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Abstract:

Quantum coherence is being viewed as a possible resource that could improve the per-
formance of quantum technologies. This thesis analyzes a quantum heat engine model
inspired by Dorfman et al. (PNAS vol. 110 no. 8) while using a standard Markovian
quantum optical master equation in the Lindblad form. Steady-state coherence arises
from the degeneracy of the two upper energy levels and its effects become significant for
near-perfect alignment of the associated transition dipole moments. For the maximum
alignment, the steady-state current becomes highly dependent on the relative phase and
exhibits quantum interference. The performed numerical calculations show some promise
of possible enhancement of the current above the classical limit.
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Introduction
Quantum coherence is being viewed as a possible resource that could improve the per-
formance of quantum technologies and attempts are being made to precisely quantify its
usefulness [1]. A discovery that sparked research interest in quantum effects in biology was
the observation of long-lived coherence in natural light-harvesting systems [2]. Without
a doubt, the study of the various quantum effects [3, 4, 5, 6] present in photosynthetic
systems could be highly beneficial to the development of new enhanced artificial solar
cells and nanotechnologies. For example, in the first phase of photosynthesis antennae
complexes harvest solar energy which is used for charge separation carried out by the
photosynthetic reaction centre. The quantum efficiency of this process can under certain
conditions exceed 95% [7]. In other words, each absorbed photon almost certainly reaches
the reaction centre and drives the separation of charge.

Inspired by the observed coherence phenomena [2], Dorfman et al. have proposed a
simple quantum heat engine (QHE) model [8] based on a pair of tightly coupled chloro-
phylls at the heart of the reaction centre. In their model, coherence between two popu-
lations representing this special pair can boost the classical photocurrent by 27%. While
theoretical results look promising, they (Dorfman et al.) also comment, however, that
the quantum coherence effects observed in photosynthetic experiments are studied with
coherent laser radiation that might affect the natural conditions of excitation by solar
incoherent light.

This thesis further explores the effects of coherence on a very similar model. The
first two chapters serve as an introduction of the used Markovian quantum optical master
equation, including its application to a simple system. The third chapter introduces the
model of the QHE, the equations of motion and the physical quantities used for the
analysis of the engine. Finally, the last chapter analyzes the effects of coherence, focusing
mainly on the steady-state current in the QHE.
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1. T h e o r e ti c al b a c k g r o u n d

T his c h a pt er c o nsists of t w o s e cti o ns. First, w e bri e fl y r e vi e w t h e c o n c e pt of a n o p e n
q u a nt u m s yst e m a n d i n t h e s e c o n d s e cti o n, w e t a k e a l o o k at t h e n e c ess ar y ass u m pti o ns
r e q uir e d f or t h e v ali dit y of o ur M ar k o vi a n d es cri pti o n of t h e d y n a mi cs.

1. 1 I n t r o d u c ti o n t o o p e n q u a n t u m s y s t e m s

T h e m ai n m at h e m ati c al disti n cti o n b et w e e n a n i d e ali z e d cl os e d s yst e m a n d a n o p e n q u a n-
t u m s yst e m is t h at t h e H a milt o ni a n d y n a mi cs of cl os e d s yst e ms is r e v ersi bl e a n d c a n b e
r e pr es e nt e d b y u nit ar y tr a nsf or m ati o ns. T his is g e n er all y n ot t h e c as e f or o p e n q u a nt u m
s yst e ms w h er e w e c o nsi d er t h e i nt er a cti o ns wit h t h e e n vir o n m e nt. T h e r es ulti n g irr e-
v ersi bl e d y n a mi cs is t h e n ass o ci at e d wit h t h e pr o d u cti o n of e ntr o p y. A n o p e n q u a nt u m
s yst e m is, t h er ef or e, a s yst e m S i nt er a cti n g wit h a n ot h er e xt er n al s yst e m B w hi c h w e
g e n er all y c all t h e e n vi r o n m e nt . If a n e n vir o n m e nt h as a n i n fi nit e n u m b er of d e gr e es of
fr e e d o m it is c all e d a r e s e r v oi r a n d if a r es er v oir is i n a t h er m al e q uili bri u m st at e w e c all
it a h e at b at h or si m pl y a b at h [ 9].

T h e i ntr o d u cti o n of t h e e n vir o n m e nt B t o t h e s yst e m S e x p a n ds t h e Hil b ert s p a c e,

H = H S ⊗ H B .

C o ns e q u e ntl y, t h e o p er at or Ô pr e vi o usl y a cti n g i n t h e Hil b ert s p a c e H S n e e ds t o b e
e x p a n d e d o v er t h e c o m bi n e d Hil b ert s p a c e H wit h t h e i d e ntit y o p er at or Î B of t h e e n vi-
r o n m e nt t o Ô ⊗ Î B . T h e e x p e ct ati o n v al u e is t h e n o bt ai n e d as:

O (t) = tr{ ( Ô ⊗ Î B ) ρ̂ (t)} = tr S { Ô ρ̂ S (t)} ,

w h er e ρ̂ i s t h e d e nsit y m atri x of t h e c o m bi n e d s yst e m S + B a n d ρ̂ S is t h e r e d u c e d d e n sit y
m at ri x d es cri bi n g t h e o p e n s yst e m,

ρ̂ S (t) = tr B { ρ̂ (t)} .

T h e d y n a mi cs of t h e o p e n s yst e m f oll o ws fr o m t h e d y n a mi cs of t h e c o m bi n e d s yst e m
w hi c h is g o v er n e d b y its H a milt o ni a n Ĥ a n d t h e S c hr ö di n g er e q u ati o n. T his H a milt o ni a n
c o nsists of t h e s elf- H a milt o ni a ns of t h e o p e n s yst e m a n d t h e e n vir o n m e nt, Ĥ S a n d Ĥ B ,
a n d t h e H a milt o ni a n Ĥ I d es cri bi n g t h e i nt er a cti o n b et w e e n t h e t w o s yst e ms [ 9],

Ĥ = Ĥ S ⊗ Î B + Î S ⊗ Ĥ B + Ĥ I .

T h e e v ol uti o n fr o m ti m e t0 t o ti m e t c a n b e e x pr ess e d wit h t h e e v ol uti o n o p er at or
Û (t, t0 ) [ 1 0],

ρ̂ (t) = Û (t, t0 ) ρ̂ (t0 ) Û
† (t, t0 ).

I n t h e c as e of a ti m e-i n d e p e n d e nt H a milt o ni a n Ĥ , t h e o p er at or Û (t, t0 ) h as t h e w ell- k n o w n
f or m:

Û (t, t0 ) = e x p −
i
Ĥ (t − t0 ) ,

w h er e is t h e r e d u c e d Pl a n c k c o nst a nt.
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1. 2 M a r k o vi a n e v ol u ti o n a n d Li n d bl a d f o r m

I n g e n er al, t h e e v ol uti o n of t h e d e nsit y m atri x ρ̂ S c a n d e p e n d o n its hist or y ( e arli er st at es
of t h e o p e n s yst e m) b e c a us e c h a n g es i n t h e o p e n s yst e m c a n b e r e m e m b er e d b y t h e
e n vir o n m e nt w hi c h c a n, i n t ur n, a ff e ct t h e o p e n s yst e m at a l at er ti m e.

I n s o m e sit u ati o ns, h o w e v er, t h es e m e m or y e ff e cts c a n b e n e gl e ct e d. I n t h at c as e, it
is p ossi bl e t o f or m a n a p pr o xi m at e d es cri pti o n w h er e t h e c o n diti o n al e v ol uti o n t o f ut ur e
st at es, gi v e n t h e pr es e nt st at e of t h e o p e n s yst e m ρ̂ S (t), d o es n ot d e p e n d o n a n y p ast
st at es b ut o nl y o n t h e pr es e nt st at e. We c all t his i n t h e c o nt e xt of st o c h asti c pr o c ess es
t h e M ar k o vi a n pr o p ert y.

L et us ass u m e t h at t h e m e m or y i n t h e e n vir o n m e nt (i nf or m ati o n i n t h e f or m of c or-
r el ati o ns) c a us e d b y t h e c h a n g es i n t h e o p e n s yst e m t h at w e w a nt t o f oll o w is l ost aft er
ti m e ∆ t. T his c a n h a p p e n t hr o u g h str o n g e ff e cts of d e c o h er e n c e. T h e ti m e ∆ t t h e n s ets
t h e s c al e of t his s o- c all e d ti m e c o ars e- gr ai ni n g, i. e. t h e s h ort est p eri o d of ti m e o v er w hi c h
t h e b e h a vi or of t h e o p e n s yst e m c a n b e d et er mi n e d [ 1 1, 1 2]. It f oll o ws t h at w e m ust als o
ass u m e t h at t h e o p e n s yst e m c h a n g es a p pr e ci a bl y o v er a t y pi c al ti m es c al e τ S m u c h l ar g er
t h a n t his ti m e ∆ t:

τ S ∆ t.

F urt h er m or e, w h e n d eri vi n g t his M ar k o vi a n m ast er e q u ati o n f or ρ̂ S , w e w o ul d li k e t o
pr es er v e t h e pr o p erti es of t h e g e n er al Kr a us r e pr es e nt ati o n [ 1 3] of t h e e v ol uti o n. T h es e
pr o p erti es i n cl u d e li n e arit y, h er mi cit y pr es er v ati o n, tr a c e pr es er v ati o n a n d c o m pl et e p osi-
ti vit y. F or e x a m pl e, t his c a n b e d o n e t hr o u g h t h e pr o c ess of ti m e c o ars e- gr ai ni n g d es cri b e d
a b o v e al o n g wit h t h e ass u m pti o n of w e a k i nt er a cti o n (t o s e c o n d or d er) b et w e e n t h e o p e n
s yst e m a n d t h e e n vir o n m e nt [ 1 1, 1 2]. T h e r es ulti n g e q u ati o n is t h e n i n t h e Li n d bl a d f or m
w hi c h is t h e m ost g e n er al M ar k o vi a n m ast er e q u ati o n wit h t h es e pr o p erti es [ 9].

If w e r estri ct o urs el v es t o a ti m e-i n d e p e n d e nt H a milt o ni a n Ĥ S a n d t h e i nt er a cti o n
H a milt o ni a n i n t h e f or m Ĥ I = ˆA ⊗ B̂ , t h e Li n d bl a d f or m c a n b e e x pr ess e d wit h t h e us e of
ei g e n o p er at ors of t h e o p e n s yst e m,

ˆA ω =
ω = −

| | ˆA | | ,

w h er e t h e s u m r u ns o v er all e n er g y ei g e n v al u es a n d of Ĥ S s u c h t h at t h eir di ff er e n c e c or-
r es p o n ds t o t h e tr a nsiti o n fr e q u e n c y ω = ( − )/ . T h e m ast er e q u ati o n i n t h e Li n d bl a d
f or m e x pr ess e d f or t h e r e d u c e d d e nsit y m atri x i n t h e i nt er a cti o n pi ct ur e ρ̂ S I

r e a ds:

d

dt
ρ̂ S I

(t) = −
i
[Ĥ U ( ∆t), ρ̂ S I

(t)] +
ω, ω

γ ω ω ( ∆t) ˆA ω ρ̂ S I
(t) ˆA †

ω −
1

2
ˆA †

ω
ˆA ω , ρ̂ S I

(t) , ( 1. 1)

w h er e it is r e q uir e d t h at Ĥ U is h er miti a n a n d t h e r at es γ ω ω ( ∆t) f or m a p ositi v e m atri x
[ 1 2].

T h e first t er m i n ( 1. 1) a c c o u nts f or t h e u nit ar y p art of t h e e v ol uti o n of t h e o p e n s yst e m
w hil e t h e r est s er v es t o d es cri b e t h e n o n- u nit ar y d y n a mi cs. N ot e t h at t h e n o n- u nit ar y
p art is s u m m e d o v er t w o s ets of p ossi bl e tr a nsiti o n fr e q u e n ci es ( ω a n d ω ) a n d t h at t h er e
ar e t er ms d e p e n di n g o n t h e c o ars e- gr ai ni n g p ar a m et er ∆ t.
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2. Q u a n t u m o p ti c al m a s t e r e q u a ti o n

Mi cr os c o pi c a n d p h e n o m e n ol o gi c al d eri v ati o ns of M ar k o vi a n m ast er e q u ati o ns oft e n r el y
o n f urt h er ass u m pti o ns a n d t h e r es ulti n g m ast er e q u ati o n m a y n ot c o m e o ut i n t h e Li n d-
bl a d f or m. T his c a n l e a d t o p at h ol o gi c al b e h a vi o ur s u c h as vi ol ati o n of p ositi vit y [ 1 4]. F or
o ur m o d el, w e us e a st a n d ar d q u a nt u m o pti c al m ast er e q u ati o n ( Q O M E) w h os e d eri v a-
ti o n c a n b e f o u n d i n m a n y t e xt b o o ks, s u c h as T h e T h e o r y of O p e n Q u a nt u m S y st e m s b y
Br e u er a n d P etr u c ci o n e [ 9]. I n o ur d eri v ati o n, t h e Li n d bl a d f or m is e ns ur e d wit h t h e us e
of t h e r ot ati n g w a v e a p pr o xi m ati o n ( R W A).

2. 1 Mi c r o s c o pi c a s s u m p ti o n s a n d d e ri v a ti o n

O ur q u a nt u m o pti c al m ast er e q u ati o n ass u m es t h e f oll o wi n g H a milt o ni a n:

Ĥ =
N

i

ω i |i i| +
k λ = 1 ,2

ω k â †
λ (k ) â λ (k ) − e D̂ · Ê. ( 2. 1)

T h e o p e n s yst e m h as a dis cr et e e n er g y s p e ctr u m wit h N w ell-s p a c e d e n er g y l e v els,

Ĥ S =
N

i

ω i |i i| , ( 2. 2)

w h er e e n er g y ei g e nst at es |i h a v e ei g e n v al u es E i pr o p orti o n al t o t h e a n g ul ar fr e-
q u e n ci es ω i (E i = ω i).

T h e h e at b at h is r e pr es e nt e d b y a q u a nti z e d el e ctr o m a g n eti c fi el d t h at is i n a
t h er m o d y n a mi c e q uili bri u m at t e m p er at ur e T , i. e. it is a n i d e al bl a c k b o d y r a di a-
ti o n,

Ĥ B =
k λ = 1 ,2

ω k â †
λ (k ) â λ (k ). ( 2. 3)

T h e o p er at ors â λ (k ) a n d â †
λ (k ) ar e t h e cr e ati o n a n d a n ni hil ati o n o p er at ors f or a

p h ot o n i n t h e p ol ari z ati o n st at e λ , wit h t h e w a v e v e ct or k a n d t h e ass o ci at e d a n g ul ar
fr e q u e n c y ω k = c |k |. T h e ass u m e d t h er m o d y n a mi c e q uili bri u m i m p os es t h e B os e-
Ei nst ei n distri b uti o n o n t h e a v er a g e p h ot o n o c c u p a n c y n u m b er:

â †
λ (k ) â λ (k ) = δ k k δ λ λ N (ω k ),  N(ω ) =

1

e x p( ω
k B T

) − 1
, ( 2. 4)

w h er e N (ω ) is t h e a v er a g e p h ot o n o c c u p a n c y n u m b er at a n g ul ar fr e q u e n c y ω a n d
t e m p er at ur e T (k B is t h e B olt z m a n n c o nst a nt).

T h e i nt er a cti o n b et w e e n t h e b at h a n d t h e o p e n s yst e m is si m pli fi e d wit h t h e
di p ol e a p pr o xi m ati o n [ 1 5],

Ĥ I = − e D̂ · Ê, ( 2. 5)

w h er e D̂ i s t h e tr a nsiti o n di p ol e o p er at or w h os e c o m pl e x v e ct or el e m e nts i n t h e
e n er g y ei g e n b asis w e d e n ot e as d ,

d = | D̂ | = e | r̂ | . ( 2. 6)
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T h e o p er at or Ê i s t h e q u a nti z e d el e ctri c fi el d o p er at or i n t h e S c hr ö di n g er pi ct ur e,

Ê = i
k λ = 1 ,2

2 π ω k

V
â λ (k ) − â †

λ (k ) e λ , ( 2. 7)

w h er e V is t h e fi nit e v ol u m e of t h e r es o n at or ( c a vit y) c o nt ai ni n g t h e Bl a c k b o d y
r a di ati o n.

T h e d eri v ati o n of t h e m ast er e q u ati o n fr o m t h e v o n N e u m a n n e q u ati o n l e a ds u n d er t h e
ass u m pti o ns of w e a k c o u pli n g a n d t h e ass u m pti o ns of t h e c o ars e- gr ai ni n g pr o c e d ur e bri e fl y
d es cri b e d i n t h e pr e vi o us c h a pt er (s e c. 1. 2) t o t h e f oll o wi n g ( R e d fi el d) e q u ati o n (s e e e q.
3. 1 8 8 i n [ 9]):

d

dt
ρ̂ S I

(t) =
ω, ω j

e x p [ i(ω − ω )t] γ (ω ) ˆA j (ω ) ρ̂ S I
(t) ˆA †

j (ω ) − ˆA †
j (ω ) ˆA j (ω ) ρ̂ S I

(t) + h. c.

( 2. 8)
We c a n s e e t h at t his e q u ati o n is n ot y et i n t h e Li n d bl a d f or m ( 1. 1) d u e t o t h e f a ct ors

e x p [ i(ω − ω )t]. T his pr o bl e m c a n b e s ol v e d wit h t h e r ot ati n g w a v e a p pr o xi m ati o n w h er e
w e ass u m e t h at t h e e ff e cts of t h e f ast r ot ati n g t er ms ( ω = ω ) e ff e cti v el y a v er a g e o ut. T o
b e c o nsist e nt wit h t h e pr o c ess of c o ars e- gr ai ni n g, w e n e e d t o m a k e s ur e t h at t h e ti m es c al es
τ R W A = ( ω − ω ) − 1 c orr es p o n di n g t o t h e all o w e d tr a nsiti o n fr e q u e n ci es s atisf y:

τ S ∆ t m a x ( τ R W A ). ( 2. 9)

N e gl e cti o n of t h es e t er ms t h us r e q uir es t h at all of t h e e n er g y l e v els ar e w ell s p a c e d. We
c a n n o w t hi n k of t h e p ar a m et er ∆ t als o as t h e str e n gt h of a filt er w hi c h d et er mi n es t h e
ti m es c al es o v er w hi c h t h e b e h a vi o ur of t h e o p e n s yst e m c a n b e a ff e ct e d.

Wit h t h e r ot ati n g w a v e a p pr o xi m ati o n, t h e Q O M E ( 2. 8) c a n b e c ast i nt o t h e Li n d bl a d
f or m:

T h e q u a n t u m o p ti c al m a s t e r e q u a ti o n

d

dt
ρ̂ S I

(t) =
ω j

γ (ω ) ˆA j (ω ) ρ̂ S I
(t) ˆA †

j (ω ) − ˆA †
j (ω ) ˆA j (ω ) ρ̂ S I

(t) + h. c. ( 2. 1 0)

ˆA (ω ) =
ω = −

| | D̂ | | ( 2. 1 1)

γ (ω ) =
ω 3

6 π 0 c 3
( 1 + N (ω ) + i S (ω )) ( 2. 1 2)

S (ω ) =
1

ω 3 π
P

∞

0
d ω k ω 3

k

1 + N (ω k )

ω − ω k

+
N (ω k )

ω − ω k

( 2. 1 3)

T h e Q O M E is e x pr ess e d f or t h e d e nsit y m atri x ρ̂ S I
i n t h e i nt er a cti o n pi ct ur e a n d t h e

first s u m r u ns o v er all ( p ositi v e a n d n e g ati v e) a n g ul ar fr e q u e n ci es ω i j c orr es p o n di n g t o t h e

e n er g y di ff er e n c es of t h e all o w e d tr a nsiti o ns E j − E i = ω i j . T h e o p er at ors ˆA j (ω ) d e c o m-

p os e t h e tr a nsiti o n di p ol e m o m e nt o p er at or D̂ j w h er e j d esi g n at es t h e s p ati al c o m p o n e nts.
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Fi n all y, t h e i nt e gr al S (ω ) i n t h e r at e c o e ffi ci e nts γ (ω ) a c c o u nts f or t h e L a m b a n d St ar k
s hifts a n d c o ntri b ut es t o t h e u nit ar y e v ol uti o n [ 9]. T h e di v er g e n c e of t h es e t er ms S (ω )
n e e ds t o b e a m e n d e d b y r e n or m ali z ati o n. H o w e v er, t h e si z es of t h es e t er ms ar e g e n er all y
at or b el o w t h e or d er of t h e n e gl e ct e d t er ms i n t h e w e a k c o u pli n g a p pr o xi m ati o n a n d
t h er ef or e w e h a v e t o n e gl e ct t h e m.

2. 2 A p pli c a ti o n t o V- t y p e s y s t e m i n si n gl e b a t h

L et us c al c ul at e t h e e q u ati o ns of m oti o n f or a t hr e e-l e v el d e g e n er at e o p e n s yst e m c o u pl e d
t o a si n gl e h e at b at h d e pi ct e d i n t h e fi g ur e 2. 1. D u e t o t h e li n e arit y of t h e Q O M E, t his
c al c ul ati o n will a ct u all y s er v e as a b uil di n g bl o c k f or f or mi n g t h e e q u ati o ns of m oti o n f or
t h e Q H E (s e e fi g. 3. 1).

Fi g ur e 2. 1: T h e o p e n s yst e m c o nsists of t hr e e st at es l a b el e d { 0 , 1 , 2 } w hi c h ar e r e pr es e nt e d
b y t h e bl a c k s oli d h ori z o nt al li n es wit h t h e u p p er st at es h a vi n g hi g h er e n er g y. T h e gr e e n
d as h e d li n es r e pr es e nt t h e all o w e d tr a nsiti o ns b et w e e n t h es e st at es. T h es e tr a nsiti o ns ar e
c o u pl e d t o a si n gl e p h ot o n b at h at t e m p er at ur e T w hi c h is ill ustr at e d wit h gr e e n arr o ws
p oi nti n g t o t h es e tr a nsiti o ns.

At fist, w e r e c all t h e Q O M E pr es e nt e d i n t h e pr e c e e di n g s e cti o n,

d

dt
ρ̂ S I

(t) =
ω j

γ (ω ) ˆA j (ω ) ρ̂ S I
(t) ˆA †

j (ω ) − ˆA †
j (ω ) ˆA j (ω ) ρ̂ S I

(t) + h. c., ( 2. 1 4)

a n d t a k e a l o o k at t h e o p er at or ˆA (ω ).

ˆA j (ω ) =
ω = −

| | D̂ j | | =
ω = −

| d
j

| . ( 2. 1 5)

T h e ri g ht- h a n d si d e of e q. ( 2. 1 4) is a s u m of t er ms w h er e e a c h t er m c o ntri b ut es t o o n e
s p ati al c o m p o n e nt. F or br e vit y, w e will o mit t h e i n d e x j , w or k i n o n e di m e nsi o n a n d a d d
t h e t w o r e m ai ni n g s p ati al c o m p o n e nts at t h e e n d. I n t h e c as e of t h e el e m e nt d

j
, w e will
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als o o mit t h e b ol d f o nt i n di c ati n g a v e ct or a n d writ e d :

ˆA (ω ) =
ω = −

| | D̂ | | =
ω = −

| d | . ( 2. 1 6)

F urt h er m or e, w e n oti c e t h at ˆA (− ω ) = ˆA † (ω ). T his f or m ul a all o ws us t o r e ali z e t h at
w h e n w e p erf or m t h e s u m o v er t h e tr a nsiti o n fr e q u e n ci es { ω, − ω } , w h er e ω = E 1 2 − E 0 ,
w e e n c o u nt er o nl y t w o di ff er e nt o p er at ors ˆA a n d its h er miti a n c o nj u g at e ˆA † :

ˆA = ˆA (ω ) = ˆA † (− ω ) = |0 0 | D̂ |1 1 | + |0 0 | D̂ |2 2 | = d 0 1 |0 1 | + d 0 2 |0 2 | ,

ˆA † = ˆA (− ω ) = ˆA † (ω ) = |1 1 | D̂ |0 0 | + |2 2 | D̂ |0 0 | = d ∗
0 1 |1 0 | + d ∗

0 2 |2 0 | .

I n t his n ot ati o n, t h e Q O M E i n o n e s p ati al di m e nsi o n r e a ds:

d

dt
ρ̂ S I

= γ (ω )( 2 ˆA ρ̂ S I
ˆA † − ˆA † ˆA ρ̂ S I

− ρ̂ S I
ˆA † ˆA )

+ γ (− ω )( 2 ˆA † ρ̂ S I
ˆA − ˆA ˆA † ρ̂ S I

− ρ̂ S I
ˆA ˆA † ).

( 2. 1 7)

As t h e n e xt st e p, w e c al c ul at e t h e f oll o wi n g t er ms c o nt ai n e d i n ( 2. 1 7) w hil e d e n oti n g t h e
el e m e nts i| ρ̂ S I

|j as r i j :

ˆA ˆA † =( |d 0 1 |
2 + |d 0 2 |

2 ) |0 0 | ,

ˆA † ˆA = |d 0 1 |
2 |1 1 | + |d 0 2 |

2 |2 2 | + d ∗
0 1 d 0 2 |1 2 | + d 0 1 d

∗
0 2 |2 1 | ,

ˆA ρ̂ S I
ˆA † = |d 0 1 |

2 r 1 1 + |d 0 2 |
2 r 2 2 + d 0 1 d

∗
0 2 r 1 2 + d ∗

0 1 d 0 2 r 2 1 |0 0 | ,

ˆA † ρ̂ S I
ˆA = r 0 0 |d 0 1 |

2 |1 1 | + |d 0 2 |
2 |2 2 | + d ∗

0 1 d 0 2 |1 2 | + d 0 1 d
∗
0 2 |2 1 | .

( 2. 1 8)

B y c ar ef ul o bs er v ati o n of t h es e t er ms, w e n oti c e t h at t h e el e m e nts { r 0 1 , r0 2 } a n d c o ns e-
q u e ntl y t h eir c o m pl e x c o nj u g at es { r 1 0 , r2 0 } e v ol v e i n d e p e n d e ntl y of t h e ot h er el e m e nts
i n cl u di n g t h e p o p ul ati o ns ( di a g o n al el e m e nts),

d

dt
r 0 1 = f 1 (r 0 1 , r0 2 ),

d

dt
r 0 2 = f 2 (r 0 1 , r0 2 ). ( 2. 1 9)

T his m e a ns t h at w e c a n i g n or e t h eir e v ol uti o n a n d s et t h e m t o z er o. F urt h er m or e, it m a k es
o ur w or k of tr a nsf or mi n g b a c k i nt o t h e S c hr ö di n g er pi ct ur e e as y b e c a us e t h e el e m e nts
{ r 0 0 ,r 1 1 ,r 2 2 ,r 1 2 ,r 2 1 } w hi c h w e ar e i nt er est e d i n ar e i d e nti c al i n b ot h pi ct ur es. T o s e e t his,
l et us d e n ot e t h e el e m e nts i n t h e S c hr ö di n g er pi ct ur e as ρ i j , i. e. ρ i j = i| ρ̂ S |j , a n d d e n ot e
t h e a n g ul ar fr e q u e n c y pr o p orti o n al t o t h e e n er g y E i i n t h e f or m ul a E = ω as ω i. T h e
f or m ul as f or tr a nsf or mi n g b et w e e n t h e S c hr ö di n g er a n d t h e i nt er a cti o n pi c ut ur e ar e t h e n:

ρ i j = i| e − i ˆH S t / ρ̂ I S
e i ˆH S t / |j = e i( ω j − ω i ) t r i j ,

d

dt
ρ i j = i(ω j − ω i)ρ i j + e i( ω j − ω i ) t

d

dt
r i j .

Si n c e t h e u p p er e n er g y l e v els ar e d e g e n er at e, E 1 = E 2 = E 1 2 , t h e el e m e nts w e ar e i nt er est e d
i n, i. e. { r 0 0 ,r 1 1 ,r 2 2 ,r 1 2 ,r 2 1 } , ar e i n d e e d i n v ari a nt u n d er t his tr a nsf or m ati o n.

We n o w pr o c e e d t o i n cl u d e t h e ot h er t w o s p ati al di m e nsi o ns c o nt ai n e d i n t h e Q O M E,
e q. ( 2. 1 4), i. e. s u m o v er t h e o m mit e d i n d e x j . I n or d er t o gr o u p t his l ar g e n u m b er of
t er ms, w e will us e t h e st a n d ar d a bs ol ut e v al u e o p er ati o n:

|a |2 =
j

a j a
∗
j ,
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a n d t h e or di n ar y d ot pr o d u ct s u c h t h at f or t w o c o m pl e x v e ct ors a a n d b t h e d ot pr o d u ct
is s y m m etri c b ut g e n er all y c o m pl e x:

a · b = b · a =
j

a j b j .

S u m m ati o n o v er t h e s p ati al c o m p o n e nts (x, y, z ) usi n g t h e e q u ati o ns ( 2. 1 4), ( 2. 1 7) a n d
( 2. 1 8) yi el ds:

d

dt
ρ̂ S I

= 2 γ (ω ) |0 0 | |d 0 1 |
2 ρ 1 1 + |d 0 2 |

2 ρ 2 2 + d 0 1 ·d ∗
0 2 ρ 1 2 + d ∗

0 1 ·d 0 2 ρ 2 1

+ 2 γ (− ω )ρ 0 0 |d 0 1 |
2 |1 1 |+ |d 0 2 |

2 |2 2 |+ d ∗
0 1 ·d 0 2 |1 2 |+ d 0 1 ·d ∗

0 2 |2 1 |

− γ (ω ) |d 0 1 |
2 |1 1 |+ |d 0 2 |

2 |2 2 |+ d ∗
0 1 ·d 0 2 |1 2 |+ d 0 1 ·d ∗

0 2 |2 1 | ρ̂ S I

− γ (ω ) ρ̂ S I
|d 0 1 |

2 |1 1 |+ |d 0 2 |
2 |2 2 |+ d ∗

0 1 ·d 0 2 |1 2 |+ d 0 1 ·d ∗
0 2 |2 1 |

− γ (− ω ) |d 0 1 |
2 + |d 0 2 |

2 |0 0 | ρ̂ S I
− γ (− ω ) ρ̂ S I

|0 0 | |d 0 1 |
2 + |d 0 2 |

2 .

Si n c e t h e u ni nt er esti n g d y n a mi cs of t h e el e m e nts { ρ 0 1 , ρ0 2 , ρ1 0 , ρ2 0 } c a n b e o mitt e d,
w e r e arr a n g e t h e Q O M E i nt o a si m pl e m ast er e q u ati o n,

d

dt
ρ = ˆM ρ,

w h er e ˆM is a 5 × 5 tr a nsiti o n m atri x a cti n g o n a v e ct or ρ w hi c h c o nt ai ns t h e fi v e r el-
e v a nt el e m e nts { ρ 0 0 , ρ1 1 , ρ2 2 , ρ1 2 , ρ2 1 } . F urt h er m or e, w e si m plif y t h e tr a nsiti o n m atri x
el e m e nts b y m a ki n g us e of t h e pr o p ert y of t h e o c c u p ati o n n u m b er ( d e fi n e d i n e q. ( 2. 4)):
N (− ω ) = − 1 − N (ω ), a n d b y i ntr o d u ci n g t h e f oll o wi n g c o nst a nts:

α = ( 3 π 0 c 3 ) − 1 , γ 1 2 = α ω 3 d 0 1 · d ∗
0 2 ,

γ 1 = α ω 3 |d 0 1 |
2 , n = N (ω ),

γ 2 = α ω 3 |d 0 2 |
2 . ( 2. 2 0)

Wit h t h es e c o nst a nts, t h e m ast er e q u ati o n r e a ds:















ρ̇ 0 0

ρ̇ 1 1

ρ̇ 2 2

ρ̇ 1 2

ρ̇ 2 1















=















− (γ 1 + γ 2 )n γ 1 ( 1 + n ) γ 2 ( 1 + n ) γ 1 2 ( 1 + n ) γ ∗
1 2 ( 1 + n )

γ 1 n − γ 1 ( 1 + n ) 0 − γ 1 2

2
( 1 + n ) −

γ ∗
1 2

2
( 1 + n )

γ 2 n 0 − γ 2 ( 1 + n ) − γ 1 2

2
( 1 + n ) −

γ ∗
1 2

2
( 1 + n )

γ ∗
1 2 n −

γ ∗
1 2

2
( 1 + n ) −

γ ∗
1 2

2
( 1 + n ) − γ 1 + γ 2

2
( 1 + n ) 0

γ 1 2 n − γ 1 2

2
( 1 + n ) − γ 1 2

2
( 1 + n ) 0 − γ 1 + γ 2

2
( 1 + n )





























ρ 0 0

ρ 1 1

ρ 2 2

ρ 1 2

ρ 2 1















.

( 2. 2 1)

We c a n i ntr o d u c e a n e v e n m or e c o n cis e n ot ati o n:

( 1 + n )γ 1 = T 1 , n γ 1 = t1 ,

( 1 + n )γ 2 = T 2 , n γ 2 = t2 ,

( 1 + n )γ 1 2 = 2 T 1 2 , n γ 1 2 = 2 t1 2 . ( 2. 2 2)
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In this notation, the QOME takes the form:

ρ̇00

ρ̇11

ρ̇22

ρ̇12

ρ̇21


=



−t1−t2 T1 T2 2T12 2T ∗12

t1 −T1 0 −T12 −T ∗12

t2 0 −T2 −T12 −T ∗12

2t∗12 −T ∗12 −T ∗12 −(T1+T2)/2 0
2t12 −T12 −T12 0 −(T1+T2)/2





ρ00

ρ11

ρ22

ρ12

ρ21


.

Lastly, let us note that the probability in the populations of the open system is conserved.
We can verify this by summation of the first three rows of the transition matrix,

d

dt
(ρ00 + ρ11 + ρ22) = 0.
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3. Quantum heat engine
We proceed by presenting the QHE model. First, we briefly describe its state cycle and
outline the formation of the equations of motion from the simpler V-type system. Next,
we examine the master equation and the underlying fundamental processes. This is then
followed by the study of the probability currents, the energy currents and the power
output of the QHE. In the last section of this chapter, we take a look at the entropy
production and the efficiency.

3.1 Introduction
A quantum heat engine is a microscopic power-generating device coupled to two or more
reservoirs at different temperatures. In our case, the working medium of the QHE is
modeled by a five-level open system (see figure 3.1) which operates between two baths: a
hot (red) and a cold (blue) bath.

Figure 3.1: A diagram of the QHE. The symbols γ1h, γ2h, γ1c, γ2c, Γc represent the rates
of transitions coupled to the heat baths while the rate Γ represents the one-way power
output of the QHE (as explained in sec. 3.9).

Our model corresponds to an exactly degenerate version of a quantum heat engine
proposed by Dorfman et al. [8]. Their quantum heat engine is inspired by photosynthesis
in plants and bacteria and models the light-dependent cycle of two tightly coupled chloro-
phylls at the heart of the photosynthetic reaction center. Dorfman et al. show that this
model can represent artificial quantum heat engines such as a laser or a photocell [8, 14].

The open system is represented by two donor molecules and one acceptor molecule
and the cycle of states of this open system (see fig. 3.1) goes as follows:
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T h e c y cl e b e gi ns wit h t w o d o n or m ol e c ul es s urr o u n di n g a n a c c e pt or m ol e c ul e i n t h e
gr o u n d st at e |b .

A n a bs or pti o n of a s ol ar p h ot o n r es ults i n t h e e x cit e d st at es of t h e d o n ors: |1 a n d
|2 , w h er e t h e cr e at e d h ol e a n d el e ctr o n p air ar e still i n t h e d o n ors.

T h e e x cit e d el e ctr o n is t h e n tr a nsf err e d fr o m t h e d o n ors t o t h e a c c e pt or m ol e c ul e
wit h t h e e missi o n of a p h o n o n, r es ulti n g i n t h e c h ar g e-s e p ar at e d st at e |α . T h e
el e ctr o n is i n t h e a c c e pt or m ol e c ul e n o w a n d t h e h ol e r e m ai ns i n t h e d o n ors.

N e xt, t h e tr a nsiti o n t o |β c orr es p o n ds t o t h e el e ctr o n c o mi n g o ut of t h e a c c e pt or
m ol e c ul e t o s o m e l o w er e n er g y st at e a n d p erf or mi n g us ef ul w or k. We m o d el t his
pr o c ess b y t h e p h e n o m e n ol o gi c al r at e Γ a n d t h e a m o u nt of a v ail a bl e w or k i n t his
tr a nsiti o n d e p e n ds o n t h e r ati o of t h e st e a d y-st at e p o p ul ati o ns ρ α α a n d ρ β β .

Fi n all y, t h e p ositi v e c h ar g e is n e utr ali z e d b y a n el e ctr o n s o ur c e wit h t h e e missi o n
of a p h o n o n. T h e o p e n s yst e m r et ur ns t o t h e gr o u n d st at e |b .

It t ur ns o ut t h at t h eir pr o p os e d m o d el s u ff ers fr o m a vi ol ati o n of p ositi vit y a n d di v er-
g e nt b e h a vi or [ 1 4]. We a d o pt t h e s a m e s c h e m e of t h e Q H E wit h t h e di ff er e n c e t h at t h e
u p p er e n er g y l e v els ar e p erf e ctl y d e g e n er at e a n d w e us e a Q O M E i n t h e Li n d bl a d f or m.
T his m o d el t h e n e ns ur es t h e pr o p erti es of t h e d e nsit y m atri x.

3. 2 E q u a ti o n s of m o ti o n

L et us pr o c e e d b y c al c ul ati n g t h e e q u ati o ns of m oti o n f or t h e Q H E. First, w e t a k e a l o o k
at t h e all o w e d tr a nsiti o ns i n fi g. 3. 1 w hi c h d et er mi n e t h e f or m of t h e tr a nsiti o n di p ol e

m o m e nt o p er at or D̂ :

D̂ =











0 d b 1 d b 2 0 d b β

d ∗
b 1 0 0 d α 1 0

d ∗
b 2 0 0 d α 2 0
0 d ∗

α 1 d ∗
α 2 0 0

d ∗
b β 0 0 0 0











. ( 3. 1)

N ot e t h at w e or d er t h e st at e b asis i n t h e m atri x r e pr es e nt ati o n cl o c k wis e i n t h e Q H E
c y cl e st arti n g wit h t h e gr o u n d st at e b , i. e. { b, 1 , 2 , α, β} . T h e tr a nsiti o n b et w e e n t h e
st at es { α, β } is n e gl e ct e d f or n o w a n d will b e a d d e d at t h e v er y e n d.

T h e all o w e d tr a nsiti o ns d et er mi n e t h e s et of t h e tr a nsiti o n fr e q u e n ci es w hi c h w e s u m
o v er i n t h e Q O M E. T h es e i n cl u d e t h e a n g ul ar fr e q u e n ci es { ω b 1 2 , ωα 1 2 , ωb β } w h er e ω A B

d e n ot es t h e fr e q u e n c y c orr es p o n di n g t o t h e e n er g y di ff er e n c e E B − E A = ω A B . We c a n
t hi n k of t h e s u m o v er di ff er e nt tr a nsiti o n fr e q u e n ci es as a s u m o v er di ff er e nt s u bs yst e ms.
I n o ur c as e, w e h a v e t w o V-t y p e s yst e ms: ˆK (ω b 1 2 , Th ) a n d ˆK (ω α 1 2 , Tc ) o p er ati n g b et w e e n
t h e st at es { b, 1 , 2 } a n d { α, 1 , 2 } r es p e cti v el y, a n d a t w o-l e v el s yst e m ˆK (ω b β , Tc ) o p er ati n g
b et w e e n { b, β } . T h es e s yst e ms ar e c o u pl e d t o t h eir r es p e cti v e b at hs, i. e. t h e h ot (T h ) or
t h e c ol d (T c ) b at h, a n d a d d u p t o f or m t h e Q H E m o d el:

d

dt
ρ̂ S = ˆK (ω b 1 2 , Th ) + ˆK (ω α 1 2 , Tc ) + ˆK (ω b β , Tc ),

ˆK (ω, T ) =γ (ω, T )( 2 ˆA ρ̂ S I
ˆA † − ˆA † ˆA ρ̂ S I

− ρ̂ S I
ˆA † ˆA )

+ γ (− ω, T )( 2 ˆA † ρ̂ S I
ˆA − ˆA ˆA † ρ̂ S I

− ρ̂ S I
ˆA ˆA † ).
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N ot e t h at t h e e x pr essi o n f or ˆK (ω, T ) is writt e n i n o n e di m e nsi o n, as i n e q. ( 2. 1 7). I n
or d er t o arri v e at t h e e q u ati o ns f or t h e t w o-l e v el s yst e m, it is c o n v e ni e nt t o c o nsi d er t h e
e q u ati o ns f or a t hr e e-l e v el V-t y p e s yst e m a n d s et o n e of t h e tr a nsiti o n di p ol e m o m e nts t o
z er o.

B esi d es t h e p o p ul ati o ns, t h e r el e v a nt r e d u c e d d e nsit y m atri x el e m e nts of t h e s u bs ys-
t e ms o nl y i n cl u d e t h e c o h er e n c es ρ 1 2 a n d ρ 2 1 ( w hi c h aris e i n t h e c al c ul ati o n f or t h e V-t y p e
s yst e m):

ρ̂ S =











ρ b b ρ b 1 ρ b 2 ρ b α ρ b β

ρ 1 b ρ 1 1 ρ 1 2 ρ 1 α ρ 1 β

ρ 2 b ρ 2 1 ρ 2 2 ρ 2 α ρ 2 β

ρ α b ρ α 1 ρ α 2 ρ α α ρ α β

ρ β b ρ β 1 ρ β 2 ρ β α ρ β β











. ( 3. 2)

We will arr a n g e t h e r el e v a nt el e m e nts ( bl a c k) i nt o a m ast er e q u ati o n a n d or d er t h e el e-
m e nts i n t h e st at e v e ct or ρ s u c h t h at t h e c o h er e n c es ar e at t h e e n d:

d

dt
ρ = ˆM ρ, ρ = ( ρ b b , ρ1 1 , ρ2 2 , ρα α , ρβ β , ρ1 2 , ρ2 1 )

T . ( 3. 3)

F or a c o n cis e d es cri pti o n, l et us i ntr o d u c e c o nst a nts a n al o g o us t o t h e o n es f or t h e
V-t y p e s yst e m ( 2. 2 0):

γ 1 h = α ω 3
b 1 2 |d b 1 |

2 , γ1 2 h = α ω 3
b 1 2 d b 1 · d ∗

b 2 ,  nh = N (ω b 1 2 , Th ),

γ 2 h = α ω 3
b 1 2 |d b 2 |

2 , γ1 2 c = α ω 3
α 1 2 d α 1 · d ∗

α 2 ,  nc = N (ω α 1 2 , Tc ),

γ 1 c = α ω 3
α 1 2 |d α 1 |

2 , Γ c = α ω 3
b β |d b β |

2 ,  Nc = N (ω b β , Tc ),

γ 2 c = α ω 3
α 1 2 |d α 2 |

2 ,  α = ( 3 π 0 c 3 ) − 1 . ( 3. 4)

We f urt h er gr o u p t h es e c o nst a nts t o g et h er:

( 1 + n h )γ 1 h = H 1 , ( 1 + n c )γ 1 c = C 1 ,  nc γ 1 c = c 1 ,  nh γ 1 h = h 1 ,

( 1 + n h )γ 2 h = H 2 , ( 1 + n c )γ 2 c = C 2 ,  nc γ 2 c = c 2 ,  nh γ 2 h = h 2 ,

( 1 + n h )γ 1 2 h = 2 H 1 2 , ( 1 + n c )γ 1 2 c = 2 C 1 2 ,  nc γ 1 2 c = 2 c 1 2 ,  nh γ 1 2 h = 2 h 1 2 ,

( 1 + N c ) Γ c = C 0 ,  Nc Γ c = c 0 . ( 3. 5)

I n a d diti o n t o t h e tr a nsiti o ns g o v er n e d b y t h e Q O M E, w e d es cri b e t h e o n e- w a y tr a nsiti o n
b et w e e n t h e st at es { α, β } b y a n o n- n e g ati v e tr a nsiti o n r at e Γ . D uri n g t his tr a nsiti o n,
p art of t h e e n er g y tr a nsf er c orr es p o n ds t o us ef ul w or k a n d t h er ef or e t h e r at e Γ c o ntr ols
t h e p o w er o ut p ut of t h e Q H E, s e e fi g. 3. 1 a n d s e c. 3. 9. T o t est t h e st a bilit y of t h e r es ult,
w e als o i n cl u d e a p h e n o m e n ol o gi c al d e c o h er e n c e r at e m o d eli n g t h e d e c a y of t h e c o h er e n c e
el e m e nts ρ 1 2 a n d ρ 2 1 . T h es e t w o p h e n o m e n ol o gi c al e ff e cts c orr es p o n d t o t h e f oll o wi n g
d y n a mi cs:

ρ̇ α α

ρ̇ β β
=

− Γ 0
0  + Γ

ρ α α

ρ β β
,

ρ̇ 1 2

ρ̇ 2 1
=

− Λ / 2 0
0 − Λ / 2

ρ 1 2

ρ 2 1
. ( 3. 6)
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T h e tr a nsiti o n m atri x of t h e t h e r es ulti n g m ast er e q u ati o n r e a ds:

ˆM =




















− c 0 − h 1 − h 2 H 1 H 2 0 C 0 2 H 1 2 2 H ∗
1 2

h 1 − C 1 − H 1 0 c 1 0 − C 1 2 − H 1 2 − C ∗
1 2 − H ∗

1 2

h 2 0 − C 2 − H 2 c 2 0 − C 1 2 − H 1 2 − C ∗
1 2 − H ∗

1 2

0 C 1 C 2 − c 1 − c 2 − Γ 0 2 C 1 2 2 C ∗
1 2

c 0 0 0  Γ − C 0 0 0

2 h ∗
1 2 − C ∗

1 2 − H ∗
1 2 − C ∗

1 2 − H ∗
1 2 2 c ∗

1 2 0 − ( C 1 + C 2 +
+ H 1 + H 2 + Λ ) / 2 0

2 h 1 2 − C 1 2 − H 1 2 − C 1 2 − H 1 2 2 c 1 2 0 0 − ( C 1 + C 2 +
+ H 1 + H 2 + Λ ) / 2




















.

( 3. 7)

L astl y , w e s e e t h at t h e pr o b alit y i n t h e p o p ul ati o ns i ρ ii is c o ns er v e d:

i

d

dt
ρ ii(t) = 0. ( 3. 8)

3. 3 S ol u ti o n s t o t h e m a s t e r e q u a ti o n

T h e o bt ai n e d m ast er e q u ati o n is a s yst e m of first- or d er li n e ar h o m o g e n e o us di ff er e nti al
e q u ati o ns:

d

dt
ρ = ˆM ρ. ( 3. 9)

T h e e v ol uti o n of a s p e ci fi c i niti al st at e ρ (t0 ) fr o m ti m e t0 t o t is g o v er n e d b y t h e pr o p a g at or
Û M (t, t0 ):

ρ (t) = Û M (t, t0 )ρ (t0 ) = e x p M (t − t0 ) ρ (t0 ). ( 3. 1 0)

We c a n o bt ai n t h e st e a d y-st at e s ol uti o ns ρ st fr o m t h e n ull s p a c e of t h e tr a nsiti o n
m atri x k er( ˆM ):

d

dt
ρ st = ˆM ρ st = 0 . ( 3. 1 1)

T h e st e a d y-st at e v e ct ors ρ st d o n ot e v ol v e i n ti m e a n d t h er ef or e d e p e n d o nl y o n t h e
p ar a m et ers d et er mi ni n g t h e m atri x ˆM . T h es e c a n b e e x pr ess e d usi n g t h e r at es Γ a n d Λ ,
t h e t e m p er at ur es T h a n d T c , t h e e n er gi es E b , Eα , E1 2 a n d E β , a n d t h e tr a nsiti o n di p ol e
m o m e nts d b 1 , d b 2 , d α 1 , d α 2 a n d d b β . We s h all c all t h e s ets of p ar a m et ers d et er mi ni n g t h e
st e a d y-st at e v e ct or

ρ st = ρ st ( Γ, Th , Tc , Eb , E1 2 , Eα , Eβ , d b 1 , d b 2 , d α 1 , d α 2 , d b β , Λ) ,

t h e m o d el p a r a m et e r s . Us u all y, o n e e x p e cts t h e n ulls p a c e of ˆM t o b e o n e- di m e nsi o n al.
H o w e v er, as w e s h all s e e l at er, c o nstr ai nts o n t h e c o e ffi ci ets of t h e tr a nsiti o n m atri x ˆM
c a n r es ult i n a m or e t h a n o n e- di m e nsi o n al n ull s p a c e. T h e si g ni fi c a n c e of t h es e a d diti o n al
st e a d y-st at e s ol uti o ns will b e dis c uss e d s e p ar at el y (s e e s e cs. 4. 1, 4. 3, 4. 6).
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3. 4 F u n d a m e n t al p r o c e s s e s

T o i nt er pr et t h e e q u ati o ns of m oti o n, w e r e c all t h e Ei nst ei n c o e ffi ci e nts [ 1 6] A a n d B
c orr es p o n di n g t o t h e pr o c ess es of s p o nt a n e o us e missi o n a n d sti m ul at e d e missi o n a n d a b-
s or bti o n. T h e f oll o wi n g e q u ati o ns d es cri b e t h es e pr o c ess es i n a s yst e m wit h N 0 + N 1 at o ms
i nt er a cti n g wit h el e ctr o m a g n eti c r a di ati o n i n t h er m o d y n a mi c e q uili bri u m w h er e N 0 is t h e
n u m b er of at o ms i n t h e gr o u n d st at e a n d N 1 is t h e n u m b er of at o ms i n t h e e x cit e d st at e:

d N 0

dt
a b s

= − u (ω, T )B N 1 = −
d N 1

dt
a b s

, ( 3. 1 2)

d N 1

dt
sti m

= − u (ω, T )B N 1 = −
d N 0

dt
sti m

, ( 3. 1 3)

d N 1

dt
s p o nt

= − A N 1 = −
d N 0

dt
s p o nt

. ( 3. 1 4)

T h e f u n cti o n u (ω, T ) is t h e s p e ctr al e n er g y d e nsit y at a n g ul ar fr e q u e n c y ω a n d t e m p er a-
t ur e T gi v e n b y Pl a n c k’s l a w of bl a c k b o d y r a di ati o n,

u (ω, T ) =
2 ω 3

π c 3

1

e x p ω
k b T

− 1
=

A

B
N (ω ). ( 3. 1 5)

It is a n i nt er esti n g f a ct t h at t h e s p o nt a n e o us e missi o n is t e m p er at ur e i n d e p e n d e nt
a n d c a us es a n e x p o n e nti al d e c a y of t h e e x cit e d st at e, w h er e as t h e sti m ul at e d pr o c ess es
d e p e n d o n t h e s p e ctr al e n er g y d e nsit y. F urt h er m or e, t h e s p o nt a n e o us e missi o n c a n b e
r e g ar d e d as t h e sti m ul at e d e missi o n pr o c ess c a us e d b y a virt u al p h ot o n c o mi n g fr o m
v a c u u m fl u ct u ati o ns. T h e p h as e, t h e p ol ari z ati o n a n d t h e dir e cti o n of pr o p a g ati o n of t h e
e mitt e d p h ot o n ar e t h e n r a n d o m, u nli k e i n t h e pr o c ess of sti m ul at e d e missi o n w h er e t h e
e mitt e d p h ot o n is cr e at e d i n t h e s a m e st at e as t h e r e al sti m ul ati n g p h ot o n [ 1 6].

S u m m ati o n of t h e pr o c ess es ( 3. 1 2 − 3. 1 4) a n d a r e arr a n g m e nt yi el ds:

d N 1

dt
= −

d N 0

dt
=

d N 1

dt
a b s

+
d N 1

dt
sti m

+
d N 1

dt
s p o nt

= A [
B

A
u (ν )N 0 − ( 1 +

B

A
u (ν ))N 1 ]

= A [N (ω )N 0 − ( 1 + N (ω ))N 1 ],

w hi c h c a n b e p ut i nt o a m atri x f or m:

d

dt

N 0

N 1
= A

− N (ω ) ( 1 + N (ω ))
N (ω ) − ( 1 + N (ω ))

N 0

N 1
. ( 3. 1 6)

T his 2 × 2 m atri x all o ws us t o s e e t h e f o ot pri nts of t h e pr o c ess es ( 3. 1 2 − 3. 1 4) i n t h e
tr a nsiti o n m atri x:
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M̂ =



ρbb ρ11 ρ22 ραα ρββ ρ12 ρ21

ρ̇bb −c0−h1−h2 H1 H2 0 C0 2H12 2H∗12

ρ̇11 h1 −C1−H1 0 c1 0 −C12−H12 −C∗12−H
∗
12

ρ̇22 h2 0 −C2−H2 c2 0 −C12−H12 −C∗12−H
∗
12

ρ̇αα 0 C1 C2 −c1−c2−Γ 0 2C12 2C∗12

ρ̇ββ c0 0 0 Γ −C0 0 0
ρ̇12 2h∗12 −C∗12−H

∗
12 −C∗12−H

∗
12 2c∗12 0 −(C1+C2+

+H1+H2+Λ)/2 0

ρ̇21 2h12 −C12−H12 −C12−H12 2c12 0 0 −(C1+C2+
+H1+H2+Λ)/2


.

(3.17)

Specifically, we can compare the form of the equation (3.16) with the coefficients in
the upper left 5×5 part of the transition matrix in eq. (3.17).1 From the definition of the
coefficients, see eqs. (3.4) and (3.5), we check that the processes are indeed contained in
the transition matrix. For example, the coefficients in red correspond to the transition
between the states {b, 1} where the rate H1 is the rate of the emission process (both
stimulated and spontaneous emission) and the rate h1 is the rate of absorption.

The presence of these processes can be further supported by checking the standard
result that in the dipole approximation the rate of spontaneous emission is proportional
to the square of the transition dipole moment, see eqs. (3.4) and (3.5).

Notice that the rates of emission {C1, C2, H1, H2} from the upper states contribute to
the decay of the coherences.

3.5 Alignment of transition dipole moments
Besides the dynamics in the upper left 5×5 part of the transition matrix in eq. (3.17),
we have terms describing the coherent part of the fundamental processes arising from the
degeneracy of the upper energy levels. The rate constants {c12, C12} and {h12, H12} are
proportional to the dot products of the transition dipole moments dα1 · d∗α2 and db1 · d∗b2
respectively, see eqs. (3.4) and (3.5). The values of these dot products clearly affect the
behaviour of the coherences and if we set them to zero, the open system is always in
a non-coherent state (ρ12 = ρ21 = 0). We can also push the open system towards a non-
coherent state by increasing the decoherence rate Λ. Therefore, we call either of these
cases where c12 =C12 =h12 =H12 = 0 or Λ→∞ the no coherence case.

3.6 Probability currents
The conservation of probability tells us that the changes in the populations are caused
by the flow of probability, i.e. probability currents. Let us denote a probability current

1The added top row and left column in eq. (3.17) serve for better orientation in the transition matrix.
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fr o m t h e p o p ul ati o n ρ ii t o ρ k k as j i k . T h e c o ns er v ati o n of pr o b a bilit y t h e n r e a ds:

d

dt
ρ ii(t) = −

k = i

j i k (t) =
k = i

j ki (t), ( 3. 1 8)

w h er e w e h a v e us e d t h e pr o p ert y j i k (t) = − j ki (t) of c urr e nts. We ar e d e fi ni n g pr o b a bilit y
c urr e nts b et w e e n p o p ul ati o ns o nl y a n d t h us w e c a n r estri ct o urs el v es t o t h e first fi v e r o ws
of t h e tr a nsiti o n m atri x: 2













ρ b b ρ 1 1 ρ 2 2 ρ α α ρ β β ρ 1 2 ρ 2 1

ρ̇ b b − c 0 − h 1 − h 2 H 1 H 2 0 C 0 2 H 1 2 2 H ∗
1 2

ρ̇ 1 1 h 1 − C 1 − H 1 0 c 1 0 − C 1 2 − H 1 2 − C ∗
1 2 − H ∗

1 2

ρ̇ 2 2 h 2 0 − C 2 − H 2 c 2 0 − C 1 2 − H 1 2 − C ∗
1 2 − H ∗

1 2

ρ̇ α α 0 C 1 C 2 − c 1 − c 2 − Γ 0 2 C 1 2 2 C ∗
1 2

ρ̇ β β c 0 0 0  Γ − C 0 0 0













.

I n t h e n o c o h er e n c e c as e, w e c a n i d e ntif y t h e pr o b a bilit y c urr e nts, i. e. tr a c e t h e c h a n g es
i n t h e p o p ul ati o ns, b y f oll o wi n g t h e f u n d a m e nt al pr o c ess es. T h e pr o b a bilit y c urr e nt j i k

t h e n h as t h e f or m:
j i k (|d i k |

2 ) = γ 1 (|d i k |
2 )ρ ii − γ 2 (|d i k |

2 )ρ k k ,

w h er e t h e r at es γ 1 a n d γ 2 ar e pr o p orti o n al t o t h e s q u ar e of t h e tr a nsiti o n di p ol e m o m e nt
|d i k |

2 . As a n e x a m pl e, t h e pr o b a bilit y c urr e nt b et w e e n t h e st at es { b, β } r e a ds:

j b β = c 0 ρ b b − C 0 ρ β β

= α ω 3
b β |d b β |

2 (N c ρ b b − ( 1 + N c )ρ β β ).

T h e s p e ci al c as e is t h e tr a nsiti o n b et w e e n t h e st at es { α, β } w hi c h is n ot m o d el e d wit h
si m pl e a bs or pti o n a n d e missi o n pr o c ess es. It is m o d el e d s o t h at t h e r at e of e x cit ati o n
fr o m β t o α is z er o a n d t h e r at e of d e e x cit ati o n is g o v er n e d b y t h e r at e Γ ,

j α β = Γ ρ α α .

I n t h e g e n er al c as e, t h e p o p ul ati o ns ar e als o a ff e ct e d b y t er ms pr o p orti o n al t o t h e d ot
pr o d u cts of t h e tr a nsiti o n di p ol e m o m e nts, d α 1 · d ∗

α 2 a n d d b 1 · d ∗
b 2 , a n d t h e c o h er e n c es

ρ 1 2 a n d ρ 2 1 . T h es e t er ms aris e b e c a us e of c o h er e nt e x cit ati o n t o t h e u p p er d e g e n er at e
l e v els { 1 , 2 } , i. e. w h e n t h e o p e n s yst e m is e x cit e d i nt o a s u p er p ositi o n of t h es e st at es.
T h e c o ns er v ati o n of pr o b a bilit y t ells us t h at t h es e t er ms m ust m o dif y t h e s u ms of t h e
pr o b a bilit y c urr e nts j b 1 + j α 1 a n d j b 2 + j α 2 c o n n e ct e d t o t h es e l e v els:

ρ̇ 1 1 = j b 1 + j α 1 = h 1 ρ b b + c 1 ρ α α − (C 1 + H 1 )ρ 1 1 − (C 1 2 + H 1 2 )ρ 1 2 − (C ∗
1 2 + H ∗

1 2 )ρ 2 1 ,

ρ̇ 2 2 = j b 2 + j α 2 = h 2 ρ b b + c 2 ρ α α − (C 2 + H 2 )ρ 1 1 − (C 1 2 + H 1 2 )ρ 1 2 − (C ∗
1 2 + H ∗

1 2 )ρ 2 1 .

We c a n s plit t h es e n e w t er ms b y disti n g uis hi n g b et w e e n t h e h ot a n d c ol d V-t y p e s yst e ms,
s u c h t h at t h e c urr e nts j b 1 a n d j b 2 n o w als o h a v e t er ms pr o p orti o n al t o d b 1 · d ∗

b 2 , a n d j α 1

a n d j α 2 t er ms pr o p orti o n al t o d α 1 · d ∗
α 2 . Fi n all y, w e writ e d o w n t h e pr o b a bilit y c urr e nts

2 T h e a d d e d t o p r o w a n d l eft c ol u m n s er v e f or b ett er ori e nt ati o n i n t h e tr a n siti o n m atri x.
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i n t h e g e n er al c as e:

j b 1 (|d b 1 |
2 , d b 1 · d ∗

b 2 ) = h 1 ρ b b − H 1 ρ 1 1 − H 1 2 ρ 1 2 − H ∗
1 2 ρ 2 1 ,

j b 2 (|d b 2 |
2 , d b 1 · d ∗

b 2 ) = h 2 ρ b b − H 2 ρ 2 2 − H 1 2 ρ 1 2 − H ∗
1 2 ρ 2 1 ,

j α 1 (|d α 1 |
2 , d α 1 · d ∗

α 2 ) = c 1 ρ α α − C 1 ρ 1 1 − C 1 2 ρ 1 2 − C ∗
1 2 ρ 2 1 ,

j α 2 (|d α 2 |
2 , d α 1 · d ∗

α 2 ) = c 2 ρ α α − C 2 ρ 2 2 − C 1 2 ρ 1 2 − C ∗
1 2 ρ 2 1 ,

j b β (|d b β |
2 ) = c 0 ρ b b − C 0 ρ β β ,

j α β ( Γ) = Γρ α α . ( 3. 1 9)

If w e m er g e t h e st at es { 1 , 2 } , t h e tr a nsiti o ns b et w e e n t h e e n er g y l e v els f or m a si n gl e
l o o p, s e e fi g. 3. 1. F or t his si n gl e l o o p, t h e c o ns er v ati o n of pr o b a bilit y i n t h e st e a d y st at e
i m pli es t h at t h er e e xists a si n gl e st e a d y-st at e c urr e nt j w hi c h w e d e fi n e i n t h e cl o c k wis e
dir e cti o n (i n t h e Q H E di a gr a m),

j
s. s.
= j α β

s. s.
= j β b

s. s.
= j b 1 + j b 2

s. s.
= j 1 α + j 2 α , ( 3. 2 0)

L astl y, it is c o n v e ni e nt t o n oti c e t h at t h e s h ort est e x pr essi o n f or t h e st e a d y-st at e c urr e nt
j is t h e e q. ( 3. 1 9).

3. 7 E n e r g y c u r r e n t s

We d e fi n e a n e n er g y c urr e nt u A B as t h e pr o b a bilit y c urr e nt j A B m ulti pli e d b y t h e e n er g y
c h a n g e E B − E A d uri n g t h e tr a nsiti o n,

u A B = j A B (E B − E A ). ( 3. 2 1)

F or p ositi v e st e a d y-st at e c urr e nt j > 0 a n d f or b at hs wit h di ff er e nt t e m p er at ur es s u c h t h at
T h > T c , w e gr o u p t o g et h er t h e e n er g y c urr e nts t o f or m t h e a v er a g e h e at fl o wi n g i n (q i n)
a n d o ut ( q o ut ) of t h e o p e n s yst e m:

q i n = u b 1 2 = j b 1 2 (E 1 2 − E b )
s. s.
= j (E 1 2 − E b ), ( 3. 2 2)

q o ut = u 1 2 α + u β b = − j α 1 2 (E 1 2 − E α ) − j b β (E β − E b )
s. s.
= j (E 1 2 − E α + E β − E b ). ( 3. 2 3)

We h a v e o m mit e d t h e o n e- w a y tr a nsiti o n b et w e e n t h e l e v els { α, β } c o ntr oll e d b y t h e r at e
Γ w hi c h w e ass u m e c o nsists of b ot h p o w er o ut p ut ( p o ut ) a n d h e at o ut fl o w ( q o ut ):

p o ut + q o ut = u α β = j α β (E α − E β )
s. s.
= j (E α − E β ). ( 3. 2 4)

T h e c o ns er v ati o n of e n er g y i n t h e o p e n s yst e m t h e n r e a ds:

u = q i n − q o ut − q o ut − p o ut = 0 . ( 3. 2 5)

It f oll o ws i m m e di at el y t h at t h e c o ns er v ati o n of e n er g y i n t h e o p e n s yst e m m ust h ol d i n
t h e st e a d y st at e:

u̇
s. s.
= 0 .
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3. 8 A v ail a bl e w o r k a t c o n s t a n t t e m p e r a t u r e

T h e a v ail a bl e e n er g y ( us ef ul w or k) at c o nst a nt t e m p er at ur e c orr es p o n ds t o t h e c h a n g e i n
t h e H el m h olt z fr e e e n er g y, F = U − T S ,

d̄ W = d F |T = d U |T + T d S. ( 3. 2 6)

If w e vi e w t h e tr a nsiti o n { α, β } as a t h er m o d y n a mi c pr o c ess at c o nst a nt t e m p er at ur e
(T c ), t h e a v ail a bl e e n er g y ∆ F α → β al o n g t his tr a nsiti o n t h e n c orr es p o n ds t o t h e e n er g y
di ff er e n c e c orr e ct e d b y t h e c h a n g e of e ntr o p y [ 1 7],

∆ F α → β = E α − E β − T c ( ∆S α → β )

= E α − E β − T c (− k B l o g ρ α α + k B l o g ρ β β )

= E α − E β + k B T c l o g ρ α α

ρ β β
. ( 3. 2 7)

W h e n Γ is z er o, t h e st e a d y-st at e c urr e nt t hr o u g h t h e o p e n s yst e m v a nis h es (t h e Q H E
l o o p is br o k e n). We s h all r ef er t o t his st at e as t h e o p e n ci r c uit a n d r ef er t o t h e ass o ci at e d
v olt a g e a n d fr e e e n er g y as t h e o p e n cir c uit v olt a g e V o c a n d t h e o p e n cir c uit fr e e e n er g y
∆ F o c ,

e V o c = ∆ F o c = ∆ F α → β ( Γ = 0, Th , Tc , Eb , ..., d b 1 , ..., τ)

= E α − E β + k B T c l o g ρ α α

ρ β β Γ = 0
. ( 3. 2 8)

T o e xtr a ct t h e a v ail a bl e e n er g y w e all o w t h e o p e n s yst e m t o tr a nsiti o n fr o m α t o β b y
i n cr e asi n g t h e r at e Γ fr o m z er o. T h e p o w er o ut p ut p o ut of t h e Q H E is t h e n c al c ul at e d as
t h e pr o b a bilit y c urr e nt m ulti pli e d b y t h e a v ail a bl e e n er g y a n d w e n ot e t h at t his yi el ds t h e
st a n d ar d f or m ul a f or el e ctri c al p o w er o ut p ut:

p o ut ( Γ) = j α β ∆ F α → β
s. s.
= j e V. ( 3. 2 9)

3. 9 W o r k r a t e of t h e e n gi n e

B y v ar yi n g t h e p h e n o m e n ol o gi c al r at e Γ wit h all ot h er st e a d y-st at e p ar a m et ers fi x e d,
w e e x pl or e di ff er e nt l o a ds a cr oss t h e tr a nsiti o n { α, β } a n d dis c o v er t h e c urr e nt- v olt a g e
c h ar a ct eristi c of t h e Q H E. L et us, t h er ef or e, c o nsi d er t h e p ossi bl e v al u es of t h e r at e Γ .
We o nl y ass u m e n o n- n e g ati v e v al u es b ut w e als o e x p e ct t h at t h er e e xists a n u p p er- b o u n d
Γ m a x d u e t o o ur r e q uir e m e nt t h at t h e a v ail a bl e e n er g y is n ot n e g ati v e:

∆ F α → β ( Γ) ≥ 0 . ( 3. 3 0)

T his is b e c a us e t h e r at e Γ g o v er ns t h e c urr e nt a n d is a bl e t o l o w er t h e v olt a g e ( a v ail-
a bl e e n er g y) t o n e g ati v e v al u es w hi c h c orr es p o n ds t o a n i n p ut of e n er g y i nt o t h e o p e n
s yst e m. As a n ot h er e x a m pl e, c o nsi d er t h e st e a d y st at e wit h e q u al t e m p er at ur es, T c = T h .
A p ositi v e v al u e of Γ w o ul d m o v e t h e o p e n s yst e m o ut of t h er m o d y n a mi c e q uili bri u m a n d
t his w o ul d a g ai n r e q uir e a n i n p ut of e n er g y.

1 9



3. 1 0 E n t r o p y a n d e ffi ci e n c y

T h e t ot al e ntr o p y pr o d u cti o n s t ot c o nsists of t h e e ntr o p y c h a n g es i n t h e o p e n s yst e m s s y s

a n d t h e c h a n g es i n t h e b at hs s b at h s ,

s t ot = s s y s + s b at h s . ( 3. 3 1)

We c a n tr a c k t h e e ntr o p y c h a n g es i n t h e b at hs b y f oll o wi n g t h e h e at e x c h a n g es:

s b at h s =
q o ut + q o ut

T c

−
q i n

T h

. ( 3. 3 2)

O n t h e ot h er h a n d, t h er e ar e m a n y w a ys t o q u a ntif y t h e e ntr o p y c h a n g es i n t h e o p e n
s yst e m s u c h as v o n N e u m a n ns’ e ntr o p y. N e v ert h el ess, if w e r estri ct o ur i nt er est t o t h e
st e a d y st at e, t h e r e d u c e d d e nsit y m atri x ρ̂ S st a ys c o nst a nt a n d c o ns e q u e ntl y t h e e ntr o p y
of t h e o p e n s yst e m t o o. T h e e ntr o p y pr o d u cti o n i n t h e st e a d y st at e t h us r e a ds:

s t ot
s. s.
= j

E 1 2 − E b − ∆ F α → β

T c

−
E 1 2 − E b

T h

. ( 3. 3 3)

Si n c e w e ass u m e o nl y n o n- n e g ati v e c urr e nts, t h e s e c o n d pr o d u ct i n t h e p ar e nt h es es m ust
b e als o n o n- n e g ati v e ( d u e t o t h e s e c o n d l a w of t h er m o d y n a mi cs). T his r e q uir e m e nt yi el ds
t h e b o u n d o n t h e v olt a g e w hi c h c orr es p o n ds t o t h e C ar n ot li mit η c o n e ffi ci e n c y of t h e
Q H E η :

∆ F α → β ≤ (E 1 2 − E b )( 1 − T c / T h ),

η =
p o ut

q i n

=
∆ F α → β

E 1 2 − E b

≤ 1 − T c / T h = η c . ( 3. 3 4)

B e c a us e a n y c urr e nt n e c ess aril y l o w ers t h e v olt a g e, it f oll o ws t h at t h e c urr e nt v a nis h es at
t h e m a xi m u m v olt a g e V o c c orr es p o n di n g t o z er o e ntr o p y pr o d u cti o n. T h er ef or e w e h a v e:

e V o c = ∆ F o c = ( E 1 2 − E b )( 1 − T c / T h ). ( 3. 3 5)

T his is ill ustr at e d wit h e x a m pl e m o d el p ar a m et ers i n fi g. 3. 2.
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Figure 3.2: a) The current-voltage characteristic (red) obtained by variation of Γ for model
parameters A (see Appendix) which include Tc = 300K, Th = 6000K, in the no coherence
case. The current rises significantly for voltages close to the open circuit but soon reaches
a point where it slowly converges to its maximum value at zero voltage.
b) The efficiency (violet) is proportional to the voltage, see eq. (3.34), and approaches
the Carnot limit ηc (black) where the current vanishes.
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Let us note that when we assume a small steady-state current, i.e. an efficient QHE,
we find that the power output becomes approximately proportional to the current (see
figure 3.3),

pout = j∆Fα→β ≈ jeVoc ≈ j(E12 − Eb)(1− Tc/Th).

For devices operating near the open circuit, one therefore tries to maximize the current.
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Figure 3.3: a) The current-voltage characteristic (red) obtained by variation of Γ for
model parameters A (see Appendix), in the no coherence case.
b) The power output pout (blue) of the QHE.

The current-voltage characteristics shown in figures 3.2 and 3.3 strongly resemble the
current-voltage characteristics of solar cells [18] and one can, therefore, associate the
variation of the rate Γ to the variation of electrical resistance in solar cells.
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4. C o h e r e n c e

We n o w t ur n o ur att e nti o n t o t h e e ff e cts of c o h er e n c e i n t h e st e a d y st at e. T o si m plif y t h e
a n al ysis, w e will f oll o w t h e a p pr o xi m ati o ns p erf or m e d b y D orf m a n et al. (i n [ 8]) w hi c h
will s u bst a nti all y r e d u c e t h e n u m b er of p ar a m et ers. B ef or e t h at, h o w e v er, w e t a k e a l o o k
at t h e p h e n o m e n o n c all e d t h e d a r k st at e a n d i ntr o d u c e a p ar a m etri z ati o n of t h e r at es
a ff e cti n g c o h er e n c e.

4. 1 D a r k s t a t e of V- t y p e s y s t e m

L et us r estri ct o urs el v es t o t h e si m pl e V-t y p e 3-l e v el o p e n s yst e m, pr es e nt e d i n s e cti o n
2. 2. T h e st e a d y st at e c a n b e d et er mi n e d b y j ust 4 p ar a m et ers { n, γ 1 , γ2 , γ1 2 } ,

n =
1

e x p( ω
k B T

) − 1
, γ1 = α ω 3 |d 0 1 |

2 , γ2 = α ω 3 |d 0 2 |
2 , γ1 2 = α ω 3 d 0 1 · d ∗

0 2 ,

w h er e t h e r at e γ 1 2 is g e n er all y c o m pl e x a n d its m o d ul us is b o u n d e d b y t h e C a u c h y-
S c h w art z i n e q u alit y,

|γ 1 2 | = α ω 3 |d 0 1 · d ∗
0 2 | ≤ α ω 3 |d 0 1 | |d 0 2 | .

We i ntr o d u c e a p ar a m et er δ ∈ − 1 , 1 t o c o ntr ol t h e r el ati v e str e n gt hs of t h e r at es γ 1 a n d
γ 2 a n d t h e n w e r estri ct γ 1 2 t o its m a xi m u m m o d ul us wit h a n d a n ar bitr ar y p h as e ϕ :

γ 1 = γ ( 1 + δ ), γ2 = γ ( 1 − δ ), γ1 2 =
√

γ 1 γ 2 e
i ϕ = γ ( 1 + δ )( 1 − δ )e i ϕ.

Wit h t h e m o d ul us of γ 1 2 s et t o m a xi m u m, t h e n ulls p a c e of t h e tr a nsiti o n m atri x ( 2. 2 1)
b e c o m es t w o- di m e nsi o n al a n d w e o bt ai n t w o st e a d y-st at e s ol uti o ns { ρ̂ 1 , ρ̂ 2 } . O n e of t h es e
st e a d y st at es d e p e n ds o nl y o n δ a n d ϕ a n d d u e t o t his n o n-i nt er a cti n g q u alit y w e c all it
a d a r k st at e :

ρ̂ 1 =






ρ 0 0 ρ 0 1 ρ 0 2

ρ 1 0 ρ 1 1 ρ 1 2

ρ 2 0 ρ 2 1 ρ 2 2




 =

1

2






0 0 0

0 1 − δ −
√

1 − δ 2 e − i ϕ

0 −
√

1 − δ 2 e i ϕ 1 + δ




 . ( 4. 1)

T his st at e is p ur e, i. e. tr( ρ̂ 2
1 ) = 1, a n d c orr es p o n ds t o t h e f oll o wi n g s u p er p ositi o n |φ :

ρ̂ 1 = |φ φ | , |φ =
e i α

√
2

√
1 − δ |1 −

√
1 + δ e i ϕ |2 .

It f oll o ws t h at if t h e i niti al st at e ρ̂ ( 0) c a n b e p artl y d e c o m p os e d i nt o t h e d ar k st at e
|φ φ | a n d s o m e ot h er st at e, t h e f or m er p art of t h e i niti al st at e r e m ai ns c o nst a nt. F ur-
t h er m or e, t h e e x pr essi o n f or t h e g e n er al st e a d y-st at e s ol uti o n h as a dis c o nti n uit y at t his
p oi nt a n d t h e n u m eri c al c al c ul ati o ns i n t h e n ei g h b o ur h o o d of t his p oi nt n e e d t o b e p er-
f or m e d c ar ef ull y. T h e s e c o n d st e a d y-st at e s ol uti o n c orr es p o n ds t o a mi x e d st at e w hi c h is
i n t h er m o d y n a mi c e q uili bri u m at t e m p er at ur e T,

ρ̂ 2 =






ρ 0 0 ρ 0 1 ρ 0 2

ρ 1 0 ρ 1 1 ρ 1 2

ρ 2 0 ρ 2 1 ρ 2 2




 =

1

1 + 3 n






1 + n 0 0
0 n 0
0 0 n




 . ( 4. 2)
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4. 2 C o h e r e n c e p a r a m e t e r s

We n o w pr o c e e d t o t h e Q H E a n d st art b y i ntr o d u ci n g a m or e c o n v e ni e nt p ar a m etri z ati o n.
T h e m o d uli of t h e d ot pr o d u ct t er ms ar e b o u n d e d b y t h e C a u c h y- S c h w art z i n e q u alit y,

|d b 1 · d ∗
b 2 | ≤ |d b 1 | |d b 2 | , |d α 1 · d ∗

α 2 | ≤ |d α 1 | |d α 2 | .

L et us d e n ot e t h e p h as es of d b 1 ·d ∗
b 2 a n d d α 1 ·d ∗

α 2 as ϕ h a n d ϕ c r es p e cti v el y. T o c o ntr ol t h e
m o d uli of γ 1 2 c a n d γ 1 2 h , w e i ntr o d u c e t w o r e al p ar a m et ers th a n d tc w h er e th , tc ∈ 0 , 1 ,

d b 1 · d ∗
b 2 = |d b 1 | |d b 2 | ( 1 − th )e i ϕh , d α 1 · d ∗

α 2 = |d α 1 | |d α 2 | ( 1 − tc )e
i ϕc .

We will r ef er t o t h e c as e w h e n t h e m o d uli ar e at m a xi m u m a n d w h e n t h er e is n o d e c o h er-
e n c e, i. e. Λ = th = tc = 0 , as t h e m a xi m u m c o h e r e n c e c as e. N e xt, w e w o ul d li k e t o c o ntr ol
t h e r ati os γ 1 c / γ 2 c a n d γ 1 h / γ 2 h , w hil e k e e pi n g t h e s u ms γ 1 c + γ 2 c a n d γ 1 h + γ 2 h c o nst a nt.
T o a c hi e v e t his, w e i ntr o d u c e t w o p ar a m et ers δ c a n d δ h w h er e δ c , δh ∈ − 1 , 1 :

γ 1 h = γ h ( 1 + δ h ), γ1 c = γ c ( 1 + δ c ), γ1 2 c =
√

γ 1 c γ 2 c ( 1 − tc )e
i ϕc ,

γ 2 h = γ h ( 1 − δ h ), γ2 c = γ c ( 1 − δ c ), γ1 2 h =
√

γ 1 h γ 2 h ( 1 − th )e i ϕh .

We will r ef er t o t h e c as es δ c = δ h a n d δ c = − δ h as s a m e c h a n n el p r ef e r e n c e a n d o p p o-
sit e c h a n n el p r ef e r e n c e r es p e cti v el y a n d t o t h e c as e δ c = δ h = 0 as t h e n o c h a n n el p r ef e r-
e n c e c as e. N ot e t h at t h es e c as es t h e n a ff e ct t h e us e of t h e c h a n n els (b ↔ 1 ↔ α ) a n d
(b ↔ 2 ↔ α ). Wit h t h es e d e fi niti o ns, t h e g e n er al st e a d y st at e s ol uti o n is d et er mi n e d b y
1 4 r e al p ar a m et ers,

ρ st = ρ st (n c , nh , Nc , γh , γc , Γ , Γ c , δh , δc , ϕh , ϕc , th , tc , Λ) . ( 4. 3)

H o w e v er, t h e p o p ul ati o ns c a n o nl y d e p e n d o n t h e r el ati v e p h as e b et w e e n t h e d ot pr o d u cts
d b 1 · d ∗

b 2 a n d d α 1 · d ∗
α 2 , i. e. b et w e e n t h e r at es γ 1 2 c a n d γ 1 2 h , w hi c h w e d e n ot e θ :

θ = |ϕ h − ϕ c | . ( 4. 4)

T o st u d y t h e e ff e cts of c o h er e n c e, w e will us u all y fi x { n c , nh , Nc , γh , γc , Γ c , Γ } a n d v ar y
t h e p ar a m et ers of i nt er est { δ h , δc , θ, th , tc , Λ } w hi c h w e s h all r ef er t o as t h e c o h e r e n c e
p a r a m et e r s . T h e si g ni fi c a n c e of t h es e p ar a m et ers c a n b e s e e n i n fi g. 4. 1.

Fi g ur e 4. 1: F o ur c urr e nt- v olt a g e c h ar a ct eristi cs o bt ai n e d b y v ari ati o n of Γ , f or m o d el
p ar a m et ers B (s e e A p p e n di x) i n t h e m a xi m u m c o h er e n c e c as e Λ = th = tc = 0
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T h e fi g ur e 4. 1 s h o ws t h at w hil e t h e o v er all b e h a vi o ur of t h e c urr e nt- v olt a g e c h ar a c-
t eristi cs r e m ai ns t h e s a m e, t h e c urr e nt c a n b e si g ni fi c a ntl y a ff e ct e d b y t h es e p ar a m et ers
(i n t his c as e b y δ h , δc a n d θ ).

4. 3 D a r k s t a t e of t h e Q H E

T h e Q H E c o nsists of t w o V-t y p e s yst e ms a n d w e fi n d t h at f or c ert ai n c o h er e n c e p ar a m et ers
{ δ h , δc , θ, th , tc , Λ } t h er e e xists a d ar k st at e of t h e w h ol e Q H E. T h e d ar k st at e e m er g es i n
t h e c as e of i n- p h as e m a xi m u m c o h er e n c e t o g et h er wit h t h e s a m e c h a n n el pr ef er e n c e c as e,
i. e. f or θ = Λ = tc = th = 0 (ϕ h = ϕ c = ϕ ) a n d δ h = δ c = δ . T h e d ar k st at e t h e n h as t h e f or m:

|φ =
e i α

√
2

√
1 − δ |1 −

√
1 + δ e i ϕ |2 ,

ρ̂ S = |φ φ | =











ρ b b ρ b 1 ρ b 2 ρ b α ρ b β

ρ 1 b ρ 1 1 ρ 1 2 ρ 1 α ρ 1 β

ρ 2 b ρ 2 1 ρ 2 2 ρ 2 α ρ 2 β

ρ α b ρ α 1 ρ α 2 ρ α α ρ α β

ρ β b ρ β 1 ρ β 2 ρ β α ρ β β











=
1

2











0 0 0 0 0

0 1 − δ −
√

1 − δ 2 e − i ϕ 0 0

0 −
√

1 − δ 2 e i ϕ 1 + δ 0 0
0 0 0 0 0
0 0 0 0 0











.

( 4. 5)

N ot e t h at t h e e x pr essi o n f or t h e g e n er al st e a d y-st at e s ol uti o n h as a dis c o nti n uit y f or t h es e
p ar a m et ers a c c o u nti n g f or t h e e xtr a di m e nsi o n (t h e n ull s p a c e of t h e tr a nsiti o n m atri x ˆM
is t w o- di m e nsi o n al).

4. 4 A n al y ti c all y t r e a t a bl e p a r a m e t e r r e gi m e

T o d e m o nstr at e t h e e ff e cts of c o h er e n c e o n a sit u ati o n t h at is t o a l ar g e e xt e nt tr e at a bl e
a n al yti c all y, w e a d o pt a p ar a m et er r e gi m e i ns pir e d b y D orf m a n et al. [ 8],

n h 1 n c ≈ N C , γc Γ c γ h ≈ Γ . ( 4. 6)

S p e ci fi c all y, w e i ntr o d u c e a s c ali n g p ar a m et er s o t h at:

= N C = n c = n − 1
h =

γ c

Γ c

=
Γ c

γ h

=
Γ c

Γ
. ( 4. 7)

T his r e d u c es t h e d e p e n d e n c y of t h e p o p ul ati o ns fr o m 1 3 m o d el p ar a m et ers t o j ust 7:

{ n c , nh , Nc , γh , γc , Γ , Γ c , δh , δc , th , tc , θ, Λ } → { , δh , δc , th , tc , θ, Λ } .

N ot e t h at w e r e pl a c e d t h e a bs ol ut e p h as es ϕ c a n d ϕ c wit h t h e r el ati v e p h as e θ si n c e o nl y
t h e r el ati v e p h as e c a n a ff e ct t h e p o p ul ati o ns.

4. 5 Cl a s si c al c u r r e n t

We c a n fi n d t h e c urr e nt i n t h e n o c o h er e n c e c as e, w hi c h w e d e n ot e j̄ , b y eit h er s etti n g
t h e d ot pr o d u cts of t h e tr a nsiti o n di p ol e m o m e nts t o z er o ( th = tc = 1 ) or b y i n cr e asi n g
t h e d e c o h er e n c e c o nst a nt Λ t o i n fi nit y,

j̄ = li m
Λ → ∞

j = j |t h = t c = 1 . (j
s. s.
= Γ ρ α α ) ( 4. 8)

2 5



T h e d e p e n d e n c y of t h e st e a d y-st at e p o p ul ati o ns o n { Λ , θ, th , tc } t h e n v a nis h es a n d w e fi n d
i n t h e r e gi m e of s e c. 4. 4 t h at t h e c urr e nt is pr o p orti o n al t o t h e r at e γ c ,

j̄ (γ c , , δh , δc ) = γ c
2 ( δ 2

h − 1) + 2 (δ 2
h − 1) + 2 3 (δ 2

c − 1) + o ( 4 )

3 ( δ 2
h − 1) + 4 (δ 2

h − 1) + 2 2 (δ 2
h − 1) − 4 3 ( 3 + δ c δ h − 2 δ 2

h ) + o ( 4 )
,

j̄
→ 0

−− − → γ c
2

3
. ( 4. 9)

Wit h o ut c o h er e n c e t h e c urr e nt fl o ws cl assi c all y s o t h at t h e c h a n n els (b ↔ 1 ↔ α ) a n d
(b ↔ 2 ↔ α ) o p er at e s e p ar at el y. We c a n v erif y t his b y v ar yi n g t h e str e n gt hs of t h e r at es
γ 1 c , γ2 c a n d γ 1 h , γ2 h i n t h e s a m e c h a n n el pr ef er e n c e c as e (δ c = δ h = δ ) w h er e t h e s u m of t h e
r at es is c o nst a nt,

γ 1 c + γ 2 c = γ c ( 1 + δ c ) + γ c ( 1 − δ c ) = 2γ c ,

γ 1 h + γ 2 h = γ h ( 1 + δ h ) + γ h ( 1 − δ h ) = 2γ h .

S p e ci fi c all y, w e fi n d t h at t h e st e a d y-st at e p o p ul ati o ns d o n ot d e p e n d o n δ a n d t h er e-
f or e t h e c urr e nt r e m ai ns c o nst a nt. T h e e xtr e m e c as es of s a m e c h a n n el pr ef er e n c e w h er e
δ c = δ h = ± 1 c orr es p o n d t o t h e us e of o nl y o n e of t h e t w o c h a n n els.

O n t h e ot h er h a n d, i n t h e e xtr e m e o p p osit e c h a n n el pr ef er e n c e c as e wit h δ c = − δ h = 1
w hi c h c orr es p o n ds t o γ 2 c = γ 1 h = 0 , w e e ff e cti v el y br e a k b ot h c h a n n els, i. e. (b ↔ 1 ↔ α )
a n d (b ↔ 2 ↔ α ). T h er ef or e t h e c urr e nt v a nis h es f or δ c = − δ h = ± 1 ,

j̄ |δ c = − δ h = ± 1 = 0 . ( 4. 1 0)
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4. 6 C o h e r e n t c u r r e n t

We n o w l e a v e t h e n o c o h er e n c e c as e a n d l o o k at t h e d e p e n d e n c y of t h e st e a d y-st at e
c urr e nt o n t h e c o h er e n c e p ar a m et ers { δ h , δc , θ, th , tc , Λ } . I n t h e m a xi m u m c o h er e n c e c as e,
t h e m ost stri ki n g d e p e n d e n c e is t h e d e p e n d e n c e of t h e c urr e nt o n t h e r el ati v e p h as e θ ,
s e e fi g. 4. 2.

Fi g ur e 4. 2: T h e st e a d y-st at e pr o b a bilit y c urr e nt j i n u nits of γ c ( H z) vs t h e r el ati v e p h as e
θ i n t h e m a xi m u m c o h er e n c e a n d n o c h a n n el pr ef er e n c e c as es, s h o w n f or di ff er e nt v al u es
of t h e d e c o h er e n c e r at e Λ ( als o i n t h e u nits of γ c ). T h e ot h er m o d el p ar a m et ers ar e
d et er mi n e d b y
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, s e e s e c. 4. 4.

As w e c a n s e e i n fi g. 4. 2, f or gr o wi n g v al u es of t h e d e c o h er e n c e r at e Λ t h e b e h a vi o ur
of t h e c urr e nt j a p pr o a c h es t h e cl assi c al c urr e nt j̄ , i. e. it a p pr o a c h es t h e c o nst a nt v al u e
j̄ / γ c ≈ 2 / 3 . O n t h e ot h er h a n d, f or s m all er d e c o h er e n c e v al u es t h e c urr e nt b e c o m es hi n-
d er e d w h e n t h e c o h er e n c e r at es γ 1 2 h a n d γ 1 2 c ar e o ut of p h as e, θ ≈ π + 2 π k, k ∈ Z , a n d
e n h a n c e d w h e n t h e y ar e i n p h as e, θ ≈ 2 π k , k ∈ Z . Wit h o ut d e c o h er e n c e, t h e c urr e nt
r es e m bl es a n i nt erf er e n c e p att er n a n d is r o u g hl y pr o p orti o n al t o c os 2 (θ / 2) .

F urt h er m or e, w e n oti c e t h at as w e a p pr o a c h s m all v al u es of d e c o h er e n c e (r e d), t h e
c urr e nt is f or mi n g a dis c o nti n uit y at θ = 2 π k, k ∈ Z . T his is c o nsist e nt wit h t h e pr es e n c e
of t h e si n g ul arit y f or t his v al u e i n t h e g e n er al st e a d y-st at e s ol uti o n, a c c o u nti n g f or t h e
d ar k st at e of t h e Q H E. T h e si n g ul arit y o c c urs f or t h e li n e θ = Λ = tc = th = 0 , δ h = δ c = δ
a n d w e fi n d t h at t h e li miti n g v al u e of t h e c urr e nt j v ari es wit h t h e p at h of a p pr o a c h t o
it.
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F or e x a m pl e, t w o di ff er e nt s e q u e n c es of li mits yi el d:

j (θ, t h , γc , ) = li m
t c → 0

li m
δ h → δ

li m
δ c → δ

li m
Λ → 0

j,

li m
t h → 0

li m
θ → 0

j = γ c
1 +

1 + 2 + 2 + 5 3 + 3 4

→ 0
−− − → γ c , ( 4. 1 1)

li m
θ → 0

li m
t h → 0

j = γ c
2( 1 + )

3 + 4 + 2 2 + 1 0 3 + 6 4

→ 0
−− − → γ c

2

3
. ( 4. 1 2)

L et us n o w c o nsi d er t h e c as e w h er e γ 1 c = γ 2 c a n d γ 1 h = γ 2 h . T h e fi g ur e 4. 3 s h o ws t w o
c as es of s a m e c h a n n el pr ef er e n c e c orr es p o n di n g t o t h e r at es γ 1 c a n d γ 1 h b ei n g 3 ti m es a n d
t h e n 1 9 ti m es str o n g er t h a n t h e r at es γ 2 c a n d γ 2 h r es p e cti v el y.

Fi g ur e 4. 3: T h e st e a d y-st at e pr o b a bilit y c urr e nt j vs t h e r el ati v e p h as e θ
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We still observe the formation of the discontinuity when exactly in phase, θ= 2πk,
k ∈Z. However, we find that the current no longer vanishes for θ= π+2πk, k∈Z and as δ
approaches ±1 (δ= δc = δh), the current approaches the maximum value of the no channel
preference case.

If we compare this with the opposite channel preference case in fig. 4.4, complete
destructive interference is still present here and the current is overall diminished. We
also no longer observe the discontinuous behaviour at θ= 2πk, k ∈Z because we have
moved away from the conditions of the dark state (θ= Λ = tc = th = 0 and δh = δc = δ)
which require same channel preference.

Figure 4.4: The steady-state probability current j vs the relative phase θ in two opposite
channel preference cases corresponding to 3-fold and 19-fold relative channel strength.
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L et us t a k e a l o o k at t h e d e p e n d e n c e of t h e d estr u cti v e i nt erf er e n c e ( θ = π ) o n t h e
p ar a m et ers δ h a n d δ c , s e e fi g. 4. 5 ( n ot e t h at w e o mit t h e e xtr e m e c as es w h er e δ h = ± 1
a n d δ c = ± 1 ).

Fi g ur e 4. 5: C o nt o ur pl ot of t h e d e p e n d e n c e of t h e st e a d y-st at e pr o b a bilit y c urr e nt j o n
δ h a n d δ c at m a xi m u m c o h er e n c e a n d wit h t h e r at es γ 1 2 c a n d γ 1 2 h o ut of p h as e ( θ = π

- 1. 0 - 0. 5 0. 0 0. 5 1. 0
- 1. 0

- 0. 5
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δ c
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O ut  of  p h a s e c o h er e nt c urr e nt
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).

We s e e t h at t h e d estr u cti v e i nt erf er e n c e is si g ni fi c a nt w h e n w e ar e n e ar t h e c as e of
o p p osit e c h a n n el pr ef er e n c e δ h = − δ c , a n d it is di mi nis h e d wit h str o n g s a m e c h a n n el
pr ef er e n c e δ h = δ c .

I nt er esti n gl y, if w e t ur n o ff t h e r at e Γ i n t h e c as e of o ut of p h as e, m a xi m u m c o h er e n c e
a n d o p p osit e c h a n n el pr ef er e n c e (i. e. Λ = th = tc = 0 , δ h = − δ c , θ = π , Γ = 0 ), w e o bt ai n a
t w o- di m e nsi o n al st e a d y-st at e s ol uti o n s p a c e s p a n n e d b y t h e f oll o wi n g u n n or m ali z e d st at es
Q̂ 1 a n d Q̂ 2 :

Q̂ 1 =












0 0 0 0 0

0 n c ( 1− δ h )/ 2 − n c 1 − δ 2
h e − i ϕh / 2 0 0

0 − n c 1 − δ 2
h e i ϕh / 2 n c ( 1 +δ h )/ 2 0 0

0 0 0 n c + 1 0
0 0 0 0 0












,

Q̂ 2 =











n c ( 1 +N c )( 1 +n h ) 0 0 0 0
0 n c ( 1 +N c )n h 0 0 0
0 0 n c ( 1 +N c )n h 0 0
0 0 0 ( 1 +n c )( 1 +N c )n h 0
0 0 0 0 n c N c ( 1 +n h )











.

W hil e t h e u n n or m ali z e d st at e Q̂ 2 c orr es p o n ds t o t h e cl assi c al st e a d y st at e ( γ 1 2 c = γ 1 2 h = 0)
wit h t h e tr a nsiti o n { α, β } t ur n e d o ff ( Γ = 0 ), w e n oti c e t h at Q̂ 1 d o es n ot p o p ul at e t h e
t w o l o w est e n er g y l e v els. W h e n w e t ur n t h e tr a nsiti o n { α, β } o n, i. e. Γ > 0 , t h e r es ulti n g
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st e a d y-st at e s ol uti o n (t h er e is o nl y o n e n o w) c orr es p o n ds t o t h e c o m bi n ati o n of t h es e t w o
wit h t h e l o w est p ossi bl e e n er g y:

ρ̂ S = A ( Q̂ 2 − ( 1 + N c )n h Q̂ 1 ), ( 4. 1 3)

w h er e A is a n or m ali z ati o n c o nst a nt. T o s e e t his, w e e x a mi n e t h e u n n or m ali z e d st at es
Q̂ 1 a n d Q̂ 2 a n d t h e e q. ( 4. 1 3). T h e t er m − ( 1 + N c )n h Q̂ 1 r e m o v es (fr o m t h e st at e Q̂ 2 )
t h e l ar g est a m o u nt of pr o b a bilit y fr o m t h e u p p er st at es w hil e k e e pi n g t h e p o p ul ati o ns
n o n- n e g ati v e a n d t h us, i n d e e d, yi el ds t h e l o w est p ossi bl e e n er g y of t h e o p e n s yst e m. T h e
p o p ul ati o n ρ α α is t h e n z er o w hi c h is c o nsist e nt wit h t h e v a nis hi n g of t h e st e a d y-st at e
c urr e nt j = Γ ρ α α f or Γ p ositi v e.

L astl y, l et us l o o k at t h e d e p e n d e n c e of c o h er e n c e e ff e cts o n t h e p ar a m et ers tc a n d th

w hi c h c o ntr ol t h e m o d uli of γ 1 2 h a n d γ 1 2 c , s e e fi g. 4. 6. We fi n d t h at t h e e x pr essi o n f or
t h e g e n er al st e a d y-st at e s ol uti o n is n ot s y m m etri c ( wit h r es p e ct t o th a n d tc ) a n d wit hi n
o ur p ar a m et er r e gi m e (s e c. 4. 4), n e ar- p erf e ct ali g n m e nt is r e q uir e d f or str o n g e ff e cts of
c o h er e n c e (i. e. tc a n d th v er y cl os e t o z er o).

Fi g ur e 4. 6: T w o c o nt o ur pl ots of t h e d e p e n d e n c e of t h e st e a d y-st at e c urr e nt j o n t h e
p ar a m et ers tc a n d th , c o ntr oli n g t h e m o d uli of γ 1 2 c a n d γ 1 2 h r es p. B ot h pl ots c orr es p o n d
t o o ut of p h as e, n o c h a n n el pr ef er e n c e c as e, a n d t w o v al u es of

D e p e n d e n c e  of c o h er e nt c urr e nt j  o n  m o d uli  of γ 1 2 c a n d γ 1 2 h

i n  o ut  of  p h a s e, n o c h a n n el  pr ef er e n c e c a s e
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4. 7 C u r r e n t e n h a n c e m e n t

S o f ar, w e h a v e o nl y s h o w n t h e e n h a n c e m e nt a n d r e d u cti o n of c urr e nt f or t h e p ar a m et er
r e gi m e i n s e c. 4. 4. H o w e v er, f or t h e ass u m e d t y pi c al e n er g y s p a ci n gs (s e e A p p e n di x),
t h e ass u m pti o n t h at n h 1 is i n c o nsist e nt wit h t h e h ot b at h t e m p er at ur e 6 0 0 0 K a n d
c orr es p o n ds t o t e m p er at ur es a b o v e 1 0 6 K . T h e f oll o wi n g fi g ur e 4. 7 f oll o ws o ur p ar a m et er
r e gi m e b ut a dj usts t h e o c c u p ati o n n u m b er n h b y usi n g t h e t e m p er at ur e 6 0 0 0 K .

Fi g ur e 4. 7: St e a d y st at e pr o b a bilit y c urr e nt j i n u nits of γ c ( H z) vs t h e r el ati v e p h as e θ
i n t h e m a xi m u m c o h er e n c e a n d n o c h a n n el pr ef er e n c e c as es, s h o w n f or di ff er e nt v al u es of
t h e d e c o h er e n c e r at e Λ ( als o i n t h e u nits of γ c
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We s e e t h at r e gi o ns of t h e r el ati v e p h as e w h er e t h e c urr e nt is e n h a n c e d a b o v e t h e
cl assi c al v al u e h a v e di mi nis h e d ( as o p p os e d t o fi g. 4. 2) a n d t h e c urr e nt is o nl y l o w er e d
d u e t o d estr u cti v e i nt erf er e n c e. F urt h er m or e, w e fi n d t h at s a m e c h a n n el pr ef er e n c e o nl y
r e m o v es t h e d estr u cti v e i nt erf er e n c e a n d t h e c urr e nt d o es n ot e x c e e d t h e m a xi m u m v al u e
of t h e n o c h a n n el pr ef er e n c e c as e.
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Summary
A standard Markovian QOME of the Lindblad form was used to explore the effects of
coherence in a simple QHE model with two degenerate upper levels. The QOME works
with a quantized electromagnetic field, two heat baths at different temperatures and uses
the dipole and weak-coupling approximations resulting in the neglection of Lamb and
Stark shift terms. The QHE model was inspired by previous work of Dorfman et al. [8]
and mimics the photosynthetic cycle of two donor molecules and one acceptor molecule
at the heart of the reaction center.

The QHE exhibits a current-voltage characteristic of a solar cell with an efficiency
that is proportional to the voltage and approaches the Carnot limit for small currents.
For voltages near the open circuit voltage, the power output is roughly proportional to
the current and therefore enhancement of the current results in equal enhancement of the
power output.

The behavior of coherences is affected by two complex terms. These correspond to the
dot products of two pairs of the transition dipole moments governing the transitions to the
upper degenerate levels. Whereas near perfect alignment is necessary for significant effects
of coherence on the steady-state current, without the alignment, the current behaves
classically. In the maximum coherence case, the current is highly dependent on the
relative phase between these two terms and it vanishes when they are out of phase,
strongly resembling destructive interference.

Enhancement of the current above the classical value was predicted for small relative
phases, in a parameter regime inspired by Dorfman et al. [8]. However, this parameter
regime assumes a large photon occupation number corresponding to the increase of the
temperature of the hot bath from 6000 K to an extreme temperature of the order 106 K.
Without this boost of temperature, we predict only destructive interference lowering the
current.

Finally, we note that all programs used for the computation of the presented results
have been previously checked to produce normalized solutions which converge to the Gibbs
distribution for equal bath temperatures and the rate Γ set to zero.
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A p p e n di x

E x a m pl e p a r a m e t e r s

I n or d er t o ill ustr at e f e at ur es of t h e Q H E, w e us e m o d el p ar a m et ers i ns pir e d b y D orf m a n
et al. [ 8] (s e e t h e t a bl e 5. 1 b el o w).

T a bl e 5. 1: Us e d e x a m pl e m o d el p ar a m et ers

E 1 2 − E b E 1 2 − E α E β − E b Γ c γ c γ h Γ δ h δ c T c T h

c m − 1 c m − 1 c m − 1 c m − 1 c m − 1 c m − 1 c m − 1 c m − 1 c m − 1 K  K
A 1 4 8 5 6 1 6 1 1 1 6 1 1 3 0 0 1 0 0 0. 0 1 - 0 0 3 0 0 6 0 0 0
B 1 4 8 5 6 1 6 1 1 1 6 1 1 7 0 1 0 3 0 0 - - - 3 0 0 6 0 0 0
C 1 4 8 5 6 1 6 1 1 1 6 1 1 3 0 0 2 0 7 0 0 7 0 0 0 0 3 0 0 6 0 0 0
D 1 4 8 5 6 1 6 1 1 1 6 1 1 1 0 0 1 0 0 2 0 0. 0 0 1 0 0 1 2 0 0 0 1 2 0 0 0

Ti m e e v ol u ti o n

T h e fi g ur es 5. 8 a n d 5. 9 s h o w t h e ti m e e v ol uti o n of t h e f oll o wi n g i niti al st at e:

ρ̂ S ( 0) = |φ φ | , |φ =
e i α

√
2

√
1 − δ |1 −

√
1 + δ e i ϕ |2 , ( 5. 1 4)

a n d ill ustr at e t h e f a ct t h at a s m all p ert u b ati o n i n t h e d ar k st at e c o n diti o ns c a us es si g nif-
i c a nt c h a n g e i n t h e r es ulti n g st e a d y st at e.

Fi g ur e 5. 8: T h e e v ol uti o n of ρ̂ S ( 0) ( e q. 5. 1 4) wit h ϕ = 0 , u n d er c o n diti o ns w h er e t his st at e
c orr es p o n ds t o t h e d ar k st at e ( a st e a d y st at e). T h es e c o n diti o ns ar e m a xi m u m, i n p h as e
c o h er e n c e a n d s a m e c h a n n el pr ef er e n c e: θ = Λ = tc = th = 0 , δ h = δ c = δ a n d ϕ c = ϕ h = ϕ .
T h e el e m e nt ρ r e c orr es p o n ds t o t h e r e al p art of ρ 1 2
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Fi g ur e 5. 9: T h e e v ol uti o n of ρ̂ S ( 0) ( e q. 5. 1 4) wit h ϕ = 0 , u n d er c o n diti o ns d e vi ati n g fr o m
t h e d ar k st at e c o n diti o ns s u c h t h at th = tc = 0 . T h e el e m e nt ρ r e c orr es p o n ds t o t h e r e al
p art of ρ 1 2
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v al u es.
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