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Introduction

Recently, there has been quite a lot of interest in locally non-homogeneous space-
times, where dynamic evolution, asymptotic structure and effects of inhomo-
geneities on the spacetime are studied. In these models, the recovery of homo-
geneity at large scales is expected. Due to the non-linearity of Einstein equations,
it is difficult to find an exact solution, which would possess these features.

There are various studies on this topic. One of them involves numerical solu-
tions [II, 2] using 3+1 decomposition, where the initial data (metric and extrinsic
curvature) satisfying constraint equations are prescribed on a 3D spatial slice.
This approach is usually based on prescribing initial data at the moment of time
symmetry and assuming a metric conformal to a 3-sphere. One then gets a linear
equation for the conformal factor, so the individual mass sources can be summed
using linear superposition, and Reissner-Nordstrom (RN) spacetime is obtained
as a special case [3]. Then the data are evolved numerically, and in principle, we
thus gain the whole spacetime within a certain accuracy. However, some of the
analytical computations cannot be done, e.g., calculating the location of event
horizons — one looks for apparent horizons instead.

Another approach is to use perturbation methods [4], where the metric is
expanded, typically in M /L, where M and L is the mass and length of the cell,
respectively [5]. It is also possible to apply various averaging techniques [6 [7] that
include a back-reaction of the averaged metric in the form of some fiducial matter
entering the right-hand side of Einstein equations. However, there is generally
no preferred covariant approach to the averaging as the method requires the
averaging volume as an additional parameter, which is arbitrary [8], 9].

Then there is an approach, where the individual contributions of the sources
are summed. The topic of lattice universe was introduced in 1957 by Lindquist
and Wheeler [10], where they considered a regular cubic spatial lattice of Schwarz-
schild solutions glued together. The resulting spacetime is dynamic and Einstein
equations are satisfied everywhere except at the boundaries of the cells. One
can do the same using Israel junction formalism at the cost of a distributional
stress-energy tensor at the interfaces [L1], 12].

In this thesis we use the well-known class of Majumdar-Papapetrou (MP)
solutions, which was discovered independently by Majumdar [13] and Papapetrou
[14] in 1947, yet the interpretation had to wait until 1972 [I5] by Hartle and
Hawking. The spacetime describes a static equilibrium of sources which are
extrema]ﬂ This results from field equations, which reduce to a single linear
Laplace’s equation, thus the sources can be arbitrarily combined into a linear
superposition. The spacetime was generalized to arbitrary dimension [I6], to
Brans-Dicke theory [I7], or can be extended to include the cosmological constant
[18] or even a perfect fluid [19].

We extend our previous work [20] 21, 22], where we studied an extremally
charged string (ECS), which was also studied by Bonnor [23]. It is natural to ask
whether there exists a spacetime with sources equally spaced and aligned on axis,
which would resemble the ECS far from the axis — we shall call it a “crystal”.

IThe term extremal refers to the fact that the black-hole horizons are degenerate, which in
this case translates to their charges equal to their masses.



Such solutions have been studied in higher dimensions [24) 25], however in 4D
the approach has some difficulties. One approach is to search a solution in the
family of Weyl metrics. If we consider the Schwarzschild black hole and place
it periodically and equidistantly along an axis [26], the balance holds thanks to
the symmetry. However, the solution is unstable with respect to asymmetrical
perturbations. A similiar procedure was studied in the case of the RN solution
[27], but only for a finite number of sources.

We present five distinct solutions [28], [29] and compare them. In
we review the MP family in arbitrary dimension. In we present an
alternating crystal constructed from positive and negative charges. In
we construct a uniform crystal made of positive charges only. In we add
charged dust and build the crystal from Yukawa-like charges to achieve better
convergence and asymptotics. In [Chapter 5 we construct a periodic solution
consisting of RN black holes in the Weyl family. Then we introduce a dimensional
reduction in review basic crystals in 5D in [Chapter 7 which we later
use to construct a reduced crystal in [Chapter 88 We end up with a summary
of the solutions and open questions. At the end, the article "Crystal spacetime”
submitted to the Journal of Mathematical Physics is attached to the thesis.

Conventions

We use the formalism of general relativity, the Einstein summation convention
is used. We use the geometrized unit system, in which the speed of light ¢,
gravitational constant GG, vacuum permittivity €, vacuum permeability p are set
to

1
—1.G=1€e=—. u=A4r. 1
C M 76 47_{_7” ﬂ- ()

Greek indices have values from 0 to 3 and can be also labelled by coordinates.
The spacetime metric tensor is denoted as g,, and has signature (—,+,+, +).
Tetrad components are written using round brackets, e.g. Ag). Symmetrization
of two or more indices is denoted with round brackets and antisymmetrization
with square brackets:

1 1
B(/W) = 9 (B/w + Bvu> >B[W} = 2 (B;w - Bvu) : <2)

Partial derivatives are denoted by 9 or a comma,

af B

The dot denotes a derivative with respect to affine parameter 7. Covariant deriva-
tive is denoted with a semicolon or V and is chosen so that it annihilates the
metric and is torsion-free. Christoffel symbols I" are defined as

1
Fw/)\ = 5 (gw/,)\ + 9rapw — gl//\,u) . (4)
Determinant of the metric is denoted as

g = detg. (5)
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The Riemann tensor is defined as the commutator of the second covariant deriva-
tives of a vector field:

vﬂ;u)\ - vu;)\u = Rua)\uva? (6)
or, explicitly
1 o g o g
5 (gu)\,yn + gw@,,u)\ - gun,u)\ - gl//\,;u-c) + Joo (F M)\F vk r p,,‘@]‘—‘ 1/)\> . (7)
The Weyl tensor is defined as

R,ul/m)\ =

L, _. . : :
CH)\},LV = RH}\},LV + 5 (RZCAMQW + chmug/\u - RZC/\VQW - Rlcn,ug)\u) + (8)

R
+ = (gnugAl/ - gm/gk,u) .

6
Riceci tensor and Ricei scalar are defined
Ricog = R, 5, R = Ricg,. (9)
The Ricci tensor can be decomposed as
R
Rica,ﬁ = SaB - 5904,37 ga/BSozB = Oa (10)

where D is number of dimensions and S, is trace-free part of Ricci tensor. The
d’Alembert operator O (or A for Riemannian metric) is defined as

\:‘g = gwjvpvu- (11)

For example, O of a function f reads

0, f = f@xu (f g“”am,,) - (12)

Laplace’s operator A for a spacelike metric h is defined as
1 0 of
Apf = ht" vf = —=— h* . 1
wf = PNUNLT = (f w) (13)

Hodge dual is denoted with * and, for a totally antisymmetric form o of order p,
it is defined as

1

(* U)ﬁlﬁd P p'o- pealu-apBl“'ﬁdfp' (14)

The Kulkarni-Nomizu product for symmetric covariant tensors of rank 2 is de-
fined as

(a @ b)ijrt = awbji + aubi, — aubjx — ajbi, ai; = aji, bi; = bji. (15)
Einstein equations with a cosmological constant A are of the form
R
Ric,, — Eg’“/ + Agu = 87T, (16)

If the matter on the RHS has a variational formulation with Lagrangian L, then
the corresponding stress-energy tensor is defined as
—2 0(Ly/— oL

T,, = (Lv=e) _ 5oL 1 (17)

v—g og" g

The Einstein-Hilbert Lagrangian Lgy for a metric reads

1
LEH(Q) = 161

(R(g) —2A). (18)
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Electromagnetism

We use stress energy 7}, tensor of an electromagnetic field /' constructed from a
four-potential A

F=dA& F,, =A,,—A,.. (19)
Maxwell equations with a source current J* for the electromagnetic tensor read
F“?y:47TJ“,FMV;)\—|—F)\WV—|-FV)\W:0. (20)

The Lagrangian Lgy, for the electromagnetic field reads
167TLEM =—F = —FﬂyFuV. (21)

Finally, the stress energy tensor (using ) of the electromagnetic field has the
form

1 F
T“”:(F“F”ﬂ— ) 22
ar \U'8 4 n (22)
Its trace reads ]__ D
T=TH="—(1—-——]. 2
ko dr < 4> (23)

Note that in 4 dimensions the trace " = T} = 0 vanishes, but in any higher
dimension D this does not hold in general.

Properties of black holes

Surface gravity is defined as

2 1 2 [T
K _]{[1£n>ON Guata”, (24)

where a* is acceleration of stationary circular motion and N is lapse. For sta-
tionary black holes this simplifies to

N
a, = WM = Kk? = J{ri_)mog“”N’#N,,,. (25)

Conformal transformations

Conformal transformation is such a transformation, which transforms the original
metric g in the following way:

Jij = €95, (26)
where €?? is called conformal factor. The Christoffel symbols transform to
f‘;"k =T+ 06105+ 000k — 9jkg" - (27)
The Riemann tensor transforms as
- 1
Riji = €% [Rijkl —9i; ® (VleSO — PPl T+ 2gab§0,a¢,bgkl>} : (28)

The Ricci tensor transforms to
Rij = Rij — (n = 2) [ViVip — pi05] — (Do + (n = 290 a0p) 955 (29)
Finally, the Ricci scalar changes to
R=e(R-20-1)0p— (n—2)(n—1)g™pups). (30)

These formulas are especially helpful when the metric is conformally flat.
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Warped products

Let a metric "g be a warp product of two metrics g and § with a warp factor
F >0, i.e., the metric "¢ is composed as

ngapdzidal = Pgi; (mk)da:idxj + ”*pguy(xo‘)F(xk)dx“dx”, (31)

where 1 < 4,5,k < pand p+1 < «a,u,v < n. Tensors related to the metric g
have bars, e.g., the Ricci scalar of g is denoted R = R("g), analogously for g with
tildes. The components of Christoffel symbols read

« Na a 1—ab ~ a 1 a
FB,Y - Fﬂ'y’ FO&B - _ig Ebgaﬁ,raﬁ - 7Ea55 (32)

ry, =Ty
be 2F

ber

The components, which do not vanish identically, of Riemann tensor, trace-free
part of Ricci tensor Syp and the Ricci scalar R("g) of metric "¢ are composed as
follows [30]:

_ 1

Rijii = Riju, Rajes = —§Tjk§a6, (33)
Rops = FlRupys = SIVF oy @ s, [VFIP= g9 EE, (34)
T; = ViV,;F— 21PinEj7T =g'T; =0 F - Q;WFHQ, (35)
Sii = Siy— %Tija (36)
S = S — 50 (T + " LTHIEIR), (37)
R — R+§—”;p(T+”_ﬁf1|ywH2), (38)
€ - B4 ]/;CQ N IWFI*;H2 [(n—p)(gF—p— 1) —R] N Tz’jTij;’Z—p)'(Bg)
Variation
The relation between variations dg,, and dg" is:
Guw 36" = —0" 83 (40)
The Jacobi formula for the determinant reads
09 =g 9" 0 = 20v/—8 = —Gyu 09" (41)

Variation of Ricci tensor with respect to the metric is known as Palatini identity:

0Rice, =V, (3T%,) =V, (o1%,) . (42)

Variation of Ricei scalar reads
OR = R,,09" + 0R,,g" . (43)

7



The last term is a total divergence (using \/—g4, = (\/—gA*), for any vector
field A#):
SRy =V, (90T, — g"sT,) = BY,. (44)

and it does not contribute to equations of motion derived from Einstein-Hilbert
action. But if we multiply R by a function ®, we get

(®PR) = RO® + ®R,, 09" + (®B"),, — B"®,,, (45)
where the third term is again a total divergence. Then the variation reads

I(PR)
ogH

— ®Ry + gy Oy @ — Doy (46)

Software

The calculations and graphs were computed using SageMath 8.3 and Wolfram
Mathematica 11.2 Student Edition.



1. Majumdar-Papapetrou in a
general dimension

In general dimension D = n + 1,n > 3, where n is the dimension of space, the
MP geometry is given by [16]:

Pg=—U~2dt* + "h;;da'da’, (1.1)

where ¢ is a time-like Killing coordinate, U is a time independent function and h
is the spatial metric of dimension n:

"h = UPd7 - di = U ;datdad, N, = (1.2)

n—2
with d;; being the flat spatial metric in R™. The coordinates (¢, z") are suitable for
a description of the spacetime above all horizons. The electromagnetic potential
and the electromagnetic tensor read

C, n—1

A= %”dt,F:dA: Wiaidxmdt,cn: = (1.3)
Non-trivial independent contravariant components of F' read
FO = —c, U U, (1.4)
The Maxwell scalar reads
F=-22U%% f: U2, (1.5)

=1

We see that F diverges when U = 0 and the gradient of U is non-zero there. The
electromagnetic stress-energy tensor reads

f

T," = E,Toi:TiO:O, (1.6)
. n — ]_ 2—2n f .

T, = ———Un2U,U; — —0,”. 1.7

% 2(71,—2) 2 3050 4 1 ( )

Since h is conformally flat, we can easily compute the corresponding curvature
quantities . The Riemann tensor of h reads

6—2n

U™n—2 52 1
Ryu("h) =~ =34 © (0= DUV =~ (0= DU, + 53l V-sUIR) - (19
The Ricci tensor of h reads
n—1 U, An(SU
R.("h) = ——U, U, — =L — Oii. 1.9
i("h) n—-2)02 "7 U (n-2U" (19)
The Ricci scalar of h reads
n . n—1 272;, 9
R("h) = U (IVnsU =20 AnsU) . (1.10)

9



The Kretschmann invariant of h reads

4(n—1)

K("h) = 25_2>3 {(2n2 = 51+ 3) [VasU [ +2(n - DUX(AesU)+  (L11)

+86" [2(n — 2)°UU U ca — 4 (n* = 3n +2) UUuUpeUa } -

The spacetime metric ¢ is a warped product , we can compute easily its
curvature, too. The Ricci scalar of g reads

Ui
Pgy = — — nsU|P42UAnsU | . 1.12
B9 =~ [(n = 3)|| Vs U |*+2U AnsU| (1.12)
Kretschmann invariant reads
K(9) AU VogU2AnsU + AN2U(AnsU)? + (1.13)
—4(An+1) n "o "5 n ns .

+ A0 + DUUUk — 8 (A2 + 3\, + 2) UU U kU, | 676" +
+ 2(A 4702 + 12X, + 8) | Vs U "

Einstein and Maxwell equations reduce to a single Laplace’s equation (away from
the sources):
n @2
AnsU = =0, 1.14
Z « O’ (1.14)
where A denotes the Laplacian . If the spacetime contains sources with a
distributional charge density o(z'), the equation reads

Q(l‘l) i
JH = —c, 0N = AnsU = —4mo(z"). 1.15
fg 0 9 ( ) ( )

1.1 Multi-black hole solutions

One particular solution of interest is a multi black-hole spacetime describing a
finite number N of extremally charged black holes in equilibrium. It is of the
form [31]

= 1+Z ’n T (1.16)

where a; corresponds to the positionF_-] of point charges in classical electrodynamics
and for M; > 0 it corresponds to the location of horizons in GR. The correspond-
ing charge current [16] reads

n_q

V=ell = =AU = - &‘2 e ZM 7). (1.17)

We will summarize a few facts [31], which will be used in later chapters.

Here ¥ denotes a spatial coordinate position, |#] denotes its coordinate spatial length and
Z - if denotes a scalar product of & and i with respect to the flat metric.

10



For a large |Z| we have

—

1 N xr 'd; =2
U=1+—> M1+ n-2)—3 +0 (77| (1.18)

7" = 7]

For ¥ — a;, we choose any i fixed and introduce spherical coordinates with
r; = | — a;| being the radial coordinate. We can also renumber a; so i = 1 and
apply transformation ¥ — ¥ + a1, a; — a; — a;, which effectively means

ai=0,r =r=\2,r; =7 —aj|. (1.19)

where 7 is the standard Cartesian spherical coordinate from the origin. Then the
spatial metric reads

"h=U (dr? 4202 ), (1.20)

where df2,,_; is the metric on the unit n — 1 sphere S"~'. We split the function

U as follows N
M M
~ 4+ R (1.21)

ST —at

U=1+

rn—2
Then we can write
r? = |7 — a;° = r? — 2r|aj| cos o + ||, (1.22)

where o is the angle between Z and aj. So the series of U at r = 0 is
N

M
=4+ 1+

rn-

U=

LO(r). (1.23)

=2 ’a?'|n_2

To regularize the metric at r» = 0, we introduce a null coordinate v [31]
v=t+ f(r)=dt =dv— f'(r)dr. (1.24)
Then the spacetime metric P ¢ transforms to
Pg=—U2dv? + 2072 f'dv dr + [Un=2 — U2 (f)°] dr® + Un2r2dQ2_,. (1.25)

We rewrite the last term as

2 2
Unap? = (Ur”_Q) S {Ml + 0 (r”_Q)] " (1.26)
which is regular thanks to (1.23)). To regularize Pg,,, we fix f by choice
no1 M M
f=wmWw=—1 141+ —L. (1.27)
e =2 laj|

For the individual metric components we then have

Do = Uiz —U2(f) = Wiz : (1.28)

Dy = U Wi, (1.29)

Now we expand the terms at » = 0 and get
2

Wﬁ%:MZZ+OC)$;:1+OQW§i¥=1+OQWQ. (1.30)

Combining the series we get
P = Mln%r”’?’ +0 (7’”’2> G = O (r”’:}) oo = O (7"2> : (1.31)

11



1.1.1 Casen=3

For n = 3, the metric reads
2

W
tg=-U2dv* +2

ﬁdvdr + gppdr? + U?r?dQ3, (1.32)

and the terms go as

U2 =0(r),r’U = M} + O (1), g = M} (1.33)
We can check that at » = 0, the metric is regular. The g,,, component reads
UN\?  (WN? M, N M
ngsz) _( )],WE+1+ = (1.34)
w U r JZ:; ||

The determinant *g = (guugrr — 92,) 900966 €quals

o)

This simplifies to

2 2

[(5/) - (VUV)Q] - (3/)4} AU sin2 6. (1.35)

tg = —rtU*sin 6. (1.36)

We evaluate at r = 0 and get

g T —M; sin 0 (1.37)

We see that the procedure works well for n = 3. Thanks to the multiple coordinate
transformations, we achieved that the metric is regular at the selected (we put
i = 1) horizon, which is a sphere of radius M;. This approach is the same for any
other ¢. However, in case n > 4 this procedure is not sufficient.

1.1.2 Casen >4

For n > 4, the metric determinant reads
P8 = (Guuger = g7,)U *2 12" 2 det d22_,. (1.38)

It can be shown that the determinant is zero at » = 0 from ({1.31]) and therefore,

the metric is singular there. We thus introduce a new coordinate R = "2 and
get
9 3—n
W 3—n 4]\4"_2
Grodr dv = (U) W do= (140 (" 2)] LodRde. (139)

However, this transformation breaks other terms and introduces the fractional
powers of R, such as

_2_ o9 2 2 2 2

U’l’L—QT‘ dQn—l — Un—2 Rn—Q dQ

n—1»

(1.40)

which can lead to non-differentiability on the horizon. As shown in [32], for n > 4
and N = 2 or N = 3, the metric cannot be extended smoothly. In case N =1,
we get Pg,. = 0 after introducing the coordinate R, and the horizon is smooth.

12



1.1.3 Case N =

Formally, for an infinite number of sources we have

=1+ Z (1.41)

|x— |

i=—00

It was shown [33] that if a; do not have an accumulation point, then we cannot
have a regular asymptotically flat space-time. However, if a; do have such a
point, then the Maxwell scalar F is unbounded in the region above all horizons.
To simplify the problem, we can assume a special configuration, such as equal
masses (M; = M for every i) and equal spacing on a line. This was studied in
[24]. When n is even, i.e., n = 2j for an integer j, we can perform the summation
and get

M n—1
U=1+ -t = iz =ua,. 1.42
k—z—:oo [p* 4 (2 — kL)?) ’ ; (1-42)

Here L is a coordinate distance between neighbouring sources on the z-axis. Then
the summation yields a closed form [24]:

U=1- M(_,l)j <18>j [ln (cosh % — cos 27rz)] : (1.43)

j! 2p 0p L

1.2 Electrogeodesics in 4D for an axisymmetric
MP spacetime

If the MP spacetime is axisymmetric, i.e., U = U(p, z), it is convenient to intro-
duce cylindrical coordinates, in which the metric takes the form

g=—U"2d* + U? (dp2 + p?de? + sz) . (1.44)

Lagrangian of a charged test particle with a charge-to-mass ratio g reads
1
L= §gw,j:’“”jc” +qAa", (1.45)

where x* is the position of the test particle, &* is its velocity and dot denotes the
derivative with respect to an affine parameter 7. The Lagrangian reads

2qiU + U* (02 + p* + 2%) — 12
B 202 '

The Lagrangian does not depend on ¢ and ¢, so we have the following conserved
quantities:

(1.46)

U—t ,
E= QT L, = p2U%. (1.47)

The remaining Euler-Lagrange (EL) equations of motion read

o (/- E* -2 + 2P+ =t 4 = ('(;355),(1-48)
.. 2 .9 .2 T2 LQUz
U (202U, — U, (E* +p* = 22)| + (EqU. + 2U?) = U (1.49)
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The normalization condition g, ##&" = U is rewritten as

2 L2
U? (=B + p* + 2%) + 2BqU + Eicke ¢ +U, (1.50)
where U = 0 for photons and &4 = —1 for timelike particles. Sometimes it is

useful to express the EL equations in the Hamiltonian formalism. The generalized
momenta are given by

oL

Here we get
qU — ¢ . - .
7Tt:7:E,ﬂp:pUQ,W¢:p2U2q§:Lz,7rz:zUz. (1.52)
Hamilton’s equations for momenta read
T = Ty =0, (1.53)
pU, | p* (72 + 72 +7r§, +7T35U
7, = mU,(mU —q)+ { ( & S )3 } , (1.54)
p*U
72+ p? (72 + 2
i = U, |m(mU—q)+ -2 pQ(Ug ") (1.55)

We see that if U, — 0, then the z component of the momentum will be conserved,
ie, m, = 0.

1.2.1 Static timelike cases

First we investigate the simplest electrogeodesics. The equations for a static
particle are given by plugging p = 2 = ¢ = 0 into the EL equations. We get

2=U%t = 0, (1.56)
U (U -i)iv, = o, (1.57)
U~ (qU—1)iU. = 0. (1.58)

There exist two types of solutions. The first one is acquired by putting the bracket
in the second and third equation equal to zero. We obtain

t=qU,t=qUr,¢* =1,qU > 0. (1.59)

This solution represents extremally charged particles, which can be static any-

where above all horizons. The second solution is given by the derivatives of U
being zero. We get

t=|U|7,U,=U,=0,qeR,U#0. (1.60)

In this case particles can have an arbitrary charge but need to be at special
locations where the first derivatives of U vanish.

14



1.2.2 Radial null paths

Radial null electrogeodesics are obtained by 2 = ¢ = 0. The equations of motion
read

N )

UP@U E)is — o (1.61)
U.(E*+p?)

=0 1.62

U ) ( )

Up*—E* = 0. (1.63)

The second equation requires U, = 0. From the last one we get that p is linear
in 7. We arrive at the following solution:

U.=0,p=py+ Er,t=—-EU* E <. (1.64)

If a black hole is located in the region U, = 0, the photon heading towards it
unavoidably penetrates the horizon.

1.2.3 Radial timelike paths
In the case of radial timelike electrogeodesics, we get the following equations:

U(pP?—E*+Eq .

U, iE +p = 0, (1.65)
U(E*+/*)—E

U. ( +;) T -, (1.66)

pPPU?+1 = (q— EU)~ (1.67)

The second equation implies U, = 0. From the normalization relation (|1.50]), we
get an effective potential for p yielding admissible regions of motion. The solution
reads

q—LEU-1)(¢—EU+1)
2
For £ =0, q # 0, there is no turning point and the solution simplifies to

i:LMq—EU)>QUg20m2:< >0. (1.68)

2
qg-—1
Uz gl = 1. (1.69)

For uncharged particles ¢ = 0, £ # 0, and we have

. EU+1)(EU —1
t:—EU{E<0¢@:omﬁz( ‘F;g )zo (1.70)

i:qU>O,U7Z:O7p2:

1.2.4 Axial null paths

Electrogeodesic along the z-axis are given by p = ¢ = 0. In the null case, we
obtain equations

2 _E2
U?@U)+z — 0, (1.71)
Up (E? 4+ 2%)
P T =0 1.72
U ? ( )
U(Z*-E*) = 0. (1.73)
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The second equation yields U, = 0. From the last one, we express Z and get
U,=0,2=2z2=+Er,t =—-FEU* E <0. (1.74)

If a black hole is located in the region U , = 0, we see penetration of the horizon.

1.2.5 Axial timelike paths
For axial timelike electrogeodesics, we obtain

U(E?+ %) — Eq

U, i = 0, (1.75)

U(F-E)+Eq .
U. ( iE ) +2 = 0, (1.76)
#U*+1 = (¢— EU)~. (1.77)

The first equation yields U, = 0. From the last one we get an effective potential
for Z, which determines regions of possible motion:

(¢g—EU —-1)(¢—EU+1)
2
Oscillation is possible if there exist multiple turning points and the effective

potential changes signs properly there. For E = 0,q # 0, there is no turning
point and the solution simplifies to

t=U(q—EU)>0,U,=0,3*= >0. (1.78)

2

. 1
t:qU>0,U,p:0,z2:qW,]q| > 1. (1.79)

For uncharged particles ¢ = 0, ' # 0, we have

(EU + 1) (EU — 1)

t=—-EU* E<0,U,=0,3z= P

> 0. (1.80)

1.2.6 Circular null paths

Circular electrogeodesics are given by p = 2 = 0. For null particles we get
equations

t=0=>t = ~r, (1.81)
p=0=¢ = wr (1.82)
2 22
vU, pwlU,
— U5”— i P _pw? = 0, (1.83)
U. (pPPw?U* ++?)
e = 0, (1.84)
2 22
p w U —z = 0. (1.85)

From the first and second equations we get a linear dependence of ¢ and ¢ on 7.
The fourth equation gives U, = 0. From the remaining equations we get

v =plw| U U, =0,U+2pU, =0, (1.86)

where U + 2pU , = 0 yields the location of a null orbit.
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1.2.7 Circular timelike paths

For timelike particles, we get the following equations:

f=0=t = A7, (1.87)
p=0=>¢ = wr, (1.88)
U (pw2U5 —vqU,U +~*U , + p2w2U,pU4) = 0, (1.89)
U—’; (—qu + p?W?U* + 72) = 0, (1.90)
o 2 2772
T = - (1.91)

From the fourth equation we get U, = 0. These equations are more difficult than
for the null particles, and require a careful treatment.

On the photon orbit

First we discuss the case when a timelike particle can stay on the photon orbit
case, i.e., when U + 2pU , = 0 is met. The equations then simplify to

2
vqU + p*wU* — 4% = 0, p*w?U? — T . (1.92)
12
It is easy to solve them for v and w. We get two distinct solutions:

U ¢ -4+ q/?+8
T+ = Z (C] + \/m) ’w:2i: = 8p2U2 ) (193)

Regions of existence require v > 0 and w? > 0. The variant '+ exists when
qg>1,U >0, (1.94)
while the region '—’ exists when
¢g<-—-1,U<0. (1.95)
We see that the particle is extremally overcharged.

Away from the photon orbit

We now continue with the U + 2pU , # 0 case, i.e., with a non-photonic orbit.
Then the solution reads

qpU , + \/(qQ +8) p2U2 + 12pUU , + 4U2

= U : 1.96

b 220U, + U) (1.96)

R i +q\/(¢* +8) pU% + 12pUU , + 40 o
+ 5P 2pU2 (2)0U,p _'_ U)Q . .

Without knowing U specifically, we cannot generally determine the regions of
existence — we get them from the conditions v+ > 0 and w? > 0.

17



18



2. MP 4D alternating crystal

We aim to construct a solution, which exhibits a discrete translational symmetry
along an axis. Therefore, we shall call it a “crystal”. To achieve this, we use lin-
earity of the field equations in the MP spacetime. First we construct a spacetime
with an anti-periodic potential, since investigation of convergence of the sums is
easier than in the case of symmetric potential. The metric of the system reads

d
g=—-U"2d* + U? (dp2 + p?d¢? + dz2) A= Uﬁt U=1+A,\= C;j (2.1)

where k is the crystal separation constant, () is the charge of each black hole and
X is a potential which we want to construct.

2.1 System in classical physics

We first examine the solution in classical physics. We construct the potential, ex-
amine its convergence and asymptotic expansion. Uniform convergence is crucial
since derivatives then commute with the sums and it enables us to prove that the
resulting potential satisfies Laplace’s equation.

2.1.1 Construction

We use dimensionless cylindrical coordinates (rescaled by k) in which the poten-
tial y satisfies Laplace’s equation ([1.14) away from the sources:

X,p

X,op T p + X,z = 0. (2.2)
Formally, x can be rewritten as
X = Z (_1>n>2na (23)

however, it is more convenient to define y as

o0

X = Xo + X-0,X-0 = > (=1)"xn. (2.4)
n=1
Here, \,, and Y, are defined as follows:
~ 1 2 2 N ~

The second definition benefits from the fact that the index runs from 1. We also
removed Yo from the sum, as it is convenient for investigation of the uniform
convergence (as shown in the following section).
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2.1.2 Convergence

We defined x using an infinite sum, to prove it satisfies Laplace’s equation we
need to exchange derivatives with the infinite summation. To be eligible to do
this, we need to prove that the sum and its first and second derivatives coming
from Laplace’s equation converge uniformly. We shall prove that in the following
region

R={0<p,0<2<1/2,0< ¢ <2r}. (2.6)
Using the potential symmetries, we shall later extend the definition of x to any
p and z.

Inspecting the potential

We begin with inspection of y,. The terms Y, are bounded by

0< §n< 0<fns 2
n 2n — 1

Using Theorem (A.T1)) presented in the [Appendix, we see that x, = 0. The

terms are decreasing with n:

1

OxXn 2—m z4+n .
o BT g <0in R. (2.8)

Using these facts, we see that the sum x—¢ converges uniformly (but not abso-

lutely) in R thanks to (A.T6):

> (=1)"Xn = X-0, (2.9)
n=1
and is continuous in R due to (A.T3)). If we put p = 0, the sum simplifies to
1 & 2n
=0,2) =— —1)'—,0<2< 1. 2.10
x(p=0,2) Z+n§( '3 0<2< (2.10)

We find that the sum can be expressed in the form of the well-known LerchPhi

® function (A.7))
1
X(p=10,2) =p,(2) = -+ P(—1,1,2) + &(—1,1,—2),0 < 2 < 1/2. (2.11)
z

Near the origin, we haveﬂ

. _
x(r,0) = - —2In2— C(SS) [1 —3cos (20)] 7 + O(r"),r < 1. (2.12)
r
In the vicinity of the axis, the potential reads

X(p; 2) = py(2)+

L) ) e (05 <5

) e r-5) (5 T) (55 )]+
+0(p°).

Here ((s) = > o, k~* is the Riemann zeta function.

(2.13)

20



In the mirror plane z = 0, the potential near the axis reads
1 3¢(3
x(p,z=0)= i 2In2 + Ci)pQ +O(ph). (2.14)

Its derivative for 0 < z < 1/2 is expressed via the generalized Riemann zeta

function (A.12)) and reads:
1% 142 1—=z z 4
48200_<( >+<< 2 )_C<2’ 2 >_<(2’2)_z2' (2.15)

Inspecting the first derivatives

We continue with investigation of the first derivatives of y. The first p derivative
of x, reads

IxXn PP

== — . 2.16
op 33, (2.16)
Bounds for the terms read
o<l 8 gl o 2 aX” ~ L (2.17)
=3 T 33(1—2n)2 ~ 1%, T 3y3n? T '

Again, we see that x,, = 0, but the main result is that the sum >>(—1)"xy,,
converges absolutely uniformly thanks to (A.T5)). Then the derivative commutes

with the sum due to (A.T8)

o & > IXn(p;s 2)
— —1)"xn(p, 2) = )= 2.18
5y XUl 2) = (-1 (2.15)
We also see that
x| _ x| _ (2.19)
Il O |,

Let us move to the first z derivative, which does not appear in Laplace’s equation,
but it will be used in the second z derivative. The terms read

OXn m—2z n+z

0z 13 3. (2:20)
The bounds for the terms read
n+z 2n+1 n—z _n+3 [0xn 1
< < ~ —. .

O - T?in - 2n3 70 — TTSL — n3 ) 82 n2 (2 21)

Again, we get the desired result:

> Oxn(p, 2)

2 (p, 1) 2.22
5 S Ul ) = (-1 (222
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Inspecting the second derivatives

The second p derivative of x,, reads

Pxa 3% 3p° 1 1

= —_—— = — . 2.23
0p? o, s 3, (2.23)
In this case the bounds are more difficult to obtain
3p? ) 3p? 1 1 8 1 1
0<T—5§$0<Tingn3Ogr—ggﬁ,ogagﬁ. (2.24)
Combining the inequalities we get an absolutely uniform convergence:
82Xn 1 00 . .
97 ~ 3 = Z(—l) Xn,pp = X-0,pp il R. (2.25)
n=1
The second z derivative of y,, reads
Pxn  3n—2)% 1 1 3 2
Xo _ 3(n—2) ———3—+M. (2.26)
072 r> r3 oo, .,

Combining the terms, we get that x, .. =2 0 and its sum converges uniformly:

X 1 = > (-1)" = in R (2.27)
~ > oz 022 1IN R. :
922 n3 ~ Xn, X0,

On the axis we have a formula involving the Hurwitz zeta functionﬂ:
z+1 z 1—=2 z 8
B0 =6 () =6 (5+1)+6 (57) -6 (1-3) -5 @)

The final step

We can now extend the definition of x to Vz. Using the mirror symmetry, we
have x.(p, 2) = xn(p, —2) and we extend y to the region —1/2 < z < 1/2. The
last step is to show (anti-)periodicity in z.

x(p,z+1) = i " Rn-1(p, 2) + Rn—1(p, 2)] = (2.29)
=X1(ps 2 +§: 1™ Rulp, 2) + Z —m(p,2) =
=21(p:2) = Ro(p2) () - i<—1>’ka<p, ) = —x(p.2).

In the first line, we expressed the functions x,, with argument 2 + 1 in the terms
of X, with argument z, but different index n. In the second line, we separated
the sums and defined new indices [ = n — 1 in the first sum and m = n + 1 in
the second sum. In the third line, we explicitly wrote the first two summands

?The Hurwitz zeta function, (s(a) = Y-, (a + k)~*, has singularities at a = —n for non-
negative integers n.
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from the first sum and put both sums together with index k. In the last step, we
regrouped the terms and got the result.

We have thus extended the potential via symmetries. The potential has anti-
period 1 and period 2:

x(p,2) = x(p, —2) = =x(p, 2+ 1) = x(p, 2 + 2). (2.30)

Plot of the potential is shown in [Figure 2.1} Using the mirror symmetry we get

ox B ox o
Xip )= =2p—2) = xalp 2 = 0) =0. (2.31)
We also get
dx _ Ox o
5, (p,2) = — P (p,2—2) = x:(p,z=1)=0. (2.32)

Combining all the results from the convergence test, we have proved that x is a
solution of Laplace’s equation with the following antiperiodic charge distribution:

—4mo = Ay = Axo + Z 1)"Ax, = —4n Z )38 (2, y, 2 —n) . (2.33)

n=1 n=-—00

If we separate the positive and negative terms, we can express it using relation

(E31) as
H_IQ (Z) - ]_HQ (Z - 1)

= o(p). 2.34
0 2mp (p) (2.34)

Using the Moore-Osgood theorem ({A.T7)), we find that
Jim x = lim x. = lim x.. = lim x, = lim x, = 0. (2.35)

2.1.3 Fourier series

Function y is anti-periodic, so it is natural to ask for its Fourier coefficients for a
fixed p. Since the potential diverges at » = 0 as 1/r, which is not integrable near
the origin, the coefficients will exist only for p > 0. We see that for any fixed
p the function y is at least two times differentiable in z and it is also at least
three times piecewise differentiable. Therefore, the Fourier series of y exists and

coincides with x. Using (A.D4)), we have

Z gn(p) cos(mnz), gn(p) = /_11 X(p, z) cos(mnz)dz. (2.36)

Finding the coefficients g,, directly is hard, it is easier to calculate them assuming

Z A ),p > 0. (2.37)

We desire to build the solution in that way so that each mode satisfies Laplace’s
equation. This yields an equation

A(AuBy) = Bo(p) A" (2) + An(2) (B;;<p) . ;1(”)) —0. (2.38)
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This formal procedure is to ensure that in the end we get the correct result. The
equation for each mode is separable, leading to

—a? = j:z; = —Bln (B;;(p) + B’/?p(p)> . (2.39)

Here, we recognize the harmonic part A,,, which plays the role of a Fourier series
coefficient. The general solution reads

A, B, = [ap sin(a,2) + by, cos(a,2)] [cnlo(anp) + dn Ko(amp)] - (2.40)

Function x has a reflection symmetry: x(p,z) = x(p, —z), which sets a,, = 0.
The anti-periodicity of x yields

An(z+1)=—=A,(2) = cos(mn) = —1=n=1,3,5,... (2.41)

Finally, from (A.19)), we see that [y diverges at p — oo, which implies ¢, = 0,
since we know from (2.35)) that the potential goes to zero. We thus arrive at the
expression

X = ifl cos [ayz] Ko [ayp|,cq = w(20 — 1). (2.42)
=1

Since we have
| Ko(mnp)| < Ko(0) exp[d(1 —n)],p > >0, (2.43)

the sum converges absolutely uniformly for p > ¢ and is smooth there thanks to
(A.T11)). Near the axis, however, the function Ky diverges. We determine the
unknown coefficients f; formally from the charge enclosed in a cylinder of radius
R and height 2h, which is aligned with the 2z axis and centred at the origin:

h

R —
Q) = =27 [ X[ pdp—2m [ (px)l,pdz = 2m(qy + ). (244)

Here ¢ is the first integral and ¢, is the second integral. The first term yields
00 . 1
= QZfl sin (oyh) {RKl (yR) — 04] . (2.45)
=1 !

However, in the limit R — 0 the term ¢; vanishes, see (A.25). The second term
gives

oo rh
G2 = Z/h freos [zl ayRK [y R d. (2.46)
=17~

Now we apply the limit R — 0 and get
ok
G2 = Z/h ficos [ayz] dz. (2.47)
=17~
We shall calculate them formally from the linear charge density A\(z):
h
lim Q(R, h) = / A(z)dz. (2.48)
R—0 —h
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Now we rewrite the charge density (2.34) as

ly(z) — (2 — 1) = il {cos(mnz) — cos[mn(z — 1)]} = (2.49)
- i cos(mnz) [1 — cos(mn)] = 2 lij: cos [ayz] .

We compare the terms and get f; = 4. We thus have

X = illcos (qz) Ko (qup),ap = (20 —1). (2.50)

=1

2.1.4 Asymptotic series

To investigate the cylindrical asymptotic structure of the spacetime, we need to
find the leading term of y in the limit p — oo. If we expand the individual terms

Xn for p> 1, we get
.1 (n—2)3 ( 1 )
oo 2p° p*

This approach can’t be used, as the resulting sum of approximated terms diverges.
However, we can use integral estimates for a non-negative (or non-positive) series.
The potential y is not suitable for this, as it is not absolutely convergent and the
terms Y, change the sign. We thus use its derivative instead. Its sum is absolutely
convergent, we can thus split the positive and negative terms apart:

aXﬁO o = aXQn N - 8X2n—1
0 = > 9 > 9 (2.52)

n=1 n=1

The derivatives are negative and increasing:

IXn 9?xn .
Xo 0,84 S 0in R, (2.53)
ap " Opon
We use the integral estimates (A.T4) and obtain
Ix1 /oo OX2n-1 — IX2n-1 OXon-1
9x1 IXon-1 4, o N~ OXon1 / dn, 2.54
op T h Top "—;ap—l ap (2:54)
o) DX 2n OXan 0 "y
X2+/ X2 d < Z X2 / X2 (2.55)
n=1
Subtracting the inequalities and expanding the terms for p > 1, we get
2 622 +17 1 ox _ 2 622+13 1
——+—F+0 < <5 -—,—10(=]|. 2.56
02+ 2p* " ( >_8p 2p* " p° (2.56)

This suggests that x , goes as p~2 or faster. However, we did not get any infor-
mation about the leading term and from numerical calculations, we see that x ,
does not go as p~2. To get a better restriction on the asymptotics, we use ([2.50]).

For a large p, the terms B; (2.50) go as

JTear 1 9 1
B =4——- 11— O|l—=1]. 2.57
b V2ap 8ayp * 128 p? + (257)
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Since the dependence on z vanishes for large values of p, we set 2 = 0 in the
Fourier series, and use an expansion of K for large p and take into account only
the leading term. The sum reads

(pz = 0) = icl [1 +0 (;)1 = 4%. (2.58)

The terms are positive and decreasing:

C; >0, i;l <OVI>1,p>6. (2.59)

We can thus use the integral estimates (A.T4]), which tell us
/ cdl<Y 0 <0 +/ Cydl. (2.60)
1 = 1

We evaluate the integral and get

/loocldzzﬁerfc(wr_p) ”plﬂ 1+0<1>].

T 272p

(2.61)

p T 0’

Thus the asymptotic estimate reads
2e7 | 1 1 s 2e7 TP 3 1
vae [+0<2> gZClsfe [2++0<2>]. (2.62)
Ve o LT p =1 VP Amp p

This does not give precisely the leading term, but restricts the asymptotics more
then (2.56)). From numerical data, we see that the leading term is

e P e P
X(p,z=0)=c 7 +0 (/)3/2> e R 2.74. (2.63)

2.2 Geometry

In the previous section, we have constructed the potential y and shown that it is
a solution to the Laplace’s equation. The metric reads

ds® = —U~2d* + U? (dp? + p*de” + d2%) , (2.64)

where the function U is given by

Up,z) =1+ Xx(p,2), A = i;? (2.65)

Function y has antiperiod 1, but U does not share this symmetry:
Ulp,z+2) =14+Xx(p,2+2) = 1= Ax(p, 2 +1) = 1+ Ax(p, 2) = U(p, 2). (2.66)

Although the sources are antiperiodic (2.33]), we see that U has period 2, but
no antiperiod. Near the origin the potential y behaves as a single extremal
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Reissner-Nordstrom solution ([2.12). We therefore expect that the surface r = 0
is not singular. We follow (|1.24)) and introduce a new null coordinate v as

A
dv =dt + W2(r)dr, W(r) =1+ = —2\In2. (2.67)
r
This transformation brings the metric to the form
dv? | wH
=7z T2z dvdr + <U2 - U2> dr? + U?r2d€;. (2.68)
Then we expand the metric coefficients at » = 0 and get
1 r? r? 4
= pJFF(AhnleS—z)JrO(r), (2.69)
U §((3) (3cos(20) + 1) 7 + O (r") (2.70)
U? 4 ’ ’
U? — W —§A2g(3) (3cos(20) +1)r+ O (7’2) : (2.71)
U? 2
Now the expanded coefficients are plugged into the metric:
g = —2dvdr + X\*dQ5 + O(r),g = —A'sin* 0 + O(r). (2.72)

We see that the metric is regular on r = 0, and in fact, it is a sphere of radius
|A|. The metric can thus be extended for r < 0, where it takes the form

ds? = —U%de? + U2 (di® + 72d0?). (2.73)

Here 7 > 0 is the new radial coordinate?] and the functions read

~ 2
0 =1+ A% X(70) = x(7,0) - ~. (2.74)

7
We can check, e.g., that the Maxwell invariant F (shown in [Figure 2.5) and
Kretschmann scalar I (shown in [Figure 2.6)), are regular there:

9 1—\n4) 20r2(ANIn*8—2XIn4+1

Fo— ﬁ _ 87“( )\;\ ) + ( 7 ) + O(Tg), (2.75)
8 64r(1— Aln4) 3362 (A? In?8 — 2\ In4 + 1)
F U CRE X

We have shown that every grid point (i.e., p = 0,z € Z) is in fact a horizon
with a spherical topology. The last thing is to determine the location of naked
singularities. For A > 0, the potential x is non-negative in the strip —1/2 <
z < 1/2. Therefore, the strip p > 0 is the region above the horizon and the
singularity is hidden under the surface r = 0. For A < 0, however, the function x
is negative within the strip and therefore, with a decreasing p (from large values)
we first encounter a naked singularity. If we travel from the region between the
singularity and the horizon, we end up in the region above the horizon. This is
the result of the symmetry (A, z) — (=X, zF 1) as

Ulp,z) =1+ Ax(p,2) =1 = Ax(p,z £ 1). (2.77)
The scheme can be seen at |[Figure 2.4]

3Naturally, we can introduce cylindrical coordinates j, Z, ¢ in the new region.

K = +O(r*).(2.76)
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2.3 Elimination of singular surfaces

Because of the anti-periodicity of y, the spacetime has regions, where U < 0.
However, we can remove them via identification of planes where U > 0. We start
by identifying planes z = 1/2 and z = 3/2. Following Israel’s formalism [34], the
metric of the spacetime can be written as

g=0(Z—-1/2)g" +06(1/2 - Z)g, (2.78)

where O is the Heaviside theta (A.32), g is the metric in region Z > 1/2 and
g~ is the metric in region Z < 1/2. In the first region, in coordinates (t, p, ¢, 24 ),
we have

de? 3 5
gt = il +U(dp* + p*d¢® + dz3), Z = 24 — 1; 3 <z < 3" (2.79)
In the second region, in coordinates (¢, p, ¢, z_), we have
- d? 2 | 2742 2 1 1
g = + U(dp? + p2d? +d22), Z =2 —~ < 2 < = (2.80)
U? 2 2
We see that on the border gt = ¢~, so the induced metrics on the surface
¥ ={Z =1/2} and normals are continuous:
de? 10
b - 2, 272 .

Thus the first junction conditiond'] [he] = 0 and [n?] = 0 are satisfied. However,
the first derivative of the glued metric is not continuous, thus the difference of
extrinsic curvatures on both sides is not zero:

k
[kap] = bldﬁ + [K|U?dp? + [k]p*U?d¢?, (2.82)
where [k] is the trace of [kq] and reads
k. — > ? e —27’ . 283
4 U(p, Z) U(p, Z) (283)

Thus we have a non-zero stress-energy tensor on the layer:

Ts = —6(Z — 1/2)47[Tk[]]2dt2. (2.84)

2.4 Electrogeodesics

We briefly review electrogeodesics for the alternating crystal. We apply our results

from [Section 1.2| The conserved quantities read

qU — 1
2

Here E is interpreted as the energy of the particle, L, as the z-component of its

angular momentum and 7, as the z-component of its momentum.

_ 271720 1; _ : _
E = ,Lz—pU¢,}LI§OU7Z—O$}LI&WZ—O. (2.85)

“Here, a tensor in brackets denotes the jump of the tensor across ¥. E.g., [n%] = n |z —n% |s.
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2.4.1 The static case

First, we inspect the static electrogeodesics, where we use results from (|1.56)).
We have two types of solutions, the first one ([1.59) yields an extremally charged
particle anywhere above horizons, which leads to

1 1
(q:l/\x>—)\)v<q:—1/\x<—)\>. (2.86)

Since the range of x is R, both cases exist and are separated by the surface
Ax = —1. This can be read from . The second solution represents
a particle at an equilibrium point on the axis. The condition U, = 0, however,
yields z = 0 or z = 1 (and of course, its periodic equivalents), but this is a
location of a horizon or a singularity — therefore, the second type of the solution
does not exist in the alternating crystal.

2.4.2 Radial paths

We continue with radial electrogeodesics. The condition U, = 0 yields mirror
planes z = 0 or z = 1, which contain a horizon or a naked singularity. For the null
orbits , motion is linear in the affine parameter 7 and we see penetration of
horizon. For timelike particles, the turning points are given by ¢ — FU + 1 = 0.
The function x is monotonic and its range is R, so we can have up to two turning
points. Therefore, oscillations are not permitted.

2.4.3 Axial paths

Electrogeodesics in the z direction are restricted to the axis. Null orbits always
penetrate the horizon ((1.74]). For timelike particles, the situation is more inter-
esting as we can have oscillations. On the axis, the function U reduces to (2.11])

1
U(0,2) =1+ Apy(2),py(2) = 2 +o(—1,1,2) + P(—1,1,—2),0 < z < 1. (2.87)

The function p,(z) is monotonic and decreasing on (0, 1), diverges for z = 0 and
2z = 1 and the range of p, is R.

If we set £ = 0, then the effective potential requires ¢ > 1 and we have no
turning point. If E # 0, then the equation for the turning point reads

_qEl1-F

px(2) = ps,ps = \E (2.88)

Due to the monotonicity and range of p, there always exists a solution. We thus
have at most two turning points, and therefore oscillations do not exist. The
effective potential is shown in

2.4.4 Circular paths

In the case of circular null geodesics, the radii are determined by ((1.86)) from the
condition U +2pU , = 0 in the mirror planes. From our numerical data, we found
that there are two cases: one radius or no radius, see |[Figure 2.8|
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For timelike particles, we have two types of solutions. The first one is on the
null orbit ((1.93), where we get U > 0,q > 1 for wy, and U < 0,q < —1 for w_.

The existence of the second type of solutions (1.96)) can be seen from [Figure 2.9
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Figure 2.1: Potential of the alternating crystal (a) near the origin; (b) near
cylindrical infinity; (c¢) a contour plot; (d) a detailed contour plot; (e) periodicity
of the potential; (f) potential on the axis. The cut-off indicates the divergences
of the potential.
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Figure 2.2: Surfaces given by x = ¢, where ¢ # 0 is a constant. The surfaces are
always disconnected.
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Figure 2.3: Convergence of the sum in the z = 0 plane (a) near the origin to
the fit; (b) near the origin to the numerical value (computed by mathematical
software); (c) near infinity to the fit; (d) near infinity to the numerical value.
The function x,«1 is the approximation of x to the order of O(p°), X, 1 is the

leading order of x at infinity.
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Figure 2.4: A schematic sketch of the alternating crystal spacetime: (a) an
overview in cylindrical coordinates p, z; (b) the region under the horizon at r = 0;
(c) the region under the horizon at r; = 0. The black dot represents a horizon,
the curly line represents a singularity. The coordinates p, Z are cylindrical coordi-
nates in the regions under the horizons, 7 and 7, are spherical coordinates under
the horizons.
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Figure 2.5: The Maxwell scalar for A = 1: (a) a contour plot, (b) a 3D plot. The
cut-off indicates a divergence of the scalar and thereby a location of a singularity.
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Figure 2.6: The Kretschmann scalar for A = 1: (a) a contour plot, (b) a 3D
plot. The cut-off indicates a divergence of the scalar and thereby a location of a
singularity.
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Figure 2.7: The effective potential for electrogeodesics: (a) axial (exact), (b)
radial (for the first N = 100 terms). The extrema of the potential determine the
existence or otherwise of various types of orbits. Also, if the effective potential for
axial paths is bounded then these trajectories travel between neighboring horizons

(but never come back out again of course).
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Figure 2.8: Existence of circular null geodesics (for the first N = 100 terms) given

by the condition U + 2pU , = 0.
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Figure 2.9: Existence of circular timelike electrogeodesics, which exist when v > 0
and w? > 0 — plot of w? and ~ for the first N = 100 terms.
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3. MP 4D uniform crystal

In the previous chapter, we constructed a solution with alternating charges. The
alternating sign of the individual terms granted us uniform convergence and
asymptotic flatness for large p. However, the resulting potential x is anti-periodic
and we always encounter naked singularities. It is natural to ask whether there
exists a superposition of individual charges with potential 1/r for each charge
and equal spacing on the z-axis. As usual, we start with the MP metric

dt
g=—-U"2d + U? (dp2 + p?de? _|_dz2> VA= ﬁ’U =14+ Ap, A= g, (3.1)

where k is the crystal separation constant, () is the charge of each black hole and
@ is a potential, which we shall construct. We expect that \ will be the linear
charge and mass density in the leading order of weak-field limit and that the
spacetime will approximate the ECS spacetime for large p.

3.1 System in classical physics

As in the case of the alternating crystal, we start by constructing the solution
and investigate uniform convergence of the potential. We can use some of our
previous calculations but we will face new problems.

3.1.1 Construction

In cylindrical coordinates, the potential ¢ has to satisfy Laplace’s equation ([1.14])
away from the sources

Y.
Ppp T
pp 0

+¢.. =0. (3.2)

The function 1/r, with r, of is a solution to this equation and corresponds
to a single MP black hole. To construct the uniform crystal, we aim to sum the
individual terms located on the z-axis. However, we have 1/r, ~ 1/n for large n
and the sum of these terms diverges. Therefore, we need to modify the potential
¢ and define it as

© = Qo+ ©-0,9-0= D n; (3.3)
n=1

where the functions ¢,, and ¢, are defined as

_s L 1 1 =&, + & (3.4)
Yo = Yo = TaSOn;«éO - r m;@n;ﬁo = ©n @—-n- .

n

The subtracted term 1/|n| makes the sum point-wise convergentfl]

In fact, we can subtract any c,, which goes as 1/n with the resulting potential differing by
a constant.
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3.1.2 Convergence

To ensure that ¢ is a valid solution of Laplace’s equation, we need to prove
uniform convergence of the sum. We shall do so in the region R defined as

R={0<p0<2<1/2,0<¢<2n}, (3.5)

and later extend the definition of ¢ to any p and z.

Inspecting the potential

Our goal is to find a bound that would guarantee uniform convergence. For the
individual terms ¢,,, we get

1 1 1
< <= = ,
7’L_<'0n_n(2n—1)7 n (36)

These bounds are independent of p, but they are not strong enough. Another
possible set of bounds read

2
+ = (3.7)

2 1 2,1
5 PFrFty 2 Pty
[ S : +ﬁ>’90n‘ <3 :

2n3 - 2n3

These bounds depend on the range of p and provide uniform convergenceﬂ for
p < R. This is sufficient for local uniform convergence, and we may continue
further. If we put p = 0, we are able to find a closed formula for the sum in terms

of harmonic numbers ((A.1)):

©0(0,2) = py(z) = o H(z) — H(—=z). (3.8)
On the axis, the function p,(z) has a minimum at z = 1/2:
Py(2) > pup(1/2) = pr = 2.77,0 < 2 < 1. (3.9)

In the vicinity of the origin, i.e., » = 0, the series for » < 1 (in spherical coordi-
nates r, 6, ¢) reads

I

o(r,0) = i + <23) [1—3cos(20)]7* + O(r),r < 1. (3.10)

2 We can achieve uniform convergence for any p via a regulator function:

= c- <pn

n=

Function f has to be chosen so that for p < R, the modified and original sums would agree and
that it would be possible to cancel f. For p > R, we want f to improve the convergence in the
sum. For derivatives, we have

Voo=(VHY Flen =1 enf 2VI+ 1> Ve,

and if f and its derivative f , are well behaved, then the first two terms cancel each other.
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In the leading term, we recognize the extremal Reissner-Nordstrom (RN) black
hole. Near the axis, we have the following series:

2 1 1 1
o0 = @+ [P P - S G
tr9 3 3
+ i{ﬁ_gwml_@_8¢wﬂ+@}+0wmp<L

In the mirror plane z = 0, we have the following expansion near the axis:

olp e = 0) = ; @t +3° % o). (3.12)

Inspecting the derivatives

We continue with the inspection of the first derivatives. We can use previous
results, as the derivatives coincide with those from the alternating crystal (2.4)):

1 2
An: ATL_ b} n: n - :>v n:V n- 313
Pn=Kn = e = Xn @ X (3.13)

Let us recall that bounds are strong enough (2.17)):

1
~ 5 IR, (3.14)

Op,
0z

Opn
dp

ensuring absolute uniform convergence of the first derivatives of ¢,,. Surprisingly,
this also guarantees uniform convergence of g for any p thanks to (A.T9). We
recall that the first p derivative reads

Iy P ~=~(P P
— == —+ 3.15
op r3 n; (rf; + r3, ) (3.15)
and the first z derivative reads
dp z X (n—z n+z
. - . 3.16
p: ~ Tt ( s s, ) (3.16)

The absolute uniform convergence also holds for the second derivatives, because
0,0v0n = 0,0, Xn- (3.17)

We have thus obtained all important ingredients. We conclude with a few re-
marks. For the first p derivative, we find

{¢(2)(1 — )+ 9P+ z)} — 213 = limyp,=0. (3.18)

p—0

lim = = lim =" = —— lim —~. (3.19)



The final step

We can now extend the definition of ¢ to any 2. Using the mirror symmetry
©n(p, 2) = ©n(p, —2), we can prove periodicity as follows:

>0 R 2
e(p,z+1) =xX-1(p, 2 +Z{anp7 +X—n—1(p,2)—n]= (3.20)
n=1
- i{ +¢ 2y by ]—
=2 -1 ¥o 9 Pn—1 P-n-1 n n+1 n—1 -
1 1 1 2
=P+t Pato—g Z¢z+n§:3<pm+z<n+1+n_l—n)—

=@o + Z(@k + ¢_i) = ©(p, 2).
k=1

In the first line, we rewrote ¢, with argument z + 1 using y,, with argument z.
In the second line, we removed the n = 1 terms out of the sum and replaced Y,
with ¢,. Since all terms have the same arguments, we omitted them. Then we
split the sum into three parts, where we introduced new indices: [ = n — 1 in the
first one, m = n + 1 in the second one. Then we rearranged the terms and put
them in the sums and finally we got the desired result.

We have thus extended the potential via its symmetries

p(p.2) = p(p,—2) = p(p,z +1). (3.21)
Plots of the potential are shown in [Figure 3.1} From this fact we can conclude

Op Oy B o
a(p,Z) __az <p7 Z) :>§0,z(p>z_0) _07 (322)

which is the same symmetry as in the alternating crystal (2.31]). But here it also
holds for the plane z = 1/2:

gi(p,z):—g(p(p,l—z)égo (p,z=1/2)=0. (3.23)

Thanks to the uniform convergence of the potential and its second derivatives,
we can calculate the charge distribution (A.30]) of ¢:

—dmo=Ap=Apy+ > Ap, =—41 Y %5 (z,y,2—n). (3.24)
n=1 n=-—0oo
This can be rewritten as (A.30))
1
o = T(2)d(x)d(y) = %UI(ZWP), (3.25)

where I1I is the Dirac comb distribution.
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Figure 3.1: Potential of the uniform crystal (a) near the origin; (b) near cylindrical

infinity; (c¢) a contour plot; (d) a detailed contour plot; (e) periodicity of the

potential; (f) potential on the axis. The cut-off indicates the divergences of the
potential.
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Figure 3.2: Surfaces given by ¢ = ¢, where ¢ # 0 is a constant. For ¢ > ¢y,
where ¢y = 2.77, the surface is disconnected, resulting in a change of shape of the
naked singularity.
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3.1.3 Asymptotic series

To determine the cylindrical asymptotic structure of the spacetime, we seek the
leading term of ¢ for p > 1. Functions ¢, , are suitable for theorem (A.T7),
because they are negative and increasing:

Opn Pn
op <0, dpon

>0 in R. (3.26)

We can thus find asymptotic series of the first p derivative of the potential ¢:

oo

dp _ d¢o Opn
— = — . 3.27
dp dp nZ::l dp (3.27)
Using integral estimates, we find
0 0 © Jdp, 0 0 % Jp,
oo L Gy [T gy < TP TR0 [Ty, (3.28)

dp  Op 1 Op ”—ap—ap 1 Op

We now expand the inequalities for p > 1 and get

2 1  322+4 1 Dy 2 1 32242 1
—~——+0 < f<-_ 24 O—]. (3.29
" ( >_3p_ p+p2 2pt p° (3.29)

p P 2p?

p5

We see that the dependence on z disappears for a large p (z is effectively restricted
to [0,1/2] due to the periodicity) and we conclude that ¢, ~ —2/p. See a
comparison with numerical values in |[Figure 3.3|

3.1.4 Fourier series

Function ¢ is periodic, therefore we look for its Fourier coefficients. In this case
there are two non-integrable divergences of the potential — the first one is
at the origin (r = 0) and the second one is for a large p — and we expect
those divergences to appear in the Fourier coefficients. We apply the same ansatz

as in the alternating crystal ([2.40]):
A, B, = [a, sin(a,z) + by, cos(an2)] [endo(anp) + dnKo(amp)] ,n > 0. (3.30)

Function ¢ has a reflection symmetry: ¢(p, z) = ¢(p, —z), which implies a,, = 0.
The periodicity of ¢ yields

A(z+1)=A,(2) = a, =2mn,n=1,2,3,... (3.31)

We know that the Bessel function I diverges at p — 0o exponentially ,
while K goes to zero. The potential ¢ also diverges at p — oo, but the divergence
is logarithmical, not exponential. This implies ¢,, = 0 and also that we need to
include the n = 0 term, which is independent of z, so that we get

o= folnp+ i fn cos [a, 2] Ko [anp] - (3.32)

n=1

In the first term n = 0, we already recognize the ECS solution [21]. Let us
continue with the computation of the as yet undetermined coefficients f,,. We
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Figure 3.3: Convergence of the sum in the z = 0 plane (a) near the origin to
the fit; (b) near the origin to the numerical value (computed by mathematical
software). Convergence of the first p derivative of the sum in the z = 0 plane
(c) near infinity to the fit; (d) near infinity to the numerical value. The function
¢p<1 is the approximation of ¢ to the order of O(p®), v is the leading term of
o for a large p.

shall calculate them formally from the linear charge density A(z) as in ([2.48]).
On the axis, the charge density reduces (3.25) to A(z) = III(z). We express the
charge using ¢ and get

h

R —
4rQ(R, h) = _277—/0 szlz;tzp dp — Qﬁ/h (p 90,9)|sz dz = 2m(q1 + ¢2). (3.33)

We denoted the first and second integrals ¢; and gs, respectively. We plug in

(3.32) and for ¢;, we have

¢ =Y _2fisin (oqh) {RKl (qR) — a] ) (3.34)
1=1 !
but this term vanishes for R — 0, see (A.25)). The second term reads
h 00
g = /h [—fo + > ficos (z) ayRK, (alR)] dz. (3.35)
- 1=1
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Finally, we apply the limit R — 0 and ¢» simplifies to
h 00
¢ = /h [—fo + > ficos (yz)| dz. (3.36)
- =1

We compare the obtained expression with III(z) from (3.24) and determine
fo=-2,fi =4 (3.37)

We have thus shown that ¢ can be written as

p=—2Inp+4> coslayz] Ko|onp|, an = 2mn. (3.38)

n=1
This is in agreement with (3.29) and we see that for a large p, the leading order
of ¢ is
p==—2lnp+ O(1). (3.39)

3.2 Geometry

In the previous section, we have constructed the potential ¢ and shown that it is
a solution to Laplace’s equation. The metric reads

ds? = —U~%dt? + U? (dp? + p*d¢? + d2?) . (3.40)

The function U is

Up,z) =1+ Xp(p,2), A= %,
where A is the linear charge density in the p — oo limit, @) is the charge of each
black hole in the grid and k£ > 0 is the separation constant. The function U has

the same symmetries as (. Near the origin, the potential ¢ behaves as a single
MP black hole (3.10). To show this, we define a new null coordinate v as

A

(3.41)

dv = dt + W2(r)dr, W(r) =1+ =. (3.42)
r
The metric transforms to
dv? W2 w4
g = _W + QWdUdT + <U2 - U,2> d?“z + UgerQg. (343)
The coefficients expanded at r = 0 read
1 r2 273 4
ﬁ = ﬁ‘l‘ﬁ‘f’o(r)a (344)
w2 3 4
T = L+H(B3)Beos(20) + 1)r* + 0 ("), (3.45)
o W —2)\%((3) (3cos(20) + 1) + O (1?) (3.46)
o cos r o). .

We now put these expansions in the metric and in the leading order, we get

g = —2dvdr + \2dQ5 + O(r),g = —A\*sin? 0 + O(r), (3.47)
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with g being the determinant of the metric tensor. Clearly, regularity of the
metric at » = 0 is achieved and in fact, the region is a sphere of radius |A|.
Therefore, the metric can be extended to r < 0, where it takes the form

ds? = —U2dt* + U2 (df2 + f%m?) . (3.48)

Here, a new radial coordinate 7 > 0 has been introduced along with a new
function U given by

U=1+Xp,¢(r,0) = (7, 0) —

RN )

(3.49)

We can check, e.g., that the Maxwell invariant F (shown in [Figure 3.5) and the
Kretschmann scalar K (shown in [Figure 3.6|) are regular at r = 0, where we have

> 8 202

F(r,0) = F—A—ZJF AZ FOM),r < 1, (3.50)
8  64r 3362

K(r,0) = F—T;+TJ+O(T3),T<< 1. (3.51)

It follows from that the outgoing null rays v = const. never cross the
surface r = 0. We have thus shown that every grid point (i.e., p = 0,2 € Z)
is in fact an event horizon with a spherical topology. Depending on the value
of A # 0, we either have a single singularity which envelopes all grid points, or
we have an infinite number of disconnected singularities, see In the
region r < 0, range of ¢ is R. This means that there always exists a surface
given by U = 0 resulting in another singularity. For a schematic diagram of the

uniform spacetime, see [Figure 3.4)

3.3 Electrogeodesics

Let us briefly review electrogeodesics for the uniform crystal. Again, we can use

our results from [Section 1.2 The conserved quantities read

qU — 1

E = B

L, = sz%,plggo U:.=0= lim 7. =0, (3.52)

where we interpret E as the energy, L, as the z-component of the angular mo-
mentum and 7, as the z-component of the momentum of the particle.

3.3.1 The static case

We begin by inspecting the simplest case, i.e., static electrogeodesics of (|1.56]).
The first type of solution ((1.59)) then leads to the condition

(g=1AXp>—-1)V(g=—-1ANpA < —1). (3.53)

Since the range of ¢ is R, both cases exist and are separated by the surface

Ap = —1, see |[Figure 3.2 The second type of the solution ([1.60) gives a particle
at an equilibrium point on the axis given by U, = 0, which in this case yields
only the point p = 0,z = 1/2 (and its periodic equivalents).
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Figure 3.4: A schematic sketch of the uniform crystal spacetime: (a) an overview
in cylindrical coordinates p, z for connected singularity; (b) an overview for dis-
connected singularity; (c) the region under the horizon at » = 0. The black dot
represents a horizon, the curly line represents a singularity. The coordinates p, Z
are cylindrical coordinates in the regions under the horizon.

3.3.2 Radial paths

Let us proceed to briefly discuss electrogeodesics in the p direction. The condition
U, = 0 restricts the motion to the z = 0 or z = 1/2 planes. The null orbits
penetrate the horizon and p is linear in the affine parameter 7. Timelike particles
can have turning points given by ¢ — EU 1 = 0. The function U is
monotonic in p in the planes z = 0 and z = 1/2, so we can have up to two turning
points, which excludes oscillations in the z = 0 plane. In the z = 1/2 plane, if
the singularity is connected or the first turning point is under the singularity, we
obtain oscillations, see |[Figure 3.8|
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0.0 0.2 0.4 0.6 0.

Figure 3.5: Maxwell scalar F for A = 1: (a) a contour plot, (b) a 3D plot. The
cut-off indicates the location of the singularity.

3.3.3 Axial paths

Electrogeodesics in the z direction are restricted to the axis because of the con-
dition U,,= 0. Null orbits always penetrate the horizon, see (1.74). Timelike
particles can have turning points given by ¢ — EU &1 = 0. On the axis,
the function U simplifies (3.8)) to

U(0,2) = 1+ Apo(2), pol) = % ~H(z) - H(—2). (3.54)
The function p,(2) is decreasing on (0,1/2) and increasing on (1/2,1) and has a
minimum at z = 1/2, where the value is given by p,, = p,(1/2) ~ 2.77. If we
put E = 0, we get no turning point. For ¢ = 0, we can have up to two turning
points, but we still cannot have oscillations. So oscillations can only occur for
q # 0, F # 0 and they follow from the solutions of the equation

qgt1-—F
\E

Depending on the values of ¢, E, \, we can have up to four turning points. This is
possible only when there exist two solutions in (0, 1/2), which yields the condition

Pe(2) = pr,ps = (3.55)

Dy > P AP > P (3.56)
Such paths can be seen in

3.3.4 Circular paths

For null circular orbits , we have the condition U + 2pU , = 0 in the mirror
planes. Based on numerical calculations, there seem to be three cases: no ad-
missible radius, one radius or two radii, see Timelike motion involves
two types of solutions. The first one is located at the photon radius, which
leadstoU > 0,q > 1 for w,, and U < 0,q < —1 for w_. The second type is
more complex so we present concrete examples from our numerical calculations,

see [tigure 3.10}
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Figure 3.6: Kretschmann scalar I for A = 1: (a) a contour plot, (b) a 3D plot.
The cut-off indicates the location of the singularity, which coincides with that of
the Maxwell scalar.
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Figure 3.7: Axial electrogeodesics: (a) effective potential (exact), (b) numerical
solutions of oscillations. The extrema of the effective potential determine various
types of orbits.
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Figure 3.8: Radial electrogeodesics (for the first N = 100 terms): (a) effective
potential, (b) numerical solutions of oscillations in the z = 1/2 plane.
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Figure 3.9: Existence of circular null geodesics (for the first N = 100 terms) given
by the condition U + 2pU , = 0.
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Figure 3.10: Existence of circular timelike electrogeodesics, which exist when
v >0 and w? > 0 — plot of w? and ~ for the first N = 100 terms.
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4. MP 4D smooth crystal

In the previous chapters, we constructed two unique solutions. The first one
consisted of alternating charges, which was useful to prove uniform convergence
of the potential x. However, the range of the function x is R, which inevitably
results in existence of the naked singularities. At least we get an asymptotically
flat spacetime at cylindrical infinity. The second solution was built from positive
charges only, but we had to subtract the 2/n term to make the sum conver-
gent, and in the end we also ended up with naked singularities. For a large p,
we obtained the ECS spacetime in the leading order as expected, and thus the
spacetime cannot be asymptotically flat at cylindrical infinity. Therefore, it is
natural to ask — is there any solution, where in the vicinity of the sources we get
an extremal RN and the spacetime does not have any singularity? What is its
behaviour for a large p — can we obtain a flat spacetime? In this chapter, we
pursue our idea to construct a superposition of individual charges endowed with
the screened Coulomb potential, i.e., e~ /r for each charge with equal spacing
on the z-axis. Thanks to the exponential suppression, the uniform convergence
is easily granted. However, this potential is not a vacuum solution and its charge
density contains a non-distributional part. We start with the MP metric again:

dt
g=-U7%dt* + U (dp* + p*d¢® + d2?) , A = 7 U=Ulp2), (4.1)
where k is the crystal separation constant, ) is the charge of each black hole.
We modify the standard MP solution by adding another matter contribution —

charged dust:

1(p, z)
U3

M,, = Uy Uy, U = U§é), utu, = —1, (4.2)
where pu(p, z) is the matter density of the dust, u* is the velocity of the dust,
which is proportional to the Killing vector of time symmetry 55). This modifies
the electromagnetic field, which has non-trivial current J*:

dt p(p z) 1

]:‘
F=dA, A= — J'= MEW = — (PP — = V). 4.
A=/ s 47r( 8 4 (43)

We see that the dust is extremally charged. The total stress-energy tensor T}, is
composed of charged dust M, and electromagnetic part £, and reads

Tul/ = E,ul/ =+ M;W- (44)
The Einstein equations read
R "
R, — Eg“” =81}, Tl =0, (4.5)
FY =dnJ", Ji, = 0. (4.6)

The Einstein equations yield a single independent equation for the function U:

AsU = —4rp. (4.7)

93



Again, we seek the function U in the form
Uzl—i—Aa,Azi, (4.8)

where o is potential from classical electrostatics, which we construct in the next
section.

4.1 System in classical physics

We begin by constructing construction of the solution and investigating uniform
convergence of the potential 0. We can use some of our previous calculations
again. The exponential suppression is certainly helpful for uniform convergence,
but the formulae are more complicated.

4.1.1 Construction

In cylindrical coordinates, o has to satisfy Laplace’s equation

Op

Opp + + 0., = —4mwo(p, 2). (4.9)

We choose the screened Coulomb potential, which has the following charge den-
sity:

—ar 042 a2

1
_ 3 . —ar| _ —ar
= A |°6(x,y, 2) pi—— —TQ(S(T) + e, (4.10)

e

As

where © = Ap. As well as in the previous cases, we define the potential o as an
infinite sum and put the singular term at r = 0 outside of the sum:

oc=00+0-9,0-0= Zan, (4.11)
n=1

where the functions o,, and d,, are defined as

e—ar e~

,O0n :(3'71—{—6_”,0'0 :5'0. (412)
Tn

4.1.2 Convergence
Again, we investigate convergence in the region
R={0<p0<2<1/2,0<¢<2r}, (4.13)

and later extend the definition of o to any p and z. We want the potential to
exponentially decay, which means o > 0.
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Inspecting the potential

The individual terms &,, can be expressed in terms of ¥, (2.5))

G = €% (4.14)
We can thus use bounds for y,, from (2.7) and get
2€—a(1/2+n) 2ea(1/2—n) e—an
0<6.,<2  0<é, < o~ in R, 415
SO S 5 oy 0SS Ty ol o (4.15)

We immediately see that 6, = 0, 6_,, = 0, which results in o, = 0. These
bounds are very strong and guarantee absolute uniform convergence of the sum.
On the axis, i.e., p = 0, we get a formula involving the hypergeometric function

(A-9)

6fa(z+1)
O'(p:O,Z) = pU(Z)E 1 2F1 (1,2"‘1,2"‘2,67&)—'— (416)
—az a(z—1)
€ € —a
+ . —Z_12F1<1,1—z;2—z;e )

Due to the symmetries, the function p,(z) has a minimum at z = 1/2:
Po(2) > ps(1/2) = 4arctan (e’%) : (4.17)

One is also interested in what happens when « tends to zero, since this could
yield our previous uniform crystal as a limiting case of the present spacetime.
The series for o < 1 reads

1
Do =—2lna+—-—H(z) — H(—z) 4+ O(«). (4.18)

2

This can be rewritten using (3.8 as
o(p=0,2) = 2lna+¢(p=0,z)+ O(a). (4.19)

We see that the on the axis, limit o — 0% could be applied only if we modify the
potential o by 21n . Near the origin we have

2
o(r,0) = i —a—2In (1 — e_o‘) + % + O(r?). (4.20)

Obviously, the leading term corresponds to a single extremal RN black hole. In
the vicinity of the axis, the potential behaves as

2 4
p p
0 = py(2) + 0 ,(0, 2)5 + 0 pppp (0, z)ﬁ +O(p°). (4.21)
Since the terms are very long and complicated, only the non-zero terms are de-
noted. In the mirror plane z = 0, the potential has the series

o(p,0) = L a—In (1 — 6_a) + 0472p - Pj [a?’ + ali; (e_a) + Lig (e_o‘)l +

p 2 213
Lo’ __p4[ ® — 150°Lis (e7*) — 45aLiy () — 45Li5 (e7*)] + O(p%), (4.22)
24 120 ’

where Li denotes the polylogarithm function (A.6). We see that near the axis,
the potential o can be modified so that it corresponds to ¢ for small values of a.
However, this is not sufficient and we need to further investigate properties of o.
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Inspecting the derivatives
Let us proceed to the derivatives of g,. The first z derivatives read

06, (n—z)e ¥ (ar, +1) |06, ae—n=2) 195, oe—oln+2)

- ~ ~ . (4.23

0z rn | 0z n | 0z n (4.23)
The first p derivative and its bounds read

96, pe o (ar, +1) [96,] ape "D |96, ape ) (4.24)

The p derivative of o,, is therefore bounded by

do,,

dp

—an/2—a/4—1 2+ 04(271 — 1)

<
= 8¢ a(2n —1)3

(4.25)

The first z derivative of 6_,, has a similar bound. It is evident that the sums of
the first derivatives converge absolutely uniformly. We proceed with inspection
of the second derivatives. The second z derivative reads

0%6, e o

2 5
0z rd

[(n — 2)? (aQTi + 3 (ary, + 1)) — 72 (ary, + 1)} . (4.26)

For large n, it goes as

825'n a2€—o¢(n—z) 82 A . a26—a(n+z)
922 |~ n 17922 |7 n ' (4:27)
The second p derivative reads
0°6,, e g g 2
¥ = — {p (a ri+ 3 (ar, + 1)) — s (ar, + 1)} . (4.28)
The behaviour for large n is
aZa.n Oéefa(nfz) 826.n Oéefa(n+z) (4 29)
0p? nz | dp? nz '

We see that the second derivatives are strongly bounded. Thanks to the expo-
nential suppression in p direction, the sums converge absolutely uniformly. We
thus obtained all essential ingredients. On the axis, we have

lim - — = —e*7b [a@(e’a, 2,1—2)+P(e,3,1— z)] — (4.30)

e (az +1)
3

— e [ad(e™, 2,14 2) + (e, 3,1+ 2)| —
Here @ is the Lerch transcendent (A.7)). It follows that o ,(p =0, z) = 0.
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The final step

We can now extend the definition of the function ¢ to Vz. Using the mirror
symmetry, we have o,(p,z) = o0,(p, —2) and we now extend o to the region
—1/2 < z < 1/2. Periodicity in z is trivial:

(p,Z+ 1) =01 pa Z On—1 pa + &—n—l(pa Z)] = (431)
=0_ 1p7 +Zak P,z +Z(3Lm<,02 =
m=2
:671(p,2)+60(p, >+Ul P,z )+ZUZ _0107 )
=2

On the first line, the terms with argument z + 1 were rewritten as terms with
argument z. Then the sum was separated into two sums and we introduced new
indices. On the last line, we took out two terms from the first sum and got the
desired result. We have thus extended the potential via the symmetries

o(p,z) =0c(p,—z)=0c(p,z+1). (4.32)

Plot of the potential is shown in [Figure 4.1} Combining all the results from the
convergence test above, we have proved that o is a solution of Laplace’s equation
with the following periodic charge distribution:

00 042

—4dmo=Ac =Aog+ > Ao, = Y |—e " —dr’ (z,y,z—n)|. (4.33)

n=1 n=-—oo n
The charge density can be also rewritten (A.30)) as

o = II1(2)5(2)8(y) — %Ta = l;f?é(p) - %Ta. (4.34)

Using the Moore-Osgood theorem ((A.T7)), we find that

/}Lrgoa = phrrolo o, = hm Oy = hm n o, = l}grgoapp 0. (4.35)

4.1.3 Fourier series

We continue with inspection of the function ¢ and look for Fourier coefficients of
o as in (2.40) through the ansatz

o(p,z) = Z An(2) By (p)- (4.36)

Contrary to the uniform and alternating crystals, we deal with a different equation
here. Each mode is an eigenfunction of the Laplacian:

Anz) _ 2y PBi(p) + B(p)
An(z> pBn(p)

57

A(A,B,) = o*A,B, = 0=

(4.37)
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Figure 4.1: Potential of the smooth crystal for & = 1 (a) near the origin; (b) near
cylindrical infinity; (c¢) a contour plot; (d) a detailed contour plot; (e) periodicity
of the potential; (f) potential on the axis.
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The equation is separable and leads to two equations for A,, and B,,:
An(2)
An(z)

Here (3, is the separation constant. For n # 0, the general solution reads

= =81, p (8 + ) Bu(p) = pB;l(p) = B (p) = 0. (4.38)

A, By, = an sin(fr2) + by, cos(8,2)] [endo(Vnp) + dnKo(yap)] ,n > 1,  (4.39)

where the constants -, are given by

= TR (1.40)

For n = 0, the mode does not depend on z and reads
AoBo = foKo(ap) + golo(ap). (4.41)

Function ¢ has a reflection symmetry: o(p, z) = o(p, —z), which implies a,, = 0.
The periodicity of o yields

An(z+1)=A,(2) = B =2mn,n=1,2,3,... (4.42)

From (A.19)), we see that [, diverges at p — oo. Potential o does not diverge
there, which results in ¢, = 0 and gy = 0. The expression of o reduces to

o= foKo(ap) + i frcos [Bnz] Ko [ynp] - (4.43)

n=1

Now we have to determine the unknown coefficients f,,, which we do formally
from the linear charge density:

lim Q(R, h) = /_ I; A(2)dz. (4.44)

The linear density is known from (4.34))

2

. 2t rR ) Qa R
Alz) = lim | /O Q(p,Z)pdd)dp—Hl(z)—]gLnO?/O po(p,z)dp.  (4.45)

The second part is finite and after the limit is taken into account, the integral
vanishes and we get

Az) = I(2). (4.46)
We are now ready to determine f;. The charge enclosed in a cylinder reads

h

R —
4mQR.) = =21 [ 0.l pdp =27 [ (00)l,_pdz = 2n(ar + ). (447)

Here ¢; is the first integral, which yields

RE: (wR) 1 ] . (4.48)

¢ = 2;1"161 sin [Bi7] [% 7

When the limit R — 0 is applied, ¢; vanishes. The second term is given by

Qo = /_]; lfoaRKl (aR) + i frcos (Bi12) iRK, (’le)] dz. (4.49)

=1
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After the limit R — 0 is applied, we get

Qo = /}; lfo + gfl cos (ﬁlz)] dz. (4.50)
Now we compare our expression with the linear charge density, giving us
fo=2 fi=4. (4.51)
Finally, the Fourier series of o is
o =2Ky(ap) +4 i cos [2mnz| K, [p a? + 4#2n2} : (4.52)
n=1

We can now expand Fourier coefficients for small o and we get
2Ko(ap) = —2(lna+Inp—1In2+7,)+ O(a?), (4.53)
4K [yap] = 4Ky [2mnp] + O(a?). (4.54)

We compare the coefficients with those from uniform crystal (3.38) and we for-
mally conclude

lim [o(p,2) 4+ 2(7e + Ina — In2)] = ¢(p, 2). (4.55)

a—0t

4.1.4 Asymptotic series

To calculate the asymptotic series, we could use the sum estimates, as we have
done for the uniform crystal. However, we would have to integrate an exponential
of a square root divided by a square root, which does not seem to lead to a closed
form. Instead, we try a different approach. For p > 1, we have

—ap-2=2? o) 1 1
gm0 L o(1)] )
P P
We approximate &,, by the first terms from the series and denote it 6&‘2”:

a(n—=z 2
5O L oap-stegi (4.57)

00,n D

Since the terms are exponentially bounded, the sum converges. We denote the
leading term of the function o as ¢(©:

oo

(0, 2) = o (p. 2) + O (;) | (4.58)

The function ¢(?) is defined as

“+o00
o= 3 60 (4.59)

We are able to find a closed formula (A.11]) for the sum:

2 7r2p
o9 (p, 2) = ,/O:;e_o"’ﬁg <—7rz,e_2a ) . (4.60)
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The leading term of ¢ reads

2 2 <2
aD(p,z) = \/ aze_ap {1 420 cos(2mz) + O (e—gapﬂ _

(4.61)

We see that the dependence on z vanishes for a large p. See a comparison with

numerical values in [Figure 4.2|
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Figure 4.2: Convergence of the sum in the z = 0 plane for « = 1: (a) near the
origin to the fit; (b) near the origin to the numerical value computed by math-
ematical software; (c) near infinity to the fit; (d) near infinity to the numerical
value. The function 0,4 is the approximation of ¢ to the order of O(p°), 0ps1

is the leading term of o for a large p.
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4.2 Geometry

In the previous section, we have constructed the potential ¢ and shown that it is
a solution to Laplace’s equation. The metric reads

ds? = —U%dt? + U? (dp? + p*d¢” + d2?) , (4.62)
where the metric function U has the form
Ulp,z) = 1+)\a(p,z),)\:%,)\>0. (4.63)

The function U has the same symmetries as the function . Near the origin the
potential o behaves as a single MP black hole (4.20). Due to the presence of the
dust, the Ricci scalar is non-zero:

2 (pU .. + U, + pU,,) _2A5U _ 8w

R= = Sl
pU Us U3

(4.64)

Since = Ao and 1/U is zero at r = 0, we can get an expression involving the
potential ¢ or the function U:

2\ 2U -1
_8mAo _ 2Xado __204([] ) (4.65)

R =
U3 (1+ Xo)? U3

We follow ([1.24) and apply the following transformation by introducing a new
null coordinate v as

dv = dt + W2(r)dr, W(r) =1+ X [e—:r +1In (1 - e"‘)] : (4.66)
This transformation brings the metric to the form
g= —(gj + ngjdvdr + <U2 — VUV24> dr? + U%r2dQ3. (4.67)
Now the metric coefficients at » = 0 behave as
Ulv2 _ ;‘\Z+2r3(>\a+2)\11)1\3(1—6_°‘)—1)+O(T4>7 (4.68)
ng _ - “3 +0 (), (4.69)
U? — I?J/; = z)\Qu?’r +0 (r2) : (4.70)

When the expansions are put in the metric, we see that near the origin r ~ 0,
metric and its determinant read

g = —2dvdr + A\?dQ3 + O(r),g = —A*sin® 6 + O(r). (4.71)

The transformation grants regularity of the metric on » = 0, which is in fact a
sphere of radius A. As in the case of the uniform crystal, » = 0 is also an event
horizon. Therefore, the metric can be extended for » < 0, where it takes the form

ds? = —U%dt? + U2 (di® + 72dQ?) (4.72)
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Here, 7 > 0 is a new radial coordinate and U is a new function given by

—ar

U =1+5,5(F,0) = o(F,0) — 2°

(4.73)

r

We can check, e.g., that the Maxwell invariant F (shown in [Figure 4.3)), the
Kretschmann scalar K (shown in [Figure 4.4)) and the Ricci scalar R (shown in

Figure 4.5)) are regular at » = 0, where we have

2 8ar 2r?(3\? —10) a?

F(r,0) = =tow o +0(r?),r <1, (4.74)

K(r6) = %+64"’ [AO‘”M;“_‘E_ ) =YL o6 <1, (@75)
20272 20213 [2a+4ln(l —e @) =3

R(r,0) = — O;; B [ As( ) A} +O0(r").  (4.76)

arctan(p)

(a)

Figure 4.3: Maxwell scalar F for A = 1,a = 2: (a) a conformal contour plot, (b)
a conformal 3D plot.

4.3 Electrogeodesics

Let us briefly review electrogeodesics for the smooth crystal, where the results
from are taken into account. The electrogeodesics have these con-
served quantities:

qU —t

E= 7z

L, = p*U%9, lim U, =0= lim 7. =0. (4.77)

We interpret E as the energy of the particle, L, is the z-component of its angular
momentum and 7, is the z-component of its momentum.
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Figure 4.4: Kretschmann scalar K for A = 1,a = 2: (a) a contour plot, (b) a
conformal 3D plot.
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Figure 4.5: Ricci scalar F for A = 1, = 2: (a) a conformal contour plot, (b) a
conformal 3D plot.

4.3.1 The static case

Let us discuss static electrogeodesics first . Since U is positive above hori-
zons and there is no outer singularity (unlike in the uniform and alternating
crystal cases), the first type of solution ((1.59) exists everywhere for ¢ = 1. The
second type of the solution describes a particle at an equilibrium point on
the axis, which has to satisfy U, = 0. Here, it yields only the point p =0,z = 1/2
(and its periodic equivalents).

4.3.2 Radial paths

Purely radial electrogeodesics are restricted to planes by the condition U, = 0,
which gives either z = 0 or z = 1/2. Null orbits penetrate horizon.
Timelike particles can have turning points given by ¢ — EU £ 1 = 0, but
The function U is monotonic in p in the planes z = 0 and z = 1/2, so we can
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have up to two turning points. Therefore, oscillations exist only in the z = 1/2

plane. Concrete examples can be seen in [Figure 4.7

4.3.3 Axial paths

Axial electrogeodesics are possible only on the z-axis because of the condition
U,,= 0. Null orbits go through horizons, see (1.74). Turning points of axial
timelike particles ([1.78|) are given by ¢ — EU + 1 = 0. The potential o on the

axis has a closed form (4.16)):
U(0,2) =1+ M\po(2), po(2) > po(1/2) = darctane™%. (4.78)

Oscillations can exist only if ¢ # 0, E' # 0 and if there are two distinct solutions
zy for z in the interval (0,1/2) such that

q+r1—F
AE

where p,(z+) = p+. Existence of axial motion can be seen in |[Figure 4.6

Po(2) = px,px = (4.79)

(Z(0) 1.01
20r

— a=5,B=l,A=1,a=2 q=1.50,E=0.20, =1, 0=2.1

0.8f
g=3+pm,E=2,A=1,a=2
1.5F
g=2,E=0.5,2=1,a=2 0.6k
— Q=-pm,E=-1,2=1,0=2 \
. — gq=-1.1lpp,E=-1.1,A=1,a=2 0.4} \/
0.2}
= -~ 4

— g=1.15,E=0.05,1=1,a=5.0

Figure 4.6: Axial electrogeodesics for various ¢, £, A, and «a: (a) effective potential
(exact), (b) numerical solutions of oscillations. The extrema of the effective
potential determine various types of orbits.

4.3.4 Circular paths

Null circular orbits are located at the radii given by U +2pU, = 0 in the
mirror planes. In this case, we see that there can be up to three solutions — see
Figure 4.8, The timelike motion admits two types of solutions — on a photonic
orbit and non-photonic orbit . The first one yields U > 0,q > 1 for
w,, and there is no region for w_, because the function U is positive. For the
second one, see concrete examples from the numerical data shown in [Figure 4.9,
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Figure 4.7: Radial electrogeodesics (for the first N = 100 terms): (a) effective
potential, (b) numerical solutions of oscillations in the z = 1/2 plane.
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Figure 4.8: Existence of circular null geodesics (for the first N = 100 terms) given
by the condition U + 2pU , = 0 (a) in the z = 0 plane; (b) in the z = 1/2 plane.
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Figure 4.9: Existence of circular timelike electrogeodesics, which exist when v > 0
and w? > 0 — plot of w? and « for the first N = 100 terms.
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5. Crystals in Weyl 4D spacetime

In the previous chapters, we constructed 4D solutions in the Majumdar-Papape-
trou family of spacetimes, where one can add sources at arbitrary positions and
still have static balance, as the sources are extremally charged. In order to create
crystal-like structures, we put the sources on the axis, which resulted in axial
symmetry of the spacetime. However, static electro-vacuum axially symmetric
spacetimes can be described by Weyl [35] metric, discovered by Weyl [36] in
1917, which reads

g=—e*dt* + e {eQV(dp2 +d2?) + p2d¢2} : (5.1)

Here ¢ and v are functions that depend only on Weyl’s canonical coordinates
p, z and describe regions outside horizons (in the case of black holes), often be-
ing the counterpart of cylindrical coordinates. We shall review the Einstein field
equations for the vacuum case and in the case of electromagnetic field and briefly
discuss the crystal solutions, which exist simply thanks to the symmetrical align-
ment of the sources. However, if the sources are not extremal, the solution is
unstable, which can be seen from, e.g., asymmetrical perturbations.

5.1 Vacuum case

In the vacuum case, the Einstein field equations yield a single equation for
(away from the sources)

Y
VYpp+ =
PP P

+ w,zz =0, (52)

which is Laplace’s equation in cylindrical coordinates. The function v can be
obtained by quadratures from the remaining Einstein equations, which read

Yo =P ( ,2p - w?z) » Vo = 20¢,p¢,2~ (53)
The Schwarzschild black hole can be written in these coordinates as

AR.R_ R+ 2M’

where M is the mass of the black hole and the functions R4 and R are given by

Re=1/p*+(:£ M2, R=R, +R_. (5.5)
The potential 1)y can be rewritten as

1 R-2M 1 R +z-M

e e .
o= o o T N R (56)

which is formally the Newtonian potential of a finite rod located at p = 0,
|z| < M. The “rod” has length 2M and its total mass is M. The horizon of the
black hole r = 2M corresponds to the location of the “rod” in Weyl’s coordinates.
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We now briefly review an article written by Korotkin and Nicolai [26], where
they used linearity of (5.2)) and studied a periodic superposition of Schwarzschild
solutions. First, one has to check the asymptotics of 1 for a large n. We get

M Mz 1
Uo(p,z £ nl) = I + 12,2 +0 <n3> ) (5.7)

where L > 2M (so the horizons don’t overlap) is the crystal lattice constant. The
periodic solution is thus constructed as

M
¥p.2) = ol 2) + 3 [wnlp.z 4 L) + (2 L)+ 2] (58)
n=1

The function ¥(p, z) is clearly convergent, symmetric, and periodic:

V(p,z) = (p,—2) =v(p, 2+ L). (5.9)

One has to also check the periodicity of v(p, z) — for details, see [26]. We conclude
with a review of the asymptotics of ¢ for a large p. One can show that

1oy o M 1

M
27P({TP N d(p® - 7n§_:oo P2+ (2 +nL)? ]3/2 - p*L Lo (510

Therefore, the leading order of ¢ for a large p reads
= j‘f m(p?) + O (1), (5.11)
and the metric tends to the Kasner solution [37]
ds? = CpT(d22 + dp?) + O~ 1 p22d¢?® — Cpdf?, (5.12)
where C and C are integration constants and ov = 4M L. We can also read the
asymptotics from the corresponding Fourier series expansion. The potential 1

satisfies Laplace’s equation ([5.2)), therefore we can use the same procedure as in
the uniform crystal (3.32). We prescribe an ansatz for ¢

> 2
= foln (Z) + Y fucos [anz] Ko [onp], an = % (5.13)
n=1
The mass density po of the potential iy readﬂ
— A Ay = ——5(p)TI <Z> (5.14)

where TI(z) is the box distribution (A.33]). Therefore, the total mass density reads

3 Z+"L). (5.15)

> wlz+nl) = i) 3o (4

n=—oo n=—oo

'Here, Laplace’s operator is taken with respect to the unphysical flat spatial metric in
cylindrical coordinates.
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Now we compute formally the unknown coefficients, computing the total mass m
and using linear mass density A

' h

lim m(R.h) = [ A(=)dz, (5.16)

—h

where A(z) is given by

2M(2) = i I (Z ;_]\ZL) _ M + i 1 sin <47TZM) Ccos (QW;Z> . (5.17)

n=-—00 L n=1 TN

Here, we rewrote the sum of II as its Fourier series. The mass m can be also
expressed in terms of ¢, which is similar to ([3.33)

R h
. o z=-+h
lelgb drm(R, h) = 27T/0 V.| pdp+ 27 /_h (P¥p)l g dz. (5.18)

Here, the first integral vanishes and we arrive at the following expression:

h
lim 2m(R, h) = /
R—0 h

[fo — > ficos (alz)] dz. (5.19)
I=1
We compare the coefficients with (5.18)) and finally get

2M <1 2
= - In (g) — nz::l P sin (2a, M) cos [a, 2] Ko [anp] , aon, = % (5.20)

We see that the leading term is in agreement with (5.11)).

5.2 Electro-vacuum case
In the electro-vacuum case, we have an electromagnetic field given by
A=d(p,z)dt, F = dA. (5.21)

The Einstein-Maxwell equations read

D pp + ;w,p F e = UL F Yo+ Vs (5.22)
U pp + ;w,p i = (22 40%), (5.23)
by = oen(eel), e
;% = 2,0, —2e P P (5.25)
D, + fl)cb,p +D,, = 2,0,+20.D.. (5.26)

If we assume a functional relation ¢ = ¥ (®), then we get from the field equations
e? =1—2cd + 02 (5.27)
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where ¢ is a constant. If ¢ = 1, then e?¥ = (1 — ®)2, i.e., it is a perfect square.

The well-known RN solution is given by
2 2

290 _ R —4d 200 —

(R+2M)%’ RyR_ "’

R? — 4 C2Q

2
T Ry oM’ (5.28)

where M is the mass of the black hole, @) is its charge. The functions R, are
given by

Ri=\/p*+(zxd?*> R=R,+R_,d=/M?—- Q> (5.29)
We further assume that d is real and non-negative, i.e., the solution describes a
black hole. The extremal case, i.e., M = |@Q|, corresponds to the limit d — 0. In
that case, we get ¢ = 1, v = 0, the equation for 1) can be linearised and we end
up with the MP solution. We are now ready to follow an article by Azuma and
Koikawa [27], who studied a finite superposition of RN solutions. First, we need
to obtain a linear equation for ®. This can be done by the transformations:

o) pE

kh |

db=—_S=d—L f 5.30
S+ M 1—f = (5.30)
We obtain the following equations:
F,
0 = F,,+— P+ F.., (5.31)
p
Yo = p(Fh—F2) 7. =2pF,F.. (5.32)

These are exactly the same as those in the vacuum case (5.2)), (5.3)). If we apply
this transformation to v, we get

Fo=1In (“;ﬁ*) s =—dF 2+ Ry (5.33)

However, it is possible to simplify Fj and get

R_-I—z—d)

F =ln|{———
0(p7z) H<R++Z+d

(5.34)

which has the same form as (/5.6|), differing in the overall factor and with M being
replaced by d. The behaviour for a large n is

2d | 2dz 1
Fo(p,z £ nlL) = ~In + 72,2 +0 <n3> : (5.35)
Therefore, we define the RN crystal solution as
4d
F(p,z) = Fy(p, z) + Z Fo(p,z+nL)+ Fo(p,z —nL) + 7 (5.36)
n=1

where L > 2d, so that the horizons don’t overlap. An example of F' is shown in
[Figure 5.1 The periodicity of 7 is guaranteed thanks to the same arguments as
in [26]. We also immediately have the Fourier series of F', which reads

Ad P o~ 2 2mn
F=71 — > —sin(2 K, _2m |
7 (L) nzz:l — sin (2a,d) cos (o 2] Ko [anp] , o T (5.37)
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so the leading term for a large p reads

F = QLd In(p?) 4+ O (1). (5.38)

Then we plug this into ([5.30) and determine the leading terms of ¢ and -~ as

o 4d

e = Adpr e
_ -
(dp +d+ M — Mpt)

1642

M =p1T p> 1. (5.39)

Now we can apply the limit d — 0 and for a large p, we get

2
2 L

:m,e2v:1,d<<1,p>>1, (5.40)

which is exactly the same asymptotics as for the uniform crystal (3.39) with a
linear charge density A = M/ L (3.41)), giving us the ECS spacetime in the leading
term.
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Figure 5.1: Potential F' of the RN crystal for d = 0.1, L = 1 (a) near the origin;
(b) near cylindrical infinity; (c) a contour plot; (d) periodicity of the potential.
The cut-off indicates the divergences of the potential.
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6. Dimensional reduction of
compact dimension

In the previous chapters we considered exact solutions of Einstein equations,
which were constructed directly by solving 4D equations. However, we ran into
difficulties, because the solutions were given in terms of infinite sums with no
closed formula [24]. In higher dimensions, however, the sums can have a closed
form. In this chapter, we briefly review how to use a symmetry of any solution
of Einstein’s equations to generate a new solution of a lower dimension [3§].
The initial assumption of the procedure is that the D + 1 metric ?T!g can be
decomposed] as

bty pdrtda? =Pg,, (%) datdz” + &(z*)2dE?, (6.1)

where ¢ is a compact spacelike Killing coordinate, gee = ®* and g is a metric of
dimension D. We consider electro-vacuum solutions, for which the action for the

metric P*lg 5 in D + 1 dimensions reads

Dilg _ /dD+1x |D+ig] [LEH<D+19AB) n LM<D+1FAB)} 7 (6.2)

where L, is the Lagrangian density of the electromagnetic field Fyp with
TY the electromagnetic stress-energy tensor , and Lgy is the Einstein-
Hilbert Lagrangian (18)). In order to generate a solution in D dimensions, we
need to rewrite the action in terms of D-dimensional quantities only. We use
the splitting of the metric and we also treat ® as an independent scalar
field and multiply it from the metric determinant as \/|P+1g| = ®./|”g|. Since
¢ is a Killing coordinate, it does not appear in the action and we can integrate
the action P15 with respect to £ (since € is a compact coordinate, it will fac-
tor the integral by a finite constant). To define the new action, we also need to
decompose all quantities in the action.

6.1 Decomposition of electromagnetic field

We begin with the decomposition of the electromagnetic field. Its components
can be written as

DA p pda?t Ada® = F,da" Ada” + Feda” AdE (6.3)
From the definition of F4p, we have
Fyg = AE;V — AV;§ = A&V — AV7§ = A&V = 1#71,7 (64)

where we defined a new function . The term A, ¢ vanishes since ¢ is Killing
coordinate of the metric g. We further assume here that the electromagnetic
field inherits the symmetries of the gravitational field. This is non-trivial since,

!Capital Latin indices range over 0, ..., D + 1, Greek indices are 0, ..., D.
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in fact, we produce a solution where the resulting scalar field does not share the
symmetry of the metric. We thus have

2 _ v
FABFAB = FNVFMV + @gu @ZJ7M1/)7,,, (65)

where we interpret F),, as an electromagnetic field in D dimensions and v as an
additional scalar field.

6.2 Decomposition of Ricci scalar

We continue with the decomposition of the Ricci scalar. We use a few handy
relations from [30], where we identify

R=0,F=® n=D+1,p=D. (6.6)

We plug the quantities in and get
R("*g) = R — QIﬂgﬂ” {v v, (9 - 2; (0%) (@2“ , (6.7)

where R = R(P§) is a shorthand for the Ricci scalar of the metric ?g. After some
algebraic manipulation, we arrive to the expression

_ 2
R(Ptg) =R — 30 (6.8)

D+1

Now we can rewrite the term with R(”*'g) in the action and get

[ariayipriglR(g" ) = [ dg [ aPafiPg] [@R(") —20,9] . (6.9)

But we can get rid of the second part of the integrand, since the integral of O0 ®
over the whole manifold vanishes (12)), because it is a total divergence:

[ P15 oy 0 = [ e (FDW ) 0, (6.10)

Thus the Ricci scalar in the action simplifies to
/dD“x |D+1g[R(gP*Y) = /dg/d%,/wg@f‘z. (6.11)

6.3 Equations of motion

Using the results from the previous sections, we are ready to define the new

D-dimensional action in terms of the fields ®, ¥, F,,,, Pg,, in the following way:

1 — T ) 2
DS = 1677'('\/de ‘Dg‘q) |:R — 2A — FU Fp,l/ + @wyqu,uil . (612)

From now on, we work only with D dimensional quantities, so we don’t write the
dimension D explicitly and we also drop the bar, i.e., g — ¢g. The action can be
rewritten in terms of Lagrangians of the respective fields as

1
Py — /dDm/|g| (@LEH OLy o+ (I)LS> , (6.13)
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where 32nLg = 1 4" is the Lagrangian of a massless scalar field ). We thus
obtain these equations of motion:

R 1
Ry = 5 = Agpu + 8(T + T3, + (I)T;f;) (6.14)
1
87TT£/ = 6 (q);/u/ - gw/ (] (I)) ) (615)
1
Sﬂ_Tl,:Z}V = ¢,uw,u - igw/w,awﬂa (616)
D D—1 8
S0 = TR—(D+1)A+87TTM+§T”’, (6.17)

where the last equation for ® is in this case not independent and follows from the
trace of the first equation. Now we are interested in the equations for A,. We
start from the action Sg); given as

Spar = — / V=gOF,, ", (6.18)

and vary it with respect to A,, denoting the variation dA,. We get

3Spn = —2 / =g 2Em pusa (6.19)

aAa P

We want to get rid of the covariant derivative in d A, so we rewrite the variation
as

\/_—gq)%FW(SAa./B = (6.20)
OAuis ’
. 0w
— V; \/_<I> FI"0Ay | = =gdAaVs B2 F™ | (6.21)
a;3

The first term is a total divergence and can be rewritten as a partial divergence,
therefore it does not contribute to the field equations. We plug in F,, = A, —
A, and rewrite second bracket to get

OF,,

= 6207 — 5265, 6.22
aAa;B 127 nov ( )

Finally, we get equations of motion
Vs (0F*) = 0. (6.23)

The equations of motion for the electromagnetic field yield the conservation of
charge:

4r Q) = 75 O+ F (6.24)
S
Using the same procedure, we an get equation for ¢, which reads
(@), = 0. (6.25)
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7. MP 5D crystals

In the previous chapter, we mentioned a way of generating new solutions from
solutions in higher dimensions. In this chapter we shall review 5D Majumdar-
Papapetrou solutions, where the crystal solutions have a closed form , which
we will use in the next chapter. In Cartesian coordinates (¢, x1, za, x3,24), the

metric reads (1.1))
ds* = —U2dt* + Ud# - d7. (7.1)

The Ricci scalar reads ((1.12)
o 2UAU Y Ul 72
B 203 ' '
And the electromagnetic potential is given as

V3dt
2U

A:

3 4
JF = Uz. (7.3)

The Einstein and Maxwell equations reduce to a single equation
AssU = 0. (7.4)

We further assume that the metric is axially symmetric, so it is natural to intro-
duce the hyper-cylindrical coordinates defined as

Ty = 2,Ty = pCos P, x3 = psingcos&, ry = psingsiné, (7.5)
so we have U = U(p, z) and the metric transforms to
ds® = —U~%dt* + U (dp® + p*de® + p*sin® ¢ d€* + d2?) . (7.6)
Then the field equation reduces to
U,pp + EU,,) +U..=0. (7.7)

The metric does not depend on the angular coordinate &, which we later use for
the dimensional reduction.

7.1 Uniform crystal

First, we build a solution analogous to the 4D uniform crystal. In 5D, the solution
corresponding to a single black hole has a potential that goes as r~2. Therefore,
a uniform crystal in 5D is defined as

M =2 1
U=1+4gnn= >,

m=—00

_— 7.8
p2 + (Z _ m)2’ ( )
where M > 0 is the mass of each black hole in the grid, L > 0 is the crystal lattice
constant and p, z are dimensionless, L-rescaled coordinates from (7.6). The sum
has the following closed form

T sinh(27p)

= p cosh(2mp) — cos(2mz) (7.9)
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We list here some propertiesﬂ of n

n(p,z) = nlp,—2) =nlp,z+1), (7.10)
2
T
(r,0) = i+7r—2+7r—4[2 (20) + 1]+ 0(r"),r < 1 (7.12)
n(r, = 2 3 15 Cos T )T ’ .
n = % [1 + 272 cos(2mz) + 0(6747”0)] ,p> 1. (7.13)

We see that the potential is symmetric and periodic as expected. Near the origin,
it behaves as a single extremal 5D RN black hole, and far from the axis, it tends
to zero. A plot of the potential is shown in

n(p=0)
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Figure 7.1: The potential 1 of the uniform crystal in 5D: (a) a contour plot;
(b) a 3D plot; (c) potential on the axis; (d) potential in the mirror planes. The
cut-off indicates a divergence of the potential, which represents horizons at the
grid points.

IThe series of expansion for the hyperbolic tangent for a large argument reads tanh (z) =
He%h —1=1-2e"242e"4 40 (6_6”) . There is no asymptotic expansion in z as exp (1/z
has an essential singularity at = = 0.
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7.2 Alternating crystal

In this section, we inspect an analogous solution to the 4D alternating crystal
(2.1). In the dimensionless hyper-cylindrical coordinates, the function U is given
as

M +o0 (_1)m
U=1+4— = _— 7.14
AP R CEk (710
The potential ¥ has the following closed formula:
= m  cos (mz)sinh (7p) ‘ (7.15)
p cosh (2mp) — cos (272)
The potential is symmetric and anti-periodic:

However, this means that there are regions where U < 0 and the metric is not

Lorentzian, see |[Figure 7.2,
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Figure 7.2: The potential ¢ of the alternating crystal in 5D: (a) a contour plot;
(b) a 3D plot; (c) potential on the axis; (d) potential in the mirror planes. The
cut-off indicates a divergence of the potential, which represents horizons at the
grid points.
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7.2.1 Elimination of singular surfaces

The metric has regions, where U < 0. However, we can remove them by identi-
fying the planes where U > 0. We start by identifying the planes z = 1/2 and
z = 3/2. Thus the metric of the spacetime can be written as

g=0(Z-1/2)g" +0O(1)2 - Z)g~, (7.17)

where g* is the metric in the region Z > 1/2 and g~ is the metric in the region
Z < 1/2. In the first region, using coordinates (¢, p, ¢, &, z, ), we have

2

dt
gt = ~55 + U(dp? + p*dQ% +dz%), Z =z, — 1,3/2 < z, < 5/2. (7.18)

In the second region, the metric reads

dt?
9=t U(dp* + p*dQ3 +d2?), Z =2, —1/2 < 2 < 1/2. (7.19)

We see that at the boundary g* = ¢, so the metrics induced at Z = 1/2 and
the corresponding normals are identical on both sides:

dt?

ht=h" = —t U(dp® + p*dQ3),ny = n_

19
U Oz
Thus the first junction conditions, [he) = 0 and [n?%] = 0, are satisfied. However,

the first derivative of the metric is not continuous and the difference of extrinsic
curvatures on both sides is not zero:

(7.20)

(ko) = [Ukidﬂ + [K|Udp* + [K]p*Ud3, (7.21)

where [k] is the trace of [kq] and reads

_ U:Z(pvz+ 1) B U,?«’(pv Z) o U,z(pa Z)
k] = 205 Z) = TR 2] (7.22)

Therefore, we have a non-zero stress-energy tensor on the surface:

3[K]
{nU?

Ty = —6(Z —1/2) de*. (7.23)
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8. Reduced 5D uniform crystal

In the last chapter, we construct an exact solution in the Maxwell-Einstein-dilaton
theory, which we obtain through the dimensional reduction of a 5D solution. In
the previous chapter, we investigated two 5D solutions: the uniform and alter-
nating crystals. However, only the 5D uniform crystal was well-behaved, and we
shall use it now in the dimensional reduction process.

8.1 Construction
We start with the MP 5D metric °g, which reads
Pg= U2t + U (dp* + p*dg? + p?sin® ¢ d€” + d2?) | (8.1)

where U = U(p, z), so the spacetime is axially symmetric. It is clear that & is
a candidate for the reduction — it is a compact Killing coordinate. After the
reduction, we obtain a 4D metric 1g

M
g = UL+ U (4 + pd0* +d2°) U = 14y o= 7. (8.2)

with 7 from (7.9) given as

RN 1 T sinh (27 p)

n= >, = (8.3)

e (z—n)2+p? p cosh (27p) — cos (2wz)

Here L > 0 is clearly the grid constant, but M5, which has the meaning of mass
in the 5D solution, has the dimension of area and its meaning will be seen later.

8.2 Geometry

From now on we drop the dimensional index and the bar from the metric, as
we work only in 4D. Except for the electromagnetic field, the spacetime has an
additional scalar field ®

V3

_ V3 _ 3 _ :
A= pdt, F = o (UL + U2), (p, ¢, 2) = pVU |sin ¢| . (8.4)

The Einstein and Maxwell equations reduce to a single equation for the function U
(6.14), which reads

U
Up+U..+2-L=0. (8.5)
p

The dilaton field satisfies the equation
30P =OR. (8.6)

In the spherical coordinates p = rsin 6, z = r cos 8, the function n reads

T sinh (277 sin 6)

77(7”7 0) = (87)

rsin f cosh (277 sin 0) — cos (277 cos 0)
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The Ricci scalar and Maxwell invariant are equal to minus the trace of the total
stress-energy tensor:
U202 UR 4R

S U (8.8)

F=R==3=0m" 2U3 2203

We can see that the metric is singular at » = 0. However, this is only a coordinate
singularity. To see this, we follow [25] and show that » = 0 is a horizon. First,
we write the metric in spherical coordinates as

ds® = —U2d* + U (dr® + r2d03) . (8.9)
Now we introduce a new radial coordinate o as
d
r=+o,dr= —a,a>0. (8.10)

2o

The metric transforms to

2 dt2 U 2 s 2 2
ds® = —ﬁ+fda +oUdO” + oU sin” 0 do~. (8.11)

Then we define a new ingoing/outgoing null coordinate vy as
dvy = dt £ [V (o, 0)do + W (o, 0)db], (8.12)

where the functions V and W are

V—Q\/_U?’/Q W= / —da (8.13)

This brings the metric to the following form

dv? B 2d0dacVW

2 _ _dv 20102
ds oo = T2 iE + oU sin” d¢” F (8.14)
Wdé + Vdo 5 W2
(8.15)
The coefficients expanded at r = 0 read
2
U = §+1+u%+0(o—), (8.16)
1 o 2(m*u+3)o? 4
il R +0(c"), (8.17)
3/2 2
_owE (mpt3) e 0
Vo= S5+ o +0 (o), (8.18)
_ L 4 3 2
W = T H osin(20) + O (a ) . (8.19)

We now put these expansions in the metric. To the leading, order we get

1
2 T 2
el ﬂd“da +pd3 +0 (Vo). (8.20)

84



The determinant reads
1
g=—0Usin®0 = _% sin? 0+ 0 (V7). (8.21)

We see that the metric is regular at ¢ = 0 and, in fact, it is a sphere of radius
/I, which suggests that the mass My, of each black hole is

MLbh — VI (8.22)

We can now extend the metric to 0 < 0. To do this, we repeat the previous
process, taking into account negative values:

- - 1 - . o gV
r=+v-o,U=1+unV=——— i W= [ —do, (8.23)
2./|o| o 00
where the function 7 reads
i@ = Y 1 S (8.24)
nez\ 0} |o] +n? — 2n,/|o| cos O o]
Then in the region o < 0, the metric reads
dv?  2d0deVW -
2 _ Qv zdbdov v .2 2
ds o = T2 2 + oU sin” 0do” F (8.25)
Wdo + Vdo o ~ W2
(8.26)

We can check that in the limit ¢ — 0~, the metric matches (8.20]). To the leading
order, we get
1
2 =~ 2 —
s ‘|a|<<1,0<0 = :F\/ﬁdvda + pdQ5 + O (\/ a) . (8.27)
We conclude that the metric is continuous, but it is not evident whether it is
smooth — this was proved in [39] by calculating near-horizon infalling geodesics.

We can verify, e.g., that the Ricci scalar R (shown in|Figure 8.1)) and the Kretsch-
mann scalar IC (shown in [Figure 8.2)) are regular at » = 0, where we have

6  6(m2u+3)r?

R = —— &+ L0t , 8.28
I 1 ( ) (8:28)
68 584 (m?u + 3)r? A

K= 5= 3 +0(r"). (8.29)

In the 4D MP spacetime, any horizon is degenerate and extremal. First we
compute the surface gravity from and get

2
. . —Gtt.r

N?=—gy = k*>= lim ¢""N2 = lim —" = lim =,
r—0t ’ r—=0% Gy Gy r—0+ U

(8.30)
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where we used the fact that the spacetime is static and N is the lapse function.
We use the series for n from (7.10) and get

U2 4
U—’g = % + 0% =Kk =0. (8.31)

Therefore, the horizon at » = 0 is extremal. We can also see this from the fact
that the proper distance to the horizon is infinite. The differential radial distance
reads

dl = VUdr = [@ + 0(7«0)] dr. (8.32)
We integrate this expression and, to the leading order, we get
l(ry,m9) = /Tz U'(r")dr' = /p|lnry — Inre| 4+ O(ry, ra). (8.33)

Therefore, the distance is infinite because

lim l(ry1,72) = o0. (8.34)

.
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Figure 8.1: The Ricci scalar for g = 1: (a) a contour plot, (b) a 3D plot.

8.3 Electrogeodesics

In this section, we shall briefly discuss electrogeodesics in the preferred directions.
The Lagrangian of the 4D metric reads

VBqIU + U3 (026 + p* + 2%) — 12

r ..., .
L= -g,i't" + qA 2" = 572

2

(8.35)

The Lagrangian does not explicitly depend on t and ¢, giving us the following
conserved quantities:

_ V3qU — 2t

— 27T
E - 2U2 7Lz =p Uan (836)
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arctan(p)

(a)

Figure 8.2: The Kretschmann scalar I for ;4 = 1: (a) a contour plot, (b) a 3D
plot.

where we interpret E as the energy and L, as the z-component of the angular
momentum of the particle. The remaining equations read

U’P ‘2 2 ‘2 A Uyz Uzp Py _ Lz (ppr + U)
F(p —F —z)+2sz+Eqm+p = T, (837)
U LU
. 2, 2 .2 z o oarr o Vs
2p2U , - U, (E +p° =z ) + EqF + 22U = T (8.38)
The normalization condition reads
2772 Lg .2 -2 3¢°
—E%U +\/§EqU+p2—U+zU+pU—T:Z/{, (8.39)

where U = 0 for photonic paths and & = —1 for timelike particles. The general-
ized momenta are given by

oL
In this case, we have
3qU — 2i -
T = \/_qQTﬂTp = pU, 7ty = p*U, 7, = 2U. (8.41)
Hamilton’s equations for momenta read
o= 7=, (8.42)
2
2 2, ™
' V3 U, (7Tp + 7+ p—2> 7T<2b
T, = _Tﬂ'th,p_'_ﬂ'?UU,p—i_ 202 + ng, (843)
71'2
U, w2+ 724 2
o= | 2mU pU—2”2 —V3mq | . (8.44)

For p — oo, we see that 7, is conserved, because 7, — 0.
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8.3.1 The static case

We start investigating the simplest case, i.e., static electrogeodesics. We obtain
the following equations:

*=U%t = 0, (8.45)
(V3qU —2i)iU, = o, (8.46)
(VBqU —2)iU. = 0. (8.47)
The first solution reads
4
t= EqUT, ¢ = -, (8.48)

2 3

representing charged particles, which can be static anywhere above all horizons
and have the same charge-to-mass ratio as the black holes. In this case we have a
different factor than in 4D MP, because the electromagnetic potential is multiplied
by the factor v/3/2. The second solution is given by

t=Ur,U,=U,=0, (8.49)
which yields an arbitrary timelike particle located in highly symmetric positions

yielding equilibrium. Here, it gives only the point p = 0,z = 1/2 on the axis and,
of course, its mirror points.

8.3.2 Radial null paths
Radial photonic paths are given by

U
(p2—2E2U)7”’+2ﬁ = 0, (8.50)
U
¥ L2EU) == = 0 8.51
(5 + ) 5 , (8.51)
E?U? - p°U = 0. (8.52)

The second equation restricts the motion only to the mirror planes by the condi-
tion U, = 0. The solution therefore reads

t=—FU?p*=FEU,(2=0Vz=1/2). (8.53)

Examples of the motion are shown in where we see penetration of
horizon. Using these geodesics, it was shown [39] that the metric at the horizon
is smooth. To see it, we expand p for p < 1 and get

o= — 1B (V4 (m*u+3)p  (Bm'p? +107%p +15) p°
P 6/t 12043/2

) +0(p*).  (8.54)

If we solve the differential equation to the order O(p?), we get

_ 7 <0,p(0)=0,2=0. 8.55
p(7) T 7 <0,p(0) =0,z (3.55)
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The series for a small 7 reads

(n )3/2
=2y Bl + R o). 59

We see that p(7) is a polynomial in square roots of 7. However, if we calculate
the invariants along the geodesic, they are polynomial in 7, so there is no higher-
derivative discontinuity. E.g., the Maxwell invariant along the path reads

}_:_9_ 12F (m*u+3) 7

p e +0(7?). (8.57)

For details, see [39].

[ — po=0.
00=0.

= po=1.

o a1 @ ul
=1
11
|
N

-8 = po=2.

(a) (b)

Figure 8.3: Null radial geodesics: (a) in the z = 0 plane, (b) in the z = 1/2 plane.
Here, 7 denotes the affine parameter of the geodesic and py = p(0) is the initial
position at 7 = 0. Ingoing photons in the z = 0 plane penetrate the horizon.

8.3.3 Radial timelike paths

For radial timelike paths, we obtain the following equations:

(VBEq+p*) U, +2U (j— E°U,) = 0, (8.58)
(6" = VBEq+2EU) U, = 0, (8.59)
i (V3¢ —2EU) —Up = 1, (8.60)

The second equation yields the condition U, = 0 restricting the motion only to
the mirror planes. From the last equation we get an effective potential, which is

given by
2
3
Up* = (é_q - EU) — 1. (8.61)

The potential and examples of solutions are shown in |[Figure 8.4, The turning
points are given by p = 0. Since the function U is positive and decreasing in
p, there can be at most two turning points, so the oscillations exist only in the
z = 1/2 plane.
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Figure 8.4: Radial timelike electrogeodesics: (a) the effective potential, (b) ex-
amples of solutions.

8.3.4 Axial null paths

For the null paths along the axis, we get the following equations

: . 1
(2B°U + ) U, =0,* = " (8.62)
The condition U , = 0 restricts the motion to the axis p = 0. The equation for 2
reads

32 = F? [1 + pum® csc2(7rz)} : (8.63)

We can solve this differential equation for z and get the solution expressed im-
plicitly as

BT = c(2(7)) — c(20), 2(0) = 2o, (8.64)

() = - d(z) In {d(z) + \/ﬁcos(wz)} | (8.65)
7sin(rz) \/271’2,LL csc?(mz) + 2

d(z) = \/—27r2u + cos(2mz) — 1. (8.66)

We see penetration of the horizon in [Figure 8.5 Near the horizon, the equation
has the series

VE - mp4+3  Trtp? —30min — 45 5
|E| [Z+ 6 z4 360,57 2+0(F)]. (867)

The solution to the order O(z%) reads
L (w2 +3)7] - 1)

\/6,u (exp [
2(7) = e

This solution coincides with (8.55) and again, the scalar invariants along the
geodesic are regular.

3

7 <0,2(0) = 0. (8.68)
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Figure 8.5: Null axial geodesics.
8.3.5 Axial timelike paths
The timelike electrogeodesics along the axis yield these equations of motion:
(2B°U — VBEq+ %) U, = 0, (8.69)
(VBEq+ ) U.+2U (: - E*U.) = 0, (8.70)
1
7 (V3a- 2EU)" - U2 = 1. (8.71)

As in the null case, these paths are restricted to the axis by the condition U , = 0.
The effective potential is given by

1
Uz = 1 (V3 - 2EU) — 1. (8.72)

Due to the symmetry, we can have up to four turning points in the region 0 <
z < 1. Therefore, oscillations are possible, see [Figure 8.6

8.3.6 Circular null orbits

The null circular orbits are given by the equations

t=0=t = ~7, (8.73)

p=0=0¢ = wr, (8.74)

v - pPUPW* = 0, (8.75)

272U, + pUw? (2U + pU,) = 0, (8.76)
(20* + PPV U, = (8.77)

91



— g= 3.10, E=0.10

— g= 0.70, E=0.08

— g=-0.95, E=0.03
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Figure 8.6: Axial timelike electrogeodesics: (a) effective potential; (b) numerical
solutions of periodic motion.

The last equation implies U, = 0 and restricts the motion only to the mirror
planes. The solution is given by

v = pwU? 2U + 3pU , = 0, (8.78)

where the condition yields possible photon radii. This gives none or only one

radius, see [Figure 8.7

2U+3pU ,

— z=1/2, u=0.45

Figure 8.7: Existence of circular null geodesics. The radii are given by
2U + 3pU, = 0.
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8.3.7 Circular timelike orbits

We continue by investigating circular timelike paths. We obtain equations

t=0=>t = ~r, (8.79)
d=0=¢ = wr, (8.80)

U? (14 p%0U) = 9, (8.81)

(29* = VByU + P U*) U, = 0, (8.82)

2pw°U* + (272 —V3yqU + p2w2U3) u, = 0. (8.83)
From the fourth equation, we get U, = 0, thus the motion can only exist in
the mirror planes. Examples of solutions are shown in |[Figure 8.8, We have to

distinguish two cases depending on whether the solution is located on the photon
orbit or not.

Case I: On the photon orbit

If the solution is on the photon orbit, we get

2V/3U ,  4—3¢
— W= .
3q 3q2p2U

2U0+3pU, =0,v = (8.84)

In contrast to the MP spacetime, there is only one type of the solutions.

Case I1

If the particle is not on the photon orbit, i.e., 2U + 3pU , # 0, then we have two
types of solutions

V3U ,qpU + U\/gUépq‘Zp2 + 12020% + 32U ,pU + 16U2

B 2(2U + 3pU ,) ’
iU
p2U3

Y (8.85)

Wi = (8.86)

From the Newtonian limit, we can see the asymptotic behaviour of the sources.
For a large p, we use (7.10)) and in the plane z = 0, we have

o (\/§qﬂF 6)

Ve = #1 T“)(P_Q)’ (557
i o= (?psﬁq) s (83542_4)+ 0 (r). (8.88)

This is the same asymptotics as for a single MP black hole, where we have

1—g¢q

2
w+:]\/[ =

. (8.89)

Therefore, we see that for a large p the particle feels as if it interacted with a
point source with a physical mass Mgy, = Tl and charge Qusym = @Masym.
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Figure 8.8: Examples of circular electrogeodesics: (a-b) in z = 0; (c-d) in z = 1/2.
The solutions exist when both w? > 0 and v > 0.
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8.4 Physical interpretation

We conclude with the interpretation of the parameter Ms. The near-horizon
geometry (8.20]) suggests that ,/z is the mass of each black hole (8.22)), i.e.

Mbh \/M

S = (8.90)
To determine the charge, we use the conservation law (/6.24]), which reads
4nQ = / OF,,rin"ds, (8.91)
)

where n” is a timelike normal, r* is a spacelike normal to the surface ¥ = 9V,
which encloses the source in the volume V. The charge enclosed in a sphere
around r = 0 reads

Qbh _ / /27r V/3r sin 9|SH1¢|U r40d¢ — \gg +O(). (8.92)

Therefore, for the mass and charge of each black hole we have

Min = 38 G = Y220 (8.93)

In the Newtonian limit for the angular velocity of circular orbits (8.87)), we have

T (2 F \/§q)
2 _ —4
wy = 2—p3+0(p ). (8.94)
The leading order in w? is p~2 because of the asymptotic flatness and presence
of the scalar field ®, and the sources behave as a point source with asymptotic
mass and charge

V3
Masym 7T,U/L - 7T 7Qasym = 7Masym- (895)
We see that the interpretation of M5 is not straightforward because the solution
was constructed by dimensional reduction and also we have the scalar field, which
interacts with the sources. The meaning of Mj is thus different in the near-horizon

region and in the asymptotic region.
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Conclusion

Our aim was to find exact solutions, which exhibit locally a discrete translational
symmetry along a symmetry axis containing the sources of the field, while if
looked upon from a distance, it would approach the full cylindrical symmetry.
We used two different ways — the first consisted of finding exact solutions to 4D
Einstein-Maxwell equations, where we used the linearity of one of the equations,
the second one relied on dimensional reduction.

Three of the solutions presented here belong to the MP family of spacetimes.
The first one, the alternating crystal, consisted of individual sources, which were
summed with alternating signs. This resulted in uniform convergence of the
sum and asymptotic flatness. However, the spacetime always contains naked
singularities. The second one, the uniform crystal, consisted of individual black
holes, summed with the same sign. This solution resulted as a reaction to article
[24], where higher-dimensional MP black holes were summed, and we also wanted
to get the ECS far away from the axis. However, in 4D, the sum had to be
redefined to converge. The potential converges uniformly, but the spacetime
always involves naked singularities.

The third solution, the smooth crystal, was constructed as a sum of screened
Coulomb potentials. The resulting potential decays exponentially, it is positive,
the spacetime has no singularity and it is cylindrically asymptotically flat. Of
these three solutions, the smooth crystal has the most favourable properties. We
also showed that the formal limit o — 0 leads to the uniform crystal.

If the sources are aligned with the axis, the spacetime belongs to the Weyl
family. The Einstein and Maxwell equations are more complicated, but under
suitable assumptions, one can linearise one of the equations for the Ernst potential
[26]. We used this and constructed the solution as a sum of infinite non-extremal
RN black holes. After that we took the limit of extremal sources and showed
that we get exactly the uniform crystal, so the approach in the extremal case is
the same as working directly in the MP spacetime.

Finally, we reviewed a technique of producing new solutions from higher-di-
mensional ones. We applied this procedure to the uniform 5D crystal and got a
4D reduced crystal with an additional scalar field. The main benefit was that we
had a closed expression for the infinite sum. The spacetime is asymptotically flat
and has no naked singularities. However, the interpretation is difficult, as the
expressions involve original 5D quantities.

Therefore, we constructed five exact solutions behaving as a “crystal”. We
investigated their geometry, horizons, and singularities and we their computed
electrogeodesics. In the future, we aim to focus on dynamic spacetimes and other
matter contents.
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Appendix

Harmonic number

The harmonic number is defined as

H(z) =7+ (2 + 1), (A.1)
where 1(z) is the digamma function
1 dI'(2)

=— A2
V) = s (A2

Here, I'(2) is the well-known Euler gamma function, which is defined as
I'(z) = /OO ¥ e dw, (A.3)

0

where the definition for positive integers reduces to I'(z) = (z — 1)!. For positive
integers, the harmonic number can be expressed as

"1
k=1

The polygamma function ™ is defined as the n-th derivative of the digamma
function. For a positive integer n, the definition reads

w(@) = T

For a complex n, the polygamma function is defined by analytic continuation.

O (z) = (). (A.5)

Polylogarithm
The polylogarithm function Li,(2) is defined as

Li,(z Z

The function has a branch cut discontinuity in the complex z plane, which is
located along the real axis from 1 to oco.

(A.6)

)

Lerch transcendent function

The Lerch transcendent function ®(Z, s,a) is defined as follows:

o0

(7 = A7
0=y T (A7)

with these restrictions:
[1Z] < 1]|(|Z] =1 ARe(s) > 1)] A —a ¢ N. (A.8)
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Hypergeometric function

The hypergeometric function o Fj(a, b, ¢, z) is defined as

= (a)r(b)r2"

oFi(a,b,c,2) =) (A.9)
where (a); denotes the Pochhammer Symbol
I'(a+n)
=T A10
(@), = 5 (A 10
Elliptic theta function
The elliptic theta function ¥3 is defined as
U3(u,q) =2 ¢ cos(2nu) + 1,75(q) = I3(u = 0,q). (A.11)
n=1
Riemann zeta function
The well-known Riemann zeta function ( is defined as
((s,a) =) (a+ k), (A.12)
k=0

where any term with a + k& = 0 is excluded.

Modified Bessel functions

I,, is the modified Bessel function of the first kind, which is defined for = € R as

I, (z) = ! /07T exp (x cos ) cos (nd) do. (A.13)

™

K, is the modified Bessel function of the second kind, which reads
K, (z)= / exp (—x cosh t) cosh (nt) dt, (A.14)
0

and is defined for x > 0. Both functions are non-negative in their domains. The
two important limits of these functions for n = 0 read

Jim Ty () = oo, Jim, Ko () =0, (A15)

The series expansion of Iy for x < 1 is

2

~14F 1
Ig(x)~1+z+0(x), (A.17)
and for K
2
Ky(z)~In2—Inx — v, + %(1 —Ye+In2—Inz)+ 0 (as3>, (A.18)
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where 7, ~ 0.5772 is the Euler-Mascheroni constant, In2 > ~,. For x > 1 we get
the following series expansion:

\/zem (2;5 " 16\1@) o <x;/2) | A

Ko(z) ~ V2me™ (2;5 - 16%) +0 (@) . (A.20)

The following bound [40] holds for K,:

S

S

~—
l

K, (z)
K, (y)

The Bessel functions I;, K7 can be expressed in terms of derivatives of Iy and Kj:

>e " 0<x <y, (A.21)

dl dK,
— =1 — =-K ) A.22
= h(@), = K () (A.22)
Their limit behaviour is
Tim Iy (r) = oo, Jim K () =0, (4.23)
glclg(l) L (x) = O,gclg(r)lJr K (x) = 0. (A.24)

The series expansions for x < 1 are

I () ~ 2+1;+O( °) K (2) ~ i 2(276—1+2ln920>+0<x3).(A.25)

For = > 1, we get the series expansion

L(z) = \‘;22_# (\}5 8\;’_) 10 <x§/2> (A.26)

Ki(z) = Jre® ( 2\1/5 + \/ﬁ) e (1:51/2) . (A.27)

Dirac comb

In curvilinear coordinates &;, which form an orthogonal coordinate system with a
diagonal metric, the relation to the Dirac delta function in Cartesian coordinates
reads

Y
116 —aiy = [ 28 =50, (A.28)
If the result is symmetric along any £, it must be projected out by integral. E.g.,
the charge density of a point charge can be written as
1 1 T o -1 1
A— = —Ané(z,y,2) = —4T—=d(r) (/ sm@d@/ dgb) =——40(r). (A.29)
r r? 0 0 r?
The Dirac comb III is a periodic tempered distribution defined as

1 2mnt
. 2wint/T __
=> 6(t—nT) E e T+T§ COS(T). (A.30)

ne” neZ

101



In the second step we used the fact that III is periodic and wrote it as a Fourier
series and in the last step we rewrote it in terms of real functions. The distribution
[II7(t) behaves as the Dirac delta function 0 at every ¢t = nT,n € Z. It has the
following properties:

IHﬂ@E;JH<;)JHﬂt+T%:Hh@%HMMﬂ:iHh(Z), (A.31)

where ITI(¢) is the Dirac comb with a period T' = 1.

Heaviside theta
Heaviside theta 0(x) is a distribution satisfying
0'(z) = 6(x),0(x) =1 for z > 0,0(z) = 0 for x < 0, (A.32)

where ¢ is the Dirac delta function. The box distribution is defined as
1 1
Hug:9<m+2>—e<x—2>. (A.33)

Theorems and definitions

We briefly list some theorems and definitions from [41] 2] 43], which are signifi-
cant for the solutions in the thesis.

Definition A.D1. Convergence of functions. Let fy(z) : I — C, where I is a set,

we say that functions fr(x) converge to f(x), if Vo € I we have limg_,o fr(x) =
f(z). We denote it as fr(x) — f(x).

Definition A.D2. Uniform convergence of functions. Let fi(x) : I — C, we
say that functions fi(x) uniformly converge to f, if (Ve > 0) (ko € N) such
that (Vx € I) (Vk > kg) the inequality [| fx(z) — f(x)| < €] holds. We denote it as

fe(x) = f(x).

Definition A.D3. Local uniform convergence of functions. Let fy(z) : I — C,
we say that functions fr(x) locally uniformly converge to f(z) in I, if

(Vzo € 1)(36 > 0) [f, = fin I NU(zo,0)], (A.34)
where U(xg,0) is the punctured §-neighbourhood of xy.

Theorem A.T1. Let fy(x) : I — C be functions and assume that there exist
ar such that | fi(z) — f(x)| < a for Yo € I and ar, — 0 when k — oo. Then
felx) = f(x) in I.

Lemma A.T2. Let fi(x) € C(I), let fr(z) = f(z). Then f(z) € C(I), where

C(I) denotes continuous functions on I.
Lemma A.T3. Let fiy(x) € C(I), let >3, fr(x) = s(z). Then s(x) € C(I).
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Theorem A.T4. Let -
s=Y_an,a, >0. (A.35)

n=1
Let there be a function f, which is continuous, non-negative, non-increasing in
[1,00) such that f(n) = a, for ¥Yn. Then Y a, converges absolutely iff

I= /1OO f(n)dn < oo. (A.36)

Then the following bound holds: I < s < I+ a;.

Theorem A.T5. Weierstrass M-test. Let fy(z) : I — C be functions and assume
that there exist ay, such that Vk € N we have |fi(z)| < ax, and that the sum of
ai s absolutely convergent, i.e., |Y- ax| < 0o. Then Y fr(x) converges absolutely
uniformly in I.

Theorem A.T6. Leibniz criterion. Let fi(x) : I — C such that f, = 0 in [
and let fy(x) be monotonous for Vo € I. Then S (—1)* fr.(x) converges uniformly
in 1.

Theorem A.T7. Let f, f, be defined in a punctured neighbourhood of xy. Let
fo== fin I and ¢, = lim,_,,, fo(x) be finite ¥n € N. Then

A, Y fo(w) = Jim, Jim fn(). (4.37)
Theorem A.T8. Let fiy(x) : I — C and its derivatives fj(x) are continuous.
Let 332 fr(z) = s(x) and let Y52, fi(z) converge uniformly in I. Then s(x) is
differentiable and

o |3 )| = X o) (A.38)

Theorem A.T9. Let fip(x) : I — C and its derivatives fj(x) are continuous,
where I is an open interval. Suppose that 372 fr(x) converge uniformly in I and
that there exists xg € I such that Y fr(xg) converges. Then there exists f such

fo f) £ and
a o0 o0
- [Z fk(x)] =3 fi(@). (A.30)
k=1 k=1

Definition A.D4. Let f(x) € L} (0, L), i.e., f(z) is periodic (L is the period)

per
and Lebesque integrable. Then Fourier series of f(x) is denoted as Fs(z) and

reads

> 2 2
Fi(z) = % + {an cos( Wlim> + b, sin( W:x)] : (A.40)
n=1

where the coefficients a,, b, are defined as

an=2 [ f(z)cos (22”‘7”) de, by, = 2 /L f(x)sin (27””) dr, (A1)

Ezo L Jo L

and ag 1S given by
ap = — [ f(x)dz. (A.42)



Theorem A.T10. Let f(z) € L;..(0,L) and f is piecewise C' in an interval
(a,b) CR. Then

Fi(z) = ; <lim fly)+ lim f(y)) V€ (a,b). (A.43)

y—z~ y—azt
If f(x) is continuous at x = c,a < ¢ < b, then Fr(c) = f(c).

Theorem A.T11. Paley-Wiener. If there exist C' > 0,N > 0 such that the
Fourier coefficients of a function f satisfy

\ak\ + |bk’ S Ce_Nk, (A.44)

then f € C*(R).

104



Bibliography

[1]

A. Klypin, S. Trujillo-Gomez, and J. Primack. Dark matter halos in the
standard cosmological model: results from the Bolshoi simulation. The As-
trophysical Journal, 740(2):102, 2011.

S. Trujillo-Gomez, A. Klypin, J. Primack, and A. J. Romanowsky. Galax-
ies in Acdm with halo abundance matching: luminosity-velocity relation,
baryonic mass-velocity relation, velocity function, and clustering. The As-
trophysical Journal, 742(1):16, 2011.

T. Clifton, K. Rosquist, and R. Tavakol. An exact quantification of backre-
action in relativistic cosmology. Physical Review D, 86(4), 2012.

S. Dodelson. Modern Cosmology. Elsevier LTD, Oxford, 2003.

J. P. Bruneton and J. Larena. Observables in a lattice Universe: the cos-
mological fitting problem. Classical and Quantum Gravity, 30(2):025002,
2012.

D. L. Wiltshire. Cosmic structure, averaging and dark energy.
ArXiv:1311.3787, 2016.

T. Buchert, G. F. R. Ellis, and H. van Elst. Geometrical order-of-magnitude
estimates for spatial curvature in realistic models of the Universe. General
Relativity and Gravitation, 41(9):2017-2030, 2009.

R. J. van den Hoogen. Towards a covariant smoothing procedure for gravi-
tational theories. Journal of Mathematical Physics, 58(12):122501, 2017.

P. Kaspar and O. Svitek. Averaging in cosmology based on Cartan scalars.
Classical and Quantum Gravity, 31(9):095012, 2014.

R. W. Lindquist and J. A. Wheeler. Dynamics of a Lattice Universe by
the Schwarzschild-Cell Method. Reviews of Modern Physics, 29(3):432-443,
1957.

J. Langer and M. Zofka. Nearly everywhere flat spaces. Czechoslovak Journal
of Physics, 52(5):669-677, 2002.

M. Brilenkov, M. Eingorn, and A. Zhuk. Lattice Universe: examples and
problems. The European Physical Journal C, 75(5), 2015.

S. D. Majumdar. A Class of Exact Solutions of Einstein’s Field Equations.
Physical Review, 72(5):390-398, 1947.

A. Papapetrou. A Static Solution of the Equations of the Gravitational Field
for an Arbitary Charge-Distribution. Mathematical Proceedings of the Royal
Irish Academy, A51:191, 1947.

J. B. Hartle and S. W. Hawking. Solutions of the Einstein-Maxwell equations
with many black holes. Communications in Mathematical Physics, 26(2):87—
101, 1972.

105



[16]

[17]

18]

[19]

28]

[29]

[30]

J. P. S. Lemos and V. T. Zanchin. Class of exact solutions of Einstein’s field
equations in higher dimensional spacetimes, d > 4: Majumdar-Papapetrou
solutions. Physical Review D, 71:124021, 2005.

R. N. Tiwari and B. K. Nayak. Class of the Brans-Dicke Maxwell fields.
Physical Review D, 14(10):2502-2504, 1976.

D. Kastor and J. Traschen. Cosmological multi-black-hole solutions. Physical
Review D, 47:5370-5375, 1993.

D. Ida. Static charged perfect fluid with the Weyl-Majumdar relation.
Progress of Theoretical Physics, 103(3):573-585, 2000.

J. Ryzner and M. Zofka. Electrogeodesics in the di-hole Majumdar-
Papapetrou spacetime. Classical and Quantum Gravity, 32(20):205010,
2015.

J. Ryzner and M. Zofka. Extremally charged line. Classical and Quantum
Gravity, 33(24):245005, 2016.

J. Ryzner and M. Zofka. Crystal spacetime. Journal of Mathematical
Physics, 2020, submitted.

W. B. Bonnor. The charged line-mass in general relativity. General Relativity
and Gravitation, 39(3):257-265, 2007.

V. P. Frolov and A. Zelnikov. Scalar and electromagnetic fields of static
sources in higher dimensional Majumdar-Papapetrou spacetimes. Physical
Review D, 85:064032, 2012.

R. C. Myers. Higher-dimensional black holes in compactified space-times.
Physical Review D, 35:455-466, 1987.

D. Korotkin and H. Nicolai. A Periodic Analog of the Schwarzschild Solution.
ArXiv:gr-qc/9403029, 1994.

T. Azuma and T. Koikawa. Equilibrium Condition in the Axisymmetric N-
Reissner-Nordstrom Solution. Progress of Theoretical Physics, 92(6):1095—
1104, 1994.

J. Ryzner and M. Zofka. Binstein Equations: Physical and Mathematical As-
pects of General Relativity, chapter Crystal spacetimes with discrete trans-
lational symmetry. Springer-Verlag GmbH, 2019.

J. Ryzner and M. Zofka. Einstein Equations: Physical and Mathematical
Aspects of General Relativity 2019, chapter Exact solutions of Einstein-
Maxwell(-dilaton) equations with discrete translational symmetry. Springer-
Verlag GmbH, 2020, submitted.

R. Deszcz, M. Glogowska, J. Jelowicki, and G. Zafindratafa. Curvature
properties of some class of warped product manifolds. International Journal
of Geometric Methods in Modern Physics, 13(01):1550135, 2016.

106



31]

[40]

[41]

[42]
[43]

P. T. Chruséciel. Geometry of Black Holes. URL:
https://homepage.univie.ac.at/piotr.chrusciel/teaching/Blacky
20Holes/BlackHolesViennaJanuary2015.pdf, 2018.

D. L. Welch. On the Smoothness of the Horizons of Multi-Black-Hole Solu-
tions. Physical Review D, 52:985-991, 1995.

P. T. Chruéciel and N. S. Nadirashvili. All electrovacuum Majumdar-
Papapetrou spacetimes with non-singular black holes. Classical and Quan-
tum Gravity, 12(3):L17-1.23, 1995.

W. Israel. Singular hypersurfaces and thin shells in general relativity. Il
Nuovo Cimento B Series 10, 44(1):1-14, 1966.

J. B. Griffiths and J. Podolsky. FEzact Space-Times in Einstein’s General
Relativity. Cambridge Monographs on Mathematical Physics. Cambridge
University Press, 20009.

H. Weyl. Zur Gravitationstheorie. Annalen der Physik, 359(18):117-145,
1917.

E. Kasner. Geometrical Theorems on Einstein’s Cosmological Equations.
American Journal of Mathematics, 43(4):217, 1921.

J. P.S. Lemos and V. T. Zanchin. Rotating charged black strings and three-
dimensional black holes. Physical Review D, 54(6):3840-3853, 1996.

G. N. Candlish and H. S. Reall. On the smoothness of static multi-black
hole solutions of higher dimensional Einstein-Maxwell theory. Classical and
Quantum Gravity, 24(23):6025-6039, 2007.

A. Laforgia. Bounds for modified Bessel functions. Journal of Computational
and Applied Mathematics, 34(3):263-267, 1991.

V. 1. Arnold. Geometrical Methods in the Theory of Ordinary Differential
Equations. Springer New York, 1996.

J. Kopéacek. Matematickd analyza nejen pro fyziky III. MatfyzPress, 2007.

J. Kopacek. Matematickd analyza nejen pro fyziky IV. MatfyzPress, 2007.

107


https://homepage.univie.ac.at/piotr.chrusciel/teaching/Black%20Holes/BlackHolesViennaJanuary2015.pdf
https://homepage.univie.ac.at/piotr.chrusciel/teaching/Black%20Holes/BlackHolesViennaJanuary2015.pdf

108



List of publications

1. J. Ryzner and M. Zofka. Electrogeodesics in the di-hole Majumdar-Papa-
petrou spacetime. Classical and Quantum Gravity, 32(20):205010, 2015.
DOI: 10.1088/0264-9381/32/20/205010.

2. J. Ryzner and M. Zofka. Extremally charged line. Classical and Quantum
Gravity, 33(24):245005, 2016.
DOI: 10.1088/0264-9381/33 /24 /245005.

3. J. Ryzner and M. Zofka. Einstein Equations: Physical and Mathemati-
cal Aspects of General Relativity, chapter Crystal spacetimes with discrete

translational symmetry. Springer-Verlag GmbH, 2019.
DOI: 10.1007/978-3-030-18061-4.

4. J. Ryzner and M. Zofka. Einstein FEquations: Physical and Mathematical
Aspects of General Relativity, chapter Exact solutions of Einstein-Maxwell(-

dilaton) equations with discrete translational symmetry. Springer-Verlag
GmbH, 2020, submitted.

5. J. Ryzner and M. Zofka. Crystal spacetime. Journal of Mathematical
Physics, 2020, submitted.

109


http://dx.doi.org/10.1088/0264-9381/32/20/205010
https://doi.org/10.1088/0264-9381/33/24/245005
https://doi.org/10.1007/978-3-030-18061-4

110



	Introduction
	Majumdar-Papapetrou in a general dimension
	Multi-black hole solutions
	Case n=3
	Case n ≥4
	Case N = ∞

	Electrogeodesics in 4D for an axisymmetric MP spacetime
	Static timelike cases
	Radial null paths
	Radial timelike paths
	Axial null paths
	Axial timelike paths
	Circular null paths
	Circular timelike paths


	MP 4D alternating crystal
	System in classical physics
	Construction
	Convergence
	Fourier series
	Asymptotic series

	Geometry
	Elimination of singular surfaces
	Electrogeodesics
	The static case
	Radial paths
	Axial paths
	Circular paths


	MP 4D uniform crystal
	System in classical physics
	Construction
	Convergence
	Asymptotic series
	Fourier series

	Geometry
	Electrogeodesics
	The static case
	Radial paths
	Axial paths
	Circular paths


	MP 4D smooth crystal
	System in classical physics
	Construction
	Convergence
	Fourier series
	Asymptotic series

	Geometry
	Electrogeodesics
	The static case
	Radial paths
	Axial paths
	Circular paths


	Crystals in Weyl 4D spacetime
	Vacuum case
	Electro-vacuum case

	Dimensional reduction of compact dimension
	Decomposition of electromagnetic field
	Decomposition of Ricci scalar
	Equations of motion

	MP 5D crystals
	Uniform crystal
	Alternating crystal
	Elimination of singular surfaces


	Reduced 5D uniform crystal
	Construction
	Geometry
	Electrogeodesics
	The static case
	Radial null paths
	Radial timelike paths
	Axial null paths
	Axial timelike paths
	Circular null orbits
	Circular timelike orbits

	Physical interpretation

	Conclusion
	Appendix
	Bibliography
	List of publications

