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Abstrakt

Ndzev prace: Lipschitzovské funkce v analyze systému
parcialnich diferencidlnich rovnic
Autor: Veronika FiSerova
Katedra (tdstav): Matematicky dstav UK
Vedouct diplomové prace: Doc. RNDr. Jana Stard, CSc., Katedra
matematické analyzy, MFF UK
E-mail vedouciho prdce: stara@karlin.mff.cuni.cz

Abstrakt: Uvazujeme staciondrni proudéni homogenni nestlacitelné tekutiny
nenewtonovského typu. Predpokladame, ze viskozita tekutiny zavisi na
stiedni hodnoté tenzoru napéti (na tlaku) a na rychlosti smyku. Motivaci
pro tuto zavislost muze byt celd fada z technologického hlediska vyznamnych
experimentu a studii. Zabyvame se systémem parcidlnich diferencidlnich
rovnic, které popisuji vySe zminénd proudéni, doplnénych zéroven o ho-
mogenn{ Dirichletovu (tzv. no-slip) okrajovou podminku a pro tento systém
dokazeme globdlni existenci slabého FeSeni za urcitych blize specifikovanych
predpokladu kladenych na strukturu viskozity. To je provedeno pomoci
limitniho pfechodu od slabého feSeni dfive jiz zavedeného aproximativniho
systému, pro ktery je existence slabého feseni rovnéz ukazana, a sice pomoci
Galerkinovych aproximaci. Dulezitou roli pfi samotném limitnim pirechodu
poté hraje fakt, ze viskozita je v jistém smyslu monoténni. K tomu, abychom
ukdazali konvergenci tlaku a symetrické ¢asti gradientu rychlosti skoro vsude,
zavedeme rozklad tlaku a pouzijeme lipschitzovské testovaci funkce. Pro
tento ucel vyuzijeme tzv. Lipschitzovskych aproximaci Sobolevovych funkei.
Klicovd slova: existence, slabé feSeni, nestlacitelnd tekutina, viskozita zavisla

na tlaku a na rychlosti smyku, Lipschitzovska aproximace funkci z VVO1 P

Abstract

Title: Lipschitz functions in analysis of PDEs
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Department: Mathematical Institute of Charles University
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Mathematical Analysis, Charles University
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Abstract: We consider a steady flow of a homogeneous incompressible non-
Newtonian fluid. We suppose that the viscosity of the fluid depends on the
mean normal stress (the pressure) and on the shear rate as this dependence
is motivated by many technologically important experiments and studies.
We study a system of partial differential equations that govern such flows
of fluids subject to the homogeneous Dirichlet (no-slip) boundary condition
and establish a global existence of a weak solution under certain specified
assumptions on the structure of the viscosity. This is carried out by pass-
ing to the limit in the weak solution of a previously introduced approximate
system, the existence of which is also shown. The fact that the viscosity is
monotone in some sense plays an important role. A decomposition of the
pressure and Lipschitz test functions as Lipschitz approximations of Sobolev
functions are incorporated in order to obtain almost everywhere convergence
of the pressure and the symmetric part of the velocity gradient.

Keywords: existence, weak solution, incompressible fluid, pressure- and shear-

dependent viscosity, Lipschitz approximation of WO1 "P_ functions



1 Introduction

The most famous model that describes a flow of an incompressible fluid is
the well-known Navier-Stokes model which considers the viscosity of the fluid
to be a constant. While this model is capable of describing a large class of
flows of fluids, it is inadequate to capture the so-called non-Newtonian behav-
ior. The typical non-Newtonian features include for example the dependence
of the viscosity on the shear rate, stress relaxation, non-linear creep, the
development of normal stress differences in a simple shear flow or yield-like
behavior (for details see [26] or [20]). An interesting naturally raised question
is whether the viscosity of an incompressible fluid could also depend on the
pressure. Such a property would then fall into the class of the non-Newtonian
responses as well.

In the year 1845 Stokes was the first to consider this possibility and in
his paper [28] he carefully delineates under which conditions the viscosity
could be assumed as pressure-independent. Since then the dependence of
the viscosity on the pressure has been proven by many experimental studies
and we briefly discuss a few of them.

In 1893 Barus in [6] proposed the following relation between the viscosity
i and the pressure p for liquids

1(p) = po exp(ap), a > 0.

This expression has been widely used in elastohydrodynamics where the fluid
undergoes a wide range of pressures and a significant change in the viscosity
occurs (see [29]). There is a great amount of another experimental work prior
to 1930 concerning the pressure-dependence of the material coefficients and
the related discussion can be found in the book [8] by Bridgman. On the
basis of experiments with more than 40 liquids Andrade in [4] suggested the
following relationship between the viscosity u, the pressure p, the density p
and the temperature 6

B
p(p, p,0) = Ap'/? exp (g(p + Dp?)) ,

where A, B and D are constants. Notice that also Andrade obtained an
exponential dependence on the pressure, however, his expression seems to be
more general. A large number of more recent studies concerning other for-
mulas for the variation of the viscosity with pressure are available as well and



almost all of these studies more or less involve the exponential dependence.
A detailed list of references related to this topic can be found in [21]. Lately,
Bair and Kottke (see [5]) have shown that in fact the viscosity can depend
even more drastically on the pressure so that the equations above cease to
be appropriate.

While the experimential background gives clear evidence for the possible
dependence of the viscosity on the pressure, such is not the case in the clas-
sical textbooks of continuum mechanics where the models for incompressible
fluids with pressure-dependent material coefficients are completely omitted.
Let us illustrate the matter by recalling the standard derivation of constitu-
tive equations for a homogeneous compressible and incompressible Newtonian
fluid (the second one is referred to as Navier-Stokes fluid). For simplicity, we
consider three-dimensional flows.

Ignoring all temperature effects, the standard approach is based on an
assumption that the Cauchy stress depends on the density and the veloc-
ity gradient and from the so-called principle of material frame-indifference
actually only through its symmetric part D = D(v) = (Vv + (Vv)?), i.e.,

T= f(paD)

If we require the fluid to be isotropic, then the function f has to satisfy the
restriction

f(p,QDQT) = Qf(p,D)Q" for all orthogonal tensors Q

and the standard representation theorem for isotropic tensor functions im-
plies that the stress has the following form (for representation theorems see
for example [30])

T= Oé()l + OélD + CYQD2,

where «; = a;(p, Ip, IIp, I11p) and
1
Ip=trD, IIp= §((trD)2 —+trD?), Illp = detD.
The requirement on the stress being linear in D then yields

T = —p(p)l + A(p)(tr D)l + 2u(p)D,

which is the Cauchy stress for the homogeneous compressible Newtonian
fluid. The pressure p appearing in this relation is a thermodynamic pressure
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and its relationship with the density p is through an equation of state. If
this equation is invertible then the bulk and shear viscosities A and p can be
indeed expressed as functions of the pressure.

On the other hand, an application of the similar procedure to a homoge-
neous incompressible fluid, i.e., to

T=fD) and trD =0,

leads to
T = aol + @D + a,D?, (1.1)

where a;, 1 = 0, 1,2, depend on

1 1
——trD?* = —=|D|* and detD.
2 2

If we again require the stress to be linear in D, the expression (1.1) simplifies
to
T =—pl +2uD,

with the viscosity p being a positive constant and the pressure p being the
mean normal stress, namely

1
pP=-3 trT.

Evidently, the viscosity cannot be expressed in terms of the pressure as the
viscosity itself is constant. Later on, we shall present an alternative approach
that, on the contrary, is capable of describing incompressible fluids with
pressure-dependent viscosities as well.

Let us now mention another example. Note that (1.1) also involves the
incompressible non-Newtonian fluids with shear rate dependent viscosity, i.e.,

T = —pl + 2u(|D|?)D, (1.2)

which include the popular power-law fluids with the viscosity of the form
w(IDI*) = wo|D|""2, where r > 1 is the power-law exponent and pq is a
positive constant, as a special case.

In this thesis we shall be interested in the class of homogeneous incom-
pressible fluids with the viscosity depending on the pressure and the shear
rate alike and having the Cauchy stress of the following representation

T = —pl + 2u(p, |D|*)D, (1.3)
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as this model is considered in various engineering areas, among others in
elastohydrodynamics or mechanics of granular and visco-elastic materials.

We would like to remark that we will not focus our attention on the
precise dependence of the viscosity on the pressure and the shear rate, but
only consider the viscosity to satisfy certain conditions specified later.

Though the models (1.2) and (1.3) look similar, there is a remarkable
difference between these two relations. Since the pressure p is the mean
normal stress —%trT, it becomes obvious that the first one is an explicit
relationship between T and D whereas the second expression is an implicit one
and hence cannot be gained by the procedure described above. Nonetheless,
there are at least two other concepts that are able to capture models of
the type (1.3). The first one is a thermodynamic approach based on the
maximization of the rate of dissipation and the second one is the so-called
implicit constitutive theory, both methods developed by K. R.Rajagopal and
his co-workers (for details see [20] or [21]).

Let us consider the second approach, which shows more similarities with
the classical one, and let us start with an implicit equation having the form

f(T,D) =0.
The demand of isotropy now means that
FQTQT,QDQY) = Qf(T,D)Q" for all orthogonal tensors Q.
In this case, the representation theorem for isotropic tensor functions yields

aol + oy T+ asD + asT? + auD? + a5 (DT + TD) + a6(T?D + DT?)
+ a7(TD? + D*T) + ag(T?D* + D*T?) = 0,

where «;, © = 1,...,8, depend on the invariants
tr T,trD, tr T2, tr D?, tr T2, tr D?, tr(TD), tr(T?D), tr(D*T), tr(T*D?).

Consequently, if we choose

1
ap = —gtrT,
Oélzl,
1 2
ay = —Q,u(—gtrT,trD ), 1> 0,
a; =0 fori=3,...,8



and define p to be the mean normal stress

1
pP=-3 trT, (1.4)

we obtain the Cauchy stress of the form
T = —pl + 2u(p, D*)D. (1.5)

Notice that we have derived the model (1.3), and due to (1.4) and (1.5)
we have obtained the constraint of incompressibility trD = dive = 0 as a
consequence, which is a very interesting feature of the implicit constitutive
theory. Thus, (1.3) indeed describes incompressible fluids.

The main aim of the thesis is the mathematical analysis of one such model.
To be more precise, we will be interested in steady flows of homogeneous
incompressible fluids that have the Cauchy stress of the form (1.3) and are
subject to the homogeneous Dirichlet (no-slip) boundary condition. With
the help of Lipschitz approximations of Sobolev functions, we shall establish
the existence of weak solutions to the system of partial differential equations
that govern such flows of fluids. We start discussing the mathematical issues
in the next section and begin with a description of the mathematical model.



2 Mathematical model

2.1 Definition of the problem

In order to derive the governing equations, we consider that the flows take
place in an open and bounded domain 2 C RY d > 2, with a smooth
boundary as specified later. On substituting (1.3) into the balance of linear
momentum

d
pd—"t’ — divT + pf,
where f is the specific body force, we arrive at

P2~ div(u(p, D)D) + Vp = pf in (2.1)
To this equation we add the constraint of incompressibility and the boundary
condition.

It is also convenient to divide the equation (2.1) by the positive constant
value of the density p. Then, relabelling %, % by p and v and remembering
that we are interested only in steady flows (%—;’ = 0), we can rewrite the
above-mentioned system as

div(v ® v) — div(v(p, |D(©)*)D(v)) + Vp=f inQ
dive =0 in Q2 (2.2)
v=20 on 0f),

where ® denotes the standard tensor product.
In addition, we shall suppose that the pressure p meets the following
condition

[ o 23

As it is not completely clear why we should assume such a condition, it
requires a brief explanation. The pressure in an incompressible fluid is de-
termined to within a constant. In the classical Navier-Stokes equations (or
other models with pressure-independent viscosity) only the gradient of the
pressure is met and so the choice of a constant that fixes the pressure is irrel-
evant. In our case, on the other hand, the situation is completely different.
We deal with a pressure-dependent viscosity and this means that also the
actual value of the pressure is encountered. Therefore, this constant plays
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an important role and needs to be fixed. From a physical point of view it
might be appropriate to prescribe the pressure at some point of €2 or 0f2.
Nevertheless, in the context of the mathematical framework, as we consider
integrable functions, it would be more preferable to consider the mean value
of the pressure over some subdomain of €2 or over some subpart of the bound-
ary 0€) of non-zero volume and area measure respectively. Currently, there is
a work in progress concerning the conditions decribing the normal traction,
ie,p+(v-n)?—v(p, ]D(v)]2)D(v)n -m = ¢, g being a given function, on a
part of the boundary having non-zero area measure. Unfortunately, yet no
results are available and in view of this fact and for simplicity we restrict
ourselves to the condition (2.3) though it is not quite natural.
We denote the system (2.2) together with the condition (2.3) by (P?).

2.2 Structure of the viscosity and its consequences

As we already mentioned in the introduction, we will not focus our attention
on the precise relationship between the viscosity, the pressure and the shear
rate.

In the following, we assume that the viscosity v(p, |D|?) is a C'-mapping
of R x Ry into R satisfying for some fixed (but arbitrary) r € (1,2) and all
D € R4 B € R¥? and p € R the following two conditions

sym’ sym

r—

C1(1+|D]?)= B <

‘(%V(p, ID”)D)
dp

r—

. (B®B) < Co(1+|D|?) T |B]> (24)

o(v(p.|D]2)D)
oD
‘ < 70(1+DP)

r—

42 S Y0, (25)

with positive constants C; and Cy and a sufficiently small constant vy > 0
on whose value we require that

< Cl
o Caiv(£2,2)(Ch + Cz)7

(2.6)

where the constant Cg;y(€2,q) occurs in the problem of solvability of the
equation divu = f discussed in Appendix (see Lemma A.3).

These assumptions deserve a short comment. If v is independent of p it is
clear that the condition (2.5) is irrelevant and (2.4) is met by the power-law
fluids. On the contrary, our assumptions do not allow us to consider any
model where the viscosity depends only on the pressure.

11



For a better illustration, we mention some examples of the forms of vis-
cosities fulfilling the conditions (2.4) and (2.5).

Example 2.1. Consider for r € (1,2) and for a constant A € (0, 1]

r—2

vi(p,DI) = (A+(p) + D) =, i=12,

where v;(p) have the form (¢ > 0)

m(p) = (14 a?p?) "2,

B (14 exp(ap))™? if p>0
2(p) =9 ifp<0.

(Note that 0 < v;(p) <1 fori=1,2.)
Then (2.4) holds with Cy = 22 (r — 1) and Co = A= and (2.5) holds
with 7o = % aq (see [23] and [9]).

The first very important feature of the viscosity following from the as-
sumptions (2.4) and (2.5) is a certain type of monotonicity. We will see that
this property plays a crucial role in mathematical analysis of the problem
(PY). For simplicity, we set

S(p,D) := v(p,|D[*)D.

Lemma 2.1. Let the assumptions (2.4), (2.5) hold. For arbitrary p*,p* € R
and D',D? € R4 we set

sym

r—2

1
712 ::/ (1+|D? + (D' — D)%) D' — D?|" ds.
0

Then

C o 2

I < (8(p',D') =S(p*,D%) - (D' = D) + - p' —p?". (2.7
2 2C,

The condition (2.4) yields another useful properties (as coercivity and

growth) and we summarize them in the next lemma.

Lemma 2.2. Let the assumption (2.4) hold forr € (1,2). Then for allp € R
and D € R%xd

sym

V(p.IDP)D D > SL(DJ ~ 1) (2.9

12



and

&

m(lHDDI—(?—”A forall A€ [0,1].  (2.9)

[v(p, ID[*)D| <

For the proofs of Lemma 2.1 and Lemma 2.2 see [12] and Lemma 5.1.19
in [22], respectively.

2.3 Existence theorem and known results

Before we proceed to the formulation of the existence theorem, we first fix
the notation.

We consider that the domain Q C RY, d > 2, has Lipschitz boundary 09
and we write Q € C%L.

Let 1 < ¢ < oo. In the standard way we denote the Lebesgue spaces L9(2)
equipped with the norm || - ||, and the Sobolev spaces W'4(Q) equipped
with the norm || - ||, of scalar measurable functions defined on Q C R

Wyi(Q) = C2(Q) Mo are Sobolev spaces of functions with zero traces on
the boundary 99Q. If X(Q) is a Banach space then (X (€2))* stands for its
dual space and X (Q)¢ := {u : Q — R%u; € X(Q),i = 1,...,d}, similarly
X( Q)&= {A:Q — R™:A; € X(Q),4,7 =1,...,d}. We also introduce
the following subspaces of Lebesgue and Sobolev spaces

Li(Q) = {h € LYQ) : / hdr = 0}
0
Wolﬁiv(Q)d = {u e W;(Q)?*: dive =0 ae. in Q}.

Let us also denote the norm of the dual space (W, 9(Q)%)* = W19 (Q)¢ by

| - [[-1,¢ and the duality pairing by (-,-), ¢ = _%7. All the spaces introduced
above are Banach spaces. Moreover, if 1 < ¢ < oo, then they are also

reflexive and separable.

The prime motivation for the thesis was an effort to improve the below-
mentioned existence result for the system (P°) concerning the parameter r
established by Franta, Mélek and Rajagopal in [12]. The authors considered
the mean value of the pressure to be fixed by an arbitrary constant py € R.
For py = 0, the result can be formulated in the form of this theorem.

13



Theorem 2.1. Let Q C R? be an open bounded domain, d = 2 or 3, and let

Q e C¥'. Let the assumptions (2.4) and (2.5) be satisfied with 2% < r < 2

and let f € (Wy"(Q))*. Then there exists a weak solution (v,p) to the
problem (P°) such that

v EWyh () and pe Ly(Q)

and for all @ € W, ()¢ holds

/Q v(p, ID(v)[)D(v) - D(p) dz — / (v® ) Veods

Q

—/deivcpdx—<f,<f>>-

The lower bound dS—fQ comes from the requirement on integrability of the
term (v ® v) - V. Therefore, we are interested in the case when r > %
since we want the pressure to lie at least in L!. In order to obtain this lower
bound, we have to consider test functions from VVO1 (Q)? again to ensure
the integrability of the convective term.

The result of the thesis is the following theorem and its proof is the

content of Section 4.

Theorem 2.2. (Existence theorem) Let Q C R? be an open bounded
domain, d > 2, and let Q € C%'. Let the assumptions (2.4) and (2.5) be
satisfied with d2f2 <r< % and let f € (W, " (Q)")*. Then there exists a
weak solution (v,p) to the problem (P°) such that

dr
v e Wi () and pe Ly (Q)

and for all p € Wy ()¢ holds

/ v(p.ID(v))D(v) - D(gp) dir — / (v®v) - Veds
Q

Q

- /deivcpdos = (f. ).

Before we draw up a survey of known mathematical results concerning
our model and related problems, we wish to remark that there is a difference
between the analysis of the models with v = v(p, |D|?) and with v = v(|D]?).

14



In the latter case, the standard approach is based on dealing with spaces
of divergence-free functions from the very beginning and thus completely
eliminating the pressure from the analysis of the problem. The pressure is
afterwards reconstructed by using for example de Rham’s theorem. Unfor-
tunately, the same method cannot be applied to the problems with pressure-
dependent viscosity since we need to have knowledge of the nature of the
pressure a priori.

One of the main ingredients of the proof of Theorem 2.2 will be the
so-called Lipschitz truncations of Sobolev functions. An application of these
Lipschitz approximations can be found in [13] where Frehse, Mélek and Stein-
hauer showed the existence of solutions for steady flows with shear rate de-
pendent viscosity subject to the homogeneous Dirichlet boundary condition
for the case r > %. A simplified version of the proof together with an-
other interesting application of Lipschitz approximations in existence theory
of incompressible electro-rheological fluids can be found in the recent study
by Diening, Mélek and Steinhauer [11]. For the case of pressure and shear
rate dependent viscosity, we have already mentioned the existence result es-
tablished in [12] for exactly our problem for r between % and 2. As for
unsteady flows, Mélek, Necas and Rajagopal in [23] and Hron, Mdlek, Necas
and Rajagopal in [17] showed global-in-time existence under spatially peri-
odic boundary conditions and these results were extended to flows in bounded
domains subject to the Navier’s slip by Bulicek, Malek and Rajagopal in
[10]. On the other hand, there is no global existence theory available both
for steady and unsteady flows of fluids whose viscosity depends only on the
pressure. There are several studies, such as by Renardy [27], Gazzola [14]
or Gazzola and Secchi [15], but all of them suffer from the drawback that
either the structure of the viscosity is contradicted by experiments or only
short-in-time existence of solutions for small data is shown. Recently, some
numerical solutions for the flows of fluids with pressure-dependent viscosities
in special geometries have been obtained by Hron, Médlek and Rajagopal [16].

15



3 Approximate system and existence of its
solutions

3.1 Introduction of the approximate system

In order to establish the existence of a weak solution to (P°), we introduce
an approximate system of equations (P7) with the help of the so-called
quasi-compressible approximation.

It is based on the fact that no fluid is perfectly incompressible. There-
fore, we replace the constraint of incompressibility dive = 0 by a Neumann
problem for the pressure and for all € > 0 of the form

—eAp* +ep® +dive® =0 in
op°
on

Such an approximation also ensures that we have information about the
pressure from the very beginning, which is crucial as the viscosity depends
on it.

In order to be able to test with the solution itself, we have to make sure
that all of the terms appearing in the weak formulation will make a good
sense. The trouble arises in the convective term and hence also another level
of approximation (n—approximation) is considered by introducing an extra
term to the equation of motion, namely

=0 on 0f).

2r'—2

1T A

where 7' = .
r—1

Since divv®" in no longer equal to zero and we would still like to deal
easily with the convective term (for preservation of uniform estimates), we
modify it as well. For this purpose, we decompose the ”approximate” velocity
v=" in the following way (see Lemma A.3 and below)

V& = Po + g,ﬁ,ﬂj
where g¥"" solves the following problem

. &,m . .
divg? " = divo” in Q

gv" =0 on 0f).

16



Notice that from the definition it is obvious that div Pv®" = 0 a.e. in 2 and
therefore considering v*=" ® Pv*" instead of v ® v*=" gives

/Q('va’" ® Pv=") - Vooldzr = 0. (3.1)

Later on, we will see that thanks to the additional term 7|v*"|*" ~2v%" the
expression (v®" ® Pv=") - Vo7 is indeed an integrable function.

Moreover, from Lemma A.3 we also have the estimates (A.2) and (A.3)
for g and for Pv®", respectively.

Incorporating all of the above-mentioned modifications, we obtain the
approximate system (P7) of the following form

v 2r’72v€,n + div(ve" ® rP,vs,n
o] v ) ) —f inQ (32)
— div(v(p™", [D(v=")|")D(v*")) + Vp"
—eAp™T 4+ ep +divo®T=0 inQ (3.3)
en
Op =0 onof
on

" =0 on 0f).

Note that (3.2), (3.3) and the Gauss’ theorem imply that

/pa’” dz = 0.
Q

First, we will prove that there exists a weak solution to (P=") and then
by letting ¢ — 0 and 7 — 0 in the weak formulation of (P="), which will be
done in Section 4, we shall obtain a weak solution to (P?).

3.2 Existence of solutions

Our goal is to show that for dZ—dZ <r< % and for fixed €, 7 > 0 there is a

weak solution (v=", p=") to the problem (P=") such that
v e Wy (N L (Q)? and  po" € WH(Q) (3.4)
and for all £ € W2(Q)

6/ Vpo'-Védr + E/pa’nf dr + / divo®"édr =0 (3.5)
Q Q Q

17



and for all ¢ € Wy (Q)? N L' (Q)4

0 [ o de 5 [ bGP D@D Dig)de (36)
— /Q(’v‘g’77 ® Pv*") - Vedr — /ng’”divgodx =(f, ).

Note that all the integrals above make sense, including fQ divo®"¢dx as

W2(Q) — L"(Q) for r > 24 The proof of the existence is via Galerkin

approximations. Since ¢, n > 0 are fixed, the dependence of the quantities
on ¢ and 7 is not designated in what follows.

Since all of the considered function spaces are separable, let {a*}2°, be
a basis in W, (Q)? N L*"(Q)% and {a*}22, be a basis in WH?(Q). We look
for approximations p" and vV of p and v of the form

N
:Zcfjak and oV ZdN Fofor N=1,2,..., (3.7)

where ¢V = (¢N,...,cN) and d¥ = (dV,...,dY) solve the Galerkin system
(a system of 2V non-linear algebraic equations with 2/N unknowns)

5/VpN-VofderE/pNofdx—/UN-Vo/dl’ZU r=1,...,N, (3.8)
Q Q Q

/|v "2V . af da —I—/ N,|D(vN)’2)D(vN)-D(as)dx (3.9)
/( ® Po™) - Vasdx—i—/Vp a’dr=(f,a’) s=1,...,N.
Q
The solvability follows from Lemma A.4, the proof of which is based on
Brouwer’s fixed point theorem, and uniform estimates. At first, we recall

that )
S(™,D(v"Y)) :==v(p", |D(v™)|")D(v"Y).

We define a mapping ¢” : R2V — R2N for s =1, ..., N through
oY (dN V) = 7}/ [V 20N e de — /(’UN ® PoY) - Va*dxr
Q Q
+ / S(p",D(vY)) -D(a*) dx —/pN diva®dx — (f,a”)
Q Q
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and for s = N +1,...,2N through

PN (d",c) =€ / Vp Vot Ndr +e / pNo N dx
Q Q

— / vV Vo N dr.
Q

Notice that ¢ is a continuous mapplng If (dY,c) — (dV,c") in R?NY
for [ — oo, then also (v, pN) — (vN, p") in W, ()4 N L¥ (Q)4 x W2(Q)
for | — oco. Remembering the definition (3.7) of pV and v", considering
the second property of the viscosity from Lemma 2.2 with A = 1 and using
Lebesgue’s dominated convergence theorem (see Theorem A.4), we can verify

oV (d), c)) — N (dV,c") inR¥  for | — oco.

(3.10)

Furthermore, from the definitions of pV, v™ and the mapping ¢ and with
the use of (3.1) we can write

¢N<dN,cN>-<dN,cN>—§¢N d~, e)(dY, ev),
=05+ [ SG D)D) dr
—/ﬂp divo®™ dz — (f,v")
" / PV divo do + e[ VpV |3 + lp 2
= o™ 2 + £ VPV + ellp™| 2

+ [ 6" D)D) dr = (.0,

After using the growth of the viscosity (2.9) with A = 1, Hélder’s, Korn’s
and Poincaré’s inequalities, we arrive at
@™ (d",c") - (dV,e") = Cllv|T, = I F 1o,
> Cllo™ [l (™5 = ©)-

Since r > 1, Lemma A.5 guarantees that also the second assumption of
Lemma A.4 is fulfilled. Therefore, we can apply it to obtain that

(@, ") oM (dY,cN) = 0.
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To derive the uniform estimates, we multiply the r-th equation in (3.8)
by ¢V and sum all equations for » = 1,..., N and then multiply the s-th
equation in (3.9) by d¥ and sum the equations for s = 1,..., N. Thus,

Vo -+ el + [ oV divodo =0,
o5 + [ S¥.DY) DY) dr — [ p¥dive” dr = (£.0%)
and after summing these identities
€||VpNII§+€IIPN||§+77||le|§$:+/QS(pN, D(v™))D(v")dz = (f,v"). (3.11)

Now, on using the property (2.8) of the viscosity, Korn’s, Young’s and
Poincaré’s inequalities, we get
el VoI5 + ellp™ |13 + ClIVoN | + o5 < O < oo
and with the help of (2.9) with A =1 also
IS(™, D(v™))]l» < C < co.

Therefore, thanks to Theorem A.1 from reflexivity of the function spaces we
can find a subsequence (we denote it as the original sequence) such that

vV v weakly in W, (Q)%,

RN weakly in L2T,(Q)d,

N —p weakly in W'?(€Q),
S(Y,D(v™)) = x  weakly in L™ (Q)%¢,

and due to the compact embedding and the interpolation inequality (see
Theorem A.3 and Lemma A.2)

d
oY S strongly in L4(Q)? for all ¢ : 1 < ¢ < d—r,

—r
vV > strongly in L4(Q)? for all ¢ : 1 < ¢ < 2v”, (3.12)
vV - almost everywhere in 2,

pY —p  strongly in L*(Q).
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Owing to the estimate (A.3), we also have that
PvY — Pv  strongly in LI(Q)? for all ¢: 1 < g < 2r'.

Moreover, the estimate |[|o™N[>" 20N o = [[oV]|277! < C and the fact
2r/ —1

that [0V 20N — || ~2v a.c. in Q imply that
oV 2N 9| "2p weakly in L%(Q)d. (3.13)

These convergences allow us to obtain the limit in (3.8)-(3.9). Letting N
tend to infinity, for all base functions o and a® we arrive at

S/Vp-Vofdx +5/po/dx —i—/divvardx:O for all r € N
Q Q Q

and

7]/ 0| 2v - a®dz + /X -D(a®)dz — /(v ® Pv) - Va’dz
Q Q Q

_/pdjvasdx:(f,as> for all s € N.
Q

From the density of linear spans of the base functions we conclude that for

all € € WH2(Q) and all p € W, " (Q)? N L (Q)?
e/Vp-ngx +5/p§dx —l—/divvﬁdx—o
Q Q Q
and
77/ 0|20 - pda +/X~D(<p)da: —/(v@Pv)-Vgodx
@ @ 2 (3.14)
—/deivcpd:r=<f,<p>-

In particular, testing with & = p in the first identity and ¢ = v in the second
one (note that both of these functions are admissible test functions) and
summing them gives us

5||VP||§+5||P||3+77||’U||%::+/QX'D(90) dz = (f, v). (3.15)
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In order to finish the proof, we need to identify x in (3.14). For this purpose,
it is enough to show that

D(v") — D(v) strongly in L"(Q)%*<. (3.16)

Once we have (3.12)4 and (3.16), we can find another (again not relabelled)
subsequence such that

pY —p aeinQ and D(v") —D(v) ae. in Q. (3.17)

Vitali’s theorem (see Theorem A.5) then completes the proof by showing that

[ 86".Dw") D) dr — [ (D)D) dr = [ x-Dle)d
Q Q Q
Indeed, knowing (3.17), we have

S(p",D(v")) - D(¢) — S(p,D(v)) -D(p) ace.in Q.

The second assumption of the theorem is then also satisfied as from (2.9)
with A = 1 follows that

/ES(pN,D(vN))-D(%’) dz < C(A+D@Y) ) Vel < ClIVelnp < e

In order to show (3.16), we recall the monotonicity condition (2.7) from
Lemma 2.1. Since ||[D(v")||, < C and ||D(v)]|, < C, we can see that

ID(w™) — D(w)|? < c/zvN»v dz. (3.18)
(9]
where

/I”N’” dr =
Q

_ /9/01“* D(v) + s(D(v") — D(v))

2. r—2

) P

ID(v") — D('v)|2 dsdz.
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Thus, from (3.18) and (3.11) we get
CID(") ~D(w)];
< (86" D) 5. D(w) - (D) ~ Do) e+ T — 3
/s dx—/Sp, (D(v") — D(v)) da
/s (»".D(v")) - D(v) dz + g,alN—pH%

2
r’ Bl
= (f, o) —ellVpY I3 = ellp™ 13 — nllo™ I3 + Q—&HPN - pll3

/ S(».D(v)) - (D(v") - D(v)) du — / S(»",D(v")) - D(v) d,

which can be rewritten as

el VP13 + nllv"l3 + ClID(w™) — D(w)]7
2
N
< (£, v") —ellp™ + 2—81|le =l

- / S(p.D(v)) - (D(v") — D(v)) dx.

—/S(pN,D('UN)) -D(v) d.
Q

Letting N — oo and using the weak lower semicontinuity of norms, namely

lim inf [ Vp™[[3 = [|Vplf3,

lim inf [|o™[[37; > [Jo]5,
N—oo

we obtain

limsup [D(v™) —D(v)||} < <f,v>—€HV29H§—5HPH§—77HUH§3::—/QX'D(U) da,

N—oo

which together with (3.15) implies that

limsup [D(v™) — D(v)|} <0,

N—oo

and thus (3.16) follows. O]
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4 Proof of the existence theorem

The goal of this section is to provide a proof of Theorem 2.2 and thus to
establish the desired existence result. The proof is split into several steps
that will be discussed in the following subsections. In order to obtain a weak
solution to the problem (P°), we first recall the approximate system (P")
and then let ¢ and 7 tend to 0 in its weak formulation. In both limits the
difficulty occurs in the term with the viscosity as the viscosity itself depends
on the pressure and on the shear rate. Therefore, several extra tools are
needed such as a decomposition of the pressure or the so-called Lipschitz
approximations of Sobolev functions.

4.1 Limit e — 0

We suppose that for all €, n > 0 and r fulfilling % <r< 3—‘12 there is

d+
a weak solution (v*",p>7) to the problem (P=") satisfying (3.4)-(3.6). For
simplicity, we write (v°, p?) instead of (v=", p=1).

4.1.1 Uniform estimates and their consequences

We start with the derivation of uniform estimates for v® and p®. Taking
¢ =p° in (3.5) and ¢ = v° in (3.6) leads to

nlof 2 + / v(7, ID(v°) ) ID(v°) [ dar — / P diver de = (f,v°)

@ 2 (4.1)

eI Vp 12 + ellpe2 + / p* div o* dar = 0.
Q

On summing these identities, using (2.8), Korn’s, Young’s and Poincaré’s
inequalities, we conclude from (4.1) that

ellVpell3 +ellpflls + ClIIVYEll +nllvfl3 < € < oo (4.2)
and then from (2.9) with A = 1 and (4.2) that

lv(p°, ID(v*)*)D(v°) . < C < 0. (4.3)
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In order to obtain an estimate for the pressure p® independent of ¢, we take
® = ¢° as a test function in (3.6), where ¢ solves

1
diVQOE — |p€|sf2ps o @/ ’ps‘372ps dr =: hs in Q
Q

@°=0 on 09,
with s = %. Note that ¢ satisfies
2dr
g < Caiw(2,9)||h° forallg:1<¢<s =—"——,
Il < CanlS )Y, forall g: 1< g < o' = i

and for ¢ = s’ in particular we have
1% [ls < 2Cai (2, 8)[IP°II5™" (4.4)

We use the fact that [, p°dz = 0 and with the help of (2.9), (4.2), (4.4) and
Sobolev embeddings, namely W' (Q) — L?'(Q), we can conclude (note
that r < s’ and s < 17)

1°lls = / v [D(v*) )D(v7) - D(¢*) dz — (f, &)

— /(v6 ® Pv®) - Ve dr + 7]/ v |7 "2 - pf da
Q Q
< CA+[IP@I)) el + 1F 110 6% N1

/

+ [v° @ Poe|[IVeslls + nllv 50~ 6|2
< Cleflly < Cliplls,

which leads to
1P| _2ar < C(n) < 0. (4.5)

@—2)r1d
According to Theorem A.1, reflexivity of the function spaces and the esti-
mates (4.2), (4.5) and (4.3) allow us to find a (not relabelled) subsequence
2dr
(v, p) and (v,p) € Wy ()N L¥ ()¢ x L™7(Q) such that
D(v°) = D(v)  weakly in L"(€Q)™¢

Vv® — Vo weakly in L"(€)%*¢,

v°— v weakly in W, ()<,

v° = weakly in L (Q)?, (4.6)
2dr

p"—p weakly in L2 (),

v(p®, |ID(v%)|*)D(v¥) — D weakly in L" (Q)%¢,
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and due to the compact embedding, the interpolation inequality and by using
the same arguments as for (3.13)

d
v° — v strongly in L4(Q)? for all 1 < ¢ < y ! ,
-
v° — v strongly in L7(Q)? for all 1 < ¢ < 27, (4.7)
5|7 "20f s u*' 2y weakly in L1 (Q)°%

We would like to pass to the limit in the identities (3.5) and (3.6) of the weak
formulation of (P="). Doing so, it follows directly from the first identity and
from (4.2) that

divo =0 a.e.in . (4.8)

This fact helps us to treat the convective term, for (4.8) and (4.7)y imply
that
Pv® — v strongly in LI(Q)? for all ¢: 1 < g < 27, (4.9)

which can be gained from the definition of Pv® and g¥° and from estimates
(A.2) and (A.3). From that and from (4.7)y we get

/(UE®PUE)-V¢dx—>/(U®v)-Vgod:c Ve € C5°(Q)%.
0 0

We easily obtain the limit in the term involving the pressure
/]f divepdr — /pdivgodm Y € C3°(Q)°
o) Q

and according to (4.7), we also have

17/ [v° " 20° - pda — 17/ 0| 2v-pdr Ve e CR(Q)%
0 0

To prove the convergence of the term with the viscosity, i.e., to show that

/ v(p*, ID(v)*)D(v%) - D(ep) dz — / v(p,[D(®)]*)D(v) - D(p) dz, (4.10)
Q Q
we need to know that

p°—p ae in and D(v°) — D(v) a.e.in (), (4.11)

at least for a subsequence. Similarly as for the existence for the Galerkin
system in Section 3.2., Vitali’s theorem (see Theorem A.5) then completes
this part of the proof.

The proof of (4.11) is contained in the next subsection.
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4.1.2 Almost everywhere convergence of p° and D(v°)

In order to show (4.11), we first decompose the pressure p° into two particular
pressures. The first one will converge strongly in some Lebesgue space and
the other one only weakly but in some "better” Lebesgue space, for example
in L”(Q). As a second step, we recall the monotonicity condition (2.7) for
the viscosity, with the help of which we then will be able to prove (4.11).

For the decomposition of the pressure, we consider two auxiliary Stokes
problems

—Av; + Vp; = h; in €2
divev; =0 in 2 (4.12)

=0 on 092, i =1,2,

SO oS

v

where
hi = div(v(pf, D) )D(v)) + f € (W,"()

, , 24
hS = — div(vs @ Pod) — g|vf| 20° € (W (Q)), ¢ = A

d+2)r—d

The classical theory for the Stokes system (see for example [3]) implies the
existence of solutions (v5, p$), i = 1,2, with the following estimates for Vo5
and for the pressures p; having zero mean value

2
1905l + 15511 < CIBE N gy < €+l ID(o) )P ()
19511 + 5] < ClUAS gy e < Cllv" @ Pl + Cllee 357"
< C)llofar.

From the continuity of the Stokes operator and owing to (4.3) and (4.7)a,
these estimates yield that

Vol — Vo, weakly in L7 (Q)4%<,

P; — p weakly in L (Q), (4.13)
Vv — Vv,  strongly in LI(Q)%?
P5 — P2 strongly in L(€2),
where ¢ € |1, %). Moreover, from the uniqueness of solutions of the

Stokes system we have

p"=pi+p; and v]=-vj (4.14)
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and therefore also
Vv§ — Vo, strongly in L7(Q)%*?. (4.15)
Let us now again remind the definition of
S(p,D) := v(p,|D]*)D

and let us integrate the monotonicity condition (2.7) from Lemma 2.1 with
D! = D(v®), D* = D(v), p' = p® and p? = p; + p5 over the domain 2. We
obtain

C .
31Qz”des:éﬁuﬁouf»—sun+p;Dw»>«D@f»—Dw»dx
+ 235 — (4.16)
201 1 29 °
where

/I“E’” dz = (4.17)
Q

r—2

> |D(v°) — D(v)|* ds da.

=Llu+m@+dmw—mmm
Our aim is to show that

/I”a’”dx—>0 for e — 0.
0

Firstly, since p§ converges pointwisely a.e., (2.9) with A = 1 and Lebesgue’s
dominated convergence theorem (Theorem A.4) imply that

S(p1 + p5,D(v)) — S(p,D(v)) strongly in L™ (Q)%*?, (4.18)
Therefore,
/ S(p1 + p5,D(v)) - (D(v°) —D(v))dz — 0 for e — 0. (4.19)
Q

Next, considering the weak formulation (3.6) with ¢ = v® — v, we arrive at

/QS(pE, D(v®)) -D(v® —v)dx = /ng div(v® —wv)dz + (f,v° —v)

+ /(’UE ® Pv°) - V(v° —wv)dx

Q
- 77/ [v° |2 "2 - (v° — ) du.
Q
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As diveo = 0 ae. in  and fﬂp divvedz = —¢||Vp®|3 — ¢l|p°||3, which
follows from (3. 5) with & = pf, and since the terms e||Vp©||3 + ||p]|5 are
non-negative, we then conclude

/s D(v° —’u)dx</( 2 Pof) - V(vF — v) da
—n/lvEIQ’” 2yt (v — ) dr

, 05— v)

:/( ® Pv°) - V(v —v)dz

el / "2 20" - v da
<fav —'U

Consequently,

/S D(v° — v)dz + n||v°||2 < /('v8 ® Pv) - V(v —v)dx
0
+17/ 07”20 v dr (4.20)
Q
+ <fa v° — ’U>.

Moreover, on letting € tend to 0 and using the weak lower semicontinuity of
a norm, in our case
lim inf [|v® |37 > (o137,

we find that
limsup/s D(v* — v)dz < g(c), (4.21)
e—0

where g(¢) — 0 as ¢ — 0, since it follows directly from (3.1), (4.7)2, (4.9)
and (4.7)3 that the first and the last integral on the right-hand side of (4.20)
vanish as ¢ — 0 and

iy [ o 20 wdo =y [ ol do = gl
Q

e—0
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In view of (4.21) together with (4.19), the condition (4.16) can be expressed

as
Cl £ 702 2
T dr < 2 ps — 4.22
2 /o r < g(e)+ 20, IpT — p1llz, ( )

with g(¢) — 0 as ¢ — 0.
In order to handle the term ||p5 — p1]|3, we consider the weak formulation
of (4.12), 1 = 1, with a special test function ¢° satisfying
dive =p] —p1  in{
p°=0 on 0f) (4.23)
1651114 < Caw(2, Q)P — prlly forallg:1<qg<r"

Note that [,(pf — p1)da = 0. Since p{ — p; weakly in L™ (€2), from the
continuity and linearity of the Bogovskii operator (Lemma A.3) we see that

@ — 0 weakly in WH(Q)%. (4.24)

We have
65 il = | Vo5 Vtdo+ [ S47.DW) - Dl da
—<f,90€>—/ﬂp1(pi—p1)dw
~ [ Vo Verds + [ S(u+5.Dw) DigH)dr (129
+ [ (8(7.D(w7)) = S(r -+ 5. Do) - D)
—(f,¥") —/Qpl(pi—pl)dx-
From (4.24) and from (4.13), we easily obtain
tim((£.¢%) + [ 91035~ p)de) = (4.26)

Moreover, using the same arguments as in (4.18) and (4.19), we get
/S(p1 +p5,D(v)) -D(¢°)dz — 0 for e — 0. (4.27)
Q
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Since Vp® — 0 weakly in L™ (Q)%*? and 7’ > 2, V© — 0 weakly in L?(2)?*¢
as well. Vv — Vo, weakly in L™ (Q2)?*¢ and according to (4.15) and ¢ > 1,
we also have Vv — Vv, strongly in L'(2)?*?. The interpolation inequality
(Lemma A.2) with § = % € (0,1) yields that

VoS — Vo, strongly in L*(€)%*¢.

Consequently,
/ Vo] -Ve*dr — 0 fore— 0. (4.28)
o)

From (4.26), (4.27) and (4.28) we then arrive at
Ipi = pull; = g(e) + /Q (S(p",D(v%)) = S(p1 +p5,D(v))) - D(¢7) du,

where g(e) — 0 for ¢ — 0. After applying the assumptions (2.4) and (2.5)
to the integral on the right-hand side, we obtain

195 = pul < 9(2) + 0 | I = mlID()] da
Q

r—2

** ID(v*) — D(v)| ID (") |ds de.

+02/Q/0 (14 [D(v) + s(D(v°) — D(v))|*)

Now, we recall the definition of [, Z**dz in (4.17) and use the fact that
r < 2. Holder’s inequality, ' > 2 and (4.23), with ¢ = 2 then imply

3
125 = a2 < 9(6) + 0ll55 = prlla Vo2 + Co ( [z dx) 196
Q

< g(e) + 71 Cai (2, 2)|Ip] — P13

OO (©.2) ( [z dx) 5% = pall.
(9]

Applying Young’s inequality gives

c 1-— Y C. iv Q, 2 e
(1~ 20Ce 2. 2)) 5 — 1l < gfe) + 02 e e

0220c2liv(97 2) / :Z"Us,’v dr.
2(1 = 7%Caiv(2,2)) Ja
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As 1 —7Cai(€2,2) — %”(92) > 0 due to (2.6), we then conclude

C2C2 (9,2) i
e 2 < 2~ div ) Z-v v . 49
95— mill < 90) + 2 A / de.  (429)

Coming back to (4.22) and incorporating (4.29), we finally get

Ol £ fyg 02203 (Q, 2) / £
— [ IV dx < g(e) + = 7Y ?dx,
2 Jo 9() 2C1 (1 — 7Caiw(92,2))? Jq

with g(e) — 0 for e — 0. As % — %% > 0, again thanks to
(2.6), we indeed have

/I”E’” dr — 0 fore— 0. (4.30)
0

The almost everywhere convergence (at least for a subsequence) of the
pressure p° in €2 then follows from (4.14) since (4.30) and (4.29) imply the
a.e. convergence of the pressure pj and from (4.13), also the pressure pj
converges a.e. in €.

It remains to show the almost everywhere convergence of the symmetric
part of the velocity gradient D(v¢). After using the fact that |[Vove||, < C,
IVv]|, < C and r < 2 and after applying Holder’s inequality, we arrive at

/QyD(UE _ )| dz

< /Q(I”E’”)é ( 1(1 + |D(v) + s(D(v° — v))|2)2ds> 7 dz

0

N

=c| (Z%*)2(1+ |D(v)] + [D(v)])Z de

2—r

3 ~
<c ( [z dx) A+ [V, + [IVoll) 2 (o
Q

<C (/ T dx) 430
Q

and at least for a subsequence we conclude that

N[

D(v°) — D(v) a.e.in Q. (4.31)
Using Vitali’s theorem then proves (4.10).
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4.2 Limit n — 0

We have already established the existence of a weak solution to the following

system (P7)

N[ P’ + div(v” @ v7) — div(v(p", [D(v")[*)D(v") + Vp! = f in Q
divv"=0 in Q

v’ =0 on 0.

In this subsection we would like to pass to the limit in n in its weak formu-

lation and obtain a weak solution to the system (P°). Similarly as in the

preceding subsection, we first derive the uniform estimates. Then in order to

be able to pass to the limit in the viscosity term, we show the almost every-

where convergence of the pressure and the symmetric part of the velocity

gradient with the help of the Lipschitz approximations.
From technical reasons, we set 1 := % and thus if n — 0, then n — oo.

4.2.1 Uniform estimates and their consequences

Let us consider v™ € W, (Q)? N L?'(Q)? satisfying dive™ = 0 a.e. in Q and
1 /
» [0 pds + [ v, D)D) D) do (1.32)
Q Q

n
—/(v”®v”)-Vsodx —/p”divsodw=<f,90>,
Q Q

for all ¢ € C2(Q)4 or else for all ¢ € Wy (Q)% N L¥ (Q)4, dive = 0.
Taking ¢ = v™ in (4.32) and using the same arguments as in (4.2), we
verify
1 /
IVl + o3 < € < o (433)
and then again from (2.9) with A =1 and (4.33) we have that
lv(p", ID(v"™)|*)D(v")l» < C < oo (4.34)

In order to obtain an estimate for the pressure p” independent of n, we apply
the same procedure as for p°, namely we take the test function ¢ = ™ in
(4.32), where ¢" solves

: n n|s— n 1 n|s— n n :
div " = [p"|*%p ) Ip"[* 2 p"dw =: A" in Q
Q

" =0 on 09,
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with s = %. The function ¢" then fulfills

dr

"o < Can (IR, forallg:1<g<s = — o

"1 < Con@ "y forall 451 <.q < = i
and for ¢ = s’ we have

1" I, < 2Cai (2, ) Ip" 157" (4.35)

Note that [, p" dz = 0. With the help of (2.9), (4.33), (4.35), the embedding
Whst — L2'(Q), s, = and the fact that s; < s’ and % < 1 we
conclude

mezly@ﬂmwm%mwwDWﬂm~wﬁ¢w

2dr
(d+2)r—d?’

1 /
- /(,vn ® vn) . V(Pndl’ 4 _/ ‘vn|2r 72,Un . QOndI
Q nJa
< C+ D)) " hr + 1F -1 1™ 11,0

1 _
+[v" @ "l V"l + 0" I35 1" o

r+1

n 1 n||2r’ n
< Clle" [l +C (v 130) 2 10" 11,6
< Clle" |l < Clipl137
which leads to

||pn||2(§ir) < C < o0. (4.36)

Owing to (4.33), (4.36), (4.34) and Theorem A.1 we can again find a (not

dr
relabelled) subsequence (v",p") and (v,p) € Wy, () x L7 (Q) such
that

D(v") =~ D(v)  weakly in L"(Q)%,
Vo" — Vo weakly in L" (€)%,

V" — v weakly in W5, ()7, (4.37)
_dr _
pt—p weakly in L, (),

v(p", ID(v™)[*)D(v") — vD weakly in L™ (Q)?*4,
and due to the compact embedding

d
v" — v strongly in LY(Q) forall ¢: 1 < ¢ < d_r (4.38)
—r
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Especially, v" — v strongly in L*(Q)? (as r > 2%).

Thus, after passing to the limit in (4.32), we get

/(v”@v”)-chdxe/(v@v)-chdx Vi € Wy (Q)4.
Q Q

We can easily obtain the limit in the term involving the pressure
/p” divepdr — /pdivgodx Vi € Wy ()4,
Q Q

since r > %, and therefore the pressure p" converges weakly also in L'(2).

We also have
1 p
—/ "2 2 pdz — 0 Ve € LX)
nJja

It remains to prove the convergence of the viscosity term, i.e., to show that
for n — oo and for all ¢ € W, ()

| v D)D) -Ble)dr — [ v(p. Pw)*)D() -Dlg) da.
For this purpose, we again need to know that
p" —p aeinQ and D(v") —D(v) a.e. in, (4.39)

at least for a subsequence. Vitali’s theorem (Theorem A.5) then completes
the whole proof.
The proof of (4.39) is a subject of the following subsection.

4.2.2 Almost everywhere convergence of p" and D(v")

In order to show (4.39), we again decompose the pressure p" into two pres-
sures and recall the monotonicity of the viscosity (2.7). However, we use
this condition in a different way as in Section 4.1.2. We apply the so-called
Lipschitz approximations of Sobolev functions that (as we are going to see)
are essential for our proof.

By an analogous procedure we deal with the decomposition of the pres-
sure. Consider again two auxiliary Stokes problems

—Av!+Vp!=h! inQ
dive! =0 in (4.40)
v =0 on 09, i=1,2,
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this time with the right-hand sides

hi = div(v(p", D(@")|)D(v") + f € (W,"())"
dr

n : n n 1 n|2r’' =2, n s’ *
hy = —div(e" @ ") — """ e (W ()", 8’=m-

The existence theory for the Stokes system then yields the existence of so-
lutions (v}, pl"), ¢ = 1,2, satisfying the following estimates for Vo and for
the pressures p' having zero mean value

Vol + 197l < ClR i@y < C + Cllu(e™, [D(0™)])D(v")]|

+1

n n n n n 1 1 n||2r &
19951+ 1551 < 1Sl < Cll @07t O (L)

n 2r’

From these inequalities thanks to (4.34), (4.33) and (4.38) we get

Vv — Vv, weakly in L™ (Q)?*¢,
P — m weakly in LTI(Q), (4.41)
Vv — Vv,  strongly in L¢(Q)™
Py — Do strongly in L9(€2),
where ¢ € [1, %). Furthermore, the uniqueness of solutions of the Stokes
problem again implies that
pt=py+psy and v} =-—vy (4.42)

and consequently
Vo — Vo, strongly in L7(Q)%?,

Remembering again the notation S(p, D) := v(p, |D|*)D, we now recall the
monotonicity condition (2.7) from Lemma 2.1 with D' = D(v"), D? = D(v),
p' = p" and p? = p; + py, but this time we will not consider the integration
over the whole domain 2. Unlike the similar situation (4.16) in Section 4.1.2,
we cannot now use ¢ = v" — v as a test function in order to treat the term

/QS(p", D(v")) -D(v" — v) dz.
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The reason is the fact that we are interested in the case when % <r< %
and for this v is not an admissible test function anymore. The trouble is
caused by the convective term since [,(v"®v")-V(v" —v)dz — 0 provided
that r > %.

Nevertheless, we notice that thanks to (4.37); the functions

satisfy the assumptions of Theorem A.6 on Lipschitz approximations of func-
tions from W, (Q)?. Therefore, there exists a sequence u™ € W, > (Q)
possessing the properties (A.5)—(A.9). Of course,

Q={u"=u"}u{u" #£u"} :=U,; UNU,,.

On returning to the monotonicity condition of the form mentioned above
and integrating it over the set of coincidence U, ;, we obtain (x denotes the
characteristic function)

= [ zrrars |60 - S0u + 43 D) D) ds
% n 2
(RN (143
where

/ TV dx =
Un.

:/U /0 (1+|D(v) + s(D(v") — D(v))[)

r—

2 |D(v") — D(v)|* ds dz.

Our goal is to show that

limsup/ Iv"%dx — 0 for j — oo.
Un

n—oo .
sJ

Firstly, in the same manner as before we deal with the second integral on the
right-hand side, namely we have

/ S(p1 + p5,D(v)) -D(u")dz — 0 for n — oo, (4.44)
Un.j
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since Lebesgue’s dominated convergence theorem implies that
S(p1 + p2,D(v)) — S(p,D(v)) strongly in L™ ().

Secondly, as we already know that w™ is not a suitable test function and since
u™J is not in general divergence-free on the set of non-coincidence Q\U, ;,
we consider the weak formulation (4.32) with a special test function

e n7j - —_ n?] n’]
p=@" =u" -y,

where ™7 solves the following system of equations

divyp™ = dive™ = divu™y ~in Q)
, s (4.45)
YP"7 =0 on 0N
and satisfies . '
||’l/)n7j ||1,r S C’div<Qa T) || div un’JXQ\Un,J- ||r

In addition, the properties (A.5)—(A.9) of the sequence u™/ and the con-
tinuity and linearity of the Bogovskii operator imply that for j € N and

n — 0o ,
™ — 0 strongly in LY(Q)? Vg € (1,00),

, . . J (4.46)
P =0  weakly in W9 (Q)* Vg e (1,00),
and
lim sup [|4™7]]1 < Caie (Q,7) limsup || div ™ x|,
< Cuaiv (2, 7) lim sup ||Vu"’jXQ\Un ) I (4.47)

n—oo

< nga

with ¢, := K 279/". Note that by (4.45), dive™ = 0 and thanks to (4.46)
we also have for j € N and n — oo that

@™ — 0  strongly in LY(Q)? Vg € (1,00),

nj ) La/epnd (4.48)
™ =0  weakly in W, 9(Q)¢ Vg e (1,00).

Now, considering the weak formulation (4.32) of the problem (P") with the
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test function ¢ = ™7, we can write
[ 867D D) do = (.70 = - [ o o
+ /Q (v" @ v™) - V' dx
+ [ S6.D) D™ do

7l 2 3 4
T In,j + In,j + In,j + In,j'

(4.49)

Letting n — oo and taking (4.33), (4.38) and (4.48) into account, we see that
lim (I, + 17+ 1)) =0.

n—oo

On the other hand, on using Holder’s inequality, (4.34) and (4.47), we get

I3, < IS, D)l IDW™ )], < O

g M+ + Cej = g(n) + Cegy,

where for j € N fixed the function g(n) — 0 for n — co. Putting everything
together, we observe from (4.49) that

/QS(p”,D(v”)) D(u™)dx < g(n) + Ce;.

Moreover, Holder’s inequality, (4.34) and (A.9) yield that also

and therefore

/w S(p -D(u™)dx < /QS(p", D(v")) - D(u™7) dz

/ S(p™,D(v")) - D(u™) dx
A\Up.;

< g(n) + Cej, (4.50)

+

where g(n) — 0 as n — oo for j € N fixed and ¢, — 0 as j — oc.
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Coming back to the inequality (4.43), from (4.44) and (4.50) we then
conclude

G

2
v 70 n
> ) I de < g(n) + Cej + 5o ll0f —poxe, Iz

(4.51)

2
Vi n
<g(n)+Ce; + —2001 1P} — pall3-

Clearly, we would also like to have that

It = pill3 < g(n) + Cé;.

For this purpose, we first look at the set Q\U,; = {u™ # u™} and show

that its Lebesgue measure is sufficiently small. We recall the Theorem A.6

and since A, ; > 1, according to (A.4), we observe from (A.9) that
[\Unsl = IXare, , It < Al Mnixa, llr

(4.52)
S CH)\n,jXQ\UnJ HT‘ S g(n) + cej.

Next, similarly as in Section 4.1.2, we consider the weak formulation of (4.40),
1 =1, with a test function " fulfilling

divep" =pl —p1  in ()

" =0 on 0f) (4.53)

10"l < Caw(2, )[IPY = pally forallg:1<qg<r'.
Notice that fQ (pt—p1) dz = 0. From the properties of the Bogovskii operator
and from (4.41), we have

@" — 0 weakly in W (Q)7.

On using the same arguments as for (4.26), (4.27) and (4.28) in Section 4.1.2,
we obtain

Ip} = p1llz = g(n) +/ (S(p",D(v")) =S(p1 + p3,D(v))) - D(¢") d,

Q

where g(n) — 0 for n — 0.
From application of (2.4) and (2.5) to the integral on the right-hand side
and Holder’s inequality we get

¢ = p1ll3 < 9(n) + 70Caie (2, 2) [P} — p1[l5 + Cs /Q J dz, (4.54)
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where

J = / (1+[D(v) + s(D(" —v)))2" D(v" — v)| ID(")]| ds.

0
/jdx:/ de+/ J dx
Q Un,j NUn,;

and recall the definition of Z¥"-*. On using Holder’s inequality, (4.53), with
g = 2 and Young’s inequality, we can write

%
/ J dx < Cgiy (92, 2) </ v d$> lpT — p1ll2
Un’j Un,j

We consider

2
< C’div(Q7 2)02 / I'v",’v dz
2(1 —7Cai (%, 2)) Ju,,
1 — Y Cdiv(Q7 2) n
o@Dyl

and with the help of Holder’s inequality, (4.33), (4.52) and the fact that r < 2
we arrive at

/ Jdz
Q\Un ;

<( [ zeas) ([ weras) o,
Q\Un,; Q\Un,;

< CIO\U, ;|57 < g(n) + C(e;) 57
Putting these two estimates together with (4.54) gives
(1= 20Cain (2, 2)|P} = pi]2 < g(n) + C(e;) 5
2 2
e f, T
+ 1 - ’YOC;W(Qv 2)

Thanks to (2.6) is 1 — 7Caiv(£2,2) — %V(Qz) > 0 and we get for the
L*norm that

1

NI=

»J

n

1Pt — pull3.

e C2 (9,2)C3
0 9 < Cle) 5 div ) 2
[P —pillz < g(n) + C(ey) * (1 — vCaiv (2, 2))?

/ T dr. (4.55)
U,

n,j
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, o R 030203 .
Furthermore, as r’ > 2 and 3 — & Ao e > 0, again due to (2.6),

from (4.51) and (4.55) we indeed have

1imsup/ I"%dx — 0 for j — oo. (4.56)
Un

—00 .
n 2J

The almost everywhere convergence (at least for a subsequence) of the
pressure p™ in €2 then follows from (4.42) as both p} and pj converge a.e.
owing to (4.55), (4.56) and (4.41),.

Finally, considering (4.52) and since ||Vv"||, < C, ||Vv|, < C and r < 2,
we obtain (with the help of Hélder’s inequality)

/Q\D(v"—v)]dx
:/Un |D(v"—v)|dx+/ D(v" — v)| do

N\Un,j
S /
Un.j

(Z¥"?)z </0 (1+|D(v) + s(D(v" — v))]Q)T52d3> dz
+Lwﬁmwm+mwmw

»J

[N

SCA (T*")}(1 + D(v")] + D(v)])*F dz

¥

1
+ (IVO" [l + (Vo) [Q\Un ;|7

1

<C (/ v dx) 1+ [|Vo"|, + Vo) = |2
Un,j

1
o

2
<C ( / o dm) +g(n) + Ce;)w 2o,
Un.j

which yields that (at least for a subsequence)
D(v") — D(v) a.e.in Q.

Applying Vitali’s theorem then finishes the proof of Theorem 2.2. 0
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5 Conclusion

In the preceding section we managed to establish the existence result formu-
lated in Theorem 2.2. To our knowledge, this result seems to be new.

The proof itself combines the standard approach usually applied when
dealing with mathematical analysis of similar problems with more advanced
methods such as the Lipschitz approximations of Sobolev functions, the de-
composition of the pressure or the solvability of the divergence equation
(according to Bogovskii). Although the uniform estimates give information
about the limiting velocity and the limiting pressure, the weak convergence
is not enough for passing to the limit in non-linear terms. With the help
of the compact embedding for the velocity field we are quite easily able to
treat the convective term. The crucial part of the proof then arises in the
term with the viscosity as the almost everywhere convergence of the pressure
and of the symmetric part of the velocity gradient has to be shown. At this
juncture, the importance of assumptions (2.4) and (2.5) on the viscosity is
more than obvious since these conditions provide the monotonicity of the
viscosity according to Lemma 2.1. Nevertheless, this fact itself is not suffi-
cient and we have to consider the decomposition of the pressure, since we do
not have the information about the pressure lying in L?, as well as to use
the Lipschitz approximations of the functions v” — v as test functions in the
weak formulation in the second limit procedure, for v is not an admissible
test function.

Of course, there still remains a great space for further research concerning
the flows of fluids with pressure-dependent viscosities. One possibility could
be for example an extension of the existence of weak solutions established
in this thesis to unsteady flows. A similar situation only for the case with
the viscosity depending on the shear rate is a subject of current research by
L. Diening, M. Ruzicka and J. Wolf and seems to be almost finished. This
result would somehow complete the existence theory for fluids with shear rate
dependent viscosity initiated by O. A. Ladyzhenskaya and J. L. Lions in the
late 1960s and further developed in the 1990s. No doubt a challenge would
be mathematical analysis of models wherein the viscosity depends only on
the pressure, namely an establishment of some global existence theory for
such problems.
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A Needful tools and theorems

In this final section we would like to mention several tools frequently used
in the thesis. Proofs of all below-stated lemmas and theorems can be found
in the appropriate literature and for this reason we leave them out in what
follows.

As we consider the reader to be familiar with the standard Hoélder’s,
Young’s and Poincaré’s inequalities, we start with another inequality essential
for a derivation of uniform estimates. For the proof see for example [24].

Lemma A.1. (Korn’s inequality) Let 1 < p < co and let  C R be an
open bounded domain with Lipschitz boundary. Then there exists a positive
constant C' depending only on p and € such that for all u € Wol’p(Q)d

IV, < ClID(w)]],-

In order to be able to obtain weakly converging subsequences from the
uniform estimates, we use the following theorem (see [31]).

Theorem A.1l. (Eberlein-Shmulyan) A Banach space X is reflexive if and
only if every bounded sequence of X contains a subsequence which converges
weakly to an element in X.

It is well-known that the so-called embedding theorems play a crucial role
in analysis of such problems as ours and therefore we should not omit them
in here (see [18]).

Theorem A.2. (Sobolev’s embedding theorems) Let 1 < p < oo and
k>0 and let Q C R? be a bounded domain with Lipschitz boundary. Then

Loif k<9 then WEP(Q) — LUQ) for q: L =

k
-3

S

2. if k= g then WHEP(Q) — L4(Q) for all g € [1,00),
3. if 4 <k <941 then WhP(Q) — COF4/2(Q),
4. if k= % + 1 then WEP(Q) — C%(Q) for all o € (0,1),

5. if k> 241 then Whr(Q) — C¥H(Q).
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Theorem A.3. (Rellich-Kondrashov’s theorems on compact embed-
ding) Let 1 < p < oo and k > 0 and let Q C R? be a bounded domain with
Lipschitz boundary. Then

1. ifk < % then WkP(Q) < L4(Q) for all q € [1,p*) with # =z — §

1
5 )

2. if k= % then WHhP(Q) << L(Q) for all q € [1,00),
3. if k> % then WHEP(Q) —— C(9Q).

For completeness, we also add the following lemma concerning the inter-
polation of Lebesgue spaces. The proof is through Hélder’s inequality.

Lemma A.2. Let Q C RY be a measurable set, 1 < p <r < ¢ < oo and
fel”(Q)NLIQ). Then f e L7(Q2) and

1 6 1-90
- < 9 1—0 th = _ -
Al < WAl Al ™ with =4 —

The following two theorems tell us something about convergences in
Lebesgue spaces, namely when the limiting process in an integral is pos-
sible. First, we mention the well-known Lebesgue’s theorem (see [19]) and
then also very important Vitali’s theorem (see [2]) that helps us to prove the
convergence of the integral with the viscosity.

Theorem A.4. (Lebesgue’s dominated convergence theorem) Let ™,
n=1,2,..., be measurable functions in Q and let lim f*(z) = f(z) for a.a.

x € Q. If there exists a function g € L*(Q) such that
lf"(z)] < g(x) for a.a. x € Q and for alln € N

then f € LY(Q)) and

lim Qf"(x) dr = /Qf(x) dz.

n—oo

Theorem A.5. (Vitali) Let Q be a bounded measurable domain in R and
fm:Q — R be an integrable function for every n € N. Let

lim f"(z) exist and be finite for a.a. x € €,

n—oo
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and let there for all € > 0 exist § > 0 such that

sup/ |f"(z)|de <e foral ECQ, |E|<0.
E

neN
Then
lim [ f"(x)dx :/ lim f"(x) dx.
Q

n—oo Q n—oo

Very often we consider the weak formulation with a test function that
solves an equation of the type divu = f. The convenient solution in bounded
domains is given by the so-called Bogovskii operator (introduced in [7]). We
summarize the features that are important for us and refer the reader to [25],
Lemma 3.17, for further details and the proof.

Lemma A.3. (Bogovskii operator) Let Q2 C R? be a bounded domain with
Lipschitz boundary. Then there exists a continuous linear operator B such

that B : LE(Q) — Wy P(Q)¢ for all 1 < p < 0o and for all f € LH(R)
div(Bf)=f inQ
IBfll1p < Cain (2, D) fl,-

Moreover, if f = divu and w € Wy P(Q)? N LI(Q)¢ with some 1 < ¢ < oo
then there exists a constant C(S),q) such that

1Bfllq < €82, q)|[ullq.

(A.1)

As a certain analogy to the so-called Helmholtz decomposition we in-
troduce the following decomposition. We recall the problem (A.1) with
f := divu and let for uw € Wy *(2)¢N LI(Q)? be g* a solution of the problem

divg* =divu in
g“=0 on 0f2.
Then we set
Pu = u — g“,

which is equivalent to u:= Pu + g*. Note that from the definition of Pu
it is obvious that div’Pu = 0 a.e. in 2. Furthermore, from Lemma A.3 we
have the following estimates

19%/11p < Caie (2, p) || div ], lg*(lg < C(€ g)|ully (A.2)
[Pullipy < (14 Ca (@ p)[ulli,  [Pully < (1+C€,9)llully (A3)
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Sobolev functions from VVO1 P(Q), p > 1 can be approximated by Lip-
schitz functions that coincide with the originals up to sets of small Lebesgue
measures. However, such approximations are nothing new. Already in 1984
Acerbi and Fusco in [1] showed their applications in the calculus of varia-
tions and since then they have been used by many others in various areas of
analysis, for example in the existence theory of partial differential equations
or in the regularity theory.

The following theorem mentions the important properties of these ap-
proximate functions. More details and the proof can be found in [11].

Theorem A.6. (Lipschitz approximations) Let 1 < p < oo and Q C R?
be an open bounded domain with Lipschitz boundary. Let u™ € WP (Q)% be
such that w™ — 0 weakly in Wy ?(Q)? as n — co. We set

K :=sup|u"];, < o0
n

o= [ull, =0 (n—o0).
Let 0,, > 0 be such that (e.g. 0, == \/Vn)
0, — 0 and %HO (n — o0).
Let pj :== 9% . Then there exist a sequence An,j with
1 < Anj < i (A.4)
and a sequence u™ € Wy (Q)% such that for all j,n € N
[u™ ]l <00 =0 (n— o), (A.5)
V™o < Ay < cttjn (A.6)

and up to a nullset (M denotes the Hardy-Littlewood mazimal function®)
{u" £ u™} C QN ({Mu”) > 0,3 U{M(Vu") > 2\,,}). (A7)
Moreover, for all j € N and n — oo
u™ — 0 strongly in LY(Q)? Vq € [1,00],
)4 Vg el,00), (A.8)

u™ —~0  weakly in Wy(
Vu™ 50 weakly* in L>°(Q)¢

'For a function f € L'(R?), we define the Hardy-Littlewood maximal function through
(Mf)(z) == sup B B, [ @)y
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and for alln,j € N

VU™ X urun iy llp < CllAngXqungunaplly < e s + cej, (A.9)

where €; 1= K 273/7 yanishes as j — oo and the constant ¢ depends on €.

Finally, we mention two lemmas that are useful for the proof of existence
of solutions to the Galerkin system.

Lemma A.4. Let (U,-,|-|) be a finite-dimensional Hilbert space and let the
mapping ¢ : U — U be continuous and satisfy

dp>0:¢(u)-u>0 VuedB,CU.
Then ¢ has at least one zero in B, i.e., Ju € B, : ¢(u) = 0.

Proof. Assume that ¢ has no zero in B,. Then the mapping

ou) -
o) “ <P

is well-defined, continuous and F(B,) C 0B, C B,. Since U is a finite-
dimensional space, then according to Brouwer’s fixed point theorem there
exists u € B, such that F'(u) = u. Therefore,

F:ur— —p

$(u)
u=—p——>-=— € 0B,.
|(u)] ’
According to the assumption
|6(w)?
0<¢(u)-u=—p <0,
|¢(u)]
which leads to a contradiction. U

Let {a*}22, be a basis in some separable space W, ?(Q)? and let N € N be
fixed. Then we can prove the following.

Lemma A.5. For every K > 0 there exists p > 0 such that for all |d™| = p
N

holds || >~ d¥a’|,, > K.
s=1
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Proof. We denote j := inf || Z d¥a?||;, and first show that j > 0.
[dN|=1" s=1

Considering that j = 0 yields existence of a (sub)sequence di (|d}| = 1)

such that
N

klim dVa* =0 ae. in Q.
o s=1

This, however, also means that
N
5 lim dY,a® =0 a.. in Q.
1 k—oco 7’
s5=

Since {a®}%°, is a basis, then necessarily kh_}ngo dé\fk =0,s=1,...,N, which

leads to a contradiction with |dY| = 1.
We set p := = and finally conclude that

N
wf 1> e, = i, szfasul,p:|d1gr|1fK—\|ZKdN @,

N
|d |— s=1
K

=5 A inf HZdNasﬂlp—K
‘* s=1
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