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Abstract: The thesis aims at change-point estimation in gradual change mod-
els. Methods available in literature are reviewed and modified for point-of-
stabilisation (PoSt) context, present e.g. in drug continuous manufacturing. We
describe in detail the estimation in the linear PoSt model and we extend the
methods to quadratic and E,,,, model. We describe construction of confidence
intervals for the change-point, discuss their interpretation and show how they can
be used in practice. We also address the situation when the assumption of ho-
moscedasticity is not fulfilled. Next, we run simulations to calculate the coverage
of confidence intervals for the change-point in discussed models using asymptotic
results and bootstrap with different parameter combinations. We also inspect the
simulated distribution of derived estimators with finite sample. In the last chap-
ter, we discuss the situation when the model for the data is incorrectly specified
and we calculate the coverage of confidence intervals using simulations.
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Introduction

In change-point analysis, there are two main tasks, testing a presence of a change-
point in data and estimating the change-point and other parameters of assumed
model, while the change can be abrupt or gradual. The thesis aims at estimation
in gradual change model. In such models, the change appears gradually, e.g.
the mean value of the outcome changes from constant to linear after the change-
point. Such behaviour appears often in real world processes, e.g. in continuous
manufacturing, where quality of the products is not the same because of the start-
up period of the production line. After some time, the process stabilises and the
expected quality of the product does not show any trend. In such scenario, the
trend is present at the beginning up to the change-point and the process stabilises
after the change-point, i.e. the mean value of the outcome becomes constant.

It is important to estimate the point-of-stabilisation (the change-point) in
order to guarantee the same quality of the products and to minimise waste of
material during the start-up phase. In this situation, we want to estimate the
change-point and the other parameters of the model and construct the confi-
dence interval for the change-point, either using the asymptotic results or using
bootstrap approximation.

We modify results from Huskova [1998], Hlavka and Huskova [2017] and
Jaruskova [2001] to fit into the PoSt context, namely we change the time or-
dering in linear model from Huskova [1998] and Hldvka and Huskova [2017]
and we assume general variance of the random errors in quadratic model from
Jaruskova [2001]. Further, we introduce a nonpolynomial model with a change-
point, namely the F,,,, model. In comparison to the quadratic model, the E,, ..
model keeps monotonicity which is a common assumption in various scientific
applications. In a quadratic model it sometimes happen that the trend changes
its monotonicity near the change-point. We show how to construct confidence in-
tervals for the change-point using asymptotic results or bootstrap and we discuss
how to interpret and use them in practice to verify the stability of the process.
Also, we simulate the coverage of confidence intervals based on the asymptotic
results and bootstrap for different locations of the change-point and sample sizes
and we compare both methods. We also explore what happens, when the model
is incorrectly specified.

In Chapter 1, we describe methods for testing the presence of the change-
point in various models and methods for estimation of the change-point and
other parameters available in literature.

Next, we aim at estimation in polynomial change models in Chapter 2. We
describe the estimation using least squares method in gradual change models
with arbitrary polynomial trend and we state general formulae for the estimators.
For the linear model, the asymptotic results were derived in Huskova [1998], the
results for the quadratic model in Jaruskova [2001]. We introduce the F,,,, model
(which is used in dose-response studies, see e.g.MacDougall [2006]), by including a
change-point into the model and we derive estimators of the unknown parameters
in this model.

In Chapter 3, we introduce the point-of-stabilisation model which can be
used e.g. in drug continuous manufacturing, where it captures the product out-



put quality containing a trend during a start-up period of the production line
and after the stabilisation. In this context, the change-point represents the time
the production line stabilises, so called point-of-stabilisation (PoSt). We briefly
discuss testing in PoSt model and the differences against testing in linear gradual
change model discussed in previous chapter. Next, we aim at estimation of un-
known parameters in the model, we modify the formulae from previous sections
to take into account time ordering in PoSt context and we state the asymptotic
distribution of modified estimators. We construct confidence intervals for the
change-point and discuss their connection to testing the stability of the produc-
tion process in practice. Next, we run simulations to verify asymptotic results,
we compare the asymptotic distribution of estimators with the simulated dis-
tribution with finite sample sizes. We also calculate the coverage of confidence
intervals for the change-point for more parameter combinations using both the
asymptotic distribution and bootstrap approximation.

Next, in Chapter 4 we discuss the case when homoscedasticity (which is as-
sumed in previous models) is not fulfilled and we show how to modify the esti-
mators to take heteroscedasticity of the random errors into account by assuming
multiple measurements at each time ¢ to be able to estimate the variance for each
time ¢. We show the method on the linear PoSt model, but it applies analogously
also to other models.

In Chapter 5, we generalise the linear PoSt model by assuming more compli-
cated trend than linear before the change-point. First, we discuss the quadratic
PoSt model, we run simulations to compare the asymptotic and the simulated
distribution of the estimators. We show how to construct confidence intervals
and we calculate their coverage for both methods. Then, we focus on the FE,,,.
PoSt model introduced in Section 2.3. For this model, we show the simulated
distribution of the estimators since the asymptotic results for this model with
change-point are not available and we calculate the coverage of confidence inter-
vals constructed using bootstrap.

In Chapter 6, we explore what happens, when the model for the data is
incorrectly specified and the variance structure of the errors (heteroscedasticity
or homoscedasticity) is assumed incorrectly, which can often happen in reality
and it should be explored. We calculate the coverage of confidence intervals for
the change-point for more locations of the change-point. In the first scenario, the
assumed model is more complex than the true model. In the second scenario, the
situation is inverse, the true model is more complicated than the assumed model.



1. Gradual change model

Change-point analysis is a part of statistical analysis examining a situation when
the underlying probability distribution of data changes in time. The change can
be abrupt (e.g. jump in mean value) or gradual, which will be our case. Gradual
change model represents a situation when a trend in data gradually changes or
appears at unknown change-point. In the usual setup, the expectation is assumed
to be constant up to an unknown change-point . After x, a monotonic trend
starts to appear. For example, the expected value can be constant up to x and
it starts following a linear trend after x, as in Figure 1.1.

Let us assume that observations Y7, ...,Y, follow polynomial change-point
model with unknown change-point s

Y, = By + By (i;“>++52 ((izﬂ>+)2+...+5d ((in“>+)d+ei, (1.1)

where d € N, ¢t denotes positive part of ¢, i.e. ¢t = max{0,c}, i =1,...,n,
Random errors eq,...,e, are iid and satisfy Ee; = 0, vare; = 0? > 0 and
E |es]*t® < oo for some A > 0. The parameter d represents the degree of poly-
nomial trend after change-point k. For i < k we have Y; = 3y + e;.

One of the main tasks concerning model (1.1) is finding the asymptotic distri-
bution of estimators of the unknown parameters of the model. The second task
is testing a presence of the change-point.

Gradual change model with linear trend
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Figure 1.1: Gradual change model with linear trend and with right-sided asymp-
totic 95% confidence interval for change-point k given by (2.9).



1.1 Testing

Testing the presence of change-point can be viewed as testing the null hypothesis
Hy : k = n (there is no change-point and constant model holds) against the al-
ternative Hy : £ < n. Jaruskova [1998b] developed a testing procedure in gradual
change model (1.1) with d = 1. Testing in a more general model

. +\ @
n_u+5<(“)) e
n

for some known o > 0 was discussed in Huskova and Steinebach [2000]. Unlike
d in model (1.1), the parameter a was assumed to be continuous. For av = 0, the
change is abrupt and for o = 1, the model is equivalent to (1.1) with d = 1.

In Rusa [2015], testing a presence of change-point in panel data setup was
examined and test statistics for testing the change in trend was developed. We can
imagine panel data as a situation when N subjects are followed over period of time
T. The author assumed the data to be in form X;, ¢ = 1,...,N, t=1,...,T,
where the observation X;; was measured on i-th subject at time ¢. The author
developed tests for testing the presence of the change-point ¢y in such data when
assuming a linear trend in time which changes after the change-point, i.e.

th:Mz+62t+5z(t—t0)++ezt, 1=1,..., N, t=1,....T, 1 <ty <T,

where p;, v; are unknown parameters and e; are random errors.

1.2 Estimation

Parameter estimation together with determining the asymptotic distribution in
model (1.1) for the case d = 1 (linear trend) was discussed in Huskova [1998].
The same results were derived in Jaruskova [1998a] as a special case of a more
general model. Huskova [1999] derived the asymptotic distribution of the least-

. . +]«
squares estimators for more general case d = 1 and {((z — k) /n) } for known

o > 0 instead of ((i — ) /n)™, for some known o > 0.
Estimation with quadratic trend (d = 2) was discussed in Jaruskové [1998a]
and in Jaruskova [2001]. Jaruskova [1998a] worked with model

. S\ P - +\ 4
3/;:040+061<Z>+"'+04p<1> +5(<Z ﬁ) ) +e, i=1,...,n,
n n n

for some known p = 0,1,...,¢ > 1 and random error ¢; as in (1.1). This model
represents a situation when the change affects only the highest degree of polyno-
mial trend and the other coefficients are nuisance parameters. The author derived
estimators for this case together with their asymptotic distribution. Linear trend
discussed in Huskova [1998] is a special case of this model.

In Jaruskova [2001], the model captured the change in both the linear and
quadratic term. On the other hand, the author assumed the parameters describ-
ing the expected value before the change-point to be known and without loss of
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generality set to zero, leading to

Y, =B <i;’€>++7 ((i;“)jzm.

The asymptotic distribution of unknown parameters k, 3, v was derived. Also,
a small simulation study concerning the limit distribution was done.

In Déring [2015], the model represented a situation with asymmetric regression
function with change at unknown change-point 6. Both parts before and after

could have different degree of smoothness. Specifically, the regression function
had form

fopga(®) = go(z,a) - INGRY ()
+ gi(z,a) - (0 — )" Ljpg)(x) + g2(z, @) - (x — )" Lg1y(2),

where 6 € [0,1] denotes change-point, p,q € [0,00) are degrees of smoothness
and a € R? represents a vector of nuisance parameters. Further, functions
90, 91, g2 : R — R were assumed to be two times continuously differentiable.
The behaviour of least squares estimators of (6,p,q,a) was studied, based on
observations (X;,Y;), i = 1,...,n, where Y; = fp,4a(X;) + €; for each i.
Random errors e; were assumed to be iid with E (e;/X) = 0 a.s. and suitably
integrable. Consistency of estimators and their limit behaviour was then studied
and it turned out it depends on b = min(p,q). For b > % the derived estimators
were asymptotically normal with higher rate of convergence of the change-point
estimator in case b = % For b < %, the asymptotic distribution can be represented
as a unique maximiser of a fractional Brownian motion with drift.

Model (1.1) with d = 1 is a special case of this situation with gy = Sy, g1 = 0,
g2 =01, Xi=1i/n, 0 =k/nand ¢ = 1.



2. Estimation in gradual change
model

Model of gradual change can be used in various ways, e.g. in industry and in me-
teorological measurements. In this chapter, we discuss estimation in polynomial
change model. In linear gradual change model, we present the asymptotic results
derived in Huskova [1998], we construct confidence intervals for the change-point
and shortly discuss their interpretation. Next, we move to quadratic model and
we introduce the E,,,, model.

For simplicity, let us define

i—k\"
xi7k—< ) , i=1,...,n; k€ (1,n)

n
_ 1 &
T = — in,k, ke (1,n).
=1
Model (1.1) has unknown parameters 8 = (B,...,054)", 0% and k. Parameters

B,k can be estimated by least squares method. The estimators are given as a
solution of minimization problem

n

2
: d
min Z (Yi — Bo — 51$i,k - 5d$i,k) .
ﬁ07“'7ﬂd eR i=1
ke (1,n)
Denoting
Y
2 d
1z oy, ... ¥,
Y, ; ;
Y = . ) Xk - : )
: 2 d
Y, U wpg ) o0 ZTog

we can rewrite our minimization task as

i Y - X. = i Y —X..3) (Y —X..8). 2.1
oo dn | eBll =, min - ( wB)' ( B). (21)
kE(l,n) kE(l,n)

Direct calculations give specific forms of the estimators of 8, k. We have

% —argmin Y7 (11 — X (XX) XT,J Y

ke (1,n)
—argmin Y'Y - Y X, (X[X.,) XLY (2.2)
ke (1,n)
-1
=arg max YTX.k (XTka) X_TkY.
ke (1)

Remark. Estimation of the change-point can be equivalently done using coefficient
of determination. For given k& € (1,n), assume a linear model with response Y’
and model matrix X.;. Denote R} the coefficient of determination of the model

v T 1T
and Y = X, (X,kX.k> XY fitted values. Then

7



o T (vi-v)’ LYY YR, (XTX) XLY

L (vi-7) L (vi-7)

. T T -1 T . .. . . B
The expression Y'Y — Y X (X‘kX.k) XY is minimised in (2.2). Using
the equation above, we rewrite the argument of minimisation and we obtain an
equivalent formula to estimate the change-point:

k = argmin (1 - Ri) > (Y; - ?)2 = argmax R} . (2.3)
ke (1,n) i=1 ke (1,n)

Vector of parameters B can be estimated by
B=(xLX;) XLY. (2.4)

2

The parameter o can be estimated by

1 s~ 2 3
== (Yi—Bo— Pz —-— 5d95§l,2)2 : (2.5)

=1

S

The formulae hold also for a situation with general matrix X depending on k,
i.e.
1 I (k’) T
Xk = )
1z, (k)"

for vectors x;(k) € R, i =1,...,n depending on k. This case will be discussed
in Section 2.3.

2.1 Linear trend

Assume the data Yy, ...,Y,, satisfy foreach i =1,....,n

. +
i — K
Yi= 0o+ 81 xinte 250—1—51( n ) + e, (2.6)

where random errors e; are as in model (1.1) and x € {1,...,n}. Estimation and
the asymptotic distribution of estimators in this model was discussed in Huskova
[1998]. Similarly as in Hldvka and Huskova [2017], we estimate x on a continuous

scale by ?
) (327 (o~ 7.0))
R = argmax 2
ke (1,n) PR (:sz - T’“)

which is equivalent to (2.2) for d = 1.

(2.7)




Estimators of fy, 81 are given by (2.4). In the assumed model, they can also
be expressed as

ﬁO = Yn - Bl .
~ Z?:l Y, (xi’g — Tg) (2‘8>
1= P
i1 (%E - x@)
The estimator & can be equivalently calculated using a coefficient of determination

R? as in remark in previous section.
The parameter o can be estimated by

Sl
=)

n

7= > (Vi B Bug)”

i=1

Huskova [1998] derived the asymptotic distribution of estimators &, Bo and Bl
in this model.

Theorem 1. Assume Y7, ...,Y, are independent and satisfy model (2.6). Let, as
n — 0o,

’n
p1=0(1), (logﬁllcngm 00
and
Kk = [nb)]
for some 6 € (0,1).
Then, as n — 00,
b=k (00=09) b, 1),

o vn V| 1+30

Proof. Huskova [1998, Theorem A].
[l

The asymptotic distribution of the estimator K can be used to construct
asymptotic confidence intervals for the change-point k.

Often, one-sided confidence intervals are desired, because of their interpreta-
tion and connection to testing the stability of the production process, which will
be further discussed in Chapter 3. From Theorem 1, we obtain the right-sided
confidence interval

G 1+ 30
(—o0,cpy) = | —o0, R+u1_aa,\n —~ +3A , (2.9)
P \NO(1—0)

where 1, denotes the a-quantile of N(0,1) and = %/n. The time ¢y can be
interpreted as the time after which the mean value of Y; significantly differs from
Bo, see Figure 1.1. From duality of confidence intervals and hypothesis testing,
this confidence interval is connected to testing the null hypothesis H, against the
alternative Hq, where

Hy: k> Ko

H12/ﬁ3</€0



for some constant kg. We reject Hy if ko & (—o0, cp).

ItholdsEY;=pyfori=1,...,kand EY; = By + Six;, for i = k,...,n.
Therefore, K > ko means the trend does not influence Y, since the change-point
occurs after kg, see Figure 1.1. We can equivalently formulate hypotheses above
as

HOIEYnozﬁo
HI:EYKO#BO-

Similarly, left-sided confidence interval

~ ayn | 1+30

(CL,OO) = | R = U—a—== =~ ~, O
P \O(1—0)

is connected to testing

Hy: k< Ky

H12/f>/‘€(]

for some kg and rejecting Hy if kg & (cr, 00). The interpretation of the confi-
dence intervals, the connection to testing and their use in practice will be further
discussed in point-of-stabilisation context in Chapter 3.

2.2 Quadratic trend with reversed time

In reality, the data usually follow more complicated trend than linear. We will now
focus on model with quadratic trend. Moreover, the model will be formulated with
wreversed time ordering similarly as in Jaruskova [2001] which will be further
used in Chapter 3 concerning PoSt model. Unlike in previous section, here the
trend is present up to the change-point and after the change-point the data do
not show any trend. For clarity, we will denote the change-point in the ,,reversed”
context by v instead of x and the data by Z; instead of Y;.
Assume we have data Z1,..., Z, from model

v—i\* e—i\"\’
Zi:50+51< n ) + B2 ( n ) + e, (2.10)

where random errors e, ..., e, satisfy E e; = 0, vare; = 02 > 0 and we have ¢ €
{1,...,n}. Unknown parameters are 3, 31, B2, ¥ and 0. This model represents
the situation when data follow a quadratic trend up to an unknown change-point
1 and become stable after ¢. In our model, both the linear and the quadratic
term are present up to v, unlike in Jaruskova [1998a], where the change occurred
only at the quadratic term.

We distinguish two situations depending on whether 3, is known or not, since
the asymptotic distributions differ.

10



2.2.1 Known fj,

When £ is known, we can assume without loss of generality that 5y = 0, otherwise
we could work with Z; = Z; — 5o, i = 1,...,n. The model (2.10) simplifies to

N N+ 2
Zi =0 (1?7;2) + B2 ((1?;@) ) + &,

where random errors e; are as in (2.10). This model was studied in Jaruskova
[2001] with known o* = 1. Denote 3 ; = ((W)Jr) for s = 1,2 and

(2.11)

n

2
xPJ mp,l
2
X, — ’I.PQ a:p,Z
D — . .
2
:Ep7n xp,n

Point estimates can be derived similarly as in previous chapters. We have

~ -1
v =argmax Z'X,. (X, X,.) X2

JAS (Ln)
or, while denoting Rg the coefficient of determination of the linear model with
response Y and model matrix X,,., as

12 = arg max RZ .
pe(Ln)

(2.12)

The vector of parameters 8 = (3, Bz)T can be estimated similarly as before by
-1
3 = (XL X~ X
B = (waw') X¢.Z.

The asymptotic distribution of the estimators differs depending on ;. It is
normal for the case f; # 0. If §; = 0 we obtain non-normal asymptotic distri-
bution, see Jaruskova [2001]. Moreover, we have to deal with unknown variance

2
o

Let 6, = ¢/n € [6,1 — 8] for a known constant & € (0,1/2) and 6, = ¢ /n.
Theorem 2. Suppose model (2.11) holds and By # 0. Then
. ~ ~ T
Vn (@p — Oy, B1 — B, B2 — 52)

has asymptotically a zero-mean normal distribution with a variance-covariance
matriz G, where

007 _ (368171850, )o* 306102
Bi0y 107 105
G — B (36,31—18ﬁ20¢)0’2 (36ﬁg@i+144ﬁ1ﬁ29¢+1925%)0'2 B (18061+60629w)610w‘72
B B26% B0,
308,02 (18081460820, ) 816,02 18002
22 - 25 05
1% 174 P

11




Proof. We will use Theorem A from Jaruskové [2001] but we have to take into
account more general variance of random errors e; than o2 = 1.
Define Z; = Zi. Using definition of model (2.11), we have

-3 (0
g n o n o

denoting ] = f;/o and e} = e;/0. We have vare; = 1 and the matrix X,,. does
not change neither does the change-point 1. Also, the data Z7, ..., Z satisty the
model used in Jaruskova [2001], which is the same as our model (2.11) but having
random errors with variance equal to 1.

One can estimate 8* and ¥ from Z7,..., Z" as usually. We have

~ «T -1 "
)= argmax Z°'X, (X,.%,.) X2

-1
=argmax Z'X,. (X]X,.) X].Z
pE(ln)

and

Q \Q>

N -1
B* = (X;pi_ XM X5 2" = (Xg‘ XQZ') X5 Z)o=

Using Theorem A from Jaruskova [2001] we obtain

0y — 0y
V| B = B | == N(0,GY),
By — B3

i.e. the vector has asymptotically normal distribution with a zero mean vector
and a variance - covariance matrix G*, where G* is the inverse matrix of matrix

B0y + 287 8367 + 455763 /3
G ' = 5102%/2 + 28365 /3 03/3
Bres, /3—1—529 /2 /4 07,/5
By inverting the matrix, we calculate

9

B0y
i 3687 —18850, 3685707 +1445; 830, +1925}>
G — - 5*292 6*203
308; 18087 %0, +605;1 5307, 180
*2 )3 *2 5
¥203 170 03,

We need the asymptotic distribution for the estimators 6, 81, 32 from our
original model (2.11). Define a linear transformation

12



Since ¢ is continuous, we obtain by using continuous mapping theorem (The-

orem 2.3 in Van der Vaart [1998])

Oy Oy
volg|Bi|—g|s| | = N(0,D,GDy),
B3 B

where Dy is a the transformation matrix. In our case

D, =

O O =
o 9 O
Q © O

Denote G = D;G*Dg. Using 8F = (3;/0, the matrix G equals

_9
*2
1 911)
(36 3f—18 B; 9¢> - (36[8%‘2 Gi+1445f ,B; 9w+192 Bi“2> o2
G= 77 70
180 82 0,460 8% B% 62 ) 02
30870 1Y 1727 180 52
ax2 n3 - *2 nb 5
19y 170 9
9q2
B3 0y
(36 81-18 62 0,.) o (36 B2 62 +144 81 B2 0,419 5%) 2
- B7 03, B3 03,
180 82 6,,+60 92) 2
3081 02 _( Py 46051526, | o 180 o2
2 n3 2 n5 5
B0y, ol 0

[]

Especially we obtain from Theorem 2 the asymptotic marginal distributions

Vi (6, - 6,) /2% 25 0.)

i o v

U,
A % b
vn (52 - 52) ooz N(0,1),

13



(366292 +144B1ﬁ20¢+192ﬁf) o?

while denoting vg, = R

2

2
: : : ~2 _ 1y 2 02
Since ¢* is unknown, we estimate it by % = - Zi — 6190 n [J’gxig) :

Using Cramer-Slutsky theorem (Theorem B.10 in Andel [2007]) we have

~ B0y = Bty 0 b
\/ﬁ (Qw — 07#) 952 = \/ﬁ (Qw — 0¢) 902 5 — N (0, 1) s

. 2 P . . .
using & — 1 as n — oo. Using analogous argumentation we obtain

Vi (6, —0,) 3{; N1

\/— Bl Bl BREENG N (0 1)

UBl

25 N(0,1),

Vi (B2 = B2) \ 1oz

(36&292 +14431§25¢+192§f)32

PPN
3
p1 0,

where Vg, = . Using the definition of 6, we have

b— By b
vV 952

Next theorem gives the asymptotic distribution when £, = 0.

, N(0,1).

Theorem 3. Suppose model (2.11) holds, 1 = 0 and By # 0. Let (Uy, Us, Ug)T
be a normal vector with zero mean and variance-covariance matriz

Oy 62/2 63/3
62/2 65/3 014
93/3 94/4 0>/5

Let us introduce a random variable X = —U; + %UQ 31/)2 9 Us having a normal
distribution N(0,6,/9) and Uy = max(0, X/B2). Then as n — oo

Vi (B, —0,) 25 20, =max [o,N [0, 27
P P 81/; + = ’B228w ’

~ 36 1443252
NGy = Omm,m{w@,@”»,
Oy Oy

~ 300 600 800
Vn (52 — 52) LN —ﬁﬂﬂh - @Uz + ﬁUs-
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Proof.  We will proceed similarly as in Theorem 2 and we will use Theorem B
from Jaruskova [2001]. Define Z; = Z | it holds

+\ 2 N+ 2
—1 €; * —1 *
25 2ol o
o n o n
denoting 8 = f;/0 and e} = e;/o. From the data Z7, . .., Z; we obtain estimators

Oy, 07, 5. The data Z7,..., Z} satisfy the model in Jaruskova [2001]. Define
Ui = max(0, X/B5) = oUy by using Theorem B in Jaruskova [2001] we obtain

5 144332
Vi B = B*ZU*— max o,N( 52) ,

Bk £\ D, e 00 80
\/5(52_52) egﬁzU €4U +@U3-

Since the change-point v is the same in data Z;,..., 7, and Z7, ..., Z}, by using
pf = pi/o we obtain

N 2 p 9 902
vn (0, —6 —— —0oU; =max |0,N
( P w) Qw + 6220¢

Using a linear transformation g(x) = 0%z and continuous mapping theorem (The-
orem 2.3 in Van der Vaart [1998]) we obtain, as n — oo,

~ 3602 36 1445202
\/_5*2 ? \/5512 L Ta ;2Ui *52 o U, = max (07N<£20>)-
Y Oy Y

By using a linear transformation g(z) = oz and continuous mapping theorem,
we obtain

600 800

3 * ) 30
Vo (3= 1) = V(B =) = ol = r Ut e Us
¥ [ P

]

The asymptotic results can be used to construct the confidence intervals for
unknown parameters. The two-sided (5.1) and right-sided (5.2) confidence inter-
vals for the change-point v based on Theorem 2 are stated in Chapter 5 and their
coverage is examined in simulations.

2.2.2 Unknown f

With unknown Sy, we have model (2.10). The estimation of unknown parameters
can be done similarly as in Chapter 2 with d = 2.
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AR
Keeping the notation x, ; = ((w”’) ) for s = 1,2, we have

n

2

1 zp1 Ty
2

< 1 2,0 i
pe = .
2

1 z,, T,

The change-point 1) can be estimated similarly as in (2.2) by

) =argmax Z'X,. (X]X,.) X] Z.

p€(Ln)
According to remark from the first Section, we can equivalently estimate v by
¢ = arg max Rf,, (2.13)
pe(ln)

where RIQ) denotes the coefficient of determination of the linear regression model
with response Z and model matrix X,..
Parameters 8 = (8o, [, 52)T can then be estimated as in (2.4), i.e.

-1
(et e\
3= (Xa_ xw_> xI 7. (2.14)

With model (2.10) we do not have any other simpler formula of 8, as in (2.8)
since the matrix X,,. is more complicated in this case.
Denote 6, = ¢ /n. Assuming vare; = 1, it can be proved, that as n — oo and
Sr#0
~ 9 — 56
Vv (0y — 0y L. N 0,— ¥
( ) B0y (1 —6y)
and if §; =0, Sy # 0 and n — o©

9 — 56,

\/ﬁ(§¢—9¢)2 2 max 0,N ,m

using Remark 3 in Jaruskova [2001] and arguments as in Theorem 4 with ,re-
versed“ time ordering.

Similarly as in Theorem 2 we can modify the results for the case with o2 # 1.
Suppose 1 # 0 and define Z = Z; /0. By using Remark 3 from Jaruskova [2001]
for data Z7, ..., Z; we obtain

(9 56,) o

o D
\/ﬁ (91/, — 91/,) —— N ’—@%% (1 ~ 9w>

(2.15)

If 51 = 0 and By # 0 we have

(9 56,) o

\/ﬁ(@p—%)g 5 max [0,N 0763(91/,(1—%)
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2.3 FE,.,. model

We now focus on E,,,, model, which is often used in dose-response studies where
it models the output with respect to patients with different doses, see e.g. Mac-
Dougall [2006], but it can be used also in other contexts.

Let us have data Zi,...,Z, measured at times ¢ = 1,...,n from the E,,.,
model

1
Zi = BlowAs + 57277,07" — t e
14y

= BlowAs + Bmcr + €

1
1+7
where [, is the baseline (the lower asymptote), (i, represents the effect and
v denotes the time when the effect is one half. Random errors are assumed to
have zero expectation and variance o2. With Bine > 0 the expected value of Y;
increases from [, 45 towards Biowas + Biner-

Now, we include a change-point ¥ to the E,,,, model. For time i before
change-point 1) we have

Zi = 6lowAs + 5incr + €

1+2

)

and for 7 > 1, we have

1
Zi = BlowAs + 6incr — t €.

X
1+
We can rewrite these formulae together as
Z; =0 + 8 _ + (2.16)
i — PlowAs incr €. )
ol L+ min’(yi,l/))

Before change-point, the data follow the FE,,,, model and after ¢ the expected
value of Z; remains the same as for Z,, see Figure 2.1.

We focus on the E,,,, model with a change-point. The parameters of the
model are 1, v, 0 and B = (Blowas, Bmmn)T. The estimation proceeds similarly
as in polynomial gradual change model, we only have more general z, ;. Denote

. B 1
S
and
1 xp,l;c
Xp o=
1 xpnc

The model (2.16) can be written as Y = X, .., 8 + e where e = (e1,...,e,) ",
therefore we can use formulae from Section 2 to estimate the parameters, we only
have more general model matrix X.

17



During the estimation, we solve

min Y —X,...8| = min (Y—X ..C,H)T (Y—X Cﬁ)
p,CG(l,n) ;5 p,ce(l,n) ;5 Ds*5
BeR BER

Similarly as in (2.2) we obtain

0,4 —argmin YT (]1 ~X, ., (X;_.cxp,.;c)lxg,.c> Y
p,c€ (1,n) Y n
(2.17)
T T 1 T
—argmax Y 'X,.. (X) . X,.0) X) Y,

p,c€(L,n)

where the minimisation is done over two parameters, p and c¢. With estimated
change-point 1 and the time of the half effect v, we can estimate parameters

/3 = (ﬂlowA& ﬁincr)—r by

-1
3 — XL ~ X
B= (X 7oﬁXw,-;v> X?/J,';?Y (2.18)
and o2 by
N 1& -~ ~ 2
02 = ; Z (Y; - ﬂlowAs - Bincrxi;&;ﬁ) . (219)
i=1

The distribution of derived estimators can be approximated using bootstrap,
the procedure will be described in more detail in Chapter 5.
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Figure 2.1: Expected value of E,,,, model with and without change-point
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3. Linear point-of-stabilisation
model

In this chapter, we work with the gradual change model with linear trend. More-
over, we modify the model to fit into context of so-called point-of-stabilisation
(PoSt), which was mentioned in Section 2.2.

In drug manufacturing process, the continuous manufacturing started replac-
ing batch process because of its better properties, described e.g. in Lee et al.
[2015] and in Schaber et al. [2011]. In continuous manufacturing, the product
is moving through the production line and mixing as applied continuously in-
stead of applying it to whole batch in batch process. Continuous manufacturing
is more agile and robust, since often in classical batch process manufacturing,
the outputs from one step of production are tested, stored and transported to
the next step, which takes some time and increases costs. On the other hand,
continuous manufacturing eliminates these factors as the outputs of one step are
tested and immediately transported to the next step. It also shortens the supply
chain since in batch process manufacturing, the materials can be shipped across
several countries before they are applied in next step of the process, see e.g. Lee
et al. [2015].

Continuous manufacturing can be scaled-up in a easier way than batch ma-
nufacturing either by increasing flow rate of the line or by creating a new one,
and can therefore prevent drug shortage in case of unforeseen situations. The
cost effectiveness was studied e.g. in Schaber et al. [2011] and it turned out
that continuous manufacturing brings savings compared to the batch process,
especially when more sophisticated processes of continuous manufacturing are
used.

During the start-up period of the production line, the final products do not
have the same quality. This brings material waste during this starting phase of
manufacturing.

The goal is to find the so-called point-of-stabilisation (PoSt), when the process
becomes stable and it stops showing the trend observed in early phase. This
problem can be viewed as a simple modification of the change-point estimation
in gradually changing sequence with monotonic trend. Point estimate as well as
confidence interval (usually right-sided) for change-point is desired.

Here, we suppose the linear trend to be present up to an unknown change-point
Y (the PoSt) and diminish after ¢, similarly as in Section 2.2. In continuous drug
manufacturing, the part before ¢ represents the start-up period with unstable
output quality. Assume we have data 7, ..., Z, satisfying

P —i\"
Zi = Bo+ B (n) + €;. (3.1)

Random errors ey, ..., e, are supposed to be as in model (1.1). Model (3.1) is
similar to model (1.1) for d = 1 but the time is in reversed order, see Figures
3.3 and 1.1. Also, the expected value the output variable Z is often increasing
before the change-point by having 5; < 0. After the process becomes stable, i.e.
after the unknown time 1, the output quality of the drug product (e.g. a tablet)
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does not show any trend. Therefore, in the point-of-stabilisation context, we use
notation as in Section 2.2 and 2.3 where the trend was also assumed to be present
up to the change-point .

3.1 Testing in PoSt model

The main focus is on the estimation, therefore we just briefly discuss testing in
PoSt model (3.1) and differences compared to models from previous chapters.
Similarly as in Chapter 1, tests about the change-point (here denoted 1) can be
developed. But in model (3.1), the situation is slightly different because the trend
appears at the beginning and diminishes afterwards.

Under the null hypothesis Hy : 1) = n, the trend is present in all the data
and there is no change-point while at Chapter 1, Hy : kK = n corresponded
to a situation without any trend and constant model. Under the alternative
Hy : ¢ < n, the trend diminishes after ¢ and the change is present in our data.
Again, in Chapter 1, H; corresponded to situation when the trend appeared after
the change-point.

3.2 Estimation in PoSt model

We will derive the estimates of unknown parameters in model (3.1) and their
asymptotic distribution as in Huskovéa [1998] while taking into account the re-
versed time ordering.

As in Section 2.2, denote x,,; = ((p —i) /n)" and 7,. = (2?21 xm) /n. The
matrix X,. has form

1 $p71
1 =«
D2
Xp. = .
L apn

In this situation, the unknown change-point i) can be estimated similarly as in
(2.2). Denoting Z = (Z1,...,Z,)" and assuming model (3.1), we have for each

p € (1,n)

2
Z2'7-7'%, (X)%,) X.Z-= 3 (z-2)" - =2 AGT

2
i=1 i1 (xp,i - Tzr)
Therefore the estimator 12 of the change-point 1 can be calculated as in (2.2) or

equivalently as
2
~ (2?1 Z; (xp,i - xp-))
1) = arg max .

2
1 n -
pe(ln) —1 (:szﬂ a:p.)

(3.2)
The shape of minimised function depends on the location of v, see Figure 3.1

created with n =50, By = 1 = 2 and ¢ = [n/4], [n/2], [3n/4].
Similarly as in (2.4), the estimator 8 of B8 has form

—1
3 — (XL X~ XL
B - (X¢Xw> X¢. Z’
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Figure 3.1: Function to be maximised in linear PoSt model for n = 50,

Bo = P = 2and ¢ = [n/4], [n/2], [3n/4].

specifically in our case

The variance o2 can be estimated similarly as in (2.5) by

12 ~ ~ 2
~2 _ 4 - _ -
o = n ; (}/; /80 6lx ,i) .

The asymptotic distribution of the estimators can be derived similarly as
in Huskova [1998]. We only have reverse time ordering and therefore slightly
different model in our case. We have to modify our data a little bit and then use
the theorems from Huskova [1998].

Theorem 4. Let the variables Zy, . .., Z, satisfy (3.1) and be independent. Let,
as n — oo,

) = [nfy]
for some 6 € (0,1).
Then, as n — 00,
(1 - Qw) Oy D
N(0,1).
= (0.1 (33




Proof.  We would like to use Theorem 1 from Huskova [1998] but we have to
modify our data to fit model (1.1).
Define Y; = Z,, ;41 fori =1,...,n. Then

: +
Zn—iz1 = Po + B <¢ - (nn— o 1)>

. +
1T — K -
+ en_it1 = Po + B < - ) + €,

where k =n —1 + 1 and €; = e,_;41. The data Y}, ... Y, satisfy a model

: +
Yi =050+ B (Z nﬁ> + €

= fo+ bizix + &,

where [y, 81 are as in (3.1). This is like the original model (3.1) with ,reversed”
time and new change-point k = n — 1+ 1. We are going to apply the theorem to
data Y7, ...,Y, to derive the asymptotic distribution of the estimator of k. Then
we show it can be used also for the estimator of .

The estimators of 3y, 1, 02 given by (2.8) and (2.2) calculated from Yy, ..., Y,.
are the same as if calculated using Zi, ..., Z,. This can be seen from formulae
(2.8), (2.2) and the fact that z;, = x,,—i11 for each i,k and p=n —k + 1.

The change-point k can be estimated as

(Z?zl Y; (9511@ - fk)>2
Kk = arg max

2
kem 0 (i — 7o)

(3.4)

and it holds R = n — ¢ + 1.
Further, 6, = % = ”’T"H = "T“ — 0, while denoting 6., = % The parameter
(1 is assumed not to depend on n, therefore as n — oo

pin
1= 0(1), (log log 1) — 00
From Theorem 1 we have, as n — o0,
K — 0.(1—0
Bi—r [0 (1=02) b Ny,

o Vn 1+ 36,

Since%—m:¢—¢and9H:”T“—0¢—> 1 -0, as n — oo, we have as n — o0,

B — o
o Vn

» N(0,1).

]

Similarly, we obtain the asymptotic distribution of the other estimators using
results from Huskova [1998].
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Theorem 5. Let the assumptions of Theorem 4 be satisfied. Then, as n — oo,

~ D 1202
\/5(51—51)—”\I 0793(‘1_391&) ;
v (o — o) D,N<o,4f";w>,

62 —o? =op ((log log n)_l) :
Proof. Huskova [1998, Theorem B].

We will now examine the results of Theorem 4 in more detail. Denote

1+ 30
V()=
(6) 6(1—0)
We can rewrite the results of Theorem 1 (model (1.1) with d = 1) as

fi K—K

o \/nV(0)

where § = k/n. The term V(6) can be consistently estimated by V(6). The
expression V() is part of the variance of 6 — 0 and changes with changing 6.

In model (3.1) with change-point ¢ (representing PoSt) we work with ,reverse*
time ordering. To be able to transform the data Zi,..., 7, to data satisfying
Theorem 1 we introduced ,reversed” change-point kK = n — ¢ + 1. We can write
0y =1¢/n = (n+1)/n— 0, where 0, = k/n and 0, — 1 — 6, for n — oco. The
asymptotic distribution of IE in Theorem 4 can be written as

2 N(0, 1),

B -4 D
— N(0,1
g \/ﬁV(l—Qw) ( ’ )
where V(1 —0,) = (14:919;’%. We see values of V(1 — 6,) as a function of 6,

in Figure 3.2. The minimum lies at § = 2/3 and values increases for smaller or
bigger 6. The highest values of V(1 — 6,) are for small 6,. One could expect
such behaviour as this represents the situation when we do not have enough data
before change.
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model (3.1).

as a function of 8, in linear PoSt

3.3 Confidence intervals

The estimator ¢ of the point-of-stabilisation 1 is given by (3.2). Theorem 4 can
then be used to construct confidence intervals for the change-point . Often, one-
sided confidence interval for v is desired because of its equivalence to hypothesis
testing. In practice, we are often facing a one-sided problem because we want to
be sure the stabilisation was achieved and the quality of the product is guaranteed.
In that case, we want to verify the stability of the process at given time 1)y, i.e.
that no trend is present at 1)5. The trend is assumed to be caused by the start-up
period of the production line, which stabilises at time 1. Therefore we want to
test, whether at given time 1)y, the output quality of products is without any
trend or equivalently whether ¢ < 1)y, because the trend is present up to 1, see
Figure 3.3. We put the desired case as the alternative and we obtain

Hy 9 >y
Hy b < by

Using the results of Theorem 4 we reject Hy if and only if

where u, denotes the a-quantile of standard normal distribution. From duality
of testing and confidence intervals, the set of values 6, for which we do not reject
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Figure 3.3: Linear PoSt model with the right-sided 95% confidence interval for
point-of-stabilisation 1) given by (3.5).

Hy with given data represents (if they form an interval) the confidence interval
for 6 with an asymptotic coverage 1 — a. Since Hj is not rejected when the test
statistic is greater than u, = —u;_, we obtain an interval

(—OO, CU) =

Therefore when we reject Hy if ¢y does not lie in this interval, such test will have
an asymptotic significance level a.
On the other hand, we can also test

HoiEZ¢0:BO
HliEZ¢07é50.

Under Hy, no trend is present at iy because the change-point ¢ occurred before
g, therefore it is equivalent to testing

Hy 9 <y
Hli¢>w0.
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Under the alternative, the true change-point is located after 1y and therefore the
trend is still present at ¢)g. We test these hypothesis when we want to verify the
presence of the trend at 1y (the alternative) or equivalently, when we want to
verify that the process is unstable. Using the results of Theorem 4 we reject H
if and only if

where u,, denotes the a-quantile of standard normal distribution. From duality
of testing and confidence intervals, the set of values 6y for which we do not reject
H, with given data represents (if they form an interval) the confidence interval
for 6 with an asymptotic coverage 1 — a.. Since Hj is not rejected when the test
statistic is lower than u;_, we obtain an interval

Hence if we construct this interval and we reject the hypothesis of stable process
at ¥ (no trend present) in favour of present trend (H;) at time vy if 1)y does not
lie in the confidence interval, such test will have an asymptotic significance level
a.

Using again the results of Theorem 4, the two-sided confidence interval for ¥
has form

(3.7)

3.4 Known [

So far, we assumed Sy to be unknown. There are cases when we can assume [
to be known. For example, in PoSt model (3.1), 3 represents the mean value of
products output quality after the start-up period and it can assumed to be 1, since
the quality is often represented by percentage of given target, e.g. percentage of
targeted drug load in one tablet.

Assume [y to be known and without loss of generality it can be set to zero.
In Po/Svt model, the Bo is usually 1 but we can define Z; = Z; — 1 and work with
data Zy,...,Z,. With By = 0 we get for p € (1,n)

Lp1

Tp,2
p’
X, =1 .

P

Lpn

The estimates of 1) and [3; have form
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2
n
~ ( i=1 Zixp,i)

1) = arg max

n 2 ?
pe(ln) D1 Ty
N ol Z'xA
1= 7,1 .
Zz 1 ‘T’\

The asymptotic distribution of 15 also changes. Using results from Hlavka and
Huskovéa [2017] and similar arguments as in Theorem 4, it holds, as n — oo,

Bi—v (05 b
o vn Va1 — N(0, 1),

3

\/ﬁ(ﬁl 51) O —>N(O 1).

3.5 Simulations

In this section, we run simulations to validate the asymptotic distribution, we
construct confidence intervals based on the asymptotic distribution and bootstrap
and we simulate their coverage for different parameter choices.

First, we examine results of Theorem 4 and Theorem 5. To visualise the
convergence to the asymptotic distribution with finite sample sizes, we simulate
1000 samples and draw their histogram together with a curve representing the
asymptotic distribution.

Properties of estimator 15 depend on o, location of the true 1) and sample size
n. We start with investigating o, see Figure 3.4. For small o, the variance of
the asymptotic distribution is small and the histogram nicely approximates the
density of the asymptotic distribution. For o = 0.05, simulated values of ¢ are
very near the true value v» = 25. With increasing o, the variance of the asymptotic
distribution also increases and the estimators are more dispersed, see Figure 3.4.

We also obtain different results for different locations of the change-points,
see Figure 3.5. With change-point located at small time ¢, estimators are more
dispersed than for larger times ¢. Similar behaviour caused by the shape of the
variance as a function of 0, was discussed after Theorem 5, see Figure 3.2. The
results are similar for Sy unknown and known.

For estimators 6 , we simulate 1000 samples of ﬁo, 51 when [, is unknown and
1000 samples of 51 when [y is known and assumed to be zero and we draw their
histograms together with the asymptotic distribution for different values of o, see
Figure 3.6 and 3.7. The histograms approximate the asymptotic distribution of 5,
nicely for all selected ¢ but the situation is worse for 31, see Figure 3.6. Simulated
values have higher variance than the variance of the asymptotic distribution.
For 0 = 0.3, some of the simulated (3, differ from true [, by more than one.
With known [y, the situation is similar, see Figure 3.7. The simulated values
of 31 are again more dispersed than they should be according to the asymptotic
distribution, especially for larger o.
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Figure 3.4: Asymptotic and simulated distribution of 15 in linear PoSt model with

unknown [y for n = 50, ¢ =25, B8 = (2,2)T

and o = 0.05, 0.1, 0.3.
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Figure 3.5: Asymptotic and simulated distribution of 1Z in linear PoSt model for
different 1, with known and unknown Sy, n = 50, ¢ = [n/4], [n/2], [3n/4], B =
(0,2)" and o = 0.1.
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Figure 3.6: Asymptotic and simulated distribution of B in linear PoSt model with
unknown [y, n = 50, ¢ = 25, B = (5, 5)T and o = 0.05, 0.1, 0.3.
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Figure 3.7: Asymptotic and simulated distribution of E in linear PoSt model
with known £y, n = 50, ¢» =25, ; =5 and ¢ = 0.05, 0.1, 0.3.
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3.5.1 Confidence intervals coverage

Now, we run simulations to get the coverage of two-sided and right-sided asymp-
totic confidence interval for 1) given by (3.7) and (3.5). Further, we construct the
intervals using bootstrap. The coverage and the average length of the interval
are compared for the two methods.

We run the simulations in more setups, for all we set parameters to values
Bo = 2, f1 = 2, 0 = 0.03. Confidence intervals (CI) are all computed with o =
0.05. The number of repetitions N and the number of bootstrap samples B are
set to 1000. We try different sample sizes n = 25,50, 100 and for each n we set
change-point to ¢ = [n/4], [n/2], [3n/4]. We generate the data Zi, ..., Z, from
model (3.1) with normally distributed errors e; having var e; = o2. The bootstrap
confidence interval for 1 is constructed as follows.

1. Estimate unknown parameters by 12, BO, Bl and ¢ using data Zy,...,Z,.
2. For b=1,...,B, where B is the number of bootstrap samples:

(a) Sample €, ..., es, from N(0,57).

—~ ~ />~ A\t
(b) Calculate Z7, = By + 5 <¢n1> +ej fori=1,...,n
(c) Estimate ¢ from Z7,,..., Z}, and denote it U

3. Let g;, p(a) denote the a sample quantile calculated from Ut .. Con-
struct bootstrap confidence interval for ¢ as

(20 - g5(1 — a/2), 20 - ¢ 5la/2)).

By bootstrap, we want to approximate the quantiles of \/n (@Z — ¢> by using

quantiles of \/n (@Z* — @Z), denoted by 7(«). These quantiles can be further

approximated by 7}, p(a) calculated from B Monte Carlo simulations. Then, the
(1 — ) 100% bootstrap confidence interval for ¢ has form

(12_ e (1—a/2) 3 "B (a/2)> '

Voo v

Denoting q;;B(a) the a—quantile calculated from @I, e ,% we then obtain

rp(a) =+/n (q;7B(a) — QZ) and we can rewrite the interval as

(20 - qp(1 — a/2), 20 - ¢ 5la/2)).

Results for the two-sided confidence interval are summarised in Table 3.1.
For lowest n = 25, the coverage of both types of CI is lower than 95% and it is
increasing with increasing 1. Bootstrap CI have higher coverage by 0.1% than
asymptotic CI for ¢ = 6,12 and lower coverage for 1) = 19. The bootstrap CI is
also slightly wider. For n = 50, 100, the coverages are slightly smaller than 95%.
For both n, the coverage is similar for both types of CI. The average length is
similar, again slightly larger for bootstrap CI and it decreases with increasing .
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In general, bootstrap CI have better coverage for ¢ = [n/4], [n/2] for all chosen
n but all the results are very similar.

The results for the right-sided interval (3.5) are summarised in Table 3.2, the
Here, we monitor mean distance
cy — Y. For the asymptotic interval, this distance is equal to the average of
cu; — Y where cy,; denotes the lower bound of the confidence interval interval for
the ¢-th repetition, ¢ = 1,..., N. For the bootstrap interval, it is equal to the
average of cy; — 1) across all repetitions where for each repetitioni =1,..., N, cy;
denotes the upper bound of bootstrap CI calculated from B bootstrap samples.

setup is the same as for two-sided interval.

In general, the coverages are similar to coverages for two-sided CI.

Coverage Coverage
. Mean length  Mean length
n v asymptotic CI bootstrap CI asymptotic CI bootstrap CI
K K
6 88.8 90.9 0.77 0.86
n=25 12 90.8 90.9 0.58 0.61
19 93.3 93.0 0.56 0.57
12 92.2 94.0 1.13 1.22
n=>50 25 94.1 94.4 0.85 0.86
38 93.2 93.0 0.82 0.83
25 94.9 95.0 1.61 1.66
n =100 50 94.3 95.2 1.22 1.23
75 94.5 94.7 1.18 1.18

Table 3.1: Coverage and average length of a two-sided confidence interval (CI)
for ¢ in linear PoSt model based on asymptotic distribution and bootstrap for
B=(22)",0=0.02 B=1000.

Coverage

Coverage

Mean distance

Mean distance

n v asymptotic CI bootstrap CI ¢ — ¥ asymptotic ¢y — ¥ bootstrap
[70] [70]
6 88.0 88.7 0.30 0.33
n=25 12 89.7 90.2 0.24 0.25
19 93.5 93.0 0.24 0.24
12 92.6 92.1 0.47 0.49
n=>50 25 94.5 94.3 0.36 0.37
38 93.7 93.6 0.34 0.34
25 94.6 95.6 0.68 0.70
n =100 50 94.2 93.8 0.52 0.52
75 94.3 93.8 0.50 0.50

Table 3.2: Coverage of a right-sided confidence interval (CI) (—o0, ¢y) for ¢ and
average distance ¢y — ¢ in linear PoSt model based on asymptotic distribution
and bootstrap for 8 = (2, Q)T, o =0.02, B = 1000.
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4. Heteroscedasticity in linear
PoSt model

In applications, the assumption of homoscedasticity is not always met. We often
face a situation when the variance of random error varies accross time: =1, ..., n.
For example, observations may have larger variance when the trends occurs and
the variance may decrease as they stabilise. Therefore, it is convenient to collect
multiple observations at each time ¢ to verify the assumption of homoscedasticity
or to adjust the methods if heteroscedasticity may be present.

We work with the PoSt model

Y —i\"
Zi = Po+ B <n> +e (4.1)

from Chapter 3 but the described procedure to derive the estimates and bootstrap
under is analogous for a model with general polynomial trend from Chapter 2.
Model with repeated measurements can be written as

-\ +
Zl'j:50+ﬁ1<wz> +eij7 izl,...,nandjzl,...,mi. (42)
n

Here we assume having different number of observations m; at each time 7. Under
the homoscedasticity assumption it holds vare;; = o2, under heteroscedasticity
assumption we have vare;; = 0.

Under homoscedasticity and if m; = m for all i, we can proceed similarly as
in previous chapters by taking sample means of observations at each ¢ instead of
individual observations. For each i the sample mean has variance o2 /m.

Now, let us assume heteroscedasticity and possibly different numbers of ob-
servations m; at each time ¢. Under this setup, we work with sample means

Z; =11 Zij/m; at each time i = 1,...,n.

We solve
min T B — By ) —
Bo,B1 € R ; z:: ( LY 60 61 p,z) 0_12
pe(1,n) J

and we can rewrite the minimised expression as

‘nl i (ZU — 60 — Bll'p’l')Z ;_2 = ‘nl i (Z@] - Z+Z - 50 - 511'1971')2 ;2 =
=1 7= ? 1=1 j= 1
m; (Z’L] — Z)Z n S 2 m;
:ZZT—i_Z(Zi_BO_Bpr,i) pox
=1 j=1 i =1 %

Since the first part does not depend on p and Sy, 51 we can rewrite the min-
imisation task as

i Zi — o — rps) — 4.3
Smin ;( Bo — Brp.) ™ (4.3)
pe(ln)

denoting w; = 2= = var Z;.
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— _ N\T
Denoting Z = (ZI, cee Zn) , the minimised term can be written in matrix
form as

S (Zi— o — Brs)’ ; ~(Z-%,.8) W(Z-X,.p)

=1 %

where
e o 0 o 0
W = : : : = : : :
0 ... w% 0 ... 7:—72’:

Matrix W—! is the variance matrix of vector Z.
As the variances o? are unknown, we have to estimate them first by sample

m;

j=1
by w; = 62/m; and matrix W by matrix W consisting of estimators w;.
Therefore instead of (4.3) we solve

N2
variances UZ-Q = ﬁ > (Zij — Zz-) . These estimators are used to estimate w;
1

. =2 T = o4
JJnin (z ~X,. ﬁ) W (z ~X,. 5) : (4.4)
p€(Ln)
Proceeding as in Chapter 2, we obtain
J=argmin Z'WZ - Z'WX,. (X.WX,.) X|WZ
pe (1,71)
. . R (4.5)
—argmax Z WX,. (X, WX,.) X WZ

p€(ln)

For the estimator of 8 we have
-1
3 (<T Tw. T G
B = (Xip‘WXw‘) XIWZ.

For the linear case, we can rewrite the formula for @Z and we obtain

2
; (E?:lzi/ R x’i}ﬁf))
1) = arg max = a
1,n n B i/
pety i=1Lp, Z/wz ﬁﬂzﬁ

In Figure 4.1, variability of the simulated data varying at each time is visualised
using boxplots calculated from repeated observations at each time 7. The vari-
ability differs particularly for small 7 and gets smaller as the trend diminishes.
The parameters are estimated by w and B

For heteroscedasticity and varying numbers of observations m;, we use boot-
strap to approximate the distribution of the estimated parameters and to con-
struct confidence intervals.

The bootstrap procedure runs as follows:

1. Given data Z;;,i =1,...,n,j = 1,...,m;, estimate &7 W 1/) and 5 using
formulae above.
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2. Forb=1,...,B, where B is the number of bootstrap samples:

(a) Sample e, ..., e}, where e}, is sampled from N(0, 67 /m;).

ANt
(b) Calculate Z,, = B + B (%j) +ef, fori=1,...,n.
(c) Estimate ¢ by ¢; calculated from Z1,,..., Z, , as above using W.

3. Let g;, 5(a) denote the a sample quantile calculated from Ot ... 0%, Con-
struct bootstrap confidence interval for ¢ as

(29 — 5 p(1 = a/2), 20 — g} p(/2)) .

Boxplots of repeated measurements

o |
N
@ E
© _ |
~ |
—— Estimated curve
© | Estimated
= change—-point
|

(T 11T 1T TTTTTTTTTTTTTTTTTT T
1 3 5 7 911 14 17 20 23

Figure 4.1: Boxplots of repeated measurements at each time ¢ from heteroscedas-
tic model (4.2) with estimated change-point ¢ and estimated curve using 3.
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5. Nonlinear PoSt models

In this chapter, we extend linear PoSt model to nonlinear PoSt models using
results about quadratic and F,,,, model from Section 2.2 and 2.3. Then, we run
simulations to visualise the asymptotic distribution of estimators together with
histograms of simulated values for different parameter choices. Coverage of con-
fidence intervals based on asymptotic results and/or bootstrap is also calculated
and selected methods are compared.

5.1 Quadratic model

Quadratic change-point model discussed in Section 2.2 is already formulated in
PoSt context, i.e. assuming trend up to change-point ¢ and stable data after .
Therefore, we can use results from theorems in Section 2.2.

Assuming [y is unknown and f; # 0 the asymptotic both-sided (1 — «) 100%
confidence interval for the change-point ¢ from (2.15) has form

~ o\/n 9 — 56 ~ o\v/n 9 — 560
'lb — U,l_% ,\\/_ i 3 lp + Ul_% 1/_ L2 (5].)
and the right-sided confidence interval has form
~ — 560
oo, Pt g | 950 (5.2)

Bl ‘97/) (1 — Qw)

As for linear PoSt model in Chapter 3 we first visualise the asymptotic and
simulated distribution of the parameter estimators and then calculate the cover-
age of the confidence intervals based on the asymptotic results and bootstrap.

Similarly as in linear PoSt model, for small values of o, the simulated values
of 12 are not so dispersed as for larger o, see Figure 5.1 created with known 3y = 0
and n = 50, ¢ = 25, f; = P2 = 5 and ¢ = 0.05,0.1,0.3. In all cases, the simulated
values provide a reasonable approximation of the asymptotic distribution.

As in linear PoSt model, simulated values are most dispersed for the lowest 1
representing the earliest location of the change-points, see Figure 5.2 calculated
with 8 = (0,5, 5)T ,n=>50and o = 0.1. For larger 1, the simulated values are not
so dispersed. The results are similar for both the cases with known and unknown
Bo.

Next, we plot similar plots for estimators of (1,35 in the case with known
Bo and [; # 0, see Figure 5.3. For the smallest chosen o the asymptotic and
the simulated distribution are very similar. The asymptotic distributions of (5,
have a slightly larger variance then variance of 5 and the simulated values are
more dispersed then for ;. For the highest chosen o, some of the simulated [,
underestimate the real 3;, few of them are even negative. We also get some large
values of 3; with the same o.
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Asymptotic and simulated distribution of \'4\/

5=0.05

Asymptotic and simulated distribution of \'4\/

22 23 24 25 26 27 28

10

15 20 25

30 35 40

Figure 5.1: Asymptotic and simulated distribution of 1Z in quadratic PoSt model
with known £y = 0 for n = 50,¢ = 25,31 = 8, = 5 and ¢ = 0.05, 0.1, 0.3.
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Asymptotic and simulated distribution of \'4\;

0 10 20 30 40 50

0 10 20 30 40 50

~

Figure 5.2: Asymptotic and simulated distribution of 1 in
quadratic ~ PoSt model for different ¢, with known and un-
known Sy, n = 50, ¢ = [n/4], [n/2], [3n/4], B = (0,5,5)" and ¢ = 0.1.

A A
Asymptotic and simulated distribution of Asymptotic and simulated distribution of 3,

-~

-

5=0.05

T T T T T T ] I T T T ]
35 40 45 50 55 6.0 6.5 3 4 5 6 7

A A
Asymptotic and simulated distribution of p, Asymptotic and simulated distribution of 3,

RS LSRN

! ! 1
2 3 4 5 6 7 8 0 2 4 6 8

[ T T T T 1 [ T T T T 1
0 5 10 15 20 25 -40 -30 -20 -10 O 10

Figure 5.3: Asymptotic and simulated distribution of 31 and 3 in quadratic PoSt
model with known Sy, n = 50, ¢ = 25, 51 = 2 =5 and o = 0.05, 0.1, 0.3.
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5.1.1 Confidence intervals coverage

Now, we run simulations to calculate the coverage of the two-sided and right-sided
confidence interval for change-point ¥ in based on asymptotic distribution and
bootstrap. We set n = 25,50, 100 and for every n we have ¢ = [n/4], [n/2], [3n/4].
For all combinations of n and v, we assume [, to be unknown and we set
Bo = 1 = B = 3,0 = 0.03, number of repetitions N = 1000 and number
of bootstrap samples B = 700. We set smaller B than in simulations at linear
PoSt model because estimation of the change-point in quadratic model is more
time consuming. For the linear model, we estimated ¢ as the argument of the
maximum of (3.2) using Brent minimisation method (with negative sign) imple-
mented in R, see Brent [2013]. For quadratic model, results of this method were
poor therefore we chose conjugate gradients method (see Fletcher and Reeves
[1964]) which appeared to be more time consuming but estimators ¢ were more
accurate.

The bootstrap procedure to construct the two-sided confidence interval for
runs as follows.

1. Estimate unknown parameters by 12, BO, Bl, BQ and &,

2. For b=1,..., B, where B is the number of bootstrap samples
(a) Sample e, ..., e}, from N(0,57)
(b) Caleulate Zf, = By + By x5, + B m%z +ef, fori=1,...,n
(c) Estimate ¢ from Z7,,..., Z}, and denote it U

3. Let g;, p(a) denote the a sample quantile calculated from 121‘, o ,&g. Con-
struct bootstrap confidence interval for ¢ as

(26— qh 51— a/2), 20 — g} pl0/2)).

Results are summarised in Table 5.1. The two-sided confidence interval (5.1)
based on the asymptotic distribution has the lowest coverage for the lowest 1 at
each n and the coverage increases as 1 increases. For ¢ = [3n/4], the coverage
is higher than 95%. For the lowest ¢» = [n/4] we have the highest coverage for
n = 50.

Confidence interval based on bootstrap has lower coverage than asymptotic
confidence intervals for ¢ = [n/2], [3n/4] and higher coverage than asymptotic
confidence interval for ¢» = [n/4] except for n = 50. Similarly as for the asymp-
totic CI, the coverage is lowest for the lowest v = [n/4]. Also, the bootstrap
interval is wider for ¢» = [n/4] than the asymptotic interval and shorter for the
other location of .

We calculate the coverage also for the right-sided interval (5.2) based on
asymptotic results and right-sided interval based on bootstrap. Results are sum-
marised in Table 5.2, the coverage is similar as for the two-sided interval. The
coverage is lowest for the lowest ¢ = [n/4] and it increases with increasing 1.
The bootstrap has better coverage for 1) = [n/4] than the asymptotic confidence
interval and slightly lower for other selected values of ).
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Coverage

Coverage

Mean length

Mean length

n 1 asymptotic CI bootstrap CI asymptotic CI bootstrap CI
K %]
6 77.1 88.3 1.11 1.87
n=25 12 92.8 90.7 0.91 0.87
19 97.2 90.9 0.95 0.74
12 89.7 88.3 1.68 1.69
n=>50 25 95.4 94.2 1.35 1.24
38 98.1 95.4 1.41 1.08
25 81.2 83.8 2.26 1.82
n =100 50 95.5 91.6 1.93 1.63
75 98.5 93.4 2.02 1.51

Table 5.1: Coverage and average length of a two-sided confidence interval (CI)
for ¢ in quadratic model based on asymptotic distribution and bootstrap for
/BozﬁlzﬁQ:B,O—:0.0B,B:?OO.

Coverage

Coverage

n v asymptotic CI bootstrap CI

Mean distance
cy — 1 asymptotic

Mean distance
cy — 1 bootstrap

(%] (%]
6 72.1 88.1 0.24 0.75
n=25 12 90.1 87.7 0.35 0.34
19 95.5 91.0 0.39 0.31
12 86.6 89.2 0.57 0.69
n=2>50 25 94.7 93.5 0.55 0.49
38 97.6 93.7 0.57 0.42
25 73.5 82.5 0.35 0.60
n =100 50 93.0 91.9 0.68 0.68
75 97.0 93.2 0.79 0.64

Table 5.2: Coverage of a right-sided confidence interval (CI) for ¢ and average dis-
tance cy — 1 in quadratic model based on asymptotic distribution and bootstrap
for 60 = 61 = 62 = 3, o = 003, B = 700.
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5.2 FE,.. model

In this section, we examine the E,,,, model with change-point ¥ discussed in
Section 2.3 which can be used also in PoSt context. The model
1

0
L+ min(%,)

Zi = 6lowAs + ﬁincr +€;

= BlowAs + Bz'ncr + Lo iz~ + e

represents non-polynomial generalisation of the PoSt model. For the F,,,, model
we do not have asymptotic results, therefore we visualise simulated distributions
together with the real value of parameters.

As discussed in Section 2.3 in Chapter 2, the parameter (5,4, represents the
lower asymptote i.e. the situation with no effect. We often want to estimate
the mean value of the response after the change-point, which was denoted by [
in polynomial PoSt models. In FE,,,, model with change-point, this value can
be calculated as Bipwas + Biner/ (1 + %) and it equals E Z,. When generating
data from FE,,,, model (e.g. for the figures or when constructing the confidence
intervals), one of inputs is the value [y, from which we calculate 5,45 such that,
after the change-point, the mean value of the response will be the given [3y. The
data are then generated with this calculated (,,4s and estimation proceeds as
described in Section 2.3.

We plot the simulated distribution for different combinations of parameters,
similarly as in previous section. For o = 0.05, the simulated distribution of 1;
is centered in the true ¢ and it estimates 1) nicely, see Figure 5.4 created with
n = 50, ¥ = 25, Biner = 2, v = 25 and o = 0.05,0.1,0.3. For higher values of o,
the estimates of the change-points are more dispersed.

In F,,.. model, we observe different behaviour with different location of
change-point compared to linear and quadratic PoSt model. We have the small-
est variance of the simulated distribution for the lowest ¢ and the most dis-
persed values of @E for the highest ¢, see Figure 5.5 created with n = 50, ¢ =
[n/4], [n/2], [3n/4], Biner = 2, ¥ = 25 and ¢ = 0.1.

Next, we look at the simulated distribution of Elow 4s and B’incr; see Figure 5.6
created with n = 50, ¢ = 25, Biper = 2,7 = [n/2] and 0 = 0.05,0.1,0.3.. The
parameter [j,,4s wWas calculated such that the mean value after the change-point
equals 5, as discussed above. The simulated distribution of Blow As 18 centered
around the true value and it is more dispersed as ¢ increases. For Bmcr, the
situation is similar, but the simulated histogram seems slightly nonsymmetric,
we have more values exceeding the true [;,.. than we would expect.

5.2.1 Confidence intervals coverage

The confidence intervals for F,,,, model can be constructed using bootstrap. We
describe the bootstrap process to construct the two-sided confidence interval for
the change-point .

1. Estimate 12, 7, B = (BrowAs, ﬂmcr)T and &2 from data Z1,...,Z,.

2. For b=1,..., B where B is selected number of bootstrap samples:
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(a) Sample ef,, ..., e, from N(0,52).
(b) Calculate 77, = BlowAs + Bincr T5s T ejp fori=1,...,n.

X2

(c) Estimate ¢ from Z7,,..., Z}, and denote it 0y .

3. Let g;, 5(a) denote the a sample quantile calculated from 121‘, o ,@*B. Con-
struct bootstrap confidence interval for v as

(20 - gp(1 — a/2), 20 - g 5la/2)).

In Figure 5.7 we see generated data with n = 50, ¢ = 25, v = 25, Biper = 5,
o = 0.1 and Bipwas = 0.2 with 95% right-sided confidence interval for v con-
structed using bootstrap with B = 1000.

We run simulations to calculate the coverage of the two-sided and right-sided
confidence interval for n = 25, 50, 100, ¥ = [n/4], [n/2], [3n/4]. We further set
B = 1000, N = 1000, ¢ = 0.03, v = 9, Biner = 3 and we calculate §j,45 such
that the mean value of the response after the change-points equals 3.

Results for the two-sided confidence interval are summarised in Table 5.3. In
general, the coverage in almost all cases is below 95%. For n = 25, the coverage

Simulated distribution of \';\/ Simulated distribution of \';\/
|
¢ =0.05
|
|
c=0.1
[ I I I I ] [ I I I I ]
22 23 24 25 26 27 28 22 23 24 25 26 27 28

Simulated distribution of

O s I O S

[ I I I I ]
22 23 24 25 26 27 28

Figure 5.4: Simulated distribution of zZ in F,,q; model with n = 50, ¢ = 25,
Biner = 2, v = [n/2] and o = 0.05, 0.1, 0.3.
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is lowest and it is the highest for ¢» = [3n/4]. For the other choices of n, we have
the highest coverage for the lowest 1) = [n/4]. Similar behaviour was also visible

Simulated distribution of \'I/

I I I I I I
0 10 20 30 40 50

Figure 5.5: Simulated distribution of zZ in E,,,, model for n =
In/4I7 In/2I7 [371/4], ﬁincr = 5, Y= 25 and o = 0.1.

50, v =

A A
Asymptotic and simulated distribution of B,,»s  Asymptotic and simulated distribution of ;...

5=0.05 5=0.05
[ I 1 [ I I I I 1
245 2.50 2.55 2.60 48 49 50 51 52 53 54
A A
Asymptotic and simulated distribution of B,,,,as  Asymptotic and simulated distribution of .,
=01 =01
— 1
[ I I I I I 1 [ 1
2.35 2.45 2.55 2.65 45 5.0 55
A A
Asymptotic and simulated distribution of B,,,,as  Asymptotic and simulated distribution of B,
=03 c=0.
[ I I I I 1 [ I I 1
20 22 24 26 28 30 4 5 6 7 8 9

Figure 5.6: Simulated distribution of [jouas and Biper in Fq. model for with
n = 50,% = 25, Biner = 5,7 = 25 and o = 0.05, 0.1, 0.3. The Bjwas was
calculated such that the mean value of the response after the change-points equals
5.
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in Figure 5.5 where the estimators were less dispersed for the lowest 1.
For the right-sided confidence interval, the results were similar as for the two-
sided interval, see Table 5.4.

o _ ' o o ©
QN | o]
o} Q0o
o 0° .o X I (-)o
/ ! (@) ©)
o
To] / 1
= 7 o |
% |
N !
o | ¢ :
" % :
_." I True curve
é | —— True change-point
To) h !
© ' ! 95% right-sided
o) | confidence interval
I I I I I I
0 10 20 30 40 50

Time

Figure 5.7: E,,., model with 95% right-sided confidence interval for ¢ for n =
50, ¢ = 25, v = 25, Biner = 5, 0 = 0.1, Browas = 0.2 and B = 1000.
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Coverage Mean length

n ¥ bootstrap CI bootstrap CI
%]
6 83.0 1.09
h—os 19 88.9 1.38
19 91.1 198
19 94.7 1.56
n=5 25 92.8 2.07
28 91.8 2.95
95 95.8 2.11
=100 50 93.6 2.96
75 94.6 418

Table 5.3: Coverage and average length of a two-sided confidence interval (CI) for
Y in Fp., model based on bootstrap for SBi,.. = 3, v = ¢, 0 = 0.03. The Bipwas
was calculated such that the mean value of the response after the change-points
equals 3.

Coverage i
Mean distance
n P bootstrap CI cy — 1 bootstrap
[%%]
6 79.9 0.41
n—2 12 87.3 0.53
19 90.1 0.79
12 95.3 0.66
33 90.5 113
95 96.1 0.87
n = 100 50 92.9 1.21
75 92.2 1.70

Table 5.4: Coverage of a right-sided confidence interval (CI) for ¢) and average
distance cy — ¢ in E,,,, model based on bootstrap for 8;,., = 3, v =, 0 = 0.03.
The [B,,4s Was calculated such that the mean value of the response after the
change-points equals 3.
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6. Model misspecification

With real data, it is often difficult to correctly specify the model that the data
come from and whether the assumption of homoscedasticity of random errors
is fulfilled. In this chapter, we discuss a situation when the model is incorrectly
specified and we run simulations to find out how it influences the coverage of con-
fidence intervals. We use results from previous chapters about PoSt models and
we also address the wrong assumption of heteroscedasticity or homoscedasticity.
We present two scenarios, one where we assume more complicated model than
the data come from and second with less complex model than the true model.

For each scenario, we describe the assumed and the true model and assump-
tions concerning variances of the random errors. We run simulations and calcu-
late the coverage of the confidence intervals for the change-point ¢ and we discuss
possible issues of misspecifying the model with real data.

In whole chapter, we assume we have m; measurements at each ¢ = 1,...,n
from given model and we set m; = 20. By assuming this, we can estimate the
variance at each time i. We set n = 50, number of repetitions N = 1000, number
of bootstrap samples B = 1000 and we try different locations of the change-point,
6 = [n/4], [n/2], [3n/4].

We run simulations with ¢ = 0.03 and under heteroscedasticity, we set
ai:0(1+1.5-1[i§¢]), i=1,...,n, (6.1)

where 1|, denotes the indicator function. This represents the situation, when the
variance is bigger until the manufacturing line stabilises, i.e. before the change-
point .

During the estimation, we estimate the variance o? at time 7 by the sample
variance and we construct the weight matrix W as discussed in Chapter 4. This
matrix is then used in estimation of the change-point and other parameters and
in the bootstrap procedure.

Under the homoscedasticity assumption, we assume variances are the same
for all 7z = 1,...,n and we set ¢ = 0.03. It can be estimated by the ,pooled”
estimator of variance similarly as in Hldvka and Huskova [2017]. Denoting 57 the
sample variance at time i, the pooled estimator is defined as

~2 iy (mi — 1)67

Upooled = ?:1 (ml _ 1)

In each scenario, we generate data from the true model with the correct as-
sumption of the variance structure (homoscedasticity or heteroscedasticity), we
estimate unknown parameters using the (incorrect) assumed model and variance
structure and we construct two-sided and right-sided confidence interval for
using bootstrap in the assumed model and variance structure. We also construct
the confidence intervals using the true model for comparison.

In 4, model (2.16), the mean value of the output is increasing with 5, > 0
and decreasing with ;.- < 0 up to the change-point 1. Inversely, in a linear PoSt
model, the mean value is increasing with §; < 0 and decreasing with 5, > 0,
similarly in quadratic PoSt model. To keep the same trend of the output variable,
we manually change the sign of S, in E,,,, model when generating data and
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during estimation. When we set 3, = b, and generate the data using FE,,,, model,
they will be generated using S, = —b. Similarly during estimation, estimating
using F,,., model on data with decreasing trend will resolve in Bincr > 0 by
estimating the parameter [3;,.. and then changing the sign.

6.1 Overspecified model

In this section, we deal with a situation, when the assumed model for the data is
more complicated than the true model from which the data are.

Let the true model for the data Z; ;,7 = 1,,...,n, 7 = 1,...20 be a linear
PoSt model with homoscedastic random errors, i.e.

\+
Zij = Bo + B <M> + e,

n

and vare; = o2 is same for alli =1,...,n. We set 8 = (2, 2)T and o = 0.03.

In this setup, we try constructing the confidence interval assuming hetero-
scedasticity in linear, quadratic and FE,,,, model. We also add the coverage for
the true model and homoscedasticity.

One can expect the overspecification will not have such a big impact on the
coverage as in the underspecification scenario. Results are summarised in Table
6.1.

With correctly specified model, i.e. linear PoSt model with homoscedastic
errors, the coverage is around 95% and it is the highest for ¢ = [3n/4]. When
heteroscedasticity is assumed in the linear model, the coverage is a bit lower,
around 92%, and slightly higher for the right-sided interval compared to the two-
sided interval.

When assuming quadratic model, the coverage decreases to values around 88%
for the two-sided interval and 92% for the right-sided interval.

The situation changes when assuming the E,,,, model. The coverage for
1 = 12 is only 40% and it is zero for the other locations of . For the right-sided
confidence interval, the coverage is 100%. This happens because by assuming ..
model and heteroscedasticity, we tend to have 1/7 > 1), see the left side of Figure
6.1. This is because @Z is found by maximizing a function (2.17) and the function
has its maximum at larger values than ¢ when using data from the homoscedastic
linear model, see the right side of Figure 6.1 plotted for ¢» = 25. Therefore the
two-sided confidence interval does not cover true change-point ¢) and the upper
limit ¢y of the right-sided confidence interval exceeds . For ¢ = 25, the average
distance cy — ¢ equals 2.3 and for ¢ = 38 it equals 5.3 therefore the ,bias“ of
the estimator increases with increasing 1. The situation is similar when assuming
homoscedastic F,,,, model.

In general, assuming heteroscedasticity when homoscedasticity holds brings
slightly lower coverage of the confidence intervals. When more complex poly-
nomial model (the quadratic model) is assumed, the coverage drops a bit more
to approximately 92% coverage of the right-sided interval. The problem occurs,
when we incorrectly assume the data are from FE,,,, model since the estimator @
tends to overestimate 1) because of the shape of maximised function.
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Assumed Both-sided Right-sided

Arsj:)l(l;r:lad variace Change-point CI coverage CI coverage
structure (%] (%]

12 95.2 94.0
linear homoscedastic 25 95.5 94.5
38 96.2 95.5
12 91.8 92.3
linear heteroscedastic 25 91.7 92.1
38 91.8 93.5
12 88.7 90.0
quadratic heteroscedastic 25 85.4 92.1
38 91.1 92.0
12 40.4 100.0
Eooa heteroscedastic 25 0.0 100.0
38 0.0 100.0

Table 6.1: Coverage of bootstrap 95% confidence intervals for v in the correct and
in the overspecified model, the true model is homoscedastic linear PoSt model
with n =50, 0 = 0.03, By = [, = 2.
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Figure 6.1: Estimation when assuming heteroscedastic F,,,, model and the true
model is homoscedastic linear with ¢» = 25, n = 50, 5y = $; = 2. Left: Histogram
of simulated 1Z Right: Function to be maximised when estimating v for one
simulated data.
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6.2 Underspecified model

In this section, we deal with a situation, when the data are assumed to be from
a simpler model than they really are.

Let true model for the data Z, ;,
PoSt model

N+ N+ 2
Zij = Po+ b <¢;’l> + B2 <<¢n—z> ) + €4

with heteroscedastic random errors with var e;; = o7 defined by (6.1) and param-
eters By = 1 = [y = 2.

With this data, we estimate parameters and we construct bootstrap confidence
intervals assuming homoscedasticity in linear, quadratic and E,,,, model. We can
expect the coverage will be lower than in overspecified scenario since we assume
simpler model than the true model.

The results are summarised in Table 6.2. When the true model is assumed,
the coverage is also lower than 95%. It is possible, that in some cases the change-
point was incorrectly estimated because of more dispersed data before the change-
point and the confidence interval, constructed from samples generated using this
,shifted“ estimators, did not cover the true change-point. Smaller values o7 or
larger 1, B2 would probably make the coverage higher. The coverage of the
right-sided interval is higher, around 90%.

With incorrectly specified model, the coverage varies and estimators are in
general not reliable.

When quadratic model with homoscedasticity is assumed, the coverage is
lower, we have 74% coverage for ¢ = 12, 50.3% for 1) = 25 and 93.9% for ¢ = 38
for the two-sided confidence interval. For the right-sided interval, the coverage is
higher for ¢ = 12, 25 compared to two-sided interval.

When assuming linear model, the situation changes. For v = 12 the coverage
is < 25% and it is O for the other chosen 1 for both types of intervals. This
happens, because by incorrectly assuming linear model we tend to have 1Z < 1,
see the left side of Figure 6.2, since the maximum of maximised function (2.2)
for linear PoSt model is not the true change-point v, see the right side of Figure
6.2. Therefore, both the two-sided and the right-sided confidence intervals do not
cover the true .

The situation is again different for the E,,,, model. We get coverage higher
than 75% for ¢» = 12, 25 and the coverage drops to only 0.1% for ¢ = 38. Again,
the coverage of the right-sided interval is much higher, we often obtain @Z > 1)
similarly as in the overspecification scenario.

When we are not sure about the assumption of homoscedasticity, it is therefore
safer to assume heteroscedasticity since otherwise the coverage is not reliable.
Also, we should not assume simpler model since it yields in very low coverage.

t=1,,...,n,7 = 1,...20 be a quadratic
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Assumed Both-sided Right-sided
Assumed . .
model variace Change-point CI coverage CI coverage
structure (%] %]
12 87.4 90.4
quadratic heteroscedastic 25 84.3 90.5
38 91.2 90.4
12 20.6 16.4
linear homoscedastic 25 0.0 0.0
38 0.0 0.0
12 74.0 79.4
quadratic homoscedastic 25 50.3 89.2
38 93.9 92.4
12 87.5 91.8
emax homoscedastic 25 77.9 99.7
38 0.1 100.0
Table 6.2: Coverage of bootstrap 95% confidence intervals for ¢ in the correct

and in the underspecified model, the true model is heteroscedastic quadratic PoSt
model with n = 50, 5y = 81 = 2 = 2 and o; given by (6.1) with o = 0.03.
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v v
Figure 6.2: Estimation when assuming homoscedastic linear PoSt model and

the true model is heteroscedastic quadratic with ¢ = 25, n = 50, unknown [,
and [y = f1 = B = 2. Left: Histogram of simulated . Right: Function to be
maximised when estimating 1 for one simulated data.
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Conclusion

In the thesis, we dealt with gradual change model, mostly in point-of-stabilisation
(PoSt) context. First, we reviewed available methods, we briefly discussed testing
the presence of the change-point and in more detail, we discussed the estimation
in gradual change models with polynomial trend and also in more general setups,
such as panel data, in Chapter 1.

In Chapter 2, we first introduced least squares estimators of unknown pa-
rameters in gradual change model with polynomial trend as in Huskova [1998]
and we stated their asymptotic results. In Section 2.2 we introduced the model
with quadratic trend and ,reversed“ time ordering which is used in PoSt con-
text. For the quadratic model, we stated estimators of unknown parameters and
asymptotic results derived in Jaruskova [2001] where we extended used theorems
by assuming general variance o. In Section 2.3, we introduced the E,,,, model
in its general form used e.g. in dose-response studies in MacDougall [2006] and
we modified the model by including the change-point and we derived estimators
similarly as in linear change model.

In Chapter 3, we introduced the linear PoSt model, motivated by estimating
the point-of-stabilisation in continuous manufacturing process. We made use of
estimators derived in previous section about linear and general polynomial trend.
When deriving the asymptotic distribution, we translated results from Huskova
[1998] into reversed time settings used in PoSt context. Next, we used derived
results to construct confidence intervals for the change-point, we discussed the
connection to testing and we explained how they can be used in practice to verify
the stability of the production process. In Section 3.5 we visualised the difference
between the asymptotic distribution and the simulated distribution for various
sample sizes n, locations of the change-point ¢ and variance o. Here, we found
out properties of the change-point estimator 1; depend on the variance o and also
on the location of the true change-point, the best approximation is for the highest
value ¢ = [3n/4] among all selected locations of ). We calculated the coverage of
two-sided and right-sided confidence interval for 1) based on asymptotic results
and on bootstrap. For higher n, the coverage was similar for all selected loca-
tions of 1 and for n = 100, the coverage was around 94.5%. for the asymptotic
confidence interval. Using bootstrap, the coverage was in most cases slightly
higher and the bootstrap confidence interval was on average also a bit wider. For
the right-sided interval, the asymptotic confidence interval had slightly higher
coverage than the bootstrap interval.

Therefore, when assuming linear PoSt model and calculating right-sided con-
fidence interval, we would recommend to use the interval based on the asymptotic
distribution. On the other hand, for the change-point located early in the data
(e.g. ¥ = [n/4]), bootstrap provides slightly better coverage as we saw in Table
3.2 for n = 25, 100.

In Chapter 4, we showed how to modify the estimation process when ho-
moscedasticity is not fulfilled by using multiple measurements and estimating
the variance o? for each time i. We described the bootstrap procedure to get the
confidence interval for the change-point since in this situation we do not have any
asymptotic results.
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We then aimed at nonlinear PoSt models in Chapter 5, namely quadratic and
FE e model. We discussed the construction of confidence intervals, which can be
used in practice, and we visualised the simulated and the asymptotic distribution.
For the quadratic model, the approximation was similar as in linear PoSt model.

We calculated the coverage of confidence intervals as in the linear PoSt model.
For the quadratic model, the difference in coverage for different locations of 1
was more evident. For i) = [n/4] the coverage was the lowest for all chosen n and
the coverage increased with increasing ¢). Here, bootstrap confidence intervals had
slightly lower coverage similarly as in linear PoSt model. For right-sided bootstrap
interval coverage, results were similar as for two-sided confidence interval.

Therefore, when assuming quadratic model, we would again recommend using
the confidence interval based on asymptotic results. On the other hand, bootstrap
confidence interval provides better coverage in the case of ,early* change-point,
in our case ¢ = [n/4], similarly as in linear PoSt model.

Next, we visualised the simulated distribution for the FE,,,, model in PoSt
context together with true values of parameters. We found out that estimators
of the change-point are less dispersed for lower values of €, compared to linear
and quadratic PoSt model. The coverage of bootstrap confidence intervals for 1)
in F,.,; model was slightly below 95% and it was the highest for ¢ = [n/4].

In the end in Chapter 6, we discussed what happens when the true model
is not correctly specified and when incorrect assumption of homoscedasticity or
heteroscedasticity is done. When assuming more complex model than the true
model and hetroscedasticity when homoscedasticity is fulfilled, the coverage for
1 was slightly lower, but still mostly above 91% for the right-sided confidence
interval, see Table 6.1. When F,,,, model was assumed, the coverage of the
two-sided interval was only 40% for ¢ = [n/4] and none of bootstrap confidence
intervals covered the true ¢ for ¢» = [n/2], [3n/4]. For the right-sided interval, we
had 100% coverage since the estimated change-points tend to overestimate the
true ¥ because of the shape of maximised function, see Figure 6.1.

When assuming less complex model and homoscedasticity while heteroscedas-
tic quadratic model holds, the results were not reliable, see Table 6.2. When as-
suming correct model and homoscedasticity, the coverage of the right-sided confi-
dence interval was around 85%. When assuming linear homoscedastic model, the
coverage was below 20% because estimators QZ tend to underestimate the true v,
see Figure 6.2. When assuming the F,,,, model, the situation was similar as in
overspecification scenario, we again tend to have 1Z > 1 and the coverage of the
right-sided confidence interval was mostly higher than 95%.

Therefore, when one is not sure about homoscedasticity, we would recom-
mend to assume heteroscedasticity, which brings only small drop in coverage
if homoscedasticity holds. Also, assuming a simpler model yields in very low
coverage, we would therefore recommend assuming model with more complex
polynomial trend. On the other hand, misspecifying the E,,,, model results in
,biased“ change-point estimator because of the shape of maximised function.
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