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Abstract

Futures contracts represent a suitable instrument for hedging. One consequence

of their standardized nature is the presence of basis risk. In order to mitigate it

an agent might aim to minimize Value at Risk or Expected Shortfall. Among

numerous approaches to their modelling, CAViaR models which build upon

quantile regression are appealing due to the limited set of assumptions and de-

cent empirical performance. We propose alternative specifications for CAViaR

model - power and exponential CAViaR, and an alternative, flexible way of

computing Expected Shortfall within CAViaR framework - Implied Expectile

Level. Empirical analysis suggests that exponential CAViaR yields compet-

itive results both in Value at Risk and Expected Shortfall modelling and in

subsequent Value at Risk and Expected Shortfall hedging.
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Abstrakt

Futures kontrakty představuj́ı vhodný instrument k hedgováńı rizika, nicméně

jejich standardizovaná podoba má za následek př́ıtomnost bazického rizika.

Jednou z možnost́ı redukce bazického rizika je ćılovat minimálńı Value at Risk

(Ohrožená hodnota) nebo Expected Shortfall. Jedńım z mnoha př́ıstup̊u k

jejich modelováńı, CAViaR modely založené na kvantilové regresi, jsou atrak-

tivńı volbou vzhledem k jejich slabým předpoklad̊um a obstojným empirickým

výsledk̊um. Zde navrhujeme nové specifikace CAViaR modelu, mocninný a ex-

ponenciálńı CAViaR, a alternativńı př́ıstup k modelováńı Expected Shortfall

v rámci modelu CAViaR - Implikovaná úroveň expektilu. Výsledky empir-

ické analýzy naznačuj́ı, že exponenciálńı specifikace CAViaR modelu generuje

konkurenceschopné výsledky v přesnosti odhadu Value at Risk a Expected

Shortfall a také v redukci rizika při hedgingu s futures.
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Chapter 1

Introduction

One of the characteristics of real markets is significant, unpredictable fluctua-

tion in prices. For a risk averse agent the risk stemming from the fluctuations

is an undesirable property. This results in an incentive to hedge the exposure

to the market risk. For that purpose a broad spectrum of financial instruments

has been developed, serving as an efficient way to achieve the hedge. One of

commonly traded instruments are futures - financial contracts for purchase/sale

of the underlying asset at future maturity date. The standardized nature of the

contract is vital in terms of liquidity of the instrument. At the same time, only

a limited number of possible maturity dates is available. In majority of cases

these dates do not coincide with the desired hedging horizon. If the hedging

horizon and the maturity of available contract coincided, the position would be

perfectly hedged (risk completely removed). In other cases, this feature gives

rise to the basis risk - a residual price risk produced by the mismatch of ma-

turity of the contract and hedging horizon, when spot price and futures price

of the asset may differ. In such cases the hedge is not perfect and an agent

may seek to minimize the basis risk. This, however, raises important questions.

First, how to measure the risk? Second, once the measure is selected, which

statistical model to use? The answer for the two questions is tightly linked

together - with more complex risk measure the challenge of precise estimation

becomes more prominent. Historically, variance represented the risk measure

of choice. More recently, Value at Risk (VaR) and Expected Shortfall (ES;

also known as Conditional/Average VaR) are taking over in many areas of fi-

nance. In past decades an axiomatic theory of risk measures was developed,

laying down basic requirements a risk measure should satisfy (i.e. coherent risk

measures). Since then, many concrete measures satisfying these requirements
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were proposed. However, most of these propositions carry modelling difficulties

which are already pronounced in case of VaR and ES. A vast body of literature

is devoted to the modelling of respective measures - parametric approaches

making assumptions on both the distributional family and parametric form of

processes, semi-parametric approaches which typically alleviate the distribu-

tional assumption and non-parametric approaches alleviating both. However,

the pursuit of the “best” model continues which only highlights the difficulty

of the task.

This thesis has the following objectives. First, it investigates which returns

(i.e. simple, absolute or log-) should be used for hedging when the objective

is to minimize VaR or ES and what are the relationships between the hedge

ratios when using different types of return. While the use of absolute returns

is the correct choice from theoretical viewpoint (in the context of futures hedg-

ing), percentage returns have favorable statistical properties. For practical

implementation proper understanding of the linkage is essential. The second

objective is to provide tractable, well performing extensions of CAViaR model

which is used to model VaR (directly, using quantile regression). This is a chal-

lenging task in light of computational difficulty of the model, preventing one

from inflating the number of parameters when presenting new models. Third

goal is to provide an alternative, more general way of estimating ES within

CAViaR framework. While the quantile is modeled directly, more work has to

be done in order to obtain ES estimate. The final objective is to bring empir-

ical evidence on the efficiency of CAViaR methods in prediction of VaR and

ES in terms of precision and in terms of futures hedging performance when

minimizing VaR and ES. To assess the performance a battery of specification

tests is provided and a hedging performance analysis using real world data is

conducted.

The thesis is structured as follows: Chapter 2 discusses the approaches

to futures hedging and motivates the choice of risk measures (VaR and ES).

Chapter 3 provides an extensive literature review with an overview of method-

ologies used for the modelling of VaR and ES. Chapter 4 describes newly pro-

posed models - Power CAViaR and Exponential CAViaR versions for modelling

quantile and Implied Expectile Level approach to modelling ES within CAViaR

framework. Empirical analysis of hedging performance is carried out in Chap-

ter 5. Chapter 6 concludes.



Chapter 2

Futures hedging strategies

In a liquid market, if an investor wants to offset the risk in his position in spot

market he can fully do so by taking the opposite position. However, this might

not be simply possible. First, many real markets are not sufficiently liquid

to allow this. More importantly, such hedge is usually very expensive. As a

consequence the investor might be interested in imperfect hedge which carries

much lower hedging costs. For this reason various financial instruments have

been developed. One of them, futures, represents very common and liquid class

of financial instruments. Intimate relationship between the futures price and

the price of the underlying asset makes futures very suitable instrument for

hedging against price (market) risk. More importantly, one of the features that

makes futures contracts so popular is their low cost, constituted mainly from

margin requirement. As a consequence, futures are a cheap instrument for both

hedging and speculative purposes (due to high leverage). The standardized

form of futures contracts is beneficial in terms of their high liquidity, but at

the same time limits the use of futures contracts for hedging due to the fact

that there is only a limited range of available maturities of futures at given

point in time. In optimal case when the desired hedging period coincides with

the maturity of the hedging contract for given asset, we are able to construct

a perfect hedge against price movements. Due to the convergence of spot and

futures price at maturity (which prevents arbitrage) the final cash flow under

such circumstances would be equal to −F0 + (FT − ST ) = −F0 (F futures

prices, S spot price and time 0 < T ) - fixed value known at the beginning

of the period. In other words, it would be possible to statically replicate the

position in spot market by investing in futures.

Unfortunately, this is rarely the case. The hedging period will most likely
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differ from fixed maturity dates of existing contracts and in some cases it might

not even be known. In such setting the holder of the asset will be exposed to

the basis risk - equal to St−Ft 6= 0 - at any time t different from the maturity

of the contract. Consequently, the hedge ratio1 equal to 1 might be suboptimal.

2.1 Minimum Variance Hedging

One of the first proposals how to assess price risk in cases when the hedging pe-

riod and maturity differ was so called Minimum Variance Hedging - suggesting

to minimize the variance of the resulting position. One of its plausible features

is the fact that it results in a simple and explicit the expression for the optimal

hedge ratio minimizing the variance of terminal wealth which follows from the

minimization of Var(R$
S,T − hR$

F,T ) leading to the solution

hW =
Cov(R$

S,T , R
$
F,T )

Var(R$
F,T )

, (2.1)

where R$
S,T = ST − ST−1 and R$

F,T = FT − FT−1 denote dollar (absolute)

spot and futures returns respectively and hW the optimal hedge ratio when

minimizing the variance of terminal wealth.

The hedge ratio in (2.1) can be easily obtained by OLS regression. Note

that the expression above holds for unit returns (not percentage or log), R$
t ,

as discussed by Terry (2005). He showed that the optimal hedge ratio for

percentage returns, RP
t , when minimizing variance of terminal wealth, can be

computed as follows:

Wt = St − hWt−1 (Ft − Ft−1) (2.2)

= R$
S,t + St−1 − h$

t−1R
$
F,t (2.3)

= St−1R
P
S,t + St−1 − h$

t−1

Ft−1

St−1︸ ︷︷ ︸
hPt−1

RP
F,t (2.4)

hWt−1 = h$
t−1 (2.5)

hPt−1 = hWt−1

Ft−1

St−1

, (2.6)

1Hedge ratio is understood as the number of futures used to offset the risk of 1 unit
position in spot market.
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RP
·,t denoting percentage return, h$

t−1 and hPt−1 denoting the optimal hedge ratios

at time t−1 minimizing variance of dollar and percentage returns, respectively.

The minimum variance hedge ratios for wealth and unit returns are iden-

tical. On the contrary, if we compute the hedge ratio based on (2.1) using

percentage returns, we estimate hpt−1 in (2.6) instead of hWt−1. In the case of

log-returns it is necessary to assume certain form of conditional distribution

of returns. Even under assumption of joint normality of log-returns the re-

lationship between the ratio estimated using log-returns and the hedge ratio

minimizing wealth variance is more complex. For detailed derivation and dis-

cussion reader is referred to Terry (2005). Despite this relationship between

minimum variance hedge ratios, it is not uncommon in literature to disregard

this difference.

The performance of static hedging described by (2.1) can be improved by

exploiting the deeper relationship between the price series. As pointed e.g. in

Liu et al. (2010) the time series of spot and futures returns are in some cases

cointegrated.2 Natural extension of the estimation of optimal hedge ratio is

to use the regression coefficient from the error correction model (ECM) which

might be superior to simple hedge ratio (as more conditioning information is

used).

The simplicity of these approaches makes them easy to implement. The

cost of the simplicity of the methods is that they have some serious draw-

backs. There are two main directions of critique. First, financial markets

are commonly characterized by the instability of the distribution of returns

and most profoundly by the clustering of volatility. As a consequence, using

the unconditional variance and covariance does not lead to the optimal hedge

ratio (conditionally) in terms of minimizing variance. Better results can be ob-

tained by introducing a model for conditional variance and covariance. Among

the most popular models for conditional variance are Exponentially Weighted

Moving Averages (EWMA) introduced by Riskmetrics (RiskMetrics 1999) and

GARCH family models first introduced by Bollerslev (1986). In the context of

hedging the joint distribution is crucial. Popular choices for modelling depen-

dence in GARCH framework are multivariate GARCH models and its variants,

2This is not very surprising fact, because spot price and futures price - the risk-neutral
expectations of its future value cannot wander far away from each other over a long period
of time.
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e.g. Dynamic Conditional Correlation model by Engle (2002). Liu et al. (2010)

proposed alternative approach employing combination of GARCH models for

marginal distributions (i.e. individual series) with Copula approach to esti-

mate time varying joint distribution of spot and futures returns and then the

resulting minimum variance hedge ratio. While this allows for the time-varying

conditional variance, the dependence structure remains the same. One option

how to model the dynamic dependence was suggested by Patton (2006). As an

alternative the Generalized Autoregressive Score (GAS - Creal et al. (2008))

framework can be applied to model the copula parameters in a dynamic manner.

Second source of critique is the choice of variance as an appropriate measure

of risk. First obvious drawback of variance as a measure of risk is the fact that

it weights equally the positive and negative outcomes.3 Second issue is that

targeting minimal variance may have ambiguous impact on higher moments

of the returns distribution (Harris and Shen 2006). Scott and Horvath (1980)

show that agents should have positive preference for odd moments and neg-

ative against even moments. Minimum Variance Hedging can possibly result

in an increase of (higher) even moments and decrease in odd moments. As a

consequence, the investor might increase the likelihood of extremely adverse

events even though the variance decreased. Motivated by the shortcomings of

the variance as a measure of risk alternative measures have been proposed.

2.2 Minimum VaR and minimum ES hedging

On of the widely used measures of risk is Value at Risk. Its popularity is driven

by its conceptual simplicity, the fact that it targets tail characteristics and

its application in the regulatory requirements for banks by Basel committee.

Exemplar definitions of the Value at Risk are

VaRα = inf{l ∈ R : P(L > l) ≤ 1− α} (2.7)

= inf{l ∈ R : FL(l) ≥ α}, (2.8)

where α denotes the confidence level and FL(·) is the cumulative distribution

function of losses. Value at Risk is understood as the smallest value such that

3This can be illustrated in the case when one series has zero volatility, second has positive
volatility but is larger in any point in time. In such case, even though the volatile series
strictly outperforms the risk-less series, it is presented as more risky in terms of variance.
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higher loss can be suffered within certain period (e.g. one day) with probability

no greater than 1 − α. From probabilistic point of view, VaR refers to the

quantile of the distribution. Föllmer and Leukert (1999) shown, that quantile

hedging is the solution to the problem of cost minimization with the required

probability of staying above the benchmark (defined maximum admissible loss).

Definitions (2.7) and (2.8) of VaR imply that VaR is a positive number in

terms of losses, even though the terminal wealth decreases. If the cumulative

distribution function is strictly increasing then the quantiles will be unique and

definitions will simplify to

P(L > VaRα) = 1− α and (2.9)

VaRα = F−1
L (α), (2.10)

where F−1
L (·) in definition (2.10) denotes the inverse of the cdf of losses. If the

cdf is not strictly increasing, the quantile function (hence VaR) can be defined

by generalized inverse function, i.e.

qα(F ) = F←(α) = inf{x ∈ R : F (x) ≥ α}. (2.11)

Nevertheless, it is often convenient to express the VaR in terms of returns

(absolute) or terminal wealth. However, the choice is not crucial, as the quan-

tities are directly linked to each other.4 One possible sort of confusion is the

notation of VaR level. In terms of losses, it is usual to work with levels like 95%,

corresponding to the upper tail of the distribution. In terms of returns, the

matching quantity is the lower quantile of the returns distribution. In the fol-

lowing chapters VaR will be modelled in terms of returns and referred to as the

lower quantiles. However, this choice is not crucial and is purely a notational

one, due to the fact that both correspond to the same terminal wealth.

Despite the above mentioned advantages VaR suffers from two main short-

comings. First, Value at Risk (VaR) is not a coherent (and convex) measure of

risk.5

4The quantities map one-to-one to each other. P(L$
T > V aRα) = 1−α hence FL(VaRα) =

α. Furthermore, P(L$
T > VaRα) = P(R$

T < −VaRα) = FR(−VaRα). This means that VaR
can be computed as −(FR)−1(1 − α) from return distribution. Using percentage or log-
returns only transforms the quantile by constant and increasing transform respectively. As a
consequence, it is sufficient to model quantiles of returns to evaluate VaR. Similarly, quantiles
of simple and log-returns map one to one to each other hence it is irrelevant which form of
returns is modeled.

5 The coherent risk measures are defined as functionals ϕ : L → R∪{∞} where L denotes
the set of measurable functions (i.e. losses as random variable) satisfying:
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In particular, it does not satisfy subadditivity (convexity) property. In-

tuitively, this means that VaR can increase by diversification. For detailed

discussion on coherent (convex) risk measures and their application in hedging

see Matmoura and Penev (2013). Second, it does not account for behavior of

returns below its probability threshold. In the context of spectral risk measures

(Wang et al. 1997) this corresponds to the increasing segment of risk spectrum.

When using VaR for hedging purposes the problem is that due to this property

VaR can be highly sensitive to the choice of confidence level (and hence the

optimal hedge ratio). From regulatory point of view, this might motivate the

financial institutions to misbehave in a sense that they would prefer portfolios

with very high losses with probability below the required VaR α level, forming

more extreme portfolio.

Once VaR is used as a measure of risk the problem investor faces is

min
h

VaRα(h), (2.12)

where VaRα(h) : R→ R is a function assigning Value at Risk to every position

S − hF . Let h∗ denote the solution of the problem (2.12). Then assuming

1. ϕ(0) = 0 - normalized measure (no position - no risk),

2. ∀L1, L2 ∈ L : L1 ≥ L2 ⇒ ϕ(L1) ≤ ϕ(L2) - monotonicity (dominated position more
risky),

3. ∀L1, L2 ∈ L : ϕ(L1 + L2) ≤ ϕ(L1) + ϕ(L2) - subadditivity (diversification principle),

4. ∀L1 ∈ L,∀α ∈ R+ : ϕ(αL1) = αϕ(L1) - positive monotonicity (risk scales with
portfolio),

5. ∀L1 ∈ L : ϕ(L1 +X) = ϕ(L1) + x for deterministic positions X paying x - translation
invariance.

The convex measures replace the positive monotonicity and subadditivity by convexity re-
quirement.



2. Futures hedging strategies 9

strictly increasing cdf (hence V aRα = (F $
L)−1(α)) it follows that

h∗ = argmin
h

(VaRα(h)), (2.13)

h∗ = argmin
h

(F−1
L$,α

(h)) (2.14)

= argmin
h

(−F−1
R$,1−α(h)) = argmin

h
(−F−1

R$,1−α(R$
S,t − hR$

F,t)) (2.15)

= argmin
h

(
−F−1

R$,1−α

(
St−1

(
St − St−1

St−1

− h Ft−1

St−1

Ft − Ft−1

Ft−1

)))
(2.16)

= argmin
h

(
−F−1

R$,1−α

(
St−1

(
RP
S,t − h

Ft−1

St−1

RP
F,t

)))
(2.17)

= argmin
h

(
−F−1

R$,1−α

(
RP
S,t − h

Ft−1

St−1

RP
F,t

))
, (2.18)

where omission of St−1 from (2.17) follows from the fact that F←cX = cF←X if

c > 0 (which holds for positive price) and the fact that minimizer is unaffected

by multiplication by positive constant. Also note that the strict monotonicity

of cdf is needed for linking (2.14) to (2.15), otherwise the right point of return

distribution will be taken at constant segment of cdf instead of the left one

in case of loss distribution. Regardless of this issue, the relation between the

optimal hedge ratio of absolute and simple returns will hold. So if we estimate

the optimal VaR minimizing hedge ratio using percentage returns by

min
hP

(
−F−1

α

(
RP
S,t − hP RP

F,t

))
, (2.19)

we obtain hedge ratio h∗P = Ft−1

St−1
h∗. This results from the fact that Ft−1, St−1 ∈

Ft−1 - i.e. they are known constants at time t.

If one uses log-returns (their linear combination), the relationship is not

clear. This is analogous to the observation that w′ log(1+R) 6= log(w ′(1+R));

in other words that the log return of the portfolio is not equal to weighted sum

of log-returns (by portfolio weights). However, if we compute log-return of

the portfolio (i.e. log(w′RP )), we will obtain the same result as in case of

percentage returns (if log-returns are computed from them). For continuous

strictly increasing function ψ we have F−1
ψ(R)(α) = ψ−1(F−1

R (α)) and minimum

is invariant to increasing transform.

Other commonly used measure of risk is Expected Shortfall (ES), also called

Conditional Value at Risk (CVaR) or Average Value at Risk (AVaR). It is
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defined as average value of VaR above the α level (in terms of losses), formally:

ESα = E [L|L > VaRα] =

∫∞
VaRα

l f(l) dl

1− α
(2.20)

= −E
[
R$|R$ < F−1

R$ (1− α)
]

= −
∫ F−1

R$
(1−α)

−∞ r f(r) dr

1− α
(2.21)

ESα =

∫ 1

α
VaRs ds

1− α
(2.22)

Expected Shortfall is conceptually similar to VaR - it measures the tail risk

of the distribution. In contrast to VaR it captures the information about the

losses above the α level so it partially bypasses the shortcomings of VaR (re-

spectively return quantiles below 1 − α). More importantly, it is a coherent

risk measure which makes ES conceptually superior to VaR.

As noted in Föllmer and Leukert (1999), hedging shortfall corresponds to

minimizing the expected losses below threshold with the budget constraint. If

an investor aims to minimize the Expected Shortfall of the resulting position

his goal is to solve the optimization problem

min
h

ESα(h). (2.23)

Similarly to the case of minimum Value at Risk hedging, the optimization

depends on the units in which the losses (gains) are expressed. In the following

derivation the original suggestion of minimizing the risk of terminal wealth - i.e.

absolute measure - will be followed. However, because of favourable numerical

and statistical properties of percentage returns we might want to solve the

problem in their terms. Assuming strictly monotone cdf, the solutions are
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related in the following way.

h∗ = argmin
h

ESα(h) (2.24)

h∗ = argmin
h

∫ 1

α
VaRs(h) ds

1− α
(2.25)

= argmin
h

∫ 1

α

(−F−1
R$,1−s(h)) ds (2.26)

= argmin
h

∫ 1

α

(−F−1
R$,1−s(R

$
S,t − hR$

F,t)) ds (2.27)

= argmin
h

∫ 1

α

−FR$,1−s

(
St−1

(
St − St−1

St−1

− (2.28)

h
Ft−1

St−1

Ft − Ft−1

Ft−1

))
ds (2.29)

= argmin
h

(
St−1

∫ 1

α

−F−1
R$,1−s

((
RP
S,t − h

Ft−1

St−1

RP
F,t

))
ds

)
(2.30)

= argmin
h

∫ 1

α

−F−1
R$,1−s

((
RP
S,t − h

Ft−1

St−1

RP
F,t

))
ds (2.31)

Dropping α and St−1 follows from positiveness of both 1−α and price (assum-

ing positive price) and the fact that linear transform of objective function by

positive scalar does not affect the minimizer.

As in case of VaR minimization, we see that minimizing the ES in terms of

percentage returns, i.e.

min
h

(∫ α
0
−F−1

s

(
RP
S,t − hP RP

F,t

)
ds

1− α

)
, (2.32)

we obtain h∗P = Ft−1

St−1
h∗. Minimizing of ES in terms of log-returns is not

expected to yield any exact, tractable relation to the optimization problems

described above (as is does not lead to such relation even in case of variance).

Even in case of VaR and ES it is important to incorporate the dynamic

nature of the financial markets into the models of VaR and CVaR. There are

various approaches to their modelling, reviewed in Chapter 3 and some of them

summarized e.g. in Manganelli and Engle (2001). They classified the methods

into 3 groups:

� Non-parametric - Historical simulation method and hybrid approaches

� Semi-parametric - Extreme value theory approach, CAViaR models, Quasi-

ML GARCH
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� Parametric - GARCH, Risk-Metrics approach (IGARCH)

The parametric approaches commonly assume a family of the underlying

distribution of returns (e.g. Gaussian in the simplest case) and the parametric

specification of the parameter dynamics, e.g. GARCH family model for the

volatility. The assumption of normality significantly simplifies the computa-

tion of the VaR and that is perhaps the cause of its popularity, despite the

contradictory evidence to it. Under conditionally normal distribution VaR is

simply computed as

VaRα,t = µt + σt Φ−1(0, 1, α), (2.33)

where Φ stands for standard normal cumulative distribution function and µt

and σt denote the conditional mean and standard deviation of the loss distri-

bution. One additional remark is that in many cases the modified statistics is

used: VaRmean
α,t = VaRα,t−µt. The demeaned alternative is useful in cases when

optimal capital buffer against unexpected losses is needed. For short horizon

risk management the two statistics are almost identical as the daily expected

returns are close to zero.

The simplicity of parametric approach comes at a cost. The distributional

assumptions are problematic as in most cases the modeled distribution does not

fit the tails of the returns distribution well and consequently leads to imprecise

estimates. Motivated by this issue various parametric models with different

distribution as well as semi-parametric and non-parametric approaches have

been proposed.

There are many other measures of risk - e.g. Conditional Drawdown at

Risk, higher order coherent risk measures, spectral risk measures to name a

few. While these are often conceptually superior to the measures mentioned

above, the complexity of their implementation makes their use in dynamic

models very complicated or even impossible (at least yet). For that reason

VaR and ES still seem to be prevalent.



Chapter 3

Value at Risk and Expected

Shortfall modelling

3.1 Non-parametric methods

3.1.1 Historical simulation

Historical Simulation (HS) is one of the traditional, simple and easily imple-

mentable ones. This approach does not assume any parametric form of the

underlying distribution and processes. Commonly an arbitrary window length

is chosen on which the empirical distribution is estimated at each step. Man-

ganelli and Engle (2001) mention usual choice between 6 month to 2 years.

Then, empirical distribution function is constructed and corresponding empir-

ical quantile found (i.e. the quantity for which α proportion of observations

within window is below it and 1 − α is above). Then the window is rolled by

one observation forward. It can happen that the quantity is not unique - in

such case, some interpolation technique is used. Alternatively, knowing a priori

the α we may select the window length so that this issue does not occur.

The simplicity of the approach comes at severe costs. Reliance on the em-

pirical distribution function presumes independent identically distributed (iid)

observations (within a window). This assumption together with using a rolling

window means that the distribution is assumed to be the same for the entire

time series. The requirement on having identically distributed variables within

observed period contradicts the observed features of financial data, in partic-

ular the volatility clustering phenomenon. In case that our window contains

observations from multiple different clusters the quantile estimator would be

biased. To avoid the issue of covering multiple volatility clusters short window
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length is preferable. However, choosing short window will at the same time un-

dermine the consistency of the edf estimator which, on the contrary, requires

the window length go to infinity. Another problem of Historical Simulation

method is that it generates undesirable predictable jumps. This is caused by

the construction of the estimate. When the window length is selected, we ba-

sically determine the persistence of extremely negative realizations on VaR. If

we have a window of length 200 and an extremely unfavourable event happens,

it influences estimated VaR for 200 observations until it escapes the window.

The VaR will be low even if after a few observations the volatility decreases

significantly.

3.1.2 Hybrid model

Boudoukh et al. (1997) suggested a hybrid approach which combines the fea-

tures of Historical Simulation and RiskMetrics (EWMA). Their model uses

empirical distribution function of returns but imposes exponentially declining

weights on the observation, putting more weight on more recent observations.

Each observation within the window of length K gets the weight equal to

wt−i =
1− λ

1− λK−1
λi i = 0, . . . , K − 1. (3.1)

Once the weights of corresponding returns are computed, the observations are

ordered. Then, α VaR is computed as a cumulative sum of the lowest returns

(largest losses) until α proportion of cumulative weight is reached. For VaR

levels lying between two cumulative weights some interpolation (e.g. linear) is

used. While this method typically outperforms Historical Simulation, it still has

several drawbacks. First, it inherits the issues associated with HS regarding

the choice of window length. Additionally, it requires the specification of λ

coefficient. Unfortunately, the method does not imply a clear criterion for its

calibration.

3.2 Semi-parametric models

In this section the focus is on semi-parametric methods, namely on Extreme

Value Theory (EVT), Conditional autoregressive value at risk (CAViaR) model

by Engle and Manganelli (1999), CARE model by Taylor (2008) and quasi-
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maximum likelihood GARCH based models for modelling Value at Risk and

Expected Shortfall.

3.2.1 Extreme Value Theory

.

Extreme value theory recently became a very popular tool for modelling of

tail risk measures.1 EVT focuses on the limiting behavior of tails of the distri-

bution. The older approach - Block Maxima - studies the limiting behaviour of

sample maxima as a counterpart of central limit theorem for limiting behavior

of sums. Second approach describes the limiting distribution of exceedances

over high threshold.

The fundamental theorem of EVT for describing the limiting distribution of

normalized block maxima of iid random variables dates back to Fisher and

Tippett (1928), later stated by Gnedenko (1941; 1943).

Theorem 3.1 (Fisher-Tippet).

Let {Xi}ni=1 be a sequence of iid random variables, Mn = max(X1, . . . , Xn). If

there exist normalizing constants cn > 0 and dn ∈ R such that:

lim
n→∞

P
[
Mn − dn

cn
≤ x

]
= lim

n→∞
F n(cn x+ dn) = H(x), (3.2)

then H must be of type Hξ - a General Extreme Value distribution (GEV) of

form

Hξ(x) = exp(−(1 + ξ x))−1/ξ 1 + ξ x > 0. (3.3)

The condition described in (3.2) is in EVT referred as F being in maximum

domain of attraction of H, formally F ∈ MDA(H). The GEV distribution

is flexible enough to describe the distribution of the maxima - based on the

value of the ξ parameter it becomes a specification of Frechet (ξ > 0), Gumbel

(ξ = 0)2 or Weibul (ξ < 0) distribution. It has been shown for many common

distributions that they belong in MDA; heavy tailed distributions falling in

Frechet MDA, e.g. Normal distribution falling in Gumbel MDA and distribu-

tions with finite endpoint belonging to Weibull MDA. The estimation of the

model can be easily implemented using maximum likelihood estimator. Nev-

ertheless, the block maxima approach suffers from a significant drawback of

1For detailed description of the EVT and its application reader is referred to Embrechts
et al. (1997).

2Defined by the limit as ξ → 0.
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being very wasteful with the data, using only small part of the original data (1

observation per block) for the estimation.

More modern approach to EVT is based on the idea of modelling the

distribution of exceedances over certain high threshold (sometimes referred

as Peaks Over Threshold - POT). In this case the focus is on distribution

Fu(x) = P[X − u ≤ x|X > u] = F (u+x)−F (u)
1−F (u)

. Important result was obtained by

Pickands (1975) who proved the following theorem.

Theorem 3.2 (Pickands-Balkema-de Haan).

There exists a positive, measurable function β(u) such that

lim
u→xF

sup
0<x<xF−u

|Fu(x)−Gξ,β(u)(x)| = 0 (3.4)

iff F ∈MDA(Hξ), ξ ∈ R.

Gξ,β(x) = 1−(1+ξx/β)−1/ξ is the Generalized Pareto Distribution (GPD).3

The theorem states that as long as the distribution falls in a MDA(Hξ) then

the exceedances over threshold converge to GPD distribution with the same

scale parameter. Then, it is straightforward to estimate the parameters of

the GPD by means of maximum likelihood method. An alternative way of

model estimation for exceedances is the popular Hill estimator. For a detailed

description of Hill estimator which is focused on estimation for heavy-tailed

distribution the reader is referred to Embrechts et al. (1997) or McNeil et al.

(2010). A general issue is that with the selection of the threshold comes a

trade-off between variance (which decreases with more data) and bias (increas-

ing with lower threshold as we get further from the tail). McNeil et al. (2010)

show that Hill estimator has lower variance than GPD, but with less constrain-

ing threshold the bias increases more rapidly than in case of ML estimation of

GPD parameters.

Once the GPD model is estimated, we can easily compute Value at Risk by

the inversion of the expression

F̄ (x) = P[X > x|X > u]P[X > u] = P[X − u > x− u|X > u]P[X > u]

= F̄ (u)F̄u(x− u) = F̄ (u)

(
1 + ξ

x− u
β

)−1/ξ

,
(3.5)

3GPD is defined for ξ ∈ R and for ξ = 0 it is defined as its limit.
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F̄ (u) = P[X > u] denoting the upper tail distribution. Inversion for x results

in

VaRα = u+
β

ξ

((
1− α
F̄ (u)

)−ξ
− 1

)
. (3.6)

The F̄ (u) can be estimated e.g. by the sample frequency of exceedance of

threshold u.

By integrating over levels of VaR, ES can be computed as

ESα =
VaRα

1− ξ
+
β − ξ u
1− ξ

. (3.7)

Both results are applicable for α ≥ F (u). Equations (3.6) and (3.7) correspond

to the modelling of upper tail, that is the case of loss distribution. The com-

putation for the lower tail when using returns can be done along similar lines.

Extreme Value Theory is very useful and relatively flexible way to model

the tail distribution. The fact, that it uses GEV is not a big constraint as it has

been shown for many common distribution that they fall in Maximum Domain

of Attraction of any distribution characterized by GEV class. One drawback of

EVT is that it relies on the assumption of iid observations (at least in the tail).

This might not be certainly true for financial data. A commonly observed phe-

nomenon of volatility clustering suggests that this assumption does not hold.

This issue can be partially treated by removing the linear and quadratic depen-

dence using ARMA-GARCH process4 and then model the tail distribution of

residuals using EVT. Alternatively, volatility can be modelled using EWMA,

again, preventing distributional assumptions. Unfortunately, in both we incor-

porate other shortcomings of the volatility models - i.e. flaws in the specification

of variance equation and requirement on iid standardized residuals. Even in

case we successfully modelled the variance, we would still only focus on first

two moments of the distribution leaving higher order dependencies in the data.

As pointed e.g. in Brooks (2005) and Polanski and Stoja (2010), financial data

are also characterized by time-varying conditional kurtosis.

Second issue with the extreme value theory is its limited power when we get

further away from the extremes. McNeil et al. (2010) show the increasing bias

when we move away from the extremes, especially in case of Hill estimator.

4To be more specific, QML GARCH has to be used in this approach in order to prevent
assumptions on the distribution of innovations. In opposite case, we could encounter a prob-
lem of assuming a distribution belonging to other MDA than the one that will be estimated
on the residuals later.
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The deteriorating power in terms of MSE of traditional EVT models in the

estimation of Value at Risk and Conditional Value at Risk at less extreme

confidence levels (e.g. 95% for the upper tail and 5% for the lower tail) is

documented in Manganelli and Engle (2001).

3.2.2 QML GARCH

Alternative to estimation of VaR and CVaR is to employ Quasi-maximum

likelihood estimation which relies on the important result found by Bollerslev

and Wooldridge (1992). While traditional Maximum Likelihood Estimation of

GARCH is subject to both misspecification of the variance and mean equation

and of the underlying distribution (see section 3.3.1), QMLE alleviates the sec-

ond assumption. They prove that if the mean and the variance equation are

correctly specified5, one can obtain consistent estimates of parameters and a

robust variance matrix (to distributional specification)6 when estimating nor-

mal likelihood even if the underlying distribution is non-normal. One drawback

of QMLE is that it loses asymptotic efficiency once the underlying distribution

is not Gaussian.

In order to estimate VaR, QMLE literature starts by elimination of the

linear and quadratic dependence using QML GARCH, without making the

distributional assumption. First approach, introduced by Engle and Gonzalez-

Rivera (1991) combines QML GARCH with Historical Simulation. First, they

estimate QML GARCH and then multiply the conditional volatility by the

corresponding empirical quantile of standardized residuals in order to obtain

an estimate of VaR.7 Even in this case QMLE is based on the assumption

of iid standardized residuals. Once it is assumed, the logical inconsistency

(pointed out by Manganelli and Engle (2001)) of Historical Simulation is not

present. Second, using empirical distribution function decreases the quality

of the estimates in the tail (due to lacking observations). McNeil and Frey

(1998) proceed in a different way. After estimation of QML GARCH they

use Extreme Value Theory on the standardized residuals. This approach has

relatively weak assumptions - it requires iid observations, correct specification

of variance equation and that the residuals are in some domain of attraction

(this is not very restrictive, as discussed in Subsection 3.2.1).

5For the complete set of the assumptions required for consistency see the original paper.
6Consistent estimator of variance matrix is based on White (1982).
7If the conditional mean is modeled, then the VaR is computed as V aRα,t = µt + σt q

e
α.
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3.2.3 CAViaR model

An alternative approach to modelling Value at Risk is CAViaR model by Engle

and Manganelli (1999). CAViaR model has the advantage of not making any

distributional assumptions. Instead, it models the conditional quantile directly.

This is possible due to the development of quantile regression framework by

Koenker and Bassett Jr. (1978) who generalized the location estimator so that

it can provide estimate of arbitrary quantile of the distribution. Engle and

Manganelli (1999) suggested 4 basic specifications of the quantile model which,

by their autoregressive specification, incorporate similar features as GARCH

models for conditional variance. Rather broad specification of CAViaR model

can be described as

ft(β) = β0 +

q∑
i=1

βi ft−i(β) +
r∑
j=1

γj l(xt−j), (3.8)

where parameter vector β has to be estimated.8 The autoregressive term en-

sures smooth evolution of the VaR. The second sum links the estimated quantile

to the observable variables x which are contained in the information set at time

t− 1. The proposed specifications are:

� Adaptive: ft(β1) = ft−1(β1) + β1 {[1 + exp(G[yt−1 − ft−1(β1)])]−1 − θ}

� Symmetric absolute value: ft(β) = β1 + β2 ft−i(β) + β3 |yt−1|

� Asymmetric slope: ft(β) = β1 + β2 ft−i(β) + β3 y
+
t−1 + β4 y

−
t−1

� Indirect GARCH(1, 1): ft(β) = (β1 + β2 f
2
t−1(β) + β3 y

2
t−1)1/2

The G in adaptive specification is a positive finite number governing the speed

of transition. This specification can be characterized by larger increases when

exceeding VaR and small decreases when the new information is below past

VaR. The indirect GARCH would be the correct specification if the underlying

data generating process (DGP) was GARCH(1, 1). If the dependence is in stan-

dard deviation instead of variance, symmetric absolute value and asymmetric

slope would be correct specifications, depending on whether the news have sym-

metric impact on volatility or not. For more detailed discussion on behavior of

individual specifications see the original paper by Engle and Manganelli (1999).

8For notational simplicity the VaR level is suppressed in the notation of the quantile and
the parameters, which are level-specific.
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Once the specification of the model is done, the parameters can be esti-

mated using regression quantiles approach of Koenker and Bassett Jr. (1978).

We consider observations {yt}Tt=1 generated by yt = qt, α + εt,α = f(xt, β) + εt, α

with Quantα(εt, α|xt) = 0 and x denoting the set of explanatory variables.

Quantα(εt, α|xt) = 0 means that the conditional α quantile of the the distri-

bution of εt, α|xt is zero. In case of CAViaR model x will contain only lagged

values of variable so that the model can be used for prediction. In such setting

the α regression quantile is defined as any f(β̂, xt) such that β̂ is a solution to

the minimization problem

min
β

1

T

T∑
t=1

(α− 1{yt < ft(β)})(yt − ft(β)). (3.9)

Engle and Manganelli (1999) derives the asymptotic properties of the estima-

tor - the consistency, asymptotic normality and estimator of covariance matrix.

Further, they developed a new test of the specification of the model - a dynamic

quantile test (to be discussed in Section 4.1).

Despite the difficulties in the estimation of the model it is becoming more

popular due to its mild assumptions and decent empirical performance. For

application of CAViaR models see e.g. Füss et al. (2010) or Umantsev and

Chernozhukov (2001) who use exogenous factors as returns on other securi-

ties. Further, CAViaR models were generalized first to multi-quantile model

by White et al. (2008) and later to multivariate multi-quantile model by White

et al. (2012). White et al. (2008) used their model to provide robust estima-

tor of higher moments of the distribution. White et al. (2012) applied their

multivariate model to describe the tail (VaR) tail co-dependence of individual

financial time series. Multi-quantile model suffers from an inconvenient feature

- so called “quantile crossing” - where in finite sample the correct ordering of

the quantiles may be violated.9 Still, this extension is not applicable in a simple

way to the problem of finding optimal hedge ratio. This problem is discussed

in Chapter 5.

While CAViaR model provides the estimates of Value at Risk directly, the

estimation of Expected Shortfall is not straightforward. In other classes of

models usually the specification of the whole distribution (or at least of the tail

9E.g. Chernozhukov et al. (2007) address this problem and develop the methodology for
establishing monotonicity.
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in case of EVT) is obtained and then it is only computational exercise to gain

the estimate of the ES. The biggest virtue of CAViaR models, that they focus

on the quantile only and do not make any distributional assumptions, makes

the computation of ES more challenging task. Two possible solutions to this

problem were propose by Manganelli and Engle (2001). Both approaches rely

on the assumption of iid standardized quantile residuals, i.e. ε̂t,α
q̂t,α

= yt
q̂t,α
− 1

are iid. Under this assumption, it is possible to apply EVT to standardized

residuals end obtain the estimate of ES

Ê[yt|yt < qt,α] = q̂t,α

(
1

1− ξ̂
+
β̂ − ξ̂ û
1− ξ̂

)
, (3.10)

where û is the estimate of the threshold of GPD and ξ̂ and β̂ are the estimates

of the GPD distribution of the standardized quantile residuals and q̂t, α is the

estimated quantile using CAViaR model.

Second proposed approach by Engle again relies on the assumption of iid

standardized quantile residuals. It is based on the reformulation10

Et[yt|yt < qt,α] = qt,αEt
[
yt
qt,α

∣∣∣∣ ytqt,α > 1

]
= qt,αEt

[
εt
qt,α
− 1

∣∣∣∣ ytqt,α > 1

]
(3.11)

and the fact that under the assumption of iid standardized residuals the condi-

tional expectation must be constant. Then, ES can be estimated by regressing

the returns below quantile on the conditional quantile, i.e. yt = β qt + ηt for

yt < qt and multiplying the estimated quantile by β coefficient.

3.2.4 CARE models

Taylor (2008) proposed alternative approach based on the linkage between

quantiles and expectiles - Conditional Autoregressive Expectile model (called

CARE model). Conditional quantiles are estimated using optimisation prob-

lem (3.9) which is a generalization of LAD estimator. In contrast, the expectile

is the generalization of least square estimator (asymmetric least squares - ALS)

10Here the quantile is assumed to be negative, i.e. the case of modelling returns instead of
losses.
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and is the solution of

min
β

1

T

T∑
t=1

|τ − 1{yt < µτ (β)}|(yt − µτ (β))2, (3.12)

with τ denoting the expectile level and µτ the corresponding expectile. The

important difference between expectiles and quantiles is that expectiles react

to changes deeper in the tail while quantiles are robust to such alteration. An

important theoretical result (provided e.g. by Jones (1994)) is that there is

one-to-one mapping between quantiles and expectiles. Taylor (2008) found the

expression of ES of the form

ESα =

(
1 +

τ

(1− 2τ)α

)
µt −

τ

(1− 2τ)α
E [y] , (3.13)

in which the second summant will disappear with zero mean (demeaned) vari-

able. For the derivation of (3.13) see Taylor (2008). The value of τ is selected in

such way that α proportion of observation lies below the conditional expectile.

Then, expectile on such level is taken as the VaR estimate in CARE model

and ES is estimated by (3.13). For the estimation of VaR this seems to be

suboptimal compared to CAViaR, as it represents more indirect approach with

extra assumptions. However, it has a virtue of simple computation of ES. In

general, the author proposes analogous specifications of conditional expectiles

as Engle and Manganelli (1999) proposes for conditional quantiles - symmetric

absolute value (SAV), asymmetric slope (AS) and indirect GARCH (IG).

3.2.5 Realized measures

Very simple alternative for estimation of quantiles utilizing high-frequency data

was proposed by Zikes and Baruńık (2013). They introduce simple linear quan-

tile regression (LQR) with realized measures as a predictors of the conditional

quantiles. The general form of their model is following

qα(rt+1|Ft) = β0(α) + βv(α)′ vt,M + βz(α)′ zt, (3.14)

with vt,M being a vector of realized measure used as predictors and zt being

a vector of weakly exogenous predictors. Their setting assumes log-prices to

follow

xt = x0 +

∫ t

0

µs ds+

∫ t

0

σs dWs + Jt, (3.15)
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where Jt is a finite-activity jump process and W is standard Brownian motion.

Jump process is characterized by Jt =
∑Lt

i=1 κi, Lt denoting a counting process

and κi-s governing the magnitude of jumps. Then, quadratic variation process

of (3.15) has the form

QVt =

∫ t

0

σ2
sds+

∑
0≤s≤t

(∆Js)
2 ≡ IVt + JVt, (3.16)

where IVt represents integrated variance (caused by continuous part of the pro-

cess) and JVt represents the jump variation (due to discontinuous part). An-

dersen and Bollerslev (1998) introduced a consistent estimator of the quadratic

variance - realized variance

RVt =
M−1∑
i=1

(xt−1+(i+1)/M − xt−1+i/M)2. (3.17)

In order to estimate integrated volatility Zikes and Baruńık (2013) em-

ployed the estimator of Andersen et al. (2012) - the median realized volatility

and computed the jump volatility as a residual. As an alternative decompo-

sition of quadratic variance the authors used positive (and negative) realized

semivariances which sum squares only over positive (negative) returns. This

decomposition is useful that it allows for asymmetric effect of the negative and

positive part of the variance process. Then, in (3.14) they used different decom-

positions of quadratic variance and also a proxy for predicted implied volatility

as an additional predictor. The model is estimated by solving problem (3.9).

In addition, they used the realized measures and implied volatility as an

extension of CAViaR model11 - Realized CAViaR. Both LQR and Realized

CAViaR have good in-sample performance for tail quantiles. For central quan-

tiles the performance is poor which can be simply attributed to unpredictability

of short term returns. Out-of-sample performance is mixed. Interesting fea-

ture is that LQR outperforms CAViaR models until implied volatility measure

is included in the CAViaR model.

The extension of their model for estimation of conditional Expected Short-

fall has not been applied yet (to the best knowledge of the author). Still, it

is straightforward to combine LQR or Realized CAViaR with the approaches

11In which, in contrast to LQR, also autoregressive term and past returns (e.g. in absolute
value for Symmetric Absolute Value) are included.
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presented in Subsection 3.2.3. In multivariate setting the generalization of

CAViaR (White et al. 2012) could be used along with multivariate realized

measures, e.g. realized covariances.

3.3 Parametric models

3.3.1 GARCH and EWMA

Since the publication of influential work by Engle (1982) and its generaliza-

tion by Bollerslev (1986) the models of autoregressive conditional volatility

enjoy massive attention amongst both researchers and practitioners. Later on,

RiskMetrics (1999) proposed their Exponentially Weighted Moving Average

(EWMA) model12 which closely relates to the GARCH family of models. A

simple GARCH(1, 1) model the can be specified as

rt = σt ut, u = {ut}Tt=1 iid (3.18)

σ2
t = ω0 + ω1 r

2
t−1 + ω2 σ

2
t−1 ω0, ω1, ω2 > 0 and ω1 + ω2 < 1. (3.19)

The first term in variance equation governs the unconditional variance, the

second the impact of news and the third, autoregressive term ensures smooth

evolution of variance.

The GARCH family models has advantage in its simplicity, the ability to

incorporate the important part of the dynamics of financial markets - volatil-

ity clustering and the fact that they provide a complete characterization of

the return distribution. Still, it requires heavy assumption about the under-

lying processes. First, variance equation must be correctly specified (equation

(3.19)). For that reason, many extensions of the GARCH model, mostly al-

tering the variance equation have been suggested. However, there is no clear

evidence favoring one model to the others. Interestingly, Lunde and Hansen

(2005) found that simple GARCH(1, 1) was not beaten by a wide range of

competing specifications. Among the tested competitors they used EGARCH

by Nelson (1991) GJR-GARCH by Glosten et al. (1993), AGARCH by Engle

and Ng (1993), Threshold GARCH by Zakoian (1994) to name a few. First

stream of extensions focuses on altering the impact of news to volatility (vari-

ance) equation (EGACRH, Threshold GARCH). Second direction of extensions

12In EWMA model the variance evolves according to past geometrically weighted squared
residuals.



3. Value at Risk and Expected Shortfall modelling 25

addresses the persistence of shocks, allowing the variance to be integrated in

case of IGARCH or fractionally integrated in case of FIGARCH (Bailliea et al.

1996) model. Third, the effect of volatility on mean returns can be modelled as

in case of GARCH-in-mean. This is usually motivated by the leverage effect.

Finally, different distributional assumptions for ut in equation (3.18) can be

considered, as discussed below.

Second, necessary assumption allowing the estimation of the model is the iid

property of the standardized errors terms (ut ∼ iid). Third, we need to as-

sume the distributional form of ut in order to be able to construct the likelihood

function. In the simplest case normal distribution is assumed. This is plausible

for the simplicity of computation of VaR, but leads to its significant underes-

timation due to the leptokurtic nature of the financial data.

The distributional assumption in the basic GARCH can be altered that it

corresponds more closely to the observed phenomena of the financial markets.

The simplest idea (e.g. in Liu et al. (2010)) is to assume that the distribu-

tion of the errors by student’s t distribution to allow for heavier tails. Kuester

et al. (2006) proposes a specification with generalized asymmetric t distribu-

tion which seems to perform reasonably well for forecasting. Alternatively,

more general class of stable distributions can be used (e.g. in Paolella and

Taschini (2008)). On of the caveats of these simple GARCH models is the fact

that not only variance but also higher moments of the return distribution vary

over time, driving the Value at risk of the estimates provided by these models.

One of the solutions for this issue was provided by Guermat and Harris (2002).

The authors estimated the GARCH model with t-distributed errors in which

they model time varying kurtosis via forming a process for time-varying degrees

of freedom of the t-distribution. More general approach was tested in Polanski

and Stoja (2010). The authors modeled VaR using Gram-Charlier expansion

of normal distribution which allows for adjustment in higher moments of the

distribution, letting the moments evolve according to EWMA process.

3.3.2 Multivariate dependence modelling

When we are interested in VaR or ES of a combination of random variables

(i.e. portfolio) a model for the dependence between the random variables is

needed. This can be accomplished by moving from univariate to multivariate
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framework. The family of parametric models provides solution to this issue by

implementing e.g. multivariate GARCH (with assumption on joint distribu-

tion) or copula methodologies. For a survey of multivariate GARCH models

see Bauwens et al. (2003). The modelling of covariance matrix of multiple assets

leads to several issues. General specification of the conditional variance matrix

was first suggested by Bollerslev et al. (1988). Natural extension of univariate

GARCH(1, 1) to multivariate setting leads to the following VEC(1, 1)-GARCH

specification

vech(Ht) = c+A vech(εt−1εt−1
′) +G vech(Ht−1), (3.20)

where vech operator stacks lower triangle of the respective matrix into sin-

gle vector of dimensions N(N + 1)/2 × 1, c is the vector of parameters with

the same dimensions and A and G are square matrices of parameters of size

N(N + 1)/2. It is obvious that this basic idea easily leads to enormous number

of parameters to be estimated. One of the modifications trying to reduce the

issue of high dimensionality of parameter matrices is DVEC model in which no

cross-effects between volatilities and covariances are assumed (leaving matrices

A and G diagonal). Additional issue with the estimation of covariance matrix

is the constraint on having the covariance matrix positive semi-definite and

with restriction on correlations to be below 1 in absolute value. Alternative

parametrization that resolves the issue of positive semi-definiteness of the ma-

trix is the BEKK model of Engle and Kroner (1995).

Bollerslev (1990) proposed an alternative model - constant conditional cor-

relation (CCC) model. The idea of the model is that individual variances are

modeled using traditional GARCH model and the correlations are assumed to

be constant. As a result any variability in conditional covariances is driven

by variation in conditional variances.13 While the assumption of constant cor-

relations is useful in terms of decreasing the number of parameters to be es-

timated, it often contradicts the observed patterns in the data. The natural

generalization provided by Tse and Tsui (2000) and Engle (2002) which allows

for time-varying conditional correlations are Dynamic Conditional Correlation

(DCC) models. Both models can be characterized by Ht = DtRtDt, but

differ by their specification of correlation process. Engle (2002) parametrized

13Formally, the covariance matrix is estimated by Ht = DtRDt, where Dt denotes the
conditional variance matrix and R denotes the correlation matrix.
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the correlation matrix as

Rt = diag(q
−1/2
11,t . . . q

−1/2
NN,t)Qt diag(q

−1/2
11,t . . . q

−1/2
NN,t) (3.21)

Qt = (1− α− β) Q̄+ αut−1 ut−1
′ + βQt−1, (3.22)

where the unconditional variance matrix of ut can be estimated or alternatively

set to its empirical counterpart. Both models suffer from a significant draw-

back in the specification of the correlation equation as the parameters (α and

β) are scalars hence implicitly all the correlation are assumed to follow the

same dynamics.

An issue with MGARCH, CCC and DCC models is that they focus only

on the estimation of the correlation as the dependence measure. While this is

satisfactory to describe the dependence under the assumption of multivariate

normality of the data, it is not sufficient in other cases. Copula methodology

describes the dependence on the quantile scale which is extremely useful for

the purpose of estimation of VaR.

The fundamental theorem of the theory of copulas is the Sklar’s theorem (Sklar

1959), stated below.

Theorem 3.3 (Sklar’s Theorem).

Let F be a joint distribution function with margins F1, . . . , Fd . Then there

exists a copula C : [0, 1]d → [0, 1] such that, for all x1, . . . , xd in R̄ = [−∞,∞]

F (x1, . . . , xd) = C(F1(x1), . . . , Fd(xd)) (3.23)

And if the marginal distributions are continuous, then C is unique.

The consequence of Sklar’s theorem is that it is possible to split the mod-

elling of the behavior of individual series and their dependence in two parts.

Copula function has the following properties (summarized e.g. in McNeil et al.

(2010)):

� C(u1, . . . , ud) is increasing in uj

� C(1, . . . , 1, ui, 1, . . . , 1) = ui for all i ∈ [1, . . . , d] , ui ∈ [0, 1]

� C(u1, . . . , ul−1, 0, ul+1, . . . , ud) = 0 for any l ∈ [1, . . . , d], for all ui ∈
[0, 1, i 6= l]
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� ∀(a1, . . . , ad), (b1, . . . , bd) ∈ [0, 1]d s.t. ai ≤ bi:∑2
i1=1 . . .

∑2
id=1(−1)i1...idC(u1i1 , . . . , u1id) ≥ 0,

with uj1 = aj and uj2 = bj for all j ∈ {1, . . . , d}.

The first property means that the conditional distributions functions will be

increasing. The second is required for having a well defined (uniform) marginal

distributions. The third property tells that if one component is bounded from

below, the joint distribution will have zero value regardless of other compo-

nents. The last property is so-called rectangular inequality meaning that the

probability that a random vector lies between vectors a ≤ b is non-negative.

Some traditional choices for the copula function are the following:

� Gaussian: C(u)Gaρ = ΦΣ(Φ−1(u1), . . . ,Φ−1(ud))

� Student-t: C(u)tν,ρ = tν,Σ(t−1
ν (u1), . . . , t−1

ν (ud))

� Archimedean copulas14

� Independence: C(u)Ind =
∏d

i=1 ui

� Comonotonicity: C(u)Com = min{u1, . . . , ud}

Once we have characterized the entire distribution function using paramet-

ric approach the second issue is how to compute Value at Risk (and ES) given

the distribution. In univariate case the task reduces to simple inversion of

the distribution function (for VaR). In multivariate setting the task is more

complicated. When we are interested in quantile of the distribution of linear

combination of random variables (e.g. a portfolio VaR), we need to have an

idea about the distribution of such combination. Like in many other cases, the

normality (multivariate) simplifies the task heavily due to the fact that linear

combination of random variables drawn from multivariate normal distribution

is normally distributed.15 Given the ability to characterize the distribution of

arbitrary linear combination simplifies the task to the univariate setting. Once

the multivariate distribution has different form there is no simple expression

14Examples of Archimedean copulas are:
Gumbel (bivariate): C(u1, u2)Guθ = exp{−((− log(u1))θ + (− log(u2))θ)1/θ}, 1 ≤ θ <∞
Clayton (bivariate): C(u1, u2)Glθ = (uθ1 + uθ2 + 1)1/θ, 0 < θ <∞
For discussion on application and properties of Archimedean copulas see e.g. McNeil et al.
(2010)

15Note that multivariate normality requires having both Gaussian marginal distribution
and Gaussian copula. In general, it is possible to have Gaussian copula with non-Gaussian
marginal distributions (meta-Gaussian distribution), but then the VaR computation is likely
to be more complicated.
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of the distribution. At this point simulation comes to rescue. By simulating

data from the multivariate distribution and then evaluating the desired linear

combination it is possible to compute the VaR (ES) numerically.

As already mentioned, it is rarely the case that the dependence is stable

over time. For example, in crisis times the stocks tend to move together more

regularly than in boom times. The same is likely to hold for extreme events,

e.g. bankruptcies. These considerations motivate to introduce time variation

in the dependence structure. As the dependence structure is fully governed

by the parametric copula function, this is accomplished by introducing a dy-

namic model for copula parameters. Autoregressive specifications seem to be

reasonable as they ensure smooth transition over time. Next issue is how to

specify the impact of news on the parameter value. Finally, it is necessary to

ensure that the parameter value will remain inside the parameter space (e.g.

correlation in the interval [−1, 1]).

The second issue is most straightforward in case covariance matrix of gaus-

sian and student’s t copula - Patton (2006) suggested to specify the dynamics

by

ρt = Λ

(
ω + β ρt−1 + γ

1

L

L∑
l=1

F−1(ui−l)F
−1(vi−l)

)
(3.24)

Λ(x) =
1− e−x

1 + e−x
, (3.25)

where F denotes the cdf of marginals (normal or t distribution), L is the AR

order, u, v are probability values of lags and Λ is the generalised logistic trans-

form ensuring that the correlation stays below one in absolute value. While

this specification is rather intuitive for correlation, it is not very clear what is

a reasonable specification e.g. for Archimedan copulas.

Fortunately, Creal et al. (2008) proposed a general framework - Generalised

Autoregressive Score (GAS) - for modelling observation-driven models for pa-

rameter dynamics. They assume that the dependent variable y is generated by

the density

p(yt|Ft−1, Yt−1, Xt; θ), (3.26)

with f denoting the time-varying parameter vector, θ the static parameters

and x the exogenous regressors; with capital letters denoting observations up
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to the date. In general, the model is characterised by

ft = ω +

p−1∑
i=0

Ai st−i +

q∑
j=1

Bj ft−j , (3.27)

which is an autoregressive specification with news impact governed by s terms.16

The general specification of s in GAS framework is the scaled score

st = S(t, Yt−1, Ft−1)∇t = St−1 ∇t (3.28)

∇t =
∂ log(p(yt|Ft−1, Yt−1, Xt; θ))

∂ft−1

, (3.29)

where ∇t is the conditional score (gradient of log-likelihood) and S is the

conditional scaling matrix. As a natural choice the authors propose to use the

inverse of conditional information matrix, i.e.

St−1 = I−1
t−1 = −Et−1[∇t

′∇t]
−1 = −Et−1

[
∂2 log(p(yt|Ft−1, Yt−1, Xt; θ))

∂ft−1∂ft−1
′

]
.

(3.30)

Huge advantage of this framework is that it is extremely general and can en-

compass many models discussed above. Nevertheless, the conditional gradients

and scaling matrices can be found analytically only in simple cases; in other

cases they have to be computed numerically. For the optimization procedure,

it is common to evaluate the scaling matrix on a finite set of grid points and

then use some interpolation method. However, this is plausible at most for

low-dimensional problem. This makes the estimation of the models computa-

tionally challenging.

Finally, possible objection against modelling the variation in dependence by

allowing the parameter of copula to vary is that the shift in dependence might

represent the shift in its general structure. One of possible ways out might be

to employ the copula mixtures, i.e. multiple copula functions weighted by their

probability. Similarly, this could be extended by letting the probabilities vary

e.g. in GAS fashion.

16The f in the specification is not necessarily the parameter vector itself. If needed, it can
be applied on appropriate transform keeping its values in desired range.



Chapter 4

CAViaR extensions

4.1 Power and Exponential CAViaR

In Subsection 3.2.3 CAViaR model of Engle and Manganelli (1999) was pre-

sented. Even though the quantile regression framework requires rather narrow

set of assumptions, it is still subject to misspecification errors. From the spec-

ifications proposed in the original paper the Adaptive model proved not to be

flexible enough for typical financial data; the evidence on the performance of

other specifications is rather mixed. This motivates the search for new, more

flexible specifications. However, due to the computational difficulty of problem

(3.9) in the context of CAViaR models it is convenient to seek models which

do not incorporate too many extra parameters.

One direction of extension of the originally proposed models, suggested by

Kuester et al. (2006), aims at addressing possible presence of autocorrelation of

returns. An exemplar specification incorporating autocorrelation in IG CAViaR

model reads

ft(β) = γ yt−1 + (β1 + β2 (ft−1(β)− γ yt−2)2 + β3 (yt−1 − γ yt−2)2)1/2. (4.1)

The autoregressive specification naturally extends to higher orders and

other CAViaR specifications.

Second issue in CAViaR models is model selection. General specification

test for conditional quantile models was proposed in Engle and Manganelli

(1999). Here we propose a model specification, Power CAViaR (PSAV), which

encompasses Symmetric Absolute Value (SAV) and Indirect GARCH (IG) as
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special cases. As a consequence, the model may serve as a straightforward test

of SAV and IG models. The specifications is:

� Power CAViaR (PSAV):

ft(β, p) = (β1 + β2 f
p
t−1(β, p) + β3 |yt−1|p)1/p, β > 0, p > 0

The asymptotic normality of the parameter estimates in CAViaR model

was derived in Engle and Manganelli (1999) (Theorem 2 therein). They show

(subject to assumptions) that the estimator is asymptotically normal,

β̂
d−→ N(β, T−1DT A

−1
T DT ). (4.2)

For definition of the matrices DT , AT and their estimators the reader is re-

ferred to the original paper. If the assumptions of Engle and Manganelli (1999)

for asymptotic normality apply, then we are able to use the PSAV model for

specification tests.1 In the following paragraphs it is assumed that the condi-

tions are satisfied (even though it would require a formal proof). Testing the

specification of SAV or IG model may be done by posing the null hypothesis

H0 : p = p0, where p0 is the value under hypothesized model (p0 = 1 for SAV

and p0 = 2 for IG). Then, the hypothesis can be tested using

Z =
p̂− p0

σ(p̂)

d−→ N(0, 1). (4.3)

If we denote p = β4 = e′4β (β ∈ R4, e4 = [0, 0, 0, 1]′), the estimate of the

standard error for (4.3) is obtained as σ(p̂) =
√
T−1e′4DT A

−1
T DT e4. It is

important to stress out that the estimator is only asymptotically normal; the

finite sample distribution is unknown. This stems from the fact, that the null

hypothesis encompasses a wide range of possible underlying distributions.

While the model can serve as a test of SAV and IG models, it can also serve

as a more general test of GARCH type models. The models of conditional vari-

ance imply that the conditional quantiles are linear (when the mean is zero,

otherwise affine) in volatility. If the model is correct, it will imply the same dy-

namics for quantiles at all levels. Then, employing the multi-quantile CAViaR

model and testing the equality of the coefficients across quantiles might serve

as a specification test of volatility model (using e.g. Wald statistic).2 Impor-

1While the consistency and asymptotic normality require a wider set of assumptions, it
is only possible to verify assumptions C1 and AN1 in finite samples.

2More general discussion of hypothesis testing in CAViaR framework can be found in
Manganelli and Engle (1999)
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tantly, this form of test does not test the distribution assumption of residuals.

When using Power model the rejection would not be caused by misspecifica-

tion of power (p in the specification and corresponding parameters in variance

model). However, the test will require correct order of the processes (which

can be extended in the specification). Finally, the test might help detect miss-

ing time variation in other parameters/moments of the underlying process, e.g.

time varying degrees of freedom of t-distribution or kurtosis.

Considering a simple case when we use two quantile levels, null hypothesis

can be set as H0 : β1 = β2, where the superscript indexes the quantile level.

This means that the same specification holds for all quantiles considered.3 Then

the test statistic can be constructed in a similar manner as previously. White

et al. (2008) derived asymptotic normality of the parameter estimator in Multi-

Quantile CAViaR. Let us denote the asymptotic variance of the parameter

estimator β̂ = [β̂1′, β̂2′]′ by Σ (see White et al. (2008) for exact formula). Let

R = [I4, −I4], where I4 stands for (4 × 4) unit matrix. Then for the Wald

statistic W (under null hypothesis) it follows that

β̂
d−→ N(β, Σ)⇒ (4.4)

Rβ̂
d−→ N(Rβ, RΣR′)⇒ (4.5)

W = (Rβ̂)′(RΣR′)−1Rβ̂
d−→ χ2

r, (4.6)

where r is a number of restrictions; r = 4 in the case of two quantile levels.

Extending to more quantile levels follows along similar lines (but the algebra

is more messy). It should be emphasized again that the distribution of the

statistic is only an asymptotic one.

Futhermore, it is fairly straightforward to extend the power case (e.g. for

asymmetric effect). However, extra parameters will typically further worsen

computational issues and it might be difficult to obtain stable estimates from

the optimizer.

To illustrate the use of the model in practice, we employ the data on spot

prices of crude oil (see Section 5.1 for detailed description of the data). Pa-

rameter estimates of PSAV model when estimating quantiles on levels α =

(0.01, 0.05, 0.1) are summarized in Table 4.1. PSAV model yields power coef-

ficient p well above one for all quantiles, serving as an evidence against SAV

3As mentioned, this is for example true for (zero mean) Gaussian GARCH process, for
which all quantiles behave according to IG CAViaR.



4. CAViaR extensions 34

model (of first order). Nevertheless, even IG model of first order is rejected

in all cases. When moving deeper in the tail, the coefficient further increases.

Possible explanation is that higher moments and/or tail shape vary as well.

Table 4.1: PSAV CAViaR estimates

β1 β2 β3 p 95% CI

10% 0.0000 0.9093 0.1236 1.9239 1.9222 1.9255
5% 0.0000 0.8732 0.2944 2.7324 2.7323 2.7325
1% 0.0000 0.9446 0.2584 2.8478 2.8456 2.8500

In figures 4.1, 4.2 and 4.3 sample plots of different CAViaR specifications

at levels 1%, 5% and 10% are displayed respectively. One feature which can be

observed on the illustrative example is that higher power coefficients are linked

with more stable behavior in stable periods and stronger responses to news in

volatile times.
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Figure 4.1: CAViaR models (+PSAV): 1% quantile
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Figure 4.2: CAViaR models (+PSAV): 5% quantile
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Figure 4.3: CAViaR models (+PSAV): 10% quantile

In general, it is rather straightforward to generate new specifications for

CAViaR models by realizing that quantiles of increasing transform of random

variable are transforms of quantiles. Put differently, P[X ≤ x] = P[ψ(X) ≤ x]

for ψ(·) is increasing. This way, it is possible to estimate the known spec-

ifications on transformed variable and then inverting the transform. While

this feature grants a lot of freedom in modelling, it is essential to look for a
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specification which can be justified on economic ground. Drawing inspiration

from conditional variance models, a sensible specification is to model the logs

of (minus) the quantile. This allows for asymmetric impact of news on quan-

tile itself. One minor caveat in this choice is that it implicitly assumes that

the conditional quantile remains positive/negative. First, it should be noted

that this characteristic holds for SAV and IG as well for typical parameter val-

ues; conditional variance models produce (unless mean is allowed to vary) the

same. Second, this should not be very restrictive for any confidence level which

is of interest from risk management perspective (unless one wants to model

e.g. spectral risk measures with positive spectrum on [0, 1]). Formally, this

specification will read:

� Exponential Symmetric Absolute Value (ESAV):

log(−ft(β)) = β1 + β2 log(−ft−1(β)) + β3

(
|yt−1|
−ft−1(β)

)
(4.7)

� Exponential Asymmetric Slope (EAS):

log(−ft(β)) = β1 + β2 log(−ft−1(β)) + β3

(
yt−1

−ft−1(β)

)
(yt−1 > 0)

− β4

(
yt−1

−ft−1(β)

)
(yt−1 < 0)

(4.8)

Note that these models are implied by a variant of EGARCH (exponential

GARCH by Nelson (1991)). It is, however, important to stress out that these

specifications are more general. Unlike conditional variance, CAViaR does not

require iid innovations. In figures 4.4, 4.5 and 4.6 sample plots of exponen-

tial specifications are displayed. On less extreme levels the specifications are

relatively close to the original ones. When we move deeper in the tail, larger

deviations are present. Especially in case of EAS stronger reaction to news is

present. An advantage in comparison to power specification is that it does not

inflate the number of parameters to be estimated.
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Figure 4.4: CAViaR models (+ exponential): 1% quantile
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Figure 4.5: CAViaR models (+ exponential): 5% quantile
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Figure 4.6: CAViaR models (+ exponential): 10% quantile

In order to statistically test the models for misspecification we employ Dy-

namic Quantile test of Engle and Manganelli (1999). The basic idea of dynamic

quantile model testing is to test that a) the unconditional coverage is equal to

the nominal level of the quantile and b) that the filtered sequence of Hits

(Hitt(β) ≡ 1{yt < ft(β)} − α) is an iid sequence. Denoting X(β) a matrix of

predictors of hits (e.g. past value of hits and other variables), one wants to test

whether T−1/2X ′(β)Hit(β) is equal to zero vector. Theorems 4 and 5 therein

derive the asymptotic distribution of DQ statistics in-sample and out-of-sample

respectively. The statistics have the following form:

DQin =
Hit′(β̂)X(β̂)(M̂TM̂

′
T )−1X ′(β̂)Hit(β̂)

α (1− α)
∼ χ2

q (4.9)

DQout =
Hit′(β̂Nin)X(β̂Nin)(X ′(β̂Nin)X(β̂Nin))−1X ′(β̂Nin)Hit(β̂Nin)

Noutα (1− α)

(4.10)

∼ χ2
q, (4.11)

with E
[
T−1M̂TM̂

′
T α (1− α)

]
being the asymptotic variance of T−1/2X ′(β)Hit(β),

M̂T defined in Engle and Manganelli (1999). In out-of-sample DQ statistic

Nin, Nout denote the number of in-sample and out-of-sample observations (as-

sumed that out-of-sample size relative to in-sample tends to 0). The results

of the specification tests are summarized in Table 4.2, using return data on
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Crude Oil (WTI), EUR/USD exchange rate and S&P500 and quantile levels

[1%, 5%, 10%, 90%, 95%, 99%]. The evidence is rather mixed. A virtue of

exponential specification is that it seems to perform decently in lower tail for

equity, especially EAS. This result is rather intuitive - for equity, this can be

attributed to the leverage effect - e.g. asymmetry of news impact on risk due

to the increase in leverage following negative return. For that reason it seems

to be useful to test both alternatives (original and exponential) for particular

series and assess the suitability of given model for given data.
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Table 4.2: DQ tests

Crude Oil EUR/USD S&P500

In-/out-of-sample In Out In Out In Out

1%

SAV α̂ 1.12% 0.00% 1.03% 0.40% 0.88% 0.00%
DQ (p-val) 0.243 0.868 0.892 0.988 0.096 0.868

AS
α̂ 0.96% 0.40% 1.03% 0.00% 1.13% 0.40%

DQ (p-val) 0.136 0.930 0.978 0.868 0.305 0.986

IG
α̂ 1.04% 0.00% 1.03% 0.40% 1.13% 0.40%

DQ (p-val) 0.210 0.868 0.713 0.986 0.280 0.987

Ad.
α̂ 1.12% 0.79% 0.95% 0.40% 0.80% 35.71%

DQ (p-val) 0.589 0.995 0.049 0.960 0.000 0.000

PSAV
α̂ 1.04% 0.00% 1.03% 0.00% 1.13% 0.40%

DQ (p-val) 0.205 0.868 0.979 0.868 0.258 0.987

ESAV
α̂ 0.88% 0.40% 1.03% 0.40% 0.88% 0.40%

DQ (p-val) 0.097 0.961 0.073 0.980 0.092 0.989

EAS α̂ 0.96% 0.40% 1.03% 0.40% 1.05% 0.40%
DQ (p-val) 0.124 0.936 0.809 0.988 0.777 0.987

5%

SAV α̂ 5.04% 1.98% 5.00% 2.38% 4.99% 3.17%
DQ (p-val) 0.449 0.160 0.013 0.333 0.861 0.673

AS
α̂ 4.96% 2.38% 4.92% 1.59% 4.99% 3.17%

DQ (p-val) 0.528 0.283 0.121 0.402 0.854 0.717

IG
α̂ 4.80% 1.19% 5.00% 2.78% 4.99% 2.78%

DQ (p-val) 0.498 0.249 0.000 0.480 0.785 0.770

Ad.
α̂ 4.32% 20.24% 5.08% 4.37% 4.42% 17.86%

DQ (p-val) 0.006 0.000 0.000 0.357 0.000 0.000

PSAV
α̂ 4.96% 0.79% 5.00% 1.98% 4.99% 3.17%

DQ (p-val) 0.103 0.162 0.007 0.204 0.887 0.629

ESAV
α̂ 5.20% 3.17% 4.92% 2.78% 4.91% 3.57%

DQ (p-val) 0.431 0.034 0.002 0.522 0.734 0.690

EAS α̂ 5.04% 3.17% 4.85% 1.19% 4.91% 3.57%
DQ (p-val) 0.292 0.034 0.432 0.266 0.719 0.773

10%

SAV α̂ 9.91% 7.94% 10.01% 4.37% 9.98% 5.95%
DQ (p-val) 0.420 0.133 0.000 0.135 0.097 0.411

AS
α̂ 9.83% 7.14% 10.09% 3.57% 9.90% 6.75%

DQ (p-val) 0.304 0.125 0.217 0.034 0.130 0.651

IG
α̂ 9.75% 5.95% 10.09% 6.35% 9.98% 6.35%

DQ (p-val) 0.434 0.144 0.000 0.042 0.179 0.191

Ad.
α̂ 8.55% 34.92% 10.01% 5.95% 9.25% 23.41%

DQ (p-val) 0.007 0.000 0.000 0.022 0.000 0.000

PSAV
α̂ 9.83% 5.95% 10.01% 4.37% 10.06% 5.95%

DQ (p-val) 0.684 0.145 0.000 0.135 0.112 0.263

ESAV
α̂ 9.99% 8.33% 10.01% 7.14% 10.06% 6.75%

DQ (p-val) 0.193 0.135 0.000 0.001 0.096 0.350

EAS α̂ 9.91% 7.94% 9.53% 3.17% 10.14% 7.94%
DQ (p-val) 0.278 0.173 0.080 0.032 0.076 0.612

90%

SAV α̂ 90.01% 91.67% 89.91% 97.62% 90.02% 92.06%
DQ (p-val) 0.386 0.291 0.000 0.013 0.002 0.582

AS
α̂ 90.09% 91.27% 89.99% 97.22% 90.10% 93.25%

DQ (p-val) 0.793 0.576 0.601 0.024 0.407 0.565

IG
α̂ 90.09% 89.29% 89.91% 97.22% 90.19% 92.06%

DQ (p-val) 0.623 0.282 0.000 0.023 0.009 0.586

Ad.
α̂ 90.33% 77.38% 89.91% 95.63% 90.59% 82.14%

DQ (p-val) 0.181 0.000 0.000 0.058 0.336 0.002

PSAV
α̂ 90.17% 91.67% 89.99% 97.22% 90.19% 92.06%

DQ (p-val) 0.373 0.293 0.000 0.022 0.002 0.581

ESAV
α̂ 90.09% 90.87% 90.07% 90.48% 89.94% 92.06%

DQ (p-val) 0.396 0.497 0.000 0.032 0.009 0.580

EAS α̂ 90.01% 91.27% 90.63% 98.02% 90.10% 92.06%
DQ (p-val) 0.812 0.578 0.729 0.007 0.192 0.601

95%

SAV α̂ 95.04% 94.44% 94.92% 97.22% 95.01% 98.02%
DQ (p-val) 0.524 0.846 0.000 0.571 0.097 0.286

AS
α̂ 94.96% 96.43% 95.00% 98.02% 94.93% 96.43%

DQ (p-val) 0.421 0.825 0.819 0.561 0.131 0.678

IG
α̂ 95.20% 96.03% 95.00% 95.24% 95.01% 96.83%

DQ (p-val) 0.606 0.868 0.000 0.334 0.122 0.458

Ad.
α̂ 96.16% 53.57% 95.08% 96.43% 95.41% 86.90%

DQ (p-val) 0.101 0.000 0.000 0.151 0.370 0.000

PSAV
α̂ 95.20% 95.24% 95.00% 97.22% 95.01% 96.43%

DQ (p-val) 0.575 0.907 0.001 0.512 0.158 0.585

ESAV
α̂ 95.12% 94.44% 95.08% 94.84% 94.93% 97.62%

DQ (p-val) 0.641 0.843 0.000 0.037 0.104 0.342

EAS α̂ 95.04% 96.43% 95.31% 98.02% 95.17% 94.44%
DQ (p-val) 0.033 0.827 0.301 0.565 0.069 0.965

99%

SAV α̂ 99.04% 99.60% 98.97% 99.21% 98.95% 98.41%
DQ (p-val) 0.990 0.922 0.978 0.999 0.978 0.856

AS
α̂ 98.96% 99.60% 99.05% 99.21% 99.03% 99.60%

DQ (p-val) 0.184 0.947 0.982 1.000 0.985 0.868

IG
α̂ 99.04% 100.00% 99.05% 99.21% 99.12% 98.41%

DQ (p-val) 0.988 0.868 0.987 0.998 0.992 0.901

Ad.
α̂ 99.20% 75.40% 99.05% 97.62% 98.95% 95.63%

DQ (p-val) 0.001 0.000 0.135 0.003 0.020 0.000

PSAV
α̂ 98.88% 100.00% 98.97% 98.81% 99.12% 98.41%

DQ (p-val) 0.978 0.868 0.977 0.866 0.989 0.911

ESAV
α̂ 98.96% 99.60% 99.13% 98.02% 99.03% 98.02%

DQ (p-val) 0.985 0.931 0.995 0.605 0.990 0.244

EAS α̂ 99.04% 99.21% 99.13% 99.21% 98.95% 99.60%
DQ (p-val) 0.141 0.986 0.992 1.000 0.972 0.868

The table contains estimation results on α̂ - hit rate (percentage below quantile) in respective
sample, given the quantile estimated in the model. Desirable result is a hit rate close to the level of
quantile it models.
DQ (p-val) reports on p-value of dynamic quantile (DQ) test of Engle and Manganelli (1999). The

null hypothesis is H0 : T−1/2X′(β)Hit(β) = 0, Hitt(β) ≡ 1{yt < ft(β)} − α denotes the vector
of exceedance indicators (minus the nominal value) and X(β) denotes the matrix of predictable
variables (e.g. past Hit values). Under null hypothesis, the filtered sequence of hits is an iid
sequence with hit rate equal to nominal value. P-values of rejected models (on 5% level) are printed
in bold font.



4. CAViaR extensions 41

4.2 Implied Expectile Level

In the discussion of ES modelling within CAViaR framework we already high-

lighted the shortcoming of approaches suggested by Manganelli and Engle

(2001), namely the constant proportion of VaR and ES. This is tightly linked

to the assumption of iid standardized quantile residuals beyond the quantile.

Similar in spirit to CAViaR model is the CARE model, discussed in Subsec-

tion 3.2.4 (proposed by Taylor (2008)), which focuses on modelling of expectiles

and matches them ex-post to quantiles. Its major drawback is the way of match-

ing the modelled expectile with corresponding quantile, considering expectile

level τ such that in-sample hit rate (ratio of observations exceeding expectile)

is equal to the VaR (ES) level of interest. Alternatively, this is performed on

windows of prespecified length. First, the selection of the length of the window

is rather arbitrary and necessarily trades-off precision and variance. Second,

while this idea is very simple, the implicit assumption of matching the expectile

and quantile level in the window becomes quite restrictive in many cases. This

conditional matching of quantile and expectile level does not hold for many of

thinkable Data Generating Processes (DGPs). An example of DGP for which

the assumption does not hold is t-distribution with varying degrees of freedom.

Third, to obtain matching expectile level CARE model has to be typically es-

timated many times. There is in general little guidance on the range which

should be searched. Finally, modelling VaR in the indirect way means that the

estimates would not be meaningful if either the expectile specification or the

level matching were incorrect.

Even though there are pitfalls in matching quantiles and expectiles in CARE

model, the linkage of both can still be exploited within CAViaR framework.

The starting point is the observation that every θ quantile is also an expectile

on a (usually different) level τ .4 However, the linking of the two levels can go

in opposite direction compared to the CARE model. If the matching is correct,

then the direction of matching is not crucial (theoretically). Nevertheless, this

direction preferable for its computational simplicity. Starting by estimating

the CAViaR model (or any other model of quantile in general), we can obtain

4Given that the first moment exists.
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implied expectile level τ from the equation(
1− 2τ

τ

)
E [(y − µ(τ))1{y < µ(τ)}] = µ(τ)− E [y]⇒ (4.12)

E [(y − µ(τ))1{y < µ(τ)}]
2E [(y − µ(τ))1{y < µ(τ)}] + E [µ(τ)− y]

= τ (4.13)

derived in Newey and Powell (1987). In a sense, this procedure redressed the

expectile condition from original statement “Given expectile level τ , what is the

expectile µ(τ)?” to “Given expectile µ(τ), what is the expectile level τ?”. First

advantage of this matching procedure is that it is computationally simple, even

on rolling window. Second advantage is that incorrect matching procedure does

not affect the estimate of the quantile. Third, it allows additional flexibility as

discussed below.

Equation (4.12) can serve as a basis for estimation of more general specifi-

cation where the corresponding τ is allowed to vary over time. First possible

exercise is to try find a localized value of implied τ . This can be done for

example by exponentially weighting the observations in (4.12) for computation

of means by the distance to the given observation, i.e. at time t using the

weights wt = 1, wt−i = wt+i = γi, ∀i (normalized to one). In addition, the

weighting factor γ can be again obtained by matching the expectile condition.

The resulting implied τ is plotted in Figure 4.7 (using SAV CAViaR on 5% as

a basis). First thing to be noted is that the value of smoothing parameter is

close to one. At the same time, the variation in implied τ is significant. This

could mean that either the constant matching is wrong or that the VaR model

underestimates true quantile in periods of high implied τ .
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Figure 4.7: Implied expectile for SAV model (5% level)

However, previous exercise is merely an ex-post analysis. True value lies

in possibility to predict the expectile level. This would require to specify τt =

f(ψ, Zt−1) - expectile level at time t as a function of variables (Zt−1) observable

prior to it. Once it is done, the parameters vector ψ can be estimated in

two ways. First, one could use the implied smoothed τ and run forecasting

regression on it. Alternatively, one could specify additional moment condition

(along (4.12)), e.g. orthogonality of error and predictors, and estimate the

parameters using Generalized Method of Moments (GMM). An advantage of

this approach is that it does not rely on previous smoothing. In addition,

estimating the parameters by GMM requires few assumptions (iid assumption

below quantile not needed).

To this end, the task to find reasonably performing predictors is a difficult

one and the search is left for the future research. However, it should be noted

that unlike in the case of quantile, the expectile (and its level in turn) is affected

by changes in the upper tail of the distribution (and in the opposite direction

by changes in lower tail). As a consequence, using only symmetric predictors

(e.g. absolute values) might be misleading.



Chapter 5

Empirical analysis

In this section the results of the empirical analysis of hedging efficiency are

presented. While the specification tests (Chapter 4) emphasizes the statistical

performance, hedging exercise stresses economic performance. For the analysis

we employ real world data described in Section 5.1. In this thesis, focus is put

on one-day-ahead forecast of daily VaR and Expected Shortfall. In practice, it

might be preferable for hedging purposes to work with longer period VaR/ES

and incorporate rebalancing costs. This is not of central interest of this thesis;

the analysis might serve as an indication of usefulness of individual models.

Models considered in this section are:

1. Hybrid approach of Boudoukh et al. (1997). For λ (exponential weight-

ing parameter) value of 0.94 is used (identical choice as for EWMA by

RiskMetrics (1999)). For computation of VaR and ES a rolling window

of 250 observations is used. This approximately corresponds to one year.

2. CAViaR models - Symmetric Absolute Value (SAV), Indirect GARCH

(IG) (see Engle and Manganelli (1999)), Power (PSAV), Exponential SAV

(ESAV) and Exponential AS (EAS) (see Section 4.1). In all cases VaR is

modeled directly and with EVT on standardized quantile residuals, using

7.5% sample quantile as threshold.1 Expected Shortfall is estimated using

three different approaches. First two - regression approach and EVT

approach (again using 7.5% sample quantile as threshold) proposed by

1The 7.5% level was used in Manganelli and Engle (2001). In general, there is a trade-off
between bias (due to the use of asymptotic result with finite threshold) and variance (due to
the use of finite sample for estimation).
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Manganelli and Engle (2001) were described in 3.2.3. Third approach -

(constant) Implied Expectile level - was described in 4.2.

3. QML GARCH - using order (1, 1), combined with ARMA(1, 1) for mean.

VaR is estimated by combining QML GARCH and a) Historical Simula-

tion, b) EVT (7.5% quantile used) c) regression approach of Manganelli

and Engle (2001) on standardized residuals. Expected Shortfall is com-

puted using Historical Simulation and EVT.

4. GARCH(1, 1) with student t-innovations, using Gaussian and student-t

copulae with constant parameters.2

5. DCC model of first order (hedging exercise only) - multivariate normality

assumed. As a consequence minimum variance hedge is also a minimum

VaR and minimum ES hedge.

First three approaches are estimated on a grid of hedge ratios (within reason-

able range) and then the minimum is selected at each time step. Even though

this procedure is rather generally applicable, it comes at substantial computa-

tional cost. Unfortunately, semi-parametric and non-parametric models do not

offer any clear solution. This can be considered as an advantage of parametric

methods. There is one additional caveat to this grid search procedure in case of

Expected Shortfall (and any subadditive risk measure in general) - estimating

ES for each portfolio need not result in risk estimates which are subadditive.

Possible fix might go in a similar direction as with reordering in case of “quan-

tile crossing”, but the issue is more delicate in this case. The problem is that

the ordering is only relative, not absolute. The riskiest position must be in one

of the marginal positions. However, in which end it is and how should the rest

be reordered is not clear. Alternatively, one might incorporate the subadditiv-

ity restriction into optimization problem. Unfortunately, this constraint is a

nontrivial one and will again result in increased computational cost. For the

empirical analysis this issue is neglected. This essentially corresponds to the

assumptions that the minimizer is correct, despite violation of subadditivity

property in some points.

2Parameters of copula are hold fixed in this thesis. Time variation in parameters can be
possibly modeled as suggested by Patton (2006) for Gaussian copula or using GAS framework
(Creal et al. 2008) in general case.
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5.1 Data description

For the empirical analysis we use the data on closing spot price of Crude Oil

(WTI) from Federal Reserve Economic Data together with the settlement prices

of Crude Oil continuous futures contracts from Wiki Continuous Futures.3 Both

datasets can be accessed on Quandl.com. For the estimation and in-sample

analysis the window from Jan 1st, 2008 to Dec 31st, 2012 is selected. For the

evaluation of the out-of-sample performance the window from Dec 31st, 2012

to Dec 31st, 2013 is chosen. This yields 1251 and 252 observations for the first

and second period respectively.

In figures 5.1 and 5.2 the evolution of prices, returns and return differentials

between spot returns and futures return are displayed. Clearly, the prices

are locked together and deviate only mildly. As already mentioned, futures

price represents risk-neutral expectation of the spot price at maturity date.

This means that the prices must converge at maturity. The limited degree

of deviations is amplified by the fact that short maturity futures are used.

On the contrary, significant day-to-day deviations are still present (figure 5.2),

suggesting that basis risk can be quantitatively important. Moreover, major

volatility cluster can be observed both in return series and in return differential,

motivating the use of conditional models.

3The continuous contract means that the data are concatenated end-to-end for given
maturity. This allows to perform the analysis over a long period considering rollover of short
maturity futures. This disregards settlement risk (risk of not being able to offset the position),
which can be, however considered negligible in liquid markets or when the settlement is in
cash.

https://www.quandl.com/
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Figure 5.2: Return evolution and differential

In figure 5.3 strong correlation between the series can be observed. Never-

theless, significant deviations with low probability are still present. This sug-

gests that the dependence structure is not purely elliptical. Besides the pair of

extreme deviations there is a number of days in which the return differential

was of size of few percentage points.
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Figure 5.3: Spot/Futures returns

Table 5.1 reveals that the series of spot and futures prices have very similar

qualitative features. While in the first period there are significant deviation

from normality in terms of skewness and kurtosis, the second period seems to

be characterized much better by normal distribution. The deviations in the

first period are likely driven by few extreme observation.

Table 5.1: Descriptive statistics

Spot Futures Spot Futures
In-sample In-sample Out-sample Out-sample

N 1251 1251 252 252

Mean 0.000 0.000 0.000 0.000
St. Dev. 0.028 0.028 0.011 0.011
Minimum −0.120 −0.122 −0.034 −0.029
Maximum 0.178 0.178 0.033 0.033
Skewness 0.382 0.403 0.022 0.003
Kurtosis 8.149 8.317 3.050 2.968

5.2 Hedging performance analysis

In this section the models listed above are compared based on their hedging

performance. The hedge ratios are initially estimated on simple returns (due to

preferable statistical properties compared to absolute returns), then corrected
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using the results from Chapter 2. Using the corrected hedge ratios and absolute

returns realized VaR and ES for given strategy are computed (i.e. sample

values).4 Then, in order to rank the strategies VaR and ES reductions are

computed by

Reductionρ =
ρu − ρMdl

ρu
, (5.1)

with ρ denoting the respective risk measure and subscripts u and Mdl indicate

the unhedged position and hedge position in given model respectively. Finally,

the analysis is repeated on 1% and 5% level for both VaR and ES.

Table 5.2: VaR hedging performance

1% 5%
In-sample Out-of-sample In-sample Out-of-sample

Hybrid approach 21.31% 79.50% 81.99% 85.10%
QML - HS 75.75% 69.76% 88.69% 85.91%
QML - EVT 75.57% 69.75% 88.80% 86.16%
DCC 78.81% 75.98% 88.02% 86.57%
Gaussian copula (t-marg.) 79.39% 76.98% 87.59% 85.82%
t-copula (t-marg.) 78.73% 78.83% 87.67% 85.18%
CAViaR, SAV 76.77% 68.05% 86.74% 83.92%
CAViaR, IG 75.42% 65.56% 87.03% 83.81%
CAViaR, PSAV 76.06% 65.69% 87.05% 84.82%
CAViaR, EAS 76.16% 79.39% 87.68% 86.69%
CAViaR, ESAV 80.03% 74.64% 88.55% 82.86%
CAViaR - EVT, SAV 77.19% 71.01% 86.66% 81.32%
CAViaR - EVT, IG 79.52% 69.47% 86.82% 82.84%
CAViaR - EVT, PSAV 77.66% 70.38% 87.64% 85.08%
CAViaR - EVT, EAS 79.22% 72.31% 88.55% 84.63%
CAViaR - EVT, ESAV 78.84% 72.18% 87.48% 85.40%

Table 5.2 summarizes the results of hedging performance exercise for mini-

mum VaR objective. On 1% level of quantile (99% VaR) the best performing

methods are ESAV CAViaR, IG CAViaR augmented with EVT and t-GARCH

model with Gaussian copula for dependence, in-sample. The best performing

models out-of-sample are Hybrid approach, EAS CAViaR and t-GARCH model

with Gaussian copula. On 5% level (95% VaR), the winners are QML GARCH

with Historical Simulation and EVT, ESAV CAViaR and EAS CAViaR aug-

mented with EVT, in-sample. In out-of-sample analysis EAS CAViaR, DCC

model and QML GARCH with EVT outperform. On both levels, exponential

CAViaR specification seems to produce decent results, comparable to its com-

petitors and in several cases even outperform. One caveat, especially on 1%

level, is that on a relatively short out-of-sample period realized VaR might not

directly represent the true VaR.

4This procedure is analogous to Harris and Shen (2006).
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Table 5.3: ES hedging performance

1% 5%
In-sample Out-of-sample In-sample Out-of-sample

Hybrid approach 19.60% 70.17% 27.09% 75.51%
QML - HS 67.24% 66.48% 77.56% 77.05%
QML - Reg 68.83% 65.16% 75.99% 76.63%
QML - EVT 66.72% 65.04% 76.52% 76.20%
DCC 72.54% 74.93% 80.33% 79.46%
Gaussian copula (t-marg.) 72.91% 72.44% 80.10% 79.43%
t-copula (t-marg.) 71.86% 74.74% 75.02% 71.97%
CAViaR - Reg, SAV 63.34% 61.62% 78.50% 79.26%
CAViaR - Reg, IG 63.93% 61.68% 78.65% 78.90%
CAViaR - Reg, PSAV 66.91% 61.07% 79.17% 77.69%
CAViaR - Reg, EAS 70.50% 79.16% 79.87% 79.98%
CAViaR - Reg, ESAV 71.71% 75.67% 80.33% 79.40%
CAViaR - EVT, SAV 71.56% 72.03% 79.32% 76.53%
CAViaR - EVT, IG 70.85% 62.60% 80.05% 76.86%
CAViaR - EVT, PSAV 72.85% 76.37% 80.64% 79.68%
CAViaR - EVT, EAS 66.66% 61.69% 79.68% 77.25%
CAViaR - EVT, ESAV 70.74% 63.23% 79.86% 77.70%
CAViaR - IEL, SAV 68.58% 62.57% 79.14% 79.05%
CAViaR - IEL, IG 66.75% 65.36% 79.25% 76.59%
CAViaR - IEL, PSAV 69.07% 61.07% 78.97% 76.29%
CAViaR - IEL, EAS 70.40% 77.41% 79.73% 78.96%
CAViaR - IEL, ESAV 71.98% 76.89% 80.11% 78.20%

Table 5.3 summarizes the results of hedging performance exercise for min-

imum ES objective. On 1% level (99% ES) the best performing methods are

t-GARCH model with Gaussian copula, PSAV CAViaR augmented with EVT

and the DCC model, in-sample. The picture out-of-sample looks different with

exponential CAViaR models in the lead. On 5% level (95% VaR), the winners

are PSAV CAViaR augmented with EVT, ESAV CAViaR and DCC model.

Out-of-sample analysis yields rather similar results.

In general, exponential CAViaR specification seems to perform decently in

context of futures hedging. In light of nonconclusive evidence on specification

of these models this could possibly imply that in case of deviation from true

quantile value these models are more likely to overshoot, resulting in more

conservative positions. However, parametric methods yield comparable results.

First, computational simplicity of most parametric models might motivate their

use. However, it would be useful to address the issues with semi-parametric

approaches, namely the computational aspects and subadditivity violation in

grid search. This could improve precision of search for optimal hedge ratio (not

only for CAViaR models).

It should be noted that the analysis of hedging efficiency in this thesis is

only a comparison of point estimates of risk reduction. In order to fully under-

stand the relative performance of the models in hedging a proper statistical test

would be needed. Nevertheless, this poses a serious challenge. In order to do
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so, e.g. a distribution of the difference of risk reduction would be needed. An

issue is that such statistic is a complicated object, given by its nature. First,

the individual models are estimated, then the optimal hedge ratio is found and

finally realized risk measure is computed. To some extent, hedging efficiency is

connected to the specification of the underlying model. In many cases failure in

specification test will imply suboptimal hedge and worse hedging performance

as a consequence. On the contrary, there are cases when failed specification

test has no impact on hedging performance. A model situation is when the

quantile (VaR) is equal to the true one, multiplied by a positive constant (for

all possible hedge ratios).5 In such situation, the value of the quantile is wrong,

yielding hit rate far from nominal value and likely leading to a clear rejection

by specification test. However, the optimal hedge ratio is still obtained (the

objective is only scaled by a positive constant). On the other hand, the pro-

cedure might not result in optimal hedge ratio if the optimization fails (e.g. a

problem with grid search), even though the specification is correct.

This problem has not been solved yet (to the best knowledge of the author)

and represents an important area of future research.

5More specific example is bivariate-Gaussian distribution and a model which estimates
the variance matrix Σ̂ = (1 + c) Σ, c 6= 0, c > −1 where Σ is a true covariance matrix.
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Conclusion

Futures represent a suitable instrument for hedging pricing risk. However, their

standardized form has a consequence of limited selection of maturity dates.

As long as the maturity date differs from the hedging horizon, basis risk is

present. In order to mitigate it an agents seeks to minimize the risk. In past

decades, a shift from traditional variance towards alternative risk measures -

mainly Value at Risk and Expected Shortfall - was witnessed. In this thesis we

analyzed futures hedging with the objective of minimizing Value at Risk and

Expected Shortfall. The central focus of the thesis was on empirical analysis of

the performance of CAViaR model and its extensions in the context of futures

hedging.

First contribution of the thesis is that it treats the question of what type of

returns (absolute vs. simple) to use in minimum VaR/ES futures hedging, an

issue rather neglected in empirical research on the topic. To this end, the rela-

tionship between the hedge ratio obtained using percentage returns (preferable

from statistical point) and absolute returns (preferable from economic point)

is derived. Second, alternative specifications of CAViaR model, Power and Ex-

ponential CAViaR, are proposed and supplemented with empirical evidence on

their performance. While the Power CAViaR seems to underperform in most

cases, exponential specifications carry mixed results which depend on series

and quantile level used. In terms of hedging exponential specification delivers

decent result, both in case of VaR and ES hedging. Third, an alternative way of

estimating Expected Shortfall is proposed - Implied Expectile Level, allowing

for more flexible extensions which allow for a non-constant ratio of quantiles

and Shortfall. When constant specification of Implied Expectile Level is used

quantitatively similar results compared to alternative methods are achieved.
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Finally, the empirical evidence on the performance in futures hedging is pro-

vided. Overall, exponential CAViaR specifications provide decent performance

in terms of risk reduction, beating its competitors in several cases.

This thesis may serve as a basis for future research in several directions.

First, it would be vital to develop more suitable way of search for the optimal

hedge ratio in semi-parametric models which would a) decrease computational

complexity and b) preserve subadditivity property in case of Expected Short-

fall minimization. Second, more experiments with exponential specifications

of CAViaR with respect to news impact form and evidence on their suitability

should be conducted. Third, a search for good predictors of Implied Expec-

tile Level which could facilitate the use of CAViaR for modelling of Expected

Shortfall remains an open area. Finally, development of a statistical test of

relative performance of VaR/ES models in hedging is crucial for assessment of

certainty of point estimates of hedging performance.
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