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Introduction

Inthismanuscriptweprovidethreeoriginalresultsinthetheoryofmultilinearsingular
integraloperatorsandFouriermultipliers.Wepresentahistoricalbackgroundonboth
topicsstartingwiththelineartheoryofsingularintegrals,followedbythebilinear
counterpart.Afterwardsthelinear,bilinearandmultilinearmultipliersareintroduced.
OurmainconcernistheboundednessoftheseoperatorsonLpspaces,findingoptimal
resultsandstatingnecessaryconditions.Weprovideasummaryoftherelevantknown
resultsinthelinearcase.Thebilinearandthemultilinearcaseisanactiveareaof
researchwithalonghistoryandthereisstillquiteafewgapsandopenproblems
remainingtobesolved.
Inchaptertwoandthreeweattacksomeoftheseproblemsanddiscussourre-

sultsfromtheattachedresearchpapers.Inthelastchapterwepresentouroriginal
resultfromtheupcomingpaper,wegiveadetailedprooftogetherwithsomepossible
applications.
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1.Historicalbackgroundandknown
results

1.1 LinearSingularIntegrals

Inthischapterwedescribethelinearsingularintegralswithsmoothandroughkernel
aswellastherelatedmaximaloperators.Wewillprovidehistoricalbackgroundtothis
topicandstatetheessentialresultsforboundedness.
Thesingularintegralsweareinterestedinarethesingularintegralsofconvolution

type,theoperatorsoftheform

TΩ(f)(x)=lim
ε→0 Rn\B(0,ε)

Ω(y/|y|)

|y|n
f(x−y)dy,

whereΩisdefinedontheunitsphereinRnandisintegrablewithmeanvaluezero.
Thiscanbewrittenusingthep.v.notationas

TΩ(f)(x)=p.v.
Rn

Ω(y/|y|)

|y|n
f(x−y)dy.

ThisoperatorisinitiallydefinedforSchwartzfunctions.Thebasicpropertiesofthis
operatorweredescribedbyCaldeŕonandZygmundandthereforeitisoftencalled

Caldeŕon-Zygmundoperator.TheobjectK(y):=Ω(y/|y|)|y|n iscalledthekernelofthe

operatorandwhetherthiskerneldoesordoesnotpossescertainsmoothnesswedistin-
guisheithersingularintegralswithsmoothkernelorroughsingularintegrals.
TheprototypeofsuchoperatoristheHilberttransformwhichwasoneofthefirst

objectsofthistypetobestudiedandservedasamotivationforfurtherresearchinthis
area.Wenowtakeacloserlookatthisoperator.
TheHilberttransformisdefinedonRasthesingularintegralwiththekernel

K(y)=1πy.Thisoperatorplaysanimportantroleincomplexanalysis.
GivenaSchwartzfunctionfweknowthatfadmitsauniqueharmonicextensionto

theupperhalf-planegivenbyconvolutionoffwithaPoissonkernelPt(x)=P(x,t)=
1
π
t

x2+t2
.Thenweknowthereisaunique(uptoaconstant)harmonicfunctiongde-

finedontheupperhalf-planetheso-calledharmonicconjugateoffsuchthatf+igis
holomorphic.
ThisharmonicfunctionisobtainedbytakingconvolutionoffwithconjugatePois-

sonkernelQt=
1
π
x

t2+x2
.FinallytheHilberttransformofafunctionfisthelimitof

v(x,t)asttendsto0,inotherwords

H(f)(x)=lim
t→0
Qt∗f.

Forawideclassoffunctionsthisisequivalenttothefollowingdefinition

H(f)(x)=lim
ε→0

1

π R\B(0,ε)

f(x−y)

y
dy.

Itwasshownby[18]thatforpin(1,∞)thereexistsapositiveconstantCpsuch
that

H(f)Lp≤Cp fLp
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forallfSchwartzfunctiononRandthattheHilberttransformadmitsanextensiontoa
boundedoperatoronLp(R).HoweverthisfactdoesnotdescribeH(f)forallfunctions
inLp(R).Togetanotionoftheformulaweneedtotakeacloserlookatthemaximal
operatorassignedtoHilberttransformthesocalledmaximalHilberttransform.The
definitionisasfollows

H∗(f)(x)=sup
ε>0

1

π R\B(0,ε)

f(x−y)

y
dy.

ThisquantityisdefinedforfinLp(R),althoughforsomevaluesofx,H∗(f)(x)may
beinfinite.TheimportantresultforthisoperatoristhatH∗isLp-boundedforpin
(1,∞)andweaktype(1,1). Wedonotprovideaproofofthisinthismanuscriptbut
weremarkthatthestandardwaytoprovetheLpboundedness,pisin(1,∞),istouse
theCotlar’sinequalitywhichstatesthatforaSchwartzfunctionfitholds

H∗(f)(x)≤M(H(f))(x)+CM(f)(x),

whereMistheHardy-Littlewoodmaximalfunction.
Usingtheboundednessofthemaximaloperatorandthefactthattheprincipalvalue

existsalmosteverywhereonadensesubsetofLp(R)namelythesetofSchwartzfunc-
tionsitiseasytoobtainalmosteverywhereexistenceofH(f)(x)onRforagivenfin
Lp(R)
WiththehelpofHilberttransformwhichisdefinedinonedimensionwecannow

gobacktogeneralsingularintegralsinhigherdimensions.IfΩisanoddintegrable
functiononaunitsphereinRn,thenwecanobtainboundednessoftheoperatorT
onLp(Rn),pin(1,∞). Wedothatbyusingthesocalledmethodofrotationson
Hilberttransform.Thismethodusesintegrationinpolarcoordinatestogetdirectional
operatorsinitsradialparts.Forexample,givenΩinL1(Sn−1)wedefinethe’rough’
maximalfunction

MΩf(x)=sup
R>0

1

|B(0,R)|B(0,R)
Ω(y)|f(x−y)|dy.

Thenwecanrewritethisoperatorinpolarcoordinatesandobtain

MΩf(x)=sup
R>0

1

|B(0,1)|Rn Sn−1
|Ω(u)|

R

0
|f(x−ru)|rn−1drdσ(u),

whichcanbeestimatedwith 1
|B(0,1)|Sn−1

|Ω(u)|Muf(x)dσ(u),whereMuisthedi-

rectionalHardy-LittlewoodmaximalfunctionMuf(x)=suph>0
1
2h

h
−h|f(x−tu)|dt,

whichisboundedonLp(Rn).
SimilarlyifwehaveageneralsingularintegralTΩstillwithΩoddwithzeroaver-

age,thenwecanobtain

TΩf(x)=lim
ε→0 Sn−1

Ω(u)
∞

ε
f(x−ru)

dr

r
dσ(u),

whichcanbeestimatedwithπ
2 Sn−1Ω(u)Huf(x)dσ(u)whereHuisthedirectional

HilberttransformdefinedasHuf(x)=
1
πlimε→0|t|>εf(x−tu)

dt
tandtheHilberttrans-

formisstrong(p,p)forpin(1,∞).
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However,ifthefunctionΩiseven,thenthemethodofrotationsdoesnotapply
sincewecannotrepresentthesingularintegralintermsoftheHilberttransform.But
theresultcanbeobtainedneverthelessbydecomposingtheoperatorintoasumofodd
operatorsofRiesztransforms.
Forthesakeofcompletenesswenowtakeacloserlookatevenmoregeneralsin-

gularintegrals.LetusdenotetheexpressionΩ(y/|y|)|y|n asKΩ(y).ThentheoperatorT

canberealizedintermsofconvolutionwiththekernelKΩasT(f)=f∗KΩ.
LetKnowdenoteagenerallocallyintegrablefunctiononRn\{0}suchthatit

satisfiesthe’size’condition
K̂(x)≤A,

andthe’smoothness’condition

|x|>2|y|
|K(x−y)−K(x)|dx≤B,y∈Rn,

whereAandBareconstants.Thenforpin(1,∞)theoperatorTisstrong(p,p)and
weak(1,1).
ThesmoothnessconditionisusuallyreferredtoastheḦormanderconditionandis

sometimeswritteninastrongerversionasthegradientcondition

|∇K(y)|≤
C

|y|n+1
.

NowifwecomebackyetagaintothehomogeneouskernelKΩ,wecanaskwhat
dowehavetoassumeaboutΩfortheḦormanderconditiontohold?Thesufficient
conditionisofcoursethatΩisinC1(Sn−1)butmuchweakerconditionssatisfythis
purpose.Letusdefine

ω∞(t)=sup|Ω(u1)−Ω(u2)|:|u1−u2|≤t,u1,u2∈S
n−1 .

Thenifwealsohave
1

0

ω∞(t)

t
dt<∞

thenthekernelKΩsatisfiestheḦormandercondition.Suchaconditionisreferredto
asaDini-typecondition.
Thereforetogiveasufficientconclusionoftheabovementionedfactswecansay

thatifΩisafunctiondefinedonSn−1withzerointegralandsatisfiestheDinicondi-
tion,thentheoperatorT(f)=f∗KΩisstrong(p,p)forpin(1,∞)andweak(1,1).
Inthismanuscriptwearemainlyinterestedinthesingularintegralswithrough

kernels.Thedefinitionofthisoperatorissimilartothepreviousbutthekeydifference
isintheassumptionsonthekerneloftheoperator.Wedefine

TΩ(f)(x)=p.v.
Rn

Ω(y/|y|)

|y|n
f(x−y)dy,

whereΩisinL1Sn−1 withmeanvaluezero.Wearenowinterestedinstatingcondi-
tionsforboundednessoftheabovementionedoperatorwithoutanykindofsmoothness
assumptionsonthekernelsuchasḦormandercondition. Wegiveanoverviewofthe
resultsonthistopicwhichhasbeenanactiveareaofresearchsincethemiddleofthe
twentiethcentury.

5



ItisnotdifficulttoshowthatwiththissetupandanextraassumptionthatΩis
odd,theoperatorTΩisboundedonL

2(Rn).ThisfollowsfromthefactthattheFourier

transformoftheprincipalvalueofΩ(y/|y|)|y|n isbounded. Thereforewiththehelpof

Planchereltheoremweimmediatelyobtaintheestimate.
Asalreadymentionedabove,withthisassumptionwecanobtainwiththeuseof

themethodofrotationstheboundednessoftheoperatorTΩonL
p(Rn)forpin(1,∞).

NowwecontinuedroppingtheextraassumptionofΩbeingodd.In1956Caldeŕon
andZygmundshowedin[1]thatifΩisinLlogLSn−1,moreprecisely

Sn−1
|Ω(x)|ln(2+|Ω(x)|)dx<∞

thenbothTΩandT
∗
ΩareboundedonL

p(Rn)forpin(1,∞).Someyearslaterthis
conditionwasindependentlyimprovedbyConnettin[6]andCoifmanandWeissin
[5]whoshowedthatΩonlyneedstobeintheHardyspaceH1(Sn−1)whichisalso
sufficienttoimplythatT∗ΩisboundedonL

p(Rn)forpin(1,∞).
Consideringtheweaktype(1,1)estimate,thequestionwhetheraconditionbear-

ingonthesizeofΩalonesufficedfortheweaktypeboundednessofTΩwasaproblem
andtheanswerturnedouttobepositive.AtfirstM.ChristandJ.-L.RubiodeFrancia
provedtheweaktype(1,1)estimateinonedimensionforΩinLlogL(S1),see[7].
LaterthesameresultwasprovedinalldimensionsbyA.Seegerin[20].Nevertheless
severalquestionsremainconcerningtheendpointbehaviorofTΩsuchasifthecondi-
tionΩ∈LlogL(Sn−1)canberelaxedtoΩ∈H1(Sn−1),ormerelyΩ∈L(Sn−1)when
Ωisanoddfunction.
AnotherquestionremainsconsideringtheL1theoryofT∗ΩforΩrough.Thatis

whetherT∗Ωisweaktype(1,1)ifΩdoesnotpossesanysmoothness,morepreciselyif
ΩisinL∞(Sn−1).

1.2 BilinearSingularIntegrals

Inthischapterwedescribebilinearsingularintegralswithsmoothandroughkernel
andtheirbehavioronfunctionspacesinthesimilarfashionlikethelinearcaseina
previouschapter.
Thesettingisquitesimilartothelinearcase.ForΩinL1(S2n−1)withmeanvalue

zero,weatfirstdefineakernel

K(y,z)=Ω((y,z)/|(y,z)|)/|(y,z)|2n.

NowwecandefinethebilinearsingularintegralassociatedwiththekernelKas

TΩ(f,g)(x)=p.v.
Rn Rn

K(x−y,x−z)f(y)g(z)dydz,

wheref,gareSchwartzfunctionsonRn.
ThistypeofintegralwasintroducedbyCoifmanandMeyerin1975,see[4].They

werealsothefirsttoobtainsomeresultsconsideringboundednessofthisoperator
inonedimension.TheyshowedthatifΩpossessessomesmoothness,i.e.ifitisa
functionofboundedvariationonthecircle,thenTΩisboundedfromL

p1(R)×Lp2(R)
toLp(R),wherep1,p2,parein(1,∞)and1/p=1/p1+1/p2.
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InhigherdimensionsitwasshownbyGrafakosandTorresin[14]thatifΩis
aLipschitzfunctiononS2n−1,thenTΩisboundedfromL

p1(R)×Lp2(R)toLp(R),
wherep1,p2isin(1,∞),pin(1/2,∞)and1/p=1/p1+1/p2.Sameauthorsalso
provedtheCotlar’stypeinequalityforthemaximaloperatorT∗Ωwithsmoothkernel,
see[13].ItisimportanttopointoutthatCotlar’sinequalitydoesnotholdforrough
kernels.
ForΩroughtheboundednessofgeneralTΩremainedunresolveduntiltherecent

workofGrafakos,HeandHonźık.Untilthenonlycertainspecialcaseswereknown.
ForexamplethecaseinonedimensionwhenΩisintegrableonS1andoddfunc-
tion.ThentheoperatorTΩisintimatelyconnectedwiththedirectionalbilinearHilbert
transform

Ha,b(f,g)(x)=
∞

−∞
f(x−ta)g(x−tb)

dt

t
.

TheboundednessofHa,bwasprovedbyLaceyandThiele,see[16],[17]andlater
addressedbyThiele[22],GrafakosandLiin[12].
WenowstatetheresultofGrafakos,HeandHonzı́kfrom[10]butwewilltalk

abouttheirworkmoreindetailinaseparatechaptersincetheresultsofthismanuscript
usethesamebase,thereforearestronglyconnectedandmoreexplanationwillbe
needed.Theresultisthefollowing.

Theorem1.Foralln≥1,ifΩisinL2(S2n−1)withmeanvaluezero,thenforTΩit
holds

TΩ L2(Rn)×L2(Rn)→L1(Rn)<∞.

WiththeuseofinterpolationthefinalresultofthepaperistheboundednessofTΩ
onLpforallp>1/2inalldimensions.Thetheoremabovewasfurtherimprovedby
GrafakosandSlav́ıkov́atoΩinL4/3(S2n−1),see[9],howeverthequestionofthebest
possibleintegrabilityofΩstillremains.Thisresultwillbementionedagaininthe
chapteraboutmultipliers.
HavingtheboundednessofTΩanaturalquestionofboundednessofT

∗
Ωarisewhich

isthemainthemeofourwork.

1.3 Multipliers

InthissectionweintroducethetheoryofFouriermultipliersandstatetheimportant
resultssincethistopiciscloselyrelatedtosingularintegrals.Wewilltakeacloserlook
onlinearandbilinearcasesandbrieflyonmultilinearcaseaswell.ThelinearFourier
multiplieroperatorhastheform

Tm(f)(x)=f̂m
∨
(x)=

Rn
f̂(y)m(y)e2πix·ydy,

wheremisaboundedfunctiononRn,̂f(ξ):= Rnf(x)e
2πix·ξdxdenotestheFourier

transformoffandg∨(ξ)denotestheinverseFouriertransform.Theoperatorisini-
tiallydefinedonSchwartzfunctionsandthequestioniswhatotherconditionswehave
toimposeonminordertoTmadmitaboundedextensiononL

p(Rn)forpin[1,∞],
whichisanoldandimportantprobleminharmonicanalysis.Ifthatisthecasefor
agivenp,thenmiscalledanLpFouriermultiplier.Abasicexamplewouldbethe
multiplieroftheHilberttransformm(t)=−isgn(t)asamultiplieronLp.
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BythePlanchereltheoremmisaL2FouriermultiplierifandonlyifmisaL∞

function.ThewellknownnontrivialresultwasprovidedbyMikhlinwhoprovedthat
ifthecondition

|∂αm(ξ)|≤Cα|ξ|
−|α|,ξ=0,

holdsforallmulti-indicesαwithsize|α|≤[n/2]+1,thenTmadmitsabounded
extensiononLp(Rn)forpin(1,∞).
Thisresultiswellsuitedfordealingwithmultiplierswhosederivativeshavea

singularityatonepoint,suchasfunctionswhicharehomogeneousofdegreezeroand
indefinitelydifferentiableontheunitsphere. AnextensionofMikhlin’sresultwas
obtainedbyḦormanderwhoshowedthesameresultreplacingtheMikhlin’scondition
withacondition

sup
k∈Z
2−kn+2k|a|

2k<|y|<2k+1
|∂αm(y)|2dy<∞.

ThisresultwasthenfurtherextendedtofractionalSobolevspaceagainby
Ḧormanderasfollows.
Fors>0let(I−∇)s/2denotetheoperatorgivenontheFouriertransformsideby

multiplicationby(1+4π2|ξ|2)s/2andletΨbeaSchwartzfunctionwhoseFourier
transformissupportedintheannulus{x∈Rn:1/2<|x|<2}andwhichsatisfies

∑j∈ZΨ̂(2
−jξ)=1forallξ=0.Ifforsomerin[1,2]andsin(n/r,∞),thefunction

msatisfies
sup
k∈Z

(I−∇)s/2 Ψ̂m(2k·)
Lr(Rn)

<∞,

thenTmadmitsaboundedextensiononL
p(Rn)forpin(1,∞).Inthecasethatr=2

andspositiveintegerweobtaintheḦormanderconditionfromabove.
NowitisnaturaltoaskwhetherthisconditionstillimpliesthatmisanLpFourier

multiplierforsomepin(1,∞)ifs<n/2.Theanswerispositive,viaaninterpolation
argumentCalderonandTorchinskyshowedthatTmisboundedonL

pwheneverthe

conditionholdsforallpsatisfying1p−
1
2<

s
nand

1
p−

1
2=

1
r.Itwasobservedthat

thelastassumptioncanbereplacedwithaweakerone1r<
s
n,moreoveritisknown

thatifTmisboundedonL
pforeeverymsatisfyingtheḦormandercondition,then

1
p−

1
2≤

s
n.Inotherwords,whenrs>nthenthecondition

1
p−

1
2<

s
nisessentially

optimal.
Additionally,Slav́ıkov́arecentlyconstructedanexampletoshowthatLpbound-

ednessdoesnotholdontheline 1
p−

1
2 =

s
n,see[21].Thismeansthatconditions

1
p−

1
2<

s
nandrs>nareoptimalfortheassumptionofḦormandercondition.

UnliketheMikhlinmultipliertheorem,theḦormanderandCalderon-Torchinsky
theoremscantreatmultiplierswhosederivativeshaveinfinitelymanysingularities.
Nowletusmoveontothebilinearsetting.Bilinearmultiplieroperatorsaregiven

by

Tm(f,g)(z)=
Rn Rn

m(x,y)̂f(x)̂g(y)e2πz·(x+y)dxdy,

wheref,gareSchwartzfunctionsandmisaboundedfunctiononR2n.
ThequestionofL2×L2→L1boundedness(thecentralprobleminthissettingjust

asL2→L2inthelinear)ismuchmoreintricateduetothelackofPlancherel’stheorem
onL1.Thereforenostraightforwardcharacterizationisknown.
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ThestudyofsuchoperatorswasinitiatedbyCoifmanandMeyerwithaclassical
sufficientconditionforboundednessofTmwhichsaysthatifmsatisfies

∂α∂βm(x,y)≤Cα,β(|x|+|y|)
−α−β

forsufficientlylargemultiindicesα,β,thentheoperatorTmadmitsaboundedexten-
sionfromLp1(Rn)×Lp2(Rn)toLp(Rn)when1/p1+1/p2=1/pandp1,p2arein
(1,∞]andpisin(1/2,∞).ThiswasprovedbyCoifmanandMeyerinthecasep>1,
see[2]andwasextendedtothecasep≤1byGrafakosandTorresin[14]andinde-
pendentlybyKenigandSteinin[15].Thistheoremisessentiallysayingthatlinear
MikhlinmultipliersonR2nareboundedbilinearmultipliersonRn×Rn.
Weseethatthepreviousresultsarequiterestrictiveintermsofthedependenceof

therateofdecayontheorderofderivativesofm.Thereare,however,manyother
multipliersemergingnaturallyinthestudyofbilinearoperatorswhichdonotfallun-
derinthescopeoftheCoifman-Meyerconditionsuchastheroughsingularintegrals
whicharethemaininterestofourresearch.Grafakos,He,Slav́ıkov́ashowedin[9]the
boundednessforatypeofoperatorasfollows.Letrkbeaboundedsequence,thenwe
define

T=∑
k∈Z

rkTmk,

wheremk(x,y)=m(2
k(x,y))andmisafunctiononR2nwhichsatisfiesforsomeδ>0

arbitrarilysmallthat

|m(x,y)|≤Cmin |(x,y)|,|(x,y)|−δ ,

and
|∂αm(x,y)|≤Cαmin 1,|(x,y)|

−δ

forallmultiindicesα.UnlikethecaseofCoifman-Meyerconditions,therateofdecay
doesnotdependontheorderofderivatives. WenotethatsuchoperatorsTindeed
includeroughbilinearsingularintegralswithm=Kψ,whereKisthekernelofa
singularintegralandψisasmoothfunctionsupportedintheunitannulusonR2n

satisfying∑j∈Zψ(2
−j·)=1.

Theresultisasfollows.LetTbeasabovesuchthatforqin[1,4)andMq=

max 2n, 2n
4−q +1,misinL

q(R2n)∩CMq(R2n)satisfyingconditionsfromabove

forall|α|≤Mq.Then
TLp1×Lp2→Lp<∞,

whenever1/p1+1/p2=1/pandp1,p2arein[2,∞]andpisin[1,2].
Applyingthisresultonroughbilinearsingularintegralweobtainanimprovement

ofthemainresultfrom[10]asfollows.

Theorem2.Letr>4/3andassumethatΩisinLr(S2n−1)withvanishingintegral.
ThenTLp1×Lp2→Lp<∞,whenever1/p1+1/p2=1/pandp1,p2arein[2,∞]andp
isin[1,2].

Nowletusbrieflymentionthemultilineartheory.Thestudyofmultilinearop-
eratorsisnotjustaquestionofgeneralizationofthequitewellknownareaoflinear
operatorsbutratherbytheirnaturalappearanceinanalysis.CoifmanandMeyerwere
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oneofthefirsttoadoptamultilinearpointofviewintheirstudyofcertainsingular
integraloperators,suchastheCaldeŕoncommutators,paraproducts,andpseudodif-
ferentialoperators.Ann-dimensionalm-linearmultiplierisaboundedfunctionσon
(Rn)massociatedwitham-linearoperatorTσonR

n×···×Rnasfollows

Tσ(f1,...,fm)(x)=
(Rn)m

f̂1(y1)···̂fm(ym)σ(y1,...,ym)e
2πix·(y1+···+ym)dy1···dym,

wherefjforj=1,...,mareSchwartzfunctionsinR
n.AclassicalresultofCoifman

andMeyersaysthatifforallsufficientlylargemultiindicesα1,...,αmwehave

∂α1y1···∂
αm
ymσ(y1,...,ym)≤C(|y1|+···|ym|)

−(|α1|+···|αm|)

forall(y1,...,ym)in(R
n)mawayfromtheorigin,thenTσadmitsaboundedextension

fromLp1(Rn)×···×Lpm(Rm)wheneverp1,...,pmisin(1,∞],1/p=1/p1+1/pm
andpisin[1,∞).Theextensionofthistheoremtoindicesp>1/mwassimultaneously
obtainedbyKenigandSteinin[15]andGrafakosandTorresin[14].Thistheorem
providesanm-linearextensionofMikhlinclassicallinearmultiplierresult.
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2.SingularIntegrals

2.1 RoughBilinearSingularIntegrals

InthissectionwedescribeindetailtheresultsfromthepaperRoughBilinearSingular
IntegralsbyL.Grafakos,P.HonźıkandD.He,see[10]andwewillalsoshowthe
wavelettechniquewhichisthesignificantmethodusedinthispaper.
Thequestionwashowtodescribetheboundednessofthebilinearsingularintegral

operatorassociatedwithafunctionΩ

TΩ(f,g)(x)=p.v.
Rn Rn

K(x−y,x−z)f(y)g(z)dydz,

wheref,gareSchwartzfunctionsonRn,K(y,z)=Ω((y,z)/|(y,z)|)/|(y,z)|2nandΩis
rough(inotherwordsthereisnosmoothnessassumption)suchthatΩisinLq(S2n−1)
with S2n−1Ωdσ=0,whereqisin(1,∞].Thisproblemremainedunresolveduntil
thispaper,exceptinsituationswhenitreducestotheuniformboundednessofbilinear
Hilberttransforms.InthisworktheyprovidedaproofoftheboundednessofTΩon
Lpforallp>0inalldimensions.Thisbreakthroughisaconsequenceofthenovel
techniqueemployedinthiscontextwhichistheuseofthewavelets.Thekeyideawas
todecomposetheoperatorintermsofatensor-typecompactlysupportedwaveletde-
compositionandtousecombinatorialargumentstogroupthedifferentpiecestogether
withthehelpoforthogonality.
GenerallyspeakingthewaveletsystemisatypeoforthonormalbasisofL2(Rn)

generatedbytranslationsanddilationsofasinglefunctionΨ.Basedonproperties
ofthisfunctionwedistinguishdifferenttypesofwaveletsystemssuchasTheHaar
waveletsinwhichthefunctionχ[0,1/2)−χ[1/2,1)isusedoressentialforourpurposes
TheDaubechieswaveletsusingcompactlysupportedfunctions.Tobepreciseweneed
producttypesmoothwaveletswithcompactsupport.Theconstructionofsuchobjects
canbefoundin[23]byTriebel.Wewillusewaveletsformedinafollowingway.
ForanyfixedkfromNthereexistreal-valuedcompactlysupportedfunctions

ψF,ψM inC
k(R),whichsatisfyψF L2(R)= ψM L2(R)=1andalsothatforαin

[0,k]wehavethat Rx
αψM(x)dx=0,andifΨ

Gisdefinedby

ΨG(x)=ψG1(x1)···ψG2n(x2n)

forG=(G1,...,G2n)intheset

I:= (G1,...,G2n):Gi∈{F,M},

thenthefamilyoffunctions

µ∈Z2n

Ψ(F,...,F)(x−µ)∪
∞

λ=0

2λnΨG(2λx−µ):G∈I\{(F,...,F)}

formsanorthonormalbasisofL2(R2n),wherex=(x1,...,x2n).ThefunctionsψF,ψM
arecalledfatherandmotherwavelets.
Usingthenotation

Ψλ,G
µ
(x)=2λnΨG(2λx−µ), x∈R2n,
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weutilizethewavelettransformonthekernelKoftheoperator. Morepreciselywe
taketheproductwaveletsdescribedabove,withcompactsupportsandMvanishing
moments,whereMisalargenumberdeterminedlateron.(Toclarify,afunctionf
hasMvanishingmomentsifRnf(x)x

βdx=0for|β|≤M). Wehavethefollowing
crucialestimate.
AssumingmisinCM+1(R2n)suchthat

sup
|α|≤M+1

∂αm∞≤C0<∞,

thenwehave
Ψλ,G
µ
,m ≤CC02

−(M+1+n)λ,

providedthatψMhasMvanishingmoments.
ThisestimatewillbeusedondecomposedpartsofthekerneloftheoperatorTΩ.

Nowwewilldescribethisdecomposition.
WefixasmoothfunctionαinR+suchthatα(t)=1fortin(0,1],α(t)isin(0,1)

fortin(1,2)andα(t)=0fortin[2,∞).For(y,z)inR2nandjinZweintroducethe
function

βj(y,z)=α(2
−j|(y,z)|)−α(2−j+1|(y,z)|).

Thisisafunctionsupportedin[1/2,2]. Wedenote∆jtheLittlewood-Paleyoperator

∆jf=F
−1(βjf),whereF

−1denotestheinverseFouriertransform,whichisdefined

viaF−1(g)(x)=Rng(ξ)e
2πix·ξdξ=g(−x),wheregistheFouriertransformofg.

NowwedecomposethekernelKasfollows. WedenoteKi=βiKandwesetK
i
j=

∆j−iK
ifori,jinZ.Thenwewrite

K=
∞

∑
j=−∞

Kj,

where

Kj=
∞

∑
i=−∞

Kij.

Wealsodenotemj=Kj.Thentheoperatorcanbewrittenas

T∗(f,g)(x)=sup
ε>0
∑
j Rn\B(0,ε)Rn\B(0,ε)

Kj(y,z)f(x−y)g(x−z)dydz.

Nowifwedenotemj,0thesymbolK
0
jwecanapplytheaboveestimateandobtain

|Ψλ,G
µ
,mj,0|≤CΩ Lq2

−δj2−(M+1+n)λ,

assumingΩisinLq(S2n−1),qisin[2,∞],δisin(0,1/q).
Weobservethatwehavetheidentitymj,i=mj,02

i·fromthehomogeneityofthe
symbol.Thereforeitisenoughtoshowtheestimateformj,0.Withthissettingwewill
nowgivetheideaoftheproofandhowtheabovesetupisused.
Atfirstweorganizethewaveletbasisintogroupssothatmembersofthesame

grouphavedisjointsupportsandareofthesameproducttype,inotherwordsthey
havethesamegenerationindexGinthesetI.LetusdenotebyDλ,κoneofthese
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groupsconsistingofwaveletswhosesupportshavediametersabout2−λ.Sonowwe
canwritemj,0as

mj,0= ∑
λ≥0

1≤κ≤Cn,M,N

∑
ω∈Dλ,κ

aωω

andωallhavedisjointsupportswithinthegroupDλ,κ.Clearly,usingtheaboveesti-
matewehave

{aω}ω∈Dλ,κ l∞
≤CΩ Lq2

−δj2−(M+1+n)λ.

Nowinordertoobtainanestimateofthesymbolwehavetodecomposemj,0again,
withinthegroupDλ,κ.Thesegroupsarecalled’off-diagonal’partsincethewavelets
areclosetotheaxesinsomesenseandthe’diagonal’partwithwaveletsawayfrom
theaxes.Tobeprecisethewaveletis’close’totheaxisif

suppω∩{(ξ1,ξ2)∈R
n×Rn:2−j|ξ1|≥|ξ2|}=/0

andis’away’fromtheaxisif

suppω⊂{(ξ1,ξ2)∈R
n×Rn:2−j|ξ1|≤|ξ2|≤2

j|ξ1|},

wherejisfixedandthesegroupsaredisjointforlargej.
Firstwecommentonthediagonalpart.Thisgroupisagainfurtherdecomposed

asfollows. Wefixrin[0,∞)whichwilldeterminethe’size’ofthewaveletwithin
rangeapproximately(2−r−1,2−r),wesplitthegroupofwaveletsofthissizewhichwe
callUrinsetsof’heavy’columns,’heavy’rowsandtheremainder.Inotherwords
fixingonecoordinate,ifthenumberofwaveletswiththiscoordinateinthesetUris
largeenoughweputthemallineitherheavycolumnsorheavyrows,dependingonthe
coordinate.Fortheheavypartsthisisthefinaldecompositionandtheoperatorcanbe
estimatedwithinthesegroups.
Usingtechnicalcombinatorialargumentswecanestimatethemultiplierformof

ouroperatorinthesetoflargecolumnswhichwedenoteT
mr,1j
asfollows

T
mr,1j
(f,g)

L1
≤CΩ L22

(n−M/8)λ−r/8−δj/8 fL2gL2,

whichisasufficientdecayinj,randλifMislargerthan16n.Thesetoflargerows
ishandledinthesameway.
Nowfortheremainderthefinaldecompositionoftheoperatorisintoatmost

2(r+δj+Mλ)/2disjointsets(whichiseasytoshow),indexedbyswhereineach
groupthewaveletaresuchthattheydonotsharethesamecoordinate.Withtheuseof
Cauchy-SchwartzinequalityandPlancherel’stheoremweget

Tmsj(f,g)L1
≤C2−rfL2gL2.

Then,summingoversandchoosingsufficientδandthenputtingtogetherthethree
estimatesof’heavy’columns,rowsandtheremainderwehavetheestimate

Tmrj(f,g)L1
≤CΩ Lq2

−δj/52(−Mλ−r)/16 fL2gL2.
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Thereforeforoperatorm1j,0=∑r≥0∑κ∑λm
r
jwhichisonepieceofthediagonalpart

oftheoperatorweget

Tm1j,0
(f,g)

L1
≤CΩ Lq2

−δj/5 fL2gL2.

Inordertohavetheestimatefortheentirediagonalpartweneedasimilarestimatefor
Tm1j,k

whichcanbeobtainedonarestrictedset,preciselytheannulusEj,k={ξ1∈R
n:

c12
−k≤|ξ1|≤c22

j−k}.ThenusingtheseestimatesandapplyingCauchy-Schwartz
inequalityweobtainforthediagonalpartm1jtheestimate

Tm1j
(f,g)

L1
≤CΩ Lq2

−δj/5 fL2gL2,

whichhasasufficientdecayinj.
Nowwedescribetheestimatefortheoff-diagonalpartoftheoperator,namelyTm2j

andTm3j
.Inordertocontrolthesetwooperators,weneedthefollowinginequality

(Tm2j
(f,g)+Tm3j

)(f,g)L1≤C Ω Lq2
−jδ fL2 gL2.

Thefirststeptoshowthisinequalityistoshowthesquarefunctiontypeestimate

∑
k∈5Z

|Tm2j,k
(f,g)|2

1/2

L1
≤CΩ Lq2

−jδ fL2gL2,

inotherwords

∑
k∈5Z

|Tm2j,k
(f,g)|2

1/2

L1
<∞

whichisrathertechnicalandusesthetensorpropertiesofthewaveletbasesplitting
theoperatorinaproductoftwoonedimensionalpartandestimatingonewiththe
Hardy-Littlewoodmaximalfunctionandtheprecedingestimatesfortheother.
ThenextstepistoshowthatthereexistsapolynomialQ1ofnvariablessuch

thatTm2j
(f,g)−Q1isinL

1whichisaconsequenceofshowingforr=0,1,2,3,4and

m
(r)
j=∑k∈5Z+rm

2
j,kthereisapolynomialQ

r
jsuchthat

T
m
(r)
j

(f,g)−Qrj
L1
≤ ∑

k∈5Z+r

|Tm2j,k
(f,g)|2

1/2

L1
.

Thisconcludestheroughdescriptionofdealingwithestimatingtheoff-diagonalpart.

2.2 RoughMaximalBilinearSingularIntegrals

Inthissectionwedescribeindetailourfirstmainresultofthisthesisnamelythepaper
RoughMaximalBilinearSingularIntegrals.Thequestionofboundednessofthese
operatorsrosenaturallyafterobtainingboundednessfortheroughbilinearsingular
integralswhichwasdescribedintheprevioussection. Weremindtheresultsknown
forthisoperator,namely

TΩ(f,g)(x)=p.v.
Rn Rn

Ω((y,z)/|(y,z)|)

|(y,z)|2n
f(x−y)g(x−z)dydz

whereΩisafunctioninLq(S2n−1)withvanishingintegralisboundedfor
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•q=∞fromLp1(Rn)×Lp2(Rn)toLp(Rn)wherep1,p2isin(1,∞)and1/p=
1/p1+1/p2,

•q=2fromL2(Rn)×L2(Rn)toL1(Rn)andthesetworesultscanbeinterpolated.

Nowwemoveourattentiontothemaximaloperator.Thesettingisasfollows.We
define

T∗Ω(f,g)(x)=sup
ε>0 Rn\B(0,ε)Rn\B(0,ε)

Ω((y,z)/|(y,z)|)

|(y,z)|2n
f(x−y)g(x−z)dydz,

whereΩisafunctioninL∞(S2n−1)withvanishingintegral.Ourgoalwastotryto
obtainsimilarresultsasforTΩthereforetheproblemwasattackedeitherinthesame
wayorthetechniqueswereappropriatelymodifiedasfarastheoperatorallowedand
lateronalternativewayswereusedtogetthedesiredresult.
Letusnowstatethemainresults.

Theorem3.Foralln≥1,ifΩisinL∞(S2n−1),thenforT∗Ωdefinedabove,wehave

T∗Ω Lp1(Rn)×Lp2(Rn)→Lp(Rn)≤CΩ ∞ (2.1)

whenever1<p1,p2<∞and1/p=1/p1+1/p2.

FormoregeneralΩ,wegetthefollowing:

Theorem4.Foralln≥1,ifΩisinL2(S2n−1),thenforT∗Ωdefinedabove,wehave

T∗Ω L2(Rn)×L2(Rn)→L1(Rn)≤CΩ 2. (2.2)

WenotethatGrafakosandSlavı́kov́arecentlyimprovedtherangeofboundedness
ofTΩin[9].TheyshowedthatinthecaseofL

2(Rn)×L2(Rn)toL1(Rn)boundedness

wecanassumeΩinL
4
3 S2n−1.Itisnotcurrentlyknownwhethersimilarresultholds

forT∗Ωaswell.
Nowwewilldescribetheessentialstepsofobtainingthisresult,pointoutsimilar-

itiesandmainlydifferencesbetweenTΩandT
∗
Ω.

AtfirstwewilldefinetheoperatorT#Ωwhichwillbethemaintoolwewillbe
workingwithinthefollowing.Theessentialpropertyofthisoperatoristhatwecan
equivalentlyuseitinsteadoftheoperatorT∗Ω.ForfunctionsintheSchwartzclasslet
usdefine

T#(f,g)(x)=sup
j∈Z
∑
i>jR

2n
Ki(y,z)f(x−y)g(x−z)dydz.

LetusassumefornowthattheoperatorT∗isdominatedinsomesensebyT#(the
proofofthisstepissimpleforΩinL∞(S2n−1)butwewillprovideamoregeneral
resultlateron).Thenitisobviouslyenoughtodemonstratetherelevancyoftheabove
mentionedtheoremsfortheoperatorT#.
InordertoestimateT#,wesplittheoperatorintwoparts.Letusdefine

T#j(f,g)(x)=sup
k∈Z
∑
i>kR

2n
Kij(y,z)f(x−y)g(x−z)dydz,
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and

T#(f,g)(x)=sup
j∈Z
∑
i>jR

2n
∑
γ<0

Kiγ(y,z)f(x−y)g(x−z)dydz.

Thenwecaneasilyget

T#(f,g)(x)≤T#(f,g)(x)+∑
j≥0

T#j(f,g)(x),

thereforeitisenoughtoestimatethesetwosegments. WhatweneedisthatforΩin
L2(S2n−1)andj≥0theoperatorsT#andT#jareboundedfromL

2(Rn)×L2(Rn)to

L1(Rn).
ThefirstpartisincludedinProposition7.Thisresultisquitestraightforward.Itis

easytocheckthatthemaximaloperatorwiththekernel∑i∈Z∑γ<0K
i
γ(wepointout

thatthiskernelincludesallofthepartindexedbyi,notonlythosebiggerthanindexj
)isboundedsincethiskernelissmoothCaldeŕon-Zygmundconvolutionkernel.Ifwe
denotethisoperatorasT∗

K̃
,thenwecanwrite

T#(f,g)(x)=sup
j∈Z
∑
i>jR

2n
∑
γ<0

Kiγ(y,z)f(x−y)g(x−z)dydz

≤T∗
K
(f,g)(x)+

sup
j∈Z R2n

χR2n\B(0,2j)K−∑
i>j
∑
γ<0

Kiγ



(y,z)f(x−y)g(x−z)dydz.

TheerrortermχR2n\B(0,2j)K−∑i>j∑γ<0K
i
γcanbeestimatedbyCN

2−2nj

1+|2−jx|N
forev-

eryN>0andtherefore

T#(f,g)(x)≤T∗
K
(f,g)(x)+CMf(x)Mg(x).

InordertoestimatetheoperatorT#jweneedtousethemethodsfromthepaper[10].
Wewanttoshowthefollowingstatement.

Proposition5.Givenqin[2,∞]andδin(0,1/8q),thenforanyjfromN0,theoper-
atorT#jmapsL

2(Rn)×L2(Rn)toL1(Rn)withnormatmostCΩ Lq2
−δj.

Wefollowtheprooffromthepaperandfirstdecomposethekernelintodyadic
piecesandthesetcalled’diagonal’partD1λ,κand’off-diagonal’partsD

2
λ,κandthe

remainderD3λ,κ.Incaseofthediagonalpartweobtaintheestimateeasilywithjust
aslightmodificationoftheentireproceduredescribedin[10]andpreviouschapter.
Thereforewehave

sup
γ∈Z
∑
k>γ

Tm1j,k
(f,g)L1≤CΩ Lqj2

−δj/5 fL2gL2.

Theoff-diagonalpartissignificantlymoreintricatesincetheprocedureusedin[10]
cannotbeapplied.Wehavetoestimatetheoperator

sup
γ∈Z
∑
k>γ

Tm2j,k
(f,g).

TodothatweneedtohaveanapproximatesizeoftheoperatorTm2j,k
. Wedothatwith

thehelpofestimatingthesupportofm2j,kbecausethenwecanapplythefollowing.

16



Lemma6.LetL∞functionmdefinedonRn×Rnbeasymbolofamultiplieroperator
Tm.SupposeI,J⊂R

naremeasurablesetsandletsuppm⊂I×J.Thenforfunctions
f,ginS(Rn)itholdsthatsuppTm(f,g)⊂I+J.

Inordertofindthesizeofthesupportofm2j,kweusethefactm
2
j,k(x)=m

2
j,02

kx

thereforeweonlyneedtodealwithm2j,0.Asimplecalculationgives

suppm2j,0⊆A×B,

where
A= ξ∈Rn:2j−2−1≤|ξ|≤2j+1+1

and
B= ξ∈Rn:−3−2−j≤|ξ|≤3+2−j.

ThereforeitfollowsfromtheLemmaabovethat

suppTm2j,0
(f,g)⊆ ξ∈Rn:2j−3≤|ξ|≤2j+2 ,

thus
suppTm2j,k

(f,g)⊆ ξ∈Rn:2j−3−k≤|ξ|≤2j+3−k .

Nowwearereadytodotheestimateofsupγ∈Z∑k>γTm2j,k
(f,g).Fromthepaper

[10]weknowthatforeveryf,ginL2(Rn)thefollowingestimateholds

∑
k∈5Z

Tm2j,k
(f,g)

2
1
2

L1

≤C Ω Lq2
−jδ fL2 gL2. (2.3)

TomakesuretheFouriersupportsofTm2j,k
donotoverlapwewritetheoperatoras

follows.Forµ=0,...,10wehave

T#
m2j
(f,g)=sup

γ∈Z
∑
µ
∑
k>γ

k∈10Z+µ

Tm2j,k
(f,g),

Forµfixedweobtainthefollowinginequality

sup
γ∈Z

∑
k>γ

k∈10Z+µ

Tm2j,k
(f,g)≤sup

β>0
∑

k∈10Z+µ

Tm2j,k
(f,g)−ψ̌β∗ ∑

k∈10Z+µ

Tm2j,k
(f,g)



,

whereψβisasmoothfunctionsuchthatitsFouriertransformisequalto1ontheball

B 0,2j−β+3 andvanishesoutsideofB 0,2j−β+10.Thereasonwhythisinequality

holdsisthatifwelookatitontheFouriertransformsidewegetontherighthandside

anexpressionofthetype ∑k∈10Z+µTm2j,k
1−ψβ whichisexactlytheexpression

onthelefthandsidesmoothedout.TheestimateoftheFouriersupportofTm2j,k
was

usedinthechoiceofβ.
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ThenifweconsiderthemaximalfunctionMψf(x)=supβ>0ψβ∗f,theabove

inequalitygivesinL1normthefollowing

sup
γ∈Z
∑
k>γ

Tm2j,k
(f,g)

L1

≤ ∑
k∈10Z+µ

Tm2j,k
(f,g)

L1

+C Mψ ∑
k∈10Z+µ

Tm2j,k
(f,g)



L1

.

Nowweestimatethefirstpart.Giventheestimateofthesquarefunctionitfollows
fromtheLittlewood-PaleytheoremthatthereexistsapolynomialQ

µ
jsuchthat

∑
k∈10Z+µ

Tm2j,k
(f,g)−Q

µ
j

L1

≤ ∑
k∈10Z

Tm2j,k
(f,g)

2
1
2

L1

.

Since∑k∈10Z+µTm2j,k
(f,g)isinL1(Rn)wehaveQ

µ
j=0,therefore

∑
k∈10Z+µ

Tm2j,k
(f,g)

L1

≤C Ω Lq2
−jδ fL2 gL2.

Infact(2.3)alsoimpliesthat∑k∈ZTm2j,k
(f,g)isinH1,thereforewecanestimatethe

secondexpressionas

Mψ ∑
k∈10Z+µ

Tm2j,k
(f,g)



L1

≤ ∑
k∈10Z+µ

Tm2j,k
(f,g)

H1

,

whichisthedesiredestimate.
SonowweknowthattheTheorem4holdsfortheoperatorT#butwestillhaveto

justifythesufficiencyofthiswithrespecttoT∗.Inordertodothatletusdefinethe
followingoperatorwhichisanothertypeofmaximalfunction.Wehave

MΩ(f,g)(x)=sup
R>0 R2n

Ω
(y,z)

|(y,z)|
R−2nχB(0,R)(y,z)f(x−y)g(x−z)dydz,

whereΩisinL1S2n−1 andΩ≥0.Forp,q,rin(1,∞)wehave MΩ(f,g)r≤
Ω 1 fpgq.Thisresultholdsduetothesametypeofboundednessofdirectional
maximalfunction.ItgivesusboundednessoftheoperatorMΩ,butonlywhenr>1.
InordertodothetransitionfromT∗toT#,weneedtodothispreciselywhenr=1.
Wegivethisstatementinfullgeneralityextendedalsototheregionr≤1forthesake
ofcompleteness.FirstlywestatetheresultgivingtheboundednessofMΩ.

Lemma7.Letrbein(1/2,∞)andu,vin(1,∞)suchthat1u+
1
v=

1
r.LetΩbein

LsS2n−1,Ω≥0wheresisfrom(1,∞)andissuchthat s
2s−1<r.Then

MΩ:L
u(Rn)×Lv(Rn)→Lr(Rn).

Thisresultisobtainedusingalmostexlusivelythemultilinearinterpolation(The-
orem7.2.2in[8]).NowwearereadytogivetheresultprovidingtheestimateofT∗

withT#. Wepointoutthatthefollowingresultisthemostimportantinthesituation
wherep=q=2andr=1,butwegivethefullversion.
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Lemma8.Letrbein(1/2,∞)andp,qin(1,∞)suchthat1p+
1
q=

1
r.LetΩbefrom

LsS2n−1 wheresisin(1,∞)issuchthat s
2s−1<q.Then

T∗(f,g)r≤ T#(f,g)
r
+C M|Ω|(f,g)r.

Thisestimateisquitesimple.Wedefinefunctions

Kε(x,y)=K(x,y)χ{(x,y):|x|,|y|≥ε}(x,y)

and

K̃ε(x,y)=K(x,y)1−α
1

ε
|(x,y)| .

Then

T∗(f,g)(x)≤sup
ε>0 R2n

Kε(y,z)f(x−y)g(x−z)−K̃εj(y,z)f(x−y)g(x−z)dydz

+sup
i∈Z

K̃i(y,z)f(x−y)g(x−z)dydz,

whereinthefirstpartwetakejsuchthatε≈εj=2
jandestimateitwithM|Ω|(f,g)(x)

whilethesecondpartequalsT#(f,g)(x).Thereforeweobtainthedesiredestimate.
Thisconcludesthemainpartofthepaper. Thelaststepinordertoprovethe

Theorem4istodotheinterpolation.OurintentionistouseagaintheTheorem7.2.2
from[8].SincethekernelKjisaCaldeŕon-Zygmundkernelwithε-Lipschitzconstant

whichissmallerthanCεΩ ∞2
|j|ε,thenusingtheCotlarinequalityfrom[14],wecan

getforanycombinationp,qin(1,∞),1/r=1/p+1/qandanyεin(0,1)thebound

T∗j Lp×Lq→Lr≤Cp,q,εΩ ∞2
jε.

Hereweassumedonlyj≥0.Nextweobservethat

T#j Lp×Lq→Lr≤ T
∗
j Lp×Lq→Lr+CΩ ∞ M Lp×Lq→Lr,

theproofofwhichisomittedsinceitissimilartotheproofofboundednessofT#

whichwasbrieflydescribedabove.
Nowwefix(p,q)suchthatp,qarein(1,∞),wefindapairofpoints(p1,q1)

and(p2,q2)suchthatp1,q1,p2,q2arein(1,∞)and(1/p,1/q)liesinsidethetriangle
(1/2,1/2),(1/p1,1/q1)and(1/p2,1/q2).AccordingtothePropositiontheoperators
T#jhavenormatthepoint(2,2)atmostCΩ Lq2

−δj,whereδ>0isfixed,while

attheremainingtwopointsthenormisCpi,qi,εΩ ∞2
jε,wherei=1,2andwemay

chooseε>0arbitrarilysmall.Therefore,forasuitablechoiceofε>0,wegetfrom
theinterpolationtheoremthattheseriesofnormsofT#jisconvergentat(p,q).This
finishestheproofofTheorem1.
ThetworesultsinTheorem1andTheorem2givebyinterpolationthefollowing.

Corollary9.Foralln≥1,ifΩisinLq(S2n−1)withqin[2,∞],then,forT∗Ωdefined
above,wehave

T∗Ω Lp1(Rn)×Lp2(Rn)→Lp(Rn)<∞ (2.4)

whenever1/p=1/p1+1/p2andthepoint(1/p1,1/p2)liesinsidethequadrilateral
withvertices(1/q,1/q),(1/q,1−1/q),(1−1/q,1−1/q)and(1−1/q,1/q).

Toshowthisweapplyinterpolationargumentsimilartotheoneusedforthebound-
ednessofMΩ.
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3.Multipliers

3.1 TheLatticeBumpMultiplierProblem

InthissectionwedescribeindetailtheresultsofthemanuscriptTheLatticeBump
MultiplierProblem. ThispaperstudiesthebehavioroftheLpnormoflinearand
bilinearmultipliersofaspecifictype.Namelyamultipliergivenbyafinitesumof
translationsofagivensmoothbump.Thesetupinthelinearcaseisasfollows.Wefix
asmoothbumpφsupportedintheballinRnwiththeradiuslessthan1/10. Wehave
thelinearoperatordefinedforkinZnas

Sk,φ(f)(x)=
Rn
f(y)φ(y−k)e2πix·ydy,

wherefisaSchwartzfunctiononRn.NextweassumeafinitesetEinZnandwith
E,φanda={ak}k∈Zasequenceofcomplexnumberssatisfying|ak|≤1,wedefinea
linearoperator

LE,a,φ=∑
k∈E

akSk,φ(f)

forfSchwartzfunction.
Thequestionisforagivenpin[1,∞]whatisthesmallestvalueα(p)suchthatfor

allsubsetsEofZnwith|E|=Nitholds

LE,a,φ Lp→Lp≤Cp,n,φN
α(p)?

Theanswerforthisproblemisα(p)=1p−
1
2 inthesensethatnotonlytheabove

inequalityholdsbutalso

sup
al∞≤1

sup
|E|=N

LE,a,φ Lp→Lp≥CN
α(p).

Nextweconsidertheanalogousbilinearproblem.WefixasmoothbumpΦsupported
intheballinR2nwiththeradiuslessthan1/20. Weconsiderthefollowingbilinear
operator

BE,Φ(f,g)(x)=∑
(k,l)∈E

S(k,l),φ(f⊗g)(x,x),

whereEisasubsetofZ2nandfandgareSchwartzfunctions,xinRn.
Theprobleminthiscaseisgivenp1,p2in[1,∞],whatisthesmallestvalue

α(p1,p2)suchthatforallsubsetsEofZ
2nwith|E|=Nitholds

BE,Φ Lp1×Lp2→Lp
≤Cp1,p2,n,ΦN

α(p1,p2)?

Therelationbetweenpandp1,p2isagain1/p=1/p1+1/p2.Theanswertothis
problemisthatwecanobtainoptimalresultuptoanarbitrarilysmallεwiththefol-
lowingvalue

α(p1,p2)=
1

2
max

1

p
−
1

2
,0 −min

1

p1
−
1

2
,0 −min

1

p2
−
1

2
,0 .

Themainresultisthereforethefollowingtheorem.
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Theorem10.Foragivenε>0andp1,p2in[1,∞)itholds

1.Ifp≤1,thenthereisaconstantCp1,p2,εsuchthat

BE,Φ Lp1×Lp2→Lp
≤Cp1,p2,εN

1
min(p1,p2)

+ 1
2max(p1,p2)

−12+ε.

2.Ifp>1,thenthereisaconstantCp1,p2,εsuchthat

BE,Φ Lp1×Lp2→Lp
≤Cp1,p2,εN

α(p1,p2)+ε

Moreovertheestimateforp>1issharpuptoε.

Theproofofthelinearcasewediscusbriefly.Itisquitestraightforwardtoshow
thefirstpartusingsimpleestimatesandinterpolation.Toshowtheoptimalitywedo
thatbyfindingcounterexamplesforfixedsmoothbumpφandEtakingdifferentp’s.
Inotherwordswefindasequencea={ak}k∈EandaconstantCpsuchthatforall
positiveintegersNwehave

LE,a,φ Lp→Lp≥CpN
α(p).

Atfirstweconsidertheone-dimensionalcaseandpin(1,2].Let

mt(x)=∑
|k|≤N

ak(t)φ(x−k),

whereakaretheRademacherfunctions.Thenthefollowingholds

1

0
Tm(f)

p
Lpdt≤ LE,a,φ Lp→Lp

p
.

Nextweconsiderthecasewhenp=1whichcanbeshownbycontradiction.Finally
thehigherdimensionalcaseisconsidered,wheretheideaistoassumeproductsofthe
one-dimensionalexample.
Weknowfocusonthebilinearcaseinmoredetailsinceourcontributiontothe

paperisinthisarea.WeapplytheFourierseriesmethodofCoifmanandMeyerdevel-
opedin[2]and[3]toexpressthesmoothbumpΦasasumofproductsofbumpsin
eachhalfofthevariables.AtfirstweexpressΦinFourierseriesas

Φ(x,y)=∑
r,s∈Zn

cr,se
2πir·xe2πis·yφ(x)φ(y),

whereφ(x)isasmoothfunctiononRnwhichisequalto1on|x|≤1/20,andvanishes
outside|x|≤1/10andcr,sisaconstantwitharapiddecay. Nowlettingφr(ξ)=

e2πir·ξφ(ξ),wehavethat

S(k,l),Φ(f⊗g)(x,x)=∑
r,s∈Zn

cr,sSk,φr(f)(x)Sl,φs(g)(x)

anditwillsufficetostudyananalogousproblemforSk,φr(f)(x)Sl,φs(g)(x)inplaceof
S(k,l)(f⊗g)(x,x)andobtainestimatesforthenormthatareindependentofrands.
InordertoshowthesufficiencypartofTheorem10weusetwomaintools,bilinear

dualityandinterpolation.Letusnotethatconsideringp1,p2intherange[1,∞]implies
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thatpisintheinterval[1/2,∞].Wesolvetheproblemeitherfromthe’prange’point
ofvieworthe’p1,p2’sdependingonthesituation.Thefirststepistoshowthatthe
Theorem10holdsinthelocalL2casewithconstantα(p1,p2)=1/4inotherwords
thecasep1,p2,pin[2,∞].Itisenoughtoconsiderthecasep1=p2=2because
thenthecasesp1=2,p2=∞andp2=2,p1=∞areaconsequenceofdualityandthe
restfollowsfrominterpolation.AfterwardstheresultsoutsidethelocalL2casewillbe
discussed.
Theproofofthecasep1=p2=2usesthesametechniqueastheTheorem1.3in

[9].WiththesetEfixed,wedenoteEthesetofallfirstcoordinatesofelementsofE.
WethinkofthesetEasaunionofcolumnsColkindexedbyk∈Eandwewrite

E=
k∈E

Colk.

AsmentionedbeforeitsufficestoconsiderthecasewhenBE,Φ(f,g)isasumofprod-
uctsofoperatorsoftheform

TσN(f,g):=∑
k∈E

Sk(f) ∑
l:(k,l)∈Colk

Sl(g),

whereσN:=∑(k,l)∈Eφr(ξ−k)φs(η−l).Thenwesplitthecolumnsin’large’and
’small’sowehaveE=E1∪E2,whereE1containsallthecolumnsofsizebigger
thansomeKwhichischosenintheendwhileE2containstherest.Thereforewe
cansplittheoperatorasTσN(f,g)=T

1
σN(f,g)+T

2
σN(f,g)wheretheoperatorsarethe

partsindexedbythefirstcoordinatesinE,inotherwordsindexedbykinE1andE2
respectively.
TheoperatorT1σNcanbeestimatedexploitingorthogonalityofSk’sonL

2asfollows

T1σN(f,g)L1≤ φL∞ fL2(#E1)
1
2 φL∞ gL2.

Then,asthereareNpointsinEandeachcolumninE1hasatleastKelements,this
meansthatthereareatmostN/KcolumnsinE1,therefore

T1σN(f,g)L1≤(N/K)
1
2 φ2L∞ fL2gL2.

WecontinuewithT2σN.ByasequenceofinequalitiesusingmostlySchwartzinequality
weget

T2σN(f,g)L1≤ φL∞ gL2K
1
2 φL∞ fL2.

ThereforetheoptimalchoiceofKisN1/2andtheproofisfinished.
Therestofthesufficiencypartisdoneinseveralsteps.Firstlyitcanbeshownthat

consideringp1,p2,pwithoutanyfurtherrestriction,then

BE,Φ Lp1×Lp2→Lp≤CN.

Moreoverinthecase(p1,p2)=(1,1)(thereforep=1/2)thisresultissharp.
Thenextestimateisforpin(1/2,1)anditisaconsequenceofinterpolationbe-

tweentheestimateatthepoint(p1,p2)=(1,1)and(p1,p2)=(2,2).Theclaimisthat
thereisaconstantCsuchthat

BE,Φ Lp/2×Lp/2→Lp≤CN
3
4p−

1
2.

Thenextresultwillgiveusthedesiredestimatesinalltheremainingregionsof
p1,p2,papartfromthelocalL

2casewhichwealreadyhave.Forp1,p2in(1,∞)it
holdsthefollowing.
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Proposition11.Letε>0begiven.
(i)Ifp<1,thenthereisaconstantC=Cp1,p2,εsuchthat

BE,Φ Lp1×Lp2→Lp≤CN
1

min(p1,p2)
+

1
2max(p1,p2)

−
1
2+ε.

(ii)Fixi∈{1,2}.If1<pi<2,and1<p<2,thenthereisaconstantC=Cp1,p2,ε
suchthat

BE,Φ Lp1×Lp2→Lp≤CN
1
2pi
+ε
.

(iii)Ifp>2,thenthereisaconstantC=Cp,εsuchthat

BE,Φ Lp1×Lp2→Lp≤CN
1
2−

1
2p+ε.

Inordertoshowallthreepartsofthepreviouspropositionweneedthefollowing
lemma.

Lemma12.Forallp1,p2in[2,∞)andpin[1,∞)with1/p=1/p1+1/p2,wehave

BE,Φ Lp1×Lp2→Lp≤C(logN)N
1
2.

ThisresultgivestherateofgrowthN1/2logNfor(p1,p2,p)closeto(∞,∞,∞),
thenbydualitywehavethesamerateofgrowthfor(p1,p2,p)closeto(1,∞,1)or
(∞,1,1).KnowingthiswecannowprovewiththeuseofinterpolationtheProposition
11asfollows.
Estimate(i).Itsufficestoconsiderthecasep1<p2.Thenthedesiredestimateis

BE,Φ Lp1×Lp2→Lp≤CN
1
p1
+
1
2p2
−
1
2+ε,

whichfollowsfrominterpolationbetween(1,1,12),(2,2,1),and(p1,p2,p)closeto
(1,∞,1).
Estimate(ii)followsbyinterpolatingbetween(2,2,1),(2,∞,2),and(p1,p2,p)

closeto(1,∞,1)enoughwheni=1.Thecasei=2followsbysymmetry.
Estimate(iii)followsfrominterpolationbetween(∞,2,2),(2,∞,2),and(p1,p2,p)

closeenoughto(∞,∞,∞).
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4.MultilinearFourierTransform
Estimates

Inthischapter,weexpandtheworkofGrafakos,He,HonźıkandPark[11].They

studiedtheL2×···×L2→L
2
mboundednessoftheoperatorsdescribedbelow,which

isamultilinearextensionoftheresultsfromthepreviouschapterinthecentralpoint
whereallpi=2.Ouroriginalresultistheextensionofthistothepointwhereoneof
thespacesisLp,p>2.Whileinthebilinearsettingthisisrathersimplefromduality,
inthemultilinearcasethedualityargumentisnolongervalidasthetargetspaceisLq

withq<1.Wethereforeuseanovelargumentandprovetheestimatedirectly.This
workisapartofalargerproject,wherewehopetosettlethepreciseboundednessof
theoperatorforthefullrangeofspaces.

4.1 MultilinearLatticeBumpResult

Wehavethefollowingsetupwhichissimilartotheonefromthepreviouschaptersince
theresultprovidedisthemultilinearcontinuationofthebilinearcase. Weagainstart
withasmoothbumpφsupportedintheballinRnwithasufficientlysmallradius.
ForlinZnandyinRnweputωl(y)=φ(y−l).Forkin(Z

n)m,xin(Rn)mwe
define

ω
k
(x):=ωk1(x1)···ωkm(xm).

Weobservethat

∑
k∈Znm

ωk
q 1/q

= ∑
k∈Znm

ω
k

foranyqin(0,∞),duetothedisjointcompactsupports.LetUbeasubsetof(Zn)m

and{bk}k∈Ubeasequenceofcomplexnumbers.Wedefine

σ(x):=∑
k∈U

bkωk(x)

andletTσ(f1...,fm)bethecorrespondingm-linearmultiplieroperatordefinedfor
Schwartzfunctionsf1,...,fmonR

n.Thenexttheoremisthemainresultoftheup-
comingpaper[11].

Theorem13.LetNbeapositiveintegerandUbeasubsetof(Zn)mwith|U|≤N.
Supposethat{bk}k∈(Zn)misasequenceofcomplexnumberssatisfying{bk}kl∞≤A.
Letσbedefinedasabove.Then

Tσ f1,...,fm
L

2p
2+p(m−1)(Rn)

≤CAN
m−1
2m f1L2(Rn)···fm L2(Rn)

forSchwartzfunctionsf1,...,fmonR
n.

Thistheoremhasarangeofapplicationsformultilinearsingularintegraloperators
withroughkernelsandmultilinearmultipliers. Ourgoalisnowtoshowthatthis
theoremholdsaswellinthecase(p,2,2,...,2,q),wherepisclosetoinfinityandthe
numberofL2domainsism−1form≥2withalossofNε.Wehopetolaterapplythis
resulttobothmultilinearmultipliersandsingularintegrals.Theresultisthefollowing.
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Theorem14.LetNbeapositiveintegerandUbeasubsetof(Zn)mwith|U|≤N.
Supposethat{bk}k∈(Zn)misasequenceofcomplexnumberssatisfying{bk}kl∞≤A.
Letσbedefinedasabove.Then

Tσ f1,...,fm L2/m(Rn)
≤CANεN

m−1
2m f1Lp(Rn) f2L2(Rn)···fm L2(Rn)

forSchwartzfunctionsf1,...,fmonR
nandpcloseto∞.ε>0isaconstantsuchthat

forp→∞wehaveε→0.

Toprovethis,wearegoingtoinductivelyreducethesetUbyremovinglowerdi-
mensionalpartswithlargesize.Firstwetakecareoflongcolumns.Forfixedk2,...,km
wedefineColk2,...,kmasthecollectionofpointsinUwiththelastm−1coordinates
fixed.Wedenote

U1= k∈U:#Colk2,...,km≥N
1
m

and
PU1= (k2,...,km):k∈U

1 .

Letσ1bethemultiplierrelatedtoU1definedbyσ1=∑k∈U1bkωkandTσ1them-

linearoperatorrelatedtoσ1.Wehavethefollowingestimates.Forsimplicitywewrite
ωi:=ωki.Firstly,wehavefromCauchy-Schwartzinequalityinkmthat

Tσ1(f1,...,fm)≤

∑
km∈Zn

ωmfm
∨2
1
2




∑
km

∑
(k2,...,km−1):(k2,...,km)∈PU1

ω2f2
∨
···ωm−1fm−1

∨

∑
k1∈Colk2,...,km

bk ω1f1
∨
2




1
2

.

ThefirstpartcanbeestimatedeasilyinL2normoncewetakeanLqnormofthe
operator,thesecondpartneedsfurtherestimation. WecontinueagainbyCauchy-
Schwartzinequalitywithintheinsidesumwiththeindexkm−1andobtain

∑
km−1

ωm−1fm−1
∨2
1
2



∑
km

∑
km−1

∑
k2,···,km−2

ω2f2
∨
···ωm−2fm−2

∨

∑
k1

bk ω1f1
∨
2




1
2

.

WecontinueinthisfashionusingCauchy-Schwartzinequalityuntilweareinthefol-
lowingsituation

∑
km∈Zn

ωmfm
∨2
1
2

··· ∑
k3∈Zn

ω3f3
∨2
1
2
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 ∑
km,...,k3∈Zn

∑
k2:(k2,...,km)∈PU1

ω2f2
∨

∑
k1∈Colk2,...,km

bk ω1f1
∨
2




1
2

.

NowtakingtheLqnormoftheoperatorweobtainbyḦolder’sinequalitytheterms
inthefirstestimateinL2normandLr1normrespectively,where1q=

1
2+

1
r1
.TheL2

normofthefirsttermisapproximatelyequalto1whiletheothertermsneedstobe
furtherestimated. WenowapplyineachsteptheḦolder’sinequalityagainonthe
secondtermsonlyuntilweareinasituation

Tσ1(f1,...,fm)q≤

·2····2




 ∑
km,...,k3∈Zn

∑
k2:(k2,...,km)∈PU1

ω2f2
∨

∑
k1∈Colk2,...,km

bk ω1f1
∨
2




1
2

rm−2

,

where 1
r1
=12+

1
r2
,1r2=

1
2+

1
r3
andsoon,therefore 1

rm−2
=12+

1
pwhichimplies

thatrm−2iscloseto2whenpisclosetoinfinity.Nowwecanestimatetheprevious
expressionwith

Nε1




 ∑
km,...,k3∈Zn

∑
k2:(k2,...,km)∈PU1

ω2f2
∨

∑
k1∈Colk2,...,km

bk ω1f1
∨
2

rm−2





1
2

.

Toachievethis,wefirstpasstolrm−2norminside,thenswitchthenormsandfinally
useḦoldertogetbacktol2norm,sacrificingsomesmallpowerofNdependingonp.
Nextwiththeuseoforthogonalityweget

∑
k2:(k2,...,km)∈PU1

ω2f2
∨

∑
k1∈Colk2,...,km

bk ω1f1
∨

rm−2

≤

∑
k2:(k2,...,km)∈PU1

∑
k1∈Colk2,...,km

bk ω1f1
∨
ω2f2

∨

rm−2

.

Nowwedothecriticalstepoftheproof.Thefunctions(ω2f2)
∨(ω1f1)

∨,wherek2is
fixedandk1isvariablehavedisjointFouriersupports.Thereasonforthatissimilar
asintheproofofLemma15intheattachedpaperRoughMaximalBilinearSingular
IntegralssincetheradiusofthefunctionΦischosensmallenoughinordertoobtain
disjointsupportsofthefunctionsωi. Wethereforeinterprettheexpressionasabump
multiplieronLrm−2withlengthlessthanN.Asrm−2iscloseto2,weagainget

∑
k1∈Colk2,...,km

bk ω1f1
∨
ω2f2

∨

rm−2

≤CNε2 ∑
k1∈Zn

bk ω1f1
∨
ω2f2

∨

rm−2

,

whichcanbeestimatedwithCNε2(ω2f2)
∨
2 f1p.UsingorthogonalityandCauchy-

Schwartzweget

∑
k2:(k2,...,km)∈PU1

(ω2f2)
∨
2≤C( ∑

k2:(k2,...,km)∈PU1
1)1/2 f22.
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Now,wecollecteverythingtoget

Tσ1(f1,...,fm)q

≤CNε( ∑
k2:(k2,...,km)∈PU1

1)1/2 f1p···fm 2≤CN
1/m+ε f1p···fm 2.

Nextwewillconsiderasituationwhenweeliminatethelongcolumnsinthek1coor-
dinatethatweestimatedabove,inotherwordswecontinuewiththesetU\U1andour
goalistoestimatethe’bigdiscs’.Wehaveaset

U2= k:#Dk3,...,km≥N
2
m

and
PU2= (k3,...,km):k∈U

2 ,

whereDk3,...,kmisthesetofpointsinU\U
1wherethelastm−2coordinatesarefixed,

inthiscase(k3,...,km). Weremindthatnowwehaveallcolumnsinfirstcoordinate

k1shorterthanN
1
m.WehavebyCauchy-SchwartzandḦolderthefollowing

Tσ2(f1,...,fm)q≤

∑
k1∈Zn

ω1f1
∨2
1
2

p




∑
k1

∑
(k2,...,km):(k3,...,km)∈PU2

bk ω2f2
∨
···ωmfm

∨
2




1
2

2
m−1

.

ThefirstexpressioncanbeestimatedwithC fLp1inviewofthesquarefunction
theorem([19,Theorem8.1]).Sonowwefocusonthesecondexpressionwhichwillbe
estimatedagainbyCauchy-Schwartzinequalityas




∑
k1

∑
(k3,...,km)∈PU2

ω3f3
∨2

··· ωmfm
∨2

∑
(k3,...,km)∈PU2

∑
k2∈Dk3,...,km

bk ω2f2
∨
2




1
2

2
m−1

,

thereforeusingḦolder’sinequalitythiscanbeestimatedwith



 ∑
(k3,...,km)∈PU2

ω3f3
∨2

··· ωmfm
∨2




1
2

2
m−2

·




∑
k1

∑
(k3,...,km)∈PU2

∑
k2∈Dk3,...,km

bk ω2f2
∨
2




1
2

2

.

27



Nowthefirstexpressioncanbeestimatedasfollows. Wetakethesumovertheentire
Zn×···×ZnanduseḦolder’sinequalityagaintoget

∑
k3∈Zn

ω3f3
∨2
1
2

2

··· ∑
km∈Zn

ωmfm
∨2
1
2

2

,

whichcanbeestimatedusingorthogonalityby f32···fm 2.Theestimateforthe
secondexpressionwillbeobtainedasfollows.Assumingbkisapproximately1,we
haveusingorthogonalitythat




∑
k1

∑
(k3,...,km)∈PU2

∑
k2∈Dk3,...,km

bk ω2f2
∨
2




1
2
2

2

≤

∑
k1

∑
k3

···∑
km

∑
k2∈Dk3,...,km

ω2f2
∨2

2

2

,

wherethenumberofindicesk1k3···kmisN
m−1
m sincethenumberofk1islessthanN

1
m

andthemaximumofk1···kmisNwhilethenumberofk1k2isatleastN
2
mthereforewe

getthemaximumofk1k3···kmofN
m−1
m .Thereforewecontinueas

∑
k1

∑
k3

···∑
km

∑
k2∈Dk3,...,km

ω2f2
∨2

2

2

≤N
m−1
m ∑

k2∈Dk3,...,km

ω2f2
∨2

2

2

,

whichisagainwiththeuseoforthogonalityequalto

∑
k1

∑
k3

···∑
km

∑
k2∈Dk3,...,km

ω2f2
∨2

2

2

≤N
m−1
m ∑

k2∈Dk3,...,km

ω2f2
∨
2

2

≤N
m−1
m f2

2
2.

Nowwewanttocontinuewithestimating’bigblocks’. Weeliminatelongcolumns
andbigdiscssowecontinuewiththesetU\U1∪U2.Wehaveaset

U3= k:#Bk4,...,km≥N
3
m

and
PU3= (k4,...,km):k∈U

3 ,

whereBk4,...,kmisablockwithfixedcoordinates(k4,...,km). WehavebyCauchy-
SchwartzandḦolderthefollowing

Tσ3(f1,...,fm)q≤

∑
k1∈Zn

ω1f1
∨2
1
2

p
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∑
k1

∑
k2∈Zn,...,km−1∈Zn,km:(k1,...,km)∈U3

bk ω2f2
∨
···ωmfm

∨
2




1
2

2
m−1

.

ThesecondexpressioncanbeestimatedagainbyCauchy-Schwartzinequalityas



∑
k1

∑
k2

ω2f2
∨2

·∑
k2

∑
k3,...,km:(k1,...,km)∈U3

bk ω3f3
∨
···ωmfm

∨
2




1
2

2
m−1

,

thereforebyḦolder’sinequalityweget

∑
k2∈Zn

ω2f2
∨2
1
2

2




∑
k1

∑
k2

∑
k3,...,km:(k1,...,km)∈U3

bk ω3f3
∨
···ωmfm

∨
2




1
2

2
m−2

.

NowwiththesecondexpressionwecontinuethesameprocessofusingCauchy-
SchwartzandḦolder’sinequalityuntilwehavealtogether

∑
k1∈Zn

ω1f1
∨2
1
2

p

·

∑
k2∈Zn

ω2f2
∨2
1
2

2

∑
k4∈Zn

ω4f4
∨2
1
2

2

··· ∑
km∈Zn

ωmfm
∨2
1
2

2

·



∑
k1

∑
k2

∑
k4

···∑
km

∑
k3

ω3f3
∨
2




1
2

2

,

wherethelastexpressioncanbeestimatedwithN
m−1
2m.

WenowproceedinductivelyandweremovefromthesetUblocksofincreasing
dimension,inotherwordssetsBkl,...,km,wherelisin{4,...,m−1}withsizegreater

thanN
l
muntilwehaveonlytheremainderset

UR:=U\U1∪···∪Um−1 .

WeestimatetheoperatoronthesetURinasimilarway. Wefixthelastindexkmand
wefollowthesameprocedureuntilweareleftwiththeexpression



∑
k1

∑
k2

∑
k3

···∑
km−1

∑
km

ωmfm
∨
2




1
2

2

.

NowforeachkmwehaveatmostN
m−1
m indicesk1···km−1thereforethepreviousex-

pressioncanbeestimatedwithN
m−1
2m fm 2whichisthedesiredestimateandthatfin-

ishestheproof.
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4.2 Applications

Usingmultilinearinterpolation,fordetailssee[8],andsymmetrywemaycombinethe
twotheoremsfromtheprevioussectionasfollows.

Theorem15.LetNbeapositiveinteger,ε>0andUbeasubsetof(Zn)mwith|U|≤
N.Supposethat{bk}k∈(Zn)misasequenceofcomplexnumberssatisfying{bk}kl∞≤
A.Letp1,...,pmin(2,∞)suchthatthevector(1/p1,...,1/pm)fallsintoopensimplex
withvertices(1/2,...,1/2),(0,1/2,...,1/2),(1/2,0,1/2...,1/2),...,(1/2,...,1/2,0).
Letσbedefinedasabove.Then

Tσ f1,...,fm Lq(Rn)
≤CANεN

m−1
2m f1Lp1(Rn) f2Lp2(Rn)···fm Lpm(Rn)

forSchwartzfunctionsf1,...,fmonR
n,where1/q=1/p1+···+1/pmandC>0is

aconstantwhichdependsonlyonm,n,ε,p1,...,pm.

Inthepaper[11]providearangeofapplicationsoftheTheorem13.Theyproved

boundednessofvariousoperatorsfromL2×···×L2toL
2
m.Inourupcomingpaperwe

plantoobtainsimilarresultsforoperatorsfromLp1×···×LpmtoLqusingtheprevious
theorem.Forexamplethefollowingmultilinearmultipliertheoremisprovedin[11].

Theorem16.Leta>(m−1)n2 .SupposethatσisinC∞((Rn)m)satisfies

∂βσ(ξ)≤|ξ|−a (4.1)

forall|β|≤(m−1)n2 +1,where[x]denotestheintegerpartofx.Thenthem-linear

maximaloperatorMσisboundedfromL
2(Rn)×···×L2(Rn)toL2/m(Rn).

WeplantoprovethistheoreminLp1×···×LpmtoLqsetting.
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ROUGHMAXIMALBILINEARSINGULARINTEGRALS

EVABURÍANKOVÁANDPETRHONŹIK

ABSTRACT.Westudytheroughmaximalbilinearsingularintegral

T∗Ω(f,g)(x)=sup
ε>0 Rn\B(0,ε)Rn\B(0,ε)

Ω((y,z)/|(y,z)|)

|(y,z)|2n
f(x−y)g(x−z)dydz,

whereΩisafunctioninL∞(S2n−1)withvanishingintegral. Weproveitis
boundedfromLp×Lq→Lr,where1<p,q<∞and1/r=1/p+1/q.Wealso
discussresultsforΩ∈Ls(S2n−1),1<s<∞.

CONTENTS
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1.INTRODUCTION

Inthispaper,westudytheroughmaximalbilinearsingularintegral.Singular
integraltheorywasinitiatedintheseminalworkofCaldeŕonandZygmund[1].
BilinearsingularoperatorswereintroducedbyCoifmanandMeyerin[4]andthe
theorywaslaterdevelopedbyGrafakosandTorresin[11].Theboundednessof
thesmoothmaximalmultilinearsingularintegralswasobtainedalsobyGrafakos
andTorresin[10]viaCotlartypeinequality. Alltheseresultwereobtainedfor
operatorswithsmoothkernels,whiletheproblemofboundednessofthebilinear
roughsingularintegralremainedopen.Recently,inthepaperofGrafakos,Heand
Honźık[9],thefollowingwasproved:ForanoperatorTΩdefinedas

TΩ(f,g)(x)=p.v.
Rn Rn

|(y,z)|−2nΩ((y,z)/|(y,z)|)f(x−y)g(x−z)dydz

whereΩisafunctioninLq(S2n−1)withvanishingintegralitholdsthatforq=∞
weobtainboundednessforTΩfromL

p1(Rn)×Lp2(Rn)toLp(Rn)wherep1,p2∈

TheauthorsweresupportedbytheERCCZgrantLL1203oftheCzechMinistryofEducation.
2010MathematicsClassificationNumber42B20,42B99.
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2 EVABURÍANKOVÁANDPETRHONŹIK

(1,∞)and1/p=1/p1+1/p2.Also,forq=2itwasprovedthatTΩisbounded
fromL2(Rn)×L2(Rn)toL1(Rn)andthesetworesultswereinterpolated.These
resultswereobtainedusingabilineartechniquebasedontensor-typewaveletde-
compositionwhichwewillbrieflydescribelateron.Inthispaperwebuildonthese
resultsandourgoalistodescribesimilarpropertiesofthemaximalversionofthe
operatordefinedabove.

2.NOTATIONANDRESULTS

Tofixnotation,weassumeq∈(1,∞]andweletΩinLq(S2n−1)with S2n−1Ωdσ=
0,whereS2n−1istheunitsphereinR2n.Inthismanuscriptwewillbeworkingwith
thebilinearsingularintegraloperatorassociatedwithΩby

(1) T∗Ω(f,g)(x)=sup
ε>0 Rn\B(0,ε)Rn\B(0,ε)

K(y,z)f(x−y)g(x−z)dydz,

wheref,garefunctionsintheSchwartzclassS(Rn),

K(y,z)=Ω((y,z))/|(y,z)|2n,

andx=x/|x|forx∈R2n.
Forq∈[1,∞]wedenoteqtheconjugateindex. Wedenotethesetofpositive

integersbyNandwesetN0=N∪{0}.Finally,weadheretothestandardconven-
tiontodenotebyCaconstantthatdependsonlyoninessentialparametersofthe
problem.
Letusnowstatethemainresultsofthispaper.

Theorem1.Foralln≥1,ifΩ∈L∞(S2n−1),then,forT∗Ωdefinedin(1),wehave

(2) T∗Ω Lp1(Rn)×Lp2(Rn)→Lp(Rn)≤CΩ ∞

whenever1<p1,p2<∞and1/p=1/p1+1/p2.

FormoregeneralΩ,wegetthefollowing:

Theorem2.Foralln≥1,ifΩ∈L2(S2n−1),then,forT∗Ωdefinedin(1),wehave

(3) T∗Ω L2(Rn)×L2(Rn)→L1(Rn)≤CΩ 2.

Thesetworesultsgivebyinterpolation:

Corollary3.Foralln≥1,ifΩ∈Lq(S2n−1)withq∈[2,∞],then,forT∗Ωdefined
in(1),wehave

(4) T∗Ω Lp1(Rn)×Lp2(Rn)→Lp(Rn)<∞

whenever1/p=1/p1+1/p2andthepoint(1/p1,1/p2)liesinsidethequadrilat-
eralwithvertices(1/q,1/q),(1/q,1−1/q),(1−1/q,1−1/q)and(1−1/q,1/q).

Letusnowgiveabriefintroductiontowaveletswhicharetheessentialtoolin
thepaper[9]andwillbeusedinthismanuscriptalso.
ThewaveletsystemisaformofacompleteorthonormalsystemforL2(Rn).For

ourpurposesweneedproducttypesmoothwaveletswithcompactsupports,their
existenceisduetoDaubechies[5]andcanalsobefoundinMeyer’sbook[13].
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TheconstructionofsuchobjectscanbefoundinTriebel[15]andtheexistenceof
awaveletorthonormalbaseofL2R2n isdescribedbythefollowingstatement.

Lemma4.Foranyfixedk∈Nthereexistrealcompactlysupportedfunctions
ψF,ψM∈C

k(R),whichsatisfyψF L2(R)= ψM L2(R)=1,for0≤α≤kwehave

Rx
αψM(x)dx=0,and,ifΨ

Gisdefinedby

ΨG(x)=ψG1(x1)···ψG2n(x2n)

forG=(G1,...,G2n)intheset

I:= (G1,...,G2n):Gi∈{F,M},

thenthefamilyoffunctions

µ∈Z2n

Ψ(F,...,F)(x−µ)∪
∞

λ=0

2λnΨG(2λx−µ):G∈I\{(F,...,F)}

formsanorthonormalbasisofL2(R2n),wherex=(x1,...,x2n).

Leusnowdescribethebasicdecompositionofthekernel.Nowwefixasmooth
functionαinR+suchthatα(t)=1fort∈(0,1],α(t)∈(0,1)fort∈(1,2)and
α(t)=0fort∈[2,∞).For(y,z)∈R2nandj∈Zweintroducethefunction

βj(y,z)=α(2
−j|(y,z)|)−α(2−j+1|(y,z)|).

Wewrite β=β0andwenotethatthisisafunctionsupportedin[1/2,2]. We

denote∆jtheLittlewood-Paleyoperator∆jf=F
−1(βjf).Hereandthrough-

outthispaperF−1denotestheinverseFouriertransform,whichisdefinedvia
F−1(g)(x)=Rng(ξ)e

2πix·ξdξ=g(−x),wheregistheFouriertransformofg.
WedecomposethekernelKasfollows:wedenoteKi=βiKandwesetK

i
j=

∆j−iK
ifori,j∈Z.Thenwewrite

K=
∞

∑
j=−∞

Kj,

where

Kj=
∞

∑
i=−∞

Kij.

Wealsodenotemj=Kj.
Thentheoperatorcanbewrittenas

T∗(f,g)(x)=sup
ε>0
∑
j Rn\B(0,ε)Rn\B(0,ε)

Kj(y,z)f(x−y)g(x−z)dydz.

Wehavethefollowinglemmawhoseproofisknown(seeforinstance[6])and
isomitted.
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Lemma5.Givenq∈(1,∞],Ω∈Lq(S2n−1),δ∈(0,1/q)andξ=(ξ1,ξ2)∈R
2n

wehave

|K0(ξ)|≤CΩ Lqmin(|ξ|,|ξ|
−δ)

andforallmultiindicesαinZ2nwithα=0wehave

|∂αK0(ξ)|≤Cα Ω Lqmin(1,|ξ|
−δ).

WerecallthatMistheHardy-Littlewoodmaximalfunctiondefinedforlocally
integrablefunctionsfas

Mf(x)=sup
r>0

1

|B(0,r)|B(0,r)
|f(x−y)|dy,

wherex∈Rn.

3.FROMT∗TOT#

Inthissectionwewillshowthattoobtainthemainresultsofthispaperwecan
equivalentlyinsteadoftheoperatorT∗usetheoperatorT#definedasfollows.For
functionsintheSchwartzclassS(Rn)letusdefine

T#(f,g)(x)=sup
j∈Z
∑
i>jR

2n
Ki(y,z)f(x−y)g(x−z)dydz.

Asalreadymentionedtheabovedefinedoperatorwillbetheessentialtoolthatwe
willbeworkingwithinthistext.
Thefollowingtwopropositionsarethekeyingredientstoobtainthestatement

ofTheorem2.Thesecondoneisprovedimmediately,theproofofthefirstone
willbethecontentofthefollowingsections.

Proposition6.LetΩ∈L2(S2n−1),andforj∈Zconsiderthebilinearoperator

T#j(f,g)(x)=sup
k∈Z
∑
i>kR

2n
Kij(y,z)f(x−y)g(x−z)dydz.

Ifj≥0,thenT#jisboundedfromL
2(Rn)×L2(Rn)toL1(Rn)withnormatmost

C Ω L22
−δj,whereδisafixedpositiveconstant.

Furthermore,wecandefineanoperator

T#(f,g)(x)=sup
j∈Z
∑
i>jR

2n
∑
γ<0

Kiγ(y,z)f(x−y)g(x−z)dydz.

Clearly

T#(f,g)(x)≤T#(f,g)(x)+∑
j≥0

T#j(f,g)(x).

Wehavethefollowing

Proposition7.ForΩ∈L2(S2n−1),andfor1<p1,p2<∞and1/p=1/p1+1/p2
theoperatorT#isboundedfromLp1(Rn)×Lp2(Rn)toLp(Rn).



ROUGHMAXIMALBILINEARSINGULARINTEGRALS 5

Proof.Letusconsiderthekernel

K=∑
i∈Z
∑
γ<0

Kiγ.

ItiseasytocheckthatthisisasmoothCaldeŕon-Zygmundconvolutionkerneland
thereforeweimmediatelygetfromtheCotlarinequality[10]theboundednessof
themaximaloperatorT∗

K
.Next,wewrite

T#(f,g)(x)=sup
j∈Z
∑
i>jR

2n
∑
γ<0

Kiγ(y,z)f(x−y)g(x−z)dydz

≤T∗
K
(f,g)(x)+

sup
j∈Z R2n

χR2n\B(0,2j)K−∑
i>j
∑
γ<0

Kiγ (y,z)f(x−y)g(x−z)dydz.

Standardcalculationshowsthattheerrorterm

χR2n\B(0,2j)K−∑
i>j
∑
γ<0

Kiγ

isdominatedbyCN
2−2nj

1+|2−jx|N
foreveryN>0andtherefore

T#(f,g)(x)≤T∗
K
(f,g)(x)+CMf(x)Mg(x)

andtheproofisfinished.

Nextlemmasareimportanttoolsfortheforgoingconsiderations.Theyallow
ustoworkwiththeoperatorT#insteadofT∗.ForΩ∈L∞ S2n−1 thefollowing
estimateholds.

Lemma8.Letf∈Lp(Rn),g∈Lq(Rn),wherep,q∈(1,∞)andr∈[1,∞)such
that1p+

1
q=

1
r.Then

T∗(f,g)r≤ T#(f,g)
r
+C Mf pMg q.

Thesimpleproofisomitted,insteadwewillshowthatthesameresultsholds
formoregeneralΩ.Wefirststateandprovetheestimateforadirectionalbilinear
maximalfunctionandthenusethemethodofrotations. Westartwithadefinition
ofthedirectionalmaximalfunctions.

Mα(f)(x)=sup
t>0

1

t

t

0
|f(x−αy)|dy,

Mα,β(f,g)(x)=sup
t>0

1

t

t

0
|f(x−αy)g(x−βy)|dy,

whereα,β∈Sn−1,x∈Rnandf,garelocallyintegrablefunctionsonRn.
Thefollowinglemmadescribesboundednessofthedirectionalbilinearmaximal

function.

Lemma9.Letp,q∈(1,∞)andr∈(1,∞)andα,β∈Sn−1.Then

Mα,β:L
p(Rn)×Lq(Rn)→Lr(Rn).
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Proof:

Mα,β(f,g)r=
Rn
sup
t>0

t

0
|f(x−αy)g(x−βy)|

dy

t

r

dx

1
r

≤
Rn
sup
t>0

1

t

t

0
|f(x−αy)|sdy

1
s

sup
t>0

1

t

t

0
|g(x−βy)|zdy

1
z
r

dx

1
r

,

wheres=pr,z=
q
randtheinequalityfollowsfromḦolderinequalitysince

r
p+

r
q=

1.Thelastexpressioncanbewrittenas

Rn
[Mα(|f|

s)(x)]
r
s Mβ(|g|

z)(x)
r
zdx

1
r

andf∈Lpimpliesfs∈L
p
swhichimpliesMfs∈L

p
s,therefore(Mfs)

1
s∈Lpand

(Mfs)
r
s∈L

p
r.ThenagainfromḦolderinequalityandalsoHardy-Littlewoodmax-

imaltheoremweget

Rn
[Mα(|f|

s)(x)]
r
s Mβ(|g|

z)(x)
r
zdx

1
r

≤ Mα(|f|
s)
r
s
p
r

Mβ(|g|
z)
r
z
q
r

1
r

= Mα|f|
s
p
s

1
s
Mβ|g|

z
q
z

1
z

≤C fs p
s

1
s
gz q

z

1
z

=C fpgq.

Inthefollowingweshowboundednessofanothertypeofmaximalfunction.

Lemma10.Letp,q,rbelikeinthepreviouslemmaanddefine

MΩ(f,g)(x)=sup
R>0 R2n

HRΩ(y,z)f(x−y)g(x−z)dydz

whereΩ∈L1S2n−1,Ω≥0and

HRΩ(y,z)=Ω
(y,z)

|(y,z)|
R−2nχB(0,R)(y,z),

wherex,y,z∈Rn.ThenMΩ(f,g)r≤ Ω 1 fpgq.

Proof:WecanexpressandestimatethetermMΩ(f,g)asfollows

MΩ(f,g)(x)=sup
R>0 S2n−1

Ω u R−2n
R

0
t2n−1f(x−tu1)g(x−tu2)dtdu,

whereu=(u1,u2)andwerecallu=
u
|u|foru∈R

2n.Sincet
2n−1

R2n−1
≤1weget

MΩ(f,g)(x)≤sup
R>0

1

R S2n−1
Ω u

R

0
f(x−tu1)g(x−tu2)dtdu
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≤
S2n−1
Ω u Mu(f,g)(x)du

whereMu(f,g)(x)=supR>0
1
R
R
0|f(x−tu1)g(x−tu2)|dt.Accordingtothepre-

viouslemmaMu:L
p×Lq→LrthereforeMΩ(f,g)r≤ Ω 1 fpgq.

ThepreviouslemmagivesboundednessoftheoperatorMΩ,whichisanecessary
toolforthetransitionfromT∗toT#,butonlywhenr>1.Inordertoprovethe
Theorem2,weneedtodothispreciselywhenr=1.Weuseinterpolationtoextend
theresultsonMΩtotheregionwherer≤1.Whileintherestofthepaperwe
mostlyuser=1,weincludethewholeresultforgeneralinterest.Firstwestate
andbrieflyprovegenerallyknownresultwhichwillgiveusthetriangleinequality
forLpspaceswithp<1andwillbeneededinthefollowing.

Lemma11.Letp<1andassumethatthesequence aip
i
hasexponential

decay.Then∑∞i=1aip<∞.

Scetchofaproof.SinceLpforp<1isaquasi-Banachspace,thereexistsacon-

stantC>1suchthatforeveryx,y∈Lpitholdsx+yp≤C xp+ yp.Let

Nbeanintegerwhosevaluewespecifylater.

Since ∑Ni=1aip≤C ∑
[N2]
i=1ai

p

+ ∑N
i=[N2]+1

ai
p

,then

N

∑
i=1

ai
p

≤Clog2(N+1)∑aip≈N
L∑aip,

whereL>0isaconstantdependentonN.
Weassumed aip≤2

−iεforsomeε>0.
Therefore

∞

∑
i=1

ai
p

=
N

∑
k=1

∞

∑
i=1

aN(i−1)+k
p

≤NL
N

∑
k=1

∞

∑
i=1

aN(i−1)+k
p

.

Also∑Nk=1 ∑
∞
i=1aN(i−1)+k p≤∑

∞
i=1C

iaN(i−1)+k p≤∑
∞
i=1C

i2−ε(N(i−1)+k)sowe

needi<ε(N(i−1)+k)fork=1,...,Nandeveryi>i0forsomei0. Weobtain
N>1ε.Fromthisweeasilygettheconclusion.

Lemma12.Letr∈(1/2,∞)andu,v∈(1,∞)suchthat1u+
1
v=

1
r. LetΩ∈

LsS2n−1,Ω≥0wheres∈(1,∞)issuchthat s
2s−1<r.Then

MΩ:L
u(Rn)×Lv(Rn)→Lr(Rn).

Proof.Withoutlossofgeneralitywecanassume Ω s=1. WedecomposeΩas
Ω=∑i≥0ΩiwhereΩi(x)=Ω(x)χEi(x)andEi= x∈R2n:Ω(x)∈ 2i,2i+1

fori>0andE0= x∈R2n:Ω(x)∈[0,2].ThenΩi∈L
1S2n−1 andΩi1≤

2−i
s
ssincefromḦolderinequalitywehave

Ωi1=
S2n−1
Ω xχEi(x)dx≤

Ei
1dx

1
s

S2n−1
Ωsxdx

1
s
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=|suppΩi|
1
sK≤K2−i

s
s

wherethelastinequalityfollowsfromthefactthat suppΩi
Ωs≤1andsuppΩi

Ωs∼=

2is|suppΩi|.
Nowletε>0.Wewillusethemultilinearinterpolation(Theorem7.2.2in[8]).

Let

•(p11,p12,q1)=(1+ε)
2,(1+ε)

2

ε ,·

•(p21,p22,q2)=
(1+ε)2

ε ,(1+ε)
2,·

•(p31,p32,q3)=(1+ε)
2,(1+ε)2,·,

whereqiissuchthat
1
pi1
+ 1
pi2
=1
qi
andthereforeq1=q2=1+εandq3=

(1+ε)2

2 .

Then

• MΩi(f,g)Lq1≤2
−is
s fp11 gp12

• MΩi(f,g)Lq2≤2
−is
s fp21 gp22

• MΩi(f,g)Lq3≤2
ifp31 gp32

Define

1

p1
,
1

p2
=
µ1
p11
+
µ2
p21
+
µ3
p31
,
µ1
p21
+
µ2
p22
+
µ3
p32

=
µ1+µ3+µ2ε

(1+ε)2
,
µ2+µ3+µ1ε

(1+ε)2

whereµi∈(0,1)andµ1+µ2+µ3=1andalso

1

q
=
µ1
q1
+
µ2
q2
+
µ3
q3
,

therefore
1

q
=
1

p1
+
1

p2
.

Wenotethatqfromaboveisdependentonεandµi.Then

MΩi(f,g)Lq≤2
−i(ss+µ3(−

s
s
−1))fLp1 gLp2

andweneedtheexponenttobegreaterthan0,therefores(1−µ3)>1which
impliesµ3<

1
s.Then

1

q
<
1+ε+1s(2−(1+ε))

(1+ε)2
.

Thereforeifwechoose(u,v,r)suchthattheysatisfytheassumptionsand1r<
2s−1
s

thenwecanfindεsmallenoughsothattheaboveinequalityholds.Soweget
usingthepreviousLemmathat

MΩ(f,g)r≤∑
i

MΩi(f,g)r≤C fugv.

NowwecanformulatetheversionofLemma8forΩ∈LsS2n−1 wheresis
likeinthepreviousLemma.Again,thislemmaismostimportantinthesituation
wherep=q=2andr=1,butwestateitinfullgenerality.



ROUGHMAXIMALBILINEARSINGULARINTEGRALS 9

Lemma13.Letr∈(1/2,∞)andp,q∈(1,∞)suchthat1p+
1
q=

1
r.LetΩ∈

LsS2n−1 wheres∈(1,∞)issuchthat s
2s−1<q.Then

T∗(f,g)r≤ T#(f,g)
r
+C M|Ω|(f,g)r.

Proof.LetusdefinefunctionsKε(x,y)=K(x,y)χ{(x,y):|x|,|y|≥ε}(x,y)andK̃ε(x,y)=

K(x,y)1−α 1
ε|(x,y)|.Then

T∗(f,g)(x)≤sup
ε>0 R2n

Kε(y,z)f(x−y)g(x−z)−K̃εj(y,z)f(x−y)g(x−z)dydz

+sup
i∈Z

K̃i(y,z)f(x−y)g(x−z)dydz,

whereinthefirstpartwetakejsuchthatε≈εj=2
j.Thesecondpartequals

T#(f,g)(x)sinceitcanbewrittenas

sup
j∈Z R2n

K(y,z)1−α2−j|(y,z)| f(x−y)g(x−z)dydz

=sup
j∈Z R2n

∑
i>j

Ki(y,z)1−α2−j|(y,z)| f(x−y)g(x−z)dydz.

Thenwecanfurtherestimatethefirstpartwith

sup
ε>0 R2n

Hcnε|Ω|(y,z)f(x−y)g(x−z)dydz,

wherecnisasuitabledimensiondependentconstantsuchthattheset{(x,y):|x|,|y|≥ε}
iscontainedinB(0,cnε).

4.BOUNDEDNESS:ASPECIALCASE

NowweprovetheTheorem2.InviewofProposition6,Theorem2willbea
consequenceofthefollowingproposition.

Proposition14.Givenq∈[2,∞]andδ∈(0,1/8q),thenforanyj∈N0,the
operatorT#jmapsL

2(Rn)×L2(Rn)toL1(Rn)withnormatmostCΩ Lq2
−δj.

Toobtainthisestimate,wefollowtheprooffromthepaper[9]andfirstde-
composethesymbolintodyadicpieces,estimatethemseparately,andthenuse
orthogonalityargumentstoputthembacktogetherwhichisthepointwherethe
argumentswilldifferfromthepaper[9].Letusremindcertainpropertiesofthe
symbolK0jwhichwedenotemj,0.Theclassicalestimatesshowthat

(5) mj,0L∞= K
0
jL∞≤CΩ Lq2

−δj, δ∈ 0,1/q ,

whileforq∈[2,∞]itholds

(6) mj,0L2= βj(β0K)L2≤Cβ0K L2≤CΩ L2≤CΩ Lq.

Weobservethatforthecasei=0wehavetheidentitymj,i=K
i
j=mj,0(2

i·)from

thehomogeneityofthesymbol,andthusmj,ialsoliesinL
2R2n.
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Inthismanuscriptwewillbeusingthewavelettransformofmj,0takingproduct
waveletsdescribedaboveinLemma4withcompactsupportsandMvanishing
moments,whereMisalargenumbertobedeterminedlater.Wechoosegenerating
functionswithsupportdiameterapproximately1. Thewaveletswiththesame
dilationfactor2λhavesomeboundedoverlapNindependentofλ.With

Ψλ,G
µ
(x)=2λnΨG 2λx−µ ,

wherex∈R2n,wehavethenextlemmawhichisanothertooltoenableustowork
withthewavelettechnique,theproofcanbefoundin[9].

Lemma15.Usingtheprecedingnotation,foranyj∈Zandλ∈N0wehave

(7) |Ψλ,G
µ
,mj,0|≤CΩ Lq2

−δj2−(M+1+n)λ,

whereMisthenumberofvanishingmomentsofψMandδisasin(5).

Againasinthepaper[9]thewaveletssharingthesamegenerationindexλmay
beorganizedintoCn,M,Ngroupssothatmembersofthesamegrouphavedisjoint
supportsandareofthesameproducttype,i.e.,theyhavethesameindexG∈I.
For1≤κ≤Cn,M,NwedenotebyDλ,κoneofthesegroupsconsistingofwavelets

whosesupportshavediametersabout2−λ.Wenowhavethatthewaveletexpansion

mj,0= ∑
λ≥0

1≤κ≤Cn,M,N

∑
ω∈Dλ,κ

aωω

andωallhavedisjointsupportswithinthegroupDλ,κ. Werecallthefollowing
estimates:Forthesequencea={aω}weget a 2≤C,ifwesetbω= aωω L∞,
wehave

{bω}ω∈Dλ,κ 2≤CΩ L22
nλ.

Thenwealsohave

(8) {bω}ω∈Dλ,κ ∞≤CΩ Lq2
−δj−(M+1)λ.

Now,wesplitthegroupDλ,κintothreeparts. Recallthefixedintegerjinthe
statementofProposition14.Letusalsoassumethatj≥100

√
nsinceforj<

100
√
n,Proposition14isaneasyconsequenceofProposition6.Wedefinesets

D1λ,κ= ω∈Dλ,κ:aω=0,suppω⊂{(ξ1,ξ2)∈R
n×Rn:2−j|ξ1|≤|ξ2|≤2

j|ξ1|},

D2λ,κ= ω∈Dλ,κ:aω=0,suppω∩{(ξ1,ξ2)∈R
n×Rn:2−j|ξ1|≥|ξ2|}=/0,

and

D3λ,κ= ω∈Dλ,κ:aω=0,suppω∩{(ξ1,ξ2)∈R
n×Rn:2−j|ξ2|≥|ξ1|}=/0.

Thesegroupsaredisjointforlargej.NoticethatD1λ,κ∩D
2
λ,κ=/0isobvious.For

D2λ,κandD
3
λ,κtheworstcaseisλ=0whenwehaveballsofradius1centered

atintegers,andD2λ,κ∩D
3
λ,κ=/0ifjissufficientlylarge. Wechoosej≥100

√
n

whichworks,sinceifaω=0,thenωissupportedinanannuluscenteredatthe
originofsizeabout2jwhichislargeenough.



ROUGHMAXIMALBILINEARSINGULARINTEGRALS 11

Wedenote,forι=1,2,3,

mιj,0=∑
λ,κ
∑

ω∈Dιλ,κ

aωω,

anddefine

mιj=
∞

∑
k=−∞

mιj,k

withmιj,k(ξ)=m
ι
j,0(2

kξ). Weproveboundednessforeachpiecem1j,m
2
j,m
3
j. We

callm1jthediagonalpartofmjandm
2
j,m
3
jtheoff-diagonalpartsofmj=Kj.

5.THEDIAGONALPART

WefirstdealwiththefirstgroupD1λ,κ.Usingthesameargumentslikeinthe

paper[9]wewillobtain(omittingdetails)againthesimilarestimateofTm1j,k
,where

Tm1j,k
(f,g)(x)=

Rn Rn
m1j,k(y,z)f(y)g(z)e

2πi(y+z)·xdydz.

Wedenoteby fkthefunctionwhoseFouriertransformisf(2
−kξ1)andEj,k=

{ξ1∈R
n:c12

k≤|ξ1|≤c22
j+k},wherec1,c2aresuitableconstantssuchthat

Tm1j,0
(f,g)L1= Tm1j,0

(F−1 fχ{c12j≤|ξ1|≤c22j+1} ,F
−1gχ{c12j≤|ξ1|≤c22j+1})L1.

Then

Tm1j,k
(f,g)L1=2

−2knTm1j,0
(fk,gk)(2

−k·)L1

=2−knTm1j,0
(fk,gk)L1

≤CΩ Lq2
−kn2−δj/5 f(2−k·)χEj,0 L2 g(2

−k·)χEj,0 L2

=CΩ Lq2
−δj/5 fL2(Ej,k)gL2(Ej,k),

wheretheinequalityisdescribedindetailin[9].
Usingthisestimate,applyingtheCauchy-Schwarzinequalityandmodifyingthe

firstparttogettheestimateforouroperatorweobtainforthediagonalpart

sup
γ∈Z
∑
k>γ

Tm1j,k
(f,g)L1≤

∞

∑
k=−∞

Tm1j,k
(f,g)L1

≤CΩ Lqj2
−δj/5 fL2 gL2,

whereagainthelastinequalitywasexplainedindetailin[9].Thiscompletesthe
estimateofthefirstpiecem1j.

6.THEOFF-DIAGONALPARTS

Wenowestimatetheoff-diagonalpartsoftheoperator,namely

sup
γ∈Z
∑
k>γ

Tm2j,k
(f,g).
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AtfirstweneedtohaveanapproximatesizeoftheFouriersupportof

Tm2j,k
(f,g)(x)=

Rn Rn
m2j,k(α,β)̂f(α)̂g(β)e

2πi(α+β)·xdαdβ.

Wewillestimatethesupportofm2j,ksinceknowingthatwecangettherequired

supportofTm2j,k
(f,g)fromthefollowinglemma.

Lemma16.LetL∞functionmdefinedonRn×Rnbeasymbolofamultiplier
operatorTm.SupposeI,J⊂R

naremeasurablesetsandletsuppm⊂I×J.Then
forf,g∈S(Rn)itholdsthatsuppTm(f,g)⊂I+J.

Proof.Usingchangeofvariablesweobtain

Tm(f,g)(x)=
Rn
G(α)e2πix·αdα=Ǧ(x),

where

G(α)=
Rn
m(α−β,β)̂f(α−β)̂g(β)dβ.

ThereforeTm(f,g)(x)=G(x)andweneedtofindthesupportofGwhichis:
G(α)=0ifandonlyifthereexistsβ∈Rnsuchthatm(α−β,β)=0,therefore

ifsuppm∈I×JthensuppG∈I+J.

Nowwewanttofindtheapproximatesizeofthesupportofm2j,k. Wefirstdeal

withm2j,0sincethegeneralcasewillfollowfromthefactthatm
2
j,k(x)=m

2
j,02

kx
andsimplemodificationofthecalculation.
Itholdsthatapoint(x,y)∈Rn×Rnisinthesupportofm2j,0ifthereexists

ω∈D2λ,κsuchthat(x,y)∈ωand

suppω∩ (u,v):2−j|u|≥|v|∩ (u,v):2j−1≤|(u,v)|≤2j+1 =/0.

Thesizeofthewaveletω(againinthecasem2j,0)canbeestimatedby1,there-
forebysimplecalculationweget

suppm2j,0⊆A×B,

where

A= ξ∈Rn:2j−2−1≤|ξ|≤2j+1+1

and

B= ξ∈Rn:−3−2−j≤|ξ|≤3+2−j.

Therefore

suppTm2j,0
(f,g)⊆ ξ∈Rn:2j−3≤|ξ|≤2j+2 .

Ifwenowconsiderm2j,kweobtain

suppTm2j,k
(f,g)⊆ ξ∈Rn:2j−3−k≤|ξ|≤2j+3−k .
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Nowwecanproceedtoestimatingsupγ∈Z∑k>γTm2j,k
(f,g).Fromthepaper[9]

weknowthatforeveryf,g∈L2(Rn)thefollowingestimateholds

(9) ∑
k∈5Z

Tm2j,k
(f,g)

2
1
2

L1

≤C Ω Lq2
−jδ fL2 gL2.

Forµ=0,...,10wehave

T#m2j
(f,g)=sup

γ∈Z
∑
µ
∑
k>γ

k∈10Z+µ

Tm2j,k
(f,g),

sowefixµ.Thenwehave

sup
γ∈Z
∑
k>γ

k∈10Z+µ

Tm2j,k
(f,g)≤sup

β>0
∑

k∈10Z+µ

Tm2j,k
(f,g)−ψβ∗ ∑

k∈10Z+µ

Tm2j,k
(f,g) ,

whereψβisafunctionsuchthatitsFouriertransformisequalto1onB0,2
j−β+3

andvanishesoutsideofB0,2j−β+10,morepreciselywehaveafunctionψsuch

thatψ≡1onB0,2j+3,ψ≡0onB0,2j+10 andψ∈(0,1)otherwise.Then

wedefineψβ=ψ 2
β·.

Thenwecanfurtherestimatethepreviousexpressionwith

∑
k∈10Z+µ

Tm2j,k
(f,g)+sup

β>0

ψβ∗ ∑
k∈10Z+µ

Tm2j,k
(f,g) .

ThesecondpartcanbeestimatedwithmaximalfunctiondefinedasMψf(x)=

supβ>0ψβ∗f,therefore

sup
β>0

ψβ∗ ∑
k∈10Z+µ

Tm2j,k
(f,g)(x)≤CMψ ∑

k∈10Z+µ

Tm2j,k
(f,g)(x).

IfweconsidernowtheL1normoftheexpressionsupγ∈Z∑k>βTm2j,k
(f,g),we

get

sup
γ∈Z
∑
k>γ

Tm2j,k
(f,g)

L1

≤ ∑
k∈10Z+µ

Tm2j,k
(f,g)

L1

+C Mψ ∑
k∈10Z+µ

Tm2j,k
(f,g)

L1

Thefirstexpressioncanbeestimatedasfollows.SincetheḦormandercondition
formultilinearmultipliersholdsform2j,kandm

2
j,kissmooth,then∑k∈10Z+µTm2j,k

(f,g)

isinL1(Rn).Alsosincewehavethesquarefunctionestimatein(9),thereexists
polynomialQ

µ
jsuchthat

∑
k∈10Z+µ

Tm2j,k
(f,g)−Q

µ
j

L1

≤ ∑
k∈10Z

Tm2j,k
(f,g)

2
1
2

L1
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≤C Ω Lq2
−jδ fL2 gL2.

ThereforeQ
µ
j=0and

∑
k∈10Z+µ

Tm2j,k
(f,g)

L1

≤C Ω Lq2
−jδ fL2 gL2.

Infact(9)alsoimpliesthat∑k∈ZTm2j,k
(f,g)isinH1,thereforewecanestimatethe

secondexpressionas

Mψ ∑
k∈10Z+µ

Tm2j,k
(f,g)

L1

≤ ∑
k∈10Z+µ

Tm2j,k
(f,g)

H1

.

ThisfinishestheproofofProposition14andthereforealsotheproofofthe
Theorem2

7.INTERPOLATION

Finally,wewanttoprovetheTheorem1andtheCorollary3.WerecallLemma10
fromthearticle[9],whichstatesthatthekernelKjisaCaldeŕon-Zygmundkernel
withε-Lipschitzconstant

Aε≤CεΩ ∞2
|j|ε,

forε∈(0,1).Weareonlyusing j≥0inwhatfollows.
UsingtheCotlarinequalityfrom[10],wecanthereforegetforanycombination

1<p,q<∞,1/r=1/p+1/qandanyε∈(0,1)thebound

T∗j Lp×Lq→Lr≤Cp,q,εΩ ∞2
jε.

ByT∗jwedenotethemaximalsingularbilinearoperatorwithkernelKj.Next,we
needtoobservethat

T#j Lp×Lq→Lr≤ T
∗
j Lp×Lq→Lr+CΩ ∞ M Lp×Lq→Lr.

Thisisrathertrivial,thereasoningisverysimilartotheproofoftheProposition7
andsowedonotgivefulldetailhere.TheproofoftheTheorem1isnowsimple.
Ifwehaveafixedpoint(p,q),1<p,q<∞,wefindapairofpoints(p1,q1),1<
p1,q1<∞,and(p2,q2),1<p2,q2<∞suchthat(1/p,1/q)liesinsidethetriangle
(1/2,1/2),(1/p1,1/q1)and(1/p2,1/q2).AccordingtotheProposition14the
operatorsT#jhavenormatthepoint(2,2)atmostCΩ Lq2

−δj,whereδ>0is

fixed,whileattheremainingtwopointsthenormisCpi,qi,εΩ ∞2
jε,wherei=1,2

andwemaychooseε>0arbitrarilysmall.Therefore,forasuitablechoiceof
ε>0,wegetfromtheinterpolation(Theorem7.2.2in[8])thattheseriesofnorms
ofT#jisconvergentat(p,q).ThisfinishestheproofofTheorem2.
ToprovetheCorollary3,weapplyinterpolationargumentsimilartotheproof

ofLemma12.WesplitΩissimilarway,butweneedtomakesurethattheintegral
overspherevanishes.Letusassumethat Ω q≤1.Wedecompose ΩasΩ=

∑i≥0ΩiwherewefirstdenoteΩi(x)=Ω(x)χEi(x)and

Ei= x∈R2n:|Ω|x ∈ 2i,2i+1
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fori>0andE0= x∈R2n:|Ω|(x)∈[0,2],andthenweset

Ωi=Ωi−
S2n−1
Ωi(x)dx.

Wehave Ωi1≤C2
−iq
q andthereforethesumconvergesbacktoΩ. Weseethat

Ωi2≤C2
−i(q−2)
2 ,while Ωi∞≤C2

i.Now,weestimate

T∗Ω(f,g)(x)≤∑
i≥0

T∗
Ωi
(f,g)(x).

Weinterpolatethenormofeachoftheoperators T∗
Ωi
inatrianglewhichcon-

tains(1/p1,1/p2),andhasonevertexinthepoint(1/2,1/2),wherethenorm

T∗
Ωi
L2×L2→L1≤C2

−i(q−2)
2 accordingtotheTheorem2andremainingtwover-

ticesclosetopoints(0,0),(0,1),(1,1),or(1,0)wheretheoperatorhasnorm
lessthanC2i.Theinterpolatednormsformconvergentseriespreciselywhenthe
point(1/p1,1/p2)liesinsidethequadrilateraldescribedintheCorollary3andthe
proofisfinished.
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[2]A.P.CaldeŕonandA.Zygmund,Onsingularintegrals,Amer.J.Math.78(1956),289–309.
[3]R.R.Coifman,Y.Meyer,Commutateursd’int́egralessingulìeresetoṕerateursmultilińeaires,
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THELATTICEBUMP MULTIPLIERPROBLEM

EVABURÍANKOVÁ,LOUKASGRAFAKOS,DANQINGHE,PETRHONŹIK

Abstract. Westudythelatticebumpmultiplierproblem.Pre-
cisely,givenasmoothbumpsupportedinaballcenteredatthe
origin,weconsiderthemultiplierformedbyaddingthetranslations
ofthisbumpcenteredatNdistinctlatticepoints. Weinvestigate
thebehavioroftheLpnormofthelinearandbilinearmultiplier
operatorsassociatedwiththismultiplier,asN→ ∞. Weobtain
resultsinthelinearcaseforallexponentspin[1,∞]andinthe
bilinearcaseforexponents(p1,p2,p)satisfying1/p1+1/p2=1/p;
ourresultsareoptimalwhenp>1.

1.Introduction

Therehasbeenalotofworkrecentlydoneinthetheoryofbilinear
multipliersofḦormandertype;seeforinstance[16],[7],[13],[11],
[3],[4],[12].Theoptimalsmoothnessrequiredofthesymboltohave
boundednessonagivenLpiscloselyrelatedtoquestionsaboutthe
boundednessofamultipliergivenbyfinitesumoftranslationsofa
givenbump.Inthispaperwepromotethispointofviewandwe
studymultiplieroperatorsassociatedwithFouriermultipliersofthis
type. Wefocusonthebilinearcase,althoughwebrieflydiscusstheLp

behavioroflinearmultipliersofthissort.
Wefixasmoothbump φsupportedintheball|ξ| ≤1

10
inRn.

Considerthelinearoperatordefinedfork∈Zn

Sk,φ(f)(x)=
Rn
f(ξ)φ(ξ−k)e2πix·ξdξ,

wheref(x)=
Rn
f(x)e−2πix·ξdxistheFouriertransformofaSchwartz

functionf.

2000MathematicsSubjectClassification. 42A45,42B15,42B25.
ThefirstauthorwassupportedbyGAUK1278918.Thefirstandfourthauthors

aresupportedbyGǍCRP201/18-07996S.Thesecondauthorissupportedbythe
SimonsFoundationundergrantnumber624733.Thethirdauthorwassupported
byNNSFofChina(No.11701583),GuangdongNaturalScienceFoundation(No.
2017A030310054)andtheFundamentalResearchFundsfortheCentralUniversities
(No.17lgpy11).
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SupposewearegivenafinitesubsetEofZn.AssociatedwithEand
φwedefinealinearoperatoractingonSchwartzfunctions

LE,a,φ:=
k∈E

akSk,φ(f),

wherea={ak}k∈Zisasequenceofcomplexnumberssatisfying|ak|≤1
forallk. WeposethefollowingproblemaboutLE,a,φ.
Problem1: Givenp∈[1,∞]whatisthesmallestvalueα(p)such
thatforallsubsetsEofZnwith|E|=Nwehave

LE,a,φ Lp→Lp≤Cp,n,φN
α(p)?

ThetrivialL2andL∞ estimatesyieldbyinterpolationthat

(1) α(p)≤2
1

p
−
1

2
.

Butestimate(1)isnotsharpasitcanbeimprovedbyafactorof1/2.
Resultssimilartothefollowingareknownindifferentformulationsin
theliterature,e.g.[10,inequality(7)],butforthesakeofcompleteness
weincludeaproofforitinthenextsection.

Proposition1.1.Foranyp∈[1,∞]andα(p)=|1
p
−1
2
|,wehave

(2) LE,a,φ Lp→Lp≤CN
α(p).

Conversely,

(3) sup
a:a ∞≤1

sup
E:|E|=N

LE,a,φ Lp→Lp≥CN
α(p).

Next,weconsidertheanalogousbilinearproblemin2ndimensions.
WefixasmoothbumpΦsupportedintheball |ξ|≤1

20
inR2n.Fora

subsetEofZ2nweconsiderthefollowingbilinearoperator

BE,Φ(f,g)(x):=
(k,l)∈E

S(k,l),Φ(f⊗g)(x,x).

Problem2: Givenp1,p2with1≤p1,p2≤ ∞,whatisthesmallest
valueα(p1,p2)suchthatforallsubsetsEofR

nwith|E|=Nwehave

BE,Φ Lp1×Lp2→Lp≤Cp1,p2,n,ΦN
α(p1,p2)?

Hereweconsiderthesituationwherep,p1,p2arerelatedasinḦolder’s
inequality,i.e.,1/p=1/p1+1/p2.
InthispaperwemostlyfocusonProblem2andweobtainalmost

optimalresultsaboutit.Tostateourresultswedefinetheindex

(4)α(p1,p2)=
1

2
max

1

p
−
1

2
,0−min

1

p1
−
1

2
,0−min

1

p2
−
1

2
,0 .
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Theorem1.2.Let1≤p1,p2<∞ and1/p=1/p1+1/p2and >0.
(i)Ifp≤1,thenthereisaconstantC=Cp1,p2,suchthat

BE,Φ Lp1×Lp2→Lp≤CN
1

min(p1,p2)
+

1
2max(p1,p2)

−
1
2
+
.

(ii)Ifp>1,thenthereisaconstantC=Cp1,p2,suchthat

BE,Φ Lp1×Lp2→Lp≤CN
α(p1,p2)+.

Moreoverestimate(ii)issharpupto.

Theorem1.2yieldsthatinthelocalL2case,i.e.,thecasewhere
2≤p1,p2,p≤ ∞,constantα(p1,p2)=1/4. Wealsohaveresults
concerningupperandlowerboundsfortheconstantα(p1,p2)forindices
outsidethelocalL2case.ThesearediscussedinSections5and6.
Theorem1.2isinspiredbytherecentsolutionoftheroughbilinear

singularintegralproblem,see[6].Apartialresultofthistheoremwhen
p1=p2=2,combinedwithtechniquesfromharmonicanalysis,led
ustothesolutionoftheboundednessofroughhomogeneousbilinear
singularintegralsinthelargestpossibleopenrangeofindices.
Throughoutthispaper,CwilldenoteaconstantindependentofN
anddependentonlyonauxiliaryparameterswhichmayvaryindifferent
occurrences,and >0isanarbitrarilysmallconstant.

2.Thelinearcase:TheproofofProposition1.1

TheproofofthepositivedirectionofProposition1.1,namely(2),is
straightforward.

Proofof(2).Weobservethatthemultiplierof LE,a,φis

σ(ξ)=
k∈E

akφ(ξ−k).

Wehavethat σ∨(x)=φ∨(x) k∈Eake
2πix·ksatisfies

σ∨
L1
≤

k∈E

ake
eπix·k

L1([0,1]n)

duetotherapiddecayofφ∨andtheperiodicityof k∈Eake
eπix·k.This

inturnisboundedby

(5)
k∈E

ake
eπix·k

L2([0,1]n)
=

k

|ak|
2
1/2

≤N1/2,

whereinlaststepweusethat|ak|≤1.Thisimplies LE,a,φ L1→L1≤
CN1/2.InterpolatingbetweenthetrivialL2estimate

LE,a,φ L2→L2≤C
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and(5)weobtain(2).

Remark2.1.WecanproveacontinuousversionofProposition1.1.
DefineφE(ξ)=φ∗χE,wheretheLebesguemeasureofEisN.Then
itiseasytoverifythat

φ∨E L1≤ φL2 χE L2≤C|E|
1/2,

whichimpliesthattheassociatedoperatorgivenbyconvolutionwithφE
isboundedonLp(Rn)withboundCNα(p).Wecanalsoreplace χEby

anarbitraryfunctionψandtheboundbecomesCψ
α(p)

L1 .Isuggestwe
removethis.Loukas

Wenowturntotheproofof(3). Wefixasmoothbumpφsupported
intheballofradius1/10. Wewillneedthefollowinglemma.

Lemma2.1.Let

E=EN={−N,−N+1,...,N−1,N}.

Foranyfixedp∈[1,2],thereexistsaconstantCp>0andasequence
a={ak}k∈EsuchthatforallpositiveintegersNwehave

(6) LE,a,φ Lp→Lp≥CpN
α(p).

Proof.Forsimplicitywefirstconsidertheone-dimensionalcase.
Wefirsttake p∈(1,2].Thefollowingcounterexampleisinspiredby

anexamplein[8].Let

m(ξ)=
|k|≤N

ak(t)φ(ξ−k), mN(ξ)=
|k|≤N

ak(t)φ(Nξ−k),

whereajaretheRademacherfunctions. Takeasmoothfunctionϕ
supportedinthesupportofφsuchthatϕφ=0anddefinef,fN via

f(ξ)=N
−1
p

|k|≤N

ϕ(ξ−k), fN(ξ)=
|k|≤N

ϕ(Nξ−k).

Then fLp = fN Lp ≤CastheDirichletkernelDN hasL
pnorm

comparabletoN−1/p.LetTm bethelinearoperatorassociatedwith

mintheformTm(f)=(fm)
∨,thenTm(f)Lp= TmN(fN)Lp,and
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byapplyingKhintchine’sinequalitywehave

1

0

TmN(fN)
p
Lp(R)dt=

1

0 R |k|≤N

ak(t)N
−1(φϕ)∨(N−1x)e2πix

k
N

p

dxdt

∼
R |k|≤N

N−1(φϕ)∨(N−1x)e2πix
k
N

2
p
2

dx

∼N−p

R

N
p
2|(φϕ)∨(N−1x)|pdx

∼N(
1
p
−1
2
)p.(7)

Denotesupa LE,a,φ Lp→LpbyCp(N),then

1

0

Tm(f)
p
Lpdt≤Cp(N)

p.

InsummaryCp(N)≥CpN
α(p).Inparticular,wecanfindasequence

asuchthatLE,a,φ Lp→Lp≥CpN
α(p)withCp<Cpforp∈(1,2].

Noticethat f1≤ClogNbytheL
1-normofDN,thereforewecan

onlyshowthatC1(N)≥CN
1/2(logN)−1bythesameargument. On

theotherhand,interpolationcanhelpustoremovethelogarithmic
termbelow.
Wenextconsiderthecasewhen p=1.Supposethat(6)failsfor

p=1.ThisisequivalenttosayingthatforanyC>0thereexistsa
correspondingNCsuchthat

(8) sup
a
LE,a,φ L1→L1≤CN

α(1)
C =CN

1
2
C.

Interpolatingbetweensupa LE,a,φ L2→L2≤Cand(8)weobtainthat,
whenp∈(1,2),foranyCp>0thereexistsanumberN(bychoosing
Cin(8)smallenough)suchthat

sup
a
LE,a,φ Lp→Lp≤

Cp
2
Nα(p);

thiscontradicts(6)forp∈(1,2).Inotherwords(6)holdswhenp=1.
Wenowconsiderthehigherdimensionalcase.Theideaissimplyto
considerproductsoftheone-dimensionalexample. Webrieflydescribe
thisexample.
Taking

m(ξ)=
|k|≤N

ak(t)φ(ξ1−k)

n

j=2

φ(ξj−1),



6 EVABURÍANKOVÁ,LOUKASGRAFAKOS,DANQINGHE,PETRHONŹIK

anddefining

f(ξ)=N−1/p

|k|≤N

ϕ(ξ1−k)

n

j=2

ϕ(ξj−1),

wehave

Tm(f)(x)=N
−1/p

|k|≤N

ak(t)(φϕ)
∨(x1)e

2πix1k

n

j=2

(φϕ)∨(xj)e
2πixj.

Sincethevariablesareseparated,thisisessentiallytheone-dimensional
case,andrunningthesameargumentasbeforeyieldsthesameneces-
sarycondition.
CombiningtheseresultsweobtaintheproofofProposition1.1.

3.Thebilinearproblem

Inthissectionwestudytheanalogousbilinearproblemin2ndimen-
sions.
WeapplytheFourierseriesmethodofCoifmanandMeyer[1,2]to

expressthesmoothbumpΦasasumofproductsofbumpsineachhalf
ofthevariables.AsthefunctionΦissupportedintheballB(0,1/20),
whichiscontainedin[−1/2,1/2]2nwecanexpressitinFourierseries
as

Φ(ξ,η)=
r,s∈Zn

cr,se
2πir·ξe2πis·ηφ(ξ)φ(η),

whereφ(ξ)issmooth,isequalto1on|ξ|≤1/20,andvanishesoutside
|ξ|≤1/10. Moreover,

cr,s=
B(0,1/20)

Φ(x,y)e−2πi(x·r+y·s)dxdy

andaneasyintegrationbypartsshowsthat

|cr,s|≤CM(1+|r|+|s|)
−M

foreveryM>0,whereCM dependsontheL
∞ normsofsufficiently

manyderivativesofΦ.Lettingφr(ξ)=e
2πir·ξφ(ξ),wehavethat

S(k,l),Φ(f⊗g)(x,x)=
r,s∈Zn

cr,sSk,φr(f)(x)Sl,φs(g)(x)

andinviewoftherapiddecayofcr,s,itwillsufficetostudyananalogous
problemforSk,φr(f)(x)Sl,φs(g)(x)inplaceofS(k,l)(f⊗g)(x,x)and
obtainestimatesforthenormthatareindependentofrands.
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Wemaketheremarkthatthesameapproachcanhandlethetwo
adjointsofBE.LetuslookatthefirstadjointofS(k,l)(f⊗g).Thisis
associatedwiththemultiplier

Φ(−ξ−η−k,η−l)=Φ(−(ξ+k+l)−(η−l),η−l)

=Φ∗1(ξ−(−l−k),η−l),

whereΦ∗1(ξ,η)=Φ(−ξ−η,η). Nownoticethatas(k,l)variesover
E,then(−k−l,l)variesover

E1∗= (−k−l,l):(k,l)∈E

and|E1∗|=|E|,whilethebumpΦ∗1issmooth,hasL∞ norm1and
issupportedin{(ξ,η):|ξ+η|2+|η|2≤ 1

400
}whichiscontainedin

{(ξ,η):|(ξ,η)|≤
√
3
20
},whichisonlyslightlylargerthanB(0,1/20).

ThusanytheoremaboutBE,Φcanalsobeappliedtothefirstadjoint
B∗1E,Φ=BE∗1,Φ∗1ofBE,Φ,whichhasthesamecharacteristicsasBE,Φ.
ThissymmetryisonemainadvantageofBE,Φ(f,g)(x)comparedwith
Sk,φr(f)(x)Sl,φs(g)(x).

4.Thecasep1=p2=2

InthissectionweprovethesufficiencypartofTheorem1.2. By
dualityandinterpolationitwillsufficetoconsideronlythecasep1=
p2=2andp=1.Thetrivialestimateis

BE,Φ L2×L2→L1≤CN,

butitturnsoutthattheoptimalvalueoftheconstantα(2,2)=1
4
.

Theconsiderationhereisrelatedtotheproofof[9,Theorem1.3],
whichenhancesthecombinatorialargumentin[6]

Proof.Wedenoteby E thesetofallk∈Znwiththepropertythat
thereexistsanl∈Znsuchthatthepoint(k,l)∈E.ThatisE isthe
setofallfirstcoordinatesofelementsofE. WethinkofthesetEas
aunionofcolumnsColkindexedbyk∈E andwewrite

E=
k∈E

Colk.

BytheargumentinSection3itsufficestoconsiderthecasewhen
BE,Φ(f,g)isasumofproductsofoperatorsoftheform

TσN(f,g):=
k∈E

Sk(f)
l:(k,l)∈Colk

Sl(g),

whereσN := (k,l)∈Eφr(ξ−k)φs(η−l),andwehavedroppedthe
dependenceonφrandφsfornotationalconvenience.
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Wesplitthecolumnsinlargeandsmall.Precisely,wewrite

E=E1∪E2,

whereE1containsallcolumnsofsize≥KandE2containsallcolumns
ofsize<K,forsomeKtobechosenlater.Analogouslywesplit

E=E1∪E2,

whereE1andE2isthesetofallfirstcoordinatesofcolumnsinE1and
E2,respectively.Correspondinglywedefine:

T1σN(f,g)=
k∈E1

Sk(f)
l:(k,l)∈Colk

Sl(g)

and

T2σN(f,g)=
k∈E2

Sk(f)
l:(k,l)∈Colk

Sl(g)

=
l:∃k(k,l)∈E2

Sl(g)
k:(k,l)∈E2

Sk(f)

sothat
TσN(f,g)=T

1
σN
(f,g)+T2σN(f,g).

Westartwith T1σN. Wehave

T1σN(f,g)L1≤
k∈E1

Sk(f)
l:(k,l)∈Colk

Sl(g)L1

≤
k∈E1

Sk(f)L2
l:(k,l)∈Colk

Sl(g)
L2

≤
k∈E1

Sk(f)
2

L2

1
2

k∈E1 l:(k,l)∈Colk

Sl(g)
2

L2

1
2

≤φL∞ fL2(#E1)
1
2 φL∞ gL2,

exploitingtheorthogonalityofSk’sonL
2.

NoticethatasthereareNpointsinEandeachcolumninE1has
leastKelements,thismeansthatthereareatmostN/Kcolumnsin
E1. Weconcludethat

(9) T1σN(f,g)L1≤(N/K)
1
2 φ2L∞ fL2 gL2.

Wecontinuewith T2σN. Wehave

T2σN(f,g)L1

=
l:∃k(k,l)∈E2

Sl(g)
k:(k,l)∈E2

Sk(f)
L1
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≤
l:∃k(k,l)∈E2

Sl(g)
k:(k,l)∈E2

Sk(f)
L1

≤
l:∃k(k,l)∈E2

Sl(g)L2
k:(k,l)∈E2

Sk(f)
L2

≤
l:∃k(k,l)∈E2

Sl(g)
2

L2

1
2

l:∃k(k,l)∈E2 k:(k,l)∈E2

Sk(f)
2

L2

1
2

≤φL∞ gL2
l:∃k(k,l)∈E2k:(k,l)∈E2

Sk(f)
2

L2

1
2

=φL∞ gL2
k∈E2l:(k,l)∈Colk

Sk(f)
2

L2

1
2

≤φL∞ gL2K
1
2

k∈E2

Sk(f)
2

L2

1
2

≤φL∞ gL2K
1
2 φL∞ fL2.

Thisyields

(10) T2σN(f,g)L1≤K
1
2 φ2L∞ fL2 gL2.

Inviewof(9)and(10),theoptimalchoiceofK=N1/2.Thisproves

(11) TσN(f,g)L1≤N
1
4 φ2L∞ fL2 gL2.

WehavenowprovedthesufficiencydirectioninTheorem1.2.

5.Bilinearcase:Sufficiency

Werecallthat

α(p1,p2)=
1

2
max

1

p
−
1

2
,0 −min

1

p1
−
1

2
,0 −min

1

p2
−
1

2
,0 .

Noticethatα(1,1)=3
4
andα(1,2)=α(2,1)=1

2
.

Webeginwithasimpleresultwhichisnontrivialonlywhen p<1.

Proposition5.1.IfE⊂Z2nhascardinalityN,then

BE,Φ Lp1×Lp2→Lp≤CN

for1≤p1,p2≤∞with1/p=1/p1+1/p2.
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Proof.Recallthat

BE,Φ(f,g)(x)= f(ξ)g(η)
(k,l)∈E

Φ((ξ,η)−(k,l))e2πix·(ξ+η)dξdη

= K(y,z)f(x−y)g(x−z)dydz,

whereK(y,z)=Φ∨(y,z) (k,l)∈Ee
2πi(y,z)·(k,l).

Settingψ(y)=(1+|y|)−2n,as

|Φ∨(y,z)|≤Cψ(y)ψ(z)

wehave|K(y,z)|≤CNψ(y)ψ(z),whichimpliesthat

|BE,Φ(f,g)(x)|≤CN(|f|∗ψ)(x)(|g|∗ψ)(x).

Asaresultweobtain

BE,Φ(f,g)Lp≤CN |f|∗ψLp1 |g|∗ψLp2≤CN fLp1 gLp2,

hencetheconclusionfollows.

Remark5.1. Thisresultissharpfor(p1,p2)=(1,1)byProposi-
tion6.1,discussedinthenextsection.

Corollary5.2.Fix1
2
<p<1.ThereisaconstantCsuchthat

BE,Φ Lp/2×Lp/2→Lp≤CN
3
4p
−
1
2.

Proof.Interpolatingusing[5,Theorem7.2.9]betweentheestimateat
thepoint(1,1,1/2)[Proposition5.1]andatthepoint(2,2,1)obtained
inSection4,wededucetheconclusion.

Forthemostgeneralcase1<p1,p2<∞,wehavethefollowing
nontrivialestimate.

Proposition5.3.Let >0begiven.
(i)Ifp<1,thenthereisaconstantC=Cp1,p2,εsuchthat

BE,Φ Lp1×Lp2→Lp≤CN
1

min(p1,p2)
+

1
2max(p1,p2)

−
1
2
+
.

(ii)Fixi∈{1,2}.If1<pi<2,and1<p<2,thenthereisa
constantC=Cp1,p2,εsuchthat

BE,Φ Lp1×Lp2→Lp≤CN
1
2pi
+
.

(iii)Ifp>2,thenthereisaconstantC=Cp,εsuchthat

BE,Φ Lp1×Lp2→Lp≤CN
1
2
−
1
2p
+
.

Toprovethisproposition,wemakeuseofthefollowingresult.
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Lemma5.4.Forall2≤p1,p2<∞ and1≤p<∞ with1/p=
1/p1+1/p2,wehave

BE,Φ Lp1×Lp2→Lp≤C(logN)N
1
2.

Proof.RecallingthenotationinSection4,wewrite

TσN(f,g)=
k∈E

Sk(f)
l:(k,l)∈Colk

Sl(g).

Itisenoughtoprovethat

TσN Lp1×Lp2→Lp≤C(logN)N
1
2.

Wesplittheoperator TσN as

TσN = Ti,

whereirangesfrom1tolog2N.EachoperatorT
ihascolumnsofthe

sizebetweenN/2iandN/2i−1andthereforetherewillbeatmost2i

suchcolumns.
ForeachTi,wehavetheestimate

k l:(k,l)∈Colk

Sk(f)Sl(g)
Lp

≤
k

|Sk(f)|
2

1
2

k l:(k,l)∈Colk

Sl(g)
2 1

2

Lp

≤
k

|Sk(f)|
2

1
2

Lp1 k l:(k,l)∈Colk

Sl(g)
2 1

2

Lp2

.

Moreover,wenotethat

k

|Sk(f)|
2

1
2

Lp1

≤CfLp1,

inviewofthesquarefunctiontheorem([15,Theorem8.1]). Weremark
thattheconstantChereisindependentofrwhenφr(ξ)=e

2πir·ξφ(ξ).

Actuallyinthiscase k|Sk,φr(f)(x)|
2= k|(φ(ξ−k)fr(ξ))

∨(x)|2with

fr(ξ)=f(ξ)e
2πir·ξ,thenthesquarefunctionestimategivesthat

k

|Sk,φr(f)|
2

1
2

Lp1
=

k

|Sk,φ(fr)|
2

1
2

Lp1
fr Lp1= fLp1.

Toestimatethesecondpart,wefirstusetheCauchy-Schwarzin-
equalityandthateachcolumnunderconsiderationhaslengthabout
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N/2i,andthenthefactthatkrangesoversetofsizeatmost2i;finally
weemploythesquarefunctiontheoremagain. Wededuce

k l:(k,l)∈Colk

Sl(g)
2 1

2

Lp2

≤C
k

(N/2i)
l:(k,l)∈Colk

|Sl(g)|
2

1
2

Lp2

≤C 2i(N/2i)
l∈Zn

|Sl(g)|
2

1
2

Lp2

≤CN1/2gLp2.

Summingoveriwecompletetheproofwithanextralogarithm.

WecannowproveProposition5.3usingmultilinearinterpolation.

ProofofProposition5.3.ItfollowsfromLemma5.4thatwehavethe
rateofgrowthN1/2logN for(p1,p2,p)closeto(∞,∞,∞),thenby
dualitywehavethesamerateofgrowthfor(p1,p2,p)closeto(1,∞,1)
or(∞,1,1).
Estimate(i).Itsufficestoconsiderthecase1<p1<p2,andp<1,

whenthedesiredestimateis

BE,Φ Lp1×Lp2→Lp≤CN
1
p1
+
1
2p2
−
1
2
+
.

Itfollowsfrominterpolationbetween(1,1,1
2
),(2,2,1),and(p1,p2,p)

closeto(1,∞,1).
Estimate(ii)followsbyinterpolatingbetween(2,2,1),(2,∞,2),and

(p1,p2,p)closeto(1,∞,1)enoughwheni=1.Thecasei=2follows
bysymmetry.
Estimate(iii)followsfrominterpolationbetween(∞,2,2),(2,∞,2),

and(p1,p2,p)closeto(∞,∞,∞)enough.

6.Bilinearcase:necessity

Ourmainresultinthissection,statedbelow,includesthenecessity
directioninTheorem1.2.

Proposition6.1.FixasmoothbumpΦsupportedintheball|ξ|≤1
20

inR2n.Thenforallp1,p2with1≤p1,p2<∞satisfying1/p1+1/p2=
1/pwehave

sup
E
BE,Φ Lp1×Lp2→Lp≥CN

max(α(p1,p2),
1
p
−1).
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Inparticular, BE,Φ L1×L1→L1/2 ≥ CN andestimate(ii)inTheo-
rem1.2issharp(upto)whenp≥1.

ViaanargumentsimilartothatusedintheproofofLemma2.1,it
sufficestoconsiderthecasen=1,whichwediscussbelow.
Let

α(p1,p2)=
1

2

1

p
−
1

2
−min

1

p1
−
1

2
,0 −min

1

p2
−
1

2
,0 .

Notethatα(p1,p2)=α(p1,p2)whenp≤2. Weneedtwolemmasto
proveProposition6.1.

Lemma6.2.Forall1≤p1,p2<∞ with1/p=1/p1+1/p2wehave

(12) sup
E
BE,Φ Lp1×Lp2→Lp≥CN

α(p1,p2).

Proof.Itsufficestoprovetheconclusionfor (k,l)∈Eak,lSk(f)Sl(g)

withak,l∈{1,−1}.Actuallyifweverifythat

(k,l)∈E

ak,lSk(f)Sl(g)
Lp1×Lp2→Lp

≥3CNα(p1,p2)

withak,l∈{−1,1},thenwemusthave(12);otherwiseweobtainthat

(k,l)∈E

ak,lSk(f)Sl(g)
Lp1×Lp2→Lp

≤2CNα(p1,p2)

sincewecanwrite

(k,l)∈E

ak,lSk(f)Sl(g)=BE1,Φ(f,g)−BE2,Φ(f,g)

forappropriatesetsE1andE2.
Inspiredbytheexamplesin[7]forn=1,wedefine1

m(ξ,η)=

√
N

k=1

√
N

l=1

ak(t1)al(t2)ak+l(t3)cj+kφ(ξ−j)φ(η−l),

whereak(t)areRademacherfunctions,andcl=1when9
√
N/10≤

l≤11
√
N/10and0elsewhere. Wedefine

fN(ξ)=N
−
1
2p1

√
N

k=1

ak(t1)ϕ(ξ−k),gN(η)=N
−
1
2p2

√
N

l=1

al(t2)ϕ(η−l).

1
√
N
k=1akmeans

[
√
N]

k=1 ak,where[
√
N]istheintegerpartof

√
N.
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Byacalculationanalogoustothatin(7)weobtain

1

0

Tm(fN,gN)
p

Lp
dt3

1
p

∼N
1
2
(1
p
−1
2
).

Ontheotherhand

1

0

fN
p1
Lp1dt1

1
p1

∼N
1
2
(1
p1
−1
2
)
.

LetC0(N)=supE BE,Φ Lp1×Lp2→Lp,wherethesupremumistaken
overallEwith|E|=N,then

N
1
2
(1
p
−1
2
)∼ Tm(fN,gN)Lp Lp(dt3)

≤C0(N)fN Lp1 gN Lp2.

TakingLp1(dt1)andL
p2(dt2)normsonbothsides,weobtainthat

C0(N)≥C
N
1
2
(1
p
−1
2)

N
1
2
(1
p1
−1
2
)+1
2
(1
p2
−1
2
)
=CN

1
4,

usingtheestimatesforfN andgN.Thisestimateworksforallchoices
ofindicesp1,p2,pwith1/p1+1/p2=1/pbutitissharponlyinthe
localL2case,i.e.inthecasewhere2≤p1,p2,p≤∞.
Nowifallthecoefficientsak(t)areequalto1inthedefinitionof

fN,thenfN p1≤Cforp1∈(1,2],whichissmallerthanN
1
2
(1
p1
−1
2
)
if

p1<2.Sointhecasep1≤2≤p2,wemodifythemultipliermby

m(ξ,η)=

√
N

k=1

√
N

l=1

al(t2)ak+l(t3)cj+kφ(ξ−j)φ(η−l)

correspondingly,whichgivesthen

C0(N)≥CN
1
2
(1
p
−1
2
− 1
p2
+1
2
)
=CN

1
2p1.

BysymmetrywehaveC0(N)≥CN
1
2p2whenp2≤2≤p1.Inanalogous

way,when1≤p1,p2≤2wesetak(t1)=al(t2)=1toobtainthelower

boundC0(N)≥CN
1
2
(1
p
−1
2
). Combiningtheseestimatesinoneform,

weobtainthelowerboundCNα(p1,p2).

Lemma6.3.ThereexistsasetE⊂Z2withcardinalityNsuchthat

(13) BE,Φ Lp1×Lp2→Lp≥CN
1
p
−1
.

InparticularBE,Φ L1×L1→L1/2≥CN.

Thisestimateisstrongerthan(12)when1
2
≤p<2

3
.
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Proof.Weconsiderthemultiplier

m(ξ,η):=

N

j=−N

φ(ξ−j)φ(η+j),

whoseinverseFouriertransformis

K(y,z)=φ∨(y)φ∨(z)

N

j=−N

e2πij(y−z).

Weremarkthat N
j=−Ne

2πijsisrealbysymmetry. Moreoverwehave

|(2N+1)− N
j=−Ne

2πijs|≤Nfors≤1/(50N). Wenowtake

f(y)=g(y)=100Nχ[0,(100N)−1](y),

whichsatisfy fL1= gL1=1.Then

Tm(f,g)(x)= K(x−y,x−z)f(y)g(z)dydz

satisfiesthat|Tm(f,g)(x)|≥CNfor|x|≤(100)
−1ifwechooseφ

appropriately. Thisyieldsthat Tm(f,g)L1/2 ≥CN.Insummary
Tm L1×L1→L1/2≥CN.Fromthisexamplewealsoobtainthat

Tm Lp1×Lp2→Lp≥C
N

N1/p1N1/p2
≥CN

1
p
−1.

Thisconcludestheproofofthelemma.

Weprovidethefollowingintuitiveunderstandingoftheproofof(13).
AsmissupportedinatubewithdimensionsN×1alongtheantidiago-
nal,thekernelK=m∨isessentiallyequaltotheconstantNinatube
ofdimensions1×N−1alongthediagonal,inviewoftheuncertainty
principle.Iff⊗gissupportedinasquareoflengthN−1ofheightN2,
thenK∗(f⊗g)(x,x)isessentiallyK∗(f⊗g)(0,0)∼N3N−2∼N
for|x|≤C.ThisgivestheclaimedlowerboundofBE,Φ.

Remark6.1. Supposethat1≤p1,p2≤2. Wehaveα(p1,p2)=
1
2p
−1
4
. Notethatα(p1,p2)≥

1
p
−1ifandonlyifp≥ 2

3
.Inother

words,theexampleinLemma6.3providesalargerlowerboundfor
BE,Φ Lp1×Lp2→Lpwhenp<

2
3
.

WenowprovidetheproofofProposition6.1.

ProofofProposition6.1.Itfollowsfrom(12)andthediscussioninSec-
tion3that

sup
E
B∗1E,Φ Lp1×Lp2→Lp≥CN

α(p1,p2).
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Morepreciselyif1<p1≤2and1≤p≤2,wehave

sup
E
B∗1E,Φ Lp1×Lp2→Lp≥CN

1/(2p1),

whichimpliesbydualitythat

sup
E
BE,Φ Lp×Lp2→Lp1

≥CN1/(2p1).

Wecanrephrasethisestimateas

sup
E
BE,Φ Lp1×Lp2→Lp≥CN

1/(2p),

whichmatchesNα(p1,p2)andisgreaterthanN1/4whenp≥2,which
happensexactlywhenα(p1,p2)≥α(p1,p2).
Insummary,weobtainthat

sup
E
BE,Φ Lp1×Lp2→Lp≥CN

α(p1,p2),

whichcombinedwith(13)finishestheproof.

WefinishthissectionbygivingtheformalproofofTheorem1.2;this
wasessentiallydoneinlastthreesections.

ProofofTheorem1.2.Wereferwherewediscussedthesufficientpart
first.ThelocalL2caseisprovedinSection4.Thecasewhenp>1
butthelocalL2caseisgivenbyProposition5.3(ii)and(iii). The
casewhenp≤1isProposition5.3(i). Thenecessityisprovidedby
Proposition6.1.

Remark6.2. Onenoticesthat 3
4p
− 1
2
> 1

p
−1whenp>1

2
,and

3
4p
−1
2
> 1
2p
−1
4
forp<1,therefore,asofthiswriting,thereisa

gapbetweenthepositiveresultfromLp×Lp→ Lp/2forp<1in
Corollary5.2andourtwocounterexamples.
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