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Introduction

The theory of Sobolev spaces is widely used in the modern theory of partial
differential equations, where the solution is very often described as an element of
such spaces. For a solution of the Dirichlet problem under some conditions on
the boundary of domain the spaces W1* and Wol P are of crucial importance. The
space VVO1 * is classically defined as a closure of smooth functions with a compact
support in WP,

This definition is somewhat theoretical. There are efforts to describe such
space in another way, which is possibly more practical for purposes of modeling
of such functions. It is proved in [2 Theorem V.3.4] that for certain regular
domains 2 C R¥and p € (1, 00) the following equivalence holds:

weWM(Q)  if and only if % € I(Q) and Vu € LP(Q),

where the function d(z) is defined as a distance of an element x from the boundary
of the domain €.

This result was improved several times. In [6] it was shown that taking weak
Lebesgue spaces in the condition for the function % suffices to get the same

d
conclusion. Namely, for p € (1, 00),
we WrP(Q)  if and only if % € LP(Q) and Vu € LP(9).

In [3], the assumption was further relaxed. The space LP*> was replaced with
a bigger space, namely L', in other words,

u € Wy*(Q) if and only if % € L'(Q) and Vu € LP(9).

This result was extended in [4] to Sobolev spaces of higher order. More precisely,
u € WEP(Q) if and only if 2 € L*() and |D*u| € LP(2), where D*u denotes
the vector of all weak derivatives of order k.

The goal of this thesis is to prove the same conclusion under even weaker
condition for the space of function 3. Namely, let 2 C RY be a domain with
Lipschitz boundary. Then, for p € (1,00) and ¢ € [1, ),

u e WyP(Q) if and only if % € L"(Q) and Vu € LP(Q).

We would like to point out that this condition on % can not be weakened to

d
4 e LY. We will give a counterexample.



1. Preliminaries

The purpose of this chapter is to give a survey of concepts and results from real
and functional analysis, which are in the close relationship with the topic of this
thesis and are used in the proofs. Also we present some notation. Almost all this
background material can be found in various monographs and articles that will
be cited.

1.1 Basic background results from real analysis
and measure theory

Before we turn to function spaces, we need to mention some fundamental results
from the measure theory and the theory on continuous functions.

Notation 1.1. We denote the n-dimensional Lebesgue measure as AV, N € N.
For one-dimensional Lebesgue measure we also write |-|.

Let (%, 1) be a o-finite measure space. Let us denote by 4 (%, 1) the set of all
p-measurable functions from Z to [—oo, o], by #o(Z%, 1) the set of all functions
from # (%, 1) that are finite u-almost everywhere (we briefly write u-a.e.) and by
M (X, 11) we denote the subset of .#,(Z, 1) consisting of nonnegative functions.

We shall write A =~ B if there exist positive constants ¢; and ¢, independent
of appropriate quantities involved in A and B such that c;A < B < ¢ A.

Theorem 1.2. ([7, Lemma 5.7.1]) Let E be a \N-measurable subset of RN and
f: E — RY be a Lipschitz function with a constant of Lipschitz continuity K
(ie. |f(x)— f(y)| < K|z —y| for each x,y € E). Then \N(f(E)) < KN\(E).

Theorem 1.3. ([8, 30.3 Rademacher’s Theorem]) Let f be a Lipschitz function
on an open set G C RN. Then f is differentiable NN -almost everywhere in G.

Theorem 1.4. ([8, Corollary 23.5]) Let f be an absolutely continuous function
on [a,b] C R (we write f € AC[a,b] or shortly f € AC). Then % exists almost

dt
I e 1Y[a,b]) and

everywhere in [a, b], %

£0) = fta) = [ sy (1)

Definition 1.5 (weak derivative). ([13]) Let Q C R”" be open set and let a =
(a1,...,ay) C (NU{0})? be a multiindex. Let u,v* € Li (). We say that v®
is a weak derivative of u with respect to « if for every test function ¢ € C§°(Q2)

we have
| @) De(e) dz = (<) [ v (@)p(a) de,
where |a| = SN, ;.

Theorem 1.6 (partition of unity). ([I3]) Let @ C RY be a bounded set and let
{Gi}le be a system of open sets in RY such that Q C Ule G;. Then there exist
non-negative functions ¢; € C°(G;), i =1,...,k, such that

k
1bill o <1 and Y ¢i(x) =1 for each x € Q.
=1
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Definition 1.7 (continuous embedding). ([I12, Definition 1.15.5]) Let X,Y be
two quasinormed linear spaces and let X C Y. We define the identity operator
Id from X into Y as the operator which maps every element v € X onto itself:
Id(u) = u, regarded as an element of Y. We say that the space X is continuously
embedded into the space Y if the identity operator is continuous, that is, if there
exists a constant ¢ > 0 such that

|lully < cllully for every u € X.

We denote this fact as X — Y.
Let us recall one useful inequality.

Lemma 1.8. Let p € [1,00). Then for each a,b € R we have

la+ b7 < 227 (Ja|” + |b]F).

1.2 Lebesgue and Lorentz spaces

In this section we shall define several fundamental spaces, present some of their
basic properties and specify certain relations between them.

Definition 1.9 (Lebesgue spaces). ([I, Chapter 1]) Let 1 < p < 0o. The collec-
tion LP(Z) = LP(Z, p) of all functions f € .# (%, p) such that | f[| .5 < oo,
where

1
1l = { o [fPdp)s . 1< p<oo
(%) ess supy |f|,  p= oo,

is called the Lebesgue space.

As pointed out in [I], Lebesgue spaces are a pivotal example of the so-called
Banach function spaces.

Definition 1.10. (][I, Definition 1.1]) We say that a function ¢ : # (%, 1) —
[0,00] is a Banach function norm if, for all f, g and {f,}>2, in A (%, 1), for
every A > 0 and for all y-measurable subsets F of Z, the following five properties
are satisfied:

(P1) o(f) =0« [ =0 p-aesoAf) =Xo(f); o(f +9) < o(f) + o(9);

(P2) 0<g < fpae inZ = o(g) < olf);

(P3)0< fu /' f prace in Z = o(fn) /" o(f);

(P4) u(E) < 00 = o(xz) < o0

(P5) w(E) < oo = [p fdu < Cgo(f) for some constant Cr € (0, 00) possibly
depending on E and p but independent of f.

Definition 1.11. Let ¢ be a Banach function norm. We then say that the set
X = X(p) of those functions in . (%, u) for which o(|f|) < oo is a Banach
function space. For each f € X we then define

1fllx = ol f])-



Let us denote the Hdolder conjugate exponent p' to exponent p € [1, 00] by

o, p=1,
p/ = pfla pE (1700),
1, P = 0.

Theorem 1.12 (Holder inequality). ([12, Theorem 3.1.6 and Remark 3.10.5])
Let 1 <p<oo, f€LP(Z) and g € LP(#). Then fg € LY(#) and
||f9||L1(@) < ||f||LP(%) ||9||Lp’(ﬂ’)
The following theorem is an easy consequence of the Holder inequality:.

Theorem 1.13. Let Z be a set having finite measure and let 1 < py < p; < 00.
Then

LPY(R) — LP*(R)
with a constant of the embedding equal to u(%)éfﬁ

Theorem 1.14 (Hardy inequality). ([7, Theorem 6.8.7]) Let a,b € R, a < b,
u € LP(a,b) and let p € (1,00). Then

[ (7 [ moras)’ dt<< >/|u )P de.
/j( /|u |d3> dt<< >/|u )P dz.

Now we turn to Lorentz spaces, which have a crucial importance for the
main theorem of this thesis. We start with the definition of the nonincreasing
rearrangement.

Definition 1.15. ([12, Definition 7.1.6]) Let f € .#y(Z%, ). Then the function
f*:]0,00) = [0, 00) defined by

&) =mf{\>0: u{z e Z: |f(x)| > \}) <t}, te]0,00),

is called a nonincreasing rearrangement of f.

Let us recall some properties of nonincreasing rearrangement.

Properties 1.16. ([, Proposition 2.1.7]) Let f,g € Moy(Z%,n). Then f* is
a nonnegative, nonincreasing, right-continuous function on [0, 00) such that

if gl < [f] p-a.e. on Z, then g"(t) < f*(t), t € [0, u(R)),
(af)" = lal 7,
(A1) =) a>0.

Definition 1.17 (Lorentz spaces). ([12, Definition 8.1.1]) Let 1 < p,q < 0.
The collection LPY(#) = LP9(%,u) of all functions f € (%, ) such that
||f||Lp,q(gz) < 00, where

olyh pr())od)
||fHLp,q(g):{ (f() [t () ) , 1 <qg< oo,

14
l
SUPgcrane (1), 4= o0

is called the Lorentz space.



Remark 1.18. The functional [|||,..(4) is not always a norm on . (%, p), but
it is at least a quasinorm (i.e. the triangle inequality is satisfied with a multiplica-
tive constant, more precisely, for each u,v € LP9(Z) we have ||u + v|| L@ <
c([[wll poaqzy + 10l 1o.a(zy) for some positive constant c). However, in cases

(p=gq=1) or (I<p<owandl<g<o0) or (p=gqg=o0),

the functional ||-[[;,.4(5) is equivalent to a norm of a Banach function space and,
consequently, it has fine properties of Banach function spaces. In cases

(1<g<p<oo) or (p=gq=o0)
the functional ||-|[;,.q(,) is a norm.

Recall that there does not exist any norm equivalent to ||| ..., ¢ > 1.
We will use in our text also the following equivalent description of Lorentz
(quasi)norm.

Remark 1.19. (Lorentz norm via distribution) ([9, Proposition 3.6]) The func-
tional |- 1.q() can be equivalently rewritten as

Nop({z € 2 - |f(x)] > A}

1
Hf”LPﬂ(%) = pq Lq(0,00) :

At the end of this section we will present the relations between Lebesgue and
Lorentz spaces.

Theorem 1.20. ([I, Proposition 4.2]) Suppose that p,q,r € [1,00] and
1<g<r<oco.

Then
LPUR) — LP" (%)
1 1
with a constant of embedding equal to (s)r; :
Embeddings between LP1(R) spaces, where p is varying, are similar to embed-
dings between LP(ZX) spaces and they do not depend on the second parametr q.
Thus, let Z be a set of finite measure and

I1<py<p<oo and 1<gq,s<o0.

Then
LYY R) — LP>°(R).

Let us point out that each of the spaces L with ¢ > 1 is essentially larger
than L!, hence the main result of this thesis considerably improves the known
ones.



1.3 Sobolev spaces

Another class of spaces of crucial importance in the topic of this thesis is that of
the Sobolev spaces. Let us focus on its definition and properties, which we will
use in this thesis.

Definition 1.21 (Sobolev spaces). ([7, 5.4.1]) Let Q C RY be an open set, let
m be a nonnegative integer and 1 < p < oo. Set

WmP(Q) :=={u € LP(Q): D € LP(Q) for 0 < |a| < m},

where we denote by a = (v, ..., ay) a multiindex and by D%u a weak derivative
of u with respect to a. The set WP () is called the Sobolev space. We define
the functional ||-[[mq) as follows:

1
el ) = (Zosiasm ID%ullfoey) ", 1< p < o0,
mSociaien | D0l iy P =

for every function u for which the right-hand side is defined.
We define the set W () as the closure of C§°(€2) in the space W™P(Q).

Remark 1.22. The sets W™P(Q) and Wy""(Q) equipped with the functional
[[[[yym.p(qy are normed linear (and moreover Banach) spaces.

Theorem 1.23 (Beppo-Levi). ([I0, Theorem 5.3]) Let us denote @ = (ay,by) %

- X (an,by) a bounded N-dimensional interval, Q; = Q N {x; = 0} and m; the
orthogonal projection of Q on Q;. Let u € WH(Q). Then there exists u, which
equals to u almost everywhere, with the following properties:

(BL1) For each i € {1,..,N} and \N"'-almost every y € Q;, the function
uy: t — u(y + te;) is absolutely continuous on (a;, b;)

(BL2) Foreachi € {1,...,N}, the function g;: x — ul (%) is a weak derivative
of u with respect to the i-th variable.

Definition 1.24. We say that Q C R” is a domain if it is open, bounded and
connected.

Now, let us introduce a Lipschitz domain, similarly to [7].

Definition 1.25 (Lipschitz domain). Let 2 € RY be a domain. We say that
() is a domain with Lipschitz boundary, eventually a Lipschitz domain, if there
exist a, f € (0,00) and M € N systems of Cartesian coordinates and Lipschitz
functions a,,r = 1,..., M, such that

e for r-th system we denote x = (2, ..., %) = (2., 2, ) and
A, = {ZL‘;ERN_I,|ZL‘”| <oz,z':1,...,N—1},

e a,.: A, — R and if we denote by R, a rotational and translational mapping
from r-th system of Cartesian coordinates to global system of Cartesian
coordinates, then for each x € 0f) there exists r € {1,..., M} and z] such
that z = R.(2)., a,(x))),



o if we define

Vo= {(1:’ Try) ERYN 2l € Avan (7)) < 20y < an(a)) + 6},

T

Vo= {(:E;,x,,N) cRY: 2l € Ay an(2)) — B <z, < ar(m;)},
A, = {(a:;,:v,w) cRY: 2l € A a(2)) = a:rN},

V,:=VITUV-UA,,
then R, (V.Y) Cc Q, R (V,") c RV \ Q and R,(A,) C 9.
Remark 1.26. From the definition of the Lipschitz domain we have

20 = [Vj R.(A,) C Lﬂj R.(V,).

Hence {R,(V,)}M | is an open covering of 99.

Note that, in the case N = 1, an open and bounded interval can be considered
as a Lipschitz domain.

Theorem 1.27. ([I1, Section 1.1.11)) Let 2 be a Lipschitz domain and p €
[1,00). Then WP(Q) coincides with the set

{u€ L, .(Q): D*u € LP(Q) for |a| = 1}.

Theorem 1.28. ([7, Section 6.4]) Let Q@ C R™ be a Lipschitz domain and p €

[1,00). We define the continuous linear operator T: C*°(Q) — C'(09) by
Tu:= u’ag.

The operator T is called the trace operator. There exists the unique extension of
the operator T' such that
T: W' (Q) — L1(09)

is continuous for each

{1,2”—_‘5} if p<n,

q< [1700) if p=n,
[1, 0] if p>n.

Recall that the set C>(€2) is dense in WP(€), p € [1, 00), if 2 is a Lipschitz

domain.

Lemma 1.29. Let u € W'?(Q), p € [1,00), and let {un},_; be a sequence of
Lipschitz functions on Q such that u, — u in WY(Q). Then Tu, — Tu in
LP(09).

Proof. Let v, € C*(Q), v, — w in W'P(Q). Clearly, |lu, — vy|lwiw@) — 0.
The operator T: W'?(Q) — LP(9R) is linear and continuous, and so ||Tu, —
Ty £ra0) — 0. Consequently,

| Tu, — TUHLp(aQ) < || Tu, — TUnHLp(aQ) + || Tv, — TuHLp(aQ) — 0,

which finishes the proof. m



Theorem 1.30. ([7, Theorem 6.6.4]) Let Q C RY be a Lipschitz domain. Then
WoP(Q) = {u e WH(Q), Tu =0 a.e. in 0Q}.

Theorem 1.31 (Poincaré-Friedrichs inequality). ([I3]) Let Q C RY be a Lipschitz
domain and p € [1,00). Let I' C 02 of positive (N — 1)-dimensional measure.
Then there exist positive constants ¢ and cy such that for every u € W1P(Q) we
have

1
P
€1 ||u||W1P(Q) <HVU“ +/F’TU’p dS> < ¢ HU||W1,p(Q)

1.4 The trace lemma

In this section we would like to introduce a certain lemma which will be used
later in the proofs. It is probably known, however we present its proof, for the
sake of completeness.

Lemma 1.32. Let us denote Qy = (0,1)N, N € N. Let u € W'?(Qy). Then
there exists M C QQn_1 such that

MWHQn_ 1\ M) =0 and Tu(z',0) = lim u(2’,t) for each 2’ € M.

t—>0+

We will need the following auxiliary lemma.
Lemma 1.33. Assume p € [1,00). Then the inequality
a+a P> (p-1)°
holds for each a > 0.

Proof. The assertion for the case p = 1 holds trivially. Let p > 1. Set f(a) =
a+a'". Then f'(a) =1+ (1 —p)a~® and f'(a) = 0 if and only if a = (p — 1)¥/.
It can be easily verified that it is a point of global minimum. Thus

fla) = (p =1V 4 (p— )PP > (p - )7
for each a > 0, which completes the proof. O
Lemma 1.34. Let u € AC(0,1). Then there ezists lim;_,o4 u(t).

Proof. Let us assume the contrary. Thus there exist {t,,} and {f,} approaching
zero such that u(t,) — ¢ € R and u(f,)) = d € R, ¢ # d. Let us take ¢ = | dl
Fix 6 > 0 arbitrary We find ny € N such that for each n,m > ny we have
lu(t,) —c| < 5, |u(ty) —d| < 5 and |t, —t,]| < 0. By the triangle inequality we
have

e —d| = | — u(ty) + ulty) — u(tn) + u(tn) — d|
< le—ulta)] + lu(tn) = utm)| + |u(tm) —d|,

thus
e <u(ty) —ultm)l,

which contradicts the absolute continuity of w. O

9



Lemma 1.35. Let u € AC(0,1), § > 0 and |lim;o4 u(t)| > 6. Then

[ QO + 1 @)de = (572 min, (0 — 1)),

Proof. We can assume that lim;_,o; u(t) > 0, otherwise we take —u. Set

YRS

a =inf{t € (0,1);u(t) <

}.

Clearly, a > 0. If the set from the definition of a is empty, then we have

[ utolr + e omde > [ ol > 672

and the assertion follows.
If @ < 1 then, by the Holder inequality and the properties of AC functions,

we have
V4 a P a
<a = ([Ms)las) < [C s
0 0

which gives, together with Lemma [1.33

a'”?

tli%zr u(t) —u(a)

[ ol + WP ["Qup -+ o)
lim u(®) = u(e)|” = a(3/27 +a'7(6/2)

= (6/2)"(a+a'™") > (5/2)"(p — )7,

> a(6/2)F +a' P

establishing the claim. O

Proof of Lemma[1.33 Let u € WP(Qy). By Theorem [1.23] there exists a set
M C Qn-; for which t — wu(2’,t) is AC on (0,1), 2’ € M, and A(Qn—1 \ M) = 0.
Denote

f(2') = lim u(2,t),

t—04

which exists for each &’ € M due to Lemma [1.34] Assume that our assertion does
not hold. Then there exist @ > 0 and A C M with AN"'(A) > 0 such that

Tu(a,0) = f(a)] Z a, 2" € A.

Let u, € C*(Qy) be such that u, — w in W'?(Qy). Then Tu, — Tu in
LP(Qn-1). Find ng € N such that for each n > ny we have

AV=LHA) raN? .
i~ sy < g (3) mingt, -0 (12)
and
PAN-I(A)
/ N / D gt o
/ [Tuy(@',0) = Tu(e!, 0)da’ < S5

10



Fix m > ng. Set

B— {ac € Qn_1: |Tum(a’,0) — Tu(',0)| > ;‘} .

Then

ap)\N—l(A) > T / 0 T / 0 pd /> )\N—l B a\P

i 2 [ Tun(@,0) = Tu@' 0)Pds’ = N 1(3) ()
and thus

N-1 N-1

) > AN"YB), and AV T'(Qn_i\B)>1- AZ(A).

So,
AN-1(A
M (Qn1\B)NA) > 2()

Moreover, for ' € (Qn-1 \ B) N A we have

a < [Tu(@',0) = f(«)| < [Tu(e’,0) = Tum(z’, 0)] + [Tum (2", 0) — f(2')]

< 5+ [Tun(@',0) = J(@)
and
Tu(a',0) = ()] = Jum(@',0) = ()] = | lim (un(@',1) = u(a', 1)),
thus

« . / . /
Applying Lemma to the function w,, — u, we obtain

[t — UH;;[/LP(QN)
> /(QN_I\B)M ( | (2, ) — ' )P + i (2, 1) — o (2, )7 dt> i’
> AV (Qna \ B) M A) (Z)pmin(l, (p—1)"7)
> X (Y i1, (- 1)

4
which is a contradiction with (1.2)).
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2. Formulation of the problem

In this chapter we show the background of our problem of characterization of
functions with zero traces from Sobolev spaces using the distance function from
the boundary. We will present a summary of known results, definitions of appro-
priate function spaces and the formulation of the main result.

2.1 Survey of known results

We start with the distance function.

Definition 2.1 (distance function from the boundary). Let @ C RY be a non-
empty open and bounded set. We define the function d: Q@ — (0, 00) as d(z) =
dist(z, 09).

Now we turn to some historical facts in the research of a characterization of
functions vanishing at the boundary using the distance function. The first result
on this topic can be found in the book [2] by D. E. Edmunds and W. D. Evans
published in 1987. It is based on results of D. J. Harris, C. Kenig, J. Kadlec and
A. Kufner [5].

Theorem 2.2. [2, Theorem V.3.4 and Remark V.3.5] Let Q be a nonempty open
subset of RN such that Q #RN. Letp € [1,00) and m € N. Then if u € W™P(Q)
and & € LP(Q), it follows that u € W5™"(Q).

If moreover p € (1,00) and Q is bounded with suitably regular boundary
(e.g. Lipschitz), then u € Wy™P(Q) implies 5 € LP(€2).

Ten years later, the paper [6] of J. Kinnunen and O. Martio was published, in
which the condition for u € W, ? was weakened.

Theorem 2.3. [0, Theorem 3.13] Let Q be an open set and suppose that u €
WP(Q), p € (1,00). Then % € LP>(Q2) implies u € W (Q).

Note that for a suitably regular domain €2 we have also, by embeddings of
Lorentz spaces and the second part of Theorem , that v € Wol () implies
ge Lre(Q).

However, even this result was later improved. In 2017, the paper [3] by
A. Nekvinda and D. E. Edmunds was published, where the assumption was fur-
ther relaxed. Here some condition for regularity of domain in both inclusions is
needed. A Lipschitz domain is an example of domain with such regularity.

Theorem 2.4. [3, Theorem 5.5] Let @ C RY be bounded and regular, p € (1,00).
Then u € Wy(Q) if and only if Vu € LP(Q) and % € LY(Q).

Note that the original result in [3] was formulated for variable exponent p.
This result was one year later extended by the same authors to Sobolev spaces
of higher order. As a consequence of [4, Theorem 6.1] we obtain the following
theorem.

Theorem 2.5. Let Q C RY be bounded and reqular, p € (1,00). Then u €
WoP(Q) if and only if D*u € LP(Q), |a| =m, and 2% € L'(1).

12



2.2 The main result

We will show that the above-mentioned results can be further improved. Our

goal is to prove that we can impose a yet weaker condition on % which will still
preserve the property v € Wy (). Namely, we will show that in fact it is enough
to require that 4 € LY q € [1,00). We recall that L7 is an essentially larger

space than L!.

Definition 2.6. Let 2 C RY be an open and bounded set, let u € .#,(2, \V) be

a function and p,q € [1,00]. Let us denote & = 2. The function u is an element

%,
of the set Wy(LY%, LP)() if it satisfies
1@l o) + VUl 1oy < oo

We define the functional H~HWd(L1,q,Lp)(Q) as

||u||Wd(L1aq,LP)(Q) = ||7-L||L1,q(9) + ||Vu||LP(Q) :

Convention 2.7. We will often write W (L%, LP) instead of Wy(L%, LP)() if
no confusion can arise.

Theorem 2.8. Let Q € RY be open and bounded. The structure Wy(LY?, LP) is
a linear space and the functional |H|Wd(L17q,LP) is a quasinorm on Wy(LY LP).

Proof. Let us take u,v € (2, \Y). We have

u-+v
vl pra,z0) = Hd R A CR) P
(4 v
<C H = + |[Vu + ||[Vv
< d L1a(Q) d leq(Q)> H ||LP(Q) || HLP(Q)

<C (”u”Wd(LLq,Lp) + ||U||Wd(L1»q7Lp)) 5

where C' > 1 is the constant of quasi-subadditivity of quasinorm ||| ;14(q). Ad-
ditionally, for some ¢ € R, we have

Ccu
lewllw, a0y = pl + [V(cw) | ooy
=1 | + || [|Vu]
=|c al ooy c Ul 1p(0)

| ”UHWd(LLq,Lp)-

Finally, by properties of [|*[| 14y and ||| 1»q). we have [lully, 110 1.y > 0 and

u 14 1oy = 0 if and only if v = 0 almost everywhere. This completes the
Wy (L14,LP)

proof. O

Theorem 2.9 (main theorem). Let Q@ C RN, N € N, be a Lipschitz domain,
p € (1,00) and q € [1,00). Then

Wo () = Wa(LM, LP)()
and the norm |-y, is equivalent to the quasinorm |||y 1.4 1s-

13



In other words, the function u € (2, u) satisfies

I

< 00 and [Vull oy < o0
LLa(Q)

if and only if
u e WP (Q).

Moreover, there exist Cy, Cy € (0, 00) such that

u

Ch HUHWLP(Q) < @ + HVUHLP(Q) < G HUHWLP(Q) :

d Ll.a

The proof of this theorem is given in following chapters.
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3. Auxiliary result on a cube

In the proof of the main theorem for a Lipschitz domain we will use a classical
method used for a proof of embeddings between Sobolev spaces or for investigation
of weak solutions of PDE’s. The method is based on the partition of unity and on
characterization of each small part of the boundary of domain. A crucial moment
is to know the result for each such part. This is the core of the proof and it is
given in this chapter.

3.1 Definition of used objects

From now on, let us denote Qy = (0,1)".

Definition 3.1 (distance function from a part of the boundary). We define
a function dy: Qn — (0,00) by dy(x) = dist(z, {y € R, yy = 0}) = 2.

Definition 3.2. Let u € #,(Qn,\") be a function. Let us denote @ = 4 in
this chapter. The function v is an element of the set T9P if it satisfies

1]l 110y + IVl o gy < 00

We define the functional ||-|| 4, as

HUHTM7 = HﬂHLLq(QN) + ||vu||Lp(QN) .

Properties 3.3. The structure T%? is a linear space and the functional ||-||pq.p
is a quasinorm of TTP.

Proof. The proof is analogous to that of Theorem [2.8 O

3.2 Proof of a local statement

Let us moreover denote )y = {0} and A° the Dirac measure ;. With such
notation the next two proofs will work even in the case N = 1.

Lemma 3.4. Let u € W'(Qy) and p > 1. Let us denote P = [0,1]V7! x
{xn = 0}. Suppose that for every e > 0 and every 6 > 0 there exists the set
M C P such that \N"Y(M) > 1 — 6 and [, |Tu(x)|? d\N"1(z) < e. Then
Tu(x) =0 \N~1.qa.e. in P.

Proof. Let us assume that there exist A C P,AN"1(A) > 0, and a > 0 such that
|Tu(z)| > a for each x € A for a contradiction. Let us take ¢ > 0 and 6 > 0 such
that

1 1
£ < ZaPAN—l(A) and < 5AN—l(A).

We take M from the assumption. Then we have AN "1 (M) > 1—§ > 1—2AN"1(A4),
Since ANTHA) + AN Y (M) = AWHANM)+ AV "1 (AUM) and AV (AUM) <

1, we get
)\N—l(A)

5 < M=HAN M),

15



Therefore
e > / Tu(z)P dAY1(z) > / Tu(z)P dAY"1(z) > a?ANL(AU M)
M ANM
1
> iap)\N_l(A) > 2¢,

which is a contradiction. O

Theorem 3.5. Let p,q € [1,00), N € N. Let u be a function from T%. Then u
is an element of the Sobolev space W'P(Qy) with zero trace on the set

{a: e [0, 1]N ,IN = 0} C IQn,

i.e. Tu(x) =0 almost everywhere on this set.

Proof. By assumptions we have ||Vull Lo(Qy) < 00, thus by Theorem we get
u € Wl,p(QN).

We now turn to the proof of the second part. Let us take arbitrary e > 0 and
d € (0,1). Then, using properties of real numbers, we take k € N, k > 3, such
that -~ < § < L. Let us denote

e (07 )]

Note that A (I;,.) = (£)" . Then

k
o0 1
Z/ t L (1)1 dt:/ t1a* (#)1 dt < oo
n=0"1k.n 0

by the assumptions. Denoting

al = t gt () dt

N
Ik,n
we have >2° jaf, < oo, which immediately implies lim,, o ax,, = 0.

-1 ~1
We claim that there exist constants ¢, € {(kil)q , (%)q } such that

0l = Cpn|Tin "™ /I @ (£)7 dt.
k,n

Indeed,
q (%)” —1~%
at ,, :/ tIa () dt
’ (F)n+t

Ly vat = rp () 7q
<(— () dt = | Ty | —— W ()7 dt
() [ wera—me () [ w0

and

7 > Ly “d T Ly Td
(10 g — (b i (t)? dt.
otz () [ FOE= Il ()],

16



Let us denote
. 1

Ck,nljk,n‘q B ’[k,n’ Iy n

Pin = (laf?)* (@) dt,

where we use (2*)? = (|u|?)*, and define
My = {2 € Qn-1 X Iy, [0(z)|? < Prpia}-

Assume for the time being that

1 1

N ({z € Qnot X Tunt [a(2)|” > Py }) > Tkl =

Since {z € Qn_1 X Ipn: |(x)|? > Pypir +w} S H{r € Qo X Iy |u(2)|? >
Py s} for w — 04, there exists wy > 0 such that

(3.1)

)\N({x € QN,1 X Ik,n: |’&(x)|q > Pk,nJrl + WO}) > ot . (32)
Then, for v € (0, |15 n+1]),
1
it (&> 0: V¥ ({r € Qut @)l" > €) < 1y — v}

(1 ) /1

= (1) (o = v) 2 (i"Xawne)” (g — )
1

— inf {g > 0: 0¥ (o € Quoy X Ty [a(@)l" > €1) < 1 = V} —D.

If D < Py i1+ wo, then there exists &, such that D < &y < Py 41 + wp with
)\N({x € Qn-1 X Ippn: Ju(z)|? > Peps1 +wol})

~ 1
<AV{z € Qnoy X It |u(2)]? > &) < ot Y

which contradicts (3.2). Thus D > Py ,4+1 + wo. Then for each v € (0, |15 n+1])
we have proved

1 n+1
(Jal*)” <<k:) — V) > Pypt1 +wo > Prnga-

Therefore the function (|a|?)* is strictly greater then Py, inside of the interval
Ij, 1 and

1 s I
Popp1 = ——— (@) (t) dt > | ‘“’”“’Pk,nﬂ = Pont1,
|[k,n+1| I nt |[k,n+1’

which is contradiction. Hence inequality (3.1]) does not hold. This proves

M (M) = Il — NN ({2 € Qnoy X Tpp: [@(2)|7 > Popnia})

1 k—2
I = — 1.l
1 | kal [k,

From the Fubini theorem we deduce that there exists #j,, € I, such that

k—2
)\N—l({x - QN,IL'N = tk,n} N Mk,n) Z m >1-—0. (33)
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Moreover, by the definition of My, ,,, we get, for x € My, ,,

[u()| < Ak, (n+1) < Ak, (n+1)
dy(z) = 4 I | TS I
Ck,(n+1) Lk, (n+1) (k,l) \ k,(n+1)|
. n+1 n X .
and, since dy(x) = xn € {(,lc) , (%) , we obtain, denoting ¢;, = (]:j)%,
lu(z)| < ckap,mi)- (3.4)

Thanks to u € W1?(Qy), we have by the Beppo-Levi theorem that u is absolutely
continuous on almost every line parallel to one of the axes and classical derivatives
of such AC function coincide with weak derivatives. Let (2/,0) € Qny_1x{zny = 0}
be such that g g): t — u((2/,0) + te”) is absolutely continuous on t € (0, 1).
Due to Lemma [1.32 we can extend it continuously for almost every ' € Qn_1
with the value T'u((2’,0)) for t = 0. Consequently we can use the Newton-Leibniz

formula
) = Tl 00) = [ S0 dc (35)

for almost every 2’ € Qn_1. Therefore

0

Tula o)l < [ u(@ o)‘ 4C+ [u((@' )|

Raising this to p and using the Holder inequality, we get
a / d ? / P
——u((", Q)| dC| + [u((2, tin))|

<2 (0 [ | o)

8:ch
Denote P = [0,1]¥"! x {zy = 0} and let [Ip: Qn — P be the orthogonal
projection. Let B C Qx. Then we denote 7(B) C (0,1)V~! such that 7(B) x
Let us integrate over the set m({x € Qn, 2y = tin} N My,) (we write
just 7 for brevity). More precisely, we integrate over that subset of = on which
holds. We recall that this set has the same measure as m. Thus

p

i+ |u<<x',tk,n>>|p) - (36)

[ ira oppar <oy [ [ Do) acar
4ol /ﬂ (@, t))|P de.
By an elementary computation,
thoon , P , tn , ? /
R Ry B £

18



and

p

d¢ da’

oo u((#,)

/ V(@) de = ||Vul[Zy 0, < 0o (3.7)

Jo

By (3.4), we have

u xlatn Pda’ < al .
/Tr({:BEQN,ﬂCNItk’n}ﬂMk‘n)’ (< k, ))| —= Yk,(n+1)"k

Thus,

/ [Tu() X (o)
Hp({$EQN TN =t n}ka n

1 1 tkn
< Lty / /
01N 1

Since limy, o0 tkn, = 0, using (3.7)), the continuity of the Lebesgue integral and
the fact that lim,,_, . ag (n11) = 0, we get that to our € > 0 there exists an ng € N
such that

p

d¢ dx’ + 2”*1@27(”“)

', () Ch-

8ZEN

/ Tu(2)|? dAN "1 (z) < &
Ip({2€QN 2N=tk ng Mk ng)

and, by (3:3),

)‘N_I(HP({x € QNwrN = tk,no} N Mk,no)) - )‘N_l({x € QNaxN = tk,no} N Mk,no)
>1—4.

Finally, applying Lemma to €,6 and sets IIp({z € Qn,2n = thng } N Ming)s
we complete the proof. O

We note that natural analogues of vast majority of the steps in the proof
make good sense also in the case N = 1. In the exceptional circumstances when
this is not the case, it turns out that they are either not needed and thus can be
skipped, or they may be slightly modified.

The proof is almost complete for the case N = 1. It suffices to apply the
method presented in [I4, Chapter 6] using reflection and smoothing to the former
embedding, and applying the Hardy inequality to the latter one. It is also possible
to easily modify the method which is presented below for higher dimensions to
the dimension one.
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4. Main result for a domain
having a Lipschitz boundary

In this chapter we extend our result from a cube to a Lipschitz domain. We
can assume N > 2. First we prove an embedding between spaces W, ?(Q) and
Wy(Lb, LP)(Q), which is new and fundamental for this thesis. We apply the
results proved in the previous chapter. To this end we need to describe the
boundary using Lipschitz functions and to transform parts of the domain by
a bilipschitz mapping. We prove some results about such mapping. This chapter
includes also the reverse embedding of spaces, which completes the proof.

4.1 Lipschitz domain and bilipschitz mapping

First let us mention a quite interesting theorem, which appeared in the course of
the proof of our statement. For the proof it is not strictly necessary, but it is of
independent interest.

Let us denote by dyg: 2 — (0, 00) the distance function from the boundary
of the domain 2.

Theorem 4.1. Let q € [1,00], G and Q2 be domains in RN and B: RN — RY be
a bilipschitz mapping such that B(G) = Q. Then, for u € #y(2,\Y), we have
) e [Ya(Q) if and only if % € LY(G) and there exist positive constants

doq(z) G (y)
C1 and Cy depending on B such that

u(x) u(B(y)) u(z)
daa(x) doc(y) doo(x)

Proof. We assume that B is bilipschitz, therefore it suffices to show just one
implication. Let us suppose that dgggi) € LY(Q) and let L be a constant of B,
i.e. |B(y1) — B(y2)| < Lly1 — y2| for every y1,y2 € G and |B~(z1) — B~ (z9)] <
L|zy — x| for every z1, x5 € Q.
Choose = € ) arbitrarily and find y € G such that B(y) = z. Further we
define a function dyg: 2 — (0, 00) such that
doa(z) = inf |z — B(9)] .

§EOG,ly—jl=dac (y)

Note that for each § € 0G we have By € 0€) since B is bilipschitz. Thus we have

dpq(z) = inf |B(y) — B(3)| < Ldac(y),

709G, |ly—gl=dac ()

< Oy

L1a(G)

1

Lla(Q)

L1a(Q) '

which implies

u(B(w) _ ; u(B)
doc(y) ~ daa(B(y))

Using the properties of the nonincreasing rearrangement, we get
<U(B(y))>* - L(}L(B(y)) )
doc(y) ) —  \doa(B(y)))
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and, consequently, by the property of the norm ||-||,, (@)’

u(B(y)) _uBWw) .
dac(y) doa(B(Y)) [l 1r.a(q)

Further, we obtain trivially daq(x) > daq(z) and therefore, similarly to (4.1)),
u(z) u(z)

(4.1)

LG

_ < ) (4.2)
dGQ("E) L1a(Q) |d39(x) L1a(Q)
Let us denote
ﬁgz{xeﬁ,ﬁ@» >§}
o0 (T)
u(B(y)) }
=y €eq,|= >E0.
e {y o (Bw)|
Then, by
A (mg) = XY (B! (me)) < LYAY (1) (4.3)
Altogether, we get,
(4.1) % %
dac:(?/) LL:a(G) daQ(B(y)) LL4(G) 0
@3) oo o
< LN-H (/ )\N (mé)(Ié’q—l df) _ LN+1 ~'LL(.’,U)
0 doo ()| 1oy
B2 Ny u(r) < 00
N dag(l‘) Lba(Q) ’

where we use the equivalent description of the Lorentz norm by level sets (Re-

mark [1.19). We obtain %((y;)) € LY(@G) and the required inequality. The proof

is complete. O

Now we define the operator of linearisation of the boundary. We use the
notation from Definition [1.25, Moreover, we define new variables (y',yn) €
(0,1)V=! x (=1,1) and the function B,: (0,1)"~! x (=1,1) — V. such that

-y 1)
(2o (3

where we denote by (N —1)-vector (1)’ = (3,...,1). This mapping is a bijection,
thus we have the inverse function B ': V,, — (0,1)¥=% x (—1,1) such that

T

) + Byn, (4.4)

Note that we have a bijection B,: (0,1)Y — V.F.
Let us prove that B, is bilipschitz and preserves Sobolev spaces.
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Theorem 4.2. Let a, be a Lipschitz function on A, and let the mappings B,
and B! be defined as above. Then B, and B, ' are Lipschitz functions as well,
consequently B, is a bilipschitz mapping.

Moreover, there exist positive constants Cy and Cy, depending just on a,,«, 3
and the dimension, such that, for every u € WH(V*), p € [1,00), one has
U:=wuoB, e W»(Qy) and

Cy [lull WHP(VF) < IUITWH(Qn) < Co[ul| WH(V,T). (4.5)

Proof. Let us focus on the Lipschitz continuity. We assume that K is the constant
of the Lipschitz continuity of function a,. Let y',4* € (0,1)¥~! x (=1,1). Then

N 20((y") — (1)) — 20((2) — (1))
B,(") — By = <ar<2a<<y1>'—<;>'>>+/ay}v—ar<2a<<y2>'—<;>'>>—ﬁy%v>

< 20{((y1)’ _ <y2)/> >‘
a-(20((y") = (§))) = ar(20(() = (1)) + Bluk — v3)
20 - (7)) o

( Blyy — ui) )‘*K\Qa((y ) =)
< (max {20, 8} + 2Ka) [y' — y?|.

IN

Analogously, let 2!, 2% € V.. Then

)+
1

< <max{21a,6} + ;K) ‘xl — 2

which completes the proof of the fact that B, is bilipschitz.
Let us turn to embeddings of Sobolev spaces. We proceed similarly to [13].
By the Rademacher theorem we have that a, is differentiable almost everywhere

on A,. Let us denote by
n . Oar(z))
(a);(2") = T

We have |(a,);(z")] < K. Let us denote

2000, ; 1=1...,N—1
J(B,); 7 , . e '
Giji(y) = (a>(y) =14 2a(a,);(2a(y — %)), i=N,j=1,...,N—1,
Yi 8, i=j=N
and
L6, i=1 N -1
—1 200 7% 9 ) )
G (x) OB, )i(x) _ —3(a,);@), 1=N,j=1...,N—1,
aCEj %’ Z:j:N
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the derivatives of B, and B, !, respectively, which also exist almost everywhere
on @y, respectively on V.. Thus we have the Jacobians

Tp(y) = det(Gy(y)) = 2" a5,
Jp-1(x) = det(Gwl(x)) = 21" NNt

Now, due to the fact that B, is bilipschitz and u is measurable, U is also mea-
surable and we use the Change of Variable Theorem ([8, 34.18]). We obtain

108 o) = [ 10 dy= [ u(B)P dy= [ [u(@)P I (@) do
QN QN Vi
1-N 1-N g-1
NN
Thanks to the chain rule for weak derivatives (see for example [I3]) we have

g;]i(y) =Y aa;j(Br(y))Gji(y)

J=1

almost everywhere in ). We use the Change of Variable Theorem again and we

get
ou|” ou, | N oy '
— d :/ B (y)Caly)| d
5., %%@y ;%<mjwy
<mlz/ )| 1GI dy
<M”ZMEIV/6M@@f@
ou P
_ 1 p
M’ZM% W - N )] o () e
ou P
p-191-N [ 1-N P =
— NP2 5§m@zn/ﬁ%y>w
= (0, 8, N, 0,) llullyu s, -
Altogether we obtain
p P
||U||W1,p(QN (HUHLP Qn) > < C ||U||W1,p(vr+) J (4.6)
= tllLr@n)

which yields the second inequality in (4.5]). The first inequality comes analogously.
O

We will now present a particular version of a known general trace theorem
specified for the use of bilipschitz functions.

Lemma 4.3. Let B, be the bilipschitz function defined above. Then (Tu)o B, =
T(uo B,) AN"1-almost everywhere in the set P = Qn_1 x {0}.
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Proof. Let u € WHP(VF) and {u, }5°, C C*(V,*) be a sequence such that u,, — u
in W?(V ). Using inequality (4.6)) for the function u, —u we get

||un oB,—uo B']‘HWl,p(QN) < Cqy Hun - UHWLP(V,T) —0
and similarly
[0 Brllyiagyy < Collullyrpqy < oo

Using this and Lemma for Lipschitz functions {u, o B,}32, and u o B,, we
get
T(u, o B,) = T(uo B,) in LP(P).

Since u,, are smooth it makes sense to write u,(x) for x € A, and (u, o B,.)(y) for
y € P. Tt is easy to see (T(u, o B;))(y) = ((Tu,) o B.)(y), y € P. But

(Tuy) o B, =T(u, 0 B,) = T(uo B,) in LP(P).

Thus, T'(u o B,) = (Tu) o B, almost everywhere in the set P. O

4.2 Proof of the main new implication

Theorem 4.4. Let Q@ C RY be a Lipschitz domain and p,q € [1,00). Then
Wa(LM, L7)() € WiP(Q)

and there exists a positive constant C' such that for each u € Wy(L", LP) we have
||U||W1m <C HuHWd(leq,LP) :

Proof. First let us assume that u € Wol P(Q2). Then, by the Poincaré inequality

(Theorem [1.31)),

||U||w1m(fz) = HuHW(}’p(Q) ~ HVUHLP(Q)'
Therefore,

||u||Wd(L1,q,Lp)(Q) = ||9”L1,q(Q) + HVUHLP(Q) 2 ||vu||LP(Q) >C HUHWLP(Q)‘
Thus, it remains to prove
Wa(LY, LP)(92) € Wy™(9).

Let uw € Wy(LY LP)(2). Then Vu € LP(Q) and thus, by Theorem u €
WLP(Q). We take an open covering {Q,}" of Q such that Q, = V,,r =
1,..., M, from the definition of a Lipschitz domain and dist(Q2741, RY \ Q) > 0.
Note that we can take €2, such that for each x € Q,., r = 1,..., M, inequalities
crd(x) < dist(z, 002 N Q) < cod(z) hold with some positive constants ¢y, co. We
find the partition of unity {¢,}2;" such that ¢, € C§°(Q,) and for each = € Q
we have Y Mt1 ¢ () = 1.

Let us denote u, = ¢, -uin Q, r=1,..., M + 1. Then supp u, C €2, and for
each x € {1 we have

u(z) = u(x) Z‘; or(x) = Z_:l U ().
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We show that u, € Wy(L"?, L?)(Q2). We have 4 € L'(Q2) and

¢r() - u(z)
d(x)

= |d()

)

thus, by properties of non-increasing rearrangement and norm ||-||,, @

ET € L"(Q). (4.7)

We also have Vu € LP(Q2). By the properties of the weak gradient and bounded-
ness of norms [|¢,[| 1) and ||ullyy1,(q), it follows that

L9 - w@P de <27 ([ 19u@)- 6, @P do+ [ fula) - To @) de)
<2 oullagey ([ 0@ do+ [ [Vu(@)P do) < o0

and therefore Vu, € LP(2) (and consequently u, € WP(Q)). Altogether u, €
Wa(LY, IP)(Q), r=1,...,M + 1.

Now, we fix r € {1,...,M}. We apply the operator R, of rotation and
translation from the definition of Lipschitz boundary of 2 such that u, o R,.
Since this modification does not change any essential properties of the function
u,, we shall, with a slight abuse of notation, denote the new function, namely
u, o R,., by u, again. Now we work in local coordinates.

Let us denote v,.(y) = u.(B.(y)),y € Qn, where B,.: Qn — V.7 is an opera-
tor of linearisation of the boundary defined in (4.4). From Theorem and the
fact that u, € WHP(Q), we get v, = u, o B, € W'?(Qy) and, consequently,

Vo, € LP(Q). (4.8)

We claim that 7= € LY(Qy). Denote d(z) = dist(z, z5), where x = (2., 2, ) €
Vt and o = (2], a(z))) € 092, which is unique for x. Thus

d(2) = |ary = (w2)ry| = |27y — alz7)]. (4.9)

Note that for z = B,(y) is such x5 an image in mapping B, of y» € Qn_1 X {0}
that

dn(y) =1y — b2l = lyn = (g2) 5] (4.10)
Let us focus on relations between d and d. We have
d(z) < d(x)
thus

uf(as) < u, ()

d(z) d(z)
and therefore, by properties of nonincreasing rearrangement and
the norm ||'||L<1(Q)a

U, ()

d(x)

(4.11)

LLa(Q) Lla(Q)
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We now turn to the reverse estimate. Due to the Lipschitz continuity of a,, the
angle between vectors 7 — x (where x; € 92 NV, such that d(z) = |z — z1])
and xo — x is bounded with the upper bound depending on the constant K of
Lipschitz continuity of a, and using basic geometric thoughts and sine theorem
we get that

d(z) 1
d(z) =

cos(arctg K)

for each x € V. Consequently,

d=~d. (4.12)

Now let us focus on relations with dy. Thanks to (4.10)), the definition of operator
B, and (L9),

dn(y) = lyn — (yo)n| = wgv - a’"(g;) - (x%)” + ar(;;“) = d(;). (4.13)
Now let us denote
e~ o v 55> <
T B'I’
e {yGQN’ E iy >5}'
Then, by [1.2]
AV (me) = AV (B (me)) < (Lipg1 )Y AN (ime). (4.14)
Altogether, we get
or(y) uf(Br(y» _ OO/\N q¢a-1 4 .
O oy ) ABW) g </0 (me)€ 5)
g2 5<LZ _ )N </OO )\N (’v q q—ld %
> Pp1 0 me)* § 3
— Lim e N UI([II) _ Lin . N Uf(ilf)
A( ZPBA) d(z) o B( ZpBrl) d(z) L)
: u ()
< B(Lipg-)Y < o0, 4.15
( Pp; 1) d(x) . oo ( )

where we used properties of Lorentz norm and (4.7)). Consequently,
i € LY(Qy) and, adding (4.8), v, € T9P.

By Theorem (3.5, v, is an element of W'P(Qy) with zero trace on the set
{y € [0, 1]N ,ynv = 0¢, it means that Tv,(y) = 0 almost everywhere in the set

QN,1><{yNZO}:P.

We apply the mapping B, again. We have
BT(QN*l X {yN = 0}) = Ar
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and, by Lemma 1.3 Tu,(z) = Tu,(B,(y)) = Tv,(y) for almost every y € P.
Thus

M ({a € A |Tup (2!, a,(2'))] > 0})
=\ ({e € A (@ an(2) € B({y € P, Tu,(y)| > 01)})
< (Lipp, )" "M ({y € P,|Tv,(y)] > 0}) =0,
and therefore the function u,, which is the element of W1P(Q), has a zero trace
on the set A, C 09.

Finally, due to >MH ¢, () = 1 for + € 92 and T is a linear operator, we
have for each x € 0%

M+1 M+1 M+1
Z:l Tu,(x) =T( Z:l up(x)) =T ; u(@)or(z)) = Tu(x).

Thus, and due to 02 = Ui”:l A, and suppTu, C A,,
M
)\N_l({a: € 00, |Tu(z)| > 0}) < Z )\N_l({x € A, |Tu,(x)] > 0}) =0,
r=1

and the function u has zero trace on 9€2. By Theorem w € WyP(Q). This
completes the proof. n

4.3 Proof of the reverse implication

The reverse implication is far easier it can be derived from embeddings between
Lorentz spaces and known results. However, for the sake of completeness, we
shall present here an elementary proof based on the Hardy inequality.

Theorem 4.5. Let Q C RY be a Lipschitz domain and p € (1,00),q € [1,00).
Then

WoP () € Wa(LM, LP)(Q)
and there exists a positive constant, depending on ), p and q, such that for each
u € Wy (Q) we have

HUHWd(LLq,Lp) <C HUHWLP(Q) '

Proof. We will use the same notation, description of the boundary, partition
of unity and mappings B, as in the proof of Theorem 4.4, Here we assume that
u € WyP(§2), thus u, € W(Q) and therefore, due to Lemmalt.2] v, € W'P(Qy)

and
Forllinany < Cri e lyingay < Crz lallyragey -
Since u € Wy(R2) and due to Theorem and Lemma we have for almost

every y' € Qn—1 that t — v,(y/,t) is AC(0,1) and limy,0, v,(y/,t) = 0. For such
y" we apply the Hardy inequality to the function

o, ,
t— —(,t),te(0,1).
50, 1€ (0.1
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This function is in LP((0,1)) by the Fubini theorem and due to our assumptions.
Note that p > 1. This gives

Lo, o, (P 1 t Qv v P
——(y.t dt:/f “(y dt</ “(y,8)| ds| dt
/0 7, W) ; 6yN >, s)ds ( Dun (v s) S)
D v, ,
<|—— )| dt. 4.16
<(25) [ oo (4.16)
Thus, and using embeddings of Lebesgue and Lorentz spaces, we get
1
o < o ( y t) dt dy')
dylizrau) ~ NN llLiQu) ~ LP(Qw) o1
(4.16) p
25l on)
p—1 N-1 8yN
_ (P / Ou " 4 )
(p—1><QN oyn | Y
1
p 8 ; p P
§<p> (/ \vr!pdy+/ o dy+--~+/ - dy)
p—1 QN Qn |0y Qn |OyN

.
=501 ) Iorllwisin -

Similarly to the preceding proof (see in particular (4.13)), (4.12)) and (4.15]) we
obtain for each r = 1,..., M that

Uy

d

v,

v

< Cr,l

L1b(Q)

I

Lba(Qn)
where () ; depends on the Lipschitz continuity of B, and 0€2. Thus we get

Uy

d

Uy p
—_— < Coa | ——= | l|lvrllyp
Lba(Qn) ! (p - 1) H H PP @)

p
< (527) Gzl = €l

S Cr,l
L1a(Q)

where we denote C, = C).; (p 1) Cra, 7 =1,..., M. We also have, by embeddings
between Lebesgue and Lorentz spaces,

1
<
pra) — dist(Qpa1, RV \ Q) [unrsillragy

1 1
< AVte
= dist(Qares, RV \ Q) (©) HUMJrl”LP(Q)

< Cumqr Hunwl,p(g) )

HUM+1

where Cy4q 1= )\N(Q)l_%/dist(QMH,RN \ Q). Altogether we have, denoting
Cyuasi the constant of quasi-subadditivity of the quasinorm ||-|| LLa(Q)

ZM—’l—l Uy M MAl Uy
d =C, " < Clullyn,
H d Lba( H LLa(Q) quasi Tz:l d L1a(Q) H ‘ wlr(Q)
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where C' = C’%asi S ML ¢, depends on the shape and measure of © and p,q.
Finally,

u
||U||Wd(L17q,Lp) - Hd + ||Vu||LP(Q) <(C+1) ||u||W1»P(Q)7

L1a(Q)

which completes the proof. O]
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5. Conclusion

Our main goal was to prove Theorem [2.9 It can now be achieved thanks to
Theorem 4.4 and Theorem [4.5]

Proof of Theorem[2.9 Let N € N, p € (1,00), ¢ € [1,00) and Q C RY be
a Lipschitz domain. From Theorem [4.4] it follows that

Wa(LY, LP) () € Wi P(Q)

and there exists a positive constant C, depending on €2, p and ¢, such that for
each u € Wy(L", LP)(2) we have

||U||W1,p(Q) <Ci ||u||Wd(L11q,Lp) :
Further we proved that from Theorem [4.5] it follows that
W™ () € Wa(L1, L7)(9),

and there exists a positive constant Cs, depending on €2, p and ¢, such that for
each u € W, ?(Q) we have

HuHWd(Llaq,LP) < Cy HUHW“’(Q) '

Composing these inclusions and estimates we obtain
Wa(LM, LP)(Q) = W™ (Q)
and for each u from this set we have

||uHW1,p(Q) ~ ||u||Wd(L1,q,Lp)a
which establishes our claim. O
We shall finish wish some concluding remarks.

Remark 5.1. It is worth noticing that it follows from our results that the quasi-
norm |[ully, (s 10y is equivalent to a norm.

Remark 5.2. It is conceivable that a result similar to the main theorem of
this thesis could be obtained for more general domains than for those with the
Lipschitz boundary. It is also likely that such extension could be obtained using
ideas similar to those developed in this thesis.

Remark 5.3. Let Q be a Lipschitz domain, p € (1,00), ¢ € [1,00]. In [I4],
a question was posed about optimality in the sense whether u € Wol P(a,b) if and
only if % € LY (a,b) and u'(z) € LP(a,b), where (a,b) was an open interval.
In [I4] we answered this question for some ranges of parameters, however the
question remained partly open.

Our new results answer the question not only for an interval in one dimen-
sion, but also for a general Lipschitz domain in the Euclidean space of arbitrary

dimension. We have the positive answer for each ¢ € [1,00) from Theorem [2.9]
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Now we shall point out that the answer is negative when ¢ = oco. This can be
demonstrated using the following example.

Set Q = (0,1)Y, N € N, and u(x) = 1 for each z € Q. The graph of d(z)
is a “pyramid” with vertex in (3,..
example in one dimension we have

d(x) = { X, T € ((2,

.,3), where d(x) attains the value 3. For

11—z, z€(

Let us compute the distribution function & — AV ({z € Q; ﬁ > ¢}). Tt is clearly
equal to one for £ € [0, 2], thus it suffices to compute it for & > 2. We obtain

AMW{z e Q; d(lx) > &}) = MW ({z € d(z) < 1/€})

= M(Q\ {z € d(z) > 1/¢})

9 N
-1-(1-3)

2)N is the volume of a cube, whose distance from the boundary of 2

where (1 — ¢

o1
is .

3

Thus, and by the definition of the Lorentz norm via distribution function (see

Remark [1.19)), we get
|
d

Changing variables 1 — % =s, s € (0,1), we obtain

=sup NV ({z € Q; 1 > £}) = max {2,8521235 (1 - (1- 2/§)N>} :

L1oo(Q) €50 d(x)

sup§ (1 - (1- 2/§)N) = sup (1-s")= sup 2(1+s+---+s""1) =2N,
£>2 se) 1 — s s€(0,1)

and, consequently, % in LY>*(Q).  Moreover, due to Vu = 0, we have

u € Wy(LV> LP). Further u € W?(Q) and therefore, by the Beppo-Levi the-

orem, u is absolutely continuous on almost every line parallel to the any of the

axes in (0, 1)V so it follows from Lemm that Tu = 1 a.e., which contradicts
1.30,

u € Wy (Q), as follows from Theorem
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