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1. Introduction

In harmonic analysis and partial differential equations we often measure qual-
ity or size of a function f living on some domain 2 C R" by its affiliation to
some function space. The notion of size differs from task to task resulting in
a whole zoo of various function spaces. A basic example goes to Lebesgue spaces
as a measurement for the integrability of an absolute value of a function raised to
a power. The importance of Lebesgue spaces in functional analysis is unquestion-
able and they stand for one of the main items in the toolbox of functional analysis.
Countless of properties of functions and operators have been obtained by the use
of such simple-to-understand spaces, however the fine attributes cannot be often
captured. For all, let us mention several, probably folklore, examples.

It is very well known that the Hardy-Littlewood maximal operator M, given
for locally integrable f by

Mf) =sup o [ [fw)ldy forz e

@z Q] Ja
where the supremum is taken over all cubes ) C €) containing x, acts boundedly
from LP(Q2) to LP(Q?) if and only if p > 1. If the measure of Q is infinite, M f
is never integrable unless f vanishes almost everywhere. However, for the finite
measure sets €, the integrability of M f on () is achievable and it cannot be
governed by Lebesgue spaces. Turning just several pages in a function spaces
cookbook may help us to remedy this issue by the use of Orlicz spaces. They
refine the scale of Lebesgue spaces by considering wider class of operations applied
to f before the integrability is tested. Thus, by the result of [64], M f € L'(Q) if
and only if

1110, 1] < oo,

which we rather write in the form of an embedding
M: Llog L(Q2) — L'(%).

Our second example concerns a famous phenomenon — the gain of integrability.
Let Q2 be a subset of R"” having finite measure and let u be a function defined
on €2 and vanishing on the boundary 0€). Suppose that u is weakly differentiable
and u, |Vu| € LP(§2). The famous Sobolev inequality tells us that if 1 < p < n,
then

we Lvs (),

revealing the improvement of integrability, since n”—go enlarges p. We usually write
WELP(Q) — L7 (Q)

instead. If p > n then even u € C'(2) and we are above the integrability scale.
What remains is the most interesting case p = n. Working with Lebesgue spaces
only, Sobolev inequality gives that u € L%(2) for every ¢ < oo, however u might
be unbounded, leaving us with an open set of Lebesgue spaces with no best
possible choice. Nevertheless, Orlicz spaces save the day. With the help of an
exponential space, one has

WEL™(Q) — exp La-1(1)
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and it turns out that the target space cannot be improved to any other Orlicz
space.

These examples indicate that Orlicz and Orlicz-Sobolev spaces provide eligible
framework for fine description of operators and embeddings. When we add that
the Orlicz spaces are fairly easy to understand, it is no surprise that they had
found its immediate applications in PDEs and variational tasks.

In this thesis we deal with some classical operators of harmonic analysis in
Orlicz spaces. Apart from the maximal operator we investigate the Hardy-type in-
tegral operators, Sobolev-type embeddings, maximal operator of fractional order,
Riesz potential and Laplace transform. Each operator is treated in its separate
chapter. For each operator 1" from our list we ask the same basic questions:

e For which pairs of Orlicz spaces LA(2) and L?(2) the embedding
T: LAQ) — LP(Q) (1)
holds?

e Given an Orlicz space L*(f2), is there a best possible LZ(2) that renders
true? How does it look like?

e Given an Orlicz space LZ(1), is there an optimal L*(Q) such that (1)) holds?
What is L4(Q) eventually?

Some answers were given earlier in the literature and became part of a folklore
knowledge, while others remain without satisfactory solution. We would like to
collect as much material as possible to present a comprehensive exposition about
these classical operators in Orlicz spaces. We explain all the methods used, we
uncover weak spots in this theory and we suggest several directions in which the
research might continue.

It should be mentioned that many results in this work are not due to the
author. We compile known results available in the literature together with either
published or unpublished results of the author. The details about the origins
are mentioned at the relevant places and the brief history of the objectives in
question is appended.



2. Background and preliminaries

2.1 Young functions

We call A: [0,00) — [0, 00] a Young function if it is convex, left-continuous, and
A(0) = 0. Any function of this kind can be expressed in the form

mwzfagm for t > 0 (2.1.1)

in which a: [0,00) — [0, 0] is a non-decreasing function obeying
A(t) <ta(t) < A(2t) fort>0. (2.1.2)
Every Young function satisfies, in particular,
kA(t) < A(kt) ifk>1andt> 0. (2.1.3)
The Young conjugate A of A is given by
A(t) = sup{st — A(s) : s > 0} fort >0

and satisfies .
mw:/aﬂg® for ¢ > 0, (2.1.4)
0

where a~! is the generalised left-continuous inverse of a. The function A is a
Young function as well, and its Young conjugate is again A. One has that

t < ATYt)A7Y(t) <2t fort >0, (2.1.5)

where A~! denotes the generalized right-continuous inverse of A. The function
B, defined as B(t) = cA(bt), where b, ¢ are positive constants, is also a Young
function and

B(t) = cA(y) fort>0. (2.1.6)

A Young function A is said to satisfy the Aj-condition near infinity [resp. near
zero] [resp. globally] if it is finite-valued and there exist constants ¢ > 0 and ¢ty > 0
such that

A2t) < cA(t) fort>ty [0<t<ty] [t>0]

A Young function A is said to dominate another Young function B near infinity
[near zero| [globally] if there exist constants ¢ > 0 and ¢y, > 0 such that

B(t) < A(et) fort >ty [0<t<ty [t=>0].

The functions A and B are called equivalent near infinity [near zero| [globally] if

they dominate each other near infinity [near zero| [globally]. We write A ~ B.
More generally, the terminology “near infinity”, “near zero”, “globally” will

be adopted to indicate that some property of a function of ¢ holds for t > ty, for

0 <t <tgyorfort >0, respectively.



2.2 Boyd indices

Given a Young function A, we define the function h%: (0,00) — [0, 00) as

h(t) = sup jf(i?

The global lower and upper Boyd indices of A are then defined as

for t > 0.

logt logt

N = —_— d IY = inf ——— 2.2.1
ta 1§?<poo log hilo (t) an A Oirtl<1 lOg hilo (t) ’ ( )
respectively. One has that
1 < < I <o0. (2.2.2)
It can also be shown that
. ) logt ) logt
T =lim ————— d IY = lim ———. 2.2.3
AT SR logh(®) 0 A T D0k log h (1) (22:3)

The Boyd indices of A admit an alternate expression, that does not call into
play A, provided that A is finite-valued. Define A% : (0,00) — [0, 00) as

~ A(st)
R (t) = for t > 0.
A ( ) Ssl>1%) A(S) ort >
Then, R R
log h% log h%
i% = sup log h¥(t) and [ = inf LA@). (2.2.4)

o<t<1 log t 1<t<oco logt

Furthermore, the supremum and infimum in (2.2.4) can be replaced with the
limits as ¢ — 0" and ¢ — oo, respectively.
The local lower and upper Boyd indices i4 and I4 of A are defined as in

(2.2.1), with hS® replaced by the function h,: (0,00) — [0, 00] given by

_ A~ Y(st
ha(t) = lim sup Al((s))

Properties parallel to (2.2.2)) and (2.2.3)) hold, with % and I replaced by i4 and
I4. Moreover, on defining h: (0,00) — [0,00) as

~ . A(st
ha(t) = hmﬁsup A((s))

a version of equation ([2.2.4]) holds for i 4 and 14, with proper replacements, namely

for t > 0.

for t > 0,

log ha(t log ha(t
in= supLA() and [4 = inf LA().

2.2.5
o<t<1 logt I<t<oo  logt ( )

Observe that if the function A7'(¢) ¢~ is equivalent globally [near infinity], up to
multiplicative positive constants, to a non-decreasing function, for some o €
(0,1), then I¥ < 1/o [I4 < 1/o]. Similarly, if the function A7!(¢)¢ 7 is
equivalent globally [near infinity] to a non-increasing function, then i%¥ > 1/o
[Z A Z 1 / o ]

In the special case when A(t) = t? for some p > 1, one has that i% = I3° = p;
furthermore, if A(t) = oo for large ¢, then 14 = [4 = 0.

We refer the reader to [10] for more details on the material of this section.
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2.3 Orlicz spaces

Let R be a sigma-finite, non-atomic, measure space endowed with a measure v.
Denote by M(R) the space of real-valued v-measurable functions in R, and by
M, (R) the set of non-negative functions in M(R). Given a Young function A,
the Orlicz space L4(R) is the collection of all functions f € M(R) such that

/y A (W) dv(z) < 0o

for some A > 0. The Orlicz space L*4(R) is a Banach space endowed with the
Luxemburg norm defined as

||f||LA(y)—inf{)\>0:/RA<|f(;)|> dv(z) < 1}

for f € M(R). The choice A(t) = t*, with 1 < p < oo, yields LA(R) = LP(R),
the customary Lebesgue space. When A(t) = 0 for ¢ € [0,1] and A(t) = oo for
t € (1,00), one has that LA(R) = L>(R).

Let E be a non-negligible measurable subset of R, and let yg denote its
characteristic function. Then

1
IXEllLam) = —F——- (2.3.1)
-1 1
A7 ()
The fundamental function ¢4 of LA(R) is defined as
1
for 0 < s < v(R), (2.3.2)

P
and p4(0) = 0. Owing to (2.3.1)),

wa(s) = lIxellLam

for every set E C R such that v(F) = s. A Holder type inequality in Orlicz
spaces asserts that

Jx f(x)g(x) dv(x)

lagll, 5 < sup <2|gll,x (2.3.3)
LAR) = repaem) I flla) LA®)

for every g € LA(R).

The inclusion relations between Orlicz spaces can be characterized in terms
of the notion of domination between Young functions. Assume that v(R) < oo
[V(R) = o], and let A and B be Young functions. Then

LA(R) — LB(R) if and only if A dominates B near infinity [globally]. (2.3.4)

The alternate notation A(L)(R) for the Orlicz space L4(R) will be adopted
when convenient. In particular, if v(R) < oo, and A(t) is equivalent to #*(log(1+
t))* near infinity, where either p > 1 and a € R, or p = 1 and a > 0, then the
Orlicz space L4(R) is the so-called Zygmund space denoted by LP(log L)*(R).
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It holds that 14 = I4 = p. Orlicz spaces of exponential type are denoted by
exp LP(R), and are built upon the Young function A(t) = e/’ — 1, with 8 > 0.
We have i4 = 4 = 0.

If ¥(R) = oo, and A(t) is equivalent to t? £(t)* near zero and to tP £(t)*>
near infinity where £(t) = 1 + |logt|, t > 0, and either p > 1 and oy, as € R
or p=1and ay < 0 and as > 0, then the Orlicz space L4(R"), also called
Zygmund space, is denoted by LP(log L)*(R™), where A = [ag, aoo]. Observe that
i =1 =p. If

exp(—t%)  near zero,

A(t) is equivalent to -
exp(t’=)  near infinity,

with By < 0 < e, then Orlicz space L*(R") of exponential type is now denoted

by exp LE(R") where B = [fy, B]. We have i¥ = IF = oo in this case.

2.4 Endpoint spaces

Let f € M(R). The distribution function of f is denoted by ¢ and is defined by
prt) =v({z e R:|f(x)| >t}) fort>0.

Then f*: [0,00) — [0, 00| denotes the decreasing rearrangement of f given by
f(s) =inf{t > 0: pusp(t) <s} fors>0.

An important property of rearrangements is the Hardy-Littlewood inequality [9]
Chapter 2, Theorem 2.2], which asserts that, if f,g € M(R), then

/ngdyg/ooof*(t)g*(t)dt. (2.4.1)

We denote by M4(R) the weak Orlicz space associated with A, namely the
Marcinkiewicz type space endowed with the norm obeying

(@)
fllaraery =  sup
H HM ®) 0<t<v(R) A_l(%)

for f € M(R). Here, f**: (0,00) — [0, 00] is the function defined as

() = 1/(: f*(s)ds for t > 0.

Since f*(t) < f**(t) for t > 0,

< A 2.4.2
0<t<n(®) Afl(%) = ||f||M (R) ( )

for every f € R.
We denote by A4(R) the Lorentz endpoint space associated to A, i.e., the
space endowed with the norm

v(R)
[fllasey = [ £ doatt). (24.3)
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Here, the integral stands for a Lebesgue-Stieltjes integral associated with the

fundamental function ¢4 given by (2.3.2)).
The Orlicz space built upon a Young function A obeys

A = LAR) = MA(R) (2.4.4)
for whatever A is. Moreover,

Ixellar@y = IxEllMmaw = 0a(v(E)) (2.4.5)

for every measurable set £ C R.
The associate space to Marcinkiewicz space M“(R) corresponds to the Lorentz

space A% in which A is the Young conjugate function to A from (2.1.6). More
specifically,

x)g(x)dv(z

(2.4.6)
gEMA(R) HgHMA(R)

for f € M(R). Here, and in what follows, the relation ~ between two expres-
sions means that they are bounded by each other, up to multiplicative positive
constants independent of the involved relevant variables.

Analogously, M A (R) represents the associate space to A4(R) and

WAl 50 > sup fﬂ%f(x)g(l‘)du(x)‘
MAR) ™ erdm) 9]l aa )

(2.4.7)

2.5 Lorentz spaces

Let 1 < p,q < co. The Lorentz LP7(R) space is the set of all functions f € M(R)
such that the functional

S50 f(s)

Iz = | Z0900)

is finite. If either 1l <p<ocand 1 <¢g<ococorp=¢g=1orp=g= o0, then
| - [|Lra(w) is equivalent to a norm. If p = co and ¢ < oo, then LP4(R) = {0} and
if p=1and g > 1, LP%(R) is a quasi-normed space.

The Lorentz spaces generalize the Lebesgue spaces in a sense that LPP(R) =
LP(R) For every p € [1,00]. A simple nesting property holds in Lorentz spaces.
If p,q,r € [1,00] and g < r, then

LPA(R) — LPT(R) (2.5.1)
and all spaces on this scale share the one fundamental function, namely we have
I xEllLra@) =~ V(E)% forall 1 < g < oo (2.5.2)

and every measurable £ C R. The spaces L' (R) and LP*°(R) coincide with the
endpoint spaces A4(R) and M4(R), respectively, in which A(t) = tP.

9



2.6 Rearrangement-invariant spaces

Let R and 8 be two o-finite non-atomic measure spaces equipped with norms
v and pu, respectively. We say that functions f € M(R) and g € M(S) are
equimeasurable, and write f ~ g, if f* = ¢* on (0, 00).

A functional o: M, (R) — [0, 00] is called a Banach function norm if, for all
f, g and {f;},en in M4 (R), and every A > 0, the following properties hold:

P1) o(f) = 0if and only if f = 0; o(\f) = Ao(f); o(f +g) < o(f) + o(9);
P2) f < g a.e. implies o(f) < o(9);

(P1)
(P2)
(P3) f; /[ ac. implies o(f;) /7 o(f);
(P4)
(P3)

P5) If F is a subset of R of finite measure, then [ fdu < Cgo(f) for some
constant C'g, 0 < Cg < 00, depending on E and o but independent of f.

o(xg) < oo for every E C R of finite measure;

If, in addition, p satisfies
(P6) o(f) = o(g) whenever f* = g~

then we say that ¢ is a rearrangement-invariant (or r.i., for short) norm.
If o is a rearrangement-invariant function norm, then the collection

X(R) = X,(R) = {f € M(R) : o(|f]) < o0}
is called a rearrangement-invariant space corresponding to the norm p. We shall
write || f||x instead of o(|f]).
With any rearrangement-invariant function norm p is associated another func-

tional, o, defined for g € M, (R) as
¢'(g) = sup {/R fgdv: feMi(R), off) < 1}-

It turns out that ¢ is also a rearrangement-invariant norm, which is called the
associate norm of p. The function space X'(R) = Xy (R) determined by ¢’ is
called the associate space of X Note that (X') = X always holds.

The Holder inequality in r.i. spaces takes the form

J Fodv < 1fLxellgllx
for every f,g € M(R). Such inequality is sharp in a sense that

£l =sup{ [ fodv: | flo < 1} 26.1)

as follows from [9, Chapter 1, Theorem 2.9].
For every r.i. space X (R) there exists a unique r.i. space X (0, v(R)) over the
interval (0, v(R)) endowed with the one-dimensional Lebesgue measure such that

1 lx @) = L Ixow)- (2.6.2)
This space is called the representation space of X. This follows from the Luxem-
burg representation theorem [9, Chapter 2, Theorem 4.10]. If X and Y are two
r.i. spaces over R, then, by [9, Theorem 1.8, Chapter 1],

X(R) CY(R) implies X(R)— Y(R). (2.6.3)

It is easy to observe that Orlicz, Marcinkiewicz and Lorentz spaces are r.i.
spaces.

10



2.7 Orlicz-Sobolev spaces

Let n € N, n > 2, and let €2 be an open subset of R”. Given m € N and a Young
function A, the m-th order Orlicz-Sobolev space built upon A is defined by

wWmA(Q) = {u € M(Q) : u is m-times weakly differentiable in €2, and
VFu| € LAQ), k=0,1,... ,m}.

Here, V¥u denotes the vector of all k-th order weak derivatives of u and Vu = w.
One has that W™4(0Q) is a Banach space equipped with the norm defined as

HUHWWA(Q) = Z ”vku”LA(Q)
k=0

for u € W™A(Q). By Wy*(Q) we denote the subspace of W™4(Q) of those
functions u in  whose continuation by 0 outside Q belongs to W™4(R"). The
notations W™LA(Q) and W™A(L)(Q2) will also be occasionally adopted instead
of W™A(Q); analogous alternate notations will be used for W™ ().

If |©2] < oo, an iterated use of a Poincaré type inequality in Orlicz spaces [69,
Lemma 3] ensures that the functional

||VmUHLA(Q)

defines a norm on Wj"*(Q) equivalent to ||l wm.aq)-

As in the case of Orlicz spaces, inclusion relations between Orlicz-Sobolev
spaces can be described in terms of domination between the defining Young func-
tions A and B. If |Q] < oo, then

WmAQ) = WBQ) W Q) - WP Q)]
if and only if A dominates B near infinity. (2.7.1)
On the other hand,
WmAR™) — W™B(R™) if and only if A dominates B globally. (2.7.2)

A proof of assertions (2.7.1)) and (2.7.2)) seems not to be available in the literature.
We sketch a proof in Proposition 2.7.1] at the end of this section

Sobolev and trace embeddings for functions with unrestricted boundary values
require some regularity on the ground domain. The class of John domains is
known to be essentially the largest where Sobolev type embeddings hold in their
strongest form. A bounded open set 2 C R” is called a John domain if there
exist a constant ¢ € (0,1) and a point zy € €2 such that for every x € Q there
exists a rectifiable curve w: [0,1] — Q, with [ > 0, parametrized by arclength,
such that w(0) = x, w(l) = xy, and

dist(w(r),@Q) > cr  forr € [0,1].

The class of John domains includes classical families of open sets, such as that of
bounded Lipschitz domains, and that of domains with the cone property. Recall
that a bounded open set € is said to have the cone property if there exists a finite
circular cone A such that each point in (2 is the vertex of a finite cone contained
in 2 and congruent to A.

11



Proposition 2.7.1. Assume that m,n € N. Let A and B be Young functions.
(i) If Q2 is an open set in R™ such that || < oo, then

WmAQ) — W™B(Q) if and only if A dominates B near infinity,  (2.7.3)
and

WA () — WP Q) if and only if A dominates B near infinity.  (2.7.4)

(i)
WmARY) — W™B(R™)  if and only if A dominates B globally. (2.7.5)

Proof. The “if” parts of assertions ([2.7.3)—(2.7.5) are straightforward conse-
quences of (2.3.4). The reverse implications in (2.7.3) and (2.7.4) can be verified

as follows. Assume that |Q2| < oo, and
wmAQ) — W™B(Q) or WA(Q) — WP Q). (2.7.6)

Suppose, without loss of generality, that 0 € . Let 6 > 0 be so small that
the cube @) centered at 0, whose sides are parallel to the coordinates axes and
have length 26, is contained in Q. Given any function f € LA(—4,0), define the
function v: @ — R as

v(z) = /Oxl /051. ../Osm_l f(sm)dsy,dsy_1...ds; for x € Q,

where we have adopted the notation x = (1,2, ...,x,). The function v is m-
times weakly differentiable in ). Moreover, g—z,i € L*Q)if1 <k<m-1,
g;n,lﬁ (x) = f(x;) for x € @, and any other derivative vanishes identically. Hence,
v € W™A(Q). By [33, Theorem 4.1], there exists a bounded linear extension
operator &: W™A(Q) — W™A(R"). Fix any function € C5°(Q) such that
n=1in Q. Define u: ? — R as

u=né&). (2.7.7)

Then u € W™A(Q), and, in fact, u € W™ (Q). By either of embeddings [2.7.6),
u € W™B(Q) as well, and hence f € LB(—4,0). Owing to the arbitrariness of f,
this implies that LA(—6,8) C L?(—4,d), and by [9, Theorem 1.8, Chapter 1], in
fact L4(—4,8) — LP(—4,6). Hence, by (2.3.4), A dominates B near infinity.

As far as the “only if” part of assertion (2.7.5)) is concerned, the choice of
trial functions u as in implies that A dominates B near infinity also when
2 = R". On the other hand, if embedding is in force, then, in particular,

wm™AR") — LP(R™),

whence A dominates B also near zero, by (4.2.6). Therefore, A dominates B
globally. [
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2.8 Operator properties

Let X(R) and Y (8) be Banach function spaces over measure spaces R and 8
endowed with measures v and p, respectively. Given a linear operator T: X (R) —
Y (8), its adjoint operator T": Y'(8) — X'(R) is defined by the identity

J@ngan= [@gfav (2.8.1)

for every f € X(R) and g € Y'(8), whenever the integrals converge. Moreover,

by @50,

Il = sw_ ITglvw = sw_ s [ (T'9) dv
lly’(8)= lly’(s)= X(R)> (282)
= s s [(Thgdp=swp_|T]]yve =T,

Il x @) <1 llgllyrs)< 11l x (=) <1

Let Ej denote the dilation operator defined for each s € (0,00) and every
non-negative measurable function f on (0,00) by

E f(t) = f(st) fort>0.
Then the operator Ej is bounded on every r.i. space over (0,00), and

| Es fll x(0,00) < max{1, %} | fllx(,00) fors>0 (2.8.3)

and for every f € X(0,00). See [9, Chapter 3, Proposition 5.11].

The following proposition enables us to reduce an embedding to a Lorentz
endpoint spaces only to testing on characteristic functions. The idea of this
statement is based on [I7, Theorem 7], where the Lorentz space L' occurs as
a target space, nonetheless the proof also works for any Lorentz endpoint space.
For the sake of completeness, we show also the proof here.

Proposition 2.8.1. Let Y (R) be a Banach function space and A(R) be a Lorentz
endpoint space over R and let T be a sublinear operator mapping A(R) to Y(R).
Suppose that there is a C' > 0 such that

1TxElly@ < Cllxellaw (2.8.4)

for every measurable set E C R. Then

ITflly@w < Cllfllam)
for every f € A(R).

Proof. Let f be a simple non-negative function on R. Thus f can be written as
a finite sum f = >, A\jxg,, where \; are positive real numbers and the sets £
are measurable subsets of R satisfying Fy C Ey C ---. Then, as readily seen, we
have f* =37, A\jx},. Let ¢ be a fundamental function of A(R). By the definition
of the Lorentz norm we have

Ifllsay = [ £ de= [~ S aixi, de =50 [ b, de = ¥ Al la:
J J J
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On account of the sublinearity of 7" we have |T'f| < >°; A\;|T'x g, |, and consequently
by (2.8.4) and by axioms (P1) and (P2) we obtain

1T fllywy < D NITxE vy < C Y Nllxe law = 11flam-
i i

Now if f is simple but no longer nonnegative, we use the same for the positive
part of f and for the negative part of f.

Suppose that f is an arbitrary function in A(R) and let f,, be a sequence of
simple integrable functions converging to f in A(R). Then

||T(fn) - T(fm)”Y(R) < HT(fn - fm)”Y(iR) < Can - fm“/\(fR)7

and T'f,, is Cauchy, hence convergent in Y (R). Since limits are unique in Y(R),
it follows that limT'f,, = T'f and

1T flly @y = im |T folly @) < Clim || fulla@w) = | fllaw)

as we wished to show. O]
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3. Hardy operator

3.1 Introduction

This entire chapter is devoted to the study of the one-dimensional Hardy-type
operator defined by

fH/t:f(s)salds, (0 <t < RYP), (3.1.1)

for any function f € M(0, R) whenever the integral in (3.1.1) converges. Here
O<a<l,f>0and a+1/8>1and R € (0,00] is arbitrary.

Our aim is to study the action of the operator (3.1.1) between Orlicz spaces
with the special attention to the sharpness of the results. More specifically, we
first give a necessary and sufficient condition to Orlicz spaces L* and L? for
which

R
/ f(s)s*tds
t

B

LB(0,R'/P) - CHfHLA(O’R) <3'1'2)
holds true with a constant C' independent of f € L“(0, R). Secondly, we are
concerned with the optimal form of This task consists of two separate
subtasks.

Suppose that L4 is given. One may to ask what is the smallest Orlicz target
space LP for Wthh - holds. By “smallest” we mean such an Orlicz space

LB that if holds with L? replaced by LB, then LB — LP. On the other
hand, assume that LP is given and we are asked to find the largest Orlicz domain
space LAA so that is satisfied. Here, “largest” means that if is true
with L# in place of LA, then L* — LA. To simplify the notation, we often use a
word “optimal” for both the above-mentioned notions.

The techniques for handling such operator may differ at some stage if R is ether
finite or equal to infinity. Also, in the former, case the value of R is immaterial
due to the use of the dilation operator. The details will be discussed later. For
the sake of comprehensive notation, let us denote by H, g the operator
for R =1 and by Hg’; the same operator with R = oo. We then refer to

H%y: L0, 00) — LP(0, 00) (3.1.3)

and
Hap: L4(0,1) — LP(0,1) (3.1.4)

instead of (3.1.2)).

The chapter is structured as follows. The preliminary section is devoted to the
analysis of certain properties of Young functions and their connection with Boyd
indices. We then introduce a characterization of the inequality and we
describe the optimal Orlicz target spaces. After that, we prove another variant
of necessary and sufficient conditions to A and B to fulfill and then we
investigate the optimal Orlicz domain spaces.
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3.2 Preliminaries

Let us slightly start with an easy calculation of Luxemburg norms of various
truncated power functions.

Lemma 3.2.1. Let E be a Young function and let & be a non-zero real number.
Assuming

/E(s) st lds < 00, (3.2.1)
0

we define
1 t 1
Fe(t) = tif/ E(s)s¢ 'ds fort>0.
0

Such Fg is a non-decreasing mapping of (0,00) onto itself. Moreover, if R €
(0, 00], then the following relations hold.

ré

1 0.0y ()| L5 0.5) = F—li(lgl)’ re (0,R), £ >0, (3.2.2)
£ r
'3
,
||t£X(r,oo)(t)||LE(0,oo) = ma r € (0,00), £ <0. (3.2.3)

Here Fgl denotes the generalised right-continuous inverse of F¢. If, in addition,
e € (0,R) and if £ <0 then

£ X m) ()| L2 0.5 == 18 Xro0) ()| LP (000 7 € (0, R =€), (3.2.4)
where the equivalence constant depends on E, & and ¢.

Proof. Assume . By the change of variables s +— ts we have
Fe(t) = /01 E(ts) st 'ds fort > 0,
hence F¢ is non-decreasing. By definition of the Luxemburg norm, we have
£ X 0. (D)l 22 0.0) = inf{)\ >0 /OE (%) dt < 1}.

If £ >0, we get, by the change of variables,
100 ()15 0,0 = inf{)\ -0

:inf{/\ >0: ng(%) < 1} = —7~

: ' (%)

which proves (3.2.2)). The proof of the relation (3.2.3) can be done in an analogous

way and we omit it.
It remains to prove the (3.2.4). The inequality “<” is obvious by the mono-
tonicity of the norm. On the other hand, we have, by the triangle inequality,

X o) )] 22 0,00) < Xy (D)l 22 0,7) + 1E X (R0 (D) | £ (0,00 -
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Using (3.2.3), the latter term [[t*X(go0)(t)||LE(0.00) €quals RS/ E¢'(|€|/R) since
¢ < 0. Thanks to the assumptions, this quantity is finite, say K. The former
term ||t x(r.r) (1)]] LE(o,r) is a decreasing function of the variable r, positive on
(0, R) and vanishing at R. Hence for every € € (0, R) there exists a constant C
such that

K<C |‘t§X(T,R) (t)”LE(O,R)? re (07 R— g)_

and ((3.2.4) follows. O

We continue with the following proposition, that collects various characteri-
zations of pointwise and integral growth conditions of a Young function, and of
its conjugate, in terms of their Boyd indices.

Proposition 3.2.2. Let E be a finite-valued Young function, and let 0 < a < 1.
The following conditions are equivalent.

(i) There exists a constant k > 1 such that

o F E(kt
/ (5) ds < (k) globally  [near infinity].
t

gl/a+1 tl/a

(ii) There exists a constant k > 1 such that

t F E
/ () ds < (k) globally
0

sl/(1—a)+1

t E(s) E(kt) o
l/l st < 1/(1—a) near infinity| .

(iii) There exist constants o > 1 and ¢ € (0,1) such that

E(ot) < ccriE(t) globally  [near infinity].

(iv) There exist constants o > 1 and ¢ > 1 such that

E(ot) > caﬁE(t) globally  [near infinity/.

(v) The global [local] upper Boyd index of E satisfies

Iy <1l/a {IE<1/a].

vi e global [local| lower Boyd index o E satisfies
The global [local] 1 Boyd indez of E fi
i2>1/1-a) |iz>1/1-0a)|

Proof. We shall prove the statement in the form “near infinity”. The proof of
the global version is analogous - even simpler in fact - and will be omitted.

(i) is equivalent to (iii) This equivalence is stated in [67, Lemma 2.3. (ii)],
without proof. We provide a proof here, for completeness. Assume that there
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exist £ > 1 and ¢y > 0 such that inequality (i) is fulfilled for every t > ;. Fix
o > 1and t > ok, and let p € [1, o] be such that

_1 . 1
E(pt) (pt)" = = t<1g1<fgtE(T)r o, (3.2.5)

We claim that )
o>p>e o (3.2.6)

The former inequality is part of the definition of p. As for the latter, we have
that

Elet) (pt)_%ké = /OO i ds = /:t 5651?1 ds = E(pt) (Pt)_é 10g(;)a

ot/ s/t =,

whence the claim follows.
Next, we show that E satisfies the As-condition near infinity. Suppose, by
contradiction, that for every j € N there exists t > tok such that E(2t) > jE(t).
1

Choosing o = 2¢¥* | and p defined by (3.2.5)), ensures that
1 o [ ot [
Bt)t—+k z/ () 4 z/ (s)
‘ gl/a

t/k si/atl —ds > E(pt) (pt)” = logo . (3.2.7)

Hence, . ) .
E2t) k= > jE(pt) p = logo > jE(2t) 0~ = logo,

since o > p > 2, by (]3.2.6)). Therefore,
fw > ja’é log o

for all 7 € N, which is impossible.
Now suppose that (iii) does not hold. Thus, for every o > 1 and ¢ € (0,1)
there exists a sequence {¢;} such that ¢; — oo, and

E(ot;) > con E(t;) (3.2.8)
for j € N. Let p be as in (3.2.5). By (3.2.8) and (3.2.7)),
E(ot;) (ot;) 5 k% > cE(t;)t; "k > cE(pt;) (pt;)"* logo. (3.2.9)

From (3.2.9), (3.2.6) and the Aj-condition near infinity for F, we conclude that
there exists a positive constant ¢; such that

E(ot;) ko > cE(e_kaatj) logo > c;E(ot;)logo
for sufficiently large j. Hence,
ko > c1logo

for arbitrarily large o, a contradiction.
(7i7) implies (i). Let ty > 0 be such that inequality (iii) holds for ¢ > t,. Let
j € N. An iterative use of assumption (iii) ensures that

E(s) < dosE(soc) for s > ot (3.2.10)
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By (3.2.10), if t > ty, then

< F(s) > ottt E(s) oottt E(sod)
/t gl/a+1 ds = jz:;)/wj gl/at1 ds < ;)07 /taj o’ gl/atl ds
> ot F(r) 1 ot dr
- Z;)C‘J/t rl/o+1 dr = 1-— cE<at)/t ri/a+l
_ 1-cY*E(ot)
R

Hence, (i) follows via property (2.1.3).
(#i) implies (v). Assume that (v) does not hold, i.e. Ir > 1/a. By equation

2.2.5),

— < inf

1 log hi (o)
a 7 1<o<oo logo' ’

and hence ol/* < ?LE(O') for every 0 > 1. Owing to the very definition of EE,

1 <1 E(O‘t)
g« 1m su .

Hence, for every ¢ € (0,1) and ¢y > 0, there exists t > to such that

1 E(O‘t)
coae < E(t) ,

and this contradicts (iii).
(v) implies (iii). Assume, by contradiction, that (iii) fails. Thereby, for every
o > 1and c € (0,1) there exists a sequence t; — oo satisfying

CO'éE(tj) < E(ot;) for j e N.

Thus

PR E(otj) . E(ot) -~
a <1 17 <] h
o= ) = AR TE® 5(0),

whence

log(cal/a) - log hg ()
logo  — logo
Thanks to ([2.2.5)), passing to the limit as 0 — oo yields 1/« < Ig, thus contra-
dicting (v).
(i) is equivalent to (iv). Condition (iii) is equivalent to

E(ot) < (co)= E(t) (3.2.11)

for some constants ¢ € (0,1) and o > 1, and for sufficiently large t. Taking the
Young conjugate of both sides, and making use of (2.1.6) tell us that (3.2.11]) is

in turn equivalent to

1

E(to™") > (co)s E(t(co) ) (3.2.12)
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for large t. Setting o = céaé_l, and changing variables, equation (|3.2.12)) reads
E(ot) > ¢ 77 E(t)

for large t. Thus, it suffices to show that o > 1. Combining (2.1.3) and m
yields

cE(t) < E(ot) < (co)s B(t)
for large ¢, whence o > 1. If p > 1 we are done. On the other hand, p = 1 if and
only if E(t) = t for large t, and the latter condition implies that £ = co near
infinity, so that (iv) is trivially satisfied.
The proof of the reverse implication is similar.

(i) is equivalent to (iv). This is established in [67, Lemma 2.3 (i)].

(iv) is equivalent to (vi). The proof of this fact follows along the same lines as
that of the equivalence of (iii) and (v), and will be omitted, for brevity. O

We finis this section by analysis of convergence of the integral of type (3.2.1]).
Our proof is based on [22, Lemma 2.3].

Proposition 3.2.3. Let E be a Young function and let 0 < o < 1. Then

/Oo & ds < 0o if and only if / <)>1fads < 00 (3.2.13)

sl/(1-a)

and

/OE() ds < oo if and only if /( )lfads < 00 (3.2.14)

sl/(1-a)

Proof. Let E and a be given and assume that E(t) = [; e(s)ds for t > 0. Then,
by Fubini’s theorem,

00 00 dS
/1 S1/(1— a)d _/ /81/1a /_1(1)/()81/(1—a)dr
—a l—« 1 \1==
e
e () T 0 r

Now, by (ZLT) and (214) with [212),

/ 1/1a>d s [ sl/la
[ol) o= () e

whence (3.2.13)) follows. The proof of (3.2.14)) is analogous. ]

while
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3.3 First reduction principle in Orlicz spaces

Suppose that 0 < a < 1, § > 0 and o+ 1/5 > 1 and let A be a given Young
function. Denote by ¢y € [0,00) a point such that the integral

[Gig) e

converges. Note that such ¢y has to always exist since A is a Young function. Let
then H,: [ty, 00) — [0,00) be defined by

—

Ha(t) = (/;(Afs))la"ds)l e

In (A’Et)> dt = oo, (3.3.1)

then H, is increasing, absolutely continuous and onto [0,00) and hence H_! is
well defined on [0, 00).
Let us now define A, g: [0, 00) — [0, 00) by

D,
An5(t) = /0 5(8) ds fort >0, (3.3.2)

Suppose that

where D, g: [0,00) — [0, o0] is given by

1
A(H‘l(s)) Bl=c)
—a 2 77 f (3.3.1)) hol
Das(s) = (S H.1(s) if (8.3.1) holds,
00 otherwise

for s > 1 and D, 4(s) =0 for s € [0,1].

Remark 3.3.1. Observe that D, (s)/s is a non-decreasing function since A(s)/s
is nondecreasing, H, and hence H;! is increasing and ﬁ > 1. Therefore A, 5

is a well-defined Young function equivalent to D, g, thanks to (2.1.2)).

Under the additional assumption

/O(AE)) T 0t < oo (3.3.3)

we may also define a variant of the function A, 3 which takes the values of A near
zero into account. So, assume (3.3.3]) and define H2°: [0, 00) — [0, 00) by

HX(t) = (/;(Afs))lfa ds) o for t > 0. (3.3.4)

Suppose that holds. Then HZ® is increasing, absolutely continuous and
onto [0, 00) and hence H2°~! is well defined on [0, c0). Observe that the condition
(3-3.1) may fail only if A jumps to +o0 at a finite point ¢, or A is finite-valued
and the relevant integral is convergent. In the former case, HS° is constant (H,
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say) on [, 00) and, in the latter one, H, increases to Ho, = lim; o H°(t) < 0.

If (3.3.1]) holds, set also H,, = 0.
Let us now define A3%5: [0,00) — [0,00) by

t e
Agfﬁ(t):/ O"S’B(S)ds for t > 0, (3.3.5)
’ 0

where D% [0, 00) — [0, 00] is given by

(S A(HE'(5))
Dels(s) = Hgem(s)
00, H, <s< 0.

By the same argument as in Remark [3.3.1} one can observe that AZ’; is a Young
function and

e
, 0<s < Hg,

Axs(t) = Dyg(t) fort > 0. (3.3.6)
We also clearly have that
A% 5(t) = Aqp(t) near infinity. (3.3.7)

To simplify the notation, denote also t,, = 0o, in the cases when HZ° is
increasing on [0,00). Consequently, HS is increasing onto [0, H,), absolutely
continuous and concave on [0,t) as follows by the calculation

() = (1 — @) H® (1) s (i)) for ¢ > 0. (3.3.8)
We have
0
m°t:/giﬂ—d
a,,B( ) 0 S S
co—1 o) a—
— /t A(Ha (8)) o )Slg(ﬁl(fa)l) ds
o\ HE !(s)
HET1) [ A(y)\ 7 Lta(act) (3.3.9)
:/ a (y) U HE () 0 H () dy
0 Y
HEZH0) ¢ A(y)\ Fice -
=(1- a)/ <g</y)) U HE ()R dy, 0<t< H,
0

where we used the change of variables s — H,(y) with the equation (3.3.8).
In the special case when 5 = 1, we obtain from ({3.3.9)) that

A28 = (1 - o) /HgO ® A(s)

0 S

ds, 0<t<H,.

Next,

iy < [ A 4s < apmze) < vz ),

where the last inequality follows by the convexity of H>°~!. Consequently, we
infer that
AXs(t) = A(HZ (1)) (3.3.10)

globally provided that (3.3.1]) holds and, conversely, (3.3.10]) holds near zero and
A5 = oo near infinity if (3.3.1)) fails.
The Reduction principle for Hardy operator in Orlicz spaces reads as follows.
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Theorem 3.3.2. Let 0 < a <1, >0 and o+ 1/ > 1, and let A and B be
Young functions. Then there exists a constant C7 > 0 such that

/tR f(s)s* tds

B

< Gillfllza.my (3.3.11)
LB(0,R/5)

for every f € LA(0, R) if and only if either R < oo and there is a constant Cy > 0
such that
B(t) < Ay5(Cat)  near infinity,

where A, 3 is the Young function defined by (3.3.2), or R = oo, the condition
(3.3.3) holds and there is a C3 such that
B(t) < A, p(Cst)  fort>0.

Here the Young function A% is given by (3.3.5). Moreover, if R < 0, then Cy
depends on Cy, A, a, § and R and, if R = oo, then the constants Cy and C5 only
depend on each other and on o and f3.

Corollary 3.3.3. Let 0 <a <1, >0 and a+1/8 > 1 and let A be a Young
function. Then

/tR f(s)s*tds

B

< Cllfllzao.m
L (0,R'/5)

if and only if either R < co and

or R =00 and

@

/OOO<AEI§)>I_Odt< 00.

Proposition 3.3.4. Let «, 8 be as in Theorem[3.5.9 and let A and B be Young
functions. Then there exists a constant Cy > 0 such that

/OO f(ryr*tdr
s LB

5 < Cull 1 La(0,00) (3.3.12)

0,00

for every f € LA(0,00) if and only if there is a constant Cy > 0 such that

o0 HX,f(t) 0
B 2 g | dt < A(lf@)]) dt 3.3.13
h (Cz(fé"’A(lf(s)l)ds)) (fA0sen ) (33.13)

for each f € L*(0,00).

|

In order to prove the sufficiency in Theorem there is no need to have full
information about our operator; it is enough to know the endpoint estimates only.
This enables us to introduce a more general result, an example of interpolation
theorem in Orlicz spaces. Several such results appear in literature, mostly in the
work of Andrea Cianchi. Let us mention for instance [I8], 19} 23]. Our proof is
based on [24, Theorem 3.6]
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Theorem 3.3.5. Let a and 3 be as in Theorem[3.53.3, let A be a Young function
such that (3.3.3) and (3.3.1) holds and let A% be as in (3.3.2)). Suppose that

(R, ) and (8,v) are o-finite non-atomic measure spaces and Assume that T is a
linear operator satisfying

T: LY(R, p) — L7 (8,v) (3.3.14)
T: Lo (R, 1) = L¥(8,v) (3.3.15)

with operator norms C and Cs, respectively. Then

- Tf(t) 5
/S,AQ,B(C(IRA(VMM)C!) du(t) < (/RA(!fDdu) (3.3.16)

for every f € LA(R), where C is a constant depending on Cy, Co and «, B.

Proof. Our first task is to prove that the operator T is well defined for every
f such that [ A(]f])dv < co. Recall that we will use the numbers ¢, and H,
associated to A as in the definition of Ag,.

Given any such f and any 0 < t < t.,, decompose f as f = f' + f;, where

ft=max{|f| —t,0}sign f and f; = min{|f|, ¢} sign f.

It suffices to show that f* € L'(R) and f, € La}(R). Since A is a Young function,
A(t)/t is non-decreasing and also A(t)/t < a(t), by (2.1.2). Thus

£l = [ w151 > shyds < s [ a(s)u((1f] > ) ds

t
< Ju AU d

and hence f' € L'(R). As for the f;, we have, by Holder inequality,

1Al gy = o [ HAIT> sh°

s;</;<A;>>"“ds>l‘“</;Af > )’ w17
<~z [ Ashan)

where H* is given by (3.3.4). Thus, f, € La'}(R).
In order to establish the inequality (3.3.16|), recall that

t DX
AZ4(1) :/ o (9) ds, 0<t< Hu. (3.3.18)
’ 0 S

To make the notation lighter, let us write just D in place of Dg’s. Further, denote

Cs @
K =22( [ aqs)d ) . 3.1
2 ([ A1) d (33.19)
Our first step is to show that if H,, < oo, then

v({|Tf| >2Ks})=0 fors> He. (3.3.20)
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Indeed, taking the limit ¢ — oo in (3.3.17]), we obtain

10 sy < 5 e ([ A D )

which, in combination with (3.3.15)) and (3.3.19)), gives

|7 fllLee(sy < Hoo K

and (3.3.20)) follows. Next, by (3.3.18) and (|3.3.20)),

/SA;fB(;J;) dv — /OH D), 07 f) > 265} ds (3.3.21)

Let us now work with the latter integral in (3.3.21)). In what follows, we will use
the abbreviated notation ¢ = /3(11—a)' Choose any € > 0 and, by integration by

parts, we get

/EHW Dis)y({|Tf| > 2Ks}) ds = /gHoo d<D(t)> /tHoo AT > 2K s))s1 ds

dt \ t4
D(e) [He
+ (qg) / v({|Tf] > 2Ks})s?" ' ds.
9 €
(3.3.22)
Now, denote o(t) = H~1(t) for 0 <t < H,, and observe that
V{ITS] > 2K5) < v{ITfuol > Ks}) + v({ITFO] > Ks)). (33.23)
Also, thanks to the assumption (3.3.15)) and by (3.3.17)), we have
02
IToollieis) < Collfotoll gy < 2 Halo@) ([ AU )" < Kt

which implies that v({|T fo)| > Ks}) = 0 for every t < s < H,, whence the
first term on the right hand side of (3.3.23)) vanishes. The equation (3.3.22) now
continues by

/EHOO Dis)y({]Tﬂ > 2Ks})ds = /Hood(l)(t))/th’oo v({|Tf70] > Ks})s7 ! ds

e dt\ ¢
D(e) [Hw
+ e(:)/ v({|Tf°9 > Ks})s?*ds.
(3.3.24)

It also follows from (3.3.14]) that

Heo 1 Cl too q
[T > Kspysthds < - ( ) (/ u({1f] > s}) ds> (3.3.25)
¢ g\ K o(t)
for 0 <t < H,. Denote the right hand side of ( m by J(t) and let us plug
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the estimate (3.3.25)) into (3.3.24)). We obtain
He D
[ P > ks as

:_/Hoo dt( " )/t J'(y )dy+D(q5>J(g)
= /ey i ( 2 aray+ 220
- [ () B
- /sHOO J’(y)Dy(f) dy,
hence, letting = — 0, we have
[P > 2mspyas = - |

Owing to the definition of J and thanks to the relation

D(HE(t) _ <A<t>
He(t)e t

- Dy(f)J’(y) dy.

)q, 0<t<to,
we may continue by
[ el >2Ks}>
- (% ) . ( A1 > shs) L] > o()))e’w) dy

)
(> (/tt {l71>s}) ds) p({If] > t}) dt
) t))

<(%) [ gy G)

(" 2utis1 > shyas) wcdlsl > e
_<fg)/0 A=A ({If\>s})d8> u({15] > 1)) d
(" Qm{m > s})ds)’
=, (&) (Laasman)”
Altogether, by the last inequality with (3.3.21)), we conclude that

fozalre) = 5 () ( aaman)

which, thanks to the choice of K in (3.3.19)) and by the meaning of ¢, rewrites as

/SA%(?S?(IRZJZ\(?I)du)Q) Sﬂ(l_a)<a00 1)% (o d”>

whence (3.3.16)) follows. ]

)q
HE (1))
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Note that the definition of the Young function A, s, (3.3.2)), uses the Young
function A itself. In what follows we will work with the associate Young function
A instead. First observe that, by Proposition (3.3.1)) is equivalent to

> ;1(5)
We now define ®,: [0,00) — [O,oo] by
! g(S)

and also F,: [0,00) — [0,00) by

¢ As)
— #1/(1-a)

Fo(t) =t /1 ey ds fort > 1, (3.3.28)
or, shortly, F,(t) = t'/(1=®d(t), t > 0. Clearly, ®, and F, are non-decreasing,
whence we may denote by ®_! the generalised left-continuous inverse of ®,, and by
F! the generalised right-continuous inverse function to F,. Further, if ([3.3.26)),
then both ®_! and F;! are finite valued. The next proposition summarises the

relation between ®,, Fi, and A, g and hence gives another equivalent expressions
of the Young function A, s.

Proposition 3.3.6. Let A be a Young function. Then

Ay p(t) = (t@ L= )) A near infinity (3.3.29)

and B(1-a)
t —
AL () ———
) = Foi)
where @, and F, are the functions given by (3.3.27) and (3.3.28)), respectively.
Furthermore, if I4 < 1/«, then

near infinity, (3.3.30)

AJl(t) ~ A” LtP) =28 near infinity. (3.3.31)

Similar formulas also hold for the global variant, A%, provided that the
relevant integrals converge at zero. Observe that, by Pl"OpOSlthIl u - is
equivalent to

Als)
Now, if (3.3.32)) holds, we may define ®°°: [0, 00) — [0, c0] by
o ! E(S)

and also F2°: [0,00) — [0,00) by
A(s)

00 1/(1-a)
Fo(t) =t 0 sl/(1—a)+1

ds fort > 0. (3.3.34)

Similarly as above, ®¢° and FJ° are non-decreasing and hence the generalised left-
continuous inverse functions ®°~1 and F>°~! are well-defined. The alternative
expressions of Ag’; then read as follows.
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Proposition 3.3.7. Let A be a Young function satisfying (3.3.32)) and (3.3.206)).
Then

2at) & (@) (T ))ﬁ“ D fort >0 (3.3.35)

and
tB(—a)

o) 0= T

where ®° and F° are the functions given by (3.3.33|) and (3.3.34]), respectively.
Furthermore, if I < 1/a, then

fort >0, (3.3.36)

(A25) M (t) = AT () =7 fort > 0. (3.3.37)

Part of this result appeared in [21, Lemma 2|, although we shall introduce
more comprehensive approach. Also, we will prove only the global variant; the
near infinity one needs only trivial modifications.

Proof of Proposition [3.3.7] First observe that ®5° and F2° are well defined
if and only if A% is well defined thanks to Proposition [3.2.3] Throughout the
proof, we will denote the functions ®3° and F3° by ® and F, for brevity. Also,
write £ in the place of HZ°.

Let us show ((3.3.29 m Assume first that (3.3.1)), or, equivalently m holds,
whence Ag’; and d~! are finite-valued and H = o0. Owing to , it suffices
to show that

R A(E~1(1))) 709
(t (I)*l(tm)) Fl—a) (t (7(5))> for t > 0,

or, equivalently,

A(E~H(t))
E-1(t)
Let us temporarily denote o(t) = A(t)/t. Since A is a Young function g is non-
decreasing, its generalised left-continuous inverse po~! is well defined and, due to

2.1.2] possess

Ol (tTe) & for t > 0. (3.3.38)

A(t) < to (t) < A(4e). (3.3.39)
We have

o) A(s) o) o~ 1(s)
®(o(t)) _/ sl/(I—a)+1 ds S/0 sl/(1—a) ds
o(t) () o ds
_/ 1/1a/ ys-// 1/1a)

ds
< _— d = / T 1- ad

tr oy >1a 1
=c — dy = cE(t)T== for t > 0,
/0(A<y> y = cE(t)

where we used first inequality in (3.3.39)), Fubini’s theorem with trivial estimates.
Here, ¢ represents a constant depending on «. Therefore, passing to inverses,

(3.3.40) implies that

(3.3.40)

o(E7H (1)) < @ N(CtT=) fort >0
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with some constant C'. This proves one of the inequalities in (3.3.38]). Conversely,
using similar computation as in (3.3.40)),

@ (40(t) = | o _Ab) = 0 _Als)

1/(1 a)+1 1/(1 a)+1

ot) o~

>

_C/o 1/<1 a> //g@ 51/ (3.3.41)
t

=c [ oly) TRy — eto(t) T

= cE(t)™a — cto(t) == for t > 0.

Also here and in what follows, ¢ denotes some constant depending on «, which
may differ in each step. Next, we show that

to(t) Ta < cd(4o(t)). (3.3.42)

Let us denote J = A and J~! its left-continuous inverse. Then

2y J(s) 2y J(s)
®(2y) = /0 s1/(I—a)+1 ds > /y s1/(—a)t1 ds

) (3.3.43)
>J()/de:cJ()_1ia for y > 0
=W | e vy y=u
Further, we have that
J(20(t)) > A(t). (3.3.44)

Indeed, by [@15),

2ot) = 221 > 2000 > )

whence

J(20(1)) = J(ATN (A1) > A(1).
Plugging o(t) into and using (3.3.44)), we obtain

1 t 1 fe

(de(t)) 2 ¢ (20(t)) o)™ > cAW) 1o o' =cto(t) ™=
which is ). Coupling ([3.3.41)) with (3.3.42), we get
c®(co(t)) > E(t)ﬁ for ¢ > 0,
which, passing to inverses, gives
o(E71(t)) > c@’l(ctﬁ) for t > 0,
the remaining inequality in . Conversely, if fails, than

holds near zero as above and Ag’; = oo near infinity. Also, ® is bounded in this
case and hence ®~! = oo near infinity.
Let us now focus on (3.3.36)). If we denote

J(t) = (t @*1(75%))5“*“) for t > 0,
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then (3.3.35)) implies that J ~ A°° globally and thus J~! ~ A%, (t) for ¢t > 0.
If - holds, then J~! and F~! are finite valued and one can Verify that

J YO FY#P) =909 fort >0 (3.3.45)

Therefore
w0 VL) e TN ) = e it s 0 3.3.46
(Aos) (t) ~ <>_FT(t5) ort > 0. (3.3.46)

which gives (3.3.36). On the other hand, if (3.3.1)) fails, then (3.3.45]) and hence
(3.3.46)) holds only near zero. Further F(t) ~ t'/(1=%) pear infinity and AXy s

constant near infinity whence (3.3.36|) holds also in this case.
As for the “furthermore” part, the assumption I < 1/« implies that F$° ~ A
globally and thus

oo -1 90— —1(48Y 4—aB
(Aols) (1) ~ yE) ~ AT ()t for ¢ >0

thanks to (3.3.36)) and ([2.1.5]). O

Proof of Theorem [3.3.2l Let us denote the operator (3.1.1)) by H, i.e.

R 1
Hf(t):/t f(s)s*'ds for0<t< R?

B

whenever the integral converges. We have,

<
[
RP R .
< [0 [ s as
1
R -
= s)| s™ B(l—a) S
)]st [t dtd
0 0
1 R 1
- ﬁ(ka)/o |f(s)|ds = g(l,a)||f||L1(o,R)
whence (3.3.14)) is satisfied with C} = and by Hardy-Littlewood inequality,

cf. [9, Theorem 2.2, Chapter 2]

R R
) a—1 </ * a 1 o
VA, oy < ) 1@ ds < [7 0790877 ds = £l 10

and follows with Cy = 1. Now, assume that holds. If R < oo,
(3.3.3]) may be considered as satisfied without loss of generality, since the change
of the behaviour of a Young function near zero does not affect the space. By
Theorem , the modular inequality holds with C' depending only on
a and 3. Now, holds with B replaced by Ag’s. This proves the necessity
for R = 0o and the necessity for R < oo follows once we use ([3.3.7)).

Conversely, assume that holds for some Young functions A and B
with some constant C'. By the double use of Hoélder inequality in Orlicz spaces
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(2.3.3)) together with Fubini’s theorem, we get

R a—1
/tﬁ f(s)s* " ds

2C > 2 sup LP(0.R7)
 feLAOR) Hf”LA(o,R)
RP R
/ g(t) / f(s)s* tdsdt
> sup sup 0 ¢
feLA(O,R) gGLE(O,Rl/ﬁ) ||f||LA(0,R) ||g||L§(O,R1/ﬂ)
! (3.3.47)

R sB
/ F(s) s / g(t)dt dt
> sup sup =2 0

N gGLg(O,Rl/ﬁ) fELA(O,R) HfHLA(O,R) HgHLg(QRl/B)

=

LA(0,R)

sa_l/ g(t)dt
> sup -

gELE(O,Rl/B) HgHLg(O’Rl/ﬁ)

Let 0 < r < R¥ be fixed and suppose that ¢ has support in the interval [0, r].
Then

>

1
53
s / g(t)dt
LA(0,R) 0

1
SE
sa_l/ g(t)dt
0

and (|3.3.47)) continues as

> " a—1 -
PO AOL U K P

=

sa_l/s g(t)dt
0

2C' > sup LA(O.R)
S LB (0 lgll, 5 .0,
r n (3.3.48)
JAICE G E I
> su ¢ ’
= p
LB (0m) 1911 . 0.0y
2 ”1HLB(0,T‘) HsailnLZ(rﬁ’R)'
By (2.3.1)), )
1|20 = B0 (3.3.49)
and, thanks to Lemma for R < o0 [R = 0]
a—1 7*/8(1_0‘) . ﬁ . f
I|'s ”LX(TB,R) = —(Fgo)—l(o%l) near infinity [for ¢ > 0]. (3.3.50)

Here F3° is given by (3.3.34]). Observe that (3.3.48) in particular implies that
is finite. Therefore, by Lemma |3.2.1, the condition

/Og(s)ds<oo

s1/(1—a)+1

||Sa_1||LX(TB7R)

holds. This implies (3.3.3)), thanks to Lemma [3.2.3]
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Combining (3.3.48)), (3.3.49) and (3.3.50) and using the change of variables,
we obtain that there is a constant C;, depending on C', a and f3, such that

tB(a—1)
C\B7(t) > 1) near infinity [for ¢ > 0]. (3.3.51)

Using ((3.3.30)) together with (2.1.5)), the inequality (3.3.51]) rewrites as
B7Ht) 2 (A2%5) "' (t) near infinity [for ¢ > 0].
The claim now follows by taking the inverses and eventually by (3.3.7). ]

Proof of Proposition |3.3.4, Let A and B be Young functions and assume
(3.3.12). We will make use of the following scaling argument. Suppose that
N > 0 is given and let us define Ay and By by

A(t) 1 a
We claim that
H: L(0,00) — LPV(0, 00) (3.3.52)

in which the operator norm does not depend on N. Indeed, thanks to the char-
acterisation in Theorem the inequality (3.3.12)) is equivalent to

B(t) < AZ4(Ct)

where C' is some positive constant It is easy to observe that (Ay)> 5 the Young
function associated to Ay as in , satisfies

1 [e.9]
(AN)as = N1/5Aocﬁ(tN ) fort >0,

hence, we infer, by the change of variables, that
By(t) < (An)a4(Ct) fort >0 (3.3.53)

with the same constant C'. Owing to Theorem again, ([3.3.53)) implies
B3352).

Next, let f € L#(0,00). Assume that [;° A(|f|) < oo otherwise there is
nothing to prove, and set N = [;° (] f ]) By the definition of the Luxemburg

norm, || f|lpan (o.00) < 1 and thus, by (3.3.12), |H % f 1l 5w (0.00) < C1. Therefore

[ (s

and (3.3.13)) follows by the definition of By. ]

3.4 Optimal Orlicz target spaces

Let us turn our attention back to Theorem [3.3.2l Let LA be a given Orlicz
space. The description of the optimal Orlicz space L? for which (3.1.2)) holds is
straightforward.

32



Theorem 3.4.1. Let 0 < a <1, >0, and a+ 1/ > 1. Suppose that A is a
Young function satisfying and let AZs be the Young function defined by
(13.3.5)). Then

HZ5: LA(0, 00) — L4 (0, 00), (3.4.1)

and L*%5(0,00) is the optimal (i.e. smallest) Orlicz target space that renders
(3.4.1) true. Moreover, the embedding norm depends only on o and [3
In particular, if I < 1/a, then

Agjﬁ_l(t) ~ ATH Y fort > 0. (3.4.2)

Conversely, if (3.3.3)) is not satisfied, then there does not exist an Orlicz target
space LP(0,00) for which (3.1.3)) holds.

Proof. Let A an AZ’; be the Young functions from the assumptions. The bound-
edness of H:% follows directly by Theorem Next, assume that

HZ2y: LA(0, 00) — LP(0, 00). (3.4.3)

Then, again, by Theorem A satisfies (3.3.3), A5 is well defined and B is

dominated by Ag°; globally, which ensures that L*5(0,00) — LP(0,00). That
proves the optimality. By the same argument, we infer that (3.3.3)) is a necessary
condition for existence of any Young function B in (3.4.3)).

The relation (3.4.2)) follows by Proposition [3.3.7, namely by (3.3.37)). O

The integral inequality in the optimal case is also available. The next corollary
is an immediate consequence of Theorem [3.4.1| and Proposition

Corollary 3.4.2. Let o, B, A and A3 be as in Theorem|5.4.1. Then there exists
a constant C > 0 such that

S HZf(t) o0 3
/ Aa’ﬁ(c(f;o A(G(Smds)a)dts ([~ adswna)

for every f € L4(0,00). Moreover, the Young function AZ s is optimal.

A parallel result to that of Theorem on bounded sets reads similarly. Let
us stress that the behaviour near zero of Young functions involved is now imma-
terial. Observe also that the existence of the optimal target space is guaranteed
without any constrains.

Theorem 3.4.3. Let 0 < a <1, >0, and a+ 1/ > 1. Suppose that A is a
Young function and let A, 3 be the Young function defined by (3.3.2). Then

H,p: L4(0,1) — LA#(0,1), (3.4.4)

and LA«5(0,1) is the optimal (i.e. smallest) Orlicz target space that renders

BAA) true.

In particular, if I4 < 1/«, then
A_lﬁ(t) ~ ATV )Vt near infinity. (3.4.5)

a,

Proof. The validity of (3.4.4) and the optimality is a consequence of Theo-

rem [3.3.2; the simplified equation (3.4.5)) holds by (3.3.31)) of Proposition |3.3.6|
[
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3.5 Second reduction principle in Orlicz spaces

We shall first introduce an auxiliary Young function which importance will reveal
in the subsequent section. Let B be a given Young function and let 0 < o < 1,
B >0and a+1/5 > 1. Define B, 5: [0,00) — [0, 00] by

t L
Bas(t) = /0 Cylf(s)ds for t > 0, (3.5.1)

where G, 5: [0,00) — [0, 00) is given by

tB~1(1) if0<t<1,
Ga,ﬁ t) = + inf B—l(sl/ﬂ)sa—l ift>1. (352)
1<s<t

Remark 3.5.1. Observe that the function G, g is increasing, as shown via the
alternate formula
_ja ~1(.1/8 AT
Gap(t) =t 1§1‘£1<fOOB (s )max{l, s} fort > 1, (3.5.3)
and hence its inverse G;,}B is well-defined.

Also, B, s is actually a Young function. Indeed, since G g is increasing, G;}g
is increasing as well. Thus, since the function G, (t)/t is non-increasing, the
function G 4(t)/t is non-decreasing. These facts also ensure that

B, s(t) ~ Gap(t) fort>0. (3.5.4)

a7
Under the additional assumption that

Bt
sup <1 ) < 00, (3.5.5)

0<t<1 ¢ Bli-a)

we also define

t GOO —1
B4(t) = / G s fort >0, (3.5.6)
’ 0 s
where G751 [0,00) — [0, 00) is given by
ap(t) = toi<nf<tB_1(31/5)sO‘_1 for ¢t > 0. (3.5.7)

Note that (3.5.5) guarantees that G55 is positive on (0, 00). Furthermore, by an
argument similar to that of Remark [3.5.1} By’ is a Young function, and

By (t) ~ Gy(t) for t > 0. (3.5.8)

Our next version of Reduction principle for Hardy operator in Orlicz spaces
now reads as follows.

Theorem 3.5.2. Let 0 < a < 1, 8 >0 and a+1/8 > 1, and R € (0, 00].
Suppose that A and B are Young functions and let B, and Bg’s be the Young

functions defined in (3.5.1)) and (3.5.6) respectively. Then there exists a constant
Cy > 0 such that

o = Gl laon (3:5.9)

/Sf f(r)yrotdr

34



for every f € LA(0, R) if and only if either R < oo and there exists a constant
Cy > 0 such that

[ A g < PaslCi

Sl/(—a)+1 = Thi/0-a) fort>1

or R =00, B obeys (3.5.5)) and there exists a constant Cs > 0 such that

L As) B,(Cst)
/o T B S g fort>0.

Moreover, if R < 0, then Cy depends on C1, A, o, § and R and, if R = oo,
then the constants C7 and C3 only depend on each other and on o and 3.

In the case when R = oo, there is also an integral version of the inequality
on hand. Despite the statement is exactly the same as in Proposition m
and repeated here just for the sake of self-contained nature of the whole section,
the proof is derived differently — see the end of this section.

Proposition 3.5.3. Let o, 8 be as in Theorem[3.5.9 and let A and B be Young
functions. Then there exists a constant Cy; > 0 such that

/:O flryr*tdr

B

. < Cil[fll24(0,00) (3.5.10)

for every f € LA(0,00) if and only if there is a constant Cy > 0 such that

? T w A= () A d 3.5.11
h (Cz(fm(ms)!)ds) ) = a0rop ) (3:511)

for each f € L*(0,00).

The proof of Theorem |3.5.2|is significantly different from that of Theorem|3.3.2
and it consists of two steps. In the first one, we characterise the boundedness of
our operator between Orlicz and weak Orlicz space, and in the second one, we
show that any such boundedness to a weak Orlicz space can be strengthen to the
strong one. Let us first focus on those partial results; the proof of Theorem |3.5.2
will be then their straightforward consequence.

The next two propositions deals with the reduction principle to a weak Orlicz
space. The underlying idea of the proof follows the observation that the bound-
edness of the operator is fully dependent just on characteristic functions. Such
result was first published in [57, Theorem B] for bounded domains and later in
[27, Proposition 5.2] for unbounded one.

We moreover treat the cases on a bounded and on an unbounded domains
separately since their proofs are not entirely the same. Let us start with the
reduction on the whole of (0, c0).

|~

Proposition 3.5.4. Let 0 <a <1, 8>0and a+ 1/ > 1, and let A and B be
Young functions. Then the following two assertions are equivalent.

(i) There exists a constant Cy > 0 such that

HHg?Bf“MB(Om) < Cillfllza0,00) (3.5.12)
for every f € L4(0,0).
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(ii) B fulfills condition (3.5.5)) and there exists a constant Cy > 0 such that

t A B>, (Cyt
/ A(s) ds < oos(Cat)
0 s/d=a)t1 =7 = T41/(1-a)

fort >0, (3.5.13)

where By is the Young function defined in (3.5.6)).
Moreover the constants Cy and Cy only depend on each other and on o and (3.

Proof. A duality argument ([2.8.2)) combined with equation ({2.3.3)), tells us that
inequality (3.5.12)) is equivalent to

to‘_l/otﬂ f(s)ds

< Cillflz (35.14)

LA(0,00)

for every [ € A‘Z(O, o0), where AZ(O, 00) is defined as in (2.4.3). We claim that
inequality (3.5.14) is in turn equivalent to

< Gl f7|

LA(0,00)

+5
to! ; f*(s)ds (3.5.15)

AA(0,00)

for every f € A‘X(O7 o0). The fact that (3.5.14) implies (3.5.15)) is trivial. The

reverse implication follows from a basic property of rearrangements, which implies
that

i3 15
/ Fls)ds < / Fi(s)ds fort >0, (3.5.16)
0 0
see [0, Lemma 2.1, Chapter 2], and from the equality

10z 0my = 1 0y

which is a consequence of ([2.6.2]).

Next, by Proposition [2.8.1} inequality (3.5.15|) is equivalent to the same in-
equality restricted just to characteristic functions of the sets of finite measure,

namely to the inequality

1
tB

ot X(O,r)(S) ds

< ClHX(O’T)HAZ(O o) for r > 0. (3.5.17)
LA(0,00) ’

Owing to the equality
0 2000 (X0 gy = 7 for 70

(see [9, Theorem 5.2, Chapter 2]), and to equation (2.4.5) with A replaced by B,

X0 |y 0y =7 B~ (A7) for >0, (3.5.18)

up to absolute equivalence constants. On the other hand, computations show
that

1
tB

ot X0, (s)ds

~ ||ta_1X(7“5,00)(t)||LX(O,oo) forr >0, (3.5.19)

LA(0,00)
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up to equivalence constants depending on a and 3. The right-hand side of (3.5.19))
is finite if and only if the integral on the left-hand side of (3.5.13)) converges.
Moreover, if this is the case, then, by Lemma [3.2.1}

7"6(&_1)

a—1 _ .
||t X<Tﬁ7oo)(t)||LA(0,OO) = 7F—1(7"—5) for r > 0, (3.5.20)

where F': (0,00) — [0,00) is the (increasing) function defined by

1 ot As)
F(t) = —— {1« ‘/0 W dS fOI' t > 0 (3521)

Combining (3.5.18)), (3.5.20)) and (3.5.17)) tells us that (3.5.15]), and hence (3.5.12)),

is equivalent to the existence of a constant C'3, depending on « and 3, such that

Fi(s) < C3B7Y(sY8) st for 5 > 0. (3.5.22)

Taking the infimum, as s € (0, ], of both sides of (3.5.22]), and making use of the
fact that the function F' is increasing, yield

1
< . —1/.1/8Y ca—1
i S Cs og;fgtB (s77)s for ¢ > 0.
On the other hand, the latter inequality trivially implies (3.5.22]). Hence (3.5.22))
is equivalent to
1 as(t)
Fi(D) < Cf for t > 0.

It follows from (3.5.22) that (3.5.5) holds if and only if F' and hence A is not
identically zero. Finally, by equations (3.5.8)) and ([2.1.5)), inequality (3.5.12]) is
equivalent to

BX, ' (t) < CyF (1) fort >0, (3.5.23)

for some constant C depending on a and . Hence, the conclusion follows, on

taking the inverses of both sides of ((3.5.23)). ]

The next proposition now deals with the operator on the interval (0,1). The
case for an general bounded interval (0, R) can be obtained simply by the com-
position with the dilation operator. Note also that in the previous proposition
the constants C} and C5 were independent of the Young functions involved. This
is no longer true for the result on a bounded domain where a dependence on a
Young function A appears.

Proposition 3.5.5. Let0 <a <1, 8>0and a+1/8>1, and let A and B be
Young functions. Then the following two assertions are equivalent.

(i) There exists a constant Cy > 0 such that

[Ha s Iz 00) < Cillfllpaon (3.5.24)

for every f € LA(0,1).
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(ii) There ezists a constant Cy > 0 such that

[ )y < BaalCol

sl/(l—a)+1 —° = 41/(1-a) near infinity, (3.5.25)

where By g is the Young function defined in (3.5.1)).
Moreover the constants C7 and Cy depend on each other on A and on o and f3.

Proof. I order to prove this statement, we will follow the same scheme as in the
proof of Proposition and we shall comment the principal differences only.
First, as above, we infer that is equivalent to the existence of a constant
C5 such that

1
+B

ot X(o,r)(5) ds

< CyrB! (1> for r € (0,1). (3.5.26)

r

LA(0,1)

Here C5 depend only on C;. Next, we show that is equivalent to the same
inequality for r restricted only to some neighbourhood of zero. Indeed, assume
that hold on (0, ro] for some ry fixed. Let r € (ry, 1) and denote by ¢ the
largest integer such that crg < r. Then, by ,

t% t% t% t%
X(O,r)(s) ds = 0 X(O,ro)(‘S) ds + 0 X(TO,QTO)(S) ds+---+ /0 X(CTO:T)<S) ds
t% 1 té
<c X(O,ro)(s) ds < — X(O,T0)<S) ds
0 To JO

and ((3.5.26)) follows with Cy replaced by Cs /9.
We observe that

1
tB
ta_l X(O,r)(s) ds ~ >~ THta_lX(rB,l)(t)HLZ(O n forr € (07 2—1/5)'
LA(0,1) ’
(3.5.27)
where the constants depend only on o and 3. Clearly, it is
1
a1 [* at+i-1 a—1
t Xon(s)ds (o) < I X0 Ol 7 g0y + 1 Xern @l 7
LA(0,1

and for r € (0,27Y%) we have

at+i-1 a—
Ht i X(O,Tﬁ)(t)HLX(O’l) < Tﬁ( 1)+1||X(

_ 7,,8(04—1)-%1 H X(

0,7’5) HLZ(O,l)

g 25(1—a)r”ta—lx

TB,QT'B)HLZ(QU (TﬁJ)HLZ(O,l).

Also, by Lemma [3.2.7],

fr‘ﬁ(afl)

a—1 ~
||t X(TB,I)(t)HLZ(OJ) - m

near zero, (3.5.28)

where F' is defined as in (3.5.21). The assumption (3.2.1) can be rendered as
satisfied since otherwise we can modify the Young function A on (0, 1) without
affecting the space L4(0,1). The constant in (3.5.28) now also depends on A.
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Combining (3.5.26)), (3.5.27) and (3.5.28|) gives us that (3.5.24) is equivalent
to the existence of a constant C3, depending on Cy, «, $ and A, such that

Fi(s) < C3B7(sY#) st near infinity. (3.5.29)

The rest of the proof is now very similar. We take the infimum, as s € (1,t], of

both sides of (3.5.29) to obtain that (3.5.29) is equivalent to the inequality

1 Gapl(t
Fi(0) < O f( ) near infinity.
Therefore, by (3.5.4]) and (2.1.5)), inequality (3.5.24)) is equivalent to
nggil(t) < C4F~Y(t) near infinity (3.5.30)

for some constant C4 depending on C7, «, f and A. On taking inverses of both

sides of (3.5.30)), we get
/t A(s) ds < Bas(Cat)
0

sl/(—a)t1 =7 = y1/(1-a)

near infinity, (3.5.31)

which is equivalent to (3.5.25]) since the integrals on the left hand side of (3.5.31])
and (3.5.25)) are comparable near infinity. The resulting inequality therefore does

not depend on the values of 4 on (0,1). ]

The next key result reveals that any Orlicz the boundedness to a weak space
can actually be lifted to the strong one. This idea already appeared in similar
form in [29, Lemmas 5.3 and 5.4]; we will follow the proof from [27, Lemma 5.3].

Proposition 3.5.6. Let o, 8, A and B be as in Proposition[3.5.4 If

H: L0, 00) — MP(0, 00), (3.5.32)
then

H%: LA(0,00) — LP(0,00). (3.5.33)
Moreover, the norms of the operator Hg%; in (3.5.32) and (3.5.33)) are equivalent,

up to multiplicative constants independent of A and B.

Proof. Throughout this proof, we adopt the abridged notation H for H;%;. Given
N > 0, define the Young functions Ay and By as

An(t) = @ and Bn(t) = Ni/ﬁ

B(tN~) fort>0. (3.5.34)

We claim that equation (3.5.32)) implies that
H: L*¥(0,00) — MP¥(0,00), (3.5.35)

with operator norm independent of N. To prove this claim, we make use of
Proposition which tells us that (3.5.32) is equivalent to the existence of a

positive constant C' such that

/t A(s) < B5(Ct)

T ¥ S gy fort>0, (3.5.36)
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where Bg; is the Young function defined by (3.5.6). Ome can verify that the
function (BN):B’ associated with By as in (3.5.6)), satisfies

(Br)s = 2

and that inequality (3.5.36)) holds with A and Bg’; replaced by Ay and (B N)zjﬁ,

respectively, with the same constant C'. Proposition [3.5.4] again tells us that
(3.5.35) holds, with operator norm independent of N.
Now, given any function f € M, (0, 00) such that

0< /OOOA(f(r)) dr<1, (3.5.37)

set

N= /oo A(f(r)) ar.
0
Thanks to (3.5.35]), we have that
HHfHMBN(O,oo) < CHf”LAN(o,oo) <C, (3.5.38)

for some constant C independent of N and f, since, by the very definition of
Luxemburg norm in Orlicz spaces,

11l 2w 0,000 < 1- (3.5.39)
Equations (3.5.38))—(3.5.39)), inequality (2.4.2) and equation (3.5.34]) tell us
t t
C > ||Hf||MBN(O ) > sup ——7 1 \ = sup
o0 [e'e) N ; o) a D— 1/8
o<t<x By () 0<t< NeB 1<|{évf>t}|>

for t > 0, namely

/ o 5
{Hf > tHB(O([gOA(f(r)) dr)a> < (/0 A(f() dr) for t > 0.
(3.5.40)

From inequality (3.5.40)), via assumption (3.5.37)) and property (2.1.3)) applied to

B, one can deduce that

00 a—l—%
{HS > t)] B(é) < (/0 A1) dr> for t > 0. (3.5.41)

Clearly, inequality continues to hold even if the integral on the right-hand
side vanishes.

Our next task is to derive a strong type inequality from the weak type in-
equality . This will be accomplished via a discretization argument. If
the (non-negative) function H f is unbounded, denote by {si}rez a sequence in
(0, 00) such that

Hf(sp) =2" forkeZ. (3.5.42)

In the case when H f is bounded, we define the sequence {s;} similarly, save that
now the index k ranges from —oo to the smallest K € Z such that H f(0) < 2.
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We then set sx = 0, and define s, again by for k < K — 1. In what

follows, we shall treat these two cases simultaneously, and K will denote either oo,

or an integer, according to whether H f is unbounded or bounded, respectively.
Notice that s is non-increasing, since H f is non-increasing. Define

fr = fX[S@SB ) for k < K.
k'7k—1

If £ < K, then
Hf(s) < Hf(sp) =2% for s € (sg, s5_1) -
Hence,
< L (Hf(s) s o (Hf(s)
B ds = B d !
/0 ( AC ) i k;{/k+ ( o ) (3:5.43)
2k+1) 2k—1
ds = (sk — sk 1)B<>.
“Z A o(e)om B wn(
Given any k < K,
0 00 85—1
Hfr(s) > /sﬁ fe(r)yr*tdr = /sﬂ f(r)x{sﬂ r )(r) r*tdr = /sﬁ fr)yretdr
= Hf(sp) — Hf(sp—1) =21 for s € [sp11, 51)-
Consequently,
[ste1,56) C {Hfe > 2571} for k< K. (3.5.44)

From inclusion (3.5.44)) and inequality (3.5.41)) we obtain that

(%) <> 2 (25 ) < ([ atacyar)”™

(3.5.45)

for k < K. Coupling (3.5.43) with (3.5.45]), and exploiting the fact that a+1/3 >
1 yield

e ( o )d < Z(/ A(fil )dr>a+é (3.5.46)

k<K

e ot
(z A ) < ( [~ Aa(sm) dr) ,
k<K 0
for every function f € M, (0,00) satisfying the second inequality in ([3.5.37)).
Inequality (3.5.46) implies equation (3.5.33)). [
Corollary 3.5.7. Let o, 3, A and B be as in Proposition[3.5.4. If
H,p: LA(0,1) — M5B(0,1), (3.5.47)

then
H,p: L4(0,1) — LP(0,1). (3.5.48)

In particular, the space L*(0,1) is the optimal Orlicz domain in (3.5.47) if and
only if it is the optimal Orlicz domain in (3.5.48|).
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Proof. Suppose that A and B are Young functions such that (3.5.47) holds.
Proposition tells us that (3.5.47)) implies that

tA(s) Bas(Ct)
/1 stgm for t > to,

for some constants C' > 0 and ¢, > 1. Let us denote by A and B two Young
functions which agree with A and B near infinity, and are modified near zero in
such a way that B satisfies condition , and condition ((3.5.13]) holds with
A and Bg’s replaced by A and B’goﬁ Hence, by Proposition ,

H,: L0, 00) = MP(0,00),
and therefore, by Proposition [3.5.6),

H: LA(0,00) = LP(0, ). (3.5.49)
Equation (3.5.49) implies (3.5.49) since LA(0,1) = LA(0,1), and LB(0,1) =
LP(0,1), up to equivalent norms. O

Proof of Theorem [3.5.2] In the case R = oo, the assertion is a direct conse-
quence of Propositions [3.5.4] and [3.5.6]

If R < oo, then, thanks to (2.8.3)), the dilation operator is bounded on any
Orlicz space and hence holds if and only if the same inequality holds with
R replaced by 1. Thus, the result follows due to Proposition together with

Corollary (3.5.7)). O

Proof of Proposition [3.5.3| Let A and B be Young functions and assume
(3.3.12). We use of the same scaling argument that already appeared in the
proof of Proposition [3.5.61 Let N > 0 be given and define Ay and By as in

(3.5.34). We claim that
Hgoy: L(0, 00) — LP¥(0, 00) (3.5.50)

in which the operator norm does not depend on N. Indeed, thanks to the char-

acterisation in Theorem the inequality (3.5.10]) is equivalent to

Lo A(s) BZ4(Ct)
where C' is a positive constant. One might observe that (BN)ZOﬁ, the Young
function associated to By as in (3.5.0), satisfies (By), 3z = Bass/N. Hence, by
the substitution in (3.5.51]), we infer that

/t Ay(s) <(§J_V\)Z/?ﬁ(0t)

s/(—ay+1 = T /(-a)

with the same constant C. Thanks to Theorem [3.5.2] (3.5.52) implies (3.5.50)).

Next, let f € LA4(0,00). Assume that [;° A(|f]) < oo otherwise there is
nothing to prove, and set N = [7° A(|f|). By the definition of the Luxemburg

norm, |||l ax 00y < 1 and thus, by (3.5.10), [[H% f |l ex 0,00y < C1- Therefore

fort >0 (3.5.52)

o Hysf(t)
B (a’ﬂ) dt <1
/0 "o =
and (3.5.11)) follows by the definition of By. ]
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3.6 Optimal Orlicz domain spaces

The aim of this section is to present the solution of the optimal Orlicz domain
space L* for the boundedness of the operators Hy%y and Hg g in (3.1.3) and (3.1.4)
respectively for a given space LP. Let us start with the variant on (0, 00).

Theorem 3.6.1. Let0 < a <1, >0, and a+1/5 > 1. Suppose that B is a
Young function satisfying (3.5.5) and let By be the Young function defined by
(3.5.6). If

- 1
I, < =, (3.6.1)

then
H: LP25(0,00) — LP(0, 00), (3.6.2)

and LP25(0,00) is the optimal (i.e. largest) Orlicz domain space that renders
true. Moreover, the embedding norm depends only on a and [
Conversely, if is not satisfied, then no optimal Orlicz domain space
erists in in the sense that any Orlicz space L*(0,00) which makes (3.1.3)
true can be replaced with a strictly larger Orlicz space from which the operator
HZ% is still bounded into LP(0,00).
In particular, if 1% > ﬁ, then s equivalent to Iy < oo and

By ~l(t) = BTVt fort > 0. (3.6.3)

In addition, if (3.5.5)) is not satisfied, then there does not exist an Orlicz
domain space L*(0,00) for which (3.1.3)) holds.

The proof of Theorem [3.6.1| continues at the end of this section. The sharp em-
bedding ((3.5.12)) is also equivalent to the corresponding inequality in its integral
form. The next corollary is a direct consequence of Proposition |3.5.3]

Corollary 3.6.2. Let , B, B and By be as in Theorem and suppose that

1
Igf% < (3.6.4)

Then there exists a constant C' > 0 such that
o0 HS f(t) e
/ B( - OO,B a) dt < </ Ba,5<|f(t)|>dt>
o \C(fse B2 £(s)]) ds) 0

for every f € LP~5(0,00).
In particular, if i > m, then (3.6.4) is equivalent to Iy < oo and

|

B (t) ~ B8yt fort > 0.

The local version of Theorem [3.6.1]is also available. Naturally, the behaviour
of Young functions does not play any role and hence all necessary relations which
now have to be taken “near infinity” only. Note that in this case it is not possible
to have an integral integral version of the statement in general. The proof of
this result is similar (and even simpler) to that of Theorem and therefore
omitted.
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Theorem 3.6.3. Let 0 < a <1, >0, and a+1/5 > 1. Suppose that B is a
Young function and let B, g be the Young function defined by (3.5.1). If

1
I < — 3.6.5
Ba,g o ( )

then
H,p: LP*#(0,1) — L?(0,1), (3.6.6)

and LB~5(0,1) is the optimal (i.e. largest) Orlicz domain space that renders

60 true
In particular, if ip > ﬁ then (3.6.5)) is equivalent to Ip < oo an

1-a)’
By H(t) = BTN (tP) 1 near infinity. (3.6.7)

Conversely, if is not satisfied, then no optimal Orlicz domain space
exists in , in the sense that any Orlicz space L4(0,1) which makes (3.1.4)
true can be replaced with a strictly larger Orlicz space from which the operator
H, s is still bounded into L7(0,1).

In order to prove the result of this section, i.e., to prove Theorems and
we need to introduce several auxiliary lemmas focused on a construction of
specific Young functions. They all share the same background idea. They enable
us to essentially enlarge Young functions appearing on left hand sides of some
specific integral inequalities under several conditions imposed on right hand sides.

Lemma 3.6.4. Letn € N, 0 < a < 1 and let D be a Young function such that
D(t)/tY/ (=) s non-decreasing near infinity,

. D(t)
Jim e = %0 (3.6.8)
o 1/(1-a) ()
Tt D(s
121<poo D(Kt) /1 sl/(I—a)+1 ds = oo (3.6.9)

for every K > 1. Suppose that E is a Young function such that

t E(s) D(Ct)
/1 Sl/(l—cx)+1 ds S tl/(l_a)7 t> 17 (3610)

for some C' < 1. Then there exists a Young function E; essentially dominating
E near infinity and satisfying

t Eis) _ D(5Ct)
/1 st 8 = e 2L (3.6.11)

Proof. Let D and E be the Young functions from the statement. Fix ¢ > 1 and
define the set G; by

G ={s€(1,00): B8 > DO}

We may assume that F(s)/s is a non-decreasing mapping from (1, co) onto some
neighbourhood of infinity, and hence the sets G; are nonempty for every ¢ > 0. If
not, i.e. limg_, E(s)/s < 0o, then E(s) < ¢s on (1,00) for some ¢ > 0 and thus

©  F(s) ds< ™ ds
/1 S1/(—a)+1 S—/l i) =X
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and we may take E;(t) = t¢ on (1,00) for some 1 < £ < 1/(1 — a) which satisfies
the requirements trivially.

Let us define 7 = 7, = inf G;. Observe that, by the continuity of Young
function F,

Em) D) (3.6.12)
T t
Also,
E t
lim sup (7). =00 (3.6.13)

t—00 T E(Kt)

for every K > 1. Indeed, suppose that there is some K > 1 for which (3.6.13]) is
violated. We then have some L > 0 such that

E(Kt) S LE(T) s 1
iy 7_ ) )

which in connection with (3.6.12)) gives E(Ks) > L D(s) on (1,00). Thus

D(CKt) >/K’f E(s) ds>Kal—1/t E(Ks) ds
— )1 s - 1

+1/(1-a) I—a)+1 gl/(1—a)+1

D(s)

1t
ZLK‘D‘*l/l st? t>1,

which contradicts (3.6.9)) and therefore (3.6.13)) holds true.
Next, by(3.6.13]), we can take an increasing sequence t; € (1,00), k € N, such
that E(n) .
. Tk k
lim . =00 3.6.14
k—oo Ty E (ktk) ’ ( )
where we set 7, = 7,. Without loss of generality we may assume that 2t;, < 7
for every k € N. For contradiction, suppose that there exists a subsequence {k;}

such that 7, < 2t;,. Then, since E(s)/s does not increase and thanks to (2.1.3),

E(my,) 7% E(2t) th. E(2t,) 1 1
g7, J < i/ J i) _ L 0 .
Tk; E(kjty,) = 2ty E(kjty,) — E(2ty,) kK — as — 00,

which is impossible due to (3.6.14). We may also require that ¢;,; is chosen in
a way that 2t < 7, < tpy1. Furthermore, from (3.6.8]) take ¢, big enough so

that o) Dl
k k+1
2t1/(1—a) < /=) (3.6.15)
k k41
We now define a function E; by the formula
E(r,) — E(ty)
Ett — -t t € (ty, ), k€N,

E(t), otherwise.

Obviously, F; is a well-defined Young function and E; > E. Moreover, for k € N,
2E(ty) < E(m) by (2.1.3)) and therefore

B2ty Bl + P0G B(n) — Bty 1Bt
E(k?tk) N E(k‘tk) - E(k?tk) Tk -2 Tk E(ktk)
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and the latter tends to infinity as k£ — oo by (13.6.14)). Consequently

lim sup 210

for every A > 1 and E; essentially dominates E. It remains to show that F;
fulfills (3.6.11)). Let ¢ > 1 be fixed and let j € N be such that t € [t;,¢;11). Then

we have

t El(S) t E(S) J E(Tk) — E(tk) e S — 1
/1 S1/(1—a)+1 ds < /1 g1/(1—a)+1 ds + kz::l P /t g1/(1—a)+1 ds.

(3.6.17)
By the assumption, the former integral is dominated by the right hand side of
3.6.10)). Let us follow with estimates of the latter sum. Thanks to 2¢;, < 7. and
3.6.12)),

E(Tk) — E(tk) < 2E(Tk) _ 2D(tk)

< (3.6.18)
Tk — L Tk Uk
and since 1/(1 — a) > 1, we have
T (s — tg) < 1 1
Combination of (3.6.17)) and (3.6.18) with (3.6.19)) then gives
t o Ei(s) D(Ct) I D(ty)
/1 a1 98 < Jijimay T 22 A(a) (3.6.20)
k=1 Uf
It follows from (3.6.15)) that
D(tk) k—j D<tj> k—j D<t) .
e =21 S . ISk <00
k J
whence , A
I D(ty) D(t) oy o 2D(1)
kz::lt,ﬁ/““’) < e I;Q < e (3.6.21)
The inequality ([3.6.27)) thus follows by ((3.6.20)) and ((3.6.21]). [
Lemma 3.6.5. Let E be a Young function satisfying
> E(s)

Then there is a Young function E, such that E essentially dominates E near
infinity and also

o0 El(S)

Proof. Assume (3.6.22)). The procedure is almost the same as the proof of
Lemma [3.6.4] with only several modifications. Let us write D(t) = t¥/(1=%p(t)
where 7 is some function decreasing to zero at infinity and satisfying

/loon(S)dS = 0.

S
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Define 7; exactly the same to obtain (3.6.12)) with our D. We also prove (3.6.13))
for every K > 1 since, by contradiction, we have F(Ks) > LD(s) on (1,00) and

hence

< E(s) 1 (> E(Ks) 1 [ ds
/1 WdSZK“‘/l WdSZLK&—/l n(s)- = oo

which is impossible by (13.6.22)). The sequence t; is then chosen as in (3.6.14])
with the difference that instead of (3.6.15)) we require

i n(ty) < oc.

Now, we set the Young function E; by the same formula as in (3.6.16)). We then
get that F; dominates essentially E near infinity and finally

RG] ©  E(s) >
/lmdsé/l mds+2n(tk)<oo.

k=1

by the combination of the estimates (3.6.17)), (3.6.18) and (3.6.19). This proves
3.6.23). O

Lemma 3.6.6. Letn € N, 0 < a < 1 and let D be a Young function such that
D(t)/t/0=%) s non-decreasing near zero,

lim D(?)

and

ds = 00 (3.6.25)

su
0<t£)1 D(Kt)

for every K > 1. Suppose that E is a Young function such that

/f_mg 1< Dy

/(=) /t D(s)
0

sl/(—a)+1

-1 B S aeyy V<t<] (3.6.26)

for some C' < 1. Then there exists a Young function Ey essentially dominating
E near zero and satisfying

t Ei(s) D(5Ct)
/0 st 99S iy 0<i<h (3.6.27)

Proof. Let D and E be the Young functions from the statement. Fix ¢ € (0,1)
and define the set GG; by

Gy ={se(0,1): 2 < 2O
We claim that E(s)/s is a non-decreasing mapping from (0, 1) onto some neigh-
bourhood of zero, and hence the sets G, are nonempty for every t € (0, 1). Indeed,
if limg_,04 E(s)/s > 0, then E(s) > ¢s on (0, 1) for some ¢ > 0 and thus

/ff(@dszc/dszoo

0 sl/(1—a)t1 ) s1/(1—a)



which contradicts (|3.6.26]).

Let us define 7 = 7, = supG;. Observe that, by the continuity of Young
functions,

E D
(0) DOy (3.6.28)
T t
Also,
lim sup Bln) ¢t =00 (3.6.29)

-0+ T E(K?)
for every K > 1. Indeed, suppose that there is some K > 1 for which (3.6.29)) is
violated. We then have some L > 0 such that

B(Kt E
(K S EO) g oyon,
T

which in connection with (3.6.28)) gives F(Ks) > L D(s) on (0,1). Thus

D(CKt) Kt F(s) a1t E(Ks)
1/(1-a) /0 sl/(1—a)+1 ds = Ko /0 sl/(1—a)+1 d
1t D(s)
ELKO‘*/OWdS, O<t<1,
which contradicts (3.6.25) and therefore (3.6.29) holds true.
Next, by(3.6.29)), we can take a decreasing sequence t; € (0,1), k € N, such

that

E(r t
lim 206 B 00, (3.6.30)
k—oo Ty FE (/{Ztk)
where we set 7, = 7,. Without loss of generality we may assume that 2, < 7
for every k € N. For contradiction, suppose that there exists a subsequence {k;}

such that 7, < 2t;,. Then, since E(s)/s does not increase and thanks to (2.1.3),

Elm) . < B2iy,) M < B(2,) RENN —0 as k— oo,
Elkity,) = 2ty,  Ekty) — EQ2ty,) kK

Tk].

which is impossible due to . We may also require that ¢, is chosen in a
way that 2t < 7py1 < tg, which is ensured if 7, — 0 as ¢ — 0. To observe that,
by (3.6.28), we need to have lim; .oy D(t)/t = 0 which is however guaranteed
by the stronger condition (3.6.24)). Furthermore, from take tj,; small

enough so that

Dlte) _ 1 Dt
1/(1—a) — 1/(1—«) *

We now define a function F; by the formula

L Elm) — E(t)
Tk — Uk
E(t), otherwise.

(3.6.31)

(t—tk), t e (tk,Tk), ke N,

Obviously, F; is a well-defined Young function and E; > E. Moreover, for k € N,
2E(ty) < E(7) by (2.1.3)) and therefore

Ey(2ty)  B(t) + 2=y, _ B - B b1 E(n) 4
E(k?tk) N E(k‘tk) - E(k?tk) Tk -2 Tk E(ktk)
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and the latter tends to infinity as k£ — oo by (13.6.30)). Consequently

lim sup Falt) =
-0+ E(At)

for every A > 1 and E; essentially dominates E. It remains to show that E;
fulfills (3.6.27). Let t € (0,1) be fixed and let j € N be such that ¢t € [t;,t;41).
Then we have

/t Ey(s) < [ E(s) ds+§E(Tk)—E(tk)/T’f stk 4o
0 Py t

sl/(—a)+1 77 = Jo g1/(1—a)+1 T — th sl/(1—a)+1

(3.6.32)
By the assumption, the former integral is dominated by the right hand side of
3.6.20(). Let us follow with estimates of the latter sum. Thanks to 2¢; < 7 and
3.6.28]),

< (3.6.33)
Tk — Uk Tk Uk
and since 1/(1 —a) > 1, we have
Tk (S — tk) o0 1 1
J, sma s S | e 4o < A0=a)T (3.6.34)
Combination of (3.6.32)) and (3.6.33|) with (3.6.34) then gives
tE(s) s
| riads < tl/ +2 Z 1/ (3.6.35)
It follows from (j3.6.31]) that
D(tk‘) j—k D(tj) j—k D(t> .
ey = 2y S 2 ey SRS
J
whence D) 2D ()
> ) & t
j— k
Z 1/ 1 a) = tl/(l a) %2 = 1/ (3.6.36)
The inequality (3.6.27)) thus follows by (3.6.35)) and (3.6.36)). [
Lemma 3.6.7. Let E be a Young function satisfying
LE(s)

Then there is a Young function E; such that E; essentially dominates E near
zero and also

L Eq(s)

Proof. Assume that E is given and fulfills (3.6.37)). Let us define dy = 1/log(k+
1), k € N, and let ¢, k € N, satisfy ¢, < t,_1/k and

e E(s)
/0 stgdk for/{?GN
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Then define D; by

> 1 1
D1<t> = Z dtT== X[tk+1,tk)(t) + CtliaX[tLoo)(t)u t >0,

where C' is a constant which dominates the integral in (3.6.37)), and set D by

2t )
D(t):/o 15(8>ds, t>0.

Since D; is non-decreasing, D is a Young function and D;(t) < D(t).

We shall show that E and D satisfy the assumptions of Lemma[3.6.6] Clearly
D(t)/t'/(1=) is non-decreasing and lim;_,o, D(t)/t"/0~%) = limy_,, dy = 0. Next,
let t € (0,1) be arbitrary and let j € N be such that ¢ € [t;;1,¢;). Then

t D(s) t Di(s) > e Di(s)
/0 g1/(1—a)+1 ds 2/0 S1/(1—a)+1 ds > /t o)1 98

k=j+17te+1 S
> Y dk/ — > > dylog(k+1) =
k=j+1 Ut S ki

which gives (3.6.25)) and also

t E(s) ti  E(s) D (t) D(t)
/0 s1/(1—a)+1 ds < /0 sl/(1—a)+1 ds =d; = 11/(1=a) = /(1-a)

which is (3.6.26)). Lemma m gives us a Young function E; essentially domi-
nating F such that

O0<t<l.

/t Ei(s) ds < D(5t)

sl/(—ay+1 9= Jiji—ay
Then we have ([3.6.38) as a special case. ]

We next analyze connections between the Boyd indices of a Young function
B, and those of the Young functions B, g and B defined in (3.5.1]) and (3.5.6) -,
respectlvely

Let us preliminarily observe that

1 1
1<1Ip,, < [1<I§mﬁs}
’ « o (0%

for every B. Indeed, as one gets from (3.5.3)) and (| -,

BiL(t)t " ~ inf B*l(sl/ﬁ)maX{Lg}l’“ fort > 1, (3.6.39)

1<s<0o0

and that the right-hand side of ((3.6.39) is a non-decreasing function. As for the
global version, we get

(B2) ()~ inf B7(s")max{1,t}) " fort>0,  (3.6.40)

0<s<00

and the conclusion follows as above.
The next lemma tells us that, under a suitable lower bound for the lower Boyd

index of B, the infimum on the right-hand side of equations (3.5.2)) and -
can be dlsregarded.
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Lemma 3.6.8. Let 0 < a <1, >0 and o« +1/8 > 1 and let B be a Young

function. Assume that
1

e (3.6.41)

ig >
Then

inf B7H(s¥/%) st ~ BTVt near infinity. (3.6.42)

1<s<t
Hence,

B () ~ B7YtYBYt™  near infinity.

Conversely if (3.6.42) holds, then ig > ﬁ

Lemma 3.6.9. Let 0 < o < 1, 8 > 0 and a +1/8 > 1. Let B be a Young
function, and assume in addition that (3.5.5)) holds. If

1

i > 2 3.6.43
27 B(1—a) (3.6.43)
then
Oi<nf<t Bfl(sl/ﬁ) Safl ~ B—l(tl/ﬁ) tocfl fOTt >0 (3.6.44)
Hence,
By () = BTH(EP) e fort > 0. (3.6.45)

Conwversely if (3.6.44)) holds, then i% > m

We limit ourselves to proving Lemma [3.6.9; the proof of Lemma requires
minor modifications.

Proof of Lemma [3.6.9. If B is infinite for large values of its argument, then
the its generalized inverse B~! is constant near infinity, and equation
holds trivially.

In the remaining part of this proof, we may thus assume that the function B
is finite-valued. Equation is equivalent to

inf B(s)sPToT ~ B(t)t7a T for t > 0. (3.6.46)

0<s<t
Indeed, owing to (2.1.5)), condition (3.6.44]) is equivalent to
. Sﬁ(a—l)-i—l tﬁ(a—l)-ﬁ-l
inf — ~ —
o Bis) T B

and equation (3.6.47)) is in turn equivalent to (3.6.46|). On the other hand, by
Proposition [3.2.2 condition (3.6.43)) is equivalent to

for t > 0, (3.6.47)

Iz <, (3.6.48)

where we have set n = El ! The same proposition ensures that condition

a—T)+1°
(3.6.48]) is equivalent to the inequality

/Oo B(s)s™"tds < B(kt)t™" fort > 0, (3.6.49)
t
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for some constant £ > 1. Hence it suffices to show that (3.6.49) implies ([3.6.46)).
To this purpose, denote by p € [0, t] a number satisfying

inf B(s)s™ = B(pt) (pt)™" for t > 0.

0<s<t

By the same argument as in the derivation (iii) from (i) in Proposition [3.2.2} one
has that

" 0o t ~ 1
B(pt) (pt)""k" > // B(s) s " !ds > / B(s) s " 'ds > B(pt) (pt) "log ~
pt/k pt Y

for t > 0, whence k" > log %, and

p>e ™ >0 fort>0.

In the proof of Proposition it is also shown that B satisfies the Ay-condition.
Hence, there exists a positive constant ¢ such that

B(pt) > B(te™) > ¢B(t) for t > 0.
Consequently,

inf B(s)s™ = B(pt) (pt)™ > cp "B(t)t™ for t > 0,

0<s<t

whence ((3.6.46)) follows.
Finally, if (3.6.44) is in force, then B~'(t)t*®~1) is equivalent to a non-
increasing function, and therefore ¢ > ﬁ O

We conclude the preliminary result section by showing that, under assumption
(3.6.41)) or (3.6.43), the upper Boyd indices of B and By, or of B and BZ; are
determined by each other. In what follows, we adopt the convention that é = 0.

Lemma 3.6.10. Let « and 5 be as in Lemmal3.6.8 and let B be a Young function.
Assume that condition (3.6.41)) holds. Then

1 . 1
—a+—.
Ip, , Blp

In particular, Ip, , < 1/ if and only if Iy < co.

Lemma 3.6.11. Let o and 3 be as in Lemmal3.6.9 and let B be a Young function
that satisfies condition (3.5.5)). If (3.6.43) holds, then

1 1
=a+ —. 3.6.50
T, I .

In particular, Ijog%oﬁ < 1/a if and only if IF < oc.

«,

As before, we only prove Lemma [3.6.11; the proof if Lemma [3.6.10]is similar.
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Proof of Lemma [3.6.11] By Lemma [3.6.9] assumption (3.6.43) implies equa-
tion (3.6.45). Thereby,

0 —1 -1 1/8 a—1
h%~ (t) ~ su 73"’5 (st) ~t su b ((St) ) (s1) ~ ¥ B2 (/P
Bls P poe -1 b —1( g1 - B
o, >0 B (s) s>0 B (s /5> sa—l

for t > 0. Equation (3.6.50)) is therefore a consequence of the definition of global
upper Boyd index. O

Now, we are ready prove the Theorem [3.6.1}

Proof of Theorem [3.6.1] Let B be a Young function satisfying (3.5.5)). Note
that since (3.5.8) and G increases to infinity, B3, " is not constant near infinity
and hence Bg’; is finite-valued.

Let us assume (3.6.1). By Proposition [3.2.2] (3.6.1) is equivalent to the in-

equality

a1 B = gy fort>0 (3.6.51)

with some constant C' > 0. Theorem then guarantees (3.6.2)).
We now prove the optimality. Suppose that L4(0, co) satisfies (3.1.3]). Then,
by Theorem [3.5.2] there is a constant C' > 0 such that

/t As) _ BEs(Ch

Sl/(—a)+1 &= Ta/0-a)

/t 3:4“;6(5) BE?B(C%)
0

for ¢ > 0. (3.6.52)

Thus,

2t A
ds > tl/(l—a)/ A(s) ds

. gl/(1—a)+1

__ 20 A
B0 2 -0 [* A

0 gl/(—a)+1

- 2t ds ~
1/(1-«
> A(t) '/t )/t S0 a1 2 A(t)Cq

for ¢ > 0 and hence BAfB dominates A globally or, equivalently, A dominates B3
globally, whence, by , LA(0,00) — LP5(0, 00) and LP5(0, 00) is optimal.

Conversely, suppose that (3.6.1) fails. Then, by Proposition [3.2.2 the in-
equality is violated for every C' > 0. The failure of occurs under

one of these two conditions, namely

e B
Sup B::%(C’t) /1 -0+ ds =00 for every C' >0 (3.6.53)
or -
tl/(l—a) t Booﬂ(s)
SUp —— - ds = oo for every C > 0. 3.6.54
0<£1 Bgfﬁ(Ct)/O sl/(1—a)+1 Yy ( )

Now, let A be a Young function such that (3.1.3), i.e., thanks to Theorem [3.5.2]
the inequality (3.6.52)) holds for some C' > 0. In both cases, we will show that
there is a Young function A; such that L4(0,00) € L41(0, 00) and also

H%: L0, 00) = LP(0, 00). (3.6.55)
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or equivalently, by Theorem [3.5.2]

/ 't Afs) < Bas ) for t > 0, (3.6.56)
0

Sl/(—a)+1 % = T1/0—a)

where C' is a possibly different constant. If holds, we modify the Young
function A only near infinity and, similarly, if (3.6.54]) holds, we do that near
Zero.

Let us start with the “near infinity” case. First observe that

é;‘%(t)/tl/(l’“) is non-decreasing on (0, 00). (3.6.57)

Indeed, by (3.6.40)), Bgfﬁ’l(t) /t* is non-decreasing which, in combination with

(2.1.5), tells us that B3, 1(t)/t'~* is non-increasing whence (3.6.57). Therefore,
the fraction B (t)/t"/1=) is either bounded near infinity or

BZs(1)
. a,B o
}H& /(=) — (3.6.58)
In the former case, (3.6.52)) reads as
tAs) BX4(Ct)
/0 sl/(1—a)+1 < 1/(—a) 0<t<1, (3.6.59)

and N
o A
/ L>ds < 00.
1

s1/(1—a)+1
Denote E = A. By Lemma m, there is a modification of F on (1,00), say Ej,
such that F; essentially dominates E near infinity and also

< Eq(s)
A st < 0.

Let now A; be a Young function which coincides with A near zero and A; = E
near infinity. Then A essentially dominates A; near infinity and (3.6.59) holds

with A replaced by A;. We therefore have (3.6.56|) which yields (3.6.55)).

Now, assume (3.6.53) and (3.6.58). The condition (3.6.52) now splits into
(3.6.59) and

t A B=,(Ct
/ Al) g0 BanlC) (3.6.60)
1

sl/(1—a)+1 7 = "41/(1-a) °
By Lemma there exists a modified Young function A; such that A is essen-
tially larger than A; near infinity and also satisfies (3.6.60) with A; in place of
A. If we keep A; = A near zero, then (3.6.59) remains valid for A;. That gives

us (3.6.56|) also in this case.

Let us work “near zero”. We again distinguish two cases, when B%'%(t) Jt1/ (=)
is equivalent to a constant function near zero and when

By(t) _
t—0 ¢1/(1-a)

(3.6.61)
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In the constant case, (3.6.52)) boils down to (3.6.60)) and

/()111(8)ds<oo.

gl/(1—a)+1

Lemma |3.6.7] ensures that there is an essentially smaller Young function than A
near zero, A; say, such that

b As)
J) it ds < oo
Let A; = A near infinity. We thus have that (3.6.60) holds for A replaced by A;
and therefore ([3.6.56) is true also in this case.

Finally, assume (3.6.54) and (3.6.61). The inequality (3.6.52)) splits into
(3.6.59) and (3.6.60). On using Lemma [3.6.6, one gets a modified Young func-

tion A; such that A essentially dominates A; near zero and still satisfies (3.6.59)).
Again, if we set A; = A near infinity, we obtain (3.6.506|).

As for the proof of the “in particular” statement, assume that the condition
1y > ﬁ—c&) is satisfied. Then the simplified relation holds by Lemma |3.6.9
and (3.6.1)) is equivalent to I < co due to Lemma [3.6.11]

The necessity of the condition (3.5.5)) for the existence of any Orlicz space

LA(0, 00) satisfying (3.1.3) follows by Theorem [3.5.2 O
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4. Sobolev type embeddings

4.1 Introduction

The present chapter deals with Orlicz-Sobolev embeddings, namely embeddings
of Sobolev type, involving norms in Orlicz spaces. The family of Orlicz spaces
includes that of the usual Lebesgue spaces, and provides a flexible, well suited
framework for a unified description of Sobolev embeddings. Orlicz-Sobolev spaces
are an appropriate functional setting for the analysis of nonlinear partial dif-
ferential equations and variational problems governed by nonlinearities of non-
necessarily polynomial type. The study of these problems has received an increas-
ing attention over the years — see e.g. [I} 6} [7, 12} 13} 14} 15 39} B0, (2, 54, 68,
69, [72] — and is motivated, among other reasons, by applications to mathematical
models for physical phenomena, such as nonlinear elasticity and non-Newtonian
fluid-mechanics.

A basic version of the Orlicz-Sobolev embeddings to be considered amounts
to

WA (Q) — LP(Q), (4.1.1)

where () is an open subset of Euclidean space R, n > 2, having Lebesgue measure
1|, A and B are Young functions, L?(Q) is the Orlicz space on € built upon B,
and Wy" ’A(Q) is the m-th order Orlicz-Sobolev space built upon A. The subscript
0 denotes that functions vanishing (in a suitable sense) on the boundary 09,
together with their derivatives up to the order m — 1, are taken into account.
The arrow “ — 7 stands for continuous inclusion. Precise definitions on these
topics are recalled in Section [2]

We are concerned with the optimal form of the relevant embeddings. Given
A, we say that LP(Q) is the optimal Orlicz target space in (4.1.1]) if it is the
smallest Orlicz space on ) that renders true. The expression “smallest”
means that if holds with LZ() replaced with another Orlicz space LZ(),
then LB(Q) — LB(Q). Analogously, given B, the space Wg™*(2) is said to be the
optimal Orlicz-Sobolev domain in (4.1.1)) if it is the largest Orlicz-Sobolev space
on ) for which holds. Namely, if, whenever holds with Wg" A(Q)

replaced by another Orlicz-Sobolev space WJ*(Q), then W (Q) — W*(Q).
The question of best possible Orlicz target spaces in Sobolev type embeddings
has attracted the attention of various authors over the years. In particular, em-

beddings for the critical Sobolev space W' o (), and for special Orlicz-Sobolev
spaces “close” to it, have been investigated in several contributions, including
[73), 61, 66, [70], 42], 53], 68, B5]. Results for arbitrary Orlicz-Sobolev spaces, which
however need not provide the optimal Orlicz target, can be found in [34] 2].

The optimal Orlicz target problem has been solved in general in [24] for m = 1
(see also [22] for an alternate formulation of the solution), and in [23] for arbitrary
m € N. We present this result in Theorem [£.3.1] As it is shown, given any
Orlicz-Sobolev space W;" ’A(Q), there always exists an optimal target Orlicz space
LB(Q) in ({#.1.1)), and the function B admits an explicit expression in terms of
A, n and m. Thus, the class of Orlicz spaces is closed under the operation of
associating an optimal target in Sobolev embeddings. By contrast, this property
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is not enjoyed by the smaller family of Lebesgue spaces, namely in the context
of classical Sobolev embeddings. Actually, if A(t) = ¥ for some p > 1, so that
W A(Q) agrees with the usual Sobolev space W™ (€2), and || < oo, one has
that

I=(9)) ifl<m<nand1<p<?X,
WP(Q) — {exp L (Q) if 1 <m<mnandp= . (4.1.2)
L>(Q) if either 1 <m <mnand p > orm > n,

all targets being optimal in the class of Orlicz spaces. Here, exp Lim () denotes

the Orlicz space associated with the Young function ¢!"™ — 1. The first and
the third embedding in are nothing but the classical Sobolev embedding.
The second one was independently obtained by Yudovich [73], Pokhozhaev [61],
Strichartz [66], and, for m = 1, by Trudinger [70]. Note that, in the first and third
embedding, the target is a Lebesgue space, and it is hence optimal also in this
subclass, but no optimal Lebesgue target space exists in the second embedding.

The situation is different, and subtler in a sense, when the optimal Orlicz-
Sobolev domain space Wg(Q) in (.1.1)), for a given Young function B, is in
question. Actually, the existence of such an optimal domain is not guaranteed for
every B. Testing the problem on the spaces appearing in (4.1.2) may help have
an idea of the possibilities that may occur. Assume that

LE(Q) = L)

for some ¢ € [1,00]. It is well known that, if m > n, then Wy (Q) — L=(Q),
and hence, in particular,

Wi Q) — LI(Q), (4.1.3)

for every ¢ € [1,00]. Embedding (4.1.3) continues to hold even if 1 < m < n,
provided that ¢ < —"—. On the other hand, if 1 <m < n and —=- < ¢ < o0,
then

Wy Q) — LI(R). (4.1.4)

Both domain spaces in (4.1.3)) and (4.1.4)) are optimal among all Orlicz-Sobolev
spaces [57, Example 5.2]. Instead, if 1 < m < n,

“no optimal Orlicz-Sobolev space” — exp L= () (4.1.5)

and
“no optimal Orlicz-Sobolev space” — L*(Q), (4.1.6)

see [51l, Theorem 4.3] and [30, Theorem 6.4 (ii)], respectively, for the case when
m = 1, and [57, Example 5.1 (b)] for arbitrary m € N. Equation (4.1.5) means
that any Orlicz-Sobolev space that is continuously embedded into the Orlicz
space exp Lﬁ(Q) can be replaced with a strictly larger Orlicz-Sobolev space
which is still continuously embedded into exp Lﬁ(Q) Equation (4.1.6), as
well as similar statements about non-existence of optimal Orlicz-Sobolev domain
spaces in what follows, has to be interglreted in an analogous sense. In particular,
interestingly enough, the space Wy '™ (), appearing on the left-hand side of
(4.1.2) when p = -, turns out not to be optimal for Orlicz-Sobolev embeddings

into exp L7 (Q).
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As far as we know, these were the only instances for which the answer to
the optimal Orlicz-Sobolev domain problem is available in the literature. The
recent contribution [57] provides a solution to an analogous problem for Orlicz-
Sobolev embeddings of weak type, namely into Marcinkiewicz spaces, and the
paper [27] fills in this gap, and address this question in full generality. A necessary
and sufficient condition is established on the Young function B for an optimal
Orlicz-Sobolev domain W(" ’A(Q) to exist in (4.1.1)). Moreover, the optimal Young
function A when such an optimal domain does exist is exhibited. This is the
content of Theorem [4.4.2]

The aim of this chapter is to collect most of the available results from the
literature and present them in a unified and comprehensive form.

As mentioned above, we are not confined just to , but we also include
other related embedding problems. A natural variant amounts to

wmA(Q) — LB(Q), (4.1.7)

where W™4(Q) is an Orlicz-Sobolev space of functions that are not subject to

any boundary condition. Under suitable regularity assumptions on 2, which

are indispensable even in the classical Sobolev embedding, we show that the

conclusions are exactly the same as for (4.1.1)) — see Theorems {4.3.3| and |4.4.4}
Embeddings of the form (4.1.7]), with 2 = R", namely

WwmARY) — LP(R"), (4.1.8)

are the subject of Theorems [4.3.7] and £.4.9. The point here is that, unlike the
case of sets (2 of finite measure, the behavior of the Young functions A and B
near 0 plays a role as well.

Finally, in Theorems [4.3.8 and [4.4.10] the more general issue is faced of opti-
mal Orlicz-Sobolev domains for embeddings into Orlicz spaces with respect to a
Frostman measure x on 2. These read

wmAQ) — LB(Q, ), (4.1.9)

where (2 is a bounded Lipschitz domain, Q2 denotes the closure of €, and y is a
Borel measure on €2 such that

,u(BT(x) N Q) < Cr? for every x € R" and r > 0, (4.1.10)

for some constants C' > 0 and v € [n — m,n]. Here, B,(x) denotes the ball
centered at x, with radius r. The restriction v > n — m is imposed to guarantee
that a trace operator on 2, endowed with the measure p, be well defined on the
space W™4(Q), whatever the Young function A is.

Of course, measures p supported in €2, and hence embeddings into Orlicz
spaces LP?(Q, 1), are included as special cases. On the other hand, measures u
supported in 02 correspond to trace inequalities in a classical sense. In particular,
on denoting by H” the y-dimensional Hausdorff measure, the choice p = H" 1|50

turns (4.1.9) into the boundary trace embedding
Tr: Wm™4(Q) — LB (09) (4.1.11)

enucleated in Corollaries [4.3.12] and 4.4.13. Here, we thus recover the original
result of [24]. Another customary specialization of ;1 amounts to the case when
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p = H g, where d € N, and Ny denotes a d-dimensional compact submanifold

of R". Embedding (4.1.9) takes the form

Tr: W™4(Q) — LE(QNNy) (4.1.12)

in this case, with d € [n —m, n], see Corollaries |4.3.13|and [4.4.14] Clearly, Q@ NNy
can, in particular, equal the intersection of €2 with a d-dimensional affine subspace
of R™.

4.2 Reduction principles

A key ingredient in our approach is the use of so-called reduction principles for
Sobolev type embeddings. They assert that a wide class of Sobolev and trace
inequalities, including those considered here, are in fact equivalent to consider-
ably simpler one-dimensional inequalities for suitable Hardy type operators. The
relevant operators are defined as

H,pf(s) = /S: f(r)yr*tdr fors>0 (4.2.1)

for any function f € M(0, 1) making the integral in (4.2.1]) converge. The expo-
nents « and [ satisfy the constraints 0 < a < 1,0 < f < ocand a4+ 1/8 > 1,
and depend on the Sobolev inequality in question.
Given any open set 2 C R" with |Q] < oo, embedding is equivalent to
the inequality
lullzo) < CLlIV™ullpa) (4.2.2)

for some constant C; and for every u € WJ*(€). The pertinent reduction
principle asserts that inequality (4.2.2]) holds if and only if

1 fllzs o) < Coll fllLaa (4.2.3)

for some constant Cs, and for every non-negative f € L4(0,1). See [24, Proof of

Theorem 1] for m = 1, and [45, Theorem A] and [31, Theorem 6.1] for arbitrary

m. Moreover, the constants C; and C5 depend on each other, and on n, m and
Embedding (4.1.7) in a John domain 2 amounts to the inequality

ull sy < Cillullwma (4.2.4)

for every u € W™4(Q). Inequality is again equivalent to (4.2.3)) ([24, Proof
of Theorem 2] for m = 1, and [31, Theorem 6.1] for any m). However, in this
case the mutual dependence of the constants C and C5 involves full information
on €2, and not just on |Q|.

A characterization of embeddings on the whole R" requires a combination of
the Hardy inequality , which only depends on the behavior of the functions
A and B near infinity, with a condition on their decay near zero. Specifically, the
inequality

[ull s @ny < Cllullwm.agn) (4.2.5)
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holds for some constant C, and for every u € W™4(R") if and only if inequality

(4.2.3)) holds, and

A dominates B near zero, (4.2.6)

see [3].

The reduction principle for embedding into Orlicz spaces, with respect
to Frostman measures, applies to bounded Lipschitz domains 2 in R™. It provides
us with a sufficient condition for the validity of in terms of an appropriate
Hardy type inequality, and it is also necessary if the decay in is sharp, in
the sense that there exist 7y €  and positive constants ¢ and R > 0 such that

w(B(z0))NQ) > e’ if0<r<R. (4.2.7)

The relevant principle asserts that, if (4.1.10) and (4.2.7) are in force for some
v € [n —m,n|, then the inequality

[ull 5@, < Crllullwma) (4.2.8)
holds for some constant C; and for every u € W™4(Q) if and only if
1Hz 2 fllzo o) < Coll fllawa (4.2.9)

for some constant Cs, and for every non-negative f € L*4(0,1). The constants C;
and Cs depend on each other, and on n, m, v, 2 and on the constants appearing

in (4.1.10) and (4.2.7). The equivalence of inequalities (4.2.8) and (4.2.9)) is
established in [32]. Let us mention that the special case when p is the (n — 1)-

dimensional Hausdorff measure on 0f2 is treated in [26]. The case when v € N,
and p is the y-dimensional Hausdorff measure restricted to a y-dimensional affine
subspace of R" is dealt with in [2§].

4.3 Optimal Orlicz target spaces

Let us begin by considering embedding (4.1.1). As a preliminary observation,
note that, when
m > n, (4.3.1)

the optimal Orlicz target LZ(Q) in (4.1.1)) corresponds to the choice

0 0<t<1
B(t)=1<¢" - =
oo, t>1,

namely

LB(Q) = L>(Q).
Indeed, under assumption (|4.3.1)), one classically has

We (@) = L¥(Q),
whence the optimality of L> follows, since
W A(Q) = WH(Q) — L=(Q) — LB(Q) (4.3.2)
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for any Young functions A and B. We may thus restrict our attention to the case
when
1<m<n.

Let us set H,: [ty,00) — [0,00) by

Hy(t) = (/t:(A'(SS)> o ds>1_;¢ for ¢ > to, (4.3.3)

where the constant ¢y is chosen in a way that the integral converges in the right
neighbourhood of #y. Under the assumption

/Oo (AEt)) Tt = oo, (4.3.4)

The function H, is increasing onto [0,00) and hence the inverse H,! is well
defined on [0, c0).
We then define A, : [0,00) — [0,00) by

t
An(t) = /0 D"S(S) ds fort >0, (4.3.5)

where D,,: [0, 00) — [0, 00] is given by

A ()™ "
<s FRIB ) f ([&3-4) hold

00 otherwise

n

for s > 1 and D, (s) = 0 for s € [0, 1]. Observe that since A(s)/s is nondecreasing,

H-'is increasing and s™/("~™~! increases, D,(s)/s is nondecreasing and hence

A, is a Young function.

Theorem 4.3.1 [Optimal Orlicz target under vanishing boundary con-
ditions|. Letn > 2 and 1 < m < n and let A be a Young function. Suppose that
A, is the Young function defined by (4.3.5). Then

W Q) — LA(Q) (4.3.6)

and the target space L (Q) is the optimal Orlicz target space in (4.3.6) Moreover,
if Ia < -, then A, possess the simplified relation

ALt ~ ANt ™ near infinity. (4.3.7)

n

Under an additional assumption on the decay of A near 0, which reads

/0<A?S))nmmds < 0. (4.3.8)

embedding (4.3.6) is equivalent to a Sobolev inequality in integral form. Inequal-
ities in this form are usually better suited for applications to the theory of partial
differential equations. The relevant integral inequality requires a slight variant in
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the definition near zero of the Young function in the optimal Orlicz target space.
Let us first define H°: [0,00) — [0, 00) by

H2(t) = (/Ot(A‘(SSQ"m'”ds) T et 0 (4.3.9)

and set H>® = lim; o, H°(t). Note that it is possible to have H* = oco. The
function A:° is then defined by

¢ oo
A (t) :/0 D) s for t > 0, (4.3.10)

s
in which D;° is given by

n

bty - [

00, t> H™.

, 0t < H™,

Repeating the argument as for A,,, we infer that A, is a Young function. The
integral inequality then reads as follows. Note that the relevant condition on
upper Boyd index of A, has to be now replaced by the corresponding global
variant.

Corollary 4.3.2. Let n, m and Q be as in Theorem[{.3.1 Let A be a Young
function satisfying (4.3.8)), and let A be the Young function defined by (4.3.10)).

Then there exists a constant C such that

/A?( [u()|
T \C(fo AVl dy)

m/n) de < [ A(V™ul)dz (4.3.11)

for every u € Wg”’A(Q). In particular, if I7> < >, then Ay° fulfills
ANy~ AN )t fort > 0.

Companion results to Theorem and Corollary hold for embedding
between spaces of functions with unrestricted boundary values, provided
that 2 is a John domain. Like for embedding , the only non-trivial case
is when 1 < m < n. Indeed, if m > n, the same chain as in holds with
W) and W (Q) replaced by W™A(Q) and W™1(1), respectively, and
hence L>(Q) is the optimal Orlicz target space in (4.1.7).

Theorem 4.3.3 [Optimal Orlicz target without boundary conditions].
Letn > 2 and 1 < m < n, and let A be a Young function. Assume that € is a
John domain in R™. Let A, be the Young function defined by (4.3.5). Then

WmA(Q) — L4(Q) (4.3.12)

and the space LA"(Q) is the optimal Orlicz target space in ([{.3.6). Further, if
Iy < -, then A, obeys

ASM(t) ~ ANt )t near infinity.



Remark 4.3.4. An integral inequality analogous to (4.3.11)), corresponding to

embedding (4.3.12)), holds under the assumption (3.3.3) and with A, replaced
by A°.

Example 4.3.5. Let L4(Q) = LP(log L)*(Q) be the Zygmund class, where either
p>landa € Rorp=1and o > 0. Assume that 1 < m < n. The computations
yield to

ti (logt)mm  if 1 <p< 2,

exp £ (T®) ifp=2and o < 2

An(t) is equivalent to { P P Tm men
exp exptn-m ifp=_"and a = =-",
%) otherwise,

near infinity, whence an application of Theorem tells us that

L (log L) () if 1 <p< ™,

[=mtTa (Q) ifp— " and m-n
Wy L (log Ly() — { O LTI =g and a < B S 1s)
exp exp L (Q) ifp="and a = ™",
L>(£2) otherwise,

for any open set Q with || < oo, and the target spaces are optimal among all
Orlicz spaces. By Theorem [4.3.3) the embeddings (4.3.13) also hold with the
optimal targets for any John domain €2 if we replace Wj* by W™.

Example 4.3.6. Assume that L4(Q) = LP(loglog L)®, namely the Orlicz space
built upon the Young function obeying A(t) = t*(loglogt)® near infinity, in which
p and « are as in Example [1.3.5] Let also 1 < m < n. The calculations show
that - .

to=mr (loglogt)m=—mr if 1 <p< 2,

am

A, (t) is equivalent to { et™ ™ (logt)™=m ifp=2=,
00 ifp> =,

near infinity, and thus, owing to Theorem {4.3.1},

Lo (loglog L)m w7 (Q) if 1 <p< 2
Wi LP(loglog L)*(2) — { exp(Lwm (log L)==)(Q) if p= 2,

L>(Q) itp> =

for any open set ) with |2| < oo, and the target spaces are the optimal in the
class of Orlicz spaces. A parallel result holds for any John domain €2, provided
that Wi is replaced by W™, thanks to Theorem [4.3.3]

The next result is a counterpart of Theorem in the case when ) = R".
The decay near zero of the involved Young functions is also relevant now. A
Young function A obeying

- infinit
A1) = {oo near infinity, (4.3.14)

A(t) near zero,



and a Young function A,, obeying

An(t) =

— {An(t) near infinity, (43.15)

A(t)  near zero

come into play in the present situation.

Let us stress that, if m > n, then the answer to the optimal domain problem
is still easier than in the case when 1 < m < n, but not as trivial as when (2 is a
John domain, since the optimal domain space is not just L>°(R") in general.

Theorem 4.3.7 [Optimal Orlicz target on R"]. Let n > 2 and m € N, and
let A be a Young function.
(i) Assume that m > n. Let A be a Young function satisfying (£.3.14). Then

WwmARY) — LAR"), (4.3.16)

and I/T(]R") is the optimal Orlicz target space in (4.3.16)).
(ii) Assume that 1 < m < n. Let B, be the Young function defined by (4.4.1)),

and let A, be a Young function satisfying (4.3.15)). Then
WARY) — LA (R™) (4.3.17)

and LA (R™) is the optimal Orlicz target space in (4.3.17)).
In particular, if Ip < I, then

ALN() near zero.

1 _m . .
ALt ~ {A (t)t near infinity,

The last results concern the Orlicz-Sobolev embedding (4.1.9)) with a measure
u satisfying (4.1.10) and (4.2.7)). By the same reason as for (4.1.7)), the optimal

Orlicz target space in these embeddings is L>(2), provided that m > n.
If, instead, 1 < m < n, the optimal Orlicz target in (4.1.9)) is built upon the
Young function A, defined, for v € [n — m,n|, by

tD

A (t) = / ﬁds for t >0, (4.3.18)
0 S

where D.,: [0,00) — [0, 00] is given by

~

(S A<H1<s>>>

H-1(s) if (3.3.1) holds

00 otherwise

for s > 1 and D, (s) =0 for s € [0,1]. Here, H, is as in (4.3.3)).
In particular, if 4 is the Lebesgue measure, then conditions (4.1.10) and (4.2.7))
hold with v = n, and A, coincides with the function A,, given by (4.3.5).

Theorem 4.3.8 [Optimal Orlicz target for embeddings with measure].
Letn > 2, and let 1 < m < n. Assume that 2 is a bounded Lipschitz domain
in R™, and let p be a Borel measure satisfying conditions (4.1.10) and (4.2.7) for
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somey € [n—m,n]. Let A be a Young function, and let A, be the Young function

defined by (4.3.18). Then
WmA(Q) — LY (Q, p), (4.3.19)

and L4 (Q) is the optimal Orlicz target space in (4.3.19)).
In particular, if [4 < -, then

AZN(t) ~ ANt near infinity.

An integral version of embedding (4.3.19)) is also available under the assump-
tion (4.3.8)) It involves a modified version of the function A,, say A%, given by
t D(s)

A (1) :/ s fort >0, (4.3.20)
0 S

where D7° is defined by

~

AU (s) )™ .
() osten

00, t> H™.

D (s) =

Here H?° is the function from (4.3.9) and H* = lim;_,, H°(1).

Corollary 4.3.9. Let n, m, v, Q and u be as in Theorem [{.3.8, Let A be a
Young function satisfying (4.3.8)), and let A% be the Young function defined by
(4.3.20). Then there exists a constant C' such that

v

N ju() ) m N
| A — | du(z) < (Y [ A(V™u|)dz | (4.3.21)
b (0(2?0 foo A(V¥ul) dy)" </ )

for every u € W™A(Q). In particular, if IF < = then

oo—1 ~ A1 % *%
AT () = AT ()t fort > 0.

Example 4.3.10. Suppose that L4(Q) = L?(log L)*(£2), the same Zygmund class
as in Example [4.3.5, and suppose that n, m, v,  and p are as in Theorem 4.3.8|
An application of Theorem tells us that

P e

L= (log L)m=me (Q,p) if1<p< 2
Lo=m(a () ifp=" and @ < ™
WL (log Ly (@) — { P LTI () iy = endia < B,
exp exp L= (€, ) if p="2 and a = 2=
L>®(Q, ) otherwise,

in which the target spaces are optimal within the class of Orlicz spaces.

Example 4.3.11. Assume that L4(Q) = LP(loglog L)®, the Orlicz space from
Example |4.3.6, Let further n, m, v,  and p be as in Theorem [4.3.8, The

calculations show that

ta=m (loglog ) if 1 <p< I,

n

A, (t) is equivalent to ¢ gt ™ (logt)=m ifp=2,
00 itp> =,



near infinity, hence, by Theorem [4.3.8|

L (loglog L) (Q, ) if 1<p< 2,
WL (loglog L)*(Q) — { exp(L77 (log L)+~ ) (2, p1) if p = 2,

L(Q, ) if p> 2,

and the target spaces are the optimal Orlicz ones.

The optimal Orlicz target space in agrees with that in (4.1.9)), with
v = n—1. Namely, it is built upon the Young function A, _; defined as in ,
with v = n — 1. This is the content of Corollary below, and follows from
Theorem [4.3.8, and from the fact that, if €2 is a bounded Lipschitz domain, then

the measure p = H"!|5q fulfills conditions (4.1.10) and (4.2.7) with v =n — 1.

Corollary 4.3.12 [Optimal Orlicz target for boundary traces]. Let n > 2
and 1 < m < n. Assume that Q2 is a bounded Lipschitz domain in R™. Let A be
a Young function, and let A,,_1 be the Young function defined by , with
vy=mn—1. Then

Tr: W™A4(Q) — LA=1(09), (4.3.22)

and W™B2=1(Q) is the optimal Orlicz target space in (4.3.22). In particular, if
Iy <, then
A—l

n—1

(t) ~ A7 (t7 1)t "1 near infinity.

We conclude this section by specializing Theorem to embeddings of
the form (4.1.12)) into Orlicz spaces defined on the intersection of Q with d-
dimensional compact submanifolds N, of R". Since the measure p = ﬂ{d]mN y
satisfies conditions (4.1.10) and (4.2.7)), with v = d, from Theorem we infer
the following corollary.

Corollary 4.3.13 [Optimal Orlicz target for traces on submanifolds]. Let
n>21<m<mn, andletd € N, withn —m < d < n. Assume that
is a bounded Lipschitz domain in R™, and let Ny be a d-dimensional compact
submanifold of R™ such that QN Ny # (. Let A be a Young function, and let Aq
be the Young function defined by , with v =d. Then

Tr: W™AQ) — LA(QNNy),

and L4 (Q) is the optimal Orlicz-Sobolev domain space in (4.4.26)). In particular,
if Ix < -, then
A—l

n—1

Proof of Theorem [4.3.1] The validity of the inequality (4.2.2)) is equivalent to
the Hardy type inequality (4.2.3)). The optimal Orlicz target space thus always
exists and coincides with LA (Q) thanks to Theorem [3.4.3, The relation (4.3.7)

follows from ((3.4.2)). O

Proof of Corollary 4.3.2] Let us fix u € Wy" ’A(Q) and let, without loss of
generality, [ A(|V™u|)dy < oo, otherwise (4.3.11]) is trivially satisfied. Since A
is assumed to fulfill (4.3.8)), we have, by Theorem [3.4.1] that

(t) ~ A7Y(td)t™d  near infinity.

%0 LA0,00) — LA (0, 00)

n’
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with the operator norm independent of A. Let N > 0 be given and set Ay = A/N.
Then Ay satisfies (4.3.8)) and the Young function (Ay)S°, associated to Ay as in

(4.3.10)), obeys
AN

(v = 225

for t > 0. (4.3.23)

Thus, we infer that
Hz LAN(0, 00) — LAY (0, 00)
with the operator norm independent of N. In particular,

Huy: LA(0,1) — LUV7(0,1)

and consequently, owing to the equivalence of inequalities (4.2.2)) and (4.2.3]),

||u||L(AN)%°(Q) < CHVmu”LAN(Q) (4.3.24)
for every u € Wy" (Aw )(Q), with the constant C' independent of N. On choosing
N = [ A(V™ul) dy,

and observing that ||[V™ul|ay ) < 1 with such choice of N, inequality (4.3.24)
gives [[ul yanz ) < C. Therefore

/Q<AN>;:°<WC‘76)‘) dr <1,

whence, by (4.3.23]),
Ju(2)]
AS° <N
.é ”(CN“M do < N,

which is nothing but (4.3.11]). [

Proof of Theorem [4.3.3l The appropriate reduction principle asserts that the

inequalities (4.2.4]) and (4.2.3)) are equivalent. The embedding (4.3.12)) thus holds

true and the space LA"(Q) is the optimal Orlicz target by Theorem [3.4.3] O

Proof of Theorem [4.3.7l The reduction principle for the inequality is
the core ingredient here. It proposes that such inequality holds if and only if the
inequality (4.2.3) and the property hold simultaneously. If m > n, then
inequality (4.2.3) holds with LZ(0,1) = L*>(0,1) and is trivially satisfied
for B = A. The optimality is also straightforward since L*°(0, 1) is the smallest
possible Orlicz space and the inequality is saturated. On the other hand,
if 1 < m < n, then, by Theorem , the optimal Orlicz target space in (4.2.3))
agrees with L4"(0,1) and, holds for B = A,. Clearly, such choice is
sharp. O]

Proof of Theorem [4.3.8. Here we use the reduction principle for Sobolev em-
beddings with measure, which guarantees the equivalence of inequalities (4.2.8))

and (4.2.9). The rest is due to Theorem [3.4.3] O
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Proof of Corollary 4.3.9, We use the same scaling argument as in the proof
of Corollary We again set Ay = A/N instead of A to obtain

(AN)T(t) = N“n AZ(EN%).

The inequality (4.3.21]) then follows by the choice

N = A(|V*ul) dy. O
>

4.4 Optimal Orlicz domain spaces

Let us begin by the embedding (4.1.1). Similarly as at the beginning of the
previous section, observe that if
m > n,

then the optimal Orlicz-Sobolev domain Wy () in ([.1.1) reads as
Wg(@) = W5 (9)

as one infers from (4.3.2]).
In the sequel we thus assume

1<m<n.

Under this circumstance, the existence of an optimal Orlicz-Sobolev space
WmA(Q) in ([4.1.1)) is not guaranteed anymore. Our first main result asserts that
the existence of such an optimal space depends on the local upper Boyd index of
the Young function B, given by

tGL(s)

B,(t) = /0 “1Zds for ¢ > 0, (4.4.1)

where G,,: [0,00) — [0, 00) is defined as

Gn(t) =t inf B7Y(s)sn ! fort>1.
1<s<t
and G, (t) = tB~(1) for ¢t € [0,1). Moreover, whenever it exists, the function A
in the optimal domain space in (4.1.1)) equals B,,.

Remark 4.4.1. Observe that the function G, is increasing, as shown via the
alternate formula

m

inf B_l(s)max{l, ﬁ}l_g fort > 1,

1<s<00

m
n

Go(t) =t

and hence its inverse G, ! is well-defined.

Also, the function B, is actually a Young function. Indeed, since G, is increas-
ing, G! is increasing as well. Thus, since the function G,,(t)/t is non-increasing,
the function G, '(¢)/t is non-decreasing. These facts also ensure that B,, is equiv-
alent to G, ' globally.

69



Theorem 4.4.2 [Optimal Orlicz-Sobolev domain under vanishing bound-
ary conditions]. Letn > 2 and 1 < m <n, and let B be a Young function. Let
B,, be the Young function defined by . Assume that €2 is an open set in R"™
with | < co. If

n

I, < — 4.4.2
By ﬂl’ ( )

then
WP () — LB(Q), (4.4.3)

and WP (Q) is the optimal Orlicz-Sobolev domain space in (4.4.3).
Conversely, if fails, then no optimal Orlicz-Sobolev domain space ex-
ists in ([A1.1), in the sense that any Orlicz-Sobolev space Wi™*(Q) for which
embedding @ holds can be replaced with a strictly larger Orlicz-Sobolev space
for which (]@ is still true.
In particular, if ip > "—, then condition is equivalent to Ip < o0,
and

B Y (t) ~ B7Yt)t"  near infinity. (4.4.4)
Under a mild additional assumption on the decay of B near 0, which reads

B(t
sup <n) < 00, (4.4.5)
o<t<1 tn—m

embedding (4.4.3)) is also equivalent to a Sobolev inequality in integral form. A
slight variant in the definition near zero of the Young function i the optimal
Orlicz-Sobolev domain. This function will be denoted by B;°, and is defined as

t (o1
BX(t) = / G”S(S)ds for t > 0, (4.4.6)
0

where
G>(t) =t inf B7'(s)sn» ' fort>0.

0<s<t

Note that condition (4.4.2)) on the local upper Boyd index of B,, has now to be
replaced with a parallel condition on the global upper Boyd index of B:°.

Corollary 4.4.3. Let n, m and Q be as in Theorem [{.4.3 Let B be a Young

function satisfying (4.4.5)), and let B:° be the Young function defined by (4.4.6)).
If
n
15 < —, 4.4.7
B < - ( )

then there exists a constant C such that

[ B( [u(a) )
m/n

2 \C(fo Br(Vmul) dy)

Jor every u € WP ().

In particular, if iy > —"—, then condition (4.4.7) is equivalent to Iz < oo,
and

dr < / BE(|V™u|) da (4.4.8)
Q

BX7Y(t) ~ B~ (t)tn  fort>0.
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As we have seen for the Orlicz targets, there are also the corresponding vari-
ants of Theorem and Corollary for the embedding between
spaces of functions with unrestricted boundary values, provided that €2 is a John
domain. Also here, the only non-trivial case is when 1 < m < n otherwise, by
the same argument as in (4.3.2)), W™!(Q) is the optimal Orlicz-Sobolev domain
space in (4.1.7)).

Theorem 4.4.4 [Optimal Orlicz-Sobolev domain without boundary con-
ditions|. Let n > 2 and 1 < m < n, and let B be a Young function. Assume
that Q2 is a John domain in R™. Let B, be the Young function defined by .
If holds, then
WmBr(Q) — LE(Q), (4.4.9)

and W™Bn(Q) is the optimal Orlicz-Sobolev domain space in (4.4.9).

Conversely, if fails, then no optimal Orlicz-Sobolev domain space ex-
ists in @, in the sense that any Orlicz-Sobolev space W™A(Q) for which
embedding @) holds can be replaced with a strictly larger Orlicz-Sobolev space
for which (4.1.7)) is still true.

In particular, if ip > -, then condition is equivalent to Ip < 00,
and

B Yt) ~ B7Y(t)t" near infinity.

n

Remark 4.4.5. An integral inequality analogous to (4.4.8), corresponding to
embedding (4.4.9), holds under assumption (4.4.5)), and with B,, replaced by B°.

Example 4.4.6. Consider the case when LZ(Q) is a Zygmund space of the form
Li(log L)*(€2), where either ¢ € (1,00) and o € R, or ¢ =1 and a > 0. Assume
that 1 < m < n, the only non-trivial case in view of the discussion above.
Computations show that

twima (logt)mma  if g > —— a R,
B, (t) is equivalent to { ¢ (log¢)*(1=%) ifg=-—"- a>0,

t otherwise,

near infinity. Moreover,

n+mq m

I, =
1 otherwise,

n

{”q ifg>-—"- a€eR,

whence I, < n/m. Therefore, by Theorem [4.4.2]

if g > " a€R, W(]”"”L#gW(log L)ﬁ(ﬁ)
if g=-"- a>0, Wi L(log L)*1=7) () — Li(log L)*(Q2)
otherwise, Wg”’l (02)

(4.4.10)
for any open set Q with |2] < oo, and the domain spaces are optimal among
all Orlicz-Sobolev spaces. By Theorem the same embeddings continue to
hold, with optimal domain spaces, for any John domain €2, provided that W{" is
replaced by W™.

Let us point out that, by Example [1.3.5] the space L?(log L)*(Q) is in turn
the optimal Orlicz target space in (4.4.10). Thus, the domain and target spaces

are mutually optimal in (4.4.10)).
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Example 4.4.7. We deal here with the target space L?exp+/log L(2), with ¢ €
[1,00), namely the Orlicz space built upon a Young function B(t) = tlev'°e!

_n_

near infinity. Assume as above that 1 <m < n. If ¢ < " then B(t)tm—= =
tq+ 1

mn V198! near infinity, a decreasing function. Thus, B~ (s) s -
near infinity, and B, (t) is equivalent to t near infinity.
Suppose next that ¢ > —"—. Then the function B(t)¢m-= is increasing near

infinity, so that B~!(s) s ! is decreasing, and

is increasing

B7'(t) ~ B~ (t)t*
near infinity. One can verify that
B(s) ~ s%e_q_% Viog s

near infinity. Hence,

3
B,(t) is equivalent to tﬁfnqe(#mq)zx/@

Eeart;nﬁnity. In particular, Ig, = nleq < . Altogether, by Theorem , one
as that

N

ifg> = W()’”L#gwexp« = )

n—m?’ n-+mgq

otherwise, WyH(Q)

,logL)(Q) — L%exp/log L(2)

for any open set Q with |{2| < oo, and the domain spaces are optimal among all
Orlicz-Sobolev spaces. A parallel result holds in any John domain €, with W[*
replaced by W™, owing to Theorem [4.4.4}

Example 4.4.8. If the Young function B grows so fast near infinity that ig = oo,
then it immediately follows from Theorems|4.4.2/and 4.4.4{that no optimal Orlicz-
Sobolev domain space exists in embeddings (4.1.1) and (4.1.7). This is the case,
for instance, when LP(f2) agrees with one of the following spaces:

exp((log L)*)(Q)  exp(L(log L)") (1),
or
exp LP(Q), exp(exp L'B) (Q), ..., exp(~ - (exp LB)) (Q),
or
L>(Q),
where a > 1, 5> 0 and ¢ € [1, 00).
The next result is a counterpart of Theorem [£.4.4) in the situation when Q =

R™. As we have seen in the optimal range case, the decay near zero of the involved
Young functions also plays a role here. Namely, the Young function B obeying

B {t near infinity, (4.4.11)

B(t) near zero,
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and a Young function B,, satisfying

(4.4.12)
B(t) near zero

— B, (t) near infinity,
B, (t) = { X '

are relevant her.
Let us point out that, if m > n, then the solution to the optimal domain
problem is not as trivial as when €2 is a John domain, however, it is still easier.

Theorem 4.4.9 [Optimal Orlicz-Sobolev domain on R"]. Let n > 2 and
m € N, and let B be a Young function.
(i) Assume that m > n. Let B be a Young function satisfying (4.4.11]). Then

W B (R?) — LB(R™), (4.4.13)
and Wm’E(R") is the optimal Orlicz-Sobolev domain space in (4.4.13]).

(ii) Assume that 1 < m < n. Let B, be the Young function defined by (4.4.1)),
and let B, be a Young function satisfying (4.4.12)). If ([4.4.2)) holds, then

W Bn(R?) — LB (R™), (4.4.14)

and W™Bn(R™) is the optimal Orlicz-Sobolev domain space in (4.4.14)).
Conversely, if fails, then no optimal Orlicz-Sobolev domain space ex-
ists in ([(L.1.8), in the sense that any Orlicz-Sobolev space W™A(R™) for which
embedding @ holds can be replaced with a strictly larger Orlicz-Sobolev space
for which @ is still true.
In particular, if ip > -, then condition is equivalent to Ig < 00,
and

B-1(t) ~ B~ (t)t» near infinity,
| B7Y(t) near zero.

The last results of this section concern the Orlicz-Sobolev embedding
with a measure p obeying and . By the same reason as for (4.1.7),
the optimal Orlicz-Sobolev domain space in these embeddings is W™!(Q), pro-
vided that m > n.

If, instead, 1 < m < n, the optimal Orlicz-Sobolev domain in (4.1.9), when it
exists, is built upon the Young function B, defined, for v € [n —m, n|, as

t G-1
B, (t) = /O ”S(S)ds for ¢ > 0, (4.4.15)

where G.,: [0,00) — [0, 00) is given by

=t i “lgw) gnt
G, (t) _tllggfgtB (s )s for t > 1,
and G.(t) = tB7(1) for t € [0,1). In particular, if u is the Lebesgue measure,

then conditions ({.1.10) and (4.2.7) hold with v = n, and B, agrees with the
function B,, given by (4.4.1)).
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Theorem 4.4.10 [Optimal Orlicz-Sobolev domain for embeddings with
measure]. Let n > 2, and let 1 < m < n. Assume that S is a bounded Lipschitz
domain in R™, and let n be a Borel measure satisfying conditions and
(4.2.7) for some v € [n —m,n]. Let B be a Young function, and let B, be the

Young function defined by (4.4.15)). If

Ip <

~

n
— 4.4.16
. (4.4.16)
then

Wm™B(Q) — LP(Q, ), (4.4.17)

and W™5(Q) is the optimal Orlicz-Sobolev domain space in (4.4.17).
Conversely, if fails, then no optimal Orlicz-Sobolev domain space
exists in @, in the sense that any Orlicz-Sobolev space W™A(Q) for which
embedding @[} holds can be replaced with a strictly larger Orlicz-Sobolev space
for which (4.1.9) is still true.
In particular, if ip > ——, then condition is equivalent to Ig < o0,
and

B;l(t) ~ B! (t%) tn  near infinity.

An integral version of embedding (4.4.17)) holds under the assumption that

B(t
sup (7) < 00. (4.4.18)
0<t<l tn—m

It involves a modified version of the function B, given by

t Goot
BX(t) = /0 Ws(s)ds for t >0, (4.4.19)

where G5°: [0, 00) — [0, 00) is defined by

[e%} _ : —1 % m_1
G35 (t)_togitB (s )s for t > 0.
Corollary 4.4.11. Let n, m, v, Q and p be as in Theorem [{.4.10. Let B be a
Younyg function satisfying (4.4.18), and let B3® be the Young function defined by
(4.4.19). If

n
I3 < —, 4.4.20
e < (4.4.20)

then there exists a constant C such that

/QB(C< [u()| )dy>m/”) du(z) < <I§)/QB$O(|V’€U|)dx>

>ieo Jo B (VR
(4.4.21)

a
n

for every u € W™B7(Q).
In particular, if iy > ——, then condition (4.4.20)) is equivalent to Iy < oo,
and
BTN t) ~ BT (t# )¢5 fort >0,
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Example 4.4.12. Assume that LP(Q) = Li(log L)*(f2), the same Zygmund
space as in Example where either ¢ € (1,00) and @ € R, or ¢ = 1 and
a > 0. Assume that 1 < m < n, the case when m > n being trivial. Let Q
be a bounded Lipschitz domain in R", and let 1 be a Borel measure fulfilling

conditions (4.1.10) and (4.2.7)). Then

tvima (logt)7ima  if ¢ > —— aeR,

. : a(n—m)
B, (t) is equivalent to t(logt)™ = ifg=-2- a>0,
t otherwise,
near infinity. Hence,
Iy — W’:Zlq ifg>—— a€eR,
K 1 otherwise.

Since Ip, < n/m, Theorem {4.4.10] tells us that

if g> -2 acR, WmLvima (log L)7ma ()

(n— 'm) a0
if g= -2 a>0, WmLlog L)~ 7 () — L(log L)*(€%, ) ,
otherwise, Wwm(Q)

(4.4.22)
the domain spaces being optimal among all Orlicz-Sobolev spaces. Observe, that,
by Example 4.3.10, the space L9(log L)*(£2, ut) is the optimal Orlicz target space

in (4.4.22).

The optimal Orlicz-Sobolev domain space in (4.1.11]) agrees with that in
, with v = n — 1. Namely, it is built upon the Young function B,
defined as in , with v = n — 1. This is the content of Corollary
below, and follows from Theorem [4.4.10, and from the fact that, if 2 is a bounded
Lipschitz domain, then the measure u = H"!|5q fulfills conditions and
(4.2.7) with v =n — 1.

Corollary 4.4.13 [Optimal Orlicz-Sobolev domain for boundary traces].
Letn > 2 and 1 < m < n. Assume that ) is a bounded Lipschitz domain in
R™. Let B be a Young function, and let B,_1 be the Young function defined by
(4.4.15), with y =n —1. If

n
Ip .\ < . (4.4.23)

then
WmbBn-1(Q) — LB(09), (4.4.24)

and W™Pn=1(Q) is the optimal Orlicz-Sobolev domain space in
Conversely, if m fails, then no optimal Orlicz- Sobolev domam space
exists in ([1.1.11)), in the sense that any Orlicz-Sobolev space W™4(Q) for which
embedding @ holds can be replaced with a strictly larger Orlicz-Sobolev space
for which is still true.
In particular, if ig > %, then condition is equivalent to Ig < o0,
and

Bl (t)~ B~ (t n )tn near infinity.

n—1
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We conclude this section by specializing Theorem [4.4.10| to embeddings of
the form (4.1.12) into Orlicz spaces defined on the intersection of 2 with d-
dimensional compact submanifolds N, of R". Since the measure u = ﬂ-(d]mN y

satisfies conditions (4.1.10) and (4.2.7]), with v = d, from Theorem |4.4.10 we

infer the following corollary.

Corollary 4.4.14 [Optimal Orlicz-Sobolev domain for traces on subman-
ifolds]. Letn>2,1<m <n, and let d € N, withn —m < d < n. Assume that
Q is a bounded Lipschitz domain in R™, and let Ny be a d-dimensional compact
submanifold of R™ such that QN Ng # 0. Let B be a Young function, and let By

be the Young function defined by (4.4.15)), with v = d. If

n
IBd < %, (4425)
then
WmBa(Q) — LE(QNNy), (4.4.26)

and W™B4(Q) is the optimal Orlicz-Sobolev domain space in ([4.4.20)).
Conversely, if fails, then no optimal Orlicz-Sobolev domain space
exists in ([1.1.12)), in the sense that any Orlicz-Sobolev space W™A(2) for which
embedding (4.1.12) holds can be replaced with a strictly larger Orlicz-Sobolev space
for which (4.1.12)) is still true.
In particular, if ig > ﬁ, then condition is equivalent to Ig < 00,
and

B (t) ~ B! (t%> tn  near infinity.

Proof of Theorem [4.4.2l The fact that an optimal Orlicz domain space in
(4.2.2)) exists if and only if (4.4.2) holds, and that, in the affirmative case, it
agrees with WP (Q), follows from Theorem via the equivalence of the

Sobolev inequality (4.2.2) and of the Hardy type inequality (4.2.3). The property
(2.7.1]) also plays a role here. The assertion about the validity of equation (4.4.4))

is a consequence of [3.6.7] O

Proof of Corollary @.4.3] Fix v € Wy"""(Q), and assume, without loss of
generality, that [, Be°(|V™ul) dy < oo, otherwise is trivially satisfied. By
Proposition , assumption (4.4.7)) is equivalent to the existence of a constant
C > 0, such that

! EEJO(S) §ﬁjo(cﬂf)
/0 Sl (n—m)+1 ds < i) for t > 0. (4.4.27)

Given N > 0, let By be the Young function defined as
B(tN~%)

By(t) = ——— fort>0.
Then, the Young function (By)>° associated with By as in (4.4.6]) satisfies

BOO
(B)T = -
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One can thus verify that inequality (4.4.27)) continues to hold with B;° replaced by
(By)Y, and with the same constant Cy, whatever N is. Hence, by Theorem [3.5.2)

HHO%O,lfHLBN(O,OO) < C2Hf||L<BN>%°(0,oo)

for every f € LB~ (0,00) and for some constant for some Cy independent of
N. In particular,

HH%,lfHLBN(o,l) < C2Hf||L<BN>?L°°(o,1)

for every f € LN (0,1). Therefore, owing to the equivalence of inequalities

and (TZ3).

||u||LBN(Q) < O”VmUHL(BN)%o(Q) (4428)

for every u € Wy" (B )?(Q), where the constant C' is independent of N. On
choosing

N = [ BE(v™ul)dy,

and observing that ||V™ul| sy o) < 1 with this choice of IV, inequality (|4.4.28)
yields |lul| 5y ) < C. Therefore

/QBN<|U<5)|> de <1,

whence, by the definition of By,

ju(z)]
<
/QB<CNm/” dr < N,
namely (IZF). m

Proof of Theorem [4.4.4. The proof follows along the same lines as that of
Theorem [4.4.2] Here, the equivalence of inequalities (4.2.4) and (4.2.3) comes
into play. O]

Proof of Theorem [4.4.9. The reduction principle for inequality is rel-
evant in this proof. Recall that such a principle asserts that this inequality
is equivalent to the simultaneous validity of inequality and of property
. Now, assume that condition holds. Then, by Theorem , in-
equality holds with either L4(0,1) = L(0,1), or LA(0,1) = L5~(0,1),
according to whether m > n or 1 < m < n. On the other hand, trivially
holds by the very definition of B and B,,. Thus, inequality (4.2.5), with A = B or
A = B,, holds, and embedding (4.4.13)) or (4.4.14)), respectively, follows. More-
over, W™B(R"), or W™5n(R") is optimal in (4.4.13) or (4.4.14). Indeed, if
inequality holds for some Young function A, then, by the reduction prin-
ciple, A has to dominate B near 0, and inequality must hold. By the
optimality of the domain space L'(0,1) or L5»(0,1) in (4.2.3)), the function A(%)
has to dominate ¢t or B,(t) near infinity. Thus, A dominates B or B,, globally,
whence W™4(R") — W™B(R"), or W™A(R") — W™Bn(R"), thus proving the
optimality of W™#(R"), or W™Bn(R").

Conversely, suppose that condition fails. Then, by Theorem ,
there does not exist an optimal Orlicz space L“(0, 1) in . As a consequence
of the reduction principle, and of and , there does not exist an
optimal domain Orlicz-Sobolev space in embedding ([4.1.8)). O
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Proof of Theorem [4.4.10l This is a consequence of Theorem [3.6.3 and of the
reduction principle for Sobolev embeddings with measure, which asserts the equiv-

alence of inequalities (4.2.8)) and (4.2.9)). O

Proof of Corollary 4.4.11. The proof of inequality (4.4.21)) relies upon a scal-
ing argument as in the proof of Corollary [4.4.3] Here, B(t) has to be replaced by

By(t) = N~#B(tN—*%), where

N = Z/ B(|Vu]) dy . 0
k=0 "<
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5. Fractional maximal operator

5.1 Introduction

Let n € Nand 0 < v < n be fixed. The fractional maximal operator M, is
defined for any locally integrable function f in €2 by

M f@) = suplQlF ! [ 1)l dy, €0,

where the supremum is taken over all cubes @) C () containing = and having the
sides parallel to the coordinate axes.

Our first aim is to analyse the boundedness of M, acting between Orlicz
spaces. More specifically, given Orlicz spaces LA(Q2) and LZ(Q), we want to
decide whether

M,: LA(Q) — LB(Q). (5.1.1)

We show that is equivalent to one-dimensional inequalities involving only
the Young functions A and B. Resulting inequality is then much more easier
to verify. We will follow the result from [56] which partly overlaps with [20),
Section 2]. Note that such question was also studied in [41], where is
studied under some restrictive assumptions.

The principal innovation of paper [56] however lays in the description of op-
timal Orlicz spaces in (5.1.1)). More specifically, given L4(Q), we seek for the
smallest Orlicz space LP(2) such that holds. By “smallest” we mean

that if (5.1.1]) holds with LZ(Q) replaced with another Orlicz space L? (), then

LB(Q) — LP(Q). Instead of smallest we also often say optimal.
Let us briefly look at the situation in the class of the Lebesgue spaces. It is
well known that

np

L~—»(R"), 1<p< %,
L*[RY),  p=12,

M, : LP(R") — {

and this result is sharp within Lebesgue spaces. However, there is no Lebesgue
space L1(R™) for which

M,: LY(R™) — LY(R™).
The situation in the class of Orlicz spaces is much more subtler and not many
results are available in the literature. The authors of [37] characterised the bound-
edness of M., (they work with more general operator, in fact) on classical Lorentz

spaces. In the cases when such spaces coincide with Orlicz spaces, we may recover
the following result (see Section [2] for the definitions of the spaces involved).

L7 (log L)*Y(R?), p=1, ap <0, ase > 0,
M, : LP(log LY*(R") — { L7257 (log L)™7 (R"), 1<p< D,
exp L% (R™), p="2 a0>0, ax <0,
(5.1.2)

however, it does not say anything about its sharpness. In Theorem we give
the complete characterization of the existence of the optimal Orlicz target and,
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in the affirmative case, we give its full description. It turns out that the spaces
obtained in (5.1.2) are optimal in the cases when p > 1. If p = 1, then the

target space L7 (log L)%_l(]R") is not the best possible Orlicz space and even
more, the optimal Orlicz target does not exist in this case. This means that any
Orlicz space LZ(R™) for which M, : LP(log L)*(R™) — LB(R") may be replaced
by essentially smaller space, whence there is an “open” set of all the eligible Orlicz
spaces. The details on this particular case are discussed in Example [5.3.3]

One can also ask the converse problem, i.e. when the target space LZ(Q) is
given and we seck for the largest possible L4(Q) rendering true. Analo-

gously, by “largest” we mean that if (5.1.1)) holds with L4(€2) replaced by L4(Q),

then LA(Q) — LA(Q). Again, we shorten this notion to the word “optimal”
since no confusion with the above situation is likely to happen. The solution of
this task is the subject of Theorem [5.3.6] where we give the complete descrip-
tion of optimal domains. If we return back to the example in , one gets
that the Orlicz domain L4(log L)*(IR") is the optimal one in all three cases. See
Example for further details.

5.2 Reduction principle

We start by introducing a crucial tool often named as a reduction principle.
Such a principle translates the boundedness of the operator M, acting between
Orlicz spaces on R™ or on open sets €2 of finite measure to a much simpler one-
dimensional inequality containing only the Young functions and the parameters
n and . That enables us to simplify our analysis and helps us to understand the
behaviour of the operator and the spaces involved.

At first, we need to introduce several constructions of Young functions. Their
importance will then be resembled in the following theorem. It is no doubt that
the two above-mentioned cases have to be distinguished

Clearly, when || < oo, the behaviour of Young functions near zero is irrel-
evant, since, all Young functions which coincide near infinity result in the same
Orlicz space with equivalent norms.

Let us start with the local variant. Let A be a given Young function and
define A, by

t G-1
A,t) = /0 Ws(s)ds for t > 0, (5.2.1)

where G.,: [0,00) — [0, 00) is a non-decreasing function defined by

tATY(1) for 0 <t <1,
Gy(t) = sup A" '(s)s™n fort>1
1<s<t

Here G;l represents its generalized right-continuous inverse.

Remark 5.2.1. Note that A, is a Young function. Indeed, as might be observed
by the formula, we have

Golt) _1 A7)

min{t, s -3
t t 1<s<o0 S { }
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and hence G, (t)/t is nondecreasing. Therefore A, is a Young function and more-

over, by (2.1.2)), A, is equivalent to G near infinity.
Let B be a given Young function and define (with the little abuse of notation)

t -1
Bv(t):/o VS<3> ds fort > 0. (5.2.2)

Here, E,: [0,00) — [0,00) is given by

(1) = 0, for 0 <t <1,
T t%F,YOO_l(t) fort > 1,

where F,: [1,00) — [0, 00) is defined by

F.

v

(t) = 1/ (n=) ' B(s)

. W ds fort Z 1, (523)

and where F_° ! stands for the generalised left-continuous inverse of F,.

Remark 5.2.2. Observe that B, is a well-defined Young function. The assump-
tion (5.2.6) guarantees that F, is nondecreasing. Thus F- ! is nondecreasing and
so is E,. Next, since F,(t)/t"/ (=) is nondecreasing, FN(t) /t'=% is nonincreas-
ing, hence E,(t)/t is nonincreasing and E]'(s)/s is nondecreasing. Therefore,
B, is convex. In addition, by (2.1.2), B, is equivalent to E- ! near infinity.

The first principal result then reads as follows.

Theorem 5.2.3 [Reduction principle in Orlicz spaces on finite-measure
sets|. Letn € N and 0 <y <n. Let Q C R™ be a open set such that | < oo.
Suppose that A and B are Young functions and let A, and B, be the Young

functions defined by (5.2.1) and (5.2.2), respectively. The following assertions

are equivalent:
(i) There exists a constant Cy > 0 such that
M, f o) < Cill fllag
for every f € LA(Q);
(ii) There exists a constant Cy > 0 such that

[BE o MO

g/ n—+1 5= )

fort > 1,

(ili) There exists a constant C3 > 0 such that

B,(t) < A(Cst)  near infinity.

If Q = R™, then also the values of Young functions near zero come into play.
Let again A be given and assume that

inf A(t)t™7 > 0. (5.2.4)

0<t<1
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We then define A% by

LG (s

ds fort >0, (5.2.5)
s

Az = |
(0= |
where G°: [0,00) — [0, 00) is a non-decreasing function defined by

GX(t) = OiligtA_l(s) s fort >0
and Gj’f’*l represents its generalized right-continuous inverse. By a similar argu-
ment as in Remark , we infer that A% is a Young function such that A% is
equivalent to G2~ globally.
Conversely, let B be a given Young function satisfying

B(s)
We define o
t 00—
BX(t) = / 73(8) ds fort >0, (5.2.7)
0

in which E2°: [0,00) — [0, 00) is defined by
0 1Y hoo—1
EX(t)=tnF>(t) fort>0,

where F2°: [0,00) — [0,00) is given by

t B(s)
oo (1) — ¢n/(n—=7)
Fe(t) =t /0 Tt ds fort > 0. (5.2.8)

and where F;’O’l stands for the generalised left-continuous inverse of F2°. Simi-
larly as in Remark , B2 is a Young function such that B5° is equivalent to
Ef;o_l globally.

The corresponding reduction principle then reads as follows.

Theorem 5.2.4 [Reduction principle in Orlicz spaces on R"]. Let n € N
and 0 <y < n. Suppose that A and B are Young functions and let A5 and B3°

be the Young functions defined by (5.2.5)) and (5.2.7)), respectively. The following

assertions are equivalent:
(i) There exists a constant Cy > 0 such that
M [l e @ny < Cill fllpagn
for every f € LA(R");
(ii) A satisfies and there exists a constant Cy > 0 such that

: A (Cht
/ Bls) g, ATGD oy,
0

gn/(n—y)+1 — n/(n—y)

(iii) B satisfies (5.2.6) and there exists a constant C3 > 0 such that

BX(t) < A(Cst)  fort > 0;
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(iv) There is a constant Cy > such that

/n B<C’4(fRn M, f(z) )dg; < /nA(|f(:v)|> dx

A(lf )] dy) "

for every f € LA(R").
Moreover, the constants C, Cy, C3 and Cy depend on each other and on n and 7.

We would like to point out the philosophy behind the criteria (ii) and (iii) in
our reduction principle. They look completely different at a first glance and they
rely on auxiliary Young functions A, (or A%°) and B, (or B$°), respectively. In
situations when both A and B are given, there is no significantly better choice
of a condition to check. However, imagine that we have one A and a bunch of
candidates B to choose from. Then the condition (ii) comes handy as we compute
A, once and we check the inequality against every choice of B. The condition
(iii) is then welcome in the reciprocal case.

5.3 Optimal Orlicz spaces

This section is devoted to description of optimal spaces in . It is no surprise
that the Young functions A, and B, (and A3 with B3 in the global case) play
the major role in the problem of establishing the corresponding optimal Orlicz
spaces. Let us begin with the targets.

Theorem 5.3.1 [Optimal Orlicz target on finite-measure sets]. Letn € N,
0 <~y <n andlet 2 CR"™ be an open set of finite measure. Suppose that A is a

Young function and let A, as in (5.2.1). If

ia, > : (5.3.1)

then
M, : LA(Q) — L (Q) (5.3.2)

and L4 (Q) is the smallest among all Orlicz spaces in (5.3.2)).

Conversely, if fails, then there is no optimal Orlicz space in mn
a sense that any Orlicz space LP(Q) for which (5.1.1)) holds true can be replaced
by a strictly smaller Orlicz space for which 1s still valid.

In particular, if [4 < %, then s equivalent to 14 > 1 and

AN ) ~ A7)t near infinity. (5.3.3)
The result for infinite-measure sets then reads as follows.

Theorem 5.3.2 [Optimal Orlicz target on R"]. Letn € N, 0 < v < n and

suppose that A is a Young function satisfying (5.2.4) and set A as in ((5.2.1)).
If

n
oo > , 5.3.4
laze = 7 7 ( )
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then
M,: LA(R™) — LA (R™) (5.3.5)

and LAY (R™) is the smallest among all Orlicz spaces in (5.3.5)).

Conversely, if (5.3.4) fails, then there is no optimal Orlicz space in (5.1.1]) in
a sense that any Orlicz space LP(R™) for which (5.1.1]) holds true can be replaced

by a strictly smaller Orlicz space for which ((5.1.1)) is still valid.
In particular, if I < %, then (5.3.4) is equivalent to i} > 1 and

AN ) = ANt fort > 0. (5.3.6)

In addition, if (5.2.4) is not satisfied, then there does not exist an Orlicz target
space LB(R™) for which (5.1.1]) holds.

Example 5.3.3. Let 2 = R". Assume that 1 < pg, pe < 00 and ag, s € R If
po = 1 then let oy < 0 and if p,, = 1 then let a,, > 0. Suppose that

tPo (1) near zero,

A(t) is equivalent to
(1) is cq {tp“’ ((t)*=  near infinity.

Let us consider the nontrivial cases only, i.e. let us assume that (5.2.4)) is satisfied.
This implies that either 1 < py < % or py = % and ag > 0. Computations show
that

npq nag 1<py<Z ar€Ror
()T, gy =1, ag < 0
(e.) : . " ) 0 = s O < ,
A7 (t) is equivalent to exp(—t~750), Do — %7 >0

07 p0:%7040:07

near zero and

npoo n&oo
tn—vpco f(t) n—7poo

1 <po <%, a €Ror
Po = 1) (6789 Z O,

AT (t) is equivalent to exp(t e ), if poo = 2, 0o <0,

Poo = %, Qs > 0 or

oo,

Poo > 75 Qoo € R,

near infinity. Moreover,

o[ o npes . n
Z?qom = rn {n77p07 N—=YPo } ’ 1 S mln{p07poo} < v’
’ 0, Po = Poo = %a
whence i > ;2 if and only if both py > 1 and p > 1. Therefore, by

Theorem
M,: LAR") — LA (R™)

and the range spaces are optimal among all Orlicz spaces.
If po = 1 or ps = 1, then every Young function B satisfying (5.1.1) can be
essentially enlarged near zero or near infinity, respectively.
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Example 5.3.4. Set 2 =R" and let 1 < pg, poo < 00. Suppose that

tro e~ V98t near zero,

A(t) is equivalent to
Q {tpw eViost near infinity.

In order to ensure (5.2.4), assume that 1 < py < 2. We have that At is

decreasing near zero hence A~'(s)s™ = is increasing near zero. Thus the supremum
in the definition of A%® may be disregarded and A3° obeys ((5.3.3) near zero.
Calculation shows that

3
B a1 -3
A7(s) ~ sroe7Po " VIel/s  pear zero
and then
3
A (t) is equivalent to t" Woe ~GR )2 VIe Yt Lear zero
¥

If poo > 2, then A(t)t™7 is increasing, A~1(s)s™= is decreasing, hence G is a
constant function and A5 = oo near infinity. If 1 < py, < %, then, similarly as
before, A% satisfies (5.3.3)) near infinity. To sum it up,

npoo

pEE () Vo 1< poo <

<
) ~?

n

A (t) is equivalent to {
o0, poo - 77

near infinity. In conclusion

3 np NPoo ﬂ
i%e = {mm{n—vgoo’n—vpoo}’ 1 <p°° v’
npo
’ n—ypo’ Poo = 'y’
and ZAOO > 1f and only if both py > 1 and p,, > 1. If this is the case, then,
by Theorem 5 3 2|
M,: LA(R™) — LA (R™)

and the range space is optimal among all Orlicz spaces, otherwise any Young
function B satisfying (5 can be essentially enlarged near zero or near infinity,
respectively.

The characterization of optimal Orlicz domain spaces follows. Again, we
distinguish two cases, whether the measure of €2 is finite or infinite.

Theorem 5.3.5 [Optimal Orlicz domain on finite-measure sets]. Let n €
N, 0 <y < n and let Q@ CR™ be an open set satisfying || < co. Suppose that B
is a Young function and let B., be given by (5.2.2). Then

M,: LP(Q) — LP(Q) (5.3.7)

and LP(Q) is the largest possible Orlicz space satisfying (5.3.7)).
In addition, if ip > ™ 7, then B., obeys the simpler relation

B,7Y(t) ~t= B™Y(t), near infinity. (5.3.8)
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Theorem 5.3.6 [Optimal Orlicz domain on R"]. Let n € N, 0 < v < n.
Suppose that B is a Young function fulfilling (5.2.6) and let B, be the Young

function defined by (5.2.2)). Then
M,: L5 (R") — LP(R") (5.3.9)

and LP7 (R™) is the largest possible Orlicz space satisfying (5.3.9).
In addition, if i > et then B satisfies (5.2.6) and B2 obeys the simpler
relation
oco—1 ~ 2 p-1
BY™(t) ~tn B (t), fort>0. (5.3.10)

Conversely, if (5.2.6) fails, then there is no Orlicz space L*(R™) for which

(5.1.1) holds.

Example 5.3.7. Let 2 = R"” and let 1 < ¢, goo < 00 and «g, as € R. Suppose
that B is a Young function such that

t90 f(t)*o near zero,

B(t) is equivalent to
(1) is eq {tq‘” £(t)*  near infinity.

The condition (5.2.6)) requires that either gy > n/(n —~) or ¢o = n/(n — ) and
ag < —1. One can compute that

nag

{7 Fvao f(t) o, gy >

B2°(t) is equivalent to n—y
() {te(t)u_z)(am)’ qo = #’ ap < —1,
near zero and

n+"/qoo ( )n+'yqoo’ (oo > HL—’Y’

tg( ) 1 aoo+1) (oo = nnf’y’ Qo > _17

BX(t) is equivalent to ¢ £(6(t)) =), Joo = nL—v’ Moo = —1,
¢ Qoo = ﬁ, O < —1 or
o < ;7

near infinity. By Theorem [5.3.6]
M,: L7 (R") — LP(R")
and LB (R") is the optimal Orlicz space.

Example 5.3.8. Let = R" and 1 < ¢p, ¢ < 00. We deal with the Young
function B such that

1 e~ V181t pear zero,

B(t) is equivalent to
Q {tqw eVicet near infinity.

The condition ([5.2.6)) forces that g9 > n/(n —-). If g9 > n/(n — ) then ¥ >
n/(n —v) and B satisfies the simplified relation (5.3.8)) near zero. In the case
when ¢o = n/(n — ) then

F(t) ~ tive~VIel/t flog 1/t near zero
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and
3
320—1(8) =~ Fio_l(s) s~ ge” (12 y log1/s(1og 1/5)~ =5 mear zero.
Calculating the inverses, we get that

3
nqo 2
tntra e (n-!—wqo )2/logl/t n

) q0>ﬁa

E n
te”(TREVIE  log 1 /)75 gy =

n—-y’

BX(t) is equivalent to

near zero.
Let us also sketch the calculations near infinity. If ¢ < n/(n — ), then

/OOB(S)ers<oo

sn/(n=)+1

whence F2°(t) =~ t7= and BX(t) is equivalent to t near infinity. If ¢ >
n/(n — ) then B obeys the relation (5.3.8) near infinity, and finally, when
Goo = n/(n —7), then

F(t) ~ v eVoet [logt  near zero.

In conclusion, we have

tniifoo e(n-Mq ) IOgt, (oo > n%y’

o0 3 i _nyg 2n_
BX(t) is equivalent to 1 ;.0 n)3 e (log )77, goo = =
2 oo < 7255

near infinity and by Theorem [5.3.6
M,: L%V (R") — LP(R"),
in which LZ (R") is optimal within Orlicz spaces.

Concerning optimality, one may naturally ask the question if the relation “be
optimal Orlicz space for someone” is symmetric. We will look closely what is
meant by this now.

Let us start on the target side, so let us have some Young function B fixed.
Assume for the sake of this example that @ C R” is open and || < co. By
Theorem the optimal Orlicz domain always exists and is described by the
Young function B,,. At this stage we may set A = B, and try to use Theoremm
to investigate the corresponding best possible Orlicz target.

We illustrate what is happening on a basic example. Assume that B(t) = ¢4
near infinity and ¢ > —"— (we will be ignoring the behaviour near zero for the sake
of this paragraph, the careful reader may adapt the Young functions also near
zero). Then B, (t) is equivalent to t7a near 1nﬁn1ty Set A = B, and observe
that A,(t) is equivalent to 9, whence iy = q > T—v' Thus A, is equlvalent to B
and both domain L4 and range L? are optimal Orlicz spaces.

Now, if B(t) = 77 near infinity, then B, is equivalent to tlog(t)(k%) near in-
finity. Denoting A = B,,, A,(t) is equivalent to /("= log(t) which exceeds B(t).
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However, 14, = ni_v thus B is not the optimal Orlicz space to L* and moreover,
no such Orlicz space exists.

From this example we may guess that the borderline lays somewhere around
the space = Indeed, the proper classification of this phenomenon relies on
the Boyd index of B as the following theorem shows.

Theorem 5.3.9 [Orlicz range reiteration on finite-measure sets]. Let B
be a Young function and let 2 CR™ be such that |Q)] < co. If B satisfies

ip>—" (5.3.11)
n—7v
then the Young function B, from (5.2.2)) obeys (5.3.8)) and
M,: L% (Q) — LP(Q) (5.3.12)

where both domain and target spaces are optimal within all Orlicz spaces.
Conversely, if (5.3.11)) fails, then LP(Q) is optimal Orlicz domain and no

optimal Orlicz target space exists in (5.3.12]).

Theorem 5.3.10 [Orlicz range reiteration on R"]. Let B be a Young function

obeying
n

5 > : 5.3.13
' Y ( )

Then the Young function B from (5.2.7) satisfies (5.3.10)) and
M,: L7 (R") — LP(R") (5.3.14)

where both domain and target spaces are optimal among all Orlicz spaces.
Conversely, if (5.3.13)) fails, then LB (R™) is optimal Orlicz domain and no

optimal Orlicz target space exists in ((5.3.14]).

In this iteration scheme, we may also assume that A is given and we try to
make one step further and then one step back, or more precisely, we can compute
A,, then set B = A, and then analyze the relation of B, and A. The main
difference between this case and the previous one is that even the success after
first step is not guaranteed any more. So one has to restrict his attention to the
positive cases only. Let us look at similar trivial example.

Assume that A(t) = t? near zero and A(t) = tP> near infinity, where 1 <
Po < % < P < 00. Calculations gives that A, (t) is equivalent to t7ro and to 0o
near infinity. Since i, > ﬁ, M, acts from L4 to L and the range is optimal
within Orlicz spaces. If we set B = A, then B,(t) is equivalent to " near zero
and to t7 near infinity. We see that B, coincides with A near zero while there is
a significant improvement near infinity.

To state the result in its full generality, we need to introduce a way how to
define the improved Young function to A.

Let A be a Young function satisfying (5.2.4]) and let A, be given by

t G-1L
Asup(t):/o “§<‘9)ds, t>0. (5.3.15)
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where Gg,p, is defined by

A1), 0<t<l1,
Gaup(t) = tv sup AN(s)tTy, > 1.
1<s<t

Using similar arguments as in Remark [5.2.1] one can easily observe that Gy, is
increasing and Ag,, is well-defined Young function equivalent to G;}p.
The spirit of this improvement lays in the observation that any domain A can

be always replaced by Ag,,. This is the essence of the next theorem.

Theorem 5.3.11 [Orlicz domain reiteration on finite-measure sets]. Let
neN,0<vy<n, QCR" satisfy | < co. Suppose that A is a Young function
and let Agyp be the Young function from (5.3.15). Then (5.1.1)) holds if and only
if

M, : LA (Q) — LB (). (5.3.16)

Furthermore, if
Ta,, > 1, (5.3.17)

then
M, : LA (Q) — LA (Q)

and both domain and target spaces are optimal in the class of Orlicz spaces.
Conversely, if (5.3.17) fails, then LA(Q) can be replaced by LA=w»(Q) and no
optimal Orlicz target exists.

A parallel result continues to hold on R" if we modify properly the definition
of Agp near zero. Let A be a Young function satisfying (5.2.4) and let AZ;) be
given by

o LGy (s)
A (t) = /0 Tow g 0. (5.3.18)

S

where GZ° is defined by

sup

G2 (t) =1t sup A N(s)t™7, ¢>0.

su
P 0<s<t

00
sup

o0

Similarly as above, G sup

is increasing and A2° is Young function.

Theorem 5.3.12 [Orlicz domain reiteration on R"]. Let n € N and 0 <
v < n. Assume that A and B are Young functions and suppose that A satisfies

(5.2.4). Let Agyp be the Young function from (5.3.18). Then (5.1.1)) holds if and
only if
M, : LA (R") — LB(R™).

Moreover, if
iili?ﬁp > 1, (5.3.19)
then
M, : LA (R™) — L4 (R™)

and both domain and target spaces are optimal in the class of Orlicz spaces.
Conversely, if (5.3.19)) fails, then L*(R"™) can be replaced by L% (R™) and
no optimal Orlicz target exists.
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At the end of this section, we present special cases of the reduction principle
for the spaces L! and L.

Corollary 5.3.13 [Endpoint embeddings]. Letn € N, 0 < v < n, Q C R"
with || < oo and suppose that A and B are Young functions. Then the following
statements hold true:

(1)
My LAQ) —» L2(Q)  [M,: LAR") — L®(R")]
if and only if there is a constant C' > 0 such that

A(t) > Ct  near infinity  [for t > 0];

(ii) ;
M,: LNQ) = LP(Q)  [My: L'(R") — LP(R™)]
if and only if

s/ (n—)+1 s/ (n—)+1

/OOB(S) ds < o0 [/OOOB(S) d5<oo_.

5.4 Proofs

We start with an auxiliary reduction principle for fractional maximal opera-
tor. Note that the result remains valid also if we replace Orlicz spaces by any
rearrangement-invariant function spaces. For further details on this general set-
ting we refer to [36], Section 4].

Proposition 5.4.1. Letn € N, 0 <~y <n and let A and B be Young functions.
The following statements are equivalent:

(i) There is a constant Cy > 0 such that
1M fllze@ny < Cillflzagn,  f € LAR);

(ii) There is a constant Cy > 0 such that

< Collgllzaoeey, 9 € L0, 00).
LB (0,00)

t
t%_l/ g(s)ds
0

Moreover, the constants Cy and Cy depend on each other, on n and 7.

Proof. Assume (ii). By [25, Theorem 1.1}, there is a constant ¢; > 0, depending
only on n and 7, such that

(M, f)*(t) < ¢ sup s=f*(s) fort>0

t<s<oo

and for every f € L{ (R"). Here, f** is the function defined by

loc

£ ) = 1/(: F(s)ds for t > 0.
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Then

sup s f**(s)

t<s<oo

M flle@ey = [[(Myf) (LB 0,00) < €1

LB(0,00)

The supremum may be dropped paying another constant ¢y = ¢3(n,y), thanks to
[45, Theorem 3.9]. Hence

M, fllp@ny < crealltn £ (0| ns 000 < €120l | na00) = Cill fllLa@nys

*

due to the assumption (ii) where we take g = f*.
Conversely, suppose (i). Let ¢: (0,00) — [0,00) be a nonincreasing function.
By [25, Theorem 1.1}, there is a function f on R™ such that f* = ¢ and

(M, f)*(t) > ¢35 sup snf*(s) fort e (0,00)

t<s<oo

where c3 = c3(n, ) is a positive constant independent of f. We have

Cillella@e) = Cill fllLagny = (1M fllLa@ny = (M5 f) "] 28 0,00)

ol ol ¢
sup s» f**(s) ﬁ_l/ o(s)ds
0

t<s<oo

203 >03

LA(0,00)

Y

LA(0,00)

hence (ii) holds for every nonincreasing function ¢ with Cy = C}/c3. The inequal-
ity (ii) for any function then follows by Hardy-Littlewood inequality (2.4.1)). O

As for the local results, we have the parallel statement. Note, that the infor-
mation about the embedding norm is lost in this case. The proof of is similar to
that of Proposition [5.4.1] and is omitted.

Proposition 5.4.2. Letn € N, 0 < v < n, let Q C R"™ be an open set of finite
measure and let A and B be Young functions. Then (5.1.1)) holds true if and only

if

< Collgllzay, g€ L0, 1).
LB(0,1)

t
! / g(s)ds
0

Proof of Theorem [5.2.4. We begin with the preliminary statement, equivalent
to (i). Recall the Hardy operator Hx, defined by

Hof(t) = [~ f(s)s7 1 ds. e (0,00)

for f € M(0,00) and its associate operator, H, say, given by

~ t
Lo(t) =t [ gls)ds, L€ (0,00),
n 0

for g € M(0, 00). See (2.8.1) for details. By Proposition[5.4.1} (i) holds if and only
if HY is bounded from L*(0, 00) to L?(0, 00) with the operator norm comparable

to CT’Ll. Hence, by the duality argument as in (3.3.47)), (i) is equivalent to the
following statement.
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(i’) There exist a constant C| > 0 such that

Moreover the constants C; and C] are comparable.

Now, we can prove the theorem with the help of results from Chapter [3, We
show (i")<(ii) first. We infer from Theorem that (i") holds true if and only
if

sup A(t)t77 < o0 (5.4.1)
0<t<1

and there is a constant C!, > 0, comparable to C], such that the inequality

¢ B(s) (A),,.(Ch)
/0 (1 8 < proy o for t > 0, (5.4.2)

holds true, in which (ﬁ)?jn | is a Young function associated to A as in (3.5.6) for
a=v/nand = 1. By (3.5.8)), we have

(A)5,, () =t inf A7'(s)sn™" fort>0

0<s<t

which, passing to conjugates due to ([2.1.5)), gives
—_ — _1

(A)ny (1) = sup A7 (s)s™

0<s<t

whence, by the definition (5.2.5),

3R

for t > 0,

— —1

(A),, () = AXh fort >0

P

and (A):‘?ml is globally equivalent to A%°. Since also B = B, (5.4.2) is equivalent

v A (Cyt
t o0

/ B(s) gs < 9 (Cat)

0 s/(n=y)+1 7 = ¢n/(n=)

where Cy a constant comparable to C. Observe also that (5.4.1]) holds if and

only if (5.2.4) holds. This proves (ii).
The equivalence of (i’) and (iii) is a consequence of Theorem which

asserts that

for t > 0,

/O(E?S))nzwds < 0o (5.4.3)

and that (i’) is equivalent to the existence of a constant C% > 0 such that

A(t) < (B)S,,1(Cst) for t >0, (5.4.4)

v/m,1

where (B)gjnl is the young function associated to B as in (3.3.5)) in which we set
a =vy/n and = 1. Proposition gives that ((5.4.3) is equivalent to (5.2.6)).

From Proposition |3.3.7 we infer that
5

(B)2p () ~ 100

Sy for t > 0.
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This, together with the definition of B in ((5.2.7)) and by (2.1.5) yields to
(E):?n,fl(t) o~ Ego_l(t) for ¢t > 0,

whence (B)g‘}nl is globally equivalent to Eﬁ% Using this and passing to the
conjugate functions in (5.4.4]) equivalently gives that there is a constant C5 > 0
comparable to C% such that

BX(t) < A(Cst) fort >0

which is (iii).
Let us establish (iv) from (i). Suppose that N > 0 is given and set Ay = A/N,
a scaled Young function. Then

(Ay),(t) = }VAW(tN—Z), t>0,

where (Ay). is a Young function associated to Ay as in (5.2.1]). Define also By
by

By(t) = ;fB(tN‘Z), t>0.

We claim that
M fll Ly ey < Collfll Law @n) (5.4.5)

for all f € LA~(R™) with the constant Cy independent of N. Indeed, as one can
readily check by the change of variables, (iii) holds with A and B replaced by Ay
and By, respectively with the same constant C'3. The claim follows by the already
proven equivalence of (i) and (iii). Now, let f € LA(R"). If [p. A(|f]) = 0o, then
there is nothing to prove. Otherwise, set N = [ A(|f]). Tt is [[f][an@n) < 1
and, by (5.4.9), |fllz5x @n) < Co. Therefore

/HBN<M”C{;(I)> dr < 1

and (ii) follows by the definition of By. The converse implication (ii)=-(i) is
trivial. 2

Proof of Theorem [5.2.3l The proof is very similar to that of Theorem [5.2.4}
one just hast to use the local results from Chapter |3| instead. The details are
omitted, for brevity. O

Proof of Theorem [5.3.2] We have already observed that the boundedness of
M, between LA(R™) and L?(2) is equivalent to the boundedness of a Hardy-type
operator H n between associated Orlicz spaces, i.e., (5.1.1]) is equivalent to

Ha : LP(0,00) = LA(0, 00) (5.4.6)

and, therefore, the problem of optimal Orlicz target space in (5.1.1)) reduces to the
problem of optimal Orlicz domain space in ([5.4.6). At this stage, Theorem 3.6.1]
comes into play. It asserts that if A obeys (5.4.1) and if the Young function

(A)37,,1, associated to A as in (3.5.6), satisfies

I <

% (5.4.7)

n
v/n,1 Y
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then ~ ~
Ha: L37m1(0,00) = L7(0, 00) (5.4.8)

and the domain space in (5.4.8]) is optimal within Orlicz spaces. Conversely, if
fails, then no optimal Orlicz domain space exists (in the sense that any
Orlicz domain might be improved). Also, if is not fulfilled, then no domain
Orlicz space in exists.

As we observed in the proof of Theorem |5.2.4] (/Nl)f;(}n | 1s equivalent to A\?YJO
and holds if and only if holds. Further, is equivalent to
and the claim is thus recovered. The special relation then also
follows from by analogous duality argument. [

Proof of Theorem [5.3.1]1 The proof is similar to that of Theorem [5.3.2] Here,
the Theorem from Chapter (3| plays the major together with passing to
conjugate Young functions. ]

Before we continue, we look closer to the relation between the Young function
B and the auxiliary function F,. It is immediate that F, dominates B near
infinity, since

2t ot
F7(2t> Z tn/(nfv)/ ﬂ ds Z tn/(nffy)/ ﬂ ds

1 s/ (n=v)+1 . gn/(n—)+1

ds

Pl (5.4.9)
> B(t)t v/t T 2 B(t)Cy fort>1

and, due to Proposition [3.2.2] if ip > ni—w then F., and B are equivalent. The
next lemma shows that if 75 < # then also ir, has to be small.

Lemma 5.4.3. Let B be a Young function and let F., be defined as in ((5.2.3).
Then F, is a Young function and

if and only if iB>L.
n—-y n—-y

iF’Y >

Furthermore, if this is the case, then F, is equivalent to B near infinity.

Prqof. Suppose that ip > n”j Then, by Proposition and by (5.4.9) B is
equivalent t F, and therefore ip, > .

' Conversely, suppose that ip > ni_v Then, thanks to Proposition there
exist 0 > 1 and ¢ > 1 such that

F,(ot) > com F,(t) near infinity. (5.4.10)

Let us write ¢ = 1 + ¢ for some € > 0. Then ([5.4.10) becomes

t  B(s) 1 ot B(s) 1 ot 1 B(kt)
/1 1S S /t Tm—10s < Blat)- /t 19 S ey

for every t > 0 and for a suitable constant k. Another use of Proposition
gives that i > ni_,y [

A parallel observation as in ([5.4.9) holds for the global variant F3°. A variant
of Lemma [5.4.3] is also on hand. Its proof is omitted, for brevity.
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Lemma 5.4.4. Let B be a Young function satisfying (5.2.6)) and let F3° be defined
as in (5.2.8). Then F3° is a Young function and

n n
i%joo > m if and only if iF > m

Furthermore, if this is the case, then F3° is equivalent to B.

Proof of Theorem [5.3.6l Assume that B satisfies (5.2.6). Then B is well-
defined and holds by Theorem To observe the optimality, assume
that LA(R") satisfies . Then, again, due to Theorem , A dominates
B, whence LA(R") — L% (R") and L% (R") is optimal.

If is violated, then no Orlicz space LA(R™) might satisfy since
otherwise it would contradict Theorem [5.2.4]

Furthermore, if i > - then Proposition W gives that F2° is equivalent
to B and the formula (5.3.10)) is immediate. O

Proof of Theorem [5.3.5l Here, the argument relies on Theorem which
asserts that the choice A = B, guarantees . As for the optimality, if
LA(2) possess (5.1.1]), then, by Theorem , A dominates B, near infinity and
LA(Q) — LP(Q) proving the optimality.

Next, if ig > n"j, then F, is equivalent to B thanks to Proposition and

(5.3.8)) follows.

Proof of Theorem [5.3.9. The boundedness of M, in (5.3.12)) and the optimal-
ity of the domain space is a consequence of Theorem |5.3.5
As for the range, set A = B, and let us compute A, by (5.2.1). We have

A;l(t) ~ G, (t) = sup B;l(s) sTw ~ sup Fv_l(s) = Fv_l(t) near infinity,
1<s<t 1<s<t

whence A, is equivalent to F’, near infinity. Therefore iy > Tiy if and only if
ip, > %7 which is due to Lemma the same as i > —“~. The optimal-

n

ity of the range in (5.3.12)) is then driven by the condition (5.3.11f), thanks to
Theorem [(.3.71 O]

Proof of Theorem [5.3.10. Note, that the condition (5.3.13)) ensures that BZ°
is well defined. Then the rest of the proof follows the same scheme as that of
Theorem [5.3.9 O]

Proof of Theorem [5.3.11]. Let A be given and let Ag,, be the Young function
from (5.3.15). Then the Young function (As,p), associated to Ag,p, as in ((5.2.1)
satisfies

(Awp); ' (t) = sup s~ 7ASL(s)
1<s<t

~ sup sup y_%A’l(y)
1<s<t 1<y<s

= sup y " A (y) ~ A;l(t) for t > 1,
1<y<t

in other words, (Asup)- is equivalent to A,. Therefore, by Theorem criterion
(i), (5.1.1)) holds if and only if (5.3.16) holds. Also,

(Agup) (1) ~ 7 AZL () fort > 1

¥ sup
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and thus

(Asup)7'(st) Asp(st)
Riayy), (t) =limsup ~——=——" ~t 7 limsup ———— =1t " ha,,(t)
(Aso) 500 (Agup)71(8) soo AZL(s)

for t > 1, whence, by the definition of the local lower Boyd index,

1

Z(Asup)w

1

ZAsup

+

312

and therefore i(4,,,), > ;2 if and only if ia,,, > 1. The claim now follows by

Theorem [5.3.1] ]

Proof of Theorem [5.3.12] Let A be a Young function such that (5.2.4)) holds
true. Then observe that Ag,, satisfies (5.2.4) as well. The remaining part of the
proof is analogous to that for the local version. ]

Proof of Corollary [5.3.13] Assume that || < co. (i) Suppose that B(t) =0
on [0,1] and B(t) = oo for ¢ > 1. Then L?(Q) = L>(Q) and, by (5.2.2), B, is
equivalent to t7 near infinity. By Theorem m (the equivalence of (i) and (iii)),
we have (i).

(ii) Let us set A(t) =t, ¢t > 0, so LA(Q) = L'(Q). Clearly, by (5.2.1)), A, (¢)
is equivalent to {77 near infinity and thus (ii) follows by Theor the
equivalence of (i) and (ii).

The proof for 2 = R" is similar. ]
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6. Hardy-Littlewood maximal
operator

6.1 Introduction

Let 2 C R™ be an open set. The Hardy-Littlewood maximal operator, M, is
defined for every locally integrable function f on €2 by

Mf) =sup o [ [Fw)ldy forzeQ
@3z |Q] e

where the supremum is extended over all cubes ) contained in €2, whose edges

are parallel to the coordinate axes of R", that contain z.

The operator M is merely sublinear, rather than linear, and it is clearly a
contraction on L>*(€2). On the other hand, if |Q2] = oo, M f is never integrable
unless f = 0. For every locally-integrable function f on €2, one has |f| < M f
almost everywhere. The most important information (for our purpose) concerning
the operator M, now classical, states that there exist positive constants ¢, ¢,
depending only on n, such that

c(MfY(t) < f=t) < (Mf)(t) fort>0, (6.1.1)

for every locally-integrable function on €2. The first inequality in (6.1.1) was
established in works of R. M. Gabriel [40], F. Riesz [62] and N. Wiener [71],
while the second was added later through the efforts of C. Herz [43] (for one
dimension) and C. Bennett and R. Sharpley [§] (for higher dimensions). The
result is summarized and proved in [9, Chapter 3, Theorem 3.8].

6.2 Reduction principle

In this scope, we would like to give the necessary and sufficient conditions of the

boundedness
M: LA(Q) — LB(Q) (6.2.1)

in terms of the Young functions A and B itself. Such a result was first obtained
by H. Kita in [4§].

Since properties of function spaces defined on a set {2 may significantly differ
in the cases when the measure |Q)| is finite or infinite, it is no surprise that we
will treat such cases separately. Let us start with the global variant.

Theorem 6.2.1 [Reduction principle in Orlicz spaces, case )| = oo]. Let
Q C R™ be an open set such that |Q2] = oo let A and B be Young functions. The
following statements are equivalent.

(i) There is a constant Cy > 0 such that

1M flle@) < CillfllLaw)

for every f € LA(Q);
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(ii) There is a constant Cy > 0 such that
¢
0

52 t

fort > 0;

(iii) There is a constant C5 > 0 such that

LB@@@)msAAwwmm

3

for every f € LA(RQ).
Moreover the constants Cy, Cy and Cy are comparable.

The local version then follows. Since only the values of Young functions
near infinity are relevant in this case, it is no longer possible to have an integral
inequality in general. Let us also point out that we are able to obtain a qualitative
result only; the information about the norm of the operator is now lost.

Theorem 6.2.2 [Reduction principle in Orlicz spaces, case || < o0]. Let
Q C R™ be an open set of finite Lebesque measure and suppose that A and B are
Young functions. Then (6.2.1)) holds if and only if there is a constant C' > 0 such
that

t B(s) A(Ct)
/1 Pds< = fort> 1 (6.2.2)

IN

In the case when A and B coincide, we may simplify the condition (6.2.2)).
Corollary 6.2.3. Let A be a Young function and suppose that @ C R"™. Then
M: LAQ) — LAQ) (6.2.3)

if and only if either |2 < oo and A satisfies Ny condition near infinity or |Q] = oo
and A obeys As condition globally.

Before we prove the reduction principles, we need an auxiliary lemma.

Lemma 6.2.4. Let f be a locally integrable function on R™. Then
1

T s fr(s)ds < |{f*™ >t} fort>0 (6.2.4)

and

1 * *ok
t/{f?t}f (s)ds > [{f* >2t}| fort>0. (6.2.5)

Proof. Let ¢t € (0,00) be given and denote sy = sup{s > 0 : f**(s) = t}. We
have f**(sg) = t, by the continuity of f**, thereby

1 fso 1
{f =t} =%/ f =7 {f*zt}f

since {f* > t} C (0,s9). This gives (6.2.4). To prove (6.2.5)), define f; =
min{ f*,¢t} and f* = f* — f,. Then

{r=z2} C{(f)™ >t U{(f)" =t} ={(f)" = t}.

Now, for so = sup{s: (f*)™ > t}, we infer
*k A 1 50 t 1 *
{2 < HUY 28l =s=5 [ f<o [ f =
0 t =
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Proof of Theorem [6.2.1] Assume (i) and suppose that F C  is any measur-
able set such that |F| = ¢ for fixed ¢t > 0. Testing the inequality in (i) on the
function f = xg, we obtain

[MxEllLe@) < CillxelLaw:- (6.2.6)

By (2.3.1), the right hand side of (6.2.6) equals to 1/A~*(1/t). Next, on applying
the rearrangement, we infer, thanks to :2 6.2) and the second inequality in ,
that

* 1 *ok
M xEle@ = [(Mxe) L8 0,0) = gH(XE) 125 (0,00)- (6.2.7)
We can now combine a trivial estimate with Lemma to get
1 /s 1 1
X**BQO:*/X’ >t = X(t,00 = , (6.2.8
[ (xE) ™[ 2 (0,00) s Jo XOD L8 (000) PRNACED) LB(0,50) F—l(%) ( )
in which F': [0,00) — [0, 00] is given by
tB
Ft):t/ (28) ds fort>0 (6.2.9)
0

and F~! represents its generalised right-continuous inverse. Coupling ([6.2.6]),

(6.2.7) and (6.2.8)), we infer that there is a constant Cs, depending on C; and ¢
such that

1
< (O for t > 0,

F=1(3) = TATY(1/t)
which rewrites as

F(t) < A(Cot) for t >0

and hence (ii) is fulfilled by the definition of F.
Assume (ii) and suppose that B possesses the representation

B = [ "b(s) ds.

We have, by Fubini’s theorem, that

/QB<CM4M> dz = /0°° b(s)|{cMf > 4s}|ds. (6.2.10)

Next, by the basic property of rearrangement and due to the first inequality in

, we get
{cMf>4s} ={c(Mf)" >4s} C{f™ > 4s} fors>0. (6.2.11)

Using (6.2.11)) in (6.2.10]), we continue by

/QB<CMf )d </ |{f**>4s}|ds—2/ ( )I{f**zzs}ms

</ |{f**>2}\d </

*(t)dtds
f*ZS}f )
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where we used the property (2.1.2) of the Young function B and the inequality
(6.2.4) of Lemma|6.2.4] Next, using Fubini’s theorem and the assumed inequality
in (ii) yields

/QB<CMf )d </ /S°O|{f*zt}|dtds
—/ Ifs >t}|/ B s ar

Cst)
< [Tire t}|—( D ar < [ A(Culf(@)) da
0 t Q
Then (iii) follows by considering f/C3 instead of f.

Finally, it is easy to see that (iii) implies (i). O

Proof of Theorem [6.2.2] Assume that holds on finite-measure open set
) C R™. We may test such embedding on functions f = g, in which F is any
measurable set with |E| = t. Here only values of ¢ near zero are relevant. We can
also modify the Young function B near zero such that the integral

B
/ (;‘) ds
0 s
converges leaving the space LP(2) unchanged. Then, by the same calculations
as in the proof of Theorem [6.2.1, we get that

F(t) < A(Ct) near infinity, (6.2.12)

where C' is some positive constant and F' is given by (/6.2.9)). Ignoring the values

of B near zero, (6.2.12) implies (6.2.2).
Assume, conversely, that - holds Let A and B be Young functions such

that A = A and B = B near infinity and such that
t B A
/ (25) s < ACY)
0o S t

holds for some constant C' > 0. Then, by Theorem [6.2.1], we obtain that

for t > 0;

M: LARY = LB(RY)
and, in particular, ~ R
M: LAQ) — LP(Q)
and ([6.2.1]) follows, since L‘Z(Q) = L4(Q) and Lﬁ(Q) = L5(Q) up to equivalent

norms. ]

Before we prove Corollary [6.2.3] we need an auxiliary result dealing with
several equivalent conditions on Young function. The A, is one of them.

Proposition 6.2.5. Let E be a finite-valued Young function and denote t, =
sup{t > 0, E(t) = 0}. Then the following conditions are equivalent.

(i) There exists a constant K > 1 such that

/Ot &S)ds < E(th) fort>0 [/lt E(s) ds < E(ft) near infinity|;

52 52
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(ii) There ezist constants 0 > 1 and ¢ > 1 such that
E(ot) > coE(t) fort>0 [near infinityl;
(iii) There exist constants o and ¢ > 1 such that
cE7(t) > cE  (ot) fort>0 [near infinity;
(iv) There exist constants A > 1 and ¢ > 1 such that
E(ct) < AE(t) fort>0 [near infinity];

(v) The Young function E satisfies the Ay condition globally [near infinity/;
(vi) There exists a constant C > 1 such that
/t ds < Ct fort > 0 /t ds < Ct nfinit
or near infinity|;
0 E-1(s) = E-1(¢) L E-1(s) © EL(t) 4l

(vii) There exists a constant C > 1 such that

0o -1 -1
/ E (S>ds < CE t(t> fort >0 [near infinity|;
t

52
(viii) There ezists a constant C > 1 such that

~ 4 _a
t FE(s) = E(t)

fort € (ty,00) [near infinity;

Proof. We prove the statement in its global form only. The proof of the version
“near infinity” is analogous.

‘ = ”. Assume [(i)|and assume for contradiction that to fixed ¢ > 1 and
any o > K there exists a t > 0 such that E(ot) < coE(t). By the inequality
with ot/ K in place of t we get

KE(Qt) > /Qt/K E(s) ds > /Qt/K E(s) ds > Eit)/gt/de N E(ot) " 0
0 t t

ot

52

52

S cot & K

Hence 0
K > log —
c og I

for every p > K which is impossible.
{(i)] = [Gif)]. Let us replace t by E~'(t) in[(ii)] By the right continuity of
E~! we have
E(oE7'(t)) > coE(E7'(t)) > cot. (6.2.13)

Now, on applying the nondecreasing function E~! on both sides of (6.2.13) and
denoting 0 = cp > 1, we get

{(ii)] = [(vi)]* By the repeated use of we have

E (o *) > (C>kE‘1(t) for t € (0,00). (6.2.14)

g
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Since E(s)/s is nondecreasing, s/E~!(s) is nondecreasing as well and

ds > et ds > toF
_ <1 L —
/ E-1(s) £ O/wk i) <187 L B
t il o\* t clogo
<l -
= E1() Og“k;" ¢c) TE(t) -1
for any ¢ € (0,00). That gives [(vi)]
i) = [@)f. It ¢ € (0,0), then
tE
/ E(s) 4s— o
0o

and holds trivially. Assume that ¢ > ¢;. Since FE is finite-valued, it is strictly
increasing and hence E~'(FE(t)) = t. Let us now plug E(t) in the inequality
in place of t. We have

Et) E(t) E® ds  E®  ds
¢ t _CE—l(E(t)) Z/o E_l(s)_/E(to) E-1(s)

ot a(s) t E(s) t E(s)
= ) BEG)) dSZ/tO = [ S s

()] = [(vi)]> By the iterative use of [(ii)] we again obtain (6.2.14). Then

0o toktl oo
/ B d —Z/ B s<logozw
t

e

E1 E~1(t) clogo

0o (O k
e (2) - £
ogakz::oa c ; ogac_1

for any ¢ € (0, 00), which proves [(vii)|
“q(vii)| = [(viii)]" By the substitution s — 1/s and t — 1/t, is equivalent
© L1 ~1(1
/0 E (;) ds < CtE (;) for t € (0, 00). (6.2.15)
(to,
1

o0). Then F' is strictly monotone, F'(t) =

to
(1/8 Then, by (6.2.17),

F=H(t)

cte~ (1) /F :/ FY(F(s))F'(s) ds

F~=1(0)
:/00 sa(s) dS:/OO ds
E-11/t) E%(s) B-11/t) E(s)

for any ¢ € (0, 00) and follows by interchanging ¢ and 1/E(t).
‘ = ’. Assume by contradiction that to fixed ¢ > 1 and any o > 1
there is a t > 0 such that F(ot) < coE(t). Then, FE is positive on (t,00) and, by

(viii)}

Denote F(t) = 1/E(t), t

c
—a(t)/E?(t) and F~Y(s) = E~

ﬂ> © ds S ot ds >Q7t10gg>i'logg
E(t) —Jt E(s) —Jt E(s) — E(ot) Et) ¢’
whence c¢C' > log 0 for any o > 1. A contradiction
Finally, “(ii)| < [(iv)[’ follows easily by ([2.1.6)) and ‘{(iv)|< |(v)[ is obvious. [

102



Proof of Corollary [6.2.3] If || < oo, then Theorem asserts that ([6.2.3)
is equivalent to (6.2.2)with A = B. This is however equivalent to the validity of

A, for A near infinity, due to Proposition 6.2.5) provided that A is finite valued.
If this is not the case, then LA(Q2) = L>(Q2) and the claim holds trivially. The
case |Q| = oo is similar. O

6.3 Optimal domain spaces

The objective of the present scope is to describe the optimal Orlicz domain space
in (6.2.1)). It seems that our result is not covered by literature, although the tool,
used in the proof is well known. It relies upon the reverse integral inequality
which is available in the work of H. Kita, see [406], 47, [49] for the details. We
would like to also mention the paper [64], where the local boundedness to L' is
characterised.

Let B be a given Young function. We define Ag: [0, 00) — [0, 0o] by

0 ifo<t<l1,
Ag®)=!  w B 6.3.1
(1) //y <2S)d3dy if t > 1. (6.3.1)
1 J1

S

Then, clearly Ag is a Young function, as it possesses the representation (2.1.1]).
It turns out that the optimal Orlicz domain problem is quite straightforward.

Theorem 6.3.1 [Optimal Orlicz domain, case || < oco]. Assume that Q2 C
R™ is open set such that |Q2] < co. Let B be a Young function and let Ap be the

Young function from (6.3.1)). Then
M: L*2(Q) — LB(Q) (6.3.2)
and LA2(Q) is the optimal Orlicz domain space in (6.3.2).

Concerning the global variant, we have to take the values near zero into ac-
count. Let again B be given and assume that

/0 B;;) ds < oo. (6.3.3)

We define A%: [0, 00) — [0, 00| by

A?(t)z/ot/()yB;f)

Again, A¥ is a Young function. The characterization of optimal Orlicz domain
space now reads as follows. Let us stress that its existence is not guaranteed any
more in general.

dsdy, fort>0. (6.3.4)

Theorem 6.3.2 [Optimal Orlicz domain, case |Q2] = co]. Let Q@ C R™ be an
open set satisfying |Q)| = oo. Let B be a Young function. If B satisfies (6.3.3)),
then
M: LY (Q) — LB(Q). (6.3.5)

where AY is the Young function given by . Furthermore, the Orlicz space
LA5 (Q) is the optimal Orlicz domain space in (6.3.5]).

Conversely, if fails, then there is no Orlicz domain space with respect
to M.
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Proof of Theorem [6.3.2l Let B be a Young function obeying (6.3.3]) and let
A% be as in (6.3.4). We have

%

and hence ([6.3.5)) follows by Theorem [6.2.1}
To prove the optimality, assume that A is a Young function satisfying (6.2.1)).

Then, by Theorem together with (2.1.2), we infer that

% v B
ds < / /y ;28) dsdy < AF(2t) fort>0
¢ Jo

t
A (t) < t/ B(j) ds < A(Ct) fort >0
0 S

for some C' > 0 whence LA(Q2) — LA5 (Q), proving the optimality. The necessity
of the condition (/6.3.3) also follows by Theorem O

The proof of Theorem [6.3.1] is then very same and hence omitted.

Even though the problem of optimal Orlicz domain space was easy to solve,
the space LA2(Q) (or L5 () possesses more interesting property. It can be
shown that it is also the optimal partner to LP(2) in a much wider class of
function spaces, namely in rearrangement-invariant ones.

Theorem 6.3.3 [Optimal r.i. domain, case || < co]. Let Q, B and Ag be as
in Theorem|6.3.1. Then (6.3.2)) holds and the Orlicz space LA (Q) is the optimal

rearrangement-invariant space in (6.3.2)).

Theorem 6.3.4 [Optimal r.i. domain, case || = oo]. Let 2, B and A¥ be

as in Theorem [6.5.4 If B obeys (6.3.3) then (6.3.5) holds and the Orlicz space
LA5 (Q) is the optimal rearrangement-invariant space in (6.3.5)).

Conversely, if (6.3.3) fails, no rearrangement-invariant space with respect
to M exists.

We restrict ourselves only to the case of infinite-measure set, the local version
being similar.

Proof of Theorem [6.3.4] The boundedness of M between LA5 (Q) and LZ(Q)
follows by Theorem Let us focus on the optimality. We claim that

/QA?(\f(x)l)dxSAB(C’Mf(x))dx7 feM(©). (6.3.6)

Indeed, thanks to the basic property of rearrangements and by the second in-
equality in (6.1.1]), we have

{f*>s} C{IMf) >s}={dMf >s} fors>0,

104



whence, by Fubini’s theorem and due to the inequality (6.2.4)) of Lemma ((6.2.4)),

[asar@haz= [~ [" B2 105 2 pyasay
D71 2 i agas

o 82

- ”Bs(f) /{M £ (1) drds
<"
</’ BU) \eenrf > s} ds
S/QB ch(x))dx

*%

Applying (6.3.6) to the function f/c'||M f||.5q), we get

o 1/ ) ( M f(x) )
A AN N 5 _—
145 (it o) < LB (o) <

and therefore

A1 a5 ) < €M fllLoe) (6.3.7)

for every measurable f on Q.
We are now about to use the characterization of the optimal rearrangement-
invariant space available in [36, Theorem 3.2]. It proposes that the functional

o(f) = 9" lLB .00y for g € M(Q). (6.3.8)

is a well-defined rearrangement-invariant norm such that the corresponding space
X,(€) obeys
M: X,(Q) = LB (Q) (6.3.9)

provided that
B
e LP(1,00). (6.3.10)

Moreover, X,() is the optimal r.i. space to L?(2) with respect to M. Conversely,

if (6.3.10]) fails, then no r.i. domain space exists in (6.3.9)).
Observe that, by Lemma [3.2.1] the condition (6.3.10) is equivalent to the

convergence condition (6.3.3]). Next, by (6.3.10]), the first inequality in (6.1.1))
and by the definition (6.3.8]), we have

M fllze@ < 1 lee000) = [ fllx.@ (6.3.11)

Coupling (6.3.7) with (6.3.11)), we infer that
cllfll g ) < clIM fllze@) < Il fllxum)

for any measurable f on Q. Thus X,(Q) — L5 (Q) and therefore X,(Q2) =
LA (Q), by the optimality of X,(€). O
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6.4 Optimal target spaces

Despite the fact that the problem of optimal Orlicz domain space for Maximal
operator is easily solved, the question of optimal Orlicz target space remains
open. In this section we would like to collect some ideas which might be helpful
to answer the question of existence and possible construction of optimal Orlicz
target space.

Throughout this section we assume that 2 = R", for simplicity. Since the
local problem is similar (and sometimes even simpler), we believe that the reader
will be able to adapt our observations to this case, if necessary.

Let us start with preliminary discussion. We have already observed in Sec-
tion[6.2]that the Maximal operator is bounded between Orlicz spaces L(R") and
LB(R") if and only if

tB A(K
/ (s) ds < (K1) fort >0 (6.4.1)
0o s t

for some positive constant K. To find the optimal Orlicz space means to define
a Young functions which make the inequality sharp. If A and B are any
Young functions fulfilling (6.4.1)), then B is dominated by A, as it can be easily
observed by

2t B 2t
AQKL) > 2t/ (s) 2t/ S _B@) fort>0.
t S

Therefore when such A and B are equivalent, the optimality is clearly attained.
By Corollary [5.3.13| this happens if and only if A (and hence B) enjoys the A,
condition. Hence, in the sequel, we sort such cases out of our attention.

A possible explanation, why finding optimal A for given B is much simpler
than the reciprocal case, is the fact that the function A in the relation sits
alone on the right hand side, while B is locked “inside” the integral on the left.

The experience with such type of inequality for Hardy-type operator from
Chapter [3] may cause some concern, since we proved that there is no best pos-
sible Young function to fit in the integral unless the integration is meaningless.
However, there is still a hope, as the following example suggests.

Example 6.4.1. Let A = [ag, ao] where g < —1 and a, > 0. Then
M : L(log L)**"(R™) — L(log L)*(R™)

and both domain and target spaces are optimal among all Orlicz spaces. Fur-
thermore, both domain and target spaces are even the optimal spaces in the class
of rearrangement-invariant spaces.

The proof of this example is given below. This example then strengthens
the faith that the optimal Orlicz domains may exist in general. In the sequel
we will mention several approaches which can be tried to arrive at the optimal
Young function B provided A is given. Some of them are more naive than others,
though we believe that any sort of positive thoughts might guide us to the eventual
satisfying solution.

The following simple lemma is needed in the proof of Example |6.4.1]
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Lemma 6.4.2. Let E be a Young function. Then
TR

~

sup (6.4.2)

O<t<oo F—1 (%) o O<t<oo J—1 (%)

for any f € M(0,00) if and only if E € A,.

Proof. Let us assume (6.4.2) and set f = E~'(1/t). Then f is nonincreasing
and we obtain that there is a constant C' > 0 such that

/Ot B (Y ds < CtE (L) fort>0 (6.4.3)

t
must be fulfilled. By the change of variables s +— 1/s and ¢t — 1/t, (6.4.3) is

equivalent to
o p1 E(t
/ Bas<cc W g5
t S t

which is, by Proposition ~, equivalent to E e A,.
Conversely, assume that £ € Ay and hence that (6.4.3) holds. If we denote
the right hand side of (6.4.2)) by K, we have
f(s) < KE™! (%), for s > 0. (6.4.4)

Integrating (6.4.4]) over the interval (0,t) we arrive at

Kt /1 |
e < = E—l() ds < CKE‘1<t), for t > 0,

— 1t Jo S
whence (s
sup /() < CK.
O<t<oo 1 (%)
That gives (6.4.2)) since the opposite inequality is obvious. ]

Proof of Example [6.4.1] The optimality of the domain follows from Theo-
rem m, The condition ag < —1 comes from the constrain (6.3.3)).

We shall use the characterization of the optimal r.i. target space with respect
to M from [36]. It asserts that if

log 1 e L4(0,1), (6.4.5)

/toog*(S)i,S

is an r.i. norm for which the corresponding space Y/(R"™), associated to Y, (R"),
satisfies

then the functional

o(g) = _
LA(0,00)

M: LA(R™) — Y/(R") (6.4.6)

and the space Y/(R") is the optimal r.i. target space in (6.4.6). Moreover, if

(6.4.5)) fails, no r.i. target space exists in ((6.4.6)).
Let us apply this theorem to our space L(R"). The condition (6.4.5) has
to be satisfied, since L4(R") came as an optimal r.i. domain for LZ(R"). We
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compute o now. Recall that A is a Young function equivalent to t£(¢)**!. The
Orlicz space L4(R"), namely, the space L(log L)AH(R”), then coincides with the

Lorentz space A4(R"). Thus, by ([2.4.7), LA(R") = M A(]R") and o obeys

0<t<oo A1 / /

Since A satisfies the Ao, we have, by Lemma [6.4.2] that

o)~ swp 147 [Tg(9)

0<t<oo S

o(g) =

where we used (2.1.5). Calculating the inverse, we have A~'(s) ~ sf(s)~#~L.
Denote also A = [, ag]. Then

o(g) ~ sup (A7) /too g*(S)g

0<t<oo S

= sup (70 [T g () ) ) ]

0<t<oo

< (o @R @) (s ) [ W)

0<s<oo 0<t<oo S

~ sup g*(s)0"%(s)
0<s<oo

< sup g”(s)4(s)

0<s<oo

whence Mg(R”) — Y, (R"), where B(t) is equivalent to t£(t)*. On the other side,

0<t<1 S 1<t<oco S

> max{ sup 7= (t)g* (V') log(t’%), sup an(t)g*(t2)logt}

0<t<1 1<t<oco

~ max{ sup (7= (Vi)' (VE), swp 070 ()" ()}

0<t<1 1<t<oo

~ max{ sup 77 (t)g*(t), sup fl_o‘o(t)g*(t)}

o<t<1 1<t<oo
~ sup g*(s)"*(s)
0<s<oo
~ sup g™ (s)07A(s).
0<s<oo

The last equivalence is due to Lemma applied to B. Thus Y,(R") —

MB (R™), whence, by (2.4.6), the space AZ(R") is the optimal r.i. target space
for LB(R™). Since AP(R™) coincides with LZ(R™), it is also optimal within Orlicz
spaces. O]

Embedding to weak Orlicz space

First idea we would like to demonstrate relies upon the version of reduction
principle, where the target space LZ(R™) is replaced by the weak Orlicz space
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MB(R™). There is one advantage and one disadvantage of this approach. Let us
look at the bright side first. Such principle gives us a necessary and sufficient
condition on A and B in which B is standing outside any integrals or any norms.
From this, we may guess the optimal form of B. The next step in this case, would
be to prove the statement in the following form.

Let A and B be Young functions, such that

M: LAR™) — MB(R™) (6.4.7)
then
M: LAR") — LPR") (6.4.8)

holds as well.

Such statement seems reasonable and we have met it before in similar form
for Hardy-type operator — see Proposition [3.5.6, However, getting to the disad-
vantages, the proof cannot be reproduced and it is not clear whether such a claim
holds. Nevertheless, let us present the reduction principle for weak Orlicz spaces.

Proposition 6.4.3. Let A and B be Young functions. The following statements
are equivalent.

(i) There exists a constant Cy > 0 such that
| M fllae@ny < CullfllLamn)
for every f € LA(R™);

(ii) There ezists a constant Cy > 0 such that

< CyB7Yt) fort>0.

1
log —|| - <
LA(0,1/t)

st

t

Moreover the all the constants C and Cy are comparable.
We begin with more general preliminary reduction in r.i. spaces.

Lemma 6.4.4. Let X and Y be rearrangement-invariant spaces with their asso-
ciate spaces X' and Y', respectively. It is equivalent:

(i) There exists a constant Cy > 0 such that

[ M flly®ny < Coll fllx@n
for every f € X(R");
(ii) There ezists a constant Cy > 0 such that
1 st
H/ f(s)ds
0

t

< Col[ fllx0,00)-

for every f € X(0,00).

(i) There exists a constant Cs > 0 such that

/too 9(8)(13

< Csllgllyr0,00)
X'(0,00)
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(iii)* There exists a constant C§ > 0 such that

/toog*(S)CiS

Moreover the all the constants Cy, Cy, Cs and C5 are comparable.

< 319" Iyr(0,00)
X/(0,00)

Proof. Let us start with the observation that (i) is equivalent to
1M ) [ly 0,000 < Collf [ x0,00)

for every f € X(0,00) due to (2.6.2)). Then, by the inequalities (6.1.1)), we infer

that (i) is equivalent to the existence of a constant Cy > 0 such that

L[ o

for every f € X(0,00). We claim that is equivalent to (ii). Indeed, one
implication follows just by restriction to nonincreasing functions and the converse
one is due to Hardy-Littlewood inequality . Next, by duality , (ii)
is equivalent to (iii) for some C3 > 0 and for every g € Y’(0,00). The final
equivalence of (iii) and (iii)* is a consequence of [32, Corollary 9.8] of a more
general principle established in [32, Theorem 9.5] in connection with sharp higher-
order Sobolev-type embeddings and whose extension to unbounded intervals was
given in [60, Theorem 1.10]. O

< Collf* I x(000- (6.4.9)

0,00

Proof of Proposition [6.4.3] Let us apply Lemma to X =LAand Y =
MB. By the equivalence of (i) and (iii)*, we have

/:og*(y)dy

- <Gyl
y

6.4.10
o (6.4.10)

AB (0,00)

for all g € AP(0, 00) and some C > 0. We also used here. Now, by Propo-
sition , is equivalent to the same inequality restricted to functions
of the form ypg, in which F stands for any measurable subset of (0,00). Thus,
using the rearrangement, rewrites as

/ X(O,t)<y>7
s Yy L

for t > 0. Computing the left hand side of (6.4.11]), we have

< = Glxonll5 0 (6.4.11)

(0,00

tdy t
0 I AL — Py 6.4.12
S / y L3 og SHL"(O’” (G412
and, using (2.4.5)) and (2.1.5)), the right hand side of (6.4.11)) gives
1
HX(O’t)HAg(O,oo) =35 o= tB~ (%) (6413)

5()

t

Finally plugging (6.4.12)) with ( into , (ii) follows after the change
of variables t — 1/ t O
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Now, with the help of Proposition [6.4.3] we may proceed to the definition of
optimal Young function B. So, let A be a given Young function such that

1 ~
log - € LA(0,1). (6.4.14)

We define BY: [0, 00) — [0, 00] by

t (Yoo—1
B}zf(t):/ G ) 4y fort>o0, (6.4.15)

0 S

where G (0,00) — [0, 00) is the generalised right-continuous inverse of

_ for ¢t > 0.
LA(0,1/t)

1
log —

GA(t>:t St

Observe that BY is a Young function. By (6.4.14)), G is finite-valued. Next,
G%(t)/t is nonincreasing, as might be seen from the alternate formula
Gx (1)
t

1
[
stiizA,1/t)

1/t
= inf{)\ >0: / A(l log 1) ds < 1} (6.4.16)
0 A st

, L1
:1nf{)\>0: / A(log) dsgt}.
0 A S

Using this, we infer that G¥~1(¢)/t is nondecreasing and hence BY is a Young
function.

Let us also mention, that unlike in the case of Hardy operator in Chapter [3]
it is not possible to easily simplify the expression for the function G (and hence
in the corresponding reduction principle). The reason is that we cannot make
similar change of variables in the integral in to get the A\ outside.

The following characterization of optimal weak Orlicz target space is a direct
consequence of Proposition [6.4.3]

Proposition 6.4.5. Let A be a Young function satisfying (6.4.14)) and let B} be

as in (6.4.15). Then
M: LA(R™) — M5%(R") (6.4.17)

and the space MBZ (R™) is the optimal target space in (6.4.17) within all Marcin-
kiewicz spaces.

Conwversely, if (6.4.14) fails, then no Marcinkiewicz target space exists.
Here, the inequality for Young functions is also available, in its week form.

Proposition 6.4.6. Let A be a Young function satisfying (6.4.14)) and let B} be
defined by (6.4.15)). Then there is a constant C' > 0, such that

sup BY (1)[{(Mf) > Ct}| < /RnA(|f(x)|)dx fort € LAR™Y).  (6.4.18)

t>0
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Proof. Let A be a Young function satisfying (6.4.14]). We will use the scaling
argument. For a positive constant N, define the Young function Ay = A/N.
Then the Young function B’ connected with Ay by the relation ((6.4.15)) satisfies

BY

PV =

as one may observe by the change of variables in the definition of the Luxemburg
norm. We therefore infer, by Proposition [6.4.3] that

”MfHMB?\?(Rn) < Ol fl paw @ny (6.4.19)

holds with an universal constant C' > 0 independent of N. On setting

N = [ AQf@)D do

we infer from (/6.4.19]) that

1M f]] < Clfllpay @ny < C, (6.4.20)

MEN (Rn)

provided that N is finite an positive. Here, C' is independent of N and f. Equa-

tion (|6.4.20)) tells us that

t
¢ > HMfHMB?\?(Rn = Sup

) 00 — 1
o<t<o0 BY (o)

for t > 0,

which rewrites as
BY(&)H{Mf)™ >} <1 fort>0

and (6.4.18) follows by the choice of N. ]

Lifting to an Orlicz space

Let us follow up the idea presented at the beginning of this section. The natural
continuation in obtaining the optimal Orlicz target would be a lifting argument
which claims that and are equivalent. However, the discretization
argument, used in Proposition [3.5.6, does not work here.

On the other hand, it is possible to prove a variant of such lifting statement,
where we play on the domain side.

Lemma 6.4.7. Let A and B be Young functions. Then the following are equiv-
alent.

(i) M: LAR") — LB(R");

(i) M: AYR"™) — LP(R™).
Proof. The implication (i)—(ii) is trivial since, by (2.4.4), AY(R") — LA(R")
for every A. Conversely, assume (ii). By Lemma [6.4.4} it is equivalent to

Hi /otf(s) ds < Ol fllaa0,00)- (6.4.21)

L5B(0,00)
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for some C' > 0 and every f € L*(0,00). On testing the inequality (6.4.21)) by
the functions of the form f = x(o Wwe recover the inequality

/t B(s) ds < A(C"t)
0o 82 -t

which implies (i), thanks to Theorem [6.2.1] O

fort >0

If we believe that LP4(R™) is our optimal Orlicz target, it is thus sufficient
to verify that
M: AYR™) — LBZ(R™),
thanks to Lemma [6.4.7]

Endpoint space embeddings

At the end of this chapter, we would like to collect few available reduction prin-
ciples on M acting between various types of endpoint spaces. The proofs are
easy and in all cases depend on Proposition passing to the characteristic
functions of intervals and computation of corresponding quantities involved. The
details are skipped.

Lemma 6.4.8. Let A and B be Young functions. Then the following statements
are equivalent.

(i) There exists a constant Cy > 0 such that
M fllaee@ny < Crllf || aagn)
for every f € AA(R™);
(ii) There ezists a constant Cy > 0 such that

A—l
t sup (s)

t<s<oo S

<logi + 1) < CyB7Ht) fort>O.

In addition, the constants Cy and Cy are comparable.

Lemma 6.4.9. Let A and B be Young functions. Then the following statements
are equivalent.

(i) There ezists a constant Cy > 0 such that
M fllaz@n) < Cillfllaan
for every f € AA(R™);

(ii) There ezists a constant Cy > 0 such that

t ds t
< C t>0;
/0 Bi(s) = Camy ot
(ili) There exists a constant Cs > 0 such that

/B-1<A<t>> B(s) , _ A(Cst)
i <

52 t

fort > 0.
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Moreover, the all the constants Cy, Cy and C3 are comparable.

Lemma 6.4.10. Let A and B be Young functions. Then the following statements
are equivalent.

(i) There exists a constant Cy > 0 such that

M fllars@ny < Crllf llaragn)
for every f € MA(R");

(ii) There exists a constant Cy > 0 such that
bl t -1
t/ A <) log—ds < CoB™(t) fort>D0.
0 s s

Furthermore, C7 and Cy are comparable.
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7. Riesz potential

7.1 Introduction

Let n € N. Consider the Riesz potential operator I, of order v € (0,n) given by

L= [ Y

——=—dy forxeR"
Rr |z —y| Y

and for any measurable function f on R".

We are going to make use of a special case of the O’'Neil inequality. In its gen-
eral form ([58, Lemma 1.5]), it states that, for the convolution of two measurable
functions f, g on R", defined by

(f9)@) = [ fle—yoly)dy forzeR",

Rn

we have

(fxg)™(t) <tf™(t) + /too 1*(s)g*(s)ds for t > 0.
With the particular choice
gl) = [z[7", z € R",
we obtain that

(L) (t) < /too s31p(s)ds  for t > 0. (7.1.1)

This inequality is known to be sharp, but merely in a broader sense than, for
example, the corresponding estimate for the Hardy—Littlewood maximal operator.
This was firstly observed by O’Neil in the final remark of the paper [58], where it
is pointed out that the inequality can be reversed when f, g are radially decreasing
positive functions. Furthermore, by an appropriately modified argument from [38],
Theorem 10.2(iii)]), we get that, for every f € M(R"™) there exists a function
g € M(0, 00) equimeasurable with f such that

(L,9)"(t) > c/too s L (s)ds for t >0, (7.1.2)

with some constant ¢, 0 < ¢ < oo, depending on v and n, but independent of f
and t.
It is no surprise that we are interested in sharp results in

I, LAR") — LB(R™). (7.1.3)

In the recent work [36] this task is solved in much broader class of rearrangements-
invariant spaces. However, as we are now familiar with, such results do not give
us the answers to our questions in Orlicz spaces. Concerning this, some work has
been done already; let us mention the paper [20], in which a variant of necessary
and sufficient condition on ([7.1.3)) is given. In this chapter, we present a modified
version of such result which relies on our new knowledge from Chapter [3] We
then turn our attention to obtaining the optimal Orlicz spaces in .
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7.2 Reduction principle

Let A be a Young function satisfying

Jnf A(£)175 > 0. (7.2.1)
We define Ap by
¢+ -1
Ap(t) = /o GDS(S)ds for ¢t > 0, (7.2.2)

where Gp: [0,00) — [0,00) is a non-decreasing function defined by

Gp(t) = OqutA’l(s) s~ fort >0,

and G represents its generalized right-continuous inverse. By a similar argu-
ment as in Remark [5.2.1] we have that Ap is a Young function. Moreover

Apt) = Gp(t) fort > 0.

Let further A obey

/0<A(s)> ds < oo. (7.2.3)
We define Hy: [0,00) — [0,00) by
1-X

H;(t):([)t(Afs))*ds) " ot >0

and set H>° = lim;_,, H¥(t). Let Agr be then defined by

t Do
AR(t):/O Rs<s)ds for t > 0, (7.2.4)

in which D;° is given by

0, t> H™.

DR(S) =

Recall that Ag is a Young function as might be observed by Remark [3.3.1]
Let also B be given and satisfying

sup B(t)t "7 < oo, (7.2.5)
0<t<1
We define )
-
BD(t):/O JDS(S>d5 for ¢ > 0, (7.2.6)

where Jp: [0,00) — [0, 00) is given by

o 1) l-1
Jp(t) = t01<r;£tB (s)s for ¢ > 0.
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By an argument similar to that of Remark we infer that Bp is a Young

function, and
Bp'(t) ~ Jp(t) fort > 0.

Let also B obey the condition

/OB(S)lds<oo.

sn/(n=7)+

We thus define et
Bg(t) = / RS(S)ds for t > 0,
0

in which Fgr: [0,00) — [0,00) is defined by
Eg(t) =t Fz'(t) fort >0,

where Fr: [0,00) — [0,00) is given by

B(s)

t
— 1/ (n=) -
Fr(t) =t /0 Py ds fort >0,

(7.2.7)

(7.2.8)

(7.2.9)

and where Fj' stands for the generalised left-continuous inverse of F. Similarly

as in Remark [5.2.2] Bg is a Young function and
Bpl(t) ~ ta FZ'(t) fort > 0.

The reduction principle now reads as follows.

(7.2.10)

Theorem 7.2.1. Let A and B be Young functions. The following assertions are

equivalent.
(i) There is a constant Cy > 0 such that
11y fllLe@ny < CullfllLamn
for all f € LA(R™);

(ii) A satisfies (7.2.1) and (7.2.3)) and there is a constant Cy such that

/t B(s) d <AD(C2t) fort >0
A >

gn/(n=y)+1 =" = ¢n/(n—v)

and

B(t) < Ag(Cst) fort >0,

(7.2.11)

(7.2.12)

where Ap an Ag are the Young functions given by (7.2.2) and (7.2.4),

respectively;

(ii) B satisfies (7.2.5)) and (7.2.8)) and there is a constant Cy such that

/t A(s) d <E)(C3t)

il 8 S Tafta—y Jort 20

and

Bgr(t) < A(Cst)  fort >0,

(7.2.13)

(7.2.14)

where Bp an Bg are the Young functions given by (7.2.6) and (7.2.9),

respectively.

Furthermore, the constants Cy, Cy and C5 depend on each other and on n and 7.
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7.3 Optimal Orlicz spaces
Proposition 7.3.1 [Optimal Orlicz domain space — sufficiency]. Let B be
a Young function satisfying (7.2.8)) and assume that
n

Then

L. LPR(R™) — LP(R™) (7.3.2)
and LBR(R™) is the optimal Orlicz domain space in (7.3.2)).

In particular, if ig > n”j, then (7.3.1)) is equivalent to Ig < oo and
Bpl(t) ~ B~Y(t)t=  fort > 0.

Proposition 7.3.2 [Optimal Orlicz domain space — necessity|. Let B be a

Young function satisfying (7.2.8)). If

n—7y

then there is no optimal Orlicz domain space to B with respect to I, in a sense
that to every QA(R") for which holds there exists an essentially larger
Orlicz space LA (R™) still satisfying with A in place of A.

Furthermore, if is not satisfied then no Orlicz space L*(R™) for which
holds exists.

Proposition 7.3.3 [Optimal Orlicz target space — sufficiency]. Let A be a
Young function satisfying (7.2.3)) and assume that

n
n—-y

Z.AD > (734)

Then
I, LAR") — LA&(R™) (7.3.5)
and LA®(R") is the optimal Orlicz domain space in (7.3.5)).
In particular, if T4 < 5, then (7.3.4) is equivalent to i4 > 1 and
AN ) ~ A7)t fort > 0.

Proposition 7.3.4 [Optimal Orlicz target space — necessity]. Let A be a
Young function satisfying (7.2.3)). If

n
1:Z.A§]A<77
Y

then there is no optimal Orlicz domain space to A with respect to I, in a sense
that to every LB(R™) for which (7.1.3)) holds there exists an essentially smaller

Orlicz space LP(R™) still satisfying (7.1.3) with B in place of B.
Furthermore, if (7.2.3)) is not satisfied then no Orlicz space LP(R™) for which
(7.1.3)) holds exists.
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7.4 Proofs

We start with an auxiliary reduction which simplifies (7.1.3)) to the boundedness
of one-dimensional operator, namely the operator H, given by

H f(t) = /t°° f(s)si~ds for ¢ > 0. (7.4.1)

Proposition 7.4.1. Let A and B be Young functions. Then

I: LA(R™) — LB(R") (7.4.2)
if and only if
H,: L*0,00) — L5(0, 00) (7.4.3)
and N N
H,: LP(0,00) — L*(0, 00) (7.4.4)

hold simultaneously. Moreover the norm of the embedding (7.4.2)) is comparable
to those of (7.4.3) and (7.4.4)

Proof. Assume , i.e., there is a constant C' > 0, such that
11,9 L5 @ny < CllgllLa@n
for every g € L#(R"). Using the rearrangements, we infer that
1(1,9)" 12 0,00) < Cllg™[IL4(0,00) (7.4.5)

owing to (2.6.2)). Let now f € L4(0,00) be given. By (7.1.2)), there is a function

g equimeasurable with f such that
(L,g)"(t) > c/ s f*(s)ds for t >0,
t
whence, ([7.4.5) implies that
> X1 pxx
/ sn f*(s)ds .

t

< Cllf a0 (7.4.6)

(0,00

for every f € L4(0, 00) and possibly different C' > 0, depending only on n and .
By Fubini’s theorem, we obtain

0 ~y n t o0 0l
/ sn L (s) ds t?_l/ fr(s)ds —i—/ f*(s)sntds fort>0 (7.4.7)
t 0 t
and ((7.4.6) gives that

n__ t %
B[P <Ol (7.48)

LB(0,00)

and

[ s ds| < Cllfllaeee. (7.4.9)

LB(0,00)
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Now, ([7.4.8) is implies

t?_l/ f(s)ds
0 LB(0,00

as one infers from (2.4.1)), which is, by duality, equivalent to (7.4.4). Also ([7.4.9))

is equivalent to the same inequality for every function f instead of f*, as follows
by [60, Theorem 1.10] (See also [32, Corollary 9.8]). This gives ([7.4.3)).

Conversely, assume that and hold, i.e., there are constants C}
and C5 such that

| < Ol fll La0,00)-

| s as

< Ci|f 4 0,00) (7.4.10)

LP(0,00)

for every f € L4(0,00) and

/ snlg(s)ds| _
t LA(

for every g € LE(O, o0). Passing to the dual inequality in (7.4.11]), we obtain that

< Golgl

0,00)

o) (7.4.11)

ﬁ_l/o f(s)ds .

for each f € L4(0,00). Next, we restrict the inequalities (7.4.10)) and (7.4.12) to
non-increasing functions f* only. This together with ([7.4.7]) results in

/OO s%_lf**(s) ds
t LB(0

(0,00

< Gyl fll L4 (0,00) (7.4.12)

0,00

< Csl[ f*l La0,00)

for every f € L*(0,00), in which C3 depends on Cj, Cy, n and 4. By the
rearrangement formula for I, namely ([7.1.1)), we infer that

I ) 22 0,000 < Csllf Ml 24 0,00)

which is equivalent to ([7.1.3), thanks to (2.6.2]). O

Remark 7.4.2. It is immediate from Proposition that the Riesz potential
is a self-adjoint operator. Namely ([7.1.3) holds if and only if

I LE(R") - LAR™)
is satisfied.

Proof of Theorem [7.2.1] By Proposition [7.4.1], (i) is equivalent to ((7.4.3)) and
- Now, (ii) follows by the correspondlng Characterlzatlons of the opera-
tor H, in Orlicz spaces, namely, (7.4.3)) is equivalent to (7.2.11)) and (7.2.1)) by

Theorem and (7.4.4]) is characterised by (7.2.12)) with (7.2.3), thanks to

Theorem [3.3.2] and passing to conjugate Young functions when necessary.
Similarly, (iii) may be obtained using characterisation of (7.4.3) by Theo-

rem resulting in (7.2.14) and 1' While is treated by Theo-
rem which yields to ((7.2.13) and after derlvmg the conjugate for-

mulas. ]
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Lemma 7.4.3. Let B be a Young function satisfying (7.2.8). Then B obeys
(7.2.5) and Bp is dominated by Bg.

Furthermore, if ig > n”j, then Bp and Bgr are equivalent.

Proof. Assume that B fulfills (7.2.8). Then Fj is well defined and we have the

trivial estimate

(% B(s) [ __B(s)

n/(n—v) e S n/(n—y) _—\7

Fr(2t) > /) [7 20 ds = /0 [T ds
2t dS

n/(n—)
> B(1) ¢t /t oy 2 By for t >0,

Using ([2.1.3) and passing to inverses, we infer that
Fil(s)sn ' <eB7Y(s)sn ' fors>0 (7.4.13)

and for some ¢ > 0, depending on n and 7. Next, since Fr(t)t" ™) is a non-
decreasing function, Fz'(s)s= " is non-increasing whence (7.4.13)) is equivalent
to

Fit)tnt < coi<nf<’tB_1(s) s=~1 fort>0. (7.4.14)

It follows from ([7.4.14)) that (7.2.5) holds. Also, (7.4.14)) implies that
tw F(t) < eJp(t) fort > 0.

and, by (7.2.7) and by ((7.2.10)), we have that
Bp'(t) < OBpl(t) fort>0

and for some C' > 0, which means that Bz dominates Bp globally.
Now, let ig > nﬁv. Then, by Proposition 3.2.2L F is dominated by B globally.

This implies that the inequality in (7.4.13) may be reversed in this case and
consequently

Bpt(t) < CBR'(t) fort >0,

which gives the claim. O]

Proof of Proposition [7.3.1] Assume (7.2.8) and (7.3.1). From Lemma
we infer that ([7.2.5)) holds and hence both Br and Bp are well defined. Let us

show ((7.3.2). This is equivalent to the simultaneous validity of conditions ([7.2.13])
and (7.2.14)), as we infer from Theorem The latter is clearly satisfied for
A = Bpg. As for the former, we have to show that

- N
/ _Brls) o BolC >0 (7.4.15)
0

gn/(n—y)+1 — ¢n/(n—)

and for some C' > 0. Observe that Proposition tells us that (7.3.1)) is
equivalent to the existence of C'; > 0 such that

! El;@) EI/)(CJ)
/0 P CE ] ds < i) for t > 0. (7.4.16)

Next, by Lemma [7.4.3] Br dominates Bp and thus

Bg(t) < Bp(Cot) fort >0 (7.4.17)
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for some Cy > 0. At this point, ( m follows easily from ) and m
by the change of variables.

Let further A be a Young function satisfying . Theorem namely
then asserts that LA(R") — LPr(R") and LP%(R"™) is optimal.

The rest of the claim namely the simplified relation for Young function Bgr
follows by Proposition [3.2.2] and the indices property is due to Lemma[3.6.11] O

Proof of Proposition - Let B satisfy (7.2.8) and (7.3.3). Lemma [7.4.3]

tells us that B satisfies as well, Bp is correctly defined and it is equivalent
to Bpg, since ig > T—M Concurrently, by Lemma [3.6.11 we have that Iz, = %,
since, by assumption /g = oo.

Now, let A be a given Young function obeying ((7.1.3)). We make use of the
characterization given in Proposition which says that ((7.1.3) holds if and
only if

H,: L*(0,00) — L?(0,0) (7.4.18)
and _ -

H,: L?(0,00) — L*(0,0) (7.4.19)
hold, in which H, is the operator given by (7.4.1] - Since Ip, = 2, then, by

Theorem [3.6.1} “ there is a Young function A; such that L41(0, 00) is strlctly larger
space than L4(0, 00) and

H,: L*(0,00) — L5(0, 00). (7.4.20)

It follows from Theorem together with Proposition that (7.4.18]) does
not hold with A replaced by Bp. This in particular implies that L*1(0,00) —
LBr(0,00) or, by duality,

LP2(0,00) = LB2(0, 00) — LA1(0, 00). (7.4.21)

Further, Theorem [3.4.1| tells us that ((7.4.19) holds with A replaced by ZE. Com-
bining this with ([7.4.21]), we obtain

H,: LP(0,00) — L?‘T(o, ). (7.4.22)

Using Proposition again, equations (7.4.20)) with ( gives
I: LY(R") — LB(R™)

and no optimal Orlicz domain space exists for B with respect to I,.
Conversely, if ([7.2.5) fails, then no Orlicz domain space exists by Theo-
rem [[.2.7] O

Since, by Remark [7.4.2] I, is self-adjoint operator, the proofs of Proposi-
tions [7.3.3] and [7.3.4] can be derived using the duality and by calculation of the
conjugate Young functions. A variant of Lemma [7.4.3| is needed here. Its proof
is also analogous and we omit it.

Lemma 7.4.4. Let A be a Young function satisfying (7.2.3). Then B obeys
(7.2.1) and Ap is dominated by Ag.

Furthermore, if I4 < %, then Ap and Agr are equivalent.
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8. Laplace transform

8.1 Introduction

The Laplace transform £ is a classical linear integral operator defined for every
fon (0,00) by
oo
Lf(t) = / f(s)e™ds fort >0
0
whenever the integral converges.
In our analysis, it is crucial to have the pointwise estimate of a rearrangement

of £ of measurable function f. We shall use the result of the recent paper [16],
which asserts that

(L) < Ol/t f*(s)ds fort>0 (8.1.1)

and for any f € (L'+L>)(0,00). Tt will be also useful to notice that the inequality
can be reversed. Indeed, assume that f is a non-negative measurable function
over (0,00). Then

Lf(t) = /000 f(s)e ' ds > Ol/tf(s)est ds > ;/Ol/tf(s) ds fort>0. (8.1.2)

We are concerned with the analysis of
L: L40,00) — LP(0,00). (8.1.3)

with the special attention to the sharpness of the results. The question of bound-
edness has attracted the attention of many authors, see [5, 59, 63], for instance,
the sharpness stayed aside, cf. the late exceptional work [I1I]. However, none of
these papers covers the problem addressed in Orlicz spaces. We would like to ex-
pose some of the difficulties concerning the action of Laplace transform between
Orlicz spaces in this scope.

8.2 Reduction principle

Let us start with a general reduction theorem based on the rearrangement in-

equality (8.1.1)).

Proposition 8.2.1. Let X(0,00) and Y (0,00) be rearrangement-invariant func-
tion spaces with their associate spaces X'(0,00) and Y'(0,00), respectively. The
following statements are equivalent.

(i) There is a constant Cy; > 0 such that
1€ 1y ©0.00) < Cull Fllx(0.00)
for every f € X(0,00).
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(ii) There is a constant Cy > 0 such that

l/t
JARICEEN

for each f € X(0,00).

7OO

: < Co|| ] x(0,00)

Moreover, the constants Cy and Cy are comparable.

Proof. Assume (i) and let f € X(0,00) be given. By ({8.1.2)), we have

[ rs)as [ 1)1as o

< 6HL|f|HY(O,OO) < eCh| £l x(0,00)

<

Y (0,00)

which gives (ii).
Conversely, if (ii) holds then, by (8.1.1) together with (2.6.2), we infer

1/t
11000 = 1L voon < || [ £(s) ds
< 7 lx00) = 1l 0.00)

and (i) follows. O

Y (0,00)

Remark 8.2.2. Observe that £ is self-adjoint operator. Indeed, by the sharp
Holder inequality in r.i. spaces ([2.6.1]),

H/Ol/tf(s) ds
up

FEX(0,00) 1| 1] x(0,00)

00 Jt
[ o [ rs)asar
= sup sup 2 0

FeX(0,00) ge¥'(0,00) |1 1x(0,00)[191ly7(0,00)

00 /s
[ ) [ atyarar
= sup sup Y g

ey (0,00) fex(0,00) I f11x(0,00)[191y7(0.00)

1/s
[ e

gEY’(O 00) HQHY’(O 0)

Y (0,00)

X'(0,00)

and hence
L: X(0,00) = Y(0,00)

holds if and only if
L:Y'(0,00) = X'(0,00),
due to Proposition [8.2.1]
Now, we restrict our attention to Orlicz spaces. Unlike for the operators
mentioned earlier in this thesis, the necessary and sufficient condition on A and

B to ensure (8.1.3)) is not known. We are however able to characterise the weak-
type inequality instead.
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Proposition 8.2.3. Let A and B be Young functions. Then
L: L40,00) — MP(0,00) (8.2.1)
if and only if there is a constant C' > 0 such that
A7) < CtBT(Y) fort >0, (8.2.2)
Furthermore, C1 is comparable to the norm of £ in .

Proof. We will prove both implications at once using only equivalent steps.
Proposition together with the self-adjointness of the Laplace transform tells
us that (8.2.1]) is equivalent to

”/Ol/yfs ds

for every f € AP (0,00), where C' > 0 is some constant depending on the norm of
(8.2.1) only. Note, that we used the Orlicz and Marcinkiewicz space in Proposi-

tion together with (2.3.3)) and (2.4.6). Next, (8.2.3)) is equivalent to

[ o

Indeed, one implication is trivial, since we restrict the inequality to monotone
functions only7 and the reversed one is due to . From Proposition we
infer that (| is equivalent to

< i1

0,00

(8.2.3)

ABOOO

< C|fl (8.2.4)

ABOoo

,O0

1y
H X(O,t)(S) ds om0 < C||X(07t)||AE(O,oo) for t > 0. (8.2.5)
The right hand side of (8.2.5)) simplifies to
1 ~1(1
HX(O’t)HAg(Dpo) = _é_l(%> ~tB (g) (826)

due to (2.4.5)) and (2.1.5)). Calculation shows that

t

1y
s)ds|| _ ~t Y = = ~ A7t 8.2.7
| xea)as] o= txoimlzgn = g =470 627
thanks to (2.4.5) and (2.1.5) again. Plugging (8.2.6) and (8.2.7) into ({8.2.5) we
obtain that (8.2.5)) is equivalent to (8.2.2)). [

A variant of parallel integral inequality is also available.

Proposition 8.2.4. Let A and B be Young functions such that (8.1.3). Then
there is a constant C' > 0 such that

t
| fort>0 (8.2.8)

B<Cfo°°A( N

for every nonzero f € L*4(0,00).

1
)'W”}' S FATG)NA
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Proof. Assume that A and B are satisfying (8.1.3]), or equivalently, due to Propo-
sition [8.2.3) A and B obey (§8.2.2) for some C' > 0. Let N > 0 be fixed and define

t
and By(t)=NB <N> for t > 0.

Then Ay and By satisfy

ARME) < CtBRM () for t >0

t

with the same C' > 0 independent of N. Thus, by Proposition [8.2.3| again,
L: LA (0,00) — MP¥(0, 00) (8.2.9)

with the embedding norm independent of N. Now, assume that f € L4(0, 00) is
a nonzero function such that [7° A(|f(s)])ds < oo. Setting N = [7° A(|f(s)]) ds
and observing that

”fHLAN(O,oo) <1,

we infer that
1L f Nl armn 0,00) < C (8.2.10)

in which C' > 0 is (possibly different) constant of the norm of (8.2.9). The
equation (8.2.10) with (2.4.2)) gives us that

t

C 2 1L llyson ooy = SUD —— v for ¢ >0,
0<t<ee By' iz
which rewrites as
By(&){Lf >t} <1 fort>0 (8.2.11)

and (8.2.8)) follows by (§8.2.11]) and the choice of N. O

We would like to mention that this week type embedding ({8.2.1)) cannot be
lifted to the strong type (8.1.3). We will demonstrate it on a simple counterex-
ample. Let us start with the result from [16, Theorem 3.8].

Example 8.2.5. Assume that p € (1,00) and ¢ € [1,00]. Then
L: LP9(0,00) — LP9(0, 00) (8.2.12)

where p’ = p/(p — 1). Moreover both domain and target spaces are the optimal
rearrangement-invariant spaces with respect to L.

We now look closer to (8.2.12). Assume that 1 < p < 2. Then, p < p’ and,
since the Lorentz spaces are nested, LP?(0, 00) — L” (0, 00). Thus, we obtain

L: LP(0,00) = L”(0,00). (8.2.13)
On the contrary, if 2 < p < 0o, then p’ < p and we have only
L: LP(0,00) = LP?(0,00)

or
L: LPP(0,00) — L7 (0, 00).
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Example 8.2.6. If we set A(t) = t* and B(t) = ¥, then L*(0,00) = LP(0, 00)
and L”(0,00) = L¥(0,00). Then, (8.1.3) holds if and only if 1 < p < 2, by
(8.2.13)), and (8.2.1)) holds for any 1 < p < oo.

In the sequel, we focus on a sufficient condition on A and B to ensure (8.1.3]).

Theorem 8.2.7. Let A and B be Young functions satisfying

/OOO B(}g)g(t)it < 00, (8.2.14)

Then Laplace transform is bounded from L4(0,00) to LB(0,00).

The proof is based on an auxiliary interpolation result for Laplace transform
in Orlicz spaces. It reads as follows.

Proposition 8.2.8. Let A and B be Young functions satisfying (8.2.14). Suppose
that (R, p) and (8,v) are o-finite non-atomic measure spaces and Assume that T
is a linear operator satisfying

T: L' (R, ) — L™(8,v) (8.2.15)
T: L®(R,p) — LY>(8,v) (8.2.16)

with operator norms C7 and Cs, respectively. Then

Tf(z) Cy-C
JoB (e A an) @ < e s an (8.2.17)

for every f € LA(R), where the constant C depends on the value of (8.2.14]).

Proof. Let f satisfying [ A(|f]|) dpu < oo be fixed. We need to show that 7' is
defined on such f. Denote ¢ty = inf{t > 0 : A(¢) > 0} and t, = sup{t > 0 :
A(t) < co}. Let tg < t < to and decompose f as f = f'+ f;, where

ft=max{|f| —t,0}sign f and f; = min{|f|, ¢} sign f.

It suffices to show that f! € LY(R) and f; € L>®(R). The latter is obvious,
since sup f < t. As for the former, A(s)/s is non-decreasing and, by (2.1.2)),
A(s)/s < a(s), whence

I = [ 1S > syds <
< 2 AU

and thus f* € L'(R). Further, let us denote by o the generalised right-continuous
inverse of s/A(s). Observe that, by (8.2.14), A is finite-valued Young function
and hence s/A(s) decreases to zero as s — oco. Thus o: (0,00) = (tg,teo)-

Then, by (8.2.18)) and (8.2.15)),

T zes) < CUllF7ONlrm < Cﬂf/RA(\fl)du- (8.2.19)

[ aulf > spas
(8.2.18)
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Denoting K = Cy [ A(|f]) di, we infer that
V(T > 2Kt}) < v{|Tfo| > K} +v({ITF70] > K1) (3.2.20)
in which the second term is zero, thanks to . Further, by ,
V({chr(t) > Kt}) Kt < || foqo|Loe(s) < Cao(t). (8.2.21)

Coupling (8.2.20)) with m we get

(T f) > 2k1y) < 2 70

< G2 olt)
Kt

whence

/SB< ) é W{|Tf| > 2Kt} dt .
K

[

. 1 .
Alt) < to (t) < A(4t)
and since tb(t) < B(2t), (8.2.22) continues by

AB(TJI(?:)) dv = % OOO i (j) B(2t)ctlt. (8.2.23)

The integral on the right hand side of ([8.2.23)) is finite due to (8.2.14)) and (8.2.17))
follows by the choice of K. ]

Simple analysis of o shows that

The proof of the sufficient condition for the boundedness of Laplace transform
now follows easily.

Proof of Theorem [8.2.71 For every measurable f on has
L0 < [T Il ds < [T 1) ds
0

and therefore
1]z 0,00 < [ £l £2(0,00)-
Next, if f is bounded and non-negative function, we infer
* o —5 ||f||L°° 0,00
(CFY (1) = LI 1) < [ Flimome) [ e ds = R0,
whence
1€ | zro0 0,000 < [ f [ Lo (0,00)-

For functions f which are not non-negative, we use that £f < L|f| and the
outcome is the same. The claim now follows by Proposition [8.2.8| ]

We shall demonstrate on the example that the condition in Theo-
rem is not necessary. Indeed, by (8.2.13), The Laplace transform is
bounded from L* to LB for the choice A(t) = tP, B(t) = t for 1 < p < 2.
However, the condition (8.2.14]) fails in this case, since A is equivalent to B and

thus | dt dt
/ B()/Nl(t):/ — = o0.
0 t t o t
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8.3 Orlicz optimality

The rest of the chapter is devoted to the particular case if L*4(0, 00) = L?(0, 00) or
LB(0,00) = L¥ (0, 00). We show that such pair of Orlicz spaces forms an optimal
couple with respect to £ if 1 < p < 2. We further emphasize to show that if
p > 2 then there is no optimal Orlicz target space for L*(0, 00) and conversely,
no optimal Orlicz domain space exists for LZ(0,00) in this case.

Theorem 8.3.1. Let 1 <p < 2. Then
L: LP(0,00) — L (0, o0) (8.3.1)

and the space LP'(0,00) is the optimal target space in (8.3.1) among all Orlicz
spaces.

Conversely, if p > 2 then there is no optimal Orlicz target space for LP(0,00)
with respect to L.

Theorem 8.3.2. Let 1 < p < 2. Then
L: LP(0,00) = LP (0, o0) (8.3.2)
and the space LP(0,00) is the optimal domain space in (8.3.2) among all Orlicz

spaces.
Conversely, if p > 2 then there is no optimal Orlicz domain space for L' (0, 00)
with respect to L.

The proofs are given at the end of the section. The method we shall use
significantly differs from all of those developed in the previous chapters. Although
this tool does not help us to answer the question of Orlicz optimality in its full
generality, it might be used in application to much broader class of operators.

Our approach is based on the analysis of a relationship between Orlicz and
Lorentz LP? spaces. The idea relies on the observation that all the spaces on the
scale L”4 for p fixed and ¢ varying between 1 and oo, share the same fundamental
function while there is one to one correspondence between Young functions and

fundamental functions, cf. (2.3.2).

Theorem 8.3.3. Let (R,v) be o-finite non-atomic measure space and let 1 <
P, q < 00.
(i) If p > q, then there is no optimal Orlicz space L*(R) satisfying

LA(R) — LPY(R). (8.3.3)

(ii) If p < q, then LP(R) is the largest Orlicz space contained in LP(R).

Theorem 8.3.4. Let (R,v) be o-finite non-atomic measure space and let 1 <
D, q < 00.
(i) If p < q, then there is no optimal Orlicz space LB(R) satisfying

LP(R) — LP(R).

(ii) If p > q, then LP(R) is the smallest Orlicz space containing LP4(R).
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Before we prove this results, we need some preparation. The next lemma ex-
hibits a sufficient condition for the embedding of Orlicz space L4(R) to a Lorentz-
type space A% (R) in which the norm is given by

s = ([ 0o )

or, equivalently,
1

£ 1l ag, () = </OOO W (pp(t)) e dt>q.

Here W (t) = [yw(s)ds for 0 < t < oo. These spaces generalize the Lorentz
LP9(R) spaces, since, by the choice w(t) = t¥?~!, we recover

AL (R) = LPY(R).
Although we will need only a special instance of this result, we prove it in this

more general form. Note, that our results also include those of [53], [44] and [2§].

Lemma 8.3.5. Let 0 < q < oo, A(t) = [3a(s)ds be a Young function and w be
a nonincreasing weight. Denote

(1)
/OOO W (w™ (a(t)#177) )¢t dt < oo, (8.3.4)
(i)
LA(R) — AL (R).
Then (i) implies (ii).

Proof. Let w be a nonincreasing weight, A be a Young function satisfying (i) and
let f € L#(R) be nonzero functions. Without loss of generality we can assume
that || f]|L4x) = 1 otherwise we will work with the function f/|f|| a(x). Denote
G = W~ Then since w is nonincreasing, G is convex. Let t € (0,00). Applying
Young inequality to the terms W (us(¢)) and t97*/a(t) we get

W e ()t < alt) pr(t) + a(t) é(%) for ¢t > 0

and integrating over (0, c0), we have

g = [ W@ ar s [ anmar+ [Ta0 (5 ar

The first integral is less or equal to 1. For the second term, we have, by concavity
of G,
_ tq—l _ tq_l
Gl— | <[G)|—=|tr" fort>0
a(t) a(t)

@) = (@17 ) = [W]] 7 (s) = [1())] W (1))

and together with



for s > 0 we can finally write

[0 ) [l )

which is finite by (i). We have shown that f belongs to AZ(XR). Since f was
taken arbitrarily, we obtain the inclusion L4(R) C A%(R) which implies also the
continuous embedding, due to ([2.6.3). ]

In general, the conditions (i) and (ii) in the previous lemma are not equivalent
as the next example shows.

Example 8.3.6. Let us take A(t) = t9 with ¢ > 1. Then the condition ({8.3.4))
becomes

W(w () [Tt = oo
0
for every weight w. Now, one can choose a decreasing w in a way that
LIR) = AL (R),

which is equivalent to
Wi(t) <ect, fort>0
for some positive c. Try for instance

2t 0<t<l,
w(t) =
1/t, 1<t<oo.

However, in the case when the space A% (R) coincides with the Lorentz space
LP9(R), we have the following result. The sufficiency can be also found in [4
Lemma 4.2].

Proposition 8.3.7. Let 1 < ¢ < p < oo and A be a Young function. Then
LA(R) — LPY(R) (8.3.5)

if and only if either v(R) < oo and

q

/w(jaﬁqukim'

Amﬁzbyait<“L (8.3.6)

Proof. We prove only the global variant, the other one is analogous. The suffi-
ciency is the corollary of Lemma in which we set w(t) = t9/P~1,

Conversely suppose (8.3.5)). This is equivalent to the existence of a positive
constant C' such that

or v(R) = oo and

lu| Lpaw) < € whenever ||ul|pa@ < 1.
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Since modular and norm unit balls in L4(R) coincide, this is equivalent to
|lw||Lrawy < C whenever / A(lu(z)|)dz <1
R
namely, by the Fubini’s theorem, it is the same as the existence of a positive C’

such that

oo

/Oo[uf(t)]g t71dt < C' whenever / a(t)pp(t)dt <1,
0 0
where A(t) = [; a(s)ds. This is equivalent to

/ooo [p(t)]a 1 dt < ¢

for every nonincreasing ¢ such that

/O°° a(t)o(t) dt < 1,

which is nothing but the embedding

AL(0,00) = A9P(0, 00) (8.3.7)
with v(t) = t7~1. Finally, (8.3.7)) is equivalent to
/ t55= a(t)™ dt < oo, (8.3.8)
0

thanks to [65, Section 2, Proposition 1]. Consequently, ({8.3.8) holds if and only
if (8.3.6)) holds, due to (2.1.2]). O

Proposition 8.3.8. Let 1 < p < g < oo and B be a Young function. Then
LPY(R) — LB(R) (8.3.9)

if and only if either v(R) < oo

or v(R) = oo and

/OOO<B<t))qq“ﬁ < 0. (8.3.10)

P t

Proof. Again, we show the statement in its global variant only. Using duality,

(8.3.9)) is equivalent to N
LE(R) — P9 (R)

which is, due to Proposition characterised by

oo/ P\ 7 dt
/ (~) ¢ < . (8.3.11)
0 B(t) t

Using ([2.1.4), (8.3.11)) is equivalent to

[Tl < oo
0
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Now, Fubini’s theorem tells us that
o p a(p=1) p(g—1)
/tﬁ[bl 1 dt / / 5= dr dt
0
/ a= 1>/ trta dt dr
& plg=1)
/ r p—aq p7
whence (8.3.11)) is equivalent to (8.3.10]), due to (2.1.2]). O

Proposition 8.3.9. Let 1 < q < oo and w be a nonincreasing weight. Then

AL (R) = U{LA(.'R) . A satisfies }
= U{LA®) : LA4(®) € AL}

Note that the equalities in Proposition |8.3.9| are considered as set equalities
only, since we have not defined any norm or other structure on the unions on the
right hand side.

Proof of Proposition [8.3.9] One inclusion is straightforward since every Or-
licz space LA (R) with a Young function A satisfying is contained in A% (R)
thanks to Lemma [8.3.5

Conversely suppose that f € A?(R) and define A by

A(t) = /Ot w(,uf/k(s))sq—l ds

with
A= [|fllag,@)-
Then A is a Young function obeying the condition (8.3.4]). Indeed

[ (oo ee) e = [T g ) 7t g < o

It remains to show that f € LA(R). Since W is concave, we have w(s)s < W(s)
and hence

LA a0 = [ a0t = [ w (o)t a

1fle @ 1
< q 1 dt w( ) — < 1
/ (it YR
Therefore
||f||LA(9{) < HfHAZ,(fR) < 0
and f belongs to LA(R). 0

Proof of Theorem [8.3.3l (i). Let us set w(t) = t#P~1. Since q < p, the weight
w is decreasing and, by Proposition [8.3.9)

LP(R) = J{LAR) : LAR) € LP(R) }. (8.3.12)
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Let A be a Young function obeying . Then, since LP9(R) itself is not
an Orlicz space, there is a function f € LP9(R)\ LP9(R). From (8.3.12), we
obtain that there is an Orlicz space, say L¥(R) such that L¥(R) C LP4(R) and
f € LE(R). Let us define A as the largest convex minorant of the function
min{A, E}. Then A is a Young function such that

~

LAR) = (L* + LP)(R) — LPY(R)

and LA(R) LX(IR). Since A was arbitrary, the assertion of (i) follows.
(ii). Since p < g, then, by (2.5.1), LP(R) — L7?(R). Assume that (8.3.3) for

some Young function A. Then there is a constant C' > 0 such that

[ llpam) < CllfllLaw

for all f € LA(R). Now, plugging f = g for measurable £ C R such that
v(E)=t,0<t<v(R), we infer that

1 C’

and for some C” > 0, due to (2.3.1)) and (2.5.2)). Rewriting (8.3.13]), we obtain that

A dominates t* near infinity provided v(R) < 0 or globally otherwise, whence, by
[.3.4), LA(R) — LP(R), proving the optimality. O

Since the statement of Theorem [8.3.4]is just the dual version of Theorem [8.3.3
the proof is obvious and we omit it.

for 0 <t < v(R) (8.3.13)

Proof of Theorem [8.3.1] The use of [I6, Theorem 3.8] tells us that the op-
timal r.i. target for LP(R) is the Lorentz space LP*?(R). The assertion is then
consequence of Theorem [8.3.4] O]

The proof of Theorem then follows analogously by Theorem and is
skipped.
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