 = 2.3. . . . . . . . . . . . . . . . . . 25

1.6 Optimally sampled most-, second-, and third-massive stars to be
found in a galaxy as a function of the galaxy-wide SFR. These
stars are shown as a solid curve, blue dashed curve, and green
dotted curve, respectively. The thin horizontal dashed line indi-
cates the mass limit below which CCSN explosions are not likely
(8 M⊙), and the vertical thin dashed line shows the SFR below
which galaxies are not expected to host CCSN events, subject to
the axioms adopted in the present study. We note that ψ̄107yr here
is the true SFR, not an estimation assuming a universal IMF. . . 26

2.1 Figure taken from Yan et al. 2019b. Adopted SFH. The SFH
given by a log-normal function finishes its 50%, 75%, and 90% star
formation (in mass fraction) in 0.5, 0.98, and 1.8 Gyr, respectively. 32

2.2 Figure taken from Yan et al. 2019b. Lifetime (upper panel) and
remnant mass, mr (lower panel), of a star as a function of its
initial mass, m, and metal mass fraction, Z. The shown relations
are one-dimensional smoothing spline fits to the stellar evolution
tables given by Marigo (2001) and Portinari et al. (1998) for AGB
and massive stars, respectively. . . . . . . . . . . . . . . . . . . . 34
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2.3 Figure taken from Yan et al. 2019b. Metallicity [Z], helium mass
fraction Y , and α-enhancement [Mg/Fe] of the ejected gas from
a dying star (or supernova event) as a function of the stellar ini-
tial metal mass fraction Z and the stellar initial mass m (or the
initial mass of the possible SNIa progenitor, i.e. 3 to 8 M⊙ shown
by the horizontal dashed line). The horizontal thin dotted lines
indicate the solar value (the solar value of Y = 0.273 is adopted
from Serenelli and Basu 2010). The relation is interpolated from
the stellar yield table given by Marigo (2001) and Portinari et al.
(1998) where a solar value stellar initial helium abundance is as-
sumed for the stellar evolution model. . . . . . . . . . . . . . . . . 36

2.4 Figure taken from Yan et al. 2019b. Interaction between the GCE
module and the IGIMF calculation module and the input/output. 39

2.5 Figure taken from Yan et al. 2021. The SNIa realisation re-normalisation
parameter, κIa defined in Eq. 2.13, as a function of the galaxy-wide
SFR, ψ̄107yr. Different from the canonical assumption that the SNIa
production efficiency is independent of the environment (the dot-
ted line), we find that an increasing SNIa production efficiency for
the higher-SFR galaxy described by Eq. 2.14 (solid line) best re-
produces the observed ETGs. On the other hand, the dashed line,
a power-law, has been excluded by our study (Yan et al., 2021). . 41

2.6 Figure taken from Yan et al. 2021. The number of SNIa per unit
stellar mass integrated over 10 Gyr formed for the error function
model (Eq. 2.14). The model assumes that the gwIMF is given
by the IGIMF theory (Eq. 1.11) as a function of the galaxy-wide
SFR, ψ̄107yr, and metallicity, [Z/X]. The black line is the rela-
tion for [Z/X] = 0. Other lines with different colours represent
different values of [Z/X] as indicated by the white stripes on the
colour map on the right: [Z/X] = 0.3, 0.2, 0.1, -0.1, -0.2, -0.3, -0.4,
-0.5, -1, -2, -4, and -6. The black horizontal dotted line represents
the canonical nIa(t = 10 Gyr, ξcanonical) value of 0.0022/M⊙ (Maoz
and Mannucci, 2012). The green and red horizontal dashed lines
indicate observational constraints on nIa(t = 10 Gyr) for SNIa sur-
veys up to a certain redshift and in galaxy clusters, respectively.
The shaded regions represent the uncertainty ranges of the hori-
zontal dashed lines. Here we plot the observational values listed in
Table 2.1, given NIa = nIa(t = ∞) ≈ nIa(t = 10 Gyr). . . . . . . . 42

2.7 Figure taken from Yan et al. 2019b. Evolution of the TIgwIMF for
a galaxy with the log-normal SFH shown in Fig. 2.1, where ξ is the
total number of stars in the galaxy within a unit mass range. The
assumed lowest and highest possible stellar mass is 0.08 M⊙ and
150 M⊙, respectively, following Yan et al. (2017). The solid lines
represent the TIgwIMF after 10, 20, ..., and 1000 Myr since the
beginning of the star formation (from bottom to top). The colour
of the lines indicates the metallicity [Z] in gas at the time. The
colour-coding is the same as in Figs. 2.2 and 2.3. The dashed line
is the canonical IMF given by Kroupa (2001), normalized to have
the same ξ as the final TIgwIMF at m = 1 M⊙. . . . . . . . . . . 43
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2.8 Mass evolution of gas, living stars, and stellar remnants as a func-
tion of time for the SFH shown in Fig. 2.1. The ‘all gas’ includes
gas outside the galaxy that is constrained by the galactic potential.
The final total gas mass at 13 Gyr equals the ejected gas mass only
because the simulation is set such that the initial gas mass is the
same value as the sum of the initial stellar masses of all the stars
ever formed given by the assumed SFH (i.e. Fig. 2.1). Different
from Fig. 2.7, here the mass values at 10, 19, 20, 29... Myr are
also calculated and demonstrated in addition to the star formation
times happen at 10, 20... Myr. The death of stars with a lifetime
shorter than the star formation time step (10 Myr) causes the ser-
rated shape of the lines (the serrated shape is more prominent in
the logarithmic scale, e.g., Fig. 2.9 to 2.11). There is no colour
code for the lines in this and the rest of the figures in this chapter. 44

2.9 Figure taken from Yan et al. 2019b. Number of SNIa and CCSN
per century as a function of time for the SFH shown in Fig. 2.1.
The dotted line below and the solid line above are the rates for
SNIa and CCSN, respectively. The serrated shape is caused by the
simplification that all the stars formed in a 10 Myr star formation
epoch have an identical age. . . . . . . . . . . . . . . . . . . . . . 45

2.10 Figure taken from Yan et al. 2019b. Evolution of gas- and mass-
averaged stellar [Fe/H] for the SFH shown in Fig. 2.1. The solid,
dashed, and dotted lines represent the value calculated for the gas
phase, the mass averaged, and luminosity averaged (approxima-
tion, see text) values, respectively. The serrated shape is caused
by our simplification that all the stars formed in a 10 Myr star
formation epoch have an identical age. . . . . . . . . . . . . . . . 46

2.11 Same as Fig. 2.10, but for [Mg/Fe]. . . . . . . . . . . . . . . . . . 46
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3. Yan, Jeřábková, and Kroupa A&A, 637, A68 (2020).
“Chemical evolution of ultra-faint dwarf galaxies in the self-consistently
calculated integrated galactic IMF theory”
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6. Yan, Jeřábková, Kroupa and Vazdekis A&A, 629, A93 (2019).
“Chemical evolution of elliptical galaxies with a variable IMF. A publicly
available code”
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