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Introduction

The theoretical description of physical properties of solids, such as their elec-
tronic structure or magnetism, is a complex and fascinating many-body problem.
One of the phenomena that in many cases should be taken into account is the
electron-electron correlation. It occurs because the motion of an electron in solid
is influenced by pairwise repulsion with the other electrons.

The strength of the correlations can be estimated by the ratio of averaged
Coulomb repulsion (Hubbard parameter U ) to the energy bandwidth W (which
measures the kinetic energy): according to the ratio U/W materials are classified
into following categories:

• U
W
< 1 – weak correlations. The system is characterized by broad energy

bands and the valence electrons are itinerant, that is delocalized over the
whole solid.

• U
W
∼ 1 – moderate correlations. Due to the comparable magnitude of the

Coulomb interaction and the energy bandwidth, these systems are often
sensitive to external perturbations.

• U
W
> 1 – strong correlations. The electrons are localized in narrow bands

and posses atomic-like features.

Depending on the correlation strength, different theoretical approximation can
be used to describe the solid. Approximations based on the mean-field theory
(MFT) are very often sufficient for the weakly correlated systems. In this case,
the influence of other electrons is taken into account by some self-consistently
determined mean field. The electron interactions are averaged out and as a result
may be underestimated. To this group of methods belong Hartee and Hartree–
Fock approximations. Another often used methods are approximations in the
framework of density functional theory (DFT). According to DFT, the ground-
state energy of an ensemble of interacting electrons moving in some external
potential is fully determined by the electron density n(r) as a functional E[n(r)].
Unfortunately, this functional is not known exactly. In practice, the Kohn–Sham
equations are used together with approximations such as local density approxi-
mation (LDA) or generalized gradient approximation (GGA). Although the DFT
is exact in principle, its practical applications thus have a character of mean-fields
approximations. Both LDA and GGA are very successful for weakly correlated
solids, but they are also known to fail for cases when the electron correlations
become significant. The classical incorrect examples are Mott insulators, such as
NiO, that accordingly to local spin density approximation (LSDA) is a narrow
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gap insulator, or PuO2, that is predicted to be a metal with nonzero density of
states (DOS) at the Fermi level EF . In both materials, strong Coulomb repulsion
between the valence electrons (d or f , respectively), separates the occupied and
unoccupied energy levels by a gap several eV wide.

The intermediate and strong correlations are usually described using many-
body model hamiltonians, such as the single impurity Anderson hamiltonian [1]
(SIAM) or the Hubbard hamiltonian [2], which explicitly introduce the Coulomb
interaction to the system. Theoretical modeling of electronic structure and mag-
netism of strongly correlated materials is difficult. For that reason advanced
computational methods have to be used and the realistic description is very of-
ten performed by methods combining the DFT electronic structure with model
hamiltonians.

The electron-electron correlations usually become significant in partially filled
d or f shells. Particularly interesting are compounds containing elements from
3d (3d transition metals), 4f (most of the rare-earth metals) and 5f (actinides)
groups. The correlations in materials may lead to many unusual phenomena,
such as the Kondo screening of magnetic moment or appearance of electrons
with extremely large effective masses. The Kondo effect was first observed ex-
perimentally as an electrical resistivity minimum found at low temperatures in
metals containing a small amount of magnetic impurities [3] (instead of expected
monotonical decrease of the resistivity with the decrease of temperature). This
problem remained unsolved for 30 years, until Kondo showed that the effect is a
consequence of increasing interaction between the impurity spins and conduction
electrons of the metal [4]. Afterwards a non-perturbative explanation of the prob-
lem was provided by Wilson [5], who studied it using numerical renormalization
group.

Another phenomena, which emerges due to the strong electron-electron cor-
relation may be observed for compounds with very narrow bands, involving rare
earths and actinides, is called heavy fermions. In such compounds we observe
a formation of quasiparticle bands with very large effective masses – even over
thousand times more than the bare electron mass. Heavy fermion materials are
characterized by much larger than usually values of specific heat at low temper-
atures γ = C/T . The reason of such behavior is similar to that observed in the
case of magnetic impurities: for some compounds the 4f and 5f electrons of rare
earths and actinides, become localized and the atoms behave like impurities in a
crystal structure [6].

The objectives of this thesis is to study and understand the physical phe-
nomena occurring in strongly correlated materials. The work presented in the
thesis was performed under a joint supervision of two researches, representing
two branches of the solid state physics: theoretical (A. Shick) and experimental
(T. Klimczuk). The aim of this collaboration was to provide theoretical help to
experimentalists in the study on realistic systems, precisely nanomaterials with
impurity atoms and Np-based compounds.

In this thesis, we summarize the material-specific theories of strongly corre-
lated systems and apply them to several strongly-correlated materials. The used
methods combines first-principles electronic structure calculations based on DFT,
with the many-body theories. We describe and apply the correlated band theory
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methods: the local density approximation plus Coulomb U (LDA+U), and the
density functional theory plus exact diagonalization of single impurity Anderson
model (DFT+ED).

The first two chapters are dedicated to the computational methods and the
next two to its applications in the investigated examples. The text is organized
as follows:

• In Chapter 1 we describe the methods, essential for the field of strongly
correlated electrons. To provide the general overview of the field, we start
from the description of effective action functional formalism, a method com-
monly used in the theory of interacting systems. With its use, we introduce
DFT method, and sketch the classical Weiss molecular field theory and the
dynamical mean field theory (DMFT). Afterwards, we turn towards a de-
tailed derivation of DFT in the local (spin) density approximation, with the
inclusion of the relativistic effects, and its implementation in the the full
potential linear augmented planewave basis (FP-LAPW). Finally, we intro-
duce the DFT++ methods, a general scheme for calculating the electronic
structure of solids.

• Chapter 2 is dedicated to practical aspects of the computational meth-
ods used in the thesis, particularly static mean-field DFT+U and the im-
proved method DFT+ED, that incorporates dynamical fluctuations. We
present the DFT+U methodology in the presence of spin-orbit coupling, in
two double-counting schemes: fully-localized (or atomic-like) limit (FLL)
and around mean field (AMF) approximation. Then, we introduce the
DFT+ED method, which combines the single impurity Anderson model
with DFT electronic structure calculations; finally the methodology achiev-
ing the self consistency over the charge density is presented.

• In Chapter 3 we present results for systems containing impurity atoms:
cobalt impurity located in the bulk copper, and samarium and neodymium
adatoms on the surface of graphene. We study the electronic structure
and magnetism of these impurities. The cobalt atom in the bulk copper is
studied with the aid of the DFT+ED method, which yields a nonmagnetic
ground state for the impurity electrons. Further, we focus on the case of
rare-earth adatoms on graphene surface. We show that DFT+U method is
insufficient to correctly describe the ground state of Sm adatom. Inclusion
of dynamical fluctuations by means of DFT+ED with the self consistency
condition imposed over charge density, solves this problem. This chapter is
based on articles No. 1 and 4 from the “List of publications”.

• In Chapter 4 we focus our attention on the electronic structure and mag-
netism of Np-based compounds: (i) a novel antiferromagnetic compound
from the so-called “1-2-7” group NpPt2In7, (ii) Np2Ni17 in which the ordered
magnetic moment is found only on one of the Np sides and (iii) a novel ferro-
magnetic compound NpBC. The study on these systems is performed with
the use of relativistic DFT and its correlated extension DFT+U, including
the spin-orbit coupling. In this chapter, the sections dedicated to Np2Ni17
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and NpBC are based on results published in articles No. 2 and 3 from the
“List of publications”, the section related to NpPt2In7 contains unpublished
results.

Finally, the thesis is summarized in Conclusions.



Chapter 1

Modern approach to the electronic
structure theory

The standard methods of the theoretical description of the electronic structure
of solids, such as the Hartree–Fock approximation or density functional theory
(DFT) in LDA or GGA approximations simplify the problem by treating the
electrons as independent, non-interacting particles. These approaches are of-
ten sufficient for systems, in which the valence electrons are itinerant. On the
other hand, when the valence electrons are localized, the correlations between
the motion of electrons have to be taken into account. Therefore, more advanced
methods, which go beyond the independent-particle approximation, have to be
used.

Typical methods used to study the strongly correlated systems are hybrid
methods, which separate the system into two subsets: weakly and strongly corre-
lated subsystems. The description of weakly correlated electrons is done through
the standard methods such as DFT, whereas for the strongly correlated subset
many-body corrections are included.

1.1 Effective action approach to the mean-field
theories

This section will be mostly based on Ref. [7–9]. Let us consider a many-particle
system with N particles, described by the hamiltonian Ĥ (here written in the
second quantization form) and the chemical potential µ. Then, in statistical
physics approach, the partition function Z is defined as

Z = Tre−β(Ĥ−µN̂) = e−βF , (1.1)

where N̂ is a particle number operator and an inverse temperature β = (kBT )−1

is defined in terms of Boltzmann constant kB and temperature T ; F denotes the
free-energy.

Next, defining as ξα(τ) the generator of the Grassmann algebra associated
with annihilation operator aα and generator ξ∗α(τ) with creation operation a†α, a

11



12 1. Modern approach to the electronic structure theory

fermion coherent state from the generalized Fock space is

|ξ(τ)〉 = e−
∑
α ξα(τ)a†α|0〉, (1.2)

where |0〉 is a vacuum in the Fock space. They satisfy following eigenvalue con-
dition

aα|ξ(τ)〉 = ξα(τ)|ξ(τ)〉. (1.3)

We can write the partition function as a path integral (here in the trajectory
notation):

Z =

∫
ξα(β)=−ξα(0)

D[ξ∗α(τ)ξα(τ)]e−
∫ β
0 dτ{∑α ξ

∗
α(τ)( ∂

∂τ
−µ)ξα(τ)+H(ξ∗α(τ),ξα(τ))}. (1.4)

The integration is over Grassman variables satisfying antiperiodic boundary con-
ditions. In the above equation H(ξ∗α(τ), ξα(τ)) = 〈ξ(τ)|H|ξ(τ)〉.

Then, the action S is defined over a trajectory ξ∗α(τ)ξα(τ) of the imaginary
time τ as

S[ξ∗α(τ)ξα(τ)] =

∫ β

0

dτ

{∑
α

ξ∗α(τ)

(
∂

∂τ
− µ

)
ξα(τ) +H(ξ∗α(τ), ξα(τ))

}
(1.5)

and the partition function

Z =

∫
ξα(β)=−ξα(0)

D[ξ∗α(τ)ξα(τ)]e−S[ξ∗α(τ)ξα(τ)]. (1.6)

1.1.1 The effective action functional formalism

To discuss the DMFT method it is useful to introduce the effective action func-
tional formalism, defined as the Legendre transform.

In general words, the effective action functional formalism investigates some
quantity of interest A, which is coupled to the external source J . The previously
defined action (1.5) is changed to S + JA and the free energy corresponding to
S is a functional of J

F [J ] = −β−1 ln

∫
D[ξ∗α(τ)ξα(τ)]e−S[ξ∗α(τ)ξα(τ)]−JA[ξ∗α(τ)ξα(τ)]. (1.7)

From now on, we will use a short notation, where [ξ∗α(τ)ξα(τ)] is suppressed.
Using the Legendre transform, we change the variables from J to A and define
the effective action functional Γ, as a functional of A:

Γ[A] = F [J ]− J [A]A. (1.8)

The one-to-one functional relationship between J and A can be inverted, and
as a result

δF [A]

δA
= J [A]. (1.9)
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The variation of (1.8) over A yields δΓ/δA = −J [A]. Original system (1.1) is
obtained when the source J is equal to zero. The exact expectation value of the
quantity A may be obtained from the stationarity requirement

δΓ

δA
= −J [A] = 0. (1.10)

Next, following [10], we define a varying coupling constant λ and split the ac-
tion S into a sum of some reference non-interacting system S0 and the interacting
part S1, S = S0 + λS1. The effective action functional Γ depends now through
the action also on the coupling constant λ, Γλ[A]. The equivalent problem of
non-interacting system S0 +AJ0 will be used as the reference to the original one.
J0 is called a "constraining field" and adding it to a reference action S0 allows to
produce some specific value of A. Then, using the coupling constant integration,
we may write

Γλ[A] = Γ0[A] + ∆Γ[A] = F0[J0]− AJ0 +

∫ 1

0

dγ
dΓλ
dλ

[A], (1.11)

where the relationship Γ0[A] = F0[J0] − AJ0 was used. The constraining field
J0[A] defined in this way is determined by the variation

δ∆Γ[A]

δA
= J0[A]. (1.12)

Moreover, if we define the functional Ω0[J0, A] = F0[J0] − AJ0, and impose the
stationarity condition for both J0 and A, then

δΩ0[J0, A]

δJ0

= 0. (1.13)

Equations (1.12-1.13) determine self-consistently the expectation value of the
quantity of interest A.

Finally, it is often useful to separate two types of contributions in the inter-
acting part of the effective action functional ∆Γ = EMF + Γcorr, a mean-field
energy EMF (in most cases can be calculated explicitly) and the part containing
all the correlations beyond the mean-field approximation Γcorr, which has to be
approximated.

1.1.2 Density functional theory theory in terms of the ef-
fective action formalism

We will now illustrate the effective action formalism on an example of density
functional theory (DFT), as defined in [10]. The central quantity of DFT is the
electron density n(r) = ψ†(r)ψ(r). In the formalism, the action S is modified
with a probe J(r) in the following way

S ′[J ] = S +

∫
dxJ(r)ψ†(r)ψ(r). (1.14)
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Partition function Z (1.6) and related to it free energy F (1.7) are now functionals
of J

Z[J ] =

∫
D[ψ†ψ]e−S

′[J ], (1.15)

F [J ] = −β−1 lnZ[J ] = −β−1 ln

∫
D[ψ†ψ]e−S

′[J ]. (1.16)

The Legendre transform of F with respect to J(r) gives the effective action

ΓDFT [n] = F [J [n]]− Tr(Jn) = F [J [n]]−
∫

drJ(r)n(r). (1.17)

In the effective action functional formalism for DFT, the constraining field
J0 is set as the sum of exchange-correlation potential vxc and the Hartree con-
tribution vH , J0(r) = vxc(r) + vH(r). The complete electron density is defined
by adding J0, as well as the external potential vext(r) (together they form the
effective potential) to the noninteracting hamiltonian. The two-variable potential
Ω0 is defined as

Ω0[J0, n] = −
∑
ω

tr ln
[
iω + µ− t̂− v̂ext − Ĵ0

]
−
∫

drJ0(r)n(r), (1.18)

where tr is the trace over single electron degrees of freedom, iω are Matsubara
frequencies and µ the chemical potential. The kinetic energy t̂ ≡ −∇2/2, external
potential v̂ext ≡ vext(r) and constraining field Ĵ0 ≡ J0(r) are one-body operators.

The definition (1.18), together with the stationarity requirement (Eq. (1.13))
yield the relation between n(r) and J0

n(r) = β−1
∑
ω

〈r|
(
iω + µ− t̂− v̂ext − Ĵ0

)−1

|r〉. (1.19)

The electron density n(r) can also be derived from the Kohn–Sham Green’s
function GKS as

n(r) = β−1
∑
ω

GKS(r, r, iω)eiω0+ , (1.20)

GKS(r, r′, iω) =
∑
kj

ψkj(r)ψ†kj(r
′)

iω + µ− εkj
, (1.21)

where ψkj(r) are the Kohn–Sham wave functions and εkj the Kohn–Sham ener-
gies; k is a wave vector from the first Brillouin zone, j marks the band.

Following the scheme from the previous subsection, the DFT effective action
functional ΓDFT is split into the non-interacting system of reference ΓDFT,0[n]
and the remaining part ∆ΓDFT [n]

ΓDFT = ΓDFT,0[n] + ∆ΓDFT [n]. (1.22)

Finally, the part ∆ΓDFT [n] is the functional of interaction energy, composed of
Hartree and exchange-correlation energies

∆ΓDFT [n] = EH [n] + Exc[n]. (1.23)
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1.1.3 General framework for mean field theories

The formalism presented in subsection 1.1.1 is useful in describing various theo-
ries of interacting systems, not only DFT, which was shown in subsection 1.1.2.
This framework can be also applied to the Weiss mean-field theory (MFT), or
dynamical mean field theory (DMFT).

DMFT is one of the most popular approaches to study strongly correlated
materials. Its idea is based on mapping the full many-body problem into the
single-site quantum impurity model with small number of interacting degrees of
freedom, embedded into a self-consistent non-interacting bath. DMFT may be
considered as a generalization of the classical Weiss molecular field theory for the
Ising model to the quantum case. In the classical case, the Weiss approximation
becomes exact, when the connectivity of the lattice becomes large – so the neigh-
bors of the given site can be treated as some external bath, when their number
becomes very large [9].

The effective action functional formalism reveal the similarities in the theories,
as they can be considered within the same framework. Among the common
features of the approaches, we can distinguish [9]:

• they focus on some quantity of interest A: in DFT it is the local elec-
tron density, in MFT local magnetization. The key quantity in the DMFT
scheme is local Green’s function Gii(ω);

• the original system is replaced by a reference system S0, afterwards used in
the representation of quantity A. In the DFT example S0 corresponded to
a set of non-interacting electrons in an effective potential, in MFT it is a
spin an an effective field. In the case of DMFT Anderson impurity model,
which will be introduced in subsection 2.2.1;

• the effective parameters entering S0 define the constraining field J0, which
is used to provide the specific value of A. In the case of DFT as J0 served
the Kohn–Sham equations, in MFT it is effective local field and in DMFT
effective hybridization; those fields are determined self-consistently;

• finally, the functional corresponding to the real problem is usually con-
structed through the Legendre transform and with the use of coupling con-
stant integration method, as it was shown in subsection 1.1.1.

The summary of application of the formalism to considered theories is presented
in Table 1.1.

1.2 Method of density functional theory (DFT)

In subsection 1.1.2 we derived DFT in the formalism of effective action functional
and we showed that it can be considered in the same framework as other theories
of interacting electrons. Now we will introduce the density functional theory
in the standard way, which originates from two works: the Hohenberg–Kohn
theorems [11] and Kohn–Sham equations [12].
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Table 1.1: Mean Field theory, density functional theory and dynamical mean field
in the effective action formalism, from [9]

MFT DFT DMFT
Quantity A local magneti-

zation mi

local density
n(r)

local Green’s
function Gii(ω)

Reference
system S0

spin in effective
field

non-interacting
electrons in
an effective
potential

Anderson
impurity model

Constraining
field J0

effective local
field

Kohn–Sham po-
tential

effective
hybridization

The basis of DFT is built on two Hohenberg–Kohn theorems, which proves
that ground-state electron density may be used alternatively to the many-body
wave function in the description of the many-body system. In the first work,
Hohenberg and Kohn formulated the theorems just for a non-degenerate ground
state. Later, the theorems were extended for the case of degenerate systems. The
two theorems are formulated as follows:

Theorem 1. Let us consider a collection of interacting fermions under the in-
fluence of external potential v(r). Then v(r) is determined uniquely (up to an
additive constant) by the ground state particle density n(r).

The considered system of interacting fermions is described by the hamiltonian
of the following form:

Ĥ = T̂ + Ûee + V, (1.24)

where T̂ represents the kinetic energy of the system, Ûee the electron-electron
interactions and V the interaction with external field. In consequence of the first
theorem, the hamiltonian of the system is determined (up to a constant). As
a result, the many-body wave function ψ for the ground state is determined by
n(r), and all properties of the system. Then we define an universal functional,
valid for any external potential

F [n(r)] = 〈ψ|T̂ + Ûee|ψ〉. (1.25)

For a given external potential v(r) the energy functional is defined as:

Ev[n] = F [n] +

∫
drv(r)n(r). (1.26)

Now, we shall formulate the second Hohenberg–Kohn theorem

Theorem 2. The energy Ev has its minimum for the exact ground state electron
density n(r) and Ev[n] is the ground state energy E.

Consequently, from the functional Ev[n] we can determine the ground state
electron density n(r) and the ground state energy E. The theorems are proved
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by the Rayleigh–Ritz principle for the ground state energy E = 〈ψ|Ĥψ〉 and the
ground state energy is calculated from the variational principle.

It is difficult to use the Hohenberg–Kohn theorems in practice, since we do
not know precisely the energy functional E[n]. For the practical applications,
some approximations are needed to find an expression for E[n].

Now, let us again consider the system of interacting electrons described by
the hamiltonian (1.24). The derivation of the method presented in this section is
based on Ref. [13]. Note that we will use atomic units (~ = m = |e| = 1, where
m is the mass of electron and e its charge). The operator of kinetic energy T̂ is

T̂ = −1

2

∑
i

∇2
i (1.27)

and ∇i denotes the gradient operator with respect to r – the coordinates of i-
th electron. The operator of Coulomb interaction between the electrons Ûee is
defined as

Ûee =
1

2

∑
ij
i 6=j

1

|ri − rj|
. (1.28)

Finally, the energy of interaction with external field V , in general has the form:

V =

∫
dr
∑
αβ

Vαβ (r) ραβ (r) , (1.29)

where ρβα(r) is the one-particle density matrix

ρβα(r) = 〈0|ψ̂†α(r)ψ̂β(r)|0〉. (1.30)

|0〉 denotes here ground state of the many-particle system, ψ̂†α(r) and ψ̂α(r) –
creation and annihilation operators of the electron at the position r with the spin
α =↑, ↓, respectively.

The general form of the potential energy V presented in (1.29) allows to
consider also the existence of spin polarization in the system and appearance
of the magnetic fields, their effect on spin and its change in space both in the
magnitude and in the direction.

We will consider the spin density functional theory (SDFT), where non-
diagonal terms of the density matrix ρβα(r) are omitted.

Let |Φ〉 be an arbitrary antisymmetric wave function of N -electron system,
providing a predetermined value of one-electron spin density matrix and normal-
ized to unity:

〈Φ|Φ〉 =1, (1.31)

〈Φ|ψ̂†α(r)ψ̂β(r)|Φ〉 =ρβα(r). (1.32)

Then, if ρβα(r) denotes the values of spin density matrix in the ground state, by
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the variational principle the ground state energy will be equal

E = min
|Φ〉
〈Φ|T̂ + Ûee + V |Φ〉 ≡ Ẽ[ρ̂] = Q[ρβα] +

∑
αβ

∫
drVαβ(r)ρβα(r),

(1.33)

Q[ρβα] = min
|Φ〉
〈Φ|T̂ + Ûee|Φ〉. (1.34)

Now, let us consider separately parts entering Eq. (1.34)

T [ρ̂] ≡min
|Φ〉
〈Φ|T̂ |Φ〉 = min

|Φ〉

∑
α

∫
dr〈Φ|ψ̂†α(r)

(
−1

2
∇2

)
ψ̂α(r)|Φ〉, (1.35)

Uee[ρ̂] ≡min
|Φ〉
〈Φ|Ûee|Φ〉

= min
|Φ〉

∑
αβ

1

2

∫
drdr′〈Φ|ψ̂†α(r)ψ̂†β(r′)

1

|r − r′|
ψ̂β(r′)ψ̂α(r)|Φ〉

≡U [n] + Exc[ρ̂], (1.36)

where n(r) is the total electron density n(r) = Trρ̂(r).
In equation (1.36) we have separated the classical electrostatic energy

U [n] =
1

2

∫
drdr′

n(r)n(r′)

|r − r′|
(1.37)

and the residue Exc – exchange-correlation energy. Neglecting Exc leads to the
Hartree approximation.

Next, we introduce a set of orthonormal wave functions ψν(r, σ), where σ
denotes the spin, σ =↑, ↓∑

σ

∫
drψ∗ν(r, σ)ψν′(r, σ) = δνν′ (1.38)

and a set of numbers 0 ≤ fν ≤ 1. Further, we will require the following condition
to be fulfilled:

ρβα(r) =
∑
ν

fνψ
∗
να(r)ψνβ(r), (1.39)

where ρ̂ is the spin density matrix in the ground state. In general, this condition
may not be satisfied uniquely. The condition on fν originates from the fact, that
the eigenvalues of ρ̂ lie between 0 and 1. Then,

T [ρ̂] = min
ψνα,fν

(∑
να

fν

∫
drψ∗να(r)

(
−1

2
∇2

)
ψνα(r)

)
, (1.40)

where the minimization runs over ψνα and fν , which fulfill the condition (1.39)
in all ρ̂.
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Now, we can calculate the variation of (1.33) over ψ∗να, using the Eqs. (1.37)
and (1.40)

δẼ

δψ∗να(r)
=
∑
β

fν

[(
−1

2
∇2 +

∫
dr′

n(r′)

|r − r′|

)
δαβ + Vαβ + V xc

αβ

]
ψνβ(r),

(1.41)

V xc
αβ =

δExc[ρ̂]

δραβ
. (1.42)

To calculate the minimum of energy subject to constraint (1.38), we use the
method of Lagrange multipliers. We will use the multipliers of the form λνν′fν .
Then from (1.41) we get

∑
β

[(
−1

2
∇2 +

∫
dr′

n(r′)

|r − r′|

)
δαβ + Vαβ + V xc

αβ

]
ψνβ(r) =

∑
ν′

λνν′ψν′α(r).

(1.43)

Next, diagonalizing matrix λνν′ and denote its eigenvalues as εν , we get the
generalization of the Kohn–Sham equations for the spin-dependent potential:∑

β

[(
−1

2
∇2 +

∫
dr′

n(r′)

|r − r′|

)
δαβ + Vαβ + V xc

αβ

]
ψνβ(r) = ενψνα(r). (1.44)

The variation of Ẽ introduced in equation (1.33) over fν gives:

δẼ

δfν
=
∑
αβ

∫
dr

δẼ

δραβ(r)

δραβ(r)

δfν
≡ εν , (1.45)

therefore

δẼ =
∑
ν

ενδfν . (1.46)

The number of particles in the system N is constant, therefore we will search for
the minimum of Ẽ − µN , where µ is a chemical potential. By the definition of
n(r), together with equations (1.38) and (1.39), the number of particles is

N =

∫
drn(r) =

∑
να

fν

∫
dr|ψνα(r)|2 =

∑
ν

fν . (1.47)

Then, from relations (1.47) and (1.46) we have

δ

δfν

(
Ẽ − µN

)
= εν − µ. (1.48)

What follows, the functional Ẽ − µN has its minimum for the maximal values of
fν , when εν < µ and for the minimal values of fν for εν > µ, i.e.

fν =

{
0, εν > µ,
1, εν < µ.

(1.49)
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Therefore, fν is a Fermi distribution at the temperature T = 0 and εν is the
particle energy. As we see in Eq. (1.46) the change of the occupation of the
system changes the total energy.

The total energy Ẽ of the system in the method SDFT may be split into two
parts: Esp – a single particle energy and Edc – double counting term

Ẽ = Esp − Edc, (1.50)

Esp =
∑
ν

fνεν , (1.51)

Edc =
1

2

∫
drdr′

n(r)n(r′)

|r − r′|
+

∫
drTr

[
ρ̂(r)

δExc
δρ̂(r)

]
− Exc. (1.52)

1.2.1 Local (spin) density approximation (LDA)

One of the commonly used approaches of DFT method is local spin density ap-
proximation (LSDA). In this method we assume that Exc is a functional of ρβα(r)
and has a form

Exc =

∫
drn(r)εxc(ρβα(r)), (1.53)

where εxc is the exchange-correlation energy density per particle. In this subsec-
tion we consider the colinear case. In general, εxc may depend on the full density
n(r) = Trρ̂(r) as well as on the spin density:

m(r) = |Trσ̂ρ̂(r)|, (1.54)

where σ̂ are the Pauli matrices

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (1.55)

Then Eq. (1.53) is

Exc =

∫
drn(r)εxc(n(r),m(r)), (1.56)

and εxc is defined as exchange-correlation energy per particle in homogeneous
electron gas, characterized by the electron density with a given spin projection
σ =↑, ↓

n↑ =
1

2
(n+m), n↓ =

1

2
(n−m). (1.57)

Inserting (1.56) into (1.42), V xc
αβ becomes:

V xc
αβ =

∂ [nεxc(n,m)]

∂n
δαβ +

1

m

∂ [nεxc(n,m)]

∂m
σαβTr (σ̂ρ̂) (1.58)

and the double counted energy is

Edc =
1

2

∫
drdr′

n(r)n(r′)

|r − r′|
+

∫
dr

[
n2(r)

∂εxc (n(r),m(r))

∂n(r)

+ n(r)m(r)
∂εxc (n(r),m(r))

∂n(r)

]
.

(1.59)
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In this way all the parts entering Kohn–Sham Eq. (1.44) are defined. The external
potential Vαβ describes the interaction between the electrons and the nuclei, and
it does not depend on the spin

Vαβ = V δαβ. (1.60)

Let us consider a spin polarization m(r) along the z direction, i.e. choose ρ̂ in
the diagonal form:

ρ̂(r) =

(
n↑(r) 0

0 n↓(r)

)
. (1.61)

Then, from (1.58) it follows that:

V̂ xc(r) =

(
V xc
↑ (r) 0

0 V xc
↓ (r)

)
, (1.62)

V xc
σ (r) =

δExc
δnσ(r)

, (1.63)

and finally two independent equations for spins ↑ and ↓ channels are obtained[
−1

2
∇2 + V (r) +

∫
dr′

n(r′)

|r − r′|
+ V xc

σ (r)

]
ψνσ(r) = ενσψνσ(r) (1.64)

where is explicitly given the spin energy ενσ and ν is a set of quantum numbers.

1.2.2 Relativistic density functional theory (RLDA)

In the derivation of relativistic version of DFT, we will follow the current density
functional formalism for the Kohn–Sham–Dirac equations, presented in [14]. The
theory is defined with the use of Minkowski space-time geometry, where four-
components vectors are defined as a combination of time component and three
dimensional space components:

xµ = (ct, x, y, z) = (ct,x), (1.65)
xµ = gµνx

ν = (ct,−x,−y,−z) = (ct,−x), (1.66)

gµν is a tensor defining the metric in Minkowski’s space

gµν =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 = gµν (1.67)

and the partial derivatives should be understood as:

∂µ =
∂

∂xµ
, ∂µ =

∂

∂xµ
, ∂µ∂

µ =
1

c2

∂2

∂t2
−∆ = �, (1.68)

where ∆ is the Laplace operator and � the d’Alambert operator.
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Denoting as ψk the Kohn–Sham–Dirac bispinor orbitals, 〈ψk, ψk′〉 = δkk′ and
as nk orbital occupation numbers, the total electron charge is Q = −e

∑
k nk and

the ansatz for four-current density is equal to

Jµ = c
∑
k

nkψ̄kγ
µψk, (1.69)

where ψ̄k = ψ†kγ
0 and γµ, µ = 0, 1, 2, 3 are Dirac matrices

γ0 =

(
I2 0
0 −I2

)
, γi =

(
0 σi
−σi 0

)
, i = 1, 2, 3. (1.70)

here I2 denotes 2×2 unit matrix and σi are Pauli matrices, defined by Eq. (1.55).
Let us consider the functional of four-current density H[Jµ]. It may be split

into two parts, an orbital variation K and the remaining part L:

H[Jµ] = K[Jµ] + L[Jµ], (1.71)

K[Jµ] = min
ψk,nk

{
k[ψk, nk]

∣∣∣c∑
k

nkψ̄kγ
µψk = Jµ, 〈ψk, ψk′〉 = δk,k′

}
(1.72)

If the considered system is under external four-potential Aµ, then the ground
state energy is obtained from the Kohn–Sham–Dirac variational principle

E[A,Q] = min
ψk,nk

{
k[ψk, nk] + L

[
c
∑
k

nkψ̄kγ
µψk

]

−ec
∑
k

nk〈ψk|γ0γµAµ|ψk〉
∣∣∣〈ψk, ψk′〉 = δk,k′ ,−e

∑
k

nk = Q

}
,

(1.73)

where k is

k[ψk, nk] =
∑
k

nk〈ψk|β
(
−icγ ·∇+ c2

)
|ψk〉. (1.74)

With such approximations the Kohn–Sham–Dirac equation is[
−icα ·∇− ecβγµ(Aµ + AXCµ )

]
ψk = ψkεk. (1.75)

In the above equation −eAXCµ (r) the Kohn–Sham correlation four-potential

−eAXCµ (r) =
δEXC [Jµ]

δJµ(r)
. (1.76)

β and αi are 4× 4 matrices

β = γ0 =

(
I2 0
0 −I2

)
, αi = βγi =

(
0 σi
σi 0

)
. (1.77)

Exchange and correlation effects can be included, at least in principle, within
a relativistic generalization of the density functional formalism. This formula-
tion, however, leads to serious problems because the actual form of EXC [Jµ] is
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unknown. In order to avoid these difficulties, a simplified theory that captures
most of the effects of magnetic fields is commonly used.

We apply the Gordon decomposition to the four-current density Jµ = (cn,J).
Then, in the stationary case, the three-current density J may be written in a
form

J = I +∇× S, (1.78)

where S is the spin density

S =
1

2

∑
k

nkψ̄kΣψk, Σl =

(
σl 0
0 σl

)
. (1.79)

From the charge conservation we have 0 = ∂µJ
µ =∇ · J and therefore

∇ · J = ∇ · (I +∇× S) =∇ · I = 0, (1.80)

as the divergence of a curl of a vector field is always equal to zero. Since∇·I = 0,
we can write down I in a form of a curl of “angular momentum density” L.

I =
1

2
∇×L. (1.81)

Finally, we obtain

−eJ = −e
2
∇× (L+ 2S) =∇×M . (1.82)

The four-current density now has a form Jµ = (cn,−∇ ×M/e) and since
EXC was defined as a functional of Jµ we can write it as a functional EXC [n,M ].
Then, from Eq. (1.76), we have an exchange-correlation potential that acts on an
electron V XC and a local field BXC(r),

V XC = −ecAXC0 =
δEXC

δn
, (1.83)

BXC(r) =
δEXC

δM (r)
. (1.84)

Also, from the variation of M with respect to ψ̂k, using relationships (1.82)
and (1.79) retaining the spin part of the four-current, and neglecting the orbital
part which would lead to diamagnetic effects, we get:

δM (r′)

δψ̄k(r)
= −µBnkδ(r′ − r)Σψk(r). (1.85)

Finally, the Kohn–Sham–Dirac equation can be reformulated[
−icα ·∇+ βc2 + V (r) + V XC(r)

]
ψk(r)

− β

nk

∫
d3r′

(
B(r′) +BXC(r′)

)
· δM (r′)

δψ̄k(r)
= ψk(r)εk,

(1.86)

where B is an external field. The functional EXC [n,M ] can be approximated by
the LSDA .
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1.2.3 Basis sets for representing Kohn–Sham–Dirac equa-
tions

The DFT-based electronic structure methods may differ depending of the kind of
representations used to define the electronic density, potentials and Kohn–Sham
orbitals. The great majority of the currently used methods of calculations are
based on the basis set expansion of the Kohn–Sham orbitals, so for a given basis
set {φα} they are assumed to have the form:

ψi(r) =
∑
α

ciαφα(r), (1.87)

where ciα are corresponding expanding coefficients. For a given basis set the
problem of solution of self-consistent Kohn–Sham equations is reduced to finding
expansion coefficients for occupied orbitals which will minimize the total energy
functional.

The problem of finding the self-consistent solution to the Kohn–Sham equa-
tions in practice is very often split to two separate tasks: the determination of
expansion coefficients ciα and self-consistency over the charge density. Therefore,
instead of the explicit solution of the Kohn–Sham equations for a given basis set,
the secular equations are solved

(H − εiS)ci = 0, (1.88)

where S is an overlap matrix and H Kohn–Sham hamiltonian. In the solution,
the ciα coefficients are determined for a fixed charge density, unless the self-
consistency over charge density is reached. The schematic flowchart is shown on
Fig. 1.1.

We can distinguish two main branches of approaches to build basis sets: first
of them is using relatively simple basis sets like planewaves (PW) and second more
complex, but efficient basis sets like linearized augmented planewaves (LAPW),
full-potential linearized augmented planewaves (FLAPW), or linearized “muffin-
tin” orbitals (LMTO). In this subsection we will follow the definitions presented
in [15, 16].

Linearized Augmented Plane Waves

The idea of linearized augmented plane waves method, as well as its full-potential
variant, originated from augmented plane waves (APW) method, proposed by
Slater [17]. Its formulation is based on the observation, that near nucleus the
potential and wavefunction vary strongly (and have nearly spherical symmetry)
as in the isolated atom, and in the interstitial region between the atoms they
are smoother. As a result, the space is split into two subspaces: non-overlapping
spheres centered on the nuclei of the atoms (so-called “muffin-tin” (MT) spheres)
and remaining interstitial region (I) (see Fig. 1.2). They differ by used basis sets:
in the former it is a radial solution of Schrödinger’s equation, and plane waves in
the latter. Thus the wavefunction has the form

ϕ(r) =

{
Ω−1/2

∑
G cG exp ((G+ k) · r) r ∈ I∑

lmAlmul(El, r)Ylm(r̂) r ∈MT
(1.89)
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Set initial                  and compute
initial density

Compute        and form 
the Kohn-Sham equations

Solve Kohn-Sham equations
to obtain new

Determine the Fermi level

Calculate new density 
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Done

No
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often by mixing

Figure 1.1: Flowchart of the DFT-type calculations in the self-consistent loop.
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MT
l
MT

Figure 1.2: The partitioning of the unit cell in APW and LAPW methods: MT
are “muffin-tin” spheres centered on the nucleus and I the remaining interstitial
region.

In the above equation Ylm(r̂) denotes spherical harmonics, Ω is the unit cell
volume, G a reciprocal lattice vector and k a wave vector. The expansion coeffi-
cients Alm and cG are chosen to satisfy the continuity condition of the wavefunc-
tion on the sphere boundary. More precisely, Alm are defined in terms of cG and
energy parameters El

Alm =
4πil

Ω1/2ul(El, R)

∑
G

cGjl(|k +G|R)Y ∗lm(k +G). (1.90)

In (1.90) the origin is set at the center of the sphere with radius R. Functions
ul(El, r), which depend on the position in space r, as well as energy parameter
El, are solutions of the radial Schrödinger’s equation(

− ∂2

∂r2
+
l(l + 1)

r2
+ V MT (r)− El

)
rul(El, r) = 0. (1.91)

In Eq. (1.91) a “muffin-tin” potential V MT is constructed as constant in the inter-
stitial regions and spherically symmetric in MT spheres (Fig. 1.3). In the above
equation, Rydberg atomic units are used.

This equation define the APW basis functions, with El as variational param-
eters. The accurate description of the problem requires setting El equal to the
band energies at a given k point. What follows, secular equations (1.88) depend
on energy, whose roots must be found. That makes the whole problem computa-
tionally complex. Another problem with the APW method is that it is difficult
to extend it for a general crystal potential in the interstitial region, or the so-
called asymptotic problem, which arises from the fact that in Eq. (1.90) ul is in
a denominator. In general there exist values of El for which ul is equal to zero at
the sphere boundary.

The difficulties with the APWs originate directly from its construction: the
first derivative of the basis functions is in general not linear. One of the solutions
was proposed by Andersen [18] in the linearized augmented plane waves method
(LAPW), where the wave function and its first derivative with respect to El are
set to be continuous at a fixed value of energy El.
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Figure 1.3: Crystal potential of a square two-dimensional lattice. (Left) “muffin-
tin” approximation to the crystal potential: spherically symmetric in the MT
region and constant outside. (Right) the actual potential.

In the LAPW method, the basis functions are defined similarly to the APW,
as:

ϕ(r) =

{
Ω−1/2

∑
G cG exp ((G+ k) · r) r ∈ I∑

lm [Almul(El, r) +Blmu̇l(El, r)]Ylm(r̂) r ∈MT
(1.92)

where ul(El, r) are defined by Eq. (1.91) and (in the non-relativistic case)
u̇l(El, r)Ylm(r̂) satisfy:(

− ∂2

∂r2
+
l(l + 1)

r2
+ V MT (r)− El

)
ru̇l(El, r) = rul(El, r), (1.93)

with two expansion coefficients Alm for the functions ul, and Blm for its energy
derivative u̇l. Both of them are defined to satisfy the continuity condition for the
basis functions, as it took place in the APW method. This definition allows the
LAPW wavefunctions for greater flexibility for the kind of the potential used in-
side the MT spheres. For that reason, the LAPW may be easily extended to other
variations of potentials. Moreover, unlike in the APW method, in the LAPW a
single diagonalization is sufficient to obtain accurate energy bands. LAPW do
not suffer from the asymptotic problem, as it took place in the APW method: if
the function ul vanishes at the sphere boundary, then both its energy and radial
derivatives are nonzero. The cost of adding additional radial function to the defi-
nition of basis functions is that, compared to the APW, higher planewave cut-offs
are needed to obtain similar level of convergence.

The first LAPW implementations were also based on the MT approximation
with model potentials in the interstitial regions, but afterwards more sophisticated
methods were developed, like full-potential linearized augmented plane waves
(FLAPW) [19]. In the FLAPW method the nonspherical parts of the general
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potential in the muffin tin spheres are included in the hamiltonian matrix, thereby
the shape approximation to the potential inside the spheres is removed.

1.2.4 Treatment of the spin-orbit coupling in LAPW basis

Kohn–Sham–Dirac equations Eq. (1.86) can be rewritten as,

ĤΨi = EiΨi , Ĥ = Ĥ0 + Ĥ1 , (1.94)

where the Hamiltonian Ĥ consists of a non-magnetic term Ĥ0 and a magnetic
part Ĥ1,

Ĥ0 = cα · p+ (β − I4)mc2 + V eff (r) I4 ,

Ĥ1 = βΣ ·Beff [n,m] .
(1.95)

Here, I4 denotes 4×4 unit matrix. The energy E is related to the full relativistic
energy W by W = E +mc2.

According to the local (spin-polarized) density functional theory (1.2.1) the
effective potential V eff [n,m] is given in terms of the functional derivative with
respect to the particle density n(r)

V eff [n,m](r) = V (r) +

∫
d3r′

n(r′)

|r − r′|
+
δExc[n,m]

δn(r)
. (1.96)

Similarly, the effective magnetic field Beff [n,m] is expressed via the functional
derivative with respect to the spin density m,

Beff [n,m](r) = µBB
ext(r) +

δExc[n,m]

δm(r)
, (1.97)

where µB is the Bohr magneton. It should be noted that Bext is a true external
magnetic field, while Beff is rather an effective spin-dependent potential.

Assume that the effective potential V eff [n,m] is represented by a set of spher-
ically symmetric potentials VR(r) in individual MT spheres. Similarly, the ef-
fective spin-dependent potential Beff is represented in each MT-sphere by a
“magnetic field” BR(r) = BR(r)nR, where BR(r) is the (spherically symmetric)
amplitude of the effective magnetic field and nR is a unit vector which defines
its direction.

We write Eq. (1.95) in terms of the large ΨG and the small ΨF components

of the spinor solution Ψ(r) =

(
ΨG(r)
ΨF (r)

)
, as

c σ · p ΨF (r) +
[
V eff (r) + σ ·Beff (r)

]
ΨG(r) = E ΨG(r),

c σ · p ΨG(r) =
[
2M c2 + σ ·Beff (r)

]
ΨF (r),

(1.98)

where M = m + (E − V )/2c2 is the relativistic mass.
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Neglecting the spin-orbit coupling (SOC) term for the large component ΨG

and the spin – magnetic field interaction term for small component ΨF , the
following system of equations:

[
p

1

2M
p + V eff (r) + σ ·Beff

]
(r)ΦG = E0ΦG,

c σ · p ΦG = 2M c2 ΦF .

(1.99)

yields a standard set of scalar-relativistic equations for Dirac radial amplitudes
to first order in 1/c2 [20].

The Dirac Hamiltonian acts on solution Φ of scalar-relativistic Eq. (1.99) as,

ĤΦ = E0 Φ +

(
1

(2Mc)2
1
r
dV eff (r)

dr
σ · r × p 0

0 0

)
Φ. (1.100)

Note that the spin-magnetic field interaction term for small component ΦF is
omitted.

Eq. (1.100) opens the possibility to obtain an approximate to first order in
1/c2 solution of Kohn–Sham–Dirac equation (1.95) in a spin-dependent LAPW
basis. Once the scalar-relativistic eigensolutions [E0

i,s,Φi,s(k, r)] are known, the
SOC can be added into the matrix elements of the Hamiltonian. Taking into
account the LAPW basis definitions

Φs
i (k, r) =

∑
G

csi (G,k)φsk+G(r),

φsk+G(r) =
∑
l,m

[
almsk+Gu

s
l (ri) + blmsk+Gu̇

s
l (ri)

]
Ylm(r̂i) ,

(1.101)

where φsk+G(r) is an augmented plane wave, ul is a radial wavefunction, and
u̇l = du/dE (〈ul|ul〉 = 1, 〈ul|u̇l〉 = 0).

〈Φs
j(k, r) | Ĥ | Φs′

i (k, r)〉 = E0
i,s δi,jδs,s′ +

∑
l,ml,m

′
l

∑
s,s′

〈l,ml, s | σ · l | l,m′l, s′〉

×
∑
G,G′

(
a∗l,ml,sk+G al,m

′,s′

k+G′ ξl,s,s′ + b∗l,ml,sk+G al,m
′,s′

k+G′ ξ̇l,s,s′ + a∗l,ml,sk+G bl,m
′,s′

k+G′ ξ̇l,s′,s

+ b∗l,ml,sk+G bl,m
′,s′

k+G′ ξ̈l,s,s′
)
× c∗sj (G,k)cs

′

i (G′,k).

(1.102)

where the radial SOC coupling constants are

ξl,s,s′ =

∫ sα

0

dr r
1

(2Mc)2

dV (r)

dr
ul,s(r)ul,s′(r),

ξ̇l,s,s′ =

∫ sα

0

dr r
1

(2Mc)2

dV (r)

dr
u̇l,s(r)ul,s′(r),

ξ̈l,s,s′ =

∫ sα

0

dr r
1

(2Mc)2

dV (r)

dr
u̇l,s(r)u̇l,s′(r).
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The spin-orbit matrix 〈l,ml, s | σ · l | l,m′l, s′〉 for the nR defined by a set of
polar angles (θ, φ) is(

cos θlz + 1
2

sin θ(l+eiφ + l−e−iφ) − sin θlz + cos2 θ
2
l−eiφ − sin2 θ

2
l+e−iφ

− sin θlz + cos2 θ
2
l+e−iφ − sin2 θ

2
l−eiφ − cos θlz − 1

2
sin θ(l+eiφ + l−e−iφ)

)
.

The solutions of Eq. (1.102) produce the eigenvalues and eigenfunctions with
the SOC. The charge and spin densities needed to construct effective potential
Eq. (1.96) and exchange field Eq. (1.97) are calculated in order to obtain a self-
consistent solution of Kohn–Sham–Dirac equation (1.95).

1.3 Combination of DFT and DMFT: DFT++

In this section we will briefly discuss a DFT++ multiband approach, as presented
in Ref. [21]. It is a general scheme for calculating the electronic structure of
correlated electron systems that combines many-body physics with band structure
methods. The method originated from the DFT+U approach, which will be
discussed in section 2.1, therefore the starting point of both schemes is similar. We
define the material-specific Hubbard hamiltonian, in which we add the Coulomb
interaction between the correlated electrons to the LDA hamiltonian HLDA, and
subtract the double-counting part of the interactions:

H = HLDA +
∑
i

1

2

∑
{σm}

U i
m1m2m′1m

′
2
c†im1σ

c†im2σ′
cim′2σ′cim′1σ − E

i
dc

 . (1.103)

The index i runs over the crystal sites with correlated electrons, m labels orbitals
and σ is a spin index; U i

m1m2m′1m
′
2
are elements of the Coulomb matrix and c†imσ

and cimσ creation and annihilation operators for the correlated electrons. The
approximations typical for the double counting correction Ei

dc will be discussed
in the next chapter in subsection 2.1.1. In order to approximately solve the
Hubbard hamiltonian (1.103) the many-body interactions are considered locally
through the energy dependent self-energy Σ̂(ω).

The most accurate of the DFT++ approaches employs the DMFT, introduced
in subsection 1.1.3, to define the self-energy. For the extreme cases of strongly or
weakly correlated materials, the scheme can be simplified through the Hubbard-I
approximation (for very strong correlations) or fluctuation exchange approxima-
tion (FLEX) (for very week correlations).

First, we consider the most general approximation, the DFT+DMFT scheme.
In this case, the self-energy is defined through an auxiliary impurity model. Here,
the non-interacting conduction-electron states are self-consistently adjusted to
reflect the presence of the self-energy in the correlated shell [22].

For materials with strong correlations, the method can be simplified and in-
stead of the DMFT self-energy, the Hubbard-I approximation (HIA) can be used
in which the correlated states are described through the exact atomic Green’s
function.
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In this case, in the DFT++ scheme the matrix of Green’s function takes the
form

G−1
im,jm′,σ(iω) = [(iω + µ)δmm′ − ΣHIA

mm′σ(iω)]δij − hijmm′σ, (1.104)

where hijm1m2σ
are one-electron DFT hamiltonian parameters and iω are the Mat-

subara frequencies. The superscripts i, j corresponds to all crystal sites. ΣHIA is
the atomic self-energy calculated via the atomic Green’s function

ΣHIA
mm′σ(iω) = iωδmm′ − εmm′ − (GHIA)−1

mm′σ(iω), (1.105)

GHIA
mm′σ(iω) =

1

Z

∑
µν

〈µ|cmσ|ν〉〈ν|c†m′σ|µ〉
iω + Eµ − Eµ

[exp(−βEν) + exp(−βEν)] ,

(1.106)

where Z is a partition function, defined as Z =
∑

µ exp(−βEµ) accordingly to
Eq. (1.1) . Eigenstates |µ〉 and corresponding eigenenergies Eµ are obtained from
the diagonalization of the HIA hamiltonian

HHIA|µ〉 = Eµ|µ〉 (1.107)

HHIA =
∑
mm′σ

εmm′c
†
mσcm′σ +

1

2

∑
σm

Um1m2m′1m
′
2
c†m1σ

c†m2σ′
cm′2σ′cm′1σ′ (1.108)

Finally, for the materials with weak correlations, the multiband self-consistent
FLEX scheme may be used instead of the DMFT method [23]. Since the weak
correlations are not in the scope of this thesis, we will not discuss this case in
details.



Chapter summary
In this chapter we presented the basic approaches used in the electronic struc-
ture calculations. The chapter starts with the introduction of the effective action
functional formalism, a general framework within which various theories of inter-
acting systems can be formulated. We derived density functional theory (DFT)
in this framework and shortly introduced dynamical mean field theory (DMFT),
a commonly used approach to the strongly correlated systems. Afterwards, we
derived the DFT method in the standard way, starting from the Hohenberg–
Kohn theorems. We introduced its spin-polarized version, LSDA, where the total
energy is an explicit functional of the charge and spin-magnetization densities.
We derived the Kohn–Sham equations, and for the relativistic calculations the
Kohn–Sham–Dirac equations. Finally, we shortly presented the DFT++ scheme,
a combination of DFT and the Hubbard model, which forms a general framework
for computing the properties of materials with correlated electrons. It starts by
building a material-specific Hubbard model on the top of the DFT band structure,
which is then solved by means of the DMFT method.
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Chapter 2

Practical aspects of DFT++
methodology in strongly correlated
materials

2.1 DFT+U

The LSDA method, derived in subsection 1.2.1 has proven to be successful in de-
scribing the ground-state properties of many systems. However, it is known to fail
in the case of strongly correlated materials, with localized d and f electrons [24].
One of the ways to incorporate the electron correlations into the system is to
use the L(S)DA+U total energy functional, first proposed by Anisimov [25] to
model Mott insulators. LDA+U method explicitly introduces the interaction of
the Hubbard type between the localized orbitals. The method, similarly to the
Anderson or Hubbard models, separates the electrons into two sets: delocalized
s, p (and sometimes also d electrons), that are usually well described by the
LSDA method. To the other set belong localized d or f states, to which the
Coulomb repulsion U between electrons in the same atomic shell is added as in
the Hartree–Fock approximation. This way, an energy gap is induced between
the highest occupied state and the lowest empty state. The LDA+U one-particle
energies for the atomic limit are:

εLDA+U
d = εLSDAd ± U

2
. (2.1)

The “+” sign corresponds to the electron affinity and “−” to the ionization energy,
as magnitude of energy gap agrees with the cost to remove or add one localized
electron. The single-particle eigenvalues in the LDA+U formalism are directly
connected with ionization potential and electron affinity [26].

2.1.1 DFT+U in a presence of the spin-orbit coupling

The LDA+U total energy functional may be written in the form [27]:

ELDA+U [ρσ(r), n̂σ] = ELSDA[ρσ(r)] + Eee[n̂σ]− Edc[n̂σ], (2.2)

33



34 2. Practical aspects of DFT++ methodology in strongly correlated materials

where ELSDA is a LSDA functional of the charge density for electrons with spin
σ = {↑, ↓}, ρσ(r), as defined in subsection 1.2.1, Eee is an electron-electron
interaction energy and Edc corrects for the double counting of electron-electron
interactions already included in ELSDA. Both Eee and Edc are functionals of the
occupation matrices of the localized orbitals {φγ}: n̂σ = (nγ1γ2), γ = (mσ) is a
joined spin-orbital index including spin σ and angular quantum number m.

The electron-electron interaction energy is then taken as [28]

Eee =
1

2

∑
γ1γ2γ3γ4

nγ1γ2

(
〈γ1, γ3|V ee|γ2, γ4〉 − 〈γ1γ3|V ee|γ4, γ2〉

)
nγ3γ4 , (2.3)

where V ee if the effective on-site electron-electron interaction and 〈|〉 is an angular
integral. The matrix elements are defined in terms of Slater integrals F k and
complex spherical harmonics of the d (f) shell |lm〉 [28, 29]

〈γ1, γ3|V ee|γ2, γ4〉 = δσ1,σ2δσ3,σ4
∑
k

ak(m1,m2,m3,m4)Fk, (2.4)

ak(m1,m2,m3,m4) =
4π

2k + 1

k∑
q=−k

〈lm1|Ykq|lm2〉〈lm3|Y ∗kq|lm4〉, (2.5)

Firstly LDA+U was defined in the so-called around mean field (AMF) scheme,
where Edc is the double counting correction defined as [25, 27]:

Edc(AMF ) = Un↑n↓ +
1

2

(
n2
↑ + n2

↓
) 2l

2l + 1
(U − J) , (2.6)

nσ = Tr(nm1σ,m2σ) and j denotes the orbital quantum number. The scalars U and
J are intra-atomic repulsion and exchange parameters, respectively [30]. They
are calculated as

U =
1

(2l + 1)2

∑
m1,m3

〈m1,m3|V ee|m1,m3〉, (2.7)

J = U − 1

2l(2l + 1)

∑
m1,m3

(〈m1,m3|V ee|m1,m3〉 − 〈m1,m3|V ee|m3,m1〉) .

(2.8)

Second commonly used LDA+U scheme is fully localized limit (FLL)(or atomic-
like), with double counting correction [29, 26]

Edc(FLL) =
U

2
n(n− 1)− J

2

∑
σ

nσ(nσ − 1), (2.9)

where n = n↑+n↓ is the total d(f) on-site occupation. The basic assumption for
the two double-counting formulas is that in FLL scheme the occupation numbers
of orbitals are integer 0 or 1, whereas in AMF approximation the occupation
numbers are non-integer, equal for all the orbitals.
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The essential feature of generalized total energy functional (2.3) is that it
contains spin-off-diagonal elements of the on-site occupation matrix n̂σ which
become important in the presence of large SOC. The spin densities are given in
terms of orthonormal orbitals ρσ =

∑
i fiφ

∗
i,σ(r)φi,σ(r), analogously to Eq. (1.39).

Minimizing of Eq. (2.3) with respect to φ∗m,σ(r), we obtain [31]

δ

δφ∗m,σ

(
ELDA+U −

∑
i

eifi〈φi,σ|φi,σ〉

)
= 0, (2.10)

where eifi is Lagrange multiplier. That leads to the Kohn–Sham equations for a

two-component spinor Φi =

(
Φ↑i
Φ↓i

)
,

∑
β

[
−∇2 + V̂ eff + ξ (l · s)

]
α,β

Φβ
i (r) = eiΦ

α
i (r) , (2.11)

where the effective potential V̂ eff is a sum of the standard (spin-diagonal) DFT
potential and the on-site electron-electron interaction potential V U ,

V̂ U
α,β =

∑
m,m′

|φαm〉
(
Wαm,βm′ − δm,m′δβ,αW dc

α

)
〈φβm′| , (2.12)

where

Wαm,βm′ =
∑
pσ,qσ′

(
〈m′β, pσ|V ee|mα, qσ′〉−〈m′β, pσ|V ee|qσ′,mα〉

)
npσ,qσ′ (2.13)

and W dc
α is the double-counting correction

W dc(AMF )
σ =Un−σ +

2l

2l + 1
(U − J)nσ (2.14)

W dc(FLL)
σ =U

(
n− 1

2

)
− J

(
nσ −

1

2

)
. (2.15)

The operator |φαm〉〈φβm′| in Eq. (2.12) acts on the two-component spinor wave
function Φ as |φαm〉〈φβm′|Φβ〉.

The double-counting termWdc accounts approximately for the electron-electron
interaction energy Eee

DFT already included in the DFT. Namely, Wdc is a deriva-
tive of this mean energy contribution with respect to the f -shell occupation nf ,
Wdc = ∂Eee

DFT/∂nf . Indeed, it represents a mean-field value of the chemical
potential µH that controls the number of f electrons. Up to date, there is no pre-
cise solution for the double counting in the conventional DFT (LDA/GGA ) as it
does not have a diagrammatic representation that would provide explicit identi-
fication of the corresponding many-body interaction terms. Therefore, “physical”
arguments prevail in the choice of Wdc.
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2.1.2 Non-spherical double counting in DFT+U

The double-counting in Eq. (2.15) is chosen in a spherically symmetric form.
Thus, the non-spherical part of the DFT Hartree and exchange correlation ener-
gies

EDFT =
1

2

∫
drdr′

ρ(r)ρ(r′)

|r − r′|
+

∫
drρ(r)εxc(ρ(r)), (2.16)

remains accounted together with the non-spherical contributions into DFT+U
energy functional Eq. (2.3) (just for simplicity, we write everything in terms of a
charge density only, while the inclusion of the spin is straightforward).

One way to exclude this “non-spherical” double counting is to modify Eq. (2.3),
in order to keep in there only the spherically-symmetric contributions [32]. This
is not what one needs, since in addition to the spin-dependent DFT potential,
the DFT+U method should create a spin- and orbitally-dependent on-site “+U ”
potential, which enhances orbital polarization beyond the polarization given by
the DFT (where it comes from the SOC only).

To proceed further, we write the charge density ρ and corresponding LDA
effective potential V expansions into the lattice harmonics Kν :

ρ(r) = ρ̄(r) +
∑
ν

ρν(r)Kν(r̂),

V (r) = V̄ (r) +
∑
ν

Vν(r)Kν(r̂),
(2.17)

where we separate the spherically symmetric parts [ρ̄, V̄ ]. Next, we divide the
non-spherical contributions into two parts. The first set we still call Kν and these
are those lattice harmonics for which, 〈l1m1|Kν |l2m2〉 6= 0, and at least one of
l1, l2 6= lU (here lU means an orbital quantum number d(f) of states which are
corrected by “+U ” term). The second set is formed by those for which,

〈lUm1|Kµ|lUm2〉 6= 0. (2.18)

The non-spherical effective potential then splits into two parts:

V nshp(r) =
∑
ν

Vν(r)Kν(r̂) +
∑
mu

Vµ(r)Kµ(r̂) (2.19)

The DFT-part of hamiltonian, 〈k+G|HDFT |k+G′〉, contains the “muffin-tin”
contributions 〈k +G|

∑
µ Vµ(r)Kµ(r̂)|k +G′〉. Since,

〈lUm1|Kµ|lUm2〉 = cµ,m1−m2〈lUm1|Ylµ,m1−m2 |lUm2〉 (2.20)

these are exactly the non-spherical terms which are double-counted in DFT+U
part. Therefore, when the “muffin-tin” matrix elements of the DFT-part of the
Hamiltonian are calculated, those contributions from the lattice harmonics Kµ

expansion of the non-spherical part of the DFT potential are removed, which are
proportional to 〈lUm1|Kµ|lUm2〉 for lU = 2(3) orbital quantum number for d(f)
states.



2.2. DFT+Exact Diagonalization (ED) 37

2.2 DFT+Exact Diagonalization (ED)
The description of the spectral function of some lanthanides or heavier actinide
atoms requires the incorporation in the system electronic correlations in a dy-
namic manner. To go beyond the static approximation and incorporate the dy-
namical effects in the system, we use the DFT+ED scheme. In that method
the multi-orbital single impurity Anderson model is parametrized to match LDA
results. The model is then solved using the exact diagonalization (band-Lanczos)
method.

2.2.1 DFT parametrization of single impurity
Anderson model

The electronic structure of magnetic impurity in nonmagnetic surrounding in the
absence of any external magnetic field is described by a multi-orbital Anderson
impurity model (SIAM) [1] with f(d) electron impurity. First we consider the
effective SIAM:

H =
∑
kσ

εkb
†
kσbkσ +

∑
mσ

εff
†
mσfmσ +

∑
mkσ

(Vmkf
†
mσbkσ + h.c.)

+
1

2

∑
mm′m′′
m′′′σσ′

Umm′m′′m′′′f
†
mσf

†
m′σ′fm′′′σ′fm′′σ.

(2.21)

The impurity electrons are created by operators f̂ †mσ with energies εf and the
electrons in the bath surrounding the impurity are created by the operator b̂†kσ,
with corresponding energy εkm. The impurity site is labeled by the magnetic
quantum number m and spin σ = {↑, ↓}, and the conduction band of the host
by a quantum number k and spin σ. The coupling of the conduction states to
the impurity orbitals is described by the hybridization parameters Vmk. The
Coulomb interaction parameters which enter the last term in Eq. (2.21) are taken
as external parameters of the model.

Next, following [33], we re-write this model in terms of the energy-dependent
f -only (d) “bath” states |b(ε,m, σ)〉 = 1

Vm(ε)

∑
k Vmkδ(ε− εk)|kσ〉 where [Vm(ε)]2 =∑

k V
2
mkδ(ε− εk) = − 1

π
∆m(ε). The Hamiltonian transforms into

H =
∑
mσ

∫
εnbmσ(ε)dε+

∑
mσ

εfn
f
mσ +

∑
mσ

∫ [
Vm(ε)f †mσbmσ(ε) + h.c.

]
dε

+
1

2

∑
mm′m′′
m′′′σσ′

Umm′m′′m′′′f
†
mσf

†
m′σ′fm′′′σ′fm′′σ,

(2.22)

where nbmσ(ε) = b†mσ(ε)bmσ(ε) and nfmσ = f †mσfmσ are the number operators for
the bath and for the f (d) electrons of the impurity, respectively. When the last
term in Eq. (2.22) is omitted, the hybridization function ∆m(ε) = −π[Vm(ε)]2 =
− Im[G(ε)−1]m can be evaluated from the Green function of Eq. (2.22), and we
assume that it can be approximated by the LDA result. For the exact diagonal-
ization method to be applicable, the continuum of the bath states is discretized.
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Finally, the complete SIAM for the full f (d) shell subject to the full spherically
symmetric Coulomb interaction, spin-orbit coupling and a crystal field can be
written as [6]

Himp =
∑
kmσ

εkmb
†
kmσbkmσ +

∑
mσ

εff
†
mσfmσ +

∑
mm′σσ′

(
ξ(l · s) + ∆CF

)σ σ′

mm′
f †mσfm′σ′

+
∑
kmσ

(
Vkmf

†
mσbkmσ + h.c.

)
+

1

2

∑
mm′m′′
m′′′σσ′

Umm′m′′m′′′f
†
mσf

†
m′σ′fm′′′σ′fm′′σ.

(2.23)

The impurity-level position εf and the bath energies εkm are measured from
the chemical potential µ. Parameter ξ specifies the strength of the spin-orbit
coupling, whereas ∆CF corresponds to the strength of the crystal field acting on
the impurity.

2.2.2 The band-Lanczos method

To solve the model defined by hamiltonian (2.23) we employed the band-Lanczos
method [34, 35]. The Lanczos algorithm [36] is an iterative procedure, which was
firstly defined as a method to transform a Hermitian matrixH of large dimension
N into a tridiagonal form. In the Lanczos algorithm, the only operations which
depend on the input matrix H , is the matrix-vector multiplication H · q. For
that reason, it is particularly suited for dealing with large sparse matrices.

The band-Lanczos algorithm is more efficient version of the (simple-)Lanczos
algorithm, particularly suited for the problems with degenerated eigenvalues. The
algorithm starts with the set of n orthonormal vectors q1, q2, . . . , qn, then the
Lanczos recursion for a matrix H is:

Ti,i+nqi+n =Hqi −
i+n−1∑
j=n−1

Tijqj, (2.24)

Tij =q†iHqj. (2.25)

Matrix T is a band Hermitian matrix (Tij = T ∗ji), with bandwidth 2n+ 1:

Tij = 0, if |i− j| ≥ 2n. (2.26)

In practice, the above recursive algorithm is converted into iterative one. Each
iteration defines a new vector qi+n and the number Ti,i+n. After j iterations we
have a set of n+ j orthonormal vectors, where each starting vector is iterated at
least J = b j

n
c (here b.c denotes the floor function). Now, we introduce the matrix

of Lanczos vectors Q(j), with the dimension N × (n+ j)

Q(j) = (q1, q2, . . . , qn, . . . , qJ1 , qJ2 , . . . , qJn), (2.27)

where the label Ji denotes the number of Lanczos iterations performed for the
vector qi. Moreover, we define a (n+ j)× (n+ j) dimensional matrix

T (j) = Q(j)†HQ(j), (2.28)
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in the simple-Lanczos algorithm T (j) is tridiagonal, in the band-Lanczos algorith
it is banded. With the aid of Q(j) and T (j), the matrix H is approximated as
H(j):

H(j) = Q(j)Q(j)†HQ(j)Q(j)† = Q(j)T (j)Q(j)†. (2.29)

In practice, the Lanczos algorithm is applicable when we want to evaluate the
expectation value of matrix function 〈ψ|F (H)|ψ〉, where F is an analytic function
inside a circle containing the eigenvalues of H . For solving that problem, in the
band-Lanczos algorithm we first construct the matrix of Ψ = (ψ1, ψ2, . . . , ψn).
Since starting Lanczos vectors needs to be orthogonal, in the first step of the
algorithm we transforming it through the (modified) Gram–Schmidt algorithm
to the form Ψ = Q(n)R, where Q(n) is N × n matrix of starting Lanczos vectors.
In the j-th Lanczos iteration, we get the approximation:

F (j) = S†F (λji )S, (2.30)

where Sik =
∑k

l=1X
(j)
li Rlk and λji are the eigenvalues of matrix T .

2.2.3 Reduced set of basis functions

Since the impurity model defined on the full set of spinorbitals is too large to
be solved, we reduced the set of the basis functions for the problem. The con-
strained Hilbert space for integer fillings N of the impurity model was constructed
according to the the Gunnarsson–Schönhammer [37] expansion as

H(N,Nmax) =
{∣∣fnf bnebnh〉 , ne + nh ≤ Nmax

}
, (2.31)

where nf is the number of electrons in the correlated (f or d) shell, ne the number
of electrons in the bath states above the Fermi level and and nh the number of
holes in the bath states below the Fermi level.

Himp is then solved by the exact diagonalization (ED, or band-Lanczos) method
for a given number of correlated electrons nf . In the case of ED, the eigenenergies
Eν and corresponding them eigenvalues |ν〉 obtained from that procedure are the
used to calculate the one-particle Green’s function [Gimp(z)]σ σ′

mm′ in the subspace
of the f (d) orbitals

Gimp(z) =
1

N

∑
k

[(z + µ)I− H(k)− Σ(z)]−1 , (2.32)

where we assumed that the self-energy Σ(k, z) is diagonal for each site and what
follows, independent of k.

2.2.4 Charge density self-consistency

To incorporate in the system the electronic correlations in a dynamic manner,
we use the charge density self-consistent DFT+HIA (or DFT+ED) method, as
presented in Ref. [38]. This scheme originates from the DFT++ methodology



40 2. Practical aspects of DFT++ methodology in strongly correlated materials

from section 1.3. The self-energy appearing in Eq. (2.32) is obtained from SIAM
hamiltonian (2.23), or in the cases where the hybridization between the impurity
orbitals and the surrounding bath orbitals can be neglected, from the Hubbard-I
approximation (the atomic model) HHIA, in which the hybridization and the bath
parameters are omitted

HHIA =
∑
mσ

εff
†
mσfmσ +

∑
mm′σσ′

(
ξ(l · s) + ∆CF

)σ σ′

mm′
f †mσfm′σ′

+
1

2

∑
mm′m′′
m′′′σσ′

Umm′m′′m′′′f
†
mσf

†
m′σ′fm′′′σ′fm′′σ.

(2.33)

The eigenvalues Eν and eigenvectors |ν〉 of the hamiltonian HHIA are found em-
ploying the ED (or band-Lanczos) method [39], paired with an efficient truncation
of the many-body Hilbert space [40]. Then the Green’s function GHIA in the cor-
related subspace is computed as

[GHIA(z)]γ1γ2 =
1

Z

∑
νµ

〈µ|fγ1|ν〉〈ν|f †γ2|µ〉
z + Eµ − Eν + µH

[
e−β(Eν−µHNν) + e−β(Eµ−µHNµ)

]
, (2.34)

where β = 1/kBT is inverse temperature, Nν is the number of particles in the
state |ν〉 and µH is a chemical potential. The sum over the states |ν〉 and |µ〉
corresponds to the grand canonical average, with the partition function Z =∑

ν e
−β(Eν−µHNν).

Then, the self-energy [Σ(z)]σ σ′

mm′ is obtained from the inverse of the Green’s
function matrix GHIA

[Σ(z)]γ1γ2 = zδγ1γ2 −
{
ξ(l · s) +

[
GHIA(z)

]−1
}
γ1γ2

. (2.35)

In the starting point of the calculations the atomic self-energy matrix Σ(z)
is evaluated for the value of chemical potential µH corresponding to the atomic
value of occupation of the f shell, nf .

Once the self-energy is known, the local Green’s functionG(z) for the electrons
in the f manifold is calculated as

G(z) =
[
G−1

0 (z) + ∆ε− Σ(z)
]−1

, (2.36)

where G0(z) is the noninteracting Green’s function calculated as the integral over
the first Brillouin zone (BZ) with the use of LDA hamiltonian HLDA

[G0(z)]γ1γ2 =
1

VBZ

∫
BZ

dk [z + µH −HLDA(k)]−1
γ1γ2

(2.37)

and ∆ε is chosen to ensure that nf = π−1 Im Tr
∫ EF

−∞ dE G(E − i0) is equal to the
given number of correlated electrons. Subsequently, the occupation matrix in the
f shell is evaluated with the aid of G(z), nγ1γ2 = π−1 Im

∫ EF

−∞ dE [G(E − i0)]γ1γ2 .
This matrix is used to construct an effective DFT+U potential VU , according to
Eqs. (2.12 -2.15).
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Then VU is inserted into Kohn–Sham equations

∑
β

[
−∇2 + V̂LDA + V̂U + ξ (l · s)

]
α,β

Φβ
i (r) = eiΦ

α
i (r) . (2.38)

Eqs. (2.38) are solved self-consistently over the charge density n(r). The DFT+U
Green’s function GU(z) is evaluated from the eigenvalues and eigenfunctions of
Eq. (2.38), represented in the FLAPW basis. GU(z) is determined in the same
manner as G0(z) previously, from Eq. (2.37), just this time DFT+U hamiltonian
takes place of the HLDA. Then GU(z) is used to calculate an updated noninter-
acting Green’s function

G−1
0 (z) = G−1

U (z) + VU(z). (2.39)

In each iteration, a new value of the f -shell occupation is obtained. Subse-
quently, a new self-energy Σ(z) corresponding to the updated f -shell occupation
is constructed. It is done by setting µH = Vdc, since Vdc∂Eee

LDA/∂nf , where Eee
LDA

is the energy of electron-electron interaction already included in the LDA. Fi-
nally, the next iteration is started by evaluating the new local Green’s function,
Eq. (2.36). The steps are iterated until self-consistency over the charge density
is reached.

The presented here procedure of charge density self-consistent calculations is
shown on Fig. 2.1.
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Figure 2.1: The scheme of charge density self-consistent DFT+HIA method,
figure based on Ref. [38].



Chapter summary

This chapter describes the theoretical methods used in the electronic-structure
calculations of strongly correlated systems. First, the electronic correlations were
incorporated into the system in a static way, by adding a Hartree–Fock-like ex-
pression for the Coulomb repulsion on the top of LDA band structure. After-
wards, to go beyond the static approximation and to incorporate the dynamical
effect in the system, we turned towards the DFT+ED scheme. In that method
the multi-orbital single impurity Anderson model is parametrized to match LDA
results, next the model is solved using the exact diagonalization (band-Lanczos)
method. Finally, we presented a practical scheme for imposing self-consistency
over the charge density.
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Chapter 3

Magnetic impurities in bulk copper
and on graphene

The theoretical methods described in the two previous chapters were used to ex-
amine the electronic structure and magnetic properties of two strongly correlated
systems composed of single magnetic impurities in non-magnetic hosts. The first
of them was a single cobalt atom located in the bulk copper, the results of which
were published in [41]. Afterwards, we focused on magnetism of samarium and
neodymium adatoms placed on graphene [42].

3.1 Co in a bulk Cu

The Kondo effect was one of the first correlation phenomena observed in solid
state physics [6]. It manifested itself as an anomalous temperature dependence
of the electrical resistivity at low temperatures, observed over 80 years ago by
de Haas, de Boer and van dën Berg [3]. Incorporation of low concentration of
magnetic impurities into metal may lead to unusual behavior of the system which
can be observed below some characteristic temperature, the Kondo temperature
TK . The first observed evidence of the effect was noticed on the temperature de-
pendence of electrical resistivity of selected metals: instead of the expected linear
decrease at low temperatures, the resistivity exhibited a minimum. At present
time, it is understood that this phenomena was caused by low concentration of
magnetic impurities, such as Fe, in investigated metals [6]. The localized spins of
the impurity are screened by the conduction electrons of the host metal through
the spin-flip process. This phenomenon is known as the Kondo effect and can be
observed for impurities from the 3d transition metal group and 4f rare earths,
with partially filled d or f -shells. It can be observed when the strong electronic
correlations caused by the Coulomb interaction emerges in the system.

A very important signature of the Kondo effect, essential for its understanding
appears in the spectral function of the impurity. In the Kondo regime we may
observe the formation of a very narrow peak in the one-particle spectral function
of many body origin (an Abrikosov-Suhl resonance) at the Fermi level. Although
the Kondo effect is known since many years, its theoretical description for the
multiorbital systems is still a challenging subjects of modern solid state. In

45
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recent years, the Kondo effect regained the interest due to the possibility of direct
observation in scanning tunneling microscope (STM) spectra of single magnetic
impurities [43]. In the STM images can be observed a narrow dip in the differential
conductance at zero bias of the Fano line shape, when the top of the tip is placed
above the impurity atom, shown in Fig. 3.1.

Figure 3.1: The scanning tunneling spectroscopy evidence of the Kondo effect
observed for the Co adatoms placed on a Cu surface. In the differential conduc-
tance dI

dV
spectra for the impurity atom we can observe a dip. The solid line is a

fit to the Fano line shape. From Ref. [44].

Co impurity in Cu host is one of the often studied Kondo system, especially by
experimental techniques [44–46]. Here, we present the theoretical investigation
of the single Co impurity located in a bulk Cu, which was described by the single
impurity Anderson model, presented in Sec. 2.2.1. Its parameters were chosen
to match the electronic structure from the local density approximation and then
solved using the Lanczos method. This results have been published in [41].

3.1.1 Computational details

The single Co impurity located in the bulk Cu was modeled by a CoCu15 fcc-type
supercell shown in Fig. 3.2. This supercell is chosen to keep Co and its 12 nearest
Cu neighbors separated from other impurity atoms. No relaxation is performed
as it is not essential for the close packed fcc structure. We use the lattice constant
of elemental Cu, a = 6.82 a.u.

Firstly, using the presented supercell we perform the LDA calculations, mak-
ing use of a relativistic version (with SOC) of LDA implemented in the full-
potential linearized augmented plane wave (FLAPW) basis, as shown in Sec. 1.2.3
and Sec. 1.2.4. The radii of the atomic “muffin-tin” spheres are set to 2.2 a.u. for
both Co and Cu. The parameter R ×Kmax = 7.7 determined the basis set size
and the Brillouin zone was sampled with 343 k points. We checked that a finer
sampling with 729 k points does not modify the results.
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Figure 3.2: The crystal structure of CoCu15. The red spheres represent the Co
atoms whereas the gold represent the Cu atoms. From Ref. [41].

3.1.2 Parametrization of the impurity model

The parameters entering the SIAM model (2.23) were obtained from the LDA
calculations, via procedure explained in subsection 2.2.1. The parameter of the
spin-orbit coupling from hamiltonian (2.23) is determined as ξ = 0.076 eV. In the
cubically symmetric environment, the 3d orbitals split into two branches: triply
degenerated t2g and doubly degenerated eg. From the parametrization it follows,
that they differ by energy ∆CF(t2g)−∆CF(eg) = 0.10 eV. The Lorenzian-like shape
of the LDA density of states (DOS) for Co d-orbitals (see Fig. 3.3) suggests that
it can be associated with the well-known solution of SIAM Eq. (2.21) with the
constant (energy independent) hybridization function ∆. Since we are interested
mainly in the ground state and the low-energy excitations, it seems reasonable to
take into account only bath states near the Fermi level EF, where the main part
of the LDA Co d-orbital DOS is located. At first, the diagonal matrix elements
of ∆ matrix in γ = (xz, yz, xy, x2−y2, 3z2−r2) basis were averaged over a region
[−0.5, 0.5] eV around EF , and the hybridization parametersV k=1

γ were determined
as
√
|∆γ|. The bath parameters εkγ were chosen to reproduce the LDA γ-partial

occupations nγd. The values of V
k
γ and εkγ parameters are given in Tab. 3.1 (“bath-

A”). Note that with this choice of the bath, the effective SIAM is the d-states
charge-conserving, and since the nγd are related to the d-wave phase shifts δγd at
EF, δγd (EF)=πnγd, the Friedel sum rule [6] is obeyed. The Coulomb interaction
term potential in Eq. (2.23) is given by:

Umm′m′′m′′′ =
∑
k

ak(mm
′m′′m′′′)Fk, (3.1)

ak(mm
′m′′m′′′) =

4π

2k + 1

k∑
q=−k

〈lm|Ykq|lm′′〉〈lm′|Y ∗kq|lm′′′〉, (3.2)
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orbitals. From Ref. [41].
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where |lm〉 is a spherical harmonic, and Fk are the Slater integrals. The values for
the Coulomb interaction parameters U = F0 = 4 eV and J = 0.9 eV (F2 = 7.75 eV,
F4 = 4.85 eV) were used in these calculations.

After the parameters of the discrete impurity model are set, the band Lanczos
method [34] is utilized to determine the lowest lying eigenstates of the many-body
Hamiltonian and to calculate one-particle Green’s function of the impurity GSIAM.
The resulting d-orbital spectral function −Im(GSIAM)/π is shown in Fig. 3.4 (top,
blue line) for the model “bath-A” with 〈nd〉 = 7.3, the inverse temperature
β = 500 eV−1 was used in these calculations.

In order to examine the numerical stability of the discrete SIAM with respect
to the choice of the bath parameters, we added extra 10 spinorbitals into the bath
at the energy of −2 eV below EF (where the Cu host states are located), as given
in Tab. 3.1 (“bath-A+”) . The corresponding d-orbital spectral function for the
model “bath-A+” is shown in Fig. 3.4 (middle, yellow line). Although the details
of the spectral peaks depend somewhat on the particular choice of the bath, the
overall structure of the spectrum with peak(s) in the vicinity of the Fermi level
is preserved. Also, the number of d-electrons 〈nd〉 = 7.3 remains the same, if µ is
the same. Thus we conclude that additional orbitals away from the region near
EF do not contribute significantly to the low energy spectrum.

Finally, we examine the effect of extra orbitals above the Fermi level. Here, we
construct two bath sites: take an average ∆γ over a region [−1, 0] eV for the first
10 bath spinorbitals, and over a region [0, 1] eV for another 10 bath spinorbitals.
We make a symmetric choice with respect to the EF for the εkγ parameters, and fit
the εkγ parameters to reproduce the LDA γ-partial occupations nγd. The values of
V k
γ and εkγ parameters for this “bath-B” model are given in Tab. 3.1. The d-orbital

spectral function for the model bath-B is shown in Fig. 3.4 (bottom, black line).
It is seen that an extra (to the bath-model A) bath site (10 spinorbitals) modifies
the spectrum in the vicinity of EF somewhat stronger than additional bath sites
at the energies away from EF (“bath-A+”).

3.1.3 Results and comparison with Quantum Monte Carlo

In order to make sure that our DFT+ED solver with discrete bath yields rea-
sonable results, we make a comparison with the data from continuous-time QMC
calculations by Surer et. al from Ref. [47], where the continuum bath is used. The
d-orbital spectral function for t2g and eg orbitals of Co impurities in bulk Cu for
the d-orbital occupation of Co 〈nd〉 = 7.78 are shown in Fig. 3.5 in comparison
with the QMC results. In the presented DFT+ED calculations we used the bath
spinorbitals from the “bath B” model and inverse temperature β = 500 eV−1.
In the vicinity of EF , that is in the region where the hybridization function was
fitted, the spectral density obtained from the DFT+ED calculations corresponds
well to the QMC results. The single narrow peaks visible in the QMC results
below EF are in the case of DFT+ED represented by three neighboring peaks in
corresponding energy region. Similarly to the QMC results, the spectral function
does not exhibit significant differences between t2g and eg orbitals.

The differences in the peaks visible on the spectral functions most probably
are caused by different computational approaches used in the investigation. The
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Table 3.1: Values of d-shell partial occupations nd of Co impurity in bulk Cu,
∆CF (eV) and the bath parameters εkγ (eV) and V k

γ (eV) obtained from LDA.
Co in Cu

γ xz yz xy x2 − y2 3z2

nγd 0.715 0.715 0.715 0.72 0.72
∆CF 0.04 0.04 0.04 −0.06 −0.06

[5x2] bath orbitals (bath A)
εk=1
γ −0.025 −0.025 −0.025 −0.190 −0.190
V k=1
γ 0.385 0.385 0.385 0.330 0.330

2x[5x2] bath orbitals (bath A+)
εk=1
γ −0.025 −0.025 −0.025 −0.190 −0.190
V k=1
γ 0.385 0.385 0.385 0.330 0.330

εk=2
γ −2.00 −2.00 −2.00 −2.00 −2.00
V k=2
γ 0.756 0.756 0.756 0.435 0.435

2x[5x2] bath orbitals (bath B)
εk=1
γ −0.160 −0.160 −0.160 −0.090 −0.090
V k=1
γ 0.300 0.300 0.300 0.293 0.293

εk=2
γ 0.160 0.160 0.160 0.090 0.090
V k=2
γ 0.455 0.455 0.455 0.369 0.369

smooth QMC peaks were obtained by the analytic continuation method, so they
can be considered as a good approximation just in the vicinity of EF . Also, the
plots present the results obtained for different temperatures. QMC results were
calculated for high temperatures (T = 290 K), whereas DFT+ED were performed
close to the ground state. For that reason, in our results we can observe multiplet
splitting, that is indistinguishable in the QMC results.

We analyzed the system for five values of the occupation of the Co d shell
〈nd〉 ranging between 7.2 and 7.78. In all considered cases the ground state of the
system is a singlet, therefore the conduction electrons of the host are screening the
magnetic moment on the impurity site. The two highest considered occupations
〈nd〉 = 7.51 and 〈nd〉 = 7.78 correspond to the results presented also in [47]. The
values of chemical potential µ corresponding to those occupations are in good
agreement with those from QMC calculations and are equal approximately 26 eV
and 27 eV. Due to the small value of SOC, we observe only slight differences
between the results with and without it. The inclusion of the effect to the model
does not change qualitatively d-orbital spectral function.

Next, we calculated the spin S, orbital L and total J angular moments of the d
shell for the considered occupations from the expectation value 〈X̂2〉 = X(X+1),
where X = S, L or J , respectively. The values of the moments were decreasing
with increase of the occupancy 〈nd〉. The spin moments lay within the range 1 –
1.3, the orbital moments were equal approximately 3 for all occupations and the
total moments were equal 3.4 – 3.6. Our spin moments are slightly higher than
those from QMC calculations, although still in good agreement. The precise
values for DFT+ED, together with those for QMC are listed in Table 3.2.



3.1. Co in a bulk Cu 51

−10 −9 −8 −7 −6 −5 −4 −3 −2 −1 0 1 2 3 4
Energy (eV)

0

2

4

6

8

10

D
O

S 
(1

/e
V)

Bath−A

Bath−A+

Bath−B

Figure 3.4: The d-orbital spectral function of Co in bulk Cu from the DFT+ED
calculations for three choices of the bath. “Bath-A”: bath with 10 spinorbitals,
“Bath-A+”: “Bath-A” extended with 10 extra spinorbitals −2 eV below the EF ,
“Bath-B”: bath with 20 spinorbitals in the vicinity of EF . From Ref. [41].

Following [47] we calculated orbital-resolved quasiparticle weight Z for the

orbitals t2g and eg according to the formula Zm =
(

1− Re ∂Σm(ω)
∂ω

|ω→0

)−1

. The
precise values of Z(t2g) and Z(eg) are shown in Table 3.2. For both types of
orbitals Z increases with the increase of 〈nd〉 and also exhibits good agreement
with QMC results.

Table 3.2: Chemical potential, occupation of the impurity d shell, spin S, orbital
L and total J moments, and quasiparticle weight Z for t2g and eg typed of d
orbitals of Co impurity in bulk Cu. Values obtained from our calculations and
those presented in [47].

µ (eV) 〈nd〉 S L J Z(t2g) Z(eg)
DFT+ED 24.89 7.2 1.31 2.98 3.63 0.33 0.31
DFT+ED 25.26 7.3 1.26 2.98 3.61 0.36 0.34
DFT+ED 25.61 7.4 1.21 2.98 3.57 0.38 0.36
DFT+ED 26 7.51 1.16 2.97 3.53 0.4 0.38
DFT+ED 26.97 7.78 1.03 2.91 3.4 0.44 0.43
QMC [47] 26 7.51 1.02 – – 0.38 0.39
QMC [47] 27 7.78 0.92 – – 0.42 0.47
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Figure 3.5: The d-orbital spectral function for t2g (top) and eg (bottom) orbitals
of Co impurity in bulk Cu for 〈nd〉 = 7.78. Yellow “DFT+ED” – our results, blue
“QMC” results from [47]. From Ref. [41].
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3.2 Rare-earth adatoms on graphene

Graphene is a strictly two dimensional layer of carbon atoms formed in a honey-
comb lattice. It is characterized by high concentration of electric charge carriers
and a very high sensitivity of its electrical resistivity to the gaseous impurity
adsorbants. In the Ref. [48] was studied the change in the electrical resistivity of
the graphene due to the adsorbed impurities. It was discovered, that graphene
is very sensitive and even a single molecule can be detected. Moreover, adsorp-
tion of atoms and molecules provides a way to control and modify the electronic
properties of graphene [49]. While adsorption of alkali and transition metals on
graphene was investigated extensively in recent years, there are much less studies
of interaction between rare-earth atoms and graphene. Since the bonding char-
acter of the sp and transition metals is different from that of strongly localized
4f metals, a different behavior of the rare-earth atoms adsorbed on graphene is
expected. In the pioneering work [50], the first-principles theory has been applied
to several rare-earth adatoms on graphene, together with the scanning tunneling
microscopy experiments. It was shown that the hollow site of graphene is the
energetically favorable adsorption site for all the rare-earth adatoms. Magnetic
moments have been reported for all adatoms studied.

We studied the electronic and magnetic structure of two rare-earth adatoms
(Sm and Nd) on graphene making use of the rotationally invariant formulation of
the DFT+U method from Sec. 2.1. Next, to incorporate the dynamical electron
correlations, we employed the DFT+ED and DFT+HIA formalisms from Sec. 2.2.

The results presented in this section has been published in Ref. [42].

3.2.1 Computational details: DFT+U

In order to describe the structural, electronic and magnetic properties of the rare-
earth adatoms on graphene, we used the supercell shown in Fig. 3.6. This 4×4×1
supercell includes 32 carbon atoms, and the rare-earth adatom is placed in the
hexagonal hollow position. First, the structure relaxation was performed em-
ploying the standard Vienna ab-initio simulation package (VASP) [51–54] using
projector augmented-wave (PAW) method [55, 56] without SOC and making use
of the generalized gradient approximation (GGA) of Perdew–Burke–Ernzerhof
[57, 58] and with Hubbard on-site “+U” potential. The Coulomb U values of
6.76 eV (Nd) and 6.87 eV (Sm), and the exchange J of 0.76 eV were used [59].
The optimal heights for the rare-earth adatoms above the graphene sheet are
found as hSm = 4.58 bohr and hNd = 4.55 bohr.

The structural information obtained with the VASP simulations was used as
an input for further electronic-structure calculations that employ the relativistic
version of the FLAPW method from Sec. 1.2.3, in which the SOC is included in a
self-consistent second-variational procedure according to Sec. 1.2.4. This two-step
approach synergetically combines the speed and efficiency of the highly optimized
VASP package with the state-of-the-art accuracy of the FLAPW method.
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Figure 3.6: Schematic supercell model for rare-earth impurity on graphene. From
Ref. [42].

Table 3.3: Spin (µS), and orbital (µL) magnetic moments (in µB) and 4f oc-
cupation nf of the Sm adatom on graphene for three different directions of the
magnetization M : x, y (in plane), and z (out of plane).

Sm@GR FLL AMF
nf µS µL nf µS µL

M ||x 5.94 5.85 −2.90 5.94 0.09 −0.04
M ||y 5.94 5.86 −2.91 5.94 0.09 −0.03
M ||z 5.94 5.84 −2.93 5.94 0.19 −0.10

3.2.2 Samarium on graphene

We start with the application of the DFT+U approach to samarium adatom on
graphene (called in short Sm@GR). The Slater integrals that define the on-site
Coulomb interaction are chosen as F0 = 6.87 eV, F2 = 9.06 eV, F4 = 6.05 eV, and
F6 = 4.48 eV, they correspond to Coulomb U = 6.87 eV and Hund exchange J =
0.76 eV. The spin (µS) and orbital (µL) magnetic moments are given in Table 3.3
together with the occupation of the Sm 4f orbitals nf . In these calculations, the
magnetization (spin+orbital) is constrained along the crystallographic axes: x, y
(in plane), and z (out of plane). The DFT+U-FLL yields a solution with both µS
and µL non-zero, and nf very close to six. Thus the FLL flavor of the DFT+U
gives an f 6 magnetic ground state with the total moment µJ = 2.9 µB. On the
contrary, the DFT+U-AMF converges to a practically non-magnetic f 6 ground
state with all µS, µL and µJ close to zero (Table 3.3).

The Sm adatom total density of states (TDOS, for both spins, and per
unit cell) and the f -orbital spin-resolved DOS calculated with DFT+U-FLL and
DFT+U-AMF are shown in Fig. 3.7. The DFT+U-FLL yields a mean-field solu-
tion with broken symmetry. This is because the part of the Coulomb interaction
treated in the Hartree–Fock-like approximation is transformed into the exchange
splitting field of magnitude of several eV (see Fig. 3.7), which by far exceeds
any imaginable external magnetic field. This exchange field is reduced to almost
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Figure 3.7: The total (TDOS) and spin-resolved f -orbital density of states for
the Sm adatom on graphene calculated with DFT+U-FLL (A) and DFT+U-AMF
(B). From Ref. [42].



56 3. Magnetic impurities in bulk copper and on graphene

zero in the DFT+U-AMF calculations. The DFT+U is not based on any kind
of atomic coupling scheme (LS or jj), since it determines a set of single-particle
orbitals that variationally minimize the total energy. The AMF calculated f 6

non-magnetic ground state corresponds to the Slater determinant formed of six
equally populated j = 5/2 orbitals.

The observation that two different flavors of DFT+U yield different results for
the magnetic properties is quite alarming, and indicates that one has to go beyond
the static mean-field approximation to accurately model these systems. There-
fore, we will apply the DFT+ED methodology, introduced in subsection 2.2.1
where the Coulomb potential VU , Eq. (2.12), is calculated from the occupation
matrix nm1σ1,m2σ2 corresponding to a multi-reference many-body wave function
instead of a single Kohn–Sham determinant. The parameters entering impurity
hamiltonian Eq. (2.23) were determined as follows: the Slater integrals are the
same as those used in DFT+U calculations, the spin-orbit parameter ξ = 0.16 eV
was determined from DFT calculations, and the crystal-field effects are neglected,
∆CF = 0.

First, we excluded the hybridization between the f states and the bath orbitals
in Eq. (2.23), and used DFT+HIA. The occupation of the 4f shell self-consistently
determined from Eq. (2.11) is 〈nf〉 = 5.95 (FLL double counting) and 〈nf〉 = 5.98
(AMF double counting). When we alternatively fix εf in Eq. (2.23) to −Wdc from
Eq. (2.12), we obtain the occupation 〈nf〉 = 6.0. It means that all f -electrons of
Sm are fully localized. The ground state of the 4f shell is a non-magnetic singlet
with all angular moments equal to zero (S = L = J = 0). The f -orbital DOS
obtained from Eq. (2.36) is shown in Fig. 3.8 (A). There is practically no difference
between the different double-counting variants, FLL or AMF, in Eq. (2.11).

Next, following the same scheme as presented in sucsection 3.1.2, we determine
the bath parameters V k and εk from the DFT calculations. A detailed inspection
shows that the hybridization matrix is, to a good approximation, diagonal in the
{j, jz} representation. Thus, we assume the first and fourth terms in Eq. (2.23) to
be diagonal in {j, jz}. Hence we only need to specify one bath state (six orbitals)
with εk=1

j=5/2 and V k=1
j=5/2, and another bath state (eight orbitals) with εk=1

j=7/2 and
V k=1
j=7/2. Assuming that the most important hybridization occurs in the vicinity of

the Fermi level EF, the numerical values of the hybridization parameters V k=1
5/2,7/2

are found from the relation [33]

π
∑
k

|V k
j |

2
δ(εkj − ε) = −∆(ε)/Nj, (3.3)

averaged over the energy interval [−0.5, 0.5] eV around EF , with N5/2 = 6 and
N7/2 = 8. The bath-state energies εk=1

5/2,7/2 shown in Table 3.4 are adjusted to
approximately reproduce the DFT occupations of the f states, n5/2

f and n7/2
f . Note

that the magnitudes of the hybridization parameters V are very small indicating
the localized nature of the 4f -states.

The occupation of the 4f shell self-consistently determined from Eq. (2.11)
is 〈nf〉 = 5.95 (FLL double counting) and 〈nf〉 = 5.97 (AMF double counting).
Since the occupation is very close to 〈nf〉 = 6.0, we kept εf in Eq. (2.23) at 〈nf〉 =
6.0. The ground state of the cluster formed by the 4f shell and the bath is a
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Table 3.4: f -states occupations n5/2
f and n

7/2
f , and bath-state parameters ε15/2,

ε17/2, V
1

5/2, V
1

7/2 (all energies in eV) for Sm adatom on graphene determined from
DFT calculations.

Adatom n
5/2
f n

7/2
f εk=1

5/2 V k=1
5/2 εk=1

7/2 V k=1
7/2

Sm 5.72 0.36 0.025 0.071 −0.500 0.077

Table 3.5: Occupation nf , values of n5/2
f and n

7/2
f , and branching ratio B for

Sm@GR. The atomic theory values [60] for nf = 6 in the LS and jj coupling
schemes are also given.

Sm@GR nf n
5/2
f n

7/2
f B

DFT+U-FLL 5.94 3.33 2.60 0.69
DFT+U-AMF 5.94 5.87 0.07 0.985
DFT+HIA-FLL 5.95 3.80 2.14 0.745
DFT+ED-FLL 5.95 3.81 2.14 0.75
DFT+HIA-AMF 5.98 3.82 2.16 0.75
DFT+ED-AMF 5.97 3.82 2.16 0.75
atomic LS 6 3.14 2.86 0.67
atomic jj 6 6.00 0.00 1.00

non-magnetic singlet with all angular moments equal to zero (S = L = J = 0). In
this ground state, there are 〈nf〉 = 6.0 electrons in the 4f shell and 〈nbath〉 = 8.0
electrons in the bath states. The ground-state expectation values of the angular
moments of the 4f shell are calculated as Sf = 2.92, Lf = 2.92, and Jf = 0.03.
The singlet ground state is separated from the first excited state (triplet) by the
gap of 50 meV. The f -orbital density of states obtained from Eq. (2.36) is shown
in Fig. 3.8 (B). Comparison with DFT+HIA fDOS, Fig. 3.8 (A), demonstrates
similar features in fDOS-ED with about 1 eV upward energy shift. Also, we
have examined the double-counting choice in Eq. (2.11), and found practically no
difference between the different double-counting variants, FLL or AMF.

X-ray absorption spectroscopy

Information about the 4f states can be gleaned from the X-ray absorption spec-
troscopy (XAS). In these experiments, the intensities I5/2 (3d5/2 → 4f5/2,7/2)
and I3/2 (3d3/2 → 4f5/2) of the individual absorption lines are measured and the
branching ratio B = I5/2/(I3/2 + I5/2) is evaluated [60]. We compute the branch-
ing ratio B for core to valence 3d–4f transition by obtaining n5/2 and n7/2 from
the local occupation matrix nγ1γ2 and making use of the sum rule [60],

B =
3

5
− 2

5

n
7/2
f − 4

3
n

5/2
f

14− nf
. (3.4)

It is rather well established that the rare-earth atoms with the localized f shell
are well described by the LS-coupling scheme. Our DFT+HIA and DFT+ED
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Figure 3.8: f -electron density of states (fDOS, and j = 5/2, 7/2 projected) for
the Sm atom in Sm@GR resulting from DFT+HIA calculations (A); fDOS, and
j = 5/2, 7/2 projected fDOS, for the Sm atom in Sm@GR from DFT+ED (B).
From Ref. [42].
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Table 3.6: f -states occupations n5/2
f and n

7/2
f , and bath-state parameters ε15/2,

ε17/2, V
1

5/2, V
1

7/2 (all energies in eV) for Nd adatom on graphene determined from
DFT calculations.

Adatom n
5/2
f n

7/2
f εk=1

5/2 V k=1
5/2 εk=1

7/2 V k=1
7/2

Nd 3.49 0.14 0.050 0.085 −0.500 0.087

calculations, which are not bound by any particular atomic coupling scheme,
illustrate once again the validity of the conventional atomic theory yielding the
branching ratios close to the atomic LS-coupling limit (Table 3.5). Similarly,
the branching ratio for DFT+U-FLL calculations is very close to the atomic
LS coupling limit. However, we should remind that DFT+U-FLL calculations
yield the magnetic ground state, while the true solution of an adatom on a non-
magnetic substrate, either with or without the local moment, has to have the
projections µS = 0 and µL = 0 when no external magnetic field is applied and no
preferential direction for the orientation of the moments exists. On the contrary,
the DFT+U-AMF value is close to the jj-coupling atomic value B = 1.0.

As we have shown, the use of DFT+U for Sm on graphene can lead to er-
roneous conclusions about the magnetic character of the Sm adatom. In fact,
recent DFT+U calculations [61] for the rare-earth atoms embedded in graphene,
including Sm, report it to carry large spin and orbital magnetic moments. We
think that the magnetic character of Sm atom in graphene was not determined
correctly [61].

3.2.3 Neodymium on graphene

Theoretical evaluation of the local magnetic moments of the rare-earth atoms
adsorbed on a non-magnetic substrate is an important issue in the context of
creating a single 4f -atom magnet [62, 63]. As an example of the rare-earth
adatom, where the local moment is expected to exist from the atomic LS-coupling
scheme arguments, we consider the case of neodymium adatom on graphene
(Nd@GR). The bath parameters were evaluated using the same procedure as
for Sm@GR, they are listed in Table 3.6. Since the hybridization in Nd@GR is
(similarly to Sm@GR) rather weak, it allows us to use the simpler DFT+HIA
method in the calculations. The spin-orbit parameter was determined by DFT
as ξ = 0.13 eV and Slater integrals were chosen as F0 = 6.76 eV, F2 = 9.06 eV,
F4 = 6.05 eV, and F6 = 4.48 eV. They corresponds to Coulomb U = 6.76 eV and
exchange J = 0.76 eV.

The ground state of the Nd atom on graphene, the solution of Eq. (2.11), has
〈nf〉 = 3.66 f electrons. Note that Nd atom in solid-state compounds commonly
has a valency 3+, and the deviation from the atomic-like f 4 configuration is thus
not surprising. The ground state has degeneracy of nine, and the expectation
values of the 4f -shell moments are Sf = 1.96, Lf = 5.95, and Jf = 4.00. These
values are consistent with the 5I4 LS-coupled f 4 atomic ground state. The de-
generate character of the ground state dictates the presence of local moment for
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Table 3.7: Spin (µS), and orbital (µL) magnetic moments (in µB) and 4f occu-
pation nf of Nd@GR for three different directions of the magnetization M : x, y
(in plane) and z (out of plane).

Nd@GR nf µS µL
M ||x 3.78 3.70 −4.59
M ||y 3.78 3.71 −4.60
M ||z 3.78 3.69 −2.58

Nd@GR. The calculated XAS branching ratio for Nd@GR is equal to B = 0.715.
As we have shown, DFT+U-AMF does not have the correct atomic limit

in the LS-coupling scheme, thus we apply only the DFT+U-FLL approach to
Nd@GR. It yields non-zero spin µS and orbital µL magnetic moments, which are
given in Table 3.7 together with the occupation of the Nd adatom f orbitals, nf .
In these calculations, the magnetization (spin + orbital) is constrained along the
crystallographic axes: x, y (in plane) and z (out of plane). Note that µS and
µL have different physical meaning than Sf and Lf in DFT+ED calculations:
they represent the projections of the spin and orbital moments on the selected
axis, while Sf , and Lf are the expectation values of the many-body spin and
orbital operators squared. Qualitatively, one can say that these DFT+U solutions
represent different mean-field approximations (or their linear combinations) of the
degenerate many-body ground state.

The f -orbital DOS obtained in DFT+HIA calculations is shown in Fig. 3.9(A).
Comparison with DFT+U, see Fig. 3.9(B), shows that DFT+U gives rather cor-
rect placement of the f -states. No multiplet splittings, which are clearly seen in
the DFT+HIA calculated fDOS are resolved in DFT+U. This is expected from
the approximate single-determinant DFT+U approximation. Both DFT+HIA
and DFT+U suggest no f -character DOS in the vicinity of EF.
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Figure 3.9: f -electron density of states (fDOS, and j = 5/2, 7/2 projected)
for the Nd atom in Nd@GR calculated with DFT+HIA (A); the total (TDOS)
and spin-resolved f -orbital DOS for the Nd adatom in Nd@GR calculated with
DFT+U-FLL (B). From Ref. [42].



Chapter summary

In this chapter, we discussed the electronic structure of impurity atoms with
partially filled d or f shells. The electron correlations in these systems were
studied with use of method that combines the local density approximation with
the multi-orbital Anderson impurity model.

For a cobalt atom located in bulk copper, the calculations yield the nonmag-
netic ground state, where the local moment at the Co atom is screened by the
bath of conduction electrons. The computed spectra are in a good agreement
with those obtained using the quantum Monte Carlo method, from Ref. [47].

The combined effect of electron correlations and spin-orbital coupling was
illustrated on samarium and neodymium atoms adsorbed on graphene. The
DFT+U method predicts both these adatoms to carry a local magnetic moment
(spin as well as orbital). This is expected for Nd but not for Sm which has a
non-magnetic f 6 (J = 0) ground state configuration as a free atom, and the weak
bonding to graphene is not expected to substantially change this ground state.
The more accurate method employing the Anderson impurity model cures this
problem and yields the anticipated non-magnetic ground state with nf = 6 and
J = 0 for the Sm adatom. The Nd adatom remains magnetic with nf = 3.7 and
J = 4.2.
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Chapter 4

Np-based compounds

Neptunium is a chemical element from the actinide series with atomic number
93. It was obtained in 1940 by McMillan and Abelson [64] and is known as the
first synthesized actinide element. Due to its rather short half-life (2.14 × 106

years for the most stable isotope 237Np), neptunium has not been found on earth
in observable quantities. It appears in oxidation states of +3 to +7, similarly as
plutonium [65].

The angular momenta of the many-electron systems may be determined with
help of two general approximation schemes, the choice depends on which kind of
interactions are dominant. For most of the compounds, the spin-orbit coupling is
weak compared to the strong exchange-correlation interaction, then the Russel–
Sanders coupling (or LS coupling) scheme is considered. In that case to obtain
the total angular momentum of the system J , first we determine the total or-
bital and spin angular momenta (L and S) from the momenta (orbital l and spin
s, respectively) of each electron. On the other hand, due to the relativistic ef-
fects the spin-orbit coupling starts to be dominant and the exchange-correlation
interaction may be neglected. This case is called the j-j coupling scheme. In
that approximation, the total angular momenta of the system J is calculated
from the angular momenta of each electron j. The electron j’s are obtained
from the orbital l and spin s angular momenta of each electron. The LS coupling
scheme appeared to be a good approximation for majority of transition-metal and
rare-earth elements. For the heavier elements the j-j coupling scheme is valid.
Neptunium is the first element in the actinide series whose spin-orbit interaction
of 5f states differs from the pure LS coupling scheme (which is observed up to
α-U). Therefore, typically the appropriate choice for describing 5f states of Np
is so-called “intermediate coupling scheme” – a transition scheme between the
LS and j-j coupling, where both kind of interactions (spin-orbit coupling and
exchange-correlation) are taken into account.

Typically, the 5f electrons of the elements of the actinide series up to α-Pu are
considered to be itinerant and the 5f electrons of heavier elements are classified
as localized. That is true in the case of uranium, but in Np the 5f states starts
to exhibit noticeable localization [60]. This property is seen in various experi-
ments, such as the development of the additional peak in the Np valence-band
photoemission spectrum [66] or relatively high values of temperature-dependent
resistivity [67].

63
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Figure 4.1: The rearranged periodic table for d and f metals based on Ref. [68]. In
the ground state, the metals in the bottom left corner exhibit itinerant behavior
and at the top right localized. Neptunium lies in the cross-over region from
itinerant to localized valence electrons.

Another interesting property of neptunium can be observed in the rearranged
periodic table shown in Fig. 4.1, based on Ref. [68]. It contains five long periods
of d and f metals. They are rearranged in such a way that crossing from left to
right, the electronic behavior of the elements transfers from the localized (metal-
lic bonds) to itinerant (magnetic moments). As a result, at low temperatures the
elements in the bottom left part very often exhibit superconductivity and in the
top-right corner reveal long-range magnetic ordering. The shaded area on the di-
agonal marks the transition region between the itinerant and localized character.
As can be observed, one of the elements belonging to that region is neptunium.
The elements on the diagonal exhibit several allotropic structures that differ by
small energy difference: the maximum is found for plutonium (six solid crystal
structures), but neptunium with three of them is also noticeably more complex
than most of other metals [60]. Moreover, usually in an alloy or compound, the
electronic behavior of the whole system is highly determined by the properties of
the element placed in the cross-over region, provided that just one kind of such
element is involved in the structure and the rest constituents are from the other
regions.

Due to the presence of f -shell electrons, in the actinide-based compounds,
various interesting phenomena are observed. Their magnetic behavior may be
placed between the itinerant, transition-metal like and localized rare-earth like
behavior.

In this chapter we present a study on three Np-based compounds: NpPt2In7,
Np2Ni17 and NpBC. In order to describe theoretically the electronic structure and
magnetic properties of the compounds and to make a comparison with the exper-
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imental results, we performed electronic-structure calculations in the framework
of the relativistic density functional theory (scalar relativistic and with SOC),
DFT+SOC from Sec. 1.2, and its correlated extension DFT+U (Sec. 2.1), imple-
mented in the FLAPW basis described in 1.2.3 and 1.2.4. In the DFT+U calcu-
lations the on-site Coulomb interaction in the correlated Np 5f shell is given by
Slater integrals F0 = 3.00 eV, F2 = 7.43 eV, F4 = 4.83 eV, and F6 = 3.35 eV [60].
They correspond to the values of Coulomb interaction U = 3 eV and exchange
interaction J = 0.6 eV.

4.1 NpPt2In7

The Bardeen–Cooper–Schrieffer (BCS) theory of superconductivity, according to
which itinerant electrons form pairs due to an attractive interaction provided by
phonons, correctly described the phenomenology of many conventional supercon-
ductors. Successful for many years, for the first time failed with the discovery of
CeCu2Si2 [69], and following it UBe13 [70] and UPt3 [71]. Those heavy-fermion
materials, with a large Sommerfeld coefficient and strongly paramagnetic sus-
ceptibility belongs to the group of unconventional (means non-phonon mediated)
superconductors. Since then, the heavy-fermion superconducting materials have
captured special attention. A significant and extensively studied family contain-
ing many heavy-fermion superconductors is AnMmIn3n+2m (where A is Ce, U,
Np or Pu and M is a transition metal Co, Rh, Ir, Pd or Pt), which includes
so-called “1-1-5”, “1-2-7”, “2-1-8”, and “3-1-11” compounds. The reason of such
interest given to the members of this family lies in the opportunity to study the
interplay between magnetism and superconductivity in these compounds, the two
phenomena that were thought to be opposing. It is suggested, that the origin
of the superconductivity in these systems is due to the magnetic spin-spin inter-
actions. The prominent members of this family are the Ce-based heavy-fermion
superconducting compounds, among which there are ambient pressure supercon-
ductors [72, 73] and compounds superconducting under pressure [74–77]. Another
significant compound related to the AnMmIn3n+2m family is PuCoGa5 – uncon-
ventional heavy-fermion superconductor with exceptionally high Tc ≈ 18.5K [78].

Typically, Np-based compounds exhibit magnetic ordering and do not re-
veal superconductivity. The examples are reported “cousins” of AnMmIn3n+2m

compounds, heavy-fermion antiferromagnets with “1-1-5” stoichiometry, with Ga
element in the place of In – NpCoGa5 [79] or NpPtGa5 [80]. Until today, the
superconductivity was reported only in two Np-based materials: firstly, it was
observed in the Np-based Chevrel phases NpMo6Se8 and Np1.2Mo6Se8 [81], their
critical temperature was determined as Tc = 5.6(0.1) K. The second compound
is NpPd5Al2, a heavy-fermion d-wave superconductor with Tc = 4.9 K [82–84].

In this section we will consider a Np-based intermetallic compound, structural
analogue of heavy-fermion superconductor under pressure CePt2In7 [76, 85] –
and a heavy-fermion paramagnet PuPt2In7 [86]. The polycrystalline sample of
NpPt2In7 was synthesized by T. Klimczuk and the experimental investigation
was performed by J.-C. Griveau, E. Colineau, R. Eloirdi, and R. Caciuffo at
Institute for Transuranium Elements (European Commission, JRC) in Karlsruhe,
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Figure 4.2: The crystal structure of AnMmIn3n+2m compounds, shown for Ce-
based group. The materials may be viewed as built of n layers of AIn3 and m
layers of MIn2. Blue color marks the Ce atoms, silver the In atoms, and pink the
transition metal atoms.

Germany.
The physical properties of NpPt2In7 were investigated by means of magnetic

susceptibility, heat capacity and resistivity measurements. The results indicate
that NpPt2In7 is an antiferromagnet, with the Néel temperature TN = 23K,
confirmed by all performed techniques. Next, we present the theoretical results
of the first-principles electronic structure calculations and compare them to the
experimental data.

4.1.1 AnMmIn3n+2m layered compounds

The compounds of AnMmIn3n+2m type crystallize in layered structure with a basic
unit AIn3 formed in a primitive cubic structure. The members of the most studied
Ce-based group of those compounds, can be viewed as built of n layers of CeIn3

and m layers of MIn2 [87]. This property is shown in Fig 4.2. Therefore,

• CeMIn5, which crystallizes in a primitive tetragonal structure (P4/mmm),
with n = 1, m = 1, is built of alternating layers of CeIn3 and MIn2.

• Ce2MIn8 (n = 2, m = 1, also crystallized in P4/mmm structure) is formed
from two layers of CeIn3 separated by a layer of MIn2.

• CePt2In7 (n = 1 and m = 2) if formed from one layer of CeIn3 separated
by two layers of MIn2. The 1-2-7 compounds crystallize in a body-centered
tetragonal structure (I4/mmm).
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Figure 4.3: Rietveld refinement of room temperature powder X-ray diffraction
data for NpPt2In7. Blue open circles (Iexp) and a red solid line (Ical) represent
observed and calculated data, respectively. Vertical tick marks are shown for
two refined phases: NpPt2In7(upper, red) and about 20% Pt3In7 impurity (lower,
black). The differences between the observed and calculated pattern (Iexp-Iobs)
are represented by a black line.

4.1.2 Experimental results

The room temperature powder x-ray diffraction (XRD) pattern is shown in Fig. 4.3.
Successful Rietveld refinement confirms that NpPt2In7 is an isostructural ana-
logue to the rare-earth CePt2In7, with the model described in Ref. [88] and shown
in Fig. 4.2. Extra XRD lines seen in the pattern correspond to Pt3In7 (about 20%
in weight) and used epoxy glue. Those regions were excluded for the Rietveld
refinement. The crystallographic parameters and figures of merit derived from
the fit are provided in Table 4.1.

Comparing with two other known “1-2-7” compounds with the same crystal
structure, the lattice parameters and the unit cell volume for NpPt2In7 are larger
than those previously reported for PuPt2In7 [86], and smaller than those reported
for CePt2In7 [88] (see Table 4.2). The same trend is observed for a binary MIn3

system, where M = Ce [89], Np [90] and Pt [91].
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Table 4.1: Refined structural parameters for NpPt2In7 at room temperature.
Space group I4/mmm (s.g. #139), a = 4.58471(3) Å, c = 21.5065(3) Å. Calcu-
lated density 10.51 gcm3. Figures of merit: goodness of fit χ2 = 1.48, weighted
profile residual Rwp = 4.33%, profile residual Rp = 3.06%.
Atom Position z B Occ
Np 2b (0, 0, 0.5) 0.644(44) 1
Pt 4e (0, 0, z) 0.3257(1) 1.004(38) 1
In1 2a (0, 0, 0) 1.341(99) 1
In2 4d (0, 0.5, 0.25) 1.029(50) 1
In3 8g (0, 0.5, z) 0.1067(1) 1.274(46) 1

Table 4.2: Unit cell parameters for CePt2In7 (Ref. [88]), NpPt2In7 and PuPt2In7

(Ref. [86]). The parameters for CePt2In7 and PuPt2In7 were obtained from single
crystal x-ray diffraction collected at 173 K and at room temperature, respectively.
Refined parameters for NpPt2In7 are based on room temperature powder x-ray
diffraction.

CePt2In7 [88] NpPt2In7 PuPt2In7 [86]
a (Å) 4.5990(4) 4.58471(3) 4.5575(7)
c (Å) 21.580(2) 21.5065(3) 21.362(6)
V (Å3) 456.4(1) 452.06(1) 443.7(3)
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magnetic susceptibility for NpPt2In7. (b) Inverse magnetic susceptibility and a
Curie–Weiss fit to the high temperature (T > 100 K) data.
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The magnetization M(T ) was measured under applied field H = 70 kOe
and 50 kOe, and magnetic susceptibility χ was estimated from ∆M/∆H. In
Fig. 4.4(a) we show temperature dependence of zero-field-cooling (ZFC) and field-
cooling (FC) magnetic susceptibility for NpPt2In7. Low temperature χ(T ) data
with clear anomaly suggests presence of the antiferromagnetic transition. There
is no difference between ZFC and FC data neither above, nor below transition.
Precise value of the Néel temperature, TN = 23 K, has been obtained by plotting
and finding maximum of d(χT )/dT [92, 93]. The inverse magnetic susceptibility
(χ(T )− χ0)−1 in the T range 2–300 K is presented in Fig. 4.4(b).

Above 100 K, the susceptibility follows a Curie–Weiss form, with estimated
fitting parameters: θCW = −17 ± 9 K, and C = 0.80 ± 0.07 emu K Np-mol−1.
Having C we can calculate the effective moment per Np from µeff = (8C)1/2 =
2.53 ± 0.11µB. This value is close to µeff = 2.755µB calculated for a trivalent
Np3+ in the intermediate coupling scheme. The negative value of the Curie–
Weiss temperature, θCW = −17 K, might indicate presence of antiferromagnetic
interactions in NpPt2In7.

In Fig. 4.5 we present temperature dependence of the heat capacity (Cp) of
NpPt2In7, corrected for the additional signal of Pt3In7. At high temperature Cp
saturates slightly above the expected Dulong–Petit value,
3nR ≈ 250 J mol−1 K−1, where n = 10 is the number of atoms per formula unit
and R = 8.314 J mol−1 K−1 is the gas constant.

A clear anomaly presented in the inset of Fig. 4.5 confirms a bulk character of
the antiferromagnetic transition with TN = 23 K in perfect agreement with the
temperature revealed by the magnetic susceptibility measurement. It should be
noted that the transition is very robust and applied magnetic field only slightly
suppresses the Néel temperature, i.e. TN decreases by 0.2 K under 9 T.

Temperature dependence of electrical resistivity ρ(T ) of a polycrystalline
NpPt2In7 is shown in Fig. 4.6. The measurement was performed from 300 K
to 1.8 K, in zero applied magnetic field and with a current I = 5mA. The ρ(T )
reveals metalic-like character (dρ/dT > 0) with a sharp drop below 23 K, which
is the onset of magnetic ordering. The inset of Fig. 4.6 presents dρ/dT versus
temperature in the vicinity of the transition. The Néel temperature was deter-
mined as 1/3 of the jump of dρ/dT [94] and is equal to TN = 23.1 K under zero
field and decreases to TN = 23.0 K under µ0H= 9 T, in perfect agreement with
TN obtained from magnetic susceptibility and heat capacity experiments.

The low-temperature resistivity data are presented in Fig. 4.7 and can be fitted
by a formula established for antiferromagnetic interactions with the opening of a
magnetic gap (Fig. 4.7) [95], demonstrated by the fit to the function (red solid
line):

ρ(T ) = ρ0 + aT 2 + bT

(
1 +

2T

∆

)
exp

(
−∆

T

)
, (4.1)

where ρ0 = 117µΩcm, a = 1.04(8)µΩcmK−2, b = 129µΩcmK−1, and ∆ =
27(1)K. Resistivity measurement performed under applied magnetic field of B =
9 T is shown in the inset by a solid blue line. A positive magnetoresistance below
TN can be seen and at 2 K MR=(ρ(9T )− ρ(0T ))/ρ(0T ) reaches 400%.
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4.1.3 Electronic structure calculations

For the electronic structure calculations we used the experimental crystal struc-
ture. The radii of the atomic muffin-tin spheres were set to 2.9 a.u. for Np,
and 2.5 a.u.for In and Pt. The basis set size was characterized by the parameter
RNp ×Kmax = 10 and the Brillouin zone was sampled with 243 k points.

Density functional theory calculations

Firstly, we performed DFT+SOC study. In the calculations the magnetization
at Np-atoms was set along the z-axis (out-of-plane). We considered two kinds
of magnetic moments arrangements on the Np atoms: ferromagnetic (FM) and
antiferromagnetic (AF).

The corresponding ground-state total density of states (DOS), as well as its
projections for the Pt d-orbital and Np f -orbital are shown in Fig. 4.8. The Np
f -states are localized in the vicinity of the Fermi Level, EF (here set at 0 eV).

The obtained spin µS, orbital µL and total µtot = µS + µL magnetic moments
(in µB units), as well as the energy difference between FM and AF configurations
∆E (meV) are given in Table. 4.3. The spin and angular components of the total
moment are aligned antiparallel and as a result the value of the total magnetic
moment is close to zero. The positive value of the total energy difference between
FM and AF arrangements of 4.2 meV suggest AF ordered ground-state.
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Figure 4.8: DFT+SOC total density of states (TDOS, pink), as well as its pro-
jections for the Pt d-orbital (blue) and Np f -orbital (black) in NpPt2In7.

Table 4.3: Spin (µS), orbital (µL) and total magnetic moment ( µtot = µS+µL) in
the units of µB for Np atom in NpPt2In7 from DFT+SOC and DFT+SOC+U (in
FLL and AMF versions) for the FM and AF Np atom arrangements, together with
the total energy difference ∆E (in meV) between the FM and AF configurations.

DFT+SOC DFT+SOC+U-FLL DFT+SOC+U-AMF
FM AF FM AF FM AF

µS 3.48 3.48 3.20 3.20 1.37 1.38
µL -3.16 -3.16 -5.20 -5.20 -4.19 -4.20
µtot 0.32 0.32 -2.0 -2.0 -2.82 -2.82
∆E 4.2 -18.5 2.4
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Figure 4.9: DFT+U=3 eV total density of states (TDOS, pink), and its projection
for the Np f -orbital (blue) in NpPt2In7.

DFT+U calculations

Fig. 4.9 demonstrates the corresponding DOS and its projection for the Np f -
shell from DFT+U-AMF calculations. Introduction of the Hubbard U result
in splitting of the occupied and unoccupied Np f -states, which now have fairly
localized character. Np-f majority states are partially occupied and minority are
almost empty. The value of the spin magnetic moment given by DFT+U-FLL
calculations is similar as for DFT+SOC, but the larger value of orbital magnetic
moment results in total magnetic moment of 2µB. The calculated total energy
difference between FM and AF configurations points the FM as one with the lover
energy, what is in contrast to the experimental findings. The DFT+U-AMF yields
smaller value of spin magnetic moment than in the other sets of calculations and
orbital magnetic moment still greater than for DFT+SOC results, though smaller
than DFT+U-FLL. Total magnetic moment is equal to 2.82µB. The total energy
analysis predicts the AF arrangement as a ground state configuration. In the
calculations we did not consider more complex AF configurations.

What follows from the theoretical investigation, from the performed calcu-
lations only DFT+U-AMF correctly predicts the configuration of the magnetic
moments on Np atoms and gives µtot value consistent with the experimental re-
sults. DFT+SOC yields the AF ordering, but fails to predict experimentally
observed magnetic moment on the Np atoms. On the other hand, the value of
the magnetic moment from DFT+U-FLL improves agreement of the magnetic
moment value with the experimental data, and also gives the FM ground state.
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4.2 Np2Ni17

The second investigated Np-based intermetallic compound was Np2Ni17. The re-
sults presented here were published in Ref. [96]. The compound was investigated
experimentally by means of magnetization, Mössbauer and specific heat mea-
surements, and its crystal structure was determined through the Rietveld anal-
ysis of powder x-ray diffraction pattern by A. Hen, N. Magnani, J.-C. Griveau,
R. Eloirdi, E. Colineau, J.-P. Sanches, I. Halevy, I. Orion and R. Caciuffo.

4.2.1 Experimental results

Here, we will summarize the experimental observations on the properties of
Np2Ni17, as presented in Ref. [96]. Np2Ni17 crystallizes in P63/mmc hexagonal
Th2Ni17 structure, with lattice parameters a = 8.28215(7) Å and c = 8.04029(8) Å [97].
The structural parameters of the compound, refined by the Rietvield analysis of
the powder x-ray diffraction pattern are shown in Table 4.4, the corresponding
crystal structure is drawn in Fig. 4.10.

Table 4.4: Refined structural parameters for Np2Ni17 at room temperature ob-
tained from the Rietvield analysis of the x-ray diffraction pattern. Space group
P63/mmc (s.g. #194), a = 8.28215(7) Å, c = 8.04029(8) Å.
Atom Wyckoff site x y z
Np1 2b 0 0 1/4
Np2 2d 1/3 2/3 3/4
Ni1 4f 1/3 2/3 0.8904(3)
Ni2 6g 1/2 0 0
Ni3 12j 0.3707(3) 0.0428(4) 1/4
Ni4 12k 0.1655(3) 0.3310(8) 0.0185(9)

In the compound, Np atoms occupy two crystallographic sites: 2b and 2d
(marked on Fig. 4.10 by red and blue spheres, respectively). Both sites are char-
acterized by different Np-Np coordination and distinct distance to the nearest
Np neighbor. Np-Np coordination in the a − b plane is the same for both Np
sites and the nearest neighboring Np atom is located at the distance 4.781 Å.
This changes for the c direction: Np atoms located at the 2b site form a chain
with the interatomic distance of c/2 = 4.020 Å, whereas for Np atoms at 2d site,
this distance is much larger. Due to that property, two magnetically inequivalent
Np sites were observed in the compound. The magnetic susceptibility measure-
ments of the compound reveals a weak anomaly at the temperature TN = 17.5K,
which suggest appearance of some long-range magnetic ordering. At higher tem-
peratures, the magnetic susceptibility curve follow the Curie–Weiss behavior,
with the Curie–Weiss temperature of θCW = −41K and a molar Curie constant
C = 9.7 emuKmol−1. Negative value of θCW suggests the presence of antiferro-
magnetic interactions in the compound, with possible ferrimagnetic ordering in
the ground state. The specific heat measurements (shown in Fig. 4.11) reveal
a λ-type anomaly at transition temperature TN = 17.5K. From the Mössbauer
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Figure 4.10: The crystal structure of Np2Ni17. Large red and blue spheres marks
Np atoms at the 2b and 2d Wyckoff positions, respectively; black spheres marks
the Ni atoms at the 4f positions and light blue spheres corresponds to the rest
of the Ni atoms.



76 4. Np-based compounds

Figure 4.11: Temperature dependence of the heat capacity Cp of Np2Ni17 at
temperatures between 0.5K and 30K. Fig. from Ref. [96].

measurements it follows, that the Np atoms occupying the 2b site are character-
ized by a relatively large magnetic moment (µ = 2.25µB), while the value of the
moment at the 2d side is close to zero (µ = 0.2µB).

4.2.2 Electronic structure calculations

The theoretical calculations of Np2Ni17 were performed with the use of the ex-
perimental lattice parameters. The radii of the atomic muffin-tin spheres were
set as 2.80 a.u. for the Np atoms and 2.05 a.u. for the Ni atoms. The basis set
size was determined by the parameter RNp ×Kmax = 8.4 and the Brillouin zone
was sampled with 425 k points.

Density functional theory calculations

Following the experimental observations, in the DFT+SOC calculations the spin
polarization was initiated on the Np atoms located at the 2b positions of the unit
cell. In the calculations the magnetization was set along the z (out-of-plane) axis.
The obtained spin µS, orbital µL and total µtot = µS +µL magnetic moments (in
µB units) calculated in the muffin-tin spheres around the Np and Ni atoms are
reported in Table. 4.5, together with the total values, which include the contri-
bution from the interstitial spin moment; µexp are the experimental values, the
results for Ni atoms were averaged over all sites. The Np atoms on the two sites
have spin moments of opposite sign and about the same magnitude. The angular
component of the total moment is antiparallel to the spin-only contribution as it
is expected for a less-than-half-filled f shell.
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Table 4.5: Spin (µS), orbital (µL) and total magnetic moment ( µtot = µS + µL)
in the units of µB for the constituents of Np2Ni17 atom from DFT+SOC and
DFT+SOC+U (in AMF version), together with the total values per formula unit.
The experimental value is also shown, result for Ni present the value averaged
over all Ni sites.

DFT+SOC DFT+U-AMF
Atom Site µS µL µtot µS µL µtot µexp

Np1 2b -2.80 2.99 0.19 -1.46 3.92 2.46 2.25
Np2 2d 2.58 -3.53 -0.95 0.43 -0.26 0.17 0.2
Ni1 4f 0.11 0.01 0.12 0.28 0.03 0.31 >0.1
Ni2 6g 0.24 0.04 0.28 0.33 0.03 0.36 >0.1
Ni3 12j 0.20 0.02 0.22 0.27 0.03 0.30 >0.1
Ni4 12k 0.27 0.01 0.28 0.29 0.02 0.31 >0.1
Total 3.35 -0.22 3.13 3.62 4.11 7.73 >4.1

DFT+U results

Next, we apply DFT+U calculations, making use of AMF double counting. The
total calculated DOS is shown in Fig. 4.12, together with the spin-resolved d-
orbital projected DOS for Ni atoms at the occupied lattice sites, and the f -orbital
projected DOS for Np atoms. The Ni-d majority band is practically full, whereas
the Ni-d minority band is partially occupied.

The first-principles calculations correctly predict the presence of two mag-
netically inequivalent Np sites. Moreover, when the DFT+U approximation is
applied, the calculated magnetic moments are in good quantitative agreement
with the experiment. However, it must be noted that the DFT+U-AMF solu-
tion shown in Table 4.5 is obtained initiating the spin polarization at Np (2b)
atoms. When the initial occupation matrices are chosen after the spin-polarised
LSDA, another self-consistent DFT+U-AMF solution is obtained. In this case,
for the Np (2b) we obtain the spin µS = −1.78µB, orbital µL = 3.98µB and total
µtot = µS + µL = 2.20µB magnetic moments in a reasonable agreement with the
experimental data. For the Np (2d), the spin µS = 1.98µB, orbital µL = −4.07µB
and total µtot = −2.09µB magnetic moments are calculated. This relatively large
magnitude of µtot exceeds substantially the experimental value. The magnetic
character of the Ni atoms remains very similar to that shown in Table 4.5. The
occurrence of multiple solutions (local minima) is a rather common feature of the
DFT+U method, and is well documented in the literature [98]. It constitutes one
of the limitations of the static mean-field DFT+U approximation due to the use
of a single particle Hilbert space.
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Figure 4.12: DFT+U=3 eV density of states for Np2Ni17: (a) total DOS; (b) the
d-orbital projected DOS for Ni atoms, resolved for the occupied lattice sites of
P63/mmc space group; (c) the f -orbital projected DOS for Np atoms, resolved
for the 2b and 2d positions. From Ref. [96].
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4.3 NpBC
The full study of neptunium boron carbide NpBC was presented in the Ref. [99].
NpBC was synthesized and investigated experimentally by means of Rietveld
analysis of powder x-ray diffraction pattern, magnetic susceptibility and heat
capacity measurements by T. Klimczuk, J.-C. Griveau, E. Colineau, M. Falmbigl,
F. Wastin and P. Rogl.

4.3.1 Experimental results

In this subsection we will summarize the experimental results for NpBC published
in Ref. [99]. The crystal structure of NpBC was determined from the Rietveld
refinement of the powder x-ray diffraction pattern. The compound crystallizes
in Cmcm structure (s.g. # 63) of UBC-type, with the lattice parameters a =
3.5913(1) Å and c = 12.0566(2) Å. The schematic crystal structure of NpBC is
shown in Fig. 4.13. The shortest Np-Np distance is along the [001] direction and
is equal to 3.391 Å.

Figure 4.13: The crystal structure of NpBC. Large yellow spheres corresponds to
Np atoms, small orange spheres to B atoms and small grey spheres to C atoms;
the figure is retrieved from Ref. [99].
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Figure 4.14: (Main panel) Temperature dependence of the heat capacity Cp of
NpBC in the applied magnetic field between 0T and 9T. (Inset) Cp/T vs T 2

(open circles) and the linear fit to Cp = γT + βT 3 + δ exp(−∆/T ) (red line); the
figure is retrieved from Ref. [99].

The magnetic susceptibility and heat capacity measurements reveal that NpBC
is a bulk ferromagnet. The Curie temperature TC was firstly estimated from the
temperature dependence of magnetic susceptibility measurements χ(T ), as the
temperature of the inflection point of χ(T ) curve (i.e. the minimum of dχ(T )/dT
vs T ) and was equal to TC = 61K. Afterwards, the bulk ferromagnetic transi-
tion was confirmed by the heat capacity measurements. The Curie temperature
estimated from the specific heat for NpBC was equal to TC = 67K (marked
by arrow on the main panel of Fig. 4.14), what is in good agreement with the
magnetic susceptibility result. The inset of Fig. 4.14 presents the dependence of
Cp/T vs T 2 together with the fit to Cp = γT + βT 3 + δ exp(−∆/T ). The exper-
imental Sommerfeld coefficient for this compound was estimated as γ = 11.9mJ
Np-mol−1K−2.

4.3.2 Electronic structure calculations

The theoretical study of the electronic structure of NpBC was performed using
experimentally determined crystal structure. The radii of the atomic MT spheres
were set to 2.7 a.u. for Np, and 1.3 a.u. for B and C. The basis set size was
characterized by the parameter RNp × Kmax = 8.1 and the Brillouin zone was
sampled with 729 k points. The magnetization was aligned along the c-axis.

DFT calculations

First, we applied the conventional spin-polarized DFT+SOC. In the calculations
we assumed parallel and anti-parallel coupling between two Np moments in the
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unit cell. Table 4.6 reports the calculated spin (µS), orbital (µL) and total (µtot =
µS +µL) magnetic moments for the f -states in the MT spheres around Np atoms
(in µB units), together with the total energy difference between ferromagnetic
(FM) and antiferromagnetic (AF) configurations of the magnetic moments in
the unit cell. It is seen that DFT+SOC yields the FM ground state for NpBC.
The magnitude of the total magnetization for FM-NpBC (including contributions
from the interstitial region) per formula unit (f.u.) of −0.26µB is substantially
smaller than the experimental value of 1.14µB.

DFT+U results

Next, we applied DFT+U-FLL method. In the Table 4.6 we show the calculated
magnetic moments and total energy difference between FM and AF arrangements.
Similarly to DFT results, DFT+U yields the FM ground state for NpBC. The
total magnetization for FM-NpBC (including contributions from the interstitial
region) per formula unit (f.u.) becomes 1.69µB, exceeding the experimental value
of 1.14µB.

Table 4.6: Spin (µS), orbital (µL) and total magnetic moment ( µtot = µS + µL)
in the units of µB for Np atom in NpBC from DFT+SOC and DFT+U-FLL for
the FM and AF Np atom arrangements, together with the total energy difference
∆E (in eV) between the FM and AF configurations.

DFT+SOC DFT+U-FLL
FM AF FM AF

µS 1.97 2.06 2.50 2.51
µL -2.92 -1.89 -4.35 -4.25
µtot -0.95 0.17 -1.85 -1.74
∆E -0.136 -0.033

The electronic DOS for the FM-ordered NpBC calculated with the DFT+U-
FLL is shown in Figure 4.15(A), where the total DOS per f.u. is shown together
with the MT-sphere projected and spin-[up,dn] resolved DOS for the B- and C-
atoms in the unit cell. The DOS in the energy region [−14 eV,−10 eV] is formed
mainly by the s-states of B and C. Also, these states are mainly present above
the gap at −8 eV. The p-character of the B and C atoms is mostly located at the
energies from −5 eV and above. The f -projected and spin-[up,dn] resolved DOS
for the Np-atom is shown in Figure 4.15(B). The DOS spin-polarization is clearly
seen with the most of the DOS in the vicinity of the Fermi level coming from the
spin-up f -states of Np. From the calculated value of the DOS at EF we obtained
the Sommerfeld coefficient according to the formula γ = 1/3π2k2

BN(EF ). The
DFT+U valueN(EF ) = 1.85 states/eV, corresponds to γ = 4.4 mJ Np-mol−1K−2,
which is smaller than the experimental value.



82 4. Np-based compounds

Figure 4.15: DOS for NpBC from DFT+U-FLL calculations: (A) the total
DOS/f.u. for NpBC together with spin-up and spin-dn MT-projected DOS for
the B and C atoms; (B) the spin-up and spin-dn f -projected DOS for the Np
atom; the figure is retrieved from Ref. [99].



Chapter summary

In this chapter we presented the study of three Np-based compounds: NpPt2In7,
Np2Ni17 and NpBC. After the short introduction to the properties of Np and
Np-based compounds, we summarized the experimental results obtained for the
three compounds. The theoretical study of the materials was performed with the
spin-polarized LSDA method, and its correlated version DFT+U, both imple-
mented in the FLAPW basis (including scalar-relativistic terms and spin-orbit
coupling). For all three compounds we analyzed the spin, orbital and total mag-
netic moments and the total density of states as well as its projections to selected
orbitals and spins. Finally, for NpPt2In7 and NpBC we performed the total energy
analysis between different magnetic moment arrangements on the Np atoms.

The first compound, NpPt2In7, is an isostructural analogue of a known Ce-
based superconductor CePt2In7 and Pu-based paramagnet PuPt2In7. The ex-
perimental results show that NpPt2In7 is an antiferromagnet with Néel tempera-
ture TN = 23K. The electronic structure calculations performed in the DFT+U
scheme are consistent with the experiment. The ground-state characterized by
the lowest total energy is antiferromagnetically ordered. DOS analysis indicates
fairly localized character of Np f -states.

The second studied compound was Np2Ni17. Here, the experimental measure-
ments reveal a long-range magnetic ordering below the transition temperature
TN = 17.5K. It is found that Np atoms occupying one of the two inequivalent
crystallographic sites do not take part in the transition. Theoretical calculations
performed in the DFT+U scheme correctly predict the presence of two magneti-
cally inequivalent Np sites, one of them is carrying a much larger total magnetic
moment (µtot1 = 2.46µB) than the other (µtot2 = 0.17µB).

The third studied compound was NpBC. In this case, the experimental study
reveal ferromagnetic ordering of the magnetic moments on Np atoms, with the
Curie temperature below TC = 61K. The total energy calculations with DFT+U
support formation of the ferromagnetic ground state for this compound.
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Conclusions

We described and applied modern theoretical methods derived for strongly corre-
lated systems. These methods were static DFT+U and dynamical DFT+ED, for-
mulated in the FP-LAPW basis. The calculations included the scalar-relativistic
effects and the spin-orbit coupling. The examples presented in this thesis prove
that the methods are successful in describing the systems with strong electron-
electron correlation.

In the first two chapters we discussed the details of computational methods,
Chapter 1 presents a general overview of the modern correlated electron theory
and Chapter 2 discusses in details the methodology used in the thesis.

In Chapter 3 we studied correlated impurities: cobalt impurity located in a
bulk copper and rare-earth impurities adsorbed on graphene, where the attention
was focused on samarium and neodymium adatoms. For the first example, the
calculations show that the magnetic moment of the Co impurity is screened by
the conduction bands of a host. As a result, the ground state of the system
is a nonmagnetic singlet for all analyzed average occupations of the impurity d
shell. The calculated Co d-orbital spectral functions, spin moments and orbitally
resolved quasiparticle weights are consistent with the QMC results published
in [47].

For the case of rare-earth adatoms on graphene, we showed that static DFT+U
methods are insufficient to correctly describe the Sm impurity. The DFT+U
predicts Sm and Nd adatoms to carry local magnetic moments. This is expected
for Nd, but not for Sm, which has a non-magnetic f 6 (J = 0) ground-state
configuration in the gas phase as a free atom. Application of DFT+ ED method
cures this problem. It yields a non-magnetic singlet ground state with nf = 6.0,
and J = 0 for the Sm adatom, whereas the degenerate ground state of Nd adatom
characterized by nf = 3.7, and J = 4.2 retains the local magnetic moment.

In Chapter 4 we studied Np-based compounds, focusing on three materials:
NpPt2In7, Np2Ni17 and NpBC. We showed that the inclusion of electron corre-
lations in terms of DFT+U method is essential for correct description of these
compounds. To summarize:

• NpPt2In7 is an antiferromagnet, which was proved both experimentally and
theoretically. From the experimental results it is known that the compound
orders magnetically at TN = 23K. In our calculations, DFT+U method
correctly predicts the experimentally reported arrangement of the magnetic
moments on Np atoms and yields the total magnetic moment on Np atom
µtot = 2.82µB, a value consistent with the experimental findings.
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• For the case of Np2Ni17, the DFT+U method predicts the presence of two
magnetically inequivalent crystallographic sites, which is consistent with
the experimental results. The total magnetic moment located on Np atoms
on the magnetic site is equal to µtot = 2.46µB (which is close to the ex-
perimental value determined as 2.24µB), whereas on the other Np site the
value is close to zero.

• NpBC is a ferromagnetic compound, which according to the experimental
results orders magnetically below TC = 61K. The theoretical calculations
were performed with DFT+SOC and DFT+U methods. Both schemes pre-
dict the ferromagnetic ground state as the one with lowest energy, what is
consistent with the experimental results. The calculated value of total mag-
netic moment per formula unit from the DFT+SOC calculations is equal
to µtot = 0.26µB, a much smaller value than the experimental remanent
magnetization Mr = 1.14µB/Np, whereas the magnitude from DFT+U
calculations is greater µtot = 1.69µB.
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Electronic structure and magnetism of samarium and neodymium adatoms
on free-standing graphene. Phys. Rev. B, 94:125113, 2016.

[43] H. C. Manoharan, C. P. Lutz, and D. M. Eigler. Quantum mirages formed
by coherent projection of electronic structure. Nature, 403:512–515, 2000.

[44] N. Knorr, M. A. Schneider, L. Diekhöner, P. Wahl, and K. Kern. Kondo
effect of single Co adatoms on Cu surfaces. Phys. Rev. Lett., 88:096804,
2002.

[45] N. Quaas, M. Wenderoth, A. Weismann, R. G. Ulbrich, and
K. Schönhammer. Kondo resonance of single Co atoms embedded in Cu(111).
Phys. Rev. B, 69:201103, 2004.
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