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like to thank doc. RNDr. Karel Zvára, CSc. for providing me with data.

Statement of Honesty

I hereby declare that I have written my diploma thesis independently and exclu-
sively by using the quoted sources. I agree with lending of the thesis.

Prague, April 20, 2007 Veronika Skřivánková
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Abstract

Název práce: Regresńı kvantily a extrémy
Autor: Veronika Skřivánková
Katedra: Katedra pravděpodobnosti a matematické statistiky
Vedoućı diplomové práce: RNDr. Daniel Hlubinka, Ph.D.
e-mail vedoućıho: hlubinka@karlin.mff.cuni.cz
Abstrakt: Kvantilová regrese je d̊uležitým nástrojem pro odhad podmı́něných kvantil̊u závislé
náhodné veličiny Y při daném vektoru regresor̊u X. Extrémńı kvantilová regrese čeĺı problému
nedostatku dat na chvostech závislé proměnné a ve snaze odhadnout extrémńı regresńı kvantily
využ́ıvá teorie extrémńıch hodnot.

Za předpokladu, že d.f. F nálež́ı oblasti přitažlivosti maxim některého extremálńıho
rozděleńı, F ∈ MDA(Hξ), ξ ∈ R, odvozujeme podmı́nku extrémńı oblasti. Ta pak identi-
fikuje ve kterém ze tř́ı typ̊u oblast́ı se F nacháźı; Fréchetově, Gumbelově, nebo Weibullově.
Metoda “Peak Over Threshold” využ́ıvá zobecněné Paretovo rozděleńı ke aproximaci chvostu
distribučńı funkce F . Všechny metody určováńı váhy chvostu a odhady extrémńıho indexu jsou
ilustrovány na reálńıch datech.

Empirické podmı́něné kvantily jsou representovány pŕımkami regresńıch kvantil̊u. Vzh-
ledem k tomu, že funkce podmı́něných kvantil̊u jsou neklesaj́ıci, př́ımky se nesmı́ kř́ıžit. Za
podmı́nky, že se naše data ř́ıd́ı heteroskedastickým modelem Y = x′β + (x′γ)U , postupujeme
podle procedury, která nás nejenom vede na nekř́ıž́ıćı se př́ımky, ale nám také umožňuje odhad-
nout extrémńı regresńı kvantily. Na závěr uvád́ıme testy nulovosti regresńıch kvantil̊u středńıho
řádu a asymptotické chováńı chvostu, odvozené za podmı́nek extrémńıch hodnot.
Kĺıčová slova: extrémy, regresńı kvantily, zobecněné Paretovo rozděleńı, heteroskedastický
model

Title: Regression Quantiles and Extremes
Author: Veronika Skřivánková
Department: Department of Probability and Mathematical Statistics
Supervisor: RNDr. Daniel Hlubinka, Ph.D.
Supervisor’s e-mail address: hlubinka@karlin.mff.cuni.cz
Abstract: Quantile regression is an important tool for estimation of conditional quantiles of a
response Y given a vector of covariates X. Extremal quantile regression deals with a problem of
sparsity of data in tails of the response variable and attempts to estimate extreme conditional
quantiles by employing the extreme value theory.

Under the assumption that d.f. F is in the maximum domain of attraction of some extreme
value distribution, F ∈MDA(Hξ), ξ ∈ R, we derive the extremal domain condition. It identifies
which of the three types of EVD; Fréchet, Gumbel or Weibull, contains F in their MDA. The
“Peak Over Threshold” method employs the generalized Pareto distribution to approximate
the tail of d.f. F . All presented methods for determination of the tail heaviness and estimators
of the extreme value index are illustrated on real data.

Empirical conditional quantiles are represented by regression quantile lines. Since each
conditional quantile function is nondecreasing, the RQ lines are not supposed to cross. Under
the assumption that our data follow the heteroscedastic model Y = x′β + (x′γ)U , we follow a
procedure which not only yields non-crossing RQ lines, but also enable us to estimate extreme
regression quantiles. Eventually, we present the tests for nullity of intermediate order regression
quantiles and asymptotic tail inference under the extreme value restrictions.
Keywords: extremes, regression quantiles, generalized Pareto distribution, heteroscedastic
model
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Motto

It does not matter how many extremes we exceed,
there are still infinitely many ahead of us.
It only matters whether we try our best.
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Introduction

The extreme value theory has recently earned a lot of popularity among econome-
tricians and statisticians thanks to its wide range of applicability. Heavy-tailed
distributions, for which the extremes are more spread, are used permanently more
often, e.g., in insurance for tail-modeling of the loss severity data. Moderately
heavy-tailed distributions are of interest when the data are more compact, how-
ever, still without any particular boundary. When the character of data implies
that it is not possible to exceed every threshold, we might find ourself in a situ-
ation when the data come from a short-tailed distribution. In such a case, it is
interesting to estimate, besides the extreme quantiles Q(τ), τ↗1 or τ↘0, also
the right or left end-point of the underlying d.f. F , i.e., the particular boundaries.

While the first chapter introduces principles of the extreme value theory, the
second chapter is devoted to a more specific task of a tail estimation. Any of the
three basic types of tail possesses different properties, therefore it is convenient
to learn which one the distribution of our data belongs to. In order to distinguish
among estimators, we also provide a simulation of random samples from various
distributions and examine the behavior of the estimates.

In the third chapter, we explain the concept of the quantile regression. Unlike
the classical linear regression, which concerns only the conditional mean of the
response variable, the quantile regression engages in all conditional quantiles.
Fitted regression quantile lines are, hence, equivalents of empirical quantiles,
associated with a random sample, in the regression setting. The problem of
estimating extreme regression quantiles is also analogous – caused by the sparsity
of data in the tails. Consequently, the quantile regression effectively merged
with the extreme value theory in order to reliably estimate extreme regression
quantiles.

The analysis of real data is provided in the last chapter. It illustrates the in-
troduced theory and discusses obtained results. The appendix contains additional
derivations and proves to supplement particular sections. All the computing has
been performed in the statistical software R 2.4.0.1 (packages quantreg and evd).

The aim of this thesis is to provide an overview of both, the extreme value
theory and the quantile regression, and subsequently demonstrate the implemen-
tation of one in another.

1http://www.r-project.org
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Chapter 1

Extreme Value Theory

In the first part of this chapter, we introduce several basic terms and concepts,
such as sample maxima and their limiting behavior, necessary for further work.
Next, we will present the well-known Fisher-Tippett theorem, which describes
three possible types of limit laws, the extreme value distributions. We will also
attempt to explain how sample maxima under appropriate affine transformation
behave in the limit and what are the conditions of convergency on the underlying
distributions. Further, all three types of the extreme value distributions are
examined in more detail and supplemented by examples. The end is devoted
to the generalized Pareto distribution, which not only provides an interesting
application to the real data analysis but also it is essential for the next chapter.

1.1 Basic Definitions and Concepts

Consider X1, . . . Xn be a sequence of i.i.d. random variables with common distri-
bution function F . For this random sample we can define a sample maximum as
following:

Mn = max (X1, . . . , Xn) , n ≥ 1 .

In case we would rather study minima instead of maxima, all the results can be
easily obtained from the identity

min (X1, . . . , Xn) = −max (−X1, . . . ,−Xn) .

We can now write down the exact d.f. of the sample maximum, which will
help us understand the asymptotic behavior of Mn ,

P (Mn ≤ x) = P (X1 ≤ x, . . . , Xn ≤ x) = F n(x) , x ∈ R , n ∈ N .

Since {Mn}∞1 is a nondecreasing sequence, the right tail of d.f. F will be of
interest and thus it is reasonable to define the right endpoint of F :

xF = sup{ x ∈ R : F (x) < 1} .

2



CHAPTER 1. EXTREME VALUE THEORY 3

For our purposes we also include the definition of the left endpoint, which is

F x = sup{ x ∈ R : F (x) = 0} .

Consequently, for each x ∈ R we obtain the limit of the distribution function of
the sample maxima. In case x < xF ,

FMn(x) = P (Mn ≤ x) = F n(x) → 0 , n →∞ ,

and, if xF < ∞ , for all x ≥ xF

FMn(x) = P (Mn ≤ x) = F n(x) = 1 .

We see that Mn
P→ xF as n →∞ , for any xF ≤ ∞ . Moreover, since the {Mn}∞1

is nondecreasing, it converges also a.s., hence

Mn
a.s→ xF , n →∞ .

Therefore it is natural to think about a standardization of Mn so that for all real
values x (at which the limit is continuous)

P

(
Mn − bn

an

≤ x

)
= F n(anx + bn) → H(x) , as n →∞ . (1.1)

The main mathematical problem is then to search for such constants of location
shift {bn; n ≥ 1} and positive scaling constants {an; n ≥ 1} that the limit H is
a non-degenerate distribution. Here we can proceed in two steps; first, we need
to determine what distributions can appear in the limit. Second, we examine for
which F such a limit can be attained.

1.2 Fisher-Tippett Theorem

A fundamental result in EVT is the Fisher-Tippett theorem. We could compare
its importance in EVT to one of the central limit theorem in the study of sums.
The theorem describes a limiting behavior of sample maxima under the appro-
priate affine transformation.

Theorem 1.1 (Fisher-Tippett). Let {Xn} be a sequence of i.i.d. rvs. If there
exist normalizing constants an > 0 and bn ∈ R and some non-degenerate d.f. H
such that

a−1
n (Mn − bn)

d→ H , (1.2)

(or equivalently (1.1)) then H is of the type of the generalized extreme value
distribution (GEV), defined by

Hξ(x) =

{
exp(−(1 + ξx)−1/ξ) if ξ 6= 0 , 1 + ξx > 0 ,
exp(−e−x) if ξ = 0 , x ∈ R ,

(1.3)

for some ξ .
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Proof. The proof of the Fisher-Tippett theorem requires more advanced theory
than we provide here. For sketch of the proof, see (Embrechts et al., 1997) and
for detailed proof, see (Resnik, 1987).

According to the shape parameter ξ, called also the extreme value index (EVI),
we distinguish three well-known distributions as special cases of the generalized
EVD:

• if ξ > 0 ,we have Fréchet distribution with the shape parameter α = 1/ξ ,

• if ξ = 0 , we have Gumbel distribution ,

• if ξ < 0 ,we have Weibull distribution with shape parameter α = −1/ξ .

To extend the family of the distributions, we can also consider the location and
scale parameters µ and σ > 0 respectively. Then, the GEV Hξ,µ,σ(x) would be
defined as Hξ((x− µ)/σ) and we say Hξ,µ,σ is of the type Hξ.

1.3 The Possible Limits

In our approach we assume that the underlying distribution possesses a contin-
uous d.f. F . First, let us introduce definitions of the quantile and tail quantile
function.

Definition 1.1 (Quantile function). The generalized inverse of the d.f. F

Q(t) = F←(t) = inf {x ∈ R : F (x) ≥ t} , 0 < t < 1 ,

is called the quantile function of the d.f. F . The quantity xt = Q(t) then defines
the t−quantile of F .

Definition 1.2 (Tail quantile function). The tail quantile function is defined as

U(y) = F←
(

1− 1

y

)
= Q

(
1− 1

y

)
, 1 < y < ∞ ,

and the quantity U(y) is then called the y-th upper (tail) quantile.

When the d.f. F is moreover strictly increasing, we can simplify the definition
of the quantile function to

Q(t) = F−1(t) = { x ∈ R : F (x) = t} , 0 < t < 1 ,

and the definition of the tail quantile function to

U(y) = F−1

(
1− 1

y

)
= Q

(
1− 1

y

)
, 1 < y < ∞ .
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One can immediately see that Mn is an empirical version of (1 − 1
n
)−quantile

or i.e. the n-th upper quantile. Further, we define the tail quantile function in
marginal points by the limits in these points

U(1) = lim
t→1+

U(t) = F x , U(∞) = lim
t→∞

U(t) = xF ,

so that U is nondecreasing over the interval [1,∞) .

One way how to deal with the weak convergence (or convergence in distribu-
tion) problem is to look at the corresponding convergence of the characteristic
functions. Another well-known result from probability theory is the Helly-Bray
theorem, which allows us to transfer the weak convergence to the convergence of
expectations.

Theorem 1.2. Let Yn have distribution function FYn and let Y have distribution

function FY . Then Yn
D→ Y iff for all real, bounded and continuous functions z,

E(z(Yn)) → E(z(Y )).

Since the limit laws Hξ depend on the extreme value index ξ, we need to
include the parameter into the notation. When we denote Y as Yξ, where Yξ ∼ Hξ

and put Yn := a−1
n (Mn − bn), one can see that Yn

D→ Yξ iff for all real, bounded
and continuous functions z,

E{ z ( a−1
n (Mn − bn))} →

∫ ∞

−∞
z (v) dHξ(v) , n →∞ . (1.4)

We have already agreed on FMn(x) being equal to F n(x) . Therefore, we find
that the left-hand side

E{ z ( a−1
n (Mn − bn))} =

∫ ∞

−∞
z

(
x− bn

an

)
dF n(x)

= n

∫ xF

F x

z

(
x− bn

an

)
F n−1(x) dF (x) .

The domain of the distribution F can be restricted to the genuine interval of sup-
port (F x, xF ). Since F is supposed to be continuous, we can use the substitution

F (x) = 1− v

n
, v ∈ (0, n) , (1.5)

even if F (x) was not strictly increasing in some interval [a, b], F x < a < b < xF .
In fact, when F (x) was constant in [a, b], dF (x) would equal 0 in such interval.
Thus, we could omit these parts of (F x, xF ) and perform the substitution entirely
for the intervals where F (x) is strictly increasing. From continuity of F then
follows the one-to-one relationship between F (x) ∈ (0, 1) and v ∈ (0, n).
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When the equation (1.5) is solved for x in terms of the tail quantile function,
which is

x = F←
(
1− v

n

)
= U

(n

v

)
, while dF (x) = − 1

n
dv ,

then the above integral will equal

∫ n

0

z

(
U(n

v
)− bn

an

) (
1− v

n

)n−1

dv =: Ψn . (1.6)

Now the question is, when the limit for E{ z ( a−1
n (Mn−bn))} can be obtained.

With n → ∞ we see that (1 − v
n
)n−1 → e−v and that the integration interval

extends to the positive half-line ( 0 ,∞). The only part which we can still lay
down conditions on is the argument of z. The convergence of (1.6), therefore,
depends on the limiting behavior of the argument of z. We might conclude that
a limit for (1.6) can be obtained when there exist sequences an and bn such that
the argument a−1

n (U(n
v
) − bn) converges for all positive v. When we put, e.g.,

v = 1, the appropriate choice of bn seems to be U(n). From these considerations

we naturally arrive at the following condition. Yn
D→ Yξ if and only if for some

positive function a,

lim
x→∞

{U(xu)− U(x)}/a(x) =: k(u) exists for all u > 0 , (C)

with the limit function k not identically equal to zero. Since U is nondecreas-
ing and a is positive, we immediately see that k is also nondecreasing. Next
proposition reveals possible forms of the limit function.

Proposition 1.1. The possible limits in (C) are given by

k(u) = c

∫ u

1

vξ−1 dv = c
uξ − 1

ξ

where c > 0, ξ is a real number and for ξ = 0 we interpret k(u) = c log u.

Proof. When we stay consistent with the assumption that u, v > 0, we can write

U(xuv)− U(x)

a(x)
=

U(xuv)− U(xu)

a(xu)

a(xu)

a(x)
+

U(xu)− U(x)

a(x)
. (1.7)

Let us assume that the convergence condition (C) is satisfied. Then the ratio
a(xu)/a(x) has to consequently converge too, where the corresponding limit will
be denoted g(u). Since also

a(xuv)

a(x)
=

a(xuv)

a(xv)

a(xv)

a(x)
,
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the function g satisfies the classical Cauchy functional equation

g(uv) = g(u)g(v) ,

which implies that g is of the form g(u) = uγ , γ ∈ R , see (Beirlant et al., 2004) .
When we express limits of (1.7) in terms of k and g, we arrive at the functional
equation

k(uv) = k(v) uγ + k(u) . (1.8)

We see that the function k depends also on the parameter γ, which can be
included into the notation as kγ. If γ = 0 , (1.8) satisfies a logarithmic analogy
of the Cauchy functional equation; therefore, k0(u) = c log u, where c is some
constant. Moreover, it is also clear that kγ(1) = 0 for any γ. If γ 6= 0 , then by
symmetry we find that

kγ(uv) = kγ(v) uγ + kγ(u) = kγ(u) vγ + kγ(v)

⇒ kγ(v)

kγ(u)
=

vγ − 1

uγ − 1
, for all u, v; u 6= 1 . (1.9)

This implies that kγ must be of the form kγ(u) = c∗d(γ)(uγ − 1), where c∗ is a
constant and d(γ) is a function of γ only (and thus also a constant for γ fixed).
This form of kγ(u) includes also the case when u = 1. Moreover, from the
following we can conclude the continuity of kγ.

From (1.4) and (1.6),

∫ ∞

−∞
z(x)dHξ(x) = lim

n→∞
Ψn =

∫ ∞

0

z (kγ(1/v)) e−vdv . (1.10)

As this equation must hold for all real, bounded and continuous functions z, it is
possible to show (see Appendix A.1) that kγ is strictly increasing and continuous
with respect to 1/v. Therefore, we can consider the substitution

v = − log Hξ(x) , dv = − 1

Hξ(x)
dHξ(x) , v ∈ (0,∞) , x ∈ (−∞,∞) ,

which leads us directly to

∫ ∞

−∞
z(x)dHξ(x) =

∫ ∞

0

z (kγ(1/v)) e−vdv

= −
∫ ∞

−∞
z (kγ(−1/ log Hξ(x))) elog Hξ(x) 1

Hξ(x)
dHξ(x)

= −
∫ ∞

−∞
z (kγ(−1/ log Hξ(x))) dHξ(x) , (1.11)
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according to (1.10). Since (1.11) must hold for all real, bounded and continuous
functions z, it implies that

kγ(−1/ log Hξ(x)) = x ⇒ kγ(u) = H−1
ξ (e−1/u) .

Now, one should realize what is the relationship between γ and ξ. The extreme
value distribution function of the type Hξ(x) (see Def. 1.3) may contain also the
parameters of location and scale shift. Without loss of generality, we consider
the location-shift parameter to be equal to 0, indicating the form of EVD be
Hξ,σ(x), σ > 0.

When we put ξ = 0 in the right-hand side of the last equation, kγ(u) will be
equal to σ log u = k0(u), with c = σ. Therefore, ξ = 0 corresponds to γ = 0.
For ξ 6= 0, the right-hand side equals σ/ξ · (uξ − 1), while the left-hand side
kγ(u) = c∗d(γ)(uγ − 1). Hence, the relationship between γ and ξ is obvious. As

c∗d(γ)(uγ − 1) =
σ

ξ
(uξ − 1) , ∀u > 0 ,

the parameters γ and ξ must be equal to each other for any ξ ∈ R. Besides, it
follows that c∗ := σ and d(γ) := 1

ξ
= 1

γ
.

A direct consequence of the above results is the continuity of kγ(u) = kξ(u) =
H−1

ξ (e−1/u) with respect to ξ, and

lim
ξ→0

c∗
uξ − 1

ξ
= lim

ξ→0
kξ(u) = k0(u) = c log u , u > 0

implies that c∗ = c = σ > 0.

Therefore, we have derived that the limit function k(u) in the condition (C)
is represented by a single parametrization

k(u) =

{
c log u if ξ = 0 ,

c uξ−1
ξ

if ξ 6= 0 ,
(1.12)

where u > 0, c > 0.

When we inspect the condition closely, we see that the constant c can be
incorporated into the function a. Hence, we might replace the condition (C) by
the more informative extremal domain of attraction condition,

lim
x→∞

{U(xu)− U(x)}/a(x) =: kξ(u) , (Cξ)

exists for every u > 0. It indicates that the possible limits are essentially de-
scribed by the one-parameter family kξ, where kξ(u) = ξ−1(uξ − 1). When for
some distribution F there exists an auxiliary function a(x) such that the condi-
tion (Cξ) holds, we say that F satisfies the extreme value condition Cξ(a).
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Now, let us examine the auxiliary function a. First, a is supposed to be
positive and from the proof of Proposition 1.1 we know, that a(xu)/a(x) → uξ.
To proceed, we will introduce two basic definitions from the theory of regular
variation.

Definition 1.3 (Regular variation). A positive, Lebesgue measurable function
L on (0,∞) is regularly varying at ∞ of index ξ ∈ R (we write L ∈ Rξ) if

lim
x→∞

L(tx)

L(x)
= tξ , t > 0 .

Definition 1.4 (Slow variation). A positive, Lebesgue measurable function L on
(0,∞) is slowly varying at ∞ (we write L ∈ R0) if

lim
x→∞

L(tx)

L(x)
= 1 , t > 0 .

Therefore, the auxiliary function a is regularly varying of parameter ξ or slowly
varying when ξ = 0.

1.4 Maximum Domain of Attraction

If, for some d.f. F , there exist constants an > 0 , bn ∈ R such that the condition
(1.1) holds, we say that F is in the maximum domain of attraction of H and
we write F ∈ MDA(H) . In what follows, we will try to provide necessary and
sufficient conditions on the distribution of X to get the limiting d.f. Hξ, i.e.
conditions on FX to be in the maximum domain of attraction of Hξ.

Before we start to examine the individual cases of MDA, we present a concept
of an equivalence relation on the set of all distribution functions. The relationship
is defined as in Embrechts et al. (1997):

Definition 1.5 (Tail equivalence). Two d.f.s F and G are called tail-equivalent
if they have the same right end-point, i.e. if xF = xG, and

lim
x→xF−

F (x)/G(x) = c ,

for some constant 0 < c < ∞.

We will see that every maximum domain of attraction is closed with respect
to tail-equivalence, i.e. for tail-equivalent F and G, F ∈ MDA(Hξ) if and only
if G ∈ MDA(Hξ). It also implies that for any two tail-equivalent distributions
one can take the same constants of the affine transformation, which might be of
a great help for their calculation (see Embrechts et al. (1997)).
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1.4.1 The Fréchet case: ξ > 0

At the beginning we introduce the strict Pareto distribution Pa(α) with distri-
bution function F (x) = 1 − x−α, x > 1. Essentially, α has to be positive and it
is called the Pareto index. We will try to verify whether this distribution meet
(Cξ) and what could be the appropriate auxiliary function.
The quantile function of Pa(α) is Q(p) = (1 − p)−1/α and hence U(x) = x1/α.
When we put ξ := 1/α > 0, then

{U(xu)− U(x)}/a(x) = ((xu)ξ − xξ)/a(x) =

=
xξ

a(x)
(uξ − 1)

and the auxiliary function a(x) = ξ xξ leads to

{U(xu)− U(x)}/a(x) =
uξ − 1

ξ
= kξ(u) .

Thus, the condition (Cξ) is satisfied with equality.
If we take some other distribution such that U(x) = xξ`U(x), where `U is

some slowly varying function, the condition (Cξ) will be satisfied too. Indeed,

{U(xu)− U(x)}/a(x) =
(xu)ξ`U(xu)− xξ`U(x)

a(x)

=
`U(x)xξ

a(x)

(
`U(xu)

`U(x)
uξ − 1

)

−→
x→∞

(uξ − 1)/ξ

where we chose a(x) = ξ xξ `U(x) = ξ U(x), or even more flexibly,

lim
x→∞

a(x)/U(x) = ξ .

U(x) = xξ`U(x) is obviously regularly varying with index ξ and distributions with
such tail quantile function are called Pareto-type distributions. Further, when (Cξ)
holds, we can set the constants of affine transformation by the expressions

an = a(n) and bn = U(n) = nξ`U(n) .

It is possible to show, see (Beirlant et al., 2004), that the condition (Cξ) for
ξ > 0 is equivalent to the following condition formulated in terms of F (x).
For w > 0 ,

1− F (xw)

1− F (x)
−→
x→∞

w−1/ξ .

Specifically, x1/ξ (1 − F (x)) is slowly varying and hence there exists a slowly
varying function `F (x) such that the tail F (x) := 1 − F (x) = x−α`F (x), where
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α = 1/ξ is the Pareto index. Thus, we can say the following holds for the MDA
of the Fréchet distribution:

F ∈ MDA(Hξ), ξ > 0 ⇐⇒ F (x) = x−1/ξ`F (x) ,

where `F is some slowly varying function. And hence, F (x) ∈ R−1/ξ.
From this result we can conclude that if the tail of the d.f. F (x) decreases like a

power function, then the distribution is in the domain of attraction of the Fréchet.
This class includes heavy tailed distributions such as Pareto, Burr, loggamma,
Cauchy or t-distribution. These are mostly of interest when concerning insurance
or financial loss data.

1.4.2 The Gumbel case: ξ = 0

This type of extreme value distribution has the domain (−∞,∞) and moderately
heavy tails on both sides. The maximum domain of attraction of the Gumbel
distribution with d.f. H0(x) = exp(−e−x) consists of the distributions that satisfy
(C0).

The central example is the exponential distribution with distribution function
F (x) = 1 − e−λx , x > 0, where λ > 0. The quantile function is of the form
Q(p) = − 1

λ
log(1− p), and so U(x) = 1

λ
log(x). Thus,

{U(xu)− U(x)}/a(x) =
1

λ
(log(xu)− log(x))/a(x)

=
1

λa(x)
log u

and choosing the auxiliary function a(x) = 1/λ leads to

{U(xu)− U(x)}/a(x) = log u .

The exponential distribution is what we would expect to be in the MDA(H0).
Other distributions that belong to this class are normal, lognormal, gamma and
logistic. Mainly lognormal distribution has historically been a popular model for
loss severity distributions; however, it is not as heavy-tailed as the distributions
in the MDA(Hξ) for ξ > 0.

1.4.3 The Weibull case: ξ < 0

First of all, it is crucial to realize that the Weibull distribution has a finite right
endpoint xF and so have the distributions in its MDA.

According to Embrechts et al. (1997), the condition on the underlying d.f. F
in the maximum domain of attraction of the extremal Weibull distribution is

F ∈ MDA(Hξ), ξ < 0 ⇐⇒ xF < ∞, F (xF − x−1) ∈ R1/ξ ,
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which comes from the one-to-one relationship between Weibull and Fréchet dis-
tribution. When we put y := xF − x−1, the condition can be rewritten as

F (y) = (xF − y)−1/ξ`F ((xF − y)−1) ,

where `F is slowly varying as y → xF , which would be also equivalent to

U(x) = xF − xξ`U(x) ,

with `U some slowly varying function for x →∞.
As an example we take the distribution with the survival function

1− F (x) = (1− x/xF )β , β > 0.

(Notice that the uniform distribution U(0, xF ) has the survival function F (x) =
1− x/xF .) The quantile function is thus equal to U(x) = xF (1− x−1/β), x ≥ 1.
It follows that

(U(xu)− U(x))/a(x) =
xF

a(x)

(
(1− (xu)−1/β)− (1− x−1/β)

)

=
xF x−1/β

a(x)

(
1− u−1/β

)

=
xF x−1/β

βa(x)
k−1/β(u) .

The condition (Cξ) is hence fulfilled when we choose a(x) = xF x−1/β

β
= −ξxF xξ =

−ξ(xF − U(x)), where ξ = −1/β < 0. The auxiliary function a(x) is, therefore,
regularly varying of index ξ as it is supposed.

More other conditions equivalent with (Cξ) and corresponding forms of scale
and location shift constants an and bn, respectively, are given in various literature.
For the interested reader we refer e.g. to Embrechts et al. (1997) or Beirlant et al.
(2004).

1.5 Generalized Pareto Distribution

Interesting and with a broad application in practice is the generalized Pareto
distribution (GPD). The reason is that it allows us to model the tail of the
underlying distribution F . The data above sufficiently high thresholds, that is
to say, approximately follow the GPD, which is defined by the d.f. with two
parameters, σ > 0 and ξ:

Gξ,σ(x) =

{
1− (1 + ξx/σ)−1/ξ if ξ 6= 0 ,
1− exp(−x/σ) if ξ = 0 ,

(1.13)
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where x ≥ 0 if ξ ≥ 0 and 0 ≤ x ≤ −σ/ξ if ξ < 0. For the case ξ > 0 we get
a reparametrized version of usual Pareto distribution with the shape parameter
α = 1/ξ. If ξ < 0, we have Pareto II distribution and for ξ = 0 we get the
exponential distribution. Again, we can extend the family of distributions by
adding a location parameter µ and defining the GPD Gξ,µ,σ(x) := Gξ,σ(x− µ).

Now, consider some high threshold u < xF . One could wish to analyze the
excesses over this threshold, particularly the amount by which observations over-
shoot this level. For 0 ≤ x < xF − u the distribution function of the excesses
over u is defined by

Fu(x) = P{X − u ≤ x | X > u} =
F (x + u)− F (u)

1− F (u)
. (1.14)

The Theorem 3.4.5 in Embrechts et al. (1997) says that under the condition
(1.1) the generalized Pareto distribution (1.13) is the limiting distribution of the
excesses (as the threshold goes to the right endpoint). In other words, we can
find a positive measurable function σ(u) such that:

lim
u→xF

sup
0≤x<xF−u

| Fu(x)−Gξ,σ(u)(x) |= 0 ⇐⇒ F ∈ MDA(Hξ) .

This theorem allows us to approximate the distribution function of the ex-
cesses for sufficiently high thresholds u by Gξ,σ(x) for some ξ and σ. The sta-
tistical relevance of this approximation is obvious. The question is, where to set
the threshold u.

The answer to this question is not general at all. The level where to set
the threshold is strongly influenced by the particular data. However, there exist
several recommendations that could help with the threshold setup. We will come
back to them later.

Considering now the points in the tail of the distribution x ≥ u, we can
rewrite (1.14) as

Fu(x− u) =
F (x)− F (u)

1− F (u)
,

which results in

F (x) = P{X ≤ x} = (1− P{X ≤ u})Fu(x− u) + P{X ≤ u}.
For large u, the conditional distribution Fu(x−u) can be estimated by Gξ,σ(x−u).
Further, the essential estimate of P{X ≤ u} is the relative count of Xi ≤ u in
the data, which is nothing else but Fn(u), the empirical distribution function
evaluated at u.

Thus, when we pick the high threshold u and fit the GPD model to excesses,
we will arrive at the estimate of our data distribution in the tail area (x ≥ u)

F̂X(x) = (1− Fn(u))Gξ̂,u,σ̂(x) + Fn(u) , (1.15)
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where ξ̂ and σ̂ are, e.g., the maximum likelihood estimates and Fn(u) is an
estimate of P(X ≤ u) based on the empirical distribution function of the data
set.

It is possible to show (see Appendix A.2), that the tail estimate F̂X(x) is also

a generalized Pareto distribution, with the shape parameter ξ̂, scale parameter

σ̃ = σ̂(1− Fn(u))ξ̂ and location parameter µ̃ = u− σ̃((1− Fn(u))−ξ̂ − 1)/ξ̂ .



Chapter 2

Estimation of EVI

As we have already mentioned, the extreme value index ξ has a crucial position
in the EVT. When we work with real data, it is especially important to estimate
the EVI properly, since estimates of the underlying distribution function and high
quantiles depend on ξ̂. In this chapter we also introduce our data for the quantile
regression.

The data set consists of lengths and wages of children in age of one year,
while we distinguish also the children’s gender. We will examine the dependence
of the infant’s weight on its length and gender. Since the variable length is
rather discrete than continuous here, we basically work with ”categories” of the
explanatory variable. Each category contains 1 to 213 observations from total
1633 observations.

Even if the data are analyzed in detail in Chapter 4, we decided to use them
already here in order to better illustrate properties of particular EVI estimates
discussed in this chapter. In the data analysis, we first consider a heteroscedastic
regression model

Yi = x′iβ + (x′iγ) · Ui , i = 1, . . . , n ,

where Ui are i.i.d. rvs with some d.f. FU ∈ MDA(Hξ). Following the procedure
from Section 3.4, one can obtain estimates of the true errors, {ui}n

1 . Hence,
by estimating the tail of FU , we will also estimate the tail of the conditional
distribution of (Y |x).

To avoid the inconvenience, we launch an individual notation for this chapter
and denote the random sample at our disposal {Xi}n

1 with the corresponding
order statistics X1:n ≤ ... ≤ Xn:n.

2.1 QQ-plot

Very suggestive methods in the tail classification are visually oriented statistical
techniques. We focused on the QQ-plot and the mean excess plot, which are
more informative in the case of tail heaviness estimation than histograms or

15
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boxplots. The basic idea behind QQ-plots is that the quantiles of distributions
from the same class are linearly related. We illustrate this attribute on the
exponential model Exp(λ), while the same methodology can be then extended to
other distributions (for more, see Beirlant et al. (2004)).

Let us propose exponential distributions, with the tail decreasing in exponen-
tial rate, which is said to have a moderately heavy tail

1− Fλ(x) = exp(−λx), x > 0 .

The quantile function of Exp(λ) is then of the following form

Qλ(p) = −1

λ
log(1− p) =

1

λ
Q1(p), for p ∈ (0, 1) ,

from which we immediately see the linear relation between the quantiles of any
exponential distribution and the corresponding standard exponential quantiles.
When we replace the unknown quantile function by its empirical approximation
Q̂n, we will expect the points with coordinates

(Q̂n(p),− log(1− p)) , p ∈ (0, 1)

lie approximately on a straight line if the data are an i.i.d. sample from an
exponential distribution. The slope of a fitted line can be then used as an estimate
of the parameter λ.

If we compared the exponential quantiles with quantiles of a heavy-tailed
distribution, we would intuitively expect the shape of the curve in QQ-plot to
be concave. Simply said, the quantiles of Exp(λ) “occur sooner” that those
of the heavy-tailed distribution. On the other hand, a convexity of the curve
indicates a shorter tailed distribution. When the range of quantiles is bounded
by a particular value, the distribution is probably short-tailed and has a finite
right end-point. Otherwise, the distribution is moderately heavy, yet shorter than
exponential.

For the comparison of empirical quantiles from our data with the exponential
quantiles, we plot

{(
Xk:n,− log

(
n + 1− k

n + 1

))
, k = 1, . . . , n

}
,

where Xk:n denotes kth order statistics, X1:n ≤ ... ≤ Xn:n (see Fig. 2.1).
One can see the convex shape of the curve. Thus, our data come from the

distribution with the tail shorter than exponential; however, it is not certain
whether the tail is short or moderately heavy.

Indeed, the MDA of the Gumbel distribution contains the class of Weibull
distributions with d.f. F (x) = 1 − exp(−cxd), c, d > 0 and the corresponding
quantile function QW (p) = [1

c
log(1 − p)]1/d = [1

c
Q1(p)]1/d. Hence, a slightly

convex shape of the QQ-plot curve might be also caused by sampling from the
Weibull distribution with the parameter d > 1.
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Figure 2.1: Exponential QQ-plot.

2.2 Mean Excess Function

The plot of the sample mean excess function is a further useful graphical tool
to identify the tail heaviness. We define the sample mean excess function as in
McNeil (1996)

en(u) =

∑n
i=1(Xi − u)+

∑n
i=1 I{Xi>u}

,

which is an empirical estimate of the mean excess function e(u) = E[X − u|X > u],
0 ≤ u < xF . The calculation of e for a random variable with d.f. F comes directly
from the definition

e(u) = E[X − u|X > u] =

∫ xF

u
(x− u) dF (x)

1− F (u)
=

= (F (u))−1

∫ xF

u

∫ x

u

dy dF (x) = (F (u))−1

∫ xF

u

[∫ xF

y

dF (x)

]
dy =

= (F (u))−1

∫ xF

u

[1− F (y)] dy = (F (u))−1

∫ xF

u

F (y) dy .

Again, as in the QQ-plot, the exponential distribution plays the central role.
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Figure 2.2: Sample mean excess function with regression line for data over the
threshold u = 1.8.

The mean excess function of Exp(λ) is

e(u) = eλu

∫ ∞

u

e−λx dx = 1/λ , u > 0 , (2.1)

which is a constant.
When the distribution of X has a heavier tail than exponential, e(u) is in-

creasing. For example, the Pareto distribution with F (x) ∼ Kx−α;K > 0, α > 1,
satisfies the asymptotic expression

e(u) ∼ K−1uα

∫ ∞

u

Kx−α dx = K−1uαK

[
x−α+1

1− α

]∞

u

=

=
uαu1−α

α− 1
=

u

α− 1
.

Thus, the upward trend of the sample mean excess function is a sign of heavy
tailed behavior. Similarly, downward trend implies a distribution with a short
tail. As we have already implied, moderately heavy-tailed distributions, such as
exponential, show an approximately horizontal line.
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What we plotted are the points with coordinates

{(u, en(u)), for u = Xk:n, k = 1, . . . , n− 4}

(see Fig. 2.2). We decided to end at the fourth largest order statistic and thus
omit three possible further points. The reason is that these, being averages from
at most three observations, may be quite misleading. The downward slope of the
points indicates the same conclusion as we drawn from the QQ-plot discussed
above.

Regarding the mean excess function, one more property is worthy to mention.
Since we know the tail of the underlying distribution F is following the GPD, we
now look at the behavior of e when the distribution is generalized Pareto. With
respect to (1.13), for u > 0, σ > 0, ξ < 0,

e(u) = (Gξ,σ(u))−1

∫ xF

u

Gξ,σ(x) dx = (1 + ξu/σ)1/ξ

∫ −σ/ξ

u

(
1 +

ξx

σ

)−1/ξ

dx

= (1 + ξu/σ)1/ξ

[
(1 + ξx/σ)−1/ξ+1

(−1/ξ + 1)ξ/σ

]−σ/ξ

u

=
(1 + ξu/σ)1/ξ

(ξ − 1)/σ

[
−

(
1 +

ξu

σ

)1−1/ξ
]

= −
(

1 +
ξu

σ

)
σ

ξ − 1
= σ(1− ξ)−1 + ξ(1− ξ)−1u . (2.2)

It can be easily verified that the latter expression holds also for all ξ < 1, where
the mean excess function is defined. It means, that e(u) is linear in the area, where
the tail follows the GPD (Here, we also see that e(u) is decreasing, horizontal or
increasing in the tail for ξ < 0, ξ = 0 or ξ < 0, respectively.).

We now recall the problem with the determination of an appropriate value of
the threshold u above which we can model data by GPD. This discussion implies
that from the shape the mean excess function we can set the threshold u at such
value above which e(u) is approximately linear.

When we look again at Fig. 2.2, we see a change of the slope around the value
of u = 1.8. This is the threshold we might assume when modeling the tail of our
data.

Moreover, we could fit a regression line to the data that follow GPD and thus
estimate the slope of the curve. From the one-to-one relationship (2.2) between
the slope (denote β) and ξ,

β = ξ(1− ξ)−1 ,

we should be hence able to estimate the extreme value index by

ξ̂ = β̂(1 + β̂)−1 .
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The linear regression performed on our data greater than u = 1.8 provides the
slope coefficient estimate β̂ = −0.186257, which results in the estimate of EVI

ξ̂ = −0.2288892 .

2.3 Pickands Estimator

The basic idea behind Pickands estimator is to find a condition equivalent to
F ∈ MDA(Hξ) which can be easily applied to the estimation of the parameter
ξ ∈ R. When we recall the condition (Cξ), it says that

F ∈ MDA(Hξ) ⇔ lim
x→∞

{U(xu)− U(x)}/a(x) = kξ(u) exists for all u > 0 .

From the proof of Proposition 1.1, we know the relationship between kξ(u) and
kξ(v) (see 1.9). Therefore, we can write

kξ(u)

kξ(v)
= lim

x→∞
U(xu)− U(x)

U(xv)− U(x)
=

uξ − 1

vξ − 1
, for u, v > 0, v 6= 1 .

When we choose the parameters u = 2 and v = 1/2, the following will hold

lim
x→∞

U(2x)− U(x)

U(x)− U(x/2)
=

2ξ − 1

1− (1/2)ξ
=

2ξ − 1
2ξ−1
2ξ

= 2ξ . (2.3)

The tail quantile function U(x) = F←(1−1/x), x ≥ 0, defines the x−th upper
quantile of the distribution F , which corresponds to the empirical quantile Xk,n,
where k/n = 1/x. It follows that

U(x) = U(n/k) ∼ Xk,n

U(x/2) = U(n/2k) ∼ X2k,n

U(2x) = U(2n/k) ∼ Xk/2,n .

Therefore, we can rewrite (2.3) under the condition that k/n = 1/x → 0 as

lim
n→∞

Xk/2,n −Xk,n

Xk,n −X2k,n

∼ 2ξ .

Motivated by the discussion, we now define the Pickands estimator

ξ̂
(P )
k,n =

1

log 2
log

Xk,n −X2k,n

X2k,n −X4k,n

.

Under the conditions k → ∞, n → ∞, k/n → 0, the estimator turns out to be
weakly consistent and asymptotically normally distributed1 (see Embrechts et al.
(1997) also for other properties of the Pickands estimator).

1

√
k(ξ̂ − ξ) d→ N(0, v(ξ)), n →∞ , where v(ξ) =

ξ2(22ξ+1 + 1)
(2(2ξ − 1) log 2)2

.
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Figure 2.3: Pickands estimates of the extreme value index ξ with asymptotic 95%
pointwise confidence bands.

The problem, when one wants to estimate the parameter ξ, might be the
optimal choice of k. For illustration, we include the so-called Pickands-plot (see
Fig. 2.3) that consists of points with coordinates

{
(k, ξ̂

(P )
k,n ) : k = 1, . . . , [n/4]

}
.

It is just an intuitive recommendation that one should choose ξ̂
(P )
k,n from such a

k-region where the plot is roughly horizontal.
When we look at Fig. 2.3, we notice a temporary stability in the behavior of

ξ̂
(P )
k,n around the value -0.6, for k between 180 and 300. This would, again, indicate

a short tail of the underlying distribution FU with EVI estimate ξ̂
.
= −0.6.

2.4 Hill Estimator

Hill estimator is the most famous of all known estimators of the extreme value
index ξ, and it was designed under the assumption that ξ > 0. There are several
approaches how one can obtain the formula, equally interesting (see, e.g., Beirlant
et al. (2004) or Embrechts et al. (1997)). Its biggest disadvantage, however, is
that we can only estimate the EVI when the underlying distribution has a heavy
tail.
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We decided to demonstrate here the MLE approach, for which we already
have the necessary mathematical instruments.

The MLE approach. Consider the notation as in (1.14) and assume the
random variable X with d.f. F so that

Pu(X > x) = F u(x) ≈ Cx−1/ξ, x ≥ u > 0, ξ > 0 ,

where u is the threshold above which F behaves like a Pareto d.f. and C is fully
specified by C = u1/ξ.

When we choose the substitution Y = log(X/u), for x/u ≥ 1, it follows that

P(Y > y) ≈ e−y/ξ , y ≥ 0 .

Thus, Y has approximately exponential distribution Exp(1/ξ) with EY = ξ. The
MLE estimator for the exponential index is the sample mean, from which we
immediately obtain

ξ̂k,n =
1

k

k∑
j=1

Yj =
1

k

k∑
j=1

log

(
Xj,n

u

)
=

1

k

k∑
j=1

log Xj,n − log u ,

where k is the number of Xi,n ≥ u. Since we usually consider the threshold u to
be an appropriate order statistics (Xk,n), we arrive at the Hill estimator

Hk,n =
1

k

k∑
j=1

log Xj,n − log Xk,n ,

where k/n → 0 while k, n →∞ .

2.5 Moment Estimator

As a direct generalization of the Hill estimator, the moment estimator has been
constructed for all ξ > 0:

Mk,n = Hk,n + 1− 1

2

(
1− H2

k,n

H
(2)
k,n

)−1

,

where

H
(2)
k,n =

1

k

k∑
j=1

(log Xj,n − log Xk,n)2

reminds the 2nd sample moment of k upper order statistics of log-transformed
data.
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Figure 2.4: Moment estimates of the extreme value index ξ.

It has a little more complicated form than the Hill estimator and even more
elaborated motivation, which we therefore do not present here (for interested
reader we refer to p.142 in Beirlant et al. (2004)).

In Figure 2.4 we see the behavior of the EVI moment estimates from our
data for k = 9, . . . , 500. We decided to omit first eight points since their presence
deform the figure in such way that it is not possible to see what value the estimates
converge to.

The red line represents a level of ξ̂ = −0.1, which also approximately corre-
sponds to the regression line for the depicted data.

2.6 Comparison

As we have seen in the previous sections, the extreme value index ξ is possible to
estimate by several ways. Each estimator exploits a different concept from EVT,
e.g., properties of the mean excess function or some of the various conditions
equivalent to (Cξ). Consequently, not all estimators provide the same results.
Therefore, it is desirable to learn how particular estimators behave when the EVI
is known.

In this section, we present a set of plots that describe a behavior of the latter
three estimates introduced above. We believe that these might also help one de-
cide which estimate to consider in another data analysis, given the tail heaviness.

Our simulation consists of random samples generated from various distribu-
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Figure 2.5: Pickands-, Hill- and moment-plots for 2000 i.i.d. data simulated
from the heavy-tailed distribution standard Cauchy (top), moderately heavy-
tailed Weibull with the shape parameter α = 0.5 (middle) and the standard
lognormal distribution (bottom).
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Figure 2.6: Pickands-, Hill- and moment-plots for 2000 i.i.d. data simulated from
the distributions: standard exponential (top), short-tailed uniform (middle) and
the one given by d.f. F (x) = (1− x/xF )2 (bottom).
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tions containing heavy-tailed (Cauchy), moderately heavy-tailed (Weibull, log-
normal, exponential) and also short-tailed (uniform). All the distributions are
stated above the corresponding figures.

The number of observations in every sample is 2000. The three different es-
timates; Pickands, Hill and moment, are distinguished by colors. The black line
always corresponds to the Pickands plot, the blue one to the Hill plot and the
red line represents the moment plot.

According to Figures 2.5 and 2.6, we can conclude that the moment estimator
has the greatest stability among the three examined estimators in all the three
cases of the tail heaviness. The departure from the real value of ξ shows in
the cases of simulation from the Weibull and the lognormal distribution. Here,
however, all three estimators converge rather to higher values of ξ than 0.

The Pickands estimator behaves well for the short-tailed distributions and
also for the distribution with exponential tail. On the other hand, it shows quite
a biasedness in cases of distributions with heavier tails.

On the contrary, the Hill estimator may provide estimates very distant from
the real value of EVI when the tail is not heavy. This should not surprise us since
the Hill estimator has been constructed just for ξ > 0. Since it might offer very
misleading estimates, it should be treated with a care and contrasted also with
other data analysis techniques from this chapter.

2.7 “Peak Over Threshold”

The last section of this chapter is devoted to ML-estimates of tail parameters by
employing the generalized Pareto distribution. As mentioned in the Section 1.5,
one can approximate the tail above sufficiently high threshold of any d.f. F ∈
MDA(Hξ) by GPD. The method of GPD fitting to the tail originated about a
quarter of century back in hydrology under the acronym “Peak Over Threshold”
(POT).

Recall the distribution function Gξ,σ (1.13), which implies the density gξ,σ of
the following form

gξ,σ(x) =

{
1
σ

(
1 + ξ x

σ

)− 1
ξ
−1

if ξ 6= 0 ,
1
σ

exp(−x
σ
) if ξ = 0 .

Assume a random sample from F ∈ MDA(Hξ), ξ 6= 0. According to the
previous discussion in this chapter, we choose the appropriate threshold u above
which the GPD reliably fits the tail of F . When we denote X = (X1, . . . , Xn), n =
n(u), the excesses over u, the log-likelihood function will equal

`((ξ, σ);X) = −n log σ −
(

1

ξ
+ 1

) n∑
i=1

log

(
1 +

ξ

σ
Xi

)
.
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Now, likelihood equations can be derived and solved numerically yielding the
MLE ξ̂ and σ̂. According to Embrechts et al. (1997), the method should work
fine for ξ > −1/2.

The most convenient way leads through the reparametrization (ξ, σ) → (ξ, γ) :
γ := −ξ/σ. Thus, the log-likelihood function can be rewritten as

`((ξ, γ);X) = −n log(−ξ/γ)−
(

1

ξ
+ 1

) n∑
i=1

log (1− γXi) .

Differentiation with respect to ξ and γ results in the solution

ξ̂ = n−1

n∑
i=1

log(1− γXi) ,

where γ satisfies
1

γ
+ n−1

(
1

ξ̂
+ 1

) n∑
i=1

Xi

1− γXi

= 0 .

In case we know that ξ = 0, the log-likelihood function simplifies to

`(σ;X) = −n log σ +
n∑

i=1

(
−Xi

σ

)
,

and by differentiation we arrive at the solution

σ̂ = n−1

n∑
i=1

Xi .

This is not surprising at all since the GPD with ξ = 0 is, in fact, the exponential
distribution, where the ML-estimate of the parameter is the sample mean.

Today, the system of equations (for ξ 6= 0) is standardly (numerically) solved
by various statistical software, R included. Particulary, R contains a function
fpot in the library evd, which is designated exactly for the “peaks over threshold”
distribution estimation.

It is also possible to show (see Embrechts et al. (1997)) that

n1/2

(
ξ̂n − ξ,

σ̂n

σ
− 1

)
d→ N(0, M) , n →∞ ,

where

M = (1 + ξ)

(
1 + ξ −1
−1 2

)
,

and that the usual MLE properties, consistency and asymptotic efficiency, hold
for both estimates ξ̂ and σ̂.

The ML-estimates of GPD parameters from our data, with the threshold u
chosen to be 1.8, are following:
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Estimates

scale shape

1.1915 -0.2518

which, again, indicates a short-tailed underlying distribution.
According to the above asymptotic results, we see that the distribution of ξ̂

is asymptotically normal,

n1/2(ξ̂ − ξ)
d→ N(0, (1 + ξ)2) , n →∞ . (2.4)

Since the variance depends on ξ, one needs to derive the confidence interval,

P

(
n1/2|ξ̂ − ξ|

1 + ξ
< u1−α/2

)
= 1− α

= P

(
−u1−α/2(1 + ξ)

n1/2
+ ξ < ξ̂ <

u1−α/2(1 + ξ)

n1/2
+ ξ

)

= P
(
−u1−α/2

n1/2
+ ξ(1− u1−α/2

n1/2
) < ξ̂ <

u1−α/2

n1/2
+ ξ(1 +

u1−α/2

n1/2
)
)

= P

(
ξ̂ − n−1/2u1−α/2

1 + n−1/2u1−α/2

< ξ <
ξ̂ + n−1/2u1−α/2

1− n−1/2u1−α/2

)
.

The number of observations greater than the threshold u = 1.8 is 187. Therefore,
the 95% two-sided confidence interval for the parameter ξ in our data is

Conf.int

-0.3456117 -0.1266453

If we wanted to test whether the tail is short, it would lead to the null hy-
pothesis H0 : ξ = 0. Yet, the alternative H1 : ξ 6= 0 is unnecessarily too general,
since from the previous analysis we see that ξ is obviously not positive. Hence, we
might be more specific about the alternative and narrow it down to H1 : ξ < 0.

Under the H0 : ξ = 0, it follows from (2.4) that

P (n1/2 ξ̂ < uα) = P (ξ̂ < n−1/2 uα) = α .

It yields the rejection region at level of 95% being

Rej.reg

-Inf -0.1202836

so we reject the nullity of ξ in favor of the alternative H1 : ξ < 0.



Chapter 3

Quantile Regression

The quantile regression enables us to estimate conditional quantiles of a response
variable Y given a vector of covariates X. It is developed to measure effects of
covariates not only in the center of a distribution, but also in the tails, where the
data are usually more sparse.

After the introduction to the topic, we present several illustrative regression
models and point out some advantages and difficulties with regression quantiles.
Further, we describe an effective procedure of regression quantiles estimation,
supplemented by a method for estimating extreme high quantiles. Finally, we
will attempt to provide relatively new achievements in the theory of quantile
regression in the tails. This is where the quantile regression merges with the
extreme value theory.

3.1 Motivation

When we say linear regression, one usually imagines a regression line as an es-
timate of a conditional mean of a response variable Y given covariates X. Two
basic types of estimators are calculated either by the least square error method
or by the least absolute error method, also known as a median regression. How-
ever, this provides rather incomplete picture of the set, just as the mean provide
an incomplete picture of a single distribution. Regression quantiles extend the
median regression and generalize the ordinary sample quantiles to the regression
setting.

Extremal phenomena from various fields are subjects to study of the quan-
tile regression. One can find a large number of strongly motivating examples
in econometrics as well as in biostatistics (Chernozhukov, 2005). A well-known
study which has earned a lot of attention is the analysis of factors that contribute
to extremely low birthweights. It is also included as an example in (Koenker,
2005), pages 20-25.

29
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According to Koenker (2005), the definition of regression quantiles was moti-
vated by an optimization problem in the decision theory. Assume a real-valued
random variable X with a d.f. F (x) = P(X ≤ x). When we consider loss
described by the piecewise linear function

ρτ (u) = u[τ − I(u < 0)] , (3.1)

where τ ∈ (0, 1), one is usually interested in finding such x̂ that minimizes ex-
pected loss. We can express the problem by

min Eρτ (X − x̂) = min (τ − 1)

∫ x̂

−∞
(x− x̂) dF (x) + τ

∫ ∞

x̂

(x− x̂) dF (x) .

Differentiating with respect to x̂ provides a simple solution, which we would
expect

0 = (1− τ)

∫ x̂

−∞
dF (x)− τ

∫ ∞

x̂

dF (x) = F (x̂)− τ .

Any element of {x : F (x) = τ} minimizes expected loss. The solution x̂ = F←(τ)
is taken according to the definition of the quantile function (Def. 1.1).

Replacing F by the empirical distribution function

Fn(x) = n−1

n∑
i=1

I(Xi ≤ x) ,

yields the τ -th sample quantile as a solution to the minimization of

∫
ρτ (x− x̂) dFn(x) = n−1

n∑
i=1

ρτ (xi − x̂) , (3.2)

i.e., the τ -th sample quantile is the argument that minimizes (3.2).
From the computational point of view, it is convenient to reformulate the

problem of finding the τ -th sample quantile

min
x̂∈R

n∑
i=1

ρτ (xi − x̂)

as a linear program by introducing 2n artificial variables {ui, vi > 0 : i = 1, . . . , n}
which represent positive and negative parts of residuals (Koenker (2005)):

min
(x̂,u,v)∈R×R2n

+

{τ1′nu + (1− τ)1′nv |1nx̂+u− v = x} . (3.3)

Vector x denotes the vector of observations x = (x1, . . . , xn) and u, v are the
corresponding vectors of positive and negative part of x− 1nx̂. The fact that we
can express the quantiles as the solution to a simple optimization problem leads
to more general methods of estimating models of conditional quantile functions.
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3.2 Conditional Quantiles

When the conditional mean of Y given x in the linear regression is expressed as
a linear combination of covariates x′β, one can estimate the vector of parameters
β by solving

min
β∈Rk

n∑
i=1

(yi − x′iβ)2 .

Searching for the sample conditional quantiles, we may proceed similarly and
specify the conditional quantile function in τ ∈ (0, 1) also as a (naturally, dif-
ferent one) linear combination of covariates: QY (τ |x) = x′β(τ). The vector of
parameters β(τ) is then estimated by solving

min
β∈Rk

n∑
i=1

ρτ (yi − x′iβ) , (3.4)

where the function ρτ is defined as in (3.1). The estimates β̂(τ) from (3.4) are
called the regression quantiles.

Now, we would like to demonstrate how does the conditional quantile function
depend on the regression model we choose for our data. Consider first a single
bivariate linear regression model

Yi = β0 + xiβ1 + K(xi)Ui ,

where K(x) is some function of covariate x and {Ui} are i.i.d. errors. Thus, the
conditional quantile functions of Y are

QY (τ |x) = β0 + xβ1 + K(x)F←
U (τ) .

If the function K was constant, we could incorporate K(xi) = k into {Ui}
and thus the regression model would simplify to the

Yi = β0 + xiβ1 + Vi , (3.5)

where {Vi} = {kUi} are i.i.d. errors, with the corresponding conditional quantile
functions

QY (τ |x) = β0 + xβ1 + F←
V (τ) .

In this case, the conditional quantile functions differ only in the location, de-
termined by xβ1. However, the shape of the QY ’s given by F←

V (τ) remains the
same. We illustrate this property in Fig. 3.1. The observed sample consists of
100 points following the model (3.5), where the errors {vi} are generated from
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Figure 3.1: Population conditional quantile lines for τ = 0.05, 0.25, 0.5, 0.75,
0.95, i.i.d. errors from N(0, 1) and the function K constant.

N(0, 1). The theoretical conditional quantile lines are, hence, linear and parallel
with each other.

When the function K is not a constant, the conditional quantile functions
obviously change in the shape with changing x. For K linear, the QY ’s lines
diverge linearly, and the range of covariates is restricted on the positive real line,
so that the conditional quantile lines do not cross. When one wishes to extend
the covariate range to negative values, it is necessary to additionally define K(x)
for x < 0, so that it is piece-wise linear and that QY ’s lines satisfy the properties
of regression quantile lines.

In case K is of the form K(x) = γx2, the conditional quantile lines diverge
quadratically (see Fig. 3.2). They can be consistently estimated by minimizing

n∑
i=1

ρτ (yi − β0 − xiβ1 − x2
i β2)

so that β̂(τ) converges to the vector (β0, β1, γF←(τ))′.
In our example (Fig. 3.2) we see a random sample of 100 observation that

follow the model

yi = xiβ1 + x2ui ,
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Figure 3.2: Population conditional quantile lines for τ = 0.05, 0.25, 0.5, 0.75,
0.95, i.i.d. errors from N(0, 1) and the function K(x) = x2.

{ui} being generated from N(0, 1), and corresponding theoretical conditional
quantile lines at levels of τ = 0.05, 0.25, 0.5, 0.75, and 0.95.

3.2.1 Example: Quantile Treatment Effects

First, consider a simple two-sample model, where one group is treated by some
kind of new medicament and the second group is control. Denote the response
of untreated subject by Y with the d.f. F . When the treatment increases the
response by the amount 4y, then the distribution of the treatment response is
given by

G(Y +4Y ) = F (Y ) (3.6)

One special case, when the response increase is constant 4(Y ) = 40, repre-
sents a location shift of the distribution functions. Another special case, where
4(Y ) = 40Y , indicates a scale shift. When

4y ≥ 0 for all y ,

we say the treatment is beneficial or that G is stochastically larger than F .
However, when the distribution functions cross, we can not say that the treatment
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is beneficial unambiguously, i.e. for all y. Since the effects are different for
different values of y, it depends on what quantile y is.

The classical linear regression provides effects of covariates only in the mean.
Yet, in most of the studies it is desirable to know what are the effects of individ-
ual covariates on the response variable in its whole range. Already in this simple
example, it is possible to see where the quantile regression applies.

Now, let us proceed further with the treatment effects. From (3.6) it follows
that 4y is uniquely determined by

4y = G←(F (y))− y .

Therefore, y being equal to F←(τ), we can define the quantile treatment effect
for τ ∈ (0, 1) as in (Koenker (2005)):

δ(τ) = 4(F←(τ)) = G←(τ)− F←(τ) .

For this binary treatment model, we can express the conditional quantile function
as

QYi
(τ |xi) = α(τ) + δ(τ)Ii ,

where α(τ) denotes the τ -th quantile of response of the subject with no treatment,
and Ii is the treatment indicator equal to 1 when the subject is treated and 0
when not.

Let us consider that the treatment variable may attain more than two values.
In case we examine p distinct treatments, we can rewrite the conditional quantile
function followingly:

QYi
(τ |xi) = α(τ) +

p∑
j=1

δj(τ)Iij ,

where Iij = 1 if the i-th subject received j-th treatment and Iij = 0 otherwise.
We could compare this model to p distinct binary treatment models, each with an
individual δj, while the control group remains the same. Thus, δj(τ) constitutes
the quantile treatment effect of j-th treatment compared to the control responses.

If the treatment was continuous, as, for instance, in dose-response study, and
we supposed that the effect is linear, we could write

QYi
(τ |xi) = α(τ) + β(τ)xi .

Hence, we assume that anytime the dose is extended by one unit, the treatment
effect will be β(τ). Even if the effect is not always linear in the dose-response
studies (too large dose of the medicament might rather debilitate the subject’s
condition than improve), we can employ the model when examining, for instance,
the effect of the number of years in school or the number of years of professional
experience on wages, etc.
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3.3 Computational Aspects

Analogously as in (3.3), we can reformulate the quantile regression problem

min
β∈Rk

n∑
i=1

ρτ (yi − x′iβ) ,

as a linear program

min
(β,u,v)∈Rk×R2n

+

{τ1′nu + (1− τ)1′nv |Xβ+u + v = y} , (3.7)

where X denotes the usual n by k regression design matrix. Since β̂(τ) is a
solution to the problem of minimizing a linear function on a polyhedral constrain
set, it shows some nice properties of solutions of linear programs.

3.3.1 Directional Derivatives

We are minimizing a convex objective function

R(β) =
n∑

i=1

ρτ (yi − xi
′β) , (3.8)

and, thus, the optimality holds at a point β̂ if R(β) is non-decreasing in every

direction from β̂.
In the ordinary regression, we are searching for the solution that minimizes

||y − ŷ(β)||2. By differentiation of the expression, we obtain the normal equa-
tions that lead directly to the solution ŷ = X(X′X)−1Xy.

Since the objective function (3.8) is piecewise linear, it is not differentiable

at the points where one or more residuals, yi − xi
′β̂, equal to zero. Therefore,

we shall substitute the differentiation by directional derivatives, which exist in
all directions in such points. Suppose, t ≥ 0. The directional derivative of R in
direction w is given by

∇R(β,w) =
d

d t
R(β + tw) |t=0

=
d

d t

n∑
i=1

(yi − xi
′β̂ − xi

′tw)[τ − I(yi − xi
′β̂ − xi

′tw < 0)] |t=0

=
n∑

i=1

−xi
′w Ψτ (yi − xi

′β̂,−xi
′w) ,

where we denoted

Ψτ (u, v) =

{
τ − I(u < 0) if u 6= 0
τ − I(v < 0) if u = 0 .
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As we have already mentioned, when β̂ minimizes the objective function R(β),
it must be nondecreasing in every direction w in which we move away from the
point β̂. This condition may be expressed by ∇R(β̂,w) ≥ 0 for all w ∈ Rk,

such that ||w|| = 1, i.e., all directional derivatives in β̂ are nonnegative. This is
a natural generalization of ∇R(β) = 0 in case R was smooth.

3.3.2 The Subgradient Condition

In the theory of linear programming, one can express any of the solutions to the
given problem as a convex linear combination of so-called basic solutions. They
constitute vertices of the polyhedral, convex set of all solutions. Minimizing a
linear function on such a constraint set generally leads to the solution at a vertex,
i.e., basic solution.

The number of basic solutions depends on the number of unknown parameters,
i.e., on the dimension of β. Let h ∈ H index k-element subsets of the first n
integers, N = {1, . . . , n}. We denote X(h) a submatrix of X with rows {xi : i ∈
h} and y(h) a vector of length k with coordinates {yi : i ∈ h}. Correspondingly,
we define X(h̄) and y(h̄), where h̄ complements h with respect to N .

Presuming that the matrix X(h) is regular, we can express any basic solution
that passes through the points {(xi, yi), i ∈ h} as

b(h) = X(h)−1y(h) .

We have seen that the optimality condition requires the directional derivatives
in β̂ be nonnegative in all directions. As we can restrict ourselves to the set of
such h for which X(h) is regular, H∗ = {h ∈ H : |X(h)| 6= 0}, we only consider

∇R(b(h),w) = −
n∑

i=1

Ψτ (yi − xi
′b(h),−xi

′w)xi
′w , h ∈ H∗ .

If the directions w are reparametrized so that v = X(h)w, we shall rewrite
the condition as

−
n∑

i=1

Ψτ (yi − xi
′b(h),−xi

′X(h)−1v)xi
′X(h)−1v ≥ 0 ,

for all v ∈ Rk. Since X(h)X(h)−1 = I, it is convenient to number the rows of
X(h) by j(i) = 1, . . . , k, so we can write e′j(i) = x′iX(h)−1, where j(i) is the

order of xi in X(h) and ej is the j-th unit basis vector of Rk. The directional
derivatives condition, hence, becomes simpler; for ∀v ∈ Rk,

−
∑

i∈h

Ψτ (0,−vj(i))vj(i) − φ(h)′v =

−
∑

i∈h

(τ − I(−vj(i) < 0))vj(i) − φ(h)′v ≥ 0 , (3.9)
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where
φ(h)′ =

∑

i∈h̄

Ψτ (yi − xi
′b(h),−xi

′X(h)−1v)xi
′X(h)−1 .

The fact that the space of directions v ∈ Rk is determined by canonical direc-
tions {±ej, j = 1, . . . , k} allows us to narrow the set of all directional derivatives
to the 2k directions, {±ej}k

1. Thus, (3.9) holds for all v ∈ Rk if and only if it
holds for all canonical directions and we arrive at 2k inequalities; setting v = ej

results in
0 ≤ −(τ − 1)− Φj(h) j = 1, . . . , k

and for v = −ej we have

0 ≤ τ + Φj(h) j = 1, . . . , k .

The function φ(h) depends on v only when some of the residuals of nonbasic
observations yi−xi

′b(h), i ∈ h̄, equals zero. However, such a phenomenon occurs
with a zero probability if the response variable had a density with respect to
Lebesgue measure. Hence, the optimality condition shrinks to

−τ1k ≤ φ(h) ≤ (1− τ)1k .

Finally, we provide a summarizing theorem as it is presented in Koenker
(2005).

Theorem 3.1. If for any h ∈ H,

yi − xi
′b(h) 6= 0 for any i ∈ h ,

then there exists a solution to quantile-regression problem, min R(β) (3.8), of the
form b(h) = X(h)−1y(h) if and only if, for some h ∈ H,

−τ1k ≤ φ(h) ≤ (1− τ)1k ,

where φ(h)′ =
∑

i∈h̄ Ψ∗
τ (yi − xi

′b(h))xi
′X(h)−1 and Ψ∗

τ (u) = τ − I(u < 0). Fur-
thermore, b(h) is the unique solution if and only if the inequalities are strict;
otherwise, the solution set is a convex hull of several solutions of the form b(h).

3.4 Quantile Crossing

One of the most unpleasant properties of the quantile regression is that the fitted
regression quantile lines might occasionally cross. The reason may be the lack
of observations but also a misspecified regression model. Anyway, it violates
one of the basic characteristics of distribution and quantile functions, which is
monotonicity.

At least, it is possible to show that the crossing never occurs ”in the middle”
of the regressors hull, i.e., in the sample mean x̄. Thus, for Q̂Y (τ |x) being linear
in regressors, quantile crossing must be located sufficiently far away from x̄.
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Theorem 3.2. The estimated conditional quantile function at the sample mean

Q̂Y (τ |x̄) = x̄′β̂(τ)

is nondecreasing in τ ∈ [0, 1].

Proof. The theorem is equivalent to the statement that for any τ1 < τ2 it follows
that x̄′β̂(τ1) ≤ x̄′β̂(τ2). We will show it holds.

According to the definition (3.1) of ρτ , we can write for every b ∈ Rk

ρτ2(Yi − x′ib)− ρτ1(Yi − x′ib)

= (τ2 − τ1)(Yi − x′ib)+ + [(1− τ2)− (1− τ1)](Yi − x′ib)−

= (τ2 − τ1)[(Yi − x′ib)+ − (Yi − x′ib)−]

= (τ2 − τ1)(Yi − x′ib) ,

where the standard notation of the positive and negative part of a number, a+ =
max(0, a), a− = max(−a, 0), is used. When we sum both sides with respect to i,
we receive

n∑
i=1

ρτ2(Yi − x′ib)− ρτ1(Yi − x′ib) = n(τ2 − τ1)(Ȳ − x̄′b) . (3.10)

Since the vector of coefficients β̂(τ) is minimizing the objective function R(β)

(3.8), the value of R(β) in any other point than β̂(τ) will be greater than or equal

to R(β̂(τ)). Therefore,

n∑
i=1

ρτ1(Yi − x′iβ̂(τ1)) + n(τ2 − τ1)(Ȳ − x̄′β̂(τ2))

≤
n∑

i=1

ρτ1(Yi − x′iβ̂(τ2)) + n(τ2 − τ1)(Ȳ − x̄′β̂(τ2))

(3.10)
=

n∑
i=1

ρτ2(Yi − x′iβ̂(τ2))

≤
n∑

i=1

ρτ2(Yi − x′iβ̂(τ1))

(3.10)
=

n∑
i=1

ρτ1(Yi − x′iβ̂(τ1)) + n(τ2 − τ1)(Ȳ − x̄′β̂(τ1)) .

Comparing the first and the last line of the equation array, we arrive at

n(τ2 − τ1)(x̄
′β̂(τ2)− x̄′β̂(τ1)) ≥ 0 ,

which implies exactly the statement from the beginning of the proof.
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When the crossing occurred outside the convex hull of x’s, we could consider
the estimated model as an adequate approximation within this region. However, if
the fitted quantile regression lines crossed inside the observed region of regressors,
one should reconsider the accuracy of the proposed model.

He (1997) discusses in his paper the possibility of avoiding sample regression
quantile lines crossing by implementing restricted regression quantiles (RRQ).
The proposed heteroscedastic model is

Yi = x′iβ + (x′iγ)Ui , (3.11)

where Ui are i.i.d. errors with some d.f. FU . Without loss of generality, we may
consider the median of U to be 0 and the median of |U | to be 1.

The main flaw of this model, as discussed in the paper, is its limitation to the
linearity of regression quantiles in covariates. However, He devotes some space
also to non-linear models and uses smoothing splines to estimate the correspond-
ing regression quantiles.

Fortunately, the linear model is not that useless at all. Implementation of
squares of regressors into the regression matrix X, allows us to consider also
quadratic effects of covariates, and thus the overall heteroscedastic model is quite
flexible. Encouraged by these possibilities, we present the three-step procedure
as it is stated in He (1997). The restricted regression quantiles are proposed to
be computed as follows.

1. Compute the median regression of y on X to obtain coefficient β̂ and
residuals vi = yi − x′iβ̂.

2. Compute the median regression of |v| on X to obtain coefficient γ̂ and
fitted values si = x′iγ̂ > 0.

3. Compute a quantile regression of v on s (which is constrained through the

origin) to determine the empirical quantiles of U , denoted α̂(τ) = Q̂U(τ), τ ∈
(0, 1).

The empirical regression quantile functions for the original response variable are,
hence, given by

Q̂Y (τ |x) = x′(β̂ + α̂(τ)γ̂) .

At this point, we would like to extend above procedure to the case, when the
extremely high quantiles are of interest and we do not possess enough observations
for the classical quantile regression, namely, for estimating the α(τ)’s, τ↗1.

As we have already mentioned in the first chapter (Section 1.5), if the dis-
tribution function F is in the maximum domain of attraction of one type of the
extreme value distribution, MDA(Hξ), we can approximate the tail of F by the
generalized Pareto distribution (GPD). This approximation is, thus, convenient
when the sample consists of i.i.d. rvs with the d.f. F ∈ MDA(Hξ), ξ being some
real number.
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Therefore, under the assumption of FU ∈ MDA(Hξ), ξ ∈ R, we propose fur-
ther step in the restricted quantile regression:

4. From steps 1-2 obtain residuals ûi = vi/si, which are estimates of unobserv-
able values {ui}n

1 . According to Chapter 1 and Chapter 2, choose the appropriate
threshold above which the distribution FU can be approximated by GPD and con-
sequently estimate the GPD parameters ξ and σ. Accordingly, determine desired
extreme quantile estimates α̂∗(τ) = Q̂U(τ), for τ↗1.

The empirical regression quantile functions for the original response variable and
τ↗1 would be given by

Q̂Y (τ |x) = x′(β̂ + α̂∗(τ)γ̂) .

3.5 EV Restrictions

In this section, we would like to proceed further with the multiple regression
model and consider especially conditional quantiles in the upper tail (τ↗1).

With regard to the classical theory of order statistics, we distinguish three
types of sample regression quantiles:

(i) extreme order sequence, when τ↗1, n(1− τ) → k > 0 ,

(ii) intermediate order sequence, when τ↗1, n(1− τ) →∞ ,

(iii) central order sequence, when τ ∈ (0, 1) is fixed, n →∞ .

The latter case is where the conventional quantile regression theory applies. The
regression quantiles under the first two cases are referred to as extremal regression
quantiles and are analyzed in various papers (e.g., Portnoy and Jurečková (1999)).

To supplement them, Chernozhukov (2005) imposed extreme value restrictions
on the heteroscedastic linear quantile model, preserving the quantile-specific co-
variate effects. The paper provides an asymptotic theory for the low sample
regression quantiles under these assumptions. Our attempt will be to modify
Chernozhukov’s conditions and obtain similar results for the extremal upper sam-
ple regression quantiles.

First, note that in this section X denote a random vector instead of the
regression matrix. Assume a random sample {Xi, Yi, i = 1, . . . , n}, Xi ∈ X , be
generated by a probability model with conditional quantile functions linear in
parameter:

QY (τ |x) = x′β(τ) for all τ ∈ A,x ∈ X , (3.12)

where β(·) is a nonparametric function of τ , A = [λ, 1] for some 0 ≤ λ < 1
and X is a compact subset of Rk. It might happen that it is necessary to apply
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different linear models (3.12) to different covariate regions X . In such case, the
conditional quantile functions would be piecewise linear.

Before introducing the EV restrictions, recall the maximum domain of at-
traction conditions imposed on a d.f. F to be in the MDA(Hξ). For a random
variable Z, consider a distribution function FZ with the right endpoint zF = 0
or zF = ∞. According to Embrechts et al. (1997), we can rewrite the MDA
conditions of the three extreme value distribution types as follows. FZ is said to
have a right tail of type 1, 2 or 3 if

(1) ξ = 0 : lim
z↗zF

FZ(z + ta(z))

FZ(z)
= e−t , t ∈ R ,

(2) ξ > 0 : lim
z→zF =∞

FZ(tz)

FZ(z)
= t−1/ξ , t > 0 , (3.13)

(3) ξ < 0 : lim
z↗zF =0

FZ(tz)

FZ(z)
= t−1/ξ , t > 0 ,

where a(z) =
∫ zF

z
FZ(u) du/FZ(z), for z < zF . Now, we are ready to present the

EV restrictions on the quantile linear model (3.12).

Condition 1. There exists an auxiliary line x 7→ x′βr such that for

U = Y −X′βr, with uF = 0 or uF = ∞ ,

and some FZ with type (1), (2) or (3) tails,

FU(z|x) ∼ K(x) · FZ(z) uniformly in x ∈ X , as z↗uF ,

where the symbol ∼ denotes that lim FU(z|x)/FZ(z) = K(x) for z↗uF and
K(·) > 0 is a continuous bounded function on X . Without loss of generality, let
K(µX) = 1 and FZ(z) ≡ FU(z|µX).

Condition 2. The distribution function of X, FX, has compact support X with
EXX′ positive definite. Without loss of generality, let µX = EX = (1, 0, . . . , 0)′.

The Condition 1 evidently requires that the right tail of U = Y − X′βr for
some βr is in the MDA(Hξ) and that FU(z|x1) and FU(z|x2) are tail-equivalent
(see Def. 1.5) for any x1,x2 ∈ X . It is also implicit that for Y with a finite right
endpoint, the condition holds if βr = β(1) ⇒ X′βr = yF and for an infinite right
endpoint, the existence of any such line that Condition 1 holds is sufficient.

Moreover, Chernozhukov (2005) showed that under Conditions 1 and 2, the
function K(x) can be represented only by the following types. For some c ∈ Rk,

K(x) =

{
e−x′c , when FZ has type (1) tail, ξ = 0 ,
(x′c)1/ξ , when FZ has type (2) or (3) tail, ξ 6= 0 ,
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where µ′Xc = 1 and for all x ∈ X : x′c > 0 when the tail is of the type (2) or
(3), and µ′Xc = 0 for type (1) tail. The homogeneous case, when K(x) = 1 a.s.,
corresponds to the vector c = 0 for type (1) tail and c = (1, 0, . . . , 0)′ for type
(2) and (3) tail.

Conditions 1 and 2 cover conventional regression settings as implies the follow-
ing example of the heterogeneous linear model, discussed already in the previous
section. Consider a location-scale shift regression model given by

Y = X′β + X′γ · V , V is independent of X ,

where X′γ > 0 a.s. is the scale function, and V is in the MDA(Hξ), ξ 6= 0, with
the right endpoint vF equal to 0 or ∞. The corresponding conditional quantile
functions are

QY (τ |X) = X′β + X′γ ·QV (τ) .

To satisfy Condition 1, we put X′βr = X′β and thus U = Y −X′β = X′γ ·V
together with (3.13) results in

FU(z|X) = P(X′γ · V > z|X) = P(V > (X′γ)−1z) (3.14)

= F V ((X′γ)−1z) ∼ (X′γ)1/ξ · F V (z) =: K(X) · F V (z) as z↗vF .

However, Condition 1 requires the proposed model hold only in the right tail.
In contrast to the above example, it allows regressors impact the central or low
quantiles differently than the high ones, i.e., preserves the quantile-specific im-
pacts.

From the asymptotic results on extreme and intermediate order regression
quantiles given in Chernozhukov (2005), we select those that will help us test the
regression quantiles of intermediate order. The conventional central asymptotic
approximation (see, e.g., Koenker (2005)) is, for fixed τ ∈ (0, 1) and n → ∞,
following:

√
n(β̂(τ)− β(τ))

d→ N

(
0,

τ(1− τ)

fU(F−1
U (τ))

(EXX′)−1

)
. (3.15)

Unfortunately, from the two influences on the precision of the τ -th regression
quantile, the effect of the density term would be typically dominate the effect of
τ(1− τ). It makes the β̂(τ) less precise in the regions of low density, i.e., in the
tails. Hence, we require the asymptotic approximation which would enable us to
test also regression quantiles for τ↗1 reliably.

In the following theorem we will see how to extent the Pickands estimator
for the simple random sample (see Section 2.3) to the quantile regression model.
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The intermediate order quantile regression spacings consistently approximate the
corresponding spacings in the population and reveal the tail parameters. First,
we need to introduce the additional parameters and statistics and Condition 3.

Condition 3. In addition to Conditions 1 and 2, suppose

(i)
∂QU(τ |x)

∂τ
∼

∂QZ(τ/K(x))

∂τ
uniformly in x ∈ X as τ↗1 ,

(ii)
∂QZ(τ)

∂τ
is regularly varying at 1 with exponent − (ξ + 1) .

When we denote H(x) = x′c for type (2) or (3) tail and H(x) ≡ 1 for the tail
of type (1), we can define the following matrices:

QH := E[H(X)]−1XX′ , QX := EXX′ .

Further, consider the notation β∗(m, τ) = β(1 −m(1 − τ)) in the following
parameters and statistics. Obviously, for m equal to 1, we obtain β∗(1, τ) = β(τ).

ϕ =
x′(β̂(τ)− β̂

∗
(m, τ))

x′(β(τ)− β∗(m, τ))
,

ρx,ẋ,l =
x′(β∗(l, τ)− β∗(ml, τ))

ẋ′(β(τ)− β∗(m, τ))
,

ρ̂x,ẋ,l =
x′(β̂

∗
(l, τ)− β̂

∗
(ml, τ))

ẋ′(β̂(τ)− β̂
∗
(m, τ))

, (3.16)

Ẑn = an(β̂(τ)− β(τ)) , an =

√
n(1− τ)

µ′X(β(τ)− β∗(m, τ))
. (3.17)

Theorem 3.3 (Tail inference and intermediate order regression quantiles). Under
Conditions 1, 2, 3 and assumption of i.i.d. sequence {Xi, Yi}n

1 , the following
holds. As τ↗1, (1− τ)n →∞, and for all l > 0, m > 1, x, ẋ ∈ X ,

(i) ϕ
P→ 1 ,

(ii) ρ̂x,ẋ,l − ρx,ẋ,l
P→ 0 ,

(iii) ξ̂rp :=
−1

ln l
ln ρ̂X,X,l

P→ ξ ,

(iv) ρ̂x,X,1
P→ x′c uniformly in x ∈ X when ξ 6= 0 ,

(v) for π = µ′XQ−1
H QXQ−1

H µX and l = m = 2,

if
√

(1− τ)n (ρX,X,l − lim
n

ρX,X,l) → 0 , then

√
(1− τ)n (ξ̂rp − ξ)

d→ N

(
0, π · ξ2(22ξ+1 + 1)

(2(2ξ − 1) log 2)2

)
, (3.18)

(vi) Ẑn
d→ Z∞ = N(0, Ω0) , Ω0 = Q−1

H QXQ−1
H

ξ2

(m−ξ − 1)2
,
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where, for ξ = 0, we interpret the latter fraction as (log m)−2.

Proof. The proof of Theorem 3.3 could be derived analogously to the proves of
Theorem 5.1 and 6.1 in Chernozhukov (2005).

Indeed, eliminating the effects of covariates by setting X = 1, we obtain a
reduced model with π = µ′X(EXX ′)−1µX = 1, so the variance in (3.18) diminishes
to that of the Pickands estimator.

We can see, that numbers (i) and (ii) of Theorem 3.3 indicate consistency
of corresponding statistics. Number (iii) proposes a consistent estimator of the
parameter ξ, and number (v) enable us to test the parameter. From number
(iv) we can deduce how to estimate function K(x). Finally, with regard to the
number (vi) we can test the intermediate order regression quantiles.



Chapter 4

Real Data Analysis

The last chapter is devoted to the practical application of the theory we have
learnt in previous chapters. We will examine regression quantiles in real data,
with the prime focus on the extreme high quntiles. The problem will be ap-
proached from two different directions; the procedure proposed by He (1997) and
supplemented with the additional step for the extreme quantiles, and the ap-
proach based on Chernozhukov (2005) under Conditions 1, 2 and 3 from Section
3.5.

4.1 Data

Our investigation consider the impact of various demographic characteristics on
the weight of infants. The original data set consists of 25 variables, specifically,
weights and heights at ages of 0, 3, 6, 9 and 12 months, corresponding head
perimeters, indicators of infections, gender, order of the childbirth and age of
parents. The variables of weights and heights in various ages are obviously highly
correlated, hence it is not proper to include them all into the regression model.

As a response variable, we chose the weight of child in one year of age. Accord-
ing to the classical regression, the covariates “height”, “gender” and “weight in
9th month” explain the response variable, ”weight in one year”, already from 76%.
From a practical point of view, however, the covariate “weight in 9th month” is
not always available. And, results based on the regressor that is not available
would not be possible to apply. On the other hand, order of the childbirth and
age of parents are statistically insignificant for modeling of the children’s weight.

Therefore, we decided to analyze regression quantiles of weight (W ) of one-
year-old children, depending on their height (H) and gender (G). The model
with just two regressors has, moreover, a great advantage - we can plot the data
and thus examine them also visually.

The whole sample contains n = 1633 observations. The response variable,
weight, is theoretically continuous, however, the observed values are all rounded

45
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Figure 4.1: Numbers of observations for individual hight “categories”.

to multiples of 10 g. The covariate “height” is also continuous theoretically, yet
it attains only 29 distinct values in range 63-91 cm. In Figure 4.1 we see the
number of observations in individual height “categories”. Apparently, a height
below 70 cm or above 81 cm is very rare for one-year-old infants. “Gender” is
naturally a binary variable.

4.2 Regression Quantiles Analysis

First, we consider a quantile regression model with a quadratic effect of “height”,

QW (τ |x) = x′β(τ) , x′ = (1, h, h2, g) , (4.1)

where g = 1 when the child is a boy, 0 otherwise.
We have not begun with this model accidentally. With regard to the well-

known characteristic BMI (Body Mass Index), the weight is proportional to the
square of height, as we can see from the formula

BMI =
weight(kg)

height(m)2
.

According to various health-care articles and tables1, the BMI should be within
the range (19, 24) for adult female and (20, 25) for adult male individual.

1see, for example, http://www.volny.cz/homeopatie/obezita/bmi.htm
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Figure 4.2: Quantile regression for the weight of one-year-old infants based on
the model QW (τ |x) = x′β(τ), x′ = (1, h, h2, g).

However, the BMI tables for children are adjusted with regard to the dif-
ferent “proper” proportions2. Taking these adjustments into consideration, the
quadratic effect of the height vanishes as we decrease with the age of a child. The
surfeit of h2 in our model is also evident from Figure 4.2.

Figure 4.2 presents a summary of the quantile regression results. Each plot
depicts one coefficient in the quantile regression model (4.1). The black line

represents the point estimates, {β̂j(τ) : j = 1, . . . , 4, }, with the grey boundaries
indicating 95% pointwise confidence intervals3.

2see, for example, http://www.cdc.gov/nccdphp/dnpa/bmi/index.htm
3The estimator of regression quantile β(τ) is asymptotically normally distributed, see (3.15).
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One can see that the nullity of β2(τ) and β3(τ) would be not rejected (at
95%) for practically any τ except for the extreme high and low ones. To be more
specific, we also include the following statistical outputs from R:

Call: rq(formula = weight ~ height + height2 + gen, tau = 0.5)

Value Std. Error t value Pr(>|t|)

(Intercept) -10319.89474 9459.53079 -1.09095 0.27546

height 381.42105 252.17431 1.51253 0.13059

height2 -1.52632 1.67944 -0.90883 0.36358

gen 450.00000 63.39437 7.09842 0.00000

Call: rq(formula = weight ~ height + height2 + gen, tau = 0.95)

Value Std. Error t value Pr(>|t|)

(Intercept) 45393.50649 16646.44963 2.72692 0.00646

height -1037.66234 444.81186 -2.33281 0.01978

height2 7.79221 2.96946 2.62412 0.00877

gen 500.00000 128.64258 3.88674 0.00011

Since the range of more numerous height categories is quite narrow (70-81 cm),
it is probably the strong linear dependence between h and h2 that causes the
uncertainty in the model. From the linear regression, we can see that h2 in our
data is explained by h from 99.85%.

Call: lm(formula = height2 ~ height)

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) -5797.5679 11.1385 -520.5 <2e-16 ***

height 152.4520 0.1472 1035.8 <2e-16 ***

---

Residual standard error: 20.98 on 1631 degrees of freedom

Multiple R-Squared: 0.9985, Adjusted R-squared: 0.9985

F-statistic: 1.073e+06 on 1 and 1631 DF, p-value: < 2.2e-16

Thus, for modeling central regression quantiles, the model is more accurate when
either h or h2 is omitted.

For the extreme quantiles, it is questionable whether one should consider also
the quadratic effect. In Fig. 4.2 we see that the effects of h and h2 are opposite.
For instance, in the right tail, h2 increase the response while h has a reducing
effect. In such cases, the estimated regression quantiles are even hard to interpret.

In following, we examine the model without the quadratic effect, which has,
moreover, a straightforward interpretation

QW (τ |x) = x′β(τ) , x′ = (1, h, g) . (4.2)
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Figure 4.3: Quantile regression for the weight of one-year-old infants based on
the model QW (τ |x) = x′β(τ), x′ = (1, h, g).

The summary of quantile regression results for this model is presented in Fig-
ure 4.3. We see that effects of both covariates are significantly nonzero for all
τ ∈ (0, 1).

The value of β2(τ) around 150 could be interpreted as approximate increase
of 150 g in weight for every centimeter of hight. Even if the slightly increasing
effect in the central quantiles is broken and prevailed by the decreasing effect in
the high quantiles, the differences are not substantial. Moreover, the reasonably
constant effect of “height” on quantiles indicates an approximate collinearity of
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Figure 4.4: Fitted regression quantile lines at levels τ = 0.5, 0.9 and 0.99. Red
dots and lines represent boys and black dots and lines denote girls.

regression quantile lines.
The considerable increase of the “gender” effect in the right tail (τ = 0.99)

connotes an increased sensitivity of high quantiles to the fact whether the subject
is a boy or a girl. It means that the regression quantile lines for high quantiles
should show to be spread more for boys than for girls. Our speculation is sup-
ported by Figure 4.4. The distance between boys’ and girls’ 99%-th quantile is
noticeably greater than a distance between lower quantiles.

As far as one wishes to estimate central regression quantiles, the above quan-
tile regression is a very informative tool. It provides much more sense of the
distribution of the data than the classical linear regression. However, the higher
quantile we estimate, the more unreliable sample regression quantiles are, since
the data are sparse in the tails (and as follows also from (3.15)). For this rea-
son, one needs to employ supplemental techniques to estimate extreme regression
quantiles at the edge and beyond the range of data.

4.3 Heteroscedastic model

Another problem that might arise is the regression quantile lines (RQL) crossing,
discussed already in the previous chapter. If we fitted more RQLs as in Fig. 4.4,
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we would see that, e.g., the 80%-th RQL crosses with the 90%-th RQL for both,
boys and girls.

To avoid the situation that is hard to interpret, we consider a heteroscedastic
model, as it is presented in Section 3.4,

W = x′β + (x′γ)U , x′ = (1, h, g) , (4.3)

where U is an error variable with a distribution function FU ∈MDA(Hξ). We will
attempt to estimate parameters β and γ following the procedure by He (1997),
and, finally, estimate the right tail of the distribution FU .

We denote by w, h, g vectors of observed weights, (w1, . . . , wn), heights,
(h1, . . . , hn) and genders (g1, . . . , gn) and by X the regression matrix (x′1, . . . ,x

′
n)′.

(1) In the first step, we compute a median regression of w on X, from which
the estimate of the parameter β is obtained:

Call: rq(formula = weight ~ height + gen, tau = 0.5)

Coefficients: Value Std. Error t value Pr(>|t|)

(Intercept) -1550.00 665.77052 -2.32813 0.02003

height 150.00 9.00113 16.66458 0.00000

gen 450.00 65.05136 6.91761 0.00000

The residuals vi = wi − x′β̂, i = 1, . . . , n, represent estimates of (x′iγ)ui, i =
1, . . . , n.

(2) Next, we compute a median regression of |v| on X, yielding the estimate
of parameter γ:

Call: rq(formula = abs(v) ~ height + gen, tau=0.5)

Coefficients: Value Std. Error t value Pr(>|t|)

(Intercept) -275.00000 411.90040 -0.66764 0.50446

height 12.50000 5.52136 2.26394 0.02371

gen 0.00000 38.31606 0.00000 1.00000

We see, the gender has no effect here and the intercept is also insignificant. It
reduces the variables si = x′iγ̂ > 0, denoting estimates of the true values of x′iγ,
to the γ̂hi, where γ is a parameter from the simplified model |v| ∼ γh.

Call: rq(formula = abs(v) ~ 0 + height, tau=0.5)

Coefficients: Value Std. Error t value Pr(>|t|)

height 8.86076 0.25022 35.41172 0.00000

(3) In the third step, the procedure suggests to compute the quantile regression
of v on s to determine the empirical quantiles of U , α̂(τ), τ ∈ (0, 1).
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Figure 4.5: (a) Regression quantile lines of v on s for τ = 0.5, 0.6, 0.7, 0.8, 0.9
and 0.99. (b) Corresponding regression quantiles, τ ∈ (0, 1), with 95% pointwise
confidence bands.

Figure 4.5a presents sample regression quantile lines constrained through the
origin. The depicted quantiles are τ = 0.5, 0.6, 0.7, 0.8, 0.9, and 0.99. One can
clearly see the lines converge to each other with intersection in the origin, so that
they cannot cross within the range of {si}, si > 0, i = 1, . . . , n.

In Fig. 4.5b, we see sample regression quantiles of v on s with the 95% point-
wise confidence bands. The regression quantiles correspond to empirical quantiles
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of the error variable U .

(4) Alternatively, we can compute the quotient v/s to obtain estimates of true
errors and determine the empirical quantiles of U directly. (For our convenience,
we denote the estimates of the unobservable errors by {ui}n

1 .) Moreover, under
the assumption that FU belongs to the maximum domain of attraction of some
extreme value distribution, FU ∈ MDA(Hξ), ξ ∈ R, we may estimate even the
tails and extreme quantiles of FU .

In Chapter 2, a detailed analysis of the right tail estimation of FU is presented.
We have illustrated several EVI estimators on the data consisting of {ui}n

1 and
provided the corresponding estimates.

First, we plotted the QQ-plot and computed the sample mean excess function
for {ui}n

1 . These graphical tools indicate a short right tail of FU (see Fig. 2.1 and
Fig. 2.2). The vertical line in the mean excess function plot denotes the threshold
at level of ut = 1.8, which is approximately where the m.e.f. curve changes in the
slope.

As we have learnt, the threshold of changing slope in m.e.f. plot indicates
above what value can be the tail approximated by the GPD. At the end of
Chapter 2, we also provide the ML-estimate of ξ based on the fitting the tail to
the GPD and test the nullity of EVI.

Since the null hypothesis H0 : ξ = 0 against the alternative H1 : ξ < 0 was
rejected, we further consider the tail of FU to be short, with a finite right endpoint
uF < ∞. When ξ < 0, the GPD is of the form

Gξ,σ(x) = 1− (1 + ξx/σ)−1/ξ , (4.4)

for 0 ≤ x ≤ −σ/ξ (see Def. 1.13). Therefore, xF = −σ/ξ.
It also follows from (1.15) that we can approximate the tail section of FU

(u > ut = 1.8) by

F̂U(u) = (1− Fn(ut))Gξ̂,σ̂(u− ut) + Fn(ut) , (4.5)

where Fn is the empirical distribution function of U based on the random sample
{ui}n

1 . The ML-estimates of ξ and σ (given by the function fpot) are

> fpot(ui,threshold=1.8)

Estimates

scale shape

1.1915 -0.2518

Accordingly, we can estimate the right endpoint as ûF = −(σ̂/ξ̂) + ut = 6.53193,
which corresponds with the extreme high quantile QU(1). In Fig. 4.3 we see that
the estimates of uF based of the fpot for thresholds greater than or equal to 1.8
oscillate around the value of 6.5, thus, the estimate is relatively stable.
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Figure 4.6: Estimates of the right endpoint uF based on ML-estimates of GPD
parameters σ̂ and ξ̂. GPD is successively fitted to data above indicated thresholds
ut.
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Figure 4.7: Tail section of empirical d.f. Fn(u) with fitted GPD.

The empirical distribution function evaluated at ut = 1.8 is equal to Fn(ut) =
0.8855. Figure 4.7 presents the GPD, Gξ̂,σ̂, fitted to the tail of Fn. The vertical
line at level of 1.8 indicates the threshold ut above which the GPD is fitted to
the data, while the horizontal line determines the corresponding value of the em-
pirical d.f. Fn(ut). One can see the fit of GPD to the tail of Fn is quite reasonable.
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Subsequently, it is possible to estimate high quantiles for τ ≥ Fn(ut). With
regard to (4.4) and (4.5) it follows that the estimator of QU(τ), τ ≥ Fn(ut), can
be expressed as

Q̂U(τ) = ut +
σ̂

ξ̂

[(
1− τ

1− Fn(ut)

)−ξ̂

− 1

]
. (4.6)

Therefore, under the assumption our data follow the heteroscedastic model
(4.3), we estimate the conditional quantile functions by

Q̂W (τ |x) = x′β̂ + (γ̂h) · Q̂U(τ) , (4.7)

where Q̂U(τ) for high quantiles, τ ≥ Fn(ut), is defined as in (4.6) and Q̂U(τ) for
central quantiles less than or equal to Fn(ut) corresponds to α̂(τ) estimated in
step (3) of this procedure.

Figures 4.8 and 4.9 present selected regression quantile lines for boys and
girls, respectively, and τ gradually equal to τ = 0.9, 0.95, 0.99, 0.995, 0.999 and 1,
estimated according to (4.6) and (4.7). The line for τ = 0.5 is simply a sample

median regression line, corresponding to x′β̂. The two groups are separated in
order to increase the clarity of the plots.

Even if the lines cross at the point where h = 0, they look almost parallel.
The reason is a narrow range of heights relatively distant from the origin, so that
the slopes differ only a little.

We also see an unequal disposition of boys’ and girls’ observations. The “girls”
are located more to the left (and bottom), while “boys” are more to the right
(and top). So the difference in “size” between the genders is recognizable already
for one-year-old infants, alike as for the rest of the life.

Recall the general form of the quantile regression model, linear in parame-
ters, QW (τ |x) = x′β(τ). With regard to (4.7), the regression quantiles in our
heteroscedastic model, βH(τ), can be expressed by

β̂H(τ) = β̂ + γ̂Q̂U(τ) .

where γ̂ = (0, γ̂, 0)′. The following table contains estimates of βH(τ) correspond-
ing with Figures 4.8 and 4.9:

0.5 0.9 0.95 0.99 0.995 0.999 1

β̂H1(τ) -1550 -1550 -1550 -1550 -1550 -1550 -1550

β̂H2(τ) 150 167.356 173.846 185.185 188.819 195.170 207.878

β̂H3(τ) 450 450 450 450 450 450 450
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Figure 4.8: Regression quantile lines for boys and τ ’s indicated on the left, com-
puted according to (4.7).
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Figure 4.9: Regression quantile lines for girls and τ ’s indicated on the left, com-
puted according to (4.7).
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Of course, β̂H1(τ) and β̂H3(τ) do not change with τ , since the estimated param-
eter γ has only one nonzero component.

One change that is worthy to mention and could be done in our heteroscedastic
model is to keep the quadratic effect of height among the regressors. For the model
with the covariate h2 included, we followed the same procedure as for (3.11) and
arrived at the regression quantile lines plotted in the following figure.
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At the first sight, the RQ lines look very different to those from the previous case;
however, when we look closer, we see that the lines deviate from linear shape not
substantially until the left margin of the “height” range.

Similarly as in the previous case, the effect of gender γ4 was insignificant.
Indeed, the model provides comparable results, yet it is a little more complicated.

4.4 Under the EV restrictions

With regard to Section 3.5, we would like to examine the regression quantiles
under the EV restrictions. Consider the regression quantiles determined by solu-
tions to the minimization problems, given by R. Under the assumption that the
conditions from Theorem 3.3 hold, we can apply the corresponding asymptotic
results.

An interesting question is, whether the sensitivity of the regression quantiles
on the regressors really changes with the increasing τ . We have already dis-
cussed Fig. 4.3, where the estimated regression quantiles (τ = 0.01, . . . , 0.99) are
depicted.

The upward slope for the central quantiles β̂2(τ) is in agreement with the
estimated parameter γ̂ = (0, γ̂, 0), γ̂ = 8.86076 > 0, from the heteroscedastic

model. We would like to know if the downward tendency of β̂2(τ) for the high
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quantiles may agree with our proposed model, too.

We will proceed as follows. The parameters m and l will be set to 2. From
Theorem 3.3(iii) we estimate EVI by ξ̂rp = −1

log l
log ρ̂x̄,x̄,l, where the statistic ρ̂

is defined as in (3.16). From data we determine Q̂X = 1
n

∑n
i=1 xix

′
i and Q̂H =

1
n

∑n
i=1 Ĥ(xi)xix

′
i, where Ĥ can be obtained, with regard to Theorem 3.3(iv), as

Ĥ(x) = ρ̂x,x̄,1. Therefore, the variance matrix Ω0 from (3.17) can be estimated
by

Ω̂0 = Q̂−1
H Q̂XQ̂−1

H

ξ̂2
rp

(m−ξ̂rp − 1)2
.

Since the high quantiles of intermediate order are such that τ↗1 and (1− τ)n →
∞ as n → ∞, we can consider a sequence of τn = 1 − 1√

n
, i.e., a sequence of√

n-th upper quantiles.
In our case, τn = 1− 1√

n

.
= 0.975. Hence, for τ = 0.975 we further estimate

ân =
√

n(1− τ)/x̄′(β̂(τ)− β̂
∗
(m, τ)) .

With regard to Theorem 3.3, all the estimators are consistent; therefore, from
(vi) it follows that the marginal distribution of the i-th component of β̂(τ) is
asymptotically

ân(β̂i(τ)− βi(τ))√
Ω̂0[i, i]

as.∼ N(0, 1) , i = 1, 2, 3 .

The estimates and 95% confidence intervals for the second and third compo-
nent (indicating sensitivity to the height and gender, respectively) computed for
τ = 0.975 are stated below

> Btau(Tau)[2]

143.75

> ConfInt(Btau(Tau)[2])

[1] 138.1066 149.3934

> Btau(Tau)[3]

450

>ConfInt(Btau(Tau)[3])

[1] 407.3252 492.6748

Apparently, the effect of the gender on regression quantiles, β̂3(τ), is relatively
stable, which corresponds with the estimated model. On the contrary, the effect
of height, β̂2(τ), on the high regression quantiles deviates from what we supposed

by employing the heteroscedastic model (3.11), since β̂H2(τ) = 179.296.
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4.5 Discussion

At the end of this chapter, we would like to discuss various problems and weak-
nesses of the obtained results.

First, it is worthy to compare the classical estimates of regression quantiles,
given as a solution to the minimizing problem, with those obtained from the het-
eroscedastic model. As already observed by He (1997), the unpleasant weakness
of the heteroscedastic model is its limitation to the linearity in regressors. It
disables the regression quantiles change their tendency, e.g., if the central RQ
lines are divergent, the extreme RQ lines must be divergent, too.

On the other hand, when we compute the extreme regression quantile by min-
imizing the objective function, there are only few observations on one side of the
RQ line and so the estimate is very sensitive to each of them. Subsequently,
the RQ lines for the high quantiles tend to cross already within the range of
covariates, which is hardly usable. This might be a general reason, why the het-
eroscedastic model provides less flexible yet more reliable estimates.

However, it depends on the particular analysis whether one wishes to model
the extreme regression quantile lines or just examine the individual effect on the
central regression quantiles, τ ∈ (0, 1), as for example, in the previously men-
tioned analysis of effects of various factors on the low birthweight. Accordingly,
one needs to conclude if it is necessary to restrict oneself to any model at all.

Another aspect that may help one decide for the implementation of some
model is the character of data. As we have already mentioned, the great dis-
advantage of our data is the uneven dispersion of the covariate “height” (to be
seen in Fig. 4.1). Most data are located around the “height” mean, which also
contributes to the instability of the high regression quantiles estimates.

We could compare this problem to the attempt of balancing a stick on the
top of a rock. The wider the rock is, the more stable the stick holds. When the
rock has a sharp tip, we can typically fit the stick by several ways.

To summarize, we include a table of advantages and disadvantages of the
implementation of a heteroscedastic model, when one wishes to estimate high
regression quantiles:

Heteroscedastic model
+ −

non-crossing RQ lines wihout quantile-specific effects
greater stability less variability

possibility of estimation of limitation on the linearity
extreme regression quantiles in regressors
simple and readable results
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Proofs and comments

A.1 The Limit Function k

Suppose a random variable X∗ has a d.f. F ∈MDA(Hξ). Although, the corre-
sponding limit function k, defined in Section 1.3 by

lim
x→∞

{U(xu)− U(x)}/a(x) =: k(u) , u > 0 ,

is obviously non-decreasing in u, its continuity and strict monotonicity must be
proved.

Consider a random variable with the extreme value distribution X ∼ Hξ, and
a density hξ(x). From (1.10) it follows that∫ ∞

0

z(k(1/v)) e−v dv =

∫ ∞

−∞
z(u)hξ(u) du = E z(X) ;

for all real functions z, bounded and continuous in R. E z(X) is moreover finite
when ξ < 1.

Now, let us consider interval [A,B], A, B ∈ R and functions {zn}, possessing
the previous properties, defined by

zn(x) := I[A,B] + n(x− An)I[An,A] + n(Bn − x)I[B,Bn] ,

where An = A− 1/n and Bn = B + 1/n. The limiting function

z[A,B] = lim
n→∞

zn = I[A,B],

an indicator of the interval [A,B], is hence discontinuous. However, all the func-
tions {zn} are uniformly bounded by a constant 1 as well as are the integrals∫∞
−∞ zn(u) dHξ(u) ≤ ∫∞

−∞ 1 dHξ(u) = 1. Thus, we can interchange the limit and
integral, and the limit

lim
n→∞

∫ ∞

−∞
zn(u) dHξ(u) =

∫ ∞

−∞
lim

n→∞
zn(u) dHξ(u) =

=

∫ ∞

−∞
z[A,B](u) dHξ(u) =

∫ B

A

dHξ(u) < ∞

60
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exists for every interval [A,B], A, B ∈ R.
Moreover, we know that

∫ ∞

−∞
zn(u) dHξ(u) =

∫ ∞

0

zn(k(1/v)) e−v dv , ∀n ∈ N .

It follows that limn→∞
∫∞
0

z(k(1/v)) e−v dv = limn→∞
∫∞
−∞ zn(u) dHξ(u) exists

and, hence, must be equal to

∫ ∞

0

lim
n→∞

zn(k(1/v)) e−v dv =

∫ ∞

0

I[A,B](k(1/v)) e−v dv =

∫

v:k(1/v)∈[A,B]

e−v dv .

Strict Monotonicity. Here, we will apply a proof by contradiction. As we have
already derived,

∫

v:k(1/v)∈[A,B]

e−v dv =

∫ B

A

hξ(u) du . (A.1)

Suppose, there exists an interval [x, y], x < y, where the function k(1/v) = M
is constant. Further, let us consider such a sequence of intervals {[an, bn]}∞n=1 :
limn→∞[an, bn] = M, where a1 ≤ a2 ≤ · · · ≤ M ≤ · · · ≤ b2 ≤ b1 .

A limit of the integral
∫ bn

an
hξ(u) du is obviously zero:

lim
n→∞

∫ bn

an

hξ(u) du =

∫

M

hξ(u) du = 0 .

With the monotonicity of the function k for v > 0 on our mind, we now take a
limit of the left-hand side of (A.1) and arrive at

lim
n→∞

∫

v:k(1/v)∈[an,bn]

e−v dv =

∫

v:k(1/v)=M

e−v dv =

=

∫

v∈[x,y]

e−v dv =

∫ y

x

e−v dv 6= 0 .

Therefore, there can not exist any such interval where k is constant.
Since k(u), u > 0 was supposed to be non-decreasing, now we know it is in-

creasing. Consequently, k(1/v) is decreasing for v > 0.

Continuity. Again, a proof by contradiction is the easiest way to show the
continuity of k. Suppose, there is a point of discontinuity D satisfying

lim
v→D+

k(1/v) = a and lim
v→D−

k(1/v) = b , a < b .
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We consider two sequences {an}∞n=1 and {bn}∞n=1 such that a1 ≤ a2 ≤ · · · ≤ a :
limn→∞ an = a and b ≤ · · · ≤ b2 ≤ b1 : limn→∞ bn = b and further define the
appropriate intervals {[cn, dn]}∞n=1 by following:

[cn, dn] = {v : k(1/v) ∈ [an, bn]} .

Hence, ∫ bn

an

hξ(u) du =

∫ dn

cn

e−v dv , ∀n ∈ N .

Now, as we narrow the interval [an, bn] down to [a, b ], the interval [cn, dn]
converge to a single point, D, since k is strictly monotone. Thus,

lim
n→∞

∫ dn

cn

e−v dv =

∫

D

e−v dv = 0 ,

however,

lim
n→∞

∫ bn

an

hξ(u) du =

∫ b

a

hξ(u) du = Hξ(b)−Hξ(a) 6= 0 .

From this contradiction it follows that there can be no such point of discontinuity
and, therefore, k(u) is also continuous on (0,∞).

A.2 GPD

Now, we show that the estimate of the tail of the distribution function F̂X(x)
from the section 1.5 is also a generalized Pareto distribution. We recall that

Gξ,µ,σ(x) =

{
1− (1 + ξ(x− µ)/σ)−1/ξ if ξ 6= 0 ,
1− exp(−(x− µ)/σ) if ξ = 0 ,

where x ≥ 0 if ξ ≥ 0; 0 ≤ x ≤ −σ/ξ if ξ < 0 and σ > 0.
The estimate of the d.f. in the tail area is, for (x ≥ u),

F̂X(x) = (1− Fn(u))Gξ̂,u,σ̂(x) + Fn(u) ,

where ξ̂ and σ̂ are, e.g., the maximum likelihood estimates and Fn(u) is an
estimate of P(X ≤ u) based on the empirical distribution function of the data
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set. Therefore, for x ≥ u and ξ̂ 6= 0,

F̂X(x) = 1− Fn(u)− (1− Fn(u))(1 + ξ̂(x− u)/σ̂)−1/ξ̂ + Fn(u) =

= 1−
[
(1− Fn(u))−ξ̂(1 + ξ̂(x− u)/σ̂)︸ ︷︷ ︸

]−1/ξ̂

(1− Fn(u))−ξ̂ + ξ̂
x− u

σ̂
(1− Fn(u))−ξ̂ + 1− 1 =

= 1 + ξ̂
x− u

σ̂(1− Fn(u))ξ̂
+

[(1− Fn(u))−ξ̂ − 1]σ̂(1− Fn(u))ξ̂

σ̂(1− Fn(u))ξ̂
=

= 1 + ξ̂
x− u + σ̂(1− Fn(u))ξ̂[(1− Fn(u))−ξ̂ − 1]/ξ̂

σ̂(1− Fn(u))ξ̂
.

When we denote

σ̃ := σ̂(1− Fn(u))ξ̂ and

µ̃ := u− σ̃[(1− Fn(u))−ξ̂ − 1]/ξ̂ ,

it follows that

F̂X(x) = 1− (1 + ξ̂(x− µ̃)/σ̃)−1/ξ̂ = Gξ̂,µ̃,σ̃(x), .

Additionally, when we consider the extreme value index to be ξ = 0,

F̂X(x) = (1− Fn(u))[1− exp{−(x− u)/σ̂0}] + Fn(u) =

= 1− exp{−(x− u)/σ̂0}[1− Fn(u)] =

= 1− exp{− log(1− Fn(u))(x− u)/σ̂0} .

Thus, the substitution

µ̃0 := u and σ̃0 := σ̂0/ log(1− Fn(u))

gives us again the generalized Pareto distribution F̂X(x) = 1−exp(−(x−µ̃0)/σ̃0) =
G0,µ̃0,σ̃0(x).
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