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❛ ✐ ♥ ✢ ❛ ❝ ✱ ♣ ✐ ♠ ♥ ➙ ♣ ♦ ③ ♦ ♦ ✈ ❛ ♥ ✈ ❯ ❙ ❆ ♣ ♦ ↔ ❦ ❡ ♠ ✷ ✵✳ ♦❧ ❡ ✳ ❉ ♥ ❡➨ ♥ ✈ ② ✈ ➙ ❧ ❡ ♥

❤✐❧❧✐ ♣ ♦ ✈ ② ❦➦✐ ✈ ❦ ② ❥ ❡✱ ➸ ❡ ❞ ♦ ❞ ❛ ❡ ↔ ♥ ♣ ❡ ♥ ③ ❡ ✈ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❡ ❦ ❦ ♦ ❞ ♦ ❜ ➙ ✈ ② ✈ ♦❧ ❛❥ ③ ❞ ✲
♥ ♣ ♦ ♣ ❡ ✐ ②✱ ❝ ♦ ➸ ✈ ❡ ❞ ❡ ❦ ❞ ♦ ↔ ❛ ♥ ♠ ✉ ♣ ♦ ❦❧ ❡ ✉ ♥ ❡ ③ ❛ ♠ ➙ ♥ ❛ ♥ ♦ ✐✱ ❛ ♦ ❞ ♦ ❞ ♦ ❜ ②✱
♥ ❡ ➸ ❡ ❝ ❡ ♥ ② ♣➦✐ ③ ♣ ➲ ♦ ❜ ♥ ♦ ✈ ♠ ✉ ♦ ❜❥ ❡ ♠ ✉ ♣ ❡ ♥ ➙ ③✳ ❉❧ ♦ ✉ ❤ ♦ ❞ ♦ ❜ ➙ ✈➨ ❛ ❦ ✈ ②➨➨ ✐ ♥ ✢ ❛ ❝ ❡
❦ ❡ ♥ ➸ ❡ ♥ ♥ ❡ ③ ❛ ♠ ➙ ♥ ❛ ♥ ♦ ✐ ♥ ❡ ✈ ❡ ❞ ❡✱ ♥ ❡ ❜ ♦➫ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ✉ ❜❥ ❡ ❦ ② ③ ❛ ❤ ♥ ♦ ✉ ✈ ②➨➨
✐ ♥ ✢ ❛ ❝✐ ❞ ♦ ✈ ❝ ❤ ♦ ↔ ❡ ❦ ✈ ♥ ✱ ❛ ③ ❞ ♥ ♣ ♦ ♣ ❡ ✐ ② ❛ ❦ ♠✐ ③ ✳ ▲ ✉ ❝ ❛ ♦ ✈ ❛ ❦ ✐ ✐ ❦ ❛ ③❥ ❡ ❞✲
♥ ♦ ❞ ✉➨ ❡ ♥ ➙ ➦ ❦ ✱ ➸ ❡ ♥ ❡❧ ③ ❡ ♦ ↔ ❡ ❦ ✈ ❛ ✱ ➸ ❡ ✈ ③ ♦ ❝ ❡ ❝ ❤ ♦ ✈ ♥ ③ ♦ ❜ ❞ ♦ ❜ ♣ ♦ ↔ ❦ ✉ ✷ ✵✳ ♦❧ ❡
❜ ✉ ❞ ♦ ✉ ♦ ❜ ❡ ❝ ♥ ➙ ♣❧ ❛ ♥ ✐ ♣ ♦ ❥✐ ♥ ♠ ➙ ♥ ♦ ✈ ♣ ♦❧✐ ✐ ❦ ②✱ ♥ ❡ ➸ ❥ ❛ ❦ ❜ ②❧ ❛ ♣ ♦ ✉ ➸ ✈ ♥ ❛ ❡ ❤ ❞ ②✳

● ♦ ♦ ❞ ❤ ❛ ➲ ✈ ③ ❦ ♦ ♥ ✈ ❛ ✉❥ ❡ ♣➦ ❡ ❞ ❤ ♦ ❞ ♥ ♦ ❝ ❡ ♥ ♠ ❡ ❦ ♦ ♥ ♦ ♠✐ ❦ ② ♥ ❛ ③ ❦❧ ❛ ❞ ➙ ♦ ♠ ❡ ③ ❡ ♥ ✲
❤ ♦ ✈ ❜ ➙ ✉ ❦ ✐ ✐ ✱ ↔✐ ❥ ❡ ♥ ❥ ❡ ❞ ♥ ♦ ❤ ♦ ❦ ✐ ✐ ❛ ✭❥ ❛ ❦ ♠ ❥ ❡ ❞ ♥ ❡ ❞ ♦ ③ ♥ ❛ ↔ ♥ ♠ ② ❍ ❉ ✮✳
❆ ✐ ♥ ❡❥ ♣ ♦ ♣ ✉❧ ♥ ➙❥➨ ③ ♥ ➙ ♥ ③ ❦ ♦ ♥ ❛ ❥ ❡ ✒ ❲ ❤ ❡ ♥ ❛ ♠ ❡ ❛ ✉ ❡ ❜ ❡ ❝ ♦ ♠ ❡ ❛ ❛ ❣ ❡ ✱ ✐ ❝ ❡ ❛✲
❡ ♦ ❜ ❡ ❛ ❣ ♦ ♦ ❞ ♠ ❡ ❛ ✉ ❡✏ ✭ ❙ ❛ ❤ ❡ ♥✱ ✶ ✾ ✾ ✼✮✱ ❥✳ ✒ ❑ ❞ ② ➸ ❡ ♠ ➙ ➦ ❦ ♦ ❛ ♥ ❡ ❝ ❧ ❡ ♠✱

♣ ➦ ❡ ✈ ❜ ❞ ♦ ❜ ♠ ♠ ➙ ➦ ❦ ❡ ♠✏ ✳ ❍ ♦ ♣ ♦ ❞ ➦ ❦ ♣ ♦❧✐ ✐ ❦ ❛ ❡ ♦ ✐ ➸ ③ ❛ ♠ ➙➦ ✉❥ ❡ ♣ ✐ ♠ ✲
♥ ➙ ♥ ❛ ➲ ③ ✈ ♦❧ ❡ ♥ ❤ ♦ ❦ ✐ ✐ ❛ ✭ ♠ ➙➦ ❦ ❛✮✱ ❛ ♦ ❛ ❦ ♦ ❡ ② ❝ ❤❧ ❡❥✐ ♥ ❡ ➸ ❡ ❦ ♦ ♥ ♦ ♠✐ ❦ ❛
❥ ❛ ❦ ♦ ❝ ❡❧ ❡ ❦✳ ❏ ❡ ❡ ❞ ② ♥ ❛ ✉➨ ❡ ♥ ✈ ③ ❛ ❤ ♠ ❡ ③✐ ❤ ♦ ❞ ♥ ♦ ♦ ✉ ♠ ➙➦✐ ❝ ❤ ♦ ❦ ✐ ✐ ❛ ❛ ❛ ✈ ❡ ♠ ❡ ❦ ♦✲
♥ ♦ ♠✐ ❦ ②✳ ❏✐ ➸ ③ ♠ ♥ ➙ ♥ ❍ ❉ ♥ ❡ ♣ ♦ ✐ ❤ ✉❥ ❡ ♣ ❛ ❝ ♦ ✈ ♥ ✐❧ ♦ ❜ ② ✈ ❛ ❡❧✱ ♥ ❡ ❜ ❡ ❡ ✈ ♣ ♦ ❛ ③
♠ ② ❧ ✉ ♣❧ ♥ ♦ ✈ ② ♥ ❛❧ ♦ ➸ ❡ ♥ ❝ ❤ ✈ ❞ ❛❥ ➲ ❛❥✳ ❆ ♥✐ ➸ ❜ ② ❡ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ✐ ✉ ❛ ❝ ❡ ♦ ❜ ② ✈ ❛ ❡❧

♠ ✉ ❡❧ ❛ ❢ ❛ ❦ ✐ ❝ ❦ ② ③ ♠ ➙ ♥✐ ✱ ❍ ❉ ♦ ❡ ♥ ❛ ♣➦✳ ✈ ❞ ➲ ❧ ❡ ❞ ❦ ✉ ③ ❦ ❛ ❝ ♦ ✈ ♥ ➸✐ ✈ ♦ ♥ ♦ ✐ ✈ ♦ ❜✲
❦ ➲ ✭ ❥✳ ♦ ❡ ♣ ♦ ↔ ❡ ✈ ② ♦ ❜ ❡ ♥ ❝ ❤ ❦ ✉ ➲✱ ❛ ↔ ❦ ♦❧✐ ✉ ➸✐ ♥ ❤ ♦ ❞ ♥ ♦ ❛ ❥ ❡ ❡❥ ♥ ↔✐ ❞ ♦ ❦ ♦ ♥ ❝ ❡
♥ ➸ ❡ ♥ ♦ ❛ ♥ ❛ ❦ ↔ ♥ ♥ ❦❧ ❛ ❞ ②✮✳

✸



◆ ❛ ❦ ♦ ♥ ❡ ❝ ❥ ❡ ➦ ❡ ❜ ❛ ✈ ②❥ ❞➦✐ ❡ ❦ ❥ ❡ ❞ ♥ ♦ ♠ ✉ ♣ ♦ ❜❧ ♠ ✉ ❡ ❦ ♦ ♥ ♦ ♠✐ ❡ ❥ ❛ ❦ ♦ ➸ ♦ ✈ ➙ ❞ ②✱ ❦ ❡✲
✐ ❝ ❡ ♥ ❡ ♥ ✈ ♠ ♦ ➸ ♥ ♦ ❡ ❝ ❤ ❡ ❦ ♦ ♥ ♦ ♠ ❡ ✐ ❡ ✈ ②➦ ❡➨✐ ✱ ❛❧ ❡ ❥ ❡ ❞ ♦ ❜ ❤ ♦ ♠ ♥ ❛ ③➦ ❡ ❡❧✐✳

❚ ♦ ✐ ➸✱ ❤ ♦ ♣ ♦ ❞ ➦ ❦ ♣ ♦❧✐ ✐ ❦ ❛ ❥ ❡ ✈ ♣ ❛ ①✐ ✈ ➸ ❞ ② ❥ ❡ ♥ ❛ ♣ ♦ ✉ ③ ❡ ✐ ♥ ❡ ✈ ❡ ♥ ↔ ♥ ✳ ↔ ❡❧ ❡ ♠ ➸ ❞✲
♥ ✐ ♥ ✐ ✉ ❝ ❡ ♥ ❡ ♥ ✱ ❛ ❛ ♥✐ ♣ ✐ ♥ ❝✐ ♣✐ ❧ ♥ ➙ ♥ ❡ ♠ ➲ ➸ ❡ ❜ ✱ ♥ ❡ ③ ❛ ❛ ❤ ♦ ✈ ♥ ❞ ♦ ✈ ♦❧ ♥ ❤ ♦ ❤ ✉✳
❚ ❛ ❦ ♦ ✈ ✐ ♥ ✐ ✉ ❝ ❡ ❜ ② ♥ ❡ ♠ ➙❧ ❛ ➸ ❞ ♥ ♦ ✉ ♥ ♣❧ ➡ ♣ ❝ ❡ ❛ ♥ ❡ ❜ ②❧ ❜ ② ❡ ❞ ② ❞ ➲ ✈ ♦ ❞ ♣ ♦ ❥ ❡❥
❡ ①✐ ❡ ♥ ❝✐✳ ❱ ♠ ❛ ❦ ♦ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ♣ ❛ ①✐ ❡ ❞ ② ③ ♣ ♦ ❞ ❛ ② ♣ ♦ ❜❧ ♠ ✉ ♥ ❡❧ ③ ❡ ♥ ❛❧ ③ ➸ ❞ ♥
③ ❛ ♥ ❝ ❡ ✈ ♦❧ ♥ ❤ ♦ ❤ ✉✳ ❑ ❞ ② ❦ ♦❧✐ ❛ ❦ ❧ ②➨ ♠ ❡ ↔❧ ♦ ✈ ➙ ❦ ❛ ♣ ❛ ❝ ✉❥ ❝ ❤ ♦ ✈ ✐ ♥ ✐ ✉ ❝✐✱ ❥ ❡ ➸ ♣ ♦✲
✈ ❞ ❤ ♦ ♣ ♦ ❞ ➦ ❦ ♦ ✉ ♣ ♦❧✐ ✐ ❦ ✉✱ ♠ ➙❥ ♠ ❡ ♥ ❛ ♣ ❛ ♠ ➙ ✐✱ ➸ ❡ ③ ❡ ✈ ♣ ♦ ③✐ ❝ ❡ ♥ ❡ ♠ ➲ ➸ ❡ ♥ ❡ ➸ ❤ ❥✐
✐ ♥ ❡ ✈ ❡ ♥ ❝ ❡✳

❏ ❡ ❧✐ ➸ ❡ ❡ ❞ ② ✈ ❤ ♦ ♣ ♦ ❞ ➦ ❦ ♣ ❛ ①✐ ♥ ❡ ❡ ①✐ ✉❥ ❡ ♣ ❛ ❝ ♦ ✈ ♥ ✉ ♣❧ ❛ ♥ ➙ ♥ ♣ ♦ ♠ ❛ ❦ ♦✲
❡ ❦ ♦ ♥ ♦ ♠ ② ③ ❛ ✈ ❛❥ ❝ ♣➦ ✉ ♣ ▲ ❛✐ ❡ ③✲❢ ❛✐ ❡✱ ✈ ❡ ③ ❛ ❣ ✉ ♠ ❡ ♥ ✉ ✒✈ ♣ ❛ ①✐ ✈ ♦❧ ♥ ♠ ✉

❤ ✉ ❡❥ ♥ ➙ ♥✐ ❦ ❞ ♦ ♥ ❡ ✈ ➙ ➦ ✏ ❛ ✉ ♦❧ ♦ ❣✐ ❡ ♥ ✉❧ ♦ ✈ ♦ ✉ ❛ ❣ ✉ ♠ ❡ ♥ ❛ ↔ ♥ ❤ ♦ ❞ ♥ ♦ ♦ ✉✳

❑❧ ❛ ✐ ❝ ❦ ♠ ♣ ♦ ❜❧ ♠ ❡ ♠ ❡ ❦ ♦ ♥ ♦ ♠✐ ❡ ❥ ❡ ♣ ❛ ❦ ❞✐ ❝ ❤ ♦ ♦ ♠✐ ❡ ♠ ❡ ③✐ ❦ ❦ ♠ ♦ ❜ ❞ ♦ ❜ ♠
❛ ❞❧ ♦ ✉ ❤ ♠ ♦ ❜ ❞ ♦ ❜ ♠ ✭ ❍❧ ❛ ✈ ↔ ❡ ❦✱ ✷ ✵ ✶ ✹✮✳

❑ ❦ ♦ ❜ ❞ ♦ ❜ ❥ ❡ ❛ ❦ ♦ ✈ ♦ ❜ ❞ ♦ ❜ ✱ ❜ ➙ ❤ ❡ ♠ ❦ ❡ ❤ ♦ ♥ ❡❧ ③ ❡ ♣❧ ♥ ➙ ♣➦✐ ③ ♣ ➲ ♦ ❜✐ ✜ ①✲
♥ ❢ ❛ ❦ ♦ ②✳ ❊ ❦ ♦ ♥ ♦ ♠✐ ↔ ❛ ❦ ➦✐ ❛ ❦ ♥ ❡❥ ♦ ✉ ❝ ❤ ♦ ♣ ♥✐ ♥ ♦ ✈ ✐ ♥ ❝ ❡ ♥ ✐ ✈ ② ③ ❝ ❡❧ ❛ ♣ ♦ ♠ ♥ ♦ ✉
❞ ♦ ✈ ❤ ♦ ❝ ❤ ♦ ✈ ♥ ✳ ❋✐ ♠ ② ♣➦✐ ③ ♣ ➲ ♦ ❜ ✉❥ ✈ ❛ ✐ ❛ ❜✐❧ ♥ ✈ ✉ ♣ ② ❥ ❛ ❦ ♦ ❥ ♦ ✉ ♠ ❛ ❡ ✐ ❧ ② ❛ ♣ ❝ ❡
✭ ❜ ②➫ ③ ❞ ❡ ❥✐ ➸ ♠ ➲ ➸ ❡ ❞ ♦ ✈ ❛ ❤ ② ✈ ✉ ♣ ♦ ✈ ❛ ♣ ✉ ➸ ♥ ♦ ❤ ✉ ♣ ❝ ❡✮✱ ♥ ❡ ③ ✈❧ ❞ ❛❥ ❛❧ ❡ ♣➦✐ ③ ♣ ➲✲
♦ ❜ ♦ ✈ ❛ ❛ ❦ ♦ ✈ ❢ ❛ ❦ ♦ ② ❥ ❛ ❦ ♦ ❥ ♦ ✉ ♥ ❡ ♠ ♦ ✈✐ ♦ ✐ ❛ ✈ ♦ ❜ ♥ ③ ❛➦ ③ ❡ ♥ ✳ ❚ ➸ ❞ ♦ ♠ ❝ ♥ ♦ ✐

♣➦✐ ③ ♣ ➲ ♦ ❜ ✉❥ ✈ ♦ ✉ ♣ ➲ ❜ ➙ ➸ ♥ ♦ ✉ ♣ ♦ ➦ ❡ ❜ ✉✱ ❛❧ ❡ ♥ ❡ ➙ ❤ ✉❥ ❡ ❞ ♦ ❥✐ ♥ ♥ ❡ ♠ ♦ ✈✐ ♦ ✐✳
❉❧ ♦ ✉ ❤ ♦ ❜ ❞ ♦ ❜ ❥ ❡ ♦ ♣ ♦ ✐ ♦ ♠ ✉ ♦ ❜ ❞ ♦ ❜ ❞ ♦ ❛ ❡ ↔ ♥ ➙ ❞❧ ♦ ✉ ❤ ✱ ❛ ❜ ② ❜ ②❧ ♦ ♠ ♦ ➸ ♥ ♦

♣➦✐ ③ ♣ ➲ ♦ ❜✐ ✈ ❡➨ ❦ ❡ ❢ ❛ ❦ ♦ ②✱ ✈ ↔ ❡ ♥ ➙ ♥ ❡ ♠ ♦ ✈✐ ♦ ❛ ③ ❛➦ ③ ❡ ♥ ✭ ❛ ♦ ❜ ❡ ❝ ♥ ➙ ❦ ❛ ♣✐ ❧ ✉✮✳
❚ ❛ ♦ ❞✐ ❝ ❤ ♦ ♦ ♠✐ ❡ ♣➦ ❡ ❞ ❛ ✈ ✉❥ ❡ ③ ❛ ❞ ♥ ♣ ♦ ❜❧ ♠ ♣➦✐ ✉ ✈ ❛ ➸ ♦ ✈ ♥ ❞ ♦ ♣ ❛ ❞ ➲ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝✲

❦ ❝ ❤ ♦ ♣ ❛ ➦ ❡ ♥ ✳ ❏ ❡❧✐ ❦ ♦ ➸ ✈ ❦ ❦ ♠ ♦ ❜ ❞ ♦ ❜ ❡ ❦ ♦ ♥ ♦ ♠✐ ↔ ❛ ❦ ➦✐ ♥ ❡ ♣ ♦ ♠ ❛❥ ❞ ♦ ✈ ❤ ♦
❝ ❤ ♦ ✈ ♥ ③ ❝ ❡❧ ❛ ✈➨ ❡ ❝ ❤ ♥ ② ③ ♠ ➙ ♥ ②✱ ❤ ♦ ③ ✱ ➸ ❡ ♥ ➙ ❦ ❡ ♥ ❦❧ ❛ ❞ ② ❡ ♣ ♦❥ ❡ ✈ ❛ ➸ ✈ ❞❧ ♦ ✉ ❤ ♠
♦ ❜ ❞ ♦ ❜ ✳ ❊ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ♦ ♣ ❛ ➦ ❡ ♥ ❡ ❛ ❦ ♠ ➲ ➸ ❡ ❦ ❦ ♦ ❞ ♦ ❜ ➙ ❥ ❡ ✈✐ ❥ ❛ ❦ ♦ ♣ ♦ ③✐ ✐ ✈ ♥ ✱ ❛ ↔ ❦ ♦❧✐
❞❧ ♦ ✉ ❤ ♦ ❞ ♦ ❜ ➙ ♦ ♠ ✉ ❛ ❦ ♥ ❡ ♥ ✳ ❱❡❧ ❦ ♥ ❡ ❜ ❡ ③ ♣ ❡ ↔ ❦ ✈ ✈ ♥ ❡ ♣ ♦ ❝ ❤ ♦ ♣ ❡ ♥ ♣ ♦ ❞ ❛ ② ♦ ❤ ♦✲
♦ ♣ ♦ ❜❧ ♠ ✉✳ ❛ ❦❧✐ ➸ ❡ ❡ ♦ ✐ ➸ ③ ❞ ✱ ➸ ❡ ♦ ♣ ❛ ➦ ❡ ♥ ♠ ③ ♣ ♦ ↔ ❦ ✉ ♣ ♦ ③✐ ✐ ✈ ♥ ✈❧✐ ✈✱ ❦ ❡

♠✐ ③ ✉ ❦ ✉ ✈ ✉ ❝ ❡ ♠✱ ❥ ❛ ❦ ❡ ❡ ❦ ♦ ♥ ♦ ♠✐ ↔ ❛ ❦ ➦✐ ♣➦✐ ③ ♣ ➲ ♦ ❜ ✉❥ ♥ ♦ ✈ ✐ ✉ ❛ ❝✐✱ ❥ ❡ ♥ ➙ ❝ ♦
➨ ♣ ❛ ♥ ➙✳ ❊ ❦ ♦ ♥ ♦ ♠✐ ↔ ❛ ❦ ➦✐ ✐ ❝ ❡ ✈ ❡ ❛❧✐ ➙ ♥ ❡❥ ♦ ✉ ❞ ♦ ❦ ♦ ♥ ❛❧ ❡ ❛ ❝✐ ♦ ♥ ❧ ♥ ✱ ❛❧ ❡ ✈ ② ✈ ➙ ❧ ❡ ♥ ✱
➸ ❡ ✈ ♥ ❛➨ ✈ ❛ ③ ❡ ♣➦ ❡ ❤❧ ➸ ♠ ❡ ♥ ➙❥ ❛ ❦ ♥ ❦❧ ❛ ❞ ②✱ ❡ ❥ ❡ ✈ ❜ ❜❧ ➸ ❡ ❡ ❛❧✐ ➙✱ ♥ ❡ ➸ ✈ ② ✈ ➙ ❧ ❡ ♥ ✱
➸ ❡ ❡ ❦ ♦ ♥ ♦ ♠✐ ↔ ❛ ❦ ➦✐ ✈ ➙ ➨✐ ♥ ♦ ✈ ➙ ♣ ♦ ♣ ❛ ❞❧✐ ❡ ❜ ❡ ♠ ❦ ❛ ↔ ✈ ❛ ❤ ♦ ♠ ❛ ❞ ♥ ➙ ❡ ③ ❜ ❛ ✈ ✉❥
❞ ♦ ❜ ❛✱ ❥ ❡ ➸ ❥✐ ♠ ♣➦✐ ❧ ♦ ❞ ♦ ❦❧ ♥ ❛✳ ✈ ♥ ♠✱ ❝ ♦ ♥ ♥ ❛ ♣ ❛ ❞ ♥ ❡✱ ❥ ❡ ♣➦ ❡ ❝ ❤ ♦ ❞ ♥ ✜ ♥ ❛ ♥ ❝ ♦✲
✈ ♥ ③ ♣ ♦ ✭ ↔✐ ♥ ➸ ❡ ♥ ♠ ③✐ ❦ ✉✮✳ ❚ ♦ ❜ ② ❥ ❡➨ ➙ ③ ❤❧ ❡ ❞✐ ❦ ❛ ❛ ✐ ✐ ❝ ❦ ❤ ♦ ③ ❦ ♦ ✉ ♠ ♥
♥ ❡ ♠ ✉ ❡❧ ♦ ❜ ❛ ❦ ③❧ ✱ ❡ ①✐ ✉❥ ✈➨ ❛ ❦ ✐ ♣ ♦ ❞ ❛ ♥ ➙ ❤ ➲➦ ❡ ✉ ❝ ❤ ♦ ♣✐ ❡❧ ♥ ③ ♣ ➲ ♦ ❜ ②✱ ❥ ❛ ❦ ♠✐
❡ ❡ ❦ ♦ ♥ ♦ ♠✐ ↔ ❛ ❦ ➦✐ ♠ ♦ ❤ ♦ ✉ ❡ ③ ♠ ➙ ♥ ♦ ✉ ✈ ② ♣ ♦➦ ❞ ❛ ✲ ♠ ♦ ❤ ♦ ✉ ♥ ❛ ♣➦✳ ✈ ♣➦ ❡ ❦❧ ❡ ♥ ♦ ✈ ❛ ❝ ♠

♦ ❜ ❞ ♦ ❜ ♥ ❛ ✈ ➨✐ ✈ ♣ ❛ ❝ ♦ ✈ ♥ ✐❧ ✳

❚ ♦ ✉ ♦ ♣ ♦ ❜❧ ❡ ♠ ❛ ✐ ❦ ♦ ✉ ❡ ③ ❛ ❜ ✈ ❛❧ ❥✐ ➸ ♦ ❦ ✉ ✶ ✽ ✺ ✵ ❋ ❞ ✐ ❝ ❇ ❛ ✐ ❛ ✈ ❡ ✈ ♠ ❞ ❧ ❡
❈ ♦ ❥ ❡ ❛ ❝ ♦ ♥ ❡ ♥ ✈✐ ❞ ➙ ✭ ↔ ❡ ❦ ② ❇ ❛ ✐ ❛ ✭ ✶ ✾ ✷ ✸✮✮✱ ❛ ✈➨ ❛ ❦ ❧ ❡ ❥ ♥ ❡ ♥ ✈ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦
♣ ❛ ①✐ ✈ ➙ ♥ ♦ ✈ ♥ ❛ ❞ ♦ ❛ ❡ ↔ ♥ ♣ ♦ ③ ♦ ♥ ♦ ✳

❉ ❧ ♦ ❈ ♦ ❥ ❡ ❛ ❝ ♦ ♥ ❡ ♥ ✈✐ ❞ ➙ ❡ ❞ ② ✉ ♣ ♦ ③ ♦ ➡ ✉❥ ❡ ♥ ❛ ❦ ✉ ❡ ↔ ♥ ♦ ✱ ➸ ❡ ❞ ♦ ♠ ♥ ➙❧ ♣ ♦ ③✐ ✐ ✈ ♥
❞ ➲ ❧ ❡ ❞ ❦ ② ❤ ♦ ♣ ♦ ❞ ➦ ❦ ❝ ❤ ♦ ♣ ❛ ➦ ❡ ♥ ♠ ♦ ❤ ♦ ✉ ❜ ③ ♣ ➲ ♦ ❜ ❡ ♥ ② ♣ ➨ ❡ ♥ ❛➨ ♥ ❡ ❝ ❤ ♦ ♣ ♥ ♦
✈✐ ❞ ➙ ❞ ✉ ❤ ♦ ✉ ❛ ♥ ✉ ♠✐ ♥ ❝ ❡✳ ♦ ❧✐ ❞✐ ❥ ❡ ❞ ❛❧ ❡ ❦ ♦ ♥ ③ ❡ ✉ ❝ ❤ ♦ ♣✐ ❡❧ ♥ ♦✱ ❝ ♦ ❥ ❡ ✭ ❝ ♦ ✈✐ ❞ ✮✱
♥ ❡ ➸ ♦✱ ❝ ♦ ♥ ❡ ♥ ✭ ❛❧ ❡ ♠ ♦ ❤❧ ♦ ❜ ② ❜ ✮✳ ♦ ❦ ✉ ❞ ✈ ② ❜ ❡ ❡ ♦ ❞ ✶ ✵ ♠✐❧✐ ♦ ♥ ➲ ❧✐ ❞ ♣ ♦ ❞ ❡✲
❡ ✐ ❦ ♦ ✉ ♥ ➙ ❛ ❞ ♦ ❛ ↔ ♥ ♠ ✐ ✉❧ ❡ ♠ ✒ ✈ ② ✈ ♦➦ ✏ ✶ ✵ ✵ ♥ ♦ ✈ ❝ ❤ ♣ ❛ ❝ ♦ ✈ ♥ ❝ ❤ ♠ ✭ ♥ ❦❧ ❛ ❞ ❡ ♠

✹



♠✐❧✐ ♦ ♥ ❦ ♦ ✉ ♥ ♥ ❛ ❥ ❡ ❞ ♥ ♦ ♠ ♦✮✱ ♦ ↔ ❡ ♠ ➸ ✉ ❞ ➙❧ ♥ ❡❧ ❡ ✈✐ ③ ❡ ❡ ♣ ♦ ➸ ✈ ❤❧ ❛ ✈ ♥ ❝ ❤
③ ♣ ✈ ❝ ❤✱ ❛ ❦ ♦✱ ❝ ♦ ❥ ❡ ✈✐ ❞ ➙ ✱ ❥ ❡ ✶ ✵ ✵ ✒ ♥ ♦ ✈ ❝ ❤✏ ♠ ✳ ❚ ♦✱ ❝ ♦ ♥ ❡ ♥ ✈✐ ❞ ➙ ✱ ❥ ❡✱ ➸ ❡ ❦ ❛ ➸ ❞
↔❧ ♦ ✈ ➙ ❦ ♠ ✈ ❡ ✈ ♣ ❡ ♥ ➙ ➸ ❡ ♥ ❝ ❡ ♦ ❞ ❡ ❡ ✐ ❦ ♦ ✉ ♥ ✉ ♠ ♥ ➙✳ ❚ ❛ ❦ ♦ ✈ ↔ ❦ ❛ ❜ ✉ ❞ ❡ ♣ ♦ ✈ ➙ ✲
➨✐ ♥ ✉ ❧✐ ❞ ♣ ♦ ❞ ❥ ❡❥✐ ❝ ❤ ♦ ③❧✐➨ ♦ ✈ ❛ ❝ ❝ ❤ ♦ ♣ ♥ ♦ ✱ ❛ ❛ ❦ ✐ ❛ ♥✐ ♥ ❡ ✉ ✈ ➙ ❞ ♦ ♠ ✱ ➸ ❡ ✐ ♠ ✉ ❡❧✐
♥ ➙ ❝ ♦ ♦ ❞ ❡ ♣➦ ✳ ➦ ❡ ♦ ✈➨ ❛ ❦✱ ❧✐ ❞ ③ ❡ ♠ ➙ ♣➦✐➨ ❡❧ ♦ ✶ ✵ ✵ ♠✐❧✐ ♥ ➲ ❦ ♦ ✉ ♥✱ ❛ ♦ ❡ ♥ ❛ ❥ ❡ ❤ ♦
♣ ♦ ♣ ✈ ❝ ❡ ♠ ✉ ♣ ♦❥ ❡ ✈✐ ✳ ❏ ❡ ♥ ➸ ❡ ♣ ♦ ❦❧ ❡ ♣ ♦ ♣ ✈ ❦ ② ❥ ❡ ❡❧ ❛ ✐ ✈ ♥ ➙ ♠ ❛❧ ✱ ✐ ♥ ❝ ❡ ♥ ✐ ✈ ② ❥ ♦ ✉
❡ ❞ ② ♣ ♦ ♠ ➙ ♥ ➙ ❧ ❛ ❜ ✳ ♦ ↔❧ ♦ ✈ ➙ ❦ ❛✱ ❦ ❡ ✈ ❞ ➲ ❧ ❡ ❞ ❦ ✉ ♦ ♣ ❛ ➦ ❡ ♥ ♣➦✐❥ ❞ ❡ ♦ ♣ ❝✐✱ ♣ ➲❥ ❞ ❡

❞ ❛❧ ❡ ❦ ♦ ♣ ➨ ❥ ❡ ♥ ♦ ♣ ♦ ❧ ❡ ❞ ♥ ❦ ❛ ♣ ❦ ✉✱ ♥ ❡ ➸ ♦ ❤❧ ❛ ✈ ♥ ③ ❞ ♦❥ ♣ ♦ ❜❧ ♠ ➲✳ ❱❡ ♥✐ ❝ ❦ ♣ ❡ ❦ ❛➦✱
❦ ❡ ♥ ❛ ♣ ❡ ↔ ❡ ③ ❛ ♠ ➙ ❝ ♦ ✶ ✵ ✵ ♦ ❤❧ ❦ ➲ ♠ ♥ ➙✱ ❛ ✐ ❥ ❡ ♥ ♥ ➸ ✈ ✐❧ ✳✳✳ ❚ ❛ ❦ ♦ ✈ ❥ ❡ ✈ ②
❥ ♦ ✉ ♣ ❛ ❦ ✐ ❝ ❦ ② ♥ ❡ ♠ ➙➦✐ ❡❧ ♥ ✱ ♥ ❡ ✈✐ ❞✐ ❡❧ ♥ ✳ ■ ❦ ❞ ② ❜ ② ✈➨ ❛ ❦ ➨❧ ♦ ♦ ❥ ❛ ♥ ♦ ✉ ✈ ♠ ➙ ♥ ✉ ✒ ❦ ✉
③ ❛ ❦ ✉ ✏✱ ❧✐ ❞ ❦ ✈ ♥ ♠ ♥ ❡❥ ♥ ➙ ❞ ❛❧ ❡ ❦ ♦ ♥ ③ ③ ❛ ③ ♥ ❛ ♠ ❡ ♥ ✱ ➸ ❡ ✐ ♣ ❛ ♥ ❙ ❡ ❞❧ ↔ ❡ ❦ ♥ ❡ ❝ ❤ ❛❧
③ ❛ ❦❧ ♦ ③ ❜✐ ♦ ❦ ♥ ♦✱ ♥ ❡ ➸ ♦✱ ➸ ❡ ✐ ♥ ❡ ❦ ♦ ✉ ♣✐❧ ♥ ♦ ✈ ❜ ♦ ②✳ ❙ ❦ ✉ ❡ ↔ ♥ ♦ ✱ ➸ ❡ ❡ ♥✐ ❝ ♥ ❡ ❛❧ ♦✱
✐ ❦ ❞ ② ➸ ❡ ♠ ♦ ➸ ♥ ♠ ♦ ❤❧ ♦✱ ♣ ♦ ➙ ♣ ♦❥ ❞ ❡ ❜ ❡ ③ ♣ ♦ ✈➨✐ ♠ ♥ ✉ ✳

❏ ❡ ❡ ❞ ② ➦ ❡ ❜ ❛ ❞ ✈ ❛ ✈ ❡❧ ❦ ♣ ♦ ③ ♦ ✱ ③ ❞ ❛ ❤ ♦ ♣ ♦ ❞ ➦ ❦ ♦ ♣ ❛ ➦ ❡ ♥ ✈ ❡ ❦ ✉ ❡ ↔ ♥ ♦ ✐
❥ ❡ ♥ ♥ ❡❥ ♦ ✉ ♣➦ ❡ ♥ ❞ ✈ ♥ ♠ ③ ❥ ❡ ❞ ♥ ❦ ❛ ♣ ② ❞ ♦ ❞ ✉ ❤ ♠ ♦ ✐ ✈ ♦ ✈ ❛ ♥ ♠ ♠✱ ❦ ❡ ❦ ❛ ♣ ❛
❥ ❡ ③ ♦ ✈ ♥ ❛ ✈ ❤❧ ❡ ❞ ↔ ❦ ✉ ❦ ❛ ♠ ❡ ②✳

❏ ❛ ❦ ♦ ♣➦ ❦❧ ❛ ❞ ❞ ♦ ✈ ♦❧ ❡ ✈ ♦ ♦ ✉ ✈✐ ❧ ♦ ✐ ✉ ♣ ♦ ③ ♦ ♥✐ ♥ ❛ ♠ ♦ ❞ ❡❧ ② ✈ ❞ ❛❥ ♦ ✈ ❝ ❤ ♠ ✉❧✲
✐ ♣❧✐ ❦ ♦ ➲ ✭ ❍❧ ❛ ✈ ↔ ❡ ❦✱ ✷ ✵ ✶ ✹✮✳ ❚ ② ♦ ♠ ♦ ❞ ❡❧ ② ♦ ♣ ❡ ✉❥ ♠ ②➨❧ ❡ ♥ ❦ ♦ ✉✱ ➸ ❡ ❞ ♦ ❞ ❛ ❡ ↔ ♥

✈❧ ❞ ♥ ✈ ❞ ❛❥ ❡ ③ ♣ ➲ ♦ ❜ ✈ ➙ ➨ ♥ ➲ ♣ ♦ ♣ ✈ ❦ ②✱ ♥ ❡ ➸ ❜ ② ♦ ❞ ♣ ♦ ✈ ❞ ❛❧ ♦ ❥ ❡ ♥ ✈ ➨✐ ➙ ❝ ❤ ♦
✈ ❞ ❛❥ ➲✳ ❉ ♦ ❞ ❛ ❡ ↔ ♥ ✈ ❞ ❛❥ ❡ ♦ ✐ ➸ ③ ♣ ➲ ♦ ❜ ♥ ➲ ♣ ♦ ♣ ✈ ❦ ②✱ ✈ ❞ ➲ ❧ ❡ ❞ ❦ ✉ ↔ ❡ ❤ ♦ ➸ ❜ ✉ ❞ ♦ ✉
♠ ❧✐ ❞ ✈ ❝ ❡ ♣ ❡ ♥ ➙ ③✱ ♦ ③ ♣ ➲ ♦ ❜ ❞ ❛❧➨ ♥ ➲ ♣ ♦ ♣ ✈ ❦ ② ❛ ❛ ❦ ❞ ❧ ❡✳ ▼ ❛ ❡ ♠ ❛ ✐ ❝ ❦ ②
❝ ❡❧ ❦ ♦ ✈ ❡❢ ❡ ❦ ❥ ❡ ❞ ♥ ♦ ❦ ♦ ✈ ❤ ♦ ✐ ♠ ♣ ✉❧ ③ ✉ ❥ ❡

1

1 − c
= 1 + c + c 2 + c 3 + ... > 1 ,

❦ ❞ ❡ c ❥ ❡ ❦❧ ♦ ♥ ❦ ❡ ♣ ♦ ➦ ❡ ❜ ➙✱ ❡ ❞ ② ♣ ♦ ❞ ❧ ♣ ♦ ➦ ❡ ❜ ② ♥ ❛ ✭ ❞ ♦ ❞ ❛ ❡ ↔ ♥ ♠✮ ♣➦ ❥ ♠ ✉ ✭ ♠✱
➸ ❡ 1 − c ❥ ♦ ✉ ❡❧ ❛ ✐ ✈ ♥ ♣ ♦ ②✮✳

◆ ❛ ③ ❦❧ ❛ ❞ ➙ ✈ ➨ ❡ ✉ ✈ ❡ ❞ ❡ ♥ ✈ ❛ ❤ ② ❜ ② ❡ ❡ ❞ ② ♠ ♦ ❤❧ ♦ ③ ❞ ✱ ➸ ❡ ✈ ②➨➨ ✈❧ ❞ ♥ ✈ ❞ ❛❥ ❡
❥ ♦ ✉ ♣ ♦ ③✐ ✐ ✈ ♥ ✱ ♥ ❡ ❜ ♦➫ ♥ ➲ ❡ ❦ ♦ ♥ ♦ ♠✐ ❦ ② ❥ ❡ ✈ ②➨➨ ✱ ♥ ❡ ➸ ❥ ❡ ♣➦ ❡ ❞ ♠ ➙ ♥ ✈❧ ❞ ♥ ✈ ❞ ❛❥✳
❊❢ ❡ ❦ ❥ ❡ ❛❧ ❡ ② ♠ ❡ ✐ ❝ ❦ ✳ ▼ ✉❧ ✐ ♣❧✐ ❦ ♦ ♥ ❡❢ ✉ ♥ ❣ ✉❥ ❡ ❥ ❡ ♥ ♣➦✐ ♥ ➲ ✉✱ ❛❧ ❡ ③ ❝ ❡❧ ❛ ❛ ♥ ❛❧ ♦✲
❣✐ ❝ ❦ ② ➸ ♣➦✐ ♣ ♦ ❦❧ ❡ ✉✳ ❚ ❛ ♠✱ ❦ ❞ ❡ ✈❧ ❞ ❛ ♣ ❡ ♥ ③ ❡ ✈ ❡ ③ ♠ ❡✱ ❞ ♦❥ ❞ ❡ ❦ ❡ ③ ❝ ❡❧ ❛ ❛ ♥ ❛❧ ♦ ❣✐ ❝ ❦ ♠ ✉
✒ ❞ ❡ ♠ ✉❧ ✐ ♣❧✐ ❦ ❛ ↔ ♥ ♠ ✉✏ ❡❢ ❡ ❦ ✉✱ ❛ ♦ ✉ ❤ ♥ ♥ ❡❢ ❡ ❦ ❛ ♥ ❢ ❡ ✉ ❥ ❡ ❡ ❞ ② ♥ ✉❧ ♦ ✈ ✳ ◆ ❛ ✈ ❝ ❥ ❡➨ ➙
✈ ③ ♥✐ ❦ ❛❥ ❛ ♥ ❛ ❦ ↔ ♥ ♥ ❦❧ ❛ ❞ ②✳

❱➨ ❡ ❝ ❤ ♥ ② ✈ ➨ ❡ ③ ♠ ♥ ➙ ♥ ♣ ♦ ③ ♥ ❛ ❦ ② ✐ ❥✐ ➙ ③ ❛ ❧ ♦ ✉ ➸ ✱ ❛ ❜ ② ♥ ❛ ♥ ➙ ❜ ②❧ ✈ ❤ ♦ ♣ ♦ ❞ ➦ ❦
♣ ❛ ①✐ ❦❧ ❛ ❞ ❡ ♥ ✈ ➙ ➨ ❞ ➲ ❛ ③✱ ♥ ❡ ➸ ♦ ♠ ✉ ✈ ♦ ✉ ↔ ❛ ♥ ♦ ✐ ❥ ❡✳ ▼✐ ♠ ♦ ❥✐ ♥ ❡ ❛ ♦ ♣ ❝ ❡
♣ ♦ ❦ ✉ ♣ ♦ ♦ ♥ ❛ ❜ ❞ ♥ ♦ ✉ ❞ ♦ ❛ ❡ ↔ ♥ ❡ ♠ ♣✐ ✐ ❝ ❦ ♣ ♦ ❞ ❦❧ ❛ ❞✳

✺



✈ ♦ ❞

❍❧ ❛ ✈ ♥ ♠ ❝ ❧ ❡ ♠ ♣ ❝ ❡ ❥ ❡ ③ ❦ ♦ ✉ ♠ ❛ ♠ ♦ ❞ ❡❧ ② ❢ ✉ ♥ ❣ ♦ ✈ ♥ ♥ ♦ ❞ ♥ ❝ ❤ ❡ ❦ ♦ ♥ ♦ ♠✐ ❦✳ ❏ ❞ ❡ ♦ ✲
♠ ❛✱ ❦ ❡ ♠ ✉ ♣ ❛ ♥ ➙ ♥ ❡ ♥ ✈ ➙ ♥ ♦ ✈ ♥ ❛ ❛ ❦ ♦ ✈ ♣ ♦ ③ ♦ ♥ ♦ ✱ ❥ ❛ ❦ ♦ ✉ ❜ ② ✐ ③ ❛ ❧ ♦ ✉ ➸✐❧ ♦✳ ❱ ✲

✉ ♣ ② ♠ ♦ ❞ ❡❧ ➲ ♥ ♦ ❞ ♥ ❝ ❤ ❡ ❦ ♦ ♥ ♦ ♠✐ ❦ ❥ ♦ ✉ ♣ ♦ ❞ ❦❧ ❛ ❞ ❡ ♠ ♣ ♦ ❤ ♦ ♣ ♦ ❞ ➦ ❦ ② ♣ ♦❧✐ ✐ ❝ ❦
♦ ③ ❤ ♦ ❞ ♥ ✉ ❝ ❡❧ ♦ ♥ ♠ ❛ ♠ ♥ ♦ ❤ ❞ ② ✐ ♣➦ ❡ ❤ ❛ ♥✐ ↔ ♥ ♠ ❞ ♦ ♣ ❛ ❞ ❡ ♠✳ ❛ ❦ ✐ ❝ ❦ ② ❦ ❛ ➸ ❞

↔❧ ♦ ✈ ➙ ❦ ♣ ❛ ❦ ➸✐❥ ❡ ✈ ♥ ➙❥ ❛ ❦ ♠ ➙ ❛ ❦ ❛ ➸ ❞ ♠ ♥ ➙❥ ❛ ❦ ♦ ✉ ❤ ♦ ♣ ♦ ❞ ➦ ❦ ♦ ✉ ♣ ♦❧✐ ✐ ❦ ✉✳
❚ ♦✱ ❥ ❛ ❦ ♠ ♦ ❞ ❡❧ ② ♥ ♦ ❞ ♥ ❝ ❤ ❡ ❦ ♦ ♥ ♦ ♠✐ ❦ ❥ ♦ ✉ ♣ ♦ ✉ ➸ ✈ ♥ ②✱ ❥ ❛ ❦ ❥ ♦ ✉ ✐ ♥ ❡ ♣ ❡ ♦ ✈ ♥ ② ❛ ❥ ❛ ❦
❥ ♦ ✉ ❡ ❛❧✐ ③ ♦ ✈ ♥ ❛ ❞ ♦ ♣ ♦ ✉ ↔ ❡ ♥ ③ ➙ ❝ ❤ ♦ ♠ ♦ ❞ ❡❧ ➲ ✈ ② ♣❧ ✈ ❛❥ ❝ ✱ ❡ ❞ ② ♣➦ ♠ ♦ ♦ ✈❧✐ ✈ ➡ ✉❥ ❡ ➸✐✲
✈ ♦ ♥ ♦ ✈ ❡ ➡ ❛ ❦➦ ❦ ❛ ✈➨ ❡ ❝ ❤ ❧✐ ❞ ♥ ❛ ❩ ❡ ♠✐✳

❏ ❡❧✐ ❦ ♦ ➸ ❡ ❦ ♦ ♥ ♦ ♠✐ ❦ ❛ ♥ ❡ ♥ ❥ ❡ ❞ ♥ ♦ ♦ ③ ♠ ➙ ♥ ✈ ❡❧✐ ↔✐ ♥ ❛✱ ❥ ❡ ➦ ❡ ❜ ❛ ✉ ❝ ❡❧ ❡ ♥ ➙ ♥ ❛ ❤❧ ❞ ♥ ♦ ✉
♥ ❛ ✈ ❛ ③ ❜ ② ♠ ❡ ③✐ ✈ ❝ ❡ ♦ ♣ ♦ ♠ ➙ ♥ ♥ ♠✐✳ ❑ ♦ ♠ ✉ ♦ ↔ ❡❧ ✉ ❧ ♦ ✉ ➸ ✈ ❝ ❡ ♦ ✈ ♥✐ ❝ ♦ ✈ ❡ ❦ ♦ ♥ ♦✲
♠ ❡ ✐ ❝ ❦ ♦ ✉ ❛ ✈ ②✳ ❱ ♣ ✈ ♥ ❦ ❛ ♣✐ ♦❧ ❡ ❡ ♥✐ ♠✐ ❡ ③ ♥ ♠ ♠ ❡ ③ ❡ ♦ ❡ ✐ ❝ ❦ ❤ ♦ ❤❧ ❡ ❞✐ ❦ ❛✳

♦ ♣ ➨ ❡ ♠ ❡ ✉ ❦ ✉ ✉ ✈ ❝ ❡ ♦ ✈ ♥✐ ❝ ♦ ✈ ❝ ❤ ♦ ✉ ❛ ✈✱ ③ ♣ ➲ ♦ ❜ ② ♦ ❞ ❤ ❛ ❞ ✉ ❥ ❡❥✐ ❝ ❤ ♣ ❛ ❛ ♠ ❡ ➲
❛ ✈ ♥ ✈ ❛ ③ ♥ ♦ ✐ ♥ ❛ ♦ ➸ ❡ ② ❦ ♦ ❡ ❦ ♥ ♦ ✐ ♠ ♦ ❞ ❡❧ ✉✳ ❱❡ ❞ ✉ ❤ ❦ ❛ ♣✐ ♦❧ ❡ ❡ ♣ ❛ ❦
❜ ✉ ❞ ❡ ♠ ❡ ③ ❛ ❜ ✈ ❛ ❡ ♦ ❡ ✐ ❝ ❦ ♠✐ ✈ ❝ ❤ ♦ ❞✐ ❦ ② ♣➦ ♠ ♠ ✈❧✐ ✈ ❡ ♠ ♥ ❛ ✈ ❧ ❡ ❞ ❦ ② ♠ ♦ ❞ ❡❧ ➲✱
❦ ♦ ♥ ❦ ♥ ➙ ♦ ✈ ♥ ♦ ♣ ♦ ❛ ✐ ♥ ✈ ❡ ✐ ❝ ✭✐ ♥ ✈ ❡ ♦ ✈ ❛ ❧ ③ ❡ ♣ ♦ ✉ ③ ❡ ♦ ❝ ♦ ♥ ❡ ♥ ♣ ♦ ➦ ❡ ❜ ♦ ✈ ♥ ♦✱
❥✳ ❝ ♦ ❥ ❡ ✉ ♣ ♦➦ ❡ ♥ ♦✮ ❛ ♣ ♦ ✈ ❛ ❤ ♦ ✉ ♣ ❡ ♥ ➙ ③ ❛ ✐ ♥ ✢ ❛ ❝ ❡✳

❱❡ ➦ ❡ ❛ ↔ ✈ ❦ ❛ ♣✐ ♦❧ ❡ ❜ ✉ ❞ ❡ ♠ ❡ ♣ ♦ ♣✐ ♦ ✈ ❛ ❞ ✈ ❛ ➦ ❡ ❞ ♥ ✈ ❝ ❡ ♦ ✈ ♥✐ ❝ ♦ ✈ ♠ ♦✲
❞ ❡❧ ②✱ ❦ ❡ ❥ ♠ ❡ ✈ ② ❜ ❛❧✐✳ ✈ ♥ ❥ ❡ ③ ✈✳ ❑❧ ❡✐ ♥ ➲ ✈ ♠ ♦ ❞ ❡❧ ■✱ ❥ ❞ ❡ ♦ ❥ ❡ ❞ ❡ ♥ ③ ♣ ✈ ♥ ❝ ❤
✈ ❝ ❡ ♦ ✈ ♥✐ ❝ ♦ ✈ ❝ ❤ ♠ ♦ ❞ ❡❧ ➲✱ ❦ ❡ ❜ ②❧ ❛ ♣❧✐ ❦ ♦ ✈ ♥ ♥ ❛ ♥ ♦ ❞ ♥ ❡ ❦ ♦ ♥ ♦ ♠✐ ❦ ✉ ✭ ❦ ♦ ♥ ❦ ♥ ➙
♥ ❛ ❡ ❦ ♦ ♥ ♦ ♠✐ ❦ ✉ ❯ ❙ ❆ ③ ❛ ♦ ❦ ② ✶ ✾ ✷ ✶✲ ✶ ✾ ✹ ✶✮✳ ❚❡ ♥ ♦ ♠ ♦ ❞ ❡❧ ♣ ❛ ❦ ❞ ❛❧ ✈ ♥ ❧ ❡ ❞ ✉❥ ❝ ❝ ❤ ❞ ❡ ❡✲
✐❧ ❡ ❝ ❤ ✈ ③ ♥✐ ❦ ♥ ♦ ✉ ❝ ❡❧ ➨✐ ♦ ❦ ♦ ❞✐ ♥ ➙ ♠ ♦ ❞ ❡❧ ➲✳ ❏ ❡ ❡ ❞ ② ❥ ❛ ❦ ♠ ✐ ❡ ❛❧ ♦ ♥ ❡ ♠✱ ② ♣✐ ❝ ❦ ♠
❡ ♣ ❡ ③ ❡ ♥ ❛ ♥ ❡ ♠ ✈ ❞ ♦ ❜ ②✳ ❉ ✉ ❤ ♠ ♦ ❞ ❡❧✱ ❦ ❡ ♠ ❡ ❜ ✉ ❞ ❡ ♠ ❡ ③ ❛ ❜ ✈ ❛ ✱ ❥ ❡ ❛ ❦ ③ ✈ ❛✲

♥ ◆ ♦ ✈ ❑ ❡ ② ♥ ❡ ✐ ♥ ❦ ✭ ❞ ❧ ❡ ➸ ❥ ❡ ♥ ◆ ❑✮ ❉ ❙ ● ❊ ♠ ♦ ❞ ❡❧✳ ❑ ♦ ♥ ❦ ♥ ➙ ❡ ❜ ✉ ❞ ❡ ♠ ❡
③ ❛ ❜ ✈ ❛ ❥ ❡ ❤ ♦ ✒ ❦ ❛ ♥ ♦ ♥✐ ❝ ❦ ♦ ✉✏ ✈ ❛ ✐ ❛ ♥ ♦ ✉✳ ❏ ❞ ❡ ♦ ❞ ② ♥ ❛ ♠✐ ❝ ❦ ❛ ♦ ❝ ❤ ❛ ✐ ❝ ❦ ♠ ♦ ❞ ❡❧ ✈➨ ❡✲
♦ ❜ ❡ ❝ ♥ ♦ ✈ ♥ ♦ ✈ ❤ ②✱ ❦ ❡ ❥ ❡ ♦ ❞ ✈ ♦ ③ ❡ ♥ ③ ♠✐ ❦ ♦ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ❝ ❤ ❡ ♦ ✐ ❝ ❤ ♦ ✈ ♥ ♣ ♦ ➦ ❡ ❜✐✲
❡❧ ❡✳ ❘ ❡ ♣ ❡ ③ ❡ ♥ ✉❥ ❡ ❡ ❞ ② ③ ❝ ❡❧ ❛ ♥ ♦ ✈ ✱ ♦ ❞❧✐➨ ♥ ♣➦ ✉ ♣✳ ♦ ❞ ♦ ❜ ♥ ➙ ❥ ❛ ❦ ♦ ❑❧ ❡✐ ♥ ➲ ✈ ♠ ♦ ❞ ❡❧

■✱ ✐ ❦ ❛ ♥ ♦ ♥✐ ❝ ❦ ◆ ❑ ❉ ❙ ● ❊ ♠ ♦ ❞ ❡❧ ❥ ❡ ❡ ♣ ❡ ③ ❡ ♥ ❛ ♥ ❡ ♠ ❝ ❡❧ ♦ ❞✐ ♥ ② ➲ ③ ♥ ❝ ❤ ♠ ♦ ❞ ❡❧ ➲
✈ ② ❝ ❤ ③ ❡❥ ❝ ❝ ❤ ③ ❡ ❡❥ ♥ ♠ ②➨❧ ❡ ♥ ❦ ②✳ ❚ ② ♦ ♠ ♦ ❞ ❡❧ ② ❥ ♦ ✉ ❞ ♥ ❡ ➨✐ ♦ ❝ ❡ ♦ ③➨ ➦ ❡ ♥ ② ❛ ♣ ♦ ✉✲
➸ ✈ ♥ ② ✈ ➙ ➨✐ ♥ ♦ ✉ ❝ ❡ ♥ ❧ ♥ ❝ ❤ ❜ ❛ ♥ ❦ ✈ ➙ ❛✳ ❙ ♦❥ ❡ ❞ ② ✈ ♣ ♦ ③ ❛ ❞ ❤ ♦ ♣ ♦ ❞ ➦ ❦ ♣ ♦❧✐ ✐ ❦ ②
✈ ➙ ➨✐ ♥ ② ✈ ➙ ❛✳ ❖ ❜ ❛ ♠ ♦ ❞ ❡❧ ② ❥ ♦ ✉ ❛ ❦ ② ♣✐ ❝ ❦ ♠✐ ♣➦ ❡ ❞ ❛ ✈✐ ❡❧✐ ✈ ❞ ♦ ❜ ② ❛ ❡ ♣ ❡ ③ ❡ ♥✲
✉❥ ❤✐ ♦ ✐✐ ❛ ♦ ✉ ↔ ❛ ♥ ♦ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ❤ ♦ ♠ ♦ ❞ ❡❧ ♦ ✈ ♥ ♥ ♦ ❞ ♥ ❝ ❤ ❡ ❦ ♦ ♥ ♦ ♠✐ ❦✳

❱ ♣➦ ♣ ❛ ❞ ➙ ❑❧ ❡✐ ♥ ♦ ✈ ❛ ♠ ♦ ❞ ❡❧ ✉ ❜ ✉ ❞ ❡ ♠ ❡ ❦❧ ✈ ➙ ➨ ❞ ➲ ❛ ③ ♥ ❛ ♣ ❛ ❦ ✐ ❝ ❦ ♦ ✉ ❛ ♣❧✐ ❦ ❛ ❝✐
♠ ♦ ❞ ❡❧ ✉ ❛ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ❝✐ ♠ ♦ ➸ ♥ ❝ ❤ ♣ ❛ ✈✱ ❦ ❡ ❡ ✈ ➙ ➨✐ ♥ ♦ ✉ ❦ ❛❥ ♣ ➨ ❡ ♣ ♦ ✉ ➸ ✈ ❛✲
♥ ❝ ❤ ❞ ❛ ♥ ❡ ➸ ✉ ❦ ✉ ② ♠ ♦ ❞ ❡❧ ✉ ❛ ♠ ♦ ♥ ✳

◆ ❑ ❉ ❙ ● ❊ ♠ ♦ ❞ ❡❧ ✈➨ ❛ ❦ ✈ ♦ ✉ ♣ ♦ ❞ ❛ ♦ ✉ ✈ ② ❜ ③ ❦ ❤❧ ✉ ❜➨ ❡ ♦ ❡ ✐ ❝ ❦ ❛ ♥ ❛❧ ③ ❡✳
❖ ♣ ♦ ✐ ❑❧ ❡✐ ♥ ♦ ✈ ✉ ♠ ♦ ❞ ❡❧ ✉ ♦ ✐ ➸ ♣➦✐ ❝ ❤ ③ ❡ ✐❧ ♥ ♠✐ ❡ ♦ ❡ ✐ ❝ ❦ ♠✐ ③ ❦❧ ❛ ❞ ② ❛ ❛ ♠ ❜✐ ❝
✈ ② ♣ ♦➦ ❞ ❛ ❡ ▲ ✉ ❝ ❛ ♦ ✈ ♦ ✉ ❦ ✐ ✐ ❦ ♦ ✉✳ ❛ ❛ ♠ ❡ ② ♠ ♦ ❞ ❡❧ ✉ ❜ ② ❡ ❞ ② ♠ ➙❧ ② ❜ ♥ ❡ ③ ✈✐ ❧
♥ ❛ ❤ ♦ ♣ ♦ ❞ ➦ ❦ ♣ ♦❧✐ ✐ ❝ ❡✳ ❱ ➙ ➨ ❞ ➲ ❛ ③ ❛ ❦ ❜ ✉ ❞ ❡ ♠ ❡ ❦❧ ♥ ❛ ♦ ❞ ✈ ♦ ③ ❡ ♥ ❛ ❡ ♦ ❡ ✐ ❝ ❦ ♦ ✉
❦ ✐ ✐ ❦ ✉ ♠ ♦ ❞ ❡❧ ✉✳

✻



✶✳ ❱ ❝ ❡ ♦ ✈ ♥✐ ❝ ♦ ✈ ❡ ❦ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❦
♦ ✉ ❛ ✈ ②

✶✳ ✶ ▼ ♦ ✐ ✈ ❛ ❝ ❡

❑❧ ❛ ✐ ❝ ❦ ♠ ♦ ❞ ❡❧ ❧✐ ♥ ❡ ♥ ❡ ❣ ❡ ❡ ✭ ❑ ♦ ♠ ❡ ❦✱ ✷ ✵ ✶ ✹✮ ❡ ✈ ❛❥ ❝ ❡ ③ ❥ ❡ ❞ ♥ ♦ ✈ ♥✐ ❝ ❡
❞ ♦ ❦ ➸ ❡ ✈ ② ✈ ➙ ❧✐ ✈ ➸ ❞ ② ❥ ❡ ♥ ❥ ❡ ❞ ♥ ✉ ♣ ♦ ♠ ➙ ♥ ♥ ♦ ✉✳ ♦ ♣ ♦ ❝ ❤ ♦ ♣ ❡ ♥ ❡ ❦ ♦ ♥ ♦ ♠✐ ❦ ② ✈ ➨✐ ➨ ❝ ❤
♦ ✉ ✈✐ ❧ ♦ ❡ ❝ ❤ ❥ ❡ ✈➨ ❛ ❦ ➦ ❡ ❜ ❛ ❛ ♥ ❛❧ ② ③ ♦ ✈ ❛ ✈ ③ ❥ ❡ ♠ ♥ ✈ ③ ❛ ❤ ② ➲ ③ ♥ ❝ ❤ ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤✱

♥ ❛ ♠ ❦ ♦ ✉ ❍ ❉ ✱ ✐ ♥ ✢ ❛ ❝ ❡✱ ♦ ❦ ♦ ✈ ♠ ❛✱ ❛❥✳ ❏ ❡ ❡ ❞ ② ➦ ❡ ❜ ❛ ♣➦ ❡❥ ❦ ♦ ✉ ❛ ✈ ➙ ✈ ❝ ❡
❡ ❣ ❡ ♥ ❝ ❤ ♦ ✈ ♥✐ ❝✳

❏ ❡ ❞ ♥ ❛ ❛ ❛ ❛ ♠ ♣ ♦ ♠ ➙ ♥ ♥ ♠ ➲ ➸ ❡ ❜ ✈ ② ✈ ➙ ❧ ♦ ✈ ❛ ♥ ❥ ❡ ❞ ♥ ♦ ✉ ♦ ✈ ♥✐ ❝ ✱ ❛❧ ❡ ❞ ♦ ♦ ❛ ✲
♥ ❝ ❤ ✈ ✉ ♣ ♦ ✈ ❛ ❝ ♦ ❜ ② ♣ ♦ ♠ ➙ ♥ ♥ ✈ ② ✈ ➙ ❧ ✉❥ ❝ ✳ ♦ ♠ ➙ ♥ ♥ ❡ ♠ ♦ ❤ ♦ ✉ ❞ ♦ ❦ ♦ ♥ ❝ ❡ ✈ ② ✈ ➙ ✲
❧ ♦ ✈ ❛ ✈ ③ ❥ ❡ ♠ ♥ ➙✳ ◆✐ ❝ ♥ ♠ ♥ ❡ ❜ ♥ ✉ ✈ ❛ ➸ ♦ ✈ ❛ ♥ ❛ ♣➦ ❦❧ ❛ ❞ ✭ ❝ ❤ ❡ ♠ ❛ ✐ ❝ ❦ ② ③ ❛ ♣ ❛ ♥ ♦ ✉✮
♦ ✉ ❛ ✈ ✉ ② ♣ ✉

A = β B + ε A ,

B = α A + ε B .

▼ ➲ ➸ ❡ ♠ ❡ ❛ ❦ ♣ ♦ ✐ ❤ ♥ ♦ ✉ ♦ ❜ ♦ ✉ ♠ ➙ ♥ ♦ ✉ ③ ✈✐ ❧ ♦ ✭ ❦ ❛ ✉ ③ ❛❧✐ ✉✮✱ ❦ ❞ ② ❡ ♣ ♦ ♠ ➙ ♥✲
♥ ♦ ✈❧✐ ✈ ➡ ✉❥ ♥ ❛ ✈ ③ ❥ ❡ ♠✱ ❛ ❡ ❞ ② ♥ ❡❧ ③ ❡ ❥ ❡ ❞ ♥ ♦ ❞ ✉➨ ❡ ♦ ③ ♥ ❛ ↔✐ ③ ♠ ➙ ♥ ✉ ❥ ❡ ❞ ♥ ③ ❛ ♣➦ ↔✐ ♥ ✉
❛ ③ ♠ ➙ ♥ ✉ ❞ ✉ ❤ ③ ❛ ♥ ❧ ❡ ❞ ❡ ❦✳

❚ ♠ ❡ ❞ ♦ ✈ ♠ ❡ ❦ ♥ ❡ ❜ ❡ ③ ♣ ❡ ↔ ♥ ♠ ✉ ♦ ♠ ②❧ ✉✱ ❥ ❡ ➸ ♠ ➲ ➸ ❡ ♣ ❛ ♠ ❡ ♥✐ ③ ✉ ✐ ♥ ♥ ❤ ♦
♣➦ ✉ ♣ ✉ ❦ ✈ ② ❤ ♦ ❞ ♥ ♦ ❝ ♦ ✈ ♥ ❦❧ ❛ ✐ ❝ ❦ ❤ ♦ ♠ ♦ ❞ ❡❧ ✉✳ ❏ ❡ ➦ ❡ ❜ ❛ ✐ ✉ ✈ ➙ ❞ ♦ ♠✐ ✱ ➸ ❡ ✈ ❦❧ ❛ ✐ ❝ ❦ ♠
♠ ♦ ❞ ❡❧ ✉ ❡ ♠ ➙ ♣➦ ↔✐ ♥ ♥ ♦ ✐ ♣ ➦ ❡ ❞ ♣ ♦ ❦❧ ❞ ✳ ❯ ✈ ❛ ➸ ✉❥ ♠ ❡ ❝ ❤ ❡ ♠ ❛ ✐ ❝ ❦ ♠ ♦ ❞ ❡❧✱ ❦ ❡
✈ ② ✈ ➙ ❧ ✉❥ ❡ ③ ♠ ➙ ♥ ② ✈ ❍ ❉ ✭ ③ ♥ ❛ ↔ ♠ ❡ ∆ Y ✮ ♣ ♦ ♠ ♦ ❝ ③ ♠ ➙ ♥ ✐ ♥ ✢ ❛ ❝ ❡ ✭ ③ ♥ ❛ ↔ ♠ ❡ ∆ Π ✮

∆ Y = α ∆ Π + ε. ✭ ✶✳ ✶✮

❚ ❛ ♦ ♦ ✈ ♥✐ ❝ ❡ ❥ ❡ ♦ ✈➨ ❡ ♠ ♦ ♦ ➸ ♥ ♦ ✈ ♥✐ ❝

∆ Π = β ∆ Y − β ε, ✭ ✶✳ ✷✮

❦ ❞ ❡ β = 1
α
✳ ◆ ❛ ♦ ❞ ❝ ❤ ②❧ ❦ ② ε ❦❧ ❛ ❞ ❡ ♠ ❡ ♣ ♦ ➸ ❛ ❞ ❛ ✈ ❡ ❦ ② ♠ ❡ ✐ ❡✱ ③ ♠ ➙ ♥ ❛ ③ ♥ ❛ ♠ ♥ ❦ ❛ ❥ ❡ ♣ ♦✲

♦ ♠ ✐ ❡❧ ❡ ✈ ❛ ♥ ♥ ✳ ♦ ✉ ❤ ♠ ♣➦ ❡➨ ❦ ❧ ♦ ✈ ♥ ♠ ♦ ❞ ❝ ❤ ②❧ ❡ ❦ ❡ ❞ ② ❞ ♦ ✈ ♠ ❡ ♠ ♦ ❞ ❡❧✱ ❦ ❡
♥ ❛ ♦ ♣ ❛ ❦ ③ ♠ ➙ ♥ ② ✐ ♥ ✢ ❛ ❝ ❡ ✈ ② ✈ ➙ ❧ ✉❥ ❡ ♣ ♦ ♠ ♦ ❝ ③ ♠ ➙ ♥ ❍ ❉ ✳ ❏ ❛ ❦ ❡ ❞ ② ✉ ↔✐ ✱ ❦ ❡ ♠ ♦ ❞ ❡❧
❥ ❡ ♣ ✈ ♥ ✲ ❝ ♦ ❥ ❡ ♣➦ ↔✐ ♥ ❛ ❛ ❝ ♦ ♥ ❧ ❡ ❞ ❡ ❦ ❄ ♦ ✉ ❤ ♠ ❛ ✐ ✐ ❝ ❦ ♠ ✈ ② ❤ ♦ ❞ ♥ ♦ ❝ ❡ ♥ ♠
♣ ♦ ③ ♦ ♦ ✈ ❛ ♥ ❝ ❤ ❞ ❛ ♦ ♥ ❡❧ ③ ❡✳

❱ ♣ ❛ ①✐ ❥ ❡ ♣ ✐ ♠ ♥ ♠ ♣➦ ❡ ❞ ♠ ➙ ❡ ♠ ③ ❥ ♠ ✉ ♣ ➨ ❡ ✈ ② ✈ ➙ ❧ ❡ ♥ ③ ♠ ➙ ♥ ❍ ❉ ✳ ❘ ✉ ✐ ♥ ♥ ♠
✈ ② ✉ ➸✐ ♠ ♠ ♦ ❞ ❡❧ ✉ ✭ ✶✳ ✶✮ ❛ ❦ ❧ ③ ❡ ❞ ♦❥ ❦ ③ ✈ ➙ ✉✱ ➸ ❡ ③ ♠ ➙ ♥ ❛ ✐ ♥ ✢ ❛ ❝ ❡ ③ ♣ ➲ ♦ ❜ ✉❥ ❡ ③ ♠ ➙ ♥ ②
❍ ❉ ✳ ❚ ♦ ❥ ❡ ♦ ✈➨ ❡ ♠ ✈ ❡ ❦ ✉ ❡ ↔ ♥ ♦ ✐ ♣ ♦ ✉ ③ ❡ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❛ ❞✱ ❦ ❡ ❥ ♠ ❡ ✉ ↔✐ ♥✐❧✐ ✈ ❜ ➙ ❡ ♠
♠ ♦ ❞ ❡❧ ✉ ✭ ✶✳ ✶✮ ♥ ❛ ♠ ♦ ♠ ♦ ❞ ❡❧ ✉ ✭ ✶✳ ✷✮✳

❙ ✈ ② ✉ ➸✐ ♠ ♦ ✉ ❛ ✈ ② ❞ ✈ ♦ ✉ ♦ ✈ ♥✐ ❝ ✈➨ ❛ ❦ ♠ ➲ ➸ ❡ ♠ ❡ ♠ ♦ ❞ ❡❧ ♦ ✈ ❛ ♦ ❜ ♦ ✉ ♠ ➙ ♥ ♦ ✉ ③ ✲
✈✐ ❧ ♦ ✳ ❖ ❞ ❤ ❛ ❞ ✉❥ ❡ ♠ ❡✲❧✐ ♦ ✉ ↔ ❛ ♥ ➙ ♥ ❛ ♣➦✳ ✭ ❝ ❤ ❡ ♠ ❛ ✐ ❝ ❦ ② ③ ❛ ♣ ❛ ♥ ✮ ♦ ✈ ♥✐ ❝ ❡

✼



∆ Y = α ∆ Π + α X 1 + ε 1 ,

∆ Π = β ∆ Y + β X 2 + ε 2 ,

♣ ❛ ❦ ❦ ♦ ❡ ✜ ❝✐ ❡ ♥ α ✈ ② ♣ ♦ ✈ ❞ ♦ ♦ ♠✱ ❥ ❛ ❦ ③ ♠ ➙ ♥ ❛ ✐ ♥ ✢ ❛ ❝ ❡ ♣ ➲ ♦ ❜ ♥ ❛ ③ ♠ ➙ ♥ ✉ ❍ ❉ ❛ ♥ ❛ ♦✲
♣ ❛ ❦ ❦ ♦ ❡ ✜ ❝✐ ❡ ♥ β ✈ ② ♣ ♦ ✈ ❞ ♦ ♦ ♠✱ ❥ ❛ ❦ ③ ♠ ➙ ♥ ❛ ❍ ❉ ♣ ➲ ♦ ❜ ♥ ❛ ③ ♠ ➙ ♥ ✉ ✐ ♥ ✢ ❛ ❝ ❡✳ ❩ ✈ ➙ ✱
➸ ❡ ③ ♠ ➙ ♥ ❛ ✐ ♥ ✢ ❛ ❝ ❡ ③ ♣ ➲ ♦ ❜ ✉❥ ❡ ③ ♠ ➙ ♥ ② ❍ ❉ ✱ ❦ ❡ ❧ ③ ❡ ♥ ❡ ♣ ✈ ♥ ➙ ✉ ↔✐ ♥✐ ③ ✈ ♦❧ ❜ ② ♠ ♦ ❞ ❡❧ ✉
✭ ✶✳ ✶✮✱ ♦ ❞ ♣ ♦ ✈ ❞ ❦ ✉ ❡ ↔ ♥ ♦ ✐ ♣ ♦ ✉ ③ ❡ ♣ ♦ ❦ ✉ ❞ α = 0 ❛ ♦ ✉ ↔ ❛ ♥ ➙ β = 0 ✭ ❡ ♣✳ ❦ ♦ ❡ ✜ ❝✐ ❡ ♥
α ❥ ❡ ❛ ✐ ✐ ❝ ❦ ② ✈ ③ ♥ ❛ ♠ ♥ ❛ ❦ ♦ ❡ ✜ ❝✐ ❡ ♥ β ♥ ❡ ✈ ③ ♥ ❛ ♠ ♥ ✮✳

❱ ② ✉ ➸✐ ♦ ✉ ❛ ✈ ② ✈ ❝ ❡ ♦ ✈ ♥✐ ❝ ❡ ❞ ② ♥ ❡❥ ❡ ♥ ➸ ❡ ✉ ♠ ♦ ➸ ➡ ✉❥ ❡ ✈ ② ✈ ➙ ❧ ♦ ✈ ❛ ✈ ❝ ❡ ♣ ♦✲
♠ ➙ ♥ ♥ ❝ ❤ ♦ ✉ ↔ ❛ ♥ ➙✱ ❛❧ ❡ ✉ ❞✐ ✉ ♠ ❥ ❡❥✐ ❝ ❤ ✈ ③ ❥ ❡ ♠ ♥ ❝ ❤ ✈ ③ ❛ ❤ ➲✱ ❦ ❞ ② ❥ ❡ ❞ ♥ ❛ ♣ ♦ ♠ ➙ ♥ ♥
❥ ❡ ❥ ❡ ❞ ♥ ♦ ✉ ✈ ② ✈ ➙ ❧ ♦ ✈ ❛ ♥ ❛ ❥✐ ♥ ❞ ② ✈ ② ✈ ➙ ❧ ✉❥ ❝ ✱ ✉ ♠ ♦ ➸ ➡ ✉❥ ❡ ➸ ✲ ♥ ❛ ♦ ③ ❞ ❧ ♦ ❞ ❦❧ ❛ ✐ ❝ ❦ ✲
❤ ♦ ♠ ♦ ❞ ❡❧ ✉ ✲ ♠ ♦ ❞ ❡❧ ♦ ✈ ❛ ♦ ❜ ♦ ✉ ♠ ➙ ♥ ♦ ✉ ③ ✈✐ ❧ ♦ ✳ ◆ ❡❥ ♠ ❡ ❛ ❦ ♥ ✉ ❝ ❡ ♥✐ ✈ ♦❧ ❜ ♦ ✉ ♠ ♦ ❞ ❡❧ ✉
↔✐ ♥✐ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❛ ❞✱ ❝ ♦ ❥ ❡ ♣➦ ↔✐ ♥ ♦ ✉ ❛ ❝ ♦ ♥ ❧ ❡ ❞ ❦ ❡ ♠✳ ❱ ❝ ❡ ♦ ✈ ♥✐ ❝ ♦ ✈ ❡ ❦ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❦
♦ ✉ ❛ ✈ ② ❥ ♦ ✉ ❡ ❞ ② ❜ ❡ ③ ❡ ♣ ♦ ✉ ✈ ❤ ♦ ❞ ♥ ♠ ③ ♣ ➲ ♦ ❜ ❡ ♠✱ ❥ ❛ ❦ ❛ ✐ ✐ ❝ ❦ ② ③ ❦ ♦ ✉ ♠ ❛ ❡ ❦ ♦✲

♥ ♦ ♠✐ ❦ ✉✳

✶✳ ✷ ❋ ♦ ♠ ✉❧ ❛ ❝ ❡ ❧ ♦ ❤ ②

◆ ❡❥ ♣ ✈ ❡ ✐ ✉ ✈ ➙ ❞ ♦ ♠ ♠ ❡✱ ❥ ❛ ❦ ♠ ② ♣ ❡ ♠ ❞ ❛ ♣ ❛ ❝ ✉❥ ❡ ♠ ❡✳ ❚ ② ♣✐ ❝ ❦ ❞ ❛ ♦ ✈ ♦ ✉ ❜ ♦
❥ ❡ ✈ ♦➦ ❡ ♥ ✈ ➙ ➨ ♠ ♣ ♦ ↔ ❡ ♠ ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤✱ ③ ♥✐ ❝ ❤ ➸ ❦ ❛ ➸ ❞ ❥ ❡ ♣ ♦ ③ ♦ ♦ ✈ ♥ ❛ ✈ ✉ ↔✐ ↔ ❛ ♦✲
✈ ♣ ♦ ❧ ♦ ✉ ♣ ♥ ♦ ✐ ❥ ❛ ❦ ♦ ↔ ❛ ♦ ✈ ➦ ❛ ❞ ❛✳ ❉ ♦ ❝ ❤ ③ ❛ ❦ ❦ ❡ ❦ ♦ ♠ ❜✐ ♥ ❛ ❝✐ ♣ ➲➦ ❡ ③ ♦ ✈ ✐ ♥❢ ♦ ♠ ❛ ❝ ❡
✭ ♣ ♦ ❥ ❡ ❞ ♥ ♦ ❧✐ ✈ ♣ ♦ ♠ ➙ ♥ ♥ ✮ ❛ ↔ ❛ ♦ ✈ ✐ ♥❢ ♦ ♠ ❛ ❝ ❡✳ ▼ ➲ ➸ ❡ ♠ ❡ ❡ ❞ ② ♣➦✐ ♦ ✉ ♣✐ ❦ ❢ ♦ ♠ ✉✲
❧ ❛ ❝✐ ❧ ♦ ❤ ②✳ ❱ ♦ ♠ ♦ ♦ ❤❧ ❡ ❞ ✉ ✈ ② ❝ ❤ ③ ♠ ❡ ③ ♣ ✉ ❜❧✐ ❦ ❛ ❝ ❡ ❈✐ ♣ ❛ ✭ ✷ ✵ ✵ ✽✮✳

✶✳ ✷✳ ✶ ❖ ❜ ❡ ❝ ♥ ❢ ♦ ♠ ✉❧ ❛ ❝ ❡ ♦ ✉ ❛ ✈ ②

◆ ❡ ❝ ❤➫ ❥ ❡ ❞ ❛ ♦ ✈ ♦ ✉ ❜ ♦ ✈ ♦➦ ❡ ♥ ↔ ❛ ♦ ✈ ♠✐ ➦ ❛ ❞ ❛ ♠✐ ♦ ❞ ❧ ❝ ❡ T (t = 1 , ..., T ) ♣ ♦
m (j = 1 , ..., m) ✈ ❡❧✐ ↔✐ ♥✳ ❑ ❛ ➸ ❞ ③ ✈ ② ✈ ➙ ❧ ♦ ✈ ❛ ♥ ❝ ❤ ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤ y j t ❥ ❡ ✈ ② ✈ ➙ ❧ ❡ ♥ ❛
♣ ♦ ♠ ♦ ❝ ✭➦ ❞ ❦ ♦ ✈ ❤ ♦✮ ✈ ❡ ❦ ♦ ✉ ✈ ② ✈ ➙ ❧ ✉❥ ❝ ❝ ❤ ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤ ✭ ❡ ❣ ❡ ♦ ➲✮ ① t ❞ ❧ ❦ ② k ✳
❙ ♦ ✉ ❛ ✈ ✉ ❡ ❦ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❦ ❝ ❤ ♦ ✈ ♥✐ ❝ ❧ ③ ❡ ♣ ❛ ❦ ♦ ❜ ❡ ❝ ♥ ➙ ③ ❛ ♣ ❛ ❥ ❛ ❦ ♦

y j t = ① t β j t + ε j t , j = 1 , ..., m, t = 1 , ..., T, ✭ ✶✳ ✸✮

v a r (ε ) = Ω m T × m T , E(ε j t ) = 0 ∀ j, t,

❦ ❞ ❡ Ω m T × m T ❥ ❡ ♦ ③ ♣ ②❧ ♦ ✈ ♠ ❛ ✐ ❝ ❡ ✈ ❡ ❦ ♦ ✉ ❡ ③✐ ❞ ✉ ❧ ♥ ❝ ❤ ❧ ♦ ➸ ❡ ❦ ε j t ✭ ❞ ❧ ❡ ③ ♥ ❛ ↔ ♠ ❡
➸ ❥ ❡ ♥ Ω ✮✳

❋ ♦ ♠ ❧ ♥ ➙ ❥ ♦ ✉ ❡ ❞ ② ❡ ❣ ❡ ♦ ② ❡❥ ♥ ♣ ♦ ✈➨ ❡ ❝ ❤ ♥ ② ♦ ✈ ♥✐ ❝ ❡ ♦ ✉ ❛ ✈ ②✳ ❛ ❦ ✐ ❝ ❦ ②
✈➨ ❛ ❦ ③➦ ❡❥ ♠ ➙ ✈ ➲ ③ ♥ ❝ ❤ ♦ ✈ ♥✐ ❝ ❝ ❤ ♦ ✉ ❛ ✈ ② ✈ ② ✉ ♣ ✉❥ ➲ ③ ♥ ❡ ❣ ❡ ♦ ②✱ k ❥ ❡ ❡ ❞ ②
❝ ❡❧ ❦ ♦ ✈ ♣ ♦ ↔ ❡ ❡ ❣ ❡ ♦ ➲ ♦ ✉ ❛ ✈ ② ❛ ♣ ❛ ❛ ♠ ❡ ② ✭ ❧ ♦ ➸ ❦ ② ✈ ❡ ❦ ♦ ✉ β j t ✮ ♣➦ ❧ ✉➨ ❡❥ ❝
❡ ❣ ❡ ♦ ➲ ♠✱ ❥ ❡ ➸ ❡ ✈ ♦ ✈ ♥✐ ❝✐ j ♥ ❡ ✈ ② ❦ ② ✉❥ ✱ ❥ ♦ ✉ ♥ ✉❧ ♦ ✈ ✳ ♦ ③ ♥ ❛ ♠ ❡ ♥ ❡❥ ♠ ❡✱ ➸ ❡ ♣ ♦

m = 1 ✱ β 1 t = β 1 ❞ ♦ ✈ ♠ ❡ ✭ ♣ ♦ ❞ ♦ ♣❧ ♥ ➙ ♥ ♣➦ ❧ ✉➨ ♥ ❝ ❤ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❛ ❞ ➲✮ ❦❧ ❛ ✐ ❝ ❦
♠ ♦ ❞ ❡❧✳

♦ ❜❧ ♠ ♠ ♦ ❞ ❡❧ ✉ ✭ ✶✳ ✸✮ ✈➨ ❛ ❦ ❥ ❡✱ ➸ ❡ ❥ ❡ ♣➦ ❧✐➨ ♦ ❜ ❡ ❝ ♥ ♣ ♦ ♣ ❛ ❦ ✐ ❝ ❦ ✈ ② ✉ ➸✐ ✳ ❖ ❜ ❛✲

❤ ✉❥ ❡ k m T + m T ( m T + 1 )
2

♣ ❛ ❛ ♠ ❡ ➲ ✭ ♣❧ ② ♥ ❡ ③ ❡ ② ♠ ❡ ✐ ❡ ♦ ③ ♣ ②❧ ♦ ✈ ♠ ❛ ✐ ❝ ❡ Ω ✮✱ ③ ❛ ♠ ❝ ♦

✽



♣ ♦ ↔ ❡ ♣ ♦ ③ ♦ ♦ ✈ ♥ ❥ ❡ ❥ ❡ ♥ m T ✳ ❱ ♣ ❛ ①✐ ❡ ♣ ♦ ♦ ♣ ♦ ✉ ➸ ✈ ❛❥ ♣ ❡ ❝✐ ❧ ♥ ♣➦ ♣ ❛ ❞ ② ♦ ❤ ♦ ♦
♦ ❜ ❡ ❝ ♥ ❤ ♦ ♠ ♦ ❞ ❡❧ ✉✱ ③ ❡❥ ♠✳ ❙ ❯ ❘ ♦ ✉ ❛ ✈ ❛ ✭ ③ ❛ ♥ ❣❧✐ ❝ ❦ ❤ ♦ ❡ ❡ ♠✐ ♥ ❣❧ ② ✉ ♥ ❡❧ ❛ ❡ ❞ ❡ ❣ ❡ ✲
✐ ♦ ♥✮ ❛ ♦ ✉ ❛ ✈ ❛ ✐ ♠ ✉❧ ♥ ♥ ❝ ❤ ♦ ✈ ♥✐ ❝ ❙ ❊ ▼ ✭ ③ ❛ ♥ ❣❧✐ ❝ ❦ ❤ ♦ ✐ ♠ ✉❧ ❛ ♥ ❡ ♦ ✉ ❡ ✉ ❛ ✐ ♦ ♥

♠ ♦ ❞ ❡❧ ✮✳

♦ ❞ ✈ ❡❥ ♠ ❡ ❡ ❛❧ ❡ ❥ ❡➨ ➙ ✈ ♠ ❝✐ ♦ ❜ ❡ ❝ ♥ ❢ ♦ ♠ ✉❧ ❛ ❝ ❡ ♥ ❛ ♣ ♦❥ ♠ ② ❡ ① ♦ ❣ ❡ ♥ ♥ ❛ ❡ ♥ ❞ ♦✲
❣ ❡ ♥ ♥ ♣ ♦ ♠ ➙ ♥ ♥ ✳ ❖ ❜ ❡ ❝ ♥ ➙ ♣ ♦ ♠ ➙ ♥ ♥ ♦ ✉ x ✈ ② ✈ ➙ ❧ ✉❥ ❝ ♣ ♦ ♠ ➙ ♥ ♥ ♦ ✉ y ❞ ❡ ✜ ♥ ✉❥ ❡ ♠ ❡ ❥ ❛ ❦ ♦
❡ ① ♦ ❣ ❡ ♥ ♥ ✱ ❥ ❡ ❧✐ ➸ ❡ ♦ ③ ❞ ➙❧ ❡ ♥ y |x ✭y ③ ❛ ♣ ♦ ❞ ♠ ♥ ❦ ② x ✮ ♥ ❡ ③ ✈✐ ♥ ❛ ♣ ♦ ❝ ❡ ✉ ❣ ❡ ♥ ❡ ✉❥ ❝ ♠
x ✳ ❱ ❧✐ ♥ ❡ ♥ ♠ ❡ ❣ ❡ ♥ ♠ ♠ ♦ ❞ ❡❧ ✉ ❞ ♦ ✈ ♠ ❡ ❦❧ ❛ ✐ ❝ ❦ ♦ ✉ ♣ ♦ ❞ ♠ ♥ ❦ ✉ ♦ ♦ ❣ ♦ ♥ ❛❧✐ ② ✿

E ❳ T ε = 0 .

◆ ❛ ✈ ❝ ♦ ③❧✐➨ ✉❥ ❡ ♠ ❡ ❡ ① ♦ ❣ ❡ ♥ ♥ ♣ ♦ ♠ ➙ ♥ ♥ ♣ ❡ ❞ ❡ ❡ ♠✐ ♥ ♦ ✈ ❛ ♥ ✱ ❥✳ ❛ ❦ ♦ ✈ ✱ ❥ ❡ ➸ ❜ ②❧ ②
✈ ♦ ✉ ❛ ✈ ➙ ✈ ② ✈ ♦➦ ❡ ♥ ② ✈ ♠✐ ♥ ✉❧ ♠ ↔ ❛ ❡ ✭ ♣ ♦ ♠ ➙ ♥ ♥ ❥ ❡ ✈ ❞ ❛ ♥ ♠ ↔ ❛ ❡ ♥ ❡ ❦ ♦ ❡❧ ♦ ✈ ❛ ♥
❡ ♦ ✉ ↔ ❛ ♥ ♠✐ ❛ ❜ ✉ ❞ ♦ ✉ ❝ ♠✐ ❡ ③✐ ❞ ✉✐✮✱ ❛ ✐ ❦ ♥ ➙ ❡ ① ♦ ❣ ❡ ♥ ♥ ✱ ❥✳ ❛ ❦ ♦ ✈ ✱ ❥ ❡ ➸ ✈ ③ ♥✐ ❦ ❛✲

❥ ③ ❝ ❡❧ ❛ ♠✐ ♠ ♦ ✉ ✈ ❛ ➸ ♦ ✈ ❛ ♥ ♦ ✉ ♦ ✉ ❛ ✈ ✉ ♦ ✈ ♥✐ ❝ ✭ ♣ ♦ ♠ ➙ ♥ ♥ ❥ ❡ ♥ ❡ ❦ ♦ ❡❧ ♦ ✈ ❛ ♥ ❡ ✈➨ ❡ ♠✐
❡ ③✐ ❞ ✉✐✱ ♠✐ ♥ ✉❧ ♠✐✱ ♦ ✉ ↔ ❛ ♥ ♠✐ ✐ ❜ ✉ ❞ ♦ ✉ ❝ ♠✐✮✳ ❊ ♥ ❞ ♦ ❣ ❡ ♥ ♥ ♣ ♦ ♠ ➙ ♥ ♥ ❥ ♦ ✉ ♣ ❛ ❦ ②✱

❥ ❡ ➸ ♥ ❡❥ ♦ ✉ ❡ ① ♦ ❣ ❡ ♥ ♥ ✳ ❱ ♦ ✉ ❛ ✈ ➙ ✈ ❞ ❛ ♥ ♠ ↔ ❛ ❡ ✈ ③ ♥✐ ❦ ❛❥ ✱ ❥ ♦ ✉ ❥ ❡❥ ♠ ✈ ✉ ♣ ❡ ♠✳
❱ ♦ ✉ ❛ ✈ ➙ ❞ ❡ ✜ ♥ ♦ ✈ ❛ ♥ ❞❧ ❡ ✭ ✶✳ ✸✮ ♠ ➲ ➸ ❡ ✈ ❡ ❦ ♦ ✈ ② ✈ ➙ ❧ ✉❥ ❝ ❝ ❤ ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤ ① ♦ ❜✲

❛ ❤ ♦ ✈ ❛ ❥ ❛ ❦ ❡ ♥ ❞ ♦ ❣ ❡ ♥ ♥ ♣ ♦ ♠ ➙ ♥ ♥ ✱ ❛ ❦ ♦ ❜ ❛ ② ♣ ② ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤ ❡ ① ♦ ❣ ❡ ♥ ♥ ❝ ❤ ✲ ✐ ❦ ♥
✐ ♣ ❡ ❞ ❡ ❡ ♠✐ ♥ ♦ ✈ ❛ ♥ ✳

❖ ❜ ❡ ❝ ♥ ➙ ❧ ③ ❡ ❤ ♥ ♦ ✉ ✱ ➸ ❡✿

• ❊ ♥ ❞ ♦ ❣ ❡ ♥ ♥ ♣ ♦ ♠ ➙ ♥ ♥ ♠ ✉ ❜ ❛❧ ❡ ♣ ♦ ➡ ✈ ❥ ❡ ❞ ♥ ♦ ✈ ♥✐ ❝✐ ✈ ② ✈ ➙ ❧ ♦ ✈ ❛ ♥ ✳ ❚❡ ♦ ❡✲
✐ ❝ ❦ ② ✈➨ ❛ ❦ ♠ ➲ ➸ ❡ ❜ ✈ ② ✈ ➙ ❧ ♦ ✈ ❛ ♥ ✈ ❝ ❡ ♦ ✈ ♥✐ ❝ ❡ ♠✐ ❛ ♥✐ ❝ ♥ ❡ ❜ ♥ ✱ ❛ ❜ ② ❞ ♦ ❞ ❛❧✲

➨ ❝ ❤ ♦ ✈ ♥✐ ❝ ✈ ✉ ♣ ♦ ✈ ❛❧ ❛ ❝ ♦ ❜ ② ♣ ♦ ♠ ➙ ♥ ♥ ✈ ② ✈ ➙ ❧ ✉❥ ❝ ✭ ❡ ❣ ❡ ♦ ✮✳

• ❊ ① ♦ ❣ ❡ ♥ ♥ ♣ ♦ ♠ ➙ ♥ ♥ ❥ ❡ ✈ ❡ ✈➨ ❡ ❝ ❤ ♦ ✈ ♥✐ ❝ ❝ ❤ ♦ ✉ ❛ ✈ ② ♣ ♦ ✉ ③ ❡ ✈ ② ✈ ➙ ❧ ✉❥ ❝ ✳

✶✳ ✷✳ ✷ ❙ ❯ ❘ ♦ ✉ ❛ ✈ ❛

❙ ♦ ✉ ❛ ✈ ❛ ❙ ❯ ❘ ✱ ♥ ❡ ❜ ♦❧✐ ③ ❞ ♥❧✐ ✈ ➙ ♥ ❡ ♦ ✉ ✈✐ ❡❥ ❝ ❡ ❣ ❡ ❡ ✭ ❡ ❡ ♠✐ ♥ ❣❧ ② ✉ ♥ ❡❧ ❛ ❡ ❞ ❡ ❣ ❡ ✲
✐ ♦ ♥✮✱ ❥ ❡ ❞ ❡ ✜ ♥ ♦ ✈ ♥ ❛ ♥ ❧ ❡ ❞ ♦ ✈ ♥ ➙✿

y j t = ① t β j + ε j t ,

E ε itε j t = σ i j , E εi sε j t = 0 ∀ i, j, s = t, E εj t = 0 ∀ j, t,

❦ ❞ ❡ ① ♦ ❜ ❛ ❤ ✉❥ ❡ ♣ ♦ ✉ ③ ❡ ❡ ① ♦ ❣ ❡ ♥ ♥ ♣ ♦ ♠ ➙ ♥ ♥ ✳ ■ ♥ ❞ ❡ ① ✉❥ ❡ ♠ ❡ ♣➦✐ ♦ ③ ❡ ♥ ➙ i, j = 1 , ..., m✱
s, t = 1 , ..., T ✭ ♣❧ ❛ ✐ ♥ ❛ ❞ ❧ ❡✱ ♥ ❡ ♥ ✲❧✐ ❡ ① ♣❧✐ ❝✐ ♥ ➙ ➦ ❡ ↔ ❡ ♥ ♦ ❥✐ ♥ ❛ ❦✮✳

♦ ↔ ❡ ♣ ❛ ❛ ♠ ❡ ➲ ♦ ✉ ❛ ✈ ② ❡ ❛ ❦ ③➦ ❡❥ ♠ ➙ ❡ ❞ ✉ ❦ ✉❥ ❡ ♥ ❛ k m + m ( m + 1 )
2

✱ ③ ❛ ♠ ❝ ♦
♣ ♦ ↔ ❡ ♣ ♦ ③ ♦ ♦ ✈ ♥ ❥ ❡ ❧ ❡ m T ✳ ♦ ❞ ♦ ❛ ❡ ↔ ♥ ➙ ✈ ❡❧ ❦ T ✭ ❦ ♦ ♥ ❦ ♥ ➙ T > k + m + 1

2
✮

❥✐ ➸ ❡ ❞ ② ❧ ③ ❡ ♣ ❛ ❛ ♠ ❡ ② ♦ ✉ ❛ ✈ ② ♦ ❞ ❤ ❛ ❞ ♦ ✈ ❛ ✭ ✈ ♣ ❛ ①✐ ♣ ♦ ❝ ❤ ♦ ♣✐ ❡❧ ♥ ➙ ❝ ❤ ❝ ❡ ♠ ❡✱ ❛ ❜ ② T
❜ ②❧ ♦ ✈ ❛ ③ ♥ ➙ ✈ ➙ ➨ ♥ ❡ ➸ ❛ ♦ ♠ ❡ ③✮✳

❏ ❡❧✐ ❦ ♦ ➸ ➸ ❞ ♥ ③ ✈ ② ✈ ➙ ❧ ♦ ✈ ❛ ♥ ❝ ❤ ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤ ♥ ❡ ✈ ✉ ♣ ✉❥ ❡ ❞ ♦ ❥✐ ♥ ♦ ✈ ♥✐ ❝ ❡ ❝ ♦ ❜ ②
✈ ② ✈ ➙ ❧ ✉❥ ❝ ✱ ♦ ✈ ♥✐ ❝ ❡ ♣ ♦❧ ✉ ♥ ❡❥ ♦ ✉ ♥ ❛ ♣ ✈ ♥ ♣ ♦ ❤❧ ❡ ❞ ♣ ♦ ♣ ♦❥ ❡ ♥ ② ✲ ♦ ❞ ✉ ❞ ♥ ③ ❡ ✈ ♦ ✉ ❛✲
✈ ② ✈ ♦ ♠ ♦ ✈ ❛ ✉✳ ❱❡ ❦ ✉ ❡ ↔ ♥ ♦ ✐ ❥ ♦ ✉ ✈➨ ❛ ❦ ❡ ③✐ ❞ ✉ ❛ ❥ ❡ ❞ ♥ ♦ ❧✐ ✈ ❝ ❤ ♦ ✈ ♥✐ ❝ ✈ ③ ❥ ❡ ♠ ♥ ➙

✾



❦ ♦ ❡❧ ♦ ✈ ❛ ♥ ✭ ❜ ②➫ ♣ ♦ ✉ ③ ❡ ♦ ✉ ↔ ❛ ♥ ➙✮✳ ❏ ❡ ❞ ♥ ♦ ❧✐ ✈ ♦ ✈ ♥✐ ❝ ❡ ♦ ✉ ❛ ✈ ② ❥ ♦ ✉ ❡ ❞ ② ♣ ♦ ♣ ♦❥ ❡ ♥
♣ ♦ ➦ ❡ ❞ ♥✐ ❝ ✈ ♠ ❦ ♦ ❡❧ ❛ ❝ ❡ ❡ ③✐ ❞ ✉ ❧ ♥ ❝ ❤ ❧ ♦ ➸ ❡ ❦✳

❏ ❛ ❦ ♦ ♣➦ ❦❧ ❛ ❞ ✉ ✈ ❡ ↕ ♠ ❡ ♠ ♦ ❞ ❡❧ ♦ ✈ ♥ ➲ ③ ♥ ❝ ❤ ❛ ❦ ❝✐ ♦ ✈ ❝ ❤ ✐ ✉❧ ➲ ✭ ❦ ❛ ➸ ❞ ♦ ✈ ♥✐ ❝ ❡ ✈ ②✲
✈ ➙ ❧ ✉❥ ❡ ❥ ❡ ❞ ❡ ♥ ✐ ✉❧✮✳ ❈ ❡ ♥ ② ✈➨ ❡ ❝ ❤ ✐ ✉❧ ➲ ❥ ♦ ✉ ✈ ❛ ③ ♥ ➙ ♦ ✈❧✐ ✈ ➡ ♦ ✈ ♥ ② ♥ ❧ ❛ ❞ ❛ ♠✐ ❤ ✉✱

❥ ❡❥✐ ❝ ❤ ➸ ✈❧✐ ✈ ② ♣✐ ❝ ❦ ② ♣ ❛ ❞ ❞ ♦ ❡ ③✐ ❞ ✉ ❧ ♥ ❧ ♦ ➸ ❦ ② ♣ ♦ ♦ ❜ ➸ ♥ ♦ ✉ ❦ ✈ ❛ ♥ ✐ ✜ ❦ ❛ ❝✐✳ ❏ ❡ ❞ ❡ ♥
✈❧✐ ✈ ✲ ♥ ❧ ❛ ❞ ❛ ❤ ✉ ✲ ❥ ❡ ❡ ❞ ② ♦ ✉ ↔ ❡ ③✐ ❞ ✉ ✈➨ ❡ ❝ ❤ ❞ ❧ ↔ ❝ ❤ ♦ ✈ ♥✐ ❝✳ ➆ ♣ ❛ ♥ ♥ ❧ ❛✲
❞ ❛ ✐ ♥ ✈ ❡ ♦ ➲ ❡ ❡ ❞ ② ♣ ♦❥ ❡ ✈ ✉❥ ❡ ♣ ♦ ❦❧ ❡ ❡ ♠ ❤ ♦ ❞ ♥ ♦ ② ✈ ➙ ➨✐ ♥ ② ✐ ✉❧ ➲ ✭ ❛ ➸ ♥ ❛ ✈ ❥✐ ♠ ❦ ②✱
❥ ❡ ➸ ❥ ❞ ♦ ✉ ③ ♣ ♦ ❞ ❛ ② ✈ ➙ ❝✐ ♣ ♦ ✐ ❤ ✉ ✲ ♥ ❛ ♣➦✳ ♣ ♦❧ ❡ ↔ ♥ ♦ ✐ ♦ ❜ ❝ ❤ ♦ ❞ ✉❥ ❝ ❡ ③❧ ❛ ❡ ♠ ❛❥✳✮✳

◆ ❛ ③ ✈ ➙ ✉ ✈ ❡ ↕ ♠ ❡ ♠ ❛ ✐ ❝ ♦ ✈ ③ ♣✐ ✱ ❦ ❡ ❥ ❡ ➦ ❡ ❜ ❛ ♣➦✐ ♦ ❞ ✈ ♦ ③ ❡ ♥ ♦ ❞ ❤ ❛ ❞ ♦ ✈ ❛ ❝ ❤ ♦ ♣ ♦✲
✉ ♣ ✉✳ ❱❡ ❦ ♦ ❤ ♦ ❞ ♥ ♦ ✈ ② ✈ ➙ ❧ ♦ ✈ ❛ ♥ ♣ ♦ ♠ ➙ ♥ ♥ j ♣ ♦ ③ ♦ ♦ ✈ ❛ ♥ ❝ ❤ ✈ ↔ ❛ ❡ ✭ t = 1 , ..., T ✮

♦ ③ ♥ ❛ ↔ ♠ ❡ ② j ✱ ❛ ♥ ❛❧ ♦ ❣✐ ❝ ❦ ② ✈ ❡ ❦ ♦ ❡ ③✐ ❞ ✉ ε j ✱ ♠ ❛ ✐ ❝✐ ❤ ♦ ❞ ♥ ♦ ❡ ❣ ❡ ♦ ➲ ♦ ✈ ♥✐ ❝ ❡ j ♦ ③ ♥ ❛✲
↔ ♠ ❡ ❳ j ✭T × k ✮✳ ❏✐ ➸ ✈ ♠ ❡✱ ➸ ❡ ✈ ❡ ❦ ♦ ❡ ❣ ❡ ♥ ❝ ❤ ♣ ❛ ❛ ♠ ❡ ➲ ♦ ✈ ♥✐ ❝ ❡ j ③ ♥ ❛ ↔ ♠ ❡ β j ✳
❉ ♦ ✈ ♠ ❡ ❛ ❦ ❙ ❯ ❘ ♦ ✉ ❛ ✈ ✉ ③ ❛ ♣ ❛ ♥ ♦ ✉ ❥ ❡ ❞✐ ♥ ♦ ✉ ♦ ✈ ♥✐ ❝ ✈ ❡ ✈ ❛ ✉








② 1

② 2
✳✳✳

② m








=








❳ 1 0 · · · 0
0 ❳ 2 · · · 0
✳✳✳

✳✳✳
✳✳✳

✳✳✳
0 0 · · · ❳ m















β 1

β 2
✳✳✳

β m








+








ε 1

ε 2
✳✳✳

ε m








, ✭ ✶✳ ✹✮

❦ ❞ ❡

v a r








ε 1

ε 2
✳✳✳

ε m








= v a r (ε ) = Ω =








σ 1 1 I σ 1 2 I · · · σ 1 m I
σ 2 1 I σ 2 2 I · · · σ 2 m I

✳✳✳
✳✳✳

✳✳✳
✳✳✳

σ m 1 I σ I · · · σ m m I








.

✶✳ ✷✳ ✸ ❙ ♦ ✉ ❛ ✈ ❛ ✐ ♠ ✉❧ ♥ ♥ ❝ ❤ ♦ ✈ ♥✐ ❝ ❙ ❊ ▼

❙ ♦ ✉ ❛ ✈ ❛ ✐ ♠ ✉❧ ♥ ♥ ❝ ❤ ♦ ✈ ♥✐ ❝ ❙ ❊ ▼ ✭ ✐ ♠ ✉❧ ❛ ♥ ❡ ♦ ✉ ❡ ✉ ❛ ✐ ♦ ♥ ♠ ♦ ❞ ❡❧ ✮ ♠ ♣ ♦ ❞ ♦ ❜ ♥ ♦ ✉
✉ ❦ ✉ ✉ ❥ ❛ ❦ ♦ ❙ ❯ ❘ ✱ ♥ ❛ ♦ ③ ❞ ❧ ♦ ❞ ♣➦ ❡ ❞ ❝ ❤ ♦ ③ ❤ ♦ ♣➦ ♣ ❛ ❞ ✉ ✈➨ ❛ ❦ ♠ ♦ ❤ ♦ ✉ ❥ ❛ ❦ ♦ ❡ ❣ ❡✲

♦ ② ✈ ② ✉ ♣ ♦ ✈ ❛ ✐ ❡ ♥ ❞ ♦ ❣ ❡ ♥ ♥ ♣ ♦ ♠ ➙ ♥ ♥ ✭ ❥✳ ✈ ② ✈ ➙ ❧ ♦ ✈ ❛ ♥ ❥✐ ♥ ♦ ✉ ♦ ✈ ♥✐ ❝ ♦ ✉ ❛ ✈ ②✮✳
❈ ❡❧ ❦ ❡ ♠ ❛ ❦ ✈ ♦ ✉ ❛ ✈ ➙ m ♦ ✈ ♥✐ ❝ ✈ ② ✉ ♣ ✉❥ ❡ m + k ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤✿

m ❡ ♥ ❞ ♦ ❣ ❡ ♥ ♥ ❝ ❤ ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤ y j t ✱ j = 1 , ..., m✱

k ❡ ① ♦ ❣ ❡ ♥ ♥ ❝ ❤ ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤ x it✱ i = 1 , ..., k✳

♦ ♣➦ ❡ ❤❧ ❡ ❞ ♥ ♦ ✉ ✈ ❡ ↕ ♠ ❡ ♥ ❡❥ ♣ ✈ ❡ ③ ♣✐ ✭ ♣ ♦ ♦ ✈ ♥✐ ❝✐ j ✮ ♣ ♦ ❧ ♦ ➸ ❦ ❝ ❤✿

y j t =
m

i= 1 , i= j

y itγ j i +
k

l= 1

x l tβ jl + ε j t , ∀ j, ∀ t.

❙ ❧ ❡ ♣➦✐ ♦ ♠ ✉ ✈ ❛ ➸ ✉❥ ❡ ♠ ❡ ✉ ❦ ✉ ✉ ❡ ③✐ ❞ ✉ ❥ ❛ ❦ ♦ ✈ ♦ ✉ ❛ ✈ ➙ ❙ ❯ ❘ ✿

E (ε itε j t ) = σ i j , E(ε i sε j t ) = 0, ∀ i, j, s = t, E (ε j t ) = 0 ∀ j, t

✶ ✵



❖ ♣ ♦ ✐ ❙ ❯ ❘ ♦ ✉ ❛ ✈ ➙ ❛ ❦ ♣➦✐ ❜ ②❧ ♦ m (m − 1) ♣ ❛ ❛ ♠ ❡ ➲✱ ♣ ♦ ❞ ♦ ❛ ❡ ↔ ♥ ➙ ✈ ❡❧ ❦
T ❡ ❞ ② ❧ ❡ ♣ ♦ ↔ ❡ ♣ ❛ ❛ ♠ ❡ ➲ ♠ ♦ ❞ ❡❧ ✉ ♥ ❡ ♣➦ ❡ ❞ ❛ ✈ ✉❥ ❡ ♣ ♦ ❜❧ ♠✳

❆ ↔ ❦ ♦❧✐ ♦ ✉ ❛ ✈ ② ✐ ♠ ✉❧ ♥ ♥ ❝ ❤ ♦ ✈ ♥✐ ❝ ♣ ❛ ➦ ❤✐ ♦ ✐ ❝ ❦ ② ❦ ♣ ✈ ♥ ♠ ✈ ❝ ❡ ♦ ✈ ♥✐ ❝ ♦ ✈ ♠
❡ ❦ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❦ ♠ ♠ ♦ ❞ ❡❧ ➲ ♠✱ ❥ ❞ ❡ ✈❧ ❛ ♥ ➙ ♦ ③ ♦ ❜ ❡ ❝ ♥ ➙ ♥ ❙ ❯ ❘ ♦ ✉ ❛ ✈ ②✳ ❩➦ ❡❥ ♠ ➙✱ ❥ ♦ ✉✲❧✐
✈➨ ❡ ❝ ❤ ♥ ② ♣ ❛ ❛ ♠ ❡ ② γ j i ♥ ✉❧ ♦ ✈ ✱ ❥ ❡ ♦ ✉ ❛ ✈ ❛ ② ♣ ✉ ❙ ❊ ▼ ❡ ❞ ✉ ❦ ♦ ✈ ♥ ❛ ♥ ❛ ♦ ✉ ❛ ✈ ✉
❙ ❯ ❘ ✳

♦ ♦ ❞ ❡ ↔ ❡ ♥ ❧ ❡ ✈ ❛ ♥ ② ✭ y j t ✮ ♠ ➲ ➸ ❡ ♠ ❡ ❝ ❡❧ ♦ ✉ ♦ ✉ ❛ ✈ ✉ ③ ❛ ♣ ❛ ♠ ❛ ✐ ❝ ♦ ✈ ➙ ❥ ❛ ❦ ♦

Y Γ + X B + E = 0 , ✭ ✶✳ ✺✮

❦ ❞ ❡ ✭ ♣ ♦ ♠ ♦ ❞ ❡❧ ❛ ❜ ♦❧ ✉ ♥ ♠ ↔❧ ❡ ♥ ❡ ♠ ✲ ✐ ♥ ❡ ❝ ❡ ♣ ❡ ♠✮ ③ ♥ ❛ ↔ ♠ ❡

Y =








y 1 1 y 1 2 · · · y 1 m

y 2 1 y 2 2 · · · y 2 m
✳✳✳

✳✳✳
✳✳✳

✳✳✳
y T 1 y T 2 · · · y T m








, Γ =








− 1 γ 1 2 · · · γ 1 m

γ 2 1 − 1 · · · γ 2 m
✳✳✳

✳✳✳
✳✳✳

✳✳✳
γ m 1 γ m 2 · · · −1








,

X =








1 x 1 2 · · · x 1 k

1 x 2 2 · · · x 2 k
✳✳✳

✳✳✳
✳✳✳

✳✳✳
1 x T 2 · · · x T k








, B =








β 1 1 β 1 2 · · · β 1 m

β 2 1 β 2 2 · · · β 2 m
✳✳✳

✳✳✳
✳✳✳

✳✳✳
β k 1 β k 2 · · · β k m








,

E =








ε 1 1 ε 1 2 · · · ε 1 m

ε 2 1 ε 2 2 · · · ε 2 m
✳✳✳

✳✳✳
✳✳✳

✳✳✳
ε T 1 ε T 2 · · · ε T m








.

❘ ♦ ✈ ♥✐ ❝✐ j ♣ ❛ ❦ ❧ ③ ❡ ✈ ❡ ❦ ♦ ♦ ✈ ➙ ③ ❛ ♣ ❛ ❥ ❛ ❦ ♦

y j = Y ( − j ) γ j + X j β j + ε j , ✭ ✶✳ ✻✮

❦ ❞ ❡ ✐ ♥ ❞ ❡ ① ❡ ♠ (− j ) ♠ ② ❧ ♠ ❡✱ ➸ ❡ ♠ ❛ ✐ ❝ ❡ Y ♥ ❡ ♦ ❜ ❛ ❤ ✉❥ ❡ ❧ ♦ ✉ ♣ ❡ ❝ j ✱ ❛ ❦ ❞ ❡ γ j ❥ ❡ ✈ ❡ ❦ ♦
♣ ❛ ❛ ♠ ❡ ➲ γ j i ♣ ♦ i = 1 , ..., m, i = j ✳ ❱❡ ❦ ♦ ♣ ❛ ❛ ♠ ❡ ➲ ❡ ♥ ❞ ♦ ❣ ❡ ♥ ♥ ❝ ❤ ♣ ♦ ♠ ➙ ♥✲
♥ ❝ ❤ γ j ♣ ❛ ❦ ♥ ❡ ♦ ❜ ❛ ❤ ✉❥ ❡ ♣ ❛ ❛ ♠ ❡ ♣ ♦ ♣ ♦ ♠ ➙ ♥ ♥ ♦ ✉✱ ❥ ❡ ➸ ❥ ❡ ♦ ✈ ♥✐ ❝ j ✈ ② ✈ ➙ ❧ ♦ ✈ ♥ ❛✳
❚ ❛ ❦ ♦ ✈ ♠ ✉ ✈ ❛ ✉ ♦ ✉ ❛ ✈ ② ❡ ➦ ❦ ✉ ❦ ✉ ❧ ♥ ✈ ❛ ✳

❈ ❡❧ ♦ ✉ ♦ ✉ ❛ ✈ ✉ ♣ ❛ ❦ ❧ ③ ❡ ③ ❛ ♣ ❛ ❥ ❡ ❞✐ ♥ ♦ ✉ ♦ ✈ ♥✐ ❝ ❛ ♥ ❛❧ ♦ ❣✐ ❝ ❦ ② ❦ ✭ ✶✳ ✹✮ ♠ ♦ ③ ❞ ✲
❧ ❡ ♠✱ ➸ ❡ ♠ ❛ ✐ ❝ ❡ ❡ ❣ ❡ ♦ ➲ ♥ ② ♥ ❜ ✉ ❞ ❡ ♦ ❜ ❛ ❤ ♦ ✈ ❛ ➸ ❡ ♥ ❞ ♦ ❣ ❡ ♥ ♥ ♣ ♦ ♠ ➙ ♥ ♥ ✿








② 1

② 2
✳✳✳

② m








=








❨ ( − 1 ) |❳ 1 0 · · · 0
0 ❨ ( − 2 ) |❳ 2 · · · 0
✳✳✳

✳✳✳
✳✳✳

✳✳✳
0 0 · · · ❨ ( − m ) |❳ m





















γ 1

β 1

γ 2

β 2
✳✳✳

γ m

β m














+








ε 1

ε 2
✳✳✳

ε m








,

✭ ✶✳ ✼✮

✶ ✶



❦ ❞ ❡ ❨ |❳ ③ ♥ ❛ ↔ ♠ ❡ ♠ ❛ ✐ ❝✐✱ ❥ ❡ ➸ ✈ ③ ♥✐ ❦ ♥ ❡ ③ ❛ ♣ ♥ ♠ ♠ ❛ ✐ ❝ ❨ ❛ ❳ ✒ ✈ ❡ ❞❧ ❡ ❡ ❜ ❡✏ ❞ ♦ ❥ ❡✲
❞✐ ♥ ♠ ❛ ✐ ❝ ❡✳ ❙ ✉ ❦ ✉ ❛ ❡ ③✐ ❞ ✉ ③ ➲ ✈ ③ ❛ ❝ ❤ ♦ ✈ ♥ ❛✳

❏ ❡✲❧✐ ♠ ❛ ✐ ❝ ❡ Γ ❡ ❣ ✉❧ ♥ ✱ ♣ ❛ ❦ ❧ ③ ❡ ➸ ♦ ✉ ❛ ✈ ✉ ✭ ✶✳ ✺✮ ♣➦ ❡ ✈ ♥ ❛ ❡ ❞ ✉ ❦ ♦ ✈ ❛ ♥ ✈ ❛

Y = X Π + V , ✭ ✶✳ ✽✮

❦ ❞ ❡

Π = − B Γ − 1 , V = − E Γ − 1 .

❱ ② ✉ ➸✐ ♠ ❡ ❞ ✉ ❦ ♦ ✈ ❛ ♥ ❤ ♦ ✈ ❛ ✉ ♦ ✉ ❛ ✈ ② ❡ ❜ ✉ ❞ ❡ ♠ ❡ ❞ ❧ ❡ ③ ❛ ❜ ✈ ❛ ✈ ❦ ❛ ♣✐ ♦❧ ❡ ✶✳ ✸✳ ✷✳

✶✳ ✸ ❖ ❞ ❤ ❛ ❞ ♦ ✈ ♣ ♦ ✉ ♣ ②

❑ ♦ ❞ ❤ ❛ ❞ ♦ ✈ ♥ ❛ ♠ ♦ ❛ ♥ ❝ ❤ ♦ ✈ ♥✐ ❝ ♣ ♦ ✉ ➸ ✈ ♠ ❡ ♦ ❜ ✈ ② ❦❧ ♣➦ ✉ ♣ ♣ ♦ ♠ ♦ ❝ ♠ ❡ ♦ ❞ ②
♥ ❡❥ ♠ ❡ ♥ ➨ ❝ ❤ ↔ ✈ ❡ ❝ ➲ ✭❖ ▲ ❙ ✲ ♦ ❞✐ ♥ ❛ ② ❧ ❡ ❛ ✉ ❛ ❡ ✮✱ ♣ ♦ ✈ ❝ ❡ ♦ ✈ ♥✐ ❝ ♦ ✈ ♦ ✉ ❛ ✈ ②
✈➨ ❛ ❦ ❥✐ ➸ ❛ ❦ ♦ ✈ ♣➦ ✉ ♣ ♥ ❡ ♥ ❞ ♦ ❛ ↔ ✉❥ ❝ ✭ ❈✐ ♣ ❛✱ ✷ ✵ ✵ ✽✮✳ ❏✐ ➸ ✈ ♣➦ ♣ ❛ ❞ ➙ ❙ ❯ ❘ ♦ ✉✲

❛ ✈ ② ♦ ✐ ➸ ❛ ♣❧✐ ❦ ❛ ❝ ♦ ❜ ② ↔ ❡❥ ♥ ❝ ❤ ♥ ❡❥ ♠ ❡ ♥➨ ❝ ❤ ↔ ✈ ❡ ❝ ➲ ✭ ♥ ❛ ❦ ❛ ➸ ❞ ♦ ✉ ♦ ✈ ♥✐ ❝✐ ♦ ✉ ❛ ✈ ②
③ ✈❧ ➨➫✮ ③ ❝ ♠ ❡ ✐ ♥❢ ♦ ♠ ❛ ❝✐ ③ ♦ ❛ ♥ ❝ ❤ ♦ ✈ ♥✐ ❝ ✲ ❛ ❦ ♦ ✈ ♦ ❞ ❤ ❛ ❞ ❡ ❞ ② ♥ ❡ ♥ ❡ ✜ ❝✐ ❡ ♥ ♥ ✳
❱ ♣➦ ♣ ❛ ❞ ➙ ♦ ✉ ❛ ✈ ② ❙ ❯ ❘ ✐ ✈➨ ❛ ❦ ✈ ② ❛ ↔ ♠ ❡ ❆✐ ❦ ❡ ♥ ♦ ✈ ♠ ♦ ❞ ❤ ❛ ❞ ❡ ♠ ✳

✶✳ ✸✳ ✶ ❆✐ ❦ ❡ ♥ ➲ ✈ ♦ ❞ ❤ ❛ ❞

❱ ♠ ❡✱ ➸ ❡ v a r (ε t ) = Ω ✳ ❚ ❛ ♦ ♠ ❛ ✐ ❝ ❡ ❥ ❡✱ ❥ ❛ ❦ ♦ ➸ ♦ ♠ ❛ ✐ ❝ ❡ ♦ ③ ♣ ②❧ ✉✱ ♣ ♦ ③✐ ✐ ✈ ♥ ➙ ❞ ❡ ✜ ♥✐ ♥
✭ ♣ ♦ ♥ ❡ ❞ ❡ ❣ ❡ ♥ ❡ ♦ ✈ ❛ ♥ ♣➦ ♣ ❛ ❞ ②✮✱ ♥ ❛ ③ ❦❧ ❛ ❞ ➙ ♣ ♦ ③ ♥ ❛ ❦ ➲ ❧✐ ♥ ❡ ♥ ❛❧ ❣ ❡ ❜ ② ❡ ❞ ② ❡ ①✐ ✉❥ ❡
❡ ❣ ✉❧ ♥ ♠ ❛ ✐ ❝ ❡ P ❛ ❦ ♦ ✈ ✱ ➸ ❡

P Ω P T = I , P T P = Ω − 1 .

❯ ✈ ❛ ➸ ✉❥ ❡ ♠ ❡ ♦ ❜ ❡ ❝ ♥ ➙ ♦ ✈ ♥✐ ❝✐
y = X β + ε .

➦ ❡ ♥ ♦ ❜ ❡ ♥ ♠ ♠ ❛ ✐ ❝ P ③❧ ❡ ✈ ❛ ❞ ♦ ✈ ♠ ❡

P y = P X β + P ε .

❯ ✈ ➙ ❞ ♦ ♠ ♠ ❡ ✐✱ ➸ ❡ ♥ ② ♥ v a r (P ε ) = P Ω P T = I ✳ ❑ ❞ ② ➸ ♥ ② ♥ ♠ ❛❥ ✈➨ ❡ ❝ ❤ ♥ ❛ ❡ ③✐✲
❞ ✉ ❛ ❡❥ ♥ ♦ ③ ♣ ②❧✱ ❧ ③ ❡ ♦ ❞ ❤ ❛ ❞ ♥ ♦ ✉ ♣ ❛ ❛ ♠ ❡ ② ❦❧ ❛ ✐ ❝ ❦ ❤ ♦ ♠ ♦ ❞ ❡❧ ✉ ❧✐ ♥ ❡ ♥ ❡ ❣ ❡ ❡

β̂ = ( X T P T P X ) − 1 X T P T P y ,

β̂ = ( X T Ω − 1 X ) − 1 X T Ω − 1 y .

❚ ❛ ❦ ♦ ✈ ♠ ✉ ♦ ❞ ❤ ❛ ❞ ✉ ➦ ❦ ♠ ❡ ❆✐ ❦ ❡ ♥ ➲ ✈ ♦ ❞ ❤ ❛ ❞ ❛ ❥ ❞ ❡ ♦ ♥ ❡❥❧ ❡ ♣ ➨ ❧✐ ♥ ❡ ♥ ♥ ❡ ❛ ♥ ♥
♦ ❞ ❤ ❛ ❞ ✭❇ ▲ ❯ ❊ ✲ ❜ ❡ ❧✐ ♥ ❡ ❛ ✉ ♥ ❜✐ ❛ ❡ ❞ ❡ ✐ ♠ ❛ ♦ ✮✳

✶ ✷



♦ ♣ ❛ ❦ ✐ ❝ ❦ ♦ ✉ ❛ ♣❧✐ ❦ ❛ ❝✐ ✭ ♥ ❛ ♦ ✉ ❛ ✈ ✉ ✈ ❡ ✈ ❛ ✉ ✭ ✶✳ ✹✮✮ ❥ ❡ ✈➨ ❛ ❦ ➦ ❡ ❜ ❛ ❥ ❡➨ ➙ ③ ♥
♦ ③ ♣ ②❧ ♦ ✈ ♣ ❛ ❛ ♠ ❡ ② ❡ ③✐ ❞ ✉ ❧ ♥ ❧ ♦ ➸ ❦ ②✳ ❚ ② ❥ ❡ ➦ ❡ ❜ ❛ ♥ ❡❥ ♣ ✈ ❡ ♦ ❞ ❤ ❛ ❞ ♥ ♦ ✉ ✭ ❦ ♦ ♥ ③✐ ✲
❡ ♥ ♥ ➙✮✳

❱③ ❤❧ ❡ ❞ ❡ ♠ ❦ ❡ ③ ♥ ♠ ✉ ❦ ✉➦ ❡ ♦ ③ ♣ ②❧ ♦ ✈ ♠ ❛ ✐ ❝ ❡ Ω ❛ ↔ ♦ ❞ ❤ ❛ ❞ ♦ ✈ ❛

σ̂ i j =
1

T

T

t= 1

ε̂ it ε̂ j t .

❖ ❞ ❤ ❛ ❞ ♦ ③ ♣ ②❧ ♦ ✈ ❝ ❤ ♣ ❛ ❛ ♠ ❡ ➲ ❥ ❡ ❡ ❞ ② ♣ ♦ ➦ ❡ ❜ ♥ ♣ ♦ ♦ ❞ ❤ ❛ ❞ ♠ ♦ ❞ ❡❧ ✉ ✭ ❛ ♠ ♣ ✲
❞ ❡ ♠ ✐ ❡ ③✐ ❞ ✉ ✮✱ ❛❧ ❡ ♦ ✉ ↔ ❛ ♥ ➙ ❡ ③ ❡ ③✐ ❞ ✉ ❡ ♣ ✈ ❡ ♣ ♦ ↔ ✳ ♦ ✉ ♣ ✉❥ ❡ ❡ ❡ ❞ ② ✈ ❝ ❡ ✉ ♣✲
➡ ♦ ✈ ➙✳ ♦ ♦ ✉ ❛ ✈ ✉ ❙ ❯ ❘ ♣ ♦ ❛ ↔ ✉❥ ❡ ♦ ❞ ❤ ❛ ❞ ♥ ♦ ✉ ♥ ❡❥ ♣ ✈ ❡ ❦ ❛ ➸ ❞ ♦ ✉ ♦ ✈ ♥✐ ❝✐ ③ ✈❧ ➨➫ ♣ ♦✲
♠ ♦ ❝ ❖ ▲ ❙ ✱ ③ ❦ ❛ ♥ ❡ ③✐ ❞ ✉ ❛ ♣ ♦ ✉ ➸ ❦ ♦ ❞ ❤ ❛ ❞ ✉ ♦ ③ ♣ ②❧ ♦ ✈ ♠ ❛ ✐ ❝ ❡ ❛ ♥ ❧ ❡ ❞ ♥ ➙ ♣ ♦ ↔
❆✐ ❦ ❡ ♥ ➲ ✈ ♦ ❞ ❤ ❛ ❞✳ ♦ ✈ ➙ ➨ ♣➦ ❡ ♥ ♦ ♦ ❞ ❤ ❛ ❞ ✉ ❧ ③ ❡ ♣ ♦ ✉ ♣ ♦ ✈ ❛ ✐ ❡ ❛ ✐ ✈ ♥ ➙ ✭ ✈✐ ③ ❊ ✈✐ ❡ ✇
✭ ✷ ✵ ✶ ✸✮✮✳

❏ ❛ ❦ ✐ ✉ ❦ ➸ ❡ ♠ ❡ ❞ ❧ ❡✱ ♣ ♦ ♦ ✉ ❛ ✈ ② ❙ ❊ ▼ ❥ ❡ ♣ ♦ ✉ ♣ ♦ ♥ ➙ ❝ ♦ ❧ ♦ ➸✐ ➙❥➨ ✳ ❱ ❝ ❡ ♣ ♦✲
❞ ♦ ❜ ♥ ♦ ✈✐ ③ ❈✐ ♣ ❛ ✭ ✷ ✵ ✵ ✽✮✳

✶✳ ✸✳ ✷ ◆ ❡ ♣ ➦ ♠ ♦ ❞ ❤ ❛ ❞ ♠ ❡ ♦ ❞ ♦ ✉ ♥ ❡❥ ♠ ❡ ♥ ➨ ❝ ❤ ↔ ✈ ❡ ❝ ➲

◆ ❡ ➸ ❡ ❛❧ ❡ ❞ ♦ ❛ ♥ ❡ ♠ ❡ ❦ ✈ ② ✉ ➸✐ ❆✐ ❦ ❡ ♥ ♦ ✈ ❛ ♦ ❞ ❤ ❛ ❞ ✉ ✈ ♦ ✉ ❛ ✈ ❝ ❤ ❙ ❊ ▼ ✱ ♣ ♦ ❞ ✈ ❡❥✲
♠ ❡ ❡ ♥ ❛ ❞ ❛❧➨ ♠ ♦ ➸ ♥ ♦ ✐ ✈ ② ✉ ➸✐ ❖ ▲ ❙ ♦ ❞ ❤ ❛ ❞ ➲✳ ❚ ♦ ✐ ➸✱ ❖ ▲ ❙ ♦ ❞ ❤ ❛ ❞ ♦ ✉ ❛ ✈ ② ❙ ❊ ▼
✈ ❡ ❞ ✉ ❦ ♦ ✈ ❛ ♥ ♠ ✈ ❛ ✉ ✭ ✶✳ ✽✮ ❥ ❡ ③➦ ❡❥ ♠ ➙

Π̂ = ( X T X ) − 1 X T Y .

❏ ❡❧✐ ❦ ♦ ➸ ♥ ❛ ♣ ❛ ✈ ❛ ♥ ➙ ♦ ✈ ♥✐ ❝ ❡ ✭ ✶✳ ✽✮ ✈ ② ✉ ♣ ✉❥ ♣ ♦ ✉ ③ ❡ ❡ ① ♦ ❣ ❡ ♥ ♥ ♣ ♦ ♠ ➙ ♥ ♥ ✱
❥ ❡ ❛ ❦ ♦ ✈ ♦ ❞ ❤ ❛ ❞ ♥ ❡ ❛ ♥ ♥ ❛ ❦ ♦ ♥ ③✐ ❡ ♥ ♥ ✭ ❛ ✈➨ ❛ ❦ ♦ ❜ ❡ ❝ ♥ ➙ ♥ ❡ ❡ ✜ ❝✐ ❡ ♥ ♥ ✮✳ ❖ ③ ❦ ♦ ✉
♦ ✈➨ ❡ ♠ ❥ ❡✱ ❥ ❛ ❦ ❛ ❦ ♦ ✈ ♦ ❞ ❤ ❛ ❞ ② ✐ ♥ ❡ ♣ ❡ ♦ ✈ ❛ ✳ ❑ ♦ ♠ ✉ ♣ ♦ ➦ ❡ ❜ ✉❥ ❡ ♠ ❡ ❛ ♥ ❢ ♦ ♠ ♦ ✈ ❛
✭ ♣ ♦ ❦ ✉ ❞ ♠ ♦ ➸ ♥ ♦ ❥ ❡ ❞ ♥ ♦ ③ ♥ ❛ ↔ ♥ ➙✮ ♣ ❛ ❛ ♠ ❡ ② Π ③ ♣ ➙ ♥ ❛ ♣ ❛ ❛ ♠ ❡ ② Γ ❛ B ✭ ❡ ♣✳ ❛ ♥ ✲
❢ ♦ ♠ ✉❥ ❡ ♠ ❡ ♦ ❞ ❤ ❛ ❞ ② ➙ ❝ ❤ ♦ ♣ ❛ ❛ ♠ ❡ ➲✮✳ ❖ ❜❥ ❡ ✈ ✉❥ ❡ ❡ ✈➨ ❛ ❦ ③ ✈ ❛ ➸ ♥ ♣ ♦ ❜❧ ♠✱ ❛ ✐ ❝ ❡✱
➸ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ❝ ❡ ✐ ♥ ✈ ❡ ③ ♥ ❦

Π = − B Γ − 1

♥ ❡ ♠ ✉ ♦ ❜ ❡ ❝ ♥ ➙ ❡ ①✐ ♦ ✈ ❛ ✳ ❖ ③ ❦ ❛✱ ③ ❞ ❛ ❛ ❦ ♦ ✈ ❥ ❡ ❞ ♥ ♦ ③ ♥ ❛ ↔ ♥ ③ ♣ ➙ ♥ ❛ ♥ ❢ ♦ ♠ ❛ ❝ ❡
❡ ①✐ ✉❥ ❡✱ ❡ ❦ ✈ ♣ ♦ ❞ ♣ ♦❥ ♠ ❡ ♠ ✐ ❞ ❡ ♥ ✐ ✜ ❦ ❛ ❝ ❡✳ ❖ ❞ ❤ ❛ ❞ ✉ ♦ ✉ ♦ ♠ ❡ ♦ ❞ ♦ ✉ ❡ ③ ❡ ③➦ ❡❥✲
♠ ❝ ❤ ❞ ➲ ✈ ♦ ❞ ➲ ➦ ❦ ♥ ❡ ♣ ➦ ♠ ♦ ❞ ❤ ❛ ❞ ♠ ❡ ♦ ❞ ♦ ✉ ♥ ❡❥ ♠ ❡ ♥ ➨ ❝ ❤ ↔ ✈ ❡ ❝ ➲ ✭■ ▲ ❙✱ ③ ❛ ♥ ❣❧✐ ❝ ❦ ❤ ♦
✭✐ ♥ ❞✐ ❡ ❝ ❧ ❡ ❛ ✉ ❛ ❡ ✮✳

❘ ♦ ③❧✐➨ ✉❥ ❡ ♠ ❡ ♦ ✉ ❛ ✈ ② ♦ ✈ ♥✐ ❝✿

• ♥ ❡✐ ❞ ❡ ♥ ✐ ✜ ❦ ♦ ✈ ❛ ♥ ✲ ③ ❡ ❞ ✉ ❦ ♦ ✈ ❛ ♥ ❝ ❤ ♣ ❛ ❛ ♠ ❡ ➲ ♥ ❡❧ ③ ❡ ③ ❦ ❛ ❛ ♥✐ ❥ ❡ ❞ ❡ ♥ ♦ ✉ ❜ ♦
✉ ❦ ✉ ❧ ♥ ❝ ❤ ♣ ❛ ❛ ♠ ❡ ➲✱

• ♣ ➦ ❡ ♥ ➙ ✐ ❞ ❡ ♥ ✐ ✜ ❦ ♦ ✈ ❛ ♥ ✲ ③ ❡ ❞ ✉ ❦ ♦ ✈ ❛ ♥ ❝ ❤ ♣ ❛ ❛ ♠ ❡ ➲ ❧ ③ ❡ ③ ❦ ❛ ♣ ✈ ➙ ❥ ❡ ❞ ❡ ♥
♦ ✉ ❜ ♦ ✉ ❦ ✉ ❧ ♥ ❝ ❤ ♣ ❛ ❛ ♠ ❡ ➲✱

• ♣ ➦ ❡✐ ❞ ❡ ♥ ✐ ✜ ❦ ♦ ✈ ❛ ♥ ✲ ③ ❡ ❞ ✉ ❦ ♦ ✈ ❛ ♥ ❝ ❤ ♣ ❛ ❛ ♠ ❡ ➲ ❧ ③ ❡ ③ ❦ ❛ ✈ ❝ ❡ ✭ ❛❧ ❡ ♣ ♦ ➡ ✷✮
♦ ❞❧✐➨ ♥ ❝ ❤ ♦ ✉ ❜ ♦ ➲ ✉ ❦ ✉ ❧ ♥ ❝ ❤ ♣ ❛ ❛ ♠ ❡ ➲✳

✶ ✸



❊ ①✐ ✉❥ ❞ ✈ ➙ ③ ❦❧ ❛ ❞ ♥ ♣ ♦ ❞ ♠ ♥ ❦ ② ✐ ❞ ❡ ♥ ✐ ✜ ❦ ❛ ❝ ❡✿

• ❘ ♦ ③ ♠ ➙ ♦ ✈ ♣ ♦ ❞ ♠ ♥ ❦ ❛ ✐ ❞ ❡ ♥ ✐ ✜ ❦ ❛ ❝ ❡ ❥ ❡ ♣ ♦ ❞ ♠ ♥ ❦ ♦ ✉ ♥ ✉ ♥ ♦ ✉✱ ❛ ✈➨ ❛ ❦ ♥✐ ❦ ♦❧✐ ♣ ♦ ❛✲
↔ ✉❥ ❝ ✳ ❏ ❡❥ ✈ ❤ ♦ ❞ ♦ ✉ ❥ ❡ ✈➨ ❛ ❦ ♥ ❛ ❞ ♥ ❛ ♣❧✐ ❦ ❛ ❝ ❡✳

• ❍ ♦ ❞ ♥ ♦ ♥ ♣ ♦ ❞ ♠ ♥ ❦ ❛ ✐ ❞ ❡ ♥ ✐ ✜ ❦ ❛ ❝ ❡ ❥ ❡ ❥✐ ➸ ♣ ♦ ❞ ♠ ♥ ❦ ♦ ✉ ♥ ✉ ♥ ♦ ✉ ❛ ♣ ♦ ❛ ↔ ✉❥ ❝ ✳
❙ ❥ ❡❥ ❛ ♣❧✐ ❦ ❛ ❝ ❥ ♦ ✉ ✈➨ ❛ ❦ ♣ ♦❥ ❡ ♥ ② ❡ ❝ ❤ ♥✐ ❝ ❦ ♣ ♦ ➸ ❡✱ ♥ ❡ ❜ ♦➫ ♦ ♣ ❡ ✉❥ ❡ ❤ ♦ ❞ ♥ ♦ ♠✐
♠ ❛ ✐ ❝ ♣ ❛ ❛ ♠ ❡ ➲✳

❯ ❦ ➸ ❡ ♠ ❡ ✐ ❥ ❡ ❞ ♥ ♦ ❞ ✉➨➨ ♦ ③ ♠ ➙ ♦ ✈ ♦ ✉ ♣ ♦ ❞ ♠ ♥ ❦ ✉ ✐ ❞ ❡ ♥ ✐ ✜ ❦ ❛ ❝ ❡✳ ◆ ❛ ♣➦ ❡ ❞ ✉❥ ❛ ♥ ➙ ♠ ❡
③ ♥ ❛ ↔ ❡ ♥ ✿

m ❥ ❡ ♣ ♦ ↔ ❡ ❡ ♥ ❞ ♦ ❣ ❡ ♥ ♥ ❝ ❤ ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤ ♦ ✉ ❛ ✈ ②✱

m j ❥ ❡ ♣ ♦ ↔ ❡ ❡ ♥ ❞ ♦ ❣ ❡ ♥ ♥ ❝ ❤ ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤ ✈ ♦ ✈ ♥✐ ❝✐ j ✭ ✈ ↔✳ ❧ ❡ ✈ ❛ ♥ ② ♦ ✈ ♥✐ ❝ ❡✮✱

k ❥ ❡ ♣ ♦ ↔ ❡ ❡ ① ♦ ❣ ❡ ♥ ♥ ❝ ❤ ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤ ♦ ✉ ❛ ✈ ②✱

k j ❥ ❡ ♣ ♦ ↔ ❡ ❡ ① ♦ ❣ ❡ ♥ ♥ ❝ ❤ ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤ ✈ ♦ ✈ ♥✐ ❝✐ j ✳

❘ ♦ ✈ ♥✐ ❝ ❡ ♦ ✉ ❛ ✈ ② ❥ ❡✿

• ♥ ❡✐ ❞ ❡ ♥ ✐ ✜ ❦ ♦ ✈ ❛ ♥ ✱ ❥ ❡ ❧✐ ➸ ❡ k − k j < m j − 1 ✱

• ♣ ➦ ❡ ♥ ➙ ✐ ❞ ❡ ♥ ✐ ✜ ❦ ♦ ✈ ❛ ♥ ✱ ❥ ❡ ❧✐ ➸ ❡ k − k j = m j − 1 ❛ ❥ ❡ ♣❧ ♥ ➙ ♥ ❛ ♣ ♦ ❛ ↔ ✉❥ ❝
♣ ♦ ❞ ♠ ♥ ❦ ❛✱

• ♣ ➦ ❡✐ ❞ ❡ ♥ ✐ ✜ ❦ ♦ ✈ ❛ ♥ ✱ ❥ ❡ ❧✐ ➸ ❡ k − k j > m j − 1 ✳

♦ ♥ ❡✐ ❞ ❡ ♥ ✐ ✜ ❦ ♦ ✈ ❛ ♥ ♦ ✉ ♦ ✈ ♥✐ ❝✐ ♦ ❞ ❤ ❛ ❞ ② ♣ ✉ ■ ▲ ❙ ♥ ❡ ❡ ①✐ ✉❥ ❡✳
♦ ♣ ➦ ❡ ♥ ➙ ✐ ❞ ❡ ♥ ✐ ✜ ❦ ♦ ✈ ❛ ♥ ♦ ✉ ♦ ✈ ♥✐ ❝✐ ❡ ①✐ ✉❥ ❡ ♣ ✈ ➙ ❥ ❡ ❞ ❡ ♥ ■ ▲ ❙ ♦ ❞ ❤ ❛ ❞✱ ❦ ❡

❥ ❡ ❦ ♦ ♥ ③✐ ❡ ♥ ♥ ❛ ❛ ② ♠ ♣ ♦ ✐ ❝ ❦ ② ❡ ✜ ❝✐ ❡ ♥ ♥ ✳
♦ ♣ ➦ ❡✐ ❞ ❡ ♥ ✐ ✜ ❦ ♦ ✈ ❛ ♥ ♦ ✉ ♦ ✈ ♥✐ ❝✐ ❡ ①✐ ✉❥ ❛❧ ❡ ♣ ♦ ➡ ❞ ✈ ❛ ♦ ❞❧✐➨ ♥ ■ ▲ ❙ ♦ ❞ ❤ ❛ ❞ ②✳ ❑ ❛ ➸ ❞

❥ ❡ ✐ ❝ ❡ ❦ ♦ ♥ ③✐ ❡ ♥ ♥ ✱ ❛❧ ❡ ♥✐ ❦ ♦❧✐ ❛ ② ♠ ♣ ♦ ✐ ❝ ❦ ② ❡ ✜ ❝✐ ❡ ♥ ♥ ✭ ➸ ❞ ♥ ♥ ❡ ✈ ② ✉ ➸ ✈ ✈ ❡➨ ❦ ❡ ♦ ✉
❞ ♦ ✉ ♣ ♥ ♦ ✉ ✐ ♥❢ ♦ ♠ ❛ ❝✐✮✳

❱ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ♣ ❛ ①✐ ❥ ❡ ❜ ♦ ❤ ✉ ➸ ❡❧ ✈ ➙ ➨✐ ♥ ❛ ✐ ♠ ✉❧ ♥ ♥ ❝ ❤ ♦ ✈ ♥✐ ❝ ♣➦ ❡✐ ❞ ❡ ♥ ✐ ✜ ❦ ♦ ✈ ❛✲
♥ ✱ ❞ ❛❧➨ ③ ❦ ♦ ✉ ♠ ♥ ♣ ♦ ❞ ♠ ♥ ❡ ❦ ✐ ❞ ❡ ♥ ✐ ✜ ❦ ❛ ❝ ❡ ❡ ❞ ② ③ ❝ ♥ ❛ ✈ ③ ♥ ❛ ♠ ✉✳ ❊ ①✐ ✉❥ ♦ ✐ ➸
♣ ♦ ✉ ♣ ②✱ ❦ ❡ ❦ ✭ ❛ ② ♠ ♣ ♦ ✐ ❝ ❦ ②✮ ❡ ✜ ❝✐ ❡ ♥ ♥ ♠ ♦ ❞ ❤ ❛ ❞ ➲ ♠ ✈ ❡ ❞ ♦ ✉✳

✶✳ ✸✳ ✸ ■ ♥ ✉ ♠ ❡ ♥ ❧ ♥ ♣ ♦ ♠ ➙ ♥ ♥ ❛ ♦ ❞ ❤ ❛ ❞ ②

❱ ❡ ❦ ❝✐ ✶✳ ✸✳ ✷✳ ③ ❛ ❜ ✈ ❛❥ ❝ ❡ ❆✐ ❦ ❡ ♥ ♦ ✈ ♠ ♦ ❞ ❤ ❛ ❞ ❡ ♠ ❥ ♠ ❡ ❡ ❥✐ ➸ ✈ ② ♣ ♦➦ ❞ ❛❧✐ ♦ ❞ ❤ ❛ ❞ ❡ ♠
❙ ❯ ❘ ♦ ✉ ❛ ✈ ②✱ ❦ ❡ ❥ ❛ ❦ ♦ ❡ ❣ ❡ ♦ ② ✉ ✈ ❛ ➸ ✉❥ ❡ ♣ ♦ ✉ ③ ❡ ❡ ① ♦ ❣ ❡ ♥ ♥ ♣ ♦ ♠ ➙ ♥ ♥ ✳ ❱ ♣➦ ♣ ❛ ❞ ➙
♦ ✉ ❛ ✈ ② ✐ ♠ ✉❧ ♥ ♥ ❝ ❤ ♦ ✈ ♥✐ ❝ ✈➨ ❛ ❦ ♠ ✉ ♠ ❡ ❞ ♦ ♥ ❛➨✐ ❝ ❤ ✈ ❛ ❤ ③ ❛ ❤ ♥ ♦ ✉ ➸ ❡ ♥ ❞ ♦ ❣ ❡ ♥ ♥

♣ ♦ ♠ ➙ ♥ ♥ ✭❥ ❛ ❦ ♦ ➸ ♦ ❡ ❣ ❡ ♦ ②✮✳
❱ ♦ ✉ ❛ ✈ ➙ ❙ ❊ ▼ ❥ ♦ ✉ ♦ ✐ ➸ ♦ ❜ ❡ ❝ ♥ ➙ ❡ ♥ ❞ ♦ ❣ ❡ ♥ ♥ ❡ ❣ ❡ ♦ ② ❦ ♦ ❡❧ ♦ ✈ ❛ ♥ ❡ ③✐ ❞ ✉✲

❧ ♥ ❧ ♦ ➸ ❦ ♦ ✉✳ ❚ ♦ ✐ ➸✱ ♣ ♦ ❦ ✉ ❞ ❥ ❡ ♣ ♦ ♠ ➙ ♥ ♥ y i ✈ ② ✈ ➙ ❧ ♦ ✈ ♥ ❛ ♦ ✈ ♥✐ ❝ i✱ ♣ ❛ ❦ ❥ ❡ ③➦ ❡❥ ♠ ➙
❦ ♦ ❡❧ ♦ ✈ ♥ ❛ ❡ ③✐ ❞ ✉✐ ε i ♦ ♦ ✈ ♥✐ ❝ ❡✳ ❘ ❡ ③✐ ❞ ✉ ❛ ❥ ♦ ✉ ♦ ❜ ❡ ❝ ♥ ➙ ❦ ♦ ❡❧ ♦ ✈ ♥ ❛ ♠ ❡ ③✐ ❡ ❜ ♦ ✉✱
❛ ❛ ❦ ❡ ❛ ♦ ③ ✈✐ ❧ ♦ ♣➦ ❡ ♥ ➨ ✐ ❞ ♦ ♦ ✈ ♥✐ ❝ ❡✱ ✈ ♥ ➸ y i ✜ ❣ ✉ ✉❥ ❡ ❥ ❛ ❦ ♦ ➸ ♦ ❡ ❣ ❡ ♦ ✳

✶ ✹



❱ ✉ ♦ ❝ ❤ ✈ ❧✐ ❥ ❡ ➦ ❡ ❜ ❛ ♣ ♦ ❞ ♦ ❜ ♥ ➙❥✐ ✈ ②❥ ❛ ♥✐ ③ ♥ ❛ ↔ ❡ ♥ ✳ ❉ ♦ ♣ ♦ ✉ ❞ ❥ ♠ ❡ ❡ ♥ ❞ ♦ ❣ ❡ ♥ ♥
♣ ♦ ♠ ➙ ♥ ♥ ③ ♥ ❛ ↔✐❧✐ Y ❛ ❡ ① ♦ ❣ ❡ ♥ ♥ ♣ ♦ ♠ ➙ ♥ ♥ X ✭ ✈✐ ③ ♥ ❛ ♣➦✳ ✭ ✶✳ ✺✮✮✳ ❱ ❞ ❛❧➨ ❝ ❤ ✈ ❛ ❤ ❝ ❤
✈➨ ❛ ❦ ♣ ♦ ➦ ❡ ❜ ✉❥ ❡ ♠ ❡ ✈ ② ❝ ❤ ③ ❡ ③ ❡ ♦ ✉ ❛ ✈ ② ✈ ❡ ✈ ❛ ✉

y = X β + ε . ✭ ✶✳ ✾✮

❱ ♣➦ ♣ ❛ ❞ ➙ ❙ ❯ ❘ ♦ ✉ ❛ ✈ ② ♦ ♣ ♦ ❜❧ ♠ ♥ ❡ ♣➦ ❡ ❞ ❛ ✈ ✉❥ ❡✱ ✈✐ ③ ✭ ✶✳ ✹✮✳ ❙ ♦ ✉ ❛ ✈ ❛ ❙ ❊ ▼
❡ ✈➨ ❛ ❦ ❥ ❡ ❞ ♥ ♦ ✉ ♦ ✈ ♥✐ ❝ ③ ❛ ♣ ➨ ❡ ❥ ❛ ❦ ♦ ✭ ✶✳ ✼✮✳ ❆ ❜ ② ❝ ❤ ♦ ♠ ✉ ♦ ♦ ✈ ♥✐ ❝✐ ③ ❛ ♣ ❛❧✐ ✈ ❡ ✈ ❛ ✉

✭ ✶✳ ✾✮✱ ♠ ✉ ♠ ❡ ♣➦ ❡ ③ ♥ ❛ ↔✐

X =








❨ ( − 1 ) |❳ 1 0 · · · 0
0 ❨ ( − 2 ) |❳ 2 · · · 0
✳✳✳

✳✳✳
✳✳✳

✳✳✳
0 0 · · · ❨ ( − m ) |❳ m








β =














γ 1

β 1

γ 2

β 2
✳✳✳

γ m

β m














.

◆ ❛ ❞ ❧ ❡ ❡ ❞ ② ♠ ❛ ✐ ❝ ❡ X ♣➦ ❡ ❞ ❛ ✈ ✉❥ ❡ ♦ ❜ ❡ ❝ ♥ ♦ ✉ ♠ ❛ ✐ ❝✐ ❡ ❣ ❡ ♦ ➲ ❛ ♦ ❜ ❛ ❤ ✉❥ ❡ ♦ ❜ ❡ ❝✲
♥ ➙ ♣ ♦ ♠ ➙ ♥ ♥ ❥ ❛ ❦ ❡ ① ♦ ❣ ❡ ♥ ♥ ✱ ❛ ❦ ❡ ♥ ❞ ♦ ❣ ❡ ♥ ♥ ✭ ♥ ❡ ♥ ✲❧✐ ❡ ① ♣❧✐ ❝✐ ♥ ➙ ➦ ❡ ↔ ❡ ♥ ♦ ❥✐ ♥ ❛ ❦✮✳

❙✐ ✉ ❛ ❝ ❡✱ ❦ ❞ ② ❥ ❡ ♥ ❛ ✉➨ ❡ ♥ ❛ ♣ ♦ ❞ ♠ ♥ ❦ ❛ ♦ ♦ ❣ ♦ ♥ ❛❧✐ ② E ❳ T ε = 0 ✭ ❥✳ ♥ ➙ ❦ ❡ ♣ ♦✲
♠ ➙ ♥ ♥ ✈ ♠ ❛ ✐ ❝✐ ❳ ❥ ♦ ✉ ❡ ♥ ❞ ♦ ❣ ❡ ♥ ♥ ✮ ➦ ❡➨ ♠ ❡ ♣ ♦ ♠ ♦ ❝ ♠ ❡ ♦ ❞ ② ✐ ♥ ✉ ♠ ❡ ♥ ❧ ♥ ❝ ❤ ♣ ♦✲
♠ ➙ ♥ ♥ ❝ ❤ ✭■ ❱✱ ✐ ♥ ✉ ♠ ❡ ♥ ❛❧ ✈ ❛ ✐ ❛ ❜❧ ❡✮✳ ◆ ❛ ② ♦ ♣ ♦ ♠ ➙ ♥ ♥ ❦❧ ❛ ❞ ❡ ♠ ❡ ♥ ❧ ❡ ❞ ✉❥ ❝ ♣ ♦✲
➸ ❛ ❞ ❛ ✈ ❦ ②✿

• ❥ ♦ ✉ ❦ ♦ ❡❧ ♦ ✈ ❛ ♥ ♣ ➲ ✈ ♦ ❞ ♥ ♠✐ ♣ ♦ ♠ ➙ ♥ ♥ ♠✐✱

• ♥ ❡❥ ♦ ✉ ❦ ♦ ❡❧ ♦ ✈ ❛ ♥ ❡ ③✐ ❞ ✉ ❧ ♥ ❧ ♦ ➸ ❦ ♦ ✉✳

◆ ❛❧ ❡ ③ ❡ ♥ ♠ ❛ ❦ ♦ ✈ ❝ ❤ ✐ ♥ ✉ ♠ ❡ ♥ ❧ ♥ ❝ ❤ ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤ ♦ ❜ ❡❥ ❞ ❡ ♠ ❡ ♣ ♦ ✉➨ ❡ ♥ ♣ ♦ ❞✲
♠ ♥ ❦ ② ♦ ♦ ❣ ♦ ♥ ❛❧✐ ②✳ ▼ ➲ ➸ ❡ ♠ ❡ ❥✐ ♠✐ ♥ ❛ ❤ ❛ ❞✐ ♣ ➲ ✈ ♦ ❞ ♥ ✈ ② ✈ ➙ ❧ ✉❥ ❝ ♣ ♦ ♠ ➙ ♥ ♥ ✭❥ ♦ ✉

♥✐ ♠✐ ❦ ♦ ❡❧ ♦ ✈ ❛ ♥ ✮ ❛ ♦ ❞ ❤ ❛ ❞ ♣ ♦ ♠ ♦ ❝ ➙ ❝ ❤ ♦ ✐ ♥ ✉ ♠ ❡ ♥ ❧ ♥ ❝ ❤ ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤ ❜ ✉ ❞ ❡
❦ ♦ ♥ ③✐ ❡ ♥ ♥ ✭ ♥ ❡ ❜ ♦➫ ② ♦ ❥ ♦ ✉ ❡ ① ♦ ❣ ❡ ♥ ♥ ✮✳ ❖ ③ ❦ ♦ ✉ ❛ ❦ ♣ ♦ ✉ ③ ❡ ③ ➲ ✈ ✱ ❥ ❛ ❦ ✐ ♥ ✉✲
♠ ❡ ♥ ❧ ♥ ♣ ♦ ♠ ➙ ♥ ♥ ✈ ♦❧✐ ✳ ➦✐ ♦ ③ ❡ ♥ ➙ ③ ❛ ■ ❱ ♣ ♦ ♠ ➙ ♥ ♥ ❜ ❡ ❡ ♠ ❡ ✈➨ ❡ ❝ ❤ ♥ ② ❡ ① ♦ ❣ ❡ ♥ ♥
♣ ♦ ♠ ➙ ♥ ♥ ♦ ✉ ❛ ✈ ②✱ ❧ ③ ❡ ❞ ♦ ♥✐ ❝ ❤ ✈➨ ❛ ❦ ③ ❛ ❤ ♥ ♦ ✉ ✐ ❞ ❛❧➨ ♣ ♦ ♠ ➙ ♥ ♥ ✱ ❦ ❡ ✈ ♦ ✉ ❛ ✈ ➙
♣➦ ♠ ♦ ♥ ❡ ✈ ② ✉ ♣ ✉❥ ✳ ▼ ✉ ♣➦✐ ♦ ♠ ♣❧ ❛ ✐ ✱ ➸ ❡ ♣ ♦ ↔ ❡ ✐ ♥ ✉ ♠ ❡ ♥ ❧ ♥ ❝ ❤ ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤
L ❜ ✉ ❞ ❡ ❛❧ ❡ ♣ ♦ ➡ ❛ ❦ ♦ ✈ ✱ ❥ ❛ ❦ ♦ ♣ ➲ ✈ ♦ ❞ ♥ ♣ ♦ ↔ ❡ ✈ ② ✈ ➙ ❧ ✉❥ ❝ ❝ ❤ ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤ ✭ ❧ ♦ ✉ ♣ ❝ ➲
✈ ♠ ❛ ✐ ❝✐ X ❀ ③ ♥ ❛ ↔ ♠ ❡ K ✮✳

▼ ❛ ✐ ❝✐ ✐ ♥ ✉ ♠ ❡ ♥ ❧ ♥ ❝ ❤ ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤ ❜ ✉ ❞ ❡ ♠ ❡ ③ ♥ ❛ ↔✐ Z m T × L ✭ ❞ ❧ ❡ ❥ ❡ ♥ Z ✮✳ ◆ ❛✲
❤ ❛ ③ ❡ ♥ ♣ ➲ ✈ ♦ ❞ ♥ ❝ ❤ ✈ ② ✈ ➙ ❧ ✉❥ ❝ ❝ ❤ ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤ ✐ ♥ ✉ ♠ ❡ ♥ ❧ ♥ ♠✐ ❥ ❡ ✈ ❣ ❡ ♦ ♠ ❡ ✐ ❝✲
❦ ♠ ♠ ② ❧ ✉ ❡ ❛❧✐ ③ ♦ ✈ ♥ ♦ ♣ ♦ ➦ ❡ ❞ ♥✐ ❝ ✈ ♠ ♣ ♦❥ ❡ ❦ ↔ ♥ ♠ ❛ ✐ ❝ ❡ Z (Z T Z ) − 1 Z T ✳

✶ ✺



❖ ❞ ❤ ❛ ❞ β ♠ ❡ ♦ ❞ ♦ ✉ ✐ ♥ ✉ ♠ ❡ ♥ ❧ ♥ ❝ ❤ ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤ ♣ ❛ ❦ ❥ ❡

β̂ I V = ( X T Z (Z T Z ) − 1 Z T X ) − 1 X T Z (Z T Z ) − 1 Z T y = ( Z T X ) − 1 Z T y .

❱ ❝ ❡ ✈✐ ③ ❇ ❛ ✉ ♠ ✭ ✷ ✵ ✵ ✸✮✳

✶✳ ✸✳ ✹ ❉ ✈ ♦ ✉ ✉ ♣ ➡ ♦ ✈ ♦ ❞ ❤ ❛ ❞ ♠ ❡ ♦ ❞ ♦ ✉ ♥ ❡❥ ♠ ❡ ♥ ➨ ❝ ❤ ↔ ✈ ❡ ❝ ➲

❱ ②❥ ❞ ❡ ♠ ❡ ③ ❡ ③ ♣✐ ✉ ♦ ✈ ♥✐ ❝ ❡ j ♦ ✉ ❛ ✈ ② ❞❧ ❡ ✭ ✶✳ ✻✮✿

y j = Y ( − j ) γ j + X j β j + ε j .

❖ ❞ ❤ ❛ ❞ ♥ ❡ ♠ ❡ ❤ ♦ ❞ ♥ ♦ ② ❡ ♥ ❞ ♦ ❣ ❡ ♥ ♥ ❝ ❤ ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤ ❥ ❡❥✐ ❝ ❤ ❡ ❣ ❡ ♥ ❛ ✐ ♥ ✉ ♠ ❡ ♥ ❧✲
♥ ♣ ♦ ♠ ➙ ♥ ♥ ❥ ❛ ❦ ♦

Ŷ ( − j ) = Z (Z T Z ) − 1 Z T Y ( − j ) .

➲ ✈ ♦ ❞ ♥ ➙ ❡ ♥ ❞ ♦ ❣ ❡ ♥ ♥ ♣ ♦ ♠ ➙ ♥ ♥ ♣ ❛ ❦ ♥ ❛ ❤ ❛ ❞ ♠ ❡ ✉ ✈ ❡ ❞ ❡ ♥ ♠✐ ♦ ❞ ❤ ❛ ❞ ②✳ ❉ ❧ ❡ ❡ ❞ ② ✈ ②✲
♣ ♦ ↔ ❡ ♠ ❡ ✈ ② ♣ ♦ ↔ ❡ ♠ ❡ ❖ ▲ ❙ ♦ ❞ ❤ ❛ ❞ ♣ ❛ ❛ ♠ ❡ ➲ γ j ❛ β j ❞ ♦ ❛ ③ ❡ ♥ ♠ ❞ ♦ ♦ ✈ ♥✐ ❝ ❡ ✭ ✶✳ ✻✮✿

y j = Ŷ ( − j ) γ j + X j β j + ε j

❚ ♠ ❞ ♦ ✈ ♠ ❡ ❞ ✈ ♦ ✉ ✉ ♣ ➡ ♦ ✈ ♦ ❞ ❤ ❛ ❞ ♠ ❡ ♦ ❞ ♦ ✉ ♥ ❡❥ ♠ ❡ ♥ ➨ ❝ ❤ ↔ ✈ ❡ ❝ ➲ ✱ ♥ ❡ ❜ ♦❧✐ ✷ ❙ ▲ ❙
♦ ❞ ❤ ❛ ❞ ✭ ❚ ✇ ♦ ❛ ❣ ❡ ❧ ❡ ❛ ✉ ❛ ❡ ✮✳ ❚ ❛ ❦ ♦ ✈ ♦ ❞ ❤ ❛ ❞ ❥ ❡ ❦ ♦ ♥ ③✐ ❡ ♥ ♥ ✱ ❛ ② ♠ ♣ ♦ ✐ ❝ ❦ ② ♥ ♦ ✲
♠ ❧ ♥ ✱ ❛ ② ♠ ♣ ♦ ✐ ❝ ❦ ② ❡ ✜ ❝✐ ❡ ♥ ♥ ✭ ❛ ✈➨ ❛ ❦ ♣ ♦ ✉ ③ ❡ ✈ ♠ ❝✐ ❞ ❛ ♥ ♦ ✈ ♥✐ ❝ ❡✱ ♥✐ ❦ ♦❧✐ ✈ ♠ ❝✐
❝ ❡❧ ♦ ✉ ❛ ✈ ②✮ ❛ ♣➦✐ ♣➦ ❡ ♥ ✐ ❞ ❡ ♥ ✐ ✜ ❦ ❛ ❝✐ ♦ ✈ ♥✐ ❝ ❡ ➸ ♦ ♦ ➸ ♥ ■ ▲ ❙ ♦ ❞ ❤ ❛ ❞ ❡ ♠✳ ❖ ❞ ✉ ❞
❥✐ ➸ ❛ ❦ ✈✐ ❞ ♠ ❡✱ ➸ ❡ ✷ ❙ ▲ ❙ ♦ ❞ ❤ ❛ ❞ ❛ ■ ❱ ♦ ❞ ❤ ❛ ❞ ❥ ♦ ✉ ❥ ❡ ♥ ❥✐ ♥ ♠ ✈ ②❥ ❞➦ ❡ ♥ ♠ ❤ ♦ ➸✳
❱ ❝ ❡ ✈✐ ③ ❈✐ ♣ ❛ ✭ ✷ ✵ ✵ ✽✮ ❛ ❇ ❛ ✉ ♠ ✭ ✷ ✵ ✵ ✸✮✳

♦ ✈ ➙ ➨ ♣➦ ❡ ♥ ♦ ❧ ③ ❡ ✉ ✷ ❙ ▲ ❙ ♦ ❞ ❤ ❛ ❞ ✉ ♣ ♦ ✉ ♣ ♦ ✈ ❛ ✐ ❡ ❛ ✐ ✈ ♥ ➙✱ ♣ ♦ ❞ ♦ ❜ ♥ ➙ ❥ ❛ ❦ ♦
✉ ❆✐ ❦ ❡ ♥ ♦ ✈ ❛ ♦ ❞ ❤ ❛ ❞ ✉✳ ❱ ❝ ❡ ✈✐ ③ ❊ ✈✐ ❡ ✇ ✭ ✷ ✵ ✶ ✸✮✳

✶✳ ✸✳ ✺ ❚ ➦ ✉ ♣ ➡ ♦ ✈ ♦ ❞ ❤ ❛ ❞ ♠ ❡ ♦ ❞ ♦ ✉ ♥ ❡❥ ♠ ❡ ♥ ➨ ❝ ❤ ↔ ✈ ❡ ❝ ➲

❙ ♣ ♦❥ ❡ ♥ ♠ ❆✐ ❦ ❡ ♥ ♦ ✈ ❛ ♦ ❞ ❤ ❛ ❞ ✉ ❛ ✷ ❙ ▲ ❙ ♦ ❞ ❤ ❛ ❞ ✉ ❞ ♦ ❛ ♥ ❡ ♠ ❡ ➦ ✉ ♣ ➡ ♦ ✈ ♦ ❞ ❤ ❛ ❞ ♠ ❡✲
♦ ❞ ♦ ✉ ♥ ❡❥ ♠ ❡ ♥ ➨ ❝ ❤ ↔ ✈ ❡ ❝ ➲ ✱ ✸ ❙ ▲ ❙ ✭❚ ❤ ❡ ❡ ❛ ❣ ❡ ❧ ❡ ❛ ✉ ❛ ❡ ✮✳ ❚ ♦ ✐ ➸✱ ✷ ❙ ▲ ❙ ♦ ❞ ❤ ❛ ❞

✈ ② ✉ ➸✐❥ ❡ ♠ ❡ ❦ ♦ ❞ ❤ ❛ ❞ ✉ ♦ ③ ♣ ②❧ ♦ ✈ ♠ ❛ ✐ ❝ ❡ Ω ❛ ♥ ❧ ❡ ❞ ♥ ❆✐ ❦ ❡ ♥ ➲ ✈ ♦ ❞ ❤ ❛ ❞ ❛ ♣❧✐ ❦ ♦ ✈ ❛ ♥
♥ ❛ ♦ ✈ ♥✐ ❝✐ ✭ ✶✳ ✼✮✱ ❡ ♣✳ ✭ ✶✳ ✾✮ ❥ ❡ ♦ ③ ♥ ❛ ↔ ♦ ✈ ♥ ❥ ❛ ❦ ♦ ✸ ❙ ▲ ❙ ✳ ❖ ♣ ➙ ❧ ③ ❡ ♣ ♦ ✉ ♣ ♦ ✈ ❛ ✐ ❡ ❛✲
✐ ✈ ♥ ➙✱ ✈✐ ③ ✭ ❊ ✈✐ ❡ ✇ ✱ ✷ ✵ ✶ ✸✮✳

✸ ❙ ▲ ❙ ♦ ❞ ❤ ❛ ❞ ✐ ③ ❛ ❝ ❤ ♦ ✈ ✈ ❦ ✈ ❛❧✐ ② ✷ ❙ ▲ ❙ ♦ ❞ ❤ ❛ ❞ ✉ ✭ ❦ ♦ ♥ ③✐ ❡ ♥ ❝ ❡✱ ❛ ② ♠ ♣ ♦ ✐ ❝ ❦
♥ ♦ ♠ ❛❧✐ ❛✮ ❛ ♥ ❛ ✈ ❝ ❥ ❡ ❡ ✜ ❝✐ ❡ ♥ ♥ ✈ ♠ ❝✐ ❝ ❡❧ ♦ ✉ ❛ ✈ ②✱ ♥ ❡ ❥ ❡ ♥ ❥ ❡ ❞ ♥ ♦ ✈ ♥✐ ❝ ❡✳

❯ ✈ ❡ ↕ ♠ ❡✱ ➸ ❡ ✸ ❙ ▲ ❙ ♦ ❞ ❤ ❛ ❞ ❥ ❡ ✉ ✐ ♥ ♥ ♠ ♦ ❞ ❤ ❛ ❞ ♦ ✈ ♠ ♣➦ ✉ ♣ ❡ ♠ ♣ ♦ ♦ ✉ ❛ ✈ ② ✐✲
♠ ✉❧ ♥ ♥ ❝ ❤ ♦ ✈ ♥✐ ❝✳ ❱ ❝ ❡ ✈✐ ③ ❈✐ ♣ ❛ ✭ ✷ ✵ ✵ ✽✮ ♥ ❡ ❜ ♦ ● ❡ ❡ ♥ ❡ ✭ ✷ ✵ ✵ ✸✮✳

✶ ✻



✶✳ ✸✳ ✻ ● ▼ ▼ ♦ ❞ ❤ ❛ ❞

❩ ❛ ♣ ➨ ❡ ♠ ❡ ♦ ✉ ❛ ✈ ✉ ✭ ✶✳ ✼✮ ✈ ❡ ✈ ❛ ✉ ✭ ✶✳ ✾✮✱ ❥✳

y = X β + ε ,

❡ ❞ ② ♣ ♦ ❦ ❛ ➸ ❞ ♣ ♦ ③ ♦ ♦ ✈ ♥ i = 1 , ..., m T

y i = x T
i β + ε i.

● ▼ ▼ ✱ ♥ ❡ ❜ ♦❧✐ ❣ ❡ ♥ ❡ ❛❧✐ ③ ❡ ❞ ♠ ❡ ❤ ♦ ❞ ♦❢ ♠ ♦ ♠ ❡ ♥ ✱ ❥ ❡ ♠ ❡ ♦ ❞ ❛ ✈ ② ❝ ❤ ③ ❡❥ ❝ ③ ❡ ① ♦ ❣ ❡✲
♥✐ ② ✐ ♥ ✉ ♠ ❡ ♥ ❧ ♥ ❝ ❤ ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤✱ ❥✳

E z i j ε i = 0 , i = 1 , ..., m T, j = 1 , ..., L,

❦ ❞ ❡ L ❥ ❡ ♣ ♦ ↔ ❡ ✐ ♥ ✉ ♠ ❡ ♥ ❧ ♥ ❝ ❤ ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤✳

❖ ③ ♥ ❛ ↔ ♠ ❡ ❞ ❧ ❡

g i j ( β̂ ) = z i j (y i − x T
i β̂ ) , j = 1 , ..., L,

✈ ❡ ❦ ♦ ♦ ✈ ➙

g i( β̂ ) = z i(y i − x T
i β̂ ) .

❊ ① ♦ ❣ ❡ ♥✐ ❛ ✐ ♥ ✉ ♠ ❡ ♥ ❧ ♥ ❝ ❤ ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤✱ ♥ ❡ ❜ ♦❧✐ ♣ ♦ ❞ ♠ ♥ ❦ ❛ ♦ ♦ ❣ ♦ ♥ ❛❧✐ ②✱ ❞ ✈

E g i j (β ) = 0,

❡ ♣✳

E g i(β ) = 0 ,

❦ ❞ ❡ β ❥ ❡ ❦ ✉ ❡ ↔ ♥ ❤ ♦ ❞ ♥ ♦ ❛ ♣ ❛ ❛ ♠ ❡ ✉ ✭ ❡ ♣✳ ❥ ❡❥✐ ❝ ❤ ✈ ❡ ❦ ♦ ✮✳

❑ ❛ ➸ ❞ ③ ♠ ♦ ♠ ❡ ♥ ♦ ✈ ❝ ❤ ♣ ♦ ❞ ♠ ♥ ❡ ❦ ❦ ♦ ❡ ♣ ♦ ♥ ❞ ✉❥ ❡ ✈ ❜ ➙ ♦ ✈ ♠ ♠ ♦ ♠ ❡ ♥ ❡ ♠✳ ❙ ♦ ✉✲
❤ ♥ ♥ ♦ ✉ ❛ ✐ ✐ ❦ ✉ ♠ ➲ ➸ ❡ ♠ ❡ ♣ ❥ ❛ ❦ ♦ ✈ ❡ ❦ ♦ L ♠ ♦ ♠ ❡ ♥ ➲

ḡ ( β̂ ) =
1

m T

m T

i= 1

g i( β̂ ) =
1

m T
Z T ε̂ ,

♣➦✐ ↔ ❡ ♠ ➸ ♣ ♦ ❦ ✉ ❡ ↔ ♥ ♦ ✉ ❤ ♦ ❞ ♥ ♦ ✉ ♣ ❛ ❛ ♠ ❡ ✉ β ♣❧ ❛

E ḡ (β ) = 0 .

● ▼ ▼ ♦ ❞ ❤ ❛ ❞ β ❥ ❡ ♣ ❛ ❦ ♣➦✐ ♦ ③ ❡ ♥ ➙ ❢ ♦ ♠ ✉❧ ♦ ✈ ♥ ❛ ❦ ♦✿

β̂ G M M = ar g mi n
β

ḡ ( β ) − 0 ,

❦ ❞ ❡ ∗ ❥ ❡ ♥ ➙❥ ❛ ❦ ♠ ❡ ✐ ❦ ❛✳

✶ ✼



❱ ♠ ❡ ❥✐ ➸✱ ➸ ❡ ♣ ♦ ↔ ❡ ♣ ➲ ✈ ♦ ❞ ♥ ❝ ❤ ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤ ✭ ❧ ♦ ✉ ♣ ❝ ➲ ✈ ♠ ❛ ✐ ❝✐ ❳ ✮ ❛ ❡ ❞ ② ✐ ❞ ❧ ❦ ✉
✈ ❡ ❦ ♦ ✉ ♣ ❛ ❛ ♠ ❡ ➲ β ③ ♥ ❛ ↔ ♠ ❡ K ✱ ❛ ♣ ♦ ↔ ❡ ✐ ♥ ✉ ♠ ❡ ♥ ➲ ③ ♥ ❛ ↔ ♠ ❡ L ✳

❏ ❡ ❧✐ ➸ ❡ L = K ✱ ❥✳ ✐ ♥ ✉ ♠ ❡ ♥ ➲ ❥ ❡ ♣ ✈ ➙ ♦❧✐ ❦ ❝ ♦ ♣ ➲ ✈ ♦ ❞ ♥ ❝ ❤ ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤✱
♠ ♠ ❡ ✈ ❡ ✈ ❡ ❦ ♦ ✉ β ❦ ❞✐ ♣ ♦ ③✐ ❝✐ ♣ ✈ ➙ ♦❧✐ ❦ ♣ ❛ ❛ ♠ ❡ ➲✱ ❥ ❛ ❦ ♦ ❥ ❡ ♠ ♦ ♠ ❡ ♥ ♦ ✈ ❝ ❤ ♣ ♦ ❞✲
♠ ♥ ❡ ❦✳ ▲ ③ ❡ ❡ ❞ ② ♥ ❛❧ ③ ❛ ❦ ♦ ✈ β̂ ✱ ➸ ❡ ḡ ( β̂ ) = 0 ✳ ❖ ❞ ❤ ❛ ❞ ♠ ❡ ♦ ❞ ♦ ✉ ● ▼ ▼ ❥ ❡ ♣ ❛ ❦
♦ ♦ ➸ ♥ ♦ ❞ ❤ ❛ ❞ ❡ ♠ ♠ ❡ ♦ ❞ ♦ ✉ ✐ ♥ ✉ ♠ ❡ ♥ ❧ ♥ ❝ ❤ ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤ ✭ ● ❡ ❡ ♥ ❡✱ ✷ ✵ ✵ ✸✮✳

♦ L > K ✈ ❡ ③ ♠ ➙ ♠ ❡ ♠ ❛ ✐ ❝✐ ✈ ❛ ❤ W L × L ✭ ❞ ❧ ❡ ❥ ❡ ♥ W ✮ ❛ ✉ ✈ ❛ ➸ ✉❥ ♠ ❡ ↔ ❡❧ ♦ ✈ ♦ ✉
❢ ✉ ♥ ❦ ❝✐

J ( β̂ ) = m T ḡ ( β̂ ) T W ḡ ( β̂ ).

❖ ③ ❦ ♦ ✉ ♣ ❛ ❦ ❥ ❡✱ ❥ ❛ ❦ ✈ ♦❧✐ ♠ ❛ ✐ ❝✐ ✈ ❛ ❤ W ✳ ❯ ❦ ❛ ③ ✉❥ ❡ ❡ ✭ ❇ ❛ ✉ ♠✱ ✷ ✵ ✵ ✸✮✱ ➸ ❡ ❡ ✜ ❝✐ ❡ ♥ ♥
♦ ❞ ❤ ❛ ❞ ❞ ♦ ❛ ♥ ❡ ♠ ❡ ♣➦✐ ✈ ♦❧ ❜ ➙

W = S − 1 ,

❦ ❞ ❡

S =
1

m T
E Z T ε ε T Z =

1

m T
E Z T Ω Z .

➦✐ ✈ ♣ ♦ ↔ ✉ ♣ ❛ ❦ ♣ ♦ ✉ ➸ ✈ ♠ ❡ ♦ ❞ ❤ ❛ ❞

Ŝ =
1

m T
Z T Ω̂ Z . ✭ ✶✳ ✶ ✵✮

❖ ♣ ➙ ❡ ❞ ② ♣ ♦ ➦ ❡ ❜ ✉❥ ❡ ♠ ❡ ③ ♥ ✭ ♠ ❥✐ ➸ ♦ ❞ ❤ ❛ ❞ ♥ ✉ ♦ ✉✮ ♠ ❛ ✐ ❝✐ Ω ✱ ♣ ♦ ✉ ♣ ✉❥ ❡ ♠ ❡ ❡✲
❞ ② ✈ ❡ ❞ ✈ ♦ ✉ ❦ ♦ ❝ ❝ ❤ ✲ ♥ ❛ ♣➦ ❡ ❞ ♦ ❞ ❤ ❛ ❞ ♥ ❡ ♠ ❡ ♠ ♦ ❞ ❡❧ ♥ ❛ ♣➦✳ ♠ ❡ ♦ ❞ ♦ ✉ ✐ ♥ ✉ ♠ ❡ ♥ ❧ ♥ ❝ ❤
♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤✱ ♥ ❛ ③ ❦❧ ❛ ❞ ➙ ♦ ❤ ♦ ♦ ♦ ❞ ❤ ❛ ❞ ✉ ♣ ♦ ↔ ❡ ♠ ❡ Ω̂ ❛ ♣ ♦ ✉ ➸✐❥ ❡ ♠ ❡ ♦ ❞ ❤ ❛ ❞ ● ▼ ▼✳
❖ ♣ ➙ ❧ ③ ❡ ♣ ♦ ✉ ♣ ♦ ✈ ❛ ✐ ❡ ❛ ✐ ✈ ♥ ➙ ✭ ✈✐ ③ ✭ ❊ ✈✐ ❡ ✇ ✱ ✷ ✵ ✶ ✸✮✮✳

❯ ❦ ❛ ③ ✉❥ ❡ ❡✱ ➸ ❡ ♣➦✐ ♣ ♦ ➸ ❛ ❞ ❛ ✈ ❦ ✉ ♥ ❛ ❦ ♦ ❡❧ ❛ ↔ ♥ ✉ ❦ ✉ ✉ Ω ❞❧ ❡ ✭ ✶✳ ✹✮ ✈❧ ❛ ♥ ➙ ❞ ♦✲
✈ ♠ ❡ ✸ ❙ ▲ ❙ ♦ ❞ ❤ ❛ ❞ ✭ ♦ ③ ❞ ❧ ② ❥ ♦ ✉ ♣ ♦ ✉ ③ ❡ ♥ ✉ ♠ ❡ ✐ ❝ ❦ ✮✳ ❱ ↔ ❡ ♠ ❡ ❞ ② ♣ ♦ ↔ ✈ ✈ ❤ ♦ ❞ ❛

● ▼ ▼ ♦ ♣ ♦ ✐ ✸ ❙ ▲ ❙ ❄ ❱ ♣➦ ♣ ❛ ❞ ➙ ✸ ❙ ▲ ❙ ♣ ♦ ➦ ❡ ❜ ✉❥ ❡ ♠ ❡ ❦ ♦ ♥ ③✐ ❡ ♥ ♥ ♦ ❞ ❤ ❛ ❞ Ω ♦ ❞✐ ♠ ❡ ♥✲
③✐ m T × m T ✱ ③ ❛ ♠ ❝ ♦ ♣ ♦ ● ▼ ▼ ❥ ❡ ➦ ❡ ❜ ❛ ♦ ❞ ❤ ❛ ❞ ♥ ♦ ✉ ❦ ♦ ♥ ③✐ ❡ ♥ ♥ ➙ ❥ ❡ ♥ ❙ ♦ ❞✐ ♠ ❡ ♥ ③✐
L × L ✳ ▼ ➲ ➸ ❡ ♠ ❡ ❡ ❞ ② ♦ ❜ ❡ ❝ ♥ ➙ ♦ ❞ ❤ ❛ ❞ ♦ ✈ ❛

Ω̂ = ε̂ ε̂ T .

♦ ❦ ❛ ➸ ❞ ♣ ✈ ❡ ❦ ✈ ❛ ✐ ❛ ♥ ↔ ♥ ♠ ❛ ✐ ❝ ❡ ❛ ❦ ♠ ♠ ❡ ❥ ❡ ♥ ❥ ❡ ❞ ♥ ♦ ♣ ♦ ③ ♦ ♦ ✈ ♥ ❛ ♦ ③ ❤ ♦ ❞ ♥ ➙
❡ ❡ ❞ ② ♥ ❡❥ ❡ ❞ ♥ ♦ ❦ ♦ ♥ ③✐ ❡ ♥ ♥ ♦ ❞ ❤ ❛ ❞ ♦ ③ ♣ ②❧ ♦ ✈ ♠ ❛ ✐ ❝ ❡✳ ❖ ❞ ❤ ❛ ❞

Ŝ =
1

m T
Z T Ω̂ Z

✈ ➨ ❛ ❦ ❥✐ ➸ ❦ ♦ ♥ ③✐ ❡ ♥ ♥ ❥ ❡✳ ❱ ❤ ♦ ❞ ♦ ✉ ● ▼ ▼ ♦ ♣ ♦ ✐ ✸ ❙ ▲ ❙ ♦ ❞ ❤ ❛ ❞ ✉ ❡ ❞ ② ❥ ❡✱ ➸ ❡ ♥ ❡ ❦❧ ❛✲
❞ ❡ ♣ ♦ ➸ ❛ ❞ ❛ ✈ ❦ ② ♥ ❛ ✈ ❛ ♦ ③ ♣ ②❧ ♦ ✈ ♠ ❛ ✐ ❝ ❡ Ω ✳ ❯ ♠ ♦ ➸ ➡ ✉❥ ❡ ❛ ❦ ♦ ❞ ❤ ❛ ❞ ♦ ✈ ❛ ♥ ❛ ♣➦ ❦❧ ❛ ❞
♣➦✐ ↔ ❛ ♦ ✈ ❤ ❡ ❡ ♦ ❦ ❡ ❞ ❛ ✐ ❝✐ ➙✳ ❱ ♣ ❛ ①✐ ❡ ♦ ✈➨ ❡ ♠ ♥ ❛ ♠ ♦ ♦ ❜ ❡ ❝ ♥ ♦ ③ ♣ ②❧ ♦ ✈ ♠ ❛ ✐ ❝ ❡
✭ ✶✳ ✶ ✵✮ ♣ ♦ ✉ ➸ ✈ ♥ ❛ ♣➦ ❦❧ ❛ ❞ ◆ ❡ ✇ ❡ ②✲ ❲❡ ➲ ✈ ♦ ❞ ❤ ❛ ❞ ♦ ③ ♣ ②❧ ✉ ② ♣ ✉ ❍ ❆ ❈ ✭❤ ❡ ❡ ♦ ❦ ❡✲
❞ ❛ ✐ ❝✐ ② ❛ ♥ ❞ ❛ ✉ ♦ ❝ ♦ ❡❧ ❛ ✐ ♦ ♥ ❝ ♦ ♥ ✐ ❡ ♥ ✮✳

✶ ✽



♦ ❜❧ ❡ ♠ ❛ ✐ ❦ ♦ ✉ ❡ ♣ ♦ ❞ ♦ ❜ ♥ ➙❥✐ ③ ❛ ❜ ✈ ❛❥ ● ❡ ❡ ♥ ❡ ✭ ✷ ✵ ✵ ✸✮✱ ❇ ❛ ✉ ♠ ✭ ✷ ✵ ✵ ✸✮ ❛ ❊ ✈✐ ❡ ✇
✭ ✷ ✵ ✶ ✸✮✳

❊ ①✐ ✉❥ ❞ ❛❧➨ ♦ ❞ ❤ ❛ ❞ ♦ ✈ ❛ ❝ ♠ ❡ ♦ ❞ ②✱ ❦ ❡ ❧ ③ ❡ ♣ ♦ ✉ ➸ ❦ ♦ ❞ ❤ ❛ ❞ ♥ ✉ ♣ ❛ ❛ ♠ ❡ ➲
♦ ✉ ❛ ✈ ② ✐ ♠ ✉❧ ♥ ♥ ❝ ❤ ♦ ✈ ♥✐ ❝✳ ❏ ♠ ❡ ♥ ✉❥ ♠ ❡ ♥ ❛ ♠ ❦ ♦ ✉ ♥ ❛ ♣➦ ❦❧ ❛ ❞ ▲■ ▼ ▲ ✭❧✐ ♠✐ ❡ ❞ ✐ ♥✲

❢ ♦ ♠ ❛ ✐ ♦ ♥ ♠ ❛ ①✐ ♠ ✉ ♠ ❧✐ ❦ ❡❧✐ ❤ ♦ ♦ ❞ ✮ ❛ ❋■ ▼ ▲ ✭❢ ✉❧❧ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ♠ ❛ ①✐ ♠ ✉ ♠ ❧✐ ❦ ❡❧✐ ❤ ♦ ♦ ❞ ✮
✭ ❈✐ ♣ ❛✱ ✷ ✵ ✵ ✽✮✳

❱③ ❤❧ ❡ ❞ ❡ ♠ ❦ ✈❧ ❛ ♥ ♦ ❡ ♠ ✸ ❙ ▲ ❙ ♦ ❞ ❤ ❛ ❞ ✉✱ ❦ ❡ ❥ ❡ ❦ ♦ ♥ ③✐ ❡ ♥ ♥ ✱ ❛ ② ♠ ♣ ♦ ✐ ❝ ❦ ②
♥ ♦ ♠ ❧ ♥ ❛ ❛ ② ♠ ♣ ♦ ✐ ❝ ❦ ② ❡ ✜ ❝✐ ❡ ♥ ♥ ✱ ❛ ❥ ❡ ❤ ♦ ③ ♦ ❜ ❡ ❝ ♥ ➙ ♥ ♥ ❛ ● ▼ ▼ ♦ ❞ ❤ ❛ ❞✱ ❡ ✈➨ ❛ ❦
♣ ♦ ♣✐ ❞ ❛❧➨ ❝ ❤ ♠ ❡ ♦ ❞ ❥ ❡ ✈ ❥ ❛ ❦ ♦ ❡ ❞ ✉ ♥ ❞ ❛ ♥ ♥ ✳ ❱ ❤ ♦ ❞ ♥ ✭ ✉ ✐ ♥ ♥ ✮ ♦ ❞ ❤ ❛ ❞ ♦ ✈ ❛ ❝ ♥ ♦❥
♠ ♠ ❡ ❦ ❞✐ ♣ ♦ ③✐ ❝✐✳

✶✳ ✹ ❙ ❛ ❣ ❛ ♥✲ ❍ ❛ ♥ ❡ ♥ ➲ ✈ ❡ ❡ ① ♦ ❣ ❡ ♥✐ ②

❈ ❡❧ ✈ ➨ ❡ ✉ ✈ ❡ ❞ ❡ ♥ ♦ ❞ ❤ ❛ ❞ ♠ ❡ ♦ ❞ ♦ ✉ ● ▼ ▼ ❥ ❡ ♦ ❞ ✈ ♦ ③ ❡ ♥ ③ ✈❧ ❛ ♥ ♦ ✐ ♥ ✉ ♠ ❡ ♥ ❧✲
♥ ❝ ❤ ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤ ✲ ❥ ❡❥✐ ❝ ❤ ♥ ❡ ❦ ♦ ❡❧ ♦ ✈ ❛ ♥ ♦ ✐ ❡ ③✐ ❞ ✉ ❧ ♥ ❧ ♦ ➸ ❦ ♦ ✉✳ ❩ ❛ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❛ ❞ ✉✱
➸ ❡ L > K ✱ ❥✳ ♣ ♦ ↔ ❡ ✐ ♥ ✉ ♠ ❡ ♥ ➲ ❥ ❡ ✈ ➙ ➨ ♥ ❡ ➸ ♣ ♦ ↔ ❡ ♣ ➲ ✈ ♦ ❞ ♥ ❝ ❤ ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤✱ ❧ ③ ❡
❡ ♥ ♦ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❛ ❞ ♦ ✈ ➙➦✐ ♣➦ ♠ ♦ ③ ❡ ❛ ✐ ✐ ❦ ② J ✳ ♦ ❡ ✜ ❝✐ ❡ ♥ ♥ ● ▼ ▼ ♦ ❞ ❤ ❛ ❞ β̂ E G M M

♦ ✐ ➸ ③ ❛ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❛ ❞ ✉ ♥ ❡ ❦ ♦ ❡❧ ♦ ✈ ❛ ♥ ♦ ✐ ♣❧ ❛

J ( β̂ E G M M ) = T ❣̄ ( β̂ E G M M ) T ❙̂
− 1

❣̄ ( β̂ E G M M ) ∼ χ 2
L − K .

◆ ❛ ♦ ③ ❞ ❧ ♦ ❞ ♦ ❞ ❤ ❛ ❞ ✉ ♦ ✉ ❛ ✈ ② ❡ ❡ ② ♣ ❡ ❝✐ ✜ ❦ ❛ ❝ ❡ ♦ ❜ ✈ ② ❦❧ ❡ ❛ ♣❧✐ ❦ ✉❥ ♥ ❛ ❦ ❛ ➸ ❞ ♦ ✉
♦ ✈ ♥✐ ❝✐ ③ ✈❧ ➨➫✱ ✉ ✈ ❛ ➸ ♦ ✈ ❛ ♥ ♣ ♦ ↔ ❡ ♣ ♦ ③ ♦ ♦ ✈ ♥ ❥ ❡ ❡ ❞ ② T ✭ ❞ ♦ ♣ ♦ ✉ ❞ ❥ ♠ ❡ ♦ ♣ ❡ ♦ ✈ ❛❧✐
❝ ❡❧ ♦ ✉ ♦ ✉ ❛ ✈ ♦ ✉ ♦ m T ♣ ♦ ③ ♦ ♦ ✈ ♥ ❝ ❤✮✳

❉ ♦ ❛ ❞ ♠ ❡ ③ ❛ ❣̄ ( β̂ E G M M ) ❛ ✈ ② ✉ ➸✐ ♠ ✭ ✶✳ ✶ ✵✮ ❞ ♦ ✈ ♠ ❡

J ( β̂ E G M M ) = ε̂ T Z (Z T Ω̂ Z ) − 1 Z T ε̂ ∼ χ 2
L − K .

❚ ❛ ❦ ♦ ✈ ❡ ♦ ✈ ❛ ✐ ✐ ❝ ❡ ➦ ❦ ♠ ❡ ❍ ❛ ♥ ❡ ♥ ♦ ✈ ❛ J ❛ ✐ ✐ ❦ ❛ ❛ ♦ ❞ ♣ ♦ ✈ ❞ ❛❥ ❝ ♠ ✉ ❡ ✲
✉ ♣ ❛ ❦ ♣➦✐ ♦ ③ ❡ ♥ ➙ ❍ ❛ ♥ ❡ ♥ ➲ ✈ ❡ ✳

❍✐ ♦ ✐ ❝ ❦ ② ❛ ➨ ❙ ❛ ❣ ❛ ♥ ➲ ✈ ❡ ❥ ❡ ♣ ❛ ❦ ♣ ❡ ❝✐ ❧ ♥ ♠ ♣➦ ♣ ❛ ❞ ❡ ♠ ✈ ➨ ❡ ✉ ✈ ❡ ❞ ❡ ♥ ❤ ♦
♣ ♦ ❤ ♦ ♠ ♦ ❦ ❡ ❞ ❛ ✐ ❝ ❦ ❝ ❤ ② ❜ ②✳ ❙ ❛ ❣ ❛ ♥ ♦ ✈ ❛ S ❛ ✐ ✐ ❦ ❛ ♠ ✈ ❛

S ( β̂ E G M M ) =
1

σ̂ 2
ε̂ T Z (Z T Z ) − 1 Z T ε̂ = T

ε̂ T Z (Z T Z ) − 1 Z T ε̂

ε̂ T ε̂
.

❩ ❛ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❛ ❞ ✉ ♥ ❡ ❦ ♦ ❡❧ ♦ ✈ ❛ ♥ ♦ ✐ ✐ ♥ ✉ ♠ ❡ ♥ ➲ ❡ ③✐ ❞ ✉ ❧ ♥ ❧ ♦ ➸ ❦ ♦ ✉ ❛ ❤ ♦ ♠ ♦ ❦ ❡ ❞ ❛ ✲
✐ ❝✐ ② ♣ ❛ ❦ ♣ ♦ ❞ ♦ ❜ ♥ ➙ ❥ ❛ ❦ ♦ ✈ ➨ ❡ ♣❧ ❛

S ( β̂ E G M M ) ∼ χ 2
L − K .

▼ ② ❜ ✉ ❞ ❡ ♠ ❡ ♣ ♦ ✉ ➸ ✈ ❛ ❙ ❛ ❣ ❛ ♥✲ ❍ ❛ ♥ ❡ ♥ ➲ ✈ ❡ ♦ ③ ♣ ②❧ ♦ ✈ ♦ ✉ ♠ ❛ ✐ ❝ ♣ ♦ ❤ ❡ ❡ ♦ ❦ ❡✲
❞ ❛ ✐ ❝ ❦ ❝ ❤ ② ❜ ②✱ ❦ ❡ ♦ ✉ ✉ ✈ ❞ ❇ ❛ ✉ ♠ ✭ ✷ ✵ ✵ ✸✮✳

✶ ✾



✷✳ ❚❡ ♦ ❡ ✐ ❝ ❦ ✈ ❝ ❤ ♦ ❞✐ ❦ ❛

✷✳ ✶ ❘ ♦ ✈ ♥ ♦ ♣ ♦ ❛ ✐ ♥ ✈ ❡ ✐ ❝

❱ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ♠ ♠ ♦ ❞ ❡❧ ♦ ✈ ♥ ↔ ❛ ♦ ♣➦✐ ♦ ③ ❡ ♥ ➙ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❞ ♠ ❡ ♣❧ ❛ ♥ ♦ ♦ ✈ ♥ ♦ ✐

I = S,

♥ ❡ ❜ ♦❧✐✱ ➸ ❡ ❡ ✐ ♥ ✈ ❡ ✐ ❝ ❡ ♦ ✈ ♥ ❛❥ ♣ ♦ ♠✳ ❏ ❡ ♦ ❧ ♦ ❣✐ ❝ ❦ ✱ ♥ ❡ ❜ ♦➫ ✈➨ ❡✱ ❝ ♦ ♥ ❡ ♣ ♦ ➦ ❡ ❜ ✉❥ ❡ ♠ ❡
❛ ✉ ♣ ♦➦ ♠ ❡✱ ❥ ❡ ✈❧ ❛ ♥ ➙ ♥ ❛➨ ✐ ♥ ✈ ❡ ✐ ❝ ❞ ♦ ❜ ✉ ❞ ♦ ✉ ❝ ♥ ❛✳ ◆ ❡ ♣➦ ❧✐➨ ❞ ♦ ❜ ♦ ✉ ✐ ♥ ✈ ❡ ✐ ❝ ✱ ♣ ♦ ❦ ✉ ❞
♦ ♥ ❡ ❝ ❤ ♠ ❡ ❧ ❡ ➸ ❡ ❧ ❛ ❞ ❡ ♠✱ ❛❧ ❡ ♣ ♦➦ ❞ ✐ ♥ ✈ ❡ ✐ ❝ ✳ ❱ ❞ ♦ ❜ ➙ ❤ ♦ ♣ ♦ ❞ ➦ ❦ ❤ ♦ ➲ ✉ ♥ ❛ ✈ ❝

♣➦✐ ♦ ③ ❡ ♥ ➙ ♦ ↔ ❡ ❦ ✈ ♠ ❡✱ ➸ ❡ ❦ ❞ ② ➸ ❡ ♥ ② ♥ ✈ ③ ❞ ♠ ❡ ✈ ❤ ♦ ❞ ❧ ✉✱ ❜ ✉ ❞ ❡ ♠ ❡ ♠ ✈ ❜ ✉ ❞ ♦ ✉ ❝ ♥ ✉
❧ ❡ ❡❥ ♥ ❞ ❧ ✲ ✈ ❡❧ ❛ ✐ ✈ ♥ ♠ ♠ ➙➦ ❦ ✉✳ ❚❡ ❞ ② ❛ ❜ ♦❧ ✉ ♥ ➙✱ ✈ ③ ❤❧ ❡ ❞ ❡ ♠ ❦ ➲ ✉✱ ✈ ❝✳

❚ ♠✱ ➸ ❡ ❡ ✈ ③ ❞ ♠ ❡ ✈ ↔ ✐ ❦ ♦❧ ↔ ❡✱ ❡ ❞ ② ✈ ♦ ♠ ♦ ↔ ❛ ❡ ✉ ✈ ♦❧ ➡ ✉❥ ❡ ♠ ❡ ③ ❞ ♦❥ ❡✱ ❥ ❡ ➸ ❜ ②
❥✐ ♥ ❛ ❦ ❧ ♦ ✉ ➸✐❧ ② ❦ ♥ ❛ ♣❧ ♥ ➙ ♥ ♥ ❛➨ ♣ ♦ ➦ ❡ ❜ ②✱ ♠✱ ➸ ❡ ✐ ✈ ✈ ② ❜ ❡ ❡ ♠ ❡ ♣ ♦ ③ ❞ ➙❥✐✳ ❙ ♣ ♦➦ ❡ ♥
❥ ❡ ❡ ❞ ② ♣➦✐ ♦ ③ ❡ ♥ ♦ ✉ ✐ ♥ ✈ ❡ ✐ ❝ ❞ ♦ ❡ ❦ ♦ ♥ ♦ ♠✐ ❦ ② ❥ ❛ ❦ ♦ ➸ ♦ ❝ ❡❧ ❦ ✉ ✭ ❡ ❞ ② ♠ ❛ ①✐ ♠ ❧ ♥ ♠ ♦ ✉
❞✐ ✈ ❡ ③✐ ✜ ❦ ❛ ❝ ❡✮✳ ❚ ♦❧✐ ❦ ❦ ❡ ♦ ❡ ✐ ❝ ❦ ② ♣➦✐ ♦ ③ ❡ ♥ ♠ ✉ ❛ ✈ ✉ ✈ ➙ ❝ ✳ ❏ ❛ ❦ ❥ ❡ ✈➨ ❛ ❦ ❡ ❛❧✐ ❛ ❄

✷✳ ✶✳ ✶ ❡ ♥ ③ ❡

❱ ❡ ❛❧✐ ➙ ↔ ❡❧ ♠ ❡ ② ♠ ✉ ③ ✈✳ ❡❧ ❛ ✐ ❝ ❦ ❝ ❤ ♣ ❡ ♥ ➙ ③ ✳ ♦ ♣❧ ♥ ♣ ♦ ❝ ❤ ♦ ♣ ❡ ♥ ♣ ♦ ❜❧ ❡ ♠ ❛ ✐ ❦ ②
❥ ❡ ♥ ✉ ♥ ❡ ❤❧ ♦ ✉ ❜ ➙❥✐ ③ ❛ ♠ ② ❧ ❡ ♥ ❛ ❞ ❢ ✉ ♥ ❦ ❝ ♣ ❡ ♥ ➙ ③ ✭ ❛ ✈❧ ❛ ♥ ♦ ♠✐ ♣ ♦ ➦ ❡ ❜ ♥ ♠✐ ❦ ♣❧ ♥ ➙ ♥
➙ ❝ ❤ ♦ ❢ ✉ ♥ ❦ ❝ ✮✳

♦ ➦ ❡ ❞ ❡ ❦ ♠ ➙ ♥ ② ✿ ❇ ❡ ③ ♣ ❡ ♥ ➙ ③✱ ❥ ❛ ❦ ♦ ➸ ♦ ♣❧ ❛ ✐ ❞❧ ❛✱ ❥ ♠ ❡ ♦ ❞ ♦ ✉ ③ ❡ ♥✐ ❦ ❜ ❛ ❡ ✉✱
❥✳ ✈ ♠ ➙ ♥ ♥ ➙ ③ ❜ ♦ ➸ ✭ ↔✐ ❧ ✉ ➸ ❡ ❜✮ ❧ ✉ ➸ ❡ ❜ ♣➦ ♠ ♦ ③ ❛ ❥✐ ♥ ③ ❜ ♦ ➸ ✳ ♦ ❜❧ ♠ ❥ ❡✱ ➸ ❡ ③ ❜ ♦ ➸ ✱

❦ ❡ ❥ ❡ ♥ ❛ ❜ ③ ❡ ♥ ♦ ♥ ❛ ✈ ♠ ➙ ♥ ✉✱ ② ♣✐ ❝ ❦ ② ♥ ❡ ♥ ♠ ③ ❜ ♦ ➸ ♠✱ ❦ ❡ ♥ ❛ ❜ ③ ❡❥ ❝ ♣ ♦ ♣ ✈ ✳
❚ ♦ ♦ ❦ ❛❧ ③ ❝ ❡❧ ❛ ✈ ② ✐ ❤ ✉❥ ❡ ❞ ➙ ❦ ❜ ❛❥ ❦ ❛ ❖ ❑ ♦ ❤ ♦ ✉ ❦ ♦ ✈✐ ❛ ❧ ❡ ♣✐ ↔ ❝ ❡✳ ♦ ✉ ↔ ❡ ♥ ③ ♦
③ ♥ ♠ ❜ ❛❥ ❦ ② ❥ ❡ ♥ ❡❥ ❡ ♥ ♦ ♦ ♠✱ ➸ ❡ ❧ ❛ ❦ ♦ ♠ ✈ ❡ ♥ ❡ ✈ ② ♣❧ ❝ ✱ ❛❧ ❡ ♣ ♦ ❡ ❦ ♦ ♥ ♦ ♠ ❛ ❤❧ ❛ ✈ ♥ ➙
♦ ♥ ✉ ♥ ♦ ✐ ❡ ①✐ ❡ ♥ ❝ ❡ ♣ ❡ ♥ ➙ ③ ❥ ❛ ❦ ♦ ➸ ♦ ♣ ♦ ➦ ❡ ❞ ❦ ✉ ♠ ➙ ♥ ②✳ ♦ ❝ ❡ ♠ ➙ ♥ ② ❥ ❡ ♦ ✐ ➸ ❞ ❦ ②
♣ ❡ ♥ ➙ ③ ➲ ♠ ♠ ♦ ➸ ♥ ♦ ♦ ③ ❞ ➙❧✐ ✈ ♣ ♦ ♦ ✉ ✐ ↔ ❛ ❡ ❛ ♥ ❡ ♥ ♥ ✉ ♥ ✱ ❛ ❜ ② ❡ ❦ ♦ ♥ ♦ ♠✐ ↔ ❛ ❦ ➦✐
♠ ➙ ➡ ♦ ✈ ❛❧✐ ♥ ❛ ✈ ③ ❥ ❡ ♠ ♣ ♦ ✉ ③ ❡ ✈ ❧ ✉ ➸ ❜ ②✱ ♣➦ ♣ ❛ ❞ ♥ ➙ ❛ ❜ ② ✈ ♦➦✐❧✐ ❧ ♦ ➸✐ ➦ ❡ ➙ ③ ❡ ❝ ❛ ♥ ❛ ❦ ❝

❥ ❛ ❦ ♦ ✈ ✉ ✈ ❡ ❞ ❡ ♥ ❜ ❛❥ ❝ ❡✳
❩ ↔ ♦ ✈ ❛ ❝ ❥ ❡ ❞ ♥ ♦ ❦ ❛ ✿ ❡ ♥ ③ ❡ ✉ ♠ ♦ ➸ ➡ ✉❥ ✉ ♥✐ ✈ ❡ ③ ❧ ♥ ➙ ♣ ♦ ♦ ✈ ♥ ✈ ❛ ❤ ♦ ❞ ♥ ♦ ✉ ➲ ③✲

♥ ❤ ♦ ③ ❜ ♦ ➸ ✭ ❛❧ ❡ ➸ ❡ ✈✐ ❞ ♦ ✈ ❛ ↔✐ ↔ ♦ ✈ ❛ ✮✳ ❉ ❦ ② ❡ ①✐ ❡ ♥ ❝✐ ✉ ♥✐ ✈ ❡ ③ ❧ ♥ ③ ↔ ♦ ✈ ❛ ❝ ❥ ❡ ❞✲
♥ ♦ ❦ ② ♠ ♦ ❤ ♦ ✉ ✈ ③ ♥✐ ❦ ❛ ❝ ❡ ♥ ♦ ✈ ✐ ❣ ♥ ❧ ②✱ ❦ ❡ ♣ ♦ ➦ ❡ ❜✐ ❡❧✐ ➦ ❦ ❛❥ ✱ ↔ ❡ ❤ ♦ ❥ ❡ ❞ ♦ ❛ ❡ ❦
❛ ↔ ♠ ❥ ❡ ♥ ❛ ♦ ♣ ❛ ❦ ➦ ❡ ❜ ❛ ➨ ❡ ➦✐ ✱ ❛ ✈ ♦ ❜ ❝✐ ♥ ❛ ♦ ♣ ❛ ❦ ❦ ❞ ❡ ❥ ❡ ❥ ❡ ❤ ♦ ✐❧ ♥ ❡❥ ✈ ❝ ❡ ③ ❛ ♣ ♦ ➦ ❡ ❜ ✳

❆ ❜ ② ♠ ♦ ❤❧ ② ♣ ❡ ♥ ③ ❡ ❧ ♦ ✉ ➸✐ ➙ ♠ ♦ ↔ ❡❧ ➲ ♠✱ ♠ ✉ ♣❧ ➡ ♦ ✈ ❛ ✉ ↔✐ ✈❧ ❛ ♥ ♦ ✐✿
➦ ❡ ♥ ♦ ♥ ♦

❉ ➙❧✐ ❡❧ ♥ ♦
❯ ❝ ❤ ♦ ✈ ♥ ❤ ♦ ❞ ♥ ♦ ② ✿ ❆ ❜ ② ❜ ②❧ ❛ ♠ ♦ ➸ ♥ ♠ ➙ ♥ ❛ ♥ ❡❥ ❡ ♥ ✈ ♣ ♦ ♦ ✉✱ ❛❧ ❡ ✐ ✈ ↔ ❛ ❡✱

♠ ✉ ✐ ♣ ❡ ♥ ③ ❡ ✈ ↔ ❛ ❡ ✉ ❝ ❤ ♦ ✈ ✈ ❛ ✈ ♦ ✉ ❤ ♦ ❞ ♥ ♦ ✉✳
◆ ❡ ♣ ❛ ❞ ➙❧ ❛ ❡❧ ♥ ♦ ✿ ❛ ❞ ➙❧ ♥ ✱ ♥ ❡ ❜ ♦❧✐ ♣ ❡ ♥ ➙ ③ ♦ ❦ ❛ ③ ❡ ❝ ✈ ✱ ❞ ➙❧ ♣➦ ❡ ♥ ➙ ♦ ✲ ❦ ❛ ③ ♣ ❡✲

♥ ③ ❡✳ ❛ ❞ ➙❧ ❛ ❡❧ ✭ ♣ ❡ ♥ ➙ ③ ♦ ❦ ❛ ③ ❡ ❝✮ ✐ ♣➦ ♠ ♦ ♥ ❛ ❦ ♦ ♦ ❛ ♥ ❝ ❤ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ❝ ❤ ❛ ❦ ➲
✉ ✉ ♣ ✉❥ ❡ ♣ ✈ ♦ ♥ ❛ ③ ❜ ♦ ➸ ✱ ❦ ❡ ♠ ✉ ♥ ❡ ♥ ❧ ❡ ➸ ✳

❏ ❛ ❦ ❥ ♦ ✉ ♥ ❛ ♦ ♠ ♥ ❛➨ ❡ ♦ ✉ ↔ ❛ ♥ ♣ ❡ ♥ ③ ❡ ❡ ♣❧ ♥ ➙ ♥ ♠ ➙ ❝ ❤ ♦ ✈❧ ❛ ♥ ♦ ❄

✷ ✵



➦ ❡ ♥ ♦ ♥ ♦ ❛ ❞ ➙❧✐ ❡❧ ♥ ♦ ♠ ♦ ❞ ❡ ♥ ❝ ❤ ♣ ❡ ♥ ➙ ③ ❥ ❡ ❛ ✐ ♥ ❡❥❧ ❡ ♣➨ ✈ ❤✐ ♦ ✐✐ ❧✐ ❞ ✈ ❛✳
❏ ♠ ❡ ❝ ❤ ♦ ♣ ♥✐ ♣➦ ❡ ♦ ✉ ✈ ❛ ♠✐❧✐ ♦ ♥ ② ♣ ♦ ♠ ♦ ❝ ♥ ➙ ❦ ♦❧✐ ❦ ❛ ❦❧✐ ❦ ♥ ✉ ♠ ②➨✐✱ ❢ ② ③✐ ❝ ❦ ♣ ❡ ♥ ③ ❡
❥ ♦ ✉ ❦❧ ❛ ❞ ♥ ❛ ❧ ❡ ❤ ❦ ✱ ❛ ❦ ➸ ❡ ♣ ♦ ❜ ➙ ➸ ♥ ❛ ♥ ❛ ❦ ❝ ❡ ♥✐ ❦ ❞ ② ♥ ❡ ♥ ♣ ♦ ❜❧ ♠ ♠ ❡ ❜ ♦ ✉
✈ ♣ ❡ ♥ ➙ ➸ ❡ ♥ ❝ ❡✱ ❦ ♦❧✐ ❦ ♣ ♦ ➦ ❡ ❜ ✉❥ ❡ ♠ ❡✳ ❉ ❦ ② ➲ ③ ♥ ♦ ✐ ♥ ♦ ♠✐ ♥ ❧ ♥ ❝ ❤ ❤ ♦ ❞ ♥ ♦ ♣ ❛ ❦ ♥ ❡ ♠ ✉ ♠ ❡
♣❧ ❛ ✐ ❞❧ ♦ ❢ ② ③✐ ❝ ❦ ② ❞ ➙❧✐ ✱ ❝ ♦ ➸ ❜ ② ❡ ❜ ♦ ✉ ♥ ❡ ❧ ♦ ❦ ♦ ♠ ♣❧✐ ❦ ❛ ❝ ❡✳

❏ ❛ ❦ ♦ ➸ ♦ ✉ ❝ ❤ ♦ ✈ ❛ ❡❧ ❤ ♦ ❞ ♥ ♦ ② ✈➨ ❛ ❦ ♠ ♦ ❞ ❡ ♥ ♣ ❡ ♥ ③ ❡ ♥ ❡ ❧ ♦ ✉ ➸ ♣➦ ❧✐➨ ❞ ♦ ❜➦ ❡✳ ❱ ❤✐ ✲
♦ ✐✐ ♣ ♦ ❧ ❡ ❞ ♥ ❝ ❤ ❛ ❧ ❡ ❥ ❡ ③ ♥ ♠ ♦ ♥ ➙ ❦ ♦❧✐ ❦ ♣➦ ♣ ❛ ❞ ➲ ③ ✈✳ ❤ ② ♣ ❡ ✐ ♥ ✢ ❛ ❝ ❡✱ ❛➫ ✉ ➸ ❥ ❞ ❡

♦ ◆ ➙ ♠ ❡ ❝ ❦ ♦ ♣ ♦ ♣ ✈ ♥ ✈ ➙ ♦ ✈ ✈ ❧ ❝ ❡✱ ♥ ❡ ❜ ♦ ❩✐ ♠ ❜ ❛ ❜ ✇ ❡ ♣ ♦ ♦ ❝ ❡ ✷ ✵ ✵ ✼✳ ❚ ♦ ❥ ♦ ✉ ♣➦ ♣ ❛ ❞ ②✱
❦ ❞ ② ❝ ❡ ♥ ② ❜ ➙ ❤ ❡ ♠ ❥ ❡ ❞✐ ♥ ❤ ♦ ♦ ❦ ✉ ✈ ③ ♦ ❧ ② ♥ ➙ ❦ ♦❧✐ ❦ ❡ ❦ ✳ ❏ ❞ ❡✲❧✐ ♦ ♥ ❡ ❜ ❡ ③ ♣ ❡ ↔ ♣ ❛ ❞ ➙✲
❧ ♥ ✱ ♠✐ ♥ ❝ ❡ ❡ ♣ ❛ ❞ ➙❧ ❛ ♣➦ ❧✐➨ ♥ ❡ ✈ ② ♣❧ ❛ ❛ ♠ ♦ ❞ ❡ ♥ ❜ ❛ ♥ ❦ ♦ ✈ ❦ ② ❥ ♦ ✉ ♣ ♦ ✐ ♣ ❛ ❞ ➙❧ ♥
❝ ❤ ♥ ➙ ♥ ② ♠ ♥ ♦ ❤ ❛ ❜ ❡ ③ ♣ ❡ ↔ ♥ ♦ ♥ ♠✐ ♣ ✈ ❦ ②✳ ❋ ② ③✐ ❝ ❦ ♣ ❡ ♥ ③ ❡ ❥ ♦ ✉ ❡ ❞ ② ❝ ❤ ♥ ➙ ♥ ② ❞ ♦ ❜➦ ❡✳
❈ ♦ ✈➨ ❛ ❦ ♣ ❡ ♥ ③ ❡ ✈✐ ✉ ❧ ♥ ❄ ➎✐❥ ❡ ♠ ❡ ✈ ② ♠ ✉ ❝ ❡ ♥ ❧ ♥ ❤ ♦ ❜ ❛ ♥ ❦ ♦ ✈ ♥✐ ❝ ✈ ❛ ③ ✈✳ ❡❧ ❛ ✲
✐ ❝ ❦ ❝ ❤ ♣ ❡ ♥ ➙ ③✱ ❦ ❞ ② ❦ ❛ ➸ ❞ ♣ ➲❥ ↔ ❦ ❛ ✉ ❞ ➙❧ ❡ ♥ ❜ ❛ ♥ ❦ ♦ ✈ ♥ ♠ ✉ ❜❥ ❡ ❦ ❡ ♠ ✈❧ ❛ ♥ ➙ ③ ♥ ❛ ♠ ❡ ♥

✈ ② ✈ ♦➦ ❡ ♥ ♥ ♦ ✈ ❝ ❤ ♣ ❡ ♥ ➙ ③ ✭ ❍ ❛ ♠ ♣❧✱ ✷ ✵ ✶ ✺✮✳ ❡ ♥ ③ ❡ ✈ ③ ♥✐ ❦ ❛❥ ♣ ➲❥ ↔ ♦ ✈ ♥ ♠ ❛ ③ ❛ ♥✐ ❦ ❛❥
♣❧ ❝ ❡ ♥ ♠✳ ➲❥ ↔ ✉❥ ❡ ❡ ♦ ✈➨ ❡ ♠ ♥ ❛ ♦ ❦ ❛ ♦ ③ ❞ ❧ ♠ ❡ ③✐ ♣ ➲❥ ↔ ❦ ♦ ✉ ❛ ♣❧ ❦ ♦ ✉ ③ ➲ ✈

❜ ❛ ♥ ❝ ❡✳ ❉❧ ♦ ✉ ❤ ♦ ❞ ♦ ❜ ➙ ❧ ③ ❡ ♣❧ ❝ ❡ ✈ ❝ ❡ ♥ ❡ ➸ ❡ ♣ ➲❥ ↔✐❧ ♦ ♣ ♦ ✉ ③ ❡ ❞ ❦ ② ♣ ➲ ❜ ➙ ➸ ♥ ✈ ♦ ❜ ➙ ❞ ❛❧✲
➨ ❝ ❤ ♣ ❡ ♥ ➙ ③✱ ❥ ❞ ❡ ❡ ❞ ② ✈ ❞ ➲ ❧ ❡ ❞ ❦ ✉ ♦ ❧ ❡ ❣ ❛❧✐ ③ ♦ ✈ ❛ ♥ ♣ ❛ ❞ ➙❧ ♥ ✐ ♣ ♦ ❦ ✉ ❞ ❥ ❞ ❡ ♦ ♦ ❜ ♦ ❤ ❛ ❝ ❡ ♥
♣ ❛ ❞ ➙❧ ❛ ❡❧ ❡✳

❉ ➲ ❧ ❡ ❞ ❦ ❡ ♠ ❥ ❡✱ ➸ ❡ ♣ ❛ ❦ ✐ ❝ ❦ ② ♥ ❡ ❡ ①✐ ✉❥ ❡ ❤ ♣ ♦ ❛ ✐ ♥ ✈ ❡ ✐ ❝✳ ◆ ❡ ❞ ♦ ❝ ❤ ③ ❦ ❡ ➦ ❡ ✉
♣ ♦ ♣ ✈ ❦ ② ♣ ♦ ♣ ❡ ♥ ➙ ③ ❝ ❤ ❛ ♥ ❛ ❜ ❞ ❦ ②✱ ♥ ❛ ❜ ❞ ❦ ❛ ❥ ❡ ♣ ❛ ❦ ✐ ❝ ❦ ② ♥ ❡ ♦ ♠ ❡ ③ ❡ ♥ ❛ ❝ ❡ ♥ ❛ ✭ ❝ ❡ ♥ ♦ ✉
♣ ➲❥ ↔ ❡ ♥ ♣ ❡ ♥ ➙ ③ ❥ ❡ ♦ ❦✮ ❥ ❡ ❛ ❜✐ ♥ ➙ ❛ ♥ ♦ ✈ ❡ ♥ ❛ ❝ ❡ ♥ ❧ ♥ ❜ ❛ ♥ ❦ ♦ ✉✳ ❡ ♥ ③ ❡ ❛ ❦ ♣ ❛ ❦✲
✐ ❝ ❦ ② ✈ ➲ ❜ ❡ ❝ ♥ ❡ ❧ ♦ ✉ ➸ ❦ ❡ ③ ♣ ♦ ➦ ❡ ❞ ❦ ♦ ✈ ♥ ➸ ♥ ❝ ❤ ❛ ♥ ❛ ❦ ❝ ✈ ↔ ❛ ❡✳

◆ ❛ ✈ ❝ ❥ ❡ ➦ ❡ ❜ ❛ ✐ ✉ ✈ ➙ ❞ ♦ ♠✐ ✱ ➸ ❡ ✉ ♠ ➙❧ ♠ ✈ ② ✈ ♦➦ ❡ ♥ ♠ ♥ ♦ ✈ ❝ ❤ ♣ ❡ ♥ ➙ ③ ♥ ❡ ✈ ③ ♥✐ ❦ ❛❥
➸ ❞ ♥ ❡ ❧ ♥ ❤ ♦ ❞ ♥ ♦ ②✳ ❑ ❞ ❡ ❡ ❡ ❞ ② ✈ ❡ ③ ♠ ♦ ✉ ❤ ♦ ❞ ♥ ♦ ②✱ ❦ ❡ ✐ ③ ♣ ➲❥ ↔ ❡ ♥ ❝ ❤ ♣ ❡ ♥ ➙ ③
♣ ♦➦ ❞ ♠ ❡ ❄ ▼ ✉ ❡ ♥ ❛ ♥ ➙ ❧ ♦ ➸✐ ✈➨✐ ❝ ❤ ♥✐ ♦ ❛ ♥ ✳ ◆ ❡ ❞ ♦ ❜ ♦ ✈ ♦❧ ♥ ➙✱ ❛ ♥✐ ➸ ❜ ② ③ ♦ ❤ ♦
♥ ➙ ❝ ♦ ♠ ➙❧✐ ✭ ♦ ❦ ② ❥ ❞ ♦ ✉ ♦ ✐ ➸ ❜ ❛ ♥ ❦ ♠✮✳ ❙ ♠ ♦ ✉ ✈✐ ❢ ♦ ♠ ❧ ♥ ♥ ❛ ✉➨ ❡ ♥ ♦ ✈ ♥ ♦ ✐

♣ ♦ ❛ ✐ ♥ ✈ ❡ ✐ ❝✳ ❘ ❡ ❧ ♥ ➙ ♥ ❡❧ ③ ❡ ✐ ♥ ✈ ❡ ♦ ✈ ❛ ✈ ❝ ❡✱ ♥ ❡ ➸ ❡ ✈ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❡ ✉ ♣ ♦➦ ✱ ❛ ✈➨ ❛ ❦
✐ ♥ ✈ ❡ ✐ ❝ ❡ ❥ ♦ ✉ ✈ ❡ ③ ♥ ❛ ↔ ♥ ♠ ➦ ❡ ♣❧ ❛ ❝ ❡ ♥ ② ③ ♥ ♦ ✈ ➙ ✈ ② ✈ ♦➦ ❡ ♥ ❝ ❤ ♣ ❡ ♥ ➙ ③ ✭ ✈➨ ❡ ❝ ❤ ♥ ② ✐ ♥ ✈ ❡ ✐ ❝ ❡✱
♥ ❛ ❦ ❡ ✐ ♣ ➲❥ ↔ ♠ ❡ ✈ ❜ ❛ ♥ ❝ ❡✮✳ ❚ ② ♦ ♥ ♦ ✈ ➙ ✈ ② ✈ ♦➦ ❡ ♥ ♣ ❡ ♥ ③ ❡ ♣➦✐ ♦ ③ ❡ ♥ ➙ ♥ ❡ ✜ ❣ ✉ ✉❥
❥ ❛ ❦ ♦ ➸ ♦ ♣ ♦ ② ♥ ➙❥ ❛ ❦ ❤ ♦ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ❤ ♦ ✉ ❜❥ ❡ ❦ ✉✱ ✈ ② ✈ ➦ ❡ ❛ ❦ ③ ❞ ♥ ✱ ➸ ❡ ❜ ②❧ ♦
✐ ♥ ✈ ❡ ♦ ✈ ♥ ♦ ✈ ❝ ❡✱ ♥ ❡ ➸ ❡ ✉ ♣ ♦➦✐❧ ♦✳ ❏ ❡ ❡ ❞ ② ➦ ❡ ❜ ❛ ♠ ♥ ❛ ③➦ ❡ ❡❧✐ ♠ ❡ ♦ ❞✐ ❦ ✉ ♠ ➙➦ ❡ ♥
❛ ③ ❞ ♦❥ ❡ ❞ ❛ ✱ ❦ ❡ ♣➦✐ ❛ ♣❧✐ ❦ ❛ ❝ ❡ ❦ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❦ ❝ ❤ ♠ ♦ ❞ ❡❧ ➲ ♣ ♦ ✉ ➸ ✈ ♠ ❡✳

❏ ❡ ❧✐ ➸ ❡ ❡ ❞ ② ♣ ❛ ❦ ✐ ❝ ❦ ② ♥ ❡ ❡ ①✐ ✉❥ ❡ ❤ ♣ ♦ ❛ ✐ ♥ ✈ ❡ ✐ ❝✱ ✈ ② ✈ ✈ ♦ ③ ❦ ❛ ✈ ❛❧✐ ❞✐ ②
♠ ♦ ❞ ❡❧ ➲✱ ❦ ❡ ♦ ✉ ♦ ♦ ✈ ♥ ♦ ✐ ♦ ♣ ❡ ✉❥ ↔✐ ③ ♥ ♣➦ ♠ ♦ ✈ ② ❝ ❤ ③ ✳ ❚ ❛ ❦ ♦ ✈ ♠ ♠ ♦ ❞ ❡❧ ❡ ♠
❥ ❡ ✐ ◆ ♦ ✈ ❑ ❡ ② ♥ ❡ ✐ ♥ ❦ ❉ ❙ ● ❊ ♠ ♦ ❞ ❡❧ ♣ ❡ ③ ❡ ♥ ♦ ✈ ❛ ♥ ✈ ❦ ❛ ♣✐ ♦❧ ❡ ✹✳

✷✳ ✷ ❖ ↔✐ ➨ ➙ ♥ ♦ ✐ ♥ ✢ ❛ ❝✐

❉ ❛ ❛ ❥ ♦ ✉ ↔ ❛ ♦ ✉ ✈ ❞ ➙ ♥ ❛ ✈ ♦ ✉ ↔ ❛ ♥ ❝ ❤ ❝ ❡ ♥ ❝ ❤✱ ✈ ♥✐ ❝ ❤ ➸ ❥ ❡ ♦ ❜ ❛ ➸ ❡ ♥ ❛ ➸ ✐ ♥ ✢ ❛ ❝ ❡✳
❱③ ❛ ❤ ♠ ❡ ③✐ ♣ ❡ ♥ ➙ ➸ ♥ ❛ ❡ ❧ ♥ ♦ ✉ ❤ ♦ ❞ ♥ ♦ ♦ ✉ ❛ ❦ ♥ ❡ ♥ ❦ ♦ ♥ ❛ ♥ ♥ ✳ ❖ ❜ ② ↔ ❡❥ ♥ ➙ ♣ ♦ ♦ ♣➦✐✲

✉ ♣ ✉❥ ❡ ♠ ❡ ❦ ♦ ↔✐➨ ➙ ♥ ❞ ❛ ♦ ✐ ♥ ✢ ❛ ❝✐✳ ➦✐ ♦ ♠ ✈➨ ❛ ❦ ✈ ② ✈ ✈ ♦ ③ ❦ ❛ ❥ ❛ ❦ ✐ ♥ ✢ ❛ ❝✐ ✈❧ ❛ ♥ ➙
♣ ♦ ↔ ❛ ✳ ❯ ❧✐❧ ② ❡ ❞ ✈ ➙ ❦ ♦ ♥ ✈ ❡ ♥ ↔ ♥ ♠ ♦ ➸ ♥ ♦ ✐✿

✷ ✶



■ ♥ ❞ ❡ ① ♣ ♦ ➦ ❡ ❜✐ ❡❧ ❦ ❝ ❤ ❝ ❡ ♥ ✭ ❈ ■ ✲ ❝ ♦ ♥ ✉ ♠ ❡ ♣ ✐ ❝ ❡ ✐ ♥ ❞ ❡ ①✶ ✮ ❥ ❡ ♣ ♦ ✉ ➸ ✈ ♥ ✈ ➙ ✲
➨✐ ♥ ♦ ✉ ❝ ❡ ♥ ❧ ♥ ❝ ❤ ❜ ❛ ♥ ❦✱ ✈ ↔ ❡ ♥ ➙ ❷ ◆ ❇ ✭ ❍ ♦ ♠ ❞ ❦ ♦ ✈ ✱ ✷ ✵ ✶ ✺✮✳ ■ ♥ ❞ ❡ ① ❥ ❡ ③ ❛❧ ♦ ➸ ❡ ♥ ♥ ❛ ❝ ❡ ♥ ➙
♣ ♦ ➦ ❡ ❜ ♥ ❤ ♦ ❦ ♦➨ ❡✱ ♣➦✐ ↔ ❡ ♠ ➸ ♣ ✈ ➙ ✈ ♦❧ ❜ ❛ ♦ ❤ ♦ ♦ ❦ ♦➨ ❡ ❥ ❡ ❦❧ ↔ ♦ ✈ ✳ ❏ ❡❧✐ ❦ ♦ ➸ ♣ ♦ ➦ ❡ ❜ ♥

❦ ♦➨ ♣ ♦ ✈ ♣ ♦ ↔ ❡ ❈ ■ ② ♣✐ ❝ ❦ ② ♦ ❜ ❛ ❤ ✉❥ ❡ ♣ ♦ ➦ ❡ ❜ ♥ ③ ❜ ♦ ➸ ✱ ♥ ❡ ♣ ♦ ✐ ❤ ✉❥ ❡ ❡ ♥ ♦ ✐ ♥ ❞ ❡ ①
❞ ♦ ❜➦ ❡ ③ ♠ ➙ ♥ ② ❝ ❡ ♥ ✈ ♣ ➲ ♠ ② ❧ ✉✳ ❩ ♣ ♦ ❤❧ ❡ ❞ ✉ ❛ ♥ ❛❧ ③ ② ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ❤ ♦ ❝ ② ❦❧ ✉ ♣ ❛ ❦ ♠ ➲ ➸ ❡
❜ ♣ ♦ ❞ ❛ ♥ ✱ ❥ ❛ ❦ ♠ ③ ♣ ➲ ♦ ❜ ❡ ♠ ❦ ♦➨ ③ ♦ ❤❧ ❡ ❞ ➡ ✉❥ ❡ ♥ ❦❧ ❛ ❞ ② ♥ ❛ ❜ ② ❞❧ ❡ ♥ ✳ ❚ ② ♣✐ ❝ ❦ ② ♦ ✐ ➸
✭ ✈ ↔ ❡ ♥ ➙ ❯ ❙ ❆ ❛ ❷ ❘✮ ♣ ♦ ➦ ❡ ❜ ♥ ❦ ♦➨ ♣ ♦ ↔ ❝ ❡ ♥ ❛ ♠✐ ♥ ❥ ♠ ➲ ♥ ❛ ♠ ♦ ❝ ❡ ♥ ♥ ❡ ♠ ♦ ✈✐✲
♦ ✭ ❋ ❆ ◗ ✭ ✷ ✵ ✶ ✻✮✱ ❷ ❙ ✭ ✷ ✵ ✶ ✻✮✮✳ ❈ ❡ ♥ ② ♥ ❥ ♠ ➲ ❥ ♦ ✉ ✈➨ ❛ ❦ ✈ ↔ ❛ ❡ ✈ ❛ ③ ♥ ➙ ❛ ❜✐❧ ♥ ➙❥➨

❛ ♥ ❡ ❡ ❛ ❣ ✉❥ ❛ ❦ ✈ ❛ ③ ♥ ➙ ♥ ❛ ✐ ✉ ❛ ❝✐ ♥ ❛ ❤ ✉ ❤ ② ♣ ♦ ❦✱ ♣ ♦ ❛ ➸ ♠ ♦ ♥ ❛ ♦ ❦ ♦ ✈ ♦ ✉ ♠ ✉
❛ ♥ ♦ ✈ ❡ ♥ ♦ ✉ ❝ ❡ ♥ ❧ ♥ ❜ ❛ ♥ ❦ ♦ ✉✳

❙✐ ✉ ❛ ❝ ❡ ❥ ❡ ❥ ❡➨ ➙ ❦ ♦ ♠ ♣❧✐ ❦ ♦ ✈ ♥ ❛ ③ ♣ ♦ ➸ ❞ ➙ ♥ ♠ ✈❧✐ ✈ ✉ ❛ ③ ❡ ❜ ❛ ♥ ♦ ✈ ❡ ♥ ❝ ❤ ❝ ❡ ♥ ❧ ♥
❜ ❛ ♥ ❦ ♦ ✉ ♥ ❛ ❡ ❧ ♥ ♦ ✉ ❡ ❦ ♦ ♥ ♦ ♠✐ ❦ ✉ ❛ ❞ ❛❧➨ ♠✐ ✈❧✐ ✈ ②✱ ✈ ③ ❛ ❤ ♠ ❡ ③✐ ❝ ❡ ♥ ❛ ♠✐ ♥ ❡ ♠ ♦ ✈✐ ♦
❛ ♦ ❦ ♦ ✈ ♠✐ ❛ ③ ❜ ❛ ♠✐ ❛ ❦ ♥ ❡ ♠ ✉ ❜ ③➦ ❡❥ ♠ ✱ ♦ ✈➨ ❡ ♠ ❦ ✉ ❡ ↔ ♥ ♦ ✱ ➸ ❡ ❡ ♥ ➲ ❝ ❡ ♥
♥ ❡ ♠ ♦ ✈✐ ♦ ♥ ❡ ♣ ♦ ♠ ③ ❝ ❡❧ ❛ ❞ ♦ ❝ ❡ ♥ ♥ ❥ ♠ ➲ ③ ♦ ❜ ③ ❦ ✉ ✷✳ ✶ ✷ ③➦ ❡❥ ♠ ❥ ❡✿

❖ ❜ ③ ❡ ❦ ✷✳ ✶✿ ❱ ✈ ♦❥ ❝ ❡ ♥ ♥ ❥ ♠ ➲ ❛ ♣ ♦ ❞ ❛ ♥ ❝ ❤ ♥ ❡ ♠ ♦ ✈✐ ♦

❱ ♦ ✉ ✈✐ ❧ ♦ ✐ ♣ ♦ ✉ ➸ ✈ ♥ ♠ ✐ ♥ ❞ ❡ ① ✉ ❈ ■ ❥ ❡ ✈ ❤ ♦ ❞ ♥ ✉ ✈ ❥ ❡➨ ➙ ❥ ❡ ❞ ❡ ♥ ♠ ♦ ➸ ♥
♣ ♦ ❜❧ ♠ ♣➦✐ ❛ ♣❧✐ ❦ ❛ ❝✐ ♠ ♦ ♥ ❡ ♥ ♣ ♦❧✐ ✐ ❦ ② ❝ ❡ ♥ ❧ ♥ ❝ ❤ ❜ ❛ ♥ ❦✳

❍ ② ♣ ♦ ③ ❛✿ ❘ ➲ ❡ ❧ ♥ ❤ ♦ ❍ ❉ ✈ ② ✈ ♦❧ ❛ ♥ ♣ ♦ ❦❧ ❡ ❡ ♠ ♦ ❦ ♦ ✈ ❝ ❤ ❛ ③ ❡ ❜ ❥ ❡ ✭ ↔ ✲
❡ ↔ ♥ ➙✮ ✐❧ ✉ ③ ♦ ♥ ✳

❚ ♦ ✐ ➸✱ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ❡ ♦ ✐ ❡ ➦ ❦ ✱ ➸ ❡ ♣ ♦ ❦❧ ❡ ♦ ❦ ♦ ✈ ♠ ② ✈ ❡ ❞ ❡ ❦ ♥ ➲ ✉ ♦ ❜❥ ❡ ♠ ✉
❤ ② ♣ ♦ ❦ ❛ ♦ ❜ ❡ ❝ ♥ ➙ ✐ ♥ ✈ ❡ ✐ ❝ ✜ ♥ ❛ ♥ ❝ ♦ ✈ ❛ ♥ ❝ ❤ ♥ ❛ ❞❧ ✉ ❤✳ ❚ ♦ ③ ♥ ❛ ♠ ❡ ♥ ♥ ➲ ♣ ♦ ♣ ✈ ❦ ②
♣ ♦ ♥ ❡ ♠ ♦ ✈✐ ♦ ❡ ❝ ❤✱ ♦❥ ♥ ♠ ✈ ② ❜ ❛ ✈ ❡ ♥ ❛ ♣ ♦ ❞ ♦ ❜ ♥ ➙✳ ♦ ♣ ✈ ❦ ❛ ❤ ♥ ❡ ➲ ❝ ❡ ♥ ✈ ➙ ❝ ❤ ♦

✶ ❤ ♣ ✿ ✴ ✴ ❡ ❡ ❛ ❝ ❤ ✳ ❧ ♦ ✉ ✐ ❢ ❡ ❞ ✳ ♦ ❣ ✴ ❢ ❡ ❞ ✷ ✴ ❡ ✐ ❡ ✴ ❈ ■ ❆ ❯ ❈ ◆ ❙
✷ ❊ ✛ ❡ ❝ ✐ ✈ ❡ ❋❡ ❞ ❡ ❛❧ ❋ ✉ ♥ ❞ ❘ ❛ ❡

❤ ♣ ✿ ✴ ✴ ❡ ❡ ❛ ❝ ❤ ✳ ❧ ♦ ✉ ✐ ❢ ❡ ❞ ✳ ♦ ❣ ✴ ❢ ❡ ❞ ✷ ✴ ❡ ✐ ❡ ✴ ❋ ❊ ❉ ❋ ❯ ◆ ❉ ❙ ✱
✉ ❝ ❤ ❛ ❡ ❖ ♥❧ ② ❍ ♦ ✉ ❡ ✐ ❝ ❡ ■ ♥ ❞ ❡ ①

❤ ♣ ✿ ✴ ✴ ❡ ❡ ❛ ❝ ❤ ✳ ❧ ♦ ✉ ✐ ❢ ❡ ❞ ✳ ♦ ❣ ✴ ❢ ❡ ❞ ✷ ✴ ❡ ✐ ❡ ✴ ❍ ■ ❖ ◆ ▼ ✷ ✷ ✻ ◆ ✱
❘ ❡ ♥ ♦❢ ♣ ✐ ♠ ❛ ② ❡ ✐ ❞ ❡ ♥ ❝ ❡
❤ ♣ ✿ ✴ ✴ ❡ ❡ ❛ ❝ ❤ ✳ ❧ ♦ ✉ ✐ ❢ ❡ ❞ ✳ ♦ ❣ ✴ ❢ ❡ ❞ ✷ ✴ ❡ ✐ ❡ ✴ ❈ ❯ ❙ ❘ ✵ ✵ ✵ ✵ ❙ ❊ ❍ ❆ ✳

✷ ✷
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https://research.stlouisfed.org/fred2/series/CUSR0000SEHA


♦ ❞ ✈ ➙ ✈ ❝ ❤✱ ❦ ❡ ♦ ✈➨ ❡ ♠ ♥ ❡ ♥ ③ ♦ ❤❧ ❡ ❞ ♥ ➙ ♥ ✈ ✐ ♥ ✢ ❛ ↔ ♥ ♠ ✐ ♥ ❞ ❡ ① ✉ ❈ ■✳ ❚❡ ♥ ❜ ❡ ❡ ✈ ♣ ♦ ❛ ③
♣ ♦ ✉ ③ ❡ ♣ ♦ ➦ ❡ ❜ ♥ ③ ❜ ♦ ➸ ❛ ♥ ❡ ❝ ❡ ♥ ② ✐ ♥ ✈ ❡ ✐ ❝✳ ◆ ♦ ♠✐ ♥ ❧ ♥ ➙ ❡ ✈➨ ❛ ❦ ❡ ♥ ♦ ♥ ➲ ❝ ❡ ♥
✈ ❍ ❉ ♦ ❜❥ ❡ ✈ ✳

◆ ♦ ♠✐ ♥ ❧ ♥ ❍ ❉ ❡ ❞ ② ♦ ❡ ✈ ❞ ➲ ❧ ❡ ❞ ❦ ✉ ♥ ➲ ✉ ❝ ❡ ♥ ✈ ✉ ↔✐ ❝ ❤ ♦ ❞ ✈ ➙ ✈ ❝ ❤✱ ❛ ✈➨ ❛ ❦
❡ ♥ ♦ ♥ ➲ ❝ ❡ ♥ ♥ ❡ ♥ ❞ ♦ ❛ ❡ ↔ ♥ ➙ ❡ ✢ ❡ ❦ ♦ ✈ ♥ ❝ ❡ ♥ ♦ ✈ ♠ ✐ ♥ ❞ ❡ ① ❡ ♠✳ ❉ ♦ ♣ ♦ ↔ ❡ ♥ ➲
❡ ❧ ♥ ❤ ♦ ❍ ❉ ♥ ❛ ③ ❦❧ ❛ ❞ ➙ ❈ ■ ❥ ❡ ❛ ❦ ♠✐ ♥✐ ♠ ❧ ♥ ➙ ③ ↔ ✐ ✐❧ ✉ ③ ♦ ♥ ✳ ❏ ❡ ❞ ❡ ❢ ❛ ❝ ♦ ✈ ❧ ❡ ❞✲

❦ ❡ ♠ ♥ ❡ ③ ♦ ❤❧ ❡ ❞ ♥ ➙ ♥ ✐ ♥ ✢ ❛ ❝ ❡ ✈ ❡ ❦ ♦ ✉ ✐ ♥ ✈ ❡ ✐ ❝✱ ❦ ❡ ✈ ❡ ❦ ✉ ❡ ↔ ♥ ♦ ✐ ♦ ❡ ✭ ❛❧ ❡ ♣ ♦ ➡
③ ↔ ✐✮ ❥ ❡ ♥ ♥ ♦ ♠✐ ♥ ❧ ♥ ➙✳

❙ ❛ ✐ ✐ ❝ ❦ ♣ ♦ ❦ ③ ♥ ✉ ✈ ❡ ❞ ❡ ♥ ❤ ② ♣ ♦ ③ ② ❥ ❡ ♥ ❛ ❞ ♠ ❡ ❝ ♦ ♣ ❝ ❡✱ ❡ ♦ ❡ ✐ ❝ ❦
③ ❞ ➲ ✈ ♦ ❞ ♥ ➙ ♥ ✈➨ ❛ ❦ ♣ ♦ ✈ ❛ ➸ ✉❥✐ ③ ❛ ✈ ❡❧ ♠✐ ♦ ❜ ✉ ♥ ❥ ❛ ❦ ❦ ♦ ♥ ❦ ♥ ➙✱ ❛ ❦ ♦ ❜ ❡ ❝ ♥ ➙✳ ❏ ❡ ❞ ♥
❡ ✈ ❡ ✈ ♣ ♦ ❞ ❛ ➙ ♦ ❛ ♣❧✐ ❦ ❛ ❝✐ ▲ ✉ ❝ ❛ ♦ ✈ ② ❦ ✐ ✐ ❦ ② ✐ ● ♦ ♦ ❞ ❤ ❛ ♦ ✈ ❛ ③ ❦ ♦ ♥ ❛✳ ❚ ♦ ✐ ➸✱ ③ ♠ ➙✲

♥ ❛ ♦ ❦ ♦ ✈ ❝ ❤ ❛ ③ ❡ ❜ ✈ ② ✈ ♦❧ ✈ ❦ ✈ ❛❧✐ ❛ ✐ ✈ ♥ ③ ♠ ➙ ♥ ✉ ✈ ❡ ✉ ❦ ✉➦ ❡ ❡ ❦ ♦ ♥ ♦ ♠✐ ❦ ② ✭ ♣➦ ❡ ✉ ♥
♠ ❡ ③✐ ♣ ♦ ➦ ❡ ❜ ♦ ✉ ❛ ✐ ♥ ✈ ❡ ✐ ❝ ❡ ♠✐✮✱ ✈ ♦ ✉❧ ❛ ❞ ✉ ▲ ✉ ❝ ❛ ♦ ✈ ♦ ✉ ❦ ✐ ✐ ❦ ♦ ✉ ❜ ② ♣ ♦ ♦ ❞ ❤ ❛ ❞ ❞ ♦ ♣ ❛✲
❞ ➲ ❛ ❦ ♦ ✈ ③ ♠ ➙ ♥ ② ♥ ❡ ♠ ➙❧ ❜ ♣ ♦ ✉ ➸ ✈ ♥ ♠ ♦ ❞ ❡❧ ♦ ❞ ❤ ❛ ❞ ♥ ✉ ♥ ❛ ❞ ❛ ❡ ❝ ❤ ♣➦ ❡ ❞ ❛ ❦ ♦ ✈ ♦ ✉
③ ♠ ➙ ♥ ♦ ✉✳ ● ♦ ♦ ❞ ❤ ❛ ➲ ✈ ③ ❦ ♦ ♥ ♣ ❛ ❦ ➦ ❦ ✱ ➸ ❡ ❝ ❧ ♥ ❡ ♥ ❞ ♦ ❜ ♠ ♠ ➙➦ ❦ ❡ ♠✱ ❝ ♦ ➸ ❡ ③ ❞ ❡
♣➦ ❡ ♥ ➙ ✉ ❦ ❛ ③ ✉❥ ❡✳ ❈ ❧ ❡ ✲ ➲ ✉ ❍ ❉ ✲ ❥ ❡ ↔ ❡ ♥ ➙ ❞ ♦ ❛ ➸ ❡ ♥ ♦ ✐ ♥ ✢ ❛ ❝ ✈ ❡ ❦ ♦ ✉✱ ❦ ❡
❥ ❡ ✈ ②❥ ♠ ✉ ③ ✈ ♣ ♦ ↔ ✉ ✐ ♥ ✢ ❛ ↔ ♥ ❤ ♦ ✐ ♥ ❞ ❡ ① ✉✱ ❛ ♥✐ ➸ ❜ ② ❡ ❡ ❧ ♥ ♣ ♦ ❞ ✉ ❦ ❝ ❡ ✈ ➲ ❜ ❡ ❝ ♠ ✉ ❡❧ ❛
③ ♠ ➙ ♥✐ ✳

❍ ❉ ❞ ❡ ✢ ♦ ✸ ♦ ♣ ♦ ✐ ❈ ■ ♣ ♦ ↔ ❝ ❡ ♥ ❛ ♠✐ ✈ ❡➨ ❦ ❡ ❤ ♦ ③ ❜ ♦ ➸ ✈ ② ♦ ❜ ❡ ♥ ❤ ♦
♥ ❛ ❞ ❛ ♥ ♠ ③ ❡ ♠ ✳ ✒ ❙ ♣ ♦ ➦ ❡ ❜ ♥ ❦ ♦➨✏ ❡ ❞ ② ♦ ❜ ❛ ❤ ✉❥ ❡ ✈➨ ❡ ❛ ♠ ➙ ♥ ❡ ♦ ❦ ♦ ❞ ♦ ❦ ✉ ✈ ③ ✲
✈✐ ❧ ♦ ✐ ♥ ❛ ❛ ❦ ✉ ❧ ♥ ♣ ♦ ❞ ✉ ❦ ❝✐✳ ◆ ❛ ❞ ✉ ❤ ♦ ✉ ❛ ♥ ✉ ✈➨ ❛ ❦ ❍ ❉ ❞ ❡ ✢ ♦ ♦ ♣ ♦ ✐ ❈ ■
❜ ❡ ❡ ✈ ♣ ♦ ❛ ③ ♣ ♦ ✉ ③ ❡ ❝ ❡ ♥ ② ❞ ♦ ♠ ❝ ❝ ❤ ♣ ♦ ❞ ✉ ❦ ➲ ❛ ✐ ❣ ♥ ♦ ✉❥ ❡ ❝ ❡ ♥ ② ✐ ♠ ♣ ♦ ♦ ✈ ❛ ♥ ❤ ♦ ③ ❜ ♦ ➸
✭ ❦ ❡ ✈➨ ❛ ❦ ♠ ♦ ❤ ♦ ✉ ❜ ♣ ♦ ❞ ♦ ♣ ❛ ❞ ♥ ❛ ♥ ❛➨ ❡ ♣ ❡ ♥ ➙ ➸ ❡ ♥ ❦ ② ✈ ❡❧ ♠✐ ✈ ③ ♥ ❛ ♠ ♥ ✮✳ ➦✐ ♦ ♠
③ ♠ ➙ ♥ ② ❡ ① ♣ ♦ ♥ ❜✐❧ ❛ ♥ ❝ ❡ ❜ ②❧ ② ✈ ❯ ❙ ❆ ✈ ❡ ❧ ❡ ❞ ♦ ✈ ❛ ♥ ♠ ♦ ❜ ❞ ♦ ❜ ✭ ✶ ✾ ✼ ✶✲ ✷ ✵ ✶ ✹✮ ✈ ❡❧ ♠✐ ♣ ♦ ❞✲

❛ ♥ ✳ ❱ ❝ ❡ ✈✐ ③ ❈ ❤ ✉ ❝ ❤ ✭ ✷ ✵ ✶ ✻✮✳

❱✐ ❞ ♠ ❡✱ ➸ ❡ ❛ ♥✐ ❥ ❡ ❞ ♥ ❛ ③ ❡ ❛ ♥ ❞ ❛ ❞ ♥ ❝ ❤ ♠ ❡ ♦ ❞ ♥ ❡ ♥ ✐ ❞ ❡ ❧ ♥ ✳
❆❧ ❡ ♥ ❛ ✐ ✈ ♥ ♠ ♣➦ ✉ ♣ ❡ ♠ ❜ ② ❜ ②❧ ♦ ❧ ❡ ❞ ♦ ✈ ♥ ③ ♠ ➙ ♥ ✈ ♣ ❡ ♥ ➙ ➸ ♥ ③ ♦ ❜ ➙ ✱ ❦ ❞ ② ✐ ♥✲

✢ ❛ ❝✐ ❞ ♦ ♣ ♦ ↔ ♠ ❡ ③ ♣ ♦ ♠ ➙ ✉ ♦ ✉ ↔ ❛ ♥ ❤ ♦ ❛ ♠✐ ♥ ✉❧ ❤ ♦ ♦ ❜❥ ❡ ♠ ✉ ♣ ❡ ♥ ➙ ➸ ♥ ③ ♦ ❜ ②✿

( 1 + π t ) =
Y t

Y t− 1

M t

M t− 1

,

❦ ❞ ❡ π ❥ ❡ ✐ ♥ ✢ ❛ ❝ ❡✱ Y ❡ ❧ ♥ ♣ ♦ ❞ ✉ ❦ ❝ ❡ ✭ ❍ ❉ ✮ ❛ M ♣ ❡ ♥ ➙ ➸ ♥ ③ ♦ ❜ ❛✳
❚ ❛ ❦ ♦ ✈ ♠ ❡ ♦ ❞ ❛ ✈➨ ❛ ❦ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❞ ❦ ♦ ♥ ❛ ♥ ♥ ② ❝ ❤❧ ♦ ♦ ❜ ➙ ❤ ✉ ♣ ❡ ♥ ➙ ③ ✭ ❝ ♦ ➸ ❥ ❡ ♣➦ ❡ ❞✲

♣ ♦ ❦❧ ❛ ❞ ♣ ♦ ❜❧ ❡ ♠ ❛ ✐ ❝ ❦ ✱ ♥ ❛ ♣➦✳ ✈ ❡ ③ ♠ ❡ ♠ ❡✲❧✐ ✈ ♣ ♦ ❛ ③ ♥ ✉ ♣ ❤ ♦ ♣ ♦ ❞ ➦ ❦ ❦ ✐ ③ ❡✮ ❛ ❥ ❡ ➦ ❡✲
❜ ❛ ③ ♥ ➸ ✭ ❡ ❧ ♥ ✮ ❤ ♦ ♣ ♦ ❞ ➦ ❦ ➲ ✭ ❦ ❥ ❡ ❤ ♦ ➸ ✈ ♣ ♦ ↔ ✉ ❥ ❡ ➦ ❡ ❜ ❛ ❥✐ ♥ ♠ ❡ ♦ ❞ ②✮✳
❱③ ❤❧ ❡ ❞ ❡ ♠ ❦ ❡ ③➦ ❡❥ ♠ ♠ ✉ ✈ ③ ❛ ❤ ✉ ♠ ❡ ③✐ ✐ ♥ ✢ ❛ ❝ ✱ ❡ ❧ ♥ ♠ ❤ ♦ ♣ ♦ ❞ ➦ ❦ ♠ ➲ ❡ ♠ ❛ ➲ ✲
❡ ♠ ♥ ♦ ♠✐ ♥ ❧ ♥ ♠ ✭ ❦ ❡ ③ ♥ ♠ ❡✮ ❜ ② ❝ ❤ ♦ ♠ ✈➨ ❛ ❦ ✉ ❦ ✉ ✈ ✉ ❝ ❡ ❡ ③ ♥ ❛❧ ♦ ❡ ❧ ♥ ❤ ♦
➲ ✉ ♦ ❜ ❞ ➸ ❡❧✐ ✐ ③ ♥ ❛❧ ♦ ✐ ♥ ✢ ❛ ❝ ❡ ❛ ♠ ❡ ♦ ❞ ❛ ❜ ② ♣ ❛ ❦ ♥ ❡ ❜ ②❧ ❛ ♣ ♦ ➦ ❡ ❜ ♥ ✳ ❇ ✉ ❞ ❡ ♠ ❡ ✐ ❡ ❞ ②

♠ ✉ ❡ ✈ ② ❛ ↔✐ ❡ ❞ ✈ ➙ ♠ ❛ ♥ ❡❥ ❜ ➙ ➸ ♥ ➙❥➨ ♠✐ ♣➦ ✉ ♣ ②✿ ❍ ❉ ❞ ❡ ✢ ♦ ❡ ♠ ❛ ❈ ■✳

✸ ❤ ♣ ✿ ✴ ✴ ❡ ❡ ❛ ❝ ❤ ✳ ❧ ♦ ✉ ✐ ❢ ❡ ❞ ✳ ♦ ❣ ✴ ❢ ❡ ❞ ✷ ✴ ❡ ✐ ❡ ✴ ❯ ❙ ❆ ● ❉ ❉ ❊ ❋ ❆ ■ ❙ ▼ ❊ ■

✷ ✸

https://research.stlouisfed.org/fred2/series/USAGDPDEFAISMEI


✸✳ ❑❧ ❡✐ ♥ ➲ ✈ ♠ ♦ ❞ ❡❧ ■

✈ ♥ ❑❧ ❡✐ ♥ ➲ ✈ ♠ ♦ ❞ ❡❧ ♣ ♦ ❝ ❤ ③ ③ ♦ ❦ ✉ ✶ ✾ ✺ ✵ ❛ ❛ ♥ ❛❧ ② ③ ✉❥ ❡ ♦ ↔ ♥ ❞ ❛ ❛ ✈ ♦ ③ ♠ ❡ ③ ❧ ❡
✶ ✾ ✷ ✶✲ ✶ ✾ ✹ ✶ ♥ ❛ ③ ❡ ♠ ❙ ♣ ♦❥ ❡ ♥ ❝ ❤ ❙ ➲ ✭ ❑❧ ❡✐ ♥ ✭ ✶ ✾ ✺ ✵✮✱ ♥ ❧ ❡ ❞ ♥ ➙ ■ ♥ ✐❧✐ ❣ ❛ ♦ ✭ ✶ ✾ ✼ ✽✮✱
● ❡ ❡ ♥ ❡ ✭ ✷ ✵ ✵ ✸✮✮✳ ❏ ❞ ❡ ❡ ❞ ② ♦ ♣ ♦ ♠ ➙ ♥ ➙ ♠ ❛❧ ♠ ♦ ❞ ❡❧ ✭ ❦ ❛ ➸ ❞ ♣ ♦ ♠ ➙ ♥ ♥ ♣ ➲ ✈ ♦ ❞ ♥ ➙ ♦ ❜✲
❛ ❤ ♦ ✈ ❛❧ ❛ ❥ ❡ ♥ ✷ ✵ ♣ ♦ ③ ♦ ♦ ✈ ♥ ✮✳ ❑❧ ❡✐ ♥ ♥ ❧ ❡ ❞ ♥ ➙ ♣ ✉ ❜❧✐ ❦ ♦ ✈ ❛❧ ❞ ❛❧➨ ✭ ♦ ③➨✐➦ ✉❥ ❝ ✮ ♠ ♦ ❞ ❡❧ ②✱
❡ ♥ ♦ ❡ ♦ ❜ ❡ ❝ ♥ ➙ ♦ ③ ♥ ❛ ↔ ✉❥ ❡ ❥ ❛ ❦ ♦ ❑❧ ❡✐ ♥ ➲ ✈ ♠ ♦ ❞ ❡❧ ■ ✳

✸✳ ✶ ❋ ♦ ♠ ✉❧ ❛ ❝ ❡ ❛ ❡ ♦ ❡ ✐ ❝ ❦ ❛ ♥ ❛❧ ③ ❛ ♠ ♦ ❞ ❡❧ ✉

❯ ❦ ❛ ③ ✉❥ ❡ ❡✱ ➸ ❡ ✈ ❡ ❢ ♦ ♠ ✉❧ ❛ ❝✐ ♠ ♦ ❞ ❡❧ ✉ ❥ ❡ ❥✐ ♦ ③ ❞ ❧ ✈ ③ ❛ ❝ ❤ ② ❝ ❡ ♥ ❞ ❛ ♥ ❛ ❡ ① ♣ ♦ ✉✳
▼ ② ❢ ♦ ♠ ✉❧ ✉❥ ❡ ♠ ❡ ♠ ♦ ❞ ❡❧ ❡❥ ♥ ➙ ❥ ❛ ❦ ♦ ● ❡ ❡ ♥ ❡ ✭ ✷ ✵ ✵ ✸✮✳

❊ ♥ ❞ ♦ ❣ ❡ ♥ ♥ ♣ ♦ ♠ ➙ ♥ ♥ ♠ ♦ ❞ ❡❧ ✉✿

C t ❙ ♣ ♦ ➦ ❡ ❜ ❛ ✭❝ ♦ ♥ ✉ ♠ ♣ ✐ ♦ ♥✮

I t ■ ♥ ✈ ❡ ✐ ❝ ❡ ✭✐ ♥ ✈ ❡ ♠ ❡ ♥ ✮

W P
t ✐ ✈ ♥ ♠ ③ ❞ ② ✭ ♣ ✐ ✈ ❛ ❡ ✇ ❛ ❣ ❡ ✮

X t ❘ ♦ ✈ ♥ ♦ ✈ ➸ ♥ ♣ ♦ ♣ ✈ ❦ ❛ ✭ ❡ ✉✐❧✐ ❜ ✐ ✉ ♠ ❞ ❡ ♠ ❛ ♥ ❞ ✮

P t ✐ ✈ ♥ ③✐ ❦ ② ✭ ♣ ✐ ✈ ❛ ❡ ♣ ♦ ✜ ✮

K t ❑ ❛ ♣✐ ❧ ✭❝ ❛ ♣✐ ❛❧ ✮

❊ ① ♦ ❣ ❡ ♥ ♥ ♣ ♦ ♠ ➙ ♥ ♥ ♠ ♦ ❞ ❡❧ ✉✿

W G
t ❱❧ ❞ ♥ ♠ ③ ❞ ② ✭ ❣ ♦ ✈ ❡ ♥ ♠ ❡ ♥ ✇ ❛ ❣ ❡ ❜✐❧❧ ✮

A t ❚ ❡ ♥ ❞ ♦ ✈ ❧ ♦ ➸ ❦ ❛

G t ❱❧ ❞ ♥ ✈ ❞ ❛❥ ❡ ✭ ♥ ❡ ♠ ③ ❞ ♦ ✈ ✮ ✭❣ ♦ ✈ ❡ ♥ ♠ ❡ ♥ ♣ ❡ ❞ ♥✐ ♥ ❣ ✮

T t ◆ ❡ ♣➦ ♠ ❞ ❛ ♥ ➙ ❛ ↔✐ ❡ ① ♣ ♦ ✭✐ ♥ ❞✐ ❡ ❝ ❛ ① ❡ ♣❧ ✉ ♥ ❡ ❡ ① ♣ ♦ ✮

C t = α 0 + α 1 P t + α 2 P t− 1 + α 3 (W
P
t + W G

t ) + ε 1 t ,

I t = β 0 + β 1 P t + β 2 P t− 1 + β 3 K t− 1 + ε 2 t ,

W P
t = γ 0 + γ 1 X t + γ 2 X t− 1 + γ 3 A t + ε 3 t ,

X t = C t + I t + G t ,

P t = X t − T t − W P
t ,

K t = K t− 1 + I t ,

✭ ✸✳ ✶✮

❦ ❞ ❡ ♥ ❛ ❡ ③✐ ❞ ✉ ❛ ε 1 t ✱ ε 2 t ✱ ε 3 t ❦❧ ❛ ❞ ❡ ♠ ❡ ♣ ♦ ➸ ❛ ❞ ❛ ✈ ❦ ② ↔ ❛ ♦ ✈ ♥ ❡ ❦ ♦ ❡❧ ♦ ✈ ❛ ♥ ♦ ✐ ❛ ♥ ✉❧ ♦ ✈
➦ ❡ ❞ ♥ ❤ ♦ ❞ ♥ ♦ ② ✭ ✈✐ ③ ❢ ♦ ♠ ✉❧ ❛ ❝ ❡ ❙ ❯ ❘ ♥ ❡ ❜ ♦ ❙ ❊ ▼ ♦ ✉ ❛ ✈ ②✱ ❦ ❛ ♣✐ ♦❧ ② ✶✳ ✷✳ ✷ ❛ ✶✳ ✷✳ ✸✮✳

✷ ✹



■ ♥ ✐❧✐ ❣ ❛ ♦ ✭ ✶ ✾ ✼ ✽✮ ♦ ♣ ♦ ✐ ♦ ♠ ✉ ✈ ② ❝ ❤ ③ ♣➦ ♠ ♦ ③ ♣ ❝ ❡ ❑❧ ❡✐ ♥ ✭ ✶ ✾ ✺ ✵✮ ❛ ❢ ♦ ♠ ✉❧ ✉❥ ❡

T t ❖ ❜ ❝ ❤ ♦ ❞ ♥ ❞ ❛ ♥ ➙ ✭ ❜ ✉ ✐ ♥ ❡ ❛ ① ❡ ✮

❛ ♥ ❧ ❡ ❞ ♥ ➙

X t = C t + I t + G t + T t − W G
t .

❋ ♦ ♠ ✉❧ ❛ ❝ ❡ ♠ ♦ ❞ ❡❧ ✉ ❞❧ ❡ ● ❡ ❡ ♥ ❡ ✭ ✷ ✵ ✵ ✸✮ ❡ ❥ ❡ ✈ ❥ ❛ ❦ ♦ ✈ ❤ ♦ ❞ ♥ ➙❥➨ ③ ❡ ❞ ✈ ♦ ✉ ❞ ➲ ✈ ♦ ❞ ➲✳
❏ ❡ ❞ ♥ ❛ ❦ ♣ ♦ ❞ ❝ ❤ ② ❝ ✉❥ ❡ ↔✐ ❡ ① ♣ ♦ ✱ ❝ ♦ ➸ ❢ ♦ ♠ ✉❧ ❛ ❝ ❡ ❞❧ ❡ ■ ♥ ✐❧✐ ❣ ❛ ♦ ✭ ✶ ✾ ✼ ✽✮ ♥ ❡ ③ ♦ ❤❧ ❡ ❞✲
➡ ✉❥ ❡✳ ❉ ✉ ❤ ♠ ❞ ➲ ✈ ♦ ❞ ❡ ♠ ♣ ❛ ❦ ❥ ❡✱ ➸ ❡ ③ ❤❧ ❡ ❞✐ ❦ ❛ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ❡ ♦ ✐ ❡ ♥ ❡ ♥ ③ ❝ ❡❧ ❛ ③➦ ❡❥ ♠ ✱
♣ ♦ ↔ ❡ ❦ ♣ ♦ ♠ ➙ ♥ ♥ X t ♣➦✐ ↔ ❛❥ ♦ ❜ ❝ ❤ ♦ ❞ ♥ ❞ ❛ ♥ ➙ ❛ ♦ ❞ ❡ ↔ ❛❥ ✈❧ ❞ ♥ ♠ ③ ❞ ②✱ ♣ ❡ ❝✐ ❧✲
♥ ➙✱ ♣ ♦ ↔ ❜ ② ♠ ➙❧ ② ♣ ✐ ✈ ♥ ♠ ③ ❞ ② ➲ ➲ ❡ ♠ ♦ ❜ ❝ ❤ ♦ ❞ ♥ ❝ ❤ ❞ ❛ ♥ ✱ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❞ ♠ ❡✲❧✐
γ 1 , γ2 > 0 ✳

♦❥ ↕ ♠ ❡ ✐ ♥ ② ♥ ♥ ➨ ♠ ♦ ❞ ❡❧ ♣ ♦ ✉ ♣ ♥ ➙ ♦ ③ ❡ ❜ ❛ ✳

✈ ♥ ♦ ✈ ♥✐ ❝ ❡ ♥ ♠ ➦ ❦ ✱ ➸ ❡ ♥ ❛ ♣ ♦ ➦ ❡ ❜ ➙ ❡ ♣ ♦ ❞ ❧ ♣ ✐ ✈ ♥ ❡ ❦ ♦ ✈ ♠✐ ③✐ ❦ ②
❛ ③ ❛ ♠ ➙ ♥ ❛ ♥ ❝✐ ✈ ♠✐ ♠ ③ ❞ ❛ ♠✐ ✭ ♦ ✉ ❦ ♦ ♠ ✐ ✈❧ ❞ ♥ ❡ ❦ ♦ ✮✱ ♣➦✐ ↔ ❡ ♠ ➸ ③✐ ❦ ② ♣ ✐ ✈ ♥ ❤ ♦
❡ ❦ ♦ ✉ ❥ ♦ ✉ ✉ ✈ ❛ ➸ ♦ ✈ ♥ ② ✐ ♦ ♦ ❜ ❞ ♦ ❜ ③ ♣ ❦ ②✳ ❚ ♦ ❥ ❡ ♣ ♦ ♠ ➙ ♥ ➙ ✐ ♥ ✉✐ ✐ ✈ ♥ ✱ ❜ ②➫ ✈ ② ✈ ✲

✈ ♦ ③ ❦ ❛✱ ♣ ♦ ↔ ❥ ♦ ✉ ♣ ✐ ✈ ♥ ③✐ ❦ ② ✉ ✈ ❛ ➸ ♦ ✈ ♥ ② ✐ ③ ❛ ♠✐ ♥ ✉❧ ♦ ❜ ❞ ♦ ❜ ✱ ③ ❛ ♠ ❝ ♦ ♠ ③ ❞ ②
♥✐ ❦ ♦❧✐✱ ❛ ❦ ❞ ❡ ❜ ②❧ ② ② ♦ ♣ ♦ ➦ ❡ ❞ ❦ ② ✈ ♠ ❡ ③✐ ❞ ♦ ❜ ❛❧ ♦ ❦ ♦ ✈ ♥ ②✳

❉ ✉ ❤ ♦ ✈ ♥✐ ❝ ❡ ➦ ❦ ✱ ➸ ❡ ✐ ♥ ✈ ❡ ✐ ❝ ❡ ✈ ♦➦ ♣ ✐ ✈ ♥ ❡ ❦ ♦ ✈ ♠✐ ③✐ ❦ ② ✭ ♦ ♣ ➙ ✉ ✈ ❛✲
➸ ✉❥ ❡ ♠ ❡ ✐ ❥ ❡ ❞ ♥ ♦ ♦ ❜ ❞ ♦ ❜ ③ ♣ ➙ ✮ ❛ ♣ ♦ ✉❧ ✉❥ ❡ ➸ ③ ✈✐ ❧ ♦ ♥ ❛ ♠✐ ♥ ✉❧ ♠ ❦ ❛ ♣✐ ❧ ✉✳

❚➦ ❡ ♦ ✈ ♥✐ ❝ ❡ ♦ ❞ ❤ ❛ ❞ ✉❥ ❡ ♠ ③ ❞ ② ✈ ♣ ✐ ✈ ♥ ♠ ❡ ❦ ♦ ✉ ♥ ❛ ③ ❦❧ ❛ ❞ ➙ ♦ ✉ ↔ ❛ ♥ ❛ ♠✐✲
♥ ✉❧ ♣ ♦ ♣ ✈ ❦ ② ❛ ③ ❛ ❤ ♥ ✉❥ ❡ ➸ ↔ ❛ ♦ ✈ ❡ ♥ ❞✳

◆ ❧ ❡ ❞ ✉❥ ♦ ✈ ♥✐ ❝ ❡ ➦ ✐ ❞ ❡ ♥ ✐ ✱ ❦ ❡ ✐ ♥ ✉ ✐ ✐ ✈ ♥ ➙ ♣ ♦ ✉❧ ✉❥ ✱ ➸ ❡ ❝ ❡❧ ❦ ♦ ✈ ♣ ♦ ♣ ✈ ❦ ❛
❡ ❦❧ ❞ ③ ❡ ♣ ♦ ➦ ❡ ❜ ②✱ ✐ ♥ ✈ ❡ ✐ ❝ ❛ ✈❧ ❞ ♥ ❝ ❤ ✈ ❞ ❛❥ ➲✱ ➸ ❡ ③✐ ❦ ② ♣ ✐ ✈ ♥ ❤ ♦ ❡ ❦ ♦ ✉ ❥ ♦ ✉
♦ ③ ❞ ❧ ❡ ♠ ♠ ❡ ③✐ ♣ ♦ ❞ ❛ ♥ ♠ ♠ ♥ ♦ ➸ ✈ ♠ ✭ ❥✳ ♣ ♦ ♣ ✈ ❦ ♦ ✉✮ ❛ ♥ ❦❧ ❛ ❞ ② ✭ ② ✉ ✈ ❛ ➸ ✉❥ ❡ ♠ ❡ ❞ ❛✲

➡ ♦ ✈ ❛ ♠ ③ ❞ ♦ ✈ ✮✱ ❛ ➸ ❡ ③ ♠ ➙ ♥ ❛ ❦ ❛ ♣✐ ❧ ✉ ♦ ♣ ♦ ✐ ♠✐ ♥ ✉❧ ♠ ✉ ♦ ❜ ❞ ♦ ❜ ❥ ❡ ❞ ♥ ❛ ♦ ✉ ↔ ❛ ♥ ♠✐
✐ ♥ ✈ ❡ ✐ ❝ ❡ ♠✐ ✭ ✉ ✈ ❛ ➸ ✉❥ ❡ ♠ ❡ ↔✐ ✐ ♥ ✈ ❡ ✐ ❝ ❡✱ ❥✳ ♦ ↔✐➨ ➙ ♥ ♦ ❞ ❡ ♣ ❡ ❝✐ ❛ ❝✐ ❦ ❛ ♣✐ ❧ ✉✮✳

➦✐ ❡ ♦ ❡ ✐ ❝ ❦ ♠ ③ ❦ ♦ ✉ ♠ ♥ ♥ ♥ ❛ ♣ ✈ ♥ ♣ ♦ ❤❧ ❡ ❞ ③ ❛ ❛ ③ ↔❧ ❡ ♥ α 0 ✳ ➦✐ ♦ ③ ❡ ♥ ➙ ♦ ✐ ➸
♦ ↔ ❡ ❦ ✈ ♠ ❡✱ ➸ ❡ ♣ ♦ ❦ ✉ ❞ ❡ ✈ ➲ ❜ ❡ ❝ ♥✐ ❦ ❞ ❡ ♥✐ ❝ ♥ ❡ ✈ ② ❜ ✱ ♥ ❡❧ ③ ❡ ❛ ♥✐ ♥✐ ❝ ♣ ♦ ➦ ❡ ❜ ♦ ✈ ✈ ❛ ✳
❚ ❛ ❦ ♦ ✈ ✐ ✉ ❛ ❝✐ ♦ ❞ ♣ ♦ ✈ ❞ ❛❥ ♥ ✉❧ ♦ ✈ ③✐ ❦ ② ♣ ✐ ✈ ♥ ❢ ② ❛ ♥ ✉❧ ♦ ✈ ♠ ③ ❞ ②✱ ③ ♦ ✈ ♥✐ ❝ ❡
♣ ♦ ➦ ❡ ❜ ② ♣ ❛ ❦ ❞ ♦ ✈ ♠ ❡ α 0 = 0 ✳

➦ ♦ ♠ ♥ ♦ ♦ ❜ ❡ ❝ ♥ ➙ ♥ ❡ ♥ ✉❧ ♦ ✈ ❤ ♦ ✐ ♥ ❡ ❝ ❡ ♣ ✉ ❥ ❡ ✈❧ ❛ ♥ ♦ ❑ ❡ ② ♥ ❡ ✐ ♥ ❦ ❝ ❤ ♠ ♦ ❞ ❡✲
❧ ➲✱ ❦ ❡ ❡ ✢ ❡ ❦ ✉❥ ❡ ❦ ❦ ♦ ❞ ♦ ❜ ➙ ♥ ❡ ♠ ➙ ♥ ♥ ✭ ↔✐ ❥ ❡ ♥ ♦ ♠ ❡ ③ ❡ ♥ ➙ ♠ ➙ ♥ ➙ ♥ ✮ ❝ ❤ ♦ ✈ ♥ ✭ ❍❧ ❛✲
✈ ↔ ❡ ❦✱ ✷ ✵ ✶ ✹✮✳ ❱ ❡ ♦ ❡ ✐ ❝ ❦ ♠ ✈ ❦❧ ❛ ❞ ✉ ❥ ❞ ❡ ♦ ③ ✈✳ ❛ ✉ ♦ ♥ ♦ ♠ ♥ ✈ ❞ ❛❥ ❡✱ ❡ ❞ ② ✈ ♦ ♠ ♦
♣➦ ♣ ❛ ❞ ➙ ♣ ♦ ➦ ❡ ❜ ✉ ♥ ❡ ③ ✈✐ ❧ ♦ ✉ ♥ ❛ ♣➦ ❥ ♠ ❡ ❝ ❤✱ ♥ ❛ ♣➦ ❦❧ ❛ ❞ ❜ ② ❞❧ ❡ ♥ ✱ ❛ ✉ ♦ ♠ ♦ ❜✐❧✱ ❛ ♣ ♦✲
❞ ♦ ❜ ♥ ➙✳ ❚ ❛ ❦ ♦ ✈ ✈ ❛ ❤ ❛ ♠ ♦ ✈➨ ❡ ♠ ♠ ② ❧ ♣ ♦ ✉ ③ ❡ ❦ ❦ ♦ ❞ ♦ ❜ ➙✱ ❦ ❞ ② ❞ ♦ ♠ ❝ ♥ ♦ ❞ ♦ ❦ ➸ ❡
✈ ♣ ❛ ❞ ❡ ❦ ♣➦ ❥ ♠ ➲ ✉ ❜ ✈ ❡ ♥ ❝ ♦ ✈ ❛ ③ ♣ ♦ ✱ ♣➦ ♣ ❛ ❞ ♥ ➙ ♥ ❡ ❤ ♥ ➲ ♣➦ ❥ ♠ ➲ ♣ ♦ ♠ ♥ ♦ ✉
❞ ♦ ✈ ❝ ❤ ③ ✈ ② ❦❧ ♦ ✭ ♥ ❦ ✉ ♣ ♥ ♦ ✈ ❤ ♦ ❛ ✉ ♦ ♠ ♦ ❜✐❧ ✉ ↔✐ ♦ ❜ ② ❞❧ ✮ ❛ ♣ ♦ ② ♥ ❛ ➲ ❛❥ ✳ ◆ ❛ ✈ ❝
✈ ♠ ♦ ♠ ❡ ♥ ➙✱ ❦ ❞ ② ✈ ♠ ❝✐ ♠ ♦ ❞ ❡❧ ✉ ✉ ✈ ❛ ➸ ✉❥ ❡ ♠ ❡ ➸ ✐ ♥ ✈ ❡ ✐ ❝ ❡ ✴ ♣ ♦ ② ✭ ♣ ♦ ❜❧ ❡ ♠ ❛ ✐ ❦ ✉
✐ ❞ ❡ ♥ ✐ ② ♣ ♦ ❛ ✐ ♥ ✈ ❡ ✐ ❝ ❥ ♠ ❡ ✐ ❥✐ ➸ ✈ ② ✈ ➙ ❧✐❧✐ ✈ ❦ ❛ ♣✐ ♦❧ ❡ ✷✳ ✶✮✱ ♦ ↔ ❡ ❦ ✈ ♠ ❡✱ ➸ ❡ ❡ ♥ ♦

✷ ✺



❥ ❡ ✈ ❡ ♣ ♦❥ ❡ ✈ ♣ ✈ ➙ ③ ♠ ➙ ♥ ♦ ✉ ❛ ✈ ✉ ♣ ♦ ✴ ✐ ♥ ✈ ❡ ✐ ❝✳ ❉❧ ♦ ✉ ❤ ♦ ❞ ♦ ❜ ➙ ♥ ❡❧ ③ ❡ ♦ ③ ✉ ♠ ♥ ➙
♣ ♦ ➦ ❡ ❜ ♦ ✈ ✈ ❛ ✈ ❝ ❡✱ ♥ ❡ ➸ ❥ ❛ ❦ ❥ ❡ ♣➦ ❥ ❡ ♠✳ ♦ ③ ♥ ❛ ♠ ❡ ♥ ❡❥ ♠ ❡ ❥ ❡➨ ➙✱ ➸ ❡ ♣➦ ♦ ♠ ♥ ♦ ❛ ❜✲
♦❧ ✉ ♥ ❤ ♦ ↔❧ ❡ ♥ ✉ ❥ ❡ ➸ ❜ ➙ ➸ ♥ ♦ ✉ ❛ ✐ ✐ ❝ ❦ ♦ ✉ ♣ ❛ ① ✳ ❆ ❜ ♦❧ ✉ ♥ ↔❧ ❡ ♥ ② ❡ ✈ ❡ ❣ ❡ ♥ ❝ ❤
♦ ✈ ♥✐ ❝ ❝ ❤ ✈ ② ♥ ❡ ❝ ❤ ✈ ❛❥ ❥ ❡ ♥ ♣ ♦ ❛ ❞✐ ❝ ❦ ②✳

♦ ❞ ♦ ❜ ♥ ♦ ♣ ❛ ♥ ♦ ❥ ❡ ♥ ❛ ♠ ➙ ✉ ✈ ❦❧ ❛ ❞ ✉ ↔❧ ❡ ♥ ✉ β 0 ✈ ❡ ❞ ✉ ❤ ♦ ✈ ♥✐ ❝✐✳ ❖ ③ ❦ ♦ ✉
❥ ❡ ✈❧✐ ✈ ♠✐ ♥ ✉❧ ❤ ♦ ❦ ❛ ♣✐ ❧ ✉ ♥ ❛ ♦ ✉ ↔ ❛ ♥ ✐ ♥ ✈ ❡ ✐ ❝ ❡✱ ♥ ❡ ❜ ♦➫ ❡ ♥ ❡ ♥ ❡❥ ❡ ✈ ❥ ❛ ❦ ♦ ✐ ♥ ✉✐ ✐ ✈ ♥ ➙
③➦ ❡❥ ♠ ✳ ◆ ❛ ♦ ♣ ❛ ❦ ✈✐ ❞ ♠ ❡✱ ➸ ❡ ♠ ♦ ❞ ❡❧ ♥ ❡ ✉ ✈ ❛ ➸ ✉❥ ❡ ❡ ① ♣❧✐ ❝✐ ♥ ➙ ✐ ♥ ✈ ❡ ✐ ❝ ❡ ❞ ♦ ♠ ❝ ♥ ♦ ✱ ♥ ❡ ❜ ♦➫
♠ ③ ❞ ② ❥ ♦ ✉ ❥ ❛ ❦ ♦ ➸ ♦ ❡ ❣ ❡ ♦ ③ ❛ ❤ ♥ ✉ ② ♣ ♦ ✉ ③ ❡ ❞ ♦ ♦ ✈ ♥✐ ❝ ❡ ♣ ♦ ➦ ❡ ❜ ②✳

♦ ③ ♥ ❛ ♠ ❡ ♥ ❡❥ ♠ ❡✱ ➸ ❡ ❤ ♦ ♣ ♦ ❞ ➦ ❦ ➲ ❡ ✈ ♠ ♦ ❞ ❡❧ ✉ ♣ ♦❥ ❡ ✈ ✉❥ ❡ ❦ ③ ❡ ➲ ♦ ✈ ❡ ♥ ❞
✉ ♠ ❡ ③ ❞ ✈ ♣ ✐ ✈ ♥ ♠ ❡ ❦ ♦ ✉ ✭ ➦ ❡ ♦ ✈ ♥✐ ❝ ❡✮✳

♦ ❡ ♦ ❡ ✐ ❝ ❦ ♣ ♦ ♦ ✉ ③ ❡ ♥ ♠ ♦ ❞ ❡❧ ✉ ❥ ❡ ➦ ❡ ❜ ❛ ♠ ♥ ❛ ③➦ ❡ ❡❧✐ ♦ ✈ ♥✐ ❝✐

Y = C + I,

❦ ❡ ♥ ♠ ➦ ❦ ✱ ➸ ❡ ❝ ❡❧ ❦ ♦ ✈ ♣ ♦ ❞ ✉ ❦ ❝ ❡ ✭ ❍ ❉ ✮ Y ❡ ❞ ➙❧ ♠ ❡ ③✐ ♣ ♦ ➦ ❡ ❜ ✉ ❛ ✐ ♥ ✈ ❡ ✐ ❝ ❡✳
❩➦ ❡❥ ♠ ➙ ♥ ❡❧ ③ ❡ ♣ ♦ ➦ ❡ ❜ ♦ ✈ ❛ ❛ ✐ ♥ ✈ ❡ ♦ ✈ ❛ ✈ ❝ ❡✱ ♥ ❡ ➸ ❡ ✈ ② ♦ ❜ ✱ ❛ ♥ ❛ ♦ ♣ ❛ ❦ ✈ ❡➨ ❦ ❡ ♥ ❡ ♣ ♦✲
➦ ❡ ❜ ♦ ✈ ❛ ♥ ❛ ❦ ② ❥ ♦ ✉ ✈❧ ❛ ♥ ➙ ✐ ♥ ✈ ❡ ✐ ❝ ❡ ♠✐✱ ✐ ❦ ❞ ② ❜ ② ➨❧ ♦ ❥ ❡ ♥ ♦ ③ ♦ ❜ ② ❞ ♦ ❜ ✉ ❞ ♦ ✉ ❝ ♥ ❛

✭ ✈ ♦ ♠ ♦ ♠ ② ❧ ✉ ❥ ♦ ✉ ❡ ❞ ② ✐ ♣ ♦ ② ✈ ➸ ❞ ② ✐ ♥ ✈ ❡ ✐ ❝ ✮✳ ❩ ✉ ✈ ❡ ❞ ❡ ♥ ✐ ❞ ❡ ♥ ✐ ② ♣ ❛ ❦ ♣❧ ② ♥ ❡✱
➸ ❡ ❦ ❦ ♦ ❞ ♦ ❜ ➙ ♠ ✉ ❡ ①✐ ♦ ✈ ❛ ✐ ♥ ✈ ❡ ③ ♥ ✈ ③ ❛ ❤ ② ♠ ❡ ③✐ ♣ ♦ ➦ ❡ ❜ ♦ ✉ ❛ ✐ ♥ ✈ ❡ ✐ ❝ ❡ ♠✐✱ ♥ ❡ ❜ ♦➫
❝ ❡❧ ❦ ♦ ✈ ♣ ♦ ❞ ✉ ❦ ❝ ❡ Y ♦ ❡ ❥ ❡ ♥ ♣ ♦ ♠ ❛❧ ✉ ❛ ❦ ❦ ♦ ❞ ♦ ❜ ➙ ❥✐ ❧ ③ ❡ ♣ ♦ ✈ ❛ ➸ ♦ ✈ ❛ ③ ❛ ♥ ❡ ♠ ➙ ♥ ♥ ♦ ✉✳

❘ ♦ ✈ ♥✐ ❝ ❡ ♣ ♦ ➦ ❡ ❜ ② ♦ ❜ ❛ ❤ ✉❥ ❡ ↔❧ ❡ ♥ α 2 P t− 1 ✱ ❦ ❞ ② ❡ ✈ ❡ ♣ ♦ ➦ ❡ ❜ ✉ ♠ ➙ ♥ ♠✐ ♥ ✉❧ ③✐ ❦ ②✳
❱ ♣➦ ❡ ❞ ❝ ❤ ♦ ③ ♠ ♦ ❜ ❞ ♦ ❜ ❡ ❞ ② ♠ ✉ ❡❧ ❛ ❜ ❛ ♦ ↔ ❦ ❛ ✭ ❡ ♣✳ ↔ ❦ ❛ ♥ ➸ ❡ ♥ ♦ ♦ ❦
↔✐ ✈ ♥ ♦ ✮ ✉❧ ♦ ➸ ❡ ♥ ❛ ✈ ♣ ♦ ❞ ♦ ❜ ➙ ✐ ♥ ✈ ❡ ✐ ❝ ❛ ♥ ② ♥ ❥ ♦ ✉ ✐ ♥ ✈ ❡ ✐ ❝ ❡ ♦ ✉ ♦ ↔ ❦ ✉ ♥ ➸ ❡ ♥ ②✳
◆ ❛ ♦ ♣ ❛ ❦ ↔ ❦ ❛ α 2 P t ❥ ❡ ✈ ♣ ♦ ❞ ♦ ❜ ➙ ✐ ♥ ✈ ❡ ✐ ❝ ✉❧ ♦ ➸ ❡ ♥ ❛ ❛ ❜ ✉ ❞ ❡ ♣ ♦ ➦ ❡ ❜ ♦ ✈ ♥ ❛ ♥ ❧ ❡ ❞ ✉❥ ❝
♦ ❜ ❞ ♦ ❜ ✳ ❈ ♦ ❡ ❡ ❞ ② P t ✈❧ ❛ ♥ ➙ ❞ ➙❥ ❡ ❄ ✐ ✈ ♥ ✈ ♥ ♦ ② ♠ ♦ ❤ ♦ ✉ ❜ ❜ ✉ ↕ ♣ ♦ ➦ ❡ ❜ ♦✲
✈ ♥ ② ♥ ❡ ❜ ♦ ✐ ♥ ✈ ❡ ♦ ✈ ♥ ②✱ ♣➦✐ ♦ ③ ❡ ♥ ➙ ❡ ❞ ② ♦ ↔ ❡ ❦ ✈ ♠ ❡

α 1 + β 1 = 1 . ✭ ✸✳ ✷✮

■ ♥ ✈ ❡ ✐ ❝ ❡ ❡ ♣ ❛ ❦ ❦❧ ❞ ❛❥ ③ ✒ ❞❧ ♦ ✉ ❤ ♦ ❞ ♦ ❜ ❝ ❤✏ ✐ ♥ ✈ ❡ ✐ ❝ ❛ ③ ✐ ♥ ✈ ❡ ✐ ❝✱ ❦ ❡ ❜ ✉ ❞ ♦ ✉
♣➦ ➨ ♦ ❜ ❞ ♦ ❜ ♣➦ ❡ ♠ ➙ ♥ ➙ ♥ ② ♥ ❛ ♣ ♦ ➦ ❡ ❜ ✉✱ ❡ ❞ ② ✭ ③ ❛ ♥ ❡ ❞ ❜ ♠ ❡✲❧✐ ③ ♠ ➙ ♥ ✉ ♠ ❡ ③✐ ♣ ♦ ♦ ❜ ➙
❥ ❞ ♦ ✉ ❝ ♠✐ ♦ ❜ ❞ ♦ ❜ ♠✐✮

β 1 = α 2 + β L o n g .

❯ ♦ ✈ ♥✐ ❝ ❡ ♠ ❡ ③ ❞ ♣ ✐ ✈ ♥ ❤ ♦ ❡ ❦ ♦ ✉ ❧ ③ ❡ ❛ ❜ ♦❧ ✉ ♥ ↔❧ ❡ ♥ ❝ ❤ ♣ ❛ ✈ ❡ ♠ ② ❧ ✉ ❦ ♦ ♠✲
♣ ❡ ♥ ③ ❛ ❝ ❡ ③ ❛ ❦ ✉ ❡ ↔ ♥ ♦ ✱ ➸ ❡ ❧✐ ❞ ♦ ❜ ➙ ✉❥ ✈ ➲❥ ✈ ♦❧ ♥ ↔ ❛ ❛ ♣ ❛ ❝ ✉❥ ✳ ❏ ❞ ❡ ❡ ❞ ② ✈ ♦ ♠ ♦
♠ ② ❧ ✉ ♦ ♠✐ ♥✐ ♠ ❧ ♥ ♠ ③ ❞ ✉ ✲ ✐ ❦ ❞ ② ❜ ② ♠ ③ ❞ ② ✈ ➲ ❜ ❡ ❝ ♥ ❡ ❜ ②❧ ② ❧ ❛ ↔ ❡ ♥ ② ✈ ③ ❤ ➲ ✉ ♣ ♦ ♣ ✈✲

❦ ♦ ✉✱ ❛ ❦ ♥ ❡❥ ♠ ❡ ♥➨ ♠ ③ ❞ ❛ ♥ ❡ ❜ ✉ ❞ ❡ ❦❧ ❡ ❛ ❦ ♥ ✉❧ ❡✱ ♣ ♦ ♦ ➸ ❡ ♦ ❜ ② ❧✐ ❞ ♣ ♦ ➙ ♣➦ ❡ ❛❧✐
♣ ❛ ❝ ♦ ✈ ❛ ✳ ❩ ❛ ♣ ♦ ③ ♦ ♥ ♦ ♦❥ ❦ ✉ ❡ ↔ ♥ ♦ ✱ ➸ ❡ ➲ ♦ ✈ ❡ ♥ ❞ ❥ ❡ ✉ ✈ ❛ ➸ ♦ ✈ ♥ ❛ ❞✐ ✐ ✈ ♥ ➙ ✲
♣➦✐ ❛ ♣❧✐ ❦ ❛ ❝✐ ♠ ♦ ❞ ❡❧ ✉ ♥ ❛ ❞ ❡❧➨ ↔ ❛ ♦ ✈ ♦ ✉ ➦ ❛ ❞ ✉ ❜ ② ♣ ❛ ♥ ➙ ❜ ②❧ ♦ ✈ ❤ ♦ ❞ ♥ ③ ♦ ❤❧ ❡ ❞ ♥✐ ➲ ♦✲
✈ ❡ ♥ ❞ ♠ ✉❧ ✐ ♣❧✐ ❦ ❛ ✐ ✈ ♥ ➙✳

❙ ❛ ♠ ♦ ❛ ♥ ♦ ✉ ♦ ③ ❦ ♦ ✉ ♣ ❛ ❦ ❥ ❡✱ ③ ❞ ❛ ❦ ✉ ❡ ↔ ♥ ➙ ♣❧ ❛ γ 3 = 0 ✳ ➦✐ ♦ ③ ❡ ♥ ➙ ❜ ② ❝ ❤ ♦ ♠
♦ ✐ ➸ ♦ ↔ ❡ ❦ ✈ ❛❧✐✱ ➸ ❡ ♣ ♦ ♣ ♦ ❝ ❡ ♠ ❡ ③✐ ♠ ③ ❞ ❛ ♠✐ ❛ ♦ ✈ ♥ ♦ ✈ ➸ ♥ ♦ ✉ ♣ ♦ ♣ ✈ ❦ ♦ ✉ ❜ ✉ ❞ ❡ ③ ❛ ❝ ❤ ♦ ✈ ✲

♥ ❛✱ ♥ ❡ ❜ ♦➫ ✈ ➨✐ ♠ ❡ ③ ❞ ✉ ↔ ✉❥ ❡ ♣ ✈ ➙ ♣ ♦ ♣ ✈ ❦ ❛✳ ▼ ♦ ❞ ❡❧ ♥ ❡ ✉ ✈ ❛ ➸ ✉❥ ❡ ♦ ✈ ❡ ➡ ❡ ❝ ❤ ♥ ♦❧ ♦ ❣✐ ✱

✷ ✻



❥ ❡❥ ➸ ♥ ➲ ❥ ❡ ♠✱ ❝ ♦ ✉ ♠ ♦ ➸ ➡ ✉❥ ❡ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ➲ ✭ ✈ ♦ ♠ ♦ ♠ ② ❧ ✉ ❡ ❝ ❤ ♥ ♦❧ ♦ ❣✐ ❡ ♠✐
♠ ② ❧ ♠ ❡ ✐ ♥ ❛ ♣➦✳ ❡❢ ❡ ❦ ✐ ✈✐ ✉ ➦ ③ ❡ ♥ ❛❥✳✮✳ ▲ ③ ❡ ❡ ❞ ② ✉ ✈ ❛ ➸ ♦ ✈ ❛ ✱ ❞ ♦ ❥ ❛ ❦ ♠ ② ❥ ❞ ❡ ♦ ✒ ♥ ✲
✐❧ ♥ ➙✏ ✈❧ ♦ ➸ ❡ ♥ ↔❧ ❡ ♥✱ ❛ ❜ ② ♠ ♦ ❞ ❡❧ ♥ ➙❥ ❛ ❦ ❡ ✢ ❡ ❦ ♦ ✈ ❛❧ ❤ ♦ ♣ ♦ ❞ ➦ ❦ ✈ ✈ ♦❥✱ ❛ ↔ ❦ ♦❧✐ ✈ ♥ ♠

❥✐ ♥ ❛ ❦ ♥ ❡ ♣ ♦ ↔ ✳
◆ ❛ ❦ ♦ ♥ ❡ ❝ ❡ ♣ ♦❥ ↕ ♠ ❡ ❥ ❡➨ ➙ ❥ ❡ ❞ ♥ ♦ ✉ ③ ❛ ♠ ② ❧ ❡ ♥ ❛ ❞ ❛ ✉ ♦ ♥ ♦ ♠ ♥ ♠✐ ✈ ❞ ❛❥✐✳ ❱ ❞ ❛✲

❥ ❡✱ ❦ ❡ ❥ ❡ ➦ ❡ ❜ ❛ ♥ ✉ ♥ ➙ ✉ ↔✐ ♥✐ ❜ ❡ ③ ♦ ❤❧ ❡ ❞ ✉ ♥ ❛ ♠ ♦ ♠ ❡ ♥ ❧ ♥ ♣➦ ❥ ♠ ②✱ ❥ ❞ ♦ ✉ ③ ♣ ♦ ✱
❞ ♦ ✈ ♠ ❡ ❡ ❞ ②

β 0 = − α 0 . ✭ ✸✳ ✸✮

❱ ♦ ♦ ✉ ✈✐ ❧ ♦ ✐ ❥ ❡ ❞ ♦ ❜ ♣➦✐ ♣ ♦ ♠ ❡ ♥ ♦ ✉ ✱ ➸ ❡ ♣ ➲ ✈ ♦ ❞ ♥ ♠ ♦ ❞ ❡❧ ❜ ②❧ ❛ ♣❧✐ ❦ ♦ ✈ ♥
♥ ❛ ❞ ❛ ❛ ③ ❧ ❡ ✶ ✾ ✷ ✶✲ ✶ ✾ ✹ ✶✱ ♣➦✐ ↔ ❡ ♠ ➸ ♦ ❦ ✉ ✶ ✾ ✷ ✶ ③ ❛ ✐ ❤❧ ❛ ❯ ❙ ❆ ❥ ❡ ❞ ♥ ❛ ♣ ♦ ✈ ❧ ❡ ↔ ♥ ❦ ✐ ③ ❡✱
♦ ❦ ✉ ✶ ✾ ✷ ✾ ♣ ❛ ❦ ③ ❛ ↔ ❛❧ ❛ ♥ ❡❥ ✈ ➙ ➨ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ❦ ✐ ③ ❡ ✷ ✵✳ ♦❧ ❡ ❛ ❦ ♦ ♥ ❡ ❝ ♦ ❤ ♦ ♦ ♦ ❜ ❞ ♦ ❜

❥ ❡ ❥✐ ➸ ♣ ♦ ③ ♥ ❛ ♠ ❡ ♥ ♥ ❞ ✉ ❤ ♦ ✉ ✈ ➙ ♦ ✈ ♦ ✉ ✈ ❧ ❦ ♦ ✉✳ ♦ ❞ ♦ ❜ ♥ ➙❥➨ ♠ ✉ ❞✐ ❡ ♠ ♣ ➲ ❜ ➙ ❤ ✉ ♥ ❛ ✈ ❝
③❥✐ ♠ ❡✱ ➸ ❡ ✈ ♣➦ ♣ ❛ ❞ ➙ ❱❡❧ ❦ ❞ ❡ ♣ ❡ ❡ ➨❧ ♦ ✈ ♠ ③ ♣ ➲ ♦ ❜ ❡ ♠ ♦ ✒ ❦ ✐ ③✐ ✈ ❦ ✐ ③✐✏✳ ➦ ❡ ❞ ♠ ➙ ✲
♥ ❝ ❤ ✷ ✵ ❧ ❡ ❡ ❞ ② ❜ ②❧ ♦ ③ ❤ ♦ ♣ ♦ ❞ ➦ ❦ ❤ ♦ ❤❧ ❡ ❞✐ ❦ ❛ ✈ ❡❧ ♠✐ ❞✐ ✈ ♦ ❦ ❝ ❤ ❛ ✈ ♣ ♦ ❞ ❛ ➙ ✈➨ ❡
❡ ♦ ❞ ❡ ❤ ✈ ❛❧ ♦ ✈ ✧ ❦ ❦ ♠ ♦ ❜ ❞ ♦ ❜ ✧✭ ✈ ❑ ❡ ② ♥ ❡ ✐ ♥ ❦ ♠ ♠ ② ❧ ✉✮ ❛ ❥ ❡ ✈ ② ✒ ❞❧ ♦ ✉ ❤ ❤ ♦ ♦ ❜✲

❞ ♦ ❜ ✏✱ ❥ ❛ ❦ ♦ ♥ ❛ ♣➦✳ ✭ ❞❧ ♦ ✉ ❤ ♦ ❞ ♦ ❜ ✮ ♥ ✉❧ ♦ ✈ ♦ ❛ ✉ ♦ ♥ ♦ ♠ ♥ ❝ ❤ ✈ ❞ ❛❥ ➲✱ ❡ ❡ ❞ ② ❞ ♦ ♠ ♦ ➸ ♥
♥ ❡ ❛ ↔✐❧ ② ♣ ♦❥ ❡ ✈✐ ✱ ❡ ♣✳ ❜ ②❧ ② ♣➦ ❡ ❦ ② ② ❞ ❛❧➨ ♠✐ ✉ ❞ ❧ ♦ ♠✐✳ ❉ ❧ ❡ ❥ ❡ ♣ ❛ ♥ ✱ ➸ ❡ ♠ ♦ ❞ ❡❧
❡ ♣➦ ♠ ♦ ♥ ❡ ③ ❛ ❜ ✈ ♣ ➲ ✈ ♦ ❞ ❡ ♠ ✈❧ ❞ ♥ ❝ ❤ ✈ ❞ ❛❥ ➲✳ ❱ ❝ ❡ ✉ ✈ ❞ ♥ ❛ ♣➦ ❦❧ ❛ ❞ ❍ ✉➨ ❡ ❦ ✭ ✷ ✵ ✵ ✸✮✳

✸✳ ✷ ❊ ① ♣ ♦ ❥ ❛ ❦ ♦ ③ ❛

◆ ❛ ❤❧ ❞ ♥ ➙ ♠ ❡ ❥ ❡➨ ➙ ♥ ❛ ✉ ❦ ✉ ✉ ♣ ✐ ✈ ♥ ❝ ❤ ③✐ ❦ ➲ P t ✳ ❱✐ ❞ ♠ ❡✱ ➸ ❡ ❦ ♦ ♠ ➙ ♥ ❦❧ ❛ ❞ ➲
✭ ♠ ♦ ❞ ❡❧ ✉ ✈ ❛ ➸ ✉❥ ❡ ❥ ❡ ♥ ♠ ③ ❞ ♦ ✈ ✮ ❛ ❞ ❛ ♥ ♦ ❞ ❡ ↔ ♠ ❡ ♦ ❞ ➸ ❡ ❜ ✭ ♦ ✈ ♥ ♦ ✈ ➸ ♥ ♣ ♦ ♣ ✈ ❦ ② ✴
♥ ❛ ❜ ❞ ❦ ②✮ ➸ ↔✐ ❡ ① ♣ ♦ ✳ ❉❧ ❡ ♠ ♦ ❞ ❡❧ ✉ ❥ ❡ ❡ ❞ ② ♣➦ ❡ ❜ ② ❡ ❦ ♦ ❜ ❝ ❤ ♦ ❞ ♥ ❜✐❧ ❛ ♥ ❝ ❡ ③ ♦ ✉
✈ ♦ ❜ ❝ ➲✳

❏ ❛ ❦ ❥ ❡ ♠ ② ❧ ❡ ① ♣ ♦ ✉ ❄ ❩➦ ❡❥ ♠ ➙ ♥ ❡ ✈ ② ✈ ➸ ♠ ❡ ③ ❜ ♦ ➸ ♣ ♦ ♦✱ ➸ ❡ ❜ ② ♥ ❜ ❛ ✈✐❧ ♦ ♣ ❛✲
❝ ♦ ✈ ❛ ♣➦✐ ❥ ❡ ❤ ♦ ✈ ♦ ❜ ➙✱ ❛ ♥✐ ➸ ❜ ② ❝ ❤ ♦ ♠ ♠ ➙❧✐ ♣ ♦ ❛ ❦ ♦ ✈ ③ ❜ ♦ ➸ ✈ ② ✉ ➸✐ ✳ ❩ ❜ ♦ ➸ ❡ ❡ ❞ ②
❡ ① ♣ ♦ ✉❥ ❡ ♣ ♦ ♦✱ ❛ ❜ ② ❡ ③ ❛ ✉ ➸ ❡ ♥ ♣ ❡ ♥ ③ ❡ ❥✐ ♥ ③ ❜ ♦ ➸ ✐ ♠ ♣ ♦ ♦ ✈ ❛❧ ♦✳ ♦ ❦ ✉ ❞ ❜ ② ③ ✲
❥ ♠ ❡ ♠ ✈➨ ❡ ❝ ❤ ❧✐ ❞ ✈ ③ ❡ ♠✐ ❜ ②❧ ♦ ♣ ♦ ✉ ③ ❡ ❞ ♦ ♠ ❝ ③ ❜ ♦ ➸ ✱ ♣ ❛ ❦ ❜ ② ❜ ②❧ ❡ ① ♣ ♦ ♥ ❡ ♠ ② ❧ ♥ ✲
✈ ② ✈ ❡ ③ ❡ ♥ ♠ ❥ ❛ ❦ ❤ ♦ ❦ ♦❧✐ ③ ❜ ♦ ➸ ❡ ♥ ❡ ③ ✈ ➨ ❞ ♦ ♠ ❝ ♣ ♦ ❞ ✉ ❦ ❝ ❡✱ ✈ ♦ ❜ ❛ ③ ❜ ♦ ➸ ♣ ♦ ❡ ① ♣ ♦
❜ ② ❛ ❦ ♥✐❥ ❛ ❦ ♥ ❡ ③ ✈ ➨✐❧ ❛ ✈ ➨ ✉ ➸✐ ❡ ❦ ✭ ♣ ♦ ➦ ❡ ❜ ✉✮ ❛ ③ ♥ ❛ ♠ ❡ ♥ ❛❧ ❛ ❜ ② ♣ ♦ ✉ ③ ❡ ❞ ♦ ❞ ❛ ❡ ↔ ♥
♥ ❦❧ ❛ ❞ ②✳

❈ ♦ ❡ ❞ ② ♣➦ ❡ ❜ ② ❡ ❦ ♦ ❜ ❝ ❤ ♦ ❞ ♥ ❜✐❧ ❛ ♥ ❝ ❡✱ ❥✳ ↔✐ ❡ ① ♣ ♦ ✱ ③ ♥ ❛ ♠ ❡ ♥ ③ ♣ ♦ ❤❧ ❡ ❞ ✉ ✉ ❄
♦ ③ ♥ ❛ ♠ ❡ ♥ ❡❥ ♠ ❡ ♣ ♦ ③ ❛ ↔ ❡ ❦✱ ➸ ❡ ② ♣✐ ❝ ❦ ② ❡ ♠ ➙➦ ❞ ♦ ♠ ❝ ♣ ♦ ❞ ✉ ❦ ✱ ❥✳ ③ ❜ ♦ ➸ ✈ ② ♣ ♦ ❞ ✉✲

❦ ♦ ✈ ❛ ♥ ♥ ❛ ❞ ❛ ♥ ♠ ③ ❡ ♠ ✱ ❜ ❡ ③ ♦ ❤❧ ❡ ❞ ✉ ♥ ❛ ♦✱ ❦ ❞ ♦ ③ ❜ ♦ ➸ ✈ ② ♣ ♦ ❞ ✉ ❦ ♦ ✈ ❛❧✳ ❖ ♣ ♦ ✐ ♦ ♠ ✉
♥ ♦ ❞ ♥ ♣ ♦ ❞ ✉ ❦ ♣➦ ❡ ❞ ❛ ✈ ✉❥ ❡ ③ ❜ ♦ ➸ ✱ ❦ ❡ ❜ ②❧ ♦ ✈ ② ♣ ♦ ❞ ✉ ❦ ♦ ✈ ♥ ♦ ❞ ❛ ♥ ♠ ♥ ♦ ❞ ❡ ♠✱
❜ ❡ ③ ♦ ❤❧ ❡ ❞ ✉ ♥ ❛ ♦ ❦ ❞ ❡ ✭ ❍❧ ❛ ✈ ↔ ❡ ❦✱ ✷ ✵ ✶ ✹✮✳ ➦ ❡ ❜ ② ❡ ❦ ♦ ❜ ❝ ❤ ♦ ❞ ♥ ❜✐❧ ❛ ♥ ❝ ❡ ③ ♥ ❛ ♠ ❡ ♥ ✱
➸ ❡ ❡ ♥ ❛ ③ ❡ ♠ ❞ ❛ ♥ ❤ ♦ ✉ ✈ ② ♦ ❜✐❧ ♦ ③ ❜ ♦ ➸ ✱ ③ ❛ ❦ ❡ ❞ ♦ ✉ ♥ ❡ ♣➦✐➨❧ ❛ ➸ ❞ ♥
♣ ♦ ✐ ❤ ♦ ❞ ♥ ♦ ❛✳ ❏ ❞ ❡✲❧✐ ♦ ❞❧ ♦ ✉ ❤ ♦ ❞ ♦ ❜ ❥ ❡ ✈✱ ❥ ❡ ③ ❞ ❛ ♥ ❤ ♦ ③ ❡ ♠ ♦ ❞ ↔ ❡ ♣ ✈ ♥ ♦ ❜ ♦ ❤ ❛ ✲

✈ ✳ ◆ ❛ ❜ ③ ❡ ✈ ② ✈ ➙ ❧ ❡ ♥ ✱ ➸ ❡ ③ ❡❥ ♠ ♥ ❛ ✉ ③ ❡ ♠ ♣❧ ♦ ✈ ♦ ✉ ❝ ♠ ❦ ✉ ③ ❡ ♠ ❥ ❡ ❞❧ ♦ ✉ ❤ ♦ ❞ ♦ ❜
♣➦ ❡ ❜ ② ❡ ❦ ♦ ❜ ❝ ❤ ♦ ❞ ♥ ❜✐❧ ❛ ♥ ❝ ❡ ♥ ❛ ❞ ❛ ♥ ♠ ③ ❡ ♠ ③ ♣ ➲ ♦ ❜ ♦ ✈ ♥ ♣➦ ❡ ❜ ② ❦ ❡ ♠ ③ ❛ ❤ ❛ ♥✐ ↔ ♥ ✲
❤ ♦ ❦ ❛ ♣✐ ❧ ✉ ✭ ❥✳ ❦ ❞ ② ➸ ❝✐ ③✐ ♥ ❝✐ ✈❧ ❛ ♥ ♥ ❛ ❞ ❛ ♥ ♠ ③ ❡ ♠ ✈ ❝ ❡ ❦ ❛ ♣✐ ❧ ✉ ✲ ✈ ♦ ❜ ♥ ❝ ❤
♣ ♦ ➦ ❡ ❞ ❦ ➲ ✲ ♥ ❡ ➸ ♦ ❜ ↔ ❛ ♥ ♦ ❤ ♦ ♦ ③ ❡ ♠ ✈ ③ ❛ ❤ ❛ ♥✐ ↔ ✮✳ ♦ ♦ ❡ ♣➦ ❡ ❜ ② ❡ ❦ ♦ ❜ ❝ ❤ ♦ ❞✲
♥ ❜✐❧ ❛ ♥ ❝ ❡ ✭ ↔✐ ❡ ① ♣ ♦ ✮ ♦ ❞ ❡ ↔ ♦ ❞ ♣ ✐ ✈ ♥ ❝ ❤ ③✐ ❦ ➲ ✲ ❥ ❞ ❡ ♦ ③✐ ❦ ②✱ ❦ ❡ ③ ❞ ❛ ♥
❡ ❦ ♦ ♥ ♦ ♠✐ ❦ ② ♦ ❞ ❝ ❤ ③ ❞ ♦ ③ ❛ ❤ ❛ ♥✐ ↔ ✳

✷ ✼



❧ ♦ ✈ ♦ ✉ ❝ ❦ ✉ ③ ❥ ❡ ✈ ♦ ✈ ❛ ③ ❡ ❞ ➲❧ ❡ ➸✐ ♠✱ ➸ ❡ ❥ ❡ ✉ ↔ ♦ ✈ ♥ ♣ ♦ ♣ ✈ ❦ ♦ ✉ ❛ ♥ ❛✲
❜ ❞ ❦ ♦ ✉ ♣ ♦ ❞ ❛ ♥ ♠ ➙ ♥ ➙✳ ➦✐ ♥ ✉❧ ♦ ✈ ♠ ♣➦ ❡ ❜ ② ❦ ✉ ③ ❛ ❤ ❛ ♥✐ ↔ ♥ ❤ ♦ ❦ ❛ ♣✐ ❧ ✉ ❜ ② ❡ ♠ ➙❧
❡ ❞ ② ♣➦✐ ♦ ③ ❡ ♥ ➙ ✭ ➸ ♥ ➙✮ ✉ ❛ ♥ ♦ ✈✐ ♣ ✈ ➙ ❛ ❦ ♦ ✈ ❦ ✉ ③✱ ➸ ❡ ❡ ① ♣ ♦ ❛ ✐ ♠ ♣ ♦ ❜ ✉ ❞ ♦ ✉

✈ ♦ ✈ ♥ ♦ ✈ ③ ❡✳
♦ ❦ ✉ ❞ ❜ ② ❝ ❤ ♦ ♠ ✉ ✈ ❛ ➸ ♦ ✈ ❛❧✐ ✒ ♣ ♦ ❞ ✉ ❦ ♦ ❜ ↔ ❛ ♥ ➲ ❞ ❛ ♥ ❤ ♦ ③ ❡ ♠ ✏✱ ♠ ➙❧✐ ❜ ② ❝ ❤ ♦ ♠ ♣ ♦✲

③ ♦ ♦ ✈ ❛ ♦ ✈ ♥ ♦ ❡ ① ♣ ♦ ➲ ❛ ✐ ♠ ♣ ♦ ➲✳ ➎ ❡❧✱ ❛ ❦ ♦ ✈ ❛ ✐ ✐ ❦ ② ♥ ❡❥ ♦ ✉ ❜ ➙ ➸ ♥ ➙ ✈ ❡ ❞ ❡ ♥ ②✳
❉ ♦ ♠ ❝ ♣ ♦ ❞ ✉ ❦ ♥ ❡ ③ ♦ ❤❧ ❡ ❞ ➡ ✉❥ ❡ ♣ ♦ ❞ ✉ ❦ ❝✐ ♦ ❜ ↔ ❛ ♥ ➲ ❞ ❛ ♥ ❤ ♦ ③ ❡ ♠ ✈ ③ ❛ ❤ ❛ ♥✐ ↔ ❛ ♥ ✲
♦ ❞ ♥ ♣ ♦ ❞ ✉ ❦ ③ ❛ ❡ ♣ ♦ ↔ ✐ ♦ ♦ ❜ ❛ ♠✐ ❞ ❛ ♥ ♥ ♦ ❞ ♥ ♦ ✐✱ ❦ ❡ ✈➨ ❛ ❦ ♥ ❛ ❞ ❛ ♥ ♠
③ ❡ ♠ ♥ ❡ ➸✐❥ ✳

❩ ✈ ➨ ❡ ✉ ✈ ❡ ❞ ❡ ♥ ❤ ♦ ♣❧ ② ♥ ❡ ➸ ✈ ❡❧ ❦ ♥ ❡ ❜ ❡ ③ ♣ ❡ ↔ ♣ ♦ ➨ ♣ ❛ ♥ ♦ ✉ ✐ ♥ ❡ ♣ ❡ ❛ ❝✐ ❛ ♥ ❧ ❡ ❞✲
♥ ❝ ❤ ② ❜ ♥ ❦ ♦ ❦ ② ✈ ♦ ❜❧ ❛ ✐ ❤ ♦ ♣ ♦ ❞ ➦ ❦ ♣ ♦❧✐ ✐ ❦ ②✱ ♥ ❡ ❜ ♦➫ ♥ ➲ ❍ ❉ ③ ♣ ➲ ♦ ❜ ❡ ♥
♣➦ ❝ ❤ ♦ ❞ ❡ ♠ ③ ❛ ❤ ❛ ♥✐ ↔ ♥ ❤ ♦ ❦ ❛ ♣✐ ❧ ✉ ♥ ❡ ③ ♥ ❛ ♠ ❡ ♥ ♥ ✉ ♥ ➙ ❤ ♦ ♣ ♦ ❞ ➦ ❦ ➲ ♣ ♦ ♦ ❜ ↔ ❛✲
♥ ② ❞ ❛ ♥ ❤ ♦ ✉✳ ◆ ❛ ♦ ♣ ❛ ❦✱ ③ ❡❥ ♠ ♥ ❛ ❞ ♦ ♦ ✈ ❛ ♥ ③ ❛ ❤ ❛ ♥✐ ↔ ♥ ❦ ❛ ♣✐ ❧ ♠ ➲ ➸ ❡ ✈ ② ❧ ❛ ↔ ♦ ✈ ✲
♥ ♠ ❞ ♦ ♠ ❝ ❝ ❤ ✐ ♥ ✈ ❡ ✐ ❝ ♣ ➲ ♦ ❜✐ ♥ ❛ ♦ ❜ ② ✈ ❛ ❡❧ ❡ ❞ ❛ ♥ ❤ ♦ ✉ ♥ ❡ ❣ ❛ ✐ ✈ ♥ ➙ ✭ ❛ ↔ ❦ ♦❧✐ ❍ ❉
♦ ❡✮✳

✸✳ ✸ ❉ ❛ ❛

▼ ♦ ❞ ❡❧ ❜ ✉ ❞ ❡ ♠ ❡ ❛ ♣❧✐ ❦ ♦ ✈ ❛ ♥ ❛ ❞ ❛ ❡ ❝ ❤ ♣ ♦ ❙ ♣ ♦❥ ❡ ♥ ❙ ② ❆ ♠ ❡ ✐ ❝ ❦ ✱ ❛ ♦ ③ ❛ ❧ ❛ ✶ ✾ ✼ ✶
❛ ➸ ✷ ✵ ✶ ✹✳ ♦ ✉ ➸ ✈ ♠ ❡ ❞ ❛ ❛ ③ ❞ ❛ ❛ ❜ ③ ❋ ❘ ❊ ❉ ✭❋❡ ❞ ❡ ❛❧ ❘ ❡ ❡ ✈ ❡ ❊ ❝ ♦ ♥ ♦ ♠✐ ❝ ❉ ❛ ❛ ✮
❛ ❖ ❊ ❈ ❉ ✳ ♦ ♠ ➙ ♥ ♥ ✱ ❦ ❡ ③ ➙ ❝ ❤ ♦ ❞ ❛ ❛ ❜ ③ ❞ ♦ ✈ ♠ ❡✱ ❥ ♦ ✉✿

• ✐ ✈ ❛ ❡ ❋✐ ♥ ❛❧ ❈ ♦ ♥ ✉ ♠ ♣ ✐ ♦ ♥ ❊ ① ♣ ❡ ♥ ❞✐ ✉ ❡ ✐ ♥ ❯ ♥✐ ❡ ❞ ❙ ❛ ❡ ✱ ♣ ♦ ➦ ❡ ❜ ❛ ✈ ♠✐❧✐✲
❛ ❞ ❝ ❤ ❞ ♦❧ ❛ ➲✱ ♦ ↔ ♥ ➙ ❦ ✶✳ ❧ ❡ ❞ ♥ ✉✳ ❱ ♠ ♦ ❞ ❡❧ ✉ ♣ ♦ ♠ ➙ ♥ ♥ C o n s u m pti o n, C ✶ ✳

• ◆ ❡ ❞ ♦ ♠ ❡ ✐ ❝ ✐ ♥ ✈ ❡ ♠ ❡ ♥ ✿ ✐ ✈ ❛ ❡ ✱ ↔✐ ✐ ♥ ✈ ❡ ✐ ❝ ❡ ✈ ♠✐❧✐ ❛ ❞ ❝ ❤ ❞ ♦❧ ❛ ➲✱ ♦ ↔ ♥ ➙
❦ ✶✳ ❧ ❡ ❞ ♥ ✉✳ ❱ ♠ ♦ ❞ ❡❧ ✉ ♣ ♦ ♠ ➙ ♥ ♥ I n v e st m e nt, I ✷ ✳

• ❈ ♦ ♠ ♣ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❡ ♠ ♣❧ ♦ ② ❡ ❡ ✱ ♥ ❦❧ ❛ ❞ ② ♥ ❛ ③ ❛ ♠ ➙ ♥ ❛ ♥ ❝ ❡ ✈ ♠✐❧✐ ❛ ❞ ❝ ❤ ❞ ♦❧ ❛ ➲✱
♦ ↔ ♥ ➙ ❦ ✶✳ ❧ ❡ ❞ ♥ ✉✳ ❱ ♠ ♦ ❞ ❡❧ ✉ ♣ ♦ ♠ ➙ ♥ ♥ W a g e s ✸ ✳

• ❈ ♦ ♠ ♣ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❡ ♠ ♣❧ ♦ ② ❡ ❡ ✿ ● ♦ ✈ ❡ ♥ ♠ ❡ ♥ ✱ ♥ ❦❧ ❛ ❞ ② ♥ ❛ ✈❧ ❞ ♥ ③ ❛ ♠ ➙ ♥ ❛ ♥ ❝ ❡
✈ ♠✐❧✐ ♦ ♥ ❡ ❝ ❤ ❞ ♦❧ ❛ ➲✱ ♦ ↔ ♥ ➙ ❦ ✶✳ ❧ ❡ ❞ ♥ ✉✳ ♦ ♣➦ ❡ ✈ ♦ ❞ ✉ ♥ ❛ ♠✐❧✐ ❛ ❞ ② ✈ ♠ ♦ ❞ ❡❧ ✉
♣ ♦ ♠ ➙ ♥ ♥ G o v W a g e s, W G ✹ ✳

❱ ♠ ♦ ❞ ❡❧ ✉ ♣ ♦ ✉ ➸ ✈ ♠ ❡ ❞ ❛ ❛ ♦ ❦ ♦ ♠ ♣ ❡ ♥ ③ ❛ ❝ ❝ ❤ ③ ❛ ♠ ➙ ♥ ❛ ♥ ❝ ➲ ♠✱ ♥✐ ❦ ♦❧✐ ❥ ❡ ♥ ♠ ③ ❞ ②✳
❚ ❛ ♦ ❞ ❛ ❛ ❧ ♣ ❡ ✈ ② ✐ ❤ ✉❥ ❝ ❡❧ ❦ ♦ ✈ ♥ ❦❧ ❛ ❞ ② ♥ ❛ ③ ❛ ♠ ➙ ♥ ❛ ♥ ❝ ❡ ③ ♣ ♦ ❤❧ ❡ ❞ ✉ ✜ ♠ ② ✐ ❝ ❡❧ ❦ ♦ ✈
♣➦ ❥ ♠ ② ③ ♣ ♦ ❤❧ ❡ ❞ ✉ ③ ❛ ♠ ➙ ♥ ❛ ♥ ❝ ❡✳ ◆ ❛ ✈ ❝ ❡ ❛ ❦ ♦ ✈ ② ✈ ❛ ✉❥ ❡ ♠ ❡ ♣ ♦ ❜❧ ♠ ➲ ♣ ♦❥ ❡ ♥ ❝ ❤

❡❧ ❛ ✐ ✈ ♥ ③ ♠ ➙ ♥ ♦ ✉ ✉ ❦ ✉ ② ♦ ❞ ♠ ➙ ➡ ♦ ✈ ♥ ③ ❛ ♠ ➙ ♥ ❛ ♥ ❝ ➲ ✈ ↔ ❛ ❡ ✲ ♠ ♦ ❞ ❡ ♥ ♠ ❡ ♥✲
❞ ❡ ♠ ❥ ❡ ♥ ➲ ♥ ❡ ♠ ③ ❞ ♦ ✈ ❧ ♦ ➸ ❦ ② ♦ ❞ ♠ ➙ ♥ ② ✭ ③ ❛ ♠ ➙ ♥ ❛ ♥ ❡ ❝ ❦ ❝ ❤ ❜ ❡ ♥ ❡ ✜ ➲✮✳ ❚ ♦ ✉ ♦ ♣ ♦✲
❜❧ ❡ ♠ ❛ ✐ ❦ ♦ ✉ ❡ ✈ ❝ ❡ ③ ❛ ❜ ✈ ♥ ❛ ♣➦✳ ▲ ❛ ✇ ❡ ♥ ❝ ❡ ✭ ✷ ✵ ✶ ✺✮✱ ♦ ❜ ❡ ❝ ♥ ➙❥✐ ♦ ③ ♠ ➙ ♥ ❝ ❤ ✉ ❦ ✉ ②
❡ ❦ ♦ ♥ ♦ ♠✐ ❦ ② ✈ ↔ ❛ ❡ ♣ ❛ ❦ ❏ ♦ ♥ ❡ ✭ ✷ ✵ ✶ ✻✮✳

✶ ❤ ♣ ✿ ✴ ✴ ✇ ✇ ✇ ✳ ✉ ❛ ♥ ❞ ❧ ✳ ❝ ♦ ♠ ✴ ❞ ❛ ❛ ✴ ❋ ❘ ❊ ❉ ✴ ❯ ❙ ❆ ❋ ❈ ❊ ❆ ❉ ❙ ▼ ❊ ■ ✱
❤ ♣ ✿ ✴ ✴ ❡ ❡ ❛ ❝ ❤ ✳ ❧ ♦ ✉ ✐ ❢ ❡ ❞ ✳ ♦ ❣ ✴ ❢ ❡ ❞ ✷ ✴ ❡ ✐ ❡ ✴ ❯ ❙ ❆ ❋ ❈ ❊ ❆ ❉ ❙ ▼ ❊ ■

✷ ❤ ♣ ✿ ✴ ✴ ✇ ✇ ✇ ✳ ✉ ❛ ♥ ❞ ❧ ✳ ❝ ♦ ♠ ✴ ❞ ❛ ❛ ✴ ❋ ❘ ❊ ❉ ✴ ❆ ✺ ✺ ✼ ❘ ❈ ✶ ❆ ✵ ✷ ✼ ◆ ❇ ❊ ❆ ✱
❤ ♣ ✿ ✴ ✴ ❡ ❡ ❛ ❝ ❤ ✳ ❧ ♦ ✉ ✐ ❢ ❡ ❞ ✳ ♦ ❣ ✴ ❢ ❡ ❞ ✷ ✴ ❡ ✐ ❡ ✴ ❆ ✺ ✺ ✼ ❘ ❈ ✶ ❆ ✵ ✷ ✼ ◆ ❇ ❊ ❆

✸ ❤ ♣ ✿ ✴ ✴ ✇ ✇ ✇ ✳ ✉ ❛ ♥ ❞ ❧ ✳ ❝ ♦ ♠ ✴ ❞ ❛ ❛ ✴ ❋ ❘ ❊ ❉ ✴ ❲ ✷ ✵ ✾ ❘ ❈ ✶ ❆ ✵ ✷ ✼ ◆ ❇ ❊ ❆ ✱
❤ ♣ ✿ ✴ ✴ ❡ ❡ ❛ ❝ ❤ ✳ ❧ ♦ ✉ ✐ ❢ ❡ ❞ ✳ ♦ ❣ ✴ ❢ ❡ ❞ ✷ ✴ ❡ ✐ ❡ ✴ ❲ ✷ ✵ ✾ ❘ ❈ ✶ ❆ ✵ ✷ ✼ ◆ ❇ ❊ ❆

✹ ❤ ♣ ✿ ✴ ✴ ✇ ✇ ✇ ✳ ✉ ❛ ♥ ❞ ❧ ✳ ❝ ♦ ♠ ✴ ❞ ❛ ❛ ✴ ❋ ❘ ❊ ❉ ✴ ❆ ✹ ✵ ✼ ✻ ❈ ✵ ❆ ✶ ✹ ✹ ◆ ❇ ❊ ❆ ✱
❤ ♣ ✿ ✴ ✴ ❡ ❡ ❛ ❝ ❤ ✳ ❧ ♦ ✉ ✐ ❢ ❡ ❞ ✳ ♦ ❣ ✴ ❢ ❡ ❞ ✷ ✴ ❡ ✐ ❡ ✴ ❆ ✹ ✵ ✼ ✻ ❈ ✵ ❆ ✶ ✹ ✹ ◆ ❇ ❊ ❆

✷ ✽

https://www.quandl.com/data/FRED/USAPFCEADSMEI
https://research.stlouisfed.org/fred2/series/USAPFCEADSMEI
https://www.quandl.com/data/FRED/A557RC1A027NBEA
https://research.stlouisfed.org/fred2/series/A557RC1A027NBEA
https://www.quandl.com/data/FRED/W209RC1A027NBEA
https://research.stlouisfed.org/fred2/series/W209RC1A027NBEA
https://www.quandl.com/data/FRED/A4076C0A144NBEA
https://research.stlouisfed.org/fred2/series/A4076C0A144NBEA


• ● ♦ ✈ ❡ ♥ ♠ ❡ ♥ ❋✐ ♥ ❛❧ ❈ ♦ ♥ ✉ ♠ ♣ ✐ ♦ ♥ ❊ ① ♣ ❡ ♥ ❞✐ ✉ ❡ ✐ ♥ ❯ ♥✐ ❡ ❞ ❙ ❛ ❡ ✱ ✈❧ ❞ ♥ ♣ ♦✲
➦ ❡ ❜ ❛ ✈ ♠✐❧✐ ❛ ❞ ❝ ❤ ❞ ♦❧ ❛ ➲✱ ♦ ↔ ♥ ➙ ❦ ✶✳ ❧ ❡ ❞ ♥ ✉✳ ❱ ♠ ♦ ❞ ❡❧ ✉ ♣ ♦ ♠ ➙ ♥ ♥ ● ♦ ✈ ❈ ♦ ♥✲
✉ ♠ ♣ ✐ ♦ ♥ ✺ ✳

• ● ♦ ❈ ❛ ♣✐ ❛❧ ❋ ♦ ♠ ❛ ✐ ♦ ♥✱ ● ❡ ♥ ❡ ❛❧ ● ♦ ✈ ❡ ♥ ♠ ❡ ♥ ✱ ✈❧ ❞ ♥ ✐ ♥ ✈ ❡ ✐ ❝ ❡ ✈ ♠✐❧✐ ♦✲
♥ ❡ ❝ ❤ ❞ ♦❧ ❛ ➲✱ ♦ ↔ ♥ ➙ ❦ ✸ ✶✳ ♣ ♦ ✐ ♥ ❝✐✳ ❱ ♠ ♦ ❞ ❡❧ ✉ ♣ ♦ ❛ ♥ ❢ ♦ ♠ ❛ ❝✐ ♣ ♦ ♠ ➙ ♥ ♥
G o v I n v e st m e nt ✻ ✳

❱➨ ❡ ❝ ❤ ♥ ❛ ♦ ❛ ♥ ❞ ❛ ❛ ❥ ♦ ✉ ❜ ♥ ❛ ✈ ➸ ❞ ② ❦ ✶✳ ❧ ❡ ❞ ♥ ✉ ♣➦ ❧ ✉➨ ♥ ❤ ♦ ♦ ❦ ✉✳ ❱❧ ❞ ♥
✐ ♥ ✈ ❡ ✐ ❝ ❡ ❥ ♦ ✉ ✈➨ ❛ ❦ ❜ ♥ ② ❦ ✸ ✶✳ ♣ ♦ ✐ ♥ ❝✐ ♣➦ ❧ ✉➨ ♥ ❤ ♦ ♦ ❦ ✉✱ ❥ ♦ ✉ ❡ ❞ ② ❜ ❡ ③ ❥ ❡ ❞ ♥ ♦ ❤ ♦
❞ ♥ ❡ ♦ ♦ ❦ ♣ ♦ ✉ ♥ ✉ ✳ ❏ ❡❧✐ ❦ ♦ ➸ ✈ ♠ ♦ ❞ ❡❧ ✉ ③ ♥ ❛ ↔ ♠ ❡ ❞ ❛ ❛ ✈ ➸ ❞ ② ♦ ❦ ❡ ♠ ❛ ❦✱ ➸ ❡ ♥ ❛ ♣➦✳
✶✳ ✶✳ ✷ ✵ ✵ ✵ ♦ ③ ♥ ❛ ↔ ♠ ❡ ❥ ❛ ❦ ♦ ♦ ❦ ✷ ✵ ✵ ✵✱ ♣ ♦ ✈ ❡ ❞ ❡ ♠ ❡ ✒ ♣ ♦ ✉ ♥ ✉ ✏ ❛ ❦✱ ➸ ❡ ➸ ❞ ❛ ❛ ❦ ❡ ❞ ♥✐
✸ ✶✳ ✶ ✷✳ ✶ ✾ ✾ ✾ ♦ ③ ♥ ❛ ↔ ♠ ❡ ♦ ❦ ❡ ♠ ✷ ✵ ✵ ✵✳ ♦ ♠ ➙ ♥ ♥ ♦ ✉ G o v I n v e st m e nt ✈ ♠ ♦ ❞ ❡❧ ✉ ③ ❦ ✲
♠ ❡ ♠ ♦ ✒ ♣ ♦ ✉ ♥ ✉ ♠✏ ❛ ♣➦ ❡ ✈ ❡ ❞ ❡ ♥ ♠ ③ ♠✐❧✐ ♦ ♥ ➲ ♥ ❛ ♠✐❧✐ ❛ ❞ ② ❞ ♦❧ ❛ ➲✳ ◆ ❡ ♣➦ ❡ ♥ ♦
♣❧ ② ♥ ♦ ✉ ❝ ③ ♣ ♦ ✉ ♥ ✉ ♦ ✶ ❞ ❡ ♥ ③ ❛ ♥ ❡ ❞ ❜ ✈ ♠ ❡✳

• ❚ ❛ ① ❡ ♦ ♥ ♣ ♦ ❞ ✉ ❝ ✐ ♦ ♥ ❛ ♥ ❞ ✐ ♠ ♣ ♦ ❧ ❡ ✉ ❜ ✐ ❞✐ ❡ ✱ ❞ ❛ ♥ ➙ ✈ ♠✐❧✐ ❛ ❞ ❝ ❤ ❞ ♦❧ ❛ ➲✱
♦ ↔ ♥ ➙ ❦ ✶✳ ❧ ❡ ❞ ♥ ✉✳ ❱ ♠ ♦ ❞ ❡❧ ✉ ♣ ♦ ♠ ➙ ♥ ♥ T a x e s W E ✼ ✳

• ◆ ❡ ❡ ① ♣ ♦ ♦❢ ❣ ♦ ♦ ❞ ❛ ♥ ❞ ❡ ✈✐ ❝ ❡ ✱ ↔✐ ❡ ① ♣ ♦ ✈ ♠✐❧✐ ❛ ❞ ❝ ❤ ❞ ♦❧ ❛ ➲✱ ♦ ↔ ♥ ➙
❦ ✶✳ ❧ ❡ ❞ ♥ ✉✳ ❱ ♠ ♦ ❞ ❡❧ ✉ ♣ ♦ ♠ ➙ ♥ ♥ N et E x p o rt s ✽ ✳

◆ ❛ ③ ❦❧ ❛ ❞ ➙ ➙ ❝ ❤ ♦ ❞ ❛ ❞ ♦ ♣ ♦ ↔ ♠ ❡ ♣ ♦ ♠ ➙ ♥ ♥ ✱ ❦ ❡ ✈ ♠ ♦ ❞ ❡❧ ✉ ♣ ♦ ➦ ❡ ❜ ✉❥ ❡ ♠ ❡
❛ ♥ ❡ ♥ ❛➨❧✐ ❥ ♠ ❡ ❥ ❡ ♣➦ ♠ ♦✿

• G : = G o v C o n s u m pti o n + G o v I n v e st m e nt ✱

• W P : = W a g e s − G o v W a g e s ✱

• X : = C o n s u m pti o n + I n v e st m e nt + G ✱

• T : = T a x e s W E + N et E x p o rt s ✱

• P : = X − T − W P

❱❧ ❞ ♥ ✈ ❞ ❛❥ ❡ ❡ ❞ ② ✉ ✈ ❛ ➸ ✉❥ ❡ ♠ ❡ ❥ ❛ ❦ ♦ ♦ ✉ ↔ ❡ ✈❧ ❞ ♥ ♣ ♦ ➦ ❡ ❜ ② ❛ ✈❧ ❞ ♥ ❝ ❤ ✐ ♥ ✈ ❡ ✐ ❝✳
❩ ♣ ♦ ❤❧ ❡ ❞ ✉ ♦ ✈ ♥ ♦ ✈ ➸ ♥ ♣ ♦ ♣ ✈ ❦ ② ✴ ♥ ❛ ❜ ❞ ❦ ② X ❥ ❡ ✐ ❡❧ ❡ ✈ ❛ ♥ ♥ ✱ ③ ❞ ❛ ✈❧ ❞ ♥ ✐ ♥ ✈ ❡ ✐ ❝ ❡
③ ❛ ❤ ♥ ❡ ♠ ❡ ♣ ♦ ❞ ✐ ♥ ✈ ❡ ✐ ❝ ❡ I ↔✐ ✈❧ ❞ ♥ ✈ ❞ ❛❥ ❡ G ✱ ③ ❜ ✈ ❡ ❞ ② ♦ ③ ❦ ❛✱ ③ ❞ ❛ ♣ ♦ ↔ ❛ ❝ ❡❧✲
❦ ♦ ✈ ♠✐ ↔✐ ♣ ♦ ✉ ③ ❡ ♦ ✉ ❦ ♦ ♠ ♠✐ ✐ ♥ ✈ ❡ ✐ ❝ ❡ ♠✐✳ ♦ ❞ ❛ ♥ ♦ ✉ ♣ ♦❧ ♦ ➸ ❦ ✉ ✈❧ ❞ ♥ ❝ ❤ ✐ ♥ ✈ ❡ ✐ ❝
✈ ♦➦ ❛ ♠ ❞ ♥ ✈ ② ❜ ❛ ✈ ❡ ♥ ✱ ❦ ❡ ✭ ♥ ❛ ♦ ③ ❞ ❧ ♦ ❞ ✐ ♥ ✈ ❡ ✐ ❝ ✈ ♠ ♦ ✈ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❡✮ ♥ ❡ ❧ ♦ ✉ ➸

❦ ❞ ❛❧➨ ♣ ♦ ❞ ✉ ❦ ❝✐✳ ◆ ❛ ✈ ❝ ❥ ❞ ❡ ③ ♣ ♦ ❞ ❛ ② ✈ ➙ ❝✐ ♦ ❢ ❛ ❦ ♦ ❡ ① ♦ ❣ ❡ ♥ ♥ ✱ ♥ ❡ ❜ ♦➫ ✈❧ ❞ ♥ ✐ ♥ ✈ ❡ ✲
✐ ❝ ❡ ③ ✈✐ ♥ ❛ ♣ ♦❧✐ ✐ ❝ ❦ ♠ ♦ ③ ❤ ♦ ❞ ♥ ✉ ✈❧ ❞ ②✱ ❛ ♥ ❡❥ ♦ ✉ ❡ ❞ ② ♣➦ ♠ ♦ ③ ✈✐ ❧ ♥ ❛ ❡ ❧ ♥

❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ✐ ✉ ❛ ❝✐✳ ❱❧ ❞ ♥ ✐ ♥ ✈ ❡ ✐ ❝ ❡ ❡ ❞ ② ❞ ♦ ✐ ♥ ✈ ❡ ✐ ❝ I ✈ ♥ ❛➨ ❡ ♠ ♠ ♦ ❞ ❡❧ ✉ ♥ ❡ ③ ❛ ❤ ✲
♥ ✉❥ ❡ ♠ ❡✳

✺ ❤ ♣ ✿ ✴ ✴ ✇ ✇ ✇ ✳ ✉ ❛ ♥ ❞ ❧ ✳ ❝ ♦ ♠ ✴ ❞ ❛ ❛ ✴ ❋ ❘ ❊ ❉ ✴ ❯ ❙ ❆ ● ❋ ❈ ❊ ❆ ❉ ❙ ▼ ❊ ■ ✱
❤ ♣ ✿ ✴ ✴ ❡ ❡ ❛ ❝ ❤ ✳ ❧ ♦ ✉ ✐ ❢ ❡ ❞ ✳ ♦ ❣ ✴ ❢ ❡ ❞ ✷ ✴ ❡ ✐ ❡ ✴ ❯ ❙ ❆ ● ❋ ❈ ❊ ❆ ❉ ❙ ▼ ❊ ■

✻ ❤ ♣ ✿ ✴ ✴ ✇ ✇ ✇ ✳ ✉ ❛ ♥ ❞ ❧ ✳ ❝ ♦ ♠ ✴ ❞ ❛ ❛ ✴ ❖ ❊ ❈ ❉ ✴ ❙ ◆ ❆ ❴ ❚ ❆ ❇ ▲ ❊ ✶ ✷ ❴ ❯ ❙ ❆ ❴ ● ✺ ❴ ● ❙ ✶ ✸ ❴ ❈
✼ ❤ ♣ ✿ ✴ ✴ ✇ ✇ ✇ ✳ ✉ ❛ ♥ ❞ ❧ ✳ ❝ ♦ ♠ ✴ ❞ ❛ ❛ ✴ ❋ ❘ ❊ ❉ ✴ ❲ ✷ ✺ ✹ ❘ ❈ ✶ ❆ ✵ ✷ ✼ ◆ ❇ ❊ ❆ ✱

❤ ♣ ✿ ✴ ✴ ❡ ❡ ❛ ❝ ❤ ✳ ❧ ♦ ✉ ✐ ❢ ❡ ❞ ✳ ♦ ❣ ✴ ❢ ❡ ❞ ✷ ✴ ❡ ✐ ❡ ✴ ❲ ✷ ✺ ✹ ❘ ❈ ✶ ❆ ✵ ✷ ✼ ◆ ❇ ❊ ❆
✽ ❤ ♣ ✿ ✴ ✴ ✇ ✇ ✇ ✳ ✉ ❛ ♥ ❞ ❧ ✳ ❝ ♦ ♠ ✴ ❞ ❛ ❛ ✴ ❋ ❘ ❊ ❉ ✴ ❆ ✵ ✶ ✾ ❘ ❈ ✶ ❆ ✵ ✷ ✼ ◆ ❇ ❊ ❆ ✱

❤ ♣ ✿ ✴ ✴ ❡ ❡ ❛ ❝ ❤ ✳ ❧ ♦ ✉ ✐ ❢ ❡ ❞ ✳ ♦ ❣ ✴ ❢ ❡ ❞ ✷ ✴ ❡ ✐ ❡ ✴ ❆ ✵ ✶ ✾ ❘ ❈ ✶ ❆ ✵ ✷ ✼ ◆ ❇ ❊ ❆

✷ ✾

https://www.quandl.com/data/FRED/USAGFCEADSMEI
https://research.stlouisfed.org/fred2/series/USAGFCEADSMEI
https://www.quandl.com/data/OECD/SNA_TABLE12_USA_GP5P_GS13_C
https://www.quandl.com/data/FRED/W254RC1A027NBEA
https://research.stlouisfed.org/fred2/series/W254RC1A027NBEA
https://www.quandl.com/data/FRED/A019RC1A027NBEA
https://research.stlouisfed.org/fred2/series/A019RC1A027NBEA


❩ ❜ ✈ ❥✐ ➸ ❥ ❡ ♥ ❞ ♦ ❞ ❛ ❞ ♦ ♠ ♦ ❞ ❡❧ ✉ ♣ ♦ ↔ ❡ ↔ ♥ ♦ ✈ ❡ ➡ ❦ ❛ ♣✐ ❧ ✉ K 0 ✭ ❡ ♣✳ K 1 9 7 1 ✮✳
❏ ❛ ❦ ❥ ♠ ❡ ✐ ❛❧ ❡ ✈➨✐ ♠❧✐ ❥✐ ➸ ❞➦ ✈ ❡✱ ♠ ♦ ❞ ❡❧ ♥ ❡ ✉ ✈ ❛ ➸ ✉❥ ❡ ❞ ❡ ♣ ❡ ❝✐ ❛ ❝✐ ❦ ❛ ♣✐ ❧ ✉✳ ♦ ♣ ♦ ♦ ✈✲
♥ ♥ ❡ ❛❧✐ ♦ ✉ ♣ ♦ ♦ ♣ ♦ ➦ ❡ ❜ ✉❥ ❡ ♠ ❡ ❝ ❡❧ ♦ ✉ ➦ ❛ ❞ ✉✳

❱ ② ✈ ✈ ③ ❞ ❡ ♦ ♣ ➙ ♦ ③ ❦ ❛✱ ③ ❞ ❛ ✉ ✈ ❛ ➸ ♦ ✈ ❛ ♣ ♦ ✉ ③ ❡ ♣ ✐ ✈ ♥ ✱ ♥ ❡ ❜ ♦ ➸ ✈❧ ❞ ♥ ❦ ❛✲
♣✐ ❧✳ ❱③ ❤❧ ❡ ❞ ❡ ♠ ❦ ♣ ♦ ✈ ❛ ③ ❡ ♠ ♦ ❞ ❡❧ ✉✱ ❦ ❞ ② ✐ ♥ ✈ ❡ ✐ ❝ ❡ ❥ ♦ ✉ ✉ ↔ ♦ ✈ ♥ ② ♣ ♦ ✉ ③ ❡ ♣ ✐ ✈ ♥ ♠✐
③✐ ❦ ② ❛ ③ ♦ ✈ ♥✐ ❝ ❡ ✐ ❞ ❡ ♥ ✐ ② ♣ ♦ ❦ ❛ ♣✐ ❧ ❡ ♥ ♦ ♥ ❛ ➲ ♣ ✈ ➙ ♦ ✐ ♥ ✈ ❡ ✐ ❝ ❡✱ ❜ ✉ ❞ ❡ ♠ ❡ ✉ ✈ ❛✲
➸ ♦ ✈ ❛ ♣ ♦ ✉ ③ ❡ ❦ ❛ ♣✐ ❧ ♣ ✐ ✈ ♥ ✳ ❱❧ ❞ ♥ ❦ ❛ ♣✐ ❧ ♥ ❛ ✈ ❝ ♥ ❡ ❜ ✈ ♣ ✐ ♠ ♥ ➙ ✉ ↔ ❡ ♥ ❦ ♣➦ ♠
♣ ♦ ❞ ✉ ❦ ❝✐ ♣ ♦ ➦ ❡ ❜ ♥ ❝ ❤ ❛ ❦ ➲✳

◆ ❛ ❦ ♦ ♥ ❡ ❝ ♣ ♦ ③ ♥ ❛ ♠ ❡ ♥ ❡❥ ♠ ❡✱ ➸ ❡ ❦ ✐ ♥ ✈ ❡ ✐ ↔ ♥ ♠ ✉ ♠ ❛❥ ❡ ❦ ✉ ♣➦✐ ↔ ♠ ❡ ✐ ③ ♦ ❜ ②✱ ✉ ✈ ❛✲
➸ ✉❥ ❡ ♠ ❡ ♣ ♦ ♦ ✐ ❛ ✈ ② ③ ❜ ♦ ➸ ❞❧ ♦ ✉ ❤ ♦ ❞ ♦ ❜ ♣ ♦ ➦ ❡ ❜ ② ✭ ♥ ❛ ♦ ③ ❞ ❧ ♦ ❞ ③ ❜ ♦ ➸ ✉ ↔ ❡ ♥ ❤ ♦
❦ ② ❝ ❤❧ ♣ ♦ ➦ ❡ ❜ ➙✮✳ ❩ ❞ ❛ ❛ ❜ ③ ❞ ♦ ✈ ♠ ❡✿

• ◆ ❡ ❙ ♦ ❝ ❦ ♦❢ ❋✐ ① ❡ ❞ ❆ ❡ ❛ ♥ ❞ ❈ ♦ ♥ ✉ ♠ ❡ ❉ ✉ ❛ ❜❧ ❡ ● ♦ ♦ ❞ ✱ ❛ ✈ ② ✐ ♥ ✈ ❡ ✐ ↔ ♥ ✲
❤ ♦ ♠ ❛❥ ❡ ❦ ✉ ❛ ③ ❜ ♦ ➸ ❞❧ ♦ ✉ ❤ ♦ ❞ ♦ ❜ ♣ ♦ ➦ ❡ ❜ ② ✈ ♠✐❧✐ ❛ ❞ ❝ ❤ ❞ ♦❧ ❛ ➲✱ ❦ ✶✳ ❧ ❡ ❞ ♥ ✉✳
❱ ♠ ♦ ❞ ❡❧ ✉ ♣ ♦ ♠ ➙ ♥ ♥ F A D G ✾ ✳

• ◆ ❡ ❙ ♦ ❝ ❦ ♦❢ ❋✐ ① ❡ ❞ ❆ ❡ ✿ ● ♦ ✈ ❡ ♥ ♠ ❡ ♥ ✱ ❛ ✈ ② ✈❧ ❞ ♥ ❤ ♦ ✐ ♥ ✈ ❡ ✐ ↔ ♥ ❤ ♦ ♠ ❛❥ ❡ ✲
❦ ✉ ✈ ♠✐❧✐ ❛ ❞ ❝ ❤ ❞ ♦❧ ❛ ➲✱ ❦ ✶✳ ❧ ❡ ❞ ♥ ✉✳ ❱ ♠ ♦ ❞ ❡❧ ✉ ♣ ♦ ♠ ➙ ♥ ♥ G o v F A ✶ ✵ ✳

❉ ♦ ✈ ♠ ❡ ♣ ❛ ❦ ♣ ♦ ♠ ➙ ♥ ♥

• R e al K : = F A D G − G o v F A ✱

• K : = K − 1 + I ✱

❦ ❞ ❡ ♣ ♦ ✈ ♣ ♦ ↔ ❡ ♣ ♦ ♠ ➙ ♥ ♥ K ✈ ② ✉ ➸✐❥ ❡ ♠ ❡ ♣ ♦ ↔ ❡ ↔ ♥ ❤ ♦ ❞ ♥ ♦ ✉ ❡ ❧ ♥ ❤ ♦ ❦ ❛ ♣✐ ❧ ✉
R e al K ✈ ♦ ❝ ❡ ✶ ✾ ✼ ✶ ✭ ✈❧ ❛ ♥ ♠ ♦ ❞ ❡❧ ③ ❛ ↔ ♥ ♦ ❞ ♦ ❦ ✉ ✶ ✾ ✼ ✷ ❛ ✉ ✈ ❛ ➸ ✉❥ ❡ ❤ ♦ ❞ ♥ ♦ ✉ ❦ ❛ ♣✐ ❧ ✉
③ ♣ ♦ ➸ ❞ ➙ ♥ ♦ ✉ ♦ ✶✮✳

✸✳ ✹ ❆ ♣❧✐ ❦ ❛ ❝ ❡ ✈ ❝ ❤ ♦ ③ ❤ ♦ ♠ ♦ ❞ ❡❧ ✉

♦ ♣ ✈ ♦ ♥ ♦ ❞ ❤ ❛ ❞ ♠ ♦ ❞ ❡❧ ✉ ♣ ♦ ✉ ♣ ✉❥ ❡ ♠ ❡ ③ ❝ ❡❧ ❛ ✈ ❞ ✉ ❝ ❤ ✉ ♣ ➲ ✈ ♦ ❞ ♥ ❢ ♦ ♠ ✉❧ ❛ ❝ ❡ ♠ ♦ ❞ ❡✲
❧ ✉✱ ❥ ❛ ❦ ♦ ❦ ❛ ♣✐ ❧ ❡ ❞ ② ♣ ♦ ✉ ➸ ✈ ♠ ❡ ➦ ❛ ❞ ✉ K ✳

▼ ♦ ❞ ❡❧ ♦ ❞ ❤ ❛ ❞ ✉❥ ❡ ♠ ❡ ✈ ② ✉ ➸✐ ♠ ♦❢ ✇ ❛ ✉ ❊ ❱✐ ❡ ✇ ✽✱ ❛ ♦ ➦ ✉ ♣ ➡ ♦ ✈ ♦ ✉ ♠ ❡ ♦ ❞ ♦ ✉
♥ ❡❥ ♠ ❡ ♥➨ ❝ ❤ ↔ ✈ ❡ ❝ ➲✱ ✐ ❡ ❛ ✐ ✈ ♥ ➙ ✭ ✈✐ ③ ❊ ✈✐ ❡ ✇ ✭ ✷ ✵ ✶ ✸✮❀ ♦ ❛ ♥ ♥ ❛ ❛ ✈ ❡ ♥ ❥ ❡ ✈ ❝ ❤ ♦ ③ ✮✳
❊ ① ♦ ❣ ❡ ♥ ♥ ♠✐ ♣ ♦ ♠ ➙ ♥ ♥ ♠✐ ❥ ♦ ✉ ✈❧ ❞ ♥ ♠ ③ ❞ ♦ ✈ ✈ ❞ ❛❥ ❡ W G ✱ ❡ ♥ ❞✱ ✈❧ ❞ ♥ ✈ ❞ ❛❥ ❡
G ✭ ♥ ❡ ♠ ③ ❞ ♦ ✈ ✮✱ ❞ ❛ ♥ ➙ T ❛ ❞ ❧ ❡ ♣ ❡ ❞ ❡ ❡ ♠✐ ♥ ♦ ✈ ❛ ♥ ♣ ♦ ♠ ➙ ♥ ♥ ✲ ③ ♣ ♦ ➸ ❞ ➙ ♥ ❤ ♦ ❞ ♥ ♦ ② ❦ ❛✲
♣✐ ❧ ✉ K − 1 ✱ ♣ ✐ ✈ ♥ ❝ ❤ ③✐ ❦ ➲ P − 1 ❛ ♦ ✈ ♥ ♦ ✈ ➸ ♥ ♣ ♦ ♣ ✈ ❦ ② ✴ ♥ ❛ ❜ ❞ ❦ ② X − 1 ✳ ❱➨ ❡ ❝ ❤ ♥ ②
② ♦ ❡ ① ♦ ❣ ❡ ♥ ♥ ♣ ♦ ♠ ➙ ♥ ♥ ♣ ♦ ✉ ➸ ✈ ♠ ❡ ❥ ❛ ❦ ♦ ✐ ♥ ✉ ♠ ❡ ♥ ② ♣ ♦ ➦ ✉ ♣ ➡ ♦ ✈ ♦ ✉ ♠ ❡ ♦ ❞ ✉

♥ ❡❥ ♠ ❡ ♥➨ ❝ ❤ ↔ ✈ ❡ ❝ ➲✳

✾ ❤ ♣ ✿ ✴ ✴ ✇ ✇ ✇ ✳ ✉ ❛ ♥ ❞ ❧ ✳ ❝ ♦ ♠ ✴ ❞ ❛ ❛ ✴ ❋ ❘ ❊ ❉ ✴ ❑ ✶ ❲ ❚ ❖ ❚ ▲ ✶ ❊ ❙ ✵ ✵ ✵ ✱
❤ ♣ ✿ ✴ ✴ ❡ ❡ ❛ ❝ ❤ ✳ ❧ ♦ ✉ ✐ ❢ ❡ ❞ ✳ ♦ ❣ ✴ ❢ ❡ ❞ ✷ ✴ ❡ ✐ ❡ ✴ ❑ ✶ ❲ ❚ ❖ ❚ ▲ ✶ ❊ ❙ ✵ ✵ ✵

✶ ✵ ❤ ♣ ✿ ✴ ✴ ✇ ✇ ✇ ✳ ✉ ❛ ♥ ❞ ❧ ✳ ❝ ♦ ♠ ✴ ❞ ❛ ❛ ✴ ❋ ❘ ❊ ❉ ✴ ❑ ✶ ● ❚ ❖ ❚ ▲ ✶ ❊ ❙ ✵ ✵ ✵ ✱ ❤ ♣ ✿ ✴ ✴ ❡ ❡ ❛ ❝ ❤ ✳ ❧ ♦ ✉ ✐ ❢ ❡ ❞ ✳
♦ ❣ ✴ ❢ ❡ ❞ ✷ ✴ ❡ ✐ ❡ ✴ ❑ ✶ ● ❚ ❖ ❚ ▲ ✶ ❊ ❙ ✵ ✵ ✵

✸ ✵

https://www.quandl.com/data/FRED/K1WTOTL1ES000
https://research.stlouisfed.org/fred2/series/K1WTOTL1ES000
https://www.quandl.com/data/FRED/K1GTOTL1ES000
https://research.stlouisfed.org/fred2/series/K1GTOTL1ES000
https://research.stlouisfed.org/fred2/series/K1GTOTL1ES000


♦ ❝ ❡❧ ♠ ♦ ❞ ❡❧ ❞ ♦ ✈ ♠ ❡ ♦ ❞ ❤ ❛ ❞

C t = − 2 8 8 , 2 − ✵✱ ✶ ✷ ✷ P t + 0 , 3 6 3 P t− 1 + 1 , 0 9 9( W P
t + W G

t )

I t = 4 9 4 , 0 + 0 , 4 9 4 P t + ✵✱ ✵ ✼ ✹ P t− 1 − 0 , 2 1 8 K t− 1

W P
t = − 8 4 8 , 7 + ✵✱ ✶ ✼ ✺ X t + 0 , 2 4 2 X t− 1 + 2 0 , 8 4 t

X t = C t + I t + G t

P t = X t − T t − W P
t

K t = K t− 1 + I t

✭ ❦ ♦ ❡ ✜ ❝✐ ❡ ♥ ② ♣ ❛ ♥ ✉ ↔ ♥ ➙ ❥ ♦ ✉ ♥ ❛ ❤❧ ❛ ❞✐ ♥ ➙ ✺ % ❛ ✐ ✐ ❝ ❦ ② ♥ ❡ ✈ ③ ♥ ❛ ♠ ♥ ✮✳

♦ ❥ ❡ ❞ ♥ ♦ ❧✐ ✈ ♦ ✈ ♥✐ ❝ ❡ ♣ ❛ ❦ ❞ ♦ ✈ ♠ ❡ ♦ ❞ ❤ ❛ ❞ ② ♥ ❧ ❡ ❞ ♦ ✈ ♥ ➙✿

❘ ♦ ✈ ♥✐ ❝ ❡ ♣ ♦ ➦ ❡ ❜ ②

C t = α 0 + α 1 P t + α 2 P t− 1 + α 3 (W
P
t + W G

t )  + ε 1 t

C t = − 2 8 8 , 2 − ✵✱ ✶ ✷ ✷ P t + 0 , 3 6 3 P t− 1 + 1 , 0 9 9( W P
t + W G

t )

K o e f i ci e nt S t. o d c h. t − st at. p − h o d n ot a
α 0 − 2 8 8 ,2 5 0 ,7 9 − 5 ,6 7 4 0 ,0 0 0
α 1 − 0 ,1 2 2 0 ,1 6 4 − 0 ,7 4 5 0 ,4 5 8
α 2 0 ,3 6 3 0 ,1 4 8 2 ,4 6 0 0 ,0 1 5
α 3 1 ,0 9 9 0 ,0 6 3 1 7 ,5 0 0 ,0 0 0

R 2 9 9 ,8 2 %
R 2

A dj 9 9 ,8 0 %
S. E. 1 5 4 ,9
D u r bi n − W at s o n 0 ,3 5 4

❘ ♦ ✈ ♥✐ ❝ ❡ ✐ ♥ ✈ ❡ ✐ ❝

I t = β 0 + β 1 P t + β 2 P t− 1 + β 3 K t− 1 + ε 2 t

I t = 4 9 4 , 0 + 0 , 4 9 4 P t + ✵✱ ✵ ✼ ✹ P t− 1 − 0 , 2 1 8 K t− 1

K o e f i ci e nt S t. o d c h. t − st at. p − h o d n ot a
β 0 4 9 4 ,0 5 3 ,4 9 9 ,2 3 5 0 ,0 0 0
β 1 0 ,4 9 4 0 ,1 3 9 3 ,5 4 9 0 ,0 0 1
β 2 0 ,0 7 4 0 ,1 1 4 0 ,6 4 7 0 ,5 1 9
β 3 − 0 ,2 1 8 0 ,0 2 7 − 8 ,2 2 3 0 ,0 0 0

R 2 6 2 ,5 8 %
R 2

A dj 5 9 ,7 1 %
S. E. 1 5 2 ,6
D u r bi n − W at s o n 0 ,1 8 9

✸ ✶



❘ ♦ ✈ ♥✐ ❝ ❡ ♣ ✐ ✈ ♥ ❝ ❤ ♠ ❡ ③ ❞

W P
t = γ 0 + γ 1 X t + γ 2 X t− 1 + γ 3 t + ε 3 t

W P
t = − 8 4 8 , 7 + ✵✱ ✶ ✼ ✺ X t + 0 , 2 4 2 X t− 1 + 2 0 , 8 4 t

K o e f i ci e nt S t. o d c h. t − st at. p − h o d n ot a
γ 0 − 8 4 8 ,7 1 6 3 ,4 − 5 ,1 9 4 0 ,0 0 0
γ 1 0 ,1 7 5 0 ,0 9 6 1 ,8 1 4 0 ,0 7 2
γ 2 0 ,2 4 2 0 ,0 9 6 2 ,5 3 3 0 ,0 1 3
γ 3 2 0 ,8 4 3 ,4 4 1 6 ,0 5 5 0 ,0 0 0

R 2 9 9 ,7 6 %
R 2

A dj 9 9 ,7 4 %
S. E. 1 0 8 ,2
D u r bi n − W at s o n 0 ,4 7 4

❱❡❧ ♠✐ ✈ ② ♦ ❦ R 2
A dj ✉ ♦ ✈ ♥✐ ❝ ♣ ♦ ➦ ❡ ❜ ② ❛ ♣ ✐ ✈ ♥ ❝ ❤ ♠ ❡ ③ ❞ ❥ ❡ ❞ ♥ ♦ ❝ ❤ ❛ ❛ ❦ ❡✲

❡ ♠ ❞ ❛ ✱ ❦ ❡ ♦ ❜ ❛ ❤ ✉❥ ✈ ❡❧ ♠✐ ✈ ③ ♥ ❛ ♠ ♥ ❡ ♥ ❞✳ ❱ ➙ ➨✐ ♥ ❛ ✈ ❛ ✐ ❛ ❜✐❧✐ ② ❥ ❡ ❡ ❞ ② ♣ ❛ ♥ ➙
✈ ② ✈ ➙ ❧ ❡ ♥ ❛ ♣ ✈ ➙ ❡ ♥ ❞ ❡ ♠✱ ❦ ❡ ❥ ❡ ✈ ♦ ✈ ♥✐ ❝✐ ♠ ❡ ③ ❞ ③ ♦ ❤❧ ❡ ❞ ♥ ➙ ♥ ♣➦ ♠ ♦ ❛ ✈ ♦ ✈ ♥✐ ❝✐
♣ ♦ ➦ ❡ ❜ ② ♣ ❛ ❦ ✜ ❣ ✉ ✉❥ ❡ ♣ ✈ ➙ ♣ ♦ ➦ ❡ ❞ ♥✐ ❝ ✈ ♠ ♣ ✐ ✈ ♥ ❝ ❤ ♠ ❡ ③ ❞✳

❉ ❧ ❡ ♥ ③ ❛ ❛ ③ ✈ ③ ♥ ❛ ♠ ♥ ③ ♣ ♦ ♥ ❛ ❜ ♦❧ ✉ ♥ ↔❧ ❡ ♥ ② ✉ ♦ ✈ ♥✐ ❝ ❡ ♣ ♦ ➦ ❡ ❜ ② ❛ ♣ ✐ ✈ ✲
♥ ❝ ❤ ♠ ❡ ③ ❞✳ ❏ ❛ ❦ ❥ ♠ ❡ ♦ ③ ❡ ❜ ❛❧✐ ✈ ➨ ❡✱ ✉ ♦ ✈ ♥✐ ❝ ❡ ♣ ♦ ➦ ❡ ❜ ② ❧ ③ ❡ ❡ ♥ ♦ ↔❧ ❡ ♥ ❝ ❤ ♣ ❛ ❥ ❛ ❦ ♦
❛ ✉ ♦ ♥ ♦ ♠ ♥ ♣ ♦ ➦ ❡ ❜ ✉✱ ✉ ♦ ✈ ♥✐ ❝ ❡ ♠ ❡ ③ ❞ ♣ ❛ ❦ ❥ ❛ ❦ ♦ ❥ ❛ ❦ ♦ ✉ ✐ ♠✐ ♥✐ ♠ ❧ ♥ ♠ ③ ❞ ✉✳ ❩ ♣ ♦ ♥
❤ ♦ ❞ ♥ ♦ ② ➙ ❝ ❤ ♦ ❦ ♦ ❡ ✜ ❝✐ ❡ ♥ ➲ ❥ ♦ ✉ ❛ ❦ ③ ♣ ♦ ❤❧ ❡ ❞ ✉ ❜ ➙ ➸ ♥ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ❡ ♦ ✐ ❡ ♣➦ ❡ ❦ ✈ ❛ ♣ ✉✲
❥ ❝ ❛ ✐ ♥ ❞✐ ❦ ✉❥ ✱ ➸ ❡ ♠ ♦ ❞ ❡❧ ❡ ♠ ♥ ➙ ❝ ♦ ♥ ❡ ♠ ✉ ❜ ✈ ♣ ♦➦ ❞ ❦ ✉✳

➦✐ ♣ ♦ ❞ ♦ ❜ ♥ ➙❥➨ ♠ ♣ ♦ ❤❧ ❡ ❞ ✉ ♥ ❛ ♦ ✉ ❛ ✈ ✉ ✭ ✸✳ ✶✮ ♠ ♦ ❤ ♦ ✉ ❜ ✐ ❞ ❡ ♥ ✐ ✜ ❦ ♦ ✈ ♥ ② ♥ ❛ ♣➦ ✲
❦❧ ❛ ❞ ② ♦ ③ ❞ ♦❥ ❡ ♣ ♦ ❡ ♥ ❝✐ ❧ ♥ ➙ ♦ ③ ♣ ♦ ♥ ❝ ❤ ♠ ✿

• ◆ ❡ ♣ ✈ ♥ ♣ ❡ ❝✐ ✜ ❦ ❛ ❝ ❡ ♠ ♦ ❞ ❡❧ ✉✳ ◆ ❛ ♣➦✳ ✈❧✐ ✈ ❡ ♠ ↔ ❛ ♦ ✈ ❦ ♦ ❡❧ ♦ ✈ ❛ ♥ ♦ ✐ ❡ ③✐ ❞ ✉
♥ ❡ ♠ ✉ ❜ ③ ♣ ♦ ➸ ❞ ➙ ♥ ✭ ♣ ❡ ❞ ❡ ❡ ♠✐ ♥ ♦ ✈ ❛ ♥ ✮ ♣ ♦ ♠ ➙ ♥ ♥ ❡ ① ♦ ❣ ❡ ♥ ♥ ✳

• ❉ ❛ ❛ ❥ ♦ ✉ ✉ ✈ ❞ ➙ ♥ ✈ ♦ ✉ ↔ ❛ ♥ ❝ ❤ ❝ ❡ ♥ ❝ ❤ ✭ ❝ ✉ ❡ ♥ ♣ ✐ ❝ ❡ ✮✳ ❖ ↔✐➨ ➙ ♥ ♦ ✐ ♥ ✢ ❛ ❝✐
❜ ② ♠ ♦ ❤❧ ♦ ♣➦✐ ♥ ❡ ❧ ♥ ➙❥➨ ♣ ♦ ❤❧ ❡ ❞✳

• ◆ ❡ ♣ ✈ ♥ ③ ❛ ❝ ❤ ② ❝ ❡ ♥ ❤ ♦ ❞ ♥ ♦ ② ❦ ❛ ♣✐ ❧ ✉✳ ❯ ✈ ❛ ➸ ♦ ✈ ❛ ♥ ♦ ✈ ♥✐ ❝ ❡ K t = K t− 1 + I t

♦ ✐ ➸ ♥ ❡ ❜ ❡ ❡ ✈ ♣ ♦ ❛ ③ ♠ ♦ ➸ ♥ ③ ❤ ♦ ❞ ♥ ♦ ❝ ❡ ♥ ❦ ❛ ♣✐ ❧ ✉ ✈ ↔ ❛ ❡ ✭ ♥ ❛ ♣➦✳ ♥ ➲ ❝ ❡ ♥
♥ ❡ ♠ ♦ ✈✐ ♦ ✮✳ ❯ ❦ ❛ ③ ✉❥ ❡ ❡✱ ➸ ❡ ❥ ❞ ❡ ♦ ✈❧✐ ✈ ✈ ❡❧ ♠✐ ♣ ♦ ❞ ❛ ♥ ✭ ✈✐ ③ ♦ ❜ ③ ❡ ❦ ✸✳ ✶✮✳

• ▼ ♦ ❞ ❡❧ ♣ ♦ ↔ ➲ ❡ ♠ ❧✐ ♥ ❡ ♥ ➙✳ ➦✐ ❞ ❡❧➨ ♠ ↔ ❛ ♦ ✈ ♠ ♦ ❜ ❞ ♦ ❜ ✱ ✈ ❛ ③ ♥ ♠ ➲ ✉
✉ ✈ ❛ ➸ ♦ ✈ ❛ ♥ ❝ ❤ ✈ ❡❧✐ ↔✐ ♥ ❛ ✈ ③ ❤❧ ❡ ❞ ❡ ♠ ❦ ❡ ❦ ✉ ❡ ↔ ♥ ♦ ✐✱ ➸ ❡ ✐ ♥ ✢ ❛ ❝ ❡ ❡ ✈ ♣➦ ❡ ❞ ♠ ➙ ♥ ♠
♦ ❜ ❞ ♦ ❜ ✶ ✾ ✼ ✶✲ ✷ ✵ ✶ ✹ ✈ ❛ ③ ♥ ➙ ♠ ➙ ♥✐❧ ❛✱ ♦ ❥✐ ➸ ♥ ❡ ♠ ✉ ❜ ❞ ♦ ❛ ❡ ↔ ♥ ❛ ♣ ♦ ①✐ ♠ ❛ ❝ ❡✳

• ➦ ❡ ❞ ♣ ♦ ❦❧ ❛ ❞✱ ➸ ❡ ❡❧ ❛ ✐ ✈ ♥ ③ ❞ ❛ ♥ ➙ ♥ ♣ ❝ ❡ ❥ ❡ ❦ ♦ ♥ ❛ ♥ ♥ ✳ ❚ ♦ ✐ ➸✱ ③ ❞ ❛ ♥ ➙ ♥ ♣ ❝ ❡
❥ ❡ ✈ ➙❧ ❡ ♥ ♦ ❞ ♦ ❦ ♦ ❡ ✜ ❝✐ ❡ ♥ ✉ α 3 ✳

• ▼ ♦ ❞ ❡❧ ♥ ❡ ❜ ❡ ❡ ✈ ♣ ♦ ❛ ③ ✐ ♥ ✈ ❡ ✐ ❝ ❡ ❞ ♦ ♠ ❝ ♥ ♦ ✳

✸ ✷



❖ ❜ ③ ❡ ❦ ✸✳ ✶✿ ❱ ✈ ♦❥ ❤ ♦ ❞ ♥ ♦ ② ❦ ❛ ♣✐ ❧ ✉

❉ ❛❧➨ ♣ ♦ ❡ ♥ ❝✐ ❧ ♥ ③ ❞ ♦❥ ❡ ♣ ♦ ❜❧ ♠ ➲ ✉ ✈ ❞ ❛ ❦ ♥ ❛ ♣➦ ❦❧ ❛ ❞ ❍ ✉➨ ❡ ❦ ✭ ✷ ✵ ✵ ✸✮✳

❩ ♣ ♦ ♥ ❛ ✉ ♦ ♥ ♦ ♠ ♥ ♣ ♦ ➦ ❡ ❜ ❛ ✈➨ ❛ ❦ ♠ ✐ ❥✐ ♥ ♠ ♦ ➸ ♥ ✈ ② ✈ ➙ ❧ ❡ ♥ ✲ ③ ❛❧ ♦ ➸ ❡ ♥ ♥ ❛ ❤ ②✲
♣ ♦ ③ ❡ ❛ ❞ ❛ ♣ ✐ ✈ ♥ ❝ ❤ ♦ ↔ ❡ ❦ ✈ ♥ ✳ ❛ ❦❧✐ ➸ ❡ ♣ ♦ ♣ ❛ ❞ ♣➦ ❥ ♠ ➲ ✈ ❡ ❞ ❡ ❦ ♦ ↔ ❡ ❦ ✈ ♥ ❞ ❛❧➨ ❤ ♦
♣ ♦ ♣ ❛ ❞ ✉ ♣➦ ❥ ♠ ➲✱ ♣ ❛ ❦ ♥ ❡ ♣➦ ❡ ❦ ✈ ❛ ♣ ✱ ➸ ❡ ❧✐ ❞ ✈ ♦ ❜ ❛ ✈ ➙ ③ ❜ ✉ ❞ ♦ ✉ ❝ ♥ ♦ ✐ ③ ❛ ↔ ♥ ♦ ✉ ✈ ❝ ❡ ♣ ♦✲
➦✐ ✳ ❆ ✉ ♦ ♥ ♦ ♠ ♥ ♣ ♦ ➦ ❡ ❜ ❛ ❥ ❡ ❛ ❦ ③ ♣ ♦ ♥ ✱ ♥ ❡ ❜ ♦➫ ❧✐ ❞ ♣➦✐ ♣ ♦ ❦❧ ❡ ✉ ♣➦ ❥ ♠ ➲ ♥ ❡❥ ❡ ♥
➸ ❡ ♣ ♦ ➦ ❡ ❜ ♦ ✈ ✈ ❛❥ ♠ ♥ ➙ ✈ ♠ ➙➦ ❡ ❦ ♣ ♦ ❦❧ ❡ ✉ ♣➦ ❥ ♠ ✉✱ ❛❧ ❡ ❦ ♦ ♠ ✉ ❥ ❡➨ ➙ ✈ ❝ ❡ ♣ ♦➦ ✱ ❝ ♦ ➸
♣ ♦ ➦ ❡ ❜ ✉ ❞ ❧ ❡ ♥✐ ➸ ✉❥ ❡✳

♦ ③ ♥ ❛ ♠ ❡ ♥ ❡❥ ♠ ❡✱ ➸ ❡ ♥ ❛ ❤ ② ♣ ♦ ③ ❡ ❛ ❞ ❛ ♣ ✐ ✈ ♥ ❝ ❤ ♦ ↔ ❡ ❦ ✈ ♥ ❥ ❡ ③ ❛❧ ♦ ➸ ❡ ♥ ❛ ❡ ♦ ✐ ❡ ❞ ❡✲
✢ ❛ ↔ ♥ ♣✐ ❧ ②✳ ❖ ❜ ❛ ✈ ② ③ ❞ ❡ ✢ ❛ ❝ ❡ ❛ ❞ ❡ ✢ ❛ ↔ ♥ ♣✐ ❧ ② ❥ ♦ ✉ ♣ ❛ ❦ ➙ ➸ ❡❥ ♥ ♠ ❜ ♦ ❞ ❡ ♠ ✈ ♦ ✉✲
↔ ❛ ♥ ♦ ✐ ♣➦ ❡ ✈❧ ❞ ❛❥ ❝ ♠ ➙ ♥ ♦ ✈ ♣ ♦❧✐ ✐ ❦ ② ✭ ♥ ❡❥ ❡ ♥✮ ③ ♣ ❛ ❞ ♥ ❤ ♦ ✈ ➙ ❛✱ ❥ ❛ ❦ ❥ ♠ ❡ ❡ ✈ ❷ ❡ ✲
❦ ❡ ♣ ✉ ❜❧✐ ❝ ❡ ♠ ♦ ❤❧✐ ✈ ♥ ❡ ❞ ✈ ♥ ❞ ♦ ❜ ➙ ♣➦ ❡ ✈ ➙ ❞ ↔✐ ♥ ❛ ♣➦✳ ③ ❜ ✈✳ ❣ ✉ ✈ ❡ ♥ ❛ ❷ ❡ ❦
♥ ♦ ❞ ♥ ❜ ❛ ♥ ❦ ② ✭ ❷ ◆ ❇✮ ▼✐ ♦ ❧ ❛ ✈ ❛ ❙✐ ♥ ❣ ❡ ❛ ♣➦✐ ♦ ❜ ❤ ❛❥ ♦ ❜ ➙ ♠ ➙ ♥ ♦ ✈ ♣ ♦❧✐ ✐ ❦ ② ❷ ◆ ❇✳ ❍ ②✲
♣ ♦ ③ ❛ ❛ ❞ ❛ ♣ ✐ ✈ ♥ ❝ ❤ ♦ ↔ ❡ ❦ ✈ ♥ ❥ ❡ ❛ ❦ ✈ ❤ ♦ ♣ ♦ ❞ ➦ ❦ ♣ ❛ ①✐ ➨✐ ♦ ❝ ❡ ♣➦✐❥ ♠ ♥ ❛ ❛ ♦❥
✈ ♣ ♦ ③ ❛ ❞ ❡ ❛❧✐ ③ ♦ ✈ ❛ ♥ ❤ ♦ ♣ ♦ ❞ ➦ ❦ ♣ ♦❧✐ ✐ ❦ ②✳

❏ ❛ ❦ ❥ ♠ ❡ ❥✐ ➸ ✉ ✈ ❡ ❞❧✐✱ ✉ ✈ ❛ ➸ ♦ ✈ ❛ ♥ ♠ ♦ ❞ ❡❧ ♠ ✈ ♥ ❡ ❞ ♦ ❛ ❦ ②✳ ♦ ❦ ✉ ❞ ❜ ② ❡ ✈➨ ❛ ❦
♣ ♦ ❞ ❛➦✐❧ ♦ ❡ ♠ ♣✐ ✐ ❝ ❦ ② ♣ ♦ ✈ ❞✐ ③ ♣ ♦ ♥ ❛ ✉ ♦ ♥ ♦ ♠ ♥ ✈ ❞ ❛❥ ❡✱ ❞ ➲ ❧ ❡ ❞ ❦ ② ♣ ♦ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝✲
❦ ♦ ✉ ❡ ♦ ✐✐ ❜ ② ❜ ②❧ ② ❞ ❛❧ ❡ ❦ ♦ ❤❧ ✳ ❩ ♣ ♦ ♥ ❛ ✉ ♦ ♥ ♦ ♠ ♥ ✈ ❞ ❛❥ ❡ ❛ ♥✐ ♠✐ ♣ ♦❥ ❡ ♥ ♠ ❡ ③ ♥
❦❧ ♦ ♥ ❦ ❡ ♣ ♦ ➦ ❡ ❜ ➙ c > 1 ♦ ✐ ➸ ③ ♥ ❛ ♠ ❡ ♥ ❛❥ ✱ ➸ ❡ ✈ ❞ ❛❥ ♦ ✈ ♠ ✉❧ ✐ ♣❧✐ ❦ ♦ ❥ ❡ ♥ ❡ ❦ ♦ ♥ ❡ ↔ ♥ ✿

M = 1 + c + c 2 + c 3 + ... = ∞

❱❡➨ ❦ ❡ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ♠ ♦ ❞ ❡❧ ② ♦ ❜ ❛ ❤ ✉❥ ❝ ✈ ❞ ❛❥ ♦ ✈ ♠ ✉❧ ✐ ♣❧✐ ❦ ♦ ❜ ② ✈ ❛ ❦ ♦ ✈ ♠
♣➦ ♣ ❛ ❞ ➙ ❜ ②❧ ② ♥ ❡ ♣ ♦ ✉ ➸✐ ❡❧ ♥ ♣ ♦ ♣ ❛ ❦ ✐ ❝ ❦ ♦ ✉ ❛ ♣❧✐ ❦ ❛ ❝✐✳

✸ ✸



♦ ❞ ✈ ❡❥ ♠ ❡ ❡ ♥ ② ♥ ✱ ③ ❞ ❛ ♣ ♦ ③ ♦ ✉❥ ❡ ♠ ❡ ✈ ③ ❛ ❤ ② ♠ ❡ ③✐ ❦ ♦ ❡ ✜ ❝✐ ❡ ♥ ② ❛ ❦✱ ❥ ❛ ❦ ❥ ♠ ❡ ❡✲
♦ ❡ ✐ ❝ ❦ ② ♦ ❞ ✈ ♦ ❞✐❧✐ ✈ ➨ ❡✳ ♦ ✈ ❡ ❞ ❡ ♠ ❡ ❲ ❛❧ ❞ ♦ ✈ ② ❡ ②✿

H 0 : β 0 = − α 0

4 9 4 , 0 = − (− 2 8 8 , 2)

χ 2
1 1 4 , 5 4

p − h o d n ot a 0 , 0 0 0

H 0 : α 1 + β 1 = 1
− 0 , 1 2 2 + 0 , 4 9 4

χ 2
1 2 1 , 0 1

p − h o d n ot a 0 , 0 0 0

❱✐ ❞ ♠ ❡✱ ➸ ❡ ❤ ② ♣ ♦ ③ ❛ ♦ ❡ ❦ ✈✐ ✈ ❛❧ ❡ ♥ ❝✐ ❛ ✉ ♦ ♥ ♦ ♠ ♥ ♣ ♦ ➦ ❡ ❜ ② ❛ ✐ ♥ ✈ ❡ ✐ ❝ ❥ ❡ ❥ ❡ ❞ ♥ ♦✲
③ ♥ ❛ ↔ ♥ ➙ ③ ❛ ♠ ♥ ✉ ❛✳ ❆ ✉ ♦ ♥ ♦ ♠ ♥ ✐ ♥ ✈ ❡ ✐ ❝ ❡ ❥ ♦ ✉ ✈ ③ ♥ ❛ ♠ ♥ ➙ ✈ ②➨➨ ✱ ♥ ❡ ➸ ❜ ② ♦ ❞ ♣ ♦ ✈ ❞ ❛❧ ♦
❤ ♦ ❞ ♥ ♦ ➙ − α 0 ✳ ❍ ② ♣ ♦ ③ ✉✱ ➸ ❡ ♣ ✐ ✈ ♥ ③✐ ❦ ② ❥ ♦ ✉ ♦ ③ ❞ ➙❧ ❡ ♥ ② ♣ ✈ ➙ ♠ ❡ ③✐ ♣ ♦ ➦ ❡ ❜ ✉
❛ ✐ ♥ ✈ ❡ ✐ ❝ ❡ ♦ ✈ ♥ ➙ ➸ ③ ❛ ♠ ♠ ❡ ✭ ♥ ❛ 5 % ❤❧ ❛ ❞✐ ♥ ➙ ✈ ③ ♥ ❛ ♠ ♥ ♦ ✐✮✳

❏ ❛ ❦ ❥ ❡ ♣ ➲ ✈ ♦ ❞ ❛ ✉ ♦ ♥ ♦ ♠ ♥ ❝ ❤ ✐ ♥ ✈ ❡ ✐ ❝✱ ❦ ♦ ♠ ➙ ♣ ♦ ➦ ❡ ❜ ② ✈ ② ♦ ✈ ♥ ❛ ❛ ✉ ♦ ♥ ♦ ♠ ♥ ✈ ✲
❞ ❛❥ ❡ ❄ ❱ ♦ ♠ ♦ ❜ ♦ ❞ ➙ ❥ ❡ ❞❧ ❡ ♠ ❤ ♦ ♥ ③ ♦ ✉ ♠ ♦ ➸ ♥ ♠ ✈ ② ✈ ➙ ❧ ❡ ♥ ♠ ♣ ✐ ♥ ❝✐ ♣ ❢ ✉ ♥ ❣ ♦ ✈ ♥
❜ ❛ ♥ ❦ ♦ ✈ ♥ ❤ ♦ ② ♠ ✉✳ ❏ ❛ ❦ ❥✐ ➸ ❜ ②❧ ♦ ✉ ✈ ❡ ❞ ❡ ♥ ♦ ✈ ➨ ❡✱ ➸✐❥ ❡ ♠ ❡ ✈ ② ♠ ✉ ③ ✈✳ ❡❧ ❛ ✐ ❝ ❦ ❝ ❤
♣ ❡ ♥ ➙ ③✱ ❦ ❞ ② ♣ ❡ ♥ ③ ❡ ✈ ③ ♥✐ ❦ ❛❥ ♣ ➲❥ ↔ ♦ ✈ ♥ ♠ ❛ ③ ❛ ♥✐ ❦ ❛❥ ♣❧ ❝ ❡ ♥ ♠✳ ❏ ❛ ❦ ❦ ♦❧✐ ✐ ♥ ✈ ❡ ✐ ❝ ❡✱
❦ ❡ ❥ ❡ ❤ ❛ ③ ❡ ♥ ❛ ♣ ➲❥ ↔ ❦ ♦ ✉ ♦ ❞ ❜ ❛ ♥ ❦ ♦ ✈ ♥ ❤ ♦ ✉ ❜❥ ❡ ❦ ✉✱ ❥ ❡ ❡ ❞ ② ❤ ❛ ③ ❡ ♥ ❛ ③ ♥ ♦ ✈ ❝ ❤ ♣ ❡ ♥ ➙ ③
✲ ♣ ❡ ♥ ➙ ③✱ ❦ ❡ ♥ ❡ ♠ ✉ ❡❧ ♥✐ ❦ ❞ ♦ ♥ ♦ ♠✐ ♥ ❧ ♥ ➙ ✉ ♣ ♦➦✐ ✭ ❡ ❧ ♥ ❝ ❤ ❤ ♦ ❞ ♥ ♦ ✱ ❦ ❡ ❡ ③ ❛ ② ♦
♥ ♦ ✈ ♣ ❡ ♥ ③ ❡ ❦ ✉ ♣ ✉❥ ✱ ❡ ✈➨ ❛ ❦ ♥ ➙ ❦ ❞ ♦ ✈ ③ ❞ ♣➦✐ ♦ ③ ❡ ♥ ➙ ♠ ✉ ❡❧✮✳ ❱✐ ③ ❦ ❛ ♣✐ ♦❧ ❛ ✷✳ ✶✳ ✶✳

❉ ♦ ❝ ❤ ③ ❛ ❦ ❦ ♥ ❛ ✉➨ ❡ ♥ ♦ ✈ ♥ ♦ ✐ ♣ ♦ ❛ ✐ ♥ ✈ ❡ ✐ ❝✱ ♥ ❡ ❜ ♦➫ ✐ ♥ ✈ ❡ ✐ ❝ ❡ ❥ ♦ ✉ ♣❧ ❛ ❝ ❡✲
♥ ② ♥ ❡❥ ❡ ♥ ♣➦ ♠ ♦ ♥ ❛ ❦ ♦ ♣ ♦ ➦ ❡ ❜ ② ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ❝ ❤ ✉ ❜❥ ❡ ❦ ➲✱ ❛❧ ❡ ➸ ♥ ♦ ✈ ➙ ✈ ③ ♥✐ ❦❧ ✲
♠✐ ♣ ❡ ♥ ➙ ③✐✳ ❚ ♠ ❥ ❡ ✈➨ ❛ ❦ ➸ ③ ❛ ➸ ❡ ♥ ❛ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ❦ ❛❧ ❦ ✉❧ ❛ ❝ ❡ ✲ ❡ ❧ ♥ ➙ ♥ ❡ ♥ ♠ ♦ ➸ ♥
✐ ♥ ✈ ❡ ♦ ✈ ❛ ✈ ❝ ❡✱ ♥ ❡ ➸ ❦ ✉ ❡ ↔ ♥ ➙ ✉ ♣ ♦➦ ♠ ❡✱ ❛ ✈➨ ❛ ❦ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ✉ ❦ ❛ ③ ❛ ❡❧ ❡ ➦ ❦ ❛❥ ♥ ➙ ❝ ♦
❥✐ ♥ ❤ ♦✳ ❉ ♦ ❡ ↕ ❥ ♠ ❡ ✉ ✈ ❛ ➸ ♦ ✈ ❛❧✐ ❝ ❡ ♥ ② ❜ ➙ ➸ ♥ ❤ ♦ ♦ ❜ ❞ ♦ ❜ ✱ ♠ ➙➦ ♠ ❡✲❧✐ ♣ ♦ ➦ ❡ ❜ ✉ ♣ ❡ ♥ ➙ ③✐✱
❦ ❡ ❥ ♦ ✉ ♥ ❛ ♥✐ ✈ ② ❞ ♥ ②✱ ③➦ ❡❥ ♠ ➙ ❛ ❦ ♥ ❡ ❞ ♦ ❦ ➸ ❡ ♠ ❡ ♣ ♦ ✐ ❤ ♥ ♦ ✉ ♣ ♦ ❦❧ ❡ ♣ ♦ ➦ ❡ ❜ ② ✈ ②✲
✈ ♦❧ ❛ ♥ ♣ ♦ ❦❧ ❡ ❡ ♠ ❤ ♦ ❞ ♥ ♦ ② ♣ ❡ ♥ ➙ ③ ✭ ♥ ♦ ♠✐ ♥ ❧ ♥ ➙ ♠ ➲ ➸ ❡ ♠ ❡ ♣ ♦ ➦ ❡ ❜ ♦ ✈ ✈ ❛ ❡❥ ♥ ♣ ❡ ♥ ③ ❡✱
❛ ✈➨ ❛ ❦ ❡ ❧ ♥ ➙ ♠ ♥ ➙ ❦ ✈ ➲❧✐ ✐ ♥ ✢ ❛ ❝✐✮✳ ◆ ❛ ✉➨ ❡ ♥ ✐ ❞ ❡ ♥ ✐ ② ♣ ♦ ❛ ✐ ♥ ✈ ❡ ✐ ❝ ❥ ❡ ❡ ❞ ② ➦ ❡ ❜ ❛
③ ♦ ❤❧ ❡ ❞ ♥✐ ✈ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ❡ ♦ ✐✐ ❛ ♣ ❛ ①✐✳ ▲ ♦ ❣✐ ❝ ❦ ♦ ✉ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ♦ ✉ ✐ ♥ ❡ ♣ ❡ ❛ ❝✐✱ ♣ ♦ ↔
♥ ❡ ♣ ♦ ③ ♦ ✉❥ ❡ ♠ ❡ ♦ ③ ❞ ➙❧ ❡ ♥ ♣ ✐ ✈ ♥ ❝ ❤ ③✐ ❦ ➲ ♠ ❡ ③✐ ♣ ♦ ➦ ❡ ❜ ✉ ❛ ✐ ♥ ✈ ❡ ✐ ❝ ❡✱ ♥ ❡ ♠ ♠ ❡✳ ❩ ❜ ✲
✈ ❛ ❦ ✈ ② ✈ ➙ ❧ ❡ ♥ ♥ ❡ ❞ ♦ ❦ ♦ ♥ ❛❧ ♦ ♠ ♦ ❞ ❡❧ ✉ ❛ ❞ ❛ ✳

✸✳ ✺ ■ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ❝ ❡ ❞ ♦ ♣ ♦ ✉ ↔ ❡ ♥ ❝ ❤ ♣ ❛ ✈

✸✳ ✺✳ ✶ ➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞ ♥ ❦ ✐ ✐ ✉ ♠

❱ ➨ ❡ ❥ ♠ ❡ ✉ ✈ ❡ ❞❧✐ ➦ ❛ ❞ ✉ ♠ ♦ ➸ ♥ ❝ ❤ ♣ ♦ ❜❧ ♠ ➲✱ ♥ ❡ ➸ ❡ ✈➨ ❛ ❦ ♣ ✉ ♠ ❡ ❞ ♦ ♣ ❛ ✈ ♠ ♦ ❞ ❡❧ ✉
✈ ③ ❥ ♠ ✉ ❥ ❡❥✐ ❝ ❤ ✈ ②➦ ❡➨ ❡ ♥ ✱ ❥ ❡ ➦ ❡ ❜ ❛ ✐ ➦ ❝✐✱ ❥ ❛ ❦ ♠ ③ ♣ ➲ ♦ ❜ ❡ ♠ ♣ ♦ ♦ ✉ ❞ ♠ ❡✱ ③ ❞ ❛ ❡ ♠ ♦ ❞ ❡❧
③❧ ❡ ♣➨✐❧✱ ↔✐ ♥✐ ❦ ♦❧✐✳ ❱ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ♣ ❛ ①✐ ❥ ❡ ✈ ♣ ♦ ❞ ❛ ➙ ❥ ❡ ❞✐ ♥ ♠ ❡❧ ❡ ✈ ❛ ♥ ♥ ♠ ❦ ✐ ✐ ❡ ♠
♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞ ♥ ❝ ❤ ♦ ♣ ♥ ♦ ♠ ♦ ❞ ❡❧ ✉✱ ❝ ♦ ➸ ❜ ✉ ❞ ❡ ♠ ❡ ❡ ♣ ❡ ❦ ♦ ✈ ❛ ✳

✸ ✹



▼ ♦ ❞ ❡❧ ♦ ❜ ❛ ❤ ✉❥ ❡ ➦✐ ✈ ② ✈ ➙ ❧ ♦ ✈ ❛ ♥ ♣ ♦ ♠ ➙ ♥ ♥ ✱ ♦ ✉ ❦ ♦ ♠ ♦ ✉ ♣ ♦ ➦ ❡ ❜ ✉✱ ♦ ✉ ❦ ♦ ♠
✐ ♥ ✈ ❡ ✐ ❝ ❡ ❛ ♦ ✉ ❦ ♦ ♠ ♣❧ ❛ ②✳ ◆ ❛ ③➦ ❡ ❡❧✐ ✈➨ ❛ ❦ ❜ ✉ ❞ ❡ ♠ ❡ ♠ ③ ❡❥ ♠ ♥ ❛ ❝ ❡❧ ❦ ♦ ✈ ♦ ✉ ♣ ♦ ❞ ✉ ❦ ❝✐
✭ ❍ ❉ ✮

Y = C + I + G + W G + N X,

♥ ❡ ❜ ♦➫ ♣ ✈ ➙ ❍ ❉ ❥ ❡ ♥ ❡❥ ↔ ❛ ➙❥✐ ♣ ♦ ✉ ➸ ✈ ❛ ♥ ♠ ♠ ➙➦ ❦ ❡ ♠ ✈ ❦ ♦ ♥ ♥ ♦ ✐ ❡ ❦ ♦ ♥ ♦ ♠✐ ❦ ② ✭ ♣➦✐✲
♣ ♦ ♠ ❡ ➡ ♠ ❡ ➸ ❡ N X ③ ♥ ❛ ↔ ♠ ❡ ↔✐ ❡ ① ♣ ♦ ✮✳ ❱ ♣ ♦ ↔ ❡ ❍ ❉ ♣ ♦ ✈ ❞ ♠ ❡ ♥ ❛ ③ ❦❧ ❛ ❞ ➙
♦ ❛ ♥ ❝ ❤ ♣ ♦ ✉ ➸✐ ❝ ❤ ❞ ❛ ✱ ❛ ❜ ② ❝ ❤ ♦ ♠ ❡ ✈ ② ❤ ♥ ✉❧✐ ♣➦ ♣ ❛ ❞ ♥ ♠ ♥ ❡ ♦ ✈ ♥ ❛❧ ♦ ❡ ♠ ♣ ❛ ♠ ❡✲
♥ ❝ ♠ ③ ♦ ③ ❞ ❧ ♥ ♠ ❡ ♦ ❞✐ ❦ ②✳

❱ ♦ ✉ ✈✐ ❧ ♦ ✐ ♣ ♦ ✉ ➸✐ ♠ ❍ ❉ ✱ ❥ ❛ ❦ ♦ ➸ ♦ ♠ ➙➦ ❦ ❡ ♠ ✈ ❦ ♦ ♥ ✉ ❡ ❦ ♦ ♥ ♦ ♠✐ ❦ ②✱ ❥ ❡ ❞ ♦ ❜
✉ ♣ ♦ ③ ♦ ♥✐ ♥ ❛ ♠ ♦ ➸ ♥ ♥ ❡ ♦ ✈ ♥ ❛❧ ♦ ✐ ✈ ❥ ❡ ❤ ♦ ✈ ♣ ♦ ↔ ✉✳ ❉ ♦ ❦ ❛ ❡ ❣ ♦ ✐ ❡ ✈❧ ❞ ♥ ❝ ❤ ✈ ❞ ❛❥ ➲
♦ ✐ ➸ ♣➦✐ ✈ ♣ ♦ ↔ ✉ ❍ ❉ ♣ ❛ ❞ ❛❥ ➸ ♠ ③ ❞ ♦ ✈ ✈ ❞ ❛❥ ❡ ♥ ❛ ✈❧ ❞ ♥ ③ ❛ ♠ ➙ ♥ ❛ ♥ ❝ ❡ ✭ ♣ ♦✲
♦ ✉ ✈ ❞ ♠ ❡ ♦ ✉ ↔ ❡ G + W G ✲ ✈ ♥ ♦ ❛ ❝✐ ❑❧ ❡✐ ♥ ♦ ✈ ❛ ♠ ♦ ❞ ❡❧ ✉ ③ ♥ ❛ ↔ G ♦❧✐ ❦ ♦ ♥ ❡ ♠ ③ ❞ ♦ ✈

✈❧ ❞ ♥ ✈ ❞ ❛❥ ❡✮✳ ❛ ② ➙ ❝ ❤ ♦ ✈❧ ❞ ♥ ❝ ❤ ③ ❛ ♠ ➙ ♥ ❛ ♥ ❝ ➲ ✈➨ ❛ ❦ ♦ ✉ ↔ ❛ ♥ ➙ ♣ ❛ ❞ ❛❥ ❞ ♦ ❦ ❛✲
❡ ❣ ♦ ✐ ❡ ♦ ✉ ❦ ♦ ♠ ♣ ♦ ➦ ❡ ❜ ② ✭ ♣➦ ♣ ❛ ❞ ♥ ➙ ✐ ♥ ✈ ❡ ✐ ❝✮✳ ➦ ❥ ♠ ② ✈❧ ❞ ♥ ❝ ❤ ③ ❛ ♠ ➙ ♥ ❛ ♥ ❝ ➲ ❥ ♦ ✉
❛ ❦ ✈❧ ❛ ♥ ➙ ❞ ♦ ❍ ❉ ③ ❛ ♣ ♦ ↔ ❡ ♥ ② ❞ ✈ ❛ ❦ ✲ ❥ ❡ ❞ ♥ ♦ ✉ ❥ ❛ ❦ ♦ ✈❧ ❞ ♥ ✈ ❞ ❛❥ ❡ ❛ ♣ ♦ ❞ ✉ ❤

❥ ❛ ❦ ♦ ❥ ❡❥✐ ❝ ❤ ♦ ✉ ❦ ♦ ♠ ❛ ② ✭ ▼ ❝ ❈ ✉❧❧ ❛✱ ✷ ✵ ✶ ✸✮✳
❱ ③ ❥ ♠ ✉ ♣ ♦ ♦ ✈ ♥ ❛ ❡❧ ♥ ♦ ✐ ✈ ✉ ♣ ➲ ✈➨ ❛ ❦ ❜ ✉ ❞ ❡ ♠ ❡✱ ♥ ❛ ✈ ③ ❞ ♦ ② ➙ ♠ ♦ ♥ ❡ ♦ ✈ ♥ ❛❧ ♦ ✲

❡ ♠✱ ♣ ♦ ↔ ❛ ✈❧ ❞ ♥ ♠✐ ✈ ❞ ❛❥✐ ✈ ❡ ❢ ♦ ♠ ➙ G + W G ✳
♦ ③ ♥ ❛ ♠ ❡ ♥ ❡❥ ♠ ❡✱ ➸ ❡ ♣ ♦ ♠ ➙ ♥ ♥ G ❛ N X ✱ ❦ ❡ ♠ ♦ ❞ ❡❧ ♥ ❡ ♣➦ ❡ ❞ ♣ ♦ ✈ ❞ ✱ ♣ ♦ ✈ ❛ ➸ ✉❥ ❡✲

♠ ❡ ♣ ♦ ↔ ❡❧ ② ♣ ❡ ❞✐ ❦ ❝ ❡ ③ ❛ ③ ♥ ♠ ✳

❙ ♦ ❤❧ ❡ ❞ ❡ ♠ ♥ ❛ ♥ ✉ ♣ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ❦ ✐ ③ ❡ ❛ ❥ ❡❥ ♣ ♦ ❦ ❛ ↔ ♦ ✈ ♥ ✈ ❧ ❡ ❡ ❝ ❤ ✷ ✵ ✵ ✽✲ ✷ ✵ ✶ ✹
♣ ♦ ✈ ❛ ➸ ✉❥ ❡ ♠ ❡ ③ ❛ ♦ ③ ✉ ♠ ♥ ✈ ③ ✈ ♣ ♦ ❛ ③ ➸ ❡❥ ♥ ➙ ❞❧ ♦ ✉ ❤ ❡ ❦ ♣➦ ❡ ❞ ❦ ✐ ③ ✱ ❛ ❜ ② ❝ ❤ ♦ ♠
♠ ♦ ❤❧✐ ♣ ❛ ✈ ❡ ❞❧✐ ✈ ➙ ♣ ♦ ♦ ✈ ♥ ❛ ♣ ❡ ❞✐ ❦ ❝ ❡ ♣ ♦ ♦ ❜ ➙ ♦ ❜ ❞ ♦ ❜ ✳

❑ ✈ ♣ ♦ ↔ ✉ ♣ ❡ ❞✐ ❦ ❝ ♠ ♦ ❞ ❡❧ ✉ ✈ ② ✉ ➸ ✈ ♠ ❡ ♦❢ ✇ ❛ ❡ ❊ ❱✐ ❡ ✇ ✽✳ ➦✐ ✈ ♦❧ ❜ ➙ ❛ ✐ ❝ ❦ ✲
❤ ♦ ➦ ❡ ➨ ❡ ♥ ♣ ❡ ❞✐ ❦ ❝ ❡ ♦❢ ✇ ❛ ❡ ✈ ➸ ❞ ② ❜ ❡ ❡ ✈ ✈ ❛ ❤ ✉ ✈➨ ❡ ❝ ❤ ♥ ❛ ♠✐ ♥ ✉❧ ❞ ❛ ❛ ❛ ♦ ✉ ↔ ❛ ♥
❤ ♦ ❞ ♥ ♦ ② ❡ ① ♦ ❣ ❡ ♥ ♥ ❝ ❤ ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤✱ ❤ ♦ ❞ ♥ ♦ ② ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤ ✈ ② ✈ ➙ ❧ ♦ ✈ ❛ ♥ ❝ ❤ ❥ ♦ ✉ ♣ ❛ ❦
❞ ♦ ♣ ♦ ↔ ❡ ♥ ② ✐ ❡ ❛ ✐ ✈ ♥ ➙✳ ❏ ❞ ❡ ❡ ❞ ② ✈❧ ❛ ♥ ➙ ♦ ✐✐ ♣ ❡ ❞✐ ❦ ❝ ♦ ✶ ♦ ❦ ❞ ♦ ♣➦ ❡ ❞ ✉✳ ➦✐ ✈ ♦❧ ❜ ➙
❞ ② ♥ ❛ ♠✐ ❝ ❦ ❤ ♦ ➦ ❡ ➨ ❡ ♥ ♣ ❡ ❞✐ ❦ ❝ ❡ ❜ ❡ ❡ ♦❢ ✇ ❛ ❡ ✈ ♣ ♦ ❛ ③ ❤ ♦ ❞ ♥ ♦ ② ❡ ♥ ❞ ♦ ❣ ❡ ♥ ♥ ❝ ❤ ♣ ♦✲
♠ ➙ ♥ ♥ ❝ ❤ ♣ ♦ ✉ ③ ❡ ♣➦ ❡ ❞ ③ ❛ ❞ ❛ ♥ ♠ ♦ ❜ ❞ ♦ ❜ ♠ ❛ ❞ ❧ ❡ ❥✐ ➸ ♣ ♦ ↔ ❥ ❡❥✐ ❝ ❤ ✭ ♠✐ ♥ ✉❧ ♠✐✮
♣ ❡ ❞✐ ❦ ❝ ❡ ♠✐✳

❱ ♦ ♠ ♦ ❜ ♦ ❞ ➙ ❥ ❡ ➦ ❡ ❜ ❛ ③ ♠ ♥✐ ✱ ➸ ❡ ♣➦✐ ❡ ❧ ♥ ♣ ❡ ❞✐ ❦ ❝✐ ❜ ② ❝ ❤ ♦ ♠ ♣➦✐ ♦ ③ ❡ ♥ ➙ ♥ ❡ ♠ ➙❧✐
❦ ❞✐ ♣ ♦ ③✐ ❝✐ ❜ ✉ ❞ ♦ ✉ ❝ ❤ ♦ ❞ ♥ ♦ ② ❡ ① ♦ ❣ ❡ ♥ ♥ ❝ ❤ ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤ ❛ ♠ ✉ ❡❧✐ ❜ ② ❝ ❤ ♦ ♠ ♣ ♦ ✉ ➸ ❥ ❡✲
❥✐ ❝ ❤ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞✐ ♥ ❛ ③ ❦❧ ❛ ❞ ➙ ❥✐ ♥ ❝ ❤ ♠ ♦ ❞ ❡❧ ➲ ❛ ♣ ♦ ✉ ♣ ➲✳

❇ ✉ ❞ ❡ ♠ ❡ ✉ ✈ ❛ ➸ ♦ ✈ ❛ ② ♦ ♣ ❡ ❞✐ ❦ ❝ ❡✿

(i) ❙ ❛ ✐ ❝ ❦ ♣ ❡ ❞✐ ❦ ❝ ❡ ♣ ♦ ❝ ❡❧ ♦ ❜ ❞ ♦ ❜ ✭ ♠ ♦ ❞ ❡❧ ♦ ❞ ❤ ❛ ❞ ♥ ✉ ③ ❛ ❝ ❡❧ ♦ ❜ ❞ ♦ ❜ ✮

(ii) ❉ ② ♥ ❛ ♠✐ ❝ ❦ ♣ ❡ ❞✐ ❦ ❝ ❡ ♣ ♦ ♦ ❜ ❞ ♦ ❜ ✷ ✵ ✵ ✶✲ ✷ ✵ ✶ ✹ ✭ ♠ ♦ ❞ ❡❧ ♦ ❞ ❤ ❛ ❞ ♥ ✉ ❞❧ ❡ ❞ ❛ ③ ♦ ❜✲
❞ ♦ ❜ ✶ ✾ ✼ ✶✲ ✷ ✵ ✵ ✵✮

(iii) ❉ ② ♥ ❛ ♠✐ ❝ ❦ ♣ ❡ ❞✐ ❦ ❝ ❡ ♣ ♦ ♦ ❜ ❞ ♦ ❜ ✷ ✵ ✵ ✶✲ ✷ ✵ ✵ ✼✱ ❥✳ ♣➦ ❡ ❞ ❦ ✐ ③ ✭ ♠ ♦ ❞ ❡❧ ♦ ❞ ❤ ❛ ❞ ♥ ✉
❞❧ ❡ ❞ ❛ ③ ♦ ❜ ❞ ♦ ❜ ✶ ✾ ✼ ✶✲ ✷ ✵ ✵ ✵✮

(i v) ❉ ② ♥ ❛ ♠✐ ❝ ❦ ♣ ❡ ❞✐ ❦ ❝ ❡ ♣ ♦ ♦ ❜ ❞ ♦ ❜ ✷ ✵ ✵ ✽✲ ✷ ✵ ✶ ✹✱ ❥✳ ♦ ❜ ❞ ♦ ❜ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ❦ ✐ ③ ❡ ✭ ♠ ♦✲
❞ ❡❧ ♦ ❞ ❤ ❛ ❞ ♥ ✉ ❞❧ ❡ ❞ ❛ ③ ♦ ❜ ❞ ♦ ❜ ✶ ✾ ✼ ✽✲ ✷ ✵ ✵ ✼✮

✸ ✺



❯ ✈ ❡ ↕ ♠ ❡✱ ➸ ❡ ♣ ❡ ❞✐ ❦ ❝ ❡ (iii) ❥ ❡ ✈❧ ❛ ♥ ➙ ✈ ② ❜ ❛ ♥ ♦ ✉ ↔ ♣ ❡ ❞✐ ❦ ❝ ❡ (ii) ❛ ✉ ✈ ❞ ♠ ❡
❥✐ ❡ ♣ ❛ ♥ ➙ ♣ ♦ ♣ ♦ ♦ ✈ ♥ ♥ ♣ ♦ ❧ ❡ ❞ ♥ ♣ ❡ ❞✐ ❦ ❝ ✳ ❯ ✐ ♣ ♦ ✈➨✐ ♠ ♥ ❡ ♠ ❡✱ ➸ ❡ ❦ ♦ ❞ ❤ ❛✲
❞ ✉ ♠ ♦ ❞ ❡❧ ✉ ♥ ❡ ♣ ♦ ✉ ➸ ✈ ♠ ❡ ✈➨ ❡ ❝ ❤ ♥ ❛ ❞ ♦ ✉ ♣ ♥ ❞ ❛ ❛ ✭ ♣➦ ❡ ❞ ♦ ❞ ❤ ❛ ❞ ♦ ✈ ❛ ♥ ♠ ♦ ❜ ❞ ♦ ❜ ♠✮✳
❱ ③ ❥ ♠ ✉ ♣ ♦ ♦ ✈ ♥ ❛ ❡❧ ♥ ♦ ✐ ♣ ❡ ❞✐ ❦ ❝ ♣➦ ❡ ❞ ❦ ✐ ③ ♦ ✈ ❤ ♦ ✭ ♥ ♦ ♠ ❧ ♥ ❤ ♦✮ ❛ ❦ ✐ ③ ♦ ✈ ❤ ♦ ♦ ❜ ❞ ♦ ❜
♦ ✐ ➸ ❝ ❤ ❝ ❡ ♠ ❡✱ ❛ ❜ ② ✈ ♦ ❜ ♦ ✉ ♣➦ ♣ ❛ ❞ ❡ ❝ ❤ ♣ ♦ ❜ ❤ ❛❧ ❛ ♣ ❡ ❞✐ ❦ ❝ ❡ ♥ ❛ ③ ❦❧ ❛ ❞ ➙ ❡❥ ♥ ➙ ❦ ✈ ❛❧✐ ✲

♥ ❤ ♦ ♠ ♦ ❞ ❡❧ ✉ ✭ ♠ ♦ ❞ ❡❧ ✉ ♣ ♦ ❛ ✈ ❡ ♥ ❤ ♦ ♥ ❛ ❡❥ ♥ ➙ ❞❧ ♦ ✉ ❤ ↔ ❛ ♦ ✈ ➦ ❛ ❞ ➙ ❛ ♣ ❡ ❞✐ ❦ ✉❥ ❝ ❤ ♦
❡❥ ♥ ➙ ❞ ❛❧ ❡ ❦ ♦ ❞ ♦ ❜ ✉ ❞ ♦ ✉ ❝ ♥ ♦ ✐✮✳

❖ ❜ ❡ ❝ ♥ ➙ ❜ ✉ ❞ ❡ ♠ ❡ ♣ ❛ ❝ ♦ ✈ ❛ ♣ ➲ ♠ ➙ ♥ ♦ ✉ ❛ ❜ ♦❧ ✉ ♥ ♣ ♦ ❝ ❡ ♥ ✉ ❧ ♥ ❝ ❤ ② ❜ ♦ ✉ ♣ ❡ ❞✐ ❦ ❝ ❡
M A P E ✭ ♠ ❡ ❛ ♥ ❛ ❜ ♦❧ ✉ ❡ ♣ ❡ ❝ ❡ ♥ ❛ ❣ ❡ ❡ ♦ ✮✳ ❱ ♣➦ ♣ ❛ ❞ ➙ ✐ ♥ ✈ ❡ ✐ ❝ ✈➨ ❛ ❦ ✉ ✈ ❞ ♠ ❡ ➸
❝ ❤ ② ❜ ✉ ❛ ❜ ♦❧ ✉ ♥ ✭M A E ✱ ♠ ❡ ❛ ♥ ❛ ❜ ♦❧ ✉ ❡ ❡ ♦ ✮✱ ♥ ❡ ❜ ♦➫ ✉ ♦ ✈ ❡❧✐ ↔✐ ♥ ② ❡ ✈ ♦ ❜ ❞ ♦ ❜
❦ ✐ ③ ❡ ❜❧ ➸ ❤ ♦ ❞ ♥ ♦ ② 0 ✳ ❘ ❡❧ ❛ ✐ ✈ ♥ ♣ ♦ ♦ ✈ ♥ ♥ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞✐ ❛ ❦ ✉ ❡ ↔ ♥ ❤ ♦ ❞ ♥ ♦ ② ❛ ❦
♥ ❡ ♥ ♣➦ ❧✐➨ ❡❧ ❡ ✈ ❛ ♥ ♥ ✳

♦ ♦ ✉ ③ ❡ ♥ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞ ♥ ❝ ❤ ❝ ❤ ♦ ♣ ♥ ♦ ♠ ♦ ❞ ❡❧ ➲ ❡ ↔ ❛ ♦ ✉ ❦ ❛ ③ ✉❥ ❡ ❜ ♣ ♦ ♠ ➙ ♥ ➙
❥ ❛ ♥ ✱ ✈ ♦ ❛ ♥ ❝ ❤ ♣➦ ♣ ❛ ❞ ❡ ❝ ❤ ❡ ❜ ✉ ❞ ❡ ♠ ❡ ➦ ❞✐ ♥ ❧ ❡ ❞ ✉❥ ❝ ♠ ♣ ♦ ✉ ♣ ❡ ♠✿

❍❧ ❛ ✈ ♥ ♠ ❦ ✐ ✐ ❡ ♠ ❥ ❡ ❝ ❤ ♦ ♣ ♥ ♦ ♣➦ ❡ ❞ ♣ ♦ ✈ ❞ ❛ ✈ ✈ ♦❥ ❍ ❉ ✭ ✈ ❤ ❛ 7 0 % ✮ ❥ ❛ ❦ ♦ ➸ ♦
③ ❞ ❛❧ ❡ ❦ ❛ ♥ ❡❥ ↔ ❛ ➙❥✐ ✈ ② ✉ ➸ ✈ ❛ ♥ ✉ ❦ ❛ ③ ❛ ❡❧ ❤ ♦ ♣ ♦ ❞ ➦ ❦ ❤ ♦ ✈ ✈ ♦❥ ❡✳ ❙ ❡ ❦ ✉ ♥ ❞ ♥ ♠ ❦ ✐ ✲
✐ ❡ ♠ ♣ ❛ ❦ ❜ ✉ ❞ ❡ ♣ ❡ ❞✐ ❦ ❝ ❡ ♦ ✉ ❦ ♦ ♠ ♣ ♦ ➦ ❡ ❜ ② ✭ ✈ ❤ ❛ 3 0 % ✮✱ ♥ ❡ ❜ ♦➫ ✈ ✈ ♦❥ ❍ ❉ ♥ ❡ ♠ ✉

❥ ✉ ❦ ✉ ✈ ✉ ❝ ❡ ✈ ✈ ♦❥ ❡ ♠ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ✐ ✉ ❛ ❝ ❡ ❞ ♦ ♠ ❝ ♥ ♦ ✳ ❈ ❤ ❝ ❡ ♠ ❡ ♦ ✐ ➸ ③ ♦ ❤❧ ❡ ❞ ♥✐
➸ ❤ ② ♣ ♦ ❡ ✐ ❝ ❦ ♦ ✉ ✐ ✉ ❛ ❝✐✱ ❦ ❞ ② ❍ ❉ ♦ ❡✱ ❛ ↔ ❦ ♦❧✐ ✐ ✉ ❛ ❝ ❡ ❞ ♦ ♠ ❝ ♥ ♦ ❡ ③ ❤ ♦ ➨ ✉❥ ❡

✭ ♠ ➲ ➸ ❡ ♥ ❛ ❛ ♥ ❛ ♣➦✳ ♣ ♦ ❦ ✉ ③ ♦ ✈ ✐ ♥ ❡ ✈ ❡ ♥ ❝✐ ♣ ♦ ❞ ♣ ♦ ✉❥ ❝ ❡ ① ♣ ♦ ✮✳
➦✐ ♣ ♦ ✉ ③ ♦ ✈ ♥ ❦ ✈ ❛❧✐ ② ♠ ♦ ❞ ❡❧ ✉ ❦❧ ❛ ❞ ❡ ♠ ❡ ❞ ➲ ❛ ③ ♥ ❛ ♣ ❡ ❞✐ ❦ ❝ ❡ ♦ ✉ ♦❢ ❛ ♠ ♣❧ ❡ ✭ ✈ ❤ ❛

7 0 % ✮✱ ③ ♥✐ ❝ ❤ ♣ ❛ ❦ ♥ ❡❥ ✈ ❝ ❡ ♥ ❛ ♣ ❡ ❞✐ ❦ ❝✐ ii✱ ❦ ❡ ❥ ❡ ✈ ♦ ✉❧ ❛ ❞ ✉ ♣ ❛ ✈✐ ❞❧ ❡ ♠ ♣ ❛❧ ❝ ❡
♦ ❞ ➙❧ ❡ ♥ ✈ ③ ♦ ❦ ✉ ♣ ♦ ♦ ❞ ❤ ❛ ❞ ♠ ♦ ❞ ❡❧ ✉ ❛ ✈ ③ ♦ ❦ ✉ ♣ ♦ ❡ ✈ ♣ ♦ ♠ ➙ ✉ ✼ ✵✿ ✸ ✵✳ ❆ ❣ ❡ ❣ ✉❥ ❡ ♠ ❡
❡ ❞ ② ▼ ❆ ❊ ✈➨ ❡ ❝ ❤ ↔ ②➦ ♣ ❡ ❞✐ ❦ ❝ ✈ ❤ ❛ ♠✐ ❞❧ ❡ ❛ ❜ ✉❧ ❦ ② ✸✳ ✶✳

❚ ❛ ❜ ✉❧ ❦ ❛ ✸✳ ✶✿ ❱ ❤ ② ✈ ❦ ✐ ✐ ✉ W M A P E

❡ ❞✐ ❦ ❝ ❡ ❱ ❤ ❛ ❝ ❡❧ ❦ ❡ ♠ ❱ ❤ ❛ ✲ ❍ ❉ ❱ ❤ ❛ ✲ ♣ ♦ ➦ ❡ ❜ ❛
✐ 3 0 ,0 % 2 1 ,0 % 9 ,0 %
✐✐ 4 0 ,0 % 2 8 ,0 % 1 2 ,0 %
✐✐✐ 1 5 ,0 % 1 0 ,5 % 4 ,5 %
✐ ✈ 1 5 ,0 % 1 0 ,5 % 4 ,5 %

❏ ❡ ➦ ❡ ❜ ❛ ➦ ❝✐✱ ➸ ❡ ✉ ✈ ❡ ❞ ❡ ♥ ✈ ❤ ② ❥ ♦ ✉ ✉ ❜❥ ❡ ❦ ✐ ✈ ♥ ♠ ❤ ♦ ❞ ♥ ♦ ❝ ❡ ♥ ♠ ✈ ③ ♥ ❛ ♠ ✉ ❥ ❡ ❞✲
♥ ♦ ❧✐ ✈ ❝ ❤ ♣ ❡ ❞✐ ❦ ❝ ✳ ➦✐ ③ ❛ ❝ ❤ ♦ ✈ ♥ ❧ ♦ ❣✐ ❦ ② ❦ ✐ ✐ ❛ ✭ ✈ ➙ ➨ ❞ ➲ ❛ ③ ♥ ❛ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ↕ ❍ ❉
♥ ❡ ➸ ♣ ♦ ➦ ❡ ❜ ② ❛ ♥ ❛ ♣ ❡ ❞✐ ❦ ❝ ❡ ♦ ✉ ♦❢ ❛ ♠ ♣❧ ❡✮ ✈➨ ❛ ❦ ✐ ♠ ♥ ➙ ♦ ❞❧✐➨ ❡ ♥ ✈ ❤ ② ❞ ✈ ❛❥
♣ ♦ ❞ ♦ ❜ ♥ ♦ ✉ ❤ ♥ ♥ ✈ ❧ ❡ ❞ ❦ ②✳ ❚ ♦ ♦ ❦ ✐ ✐ ✉ ♠ ❜ ✉ ❞ ❡ ♠ ❡ ③ ♥ ❛ ↔✐ W M A P E ✲ ✈ ➸ ❡ ♥
M A P E ✳

✸ ✻



✸✳ ✺✳ ✷ ❩ ❦❧ ❛ ❞ ♥ ❑❧ ❡✐ ♥ ➲ ✈ ♠ ♦ ❞ ❡❧

❚ ❛ ❜ ✉❧ ❦ ❛ ✸✳ ✷✿ ❑ ✈ ❛❧✐ ❛ ♣ ❡ ❞✐ ❦ ❝ ❡ ♣ ♦ ③ ❦❧ ❛ ❞ ♥ ❑❧ ❡✐ ♥ ➲ ✈ ♠ ♦ ❞ ❡❧

✐ ✐✐ ✐✐✐ ✐ ✈
❱ ✉ ♣ ♥ ❞ ❛ ❛ ✶ ✾ ✼ ✶✲ ✷ ✵ ✶ ✹ ✶ ✾ ✼ ✶✲ ✷ ✵ ✵ ✵ ✶ ✾ ✼ ✶✲ ✷ ✵ ✵ ✵ ✶ ✾ ✼ ✽✲ ✷ ✵ ✵ ✼

❡ ❞✐ ❦ ❝ ❡ ♣ ♦ ✶ ✾ ✼ ✷✲ ✷ ✵ ✶ ✹ ✷ ✵ ✵ ✶✲ ✷ ✵ ✶ ✹ ✷ ✵ ✵ ✶✲ ✷ ✵ ✵ ✼ ✷ ✵ ✵ ✽✲ ✷ ✵ ✶ ✹
▼ ❆ ❊ ✲ ♣ ♦ ➦ ❡ ❜ ❛ 3 ,0 5 9 % ◆ ❆ ✷ ✶ ✷ ✺ ✪ 6 ,4 0 9 %
▼ ❆ ❊ ✲ ✐ ♥ ✈ ❡ ✐ ❝ ❡ 5 9 ,5 4 % ◆ ❆ ✸ ✺ ✽ ✶ ✪ 5 1 5 ,5 %
▼ ❆ ❊ ✲ ✐ ♥ ✈ ❡ ✐ ❝ ❡ ✭ ♠❧ ❞✳ ❯ ❙ ❉✮ 1 4 9 ,9 ◆ ❆ ✷ ✽ ✽ ✶ ✺ 7 3 1 ,2
▼ ❆ ❊ ✲ ♣ ✐ ✈ ♥ ♠ ③ ❞ ② 2 ,8 8 3 % ◆ ❆ ✷ ✼ ✷ ✵ ✪ 1 5 ,4 0 %
▼ ❆ ❊ ✲ ❝ ❡❧ ❦ ♦ ✈ ♣ ♦ ♣ ✈ ❦ ❛ ❳ 3 ,8 1 6 % ◆ ❆ ✶ ✼ ✼ ✾ ✪ 1 0 ,1 0 %
▼ ❆ ❊ ✲ ❍ ❉ 3 ,4 4 8 % ◆ ❆ ✶ ✻ ✼ ✽ ✪ 9 ,3 0 6 %

❩ ❛ ❜ ✉❧ ❦ ② ✸✳ ✷ ✈✐ ❞ ♠ ❡✱ ➸ ❡ ♠ ♦ ❞ ❡❧ ② ♦ ❞ ❤ ❛ ❞ ♥ ✉ ♥ ❛ ③ ❦❧ ❛ ❞ ➙ ❞ ❛ ③ ❧ ❡ ✶ ✾ ✼ ✶✲ ✷ ✵ ✵ ✵
✈ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞ ❝ ❤ ③ ❝ ❡❧ ❛ ❡❧ ❤ ✈ ❛❥ ✲ ❞ ② ♥ ❛ ♠✐ ❝ ❦ ♦ ✉ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ↕ ♥ ❛ ✶ ✹✳ ♦ ❦ ❞ ♦ ♣➦ ❡ ❞ ✉ ♦❢ ✲
✇ ❛ ❡ ❞ ♦ ❦ ♦ ♥ ❝ ❡ ✈ ➲ ❜ ❡ ❝ ♥ ❡ ♣ ♦ ↔ ❡ ❧✱ ♣ ♦ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ↕ ii ❡ ❞ ② ❛ ♥✐ ♥ ❡❧ ③ ❡ ♣ ♦ ↔ ♣ ➲ ♠ ➙ ♥
♦ ❞ ❝ ❤ ②❧ ❦ ②✳ ❩ ♦ ❤ ♦ ♦ ❞ ➲ ✈ ♦ ❞ ✉ ❛ ♥✐ ♥ ❡❧ ③ ❡ ❞ ♦ ♣ ♦ ↔ ❛ ❦ ✐ ✐ ✉ ♠ W M A P E ✳

◆ ❛ ♦ ♣ ❛ ❦ ♠ ♦ ❞ ❡❧ ③ ❛❧ ♦ ➸ ❡ ♥ ♥ ❛ ❞ ❛ ❡ ❝ ❤ ③ ❧ ❡ ✶ ✾ ✼ ✽✲ ✷ ✵ ✵ ✼ ♣ ❡ ❞✐ ❦ ✉❥ ❡ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ♦ ✉ ❦ ✐ ③✐
❡❧ ❛ ✐ ✈ ♥ ➙ ❞ ♦ ❜➦ ❡ ❝ ♦ ❞ ♦ ♣ ♦ ➦ ❡ ❜ ②✱ ♠ ❡ ③ ❞ ❛ ❝ ❡❧ ❦ ♦ ✈ ♣ ♦ ❞ ✉ ❦ ❝ ❡ ✭ ❍ ❉ ✮✱ ❡❧ ❤ ✈ ♣ ♦ ✉ ③ ❡

✈ ♣ ❡ ❞✐ ❦ ❝✐ ✐ ♥ ✈ ❡ ✐ ❝✳
❡ ❞✐ ❦ ❝✐ ✐ ♥ ✈ ❡ ✐ ❝ ♣ ♦ ✈ ❛ ➸ ✉❥ ❡ ♠ ❡ ③ ❛ ♣ ♦ ❜❧ ❡ ♠ ❛ ✐ ❝ ❦ ♦ ✉ ❥ ❛ ❦ ♦ ❜ ❡ ❝ ♥ ➙✱ ❛ ❦ ♣ ❡ ❝✐ ✜ ❝ ❦ ②

♦ ❤❧ ❡ ❞ ❡ ♠ ♥ ❛ ✜ ♥ ❛ ♥ ↔ ♥ ❦ ✐ ③✐ ♣ ♦ ♦ ❝ ❡ ✷ ✵ ✵ ✽✳ ■ ♥ ✈ ❡ ✐ ❝ ❡ ❥ ♦ ✉ ③ ✉ ✈ ❡ ❞ ❡ ♥ ❝ ❤ ✈ ❡❧✐ ↔✐ ♥ ♥ ❡❥ ❝✐ ✲
❧✐ ✈ ➙❥➨ ♥ ❛ ③ ♠ ➙ ♥ ② ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ✐ ✉ ❛ ❝ ❡✱ ♥ ❡ ❜ ♦➫ ❥ ♦ ✉ ♣➦ ♠ ♦ ♦ ✈❧✐ ✈ ➡ ♦ ✈ ♥ ② ♣ ♦❧✐ ✐ ❦ ♦ ✉ ❝ ❡ ♥✲

❧ ♥ ❝ ❤ ❜ ❛ ♥ ❦✱ ❦ ❡ ✈➨ ❛ ❦ ♥ ❡ ♥ ✈ ♠ ♦ ❞ ❡❧ ✉ ③ ♦ ❤❧ ❡ ❞ ♥ ➙ ♥ ❛ ✲ ✈✐ ③ ❦ ❛ ♣✐ ♦❧ ❛ ✷✳ ✶✳ ✶✳ ■ ♥ ✈ ❡ ✐ ❝ ❡
➸ ♥ ❡ ♣ ♣➦✐ ♦ ③ ❡ ♥ ♠✐ ✐ ❣✐ ❞✐ ❛ ♠✐ ❛ ❡ ✈ ❛ ↔ ♥ ♦ ✭ ③ ✈ ② ❦❧ ♦ ✐ ✈ ❡ ♣ ♦ ➦ ❡ ❜ ➙✱ ❞❧ ♦ ✉ ❤ ♦✲

❞ ♦ ❜ ♠❧ ♦ ✉ ✈ ② ♥ ❡❥ ❡ ♥ ♦ ❤❧ ❡ ❞ ♥ ➙ ♠ ❡ ③ ❞ ❛❥✳✮✳ ■ ♥ ✈ ❡ ✐ ❝ ❡ ❥ ♦ ✉ ❛ ❦ ♣ ♦ ✜ ♠ ② ♣➦✐ ♦ ③ ❡ ♥ ♠
♥ ❛ ③ ♥ ❦ ♦ ✈ ♠ ♣ ♠ ❡ ♠✱ ❦ ❞ ② ♥ ❛ ③ ♠ ➙ ♥ ✉ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ✐ ✉ ❛ ❝ ❡ ❥ ❡ ❜ ❡ ③ ♣ ♦ ➦ ❡ ❞ ♥ ➙ ❡ ❛ ❣ ♦✲
✈ ♥ ♦ ③ ♠ ➙ ♥ ♦ ✉ ♦ ❜❥ ❡ ♠ ✉ ✐ ♥ ✈ ❡ ✐ ❝✱ ❛ ♥✐ ➸ ❜ ② ❜ ②❧ ♦ ♥ ✉ ♥ ❜ ❡ ③ ♣ ♦ ➦ ❡ ❞ ♥ ➙ ♠ ➙ ♥✐ ✉ ❦ ✉ ✉
♣ ♦ ❞ ♥✐ ❦ ♥ ✳ ❘ ♦ ✈ ♥ ➙ ➸ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ❦ ✐ ③ ❡ ♠ ♣ ➲ ✈ ♦ ❞ ✈ ❡ ✜ ♥ ❛ ♥ ↔ ♥ ♠ ❡ ❦ ♦ ✉ ❛ ❡ ❦ ♦ ✉
❤ ② ♣ ♦ ❦✱ ❡ ❞ ② ✐ ♥ ✈ ❡ ✐ ❝✳

❙ ♠ ➦ ♠ ❡✲❧✐ ❡ ♥ ❡ ❝ ❤ ♦ ♣ ♥ ♦ ♠ ♦ ❞ ❡❧ ✉ ♣➦ ❡ ❞ ♣ ♦ ✈ ❞ ❛ ♠ ✉ ✐ ♥ ✈ ❡ ✐ ❝✱ ❥ ❡ ♥ ❛ ♥ ❛ ❞ ➙
♦ ③ ❦ ❛✱ ♣ ♦ ↔ ❡ ❞ ❛➦ ♦ ❜ ❞ ♦ ❜ i v ✭ ✷ ✵ ✵ ✽✲ ✷ ✵ ✶ ✹✮ ♣➦ ❡ ❞ ♣ ♦ ✈ ❞ ❛ ❛ ❦ ❞ ♦ ❜➦ ❡✱ ❦ ❞ ② ➸ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ↕
♣ ♦ ♦ ❜ ❞ ♦ ❜ iii ✭ ✷ ✵ ✵ ✶✲ ✷ ✵ ✵ ✼✮ ❛ ❦ ❡❧ ❤ ✈ ✳ ❑ ♦ ♠ ✉ ❥ ❡ ➦ ❡ ❜ ❛ ♣ ♦ ③ ❦ ♦ ✉ ♠ ❛ ♣➦ ❧ ✉➨ ♥
♦ ❞ ❤ ❛ ❞ ②✱ ❦ ❡ ✉ ✈ ❞ ♠ ❡ ✈ ❛ ❜ ✉❧ ❝ ❡ ✸✳ ✸✳

✸ ✼



❚ ❛ ❜ ✉❧ ❦ ❛ ✸✳ ✸✿ ❩ ❦❧ ❛ ❞ ♥ ❑❧ ❡✐ ♥ ➲ ✈ ♠ ♦ ❞ ❡❧✱ ❦ ♦ ❡ ✜ ❝✐ ❡ ♥ ② ♣ ♦ ❥ ❡ ❞ ♥ ♦ ❧✐ ✈ ♣ ❡ ❞✐ ❦ ❝ ❡

✐ ✐✐ ✫ ✐✐✐ ✐ ✈
❘ ♦ ✈ ♥✐ ❝ ❡ ♦ ♠ ➙ ♥ ♥ ❑ ♦ ❡ ✜ ❝✐ ❡ ♥ ✶ ✾ ✼ ✶✲ ✷ ✵ ✶ ✹ ✶ ✾ ✼ ✶✲ ✷ ✵ ✵ ✵ ✶ ✾ ✼ ✽✲ ✷ ✵ ✵ ✼
❙ ♣ ♦ ➦ ❡ ❜ ② α 0 − 2 8 8 ,2 − 1 5 0 ,6 − 2 2 5 ,0

t α 1 − 0 ,1 2 2 − 0 ,3 9 6 0 ,3 8 1

t− 1 α 2 0 ,3 6 3 0 ,2 3 4 − 0 ,1 1 2
❲ P

t + ❲ G
t α 3 1 ,0 9 9 1 ,3 2 7 1 ,0 2 4

■ ♥ ✈ ❡ ✐ ❝ β 0 4 9 4 ,0 − 4 1 ,1 9 2 7 0 ,4

t β 1 0 ,4 9 4 0 ,5 9 2 0 ,0 6 8

t− 1 β 2 0 ,0 7 4 − 0 ,5 2 6 0 ,3 4 1
❑ t− 1 β 3 − 0 ,2 1 8 0 ,0 2 8 − 0 ,1 2 1

✐ ✈ ♥ ❝ ❤ γ 0 − 8 4 8 ,7 7 7 7 ,9 − 4 3 9 ,4
♠ ❡ ③ ❞ ❳ t γ 1 0 ,1 7 5 0 ,7 9 0 − 0 ,2 7 3

❳ t− 1 γ 2 0 ,2 4 2 − 0 ,2 3 6 0 ,7 4 7
γ 3 2 0 ,8 4 − 1 7 ,8 6 1 2 ,5 3

❯ ❦ ❛ ③ ✉❥ ❡ ❡✱ ➸ ❡ ♠ ♦ ❞ ❡❧ ② i ❛ i v ✈ ② ❝ ❤ ③ ❡❥ ❝ ③ ❝ ❡❧ ❤ ♦ ✈ ③ ♦ ❦ ✉ ❞ ❛ ❛ ③ ❞ ❛ ③ ❛ ♦ ❦ ②
✶ ✾ ✼ ✽✲ ✷ ✵ ✵ ✼ ❥ ♦ ✉ ✈ ♠ ♥ ♦ ❤ ♠ ♣ ♦ ❞ ♦ ❜ ♥ ✳ ❆ ♥ ❛❧ ② ③ ✉❥ ❡ ♠ ❡✲❧✐ ❝ ❡❧ ❦ ♦ ✈ ✈❧✐ ✈ ❡ ① ♦ ❣ ❡ ♥ ♥ ❝ ❤ ♣ ♦✲
♠ ➙ ♥ ♥ ❝ ❤ ❜ ❡ ③ ↔ ❛ ♦ ✈ ❤ ♦ ♦ ③❧✐➨ ❡ ♥ ✱ ✈ ② ❝ ❤ ③

❚ ❛ ❜ ✉❧ ❦ ❛ ✸✳ ✹✿ ❩ ❦❧ ❛ ❞ ♥ ❑❧ ❡✐ ♥ ➲ ✈ ♠ ♦ ❞ ❡❧✱ ❝ ❡❧ ❦ ♦ ✈ ✈❧✐ ✈ ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤

✐ ✐✐ ✫ ✐✐✐ ✐ ✈
♦ ♠ ➙ ♥ ♥ ❑ ♦ ❡ ✜ ❝✐ ❡ ♥ ✶ ✾ ✼ ✶✲ ✷ ✵ ✶ ✹ ✶ ✾ ✼ ✶✲ ✷ ✵ ✵ ✵ ✶ ✾ ✼ ✽✲ ✷ ✵ ✵ ✼

α 1 + α 2 ✵✱ ✷ ✹ ✶ ✲ ✵✱ ✶ ✻ ✷ ✵✱ ✷ ✻ ✽
β 1 + β 2 ✵✱ ✺ ✻ ✼ ✵✱ ✵ ✻ ✻ ✵✱ ✹ ✵ ✾

❳ γ 1 + γ 2 ✵✱ ✹ ✶ ✼ ✵✱ ✺ ✺ ✹ ✵✱ ✹ ✼ ✹

❩ ❡❥ ♠ ♥ ❛ ♣ ♦ ♦ ✉ ↔ ② α 1 + α 2 ❛ β 1 + β 2 ❥ ❡ ❞❧ ❡ ❛ ❜ ✉❧ ❦ ② ✸✳ ✹ ♦ ❞❧✐➨ ♥ ♦ ♠ ♦ ❞ ❡❧ ➲
✈ ② ❝ ❤ ③ ❡❥ ❝ ❝ ❤ ③ ❞ ❛ ③ ❛ ✶ ✾ ✼ ✶✲ ✷ ✵ ✵ ✵ ❥ ❛ ♥ ➙ ♣ ❛ ♥ ✳ ❉ ❛❧➨ ✈ ③ ♥ ❛ ♠ ♥ ♦ ✉ ♦ ❞❧✐➨ ♥ ♦ ♣ ❛ ❦ ♣ ♦✲
③ ♦ ✉❥ ❡ ♠ ❡ ✉ ❛ ✉ ♦ ♥ ♦ ♠ ♥ ❝ ❤ ✐ ♥ ✈ ❡ ✐ ❝ β 0 ❛ ❛ ✉ ♦ ♥ ♦ ♠ ♥ ♠ ③ ❞ ② γ 0 ✱ ❦ ❞ ❡ ♣ ♦ ♣➦ ♣ ❛ ❞ ② ii ❛ iii
✈ ② ❝ ❤ ③ ♦ ❞❧✐➨ ♥ ③ ♥ ❛ ♠ ♥ ❦ ♦✳

➦✐ ❤❧ ❡ ❞ ♥ ✈ ② ✈ ➙ ❧ ❡ ♥ ❛ ❦ ♦ ③ ❛ ❞ ♥ ❝ ❤ ♦ ③ ❞ ❧ ➲✱ ❦ ❡ ③ ♣ ➲ ♦ ❜ ✉❥ ✱ ➸ ❡ ♠ ♦ ❞ ❡❧ ♦ ❞✲
❤ ❛ ❞ ♥ ✉ ❞❧ ❡ ❞ ❛ ③ ❧ ❡ ✶ ✾ ✼ ✶✲ ✷ ✵ ✵ ✵ ❥ ❡ ♣ ♦ ♣ ❡ ❞✐ ❦ ❝✐ ③ ❝ ❡❧ ❛ ♥ ❡ ♣ ♦ ✉ ➸✐ ❡❧ ♥ ✱ ③ ❛ ♠ ❝ ♦ ❡❥ ♥
♠ ♦ ❞ ❡❧ ♦ ❞ ❤ ❛ ❞ ♥ ✉ ♥ ❛ ❞ ❛ ❡ ❝ ❤ ③ ❛ ♦ ❦ ② ✶ ✾ ✼ ✽✲ ✷ ✵ ✵ ✼ ❢ ✉ ♥ ❣ ✉❥ ❡ ✈ ❝ ❡❧ ❦ ✉ ❞ ♦ ❜➦ ❡✱ ❡ ♣➦ ♠ ♦ ♥ ❛✲
❜ ③ ✈ ② ✈ ➙ ❧ ❡ ♥ ✈ ♣ ♦ ❞ ♦ ❜ ➙ ♦ ♣ ♥ ❦ ✐ ③ ❡✳ ✈ ♥ ♦ ♣ ♥ ❦ ✐ ③ ❡ ✈ ② ♣ ✉ ❦❧ ❛ ♦ ❦ ✉ ✶ ✾ ✼ ✸ ❛ ❜ ②❧ ❛
♥ ❧ ❡ ❞ ♦ ✈ ♥ ❛ ❡ ❝ ❡ ✈ ❧ ❡ ❡ ❝ ❤ ✶ ✾ ✼ ✹✲ ✶ ✾ ✼ ✺✱ ❞ ✉ ❤ ♥ ❧ ❡ ❞ ♦ ✈ ❛❧ ❛ ♦ ❦ ✉ ✶ ✾ ✼ ✾✱ ♣➦✐ ↔ ❡ ♠ ➸ ♦ ❜✲
❞ ♦ ❜ ✈ ② ♦ ❦ ❝ ❤ ❝ ❡ ♥ ♦ ♣ ② ♣➦ ❡ ✈ ✈ ❛❧ ♦ ❛ ➸ ❞ ♦ ♣ ♦❧ ♦ ✈✐ ♥ ② ♦ ♠ ❞ ❡ ❝ ❤ ❧ ❡ ✳

♦ ✉ ♥ ✉ ♠ ♦ ✉ ❜ ♦ ✉ ✈ ✉ ♣ ♥ ❝ ❤ ❞ ❛ ③ ❧ ❡ ✶ ✾ ✼ ✶✲ ✷ ✵ ✵ ✵ ♥ ❛ ♦ ❦ ② ✶ ✾ ✼ ✽✲ ✷ ✵ ✵ ✼ ❥ ♠ ❡
❡ ③ ❝ ❡❧ ❛ ✈ ② ❤ ♥ ✉❧✐ ♣ ✈ ♥ ♠ ✉ ♦ ♣ ♥ ♠ ✉ ➨ ♦ ❦ ✉ ❛ ♥ ❧ ❡ ❞ ♥ ❦ ✐ ③✐✳

❙✐ ✉ ❛ ❝ ❡ ❛ ❦ ❥ ❛ ♥ ➙ ✐❧ ✉ ✉❥ ❡ ✈ ❡❧ ❦ ♣ ♦ ❜❧ ♠ ❤ ♦ ♣ ♦ ❞ ➦ ❦ ❡ ❦ ♦ ♥ ♦ ♠✐ ❡✳ ♦ ❜❧ ♠ ♠ ❛✲
❧ ❞ ❧ ❦ ② ↔ ❛ ♦ ✈ ❝ ❤ ➦ ❛ ❞ ❥ ❡ ♦ ❜ ❡ ❝ ♥ ➙ ❞ ♦ ✐ ③ ♥ ♠ ✱ ❛ ✈➨ ❛ ❦ ✐ ❦ ❞ ② ❜ ② ❝ ❤ ♦ ♠ ❡ ❦ ♦ ♥ ✉ ♦✲
✈ ❛❧✐ ❤✐ ♦ ✐ ❝ ❦ ❞ ❛ ❛✱ ♥ ❡❧ ③ ❡ ♦ ③ ✉ ♠ ♥ ➙ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❞ ❛ ✱ ➸ ❡ ❝ ❤ ♦ ✈ ♥ ② ♠ ✉ ❥ ❡ ❤✐ ♦✲
✐ ❝ ❦ ② ♥ ❡ ♠ ➙ ♥ ♥ ✳ ❱ ✉ ✈ ❛ ➸ ♦ ✈ ❛ ♥ ♠ ↔ ❛ ♦ ✈ ♠ ❤ ♦ ✐ ③ ♦ ♥ ✉ ♣ ♦ ❛ ↔ ✉❥ ❡ ③ ❛ ❤ ♥ ✉ ❡ ❞ ♠✐ ❧ ❡ ✱

❜ ➙ ❤ ❡ ♠ ❦ ❡ ❝ ❤ ❡ ♦ ❞ ❡ ❤ ❧ ❛ ♣ ✈ ♥ ♦ ♣ ♥ ❦ ✐ ③ ❡✱ ❦ ♥ ❛ ♦❧✐ ❦ ③ ❛ ❞ ♥ ♠ ③ ♠ ➙ ♥ ♠ ♠ ♦ ❞ ❡❧ ✉✱
➸ ❡ ❥ ❡ ♣ ♦ ♣ ❡ ❞✐ ❦ ↔ ♥ ↔ ❡❧ ② ③ ❝ ❡❧ ❛ ③ ♥ ❡ ❤ ♦ ❞ ♥ ♦ ❝ ❡ ♥✳ ❱ ❞ ❡❧➨ ♠ ↔ ❛ ♦ ✈ ♠ ❡ ❦ ② ❜ ② ❡ ♥ ❛ ✈ ❝
③ ❛ ↔ ❛❧ ② ♦ ❜❥ ❡ ✈ ♦ ✈ ❛ ♣ ♦ ❜❧ ♠ ② ③ ♣ ➲ ♦ ❜ ❡ ♥ ❦ ✈ ❛❧✐ ❛ ✐ ✈ ♥ ♠✐ ③ ♠ ➙ ♥ ❛ ♠✐ ✈ ❡ ♣ ♦❧ ❡ ↔ ♥ ♦ ✐✳

✸ ✽



✸✳ ✺✳ ✸ ❚ ❡ ② ♣ ❡ ❝✐ ✜ ❦ ❛ ❝ ❡ ✲ ③ ❦❧ ❛ ❞ ♥ ♠ ♦ ❞ ❡❧

◆ ❡ ➸ ♣➦✐ ♦ ✉ ♣ ♠ ❡ ❦ ❛ ♥ ❢ ♦ ♠ ❛ ❝ ♠ ❞ ❛ ❛ ❞ ❛❧➨ ♠ ♣ ❛ ✈ ♠✱ ♣ ♦ ❞ ✈ ♠ ❡ ❡✱ ③ ❞ ❛ ❥ ❡
✈ ➲ ❜ ❡ ❝ ♠ ♦ ❞ ❡❧ ❦ ♦ ❡ ❦ ♥ ➙ ♣ ❡ ❝✐ ✜ ❦ ♦ ✈ ♥✳

◆ ❡❥ ♣ ✈ ❡ ✈ ② ✉ ➸✐❥ ❡ ♠ ❡ ❙ ❛ ❣ ❛ ♥✲ ❍ ❛ ♥ ❡ ♥ ➲ ✈ ❡ ❡ ① ♦ ❣ ❡ ♥✐ ② ✱ ❦ ❡ ❥ ❡ ♣ ♦ ♣ ♥ ✈ ❦ ❛ ♣✐ ♦✲
❧ ❡ ✶✳ ✹✳ ❈ ❡❧ ❦ ❡ ♠ ♣ ❛ ❝ ✉❥ ❡ ♠ ❡ ♦ ♠✐ ✐ ♥ ✉ ♠ ❡ ♥ ❧ ♥ ♠✐ ♣ ♦ ♠ ➙ ♥ ♥ ♠✐ ✭ ✈ ↔✳ ✐ ♥ ❡ ❝ ❡ ♣ ✉✮
❛ ➦ ❡ ♠✐ ❡ ♥ ❞ ♦ ❣ ❡ ♥ ♥ ♠✐ ♣ ♦ ♠ ➙ ♥ ♥ ♠✐✱ ③ ❛ ♣❧ ❛ ♥ ♦ ✐ ♥ ✉❧ ♦ ✈ ❤ ② ♣ ♦ ③ ② ❡ ❞ ② ❛ ② ♠ ♣ ♦✲
✐ ❝ ❦ ②

J ∼ χ 2
5 ,

↔ ❡ ♠ ✉ ➸ ♦ ❞ ♣ ♦ ✈ ❞ ❦ ✐ ✐ ❝ ❦ ❤ ♦ ❞ ♥ ♦ ❛ 1 1 , 0 7 ✳
❑ ♦ ♠ ❡ ③ ❡ ♥ ✈ ✉ ♣ ♥ ❝ ❤ ❞ ❛ ♣➦✐ ✉ ♣ ✉❥ ❡ ♠ ❡ ♣ ♦ ✉ ③ ❡ ✈ ♠ ❝✐ ❛ ♥ ❛❧ ③ ② ♣ ❡ ❞✐ ❦ ↔ ♥ ❝ ❤

❝ ❤ ♦ ♣ ♥ ♦ ♠ ♦ ❞ ❡❧ ✉✱ ♦ ❜ ❡ ❝ ♥ ➙ ♣ ❛ ❝ ✉❥ ❡ ♠ ❡ ❧ ❡ ♣❧ ♥ ♦ ✉ ❛ ❞ ♦ ✉ ❞ ❛ ③ ❛ ❧ ❛ ✶ ✾ ✼ ✶✲ ✷ ✵ ✶ ✹✳
♦ ✉ ↔ ❡ ♥ ❡ ③✐ ❞ ✉ ♣ ❛ ❦ ✈ ② ✉ ➸ ✈ ♠ ❡ ♦ ❞ ❤ ❛ ❞ ♠ ♦ ❞ ❡❧ ✉ ❛ ❦ ✉ ❧ ♥ ♠✐ ❞ ❛ ② ✭ ❡ ❞ ② ♥✐ ❦ ♦❧✐

♣ ❡ ❞✐ ❦ ❝ ❡✮✳

❚ ❛ ❜ ✉❧ ❦ ❛ ✸✳ ✺✿ ❩ ❦❧ ❛ ❞ ♥ ❑❧ ❡✐ ♥ ➲ ✈ ♠ ♦ ❞ ❡❧✱ ❙ ❛ ❣ ❛ ♥✲ ❍ ❛ ♥ ❡ ♥ ➲ ✈ ❡ ✶

❘ ♦ ✈ ♥✐ ❝ ❡ ❏ ♣✲ ❤ ♦ ❞ ♥ ♦ ❛
❈ ♦ ✷ ✶✱ ✷ ✸ ✵✱ ✵ ✵ ✶
■ ✷ ✾✱ ✹ ✷ ✵✱ ✵ ✵ ✵

❲ P ✷ ✷✱ ✼ ✾ ✵✱ ✵ ✵ ✵
χ 2

5 ✶ ✶✱ ✵ ✼ ✵✱ ✵ ✺ ✵

❩ ❛ ❜ ✉❧ ❦ ② ✸✳ ✺ ✈✐ ❞ ♠ ❡✱ ➸ ❡ ❤ ② ♣ ♦ ③ ✉ ♥ ❡ ❦ ♦ ❡❧ ♦ ✈ ❛ ♥ ♦ ✐ ✐ ♥ ✉ ♠ ❡ ♥ ➲ ❛ ❡ ③✐ ❞ ✉ ❥ ❛ ♥ ➙
③ ❛ ♠ ♠ ❡ ♣ ♦ ✈➨ ❡ ❝ ❤ ♥ ② ➦✐ ♦ ✈ ♥✐ ❝ ❡✳

✈ ♥ ♠ ♣ ♦ ❜❧ ♠ ❡ ♠✱ ❦ ❡ ♥ ♦ ❤❧ ❡ ❞ ❡ ♠ ♥ ❛ ♣ ❛ ♥ ♦ ✉ ❛ ✉ ♦ ❦ ♦ ❡❧ ❛ ❝✐ ❡ ③✐ ❞ ✉ ♥ ❛✲
♣ ❛ ❞ ✱ ❥ ❡ ❦ ♦ ❡❧ ❛ ❝ ❡ ③ ♣ ♦ ➸ ❞ ➙ ♥ ❝ ❤ ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤ K − 1 ✱ P − 1 ✱ X − 1 ❡ ③✐ ❞ ✉✐✳ ❚ ❛ ❜ ✉❧ ❦ ❛ ✸✳ ✻
✈➨ ❛ ❦ ✉ ❦ ❛ ③ ✉❥ ❡✱ ➸ ❡ ♦ ❞ ❛ ♥ ➙ ♥ ♠ ➙ ❝ ❤ ♦ ✸ ✐ ♥ ✉ ♠ ❡ ♥ ➲ ❡ ✐ ✉ ❛ ❝ ❡ ♥ ❡ ③❧ ❡ ♣➨ ✳

❚ ❛ ❜ ✉❧ ❦ ❛ ✸✳ ✻✿ ❩ ❦❧ ❛ ❞ ♥ ❑❧ ❡✐ ♥ ➲ ✈ ♠ ♦ ❞ ❡❧✱ ❙ ❛ ❣ ❛ ♥✲ ❍ ❛ ♥ ❡ ♥ ➲ ✈ ❡ ✷

❘ ♦ ✈ ♥✐ ❝ ❡ ❏ ♣✲ ❤ ♦ ❞ ♥ ♦ ❛
❈ ♦ ✶ ✽✱ ✷ ✻ ✵✱ ✵ ✵ ✵
■ ✷ ✺✱ ✽ ✾ ✵✱ ✵ ✵ ✵

❲ P ✶ ✽✱ ✾ ✺ ✵✱ ✵ ✵ ✵
χ 2

2 ✺✱ ✾ ✾ ✶ ✵✱ ✵ ✺ ✵

❈ ❡ ♥ ♦ ✉ ❥ ❡ ♣➦✐ ♦ ♠ ♣ ♦ ❞ ❛ ♥ ③ ❤ ♦ ➨ ❡ ♥ ♣ ❡ ❞✐ ❦ ↔ ♥ ❝ ❤ ❝ ❤ ♦ ♣ ♥ ♦ ♠ ♦ ❞ ❡❧ ✉ ✭ ♣ ❡ ❞✐ ❦ ❝ ❡ i✮✳

❆ ♥✐ ❞ ❛❧➨ ❛❧ ❡ ♥ ❛ ✐ ✈ ② ✈ ♦❧ ❜ ② ✐ ♥ ✉ ♠ ❡ ♥ ❧ ♥ ❝ ❤ ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤ ♥ ❡ ♣➦✐ ♥ ❡ ❧ ② ❦ ➸ ❡ ♥
✈ ❧ ❡ ❞ ❡ ❦ ♥ ❡ ③ ✈✐ ❧ ♦ ✐ ✐ ♥ ✉ ♠ ❡ ♥ ➲ ❛ ❡ ③✐ ❞ ✉ ✳ ◆ ❛ ✈ ③ ❞ ♦ ② ♣ ♦ ✉➨ ❡ ♥ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❛ ❞ ➲ ❛ ❦
③ ➲ ❛ ♥ ❡ ♠ ❡ ✉ ♣ ➲ ✈ ♦ ❞ ♥ ♣ ❡ ❝✐ ✜ ❦ ❛ ❝ ❡ ♠ ♦ ❞ ❡❧ ✉✳

❉ ❧ ❡ ♣ ♦ ✉ ➸✐❥ ❡ ♠ ❡ ✈ ❝ ❡ ♦ ③ ♠ ➙ ♥ ♦ ♠ ❛ ♥ ❡ ❛ ✉ ❡ ✭ ✈✐ ③ ❊ ✈✐ ❡ ✇ ✭ ✷ ✵ ✶ ✸✮✱ ❡✲
♣ ❡ ❦ ✐ ✈ ❡ ▲ ❦ ❡ ♣ ♦ ❤❧ ✭ ✶ ✾ ✾ ✶✮✮ ❦ ❡ ③❥✐➨ ➙ ♥ ❛ ✉ ♦ ❦ ♦ ❡❧ ❛ ❝ ❡ ❡ ③✐ ❞ ✉ ✳ ❚ ❛ ❜ ✉❧ ❦ ❛ ✸✳ ✼ ✉ ❦ ❛ ③ ✉❥ ❡✱

➸ ❡ ❡ ③✐ ❞ ✉ ❛ ❥ ♦ ✉ ❦ ♦ ❡❧ ♦ ✈ ♥ ❛ ✈ ↔ ❛ ❡✳

✸ ✾



❚ ❛ ❜ ✉❧ ❦ ❛ ✸✳ ✼✿ ❩ ❦❧ ❛ ❞ ♥ ❑❧ ❡✐ ♥ ➲ ✈ ♠ ♦ ❞ ❡❧✱ ♦ ♠ ❛ ♥ ❡ ❛ ✉ ❡

▲ ❛ ❣ ◗✲ ❛ ✐ ✐ ❦ ❛ ♣✲ ❤ ♦ ❞ ♥ ♦ ❛
✶ 6 0 ,6 6 ✵✱ ✵ ✵ ✵
✷ 9 7 ,6 0 ✵✱ ✵ ✵ ✵
✸ 1 2 0 ,0 ✵✱ ✵ ✵ ✵
✹ 1 2 9 ,3 ✵✱ ✵ ✵ ✵
✺ 1 4 3 ,2 ✵✱ ✵ ✵ ✵

❩ ❦❧ ❛ ❞ ♥ ♠ ♦ ❞ ❡❧ ❡ ❞ ② ✭ ❡ ♦ ❡ ✐ ❝ ❦ ✮ ♣ ♦ ➸ ❛ ❞ ❛ ✈ ❦ ② ♥ ❛ ♣ ❡ ❝✐ ✜ ❦ ❛ ❝✐ ✈ ❦ ✉ ❦ ✉ ♣➦ ❧✐➨ ❞ ♦ ❜✲
➦ ❡ ♥ ❡ ♣❧ ➡ ✉❥ ❡ ✲ ♥ ❡❥ ❡ ♥ ➸ ❡ ✐ ♥ ✉ ♠ ❡ ♥ ❧ ♥ ♣ ♦ ♠ ➙ ♥ ♥ ♥ ❡❥ ♦ ✉ ♥ ❡ ❦ ♦ ❡❧ ♦ ✈ ❛ ♥ ❡ ③✐ ❞ ✉✐✱
❛❧ ❡ ➸ ❡ ③✐ ❞ ✉ ❛ ❦ ♦ ❡❧ ✉❥ ♥ ❛ ♣➦ ↔ ↔ ❛ ❡ ♠✳

✸✳ ✺✳ ✹ ❖ ↔✐ ➨ ➙ ♥ ♦ ✐ ♥ ✢ ❛ ❝✐

❖ ❡ ♦ ❡ ✐ ❝ ❦ ❝ ❤ ❛ ♣ ❡ ❦ ❡ ❝ ❤ ♦ ↔✐➨ ➙ ♥ ♦ ✐ ♥ ✢ ❛ ❝✐ ❛ ♠ ♦ ➸ ♥ ❝ ❤ ♣➦ ✉ ♣ ❡ ❝ ❤ ❥ ♠ ❡ ❤ ♦ ✈ ♦➦✐❧✐
✈ ❦ ❛ ♣✐ ♦❧ ❡ ✷✳ ✷✳ ♦ ♦ ✈ ♥ ❡❥ ♠ ❡ ♥ ② ♥ ✉ ✈ ❛ ➸ ♦ ✈ ❛ ♥ ♣➦ ✉ ♣ ② ❦ ❡ ③ ♦ ❤❧ ❡ ❞ ♥ ➙ ♥ ✐ ♥ ✢ ❛ ❝ ❡ ❞❧ ❡
♣ ❡ ❞✐ ❦ ↔ ♥ ❝ ❤ ❝ ❤ ♦ ♣ ♥ ♦ ♠ ♦ ❞ ❡❧ ✉ ❛ ❦ ♦ ❛ ♥ ❢ ♦ ♠ ♦ ✈ ❛ ♥ ♠✐ ❞ ❛ ②✳ ◆ ❛ ③ ❦❧ ❛ ❞ ➙ ❞ ❛ ♥ ❤ ♦
✐ ♥ ❞ ❡ ① ✉ ✭❈ ■ ↔✐ ❍ ❉ ❞ ❡ ✢ ♦ ✮ ✈ ②❥ ❞➦ ♠ ❡ ✈➨ ❡ ❝ ❤ ♥ ② ♣ ♦ ♠ ➙ ♥ ♥ ✈ ❝ ❡ ♥ ❝ ❤ ♦ ❦ ✉ ✷ ✵ ✶ ✵
❛ ♥ ❧ ❡ ❞ ♥ ➙ ❛ ♣❧✐ ❦ ✉❥ ❡ ♠ ❡ ③ ❦❧ ❛ ❞ ♥ ♠ ♦ ❞ ❡❧✳ ❡ ❞✐ ❦ ↔ ♥ ❝ ❤ ♦ ♣ ♥ ♦ ✐ ✈ ② ❝ ❤ ③ ♥ ❧ ❡ ❞ ♦ ✈ ♥ ➙✿

❚ ❛ ❜ ✉❧ ❦ ❛ ✸✳ ✽✿ ❡ ❞✐ ❦ ❝ ❡✱ ▼ ♦ ❞ ❡❧ ❈ ■ ✭ ❞ ❛ ❛ ✈ ❝ ❡ ♥ ❝ ❤ ♦ ❦ ✉ ✷ ✵ ✶ ✵ ❞❧ ❡ ❈ ■✮

✐ ✐✐ ✐✐✐ ✐ ✈
❱ ✉ ♣ ♥ ❞ ❛ ❛ ✶ ✾ ✼ ✶✲ ✷ ✵ ✶ ✹ ✶ ✾ ✼ ✶✲ ✷ ✵ ✵ ✵ ✶ ✾ ✼ ✶✲ ✷ ✵ ✵ ✵ ✶ ✾ ✼ ✽✲ ✷ ✵ ✵ ✼

❡ ❞✐ ❦ ❝ ❡ ♣ ♦ ✶ ✾ ✼ ✷✲ ✷ ✵ ✶ ✹ ✷ ✵ ✵ ✶✲ ✷ ✵ ✶ ✹ ✷ ✵ ✵ ✶✲ ✷ ✵ ✵ ✼ ✷ ✵ ✵ ✽✲ ✷ ✵ ✶ ✹
▼ ❆ ❊ ✲ ♣ ♦ ➦ ❡ ❜ ❛ 1 ,7 3 5 % 5 ,2 2 3 % 2 ,8 2 6 % 4 ,3 9 5 %
▼ ❆ ❊ ✲ ✐ ♥ ✈ ❡ ✐ ❝ ❡ 6 0 ,4 9 % 2 8 5 ,0 % 2 6 ,3 1 % 4 5 9 ,6 %
▼ ❆ ❊ ✲ ✐ ♥ ✈ ❡ ✐ ❝ ❡ ✭ ♠❧ ❞✳ ❯ ❙ ❉✮ 1 6 8 ,2 4 9 5 ,8 2 0 5 ,4 6 1 8 ,6
▼ ❆ ❊ ✲ ♣ ✐ ✈ ♥ ♠ ③ ❞ ② 2 ,6 6 6 % 1 1 ,9 1 % 5 ,9 1 4 % 1 1 ,8 9 %
▼ ❆ ❊ ✲ ❝ ❡❧ ❦ ♦ ✈ ♣ ♦ ♣ ✈ ❦ ❛ ❳ 2 ,6 8 6 % 7 ,5 9 8 % 3 ,6 6 9 % 7 ,8 6 8 %
▼ ❆ ❊ ✲ ❍ ❉ 2 ,4 2 6 % 7 ,0 3 2 % 3 ,4 4 0 % 7 ,2 4 9 %

❈ ❡❧ ❦ ♦ ✈ ❦ ✈ ❛❧✐ ❛ ♣ ❡ ❞✐ ❦ ❝ ❡ W M A P E ❞❧ ❡ ❛ ❜ ✉❧ ❦ ② ✸✳ ✽ ♣ ❛ ❦ ✈ ② ❝ ❤ ③ ✹✱ ✼ ✵ ✾ % ✳

❚ ❛ ❜ ✉❧ ❦ ❛ ✸✳ ✾✿ ❡ ❞✐ ❦ ❝ ❡✱ ▼ ♦ ❞ ❡❧ ❉ ❡ ✢ ♦ ✭ ❞ ❛ ❛ ✈ ❝ ❡ ♥ ❝ ❤ ♦ ❦ ✉ ✷ ✵ ✶ ✵ ❞❧ ❡ ❞ ❡ ✢ ♦ ✉✮

✐ ✐✐ ✐✐✐ ✐ ✈
❱ ✉ ♣ ♥ ❞ ❛ ❛ ✶ ✾ ✼ ✶✲ ✷ ✵ ✶ ✹ ✶ ✾ ✼ ✶✲ ✷ ✵ ✵ ✵ ✶ ✾ ✼ ✶✲ ✷ ✵ ✵ ✵ ✶ ✾ ✼ ✽✲ ✷ ✵ ✵ ✼

❡ ❞✐ ❦ ❝ ❡ ♣ ♦ ✶ ✾ ✼ ✷✲ ✷ ✵ ✶ ✹ ✷ ✵ ✵ ✶✲ ✷ ✵ ✶ ✹ ✷ ✵ ✵ ✶✲ ✷ ✵ ✵ ✼ ✷ ✵ ✵ ✽✲ ✷ ✵ ✶ ✹
▼ ❆ ❊ ✲ ♣ ♦ ➦ ❡ ❜ ❛ 8 ,4 6 3 % 6 ,7 1 4 % 4 ,3 1 4 % ◆ ❆
▼ ❆ ❊ ✲ ✐ ♥ ✈ ❡ ✐ ❝ ❡ 1 1 1 ,4 5 % 2 7 0 ,2 % 2 7 ,8 7 % ◆ ❆
▼ ❆ ❊ ✲ ✐ ♥ ✈ ❡ ✐ ❝ ❡ ✭ ♠❧ ❞✳ ❯ ❙ ❉✮ 3 1 6 ,1 4 9 9 ,4 4 2 1 3 ,3 ◆ ❆
▼ ❆ ❊ ✲ ♣ ✐ ✈ ♥ ♠ ③ ❞ ② 1 1 ,2 4 % 1 4 ,8 0 % 8 ,5 6 1 % ◆ ❆
▼ ❆ ❊ ✲ ❝ ❡❧ ❦ ♦ ✈ ♣ ♦ ♣ ✈ ❦ ❛ ❳ 9 ,2 1 9 % 8 ,7 2 7 % 4 ,8 5 0 % ◆ ❆
▼ ❆ ❊ ✲ ❍ ❉ 8 ,3 6 6 % 8 ,0 8 6 % 4 ,5 4 9 % ◆ ❆

✹ ✵



❱✐ ❞ ♠ ❡✱ ➸ ❡ ♣ ♦ ❛ ♥ ❢ ♦ ♠ ❛ ❝✐ ❞ ❛ ♥ ❛ ❝ ❡ ♥ ✉ ♦ ❦ ✉ ✷ ✵ ✶ ✵ ❞❧ ❡ ❈ ■ ✈ ② ❝ ❤ ③ ✈➨ ❡ ❝ ❤✲
♥ ② ♣ ❡ ❞✐ ❦ ❝ ❡ i ❛ ➸ i v ♣ ♦ ♠ ➙ ♥ ➙ ✉ ♣ ♦ ❦ ♦❥✐ ✈ ➙✳ ❙ ❧ ❡ ❡ ✐ ❝ ❡ ♣ ♦ ❦ ♠ ❡ ♥ ❡ ❝ ❤ ♦ ♣ ♥ ♦
♣➦ ❡ ❞ ♣ ♦ ✈ ❞ ❛ ♠ ✉ ✐ ♥ ✈ ❡ ✐ ❝✱ ♣ ♦ ➦ ❡ ❜ ✉ ✈➨ ❛ ❦ ♣➦ ❡ ❞ ✈ ❞ ♠ ❡ ♥ ❛ ✼ ❧ ❡ ❞ ♦ ♣➦ ❡ ❞ ✉ ✭ ♣ ❡ ❞✐ ❦ ❝ ❡
iii ❛ i v✮ ♣ ➲ ♠ ➙ ♥ ♦ ✉ ♦ ❞ ❝ ❤ ②❧ ❦ ♦ ✉ ❦ ♦❧ ❡ ♠ 3 − 4 % ✱ ♥ ❛ ✶ ✹ ❧ ❡ ❞ ♦ ♣➦ ❡ ❞ ✉ ✭ ♣ ❡ ❞✐ ❦ ❝ ❡ ii✮
♣ ❛ ❦ ♦ ❞ ❝ ❤ ②❧ ❦ ♦ ✉ ❦ ♦❧ ❡ ♠ 5 % ✳ ❯ ❝ ❡❧ ❦ ♦ ✈ ♣ ♦ ❞ ✉ ❦ ❝ ❡ ✭ ❍ ❉ ✮ ♣ ❛ ❦ ♣ ➲ ♠ ➙ ♥ ♦ ❞ ❝ ❤ ②❧ ❦ ❛
❞ ♦ ❛ ❤ ✉❥ ❡ ♣ ♦ ✈➨ ❡ ❝ ❤ ♥ ② ↔ ②➦✐ ✉ ✈ ❛ ➸ ♦ ✈ ❛ ♥ ♣ ❡ ❞✐ ❦ ❝ ❡ ♥ ❛ ♥ ❡❥ ✈ ➨ 7 % ✳ ❖ ♣ ♦ ✐ ✈ ❝ ❤ ♦ ③ ♠ ✉
♠ ♦ ❞ ❡❧ ✉ ❥ ♠ ❡ ♣ ❛ ❦ ✈ ❡ ✈➨ ❡ ❝ ❤ ♣➦ ♣ ❛ ❞ ❡ ❝ ❤ i ❛ ➸ i v ❞ ♦ ❤❧✐ ③❧ ❡ ♣➨ ❡ ♥ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞ ♥ ❝ ❤ ❝ ❤ ♦ ♣✲
♥ ♦ ✉ ✈➨ ❡ ❝ ❤ ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤✳

■ ❦ ❞ ② ➸ ❡ ✈ ♣➦ ♣ ❛ ❞ ❡ ❝ ❤ ii ❛ iii ♣ ♦ ❞ ❛➦✐❧ ♦ ③ ❜ ❛ ✈✐ ❛ ❜ ♥ ♦ ♠ ❧ ♥ ❤ ♦ ❝ ❤ ♦ ✈ ♥ ✐ ✈ ② ✉ ➸✐ ♠
❍ ❉ ❞ ❡ ✢ ♦ ✉ ✭ ❛ ❜ ✉❧ ❦ ❛ ✸✳ ✾✮✱ ♥ ♦ ✈ ➙ ❡ ♦ ❜❥ ❡ ✈ ✉❥ ③ ✈ ❛ ➸ ♥ ♣ ♦ ❜❧ ♠ ② ♣ ❡ ❞✐ ❦ ❝ ✈ ✈ ♦❥ ❡
✈ ♦ ❜ ❞ ♦ ❜ ❤ ♦ ♣ ♦ ❞ ➦ ❦ ❦ ✐ ③ ❡ ✭i v✮✳ ➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞✐ ❡ ♥ ❛ ♦❧✐ ❦ ♦ ❞ ❝ ❤ ②❧ ✉❥ ♦ ❞ ♠ ② ❧ ✉ ♣❧ ♥ ❝ ❤
❤ ♦ ❞ ♥ ♦ ✱ ➸ ❡ ❥✐ ➸ ♣ ❡ ❞✐ ❦ ❝ ❡ ♣ ♦ ✼✳ ♦ ❦ ❞ ♦ ❜ ✉ ❞ ♦ ✉ ❝ ♥ ♦ ✐ ♥ ❡ ♥ ♦❢ ✇ ❛ ❡ ♠ ❞ ♦ ♣ ♦ ↔ ♥ ❛✳

❩ ❛ ❞ ❛ ♥ ❝ ❤ ♦ ❦ ♦❧ ♥ ♦ ♣ ♦ ✈ ❛ ➸ ✉❥ ❡ ♠ ❡ ③ ❛ ♥ ❡❥ ♦ ③ ✉ ♠ ♥ ➙❥➨ ♣ ♦ ✉ ➸ ✈ ❛ ♥ ❛ ❞ ❧ ❡ ❞ ❛ ❛ ✈ ❝ ❡✲
♥ ❝ ❤ ♦ ❦ ✉ ✷ ✵ ✶ ✵ ♣➦ ❡ ♣ ♦ ↔ ❡ ♥ ❝ ❤ ❞❧ ❡ ❈ ■✱ ❥ ❡❧✐ ❦ ♦ ➸ ❛ ❦ ♦ ✈ ♣ ♦ ✉ ♣ ❥ ❛ ❦ ♦ ❥ ❡ ❞✐ ♥ ✈ ② ❦ ❛ ③ ✉❥ ❡
✉ ♣ ♦ ❦ ♦❥✐ ✈ ✈ ❧ ❡ ❞ ❦ ② ♣ ♦ ✈➨ ❡ ❝ ❤ ♥ ❛ ✉ ✈ ❛ ➸ ♦ ✈ ❛ ♥ ♦ ❜ ❞ ♦ ❜ ✳

✸✳ ✺✳ ✺ ❱ ♣ ♦ ↔ ❡ ❦ ❛ ♣✐ ❧ ✉

❖ ❞ ♥ ② ♥ ➙❥➨ ❦ ❛ ❡ ❞ ② ♣ ♦ ↔ ♠ ❡ ❞ ❛ ② ✈ ❝ ❡ ♥ ❝ ❤ ♦ ❦ ✉ ✷ ✵ ✶ ✵ ❞❧ ❡ ❈ ■✳ ❉ ❛❧➨ ♠ ♣ ♦ ❜❧ ♠ ❡ ♠✱
❦ ❡ ♠ ❡ ❜ ✉ ❞ ❡ ♠ ❡ ③ ❛ ❜ ✈ ❛ ✱ ❥ ❡ ✈ ♣ ♦ ↔ ❡ ❦ ❛ ♣✐ ❧ ✉✳ ❏ ❛ ❦ ❥ ♠ ❡ ✈✐ ❞ ➙❧✐ ❥✐ ➸ ♥ ❛ ❖ ❜ ③ ❦ ✉
✶✱ ❥ ❡ ❤ ♦ ✈ ♣ ♦ ↔ ❡ ❞❧ ❡ ♦ ✈ ♥✐ ❝ ❡

K t = K t− 1 + I t

❡ ② ❝ ❤❧ ❡ ♦ ❞ ❝ ❤ ②❧ ✉❥ ❡ ♦ ❞ ❤ ♦ ❞ ♥ ♦ ❡ ❧ ♥ ❤ ♦ ❦ ❛ ♣✐ ❧ ✉ ✲ ❛ ✈ ✉ ♦ ✉ ❦ ♦ ♠ ❤ ♦ ✐ ♥ ✈ ❡ ✐ ↔ ♥ ❤ ♦
♠ ❛❥ ❡ ❦ ✉✳ ❚ ❛ ❦ ♦ ✈ ✈ ♣ ♦ ↔ ❡ K t ♥ ❡ ❜ ❡ ❡ ✈ ♣ ♦ ❛ ③ ③ ❤ ♦ ❞ ♥ ♦ ❝ ❡ ♥ ❡ ①✐ ✉❥ ❝ ❤ ♦ ❦ ❛ ♣✐ ❧ ✉✱
♦ ✈➨ ❡ ♠ ❛ ♥✐ ❥ ❡ ❤ ♦ ❞ ❡ ♣ ❡ ❝✐ ❛ ❝✐✳

◆ ❡❥❥ ❡ ❞ ♥ ♦ ❞ ✉➨➨ ♠ ➦ ❡➨ ❡ ♥ ♠ ❡ ❥ ❡ ✈ ♣ ♦ ✉ ➸ ❤ ♦ ❞ ♥ ♦ ② ❡ ❧ ♥ ❤ ♦ ❦ ❛ ♣✐ ❧ ✉ R e al K ♥ ❛ ♠ ✲
♦ ❦ ❛ ♣✐ ❧ ✉ K ✳ ➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞ ♥ ❝ ❤ ♦ ♣ ♥ ♦ ✐ ♠ ♦ ❞ ❡❧ ✉ ♣ ❛ ❦ ✈ ② ❝ ❤ ③ ♥ ❧ ❡ ❞ ♦ ✈ ♥ ➙✿

❚ ❛ ❜ ✉❧ ❦ ❛ ✸✳ ✶ ✵✿ ❡ ❞✐ ❦ ❝ ❡✱ ▼ ♦ ❞ ❡❧ ❈ ■ ✰ ❘ ❡ ❛❧ ❑

✐ ✐✐ ✐✐✐ ✐ ✈
❱ ✉ ♣ ♥ ❞ ❛ ❛ ✶ ✾ ✼ ✶✲ ✷ ✵ ✶ ✹ ✶ ✾ ✼ ✶✲ ✷ ✵ ✵ ✵ ✶ ✾ ✼ ✶✲ ✷ ✵ ✵ ✵ ✶ ✾ ✼ ✽✲ ✷ ✵ ✵ ✼

❡ ❞✐ ❦ ❝ ❡ ♣ ♦ ✶ ✾ ✼ ✷✲ ✷ ✵ ✶ ✹ ✷ ✵ ✵ ✶✲ ✷ ✵ ✶ ✹ ✷ ✵ ✵ ✶✲ ✷ ✵ ✵ ✼ ✷ ✵ ✵ ✽✲ ✷ ✵ ✶ ✹
▼ ❆ ❊ ✲ ♣ ♦ ➦ ❡ ❜ ❛✿ 2 ,3 9 7 % 4 ,7 6 1 % 2 ,3 9 5 % 4 ,4 0 8 %
▼ ❆ ❊ ✲ ✐ ♥ ✈ ❡ ✐ ❝ ❡✿ 6 4 ,4 0 5 % 2 7 2 ,2 % 2 2 ,1 6 % 4 4 9 ,8 %
▼ ❆ ❊ ✲ ✐ ♥ ✈ ❡ ✐ ❝ ❡ ✭ ♠❧ ❞✳ ❯ ❙ ❉✮✿ 1 8 5 ,7 4 5 6 ,8 1 7 0 ,8 6 0 5 ,0
▼ ❆ ❊ ✲ ♣ ✐ ✈ ♥ ♠ ③ ❞ ②✿ 3 ,3 4 3 % 1 1 ,3 3 % 5 ,4 0 8 % 1 1 ,9 2 %
▼ ❆ ❊ ✲ ❝ ❡❧ ❦ ♦ ✈ ♣ ♦ ♣ ✈ ❦ ❛ ❳✿ 3 ,5 2 1 % 6 ,9 6 7 % 3 ,0 9 5 % 7 ,7 8 %
▼ ❆ ❊ ✲ ❍ ❉ ✿ 3 ,1 8 5 % 6 ,4 4 5 % 2 ,9 0 0 % 7 ,1 6 7 %

❈ ❡❧ ❦ ♦ ✈ ❦ ✈ ❛❧✐ ❛ ♣ ❡ ❞✐ ❦ ❝ ❡ W M A P E ❞❧ ❡ ❛ ❜ ✉❧ ❦ ② ✸✳ ✶ ✵ ♣ ♦ ♦ ♠ ✈ ② ❝ ❤ ③ ✹✱ ✻ ✷ ✸ % ✳
❖ ♣ ♦ ✐ ♠ ♦ ❞ ❡❧ ✉ ❈ ■ ✈ ② ❝ ❤ ③ ♣➦ ❡ ♥ ♦ ❛ ✐ ❝ ❦ ❝ ❤ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞ ♦ ♥ ➙ ❝ ♦ ❤ ➲➦ ❡✱ ❞ ② ♥ ❛ ♠✐ ❝✲
❦ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞✐ ii ❛ iii ♦ ♦ ❝ ❤ ✉ ❧ ♣ ❡ ❛ ❞ ② ♥ ❛ ♠✐ ❝ ❦ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ↕ i v ♣ ❛ ❦ ✐ ❝ ❦ ② ❡❥ ♥ ➙✳
❉❧ ❡ ❦ ✐ ✐ ❛ W M A P E ♣ ❛ ❦ ❞ ♦➨❧ ♦ ❦ ✈ ❡❧ ♠✐ ♠ ♥ ♠ ✉ ③❧ ❡ ♣➨ ❡ ♥ ③ 4 , 7 0 9 % ♥ ❛ 4 , 6 2 3 % ✳

✹ ✶



❙ ♦ ❤❧ ❡ ❞ ❡ ♠ ♥ ❛ ❤ ♦ ♣ ♦ ❞ ➦ ❦ ✈ ✈ ♦❥ ❛ ♥ ❡ ♦ ✈ ♥ ♦ ♠ ➙ ♥ ③ ♠ ➙ ♥ ② ❝ ❡ ♥ ✈ ➲ ③ ♥ ❝ ❤ ♦ ❞ ✈ ➙ ✲
✈ ❝ ❤ ❜ ➙ ❤ ❡ ♠ ❦ ✐ ③ ❡ ❜ ② ✈➨ ❛ ❦ ♠ ♦ ❤❧ ♦ ❜ ✈ ❤ ♦ ❞ ♥ ➙❥➨ ♣➦ ❡ ♣ ♦ ↔ ✈ ❛ ❤ ♦ ❞ ♥ ♦ ✉ ✭ ❡ ❧ ♥ ❤ ♦✮
❦ ❛ ♣✐ ❧ ✉ ❥✐ ♥ ♠ ✐ ♥ ❞ ❡ ① ❡ ♠ ♥ ❡ ➸ ❈ ■✳ ❱ ③ ♥ ❛ ♠ ♥ ♠ ♥ ♦ ➸ ✈ ❦ ❛ ♣✐ ❧ ✉ ♣➦ ❡ ❞ ❛ ✈ ✉❥ ♥ ❡✲
♠ ♦ ✈✐ ♦ ✐✱ ❥ ❡❥✐ ❝ ❤ ➸ ✉ ➸✐ ♥ ❤ ♦ ❞ ♥ ♦ ❛ ✭ ❛ ❡ ❞ ② ✈❧✐ ✈ ♥ ❛ ♣ ♦ ❞ ✉ ❦ ❝✐✮ ❥ ❡ ✈ ↔ ❛ ❡ ✈ ❝ ❡ ♠ ♥ ➙

❡❥ ♥ ✱ ❛ ✈➨ ❛ ❦ ❝ ❡ ♥ ❛ ❥ ❡ ✈ ↔ ❛ ❡ ♣ ♦ ♠ ➙ ♥❧✐ ✈ ✳ ❍ ♦ ❞ ♥ ♦ ✉ ❡ ❧ ♥ ❤ ♦ ❦ ❛ ♣✐ ❧ ✉ ❡ ❞ ② ♣➦ ❡ ♣ ♦ ↔✲
❡ ♠ ❡ ♥ ❛ ❝ ❡ ♥ ② ♦ ❦ ✉ ✷ ✵ ✶ ✵ ♣ ♦ ♠ ♦ ❝ ✐ ♥ ❞ ❡ ① ✉ ❝ ❡ ♥ ❡ ❛❧✐ ✶ ✶ ✳

❚ ❛ ❜ ✉❧ ❦ ❛ ✸✳ ✶ ✶✿ ❡ ❞✐ ❦ ❝ ❡✱ ▼ ♦ ❞ ❡❧ ❈ ■ ✰ ❘ ❡ ❛❧✐ ② ❘ ❡ ❛❧ ❑

✐ ✐✐ ✐✐✐ ✐ ✈
❱ ✉ ♣ ♥ ❞ ❛ ❛ ✶ ✾ ✼ ✶✲ ✷ ✵ ✶ ✹ ✶ ✾ ✼ ✶✲ ✷ ✵ ✵ ✵ ✶ ✾ ✼ ✶✲ ✷ ✵ ✵ ✵ ✶ ✾ ✼ ✽✲ ✷ ✵ ✵ ✼

❡ ❞✐ ❦ ❝ ❡ ♣ ♦ ✶ ✾ ✼ ✷✲ ✷ ✵ ✶ ✹ ✷ ✵ ✵ ✶✲ ✷ ✵ ✶ ✹ ✷ ✵ ✵ ✶✲ ✷ ✵ ✵ ✼ ✷ ✵ ✵ ✽✲ ✷ ✵ ✶ ✹
▼ ❆ ❊ ✲ ♣ ♦ ➦ ❡ ❜ ❛✿ 2 ,1 5 9 % 2 ,6 9 6 % 1 ,4 0 6 % 4 ,3 6 2 %
▼ ❆ ❊ ✲ ✐ ♥ ✈ ❡ ✐ ❝ ❡✿ 7 2 ,9 9 % 1 3 4 ,4 % 1 4 ,1 6 % 4 0 1 ,2 %
▼ ❆ ❊ ✲ ✐ ♥ ✈ ❡ ✐ ❝ ❡ ✭ ♠❧ ❞✳ ❯ ❙ ❉✮✿ 2 0 0 ,9 2 4 4 ,0 1 2 9 ,8 5 9 0 ,3
▼ ❆ ❊ ✲ ♣ ✐ ✈ ♥ ♠ ③ ❞ ②✿ 3 ,3 7 0 % 8 ,4 6 4 % 3 ,6 9 4 % 1 3 ,4 7 %
▼ ❆ ❊ ✲ ❝ ❡❧ ❦ ♦ ✈ ♣ ♦ ♣ ✈ ❦ ❛ ❳✿ 3 ,4 7 4 % 3 ,1 6 1 % 0 ,8 9 8 % 7 ,6 1 6 %
▼ ❆ ❊ ✲ ❍ ❉ ✿ 3 ,1 5 3 % 2 ,9 1 2 % 0 ,8 4 3 % 7 ,0 2 0 %

❈ ❡❧ ❦ ♦ ✈ ❦ ✈ ❛❧✐ ❛ ♣ ❡ ❞✐ ❦ ❝ ❡ W M A P E ❞❧ ❡ ❛ ❜ ✉❧ ❦ ② ✸✳ ✶ ✶ ♣ ❛ ❦ ✈ ② ❝ ❤ ③ ✸✱ ✵ ✽ ✸ % ✳

❱ ♣ ♦ ♦ ✈ ♥ ♥ ♠ ♦ ❞ ❡❧ ❡ ♠ ❈ ■ ❞ ♦ ❝ ❤ ③ ❦ ♠ ♥ ♠ ✉ ③ ❤ ♦ ➨ ❡ ♥ ❛ ✐ ❝ ❦ ♣ ❡ ❞✐ ❦ ❝ ❡ i✱
♣➦ ❡ ♥ ♦ ❞ ② ♥ ❛ ♠✐ ❝ ❦ ❝ ❤ ♣ ❡ ❞✐ ❦ ❝ ii ❛ iii ❥ ❡ ✈➨ ❛ ❦ ✈ ❛ ③ ♥ ➙ ✈ ②➨➨ ✳ ➦ ❡ ♥ ♦ ♣ ❡ ❞✐ ❦ ❝ ❡
i v ♣ ♦ ❦ ✐ ③ ♦ ✈ ♦ ❜ ❞ ♦ ❜ ❥ ❡ ♣ ❛ ❦ ♣➦✐ ❜❧✐ ➸ ♥ ➙ ❡❥ ♥ ✳

❱ ♣ ♦ ♦ ✈ ♥ ♥ ♠ ♦ ❞ ❡❧ ❡ ♠ ❈ ■ ✰ ❘ ❡ ❛❧ ❑ ❞ ♦ ❝ ❤ ③ ❦ ✈ ③ ♥ ❛ ♠ ♥ ♠ ✉ ③❧ ❡ ♣➨ ❡ ♥ ♣ ❡ ❞✐ ❦ ❝
ii ❛ iii✱ ③ ❛ ♠ ❝ ♦ ❦ ✈ ❛❧✐ ❛ ♣ ❡ ❞✐ ❦ ❝ i ❛ i v ❥ ❡ ♦ ✈ ♥ ❛ ❡❧ ♥ ✳

❙ ♦ ❤❧ ❡ ❞ ❡ ♠ ♥ ❛ ❤ ♦ ❞ ♥ ♦ ✉ ❦ ✐ ✐ ❛ W M A P E ❜ ✉ ❞ ❡ ♠ ❡ ♥ ❛ ❞ ❧ ❡ ♣ ♦ ❦ ❛ ↔ ♦ ✈ ❛ ♠ ♦✲
❞ ❡❧ ❡ ♠ ❈ ■ ✰ ❘ ❡ ❛❧✐ ② ❘ ❡ ❛❧ ❑ ✱ ❦ ❡ ♦ ♣ ♦ ✐ ♠ ♦ ❞ ❡❧ ✉ ❈ ■ ♥ ❛ ❜ ③ ③❧ ❡ ♣➨ ❡ ♥ ③ 4 , 7 0 9 %
♥ ❛ 3 , 0 8 3 % ✳ ❯ ❦ ❛ ③ ✉❥ ❡ ❡ ♣➦✐ ♦ ♠✱ ♣ ♦ ✉ ➸✐ ❡ ❧ ♥ ❤ ♦ ❦ ❛ ♣✐ ❧ ✉ ❛ ♠ ♦ ♦ ♦ ❜ ➙ ♥ ❡ ❛ ↔ ✳

➦ ❡ ♣ ♦ ↔ ❡ ♠ ❡✲❧✐ ✈➨ ❛ ❦ ❤ ♦ ❞ ♥ ♦ ✉ ❡ ❧ ♥ ❤ ♦ ❦ ❛ ♣✐ ❧ ✉ ♥ ❛ ❝ ❡ ♥ ② ♦ ❦ ✉ ✷ ✵ ✶ ✵ ✐ ♥ ❞ ❡ ① ❡ ♠ ❝ ❡ ♥
❡ ❛❧✐ ✱ ❞ ♦ ❝ ❤ ③ ✈ ♦ ✉ ❤ ♥ ✉ ❦ ❡ ③❧ ❡ ♣➨ ❡ ♥ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞ ♠ ♦ ❞ ❡❧ ✉ ✭ ❞❧ ❡ W M A P E ✮✳ ✈ ❛✲

❤ ❛✱ ➸ ❡ ❦ ❛ ♣✐ ❧ ❥ ❡ ③ ♣ ♦ ❞ ❛ ♥ ↔ ✐ ✈ ♦➦ ❡ ♥ ❡ ❛❧✐ ❛ ♠✐ ❛ ❥ ❡ ❤ ♦ ❤ ♦ ❞ ♥ ♦ ❛ ✉ ❞ ➸ ③ ✈✐
♥ ❛ ❥ ❡❥✐ ❝ ❤ ❝ ❡ ♥ ❝ ❤✱ ❡ ❡ ❞ ② ③ ❞ ❜ ♣ ✈ ♥ ✳

♦ ✉ ➸✐ ♠ ❡ ❧ ♥ ❤ ♦ ❦ ❛ ♣✐ ❧ ✉ ✲ ❛ ✈ ✉ ♦ ✉ ❦ ♦ ♠ ❤ ♦ ✐ ♥ ✈ ❡ ✐ ↔ ♥ ❤ ♦ ♠ ❛❥ ❡ ❦ ✉ ✲ ♥ ❛ ♠ ✲
♦ ❦ ❛ ♣✐ ❧ ✉ ♣ ♦ ↔ ❛ ♥ ❤ ♦ ❞❧ ❡ ♣➦ ➲ ❦ ✉ ✐ ♥ ✈ ❡ ✐ ❝ ✭K t = K t− 1 + I t ✮ ❥ ♠ ❡ ❡ ❞ ② ③ ❛ ❝ ❡ ♥ ✉

♠ ❛❧ ❤ ♦ ③ ❤ ♦ ➨ ❡ ♥ ✈ ♣➦ ❡ ♥ ♦ ✐ ❛ ✐ ❝ ❦ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞✐ ❞ ♦ ❤❧✐ ✈ ③ ♥ ❛ ♠ ♥ ❤ ♦ ❝ ❡❧ ❦ ♦ ✈ ❤ ♦
③❧ ❡ ♣➨ ❡ ♥ ✈ ❞ ② ♥ ❛ ♠✐ ❝ ❦ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞✐✳ ➦ ❡ ♥ ♦ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞✐ ✭ ❞ ② ♥ ❛ ♠✐ ❝ ❦ ✮ ♣ ♦ ❦ ✐ ③ ♦ ✈
♦ ❜ ❞ ♦ ❜ ✷ ✵ ✵ ✽✲ ✷ ✵ ✶ ✹ ✈➨ ❛ ❦ ③ ➲ ✈ ♣➦✐ ❜❧✐ ➸ ♥ ➙ ❡❥ ♥ ✳

✶ ✶ ❤ ♣ ✿ ✴ ✴ ✇ ✇ ✇ ✳ ✉ ❛ ♥ ❞ ❧ ✳ ❝ ♦ ♠ ✴ ❞ ❛ ❛ ✴ ❋ ❊ ❉ ✴ ❋ ▲ ✵ ✼ ✺ ✵ ✸ ✺ ✺ ✵ ✸ ❴ ❆ ✲ ✐ ❝ ❡ ✲ ✐ ♥ ❞ ❡ ① ❡ ✲ ❝ ♦ ♠ ♠ ❡ ❝ ✐ ❛ ❧ ✲
❡ ❛ ❧ ✲ ❡ ❛ ❡ ✲ ♣ ✐ ❝ ❡ ✲ ✐ ♥ ❞ ❡ ① ✲ ❆ ♥ ♥ ✉ ❛ ❧ ✲ ▲ ❡ ✈ ❡ ❧ ✲ ◆ ❙ ❆

✹ ✷

https://www.quandl.com/data/FED/FL075035503_A-Price-indexes-commercial-real-estate-price-index-Annual-Levels-NSA
https://www.quandl.com/data/FED/FL075035503_A-Price-indexes-commercial-real-estate-price-index-Annual-Levels-NSA


✸✳ ✺✳ ✻ ▲✐ ♥ ❡ ❛ ✐ ❛ ♠ ♦ ❞ ❡❧ ✉

❉ ❛❧➨ ♠ ♣ ♦ ❜❧ ♠ ❡ ♠✱ ♥ ♠ ➸ ❡ ✈ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ♣ ❛ ①✐ ❡ ❦ ✈ ♠ ❡✱ ❥ ❡ ♣ ♦ ❜❧ ♠ ♥ ❡❧✐✲
♥ ❡ ❛ ✐ ②✳ ❊ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ❞ ❛ ❛ ♠ ❛❥ ♦ ❜ ❡ ❝ ♥ ➙ ❡ ♥ ❞ ❡ ♥ ❝✐ ✈ ② ❦ ❛ ③ ♦ ✈ ❛ ❡ ① ♣ ♦ ♥ ❡ ♥ ❝✐ ❧ ♥ ❝ ❤ ♦ ✈ ♥ ✱
❝ ♦ ➸ ❡ ❜ ♦ ✉ ♣➦✐ ♥ ➨ ♥ ❛ ♣➦✳ ❤ ❡ ❡ ♦ ❦ ❡ ❞ ❛ ✐ ❝✐ ✉ ❛ ❝ ❡❧ ❦ ♦ ✈ ➙ ↔✐ ♥ ❧✐ ♥ ❡ ♥ ♠ ♦ ❞ ❡❧ ♥ ❡ ✈ ❤ ♦ ❞✲
♥ ♠✳

❱ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ♣ ❛ ①✐ ❡ ♣ ♦ ♦ ③ ❝ ❡❧ ❛ ✉ ✐ ♥ ♥ ➙ ♣➦✐ ✉ ♣ ✉❥ ❡ ❦ ❧ ♦ ❣ ❛ ✐ ♠✐ ❝ ❦ ❛ ♥ ✲
❢ ♦ ♠ ❛ ❝✐ ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤✳ ❚ ♦ ❜ ✉ ❞ ❡ ✈✐ ❞ ➙ ♥ ❛ ♥ ❧ ❡ ❞ ✉❥ ❝ ♠ ♠ ♦ ❞ ❡❧ ✉ ✭ ✈✐ ③ ❦ ❛ ♣✐ ♦❧ ❛ ✹✳ ✷✳ ✶✮✱
❦ ❞ ❡ ❜ ✉ ❞ ❡ ♠ ❡ ♣➦ ❡ ❝ ❤ ③ ❡ ③ ♠ ✉❧ ✐ ♣❧✐ ❦ ❛ ✐ ✈ ♥ ♦ ✈ ♥✐ ❝ ❡

C − θ
t = ( 1 + r t )β C − θ

t+ 1

❦ ♦ ✈ ♥✐ ❝✐

l n C t = l n C t+ 1 −
1

θ
l n( 1 + r t ) −

1

θ
l n β.

❑❧ ❡✐ ♥ ➲ ✈ ♠ ♦ ❞ ❡❧ ❥ ❡ ♦ ✈➨ ❡ ♠ ③ ❡ ✈ ♣ ♦ ❞ ❛ ② ❛ ❞✐ ✐ ✈ ♥ ❛ ♣ ♦ ❞ ♦ ❜ ♥ ♦ ✉ ❥ ❡ ❞ ♥ ♦ ❞ ✉ ❝ ❤ ♦ ✉ ❛ ♥ ✲
❢ ♦ ♠ ❛ ❝✐ ❛ ❦ ✈ ❥ ❡ ❤ ♦ ♠ ❝✐ ♣ ♦ ✈ ❜ ♦ ❤ ✉ ➸ ❡❧ ♥ ❡❧ ③ ❡✳

◆ ❡ ♠ ➲ ➸ ❡ ♠ ❡✲❧✐ ❡ ❞ ② ③ ❛ ❤ ♥ ♦ ✉ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ❦ ❝ ❤ ❛ ❛ ❦ ❡ ❡ ♥ ❞ ✉ ❞ ♦ ♠ ♦ ❞ ❡❧ ✉✱ ✉ ↔✐ ♥ ♠ ❡
♣ ❛ ✈ ♦ ♣ ❛ ❦ ✲ ❡ ♥ ❞ ③ ♠ ♦ ❞ ❡❧ ✉ ③ ❝ ❡❧ ❛ ♦ ❞ ❛ ♥ ♠ ❡ ❛ ❞ ♦ ♣ ♦ ↔ ❡ ♠ ❡ ❡ ♣ ❛ ♥ ➙✳

❏ ❛ ❦ ♦ ➸ ♦ ♥ ❡❥ ♣ ♦ ✉ ➸ ✈ ❛ ♥ ➙❥➨ ✉ ❦ ❛ ③ ❛ ❡❧ ✈ ✈ ♦❥ ❡ ❡ ❦ ♦ ♥ ♦ ♠✐ ❦ ✉ ❜ ✉ ❞ ❡ ♠ ❡ ♦ ♣ ❡ ♦ ✈ ❛ ❍ ❉ ✳
❚ ♠ ♣ ♦❧ ♦ ➸ ♠ ❡ ❡ ① ♣ ♦ ♥ ❡ ♥ ❝✐ ❧ ♥ ❡ ♥ ❞✱ ❡ ♣ ❡ ❦ ✐ ✈ ❡ ❜ ✉ ❞ ❡ ♠ ❡ ♣ ♦ ↔ ❛

l o g Y t = a + bt + ε t .

➲ ✈ ♦ ❞ ♥ ✭ ♥ ❡❧ ♦ ❣ ❛ ✐ ♠ ♦ ✈ ❛ ♥ ✮ ❞ ❛ ❛ ♣ ❛ ❦ ❛ ♥ ❢ ♦ ♠ ✉❥ ❡ ♠ ❡ ❛ ❦✱ ➸ ❡ ❥ ❡ ♣ ♦ ❞ ➙❧ ♠ ❡ ❦ ♦✲
❡ ✜ ❝✐ ❡ ♥ ❡ ♠ e bt ✱ ❦ ❞ ❡ t = 0 ♣ ♦ ♦ ❦ ✷ ✵ ✶ ✵ ✭ t = 1 ♣ ♦ ♦ ❦ ✷ ✵ ✶ ✶ ❛ ❞✳✮✳ ❩ ❦ ♠ ❡ ❛ ❦ ❞ ❛ ❛
♦ ↔✐➨ ➙ ♥ ♦ ❡ ♥ ❞✱ ♥ ❛ ♥✐ ❝ ❤ ♦ ❞ ❤ ❛ ❞ ♥ ❡ ♠ ❡ ❑❧ ❡✐ ♥ ➲ ✈ ♠ ♦ ❞ ❡❧ ♦ ♠ ❡ ③ ❡ ♥ ♠ γ 3 = 0 ✱ ❡ ❞ ②
❜ ❡ ③ ✈❧ ❛ ♥ ❤ ♦ ❡ ♥ ❞ ✉✳

❖ ③ ❦ ♦ ✉ ❥ ❡✱ ③ ❞ ❛ ♦ ↔✐➨ ➙ ♥ ♦ ❞ ❡ ♥ ❞ ✉ ❛ ♣❧✐ ❦ ♦ ✈ ❛ ♥ ❛ ♥ ♦ ♠✐ ♥ ❧ ♥ ❞ ❛ ❛✱ ↔✐ ♥ ❛ ❞ ❛ ❛
✈ ❝ ❡ ♥ ❝ ❤ ♦ ❦ ✉ ✷ ✵ ✶ ✵ ❞❧ ❡ ❈ ■✳ ♦ ❞ ✈ ♠ ❡ ❡ ♥ ❛ ❣ ❛❢ ② ❦ ✉ ❡ ↔ ♥ ❝ ❤ ❛ ✈ ② ♦ ✈ ♥ ❛ ♥ ❝ ❤
❤ ♦ ❞ ♥ ♦ ♣ ♦ ♣ ♦❧ ♦ ➸ ❡ ♥ ❧✐ ♥ ❡ ♥ ❤ ♦ ❡ ♥ ❞ ✉ ❧ ♦ ❣ ❛ ✐ ♠ ♦ ✈ ❛ ♥ ♠ ❍ ❉ ✭ ❤ ♦ ✈ ♦➦ ♠ ❡ ♦ ❧ ♦ ❣❧✐ ♥ ❡✲

♥ ♠ ❡ ♥ ❞ ✉✮✳

✹ ✸



❖ ❜ ③ ❡ ❦ ✸✳ ✷✿ ▲ ♦ ❣❧✐ ♥ ❡ ♥ ❡ ♥ ❞✱ ❍ ❉ ♥ ♦ ♠✐ ♥ ❧ ♥

❖ ❜ ③ ❡ ❦ ✸✳ ✸✿ ▲ ♦ ❣❧✐ ♥ ❡ ♥ ❡ ♥ ❞✱ ❍ ❉ ✈ ❝ ❡ ♥ ❝ ❤ ♦ ❦ ✉ ✷ ✵ ✶ ✵ ❞❧ ❡ ❈ ■

✹ ✹



❩ ♦ ❜ ③ ❦ ➲ ✸✳ ✷ ❛ ✸✳ ✸ ❥ ❡ ③➦ ❡❥ ♠ ✱ ➸ ❡ ❍ ❉ ✈ ♥ ♦ ♠✐ ♥ ❧ ♥ ❝ ❤ ❝ ❡ ♥ ❝ ❤ ♥ ❡ ✈ ② ❦ ❛ ③ ✉❥ ❡ ♥ ❡✲
♠ ➙ ♥ ♥ ❧✐ ♥ ❡ ♥ ❡ ♥ ❞✳ ❚ ♦ ♣ ❛ ♥ ➙ ♦ ✉ ✈✐ ❡ ③ ♠ ➙ ♥ ❛ ♠✐ ✐ ♥ ✢ ❛ ❝ ❡ ✈ ❡ ❧ ❡ ❞ ♦ ✈ ❛ ♥ ♠ ♦ ❜ ❞ ♦ ❜ ✳

♦ ♥ ❛➨ ❡ ↔ ❡❧ ② ❥ ❡ ✈➨ ❛ ❦ ❞ ➲❧ ❡ ➸✐ ❦ ✉ ❡ ↔ ♥ ♦ ✱ ➸ ❡ ❍ ❉ ✈ ❝ ❡ ♥ ❝ ❤ ♦ ❦ ✉ ✷ ✵ ✶ ✵ ❞❧ ❡ ❈ ■
♥ ❡ ♠ ➙ ♥ ♥ ❡ ♥ ❞ ✈ ❡ ❧ ❡ ❞ ♦ ✈ ❛ ♥ ♠ ♦ ❜ ❞ ♦ ❜ ✈ ② ❦ ❛ ③ ✉❥ ❡✳

❖ ↔✐➨ ➙ ♥ ♦ ❞ ❡ ♥ ❞ ✉ ❡ ❞ ② ❜ ✉ ❞ ❡ ♠ ❡ ❛ ♣❧✐ ❦ ♦ ✈ ❛ ♥ ❛ ❞ ❛ ❛ ✈ ❝ ❡ ♥ ❝ ❤ ♦ ❦ ✉ ✷ ✵ ✶ ✵ ❞❧ ❡ ❈ ■
✭ ✈ ❥✐ ♠ ❦ ♦ ✉ ♣ ♦ ♠ ➙ ♥ ♥ ❘ ❡ ❛❧ ❑✱ ❦ ❡ ♦ ✉ ♣➦ ❡ ✈ ❞ ♠ ❡ ♥ ❛ ❝ ❡ ♥ ② ♦ ❦ ✉ ✷ ✵ ✶ ✵ ♣ ♦ ♠ ♦ ❝ ✐ ♥ ❞ ❡✲
① ✉ ❝ ❡ ♥ ♥ ❡ ♠ ♦ ✈✐ ♦ ✱ ❥ ❛ ❦ ✈ ② ♣❧ ② ♥ ✉❧ ♦ ③ ♣➦ ❡ ❞ ❝ ❤ ♦ ③ ❦ ❛ ♣✐ ♦❧ ②✮✳

❚ ❡ ♥ ❞ ♣ ♦❧ ♦ ➸ ❡ ♥ ❞ ❛ ② ♣ ❛ ❦ ✈ ② ❝ ❤ ③

l n(Y t ) = 7, 7 9 3 5 7  + 0 , 0 2 1 5 1 ∗ t + ε t

(± 0 , 0 3 1 0 7) ( ± 0 , 0 0 0 4 5)

❉❧ ♦ ✉ ❤ ♦ ❞ ♦ ❜ ❡ ❧ ♥ ➲ ❞❧ ❡ ❈ ■ ❛ ❦ ✈ ② ❝ ❤ ③ ❛ ✐ 2 , 1 7 5 % ♦ ↔ ♥ ➙ ✭ e b̂ − 1 ✮✳

♦ ✈ ❡ ❞ ❡ ♠ ❡ ❡ ❞ ② ❛ ♥ ❢ ♦ ♠ ❛ ❝✐ ✈➨ ❡ ❝ ❤ ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤

V t : =
V t

e b̂ t

❛ ❛ ♣❧✐ ❦ ✉❥ ❡ ♠ ❡ ♠ ♦ ❞ ❡❧ ♦ ♠ ❡ ③ ❡ ♥ ♠ γ 3 = 0 ✭ ❞ ♦ ♣ ♦ ✉ ❞ ❥ ♠ ❡ ❞ ♦ ✉ ❦ ✉ ② ♠ ♦ ❞ ❡✲
❧ ✉ ♥ ❡ ③ ❛ ❛ ❤ ♦ ✈ ❛❧✐✱ ♣ ♦ ✉ ③ ❡ ❥ ♠ ❡ ✉ ♣ ❛ ✈ ♦ ✈ ❛❧✐ ✈ ✉ ♣ ♥ ❞ ❛ ❛✮✳ ❖ ❞ ❤ ❛ ❞ ♥ ❡ ♠ ❡ ❛ ❦ ♠ ♦ ❞ ❡❧
❈ ■ ✰ ❘ ❡ ❛❧✐ ② ❘ ❡ ❛❧ ❑ ✰ ❊ ① ♣ ❚ ❡ ♥ ❞ ✳ ❏ ❡❧✐ ❦ ♦ ➸ ♣➦ ♠ ✈ ✉ ♣ ② ♦ ❤ ♦ ♦ ♠ ♦ ❞ ❡❧ ✉ ❜ ✉ ❞ ♦ ✉ ♦ ↔✐➨✲
➙ ♥ ♦ ❞ ❡ ♥ ❞ ✉✱ ♣➦ ❡ ❞ ✈ ♣ ♦ ↔ ❡ ♠ ❝ ❤ ② ❜ ♣ ❡ ❞✐ ❦ ❝ ❡ ❢ ♦ ♠ ❧ ♥ ➙ ♣ ♦ ✈ ❡ ❞ ❡ ♠ ❡ ❥ ❡➨ ➙ ③ ♣ ➙ ♥ ♦ ✉
❛ ♥ ❢ ♦ ♠ ❛ ❝✐ ✭ ♣➦ ❡ ♥ ♦ ❜ ♠ ❡ e b̂ t ✮✳ ❙ ❧ ❡ ❡ ❞ ② ♣ ❡ ❞✐ ❦ ✉❥ ❡ ♠ ❡ ♣ ♦ ♠ ➙ ♥ ♥ ✈ ❝ ❡ ♥ ❝ ❤ ♦ ❦ ✉

✷ ✵ ✶ ✵ ❞❧ ❡ ❈ ■✳ ♦ ③ ♥ ❛ ♠ ❡ ♥ ❡❥ ♠ ❡ ✈➨ ❛ ❦✱ ➸ ❡ ▼ ❆ ❊✱ ❥ ❛ ❦ ♦ ➸ ♦ ❡❧ ❛ ✐ ✈ ♥ ♦ ❞ ❝ ❤ ②❧ ❦ ❛✱ ♥ ❡ ♥
♦ ✉ ♦ ③ ♣ ➙ ♥ ♦ ✉ ❛ ♥ ❢ ♦ ♠ ❛ ❝ ♦ ✈❧✐ ✈ ♥ ➙ ♥ ❛✳

❚ ❛ ❜ ✉❧ ❦ ❛ ✸✳ ✶ ✷✿ ❡ ❞✐ ❦ ❝ ❡✱ ▼ ♦ ❞ ❡❧ ❈ ■ ✰ ❘ ❡ ❛❧✐ ② ❘ ❡ ❛❧ ❑ ✰ ❊ ① ♣ ❚ ❡ ♥ ❞

✐ ✐✐ ✐✐✐ ✐ ✈
❱ ✉ ♣ ♥ ❞ ❛ ❛ ✶ ✾ ✼ ✶✲ ✷ ✵ ✶ ✹ ✶ ✾ ✼ ✶✲ ✷ ✵ ✵ ✵ ✶ ✾ ✼ ✶✲ ✷ ✵ ✵ ✵ ✶ ✾ ✼ ✽✲ ✷ ✵ ✵ ✼

❡ ❞✐ ❦ ❝ ❡ ♣ ♦ ✶ ✾ ✼ ✷✲ ✷ ✵ ✶ ✹ ✷ ✵ ✵ ✶✲ ✷ ✵ ✶ ✹ ✷ ✵ ✵ ✶✲ ✷ ✵ ✵ ✼ ✷ ✵ ✵ ✽✲ ✷ ✵ ✶ ✹
▼ ❆ ❊ ✲ ♣ ♦ ➦ ❡ ❜ ❛✿ 2 ,7 9 7 % 4 ,7 0 8 % 3 ,9 3 4 % 2 ,9 6 3 %
▼ ❆ ❊ ✲ ✐ ♥ ✈ ❡ ✐ ❝ ❡✿ 7 4 ,7 9 7 % 2 0 0 ,7 % 3 1 ,1 0 % 3 9 9 ,6 %
▼ ❆ ❊ ✲ ✐ ♥ ✈ ❡ ✐ ❝ ❡ ✭ ♠❧ ❞✳ ❯ ❙ ❉✮✿ 2 0 1 ,1 4 3 0 ,1 2 4 4 ,4 6 0 3 ,9
▼ ❆ ❊ ✲ ♣ ✐ ✈ ♥ ♠ ③ ❞ ②✿ 2 ,8 6 7 % 9 ,1 5 3 % 7 ,8 1 4 % 1 0 ,2 5 %
▼ ❆ ❊ ✲ ❝ ❡❧ ❦ ♦ ✈ ♣ ♦ ♣ ✈ ❦ ❛ ❳✿ 2 ,4 2 5 % 5 ,0 5 7 % 3 ,9 9 3 % 4 ,5 2 4 %
▼ ❆ ❊ ✲ ❍ ❉ ✿ 2 ,2 0 6 % 4 ,7 0 7 % 3 ,7 5 7 % 4 ,1 7 4 %

❈ ❡❧ ❦ ♦ ✈ ❦ ✈ ❛❧✐ ❛ ♣ ❡ ❞✐ ❦ ❝ ❡ W M A P E ❞❧ ❡ ❛ ❜ ✉❧ ❦ ② ✸✳ ✶ ✷ ♣ ❛ ❦ ✈ ② ❝ ❤ ③ ✸✱ ✼ ✹ ✶ % ✳

❖ ♣ ♦ ✐ ♠ ♦ ❞ ❡❧ ✉ ❈ ■ ✰ ❘ ❡ ❛❧✐ ② ❘ ❡ ❛❧ ❑ ❧✐ ♥ ❡ ♥ ♠ ❡ ♥ ❞ ❡ ♠ ♣ ♦ ③ ♦ ✉❥ ❡ ♠ ❡ ♣➦✐ ❡ ①✲
♣ ♦ ♥ ❡ ♥ ❝✐ ❧ ♥ ♠ ❡ ♥ ❞ ✉ ❝ ❡❧ ❦ ♦ ✈ ③ ♣➦ ❡ ♥ ➙ ♥ ♣ ❡ ❞✐ ❦ ❝ ❡ ✈ ♣➦ ♣ ❛ ❞ ➙ i v✱ ❦ ❞ ② ✐ ♥ ✈ ❡ ✐ ❝ ❡ ❥ ♦ ✉
♣➦ ❡ ❞ ♣ ♦ ✈ ❞ ♥ ② ♣ ❛ ❦ ✐ ❝ ❦ ② ❡❥ ♥ ♦ ✉ ✭ ♥ ❡✮ ♣➦ ❡ ♥ ♦ ❛ ♦ ❛ ♥ ♣ ♦ ♠ ➙ ♥ ♥ ♣➦ ❡ ♥ ➙❥✐✳ ❉ ♦✲
♣ ❛ ❞ ♥ ❛ ♣ ❡ ❞✐ ❦ ❝✐ i ❥ ❡ ♣ ♦ ♥ ➙ ❦ ✉ ❞ ♥ ❡ ✉ ↔✐ ✲ ❍ ❉ ❥ ❡ ♣➦ ❡ ❞ ♣ ♦ ✈ ❞ ♥ ♦ ♣➦ ❡ ♥ ➙❥✐✱ ③ ❛ ♠ ❝ ♦
♣ ♦ ➦ ❡ ❜ ❛ ♥ ❛ ♦ ♣ ❛ ❦✳ ➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞✐ ii ❛ iii ♣ ❛ ❦ ✈ ② ❝ ❤ ③ ❝ ❡❧ ❦ ♦ ✈ ➙ ❤ ➲➦ ❡✳

✹ ✺



♦ ❞ ❛❧➨ ❛ ♥ ❛❧ ③ ② ❡ ❞ ② ❜ ✉ ❞ ❡ ♠ ❡ ❜ ❥ ❛ ❦ ♦ ✈ ❝ ❤ ♦ ③ ♠ ♦ ❞ ❡❧ ❈ ■ ✰ ❘ ❡ ❛❧✐ ② ❘ ❡ ❛❧ ❑ ✱
♥ ❡ ❜ ♦➫ ♠ ♦ ❞ ❡❧ ❈ ■ ✰ ❘ ❡ ❛❧✐ ② ❘ ❡ ❛❧ ❑ ✰ ❊ ① ♣ ❚ ❡ ♥ ❞ ❡ ① ♣ ♦ ♥ ❡ ♥ ❝✐ ❧ ♥ ♠ ❡ ♥ ❞ ❡ ♠ ♣➦✐ ♥ ❡ ❧✱
❜ ②➫ ♠ ♦ ➸ ♥ ♣ ♦ ♥ ➙ ❦ ✉ ❞ ♣➦ ❡ ❦ ✈ ❛ ♣✐ ✈ ➙✱ ③ ❤ ♦ ➨ ❡ ♥ W M A P E ③ 3 , 0 8 3 % ♥ ❛ 3 , 7 4 1 % ✳

❩ ❡ ♦ ❡ ✐ ❝ ❦ ❤ ♦ ❤❧ ❡ ❞✐ ❦ ❛ ❥ ❡➨ ➙ ✉ ✈ ❡ ↕ ♠ ❡✱ ➸ ❡ ❦ ✈ ♣ ♦ ↔ ✉ ❡ ♥ ❞ ✉ ❥ ♠ ❡ ♣ ♦ ✉ ➸✐❧✐ ❍ ❉ ✱
♣ ❡ ❞✐ ❦ ❝ ❡ ♦ ♣ ♦ ♠ ➙ ♥ ♥ ❡ ❞ ② ♥ ❡ ♥ ❡ ❡ ➸ ❞ ♥ ♦ ✉ ② ❡ ♠ ❛ ✐ ❝ ❦ ♦ ✉ ❝ ❤ ② ❜ ✉✳ ❚ ❡ ♥ ❞ ✈ ② ♣ ♦ ↔ ❡✲
♥ ❞❧ ❡ ✈ ✈ ♦❥ ❡ ❍ ❉ ✈➨ ❛ ❦ ♣ ♦ ✉ ➸ ✈ ♠ ❡ ♣ ♦ ✈➨ ❡ ❝ ❤ ♥ ② ♣ ♦ ♠ ➙ ♥ ♥ ✱ ↔ ♠ ➸ ❞ ♦ ❞ ❛ ✈ ♥ ➨ ♠ ❡
✉ ↔✐ ♦ ✉ ② ❡ ♠ ❛ ✐ ❝ ❦ ♦ ✉ ❝ ❤ ② ❜ ✉ ❛ ♠✱ ❦ ❞ ❡ ✈ ✈ ♦❥ ❞ ❛ ♥ ♣ ♦ ♠ ➙ ♥ ♥ ♥ ❡ ♥ ③ ❝ ❡❧ ❛ ♣ ❛ ❛❧ ❡❧ ♥
❦ ✈ ✈ ♦❥✐ ❍ ❉ ✳ ▼ ♦ ➸ ♥ ♠ ➦ ❡➨ ❡ ♥ ♠ ❜ ② ❜ ②❧ ♦ ✈ ② ❤❧ ❛ ③ ♦ ✈ ❛ ❦ ❛ ➸ ❞ ♦ ✉ ♣ ♦ ♠ ➙ ♥ ♥ ♦ ✉ ③ ✈❧ ➨➫
♣ ♦ ❞❧ ❡ ✐ ♥ ❞✐ ✈✐ ❞ ✉ ❧ ♥ ➙ ✈ ② ♣ ♦ ↔ ❡ ♥ ❤ ♦ ❡ ♥ ❞ ✉✳ ❚ ❛ ❦ ♦ ✈ ♠ ♦ ❞ ❡❧ ❜ ② ✈➨ ❛ ❦ ❥✐ ➸ ❜ ②❧ ♣ ♦ ❞ ❛ ♥ ➙
❧ ♦ ➸✐ ➙❥➨ ✳

✸✳ ✺✳ ✼ ■ ♥ ✈ ❡ ✐ ❝ ❡ ❞ ♦ ♠ ❝ ♥ ♦

❏ ❡❧✐ ❦ ♦ ➸ ❛ ♥ ❛❧ ③ ❛ ❞ ❛ ➡ ♦ ✈ ♣ ♦ ❜❧ ❡ ♠ ❛ ✐ ❦ ② ❜ ② ♣➦ ❡ ❛ ❤ ♦ ✈ ❛❧ ❛ ♦ ③ ❛ ❤ ♦ ♣ ❝ ❡✱ ❞ ❛❧➨ ♠ ❜ ♦✲
❞ ❡ ♠ ♥ ❛ ❡ ③ ♥ ❛ ♠ ✉ ♣ ♦ ❡ ♥ ❝✐ ❧ ♥ ➙ ♦ ③ ♣ ♦ ♥ ❝ ❤ ♠ ✭ ✈✐ ③ ❦ ❛ ♣✐ ♦❧ ❛ ✸✳ ✹✮ ❥ ❡ ♦ ③ ❦ ❛ ✐ ♥ ✈ ❡ ✐ ❝
❞ ♦ ♠ ❝ ♥ ♦ ✳ ❩ ❦❧ ❛ ❞ ♥ ❑❧ ❡✐ ♥ ➲ ✈ ♠ ♦ ❞ ❡❧ ♦ ✐ ➸ ❜ ❡ ❡ ♣➦ ❥ ♠ ② ❞ ♦ ♠ ❝ ♥ ♦ ✭W P + W G ✮
❞ ♦ ✈ ❛ ❤ ② ♣ ♦ ✉ ③ ❡ ♣➦✐ ✈ ♣ ♦ ↔ ✉ ♣ ♦ ➦ ❡ ❜ ② ❛ ♥✐ ❦ ♦❧✐ ✐ ♥ ✈ ❡ ✐ ❝ ✭ ✈✐ ③ ❦ ❛ ♣✐ ♦❧ ❛ ✸✳ ✶✮✳ ➦✐ ❞ ❡❥ ♠ ❡
♥ ② ♥ ❡ ♥ ♦ ↔❧ ❡ ♥ ➸ ❞ ♦ ♦ ✈ ♥✐ ❝ ❡ ✐ ♥ ✈ ❡ ✐ ❝✳

♦ ↔ ♠ ❡ ❛ ❦ ♠ ♦ ❞ ❡❧ ❡ ♠ ❈ ■ ✰ ❘ ❡ ❛❧✐ ② ❘ ❡ ❛❧ ❑ ✰ ❍ ❍ ■ ♥ ✈ ❡ ✭ ❍ ❍ ③ ❛ ♥ ❣❧✐ ❝✲
❦ ❤ ♦ ❤ ♦ ✉ ❡ ❤ ♦❧ ❞✱ ❞ ♦ ♠ ❝ ♥ ♦ ✮

C t = α 0 + α 1 P t + α 2 P t− 1 + α 3 (W
P
t + W G

t ) + ε 1 t

I t = β 0 + β 1 P t + β 2 P t− 1 + β 3 R e al K t− 1 + β 4 (W
P
t + W G

t ) + ε 2 t

W P
t = γ 0 + γ 1 X t + γ 2 X t− 1 + γ 3 A t + ε 3 t

X t = C t + I t + G t

P t = X t − T t − W P
t

K t = K t− 1 + I t ,

❦ ❞ ❡ ❞ ❛ ❛ ❥ ♦ ✉ ✈ ②❥ ❞➦ ❡ ♥ ✈ ❝ ❡ ♥ ❝ ❤ ♦ ❦ ✉ ✷ ✵ ✶ ✵ ❞❧ ❡ ❈ ■ ✈ ❥✐ ♠ ❦ ♦ ✉ ♣ ♦ ♠ ➙ ♥ ♥ R e al K ✱
❦ ❡ ❥ ❡ ✈ ②❥ ❞➦ ❡ ♥ ❛ ✈ ❝ ❡ ♥ ❝ ❤ ♦ ❦ ✉ ✷ ✵ ✶ ✵ ❞❧ ❡ ✐ ♥ ❞ ❡ ① ✉ ❝ ❡ ♥ ❡ ❛❧✐ ✳ ➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞ ♥ ❝ ❤ ♦ ♣✲
♥ ♦ ✐ ✈ ② ❝ ❤ ③ ♥ ❧ ❡ ❞ ♦ ✈ ♥ ➙✿

❚ ❛ ❜ ✉❧ ❦ ❛ ✸✳ ✶ ✸✿ ❡ ❞✐ ❦ ❝ ❡✱ ▼ ♦ ❞ ❡❧ ❈ ■ ✰ ❘ ❡ ❛❧✐ ② ❘ ❡ ❛❧ ❑ ✰ ❍ ❍ ■ ♥ ✈ ❡

✐ ✐✐ ✐✐✐ ✐ ✈
❱ ✉ ♣ ♥ ❞ ❛ ❛ ✶ ✾ ✼ ✶✲ ✷ ✵ ✶ ✹ ✶ ✾ ✼ ✶✲ ✷ ✵ ✵ ✵ ✶ ✾ ✼ ✶✲ ✷ ✵ ✵ ✵ ✶ ✾ ✼ ✽✲ ✷ ✵ ✵ ✼

❡ ❞✐ ❦ ❝ ❡ ♣ ♦ ✶ ✾ ✼ ✷✲ ✷ ✵ ✶ ✹ ✷ ✵ ✵ ✶✲ ✷ ✵ ✶ ✹ ✷ ✵ ✵ ✶✲ ✷ ✵ ✵ ✼ ✷ ✵ ✵ ✽✲ ✷ ✵ ✶ ✹
▼ ❆ ❊ ✲ ♣ ♦ ➦ ❡ ❜ ❛✿ 1 ,5 9 7 % 3 ,1 8 6 % 2 ,3 1 8 % 3 ,0 9 2 %
▼ ❆ ❊ ✲ ✐ ♥ ✈ ❡ ✐ ❝ ❡✿ 4 0 ,7 4 % 1 3 4 ,4 % 1 9 ,0 9 % 2 1 4 ,7 %
▼ ❆ ❊ ✲ ✐ ♥ ✈ ❡ ✐ ❝ ❡ ✭ ♠❧ ❞✳ ❯ ❙ ❉✮✿ 1 3 1 ,5 2 6 7 ,2 1 5 5 ,9 3 1 9 ,9
▼ ❆ ❊ ✲ ♣ ✐ ✈ ♥ ♠ ③ ❞ ②✿ 2 ,6 5 0 % 8 ,9 5 6 % 5 ,4 9 0 % 8 ,5 5 7 %
▼ ❆ ❊ ✲ ❝ ❡❧ ❦ ♦ ✈ ♣ ♦ ♣ ✈ ❦ ❛ ❳✿ 2 ,2 7 7 % 4 ,3 3 0 % 2 ,8 6 8 % 4 ,5 6 9 %
▼ ❆ ❊ ✲ ❍ ❉ ✿ 2 ,0 6 9 % 4 ,0 2 0 % 2 ,6 9 6 % 4 ,2 1 5 %

❈ ❡❧ ❦ ♦ ✈ ❦ ✈ ❛❧✐ ❛ ♣ ❡ ❞✐ ❦ ❝ ❡ W M A P E ❞❧ ❡ ❛ ❜ ✉❧ ❦ ② ✸✳ ✶ ✸ ♣ ❛ ❦ ✈ ② ❝ ❤ ③ ✸✱ ✵ ✺ ✺ % ✱ ❡✲
❞ ② ♣ ❛ ❦ ✐ ❝ ❦ ② ❡❥ ♥ ➙✱ ❥ ❛ ❦ ♦ ✉ ♠ ♦ ❞ ❡❧ ✉ ❈ ■ ✰ ❘ ❡ ❛❧✐ ② ❘ ❡ ❛❧ ❑ ✭3 , 0 8 3 % ✮✳

✹ ✻



❱✐ ❞ ♠ ❡✱ ➸ ❡ ♣➦✐ ❞ ♥ ♠ ✐ ♥ ✈ ❡ ✐ ❝ ❞ ♦ ♠ ❝ ♥ ♦ ❥ ♠ ❡ ❞ ♦ ❤❧✐ ✈ ♣ ♦ ♦ ✈ ♥ ♥ ♠ ♦ ❞ ❡❧ ❡ ♠
❈ ■ ✰ ❘ ❡ ❛❧✐ ② ❘ ❡ ❛❧ ❑ ③ ♣➦ ❡ ♥ ➙ ♥ ❛ ✐ ❝ ❦ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞✐ i ❛ ❦ ✐ ③ ♦ ✈ ❞ ② ♥ ❛ ♠✐ ❝ ❦ ♣➦ ❡ ❞ ♣ ♦✲
✈ ➙ ❞✐ i v✱ ❛ ♥ ❛ ♦ ♣ ❛ ❦ ③ ❤ ♦ ➨ ❡ ♥ ♣➦ ❡ ♥ ♦ ✐ ✉ ❞ ② ♥ ❛ ♠✐ ❝ ❦ ❝ ❤ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞ ii ❛ iii✳ ❙ ♦ ✉ ❤ ♥ ♥
✈❧✐ ✈ ♦ ❤ ♦ ♦ ♦ ♣ ❛ ➦ ❡ ♥ ❥ ❡ ♣ ❛ ❦ ❞❧ ❡ ♥ ❛➨ ❡ ❤ ♦ ❦ ✐ ✐ ❛ W M A P E ♣ ❛ ❦ ✐ ❝ ❦ ② ❜ ❡ ③ ✈ ③ ♥ ❛ ♠ ♥ ✳

■ ♥ ✈ ❡ ✐ ❝ ❡ ❞ ♦ ♠ ❝ ♥ ♦ ❡ ❞ ② ♣ ❛ ♥ ➙ ❤ ❛❥ ❜ ❡ ③ ♣ ♦ ➦ ❡ ❞ ♥ ♦❧✐ ✭ ③❧ ❡ ♣➨ ❡ ♥ ❛ ✐ ❝ ❦
♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞✐✱ ❥✳ ♦ ✉ ❜ ♦ ✉ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞ ♦ ✶ ❦ ♦ ❦✮ ❛ ✈ ♣➦ ♣ ❛ ❞ ➙ ❦ ✐ ③ ❡ ❥ ❡ ♥ ❡ ♥ ✈ ❤ ♦ ❞ ♥
✐ ❣ ♥ ♦ ♦ ✈ ❛ ✭ ③❧ ❡ ♣➨ ❡ ♥ ❞ ② ♥ ❛ ♠✐ ❝ ❦ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞✐ ♣ ♦ ❦ ✐ ③ ♦ ✈ ♦ ❜ ❞ ♦ ❜ ✮✱ ❛ ✈➨ ❛ ❦ ♣ ♦ ❞ ❡❧➨
♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ↕ ✈ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ② ❦❧✐ ❞ ♥ ♠ ♦ ❜ ❞ ♦ ❜ ♣➦ ❡ ❞ ❛ ✈ ✉❥ ♣ ➨ ❡ ✉➨✐ ✈ ♣ ✈ ❡ ❦ ✭ ♣➦ ❡ ❞ ♣ ♦✲
✈ ➙ ↕ iii✮✳ ❖ ❞ ♣ ♦ ✈ ➙ ↕ ♥ ❛ ♦ ③ ❦ ✉✱ ③ ❞ ❛ ❞ ♦ ♠ ♦ ❞ ❡❧ ✉ ③ ❛ ✈ ✐ ♥ ✈ ❡ ✐ ❝ ❡ ❞ ♦ ♠ ❝ ♥ ♦ ↔✐ ♥✐ ❦ ♦❧✐✱
❛ ❦ ③ ❧ ❡ ➸ ♥ ❛ ♦ ♠✱ ❝ ♦ ♦ ❞ ♠ ♦ ❞ ❡❧ ✉ ♦ ↔ ❡ ❦ ✈ ♠ ❡✳

◆ ❛ ③ ❦❧ ❛ ❞ ➙ ♣ ❡ ❞✐ ❦ ↔ ♥ ❝ ❤ ❝ ❤ ♦ ♣ ♥ ♦ ✭ ✈ ②❥ ❞➦ ❡ ♥ ❝ ❤ W M A P E ✮ ♥ ❡❧ ③ ❡ ❥ ❡ ❞ ❡ ♥ ③ ♠ ♦✲
❞ ❡❧ ➲ ❈ ■ ✰ ❘ ❡ ❛❧✐ ② ❘ ❡ ❛❧ ❑ ✱ ❈ ■ ✰ ❘ ❡ ❛❧✐ ② ❘ ❡ ❛❧ ❑ ✰ ❍ ❍■ ♥ ✈ ❡ ♣ ♦ ❤❧ ✐ ③ ❛ ✈ ③ ♥ ❛ ♠ ♥ ➙
❧ ❡ ♣➨ ✳ ◆ ❛ ❞ ✉ ❤ ♦ ✉ ❛ ♥ ✉ ✉ ↔✐ ③❧ ❡ ♣➨ ❡ ♥ ✱ ❜ ②➫ ✈ ❡❧ ♠✐ ♠ ❛❧ ✱ ③ ❞ ❡ ♣ ♦ ③ ♦ ✉❥ ❡ ♠ ❡✱ ❛ ❛ ❦
❡ ♥ ❡❧ ③ ❡ ❥ ❡ ❞ ♥ ♦ ❞ ✉➨ ❡ ♣➦✐ ❦❧ ♦ ♥✐ ❦ ❥ ❡ ❞ ♥ ♦ ❞ ✉➨➨ ♠ ✉ ♠ ♦ ❞ ❡❧ ✉✳

✸✳ ✺✳ ✽ ❚ ❡ ② ♣ ❡ ❝✐ ✜ ❦ ❛ ❝ ❡ ✲ ✜ ♥ ❧ ♥ ♠ ♦ ❞ ❡❧ ②

◆ ❛ ③ ❦❧ ❛ ❞ ➙ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞ ♥ ❝ ❤ ❝ ❤ ♦ ♣ ♥ ♦ ♠ ♦ ❞ ❡❧ ➲✱ ❦ ♦ ♥ ❦ ♥ ➙ ❦ ✐ ✐ ❛ W M A P E ✱ ❥ ♠ ❡
❞ ♦ ♣ ➙❧✐ ❦ ❡ ❞ ✈ ➙ ♠ ❛ ♠ ♦ ❞ ❡❧ ➲ ♠ ✭ ❈ ■ ✰ ❘ ❡ ❛❧✐ ② ❘ ❡ ❛❧ ❑ ❛ ❈ ■ ✰ ❘ ❡ ❛❧✐ ② ❘ ❡ ❛❧ ❑ ✰ ❍ ❍■ ♥ ✈ ❡ ✮✱
❥ ❡❥✐ ❝ ❤ ➸ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞ ♥ ❝ ❤ ♦ ♣ ♥ ♦ ✐ ❥ ♦ ✉ ✈ ♦ ✉ ❤ ♥ ✉ ❞❧ ❡ W M A P E ✈ ❡❧ ♠✐ ♣ ♦ ❞ ♦ ❜ ♥ ✳ ❱✐ ❞ ➙✲
❧✐ ❥ ♠ ❡✱ ➸ ❡ ✈ ❝ ❤ ♦ ③ ♠ ♦ ❞ ❡❧ ♥ ❡ ❜ ②❧ ❞ ♦ ❜➦ ❡ ♣ ❡ ❝✐ ✜ ❦ ♦ ✈ ♥✱ ♣ ♦ ❞ ✈ ❡❥ ♠ ❡ ❡ ❡ ❞ ②✱ ❥ ❛ ❦ ✈ ② ❝ ❤ ③
♣ ❡ ❝✐ ✜ ❦ ❛ ❝ ❡ ✜ ♥ ❧ ♥ ❝ ❤ ♠ ♦ ❞ ❡❧ ➲✳

➦✐ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ❝✐ ❙ ❛ ❣ ❛ ♥✲ ❍ ❛ ♥ ❡ ♥ ♦ ✈ ❛ ❡ ✉ ❡ ① ♦ ❣ ❡ ♥✐ ② ❧ ❡ ♣ ❛ ❝ ✉❥ ❡ ♠ ❡ ♦ ♠✐ ✐ ♥✲
✉ ♠ ❡ ♥ ② ✭ ✈ ↔✳ ✐ ♥ ❡ ❝ ❡ ♣ ✉✮ ❛ ➦ ❡ ♠✐ ❡ ♥ ❞ ♦ ❣ ❡ ♥ ♥ ♠✐ ♣ ♦ ♠ ➙ ♥ ♥ ♠✐✳ ❩ ❛ ♣❧ ❛ ♥ ♦ ✐ ♥ ✉❧ ♦ ✈

❤ ② ♣ ♦ ③ ② ❡ ❞ ② ❛ ② ♠ ♣ ♦ ✐ ❝ ❦ ②

J ∼ χ 2
5 ,

↔ ❡ ♠ ✉ ➸ ♦ ❞ ♣ ♦ ✈ ❞ ❦ ✐ ✐ ❝ ❦ ❤ ♦ ❞ ♥ ♦ ❛ 1 1 , 0 7 ✳

♦ ❞ ✈ ❡❥ ♠ ❡ ❡ ♥ ❡❥ ♣ ✈ ❡ ♥ ❛ ♠ ♦ ❞ ❡❧ ❈ ■ ✰ ❘ ❡ ❛❧✐ ② ❘ ❡ ❛❧ ❑ ✿

❚ ❛ ❜ ✉❧ ❦ ❛ ✸✳ ✶ ✹✿ ▼ ♦ ❞ ❡❧ ❈ ■ ✰ ❘ ❡ ❛❧✐ ② ❘ ❡ ❛❧ ❑ ✱ ❙ ❛ ❣ ❛ ♥✲ ❍ ❛ ♥ ❡ ♥ ➲ ✈ ❡

❘ ♦ ✈ ♥✐ ❝ ❡ ❏ ♣✲ ❤ ♦ ❞ ♥ ♦ ❛
❈ ♦ ✶ ✶✱ ✻ ✷ ✵✱ ✵ ✹ ✵
■ ✶ ✸✱ ✼ ✾ ✵✱ ✵ ✶ ✼

❲ P ✶ ✷✱ ✺ ✷ ✵✱ ✵ ✷ ✽
χ 2

5 ✶ ✶✱ ✵ ✼ ✵✱ ✵ ✺ ✵

❱ ❛ ❜ ✉❧ ❝ ❡ ✸✳ ✶ ✹ ✈✐ ❞ ♠ ❡✱ ➸ ❡ ✐ ❝ ❡ ❞ ♦➨❧ ♦ ❦ ❡ ③ ♥ ❛ ❡❧ ♥ ♠ ✉ ③❧ ❡ ♣➨ ❡ ♥ ♦ ♣ ♦ ✐ ③ ❦❧ ❛ ❞ ♥ ♠ ✉
♠ ♦ ❞ ❡❧ ✉✱ ♥ ❛ ❛ ♥ ❞ ❛ ❞ ♥ ❤❧ ❛ ❞✐ ♥ ➙ ✈ ③ ♥ ❛ ♠ ♥ ♦ ✐ 5 % ✈➨ ❛ ❦ ❧ ❡ ❜ ❡ ③ ♣ ❡ ↔ ♥ ➙ ③ ❛ ♠ ♠ ❡
❤ ② ♣ ♦ ③ ✉ ♥ ❡ ❦ ♦ ❡❧ ♦ ✈ ❛ ♥ ♦ ✐ ❡ ③✐ ❞ ✉ ❛ ✐ ♥ ✉ ♠ ❡ ♥ ➲✳ ♦ ❞ ♦ ❜ ♥ ➙ ❡ ✉ ❦ ❛ ③ ✉❥ ❡✱ ➸ ❡ ❡ ③✐ ❞ ✉ ❛
❥ ♦ ✉ ❦ ♦ ❡❧ ♦ ✈ ❛ ♥ ✈ ↔ ❛ ❡ ✭ ❛ ❜ ✉❧ ❦ ❛ ✸✳ ✶ ✺✮✳

✹ ✼



❚ ❛ ❜ ✉❧ ❦ ❛ ✸✳ ✶ ✺✿ ▼ ♦ ❞ ❡❧ ❈ ■ ✰ ❘ ❡ ❛❧✐ ② ❘ ❡ ❛❧ ❑ ✱ ♦ ♠ ❛ ♥ ❡ ❛ ✉ ❡

▲ ❛ ❣ ◗✲ ❛ ✐ ✐ ❦ ❛ ♣✲ ❤ ♦ ❞ ♥ ♦ ❛
✶ 7 4 ,7 8 ✵✱ ✵ ✵ ✵
✷ 1 0 6 ,4 ✵✱ ✵ ✵ ✵
✸ 1 2 9 ,5 ✵✱ ✵ ✵ ✵
✹ 1 5 4 ,3 ✵✱ ✵ ✵ ✵
✺ 1 7 5 ,0 ✵✱ ✵ ✵ ✵

♦ ♠ ♦ ❞ ❡❧ ❈ ■ ✰ ❘ ❡ ❛❧✐ ② ❘ ❡ ❛❧ ❑ ✰ ❍ ❍■ ♥ ✈ ❡ ♣ ❛ ❦ ✈ ② ❝ ❤ ③ ✿

❚ ❛ ❜ ✉❧ ❦ ❛ ✸✳ ✶ ✻✿ ▼ ♦ ❞ ❡❧ ❈ ■ ✰ ❘ ❡ ❛❧✐ ② ❘ ❡ ❛❧ ❑ ✰ ❍ ❍ ■ ♥ ✈ ❡ ✱ ❙ ❛ ❣ ❛ ♥✲ ❍ ❛ ♥ ❡ ♥ ➲ ✈ ❡

❘ ♦ ✈ ♥✐ ❝ ❡ ❏ ♣✲ ❤ ♦ ❞ ♥ ♦ ❛
❈ ♦ ✶ ✷✱ ✸ ✻ ✵✱ ✵ ✸ ✵
■ ✶ ✸✱ ✵ ✺ ✵✱ ✵ ✷ ✸

❲ P ✶ ✹✱ ✷ ✶ ✵✱ ✵ ✶ ✹
χ 2

5 ✶ ✶✱ ✵ ✼ ✵✱ ✵ ✺ ✵

❚ ❛ ❜ ✉❧ ❦ ❛ ✸✳ ✶ ✼✿ ▼ ♦ ❞ ❡❧ ❈ ■ ✰ ❘ ❡ ❛❧✐ ② ❘ ❡ ❛❧ ❑ ✰ ❍ ❍ ■ ♥ ✈ ❡ ✱ ♦ ♠ ❛ ♥ ❡ ❛ ✉ ❡

▲ ❛ ❣ ◗✲ ❛ ✐ ✐ ❦ ❛ ♣✲ ❤ ♦ ❞ ♥ ♦ ❛
✶ 5 8 ,2 8 ✵✱ ✵ ✵ ✵
✷ 9 2 ,0 2 ✵✱ ✵ ✵ ✵
✸ 1 1 2 ,8 ✵✱ ✵ ✵ ✵
✹ 1 2 5 ,8 ✵✱ ✵ ✵ ✵
✺ 1 3 2 ,1 ✵✱ ✵ ✵ ✵

❱ ❛ ❜ ✉❧ ❦ ❝ ❤ ✸✳ ✶ ✻ ❛ ✸✳ ✶ ✼ ❡ ❞ ② ♦ ♣ ➙ ♣ ♦ ③ ♦ ✉❥ ❡ ♠ ❡ ♥ ❛ ✉➨ ❡ ♥ ♣ ❡ ❝✐ ✜ ❦ ❛ ❝ ❡ ♠ ♦ ❞ ❡❧ ✉ ❥ ❛ ❦
❦ ♦ ❡❧ ♦ ✈ ❛ ♥ ♦ ✐ ♥ ✉ ♠ ❡ ♥ ➲ ❡ ③✐ ❞ ✉✐✱ ❛ ❦ ❛ ✉ ♦ ❦ ♦ ❡❧ ❛ ❝ ❡ ③✐ ❞ ✉ ✈ ↔ ❛ ❡✳

✸✳ ✻ ❆ ♣❧✐ ❦ ❛ ❝ ❡ ✜ ♥ ❧ ♥ ❝ ❤ ♠ ♦ ❞ ❡❧ ➲

❉ ♦ ♣ ➙❧✐ ❥ ♠ ❡ ❦ ❡ ❞ ✈ ➙ ♠ ❛ ♠ ♦ ❞ ❡❧ ➲ ♠✱ ❦ ❡ ❞ ✈ ❛❥ ♣ ♦ ❞ ♦ ❜ ♥ ➙ ❦ ✈ ❛❧✐ ♥ ♣ ❡ ❞✐ ❦ ❝ ❡ ❞❧ ❡ ❤ ♥✲
♥ ❤ ♦ ❦ ✐ ✐ ❛ W M A P E ✱ ❛ ✈➨ ❛ ❦ ❧✐➨ ❡ ✈ ❞ ❧ ↔ ❝ ❤ ♣ ❡ ❞✐ ❦ ❝ ❝ ❤✳

❏ ❛ ❦ ♣ ➨ ❡ ♠ ❡ ❥✐ ➸ ✈ ❦ ❛ ♣✐ ♦❧ ❡ ✸✳ ✹✱ ✈➨ ❡ ❝ ❤ ♥ ② ♠ ♦ ❞ ❡❧ ② ♦ ❞ ❤ ❛ ❞ ✉❥ ❡ ♠ ❡ ➦ ✉ ♣ ➡ ♦ ✈ ♦ ✉ ♠ ❡✲
♦ ❞ ♦ ✉ ♥ ❡❥ ♠ ❡ ♥➨ ❝ ❤ ↔ ✈ ❡ ❝ ➲✱ ✐ ❡ ❛ ✐ ✈ ♥ ➙✳ ❖ ③ ♥ ❛ ↔ ♠ ❡ X C P I ♣ ♦ ♠ ➙ ♥ ♥ ♦ ✉ X ✈ ②❥ ❞➦ ❡ ♥ ♦ ✉

✈ ❝ ❡ ♥ ❝ ❤ ♦ ❦ ✉ ✷ ✵ ✶ ✵ ❞❧ ❡ ✐ ♥ ❞ ❡ ① ✉ ♣ ♦ ➦ ❡ ❜✐ ❡❧ ❦ ❝ ❤ ❝ ❡ ♥ ❈ ■✱ ❥✳

X C P I
t : =

X t

C P I t

,

❦ ❞ ❡ C P I 2 0 1 0 = 1 ✳ ♦ ❞ ♦ ❜ ♥ ➙ X R e alit y ♦ ③ ♥ ❛ ↔ ♠ ❡ ♣ ♦ ♠ ➙ ♥ ♥ ♦ ✉ ✈ ②❥ ❞➦ ❡ ♥ ♦ ✉ ✈ ❝ ❡ ♥ ❝ ❤
♦ ❦ ✉ ✷ ✵ ✶ ✵ ❞❧ ❡ ✐ ♥ ❞ ❡ ① ✉ ❝ ❡ ♥ ❡ ❛❧✐ ✳

❱ ♦ ❜ ♦ ✉ ♥ ❧ ❡ ❞ ✉❥ ❝ ❝ ❤ ♠ ♦ ❞ ❡❧ ❡ ❝ ❤ ❥ ♦ ✉ ❡ ① ♦ ❣ ❡ ♥ ♥ ♠✐ ♣ ♦ ♠ ➙ ♥ ♥ ♠✐ ✈❧ ❞ ♥ ♠ ③ ❞ ♦ ✈
✈ ❞ ❛❥ ❡ W G, C P I ✱ ❡ ♥ ❞✱ ✈❧ ❞ ♥ ✈ ❞ ❛❥ ❡ G C P I ✭ ♥ ❡ ♠ ③ ❞ ♦ ✈ ✮✱ ❞ ❛ ♥ ➙ T C P I ❛ ❞ ❧ ❡ ♣ ❡✲
❞ ❡ ❡ ♠✐ ♥ ♦ ✈ ❛ ♥ ♣ ♦ ♠ ➙ ♥ ♥ ✲ ③ ♣ ♦ ➸ ❞ ➙ ♥ ❤ ♦ ❞ ♥ ♦ ② ❦ ❛ ♣✐ ❧ ✉ R e al K R e alit y

− 1 ✱ ♣ ✐ ✈ ♥ ❝ ❤

✹ ✽



③✐ ❦ ➲ P C P I
− 1 ❛ ♦ ✈ ♥ ♦ ✈ ➸ ♥ ♣ ♦ ♣ ✈ ❦ ② ✴ ♥ ❛ ❜ ❞ ❦ ② X C P I

− 1 ✳ ❱➨ ❡ ❝ ❤ ♥ ② ② ♦ ❡ ① ♦ ❣ ❡ ♥ ♥ ♣ ♦✲
♠ ➙ ♥ ♥ ❥ ♦ ✉ ➸ ✉ ✈ ❛ ➸ ♦ ✈ ♥ ② ❥ ❛ ❦ ♦ ♣ ♦ ♠ ➙ ♥ ♥ ✐ ♥ ✉ ♠ ❡ ♥ ❧ ♥ ✳

✸✳ ✻✳ ✶ ▼ ♦ ❞ ❡❧ ❈ ■ ✰ ❘ ❡ ❛❧✐ ② ❘ ❡ ❛❧ ❑

♦ ❝ ❡❧ ♠ ♦ ❞ ❡❧ ❞ ♦ ✈ ♠ ❡ ♦ ❞ ❤ ❛ ❞

C C P I
t = − 1 5 7 6 − ✵✱ ✵ ✻ ✻ P C P I

t + ✵✱ ✵ ✷ ✷ P C P I
t− 1 + 1 , 4 7 6( W P, C P I

t + W G, C P I
t )

I C P I
t = 4 6 1 , 8 + 0 , 2 8 8 P C P I

t 0 , 2 8 7 P C P I
t− 1 + ✵✱ ✵ ✵ ✺ R e al K R e alit y

t− 1

W P, C P I
t = − 3 1 4 , 7 + 0 , 2 9 8 X C P I

t + ✵✱ ✵ ✺ ✶ X C P I
t− 1 + 2 5 .0 8 t

X C P I
t = C C P I

t + I C P I
t + G C P I

t

P C P I
t = X C P I

t − T C P I
t − W P, C P I

t

✭ ❦ ♦ ❡ ✜ ❝✐ ❡ ♥ ② ♣ ❛ ♥ ✉ ↔ ♥ ➙ ❥ ♦ ✉ ♥ ❛ ❤❧ ❛ ❞✐ ♥ ➙ 5 % ❛ ✐ ✐ ❝ ❦ ② ♥ ❡ ✈ ③ ♥ ❛ ♠ ♥ ✮✳

♦ ❥ ❡ ❞ ♥ ♦ ❧✐ ✈ ♦ ✈ ♥✐ ❝ ❡ ♣ ❛ ❦ ❞ ♦ ✈ ♠ ❡ ♦ ❞ ❤ ❛ ❞ ② ♥ ❧ ❡ ❞ ♦ ✈ ♥ ➙ ✭ ♠ ❡ ♦ ❞✐ ❦ ❛ ✈✐ ③ ❦ ❛ ♣✐✲
♦❧ ❛ ✸✳ ✹✮✿

❘ ♦ ✈ ♥✐ ❝ ❡ ♣ ♦ ➦ ❡ ❜ ②

C C P I
t = α 0 + α 1 P

C P I
t + α 2 P

C P I
t− 1 + α 3 (W

P, C P I
t + W G, C P I

t ) + ε 1 t

C C P I
t = − 1 5 7 6 − ✵✱ ✵ ✻ ✻ P C P I

t + ✵✱ ✵ ✷ ✷ P C P I
t− 1 + 1 , 4 7 6( W P, C P I

t + W G, C P I
t )

K o e f i ci e nt S t. o d c h. t − st at. p − h o d n ot a
α 0 − 1 5 7 6 1 2 3 ,5 − 1 2 ,7 7 0 ,0 0 0
α 1 − 0 ,0 6 6 0 ,1 1 2 − 0 ,5 8 7 0 ,5 5 9
α 2 0 ,0 2 2 0 ,1 0 2 0 ,2 1 7 0 ,8 2 9
α 3 1 ,4 7 6 0 ,0 3 9 3 7 ,7 3 0 ,0 0 0

R 2 9 9 ,2 1 %
R 2

A dj 9 9 ,1 5 %
S. E. 2 1 0 ,3
D u r bi n − W at s o n 0 ,2 6 8

❘ ♦ ✈ ♥✐ ❝ ❡ ✐ ♥ ✈ ❡ ✐ ❝

I C P I
t = β 0 + β 1 P

C P I
t + β 2 P

C P I
t− 1 + β 3 R e al K R e alit y

t− 1 + ε 2 t

I C P I
t = 4 6 1 , 8 + 0 , 2 8 8 P C P I

t − 0 , 2 8 7 P C P I
t− 1 + ✵✱ ✵ ✵ ✺ R e al K R e alit y

t− 1

K o e f i ci e nt S t. o d c h. t − st at. p − h o d n ot a
β 0 4 6 1 ,8 9 9 ,3 6 4 ,6 4 8 0 ,0 0 0
β 1 0 ,2 8 8 0 ,1 3 5 2 ,1 2 9 0 ,0 3 5
β 2 − 0 ,2 8 7 0 ,1 3 1 − 2 ,1 8 3 0 ,0 3 1
β 3 0 ,0 0 5 0 ,0 0 6 0 ,8 2 3 0 ,4 1 2

✹ ✾



R 2 1 8 ,5 3 %
R 2

A dj 1 2 ,2 6 %
S. E. 2 0 8 ,7
D u r bi n − W at s o n 0 ,5 0 0

❘ ♦ ✈ ♥✐ ❝ ❡ ♣ ✐ ✈ ♥ ❝ ❤ ♠ ❡ ③ ❞

W C P I
t

P = γ 0 + γ 1 X
C P I
t + γ 2 X

C P I t − 1  + γ 3 t + ε 3 t

W C P I
t

P = − 3 1 4 , 7 + 0 , 2 9 8 X C P I
t + ✵✱ ✵ ✺ ✶ X C P I t − 1 + 2 5 , 0 8 t

K o e f i ci e nt S t. o d c h. t − st at. p − h o d n ot a
γ 0 − 3 1 4 ,7 1 0 1 ,4 − 3 ,1 0 4 0 ,0 0 2
γ 1 0 ,2 9 8 0 ,0 6 9 4 ,3 0 3 0 ,0 0 0
γ 2 0 ,0 5 1 0 ,0 6 6 0 ,7 7 3 0 ,4 4 1
γ 3 2 5 ,0 8 2 ,9 6 2 8 ,4 6 7 0 ,0 0 0

R 2 9 8 ,9 1 %
R 2

A dj 9 8 ,8 3 %
S. E. 1 4 0 ,7
D u r bi n − W at s o n 0 ,2 7 6

❙ ❡❥ ♥ ➙ ❥ ❛ ❦ ♦ ✉ ✈ ❝ ❤ ♦ ③ ❤ ♦ ♠ ♦ ❞ ❡❧ ✉ ❞ ♦ ✈ ♠ ❡ ✈ ③ ♥ ❛ ♠ ♥ ③ ♣ ♦ ♥ ❛ ❜ ♦❧ ✉ ♥ ↔❧ ❡ ♥ ②
✉ ♦ ✈ ♥✐ ❝ ❡ ♣ ♦ ➦ ❡ ❜ ② ❛ ♣ ✐ ✈ ♥ ❝ ❤ ♠ ❡ ③ ❞✳ ◆ ❛ ✈ ❝ ❦ ♦ ❡ ✜ ❝✐ ❡ ♥ ③ ✈✐ ❧ ♦ ✐ ♣ ♦ ➦ ❡ ❜ ② ♥ ❛ ♣➦ ✲
❥ ♠ ❡ ❝ ❤ ❞ ♦ ♠ ❝ ♥ ♦ ✭α 3 ✮ ❥ ❡ ✈ ③ ♥ ❛ ♠ ♥ ➙ ✈ ②➨➨ ♥ ❡ ➸ ✶ ✭ ❡ ✉❥ ❡ ♠ ❡ ♦ ✈ ♥ ♦ ✶✮✿

H 0 : α 3 = 1
1 , 4 7 6

χ 2
1 1 4 8 , 1

p − h o d n ot a 0 , 0 0 0

❉ ❛❧➨ ❲ ❛❧ ❞ ♦ ✈ ② ❡ ② ♣ ♦ ✈ ❡ ❞ ❡ ♠ ❡ ❦ ♦ ✈ ➙➦ ❡ ♥ ♦ ✈ ♥ ♦ ✭ ✸✳ ✷✮ ❛ ✭ ✸✳ ✸✮✱ ❦ ❡ ❥ ♦ ✉
❡ ♦ ❡ ✐ ❝ ❦ ② ♦ ❞ ✈ ♦ ③ ❡ ♥ ② ✈ ❦ ❛ ♣✐ ♦❧ ❡ ✸✳ ✶✿

H 0 : β 0 = − α 0

4 6 1 , 8 = − (− 1 5 7 6)

χ 2
1 1 1 3 , 4

p − h o d n ot a 0 , 0 0 0

H 0 : α 1 + β 1 = 1
− 0 , 0 6 6 + 0 , 2 8 8

χ 2
1 3 3 , 4 5

p − h o d n ot a 0 , 0 0 0

❧ ❛ ♥ ♦ ♦ ✈ ♥ ♦ ✭ ✸✳ ✷✮ ❛ ✭ ✸✳ ✸✮ ❡ ❞ ② ③ ❛ ♠ ♠ ❡✱ ♥ ❛ ✈ ❝ ③ ❛ ♠ ♠ ❡ ➸ ❤ ② ♣ ♦ ③ ✉✱
➸ ❡ ❦❧ ♦ ♥ ❦ ❡ ♣ ♦ ➦ ❡ ❜ ➙ ❞ ♦ ♠ ❝ ♥ ♦ ❥ ❡ ♠ ❡ ♥➨ ♥ ❡ ➸ ✶✱ ↔ ♠ ➸ ♠ ♦ ❞ ❡❧ ❤ ♦ ✈ ♦➦ ♣ ♦ ✐ ✈ ❡➨ ❦ ❡ ♠

✺ ✵



♠ ♦ ❞ ❡❧ ➲ ♠ ✈ ❞ ❛❥ ♦ ✈ ♠ ♠ ✉❧ ✐ ♣❧✐ ❦ ♦ ❡ ♠ ✭ ✈✐ ③ ❦ ❛ ♣✐ ♦❧ ❛ ✸✳ ✹✮✳ ❏ ❡ ♦ ✈➨ ❡ ♠ ➦ ❡ ❜ ❛ ♣➦✐ ♣ ♦✲
♠ ❡ ♥ ♦ ✉ ✱ ➸ ❡ ❜ ②❧ ❛ ✐ ♥ ❞✐ ❦ ♦ ✈ ♥ ❛ ↔ ❡ ♥ ♣ ♦ ✉➨ ❡ ♥ ❢ ♦ ♠ ❧ ♥ ❝ ❤ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❛ ❞ ➲ ❛ ♠ ♦ ❞ ❡❧ ♥ ❡ ♥
❦ ♦ ❡ ❦ ♥ ➙ ♣ ❡ ❝✐ ✜ ❦ ♦ ✈ ♥ ✭ ✈✐ ③ ❦ ❛ ♣✐ ♦❧ ❛ ✸✳ ✺✳ ✽✮✳ ❩ ✈ ➙ ② ❥ ❡ ❡ ❞ ② ➦ ❡ ❜ ❛ ❤ ♦ ❞ ♥ ♦ ✐ ❥✐ ♦ ✉
❡ ③ ❡ ✈ ♦ ✉✳

✸✳ ✻✳ ✷ ▼ ♦ ❞ ❡❧ ❈ ■ ✰ ❘ ❡ ❛❧✐ ② ❘ ❡ ❛❧ ❑ ✰ ❍ ❍ ■ ♥ ✈ ❡

♦ ❝ ❡❧ ♠ ♦ ❞ ❡❧ ❞ ♦ ✈ ♠ ❡ ♦ ❞ ❤ ❛ ❞

C C P I
t = − 1 6 6 4 − ✵✱ ✵ ✵ ✽ P C P I

t − ✵✱ ✵ ✺ ✾ P C P I
t− 1 + 1 , 5 0 7( W P, C P I

t + W G, C P I
t )

I C P I
t = 1 5 7 2 + 0 , 5 4 8 P C P I

t + ✵✱ ✶ ✷ ✼ P C P I
t− 1 + 0 , 0 2 6 R e al K R e alit y

t− 1

− 0 , 7 7 2( W P, C P I
t + W G, C P I

t )

W P, C P I
t = − ✶ ✽ ✶✱ ✺ + 0 , 2 6 0 X C P I

t + ✵✱ ✶ ✵ ✸ X C P I
t− 1 + 2 1 , 2 3 t

X C P I
t = C C P I

t + I C P I
t + G C P I

t

P C P I
t = X C P I

t − T C P I
t − W P, C P I

t

✭ ❦ ♦ ❡ ✜ ❝✐ ❡ ♥ ② ♣ ❛ ♥ ✉ ↔ ♥ ➙ ❥ ♦ ✉ ♥ ❛ ❤❧ ❛ ❞✐ ♥ ➙ ✺ % ❛ ✐ ✐ ❝ ❦ ② ♥ ❡ ✈ ③ ♥ ❛ ♠ ♥ ✮✳

♦ ❥ ❡ ❞ ♥ ♦ ❧✐ ✈ ♦ ✈ ♥✐ ❝ ❡ ♣ ❛ ❦ ❞ ♦ ✈ ♠ ❡ ♦ ❞ ❤ ❛ ❞ ② ♥ ❧ ❡ ❞ ♦ ✈ ♥ ➙✿

❘ ♦ ✈ ♥✐ ❝ ❡ ♣ ♦ ➦ ❡ ❜ ②

C C P I
t = α 0 + α 1 P

C P I
t + α 2 P

C P I
t− 1 + α 3 (W

P, C P I
t + W G, C P I

t ) + ε 1 t

C C P I
t = − 1 6 6 4 − ✵✱ ✵ ✵ ✽ P C P I

t − ✵✱ ✵ ✺ ✾ P C P I
t− 1 + 1 , 5 0 7( W P, C P I

t + W G, C P I
t )

K o e f i ci e nt S t. o d c h. t − st at. p − h o d n ot a
α 0 − 1 6 6 4 1 2 6 ,5 − 1 3 ,1 5 0 ,0 0 0
α 1 − 0 ,0 0 8 0 ,1 1 0 − 0 ,0 7 4 0 ,9 4 1
α 2 − 0 ,0 5 9 0 ,1 0 1 − 0 ,5 8 9 0 ,5 5 7
α 3 1 ,5 0 7 0 ,0 3 9 3 8 ,6 2 0 ,0 0 0

R 2 9 9 ,1 7 %
R 2

A dj 9 9 ,1 0 %
S. E. 2 1 6 ,2
D u r bi n − W at s o n 0 ,2 5 1

❘ ♦ ✈ ♥✐ ❝ ❡ ✐ ♥ ✈ ❡ ✐ ❝

I C P I
t = β 0 + β 1 P

C P I
t + β 2 P

C P I
t− 1 + β 3 R e al K R e alit y

t− 1

+ β 4 (W
P, C P I
t + W G, C P I

t ) + ε 2 t

I C P I
t = 1 5 7 2 + 0 , 5 4 8 P C P I

t + ✵✱ ✶ ✷ ✼ P C P I
t− 1 + 0 , 0 2 6 R e al K R e alit y

t− 1

− 0 , 7 7 2( W P, C P I
t + W G, C P I

t )

✺ ✶



K o e f i ci e nt S t. o d c h. t − st at. p − h o d n ot a
β 0 1 5 7 2 1 7 4 ,8 8 ,9 9 5 0 ,0 0 0
β 1 0 ,5 4 8 0 ,1 4 7 3 ,7 3 9 0 ,0 0 0
β 2 0 ,1 2 7 0 ,1 2 9 0 ,9 8 1 0 ,3 2 9
β 3 0 ,0 2 6 0 ,0 0 4 5 ,8 7 2 0 ,0 0 0
β 4 − 0 ,7 7 2 0 ,0 6 7 − 1 1 ,5 1 0 ,0 0 0

R 2 − 5 9 ,0 0 %
R 2

A dj − 7 5 ,7 4 %
S. E. 2 9 5 ,3
D u r bi n − W at s o n 0 ,3 7 9

❘ ♦ ✈ ♥✐ ❝ ❡ ♣ ✐ ✈ ♥ ❝ ❤ ♠ ❡ ③ ❞

W P, C P I
t = γ 0 + γ 1 X

C P I
t + γ 2 X

C P I
t− 1 + γ 3 t + ε 3 t

W P, C P I
t = − ✶ ✽ ✶✱ ✺ + 0 , 2 6 0 X C P I

t + ✵✱ ✶ ✵ ✸ X C P I
t− 1 + 2 1 , 2 3 t

K o e f i ci e nt S t. o d c h. t − st at. p − h o d n ot a
γ 0 − 1 8 1 ,5 9 2 ,2 3 − 1 ,9 6 8 0 ,0 5 2
γ 1 0 ,2 6 0 0 ,0 6 4 4 ,0 3 5 0 ,0 0 0
γ 2 0 ,1 0 3 0 ,0 6 3 1 ,6 5 0 0 ,1 0 2
γ 3 2 1 ,2 3 2 ,3 9 5 8 ,8 6 6 0 ,0 0 0

R 2 9 8 ,9 2 %
R 2

A dj 9 8 ,8 4 %
S. E. 1 4 0 ,2
D u r bi n − W at s o n 0 ,2 6 7

❈ ♦ ♥ ♥ ❛ ♣ ✈ ♥ ♣ ♦ ❤❧ ❡ ❞ ③ ❛ ❛ ③ ✱ ❥ ❡ ③ ♣ ♦ ♥ R 2 ✉ ♦ ✈ ♥ ♦ ✐ ✐ ♥ ✈ ❡ ✐ ❝✳ ❯ ❦ ❛ ③ ✉❥ ❡
❡ ③ ❞ ❡✱ ➸ ❡ ✈ ♣➦ ♣ ❛ ❞ ➙ ② ♠ ✉ ♦ ✈ ♥✐ ❝ ❥✐ ➸ ❛ ✐ ✐ ❦ ❛ R 2 ✈ ♣ ♦ ✉ ➸✐ ♠ ♦❢ ✇ ❛ ✉ ❊ ❱✐ ❡ ✇

③ ❝ ❛ ♥ ❞ ❛ ❞ ♥ ✈❧ ❛ ♥ ♦ ✐ ❛ ✐ ♥ ❡ ♣ ❡ ❛ ❝✐✳

❱ ❛ ❜ ✉❧ ❝ ❡ ✸✳ ✶ ✽ ♣ ♦ ♦ ❥ ❛ ❦ ♦ ♥ ❤ ❛ ❞ ♥ ✐ ♥❢ ♦ ♠ ❛ ❝✐ ✉ ✈ ❞ ♠ ❡ ❦ ♦ ❡❧ ❛ ↔ ♥ ❦ ♦ ❡ ✜ ❝✐ ❡ ♥
♠ ❡ ③✐ ✈ ② ♦ ✈ ♥ ❛ ♥ ♠✐ ❛ ❦ ✉ ❡ ↔ ♥ ♠✐ ❤ ♦ ❞ ♥ ♦ ❛ ♠✐ ✐ ♥ ✈ ❡ ✐ ❝ ✭ ♣ ♦ ♦ ❜ ❛ ♠ ♦ ❞ ❡❧ ②✮✿

❚ ❛ ❜ ✉❧ ❦ ❛ ✸✳ ✶ ✽✿ ❋✐ ♥ ❧ ♥ ♠ ♦ ❞ ❡❧ ②✱ ❦ ♦ ❡❧ ❛ ❝ ❡ ✈ ② ♦ ✈ ♥ ❛ ♥ ❝ ❤ ❛ ❦ ✉ ❡ ↔ ♥ ❝ ❤ ❤ ♦ ❞ ♥ ♦

▼ ♦ ❞ ❡❧ ❝ ♦ ✭■ C P I , Î C P I )
❈ ■ ✰ ❘ ❡ ❛❧✐ ② ❘ ❡ ❛❧ ❑ 0 , 4 4 0
❈ ■ ✰ ❘ ❡ ❛❧✐ ② ❘ ❡ ❛❧ ❑ ✰ ❍ ❍■ ♥ ✈ ❡ 0 , 0 3 9

✭I C P I ③ ♥ ❛ ↔ ♠ ❡ ✐ ♥ ✈ ❡ ✐ ❝ ❡ ✈ ❝ ❡ ♥ ❝ ❤ ♦ ❦ ✉ ✷ ✵ ✶ ✵ ❞❧ ❡ ❈ ■✱ Î C P I ♣ ❛ ❦ ❥ ❡❥✐ ❝ ❤ ✈ ② ♦ ✈ ♥ ❛ ♥ ♦ ✉
❤ ♦ ❞ ♥ ♦ ✉✮✳

✺ ✷



➦ ❡ ❞ ♣ ♦ ✈ ➙ ↕ ❛ ❦ ✉ ❡ ↔ ♥ ❤ ♦ ❞ ♥ ♦ ② ✐ ♥ ✈ ❡ ✐ ❝ ❥ ♦ ✉ ❡ ❞ ② ✉ ♠ ♦ ❞ ❡❧ ✉ ❈ ■ ✰ ❘ ❡ ❛❧✐ ② ❘ ❡ ❛❧ ❑
✰ ❍ ❍■ ♥ ✈ ❡ ♣ ❛ ❦ ✐ ❝ ❦ ② ♥ ❡ ③ ✈✐ ❧ ✳

♦ ❞ ♦ ❜ ♥ ➙ ❥ ❛ ❦ ♦ ✈ ♣➦ ❡ ❞ ❝ ❤ ♦ ③ ♠ ♠ ♦ ❞ ❡❧ ✉ ❞ ❧ ❡ ❞ ♦ ✈ ♠ ❡ ✈ ③ ♥ ❛ ♠ ♥ ③ ♣ ♦ ♥ ❛ ❜ ♦✲
❧ ✉ ♥ ↔❧ ❡ ♥ ✉ ♦ ✈ ♥✐ ❝ ❡ ♣ ♦ ➦ ❡ ❜ ②✳ ❆ ❜ ♦❧ ✉ ♥ ↔❧ ❡ ♥ ✉ ♦ ✈ ♥✐ ❝ ❡ ♣ ✐ ✈ ♥ ❝ ❤ ♠ ❡ ③ ❞ ✈ ② ❝ ❤ ③
♦ ✈ ♥ ➙ ➸ ③ ♣ ♦ ♥ ➙✱ ❛❧ ❡ ❥ ❡ ♥ ❛ ❤ ❛ ♥✐ ❝✐ ✈ ③ ♥ ❛ ♠ ♥ ♦ ✐✳ ❙ ❦❧ ♦ ♥ ❦ ❡ ♣ ♦ ➦ ❡ ❜ ➙ α 3 ✈➨ ❛ ❦ ♦ ♣ ➙

✈ ③ ♥ ❛ ♠ ♥ ➙ ✈ ②➨➨ ♥ ❡ ➸ ✶ ✭ ❡ ✉❥ ❡ ♠ ❡ ♦ ✈ ♥ ♦ ✶✮✿

H 0 : α 3 = 1
1 , 5 0 7 = 1

χ 2
1 1 6 8 , 9

p − h o d n ot a 0 , 0 0 0

❉ ❛❧➨ ♠✐ ❲ ❛❧ ❞ ♦ ✈ ♠✐ ❡ ② ♦ ✈ ➙➦ ♠ ❡ ♦ ✈ ♥ ♦ ✐ ✭ ✸✳ ✷✮ ❛ ✭ ✸✳ ✸✮✳

H 0 : β 0 = − α 0

− 1 6 6 4 = − ( 1 5 7 2)

χ 2
1 0 , 6 9 7

p − h o d n ot a 0 , 4 0 4

H 0 : α 1 + β 1 = 1
− 0 , 0 0 8 + 0 , 5 4 8

χ 2
1 2 7 , 2 6

p − h o d n ot a 0 , 0 0 0

❩ ❛ ♠ ♥ ✉ ♠ ❤ ② ♣ ♦ ③ ②✱ ➸ ❡ ❦❧ ♦ ♥ ❦ ❡ ♣ ♦ ➦ ❡ ❜ ➙ ❞ ♦ ♠ ❝ ♥ ♦ ❥ ❡ ♠ ❡ ♥➨ ♥ ❡ ➸ ❥ ❡ ❞ ♥ ❛✱
♠ ♦ ❞ ❡❧ ♦ ♣ ➙ ❤ ♦ ✈ ♦➦ ♣ ♦ ✐ ✈ ❡➨ ❦ ❡ ♠ ♠ ♦ ❞ ❡❧ ➲ ♠ ✈ ❞ ❛❥ ♦ ✈ ♠ ♠ ✉❧ ✐ ♣❧✐ ❦ ♦ ❡ ♠✳ ▼ ♦ ❞ ❡❧
✈➨ ❛ ❦ ♦ ♣ ➙ ♥ ❡ ♥ ❦ ♦ ❡ ❦ ♥ ➙ ♣ ❡ ❝✐ ✜ ❦ ♦ ✈ ♥ ✭ ✈✐ ③ ❦ ❛ ♣✐ ♦❧ ❛ ✸✳ ✺✳ ✽✮ ❛ ❡ ♥ ♦ ③ ✈ ➙ ❥ ❡ ❛ ❦ ➦ ❡ ❜ ❛
❜ ❡ ③ ❡ ✈ ♦ ✉✳

❉ ❧ ❡ ♦ ♣ ➙ ③ ❛ ♠ ♠ ❡ ♦ ✈ ♥✐ ❝✐ ✭ ✸✳ ✷✮✱ ♦ ✈➨ ❡ ♠ ♣❧ ❛ ♥ ♦ ♦ ✈ ♥✐ ❝ ❡ ✭ ✸✳ ✸✮✱ ❥✳

β 0 = − α 0 ,

❡ ♥ ♦ ❦ ♦ ③ ❤ ♦ ❞ ♥ ➙ ♥ ❡ ③ ❛ ♠ ♠ ❡✳ ❍ ② ♣ ♦ ③ ❛ ➦ ❦ ✱ ➸ ❡ ❛ ✉ ♦ ♥ ♦ ♠ ♥ ✈ ❞ ❛❥ ❡ ❥ ♦ ✉ ❤ ❛✲
③ ❡ ♥ ② ♣ ✈ ➙ ❛ ✉ ♦ ♥ ♦ ♠ ♥ ♠✐ ✐ ♥ ✈ ❡ ✐ ❝ ❡ ♠✐✳

❏ ❡❧✐ ❦ ♦ ➸ ✈ ♦ ♠ ♦ ♠ ♦ ❞ ❡❧ ✉ ✈ ② ✉ ♣ ✉❥ ♣➦ ❥ ♠ ② ❞ ♦ ♠ ❝ ♥ ♦ ❥ ❛ ❦ ✈ ♦ ✈ ♥✐ ❝✐ ♣ ♦ ➦ ❡✲
❜ ②✱ ❛ ❦ ✈ ♦ ✈ ♥✐ ❝✐ ✐ ♥ ✈ ❡ ✐ ❝✱ ❛ ♥ ❛❧ ♦ ❣✐ ❦ ♦ ✈ ♥ ♦ ✐ ✭ ✸✳ ✷✮ ♣ ♦ ♣ ✐ ✈ ♥ ③✐ ❦ ② ❞ ♦ ✈ ♠ ❡
♦ ✈ ♥ ♦

α 3 + β 4 = 1 . ✭ ✸✳ ✹✮

❯ ❦ ❛ ③ ✉❥ ❡ ❡ ✈➨ ❛ ❦✱ ➸ ❡ ❛ ♥✐ ❛ ♦ ♦ ✈ ♥ ♦ ♥ ❡ ♣❧ ❛ ✿

H 0 : α 3 + β 4 = 1
1 , 5 0 7 8 + − 0 , 7 7 2 = 0 , 7 3 5

χ 2
1 1 5 , 4 0

p − h o d n ot a 0 , 0 0 0 .

✺ ✸



✸✳ ✼ ❙ ❤ ♥ ✉

❆ ♣❧✐ ❦ ♦ ✈ ❛❧✐ ❥ ♠ ❡ ✈ ❝ ❤ ♦ ③ ♠ ♦ ❞ ❡❧✱ ❥✳ ❑❧ ❡✐ ♥ ➲ ✈ ♠ ♦ ❞ ❡❧ ■ ✱ ♥ ❛ ♥ ♦ ♠✐ ♥ ❧ ♥ ❞ ❛ ❛ ③ ❛ ♦ ❦ ②
✶ ✾ ✼ ✶✲ ✷ ✵ ✶ ✹✳ ❍ ♦ ❞ ♥ ♦ ② ❦ ♦ ❡ ✜ ❝✐ ❡ ♥ ➲ ♦ ❤ ♦ ♦ ③ ❦❧ ❛ ❞ ♥ ❤ ♦ ♦ ❞ ❤ ❛ ❞ ✉ ✈➨ ❛ ❦ ❜ ②❧ ② ✈ ♦ ③ ♣ ♦ ✉

❜ ➙ ➸ ♥ ♦ ✉ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ♦ ✉ ❡ ♦ ✐ ✭ ❍❧ ❛ ✈ ↔ ❡ ❦✱ ✷ ✵ ✶ ✹✮✳ ❆ ✉ ♦ ♥ ♦ ♠ ♥ ♣ ♦ ➦ ❡ ❜ ❛ ✈ ② ❝ ❤ ③ ❡❧ ❛ ✈ ✲
③ ♥ ❛ ♠ ♥ ➙ ③ ♣ ♦ ♥ ✱ ❝ ♦ ➸ ❥ ❡ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ② ♥ ❡ ✈ ② ❤ ♥ ✉ ❡❧ ♥ ➙ ♣❥ ❛ ♦ ❡ ❦❧ ♦ ♥ ❡ ♠ ❦ ❡ ♣ ♦ ➦ ❡ ❜ ➙
✭ ✈ ③ ✈✐ ❧ ♦ ✐ ♥ ❛ ♣➦ ❥ ♠ ✉✮ ✈ ②➨➨ ♠ ♥ ❡ ➸ ✶ ✲ ❦ ✉ ❡ ↔ ♥ ➙ ➸ ❦❧ ♦ ♥ ❞ ♦ ♠ ❝ ♥ ♦ ❦ ❡ ♣ ♦ ➦ ❡ ❜ ➙
✈ ② ❝ ❤ ③ ❡❧ ✈ ②➨➨ ♥ ❡ ➸ ✶✱ ❜ ②➫ ♥✐ ❦ ♦❧✐ ✈ ③ ♥ ❛ ♠ ♥ ➙✳ ❇ ➙ ➸ ♥ ➙ ✈ ② ✉ ↔ ♦ ✈ ❛ ♥ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ♠ ♦ ❞ ❡❧ ②
✈➨ ❛ ❦ ♣ ♦ ↔ ❛❥ ♥ ❛ ♦ ♣ ❛ ❦ ❡ ❦❧ ♦ ♥ ❡ ♠ ♠ ❡ ♥➨ ♠ ♥ ❡ ➸ ✶✳ ❉ ❧ ❡ ❜ ②❧ ② ③ ❛ ♠ ♥ ✉ ② ❤ ② ♣ ♦ ③ ②
♦ ✈ ③ ❛ ③ ❝ ❤ ♠ ❡ ③✐ ❦ ♦ ❡ ✜ ❝✐ ❡ ♥ ② ✭ ✸✳ ✷✮ ❛ ✭ ✸✳ ✸✮✱ ❥✳ ➸ ❡ ♣ ♦ ❞ ✉ ❦ ❝ ❡ ❡ ❞ ➙❧ ♣ ✈ ➙ ♠ ❡ ③✐ ♣ ♦✲
➦ ❡ ❜ ✉ ❛ ✐ ♥ ✈ ❡ ✐ ❝ ❡ ❛ ❛ ✉ ♦ ♥ ♦ ♠ ♥ ♣ ♦ ➦ ❡ ❜ ❛ ❥ ❡ ❤ ❛ ③ ❡ ♥ ❛ ③ ❛ ✉ ♦ ♥ ♦ ♠ ♥ ❝ ❤ ✐ ♥ ✈ ❡ ✐ ❝✳

❱❡ ✈ ❝ ❤ ♦ ③ ♠ ♠ ♦ ❞ ❡❧ ✉ ✈➨ ❛ ❦ ❜ ②❧ ❛ ♣ ❛ ➦ ❡ ♥ ❛ ➦ ❛ ❞ ❛ ❞ ❧ ↔ ❝ ❤ ♥ ❡ ❞ ♦ ❛ ❦ ➲ ❛ ♣ ♦ ♦ ✉
❦ ❡ ③❧ ❡ ♣➨ ❡ ♥ ✳ ♦ ✉ ♣ ♥ ➙ ❥ ♠ ❡ ❡ ✈ ② ♣ ♦➦ ❞ ❛❧✐ ➲ ③ ♥ ♠✐ ♥ ✈ ❤ ② ♣ ❛ ✈✱ ♣ ♦ ♣ ♦ ♦ ✉ ③ ❡ ♥
❦ ✈ ❛❧✐ ② ♠ ♦ ❞ ❡❧ ➲ ♣➦✐ ♦ ♠ ❜ ②❧ ❛ ♦ ③ ❤ ♦ ❞ ✉❥ ❝ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞ ♥ ❦ ✐ ✐ ❛✳ ❩ ❛❥ ♠ ❛❧ ❛ ♥ ❝ ❤ ♦ ♣✲
♥ ♦ ♠ ♦ ❞ ❡❧ ➲ ♣➦ ❡ ❞ ♣ ♦ ✈ ❞ ❛ ③ ❡❥ ♠ ♥ ❛ ❍ ❉ ✱ ❛❧ ❡ ➸ ❥ ❡ ♥ ♦ ✉ ❦ ♦ ♠ ♦ ✉ ♣ ♦ ➦ ❡ ❜ ✉✱ ♥ ❡ ❜ ♦➫
❞❧ ❡ ● ♦ ♦ ❞ ❤ ❛ ♦ ✈ ❛ ③ ❦ ♦ ♥ ❛ ♣ ♦ ✉ ③ ❡ ❍ ❉ ✱ ❥ ❛ ❦ ♦ ➸ ♦ ↔ ❛ ❝ ❧ ❤ ♦ ♣ ♦ ❞ ➦ ❦ ♣ ♦❧✐ ✐ ❦ ②✱ ♥ ❡✲
♥ ❞ ♦ ❜ ♠ ♠ ➙➦ ❦ ❡ ♠✳ ❩ ♦ ❤❧ ❡ ❞ ♥ ➙ ♥ ♠ ♦ ✉ ❦ ♦ ♠ ♣ ♦ ➦ ❡ ❜ ② ❥ ♠ ❡ ❛ ❦ ❝ ❤ ➙❧✐ ♣ ♦ ✐ ❤ ♥ ♦ ✉
♠ ♦ ➸ ♥ ✐ ✉ ❛ ❝ ❡✱ ❦ ❞ ② ❡ ❍ ❉ ✈ ② ✈ ❥ ❥✐ ♥ ❛ ❦ ♥ ❡ ➸ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ✐ ✉ ❛ ❝ ❡ ♦ ❜ ② ✈ ❛ ❡❧ ✭ ❛ ❦ ♦ ✈ ♦ ✉
✐ ✉ ❛ ❝ ❥ ♦ ✉ ♣ ♦ ❞❧ ❡ ♥ ➙ ❦ ❡ ❝ ❤ ❡ ❦ ♦ ♥ ♦ ♠ ➲ ♥ ❛ ♣➦✳ ✐ ♥ ❡ ✈ ❡ ♥ ❝ ❡ ❷ ◆ ❇ ♣ ♦ ✐ ❦ ♦ ✉ ♥ ➙✮✳ ❱ ➸ ❞ ②

❥ ♠ ❡ ♣ ♦ ✈ ❡ ❞❧✐ ❝ ❡❧ ❦ ❡ ♠ ↔ ②➦✐ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞✐✳ ❏ ❡ ❞ ♥ ✉ ❛ ✐ ❝ ❦ ♦ ✉ ♣ ♦ ❝ ❡❧ ♦ ❜ ❞ ♦ ❜ ✱ ❥ ❡ ❞ ♥ ✉
❞ ② ♥ ❛ ♠✐ ❝ ❦ ♦ ✉ ✈ ❞ ✉ ❝ ❤ ✉ ♣ ❛ ✈✐ ❞❧ ❛ ♣ ❛❧ ❝ ❡ ♦ ♦ ③ ❞ ➙❧ ❡ ♥ ❞ ❛ ♦ ✈ ❤ ♦ ♦ ✉ ❜ ♦ ✉ ♥ ❛ ♥ ♦ ✈ ❛ ❝
❛ ❡ ♦ ✈ ❛ ❝ ↔ ✭ ♣➦✐ ❜❧✐ ➸ ♥ ➙ ✈ ♣ ♦ ♠ ➙ ✉ ✼ ✵✿ ✸ ✵✮ ❛ ❞ ✈ ➙ ❞ ② ♥ ❛ ♠✐ ❝ ❦ ♣ ♦ ❡ ♦ ✈ ♥ ♣➦ ❡ ❞✲
♣ ♦ ✈ ➙ ❞✐ ✈ ♣➦ ❡ ❞ ❦ ✐ ③ ♦ ✈ ♠ ❛ ❦ ✐ ③ ♦ ✈ ♠ ♦ ❜ ❞ ♦ ❜ ✭ ✷ ✵ ✵ ✽✲ ✷ ✵ ✶ ✹✮✳ ❑ ✈ ❛❧✐ ✉ ❞ ❧ ↔ ❝ ❤ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞
❥ ♠ ❡ ♣ ♦ ✉ ③ ♦ ✈ ❛❧✐ ♣ ♦ ♠ ♦ ❝ ♣ ➲ ♠ ➙ ♥ ❛ ❜ ♦❧ ✉ ♥ ♣ ♦ ❝ ❡ ♥ ✉ ❧ ♥ ❝ ❤ ② ❜ ② M A P E ❛ ② ♦
❥ ♠ ❡ ♥ ❧ ❡ ❞ ♥ ➙ ✈ ➸✐❧✐✳ ❱ ❧ ❡ ❞ ❦ ❡ ♠ ❜ ②❧ ♦ ❦ ✐ ✐ ✉ ♠ W M A P E ✱ ♣ ♦ ♣ ❛ ♥ ✈ ❦ ❛ ♣✐ ♦❧ ❡
✭ ✸✳ ✺✳ ✶✮✳

❖ ❤❧ ❡ ❞ ♥ ➙ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ❝ ❡ ♣ ❛ ✈✱ ✈ ♣ ✈ ➦ ❛ ❞ ➙ ♠ ♦ ❞ ❡❧ ♥ ❡ ❜ ②❧ ❦ ♦ ❡ ❦ ♥ ➙ ♣ ❡ ❝✐ ✜ ❦ ♦✲
✈ ♥✳ ■ ♥ ✉ ♠ ❡ ♥ ❧ ♥ ♣ ♦ ♠ ➙ ♥ ♥ ❜ ②❧ ② ❦ ♦ ❡❧ ♦ ✈ ❛ ♥ ❡ ③✐ ❞ ✉✐ ❛ ❛ ❜ ②❧ ❛ ❛ ✉ ♦ ❦ ♦ ❡❧ ♦ ✈ ❛ ♥
✈ ↔ ❛ ❡✳ ❇ ♦ ❤ ✉ ➸ ❡❧✱ ❡ ♥ ♦ ♣ ♦ ❜❧ ♠ ❡ ♥ ❡ ♣ ♦ ❞ ❛➦✐❧ ♦ ➸ ❞ ♥ ♦ ✉ ③ ♥ ❛ ✈ ➸ ❡ ♥ ❝ ❤ ♣ ❛ ✈ ♦ ❞ ❛✲
♥✐ ✳ ❩ ❛ ❞ ♥ ❜ ②❧ ♦ ♣ ♦ ✉ ➸✐ ✐ ♥ ❞ ❡ ① ✉ ♣ ♦ ➦ ❡ ❜✐ ❡❧ ❦ ❝ ❤ ❝ ❡ ♥ ❈ ■ ❦ ✈ ②❥ ❞➦ ❡ ♥ ✈➨ ❡ ❝ ❤ ❞ ❛
✈ ❝ ❡ ♥ ❝ ❤ ♦ ❦ ✉ ✷ ✵ ✶ ✵✳ ❏ ❛ ❦ ✈ ❝ ❤ ♦ ③ ♠ ♦ ❞ ❡❧ ♥ ♦ ♠✐ ♥ ❧ ♥ ♠✐ ❞ ❛ ②✱ ❛ ❦ ♣ ♦ ✉ ➸✐ ❍ ❉
❞ ❡ ✢ ♦ ✉ ♦ ✐ ➸ ✈ ❡ ❞❧ ♦ ❦ ♣❧ ♥ ♠ ✉ ③ ♥ ❡ ❤ ♦ ❞ ♥ ♦ ❝ ❡ ♥ ♥ ➙ ❦ ❡ ❝ ❤ ♣ ❡ ❞✐ ❦ ❝ ✳ ❉ ❧ ❡ ❡ ✉ ❦ ✲
③ ❛❧ ♦✱ ➸ ❡ ✈ ♣ ♦ ↔ ❡ ❦ ❛ ♣✐ ❧ ✉ ❞❧ ❡ ✈ ③ ♦ ❝ ❡ K t = K t− 1 + I t ♥ ❡ ♥ ✈ ❤ ♦ ❞ ♥ ✳ ◆ ❡ ❜ ❡ ❡ ♦ ✐ ➸
✈ ♣ ♦ ❛ ③ ③ ❤ ♦ ❞ ♥ ♦ ❝ ❡ ♥ ❡ ①✐ ✉❥ ❝ ❤ ♦ ❦ ❛ ♣✐ ❧ ✉✱ ♦ ❞ ❝ ❤ ❧✐❧✐ ❥ ♠ ❡ ❡ ❡ ❞ ② ♦ ❞ ♣ ➲ ✈ ♦ ❞ ♥ ❤ ♦
♠ ♦ ❞ ❡❧ ✉ ❛ ♣ ♦ ↔ ❛❧✐ ❤ ♦ ❞ ♥ ♦ ❛ ♠✐ ✒ ❡ ❧ ♥ ❤ ♦✏ ❦ ❛ ♣✐ ❧ ✉ ✲ ❛ ✈ ✉ ✭ ♦ ✉ ❦ ♦ ♠ ❤ ♦✮ ✐ ♥ ✈ ❡ ✲
✐ ↔ ♥ ❤ ♦ ♠ ❛❥ ❡ ❦ ✉ ✭ ✈ ↔✳ ③ ❜ ♦ ➸ ❞❧ ♦ ✉ ❤ ♦ ❞ ♦ ❜ ♣ ♦ ➦ ❡ ❜ ②✮✳ ❯ ❦ ③ ❛❧ ♦ ❡ ♦ ✈ ♥ ➙ ➸✱ ➸ ❡ ❡ ❧ ♥ ♦ ✉

❤ ♦ ❞ ♥ ♦ ✉ ❦ ❛ ♣✐ ❧ ✉ ✈ ② ✐ ❤ ♥ ❡ ♠ ❡ ❧ ♣ ❡ ✈ ② ✉ ➸✐ ♠ ✐ ♥ ❞ ❡ ① ✉ ❝ ❡ ♥ ❡ ❛❧✐ ♥ ❡ ➸ ❈ ■✳ ❱ ♦ ③ ♣ ♦ ✉
♣ ➲ ✈ ♦ ❞ ♥ ♠ ♦ ↔ ❡ ❦ ✈ ♥ ❡ ♥ ❡ ♦ ✈ ➙ ❞ ↔✐❧ ❛ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ❝ ❡ ❡ ① ♣ ♦ ♥ ❡ ♥ ❝✐ ❧ ♥ ❤ ♦ ❡ ♥ ❞ ✉✳ ▼ ♦ ➸✲

♥ ♠ ③ ❞ ➲ ✈ ♦ ❞ ♥ ➙ ♥ ♠ ❥ ❡ ❦ ✉ ❡ ↔ ♥ ♦ ✱ ➸ ❡ ❡ ♥ ❞ ♦ ❞ ❤ ❛ ❞ ♥ ✉ ♥ ❛ ③ ❦❧ ❛ ❞ ➙ ✈ ✈ ♦❥ ❡ ❍ ❉ ❜ ②❧
❛ ♣❧✐ ❦ ♦ ✈ ♥ ♥ ❛ ✈➨ ❡ ❝ ❤ ♥ ② ♣ ♦ ♠ ➙ ♥ ♥ ✱ ↔ ♠ ➸ ♠ ♦ ❤❧ ❛ ❜ ❞ ♦ ♦ ❛ ♥ ❝ ❤ ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤ ✈ ♥ ❡✲
❡ ♥ ❛ ② ❡ ♠ ❛ ✐ ❝ ❦ ❝ ❤ ② ❜ ❛✳ ❙ ❡ ♣ ❛ ♥ ✈ ♣ ♦ ↔ ❡ ❡ ♥ ❞ ✉ ♣ ♦ ❦ ❛ ➸ ❞ ♦ ✉ ♣ ♦ ♠ ➙ ♥ ♥ ♦ ✉ ❥ ♠ ❡

♥ ❡ ♣ ♦ ✈ ❛ ➸ ♦ ✈ ❛❧✐ ③ ❛ ❛ ❞ ❡ ❦ ✈ ♥ ♣ ♦ ♦ ✈ ♥ ♥ ♦ ❤❧ ❡ ❞ ❡ ♠ ♥ ❛ ③ ✈ ➨ ❡ ♥ ♦ ✉ ❧ ♦ ➸✐ ♦ ❛ ❦ ♦ ✈ ✲
❤ ♦ ♠ ♦ ❞ ❡❧ ✉✳ ▼ ♦ ➸ ♥ ♠ ♣ ♦ ❜❧ ♠ ❡ ♠ ❥ ❡ ➸ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❛ ❞✱ ➸ ❡ ❡❧ ❛ ✐ ✈ ♥ ③ ❞ ❛ ♥ ➙ ♥ ♣ ❝ ❡ ❥ ❡
❦ ♦ ♥ ❛ ♥ ♥ ✱ ❛ ✈➨ ❛ ❦ ❛ ♥ ❛❧ ③ ❛ ❞ ❛ ➡ ♦ ✈ ♣ ♦ ❜❧ ❡ ♠ ❛ ✐ ❦ ② ❜ ② ♣➦ ❡ ❛ ❤ ♦ ✈ ❛❧ ❛ ♦ ③ ❛ ❤ ♦ ♣ ✲
❝ ❡✳ ♦ ❧ ❡ ❞ ♥ ✉ ✈ ❛ ➸ ♦ ✈ ❛ ♥ ♦ ✉ ♣ ❛ ✈ ♦ ✉ ❛ ❦ ❜ ②❧ ♦ ③ ♦ ❤❧ ❡ ❞ ♥ ➙ ♥ ✐ ♥ ✈ ❡ ✐ ❝ ❞ ♦ ♠ ❝ ♥ ♦ ✱ ❦ ❡
♣ ➲ ✈ ♦ ❞ ♥ ❑❧ ❡✐ ♥ ➲ ✈ ♠ ♦ ❞ ❡❧ ■ ♥ ❡ ✉ ✈ ❛ ➸ ♦ ✈ ❛❧✳
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♦ ❛ ♣❧✐ ❦ ❛ ❝✐ ✈ ➨ ❡ ③ ♠ ♥ ➙ ♥ ❝ ❤ ♣ ❛ ✈ ❥ ♠ ❡ ③ ❦ ❛❧✐ ❞ ✈ ❛ ♠ ♦ ❞ ❡❧ ② ♣ ❛ ❦ ✐ ❝ ❦ ② ❡❥✲
♥ ♠✐ ♦ ✉ ❤ ♥ ♥ ♠✐ ♣ ❡ ❞✐ ❦ ↔ ♥ ♠✐ ❝ ❤ ♦ ♣ ♥ ♦ ♠✐ ✭ ♠ ➙➦ ❡ ♥ ♦ ❦ ✐ ✐ ❡ ♠ W M A P E ✮✳ ❉ ❧ ↔
♣ ❡ ❞✐ ❦ ↔ ♥ ❝ ❤ ♦ ♣ ♥ ♦ ✐ ❥ ♦ ✉ ✈➨ ❛ ❦ ♦ ③ ❞ ❧ ♥ ✳ ❏ ❡❧✐ ❦ ♦ ➸ ♥ ➙ ❦ ❡ ♣ ❡ ❞✐ ❦ ❝ ❡ ✈ ❝ ❤ ♦ ③ ❤ ♦ ♠ ♦ ❞ ❡✲
❧ ✉ ❜ ②❧ ② ③ ❝ ❡❧ ❛ ♥ ❡ ♣ ♦ ✉ ➸✐ ❡❧ ♥ ✱ ✉ ✈ ❞ ♠ ❡ ♣ ♦ ♦ ✈ ♥ ♥ ✉ ✈ ❞ ♠ ❡ ♠ ♦ ❞ ❡❧ ❈ ■✱ ❥✳ ♠ ♦ ❞ ❡❧

✈ ❝ ❤ ♦ ③ ✉ ❦ ✉ ♦ ✉✱ ❥ ❡ ❤ ♦ ➸ ✈ ✉ ♣ ♥ ❞ ❛ ❛ ❥ ♦ ✉ ✈ ②❥ ❞➦ ❡ ♥ ❛ ✈ ❝ ❡ ♥ ❝ ❤ ♦ ❦ ✉ ✷ ✵ ✶ ✵ ❞❧ ❡ ✐ ♥✲
❞ ❡ ① ✉ ♣ ♦ ➦ ❡ ❜✐ ❡❧ ❦ ❝ ❤ ❝ ❡ ♥✳

❚ ❛ ❜ ✉❧ ❦ ❛ ✸✳ ✶ ✾✿ ❙ ❤ ♥ ✉ W M A P E

▼ ♦ ❞ ❡❧ ❲ ▼ ❆ ❊
❈ ■ ✹✱ ✼ ✵ ✾ ✪
❈ ■ ✰ ❘ ❡ ❛❧✐ ② ❘ ❡ ❛❧ ❑ ✸✱ ✵ ✽ ✸ ✪
❈ ■ ✰ ❘ ❡ ❛❧✐ ② ❘ ❡ ❛❧ ❑ ✰ ❍ ❍■ ♥ ✈ ❡ ✸✱ ✵ ✺ ✺ ✪

❆ ↔ ❦ ♦❧✐ ③ ❛ ❤ ♥ ✉ ✐ ♥ ✈ ❡ ✐ ❝ ❞ ♦ ♠ ❝ ♥ ♦ ✭ ❍ ♦ ✉ ❡ ❤ ♦❧ ❞ ✐ ♥ ✈ ❡ ♠ ❡ ♥ ✲ ③ ♥ ❛ ↔ ♠ ❡ ❍ ❍■ ♥✲
✈ ❡ ✮ ❞ ♦ ♠ ♦ ❞ ❡❧ ✉ ✈ ❡ ❞❧ ♦ ❥ ❡ ♥ ❦ ♠✐ ♥✐ ♠ ❧ ♥ ③ ♠ ➙ ♥ ➙ ❤ ♥ ♥ ❤ ♦ ❦ ✐ ✐ ❛ W M A P E ✱ ❞ ❧ ↔
♦ ③ ❞ ❧ ② ❥ ♦ ✉ ✈ ③ ♥ ❛ ♠ ♥ ➙❥➨ ✳ ♦ ♦ ✈ ♥ ❡❥ ♠ ❡ ♣ ❡ ❞✐ ❦ ❝ ❡ ♣ ♦ ➦ ❡ ❜ ② ❛ ❍ ❉ ♦ ❜ ♦ ✉ ♠ ♦ ❞ ❡❧ ➲

✭ ❛ ❜ ✉❧ ❦ ② ✸✳ ✷ ✵ ❛ ✸✳ ✷ ✶✮✿

❚ ❛ ❜ ✉❧ ❦ ❛ ✸✳ ✷ ✵✿ ❙ ❤ ♥ ✉ ♣ ❡ ❞✐ ❦ ❝ ❡✱ ♠ ♦ ❞ ❡❧ ❈ ■ ✰ ❘ ❡ ❛❧✐ ② ❘ ❡ ❛❧ ❑
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▼ ❆ ❊ ✲ ❍ ❉ ✿ ✸✱ ✶ ✺ ✸ ✪ ✷✱ ✾ ✶ ✷ ✪ ✵✱ ✽ ✹ ✸ ✪ ✼✱ ✵ ✷ ✵ ✪

❚ ❛ ❜ ✉❧ ❦ ❛ ✸✳ ✷ ✶✿ ❙ ❤ ♥ ✉ ♣ ❡ ❞✐ ❦ ❝ ❡✱ ♠ ♦ ❞ ❡❧ ❈ ■ ✰ ❘ ❡ ❛❧✐ ② ❘ ❡ ❛❧ ❑ ✰ ❍ ❍ ■ ♥ ✈ ❡

✐ ✐✐ ✐✐✐ ✐ ✈
❱ ✉ ♣ ♥ ❞ ❛ ❛✿ ✶ ✾ ✼ ✶✲ ✷ ✵ ✶ ✹ ✶ ✾ ✼ ✶✲ ✷ ✵ ✵ ✵ ✶ ✾ ✼ ✶✲ ✷ ✵ ✵ ✵ ✶ ✾ ✼ ✽✲ ✷ ✵ ✵ ✼

❡ ❞✐ ❦ ❝ ❡ ♣ ♦✿ ✶ ✾ ✼ ✷✲ ✷ ✵ ✶ ✹ ✷ ✵ ✵ ✶✲ ✷ ✵ ✶ ✹ ✷ ✵ ✵ ✶✲ ✷ ✵ ✵ ✼ ✷ ✵ ✵ ✽✲ ✷ ✵ ✶ ✹
▼ ❆ ❊ ✲ ♣ ♦ ➦ ❡ ❜ ❛✿ ✶✱ ✺ ✾ ✼ ✪ ✸✱ ✶ ✽ ✻ ✪ ✷✱ ✸ ✶ ✽ ✪ ✸✱ ✵ ✾ ✷ ✪
▼ ❆ ❊ ✲ ❍ ❉ ✿ ✷✱ ✵ ✻ ✾ ✪ ✹✱ ✵ ✷ ✵ ✪ ✷✱ ✻ ✾ ✻ ✪ ✹✱ ✷ ✶ ✺ ✪

❩ ❛ ❤ ♥ ✉ ✐ ♥ ✈ ❡ ✐ ❝ ❞ ♦ ♠ ❝ ♥ ♦ ❞ ♦ ♠ ♦ ❞ ❡❧ ✉ ❡ ❞ ② ✈ ❡ ❞ ❡ ❦ ❡ ③❧ ❡ ♣➨ ❡ ♥ ❛ ✐ ❝ ❦ ♣ ❡✲
❞✐ ❦ ❝ ❡ ❛ ❞ ② ♥ ❛ ♠✐ ❝ ❦ ♣ ❡ ❞✐ ❦ ❝ ❡ ❦ ✐ ③ ♦ ✈ ❤ ♦ ♦ ❜ ❞ ♦ ❜ ✱ ♥ ❛ ♦ ♣ ❛ ❦ ❞❧ ♦ ✉ ❤ ♦ ❞ ♦ ❜ ❛ ♣➦ ❡ ❞ ❦ ✐ ③ ♦ ✈
❞ ② ♥ ❛ ♠✐ ❝ ❦ ♣ ❡ ❞✐ ❦ ❝ ❡ ❥ ❡ ♠ ♦ ❦ ♦ ❦ ❡ ♠ ③ ❤ ♦ ➨ ❡ ♥ ❛✳

❏ ❡❧✐ ❦ ♦ ➸ ✐ ♥ ❡ ♣ ❡ ❛ ❝ ❡ ❦ ♦ ❡ ✜ ❝✐ ❡ ♥ ✉ R 2 ✈ ❡ ✈ ❝ ❡ ♦ ✈ ♥✐ ❝ ♦ ✈ ❝ ❤ ② ♠ ❡ ❝ ❤ ♥ ❡ ♥ ❛ ♥✲
❞ ❛ ❞ ♥ ✱ ♣ ♦ ♣ ♦ ♦ ✉ ③ ❡ ♥ ❤ ♦ ❞ ② ✈ ② ♦ ✈ ♥ ❛ ♥ ❝ ❤ ❛ ❦ ✉ ❡ ↔ ♥ ❝ ❤ ❤ ♦ ❞ ♥ ♦ ♣ ♦ ✉ ➸✐❥ ❡ ♠ ❡ ❡ ❛ ♦✲
♥ ➲ ✈ ❦ ♦ ❡❧ ❛ ↔ ♥ ❦ ♦ ❡ ✜ ❝✐ ❡ ♥ ✳ ❯ ❦ ❛ ③ ✉❥ ❡ ❡✱ ➸ ❡ ③ ❛ ❤ ♥ ✉ ♠ ✐ ♥ ✈ ❡ ✐ ❝ ❞ ♦ ♠ ❝ ♥ ♦ ❡ ❦ ♦ ❡❧ ❛ ❝ ❡
♠ ❡ ③✐ ✈ ② ♦ ✈ ♥ ❛ ♥ ♠✐ ❛ ❦ ✉ ❡ ↔ ♥ ♠✐ ❤ ♦ ❞ ♥ ♦ ❛ ♠✐ ✐ ♥ ✈ ❡ ✐ ❝ ♥ ➸ ③ 0 , 4 4 0 ♥ ❛ 0 , 0 3 9 ✱ ✐ ♥✲
✈ ❡ ✐ ❝ ❡ ❞ ♦ ♠ ❝ ♥ ♦ ❡ ❡ ❞ ② ③ ❞ ❛❥ ❜ ✉➨✐ ✈ ♠ ❡❧ ❡ ♠ ❡ ♥ ❡ ♠✳ ◆ ❛ ③ ❦❧ ❛ ❞ ➙ ♣ ❡ ❞✐ ❦ ↔ ♥ ❝ ❤
❝ ❤ ♦ ♣ ♥ ♦ ♠ ♦ ❞ ❡❧ ➲ ❧ ③ ❡ ✉ ✉ ③ ♦ ✈ ❛ ✱ ➸ ❡ ✐ ♥ ✈ ❡ ✐ ❝ ❡ ❞ ♦ ♠ ❝ ♥ ♦ ❤ ❛❥ ♦❧✐ ✉ ❛ ✐ ❝ ❦ ♣➦ ❡ ❞✲

♣ ♦ ✈ ➙ ❞✐ ✭ ♦ ✶ ❦ ♦ ❦✮ ❛ ✈ ❦ ✐ ③ ♦ ✈ ♠ ♦ ❜ ❞ ♦ ❜ ✱ ❛ ✈➨ ❛ ❦ ♣ ♦ ❞ ❡❧➨ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ↕ ✈ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ②
❦❧✐ ❞ ♥ ♠ ♦ ❜ ❞ ♦ ❜ ♣➦ ❡ ❞ ❛ ✈ ✉❥ ✉➨✐ ✈ ♣ ✈ ❡ ❦✳

✺ ✺



❱ ❜ ➙ ♠ ❡ ③✐ ♠ ♦ ❞ ❡❧ ② ❈ ■ ✰ ❘ ❡ ❛❧✐ ② ❘ ❡ ❛❧ ❑ ❛ ❈ ■ ✰ ❘ ❡ ❛❧✐ ② ❘ ❡ ❛❧ ❑ ✰ ❍ ❍■ ♥ ✈ ❡ ❥ ❡ ❡✲
❞ ② ➦ ❡ ❜ ❛ ↔✐ ♥✐ ♦ ❤❧ ❡ ❞ ❡ ♠ ♥ ❛ ❦ ♦ ♥ ❦ ♥ ✐ ✉ ❛ ❝✐ ❛ ♣ ♦ ➸ ❛ ❞ ❛ ✈ ❦ ②✳

❛ ❦ ✐ ❝ ❦ ② ❜ ②❧ ♦ ❞ ♦ ❛ ➸ ❡ ♥ ♦ ✈ ③ ♥ ❛ ♠ ♥ ❤ ♦ ③❧ ❡ ♣➨ ❡ ♥ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞ ♥ ❝ ❤ ❝ ❤ ♦ ♣ ♥ ♦ ✱ ♥✐ ❝✲
♠ ♥ ➙ ③ ❡ ♦ ❡ ✐ ❝ ❦ ❤ ♦ ❤❧ ❡ ❞✐ ❦ ❛ ❥ ♦ ✉ ❤ ♦ ❞ ♥ ♦ ② ♥ ➙ ❦ ❡ ❝ ❤ ❦ ♦ ❡ ✜ ❝✐ ❡ ♥ ➲ ➙ ❝ ❤ ♦ ♠ ♦ ❞ ❡❧ ➲

❧ ❡ ✈ ♦ ③ ♣ ♦ ✉ ❜ ➙ ➸ ♥ ♦ ✉ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ♦ ✉ ❡ ♦ ✐ ✳ ❏ ❛ ❦ ✈ ♠ ♦ ❞ ❡❧ ✉ ❈ ■ ✰ ❘ ❡ ❛❧✐ ② ❘ ❡ ❛❧ ❑ ✱
❛ ❦ ✈ ♠ ♦ ❞ ❡❧ ✉ ❈ ■ ✰ ❘ ❡ ❛❧✐ ② ❘ ❡ ❛❧ ❑ ✰ ❍ ❍■ ♥ ✈ ❡ ♦ ❞ ❤ ❛ ❞ ✉❥ ❡ ♠ ❡ ③ ♣ ♦ ♥ ♦ ✉ ❛ ✉ ♦ ♥ ♦ ♠ ♥
♣ ♦ ➦ ❡ ❜ ✉✱ ❛ ♦ ✈ ❡❧ ♠✐ ✈ ③ ♥ ❛ ♠ ♥ ➙ ✭ t − st at. ≈ 1 3 ✮✳ ❘ ✉ ❦ ✉ ✈ ✉ ❝ ❡ ♠ ♦ ❞ ❤ ❛ ❞ ✉❥ ❡ ♠ ❡
❦❧ ♦ ♥ ❦ ❡ ♣ ♦ ➦ ❡ ❜ ➙ ❞ ♦ ♠ ❝ ♥ ♦ ♣➦✐ ❜❧✐ ➸ ♥ ➙ 1 , 5 ✱ ✈ ❡❧ ♠✐ ✈ ③ ♥ ❛ ♠ ♥ ➙ ♥ ❛ ❞ 1 ✳ ❏ ❛ ❦ ✈ ❝ ❤ ♦ ③ ✱
❛ ❦ ♦ ❜ ❛ ✜ ♥ ❧ ♥ ♠ ♦ ❞ ❡❧ ② ❡ ❞ ② ❤ ♦ ✈ ♦➦ ♣ ♦ ✐ ❜ ➙ ➸ ♥ ➙ ❛ ❦ ❝ ❡ ♣ ♦ ✈ ❛ ♥ ♠ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❛ ❞ ➲ ♠ ❡✲

♦ ✐ ❡ ♣ ♦ ➦ ❡ ❜✐ ❡❧ ❡✳

❙ ❛ ♥ ❞ ❛ ❞ ♥ ❡ ♦ ✐ ❡ ➦ ❦ ✱ ➸ ❡ ❦❧ ♦ ♥ ❦ ❡ ♣ ♦ ➦ ❡ ❜ ➙ ❥ ❡ ♠ ❡ ♥➨ ♥ ❡ ➸ ✶ ✈ ❞ ➲ ❧ ❡ ❞ ❦ ✉ ❡ ✈ ❛ ↔✲
♥ ♦ ✐ ♣ ♦ ➦ ❡ ❜ ♥ ❝ ❤ ③ ✈ ② ❦❧ ♦ ✳ ❱ ❧ ❡ ❞ ❦ ② ♦ ❞ ❤ ❛ ❞ ♥ ✉ ❝ ❤ ♠ ♦ ❞ ❡❧ ➲ ✈➨ ❛ ❦ ♣ ♦ ❞ ♣ ♦ ✉❥ ♥ ❛ ♦ ♣ ❛ ❦
❤ ② ♣ ♦ ③ ✉✱ ➸ ❡ ❧✐ ❞ ❡ ❛ ❣ ✉❥ ♥ ❛ ♠ ♦ ➸ ♥ ♦ ✉ ❦ ✐ ③✐ ✭ ♣ ♦ ❦❧ ❡ ♣➦ ❥ ♠ ➲✮ ③ ✈ ➨ ❡ ♥ ♦ ✉ ✈ ♦ ❜ ♦ ✉ ❡✲
③ ❡ ✈✱ ③ ❛ ♠ ❝ ♦ ✈ ♦ ↔ ❡ ❦ ✈ ♥ ❜ ✉ ❞ ♦ ✉ ❝ ♣ ♦ ♣ ❡ ✐ ② ✭ ➲ ♣➦ ❥ ♠ ➲✮ ③ ❝ ✈ ♦ ❜ ❛ ❡ ③ ❡ ✈
♣ ✐ ♦ ✐ ✉✳ ❚ ♦ ❥ ❡ ♦ ✈➨ ❡ ♠ ♣ ✈ ➙ ♦ ♣ ❛ ↔ ♥ ❝ ❤ ♦ ✈ ♥ ✳ ❏ ❛ ❦ ❥ ❡ ✈ ② ✈ ➙ ❧ ❡ ♥ ♦ ✈ ❦ ❛ ♣✐ ♦❧ ❡ ✸✳ ✹✱ ❦❧ ♦ ♥
❦ ❡ ♣ ♦ ➦ ❡ ❜ ➙ ✈ ②➨➨ ♥ ❡ ➸ ✶ ❥ ❡ ✈ ♦ ③ ♣ ♦ ✉ ✈ ❡➨ ❦ ❡ ♠✐ ♠ ♦ ❞ ❡❧ ② ✈ ❞ ❛❥ ♦ ✈ ❝ ❤ ♠ ✉❧ ✐ ♣❧✐ ❦ ✲
♦ ➲✳

❏ ❡❧✐ ❦ ♦ ➸ ♣ ♦ ✉ ♦ ❤ ② ♣ ♦ ③ ✉ ✈ ➙ ❞ ↔ ❥ ❛ ❦ ✈ ❝ ❤ ♦ ③ ✱ ❛ ❦ ♦ ❜ ❛ ✜ ♥ ❧ ♥ ♠ ♦ ❞ ❡❧ ②✱ ♣➦✐ ↔ ❡ ♠ ➸
❑❧ ❡✐ ♥ ➲ ✈ ♠ ♦ ❞ ❡❧ ■ ❥ ❡ ✈ ❝ ❤ ♦ ③ ♠ ♠ ♦ ❞ ❡❧ ❡ ♠ ♥ ♦ ❞ ♥ ❝ ❤ ❡ ❦ ♦ ♥ ♦ ♠✐ ❦✱ ♣ ♦ ✈ ❛ ➸ ✉❥ ❡ ♠ ❡ ♦ ♦ ③❥✐➨✲
➙ ♥ ③ ❛ ③ ✈ ❛ ➸ ♥ ✳ ❚ ♠ ❛ ❜ ② ♠ ➙❧ ♦ ❜ ♣➦ ❡ ❞ ♠ ➙ ❡ ♠ ❞ ❛❧➨ ❤ ♦ ✈ ③ ❦ ✉ ♠ ✉✳

❉ ❧ ❡ ❥ ❡ ♦ ③ ❦ ♦ ✉ ♣❧ ❛ ♥ ♦ ♦ ✈ ♥✐ ❝ ✭ ✸✳ ✷✮ ❛ ✭ ✸✳ ✸✮✱ ❥✳

α 1 + β 1 = 1 ❛ β 0 = − α 0 ✳

❙ ❡❥ ♥ ➙ ❥ ❛ ❦ ♦ ✈ ❡ ✈ ❝ ❤ ♦ ③ ♠✱ ❛ ♥✐ ✈ ❡ ✜ ♥ ❧ ♥ ❝ ❤ ♠ ♦ ❞ ❡❧ ❡ ❝ ❤ ♥ ❡ ♥ ♦ ✈ ♥ ♦ ✭ ✸✳ ✷✮ ♣❧ ♥ ➙ ♥ ❛
✭ ❡ ♣✳ ❤ ② ♣ ♦ ③ ❛ ♣❧ ❛ ♥ ♦ ✐ ❥ ❡ ③ ❛ ♠ ♥ ✉ ❛✮✳ ❱ ♠ ♦ ❞ ❡❧ ✉ ❈ ■ ✰ ❘ ❡ ❛❧✐ ② ❘ ❡ ❛❧ ❑ ✰ ❍ ❍■ ♥ ✈ ❡
♣ ❛ ❦ ♥ ❡ ♥ ♣❧ ♥ ➙ ♥ ❛ ❛ ♥✐ ❛ ♥ ❛❧ ♦ ❣✐ ❝ ❦ ♦ ✈ ♥ ♦ ✭ ✸✳ ✹✮✳ ❍ ② ♣ ♦ ③ ❛✱ ➸ ❡ ♣➦ ❥ ♠ ② ❡ ❞ ➙❧ ♣ ✲
✈ ➙ ♠ ❡ ③✐ ♣ ♦ ➦ ❡ ❜ ✉ ❛ ✐ ♥ ✈ ❡ ✐ ❝ ❡✱ ❥ ❡ ❡ ❞ ② ✈ ❡ ✈➨ ❡ ❝ ❤ ✉ ✈ ❛ ➸ ♦ ✈ ❛ ♥ ❝ ❤ ♠ ♦ ❞ ❡❧ ❡ ❝ ❤ ✭ ✈ ❝ ❤ ♦ ③ ✱
❈ ■ ✰ ❘ ❡ ❛❧✐ ② ❘ ❡ ❛❧ ❑ ❛ ❈ ■ ✰ ❘ ❡ ❛❧✐ ② ❘ ❡ ❛❧ ❑ ✰ ❍ ❍■ ♥ ✈ ❡ ✮ ③ ❛ ♠ ♥ ✉ ❛✳

❱❡ ✈ ❝ ❤ ♦ ③ ♠ ♠ ♦ ❞ ❡❧ ✉ ❛ ♠ ♦ ❞ ❡❧ ✉ ❈ ■ ✰ ❘ ❡ ❛❧✐ ② ❘ ❡ ❛❧ ❑ ♥ ❡ ♣❧ ❛ ❛ ♥✐ ♦ ✈ ♥ ♦ ✭ ✸✳ ✸✮✳
♦ ③ ❛ ❤ ♥ ✉ ✐ ♥ ✈ ❡ ✐ ❝ ❞ ♦ ♠ ❝ ♥ ♦ ✈ ♠ ♦ ❞ ❡❧ ✉ ❈ ■ ✰ ❘ ❡ ❛❧✐ ② ❘ ❡ ❛❧ ❑ ✰ ❍ ❍■ ♥ ✈ ❡ ✈➨ ❛ ❦

♣❧ ❛ ♥ ♦ ♦ ✈ ♥ ♦ ✐ ✭ ✸✳ ✸✮ ♥ ❡ ③ ❛ ♠ ♠ ❡✱ ♣✲ ❤ ♦ ❞ ♥ ♦ ❛ ❥ ❡ ❞ ♦ ❦ ♦ ♥ ❝ ❡ ✈ ❡❧ ♠✐ ✈ ② ♦ ❦ ✳

❩ ❡ ✈➨ ❡ ❝ ❤ ❡ ♦ ❡ ✐ ❝ ❦ ❝ ❤ ✐ ❞ ❡ ♥ ✐ ❡ ❞ ② ❛❧ ❡ ♣ ♦ ➡ ♣➦✐ ③ ❛ ❤ ♥ ✉ ✐ ♥ ✈ ❡ ✐ ❝ ❞ ♦ ♠ ❝ ♥ ♦ ✲
♣➦✐ ❜❧✐ ➸ ♥ ➙ ♣❧ ❛ ✱ ➸ ❡ ❛ ✉ ♦ ♥ ♦ ♠ ♥ ♣ ♦ ➦ ❡ ❜ ❛ ❥ ❡ ❤ ❛ ③ ❡ ♥ ❛ ❛ ✉ ♦ ♥ ♦ ♠ ♥ ♠✐ ✐ ♥ ✈ ❡ ✐ ❝ ❡ ♠✐✳

❖ ✈➨ ❡ ♠ ❤ ② ♣ ♦ ③ ❛✱ ➸ ❡ ♣➦ ❥ ♠ ② ❡ ❞ ➙❧ ♣ ✈ ➙ ♠ ❡ ③✐ ♣ ♦ ➦ ❡ ❜ ✉ ❛ ✐ ♥ ✈ ❡ ✐ ❝ ❡✱ ❥ ❡ ✈ ❡ ✈➨ ❡ ❝ ❤
➦ ❡ ❝ ❤ ♠ ♦ ❞ ❡❧ ❡ ❝ ❤ ❥ ❡ ❞ ♥ ♦ ③ ♥ ❛ ↔ ♥ ➙ ③ ❛ ♠ ♥ ✉ ❛✳

❩ ❛ ♥ ❛ ✉➨ ❡ ♥ ♠ ♦ ✈ ♥ ♦ ✐ ♣ ♦ ❛ ✐ ♥ ✈ ❡ ✐ ❝ ♣ ❛ ❦ ✈✐ ❞ ♠ ❡ ③ ❡❥ ♠ ♥ ❛ ♣ ✐ ♥ ❝✐ ♣ ❡❧ ❛ ✐ ❝✲
❦ ❝ ❤ ♣ ❡ ♥ ➙ ③✱ ❥ ❛ ❦ ♣ ♦ ♣✐ ✉❥ ❡ ♠ ❡ ✈ ❦ ❛ ♣✐ ♦❧ ❡ ✷✳ ✶✳ ▲ ③ ❡ ❡ ➸ ❞ ♦ ♠ ♥ ✈ ❛ ✱ ➸ ❡ ♥ ❛ ✉➨ ❡ ♥ ♦
♦ ✈ ♥ ♦ ✐ ♥ ❡ ♣➦ ♠ ♦ ③ ➙ ➸ ✉❥ ❡ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ♦ ✉ ❦ ❛❧ ❦ ✉❧ ❛ ❝✐ ✐ ✈ ❞ ❛❧➨ ❝ ❤ ♦ ❤❧ ❡ ❞ ❡ ❝ ❤✳

✺ ✻



❏ ❛ ❦ ❜ ②❧ ♦ ③ ♠✐ ➡ ♦ ✈ ♥ ♦ ❥✐ ➸ ✈ ❦ ❛ ♣✐ ♦❧ ❡ ✸✳ ✻✱ ❥ ❡ ➦ ❡ ❜ ❛ ❦ ✈ ✉ ♣ ➲ ♠ ♠ ♦ ❞ ❡❧ ✉ ♣➦✐ ✉ ♣ ♦ ✈ ❛
♦ ❜ ❡ ③➦ ❡ ♥ ➙✳ ✸ ❙ ▲ ❙ ♦ ❞ ❤ ❛ ❞ ♠ ❣ ❛ ❛ ♥ ♦ ✈ ♥ ② ❛ ② ♠ ♣ ♦ ✐ ❝ ❦ ✈❧ ❛ ♥ ♦ ✐ ③ ❛ ♣❧ ♥ ➙ ♥ ➦ ❛ ❞ ②
❢ ♦ ♠ ❧ ♥ ❝ ❤ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❛ ❞ ➲ ✭ ✈✐ ③ ❦ ❛ ♣✐ ♦❧ ❛ ✶✮✱ ❦ ❡ ✈➨ ❛ ❦ ③ ❞ ❡ ❜ ②❧ ② ♣ ♦ ✉➨ ❡ ♥ ② ✭ ✈✐ ③ ❦ ❛✲
♣✐ ♦❧ ❛ ✸✳ ✺✳ ✽✮✳ ◆ ❛ ✈ ❝ ❛ ♥✐ ♣ ♦ ↔ ❡ ♣ ♦ ③ ♦ ♦ ✈ ♥ ♥ ❡ ♥ ♣➦ ❧✐➨ ✈ ② ♦ ❦ ✱ ❦ ❛ ② ♠ ♣ ♦ ✐ ❝ ❦ ♠
✈❧ ❛ ♥ ♦ ❡ ♠ ❥ ❡ ❡ ❞ ② ➦ ❡ ❜ ❛ ♣➦✐ ✉ ♣ ♦ ✈ ❛ ♦ ❜ ❡ ③➦ ❡ ♥ ➙ ✐ ③ ♦ ❤ ♦ ♦ ❞ ➲ ✈ ♦ ❞ ✉✳ ◆ ❛ ❞ ✉ ❤ ♦ ✉

❛ ♥ ✉✱ ✈ ❜ ➙ ➸ ♥ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ♣ ❛ ①✐ ♥ ❡❥ ♦ ✉ ❛ ✐ ✐ ❝ ❦ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❛ ❞ ② ❡ ❦ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❦ ❝ ❤
♠ ♦ ❞ ❡❧ ➲ ✭ ♥ ❛ ♣➦ ❦❧ ❛ ❞ ❙ ❊ ▼ ❛❥✳✮ ❢ ❛ ❦ ✐ ❝ ❦ ② ✈ ❡ ✐ ✜ ❦ ♦ ✈ ♥ ②✱ ✉ ❞ ➸ ❡ ♣➦✐ ♥ ❡❥ ♠ ❡ ♥➨ ♠ ♥ ❡ ③ ❝ ❡✲
❧ ❛ ❛ ✐ ✐ ❝ ❦ ② ♣ ♦ ❞❧ ♦ ➸ ❡ ♥ ♠✐ ③ ✈ ➙ ② ♥ ❡ ③➦ ❞ ❦ ❛ ❡ ❦ ♠ ❡ ✐ ✈ ♦ ❞ ❜ ♦ ♥ ❝ ❤ ❛ ❡ ✉ ❞ ♦ ✈ ❛ ♥ ❝ ❤
③ ❞ ♦❥ ❝ ❤✳ ❱❡❧ ♠✐ ↔ ❛ ♦ ❡ ♦ ✐ ➸ ♠ ♦ ❞ ❡❧ ② ❤ ♦ ❞ ♥ ♦ ❞❧ ❡ ♣ ❡ ❞✐ ❦ ↔ ♥ ❝ ❤ ♦ ♣ ♥ ♦ ✐✳

✺ ✼



✹✳ ◆ ♦ ✈ ❑ ❡ ② ♥ ❡ ✐ ♥ ❦ ♠ ♦ ❞ ❡❧ ❉ ❙ ● ❊

▼ ♦ ❞ ❡❧ ② ❉ ❙ ● ❊ ✭❉ ② ♥ ❛ ♠✐ ❝ ❙ ♦ ❝ ❤ ❛ ✐ ❝ ● ❡ ♥ ❡ ❛❧ ❊ ✉✐❧✐ ❜ ✐ ✉ ♠✱ ↔ ❡ ❦ ② ♣ ❛ ❦ ❞ ② ♥ ❛ ♠✐ ❝ ❦
♦ ❝ ❤ ❛ ✐ ❝ ❦ ♠ ♦ ❞ ❡❧ ② ✈ ➨ ❡ ♦ ❜ ❡ ❝ ♥ ♦ ✈ ♥ ♦ ✈ ❤ ② ✮ ✈ ② ❝ ❤ ③ ❡❥ ❝ ③ ◆ ♦ ✈ ❑ ❡ ② ♥ ❡ ✐ ♥ ❦ ❡ ❦ ♦✲

♥ ♦ ♠✐ ❡ ❥ ♦ ✉ ✈ ♦ ✉ ↔ ❛ ♥ ❞ ♦ ❜ ➙ ♥ ❡❥ ♣ ♦ ♣ ✉❧ ♥ ➙❥➨ ♠✐ ✉ ❦ ✉ ❧ ♥ ♠✐ ♠ ♦ ❞ ❡❧ ② ♥ ❛ ♣ ♦❧✐
♠ ❡ ③✐ ♥ ♦ ❞ ♥ ❝ ❤ ✐ ♥ ✐ ✉ ❝ ❛ ❝ ❡ ♥ ❧ ♥ ❝ ❤ ❜ ❛ ♥ ❦ ✭ ❍ ♦ ♠ ❞ ❦ ♦ ✈ ✱ ✷ ✵ ✶ ✺✮✳ ✐ ♠ ♥ ➙ ❥ ♦ ✉
✈ ② ✉ ➸ ✈ ♥ ② ♣ ♦ ❦ ♦ ♥ ✉ ❦ ❝ ❡ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞ ❛ ♣ ♦ ✐ ♠ ✉❧ ❛ ❝ ❡ ❞ ♦ ♣ ❛ ❞ ➲ ❤ ♦ ♣ ♦ ❞ ➦ ❦ ✭ ③ ❡❥ ♠ ✲
♥ ❛ ♠ ➙ ♥ ♦ ✈ ✮ ♣ ♦❧✐ ✐ ❦ ②✳

♦ ♦ ❜ ❡ ❝ ♥ ♦ ✉ ❝ ❤ ❛ ❛ ❦ ❡ ✐ ✐ ❦ ✉ ♠ ♦ ❞ ❡❧ ➲ ❉ ❙ ● ❊ ❥ ❡ ✈ ❡❧ ♠✐ ✈ ② ♣ ♦ ✈ ❞ ❛❥ ❝ ❥✐ ➸ ❥ ❡❥✐ ❝ ❤
♥ ③ ❡ ✈✳ ▼ ♦ ❞ ❡❧ ② ❡ ③ ❛ ❜ ✈ ❛❥ ✈ ✈ ♦❥ ❡ ♠ ❡ ❦ ♦ ♥ ♦ ♠✐ ❦ ② ✈ ↔ ❛ ❡ ✭ ❞ ② ♥ ❛ ♠✐ ❦ ❛✮ ❛ ③ ♦ ❤❧ ❡ ❞ ➡ ✉❥
✈❧✐ ✈ ② ♥ ❤ ♦ ❞ ♥ ❝ ❤ ➨ ♦ ❦ ➲ ✭ ♦ ❞ ✉ ❞ ♦ ❝ ❤ ❛ ✐ ❝ ❦ ✮✳ ▼ ♦ ❞ ❡❧ ② ✈➨ ❡ ♦ ❜ ❡ ❝ ♥ ♦ ✈ ♥ ♦ ✈ ❤ ② ❥ ♦ ✉
♣ ❛ ❦ ♠ ➙ ❡ ♠ ♠✐ ❦ ♦ ❡ ❦ ♦ ♥ ♦ ♠✐ ❡✱ ❦ ❡ ❡ ♥ ❛ ➸ ✈ ② ✈ ➙ ❧ ♦ ✈ ❛ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ✈ ✈ ♦❥ ❤❧ ❡ ❞ ✲
♥ ♠ ♦ ✈ ♥ ♦ ✈ ❤ ② ✭ ❡ ❦ ✈✐❧✐ ❜ ✐ ❛✮ ♥ ❛ ❥ ❡ ❞ ♥ ♦ ❧✐ ✈ ❝ ❤ ③ ❝ ❤✳ ▼ ♦ ❞ ❡❧ ② ♦ ❤ ♦ ♦ ② ♣ ✉ ✈ ② ❝ ❤ ③
③ ♠✐ ❦ ♦ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ❝ ❤ ❡ ♦ ❡ ✐ ❝ ❦ ❝ ❤ ③ ❦❧ ❛ ❞ ➲✱ ❝ ♦ ➸ ❜ ② ♠ ➙❧ ♦ ✉ ♥ ❛ ❞ ♥✐ ❥ ❡❥✐ ❝ ❤ ❧ ♦ ❣✐ ❝ ❦ ♦ ✉
✐ ♥ ❡ ♣ ❡ ❛ ❝✐✳

♦ ❞ ♣ ♦❥ ♠ ❡ ♠ ◆ ♦ ✈ ❑ ❡ ② ♥ ❡ ✐ ♥ ❦ ✭ ❞ ❧ ❡ ➸ ❥ ❡ ♥ ◆ ❑ ✮ ❉ ❙ ● ❊ ♠ ♦ ❞ ❡❧ ❡ ✈❧ ❛ ♥ ➙
✉ ❦ ✈ ❝ ❡❧ ➦ ❞ ❛ ♠ ♦ ❞ ❡❧ ➲ ❧✐➨ ❝ ❝ ❤ ❡ ✈ ❞ ❧ ↔ ❝ ❤ ♠ ♦ ❞✐ ✜ ❦ ❛ ❝ ❝ ❤✱ ♣ ♦❥ ↕ ♠ ❡ ✐ ♥ ❡❥ ♣ ✈ ❡
♣ ♦ ♣ ❛ ③ ❦❧ ❛ ❞ ♥ ✱ ✒ ❦ ❛ ♥ ♦ ♥✐ ❝ ❦ ✏ ♠ ♦ ❞ ❡❧✱ ✈ ↔ ❡ ♥ ➙ ❥ ❡ ❤ ♦ ♦ ❞ ✈ ♦ ③ ❡ ♥ ③ ♠✐ ❦ ♦ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦
❡ ♦ ✐ ❡✳

✹✳ ✶ ❑ ❛ ♥ ♦ ♥✐ ❝ ❦ ♠ ♦ ❞ ❡❧

❑ ❛ ♥ ♦ ♥✐ ❝ ❦ ◆ ❑ ❉ ❙ ● ❊ ♠ ♦ ❞ ❡❧ ❡ ❦❧ ❞ ③ ❡ ➦ ♦ ✈ ♥✐ ❝✳ ✈ ♥ ♦ ✈ ♥✐ ❝ ❡ ✭ ✹✳ ✷✮✱ ♥ ❛ ③ ✈ ❛ ♥
◆ ♦ ✈ ❑ ❡ ② ♥ ❡ ✐ ♥ ❦ ■ ❙ ❦ ➦✐ ✈ ❦ ❛✱ ✈ ② ✈ ➙ ❧ ✉❥ ❡ ❝ ❡❧ ❦ ♦ ✈ ♦ ✉ ♣ ♦ ❞ ✉ ❦ ❝✐ ✭ ❍ ❉ ✮✳ ❉ ✉ ❤ ♦ ✈ ♥✐ ❝ ❡
✭ ✹✳ ✸✮✱ ♥ ❛ ③ ✈ ❛ ♥ ◆ ♦ ✈ ❑ ❡ ② ♥ ❡ ✐ ♥ ❦ ❤✐❧❧✐ ♣ ♦ ✈ ❛ ❦ ➦✐ ✈ ❦ ❛ ✱ ✈ ② ✈ ➙ ❧ ✉❥ ❡ ✐ ♥ ✢ ❛ ❝✐✳ ♦ ❧ ❡ ❞ ♥
♦ ✈ ♥✐ ❝ ❥ ❡ ♣ ❛ ❦ ♣ ❛ ✈✐ ❞❧ ♦ ♠ ➙ ♥ ♦ ✈ ♣ ♦❧✐ ✐ ❦ ② ✭ ✹✳ ✹✮✳

❙ ♦ ❤❧ ❡ ❞ ❡ ♠ ♥ ❛ ② ♣✐ ❝ ❦ ② ❡ ① ♣ ♦ ♥ ❡ ♥ ❝✐ ❧ ♥ ❝ ❤ ♦ ✈ ♥ ❡ ❦ ♦ ♥ ♦ ♠✐ ❦ ② ❢ ♦ ♠ ✉❧ ✉❥ ❡ ♠ ❡ ♠ ♦ ❞ ❡❧
✈ ❛ ❦ ③ ✈ ❛ ♥ ❧ ♦ ❣❧✐ ♥ ❡ ❛ ✐ ③ ♦ ✈ ❛ ♥ ♣ ♦ ❞ ♦ ❜ ➙ ✭ ❑ ✉ ❞ ❛ ❤ ✈✐❧✐✱ ✷ ✵ ✶ ✻✮✳ ❱ ②❥ ❛ ♥ ➙ ♠ ❡ ❡ ❞ ② ♥ ❡❥ ♣ ✈ ❡
③ ♥ ❛ ↔ ❡ ♥ ✳ ▼ ❛❧ ♠ ♣ ♠ ❡ ♥ ❡ ♠ ❜ ✉ ❞ ❡ ♠ ❡ ❛ ♥ ❞ ❛ ❞ ♥ ➙ ③ ♥ ❛ ↔✐ ❧ ♦ ❣ ❛ ✐ ♠ ✉ ♣➦ ❧ ✉➨ ♥ ❤ ♦ ❞ ♥ ♦✲
② ✭ ❥✳ x = l n( X )✮✳ ❱❧ ♥ ♦ ✈ ❦ ♦ ✉ ♣ ❛ ❦ ❜ ✉ ❞ ❡ ♠ ❡ ③ ♥ ❛ ↔✐ ♦ ❞ ❝ ❤ ②❧ ❦ ✉ ❞ ❛ ♥ ♣ ♦ ♠ ➙ ♥ ♥ ♦ ❞ ✈

♣➦✐ ♦ ③ ❡ ♥ ❤ ♦ ❞ ♥ ♦ ② ✭ ♦ ♣➦✐ ♦ ③ ❡ ♥ ❝ ❤ ❤ ♦ ❞ ♥ ♦ ❝ ❤ ✈ ❝ ❡ ✈✐ ③ ❦ ❛ ♣✐ ♦❧ ❛ ✹✳ ✹✳ ✷✮✳ ❖ ③ ♥ ❛ ↔ ♠ ❡✲❧✐
♣➦✐ ♦ ③ ❡ ♥ ♦ ✉ ❤ ♦ ❞ ♥ ♦ ✉ ✐ ♥ ❞ ❡ ① ❡ ♠ N ✱ ♣ ❛ ❦ ❡ ❞ ② x̃ = x − x N = l n( X

X N )✳

♦ ♠ ➙ ♥ ♥ ♠ ♦ ❞ ❡❧ ✉✿

Y t ❈ ❡❧ ❦ ♦ ✈ ♣ ♦ ❞ ✉ ❦ ❝ ❡ ✴ ❍ ❉

π t ■ ♥ ✢ ❛ ❝ ❡

r t ❘ ❡ ❧ ♥ ♦ ❦ ♦ ✈ ♠ ❛

■ ♥ ✢ ❛ ❝✐ π t ♣ ♦ ↔ ♠ ❡ ❥ ❛ ❦ ♦ l n( P t

P t − 1
)✳ ♦ ❞ ♦ ❜ ♥ ➙ ❜ ② ✐ ♥ ❛ ✭ ❡ ❧ ♥ ♦ ✉✮ ♦ ❦ ♦ ✈ ♦ ✉ ❛ ③ ❜ ✉ r ➨❧ ♦

♥ ❛ ❤❧ ❞ ♥ ♦ ✉ ❥ ❛ ❦ ♦ ♥ ❛ ❧ ♦ ❣ ❛ ✐ ♠ ✉ ♣ ♦ ❞ ❧ ✉ ❜ ✉ ❞ ♦ ✉ ❝ ❛ ♦ ✉ ↔ ❛ ♥ ❡ ❧ ♥ ❤ ♦ ❞ ♥ ♦ ② ✈ ❦❧ ❛ ❞ ✉✱
♣ ♦ ❜ ➙ ➸ ♥ ♦ ❦ ♦ ✈ ❛ ③ ❜ ② ✭ ❜❧ ③ ❦ ♦ 0 ✮ ✈➨ ❛ ❦ ✈ ② ❛ ↔ ♠ ❡ ❛ ♣ ♦ ①✐ ♠ ❛ ❝

l n( 1 + r ) ≈ r ✭ ✹✳ ✶✮

❛ ❜ ✉ ❞ ❡ ♠ ❡ ♣ ♦ ✉ ➸ ✈ ❛ ♣➦ ♠ ♦ ✭ ❡ ❧ ♥ ✮ ♦ ❦ ♦ ✈ ❛ ③ ❜ ②✳

✺ ✽



♦ ③ ♥ ❛ ♠ ❡ ♥ ❡❥ ♠ ❡ ❥ ❡➨ ➙✱ ➸ ❡ E t (X t+ 1 ) ③ ♥ ❛ ↔ ✱ ❥ ❛ ❦ ♦ ✉ ❜ ✉ ❞ ♦ ✉ ❝ ❤ ♦ ❞ ♥ ♦ ✉ X t+ 1 ♦ ↔ ❡ ❦ ✲
✈ ♠ ❡ ✈ ↔ ❛ ❡ t✳

◆ ② ♥ ❥✐ ➸ ♠ ➲ ➸ ❡ ♠ ❡ ❢ ♦ ♠ ✉❧ ♦ ✈ ❛ ♠ ♦ ❞ ❡❧

ỹ t = E t ỹ t+ 1 −
1

θ
r̃ t + u I S

t , ✭ ✹✳ ✷✮

π̃ t = β E t π̃ t+ 1 + κ ỹ t + u π
t , ✭ ✹✳ ✸✮

r̃ t = φ π E t π̃ t+ 1 + φ y E t ỹ t+ 1 + u M P
t , ✭ ✹✳ ✹✮

❦ ❞ ❡ ♥ ❛ ♣ ❛ ❛ ♠ ❡ ② ② ♣✐ ❝ ❦ ② ❦❧ ❛ ❞ ❡ ♠ ❡ ♦ ♠ ❡ ③ ❡ ♥ θ > 0 ✱ β ∈ ( 0, 1) ❛ κ > 0 , φπ , φy > 0
✭ ♥ ➙ ❦ ❞ ② ❡ ♣➦✐ ♣ ♦ ✉➨ φ y = 0 ✮ ❛ ➨ ♦ ❦ ② ❥ ♦ ✉ ♥ ❤ ♦ ❞ ♥ ♠ ♣ ♦ ❝ ❡ ❡ ♠ ❆ ❘✭ ✶✮✿

u I S
t = ρ I S u

I S
t− 1 + ε I S

t ,

u π
t = ρ π u π

t− 1 + ε π
t ,

u M P
t = ρ M P u M P

t− 1 + ε M P
t ,

❦ ❞ ❡ ❞✐ ✉ ❜ ❛ ♥ ❝ ❡ ε I S
t , επt , εM P

t ❥ ♦ ✉ ♥ ❛ ✈ ③ ❥ ❡ ♠ ♥ ❡ ❦ ♦ ❡❧ ♦ ✈ ❛ ♥ ❜ ❧ ➨ ✉ ♠✳
❱③ ❛ ❤ ♥ ♦ ♠✐ ♥ ❧ ♥ ♦ ❦ ♦ ✈ ♠ ② i ❛ ❡ ❧ ♥ ♦ ❦ ♦ ✈ ♠ ② r ❥ ❡ ♣ ♦ ♦ ♠ ✈ ③ ❤❧ ❡ ❞ ❡ ♠

❦ ❞ ❡ ❡ ♠✐ ♥✐ ✐ ❝ ❦ ♠ ✉ ↔ ❛ ✉ ♠ ♦ ❞ ❡❧ ✉ ✉ ↔ ❡ ♥ ✈ ③ ❛ ❤ ❡ ♠

r t = it − E t π t+ 1 . ✭ ✹✳ ✺✮

❩ ❛❥ ♠ ♥ ♦ ✐ ➸✱ ♦ ❦ ♦❧✐ ❦ ❡ ❡ ❧ ♥ ➙ ③ ❤ ♦ ❞ ♥ ♦ ♥ ❛➨ ❡ ♣ ♦ ② ❜ ➙ ❤ ❡ ♠ ♥ ❧ ❡ ❞ ✉❥ ❝ ❤ ♦
♦ ❜ ❞ ♦ ❜ ✱ ❥ ❡ ❡ ❞ ② ➦ ❡ ❜ ❛ ♣ ♦ ↔ ❛ ❜ ✉ ❞ ♦ ✉ ❝ ✐ ♥ ✢ ❛ ❝ ✳ ❱❧ ❛ ♥ ➙ ❡ ❡ ❞ ② ❥ ❡ ❞ ♥ ♦ ♦ ↔ ❡ ❦ ✈ ❛ ♥ ♦ ✉
❡ ❧ ♥ ♦ ✉ ♦ ❦ ♦ ✈ ♦ ✉ ♠ ✉✳

♦ ♣ ♦ ❝ ❤ ♦ ♣ ❡ ♥ ♦ ❞ ✈ ♦ ③ ❡ ♥ ♦ ✈ ♥✐ ❝ ❥ ❡ ➦ ❡ ❜ ❛ ❡ ♥ ❡❥ ♣ ✈ ❡ ❡ ③ ♥ ♠✐ ♥ ➙ ❦ ❡ ♠✐ ♠✐ ❦✲
♦ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ♠✐ ♣ ❛ ✐ ❡ ♠✐ ◆ ♦ ✈ ❑ ❡ ② ♥ ❡ ✐ ♥ ❦ ❡ ❦ ♦ ♥ ♦ ♠✐ ❡✳ ❱ ❝ ❤ ♦ ③ ♣ ✉ ❜❧✐ ❦ ❛ ❝ ♠ ➲ ➸ ❡

❜ ♥ ❛ ♣➦ ❦❧ ❛ ❞ ❘ ♦ ♠ ❡ ✭ ✷ ✵ ✶ ✶✮✳

✹✳ ✷ ❱ ② ❜ ❛ ♥ ♣ ❛ ✐ ❡ ◆ ♦ ✈ ❑ ❡ ② ♥ ❡ ✐ ♥ ❦ ❡ ❦ ♦ ♥ ♦ ♠✐ ❡

❩ ❦❧ ❛ ❞ ♥ ♠✐ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ♠✐ ❥ ❡ ❞ ♥ ♦ ❦ ❛ ♠✐ ❥ ♦ ✉ ❞ ♦ ♠ ❝ ♥ ♦ ❛ ✜ ♠ ❛ ✳ ❱ ♠ ❝✐ ③❥ ❡ ❞ ♥ ♦✲
❞ ✉➨ ❡ ♥ ♥ ❡ ♣ ♦ ↔ ♠ ❡ ♣ ♦ ♣ ✉❧ ❛ ↔ ♥ ♠ ➲ ❡ ♠ ❛ ♣ ♦ ↔ ♠ ❡ ✜ ① ♥ ♠ ♣ ♦ ↔ ❡ ♠ ❞ ♦ ♠ ❝ ♥ ♦
❛ ✜ ❡ ♠✱ ♣➦✐ ♥ ❡ ❦ ♦ ♥ ❡ ↔ ♥ ♠ ✐ ♥ ✈ ❡ ✐ ↔ ♥ ♠ ❤ ♦ ✐ ③ ♦ ♥ ✉✳ ❚❡ ♦ ✐✐ ❜ ✉ ❞ ✉❥ ❡ ♠ ❡ ♥ ❛ ③ ❦❧ ❛ ❞ ➙ ❦ ♦ ♥✲
❝ ❡ ♣ ✉ ❛ ❦ ③ ✈ ❛ ♥ ❡ ♣ ❡ ③ ❡ ♥ ❛ ✐ ✈ ♥ ❞ ♦ ♠ ❝ ♥ ♦ ✐ ✭ ♣➦ ♣ ❛ ❞ ♥ ➙ ❡ ♣ ❡ ③ ❡ ♥ ❛ ✐ ✈ ♥ ✜ ♠ ②✮✳

↔ ❡❧ ♦ ✈ ❢ ✉ ♥ ❦ ❝ ❡ ❡ ♣ ❡ ③ ❡ ♥ ❛ ✐ ✈ ♥ ❞ ♦ ♠ ❝ ♥ ♦ ✐ ♠ ✈ ❛

∞

t= 0

β t [U (C t ) − V (L t )],

✺ ✾



❦ ❞ ❡ ❥ ❡

β ❉✐ ❦ ♦ ♥ ♥ ❢ ❛ ❦ ♦ ♠ ❡ ③✐ ♦ ❜ ❞ ♦ ❜ ♠✐✱

C t ❙ ♣ ♦ ➦ ❡ ❜ ❛ ❞ ♦ ♠ ❝ ♥ ♦ ✐✱

L t ❝ ❡ ♦ ❞ ✈ ❡ ❞ ❡ ♥ ❞ ♦ ♠ ❝ ♥ ♦ ✱

U (∗ ) ❯ ➸✐ ❦ ♦ ✈ ❢ ✉ ♥ ❦ ❝ ❡ ♣ ♦ ➦ ❡ ❜ ②✱

V (∗ ) ◆ ❦❧ ❛ ❞ ♦ ✈ ❢ ✉ ♥ ❦ ❝ ❡ ♣ ❝ ❡✳

❉ ♦ ♠ ❝ ♥ ♦ ♠ ❡ ❞ ② ✉ ➸✐ ❡ ❦ ③ ❡ ♣ ♦ ➦ ❡ ❜ ♦ ✈ ✈ ❛ ♥ ❤ ♦ ③ ❜ ♦ ➸ ✱ ♣ ❝ ❡ ♣ ♦ ♥✐ ♥ ❛ ♦ ♣ ❛ ❦
♣➦ ❡ ❞ ❛ ✈ ✉❥ ❡ ♥ ❦❧ ❛ ❞✳ ❱ ② ❝ ❤ ③ ♠ ❡ ③ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❛ ❞ ✉✱ ➸ ❡ ♦ ✉ ↔ ❛ ♥ ✉ ➸✐ ❡ ❦ ❥ ❡ ♣ ❡❢ ❡ ♦ ✈ ♥
♣➦ ❡ ❞ ✉ ➸✐ ❦ ❡ ♠ ❜ ✉ ❞ ♦ ✉ ❝ ♠✱ ♣➦✐ ♦ ③ ❡ ♥ ➙ ♣ ❛ ❦ ❜ ✉ ❞ ❡

β ∈ ( 0, 1) .

❉ ❧ ❡ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❞ ♠ ❡✱ ➸ ❡ ✉ ➸✐ ❦ ♦ ✈ ❢ ✉ ♥ ❦ ❝ ❡ ♠ ✈ ❛

U (C t ) =
C 1 − θ

t

1 − θ
, θ > 0 ,

♣ ❡ ❝✐ ❧ ♥ ➙ ♣ ♦ θ = 1

U (C t ) = l n(C t ).

❚ ❛ ❦ ♦ ✈ ➦ ❞ ❛ ❢ ✉ ♥ ❦ ❝ ❥ ❡ ❞ ♦ ❛ ❡ ↔ ♥ ➙ ♦ ❜ ❡ ❝ ♥ ❛ ✭ ♣ ♦ ♥ ❡ ③ ♣ ♦ ♥ ♠ ♥ ♦ ➸ ✈ ♣ ♦ ➦ ❡ ❜ ②✮
♣❧ ➡ ✉❥ ❡ ③ ❦❧ ❛ ❞ ♥ ✈❧ ❛ ♥ ♦ ✐✱ ❦ ❡ ♦ ❞ ✉ ➸✐ ❦ ♦ ✈ ❢ ✉ ♥ ❦ ❝ ❡ ♦ ↔ ❡ ❦ ✈ ♠ ❡✿

• U > 0

• U < 0

❯ ➸✐ ❦ ♦ ✈ ❢ ✉ ♥ ❦ ❝ ❡ ❥ ❡ ❡ ❞ ② ♦ ♦ ✉ ❝ ✈ ❡ ♣ ♦ ➦ ❡ ❜ ➙ ❛ ♣❧ ❛ ③ ❦ ♦ ♥ ❦❧ ❡ ❛❥ ❝ ❝ ❤ ✈ ♥ ♦ ➲
③ ♦ ③ ❛ ❤ ✉✳ ♦ ③ ♥ ❛ ♠ ❡ ♥ ❡❥ ♠ ❡✱ ➸ ❡ ❛ ❦ ♦ ✈ ✉ ➸✐ ❦ ♦ ✈ ❢ ✉ ♥ ❦ ❝ ❡ ♥ ❧ ❡ ➸ ✐ ③✐ ❦ ♦ ✈ ➙ ❛ ✈ ❡ ③ ♥ ♠ ✉
✐ ♥ ✈ ❡ ♦ ♦ ✈✐✱ ❝ ♦ ➸ ❥ ❡ ✈ ➙ ➨✐ ♥ ❛ ❡ ❧ ♥ ❝ ❤ ✐ ♥ ✈ ❡ ♦ ➲ ✭ ❑ ♦ ♣ ❛✱ ✷ ✵ ✶ ✺✮✳

♦ ➸ ❛ ❞ ❛ ✈ ❡ ❦ ♥ ❛ ❞ ❛ ♥ ✈ ❛ ✉ ➸✐ ❦ ♦ ✈ ❢ ✉ ♥ ❦ ❝ ❡ ❥ ❡ ✈ ♣ ❛ ①✐ ♣ ♦ ♠ ➙ ♥ ➙ ♠ ❧ ♦ ❡ ✐ ❦ ✐ ✈ ♥ ✱
♥ ❡ ❜ ♦➫ ❧✐ ♥ ❡ ♥ ❛ ♥ ❢ ♦ ♠ ❛ ❝ ❡ ❥ ❡ ③ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ❤ ♦ ♣ ♦ ❤❧ ❡ ❞ ✉ ③ ❝ ❡❧ ❛ ♥ ❡ ♣ ♦ ❞ ❛ ♥ ✭ ③ ❛ ❝ ❤ ♦✲
✈ ✈ ✈➨ ❡ ❝ ❤ ♥ ② ♥ ❡ ♦ ✈ ♥ ♦ ✐✮ ❛✱ ↔ ❡ ♥ ➦ ♦ ❞ ♣ ✉ ♥ ❡ ♠ ❛ ❡ ♠ ❛ ✐ ❝ ❦ ❢ ♦ ♠ ✉❧ ❛ ❝ ❡✱ ✒ ♦ ③ ✉ ♠ ♥ ✏
❢ ✉ ♥ ❦ ❝ ❡ ♣❧ ➡ ✉❥ ❝ ② ♦ ♣ ♦ ➸ ❛ ❞ ❛ ✈ ❦ ② ✒ ✈ ② ♣ ❛ ❞ ❛❥ ♣ ♦ ❞ ♦ ❜ ♥ ➙✏✳

◆ ❦❧ ❛ ❞ ♦ ✈ ❢ ✉ ♥ ❦ ❝ ❡ ♣ ❝ ❡ ♠ ♣ ❛ ❦ ♣ ♦ ❞❧ ❡ ♥ ❛➨✐ ❝ ❤ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❛ ❞ ➲ ✈ ❛

V (L t ) = K
L γ

t

γ
, γ > 1 , K > 0 ,

❝ ♦ ➸ ❥ ❡ ♦ ♣ ➙ ❞ ♦ ❛ ❡ ↔ ♥ ➙ ♦ ❜ ❡ ❝ ♥ ➦ ❞ ❛ ❢ ✉ ♥ ❦ ❝ ✱ ❦ ❡ ♣❧ ➡ ✉❥ ❡ ♣➦✐ ♦ ③ ❡ ♥ ♣ ♦ ➸ ❛ ❞ ❛ ✈ ❦ ②
♥ ❛ ♥ ❦❧ ❛ ❞ ♦ ✈ ♦ ✉ ❢ ✉ ♥ ❦ ❝✐✿

• V > 0

• V > 0

✻ ✵



◆ ❦❧ ❛ ❞ ② ✭ ✈❧ ❛ ♥ ➙ ♥ ❡ ❣ ❛ ✐ ✈ ♥ ✉ ➸✐ ❡ ❦✮ ❥ ♦ ✉ ❡ ❞ ② ♦ ♦ ✉ ❝ ✈ ♦ ❞ ✈ ❡ ❞ ❡ ♥ ♣ ❝✐✱ ♦ ✈ ♥ ➙ ➸
♠ ❡ ③ ♥ ♥ ❦❧ ❛ ❞ ② ♣ ❝ ❡ ❥ ♦ ✉ ♦ ♦ ✉ ❝ ✳ ❚❡ ❞ ②✱ ↔ ♠ ✈ ❝ ❡ ♣ ❛ ❝ ✉❥ ❡ ♠ ❡✱ ♠ ✈ ➙ ➨ ❞✐ ❦ ♦ ♠✲
❢ ♦ ♣ ♦ ♥ ❞ ❛❧➨ ♣ ❝ ❡ ♣➦ ❡ ❞ ❛ ✈ ✉❥ ❡✳ ❚ ❛ ❦ ♦ ✈ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❛ ❞ ❥ ❡ ♣➦✐ ♦ ③ ❡ ♥ ❛ ✉ ✐ ♥ ♥ ➙
❥ ❡ ♣ ♦ ✈ ❛ ➸ ♦ ✈ ♥ ③ ❛ ♣❧ ♥ ➙ ♥ ✭ ❑ ✉ ❞ ❛ ❤ ✈✐❧✐✱ ✷ ✵ ✶ ✻✮✳

❊ ❦ ✈✐ ✈ ❛❧ ❡ ♥ ♥ ➙ ❧ ③ ❡ ♥ ❛ ♠ ♦ ♥ ❦❧ ❛ ❞ ➲ ♣ ❝ ❡ ✉ ✈ ❛ ➸ ♦ ✈ ❛ ✉ ➸✐ ❡ ❦ ③ ✈ ♦❧ ♥ ❤ ♦ ↔ ❛ ✉✳ ❏ ❡❧✐✲
❦ ♦ ➸ ♣❧ ❛ ✱ ➸ ❡ ✈ ➲❥ ↔ ❛ ❞ ➙❧ ♠ ❡ ♣ ✈ ➙ ♠ ❡ ③✐ ↔ ❛ ✈ ❡ ♥ ♣ ❛ ❝ L ✭❧ ❛ ❜ ♦ ✮ ❛ ↔ ❛ ✈ ♦❧ ♥ ❛
l ✭❧ ❡ ❛ ✉ ❡✮✱ ♠ ➲ ➸ ❡ ♠ ❡ ♥ ❛ ♣➦✳ ✈ ❤ ♦ ❞✐ ♥ ♦ ✈ ♠ ✈ ②❥ ❞➦ ❡ ♥ ✈ ♠ ❝✐ ❥ ❡ ❞ ♥ ♦ ❤ ♦ ❞ ♥ ❡ ♣

U l e a s u r e(l) = V ( 2 4) − V ( 2 4 − l), l ∈ [ 0, 2 4] .

❖ ❞ ✉ ❞ ❥✐ ➸ ♥ ❛ ❞ ♥ ♦ ♦ ❞ ✈ ♦ ❞ ♠ ❡

U l e a s u r e > 0 ❛ U l e a s u r e < 0 ✳

❱❧ ❛ ♥ ♦ ✐ ❞ ❡ ✐ ✈ ❛ ❝ ❢ ✉ ♥ ❦ ❝ ❡ V ❥ ♦ ✉ ❡ ❞ ② ❡ ❦ ✈✐ ✈ ❛❧ ❡ ♥ ♥ ♠✱ ➸ ❡ ✉ ➸✐ ❡ ❦ ③ ✈ ♦❧ ♥ ❤ ♦
↔ ❛ ✉ ❥ ❡ ♦ ♦ ✉ ❝ ❢ ✉ ♥ ❦ ❝ ❡ ❛ ♣❧ ❛ ♣ ♦ ♥ ➙❥ ③ ❦ ♦ ♥ ❦❧ ❡ ❛❥ ❝ ❝ ❤ ♠ ❡ ③ ♥ ❝ ❤ ✈ ♥ ♦ ➲✳

❱ ♣ ♦ ③ ❛ ❞ ❥ ❡ ♣ ❛ ❦ ♣ ❝ ❡ ❛ ♣ ♦ ➦ ❡ ❜ ❛ ♣➦✐ ♦ ③ ❡ ♥ ➙ ♣ ♦ ✈ ③ ♥ ❛✱ ♥ ❡ ❜ ♦➫ ♣ ♦ ➦ ❡ ❜ ♦ ✈ ❛
❧ ③ ❡ ♣ ♦ ✉ ③ ❡ ♦✱ ❝ ♦ ❜ ②❧ ♦ ↔✐ ❥ ❡ ✈ ② ♦ ❜ ❡ ♥ ♦✱ ♥ ❡ ❜ ♦ ❝ ♦ ✐ ♣ ➲❥ ↔ ♠ ❡ ❛ ♣❧ ❛ ♠ ❡ ✈ ♦ ❜ ♦ ✉
✈ ❜ ✉ ❞ ♦ ✉ ❝ ♥ ✉✳ ♦ ❞ ✉ ❦ ❝ ❡ Y t = Y (L t ) ❥ ❡ ♣ ❛ ❦ ♣➦✐ ♦ ③ ❡ ♥ ➙ ❢ ✉ ♥ ❦ ❝ ♦ ♦ ✉ ❝ ✈ ♦ ❞ ✈ ❡ ❞ ❡ ♥
♣ ❝✐✿

• Y > 0

✹✳ ✷✳ ✶ ◆ ♦ ✈ ❑ ❡ ② ♥ ❡ ✐ ♥ ❦ ■ ❙ ❦ ➦✐ ✈ ❦ ❛

❧ ❛ ✱ ➸ ❡ ✈ ❡ ❦ ✈✐❧✐ ❜ ✐ ✉ ♠ ✉ ❜ ♦ ✉ ↔ ❛ ♥ ❛ ❜ ✉ ❞ ♦ ✉ ❝ ♠ ❡ ③ ♥ ✉ ➸✐ ❡ ❦ ③ ❡ ♣ ♦ ➦ ❡ ❜ ②
❡❥ ♥ ✱ ❥✐ ♥ ❛ ❦ ❜ ② ❡ ✈ ② ♣❧ ❛ ✐❧ ♦ ♥ ❛ ✈ ➨✐ ♣ ♦ ➦ ❡ ❜ ✉ ❥ ❡ ❞ ♥ ♦ ❤ ♦ ♦ ❜ ❞ ♦ ❜ ♥ ❛ ❦ ♦ ❞ ✉ ❤ ✲

❤ ♦✳ ❩ ♦ ❤❧ ❡ ❞ ♥ ♠ ❡✲❧✐ ➸ ③ ❤ ♦ ❞ ♥ ♦ ❝ ❡ ♥ ♣ ♦ ♠ ❡ ③✐ ♦ ❜ ❞ ♦ ❜ ♠✐ ❛ ♣ ❡❢ ❡ ❡ ♥ ❝✐ ♦ ✉ ↔ ❛ ♥ ❤ ♦
♦ ❜ ❞ ♦ ❜ ✱ ❞ ♦ ✈ ♠ ❡

C − θ
t = ( 1 + r t )β C − θ

t+ 1 , ✭ ✹✳ ✻✮

❡ ♣ ❡ ❦ ✐ ✈ ❡ ♣ ♦ ③❧ ♦ ❣ ❛ ✐ ♠ ♦ ✈ ♥ ♦ ❜ ♦ ✉ ❛ ♥✿

l n C t = l n C t+ 1 −
1

θ
l n( 1 + r t ) −

1

θ
l n β. ✭ ✹✳ ✼✮

◆ ♦ ♠ ❛❧✐ ③ ✉❥ ❡ ♠ ❡ ✈ ❝ ❤ ♦ ③ ♣ ♦ ↔ ❡ ❞ ♦ ♠ ❝ ♥ ♦ ♥ ❛ 1 ❛ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❞ ♠ ❡✱ ➸ ❡ ❥ ❡ ❞✐ ♥ ♠
✈ ② ✉ ➸✐ ♠ ♣ ♦ ❞ ✉ ❦ ❝ ❡ ❥ ❡ ♣ ♦ ➦ ❡ ❜ ❛✳ ❩ ❛ ➙ ❝ ❤ ♦ ♦ ❦ ♦❧ ♥ ♦ ❥ ♦ ✉ ♣ ♦ ➦ ❡ ❜ ❛ ❡ ♣ ❡ ③ ❡ ♥ ❛ ✐ ✈ ♥
❞ ♦ ♠ ❝ ♥ ♦ ✐ ❛ ❛ ❣ ❡ ❣ ♥ ♣ ♦ ❞ ✉ ❦ ❝ ❡ ❡ ❦ ✈✐ ✈ ❛❧ ❡ ♥ ♥ ✳ ❉❧ ❡ ✭ ❘ ♦ ♠ ❡ ✱ ✷ ✵ ✶ ✶✮ ❡ ❞ ② ♠ ➲ ➸ ❡ ♠ ❡
♣

l n Y t = l n Y t+ 1 −
1

θ
l n( 1 + r t ) −

1

θ
l n β. ✭ ✹✳ ✽✮

❚ ② ♦ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❛ ❞ ② ❥ ♦ ✉ ♦ ✈➨ ❡ ♠ ♣ ♦ ♥ ➙ ❦ ✉ ❞ ♣ ♦ ❜❧ ❡ ♠ ❛ ✐ ❝ ❦ ✱ ✈✐ ③ ❦ ❛ ♣✐ ♦❧ ❛ ✹✳ ✸✳

♦ ❦ ❛ ↔ ✉❥ ♠ ❡ ✈➨ ❛ ❦ ♥ ② ♥ ✈ ♦ ❞ ✈ ♦ ③ ❡ ♥ ✳ ❏ ❛ ❦ ❥✐ ➸ ❜ ②❧ ♦ ③ ♠ ♥ ➙ ♥ ♦ ✈ ➨ ❡✱ ❜ ✉ ❞ ❡ ♠ ❡ ✈ ② ✉ ➸ ✈ ❛
❛ ♣ ♦ ①✐ ♠ ❛ ❝ ❡ ✭ ✹✳ ✶✮✱ ❦ ❡ ♣❧ ❛ ♣ ♦ ❞ ♦ ❛ ❡ ↔ ♥ ➙ ♠ ❛❧ r ✳

✻ ✶



❯ ✈ ➙ ❞ ♦ ♠ ♠ ❡ ✐✱ ➸ ❡ ❡ ①✐ ✉❥ ❡ ❛ ❦ ♦ ✈ ♦ ❦ ♦ ✈ ♠ ❛ ρ ✱ ❦ ❡ ♣ ✈ ➙ ❦ ♦ ♠ ♣ ❡ ♥ ③ ✉❥ ❡
♣ ❡❢ ❡ ❡ ♥ ❝✐ ♦ ✉ ↔ ❛ ♥ ❤ ♦ ♦ ❜ ❞ ♦ ❜ ♣➦ ❡ ❞ ❜ ✉ ❞ ♦ ✉ ❝ ♠✿

( 1 + ρ )β = 1

❖ ❞ ✉ ❞ ✈ ② ♣❧ ✈

− l n β = l n
1

β
= l n( 1 + ρ ) ≈ ρ. ✭ ✹✳ ✾✮

➦✐ ♣ ♦ ♠ ❡ ➡ ♠ ❡ ❥ ❡➨ ➙ ❥ ❡ ❞ ♥ ♦ ✉✱ ➸ ❡ ♠ ❛❧ ♠ ♣ ♠ ❡ ♥ ❡ ♠ ③ ♥ ❛ ↔ ♠ ❡ ❧ ♦ ❣ ❛ ✐ ♠ ✉ ♣➦ ❧ ✉➨ ♥
❤ ♦ ❞ ♥ ♦ ②✳ ❱ ✉ ♦ ❝ ❤ ✈ ❧✐ ❛ ❦ ③ ♦ ✈ ♥✐ ❝ ❡ ✭ ✹✳ ✽✮ ❞ ♦ ✈ ♠ ❡ ✭ ❛ ♣ ♦ ①✐ ♠ ❛ ✐ ✈ ♥ ➙✮

y t = y t+ 1 −
1

θ
(r t − ρ ). ✭ ✹✳ ✶ ✵✮

❆ ↔ ❦ ♦❧✐ ❜ ② ❜ ②❧ ♦ ♠ ♦ ➸ ♥ ③ ❞ ❡ ♦ ❞ ✈ ♦ ③ ❡ ♥ ✉ ❦ ♦ ♥ ↔✐ ❛ ♦ ❞ ❤ ❛ ❞ ♦ ✈ ❛ ❞❧ ❡ ♦ ✈ ♥✐ ❝ ❡ ✭ ✹✳ ✶ ✵✮✱
❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ❧✐ ❡ ❛ ✉ ❛ ❞ ♦ ♣ ♦ ✉ ↔ ✉❥ ❡ ♣ ♦ ↔ ❛ ♣ ➨ ❡ ♦ ❞ ❝ ❤ ②❧ ❦ ❛ ♠✐ ♦ ❞ ♣➦✐ ♦ ③ ❡ ♥ ❝ ❤✱ ❡✲
♣ ❡ ❦ ✐ ✈ ❡ ♦ ✈ ♥ ♦ ✈ ➸ ♥ ❝ ❤ ↔✐ ❡ ♥ ❞ ♦ ✈ ❝ ❤ ❤ ♦ ❞ ♥ ♦ ✭ ✈✐ ③ ❦ ❛ ♣✐ ♦❧ ❛ ✹✳ ✹✳ ✷✮✳

◆ ❡❥ ♣ ✈ ❡ ❥ ❡ ➦ ❡ ❜ ❛ ✉ ↔✐ ♣➦✐ ♦ ③ ❡ ♥ ♦ ✉ ♦ ❦ ♦ ✈ ♦ ✉ ♠ ✉ r N
t ✳ ❚ ✉ ✉ ↔ ♠ ❡ ③ ❡ ✈ ③ ❛ ❤ ✉

✭ ✹✳ ✶ ✵✮✿

r N
t = ρ + θ (y N

t+ 1 − y N
t ) = ρ + θ ∆ y N

t+ 1 . ✭ ✹✳ ✶ ✶✮

❏ ❞ ❡ ♦ ♦ ❦ ♦ ✈ ♦ ✉ ♠ ✉ ✈ ② ♦ ✈ ♥ ✈ ❛❥ ❝ ♠ ❡ ③ ♥ ✉ ➸✐ ❡ ❦ ③ ❡ ♣ ♦ ➦ ❡ ❜ ② ♣➦✐ ♦ ③ ❡ ♥ ❤ ♦ ✈ ✉ ♣ ✉
✈ ♦ ✉ ↔ ❛ ♥ ♠ ❛ ❜ ✉ ❞ ♦ ✉ ❝ ♠ ♦ ❜ ❞ ♦ ❜ ✭ ✈✐ ③ ❛ ❦ ✭ ✹✳ ✻✮✮✳

◆ ② ♥ ✈ ♦ ✈ ♥✐ ❝✐ ✭ ✹✳ ✶ ✵✮ ♦ ❞ ❡ ↔ ❡ ♠ ❡ ♦ ❞ ♦ ❜ ♦ ✉ ❛ ♥ y N
t = y N

t+ 1 − ∆ y N
t+ 1 ✱ ❛ ❛ ❦

❞ ♦ ✈ ♠ ❡

ỹ t = ỹ t+ 1 −
1

θ
r̃ t ,

❦ ❞ ❡ ♦ ❜ ❡ ❝ ♥ ➙ ② ♠ ❜ ♦❧ ❡ ♠ ˜ ③ ♥ ❛ ↔ ♠ ❡ ♦ ❞ ❝ ❤ ②❧ ❦ ✉ ♦ ❞ ♣➦✐ ♦ ③ ❡ ♥ ❤ ♦ ❞ ♥ ♦ ②✿

ỹ t = y t − y N
t ,

r̃ t = r t − (ρ + θ ∆ y N
t+ 1 ). ✭ ✹✳ ✶ ✷✮

❉ ♦ ♣ ♦ ✉ ❞ ❥ ♠ ❡ ♣ ♦ ✉ ♣ ♦ ✈ ❛❧✐ ❞ ❡ ❡ ♠✐ ♥✐ ✐ ❝ ❦ ②✱ ♣➦✐ ✈ ♣ ♦ ↔ ✉ ❡ ❦ ✈✐❧✐ ❜ ✐ ❛ ✭ ✹✳ ✻✮ ❥ ♠ ❡
♣➦ ❡ ❞ ♣ ♦ ❦❧ ❞ ❛❧✐ ③ ♥ ❛❧ ♦ ❜ ✉ ❞ ♦ ✉ ❝ ♣ ♦ ➦ ❡ ❜ ②✳ ❊ ❦ ♦ ♥ ♦ ♠✐ ↔ ❛ ❦ ➦✐ ✈➨ ❛ ❦ ❜ ✉ ❞ ♦ ✉ ❝ ♥ ♦ ♥ ❡✲
③ ♥ ❛❥ ✱ ♦ ③ ❤ ♦ ❞ ✉❥ ❡ ❡ ❞ ② ♥ ❛ ③ ❦❧ ❛ ❞ ➙ ✈ ❝ ❤ ♦ ↔ ❡ ❦ ✈ ♥ ✳ ❚ ♦ ✈➨ ❛ ❦ ♥ ❛ ✈ ❛ ③ ❡✱ ➸ ❡ ✭ ♦ ↔ ❡ ❦ ✲
✈ ❛ ♥ ✮ ♠ ❡ ③ ♥ ✉ ➸✐ ❡ ❦ ③ ❡ ♣ ♦ ➦ ❡ ❜ ② ✈ ♦ ✉ ↔ ❛ ♥ ♠ ❛ ❜ ✉ ❞ ♦ ✉ ❝ ♠ ♦ ❜ ❞ ♦ ❜ ♠ ✉ ❜ ✈ ❡ ❦ ✈✐✲
❧✐ ❜ ✐ ✉ ❡❥ ♥ ✱ ♥✐ ❝ ♥ ❡ ♠ ➙ ♥ ✳ ❉ ❡ ❡ ♠✐ ♥✐ ✐ ❝ ❦ ♦ ✉ ❜ ✉ ❞ ♦ ✉ ❝ ♣ ♦ ❞ ✉ ❦ ❝✐ ❡ ❞ ② ♥ ❛ ❤ ❛ ❞ ♠ ❡ ♦ ↔ ❡✲
❦ ✈ ♥ ♠✱ ❛ ❞ ♦ ✈ ♠ ❡ ❛ ❦ ♦ ✈ ♥✐ ❝✐

ỹ t = E t ỹ t+ 1 −
1

θ
r̃ t .

❱ ② ✈ ✈ ❥ ❡➨ ➙ ♦ ③ ❦ ❛✱ ③ ❞ ❛ ❥ ♦ ✉ ♣ ♦ ✈ ❡ ❞ ❡ ♥ ❛ ♣ ♦ ①✐ ♠ ❛ ❝ ❡ ❧ ❡ ❣✐ ✐ ♠ ♥ ✳ ❘ ❡ ❧ ♥ ♦✲
❦ ♦ ✈ ❛ ③ ❜ ② ❡ ❞❧ ♦ ✉ ❤ ♦ ❞ ♦ ❜ ➙ ♣ ♦ ❤ ② ❜ ✉❥ ♣ ♦ ❞ 1 0 % ✱ ❛ ♣ ♦ ①✐ ♠ ❛ ❝ ❡ ✭ ✹✳ ✶✮✱ ♣ ♦ ❛ ➸ ♠ ♦ ✭ ✹✳ ✾✮
❜ ② ❡ ❞ ② ♥ ❡ ♠ ✉ ❡❧ ② ♣➦✐ ♥ ➨ ❡ ♣➦ ❧✐➨ ✈ ❡❧ ❦ ③ ❦ ❡ ❧ ❡ ♥ ✭ ❜ ②➫ ③ ❞ ❡ ✈ ② ✉ ♣ ✉❥ ❡ ♦ ③ ❦ ❛✱ ③ ❞ ❛ ❥ ❡
♦ ❞ ❛ ♥ ➙ ♥ ❧ ♦ ❣ ❛ ✐ ♠ ✉ ✈ ➲ ❜ ❡ ❝ ✈ ❤ ♦ ❞ ♥ ✱ ❦ ❞ ② ➸ ♦ ❛ ♥ ↔❧ ❡ ♥ ② ♦ ✈ ♥✐ ❝ ❡ ✈ ❧ ♦ ❣ ❛ ✐ ♠✐ ❝ ❦
❢ ♦ ♠ ➙ ③ ➲ ✈ ❛❥ ✮✳

❖ ❞ ✈ ♦ ❞✐❧✐ ❥ ♠ ❡ ❡ ❞ ② ✈ ❛ ◆ ♦ ✈ ❑ ❡ ② ♥ ❡ ✐ ♥ ❦ ■ ❙ ❦ ➦✐ ✈ ❦ ②✱ ❥✳ ♦ ✈ ♥✐ ❝ ❡ ✭ ✹✳ ✷✮✳ ♦ ❞ ✲
✈ ❡❥ ♠ ❡ ❡ ❞ ❧ ❡✱ ❥ ❛ ❦ ❧ ③ ❡ ❞ ♦ ♣ ➙ ❦ ◆ ♦ ✈ ❑ ❡ ② ♥ ❡ ✐ ♥ ❦ ❤✐❧❧✐ ♣ ♦ ✈ ➙ ❦➦✐ ✈ ❝ ❡✳

✻ ✷



✹✳ ✷✳ ✷ ◆ ♦ ✈ ❑ ❡ ② ♥ ❡ ✐ ♥ ❦ ❤✐❧❧✐ ♣ ♦ ✈ ❛ ❦ ➦✐ ✈ ❦ ❛

❱ ❝ ❤ ♦ ❞✐ ❦ ❡ ♠ ❥ ❡ ♠ ♦ ❞ ❡❧ ♥ ✉❧ ❝ ❤ ❝ ❡ ♥ ✭ ❈ ❛❧ ✈ ♦✱ ✶ ✾ ✽ ✸✮✳ ❈ ❛❧ ✈ ♦ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❞ ✱ ➸ ❡ ✜ ♠ ②
♦ ❜ ❡ ❝ ♥ ➙ ♥ ❡ ❛ ♥ ♦ ✈ ✉❥ ♥ ♦ ✈ ❝ ❡ ♥ ② ✈ ❦ ❛ ➸ ❞ ♠ ↔ ❛ ♦ ✈ ♠ ❡ ❦ ✉✱ ❛❧ ❡ ➸ ❡ ♥ ♦ ✈ ❝ ❡ ♥ ② ❛ ♥ ♦ ✈
❥ ❡ ♥ ✉ ↔✐ ♦ ✉ ♣ ❛ ✈ ❞ ➙ ♣ ♦ ❞ ♦ ❜ ♥ ♦ ✳ ➦ ❧ ❡ ➸✐ ♦ ✐ ❦ ❡ ③ ♠ ➙ ♥ ➙ ❝ ❡ ♥ ② ❡ ♣ ❛ ❦ ➦ ❞ ♦✐ ♦ ♥ ♦✲
✈ ♠ ♣ ♦ ❝ ❡ ❡ ♠✳

❱ ❦ ❛ ➸ ❞ ♠ ♦ ❜ ❞ ♦ ❜ ❡ ❞ ② ❡ ♣ ❡ ③ ❡ ♥ ❛ ✐ ✈ ♥ ✜ ♠ ❛ ❛ ♥ ♦ ✈ ♥ ♦ ✈ ♦ ✉ ❝ ❡ ♥ ✉ X t ♣ ❛ ✈ ❞ ➙✲
♣ ♦ ❞ ♦ ❜ ♥ ♦ α (α ∈ ( 0, 1)) ❛ ♣ ❛ ✈ ❞ ➙ ♣ ♦ ❞ ♦ ❜ ♥ ♦ 1 − α ✐ ♣ ♦ ♥ ❡ ❝ ❤ ❝ ❡ ♥ ✉ ③ ♠✐ ♥ ✉❧ ❤ ♦
♦ ❜ ❞ ♦ ❜ ✳

➦✐ ♣ ♦ ♠ ❡ ➡ ♠ ❡✱ ➸ ❡ ✐ ♥ ✢ ❛ ❝✐ ♣ ♦ ↔ ♠ ❡ ❥ ❛ ❦ ♦ ❧ ♦ ❣ ❛ ✐ ♠ ✉ ♣ ♦ ❞ ❧ ✉ ❝ ❡ ♥✱ ❞ ♦ ✈ ♠ ❡ ❛ ❦
✈ ②❥ ❞➦ ❡ ♥

π t = l n
P t

P t− 1

= l n P t − l n P t− 1 = p t − p t− 1 ,

❝ ♦ ➸ ♦ ❞ ♣ ♦ ✈ ❞ ♣ ❡ ❝✐ ❧ ♥ ♠ ✉ ♣➦ ♣ ❛ ❞ ✉ ♣ ♦ α = 1 ✱ ❡ ❞ ② x t = p t ✳ ❖ ❜ ❡ ❝ ♥ ➙ ♠ ➲ ➸ ❡ ♠ ❡
❛ ♣ ♦ ①✐ ♠ ♦ ✈ ❛

π t ≈ α (x t − p t− 1 ).

■ ♥ ✢ ❛ ❝ ❡ ❥ ❡ ❡ ❞ ② ♣➦✐ ♦ ③ ❡ ♥ ➙ ✉ ↔ ❡ ♥ ❛ ♣ ♦ ❞ ❧ ❡ ♠ ✜ ❡ ♠✱ ❦ ❡ ♠ ➙ ♥ ❝ ❡ ♥ ②✱ ❛ ✈ ❡❧✐ ❦ ♦
♦ ③ ♠ ➙ ♥ ②✳ ◆ ② ♥ ❥ ❡ ➦ ❡ ❜ ❛ ♥ ❛❧ ③ ✈ ②❥ ❞➦ ❡ ♥ ♣ ♦ x t ✳ ❖ ③ ♥ ❛ ↔ ♠ ❡

P ∗
t ❝ ❡ ♥ ✉✱ ❦ ❡ ♠ ❛ ①✐ ♠ ❛❧✐ ③ ✉❥ ❡ ③✐ ❦ ✜ ♠ ② ✈ ↔ ❛ ❡ t✱

q j ♣ ❛ ✈ ❞ ➙ ♣ ♦ ❞ ♦ ❜ ♥ ♦ ✱ ➸ ❡ ❝ ❡ ♥ ❛ ③ ✈ ♦❧ ❡ ♥ ✈ ↔ ❛ ❡ t ❜ ✉ ❞ ❡ ♣ ♦➦ ❞ ♣❧ ❛ ♥ ✈ ↔ ❛ ❡ t + j ✳

❘ ♦ ♠ ❡ ✭ ✷ ✵ ✶ ✶✮ ✉ ❦ ❛ ③ ✉❥ ❡✱ ➸ ❡ ③ ❛ ✉ ↔✐ ❝ ❤ ♣ ♦ ❞ ♠ ♥ ❡ ❦ ❧ ③ ❡ ③✐ ❦ ♣➦✐ ❝ ❡ ♥ ❝ ❤ X t ✈ ❦ ❛ ➸✲
❞ ♠ ♦ ❜ ❞ ♦ ❜ t + j ✈ ②❥ ❞➦✐ ✈ ❡ ✈ ❛ ✉

M j F (X t , P ∗
t+ j ),

❦ ❞ ❡ F ❥ ❡ ❢ ✉ ♥ ❦ ❝ ❡ ❝ ❡ ♥ ② X t ❛ ♥ ♦ ✈ ❡ ♥ ✜ ♠ ♦ ✉ ❛ ❝ ❡ ♥ ② P ∗
t+ j ♦ ♣ ✐ ♠ ❧ ♥ ♣ ♦ ❞ ❛ ♥ ♦ ❜ ❞ ♦ ❜

❛ ❦ ❞ ❡ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❞ ♠ ❡✱ ➸ ❡ ✈ ❛ ✐ ❛ ❝ ❡ ↔❧ ❡ ♥ ✉ M j ♠ ❡ ③✐ ➲ ③ ♥ ♠✐ ♦ ❜ ❞ ♦ ❜ ♠✐ ❥ ❡ ③ ❛ ♥ ❡ ❞ ❜ ❛ ❡❧✲
♥ ✳

❘ ♦ ♠ ❡ ✭ ✷ ✵ ✶ ✶✮ ❞ ❧ ❡ ♣➦ ❡ ❝ ❤ ③ ❦ ❧ ♦ ❣ ❛ ✐ ♠✐ ❝ ❦ ♠ ❝ ❡ ♥ ♠ x t ❛ p ∗
t+ j ✱ ❡ ♥ ♦ ❦ ♦ ❦

❥ ❡ ✈➨ ❛ ❦ ❛ ❜✐ ♥ ❛ ♥ ❡ ♠ ② ❡ ♠ ❛ ✐ ❝ ❦ ✈❧✐ ✈ ♥ ❛ ♣ ♦ ✉ ♣ ♦ ❞ ✈ ♦ ③ ❡ ♥ ✳

➦ ❡ ❞ ♣ ♦ ❦❧ ❞ ♠ ❡✱ ➸ ❡ ③ ❜ ② ❦ ♦ ✈ ↔❧ ❡ ♥ ② ❚ ❛ ②❧ ♦ ♦ ✈ ❛ ♦ ③ ✈ ♦❥ ❡ ❧ ③ ❡ ③ ❛ ♥ ❡ ❞ ❜ ❛ ✱ ❛ ♣ ♦ ❦ ❛ ➸ ❞
♦ ❜ ❞ ♦ ❜ ❛ ♣ ♦ ①✐ ♠ ✉❥ ❡ ♠ ❡ F ♣ ♦❧ ② ♥ ♦ ♠ ❡ ♠ ❞ ✉ ❤ ❤ ♦ ➦ ❞ ✉

F (x t , p∗t+ j ) ≈ F (p ∗
t+ j , p∗t+ j ) − K j (x t − p ∗

t+ j )
2 ,

❦ ❞ ❡ K j = − 1
2
F (p ∗

t+ j , p∗t+ j ) > 0 ✭ ♣ ♦ ③ ♥ ❛ ♠ ❡ ♥ ❡❥ ♠ ❡✱ ➸ ❡ ❛ ♣ ♦ ①✐ ♠ ❛ ❝✐ ♣ ♦ ✈ ❞ ♠ ❡ ❦ ♦❧ ❡ ♠
❜ ♦ ❞ ✉ ♠ ❛ ①✐ ♠ ❛ ❛ ❧✐ ♥ ❡ ♥ ↔❧ ❡ ♥ ❡ ❞ ② ✈ ② ♣ ♦ ✉➨ ♠ ❡✱ ♥ ❡ ❜ ♦➫ ③ ❞ ❡ ♣❧ ❛ F = 0 ✮✳

◆ ❛ ③ ❦❧ ❛ ❞ ➙ ➙ ❝ ❤ ♦ ✈ ❛ ❤ ❧ ③ ❡ ❞❧ ❡ ❘ ♦ ♠ ❡ ✭ ✷ ✵ ✶ ✶✮ ♣➦ ❡❥ ♦ ❞ ❧ ♦ ❤ ② ♠ ❛ ①✐ ♠ ❛❧✐ ③ ❛ ❝ ❡
③✐ ❦ ✉ ❦ ❧ ♦ ③ ❡ ♠✐ ♥✐ ♠ ❛❧✐ ③ ❛ ❝ ❡ ✈ ③ ❞ ❧ ❡ ♥ ♦ ✐ ♦ ❞ ♦ ♣ ✐ ♠ ❧ ♥ ❝ ❡ ♥ ② ♣ ♦ ❥ ❡ ❞ ♥ ♦ ❧✐ ✈ ♦ ❜ ❞ ♦ ❜ ✿

✻ ✸



m a x
x t

∞

j = 0

q j M j F (x t , p∗t+ j ) ✭ ✹✳ ✶ ✸✮

mi n
x t

∞

j = 0

q j (x t − p ∗
t+ j )

2 ✭ ✹✳ ✶ ✹✮

❖ ❞ ✉ ❞ ❥✐ ➸ ③ ♣ ♦ ❞ ♠ ♥ ❡ ❦ ♦ ♣ ✐ ♠ ❛❧✐ ② ♣ ✈ ♥ ❤ ♦ ➦ ❞ ✉✱ ❥✳

∞

j = 0

q j (x t − p ∗
t+ j ) = 0,

❞ ♦ ♣ ♦ ↔ ♠ ❡

x t =
∞

j = 0

q j
∞
k = 0 q k

p ∗
t+ j . ✭ ✹✳ ✶ ✺✮

♦ ❜❧ ♠✱ ❡ ❦ ❡ ♠ ❡ ❘ ♦ ♠ ❡ ♥ ❡ ✈ ② ♣ ♦➦ ❞ ✈ ✱ ✈➨ ❛ ❦ ❥ ❡✱ ➸ ❡ ♦ ❜ ❡ ❝ ♥ ➙ K j = K i

♣ ♦ j = i✳ ❆ ❜ ② ❜ ②❧ ♦ ♠ ♦ ➸ ♥ ❛ ♣ ♦ ①✐ ♠ ❛ ✐ ✈ ♥ ➙ ♣➦ ❡❥ ♠ ❡ ③✐ ❧ ♦ ❤ ❛ ♠✐ ✭ ✹✳ ✶ ✸✮ ❛ ✭ ✹✳ ✶ ✹✮✱
♠ ✉ ♠ ❡ ❛ ❦ ♥ ❛ ✈ ❝ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❞ ❛ ✱ ➸ ❡ ♦ ♣ ✐ ♠ ❧ ♥ ❝ ❡ ♥ ❛ p ∗

t+ j ❡ ♠ ❡ ③✐ ➲ ③ ♥ ♠✐ ♦ ❜ ❞ ♦ ❜ ♠✐
♠ ➙ ♥ ❥ ❡ ♥ ③ ❛ ♥ ❡ ❞ ❜ ❛ ❡❧ ♥ ➙ ✭ ❛ ❦✱ ❛ ❜ ② F (p ∗

t+ j , p∗t+ j ) ≈ k o n st. ♣ ♦ ➲ ③ ♥ j ✮✳

❉ ❛❧➨ ♦ ③ ❦ ♦ ✉ ♣ ❛ ❦ ❥ ❡✱ ③ ❞ ❛ ❜ ② ♥ ❡➨❧ ♦ ❡❥ ♥ ♦ ✉ ✈ ❛ ❤ ♦ ✉ ❞ ♦❥ ❦ ❛ ♥ ❛❧ ♦ ❣✐ ❝ ❦ ♠ ✉ ✈ ③ ❛ ❤ ✉
♣ ♦ ♣ ➲ ✈ ♦ ❞ ♥ ✭ ♥ ❡ ③❧ ♦ ❣ ❛ ✐ ♠ ♦ ✈ ❛ ♥ ✮ ❝ ❡ ♥ ② X t ❛ P ∗

t ✳ ❇ ♦ ❤ ✉ ➸ ❡❧✱ ♣➦ ❡ ❝ ❤ ♦ ❞ ❦ ❧ ♦ ❣ ❛ ✐ ♠✐ ❝ ❦ ♠
❝ ❡ ♥ ♠ ❥ ❡ ③ ❝ ❡❧ ❛ ❛ ❜✐ ♥ ❛ ❡❥ ♥ ♠ ♣ ♦ ✉ ♣ ❡ ♠ ♦ ❞ ✈ ♦ ③ ❡ ♥ ❧ ③ ❡ ❞ ♦ ♣ ➙ ➸ ❦ ✈ ②❥ ❞➦ ❡ ♥

X t =
∞

j = 0

q j
∞
k = 0 q k

P ∗
t+ j .

❯ ❦ ❛ ③ ✉❥ ❡ ❡ ❛ ❦✱ ➸ ❡ ❝ ❡❧ ♦ ❞ ✈ ♦ ③ ❡ ♥ ❥ ❡ ❛ ♣ ♦ ①✐ ♠ ❛ ✐ ✈ ♥ ❞ ♦ ♠ ②✱ ➸ ❡ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❞

l n(
j

Q j P j ) ≈
j

Q j l n(P j ).

❱❡ ✈ ➨ ❡ ✉ ✈ ❡ ❞ ❡ ♥ ❝ ❤ ✈ ❛ ❤ ❝ ❤ ❥ ♠ ❡ ➸ ✈ ③ ❥ ♠ ✉ ❥ ❡ ❞ ♥ ♦ ❞ ✉ ❝ ❤ ♦ ✐ ♥ ❡ ✉ ✈ ❛ ➸ ♦ ✈ ❛❧✐ ❞✐ ✲
❦ ♦ ♥ ♥ ❢ ❛ ❦ ♦ β ✭ ❡ ♣✳ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❞ ❛❧✐ ❥ ♠ ❡ β ≈ 1 ✮✳ ❚❡ ♥ ♦ ↔❧ ❡ ♥ ✈➨ ❛ ❦ ❧ ③ ❡ ❞ ♦ ♦ ✈ ♥✐ ❝ ❡
✭ ✹✳ ✶ ✸✮ ♣➦✐ ♦ ③ ❡ ♥ ➙ ✈❧ ♦ ➸✐ ✳ ❯ ✈ ➙ ❞ ♦ ♠ ♠ ❡ ✐ ♦ ✈ ♥ ➙ ➸✱ ➸ ❡ ✈ ♥ ❛➨ ❡ ♠ ♠ ♦ ❞ ❡❧ ✉ ♥ ✉❧ ❝ ❤ ❝ ❡ ♥
❞❧ ❡ ❈ ❛❧ ✈ ❛ ♣❧ ❛ q j = ( 1 − α ) j ✱ ❛ ③ ❡ ✈ ③ ❛ ❤ ✉ ✭ ✹✳ ✶ ✺✮ ❛ ❦ ❞ ♦ ✈ ♠ ❡

x t =

∞

j = 0

β j ( 1 − α ) j

∞
k = 0 β k ( 1 − α ) k

p ∗
t+ j = [ 1 − β ( 1 − α )]

∞

j = 0

β j ( 1 − α ) j p ∗
t+ j .

➄ ❡➨ ❡ ♥ ♠ ❥ ❡ ❡ ❞ ② ✈ ➸ ❡ ♥ ♣ ➲ ♠ ➙ ♦ ♣ ✐ ♠ ❧ ♥ ❝ ❤ ❝ ❡ ♥ ♣ ♦ ❥ ❡ ❞ ♥ ♦ ❧✐ ✈ ♦ ❜ ❞ ♦ ❜ ✱ ❦ ❞ ❡
✈ ➸ ♠ ❡ ♣ ❛ ✈ ❞ ➙ ♣ ♦ ❞ ♦ ❜ ♥ ♦ ✱ ➸ ❡ ❝ ❡ ♥ ❛ x t ❜ ✉ ❞ ❡ ✈ ❞ ❛ ♥ ♠ ♦ ❜ ❞ ♦ ❜ ♣❧ ❛ ♥ ✱ ❛ ❞✐ ❦ ♦ ♥ ❡ ♠✱
❥ ❡❧✐ ❦ ♦ ➸ ✉ ➸✐ ❦ ✉ ✈ ❡ ✈ ③ ❞ ❧ ❡ ♥ ➙❥➨ ❜ ✉ ❞ ♦ ✉ ❝ ♥ ♦ ✐ ♣➦✐ ❦❧ ❞ ♠ ❡ ♠ ❡ ♥➨ ✈ ❤ ✉✳

✻ ✹



❱ ↔ ❛ ❡ t + 1 ↔ ❡❧ ✜ ♠ ② ♦ ❜ ❞ ♦ ❜ ♥ ♠ ✉ ♣ ♦ ❜❧ ♠ ✉✱ ♥ ❛ ♣ ❛ ✈ ❛ ♥ ➙ ♦ ✈ ♥✐ ❝ ❡ ✈ ②❥ ❞➦ ♠ ❡
x t+ 1 ❛ ❞ ♦ ✈ ♠ ❡ ✈ ③ ❛ ❤

x t = [ 1 − β ( 1 − α )]p ∗
t + β ( 1 − α )E t x t+ 1 ,

❦ ❞ ❡ ❥ ♠ ❡ ♥ ❡ ③ ♥ ♠ ♦ ✉ ❜ ✉ ❞ ♦ ✉ ❝ ❤ ♦ ❞ ♥ ♦ ✉ x t+ 1 ♥ ❛ ❤ ❛ ❞✐❧✐ ♦ ↔ ❡ ❦ ✈ ❛ ♥ ♦ ✉ ❤ ♦ ❞ ♥ ♦ ♦ ✉✳ ❖ ❞ ♦ ❜ ♦ ✉
❛ ♥ ♦ ✈ ♥✐ ❝ ❡ ♥ ② ♥ ♦ ❞ ❡ ↔ ❡ ♠ ❡ p t ❛ ♣➦ ❡ ♣ ➨ ❡ ♠ ❡ ❥ ❛ ❦ ♦

(x t − p t− 1 ) − (p t − p t− 1 ) = [ 1 − β ( 1 − α )](p ∗
t − p t ) + β ( 1 − α )(E t x t+ 1 − p t ).

❱ ② ✉ ➸✐ ♠ ♥ ❧ ❡ ❞ ✉❥ ❝ ❝ ❤ ✐ ❞ ❡ ♥ ✐ ✿

• x t − p t− 1 = π t / α ✱

• E t x t+ 1 − p t = E t π t+ 1 / α ✱

• p t − p t− 1 = π t ✱

• p ∗
t − p t = φ y t + c ✱

❞ ♦ ✈ ♠ ❡

π t

α
− π t = [ 1 − β ( 1 − α )](φ y t + c ) + β ( 1 − α )

E t π t+ 1

α
,

♥ ❡ ❜ ♦❧✐

π t =
α

1 − α
[ 1 − β ( 1 − α )](φ y t + c ) + β E t π t+ 1

= κ y t + β E t π t+ 1 + k o n st.,

❦ ❞ ❡
κ =

α

1 − α
[ 1 − β ( 1 − α )]φ.

✈ ♥ ✐ ❞ ❡ ♥ ✐ ✉ ❥ ♠ ❡ ♦ ❞ ✈ ♦ ❞✐❧✐ ✈ ➨ ❡✱ ❞ ✉ ❤ ③ ♥ ♣➦ ♠ ♦ ♣❧ ② ♥ ❡ ❛ ➦ ❡ ❥ ❡ ♦ ✈ ♥ ➙ ➸
✈ ② ✈ ➙ ❧ ❡ ♥ ✈ ➨ ❡✳ ❖ ❞ ✈ ♦ ③ ❡ ♥ ♣ ♦ ❧ ❡ ❞ ♥ ✐ ❞ ❡ ♥ ✐ ②✱ p ∗

t − p t = φ y t + c ✱ ✈➨ ❛ ❦ ♣➦ ❡ ❛ ❤ ✉❥ ❡
♦ ③ ❛ ❤ ♦ ♣ ❝ ❡ ❛ ❧ ③ ❡ ❥ ❡❥ ♥ ❛❧ ③ ♥ ❛ ♣➦ ❦❧ ❛ ❞ ✈ ❦ ♥✐ ③ ❡ ❘ ♦ ♠ ❡ ✭ ✷ ✵ ✶ ✶✮✳

❖ ❞ ❡ ↔ ❡ ♥ ♠ ♣➦✐ ♦ ③ ❡ ♥ ❝ ❤ ✭ ↔✐ ♦ ✈ ♥ ♦ ✈ ➸ ♥ ❝ ❤✱ ❡ ♣ ❡ ❦ ✐ ✈ ❡ ❡ ♥ ❞ ♦ ✈ ❝ ❤✮ ❤ ♦ ❞ ♥ ♦ ❡
♣ ❛ ❦ ③ ❜ ❛ ✈ ♠ ❡ ❦ ♦ ♥ ❛ ♥ ② ❛ ❞ ♦ ✈ ♠ ❡ ◆ ❑ ❤✐❧❧✐ ♣ ♦ ✈ ✉ ❦ ➦✐ ✈ ❦ ✉ ✈ ♣ ♦ ➸ ❛ ❞ ♦ ✈ ❛ ♥ ♠ ✈ ❛ ✉

π̃ t = β E t π̃ t+ 1 + κ ỹ t + u π
t β ∈ ( 0, 1); κ > 0 .

✹✳ ✷✳ ✸ ❛ ✈✐ ❞❧ ❛ ♠ ➙ ♥ ♦ ✈ ♣ ♦❧✐ ✐ ❦ ②

♦ ❧ ❡ ❞ ♥ ♦ ✈ ♥✐ ❝ ❡ ❦ ❛ ♥ ♦ ♥✐ ❝ ❦ ❤ ♦ ♠ ♦ ❞ ❡❧ ✉ ❥ ❡ ♣ ❛ ✈✐ ❞❧ ♦ ♠ ➙ ♥ ♦ ✈ ♣ ♦❧✐ ✐ ❦ ②✳ ❩ ❞ ❡ ❥ ❡ ❦ ❞✐ ✲
♣ ♦ ③✐ ❝✐ ❝ ❡❧ ➦ ❛ ❞ ❛ ♠ ♦ ➸ ♥ ❝ ❤ ♣ ❛ ✈✐ ❞ ❡❧✱ ❦ ❡ ❧ ③ ❡ ✈ ② ❜ ❛ ✳ ▼ ② ❡ ♣ ♦ ❞ ♦ ❜ ♥ ➙❥✐ ♣ ♦ ❞ ✈ ♠ ❡
♥ ❛ ❞ ✈ ➙ ③ ♥✐ ❝ ❤✳

✻ ✺



❘ ♦ ♠ ❡ ✭ ✷ ✵ ✶ ✶✮ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❞ ✱ ➸ ❡ ❝ ❡ ♥ ❧ ♥ ❜ ❛ ♥ ❦ ② ♣ ♦ ✉ ➸ ✈ ❛❥ ✒ ✈ ❤❧ ❡ ❞ ♦ ✈ ✏ ✭❢ ♦ ✇ ❛ ❞✲
❧ ♦ ♦ ❦✐ ♥ ❣✮ ♦ ❦ ♦ ✈ ♣ ❛ ✈✐ ❞❧ ♦ ✈ ❡ ✈ ❛ ✉

r̃ t = φ π E t π̃ t+ 1 + φ y E t ỹ t+ 1 ,

❡ ❛ ❣ ✉❥ ❝ ❡ ❛ ❦ ♥ ❛ ♦ ↔ ❡ ❦ ✈ ❛ ♥ ③ ♠ ➙ ♥ ② ✈ ✐ ♥ ✢ ❛ ❝✐ ❛ ✈ ✉ ♣ ✉✳ ❖ ③ ♥ ❛ ↔ ♠ ❡ ✐ ♦ ♦ ♣ ❛ ✈✐ ❞❧ ♦
♠ ➙ ♥ ♦ ✈ ♣ ♦❧✐ ✐ ❦ ② ❥ ❛ ❦ ♦ ♣ ❛ ✈✐ ❞❧ ♦ ✶ ✳

❆❧ ❡ ♥ ❛ ✐ ✈ ♥ ➙ ❧ ③ ❡ ✈ ②❥ ♥ ❛ ♣➦✳ ③ ❡ ✒ ③ ❦❧ ❛ ❞ ♥ ❤ ♦✏ ❚ ❛ ②❧ ♦ ♦ ✈ ❛ ♣ ❛ ✈✐ ❞❧ ❛ ❤ ♦ ♣ ♦ ❞ ➦ ❦
♣ ♦❧✐ ✐ ❦ ② ✭ ❚ ❛ ②❧ ♦ ✱ ✶ ✾ ✾ ✸✮✱ ❥✳✿

it = 0 , 0 4 + 1 , 5( π t − 0 , 0 2) + 0 , 5 ỹ t ,

❦ ❞ ❡ 0 , 0 4 ❥ ❡ ❞❧ ♦ ✉ ❤ ♦ ❞ ♦ ❜ ♦ ❦ ♦ ✈ ♠ ❛ ❛ 0 , 0 2 ✐ ♥ ✢ ❛ ↔ ♥ ❝ ❧✳

❚❡ ♥ ♦ ✈ ③ ❛ ❤ ♣➦✐ ♦ ③ ❡ ♥ ➙ ③ ♦ ❜ ❡ ❝ ♥ ♠ ❡ ♥ ❛

it = iN + φ π (π t − π N ) + φ y ỹ t ,

❡ ♣ ❡ ❦ ✐ ✈ ❡

ĩt = φ π π̃ t + φ y ỹ t ,

❦ ❡ ➸ ♦ ♣ ❛ ✈✐ ❞❧ ♦ ♠ ➙ ♥ ♦ ✈ ♣ ♦❧✐ ✐ ❦ ② ✐ ♦ ③ ♥ ❛ ↔ ♠ ❡ ❥ ❛ ❦ ♦ ♣ ❛ ✈✐ ❞❧ ♦ ✷ ✳ ➦✐ ♣ ♦ ♠ ❡ ➡ ♠ ❡✱
➸ ❡ ✈ ③ ❛ ❤ ♠ ❡ ③✐ ❡ ❧ ♥ ♦ ✉ ❛ ♥ ♦ ♠✐ ♥ ❧ ♥ ♦ ❦ ♦ ✈ ♦ ✉ ♠ ♦ ✉ ❥ ❡ ❧ ❡

r t = it − E t π t+ 1 ,

❛ ↔ ♦ ♠ ➲ ➸ ❡ ❜ ✈ ♣➦ ♣ ❛ ❞ ➙ ♦ ❤ ♦ ♦ ♠ ➙ ♥ ♦ ✈ ❤ ♦ ♣ ❛ ✈✐ ❞❧ ❛ ❦ ♦ ♥ ❛✐ ♥ ✉✐ ✐ ✈ ♥ ✳ ➦✐ ♦ ③ ❡ ♥ ➙
♣ ❛ ❦

r̃ t = ĩt − E t π̃ t+ 1 .

❖ ③ ❦ ✉ ❡ ①✐ ❡ ♥ ❝ ❡ ❥ ❡ ❞✐ ♥ ❤ ♦ ❛ ❛ ❜✐❧ ♥ ❤ ♦ ❡ ❦ ✈✐❧✐ ❜ ✐ ❛ ❜❧ ➸ ❡ ➦ ❡➨ ❦ ✉ ♣➦ ❦❧ ❛ ❞ ✉ ❇ ✉❧❧ ❛ ❞
✭ ✷ ✵ ✵ ✷✮✳ ❯ ❦ ❛ ③ ✉❥ ❡ ❡✱ ➸ ❡ ♥ ✉ ♥ ♦ ✉ ♣ ♦ ❞ ♠ ♥ ❦ ♦ ✉ ❡ ①✐ ❡ ♥ ❝ ❡ ❛ ❥ ❡ ❞ ♥ ♦ ③ ♥ ❛ ↔ ♥ ♦ ✐ ❡ ❦ ✈✐❧✐ ❜ ✐ ❛
❥ ❡ ✈ ♦ ❜ ♦ ✉ ♣➦ ♣ ❛ ❞ ❡ ❝ ❤ ♣ ❛ ✈✐ ❞ ❡❧ ♠ ➙ ♥ ♦ ✈ ♣ ♦❧✐ ✐ ❦ ② ✭ ✉ ♣ ❛ ✈✐ ❞❧ ❛ ✶ ❥ ❡➨ ➙ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❞ ♠ ❡
❛ ❝✐ ♦ ♥ ❧ ♥ ♦ ↔ ❡ ❦ ✈ ♥ ✮ ♣ ♦ ❞ ♠ ♥ ❦ ❛

κ (φ π − 1) + ( 1 − β )φ y > 0 , ✭ ✹✳ ✶ ✻✮

♣➦✐ ↔ ❡ ♠ ➸ ♣ ♦ ♣ ❛ ✈✐ ❞❧ ♦ ✷ ❥ ❞ ❡ ➸ ♦ ♣ ♦ ❞ ♠ ♥ ❦ ✉ ♣ ♦ ❛ ↔ ✉❥ ❝ ✳ ✭ ❋ ♦ ♠ ❧ ♥ ➙ ❥ ❡ ❥ ❡➨ ➙ ➦ ❡✲
❜ ❛ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❞ ❛ ✱ ➸ ❡ ✈ ✉ ✈ ❡ ❞ ❡ ♥ ♥ ❡ ♦ ✈ ♥✐ ❝✐ ♥ ❡ ♥ ❛ ✈ ♦ ✈ ♥ ♦ ✱ ❛ ✈ ② ❤ ♥ ♦ ✉ ❡ ❛ ❦
❞ ❡ ❣ ❡ ♥ ❡ ♦ ✈ ❛ ♥ ♠ ✉ ♣➦ ♣ ❛ ❞ ✉✳✮
❖ ❞ ✉ ❞ ③➦ ❡❥ ♠ ➙

φ y = 0 ⇒ φ π > 1 .

❘ ❡ ❛ ❣ ✉❥ ❡✲❧✐ ❡ ❞ ② ❝ ❡ ♥ ❧ ♥ ❜ ❛ ♥ ❦ ❛ ↔✐ ➙ ♥ ❛ ✐ ♥ ✢ ❛ ❝✐✱ ❥ ❡ ✈ ♠ ❝✐ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ❛ ❜✐❧✐✲
② ♥ ✉ ♥ ✱ ❛ ❜ ② ♥ ❛ ③ ♠ ➙ ♥ ✉ ✐ ♥ ✢ ❛ ❝ ❡ ❡ ❛ ❣ ♦ ✈ ❛❧ ❛ ♦ ➦ ❡ ✈ ➙ ➨ ③ ♠ ➙ ♥ ♦ ✉ ✭ ♥ ♦ ♠✐ ♥ ❧ ♥ ✮ ♦ ❦ ♦✲

✈ ♠ ②✳ ❑ ♦ ♠ ➙ ✈ ♦❧ ❜ ② ♣ ❛ ✈✐ ❞❧ ❛ ♠ ➙ ♥ ♦ ✈ ♣ ♦❧✐ ✐ ❦ ② ❥ ❡ ③ ✈ ❛ ➸ ♥ ♠ ♣ ♦ ❜❧ ♠ ❡ ♠ ♦ ③ ❦ ❛✱
❥ ❛ ❦ ③ ❦ ✈ ♠ ❡ ♦ ↔ ❡ ❦ ✈ ♥ ❜ ✉ ❞ ♦ ✉ ❝ ❝ ❤ ❤ ♦ ❞ ♥ ♦ ✳

✻ ✻



✹✳ ✸ ❑ ✐ ✐ ❦ ❛ ◆ ❑ ❉ ❙ ● ❊ ♠ ♦ ❞ ❡❧ ➲

❘ ❡❧ ❛ ✐ ✈ ♥ ➙ ③ ✈ ❛ ➸ ♥ ♣ ♦ ❜❧ ♠ ❧ ③ ❡ ♣ ❛ ➦✐ ✈ ♣➦ ❡ ❝ ❤ ♦ ❞ ✉ ♠ ❡ ③✐ ♦ ✈ ♥✐ ❝ ❡ ♠✐ ✭ ✹✳ ✼✮ ❛ ✭ ✹✳ ✽✮✳
▲ ③ ❡ ✉ ✉ ③ ♦ ✈ ❛ ✱ ➸ ❡ ✈ ♦ ♠ ♦ ❜ ♦ ❞ ➙ ❡ ♠ ♦ ❞ ❡❧ ❞ ♦ ✈ ❞ ♦ ✈ ♥✐ ➦ ♥ ❤ ♦ ♣ ♦ ✉✳

❚ ♦ ✐ ➸✱ ♦ ✈ ♥ ♦ ✐ ✭ ✹✳ ✻✮ ❥ ❡ ♠ ♦ ➸ ♥ ❞ ♦ ❤ ♥ ♦ ✉ ❥ ❡ ♥ ❞ ❦ ② ♣➦ ❡ ✈ ♦ ❞ ✉ ♣ ♦ ➦ ❡ ❜ ② ♠ ❡ ③✐ ♦ ❜✲
❞ ♦ ❜ ♠✐ ✲ ♣ ➲❥ ↔ ♦ ✈ ♥ ❛ ✐ ♥ ✈ ❡ ♦ ✈ ♥ ✳ ❉ ❧ ❡ ✈➨ ❛ ❦ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❞ ♠ ❡✱ ➸ ❡ ♣ ✈ ➙ ✈ ❡➨ ❦ ❡
♣ ♦ ❞ ✉ ❦ ❝ ❡ ❥ ❡ ♣ ♦ ➦ ❡ ❜ ♦ ✈ ♥ ❛ ❛ ✐ ♥ ✈ ❡ ✐ ❝ ❡ ❥ ♦ ✉ ❡ ❞ ② ♥ ✉❧ ♦ ✈ ✳ ❚ ♠ ✈➨ ❛ ❦ ♣➦✐ ❝ ❤ ③ ♠ ❡ ♦ ♠ ❡✲
❝ ❤ ❛ ♥✐ ♠ ✉ ❞ ♦ ❛ ➸ ❡ ♥ ♦ ✈ ♥ ♦ ✈ ❤ ② ✭ ✹✳ ✻✮ ❛ ♦ ✈ ♥✐ ❝ ❡ ❛ ❦ ♣➦ ❡ ✈ ♦ ❜ ❡ ❝ ♥ ➙ ♣❧ ❛ ✐ ✳

♦ ✉❥ ❛ ♥ ➙ ♥ ✐ ❥ ❡➨ ➙ ❥ ❡ ❞ ♥ ♦ ✉ ♦ ③ ❡ ❜ ❡ ♠ ❡ ♣ ✐ ♥ ❝✐ ♣ ♦ ✈ ♥✐ ❝ ❡ ✭ ✹✳ ✻✮✿

C − θ
t = ( 1 + r t )β C − θ

t+ 1

❩ ♠ ➙ ♥ ❛ ♣ ♦ ➦ ❡ ❜ ② C t ✈ ↔ ❛ ❡ t ♦ ✐ ♥ ✜ ♥✐ ❡ ③✐ ♠ ❧ ♥ ➙ ♠ ❛❧ ∆ ✭ ♠ ❡ ③ ♥ ✉ ➸✐ ❡ ❦ ❥ ❡ ♥ ❡ ③ ♠ ➙✲
♥ ➙ ♥✮✱ ♥ ❛ ♣➦✳ ♣ ♦ ❦❧ ❡ ✱ ✈ ❡ ❞ ❡ ❦ ♣ ♦ ❦❧ ❡ ✉ ✉ ➸✐ ❦ ✉ ✈ ↔ ❛ ❡ t ♦ ∆ C − θ

t ❛ ♥ ➲ ✉ ✉ ➸✐ ❦ ✉ ✈ ↔ ❛ ❡
t + 1 ♦ ( 1 + r t ) ∆C − θ

t+ 1 ✳ ❍ ♦ ❞ ♥ ♦ ❛ ∆ ❡ ❞ ② ❜ ②❧ ❛ ✐ ♥ ✈ ❡ ♦ ✈ ♥ ❛ ❛ ③ ❤ ♦ ❞ ♥ ♦ ❝ ❡ ♥ ❛ ❡ ❧ ♥ ♠
♦ ❦ ❡ ♠✳ ▼ ❛ ①✐ ♠ ❧ ♥ ❤ ♦ ✉ ➸✐ ❦ ✉ ♠ ➲ ➸ ❡ ❜ ❞ ♦ ❛ ➸ ❡ ♥ ♦ ❥ ❡ ♥ ❡ ❤ ❞ ②✱ ❦ ❞ ② ➸ ❡ ❛ ❦ ♦ ✈ ♦ ✉ ✐ ♥ ✜✲

♥✐ ❡ ③✐ ♠ ❧ ♥ ➙ ♠ ❛❧ ♦ ✉ ③ ♠ ➙ ♥ ♦ ✉ ❝ ❡❧ ❦ ♦ ✈ ✉ ➸✐ ❡ ❦ U = U (C t ) + β U (C t+ 1 ) ♥ ❡ ♠ ➙ ♥ ✭ ♥ ✉ ♥
♣ ♦ ❞ ♠ ♥ ❦ ❛ ♦ ♣ ✐ ♠ ❛❧✐ ②✮✱ ❡ ❞ ② ♣ ♦ ❦❧ ❡ ✉ ➸✐ ❦ ✉ ✈ ↔ ❛ ❡ t ❥ ❡ ❡❥ ♥ ❥ ❛ ❦ ♦ ♥ ➲ ❞✐ ❦ ♦ ♥✲
♦ ✈ ❛ ♥ ❤ ♦ ✉ ➸✐ ❦ ✉ ✈ ↔ ❛ ❡ t + 1 ✳ ♦ ❦ ✉ ❞ ❜ ② ❡ ❞ ② ♦ ✈ ♥ ♦ ✭ ✹✳ ✻✮ ♥ ❡ ♣❧ ❛ ✐❧ ❛✱ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦

❛ ❦ ❜ ② ♠ ♦ ❤❧ ③ ✈ ➨✐ ✈ ➲❥ ✉ ➸✐ ❡ ❦ ✐ ♥ ✈ ❡ ♦ ✈ ♥ ♠ ✭ ♥ ❡ ❜ ♦ ♣ ➲❥ ↔ ❡ ♥ ♠ ✐✮✳

❑ ❞ ♦ ❛ ➸ ❡ ♥ ♦ ♣ ✐ ♠ ❛❧✐ ② ❛ ♣❧ ❛ ♥ ♦ ✐ ♦ ✈ ♥✐ ❝ ❡ ✭ ✹✳ ✻✮ ❥ ❡ ❡ ❞ ② ❡ ❡ ♥ ❝✐ ❧ ♥ ❝ ❤ ♦ ♣ ♥ ♦
❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ❤ ♦ ❛ ❦ ❛ ✐ ♥ ✈ ❡ ♦ ✈ ❛ ✳

♦ ❜❧ ♠ ✈ ❥ ❞ ✉ ♣❧ ② ♥ ❡ ③ ❦ ♦ ♥ ❝ ❡ ♣ ✉ ❡ ♣ ❡ ③ ❡ ♥ ❛ ✐ ✈ ♥ ❞ ♦ ♠ ❝ ♥ ♦ ✐ ✲ ✈ ♦ ✉ ❤ ♥ ✉
❝ ❡❧ ❡ ❦ ♦ ♥ ♦ ♠✐ ❦ ② ♠ ✉ ③➦ ❡❥ ♠ ➙ ♣❧ ❛ ✐ ♦ ✈ ♥ ♦ ♠ ❡ ③✐ ♣ ♦ ❛ ♠✐ ❛ ✐ ♥ ✈ ❡ ✐ ❝ ❡ ♠✐ ✲ ③ ❞ ♦❥ ❡
♣ ♦ ✐ ♥ ✈ ❡ ✐ ❝ ❡ ♥ ❡ ♣ ❛ ❞ ♥ ♦ ✉ ③ ♥ ❡ ❜ ❡✱ ♥ ➙ ❦ ❞ ♦ ❡ ❥✐ ❝ ❤ ♠ ✉ ✭ ❞ ♦ ↔ ❛ ♥ ➙✮ ✈ ③ ❞ ✱ ❛ ❜ ② ❜ ②❧ ♦
♠ ♦ ➸ ♥ ❥ ❡ ✐ ♥ ✈ ❡ ♦ ✈ ❛ ✳ ❱ ♦ ✉ ❤ ♥ ✉ ❡ ❞ ② ❡ ♣ ❡ ③ ❡ ♥ ❛ ✐ ✈ ♥ ❞ ♦ ♠ ❝ ♥ ♦ ♥ ❡ ♣ ♦➦ ❛ ♥✐ ♥ ❡✲
✐ ♥ ✈ ❡ ✉❥ ❡✳ ❛ ❦❧✐ ➸ ❡ ✈➨ ❛ ❦ ♥ ❡ ♣ ♦➦ ❛ ♥✐ ♥ ❡✐ ♥ ✈ ❡ ✉❥ ❡✱ ♥ ❡ ♠ ❡ ♣ ❡ ③ ❡ ♥ ❛ ✐ ✈ ♥ ❞ ♦ ♠ ❝ ♥ ♦
♣ ♦ ➦ ❡ ❜ ♥ ♥ ♦❥ ❦ ♠ ❛ ①✐ ♠ ❛❧✐ ③ ❛ ❝✐ ✉ ➸✐ ❦ ✉ ❛ ❞ ♦ ❛ ➸ ❡ ♥ ♦ ✈ ♥ ♦ ✈ ❤ ② ✭ ✹✳ ✻✮✳

❚❡ ♥ ♦ ❦ ♦ ♥ ❝ ❡ ♣ ♣ ❛ ❦ ❞ ♦ ✈ ❞ ❛❧➨ ♣ ♦ ✈ ➸❧✐ ✈ ❤❧✐ ♥ ②✱ ❦ ❞ ② ➸ ✐ ✉ ✈ ➙ ❞ ♦ ♠ ♠ ❡✱ ➸ ❡ ② ✲
♠ ❡❧ ❛ ✐ ❝ ❦ ❝ ❤ ♣ ❡ ♥ ➙ ③ ♥ ♦ ♠✐ ♥ ❧ ♥ ➙ ♥ ❡ ✈ ② ➸ ❛ ❞ ✉❥ ❡ ♦ ✈ ♥ ♦ ♣ ♦ ❛ ✐ ♥ ✈ ❡ ✐ ❝✱ ✐ ♥ ✈ ❡ ✉❥ ❡

❡ ✭ ↔ ❡ ↔ ♥ ➙✮ ③ ❛ ♥ ♦ ✈ ♣ ❡ ♥ ③ ❡✳ ❚ ②✱ ♥ ❛ ♦ ③ ❞ ❧ ♦ ❞ ❡ ❧ ♥ ❝ ❤ ③ ❞ ♦❥ ➲✱ ❡ ✈ ② ♠ ✉ ❡❧ ❛ ✲
✐ ❝ ❦ ❝ ❤ ♣ ❡ ♥ ➙ ③ ❦ ✉ ❡ ↔ ♥ ➙ ♠ ♦ ❤ ♦ ✉ ♦ ❜❥ ❡ ✈ ♦ ✈ ❛ ✒ ③ ♥✐ ↔ ❡ ❤ ♦✏✳ ❏ ❡❧✐ ❦ ♦ ➸ ❥ ♦ ✉ ✈➨ ❛ ❦ ② ♦ ♥ ♦ ✈

♣ ❡ ♥ ③ ❡ ♣ ♦ ✉ ➸ ✈ ♥ ② ♣ ✐ ♠ ♥ ➙ ❦ ✐ ♥ ✈ ❡ ✐ ❝ ♠✱ ❥ ❡ ♦ ❦ ❡ ♠✱ ♣ ♦ ❛ ➸ ♠ ♦ ❝ ❡❧ ❦ ♦ ✈ ♠ ♦ ❜❥ ❡ ♠ ❡ ♠
♣ ➲❥ ↔ ❡ ❦ ♦ ✈❧✐ ✈ ♥ ➙ ♥ ❛ ✉ ❦ ✉ ❛ ❡ ❦ ♦ ♥ ♦ ♠✐ ❦ ②✱ ❝ ♦ ➸ ◆ ♦ ✈ ❑ ❡ ② ♥ ❡ ✐ ♥ ❦ ❡ ❦ ♦ ♥ ♦ ♠✐ ❡ ♥ ❡ ③ ♦✲
❤❧ ❡ ❞ ➡ ✉❥ ❡✳ ❱ ❝ ❡ ♦ ♦ ♣ ♦ ❜❧ ❡ ♠ ❛ ✐ ❝ ❡ ✈✐ ③ ♥ ❛ ♣➦ ❦❧ ❛ ❞ ❑ ❡ ❡ ♥ ✭ ✷ ✵ ✶ ✶✮✳ ♦ ③ ♥ ❛ ♠ ❡ ♥ ❡❥ ♠ ❡✱
➸ ❡ ❥ ❞ ❡ ♦ ❦❧ ❛ ✐ ❝ ❦ ♣➦ ♣ ❛ ❞ ▲ ✉ ❝ ❛ ♦ ✈ ② ❦ ✐ ✐ ❦ ② ✲ ③ ♠ ➙ ♥ ❛ ✈ ♦ ❦ ♦ ✈ ❝ ❤ ❛ ③ ❜ ❝ ❤✱ ♣ ♦ ❛ ➸ ♠ ♦
♦ ❜❥ ❡ ♠ ✉ ✐ ♥ ✈ ❡ ✐ ❝✱ ♠ ➙ ♥ ✉ ❦ ✉ ✉ ❡ ❦ ♦ ♥ ♦ ♠✐ ❦ ②✳

❚ ♦ ❥ ❡ ♣ ♦ ♥ ♦ ✈ ❑ ❡ ② ♥ ❡ ✐ ♥ ❦ ❉ ❙ ● ❊ ♠ ♦ ❞ ❡❧ ② ♦ ❜ ③ ✈❧ ➨ ➙ ♥ ❡ ♣➦ ❥ ❡ ♠ ♥ ✱ ♥ ❡ ❜ ♦➫ ✈ ②✲
❛ ✈ ❡ ♥ ➙ ❝ ❤ ♦ ♠ ♦ ❞ ❡❧ ➲ ♥ ❛ ♠✐ ❦ ♦ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ❝ ❤ ③ ❦❧ ❛ ❞ ❡ ❝ ❤ ♠ ➙❧ ♦ ♣ ✈ ➙ ♣ ♦ ❜❧ ♠ ▲ ✉✲

❝ ❛ ♦ ✈ ② ❦ ✐ ✐ ❦ ② ✈ ②➦ ❡➨✐ ✭ ❑ ✉ ❞ ❛ ❤ ✈✐❧✐✱ ✷ ✵ ✶ ✻✮✳

▼ ♦ ❞ ❡❧ ❡ ❞ ② ③ ❛ ♥ ❡ ❞ ❜ ✈ ❛ ♣ ❡ ❦ ✐ ♥ ✈ ❡ ♦ ✈ ♥ ❛ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❞ Y t = C t ✳ ❚ ♦ ❜ ② ❛ ♠ ♦
♦ ♦ ❜ ➙ ♠ ♦ ❤❧ ♦ ❜ ♣➦ ❧✐➨ ♥ ♠ ③❥ ❡ ❞ ♥ ♦ ❞ ✉➨ ❡ ♥ ♠✱ ❛❧ ❡ ♥✐ ❦ ♦❧✐ ♣ ✐ ♥ ❝✐ ♣✐ ❧ ♥ ❝ ❤ ② ❜ ♦ ✉ ♠ ♦ ❞ ❡❧ ✉✳
❉ ♦ ❤ ♦ ♠ ❛ ❞ ② ♣ ♦ ➸ ❛ ❞ ❛ ✈ ❦ ❡ ♠ ♥ ❛ ♣❧ ❛ ♥ ♦ ✭ ✹✳ ✻✮ ✈➨ ❛ ❦ ❞ ♦ ✈ ♠ ❡ ♣ ♦ ✲ ✐ ♥ ✈ ❡ ✐ ❝ ❡ ❥ ♦ ✉

✻ ✼



❥ ❡ ❞✐ ♥ ♠ ♣ ♦ ♣ ❛ ❣ ❛ ↔ ♥ ♠ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ❡ ♠ ♠ ♦ ❞ ❡❧ ♦ ✈ ♦ ✈ ♥✐ ❝ ❡ ❛ ♦ ✉ ↔ ❛ ♥ ➙ ❥ ♦ ✉ ③ ❛ ♥ ❡ ❞ ❜ ✲
✈ ♥ ②✳ ❙ ♦ ❝ ❤ ♦ ✉ ♥ ❛ ❞ ③ ❦ ② ❧ ③ ❡ ➦ ❝✐✱ ➸ ❡ ♠ ♦ ❞ ❡❧ ✈❧ ❛ ♥ ➙ ③ ❛ ♥ ❡ ❞ ❜ ✈ ♠ ❡ ❜ ❡✳

❩ ❡ ③ ✈ ➙ ✉✱ ➸ ❡ ❡ ❦ ♦ ♥ ♦ ♠✐ ↔ ❛ ❦ ➦✐ ❡ ❛ ❣ ✉❥ ♥ ❛ ③ ♠ ➙ ♥ ✉ ❡ ❧ ♥ ❝ ❤ ♦ ❦ ➲ ③ ♠ ➙ ♥ ♦ ✉
♣ ♦ ➦ ❡ ❜ ②✱ ❡ ❞ ② ♥ ❡❧ ③ ❡ ♦ ❜ ❡ ❝ ♥ ➙ ✉ ✉ ③ ♦ ✈ ❛ ✱ ➸ ❡ ❝ ❡❧ ❦ ♦ ✈ ♣ ♦ ❞ ✉ ❦ ❝ ❡ ❡ ♠ ➙ ♥ ❡❥ ♥ ➙ ❥ ❛ ❦ ♦
♣ ♦ ➦ ❡ ❜ ❛✳ ❇ ❛ ❝ ♦ ❤ ➲➦✱ ③ ❛ ♣❧ ❛ ♥ ♦ ✐ ✭ ✹✳ ✻✮ ❧ ③ ❡ ❞ ♦ ❦ ③ ❛ ✱ ➸ ❡ ♣❧ ❛ ♣ ❛ ✈ ♦ ♣ ❛ ❦✳

❱ ②❥ ❞ ➙ ♠ ❡ ❡ ❞ ② ♦ ♣ ➙ ③ ♦ ✈ ♥✐ ❝ ❡ ✭ ✹✳ ✻✮✳ ❱ ❜ ♦ ❞ ➙ ♦ ♣ ✐ ♠ ❛ ❞ ❧ ❡ ♣❧ ❛ ✱ ➸ ❡ ✉ ➸✐ ❡ ❦ ③ ❞ ♦✲
❞ ❛ ❡ ↔ ♥ ✭✐ ♥ ✜ ♥✐ ❡ ③✐ ♠ ❧ ♥ ➙ ♠ ❛❧ ✮ ♣ ❡ ♥ ➙ ➸ ♥ ❥ ❡ ❞ ♥ ♦ ❦ ② ♣ ♦ ➦ ❡ ❜ ② ♠ ✉ ❜ ❡❥ ♥ ✱ ❥ ❛ ❦ ♦
✉ ➸✐ ❡ ❦ ③ ❞ ♦ ❞ ❛ ❡ ↔ ♥ ♣ ❡ ♥ ➙ ➸ ♥ ❥ ❡ ❞ ♥ ♦ ❦ ② ✈ ♦❧ ♥ ❛✱ ❦ ❞ ❡ ❝ ❡ ♥ ❛ ✈ ♦❧ ♥ ❤ ♦ ↔ ❛ ✉ ❥ ❡ ♦ ✈ ♥ ❛ ❝ ❡ ♥ ➙
♣ ❝ ❡ ✭ ✉➨❧ ❤ ♦ ③✐ ❦ ✉✮✳ ❑ ❞ ② ❜ ② ❝ ❤ ♦ ♠ ♣ ❛ ❝ ✈ ② ❞ ➙❧ ❛❧✐ ♠ ♥ ➙✱ ♥ ❡ ➸ ❥ ❡ ➦ ❡ ❜ ❛ ❦ ❡ ❦ ♦ ♠ ♣ ❡ ♥✲
③ ❛ ❝✐ ❞✐ ❦ ♦ ♠❢ ♦ ✉ ③ ♣ ❝ ❡ ♥ ➲ ❡ ♠ ♣ ♦ ➦ ❡ ❜ ②✱ ♦ ♠ ❡ ③✐❧✐ ❜ ② ❝ ❤ ♦ ♠ ♣ ❝✐✱ ❛ ♥ ❛ ♦ ♣ ❛ ❦✳
❱ ②❥ ❞➦ ❡ ♥ ♦ ♠ ❡ ③ ♥ ♠ ✉ ➸✐ ❦ ❡ ♠

U (C )

P C

=
U l e a s u r e(l)

P L

,

❦ ❞ ❡ ③ ♥ ❛ ↔ ♠ ❡

P C ❝ ❡ ♥ ✉ ❥ ❡ ❞ ♥ ♦ ❦ ② ♣ ♦ ➦ ❡ ❜ ②✱

P L ❝ ❡ ♥ ✉ ❥ ❡ ❞ ♥ ♦ ❦ ② ♣ ❝ ❡ ✴ ✈ ♦❧ ♥ ❤ ♦ ↔ ❛ ✉✳

◆ ❛ ✈ ❝ ✈ ❤ ♦ ❞✐ ♥ ♦ ✈ ♠ ✈ ②❥ ❞➦ ❡ ♥ ✈ ♠ ❝✐ ❥ ❡ ❞ ♥ ♦ ❤ ♦ ❞ ♥ ❡

U l e a s u r e(l) = − V ( 2 4 − l)(− 1) = V ( 2 4 − l) = V (L ),

❡ ❞ ②

C − θ
t =

P C

P L

K L γ − 1 ∝ L γ − 1 .

➦✐ ♣ ♦ ♠ ❡ ➡ ♠ ❡✱ ➸ ❡ ❝ ❡❧ ❦ ♦ ✈ ♣ ♦ ❞ ✉ ❦ ❝ ❡ Y (L ) ❥ ❡ ♦ ♦ ✉ ❝ ✈ ♣ ❝✐ ✭ ↔ ♠ ✈ ❝ ❡ ❡ ♣ ❛✲
❝ ✉❥ ❡✱ ♠ ✈ ❝ ❡ ❡ ✈ ② ♦ ❜ ✮✳ ❏ ❛ ❦ ❡ ❞ ② ❡ ❦ ♦ ♥ ♦ ♠✐ ❦ ❛ ❡ ❛ ❣ ✉❥ ❡ ♥ ❛ ♣➦✳ ♥ ❛ ♣ ♦ ❦❧ ❡ ❡ ❧ ♥ ❝ ❤

♦ ❦ ♦ ✈ ❝ ❤ ❛ ③ ❡ ❜ ❄

❱ ♦ ✈ ♥✐ ❝✐ ✭ ✹✳ ✻✮ ❞ ♦❥ ❞ ❡ ❦ ♣ ♦ ❦❧ ❡ ✉ ♥ ❛ ♣ ❛ ✈ ❛ ♥ ➙ ❛ ✈ ② ✈ ♦➦ ❡ ❞✐ ❜ ❛❧ ❛ ♥ ❝ ❡

C − θ
t > ( 1 + r t )β C − θ

t+ 1 .

❑ ♦ ❜ ♥ ♦ ✈ ❡ ♥ ♦ ✈ ♥ ♦ ✈ ❤ ② ❥ ❡ ➦ ❡ ❜ ❛ ♣➦ ❡ ✉ ♥ ❡ ♠ ♣ ♦ ➦ ❡ ❜ ② ♠ ❡ ③✐ ♦ ❜ ❞ ♦ ❜ ♠✐ ♥ ➸✐ C − θ
t

❛ ③ ✈ ➨✐ C − θ
t+ 1 ✳ ❖ ❜ ❛ ♠ ❡ ③ ♥ ✉ ➸✐ ❦ ② ❥ ♦ ✉ ❢ ✉ ♥ ❦ ❝ ❡ ❦❧ ❡ ❛❥ ❝ ✱ ❞ ♦❥ ❞ ❡ ❡ ❞ ② ❦ ♥ ➲ ✉ ♦ ✉✲

↔ ❛ ♥ ♣ ♦ ➦ ❡ ❜ ② ❛ ♣ ♦ ❦❧ ❡ ✉ ♣ ♦ ➦ ❡ ❜ ② ❜ ✉ ❞ ♦ ✉ ❝ ✳
♦ ③ ❛ ❝ ❤ ♦ ✈ ♥ ♦ ✈ ♥ ♦ ✈ ❤ ② ❞ ❧ ❡ ♣ ♦ ❦❧ ❡ ♦ ✉ ↔ ❛ ♥ ❤ ♦ ♠ ❡ ③ ♥ ❤ ♦ ✉ ➸✐ ❦ ✉ ③ ❡ ♣ ♦ ➦ ❡ ❜ ②

✈ ② ➸ ❛ ❞ ✉❥ ❡ ♣ ♦ ❦❧ ❡ ♠ ❡ ③ ♥ ❤ ♦ ✉ ➸✐ ❦ ✉ ③ ✈ ♦❧ ♥ ❤ ♦ ↔ ❛ ✉✱ ❡ ♣✳ ♣ ♦ ❦❧ ❡ ♠ ❡ ③ ♥ ❝ ❤ ♥ ❦❧ ❛ ❞ ➲
♣ ❝ ❡✱ ♥ ❡ ❜ ♦➫

C − θ
t ∝ L γ − 1

t .

✻ ✽



➦✐ ♦ ♠ L γ − 1 ❥ ❡ ❢ ✉ ♥ ❦ ❝ ❡ ♦ ♦ ✉ ❝ ✭γ > 1 ✮✱ ♣ ♦ ❦❧ ❡ ❤ ♦ ❞ ♥ ♦ ② L γ − 1
t ❛ ❦ ③ ♥ ❛ ♠ ❡ ♥

♣ ♦ ❦❧ ❡ L t ✳ ◆ ❛ ❦ ♦ ♥ ❡ ❝ ✈ ♠ ❡✱ ➸ ❡ ♣ ♦ ❞ ✉ ❦ ❝ ❡ Y ❥ ❡ ♦ ♦ ✉ ❝ ✈ L ✳ ❚❡ ❞ ② ♣ ♦ ❦❧ ❡ ♣ ❝ ❡ ③ ♥ ❛✲
♠ ❡ ♥ ♣ ♦ ❦❧ ❡ ♣ ♦ ❞ ✉ ❦ ❝ ❡✳ ❱✐ ❞ ♠ ❡ ❡ ❞ ②✱ ➸ ❡ ♣ ♦ ❦❧ ❡ ❡ ❧ ♥ ♦ ❦ ♦ ✈ ♠ ② ✈ ❡ ❞ ❡ ❦ ♥ ➲ ✉
♦ ✉ ↔ ❛ ♥ ♣ ♦ ➦ ❡ ❜ ② ❛ ♣ ♦ ♣ ❛ ❞ ✉ ♦ ✉ ↔ ❛ ♥ ♣ ♦ ❞ ✉ ❦ ❝ ❡✳

♦ ❞ ✉ ❦ ❝ ❡ Y t ❛ ♣ ♦ ➦ ❡ ❜ ❛ C t ❡ ❞ ② ❡ ❛ ❣ ✉❥ ♥ ❛ ③ ♠ ➙ ♥ ② ♦ ❦ ♦ ✈ ❝ ❤ ❛ ③ ❡ ❜ ♣ ♦ ✐ ❝ ❤ ➲ ❞✲
♥ ➙ ❛ ♥✐ ❦ ♦❧✐ ♦ ✉ ❤❧ ❛ ♥ ➙✱ ❥ ❛ ❦ ❞ ❧ ❡ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❞ ◆ ♦ ✈ ❑ ❡ ② ♥ ❡ ✐ ♥ ❦ ❉ ❙ ● ❊ ♠ ♦ ❞ ❡❧ ✳
❱ ② ❝ ❤ ③ ❡❧✐ ❥ ♠ ❡ ♣➦✐ ♦ ♠ ♣➦ ❡ ♥ ➙ ③ ❝ ❤ ➸ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❛ ❞ ➲✱ ❥ ❛ ❦ ♦ ♠ ♦ ❞ ❡❧ ❞❧ ❡ ❘ ♦ ♠ ❡ ✭ ✷ ✵ ✶ ✶✮✳

❆ ♥ ❛❧ ♦ ❣✐ ❝ ❦ ♦ ✉ ✈ ❛ ❤ ✉ ❧ ③ ❡ ♣ ♦ ✈ ♣ ♦ ❧✐ ❜ ♦ ✈ ♦❧ ♥ ✉ ➸✐ ❦ ♦ ✈ ❢ ✉ ♥ ❦ ❝ ❡ ♣ ♦ ➦ ❡ ❜ ② ❛ ✈ ♦❧✲
♥ ❤ ♦ ↔ ❛ ✉✱ ❦ ❡ ❥ ♦ ✉ ♦ ♦ ✉ ❝ ❛ ♣❧ ➡ ✉❥ ③ ❦ ♦ ♥ ❦❧ ❡ ❛❥ ❝ ❝ ❤ ✈ ♥ ♦ ➲ ③ ♦ ③ ❛ ❤ ✉✱ ✈ ♦ ❞✲
✈ ♦ ③ ❡ ♥ ❥ ♠ ❡ ✈ ② ✉ ➸ ✈ ❛❧✐ ♣ ♦ ✉ ③ ❡ ➙ ❝ ❤ ♦ ✈❧ ❛ ♥ ♦ ✱ ❛ ♥✐ ❦ ♦❧✐ ❦ ♦ ♥ ❦ ♥ ❤ ♦ ✈ ❛ ✉ ❢ ✉ ♥ ❦ ❝ ✳

◆ ❡ ③ ❜ ✈ ❛ ❦ ♥ ❡ ➸ ❦ ♦ ♥ ❛ ♦ ✈ ❛ ✱ ➸ ❡ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❛ ❞ ② ◆ ♦ ✈ ❤ ♦ ❑ ❡ ② ♥ ❡ ✐ ♥ ❦ ❤ ♦ ❉ ❙ ● ❊
♠ ♦ ❞ ❡❧ ✉ ❡ ♥ ❛ ✈ ③ ❥ ❡ ♠ ✈ ②❧ ✉ ↔ ✉❥ ✳ ❩ ♣ ♦ ❞ ♠ ♥ ❡ ❦ ♦ ♣ ✐ ♠ ❛❧✐ ② ♣❧ ② ♥ ❡✱ ➸ ❡ ❜ ✉ ↕ ♦ ♥ ❡ ♣❧ ❛
✭ ✹✳ ✻✮✱ ♥ ❡ ❜ ♦ ♥ ❡❧ ③ ❡ ♣➦ ❡❥ ♠ ❡ ③✐ ✭ ✹✳ ✼✮ ❛ ✭ ✹✳ ✽✮✳

❩ ❛ ♠ ❝ ♦ ♦ ✈ ♥✐ ❝ ❡ ✭ ✹✳ ✻✮ ♦❥ ♥ ❛ ✐❧ ♥ ❝ ❤ ♠✐ ❦ ♦ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ❝ ❤ ③ ❦❧ ❛ ❞ ❡ ❝ ❤✱ ♣➦ ❡ ❞✲
♣ ♦ ❦❧ ❛ ❞ C = Y ❥ ❡ ♣ ♦ ✉ ③ ❡ ✈ ❧ ❡ ❞ ❦ ❡ ♠ ❛ ❣ ❡ ❣ ❛ ❝ ❡ ❛ ③❥ ❡ ❞ ♥ ♦ ❞ ✉➨ ❡ ♥ ✈ ♣ ♦ ❞ ♦ ❜ ➙ ❦ ♦ ♥ ❝ ❡ ♣ ✉
❡ ♣ ❡ ③ ❡ ♥ ❛ ✐ ✈ ♥ ❞ ♦ ♠ ❝ ♥ ♦ ✐✳ ❩ ❞ ❧ ♦ ❜ ② ❡ ❡ ❞ ②✱ ➸ ❡ ♣ ♦ ❜❧ ♠ ❥ ❡ ✈ ♣➦ ❡ ❝ ❤ ♦ ❞ ✉ ♠ ❡ ③✐ ✭ ✹✳ ✼✮

❛ ✭ ✹✳ ✽✮ ❛ ♣ ♦ ♣ ♦ ➦ ❡ ❜ ✉ ♥ ❛ ♠ ♦ ❝ ❡❧ ❦ ♦ ✈ ♣ ♦ ❞ ✉ ❦ ❝ ❡ ❜ ② ♠ ♦ ❞ ❡❧ ♠ ➙❧ ❢ ✉ ♥ ❣ ♦ ✈ ❛ ❞ ♦ ❜➦ ❡✳
❩ ❞ ❡ ✈➨ ❛ ❦ ♦ ♣ ➙ ③ ❛ ❛ ❤ ✉❥ ❡ ② ♠ ❡❧ ❛ ✐ ❝ ❦ ❝ ❤ ♣ ❡ ♥ ➙ ③✱ ❦ ❞ ② ❜ ❛ ♥ ❦ ② ③ ❝ ❡❧ ❛ ✈ ② ❤ ♦ ✈ ♣ ♦✲

♣ ✈ ❝ ❡ ♣ ♦ ♣ ❡ ♥ ➙ ③ ❝ ❤ ❜ ❡ ③ ♦ ❤❧ ❡ ❞ ✉ ♥ ❛ ♥ ❡ ❞ ♦ ❛ ❡ ❦ ♣ ❡ ♥ ➙ ③ ♥ ❛ ❛ ♥ ➙ ♥ ❛ ❜ ❞ ❦ ②✳ ❘ ♦ ✈ ♥✐ ❝ ❡
✭ ✹✳ ✻✮ ♣➦✐ ♦ ♠ ✈ ② ❝ ❤ ③ ③ ❝ ❤ ♦ ✈ ♥ ♣ ♦ ➦ ❡ ❜✐ ❡❧ ❡ ♥ ❛ ❤ ✉ ✐ ♥ ✈ ❡ ✐ ❝✳ ❏ ❡ ❧✐ ➸ ❡ ❡ ❛❧ ❡ ♥ ❛ ❤ ✉
✐ ♥ ✈ ❡ ✐ ❝ ♣ ♦ ♣ ✈ ❦ ❛ ♦ ❜ ❡ ❝ ♥ ➙ ♥ ❡ ♣ ♦ ❦ ✈ ♥ ❛ ❜ ❞ ❦ ♦ ✉✱ ❥ ❡ ♦ ③ ❦ ♦ ✉✱ ♥ ❛ ❦ ♦❧✐ ❦ ❥ ♦ ✉ ♦ ✈ ♥✐ ❝ ❡
♦ ❞ ✈ ♦ ③ ❡ ♥ ③ ❝ ❤ ♦ ✈ ♥ ♥ ❛ ♦ ♠ ♦ ❤ ✉ ❝ ❡❧ ❦ ♦ ✈ ➙ ✈ ❛❧✐ ❞ ♥ ✳ ❙ ♣ ❡ ❝✐ ❧ ♥ ➙ ❥ ❡ ❛ ❦ ③ ♣ ♦ ❝ ❤ ② ❜ ♥ ➙ ♥ ❛
✐ ♥ ✈ ❛ ✐ ❛ ♥ ❝ ❡ ♠ ♦ ❞ ❡❧ ✉ ✈ ➲ ↔✐ ❤ ♦ ♣ ♦ ❞ ➦ ❦ ♣ ♦❧✐ ✐ ❝ ❡✱ ♥ ❡ ❜ ♦➫ ❛ ❜ ② ♠ ➙❧ ❛ ✈ ② ❝ ❤ ③ ❡ ♣ ✈ ➙
③ ❡ ❦ ✉ ❡ ↔ ♥ ♦ ✐✱ ➸ ❡ ♠ ♦ ❞ ❡❧ ❥ ❡ ♦ ❞ ✈ ♦ ③ ❡ ♥ ③ ❝ ❤ ♦ ✈ ♥ ♥ ❛ ❤ ✉ ✐ ♥ ✈ ❡ ✐ ❝✳ ❖ ♣ ➙ ❛ ❦ ♣➦✐ ❝ ❤ ③
♥ ❛ ❝ ♥ ✉ ▲ ✉ ❝ ❛ ♦ ✈ ❛ ❦ ✐ ✐ ❦ ❛✳

❯ ◆ ❑ ❤✐❧❧✐ ♣ ♦ ✈ ② ❦ ➦✐ ✈ ❦ ② ♣ ❛ ❦ ❥ ❡➨ ➙ ✈ ② ✈ ✈ ♦ ③ ❦ ❛✱ ③ ❞ ❛ ♥ ❡ ❞ ♦ ❝ ❤ ③ ❦ ③ ♠ ➙ ♥ ➙
♣➦ ↔✐ ♥ ② ❛ ♥ ❧ ❡ ❞ ❦ ✉ ❛ ♥ ❡ ❜ ②❧ ♦ ❜ ② ✈ ❤ ♦ ❞ ♥ ➙❥➨ ✱ ❛ ❜ ② ❜ ②❧ ② ♦ ❞ ❝ ❤ ②❧ ❦ ② ✈ ♣ ♦ ❞ ✉ ❦ ❝✐ ✈ ② ✈ ➙ ✲
❧ ♦ ✈ ♥ ② ♦ ❞ ❝ ❤ ②❧ ❦ ❛ ♠✐ ✐ ♥ ✢ ❛ ❝ ❡ ♥ ❡ ➸ ♥ ❛ ♦ ♣ ❛ ❦✳ ❚ ♦ ❜ ② ❜ ②❧ ♦ ✈ ♦ ✉❧ ❛ ❞ ✉ ❞ ♥ ❡➨ ♥ ♠ ❝ ❤ ♣ ♥ ♠
♣ ➲ ✈ ♦ ❞ ♥ ❤ ♦ ❦ ♦ ♥ ❝ ❡ ♣ ✉ ❤✐❧❧✐ ♣ ♦ ✈ ② ❦➦✐ ✈ ❦ ② ✭ ✈ ②➨➨ ✐ ♥ ✢ ❛ ❝ ❡ ✈ ② ✈ ➦ ③ ❞ ♥ ♣ ♦ ♣ ❡ ✐ ②
❛ ❦ ♦ ❡❧ ✉❥ ❡ ❛ ❦ ♥✐ ➸➨ ♥ ❡ ③ ❛ ♠ ➙ ♥ ❛ ♥ ♦ ✱ ♦ ✈➨ ❡ ♠ ♣ ♦ ✉ ③ ❡ ❞ ♦ ↔ ❛ ♥ ➙✱ ♥ ❡ ➸ ❡ ❦ ♦ ♥ ♦ ♠✐ ↔ ❛ ❦✲

➦✐ ♣➦✐ ③ ♣ ➲ ♦ ❜ ✈ ♦ ↔ ❡ ❦ ✈ ♥ ❝ ❤✮✳ ◆ ❛ ❞ ✉ ❤ ♦ ✉ ❛ ♥ ✉ ❜ ② ♦ ✈➨ ❛ ❦ ♥ ❛ ✉➨✐❧ ♦ ✉ ❦ ✉ ✉
♠ ♦ ❞ ❡❧ ✉✱ ♥ ❡ ❜ ♦➫ ♦ ❞ ❝ ❤ ②❧ ❦ ② ✈ ♣ ♦ ❞ ✉ ❦ ❝✐ ❥ ♦ ✉ ❥✐ ➸ ✈ ② ✈ ➙ ❧ ♦ ✈ ♥ ② ❥✐ ♥ ♦ ✉ ♦ ✈ ♥✐ ❝ ✳

✹✳ ✹ ❖ ❞ ❤ ❛ ❞ ♠ ♦ ❞ ❡❧ ✉

◆ ❛ ✈ ③ ❞ ♦ ② ✈➨ ❡ ♠ ✈ ➨ ❡ ③ ♠ ♥ ➙ ♥ ♠ ❡ ♦ ❡ ✐ ❝ ❦ ♠ ♣ ♦ ❝ ❤ ② ❜ ♥ ♦ ❡ ♠ ❛ ♥ ❡ ❞ ♦ ❛ ❦ ➲ ♠ ✈➨ ❛ ❦
♦✱ ❝ ♦ ❡ ❧ ♥ ➙ ✈ ② ♣ ♦ ✈ ❞ ♦ ❦ ✈ ❛❧✐ ❝ ❤ ♠ ♦ ❞ ❡❧ ✉✱ ❥ ♦ ✉ ❥ ❡ ❤ ♦ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞ ♥ ❝ ❤ ♦ ♣ ♥ ♦ ✐✳

✈ ♥ ♣ ♦ ❜❧ ♠✱ ❦ ❡ ♠ ✉ ↔ ❡❧ ♠ ❡✱ ❥ ❡ ✈ ♦❧ ❜ ❛ ↔ ❛ ♦ ✈ ❤ ♦ ♠ ➙➦ ❦ ❛✳ ❩ ❛ ♠ ❝ ♦ ✉ ❑❧ ❡✐✲
♥ ♦ ✈ ❛ ♠ ♦ ❞ ❡❧ ✉ ❜ ②❧ ♣➦✐ ♦ ③ ❡ ♥ ♠ ↔ ❛ ♦ ✈ ♠ ✐ ♥ ❡ ✈ ❛❧ ❡ ♠ ✶ ♦ ❦✱ ♠ ♦ ❞ ❡ ♥ ➙❥➨ ♠ ♦ ❞ ❡❧ ② ↔ ❛ ♦
✈ ② ✉ ➸ ✈ ❛❥ ♣ ➨ ❡ ↔ ✈ ❧ ❡ ♥ ❢ ❡ ❦ ✈ ❡ ♥ ❝✐ ❞ ❛ ✱ ❛ ❛ ❦ ♦ ♠ ✉ ❜ ✈ ② ♣✐ ❝ ❦ ② ✐ ✈ ♣➦ ♣ ❛ ❞ ➙
◆ ❑ ❉ ❙ ● ❊ ♠ ♦ ❞ ❡❧ ➲ ✭ ❍ ♦ ♠ ❞ ❦ ♦ ✈ ✱ ✷ ✵ ✶ ✺✮✳ ❱ ③ ❥ ♠ ✉ ♣ ♦ ♦ ✈ ♥ ❛ ❡❧ ♥ ♦ ✐ ♦ ❜ ♦ ✉ ♠ ♦ ❞ ❡❧ ➲
✭❑❧ ❡✐ ♥ ■ ❛ ❦ ❛ ♥ ♦ ♥✐ ❝ ❦ ◆ ❑ ❉ ❙ ● ❊ ✮ ❡ ✈➨ ❛ ❦ ❜ ✉ ❞ ❡ ♠ ❡ ❞ ➸ ❡ ❛ ❞✐ ↔ ♥ ♦ ↔ ♥ ❢ ❡ ❦ ✈ ❡ ♥ ❝ ❡
♣ ♦ ③ ♦ ♦ ✈ ♥ ✳

✻ ✾



✹✳ ✹✳ ✶ ❉ ❛ ❛

❘ ♦ ✈ ♥ ➙ ➸ ✈ ③ ❥ ♠ ✉ ♣ ♦ ♦ ✈ ♥ ❛ ❡❧ ♥ ♦ ✐ ♦ ❜ ♦ ✉ ♠ ♦ ❞ ❡❧ ➲ ❜ ✉ ❞ ❡ ♠ ❡ ✈ ② ✉ ➸ ✈ ❛ ❡❥ ♥ ❞ ❛ ❛ ❥ ❛ ❦ ♦
✈ ♣➦ ❡ ❞ ❡➨❧ ♠ ♠ ♦ ❞ ❡❧ ✉ ✲ ♦ ❡ ❦ ③ ❡❥ ♠ ♥ ❛ ❍ ❉ ✳ ■ ♥ ✢ ❛ ❝✐✱ ♣ ♦ ❛ ➸ ♠ ♦ ❡ ❧ ♥ ❤ ♦ ❞ ♥ ♦✲
② ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤ ✭ ✈ ❝ ❡ ♥ ❝ ❤ ♦ ❦ ✉ ✷ ✵ ✶ ✵✮✱ ♣ ♦ ↔ ♠ ❡ ❛ ♥ ❞ ❛ ❞ ♥ ➙ ♥ ❛ ③ ❦❧ ❛ ❞ ➙ ✐ ♥ ❞ ❡ ① ✉
♣ ♦ ➦ ❡ ❜✐ ❡❧ ❦ ❝ ❤ ❝ ❡ ♥ ❈ ■ ✿

π t = l n(
C P I t

C P I t− 1

).

❖ ♣ ♦ ✐ ♠ ♦ ❞ ❡❧ ✉ ❑❧ ❡✐ ♥ ■ ❜ ✉ ❞ ❡ ♠ ❡ ♥ ❛ ✈ ❝ ♣ ♦ ➦ ❡ ❜ ♦ ✈ ❛ ✿

• ❊ ✛ ❡ ❝ ✐ ✈ ❡ ❋❡ ❞ ❡ ❛❧ ❋ ✉ ♥ ❞ ❘ ❛ ❡ ✱ ❡❢ ❡ ❦ ✐ ✈ ♥ ❢ ❡ ❞ ❡ ❧ ♥ ♦ ❦ ♦ ✈ ♠ ❛✱ ♦ ↔ ♥ ♣ ➲✲
♠ ➙ ② ❦ ✶✳ ❧ ❡ ❞ ♥ ✉✳ ❱ ♠ ♦ ❞ ❡❧ ✉ ♣ ♦ ♠ ➙ ♥ ♥ F e d F u n d s ✶ ✳

• ✶✲ ❨❡ ❛ ❚ ❡ ❛ ✉ ② ❈ ♦ ♥ ❛ ♥ ▼ ❛ ✉ ✐ ② ❘ ❛ ❡ ✱ ✈ ♥ ♦ ♦ ↔ ♥ ❝ ❤ ✈❧ ❞ ♥ ❝ ❤ ❞❧ ✉ ❤ ♦ ♣✐ ➲✱
♦ ↔ ♥ ♣ ➲ ♠ ➙ ② ❦ ✶✳ ❧ ❡ ❞ ♥ ✉✳ ❱ ♠ ♦ ❞ ❡❧ ✉ ♣ ♦ ♠ ➙ ♥ ♥ U S Y T r e a s u r y ✷ ✳

• ▼ ✷ ▼ ♦ ♥ ❡ ② ❙ ♦ ❝ ❦ ✱ ♣ ❡ ♥ ➙ ➸ ♥ ③ ♦ ❜ ❛ ▼ ✷ ✈ ♠✐❧✐ ❛ ❞ ❝ ❤ ❞ ♦❧ ❛ ➲✱ ♦ ↔ ♥ ♣ ➲ ♠ ➙ ②
❡ ③ ♥ ♥ ➙ ♦ ↔✐➨ ➙ ♥ ❝ ❤ ❞ ❛ ❦ ✶✳ ❧ ❡ ❞ ♥ ✉✳ ❱ ♠ ♦ ❞ ❡❧ ✉ ♣ ♦ ♠ ➙ ♥ ♥ M 2 ✸ ✳

• ❚ ❛ ❞ ❡ ❲❡✐ ❣ ❤ ❡ ❞ ❯✳ ❙✳ ❉ ♦❧❧ ❛ ■ ♥ ❞ ❡ ①✿ ▼ ❛❥ ♦ ❈ ✉ ❡ ♥ ❝✐ ❡ ✱ ■ ♥ ❞ ❡ ① ❞ ♦❧ ❛ ✉ ✈ ➲ ↔✐
♠ ❛❥ ♦ ✐ ♥ ♠ ♠ ➙ ♥ ♠✱ ❜➦ ❡ ③ ❡ ♥ ✶ ✾ ✼ ✸ ❂ ✶ ✵ ✵✱ ♦ ↔ ♥ ♣ ➲ ♠ ➙ ② ❦ ✶✳ ❧ ❡ ❞ ♥ ✉✳ ❱ ♠ ♦ ❞ ❡❧ ✉
♣ ♦ ♠ ➙ ♥ ♥ E x R at e ✹ ✳

• ❯✳ ❙✳ ❈ ✉ ❞ ❡ ❖✐❧ ❋✐ ✉ ❝ ❤ ❛ ❡ ✐ ❝ ❡✱ ❝ ❡ ♥ ❛ ♦ ♣ ② ✈ ❞ ♦❧ ❛ ❡ ❝ ❤ ③ ❛ ❜ ❛ ❡❧✱ ♦ ↔ ♥ ➙✳
❱ ♠ ♦ ❞ ❡❧ ✉ ♣ ♦ ♠ ➙ ♥ ♥ Oil P ri c e ✺ ✳

♦ ♠ ➙ ♥ ♥ F e d F u n d s ❥ ❡ ♣➦✐ ♦ ③ ❡ ♥ ➙ ♥ ♦ ♠✐ ♥ ❧ ♥ ♦ ❦ ♦ ✈ ♦ ✉ ♠ ♦ ✉✱ ♣ ❡ ♥ ➙ ➸ ♥ ③ ♦✲
❜ ✉ M 2 ♣➦ ❡ ✈ ❞ ♠ ❡ ♥ ❛ ❡ ❧ ♥ ❤ ♦ ❞ ♥ ♦ ② ❞❧ ❡ C P I ✳ ❙ ♦ ❤❧ ❡ ❞ ❡ ♠ ♥ ❛ ❢ ♦ ♠ ✉❧ ❛ ❝✐ ♠ ♦ ❞ ❡❧ ✉
✈ ❧ ♦ ❣❧✐ ♥ ❡ ❛ ✐ ③ ♦ ✈ ❛ ♥ ♣ ♦ ❞ ♦ ❜ ➙ ♣ ❛ ❦ ♣ ♦ ✈ ❞ ♠ ❡ ❧ ♦ ❣ ❛ ✐ ♠✐ ❝ ❦ ❛ ♥ ❢ ♦ ♠ ❛ ❝ ❡✿

• i : = F e d F u n d s

• m 2 : = l n( M 2 / C P I )

• e x r at e : = l n(E x R at e / 1 0 0)

• oil p ri c e : = l n(Oil P ri c e )

❑ ❢ ♦ ♠ ✉ ♦ ❦ ♦ ✈ ❝ ❤ ♠ ➙ ❛ ✈ ♥ ♦ ➲ ❥ ❡➨ ➙ ♣ ♦ ③ ♥ ❛ ♠ ❡ ♥ ❡❥ ♠ ❡✱ ➸ ❡ ♥ ❛ ♣➦✳ ♦ ❦ ♦ ✈ ♦ ✉
♠ ✉ 5 % ③ ❛ ♣✐ ✉❥ ❡ ♠ ❡ ❥ ❛ ❦ ♦ 0 .0 5 ✳

❱ ♣➦ ♣ ❛ ❞ ➙ ♣ ♦ ♠ ➙ ♥ ♥ E x R at e ↔ ❡❧ ♠ ❡ ♣ ♦ ❜❧ ♠ ➲ ♠ ❞ ❛ ②✱ ♥ ❡ ❜ ♦➫ ✉ ✈ ❡ ❞ ❡ ♥ ↔ ❛✲
♦ ✈ ➦ ❛ ❞ ❛ ③ ❛ ↔ ♥ ❛ ➸ ♦ ❦ ❡ ♠ ✶ ✾ ✼ ✸ ✭ ♦ ❛ ♥ ❞ ❛ ❛ ❥ ♦ ✉ ♦ ❞ ♦ ❦ ✉ ✶ ✾ ✼ ✶✮✳ ❉➦ ✈ ➙❥➨ ❞ ❛ ❛

♥ ❡❥ ♦ ✉ ❦ ❞✐ ♣ ♦ ③✐ ❝✐✱ ♥ ❡ ❜ ♦➫ ❛ ➸ ✈ ♣ ➲ ❜ ➙ ❤ ✉ ♦ ❦ ✉ ✶ ✾ ✼ ✸ ❜ ②❧ ❞ ❡ ✜ ♥✐ ✐ ✈ ♥ ➙ ♦ ♣ ✉➨ ➙ ♥ ③❧ ❛
❛ ♥ ❞ ❛ ❞ ❛ ♥ ❛ ♦❧ ❡ ♥ ❡ ➸✐ ♠ ♣❧ ♦ ✈ ♦ ✉ ❝ ❤ ♦ ❦ ✉ ③ ✉✳ ❞ ③❧ ❛ ❤ ♦ ❛ ♥ ❞ ❛ ❞ ✉ ❜ ②❧ ♣ ❛ ♥ ➙

✈ ② ♥ ✉ ❝ ❡ ♥ ♣ ✈ ➙ ❦ ✉ ❡ ↔ ♥ ♦ ✱ ➸ ❡ ♦ ✜ ❝✐ ❧ ♥ ♠ ➙ ♥ ♥ ❦ ✉ ③ ♥ ❡ ♦ ❞ ♣ ♦ ✈ ❞ ❛❧ ❡ ❧ ♥ ♠ ✉✱ ❧ ③ ❡ ❡✲
❞ ② ✉ ✉ ③ ♦ ✈ ❛ ✱ ➸ ❡ ♦ ✜ ❝✐ ❧ ♥ ♠ ➙ ♥ ♥ ❦ ✉ ③ ② ③ ❞➦ ✈ ➙❥➨ ❤ ♦ ♦ ❜ ❞ ♦ ❜ ♥ ❡ ❞ ✈ ❛❥ ❡ ❧ ♥ ♦ ❜ ❛ ③
❡ ❦ ♦ ♥ ♦ ♠✐ ❦ ②✳

✶ ❤ ♣ ✿ ✴ ✴ ❢ ❡ ❞ ✳ ❧ ♦ ✉ ✐ ❢ ❡ ❞ ✳ ♦ ❣ ✴ ❡ ✐ ❡ ✴ ❋ ❊ ❉ ❋ ❯ ◆ ❉ ❙
✷ ❤ ♣ ✿ ✴ ✴ ❢ ❡ ❞ ✳ ❧ ♦ ✉ ✐ ❢ ❡ ❞ ✳ ♦ ❣ ✴ ❡ ✐ ❡ ✴ ● ❙ ✶
✸ ❤ ♣ ✿ ✴ ✴ ❢ ❡ ❞ ✳ ❧ ♦ ✉ ✐ ❢ ❡ ❞ ✳ ♦ ❣ ✴ ❡ ✐ ❡ ✴ ▼ ✷ ❙ ▲
✹ ❤ ♣ ✿ ✴ ✴ ❢ ❡ ❞ ✳ ❧ ♦ ✉ ✐ ❢ ❡ ❞ ✳ ♦ ❣ ✴ ❡ ✐ ❡ ✴ ❚ ❲ ❊ ❳ ▼ ▼ ❚ ❍
✺ ❤ ♣ ✿ ✴ ✴ ✇ ✇ ✇ ✳ ❡ ✐ ❛ ✳ ❣ ♦ ✈ ✴ ❞ ♥ ❛ ✈ ✴ ♣ ❡ ✴ ❤ ✐ ✴ ▲ ❡ ❛ ❢ ❍ ❛ ♥ ❞ ❧ ❡ ✳ ❛ ❤ ① ❄ ♥ ❂ ♣ ❡ ✫ ❂ ❢ ✵ ✵ ✵ ✵ ✵ ✵ ❴ ❴ ✸ ✫ ❢ ❂ ❛

✼ ✵

https://fred.stlouisfed.org/series/FEDFUNDS
https://fred.stlouisfed.org/series/GS1
https://fred.stlouisfed.org/series/M2SL
https://fred.stlouisfed.org/series/TWEXMMTH
https://www.eia.gov/dnav/pet/hist/LeafHandler.ashx?n=pet&s=f000000__3&f=a


✹✳ ✹✳ ✷ ▼ ♦ ❞ ❡❧ ♦ ✈ ♥ ♣ ➦✐ ♦ ③ ❡ ♥ ❝ ❤ ❤ ♦ ❞ ♥ ♦

❏ ❡❧✐ ❦ ♦ ➸ ♠ ♦ ❞ ❡❧ ♦ ♣ ❡ ✉❥ ❡ ♦ ❞ ❝ ❤ ②❧ ❦ ❛ ♠✐ ♦ ❞ ♣➦✐ ♦ ③ ❡ ♥ ❤ ♦ ❞ ♥ ♦ ② ♥ ❛ ♠ ♦ ♣➦ ♠ ❝ ❤ ❤ ♦ ❞✲
♥ ♦ ❍ ❉ ✱ ✐ ♥ ✢ ❛ ❝ ❡ ❛ ✭ ❡ ❧ ♥ ✮ ♦ ❦ ♦ ✈ ♠ ②✱ ♣ ♦ ♣ ❛ ❦ ✐ ❝ ❦ ♣ ♦ ✉ ➸✐ ❥ ❡ ♥ ✉ ♥ ♦ ② ♦
♣➦✐ ♦ ③ ❡ ♥ ❤ ♦ ❞ ♥ ♦ ② ✈ ② ♣ ♦ ↔ ❛ ✱ ♦ ❞ ❤ ❛ ❞ ♥ ♦ ✉ ↔✐ ♥ ❛ ❦ ❛❧✐ ❜ ♦ ✈ ❛ ✳ ❉ ♦ ♠ ♦ ❞ ❡❧ ✉ ❡ ❛ ❦ ♣➦✐✲
♦ ③ ❡ ♥ ➙ ✈ ♥ ➨ ❞ ❛❧➨ ❝ ❤ ② ❜ ♦ ✈ ❧ ♦ ➸ ❦ ❛✱ ❥ ❡❧✐ ❦ ♦ ➸ ✈➨ ❛ ❦ ♣➦✐ ♦ ③ ❡ ♥ ❤ ♦ ❞ ♥ ♦ ② ♥ ❡❥ ♠ ❡ ❝ ❤ ♦ ♣ ♥✐

♥✐❥ ❛ ❦ ♣ ♦ ③ ♦ ♦ ✈ ❛ ✱ ❥✐ ♥ ♦ ✉ ♠ ♦ ➸ ♥ ♦ ♥ ❡ ♠ ♠ ❡✳

➦✐ ♦ ③ ❡ ♥ ❡ ❧ ♥ ♦ ❦ ♦ ✈ ♠ ❛

❘ ♦ ✈ ♥✐ ❝ ❡ ✭ ✹✳ ✶ ✶✮ ❜ ②❧ ❛ ♦ ❞ ✈ ♦ ③ ❡ ♥ ❛ ❥✐ ➸ ✈ ❦ ❛ ♣✐ ♦❧ ❡ ✭ ✹✳ ✷✳ ✶✮✱ ♣ ♦ ♣➦✐ ♣ ♦ ♠ ❡ ♥ ✉

r N
t = ρ + θ ∆ y N

t+ 1 .

❛ ❛ ♠ ❡ θ ♣➦ ♠ ♦ ✈ ② ✉ ♣ ✉❥ ❡ ✈ ♠ ♦ ❞ ❡❧ ✉✱ ♣ ❛ ❛ ♠ ❡ ρ ♠ ➲ ➸ ❡ ❜ ❞❧ ❡ ♦ ✈ ♥✐ ❝ ❡
✭ ✹✳ ✾✮ ♦ ✈ ♥ ➙ ➸ ♦ ❞ ❤ ❛ ❞ ♥ ✉ ✈ ♠ ❝✐ ♠ ♦ ❞ ❡❧ ✉✳ ➦✐ ♦ ③ ❡ ♥ ➲ ∆ y N

t+ 1 ♣ ❛ ❦ ♥ ❛ ❞ ♥ ♦ ③ ✲
❦ ♠ ❡ ③ ❡ ③ ♥ ❛❧ ♦ ✐ ♦ ❞ ❤ ❛ ❞ ✉ ♣➦✐ ♦ ③ ❡ ♥ ❤ ♦ ❍ ❉ ✱ ✈✐ ③ ❞ ❧ ❡✳

➦✐ ♦ ③ ❡ ♥ ❍ ❉

❑❧ ↔ ♦ ✈ ♦ ✉ ♦ ③ ❦ ♦ ✉✱ ♥ ❛ ❦ ❡ ♦ ✉ ✐ ♠ ✉ ♠ ❡ ♦ ❞ ♣ ♦ ✈ ➙ ❞ ➙ ✱ ❥ ❡✱ ③ ❞ ❛ ❜ ✉ ❞ ❡ ♠ ❡ ❡ ♥ ❞ ♠ ♦ ❞ ❡✲
❧ ♦ ✈ ❛ ❥ ❛ ❦ ♦ ♣ ♦ ♠ ➙ ♥❧✐ ✈ ✱ ↔✐ ♥ ❡ ♠ ➙ ♥ ♥ ♣ ♦ ❝ ❡❧ ✉ ✈ ❛ ➸ ♦ ✈ ❛ ♥ ♦ ❜ ❞ ♦ ❜ ✳ ❏ ❛ ❦ ♦ ♣ ♦ ♠ ➙ ♥❧✐ ✈

❡ ♥ ❞ ♠ ➲ ➸ ❡ ♠ ❡ ✈ ② ✉ ➸ ❍ ♦ ❞ ✐ ❝ ❦✲ ❡ ❝ ♦ ♦ ✈ ❛ ✜❧ ✉ ↔✐ ❥✐ ♥ ❛ ♥ ❛❧ ♦ ❣✐ ❝ ❦ ♠ ❡ ♦ ❞ ②✳ ❏ ❛ ❦ ♦
♥ ❡ ♠ ➙ ♥ ♥ ❡ ♥ ❞ ❡ ♣ ♦ ❍ ❉ ♣➦✐ ♦ ③ ❡ ♥ ➙ ♥ ❛ ❜ ③ ❧✐ ♥ ❡ ♥ ❡ ♥ ❞ ❛ ♣❧✐ ❦ ♦ ✈ ❛ ♥ ♥ ❛ ❧ ♦ ❣ ❛ ✐ ✲
♠ ♦ ✈ ❛ ♥ ❞ ❛ ❛ ✭ y ✮✳

❍ ♦ ❞ ✐ ❝ ❦✲ ❡ ❝ ♦ ➲ ✈ ✜❧
❯ ✈ ❛ ➸ ✉❥ ♠ ❡ ➦ ❛ ❞ ✉ y t , t = 1 , ..., T ✱ ♥ ❛ ❦ ❡ ♦ ✉ ❛ ♣❧✐ ❦ ✉❥ ❡ ♠ ❡ ❍ ♦ ❞ ✐ ❝ ❦✲ ❡ ❝ ♦ ➲ ✈ ✜❧ ✱

❛ ❜ ② ❝ ❤ ♦ ♠ ③ ❦ ❛❧✐ ✈ ② ❤❧ ❛ ③ ❡ ♥ ♦ ✉ ➦ ❛ ❞ ✉ s ✳ ➄ ❡➨ ♠ ❡ ❧ ♦ ❤ ✉✿

mi n
s

T

t= 1

(y t − s t )
2 + λ

T − 1

t= 2

((s t+ 1 − s t ) − (s t − s t− 1 ))
2 . ✭ ✹✳ ✶ ✼✮

❆ ↔ ❦ ♦❧✐ ❥ ❡ ❍ ♦ ❞ ✐ ❝ ❦✲ ❡ ❝ ♦ ➲ ✈ ✜❧ ✈ ❡ ❦ ♦ ♥ ♦ ♠✐✐ ♣ ♦ ♠ ➙ ♥ ➙ ✉ ✐ ♥ ♥ ♠ ♥ ♦❥ ❡ ♠✱
❥ ❡ ❤ ♦ ❛ ♣❧✐ ❦ ❛ ❝ ❡ ❥ ❡ ③ ❛ ➸ ❡ ♥ ❛ ✉ ❜❥ ❡ ❦ ✐ ✈✐ ♦ ✉ ✈ ♦❧ ❜ ② ✈ ② ❤❧ ❛ ③ ♦ ✈ ❛ ❝ ❤ ♦ ♣ ❛ ❛ ♠ ❡ ✉ λ ✳ ❘ ❛ ✈ ♥
✭ ✷ ✵ ✵ ✷✮ ❞ ♦ ♣ ♦ ✉ ↔ ✉❥ ❡ ♣ ♦ ✉ ♣ ♦ ✈ ❛ ❞❧ ❡ ✈ ③ ♦ ❝ ❡

λ = 1 6 0 0(
f

4
) 4 ,

❦ ❞ ❡ f ❥ ❡ ❢ ❡ ❦ ✈ ❡ ♥ ❝ ❡ ♣ ♦ ③ ♦ ♦ ✈ ♥ ✳ ♦ ♦ ↔ ♥ ❢ ❡ ❦ ✈ ❡ ♥ ❝✐ ♣ ❛ ❦ ✈ ② ❝ ❤ ③ λ = 6 , 2 5 ✳ ❍ ♦ ❞✲
✐ ❝ ❦ ✭ ✶ ✾ ✾ ✼✮ ♣ ♦ ✉ ♦ ✐ ✉ ❛ ❝✐ ❞ ♦ ♣ ♦ ✉ ↔ ✉❥ ❡ λ = 1 0 0 ✱ ❝ ♦ ➸ ❜ ② ♣ ♦ ❞❧ ❡ ✉ ✈ ❡ ❞ ❡ ♥ ❤ ♦ ♣ ❛ ✈✐ ❞❧ ❛

♦ ❞ ♣ ♦ ✈ ❞ ❛❧ ♦ ❞ ✈ ♦❥ ♥ ♦ ❜ ♥ ❢ ❡ ❦ ✈ ❡ ♥ ❝✐ ♣ ♦ ③ ♦ ♦ ✈ ♥ ✳ ♦ ❞ ✈ ♠ ❡ ❡ ♥ ❛ ♦ ❜ ❛ ♣➦ ♣ ❛ ❞ ② ♣ ♦ ❧ ♦✲
❣ ❛ ✐ ♠ ♦ ✈ ❛ ♥ ❍ ❉ ✭ ✈ ❝ ❡ ♥ ❝ ❤ ♦ ❦ ✉ ✷ ✵ ✶ ✵ ❞❧ ❡ ❈ ■✮✱ ✈✐ ③ ♦ ❜ ③ ❦ ② ✹✳ ✶ ❛ ✹✳ ✷✿

✼ ✶



❖ ❜ ③ ❡ ❦ ✹✳ ✶✿ ❍ ♦ ❞ ✐ ❝ ❦✲ ❡ ❝ ♦ ✜❧ ❍ ❉ ✱ λ = 6 , 2 5

❖ ❜ ③ ❡ ❦ ✹✳ ✷✿ ❍ ♦ ❞ ✐ ❝ ❦✲ ❡ ❝ ♦ ✜❧ ❍ ❉ ✱ λ = 1 0 0

❱ ♣➦ ♣ ❛ ❞ ➙ ✈ ♦❧ ❜ ② λ = 6 , 2 5 ✈ ② ✈ ✈ ♦ ③ ❦ ❛✱ ③ ❞ ❛ ♥ ❡ ♥ ✈ ② ❤❧ ❛ ③ ♦ ✈ ❛ ❝ ♣ ❛ ❛ ♠ ❡
♣➦ ❧✐➨ ♥ ③ ❦ ✳ ■ ♣➦✐ ✈ ♦❧ ❜ ➙ λ = 1 0 0 ✈➨ ❛ ❦ ❧ ❡ ❞ ♦❥ ❞ ❡ ♠ ❡ ❦ ③ ✈ ➙ ✉✱ ➸ ❡ ❤ ♦ ♣ ♦ ❞ ➦ ❦ ❦ ✐ ③ ❡
♣ ♦ ❧ ❡ ❞ ♥ ❝ ❤ ❧ ❡ ❥ ❡ ❥✐ ➸ ③ ❛ ➸ ❡ ❤ ♥ ♥ ❛✳ ♦ ❦ ✉ ❞ ❛❧ ❡ ❥ ❡➨ ➙ ❥ ❡ ❞ ♥ ♦ ✉ ③ ❞ ✈ ♦❥ ♥ ♦ ❜ ♠ ❡ ③ ❦❧ ❛ ❞ ♥
❢ ❡ ❦ ✈ ❡ ♥ ❝✐✱ ❞ ♦❥ ❞ ❡ ♠ ❡ ♥ ❛ ♦ ♣ ❛ ❦ ❦ ③ ✈ ➙ ✉✱ ➸ ❡ ③ ♦ ❛ ✈ ♦ ✈ ♥ ❥ ❡➨ ➙ ♥ ❡ ③ ❛ ↔ ❛❧ ♦ ✭ ♦ ❜ ③ ❡ ❦ ✹✳ ✸✮✳

✼ ✷



❖ ❜ ③ ❡ ❦ ✹✳ ✸✿ ❍ ♦ ❞ ✐ ❝ ❦✲ ❡ ❝ ♦ ✜❧ ❍ ❉ ✱ λ = 1 6 0 0

◆ ❛ ③ ❦❧ ❛ ❞ ➙ ✈ ➨ ❡ ✉ ✈ ❡ ❞ ❡ ♥ ❝ ❤ ❣ ❛❢ ➲ ❡ ❧ ③ ❡ ❞ ♦ ♠ ♥ ✈ ❛ ✱ ➸ ❡ ♣➦✐ ♥ ❡ ❞ ♦ ❛ ❡ ↔ ♥ ♠ ✈ ②✲
❤❧ ❛ ③ ❡ ♥ ♥ ❡ ❞ ♦ ❦ ➸ ❡ ❍ ♦ ❞ ✐ ❝ ❦✲ ❡ ❝ ♦ ➲ ✈ ✜❧ ❞ ♦ ❜➦ ❡ ♣ ♦ ✐ ❤ ♥ ♦ ✉ ❞❧ ♦ ✉ ❤ ♦ ✈ ❛❥ ❝ ❡ ❦ ♦ ♥ ♦✲
♠✐ ❝ ❦ ♦ ✉ ❦ ✐ ③✐ ✲ ❛ ❦ ♦ ✈ ❦ ✐ ③ ❡ ❥ ❡ ♣ ♦ ✈ ❛ ➸ ♦ ✈ ♥ ❛ ③ ❛ ♥ ♦ ✈ ❡ ♥ ❞✳

♦ ③ ♥ ❛ ♠ ❡ ♥ ❡❥ ♠ ❡✱ ➸ ❡ ❍ ♦ ❞ ✐ ❝ ❦✲ ❡ ❝ ♦ ➲ ✈ ✜❧ ♣ ♦ λ → ∞ ♣ ❛ ❦ ❞ ✈ ❧✐ ♥ ❡ ♥
❡ ♥ ❞ ✭ ❡ ♣✳ ❡ ① ♣ ♦ ♥ ❡ ♥ ❝✐ ❧ ♥ ❡ ♥ ❞ ♣➦✐ ❛ ♣❧✐ ❦ ❛ ❝✐ ❍ ✜❧ ✉ ♥ ❛ ❧ ♦ ❣ ❛ ✐ ♠ ✉ ➦ ❛ ❞ ②✮✳

▲✐ ♥ ❡ ♥ ❡ ♥ ❞
❆ ❣ ✉ ♠ ❡ ♥ ❡ ♠ ♣ ♦ ✐ ❧✐ ♥ ❡ ♥ ♠ ✉ ❡ ♥ ❞ ✉ ❥ ❡ ❡ ①✐ ❡ ♥ ❝ ❡ ♣➦✐ ♦ ③ ❡ ♥ ❝ ❤ ❜ ❛ ✐ ✱ ➸ ❡ ✒ ➲

♥ ❡ ♥ ✈ ➙ ↔ ♥ ✏ ❛ ♥ ❡❧ ③ ❡ ❡ ❞ ② ♦ ↔ ❡ ❦ ✈ ❛ ♣ ♦ ❦ ❛ ↔ ♦ ✈ ♥ ❡ ① ♣ ♦ ♥ ❡ ♥ ❝✐ ❧ ♥ ❤ ♦ ❡ ♥ ❞ ✉ ✒ ❞ ♦ ♥ ❡ ❦ ♦✲
♥ ❡ ↔ ♥ ❛✏✳

❛ ❝ ✉❥ ❡ ♠ ❡ ❧ ♦ ❣ ❛ ✐ ♠ ♦ ✈ ❛ ♥ ♠ ❍ ❉ ✱ ♣ ♦ ♦ ✈ ♥ ❡❥ ♠ ❡ ❡ ❞ ② ♠ ♦ ❞ ❡❧ ❧✐ ♥ ❡ ♥ ♠ ❡ ♥✲
❞ ❡ ♠

y t = a + bt + ε t

❛ ♠ ♦ ❞ ❡❧ ✉ ↔ ❡ ❜ ♥ ❦➦✐ ✈ ❦ ♦ ✉

y t = a (t + b ) c + ε t .

❘ 2 ❘ 2
A dj

❧✐ ♥ ❡ ♥ ❡ ♥ ❞ ✾ ✽✱ ✶ ✽ ✪ ✾ ✽✱ ✶ ✸ ✪
✉ ↔ ❡ ❜ ♥ ❦ ➦✐ ✈ ❦ ❛ ✾ ✽✱ ✶ ✽ ✪ ✾ ✽✱ ✵ ✾ ✪

❯ ❦ ❛ ③ ✉❥ ❡ ❡✱ ➸ ❡ ♦ ❜ ❛ ♠ ♦ ❞ ❡❧ ② ✈ ② ✈ ➙ ❧ ✉❥ ✈ ❛ ✐ ❛ ❜✐❧✐ ✉ ♣ ❛ ❦ ✐ ❝ ❦ ② ❡❥ ♥ ➙ ❞ ♦ ❜➦ ❡✱ ♣➦✐ ③ ♦✲
❤❧ ❡ ❞ ♥ ➙ ♥ ♣ ♦ ↔ ✉ ♣ ❛ ❛ ♠ ❡ ➲ ♠ ♦ ❞ ❡❧ ✉ ♣ ♦ ♦ ♠ ✈ ② ❝ ❤ ③ ❧✐ ♥ ❡ ♥ ❡ ♥ ❞ ❞ ♦ ❦ ♦ ♥ ❝ ❡ ❧ ♣ ❡
✭ ❜ ②➫ ♠ ❛ ❣✐ ♥ ❧ ♥ ➙✮✳ ◆ ❛ ✈ ❝ ❦ ♦ ❡ ✜ ❝✐ ❡ ♥ ② ♠ ♦ ❞ ❡❧ ✉ ✉ ↔ ❡ ❜ ♥ ❦➦✐ ✈ ❦ ♦ ✉ ❥ ♦ ✉ ✈ ♦ ♠ ♦ ♣➦ ♣ ❛✲
❞ ➙ ③ ❛ ➸ ❡ ♥ ② ✈ ❡❧ ❦ ♦ ✉ ❝ ❤ ② ❜ ♦ ✉ ♦ ❞ ❤ ❛ ❞ ✉ ❛ ✈ ② ❝ ❤ ③ ✈➨ ❡ ❝ ❤ ♥ ② ♥ ❡ ✐ ❣ ♥✐ ✜ ❦ ❛ ♥ ♥ ➙✳

✼ ✸



♦ ✉ ↔ ❡ ♥ ♣➦✐ ♦ ③ ❡ ♥ ❤ ♦ ❞ ♥ ♦ ② ❧ ♦ ❣ ❛ ✐ ♠ ♦ ✈ ❛ ♥ ❤ ♦ ❍ ❉ y ❡ ❞ ② ♣ ♦ ✉ ➸✐❥ ❡ ♠ ❡ ♠ ♦ ❞ ❡❧
❧✐ ♥ ❡ ♥ ♠ ❡ ♥ ❞ ❡ ♠✿

y t = a + bt + ε t

y t = 8 , 7 8 3 + 0 , 0 2 2 t

K o e f i ci e nt S t. o d c h. t − st at. p − h o d n ot a
a 8 ,7 8 3 0 ,0 1 1 7 7 7 ,7 0 ,0 0 0
b 0 ,0 2 2 0 ,0 0 0 4 7 ,5 6 0 ,0 0 0

S. E. 0 ,0 3 8
D u r bi n − W at s o n 0 ,3 9

➦✐ ♦ ③ ❡ ♥ ✐ ♥ ✢ ❛ ❝ ❡

❆ ↔ ❦ ♦❧✐ ❥ ♠ ❡ ✈ ➨ ❡ ✉ ❦ ③ ❛❧✐✱ ➸ ❡ ❍ ♦ ❞ ✐ ❝ ❦✲ ❡ ❝ ♦ ➲ ✈ ✜❧ ♣ ✉ ❜❥ ❡ ❦ ✐ ✈✐ ♦ ✉ ✈ ♦❧ ❜ ② ♣ ❛✲
❛ ♠ ❡ ✉✱ ✈ ♣➦ ♣ ❛ ❞ ➙ ✐ ♥ ✢ ❛ ❝ ❡ ♥ ❡ ♣ ♦ ③ ♦ ✉❥ ❡ ♠ ❡ ➸ ❞ ♥ ❥ ❛ ♥ ➙ ♣ ❛ ♥ ❡ ♥ ❞✱ ❦ ❡ ❜ ② ❝ ❤ ♦ ♠

♠ ♦ ❤❧✐ ♣ ♦ ✉ ➸ ❥ ❛ ❦ ♦ ❛❧ ❡ ♥ ❛ ✐ ✈ ✉✳ ❖ ❞ ❦ ③ ♥✐ ♥ ❛ ❍ ♦ ❞ ✐ ❝ ❦✲ ❡ ❝ ♦ ➲ ✈ ✜❧ ✈ ♦❧ ♠ ❡ ♣ ❛ ❛✲
♠ ❡ ✉ ❜❥ ❡ ❦ ✐ ✈ ♥ ➙✳ ❱ ② ❜ ❡ ❡ ♠ ❡ ③ ❧✐ ❡ ❛ ✉ ♦ ✉ ❞ ♦ ♣ ♦ ✉ ↔ ♦ ✈ ❛ ♥ ❝ ❤ ♠ ♦ ➸ ♥ ♦ ✭ ❘ ❛ ✈ ♥✱ ✷ ✵ ✵ ✷❀
❍ ♦ ❞ ✐ ❝ ❦✱ ✶ ✾ ✾ ✼✮✱ ❛ ♦ ❤ ♦ ❞ ♥ ♦ ✉ λ = 1 0 0 ✱ ✈✐ ③ ♦ ❜ ③ ❡ ❦ ✹✳ ✹✳ ❍ ♦ ❞ ♥ ♦ ✉ λ = 6 , 2 5 ♣ ♦ ✈ ❛✲
➸ ✉❥ ❡ ♠ ❡ ✉ ❜❥ ❡ ❦ ✐ ✈ ♥ ➙ ③ ❛ ♣➦ ❧✐➨ ♥ ③ ❦ ♦ ✉ ♣ ♦ ❞ ♦ ❛ ❡ ↔ ♥ ✈ ② ❤❧ ❛ ③ ❡ ♥ ✳

❖ ❜ ③ ❡ ❦ ✹✳ ✹✿ ❍ ♦ ❞ ✐ ❝ ❦✲ ❡ ❝ ♦ ✜❧ ✲ ➦✐ ♦ ③ ❡ ♥ ✐ ♥ ✢ ❛ ❝ ❡✱ λ = 1 0 0

✼ ✹



➦✐ ♦ ③ ❡ ♥ ♠ ➙ ♥ ♦ ✈ ③ ♦ ❜ ❛

♦ ❞ ♦ ❜ ♥ ➙ ❥ ❛ ❦ ♦ ✈ ♣➦ ♣ ❛ ❞ ➙ ♣➦✐ ♦ ③ ❡ ♥ ✐ ♥ ✢ ❛ ❝ ❡ ♣ ♦ ✉ ➸ ✈ ♠ ❡ ✐ ♣ ♦ ♠ ➙ ♥ ♦ ✈ ♦ ✉ ③ ♦ ❜ ✉ ▼ ✷
❍ ♦ ❞ ✐ ❝ ❦✲ ❡ ❝ ♦ ➲ ✈ ✜❧ ♣ ❛ ❛ ♠ ❡ ❡ ♠ λ = 1 0 0 ✱ ✈✐ ③ ♦ ❜ ③ ❡ ❦ ✹✳ ✺✿

❖ ❜ ③ ❡ ❦ ✹✳ ✺✿ ❍ ♦ ❞ ✐ ❝ ❦✲ ❡ ❝ ♦ ✜❧ ✲ ➦✐ ♦ ③ ❡ ♥ ♠ ➙ ♥ ♦ ✈ ③ ♦ ❜ ❛✱ λ = 1 0 0

✹✳ ✹✳ ✸ ❖ ↔ ❡ ❦ ✈ ♥

❆ ❜ ② ❝ ❤ ♦ ♠ ♠ ♦ ❤❧✐ ♦ ❞ ❤ ❛ ❞ ♥ ♦ ✉ ❦ ❛ ♥ ♦ ♥✐ ❝ ❦ ♠ ♦ ❞ ❡❧✱ ③ ❜ ✈ ❥ ❡➨ ➙ ✈ ② ♣ ♦➦ ❞ ❛ ❡ ♦ ↔ ❡ ❦ ✲
✈ ❛ ♥ ♠✐ ❤ ♦ ❞ ♥ ♦ ❛ ♠✐ ✭❧ ♦ ❣ ❛ ✐ ♠ ♦ ✈ ❛ ♥ ❤ ♦✮ ❍ ❉ ❛ ✐ ♥ ✢ ❛ ❝ ❡✳ ❚ ♦ ❥ ❡ ❛ ♠ ♦ ♦ ♦ ❜ ➙ ✈ ❡❧ ♠✐
♦ ③ ❤❧ ♠ ❛✳ ▼ ② ❡ ❤ ♦ ❞ ♦ ❦ ♥ ❡ ♠ ❡ ❥ ❡ ♥ ❦ ❝ ❡✳

❘ ♦ ③➨ ➦ ❡ ♥ ♠ ❦ ♦ ♥ ❝ ❡ ♣ ❡ ♠ ❥ ♦ ✉ ❛ ❦ ③ ✈ ❛ ♥ ❛ ❝✐ ♦ ♥ ❧ ♥ ♦ ↔ ❡ ❦ ✈ ♥ ✳ ❍ ② ♣ ♦ ③ ❛ ❛ ❝✐ ♦ ♥ ❧✲
♥ ❝ ❤ ♦ ↔ ❡ ❦ ✈ ♥ ➦ ❦ ✱ ➸ ❡ ❡ ❦ ♦ ♥ ♦ ♠✐ ↔ ❛ ❣ ❡ ♥ ✐ ✈ ② ✉ ➸ ✈ ❛❥ ❛ ❝✐ ♦ ♥ ❧ ♥ ➙ ✈➨ ❡ ❝ ❤ ❞ ♦ ✉ ♣ ♥ ❝ ❤
✐ ♥❢ ♦ ♠ ❛ ❝ ✱ ✈ ↔ ❡ ♥ ➙ ✉ ✈ ❛ ➸ ♦ ✈ ❛ ♥ ❤ ♦ ♠ ♦ ❞ ❡❧ ✉✳ ❖ ↔ ❡ ❦ ✈ ♥ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ❝ ❤ ❛ ❣ ❡ ♥ ➲ ❛ ❦ ♥ ❡✲

♣ ② ❡ ♠ ❛ ✐ ❝ ❦ ♦ ✉ ❝ ❤ ② ❜ ♦ ✉✳ ❚ ♦ ❥ ♦ ✉ ♦ ✈➨ ❡ ♠ ✈ ❡❧ ♠✐ ✐❧ ♥ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❛ ❞ ②✳

❱ ② ✉ ➸✐❥ ❡ ♠ ❡ ♣ ♦ ✉ ♣ ♣ ♦ ♣ ❛ ♥ ✈ ▼ ❛ ❛ ♦ ✭ ✷ ✵ ✶ ✸✮✱ ❦ ❡ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❞ ❤ ❡ ❡ ♦ ❣ ❡ ♥✐ ✉
❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ❝ ❤ ❛ ❣ ❡ ♥ ➲✳ ❷ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ❝ ❤ ❛ ❣ ❡ ♥ ➲ ♠ ❧ ❡ ❛ ❝✐ ♦ ♥ ❧ ♥ ♦ ↔ ❡ ❦ ✈ ♥ ✱
♦ ↔ ❡ ❦ ✈ ♥ ❞ ❛❧➨ ❝ ❤ ❛ ❣ ❡ ♥ ➲ ❥ ♦ ✉ ③ ✈✳ ♣ ♦ ❞ ♠ ♥ ➙ ♥ ➙ ❛ ❝✐ ♦ ♥ ❧ ♥ ✲ ♣ ♦ ✉ ➸ ✈ ❛❥ ❤ ❡ ✉ ✐ ✐ ❝ ❦ ❝ ❤
♣ ♦ ✉ ♣ ➲ ❦ ♦ ❞ ❤ ❛ ❞ ➲ ♠ ♠ ❛ ❦ ♦ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ❝ ❤ ✈ ❡❧✐ ↔✐ ♥✳ ◆ ➙ ❦ ❡➦ ❛ ❣ ❡ ♥ ✐ ❡ ❞ ② ↔ ❡❧ ♣ ♦✲
❜❧ ♠ ➲ ♠ ♣ ♦ ❝ ❤ ♦ ♣ ❡ ♥ ♠ ❛ ③ ♣ ❛ ❝ ♦ ✈ ♥ ♠ ✐ ♥❢ ♦ ♠ ❛ ❝ ❛ ♠ ♦ ❤ ♦ ✉ ❡ ♣➦ ♣ ❛ ❞ ♥ ➙ ❞ ♦ ♣ ♦ ✉➨ ➙
❝ ❤ ② ❜ ✈ ❡ ✈ ❝ ❤ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞ ❝ ❤✱ ❥ ♦ ✉ ✈➨ ❛ ❦ ❝ ❤ ♦ ♣ ♥✐ ❡ ③ ❡ ✈ ❝ ❤ ❝ ❤ ② ❜ ♣ ♦ ✉ ↔✐ ✳

▼ ❛ ❛ ♦ ✭ ✷ ✵ ✶ ✸✮ ✉ ❦ ❛ ③ ✉❥ ❡✱ ➸ ❡ ♦ ↔ ❡ ❦ ✈ ♥ ♦ ❞ ❝ ❤ ②❧ ❡ ❦ ❍ ❉ ❛ ✐ ♥ ✢ ❛ ❝ ❡ ♦ ❞ ✈ ❝ ❤ ♣➦✐ ♦✲
③ ❡ ♥ ❝ ❤ ❤ ♦ ❞ ♥ ♦ ❧ ③ ❡ ♣ ♦ ↔ ❛ ❥ ❡ ❞ ♥ ♦ ❞ ✉➨ ❡ ❥ ❛ ❦ ♦ ❧✐ ♥ ❡ ♥ ❦ ♦ ♠ ❜✐ ♥ ❛ ❝✐ ♦ ✉ ↔ ❛ ♥ ❝ ❤ ❛ ③ ♣ ♦ ➸✲
❞ ➙ ♥ ❝ ❤ ❤ ♦ ❞ ♥ ♦ ➙ ❝ ❤ ♦ ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤✿

✼ ✺



E t ỹ t+ 1 = α 1 ỹ t + α 2 π̃ t + α 3 ỹ t− 1 + α 4 π̃ t− 1

E t π̃ t+ 1 = γ 1 ỹ t + γ 2 π̃ t + γ 3 ỹ t− 1 + γ 4 π̃ t− 1

▼ ❛ ❛ ♦ ✭ ✷ ✵ ✶ ✸✮ ❞ ❧ ❡ ✈ ② ❝ ❤ ③ ③ ❡ ③ ♥ ♠ ❝ ❤ ❦ ❛❧✐ ❜ ♦ ✈ ❛ ♥ ❝ ❤ ❤ ♦ ❞ ♥ ♦ ✱ ♠ ② ❜ ② ❝ ❤ ♦ ♠
❡ ✈➨ ❛ ❦ ❛ ❞ ➙❥✐ ❞ ➸ ❡❧✐ ♦ ❞ ❤ ❛ ❞ ♦ ✈ ❝ ❤ ♣ ♦ ✉ ♣ ➲✳ ❖ ↔ ❡ ❦ ✈ ♥ ♠ ✉ ♠ ❡ ♦ ❞ ❤ ❛ ❞ ♦ ✈ ❛ ❡ ♣ ❛ ✲

♥ ➙✱ ♠✐ ♠ ♦ ✈❧ ❛ ♥ ♠ ♦ ❞ ❡❧ ✲ ✈ ♠ ❝✐ ♠ ♦ ❞ ❡❧ ✉ ♥ ❡❧ ③ ❡ ♦ ❞ ❤ ❛ ❞ ♣ ♦ ✈ ♦ ❤❧ ❡ ❞ ❡ ♠ ♥ ❛ ❦ ✉✲
❡ ↔ ♥ ♦ ✱ ➸ ❡ ❜ ② ❡❥ ♥ ♣ ♦ ♠ ➙ ♥ ♥ ❜ ②❧ ❛ ♥ ❛ ❧ ❡ ✈ ✐ ♣ ❛ ✈ ❛ ♥ ➙ ♦ ✈ ♥✐ ❝ ❡✳ ❛ ❦ ♠ ✉ ♠ ❡

♣ ♦ ↔ ❛ ❡ ❦ ✉ ❡ ↔ ♥ ♦ ✱ ➸ ❡ ♦ ↔ ❡ ❦ ✈ ♥ ♠ ♦ ❤ ♦ ✉ ❜ ♦ ❜ ❡ ❝ ♥ ➙ ✈ ② ❝ ❤ ❧ ❡ ♥ ✳ ➦✐ ♦ ❞ ❤ ❛ ❞ ✉
♣ ♦ ♦ ✈ ② ❝ ❤ ③ ♠ ❡ ③ ♠ ♦ ❞ ❡❧ ➲

ỹ t = α 0 + α 1 ỹ t− 1 + α 2 π̃ t− 1 + α 3 ỹ t− 2 + α 4 π̃ t− 2 + ε y
t ,

π̃ t = γ 0 + γ 1 ỹ t− 1 + γ 2 π̃ t− 1 + γ 3 ỹ t− 2 + γ 4 π̃ t− 2 + ε π
t ,

❦ ❡ ♦ ❞ ❤ ❛ ❞ ✉❥ ❡ ♠ ❡ ❥ ❛ ❦ ♦ ♦ ✉ ❛ ✈ ✉ S U R ✳
❯ ❦ ❛ ③ ✉❥ ❡ ❡✱ ➸ ❡ ❛ ❜ ♦❧ ✉ ♥ ↔❧ ❡ ♥ ② ❥ ♦ ✉ ③ ❝ ❡❧ ❛ ♥ ❡ ✈ ③ ♥ ❛ ♠ ♥ ❛ ③ ❤ ♦ ➨ ✉❥ R 2

A dj ✱ ♣ ♦✲
♦ ❥ ❡ ✈ ② ♥ ❡ ❝ ❤ ♠ ❡✳ ◆ ❡ ✈ ③ ♥ ❛ ♠ ♥ ❥ ♦ ✉ ✐ ♥ ➙ ❦ ❡ ❞ ❛❧➨ ❦ ♦ ❡ ✜ ❝✐ ❡ ♥ ②✱ ✈ ② ♥ ❡ ❝ ❤ ♥ ♦ ❜ ♦ ✉

↔❧ ❡ ♥ ➲ ③ ♣ ♦ ➸ ❞ ➙ ♥ ❝ ❤ ♦ ✷ ❞ ♦ ❜ ② ✈➨ ❛ ❦ ❥✐ ➸ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞ ♥ ❝ ❤ ♦ ♣ ♥ ♦ ✐ ♠ ♦ ❞ ❡❧ ➲ ♥ ❡ ③❧ ❡ ♣➨ ✉❥ ❡
❛ ✈ ② ♥ ❡ ❝ ❤ ♥ ♣ ♦ ✉ ③ ❡ ❥ ❡ ❞ ♥ ♦ ❤ ♦ ❜ ② ♥ ❡ ❜ ②❧ ♦ ✈ ♦ ✉❧ ❛ ❞ ✉ ♣ ❛ ✈✐ ❞❧ ② ❤✐ ❡ ❛ ❝ ❤✐ ❝ ❦ ❢ ♦ ♠ ✉❧ ❛ ❝ ❡
♠ ♦ ❞ ❡❧ ➲✳

♦ ♦ ↔ ❡ ❦ ✈ ♥ ❛ ❦ ❞ ♦ ✈ ♠ ❡

E t ỹ t+ 1 = 0 , 8 7 4 ỹ t − 0 , 8 4 5 π̃ t − 0 , 0 4 7 ỹ t− 1 + 0 , 2 1 4 π̃ t− 1 ,

E t π̃ t+ 1 = 0 , 1 4 8 ỹ t + 0 , 6 3 2 π̃ t − 0 , 0 3 2 ỹ t− 1 − 0 , 3 6 7 π̃ t− 1 .

➦✐ ❦ ♦ ♥ ✉ ❦ ❝✐ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞ ❡ ♣ ❛ ❦ ❡ ❦ ♠ ❡ ♣ ♦ ❜❧ ♠ ❡ ♠✱ ➸ ❡ ❦ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞✐
✭ ♦ ✶ ❦ ♦ ❦✮ ♣ ♦ ➦ ❡ ❜ ✉❥ ❡ ♠ ❡ ③ ♥ ❤ ♦ ❞ ♥ ♦ ② E t+ 1 ỹ t+ 2 ✱ E t+ 1 π̃ t+ 2 ✱ ❦ ❡ ✈➨ ❛ ❦ ♣ ♦ ↔ ♠ ❡
♣ ✈ ➙ ♥ ❛ ③ ❦❧ ❛ ❞ ➙ ③ ♥ ❛❧ ♦ ✐ ỹ t+ 1 ✱ π̃ t+ 1 ✱ ❥ ❡ ➸ ❡ ♣ ✈ ❡ ♣➦ ❡ ❞ ♣ ♦ ✈ ❞ ♠ ❡✳ ➦✐ ✈ ♣ ♦ ↔ ✉ ➙ ❝ ❤ ♦
♦ ↔ ❡ ❦ ✈ ❛ ♥ ❝ ❤ ❤ ♦ ❞ ♥ ♦ ♣ ♦ ♦ ♥ ❛ ♠ ♦ ỹ t+ 1 ✱ π̃ t+ 1 ❞ ♦ ❛ ❞ ♠ ❡ E t ỹ t+ 1 ✱ E t ỹ t+ 1 ❛ ✐ ♠ ♣❧ ❡✲
♠ ❡ ♥ ✉❥ ❡ ♠ ❡ ❛ ❦ ✈❧ ❛ ♥ ➙ ❞ ✈ ♦ ✉ ❦ ♦ ❦ ♦ ✈ ♦ ↔ ❡ ❦ ✈ ♥ E t ỹ t+ 2 ✱ E t π̃ t+ 2 ✳

❚ ♠ ❥ ♠ ❡ ❡ ✈ ② ♣ ♦➦ ❞ ❛❧✐ ♦ ❞ ❝ ❤ ②❧ ❦ ❛ ♠✐ ❍ ❉ ❛ ✐ ♥ ✢ ❛ ❝ ❡✳ ❑ ♣➦ ❡ ❝ ❤ ♦ ❞ ✉ ♦ ❞ ♥ ♦ ♠✐ ♥ ❧✲
♥ ❝ ❤ ♦ ❦ ♦ ✈ ❝ ❤ ❛ ③ ❡ ❜✱ ♣ ♦ ❦ ❡ ♠ ♠ ❡ ❞ ❛ ❛✱ ❦ ❡ ❧ ♥ ♠ ♦ ❦ ♦ ✈ ♠ ❛ ③ ❜ ♠✱ ✈➨ ❛ ❦
♣ ♦ ➦ ❡ ❜ ✉❥ ❡ ♠ ❡ ③ ♥ ♦ ↔ ❡ ❦ ✈ ♥ ✐ ♥ ✢ ❛ ❝ ❡ ❥ ❛ ❦ ♦ ❛ ❦ ♦ ✈ ✱ ♥ ❡❥ ❡ ♥ ❥ ❡❥ ♦ ❞ ❝ ❤ ②❧ ❦ ② ♦ ❞ ♣➦✐ ♦ ③ ❡ ♥
❤ ♦ ❞ ♥ ♦ ②✳ ❖ ↔ ❡ ❦ ✈ ❛ ♥ ✐ ♥ ✢ ❛ ❝ ❡ ❥ ❡ ♣ ❛ ❦ ✐ ♠ ♣❧✐ ❝✐ ♥ ➙ ✉ ↔ ❡ ♥ ❛ ③ ♣ ➲ ♦ ❜ ❡ ♠✱ ❥ ❛ ❦ ♠ ♣ ♦ ↔ ♠ ❡
✐ ♥ ✢ ❛ ❝✐ ♣➦✐ ♦ ③ ❡ ♥ ♦ ✉✳

❚ ♦ ✐ ➸✱ ♠ ♠ ❡✲❧✐ ❞ ❛ ♥ ♦ ✉ ♣➦✐ ♦ ③ ❡ ♥ ♦ ✉ ✐ ♥ ✢ ❛ ❝✐ π N
t , t = 1 , ..., T ❛ ♣ ♦ ↔ ♠ ❡ ♦ ↔ ❡ ❦ ✈ ♥

♣ ♦ t = T + 1 ✱ ♣ ❛ ❦ ✈ ♠✐ ♥✐ ♠ ❛❧✐ ③ ❛ ↔ ♥ ❧ ♦ ③ ❡ ❞❧ ❡ ✭ ✹✳ ✶ ✼✮ ♣➦✐ ❜ ✉ ❞ ❡ ↔❧ ❡ ♥

E T (π T + 1 − π N
T + 1 ) 2 + λ ((E T π N

T + 1 − π N
T ) − (π N

T − π N
T − 1 ))

2 .

❩ ♣ ♦ ❞ ♠ ♥ ❡ ❦ ♦ ♣ ✐ ♠ ❛❧✐ ② ♣ ❛ ❦ ❞ ❧ ❡ ♣❧ ② ♥ ❡

λ ((E T π N
T + 1 − π N

T ) − (π N
T − π N

T − 1 )) = E T (π T + 1 − π N
T + 1 ),

❦ ❞ ❡
E T (π T + 1 − π N

T + 1 ) = E T π̃ T + 1 .

✼ ✻



❖ ❞ ✉ ❞

E T π N
T + 1 = π N

T + ( π N
T − π N

T − 1 ) +
1

λ
E T π̃ T + 1 , ✭ ✹✳ ✶ ✽✮

♣ ♦ ❛ ➸ ♠ ♦

E T π T + 1 = E T π N
T + 1 + E T π̃ T + 1 = π N

T + ( π N
T − π N

T − 1 ) +
λ + 1

λ
E T π̃ T + 1 .

♦ ③ ♥ ❛ ♠ ❡ ♥ ❡❥ ♠ ❡✱ ➸ ❡ ♠ ♦ ❞ ❡❧ ♣ ♦ ↔ ♦ ❜ ❡ ❝ ♥ ➙ ❤ ♦ ❞ ♥ ♦ ❛ ♠✐ π N
t ❛ ❍ ♦ ❞ ✐ ❝ ❦✲ ❡ ❝ ♦ ➲ ✈

✜❧ ❥ ❡ ❥ ❡ ♥ ♠ ❡ ♦ ❞ ❛✱ ❥ ❛ ❦ ② ♦ ❤ ♦ ❞ ♥ ♦ ② ✉ ↔✐ ✳ ➦✐ ✈ ➨ ❡ ♣ ♦ ♣ ❛ ♥ ♠ ♣ ♦ ✉ ♣ ✉ ❛ ❦ ✐ ❝ ❡
✈ ② ❝ ❤ ③ ♠ ❡ ③ ❡ ❡❥ ♥ ♠ ❡ ♦ ❞ ②✱ ❛ ✈➨ ❛ ❦ ❤ ♦ ❞ ♥ ♦ ② π N

t ♣ ♦ ✈ ❛ ➸ ✉❥ ❡ ♠ ❡ ③ ❛ ❞ ❛ ♥ ✳
♦ ❞ ② ♥ ❛ ♠✐ ❝ ❦ ♦ ✉ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ↕ ✈➨ ❛ ❦ ❜ ✉ ❞ ♦ ✉ ❝ ❤ ♦ ❞ ♥ ♦ ② π N

t , t > T ♥ ❡ ③ ♥ ♠ ❡✳ ❱ ②✲
❥ ❞ ❡ ♠ ❡ ♣ ♦ ♦ ♣➦✐ ♦ ③ ❡ ♥ ➙ ③ ♦ ✈ ♥✐ ❝ ❡ ✭ ✹✳ ✶ ✽✮ ❛ ❞ ♦ ✈ ♠ ❡

π N
T = π N

T − 1 + ( π N
T − 1 − π N

T − 2 ) +
1

λ
π̃ T ,

♣ ♦ ❛ ➸ ♠ ♦

π T = π N
T − 1 + ( π N

T − 1 − π N
T − 2 ) +

λ + 1

λ
π̃ T .

✹✳ ✹✳ ✹ ❆ ♣❧✐ ❦ ❛ ❝ ❡ ♠ ♦ ❞ ❡❧ ✉

❏ ❛ ❦ ✉ ✈ ❞ ♠ ❡ ❥✐ ➸ ✈ ❦ ❛ ♣✐ ♦❧ ❡ ✹✳ ✹✳ ✷✱ ❦ ③ ❦ ♥ ♣➦✐ ♦ ③ ❡ ♥ ❝ ❤ ❤ ♦ ❞ ♥ ♦ ♦ ❦ ♦ ✈ ♠ ② ♣ ♦✲
➦ ❡ ❜ ✉❥ ❡ ♠ ❡ ♥ ➙ ❦ ❡ ♣ ❛ ❛ ♠ ❡ ②✱ ❦ ❡ ❥ ❡ ➦ ❡ ❜ ❛ ♦ ❞ ❤ ❛ ❞ ♥ ♦ ✉ ✈ ♠ ❝✐ ♠ ♦ ❞ ❡❧ ✉✳ ➲ ✈ ♦ ❞ ♥

♠ ♦ ❞ ❡❧ ❞ ❛ ♥ ♦ ✈ ♥✐ ❝ ❡ ♠✐ ✭ ✹✳ ✷✮ ❛ ➸ ✭ ✹✳ ✹✮ ❛ ❦ ♠ ✉ ♠ ❡ ♣ ♦ ↔ ❡❧ ② ♦ ❞ ❤ ❛ ❞ ♦ ✈ ♣ ♦ ❝ ❡ ❞ ✉ ②
♣➦ ❡❢ ♦ ♠ ✉❧ ♦ ✈ ❛ ✳

◆ ❑ ■ ❙ ❦ ➦✐ ✈ ❦ ❛

ỹ t = E t ỹ t+ 1 −
1

θ
r̃ t + u I S

t

❖ ❞ ✉ ❞ ✈ ② ✉ ➸✐ ♠ ♦ ✈ ♥✐ ❝ ✭ ✹✳ ✶ ✷✮✱ ✭ ✹✳ ✾✮ ❛ ✭ ✹✳ ✺✮✱ ❥✳

r̃ t = r t − (ρ + θ ∆ y N
t+ 1 ),

ρ = − l n β,

r t = it − E t π t+ 1 ,

❞ ♦ ✈ ♠ ❡

ỹ t = E t ỹ t+ 1 −
1

θ
(it − E t π t+ 1 + l n β ) + ∆y N

t+ 1 + u I S
t . ✭ ✹✳ ✶ ✾✮

◆ ❑ ❤✐❧❧✐ ♣ ♦ ✈ ❛ ❦ ➦✐ ✈ ❦ ❛
❩ ➲ ✈ ♥ ❡ ③ ♠ ➙ ♥ ➙ ♥ ❛✱

π̃ t = β E t π̃ t+ 1 + κ ỹ t + u π
t . ✭ ✹✳ ✷ ✵✮

✼ ✼



❛ ✈✐ ❞❧ ♦ ♠ ➙ ♥ ♦ ✈ ♣ ♦❧✐ ✐ ❦ ②

r̃ t = φ π E t π̃ t+ 1 + φ y E t ỹ t+ 1 + u M P
t

❖ ❞ ✉ ❞ ♦ ♣ ➙ ✈ ② ✉ ➸✐ ♠ ♦ ✈ ♥✐ ❝ ✭ ✹✳ ✶ ✷✮✱ ✭ ✹✳ ✾✮ ❛ ✭ ✹✳ ✺✮ ❞ ♦ ✈ ♠ ❡

it = E t π t+ 1 − l n β + θ ∆ y N
t+ 1 + φ π E t π̃ t+ 1 + φ y E t ỹ t+ 1 + u M P

t . ✭ ✹✳ ✷ ✶✮

❉ ♦ ✈ ♠ ❡ ❛ ❦ ♦ ✉ ❛ ✈ ✉ ✭ ✹✳ ✶ ✾✮✱ ✭ ✹✳ ✷ ✵✮✱ ✭ ✹✳ ✷ ✶✮✱ ❦ ❡ ♦ ✉ ❥✐ ➸ ♠ ➲ ➸ ❡ ♠ ❡ ♦ ❞ ❤ ❛ ❞ ♦ ✈ ❛ ✳
➦✐ ♣ ♦ ♠ ❡ ➡ ♠ ❡✱ ➸ ❡ ♥ ❛ ♣ ❛ ❛ ♠ ❡ ② ② ♣✐ ❝ ❦ ② ❦❧ ❛ ❞ ❡ ♠ ❡ ♦ ♠ ❡ ③ ❡ ♥ θ > 0 ✱ β ∈ ( 0, 1) ❛ κ > 0 ,

φ π , φy > 0 ✭ ♥ ➙ ❦ ❞ ② ❡ ♣➦✐ ♣ ♦ ✉➨ φ y = 0 ✮ ❛ ➸ ❡ ➨ ♦ ❦ ② ❥ ♦ ✉ ♥ ❤ ♦ ❞ ♥ ♠ ♣ ♦ ❝ ❡ ❡ ♠ ❆ ❘✭ ✶✮✳
♦ ❦ ✉ ❞ ❜ ② ❝ ❤ ♦ ♠ ❝ ❤ ➙❧✐ ❛ ♦ ♦ ♠ ❡ ③ ❡ ♥ ♥ ❛ ♣➦ ♣ ✉ ♥ ♦ ③ ❛ ❤ ♣ ❛ ❛ ♠ ❡ ➲ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥✲

♦ ✈ ❛ ✈ ♠ ❝✐ ♠ ♦ ❞ ❡❧ ✉✱ ♠ ➲ ➸ ❡ ♠ ❡ ❛ ❦ ✉ ↔✐ ♥✐ ♣ ♦ ♠ ♦ ❝ ❥ ❡ ❞ ♥ ♦ ❞ ✉ ❝ ❤ ❝ ❤ ❛ ♥ ❢ ♦ ♠ ❛ ❝

x =
1

e x 0
,

y =
1

1 + e y 0
,

♣ ♦ x > 0 ✱ y ∈ ( 0, 1) ✱ ❦ ❞ ❡ ♥ ❛ x 0 , y0 ➸ ❞ ♥ ♦ ♠ ❡ ③ ❡ ♥ ♥ ❡ ❦❧ ❛ ❞ ❡ ♠ ❡✳

❚ ❛ ❦ ♦ ✈ ❛ ♥ ❢ ♦ ♠ ❛ ❝ ❡ ✈➨ ❛ ❦ ♥ ❡ ♠ ♣ ❛ ❦ ✐ ❝ ❦ ✈ ③ ♥ ❛ ♠✳ ❩➦ ❡❥ ♠ ➙✱ ♣ ♦ ❦ ✉ ❞ ❡ ❜ ✉ ❞ ❡
♦ ❞ ❤ ❛ ❞ ♥ ✉ ❤ ♦ ❞ ♥ ♦ ❛ ♣ ❛ ❛ ♠ ❡ ✉ ♥ ❛❧ ③ ❛ ✈ ♣➦ ❧ ✉➨ ♥ ♠ ✐ ♥ ❡ ✈ ❛❧ ✉✱ ♣ ❛ ❦ ♥ ❡ ♥ ➦ ❡ ❜ ❛

❛ ♥ ❢ ♦ ♠ ❛ ❝ ❡ ♣ ♦ ✈ ❞ ➙ ❛ ♠ ♦ ❞ ❡❧ ❛ ❦ ③ ❜ ② ❡ ↔ ♥ ➙ ❦ ♦ ♠ ♣❧✐ ❦ ♦ ✈ ❛ ✳ ♦ ❦ ✉ ❞ ❡ ♥ ❛ ♦ ♣ ❛ ❦ ♦ ❞✲
❤ ❛ ❞ ♥ ✉ ❤ ♦ ❞ ♥ ♦ ❛ ♣ ❛ ❛ ♠ ❡ ✉ ✈ ♣➦ ❧ ✉➨ ♥ ♠ ✐ ♥ ❡ ✈ ❛❧ ✉ ♥ ❡ ♥ ❛❧ ③ ✱ ♣ ❛ ❦ ♠ ♦ ❞ ❡❧ ✐ ♠✲
♣❧ ❡ ♠ ❡ ♥ ♦ ✈ ❛ ♥ ♠ ♦ ♠ ❡ ③ ❡ ♥ ♠ ↔ ❛ ♦ ♥ ❡❧ ③ ❡ ♦ ❞ ❤ ❛ ❞ ♥ ♦ ✉ ✲ ♣➦✐ ✐ ❡ ❛ ✐ ✈ ♥ ♠ ♣ ♦ ✉ ♣ ✉ ♥ ❡ ♥
❞ ♦ ❛ ➸ ❡ ♥ ♦ ❦ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡✱ ♥ ❡ ❜ ♦➫ ♦ ❞ ❤ ❛ ❞ ♦ ✈ ❛ ♥ ♣ ❛ ❛ ♠ ❡ ② ❞✐ ✈ ❡ ❣ ✉❥ ❞ ♦ ✭ ♣❧ ✉ ♠✐ ♥ ✉ ✮
♥ ❡ ❦ ♦ ♥ ❡ ↔ ♥ ❛✱ ❥ ❛ ❦ ❡ ❤ ♦ ❞ ♥ ♦ ② ❛ ♥ ❢ ♦ ♠ ♦ ✈ ❛ ♥ ❝ ❤ ♣ ❛ ❛ ♠ ❡ ➲ ❜❧ ➸ ✈ ② ② ↔ ❡ ♥ ❤ ❛ ♥✐ ❝✐✳

❖ ♠ ❡ ③ ❡ ♥ ♥ ❛ ✈ ❝ ✈ ② ♣❧ ✈ ❛❥ ③ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❛ ❞ ➲ ♥ ❛ ❝ ❤ ♦ ✈ ♥ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ❝ ❤ ❛ ❦ ➲ ✭ ✈ ❛
✉ ➸✐ ❦ ♦ ✈ ❢ ✉ ♥ ❦ ❝ ❡✱ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ♦ ✉ ↔ ❛ ♥ ❤ ♦ ♦ ❜ ❞ ♦ ❜ ♣➦ ❡ ❞ ❜ ✉ ❞ ♦ ✉ ❝ ♠✮ ❛ ❡ ❣ ✉❧ ❛ ↔ ♥ ❝ ❤ ✐ ♥✲

✐ ✉ ❝ ✭ ♦ ♠ ❡ ③ ❡ ♥ ♣ ❛ ❛ ♠ ❡ ➲ ♠ ➙ ♥ ♦ ✈ ♣ ♦❧✐ ✐ ❦ ②✮✱ ♥ ❡❥ ♦ ✉ ❞ ♥ ❛ ✉ ❦ ✉ ♦ ✉ ♠ ♦ ❞ ❡❧ ✉✳
➦ ♣ ❛ ❞ ♥ ✈ ② ❜ ♦ ↔ ❡ ♥ ♦ ❞ ❤ ❛ ❞ ♥ ✉ ❝ ❤ ♣ ❛ ❛ ♠ ❡ ➲ ③ ♦ ↔ ❡ ❦ ✈ ❛ ♥ ❝ ❤ ✐ ♥ ❡ ✈ ❛❧ ➲ ❛ ❦ ✐ ♥ ❞✐ ❦ ✉❥ ❡

♣ ♦ ❜❧ ♠ ♣➦ ❡ ❞ ❛ ✈ ♦ ✉ ♦ ❢ ✉ ♥ ❣ ♦ ✈ ♥ ❡ ❦ ♦ ♥ ♦ ♠✐ ❦ ② ♣ ♦ ❞❧ ❡ ❞ ❛ ♥ ❤ ♦ ♠ ♦ ❞ ❡❧ ✉✱ ♥ ❡ ❜ ♥ ✈➨ ❛ ❦
✈ ♦ ❞ ❤ ❛ ❞ ♦ ✈ ♣ ♦ ❝ ❡ ❞ ✉➦ ❡✳

❚ ❛ ♥ ❢ ♦ ♠ ❛ ❝ ❡ ❡ ❞ ② ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ♦ ✈ ❛ ♥ ❡ ❜ ✉ ❞ ❡ ♠ ❡✳

▼ ♦ ❞ ❡❧ ♦ ❞ ❤ ❛ ❞ ✉❥ ❡ ♠ ❡ ✈ ② ✉ ➸✐ ♠ ♦❢ ✇ ❛ ✉ ❊ ❱✐ ❡ ✇ ✽ ♠ ❡ ♦ ❞ ♦ ✉ ● ▼ ▼✳ ❙ ♦ ❤❧ ❡ ❞ ❡ ♠
♥ ❛ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❞ ❛ ♥ ♦ ✉ ❛ ✉ ♦ ❦ ♦ ❡❧ ❛ ❝✐ ♣ ♦ ✉ ➸✐❥ ❡ ♠ ❡ ♦ ❞ ❤ ❛ ❞ ♦ ③ ♣ ②❧ ♦ ✈ ♠ ❛ ✐ ❝ ❡ ② ♣ ✉ H A C
✭❤ ❡ ❡ ♦ ❦ ❡ ❞ ❛ ✐ ❝✐ ② ❛ ♥ ❞ ❛ ✉ ♦ ❝ ♦ ❡❧ ❛ ✐ ♦ ♥ ❝ ♦ ♥ ✐ ❡ ♥ ✮✱ ❜❧✐ ➸➨ ♥ ❛ ❛ ✈ ❡ ♥ ♣ ♦ ♥ ❡ ❝ ❤ ♠ ❡
✈ ❝ ❤ ♦ ③ ✳ ➦✐ ✈ ♦❧ ❜ ➙ ✐ ♥ ✉ ♠ ❡ ♥ ➲ ♣ ♦ ✉ ♣ ✉❥ ❡ ♠ ❡ ❥ ❛ ❦ ♦ ❍ ♦ ♠ ❞ ❦ ♦ ✈ ✭ ✷ ✵ ✶ ✺✮✱ ❡ ♣✳ ❛ ♥ ❛✲
❧ ♦ ❣✐ ❝ ❦ ② ❡ ③➦ ❡ ❡❧ ❡ ♠ ♥ ❛ ❦ ✉ ❡ ↔ ♥ ♦ ✱ ➸ ❡ ♣ ♦ ✉ ➸ ✈ ♠ ❡ ❞ ❛ ❛ ♦ ↔ ♥ ♣ ❡ ✐ ♦ ❞ ♦ ✉✳ ❏ ❛ ❦ ♦ ✐ ♥✲

✉ ♠ ❡ ♥ ② ❡ ❞ ② ❜ ❡ ❡ ♠ ❡ ♦ ❥ ❡ ❞ ♥ ♦ ♦ ❜ ❞ ♦ ❜ ③ ♣ ♦ ➸ ❞ ➙ ♥ ❤ ♦ ❞ ♥ ♦ ② ✈ ♥ ♦ ➲ U S y T r e a s u r y ✱
✐ ♥ ✢ ❛ ❝ ❡ π ✱ ♦ ❞ ❝ ❤ ②❧ ❦ ② ❍ ❉ ỹ ✱ ♦ ❞ ❝ ❤ ②❧ ❦ ② ♠ ➙ ♥ ♦ ✈ ③ ♦ ❜ ② ˜m 2 ✱ ♠ ➙ ♥ ♥ ❤ ♦ ❦ ✉ ③ ✉ ❞ ♦✲
❧ ❛ ✉ e x r at e ❛ ❝ ❡ ♥ ♦ ♣ ② oil p ri c e ✳ ♦ ♦ ❞ ❤ ❛ ❞ ♦ ✈ ♦ ✉ ♣ ♦ ❝ ❡ ❞ ✉ ✉ ♥ ❛ ❛ ✈ ♠ ❡ ♣ ♦ ↔ ❡ ↔ ♥
❤ ♦ ❞ ♥ ♦ ② ♣ ❛ ❛ ♠ ❡ ➲ ❞❧ ❡ ❛ ❜ ✉❧ ❦ ② ✹✳ ✶✱

✼ ✽



❚ ❛ ❜ ✉❧ ❦ ❛ ✹✳ ✶✿ ♦ ↔ ❡ ↔ ♥ ❤ ♦ ❞ ♥ ♦ ② ♣ ❛ ❛ ♠ ❡ ➲ ♦ ❞ ❤ ❛ ❞ ♦ ✈ ♣ ♦ ❝ ❡ ❞ ✉ ②

θ ❂ 1
β ❂ 0 ,9 6
κ ❂ 0
φ π ❂ 1 ,5
φ y ❂ 0 ,5

ρ I S, π, M P ❂ 0 ,5

❦ ❞ ❡ ♣ ❡ ❝✐ ❧ ♥ ➙ θ = 1 ♦ ❞ ♣ ♦ ✈ ❞ ❧ ♦ ❣ ❛ ✐ ♠✐ ❝ ❦ ✉ ➸✐ ❦ ♦ ✈ ❢ ✉ ♥ ❦ ❝✐ ❛ ❤ ♦ ❞ ♥ ♦ ② ♣ ❛ ❛ ♠ ❡ ➲
β, φ π , φy ✈ ② ❝ ❤ ③ ③ ❡ ✒ ③ ❦❧ ❛ ❞ ♥ ❤ ♦✏ ❚ ❛ ②❧ ♦ ♦ ✈ ❛ ♣ ❛ ✈✐ ❞❧ ❛ ✭ ❚ ❛ ②❧ ♦ ✱ ✶ ✾ ✾ ✸✮✳

♦ ❝ ❡❧ ♠ ♦ ❞ ❡❧ ♣ ❛ ❦ ❞ ♦ ✈ ♠ ❡ ♦ ❞ ❤ ❛ ❞

ỹ t = E t ỹ t+ 1 −
1

2 , 0 3 0
r̃ t

π̃ t = 1 , 0 3 3 E t π̃ t+ 1 − 0 , 6 6 4 ỹ t

r̃ t = − 0 , 8 1 6 E t π̃ t+ 1 − 0 , 3 5 4 E t ỹ t+ 1

✭ ✈➨ ❡ ❝ ❤ ♥ ② ❦ ♦ ❡ ✜ ❝✐ ❡ ♥ ② ❥ ♦ ✉ ♥ ❛ ❤❧ ❛ ❞✐ ♥ ➙ 5 % ❛ ✐ ✐ ❝ ❦ ② ✈ ③ ♥ ❛ ♠ ♥ ✮✳

♦ ❥ ❡ ❞ ♥ ♦ ❧✐ ✈ ♦ ✈ ♥✐ ❝ ❡ ♣ ❛ ❦ ❞ ♦ ✈ ♠ ❡ ♦ ❞ ❤ ❛ ❞ ② ♥ ❧ ❡ ❞ ♦ ✈ ♥ ➙✿

◆ ❑ ■ ❙ ❦ ➦✐ ✈ ❦ ❛

ỹ t = E t ỹ t+ 1 − 1
θ
(it − E t π t+ 1 + l n β )  + ∆y N

t+ 1 + u I S
t

ỹ t = E t ỹ t+ 1 − 1
2 ,0 3 0

(it − E t π t+ 1 + 0 , 0 3 2) + 0 , 0 2 2

K o e f i ci e nt S t. o d c h. t − st at. p − h o d n ot a
θ 2 ,0 3 0 0 ,8 7 7 2 ,3 1 4 0 ,0 2 2
β 1 ,0 3 3 0 ,0 1 6 6 5 ,5 3 0 ,0 0 0

R 2 8 2 ,7 1 %
R 2

A dj 8 1 ,8 0 %
S. E. 0 ,0 1 6
D u r bi n − W at s o n 1 ,4 6 4

◆ ❑ ❤✐❧❧✐ ♣ ♦ ✈ ❛ ❦ ➦✐ ✈ ❦ ❛

π̃ t = β E t π̃ t+ 1 + κ ỹ t + u π
t

π̃ t = 1 , 0 3 3 E t π̃ t+ 1 − 0 , 6 6 4 ỹ t + u π
t

K o e f i ci e nt S t. o d c h. t − st at. p − h o d n ot a
β 1 ,0 3 3 0 ,0 1 6 6 5 ,5 3 0 ,0 0 0
κ − 0 ,6 6 4 0 ,1 0 2 − 6 ,4 9 2 0 ,0 0 0

✼ ✾



R 2 − 6 ,7 2 %
R 2

A dj − 1 2 ,3 4 %
S. E. 0 ,0 1 7
D u r bi n − W at s o n 0 ,4 5 6

❛ ✈✐ ❞❧ ♦ ♠ ➙ ♥ ♦ ✈ ♣ ♦❧✐ ✐ ❦ ②

it = E t π t+ 1 − l n β + θ ∆ y N
t+ 1 + φ π E t π̃ t+ 1 + φ y E t ỹ t+ 1 + u M P

t

it = E t π t+ 1 − 0 , 0 3 2 + 2 , 0 3 0 ∗ 0 , 0 2 2 − 0 , 8 1 6 E t π̃ t+ 1 − 0 , 3 5 4 E t ỹ t+ 1 + u M P
t

K o e f i ci e nt S t. o d c h. t − st at. p − h o d n ot a
β 1 ,0 3 3 0 ,0 1 6 6 5 ,5 3 0 ,0 0 0
θ 2 ,0 3 0 0 ,8 7 7 2 ,3 1 4 0 ,0 2 2
φ π − 0 ,8 1 6 0 ,2 1 3 − 3 ,8 3 7 0 ,0 0 0
φ y − 0 ,3 5 4 0 ,1 2 7 − 2 ,7 8 3 0 ,0 0 6

R 2 7 9 ,4 8 %
R 2

A dj 7 7 ,2 0 %
S. E. 0 ,0 1 9
D u r bi n − W at s o n 1 ,7 6 8

❘ ❡ ③✐ ❞ ✉ ❛ ♠ ♦ ❞ ❡❧ ✉❥ ❡ ♠ ❡ ❥ ❛ ❦ ♦ ❆ ❘✭ ✶✮ ♣ ♦ ❝ ❡ ②

u I S
t = ρ I S u

I S
t− 1 + ε I S

t ,

u π
t = ρ π u π

t− 1 + ε π
t ,

u M P
t = ρ M P u M P

t− 1 + ε M P
t .

❖ ❞ ❤ ❛ ❞ ② ❦ ♦ ❡ ✜ ❝✐ ❡ ♥ ➲ ✈ ② ❝ ❤ ③ ♥ ❧ ❡ ❞ ♦ ✈ ♥ ➙✿

K o e f i ci e nt S t. o d c h. t − st at. p − h o d n ot a
ρ I S 0 ,7 9 6 0 ,0 6 5 1 2 ,2 9 0 ,0 0 0
ρ π 0 ,2 6 5 0 ,1 4 8 1 ,7 9 2 0 ,0 7 6

ρ M P 0 ,8 7 5 0 ,0 3 1 2 7 ,8 7 0 ,0 0 0

➦✐ ♦ ❞ ❤ ❛ ❞ ♦ ✈ ♣ ♦ ❝ ❡ ❞ ✉➦ ❡ ✈➨ ❛ ❦ ♥ ❡ ❜ ②❧ ♦ ❞ ♦ ❛ ➸ ❡ ♥ ♦ ❦ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ❛ ♦ ✈ ♥ ➙ ➸ ③ ♣ ♦ ♥
R 2 ✉ ❞ ✉ ❤ ♦ ✈ ♥✐ ❝ ❡ ✐ ♥ ❞✐ ❦ ✉❥ ❡ ♣ ❛ ✈ ❞ ➙ ♣ ♦ ❞ ♦ ❜ ♥ ♣ ♦ ❜❧ ♠ ❡ ♣ ❡ ❝✐ ✜ ❦ ❛ ❝ ↔✐ ✐ ❞ ❡ ♥ ✐ ✜ ❦ ❛✲
❝ ♠ ♦ ❞ ❡❧ ✉✳ ❚ ❛ ❦ ➸ ✈✐ ❞ ♠ ❡✱ ➸ ❡ ③ ♦ ♠ ❡ ③ ❡ ♥ ♣ ❛ ❛ ♠ ❡ ➲ θ > 0 ✱ β ∈ ( 0, 1) ✱ κ > 0
❛ φ π , φy > 0 ❥ ❡ ❞ ♦ ❞ ➸ ❡ ♥ ♦ ♣ ♦ ✉ ③ ❡ θ > 0 ✱ ❝ ♦ ➸ ✈ ♠ ♦ ❞ ❡❧ ✉ ♦ ❞ ♣ ♦ ✈ ❞ ♦ ♦ ✉ ❝ ❦ ♦ ♥ ❦ ✈ ♥
✉ ➸✐ ❦ ♦ ✈ ❢ ✉ ♥ ❦ ❝✐✳ ❱➨ ❡ ❝ ❤ ♥ ❛ ♦ ❛ ♥ ♦ ♠ ❡ ③ ❡ ♥ ♣ ❛ ❛ ♠ ❡ ➲ ❥ ♦ ✉ ♣ ♦ ✉➨ ❡ ♥ ❛✳

✽ ✵



♦ ❡ ♥ ❝✐ ❧ ♥ ♠ ③ ❞ ♦❥ ❡ ♠ ➨ ♣ ❛ ♥ ♣ ❡ ❝✐ ✜ ❦ ❛ ❝ ❡ ❥ ❡ ♦ ❞ ❤ ❛ ❞ ✈ ✉ ♣ ♥ ❝ ❤ ♣ ❛ ❛ ♠ ❡ ➲✳ ❊ ❦ ♦✲
♥ ♦ ♠✐ ❝ ❦ ❡ ♦ ✐ ❡ ✈ ♣ ♦ ③ ❛ ❞ ♠ ♦ ❞ ❡❧ ✉ ♣ ♦ ↔ ♦ ❞ ❝ ❤ ②❧ ❦ ❛ ♠✐ ♦ ❞ ♣➦✐ ♦ ③ ❡ ♥ ❝ ❤ ❤ ♦ ❞ ♥ ♦ ✱ ❦ ❡
✈➨ ❛ ❦ ♥ ❡ ♠ ♠ ❡ ❥ ❛ ❦ ✈ ♣ ❛ ①✐ ♣➦ ♠ ♦ ♣ ♦ ③ ♦ ♦ ✈ ❛ ✳ ❚ ② ♣✐ ❝ ❦ ② ❡ ♣ ♦ ♦ ✉ ❝ ❤ ②❧ ✉❥ ❡ ♠ ❡ ❦ ❛ ♣❧✐ ❦ ❛ ❝✐
❞ ❡ ❡ ♠✐ ♥✐ ✐ ❝ ❦ ❝ ❤ ❡ ♥ ❞ ➲ ↔✐ ❍ ♦ ❞ ✐ ❝ ❦✲ ❡ ❝ ♦ ♦ ✈ ❛ ✜❧ ✉✳ ▼✐❧ ❛ ♥✐ ✭ ✷ ✵ ✵ ✼✮ ♣ ♦ ♦ ♥ ❛ ✈ ✲
❤ ✉❥ ❡ ♦ ❞ ❤ ❛ ❞ ♦ ✈ ❛ ♣➦✐ ♦ ③ ❡ ♥ ❤ ♦ ❞ ♥ ♦ ② ↔✐ ♣ ♦❧ ❡ ↔ ♥ ❡ ♥ ❞ ② ♦ ✉ ❜ ➙ ➸ ♥ ➙ ✈ ♠ ❝✐ ♠ ♦ ❞ ❡❧ ✉✱
❛ ✈➨ ❛ ❦ ❥ ❡ ❞ ♥ ♠ ❞ ❡ ❝ ❤ ❡ ♠ ❞ ♦ ❞ ✈ ✱ ➸ ❡ ♣ ♦ ❜❧ ❡ ♠ ❛ ✐ ❦ ❛ ✈ ② ➸ ❛ ❞ ✉❥ ❡ ❞ ❛❧➨ ✈ ③ ❦ ✉ ♠✳

■ ❞ ❡ ♥ ✐ ✜ ❦ ❛ ❝ ❡ ❥ ❡ ♣ ❛ ❦ ❡ ✈ ❛❧ ♠ ♣ ♦ ❜❧ ♠ ❡ ♠✱ ❡ ❦ ❡ ♠ ❡ ♣➦✐ ❛ ♣❧✐ ❦ ❛ ❝✐ ❉ ❙ ● ❊
♠ ♦ ❞ ❡❧ ➲ ❡ ❦ ✈ ♠ ❡✳ ◆ ❡❥ ② ♣✐ ↔ ➙❥➨ ♠ ♣➦ ✉ ♣ ❡ ♠ ❥ ❡ ✈ ② ✉ ➸✐ ❧✐ ♥ ❡ ❛ ✐ ③ ❛ ❝ ❡ ✭❧ ♦ ❣❧✐ ♥ ❡ ❛ ✐ ③ ❛✲
❝ ❡✮✱ ❝ ♦ ➸ ♦ ✈➨ ❡ ♠ ♣➦✐ ♥ ➨ ✈ ③ ♥ ❛ ♠ ♥ ❧✐ ♠✐ ②✳ ▼✐❧ ❛ ♥✐ ✭ ✷ ✵ ✵ ✼✮ ✉ ✈ ❞ ✱ ➸ ❡ ❛ ♣ ♦ ①✐ ♠ ❛ ✐ ✈ ♥
❧✐ ♥ ❡ ❛ ✐ ③ ♦ ✈ ❛ ♥ ✈ ➙ ♦ ❤ ♦ ❞ ♥ ♦ ✐ ❛ ❦ ✉ ❡ ↔ ♥ ✈ ➙ ♦ ❤ ♦ ❞ ♥ ♦ ✐ ❞✐ ✈ ❡ ❣ ✉❥ ✳ ❆ ↔ ❦ ♦❧✐ ♠ ② ♥ ❛ ♠ ✲
♦ ✈ ➙ ♦ ❤ ♦ ❞ ♥ ♦ ♥ ❝ ❤ ♠ ❡ ♦ ❞ ✈ ② ✉ ➸ ✈ ♠ ❡ ● ▼ ▼ ♦ ❞ ❤ ❛ ❞✱ ❡ ♥ ♦ ♣ ♦ ③ ♥ ❛ ❡ ❦ ♣ ♦ ✉ ❦ ❛ ③ ✉❥ ❡

♥ ❛ ③ ❛ ❞ ♥ ♣ ♦ ❜❧ ♠ ♣➦✐ ✈ ② ✉ ➸✐ ❧✐ ♥ ❡ ❛ ✐ ③ ❛ ❝ ❡ ✭❧ ♦ ❣❧✐ ♥ ❡ ❛ ✐ ③ ❛ ❝ ❡✮✳

❘ ♦ ✈ ♥ ➙ ➸ ❆ ♥ ✭ ✷ ✵ ✵ ✼✮ ✉ ✈ ❞ ✱ ➸ ❡ ❛ ↔ ❦ ♦❧✐ ❡ ❉ ❙ ● ❊ ♠ ♦ ❞ ❡❧ ② ♥ ❛ ♣ ✈ ♥ ♣ ♦ ❤❧ ❡ ❞ ♥ ❡❥ ❡ ✈
♣ ♦ ❜❧ ❡ ♠ ❛ ✐ ❝ ❦ ②✱ ♥ ❡ ❞ ✈ ♥ ③ ❦ ✉➨ ❡ ♥ ♦ ✐ ◆ ❑ ❉ ❙ ● ❊ ♠ ♦ ❞ ❡❧ ② ✈ ♥ ❡ ❧ ② ❞ ♦ ♣ ♦ ❜❧ ❡ ♠ ❛ ✐ ❦ ②
♣ ♦ ❝ ❤ ② ❜ ♥ ♦ ✐✳ ❯ ✈ ❞ ➸ ♣➦ ❦❧ ❛ ❞ ❞ ✈ ♦ ✉ ♠ ♦ ❞ ❡❧ ➲ ❡ ❦ ✈✐ ✈ ❛❧ ❡ ♥ ♥ ❝ ❤ ③ ❤❧ ❡ ❞✐ ❦ ❛ ♣ ♦ ③ ♦ ♦ ✈ ♥ ✱
✉ ❦ ❡ ❝ ❤ ❡ ♣ ♦ ❜❧ ♠ ② ✐ ❞ ❡ ♥ ✐ ✜ ❦ ❛ ❝ ✈ ② ❦ ② ✉❥ ✳ ❇ ❡ ② ❡ ✭ ✷ ✵ ✵ ✹✮ ♣ ❛ ❦ ❞ ♦ ❦ ♦ ♥ ❝ ❡ ❛ ❣ ✉✲
♠ ❡ ♥ ✉❥ ❡✱ ➸ ❡ ♠ ♦ ♥ ❡ ♥ ♠ ♦ ❞ ❡❧ ② ♦ ➦ ❡ ❝ ❤ ♦ ✈ ♥✐ ❝ ❝ ❤ ② ♣✐ ❝ ❦ ② ✐ ❞ ❡ ♥ ✐ ✜ ❦ ♦ ✈ ❛ ♥ ♥ ❡❥ ♦ ✉✱
❛ ♣ ❡ ③ ❡ ♥ ✉❥ ❡ ♠ ❡ ♦ ❞ ✉ ❦ ♦ ♥ ✉ ❦ ❝ ❡ ❡ ❦ ✈✐ ✈ ❛❧ ❡ ♥ ♥ ❝ ❤ ♠ ♦ ❞ ❡❧ ➲ ❡ ❡❥ ♥ ♦ ✉ ❡ ❞ ✉ ❦ ♦ ✈ ❛ ♥ ♦ ✉
❢ ♦ ♠ ♦ ✉✳ ❚ ♦ ❥ ❡ ③ ❛❥ ♠ ❛ ✈ ✐ ♣ ♦ ♦✱ ➸ ❡ ✈ ♥ ❛➨ ❡ ♠ ♣➦ ♣ ❛ ❞ ➙ ❥ ❡ ♥ ✉ ♥ ✭ ❛❧ ❡ ♥✐ ❦ ♦❧✐ ♣ ♦ ❛ ↔ ✉✲
❥ ❝ ✮ ♣ ♦ ❞ ♠ ♥ ❦ ❛ ♣ ♦ ♣➦ ❡ ♥ ♦ ✉ ✐ ❞ ❡ ♥ ✐ ✜ ❦ ❛ ❝✐ ♣❧ ♥ ➙ ♥ ❛ ✭ ✈✐ ③ ❦ ❛ ♣✐ ♦❧ ❛ ✶✳ ✸✳ ✷✮✳

❏ ❡ ❡ ❞ ② ✈✐ ❞ ➙ ✱ ➸ ❡ ◆ ❑ ❉ ❙ ● ❊ ♠ ♦ ❞ ❡❧ ② ➙ ♠✐ ♦ ♣ ♦ ❜❧ ♠ ② ❜ ➙ ➸ ♥ ➙ ♣ ✳ ➦ ❡ ♦ ❥ ♦ ✉
✉ ✐ ♥ ♥ ➙ ♣ ♦ ✉ ➸ ✈ ❛ ♥ ✱ ♣ ♦ ♦ ✐ ♠ ② ❜ ✉ ❞ ❡ ♠ ❡ ♥ ❛ ❞ ❧ ❡ ♣ ♦ ❦ ❛ ↔ ♦ ✈ ❛ ✈ ❛ ♥ ❛❧ ③ ❡✱ ✈ ➙ ❞ ♦ ♠ ♠✱

➸ ❡ ❦ ✈ ✉ ♣ ➲ ♠ ♠ ♦ ❞ ❡❧ ✉ ❥ ❡ ➦ ❡ ❜ ❛ ♣➦✐ ✉ ♣ ♦ ✈ ❛ ♦ ❜ ❡ ③➦ ❡ ♥ ➙✳

♦ ③ ♥ ❛ ♠ ❡ ♥ ❡❥ ♠ ❡✱ ➸ ❡ ♦ ❤❧ ❡ ❞ ❡ ♠ ♥ ❛ ✈ ➨ ❡ ❝✐ ♦ ✈ ❛ ♥ ♦ ✉ ❧✐ ❡ ❛ ✉ ✉ ❛ ❦ ✉ ❡ ↔ ♥ ♦ ✱ ➸ ❡ ♦ ❞✲
❤ ❛ ❞ ② ♠ ♦ ❞ ❡❧ ✉ ♥ ❡ ❦ ♦ ♥ ✈ ❡ ❣ ✉❥ ✱ ♣ ♦ ✈ ❛ ➸ ✉❥ ❡ ♠ ❡ ❞ ❛❧➨ ❡ ② ♣ ❡ ❝✐ ✜ ❦ ❛ ❝ ❡ ③ ❛ ❡ ❞ ✉ ♥ ❞ ❛ ♥ ♥ ✳
◆ ❡ ❞ ♦ ❛ ❦ ② ♠ ♦ ❞ ❡❧ ✉ ❥ ♦ ✉ ❥✐ ➸ ❛ ❦ ♦ ③➦ ❡❥ ♠ ❛ ♣ ♦ ♦ ✈ ♥ ♥ ♣ ❡ ❝✐ ✜ ❦ ❛ ❝ ❡ ❛❧ ❡ ♥ ❛ ✐ ✈ ♥ ♠
♠ ♦ ❞ ❡❧ ❡ ♠ ♥ ❡ ✉ ✈ ❛ ➸ ✉❥ ❡ ♠ ❡✳

❖ ❞ ❤ ❛ ❞ β > 1 ♦ ❞ ♣ ♦ ✈ ❞ ♣ ❡❢ ❡ ❡ ♥ ❝✐ ❜ ✉ ❞ ♦ ✉ ❝ ♣ ♦ ➦ ❡ ❜ ② ♣➦ ❡ ❞ ♦ ✉ ↔ ❛ ♥ ♦ ✉✱ ❝ ♦ ➸ ❥ ❡
✈ ♦ ③ ♣ ♦ ✉ ♦ ❜ ❡ ❝ ♥ ➙ ♣➦✐❥ ♠ ❛ ♥ ♠ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❛ ❞ ❡ ♠ ♦ ❝ ❤ ♦ ✈ ♥ ♣ ♦ ➦ ❡ ❜✐ ❡❧ ❡✳ ❍ ♦ ❞ ♥ ♦ ❛
β = 1 , 0 3 2 ✐ ❝ ❡ ♥ ❡ ♥ ❞ ❛ ♠ ❛ ✐ ❝ ❦ ② ♠✐ ♠ ♦ ♦ ↔ ❡ ❦ ✈ ❛ ♥ ♦ ③ ♣ ➙ ✱ ❲ ❛❧ ❞ ➲ ✈ ❡ ✈➨ ❛ ❦ ✈ ②✲
❝ ❤ ③ ♣ ➲ ❦ ❛ ③ ♥ ➙✳

H 0 : β = 1
1 , 0 3 2

χ 2
1 4 , 2 6 8

p − h o d n ot a 0 , 0 3 9

❍ ② ♣ ♦ ③ ✉ β ≤ 1 ❡ ❞ ② ♥ ❛ ❤❧ ❛ ❞✐ ♥ ➙ 5 % ③ ❛ ♠ ♠ ❡✳ ♦ ❛ ❦ ♦ ✈ ✈ ❧ ❡ ❞ ❡ ❦ ✈➨ ❛ ❦
♠ ♠ ❡ ✈ ② ✈ ➙ ❧ ❡ ♥ ✲ ❥ ❛ ❦ ③ ♠✐ ➡ ✉❥ ❡ ♠ ❡ ❥✐ ➸ ✈ ③ ✈ ➙ ✉ ❦ ❛ ♣✐ ♦❧ ② ✹✳ ✸✱ ✈ ② ♠ ✉ ❡❧ ❛ ✐ ❝ ❦ ❝ ❤
♣ ❡ ♥ ➙ ③ ❜ ❛ ♥ ❦ ② ✈ ② ❤ ♦ ✈ ♣ ♦ ♣ ✈ ❝ ❡ ♣ ♦ ♣ ❡ ♥ ➙ ③ ❝ ❤ ❜ ❡ ③ ♦ ❤❧ ❡ ❞ ✉ ♥ ❛ ❛ ♥ ✉ ♥ ❛ ❜ ❞ ❦ ② ❞ ❦ ②
❡ ♠✐ ✐ ♥ ♦ ✈ ❝ ❤ ♣ ❡ ♥ ➙ ③✳ ❘ ❡ ❧ ♥ ➙ ✈➨ ❛ ❦ ♣ ➲❥ ↔ ❦ ❛ ❥ ❡ ❞ ♥ ♦ ♠ ✉ ✈ ② ➸ ❛ ❞ ✉❥ ❡ ♣ ♦ ✉ ❞ ✉ ❤ ❤ ♦✱ ② ✲

♠ ❡❧ ❛ ✐ ❝ ❦ ❝ ❤ ♣ ❡ ♥ ➙ ③ ❛ ❦ ✈ ❞ ➲ ❧ ❡ ❞ ❦ ✉ ♥ ✉ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ❛ ❦ ② ♣ ♦➦✐ ♣ ♦ ✐ ❥ ❡❥✐ ❝ ❤
✈ ➲❧✐✱ ❝ ♦ ➸ ❡ ✈ ♠ ❝✐ ♠ ♦ ❞ ❡❧ ✉ ♣ ♦❥ ❡ ✈ ✉❥ ❡ ✈ ② ♥ ✉ ❝ ❡ ♥ ♦ ✉ ♣ ❡❢ ❡ ❡ ♥ ❝ ❜ ✉ ❞ ♦ ✉ ❝ ❤ ♦ ♦ ❜ ❞ ♦ ❜
♣➦ ❡ ❞ ♦ ✉ ↔ ❛ ♥ ♠✳

✽ ✶



♦ ❦ ✉ ❞ ❡ ❡ ❞ ② ❤ ♦ ❞ ♥ ❡ ♠ ❡ ♥ ❛ ♦ ♠✱ ➸ ❡ ❡ ❦ ♦ ♥ ♦ ♠✐ ↔ ❛ ❦ ➦✐ ♥ ❡ ♣ ❡❢ ❡ ✉❥ ❜ ✉ ❞ ♦ ✉ ❝ ♦ ❜✲
❞ ♦ ❜ ♣➦ ❡ ❞ ♦ ✉ ↔ ❛ ♥ ♠ ❛ ♠✐ ♦ ❞ ❡ ❜ ❡✱ ♣ ❛ ❦ ❥ ❡ ♠ ♦ ✈ ❛❧✐ ❞✐ ❛ ♦ ✈ ♥✐ ❝ ❡ ✭ ✹✳ ✻✮ ❡ ♠ ♣✐ ✐ ❝ ❦ ②
③ ♣ ♦ ❝ ❤ ② ❜ ♥ ➙ ♥ ❛ ✲ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ❜ ✉ ❞ ♦ ✉ ❝ ❤ ♦ ♦ ❜ ❞ ♦ ❜ ❥ ❡ ✈ ② ♥ ✉ ❝ ❡ ♥ ✱ ♥ ❡❥ ❞ ❡ ❡ ❞ ② ♦ ♦ ③ ❤ ♦ ❞ ♥ ✉
❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ❝ ❤ ❛ ❦ ➲ ❛ ♠ ♦ ❞ ❡❧ ♣ ♦ ♣✐ ✉❥ ❝ ❥ ❡❥✐ ❝ ❤ ♦ ③ ❤ ♦ ❞ ♦ ✈ ♥ ♣ ♦ ♦ ♥ ❡ ♥ ❡❧ ❡ ✈ ❛ ♥ ♥ ✳
❖ ❧ ♦ ✈ ♦ ❡ ♥ ❛ ✈ ❝ ❤❧ ➸ ▲ ✉ ❝ ❛ ♦ ✈ ❛ ❦ ✐ ✐ ❦ ❛✱ ♥ ❡ ❜ ♦➫ ♠ ♥ ♦ ➸ ✈ ❛ ❦ ♦ ✈ ② ♥ ✉ ❝ ❡ ♥ ❝ ❤

♣ ♦ ③ ✈✐ ♥ ❛ ♦ ❦ ♦ ✈ ♠ ➦ ❡✱ ♣ ♦ ❛ ➸ ♠ ♦ ❤ ♦ ♣ ♦ ❞ ➦ ❦ ♣ ♦❧✐ ✐ ❝ ❡✳

❖ ❞ ❤ ❛ ❞ ② ♣ ♦ ✉➨ ✉❥ ❛ ❦ ❞ ❛❧➨ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❞ ❛ ♥ ❤ ♦ ❞ ♥ ♦ ② ♣ ❛ ❛ ♠ ❡ ➲✿

κ < 0 ③ ♥ ❛ ♠ ❡ ♥ ♣ ♦ ♣➦ ❡ ♥ ❤✐❧❧✐ ♣ ♦ ✈ ② ❦➦✐ ✈ ❦ ②✱ ❦ ❡ ♦ ✉ ❥ ♠ ❡ ♣ ♦ ♣ ❛❧✐ ✈ ➨ ❡ ✭ ♥ ❛ ❞✲
♠ ➙ ♥ ♦ ✉ ♣ ♦ ❞ ✉ ❦ ❝ ❛ ❦ ♦ ❦ ♦ ❡❧ ✉❥ ❡ ♥✐ ➸➨ ❛ ♥✐ ❦ ♦❧✐ ✈ ✈ ②➨➨ ♠ ❛ ✐ ♥ ✢ ❛ ❝ ❡✮✳ ♦ ❦ ✉ ❞ ✈➨ ❛ ❦
③ ♥ ❛➨✐ ❝ ❤ ✈ ❛ ❤ ♥ ❛ ♠ ♦ ♠ ❡ ♥ ✈ ② ♣ ✉ ♠ ❡ ↔✐ ♥ ♥ ♦ ✐ ❝ ❡ ♥ ❧ ♥ ❜ ❛ ♥ ❦ ②✱ ♣ ❛ ❦ ❡ ❧ ♥ ➙ ❞ ✲
✈ ♠ ② ❧✱ ❛ ❜ ② ♣➦✐ ✈ ②➨➨ ♣ ♦ ❞ ✉ ❦ ❝✐ ❜ ②❧ ② ♥✐ ➸➨ ❝ ❡ ♥ ② ✭ ♣ ♦ ❛ ➸ ♠ ♦ ♥✐ ➸➨ ✐ ♥ ✢ ❛ ❝ ❡✮✱ ♥ ❡ ❜ ♦➫
❜ ❡ ③ ③ ❛ ❤ ➲ ❞ ♦ ♠ ➙ ♥ ♦ ✈ ③ ♦ ❜ ② ♣➦✐ ♣ ❛ ❞ ♥ ② ♥ ♥ ❛ ❡❥ ♥ ♠ ♥ ♦ ➸ ✈ ♣ ❡ ♥ ➙ ③ ✈ ❝ ❡ ③ ❜ ♦ ➸ ✳
❆❧ ❡ ♣ ♦ ➡ ❛ ❦ ♦ ❞ ♣ ❛ ❞ ♠ ♦ ➸ ♥ ♣ ♦ ❜❧ ♠ ❡ ③ ♠ ➙ ♥ ♦ ✉ ♣➦ ↔✐ ♥ ② ❛ ♥ ❧ ❡ ❞ ❦ ✉ ✭ ✈✐ ③ ③ ✈ ➙
❦ ❛ ♣✐ ♦❧ ② ✹✳ ✸✮✱ ♥ ❡ ❜ ♦➫ ♣➦✐ ❛ ❦ ♦ ✈ ♠ ✈ ② ✈ ➙ ❧ ❡ ♥ ❥ ❡ ❦ ✉ ❡ ↔ ♥ ➙ ♥ ③ ❦ ✐ ♥ ✢ ❛ ❝ ❡ ❞ ➲ ❧ ❡ ❞ ❦ ❡ ♠
✈ ②➨➨ ♣ ♦ ❞ ✉ ❦ ❝ ❡ ✭ ❛ ♥ ❡ ♥ ❛ ♦ ♣ ❛ ❦✮✳

φ π < 0 ③ ♥ ❛ ♠ ❡ ♥ ✱ ➸ ❡ ✈ ②➨➨ ✭ ♦ ↔ ❡ ❦ ✈ ❛ ♥ ✮ ✐ ♥ ✢ ❛ ❝ ❡ ❦ ♦ ❡❧ ✉❥ ❡ ♥✐ ➸➨ ♠✐ ♦ ❦ ♦ ✈ ♠✐
♠ ❛ ♠✐✱ ❝ ♦ ➸ ❥ ❡ ✈ ♦ ③ ♣ ♦ ✉ ❡ ❛ ❦ ↔ ♥ ♣ ♦❧✐ ✐ ❦ ♦ ✉ ❝ ❡ ♥ ❧ ♥ ❜ ❛ ♥ ❦ ② ❞❧ ❡ ♣ ❛ ✈✐ ❞❧ ❛ ♠ ➙ ♥ ♦✲
✈ ♣ ♦❧✐ ✐ ❦ ②✳ ♦ ❦ ✉ ❞ ✈➨ ❛ ❦ ③ ♥ ❛➨✐ ❝ ❤ ✈ ❛ ❤ ♦ ♣ ➙ ✈ ② ♣ ✉ ♠ ❡ ↔✐ ♥ ♥ ♦ ❝ ❡ ♥ ❧ ♥ ❜ ❛ ♥ ❦ ②✱
♣ ❛ ❦ ❞ ✈ ❞ ♦ ❜ ♠ ② ❧✱ ➸ ❡ ♣➦✐ ♥ ③ ❦ ❝ ❤ ♦ ❦ ♦ ✈ ❝ ❤ ♠ ❝ ❤ ✐ ❧✐ ❞ ✈ ❝ ❡ ♣ ➲❥ ↔ ✉❥ ✱ ② ♠
❡❧ ❛ ✐ ❝ ❦ ❝ ❤ ♣ ❡ ♥ ➙ ③ ❛ ❦ ✉ ✈ ❞ ❞ ♦ ♦ ❜ ➙ ❤ ✉ ✈ ❝ ❡ ♣ ❡ ♥ ➙ ③✱ ❝ ♦ ➸ ✈ ❡ ❞ ❡ ❦ ➲ ✉ ❝ ❡ ♥✳

φ y < 0 ♣ ❛ ❦ ③ ♥ ❛ ♠ ❡ ♥ ✱ ➸ ❡ ✈ ②➨➨ ♦ ✈ ❡ ➡ ♣ ♦ ❞ ✉ ❦ ❝ ❡ ❦ ♦ ❡❧ ✉❥ ❡ ♥✐ ➸➨ ♦ ❦ ♦ ✈ ♦ ✉ ♠ ♦ ✉✱
❝ ♦ ➸ ❥ ❡ ♦ ♣ ➙ ✈ ♦ ③ ♣ ♦ ✉ ❡ ❛ ❦ ↔ ♥ ♣ ♦❧✐ ✐ ❦ ♦ ✉ ❝ ❡ ♥ ❧ ♥ ❜ ❛ ♥ ❦ ②✳ ❖ ❞ ❤❧ ❞ ♥ ❡ ♠ ❡✲❧✐ ♦ ❞ ♣ ♦❧✐ ✐✲
❦ ② ❝ ❡ ♥ ❧ ♥ ❜ ❛ ♥ ❦ ② ❛ ♥ ♦ ♠✐ ♥ ❧ ♥ ❝ ❤ ❥ ❡ ✈ ➲✱ ♣ ❛ ❦ ✈ ② ✈ ➙ ❧ ❡ ♥ ♦ ❤ ♦ ♦ ❥ ❡ ✈ ✉ ✈ ♠ ❝✐ ❡ ❧ ♥
❡ ❦ ♦ ♥ ♦ ♠✐ ❦ ② ♥ ❡ ♥ ③ ❝ ❡❧ ❛ ③➦ ❡❥ ♠ ✳ ▼ ♦ ➸ ♥ ✈ ② ✈ ➙ ❧ ❡ ♥ ✈➨ ❛ ❦ ❧ ③ ❡ ♣ ❛ ➦ ♦ ✈ ❛ ✈ ♥ ❡ ❞ ♦ ❦ ♦ ♥ ❛❧ ♦ ✐
♠ ❡ ♦ ❞ ②✱ ❡ ❦ ❡ ♦ ✉ ♠ ➙➦ ♠ ❡ ✐ ♥ ✢ ❛ ❝✐✳ ❱ ❦ ❛ ♣✐ ♦❧ ❡ ✷✳ ✷ ❥ ♠ ❡ ❡ ③ ❛ ❜ ✈ ❛❧✐ ♣ ♦ ❜❧ ❡ ♠ ❛ ✐ ❦ ♦ ✉
③ ❛ ♣ ♦ ↔ ❡ ♥ ♥ ❦❧ ❛ ❞ ➲ ♥ ❛ ❜ ② ❞❧ ❡ ♥ ❞ ♦ ♣ ♦ ➦ ❡ ❜✐ ❡❧ ❦ ❤ ♦ ❦ ♦➨ ❡ ❛ ❢ ♦ ♠ ✉❧ ♦ ✈ ❛❧✐ ❤ ② ♣ ♦ ③ ✉✱
➸ ❡ ✒ ➲ ❡ ❧ ♥ ❤ ♦ ❍ ❉ ✈ ② ✈ ♦❧ ❛ ♥ ♣ ♦ ❦❧ ❡ ❡ ♠ ♦ ❦ ♦ ✈ ❝ ❤ ❛ ③ ❡ ❜ ❥ ❡ ✭ ↔ ❡ ↔ ♥ ➙✮ ✐❧ ✉ ③ ♦ ✲
♥ ✏✳ ✈ ➙ ❛ ♦ ✐❧ ✉ ③ ❡ ♠ ➲ ➸ ❡ φ < 0 ✈ ② ✈ ➙ ❧ ♦ ✈ ❛ ✳ ❚ ♦ ✐ ➸✱ ♥ ③ ❦ ♦ ❦ ♦ ✈ ❛ ③ ❜ ② ✈ ❡ ❞ ♦ ✉
❦ ♥ ➲ ✉ ♣ ♦ ♣ ✈ ❦ ② ♣ ♦ ③ ❜ ♦ ➸ ❞❧ ♦ ✉ ❤ ♦ ❞ ♦ ❜ ♣ ♦ ➦ ❡ ❜ ②✱ ♣ ❡ ❝✐ ❧ ♥ ➙ ♣ ♦ ♥ ❡ ♠ ♦ ✈✐ ♦ ❡ ❝ ❤✳
❚ ♦ ③ ♣ ➲ ♦ ❜ ➲ ❝ ❡ ♥ ♥ ❡ ♠ ♦ ✈✐ ♦ ✱ ❝ ♦ ➸ ❛❧ ❡ ❝ ❡ ♥ ♦ ✈ ✐ ♥ ❞ ❡ ① ♣➦ ♠ ♦ ♥ ❡ ③ ♦ ❤❧ ❡ ❞ ➡ ✉❥ ❡✳ ■ ♥✲
✢ ❛ ❝ ❡ ❥ ❡ ❡ ❞ ② ♣ ♦ ❞ ❤ ♦ ❞ ♥ ♦ ❝ ❡ ♥ ❛ ❛ ❞ ♦ ♠ ♥ ➙❧ ❡ ❡ ❧ ♥ ❍ ❉ ♣ ♦ ↔ ❛ ♥ ③ ♥ ♦ ♠✐ ♥ ❧ ♥ ❤ ♦ ❍ ❉
♦ ↔✐➨ ➙ ♥ ♠ ♦ ✐ ♥ ✢ ❛ ❝✐ ❥ ❡ ♥ ❛ ❞ ❤ ♦ ❞ ♥ ♦ ❝ ❡ ♥ ♦✳ ♦ ③ ♦ ✉❥ ❡ ♠ ❡ ♣ ❛ ❦ ❦ ♦ ❡❧ ❛ ❝✐ ③ ❞ ♥❧✐ ✈ ➙ ♥ ❛ ❞ ♠ ➙ ♥
♣ ♦ ❞ ✉ ❦ ❝ ❡ ❛ ♥ ③ ❦ ♦ ❦ ♦ ✈ ♠ ②✳ ❆❧ ❡ ♥ ❛ ✐ ✈ ♥ ➙ ❧ ③ ❡ ✈ ② ✈ ➙ ❧ ❡ ♥ ❤❧ ❡ ❞ ❛ ✈ ♥ ❡ ✈ ❤ ♦ ❞ ♥ ♠
♥ ❛ ↔ ❛ ♦ ✈ ♥ ♠ ➙ ♥ ♦ ✈ ♣ ♦❧✐ ✐ ❦ ② ❝ ❡ ♥ ❧ ♥ ❜ ❛ ♥ ❦ ♦ ✉✳

❩ ❛ ❞ ♥ ♣ ♦ ❜❧ ♠ ♣➦✐ ♥ ❛ ③ ❡ ♦ ✈ ② ❤❧ ❛ ③ ❡ ♥ ❤ ♦ ♣ ♦ ❞ ➦ ❦ ❤ ♦ ❝ ② ❦❧ ✉ ❥ ❡ ♦ ✐ ➸ ✉ ↔ ❡ ♥ ✱
✈ ❥ ❛ ❦ ❢ ③✐ ❝ ② ❦❧ ✉ ❡ ♥ ❛ ❝ ❤ ③ ♠ ❡✳ ❆ ♥ ❛❧ ③ ✉ ❤ ♦ ♣ ♦ ❞ ➦ ❦ ❝ ❤ ❝ ② ❦❧ ➲ ❧ ③ ❡ ❞ ♦ ❜➦ ❡ ♣ ♦ ✈ ❞ ➙
♥ ❛ ❤✐ ♦ ✐ ❝ ❦ ❝ ❤ ❞ ❛ ❡ ❝ ❤✱ ✉ ↔ ❡ ♥ ❦ ❞ ❡ ♣➦ ❡ ♥ ➙ ❡ ♥ ❛ ❝ ❤ ③ ♠ ❡ ❛ ❦ ✉ ❧ ♥ ➙ ❥ ❡ ✈➨ ❛ ❦ ❞ ❛❧ ❡ ❦ ♦
➙ ➸➨ ✳ ❊ ①✐ ✉❥ ♣ ♦ ♦ ❦ ✐ ✐ ❝ ❦ ❤❧ ❛ ②✱ ❦ ❡ ✈ ❞ ✱ ➸ ❡ ♦ ♣ ❛ ➦ ❡ ♥ ❝ ❡ ♥ ❧ ♥ ❝ ❤ ❜ ❛ ♥ ❦ ♥ ❡ ♣➦✐✲

❝ ❤ ③ ✈ ↔ ❛ ✲ ✉ ✈ ♦❧ ♥ ➙ ♥ ♣ ♦❧✐ ✐ ❦ ❛ ♣➦✐ ❝ ❤ ③ ❛ ➸ ♣ ♦ ✱ ❝ ♦ ❦ ✐ ③ ❡ ❥✐ ➸ ♥ ❛ ❛❧ ❛✱ ♥ ❡ ♥ ♣ ❛ ❦ ✈ ↔ ❛
✉ ❦ ♦ ♥ ↔ ❡ ♥ ❛ ❛ ♥ ❛ ♣ ♦ ♠ ❤ ❛ ❦ ♣➦ ❡ ❤➦ ✈ ♥ ❡ ❦ ♦ ♥ ♦ ♠✐ ❦ ② ✈ ❞ ❛❧➨ ❢ ③✐ ❝ ② ❦❧ ✉✳ ❘ ❡ ✐ ❦ ✐ ✈ ♥
♣ ♦❧✐ ✐ ❦ ❛ ♣ ❛ ❦ ♣➦✐ ❝ ❤ ③ ♣➦ ❧✐➨ ♣ ♦ ③ ❞ ➙ ♥ ❛ ♦✱ ❛ ❜ ② ③ ❛ ❜ ♥✐❧ ❛ ✈ ③ ♥✐ ❦ ✉ ❜ ✉ ❜❧✐ ♥ ② ♥ ❛ ✭ ✜ ♥ ❛ ♥ ↔✲
♥ ❝ ❤✮ ③ ❝ ❤ ❛ ♦ ♣ ➙ ♥ ❡ ♥ ✈ ↔ ❛ ✉ ❦ ♦ ♥ ↔ ❡ ♥ ❛✱ ❛ ❦ ➸ ❡ ❦ ❞ ② ➸ ♥ ❛ ❛ ♥ ❡ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ❡ ❝ ❡ ❡✱
❡ ✐ ❦ ✐ ✈ ♥ ♣ ♦❧✐ ✐ ❦ ❛ ❧ ❡ ✈ ❛ ❦ ✐ ③✐ ♣ ♦ ❤❧ ✉ ❜ ✉❥ ❡✳ ❚ ❛ ♦ ❦ ✐ ✐ ❦ ❛ ❥ ❡ ✈ ♦ ✉❧ ❛ ❞ ✉ ✉ ✈ ❡✲

❞ ❡ ♥ ♠ ♦ ❞ ❤ ❛ ❞ ❡ ♠ ♠ ♦ ❞ ❡❧ ✉✳

✽ ✷



❱✐ ❞ ♠ ❡ ❡ ❞ ②✱ ➸ ❡ ♣ ♦ ✈ ➨ ❡ ✉ ✈ ❡ ❞ ❡ ♥ ♦ ❞ ❤ ❛ ❞ ② ✈ ➸ ❞ ② ❞ ♦ ❦ ➸ ❡ ♠ ❡ ♥ ❛❧ ③ ♠ ♦ ➸ ♥ ❡ ❦ ♦✲
♥ ♦ ♠✐ ❝ ❦ ✈ ② ✈ ➙ ❧ ❡ ♥ ✳ ❊ ♠ ♣✐ ✐ ❝ ❦ ✈ ✉ ♣ ② ♠ ♦ ❞ ❡❧ ✉ ❛ ❦ ✐ ❝ ❡ ③ ♣ ♦ ❝ ❤ ② ❜ ➡ ✉❥ ♣ ❛ ❦ ✐ ❝ ❦
✈ ❧ ❡ ❞ ❦ ② ♥ ❛ ❤ ❝ ❡ ♥ ❧ ♥ ❝ ❤ ❜ ❛ ♥ ❦✱ ♥ ❡❥ ♦ ✉ ✈➨ ❛ ❦ ♥ ❡❧ ♦ ❣✐ ❝ ❦ ✳

❱ ❦ ❛ ♣✐ ♦❧ ❡ ✹✳ ✷✳ ✸ ❥ ♠ ❡ ♣ ❛ ❦ ♣➦ ❡ ❞ ❛ ✈✐❧✐ ♣ ❛ ✈✐ ❞❧ ❛ ♠ ➙ ♥ ♦ ✈ ♣ ♦❧✐ ✐ ❦ ② ❛ ♥ ✉ ♥ ♦ ✉ ♣ ♦ ❞✲
♠ ♥ ❦ ✉ ♣ ♦ ❡ ①✐ ❡ ♥ ❝✐ ❥ ❡ ❞ ♥ ♦ ③ ♥ ❛ ↔ ♥ ❤ ♦ ❡ ❦ ✈✐❧✐ ❜ ✐ ❛✳ ❩ ❞ ❡ ♥ ❛ ➸ ♠ ❡ ♥ ❛ ③ ❛ ❞ ♥ ♣ ♦ ❜❧ ♠
✲ ❦ ❞ ② ➸ ♠ ♠ ❡ ♣ ♦ ❜❧ ♠ ② ✐ ❞ ❡ ♥ ✐ ✜ ❦ ❛ ❝ ❛ ♥ ➨ ♦ ❞ ❤ ❛ ❞ ♣ ❛ ❛ ♠ ❡ ➲ ♥ ❡ ❦ ♦ ♥ ✈ ❡ ❣ ✉❥ ❡✱ ♥ ❡✲
♠ ♠ ❡ ✈ ❛❧✐ ❞ ♥ ✈ ✉ ♣ ❦ ❡ ♦ ✈ ♥ ♣ ♦ ❞ ♠ ♥ ❦ ② ✭ ✹✳ ✶ ✻✮✳ ◆ ❛ ✈ ❝ ✈ ➨ ❡ ✉ ✈ ❡ ❞ ❡ ♥ ❤ ♦ ❞ ♥ ♦ ②
❦ ♦ ❡ ✜ ❝✐ ❡ ♥ ➲ ♣ ♦ ✉➨ ✉❥ ♦ ♠ ❡ ③ ❡ ♥ ✱ ❦ ❡ ♣ ♦ ❞ ♠ ♥ ❦ ❛ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❞ ✳ ◆ ❛ ❤❧ ❞ ♥ ✉ ♠ ❞ ♦ ❥ ❡✲
❥ ❤ ♦ ❞ ➲ ❦ ❛ ③ ♦ ✈ ❤ ♦ ♣ ♦ ✉ ♣ ✉ ✭ ❇ ✉❧❧ ❛ ❞✱ ✷ ✵ ✵ ✷✮ ✈➨ ❛ ❦ ③❥✐➨➫ ✉❥ ❡ ♠ ❡✱ ➸ ❡ ♣ ♦ ❞ ♠ ♥ ❦ ✉ ♠ ➲ ➸ ❡ ♠ ❡
③ ♦ ❜ ❡ ❝ ♥✐ ♥ ❛ ♣ ♦ ❞ ♠ ♥ ❦ ② ♣ ♦ ❦ ♦ ❡ ✜ ❝✐ ❡ ♥ ② ♣➦ ❧ ✉➨ ♥ ❤ ♦ ❝ ❤ ❛ ❛ ❦ ❡ ✐ ✐ ❝ ❦ ❤ ♦ ♣ ♦❧ ② ♥ ♦ ♠ ✉
❛ ❦✱ ❛ ❜ ② ♥ ❡ ❜ ②❧ ❛ ✈ ② ➸ ❛ ❞ ♦ ✈ ♥ ❛ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❞ ❛ ♥ ♦ ♠ ❡ ③ ❡ ♥ ♥ ❛ ❤ ♦ ❞ ♥ ♦ ② ♣ ❛ ❛ ♠ ❡ ➲✳ ❯ ❦ ❛✲

③ ✉❥ ❡ ❡✱ ➸ ❡ ♣ ♦ ✈ ➨ ❡ ✉ ✈ ❡ ❞ ❡ ♥ ❤ ♦ ❞ ♥ ♦ ② ❦ ♦ ❡ ✜ ❝✐ ❡ ♥ ➲ ♣ ♦ ❞ ♠ ♥ ❦ ❛ ♣❧ ♥ ➙ ♥ ❛ ♥ ❡ ♥ ✱ ❡ ❞ ②
❜ ② ♥ ❡ ♠ ➙❧ ♦ ❡ ①✐ ♦ ✈ ❛ ❥ ❡ ❞ ♥ ♦ ③ ♥ ❛ ↔ ♥ ❡ ❦ ✈✐❧✐ ❜ ✐ ✉ ♠ ✭ ♦ ✈ ♥ ♦ ✈ ❤ ❛ ♥ ❛ ③ ❝ ❤✮✳ ❱③ ❤❧ ❡ ❞ ❡ ♠
❦ ♣ ♦ ❜❧ ♠ ➲ ♠ ✐ ❞ ❡ ♥ ✐ ✜ ❦ ❛ ❝ ❥ ❡ ✈ ③ ♥ ❛ ♠ ❛ ❦ ♦ ✈ ❤ ♦ ③❥✐➨ ➙ ♥ ❞✐ ❦ ✉ ❛ ❜✐❧ ♥ ✱ ♣➦✐ ♣ ♦ ♠ ❡ ➡ ♠ ❡
✈➨ ❛ ❦✱ ➸ ❡ ♠ ♦ ❞ ❡❧ ♣ ❛ ❝ ✉❥ ❡ ♣ ✈ ➙ ♦ ❞ ❝ ❤ ②❧ ❦ ❛ ♠✐ ♦ ❞ ♦ ❤ ♦ ♦ ❡ ♦ ❡ ✐ ❝ ❦ ❤ ♦ ❡ ❦ ✈✐❧✐ ❜ ✐ ❛✳ ❏ ❡ ❤ ♦
♣➦ ♣ ❛ ❞ ♥ ♥ ❡ ❡ ①✐ ❡ ♥ ❝ ❡ ↔✐ ♥ ❡❥ ❡ ❞ ♥ ♦ ③ ♥ ❛ ↔ ♥ ♦ ❡ ❞ ② ♣➦ ❡ ❞ ❛ ✈ ✉❥ ❡ ③ ❛ ❞ ♥ ♣ ♦ ❜❧ ♠✳

◆ ❛ ❦ ♦ ♥ ❡ ❝ ♣➦✐ ♣ ♦ ♠ ❡ ➡ ♠ ❡✱ ➸ ❡ ✈ ❦ ❛ ♣✐ ♦❧ ❡ ✹✳ ✸ ❥ ♠ ❡ ❤ ♦ ✈ ♦➦✐❧✐ ♦ ♣ ♦ ❜❧ ♠ ✉ ♣➦ ❡ ❝ ❤ ♦ ❞ ❡ ♠
♠ ❡ ③✐ ♦ ✈ ♥✐ ❝ ❡ ♠✐ ✭ ✹✳ ✼✮ ❛ ✭ ✹✳ ✽✮✱ ❥✳ ♠ ❡ ③✐ ♣ ♦ ➦ ❡ ❜ ♦ ✉ ❛ ♣ ♦ ❞ ✉ ❦ ❝ ✳ ♦ ❞ ✈ ❡❥ ♠ ❡ ❡ ❡✲
❞ ② ❦ ❝ ❡✱ ❥ ❛ ❦ ✈ ② ❝ ❤ ③ ❡❥ ♥ ♠ ♦ ❞ ❡❧✱ ❦ ❞ ❡ ♣ ♦ ✉ ③ ❡ ♥ ❛ ♠ ♦ ♣ ♦ ❞ ✉ ❦ ❝ ♣ ♦ ↔ ♠ ❡
❡ ♣ ♦ ➦ ❡ ❜ ♦ ✉

c̃ t = E t c̃ t+ 1 −
1

1 , 8 2 5
r̃ t

π̃ t = 1 , 0 5 4 E t π̃ t+ 1 − 0 , 3 1 2 c̃ t

r̃ t = − 0 , 7 2 5 E t π̃ t+ 1 − 0 , 3 4 1 E t c̃ t+ 1

✭ ✈➨ ❡ ❝ ❤ ♥ ② ❦ ♦ ❡ ✜ ❝✐ ❡ ♥ ② ❥ ♦ ✉ ♥ ❛ ❤❧ ❛ ❞✐ ♥ ➙ ✺ % ❛ ✐ ✐ ❝ ❦ ② ✈ ③ ♥ ❛ ♠ ♥ ✮✳

▼ ♦ ❞ ❡❧ ❡ ❞ ② ✈ ② ❝ ❤ ③ ✈ ❡❧ ♠✐ ♣ ♦ ❞ ♦ ❜ ♥ ➙ ❛ ✈ ➨ ❡ ✉ ✈ ❡ ❞ ❡ ♥ ♦ ③ ❜ ♦ ♦ ❞ ❤ ❛ ❞ ♥ ✉ ❝ ❤ ♣ ❛✲
❛ ♠ ❡ ➲ ♣ ♦ ♣➦ ♣ ❛ ❞ ❝ ❡❧ ❦ ♦ ✈ ♦ ✉ ♣ ♦ ❞ ✉ ❦ ❝ ❥ ❡ ❜ ❡ ③ ❞ ❛❧➨ ❤ ♦ ♣❧ ❛ ♥ ✐ ♣ ♦ ♣ ♦ ➦ ❡ ❜ ✉✳

❱ ❦ ❛ ♣✐ ♦❧ ❡ ✹✳ ✸ ❥ ♠ ❡ ♣➦✐ ♦ ♠ ❞ ♦ ❦ ③ ❛❧✐✱ ➸ ❡ ❝ ❤ ♦ ✈ ♥ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ❝ ❤ ❛ ❦ ➲ ♥ ❛ ❤ ✉ ✐ ♥✲
✈ ❡ ✐ ❝ ❜ ② ♠ ➙❧ ♦ ✈ ② ❦ ❛ ③ ♦ ✈ ❛ ③ ❛ ❞ ♥ ♦ ③ ❞ ❧ ②✱ ♦ ✐ ➸✱ ➸ ❡ ♣ ♦ ❞ ✉ ❦ ❝ ❡ ❛ ♣ ♦ ➦ ❡ ❜ ② ❜ ② ♠ ➙❧ ②
♥ ❛ ③ ♠ ➙ ♥ ✉ ♦ ❦ ♦ ✈ ❝ ❤ ❛ ③ ❡ ❜ ❡ ❛ ❣ ♦ ✈ ❛ ♣ ♦ ✐ ❝ ❤ ➲ ❞ ♥ ➙✳ ❱ ② ♠ ✉ ❡❧ ❛ ✐ ❝ ❦ ❝ ❤ ♣ ❡ ♥ ➙ ③
✈➨ ❛ ❦ ❝ ❤ ♦ ✈ ♥ ♣ ♦ ➦ ❡ ❜✐ ❡❧ ❡ ♥ ❛ ❤ ✉ ✐ ♥ ✈ ❡ ✐ ❝ ♥ ❡ ♥ ❡❧ ❡ ✈ ❛ ♥ ♥ ✱ ♣ ♦ ❦ ✉ ❞ ❜ ❛ ♥ ❦ ② ✈ ② ❤ ♦ ✈
♣ ♦ ♣ ✈ ❝ ❡ ♣ ♦ ♣ ❡ ♥ ➙ ③ ❝ ❤ ❜ ❡ ③ ♦ ❤❧ ❡ ❞ ✉ ♥ ❛ ♥ ❛ ❜ ❞ ❦ ✉ ✲ ❛ ♣ ✈ ➙ ♦ ♠ ✉ ♦ ❞ ♣ ♦ ✈ ❞ ❛❥ ♦ ❞ ❤ ❛✲
❞ ♦ ✈ ❛ ♥ ❤ ♦ ❞ ♥ ♦ ② ♣ ❛ ❛ ♠ ❡ ✉ β > 1 ✭1 , 0 3 3 ♣ ♦ ♠ ♦ ❞ ❡❧ ❝ ❡❧ ❦ ♦ ✈ ♦ ✉ ♣ ♦ ❞ ✉ ❦ ❝ ✱ ❡ ♣✳
1 , 0 5 4 ♣ ♦ ♠ ♦ ❞ ❡❧ ❡ ♣ ♦ ➦ ❡ ❜ ♦ ✉✮✳

✽ ✸



✹✳ ✹✳ ✺ ❆ ♥ ❛❧ ③ ❛ ♣ ➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞ ♥ ❝ ❤ ❝ ❤ ♦ ♣ ♥ ♦ ♠ ♦ ❞ ❡❧ ✉

❑ ❛ ♥ ❛❧ ③ ❡ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞ ♥ ❝ ❤ ❝ ❤ ♦ ♣ ♥ ♦ ♠ ♦ ❞ ❡❧ ✉ ♣ ♦ ✉ ➸✐❥ ❡ ♠ ❡ ❦ ✐ ✐ ✉ ♠ W M A P E ✱ ❦ ❡✲
❥ ♠ ❡ ③ ❛ ✈ ❡ ❞❧✐ ❥✐ ➸ ✈ ❦ ❛ ♣✐ ♦❧ ❡ ✸✳ ✺✳ ✶✳ ❏ ❛ ❦ ❥ ♠ ❡ ♣ ♦ ♣ ❛❧✐ ✈ ❦ ❛ ♣✐ ♦❧ ❝ ❤ ✹✳ ✷✳ ✶ ❛ ✹✳ ✸✱ ♣➦✐ ❡✲

♦ ❡ ✐ ❝ ❦ ♠ ♦ ❞ ✈ ♦ ③ ❡ ♥ ♠ ♦ ❞ ❡❧ ✉ ❞ ♦ ❝ ❤ ③ ❦ ❡ ③ ♦ ♦ ➸ ♥ ➙ ♥ ♣ ♦ ➦ ❡ ❜ ② ❛ ♣ ♦ ❞ ✉ ❦ ❝ ❡✳ ❈ ❤ ❝ ❡ ♠ ❡✲❧✐
❡ ❞ ② ♣➦ ❡ ❞ ♣ ♦ ✈ ❞ ❛ ❥ ❛ ❦ ♣ ♦ ❞ ✉ ❦ ❝✐✱ ❛ ❦ ♣ ♦ ➦ ❡ ❜ ✉✱ ♦ ❞ ❤ ❛ ❞ ✉❥ ❡ ♠ ❡ ❡ ❝ ❤ ♥✐ ❝ ❦ ② ❞ ✈ ❛ ♠ ♦ ❞ ❡❧ ②✱

❦ ❡ ❥ ♦ ✉ ✉ ❦ ✉ ❧ ♥ ➙ ♦ ♦ ➸ ♥ ✲ ♣ ♦ ✉ ③ ❡ ♥ ❛ ❤ ❛ ③ ✉❥ ❡ ♠ ❡ ♣ ♦ ❞ ✉ ❦ ❝✐ ③ ❛ ♣ ♦ ➦ ❡ ❜ ✉✳ ❖ ❞✲
❤ ❛ ❞ ② ♦ ❜ ♦ ✉ ♠ ♦ ❞ ❡❧ ➲ ❥ ♠ ❡ ✉ ✈ ❡ ❞❧✐ ✈ ♣➦ ❡ ❞ ❝ ❤ ♦ ③ ❦ ❛ ♣✐ ♦❧ ❡✳

♦ ❧ ❡ ♣➨ ♣➦ ❡ ❞ ❛ ✈ ✉ ✉ ✈ ❞ ♠ ❡ ❦ ♦ ♠ ➙ ♦ ❞ ❝ ❤ ②❧ ❡ ❦ ♣ ♦ ➦ ❡ ❜ ② ❛ ♣ ♦ ❞ ✉ ❦ ❝ ❡ ➸ ♦ ❞✲
❝ ❤ ②❧ ❦ ② ✈ ♦ ❞ ❤ ❛ ❞ ❡ ❝ ❤ ✐ ♥ ✢ ❛ ❝ ❡ Π ✭ ❥✳ ♥ ❡❧ ♦ ❣ ❛ ✐ ♠ ♦ ✈ ❛ ♥ ✮ ❛ ♦ ❦ ♦ ✈ ❝ ❤ ❛ ③ ❡ ❜ F e df u n d s ✱
❛ ❦ ❥ ❛ ❦ ✈ ②➨❧ ② ♣ ♦ ♠ ♦ ❞ ❡❧ ♣➦ ❡ ❞ ♣ ♦ ✈ ❞ ❛❥ ❝ ♣ ♦ ❞ ✉ ❦ ❝✐ ✭ ♦ ❞ ❤ ❛ ❞ ♣ ♦ ❞ ✉ ❦ ❝ ❡ ♣ ♦ ✈ ❛ ➸ ✉❥ ❡ ♠ ❡

③ ❛ ♣ ✐ ♠ ♥ ✮✳ ❚ ② ♦ ♦ ❞ ❝ ❤ ②❧ ❦ ② ✉ ✈ ❞ ♠ ❡ ✈ ♣ ♦ ❝ ❡ ♥ ♥ ❝ ❤ ❜ ♦ ❞ ❡ ❝ ❤✳ ♦ ③ ♥ ❛ ♠ ❡ ♥ ❡❥ ♠ ❡✱ ➸ ❡

Π t =
C P I t

C P I t− 1

− 1 .

❚ ❛ ❜ ✉❧ ❦ ❛ ✹✳ ✷✿ ❡ ❞✐ ❦ ❝ ❡✱ ◆ ❑ ❉ ❙ ● ❊ ♠ ♦ ❞ ❡❧

✐ ✐✐ ✐✐✐ ✐ ✈
❱ ✉ ♣ ♥ ❞ ❛ ❛ ✶ ✾ ✼ ✶✲ ✷ ✵ ✶ ✹ ✶ ✾ ✼ ✶✲ ✷ ✵ ✵ ✵ ✶ ✾ ✼ ✶✲ ✷ ✵ ✵ ✵ ✶ ✾ ✼ ✽✲ ✷ ✵ ✵ ✼

❡ ❞✐ ❦ ❝ ❡ ♣ ♦ ✶ ✾ ✼ ✸✲ ✷ ✵ ✶ ✹ ✷ ✵ ✵ ✶✲ ✷ ✵ ✶ ✹ ✷ ✵ ✵ ✶✲ ✷ ✵ ✵ ✼ ✷ ✵ ✵ ✽✲ ✷ ✵ ✶ ✹
▼ ❆ ❊ ✲ ♣ ♦ ➦ ❡ ❜ ❛✿ 1 ,4 0 1 % 5 ,6 0 6 % 0 ,7 6 2 % 1 0 ,9 9 %
▼ ❆ ❊ ✲ ❍ ❉ ✿ 1 ,5 3 8 % 3 ,4 3 3 % 3 ,2 4 8 % 1 0 ,4 0 %
■ ♥ ✢ ❛ ❝ ❡✿ 1 ,1 7 7 % 0 ,8 5 7 % 0 ,7 9 4 % 1 ,5 9 6 %

♦ ❦ ♦ ✈ ❛ ③ ❜ ②✿ 1 ,3 0 1 % 3 ,7 3 2 % 2 ,7 3 5 % 5 ,1 9 5 %

❈ ❡❧ ❦ ♦ ✈ ❦ ✈ ❛❧✐ ❛ ♣ ❡ ❞✐ ❦ ❝ ❡ W M A P E ❞❧ ❡ ❛ ❜ ✉❧ ❦ ② ✹✳ ✷ ♣ ❛ ❦ ✈ ② ❝ ❤ ③ 4 , 0 4 5 % ✳
❱✐ ❞ ♠ ❡ ❡ ❞ ②✱ ➸ ❡ ♥ ❛ ✈ ③ ❞ ♦ ② ❦ ✉ ❡ ↔ ♥ ♦ ✐✱ ➸ ❡ ♦ ❞ ❤ ❛ ❞ ② ♣ ❛ ❛ ♠ ❡ ➲ ♥ ❡ ❦ ♦ ♥ ✈ ❡ ❣ ✉❥ ✱ ♠ ♦ ❞ ❡❧
❞ ♦ ❦ ➸ ❡ ♣ ♦ ❞ ✉ ❦ ♦ ✈ ❛ ♠ ② ❧ ✉ ♣❧ ♥ ♦ ❞ ❤ ❛ ❞ ②✳

❙ ♦ ❤❧ ❡ ❞ ❡ ♠ ♥ ❛ ♣ ♦ ❜❧ ♠ ② ❦ ♦ ♥ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ❥ ❡➨ ➙ ♠ ➲ ➸ ❡ ♥ ❛ ❜ ③ ❡ ♠ ♦ ➸ ♥ ♦ ✈ ② ✉✲
➸ ♠ ❡ ♦ ❞ ✉ ● ▼ ▼ ♦ ❞ ❤ ❛ ❞ ✉ ❜ ❡ ③ ✐ ❡ ❛ ❝ ✳ ❚ ❛ ♦ ♠ ♦ ➸ ♥ ♦ ✈➨ ❛ ❦ ♣➦✐ ♥ ➨ ♦ ♥ ➙ ❝ ♦ ❤ ♦ ➨
✈ ❧ ❡ ❞ ❦ ②✱ ❦ ♦ ♥ ❦ ♥ ➙ W M A P E ♣ ❛ ❦ ✈ ② ❝ ❤ ③ 4 , 4 7 3 % ✳

◆ ❛ ❦ ♦ ♥ ❡ ❝ ✉ ✈ ❡ ↕ ♠ ❡ ❥ ❡➨ ➙ ✈ ❧ ❡ ❞ ❦ ② ❡❢ ❡ ❡ ♥ ↔ ♥ ❤ ♦ ♠ ♦ ❞ ❡❧ ✉✱ ❦ ❡ ❥ ♠ ❡ ♣ ♦ ♣ ❛❧✐ ✈ ❦ ❛✲
♣✐ ♦❧ ❡ ✹✳ ✹✳ ✸ ❛ ❦ ❡ ♣ ♦ ✉ ➸ ✈ ♠ ❡ ❦ ✈ ♣ ♦ ↔ ✉ ♦ ↔ ❡ ❦ ✈ ❛ ♥ ❝ ❤ ❤ ♦ ❞ ♥ ♦ ✱ ❦ ❡ ✈ ✉ ♣ ✉❥
❞ ♦ ◆ ❑ ❉ ❙ ● ❊ ♠ ♦ ❞ ❡❧ ✉✳ ❯ ❦ ❛ ③ ✉❥ ❡ ❡✱ ➸ ❡ W M A P E ♦ ❤ ♦ ♦ ♠ ♦ ❞ ❡❧ ✉ ✈ ② ❝ ❤ ③ 4 , 0 3 7 % ✱
❡ ❞ ② ♣ ❛ ❦ ✐ ❝ ❦ ② ❡❥ ♥ ➙✱ ❥ ❛ ❦ ♦ ✉ ◆ ❑ ❉ ❙ ● ❊ ♠ ♦ ❞ ❡❧ ✉✳ ❉ ❧ ↔ ♦ ③ ❞ ❧ ② ✈ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞ ♥ ❝ ❤
❝ ❤ ♦ ♣ ♥ ♦ ❡ ❝ ❤ ✈➨ ❛ ❦ ❥ ♦ ✉✱ ❤ ♥ ✉ ♣ ❡ ❞✐ ❦ ↔ ♥ ❝ ❤ ❝ ❤ ♦ ♣ ♥ ♦ ❡❢ ❡ ❡ ♥ ↔ ♥ ❤ ♦ ♠ ♦ ❞ ❡❧ ✉ ✉ ✈ ✲

❞ ♠ ❡ ✈ ❛ ❜ ✉❧ ❝ ❡ ✹✳ ✸✳

✽ ✹



❚ ❛ ❜ ✉❧ ❦ ❛ ✹✳ ✸✿ ❙ ❤ ♥ ✉ ♣ ❡ ❞✐ ❦ ❝ ❡✱ ❡❢ ❡ ❡ ♥ ↔ ♥ ♠ ♦ ❞ ❡❧

✐ ✐✐ ✐✐✐ ✐ ✈
❱ ✉ ♣ ♥ ❞ ❛ ❛ ✶ ✾ ✼ ✶✲ ✷ ✵ ✶ ✹ ✶ ✾ ✼ ✶✲ ✷ ✵ ✵ ✵ ✶ ✾ ✼ ✶✲ ✷ ✵ ✵ ✵ ✶ ✾ ✼ ✽✲ ✷ ✵ ✵ ✼

❡ ❞✐ ❦ ❝ ❡ ♣ ♦ ✶ ✾ ✼ ✸✲ ✷ ✵ ✶ ✹ ✷ ✵ ✵ ✶✲ ✷ ✵ ✶ ✹ ✷ ✵ ✵ ✶✲ ✷ ✵ ✵ ✼ ✷ ✵ ✵ ✽✲ ✷ ✵ ✶ ✹
▼ ❆ ❊ ✲ ♣ ♦ ➦ ❡ ❜ ❛✿ 1 ,2 2 2 % 4 ,7 5 4 % 3 ,2 0 6 % 1 0 ,9 4 %
▼ ❆ ❊ ✲ ❍ ❉ ✿ 1 ,4 0 4 % 3 ,7 7 7 % 3 ,1 8 3 % 9 ,8 4 3 %

❯ ❦ ❛ ③ ✉❥ ❡ ❡ ❡ ❞ ②✱ ➸ ❡ ❦ ❛ ♥ ♦ ♥✐ ❝ ❦ ◆ ❑ ❉ ❙ ● ❊ ♠ ♦ ❞ ❡❧ ♣➦ ❡ ❞ ♣ ♦ ✈ ❞ ♣ ♦ ❞ ✉ ❦ ❝✐ ❛ ♣ ♦✲
➦ ❡ ❜ ✉ ♣ ❛ ❦ ✐ ❝ ❦ ② ❡❥ ♥ ➙ ❞ ♦ ❜➦ ❡ ❥ ❛ ❦ ♦ ❡❢ ❡ ❡ ♥ ↔ ♥ ♠ ♦ ❞ ❡❧✱ ❦ ❡ ❥ ♠ ❡ ♣ ♦ ✉ ➸✐❧✐ ❦ ✉ ↔ ❡ ♥

E t y t+ 1 ✱ E t π t+ 1 ✳ ▼ ♦ ❞ ❡❧ ♣➦✐ ♦ ♠ ③ ❛ ✈ ❞ ✈❧✐ ✈ ♦ ❦ ♦ ✈ ♠ ② ❛ ♣ ♦ ❛ ➸ ♠ ♦ ❞ ♦ ♣ ❛ ❞ ② ♠ ➙ ♥ ♦✲
✈ ♣ ♦❧✐ ✐ ❦ ②✱ ♣➦✐ ♦ ③ ❡ ♥ ➙ ❜ ② ❝ ❤ ♦ ♠ ❡ ❞ ② ♦ ↔ ❡ ❦ ✈ ❛❧✐ ③ ♣➦ ❡ ♥ ➙ ♥ ♣ ❡ ❞✐ ❦ ❝ ❡✳ ❏ ❛ ❦ ❥ ♠ ❡ ✈➨ ❛ ❦
♣ ♦ ♣ ❛❧✐ ✈ ❦ ❛ ♣✐ ♦❧ ❡ ✹✳ ✸✱ ♠ ♦ ❞ ❡❧ ♥ ❡ ❜ ❡ ❡ ✈ ♣ ♦ ❛ ③ ✐ ♥ ✈ ❡ ✐ ❝ ❡✱ ♣➦✐ ↔ ❡ ♠ ➸ ③ ♠ ➙ ♥ ② ♦ ❦ ♦ ✈
♠ ② ❜ ② ❧ ♦ ❣✐ ❝ ❦ ② ♠ ➙❧ ② ♠ ❤❧ ❛ ✈ ♥ ❞ ♦ ♣ ❛ ❞ ♣ ✈ ➙ ♥ ❛ ✐ ♥ ✈ ❡ ✐ ❝ ❡✳ ➦✐ ❛ ❜ ❡ ♥ ❝✐ ✐ ♥ ✈ ❡ ✐ ❝
✈ ♠ ♦ ❞ ❡❧ ✉✱ ✈ ② ♠ ✉ ❡❧ ❛ ✐ ❝ ❦ ❝ ❤ ♣ ❡ ♥ ➙ ③ ❛ ✈ ③ ❤❧ ❡ ❞ ❡ ♠ ❦ ♦ ❞ ❤ ❛ ❞ ✉ β > 1 ❥ ❡ ♣ ❛ ❦ ❝ ❡❧✲
❦ ♦ ✈ ➙ ③ ♣ ♦ ❝ ❤ ② ❜ ♥ ➙ ♥ ❛ ❡❧ ❡ ✈ ❛ ♥ ❝ ❡ ♦ ✈ ♥✐ ❝ ❡✱ ❦ ❡ ✈ ② ❝ ❤ ③ ③ ❝ ❤ ♦ ✈ ♥ ♣ ♦ ➦ ❡ ❜✐ ❡❧ ❡ ♥ ❛ ❤ ✉
✐ ♥ ✈ ❡ ✐ ❝✳

❏ ❡❧✐ ❦ ♦ ➸ ❡❢ ❡ ❡ ♥ ↔ ♥ ♠ ♦ ❞ ❡❧ ❧ ♦ ✉ ➸ ♣ ♦ ❦ ❛ ♥ ♦ ♥✐ ❝ ❦ ◆ ❑ ❉ ❙ ● ❊ ♠ ♦ ❞ ❡❧ ❥ ❛ ❦ ♦ ✈ ✉ ♣✱ ❧ ③ ❡
♣ ❛ ❦ ✐ ❝ ❦ ② ❤ ♦ ❞ ♥ ♦ ✉ ❦ ✈ ❛❧✐ ✉ ♣ ❡ ❞✐ ❦ ❝ ❡ ✐ ♥ ❡ ♣ ❡ ♦ ✈ ❛ ❛ ❦✱ ➸ ❡ ❦ ❛ ♥ ♦ ♥✐ ❝ ❦ ♠ ♦ ❞ ❡❧ ③ ❦ ❦ ❛
♥ ❡ ♣➦✐ ♥ ➨ ❤❧ ✉ ❜➨ ✈ ❤❧ ❡ ❞ ❞ ♦ ♣ ♦ ❜❧ ❡ ♠ ❛ ✐ ❦ ②✳

✹✳ ✺ ❙ ♦ ✈ ♥ ♥ ♣ ➦ ❡ ❞ ❝ ❤ ♦ ③ ♠ ♠ ♦ ❞ ❡❧ ❡ ♠

❑❧ ❡✐ ♥ ➲ ✈ ♠ ♦ ❞ ❡❧ ■ ✱ ❛ ❦ ❥ ❛ ❦ ❤ ♦ ❢ ♦ ♠ ✉❧ ✉❥ ❡ ● ❡ ❡ ♥ ❡ ✭ ✷ ✵ ✵ ✸✮✱ ❥ ❡ ③ ❤❧ ❡ ❞✐ ❦ ❛ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦
❡ ♦ ✐ ❡ ♣ ♦ ♠ ➙ ♥ ➙ ❥ ❡ ❞ ♥ ♦ ❞ ✉ ❝ ❤ ♠ ♦ ❞ ❡❧✳ ➄ ❦ ✱ ➸ ❡ ♥ ❛ ♣ ♦ ➦ ❡ ❜ ➙ ❡ ♣ ♦ ❞ ❧ ♣ ✐ ✈ ♥ ❡ ❦ ♦
✈ ♠✐ ③✐ ❦ ② ❛ ③ ❛ ♠ ➙ ♥ ❛ ♥ ❝✐ ✈ ♠✐ ♠ ③ ❞ ❛ ♠✐✱ ♣ ✐ ✈ ♥ ❡ ❦ ♦ ❞ ❧ ❡ ③ ❡ ✈ ❝ ❤ ③✐ ❦ ➲

✐ ♥ ✈ ❡ ✉❥ ❡✱ ❦ ❞ ❡ ✐ ♥ ✈ ❡ ✐ ❝ ❡ ♦ ✈❧✐ ✈ ➡ ✉❥ ❡ ➸ ❤ ♦ ❞ ♥ ♦ ❛ ❥✐ ➸ ❞➦ ✈ ❡ ❛ ❦ ✉ ♠ ✉❧ ♦ ✈ ❛ ♥ ❤ ♦ ❦ ❛ ♣✐ ❧ ✉✱
❛ ♠ ③ ❞ ② ✈ ♣ ✐ ✈ ♥ ♠ ❡ ❦ ♦ ✉ ③ ✈✐ ♥ ❛ ♣ ♦ ♣ ✈ ❝ ❡✳ ❷ ❛ ♦ ✈ ❡ ♥ ❞ ❥ ❡ ♣ ❛ ❦ ♣➦ ♠ ♦ ③ ♦✲
❤❧ ❡ ❞ ♥ ➙ ♥ ✈ ♦ ✈ ♥✐ ❝✐ ♣ ✐ ✈ ♥ ❝ ❤ ♠ ❡ ③ ❞✱ ♦ ❞ ❦ ✉ ❞ ❡ ♣ ♦ ♠ ❞ ♦ ❝ ❡❧ ❤ ♦ ♠ ♦ ❞ ❡❧ ✉ ✭ ♠ ③ ❞ ②
♦ ✈❧✐ ✈ ➡ ✉❥ ♣ ♦ ➦ ❡ ❜ ✉ ❛ ♣ ✐ ✈ ♥ ③✐ ❦ ②✱ ❦ ❡ ♦ ✈❧✐ ✈ ➡ ✉❥ ✐ ♥ ✈ ❡ ✐ ❝ ❡✮✳

❱❡ ✈ ✈ ❝ ❤ ♦ ③ ♣ ♦ ❞ ♦ ❜ ➙ ♣ ➙❧ ♠ ♦ ❞ ❡❧ ③ ♥ ❛ ↔ ♥ ♠✐ ♥ ❡ ❞ ♦ ❛ ❦ ②✱ ♠ ✉ ❡❧✐ ❥ ♠ ❡ ♣ ♦ ♦
♦ ↔✐ ✐ ❞ ❛ ❛ ♦ ✐ ♥ ✢ ❛ ❝✐ ❛ ❦✱ ➸ ❡ ❥ ♠ ❡ ♣ ♦ ↔ ❛❧✐ ✈ ❝ ❡ ♥ ❝ ❤ ♦ ❦ ✉ ✷ ✵ ✶ ✵ ❞❧ ❡ ❈ ■✳ ❚ ♠ ❥ ♠ ❡
❞ ♦ ❛❧✐ ♠ ♦ ❞ ❡❧✱ ♣ ♦ ❦ ❡ ✈ ② ❝ ❤ ③ ❡❧ ♦ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞ ♥ ❦ ✐ ✐ ✉ ♠ W M A P E 4 , 7 0 9 % ✳
▼ ♥ ❤ ♦ ③❧ ❡ ♣➨ ❡ ♥ ❥ ♠ ❡ ♣ ❛ ❦ ❞ ♦ ❤❧✐ ❥ ❡➨ ➙ ♣ ♦ ✉ ➸✐ ♠ ❤ ♦ ❞ ♥ ♦ ❡ ❧ ♥ ❤ ♦ ❦ ❛ ♣✐ ❧ ✉ ♥ ❛ ♠ ✲
♦ ♠ ♦ ❞ ❡❧ ♦ ✈ ✐ ❞ ❡ ♥ ✐ ②✳ ❯ ❦ ③ ❛❧ ♦ ❡ ✈➨ ❛ ❦✱ ➸ ❡ ❦ ✈ ②❥ ❞➦ ❡ ♥ ❤ ♦ ❞ ♥ ♦ ② ❦ ❛ ♣✐ ❧ ✉ ❥ ❡ ✈ ❛ ③ ♥ ➙

✈ ❤ ♦ ❞ ♥ ➙❥➨ ♣ ♦ ✉ ➸ ♣➦ ❡ ♣ ♦ ↔ ❡ ♣ ♦ ♠ ♦ ❝ ✐ ♥ ❞ ❡ ① ✉ ❝ ❡ ♥ ❡ ❛❧✐ ✱ ♥ ❡ ➸ ♣ ♦ ♠ ♦ ❝ ♣ ♦ ➦ ❡ ❜✐ ❡❧ ❦ ❝ ❤
❝ ❡ ♥✳ ➦ ♣ ❛ ❞ ♥ ➙ ❥ ♠ ❡ ❥ ❡➨ ➙ ♠ ♦ ❤❧✐ ③ ♦ ❤❧ ❡ ❞ ♥✐ ✐ ♥ ✈ ❡ ✐ ❝ ❡ ❞ ♦ ♠ ❝ ♥ ♦ ✱ ❛ ❞ ♦ ❛❧✐ ❥ ♠ ❡
❧ ✉➨ ♥ ♠ ♦ ❞ ❡❧✱ ♣ ♦ ❦ ❡ ✈ ② ❝ ❤ ③ ❡❧ ♦ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞ ♥ ❦ ✐ ✐ ✉ ♠ W M A P E 3 , 0 8 3 % ✱
❡ ♣ ❡ ❦ ✐ ✈ ❡ W M A P E 3 , 0 5 5 % ✳

❖ ♣ ♦ ✐ ♦ ♠ ✉ ❦ ❛ ♥ ♦ ♥✐ ❝ ❦ ◆ ❑ ❉ ❙ ● ❊ ♠ ♦ ❞ ❡❧ ❛ ✈ ♥ ❛ ♠✐ ❦ ♦ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ❝ ❤ ③ ❦❧ ❛✲
❞ ❡ ❝ ❤ ❛ ♦ ❞ ✈ ♦ ③ ❡ ♥ ❥ ❡ ❤ ♦ ♦ ✈ ♥✐ ❝ ✈ ② ➸ ❛ ❞ ✉❥ ❡ ♣ ♦ ♠ ➙ ♥ ➙ ♥ ♦ ↔ ♥ ♦ ✉ ❛ ♣❧✐ ❦ ❛ ❝✐ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦
❡ ♦ ✐ ❡✳ ◆ ❛ ▼ ♦ ❞ ❡❧ ❥ ❡ ❢ ♦ ♠ ✉❧ ♦ ✈ ♥ ♣ ♦ ♦ ❞ ❝ ❤ ②❧ ❦ ② ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤ ♦ ❞ ✈ ❝ ❤ ♦ ❞ ♣➦✐ ♦ ③ ❡ ♥ ❝ ❤

❤ ♦ ❞ ♥ ♦ ✱ ❦ ❞ ❡ ✉ ↔ ❡ ♥ ➙ ❝ ❤ ♦ ♣➦✐ ♦ ③ ❡ ♥ ❝ ❤ ❤ ♦ ❞ ♥ ♦ ❥ ❡ ❛ ♠ ♦ ❛ ♥ ♣ ♦ ❜❧ ♠✱ ❛ ♥ ❛ ✈ ❝
♣ ❛ ❝ ✉❥ ❡ ♦ ↔ ❡ ❦ ✈ ❛ ♥ ♠✐ ❜ ✉ ❞ ♦ ✉ ❝ ♠✐ ❤ ♦ ❞ ♥ ♦ ❛ ♠✐✱ ❥ ❡❥✐ ❝ ❤ ➸ ❦ ♦ ♥ ✉ ❦ ❝ ❡ ♦ ♣ ➙ ♣➦ ❡ ❞ ❛ ✈ ✉❥ ❡
❛ ♠ ♦ ❛ ♥ ♣ ♦ ❜❧ ♠✳

▼ ♦ ❞ ❡❧ ❛ ❦ ❞ ♦ ✈ ♦ ③ ✉❥ ❡✱ ➸ ❡ ♣ ♦ ❞ ✉ ❦ ❝ ❡ ③ ✈✐ ♥ ❛ ♦ ↔ ❡ ❦ ✈ ❛ ♥ ❜ ✉ ❞ ♦ ✉ ❝ ♣ ♦ ❞ ✉ ❦ ❝✐✱ ❡ ❧ ♥

✽ ✺



♦ ❦ ♦ ✈ ♠ ➦ ❡ ❛ ✈ ❛ ✉ ✉ ➸✐ ❦ ♦ ✈ ❢ ✉ ♥ ❦ ❝ ❡✱ ❝ ♦ ➸ ❥ ❡ ♣ ♦ ♠ ➙ ♥ ➙ ✐ ♥ ✉✐ ✐ ✈ ♥ ✲ ♣ ♦ ❞ ✉ ❦ ❝ ❡ ③ ✈✐
♥ ❛ ♦ ♠✱ ❝ ♦ ③ ♦ ❤ ♦ ❜ ✉ ❞ ❡ ♠ ❡ ♠ ❞ ♥ ❡ ❛ ❝ ♦ ✒ ③ ❛✏ ✭ ✈ ♣➦ ➨ ♠ ♠ ♦ ❞ ❡❧ ♦ ✈ ♠ ♦ ❜ ❞ ♦ ❜ ✮✳
❖ ♣ ♦ ✐ ❑❧ ❡✐ ♥ ♦ ✈ ➙ ♠ ♦ ❞ ❡❧ ✉ ✈➨ ❛ ❦ ❥✐ ➸ ✈ ❞ ❛❧➨ ❝ ❤ ❞ ✈ ♦ ✉ ♦ ✈ ♥✐ ❝ ❝ ❤ ❤ ❛❥ ❦❧ ↔ ♦ ✈ ♦ ✉ ❧ ♦ ❤ ✉
❡ ❣ ✉❧ ❛ ↔ ♥ ❛ ✉ ♦ ✐ ②✳ ■ ♥ ✢ ❛ ❝ ❡ ❜ ② ♦ ✐ ➸ ♠ ➙❧ ❛ ③ ✈✐ ❡ ♥ ❛ ♦ ↔ ❡ ❦ ✈ ❛ ♥ ✐ ♥ ✢ ❛ ❝✐ ❛ ♣ ♦ ❞ ✉ ❦ ❝✐✱

♣➦✐ ♦ ♠ ♠ ➙ ♥ ♦ ✈ ③ ♦ ❜ ❛ ❥ ❡ ❝ ❡ ♥ ❧ ♥ ➙ ➦ ③ ❡ ♥ ❛✳ ◆ ❛ ❦ ♦ ♥ ❡ ❝ ♣ ❛ ❦ ♠ ♦ ❞ ❡❧ ♣ ♦ ↔ ♣ ❛ ✈✐ ❞❧ ❡ ♠
♠ ➙ ♥ ♦ ✈ ♣ ♦❧✐ ✐ ❦ ②✱ ❝ ♦ ➸ ❥ ❡ ✈❧ ❛ ♥ ➙ ✐ ♥ ❡ ♥ ♣ ❛ ✈✐ ❞❧ ♦ ❡ ❣ ✉❧ ♦ ❛✳

◆ ❛ ❞ ✉ ❤ ♦ ✉ ❛ ♥ ✉ ✈➨ ❛ ❦ ♠ ♦ ❞ ❡ ♥ ♠ ♦ ❞ ❡❧ ❥✐ ➸ ✉ ✐ ♥ ♥ ➙ ♣ ♦ ↔ ❝ ❡ ♥ ❛ ♠✐ ♦ ↔✐➨ ➙ ♥ ♠✐
♦ ✐ ♥ ✢ ❛ ❝✐ ❛ ❡ ♥ ❞ ❡ ♠ ❡ ✈ ② ♣ ♦➦ ❞ ✈ ♣ ♦ ♠ ♦ ❝ ❧ ♦ ❣❧✐ ♥ ❡ ❛ ✐ ③ ❛ ❝ ❡✳

➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞ ♥ ❦ ✐ ✐ ✉ ♠ W M A P E ♣ ❛ ❦ ✈ ② ❝ ❤ ③ 4 , 0 4 5 % ✱ ❝ ♦ ➸ ❥ ❡ ③ ✈❧ ➨ ➙ ♣ ♦ ❜❧ ❡✲
♠ ❛ ✐ ❝ ❦ ✱ ♥ ❡ ❜ ♦➫ ❡❢ ❡ ❡ ♥ ↔ ♥ ♠ ♦ ❞ ❡❧ ♣ ♦ ✉ ↔ ❡ ♥ ♦ ↔ ❡ ❦ ✈ ❛ ♥ ❝ ❤ ❤ ♦ ❞ ♥ ♦ ♠ W M A P E
4 , 0 3 7 % ✳

▼ ♦ ❞ ❡ ♥ ❦ ❛ ♥ ♦ ♥✐ ❝ ❦ ◆ ❑ ❉ ❙ ● ❊ ♠ ♦ ❞ ❡❧ ♠ ❡ ❞ ② ❤ ♦ ➨ ♣ ❡ ❞✐ ❦ ↔ ♥ ❝ ❤ ♦ ♣ ♥ ♦ ✐
♥ ❡ ➸ ❛ ❑❧ ❡✐ ♥ ➲ ✈ ♠ ♦ ❞ ❡❧ ■ ✱ ❥ ♦ ✉✲❧✐ ✈ ❑❧ ❡✐ ♥ ♦ ✈ ➙ ♠ ♦ ❞ ❡❧ ✉ ❛ ❞ ❡ ❦ ✈ ♥ ➙ ♣ ♦ ❞ ❝ ❤ ② ❝ ❡ ♥ ② ❡ ❧✲
♥ ❤ ♦ ❞ ♥ ♦ ② ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤✱ ❛ ♥ ❛ ✈ ❝ ♥ ❡ ♣➦✐ ♥ ➨ ③❧ ❡ ♣➨ ❡ ♥ ♦ ♣ ♦ ✐ ❡❢ ❡ ❡ ♥ ↔ ♥ ♠ ✉ ♠ ♦ ❞ ❡❧ ✉✳
❚ ♦ ✈ ➙ ❞ ↔ ♣ ♦ ❝ ❤ ② ❜ ♥ ♦ ❡ ♠ ♦ ✈ ❤ ♦ ❞ ♥ ♦ ✐ ◆ ❑ ❉ ❙ ● ❊ ♠ ♦ ❞ ❡❧ ✉✱ ③ ❡ ♦ ❡ ✐ ❝ ❦ ❤ ♦ ✐ ♣ ❛ ❦✲
✐ ❝ ❦ ❤ ♦ ❤❧ ❡ ❞✐ ❦ ❛ ✈ ②❥ ❛ ❞➦ ✉❥ ❡ ♠ ❡ ♣ ♦ ❝ ❤ ② ❜ ② ③ ❡❥ ♠ ♥ ❛ ♥ ❛ ❞ ◆ ❑ ■ ❙ ❦ ➦✐ ✈ ❦ ♦ ✉ ✳ ❯ ❑❧ ❡✐ ♥ ♦ ✈ ❛

♠ ♦ ❞ ❡❧ ✉ ♣ ♦ ❞ ♦ ❜ ♥ ➙ ♣ ♦ ♥ ♠ ❛ ♥ ❡ ♣ ❛ ➦ ✉❥ ❡ ♠ ❡✳
❯ ❦ ❛ ③ ✉❥ ❡ ❡ ❡ ❞ ②✱ ➸ ❡ ❛ ↔ ❦ ♦❧✐ ❡ ❑❧ ❡✐ ♥ ➲ ✈ ♠ ♦ ❞ ❡❧ ■ ✈ ❡ ✈ ✈ ❝ ❤ ♦ ③ ❢ ♦ ♠ ✉❧ ❛ ❝✐ ➨ ♣ ❛ ♥ ➙

✈ ② ♣ ♦➦ ❞ ✈ ❡ ③ ❛ ❝ ❤ ② ❝ ❡ ♥ ♠ ❡ ❧ ♥ ❝ ❤ ❤ ♦ ❞ ♥ ♦ ✱ ② ♦ ♥ ❡ ❞ ♦ ❛ ❦ ② ❧ ③ ❡ ♦ ❞ ❛ ♥✐ ❛ ③ ❦ ❛
❞ ♦ ❜ ♠ ♦ ❞ ❡❧✳

❑ ❛ ♥ ♦ ♥✐ ❝ ❦ ◆ ❑ ❉ ❙ ● ❊ ♠ ♦ ❞ ❡❧ ❡ ♦ ♣ ♦ ✐ ♦ ♠ ✉ ♣ ♦ ❞ ❝ ❤ ② ❝ ❡ ♥ ♠ ❡ ❧ ♥ ❝ ❤ ❤ ♦ ❞ ♥ ♦
✭ ❛ ❡ ♥ ❞ ❡ ♠✮ ✈ ② ♣ ♦➦ ❞ ✈ ♣➦ ♠ ♦ ❛ ❜ ❡ ③ ❞ ❛❧➨ ❝ ❤ ♣ ❛ ✈ ❞ ✈ ♠ ② ❧ ✉ ♣❧ ♥ ♣ ❡ ❞✐ ❦ ❝ ❡✱ ❦ ✈ ❛✲
❧✐ ❛ ➙ ❝ ❤ ♦ ♣ ❡ ❞✐ ❦ ❝ ❥ ❡ ✈➨ ❛ ❦ ♣ ❛ ❦ ✐ ❝ ❦ ② ❤ ♦ ❞ ♥ ❡❢ ❡ ❡ ♥ ↔ ♥ ♠ ♠ ♦ ❞ ❡❧ ❡ ♠ ❛ ♥ ❡ ❞ ♦ ❛ ❤ ✉❥ ❡
❦ ✈ ❛❧✐ ✉ ♣ ❛ ✈ ❡ ♥ ❤ ♦ ❑❧ ❡✐ ♥ ♦ ✈ ❛ ♠ ♦ ❞ ❡❧ ✉✳

✹✳ ✻ ❙ ❤ ♥ ✉

➦ ❡ ❞ ❛ ✈✐❧✐ ❥ ♠ ❡ ❦ ❛ ♥ ♦ ♥✐ ❝ ❦ ◆ ❑ ❉ ❙ ● ❊ ♠ ♦ ❞ ❡❧✳ ❏ ❞ ❡ ♦ ③ ❦❧ ❛ ❞ ♥ ♠ ♦ ❞ ❡❧✱ ❦ ❡ ❡✲
♣ ❡ ③ ❡ ♥ ✉❥ ❡ ❝ ❡❧ ♦ ✉ ➦ ❞ ✉ ♠ ♦ ❞ ❡❧ ➲ ❛ ♠ ➙ ♠ ♦ ❞ ❡ ♥ ♠ ❛ ❦ ♦ ❡ ❦ ♦ ♥ ♦ ♠✐ ❡✱ ♥ ❡ ❜ ♦➫ ♣ ♦ ❦ ♦ ↔✐❧
❉ ❙ ● ❊ ♠ ♦ ❞ ❡❧ ② ✈ ② ✉ ➸ ✈ ❝ ❡❧ ➦ ❛ ❞ ❛ ❝ ❡ ♥ ❧ ♥ ❝ ❤ ❜ ❛ ♥ ❦✳ ❱ ② ✈ ➙ ❧✐❧✐ ❥ ♠ ❡ ✈ ② ❜ ❛ ♥ ♣ ❛ ✐ ❡
♥ ♦ ✈ ❦ ❡ ② ♥ ❡ ✐ ♥ ❦ ❡ ❦ ♦ ♥ ♦ ♠✐ ❡ ❛ ♦ ❞ ✈ ♦ ❞✐❧✐ ❥ ❡ ❞ ♥ ♦ ❧✐ ✈ ♦ ✈ ♥✐ ❝ ❡ ♠ ♦ ❞ ❡❧ ✉✳ ◆ ❧ ❡ ❞ ♥ ➙ ❥ ♠ ❡
♠ ♦ ❞ ❡❧ ♣ ♦ ❞ ♦ ❜✐❧✐ ❦ ✐ ✐ ❝ ❡ ③ ❡ ♦ ❡ ✐ ❝ ❦ ❤ ♦ ❤❧ ❡ ❞✐ ❦ ❛✳

▼ ♦ ❞ ❡❧ ✈ ② ❝ ❤ ③ ③ ❦ ♦ ♥ ❝ ❡ ♣ ✉ ❡ ♣ ❡ ③ ❡ ♥ ❛ ✐ ✈ ♥ ❞ ♦ ♠ ❝ ♥ ♦ ✐✱ ❦ ❡ ♠ ✉ ➸✐ ❡ ❦ ③ ❡ ♣ ♦✲
➦ ❡ ❜ ② ❛ ♥ ❦❧ ❛ ❞ ② ③ ♣ ❝ ❡✱ ❦ ❡ ❧ ③ ❡ ❝ ❤ ♣ ❛ ❥ ❛ ❦ ♦ ❛ ❜ ❡ ♥ ❝✐ ✉ ➸✐ ❦ ✉ ③ ✈ ♦❧ ♥ ❤ ♦ ↔ ❛ ✉✳ ❚❡ ♥ ♦

✉ ➸✐ ❡ ❦ ❥ ❡ ♣ ❛ ❦ ❞✐ ❦ ♦ ♥ ♦ ✈ ♥✱ ♥ ❡ ❜ ♦➫ ❞ ♦ ♠ ❝ ♥ ♦ ♣ ♦❥ ❡ ✈ ✉❥ ❡ ↔ ❛ ♦ ✈ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ✕ ♦ ❜ ❡ ❝ ♥ ➙
♣➦ ❡ ❞ ♣ ♦ ❦❧ ❞ ♠ ❡ ♣ ❡❢ ❡ ❡ ♥ ❝✐ ♦ ✉ ↔ ❛ ♥ ❤ ♦ ♦ ❜ ❞ ♦ ❜ ♣➦ ❡ ❞ ❜ ✉ ❞ ♦ ✉ ❝ ♠✳ ❩ ❛ ✈ ❞ ♠ ❡ ♣ ❛ ❦ ➦ ✲
❞ ✉ ✉ ➸✐ ❦ ♦ ✈ ❝ ❤ ❢ ✉ ♥ ❦ ❝ ✱ ❦ ❡ ♠ ♣ ♦ ➸ ❛ ❞ ♦ ✈ ❛ ♥ ✈❧ ❛ ♥ ♦ ✐ ✕ ❥ ❞ ❡ ♦ ❢ ✉ ♥ ❦ ❝ ❡ ♦ ♦ ✉ ❝
❦ ♦ ♥ ❦ ✈ ♥ ✱ ♥ ❡ ❜ ♦➫ ✈ ② ❝ ❤ ③ ♠ ❡ ③ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❛ ❞ ✉✱ ➸ ❡ ✈ ❝ ❡ ♣ ♦ ➦ ❡ ❜ ♦ ✈ ❛ ♥ ❤ ♦ ③ ❜ ♦ ➸ ♣➦✐ ♥ ➨
✈ ➙ ➨ ✉ ➸✐ ❡ ❦✱ ♣➦✐ ↔ ❡ ♠ ➸ ❛❧ ❡ ♣❧ ❛ ③ ❦ ♦ ♥ ❦❧ ❡ ❛❥ ❝ ❝ ❤ ✈ ♥ ♦ ➲ ③ ♦ ③ ❛ ❤ ✉✱ ❡ ♣ ❡ ❦ ✐ ✈ ❡ ❦❧ ❡✲
❛❥ ❝ ❤ ♦ ♠ ❡ ③ ♥ ❤ ♦ ✉ ➸✐ ❦ ✉✳

❚❡ ♦ ❡ ✐ ❝ ❦ ❦ ✐ ✐ ❦ ❛ ❦ ❛ ♥ ♦ ♥✐ ❝ ❦ ❤ ♦ ♠ ♦ ❞ ❡❧ ✉ ❡ ♣ ❛ ❦ ♦ ♣ ③ ❡❥ ♠ ♥ ❛ ♦ ❞ ✈ ❛ ♣ ♦ ❜❧ ♠ ②✳
❏ ❡ ❞ ♥ ❛ ❦ ❦ ♦ ♥ ❝ ❡ ♣ ❡ ♣ ❡ ③ ❡ ♥ ❛ ✐ ✈ ♥ ❞ ♦ ♠ ❝ ♥ ♦ ✐ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❞ ✱ ➸ ❡ ❛ ↔ ❦ ♦❧✐ ❥ ❡ ❞ ♥ ♦ ❧✐ ✈ ❞ ♦✲
♠ ❝ ♥ ♦ ✐ ♠ ♦ ❤ ♦ ✉ ♣ ♦➦✐ ✱ ✈ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❡ ❥ ❛ ❦ ♦ ❝ ❡❧ ❦ ✉ ❡ ♣ ♦ ➦ ❡ ❜ ✉❥ ❡ ❝ ❡❧ ♣ ♦ ❞ ✉ ❦ ❝ ❡✳ ▼ ♦✲
❞ ❡❧ ✈➨ ❛ ❦ ✈ ② ❝ ❤ ③ ③ ♦ ✈ ♥ ♦ ✈ ❤ ② ✉ ➸✐ ❦ ✉ ③ ❡ ♣ ♦ ➦ ❡ ❜ ② ✈ ♦ ✉ ↔ ❛ ♥ ♠ ❛ ❜ ✉ ❞ ♦ ✉ ❝ ♠ ♦ ❜ ❞ ♦ ❜ ✳

✽ ✻



❑ ❞ ♦ ❛ ➸ ❡ ♥ ♦ ♦ ✈ ♥ ♦ ✈ ❤ ② ✈➨ ❛ ❦ ♣ ✈ ➙ ♠ ✉ ❜ ♠ ♦ ➸ ♥ ♣➦ ❡ ♦ ✉ ✈ ❛ ♣ ♦ ➦ ❡ ❜ ✉ ♠ ❡ ③✐
♦ ✉ ↔ ❛ ♥ ♠ ❛ ❜ ✉ ❞ ♦ ✉ ❝ ♠ ♦ ❜ ❞ ♦ ❜ ♠✱ ❝ ♦ ➸ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❞ ♠ ❡✱ ➸ ❡ ❡ ♥ ❡ ❞ ➙❥ ❡✳ ◆ ❛ ✈ ❝ ❥ ♠ ❡

✉ ❦ ③ ❛❧✐✱ ➸ ❡ ③ ❛ ♣❧ ❛ ♥ ♦ ✐ ♦ ✈ ♥✐ ❝ ❡ ✭ ✹✳ ✻✮✱ ♦ ❦ ❡ ♦ ✉ ❡ ♠ ♦ ❞ ❡❧ ♦ ♣ ✱ ❡ ❛ ❣ ✉❥ ❡ ♣ ♦ ➦ ❡ ❜ ❛
❛ ♣ ♦ ❞ ✉ ❦ ❝ ❡ ♥ ❛ ③ ♠ ➙ ♥ ✉ ♦ ❦ ♦ ✈ ♠ ② ♣ ♦ ✐ ❦❧ ❛ ❞ ♥ ➙✳ ▼ ♦ ❞ ❡❧ ♣➦✐ ♦ ♠ ♣ ❛ ❝ ✉❥ ❡ ❡ ❦ ✈✐✲
✈ ❛❧ ❡ ♥ ❝ ➙ ❝ ❤ ♦ ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤✳ ❉ ✉ ❤ ♠ ♣ ♦ ❜❧ ♠ ❡ ♠ ♣ ❛ ❦ ❥ ❡ ❡❧ ❡ ✈ ❛ ♥ ❝ ❡ ♦ ✈ ♥✐ ❝ ❡✱ ❦ ❡
♣ ♦ ♣✐ ✉❥ ❡ ❝ ❤ ♦ ✈ ♥ ♥ ❛ ❤ ✉ ✐ ♥ ✈ ❡ ✐ ❝✱ ✈ ② ♠ ✉ ❡❧ ❛ ✐ ❝ ❦ ❝ ❤ ♣ ❡ ♥ ➙ ③✳

◆ ❡ ➸ ❥ ♠ ❡ ♣➦✐ ♦ ✉ ♣✐❧✐ ❦ ✈❧ ❛ ♥ ♠ ✉ ♦ ❞ ❤ ❛ ❞ ✉ ♠ ♦ ❞ ❡❧ ✉✱ ♠ ✉ ❡❧✐ ❥ ♠ ❡ ❡ ✈ ② ♣ ♦➦ ❞ ❛
♠ ♦ ❞ ❡❧ ♦ ✈ ♥ ♠ ♣➦✐ ♦ ③ ❡ ♥ ❝ ❤ ❛ ♦ ↔ ❡ ❦ ✈ ❛ ♥ ❝ ❤ ❤ ♦ ❞ ♥ ♦ ✳ ❑ ♠ ♦ ❞ ❡❧ ♦ ✈ ♥ ♣➦✐ ♦ ③ ❡ ♥ ♣ ♦✲

❞ ✉ ❦ ❝ ❡ ❥ ♠ ❡ ✈ ② ✉ ➸✐❧✐ ♠ ♦ ❞ ❡❧ ✉ ❡ ♥ ❞ ❡ ♠✱ ❦ ♠ ♦ ❞ ❡❧ ♦ ✈ ♥ ♦ ❛ ♥ ❝ ❤ ♣ ♦ ♠ ➙ ♥ ♥ ❝ ❤ ❥ ♠ ❡
✈ ② ✉ ➸✐❧✐ ❍ ♦ ❞ ✐ ❝ ❦✲ ❡ ❝ ♦ ➲ ✈ ✜❧ ✱ ❥ ❡ ❤ ♦ ➸ ✈ ② ✉ ➸✐ ❥ ❡ ✈ ♣ ❛ ①✐ ♣ ♦ ♠ ➙ ♥ ➙ ✉ ✐ ♥ ♥ ✳ ❑ ♠ ♦ ❞ ❡✲
❧ ♦ ✈ ♥ ♦ ↔ ❡ ❦ ✈ ❛ ♥ ❝ ❤ ❤ ♦ ❞ ♥ ♦ ♣ ♦ ❞ ✉ ❦ ❝ ❡ ❛ ✐ ♥ ✢ ❛ ❝ ❡ ♣ ❛ ❦ ✈ ② ✉ ➸ ✈ ♠ ❡ ♣➦ ✉ ♣ ❞❧ ❡ ▼ ❛ ❛ ♦
✭ ✷ ✵ ✶ ✸✮✳ ❑ ✉ ↔ ❡ ♥ ♦ ↔ ❡ ❦ ✈ ❛ ♥ ❝ ❤ ♣➦✐ ♦ ③ ❡ ♥ ❝ ❤ ❤ ♦ ❞ ♥ ♦ ❥ ♠ ❡ ♥ ❡❥ ♣ ✈ ❡ ③ ♦ ❜ ❡ ❝ ♥✐❧✐ ❢ ♦ ♠ ✉❧✐
♣ ♦ ❍ ♦ ❞ ✐ ❝ ❦✲ ❡ ❝ ♦ ➲ ✈ ✜❧ ♦ ♦ ↔ ❡ ❦ ✈ ❛ ♥ ❜ ✉ ❞ ♦ ✉ ❝ ❤ ♦ ❞ ♥ ♦ ②✳ ❖ ❞ ✉ ❞ ❥ ♠ ❡ ♣ ♦ ✉ ↔✐❧✐
♦ ↔ ❡ ❦ ✈ ❛ ♥ ♦ ✉ ♣➦✐ ♦ ③ ❡ ♥ ♦ ✉✱ ♣ ♦ ❛ ➸ ♠ ♦ ❡ ❧ ♥ ♦ ✉ ✐ ♥ ✢ ❛ ❝✐✳

♦ ✈❧ ❛ ♥ ♦ ❞ ❤ ❛ ❞ ♠ ♦ ❞ ❡❧ ✉ ❥ ♠ ❡ ♠ ✉ ❡❧✐ ❦ ❛ ♥ ♦ ♥✐ ❝ ❦ ♠ ♦ ❞ ❡❧ ♠ ♥ ➙ ♣➦ ❡❢ ♦ ♠ ✉❧ ♦ ✈ ❛ ✱
♥ ❡ ❜ ♦➫ ♥ ❛ ♣➦ ❦❧ ❛ ❞ ♣➦✐ ♦ ③ ❡ ♥ ♦ ❦ ♦ ✈ ♠ ❛ ③ ✈✐ ♥ ❛ ♣ ❛ ❛ ♠ ❡ ❡ ❝ ❤ ♠ ♦ ❞ ❡❧ ✉✳ ❘ ❡ ❧ ♥
❞ ❛ ❛ ❛ ❦ ♥ ❡❧ ③ ❡ ❛ ♥ ❢ ♦ ♠ ♦ ✈ ❛ ✈ ♥ ➙ ♠ ♦ ❞ ❡❧ ✉✳

❖ ♠ ❡ ③ ❡ ♥ ♣➦ ♣ ✉ ♥ ❝ ❤ ❤ ♦ ❞ ♥ ♦ ♣ ❛ ❛ ♠ ❡ ➲ ❥ ♠ ❡ ❞ ♦ ♦ ❞ ❤ ❛ ❞ ♦ ✈ ♣ ♦ ❝ ❡ ❞ ✉ ② ♥ ❡ ③ ❛✲
✈ ❡ ❞❧✐ ③ ❡ ❞ ✈ ♦ ✉ ❞ ➲ ✈ ♦ ❞ ➲✳ ❏ ❡✲❧✐ ♦ ❞ ❤ ❛ ❞ ♥ ✉ ❤ ♦ ❞ ♥ ♦ ❛ ♣ ❛ ❛ ♠ ❡ ✉ ♠✐ ♠ ♦ ♣➦ ❧ ✉➨ ♥ ♦ ♠ ❡✲
③ ❡ ♥ ✱ ♣ ❛ ❦ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ❝ ❡ ❛ ❦ ♦ ✈ ❤ ♦ ♦ ♠ ❡ ③ ❡ ♥ ✱ ❝ ♦ ➸ ❡ ❛ ♥ ❞ ❛ ❞ ♥ ➙ ♣ ♦ ✈ ❞ ♣ ♦ ♠ ♦ ❝
❡ ① ♣ ♦ ♥ ❡ ♥ ❝✐ ❧ ♥ ❛ ♥ ❢ ♦ ♠ ❛ ❝ ❡✱ ② ♣✐ ❝ ❦ ② ③ ♣ ➲ ♦ ❜ ✱ ➸ ❡ ♦ ❞ ❤ ❛ ❞ ♦ ✈ ❛ ♥ ❤ ♦ ❞ ♥ ♦ ❛ ♣ ❛ ❛ ♠ ❡ ✉
❞✐ ✈ ❡ ❣ ✉❥ ❡ ❞ ♦ ♥ ❡ ❦ ♦ ♥ ❡ ↔ ♥ ❛✳ ❉ ✉ ❤ ♠ ❞ ➲ ✈ ♦ ❞ ❡ ♠ ♣ ❛ ❦ ❥ ❡✱ ➸ ❡ ❛ ♦ ♦ ♠ ❡ ③ ❡ ♥ ♥ ❡❥ ♦ ✉ ❞ ♥ ❛

✉ ❦ ✉ ♦ ✉ ♠ ♦ ❞ ❡❧ ✉✱ ♣ ♦ ✉ ③ ❡ ♦ ❞ ♣ ♦ ✈ ❞ ❛❥ ♥ ❛➨✐ ♠ ♣➦ ❡ ❞ ❛ ✈ ♠ ♦ ❢ ✉ ♥ ❣ ♦ ✈ ♥ ❡ ❦ ♦ ♥ ♦ ♠✐ ❦ ②✳
❏ ❡❥✐ ❝ ❤ ♣ ♦ ✉➨ ❡ ♥ ❛ ❦ ♥✐ ❦ ❡ ❛ ❦ ♥ ❡ ❜ ♥ ♦ ❞ ❤ ❛ ❞ ♦ ✈ ♣ ♦ ❝ ❡ ❞ ✉➦ ❡✱ ❛ ✈➨ ❛ ❦ ✉ ♣ ♦ ③ ♦ ➡ ✉❥ ❡ ♥ ✱
➸ ❡ ♥ ❛➨✐ ♠✐ ♣➦ ❡ ❞ ❛ ✈ ❛ ♠✐✱ ↔✐ ♠ ♦ ❞ ❡❧ ❡ ♠✱ ♥ ➙ ❝ ♦ ♥ ❡ ♥ ✈ ♣ ♦➦ ❞ ❦ ✉✱ ❝ ♦ ➸ ❥ ❡ ③ ♣ ➙ ♥ ✈ ❛ ③ ❜ ❛✱
♦ ❦ ❡ ♦ ✉ ❡ ♥ ❡ ❝ ❤ ❝ ❡ ♠ ❡ ♣➦✐ ♣ ❛ ✈✐ ✳

➦✐ ✈❧ ❛ ♥ ♠ ♦ ❞ ❤ ❛ ❞ ✉ ❡ ♣ ❛ ❦ ✉ ❦ ③ ❛❧ ♦✱ ➸ ❡ ♠ ♦ ❞ ❡❧ ♣ ♣ ♦ ❜❧ ♠ ② ❡ ♣ ❡ ❝✐ ✜ ❦ ❛ ❝
❛ ✐ ❞ ❡ ♥ ✐ ✜ ❦ ❛ ❝ ❛ ♦ ❞ ❤ ❛ ❞ ♦ ✈ ♣ ♦ ❝ ❡ ❞ ✉ ❛ ♥ ❡ ❦ ♦ ♥ ✈ ❡ ❣ ✉❥ ❡✳ ➦✐ ❦ ♦ ♥ ③ ✉❧ ❛ ❝✐ ♦ ❞ ❜ ♦ ♥ ♦ ✉ ❧✐✲
❡ ❛ ✉ ♦ ✉ ❥ ♠ ❡ ✈➨ ❛ ❦ ③❥✐ ✐❧✐✱ ➸ ❡ ❥ ❞ ❡ ♦ ❜ ➙ ➸ ♥ ❥ ❡ ✈✳ ❖ ❞ ❤ ❛ ❞ ② ❦ ♦ ❡ ✜ ❝✐ ❡ ♥ ➲ ♣ ❛ ❦ ❦ ♦ ♦

✈➨ ❡ ❝ ❤ ♥ ② ✈ ②➨❧ ② ♠✐ ♠ ♦ ♣➦ ❧ ✉➨ ♥ ♦ ♠ ❡ ③ ❡ ♥ ✳
❆ ↔ ❦ ♦❧✐ ✐ ✉ ✈ ➙ ❞ ♦ ♠ ✉❥ ❡ ♠ ❡✱ ➸ ❡ ♦ ❤❧ ❡ ❞ ❡ ♠ ♥ ❛ ♥ ❡ ❞ ♦ ❛ ❦ ② ♠ ♦ ❞ ❡❧ ✉ ❥ ❡ ✈ ❛❧✐ ❞✐ ❛ ➙ ❝ ❤ ♦

♦ ❞ ❤ ❛ ❞ ➲ ✈ ❡❧ ♠✐ ❞✐ ❦ ✉ ❛ ❜✐❧ ♥ ✱ ♥ ❛ ❜ ❞❧✐ ❥ ♠ ❡ ♣ ♦ ♥ ➙ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ✈ ② ✈ ➙ ❧ ❡ ♥ ✳ ❚ ♠ ❥ ❡
♣ ❛ ❦ ③ ❡❥ ♠ ♥ ❛ ♥ ❡ ✈ ❤ ♦ ❞ ♥ ♦ ♠ ♦ ❞ ❡❧ ✉ ✭ ✈ ② ❝ ❤ ③ ③ ❝ ❤ ♦ ✈ ♥ ♥ ❛ ❤ ✉ ✐ ♥ ✈ ❡ ✐ ❝✱ ✈ ② ♠ ✉
❡❧ ❛ ✐ ❝ ❦ ❝ ❤ ♣ ❡ ♥ ➙ ③ ✈➨ ❛ ❦ ♥ ❡ ♦ ❝ ❤ ♦ ❛ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ❝ ❤ ❛ ❦ ➲ ♣ ➲❥ ↔ ♦ ✈ ❛ ♥ ❡ ♥ ❡❧ ❡ ✈ ❛ ♥ ♥ ✮
❛ ❡❧ ❤ ♥ ❝ ❡ ♥ ❧ ♥ ❜ ❛ ♥ ❦ ② ✈ ❞ ♦ ❞ ➸ ♦ ✈ ♥ ♣ ❛ ✈✐ ❞ ❡❧ ♠ ➙ ♥ ♦ ✈ ♣ ♦❧✐ ✐ ❦ ②✳

❱ ③ ✈ ➙ ✉ ❥ ♠ ❡ ❛ ♥ ❛❧ ② ③ ♦ ✈ ❛❧✐ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞ ♥ ❝ ❤ ♦ ♣ ♥ ♦ ✐ ♠ ♦ ❞ ❡❧ ✉✳ ❯ ❦ ③ ❛❧ ♦ ❡✱ ➸ ❡ ❦ ❛✲
♥ ♦ ♥✐ ❝ ❦ ◆ ❑ ❉ ❙ ● ❊ ♠ ♦ ❞ ❡❧ ♣➦ ❡ ❞ ♣ ♦ ✈ ❞ ♣ ♦ ❞ ✉ ❦ ❝✐ ❛ ♣ ♦ ➦ ❡ ❜ ✉ ♣ ❛ ❦ ✐ ❝ ❦ ② ❡❥ ♥ ➙ ❞ ♦ ❜➦ ❡
❥ ❛ ❦ ♦ ❡❢ ❡ ❡ ♥ ↔ ♥ ♠ ♦ ❞ ❡❧✱ ❦ ❡ ❥ ♠ ❡ ♣ ♦ ✉ ➸✐❧✐ ❦ ✉ ↔ ❡ ♥ ♦ ↔ ❡ ❦ ✈ ❛ ♥ ❝ ❤ ❤ ♦ ❞ ♥ ♦ ♣ ♦ ❞ ✉ ❦✲
❝ ❡ ❛ ✐ ♥ ✢ ❛ ❝ ❡✱ ❡ ♣ ❡ ❦ ✐ ✈ ❡ ❥ ❡❥✐ ❝ ❤ ♦ ❞ ❝ ❤ ②❧ ❡ ❦ ♦ ❞ ♣➦✐ ♦ ③ ❡ ♥ ❝ ❤ ❤ ♦ ❞ ♥ ♦ ✱ ❡ ❦ ❡ ♠✐ ♠ ♦ ❞ ❡❧
♣ ❛ ❝ ✉❥ ❡✳ ❩ ♥ ❛ ♠ ❡ ♥ ♦ ❡ ❞ ②✱ ➸ ❡ ♣ ❛ ❦ ✐ ❝ ❦ ② ♥ ❡ ♥ ❝ ❤ ♦ ♣ ❡ ♥ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞✐ ❡❢ ❡ ❡ ♥ ↔ ♥ ❤ ♦
♠ ♦ ❞ ❡❧ ✉ ✉ ♣➦ ❡ ♥✐ ✳ ❚ ♦ ❥ ❡ ♣➦ ❡ ❦ ✈ ❛ ♣✐ ✈ ③❥✐➨ ➙ ♥ ✱ ♥ ❡ ❜ ♦➫ ♦ ♣ ♦ ✐ ❡❢ ❡ ❡ ♥ ↔ ♥ ♠ ✉ ♠ ♦ ❞ ❡❧ ✉ ③ ❛✲
✈ ❞ ❦ ❛ ♥ ♦ ♥✐ ❝ ❦ ◆ ❑ ❉ ❙ ● ❊ ♠ ♦ ❞ ❡❧ ♦ ✈ ♥✐ ❝✐ ♣ ♦ ♦ ❦ ♦ ✈ ♦ ✉ ♠ ✉✱ ❦ ❡ ❜ ② ♠ ➙❧ ❛ ❜
❡❧ ❡ ✈ ❛ ♥ ♥ ✱ ❛ ♣➦✐ ③ ♦ ❤❧ ❡ ❞ ♥ ➙ ♥ ❞ ❛❧➨ ❝ ❤ ❡❧ ❡ ✈ ❛ ♥ ♥ ❝ ❤ ✐ ♥❢ ♦ ♠ ❛ ❝ ❜ ② ❝ ❤ ♦ ♠ ♣➦✐ ♦ ③ ❡ ♥ ➙ ♦ ↔ ❡✲
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❦ ✈ ❛❧✐ ③ ♣➦ ❡ ♥ ➙ ♥ ♣ ❡ ❞✐ ❦ ❝ ❡✳ ❱ ♦ ♦ ✉ ✈✐ ❧ ♦ ✐ ❥ ♠ ❡ ♣ ❛ ❦ ③ ♥ ♦ ✈ ✉ ✉ ♣ ♦ ③ ♦ ♥✐❧✐ ♥ ❛ ❦ ✐ ✐ ❦ ✉✱
➸ ❡ ♠ ♦ ❞ ❡❧ ♥ ❡ ❜ ❡ ❡ ✈ ♣ ♦ ❛ ③ ✐ ♥ ✈ ❡ ✐ ❝ ❡✱ ❛ ↔ ❦ ♦❧✐ ❥ ❡❥✐ ❝ ❤ ❡ ①✐ ❡ ♥ ❝ ❡ ❥ ❡ ♥ ✉ ♥ ❦ ❞ ♦ ❛ ➸ ❡ ♥ ❡ ❦ ♦✲
♥ ♦ ♠✐ ❝ ❦ ♦ ✈ ♥ ♦ ✈ ❤ ②✱ ♦ ❦ ❡ ♦ ✉ ❡ ♦ ♣ ✱ ❛ ③ ♣ ♦ ❝ ❤ ② ❜ ♥✐❧✐ ❡❧ ❡ ✈ ❛ ♥ ❝✐ ♦ ✈ ♥✐ ❝ ❡ ♣ ♦ ♣✐ ✉❥ ❝
❝ ❤ ♦ ✈ ♥ ♥ ❛ ❤ ✉ ✐ ♥ ✈ ❡ ✐ ❝ ✈ ② ♠ ✉ ❡❧ ❛ ✐ ❝ ❦ ❝ ❤ ♣ ❡ ♥ ➙ ③ ✭ ✈ ❝ ❡ ✈✐ ③ ❦ ❛ ♣✐ ♦❧ ❛ ✹✳ ✸✮✳

◆ ❛ ❦ ♦ ♥ ❡ ❝ ✉ ➸ ❥ ♠ ❡ ❥ ❡ ♥ ❦ ❝ ❡ ♣ ♦ ♦ ✈ ♥ ❛❧✐ ◆ ♦ ✈ ❑ ❡ ② ♥ ❡ ✐ ♥ ❦ ❉ ❙ ● ❊ ♠ ♦ ❞ ❡❧ ❑❧ ❡✐✲
♥ ♦ ✈ ♠ ♠ ♦ ❞ ❡❧ ❡ ♠ ■ ✳

♦ ③ ♥ ❛ ♠ ❡ ♥ ❡❥ ♠ ❡✱ ➸ ❡ ❦ ❛ ♥ ♦ ♥✐ ❝ ❦ ◆ ❑ ❉ ❙ ● ❊ ♠ ♦ ❞ ❡❧ ❥ ❡ ✈ ❦ ✉ ❦ ✉ ♣ ♦ ✉ ③ ❡ ③ ❦❧ ❛ ❞ ♥ ♠
♠ ♦ ❞ ❡❧ ❡ ♠✱ ❦ ✉ ❡ ↔ ♥ ♠ ♦ ❞ ❡❧ ② ♣ ♦ ✉ ➸ ✈ ❛ ♥ ✈ ♠ ❛ ❦ ♦ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ♣ ❛ ①✐ ❥ ♦ ✉ ❞ ❛❧ ❡ ❦ ♦ ❦ ♦ ♠✲
♣❧ ❡ ① ♥ ➙❥➨ ❛ ❜ ❡ ♦ ✉ ✈ ♣ ♦ ❛ ③ ❝ ❡❧ ♦ ✉ ➦ ❛ ❞ ✉ ❥ ❡ ✈ ➲✱ ③ ❡❥ ♠ ♥ ❛ ♣ ❛ ❦ ✈ ♦ ❜ ✉ ❛ ♣➦ ❡ ✈ ✈ ♥ ③ ✈ ② ❦✲
❧ ♦ ✱ ♣ ♦ ✉ ♣ ♥ ♦ ✉ ❛ ❞ ❛ ♣ ❛ ❝✐ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ❝ ❤ ❛ ❦ ➲ ♥ ❛ ♥ ♦ ✈ ✐ ✉ ❛ ❝ ❡ ❛ ✈ ♥ ❡ ♣ ♦ ❧ ❡ ❞ ♥ ➦ ❛✲
❞ ➙ ✐ ♥ ✈ ❡ ✐ ❝ ❡ ✭ ❦ ✉ ❡ ↔ ♥ ♦ ✱ ➸ ❡ ❦ ❛ ♥ ♦ ♥✐ ❝ ❦ ♠ ♦ ❞ ❡❧ ♥ ❡ ❜ ❡ ❡ ✈ ♣ ♦ ❛ ③ ✐ ♥ ✈ ❡ ✐ ❝ ❡✱ ❛ ↔ ❦ ♦❧✐ ❥ ❡❥✐ ❝ ❤
❡ ①✐ ❡ ♥ ❝ ❡ ❥ ❡ ♥ ✉ ♥ ❦ ❞ ♦ ❛ ➸ ❡ ♥ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ♦ ✈ ♥ ♦ ✈ ❤ ②✱ ♦ ❦ ❡ ♦ ✉ ❡ ♦ ♣ ✱ ❥ ❡ ♣ ♦ ❞✲

❛ ♥ ♦ ✉ ↔ ❡ ♦ ❡ ✐ ❝ ❦ ❦ ✐ ✐ ❦ ② ♦ ❤ ♦ ♦ ♠ ♦ ❞ ❡❧ ✉✱ ✈✐ ③ ❦ ❛ ♣✐ ♦❧ ❛ ✹✳ ✸✮✳ ◆ ❡ ♠ ➲ ➸ ❡ ♠ ❡ ❡ ❞ ②
❦ ✐ ✐ ③ ♦ ✈ ❛ ✈ ② ✉ ➸✐ ◆ ❑ ❉ ❙ ● ❊ ♠ ♦ ❞ ❡❧ ➲ ❥ ❛ ❦ ♦ ❛ ❦ ♦ ✈ ✱ ♥ ❡ ❜ ♦➫ ♠ ♦ ❞ ❡❧✱ ❦ ❡ ❥ ♠ ❡ ③ ❦ ♦ ✉✲
♠ ❛❧✐✱ ♣ ❛ ❝ ✉❥ ❡ ❞ ❛❧ ❡ ❦ ♦ ✈ ➙ ➨ ♠ ✉ ♣ ♥ ➙ ♠ ❛ ❣ ❡ ❣ ❛ ❝ ❡✳ ➦ ❡ ♦ ❦ ✉ ❡ ↔ ♥ ♦ ✱ ➸ ❡ ③ ❦❧ ❛ ❞ ♥ ✱
❦ ❛ ♥ ♦ ♥✐ ❝ ❦ ♠ ♦ ❞ ❡❧✱ ✈ ② ❦ ❛ ③ ✉❥ ❡ ❛ ❦ ✈ ③ ♥ ❛ ♠ ♥ ♥ ❡ ❞ ♦ ❛ ❦ ②✱ ✈ ❤ ♥ ❛ ✉ ✐ ♥ ♥ ✈ ② ✉ ➸✐ ◆ ❑
❉ ❙ ● ❊ ♠ ♦ ❞ ❡❧ ➲ ♥ ♣ ♦ ❝ ❤ ② ❜ ♥ ♦ ✳
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❩ ✈ ➙

❱ ♣ ✈ ♥ ❦ ❛ ♣✐ ♦❧ ❡ ❥ ♠ ❡ ❡ ❡ ③ ♥ ♠✐❧✐ ✈ ❝ ❡ ♦ ✈ ♥✐ ❝ ♦ ✈ ♠✐ ❡ ❦ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❦ ♠✐ ♦ ✉ ❛ ✈ ❛✲
♠✐✳ ❋ ♦ ♠ ✉❧ ♦ ✈ ❛❧✐ ❥ ♠ ❡ ♥ ❡❥ ♣ ✈ ❡ ♦ ❜ ❡ ❝ ♥ ♦ ✉ ♦ ✉ ❛ ✈ ✉✱ ♥ ❧ ❡ ❞ ♥ ➙ ❥ ♠ ❡ ❡ ③ ❛ ❜ ✈ ❛❧✐ ③ ❞ ♥✲
❧✐ ✈ ➙ ♥ ❡ ♦ ✉ ✈✐ ❡❥ ❝ ❡ ❣ ❡ ✱ ♥ ❡ ❜ ♦❧✐ ♦ ✉ ❛ ✈ ♦ ✉ ❙ ❯ ❘ ✭ ❡ ❡ ♠✐ ♥ ❣❧ ② ✉ ♥ ❡❧ ❛ ❡ ❞ ❡ ❣ ❡ ✐ ♦ ♥✮✱
❛ ♥ ❛ ❦ ♦ ♥ ❡ ❝ ♦ ✉ ❛ ✈ ♦ ✉ ✐ ♠❧ ✉ ♥ ♥ ❝ ❤ ♦ ✈ ♥✐ ❝ ❙ ❊ ▼ ✭ ✐ ♠ ✉❧ ❛ ♥ ❡ ♦ ✉ ❡ ✉ ❛ ✐ ♦ ♥ ♠ ♦ ❞ ❡❧✮✳

❉ ❧ ❡ ❥ ♠ ❡ ❡ ③ ❛ ❜ ✈ ❛❧✐ ♦ ❞ ❤ ❛ ❞ ♦ ✈ ♠✐ ♣ ♦ ✉ ♣ ②✳ ❖ ❞ ✈ ♦ ❞✐❧✐ ❥ ♠ ❡ ❆✐ ❦ ❡ ♥ ➲ ✈ ♦ ❞ ❤ ❛ ❞✱
❦ ❡ ❥ ❡ ♣ ♦ ❛ ↔ ✉❥ ❝ ♣ ♦ ♦ ✉ ❛ ✈ ② ② ♣ ✉ ❙ ❯ ❘✳ ❱ ♠ ❝✐ ♥ ❡ ♣➦ ♠ ❤ ♦ ♦ ❞ ❤ ❛ ❞ ✉ ♠ ❡ ♦ ❞ ♦ ✉
♥ ❡❥ ♠ ❡ ♥➨ ❝ ❤ ↔ ✈ ❡ ❝ ➲ ❥ ♠ ❡ ❡ ❦ ❝ ❡ ❡ ③ ♥ ♠✐❧✐ ♣ ♦ ❜❧ ❡ ♠ ❛ ✐ ❦ ♦ ✉ ✐ ❞ ❡ ♥ ✐ ✜ ❦ ❛ ❝ ❡ ♦ ✉ ❛✲
✈ ②✳ ♦ ❥ ♠ ❡ ❡ ③ ❛ ❜ ✈ ❛❧✐ ✐ ♥ ✉ ♠ ❡ ♥ ❧ ♥ ♠✐ ♣ ♦ ♠ ➙ ♥ ♥ ♠✐ ❛ ✈ ② ✈ ➙ ❧✐❧✐ ♣ ♦ ✉ ♣ ❞ ✈ ♦ ✉✲

✉ ♣ ➡ ♦ ✈ ❤ ♦ ❛ ➦ ✉ ♣ ➡ ♦ ✈ ❤ ♦ ♦ ❞ ❤ ❛ ❞ ✉ ♠ ❡ ♦ ❞ ♦ ✉ ♥ ❡❥ ♠ ❡ ♥➨ ❝ ❤ ↔ ✈ ❡ ❝ ➲ ✭ ✷ ❙ ▲ ❙ ❛ ✸ ❙ ▲ ❙✮✳
❱ ↔ ❡ ♦ ❞ ❤ ❛ ❞ ♦ ✈ ❝ ❤ ♣ ♦ ❝ ❡ ❞ ✉ ❥ ♠ ❡ ③ ❛ ❦ ♦ ♥ ↔✐❧✐ ✈ ② ✈ ➙ ❧ ❡ ♥ ♠ ③ ♦ ❜ ❡ ❝ ♥ ➙ ♥ ♠ ♦ ♠ ❡ ♥ ♦ ✈
♠ ❡ ♦ ❞ ② ● ▼ ▼ ✭ ❣ ❡ ♥ ❡ ❛❧✐ ③ ❡ ❞ ♠ ❡ ❤ ♦ ❞ ♦❢ ♠ ♦ ♠ ❡ ♥ ✮✱ ❦ ❞ ❡ ❡ ✉ ❦ ❛ ③ ✉❥ ❡✱ ➸ ❡ ✸ ❙ ▲ ❙ ♦ ❞ ❤ ❛ ❞
❥ ❡ ✈❧ ❛ ♥ ➙ ♣ ❡ ❝✐ ❧ ♥ ♠ ♣➦ ♣ ❛ ❞ ❡ ♠ ♦ ♠ ❡ ♦ ❞ ②✳

❱ ③ ✈ ➙ ✉ ♣ ✈ ♥ ❦ ❛ ♣✐ ♦❧ ② ❥ ♠ ❡ ♣ ❛ ❦ ↔ ❡ ♥ ➦ ❡ ❡ ③ ♥ ♠✐❧✐ ❡ ❙ ❛ ❣ ❛ ♥✲ ❍ ❛ ♥ ❡ ♥ ♦ ✈ ♠
❡ ❡ ♠ ❡ ① ♦ ❣ ❡ ♥✐ ②✱ ❦ ❡ ♠ ♦ ✈ ➙➦ ✉❥ ❡ ♠ ❡✱ ③ ❞ ❛ ❥ ♦ ✉ ✐ ♥ ✉ ♠ ❡ ♥ ❧ ♥ ♣ ♦ ♠ ➙ ♥ ♥ ♥ ❡ ❦ ♦ ❡✲

❧ ♦ ✈ ❛ ♥ ❡ ③✐ ❞ ✉ ❧ ♥ ❧ ♦ ➸ ❦ ♦ ✉✳

❱ ❞ ✉ ❤ ❦ ❛ ♣✐ ♦❧ ❡ ❥ ♠ ❡ ↔ ❡ ♥ ➦ ❡ ❦ ❝ ❡ ❡ ③ ♥ ♠✐❧✐ ✈ ② ❜ ❛ ♥ ♠✐ ❡ ♦ ❡ ✐ ❝ ❦ ♠✐ ✈ ✲
❝ ❤ ♦ ❞✐ ❦ ②✳ ❱ ② ✈ ➙ ❧✐❧✐ ❥ ♠ ❡ ♦ ✈ ♥ ♦ ♣ ♦ ❛ ✐ ♥ ✈ ❡ ✐ ❝✱ ③ ❛ ❜ ✈ ❛❧✐ ❡ ❢ ✉ ♥ ❦ ❝ ❡ ♠✐ ❛ ✈❧ ❛ ✲
♥ ♦ ♠✐ ♣ ❡ ♥ ➙ ③ ❛ ✉ ♣ ♦ ③ ♦ ♥✐❧✐✱ ➸ ❡ ❞ ♥ ❡➨ ♥ ♣ ❡ ♥ ③ ❡ ➙ ♠ ♦ ✈❧ ❛ ♥ ♦ ❡ ♠ ♥ ❡ ③ ❝ ❡❧ ❛ ✈ ② ❤ ♦✲
✈ ✉❥ ✳ ❱ ♠ ❝✐ ♣ ♦ ❜❧ ❡ ♠ ❛ ✐ ❦ ② ♦ ↔✐➨ ➙ ♥ ♦ ✐ ♥ ✢ ❛ ❝✐ ❥ ♠ ❡ ❢ ♦ ♠ ✉❧ ♦ ✈ ❛❧✐ ❤ ② ♣ ♦ ③ ✉✱ ➸ ❡ ➲
❡ ❧ ♥ ❤ ♦ ❍ ❉ ✈ ② ✈ ♦❧ ❛ ♥ ♣ ♦ ❦❧ ❡ ❡ ♠ ♦ ❦ ♦ ✈ ❝ ❤ ❛ ③ ❡ ❜ ❥ ❡ ✭ ↔ ❡ ↔ ♥ ➙✮ ✐❧ ✉ ③ ♦ ♥ ✱ ❦ ❞ ② ➸
❡ ✐ ♥ ✢ ❛ ❝ ❡ ♣ ♦ ↔ ♣ ♦ ❞❧ ❡ ✐ ♥ ❞ ❡ ① ✉ ♣ ♦ ➦ ❡ ❜✐ ❡❧ ❦ ❝ ❤ ❝ ❡ ♥✱ ③ ❛ ♠ ❝ ♦ ③ ♠ ➙ ♥ ② ✈ ♦ ❦ ♦ ✈ ❝ ❤
❛ ③ ❜ ❝ ❤ ♦ ✈❧✐ ✈ ➡ ✉❥ ♣ ✐ ♠ ♥ ➙ ❝ ❡ ♥ ② ✐ ♥ ✈ ❡ ✐ ❝✳

❚➦ ❡ ❦ ❛ ♣✐ ♦❧ ❛ ♣ ❝ ❡ ❡ ③ ❛ ❜ ✈ ❛❧ ❛ ❑❧ ❡✐ ♥ ♦ ✈ ♠ ♠ ♦ ❞ ❡❧ ❡ ♠ ■✱ ❦ ❞ ❡ ♣ ➲ ✈ ♦ ❞ ♥ ♠ ♦ ❞ ❡❧
♣ ♦ ❝ ❤ ③ ③ ♦ ❦ ✉ ✶ ✾ ✺ ✵ ❛ ③ ❦ ♦ ✉ ♠ ❛❧ ♠ ❡ ③✐ ✈ ❧ ❡ ↔ ♥ ♦ ❜ ❞ ♦ ❜ ✈ ❯ ❙ ❆✳ ▼ ② ❥ ♠ ❡ ♠ ♦ ❞ ❡❧ ♣➦ ❡ ♥ ❡ ❧✐
❞ ♦ ♦ ✉ ↔ ❛ ♥ ♦ ✐ ❛ ♣❧✐ ❦ ❛ ❝ ❞ ❛ ③ ❛ ♦ ❦ ② ✶ ✾ ✼ ✶✲ ✷ ✵ ✶ ✹✳

➦✐ ❢ ♦ ♠ ✉❧ ❛ ❝✐ ♠ ♦ ❞ ❡❧ ✉ ❥ ♠ ❡ ♣ ♦ ✈ ❡ ❞❧✐ ③ ❦❧ ❛ ❞ ♥ ❡ ♦ ❡ ✐ ❝ ❦ ♦ ✉ ❛ ♥ ❛❧ ③ ✉ ❛ ❢ ♦ ♠ ✉❧ ♦ ✈ ❛❧✐
♥ ➙ ❦ ♦❧✐ ❦ ✐ ❞ ❡ ♥ ✐ ✱ ❦ ❡ ❜ ② ♠ ➙❧ ② ♣ ❛ ❛ ♠ ❡ ② ♠ ♦ ❞ ❡❧ ✉ ❞❧ ❡ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ❡ ♦ ✐ ❡ ♣❧ ➡ ♦ ✈ ❛ ✳
❱ ② ✈ ➙ ❧✐❧✐ ❥ ♠ ❡✱ ♣ ♦ ↔ ♠ ♦ ❞ ❡❧ ♣ ♦ ✈ ❛ ➸ ✉❥ ❡ ↔✐ ❡ ① ♣ ♦ ③ ❛ ③ ✉✱ ❝ ♦ ➸ ❥ ❡ ③ ❛❥ ♠ ❛ ✈ ♣ ♦ ♦✱
➸ ❡ ③ ♣ ♦❧✐ ✐ ❝ ❦ ❡ ♣ ❡ ③ ❡ ♥ ❛ ❝ ❡ ❡ ♠ ➲ ➸ ❡ ♠ ❡ ↔ ❛ ♦ ❞ ♦ ❧ ❡ ❝ ❤ ♥ ♦ ✉ ♣ ✈ ➙ ♦ ♣ ♦ ❞ ♣ ♦➦ ❡
❡ ① ♣ ♦ ✉✳

♦ ❥ ♠ ❡ ♣➦✐ ♦ ✉ ♣✐❧✐ ❦ ❛ ♣❧✐ ❦ ❛ ❝✐ ♠ ♦ ❞ ❡❧ ✉✳ ❩ ❞ ❡ ❥ ♠ ❡ ❡ ❡ ❦ ❛❧✐ ♥ ❡ ♦ ↔ ❡ ❦ ✈ ❛ ♥ ♠✐
❤ ♦ ❞ ♥ ♦ ❛ ♠✐ ♥ ➙ ❦ ❡ ❝ ❤ ♣ ❛ ❛ ♠ ❡ ➲ ♠ ♦ ❞ ❡❧ ✉ ❛ ♣ ♦ ✉➨ ❡ ♥ ♠ ♣ ♦ ✉❧ ♦ ✈ ❛ ♥ ❝ ❤ ✐ ❞ ❡ ♥ ✐ ✱ ♣ ❡✲
❝✐ ❧ ♥ ➙ ③ ♣ ♦ ♥ ❛ ✉ ♦ ♥ ♦ ♠ ♥ ♣ ♦ ➦ ❡ ❜ ❛ ❛ ♥ ♣ ♦❥ ❡ ♥ ❦❧ ♦ ♥ ❦ ❡ ♣ ♦ ➦ ❡ ❜ ➙ ✈ ②➨➨ ♥ ❡ ➸ ✶
✈ ❡ ❞ ❡ ❦ ♥ ❡ ❦ ♦ ♥ ❡ ↔ ♥ ❤ ♦ ❞ ♥ ♦ ➙ ✈ ❞ ❛❥ ♦ ✈ ❤ ♦ ♠ ✉❧ ✐ ♣❧✐ ❦ ♦ ✉✳ ➦✐ ❜❧✐ ➸➨ ♠ ♣ ♦ ③ ❦ ♦ ✉ ♠ ♥
❥ ♠ ❡ ♥ ❛ ❛ ③✐❧✐ ♥ ❛ ♥ ➙ ❦ ♦❧✐ ❦ ♣ ♦ ❡ ♥ ❝✐ ❧ ♥ ➙ ♦ ③ ♣ ♦ ♥ ❝ ❤ ♠ ✱ ✈ ② ✈ ➙ ❧ ❡ ♥ ♣ ♦ ③ ♣ ♦ ♥ ♦ ✉
❛ ✉ ♦ ♥ ♦ ♠ ♥ ♣ ♦ ➦ ❡ ❜ ✉ ❛❧ ❡ ♠ ➲ ➸ ❡ ♠ ❡ ❤❧ ❡ ❞ ❛ ➸ ✈ ❤ ② ♣ ♦ ③ ❡ ❛ ❞ ❛ ♣ ✐ ✈ ♥ ❝ ❤ ♦ ↔ ❡ ❦ ✈ ♥ ✳

❙ ♦ ❤❧ ❡ ❞ ❡ ♠ ♥ ❛ ♣ ♦ ❡ ♥ ❝✐ ❧ ♥ ➙ ♦ ③ ♣ ♦ ♥ ♠ ❛ ❥ ♠ ❡ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ♦ ✈ ❛❧✐ ❝ ❡❧ ♦ ✉ ➦ ❛ ❞ ✉
♣ ❛ ✈✱ ♣➦✐ ↔ ❡ ♠ ➸ ❦ ♣ ♦ ♦ ✉ ③ ❡ ♥ ❦ ✈ ❛❧✐ ② ♠ ♦ ❞ ❡❧ ✉ ❥ ♠ ❡ ③ ❛ ✈ ❡ ❞❧✐ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞ ♥ ❦ ✐ ✐ ✉ ♠

W M A P E ✱ ❦ ❡ ✈ ➸ ♣ ➲ ♠ ➙ ♥ ♦ ✉ ❛ ❜ ♦❧ ✉ ♥ ♣ ♦ ❝ ❡ ♥ ✉ ❧ ♥ ❝ ❤ ② ❜ ✉ ♣ ♦ ♥ ➙ ❦ ♦❧✐ ❦ ♣➦ ❡ ❞✲
♣ ♦ ✈ ➙ ❞ ✱ ❦ ❞ ❡ ✈ ♣ ♦ ❛ ③ ❜ ❡ ❡ ♠ ❡ ❦ ♦ ♠ ➙ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞ ♣ ♦ ❞ ✉ ❦ ❝ ❡ ➸ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ↕ ♣ ♦ ➦ ❡ ❜ ②✳
❖ ❞ ✈ ❝ ❤ ♦ ③ ❤ ♦ ♠ ♦ ❞ ❡❧ ✉✱ ❦ ❞ ❡ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞✐ ♥ ❛ ③ ❦❧ ❛ ❞ ➙ ❞ ❛ ③ ❛ ♦ ❦ ② ✶ ✾ ✼ ✶✲ ✷ ✵ ✵ ✵ ③ ❝ ❡❧ ❛
❡❧ ❤ ✈ ❛❧ ②✱ ❡ ❛ ❦ ❞ ♦ ✈ ♠ ❡ ❦ ❡ ❞ ✈ ➙ ♠ ❛ ♠ ♦ ❞ ❡❧ ➲ ♠✱ ✉ ❦ ❡ ❝ ❤ ✈ ② ❝ ❤ ③ W M A P E

❦ ♦❧ ❡ ♠ 3 % ✳

✽ ✾



❙ ❡ ③ ♥ ♠✐❧✐ ❥ ♠ ❡ ❡ ❡ ❞ ② ❡ ③ ❦❧ ❛ ❞ ♥ ♠ ❤✐ ♦ ✐ ❝ ❦ ♠ ♠ ♦ ❞ ❡❧ ❡ ♠ ❛ ♣ ♦ ③ ❦ ♦ ✉ ♠ ❛❧✐ ♠ ♦ ➸✲
♥ ♦ ✐ ❥ ❡ ❤ ♦ ✈ ②❧ ❡ ♣➨ ❡ ♥ ✭ ♣➦✐ ③ ❛ ❝ ❤ ♦ ✈ ♥ ❧ ♦ ➸✐ ♦ ✐✱ ❥✳ ➦ ♦ ✈ ♥✐ ❝ ♠ ♦ ❞ ❡❧ ✉✮✳

❱❡ ↔ ✈ ❦ ❛ ♣✐ ♦❧ ❡ ❥ ♠ ❡ ♣ ❛ ❦ ♣➦ ❡ ❞ ❛ ✈✐❧✐ ③ ❝ ❡❧ ❛ ♥ ♦ ✈ ♣➦ ✉ ♣ ❦ ❛ ♥ ❛❧ ③ ❡ ❡ ❦ ♦ ♥ ♦ ♠✐✲
❦ ②✱ ❛ ✐ ❝ ❡ ◆ ♦ ✈ ❑ ❡ ② ♥ ❡ ✐ ♥ ❦ ❉ ❙ ● ❊ ♠ ♦ ❞ ❡❧✱ ❡ ❞ ② ❞ ② ♥ ❛ ♠✐ ❝ ❦ ♦ ❝ ❤ ❛ ✐ ❝ ❦ ♠ ♦ ❞ ❡❧
✈➨ ❡ ♦ ❜ ❡ ❝ ♥ ♦ ✈ ♥ ♦ ✈ ❤ ②✳ ❉ ♦ ❛❧✐ ❥ ♠ ❡ ❛ ❦ ♦ ✈ ♥ ♥ ♠ ❡ ③✐ ❛ ♠ ♠ ♦ ❞ ❡❧ ❡ ♠✱ ♠ ♦ ➸ ♥ ♦ ✲
♠✐ ❥ ❡ ❤ ♦ ♣ ❛ ✈ ♣ ♦ ♣➦ ❡ ♥ ➙❥➨ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞✐✱ ❛ ♠ ♦ ❞ ❡ ♥ ♠ ♣➦ ✉ ♣ ❡ ♠✳

◆ ❡❥ ♣ ✈ ❡ ❥ ♠ ❡ ✈➨ ❛ ❦ ↔ ❡ ♥ ➦ ❡ ❡ ③ ♥ ♠✐❧✐ ✈ ② ❜ ❛ ♥ ♠✐ ♣ ❛ ✐ ❡ ♠✐ ♥ ♦ ✈ ❦ ❡ ② ♥ ❡ ✐ ♥ ❦
❡ ❦ ♦ ♥ ♦ ♠✐ ❡ ❛ ♦ ❞ ✈ ♦ ❞✐❧✐ ③ ❦❧ ❛ ❞ ♥ ♦ ✈ ♥✐ ❝ ❡ ♠ ♦ ❞ ❡❧ ✉✳ ❚❡ ♥ ♦ ✐ ➸ ♦❥ ♥ ❛ ♠✐ ❦ ♦ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝✲
❦ ❝ ❤ ③ ❦❧ ❛ ❞ ❡ ❝ ❤ ❛ ❥ ❡ ♦ ❞ ✈ ♦ ③ ❡ ♥ ③ ♠ ♦ ❞ ❡❧ ♦ ✈ ❤ ♦ ❝ ❤ ♦ ✈ ♥ ♣ ♦ ➦ ❡ ❜✐ ❡❧ ❡ ❛ ✜ ♠ ②✳

◆ ❧ ❡ ❞ ♥ ➙ ❥ ♠ ❡ ❡ ③ ❛ ❜ ✈ ❛❧✐ ❦ ✐ ✐ ❦ ♦ ✉ ♠ ♦ ❞ ❡❧ ✉ ③ ❡ ♦ ❡ ✐ ❝ ❦ ❤ ♦ ❤❧ ❡ ❞✐ ❦ ❛✱ ❦ ❡ ♠ ♦ ➸ ♥
♥ ❡ ♥ ✈ ♠ ❛ ❦ ♦ ❡ ❦ ♦ ♥ ♦ ♠✐✐ ✈ ➙ ♥ ♦ ✈ ♥ ❛ ❞ ♦ ❛ ❡ ↔ ♥ ♣ ♦ ③ ♦ ♥ ♦ ✳ ❏ ❛ ❦ ♦ ♣ ♦ ❜❧ ❡ ♠ ❛ ✐ ❝ ❦ ❡ ❥ ❡✲
✈ ❦ ♦ ♥ ❝ ❡ ♣ ❡ ♣ ❡ ③ ❡ ♥ ❛ ✐ ✈ ♥ ❞ ♦ ♠ ❝ ♥ ♦ ✐✱ ❦ ❞ ② ♠ ♦ ❞ ❡❧ ♥ ❛ ❥ ❡ ❞ ♥ ✉ ❛ ♥ ✉ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❞ ✱
➸ ❡ ✈ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❡ ❥ ❛ ❦ ♦ ❝ ❡❧ ❦ ✉ ❡ ♠ ✉ ✈ ❞ ❛ ♥ ♠ ♦ ❜ ❞ ♦ ❜ ♣ ♦ ➦ ❡ ❜ ♦ ✈ ❛ ✈➨ ❡✱ ❝ ♦ ❡ ✈ ② ♦✲
❜ ✭ ❛ ♥ ❡ ❞ ✈ ❡ ❞ ② ♠ ② ❧ ♦ ❞❧✐➨ ♦ ✈ ❛ ♣ ♦ ➦ ❡ ❜ ✉ ♦ ❞ ♣ ♦ ❞ ✉ ❦ ❝ ❡✮✱ ♥ ❛ ❞ ✉ ❤ ♦ ✉ ❛ ♥ ✉ ✈➨ ❛ ❦
♦ ♣ ❡ ✉❥ ❡ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❛ ❞ ❡ ♠✱ ➸ ❡ ❞ ♦ ♠ ❝ ♥ ♦ ✐ ✈ ♦❧ ♠ ❡ ③✐ ♦ ✉ ↔ ❛ ♥ ♦ ✉ ❛ ❜ ✉ ❞ ♦ ✉ ❝ ♣ ♦ ➦ ❡ ❜ ♦ ✉✳
❯ ❦ ③ ❛❧✐ ❥ ♠ ❡✱ ➸ ❡ ③ ❛ ♣❧ ❛ ♥ ♦ ✐ ✈ ❝ ❤ ♦ ③ ♦ ✈ ♥✐ ❝ ❡ ✭ ✹✳ ✻✮ ❧ ③ ❡ ❞ ♦ ❦ ③ ❛ ✱ ➸ ❡ ♣ ♦ ➦ ❡ ❜ ❛ ❛ ♣ ♦✲
❞ ✉ ❦ ❝ ❡ ❡ ❛ ❣ ✉❥ ♥ ❛ ③ ♠ ➙ ♥ ② ✈ ♦ ❦ ♦ ✈ ❛ ③ ❜ ➙ ♦ ♣ ❛ ↔ ♥ ➙✱ ❛ ♥✐ ❦ ♦❧✐ ♦ ✉ ❤❧ ❛ ♥ ➙✱ ❥ ❛ ❦ ♠ ♦ ❞ ❡❧
♣➦ ❡ ❞ ♣ ♦ ❦❧ ❞ ✳

❱ ② ❛ ✈ ➙ ♥ ♠ ♦ ❞ ❡❧ ✉ ♥ ❛ ♠✐ ❦ ♦ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ❝ ❤ ③ ❦❧ ❛ ❞ ❡ ❝ ❤ ♣ ❛ ❦ ♠ ➙❧ ♦ ✈ ②➦ ❡➨✐ ▲ ✉ ❝ ❛ ♦✲
✈ ✉ ❦ ✐ ✐ ❦ ✉✱ ♠ ② ❥ ♠ ❡ ✈➨ ❛ ❦ ♣➦ ❡ ❞❧ ♦ ➸✐❧✐ ❛ ❣ ✉ ♠ ❡ ♥ ✱ ➸ ❡ ③ ♠ ➙ ♥ ② ♦ ❦ ➲ ♣➦✐ ♥ ➨ ✉ ❦ ✉ ❧ ♥
③ ♠ ➙ ♥ ② ❡ ❦ ♦ ♥ ♦ ♠✐ ❦ ②✱ ↔ ♠ ➸ ♠ ♦ ❞ ❡❧ ♥ ❡ ♣ ♦ ↔ ✭ ♣➦✐ ♥✐ ➸➨ ❝ ❤ ♦ ❝ ❝ ❤ ❡ ✈ ❝ ❡ ✐ ♥ ✈ ❡ ✉❥ ❡
❛ ♥ ❛ ♦ ♣ ❛ ❦✮✳

❖ ♣ ♦ ✐ ❑❧ ❡✐ ♥ ♦ ✈ ➙ ♠ ♦ ❞ ❡❧ ✉✱ ❦ ❞ ❡ ❥ ♠ ❡ ③ ❦ ♦ ✉ ♠ ❛❧✐ ♠ ♦ ➸ ♥ ♦ ✐ ❥ ❡ ❤ ♦ ♣ ❛ ✈✱ ◆ ♦ ✈ ❑ ❡ ②✲
♥ ❡ ✐ ♥ ❦ ❉ ❙ ● ❊ ♠ ♦ ❞ ❡❧ ♣ ❡ ③ ❡ ♥ ✉❥ ❡ ♠ ❡ ❥ ❛ ❦ ♦ ♠ ♦ ❞ ❡ ♥ ❛❧ ❡ ♥ ❛ ✐ ✈ ✉ ❛ ♣➦✐ ❥ ❡ ❤ ♦ ♦ ❞ ❤ ❛✲
❞ ✉ ❥ ♠ ❡ ❛ ❦ ✈ ② ❝ ❤ ③ ❡❧✐ ③ ❜ ➙ ➸ ♥ ❝ ❤ ❛ ❞ ♦ ♣ ♦ ✉ ↔ ❡ ♥ ❝ ❤ ♣ ♦ ✉ ♣ ➲✳ ❑ ✉ ↔ ❡ ♥ ♣➦✐ ♦ ③ ❡ ♥ ❝ ❤
❤ ♦ ❞ ♥ ♦ ❥ ♠ ❡ ♣ ♦ ✉ ➸✐❧✐ ❍ ♦ ❞ ✐ ❝ ❦✲ ❡ ❝ ♦ ➲ ✈ ✜❧ ✱ ♣ ♦ ✉ ③ ❡ ♣ ♦ ♣ ♦ ❞ ✉ ❦ ❝✐ ❡ ❥ ❡ ✈✐❧ ❥ ❛ ❦ ♦
✈ ❤ ♦ ❞ ♥ ➙❥➨ ❧ ♦ ❣✲❧✐ ♥ ❡ ♥ ❡ ♥ ❞✳ ♦ ♠ ♦ ❞ ❡❧ ♦ ✈ ♥ ♦ ↔ ❡ ❦ ✈ ❛ ♥ ❝ ❤ ❤ ♦ ❞ ♥ ♦ ❥ ♠ ❡ ♣➦ ❡ ✈ ③ ❛❧✐
♣ ♦ ✉ ♣ ❞❧ ❡ ▼ ❛ ❛ ♦ ✭ ✷ ✵ ✶ ✸✮✳

➦✐ ✈❧ ❛ ♥ ♦ ❞ ❤ ❛ ❞ ♦ ✈ ♣ ♦ ❝ ❡ ❞ ✉➦ ❡ ❥ ♠ ❡ ♥ ❛ ❛ ③✐❧✐ ♥ ❛ ♣ ♦ ❜❧ ♠ ② ❡ ♣ ❡ ❝✐ ✜ ❦ ❛ ❝ ❛ ✐ ❞ ❡ ♥✲
✐ ✜ ❦ ❛ ❝ ♠ ♦ ❞ ❡❧ ✉✱ ❦ ❡ ✈➨ ❛ ❦ ♠ ♦ ❞ ❡ ♥ ❧✐ ❡ ❛ ✉ ❛ ❞ ♦ ❜➦ ❡ ③ ♥ ✳ ➦ ❡ ♦ ❥ ♦ ✉ ◆ ♦ ✈ ❑ ❡ ②✲

♥ ❡ ✐ ♥ ❦ ♠ ♦ ❞ ❡❧ ② ❜ ➙ ➸ ♥ ➙ ♣ ♦ ✉ ➸ ✈ ♥ ②✳
❯ ❦ ③ ❛❧ ♦ ❡✱ ➸ ❡ ♦ ❞ ❤ ❛ ❞ ♥ ✉ ❤ ♦ ❞ ♥ ♦ ② ♣ ❛ ❛ ♠ ❡ ➲ ❥ ♦ ✉ ❦ ♦ ♦ ✈➨ ❡ ❝ ❤ ♥ ② ♠✐ ♠ ♦ ♠ ❡ ③ ❡

❞ ❛ ♥ ❛ ♥ ❞ ❛ ❞ ♥ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦ ♦ ✉ ❡ ♦ ✐ ✳ ❙ ♦ ✉ ❤❧ ❛ ♣ ♦ ✉ ③ ❡ ✈ ❛ ✉ ➸✐ ❦ ♦ ✈ ❢ ✉ ♥ ❦ ❝ ❡✱ ❥✐ ♥ ❛ ❦
✈➨ ❛ ❦ ✈ ② ❝ ❤ ③ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ❜ ✉ ❞ ♦ ✉ ❝ ❤ ♦ ♦ ❜ ❞ ♦ ❜ ♣➦ ❡ ❞ ♦ ✉ ↔ ❛ ♥ ♠✱ ♣ ♦ ♣➦ ❡ ♥ ❤✐❧❧✐ ♣ ♦ ✈ ②
❦➦✐ ✈ ❦ ② ❛ ♣ ♦ ✉➨ ❡ ♥ ♣ ❛ ✈✐ ❞❧ ❛ ♠ ➙ ♥ ♦ ✈ ♣ ♦❧✐ ✐ ❦ ②✳ ❙ ♦ ❤❧ ❡ ❞ ❡ ♠ ♥ ❛ ③ ♠ ♥ ➙ ♥ ♣ ♦ ❜❧ ♠ ② ♠ ♦✲
❞ ❡❧ ✉ ❥ ❡ ➦ ❡ ❜ ❛ ② ♦ ✈ ❧ ❡ ❞ ❦ ② ✐ ♥ ❡ ♣ ❡ ♦ ✈ ❛ ♦ ♣ ❛ ♥ ➙✱ ♣ ♦ ❞ ❛ ♥ ❤ ♦ ❞ ♥ ♦ ② ❥ ♠ ❡ ✈➨ ❛ ❦ ♥ ❛✲
❜ ❞❧✐ ♠ ♦ ➸ ♥ ✈ ② ✈ ➙ ❧ ❡ ♥ ✳ ❏✐ ➸ ❞➦ ✈ ❡ ❥ ♠ ❡ ③ ♣ ♦ ❝ ❤ ② ❜ ♥✐❧✐ ❡❧ ❡ ✈ ❛ ♥ ❝✐ ♦ ✈ ♥✐ ❝ ❡✱ ❦ ❡ ✈ ② ❝ ❤ ③
③ ❝ ❤ ♦ ✈ ♥ ♥ ❛ ❤ ✉ ✐ ♥ ✈ ❡ ✐ ❝✱ ✈ ② ♠ ✉ ❡❧ ❛ ✐ ❝ ❦ ❝ ❤ ♣ ❡ ♥ ➙ ③✳ ❡❢ ❡ ❡ ♥ ❝ ❡ ❜ ✉ ❞ ♦ ✉ ❝ ❤ ♦ ♦ ❜✲
❞ ♦ ❜ ♣➦ ❡ ❞ ♦ ✉ ↔ ❛ ♥ ♠ ② ♦ ♣ ♦ ❝ ❤ ② ❜ ② ♣ ♦ ❤❧ ✉ ❜ ✉❥ ❡✳ ❍ ♦ ❞ ♥ ♦ ② ♦ ❛ ♥ ❝ ❤ ❦ ♦ ❡ ✜ ❝✐ ❡ ♥ ➲ ❧ ③ ❡
✈ ② ✈ ➙ ❧✐ ❛ ❦✱ ➸ ❡ ❡ ❧ ♥ ❝ ❤ ♦ ✈ ♥ ❝ ❡ ♥ ❧ ♥ ❜ ❛ ♥ ❦ ② ♥ ❡ ♥ ✈ ♦ ✉❧ ❛ ❞ ✉ ❝ ❤ ♦ ✈ ♥ ♠ ❞❧ ❡ ❡ ❦ ♦✲
♥ ♦ ♠✐ ❝ ❦ ❡ ♦ ✐ ❡✱ ♣ ❡ ❝✐ ❧ ♥ ➙ ❦ ✈ ➲❧✐ ♣ ♦ ❜❧ ♠ ➲ ♠ ✉ ↔ ❡ ♥ ♠✱ ✈ ❡ ❦ ❡ ❢ ③✐ ❤ ♦ ♣ ♦ ❞ ➦ ❦ ❤ ♦
❝ ② ❦❧ ✉ ❡ ❛ ❦ ✉ ❧ ♥ ➙ ♥ ❛ ❝ ❤ ③ ♠ ❡✳

❱ ③ ✈ ➙ ✉ ↔ ✈ ❦ ❛ ♣✐ ♦❧ ② ❥ ♠ ❡ ③ ❤ ♦ ❞ ♥ ♦ ✐❧✐ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞ ♥ ❝ ❤ ♦ ♣ ♥ ♦ ✐ ♠ ♦ ❞ ❡❧ ✉ ✲
W M A P E ✈ ② ❝ ❤ ③ ❛ ✐ 4 % ✳ ❯ ❦ ③ ❛❧ ♦ ❡ ✈➨ ❛ ❦✱ ➸ ❡ ♣ ❛ ❦ ✐ ❝ ❦ ② ❡❥ ♥ ➙ ❦ ✈ ❛❧✐ ♥ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ↕
♥ ♠ ❞ ✈ ❥✐ ➸ ❡❢ ❡ ❡ ♥ ↔ ♥ ♠ ♦ ❞ ❡❧ ❞❧ ❡ ▼ ❛ ❛ ♦ ✭ ✷ ✵ ✶ ✸✮✱ ❦ ❡ ❥ ♠ ❡ ♣➦ ❡ ✈ ③ ❛❧✐ ♣ ♦ ♠ ♦✲
❞ ❡❧ ♦ ✈ ♥ ♦ ↔ ❡ ❦ ✈ ♥ ✳ ▼ ♦ ➸ ♥ ♦ ✉ ✐ ♥ ❡ ♣ ❡ ❛ ❝ ♣ ❛ ❦ ♦ ❤❧ ❡ ❞ ❡ ♠ ♥ ❛ ♣ ♦ ♣ ❛ ♥ ♥ ❡ ❞ ♦ ❛ ❦ ②
♠ ♦ ❞ ❡❧ ✉ ❥ ❡✱ ➸ ❡ ❦ ❛ ♥ ♦ ♥✐ ❝ ❦ ♠ ♦ ❞ ❡❧ ③ ❦ ❦ ❛ ♥ ❡ ♣➦✐ ♥ ➨ ❤❧ ✉ ❜➨ ✈ ❤❧ ❡ ❞ ❞ ♦ ♣ ♦ ❜❧ ❡ ♠ ❛ ✐ ❦ ②✳

✾ ✵



◆ ❛ ❦ ♦ ♥ ❝✐ ❦ ❛ ♣✐ ♦❧ ② ❥ ♠ ❡ ♣ ❛ ❦ ❦ ❛ ♥ ♦ ♥✐ ❝ ❦ ◆ ❑ ❉ ❙ ● ❊ ♠ ♦ ❞ ❡❧ ✉ ↔ ♥ ➙ ♣ ♦ ♦ ✈ ♥ ❛✲
❧✐ ❑❧ ❡✐ ♥ ♦ ✈ ♠ ♠ ♦ ❞ ❡❧ ❡ ♠ ■ ③ ♣➦ ❡ ❞ ❝ ❤ ♦ ③ ❦ ❛ ♣✐ ♦❧ ②✳ ❯ ❦ ③ ❛❧ ♦ ❡✱ ➸ ❡ ♣ ♦ ❦ ✉ ❞ ❥ ❡ ✈ ❝ ❤ ♦ ③
❑❧ ❡✐ ♥ ➲ ✈ ♠ ♦ ❞ ❡❧ ■ ✉ ♣ ❛ ✈ ❡ ♥ ❛ ❦✱ ❛ ❜ ② ✈ ❤ ♦ ❞ ♥ ♠ ③ ♣ ➲ ♦ ❜ ❡ ♠ ③ ❛ ❝ ❤ ② ❝ ♦ ✈ ❛❧ ❡ ❧ ♥ ❤ ♦ ❞ ♥ ♦ ②
♣ ♦ ♠ ♥ ➙ ♥ ♥ ❝ ❤✱ ❥ ♦ ✉ ❥ ❡ ❤ ♦ ♣➦ ❡ ❞ ♣ ♦ ✈ ➙ ❞ ♥ ❝ ❤ ♦ ♣ ♥ ♦ ✐ ❧ ❡ ♣➨ ✲ W M A P E ✈ ② ❝ ❤ ③ ❛ ✐ 3 % ✳

▼ ♦ ✐ ✈ ❛ ❝ ♣ ❝ ❡ ❜ ②❧ ♦ ③ ❡❥ ♠ ♥ ❛ ♥ ❛ ❤❧ ❞ ♥ ♦ ✉ ♥ ❛ ♥ ➙ ❦ ❡ ✈ ❡ ❦ ♦ ♥ ♦ ♠ ❡ ✐✐ ♦ ③➨ ➦ ❡ ♥
♣ ♦ ❜❧ ♠ ②✱ ♠ ♥ ❛ ③➦ ❡ ❡❧✐ ▲ ✉ ❝ ❛ ♦ ✈ ✉ ❦ ✐ ✐ ❦ ✉ ❛ ♥ ❛ ❜ ❞ ♥ ♦ ✉ ❡ ♠ ♣✐ ✐ ❝ ❦ ♣ ♦ ❞ ❦❧ ❛ ❞✳ ❯ ❦ ✲
③ ❛❧✐ ❥ ♠ ❡✱ ➸ ❡ ✈ ❤ ♦ ❞ ♥ ➙ ❛ ♣❧✐ ❦ ♦ ✈ ❛ ♥ ❑❧ ❡✐ ♥ ➲ ✈ ♠ ♦ ❞ ❡❧ ■ ✱ ❦ ❞ ❡ ♣ ➲ ✈ ♦ ❞ ♥ ♠ ♦ ❞ ❡❧ ♣ ♦ ❝ ❤ ③
③ ♣ ♦❧ ♦ ✈✐ ♥ ② ♠✐ ♥ ✉❧ ❤ ♦ ♦❧ ❡ ✱ ♠ ➲ ➸ ❡ ♣➦ ❡ ❞ ♣ ♦ ✈ ❞ ❛ ✈ ✈ ♦❥ ❡ ❦ ♦ ♥ ♦ ♠✐ ❦ ② ❧ ♣ ❡✱ ♥ ❡ ➸ ♠ ♦✲
❞ ❡ ♥ ❦ ❛ ♥ ♦ ♥✐ ❝ ❦ ◆ ❑ ❉ ❙ ● ❊ ♠ ♦ ❞ ❡❧ ✳ ❯ ♦ ❤ ♦ ♦ ♥ ♦ ✈ ❤ ♦ ♠ ♦ ❞ ❡❧ ✉ ❥ ♠ ❡ ♣ ❛ ❦ ✉ ♣ ♦ ③ ♦ ♥✐❧✐
♥ ❛ ♠ ♦ ➸ ♥ ♣ ♦ ❜❧ ♠ ②✱ ❦ ❡ ♣ ❛ ♠ ❡ ♥ ③ ✉ ✐ ♥ ♥ ❛ ♣❧✐ ❦ ❛ ❝ ❡ ✈ ② ❜ ❛ ♥ ❝ ❤ ↔ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❦
❡ ♦ ✐ ❡✱ ❜ ❡ ③ ❞ ♦ ❛ ❡ ↔ ♥ ➙ ❞ ➲ ❧ ❡ ❞ ♥ ❤ ♦ ③ ❛ ♠ ②➨❧ ❡ ♥ ♥ ❛ ❞ ❧ ♦ ❣✐ ❝ ❦ ♠ ❢ ✉ ♥ ❣ ♦ ✈ ♥ ♠ ♠ ♦ ❞ ❡❧ ✉

❥ ❛ ❦ ♦ ❝ ❡❧ ❦ ✉✳ ❖ ❧ ♦ ✈ ♦ ❡ ❤❧ ✐❧ ❛ ▲ ✉ ❝ ❛ ♦ ✈ ❛ ❦ ✐ ✐ ❦ ❛✱ ❛ ↔ ❦ ♦❧✐ ✐ ❞ ❡ ❧ ❡ ♠ ◆ ❑ ❉ ❙ ● ❊ ♠ ♦ ❞ ❡❧ ➲
❜ ②❧ ♦ ♣ ✈ ➙ ▲ ✉ ❝ ❛ ♦ ✈ ♦ ✉ ❦ ✐ ✐ ❦ ♦ ✉ ❡ ✈ ② ♣ ♦➦ ❞ ❛ ✳ ❘ ✉ ✐ ♥ ♥ ♣ ♦❧ ❤ ♥ ♥ ❛ ♠ ♦ ❞ ❡❧ ❝ ❤ ♦✲
✈ ♥ ♣ ♦ ➦ ❡ ❜✐ ❡❧ ❡ ❡ ✈➨ ❛ ❦ ✈ ❡ ❦ ♦ ♥ ♦ ♠✐ ❝ ❡✱ ❦ ❞ ❡ ❝ ❤ ♦ ✈ ♥ ♣ ♦ ➦ ❡ ❜✐ ❡❧ ❡ ♦ ✈❧✐ ✈ ➡ ✉❥ ③ ❛ ❤ ②
❝ ❡ ♥ ❧ ♥ ❛ ✉ ♦ ✐ ②✱ ③ ❞ ❜ ♣ ♦ ♥ ➙ ❦ ✉ ❞ ♣ ♦ ❜❧ ❡ ♠ ❛ ✐ ❝ ❦ ✳ ❱ ➙➦ ♠ ❡ ❡ ❞ ②✱ ➸ ❡ ❥ ♠ ❡ ❞ ♦ ❧✐
♣ ➲ ✈ ♦ ❞ ♥ ♠ ✉ ❝ ❧✐ ❛ ♥ ❛ ❜ ❞❧✐ ♣ ♦ ❞ ❦❧ ❛ ❞ ❦ ③ ❛ ♠ ②➨❧ ❡ ♥ ✳

✾ ✶



▲✐ ❡ ❛ ✉ ❛

❆ ♥✱ ❙✳✱ ❙ ❝ ❤ ♦ ❢ ❤ ❡✐ ❞ ❡✱ ❋✳ ✭ ✷ ✵ ✵ ✼✮✳ ❇ ❛ ② ❡ ✐ ❛ ♥ ❛ ♥ ❛❧ ② ✐ ♦❢ ❉ ❙ ● ❊ ♠ ♦ ❞ ❡❧ ✳ ❊ ❝ ♦ ♥ ♦ ♠ ❡ ✐ ❝
❘ ❡ ✈✐ ❡ ✇ ✱ ✷ ✻✭ ✷✲ ✹✮✱ ✶ ✶ ✸✲ ✶ ✼ ✷✳

❇ ❛ ✐ ❛ ✱ ❋✳ ✭ ✶ ✾ ✷ ✸✮ ❈ ♦ ❥ ❡ ❛ ❝ ♦ ♥ ❡ ♥ ✈✐ ❞ ➙ ✳ ❱ ♦❧ ♥ ▼ ②➨❧ ❡ ♥ ❦ ② ❷ ❡ ❦ ♦ ❧ ♦ ✈ ❡ ♥ ❦ ✳

❇ ❛ ✉ ♠✱ ❈✳ ❋✳✱ ❙ ❝ ❤ ❛ ✛ ❡ ✱ ▼✳ ❊✳✱ ❙ ✐❧❧ ♠ ❛ ♥✱ ❙✳ ✭ ✷ ✵ ✵ ✸✮✳ ■ ♥ ✉ ♠ ❡ ♥ ❛❧ ✈ ❛ ✐ ❛ ❜❧ ❡ ❛ ♥ ❞
❣ ♠ ♠✿ ❊ ✐ ♠ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❡ ✐ ♥ ❣✳ ❙ ❛ ❛ ❥ ♦ ✉ ♥ ❛❧✱ ✸ ✭ ✶✮✱ ✶✲ ✸ ✶✳

❇ ❡ ② ❡ ✱ ❆✳✱ ❋ ❛ ♠ ❡ ✱ ❘✳ ❊✳ ✭ ✷ ✵ ✵ ✹✮✳ ❖ ♥ ❤ ❡ ✐ ♥ ❞ ❡ ❡ ♠✐ ♥ ❛ ❝ ② ♦❢ ◆ ❡ ✇✲ ❑ ❡ ② ♥ ❡ ✐ ❛ ♥ ❡ ❝ ♦✲
♥ ♦ ♠✐ ❝ ✳

❈ ❤ ✉ ❝ ❤✱ ❏✳ ❉✳ ✭ ✷ ✵ ✶ ✻✱ ❜➦ ❡ ③ ❡ ♥✮✳ ❈ ♦ ♠ ♣ ❛ ✐ ♥ ❣ ❤ ❡ ❈ ♦ ♥ ✉ ♠ ❡ ✐ ❝ ❡ ■ ♥ ❞ ❡ ① ✇✐ ❤ ❤ ❡
❣ ♦ ❞ ♦ ♠ ❡ ✐ ❝ ♣ ♦ ❞ ✉ ❝ ♣ ✐ ❝ ❡ ✐ ♥ ❞ ❡ ① ❛ ♥ ❞ ❣ ♦ ❞ ♦ ♠ ❡ ✐ ❝ ♣ ♦ ❞ ✉ ❝ ✐ ♠ ♣❧✐ ❝✐ ♣ ✐ ❝ ❡
❞ ❡ ✢ ❛ ♦ ✳ ▼ ♦ ♥ ❤❧ ② ▲ ❛ ❜✳ ❘ ❡ ✈✳✱ ✶ ✸ ✾✱ ✶✳

❇ ✉❧❧ ❛ ❞✱ ❏✳ ▼✐ ❛✱ ❑✳ ✭ ✷ ✵ ✵ ✷✮✳ ▲ ❡ ❛ ♥✐ ♥ ❣ ❛ ❜ ♦ ✉ ♠ ♦ ♥ ❡ ❛ ② ♣ ♦❧✐ ❝ ② ✉❧ ❡ ✳ ❏ ♦ ✉ ♥ ❛❧ ♦❢
♠ ♦ ♥ ❡ ❛ ② ❡ ❝ ♦ ♥ ♦ ♠✐ ❝ ✱ ✹ ✾✭ ✻✮✱ ✶ ✶ ✵ ✺✲ ✶ ✶ ✷ ✾✳

❈ ❛❧ ✈ ♦✱ ●✳ ❆✳ ✭ ✶ ✾ ✽ ✸✮✳ ❙ ❛ ❣ ❣ ❡ ❡ ❞ ♣ ✐ ❝ ❡ ✐ ♥ ❛ ✉ ✐❧✐ ②✲ ♠ ❛ ①✐ ♠✐ ③✐ ♥ ❣ ❢ ❛ ♠ ❡ ✇ ♦ ❦✳ ❏ ♦ ✉ ♥ ❛❧
♦❢ ♠ ♦ ♥ ❡ ❛ ② ❊ ❝ ♦ ♥ ♦ ♠✐ ❝ ✱ ✶ ✷✭ ✸✮✱ ✸ ✽ ✸✲ ✸ ✾ ✽✳

❈✐ ♣ ❛✱ ❚✳ ✭ ✷ ✵ ✵ ✽✮✳ ❋✐ ♥ ❛ ♥ ↔ ♥ ❡ ❦ ♦ ♥ ♦ ♠ ❡ ✐ ❡✳ ❛ ❤ ❛✿ ❊ ❦ ♦ ♣ ❡ ✳
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