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Introduction

In the thesis, we study multivariate fractional Brownian motions and stochastic
differential equation driven by them. A multivariate fractional Brownian motion
is a generalization of an n-dimensional fractional Brownian motion; it is allowed
that each of its components has a different value of the Hurst parameter. This
provides higher flexibility as far as the regularity properties of the processes are
concerned. For instance, multivariate fractional Brownian motions are used to
describe observation of a brain at low frequencies by functional Magnetic Reso-
nance Imaging; see [3], [2]. They are also used to describe structural properties,
such as deformability, stacking energy, position preference and propeller twist, of
the Escherichia coli chromosome; and returns and volatility of the DAX index;
see [0]. Basic properties and general context of multivariate fractional Brownian
motions are presented in [4].

Let H = (Hy, Hy,...,H,)" € (0,1)". In the present work, we consider the
multivariate fractional Brownian motion B¥; that is the n-dimensional stochas-
tic process whose components are fractional Brownian motions with Hurst pa-
rameters H; and the components are independent. Moreover, we consider the
stochastic differential equation

t t
Xt::c0+/ b(r,XT)dr+/ o(r)dBY, te0,T], (1)
0 0

where b : [0, T]xR" — R"and o : [0,7] — L(R") are Borel measurable functions.

Conditions under which the strong solution to equaution exists are deter-
mined. Similar problems have been already treated in the literature. In particu-
lar, we refer to [12] or [30] (and references therein) where stochastic differential
equations driven by fractional Brownian motion are considered. For the special
case when the Hurst parameter is equal to one half (i.e. Brownian motion) we
refer to [21].

Subsequentely, a Girsanov-type theorem for multivariate fractional Brownian
motions is given. This theorem is the main tool in the thesis and it is a gener-
alization of the Girsanov-type theorem for one-dimensional fractional Brownian
motion which is discussed, e.g., in [I0] or [32], and of the n-dimensional case
which is discussed in [39).

Two applications of the Girsanov-type theorem are then given. Firstly, it is
used to show the existence of a weak solution to the equation

Xy =z + /Ot[bl(r, X;) + bo(r, X,)] dr + /Ot o(rydB®, teo,T), (2)

where o : [0,7] — L(R™) is a Borel measurable function with invertible values
such that its integral with respect to B has a continuous version and b; and
by are two Borel measurable functions [0,7] x R* — R™. Moreover, function
by is assumed to be locally Lipschitz and of at most linear growth in the space
variable, the map [(t,z) — o(t)"'hy(t,x)] is assumed to be of at most linear
growth in those coordinates that correspond to the singular coordinates of BY,
and Holder continuous in both time and space variables in those components that
correspond to the regular components of BY.



The topic of existence of a weak solution to stochastic differential equation
driven by fractional Brownian motions has been already treated in many articles.
For the case H = %, we refer to, e.g., [21]. Stochastic differential equations driven
by a one-dimensional fractional Brownian motion are discussed, for example, in
[11], [8] or [27] where o is supposed to be equal to one, or we can refer to [24],
[39], where o is supposed to be a Borel function satisfying certain conditions. In
fact, the article [39] is a main inspiration for the first part of the present thesis.
Most of the results in the first part are a generalization of the article [39] and
emphasis was put on the parts that are different for the H-fractional Brownian
motion. It is shown that the arguments [39] can be used even in the case of a
multivariate fractional Brownian motion with different Hurst indices in different
coordinates provided that the singular Hurst indices differ from the regular ones
by at most one half.

The results are used to show the existence of a weak solution to the equation

d? d 9 d g
T2 + QWE@ +wry = p(t)aBt , te][0,T], (3)
where ~ is an n x n real matrix, w? is an n x n real positive semidefinite matrix
and p is a function p : [0, 7] — L(R™) satisfying certain conditions. This equation
is a generalized version of [17, Eq. 2].

Secondly, we apply the Girsanov-type theorem in the estimation of the drift
parameter in equation

t
X, = 9/ b(r, X,)dr + BE, ¢ >0. (4)
0

We find the maximum likelihood estimate (MLE) for parameter § based on a con-
tinuous observation of one trajectory of the solution of and we give sufficient
conditions for its strong consistency and asymptotic normality.

Statistical inference for stochastic diffrenetial equations driven by Brownian
motion has been treated in many monographs; see, e.g., [23], [25]. On the other
hand, the literature concerning inference for fractional diffusions is much more
scarce. We refer, for example, to [10] and [28] where a MLE of the drift parameter
of a fractional Brownian motion is studied; to [6], [9], and [20] where a MLE of
the drift parameter of a fractional Ornstein-Uhlenbeck process is treated and to
[40] where a MLE of 0 in the general equation (4)) with b(¢, ) not dependent on
t is considered.

The thesis is divided into four sections. In the first section, we remind ba-
sic definitions and theorems from stochastic calculus, we also present fractional
Brownian motion and its generalization - multivariate fractional Brownian mo-
tion with possibly different Hurst indices in different coordinates. We remind
some basic concepts of fractional calculus. Then the Wiener integral with respect
to multivariate fractional Brownian motion is introduced.

The second section is devoted to Girsanov theorem and the Girsanov-type
theorem for multivariate fractional Brownian motions.

The third section is devoted to stochastic differential equations driven by
multivariate fractional motions. Firstly, we present the conditions under which
process defined as the Wiener integral with respect to multivariate fractional
Brownian motion is continuous and subsequently, we find conditions that assure
the existence of the strong solution to equation ([1]).
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In the last section, two applications of the Girsanov-type theorem are given.
Firstly, we show the existence of a weak solution to equation and we give an
example of such an equation. Lastly, we find the maximum likelihood estimate
for the parameter # in equation (4)) and discuss its properties.

The thesis comprises and partially extends the following paper:

M. Camfrlova, P. éoupek, Applications of the Girsanov theorem for multi-
variate fractional Brownian motions, submitted, 2020.



1. Preliminaries

1.1 Stochastic Process

In this section we recall some basic definitions and theorems in the field of stochas-
tic processes.
We shortly remind the definition of a stochastic process and its measurability.

Definition 1 (Filtered Probability Space, Stochastic Process). Let © be a non-
empty set, F be a o-algebra on Q and P be a probability measure on (€, F) then
the triplet (2, F,P) is called a probability space.

If (F)i>o @s a filtration of F (that is a non-decreasing sequence of o-algebras
on  such that Fy C F for every t > 0) then the probability space equipped with
a filtration (0, F, (Ft)i>0, P) s called a filtered probability space.

Let I # 0, (Q,F,P) be a probability space and (S,S) a measurable space. A
family of random variables X = {Xy,t € I} defined on (2, F, P) with values in
S is called a stochastic process.

Definition 2 (Adapted Process). Let (2, F, (Ft)i>0, P) be a filtered space. We
say that a stochastic process { Xy, t > 0} defined on (2, F, (Fi)i>0, P) is Fi-adapted
if the random variable X, is Fi-measurable for every t > 0.

Definition 3 (Gaussian Process). We say that a stochastic process X = {X;,t €
I} is Gaussian if for every n € N and for every ty,...,t, € I the random vector
(X4, .-, Xe,) has a Gaussian distribution.

Gaussian processes are determined by their mean and covariance functions.
Conversely, we remind the theorem that ensures the existence of a stochastic
process that is Gaussian with a certain mean and covariance function.

Theorem 1 (The Daniell-Kolmogorov Theorem for Gaussian Process). Let I # ()
and let g : 1> — R be a positive semidefinite function. Then there exists a
probability space and a real, centered Gaussian process X = {X;,t € I} defined
on it such that the following equation holds:

E X, X,=g(t,s), t,sel

Proof. The proof can be found in e.g. [19, Theorem 2.4].
[

Next, we recall the Kolmogorov-Chentsov Theorem which ensures the exis-
tence of a continuous version of processes with certain properties.

Theorem 2 (The Kolmogorov-Chentsov Theorem). Suppose that (2, F,P) is a
probability space and {X;,t € [0,00)} is an n-dimensional stochastic process for
some n € N defined on (2, F,P) which satisfies that for every T' € (0,00) there
exist a, B and ¢ > 0 such that

B X, — X,||* <c|t —s|"P, t,s€]0,T],



Then there exists a continuous modification Y, which is locally Holder continuous

with exponent y for every v € (0,2), i.e., for every T € (0,00) it holds

'«

Plw: sup Yt(M)_Y;(w)<5 =1

0<t,s<T [t — s|7 -
0<t—s<hr(w)

Y

where hr(w) is an a.s. positive random variable and § is an appropriate constant.

Proof. The proof can be found e.g. in [I9, Theorem 2.8|
O

1.2 Stochastic Calculus for fBm

In this section, we recall the defintion of fractional Brownian motion and some
of its properties. We also define H-fractional Brownian motion which is an n-
dimensional fractional Brownian motion with possibly different Hurst parameters
in each component. An introduction to fractional Brownian motions can be found
in, e.g., [7], [8], [26] and [1]

1.2.1 Definition and Properties of fBm
Firstly, we recall the definition of the standard Brownian motion.

Definition 4 (Brownian Motion). Let (2, F, (Ft)i>0, P) be a filtered space, the
process {Wy,t > 0} is called an n-dimensional F;-Brownian motion if it is JF-
adapted, continuous, Wy = 0 a.s., and if for all 0 < s <t < oo the increments
W, — Wy are independent of Fy and have normal distribution with zero mean and
covariance matriz (t — s)Id,, (Id,, denotes the identity matriz from R™ to R™).

The existence of the Brownian motion is ensured as follows: the function
defined on [0, 00)? by

(t,s) — min(t,s), t,s>0

is positive-semidefinite and therefore there exist centered Gaussian processes
W ...,W" on [0,00) with this covariance function by Theorem . Furthemore,
these are continuous by Theorem [2| We may moreover assume that W1, ... W"
are independent (by the standard argument of product probability spaces). Fi-
nally the process W = (W1 ... W™)T satisfies the above definition with the
filtration generated by W itself.

We continue with the definition of a fractional Brownian motion which is a
generalization of the Brownian motion.

Definition 5 (Fractional Brownian motion). Let (2, F,P) be a probability space.
Let H € (0,1). The process B = {Bf, t > 0} defined on this probability space
that is centered Gaussian and that has the covariance function given by

1
RI(t,s) = §(t2H+32H— it —s”™), s,t>0, (1.1)



is called the fractional Brownian motion (fBm) with Hurst parameter H € (0,1).

Clearly, an fBm is the Brownian motion if H = % The covariance function

of fBm defined by is a positive semidefinite function and therefore, such
process exists by Theorem [I By Theorem [2] it can be assumed that the fBm
has almost surely locally Holder-continuous trajectories of order H — ¢ for any
e € (0,H).

It can be shown that the increments of B¥ are independent only if H = %
and that B is a semimartingale also for H = % only. For other choices of H, the
process B is not a semimartingale; see, e.g. [30, Section 1 and 2.1]. This leads
to the need of a different definition of a stochastic integral with respect to the
fractional Brownian motion than in the case of the standard Brownian motion.

Now, we generalize the concept of a fractional Brownian motion and define a
multivariate H-fractional Brownian motion.

Definition 6 (H-fractional Brownian Motion). Let H = (Hy,...,H,) € (0,1)"
and let B%i i =1,....n, be a fractional Brownian motion with Hurst parameter
H; and assume that BY is independent of B™i whenever i # j. Let B i =
1,...,n be defined on the same probability space. We define the multivariate

H-fractional Brownian motion (H-fractional Brownian motion) as the stochastic
process BY = (B ... BHn)T,

Clearly, it holds that
EB,'(B)" = R"(s,t)
for every (s,t) € [0,00)? where R™ : [0,00)? — L(R") is defined by

RH(s,t) := diag {R™i (s, 1)} ,.

Such process surely exists by similar arguments as for Brownian motion.

1.2.2 Fractional Calculus

In this section we provide the definitons of the fractional Riemann-Liovuville inte-
gral and derivative which are useful to describe some integral operators associated
with fractional Brownian motion.

This section is only devoted to the definitions and results that are to be used
in the next sections. All definitions and results provided can be found in, e.g.,
[36].

Definition 7. Let g € L'(a,b), we define the fractional Riemann-Liovuville in-
tegrals of order o > 0 for a.e. t € (a,b) as

1) 12.9(t) = iy Ut = 5)"g(s)ds,

2) I g(t) == sy [ (s = 1)*g(s)ds.

The operators I3, and I;* are usually called the right-sided Riemann-Liouville
fractional integral and left-sided Riemann-Liouville fractional integral respec-
tively. The convergence of the integrals at the singularity is understood in the
LP-sense.



The operators 12, and I{* are extended to allow for & = 0 by setting 7, and
IY_ to be the identity operator, this is not a standard notation but this notation
will be useful in the following chapters.

We denote by I, (L”(a,b)) the image of LP(a,b), p € [1,00) under the oper-
ator I¢, and similarly for I .

We define the inverse operators I, and I,

Definition 8. Let —0o < a < b < o0 and g € 13 (LP(a,b)), p € [1,00), a €
(0,1). We define the fractional Riemann-Liovuville derivatives of order « for a.e.

€ (a,b) as
L) = it (2 + o ! gﬁs)ngS)

2. I,%g(t) := p(ll,a) (( gt +af (s— i(fldS)

As in the case of fractional integrals, the operators I, and I;"“ are usually
called the right-sided Riemann-Liouville fractional derivative and the left-sided
Riemann-Liouville fractional derivative respectively.

The operators I2, and I are extended to o = —1 by setting I} and I, to
be the first derivative in the LP sense, as before this is not a standard notion.

Fractional derivatives are inverse of the fractional integrals and vice versa in
the following sense.

For a € (0,1) and p € [1,00) it holds

] (I +g> _gv g € Ll(a7b)

I3 (1 9) = g, g € 15 (L"(a, D))
Analougous relation holds for the operators I;* and I, .

It also holds that
1000, =15 a, B>0.

Analogous relation holds for " .

1.2.3 Integration for Multivariate fBms

This section is devoted to the construction of a Wiener integral with respect to the
H-fractional Brownian motion. We already mentioned that we cannot proceed
as in the case of the standard Brownian motion when constructiong the integral
because a fractional Brownian motion is a semimartingale only if H = % For
our purposes, however, it suffices to consider only deterministic integrands. The
integral is constructed similarily as in [I].

Firstly, we recall the Gauss hypergeometric function 5 F}(a, b, c, z) (for a sys-
tematic survey, see, e.g., [37, Chapter 1]). It is defined for any a, b € R, any

z€R, |z] <1,and any ¢ #0,—1,... by

e (a)x(b kk
oF1(a, b, c, 2) .—Z (k!

k=0

where (a)o = 0 and (a);, = F(F“(;)k), where I' is the Gamma function, i.e. I'(z) :=

Joex*te™®dx, R(z) > 0. For complex arguments z with |z| > 1 it can be

8



analytically continued along any path in the complex plane that avoids the point
1 and infinity.

The covariance function R can be described via a certain Volterra-type ker-
nel. If H = , define the kerne Ky :[0,T]> = R by

KH(t,T> = 1(0’15)(7“).
If H # 3, define the kernel K : [0,7]*> — R by

Ky(t,r) = (1) (H—I— %) (t—r)""2

11 1 t
<aFi (H =g = HH =)

for (t,7) € [0, T)? such that 0 < r <t < T and by Ky(t,r) := 0 otherwise. Here,
the constant cy is given by

. mH(1—2H)
= I'(2—2H)cos(tH)

It is well known that the following equality holds true

R¥(ts) = [ " Kt ) K (s, w)du (1.2)

for every (s,t) € [0,T]? see [10, Lemma 3.1]. In [I], we can find a more conve-
nient expression for the kernel K.

If H< % then the kernel can be expressed as folows

~ t H-—1 -1 1 i t H-3 H-—1
Kunlt, ) = e | (518t = )13 = (H = s [ =30 — )" Hdu 10,
S s

where the constant cy is given by

o 2H
M7\ (1—2H)B(1— 2H,H + 1)

with B(a,b) := [y u®'(1 —u)*~'du, a,b > 0, being the Beta function.
It H< % then the kernel can be expressed as folows

¢
Kg(t,s) = c}{/ (u — S)H_%UH_%dul[,»s},

. H(2H —1)
CH TN B2 2H, H 1)

1
2

where

'Where 1(g4) denotes the indicator function on the interval (0,t).

9



Next, we define

KHI (ta 3) 0
KH(ta 8) = dlag {KHi(ta‘g)}?:l =
0 KHn(tvs)

It is clear that the covariance matrix of an H-fractional Brownian motion can
be expressed similarily as in ((1.2)). In particular, it holds that

R(t,s) = [ " Kt u)Ku(s, u)du
for every (s,t) € [0,T)%.

Now we can proceed to the definition of the integral with respect to the H-
fractional Brownian motion for simple functions.

Let m € N and denote by £(0,7; L(R"; R™)) (the symbol L(R"; R™) denotes
the space of m x n real matrices identified with linear operators from R" to
R™) the space of simple functions on the interval [0, 7] with values in the space
L(R™;R™), i.e. every ¢ € £(0,T; L(R™;R™)) is of the form

N-1
Y= Z Ail[ti,ti_,.l) (1.3)
i=0

for some N € N, some partition {t;}¥, of the interval [0, 7] such that 0 = t; <
t; < ... <ty = T, and some set {A;};! € LRYR™) (if m =n = 1, we
simply write £(0,7)). For a step function ¢ that is represented by (L.3), the
Wiener integral with respect to the multivariate H-fractional Brownian motion
B" is defined by

N—-1
Ir(y) =Y Ai(BEIH — B,). (1.4)
=0

In what follows, we extend Iy from the space of simple functions to a larger
space of admissible integrands. For that we need to define the linear operator

0Kz - £(0,T; LR R™)) — L*(0,T; L(R™;R™))
by i
(OK5)(s) =¥ (s)Ku(T,s) + / [ (r) — 0(8)](01 K (r, ) dr.

Here, 0y Ky = diag {01 Ky, }*_, where 0, Ky, denotes the partial derivative of Ky,
in the first variable. In one-dimensional case we simply write K7}, for H € (0, 1).
The following theorem is crucial for the construction of the integral.

Theorem 3. Let 1, ¢ € £(0,T; LR™;R™)). Then there is the following equality:

T T
E( /0 b(t)dBY, /0 S(£)d B g (1.5)
= (OKg(¥), 0K5(8)) L2 (0,17, c(rn )

=: (Y, 9) pr(o 7, c(R" R™))-

10



Proof.  For the simplicity of the proof we will assume that n = m. To prove
(1.5), we use the fact that

(0KH1104)(s) = Kgu(t,s)14(s), (1.6)

for0<s<t<T.
Let v, ¢ be of the form

N—1
¢ - Z akl[tk,tk+1)
k=0
and
N-1
- Z 0iLit; t540)s
=0
for some N € N, some partition {#;}¥, of the interval [0,7] such that 0 =

to <t < ... <ty = T and some sets {a;}1 ", {b;}2' € L(R"). Denote
A= (AN _,, where A € L(R"). We may write

E<AdeBFnAT¢@)dB§>W

N-—1 N— H
- E< ak(Btk+1 Z J+1 - tj)>
: R~

k=0

-2 ZE[ (B, — B (Bl — Bfe)]

n N—
= Z Z Zlblm [RHZ (tht1s tj1) — RHl(tk:Jrl’tj)
i,1=1 k,j=0
R (tkn ]+1>+R (tk’ )}
= (%)

by using the linearity of the inner product, the fact that every fractional Brow-
nian motion is centered and uncorrelatedness of B and Bt whenever | # m.

Moreover, by using equations (|1.6)) and (1.2]) we obtain:

n N-1
=2

i,1=1k,j=0

oo T
(a5 [ [0 (Mo 10Ky (L))
— 0K, (110.41..1)) (1) 0K g, (110.4,))(7)

— 0K, (L0,6,)) (r) 0K g, (Lo,4,,1) (1)

FOK, (L0, (1)K, (Lo.))(r))] dr)

11
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X ( - bé-l {8K;Iz(1[0,tj+l))(r) _aK;Izu[O:tkj))(r)})] dr

We finish the proof by using the linearity of 0K},

() = 3 [ 0K ()0 (00) dr

il=1

= <3Kﬁ(¢); 3Kﬁ(¢)>L2(0,T;c(Rn))
=: (¢, ®)pu(o,1,c(RM))-

]

For H € (0,1), the operator 0Kj; : £(0,T) — L*(0,T) is injective and it can
be described by the fractional operators defined in section |1.2.2, In particular, it
follows that for ¢» € £(0,7T), 0K is given by

0K = cHT%’H[f__%TH%%
and for ¢ € (0K})(E(0,T)), the inverse (0K} )~ is given by
(0K = citrd 1y by,
cf. [7, p. 30 and p. 36] and [I, section 8|. So it follows that

(U, ) pro,rcmnrmy) = (OKpY, OKg©) 120,150 RR™Y),

P, € E(0,T; L(R™;R™)), defines an inner product on £(0,7T; L(R™; R™)) (with
| - llp#(0,7;c(Rn;rm)) being the induced norm). We obtain from equality ((1.5]) that

||IT(¢)||L2(Q;R’") = ||¢||DH(0,T;L(Rn;Rm))
holds for every ¢ € £(0,T; L(R™; R™)) and therefore, the operator
Ir: £(0,T; L(R™;R™)) — L*(Q;R™)

defined by formula is a linear isometry. Denote by DH(0,T; L(R"; R™)) the
completion of £(0,T; L(R™;R™)) with respect to the norm || - ||pur,cmnrm))-

The operator Iy admits a unique extension to a linear isometry, denoted
again by Ip, from D(0,T; L(R";R™)) to a closed linear subspace of the space
L3(;R™). For ¢ € DE(0,T; L(R™;R™)), the m-dimensional random variable
I7 (1) is called the Wiener integral of f with respect to the process B®. We will
use the following notation:

/OTw(r) dBE .= I;(1).

12



We also define for ¢ € DH(0,T; L(R™;R™)), 0 < s <t < T the integral

/:w(r) dB; = /()Tw(r)l[&t](r) dBY.

There are some known continuous embeddings to the space of integrands in
one-dimensional case which give us a better idea of what the domain for I looks
like. Therefore, assume that n=1.

If H € (0, 3], we may mention the continuous embedding

C°([0,T]) — D7(0,T)

for any 6 € (3 — H,1).
It He [%, 1), then there is the continuous embedding

L7(0,T) < D" (0,T);

see, e.g., [31 section 2.1] for the proofs of these claims.

The above described procedure is a generalization of the case when the inte-
grator is a scalar H-fractional Brownian motion and we refer, for example, to the
works [I], [33], or to the monograph [7] and the many references therein.

In what follows, let us mention that there is a one-to-one correspondence be-
tween an n-dimensional Brownian motion and a multivariate fractional Brownian
motion.

Theorem 4. Let H € (0,1)". If {W,,t € [0,T]} is an n-dimensional Brownian
motion, then the process {BF,t € [0,T]} defined by
¢
B ::/ Ku(t,r)dW,, te[0,T], (1.7)
0

is a multivariate H-fractional Brownian motion. On the other hand, if BY is
a multivariate H-fractional Brownian motion, then it follows that the process
{Wi,t € [0,T]} defined by

W= [ (0K (Logld,)(r) dBY,  t € [0,T). (1.8)

is an n-dimensional Brownian motion. Moreover, in both cases, their augmented
generated filtrations coincide.

Proof.  Clearly, process defined by (|1.8)) is centered and Gaussian. We notice
that for ¢ = (¢;;)},=, it holds that
8[(&(90) = (aK}tli((pji))ijl (1-9>

and it also holds that
0K73(0) = 0. (1.10)
The covariance matrix can be written as

T T T
pwavt = 5| [ ) (tuata,)as] | [ 0K ata) ]|

13



t,s € [0,T]. By using (1.9 and (1.10]), we notice that it is sufficient to calculate
T g 11 mHar [ A -1 HiT
B[ 0K) ™ (Loa) (B[ | (0K77) ™ (Lo) @B = (Log. o) 2o
= min(t, s).
And from ([1.5) it follows that
E W,WI = min(s, t)Id,.

The rest of the proof can be found in [I0, Corollary 3.1, Remark 3.2, and
Theorem 4.8], [I3, Theorem 1], [32], formulas (5) and (6)], and [IT], formulas (3)
and (4)].

m
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2. Girsanov Theorem

In this chapter, a Girsanov-type theorem for multivariate H-fractional Brownian

motions is given.
Let H € (0,1)" be fixed in this subsection and let B¥ be the H-fractional
Brownian motion. We recall that {WW;,¢ € [0,7]} denotes the process defined by

3.

Before we proceed we need to define an integral operator associated with the

kernel K. Define Ly : L2(0,T) — I(ﬁ*%(L?(o, T)) for ¢ € L2(0,T) by
(L)t / Ku(t, s)p(s)ds

We show its image is indeed IéfrE(LQ(O, T)) and it is bijective onto this space.
1
Lemma 5. The operator Ly : L*(0,T) — ]£+2(L2(O,T)) is bijective.

Proof. Firstly, by Theorem from [36, Theorem 10.4] we have

Lu(L2(0,T)) = I3 (L0, T))

. Hence, it remains to show the injectivity of Ly. It is sufficient to show that
there exists the inverse. From [I1} formulas (5),(6), and (9),(10)] we have that

1
for p € [(i+2 (L%([0,T],R) the operator Ly is of the form

H_,

SR STty H € (0,3),
LI_JIQ)D = H1]0+§07 H = %7
1
G He ()

]

Remark. Note also that if the function ¢ is absolutely continuous, then it can
also be compututed for H € (0, 1), Lg'¢ as

g
-1 C1TH§[02 T§H0 :
see [11I, formula (11)].

From Theorem [36, Theorem 10.4] we also get another expression for the
operator Ly

cH]+7“2 H10+HTH 2, H € (0,3),
LH(,O = CH](H_QD, H = %
_1
cHI&ﬁ’H_%[(i 2pa—Hp, H e (3,1).

The multivariate extension of the operator Ly is defined for H € (0,1)" and
p € L*(0,T;R") by
Lyp := diag {Lp, } 19 (2.1)

15



In order to describe the operator we set for H € (0,1)" and ¢ € L*(0,T;R")
H+1 . Hi+3\n
Io o i=diag {loy * o
and it follows by Lemma 5| that the operator Ly defined by ({2.1)) is bijective from
the space L*(0,T;R™) onto the space Igﬂfi(Lz(O,T;R")). Moreover, its inverse
1
is given for ¢ € I?:Q (L*(0,T;R™)) by
Lgﬂlgp = diag {L;I} 2.

Before we formulate the Girsanov theorem for the H-fractional Brownian mo-
tion we recall the Girsanov theorem for the standard Brownian motion.

Theorem 6 (Girsanov theorem). Let (0, F, (Ft)icjo,11; P) be a filtered probability
space, where 0 < T < oco. Let {B;,t € [0,T]} be an Fi-Brownian motion under
the measure P. Let {X;,t € [0,T]} be an adapted process to the filtration generated
by B satisfying fOT X2dt < co a.s. and define

T 1 /T
Az := exp (/0 X,dB; — 5/0 det) . (2.2)

Suppose that E[A7] = 1 and define a measure Q on (0, F) by % := Ar. Then
under the measure Q the process {B;,t € [0,T}] defined by

N T
B, =B, - / X,ds (2.3)
0
is an JF;-Brownian motion.

Proof. The proof can be found, for example, in [I6, Section 2].
[

We can finally proceed to the Girsanov Theorem for H-fractional Brownian
motions.

Theorem 7. Let H € (0,1)". Let {BX ¢t €[0,T]} be an H-fractional Brown-
ian motion defined on some probability space (Q, F,P) and let {Wy,t € [0,T]}
be the Brownian motion defined by formula (1.8]). Let {us, t € [0,T]} be an n-
dimensional stochastic process adapted to the filtration generated by B such that

u € LY0,T;R") and / u,dr € ]gﬂj§ (LQ(O,T; R”))
0
are satisfied P-almost surely. Define the process {v,t € [0,T]} by

v, = Ly (/0 urdr> (t), tel0,T],

and the random variable Ep by

T 1 [T
Er = exp {/ vdeT—f/ o2 dr}.
0 2 Jo
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If EEr =1, then the process (B )epo.r) defined by

~ t
B = B}ﬂ—/ wdr, tel0,T),
0

is a multivariate H-fractional Brownian motion under the probability measure P

that is defined by .
dP
@ . 8T.

and it is adapted to the filtration generated by BY.
Proof.  We use the standard Girsanov theorem [0 for the adapted, square inte-
grable process v. We obtain that the process W, = W, — f(f veds is a Brownian

motion under the probability P. The desired result follows from the following
equalities (that hold for every t € [0, T] P-a.s.):

~ t
BiHI = B]tHI —/ u, dr
0
t t
:/ Kult,r) dWT—/ Ku(t, r)o, dr
0 0

t ~
- / Ku(t, ) dW,.
0

17



3. Stochastic Differential
Equations

In this chapter, we find sufficient conditions for the existence of a stochastic pro-
cess {X¢,t € [0,T]} defined on a given probability space (€2, F, P) with continuous
sample paths that satisfies the equation

t t
X, :x0+/ b(r, XT)dr+/ o(r) dBE (3.1)
0 0
for every t € [0,7T] P-almost surely, where b : [0,7] x R" — R" and ¢ : [0,7] —
L(R™) are Borel measurable functions and xy € R™.

3.1 Continuity of the Wiener integral

For the existence of the solution of (3.1)) we need to show that, under certain
conditions, the process {Z;,t € [0,T]} defined by

Z = /Ota(u) dBE, te 0,7, (3.2)

has continuous sample paths so that we are able to use the standard Picard
iteration scheme.

Let us fix the following notation. We will write f € SH+ with H € (0,1) if
there exists § > 0 such that f € S#*9 where

=

— oo

),
),

Similarly, we will write f € S®F for H = (Hy, Hy, ..., H,)" € (0,1)" if there
exists § = (61,02,...,0,)" € (0,00)" such that f € X, S5t

For the purposes of the forthcoming Proposition [10]let us recall the following
theorem.

?

—_

gris _ |CEIT(O.TERY,  H e (
© | Luto(0, T; R, He|

29

Theorem 8. Let X be an n-dimensional random wvariable which is normally
distributed with zero mean. For every k € N, there exists a finite positive constant
c(k) such that

E[|X|I* < c(k)(E | X]*)*

holds. In particular, c(k) is given by c(k) = (2k — 1)*.

Proof. The proof can be found in [29, Corollary 2.8.14].
O

We will also use the following lemma.

Lemma 9. Let s <t € [0,T] and let 0 = (0.4,0.,...,0,) € DL0,T; L(R")).
The integrals [*o.(r)dBHx and [*o.,(r)dBM are uncorrelated R™-valued ran-
dom variables whenever k # 1, k,1 € {0,...,n}.

18



Proof. Denote o = (01x, ok, -, 0nk)’ for k € {1,...,n}. We want to show

that
t t T
E(/ a.k(r)dB,{fk> (/ a,l(r)dB,{fl) — Open

whenever k # [. For o = 1, 41d,, the claim follows directly from the independence
of BH+ and B! for k # [. For a simple function o1, € £(0,T; L(R™)) the claim
follows from the linearity of the expected value. For o € D%(0,T; L(R")), we can
find approximative functions. Take j,m € {1,...,n}. Find sequences (,)%_,
and (o7))¥-, € £(0,T) such that they approximate the functions o, and oy, i.e.
it holds that [|of) — ojllpm ) — 0, N — 00, and |loy, — Okl prer) — 0, N —
oo. Denote by 02, a zero n x n matrix with the only non-zero element o, in the
m-th line and k-th column. Then it is clear that [[(o2,)° — 0%l pe0 7.0 ) —
0, N — oo. Then from the already proven and from (|1.5)) it holds that

t t
E( / o (1) dBﬁk) ( / oa(r) dBﬁl)
t t
—E([ %) aBE, [ o) dB)z
(i L5 31 s DY (0.3 (2n)

- Nhinoo«%]fk)ol[s,ﬂ, (030" Ljs.) 20,7

~ lim E</:(anf§k)0(r) dBffH,/:(aﬁ)o(r) dBffH>

N—oo

=0,

R

which completes the proof.
O

Theorem 10. If o € S™*, then the integral process {Z;,t € [0,T]} defined by
formula has a version with continuous sample paths.

Moreover, there exists Holder bound v > 0 such that the process {Z;,t € [0,T]}
has a version with v-Hélder continuous sample paths for every v € (0,v).

Proof. Write 0 = (0.4,0.9,...,0.,) where o denotes the k-th column of o for
ke{l,...,n}.

Firstly, we verify that the integral [ o(s)dB™ is well defined. To this end, we
need to show that o € D(0,T; L(R™)). Let k € {1,...,n}. Firstly, suppose that
H, < 5. In this case we have by [31] section 2.1] the inclusion

C([0,T);R") € D (0,T;R")

for 1 >~ > 1 — Hy. In the case Hy > 1 we have by [31, section 2.1] the following
continuous embeddings:

L0, T) RY) € LVPH(0, T RY) C D0, TR, (33)

Since o € S®* the process is Z is clearly well defined.
Next, we want to verify the Kolmogorov-Chentsov condition from Theorem [2}

Ja>0,6>0,K >0,Vt,s € [0,T) E||Z, — Z||® < K|t — s|'".
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Let 0 < s <t < T be fixed. Since the coordinates of B" are independent
fractional Brownian motions and the columns of ¢ are deterministic functions,
the integrals [’ 0., (r) dBH* and [! 0.;(r) dBHt are uncorrelated R"-valued random
variables whenever k # [, see Lemma [9] Using this property we compute

2

t
E|Z, — Z||3. = a(u)dBH

Rn

dBHk

R

Firstly, suppose that H < % By using the isometry ((1.5)) and using the same
process as in [39, Proposition 3.1] we obtain the following inequalityﬂ

t 2
E / o u(r) dBM
s R

We find a similar inequality for Hy >

— 5)2Hk.

n = [|[0KF;, 0. k||L2 sy = lo kHc?‘HW‘S’“([OT] iR™) (

> 1. For r 4+ s < T denote o5(r) :=
o.,(r+s). By using (3.3)) and the Holder inequality we obtain

t—s 2
E —E / ou(r + ) dBH
0

R"

t 2
/ o (r) ABHE

R"

t—s 2
<E / o (r) dBHx
0 Rn
< |lo 2
I k||LHk(0t .
< ol
LTk (0,T;R")
26, H?
<le. t — s) " OkHk
100 gy

We conclude that
E|Z, — Z|]” = (t — 5)™,

where v 1= mingeq 2.0y Gy and

Hk, Hk c (
Gy = { o HY H
146, Hy,’ k€ [

=

)
1

)-

Y

N[

Now, by using Theorem [§, we have for every j € N
E||Z — Z||¥ =< (t — s)7".

From the Kolmogorov-Chentsov Theorem 2] the process Z has Holder continuous
modification of order v < 2’;—;1 for every j € N. The proof is completed by taking
j — oo which gives us that Z is Holder continuous version of order v for every

€ (0,v). O

f there exists a constant C such that A < CB and the value of this constant is not
important, we simply write A < B throughout the thesis.
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From now on, if there exists a version of the process Z that has Holder con-
tinuous trajectories, we will identify the process Z with this version.

Note also that Theorem [10] holds with obvious modifications for J; = co. For
example, if o is such that 0., € L>(0,T;R™) for every k such that Hy € [%, 1),
then v = miny Hy,.

Also, let m € N. If ¢ is such that 0., € L™(0,T;R") (i.e. 6 =m — Hik) for
every k such that Hj, € [, 1), then from the proof of the Theorem |10 it can be
seen that the Holder bound for Z is v = mingeqi 2, ny G Where

.....

)7
).

— Nl

Hk, Hk c (0,
Gy = 1 1
Hk o Hk S [57

m

3.2 Strong Solution

Let us fix H € (0,1)" and a multivariate H-fractional Brownian motion BY defined
on some probability space (€2, F,P) for this subsection. Let b:[0,7] x R" — R"
and o : [0,7] — L(R") be Borel measurable functions and let zo € R”. Assume
that o € DH(0,T; L(R™)).

Consider the following equation:

t t
X, :xo—i—/ b(r,Xr)dr—l—/ o(r)dBY, te0,T], (3.4)
0 0

X() = Xop-

Let us recall the definition of a strong solution to a stochastic differential
equation.

Definition 9. Let (2, F,P) be a probability space and H € (0,1)". Let {BJ,t €
0,7} be an H-fractional Brownian motion defined on this space. We say that a
continuous process {X;,t € [0,T]} defined on (2, F,P) which is adapted to the
filtration generated by B™ is a strong solution to the equation on the interval
[0, T if it satisfies the equation for every t € [0, T] P-a.s.

We say that the solution is unique if for every two solutions {X,,t € [0,T]}
and {X;,t € [0,T]} it holds that P{X, = X, for everyt € [0,T]} = 1.

Theorem 11. Let b : [0,7] x R* — R™ be a Borel measurable function that
satisfies the following two conditions:

(I) There exists a finite positive constant K such that for every t € [0,T] and
every x € R™ it holds that

16, 2)[[en < Kp(1 + [l ][gn).

(II) For every N € N there ezists a finite positive constant Ky such that for
every t € [0,T] and every x,y € R™ that satisfy ||x||rn + ||y||re < N it holds
that

[6(t, 2) — b(t, y)||rr < Kn|lz — yl|rn.
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Assume also that o : [0,T] — L(R") is a Borel measurable function that belongs
to the space S™. Then there exists a unique strong solution to equation .

Moreover, the solution has y-Hdélder continuous sample paths for every v €
(0,v) where v is the Hélder bound for the integral process from the proof of the
Theorem and the estimate

[ Xlevormny < C(L+ 1 Z]levomm), (3.5)

where C' is a finite positive constant that depends on T, Ky, xy, 7, holds P-a.s.

Proof. From Theorem (10| it follows that the process Z, where Z; = [; o(u) dBY,
is continuous and therefore, we can use standard Picard iteration scheme to show
that there exists a unique R"-valued continuous stochastic process {X;,t € [0,T]}
that satisfies the random differential equation

t
X, = 20+ / b(r, X,) dr + Z,. (3.6)
0

The rest of the theorem can be proved exactly as in [39, Theorem 3.6].
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4. Applications of Girsanov
Theorem

4.1 Weak Solution

Let H € (0,1)" be fixed in this subsection. Let also by, by : [0,7] x R — R™ and
o :]0,7] - L(R™) be Borel measurable functions and xy € R". Assume that
o € DH(0,T; L(R™)). Denote b := by + by. In this section, we will consider the
following equation:

_ t _ t _
X =0+ [ b5, X)ds+ [ o(s)dBY, te[0,7]. (4.1)
0 0

Definition 10. We say that a triplet ((Q, F, (Fy)iepo.r, P), BY, X) is a weak solu-
tion to (A1) if (2, F, F;,P) is a filtered probability space, BY is an H— fBm that

is Fi-adapted, X is an Fi-adapted conlinuous stochastic process and both B" and
X are defined on (Q, F,P) and satisfy equation (4.1)) for every t € [0,T] P — a.s.

In the sequel we will make use of the following. For A € (0, 1], consider the
space

CM[0,T); R") := {f e CM[0,T);RY) | Ve > 036 > 0

Vs, t € (0,T),0<|t—s|<d = |f(t)_f(s)|<a}

|t —s]A

equipped with the norm || - [|ex(jo,7)n). It follows that CM([0,T); R") is separable
(see [22, Theorem 1.4.11]) and there are the inclusions

([0, T;R") € € ([0, T;;R") < €™ ([0, T]; R")

whenever 0 < k1 < kg < 1 (see [22, Exercise 1.2.10 (ii)]). Therefore, if the
assumptions of Theorem [10] are satisfied, the integral process {Z;, ¢ € [0,T]} can
be viewed as a C7([0, T); R")-valued Gaussian random variable for any v € (0, v)
where v is the Holder bound for Z.

We will make use of the following theorem and lemma in the sequel.

Theorem 12 (The Fernique Theorem). Let Z be a Gaussian centered random
variable and let Z have values in a separable Banach space (U, |.||v). Then there
exists a finite positive constant K, such that

Eexp{K||Z|?} < oo. (4.2)

Proof. The proof can be found in [I4, Théoreme d’ integrabilité].
O

Lemma 13. Let H € (%, 1) and s > 0. Then there exists a finite positive constant
Ag such that

1_ 1_
J e
0 (3—r>§+H
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Proof. For the proof see [38, Lemma 1.3].
[

To prove the existence of the weak solution to the equation (4.1)) we will use
the Girsanov-type Theorem [7] Initially, its application is given.

Theorem 14. Let {BI',t € [0,T]} be a multivariate H-fractional Brownian mo-
tion defined on some probability space (0, F,P). Assume that the function b
satisfies conditions and . Assume also that the function o belongs to the
space S™F and that for every t € [0,T], the matriz o(t) is invertible. Let v > 0
be the Holder bound for the integral process Z that is defined by and assume
additionally that the functions by and o satisfy the following condition:

(III) If, for k € {1,2,...,n}, the parameter Hy, belongs to (0, %}, then there exists
a constant Ky > 0 such that for every t € [0,T] and every x € R™ it holds
that

o (t) ™ 0a(t, 2) k| < Kp(1 + ||2[rn);
and Zf Hk belongs to ( 1), then Hy < v —I—% and there exist constants oy, €

(Hp — 5,1, B € ( ZH’“ 1), 1], and Ky > 0 such that for every s,t € [0,T]
and every x,y € R" zt holds that

[o(t) " ba(t, )]k — [0(5)~ ba(s, y)]i| <
< Kt = s|™ + |l — yllgh).

Here, [z]; denotes the k-th component of z € R™.
Denote by {X,,t € [0,T]} the strong solutionf] to the equation

Xt—a:0+/ber dr+/ PV dBE, ¢ e [0,T].
Then the process {BM),t € [0,T]} given by
~ t
B .= B —/ o(r) toy(r, X,)dr, te0,T],
0

is a multivariate H-fractional Brownian motion under the probability measure P
that is defined by

dP - 1T
i =E&r :=exp {/ v, dW, — 5/0 l|vr||&n dr} (4.3)

where {vy, t € [0, T} is the stochastic process given by
v, = Ly (/0 o(r) thy(r, X,) dr) (t), te]l0,T].

Proof.  Let {u;,t € [0,T]} be defined by u; := o(t)"'by(t, X;) for ¢t € [0,T].
To prove the theorem we need to verify that the assumptions of Theorem [7] are
satisfied, i.e. we need to show that the following conditions

/. u, dr € ]gjé (LQ(O,T; R")) and E&Er =1
0

!The existence and uniqueness of such solution is ensured by Theorem
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hold P-almost surely. The first condition is equivalent to v € L?(0,T;R") P-
almost surely. To prove the second condition it is sufficient to show that there
exist A > 0 and a partition 0 = ¢y < t; < ... < ty) = T of the interval [0, T]
whose mesh size is smaller than A such that

tit1 9
E exp {/ l|vr || gn dr} < oo
t;

for every ¢ € {0,1,..., N(A) — 1}. This is because this last condition implies by
[15, Lemma 7.1.3] that

tit1 1 rtitr
E [exp{/ ' v, dW, — 5/ : v, |3 dr}
t; t;

7

BH
Fi
K

holds P-almost surely for every ¢ € {0,1,..., N(A) — 1}, where (ftBH)te[ojT] is
the filtration generated by BY and using the above equality iteratively yields
EEr = 1.

Step 1 We want to show that v € L*(0,T;R") P-almost surely. Let 0 < s <
t <T. We have by the definition of L' from the proof of Lemma [5| that

t n t .
el du =3 [ |22t ([ i) ot X)ledr ) @)
s b—1"5 0
n t
=/
k=1"%
where ¢, is the fractional operator defined in subchapter [1.2.2] Now, set

Ii(s,t) :== /St

for k € {1,2,...,n}. We will proceed similarily as in [39, Theorem 4.2 and
4.3] where the detailed computation can be found. If Hy € (0,3) then from

2

du

2

W31 (o () hy(r, X)) (w)] du

2

WAL (P o ()l (r, X)) (w)] du (44)

the definition of the operator I, Mk and the assumption |(IIT)} we obtain the
inequality
K2(]. _|‘ ||X||Lo<>(0 T.Rn))2 3 1 t
Li(s,t) < —k T B2<—H —H)/ 1=2My 4y,
k<S7 ) = PQ(% _ Hk) 2 ks 9 k i [ U

Next, we use estimate (3.5) and estimate [’ u!=2#r du < (¢ — s)%. We obtain the
following inequality

1
Li(s.t) < CV (L + (¢ — 8)2 | 212 o)) (4.5)

where C,gl) is a finite positive constant that depends on H, T, K, K}, zo which
holds for any s,¢ € [0,T], s <t, and v € (0,v).
On the other hand, if Hy, € (%, 1), then by using the definition of the operator

1
Ig, Mk and the triangle inequality we obtain that the inequality

Ii(s,t) < Ly + Io)

)
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holds P-a.s. Here, I, and Iy are given by

t—s
Ilﬁ/o I+ )2 [0 (0 + $)ba(v+ 5, Xy sl dv

and

= [ oot [ IO g,
with 1
O(r) = r2 e o7 )by (r, X))k

Next, we suppose without loss of generality that
[0 (0)b2(0, z0)J&| < K, (4.6)

where K, is defined in |(IIT)} Then, by estimate (4.6)), estimate (3.5]), assumption
and the Holder continuity of X we obtain following inequality which holds

P-a.s.:
Lig < Bip(1+ (t — 5)* =) ||Z||§5’“omn)) (4.7)

where By, is a finite positive constant that depends on H, Ky, T, v, ax, Bk, Ky,
xo. The inequality holds for every v € (QHEk Lv).

We find a similar inequality for I5;. By the triangle inequality, Lemma [13]
estimate , assumption the Holder continuity of X and we obtain
the following inequality which holds P-a.s.:

L < Bo(1+ (t — 8)* 59| 2|15 1)) (4.8)

where By is a finite positive constant that depends on H, Ky, T, v, a, Bk, Ky,
Zo, AHk

Combining (4.7) and (4.8)) the inequality
Ii(s,t) < CP (1 + (£ = )2 M) ZIIE g, (4.9)

where C’,(;) is a finite positive constant is obtained. The inequality holds for any
s,t €[0,7], s<tand~ye€ (21;12;1,1/).
If H, = % the computation is straightforward. By using conditon |(III)| and

estimate (3.5)) we obtain:

t
3
el du < 6P+ (= 91213 o)

for some C¥) and 7 € (0, v).
Set Sy := 1 for any k such that Hj € (0,1] and denote

1 2H, — 1
Ho:=min{=, min 2(1-H,)} and 1p:= max —— .
2 k:Hye(3,1) k:Hee(3,1) 20y
We see from inequalities (4.5) and (4.9)) that for every v € (1, v) the estimate
2
/ [ 0| du < Cy <1+ HOZHZHCEICOT] R ) :
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holds with some finite positive constant Cj. It follows from this estimate that
v € L*(0,T;R") P-almost surely by choosing s = 0 and t =

Step 2 Let v € (vg,v). Assumptions of Theorem [L0] m are satlsﬁed and there-
fore, the integral process {Z;,t € [0,T]} can be viewed as a C?([0, T]; R")-valued
Gaussian random variable. Due to the separability of this space, we can use the
Fernique Theorem [12] Hence, there exists a finite constant Ky > 0 such that

E exp{Ko[| Z |3 o1y } < 00 (4.10)

Let A > 0 be such that nCoAf < Ky andlet 0 =tg <t; < ... <tyway=T
be a partition of the interval [0,7] whose mesh size is smaller than A. For
i€{0,1,...,N(A) — 1}, we have that

tit1 9
Eexp{ [ ol du} <
t;

< Eexp {Cg ( tiv1 —t;) Z HZIIEQ’“[O T);Rn >}

Ko

c 1171128
=e"Eexp { <Z HZ”C“/IZ[O,T];R")> n} 1[||Z||cv<[o,T];Rn>S1]
1

K,
+ e“Eexp { (Z 1201 o 178 > - } L1 Zller o, 29.m) 1)

< MFOP(|| Z]| o rymny < 1)
+ eCOE exp {KOHZH(QZW([(),T};RVL)} 1[HZHC’Y([O,T];]R")>1]

which is finite by (4.10]). Thus, the claim is proved.
O

Remark. Assume that H contains at least one element larger than % and one
element smaller than § and let o € S™F be such that 0., € L>(0,T; R") whenever

k is such that Hy € (3,1). Then it follows that v = mingp, (1 Hy. On

the other hand, condition |(IIT)[ in Theorem ays that v has to be greater

than max;. ;¢ (1 ) Hy — 5. Therefore, Theorem [14] can be applied if (besides the
remaining conditions) the condition

min Hy > max H, — 1
k:H),€(0,3] k:Hype(d,1) 2
is satisfied. Roughly speaking, this means that the singular values of Hurst indices
cannot differ from the regular values too much.

On the other hand, if we assume that H contains only values larger than %
and let m € N and let ¢ € L™(0,7; L(R")) for some m € N, then it follows
that v = mingeqi,.. 0y Hp — % Then Theorem can be applied if (besides the
remaining conditions) the condition

1 1

Hy— — > Hy — -
R g

is satisfied. Therefore, the regular indices cannot differ by more than % — % If

o€ L>(0,T; L(R")), then v = mingeq,.. ny Hi and there is no restriction on the
indeces.
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If H consists of equal elements, the result corresponds with [39, Theorem 4.2
and 4.3]. In [24, Theorem 4.1], the case n = 1 and H > 1 is studied and similar
assumption is made on o and a b, as in assumption |(III)| for H < 1.

Before we proceed to the proof of the existence of a weak solution to equation
(4.1)) we formulate the following lemma.

Lemma 15. Let {u;, t € [0,T]} be a process such that its trajectories are P-a.s.
in L°([0, T);R™). Then for any ¢ = (@1, ...,90.,) € SET we have

¢ ¢ . t .
/ ©(s)dBE :/ ©(s) dBEI—i—/ e(s)u(s)ds P —a.s.,t €[0,T], (4.11)
0 0 0

where { Bt € [0,T]} is the process defined in Theorem@ i.e.

N ¢
B ::B}fﬂ—/ wpdr, te0,T]
0

Proof. Equality (4.11) can be easily shown to hold for ¢ = 1(,4)Id,, a,b € [0,1],
by using the definition of B and the fact that

t
| #(s)aB = B - B,

Using the linearity of the integral we can extend this result to all step functions
e € £(0,T; L(R™)).

By the definition of D®(0,T; L(R")), for ¢ € S®+*, there exists a sequence
(™ = (@7, ..., ™M, € £(0,T; L(R™)) such that

m=1 —

- ‘PH%H(O,T;E(]Rn)) = Z [ — QD.Z‘H%)Hi(o,T;Rn) — 0,m — +o0.
=1

1%

The rest of the proof is the same as in [39, Proposition 5.1] using the Ito-type
isometry (1.5 and the fact that the probability measures P and P are equivalent.
O

Theorem 16. Assume that the function by satisfies conditions and . As-
sume also that the function o belongs to the space S™+ and that for everyt € [0,T],
the matriz o(t) is invertible. Assume finally, that the functions by and o satisfy
condition . Then the equation (4.1) admits a weak solution.

Proof.  Let {Bf,t €[0,T]} be a multivariate H-fractional Brownian motion
that is defined on some probability space (€2, F,P). By Theorem there exists

a process {X;,t € [0,T]} with continuous sample paths that is adapted to the
filtration generated by B and that satisfies the equation

t t
X, = —l—/ bi(r, X,) dr —{—/ o(r)dBY,
0 0

for every ¢ € [0,T] P-almost surely. On the other hand, by Theorem [14] the
process { B}, t € [0,T]} defined by

R t
B = BF—/O o(r) " Ya(r, X, ) dr, t€[0,T]
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is a multivariate H-fractional Brownian motion under the probability measure P

that is given by formula (4.3]).
The assumptions of Lemma [15] are satisfied and hence, it follows

Xt_m0+/ber dr+/ r)dBH
_x0+/ b(r, X,) dr+/ dBH+/ o= (r)ba(r, X,) dr
—a:o—l—/ (r, X;) d'r’—l—/ rdBY, te0,T], P—a.s.

This shows that the triplet ((Q, F, (FtBH)te[QT], P), X, B") is a weak solution

to (4.1)).
O

4.1.1 Example

In this section, we use the results from the previous sections to show the existence
of a weak solution to equation that models the harmonic oscillator with stochastic
forcing. We generalize the formal equation from [I7, Eq. (2)].
Let H € (0,1)". Consider the formal equation:
2
§t2xt+27 jtxt+w xy = p(t );thH, t €[0,7], (4.12)
where {B ¢t € [0,7]} is an H-fractional Brownian motion, v is an n x n real
matrix, w? is an n X n real positive semidefinite matrix and p : [0, 7] — L(R").
Assume that p(t) is invertible for all ¢ € [0,7] and that p € S®*. We want to
show there exists a weak solution to this equation. Equation can be given
rigorous meaning as follows

t
xt::c0+/ u, dr, (4.13)
ut—uo—/ 27ur—|—wx¢ d'r’—l—/ dB]HI t €0,7).

Let {BX,t € [0,T]} be an H-fractional Brownian motion defined on some proba-
bility space (€2, F,P). We also consider the equation

t
Z = X + / v dr, (4.14)
vt—u0+/ P dABE, telo,T).
We rewrite the equations (4.13]) and (4.14)) so that they agree with the notation

from the previous sections. Let z := (27, u?)T € R?*", ¢t € [0,T], and denote
b3(2) := —2vyu — w?z. Denote

Xt (x$7u$>T7 Zt (Z;tT7U1,£T> y Yo = (mg7ug)T
bi(z) == (UT,OMn)T, bo(2) := (O1xn, (b;(z))T)Ta

29



OnXTL Oan
o(t) = [Onxn p(t)] :

Let H, € (0,1)" and let Hy, = (HT,H")”. Let B¥r be an Hy,-fractional
Brownian motion such that its first n components are fractional Brownian motions
with Hurst parameters H, defined on (€2, F, P) that are independent of each other
and independent of B¥ and the second n components are the components of BY.
We can write

Xe=1vyo+ /Ot(bl(XT) + bo( X)) dr + 1ta(r) dBHr t € [0,T] (4.15)

and

t t ~
Zy = yo + / bu(Z,) dr + / o(r)dBH, ¢ e[0T, (4.16)
0 0

where B™2» is the 2n-dimensional H,,-fractional Brownian motion.

We would like to use Theorem 16| to find a weak solution to equation (4.15]).
However, note that for every t € [0,T], o(t) is not invertible and therefore, it
seems like Theorem [16| cannot be applied. Nevertheless, if we define

—1 L On><n 0n><n
o (t) = lOan ROIE t €1[0,7],

we can see that it is an “inverse* matrix for o(t) in the following sense:

0 0
c(t)o () = o ({t)o(t) = | " T, teo,T).
Oan Idn
The inverse matrix is needed in the proof of Theorem However, we can see
that the proof proceeds the same manner with the “inverse* matrix o~ (¢) since

2L, ([ o) (X0 dr) (0)llsee = 12" ([ o) 050X dr) (0

Further, we distinguish two cases.

Case 1.

Assume that H € (0,3)" and py, € Cz~Hitoe (0, T;R") for some 8, > 0,
k € {1,...,n}. Since by is Lipschitz continuous, it satisfies the conditions
and as well as all the assumptions of Theorem |11| and there exists a strong
solution to equation .

We show that there exists a weak solution to equation . We need to
verify that condition is satisfied. Take z = (27, u’) € R*™, t € [0,T] and
ke{l,....,n}, condition is satisfied since using the continuity of p we obtain

lo™" (t)b2(2)llren = 07" (1) (271 + w?) |
<™ Ol e 1291 + @’ lre
< K| z[lre,

for some K > 0. From Theorem [16 it follows that there is a weak solution to
equation (4.15) and therefore there is a weak solution to equation (4.13)).
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Case II.
Assume that H € (0,1)" is such that
1

i H H, — — 4.17
inin  He> max Hi-—o (4.17)

and p does not depend on ¢, i.e. p is an n X n real matrix. Note that if all
H;, i € {1,...,n} > % then condition is satisfied. Since by is Lipschitz
continuous, it satisfies conditions and as well as all the assumptions of
Theorem and there exists a strong solution to . We show that there
exists a weak solution to equation ([£.15)). Take z = (z7,u”), ¢ = (y",w”) € R*"
and k € {1,...,n}, condition is satisfied since

[~ (27u + w?2)i| = o 2yu 4+ w2)| < it e (1270 + w?z||re < K||2]/g2n
and

o (27 + W’z — o (27w + WPyl = |pr 27 (v — w) + w?(z — )|
S CHZ - q||R2'n’

for some K, C > 0. Here, p; ' denotes k-th row of p~!. From Theorem [16| it
follows that there is a weak solution to equation (4.15)) and therefore there is a
weak solution to equation (4.13)).

4.2 Estimation of the Drift

In this section we use the Girsanov Theorem [14] to find the maximum likelihood
estimate (MLE) of an unknown parameter in a stochastic differential equation
with additive noise represented by multivariate H-fractional Brownian motion
based on the observation of a trajectory of a solution.

Let (Bf');> be a multivariate H-fractional Brownian motion defined on prob-
ability space (Q, F,P). Let b: [0,00) X R" — R" be a Borel function.

Consider the equation

t
X, = 9/ b(s, X,)ds + BE, ¢ >0, (4.18)
0

where 6 € R is an unknown parameter.
We, moreover, suppose that the following condition holds so that the solution
to the equation exists.

(IV) For every T' > 0 there exists a finite positive constant Cp such that for
every s,t € [0,T] and z,y € R" it holds that

16(2, ) = b(s, y)|len < Crllz = yllen.

This condition, obviously, ensures that the conditions andare satisfied.
Therefore, there exists a strong solution to equation on the interval [0, 7]
for every T' > 0. For every T' > 0, denote the solution to equation (4.18)) Xf’T.
Then, if we define

X7 = x)N
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for every t € [N, N+1], N € N, it is obvious that {X?,¢ > 0} is a strong solution

to @18)f]
Let T'> 0. If # = 0, then notice that the equation (4.18) is of the form
X, =B te0,T],

which means that under the probability measure Py := P, the process XV is a
multivariate H-fractional Brownian motion.

On the other hand, if  # 0, then it holds that X? is an H-fractional Brownian
motion under the probability Py that is defined by the formula

dP, T |7
P, = Ep 1= exp {/0 v dW, — 5/0 Herindr}

where {W,t € [0,T]} is the Brownian motion constructed from B¥ by formula

and |
v = K ( /0 —6b(r, Xf)]dr) (t), telo,T].

This follows from Theorem|[14] All the assumptions of the theorem are satisfied
and it holds that the process defined by

~ T
BY .= B¥ 4 9/ b(t, XOdr,  te0,T], (4.19)
0

is an H-fractional Brownian motion under the probability Py.
From (4.18), it can be seen that X? = B, for every t € [0,T] Pg-a.s.

Theorem 17. The MLE of parameter 0 in equation (4.18)) based on a observation
of a trajectory of its solution X° on [0,T] is given by

. ToTd
o = — o Qe AW (4.20)
Jo 1Q][ndr
where {Qy,t € [0, T]} is given by
Q= K5 ([ b6 xXDdr) (1), tel0.7)
0
and where {Wy,t € [0,T]} is the Wiener process given by formula (|1.8).
Proof. From theorem [14] it follows that
PX”eA:/ Er(w)dPo(w), A€ BC([0,T]: R™)).
(XA [ ErldPee) (e(o. T R")
Therefore, we can find the MLE by maximizing the function
P T 2 T
o) =log 0 =0 [ Qlaw, — T [ [Qular. (421)
dPO 0 2 Jo
This gives us the result. [

2Definition |§| may be extended to an infinite interval in an obvious way.

32



From the proof of Theorem [7] equality
3 ~
X! = [ Ku(t,5)dW,
0

where

~ ¢
W, = W, + 9/0 0. ds (4.22)

holds for every t € [0, T] Pg-almost surely. Hence, the following expression holds
B t

W= (0K polda()()dX!,  tE0,T), Po—as.  (4.23)
0

Now, we may notice from (4.22)) that the following formula holds Py-a.s:

T T ~ T
/ QT AW, :/ QT AW, — 9/ 1Q, |12 dr. (4.24)
0 0 0
Therefore, we have an alternative expression for function F' (given by (4.21))):

t ~ 92 ot
F(e):—e/ QdeS+5/ Q% ds
0 0
which follows from (4.22)) and (4.21]).

Hence, if we maximize this function, we obtain the alternative form of the

MLE

sy QAW
T= T g o
Jo 1Qr ][ dr
Note that this estimate is observable if we observe the whole trajectory of the
solution X. This follows from (4.23)).

In what follows, we give sufficient conditions for strong consistency and asymp-
totic normality of the MLE.

(4.25)

Theorem 18. If

T
P—a.gs.
L@z ar "5 (4.26)

then Op is strongly consistent, i.e. Or ';if' 6.
—00

Proof. If we replace (4.24)) in (4.25]), we get that
_ _JoQraw,
Jo 1Qr ][5 dr

Now it is sufficient to apply the strong law of large numbers for martingales; see,
e.g., [35, Exercise V.1.6]. O

r—

Remark. In the case n = 1 and b(t,x) = b(z), a sufficient condition for the
validity of the convergence is given in [40, Theorem 2] for H € (0, 3) and
in [40, Theorem 3] for H € (3,1). Moreover, it is shown in [I8, Theorem 1.3] and
[40, Proposition 3| that the convergence is satisfied for the particular case

b(t,x) = .
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Theorem 19. If there exists C' € R, C' > 0, for which the convergence

e P 2 (.27
T Jo v o] '

is satisfied, then the MLE O is an asymptotically normal estimate of the pa-
rameter 0 in equation (4.18)), i.e. there is the following convergence in law:

VT (07 — 0) TL> Z where Z ~ N(0,C?).
—00
Proof. 1t follows from the previous proof that
LT Qraw,
7 Jo 1013 dr

holds P-a.s. The proof is finished using the central limit theorem for martingales;
see, e.g., [34, Theorem 1.49]. ]

VT (0 — ) =

Remark. In the case of a one-dimensional fractional Ornstein-Uhlenbeck process
(n = 1 and b(t,z) = x), asymptotic normality of the MLE 61 is proved in [9]
Theorem 2| where a condition analogous to condition (4.27)) is shown to be valid.
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5. Conclusion

The family of H-fractional Brownian motions provides a generalization of n-
dimensional fractional Brownian motions. It can be useful to consider such pro-
cesses since they provide higher flexibility as far as regularity is concerned.

A Girsanov-type theorem for H-fractional Brownian motions was given in the
thesis and it was applied on two problems. Firstly, an existence theorem for
a weak solution of a stochastic differential equation driven by an H-fractional
Brownian motion was provided following the article [39]. Conclusion was made
that the assumptions made on drift and diffusion coefficient lead to restrictions
on the Hurst parameters of the H-fractional Brownian motion. Specifically, it
was shown that if the components of the diffusion coefficient corresponding to
Hurst parameters greater than one half are in L°°, then the regular values of H
cannot differ from the singular values by more than one half. The existence result
was applied to show the existence of a weak solution to an equation modelling
harmonic oscillator.

Maximum likelihood estimator of drift parameter was found by using the
Girsanov-type theorem and sufficient conditions for asymptotic normality and
strong consistency were given.

A possible direction of future research could be the investigation whether
different assumptions on the drift and diffusion in the Girsanov-type Theorem
would lead to less restrictve assumptions on the distance of Hurst parameters.

It would also be desirable to find sufficient conditions for assumptions
and to hold that would be more useful for practical applications. Inspi-
ration for this investigation could be taken from [40, Section 4], where equation
with additive one-dimensional fractional Brownian motion is studied and Malli-
avin calculus is used to find sufficient conditions for strong consistency of the
MLE. Another subject that could be studied is finding the MLE of the drift
parameter in equation where the diffusion part is not a constant but a general
function instead.
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List of Abbreviations and
Symbols

almost surely

almost everywhere

n-dimensional real space

set of natural numbers

space of continuous functions from F' with values in S
space of §—Holder continuous functions from F' to S
LP? space of functions on F' with values in S

space of bounded linear operators from R" to R™
space of bounded linear operators from R™ to R"”

dot product on space F

norm on space F'

identity operator from R" to R”

diagonal matrix with the elements a; on the diagonal
indicator function of the set A

expected value

transposition of the matrix A

Gamma function

Beta function

Borel sigma algebra on a metric space X

Real part of complex number z

A < CB for some constant C' which is not important
Cartesian product of vector spaces S;
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