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Introduction

A very successful Cassini-Huygens space mission was able to explore a possibly
life harbouring planetary object within our Solar system. This relatively small
icy moon, called Enceladus, has the necessary conditions for life—heat and liquid
water. Contrary to expectations, the moon is still very active and its silicate core,
whose particles were detected by the Cassini spacecraft, contains heat sources.
A model of thermomechanical interaction between outer ice shells and deep oceans
on long time scales might contribute to an overall understanding of the moon’s
evolution. Such a question is remarkably important in the context of a possi-
ble presence of any form of life. This thesis only gives a simple formulation of
the thermomechanical problem connected with the important question above, it
studies mathematical difficulties of the formulation and proposes suitable tools
for their solution.

The first complication is connected with the phase transition within the do-
main. The melting front represents an abrupt change of material properties.
Such a change may be very inconvenient from the computational point of view.
An approximation of the melting front is a possible solution. Thus we come at
the so called diffused-interface formulation. Thermomechanical description of the
domain is given by the enthalpy potential. Enthalpy method is an application
of the diffused-interface formulation on our problem. Chapter 1 provides math-
ematical formulation of the problem and derives the enthalpy method for the
problem.

Stefan problem and its anaytical solution provides a solid background for
benchmarking of the enthalpy method. Formulation and analytical solution of the
Stefan problem in one, two and three spatial dimensions are presented in Chapter
2. The chapter is completed with result comparison for one-dimensional and
two-dimensional cylindrically symmetric Stefan problem. A small remark on
the stability of the one-dimensional numerical algorithm is attached. To our
knowledge, benchmarking of the Stefan problem in two spatial dimensions is
new.

The surface of the moon is not a subject to any traction, therefore it formes
the so called free surface. Our domain, that describes the cross section of the
planetary body, is thus time-dependent. The tool described in Chapter 3 provides
a kinematical description that is well-suited for problems with the free surface.
The arbitrary Lagrangian-Eulerian description is applied on the Earth’s mantle
convection benchmark problem and results for the fixed domain and the free
surface formulation are compared.



source: https://saturn.jpl.nasa.gov/
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1. Problem formulation

1.1 Motivation

In 1997 began a journey to what was originally intended to be a four year mission,
but it lasted almost a decade longer. The Cassini-Huygens' mission was the
collaborative effort of three space agencies (NASA, ESA and ASI—Italian Space
Agency). It ended in 2017 and brought a vast amount of data about several
planetary bodies of our Solar system. For more information about the mission,
the reader can visit https://saturn.jpl.nasa.gov/.

Enceladus, an icy moon of the planet Saturn, quickly became a point of inter-
est of astrobiologists, since both liquid water and heat sources are present beneath
the icy shell. The relatively small body with the radius of 252 kilometers provides
conditions hospitable to life.

dynamic topography

- crystallization
water (ocean)

Figure 1.1: Main mechanisms of thermomechanical interaction between
the icy shell and the heated water.

Ongoing research has shown that Enceladus is still geologically very active
icy moon, which is indicated by a presence of water vapor plumes on the south
pole of the mentioned satellite. The material escaping through these plumes is
a source of the Saturn’s E ring. The high heat fluxes connected with the vapor
plumes can be explained by the localised solid-state convection of ice. The total
picture of the main themomechanical processes taking place in the ice crust and
on its interface with the ocean depicted in Figure 1.1 is completed by the fact that
Enceladus is one of the brightest object in the Solar system. It has the albedo
of approximately 80%, thus it reflects the majority of incoming radiation. Other
general information about Enceladus can be found in [Spencer and Nimmo, 2013].

According to [Beuthe, 2018], the average thickness of the ice crust can be
approximated by spherical harmonics of low degrees which reads:

d = doo+dagPao(cos(m/2—¢))+dag Pas(cos(m/2—@)) cos 2¢p+dso Pso(cos(m/2—¢)),

iGiovanni Domenico Cassini (1625-1712) — Italian mathematician and astronomer, he was
the first to observe that Saturn’s rings (which were discovered by Galileo) are divided.

Christiaan Huygens (1629-1695) — Dutch physicist and astronomer, also a very creative
inventor (patented pendulum clock), who among others studied Saturn’s rings.
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where (doo, dg[), d22, d30) = (228, —121, ]_3, 37) + (4, 24, 037 07) km and an
are the unnormalised Legendre polynomials associated to the spherical harmon-
ics, ¢ is the latitude and ¢ is the longitude. The only basis function that lacks
radial symmetry is Py and it is weighted with the smallest coefficient dos. Conse-
quently (and in accordance with Beuthe) we will ignore the longitudinal thickness
variations. This enables us to exploit the two-dimensional nature of the problem
and preferably present only the planar formulation.

1.2 Mathematical model

Main objective of this section is to provide a general mathematical and physical
framework for a formulation of the problem.

1.2.1 Geometry and boundary conditions

Our domain of interest constists of a part of the cross section of the whole plan-
etary body (see Figure 1.2). In our abstraction this domain contains the two
discernible phases denoted by wy(t) for liquid water and ws() for solid (ice) phase,
respectively.

The subregions are divided by a smooth singular surface denoted by o(t),
whose well-defined normal n, is oriented into the solid phase subregion. For the
future purposes we will take w = w; U ws U o to be the domain containing the
both phases along with the singular surface.

Our model describes the top boundary ~; as the free surface, thus the domain
w is time-dependent. Having in mind that the geometry represents only part of
the bigger system, we equip its side walls 7, with periodic boundary conditions.
The bottom boundary vy represents a border of a porous core. We expect that
the fluid phase is able to slip freely on this boundary.

Tt
W
n,
Ws
Tp o Tp
w1
70

Figure 1.2: Geometrical description of the domain of interest.

In comparison with the usual continuum mechanics problems, our formulation
needs to consider the two folloiwng difficulties:

- the phase change interface—represented by the singular surface o(t)

- the free surface y(t).



For both of these hindrances, we will propose a possible method together with
its validation in the form of a benchmark comparison.

Thermomechanical interactions of the phases are described by a system of
PDEs, called balance laws. These balance laws (or simply balances) can be ex-
pressed in an integral form using generalisations of two important results from
vector calculus:

The Divergence Theorem for a vector field h applied to the time-dependent
domain w(t), that experiences a discontinuity across the singular surface o(t) but
h is continuously differentiable inside w(t)\o(t), for every ¢

h-ngda:/

divh dv +/ [h] - n, da, (1.1)
WO\ (0 o0

w(t)
where [h] := h™—h~ denotes the jump of the vector field h across the singular
surface o(t), i.e.:

Vt,Vx € o(t) : h™(t,x) == lim h(¢,x + sn,(t,x)),

s—0t
h™(¢t,x) := lim h(t,x + sn, (¢, x)).
s—0~
Using the previous result, the generalised Reynolds’ Transport Theorem for a
scalar field f, that is continuously differentiable inside w(¢)\o(t), can be expressed
as follows:

D of
= [ fav=[ ST do+ [ —w)] -n,da, (1.2
b Joo T80 = Lo | o4+ v )] ot [ = wlmoda (12)

where D/Dt = 9/t + (v - V) = 8/8t + v;0/0z; denotes the material (or
substantial) derivative. We also need to distinguish between the particle velocity
v and w'l| the velocity of the interface (represented by the singular surface o (t)),
which are not generally equal. The same result, with minor changes in notation,

holds true for vector and tensor variables. For proofs of both theorems, see [Hutter
and Johnk, 2010], subsection 3.2.1.

1.2.2 Balance laws and governing equations

Present subsection contains formulation of the fundamental principles of the con-
tinuum mechanics, viz. balance laws. These laws are given in a global (or in-
tegral) form for a body of the continuum containing the singular surface o(t).
Notation and formulations of the laws are similar to those presented in lecture
notes [Martinec, 2003].

Physical properties of the body are given by the postulated densities of phys-
ical variables. Under the additive assumption we can integrate those densities

#iNotation convention that is being used in the thesis can be found in Appendix A: Notation
""We do not consider cracks to occur, this implies:

[w] - ns =0, (1.3)

which does not necessarily mean that w is continous on w(t), its tangential part is, nevertheless,
physically irrelevant.



over infinitesimal volume elements to obtain the physical property of the whole
body. If we moreover suppose that the balance laws hold for any part of the body
(assumptions of the local continuum mechanics), we can derive field equations (or
differential form of balance laws) characterising physical variables locally.

Conservation of mass and continuity equation

Employing the previous formulae, we can express the integral form of the Law of
Mass Conservation:

D (L2) op .. B
Dt /w(t) pdv = wE)\o(0) lat div (pv)] dot /a(z) [p(v—=w)]-nsda=0, (1.4)

where p is the (mass) density of the material. Under the postulate that the
mass balance law is valid for an arbitrary part of the volume w(t) and the singular
surface o(t), we can deduce that both of the integrands in the integral mass
balance law (1.4) are identically zero. We thus come to the so-called continuity
equation, complemented by a jump of the density across the singular surface o (t):

% =—pdivv inw(t)\ o(t), (1.5)
[o(v—w)] -n,=0 on o(t). (1.6)

Balance of linear momentum and equations of motion

Another fundamental balance law is that of (linear) momentum. Let us assume
that the body is a subject to surface traction t(n), that depends on the surface
normal n, and a resultant of the body forces pb. Application of the Cauchy
Lemma® yields:

D
D /w(t) pv dv - (n)da + ot pbdv

= f Tnda + pbdv =
B ()

w(t)

(LD divT + pbdv + [T]n, da, (1.7)
a(t)

wE)\o(®)
D (1.2) opv) = ..
= dv'22 / NAUAZIS | d
Dt /w(t) prer w(t)\o(t) l ot +div(pv@v)| dv+

(1.8)
+ /J(t) [ov ® (v — w)]n, da,

where T denotes the Cauchy stress tensor, i.e. divT represents the action
of surface forces on the volume element dv and b is the density of the resultant

¥This lemma gives, in our case, the linear dependence of the traction force on the surface
normal, namely:

t(¢, %, n(x)) = T (¢, x)n(x),

where T is the flux of the traction force, called the Cauchy stress tensor. Indeed, this statement
holds under additional assumption that the traction force does not depend on other differential
geometric properties of the surface, e.g. Gaussian curvature. For more details see [Hutter and

Johnk, 2010], subsec. 2.1.2.
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of the body (or volume) forces. Combining (1.7) with (1.8) and using again the
additivity principle, we obtain the equations of motion with appropriate interface
conditions:

% + div (pv @ v) (15) p% =divT + pb inw(t)\ o(t), (1.9)
[pv @ (v—w)—Tn, =0 on o(t). (1.10)

Balance of angular momentum and symmetry of the Cauchy
stress tensor

Mathematical expression of the Balance Law of Angular Momentum states:

D
— dv=¢ t(n)d b dv. 1.11
D Cd(t)xxpv v Bw(t)xx (n)da + ﬁd(t)}cx,o v (1.11)
Using the following identity":
ux (Av)=(ux A)v, (1.12)

we can modify the balance law of angular momentum (1.11):

E/ xxpvdtﬂ:f x X (Tn)da + x X pbdv =
Dt Juwe) Auw(t) w(t)
(12 (x x T)nda + x X pbdv =
dw(t) w(t)
= div(x x T)+xx pbdv+ [ [xxT]nsda. (1.13)
w(t)\e(t) o(t)

Let us recast the first term in the volume integral into a more convenient form:

0 0
div(x x T) = — [x x T],. €; = — (CiraxrT1j) € =
5‘3:3 ] 8(17;,
Oxy, on;
= Eikl 5 TIj€i + EikiTh 5—€i =

8$j 8:1:3

=IxT +x x (divT), (1.14)
where the dot-cross product x is defined:
JX;(IB = SijkAthMeh

and I denotes the identity tensor.

V(Cartesian coordinates of the cross product u x A are given by the following procedure:

ux A =uger X Ajje; ® ej = uxAyj (e X 1) ® e; = upAyj (Eime:) ® e =
=cinurArje; ® ej = [ux Al e; ®e;.

11



Using the generalised Reynolds’ theorem (1.2), we can transform the right-
hand side into:

D D |
D¢ /w(t)x X = /u(z)\a(:)ﬁ(px X V) + (px x v) divv dvt

+/g(t)|[p(x X V) ®(v—w)]n,da =

—/ (x)&er' +%x+ x&d+
N w(t)\a(t)x VI\De TPV ) TPy YTy

+/g(t)|[p(x X V) ®(v—w)]n,da =

(1.5) Dv

= X X p— dv+ XXV)®(v—w)[n, da, (1.15

w(t)\a(t) Dt J(t)l[p( )8( )] (1.15)
where we used the fact that Dx/Dt x v .= v x v. = 0. Finally, putting

together (1.13) with (1.15) and using both (1.14) and the balance of linear mo-

mentum (1.9) we assert:

/ ]I>.<']Pdfu+/ [x x (p(v—w)®@v—T)]n,da =0,
w(t) o(t)
which implies:

IXT =eipmijei =0 — T =TT inw(t)\o(t), (1.16)
[xx(p(v—w)®@v—T)n, =0  on o(t). (1.17)

Obviously, interface jump pertaining to the motion equations (1.10) already
yield (1.17). Thus, angular momentum jump conditions are redundant.

Conservation of energy and energy equation

The Conservation of Energy states that the time rate of change of total energy—
consisting of kinetic and internal parts—equals the rate of work of the surface and
body forces along with the other sources of energy. We assume that the energy
trasfer is of purely thermo-mechanical origin. The Conservation of Energy can
be expressed mathematically as follows:

D

Dt Juo) (Tn)-v—q-nda+/ pb - v + pb.dv, (1.18)

w(t)

1
pe+ p|v|*dv = f
2 Buw(t)
where e is the internal energy density, q is the heat flux through boundary
and b, is the heat supply density.
The first term on the right-hand side can be rewritten as follows:

f&d(t)(Tn) v —q-nda féw(t)(T v)-n—q-nda

D[ div@v=aydo+ [ [T7v—q] -npda—
w(®)\o(t) o(®)
_ divT -v+T:Vv —divgdo+

w(t)\g(t) (1 19)

+/ [TTv — q] - n, da,
o(t)

12



where : means the dot product of tensors (for definition, see Appendix A:
Notation). Since we already know that Cauchy stress tensor is symmetric, we
can write T :Vv = T:ID, where D is the symmetric part of the velocity gradient,
ie. D:=1/2(Vv+ (Vv)T).

The left-hand side of (1.18) can be again—with aid of the Reynolds’ theo-
rem (1.2) for f = pE = p(e + 1/2|v|?)—transformed into:

D 2 D 1,
= - divvd
Dt oy P pIVI /w(t)w)m (p +5 pIV|) (pe+29|‘f|) ivv do+

+f . [(pe+ 3ovE) (v = )T -y da =

:/ ( —| | )( —I—pdlvv) —I—pD +pD— vdu+
w(t)\a(t) Dt " Dt
—I—/ [[(,oe+§,0|v|2) (v—w)] -n,da =
1.5) Dv
B /w(t)\cr(t)l Dt "Dt Vl ot
(1.20)

+ /U@[[(.oe + §.OIVI2) (v—=w)[-n,da.

For the reduced local form of the energy conservation law (balance of internal
energy), we need to use the balance of linear momentum (1.9), symmetry of the
stress tensor (1.16) (plus the consequence that T : Vv = T : D), the modified
right hand side (1.19) and again the additivity principle:

p% =T :D —divq + pbe inw(t)\ o(t), (1.21)
0= ﬂ(pe + %p|v|2) (v—w)—Tv+q]-n, ono(t). (1.22)

Entropy production and entropy inequality

The Second Law of Thermodynamics states that the total entropy production,
i.e. the total change of entropy minus the contribution due to the entropy flux
and entropy sources, is always non-negative, which is expressed mathematically:

D
= d—/ b, d }{ nda> 0, 1.23
Dt /w(t)pn v w(t)pn v aw(t)q” nae= ( )

where 7 is the entropy density, b, is the entropy source and q,, is the entropy
flux through the boundary.

Applying the Reynolds Transport Theorem (1.2) to the first term of the bal-
ance (1.23) and using the continuity equation (1.5), we will get the local form of
the entropy inequality with the appropriate interface jump condition:

p% —pb, +divg, >0 inw(t)\o(t), (1.24)
[on(v —w) +qy] -ns >0 on o(t). (1.25)

13



1.3 Enthalpy method

In this section we present the thermodynamical potential suitable to our problem.
Using the definition of the enthalpy, we derive the temperature equation that
expresses mathematically the local form of the energy conservation law.

1.3.1 Temperature equation

We start out from the fundamental equation of the internal energy density in the

form:
€ eln, ) .26

where we assume that e is a function of the class C?, which is strictly convex
in both variables. The reasons for such requirements will be unveiled in the
following.

Because of the smoothness of the function e, the following definitions have

sense:
Oe Oe
th
pri=— , 0= <> , 1.27

where p' is the thermodynamic pressure and 6 is the thermodynamic temper-
ature. Since we assumed that e is twice continuously differentiable and strictly
convex, we see that 9%e¢/9(1/p)? > 0. Due to the Inverse Function Theorem (see
e.g. [Evans, 1998], Appendix C.5), there exists a C' function, which we will for
simplicity denote 1/p, such that:

1 1
- = 7(777pth)'
pop

Now we can rewrite the internal energy density in terms of 1 and p':

e=2é(np")=e <?7, ;(n,pth)> ~ (1.28)

We are now ready to define our preferred thermodynamic potential as the Leg-
endre transform of the internal energy e with respect to 1/p, i.e. enthalpy:

) 1
h(n,p™) = é(n,p™) + pth;(n,pth). (1.29)

Natural variables of the enthalpy are the entropy 1 and the pressure p', which
is not convenient, since we are unable to measure entropy directly. It is therefore
preferable to exchange the entropy for the thermodynamic temperature 0. As a

ViThe pressure and temperature are natural variables of a different thermodynamic potential,
namely the Gibbs potential G, which we could have used directly, but thus we would loose the
physical interpretation of the jump across the singular surface—see section Enthalpy interface
condition.

14



consequence of our definition of enthalpy (1.29) we get:

<gz>p“‘ ) <g7e7>1/p+<3(?;p)>77 <a(;’7/7p))pth+pth (3(;/7ﬂ)>pm =,
(;Zl)n B (a(f;p)>n (aéia{f)h + ;("771)“1) +p (i%{?)n =4 ;. (1.31)

If we knew that 9*h/0n* > 0, we could express this time entropy 7 in terms
of thermodynamic temperature and pressure to get the suitable potential. It
is required to show that enthalpy is a strictly convex function with respect to
entropy. Nevertheless we know that the internal energy e is a strictly convex
function in both its variables, which gives (using Sylvester’s criterion on a Hessian
matrix of the smooth function e):

2 2 2 2 2 2
0%e J%e d%e 0% ( 0%e )) (1.32)

— >0, —— >0, >
on? 9(1/p)? on*o(1/p)* = \ono(1/p

The differentiation of the thermodynamic pressure (1.27) with respect to entropy
n yields:

B d%e B D% 9(1/p)
ond(1/p) 9(1/p)* In

Finally, we can express the second derivative of enthalpy in the following way:

0:

(1.33)

@(1&0)@(1&7) 826+ 9% 9(1/p)
o o o Ond(1/p) O

(1.33) 0%e B ( d%e )2 ( 0%e >_1 (1§2) 0
on? \ond(1/p)) \9(1/p)? '

Just as a remark, it is possible to show that enthalpy h is strictly concave in
pressure p' (proof is similar, see lecture notes [Evans, 2018]).

In view of the Inverse Function Theorem we are now allowed to define the
enthalpy h as a function of the temperature 6 and the pressure p*:

R0, p™) = h (n(0,p™). ") - (1.34)

To simplify the notation, we will denote this new function by the same symbol A.
Next we need to give sense to the material derivative of the enthalpy potential:

Dh (oh\ D6 ([ oh\ Dpt
ﬁ = <80>th ﬁ + <3pth>9 Dt (135)
Oh\ (.34 (0h on\ @27 (0On
_ — - N = _— = 1
(ae>pth (%)W <69>pth Nao) . = (1.36)

Oh \ (1.34) <8h> ( on ) ( oh ) (1.27) ( on ) 1
( 3pth>9 an ), \ap* ), " \ap™ ), o), " o (1.37)

In (1.36) we defined the molar heat capacity at constant pressure c,. It only
remains to express dn/dp™" by means of measurable quantities. To this end we

15



will use both the second and the first law of thermodynamics:

on on (1.36) on
Odn =6 dg+6 aptt | cp,df + 0 dp't 1.38
1=0(55),, 40+0 (), o Fow o) @t A
Oe Oe
dn = th I 0 th
Odn =de+p dp (89>pmd +<8pth>9dp +
8(1/p)> th (0(1//))) th
—l—pth( do +p dptt =
60 pth 8pth 9

_ [(g@)w (a(;é@)pm a0+ Kaifh>a+pth (agg)) ]d - (1.39)

If we use the symmetry of the second mixed derivatives of 1 (often called as
Mazwell relations), then (1.38) yields:

de, 0%n 0%n 0 on on
—9 —9 ~ T g2 ) - . 1.4
opth opthol 000pth 00 op™ )/, op™/, (1.40)

Following the same steps, we can get from (1.39)

o, Pe  (00/p)\  w0(p)
aph  opmog ( 96 ). P apmae

L P alW) | Wip))
D0Op™ D00p™ o

()] '),

AL, e

If we compare (1.40) with (1.41), we obtain the desired expression:

<ai?h)9 _<8(519ép>>pth_ (%‘0/) __ﬁpv, (1.42)

In the last expression we used the thermal expansion coefficient 5y, which reads:

1 /oV
“'v@ﬁw

Finally, if we plug (1.42) into (1.37), combine this with (1.36) and substitute both
into equation (1.35), we obtain the final form of the material time derivative of
enthalpy expressed in thermodynamical temperature and pressure:

Dh DO 1 Dph
I S RN et i
ot~ @pr T, VT

On the other hand we can use the definition of enthalpy and express its balance:

Dh ) De Dy p"Dp

Dt ~ "Dt T Dt~ ) Dt
(1.21),(1.5)

(1.43)

Dpth

T:D—di be
wvq + pbe + —— Dt

+ pdivv. (1.44)
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To obtain the temperature equation, it remains to combine the last two re-

sults (1.43) and (1.44):

Dlg Y & . th . Dpth
pcpﬁ:T :D° —divq + pbe + (m +p )dwv—l—ﬁvﬂﬁ, (1.45)
where m := 1/3Tr T is the mean normal stress and A% := A — 1/3(Tr A)I is the
deviatoric part of the tensor A. The equation (1.45) represents the time evolution
of the thermodynamic temperature.

1.3.2 Enthalpy interface condition

Since we transformed the local internal energy balance, we need to express the
jump quantity accordingly. Let us start from the energy interface condition (1.22),
since we know that [p(v—w)] - n, = 0, we can define M = pt (vt —w) -
n, = p (v- —w)-n,. Now if we decompose the Cauchy stress tensor isolating
its viscous part, i.e. T = —p®I + 8 (such decomposition is only natural for
compressible Navier-Stokes equations), we can modify (1.22):

[pE(v—w)—Tv+q]-n, = M[E]— [[(—pth]I + S) v] - n,+[q]-n, =0. (1.46)

If we assume that no jump in pressure occurs across the singular surface (which
holds if we exclude phenomena like shock waves and neglect the possible curvature
effect of surface tension), mathematically: [p*"] = 0, then we can modify the
second term in (1.46):

[(=p"T+8) v] - 0o =~ [p (v = w)] - mg + [SV] - m, =

(1.16) |[P_j ]l +[$ng - v, (1.47)

The second term on the right-hand side has now meaning of a power of the
friction forces. Additionally if we consider the definition of enthalpy (1.29) we
can further express the energy interface condition (1.46) in the form of enthalpy:

th

M|[e+p?]l — M[H] = [Sno -] — [d] -Ilg—M|E|v|2]l. (1.48)

It is customary to denote L := [h], where L has the meaning of latent heat of
fusion, in particular Ly, means the latent heat of melting, which will be considered
in the rest of the thesis.

To obtain the classical Stefan condition we need to neglect all the terms on
the right-hand side except for the heat flux jump condition:

MLy, = —[q] - n,. (1.49)

The jump condition (1.49) says that the amount of heat, that is given by the
difference of heat that enters the melting front from the liquid phase and heat
that is sucked away by the solid phase per one second, is consumed solely by the
solid-to-liquid phase change of one cubic meter of material of density M.
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1.3.3 Mollified parameters

So far we have been describing our domain of interest as two independent continua
w and w; separated by the smooth singular surface o(t). It is time to switch our
viewpoint and apply the so-called diffused interface method, where we consider
the domain to be filled with a single fluid with continuously variable material
properties. That way there will be only one set of governing equations with in-
terfacial terms accounted for by the addition of the appropriate interface sources.
We will demonstrate the procedure on on the example of the enthalpy potential.
We will consider heat capacities ¢, and cgl] to be independent of the thermody-
namic temperature 6. In view of the temperature derivative of enthalpy (1.36)

and the fact that [h] = Ly on o(t), we see that:

B(8,5™) = ¢5(0™)0x(0,0m) (0) + (Lun(D™) + €(0™)8) X{610,00)(6) + ho(p™), (1.50)

where x(g, 9, () is the characteristic function of the interval (6,,6;) and ho is
an enthalpy of formation, which is a tabulated quantity. In the following, the
pressure dependence of material coefficients in (1.50) will be unimportant. We
restrict ourselves to a simplified formula:

h(6) = c50X(06m)(0) + (L + €30) X{61n,00) (0) + o, (1.51)

which can be viewed as the original equation (1.50) at a reference pressure py—
e.g., atmospheric or ambient pressure.

From the computational point of view, it is impossible to work with distribu-
tions. To overcome such obstacle it is necessary to provide regular approximations
of such distributions. We will therefore mollify the material parameters and use
continuous approximations of Heavyside step function and Dirac delta distribu-
tion. Graphic interpretation of regularisation is depicted on Figure 1.3. The
sharp interface will be thus spread over a band of width 2¢ around the melting
temperature fp,.

We will provide the relation (1.51) for the product ph as well. This is reason-
able, because the product of two distributions, that will emerge after differentia-
tion of p and h, cannot be generally treated as a distribution. Therefore:

ph(8) = p*c20X(0,0m)(8) + (ple 4 plc;if?) X[6m,00) (8) + BE. (1.52)
Now we can express the temperature equation (1.45) in the conservative form:

dph . ~ Dh as ) Dpth

Hﬂ—dw(phv) =P = T:D —divq + pbe + Di
Using the expression (1.52), we can modify the left hand side of the previous
formula to get an alternative form of the temperature equation:

dph 00 _ . Dp™ 4 .

@aﬁ-dw(phv) _T.]D—dlvq+pbe+ﬁ+p divv. (1.53)
Presence of such a "mushy” region is also physically meaningful, since phase

transitions take place at regions of finite thickness'. As a result of the mollifica-

+ pdivv.

ViiThe thickness vary from orders of Angstroms to centimeters and depends on many fac-
tors. Typically, thicker phase-transition regions result from phenomena of thermodynamical
metastability, which will be not considered in the thesis. Those regions tend to have dendritic
or columnar microstructure. For details, the reader can refer to [Alexiades and Solomon, 1993].
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(a) Jump discontinuity. (b) Mollified step function.
g(0 ge(0
A< ) + Lm(s(e_em) A( )
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(c) Function with singularity at 6y,. (d) Continuous approximation of g(9).

Figure 1.3: Illustration of piecewise linear continuous approximation of
two archetypal distributions, (a) might describe enthalpy given by (1.51),
graph of g(6) = df(f)/df (in the sense of distributions) in figure (c)
describes the temperature dependence of the heat capacity c,.

tion, the evolution of the continuum will be described by a single system of PDEs,
containing strongly non-homogeneous (but continuous) material coefficients.

1.4 Résumé

For the sake of clarity we will make a summary of the previous content in the
form of two juxtaposed formulations of the problem.

1.4.1 Sharp-interface formulation

Only as a reminder: we consider the domain to be divided by the singular surface
o into two subdomains ws and w; (as depicted in Figure 1.4) filled with two
independent continua governed by their particular systems of governing equations
supplemented by the jump conditions as a mean of communication between the
two phases. For fully Eulerian mathematical description, see Table 1.1.
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Figure 1.4: Sharp-interface formulation — description of the domain.

Solid Luquid
domain domain
Ws w1
Governing
equations
Mass W+ divy =0 %‘;—II +ptdivv! =0
Momentum ps%—‘; = div T*® + p°b*® pl%—‘; = div T —:L— p'b!
Ang. mom. Ts = (T%)7 T! = (Tl)
Do® D!
s .8 s .S _ s s 1.1 _mpl .yl : 1
pcht—T.]D divg®+ pcpﬁ_T.]D—dwq—l—
Temperature +p%b5 +p™* div vi+ —I—plble +p™l div v+
Dpth,s Dpth,l
s 95 1 Al
A by A,
Jump
conditions®’
Mass [o(v—w)] -n,=0
Momentum [ov®(v—w)—T]n, =0
Enthalpy [Sne - v] — [q] - ne — M[3|v]*] = MLn,

Note: @ Here, jump has the following meaning: [p] = p° — p".
b Jump condtion of angular momentum is omitted due to its redundancy, see

sub-subsection of 1.2.2.

Table 1.1: Summary of the sharp-interface formulation.

1.4.2 Diffused-interface formulation

As a diffused-interface problem we denote the formulation with a single domain
containing both of the phases, one changing into the other through a band of
width 2¢ (where the metric is given by the temperature), see Figure 1.5.
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Figure 1.5: Formulation of the diffused-interface problem. The gray
dashed line in the middle gives the position of the melting front,
where 6 = 0,,.

Evolution of such a problem is governed by the following PDEs:
Dp. B

Dr = P divv, (1.54)
DY _ divT. 4+ pb (1.55)
p€ Dt - 1v € p€ €9 M
DO Dpth
pe (@) 5y = Te i D = diva + pe (be) 9" divv + (B), eDf . (1.56)

where we solve for the unknown velocity v, thermodynamic pressure p™* and

temperature . The coefficient approximations are concisely tabulated in Ta-
ble 1.2.

Material Continuous
quantity* approximation
p?l’L?k?/BV?beJq?b?T fezfs+<fl_fb>HS(9_9m)
Cp (cp), =5+ (cll, — c;)H?(G — Om) + Lind2(0 — 0)
Special functions
0 if0 <6, —c¢
HY(0—0n) =S5 — L i [0 — 0] <€
1 otherwise
0—0m)%\ -
5000 6,y —  # (€= FRr) (16— fnl <
‘ 0 otherwise

Note: * Names of the quantities are given in List of Symbols and Abbreviations.

Table 1.2: Mollified material coefficients.
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2. Stefan problem

This chapter deals with the first possible complication that was described in
the formulation of the problem presented in the sub-subsection Geometry and
boundary conditions. Sole purpose of the folowing chapter is to give an answer
(satisfactory, if possible) to a question wheter the tool devised in the section En-
thalpy method is powerful enough to track the position of the phase change front.
To this end we will benchmark enthalpy method with an analytic solution to the
Stefan' problem. The analytic solution will be given for all the physically mean-
ingful (and analytically solvable) formulations of the problem.

2.1 Stefan 1D

First, we consider two phase Stefan problem on a semi-infinite one dimensional
domain.

2.1.1 Continuous problem
Formulation

Let us consider semi-infinite bar made of homogeneous material with following
properties:

- Cross section of the bar is constant along the center line.

- The material is thermally insulated so that no heat escapes through the
boudnary of the bar.

- There are no heat sources within the material.

Initially, the material is solid and held at a temperature 6.,, which is below
solidus. At the beginning of the observation heating is applied to the left end
of the domain. Position along the center line of the domain is described by an
x coordinate, so the end x = 0 is heated to a temperature 6, which is above
the melting temperature of the solid phase denoted as 6,,. Consequently after
applying the heat, the material starts to melt and a liquid phase of the material
starts to spread from the left end of the bar. We add several assumptions on the
two phase problem:

- Both phases are of the same density p.

+ Thermal properties of the phases—specific heat ¢, and conductivity coeffi-
cient k—are different but constant within the respective subdomain.

- The only mechanism of heat transfer is conduction—we assume the problem
to be static with v = 0.

- Latent heat L,, and melting temperature 6,, are constant.

iJosef Stefan (1835-1893) — Austrian physicist, also known for an empiric derivation of the
Stefan-Boltzmann law of a blackbody radiation.
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- As mentioned earlier, we do not assume metastability or nucleation phe-
nomena to take place.

The interface between the two phases (denoted as o in the first chapter)
reduces in our abstraction to a point whose position at time ¢ is denoted by s(¢).
Figure 2.1 graphically summarizes the formulation.

Figure 2.1: Sharp-interface formulation of the one-dimensional Stefan
problem on a semi-infinite line. The right end of the bar is heated to a
constant temperature 6y, position of the melting front is denoted s(t).

The temperature distribution within both of the phases of our semi-infinite
insulated material is described by the heat equation (1.45), which is significantly
reduced since we assume the phase change to be held at a constant pressure.
Moreover the material is considered incompressible and stationary (v = 0 in
both phases). Finally, if we assume that there are no heat sources and that
the heat transfer is governed by the Fourier’s law, we obtain the standard heat
equation:

06
Py = div (kV§). (2.1)
Now, under previous assumptions, we look for both the temeprature distri-
butions 0'(¢,x), 6°(t,z) and the position of the melting front s(¢), such that

following holds:

Heat equation in liquid region:

00! 020!
E :alw, 0<$<S(t), (22)
Heat equation in solid region:
00° L0%0°
5 = ¢ gz x> s(t). (2.3)
Boundary conditions:
0'(z,t = 0y,
(@:0)],, = (2.4)
lim 0°(x,t) = O,
T—00
Interface condition:
1 o s
0 (x,t) ) Om = 60°(x,t) st (2.5)
Initial condition:
0°(x,1)| _, = b (2.6)

where o' = k'/(pc],) denotes the heat diffusivity coefficient of the liquid phase.
Evolution of the melting front position is governed by the classical Stefan condi-
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tion (1.49), which in one-dimensional stationary problem takes the form:

ds 0!
Lm Tz = Lmi = _kli
Plmts = plum gy o

,00°
ox

+k

x=s(t)

z=s(t)

Nondimensional variables

We will solve the problem (2.2)-(2.7) analytically using similarity variable. In
order to do that it is convenient to formulate the problem nondimensionally—
we also demonstrate the procedure of nondimensional formulation on this simple
problem, since we will use nondimensional form of the problem quite often. We
start with setting the dimensionless temperatures as follows:

Gi_ 0 = n
0o — O

_ 95—

s = —m
O — O

Substituting furthermore the normalized spatial and temporal coordinates with
scales [r] and [t] respectively: & = x/[z], { = t/[t], § = s/[z] into the equa-
tion (2.2), we arrive at:

00" | [t] 0%

of ~ ‘a2 032

choosing so-called diffusion time for the temporal scale [t| = [2]?/a! and trans-
forming the boundary and initial conditions (2.4), resp. (2.6), we thus give rise
to a nondimensional formulation of the Stefan problem—tildes were dropped for
simplicity of notation:

Nondimensional heat equation in liquid region.:

o0t 520!
—_— = 0<x<s(t 2.8
at aIQ ? Zz S( )7 ( )
Nondimensional heat equation in solid region.:
00° 020°
5~ g x> s(t). (2.9)
Nondimensional boundary conditions:
0'(x,t) =1,
‘x:O (2.10)
lim 0°%(z,t) = —1,
T—00
Nondimensional interface condition:
1 - s
0 (x,t))xzs(t) =0=0%,1)|_ . (2.11)
Nondimensional initial condition:
0%(x,1)|_ = -1, (2.12)
Nondimensional Stefan condition:
d 00! 00°
S st S| st S|, (2.13)
dt ox s () ox s ()
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where @ = a®/a! in (2.9) denotes the ratio of thermal diffusivities of the phases.
Stefan numbers Ste' = (60 — Om)/Lim, Ste® = & (0 — ) /Ly in (2.13) are the
only characteristic numbers of the formulated nondimensional problem.

Analytic solution

Analytic solution using the similarity variable ¢ = 2/4/t is often attributed to
J. von Neumanni’. Substitution of ¢ to equation (2.8) and assuming that 6! =
0'(¢) reduces it to a second order linear ODE:

&' €do!
ez~ 2de’

using substitution n' = 90!/9¢, we get a first order linear ODE:

8771_ 3 1
S — 5
o~ 2

which after separation of variables yields a solution in the form:

, do!

= de = Cpe /27,
This leads us to the conclusion that':
0 (x,t) = Cy erf (2‘39 + Ch. (2.14)

By the same procedure we can solve the equation (2.9) to obtain the temperature
distribution in the solid phase region:

0°(x,t) = Cy exf (ﬁ) +Ch. (2.15)

Now if we take into account the boundary and interface conditions (2.10)—(2.11):
Ol a )| =Cr=1, (2.16)

0'(x,t)

_ s
oy = Crerf (2\5) +1=0, (2.17)

i John von Neumann (1903-1957) — outstanding American mathematician, one of the leaders

in the creation of the first computers.
i Just as a reminder erf () is the error funtion defined as:

erf (z) == %/0 e dt,

erfc () denotes the complementary error function:

erfc(z) =1 —erf(x) = l/ e~ dt.
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for C; to be a constant, we need to assume that s oc v/%, therefore we set:
s(t) = 2\V/1, (2.18)

which gives with (2.16) and (2.17) the nondimensional temperature distribution
in the liquid subdomain:

1 __ 1 2
0'(x,t) = erf/\erf v + 1. (2.19)

In a complete analogy, we can derive the nondimensional temperature distribution
in the solid region:

s B 1 x
0°(x,t) = Werfc (W) — 1. (2.20)

The only remaining piece of information is that about A. So far, we have not
used the Stefan condition (2.13), which gives—after substitution of obtained so-
lutions (2.19), (2.20)—the following transcendental equation:

—\2 22 /a
A= St _gre YO .
Vmerf () Vrerfe (\/\/a)
Such an equation can be solved using standard root finding procedures, e.g. New-

ton method. Next, we will show, that the root exists and it is unique. First, we
set:

(2.21)

— Gt e _ Gt Jae /e
T =8te vy~ Jrate (vva)

Obviously f(A) isa C! function for A € (0,00). Moreover because limy_,o+ erf A =
0, limy_ o erf A =1, we can look for its limits at the end points:

. o 1: 1 e_A2 s\/a _
lim f(A) = lim <Ste \/7_rerf()\)> — Ste’~= = oo,

A—0T A—0+ ﬁ
. . Jae Ve
1 A) =1 —Ste® —A
fim ) = Jlim ( ¢ Jretc\va) )
! e Ve 07 m) . —2\ /e N/ . T
m —— = |=z| = l1m = l1im —A=00
Ao erfe (A/y/a) L0 Amoo —2//mae /e ASe V ’

where (H) means that we used the I'Hospital’s rule—both the numerator and
the denominator contain a function that is differentiable on (0,00). So f()) is a
continuous function with limy ,o+ f(A\) = co and limy_,o, f(A) = —oco. Applying
Bolzano’s theorem (or corollary of the Intermediate value theorem) we ensure
existence of at least one root of funtion f(\). Let us further denote:

A =M erf(N),
Fo(A) = M/ erfe (\/A_>

fS()\) = _)\7
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than we immediately see, that f3(\) is strictly decreasing on (0,00). Further,
we want to explore the monotonicity of the other two funtions, since both are
smooth, we can differentiate, thus:

dfl o )\2 )\2 2 _)\2
T =2\e™ erf (\) + e ﬁe >0, A e (0,00)

dfs 2\ A 2
E—— @ erf — = .
ol el B )T g T

Set p(\) == e N/og(\) = 2/aXerfc (\//a)—2//Tae ¥/ than obviously ¢(0) <
0, but also limy_,o, ¢(A) = 0, since:

erfc A [O] VR 2//me B

}L%Aerch = /\ILIEO 0 0 e 0.
The last missing piece is that d/d\ ¢(A) > 0, that is:
d 2 A 2.2 2 4 2
— b\ = Zerfe | =1 = = -2/ )\_,\/a:
dA¢( ) ae“(\/a) o ra * Vo ¢

2 A
— Zorfe [ .
aerc(\/a>>O,A€(0,oo)

We can conclude that ¢(\) < 0, VA € (0,00), therefore 0 > e*/*p(\) = g()).
This means that fo(A) is strictly decreasing function on (0,00). Finally:

_ Ste' 1 Ste®y/a 1
VT (A VT ()
thus f(\) is a sum of strictly decreasing functions, hence it is strictly decreasing,

meaning there is a unique root of the transcendental equation. This concludes
our proof.

f)

+ f3(A),

To summarize, analytical solution of our nondimensional two-phase Stefan
problem on a semi-infinite homogeneous slab is given by:

Nondimensional solution in liquid region:

1 x
0'(z,t) = — fl—]+1 t
(x,t) e <2ﬂ>+ ; 0<x<s(t),

Nondimensional solution in solid region:

1 T
0°(x,t) = fi -1 > s5(t
w0 = (2@) e
Position of the melting front:
s(t) = 221,
Transcendental equation:
—)2 -A?/a
A = Ste! e YAC

Vmerf (\) Vrerfe(\/a)
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For the sake of completeness let us add the solution expressed in dimensional
variables:

Solution in liquid region:
1

1 o _ . T
0 (%,t) - 60 (90 em) erf \ erf <2m>7

0<x<s(t),

Solution in solid region:
1 x
0%(x,t) = 0o + (O — 0) ———F—=erfc | —== |, = > s(t),
(0.0) = O O = ) iy ot 5 ) 2 500
Position of the melting front:

s(t) = 22aValt.

2.1.2 Discrete problem

With respect to adopted assumptions, we will now formulate the discrete problem
using Enthalpy method, which we will use then to state the problem weakly.

Weak formulation

This time, our domain of interest is finite—and of unitary length (see Figure 2.2),
which gives rise to a question of the second boundary condition. Since our main
goal is to benchmark the solution of the discrete problem with the analytical
solution (2.18)—(2.20), the heat flux given by the analytical solution will be pre-
scribed, i.e.:

L00%(x,t) (2:20) e~ 1/(at)

a(t) =~k = RV syt (2.22)

j : -

0—=0, 6=6, 90 = q(t)

Figure 2.2: Formulation of the one-dimensional Stefan problem for a
discretized solution. Heat flux through the left end of the bar ¢(t) is
given by the analytical solution.

The problem is again governed by the heat equation (2.1), but in the case of
diffused-interface formulation it takes the form:

P <cp)5(e)gf = div (ke(e)gz) (2.23)

As a general strategy, we will employ the Rothe method, first suggested by Erich
Rothe in 1930. We therefore approximate the time derivative using finite time
difference:

90 oF — k-1

o~ At
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and assume that the solution is constant on the time interval of length At—with
the given initial condition *~!. Generally, we consider a convex combination of
0% and 0*~! to be substituted into the heat equation (2.23):

k_ gk 0 (60" + (1 — ©)p
p@mwf‘gzdw(mw>( M >), (2.24)

At ox

which we solve with respect to 8%, a function of the space only. For specific values
of © we obtain either fully explicit (© = 0) or fully implicit (© = 1) scheme. For
© = 1/2, we get the so-called Crank-Nicolson scheme. Fully implicit Euler scheme
is the preferred one in this thesis. The complete discretised solution will be then
given by:

O(z,t) = 0%(z); x € (0,1),t € (" 4], (2.25)

where t* = kAt, k€ {1,..., N}. Next, for a fixed time instant t*, we define the
elliptic problem (2.24), whose weak formulation we will now carefully derive.
First, let us consider the following vector space:

T ={0 € H ((0,1)) | 9(0) = 0}, (2.26)

We see, that if we assume 6 to be a constant function on the unit interval, we
can define 7 > 0% == 6% — §,. Multiplying the elliptic equation (2.24) with a
test function ¥ € T and integrating over the unit interval we obtain the following

integral identity:
Lok — gh1 L .00
p/o cpTﬁdx —/0 div (k‘ aﬁ)ﬁdx.

It only remains to apply the Green’s first identity'—mnot forgetting the Neumann
boundary condition (2.22)—and we obtain the weak formulation of the problem:

At t = tF we look for % ¢ T, such that:
Nk—1

L00% v 16
p/%@ﬁm /kﬁEiw o], G a et (2.27)
+q(tF)0(1), v9 € T.

Existence and uniqueness of a solution of this problem is given by the well known
Lax-Milgram lemmea.

VHere we use the continuous representative , since H' ((0,1)) = AC((0,1)) in the sense,
that: Vo € H* ((0,1)) 39 € AC ((0,1)) : ¥ =9 a.e., so ¥(0) has a meaning.
VLet u, v € H'(w) be two Sobolev functions on a domain with Lipschitz boundary, then:

ov ou
u@mi dx = ?gw uvn;dS — /w oz, vdx,

where n; denotes the i-th component of an outer normal on dw and the derivatives are meant
in the weak sense.
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FEM solution

The variational problem (2.27) was implemented numerically in the open-source
platform FEniCS. The temperature was discretised using linear finite elements
and solution of the transcendental equation (2.21) was sought using root finding
procedure fsolve from the scipy.optimize package. Table 2.1 gives numerical
values of the material parameters for the simulation and boundary condition
values.

Parameter Value
1000 kg/m?
1 R
» 4180 J kg 1 K1
) 2050 Jkg ! K1
Material quantity ) g
k! 0.571Wm K~
k* 218 Wm 1K™t
Lim 334-10°J/K
) 373K
Om 273K
O 263 K
Formulation/discretisation
Tdiv 1000
At 107°[0] =~ 730
€ 04K

Table 2.1: Numerical values of parameters of one-dimensional Stefan
problem.

2.1.3 Results

Figure 2.3 shows the accuracy of the proposed enthalpy method on a bench-
marking code comparing it with the analytic solution of the Stefan problem. A
remarkable agreement in both the melting front position and the temperature
distribution is present.
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(c)t=3-10"1[ (d)t=4-10"1[
0 0.2 0.4 . [m] 0.6 0.8 1 ‘0 0.2 0.4 . [m] 0.6 0.8 1
(e) t=5-10"1[t] (f) t=6-10"1[]

Figure 2.3: Benchmarking of the enhalpy method with the analytical
solution of the one-dimensional Stefan problem.

Stability

With particular combination of mesh cell size Az, time step size At and mollifying
parameter €, the computation becomes unstable. What follows is an attempt to
characterize the stability using a condition similar to established CFL condition,
that is used as a stability criterion in many CFD computations.

First, it is necessary to discern the approximation of Dirac delta distribution
within a discretisation of the temperature field. But what is possible is only to

32



control the domain discretization. Using integration by substitution we can write:

dé

F(0m) = [ £(0)5(0 = 0,)a0 = | F(0(@))6(6(z) = 0u) -da,

and consequently we can write for Axz:

where €, denotes the mollification width with respect to spatial metric. In a
complete analogy to the CFL condition we would like to bound the time step
size using a characteristic information distribution velocity. In the case of Stefan
problem, the characteristic property is the melting front position. Its order of
magnitude is given by the Stefan condition (2.7):

60—900 00—900 90_000
R + K —_—
dt [] [] []

It is now only a matter of a standard requirement, that the time step size should be
small enough to be able to contain the propagating information within consecutive
mesh cells after one time step, i.e.:

< (K" + k%

At Ax ] k! pLi ] €L

~
~

A= T S Tas/at = Go— 0 [w2pch (Bo — 6oc) (K + %)~ (60 — 6s0)c

Let us see what this criterion gives for our problem settings. We fix e = 0.1 and
from Table 2.1 we see that:

[x] 1

Ax < ~107'— =103
x_eeo_eoo 0 102 07,
- eLL 101 10°
At < —= ~ =103
= (00 — 0s0)%c) 104 - 103 ’
- Az | 107°
ANt — < Az—— ———— x Az———— = Az. 2.28
— [tlds/dt — xmclﬁo—eoo x1-103~102 o (2:28)
P

Numbers € = 107!, Az = 1073 and Af = 1072 give an upper bound for stability
of the computation. Figure 2.4 depicts result of a numerical experiment, that
shows the relation between an error—expressed by the difference of a position of
the melting front given by analytic vs. discrete solution.

It is obvious, that if we respect bounds given by the previous calculations,
the computation gives meaningful results. Outside the safe region the resulting
temperature fields may give non-physical description of the problem—depicted
by red patches in Figure 2.4.

2.2 Stefan 2D

It is noteworthy that the heat equation formulated as a radially symmetric pla-

nar problem retains the structure suitable for definition of the same similarity
variable £ = r/v/t.
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As ~ error

100

Figure 2.4: Stability of Stefan 1D problem. z-axis shows an error that is
given by the difference of the position of the melting front. Red curve in
the Az — At plane shows restriction on the time step size (2.28), As =1
means that no melting front position was given by the calculation using
the particular choice of parameters—computation became unstable.

2.2.1 Continuous problem
Formulation

An infinite plane of a constant thickness with excluded circular region of radius
r = Ry is centered at the origin is the domain of interest. Graphic interpretation
of the formulation is contained in Figure 2.5.

In a complete analogy to the one-dimensional case we assume the following:

- The material is thermally insulated so that no heat escapes through the
upper and lower boundary of the disc.

- There are no heat sources within the material.

The rest of the formulation can be adopted from the section Stefan 1D, the only
difference is that now we don’t prescribe temperature on the boundary (inner
circle), but the heat flux. The reason for this as well as for the shape of the domain
will be clear from the analytical solution of the problem. Radial symmetry of the
problem gives the dependence of the temperature only on r spatial coordinate,
therefore 6 = 6(r, ).

Our starting point is the heat equation in an invariant form (2.1), Table 2
of Appendix B contains differential operators in cylindrical coordinates. Using
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Figure 2.5: Sharp-interface formulation of the two-dimensional Ste-
fan problem. Here we prescribe Neumann boundary condition

—k'90' /or|,—r, = q1.

the definition of a laplacian we can write:

o0 _ 10 ( 06 %0 100
Porgy = div (kVO) = kA = k;E ('r'g) =k (ﬁ + ;E) : (2.29)

It remains to observe that the Stefan condition (2.7) retains its structure in
the polar coordinates. We denote s = (s,, s,,) the position of the melting front
expressed in polar coordinates, then it holds:

me% ‘n, = —[q] -n, = kVO°-n, — k'VH' - n, =
003 100!
—k aef-'ng—kgeﬁ'ﬂgj

where e; is the unit basis vector in the radial direction. Because we assume, that
the problem possesses cylindrical symmetry, it holds that n, = e; and we can
write the final form of the Stefan condition:

ds, 100!
Plm gy = K51

_90°

+k or

r=sr(t)

r=sr(t)
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Formulation of the two-dimensional Stefan problem:
Heat equation in liquid region:

1 291 199!
d = (89 86>’ Ry <1 < s.(1),

ot or2 ' ror
(2.30)
Heat equation in solid region:
00° 020 100°
=ao° — > s.(t). (2.31
= (Gr iG] s @
Boundary conditions:
91
L
Or lr=R, (2.32)
lim 6%(r,t) = O,
r—00
Interface condition:
0! (r,t = O = 05(r,t 2.33
O] (0], (2.33)
Initial condition:
Qs(x,t)’t_o = 0, (2.34)
Stefan condition:
ds, 00! 00°
plypy— = —k'— + K
dt or rse(t) or resn(t)

Analytic solution

As was mentioned earlier in this section, the form of the polar heat equation (2.29)
enables us to use practically the same procedure that led to the analytic solution
of the one-dimensional case. Here we will consider general setting of the problem
and with ! being function only of the 7 spatial coordinate—for both 2D and 3D
formulation (as will be clarified in the next section)—we can formulate the heat
equation using similarity variable &, that is:

d291+ d—1+i diel_o
de2 ¢ 21 ) d¢

where d denotes the dimension of the space we solve the problem in. Using
substitution n' = df'/d¢, we get a first order linear ODE:

dn! d—1 & -
d§+<f+2al>n —0,

or equivalently:

dn! d—1 19
— —+ —=d 2.35
771+< 3 +2041> ¢ (2:39)
which yields after integration:
do! 1 2 (40
I — —£%/(4a)
n df = Cogd—l e



Now if we integrate once more and apply substitution for the integral we obtain
the general solution of the original ODE:
d r?
27 4alt

o0 1
91<7', t) = Cl 2 /(d4at) W e*t dt + CQ = ClF (1

) +Cy  (2:36)

where I'(s, z) denotes the incomplete gamma function*'. The same equation can
be derived for the solid subdomain. For d = 2" takes the incomplete gamma
function the form of so-called exponential integral Ei(z)" and thus:

2
1 . r
0 (T,t) :CI+OQE1 <_Zmlt>7

S _ : T.2

9 (T‘,t) —03+C4E1< 4Q{St>.
Since lim,_,o+ Ei (z) = —o0o, the solution §! would lack a physical meaning at
r = 0. This is the reason why we solve the problem on r € [Ry, 00) and therefore
it is required to choose the constant (5 in accordance with the heat flux ¢, i.e.
¢ = —K'00')0r|,_p, = —K\Cye(B/Uat) o /R Cyp = —q Ry e(Ri/(al0) /(ofhy,
After taking into consideration the data (2.44)—(2.46), we obtain the (dimen-
sional) solution:

Solution in the liquid region:

)\2 742
0'(r,t) = 0, — C,, Ei (— ) +C,, Ei ( ), Ry <r < s.(t), (2.37)

al  4alt

Solution in the solid region:

2
6%(r,t) = O + (6 — 9m>m Ei (-LLJ r>s(t),  (2.39)
Radius of the circular melting front:
se(t) = 20\W/1,
Transcendental equation:
2 1 —X2/ad s e N/e
pLn A = —k'e —k* (0 — Gm)m. (2.39)

2.2.2 Discrete problem

For the discrete formulation our domain of interest changes into an annulus de-
fined by radii Ry and R,. Heat fluxes through the boundary of the domain are

Vi Definition of the upper incomplete gamma function:
(oo}
I'(s,x) ::/ ts" et dt.
x

VT we had plugged d = 1 into (2.35), we would have gotten after integration the physical
solution of the one-dimensional Stefan problem.
vill Fi () denotes the exponential integral:



given by the analytic solution (2.37)-(2.38):

leC 2 /(4]
t) = —R7/(4a't)
Q1( ) Rl )
2k (0o — Om) _p2/(1000)
t) = —————= *u
e = = p E () ©
2

1 R2
Q1 0 =0, &

Figure 2.6: Discrete formulation of the two-dimensional Stefan problem
using enthalpy method. Inner and outer boundary are denoted by -,

resp. vs.

Weak formulation

Repeating the procedure in the paragraph Weak formulation of the previous sec-
tion, we obtain the variational formulation of the planar Stefan problem:

At t = tk we look for 0 € H'(w), such that'

p/ z9dx+/ VO de_p/ ¢ —ﬂdx+
(2.40)
+ / ()9S + [ @)0ds, v e H'(w).
7

Y2

FEM solution

As previously, the weak formulation (2.40) was implemented and solved numer-
ically. The mesh of the domain was generated by mshr FEniCS library. Values
of the material parameters are given by both the Table 2.1 and the following Ta-
ble 2.2.

2.2.3 Results

Figure 2.7 makes a summary of benchmarking of the 2D enthalpy method vs. the
analytical solution of the planar cylindrically symmetric Stefan problem. The
result is, again, very satisfactory.
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Parameter Value

R 0.1
Geometry ! o
Rg 1m
C, 100
Formulation /discretisation o
At 475

Table 2.2: Numerical values of parameters for two-dimensional cylindri-
cally symmetric Stefan problem.

0 [K]
700 -
ol ==us enthalpy method
—— analytic solution
600 -
550
E‘ 500
: 450
400 -
350
300 -
2500 0 0.‘4 06 08 1
@ [m]
700 -
650 -
600 -
550
E‘ 500
: 450
400 -
350
300 -
0 o 04 06 08 1
(b) t =7.625-10°s v lm)
700 -
650
600 -
550
'E‘ 500
; 450
400 -
350 |
300 |
20 ) 04 06 08 1
(c)t=1.0-107s e

Figure 2.7: Benchmarking of the enhalpy method with the analytical
solution of the planar Stefan problem. The left column shows an attempt
to represent temperature distribution on the annulus—Ileft half being the
FEM solution, right one, translucent, the analytic solution. White lines
denotes temperature isolines, with the red one reserved for the melting
front. The right column shows the comparison along one radial ray.
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2.3 Stefan 3D

For the sake of completeness we present here the formulation and analytic solution
of the three-dimensional radially symmetric Stefan problem. As the main focus of
the thesis is aimed at the planar problems, discrete formulation and FEM solution
of the spatial problem would not only be time consuming but also unjustified.

2.3.1 Continuous problem
Formulation

Formulation of the three-dimensional radially symmetric Stefan problem can be
carried out in a complete analogy to the planar case. Figure 2.5 can be viewed
as a cross section of the spherical domain. The heat equation (2.1) for 8 = 6(r,t)

takes the form:
(‘30_ 10 ,00 B 0%0 200
Porar — kﬁ@ <T 8r> =k (aﬂ + r&r) ' (241)

Formulation of the spatial Stefan problem:

Heat equation in liquid region:

1 201 1
0 :&l<ae 20(9)’ Ry <r < s.(0),

ot ar2 " ror
(2.42)
Heat equation in solid region:
00° 0%*0s 200
=a° - > s,.(t). (24
ot a<8r2+rar>’ rzs(l). (243)
Boundary conditions:
91
_klai =,
Or Ir=Ri (2.44)
lim 6%(r,t) = O,
r—00
Interface condition:
0'(r,t = O = 0°(r, t 2.45
<T’ )r:sr(t) (T7 >r:sr(t) ( )
Initial condition:
Gs(x,t)’t_o = 0, (2.46)
Stefan condition:
ds, 6! 00°
PLan dS - 186 i)
t r r=sr(t) r r=sr(t)



Analytic solution

If we set d = 3 in (2.36) we obtain the general solution for the three-dimensional
radially symmetric Stefan problem:

0 t) = Cy+ CoT =5
! 2 4alt )’

0%(r,t) = Cy + Cu T = -
rt) = - — .
; 3 4 9 ; dost
Taking into account the boundary conditions, we can write the particular solution:

Solution in the liquid region:

6 (r t):@m—0q1r<—1 v) +C, F(—l 73) Ry <1 < s,(t)
’ 27 al “ 27 4alt )’ ’
Solution in the solid region:
1 1 r?

0°(r,t) = O + (O — em)F(—l/Q, _)\2/aS)F<_2’ 404575)’ r > s.(t),

Radius of the circular melting front:
se(t) = 20/,
Transcendental equation:
X2/qf

e

(=1/2,X%/a®)

me/\4 _ —]{31(041)3/20(]1 e_)\2/a1 —ks(eoo _em) <a5)3/2 -
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3. Blankenbach benchmark

The present chapter is devoted to the second possible hindrance mentioned in Ge-
ometry and boundary conditions, that is the free surface. There are more ways
how to deal with this boundary condition, nevertheless in view of fluid mechanics,
the optimal one—and also the one we chose—is the so called arbitrary Lagrangian-
FEulerian description of the problem. It enables us to stay within the advantageous
framework of Eulerian description but at the same time gives the possibility to
adapt the spatial discretisation to the time-dependent domain.

As in the case of the enthalpy method, we need to validate this approach. To
this end we make use of the so-called Blankenbach benchmark, which contains a
comparison study for thermal convection in the Earth’s mantle. In the following
we will present a formulation of a benchmark problem and a correlation of re-
sults for both fixed domain solution and the free surface problem—attacked by
ALE formulation approach—complete with reference values given in [Blanken-
bach et al., 1989).

3.1 Fixed domain

3.1.1 Problem formulation

The benchmark problem is defined as a two-dimensional thermal convection of a
non-rotating Boussinesq fluid of infinite Prandtl number in a rectangular cell of
length [ and height h, therefore w = ((0,1) x (0,h)). The convection is driven
by a horizontal temperature difference A = 0oy — biop. Side walls of the cell
are assumed to be thermally insulated and the fluid is allowed to slip freely
on the whole boundary. Graphic representation of the formulation is available
in Figure 3.1.

Tt 9|’Yt = etOP
Nl anlyu, =0 Ve
v-nlg, =0 3
z
L L
z P)/b 9|'Yb - ebot
l

Figure 3.1: Formulation of the Blankenbach benchmark model problem.
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3.1.2 Governing equations

The general approach in derivation of the governing equations consists in the
linear approximation of the conservation laws called the Oberbeck-Boussinesq
approximation.

Oberbeck-Boussinesq approximation

Initially, we consider a hydrostatic reference state with v = 0. The state is char-
acterised by a reference pressure pi, density po, temperature 6y and a reference
gravitational constant gy. In the context of geophysical applications we assume
a certain form of momentum equations (1.9), in particular those, that take into
acount the rotation of the frame of reference:

p]]D)‘tfzdivT%—pg—Zpﬂxv—pﬂx(Qxx) in w, (3.1)
where x is the radius vector which constitutes—together with the angular
frequency of the planet’s rotation —the centrifugal force p Q2 x (2 xx), 20 XXV
is the Coriolis force and the last body force is supplied by the gravitational
acceleration g.
If we assume for the constitutive relations that:

T=—p"T+3, lim$ =0, (3.2)
v—0

than considering the momentum equation (3.1) in the reference state, we
obtain the relation between the reference variables:

Vi = pogo — po 2 x (2 x x). (3.3)

Next, if we ignore variations of the density due to pressure deviations, we can
linearise the state equation with respect to the temperature difference 6 — 6, to
get:

p=po(l—ay(l—0b)). (3.4)

In numerical modelling of thermal convection it is convenient to define the
reference temperature distribution 6, as the solution of the following stationary
conduction problem:

div (kV@o) + pobe = 0,

with boundary conditions given in the problem description (see Figure 3.1).
The reader can find more about mathematical modelling of thermal convection
in Earth’s mantle in lecture notes [Matyska, 2005].

Putting state equation (3.4) into the general form of the continuity equa-
tion (1.5) and neglecting the thermal expansion, it follows that for the time-
independent variable p, we have:

div (pov) = 0. (3.5)

iJoseph Valentin Boussinesq (1842-1929) - French mathematician and physicist, known
also for approximations of water waves and turbulence
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In order to get the approximation of the momentum balance, we plug (3.2)—(3.4)
into the specific form of momentum equations (3.1), thus we have:

Dv

th = —Vr+divd + pofBv(0 —00) 2 X (2 x x) —2pQ X v+

+ po(g — 8o) — poBv(0 — o) (g — o) — poBv (0 — bo)go,

where with m = p' — pif we denoted the pressure deviation. Final step towards
the linear approximation is to neglect both Corriolis and centrifugal force, along
with the quadratic term pofv (0 — 0y)(g — go) and the thermal expansion on the
right hand side. Thus, we end up with:

Dv )
= = —Vr +divS + po(g — 80) — poBv (0 — bo)go- (3.6)

Po Dt
To linearise the temperature conservation of energy, we replace p by pg in the
temperature equation (1.45), i.e.:

D6 Dptt
pocpﬁ =%:D —divq + pobe + vl L

Dt ’

moreover, we assume that the dominant part of the pressure p'" is the hydrostatic
pressure, which gives Dp''/Dt = —uv,pg, with v, being the radial component of
velocity and ¢ = |g| the magnitude of the gravitational acceleration. Assuming
referential values (we set g := |go|) for an isotropic thermally conducting material
we obtain the linear approximation of the temperature equation:

Do
PoCryy = S : D — div (kVE) + pobe — pocryvrgob. (3.7)

The term —poayv,gof is sometimes called the adiabatic heating, since it con-
tains the heat that is produced by compression/expansion due to the vertical
movement of the element.

Equations (3.5)—(3.7) constitute the so called compressible extended
(Oberbeck-)Boussinesq approzimation, which we, for the sake of clarity, present
once more:

Extended Boussinesq approximation of continuity equation:

div (pov) = 0, in w,
Ezxtended Boussinesq approrimation of momentum equations:
Dv ) .
Py = —Vm +divS + po(8 — 80) — pofv(0 — bo)go, inw,
Ezxtended Boussinesq approximation of temperature equation:
Do
Py, = S D —div (kVO) + pobe — poaryv.09o, in w.

To further simplify the previous system of PDEs, we consider the Newto-
nian fluid, which means $ = 2uD, with constant dynamic viscosity p and ap-
ply the system to a problem, where both the referential values py, go and the
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material parameters By, ¢, and k are constant. Finally, if we also omit dissi-
pation 5 : D and the adiabatic heating —poavv,gof), we arrive at the classical
(Oberbeck- ) Boussinesq approximation:

Classical Boussinesq approximation of continuity equation:

divv =0, in w, (3.8)
Classical Boussinesq approzimation of momentum equations:
Dv .

poD—t =-—-Vr+ [LAV — poﬁv(@ — 90)g0, m w, (39)

Classical Boussinesq approrimation of temperature equation:

Do
poch—t = kA + pobe, in w. (3.10)

Nondimensional variables

In the following we will identify p with pg and g with gy, neglecting thus the self-
gravitation and admitting compressibility only in the buoyancy force pfBy(0—6p)g.
There are more possible ways of defining characteristic scales of the system (3.8)—
(3.10) depending on what pair of thermomechanical processes we deem most im-
portant.

Let us write the following scales of physical variables:

x=%X[x], t=1[t], v=VI[V], § = bOop + 0[6].

Primarly, we would like to have a consistent scaling of the velocity and time, i.e.:
[v] = [x]/[t]. This enables the substantial derivative to scale accordingly. Then
we can use either of the three following scale factors:

(a) We compare the inertial force and the dissipative viscous term, meaning:

ov
Y uA
Py~ AV,
vjov  [v]

MY Y A,
1 of T

where Az denotes the Laplace operator with respect to nondimensional spa-

tial coordinates. This is a typical scaling for Navier-Stokes equations, for

time scale we therefore have:

(b) In the second approach, the inertial and the buoyancy force are assumed to
be of equal importance, so:

p[[:]]?; ~ pBvglf)(0 — fo)es,

46



where e; is the unit basis vector in the direction of z-axis. This gives:

Pr
5\/9 v VRa’

or equivalently for the velocity scale factor:

v [Ra
[v] = /Bvgl0][x] = ]\ Pr

For convenience, we defined two characteristic numbers:

310
Rayleigh number: Ra = ngf;][],

Prandtl number: Pr = K.
«

(¢) The last possibility is based on similarity of temperature convection and the
heat flux, that is:

6] 00 ~ kﬂ A 6,

MU TE

which gives diffusive time scale:

2 2
oo B, -
and respective velocity scale:
«
[v] = @ (3.12)

For our non-dimensional formulation scaling (c) is the preffered one. Using (3.11)
and (3.12) we modify the momentum equation (3.9) to obtain:

1 av Dv o 09— 0

e A —— AV — 0](0 — Op)es,

Prp[x]3 7 V7r+u[x]3 v — pBvgld)( 0)e
1 Dv ~ ~ )
Prﬁ:_viw+Aiv—Ra(9—90)ez,

with nondimensional pressure difference 7 := 7[x]?/(au). We repeat the idea for
the approximation of the temperature equation (3.10). For simplicity we assume

b. = 0.
108 [0 A 5
@l Df M S5
Do ~
o7 = Ox6.

47



Now we are ready to present the classical formulation of the Blankenbach bench-
mark problem for two-dimensional thermal convection of the incompressible non-
rotating Boussinesq fluid of infinite Prandtl number” (tildes were dropped):

Nondimensional continuity equation.:

divv =0, in w, (3.13)
Nondimensional momentum equations:t
0=—-Vr+ Av+Ra(d —bpe;, inw, (3.14)
Nondimensional temperature equation:
DO
Dr = AD, in w. (3.15)

3.1.3 Weak formulation

Again, Rothe method was utilised to solve the problem numerically, which means
that we need to define the variational problem at each time step. First, let us
define the following function spaces:

Po={we LX) /wwdx — 0},
V= H'(w),
T={9 € H'(w) | V|5, = 0}

Also, let Op € H'(w) be the representative of the Dirichlet boundary conditions
for temperature, then the weak formulation follows.

At t = t* we look for (m,v,0 —©Op) € P x V x T, such that:
0= / (div v)w dx,

0= / ndiva — Vv:Vu+ Ra(f — y)e: - udx,

k—1

6 o
/wﬂﬁdx:/wVQ-Vﬁ—(V-V9)19+E19dx, V(@ w,9) € P xVxT.

3.2 Free surface

We are now going to make one step further and introduce the free surface into
the formulation of our problem. As was mentioned in the beginning of the chap-
ter, this obstacle will be attacked using ALE formulation, whose essentials are
addressed in subsection 3.2.2.

iiValues from Table 1 of [Blankenbach et al., 1989] give 1/ Pr = 4 - 10726,
iEquivalently, we can formulate momentum equations for nondimensional pressure p'", in-
stead of pressure deviation 7. This would give following set of equations:

Ra

0=—-Vp™ + Av+Ra(d — by)es + ——
P ( o) Bv 0]

€z.
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3.2.1 Problem formulation

Free surface dynamical boundary condition $n|, = 0 and variable cell height
h(z) are the only differences in the free surface Blankenbach benchmark problem
formulation. The formulation is, again, graphically summarised in Figure 3.2. A
kinematical boundary condition for the free surface 7; is discussed later.

Tt 0 ”Yt = etop

-y
SEa, -
.....-- -----‘
- mm -

h(x
'71 qn "YIU"/r — 0 ( ) 'Yr
V-n‘aw\% =0

on |“/1, =0
z
I
x o ‘9’713 - ebot
l

Figure 3.2: Formulation of the Blankenbach benchmark with free surface.

3.2.2 ALE formulation
Method description

There are two main possible kinematical descriptions of continuum, that funda-
mentally influence a formulation and numerical solution of a physical problem.

The first one is called Lagrangian and it is preferred in structural mechanics.
With this approach free surfaces and interfaces between subdomains are easily
trackable on one hand, but on the other hand large distorsions may lead to a com-
plete breakdown of a computational mesh. The cause of this effect lies in the fact
that using Lagrangian description one tracks the same material point X whose
position is given with respect to some referential (here material) configuration
at time t;.

Existence of such a referential configuration is crucial in the first approach and
it is not always guaranteed (as is the case of fluids). Eulerian description is able
to remedy such situations, since the computational mesh is fixed and the spatial
points x from current configuration w are those we work with. Grid configuration
can cope with possibly large distorsions of the continuum at the expense of loss of
information about precise interface position. A connection between the material
and the current configuration is provided by the mapping

X : [to, T) X Q = [to, T) x w; (t,X) — x(t,X) = (¢,x).

Arbitrary Lagrangian-Eulerian description was developped with the intension to
combine the best features of the previous approaches and can be viewed as a
generalisation of both of them. It makes use of a third configuration we whose
elements are identified with the computational grid points. Mappings

W [tg, T) X we — [to, T) x Q; (t,&) — ¥(t, &) = (t,X),
p:lto, T) X we = [to, T) xw; (t,€) — (t, &) = (t,x)
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provide relationship to the material, respectively current configuration. Although
the choice of the reference configuration we is arbitrary, the mappings are linked
through the following relation:

xX=@po¥ ! (3.16)

It is physically reasonable to assume the mapping x to be one-to-one, meaning
det (0x/0X) > 0 everywhere. This, by the previous relation, justifies the ex-
istence of W1, Special choice of mapping ¢ or ¥ might give us back either
Lagrangian (¥~! = idq) respectively Eulerian (¢! = id,,) description. Fig-
ure 3.3 shows an attempt to capture these relations graphically. The possibility
of an arbitrary mesh deformation comes with a drawback in the form of a ne-
cessity of the correct definition of the grid velocities as well as a supply of an
automated mesh-update algorithm.

Applications of the ALE method in both the fluid and the solid mechanics
are presented in [Donea et al., 2004]. The same reference contains a survey of
mesh update and mesh adaptation procedures. [Scovazzi and J. R. Hughes, 2007]
covers the theory of ALE formulation and contains derivation of conservation
principles in the ALE description of motion.

Every kinematical description, specified by a particular mapping, induce a
respective velocity, given by a time derivative of the mapping. Thus we introduce

ox op—1
t = t, X

V(%) = 2X1,%),9(.€) = 22 (1,€), wit. X) = 2 (1.X)

to be the material velocity of a particle X, respectively mesh velocity of a mesh

node £ and the particle velocity of X in the reference domain we. From (3.16) we

see that:

0 ox
V(ta X) = acp(t lI’_l(t7 X))| (t X) + %W(t X)|Xa
where |, means that we keep x fixed. So we can define the convective velocity c,
which expresses the relative velocity between the mesh and the material, by the
following;:

cC=v—-—V=_—_w. (3.17)

Now we would like to express the material derivative of a scalar function f with
respect to the computational grid represented by the coordinates &, which, again,
calls for an application of the chain rule:

) of Yof
o (Lo (£ X)|, == +a—€ =5 +<a§> W=

Using the expression (3.18) for the material derivative corresponding to grid
node £ we can rearrange the differential form of mass balance (1.4), momentum
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(b) Lagrangian kinematic description.
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/ X

(c) Eulerian kinematic description.

Figure 3.3: Illustration of various kinematic descriptions commonly used
in continuum mechanics.

equations (1.8) and the internal energy conservation (1.21) simply by substituting
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c for the convective velocity on the left hand side:

ALE form of continuity equation:

o +c-Vp=—pdivv in w(t), (3.19)
ot ¢
ALFE form of momentum equations:
ov . .
dn + (Vv)c | =divT + pb in w(t), (3.20)
€
ALFE form of energy equation:
0
p (aj .y Ve) —T:D—divq+ph nw). (3.21)
€

Weak formulation and Nitsche’s method

There are two possible ways how to compute the unknown position of the free
surface ;. A more general approach is simply to impose w-n = 0 on 7, meaning
that no particle can cross the free surface. The second approach give us the posi-
tion of the surface directly. We assume (¢, &) to denote the vertical displacement
of the node & = (€7, £%) at the time ¢ and for the spatial point x¢(t) = (z(¢), 2¢(¢))
on the top boundary 7;(t) we can write:

z(t) = & = £,
z(t) = o(t, &, &0) = @(t, o, &)

Thus we can introduce a new (Eulerian) variable
h(t,x) = o(t, o, &) |e=ez
which immediately gives:
z(t) = h(t, xy).

Taking a time derivative of this equation we obtain the kinematic equation for
Vet
oh  Oh

— 4 —v, = V,. .22
6t+0$vx v, (3.22)

Continuous rezoning of the mesh is provided by the so called Laplacian smoothing,
which is able to form lines of equal potential for convex, logically regular domains.
We look for a mapping ¢ that is a harmonic extension of h on the whole domain.
Thus, we have that ¢|,, = h and we can rewrite the kinematic equation for
% (3.22) in terms of ¢:

dp Oy

— 4+ v, = v,, on Y(t).

Then, we apply the temporal discretisation and recast the kinematic equation in
the following form:

o — "+ At (vax - vz> =0, ony(t"1), (3.23)
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All in all, we solve the following problem for the time t = tF*1:

8290 82 . k
0
p— "+ At (90% - vz> =0 on y(t"),
or
0
8;0 =0 onyU~y( 1),
Q= 0 on Yb-

Solution of the problem gives us the mesh displacement mapping at the time
=tk that is p(t*,-) = ¢, = (0,9). This application of ALE method is
sometimes called incremental (or poorman’s) ALE method.

Using a generalisation of the Nitsche’s method described in [Juntunen and
Stenberg, 2009], we can incorporate the boundary condition into the weak for-
mulation. Let us apply this approach to our problem. A specific form of the
boundary condition is considered in the article, namely:

0 1 _
87;? — E((po —@)+g on %(tk 1), (3.24)

where dp/0n = V¢ - n denotes the normal derivative and € € [0, o] is a param-
eter, whose limiting values give either the Dirichlet or the Neumann boudnary
condition. The weak formulation of the Laplace problem using Nitsche’s method
is represented by equations (2.4)—(2.6) in [Juntunen and Stenberg, 2009], where
the right hand side f = 0, that is:

At the time ¢ = t* we look for ¢ € H*(w(t*7)), such that:

vhe Oy ¢
V- -Vodx+ — — ¢+ p—da+
/w@k L, Ve Ve Eeghz(t:k 1)< <+ hp Jeon® T Can

evhg dp 0p
da — 9299 44| =
+e+7hE/E“’¢ ¢ +7hE anan “)

1
= da + / da+
Eeghz(t:’f—l) <e+7hE/E%¢ ¢ + hE %an “

_ evhg @ 1 k—1
+€+7hE/Eg¢da i Eganda>, Vo € H (w(t* 1)),

(3.25)

where by E we denote an edge in the partitioning G, (t*~!) of the free surface
Y (t*71), hp is the diameter of the edge E and + is a parameter whose certain
values ensure stability of the modified formulation.

Taking the limit ¢ — 0 in (3.25), we can obtain the following variational
equality:

1 a¢>
Vo -Vodx = —p— — da,
/w(tm o Vodx = Eeg%“/ oo (th on ¢ (3.26)
Vo € H (w(t1)).

The same limit in (3.24) gives the Dirichlet boundary condtion:
wo— =0 ony("). (3.27)
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It remains to realize that the discretised kinematic equation (3.23) does not ex-

actly match (3.27), nevertheless it can be viewed as an implicit form of the Dirch-
let boundary condition. The weak formulation (3.26) is transformed into
'+ At

>

Eeg (th—

/ Vo Vo dx
w(tkfl)

1)/}3 ((90—90’“

Vo € H (w(tv1)).

Before we present the final formulation of the free surface problem, we call the

reader’s attention to the computational inconvenience that is described in [Kaus
et al., 2010]. Earth mantle convection codes for free surface problems may ex-

times called the drunken sailor effect.

depicted in Figure 3.4. A time step that is small enough to limit the vertical

1S some

tability, that i

perience an 1ns

displacement of the free surface can prevent the instabillity from ocurring. But
such a restriction on the time discretisation may cause an increase of computa-

tional time. We therefore introduce a counteracting boundary traction in the

t has the following form:

ions, i

momentum equat

tY = —AAtpg(v - n)e;,

where A € [0, 1] denotes the weighting parameter of the counteracting force.
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FEM formulation

We are ready to present the finite element formulation of the free surface problem
in its entirety. First, let us clarify, that we used P1/P2/P2 elements for the
thermomechanical problem, i.e. at the time ¢ = t* we use the following definitions
of spaces:

P i={m, € C (w(t")) | mlz € PL(T), VT € To(t")},
Vi = {vi € C (w(t))) | valr € Po(T)2, VT € Ta(t"), vily oy = 93,
oy ={0,eC (w(tk)) | Olr € Po(T), YT € To(t*), 04y, = 1,04, x) = 0},

where T, (t*) represents the triangulation of w(t¥). Search space of the mesh
displacement problem is approximated by:

O = {pn € C (w(t*™)) | gnlr € Pi(T), VT € To(t*1)}.
FEM formulation of the free surface problem at the time ¢ = ¢*:

Mesh update: ), € P

- D 1 Oon\ | Opn
_ k=1 e .

Eegp(th—1
Yo € DF,

Thermomechanical problem: (7, vy, 0;) € PE x VE x OF
0= / (diVVh)?I/'h dX,
w(tk)

0= /( Y mpdivu, — Vv, Vu, + Ra(0, — 6 p)e; - uy dx—
w(t

- / A Ra At(vy, -n)(e, - uy)da,
(%)

By(0]
gh . R 05—1
/w(tk) Eﬁh dx = /w(tk) Vo, -V, — (v — V1) - VO) 9y, + o 9, dx,

Y(wn, up, 9y) € PP x Vi x OF.

When the solution of the mesh update problem is constructed, we modify the
mesh using automated FEniCS algorithm ALE.move(). The convective veloc-
ity v;, — v, in the temperature equation is the relative velocity c that arises due
to the ALE fomrulation of the problem. The velocity of the mesh v, is computed
from the mesh displacement field, i.e.:

. on — ph
Vh_ T-

Parameters with values for both the fixed domain and the free surface problem
are tabulated in Table 3.1.
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Parameter Value

G ¢ l 10 m
eometr
Y h 105 m
Material quantity By 2.5-1075K!
1 6
Scales bx] 0'm
0] Af = Oy — Oiop = 1000 K
0o 0K
Otop 0K
Obot 1000 K
Ldiv 30
iv 30
Formulation/discretisation =
At? 1074[0] = 10 s
Ra 104
v 0.005
hg 1/ xqiy
A 1

Note: @ This denotes the initial time step, CFL condition was applied after the first
cycle of the time loop was completed.

Table 3.1: Numerical values of parameters for Blankenbach benchmark

problem.

3.3 Results

3.3.1 Benchmark data

Two nondimensional quantities were collected during the computation:

- Nusselt number:

[, 00/0zds

Nu=—h— o,
fo‘g‘zzo(x) da

- rms velocity:

h 1 I rh
= — —_— 2
Urms Oé\/hl /0 A |V| dz dx.

Figure 3.5 and Figure 3.6 show that the free surface formulation give consistent

benchmark results.
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Nusselt number

-------- ALE formulation
fixed domain
— — reference value

4.89 —

Nu [—]

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

Figure 3.5: Nusselt number data correlation for ALE and fixed domain
formulation. The black dashed line denotes the representative value given
by the benchmark reference.
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%0 Nondimensional velocity vrms

-------- ALE formulation
fixed domain
— — reference value

80 -

70 -

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

Figure 3.6: Nondimensional velocity v.,s data correlation for ALE and
fixed domain formulation.

3.3.2 Dynamic topography vs. ALE mesh displacement

We employed the ALE technique to account for the moving upper surface, whose
displacement is given as a solution of the Laplacian smoothing mesh-update pro-
cedure. Precision of such transformation is difficult to measure. We decided to
compare mesh displacement at the upper left corner of the domain with so called
dynamic topography, which constitutes approximation of the water surface de-
flection based simply on a balance of gravitational and surface forces, expressed
mathematically:

pgAh =—-n, -Tn, = -T,,,

where Ah is the upper left corner horizontal deflection (increase with respect
to the height of the cell h) and n., denotes the unit outer normal of the upper
surface which for the fixed domain equals e; = (0,1). Since the Cauchy stress
tensor is scaled with [x]?/(au), we can write for nondimensional deflection:

T Byt . _5\/[9] =
Ah = _pg[x]3 by = Ra T,,.

To get the variations of the dynamic topography, we need to subtract the av-
erage value given by [, Ahds. Figure 3.7 gives the resulting comparison in the
dimensional form.
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X107 Upper left corner horizontal deflection
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dynamic topography
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Figure 3.7: Comparison of variations of the left corner horizontal coor-

dinate given by ALE mesh-update procedure and dynamic topography
approximation.
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Conclusions and perspectives

The thesis proved that the proposed numerical tools are suitable for the problem
that is formulated in Chapter 1. Enthalpy method, that was derived from the pos-
tulated thermomechanical potential of internal energy, demonstrated to be a very
robust tool for phase-change problems. Suprisingly, it presented precise results
even for the two dimensional Stefan problem on a coarse mesh. Computational
stability of the one-dimensional Stefan problem FEM formulation showed valu-
able restriction on discretisation parameters of the problem. These restrictions
were validated by a computation and the results are depicted in Figure 2.4.

In Chapter 3 we attacked the second problematic aspect of our problem—the
free surface. ALE formulation was applied to the problem and the incremental
method was presented in the FEM formulation. Results of the Blankenbach
benchmark showed good agreement with the data presented in the reference
([Blankenbach et al., 1989]). The upper boundary elevation, given by the dy-
namic topography approximation, was compared with the solution of the mesh
update problem. The results exhibited a relatively small disagreement, which
was expected, since the dynamic topography approach provides only a first-order
approximation.

Unfortunately, due to lack of time I was unable to complete the simulation of a
Stokes problem with the phase transition. The formulation, inspired by [Danaila
et al., 2014], is given by the following system:

divv =0,
Dv . Ra 1 p(0) — p(bhn)
— =-V 2d D ,
Dt ™+ 2div (pD) + PrRe? Bv(0h —0.)  p(6n)
Do 1
(Cp)E ﬁ = ﬁ le (k5v19),

where 6, is the temperatured of the heated (left) wall and 6. is the temperature
of the opposite cold wall. State equation for p is given by:

p(0) = pm (1 —w [0 — Ou]"),

with py, = 999.972kg/m?, w = 9.2793 - 107° (°C) ™7 and ¢ = 1.894816.
Some preliminary results were obtained, but further investigation will be a
topic of the disertation.
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Attachments

A Appendix A: Notation

Throughout the thesis we employ the Einstain summation convention and use
mostly cartesian coordinates, therefore we do not make difference between covari-
ant and contravariant bases. Preferably, we use the operator notation meaning
contraction over the rightmost index, i.e.:

Au = Aijujei7
0
div A = —Amez
8$j
Other notation definitions:
A B := A;;B;,
da;
Va = a4 e e
8:16]-

B Appendix B: Some differential operators in
curvilinear coordinates

Consider a vector function a = a,e; + aye; + a.e; in cylindrical coordinates, or
a = a,e; + a,eys + agey in spherical coordinates and assume that f is a scalar
function. Following Table 2 offers an overview of some differential operators in
cylindrical and spherical coordinates.

Differential Cylindrical Spherical
operator coordinates coordinates
(r, ¢, 2) (r, ¢, 9)
of 10f f o 8f 19f 1 9f
Vf Brer+ r&pe%"—'— Bz eT+ r&peﬁp—i_ rsmgp@ﬁeﬂ
. 1 9(ray) 1 9a 3 da 1 8(7’2047«) 1  O(agsingp) 1  OHa
diva r or + r 8; + % r2  or rsin @ %gp rsincp@ig
10 (,20f 10 (win Of
10 (.0f) . 1% | &f 17or (T E) T Psing g (Sm 9"%) +
Af ror <r6r>+r287¢2+@ 1 8§pf

+ r2sin? o 992

Table 2: Differential operators in curvilinear coordinates, taken from
appendix of [Kachanov et al., 2010].
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