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Abstract: One of the most interesting extraterrestrial bodies in the Solar System
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hospitable environment which could be harbouring life in the subsurface ocean
deep under its icy crust. The thesis thoroughly examines the generation process
of one of the surface formations called chaotic terrains. These huge areas of ice
disruptions which uniquely characterize Europa’s surface might play a significant
role in the understanding of the inner structure of the moon. The latest research
assumes the chaotic terrains form above liquid water lenses perched relatively
shallow in the ice shell, however, no numerical simulations have been performed
to confirm this theory. The goal of the thesis is to create a model which would
validate the theory and explain the formation process of the chaotic terrains. The
thesis runs several simulations, and our results suggest these water lenses and the
process in the mantle might play a key role in the chaotic terrains formation.
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Ústav: Matematický ústav Univerzity Karlovy
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Abstrakt: Jedno z nejzaj́ımavěǰśıch těles slunečńı soustavy je Europa, ledový
měśıc Jupiteru. Tento ledový měśıc by mohl mı́t dostatečně př́ıznivé prostřed́ı pro
existenci forem života ve svém podpovrchovém oceánu hluboko pod ledovou slup-
kou. Tato práce zkoumá proces vzniku povrchových útvar̊u, které jsou nazývány
chaotické terény. Tyto obrovské oblasti s narušenou strukturou povrchu, které je-
dinečně charakterizuj́ı povrch Europy, můžou hrát podstatnou roli v porozuměńı
struktury a proces̊u uvnitř ledové slupky měśıce. Aktuálńı teorie předpokládaj́ı,
že chaotické terény vznikaj́ı nad vodńımi rezervoáry umı́stěnými relativně bĺızko
u povrchu v ledové slupce, nicméně tato hypotéza nebyla zat́ım ověřena nu-
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Kĺıčová slova: Europa Táńı Volný povrch Plasticita

iii



Contents

Introduction 3

1 Literature review 5
1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.2 Chaotic terrains formation hypotheses . . . . . . . . . . . . . . . 6

2 Theoretical part 10
2.1 Problem setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.1.1 Governing equations . . . . . . . . . . . . . . . . . . . . . 10
2.1.2 Problem geometry . . . . . . . . . . . . . . . . . . . . . . 11

2.2 Mathematical framework . . . . . . . . . . . . . . . . . . . . . . . 13
2.2.1 Fundamental balance laws of conservation . . . . . . . . . 13
2.2.2 Boussinesq approximation . . . . . . . . . . . . . . . . . . 17
2.2.3 Nondimensionalisation . . . . . . . . . . . . . . . . . . . . 19
2.2.4 Viscoplastic rheology and strain weakening . . . . . . . . . 20
2.2.5 Weak formulation . . . . . . . . . . . . . . . . . . . . . . . 22

2.3 Arbitrary Lagrangian Eulerian Method . . . . . . . . . . . . . . . 23
2.3.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
2.3.2 Kinematics . . . . . . . . . . . . . . . . . . . . . . . . . . 24
2.3.3 Free surface implementation . . . . . . . . . . . . . . . . . 26
2.3.4 Nitche’s method for general boundary conditions . . . . . 27

2.4 Numerical methods . . . . . . . . . . . . . . . . . . . . . . . . . . 28
2.4.1 Crank-Nicolson scheme . . . . . . . . . . . . . . . . . . . . 28
2.4.2 Taylor-Hood elements . . . . . . . . . . . . . . . . . . . . 29
2.4.3 Picard iterations . . . . . . . . . . . . . . . . . . . . . . . 30
2.4.4 Discontinuous Galerkin Elements . . . . . . . . . . . . . . 30

3 Benchmarks 32
3.1 Thermal Convection Benchmark . . . . . . . . . . . . . . . . . . . 32

3.1.1 Governing equations . . . . . . . . . . . . . . . . . . . . . 32
3.1.2 Problem geometry . . . . . . . . . . . . . . . . . . . . . . 33
3.1.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

3.2 Free surface benchmark . . . . . . . . . . . . . . . . . . . . . . . . 35
3.2.1 Governing equations . . . . . . . . . . . . . . . . . . . . . 36
3.2.2 Problem Geometry . . . . . . . . . . . . . . . . . . . . . . 36
3.2.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.3 Viscoplastic Thermal Convection Benchmark . . . . . . . 39
3.3.1 Governing equations . . . . . . . . . . . . . . . . . . . . . 39
3.3.2 Problem geometry . . . . . . . . . . . . . . . . . . . . . . 40
3.3.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

3.4 Shear Bands Benchmark . . . . . . . . . . . . . . . . . . . . . . . 47
3.4.1 Governing equations . . . . . . . . . . . . . . . . . . . . . 47
3.4.2 Problem geometry . . . . . . . . . . . . . . . . . . . . . . 48
3.4.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

1



4 Results and discussion 50
4.1 Application to Europa . . . . . . . . . . . . . . . . . . . . . . . . 50
4.2 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

Conclusion 56

Bibliography 57

List of Figures 60

List of Tables 62

List of Abbreviations 63

2



Introduction
It has been almost 30 years since the launch of unmanned spacecraft Galileo,
named after the discoverer of Jupiter’s largest satellites. Although it took 6 years
to enter Jupiter’s orbit, it soon turned out the gains from the mission were going
to be priceless. As the Galileo probe examined Jupiter and its system, many
of its satellites could have been studied exhaustively and more precisely from
the data collected during the flybys. Galileo and Cassini, the other spacecraft
sent to Saturn soon after Galileo, have discovered an exciting world of icy moons
including Europa and Enceladus.

The obtained data indicate that these icy moons harbour huge subsurface
oceans comprised of liquid water. Such finding then naturally raised a question
of what is the source of the energy enabling the existence of the water in the
liquid state under the ice shell. In case of Europa, the main sources of the energy
are the tidal forces of Jupiter which generate enough energy to melt the ice
and create vast water reservoirs that could potentially harbour some kind of life
forms. Observations and findings like these only further stress the importance
of understanding what are the icy moons comprised of and what processes are
running under the ice shell.

As there are several hypotheses how the inner structure of the icy moons
might look like, there is an urge to create a more rigorous mathematical model
which would describe the underlying processes. In this thesis, the aim is to focus
on the modelling of the processes occurring in the ice crust of Europa. One of the
observed formations on the surface is so-called chaotic terrains. The terrains are
characterized by ice disruption of Europa’s surface into isolated plates which are
connected to the rest of plates with a lumpy matrix material. These objects are
unique in the Solar System and are of utmost importance for the understanding of
Europa’s internal processes. The correct model of the chaotic terrains formation
might predict not only what is the inner structure of the icy satellite, but also how
thick the layer of ice is and could improve the precision of the assumptions about
the depth of the subsurface ocean and the overall material distribution beneath
the surface. The chaotic terrains cover around one-quarter of Europa’s surface
and this makes them together with double ridges, the other specific formation on
the surface, probably the most important objects, that might help to clarify the
overall understanding of the icy moon formation and estimate the geological age
of the surface.

The satellite images of plates in the chaotic terrains were thoroughly studied,
and it was found out that they used to change their positions and rotate in the
past. The scientists assumed several models considering melting of the ice shell via
varying mechanisms based on this observation. The thesis aims to investigate the
generation process of the chaotic terrains proposed by Schmidt et al. [2011] who
suggest the chaotic terrains are a result of a four-phase melt-freezing mechanism.

The model by Schmidt et al. [2011] assumes that the formation process begins
with a rising thermal plume from the subsurface ocean which approaches the
eutectic point of the impure brittle ice, and hence, the melting process may
start underneath the surface. The volumetric changes in the ice mantle cause ice
fractures and these then result in the floating blocks of ice. After the thermal
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Figure 1: Europa’s surface concealing a deep ocean of liquid water
Image courtesy of NASA/JPL/Ted Stryk

plume diminishes below this region, the surface starts to refreeze, which causes
an increase of volume in the ice shell. In the end, this mechanism leads to the
topographical changes on the Europa’s surface, and the ice blocks are either
standing above or below the surrounding terrain.

The thesis aims to validate this hypothesis by modelling and simulating the
ice failure within the icy crust of the Europa’s surface. In order to perform
these simulations, a set numerical methods is used to model several phenomena
that are known from other geophysical applications. Some of these phenomena
were numerically modelled and tested by the geophysics community, therefore the
thesis runs several benchmarks which should help to calibrate the final model.

The structure of the thesis is as follows: The first chapter is devoted to the
motivation and literature review considering the space exploration and geophys-
ical research. The second chapter introduces the mathematical formulation of
the problem which this thesis aims to solve. In addition, it describes the math-
ematical framework and numerical methods used in the thesis to solve the final
problem. The third chapter focuses on the individual features of numerical bench-
marks and presents the results which are made in order to validate the model and
numerical techniques used in the final model application. The fourth chapter is
devoted to the final application simulation and presents the outcome of the thesis.
The thesis is concluded by a discussion of the results.
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1. Literature review

1.1 Motivation
Voyager probe images showed the first detailed recognition of the isolated patches
that have been disrupted. The first name for the objects on the Europa’s surface
was “mottled terrain” which changed later and became dubbed “lenticulae” due to
their shape. The initial ideas about the formation process of the uneven terrains
supposed they were a result of a tectonic activity which was accompanied by the
rise of the dark brown material from below. [Lucchitta and Soderblom, 1982]

This idea was alternated by Malin and Pieri [1986] who thought the mottled
terrain is much older and has been subject to an exogenic change caused by
an impact. Nevertheless, scientists came up with many more hypotheses for the
Europa’s surface features formation process soon after the Galileo probe collected
high-quality images of the surface.

The terrains became quickly dubbed chaotic terrains due to their irregular
shape and unclear formation process. Collins and Nimmo [2009] summarize the
overview of formation hypotheses and present a synthesis of observations regard-
ing the characteristics of the chaotic terrains, thus are followed in this chapter.

One of the most studied chaotic terrains on Europa is Conamara Chaos. This
chaotic terrain has been well studied due to high-resolution images and became
an archetype chaotic terrain due to its easily recognizable plates of ice which
moved around, rotated, and tilted and had a key role in showing the evidence for
a liquid subsurface ocean. This vast region of isolated plates made out of ice in
an irregular surrounding lumpy matrix material is shown in detail in the Fig. 1.1
and a larger scale view on the ice blocks is depicted in the Fig. 1.2.

Figure 1.1: Detailed view of the ice blocks structure in Conamara Chaos
Image courtesy of NASA/JPL/University of Arizona
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Figure 1.2: Europa’s well known chaotic terrain Conamara Chaos
Image courtesy of NASA/JPL/University of Arizona

Williams and Greeley [1998] in their analysis of shadows inferred that the
plates in the Conamara Chaos are on average standing approximately 40 to 150
meters above the surrounding surface. In contrast to this observation, the other
chaotic terrains such as e.g. Thera Macula turned out to have sunken topography
even up to 800 meters below the surrounding surface.

This led the researchers to propose several different formation processes based
on various mechanisms. Collins and Nimmo [2009] present five distinct theories,
and the thesis follows their description.

1.2 Chaotic terrains formation hypotheses
The first hypothesis follows the mechanisms known from Earth which assumes
that the chaotic terrains emerge as a result of melting through the icy shell.
However, this theory has a flaw - double ridges, the other surface formation,
would melt faster and thus flatten the surface due to the thermal conduction
through the ice and radiation of the energy into space. [Goodman et al., 2004]
Moreover, the energy that needs to be delivered to the surface in order to produce
and sustain melt of the icy shell would be too big. [Collins and Nimmo, 2009]

The second hypothesis suggests the chaotic terrains might be the result of di-
apirism - a geological process known from Earth, during which less dense material
rises through buoyant forces. This process seems to plausibly explain some of the
chaotic terrains with dome structure such as Murias Chaos and Thera Macula
as shown e.g. by [Mével and Mercier, 2007]. Nevertheless, while this mechanism
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might explain some of the chaotic terrains, the problem is that it requires a similar
size of the diapirs as it depends on the thickness of the icy shell. This contradicts
the variety of sizes of individual chaotic terrains, and thus does not offer a general
process which would explain the formation of other chaotic terrains. [Collins and
Nimmo, 2009]

The third hypothesis follows the possibility of brine mobilization. This ap-
proach assumes the composition of materials contained in the ice shell might
significantly lower the ice viscosity if the shell is heated. This could allow the
percolation of liquids through the layer if the added materials decreased the melt-
ing point of the ice composition. [Collins and Nimmo, 2009]

The fourth hypothesis relies on the injection of sills (i.e. the tabular intrusions
in the geological material), directly from the ocean. This approach alone would be
hard for the sills to propagate through the cracks in the ice without any additional
energy. It was shown by Manga and Wang [2007] that the water could form sills
below the surface within the ice shell. This model has not been, however, studied
that rigorously as the other models as it is not as promising as the previous
models. [Collins and Nimmo, 2009]

The last hypothesis points on the possibility of an exogenic impact which could
penetrate the surface. This option was studied by Cox et al. [2005], who suggested
the large scale chaotic terrains might be the result of an impact. However, this
theory is contradicted by other crater examples on Europa’s surface which did
not cause the formation of the chaotic terrain and are surrounded by secondary
craters and concentric fractures similarly to other bodies in the Solar System.
[Collins and Nimmo, 2009]

Table 1.1 summarizes the hypotheses as presented in Collins and Nimmo [2009]
and covers the information about the chaotic terrains, the advantages, and the
disadvantages of particular hypotheses. The table is split to hard observational
constraints that need to be satisfied by the model necessarily, and soft constraints
that might be subject to misinterpretation or misclassification of the features.

Table 1.1: Comparison of hypotheses for chaotic terrains formation
Source: Collins and Nimmo [2009]
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The authors of the paper summarizing the hypotheses favourize the melting
through the icy shell and brine mobilization as these mechanisms are able to fulfill
the hard observational constraints. Nevertheless, some of the soft constraints are
not plausible or could be acceptable only in special cases. These flaws of the
presented five mechanisms eventually led Schmidt et al. [2011] to the four-phase
water lenses model.

Schmidt et al. [2011] mention that the melt-through of the ice shell is thermo-
dynamically improbable, and the buoyancy of material rising in diapirs is not big
enough to create the chaos heights. The motivation for their hypothesis comes
from the subglacial volcanoes on Earth and analysis of data from Europa. Their
idea is to model the formation of the chaotic terrains by supposing the existence
of subsurface water lens-shaped lake in the ice shell.

Their hypothesis focuses on explaining the Conamara Chaos and Thera Mac-
ula formation where the former is raised above the surface whereas the latter is
sunken below the surface. Thera Macula has a special role as the researchers claim
the area is actively resurfacing and thus the formation process has not ended yet.
A detailed view of Thera Macula is depicted in Fig. 1.3 with edited colours where
the purple end of the colour range depicts sunken topography and the red end of
the colour range depicts the raised topography. The schema depicting the whole
process for the proposed four-phase “lens-collapse model” is available in Fig. 1.4.

Figure 1.3: The sunken topography of Thera Macula chaotic terrain
Image courtesy of NASA/JPL, Source: Schmidt et al. [2011]

8



Figure 1.4: The four-phase “lens-collapse model” schema
Source: Schmidt et al. [2011]

The process starts with a rising thermal plume from the subsurface ocean. As
the plume reaches the eutectic point of the impure ice (i.e. the material starts to
melt due to the presence of salts), the ice starts to melt and consequently creates
a subsurface lake. The overall volume in the region diminishes due to the melting
process which causes a tension on the surrounding material.

The increasing pressure in the material results in cracking of the ice layer
above the water lens. The cracks create floating blocks of ice that might move
and rotate. In this phase, these floating blocks are sunken below the surrounding
topography due to the volumetric changes in the region.

In the next phase, as the thermal plume starts to diminish, the subsurface
lake gradually cools down, which eventually leads to refreezing of the perched
water lens. As long as the subsurface area refreezes, the floating ice blocks are
raising upwards and pushed by the increasing volume in the region.

The last phase of the model assumes that the blocks are standing above the
surrounding surface and form the regions of ice blocks refreezed into fully frozen
surface. This process suggests that Conamara Chaos is already a result of the
forming process whereas chaos terrains such as Thera Macula are still actively
forming above a subsurface lake under the influence of a rising thermal plume.
[Schmidt et al., 2011]
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2. T h e o r e ti c al p a r t

T h e ai m of t his c h a pt er is t o pr o vi d e a t h e or eti c al fr a m e w or k f or t h e m at h e m ati c al
pr o bl e m s ol v e d i n t his t h esis. T h e c h a oti c t err ai ns f or m ati o n is a k e y pr o c ess i n
t h e u n d erst a n di n g of t h e pr o c ess es i n t h e E ur o p a’s i c y s h ell, a n d t h us t h e t h esis
f oll o ws t h e f o ur- p h as e l e ns c oll a ps e h y p ot h esis s u g g est e d b y S c h mi dt et al. [ 2 0 1 1],
w hi c h w as i ntr o d u c e d i n c h a pt er 1. T h e n u m eri c al i m pl e m e nt ati o n of t h e m o d el
f a c es s e v er al o bst a cl es a n d t h er ef or e t his c h a pt er ai ms t o pr o vi d e t h e n e c ess ar y
d es cri pti o n of m at h e m ati c al r el ati o ns hi ps a n d n u m eri c al t o ols us e d i n t h e t h esis.

2. 1 P r o bl e m s e t u p

2. 1. 1 G o v e r ni n g e q u a ti o n s

T h e g o al of t h e t h esis is t o pr es e nt a m at h e m ati c al m o d el w hi c h is a bl e t o r e c o n-
str u ct t h e pr o c ess es i n E ur o p a’s i c e s h ell l e a di n g t o a c h a oti c t err ai n f or m ati o n.
T h e c h os e n s et u p f o c us es o n t h e f or m ati o n of t h e s u n k e n c h a oti c t err ai n w hi c h
m e a ns t h at t h e m o d el ass u m es v ol u m etri c d e cr e as e c a us e d b y t h e m elti n g i n t h e
s u bs urf a c e ar e a. T h e m at h e m ati c al m o d el is gi v e n b y t h e f oll o wi n g g o v er ni n g
e q u ati o ns

∇ · v =
ρ i c e − ρ w at e r

ρ i c eρ w at e r

γ, ( 2. 1)

− ∇ p + ∇ · σ + ρ i c eg = 0 , ( 2. 2)

∂ I I
p

∂ t
+ v · ∇ I I

p = ˙I I
p , ( 2. 3)

w h er e v is t h e v el o cit y, ρ i c e = 9 2 0 k g · m − 3 is t h e d e nsit y of i c e a n d ρ w at e r =
1 0 0 0 k g ·m − 3 is t h e d e nsit y of w at er, γ is t h e m elt pr o d u cti o n r at e, p is t h e pr ess ur e,
σ is t h e d e vi at ori c p art of t h e C a u c h y str ess t e ns or τ , g is t h e gr a vit ati o n al
a c c el er ati o n, p is t h e pl asti c str ai n, ˙p is t h e pl asti c str ai n r at e, a n d t hr o u g h o ut
t h e t h esis all t e ns ors A wit h t h e s u p ers cri pt ( ·) I I ar e s e c o n d i n v ari a nts of t h e

t e ns ors d e fi n e d as A I I = 1
2
A : A .

T h e first e q u ati o n ( E q. 2. 1) i n t h e s ol v e d s yst e m of p arti al di ff er e nti al e q u a-
ti o ns is t h e c o nti n uit y e q u ati o n w hi c h m o d els a n i n c o m pr essi bl e fl ui d i n t h e d o-
m ai n Ω wit h t h e f e at ur e of v ol u m etri c c h a n g e d u e t o t h e m elti n g of t h e m at eri al
i n t h e m olt e n r e gi o n c orr es p o n di n g t o t h e w at er l e ns. T h e r e as o ni n g b e hi n d t h e
m elt pr o d u cti o n t er m i n t h e c o nti n uit y e q u ati o n f oll o ws fr o m t h e m o d el us e d i n
K al o us o v á et al. [ 2 0 1 6].

T h e s e c o n d e q u ati o n ( E q. 2. 2) is t h e b al a n c e of m o m e nt u m w h er e t h e d e vi a-
t ori c p art of t h e C a u c h y str ess t e ns or is d e fi n e d as

σ = 2 η e f f ˙ = 2 η v ˙v = 2 η p ˙p , ( 2. 4)

w h er e η v is t h e vis c o us p art of vis c osit y, η p is t h e pl asti c p art of vis c osit y, η e f f

is t h e e ff e cti v e vis c osit y, ˙ is t h e str ai n r at e d e fi n e d as ˙ = 1
2
(∇ v + ( ∇ v ) T ) a n d
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c o nsists of vis c o us ˙v a n d pl asti c p art ˙p :

˙ = ˙v + ˙p . ( 2. 5)

T h e r el ati o ns hi p f or t h e e ff e cti v e vis c osit y f oll o ws fr o m t h e E qs. ( 2. 4) a n d ( 2. 5)

η e f f =
1

η v

+
1

η p

− 1

. ( 2. 6)

T h e vis c o us p art of t h e e ff e cti v e vis c osit y is d e p e n d e nt o n t h e t e m p er at ur e fi el d
T a n d t h er ef or e f oll o ws t h e e x p o n e nti al f or m fr o m S h o w m a n a n d H a n [ 2 0 0 4]

η v (T ) = η 0 e
Q
R

( 1
T

− 1
T 0

)
, ( 2. 7)

w h er e Q = 5 · 1 0 4 J · m ol − 1 is t h e a cti v ati o n e n er g y f or t h e cr e e p pr o c ess, R =
8 .3 1 4 J · K − 1 · m ol − 1 is t h e g as c o nst a nt, a n d T 0 = 2 7 0 K is t h e r ef er e n c e t e m p er-
at ur e w hi c h c orr es p o n ds t o t h e vis c osit y p ar a m et er η 0 = 1 0 1 6 P a · s . T h e pl asti c
p art of t h e e ff e cti v e vis c osit y is d e fi n e d as

η p =
σ Y (p, C, φ )

2˙ I I
, ( 2. 8)

w hi c h is d e p e n d e nt o n t h e yi el d str ess σ Y . σ Y is a f u n cti o n of pr ess ur e p , c o h esi o n
C a n d t h e a n gl e of i nt er n al fri cti o n φ d es cri b e d i n m or e d et ail i n s e cti o n 2. 2. 4.

T h e l ast e q u ati o n of t h e s yst e m ( E q. 2. 3) is t h e pl asti c str ai n a d v e cti o n
e q u ati o n w hi c h yi el ds t h e s e c o n d i n v ari a nt of pl asti c str ai n r at e i nt e gr at e d al o n g
t h e m at eri al tr aj e ct or y, a n d f oll o ws M ai er o v á [ 2 0 1 2] a n d Di Pi etr o et al. [ 2 0 0 6].

T h e fi n al m o d el d o es n ot i n v ol v e t h e h e at tr a nsf er e q u ati o n f or t h e s a k e of
si m pli cit y a n d ass u m es t h e t e m p er at ur e fi el d T c o nst a nt i n ti m e, h o w e v er, s e v er al
b e n c h m ar ks d o n e i n t h e t h esis s u bstit ut e t h e pl asti c str ai n a d v e cti o n e q u ati o n
( 2. 3) f or t h e h e at tr a nsf er e q u ati o n i n t h e f oll o wi n g f or m

∂ T

∂ t
+ v · ∇T = ∇ 2 T, ( 2. 9)

w h er e T is t h e t e m p er at ur e a n d t is t h e ti m e.

2. 1. 2 P r o bl e m g e o m e t r y

T h e g o v er ni n g e q u ati o ns ar e s ol v e d i n t h e d o m ai n Ω w hi c h is l = 6 0 k m wi d e a n d
h = 3 0 k m hi g h a n d i n cl u d es a p arti all y m olt e n r e gi o n as s h o w n i n t h e Fi g. 2. 1
c orr es p o n di n g t o t h e s u bs urf a c e l a k e i n t h e f o ur- p h as e m o d el b y S c h mi dt et al.
[ 2 0 1 1]. T h e p arti all y m olt e n r e gi o n is n ot disti n g uis h e d as a s p e ci al s u bs et of Ω
b e c a us e t h e tr a nsiti o n b et w e e n t h e p arti all y m olt e n r e gi o n a n d t h e r est of t h e
d o m ai n Ω is s m o ot h.
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Fi g ur e 2. 1: A s c h e m a of t h e pr o bl e m g e o m etr y f or t h e t h er m al c o n v e cti o n b e n c h-
m ar k

T h e fi g ur e als o d e pi cts t h e b o u n d ar y c o n diti o ns t h at h ol d at t h e b o u n d ar y of
t h e Ω d o m ai n Γ = ∂ Ω a n d t h us fi nis h t h e pr o bl e m s p e ci fi c ati o n. T h er e is a fr e e
s urf a c e b o u n d ar y c o n diti o n o n t h e t o p b o u n d ar y Γ T w hi c h is d e fi n e d b y σ ·n = 0,
w h er e n is t h e n or m al v e ct or t o t h e b o u n d ar y ori e nt e d o ut w ar ds fr o m t h e d o m ai n
Ω. O n t h e r e m ai ni n g b o u n d ari es Γ \ Γ T , t h er e is a fr e e-sli p c o n diti o n f ul filli n g
n o m at eri al i n fl o w at t h e b o u n d ari es v · n = 0 a n d n o fri cti o n at t h e b o u n d ari es
(σ · n ) t = 0 , w h er e t h e s u bs cri pt t m e a ns t h e t a n g e nt c o m p o n e nt of r es ulti n g
tr a cti o n σ · n . L ast b ut n ot l e ast, t h e m o d el ass u m es n o o ut fl o w a n d i n fl o w at t h e
b o u n d ari es, i. e. t h er e is N e u m a n n b o u n d ar y c o n diti o n pr es cri b e d as ∇ I I · n = 0
o n Γ.

T h e s p ati al distri b uti o n of t h e m elt pr o d u cti o n f u n cti o n γ f oll o ws t h e G a ussi a n
f u n cti o n al f or m d e fi niti o n

γ (x, z ) = γ 0 e
− ( x − x 0

∆ x )
2
− ( z − z 0

∆ z )
2

, ( 2. 1 0)

w h er e γ 0 = 1 0 − 1 0 is t h e a m plit u d e p ar a m et er, x a n d z ar e t h e s p ati al c o or di n at es
( h ori z o nt al, v erti c al), x 0 = 3 0 0 0 0 k m a n d z 0 = 2 3 8 0 0 k m ar e t h e c o or di n at es of t h e
p arti all y m olt e n r e gi o n c e ntr e, ∆ x = 5 5 0 0 k m a n d ∆ z = 3 2 0 0 k m ar e p ar a m et ers
i n fl u e n ci n g t h e si z e of t h e G a ussi a n p e a k i n x a n d z dir e cti o n, r es p e cti v el y. T h e
p arti all y m olt e n r e gi o n is als o m o di fi e d b y t h e pr es cri b e d t e m p er at ur e fi el d T
w h er e t h e t e m p er at ur e fi el d r e a c h es T r e g i o n = 2 3 0 K w h er e as o ut of t h e r e gi o n
t h e t e m p er at ur e gr o ws li n e arl y wit h t h e d e pt h fr o m T mi n = 1 0 0 K at t h e t o p
b o u n d ar y t o T m a x = 2 7 0 K at t h e b ott o m b o u n d ar y. T h e t e m p er at ur e fi el d, m elt
pr o d u cti o n fi el d, a n d t h e v al u es of t h e p ar a m et ers c orr es p o n d t o t h e s et u p i n
K al o us o v á et al. [ 2 0 1 6].

T h e m elti n g r at e γ of t h e m at eri al a n d t e m p er at ur e T ar e b ot h pr es cri b e d
c o nst a nt i n ti m e a n d ar e d e pi ct e d i n t h e Fi g. 2. 2.
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Figure 2.2: The scalar fields of melt production γ (above) and temperature T
(below)

2.2 Mathematical framework
The aim of this section is to provide necessary mathematical background for the
derivation of the governing equations (2.1),(2.2),(2.3) for the final problem and
also for the benchmarks utilizing the heat transfer equation (2.9) in the thermal
convection setup.

2.2.1 Fundamental balance laws of conservation
This subsection provides the balance laws in the form in which are used in geo-
physical applications. The balance laws are partial differential equations which
describe the thermodynamical and mechanical interactions in the continuum me-
chanics. Their solution provides the time evolution of the spatially defined quan-
tities of interest.

In order to derive them, two vector calculus results are needed. The thesis
follows Matyska [2005] and Martinec [2003] both in the formulation of these
results and the consequent balance laws derivation.

First, let us introduce modified Gauss divergence theorem. Consider a mate-
rial volume Ω(t) with a boundary Γ(t) = ∂Ω(t) intersected by a moving singular
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s urf a c e Σ( t) (s plitti n g t h e d o m ai n Ω, a n d t h us g e n er ati n g t h e i nt erf a c e) a cr oss
w hi c h a v e ct or v al u e d f u n cti o n a h as a j u m p i n v al u es, t h e n t h e G a uss t h e or e m
is e x pr ess e d i n t h e f or m ul a

Γ ( t) \ Σ ( t)
a · n d S =

Ω ( t) \ Σ ( t)
∇ · a d V +

Σ ( t)
[[a ]] · n d S, ( 2. 1 1)

w h er e a is a n ar bitr ar y c o nti n u o usl y di ff er e nti a bl e v e ct or v al u e d f u n cti o n (t h e
r el ati o ns hi p h ol ds als o f or t e ns ors) a n d [[ a ]] = a + − a − is a j u m p i n t h e v al u e
a cr oss t h e s urf a c e Σ( t) o bt ai n e d b y s u btr a cti n g t h e v al u e o n t h e n e g ati v e si d e
fr o m t h e v al u e o n t h e p ositi v e si d e.

C o ns e q u e ntl y, t h e R e y n ol ds tr a ns p ort t h e or e m f or a s c al ar q u a ntit y f is writ-
t e n as

D

Dt Ω ( t)
f d V =

Ω ( t) \ Σ ( t)

∂ f

∂ t
+ ∇ · (f v ) d V +

Σ ( t)
[[f (v − w )]] · n d S, ( 2. 1 2)

w h er e D
D t

is t h e m at eri al ti m e d eri v ati v e o p er at or d e fi n e d as D
D t

: = ∂
∂ t

+ ( v · ∇), v
is t h e p arti cl e v el o cit y, w is t h e v el o cit y of t h e i nt erf a c e w hi c h m a y b e, i n g e n er al,
di ff er e nt fr o m t h e p arti cl e v el o cit y. f a n d v ar e r e q uir e d t o b e c o nti n u o usl y
di ff er e nti a bl e at Ω( t) \ Σ( t). [ M at ys k a, 2 0 0 5]

T h e first b al a n c e l a w, t h e b al a n c e of m ass, c a n b e writt e n as

D

Dt Ω ( t)
ρ d V = 0 , ( 2. 1 3)

si n c e t h er e is n o m ass fl o w t hr o u g h t h e b o u n d ar y. If w e s u bstit ut e t h e R e y n ol ds
tr a ns p ort t h e or e m ( 2. 1 2) i nt o E q. ( 2. 1 3), w e o bt ai n

Ω ( t) \ Σ ( t)

∂ ρ

∂ t
+ ∇ · (ρ v ) d V +

Σ ( t)
[[ρ (v − w )]] · n d S = 0 , ( 2. 1 4)

w hi c h h ol ds f or a n y ar bitr ar y v ol u m e Ω( t) ( d e fi n e d b y its b o u n d ar y Γ( t)), h e n c e
b ot h i nt e gr a n ds m ust b e e q u al t o z er o l o c all y

∂ ρ

∂ t
+ ∇ · (ρ v ) = 0 i n Ω(t) \ Σ( t), ( 2. 1 5)

[[ρ (v − w )]] · n i n Ω(t) \ Σ( t). ( 2. 1 6)

If w e us e t h e r es ult of E q. ( 2. 1 5) a g ai n i n t h e R e y n ol ds tr a ns p ort t h e or e m
E q. ( 2. 1 2), w e o bt ai n a us ef ul f or m ul a

D

Dt Ω ( t)
ρ f d V =

Ω ( t) \ Σ ( t)

∂ (ρ f )

∂ t
+ ∇ · (ρ f v ) d V +

Σ ( t)
[[ρ f (v − w )]] · n d S =

=
Ω ( t) \ Σ ( t)

ρ
∂ f

∂ t
+ ρ v · ∇f d V + f

∂ ρ

∂ t
+ ∇ · (ρ v ) d V

+
Σ ( t)

[[ρ f (v − w )]] · n d S =

=
Ω ( t) \ Σ ( t)

ρ
D f

Dt
d V +

Σ ( t)
[[ρ f (v − w )]] · n d S.

( 2. 1 7)
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T h e s e c o n d b al a n c e l a w is t h e b al a n c e of li n e ar m o m e nt u m w hi c h r e pr es e nts
t h e b al a n c e b et w e e n t h e c h a n g e of m o m e nt u m (l eft- h a n d si d e of t h e e q u ati o n)
a n d a cti n g f or c es (ri g ht- h a n d si d e of t h e e q u ati o n) i n cl u di n g t h e gr a vit y, C ori olis,
a n d c e ntrif u g al f or c es, a n d t h e f or c es c orr es p o n di n g t o t h e s urf a c e tr a cti o ns. T h e
ot h er b o d y f or c es e x c e pt t h e n a m e d o n es ar e n e gl e ct e d. T his b al a n c e l a w h as t h e
f oll o wi n g f or m

D

Dt Ω ( t)
ρ v d V =

Ω ( t)
ρ g d V − 2

Ω ( t)
ρ ω × v d V

−
Ω ( t)

ρ ω × (ω × x )d V +
Γ ( t)

τ · n d S,
( 2. 1 8)

w h er e g is t h e gr a vit y a c c el er ati o n, ω is t h e a n g ul ar fr e q u e n c y of t h e pl a n et’s r ot a-
ti o n, x is t h e p ositi o n v e ct or, a n d × d e n ot es t h e v e ct or pr o d u ct. T h e a p pli c ati o n
of E q. ( 2. 1 7) a n d G a uss t h e or e m ( 2. 1 1) o n t h e E q. ( 2. 1 8) g ets

Ω ( t) \ Σ ( t)
ρ

D v

Dt
− ρ g + 2 ρ ω × v + ρ ω × (ω × x ) − ∇ · τ d V

+
Σ ( t)

[[ρ v (v − w ) − τ ]] · n d S = 0 .

( 2. 1 9)

T h e l o c al pri n ci pl e us e d i n c as e of b al a n c e of m ass c a n b e als o a p pli e d t o t h e E q.
( 2. 1 9)

ρ
D v

Dt
= ρ g − 2 ρ ω × v − ρ ω × (ω × x ) + ∇ · τ i n Ω(t) \ Σ( t), ( 2. 2 0)

[[ρ v (v − w ) − τ ]] · n = 0 i n Σ( t). ( 2. 2 1)

T h e t hir d b al a n c e l a w is t h e b al a n c e of a n g ul ar m o m e nt u m w hi c h c a n b e
o bt ai n e d b y t a ki n g v e ct or pr o d u ct of t h e p ositi o n v e ct or o n all i nt e gr a n ds i n t h e
b al a n c e of li n e ar m o m e nt u m e q u ati o n ( 2. 1 8)

D

Dt Ω ( t)
x × ρ v d V =

Ω ( t)
x × ρ g d V − 2

Ω ( t)
x × (ρ ω × v )d V

−
Ω ( t)

x × (ρ ω × (ω × x ))d V +
Γ ( t)

x × (τ · n )d S.
( 2. 2 2)

Usi n g t h e i d e ntiti es ∇ x = I, w h er e I is a n i d e ntit y m atri x, a n d [[x ]] = 0, a n d
t h e E qs. ( 2. 1 1 ), ( 2. 1 7), ( 2. 2 2) gi v es us

Ω ( t) \ Σ ( t)
x × ρ

D v

Dt
− ρ g + 2 ρ ω × v + ρ ω × (ω × x ) − ∇ · τ d V

−
Ω ( t) \ Σ ( t)

I ×̇ τ d V +
Σ ( t)

x × [[ρ v (v − w ) − τ ]] · n d S = 0 ,

( 2. 2 3)

w h er e ×̇ i s t h e d o u bl e pr o d u ct c o nsisti n g of v e ct or a n d s c al ar pr o d u cts h er e
d e fi n e d as I ×̇ τ : = j k i j k δ jl τ kl , δ jl is t h e Kr o n e c k er δ -s y m b ol a n d i j k is t h e
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L e vi- Ci vit a p er m ut ati o n s y m b ol. D u e t o t h e l o c al pri n ci pl e i n E qs. ( 2. 2 0) a n d
( 2. 2 1), w e o bt ai n fr o m t h e E q. ( 2. 2 3)

I ×̇ τ = 0 ⇐ ⇒ τ = τ T , ( 2. 2 4)

w h er e T st a n ds f or tr a ns p ositi o n. T his m e a ns t h e i m pli c ati o n of t h e b al a n c e of
a n g ul ar m o m e nt u m is t h at t h e t e ns or τ is s y m m etri c.

T h e l ast b al a n c e l a w w e ar e i nt er est e d i n i n or d er t o d eri v e t h e g o v er ni n g
e q u ati o ns is t h e b al a n c e of e n er g y o bt ai n e d b y b al a n ci n g t h e r at e of w or k c orr e-
s p o n di n g t o t h e s urf a c e a n d b o d y f or c es wit h t h e ot h er s o ur c es of e n er g y

D

Dt Ω ( t)
(ρ e +

1

2
ρ v · v )d V =

Γ ( t)
v · τ · n d S +

Ω ( t)
ρ g · v d V

− 2
Ω ( t)

ρ (ω × v ) · v d V −
Ω ( t)

ρ (ω × (ω × x )) · v d V

−
Γ ( t)

q · n d S +
Ω ( t)

H d V,

( 2. 2 5)

w h er e e is t h e i nt er n al e n er g y p er u nit m ass, q is t h e h e at fl o w, a n d H d e n ot es t h e
h e at s o ur c es p er u nit v ol u m e. T h e C ori olis f or c es cr oss o ut as t h e s c al ar pr o d u ct
is z er o d u e t o p er p e n di c ul arit y of v a n d ω × v . T h e first i nt e gr al o n t h e ri g ht
h a n d si d e of t h e pr e vi o us e q u ati o n c a n b e r e writt e n as

Γ ( t)
v · τ · n d S =

Ω ( t) \ Σ ( t)
v · (∇ · τ ) + ∇ v : τ d V +

Σ ( t)
[[v · τ ]] · n d S, ( 2. 2 6)

w h er e : d e n ot es t h e d o u bl e s c al ar pr o d u ct. If w e s u bstit ut e t h e l o c al f or m of
b al a n c e of li n e ar m o m e nt u m E q. ( 2. 2 0 i nt o o n e of t h e i nt e gr als i n E q. 2. 2 7), t h e
f oll o wi n g is o bt ai n e d

Ω ( t) \ Σ ( t)
v · (∇ · τ )d V =

Ω ( t) \ Σ ( t)

1

2
ρ

D

Dt
(v · v )d V

−
Ω ( t)

ρ g · v d V +
Ω ( t)

ρ (ω × (ω × x )) · v d V.
( 2. 2 7)

If w e s u bstit ut e E qs. ( 2. 2 6) a n d ( 2. 2 7) b a c k t o ( 2. 2 5), w e o bt ai n

D

Dt Ω ( t)
(ρ e +

1

2
ρ v · v )d V =

Ω ( t) \ Σ ( t)

1

2
ρ

D

Dt
(v · v )d V −

Ω ( t)
ρ g · v d V

+
Ω ( t)

ρ (ω × (ω × x )) · v d V +
Ω ( t) \ Σ ( t)

∇ v : τ d V

+
Σ ( t)

[[v · τ ]] · n d S +
Ω ( t)

ρ g · v d V − 2
Ω ( t)

ρ (ω × v ) · v d V

−
Ω ( t)

ρ (ω × (ω × x )) · v d V −
Γ ( t)

q · n d S +
Ω ( t)

H d V.

( 2. 2 8)

N o w, if R e y n ol ds tr a ns p ort t h e or e m ( 2. 1 2) is us e d o n Ω ( t) \ Σ ( t)
1
2
ρ D

D t
(v · v )d V ,

G a uss t h e or e m ( 2. 1 1) is a p pli e d t o Γ ( t) q · n d S , a n d ( 2. 1 7) t o D
D t Ω ( t) ρ e d V , w e
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g et l o c all y h ol di n g

ρ
D e

Dt
= − ∇ · q + τ : ∇ v + H i n Ω(t) \ Σ( t), ( 2. 2 9)

[[q ]] · n = [[ v · τ ]] · n − [[(ρ e +
1

2
ρ v · v )(v − w )]] · n i n Σ(t). ( 2. 3 0)

N e xt, t h e ai m is t o o bt ai n t h e h e at e q u ati o n i n t h e f or m ( 2. 9) as us e d i n
s e v er al b e n c h m ar ks i n t his t h esis. T h us w e ass u m e t h e r h e ol o gi c al r el ati o ns hi p
f or a cl assi c al vis c o us h e at- c o n d u cti n g fl ui d as f oll o ws

τ = − p I + σ (v ), li m
v → 0

σ (v ) = 0, ( 2. 3 1)

w h er e p is t h e t h er m o d y n a mi c pr ess ur e. F urt h er, w e e m pl o y t h e r el ati o ns hi p
k n o w n as F o uri er l a w of h e at c o n d u cti o n f or t h e h e at fl o w q

q = − k ∇ T, ( 2. 3 2)

w h er e k is t h e t h er m al c o n d u cti vit y. N o w, w e utili z e t h e Gi b bs r el ati o n

ρ T
D s

Dt
= ρ

D e

Dt
+ p ∇ · v, ( 2. 3 3)

w h er e s is t h e e ntr o p y p er u nit m ass. B y s u bstit uti n g t h e E qs. ( 2. 3 1),( 2. 3 2),( 2. 3 3)
i n t h e l o c al pri n ci pl e f or b al a n c e of e n er g y ( 2. 2 9) a n d ( 2. 3 0), w e o bt ai n

ρ T
D s

Dt
= − ∇ · (k · ∇T ) + τ : ∇ v + H i n Ω(t) \ Σ( t), ( 2. 3 4)

[[k ∇ T ]] · n = − [[v · τ ]] · n + [[( ρ e +
1

2
ρ v · v )(v − w )]] · n i n Σ(t). ( 2. 3 5)

T h e t h esis s ki ps t h e tr a nsiti o n fr o m t h e b al a n c e of e n er g y t o t h e h e at e q u ati o n
as it r e q uir es i ntr o d u ci n g t h e w h ol e t h er m o d y n a mi c al fr a m e w or k a n d t h us t h e
r e a d er is e n c o ur a g e d t o g o f or m or e d et ail i nt o t h e lit er at ur e. T h e d eri v ati o n is
d o n e e. g. i n M at ys k a [ 2 0 0 5] a n d l e a ds t o t h e h e at e q u ati o n i n t h e f oll o wi n g f or m
( ass u mi n g t h e d o mi n a n c e of t h e h y dr ost ati c pr ess ur e)

ρ c p
∂ T

∂ t
= ∇ · (k ∇ T ) − ρ c p v · ∇T − ρ v r α T g + σ : ∇ v + H i n Ω(t) \ Σ( t), ( 2. 3 6)

w h er e c p is t h e is o b ari c s p e ci fi c h e at, α is t h e t h er m al e x p a nsi o n c o e ffi ci e nt, v r

is t h e r a di al c o m p o n e nt of v el o cit y a n d g is n o w d e fi n e d as t h e m a g nit u d e of
t h e gr a vit y a c c el er ati o n g = |g | i n cl u di n g t h e a c c el er ati o n c orr es p o n di n g t o t h e
c e ntrif u g al f or c es. I n or d er t o g et t h e b al a n c e e q u ati o ns i n t h e f or m of g o v er ni n g
e q u ati o ns, s e v er al ass u m pti o ns h a v e t o b e m a d e w hi c h is dis c uss e d i n t h e n e xt
s u bs e cti o n.

2. 2. 2 B o u s si n e s q a p p r o xi m a ti o n

T his s u bs e cti o n c o nti n u es f oll o wi n g M at ys k a [ 2 0 0 5], w h o pr es e nts a d eri v ati o n of
t h e g o v er ni n g e q u ati o ns f or t h er m al c o n v e cti o n i n t h e f or m t h at is us e d i n c as e
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of t h e g o v er ni n g e q u ati o ns ( 2. 1) a n d ( 2. 2), a n d t h e h e at tr a nsf er e q u ati o n ( 2. 9)
w hi c h is a g o v er ni n g e q u ati o n f or s o m e of t h e b e n c h m ar ks i n t h e t h esis.

T his s u bs e cti o n r ef or m ul at es t h e f u n d a m e nt al l a ws of c o ns er v ati o n a n d a p-
pli es B o ussi n es q a p pr o xi m ati o n t h at li n e ari z es t h e l a ws of c o ns er v ati o n n e ar t h e
r ef er e n c e h y dr ost ati c st at e v = 0. T h e r ef er e n c e pr ess ur e p 0 , r ef er e n c e d e nsit y ρ 0 ,
a n d r ef er e n c e gr a vit y a c c el er ati o n g 0 ar e li n k e d vi a t h e l o c al f or m of t h e b al a n c e
of m o m e nt u m ( 2. 2 0) ass u mi n g v = 0 a n d utili zi n g t h e r h e ol o gi c al r el ati o ns hi p
( 2. 3 1)

∇ p 0 = ρ 0 g 0 − ρ 0 ω × (ω × x ). ( 2. 3 7)

If w e li n e ari z e t h e st at e e q u ati o n, w hi c h is us u all y i n t h e f or m

ρ = ρ (p, T ), ( 2. 3 8)

a n d n e gl e ct d e nsit y c h a n g es d e p e n d e nt o n t h e d y n a mi c pr ess ur e (i. e. d e vi ati o ns
fr o m t h e r ef er e n c e h y dr ost ati c st at e) π = p − p 0 , w e o bt ai n

ρ = ρ 0 ( 1 − α (T − T 0 )). ( 2. 3 9)

T his a p pr o xi m ati o n hi d es t h e i n fl u e n c e of h y dr ost ati c pr ess ur e p 0 a n d t h e r ef er-
e n c e t e m p er at ur e T 0 i nt o a s p ati al d e p e n d e n c e of ρ 0 w hi c h is ass u m e d c o nst a nt
i n ti m e.

F or t h e c o nti n uit y e q u ati o n ( 2. 1 5), w e n e gl e ct t h e t h er m al e x p a nsi o n (t h e
d e p e n d e n c e of ρ o n T − T 0 i n ( 2. 3 9)) as a p art of B o ussi n es q a p pr o xi m ati o n a n d
o bt ai n t h e c o nti n uit y e q u ati o n

∇ · (ρ 0 v ) = 0. ( 2. 4 0)

Si mil arl y, t h e b al a n c e of li n e ar m o m e nt u m ( 2. 2 0) g ets t h e f oll o wi n g f or m aft er
w e us e t h e E qs. ( 2. 3 7), ( 2. 3 9) a n d t h e r h e ol o gi c al r el ati o ns hi p ( 2. 3 1)

ρ
D v

Dt
= − ∇ π + ∇ · σ + ρ 0 α (T − T 0 )ω × (ω × x )

− 2 ρ ω × v + ρ 0 (g − g 0 ) − ρ 0 α (T − T 0 )(g − g 0 ) − ρ 0 α (T − T 0 )g 0 .
( 2. 4 1)

If w e o mit t h e q u a dr ati c t er m ρ 0 α (T − T 0 )(g − g 0 ), t h e C ori olis f or c e a n d t h e
t h er m al e x p a nsi o n o n t h e l eft- h a n d si d e, w e g et

− ∇ π + ∇ · σ − ρ 0 α (T − T 0 )g 0 + ρ 0 (g − g 0 ) = ρ 0
D v

Dt
. ( 2. 4 2)

T h e h e at e q u ati o n is li n e ari z e d b y ass u mi n g t h e d e nsit y i n d e p e n d e nt o n t h e
t h er m al e x p a nsi o n, t h us o bt ai ni n g

ρ 0 c p
∂ T

∂ t
= ∇ · (k ∇ T ) − ρ 0 c p v · ∇T − ρ 0 v r α T g 0 + σ : ∇ v + Q, ( 2. 4 3)

w h er e Q ar e h e at s o ur c es (i n cl u di n g i nt er n al h e ati n g a n d t h e h e at c a us e d b y a
d e c a y of r a di o a cti v e is ot o p es). T his c o m pl et es t h e s et of E qs. ( 2. 4 0),( 2. 4 2), a n d
( 2. 4 3) t h at ar e c all e d t h e c o m pr essi bl e e xt e n d e d B o ussi n es q a p pr o xi m ati o n of t h e
b al a n c e l a ws of c o ns er v ati o n.
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M or e o v er, if w e ass u m e t h e i n c o m pr essi bilit y, E q. ( 2. 4 0) r e d u c es t o

∇ · v = 0 . ( 2. 4 4)

F urt h er, if w e ass u m e t h e fl ui d is N e wt o ni a n,

σ = 2 η ˙ = η (∇ v + ( ∇ v ) T ), ( 2. 4 5)

w h er e η is a c o nst a nt d y n a mi c vis c osit y a n d is t h e str ai n r at e. N e xt, if w e o mit
t h e s elf- gr a vit ati o n t er m ρ 0 (g − g 0 ) i n ( 2. 4 2), w hi c h is g e n er all y a b o ut o n e or d er
l o w er t h a n t h e b u o y a n c y t er m ρ 0 α (T − T 0 )g 0 , t h e n ( 2. 4 2) r e d u c es t o

ρ 0
D v

Dt
= − ∇ π + η ∇ 2 v − ρ 0 α (T − T 0 )g 0 . ( 2. 4 6)

Fi n all y, w e n e gl e ct t h e dissi p ati o n σ : ∇ v a n d a di a b ati c h e ati n g t er m ρ 0 v r α T g 0 i n
t h e h e at e q u ati o n, ass u m e ρ 0 , g 0 , α , c p a n d k c o nst a nt, a n d s u p p os e Q is s p ati all y
c o nst a nt. T h e n w e o bt ai n t h e f oll o wi n g e q u ati o n

∂ T

∂ t
+ v · ∇T = ∇ · (κ ∇ T ) +

Q

ρ 0 c p

, ( 2. 4 7)

w h er e κ = k
c p ρ 0

is t h e t h er m al di ff usi vit y. T his c o m pl et es t h e s et of E qs. ( 2. 4 4),

( 2. 4 6), a n d ( 2. 4 7) t h at ar e c all e d t h e cl assi c al B o ussi n es q a p pr o xi m ati o n of t h e
b al a n c e l a ws of c o ns er v ati o n.

2. 2. 3 N o n di m e n si o n ali s a ti o n

T h e B o ussi n es q a p pr o xi m ati o n pr es e nt e d i n t h e pr e vi o us s u bs e cti o n is r es c al e d i n
t his s u bs e cti o n t o n o n di m e nsi o n al u nits. T his tr a nsf or m ati o n m e a ns, t h e s yst e m
of e q u ati o ns d o es n ot d e p e n d o n t h e p arti c ul ar s c al e of t h e q u a ntiti es, it is r at h er
c h ar a ct eri z e d b y di m e nsi o nl ess n u m b ers w hi c h c h ar a ct eri z e t h e w h ol e s yst e m, e. g.
R a yl ei g h, Pr a n dtl, or R e y n ol ds n u m b er.

It is us ef ul t o d e fi n e tr a nsf or m ati o n r ul es b et w e e n t h e di m e nsi o n al a n d n o n di-
m e nsi o n al f or m f or t h e b asi c q u a ntiti es. M ostl y, t h e f a v o ur a bl e c h oi c e is t o c h o os e
s o m e of t h e SI b as e u nits. We f oll o w M at ys k a [ 2 0 0 5] a n d c h o os e t h e f oll o wi n g
tr a nsf or m ati o n r ul es

x = x D, t = t
D 2

κ
, v = v

κ

D
, p = ρ 0 g 0 D p , π =

η 0 κ

D 2
π , T = T t + T , Q =

κ ∆ T

D 2
,

( 2. 4 8)
w h er e all q u a ntiti es wit h pri m e s y m b ol ar e di m e nsi o nl ess, x is t h e p ositi o n v e ct or,
D is t h e c h ar a ct eristi c di m e nsi o n of t h e s yst e m, η 0 is t h e r ef er e n c e vis c osit y, g 0 is
t h e m a g nit u d e of g 0 , e z is a u nit v e ct or i n t h e v erti c al dir e cti o n, a n d ∆T = T t − T b

is t h e t e m p er at ur e c o ntr ast a cr oss t h e l a y er wit h T t at t h e t o p a n d T b at t h e
b ott o m. N ot e, t h at t h e pr ess ur e p is s c al e d di ff er e ntl y t h a n t h e d y n a mi c pr ess ur e
π .

T h e n o n di m e nsi o n alis ati o n of t h e cl assi c al B o ussi n es q a p pr o xi m ati o n e q u a-
ti o ns ( 2. 4 4),( 2. 4 6), a n d ( 2. 4 7) is d o n e f or c o nti n uit y tri vi all y as f oll o ws

∇ · v = 0 . ( 2. 4 9)
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F or t h e b al a n c e of li n e ar m o m e nt u m, it is a bit tri c ki er

ρ 0 κ
2

D 3

D v

Dt
= −

η 0 κ

D 3
∇ π +

η 0 κ

D 3
η ∇ 2 v − ρ 0 α ∆ g 0 T (T − T 0 )e z . ( 2. 5 0)

If t h e e q u ati o n is m ulti pli e d b y D 3

η 0 κ
, w e o bt ai n

1

P r

D v

Dt
= − ∇ π + η ∇ 2 v − R a (T − T 0 )e z , ( 2. 5 1)

w h er e t h e di m e nsi o nl ess n u m b er P r = η 0

ρ 0 κ
is t h e Pr a n dtl n u m b er t h at d es cri b es

t h e r ati o of m o m e nt u m di ff usi vit y t o t h er m al di ff usi vit y a n d R a = ρ 0 α g 0 ∆ T D 3

η 0 κ
is

t h e R a yl ei g h n u m b er t h at d es cri b es t h e r ati o of ti m e s c al es f or t h er m al tr a ns p ort
vi a di ff usi o n t o t h er m al tr a ns p ort vi a c o n v e cti o n. F or t h e h e at e q u ati o n, t h e
n o n di m e nsi o n alis ati o n is str ai g htf or w ar d

∂ T

∂ t
+ v · ∇ T = ∇ 2 T + Q . ( 2. 5 2)

It r e m ai ns t o d e m o nstr at e, t h e Pr a n dtl n u m b er is v er y bi g a n d t h er ef or e t h e
i n erti a f or c es (t h e l eft- h a n d si d e of t h e b al a n c e of li n e ar m o m e nt u m e q u ati o n
( 2. 5 1)) c a n b e n e gl e ct e d. If w e t a k e t h e v al u es of t h e s et u p fr o m t h er m al c o n-
v e cti o n b e n c h m ar k b y Bl a n k e n b a c h et al. [ 1 9 8 9] (s p e ci fi c all y c as e 1 a), t h e v al u es
o bt ai n e d ar e P r = 2 .5 × 1 0 2 5 , R a = 1 0 4 w hi c h m a k es t h e a p pr o xi m ati o n cl e ar.
T h e ot h er b e n c h m ar ks r u n i n t his t h esis f ul fill t his c o n diti o n as w ell. T h e e xt er n al
s o ur c es of h e at Q ar e n ot ass u m e d i n a n y of t h e b e n c h m ar ks i n t h e t h esis, t h us
t h e fi n al s et of n o n di m e nsi o n al e q u ati o ns is

∇ · v = 0 , ( 2. 5 3)

η ∇ 2 v − ∇ π + R a (T − T 0 )e z = 0 , ( 2. 5 4)

∂ T

∂ t
+ v · ∇ T = ∇ 2 T. ( 2. 5 5)

T his s et of e q u ati o ns is us e d i n t h e b e n c h m ar ks i n t his t h esis i n s e cti o n 3. 1 a n d 3. 3.
It mi g ht b e m o di fi e d f or t h e b e n c h m ar ks wit h t h e fr e e s urf a c e w hi c h c orr es p o n ds
t o t h e s e cti o n 3. 2. T h e h y dr ost ati c pr ess ur e, w hi c h is t h e r ef er e n c e pr ess ur e p 0 ,
c a n n ot b e s u btr a ct e d d u e t o t h e st a bilit y of t h e n u m eri c al s ol uti o n. I n t his c as e,
w e c a n us e ∇ π = ∇ p − ρ 0 g 0 i nst e a d, w h er e t h e c e ntrif u g al t er m fr o m ( 2. 3 7) is
n e gl e ct e d. M or e o v er, di ff er e nt s c ali n g is us e d f or p t h a n f or π , a n d h e n c e w e g et
t h e e q u ati o n ( 2. 5 4) i n t h e f oll o wi n g f or m

η ∇ 2 v −
R a

α ∆ T
∇ p + R a (T − T 0 )e z −

R a

α ∆ T
e z = 0 . ( 2. 5 6)

2. 2. 4 Vi s c o pl a s ti c r h e ol o g y a n d s t r ai n w e a k e ni n g

T h e b e n c h m ar k i n s e cti o n 3. 4 a n d t h e fi n al a p pli c ati o n t o E ur o p a i n s e cti o n 4. 1
f oll o w a n o n-li n e ar vis c o pl asti c r h e ol o g y i n or d er t o d es cri b e a r es p o ns e of t h e
cr ust al m at eri al t o str ess. T h e t h esis f oll o ws t h e d es cri pti o n a n d s et u p d o n e b y
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M ai er o v á [ 2 0 1 2] i n or d er t o b e n c h m ar k t h e vis c o pl asti c d ef or m ati o n a n d str ai n
w e a k e ni n g t o pr e vi o usl y e xisti n g r es ults.

T h e pl asti cit y is a n a p pr o xi m at e w a y of m o d elli n g brittl e f ail ur e t h at is pr es e nt
at l o w t e m p er at ur e a n d hi g h str ai n r at es. T his is t h e c as e f or t h e c h a oti c t err ai ns
i n t h e f or m ati o n pr o c ess. B ot h t h e pl asti c a n d vis c o us d ef or m ati o n ar e irr e-
v ersi bl e, h o w e v er, t h e pl asti c d ef or m ati o n o c c urs o nl y if t h e o v er all str ess r e a c h es
a p oi nt c all e d yi el d str ess σ Y w h er e as t h e vis c o us d ef or m ati o n is al w a ys pr es e nt
i n t h e m o d el i n t his t h esis.

T h e r h e ol o gi c al r el ati o ns hi p f oll o ws

σ = 2 η e f f ˙, ( 2. 5 7)

w h er e η e f f is c o m pris e d of its vis c o us η v a n d pl asti c p art η p as i n E q. ( 2. 6 w h er e
t h e l att er mi g ht b e d e fi n e d fr o m t h e r el ati o n t h at h ol ds i n t h e pl asti c r e gi m e

η p =
σ Y

2 ˙I I
, ( 2. 5 8)

w h er e ˙ = 1
2
(∇ v + ( ∇ v ) T ) is t h e str ai n r at e. T h e yi el d str ess σ Y is, h o w e v er, n ot

i n d e p e n d e nt a n d c a n b e c h os e n b as e d o n e m piri c al r es e ar c h w hi c h is s u m m ari z e d
e. g. i n R a n alli [ 1 9 9 5]. T h e yi el d crit eri o n us e d i n t his t h esis f oll o ws t h e c h oi c e fr o m
M ai er o v á [ 2 0 1 2] w h o c h os e Dr u c k er- Pr a g er crit eri o n us e d i n E art h’s a p pli c ati o ns
f or t h e m o d elli n g of t h e r o c k b e h a vi o ur, i n t h e f oll o wi n g f or m

σ Y = p si n φ + C c os φ, ( 2. 5 9)

w h er e p is t h e pr ess ur e, C is t h e C o h esi o n, φ is t h e a n gl e of i nt er n al fri cti o n. T h e
d eri v ati o n of t h e Dr u c k er- Pr a g er crit eri o n c a n b e d o n e fr o m t h e M o hr- C o ul o m b
crit eri o n w hi c h d es cri b es t h e gi v e n pl a n e w h er e t h e m at eri al yi el ds fr o m t h e p er-
s p e cti v e of n or m al str ess σ n a n d s h e ar str ess σ t b y t h e f oll o wi n g r el ati o ns hi p

σ t = σ n t a n φ + C. ( 2. 6 0)

T h e d et ail e d d eri v ati o n of E q. ( 2. 5 9) fr o m t h e M o hr- C o ul o m b crit eri o n ( 2. 6 0)
c a n b e f o u n d i n M ai er o v á [ 2 0 1 2].

I n c as e of dr y r o c ks, t h e a n gl e of i nt er n al fri cti o n φ is ar o u n d 3 0°[ M ai er o v á,
2 0 1 2], w hi c h is als o t h e c h oi c e f or t h e fi n al a p pli c ati o n t o E ur o p a i n t his t h esis.
T h e b e n c h m ar k i n c h a pt er 3. 4 is r u n f or t h e a n gl es 1 0 °, 2 0°, a n d 3 0°.

T h er e is a n u m eri c al iss u e r e g ar di n g t h e si n g ul ar v al u e of σ Y i n c as e of σ n ≤
0 w hi c h is tr e at e d i n t h e lit er at ur e m o d elli n g t h e s h e ar b a n ds i n g e o d y n a mi c
n u m eri c al si m ul ati o ns ( e. g. [ L e mi al e et al., 2 0 0 8], [ K a us, 2 0 1 0]) b y a d di n g t h e
c ut o ff t er m σ mi n w hi c h e ns ur es t h e yi el d str ess σ Y c a n n ot f all b el o w t h e v al u e

σ Y = m a x ( σ mi n , p si n φ + C c os φ ). ( 2. 6 1)

T his m o d e d o es n ot f ull y c orr es p o n d t o t h e e x p eri m e nt all y o bs er v e d r el ati o ns hi p,
w hi c h e x hi bits st e e p er sl o p e i n t h e d o m ai n w h er e σ n < 0, a n d m or e fl att e n e d
sl o p e ot h er wis e [ R a n alli, 1 9 9 5]. M or e o v er, t h e str ess at yi el d s e e ms t o b e h a v e
m or e c o m pl e xl y w hi c h is di ff er e nt d e p e n di n g o n w h et h er t h e fri cti o n st arts fr o m
st ati c or d y n a mi c st at e. [ M ai er o v á, 2 0 1 2]

A s ol uti o n t o h a n dl e t h es e i n c o nsist e n ci es at l o n g ti m e s c al es li es i n a d di n g a n
i m p ort a nt m e c h a nis m o bs er v e d e x p eri m e nt all y b y B os a n d S pi ers [ 2 0 0 2] c all e d
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str ai n w e a k e ni n g. T his p h e n o m e n o n pr o v e d r e as o n a bl e f or t h e cr ust al d ef or m a-
ti o n at l o n g ti m e s c al es a n d it is s p e ci fi e d b y a d e cr e as e of fri cti o n at r e gi o ns
w h er e t h e l o c al a c c u m ul ati o n of str ai n c a us e d c h a n g e i n t h e m at eri al c h ar a ct eris-
ti cs. T h e a p pr o xi m ati o n of t h e str ai n w e a k e ni n g pr o c ess c a n b e d o n e b y ass u mi n g
t h e c o h esi o n ( or a n gl e of i nt er n al fri cti o n) d e cr e asi n g li n e arl y wit h t h e pl asti c p art
of t h e str ai n a n d h a vi n g c ut o ff v al u es C 0 a n d C ∞ wit h C 0 > C ∞ as w as d o n e e. g.
i n [ G er y a, 2 0 1 0]

C =






C 0 if I I
p ≤ 0

C 0 + ( C ∞ − C 0 )
I I
p − 0

∞ − 0
if 0 < I I

p < ∞

C ∞ if I I
p ≥ ∞ .

( 2. 6 2)

T h e fi n al s et u p ( a p pli c ati o n t o E ur o p a i n s e cti o n 4. 1) ass u m es t h at t h e e ff e cti v e
vis c osit y is c o m pris e d of b ot h pl asti c a n d vis c o us p art as w as st at e d i n E q. ( 2. 6).
T his r e q uir es s ol vi n g t h e a d v e cti o n e q u ati o n ( 2. 3) f or pl asti c str ai n p as t h e
str ai n w e a k e ni n g o c c urs d u e t o t h e pl asti c p art of t h e str ai n, w hi c h is w h y t h e
t h esis s p e ci fi es i n E q. ( 2. 6 2) t h at t h e pl asti c p art of t h e str ai n is us e d.

2. 2. 5 W e a k f o r m ul a ti o n

T h e w e a k f or m ul ati o n of t h e g o v er ni n g e q u ati o ns is d e fi n e d ass u mi n g t h e t est
f u n cti o ns fr o m t h e f oll o wi n g f u n cti o n al s p a c es as i n T a yl or a n d H o o d [ 1 9 7 3],
e ns uri n g t h e e xist e n c e of d eri v ati v es a n d t h e p ossi bilit y of s etti n g u p T a yl or- H o o d
fi nit e el e m e nts tri a n g ul ati o n

V : = { v ∈ C ( Ω d )|v is a pi e c e wis e q u a dr ati c f u n cti o n i n Ω} , ( 2. 6 3)

P : = { p ∈ C ( Ω)|p is a pi e c e wis e li n e ar f u n cti o n i n Ω } , ( 2. 6 4)

T : = { t ∈ C ( Ω)|t is a pi e c e wis e q u a dr ati c f u n cti o n i n Ω } ( 2. 6 5)

w h er e d is t h e n u m b er of s p ati al di m e nsi o ns.
T h e t est f u n cti o n t esti n g f or t h e pr ess ur e fi el d is d e n ot e d ξ ∈ P , t h e t est

f u n cti o n t esti n g f or t h e v el o cit y is d e n ot e d ψ ∈ V w h er e t h es e t w o s p a c es ar e
f or mi n g a mi x e d el e m e nt s p a c e i n t h e fi nit e el e m e nt n u m eri c al i m pl e m e nt ati o n.
T h e t est f u n cti o n f or t h e t e m p er at ur e i n t h e h e at e q u ati o n is d e n ot e d ϕ ∈ T .

T h e w e a k f or m ul ati o n of t h e c o nti n uit y e q u ati o n is o bt ai n e d si m pl y b y t a ki n g
t h e i nt e gr al o v er t h e d o m ai n

Ω
(∇ · v )ξ d V = 0 . ( 2. 6 6)

T h e b al a n c e of m o m e nt u m e q u ati o n is o bt ai n e d si mil arl y b y usi n g i nt e gr ati o n b y
p arts m et h o d

Ω
(− ∇ p + ∇ · σ + R a (T − T 0 )e z )ψ d V = 0 , ( 2. 6 7)
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- Ω σ : ∇ ψ d V + ∂ Ω σ ψ · n

= 0

d S + Ω R a (T − T 0 )e z ψ d V = 0 ,

( 2. 6 8)
o bt ai ni n g t h e fi n al r es ult

Ω
p (∇ · ψ )d V −

Ω
σ : ∇ ψ d V +

Ω
R a (T − T 0 )e z ψ d V = 0 . ( 2. 6 9)

T h e w e a k f or m ul ati o n f or h e at e q u ati o n is o bt ai n e d i n t h e s a m e w a y as t h e
b al a n c e of m o m e nt u m e q u ati o n utili zi n g t h e i nt e gr ati o n b y p arts m et h o d

Ω

∂ T

∂ t
ϕ + v · ∇T ϕ d V =

Ω
∆ T ϕ d V, ( 2. 7 0)

Ω

∂ T

∂ t
ϕ + v · ∇T ϕ d V =

∂ Ω
n · ∇T

= 0

ϕ −
Ω

∇ T · ∇ϕ d V, ( 2. 7 1)

r es ulti n g i n t h e fi n al f or m

Ω

∂ T

∂ t
ϕ + v · ∇T ϕ d V = −

Ω
∇ T · ∇ϕ d V. ( 2. 7 2)

2. 3 A r bi t r a r y L a g r a n gi a n E ul e ri a n M e t h o d

2. 3. 1 M o ti v a ti o n

T his s u bs e cti o n ai ms t o m oti v at e t h e us e of t h e Ar bitr ar y L a gr a n gi a n E ul eri a n
( A L E) m et h o d. I n m at h e m ati c al m o d els us e d i n c o nti n u u m m e c h a ni cs, t h e pr o b-
l e m is us u all y d es cri b e d eit h er i n r ef er e nti al or i n a ct u al c o n fi g ur ati o n. T h e f or m er
is c all e d t h e L a gr a n gi a n s p e ci fi c ati o n or L a gr a n gi a n fr a m e of r ef er e n c e a n d t h e
fl o w fi el d is o bs er v e d b y f oll o wi n g a n i n di vi d u al p ar c el m o vi n g t hr o u g h s p a c e a n d
ti m e. T h e l att er is c all e d t h e E ul eri a n s p e ci fi c ati o n or t h e E ul eri a n fr a m e of r ef-
er e n c e a n d t h e fl o w fi el d is o bs er v e d i n a fi x e d l o c ati o n w h er e t h e m at eri al fl o ws
as t h e ti m e p ass es.

T h e L a gr a n gi a n fr a m e of r ef er e n c e is oft e n pr ef err e d i n t h e m e c h a ni c al a p-
pli c ati o ns w h er e t h e i niti al st at e of t h e d o m ai n Ω X is cl e arl y d e fi n e d. H e n c e, if
t h e d ef or m ati o ns ar e n ot t o o dist orti v e, t h e s yst e m is a bl e t o tr a c k e a c h p ar c el
i n di vi d u all y a n d t h e si m ul ati o n is w ell s p e ci fi e d. O n t h e ot h er h a n d, if t h e d ef or-
m ati o ns ar e n ot n e gli gi bl e, t h e m es h mi g ht b e c o m pl et el y disr u pt e d. T h at mi g ht
l e a d t o c o n n e cti n g p oi nts r el at e d t o t h e u n d erl yi n g m es h w hi c h ar e dist a nt fr o m
e a c h ot h er a n d w o ul d n ot o nl y m a k e t h e n u m eri c al si m ul ati o n v er y u nst a bl e, b ut
t h e r es ulti n g q u a ntiti es mi g ht als o s u ff er fr o m b a dl y d e fi n e d d eri v ati v es or ot h er
m o d el miss p e ci fi c ati o n.

T h e E ul eri a n fr a m e of r ef er e n c e c o m es as a us ef ul t o ol i n c as es w h er e t h e
L a gr a n gi a n r ef er e nti al fr a m e c a n n ot b e e asil y us e d, e. g. i n c as e of fl ui ds w h er e t h e
dist orti o ns ar e g e n er all y si g ni fi c a nt b ut t h e e x a ct l o c ati o n of t h e s p e ci fi c p arti cl es
or t h e p ositi o n of s o m e str u ct ur e i nt erf a c e is n ot i m p ort a nt f or t h e pr o bl e m. T h e
d o m ai n i n t h e E ul eri a n r ef er e n c e fr a m e is d e n ot e d Ω x a n d t h e r el ati o n b et w e e n
t h e L a gr a n gi a n a n d E ul eri a n r ef er e n c e fr a m e is gi v e n b y t h e m a p pi n g χ d e fi n e d
as

χ : ΩX × I → Ω x × I ; χ (X, t ) → (x, t ), ( 2. 7 3)
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w h er e I = [ t0 ; te n d ] is t h e ti m e i nt er v al of t h e pr o c ess, X ∈ Ω X , x ∈ Ω x , a n d t ∈ I .
T h e g e n er ali z ati o n of b ot h r ef er e nti al fr a m es is t h e A L E m et h o d w hi c h c a n

fi n d its a p pli c ati o ns es p e ci all y i n t h e pr o bl e ms w h er e t h er e is a n i nt er a cti o n b e-
t w e e n t h e i nt er n al fl ui d fl o w a n d s o m e m o vi n g str u ct ur e. T h es e fl ui d-str u ct ur e
i nt er a cti o n pr o bl e ms ar e fr e q u e ntl y st u di e d i n e n gi n e eri n g s yst e ms s u c h as air-
cr aft, s p a c e cr aft a n d bri d g es d esi g n. T h e a n al yti c al m at h e m ati c al a p pr o a c h is
oft e n t o o c o m pl e x f or t h es e pr o bl e ms a n d t h er ef or e t h e e x p eri m e nts or n u m eri c al
si m ul ati o ns ar e oft e n pr ef err e d. [ Si grist, 2 0 1 5]

T h e A L E m et h o d is a pr a cti c al m et h o d h o w t o d e al wit h pr o bl e ms d e fi n e d b y
fi nit e el e m e nts m et h o d w h er e t h e d o m ai n of i nt er est is eit h er m o vi n g or c o pi n g
wit h str o n g dist orti o ns w hil e all o wi n g f or a cl e ar w a y h o w t o tr e at fr e e s urf a c es
a n d fl ui d- fl ui d or fl ui d-str u ct ur e i nt erf a c es. [ D o n e a et al., 1 9 8 2] T h e d ef or m ati o n
of t h e d o m ai n is c h a n gi n g t h e w a y h o w t o tr e at t h e q u a ntiti es at t h e s p e ci fi c m es h
n o d es. T h e ai m of t h e m et h o d is t o m a k e t h e m o v e m e nt of t h e u n d erl yi n g m es h
p ossi bl e a n d t o n ot c h a n g e t h e f or m of t h e e q u ati o ns us e d t o s ol v e t h e pr o bl e m
si g ni fi c a ntl y. T h e e x a ct m e c h a nis m h o w t o d o t h at is e x pl ai n e d i n t h e f oll o wi n g
s u bs e cti o n.

2. 3. 2 Ki n e m a ti c s

T his s u bs e cti o n pr o vi d es a m at h e m ati c al fr a m e w or k t o d e al wit h t h e m es h m o v e-
m e nt i n t h e s ol v e d pr o bl e m. T h e g e o m etr y of t h e pr o bl e m is s p e ci fi e d b y t h e Fi g.
2. 3 w h er e t h e Ω X d e n ot es t h e L a gr a n gi a n r ef er e n c e fr a m e, Ω x d e n ot es t h e E ul e-
ri a n r ef er e n c e fr a m e, a n d Ω d e n ot es t h e Ar bitr ar y L a gr a n gi a n E ul eri a n r ef er e n c e
fr a m e, w hi c h b asi c all y c orr es p o n ds t o t h e r ef er e nti al fr a m e of t h e u n d ef or m e d
m es h.

Fi g ur e 2. 3: S c h e m a d e pi cti n g t h e r el ati o ns hi p b et w e e n t h e A L E c o n fi g ur ati o n,
t h e a ct u al c o n fi g ur ati o n a n d t h e r ef er e n c e c o n fi g ur ati o n

T h e m a p pi n gs b et w e e n t h e r es p e cti v e r ef er e nti al fr a m es ar e d e pi ct e d i n t h e
fi g ur e b ut o nl y t h e χ m a p pi n g w as d e fi n e d i n t h e E q. ( 2. 7 3). T h e m a p pi n g
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b et w e e n t h e L a gr a n gi a n r ef er e n c e fr a m e a n d t h e A L E r ef er e n c e fr a m e is d e n ot e d
b y ϕ̃ a n d is d e fi n e d i n t h e f oll o wi n g w a y

ϕ̃ : ΩX × I → Ω ξ × I ; ˜ϕ (X, t ) → (ξ, t ). ( 2. 7 4)

Si mil arl y, t h e m a p pi n g b et w e e n t h e A L E r ef er e n c e fr a m e a n d t h e E ul eri a n r ef er-
e n c e fr a m e is d e fi n e d as

ϕ̂ : Ωξ × I → Ω x × I ; ˆϕ (ξ, t ) → (x, t ). ( 2. 7 5)

T h e i nt er pr et ati o n of t h es e m a p pi n gs is v er y i nt uiti v e if u n d erst o o d as i n t h e
Fi g. 2. 3. T h e m a p pi n g ϕ̃ a ssi g ns t h e p oi nt fr o m t h e L a gr a n gi a n r ef er e n c e st at e
a p oi nt i n t h e m es h ( A L E r ef er e n c e fr a m e) w h er e as t h e m a p pi n g ϕ̂ a ssi g ns t h e
a ct u al E ul eri a n c o n fi g ur ati o n f or t h e e a c h p oi nt of t h e m es h. T his m at h e m ati c al
fr a m e w or k e n a bl es us t o m o v e t h e m es h i n t h e c o m p ut ati o ns a n d is us e d i n all
c o m p ut ati o ns t hr o u g h o ut t h e t h esis w h er e t h e fr e e s urf a c e b o u n d ar y c o n diti o n is
ass u m e d.

T h e m at eri al v el o cit y i m pli citl y r es ulti n g fr o m t h e m a p pi n g b et w e e n t h e L a-
gr a n gi a n a n d E ul eri a n r ef er e n c e fr a m e is gi v e n b y t h e f oll o wi n g r el ati o ns hi p

v (x, t ) =
∂ χ

∂ t
X

. ( 2. 7 6)

T h e d ef or m ati o n gr a di e nt is d e fi n e d i n a st a n d ar d c o nti n u u m- m e c h a ni cs w a y as

F = ∇ X χ, ( 2. 7 7)

w h er e ∇ X d e n ot es t h e d eri v ati v e wit h r es p e ct t o t h e s p ati al c o or di n at es i n t h e
L a gr a n gi a n r ef er e n c e fr a m e. T h e m at eri al ti m e d eri v ati v e of a n ar bitr ar y s c al ar
v al u e i n t h e E ul eri a n r ef er e n c e fr a m e c a n b e d e fi n e d as

α̇ =
∂ α

∂ t
X

, ( 2. 7 8)

w hi c h is r e writt e n as

˙α (x, t ) =
˙

α (χ (X, t )) =
∂ α

∂ t
x

+ v · ∇x α. ( 2. 7 9)

T h e m a p pi n g b et w e e n t h e A L E c o n fi g ur ati o n a n d t h e E ul eri a n r ef er e n c e fr a m e
ϕ̂ d e fi n es t h e dis pl a c e m e nt as

û = ϕ̂ (ξ, t ) − ϕ̂ (ξ, 0) , ( 2. 8 0)

a n d v el o cit y as

v̂ =
∂ ϕ̂

∂ t
ξ

=
∂ û

∂ t
ξ

. ( 2. 8 1)
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2. 3. 3 Fr e e s u rf a c e i m pl e m e n t a ti o n

I n or d er t o m o d el t h e m es h m o v e m e nt r es ulti n g fr o m t h e fr e e s urf a c e d ef or m ati o n,
t h e ki n e m ati c fr a m e w or k f or A L E m et h o d fr o m t h e pr e vi o us s e cti o n 2. 3. 2 will b e
us e d. T h e m es h n o d es ξ = ( ξ x , ξz ) c orr es p o n di n g t o t h e t o p b o u n d ar y ar e t h e
p oi nts i n t h e a ct u al c o n fi g ur ati o n x = ( x, z ) i n e a c h ti m e t, h e n c e

x (t) = ξ x , z(t) = ˆϕ (ξ x , ξz , t) = ˆϕ (x, ξ z , t) o n Γ T . ( 2. 8 2)

We c a n d e fi n e a f u n cti o n h (x, t ) : = ˆϕ (x, ξ z , t)|ξ ∈ Γ T
w hi c h r et ur ns a z c o m p o n e nt

of x c orr es p o n di n g t o t h e t o p b o u n d ar y f or a gi v e n c o m p o n e nt x a n d ti m e t.
T his a p pr o a c h e n a bl es us t o ass u m e t h e m es h dis pl a c e m e nt i n t h e h ori z o nt al

dir e cti o n t o b e z er o at b o u n d ari es Γ R ∪ Γ L as t h e fr e e s urf a c e is o nl y at t h e t o p
b o u n d ar y Γ T . T h er ef or e, t h e q u a ntit y h als o c h a n g es o nl y wit h t h e v erti c al m o v e-
m e nt of t h e m es h. T his gi v es us a ki n e m ati c r el ati o ns hi p f or t h e t o p b o u n d ar y

z (t) = h (x, t ) o n Γ T . ( 2. 8 3)

L et us t a k e a d eri v ati v e of t his e q u ati o n t o o bt ai n

∂ h

∂ x
v x +

∂ h

∂ t
= v z , o n Γ T , ( 2. 8 4)

w h er e v = ( v x , vz ) i n t h e a ct u al c o n fi g ur ati o n. T his gi v es us a fr a m e w or k t o
esti m at e t h e m es h dis pl a c e m e nt at t h e t o p b o u n d ar y Γ T , h o w e v er, it is n e c ess ar y
t o h ar m o ni c all y e xt e n d h s o w e h a v e t h e d e fi niti o n of ϕ̂ i n t h e w h ol e d o m ai n Ω
s o t h at

ϕ̂ |Γ T
= h. ( 2. 8 5)

T h e s ol uti o n t o a d a pti v el y distri b ut e t h e m es h p oi nts as a r es p o ns e t o t h e fr e e
s urf a c e d ef or m ati o n is t o ass u m e t h at t h e m es h n o d e l o c ati o n ϕ̂ (ξ, t ) is g o v er n e d
b y t h e P oiss o n e q u ati o n i n Ω

∇ 2 ϕ̂ = 0 . i n Ω, ( 2. 8 6)

wit h t h e b o u n d ar y c o n diti o ns

∂ ϕ̂

∂ ϕ̂
v x +

∂ h

∂ t
= v z , o n Γ T , ( 2. 8 7)

∂ ϕ̂

∂ x
= 0 o n Γ T , ( 2. 8 8)

ϕ̂ = 0 o n Γ B , ( 2. 8 9)

w hi c h m e a ns t h e b o u n d ar y c o n diti o ns f or t his pr o bl e m ar e ass u m e d i n t h e f or m
of z er o v al u e at t h e b ott o m b o u n d ar y a n d ass u m es m es h c a n n ot m o v e t hr o u g h
t h e si d e b o u n d ari es. T h e ot h er p ossi bilit y is t o ass u m e t h e h ori z o nt al c o m p o n e nt
fi x e d, w hi c h is r e as o n a bl e if t h e v erti c al m o v e m e nts d o mi n at e a n d t h e h ori z o nt al
c o m p o n e nt is st a bl e. I n s u c h a c as e w e h a v e

∂ ϕ̂

∂ x
= 0 i n Ω , ( 2. 9 0)
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w hi c h r e d u c es t h e pr o bl e m 2. 8 6 t o

∂ 2 ϕ̂

∂ z 2
= 0 i n Ω , ( 2. 9 1)

ass u mi n g t h e h ori z o nt al m o v e m e nt of t h e m es h fi x e d. I n b ot h c h oi c es of b o u n d ar y
c o n diti o ns, t h e e v ol uti o n of t h e m es h is n u m eri c all y o bt ai n e d i n k + 1-t h st e p fr o m
t h e f oll o wi n g e q u ati o n gi v e n v al u e of m es h d ef or m ati o n ϕ̂ i n k -t h st e p ˆϕ k

ϕ̂ k + 1 − ϕ̂ k

∆ t
+ v x

∂ ϕ̂ k + 1

∂ x
− v z = 0 . ( 2. 9 2)

T h e n u m eri c al i m pl e m e nt ati o n of t h e fr e e s urf a c e i n t his t h esis s u ff ers als o
fr o m t h e n e gli g e n c e of t h e i n erti al t er m w hi c h m a y c a us e t h at t h e n u m eri c al
i m pl e m e nt ati o n is n ot s e nsiti v e t o l ar g e s c al e c h a n g es i n t h e m a g nit u d e of v el o cit y.
T his mi g ht c a us e n u m eri c al i nst a bilit y gr a d u all y i n cr e asi n g t h e a m plit u d e of t h e
os cill ati o ns of t h e fr e e s urf a c e. T his p h e n o m e n o n w as a d dr ess e d b y K a us et al.
[ 2 0 1 0] w h o pr o vi d e a s ol uti o n t o t his pr o bl e m. T h e k e y is t o a d d a c orr e cti v e
t er m a d di n g a f or c e t o t h e b al a n c e of li n e ar m o m e nt u m e q u ati o n i n t h e f oll o wi n g
f or m λ ρ f (v · n ) ∆t o n Γ T w h er e f is t h e f or c e ass u m e d i n o ur m o d el as f =

R a
α ∆ T

( 1 − α ∆ T T )e z , a n d λ is a s e nsiti vit y p ar a m et er, ass u m e d λ = 1 .0.

2. 3. 4 Ni t c h e’ s m e t h o d f o r g e n e r al b o u n d a r y c o n di ti o n s

T his s u bs e cti o n f oll o ws t h e p a p er b y J u nt u n e n a n d St e n b er g [ 2 0 0 9] w h o pr o vi d e a
fr a m e w or k f or tr e ati n g g e n er al b o u n d ar y c o n diti o ns i n t h e fi nit e el e m e nt m et h o d
e xt e n di n g t h e ori gi n al Nits c h e’s m et h o d. T h e p a p er s h o ws h o w t o g e n er ali z e t h e
b o u n d ar y c o n diti o n s p e ci fi c ati o n f or pr o bl e ms w h er e Diri c hl et b o u n d ar y c o n diti o n
mi g ht n ot b e e asil y n u m eri c all y h a n dl e d. T his is t h e c as e f or t h e fr e e s urf a c e
b o u n d ar y us e d i n s e v er al b e n c h m ar ks i n t h e t h esis w h er e w e s u p p os e t h e e xist e n c e
of fr e e s urf a c e. T h e p a p er s h o ws t h at t h e Nits c h e’s m et h o d c a n b e g e n er ali z e d o n
t h e w h ol e cl ass of pr o bl e ms b y s h o wi n g t h e d eri v ati o n f or t h e P oiss o n pr o bl e m.
L et us s u p p os e t h e f u n cti o n of i nt er est is u gi v e n t h e ri g h h a n d si d e f as i n
J u nt u n e n a n d St e n b er g [ 2 0 0 9].

− ∆ u = f i n Ω, ( 2. 9 3)

u = u 0 o n Γ ( 2. 9 4)

,
w h er e u 0 is a pr es cri b e d b o u n d ar y v al u e. T h e f oll o wi n g a p pr o xi m ati o n ( c all e d

Rit z a p pr o xi m ati o n) r e pl a c es t h e Diri c hl et b o u n d ar y c o n diti o n b y t h e N e u m a n n
c o n diti o n

∂ u

∂ n
=

1
(u 0 − u ) + g o n Γ , ( 2. 9 5)

w h er e > 0 is a s m all p ar a m et er, a n d n is a n or m al. S u c h a n a p pr o xi m ati o n
l e a ds t o t h e c o n v er g e n c e of t h e n e w b o u n d ar y c o n diti o n 2. 9 5 t o t h e Diri c hl et
pr o bl e m 2. 9 4 as t h e a p pr o a c h es z er o. T h e pr o bl e m of t his a p pr o a c h is t h at t h e
fi nit e el e m e nt dis cr eti z ati o n is g etti n g ill- c o n diti o n e d, a n d h e n c e t h er e is a n e e d
t o s h o w t h e m et h o d c a n us e t h e N e u m a n n c o n diti o n t o s u bstit ut e t h e Diri c hl et
c o n diti o n i n c as e of fr e e s urf a c e. [ J u nt u n e n a n d St e n b er g, 2 0 0 9]
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T h e a ut h ors of t h e arti cl e pr es e nt t h e f oll o wi n g e q u ati o ns as t h e Nits c h e’s
m et h o d.

B h (u h , v) = F h (v )∀ v ∈ V h ( 2. 9 6)

w h er e V h is d e fi n e d i n t h e p a p er as a s p a c e of pi e c e wis e p ol y n o mi al f u n cti o n of
d e gr e e p. T h e f or ms ar e d e fi n e d b y

B h (u, v ) =(∇ u, ∇ v ) Ω +
E ∈ G h

−
γ h E

+ γ h E

∂ u

∂ n
, v E + u,

∂ v

∂ n
E

+
1

+ γ h E

u, v E −
γ h E

+ γ h E

∂ u

∂ n
,
∂ v

∂ n
E

( 2. 9 7)

F h (v ) = (f, v ) Ω +
E ∈ G h

1

+ γ h E

u 0 , v
E

−
γ h E

+ γ h E

u 0 ,
∂ v

∂ n
E

+
+ γ h E

g, v E −
γ h E

+ γ h E

g,
∂ v

∂ n
E

( 2. 9 8)

w h er e γ is a b o u n d e d p ositi v e p ar a m et er a n d h : = m a x{ h K : K ∈ T h } w h er e
T h is a tri a n g ul ati o n of Ω. B y t a ki n g t h e li mit → 0, t h e r es ulti n g e q u ati o n f or
t h e P oiss o n e q u ati o n is t h e f oll o wi n g

Ω
∇ u · ∇v d x =

E ∈ G h
E
(u 0 − u )

1

γ h E

v −
∂ v

∂ n
+

∂ u

∂ n
d S. ∀ v ∈ V h ( 2. 9 9)

T his e q u ati o n c a n b e us e d i n t h e fr e e s urf a c e a p pli c ati o n i n t h e t h esis if u = ϕ̂ a s
t h e t er m u 0 − u i n E q. ( 2. 1 0 0) c a n b e s u bstit ut e d n o w wit h t h e e q u ati o n ( 2. 9 2)
( w e c h a n g e t h e n ot ati o n of t h e t est f u n cti o n v t o w i n or d er t o n ot c o nf us e t h e
r e a d er as t h e E q. ( 2. 9 2) w or ks wit h t h e v el o cit y c o m p o n e nts v x a n d v z )

Ω
∇ ϕ̂ k + 1 · ∇w d x =

=
E ∈ G h

E
( ˆϕ k + 1 − ϕ̂ k + ∆ t vx

∂ ϕ̂ k + 1

∂ x
− ∆ t vz )

1

γ h E

w −
∂ w

∂ n
+

∂ ϕ̂ k + 1

∂ n
d S. ∀ w ∈ V h .

( 2. 1 0 0)

T his pr es e nts a w a y h o w t o f or m ul at e t h e b o u n d ar y c o n diti o ns i n a w e a k f or m
f or t h e m es h dis pl a c e m e nt wit h o ut t h e n e e d t o i m p os e a Diri c hl et c o n diti o n (f or
m or e d et ails, s e e J u nt u n e n a n d St e n b er g [ 2 0 0 9]).

2. 4 N u m e ri c al m e t h o d s

T his c h a pt er ai ms t o e x pl ai n t h e n u m eri c al m et h o ds us e d i n t h e b e n c h m ar ks a n d
t h e fi n al a p pli c ati o n t o E ur o p a.

2. 4. 1 C r a n k- Ni c ol s o n s c h e m e

A b ett er st a bilit y of t h e n u m eri c al s ol uti o n of h e at e q u ati o n i n t h e t h er m al c o n-
v e cti o n b e n c h m ar ks c a n b e h a n dl e d b y ass u mi n g eit h er s e mi-i m pli cit or f ull y

2 8



i m pli cit n u m eri c al s c h e m e i n w hi c h w e f oll o w Cr a n k a n d Ni c ols o n [ 1 9 4 7]. We
ass u m e t h e g e n er al p ar a m et er θ ∈ [ 0, 1] c h a n g es w h et h er t h e s c h e m a is s e mi i m-
pli cit ( θ = 0 .5) or i m pli cit ( θ = 1) or ot h er c h oi c e. T his m e a ns t o dis cr eti z e t h e
e q u ati o n ( 2. 9) as

T k + 1 − T k

∆ t
+ θ (v · ∇T k + 1 − ∇ 2 T k + 1 ) + ( 1 − θ )(v · ∇T k − ∇ 2 T k ) = 0 ( 2. 1 0 1)

w h er e ∆ t is t h e ti m e st e p i n t h e dis cr et e pr o bl e m. T his n u m eri c al s c h e m e is us e d
i n b e n c h m ar ks i n s e cti o ns 3. 1, 3. 2, 3. 3 w h er e w e ass u m e s e mi-i m pli cit s c h e m e
θ = 0 .5.

2. 4. 2 T a yl o r- H o o d el e m e n t s

T h e fi nit e el e m e nts i n t h e t h esis ar e c h os e n i n or d er t o g u ar a nt e e a u ni q u e n u-
m eri c al s ol uti o n of t h e pr o bl e m w hi c h is a k n o w n pr o p ert y r es ulti n g fr o m t h e f a ct
t h at t h e T a yl or- H o o d el e m e nts s atisf y a dis cr et e i nf-s u p c o n diti o n [ Ar n dt, 2 0 1 3].
T h e t h esis c h o os es t h e fi nit e el e m e nts i ntr o d u c e d b y T a yl or a n d H o o d [ 1 9 7 3] i n
a f or m of cr oss e d r e ct a n g ul ar L a gr a n g e el e m e nts of or d er P 2 f or v el o cit y v a n d
P 1 f or pr ess ur e p i n t h e St o k es pr o bl e m d e fi n e d b y e q u ati o ns 2. 5 3 a n d 2. 5 4, or
p ossi bl y alt eri n g t h e 2. 5 4 f or 2. 5 6 i n c as e of fr e e s urf a c e. T h e s p a c es f or t h e
T a yl or- H o o d el e m e nts ar e d e fi n e d o n a tri a n g ul ati o n T h of t h e e ntir e Ω d o m ai n.
T h e s p a c es ar e d e fi n e d as f oll o ws

V h : = { v ∈ C ( Ω d ); v |K ∈ P 2 (K ) d ∀ K ∈ T h } , ( 2. 1 0 2)

P h : = { p ∈ C ( Ω); p |K ∈ P 1 (K ) ∀ K ∈ T h } , ( 2. 1 0 3)

T h : = { t ∈ C ( Ω); t|K ∈ P 2 (K ) ∀ K ∈ T h } ( 2. 1 0 4)

w h er e d is t h e n u m b er of s p ati al di m e nsi o ns, a n d s p a c e of t e m p er at ur e f u n cti o ns
is ass u m e d c o m pris e d of pi e c e wis e q u a dr ati c p ol y n o mi als d u e t o t h e i m pr o v e d
a c c ur a c y of t h e s ol uti o n. T h e f or m ul ati o n of t h e dis cr eti z e d pr o bl e m i n a w e a k
f or m is as f oll o ws f or t h e t h er m al c o n v e cti o n s et u p

K ∈ T h
K

(∇ · v )ξ d V = 0 , ( 2. 1 0 5)

K ∈ T h
K

p (∇ · ψ )d V −
K ∈ T h

K
σ : ∇ ψ d V

+
K ∈ T h

K
R a (T − T 0 )e z ψ d V = 0 ,

( 2. 1 0 6)

K ∈ T h
K

∂ T

∂ t
ϕ + v · ∇T ϕ d V = −

K ∈ T h
K

∇ T · ∇ϕ d V. ( 2. 1 0 7)
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2. 4. 3 Pi c a r d i t e r a ti o n s

T h e t h esis us es Pi c ar d it er ati o ns f or t h e h a n dli n g of t h e n o n-li n e arit y i n t h e
St o k es e q u ati o n s ol vi n g f or v el o cit y fi el d. T h e k e y i d e a is t h at t h e n o nli n e ar t er m
c a n b e dis cr eti z e d b y usi n g of t h e Pi c ar d it er ati o ns, w hi c h m e a ns tr a nsf or m t h e
n o n-li n e ar pr o bl e m t o a s eri es of li n e ar pr o bl e ms p ossi bl e t o s ol v e b y li n e ar s ol v er
w hi c h c o n v er g e t o t h e s a m e s ol uti o n. [ L o g g et al., 2 0 1 2] I n c as e of t his e q u ati o n
t h e n o nli n e ar t er m c a n b e li n e ari z e d b y ass u mi n g t h e f oll o wi n g s c h e m e fr o m S e g al
a n d V ui k [ 1 9 9 5]

v k + 1 · ∇v k + 1 ≈ v k · ∇v k + 1 , ( 2. 1 0 8)

t h e alt er n ati v e a p pr o a c h is t o us e t h e N e wt o n s c h e m e

v k + 1 · ∇v k + 1 ≈ v k · ∇v k + 1 + v k + 1 · ∇v k − v k · ∇v k . ( 2. 1 0 9)

T h e us u al c h oi c e i n c as e of n o n-li n e arit y e. g. i n St o k es e q u ati o n is t o pr o c e e d wit h
a n u m b er of Pi c ar d it er ati o ns [ S e g al a n d V ui k, 1 9 9 5]. T his m e a ns t o dis cr eti z e
t h e E q. 2. 2 t o t h e f oll o wi n g it er ati o ns

− ∇ p + ∇ · η e f f (v k )(∇ v k + 1 + ( ∇ v k + 1 ) T ) + ρ i c eg = 0 , ( 2. 1 1 0)

w hi c h li n e ari z e t h e n o nli n e arit y as t h e η e f f is d e p e n d e nt o n t h e v el o cit y t hr o u g h
t h e d e p e n d e n c e o n ˙.

2. 4. 4 Di s c o n ti n u o u s G al e r ki n El e m e n t s

I n or d er t o m o d el t h e str ai n w e a k e ni n g e ff e ct i n b e n c h m ar k i n 3. 4 a n d fi n al
a p pli c ati o n t o E ur o p a 4. 1, it is n e c ess ar y t o s ol v e t h e a d v e cti o n e q u ati o n f or t h e
pl asti c str ai n i n t h e f oll o wi n g f or m

∂ I I
p

∂ t
+ v · ∇ I I

p = ˙I I
p , ( 2. 1 1 1)

w h er e I I
p is t h e s e c o n d i n v ari a nt of t h e pl asti c str ai n d e fi n e d as 1

2
I I
p : I I

p .
T h e m oti v ati o n f or t h e us e of dis c o nti n u o us G al er ki n el e m e nts c o m es fr o m t h e
o c c ur e n c e of v er y hi g h c o ntr asts i n t h e m a g nit u d e of t h e pl asti c str ai n v ari a bl e i n
t h e n u m eri c al m o d el c orr es p o n di n g t o t his e q u ati o n. T h e s ol uti o n is t o c h o os e t h e
dis c o nti n u o us G al er ki n el e m e nts i n a si mil ar fr a m e w or k as pr es e nt e d i n Di Pi etr o
et al. [ 2 0 0 6] w h o t a c kl e d t h e pr o bl e m of t h e e v ol uti o n of t h e i nt erf a c e of t w o
m at eri als. We pr o c e e d b y m ulti pl yi n g t h e e q u ati o n b y t h e t est f u n cti o n φ h ∈ V h

w h er e V h = { v h ∈ L 2 ( Ω)|v h |K ∈ P k (K ), ∀ K ∈ T h } a n d b y i nt e gr ati n g t h e w h ol e
e q u ati o n o v er a s u m of el e m e nts K ∈ T h w h er e T h is a tri a n g ul ati o n of t h e d o m ai n
Ω.

K ∈ T h
K

φ h

∂ I I
p, h

∂ t
d x +

K ∈ T h
K

φ h v · ∇ I I
p, h d x = 0 . ( 2. 1 1 2)

w h er e I I
p, h is t h e s e c o n d i n v ari a nt o d t h e pl asti c str ai n c o m p ut e d o n t h e s p a c e

of f u n cti o ns V h r estri ct e d t o t h e el e m e nts of tri a n g ul ati o n.
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Aft er a n a p pli c ati o n of Gr e e n’s f or m ul a t o t h e s e c o n d i nt e gr al t h e f oll o wi n g
i nt e gr als c a n b e o bt ai n e d w hi c h c a n b e r e writt e n i n t er ms of j u m ps a n d a v er a g es
of q u a ntiti es as f oll o ws

K ∈ T h
K

φ h

∂ I I
p, h

∂ t
d x −

K ∈ T h
K

I I
p, h v · ∇φ h d x

+
e ∈ E 0 e

v · [[φ h ]]{ I I
p, h } +

1

2
|v · n |[[φ h ]] · { I I

p, h } d σ

+
e ∈ E ∂ e

v · [[φ h ]]{ I I
p, h

∗ } d σ = 0

( 2. 1 1 3)

w h er e { f } = 1
2
(f + + f − ) is t h e d e fi niti o n of a v er a gi n g, [[ f ]] = f + n + + f − n − ) is

t h e d e fi niti o n of j u m p f or t h e s c al ar q u a ntit y f a n d n or m al v e ct or n , t h e l ast t hi n g
t h at r e m ai ns is t o d e fi n e I I

p, h
∗ = I I

p, h if v · n > 0 a n d I I
p, h

∗ = I I
p, h if v · n ≤ 0 (f or

m or e d et ails s e e Di Pi etr o et al. [ 2 0 0 6]). T his is t h e tr e at m e nt of t h e dis c o nti n u o us
I I
p, h i n t h e s h e ar b a n d b e n c h m ar k a n d t h e a p pli c ati o n t o E ur o p a.
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3. B e n c h m a r k s

I n t his c h a pt er, t h e ai m is t o p erf or m s e v er al t ests i n or d er t o v ali d at e t h e n u m er-
i c al m et h o ds us e d i n t h e fi n al a p pli c ati o n. T h e t ests ar e b as e d o n n u m eri c all y
t est e d s et u ps pr e vi o usl y e v al u at e d b y ot h er r es e ar c h ers. T his e n a bl es t h e a ut h or
t o si m ul at e t h e pr o c ess es o n E ur o p a a n d t o b e i n li n e wit h t h e n u m eri c al i m pl e-
m e nt ati o n of t h e m o d els pr e vi o usl y v ali d at e d b y t h e g e o p h ysi cs r es e ar c h ers wit h
a p pli c ati o n t o ot h er e xtr at err estri al b o di es.

3. 1 T h e r m al C o n v e c ti o n B e n c h m a r k

T his s e cti o n is f o c us e d o n t h e t h er m al c o n v e cti o n b e n c h m ar k m a d e b y Bl a n k e n-
b a c h et al. [ 1 9 8 9] w h o c o m p ar e d s e v er al c o m p ut ati o n al c o d es t h at s ol v e a t h er m al
c o n v e cti o n pr o bl e m i n a fi x e d d o m ai n s etti n g. T his b e n c h m ar k h as s o o n b e c o m e
a n at ur al first st e p i n g e o p h ysi c al a n d g e o d y n a mi c al r es e ar c h c o m m u niti es d u e t o
its r el ati v el y e as y i m pl e m e nt ati o n a n d us ef ul n ess i n m a n y a d v a n c e d g e o d y n a mi c al
a p pli c ati o ns. Bl a n k e n b a c h b e n c h m ar k is a si m pl e t o ol t o c orr e ct t h e n u m eri c al
c o m p ut ati o ns i n e arl y st a g es as it b uil ds o n a w ell d e fi n e d s et u p w hi c h c a n b e
r e pli c at e d r e g ar dl ess of t h e c h oi c e of t h e s oft w ar e f or p arti al di ff er e nti al e q u ati o ns
m o d elli n g.

3. 1. 1 G o v e r ni n g e q u a ti o n s

T h e g o v er ni n g e q u ati o ns f or t h e Bl a n k e n b a c h b e n c h m ar k f oll o w fr o m t h e B o ussi-
n es q a p pr o xi m ati o n w hi c h w as d es cri b e d i n d et ail i n t h e s u bs e cti o n 2. 2. 2. I n or d er
t o i ntr o d u c e t h e b e n c h m ar k s et u p, t h e b asi c pr o p erti es of t h e a p pr o xi m ati o n will
b e r e mi n d e d.

T his a p pr o xi m ati o n li n e ari z es t h e c o ns er v ati o n l a ws n e ar a r ef er e n c e h y dr o-
st ati c st at e w h e n v = 0. T h e li n e ari z ati o n of t h e st at e e q u ati o n is d o n e wit h
r es p e ct t o t h e t e m p er at ur e d e vi ati o ns r es ulti n g i n t h e f or m of t h e d e nsit y ρ =
ρ 0 ( 1 − α (T − T 0 )) w h er e ρ 0 a n d T 0 ar e ass u m e d c o nst a nt i n ti m e. T h e a p pr o xi m a-
ti o n n e gl e cts t h e t h er m al e x p a nsi o n e v er y w h er e e x c e pt f or t h e t er m wit h gr a vit y
f or c e a n d n e gl e cts t h e s elf gr a vit y ρ 0 (g − g 0 ) → 0. T h e b e n c h m ar k ass u m es t o
w or k wit h vis c o us fl ui d, w h er e t h e vis c osit y η mi g ht b e i n g e n er al c as e f u n cti o n
of t e m p er at ur e or pr ess ur e. Aft er t h e n o n di m e nsi o n alis ati o n, w hi c h w as dis c uss e d
i n t h e s u bs e cti o n 2. 2. 3, t h e i n erti a f or c es w er e n e gl e ct e d, a n d t h us t h e r es ulti n g
e q u ati o ns w er e o bt ai n e d i n t h e f oll o wi n g n o n di m e nsi o n al f or m ( pri m e s y m b ols
ar e o mitt e d) f oll o wi n g t h e g e n er al r es ult of s u bs e cti o n 2. 2. 3.

T h e first e q u ati o n i n t h e s yst e m is t h e c o nti n uit y e q u ati o n

∇ · v = 0 , ( 3. 1)

w h er e v is t h e v el o cit y, T his e q u ati o n is f oll o w e d b y t h e b al a n c e of m o m e nt u m
e q u ati o n

− ∇ π + ∇ · σ + R a (T − T 0 )e z = 0 , ( 3. 2)

w h er e π is t h e d y n a mi c pr ess ur e ( w hi c h wit h o ut l oss of g e n er alit y fi x e d i n t h e
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u p p er l eft c or n er of t h e d o m ai n as it is d e fi n e d u p t o a c o nst a nt), R a is t h e
R a yl ei g h n u m b er, T is t h e t e m p er at ur e, T 0 is t h e r ef er e n c e t e m p er at ur e, a n d e z

is t h e u nit v e ct or i n t h e v erti c al dir e cti o n. T h e l ast e q u ati o n of t his s yst e m is t h e
h e at e q u ati o n wit h n o h e at s o ur c es Q

∂ T

∂ t
+ v · ∇T = ∆ T, ( 3. 3)

w h er e t is t h e ti m e.

3. 1. 2 P r o bl e m g e o m e t r y

T h e pr o bl e m is d e fi n e d o n a r e ct a n g ul ar 2 D d o m ai n Ω wit h b o u n d ar y Γ = ∂ Ω.
T h e b ott o m b o u n d ar y Γ B is c o nti n u o usl y h e at e d b y a s o ur c e of e n er g y o n a
c o nst a nt t e m p er at ur e T b w h er e as t h e t o p b o u n d ar y Γ T is c o nti n u o usl y c o ol e d
d o w n t o a c o nst a nt t e m p er at ur e T t . T h e di ff er e n c e of t h e t e m p er at ur e is d e n ot e d
as ∆ T = T b − T t .

T h e si d e b o u n d ari es Γ L ∪ Γ R of t h e d o m ai n ar e ass u m e d t o b e t h er m all y i n-
s ul ati n g ∇ T · n = 0. T h e c o nt a ct of t h e fl ui d wit h t h e b o u n d ar y is d e fi n e d b y
a fr e e sli p b o u n d ar y c o n diti o n wit h n o i n fl o w a n d o ut fl o w t hr o u g h t h e b o u n d ar y
σ · n = 0, v · n = 0 w hi c h all o ws t h e li q ui d t o fr e el y fl o w wit h o ut t h e t e nsi o n at
t h e b o u n d ari es. T h e w h ol e s et u p is d e pi ct e d i n t h e f oll o wi n g s c h e m a i n Fi g. 3. 1. 2

Fi g ur e 3. 1: T h e s c h e m a of t h e pr o bl e m g e o m etr y f or t h e t h er m al c o n v e cti o n
b e n c h m ar k

I n or d er t o si m ul at e st e a d y st at e, it is n e c ess ar y t o b e gi n wit h a n o n- b al a n c e d
i niti al t e m p er at ur e distri b uti o n w hi c h is i n o ur c as e m o d ell e d b y a s m all si n us oi d al
d e vi ati o n fr o m t h e b al a n c e d li n e arl y d e cr e asi n g t e m p er at ur e fi el d gi v e n b y t h e
f oll o wi n g e q u ati o n

T (x, z ) = 1 − z + 0 .0 1 c os( π x ) si n(π z ), ( 3. 4)

w h er e x a n d z ar e t h e s p ati al c o or di n at es.
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3. 1. 3 R e s ul t s

I n t h e f oll o wi n g Fi g. 3. 2, t h er e is a ti m e e v ol uti o n of t h e t e m p er at ur e fi el d s h o wi n g
t h e i niti al t e m p er at ur e distri b uti o n ( a), t h e st at e aft er fi v e st e ps of si m ul ati o n
r e a c hi n g t h e n o n di m e nsi o n al ti m e t = 0 .0 0 7 5 ( b) a n d t h e st e a d y st at e aft er m a n y
st e ps r e a c hi n g t h e n o n di m e nsi o n al ti m e t = 0 .5 0 0 0 ( c).

Si mil arl y, t h e Fi g. 3. 3 is d e pi cti n g t h e e v ol uti o n of t h e v el o cit y fi el d e v al u at e d
b y its m a g nit u d e a g ai n s h o wi n g t h e i niti al st at e ( a), t h e st at e aft er fi v e st e ps of
si m ul ati o n ( b) a n d t h e st e a d y st at e ( c).

( a) t = 0. 0 0 0 0 ( b) t = 0. 0 0 7 5 ( c) t = 0. 5 0 0 0

Fi g ur e 3. 2: E v ol uti o n of t h e t e m p er at ur e fi el d i n t h e t h er m al c o n v e cti o n b e n c h-
m ar k

( a) t = 0. 0 0 0 0 ( b) t = 0. 0 0 7 5 ( c) t = 0. 5 0 0 0

Fi g ur e 3. 3: E v ol uti o n of t h e v el o cit y fi el d i n t h e t h er m al c o n v e cti o n b e n c h m ar k

All of t h e pr es e nt e d r es ults ar e p erf e ctl y i n li n e wit h t h e b e n c h m ar k v al u es
w hi c h c a n b e e v al u at e d b y c o m p ari n g t h e ti m e e v ol uti o n of t h e s e v er al q u a ntiti es
t h at c h ar a ct eri z e t h e fi el d e v ol uti o n. First of t h e b e n c h m ar k v al u es is t h e N uss elt
n u m b er d e fi n e d as

N u = − h

l
0

∂ T
∂ z

(x )
z = h

d x

l
0 T (x )

z = 0
d x

, ( 3. 5)

w h er e h is t h e h ei g ht of t h e d o m ai n a n d l is t h e wi dt h of t h e d o m ai n. T h e N uss elt
n u m b er is t h e r ati o of c o n v e cti v e t o c o n d u cti v e h e at tr a nsf er at b o u n d ari es ( h er e
z = 0 a n d z = h ) a n d t h e hi g h er t h e n u m b er is, t h e m or e a cti v e is t h e c o n v e cti o n.

T h e N uss elt n u m b er e v ol uti o n is d e pi ct e d i n t h e Fi g. 3. 4 a) w h er e it c a n b e
s e e n it c o n v er g es t o t h e s a m e v al u e b ot h i n o ur si m ul ati o n a n d i n t h e b e n c h m ar k
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w hi c h c o n fir ms t h e i m pl e m e nt ati o n w as s u c c essf ul. S e c o n d st u di e d q u a ntit y is
t h e r o ot m e a n s q u ar e v el o cit y d e fi n e d as

v r m s =
h

κ

1

hl

l

0

h

0
(v 2

x + v 2
z ) d x d z

1
2

, ( 3. 6)

w h er e v x a n d v z ar e t h e c o m p o n e nts of v el o cit y v , κ is t h e t h er m al di ff usi vit y.
T his q u a ntit y a v er a g es t h e v al u e of t h e v el o cit y m a g nit u d e o v er t h e w h ol e d o m ai n
Ω a n d is a m e as ur e of o v er all v el o cit y o c c uri n g i n t h e d o m ai n. T h e c o n v er g e n c e
of t his q u a ntit y t o t h e b e n c h m ar k t ar g et is d e pi ct e d i n t h e Fi g. 3. 4 b) a n d s h o ws
t h at t his r es ult is als o i n li n e wit h t h e b e n c h m ar k. B ot h r es ults ar e als o writt e n
i n t h e t a bl e 3. 1. 3 t o g et h er wit h b e n c h m ar k p ar a m et ers ( m ost of t h e b e n c h m ar k
p ar a m et ers ar e o mitt e d b e c a us e of t h e us e of di m e nsi o nl ess n u m b ers). P ar a m et er
θ st a n ds f or t h e p ar a m et er i n t h e Cr a n k- Ni c ols o n s c h e m e (f or d et ails s e e s e cti o n
2. 4. 1). T h e r es ults w er e c o m p ut e d o n 8 0 x 8 0 m es h wit h cr oss e d T a yl or- H o o d
el e m e nts (s e e s e cti o n 2. 4. 2).

Q u a ntiti e s ∆ T  R a η T 0 θ  N u v R M S

P ar a m et ers 1 0 0 0 1 0 4 1 0 0. 5

C o m p ut e d v al u es ( m es h 8 0 x 8 0) 4. 8 8 8 4 2. 8 6 4 9
B e n c h m ar k v al u es ( m es h 7 2 x 7 2) 4. 8 8 4 4 2. 8 6 4 9

T a bl e 3. 1: T h e c o m p aris o n of t h e c o m p ut e d r es ults ( bl u e) wit h t h e b e n c h m ar k
v al u es ( p ur pl e) (i n st e a d y st at e)

( a) N u s s elt n u m b er ( b) R o ot m e a n s q u ar e v el o cit y

Fi g ur e 3. 4: E v ol uti o n of t h e v el o cit y fi el d i n t h e t h er m al c o n v e cti o n b e n c h m ar k

3. 2 Fr e e s u rf a c e b e n c h m a r k

T h e pr o c ess of g e n er ati o n of t h e c h a oti c t err ai ns o n E ur o p a is li n k e d t o t h e t o-
p o gr a p hi c al c h a n g es of t h e s urf a c e as w as i ntr o d u c e d i n t h e m oti v ati o n c h a pt er
1. 1. H e n c e, t h e n u m eri c al si m ul ati o n of t h e fi n al a p pli c ati o n s h o ul d c o nt ai n t h e
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fr a m e w or k w hi c h e n a bl es a m o v e m e nt of t h e s urf a c e b as e d o n t h e d o m ai n d ef or-
m ati o n. T his fr a m e w or k c a n b e i ntr o d u c e d b y ass u mi n g al m ost t h e s a m e s et u p
as i n t h e Bl a n k e n b a c h b e n c h m ar k i n s e cti o n 3. 1. T h e di ff er e n c e is i n c o m p ut-
i n g wit h t h e pr ess ur e p = π + p 0 c o nsisti n g of b ot h d y n a mi c a n d h y dr o d y n a mi c
pr ess ur es i nst e a d of c o m p uti n g s ol el y wit h π . T his c h a n g e is ass u m e d b e c a us e
of t h e n u m eri c al st a bilit y of t h e pr o bl e m a n d it m o di fi es t h e b al a n c e of li n e ar
m o m e nt u m e q u ati o n b y t a ki n g 2. 5 6 i nst e a d of 2. 5 4 as w as dis c uss e d i n t h e n o n di-
m e nsi o n alis ati o n s e cti o n 2. 2. 3 as w as s h o w n i n n o n di m e nsi o n alis ati o n c h a pt er.
M or e o v er, w e c a n n ot pr es cri b e t h e fr e e sli p c o n diti o n at t h e t o p b o u n d ar y Γ T .
T h e b o u n d ar y c o n diti o n of t his s et u p c a n b e writt e n b y ass u mi n g z er o n or m al
c o m p o n e nt of t h e d e vi at ori c str ess t e ns or σ i nst e a d.

3. 2. 1 G o v e r ni n g e q u a ti o n s

T h e g o v er ni n g e q u ati o ns f or t his b e n c h m ar k ar e a n al o gi c al t o t h e g o v er ni n g e q u a-
ti o ns f or t h e Bl a n k e n b a c h t h er m al c o n v e cti o n a n d f oll o w t h e B o ussi n es q a p pr o xi-
m ati o n. T h e b e n c h m ar k m o di fi es t h e b al a n c e of li n e ar m o m e nt u m as w as st at e d
a b o v e, h e n c e t h e e q u ati o ns f or t his b e n c h m ar k f oll o w t h e n o n di m e nsi o n al e q u a-
ti o ns ( 2. 5 3),( 2. 5 5), a n d ( 2. 5 6) as w as s h o w n i n s e cti o n r e g ar di n g n o n di m e nsi o n-
alis ati o n 2. 2. 3.

T h e first e q u ati o n i n t h e s yst e m is t h e c o nti n uit y e q u ati o n

∇ · v = 0 , ( 3. 7)

w h er e v is t h e v el o cit y, T his e q u ati o n is f oll o w e d b y t h e b al a n c e of m o m e nt u m
e q u ati o n

−
R a

α ∆ T
∇ p + ∇ · σ + R a (T − T 0 )e z −

R a

α ∆ T
e z = 0 , ( 3. 8)

w hi c h di ff ers t o t h e pr e vi o us b e n c h m ar k b y n ot fi xi n g t h e d y n a mi c pr ess ur e i n
o n e p oi nt of t h e d o m ai n b ut r at h er ass u mi n g p is t h e pr ess ur e i n cl u di n g b ot h
t h e d y n a mi c a n d t h e h y dr o d y n a mi c pr ess ur e, R a is t h e R a yl ei g h n u m b er, T is
t h e t e m p er at ur e, a n d T 0 is t h e r ef er e n c e t e m p er at ur e. T h e l ast e q u ati o n of t his
s yst e m is t h e h e at e q u ati o n w hi c h r e m ai ns t h e s a m e as i n fi x e d d o m ai n s etti n g.

∂ T

∂ t
+ v · ∇T = ∆ T ( 3. 9)

w h er e t is t h e ti m e. T h e r h e ol o gi c al r el ati o ns hi p is a g ai n ass u m e d as i n E q. 2. 4 5
f oll o wi n g t h e N e wt o ni a n fl ui d d e fi niti o n.

3. 2. 2 P r o bl e m G e o m e t r y

T h e pr o bl e m g e o m etr y i n c as e of fr e e s urf a c e is v er y si mil ar t o t h e g e o m etr y
pr es e nt e d f or t h e ori gi n al Bl a n k e n b a c h t h er m al c o n v e cti o n b e n c h m ar k. T h e o nl y
c h a n g e of t h e s et u p is i n ass u mi n g of t h e fr e e s urf a c e b o u n d ar y c o n diti o n σ · n =
0 w hi c h e ns ur es t h e t o p b o u n d ar y m o v es fr e el y a c c or di n g t o t h e str ess of t h e
m at eri al i n t h e d o m ai n. T h e s c h e m e of t h e pr o bl e m g e o m etr y of t h e s et u p is
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d e pi ct e d i n t h e Fi g. 3. 5. T h e ot h er b o u n d ar y c o n diti o ns r e m ai n t h e s a m e as i n
s e cti o n 3. 1 i. e. t h e si d e b o u n d ari es Γ L ∪ Γ R of t h e d o m ai n ar e ass u m e d t o b e
t h er m all y i ns ul ati n g ∇ T · n = 0. T h e c o nt a ct of t h e fl ui d wit h t h e b o u n d ar y is
d e fi n e d b y a fr e e sli p b o u n d ar y c o n diti o n wit h n o i n fl o w a n d o ut fl o w t hr o u g h t h e
b o u n d ar y σ · n = 0, v · n = 0 w hi c h all o ws t h e li q ui d t o fr e el y fl o w wit h o ut t h e
t e nsi o n at t h e b o u n d ari es.

Fi g ur e 3. 5: T h e s c h e m a of t h e pr o bl e m g e o m etr y f or t h e fr e e s urf a c e t h er m al
c o n v e cti o n b e n c h m ar k

I n or d er t o si m ul at e st e a d y st at e, it is n e c ess ar y t o b e gi n wit h a n o n- b al a n c e d
i niti al t e m p er at ur e distri b uti o n si mil arl y t o t h e pr e vi o us s e cti o n 3. 1 w hi c h is a g ai n
m o d ell e d b y a s m all si n us oi d al d e vi ati o n fr o m t h e b al a n c e d li n e arl y d e cr e asi n g
t e m p er at ur e fi el d gi v e n b y t h e f oll o wi n g e q u ati o n

T (x, z ) = 1 − z + 0 .0 1 c os( π x ) si n(π z ) ( 3. 1 0)

w h er e t h e x a n d z ar e t h e s p ati al c o or di n at es.

3. 2. 3 R e s ul t s

T h e n u m eri c al i m pl e m e nt ati o n i n t his b e n c h m ar k di ff ers si g ni fi c a ntl y fr o m t h e
Bl a n k e n b a c h b e n c h m ar k w h er e t h e s h a p e of t h e d o m ai n w as fi x e d. T h e m ai n
di ff er e n c e is i n t h e a d diti o n of t h e e v ol uti o n e q u ati o n f or t h e m es h dis pl a c e m e nt.
T h e p oi nts of m es h ar e i niti all y dis cr eti z e d as cr oss e d L a gr a n g e fi nit e el e m e nts of
a r e ct a n g ul ar s h a p e (f or m or e i nf or m ati o n s e e s e cti o n 2. 4. 1).

T h e dis pl a c e m e nt of t h e m es h el e m e nts w as i ntr o d u c e d i n s e cti o n 2. 3 a n d
is a f u n cti o n d e n ot e d as ˆϕ (ξ, t ) c orr es p o n di n g t o m a p pi n g fr o m t h e Ar bitr ar y
L a gr a n gi a n E ul eri a n r ef er e n c e fr a m e t o t h e a ct u al c o n fi g ur ati o n. T his all o ws t h e
si m ul ati o n t o m o v e wit h t h e m es h gri d, a n d t h us si m ul at e t h e fr e e s urf a c e. T h e
si m ul ati o n us es st a bili z ati o n m e c h a nis m fr o m K a us et al. [ 2 0 1 0] a n d Nits c h e’s
m et h o d f oll o wi n g fr o m J u nt u n e n a n d St e n b er g [ 2 0 0 9]. T h es e p h e n o m e n a ar e
d es cri b e d i n s e cti o ns 2. 3. 3 a n d 2. 3. 4 i n m or e d et ail.
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T h e w a y h o w t o c h e c k t h e v ali dit y of t h e fr e e s urf a c e i m pl e m e nt ati o n is t o
c o m p ar e t h e v al u es of t h er m al c o n v e cti o n b e n c h m ar k i n s e cti o n 3. 1 t o t h e t o p o g-
r a p h y g e n er at e d b y t h e fr e e s urf a c e.

D y n a mi c t o p o gr a p h y is a t o ol us e d i n g e o d y n a mi cs w hi c h e v al u at es t h e el e v a-
ti o n c a us e d b y t h e fl o w of t h e m at eri al i n t h e m a ntl e. T h e d y n a mi c t o p o gr a p h y
is o bt ai n e d b y f o c usi n g o n t h e f or c es a cti n g o n t h e s urf a c e. T h e r es ulti n g t o p o g-
r a p h y h c a n b e c al c ul at e d b y c o m p ari n g of n or m al str ess wit h t h e h y dr ost ati c
pr ess ur e

n · τ n = ρ 0 g 0 h, ( 3. 1 1)

w h er e ρ is t h e fl ui d d e nsit y, g is t h e m a g nit u d e of gr a vit ati o n al a c c el er ati o n. I n
t w o di m e nsi o ns ass u mi n g N e wt o ni a n fl ui d r h e ol o g y (i. e. E q. ( 2. 4 5)), t h e e q u ati o n
r e d u c es t o

h = −
α ∆ T

R a
(σ 2 2 − p ), ( 3. 1 2)

w h er e σ 2 2 is a s e c o n d di a g o n al el e m e nt of d e vi at ori c str ess t e ns or σ a n d t h e
fr a cti o n α ∆ T

R a
= 1

g 0 ρ 0
.

T h e fr e e s urf a c e b e n c h m ar k i n t his s e cti o n m e as ur es t h e t o p o gr a p h y dir e ctl y
w h er e as t h e fi x e d d o m ai n b e n c h m ar k i n s e cti o n 3. 1 n e e ds t o c al c ul at e t h e t o-
p o gr a p h y vi a E q. ( 3. 1 2). T his h as b e e n d o n e f or fi v e p oi nts at t h e d ef or m e d
t o p b o u n d ar y a n d t h e c o m p aris o n of r es ults is d e pi ct e d i n t h e Fi g. 3. 6. T h er e
is a s m all err or i n t h e li mit of dis pl a c e m e nt, w hi c h is, h o w e v er, t ol er a bl e as t h e
d y n a mi c t o p o gr a p h y c al c ul ati o n is o nl y a n a p pr o xi m ati v e w a y w hi c h i g n or es t h e
c h a n g e of t h e d o m ai n s h a p e. T h at i n t ur n c h a n g es t h e dir e cti o n of t h e n or-
m al v e ct or, a n d t h us m a y sli g htl y i n cr e as e or l o w er t h e r es ult. T h e c h a n g e i n
t o p o gr a p h y at v ari o us p oi nt at t h e t o p b o u n d ar y is d e pi ct e d i n t h e Fi g. 3. 7.

Fi g ur e 3. 6: T h e c o m p aris o n of a t o p o gr a p h y g e n er at e d b y t h e d ef or m ati o n of t h e
fr e e s urf a c e a n d t h e c o m p ut e d d y n a mi c t o p o gr a p h y fr o m t h e fi x e d d o m ai n c as e
( at p oi nt =( 0. 0, 1. 0)
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Fi g ur e 3. 7: T h e a n al ysis of a t o p o gr a p h y g e n er at e d b y t h e d ef or m ati o n of t h e
fr e e s urf a c e i n fi v e disti n ct p oi nts at t h e t o p b o u n d ar y

3. 3 Vi s c o pl a s ti c T h e r m al C o n v e c ti o n B e n c h m a r k

T his s e cti o n f oll o ws t h e b e n c h m ar k b y [ T osi et al., 2 0 1 5] w h o st u di e d t h e e ff e ct
of ps e u d o pl asti c r h e ol o g y o n t h e m o bili z ati o n of t h e c ol d s urf a c e m at eri al i n
t h e pr o bl e m of t h e E art h’s m a ntl e c o n v e cti o n. T h e s et u p is v er y si mil ar t o t h e
pr e vi o usl y m e nti o n e d t h er m al c o n v e cti o n b e n c h m ar k i n c h a pt er 3. 1, h o w e v er,
wit h t h e a d d e d pl asti cit y t er m i n t h e vis c osit y d e fi niti o n.

3. 3. 1 G o v e r ni n g e q u a ti o n s

T h e g o v er ni n g e q u ati o ns c orr es p o n di n g t o t his t est ar e t h e e q u ati o ns f or B o ussi-
n es q c o n v e cti o n i n a fl ui d w h er e w e t a k e t h eir n o n di m e nsi o n al f or m d eri v e d i n
s e cti o n 2. 2. 3. T h e g o v er ni n g e q u ati o ns f or t his pr o bl e m ass u m e c o nst a nt t h er m al
di ff usi vit y a n d e x p a nsi vit y a n d ar e t h e s a m e as i n Bl a n k e n b a c h b e n c h m ar k w hi c h
ar e r e mi n d e d f or t h e s a k e of cl arit y t o t h e r e a d er as f oll o ws

∇ · v = 0 , ( 3. 1)

− ∇ p + ∇ · σ + R a (T − T 0 )e z = 0 , ( 3. 2)

∂ T

∂ t
+ v · ∇T = ∆ T. ( 3. 3)

w h er e t h e first e q u ati o n is t h e c o nti n uit y e q u ati o n, t h e s e c o n d e q u ati o n is t h e
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b al a n c e of li n e ar m o m e nt u m a n d t h e l ast o n e is t h e h e at e q u ati o n (f or m or e d et ails
s e e t h e d eri v ati o n i n s e cti o n 2. 2. 2). T h e r h e ol o gi c al r el ati o ns hi p is ass u m e d i n a
f or m of N e wt o ni a n fl ui d f oll o wi n g t h e E q. ( 2. 4 5) T h e di ff er e n c e of t his b e n c h m ar k
li es i n t h e pr es cri b e d e ff e cti v e vis c osit y w hi c h c o nsists of its li n e ar vis c o us p art
a n d its pl asti c p art f oll o wi n g t h e d e fi niti o n i n T osi et al. [ 2 0 1 5]

η (T, z, ˙) = 2
1

η v (T, z )
+

1

η p ( ˙)

− 1

. ( 3. 1 3)

T h e li n e ar vis c o us p art is gi v e n b y t h e li n e ari z e d Arr h e ni us l a w ( k n o w n als o as
Fr a n k- K a m e n ets kii a p pr o xi m ati o n, [ Fr a n k- K a m e n ets kii, 1 9 6 9])

η v (T, z ) = e x p(− γ T T + γ z ( 1 − z )). ( 3. 1 4)

w h er e γ T = l n( ∆η T ) a n d γ z = l n( ∆η z ) ar e p ar a m et ers w hi c h c o ntr ol t h e c o ntr ast
of t h e vis c osit y i n t e m p er at ur e a n d pr ess ur e. T h e n o n-li n e ar pl asti c p art of t h e
vis c osit y f oll o ws t h e f or m i n Tr o m p ert a n d H a ns e n [ 1 9 9 8]

η p (˙) = η ∗ +
σ Y√
˙ : ˙

( 3. 1 5)

w h er e η ∗ is t h e c ut o ff c o nst a nt h a n dli n g t h e sit u ati o ns w h er e hi g h str ess es o c c ur
f oll o wi n g St ei n et al. [ 2 0 1 4] a n d σ Y is t h e yi el d str ess w hi c h is ass u m e d c o nst a nt
i n t his b e n c h m ar k.

3. 3. 2 P r o bl e m g e o m e t r y

T h e g e o m etr y of t h e pr o bl e m is t h e s a m e as i n t h er m al c o n v e cti o n b e n c h m ar k
i n s e cti o n 3. 1 a n d c o nsists of a t w o- di m e nsi o n al s q u ar e b o x Ω, w h er e t h e t o p
b o u n d ar y Γ T a n d t h e b ott o m b o u n d ar y Γ B ar e c o nti n u o usl y c o ol e d a n d h e at e d,
r es p e cti v el y. T h e si d e b o u n d ari es ar e c o nsi d er e d i ns ul ati n g ∇ T · n = 0. T h e
b e n c h m ar k ass u m es fr e e sli p c o n diti o n ( σ · n ) t = 0 o n b o u n d ar y Γ a n d t h er e is
n o i n fl o w a n d o ut fl o w of t h e m at eri al v · n = 0. T h e s c h e m a of t h e d o m ai n Ω
t o g et h er wit h t h e pr es cri b e d b o u n d ar y c o n diti o ns is d e pi ct e d i n t h e fi g ur e 3. 3. 2.

Fi g ur e 3. 8: T h e s c h e m a of t h e pr o bl e m g e o m etr y f or t h e vis c o pl asti c t h er m al
c o n v e cti o n b e n c h m ar k
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3. 3. 3 R e s ul t s

T h e t h esis f oll o ws t h e first t w o c as es of t h e b e n c h m ar k t ests wit h t h e p ar a m et ers
f or t h e i n di vi d u al c as es i n t h e f oll o wi n g t a bl e 3. 3. 3. B ot h of t h e c as es ass u m e n o
d e pt h d e p e n d e n c e of t h e vis c osit y. T h e c as e 2 si m ul at es t h e pl asti c p art of t h e
d ef or m ati o n b y ass u mi n g n o n- z er o yi el d str ess σ Y . T his e n a bl es t h e d ef or m ati o n
t o s wit c h t o t h e pl asti c r e gi m e a n d i n cr e as e t h e pl asti c p art of e ff e cti v e vis c osit y
gi v e n b y E q. 3. 1 5. T his m o bili z es t h e m a ntl e i n t h e t o p p art of t h e d o m ai n t o
f or m a m o bil e li d of a n i n cr e as e d e ff e cti v e vis c osit y c o v eri n g p art of t h e r e gi o n
n e ar t h e t o p b o u n d ar y. T his as a r es ult i n cr e as e t h e v el o citi es n e ar t h e b o u n d ar y
a n d t h e c o n v e cti o n m e c h a nis m is e x c h a n gi n g t h e h e at wit h t h e t o p b o u n d ar y
w h er e as t h e c as e 1 r es ults i n t h e st a g n a nt li d w h er e t h e c o n v e cti o n m e c h a nis m
r u ns d e e p u n d er t h e l a y ers of hi g h er vis c osit y.

C a s e R a ∆ η T ∆ η z η ∗ σ Y

1 1 0 2 1 0 5 1 - -
2 1 0 2 1 0 5 1 1 0 − 3 1

T a bl e 3. 2: T h e c h oi c e of p ar a m et ers i n vis c o pl asti c t h er m al c o n v e cti o n b e n c h m ar k

T h e r es ults of t h e p arti c ul ar si m ul ati o ns ar e s h o w n i n t h e f oll o wi n g t a bl e 3. 3
w h er e t h e bl u e v al u es m at c h t h e p erf or m e d si m ul ati o ns i n t his t h esis w hil e t h e
p ur pl e v al u es c orr es p o n d t o t h e b e n c h m ar k v al u es. T h e r es ults s h o w t h e v al u es
c o m p ut e d i n t h e t h esis ar e al m ost i n li n e wit h t h e b e n c h m ar k v al u es w hi c h is
als o s u p p ort e d b y t h e fi g ur es d e pi cti n g s c al ar fi el ds of t h e v ari a bl es e v al u at e d
i n t h e t ests. T h e r e as o n w h y t h e v al u es sli g htl y di ff er mi g ht b e b e c a us e of o ur
si m ul ati o n w as st o p p e d at ti m e t = 1 .0 b ut t h e q u a ntiti es mi g ht n ot b e i n st e a d y
st at e y et or p ossi bl y b e c a us e of di ff er e nt dis cr eti z ati o n of t h e pr o bl e m. I n o ur
c as e 4 0 x 4 0 m es h gri d wit h cr oss e d T a yl or- H o o d el e m e nts (s e e s e cti o n 2. 4. 2) w as
us e d. O v er all, t h e r es ults m at c h t h e b e n c h m ar k v al u es v er y w ell.

M o d el s T N u t o p N u b ot v R M S v s u r f
R M S v s u r f

m a x η mi n η m a x

C as e 1 0. 7 7 5 1 3. 5 9 7 1 3. 4 1 2 7 2 4 9. 5 5 2 1. 9 1 2 2. 6 2 2 - -
C as e 2 0. 6 0 0 3 8. 7 5 3 2 8. 6 3 9 1 1 4 0. 9 2 0 1 0 3. 9 1 9 1 2 1. 2 3 4 1. 9 9 5 ·1 0 − 5 1. 6 9 2
C as e 1 0. 7 7 5 9 3. 5 8 8 9 3. 4 2 3 1 2 4 9. 5 7 3 1. 8 7 0 2. 6 0 7 - -
C as e 2 0. 6 0 3 2 8. 7 4 7 5 8. 6 4 4 0 1 4 0. 5 2 2 1 0 4. 5 8 5 1 2 1. 6 9 6 1. 9 6 1 × 1 0 − 5 1. 7 9 6

T a bl e 3. 3: T h e c o m p aris o n of t h e c o m p ut e d r es ults ( bl u e) wit h t h e b e n c h m ar k
v al u es ( p ur pl e)

T h e f oll o wi n g fi g ur e 3. 9 d e pi cts t h e r es ulti n g t w o- di m e nsi o n al s c al ar fi el ds f or
vis c osit y, t e m p er at ur e a n d R M S v el o cit y i n t h e st e a d y st at e of t h e c as e 1.
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(a) Viscosity (b) Temperature (c) RMS velocity

Figure 3.9: The scalar fields for the steady state of case 1

The figure 3.10 depicts the same quantities as the previous one, however, for
the steady state of case 2.

(a) Viscosity (b) Temperature (c) RMS velocity

Figure 3.10: The scalar fields for the steady state of case 2

In contrast to case 1, where plasticity is not considered, the temperature de-
pendence of viscosity leads to the formation of highly viscous immobile (stagnant)
lid (reddish color at the surface of computational domain in Fig. 3.10 (a)). The
reduction of viscosity which has was included through the plastification of the
material at the surface leads to breaking of the stagnant lid and mobilization of
the top surface. This behavior is often used in models of thermal convection in
the Earth’s mantle where it mimics the plate tectonics behavior. [Tosi et al.,
2015]

The results are in line with the benchmark values which is compared in the
following Fig. 3.11 which compares the temperature, viscosity and root mean
square velocity fields computed in the thesis (right) and in the benchmark (left).
Similarly, the same quantities are compared also for the case 2 in Fig. 3.12.
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Figure 3.11: The comparison of simulated scalar quantities (right) with the bench-
mark values from Tosi et al. [2015] (left) in case 1
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Figure 3.12: The comparison of simulated scalar quantities (right) with the bench-
mark values from Tosi et al. [2015] (left) in case 2

Figures 3.13 and 3.14 show the depth profiles of horizontally-averaged quan-
tities (temperature T , viscosity η, rms velocity vRMS). Comparison of our results
(left column) with the results from Tosi et al., 2015 (right column) shows a good
agreement.
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Figure 3.13: The comparison of simulated depth profile of temperature, viscosity,
and RMS velocity (left) with the benchmark values from Tosi et al. [2015] (right)
for the steady state of case 1
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Figure 3.14: The comparison of simulated depth profile of temperature, viscosity,
and RMS velocity (left) with the benchmark values from Tosi et al. [2015] (right)
for the steady state of case 2
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3. 4 S h e a r B a n d s B e n c h m a r k

T h e f oll o wi n g s e cti o n f oll o ws t h e diss ert ati o n t h esis b y M ai er o v á [ 2 0 1 2] w h o r a n
a s eri es of si m ul ati o ns r e g ar di n g t h e str ai n w e a k e ni n g e ff e ct, w hi c h is a n e c ess ar y
f e at ur e f or t h e m o d elli n g of t h e pl asti c f ail ur e of t h e E ur o p a’s s urf a c e i n t h e
c h a oti c t err ai ns f or m ati o n. T h e str ai n w e a k e ni n g as a p h e n o m e n o n is d es cri b e d
i n m or e d et ail i n 2. 2. 4 w h er e is als o t h e d eri v ati o n of t h e c orr es p o n di n g f u n cti o ns
f or C = C ( I I

p ) a n d σ Y = σ Y (p, C, ϕ ), w h er e ϕ is t h e a n gl e of i nt er n al fri cti o n.
As a b e n c h m ar k f or t h e str ai n w e a k e ni n g e ff e ct, t h e t h esis f oll o ws t h e s et u p

fr o m t h e diss ert ati o n t h esis of M ai er o v á [ 2 0 1 2]. T his a p pr o a c h sli g htl y m o di fi e d
a n d si m pli fi e d t h e s et u p fr o m L e mi al e et al. [ 2 0 0 8] a n d K a us [ 2 0 1 0] w h o st u d-
i e d t h e i niti ati o n of s h e ar b a n ds i n g e o d y n a mi c al n u m eri c al m o d els of brittl e
d ef or m ati o n.

3. 4. 1 G o v e r ni n g e q u a ti o n s

T h e g o v er ni n g e q u ati o ns f or t his pr o bl e m c o nsist of t h e St o k es pr o bl e m c o u pl e d
wit h t h e e v ol uti o n of pl asti c str ai n p

T h e first e q u ati o n i n t h e s ol v e d s yst e m is t h e c o nti n uit y e q u ati o n

∇ · v = 0 , ( 3. 1 6)

w h er e v is t h e v el o cit y. T h e e q u ati o n is f oll o w e d b y t h e b al a n c e of m o m e nt u m
e q u ati o n

− ∇ p + ∇ · σ + ρ g = 0 , ( 3. 1 7)

w h er e g is t h e gr a vit y a c c el er ati o n, ρ is t h e d e nsit y of t h e i c e a n d σ is t h e
str ess t e ns or d e fi n e d f or N e wt o ni a n fl ui ds as i n E q. ( 2. 4 5) i. e. σ = 2 η e f f ˙. T h e
l ast e q u ati o n of t his s yst e m is t h e pl asti c str ai n a d v e cti o n e q u ati o n

∂ I I
p

∂ t
+ v · ∇ I I

p = ˙I I
p ( 3. 1 8)

w h er e p is t h e pl asti c str ai n, a n d t h e s u p ers cri pt (·) I I d e n ot es s e c o n d i n v ari a nt
as d e fi n e d i n s e cti o n 2. 1. T h e e ff e cti v e vis c osit y η e f f is d e fi n e d as

η e f f =
1

η v

+
1

η p

− 1

. ( 3. 1 9)

w hi c h w as o bt ai n e d fr o m t h e r el ati o n t h at s u m of ˙p + ˙v = ˙ a n d t h e f oll o wi n g
e q u ati o n

σ = 2 η e f f ˙ = 2 η v ˙v = 2 η p ˙p ( 3. 2 0)

I n t h e vis c o us r e gi m e, a c o nst a nt di m e nsi o nl ess vis c osit y η v = 1 0 5 is pr es cri b e d
e v er y w h er e e x c e pt f or t h e s m all w e a k i n cl usi o n at t h e b ott o m b o u n d ar y w h er e
t h e vis c osit y is η v = 1. T his w e a k i n cl usi o n st arts t h e f ail ur e of t h e m at eri al a n d
t h us i niti at e t h e s h e ar b a n ds. I n t h e pl asti c r e gi m e, t h e vis c osit y is gi v e n b y

η p =
σ Y (p, C, ϕ )

2 ˙I I (v )
( 3. 2 1)
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w h er e t h e f u n cti o n al f or ms of t h e c o h esi o n C a n d σ Y f oll o ws t h e d e fi niti o ns fr o m
s e cti o n 2. 2. 4 e n a bli n g t h e str ai n w e a k e ni n g e ff e ct i n t h e m at eri al. T his gi v es us

η e f f =
1

η v

+
2 ˙I I (v )

σ Y (p, C, ϕ )

− 1

. ( 3. 2 2)

3. 4. 2 P r o bl e m g e o m e t r y

T h e pr o bl e m s et u p ass u m es r e ct a n g ul ar g e o m etr y wit h t h e wi dt h f o ur ti m es l ar g er
t h a n h ei g ht of t h e d o m ai n Ω. T h er e is a fr e e s urf a c e σ ·n = 0 at t h e t o p b o u n d ar y
a n d fr e e sli p ( σ ·n ) t = 0 o n Γ R ∪ Γ B ∪ Γ R . T h e n o i n fl o w / o ut fl o w c o n diti o n v ·n = 0
is pr es cri b e d at ΓB a n d i n fl o w of m a g nit u d e v x = x o n Γ L a n d i n fl o w of m a g nit u d e
v x = − x o n Γ R .

T h e 0 .0 4 × 0 .0 2 r e gi o n i n t h e mi d dl e of b ott o m b o u n d ar y is ass u m e d t o h a v e
a w e a k i n cl usi o n i n a vis c osit y ass u mi n g η v = 1 i n t h e r e gi o n a n d η v = 1 0 5

els e w h er e. T h e pr o bl e m g e o m etr y is d e pi ct e d i n t h e s c h e m a 3. 1 5 fr o m M ai er o v á
[ 2 0 1 2].

Fi g ur e 3. 1 5: T h e s c h e m a of t h e pr o bl e m g e o m etr y f or t h e str ai n w e a k e ni n g b e n c h-
m ar k

S o ur c e: M ai er o v á [ 2 0 1 2]

T h e n u m eri c al dis cr eti z ati o n of t h e si m ul ati o ns f or w hi c h w e c o m p ut e t h e
r es ults f oll o w t h e c h oi c e d o n e b y M ai er o v á [ 2 0 1 2], a n d t h us t h e r es ol uti o n of
t h e si m ul ati o n is 4 0 0 x 1 0 0 el e m e nts wit h t h e cr oss e d r e ct a n g ul ar T a yl or- H o o d
el e m e nts f or St o k es pr o bl e m, w hi c h is d es cri b e d i n s e cti o n 2. 4. 2, a n d dis c o nti n u o us
G al er ki n el e m e nts of d e gr e e 0 f or p , w hi c h is d es cri b e d i n s e cti o n 2. 4. 4.

3. 4. 3 R e s ul t s

I n t h e f oll o wi n g fi g ur e 3. 1 6, w e pl ot t h e str ai n r at e i n a si m ul ati o n of t h e i niti a-
ti o n of t h e s h e ar b a n ds b y c o m pr essi o n of t h e d o m ai n wit h a pr es cri b e d v el o cit y
g e n er ati n g t h e i n fl o w of m at eri al at t h e si d e b o u n d ari es Γ R ∪ Γ L . T h e r es p e cti v e
fi g ur es s h o w t h e str ai n r at e at ti m e t = 0 .0 0 0 5 w hi c h c orr es p o n ds t o t h e 0 .5 %
s h ort e ni n g of t h e d o m ai n. T hr e e s c e n ari os w er e c o m p ut e d f or t h e pr o bl e m w h er e
t h e fri cti o n a n gl e ϕ ∈ { π / 1 8 , π /9 , π /6 } .

4 8



Figure 3.16: Initiation of shear bands for compression by inflowing material for
different internal friction angles: φ =π/18 (top), φ =π/9 (middle), φ =π/6 (bot-
tom)

The figure depicts three scenarios of material inflow in the rectangular domain
which represents a planetary body mantle where an effect of strain weakening
allows for the cracking of the material in the domain. At the point of when the
domain has gone through 0.5% shortening, the main shear bands (which emerged
due to the weak inclusion in viscosity) exhibit a formation of the secondary shear
bands. With the increase of the angle of internal friction the production of the
secondary shear bands seems more active from the results obtained in Fig. 3.16.

The angle between the main stress axis and the shear bands should depend
on the angle of internal friction by having roughly between π

4 (Roscoe angle) and
β(φ) = π

4 −
φ
2 (Coulomb angle) tilt. [Lemiale et al., 2008]

The simulations ran by Kaus [2010] or Maierová [2012] show the higher res-
olution gets closer to the Coulomb angle and lower resolution got closer to the
Roscoe angle.

This, however, holds in our simulation only approximately as we obtained
values of the Coulomb angle β(10°)=̇43.2°, β(20°)=̇40.7°, β(30°)=̇37.9 for the
respective angles. The theoretical values corresponding to these angles of internal
friction should, however, be 40°, 35°, 30°, respectively. The correction of this
might be by assuming stabilization of the pressure overshoot near the shear band
as was done in Maierová [2012] or increase of the numerical resolution.
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4. Results and discussion
This chapter presents the results of the final problem defined in section 2.1 and
discusses the results of all benchmarks and the final application to Europa. The
setup applied to Europa is rather experimental i.e. the model is considered as
outlook which might be made more accurate in the possible future extensions.

4.1 Application to Europa
In order to simulate the mechanism on Europa, three preliminary setups of simu-
lations were run with simplified parameters and one with the fully specified final
application (Case 4).

The numerical methods used to model this problem were discussed in 2.4
including the choice of Taylor-Hood elements for the Stokes problem, Picard
iterations to handle the non-linearity, ALE method to treat the free surface, and
discontinuous Galerkin elements in order to model the advection equation for
plastic strain rate (2.3).

The model was not specified and thus several different setups were launched
as a test in order to find out what parameters that correspond to the real Eu-
ropa parameters might be reasonable to assume in the model. The summary of
parameters for the individual simulations can be found in 4.1.

The case 1 is the most simple setup, which had a goal to test only the melting
process in the domain which is a mechanism which was previously used e.g. in
Kalousová et al. [2016], however, there is no plasticity, and thus there is no
observable cracking in the model and the volume is diminishing purely viscously.

The case 2 is a similar setup but there is a plastic regime in which is the yield
stress supposed constant along the whole domain Ω. This model seems as more
hopeful scenario than case 1, however, there is missing the phenomenon of strain
weakening introduced in 2.2.4.

In order to fix this, we run case 3 and 4 where in the former there is yield
stress dependent on the pressure and cohesion, where the cohesion is assumed
constant, and in the case 4, the setup is complete with strain weakening property
given by Eq. (2.62) which is included in the model.
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C a s e η v [P a · s ] η p [P a · s ] σ Y [P a ]  C [P a ]

1 1 0 1 8 - - -
2 1 0 2 4 η p (σ Y , ˙) 1 0 6 -
3 1 0 2 4 η p (σ Y , ˙) σ Y (p, C, φ ) 1 0 6

4 η v (T ) η p (σ Y , ˙) σ Y (p, C, φ ) C( I I
p )

Ot h er p ar a m et ers V al u e U nits
h 3 0 0 0 0 m
l 6 0 0 0 0 m
x 0 3 0 0 0 0 m
z 0 6 0 0 0 0 m
∆ x 3 0 0 0 0 m
∆ z 6 0 0 0 0 m
γ 0 1 0 − 1 0 k g · m − 3 · s − 1

σ mi n 0. 1 P a
C 0 1 0 5 P a
C ∞ 1 0 4 P a

0 0. 0 s − 1

∞ 0. 1 s − 1

g 1. 3 2 m · s − 2

φ 3 0ř °
ρ i c e 9 2 0 k g · m − 3

ρ w at e r 1 0 0 0 k g · m − 3

T 0 2 7 0 K
T mi n 1 0 0 K
T m a x 2 7 0 K
T r e g i o n 2 3 0 K
η 0 1 0 1 6 P a · s
Q 5 ·1 0 4 J · m ol − 1

R 8. 3 1 4 J · K − 1 · m ol − 1

T a bl e 4. 1: T h e c h oi c e of p ar a m et ers i n fi n al a p pli c ati o n o n E ur o p a si m ul ati o ns

A si m ul ati o n w as r u n f or e a c h c as e a n d t h e Fi gs. 4. 1, 4. 2, a n d 4. 3 d e pi ct t h e
e v ol uti o n of str ai n r at e ˙ b as e d o n t h e v ol u m etri c d e cr e as e i n t h e d o m ai n w hi c h
is g o v er n e d b y p ar a m et er γ .

T h e m or e f o c us o n t h e e v ol uti o n of t h e c as e 4 is p ut i n t h e Fi g. 4. 4, w h er e all
f o ur s u b fi g ur es r el at e t o t h e m ai n a p pli c ati o n.
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Fi g ur e 4. 1: T h e si m ul ati o n of E ur o p a - Str ai n r at e l o g 1 0 ˙I I i n ti m e t = 0 .1 3 M y r
( C as e 1 - t o p, l eft), ( C as e 2 - b ott o m, l eft), ( C as e 3 - t o p, ri g ht), ( C as e 4 - b ott o m,
ri g ht)

Fi g ur e 4. 2: T h e si m ul ati o n of E ur o p a - Str ai n r at e l o g 1 0 ˙I I i n ti m e t = 1 .6 0 M y r
( C as e 1 - t o p, l eft), ( C as e 2 - b ott o m, l eft), ( C as e 3 - t o p, ri g ht), ( C as e 4 - b ott o m,
ri g ht)
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Fi g ur e 4. 3: T h e si m ul ati o n of E ur o p a - Str ai n r at e l o g 1 0 ˙I I i n ti m e t = 4 .7 0 M y r
( C as e 1 - t o p, l eft), ( C as e 2 - b ott o m, l eft), ( C as e 3 - t o p, ri g ht), ( C as e 4 - b ott o m,
ri g ht)

Fi g ur e 4. 4: T h e si m ul ati o n of E ur o p a - Str ai n r at e l o g 1 0 ˙I I f or C as e 4. (t =
0 .1 3 M y r - t o p, l eft), (t = 1 .7 0 M y r - b ott o m, l eft), (t = 2 .8 7 M y r - t o p, ri g ht),
(t = 4 .7 0 M y r - b ott o m, ri g ht)

T h e fi g ur es s h o w, t h at t h e c as e 1, w h er e t h er e is n o pl asti c r e gi m e, d o es
n ot s h o w a n y i nt er esti n g p h e n o m e n o n e x c e pt f or t h e m elt of t h e m at eri al i n t h e
m olt e n r e gi o n, w hi c h c a us es d e cr e as e i n t h e o v er all v ol u m e of t h e d o m ai n.

T h e c as e 2 e n a bl es t h e s urf a c e t o d ef or m wit h t h e str ai n r at e d o mi n a ntl y
d e cr e asi n g t h e t o p o gr a p h y at t h e mi d dl e of t h e d o m ai n a b o v e t h e w at er l e ns.
T his is a d esir a bl e pr o p ert y, as it mi mi c t h e l e ns c oll a ps e h y p ot h esis s u g g est e d
b y S c h mi dt et al. [ 2 0 1 1], h o w e v er, t h e s et u p o p er at es d o mi n a ntl y i n t h e vis c o us
r e gi m e.

I n or d er t o si m ul at e t h e pl asti c r e gi m e, t h e yi el d str ess σ Y is s u p p os e d n ot
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spatially constant in the case 3, nevertheless with the constant cohesion C. This
setup seems in the inital steps of the simulation similarly to case 2, however,
the change in the setup generated a striped region in the Fig. 4.3, which might
signalize the shear bands occurence.

The case 4, in contrast, assumes even the presence of the strain weakening
phenomenon. The parameters are chosen so that they match other research
papers (following the parameters from Kalousová et al. [2016] and viscosity func-
tional form from Showman and Han [2004]). The setup does not generate so
clearly noticeable shear bands as the setup in case 3, however, there is a notice-
able deformation of the surface near the surface e.g. at Fig. 4.3. An interesting
phenomenon is occuring in the regions close to ΓR and ΓL near the free surface,
where there are emerging shear bands probably due to the strain weakening in
the area beneath the surface. A detailed image is depicted in 4.4.

4.2 Discussion
The thesis discussed the results for each benchmark and the final application in-
dividually, this discussion summarizes the overall progress throughout the thesis.

The goal of the thesis was to run a series of simulations which should have
validated the use of the numerical tools that are necessary in order to model a
complex phenomenon such as the chaotic terrains formation. The thesis started
with simulation of the thermal convection benchmark which was supposed to set
up the course for exploration of more complex tools.

The thermal convection started with the modelling of the decoupled system
which combines the Stokes problem with the heat equation and the boussinesq
approximation and nondimensionalisation, which enabled us to neglect the non-
linearities and rather build a model on which more complex properties could be
modelled.

The implementation of the benchmark by Blankenbach et al. [1989] considered
Taylor-Hood elements for the Stokes problem and piecewise quadratic polynomial
elements for the heat equation. Moreover, the Crank-Nicolson scheme was used
in order to obtain more stable solution for the heat equation.

Next step was to introduce the notion of free surface, which was implemented
by constructing of the Arbitrary Lagrangian Eulerian method for the displace-
ment of the mesh nodes. This method requires to handle some of the numerical
problems which is the stability problem discussed in 2.3.3. Moreover, the move-
ment of the mesh required to set up the boundary conditions so that they are
covered in the weak formulation of the problem which was discussed in the section
2.3.4. When the implementation of the free surface was done, the thesis ran a
benchmark to the previously studied thermal convection in a fixed domain. The
benchmark compared the values of dynamic topography generated by the forces
on the surface ΓT . This was compared to the generated topography using the
mesh displacement and the results were in a good agreement.

The next complexity to the model was added with the introduction of vis-
coplasticity assuming the material flowing in the domain might switch to the
plastic regime where the deformation would proceed differently. This was imple-
mented and checked in comparison to benchmark by Tosi et al. [2015]. In the
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end, the effect that was sought is the strain weakening, which enabled the model
to cause brittle failure of the crustal material in the domain.

The introduction of the strain weakening was linked to benchmarking of the
model in this thesis against the model made by Maierová [2012]. This led to
the introduction of discontinuous Galerkin elements in the implementation and a
specification of the deformation in the plastic regime followed that.

Last but not least, the setup mimicking the parameters of Jupiter’s moon
Europa was created. This setup showed that the tools used in this thesis were
able to model the behaviour which could theoretically explain the formation of
the chaotic terrains by the four phase lens collapse model introduced by Schmidt
et al. [2011].

The models used in the thesis, however, faced a lot of assumptions, specially
the boussinesq approximation imposed a lot of conditions on the behaviour of
the studied system. The thesis also omitted the transfer of heat in the final
application which might play a significant role in the evolution of deformations
near the surface. On one hand, this approximation enabled us to build and
implement a model which would be much harder to create due to nonlinearities
if the approximation was not done. On the other hand, as the model gets more
and more complicated, the model might suffer either from misspecification due
to too many assumptions, or it might lose the connection to the real application.
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Conclusion
The Galileo and Cassini missions to the moons of Jupiter and Saturn led to a
discovery of fascinating details about some of these icy worlds. One of these
worlds is Europa, the Jupiter’s moon, which might harbour life in its subsurface
oceans. The possibility of presence of life forms led scientists focus more on the
understanding of the geodynamical properties of this planetary body.

This thesis focused on the study of the formation process of the so called
chaotic terrains. These formations which alternate the Europa’s surface might be
a result of a complicated geophysical process in the Europa’s icy shell. The thesis
followed a model assuming the existence of an underwater lake containing water or
ice close to the melting state. This model is expected by the research community
to answer the fundamental questions about the chaotic terrains formation and
the processes running in the Europa’s shell.

Several simulations were run in the thesis in order to validate the mentioned
mathematical model. These benchmarks were summarized in the discussion chap-
ter and were followed by a construction of an experimental model which suggested,
that the mechanisms implemented in the model might be sufficient to model the
chaotic terrain formation. Nevertheless, the tools used were limited and the re-
sulting model is rather an outlook of what can be studied more rigorously than
a rigorously validated model.

The outlook of this thesis might be to extend the models used in this thesis
by experimenting and adding more setups to the final application, or possibly by
generalizing of the . setup by adding of the heat equation or extending the model
to three spatial dimensions.
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