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Abstract: A probability distribution is called spherically symmetric if it is invari-
ant with respect to rotations about the origin. This class includes the multivariate
standard normal distribution, a multivariate extension of the t-distribution and
uniform distributions inside the unit ball or the unit sphere surface. The first part
of the thesis summarizes the basic properties of spherically symmetric distribu-
tions such as the form of their characteristic function and provides expressions for
their moments and the density function. It turns out that spherically symmetric
distributions are fully characterized by the distribution of their Euclidean norm
or by any of their univariate marginal distributions. As any marginal distribution
of a spherically symmetric distribution is also spherically symmetric, the aim of
the second part of this thesis is to study the inverse relationship using fractional
calculus. For a given n-dimensional spherically symmetric distribution we solve
the problem of deciding whether there is a spherically symmetric distribution in
higher dimensions whose n-dimensional marginal is as given.
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Introduction

The multivariate normal distribution is a key distribution in multivariate analysis.
The class of spherically symmetric distributions maintains some of its properties
and thus may be used instead of the normal distribution.

In this thesis we will cover some of the properties of spherically symmetric
distributions which are defined as distributions which remain unchanged when
rotated about the origin. This class includes not only the multivariate standard
normal distribution or uniform distributions on some symmetric sets (such as the
unit sphere surface or the unit ball) but also the multivariate generalizations of
the t-distribution and the Laplace distribution.

It turns out that spherically symmetric distributions are fully described by
their radial distribution (the distribution of their Euclidean norm) or the distri-
bution of any marginal random variable. Therefore, even though it is a collection
of multivariate distributions, many problems are reduced to the univariate cases.

The thesis is organized in the following way. Chapter [1] collects some prelim-
inaries that will be useful for our treatment of spherically symmetric distribu-
tions. We introduce the Dirichlet distribution which is used to find the marginal
distribution of the uniform distribution on the unit sphere surface. A brief in-
troduction of fractional calculus is given in this chapter, the Riemann-Liouville
fractional derivative and integral is defined. Fractional calculus answers the ques-
tions about differentiation of a non-integer order, for example the %—th derivative.
The concept was famously introduced in a letter from Leibniz to I’Hopital in 1695.

The second chapter starts with the definition of spherically symmetric distri-
butions. We show that their characteristic function is given as a scalar function
of the inner product of its argument. The radial distribution is defined and
used to compute the moments of spherically symmetric distributions. Elliptically
symmetric distributions are briefly mentioned.

Chapter |3| covers absolutely continuous spherically symmetric distributions
and connects the density function of the distribution with the density function of
the radial distribution. Chapter |4 then discusses marginal distributions and their
density. It is shown that spherical symmetry is preserved in marginal distribu-
tions. Thus, the question is whether a spherically symmetric distribution can be
extended to higher dimensions in the same way as marginal distributions are an
extension to lower dimensions. This problem is addressed in Section Several
examples are given. For example it is shown that the uniform distribution inside
the unit ball in R™ is a marginal distribution of the uniform distribution on the
unit sphere surface in R"*2. Conversely, the standard normal distribution can be
extended to any dimension and the extension is also normally distributed.

The last chapter concerns statistical applications and presents several tests
for spherical symmetry. We may wonder if our data sample is taken from any
spherically symmetric distribution. The tests rely on the properties derived in
the previous chapters. We may rely on univariate tests when testing for a given
spherically symmetric distribution assuming the symmetry holds.



1. Preliminaries

The aim of this chapter is to summarize the notation, definitions and general
properties of functions and distributions which are used throughout the thesis.

1.1 Symbols and Notation

In the thesis the following notation is used: vectors x, y, z in R™ are considered as
column vectors X = (x1,...,7,)" and 0 = (0,...,0)", matrices are denoted as A,
B, C, ...and [ is the identity matrix. The dimensions are understood from the
context. A square matrix which satisfies QQ ' = I is called an orthogonal matriz
and O(n) is the group of all n xn orthogonal matrices. Random variables have the
same notation as matrices, yet letters from the second half of the alphabet such
as R, X, Y are used. Random vectors are denoted in bold X, Y, Z and are also
columns X = (Xi,...,X,)". The cumulative distribution function (for brevity
shortened as c.d.f) of a random vector is denoted by F' or G. The characteristic
function of an n-dimensional random vector X is given as

ex(t)=E (eitTX) , teR"™
The gamma function
[(z) = /Ooo t=le7tdt, 2>0
and the beta function

a, >0

play a key role as normalizing constants of the density functions of several dis-
tributions. Among the well-known distributions used in the thesis we have: the
n-dimensional normal distributions A, (b, X), the t-distribution with & degrees
of freedom, the y2-distribution with k& degrees of freedom, the gamma distri-
bution Gamma(ca, 3), the exponential distribution Exp(\), the beta distribution
Beta(«, 5) and the F-distribution with k& and n degrees of freedom (all as defined
in Forbes et al. [2010]). If vectors X and Y have the same distribution we shall

write X 4 Y.

1.2 Dirichlet Distribution

The Dirichlet distribution is a multivariate distribution defined on a simplex in
R™. This sections discusses its properties (as in Section 1.4 of [Fang et al.| [1990])
which are used to find a marginal distribution of a uniform distribution on the
unit sphere surface in R™. The results presented in this section are further used

in Sections .1l and (4.2



Definition 1. Let ay,...,a, >0 and Y, ..., Y, be independent random variables
where Y; has the gamma distribution with parameters (ay, 3), 5 > 0, and the
density

_ B a;—1,—By

fory >0, zero elsewhere. Then

-
Y] Y,
X1, X)) = Rpp—_.
( 1, ) ) ( ?:1}/;7 ) ?:1}6)
has the Dirichlet distribution with parameters o, ..., a,. For brevity we shall

write (Xq,...,X,)" ~Dyulaq, ..., o).

Since the Dirichlet distribution as defined above is singular in R", the Dirichlet
distribution could be defined (as in [Fang et al.| [1990]) just by the first n — 1
coordinates (X1,...,X,_1)" and X,, is determined as

n—1
1-) X,
i=1

Theorem 1. The density function of a random vector

T
(Xl,...,Xn)T:<X1,... nly ZX) ~ Ozl,...,an),

for ai,...,a, >0, with respect to the Lebesque measure on R" ! is
F(Zz lal a;—1 = o
flzy, ... xn ) = (a HQ;‘ i 1—2@ (1.1)
i=1 4 i=1 i=1

for (x1,...,2,-1)" € R* !, such that
Z$i<17 xl?"'>xn71>07

and zero elsewhere. In particular, the Dirichlet distribution does not depend on
the parameter 5 > 0 of the gamma distributions and is therefore defined correctly.

Proof. Denote 0 = Y. ; ay, f > 0 and Y; ~ Gamma(ay, #) be independent for
i €{1,...,n}, then (Y,...,Y,)" has the joint density

B BT,
fi, o yn) = T, T(ay) Hy eﬁzizlyl, Yy -5 Yn >0
=1 Z

=1
and zero elsewhere. Let us transform the random variables: for i € {1,...,n—1}
set v .
Xi==——"—, X=YV,.
k=1 Yk 12:21



Then the Jacobian of the transform is "~ and the support changes from (0, co)™
to A x (0,00) where

n—1
A:{Jfl,...,l’n_1>0, Z$1<1}
=1

Thus, the density of (X1,..., X,_1,X)" is

o - — n—1 an—1
flxe, . Tn1,20) = =—— B F( (H x-x)™ ><1_le> ponLle=he

=1

_M F a;—1 _ T o ﬁxa—le—ﬂz
e (M) (-5)

i=1 =1

where we have used that o = " ; ;. The second half of the function is a density
of Gamma(o, ) and hence can be integrated out over (0, 00) which completes the
proof.

H

Theorem [1| and its proof are adapted and extended from Section 1.4 of |Fang
et al| [1990]. The Dirichlet distribution plays an important role when study-
ing spherically symmetric distributions because it is connected to the marginal
distributions of a uniform distribution on the unit sphere surface in R".

The following remark is a direct consequence of a summation property of
the gamma distribution (Forbes et al. [2010]). When Y; ~ Gamma(a;, ) are
independent for i € {1,...,n} and ay,...,a,, 3 > 0, then

ZY} ~ Gamma (Z ai,6> )
i=1 i=1

Remark 1. Let (X1,...,X,)" ~Dy(ay,...,a,) where ay, ..., a, > 0. Then for
k < n any k components and 1 — Y¥ | X; are distributed as

E T
(le--~7Xk71_ZXi> NDk+1(a1,...,ak,&>

i=1

where & = >0, ;.
In particular,
Xi ~ Beta(a,-, o — Ozi)

where

n
o = ZOéj.
Jj=1

Theorem 2. Let (Uy,...,U,)" be a random vector uniformly distributed on the

unit sphere surface in R™. Then for k < n we have that the marginal distribution
(Ur,...,U,)" has the density

"—7’“71

f(ul,...,uk)r<r(g)) §<1_Zu> , gu?<1

and zero elsewhere.



Proof. Let Z = (Zy,...,Z,)" ~ N,(0,I) where

Z
U,...,.U)" < 2
R 171

which is certainly true but we will comment on this on detail also in Section 2.1}
Random variables ||Z||* and Z? have y?-distributions with n and 1 degree of
freedom, respectively. Let us use the fact that the y2-distribution with d degrees

of freedom is also the Gamma(%, 1) distribution. Denote
Z3 z2\'
(Yl,...,Yn)T:< [ ">
1] 2]

Thus, the random vector (Y7,...,Y,)" has the Dirichlet distribution D, (3, ..., 3)
and using Remark (1| the random vector

T

k
<}/177Yk71_zi/;>

i=1

¥ ‘

has the distribution Dy (%, e %7 n—k ) with the density function (Theorem

T g) koo k mh-1
f(yla---ayk:):nk<nyi )(1—2%)

=1

=

for y1,...,yx > 0and =F , y; < 1.
Let us transform the random vector (Y3,...,Y;)" into

(o 7)) = (VW)

The Jacobian of this transform is

which means i
n-k_4

T L\
f(y17~-ayk)—W<1—izl?/i>

for 47, ..., 9, > 0 and 3% | 2 < 1. We have derived the density function of

.
( |Z4| | Z| )
(V4 —vA
Let us use the symmetry of Z in order to remove the absolute values. The random

vector Z is symmetric, e.g. for each (z1,...,2,)" € R™ and (ky,...,k,)" €
{—1,1}" we have for the density function of Z

fC, oo zn) = fkiz1, oo knzn).



Therefore, it takes the same values on all orthants of R” and so does 2. Thus,

1z]-
- ~\NT
(Yl,...,Yk) can be extended to
-
Zl Zlc) d T
— e, — | =(Uy,...,Uy)
(HZH 1Z]]

with the density

1.3 Fractional Calculus

The results presented in Section are typically (as in Section 2.2 of Fang et al.
[1990]) presented in the language of standard differentiation and integration, yet
may be generalized using fractional calculus. The aim of this section is to present
the introduction to the topic and several examples.

The fundamental theorem of calculus (Folland| [2002]) states that for a con-
tinuous function f and a,x € R

0 x
= — t)dt
fla) == [ 1)
which means that the differentiation operator

of(x)
ox

is the left inverse of the integration operator

fx) =

flay e [*rwar

where the lower bound a is set arbitrarily. Fractional calculus generalizes the
k-th order derivative
Oflx) 0 0
dxk oz Ox (@),
which is k£ times compound differentiation, to an integer-valued operator and
then extends it to real numbers. As for integer differentiation and integration,
the definition is sufficient for only a certain class of functions.

For the repeated integration we can change the order

/j /atf(s)dsdt = /ax /: F(s)dtds
/j /atf(s)dsdt = /j(m — 5)f(s)ds

7
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and the repeated integral collapses into one integral. By induction we obtain the
Cauchy formula for repeated integration (Folland [2002]). For any & € N we have

/: /atl e /atk2 /:k1 f(s)ds dt_y---dty dt; = (k—ll)' /j(x — )R f(s)ds.

This formula is used to define the Riemann-Liouville fractional integral with
the gamma function as the real extension of the factorial. There are another
ways how to extend the differentiation, namely Caputo or Griinwald-Letnikov
fractional derivative [l

Definition 2. Let p > 0 and f be a continuous function. Then the Riemann-
Liouville fractional integral of order p is

1 T
D.?f(x :—/ x— )P Hf(t)dt
2F@) = g [0 )
for x > a.

Conversely, the Riemann-Liouville fractional derivative of order p is defined

as
1 olpl+1

T([p] + 1 — p) dzlrl+1 / (v — )PP f(t)at

for & > a where |p| is an integer such that |p] < p < |p] + 1| Additionally, we
define DA, f(x) = f(x).

The Riemann-Liouville fractional derivative and integral maps functions to
functions f +— D2 _f such that (D% f)(x) = D% f(x). The operator is sometimes
called the left-hand in contrast to the right-hand RL (short for Riemann-Liouville)
fractional integral

Do f(x) =

1 b -
F(p)/z (t — 2P f(1)dt (1.2)

and the right-hand RL fractional derivative

-pP __
Dm,b -

(_1)ij+1 glrl+1
(lp] +1 = p) Oxlrl+!

b
D2, f(x) = [ = rpma (1)
Note the commutative property of the Riemann-Liouville fractional integral (as
in |Li and Zhao| [2011]).

Remark 2. For p,q > 0 the Riemann-Liouville fractional integral satisfies

DR o Dy f(x) = Dot o D2 f(x) = Dy "9 f(x).
Let us verify that the definition of the RL fractional derivative extends the
standard differentiation on positive integers. Set p € N, p = |p| then I'(|p| + 1 —

p) =1 and
ot e o f(x)
B 8xp+1/a J(tdt = dxp

!Thoroughly discussed in |Li and Zhao| [2011].
2The ceiling function [p] may be used with additional definition at positive integers.

DG .f ()




Similarly for the right-hand fractional derivative

D2 () = (-1 [ o
_ (—1)ff’+1£:+1 (- [ rwar) (1.4)
_ 2@
== ozr

As for the operators of integer order, the fractional derivative is the left inverse
of the fractional integral since we have

Db, o Db f(x) = D& o D, 1P P o DT f(z).
Using the commutative property from Remark
Db, o Dnf(x) = DEI o DLW f(z) = f(x)

because both operators on the right-hand side are now of integer order.
Since standard integration and differentiation is linear, for u, A € R and func-
tions f and g we have

DP(uf(x) + Ag(x)) = pDP f(x) + ADPg(x).

FExample 1. Let us compute the fractional integral and derivative of several func-
tions.

e Let p € R, A > 0, compute nge—m for z € (0,00). First, the fractional
integral of order p is

1
L(p)

and transforming the integral u =t — x yields

-p —AT _
Dxme =

/Oo(t — )P e Mdt

D=P e—)\z _ L /OO up—le—)\(u—l-m)du'
oo L'(p) Jo

Use the integral associated with the gamma distribution

00 r
/ wP e My = (p) )
0 AP

All put together we have
e T(p)
I'(p) A

— )\—pe—)\m

—p ,=AT _
Dmme =

Since for k € N following Equation ({1.4))

ak

5 ke—)\x — (_)\)ke—kx’ D]; Ooe—)\ac — /\ke—)\m
Ib K



we have

Dé)’ooe—)\x _ Dngo—i_l o D;gépj—&-l—p)e—kx
— kag:l)\—(tmﬂ—p)e—%m

— \pl+1=(lp]+1-p) =2z _ \p Az

Let us combine the results for p and —p together with p = 0 into one formula
forpe R
DP 6—>\x — )\pe—)\aﬂ
T,00 .

o The fractional derivatives and integrals can be extended to the complex
plane. Since both integration and differentiation are linear the previous

result is extended to
eiz

— e ¥2 e | e~
21 ’

sin(z) = cos(z) = 5 %€ C.

From the first part of this example we obtain

Dﬁ,oo@im — (:F,L')pezl:m

= eﬂ:i(l‘— %p)

which when plugged back inside the complex definitions for the sine and
the cosine means for p € R

D?  sin(x) = sin (x - ;rp) :

D? . cos(x) = cos <x - ;Tp) :

» Compute DY 1¢1)(x), for € (0,1) and p € R. First, for the fractional
integral from Equation (|1.2)) we have for p > 0

1 1
D_p]_ pr— 7/ J— p_l
w11(0,1)(2) X (¢ =)t
SRRy
T U
1
_ - 1 _ P.

Now, for the fractional derivative D 1(o1y(x), p > 0, the integral in Equa-

tion (|1.3]) is
1 1z 1 — g)lpl=p+1
/ (t — :U)Lpprdt _ / prprdy _ ( z)
z 0 lpl —p+1
which means that
(=11 el (1 — g)lpl—pt1

Dp 1 — )
ealon @) = R ST T 8 ] —p i

10



Firstly, for p € (0,1) we have |p| = 0 which simplifies the computation

-1 9 (1-a)"
I'l—p)oxr 1-p
1

= m(l —x)7P.

Dyl () =

For p € N we have p = [p] > 1 and the exponent |p|] —p+ 1 is equal to 1.
Thus,

. )41 olpl+1
Dialon(e) = ()" o s (1 - 2)

olrl
— (—1)lr

1=0.

For p > 1 such that p € N, then
—)lel+1 glel+1 (1 — p)lpl-ptl
Dg,ll(o,l)(m) - ( ) [p)+1 ( )
I(lp] +1—p)0xlpl*t [p] —p+1
_(pl=p+1)---(1-p)

(1—x)P.
I'(lp] +2—-p) )
In conclusion, we get
F(llfp) (1 - x)*p7 p < 17
D1l (x) =40, pEN, (1.5)
%(1 — )P, otherwise.
For the purpose of this thesis denote
WP =D} (1.6)

which for p < 0 is the so called Liouville-Weyl fractional integral and is used in
Section [4.2]

The following remark summarizes some conditions for the existence of the
Riemann-Liouville fractional integral and derivative of order p € (0,1) as stated
in |Li and Zhao| [2011].

Remark 3. If p > 1 and f € LP(R) then for ¢ € (0, %) the fractional integrals
D, fand DZL, , f(r) exist almost everywhere.

Let a,b € R, a < b. The fractional derivative D¥  f exists and belongs to
L'([a, b)) if and only if f € L'([a,b]) and DP_'f is absolutely continuous and

D1 f(a) = 0. ’

W
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2. Spherically Symmetric
Distributions

The aim of this chapter is to summarize the basic properties of spherically sym-
metric distributions and follows Section 2.1 of |Fang et al.| [1990]. Each property
shown in Section is then elucidated using several basic examples of spherically
symmetric distributions such as the multivariate standard normal distribution or
uniform distributions on the unit ball or sphere surface. Section focuses on
the moments of spherically symmetric distributions and the last section briefly
discusses elliptically symmetric distributions.

2.1 Definition

The class of spherically symmetric distributions is defined though its geometric
property. Let x € R™ and () be an n x n orthogonal matrix. Then the point ()x
lies on the same sphere centered at the origin as x since ||x|| = ||@x]||. We may
call the non-empty set A C R" spherically symmetric if x € A implies Qx € A
for each orthogonal matrix ). The spherical symmetry which defines the class of
distributions is a generalization of this property up to the distributions.

Definition 3. An n-dimensional random vector X has a spherically symmetric
distribution if for every Q € O(n) vectors X and QX have the same distribution.

Following Definition [3| a random vector with a spherically symmetric distri-
bution shall be called a spherically symmetric random vector.

Theorem 3. Let px(t) be a characteristic function of an n-dimensional random
vector X. Then X has a spherically symmetric distribution if and only if there
exists a function ¢ : [0,00) — R such that px(t) = ¢(t't) for every vector t € R™.

Proof. Using the properties of characteristic functions (Lachout| [2004]) for every
orthogonal matrix @ we have px(Q"t) = pox(t) which for X with spherically
symmetric distribution means ¢x(t) = ox(Q't) for all t € R™. Thus, the
characteristic function of X is invariant with respect to the group of orthogonal
matrices. Since ||t|| = ||Qt] the value of px depends on the inner product
t't. Thus, it must be a scalar function of t't since for any tq,t, € R™ such
that t]t; = t,ty there is a matrix Q € O(n) such that t; = Qt2[] Hence,
ox(t1) = px(Qt2) = px(ts) and the value of px(t) depends on t't.

Conversely, any orthogonal matrix @ satisfies QQ" = I. Thus, pox(t) =
ox(QT8) = H((QTH)TQTE) = G(ETQQTE) = H(tTt) = px(t) and X and QX have
the same distribution (the characteristic function determines the distribution as
shown in [Lachout| [2004]) and X has a spherically symmetric distribution.

O
A function ¢ which satisfies the previous theorem for some random vector is called
a characteristic generator.

to—t
[t2—t1]l

Since Q> =1%2 —4qq" +4qq'qq' =1 —4qq’ +4qq' = I, the matrix is orthogonal because
|det Q| = 1 (The properties of the Householder reflection are discussed in Kerl| [2008]).

is a unit vector.

IThe matrix Q is the Householder matrix Q = I —2qq ' where q =

12



FExample 2. The class of spherically symmetric distributions includes:

Uniform distribution on the unit sphere surface. By u, let us denote the
uniform distribution on the unit sphere surface in R". For X ~ u; we have

PX=1)=PX=-1)=1.

Uniform distribution inside the unit ball. By s, let us denote the uniform
distribution inside the unit ball in R™. For n = 1 the distribution s; is a
uniform distribution on the interval (—1,1).

Normal distribution. An n-dimensional vector with a multivariate normal
distribution N, (0, I) is spherically symmetric and its characteristic function
is e7t'/2 therefore the characteristic generator is e /2 for y > 0.

Student’s t-distribution. Let Z ~ N, (0,I) and Y be a random variable with
a X—distributionﬂ with m degrees of freedom where Z and Y are independent.
Then T = @ has a symmetric multivariate t-distribution with m degrees
of freedom as an extension of the univariate ¢-distribution. For m = 1 it

becomes a symmetric multivariate Cauchy distribution.

Laplace distribution. Let Z ~ N, (0,1) and W ~ Exp(1) where Z and W
are independent. Then Y = +WZ has a symmetric multivariate Laplace
distribution and its characteristic function is (further discussed in

Kozubowski and Podgorski| [2000]).

1
1+t 7t/2

Sum of random vectors. Generally, for k independent n-dimensional spher-
ically symmetric random vectors Xy, ..., X, with characteristic generators
1, ..., Ok, the sum

k
Y=Y X,
i=1

is an n-dimensional spherically symmetric random vector with the charac-
teristic generator

k
¢(u) = 1:[ ¢1(u)> u > 07

since the characteristic function (Lachout| [2004]) is
ov(t) =[] ex,(t), teR™
i=1

Mizture of random vectors. Let {Xy}72, be a sequence of n-dimensional
spherically symmetric random vectors with characteristic generators ¢y,
¢a, ... and {oy}72, be a sequence of non-negative real numbers such that
>, o = 1. Then the mixture of {X;}22, with weights {ay}72, is spher-
ically symmetric with the characteristic generator

o(u) = Iciamsk(u), 0“0

2See p.

13



Figure 2.1: The density function of N'5(0, I).

08

Figure 2.2: The density function of the bivariate Laplace distribution.

Remark 4. Let us look closely at the scalar functions that could serve as a
characteristic generator of a random vector. Suppose for n € N we have that
G(t2 + - -+ +12) is a characteristic function of some n-dimensional random vector
X = (X1,...,X,)" where ¢ is the generator. Then for 1 < m < n we have
that ¢(t3 + --- + t2,) is a characteristic function of the marginal random vec-
tor (X1,...,X,,)". That follows using the formula pax(t) = ¢x(ATt) for any
t € R™ for an m X n-matrix

10 00 0

01 00 0
A=

00 --- 10 ---0

which is the matrix of projection to the first m components.

Theorem 4. A function ¢ is a characteristic generator of an n-dimensional
spherically symmetric random vector if and only if there exists a c.d.f. F: R —
[0,1] such that F(r) =0 for r <0 and

6(@) = [ bu(art)dF () (21)

14



where ¢, s the characteristic generator of w,, the random wvector uniformly
distributed on the unit sphere surface.

Proof.  Let us define a measure p on the unit sphere where p(B) is equal to
the surface area of B for any Borel subset B of the unit sphere surface, then
P(u, € B) = %f) where S,, is a surface area of the unit sphere. From the
definition of the characteristic function and the characteristic generator we have

T 1 .7
bu, (tTt) =E (e ") = / —e" *du(x).
h (<) Ixl=1 S,
Firstly, for simplicity let us use the notation ¢(t"t) = oy (i, ..., t,) for a char-
acteristic generator and a char. function of an n-dimensional random vector Y
with a c.d.f G(y). Denote v the measure corresponding to G. For t € R™, t # 0,

denote v = (vy,...,v,)" = H:—”, then using Fubini’s theorem (Folland| [2002])

Cb(t—rt) = QDY(HtHUla R HtHUn)
1
= < ev([tlvr, ..o [[t]vn)du(v)
Ivil=1 Sy

I
— _ ZHt”V yd d
/v=1 S, Jen v(y)du(v)
! / v Ty
g N 62 v d v dl/

= [ 6u 6Tty y)dv(y).

And since the characteristic function is continuous
ot7t) = [ 6u,(t7t yTy)du(y) (2:2)
holds for all t € R™. Let

Fry= [ dvly) =E(gizn) = POV <)

Then F': R — [0, 1] satisfies the conditions to be a c.d.f. of a random variable.
For any r < 0 we have F(r) = [ <, dv(y) = [pdv(y) = 0. Function F is
right-continuous since for any » € R and a sequence {r,}>,, r, > r, r, = r, we
have

lim F(r,) = lim dv :/ lim 1 oy dv :/ dv = F(r
A Fr) =T | dvly) = [ Lgyisrdv(y) = | dv(y) = F(r)
using the dominated convergence theorem (Folland| [2002]) since F'(r,) < 1 for

n € N. Limits to —oo and 400 can be proven analogously. For any 7,7, € R
such that r; < r9 we have that

Fira) = F(r) = [

lyll<rz

dly) = [ dvly) = dv(y) > 0.

ri<l|lyl|<ra

We can also observe that for the random variable R corresponding to F(r) we
have F(r) = P(R < r) = P(||Y]| < r) which means that when integrating with
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respect to F'(r) instead of G(y) or v(y) we replace ||y| with r. In Equation ([2.2))
set © = t 't and change the integration, then

o(2) = [ bu,(ar)dF (1)

For the second implication let us assume Equation holds for some c.d.f. F'.
Denote R the random variable corresponding to the c.d.f. F. The proof is com-
pleted if we find an n-dimensional spherically symmetric random vector such that
¢ is its characteristic generator. Set X = Ru,, where R and u,, are independent
which means the c.d.f. of X is F(r) - G(u) as G(uy,...,u,) is the c.d.f. of u,.
The characteristic function of X is

px(t) = E (e )
_ /0 > /” - ¢t 4G (u) dF(r)
_ /0 " ou (1) dF(r)
_ /0 T G (26T dF(r)
— (7Y

which means the random vector X is spherically symmetric (Theorem [3) and ¢
is its characteristic generator.

]

Theorem 4] is due to |Schoenberg| [1938] and the proof is adapted from |[Fang
et al| [1990]. The second part gives us a stochastic representation for an n-
dimensional random vector X with characteristic function ¢(t't) through a non-
negative random variable R with a c.d.f. F. From now on for a spherically
symmetric random vector X we shall denote R the random variable which satisfies
Theorem [ and the distribution of R shall be called the radial distribution of X.
In conclusion, when X is an n-dimensional spherically symmetric random vector
with a characteristic generator ¢ we shall write XgRun where R and u, are
independent and ¢ and R are connected though Theorem [4]

The following theorems describe an easier way how to derive the radial distri-
bution of X and that the radial distribution is unique.

Theorem 5. Suppose for a spherically symmetric random vector x4 Ruw,, and
P(X = 0) =0, then
d

X
IX|£R and -2
X

U,.

Proof.  From |Anderson and Fang [1982] if Y, 1Y, are random vectors and fis
j €{1,...,m} are measurable functions, then

(LY 1)y (Y O) T 2 (F1(Ya), oy frn(Yo)) T

The functions f1(Y) = ||Y|| and f2(Y) = ﬁ are used in order to prove the

theorem. Since P(X = 0) = 0, these functions are measurable. First using
P(|lun|| =1) = 1 we get

d
X[ =l Bu, || = [[R]| = .
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This also means that P(R = 0) = P(||X]|| = 0) = P(X = 0) = 0. Thus, the
distribution of X/||X|| is
d Ru, —u
X R,

]

Theorem 6. If P(X = 0) = 0 and X has two different stochastic representations,
e. . X< Riu, = Rou,, then Ry =< Ry.

Proof.  Since XX Z(Ryu,) Riu, £ R2ulu, £ R? and similarly X' X < R2.
Random variables Ry, Ry are non-negative which concludes R; 4 Rs.
n

FExample 3. Let us consider a spherically symmetric random vector X and find
its radial distribution.

o Uniform distribution on the unit sphere surface. If X ~ u,, then R has
a degenerate distribution with P(R =1) = 1.

e Normal distribution. For a random vector X with a multivariate normal
distribution N, (0, I), [|X|| has a y-distribution with n degrees of freedom ff

o Uniform distribution inside the unit ball. If a random variable X ~ s,,, then
|X|| has Beta(n, 1) distribution []

A spherically symmetric distribution can be further characterized by a linear
combination of its components.

Theorem 7. A random vector X = (Xy,...,X,)" is spherically symmetric if
and only if for all a € R™

o' X< a| X,

Proof.  Following Remark (4] if ¢ is a characteristic generator of a spherically
symmetric random vector X then it is also a characteristic generator of X, thus
for the characteristic function ¢,7x of the random variable a'X and ¢t € R

parx(t) =E (" *'X) = ¢((ta" )ta) = ¢(*]|a]]*) = @jax, (£).

Therefore, a'X and ||al|X; have the same characteristic function which implies
equality in distribution.

Conversely, let a' X <||a|| X, for all a € R”. Then ¢y, (||a])) = @|lajx, (1) and
since the distributions are the same, the characteristic functions are the same.
We obtain ¢ja)x, (1) = warx(1) = ¢x(a) thus the characteristic function of X
satisfies px(a) = vx, (||al|) = ¢x,(VaTa) for all a € R". Using Theorem |3| we

have that X is a spherically symmetric random vector.

3As used in Theorem [2| and with the density derived on p.

4See p.
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]

Following Theorem [7]all projections of a spherically symmetric random vector
to a line through the originﬂ have the same distribution (same as the distribution
of any component of the random vector). Theorems [3| [i] and [7] are formulated as
equivalences, thus any of these characteristics can be used to define spherically
symmetric random vectors.

2.2 Moments

As presented in the previous section a spherically symmetric random vector X
is distributed as Ru, where R is some non-negative random variable and u,, is
uniformly distributed on the unit sphere surface and R and u,, are independent.
The results presented in this section are taken from Section 2.2 of Fang et al.
[1990].

Theorem 8. Let X be an n-dimensional spherically symmetric random vector.
If E(X) exists, then E(X) = 0.

Proof. By Theorem || we have that X 4 Ru,, where R and u,, are independent,
thus E (X) = E(R) E (u,).

Let us find E (u,,). Denote Z ~ N,(0, 1), then Z < Z|ju,. We know E (Z) = 0
and E (||Z]|) < oo since E(||Z]|*) = n which is the expected value of the x*-
distribution with n degrees of freedom. This means E (u,) = 0.

Assuming E (X)) exists, it necessarily means E (R) < co and E (X) = 0.
O]

The assumption of the existence of E (X) is necessary, as in the case of a uni-
variate Cauchy distribution the expected value is undefined.
Using a similar procedure for X £ Ru,, where E(R?) < oo the covariance
matrix of X if exists is )
Cov(X) = E(R )I.
n
Thus, if it exists the correlation matrix is the same for all n-dimensional spheri-

cally symmetric distributions since the constant

E (R?)

n

cancels out and Corr(X) = I.
The following theorem provides a generalization for higher moments.

Theorem 9. Let X< Ruw,, be a spherically symmetric random wvector, X =
(X1,...,X,)" and my, ..., m, are non-negative integers. Provided the moments
of X exist, if at least one of m; is odd, then

£ (ﬁ x;m) 0.

i=1

5Such a projection can be computed using a dot product with the unit direction vector of
the line.
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Otherwise, let us denote m; = 2l; and my + ...+ m,, = m = 2l, then

(i)

=1

Proof. Let Z ~ N,(0,I), then Z L Yu, where Y has a x-distribution with
n degrees of freedom and Y, u,, = (Uy,...,U,)" are independent. Thus, E (Z) =
E(Yu,) = E(Y)E(u,). Now using independence of uncorrelated normally dis-
tributed random variables

[e@m ~ (1120) - (oo

i=1 i=1
g (ym 11 U;?%i) —E(Y™)E (H U;ni> .
i=1 i=1
If any m; is odd, then from E (Z]™) = 0. For even m; we have that E(Z"") =
1-3-+-(m; —1) = (m; — 1)!! and from [Forbes et al.|[2010]

i (o)

E(Y™) = (2.3)

We have that

E (H X['“) =E (H(RUJ"L) =E(R™)E <H Uf'“) = E(Rm)%.
i=1 i=1 i—1 E(Ym™)
(2.4)
If any m; is odd, then E (Z™) = 0 which gives us the first result. In the second
case E (Z2) = (21; — 1)!! can expressed using the factorial as

E(Z2%) = (20 — 1)1l = 2(12&))', (2.5)

Since for any k € N

k k
H NI (20 —1) = 2*k!(2k — 1)
7j=1 =1

which when combining Equations (2.3 and (2.5)) gives us
F(ﬂ> o (20)!
Xml — E R2l 2 ?
(H ) ( ) 2I0(5 +1) H 28 (1)

=1 i=1

and the proof is completed.

Corollary 1. Fang et al.| [1990] also present another result

(HXW>_E(R”7T HF<Z+ )

=1

which can be obtained from Theorem [J] using the Legendre duplication formula
1
['(2)0 (z + 2) = 2172 /71(22)

for z =1;+ 5 fori € {1,...,n}.
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2.3 Elliptically Symmetric Distributions

The class of elliptically symmetric distributions is defined through the spherically
symmetric distribution as an affine transformation. Since many properties of
spherically symmetric distributions are easily applicable to this class, this chapter
is only a brief introduction. |Anderson and Fang| [1990] further focus on the class
of matrix symmetric distributions which are not discussed in this thesis.

Definition 4. Let X be a k-dimensional spherically symmetric random vector,
A be a k x n-matriz with rank k, ATA =3, and b € R™. Then the random vector

b+ATX
is said to have an elliptically symmetric distribution with parameters b and ..

If b =0 and X = I, then an elliptically symmetric distribution becomes
spherically symmetric. The elliptically symmetric distribution is fully character-
ized by a positive semidefinite matrix ¥ regardless of the matrix A as we show
in the following remark.

Remark 5. As for spherically symmetric distributions, the characteristic function
of an elliptically symmetric random vector takes a special form. For an elliptically
symmetric random vector Y with parameters b € R"™ and an n xn positive definite
matrix > the characteristic function is

E (eitTY) —E (ez‘tT(b+ATX)) —¢t'PE (ei(At)TX> = ¢t Pyt St) (2.6)

where ¢ : [0,00) — R is a scalar function. Because the char. function of Y
depends on A only via ¥, we have shown that the distribution indeed depends
only on b, ¥ and the scalar function. The formula for the characteristic function
is used in Kelker [1970] and [Fang et al|[1990] to define the class of elliptically
symmetric distributions.

Remark 6. For an n-dimensional elliptically symmetric random vector the pa-
rameter b € R" is unique but Y and ¢ are only unique up to a constant ¢ > 0
since using c¥ and ¢(;) instead of 3 and ¢(-) will result in the same distribution.

Ezample 4. Denote X ~ N (0, ), then
Y=b+A™X

for a vector b € R and k x n-matrix A with rank k£ has a normal distribution
No(b,Y) where ¥ = AT A is its covariance matrix.

The Laplace and the multivariate ¢-distribution can be also extended into
elliptically symmetric distributions alternating the characteristic function (or the

density) as in Equation ({2.6)).

Theorem 10. Suppose X is an n-dimensional elliptically symmetric random
vector with parameters b € R™ and X, a positive definite n X n-matriz. Let
c € R™ and D be an m x n-matriz of rank m, m <n. Then Y = c+ DX has
an elliptically symmetric distribution with parameters ¢ + Db and DXDT.
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Proof. From the definition of elliptical symmetry there is a k-dimensional
spherically symmetric random vector X, b € R™ and a k x n-matrix A such
that ATA=X

X=b+A'X.

Denote ¢ the characteristic generator of X. For s € R” we have

ox(s) = E <6isTX) - E (eisT(b+ATX)) _¢s'bE (ez‘(As)TX) _ eisquﬁ(STzs)'
Thus, for Y = ¢+ DX and u € R™ we have

Py (1) =™ “opx(u)

and

ppx (1) = px(D'u) = P W Pe((DTu) 'ED w)) = ™ PPy(u’ DD )
which means for u € R™

oy (u) = eiuT(c+Db)¢(uTD2DTu)

and Y has an elliptically symmetric distribution with parameters ¢ + Db and

DYDT.
O

Theorem is a generalization of Theorem [7| and is mentioned in Kelker
[1970].
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3. Density

This chapter presents the properties of the density of a spherically symmetric
distribution from [Kelker| [1970] and Section 2.2 of Fang et al.| [1990]. It turns out
that the density of the distribution is closely connected with the density of its
radial distribution.

Suppose a spherically symmetric random vector X possesses a density f(x),
x € R™, then the density can be also expressed as a scalar function g : [0, 00) —
[0, 00) where for x € R”

g(x'x) = f(x).
Such a scalar function g shall be called a density generator of X. The following
lemma presents a method how to integrate a spherically symmetric function.

Lemma 11. Let w : R" — [0,00) be a function such that there exists a function
W : [0,00) = [0, 00) where w(x) = w(x' x) for each & € R™. Then

/n w(z)dx = /n w(z' z)dx = /OO Fﬂ(;) v Ya(y)dy

0

provided the integrals exist.

Proof.  Since the function @(x"x) is the same on all 2" orthants of R™ we can

restrict the integral to one orthant
/ w (XTX) dx = 2”/ (2 + -+ 2} )dx.
n (0700)71

We will now use a transformation to remove the squared terms: for each
i € {1,...,n} set u; = %, then the Jacobian of this transformation is

1
2" [[imy Vi
and the boundaries remain unchanged. Hence
n 1

2”/( | ﬁ)(xf—i—~~+xi)d>c:/ Wlug + -+ +u,) [[ u; 2du
0,00)™

(0,00)" i=1

Let us set y; = w; for i € {1,...,n — 1} and y, = uy + - -+ + u,, then the
Jacobian of the transformation is 1 but now we are integrating over

n—1
i=1

Then
/ Wlug + - +u,) [[
(0,00)" 1=

=1

1
1 n—1 1 n—1 -2
u; 2du = /Afu(yn) H y; > <yn — E yz> dy.
i1 i=1
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Next let z; = y;/y, and z, = y,, which changes the boundaries from A to

n—1
B = {z,-e (0,00),1 > Zzi,ie{l,...,n}}.

i=1

The Jacobian of the transformation is 27~!. The integrated function and the set
can be split into two parts: B = B’ x (0, 00) where

n—1
B/:{zie(O,oo),lzZzi,i€{17...,n—1}},

i=1

thus the integral can now be split into two parts:

[un

2

1 n—1
/ W (yy) Hyz 2 (yn—Zyz) dy
=1

[
[NIES

- n—1
:/ w(zy) H ZiZn) é(zn— Z%%) 2"z
B i=1 i—1

n_q 1 n—1 2
= U} n T% zn / H Z; : (1 - Z Zz) dzy--- dZn—l-
(0,00) !

The second integral on the right hand side is closely related to the Dirichlet
distribution ) .
D, ( L )
2 2

since we are integrating its density function (from Theorem (1)) without the nor-
malizing constant over its support. The second integral is equal to one over the
normalizing constant:

aT(3) ot

r(s)  r(s)

Together the n-dimensional integral is transformed into a one-dimensional one

/n w(x)dx = / w(x ' x)dx = /OOO Fﬂ(i) y2 Y (y)dy.

]

Following Lemma (11 with w = f and @ = g as the density and the density
generator. For g : [0,00) — [0,00) in order to be a density generator of an
n-dimensional spherically symmetric random vector we need

/ y2 1 y)dy < o0, (3.1)

and any function g : [0, 00) — [0, 00) satisfying this condition is, up to a constant,
a density generator of some spherically symmetric random vector. If X has k
finite moments we need y**2 ~1g(y) to be integrable over (0, 00) which follows by
a similar computation as in Lemma
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3.1 Density of the Radial Distribution

The aim of this section is to derive the density of the radial distribution. It follows
mostly Section 2.2 of Fang et al.| [1990]. The proofs are extended and examples
are added.

Theorem 12. Let X be an n-dimensional spherically symmetric random vector
with the radial distribution R. Then X possesses a density f(x) = g(x' ) if and
only if R has a density h and

Proof. Let w : [0,00) — [0,00) be a measurable function. Denoting r? = x'x
and f(x) = g(x"x) = g(r?), then

(
— [ w(VET)f
o

Denote w (\/ XTX) g(x"x) = w(x"x) for brevity and let us use Lemma .

The n-dimensional integral is transformed into one-dimensional

w3

n__

/n w ( XTX) g(x"x)dx = I‘7T(> /Ooow (Vzn) g(zn)28 Lz,

N[3

Finally, set » = /z,, the boundaries remain unchanged and the Jacobian is
2r, thus

and for r > 0

and if one of the densities exist, the other one can be found using the derived
formula.

[]

Remark 7. Theorem [12| can be used to derive the density of Q = X "X which is

n
~ T2 1

where ¢ is the density generator of a spherically symmetric vector X.

Ezxample 5. Let us derive the density of the radial distribution for several examples
of spherically symmetric random vectors.
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Uniform distribution inside the unit ball. For X ~ s, the density of X is
1/V,, inside the unit ball and zero elsewhere, where V,, is the volume of an
n-dimensional unit ball,

which means that the density of || X|| is

ors TnilF (% - 1) _ 277%"*1 =nr"?

n
T2 2

for r € (0,1) and || X|| ~ Beta(n, 1).

Normal distribution. Theorem (12| can be used to derive the density of the
x-distribution using the normal distribution A, (0, I) with the density

f(x)=(@2r) 2e X2 x eR™

Thus, the density of a y-distribution with n degrees of freedom is

7"”_16_7"2/2

= o () (%)7 r > 0.

hn (1)

Student’s t-distribution. For a random vector X with an n-dimensional
symmetric t-distribution (Fang et al. [1990]) with k degrees of freedom with
the density

f(x) = RGN (1 + XTX) , xeR", (3.2)

the density of || X]| is

_n+tk

That means a random variable ) = B2 has an inverted beta distribution

(Forbes et al.| [2010]) with parameterszC and % with the density

n+k

g (14 g)

fola) = A
W sy

272

qg>0

where B(-,-) is the Beta function as defined in Section
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4. Marginal Distributions

As mentioned in Remark [4] for a spherically symmetric random vector
X =(Xy,...,Xn)"

and m < n the random vector (Xi,...,X,,)" is also spherically symmetric with
the same characteristic generator function. In this chapter we firstly derive the
distribution and the density of marginal distributions. The theorems are taken
from [Fang et al.| [1990] and [Kelker| [1970]. Sections and [4.3| then generalize
the relationship between a random vector and its marginal.

Theorem 13. Denote X an n-dimensional spherically symmetric random vector
with the radial distribution R partitioned into k parts, X = (X(l),...,X““))T
where each X has n; components. Then for each i € {1,...,k} we have

X9 L RD;u,,
where w,, s uniformly distributed on the unit sphere surface in R™ and

(Di,....D%)"

Dk<m,...,”’“).
2 2

Moreover, Wy, ..., u,, and (D? ..., D3)" are independent.

has a Dirichlet distribution

Proof. Denote X 4 Ru,, where R and u,, independent and we are only interested
in the marginal distribution of u,,.
Let Z ~ N ,,(0, 1) and
Z 4

Izl ~
When Z is partitioned similarly as X into (ZY, ... Z")T where each Z®) has a

standard normal distribution and Z® are independent of each other. Thus, for
each i € {1,...k}

u,.

g ZW 7@ ||Z(i)||
) — = - .
Uzl iz 0
The first fraction on the right-hand side has a uniform distribution on the n;-
dimensional unit sphere, ||Z||? has a x?-distribution with n; degrees of freedom

and ||Z||* has a x2-distribution with n degrees of freedom which (as in Theorem
and Remark [1]) is also the gamma distribution. We conclude that for

29
1Z]]
the random vector (D3, ..., D7)" has the Dirichlet distribution Dy (%,..., %

as in the proof of Theorem [2l The independence follows Theorem [5
O

The theorem is adapted from |Fang et al. [1990]. The components of X may
generally be dependent but the dependency is given by the Dirichlet distribution
and the radial distribution as in the previous theorem.
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4.1 Marginal Density

Denote u,,, a random vector uniformly distributed on the n-dimensional sphere
surface with radius r. Both [Kelker| [1970] and Fang et al|[1990] then look at
a spherically symmetric distribution as a mixture of u,, over [0,00) with the
distribution R. For any r > 0 the marginal densities of u,, existE] they can be
used to find the marginal densities of Ru,.

Theorem 14. Let X = (X1,..., X,,)" be an n-dimensional spherically symmetric
random vector with a radial distribution R with the c.d.f F and P(X = 0) = 0.
Then all marginal distributions have densities, for k < n the marginal densityf]
of (X1,...,Xy)" is forx= (xq,...,23)" € RF

Proof. Denote u,, = (Uy,...,U,)T, then from Theorem [2| the marginal density
of its first k components is

Let us find the c.d.f of (Xy,..., X3)" = (RUy,..., RU;)". The function F(r)
is the c.d.f. of R and denote G(uy, ..., u) the c.d.f of (Uy,...,U)". Then the

joint random vector

(Ut,...,Us, R)"
has the c.d.f
G(uy, ..., u) - F(r)
because R and (Uy,...,Uy)" are independent. Hence, for (xq,...,x;)" € RF
T
PX, <z, . Xo<z)=P(Uy<2.. .U <>
(1_$1 k_$k> (I_R k R

:/0”/_?.../_?1610(%,...,%) dF(r).

Let us plug in the density function of (Uy,...,Us)":

nk
RO
I (1-30) oo )

The density of (Xi,...,X;)" is obtained by taking derivatives of the c.d.f.
with respect to all variables x1, . . ., 2} using the Leibniz integral rule (as in Folland
[2002]). The boundaries of the outer integral do not depend on 1, ..., xx, so we
are interested in the derivative of the inner integrals where the upper bound is

1See Theorem
2Since all permutations of the components of a spherically symmetric random vector have
the same distribution, we can use any k-dimensional marginal density.
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x;/r and the lower bound as well as the integrated function does not depend on
x1,...,TE. For every inner integral we add % and the integrated function is only
evaluated in the upper bound. After taking the derivatives we obtain

T T

i=1

We have used that the indicator 3%, u? < 1 transforms into

k T 2
> () <1
i=1 N7
or ¥F  #? < r? which changes the lower bound in the right-hand side. This
concludes the proof of Theorem [14]

[
Theorem [14]is due to [Fang et al.| [1990] and their proof is further expanded.

Example 6. Let us verify Theorem [14] with the already known distributions.

« Normal Distribution. For Z ~ N,(0,I) the density function of the ra-
dial distribution is knownﬁ and any marginal distribution is also standard

normal: for k < n and (zy,...,2;)" =z € RF we have
o T (ﬂ) k nok-1
f(z1,0y2k) —/ - : U’ ( sz) h(r)dr
Il T (255) 73 P
n—=k 2
w T (g) LA bonl-
_ — . d
/n a T (n5%) w% =y ( Z:Z> 2817 () '
5 EoNT

Set u = r? — ||z||>. The integral is then the density of the Gamma(25%, 1)
distribution integrated over (0, 00) and thus, equal to 1. We obtain
2% % S 1 = b (k)
f(zl,...,zk)zik/ uz e du
P (5f)me Jo

k n—k
272 ot 27 [
—e 2 uz e 2% u
T2 F(—"gk) 0

5 o3 lzl?

= (2m) 220"

which is the density of the standard normal distribution N(0, I).

3See p.
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o Uniform distribution inside the unit ball. For X ~s,, the density of || X|| is
h(r) = nr"=1 r € (0,1), as derived in Example . Hence, for x € R¥ such
that ||x|| <1 the marginal density of X is

e -
f(x) = f(z1,...,2) = - / P2 <r2 — fo) nr"tdr
I (255) 7w i P
n—k
np (n 1 k =z !
- 2 2) k/ 2r <r2—2x3> dr
I (252) 7% Jixi P

Again, set u = r? — ||x||?, the Jacobian is 2r and the boundaries change
from (||x||,1) to (0,1 — ||x||?). For % , 22 < 1 the marginal density is

flay, ... xp) = F(Z:g%)ﬂg /01—||X||2 .
2
_ET(8) AT
_ r (% + 1) k nok
IRNCTERVE (1_;"@?) '

o Mizxture of random vectors. For p € (0,1) and two n-dimensional spherically
symmetric random vectors X;, X5 set Y as a mixture of X; and Xy with
weights p and 1 — p. Denote the k-dimensional marginal random vectors
Xik, Xgr and Yy. Thus, their density generators gv,, gx,, and gx,,, if
exist (see Theorem , satisfy for all y > 0

9v:(y) =P 9%, (y) + (1 = P) - 9%, (v)-

4.2 Projections and Antiprojections

Since every marginal distribution of a spherically symmetric random vector is also
spherically symmetric, the aim of this section is to generalize this relationship in
the opposite direction. Theorems that we list here are derived in |[Kelker| [1970] and
Section 2.2 of [Fang et al.| [1990]. Fractional calculus is used as in Laurent| [1975].
As shown in Remark[4and further discussed at the beginning of this chapter for an
N-dimensional spherically symmetric random vector any k-dimensional marginal
vector is also spherically symmetric. Thus, we can take the random vector and
all its marginals as a sequence of spherically symmetric random vectors.

For the purpose of this section denote a sequence of spherically symmetric
random vectors ending with X as XM, ... XN where N € N, and X™ is
an n-dimensional random vector, n € {1,..., N}, and where for k < n < N the
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random vector X® has the k-dimensional marginal distribution of X™. For each
X®) denote Ry, its radial distribution, f; its density and g its density generator

Finally, denote by ¢ the common characteristic generator of this sequence of
distributions. From Remark [4] all X, n < N, possess the same characteristic
generator as X Conversely, if we only know the characteristic generator of
X®) and there is a spherically symmetric random vector

X (k)
(n) —

the joint vector in R” with the marginal vectors X*) in R¥ and X% in R**,
and X™ has the characteristic generator ¢. Then ¢ = ¢ using the same remark.

For X™ we shall call the random vector X®) its projection if k < n and
antiprojection if N > k > n. For any X® there is at most one (anti)projection
in each dimension, given by the shared characteristic generator.

Thus, the aim of this section is to find the necessary and sufficient conditions
for the existence of antiprojections through the density generators of the spheri-
cally symmetric random variables. The focus is put on distributions without an
atom at the origin because in that case we have the existence of marginal den-
sities as shown in Theorem [I4] In other words, for a k-dimensional spherically
symmetric random vector X* we are trying to find the highest N € N such that
X ™ is the N-dimensional antiprojection of X*) and X™¥*1 does not exist or to
show that such N € N cannot be found and any antiprojection of X*) exists.

Corollary 2. Consider Theorem applied on an n-dimensional random vector
X ™ with radial distribution R, partitioned into two parts

X (F)
(n) —
o ().

Then the marginal vector is distributed as
X® L R, Bu,

where (B2,1 — B?)T has the Dirichlet distribution Dy(%, %=*) and R,,, B and

272

u; are independent. Which as in Remark (1| means B? ~ Beta(%, ”T_k) Since

X®) is also spherically symmetric we shall denote Ry, its radial distribution, thus
X L Riu;, where Ry and ug are independent. When combined

R.2BR,

where B? ~ Beta(£, 22%) is independent of R,,.

Ezxample 7. First, let us look at two examples:

4Up to a constant ¢, given by
> k
fulyix = [ eyt o)y =1
RF 0

as in Lemma [11{ and Equation (3.1]).
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e Normal distribution. For Z™ ~ N,(0,1) we know that the characteris-
tic generator is ¢(u) = e %2 for any n € N and any projection has also

a standard normal distribution. In conclusion, the (anti)projection of yAR
is Z® ~ N(0,1), k € N,

e Uniform distribution on the unit sphere surface. Let us show that for X™ ~
u,, we have N = n. For contradiction denote

Y
un+1 - Y 1 )

where Y is a random vector of its first n components. If the antiprojection
X+ existed we would have

n+1) d
X < Ry 41

with the radial distribution R, ;. For the first n components we would have
that X™ & R,.1Y. But since Y is a marginal vector of u,.; it possesses
a density as shown in Example @ Moreover, P(R,.; = 0) = P(X™+D) =
0) < P(X™ = 0) = 0 which means that X™ ~ u,, also possesses a density
which is a contradiction.

The second example above can be extended to a situation where the radial
distribution R,, is not absolutely continuous. In this case neither the random
vector X™ nor its radial distribution R,, possess densities.

Theorem 15. Let X™ be an n-dimensional spherically symmetric random vec-
tor such that it does not possess a density and P(X™ = 0) = 0. Then its
antiprojection does not exist.

Proof.  Suppose for contradiction that X"V exists, thus X"+ an+1un+1
where R, is its radial distribution. Asin Example[7ldenote Y the n-dimensional
marginal distribution of w, 1, thus X £ R, ;Y. Since P(X™ = 0) = 0, we
have that P(X*Y = 0) = 0. Thus, the assumptions of Theorem |14|are met and
all marginal random vectors of X1 including X™ possess a density. We have
found a contradiction, therefore an (n + 1)-dimensional spherically symmetric
random vector X™*Y such that its first n components have X™ distribution
does not exist.

O
Equation gives us an integrability condition on the density generator

/0 y2 ' ga(y)dy < oo

which excludes some functions. For example
c

y+1

9(y) =

is a density generator only for n = 1.E|

Theorem (14| provides a marginal density of a spherically symmetric random
vector and the following theorem connects their density generators. The theorem
and its proof are due to [Fang et al.| [1990].

5Tt corresponds to the univariate symmetric Cauchy distribution. For the density of the
multivariate Cauchy or the ¢-distribution see Example
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Theorem 16. Provided the spherically symmetric random vector X™ possesses
density gn(z" ), for k < n we have

0 (¥) = ——— [z =) T g2z, y 0.
’ F(”Q)/y

Proof. Denote h the density of the radial distribution R,, whose existence stems
from Theorem Furthermore, for r > 0 we know that

h

ar(y) = F_(g) /OO P (- y)%h1 s " g (r®)dr

r(%5E) s Jva r(z)
n—k 00 n—k
— F,/En;k) /\/37 2r (r2 — y) z ! Gn(r?)dr.

Transforming z = r? with Jacobian 2r which changes the lower bound to y and
completes the proof as for y > 0

gr(y) = (L_k) /yoo(z—y)2 gn(2)dz.

[]

Setting kK = n—1 and k = n—2, Theorem [16|is simplified as below, the results
are adapted from Fang et al. [1990] and |Uchaikin and Zolotarev| [1999].

Remark 8. Under the assumptions from Theorem [16| we have

* onl®) g, (4.1)

In-1(y) = : ﬁ

o0

gu-ay) =7 | gn(2)dz, (42)

Y

and conversely for almost all y > 0



Generally for £ < n, we can apply the formulas derived in Section to the
result of Theorem [16]

n—k n—k

gy) =72 W7 gu(y) (4.4)
which means

_n—k o n—k
gn(y) =72 W2 gi(y) (4.5)
where WP is the fractional integral and derivative defined in Equation (1.6]).

The integrand in Equation is non-negative which shows that for a spher-
ically symmetric random vector X ™ there is a € (0, 00] such that gx(y) > 0,
k < n, if and only if y € [0, a), thus the support of all projections of X ™ is a ball
with some radius a

So={x=(21,...,m)" € R ||x| <a}.

Therefore, if g, does not satisfy this property, X™ does not have any antiprojec-
tion with a density, and thus X™*? does not exist.

Let us examine again Equation in terms of continuity using a theorem
presented in Kelker [1970].

Theorem 17. Let g,(x'x), * € R", be a density of a spherically symmetric
random vector X™ and X% its projection with density g(z'z), z € RE. If g,
is bounded in a neighborhood of y € (0,00), then gy is continuous at y.

Proof. 1t is sufficient to prove the theorem only for g,,_; since if g,,_; is continuous
at y, it is also bounded in some neighborhood of y and induction may be applied.
Assume there is a 6 > 0 and K > 0 such that 0 < g,(z) < K for z €
(y — 6,y +0). For v € (0,6) let us bound from above |g,_1(y + v) — gn—1(y)| as
v — 07 using "
gn71<y> /y f — ydt
Both integrals in

g1y +v) — gna(y)| =

[y [l dt|

v/t —y—v —y

can be split to three integrals over intervals (y,y+v), (y+v,y+0) and (y+ 9, c0)
and regrouped

dt

’gnfl(y + I/) — gn71<y)’ < /y+y gn(t)

Y Vi—y

y+0

(t)( L1 )dt
y+ugn \/t—y—V \/t—y

o0 1 1
+ y+5gn(t)<\/t—y—u_\/t—y>dt'

+

The first two integrals are

/y+y 9n(t) dt<K/V L dt =2K\v —— 0
JE— — 1%
Y \/t—y 0 \/]_f v—0+ ’
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y+o 1 1 o—v [ ] 1
/W gn(t)<\/t_y_y—\/t_y>dt<K/O <ﬂ—\/H__V>dt
=2K(Vo — _\/SJ”/;)TJJO'

As for the third integral

o0 1 1 [ Vt—y—t—y—v
éwg“”<vv—y—v_\ﬁ—y>“‘14w%“)¢u—y—uxv—wdt

where

VI VI <
since the left-hand side is decreasing in ¢ — y and for ¢ — y = v we have that

Vt—y—+/t—y—v=/v. Thus,

o NIy =Ty > VY
n( dt < n(l dt.
LH9<)¢a—y—m@—y> LM9<)¢@—y—m@—w

Let us use Equation (3.1) and since n > 1 and the integrated function is non-
negative

/OO gn(t)dt < oo.
y+0

Thus, since for ¢t € (y + J,00) we have that

and

0
Jt—y—v)(t—y)

which assures the convergence of the integral

oo 1
R =

In the neighborhood of y + § the integrand is finite and the density generator g,
ensures the convergence of the integral in the neighborhood of co. With /v we
obtain

00 1
\/; 9n (t) dt s 0

Y R (U

which means |g,—1(y + v) — gn-1(y)| 7 0 and g¢,—1 is continuous from the
v—

right at y. Similarly, g, is continuous from the left at y and thus, is continuous
at y.

O
If for n > 4 we know that g, is bounded, then g,_; is continuous and using
Equation (4.2) and the fundamental theorem of calculus we obtain that g, 3 is
differentiable for y > 0. Even if there is some 3, > 0 such that g, is unbounded
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at some neighborhood (yy — d, 30 + §), the integrability condition from Equation
(3.1) holds and for all y > 0

In—2(y) = /yoo gn(t)dt < 00

which means that g, o is bounded and also continuous because g, is integrable.
Thus, for any g,, n > 5, the function g,,_» is continuous and g,,_4 is differentiable
(Kelker| [1970]).

For the construction and existence of antiprojection, Equation (4.2])

gn(y) = —ig;_z(y)

enables to construct all densities of possible antiprojections if the univariate den-
sity is known. Fractional derivatives of necessary orders may be taken. Alterna-
tively, for odd dimensions use standard differentiation and for even dimensions
we could use one integration to reduce the dimension by one in order to reach an
even dimension and then differentiation again in even dimensions.

Conversely, we can reach some conclusions about the existence of antiprojec-
tions.

o Theorem (17 states that if g5 is not continuous, then gi,, is not bounded.

« As from Equation (4.3)) for an increasing function g, the derivative of g, is
positive and g, is negative which means X™*? does not exist.

o If g is not differentiable up to the order L%j, its antiprojection in the

k-th dimension does not possess a density (Kelker| [1970]).

FExample 8. Let us find all possible antiprojections of two simple distributions
with bounded support in R":

« For X™ ~ s, the density generator is g,(y) = 1,1)(y) and using Exam-
ple [I] we have that

WPloy(y) =Dsl=c-(1—2)?, p<l1

and W?1(,) = 0 for p = 1 which cannot be a density generator, thus we
are not interested in higher fractional derivatives and higher antiprojections
than n + 2.

From Equation (4.5) the random vector X+ possesses a density and
X™+2) does not. Using Theorem we have N < n + 2. The marginal
density generators in the dimension [ < k of both s, and uy, as in Theorem [2)

and Example [6] are
(%) e

guk(y) = bl 1 (1_y)7 VS (071)7
r(5!) =
LRl 1—y) 7 0,1



Setting £k = n and [ = n — 2 in the first equation gives us that the marginal
distribution of u,, of dimension n — 2 is s,,_5. Conversely, for s,, its antipro-
jection of dimension n + 2 is u,.» and higher antiprojections of X™ ~ s,
than X™*2) ~ u,,,5 do not exist.

o If go(y) = (1 = /¥)Lo1)(y), then we shall call the distribution of X ™)
generalized triangular’| As g, is continuous but not differentiable for all
y € (0,00) which means X+ does not possess a density and X™+* does
not exist from Theorem [15l

The density generator of X™"*® is from Equation (4.5) for some ¢ > 0
3 3 Cc
Ini3(y) =1 2W2g,(y) = ——=——=, y <€ (0,1)

As said above X4 is not absolutely continuous, yet the function g, s
may indicate how is X" distributed.

The function g,;3 may be rewritten as in Example []

1—y> __a cov1—y

C C
9n 3(y): = <1+ +
" ywWl—y VI-y y VI—y y

for ¢c; + c; = c¢. The first fraction on the right-hand side is the marginal

density generator of u, 4 in the dimension n 4+ 3 (Theorem . For the
second part we have up to a constant

cov/1—y Co

N

w 5.
Y 2y2

Set J,43(y) = y~2 which is a density generator of a spherically symmetric
random vector (satisfies the integrability condition from Equation and
non-negativity). The random vector X" is a mixture of u,,4 and some
absolutely continuous distribution.

In conclusion, for X™ with the generalized triangular distribution the an-
tiprojection X ™% is a mixture of u,_4 and the absolutely continuous dis-
tribution with the density generator g, s(y) = y~3. From Theorem (15 the
antiprojection X+ does not exist, thus N = n + 4.

o Theorem (14| is applicable on any distribution, denote R a random variable
with the Cantor distribution and X® £ Ru,. The Cantor distribution (Lad
and Taylor| [1992]) is singular and does not posses a density which means
X" does not have any antiprojections from Theorem . But we may find
its projection XM by its density (Theorem

1

f@) = [ (%= a?)aF(r)
||

where F'is the c.d.f. of R. Section provides the moments of X . Since

3 : o 2 3
E (R?) = 2 the covariance matrix is Cov(X®) = 271,

As seen above in the examples the problem of finding projections and an-
tiprojections is not a straightforward problem and its complexity depends on the
properties of the distribution.

SFor n = 1 it is the univariate triangular distribution.
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Figure 4.1: The density function of the bivariate triangular distribution.

4.3 Mixtures of Normal Distributions

The aim of this section is to answer the question for which spherically symmetric
distribution it is possible to construct antiprojecitons in any dimension.
focuses on a specific subclass of elliptically symmetric random vectors.
For the purpose of this thesis let us focus only on spherically symmetric random
vectors.

Definition 5. Let W be a non-negative random variable. Then the random vector
X is a variance mixture of normal distributions if, conditionally given W = w,
we have X ~ N, (0,wI). Thus, the conditional density of X is for x € R™ and
w >0

fxw (x| w) =
Forw =0 we have X = 0 a.s.

If W has the c.d.f. G(w) we can write the unconditional density (Lachout,
2004]) as

1
(2uwm)?

760 = [l | w)dGlw) = [ e

or since given W = w the distribution of X is the normal distribution with
var(X) = wl, then X = (X;,...,X,,)" given W = w is distributed as

(X1, X)) E(VwZy, ... JwZ,)"
for (Zy,...,2,)" ~ N,(0,I). That means the unconditional distribution of X is

given as
XLVWZ

where W and Z ~ N, (0, I) are independent. Moreover, the variance mixture of
normal distributions is spherically symmetric.

Theorem 18. Let {X,,}°2, be a sequence of random variables and denote the
joint random vector of the first n terms as X = (X1,...,X,)". Then b
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is a spherically symmetric random vector for all n € N if and only if there is
a non-negative random variable W such that for all n € N we can decompose

xm 4 VW Z,, where Z, ~ N, (0,1) is independent of W.

The proof of Theorem (18| can be found in Fang et al. [1990] and is based on
elaborate results on positive definite functions from |Schoenberg| [1938]. Denote
® the c.d.f. of the n-dimensional standard normal distribution. Since Z,, and W
are independent, the characteristic function of X is for t € R

E (eitTX(")) —E (eitT(\/WZn))
- / - / ¢t V) 4D(2) dG(w)
0 n
o0 T
= / e 7 dG(w),
0
the common characteristic generator for X™ is now

o(u) = /OO e 20 dG(w)

0

as a mixture of e 2w, the characteristic generator of the normal distribution
N(0,w).

The class of variance mixtures of normal distributions includes not only all
normal distributions A(0,cI), ¢ > 0, but also the ¢-distributions, the Cauchy
distribution and the Laplace distribution (Gneiting [1997]).

Ezample 9. Let us show that the antiprojections of X" with the Cauchy distri-
bution have the multivariate Cauchy distribution.
The density generator of X" is

1

91(y) = m,

thus the density generators of all odd dimensions n = 2k — 1 are up to a normal-
izing constant

_ 2k—141

gna(y) =1+ =4y "7 =(1+y) %, y>0

following Equation (4.3)). Let us find w2 g1 to obtain the density generator of
X® . From Equation (I.6) we use the definition of the right-hand RL fractional
derivative (Equation (1.3]))

—1 9 oo 1
9:y) = F(é)ay/y =TT

Set u = /t — y which transforms the integral

T 1

00 1 00
dt:/ ——du .
/y T(1+1t)\/T—y o u+y+1 1+y

The derivative is —(1 + %)~ 2 which means

1+2

%) =0+y) =
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and X? also has the multivariate Cauchy distribution. Higher dimensions are
again obtained using standard differentiation. In conclusion, all antiprojections
of the Cauchy distribution are as well the multivariate Cauchy distribution with
the density generator

_ltn
gy)=0+y) 2, y>0.

The multivariate Cauchy is the multivariate ¢-distribution with 1 degree of free-
dom with the density in Equation (3.2)).

0.14
012

01
0.08
0.06
0.04
0.02

Figure 4.2: The density function of the bivariate Cauchy distribution.

In conclusion, only variance mixtures of normal distributions have infinitely
many antiprojections. If W is a random variable such that P(W = 0) = 1 then

PX" =0)=1

and the degenerate sequence {X™}2  of n-dimensional random vectors dis-
tributed as Dirac measures at 0 satisfies Theorem For any random variable
W such that P(W = 0) # 1 the support of X™ defined as in Theorem [18] is
unbounded for all n € N. That means that for any n-dimensional spherically
symmetric random vector X™ with bounded support such that P(X™ = 0) # 1
there are only finitely many antiprojections.
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5. Inference

The aim of this chapter is to review several methods of estimation and testing
involving spherically symmetric distributions. The topic is split into two parts. In
the first section the test involves a given spherically symmetric distribution. The
multivariate problem is reduced to a univariate problem using the results derived
in the previous chapters. The second part tackles a more general problem. Testing
whether the random sample comes from a spherically symmetric distribution has
been approached from numerous ways as reviewed in (Chmielewski |1981] and
Serfling| [2006]. Section presents three basic approaches from Fang et al.
[1993], Henze et al.|[2014] and |Li et al.|[1997].

For the purpose of this chapter let Xy,...,X,, be random sample of size m
from some n-dimensional distribution X.

5.1 Testing for a Reference Distribution

Firstly, suppose we want to test the following hypothesis
Hy:X;~G

against

H :X; 4G
for a given spherically symmetric distribution G when X is a spherically symmetric
random vector.

All spherically symmetric distributions are fully described by univariate dis-
tributions. Theorems [ and [ state that an n-dimensional random vector X has
the same distribution as Ru, for independent R and u, which means all the
information about the distribution is in the univariate distribution of R = || X]|.

From Theorem [7] under the assumptions of spherical symmetry all univari-
ate marginal distributions X, ..., X, are the same and uniquely determine the
multivariate distribution.

Thus, the testing whether a random sample is drawn from a particular multi-
variate spherically symmetric distribution G is reduced to a univariate test for R,
R? or X; with the possible density derived in Sections and 4.1l For example
we may use the Kolmogorov-Smirnov test (Hollander and Wolfe| [2013]) whether
R or the marginal random variable is drawn from G’, the radial (or marginal)
distribution of G, using the empirical distribution function

A

Fy) = L3 1Y < y)

m;5

where Y is either the marginal or the radial distribution of X. This approach is
heavily sensitive to non-symmetry.

5.2 Testing for Spherical Symmetry

Generally, we may test

Hy : X, is a spherically symmetric random vector
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against the alternative where the distribution is not spherically symmetric.

5.2.1 Testing via Comparing Projections

Fang et al. [1993] suggest using the property from Theorem [7|and change the null
hypothesis into

H) :Va cR" |jal| =1:a"X have the same distribution.

Then H{ can be tested by using a finite set of unit vectors. The test statistic of
the problem is similar to the one used in the Wilcoxon test.

Firstly, independently sample N unit vectors ay,...,ay as N points from the
uniform distribution on the unit sphere surface.

For a;, a; set

m

1 m
ha) = ———— 1(a/ X} <a] X

T

and the test statistic is
W =min {p(a;,a;), 1 <i,7 < N,i#j}.
Asymptotic properties of
o)
are derived in [Fang et al,|[1993]. The null hypothesis is rejected for low values of

W, when there is at least one significantly different distribution of a; Xy.

5.2.2 Testing via Empirical Characteristic Function

Henze et al. |2014] test the same hypothesis using the property of the character-
istic function derived in Theorem [3] For t € R"™ denote

~ ]_ s : TX
plt)=—> et ™
m,

the empirical characteristic function of the random sample Xy, ..., X,,. Then for
t1, ta € R™ such that ||t1]| = ||t2|| set

d(t1,t2) = P(t1) — P(t2).
The test statistic
K = /msup {|d(t1, t2)], t1,t2 € R", [[ts]| = |[t2]|}

is then similar to the statistic used in the Kolmogorov-Smirnov test. The null
hypothesis is rejected for high values of K since under the null hypothesis and for
¢ instead of the empirical characteristic function we have ¢(t1) = ¢(t2) whenever

[t} = t2]-
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5.2.3 Testing via QQ-plots

A visual test is proposed in |Li et al. [1997] based on the following remark from
Section 2.7 of |[Fang et al. [1990]. The test derives the distribution of some statistic
t applied on X; for i € {1,...,m} and constructs a QQ-plot which compares the
empirical quantiles of ¢(X;) with the theoretical quantiles.

Remark 9. Let X be an n-dimensional spherically symmetric random vector,
P(X = 0) = 0, and ¢ be a statistic such that for any ¢ > 0 the distributions of
t(X) and t(¢X) are the same. Then

t(X) 2 t(Z)

where Z ~ N, (0, I).

Let us use two well-known statistics that satisfy the condition that ¢(X) and
t(¢X) have the same distribution, the standard t-statistic and the F-statistic.
The distribution of the standard ¢-statistic and F-statistic is well known under
the standard normal distribution (Wilks [1947]).

Therefore, for a spherically symmetric random vector X; = (X, ..., Xin) "
the t-statistic

T(X) = Vg’

is constructed using the sample mean and the sample standard deviation applied
to the elements of X;

Zn: Zj? Sz = ! $zn:(XZ] — XZ)Q

n—1\:=

The t-statistic 7'(X;) has the standard univariate ¢-distribution with n — 1 de-
grees of freedom. For each realization X; from the random sample Xy,...,X,,
let us find T'(X;). Since Xy,...,X,, are independent and identically distributed,
the same holds for T'(X;),...,T(X,,) which are independent and identically dis-

tributed according to the t-distribution with n — 1 degrees of freedom.
The F-statistic is constructed for a given k as

n—=k Zk

Fion(X,) =
k’( ) k Z] k‘+1

and is distributed according to the F-distribution with £ and n — k degrees of
freedom.

The QQ-plot graphically compares the quantiles of the constructed sample
T(Xy),...,T(X,,) with the quantiles of the t-distribution (and similarly for the
F-statistic). The QQ-plot is easily constructed by any statistical software. How-
ever, distributions which are not spherically symmetric may also pass this test,
namely when X £ Ru, as in Section but for dependent R and u,, (Li et al.
[1997]).
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Conclusion

In this thesis, spherically symmetric distributions were introduced as distributions
which remain unchanged under rotations about the origin.

Section showed that spherically symmetric distributions can be decom-
posed into two independent factors — a non-negative random variable (called the
radial distribution) and the uniform distribution on the unit sphere surface. This
property was further used in Section to find marginal distributions and mo-
ments of spherically symmetric distributions. Marginal distributions of a spher-
ically symmetric distribution are also spherically symmetric. Even if the distri-
bution is not absolutely continuous all marginal distributions possess a density if
the distribution does not have an atom at the origin (as shown in Section [4.1).

Section extended the relationship between the spherically symmetric dis-
tribution and its marginal distribution in the opposite direction, from a lower
dimension to a higher. Let X be a spherically symmetric random vector without
an atom at the origin. If X does not possess a density, there are no extensions into
higher dimensions. The number of dimensions generally depends on the differen-
tiability of the density function. Fractional calculus happens to be a useful tool
when looking for density functions in higher dimensions. The class of spherically
symmetric distributions which can be extended up to any dimension is described
in Section (4.3l

The last chapter focused on estimation of spherically symmetric distributions
and presents three tests for spherical symmetry.

Spherically symmetric distributions may be generalized into elliptically sym-
metric distributions as briefly discussed in Section [2.3] All properties of spher-
ically symmetric distributions may be extended to elliptically symmetric distri-
butions since the extension is done via affine transformations as shown in Sec-
tion 2.3} [Fang et al| [1990] present multivariate log-elliptical distributions (the
class includes the log-normal distribution) and symmetric distributions with re-
spect to other norms than the Euclidean |Gupta and Song| [1997]. |Anderson and
Fang] |[1982] extend random vectors with spherically symmetric distributions into
random matrices.
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