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Nézev prace: Nékteré aspekty nespojité Galerkinovy metody pro feseni konvek-
tivné-difuznich problému

Autor: Be. Monika Balazsova
Katedra: Katedra numerické matematiky
Vedouci diplomové prace: prof. RNDr. Miloslav Feistauer, DrSc., dr. h. c.

Abstrakt: V predlozené praci se zabyvame stabilitou nespojité ¢asoprostorové
Galerkinovy metody, aplikované na nestacionarni, nelinearni problémy konvekce
- difize. Nespojita Galerkinova metoda ptredstavuje velice efektivni nastroj pro
numerické teSeni parcidlnich diferencialnich rovnic, kombinuje vyhody metody
koneénych prvku (polynomidlni aproximace vysokého fadu presnosti) a metody
konecénych diferenci (nespojité aproximace). Po formulovéani spojitého problému
nasleduje jeho diskretizace v prostoru i v ¢ase. Ve formulaci nespojité Galerkinovy
metody pouzivame nesymetrickou, symetrickou a netplnou verzi diskretizace
difizniho ¢lenu a dale pridavame do schématu penalizacni ¢leny. Ve tieti kapi-
tole nasleduji odhady jednotlivych ¢lenu diive odvozeného priblizného feseni po-
moci specidlnich norem. Pomoci konceptu diskrétnich charakteristickych funkei
a diskrétniho Gronwallova lemmatu je ukazano, ze analyzované schéma je nepod-
minéné stabilni. Na zavér, ve ¢tvrté kapitole, jsou uvedeny numerické experimen-
ty, které ovéruji teoretické vysledky predchozi kapitoly.

Klicova slova: nelinearni problém konvekce - diftize, nespojita casoprostorova
Galerkinova metoda, casova a prostorova diskretizace, stabilita metody, diskrétni
charakteristicka funkce



Some aspects of the discontinuous Galerkin method for the solution of convection-
diffusion problems

Author: Be. Monika Baldzsova
Department: Department of Numerical Mathematics
Supervisor: prof. RNDr. Miloslav Feistauer, DrSc., dr. h. c.

Abstract: In the present work we deal with the stability of the space-time dis-
continuous Galerkin method applied to non-stationary, nonlinear convection -
diffusion problems. Discontinuous Galerkin method is a very efficient tool for nu-
merical solution of partial differential equations, combines the advantages of the
finite element method (polynomial approximations of high order of accuracy) and
the finite volume method (discontinuous approximations). After the formulation
of the continuous problem its discretization in space and time is described. In the
formulation of the discontinuous Galerkin method the non-symmetric, symmetric
and incomplete version of discretization of the diffusion term is used and there
are added penalty terms to the scheme also. In the third chapter are estimated
individual terms of the previously derived approximate solution by special norms.
Using the concept of discrete characteristic functions and the discrete Gronwall
lemma, it is shown that the analyzed scheme is unconditionally stable. At the
end, in the fourth chapter, are given some numerical experiments, which verify
theoretical results from the previous chapter.

Keywords: nonlinear convection - diffusion problems, space-time discontinuous
Galerkin method, space and time discretization, stability of the method, discrete
characteristic function
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Introduction

The numerical solution of nonlinear conservation laws, convection—diffusion prob-
lems and flow problems requires the application of efficient, robust and accurate
methods allowing to overcome various difficulties, as the precise capturing and
resolution of boundary and internal layers, shock waves and contact discontinu-
ities. In computational fluid dynamics (CFD) two techniques are used: the finite
volume (FV) schemes and stabilized finite element methods (FEM). A survey of
FV as well as FE approaches to the numerical simulation of compressible flow can
be found, e.g. in [30]. A natural generalization of the FV and FE techniques is
the discontinuous Galerkin finite element method (DGFEM), which appears to be
very suitable for problems with solutions containing discontinuities and/or steep
gradients. The DGFEM uses piecewise polynomial but discontinuous approxima-
tions and combines advantages of the F'V as well as FE methods. Similarly as in
the finite volume method, the DGFEM uses discontinuous approximations and
boundary fluxes are evaluated with the aid of a numerical flux. Similarly as in
the finite element method, the DGFEM uses higher degree polynomial approxi-
mations of solutions, which leads to an accurate resolution in regions, where the
solution is smooth.

There is a number of works devoted to theory and applications of the DGFEM.
Let us mention, e.g. [2], [3], [5], [6], [7], [13], [18], [19], [22], [23], [30], [33], [35],
[36], [37], [38], [42]. For a survey of various discontinuous Galerkin techniques,
see, e.g. [11], [12]. The numerical simulation of strongly nonstationary transient
problems requires the application of numerical schemes of high order of accuracy
both in space and in time. For some applications, the standard Euler schemes or
O-schemes ([22], [38]) are not sufficiently accurate in time. In computational fluid
dynamics, Runge-Kutta methods are very popular. Let us mention, for exam-
ple the well-known Runge-Kutta discontinuous Galerkin methods (see e.g. [14]).
They are applicable to the numerical solution of a wide class of problems, includ-
ing nonlinear conservation laws and nonlinear convection-diffusion problems, but
they are conditionally stable. An example of unconditionally stable method is
the technique using the backward difference formula (BDF). It was used for the
solution of compressible flow, e.g. in [21] and analyzed theoretically in the case of
a scalar nonlinear convection-diffusion equation in [25]. However, the stability of
the BDF methods is limited to the order of accuracy less than or equal to 6 only.
In the paper [4], a time discretization of arbitrary order of parabolic problems
was proposed and analyzed. Unfortunately, it is applicable to linear problems
only. It appears suitable to use the discontinuous Galerkin discretization with re-
spect to space as well as time for the construction of numerical schemes with high
accuracy in space and time for the solution of nonlinear nonstationary problems.
The time interval is split into subintervals and on each time level a different space
mesh may be used in general. Moreover, the triangulations used for the space
discretization may be nonconforming with hanging nodes.

The discontinuous Galerkin time discretization was introduced and analyzed,
e.g. in [20] for the solution of ordinary differential equations. In [1], [8], [9], [27],
[28], [39] and [40] the solution of parabolic problems is carried out with the aid
of conforming finite elements in space combined with the DG time discretization.



See also the monograph [41]. In [31], the space-time DGFE method was analyzed
for a linear nonstationary convection-diffusion-reaction problem. The paper [32] is
devoted to the theory of error estimates for the space-time DGFE method applied
to a nonstationary convection-diffusion problem with a nonlinear convection and
linear diffusion. An important tool in the derivation of error estimates was the
time Gauss-Radau numerical integration and interpolation.

In paper [16] it is assumed that the diffusion coefficient depends on the sought
solution, but we do not allow its degeneration, as happens in some physical mod-
els. In comparison to the paper [32], it is necessary to overcome the difficulty in
the derivation of the abstract error estimate caused by the fact that the mentioned
technique based on the Gauss- Radau numerical quadrature and interpolation is
not applicable to the nonlinear diffusion. In this case, the concept of the discrete
characteristic function introduced in [§] is used with success. Under the assump-
tion that the triangulations on all time levels are uniformly shape regular, and
the exact solution has some regularity properties, error estimates are derived for
the space-time DGFE method.

In both papers [32] and [16], for general boundary conditions, it was neces-
sary to consider a CFL-like stability condition in the vicinity of the boundary of
the form 7 < Chg for elements adjacent to the boundary. There is a natural
question, if this condition is only technical and necessary for the derivation of
error estimates in terms of the sizes of the space and time grids. In this work, we
study and analyze this question. As a results we prove the unconditional stability
of the space-time discontinuous Galerkin finite element method for the numeri-
cal solution of nonstationary convection-diffusion initial-boundary problems with
nonlinear convection as well as diffusion.



1. Formulation of the continuous
problem

We consider the following nonstationary parabolic problem with nonlinear con-
vection and diffusion: Find v : Q7 = Q2 x (0,7") — R such that

Ofs )
Z Jatx —div(B(u)Vu) = g in Qr, (1.1)
u oaxor) = up, .
u(z,0) = u’(x), x €. (1.3)

We assume that  C R? d = 2,3, is a bounded polygonal (d = 2) or polyhedral
(d =2) domain, T" > 0 and

fs€C'R), s=1,....d

g9:Qr - R,

up : 002 x (0,7) — R,

w Q- R,
are given functions. The functions f, are called the fluxes of the quantity « in the
directions x, and the function £ is the diffusion coefficient, which may depend on

u. The continuous differentiability of the fluxes f, implies that they are locally
Lipschitz-continuous in R. In theoretical analysis we shall assume that

‘f;’SLf, 8:1,...,d,

which imply that the fluxes are Lipschitz continuous with the modul L; > 0.
Without any loss of generality we can assume that

£0)=0, s=1,....,d. (1.4)

Moreover let the function g satisfy the conditions

B iR = [Bo, ], 0<fy<pr<oo, (1.5)
’6(’2111) — 5(U2)| S LIB|U1 — U2| \V/UI,UQ € R, (16)

which means that the function § has a positive bounded range and [ is Lipschitz-
continuous with the modul Lg > 0.

We use the following notation of function spaces: Let w be a bounded domain.
Then we define the Lebesgue spaces

L*(w) = {measurable functions ¢; ||¢||rew) = essup,c,|o(z)] < oo},
1
2

L*(w) = {measurable functionsy; |¢||r2w) = (/ |g0(x)\2dx) < o0},

4



and the Sobolev space

N

H*w) ={p € L*W); lellmrw = | D I1D%ll2) | < o0},

o<k

with the seminorm

=

iy = | D ID%0l[2)
|a|=F

In what follows, by (-,-) we denote the L?-scalar product, i.e.

(p.) = [ pvde forp.v e 2w)
and by || - || (without any subscript) we denote the norm in the space L*(w) :

1
ol = (¢, )2 forp € L*(w).

Let X be a Banach space with a norm || - [[x and a seminorm | - |x and let s
be an integer. Then we define the following Bochner spaces:

C([0,7]; X) = {¢:[0,T] = X, continuous, ||¢|lc(o,r;x) = SFP} llollx < oo},
telo,T
L*(0,T; X)

T
={p:(0,T) = X, strongly measurable, H‘PH%%O,T;X) = /0 llol5dt < oo},

820 ||?
—|| dt < oo},
ot ||

T s
H(0,T; X) = {p € L2(0.T: X); | 0l30x) = / 3
a=0

and the corresponding norms as

[pleqorix)y = sup folx,
t€[0,T]

T 3
l@l20rx) = (/ |90|§cdt) ;
0
e 2 3
aS
Hs(0,1;X) = (/ L dt) )
0 X

ots

1%




2. Discretization of the problem

2.1 Space semidiscretization

We consider a partition 7, of the closure  of the domain 2 into a finite number
of closed d-dimensional simplices with mutually disjoint interiors.

Let K, K’ € T,. We say that K and K’ are neighbouring elements (or neigh-
bours), if the set 0K N 0K’ has positive (d — 1)-dimensional measure. We say
that I' C K is a face of K, if it is a maximal connected open subset either of
0K N OK', where K’ is a neighbour of K, or of 0K N 0. By F; we denote
the system of all faces of all elements K € 7;,. Further we distinguish the set
of all inner faces: Ff = {T' € Fp; I' C Q} and the set of all boundary faces
FP ={T € F; I C 9Q}. Obviously F;, = FL U FP.

For each I' € F;, we define a unit normal vector nr. We assume that for
boundary faces I' € FP the normal nr has the same orientation as the outher
normal to 9€). For inner faces I' € F/ the orientation of nr is arbitrary, but fixed.
For each element K € 7T;, we set hx = diam(K).

Over a triangulation 7T, for each integer k > 1 we define the broken Sobolev
space

H*(Q,T,) = {v;v|x € HY(K) VK €T},

equipped with the seminorm

2
vl ar@.m) = <Z ’Uﬁ{k(K)) :

KeTy

=

For each face I' € F] there exist two neighbours KlgL),KIER) € Tp such that
I' C 5’K1£L) N 8K1£R). We use the convention that nr is the outer normal to the

element KIQL) and the inner normal to the element KlgR). For v € H'(Q,7T,) and
I' € F! we introduce the following notation:

v|(FL) = the trace of v| ) onT, (2.1)
r
UI(FR) = the trace of v|.® onT,
r
[ R
W = 5 (v + o),
Pl = ot =0l

For I' € FP we define v\(FL) in the same way. It is important to notice, that the
value [v]r depends on the orientation of nr, but the value of the product [v]rnr
is independent of this orientation. We use the notation

h_w +h_ =
ML) = 2o o Te sl (2.2)

2
h(IT) = h for I'e FP.

K



Now we introduce the space semidiscretization of problem (L)) - (L3). We
shall assume, that u is a sufficiently smooth solution of our problem. We choose an
arbitrary but fixed ¢t € [0, 7], then we multiply equation (II]) by a test function
© € H*(Q,Ty), integrate over an element K and finally sum over all elements
K € 7;,. We get

) Z/Zafs

KeTh KeTh
—Z/dlv w)Vu)pdr = Z/ggpdw (2.3)
KeTy KeTp

At first we modify the second term, representing the convection, using Green’s
theorem:

> [

KeT,
3@
- X [ S rtnas— X [ 3 pw i
KeT,, KeT,
Here n = (ny,...,nq) denotes the unit outer normal to JK. The first term on

the right-hand side of the previous equation can be rewritten as

z/wzfs Wy dS = Z/Zfs () ) dS.

KeTy, Ter,

By (nr)s, s = (1,...,d) we denote the components of the vector nr. The fluxes
Zle fs(u)(nr), through faces I' will be approximated by the numerical flux H:

H(u% 7uF ’nl“ Zfs
We assume that the numerical flux has the following properties:

(H1) H(wy,wy,n) is defined in RY x By, where By = {n € R% |n| = 1},
and is locally Lipschitz - continuous with respect to wy, wsy: for each r > 0 there
exists a constant Ly (r) > 0 such that

| H (w, wy,m) — H(wy, wy, n)| < Ly (r)(jwy — wi] + [we — w3]),

wy, wa, Wi, wy € Ry |wy|, |wal, |wil], |wy| <r, ne B

(H2) H (w1, ws,n) is consistent:
d
H(wy,wy,n) = Zfs(wl)ns wy € R, n=(ny,...,ng) € By
s=1
(H3) H(wy,ws,n) is conservative:

H(wl,wg,n) = —H(wg,wl, —Il) w1, Wy € R, nc Bl.



Using some trivial manipulations and the properties of the numerical flux, we
can write

Z/BKZJ: wny dS

KeT,

=2 / Z foluf) me)s el + £l (—nr), ol ds
reri
+ E :/E fs uF nF <P|Fds

rerp

R L
Z/ uF 7u§“)7 )@’I‘ +H(u§“)7u§“)7_nf)(p’l“ )dS

rer]
+ Z /Hug)ﬂlr ) F)@’Fds
rerp
Z/HuF ,uF ,np)[ dS—I—Z/HuF ,u(FL,np)gpdS
rer] rerp
To summarize, we showed that
KeT;, axs
~b Z/Zfs gDd JFZ/HUF Al np) [l dS
KeTy, re ]:I
+ Z /H“r ,Up ,nF)90|rdS-
rerB

We can see, that for I' € FP we define the boundary value uF by extrapolation,

i.e. as the value uF . Similarly as above, now we adjust the third term in (2.3),
representing the d1ffus10n. Using Green’s theorem we get

— Z/dlv u)Vu)p dx

KeTh
Z/ﬂ )Wu-Veodr — Z w)Vu-nedsS.
KeTp, KeTy,



The last term on the right-hand side can be written as follows:

Z w)Vu-nedS

KeTy,

Z/ —l’leOdS
0

KeTh Kkl

Z, / Z (axk> " (oo as
+ Z/

(R) "
r (8%) (=nr) SO(F 'dS
rer} k=1

+ Y /Z nr)y ¢lp dS.

rerp

Since we assume that wu is sufficiently smooth, for £ = 1,2 we have

(), = (o), = (o),

Using this property of u, we can continue in modifying the equation above:

Z w)Vu-nedS
KeTy
— Z Z ( rdS + Z Zﬁ Hr)k elr dS
8xk
rer! rerp
Z/ w)Vu)p - nr [grdS+ > /B )Valr - np @|r dS (2.4)
reF! rerp

Further, to these terms we add stabilizing terms, which we obtain by formal
exchange of variables u and ¢ in (2.4).
The stabilizing term for the inner faces is

92/ u)Ve)p - np [u]p dS. (2.5)
reF!

We can see, that this term is equal to zero for a sufficiently regular exact solution,
because of [u|r = 0. The stabilizing term for boundary faces is

Dy /5 )Vl - np ulr dS. (2.6)
rerp
This term will be compensated on the basis of condition (L2) by the expression

0 Z /B Vgo|p IIFUD|1"dS (27)

rerp



Using (2.4),([2.3),([2.6),([271), we define the approximation of the diffusion term in
2.3) as

ap(u, ) = Z /Kﬂ(u)Vu -Vdz (2.8)

KeTy

- /F(<B(“)VU>F -nr [p]r + 0 (B(u) V) - nr [u]r) dS

rer}
- / (B(u)Vulr - nr ¢|r +08(w)Velr - nrulr — 08(u)Velr - nr uplr) dS
B F
reFt
In this formulation we can choose # = —1,0 = 0 or § = 1, and get the

nonsymmetric (NIPG), incomplete (IIPG) and symmetric (SIPG) variants of the
interior and boundary penalty approximation of the diffusion term, respectively.
Finally we add to the above discretization the penalty form

e [l dS +ew 3 (D) / ulr ol dS, (2.9)
rerf rerp r

where ¢y > 0 is a suitable constant. The first term on the right-hand side
vanishes for the exact regular solution u, and the second term is compensated
again on the basis of condition (L.2]) by the expression

Cw Z h(F)il /uD‘F(Ph‘dS (210)
PerFp r

Now, using (Z.8) and (29), we can define the complete approximation of the of
the diffusion term involving penalization as

Ap(u, 0) = an(u, ) + Bo Ju(u, ). (2.11)

Lastly, we define the form representing the right-hand side of (2.3]) after the
discretization. This form moreover has to contain expression (2.10) multiplied by

Bo due to definition (2.11]):

KeTh NV

10



2.2 Time discretization
In the time interval [0, 7] we shall construct a partition formed by time instants
0:t0<t1<...<tM:T,

and denote each subinterval by I,,, = (t;_1,tm), m = 1,..., M. Then we have

0,7] = I,, where I,NI,=0 for m#n.

Tz

1

Length of the subintervals is denoted by 7, = t,, — t,,_1, m =1..., M. Further
we shall set 7 = max,,—1 ... » 7. For each I,,, we consider a partition 7y, of the
closure Q of the domain € into a finite number of closed triangles with mutually
disjoint interiors. The partitions 7j,, are in general different for different m.

We shall use similar notation with similar properties as in the previous section,
we only add subscript m, because we use different partitions in different time
intervals and therefore we get different elements and faces for I,,,, m=1,..., M.
By Fhm we denote the system of all faces of all elements K € Tj, ., which consists
of the set of all inner faces 7, ,, and the set of all boundary faces F,7,:

fh,m = ./T",{,m U .F;fm

Each I' € Fj,, will be associated with a unit normal vector nr, which has
the same properties as in the previous section. We denote the diameter of el-
ements K € Ty, by hg = diam(K) and furthermore h,, = maxger, , bk,
h = max,,—1,..m hm. By px we denote the radius of the largest ball inscribed
into the element K.

For a function ¢ defined in (JY_, I, we denote

P = PtmE) = lm o(),  {p}m = (tm+) = (tm—).

The last equation expresses jumps of the function .
Over a triangulation 7y, ,,, analogously as in the previous section, we define
the broken Sobolev spaces

H*Q, Tom) = {v;v | K € HY(K) VYK € Thm},

equipped with the seminorm

‘U|Hk(Q’7—h,m) = Z |Uﬁ{k(1<)
Keﬁl,ﬂb

In the space H'(Q, T.m), the following special norm will be used

(ST

lelpem = D 1€t + Jnm(e,9)
KeTh,m

11



Similarly as in the previous section for u, p € H*(Q2, Tp,n) and ey > 0, we get
the forms

apm(u, @) Z /B )Wu-Veodx (2.13)
KeTh,m
= Y [ 5@V nr [elr + 6 (BT - ne fulr) dS
reri, Ot
- > /( (W)Vulr - nr g|r 4+ 08(u)Velr - nrulr — 68(w)Velr - nr uplr) dS,
rerg, T
Inlg) = e S0 W) [ ule eds 2.14)
Fe]—‘,im r
rew 3o MO [ ulioleds,
Fe]-'}fm r
Jhm _CW Z h /u|pgo|pd5, (215)
rer?,
Ann (U, ©) = anm(u, @) + Bo Jnm(u, ¢), (2.16)
bhm (u, ©) Z /Zfs (2.17)
Keﬁl?’n
+ ) /HUFL,UF o) [glrdS+ ) /HuF ) np) |- ds,
rer . rer?
()= ) /ggodx+ﬂoCW > mr /uD|W|FdS. (2.18)
KET FE]:B

Let p,g > 1 be integers. For each m = 1,..., M we define the finite-
dimensional space

Sp o =1{p € L*(Q); ¢k € P(K) VK € Thm}, (2.19)

where PP(K) denotes the space of all polynomials on K of degree less than or
equal to p. By II,, we denote the L?(2)-projection on Sh m- This means that if
u € L*(Q), then Il,,u € S} and

(Ipu —u,0) =0 Vo€ Sp .. (2.20)
The approximate solution will be sought in the space
q
P ={p € L*(Qr); ¢l =Y to; with ¢ €80, m=1,.. M} (221)
i=0

Definition. We say that a function U is an approximate solution of problem

(L3) - ([L3), if U € Sy} and satisfies the equation
oUu
/ <(E’¢) + Anm (U, ) + bnm (U, 90)) dt + ({Ul o1, 0 1) (2.22)
I

:/ (@) dt, chES,IZﬁ, m=1,...,M, where U :=TILu".
I

12



The exact regular solution u satisfies the identity

/Im ((%’@) + Anm(, ©) + by (u, 90)) dt + ({uhmor, 0t ) (2.23)

= / (@) dt, Yo e Spl, with u(0—)=wu(0) = u°.
Im

13



3. Theoretical analysis

3.1 Basic notation and concepts

In our further considerations we shall work with a system of triangulation 7, ,,,, m =
1,..., M, h € (0, hg), which has shape regular and locally quasiuniform elements:
There exist positive constants cg and cg, independent of K,I',m, M and h such
that for all m =1,..., M, h € (0, ho) it holds

h

K <cp, forall K & Tpmnm, (3.1)
PK

hKlgL) < CQhKéR)’ h,Ké‘R) < CQhKIQL) forall T'e J—";im. (3.2)

In the analysis we shall use the following, very important inequalities.

Lemma 1. (Young’s inequality) Let a and b nonnegative real numbers and p, q
be positive real numbers such that % + % =1. Then

p q
ab < % n % (3.3)

Equality holds if and only if a? = b4.
We shall also use a special case of this inequality for p =q¢=2:

a? b2
p< L L2
W=t

which we can for constants €, > 0 rewrite in the form

eb?>  a? o a?
L < 2, :
5 =75 + 153 + 0b (3.4)

=

Lemma 2. (Multiplicative trace inequality) There exists a constant cpy > 0 in-
dependent of v, h, K and M such that

2
ab=Lpfe< 4
2¢

i) < ear (Jlellzeuo ol + bz o)) (3.5)
ve H (K), K € Thm, m=1,...,M, h € (0, ho).

Lemma 3. (Inverse inequality) There exists a constant ¢y > 0 independent of
v,h, K and M such that

vlm) < o h;(1||v||L2(K)7 (3.6)
veE PYK), K€ Thmm=1,....,M, h e (0,hg).

Proof of these lemmas can be found in [I0] and [23].
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3.2 Summary of results on error estimates

An important tool in the derivation of the error estimates is the S} ?-interpolation
7 of functions v € H'(0,T; L*(12)), defined as follows:

a) mve ST, (3.7)
b) (mv)(tm—) = Tmv(tm—),
c) / (mv—v,9")dt =0 VYo" €Sl Vm=1,..., M.

Im

We are interested in the estimation of the error ¢ = U — u of the method defined
by ([2Z22). It can be written in the form

e=¢&+, (3.8)
where
{=U—-muesSyl, n=ru—u. (3.9)

Then, subtracting (2.23)) from (Z22) and using (B.8)) for each ¢ € Sp'%, we get

/Im ((%790) + Anm (U, @) — Anm(u, @) dt + ({&m-1,0h_1)  (3.10)
:/ (b (u, ©) = bnm (U, ) dt—/

Im Im

(% S0) dt = ({1}t 651).

After estimating each term in (310), we get the following abstract error estimates.
Theorem 1. Let 0 < 7, < ¢*, where ¢* is a positive constant independent of m

and M. Then there exists a constant ¢ > 0 such that the errore =U —u = £+
satisfies the following estimates:

- o
lewll? +5 > i el dt (3.11)
j=171

<ec (Z Il (1 + Z/ R;(n) dt) + 2]l 17 + 502/ Inllbe dt,
j=1 j=171% j=1 "1
m=1,..., M, hE(O,ho),

and

lellZzr (3.12)
M m—1 m—1

<cd T <||?7;z_1||2 +/I Ruy(n)dt+ > |Inj I + Z/I R;(n) dt)
m=1 m j=1 j=1""4

+2||77||2L2(QT)7
h € (0, hy).
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If all meshes Ty, m = 1,..., M are identical, which means that 7, = T
for m = 1,..., M, then all spaces Sﬁm and forms ap m, Anm, Ohm, Jnms hm are
also identical: S}Z;’m = S}Z:, Apm = Ap, Ah,m = Ah, bh,m = bh, Jh,m = Jh, lh,m = lh for
all m =1,..., M. This implies that the expression ZTzl ||77]_||2 does not appear

in estimates (B.11]) and (B.12]), so we get

- Bo
H%H”gz i lellpe st (3.13)
j=1 "1

ch/ Rj(n)dt+2||77m||2+502/ 17l sdt
j=171; j=1"1i
mzl,...,M, h€(07h0>7

and
lellZ2qr (3.14)
M m—1
<eY T <||77;1_1||2 +/1 Ry (n)dt + Z/J Rj(n)dt) + 2|nll72(gp)
m=1 m j=1 J
h € (O, ho)

On the basis of the abstract error estimates it is possible to obtain error
estimates in terms of the size h of the space triangulation and 7 of the time
partition. We assume that the exact solution is sufficiently regular, namely

we H™Y0,T; H (Q)) N C([0,T]; H**'(Q)), (3.15)
|Vl pe) < cg  for almost every t € (0,7), (3.16)

and that the meshes are shape regular and locally quasiuniform, i.e they satisfy
conditions ([B1]), (B:2), and moreover

0<7m <c, (3.17)
Tm >ch2, m=1,..., M, (3.18)

where ¢* is a positive constant independent of m and M and ¢ > 0.

Theorem 2. Let u be the exact solution of problem (I1l) - (I3) satisfying
the regularity conditions (3.13) and (3.16). Let U be the approximate solution

of problem (L) - (L3), obtained by the scheme (222). Let conditions (31]),
(32),(3-17), (318) be satisfied. Then there exists a constant ¢ > 0 independent
of hym,m, M,u, U such that

- o <
HemHQJrgZ i lellbe st (3.19)
j=171

<c (thVu\?x[o,T];HpH(m) + TQqH’“@”“(OvT%HWQ))) ’

mzl,...,M, h€(07h0>)

and

lel2ar < ¢ (Bl oy sy + 7 ulber oy ) - (3:20)
h € (0, hy).
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Here v = 0, if the condition 7,, < cgh ) for allT' € FB m=1,....M, h €
F b

(0, ho) holds, and the function up from the boundary condition (I.2) has a general
behavior with respect to t. If up s defined by

q
up =Y (), where ;€ HPYV2(0Q) for j=0,....q
§=0

then v = 2 and the condition 7, < cgh () is not required.

K
The proof of these estimates can be found in [16].

If all meshes Tj,,,,, m = 1,..., M, are identical, then we obtain abstract es-
timates (B.13) and(3.14) mentioned above. These estimates do not contain the
expression ™ [|7; ||?, hence Theorem 2 is valid without assumption (B.I8) in
the case of identical meshes on all time levels.

Beside error estimates, an interesting and important property of the numerical
method is its stability. In the next section we shall be concerned with the stability
analysis of method (2.22).

17



3.3 Analysis of the stability

Our main goal is to show that the approximate solution U of problem (L) - (L3))
is estimated by the L?-norm of g,u" and by the || - || pgpm-norm of up, which is
defined as follows:

2

=(ew > h_l(F)/F\uD]QdS . (3.21)

rerB

=

[upllpeBm = (Jim(up, up))

This inspires us to define the space L%,,5(0,T; L*(99)) formed by all functions
from the space L?(0,T; L?(02)), equipped with the norm

1
2

T
||v||LQDGB<o,T;L2<am>=(/ ||U(t)||2DGB,mdt> Jfor v e L*(0,T; L*(09)). (3.22)
0

In order to get our basic identity, which will be estimated in this whole section,
we substitute ¢ := U into (Z22]). We find that

/Im ((%_(t]’ U) + Ap (U, U) + by (U, U)) dt + {UYm-1,U} ) (3.23)

- / Ly (U) dt.
Im

After using (2.16]), we get
ou
/ ((E’ U) + anm(U,U) + Bo Jpm(U, U) + by (U, U)) dt (3.24)
I,
+{Um-1,0m1) = / I (U) dt.
Im

In the following part we estimate the individual terms in (3.24)).
Lemma 4. For the approzimate solution U of problem (I1) - (I3) we have

/Im (68_(75]’ U) di + ({Ulm-1, Uy i) (3.25)

1, .
= 5 (I0l? = 10l + [{U I

Proof. A simple calculation yields

) /I ) (%—(Z,U) dt + 2({U Y, U ) (3.26)

d
— [ GIUIPdt+ 20 U,
Inm

Now using the definition of the time interval I, = (t;,_1,tn), identities U =

Utyt) =limy_y, + U(t), and {U},_1=U} 1 —U, ,, we get
d
[ IR+ 20 U (3.27)
= U 2~ Ul + 2Ty — Uy, U

Using properties of the scalar product in the space L?(2), we can rewrite the last
term on the right-hand side of (3:27) as follows:

18



20—t = Uppr Upiy)

= (Une1 = U1 Upi) + Uy = U1, U y)

= ||U7—7t—1||2 - (Ur;—la U;;—l) + (Ur—rt—l — U1 Unt—l)
- ||U7J571H2 - (U;hh Urtfl) + (Urtfl —Upys Untfl - Ur;fl) + (Urzfl — U1
= Uil = (U, Ut ) + U Y P+ (U 1 U ) + U |

= U1 I + U s | + 104

Now substituting back into ([3.27)) and (B.26]), we get

d
| G+ 20 U )
I,

= U |I? = 102 I? + 101 1P+ U bl + 104 2
= U I* + KU}t I” + U4 1%,

and finally obtain

ou _ _
2 [ (G0 a4 20, U ) = NI + IO P+ Wl

O
Now we shall estimate other terms from the left-hand side of our basic equa-
tion (3.24)).
Lemma 5. Let § = —1 and
4pt
Cw Z —26M(C] + 1) (328)
B
Then the approximate solution U of problem (1.1) - (1.3) satisfies
/ (@ (U, U) + o T (U, U)) dlt (3.29)
Im

>3 [ Wlbamidt =3 [ Tunlban
Proof. First, we rewrite the integrand on the left-hand side using (Z13)):
anm (U, U) + Bo Jnm(U, U)
= ) /K B(UYVU - VU dz + By Jnm(U, U)

KeThm

19
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Using that § = —1, assumption (5] and the definition of the || - || pg m-norm, we
get

ahym(U, U) +ﬁ0 thm(U, U) (330)

> BolU 1B — /F BUYVUr - nir up|r dS.

Fe]—‘fm

Now we have to estimate the last term on the right-hand side of (330). Using
properties of the function # and Young’s inequality for each k;,0 > 0 we have

Z / |B(U)VU|r - nruplr| dS
I

rer?,
<B Y /|VU|P| luplr| dS
rerg, 7T
Pk _ Bro
< 151 > It lulel? dS+k% > e IVU|p|* dS.
ror ! rerp r

rer?,

If we set ¢ := % and use the definition of the form J;7 , then we obtain

S [0 nrunk ds
T

Fe]—‘,fm
Biky 5 Bo / 2
< — h ds.
< oy Jhm(ups up) + hp; e VU|c* dS
€

h,m

Now, we express the first term on the right-hand side with the aid of the definition
of the || - || pap,m-norm ([3.2I]), and to the second term we apply the multiplicative

trace inequality. We get

ﬁfkl B 50
J =0
hm (WD, Up) + s E

/ o, P [VU[* dS
OKT. r

Bocw rerp,
621{71 BO

< S uplbapn + e D (Al VU0 VULmao + VUl ) -
0w 1 KeTn .

Taking into account that components of VU are elements of PP(K), the inverse
inequality implies that

|VU‘H1(K) < C[h;{1’|VU|‘L2(K).
To summarize, we showed that

> / 8(U)VU|r - nruplr| dS
T

rer?,
52k1 Bo

< F—Nuplbopm + oemler +1) D VU2
5OCW ky KeT,
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If we use the inequality

> IVUIZeg) < Ul DGm:

K€eTh,m
which obviously follows from the definition of the || - || pgm-norm, we get
/ |B(U)VU|r - nruplr| dS (3.31)
rer?, .
_ Bk

Bo
< B lunlbasm + T, Cmler + DI m-

Substituting back to (3.30) and integrating over the interval I,,,, we obtain

/ (@ (U, U) + Bo Jnm (U, U)) dt

I"’L

1 2L
> b (1——cM<c1+1>) [ W0t - Oik, | Nl e
k1 I Bocw J1,,

If we set ky = 2cpr(cr + 1) and use assumption (B.28)), we finally find that

/ (anm(U,U) + By T (U U dt > 20 / 102 dt — 22 / lunBasm dt

Im

O
Lemma 6. Let 0 =0 and
2
> —Len(er 4+ 1)(co +1). (3.32)
3
Then for the approzimate solution U of problem (I1]) - (1.3) we have
/ (ah,m<U7 U) + 50 Jh,m<U7 U)) dt > @ HU||2DG,m dt. (333)
Im m

Proof. We rewrite the integrand on the left-hand side using (2.13]) similarly as in
the proof of the previous lemma:

ahm(U U)—i‘ﬂ()z]hm(U U)
= ) /5 )YWU - VU dx + By Jpm(U, U)

KeThm
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Using that § = 0, assumption (L5]) and the definition of the ||| pgm-norm, we
get

ah,m(U, U) + ﬁo thm(U, U) (334)
2 BOHUH%)G,m
—61 Z /|<VU>FHF[U]F|dS—ﬂ1 Z /|VU|F1’1FU|F|dS
reFi . r rerp,. r
Z BOHUH%)G,m
v |+ Vo
S| D /' L |2| o) ds + > /|VU|F||U|p|dS
rerl r rerf r

Now applying Young’s inequality with § > 0 separately to the first and the second
term above in round brackets and using the inequality (a +b)? < 2(a® + b?) valid
for a,b € R, we obtain

vul| + |vul?
3 /I r |2| r ||[U]p|dS+ > /IVU!r|!U|p|dS (3.35)
r T

rerf . rerp,
(L) R\ 2
h(T) (|VUF |+ VU |) Sew )
<
<2 /Fécw 1 S+ ) /rh<r)”U]F’ ds
rer| .. rerl

3 WD) g /5cw ,
+ VU dS + Ulel2dS
/F 5CW ’ r GZ r h(F)l |F|

h,m

Fe}—hB,m reFB

C oy [ttt U U
B Tr

ds

rer! 20cw 2

h,m

M | 2
+ D / L |VUp \dswjh,m(U,U).

rerB r 5CW

h,m

Using ([B.2)), we get

! (L))2 (R) |2
46cwrg /F<hf<é“+hz<@> (IVUP + 1vUP) ds - (3.36)
€ h,m

1
‘f‘m Z /FhKl("L)

Fe]—‘,ﬁm

cg+1 D)2 " 2)

<

~ docw F; /F<hK1£L>’vUF | +hK1£R)IVUF ) dS
h,m

1
. — h
5CW ZB /F K£L>
LeFy .

<CQ+1
- 5CW

@ |?
VUp ) dS + 0Jpm(U,U)

@) |?
VO[S + 6,V 1)

> / hi| VU dS + 6Jpm(U,U).
0K

KeTh,m
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In the last inequality we used that c¢g > 0 and
CQ+1<CQ+1 1 <CQ+1

ddew — dew | dew — dew
It follows from (B.34)-(B.30]) that
anm(U,U) + Bo Jpm(U,U) (3.37)
> ollU, — L2 z [ VU ds - 515500

Now we estimate the integral on the right-hand side of ([3.37) using the multi-
plicative trace inequality and the inverse inequality. We find that

| VU S = kil TV
< hien (V0L [VUlmay  +hi IV )

——

Sclh}_(lHVU”LZ(K)

< en(L+ e)lVU ey = enr(L+ en)|U i -

Substituting back to (8.37)), we obtain

anm(U,U) + Bo Jpm(U,U) (3.38)
Biep(1+¢r)(cog+ 1
> Gl — LD S~ 81800,
w KEThm
If we set 6 = zﬁ—ﬁol, then we find that
ahm(U, U) + B() Jh,m(U, U) (339)
2821+ er)(cq + 1) 5
> BollUIbam — — = 3 I Z U3 ) — ?OJh,m(Ua ).
0Cw KeThm

Using assumption (B:32)) for the constant ¢y and the definition of the DG-norm,
we finally have

W U,0) + o Sl U,0) 2 DU (3.40)

Integrating both sides over the interval I,,,, we get (8.33]). O

Lemma 7. Let § =1 and
2

cw > 521 ev(er +1)(cg +1). (3.41)
0
Then the approximate solution U of problem (1.1) - (1.3) satisfies
/ (@ (U,U) + o T (U, U)) (3.42)
Im

Bo Bo
> B g2 [ uplbes,
Im Im
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Proof. We rewrite the integrand on the left-hand side using (Z.I3]) similarly as in
the proof of the previous lemma:

ah,m<U> U) + 60 Jh,m<U7 U)
-y / BUYVU - VU dz + By Jnm(U,U)
K

KeThm

Using 6 = 1, assumption (L) and the definition of the || - || pgm-norm, we get

CLh7m(U, U) + 6() J]Lm(U, U) (343)
Z ﬁOHU”QDG,m
—281 Y /|(VU>F-np Ulr|dS —28; ) /|VU|p-npU|p|dS
reFi . r rerf r
—51 Z /lVU|F'IlFU,D|F|dS
Fe]-‘ffm r
> 50HUH2DG,m
v |+ [vor?
o | X [N Langas+ = [vunlvnas
rerl . r rerp,, r
6 Y [ VUl uple| ds.
rer?, . r

Expression in round brackets have been already estimated in the proof of the
previous lemma. We have

Vot |+ |vu?
> [V  as 3 [ ivvlelo1ds .4
I 2 r

Fe}‘,im Fe]—‘]ﬁm
1
§c§+ > / hic| VU da + 6. (U, U)
cw KeTh 0K
co+1
< en(l+cr) §CW ST UB ) + 6Inm (U, U).

KeThm

It follows from (B.43))-(B8.44]) that

ath(U, U) +Bo Jth(U, U) (345)
2B1ep (1 +¢p)(eg + 1)
> bollU b = = D Ul = 26:8hm(U.U)
w KETh.m
B Y. / IVU|r| |up|r| dS.
rerg, 7t
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The last term on the right-hand side can be estimated similarly as in the proof
of Lemma 5. For each k; > 0 we get

B Z /FIVUIF||uD|p|dS (3.46)

rer?,
<o > [y ol S+ 2 S [y (VUL ds
rerg, 7T ' IFEFf?,m :
k
< b Ri,{fm(w,qm)+é > /hK@ VU |r|* dS
cw kv~ Jp “r
rer)
bk 5
<= 1IIUDII%GB,,ﬁk—ch(cfrH) > IVUI 2
‘w 1 KeTP
S Blkl 61

lunlbasm + T, Cmler + DI m-
Substituting back to (3.45), we obtain

ah7m(U, U) +ﬁ0 Jh,m(U; U) (347)

2Bven(er + 1) (cg + 1)
> 50HUH2DG,m_ i Sew = Z ‘U‘%H(K) —2810Jp,m(U,U)
KeThm

Biky

B
lun e m — T, Culer + DU e m-

If we set § := 22 and k; 1= 4%0]\/[(01 + 1), we find that

T 84
ah’m(U, U) +ﬂ0 Jh’m(U, U) (348)
168%cp(cr +1)(co + 1 I}
> Al — D S = B @,0)
0Cw KeThm
457 Bo

1 2 —Z2WUI3, .
ﬁocwa(c’+ Nupllpasm 4H IDG.m

Using assumption (B.41]) for the constant ¢y, we have

anm(U, U) + Bo Jnm (U, U) (3.49)
p s
Z ﬁOHU”2DG,m - ZO Z |U’§{1(K) - Zojh,maj; U)
KeThm
ﬁO 2 60 2

T T - —||U

16(co + 1) luplbesm 1 U D6 m
> Bo Bo

> NUIDem = = lunlbap m:
2 2
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Finally using the definition of || - || pg,m-norm and integrating over the interval
I,,, we get

[ @n0.0) + 6o D00
Im
B B
> 2 [ Wlbomdt =5 [ Nunlbos s
2 /i, 2 /i,

O
Results of previous three lemmas we can summarize as follows:
Corrolary 1. Let
6432
cw > Bfl em(er+1)(cg+1) for 6 =1(SIPG),
0
462
cw > —5 7 vlcr +1)(cg+1) for 6=0(IPG),
0
462
cw > —5 7 v(cr+1) for 0 =—1(NIPG).
0
Then
/ (U, U) + fio T (U, 1)) dt (3.50)
I
Bo Bo
> 9 ||U||2DG,m dt — o ||UD||2DGB,m dt.
I, Im,
Proof. Tt follows from Lemma 5, Lemma 6 and Lemma 7. O]

Lemma 8. For each ko > 0 there exists a constant ¢, > 0 such that for the
approzimate solution U of the problem (1) - (I.3) we have the inequality

/|bhm(UU|dt< /HUHDGmdtJrcb/ UI2dt. (351)
I

The constant ¢, depends on ko, namely, ¢, = 252, where ¢; > 0 is independent
1 8o

Of k‘Q )
Proof. Using (217, we get

(U, U) == > /Zfs —dx (3.52)

KeThm

J/

0'1

s /H ( ,U(R) o) [Ulrds + 3 /H © g w0 Ul ds,
Fe]—‘f rerp

~
=09

J/
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Then from the Lipschitz-continuity of functions fs, s = 1,...,d with the modul
L; > 0, property (I4) and the discrete Cauchy inequality, we obtain

d
ou
ol = ¥ [ inw) - 2015 | do (353
KeTh,m K s=1 Ls
d
ou
< 1 / |U]‘— d
KGZ'T}L,m K; 8[)’]5

< LV |U|2@)lUlm@7)-
Now we shall estimate o5. Since the fluxes are approximated by the numerical
flux H, from f;(0) =0, s = 1,...,d, it follows, that H(0,0,nr) = 0. Then we can
use the Lipschitz-continuity of the fluxes H, formulated as the property (H1).
We get

< Lo Y [0+ 0D (el ds (3.54)
rer/ . r
w Lo 3 [P pEwias. e
rerg, 7t

Using that UISL) = Uﬁf” for I' € F?,,, Cauchy inequality, definition (ZI4) and
the relation A(T") < %h[(, if I' € 0K, we obtain

ol < La 3 [ QU]+ U)W ds (3.56)
rerf . r
wla Y [ QU UP)UIE) as
rerg, 7T

h,m

Ly (G5 (vi)’
< Ve G 3 /Fh(r)dS—i—cw > /Fwds

Fe]—‘im Fe]—‘im

2

B> h<r>/<|UéL>|+|U§R>|>2ds

reFnm r
1
L 2
H 1 (L)2 (R)|2
< Lu v 2h(T) / UPE 4 U 2 as
VEew F;h:,m 0o '
1
< Lyl g o
Cw
3
% h m/ U 2dS + b <R)/ U248
1
1 2
cQ—I— 1 / 2
< I Tum(U, U hi|U|? dS
= (U 0)2 (Y . x|U|

K€Thm
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=

CQ—l—l

Cw

N

= Ly

Inm(U,U) Z hKHUH%2(8K)

KeTh,m

Substituting back to (8.52), using the discrete Cauchy inequality and the defini-
tion of the || - || pg.m-norm, we find that

bam(U O] < LV U Ul 7., (3.57)
:
C —l—l 1
Ly | == DU [ Y hllUN2qor
w KeThm
%
CQ+1
< | Lid|UIP+ L, > Ul
KeTh,m

[

2

X <|U|§,1(mm) + Jam(U, U))

N[

< clUllpam [ 1UI+ [ D hxllUlF20x ,
KeThm
3
where ¢ = (max{Lfc d, L% C‘j;l}) . Furthermore, using the multiplicative trace

inequality and the inverse inequality, we get

> el ex

K€7—h,7n

<en S hue (10200 UL + R0 B )
K€771,7n

<enler+1) Y U1

Ke,Th,m
— carler + DI|UIP.

Hence, using this relation and Young’s inequality we shall continue in estimating

|bh,m (U, U)|. We obtain

Bron (U, D) < elUlpeam [ 10N+ | Y hullUNZ20m)

KEThm

IN

e |[Ullpem U]

60 2 2k2 2
—NU5Hg.m+—|U

k2” IDa, %H |

Bo
= T Ibem + e U1,
2

IA

where ¢; = ¢(1 + /ep(er + 1)), k2 > 0 and ¢, = cf%
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Integrating over the interval I,,, we finally have

|bhm (U, U)|dt < — / HU]|DGmdt+cb/ |U|]2dt.

Im
[l

Lemma 9. For the approzimate solution U of problem (1.1) - (1.3) and each
ks > 0 we have

/ (U] dt (3.58)
<5 [ (ol +00) i ks | ot + 52 [ 10t

Proof. From (2I8]) we get
U (U)] = |(9,U) + Boew ) h(F)l/uD\pU|pdS.
rerg,, r

After using the Cauchy inequality for the first term on the right-hand side and
applying Young’s inequality with k3 > 0 for the second term, we find that

(9,U) + Bocw Z h(F)_l/uD|pU]pdS
r

Fe]—‘fm

l\')l»—t

(g1 + NI + oks Cur 3 B, /|uD|F|2ds

rerB

:”UD”DGB,m

8
Hlor T i /|U\p|2dS

Fe]—fm

(.

< Jn,m(U; )< 101G m

To summarize, we see that

Bo

1
[l (U] < 59 1° + NUNP) + Boksllun e pm + ||U||DGm7

from which we get ([B.58) by integrating both sides over the interval I,,. O
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Now we have already estimated all terms in our basic identity (B:24). To
summarize, we showed that

ou
/ (E’U> dt—i—({U}ml,go;L_l)—i-/ anm(U,U) + Bo Jpm(U,U) dt
Inm .

\]m g
=2 (WU 121Uy 12+ U m-1]1?) 220 [ UG dt—52 f1, Nunlbep.m dt
2 m m—1 m—1 Z3 Jin, DG,m 2 Jr, IDIDGB,m
_ / Lo (U) dt
Im
—————

<3 [y, UglPHITN2) detBoks [, eplBgp pm dt+22 [y, 1013, dt

— / by (U, U) dt ,

\Im

J/

g

B
<o S UG dttes [r,, U dt

which can be rewritten as follows

[ B
5 U0 = 105+ s )+ 5 [ 10t =5 [ unlibn

1 B
<5 | ol + 101 de ks | Nuolhommdt+ 32 [ 10
ey
2 JIp, Im

After multiplying by two and reorganizing, we find that

_ _ 2 2
||Lm||2 ||Lm—1||2 ||{L }m—1||2 BO 1 ||L ||2DG,m dt
k k

< [ (ol + W0IR) de+ 5ol +28) [ uplpnnde+ 2 [ Ut
Im Im

I"L

By setting ks = k3 = 8, ¢ = max{2¢, + 1,175y} and omitting the positive term
I{U}m_1||* on the left-hand side, we get

IIUTZIIQ—IIU;71H2+@ 1Vl D mett (3.59)
2 Jr

s(/ lot?ai-+ [ oiear+ [ ||uD||%>GB,mdt)-

Now our further task is to estimate the term [, ||U|*dt using g and up.
Before doing this, we prove an auxiliary lemma:
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Lemma 10. There exists a konstant ¢ > 0 such that
anm (U, 0) + Bo (U, 0) < ¢ (10300 + 101l + Nupllpsn) - (3.60)
for allU € 5%

Proof. From the definition of the forms (2.13]) and (2.I4]) we immediately have

(U, U) = Z/@ WU - VU dz

KETm
- Z / U)VU)p - or [U]F+9<5(U)VU>F-HF [U]p> ds
reri .
S / U)VU|r - nr Ule + 08U)V | - np Ulr — 08U)VT|r - nr uD|F> is.
rer?
Jh,m(U, U) = Cw Z h(r)_l/[U]r [U]pdS
rer/ . r

tow Y h(r)lfU\pmpds.
I

Fe]—‘fm

Now, using property (LH) of the function 3, Cauchy’s and Young’s inequality and
estimate (B31]) for k; > 0, similarly as in Lemma 5 we get

(U, 0) + Bo (U, 0) < By S / (IVUP +|90P) da

KT m
+61F§; /( |VU |2+|VU<R>|) h(V;) |[U]F|2) ds
+51 FE; / < (IVOR + VO 2) + hC(VIZ) I[U]p|2) ds
+61F; /( VU2 + C(W) U|r 12) ds
+BIF€]-'ZB /( ) \vire + C(VIZ) |U|p|2) ds

2k Bo ~
+—lluplbapm + T-crler + DIUDgm
ﬁOCW ]{Zl

+B0 Jnm(U, U).
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After reorganizing and using the definition of the form .J, (-, -), we find that

(U, U) + Bo Jnm(U,U) < By Z / <|VU|2 + |VU|2> dx
K

KeTh,m
h(T iy
Y uh) )(IVUéL)IZHVUﬁR)P) dS+p Yy B wuiefas
r ¢w re
reri . F&aim
. ) . h(l), _ ~
v Y [ MO (voBp s v E) as s Y / vl as
r ‘w re
reri,, Feim
B3k 4 ;
+5010V11/ lun b m + k_(I)CM(CI + DIl m

181 T (U, U) + By Tnn (U, U) + Bo Ty (U, U).

Rewriting h(I") due to (2.2]) and using the inequality J, (U, U) < Jum(U,U) +
Jhm(U,U), we have

(U, U) + Bo o (U, U) < By Z / (IVU|2 + |VU|2> dx
K

KEThm

+2€_¢v 2 /F<hf<§“ +hK;R>) (IVUﬁL)|2+ |VU§R>|2) s

Fe]—‘im

b1 2
o ZB /FhKéL)|VU|p] ds
Fe}'h’m

LB 3 /F (hKéL)mKﬁR)) (|V0§L)P+\VU§R>\2) ds

rer!

h,m

A / S
— h ) |VU|r|*dS
o ) A k@ [VU|r|

Pef,ﬁm
Bik f ~
+ = luplbapm + emler + DU e m
6OCW 1{31
+(61 + ﬁo) (Jh’m(U, U) + Jh7m(U7 U))

After using inequalities ([B.2)), we get

nnl0.0)+ 0 < B Y [ (IVUR+VOF) a0

KeThm

Pilcg +1) (L))2 (R)j2
+TF; /F(hKéLWUF 24 by VU |)ds
€

h,m

B / 2
— E h_ )|VU dS
—i—CW g K§ >! |F|

rer?, .

co+1 7 J
—i—M E : / (hK(L)|VU1£L)|2 +hK(R)|VU§R)|2> ds
2ew rerl “T ' F
h,m
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B 212
o > ﬂhKéL)|VU|F| ds

rer?
521{;1 BO 7
+—lluplbapm + T-cm(er + DIUNDem
/BOCW ]{Zl

+(B1 + Bo) (Jum (U, U) + Jpn(U, U))

<p 3 /K<|VU|2+|VU|2> dote Y /aKhK (|VU|2+|VU|2> ds

KeThm KeThm

Pk o ;
Sl + e (er + D10 o

+(/Bl + 50) (Jh,m(U7 U) + Jh,m((]v U))7

+

Bi(cg+l) B1
Lo gew Tew o . : : .
Now, applying the multiplicative inequality and the inverse inequality, we can

estimate the term Y-, [, hr <|VU\2 + |VU|2> dS as follows

where ¢; = max{

) /BK hic (IVU + [VO) ds (3.62)

KeTh,m
= > 1 (VUm0 + 190 o)
KeTh,m
<ew Y, hlVUla [0l +Hig VU a)
KeThm

SC]hf(lHVU”L?(K)
ten Y h(IV0 g [VOlmw),  +hi IV0Bage)

KEeTh, R
" <erhi VO L2

<cu(l+e) ), (HVUH%%K) + HVUH%%K))

KE’Th,m

—en(lte) 3 /K(|VU\2+|VU|2> da.

KeTh,m
From (B.61]), (3.62) and the definition of the || - || pgm-norm we finally get
(U, U) + Bo Tnm(UU) < €2 Y / (|VU|2 + |VU|2> dx
KeThm K

Bik Bo ~
——llunlbepm + —emler + DU bem
BOCW ]{Zl

+(B1 4 50) (I (U.0) + Jon(0,0))

< ¢ (10Bem + 1006 + lunlbesm)

+
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Now we can turn our attention to the estimation of the term [, ||U]|*dt. We
shall use the approach based on discrete characteristic functions constructed to
U. We define the time instants

l
tm—l-‘,—l/q =1lm-1+ 6 (tm - tm—l) for [ = 0,... ) 4,

and use the notation
Um—1+l/q = U(tm—l—l-l/q)-

Analogously as in [I6], we can prove, that there exist constants L,, M, > 0
dependent on ¢ such that

q
L
S Wnoriall = 22 [ 0P (3.63)
1=0 mSdm
M
ot 2 < Ma / ||, (3.64)
Tm Im

For each y € I, we define the discrete characteristic function to U € Sj'1 as
¢y € Sp2 such that

| Goa - / (U.g)di Vg e SpaT, (3.65)
I tm—1
gy(tjr_z—l) = U(t:r_z—1>‘ (3-66>

One of the most important properties of the discrete characteristic function is the
following inequality

/I 1o dt < ¢, / 102 . (3.67)

where the constant ¢, > 0 depends only on ¢. Proof of this inequality can be
found in [I5] and [§].

If » > 0 is an integer, then by P"(1,,) we denote the space of all polynomials
on I, of degree less then or equal to 7.

Let G, ., P be a discrete characteristic function to U at the point #,,_14/,
defined by ([B.65), [B66). For brevity we set U; = ¢ 17, The following result
holds.

Lemma 11. There exists a konstant ¢ > 0, independent of h,7,m,l and U such
that

/I||Ul]|2dt§5/l U dt for all U e SP1. (3.68)

Proof. We assume U € S}?. Let {py}7_, be an orthonormal basis of the space
Pi(1,,). We can write the function U|;,, in the form

q
U= Zpkvk, where vy, € Sim. (3.69)
k=0
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Then its discrete characteristic function can be expressed in the form

q
k=0
where p, € P?(I,,) satisfies the conditions

tm—1+1/q
/1 przdt = /t 1 pezdt Yz e PTY(I,),
Prltym-1) = plty_1).
It follows from [I5], Chapter 4, that there exists a constant ¢, > 0 such that
1kl 221y < (14 E9) lpall 222, (3.71)

If we use Fubini’s theorem, Cauchy’s inequality, the inequalities ([B.71]) and
dotisaia; < (¢ + 1)1 af and the orthonormality of the functions py, we

=1 "1
obtain
LRSS
I KeThm

> [ Vld= 3 [ ([ ) @
I Im
q
Im K

KeTh,m
KeTh,m k,n=0

q
Z Z 1Dxll 2220 1Pnll 22t 10l 2220 [0n | 22 (10)

KeTh,m k,n=0

< 1+Cq Z Z 1Pxll 22 (1) 1Pa L2 10kl 2220 [[0n ]l 22 (20)

KeTh,m k,n=0

q
< (1+6)*qg+1) Z Z ||pk||%2(1m)||vk||%2(K)

IN

KGThmk’—O
—(1+e)g+ ) YD Z/ p,zdt/vgdx
KE€Thm Im K

(1+cq (g+1 Z Z/pkpndt/vkvnd:c

KeTy m k,n=0

=(1+6)(q+1) > /I (/Ude) dt

KeTnm
—(1+8)g+1) 3 / U2, dt
KeTh,m
—(+afa+n) [ U

Im,
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Now, for a while, we shall return to our basic inequality (3.24). We shall
estimate it in other way using the identity

/Im (%_Z’ U) dt + ({Ukm-1,Upa) (3.72)

1 d

—5 [ FIUPd+ (U3 UL)
1 _ _

= SOOI = N ?) + (U = U, U
1 _ _

= S+ 1T~ (U, U

From (B2), using (572), BE), @5L), BEF), we get
/1 (%—[Z,U) dt+({U}m—1790;,2_1)+/ (anm(U,U) + Bo Jnm(U,U)) dt

Im
~\~ ~ 7
1 — — —
(WUl HIUI2) (U U ) 280 [ U di= 0 [, uplg ot
_ / Lo (U) dt
Im
N

< fy UgI2HIT12) detBoks [, uplPep mdt+22 f; U md

- / bm(U,UYdE

Im

J/

g

B [ W03 dtten fy, U2t

which can be rewritten as follows:
(HU 12+ 10U 1P) = (U1, U )
Bo Bo
+5 | NUIbemdt —= | lunllbesmdt
2 Jr, 2 Jr,

L 5
< 2/ (lgl* + 1U|?) dt + Boks 1 ”“D”DGBmd”kz

A2 [0+ [ U
2 JIy, Im

After multiplying by two and some manipulation, we find that
-2 2 U+ 2 2 )
U 17+ U ll” = 20Uy 1, Uy y) + Bo (1= 7= — = Ul g mdt
ky ks) Ji,
< [ (ol + IU1) dt + o1+ 28) [ Nl it + 260 [ 0P
I Im

Im

Ul D mett

By setting ko = k3 = 8, ¢1 = 2¢, + 1, co = max{1,175,} and using Young’s
inequality with any d; > 0 for the term 2(U Ut ), we finally get

m—1» ¥ m—1

_ - B
U+ 105l + 30 f Ul D melt (3.73)

2.
salf ||U||2dt+62/1 (g + lluplDepm) dt + (5_1”Um*1”2 + 40U, 1%
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The last inequality will play an important role in the proof of the following lemma
about estimation of [, ||U|*dt.

Lemma 12. There exist constants c,c* > 0 such that
/ U2 dt < cTm (||U,;_1||2 +/ Ry, dt) : (3.74)
Im I,

0<7m<c (3.75)

where

and

Ry = llgll* + llun b m- (3.76)

Proof. The proof of this theorem will be divided into two parts.
Part I. Let us consider the case ¢ = 1.

From [B.73), (3:63) and (B.64) we get

L
b / \Ujde + 2 / U1 e (3.77)
Tm Im 2 Im
4M,6 2
< <5l+ ! ) ||U||2dt+52/ R dt+ < [|U,, 4%,

with constants ¢q, ¢y > 0.
If we set 6 = L &5 = %, then under the assumption

8My°
0< 1, <c" = L (3.78)
401
we find that
o [ MU+ 5 [ 10l (379
27m J1,, 2 Jr, o

§52/ Ry dt + &)|U,, 4|17,
Inm

from which the inequality (B.74]) follows.
Part II. Now we assume that ¢ > 2,1 € {1,...,q — 1}. By (3.65)-(3.617),

~ tm—141/q
/ (U,,U’) dt = / (U, U") dt (3.80)
Im tm—1

Ulty-y) = Ultyy) (3.81)
1TllDemdt < ¢ i 1021 D m - (3.82)
I m
Using these relations, we find that

/I (U.00) dt + (U (O ) (3.83)

tmflJrl/q ~
— / (U, U")dt + (U, (U)h1)

tm—1

1 tm71+l/q d
== — U dt + |U_, |17
s R

-1

1 _
= 5 (10l + 105 )
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Now we return to the definition of the approximate solution (Z22), where by
setting ¢ := U, € Sp'1 we get

[ (5r0) @+ @y @i (3,80

= / (—ah,m(U, Ul) — ﬁojhym(U, Ul) — bh,m(U, Ul) + lh,m(Ul)> dt.

Im

From this, using the identity ({U },,_1, (Uz):;,l) = (U'_,, (Ul);,l)—(Un;,l, (01);,1)
and (3.83) we have

1 _
5 (10l + U5 ?) (3.85)
< lanm (U, ﬁl) + BoJnm (U, Ul)| dt
Im
+ [ oan(U Ot + [ Nl (T)] dt 4 (U, (D), 21)-
I, Im
From (B81) we know that U | = (U})}_,. Hence, the last term on the right-

hand side can be rewritten as (U, _,,(U)} ) = (U, _,,Ut_}). Furthermore,
using Lemma 10, (351)), (B58) for ki, k3 > 0 and Young’s inequality with any
constant d > 0, we can continue in estimating the right-hand side of the above
inequality. We get

|anm (U, U1) + Bonm (U, Uy)| dt (3.86)

Im

+ | U O dt+ | (O] dt+ Uy, Ut _y)

m—17"~m
Im Im

<c [ (1Wlbem + 10lbom+ lulbasn) d
Bo -2 2

TR N o I (R
1 J1I, I,

1 - 8 -
w3 [ (lol+1002) dt + 60 [ Juolpemat+ 5> [ 10l
2 I, I, k3 Im

U—_ 2
+H W(LS 1” +62HU;H|»_1H2
2

From (B.85) and (3.86), using Lemma 11, we obtain
||Ur;—1+l/qH2 + U ll? (3.87)

< [ (1o + 10+ Nl
I

e Ly M
1J1,, I,

1 1. Bo s
+—/ lgl?dt+ s | (|UI2dt+Bo | Nuplpgmdt+ = | U5, dt
2 I 2 Im I k3 Im
U, 4l
+|| (5 1” +52HUT1L>71H2
2
U I?

< 61/1 (101 + 100+ U2+ R, ) e+ 5 Tl
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where ¢, = max{c,c+ 60 + BO , Gy + 36, %,50}.
Using inequality (BEZ]) we have

U1+ MU P (3.88)
- 2 2, U [1? o
sé [ IUDem + IUI* + R3,) dt+5—2+5zllUm_1l| :

Now, multiplying ([B:88]) by 462(6%1), summing over all [ =1,...,¢— 1 and adding
[B.73), we get the following inequality

B
(HU H”ZH - Hz/qH2+\|U;1H2>+3° [ Wl it (3.9

< [ |20+ (24e) 0+ (5 )R, | @
fm S———— ———

—c* ek
=Cq =Cy

2
+<¢ﬁ )“ 1W+(%¥+4&)M%1W,
C202

where ¢3 = min{%, 1}.
Using inequalities (3.63) and (B.64]), after some manipulations we obtain

&L 3
e IR T (3.90)
Tm Im I
0o M, 461 M,
g/‘(ﬁ2q+ 1q+quW+§/}%ﬁ
1, \ 4Cop T I,
BO 2 _ 2
— ) |0, )
+ (4&252 + 51 || m—l“

By setting

we get

(=) [ w2 [ Wi 391)

< / R dt 4 e U 1%

If the condition ~
C3 Lq

*
4cy

0<7,<c:=

is satisfied, then from (B.91) we have
T+ [ Wlbendt <6 [ Bt o,

AT,

which already implies (B.74]). O
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To prove our main theorem about the stability, we will need the following
auxiliary lemma.

Lemma 13. (Discrete Gronwall lemma) Let Ty, am, by and ¢, where m =
1,2,..., be non-negative sequences and let the sequence a,, nondecreasing. Then,

if

IO—FC()SCLO

m—1

T + Cm < Ay, + ijxj form >1,
=0

we have

—_

m

T + Cm < Gy, (1+b;) form >0.
=0

J

The proof can be found in [20].

Theorem 3. Let 0 < 7, < ¢*. Then there exist a constant ¢ > 0 such that

~ 5 m ~ m .
U 1% + 302 i U, dt <e [ 1117+ i Ridt), (3.92)
j=171; =1 71j

mzl,...,M, h€<0ah0)7

M
U320, < € <||Ua||2+2 /1 R:;dt), h € (0, ho). (3.93)
m=1 m

Proof. We begin with the proof of the first inequality. In virtue of the notation
Ry, = |l9lI* + [lupllbgpm estimate B.59) can be written in the form

107 12 = W0l + 5 [ W0t < c [ (01F + ;) at
Now, using ([B.74) we obtain
0712+ [ W0, d (3.94)
< <1+crj>|\Uj_1|y2+c<1+Tj>/I Ridt, j=1,....M. (3.95)
J

Let m > 1. Summing ([3.95) over all j = 1,...,m and taking into account that
7, <T,57=1,...,m, we get

m m—1 m
— 50 — - *
U1+ 72 i Ul dt < 1U 17 +¢ D mallU 1P +e) i Rjdt.
=177 j=0 j=1"71;
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Using the discrete Gronwall theorem for the previous inequality with the set-
ting

g = Qo= ||UO_||2,C(]:O,

Tm = [Ual?

Bo <
n = 23 [ U, d.
2 j=1"1

Uy = CZ/ R dt,
j=1 7 1m

bj = CTj4+1, ij,l,...,m,
yields
L2 Box
112+ 5> i 10N dt (3.96)
j=1 71

m m—1
<c <||UO—||2+Z/ R; dt) [T+ erp).
j=171; j=0

Furthermore, using the property of the exponential function 1 + c7; < exp(cr;),
we can write

1__[(1 +c1j) = H(l +c7j) < exp (ch-) = exp(ct,,) < ¢:=exp(cT).

Jj=0 Jj=1 Jj=1

This and (3.96) imply that

_ Bo & _ o i}
U2+ 5 [ Wlbesar<e (W5 2+ [ Hiar).
J=1v4 j=1"71i
which is (3.92).

Now we turn our attention to the second inequality in the theorem. From

B.74) we have
M M
0 =Y [ WIPar< e (HU;_JF [ m dt)
m=1 m m

m=1

Using (8:92) for m :=m —1 < M we get

M m
HU“%Q(QT) < CZTm (HUOHQ—FZ/I: R;dt—l—/l‘ R;dt)
m=1 7=1 J m
M m
C(T||UO_||2+ZTm (Z/ R;dt))
m=1 j=1 71
M
T <||U0||2+Z/ andt)
m=1 Im
M
C<HUOH2+Z/ R;;dt).
m=1"Im
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Taking into account that

R () = g + lup®)l[pepm for t€ L,

we have

/1 R (1) dt = / Lo dt + / lun(®)[Banm dt.

Im

Hence, it follows from ([3.92)) and (3.93) that

- o <
HUmH“rgz i U5 ; dt
j=171

<c (HUJH2 + ||g(t)’|%2(0,T;L2(Q)) + HuD(t)Hi%GB’m(O,T;LQ(Q))) ]
mzl,...,M, hG(O,ho)

and

1UN1Z201)
<c <||U0_||2 + g7 0,720 + lup(®)I7;

DGB,m

(0,T;L2(Q))> ,  h€(0,h).

As we see, the approximate solution is bounded in the discrete L>°(L?)-norm,
the energy norm and the L?(L?)-norm by the data. This means that method
([2.22)) is stable without the "stability condition” 7., < cgh ), which was neces-

T

sary for the analysis of the error estimates.
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4. Numerical experiments

In this section we verify the theoretical results presented in Section 3. For brevity
we consider equation with a linear diffusion: the 2D viscous Burgers equation,
ou ou Ju
— t+u—4u—=€eAu+g in Qx(0,7), 4.1
with a certain initial and Dirichlet boundary condition. We set Q = (0,1)?, T =
10,e = 0.1 and define the function g and the initial and boundary conditions in
such a way, that the exact solution has the form

u(zy, 9,t) = (1 — e ) a(zy, z2), (4.2)
where
w(ry,2) = 2rfxixs(l —x1)(1 — x9)
= " 5in(20)(1 — 21)(1 — x2), (4.3)

where (7, ¢) are the polar coordinates (r = (z; + 12)'/?) and o € R is a constant.

For t = T = 10, the solution u differs very little from the function «. The
function @ is equal to zero on 02 and its regularity depends on the value of «,
namely

ae H(Q) VB e (0,a+3),

where H?(Q) denotes the Sobolev-Slobodetskii space of functions with fractal-
order derivatives (for the definition we refer to [29]).

In the numerical tests presented below we use the value v = 4, which gives a
function u that is sufficiently regular:

we H(Q) for B<T.
Furthermore we use also the value @ = —3/2, which gives
o€ H?(Q) where S <3/2.

The problem above is discretized by the NIPG and SIPG space-time discontinuous
Galerkin method. Obviously, f,(u) = u?/2 for s = 1,2. In the definition of the
form by, ., we use the upwinding numerical flux, namely

(2 flune, A0
H(u,v,n) = { S5 nn ifA <0,

where

u—+v
A= ! ns and n= (ny,no).
; fs ( 5 ) (n1,12)
We investigate the experimental order of convergence (EOC) of the NIPG and
SIPG methods. Let ||es, || and ||es, || be computational errors of numerical solu-
tions obtained on two different meshes 7, and Tj,, respectively. Then we can

define

log([en, ||/ llens )
E =F = . 4.4
OCS OCspace 1Og<h1/h2) ( )
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To solve this problem, we used program DGMNET, which is a .NET frame-
work developed by a PhD student Martin Hadrva. It uses a semi-implicit scheme,
i.e. at each time level inner iterations are performed until a given limit of iter-
ation count or a desired precision is reached. This scheme can be introduced as
follows:

If we are on the n + 1-th time level, i.e. we know the approximation u™ of the
exact solution, and want to compute u™*!, then we apply the following algorithm

1. Set u® =y, iter = 0.
2. Compute the vector b using the approximation u".
3. While iter < maziter do
(a) Solve the system Ax = b.
(b) Interpret the discrete solution X as a new approximation u"*" to the
solution u"1.
(c) Update the right-hand side b.
(d) If the difference between u™* and u° is sufficiently small, STOP.
(e> uold = e
(f) iter = iter + 1.
4. Solve Ax = b.

5 un+1 — new

Let us note that the matrix A is constant. It corresponds to the discretization
of the operator eAu. The right-hand side vector b depends on the nonlinearities
and time-dependence of data. As a solver of systems of linear algebraic equations
we used the package UMFPACK (Unsymmetric MultiFrontal Method [17]).
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4.1 Results on structured meshes

Figure 4.1: structured mesh with 128 elements

Figure 4.2: structured mesh with 2048 elements

We consider five structured triangular meshes having 128, 288, 512,1152 and
2048 elements. Figure 4.1 shows the coarsest mesh and Figure 4.2 shows the
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finest mesh.

The numerical experiments were carried out using piecewise linear (p = 1),
quadratic (p = 2), and cubic (p = 3) elements. We chose time degree ¢ = 2 and
fixed time step 7 = 0.025. In case of the NIPG method we set ¢y = 1 and for
SIPG ¢y = 100. Tables show the computational errors in the L>(L?*(2))-norm
along the interval [0, 7], T'= 10, and the corresponding orders of convergence. It
is seen, that for a sufficiently regular exact solution (case o = 4), for the SIPG
method we have optimal order of convergence O(hP™!) for p = 1,2, 3.

Table 4.1: Computational errors and the corresponding orders of convergence of

the NIPG method for o = —3/2

p=1 p=2 p=3
Mesh h lenll  EOC, lenll  EOC, len||  EOC,
1 1.768E-01 1.238E-02 - 3.711E-03 - 2.139E-03 -
2 1.179E-01 6.773E-03 1.488 1.912E-03 1.636 1.164E-03 1.501
3 8.839E-02 4.337E-03 1.550 1.209E-03 1.593 7.537E-04 1.510
4 5.893E-02 2.287E-03 1.578 6.417E-04 1.562 4.085E-04 1.511
5 4.419E-02 1.449E-03 1.586 4.122E-04 1.539 2.647E-04 1.507

Table 4.2: Computational errors and the corresponding orders of convergence of
the NIPG method for o =4

p=1 p=2 p=3
Mesh h lenl| EOC, lenl| EOC, lenll  EOC,
1 1.768E-01 2.173E-03 - 5.508E-04 - 1.803E-05 -
2 1.179E-01 1.023E-03 1.858 2.285E-04 2.170 6.668E-06  2.453
3 8.839E-02 5.921E-04 1.900 1.237E-04 2.132 5.441E-06 0.7065
4 5.893E-02 2.710E-04 1.927 5.287E-05 2.097 4.353E-06 0.5502
5 4.419E-02 1.548E-04 1.946 2.917E-05 2.067

Table 4.3: Computational errors and the corresponding orders of convergence of

the SIPG method for a = —3/2

p=1 p=2 p=3
Mesh h lenll EOC, lenll  EOC, len||  EOC,
1 1.768E-01 1.244E-02 - 2.699E-03 - 1.281E-03 -
2 1.179E-01 6.640E-03 1.549 1.452E-03 1.530 6.955E-04 1.507
3 8.839E-02 4.256E-03 1.546 9.379E-04 1.519 4.511E-04 1.505
4 5.893E-02 2.280E-03 1.539 5.081E-04 1.512 2.452E-04 1.503
5 4.419E-02 1.468E-03 1.532 3.294E-04 1.507 1.593E-04  1.500
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Table 4.4: Computational errors and the corresponding orders of convergence of
the SIPG method for o = 4

Mesh h lenll  EOC, lenl| EOC, leall  EOC,
1 1.768E-01 3.833E-03 - 2.170E-04 - 1.189E-05 -
2 1.179E-01 1.772E-03 1.903 6.452E-05 2.992 2.286E-06 4.067
3 8.839E-02 1.011E-03 1.950 2.724E-05 2,998 T7.087E-07 4.070
4 5.893E-02 4.543E-04 1.974 8.074E-06 2.999 1.364E-07 4.063
5 4.419E-02 2.565E-04 1.987 3.408E-06 2999 4.237E-08 4.065
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Figure 4.3: Order of convergence for STPG method in the case o = —3/2

Figure 4.4: Order of convergence for SIPG method in the case a = 4
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4.2 Results on refined meshes of 1. type

Figure 4.5: refined mesh with 165 elements
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Figure 4.6: refined mesh with 2205 elements
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We consider five special triangular meshes having 165,247,589, 1372 and 2205
elements. Figure 4.4 shows the coarsest mesh and Figure 4.5 shows the finest
mesh.

The numerical experiments were carried out using piecewise linear (p = 1),
quadratic (p = 2), and cubic (p = 3) elements. We chose time degree ¢ = 2 and
fixed time step 7 = 0.025. In case of the NIPG method we set ¢y = 1 and for
SIPG ¢y = 100. Tables above show the computational errors in the L>(L?(£2))-
norm along the interval [0, 7], and the corresponding orders of convergence. It
is seen, that for a sufficiently regular exact solution (case a = 4) for the SIPG
method we have the optimal order of convergence O(hP*!) for p = 1,2, 3.

Table 4.5: Computational errors and the corresponding orders of convergence of
the NIPG method for a = —3/2

p=1 p=2 p=3
Mesh h lenl|  EOC, lenll  EOC, len|| EOC,
1 1.768E-01 1.075E-02 - 9.711E-03 - 6.569E-03 -
2 1.414E-01 7.673E-03 1.512 6.808E-03 1.592 4.713E-03  1.487
3 8.839E-02 3.771E-03 1.511 3.257E-03 1.569 2.332E-03  1.497
4 5.657E-02 1.926E-03 1.506 1.636E-03 1.543 1.194E-03 1.501
5 4.419E-02 1.330E-03 1.501 1.123E-03 1.525 8.238E-04  1.502

Table 4.6: Computational errors and the corresponding orders of convergence of
the NTPG method for o =4

p=1 p=2 p=3
Mesh h lenll EOC lenll EOC llenl| EOC
1 1.768E-01 1.291E-03 - 3.564E-04 - 1.115E-05 -
2 1414E-01 8.569E-04 1.837 2.312E-04 1.939 9.353E-06 0.786
3 8.839E-02 3.562E-04 1.868 9.247E-05 1.950 7.210E-06 0.554
4 5.657TE-02 1.523E-04 1.904 3.884E-05 1.943 6.274E-06 0.312
5 4419E-02 9478E-05 1921 2.404E-05 1.943 6.043E-06 0.152

Table 4.7: Computational errors and the corresponding orders of convergence of
the SIPG method for a = —3/2

p=1 p=2 p=3
Mesh h lenl|  EOC, lenll  EOC, len|| EOC,
1 1.768E-01 2.669E-02 - 6.038E-03 - 2.784E-03 -
2 1.414E-01 1.946E-02 1.416 4.330E-03 1.490 2.003E-03  1.475
3 8.839E-02 9.857E-03  1.447 2.149E-03 1.491 9.985E-04 1.481
4 5.657E-02 5.116E-03 1.469 1.103E-03 1.493 5.141E-04 1.488
5 4.419E-02 3.552E-03 1.478 7.630E-04 1.495 3.556E-04 1.493
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Table 4.8: Computational errors and the corresponding orders of convergence of
the SIPG method for o = 4

Mesh h lenl] EOC; lenl] EOC; llern]] EOC
1 1.768E-01 2.229E-03 - 1.317E-04 - 6.708E-06 -
2 1414E-01 1.522E-03 1.708 7.272E-05 2.663 2.956E-06 3.672
3 8.839E-02 6.660E-04 1.759 1.994E-05 2.753 5.026E-07 3.770
4 5.657TE-02 2.947E-04 1.827 5.634E-06 2.832 9.017E-08  3.850
5 4.419E-02 1.858E-04 1.869 2.770E-04 2876 3.446E-08  3.897
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Figure 4.7: Order of convergence for STPG method in the case o = —3/2

Figure 4.8: Order of convergence for SIPG method in the case a = 4

107

10k

10

10

10k

107}

10

++
T T T
o1
W NP
I

10

50

10°



4.3 Results on refined meshes of 2. type

Figure 4.9: refined mesh with 235 elements
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Figure 4.10: refined mesh with 2521 elements
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We consider five special triangular meshes having 235, 333, 749, 1622 and 2521
elements. Figure 4.8 shows the coarsest mesh and Figure 4.9 shows the finest
mesh.

The numerical experiments were carried out using piecewise linear (p = 1),
quadratic (p = 2), and cubic (p = 3) elements. We chose time degree ¢ = 2 and
fixed time step 7 = 0.025. In case of the NIPG method we set ¢y = 1 and for
SIPG ¢y = 100. Tables above show the computational errors in the L>(L?(£2))-
norm along the interval [0, 7], and the corresponding orders of convergence. It
is seen, that for a sufficiently regular exact solution (case a = 4) for the SIPG
method we have optimal order of convergence O(h?™!) for p = 1,2, 3.

Table 4.9: Computational errors and the corresponding orders of convergence of
the NIPG method for a = —3/2

p=1 p=2 p=3
Mesh h lenl|  EOC, lenll  EOC, len|| EOC,
1 1.768E-01 1.076E-02 - 9.711E-03 - 6.569E-03 -
2 1.414E-01 7.675E-03 1.513 6.808E-03 1.592 4.713E-03  1.487
3 8.839E-02 3.771E-03 1.512 3.257E-03 1.569 2.332E-03  1.497
4 5.657E-02 1.926E-03 1.506 1.636E-03 1.543 1.193E-03  1.501
5 4.419E-02 1.329E-03 1.501 1.122E-03 1.528 8.237E-04  1.502

Table 4.10: Computational errors and the corresponding orders of convergence of
the NTPG method for o =4

p=1 p=2 p=3
Mesh h lenll EOC lenll EOC llenl| EOC
1 1.768E-01 1.227E-03 - 3.482E-04 - 1.111E-05 -
2 1414E-01 8.231E-04 1.789 2.268E-04 1.922 9.337E-06 0.778
3 8.839E-02 3.469E-04 1.838 9.100E-05 1.943 7.205E-06 0.551
4 5.657E-02 1.501E-04 1.877 3.835E-05 1.936 6.272E-06 0.311
5 4419E-02 9.393E-05 1.900 2.380E-05 1.933 6.042E-06 0.152

Table 4.11: Computational errors and the corresponding orders of convergence of
the SIPG method for a = —3/2

p=1 p=2 p=3
Mesh h lenl|  EOC, lenll  EOC, len|| EOC,
1 1.768E-01 2.668E-02 - 6.038E-03 - 2.784E-03 -
2 1.414E-01 1.946E-02 1.415 4.330E-03 1.490 2.003E-03  1.475
3 8.839E-02 9.856E-03 1.447 2.149E-03 1.491 9.985E-04 1.481
4 5.657E-02 5.116E-03 1.469 1.103E-03 1.493 5.145E-04 1.486
5 4.419E-02 3.552E-03 1.478 7.629E-04 1.495 3.562E-04  1.489
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Table 4.12: Computational errors and the corresponding orders of convergence of
the SIPG method for o =4

p=1 p=2 p=3
Mesh  h lenl  EOC, lenl  EOC, lenl  EOC,
1 1.768E-01 2.167E-03 - 1.305E-04 - 6.681E-06 -
2 1.414E-01 1.488E-03 1.685 T7.218E-05 2.654 2.948E-06 3.667
3 8.839E-02 6.549E-04 1.746 1.984E-05 2.748 5.019E-07 3.767
4 5.657E-02 2.914E-04 1.814 5.615E-06 2.828 9.011E-08  3.848
5 4.419E-02 1.842E-04 1.858 2.764E-06 2.872 3.440E-08 3.901
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Conclusion

In this thesis we analyzed stability of the discontinuous space-time Galerkin
method for non-stationary convection-diffusion problem. In Chapter 1 we formu-
lated the continuous problem with initial and boundary conditions and defined
the basic spaces and norms needed in the theoretical analysis.

In Chapter 2 we described the discretization of the problem in space and
time and defined the approximate solution. It is assumed that the space meshes
may be different on different time levels. In the space discretization we used the
nonsymmetric, incomplete and symmetric variants of the interior and boundary
penalty approximation of the diffusion terms.

The main results of the thesis is presented in Chapter 3. We estimated indi-
vidual terms of the approximate solution. Due to the approach based on discrete
characteristic functions and discrete Gronwall lemma we proved, that the norm
of the approximate solution is estimated by appropriate norms of functions oc-
curring on the right-hand side of initial and boundary conditions and on the
right-hand side of the partial differential equation. The result can be interpreted
as unconditional stability of the analyzed scheme.

In Chapter 4, we present results of numerical experiments proving the ac-
curacy of the NIPG and SIPG space-time discontinuous Galerkin method. We
show the dependence of the error on the size of the space meshes and present the
obtained experimental orders of convergence on meshes successively refined in
several ways. The time step remains fixed. The results again prove unconditional
stability of the method.

Our future task is to carry out further, more complicated numerical experi-
ments.
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