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Introduction
For non-life insurance companies, the modeling of claim amount and frequency
is vital. Therefore, actuaries in non-insurance companies model claim amount
and frequency to get predicted values of them based on reasonable explanatory
variables every year. And then they can adjust current insurance contracts based
on the predicted claim amount and frequency, if it is necessary. A good adjusted
insurance policy should consider the behavior of a policyholder, the characteristics
of a insured and other aspects that distinguish policyholders from each other.

Actuaries in non-life insurance companies used to use distributions such as
Poisson, negative binomial and Pareto to model claim frequency and use distri-
butions such as log-normal, gamma and inverse Gaussian to model claim amount.
However, when we analyze claim amount and frequency in non-life insurance such
as property, vehicle and health insurance, it is common to encounter data that
has a higher proportion of zeros than expected under the baseline model. The
claim amount data and claim frequency data are characterized by a point mass
at zero followed by a continuous model with positive support and by a truncated-
at-zero count model respectively. In the case of claim amount, the mass at zero
represents the policyholders who don’t make a claim in a given time (usually 1
year); the continuous model represents the compensation that each policyholder
receive given the occurrence of a claim. We view such response outcomes are
arising from two different statistical processes. The one governs the occurrence of
zeros. The other one determines the observed values conditioning on the positive
response outcomes.

Hurdle models have been used to analyze such response outcomes. They allow
different statistical processes for the observations below or above zero. However, a
number of articles only present hurdle models for count data. We therefore want
to afford actuaries with parameterization of several widely used hurdle models
not only for count data but also for semi-continuous data.

In the first chapter of the thesis, we introduce hurdle models and present
various hurdle models for dealing with count data and semi-continuous data. For
each hurdle model, two distinct parametrization are used for response outcomes at
zeros and at positive values. Further, we derive the maximum likelihood estimates
of parameters and the observed information matrix under each parametrization.
In the second chapter, we talk about methods on how to choose the best model
among competing models and diagnostic methods for the fitted model. We apply
hurdle models to vehicle insurance data in the last chapter. In this chapter, we
separately model two statistical processes. For each process, we use some model
selection methods mentioned in the second chapter to get the best fitted model
and then do some prediction based on the fitted model.
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1. Theoretical Background of
Hurdle Models

1.1 Introduction to Hurdle Models
A hurdle model, which can be interpreted as a two-part model, is first introduced
by Mullahy (1986). It allows different statistical processes for the observations
below or above the hurdle. In particular, a hurdle model combines a dichotomous
outcomes model and a truncated count model. Thus, we also call a hurdle model
a two-component model: a hurdle component and a truncated component.

The hurdle is usually set at zero. But it is not necessary; it could be set at
any other values. If the hurdle is at zero, the hurdle model is frequently used to
deal with situations with excess zeros. Excess zeros makes the probability of the
outcomes at zero inconsistent with its baseline model such as Poisson and negative
binomial. Here, the dichotomous outcomes model is for whether an outcome is
zero or positive. Conditioning on the positive counts, a truncated-at-zero count
model is employed to analyze positive counts. Baseline models such as Poisson
and negative binomial (NB) usually have a support from zero. Thus, the hurdle
model is also a modified count model. In this thesis, hurdles are set at zero.
Hurdle models are the hurdle-at-zero models in the following context.

The following definition of the hurdle model is based on Winkelmann (2003).
Let f1(·) be the probability mass function (pmf ) of the first process of the hurdle
model. Let f2(·) be a pmf of the second process of it. The pmf of a hurdle model
can be defined as

fhurdle(Yi = yi) =

⎧⎨⎩f1(0), yi = 0
1−f1(0)
1−f2(0)f2(yi) = Φf2(yi), yi = 1, 2, ...

In the probability mass function of hurdle-at-zero model, (1 − f1(0)) is the
probability that an outcome crosses the hurdle. If the outcome is positive, the
hurdle is crossed with the probability (1 − f1(0)). (1 − f2(0)) is a normalization.
It indicates the truncation of the model at zero value. The hurdle model collapses
to the baseline model if f1 = f2, that is Φ = 1

The expectation of a hurdle model is determined by the probability of response
outcomes at zero and by the density of zero-truncated model.

E(Yi) = Φ
∞∑

k=1
kf2(k) = ΦE2(Yi)

Compared to the baseline model, the expected value of the hurdle model
differs by a constant (1 − f1(0))/(1 − f2(0)). This constant will be less than 1 in
the situations with excess zeros. Thus, the expected value of the hurdle model is
smaller than the expected value of the baseline model. In this case, the hurdle
model handles overdispersion problem.

The variance of the hurdle model is

Var(Yi) = Φ
∞∑

k=1
k2f2(k) − [Φ

∞∑
k=1

kf2(k)]2

= ΦE2(Y 2
i ) − [ΦE2(Yi)]2
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In real life, a similar phenomenon often arises with semi-continuous data which
is characterized by a point mass at zero followed by a continuous distribution with
positive support. This thesis mainly focus on hurdle models with semi-continuous
data in non-life insurance. It will apply hurdle models on real data and therefore
inspire actuaries to parametrize hurdle models for semi-continuous data.

Let Yi be the dichotomous outcome for subject i. The probability of it being
positive is Pr(Yi > 0). The conditional distribution of the positive responses can
be written as f2(Yi|Yi > 0). For a hurdle model with semi-continuous data, we
can write the mixture probability density function (pdf ) as follow:

fhurdle(yi) = I(yi = 0) Pr(Yi = 0) + I(yi > 0) Pr(Yi > 0)f2(yi|yi > 0)

Where I(·) denotes an indicator function.

1.2 Poisson Hurdle Model
Poisson and NB are most commonly used claim count models in non-life insur-
ance. However, claim count data often exhibit excessive number of zero outcomes
than expected in Poisson and NB in real data. To precisely fit the data, we should
consider more appropriate models. Thus, Poisson hurdle model (PHM) and NB
hurdle model (NBHM) receive attention in the insurance literature. In the cur-
rent and the next section, we will talk about hurdle models with count data. And
then we introduce hurdle models with semi-continuous data.

Because data comes from two different processes in hurdle models, we will
model a hurdle component and a truncated component respectively and estimate
parameters for each component.

First, we will model a hurdle component. It is common to model hurdle
components by logistic regression. In PHM, Poisson regression is employed to
model the positive count data.

1.2.1 Logistic Regression
Logistic regression (or logit model), one member of generalized linear models
(GLM), is one method used to predict dichotomous outcomes based on one or
more explanatory variables. The aim of logistic regression is to derive a mathe-
matical representation of the relationship between a binary response variable and
a number of explanatory variables.

In a logistic regression, we are concerned about whether observations are zero
or not. All observations have dichotomous outcomes. we assume the response
has Bernoulli distribution.

Let y1, y2, .., yn ∈ {0, 1} be independent observations of a response variable
Y. yi is the realization of a response variable Yi. The probability of yi = 1 is pi.
The probability of yi = 0 is (1 − pi). Then we can assume that Yi has a Bernoulli
distribution with parameter pi.

The expected value of the random variable Yi is E(Yi) = pi. The logit model
of the underlying probability pi is modeled as the linear combination of the ex-
planatory variables

logit(pi) = ln( pi

1 − pi

) = x⊤
i β
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where xi = (x0i, x1i, · · · , x(k−1)i)⊤ is the ith row vector of explanatory variables,
and β = (β0, β1, · · · , βk−1)⊤ is a vector of regression coefficients.

A very important reason to use logistic transformation or logit of a success
probability pi is that pi which takes value from 0 to 1 corresponds to a value in
(−∞, ∞) through logit(·). The odds pi/(1 − pi) scale is from 0 to ∞. As pi goes
to 0, pi/(1 − pi) goes to 0. As pi goes to 1, pi/(1 − pi) goes to ∞. The logistic
transformation removes floor restriction of the odds. The linear predictor x⊤

i β
takes arbitrary real numbers. Thus, logistic regression is mostly common used to
model a hurdle component.

In a logistic regression, we are interested in estimating the parameter pi. We
rearrange the equation above and get

pi = exp(x⊤
i β)

1 + exp(x⊤
i β)

The method of maximum likelihood (ML) will be employed to estimate the
vector β ∈ Rk. The likelihood function depends on the unknown parameter pi.
pi is a function of β. Thus, we can regard the likelihood function as a function
of the vector parameter β. The likelihood function is given by

L(β) =
n∏

i=1
pyi

i (1 − pi)1−yi

The log-likelihood has the following form

ℓ(β) =
n∑

i=1

[
yi log pi + (1 − yi) log(1 − pi)

]

=
n∑

i=1

[
yi log

(
pi

1 − pi

)
+ log(1 − pi)

]

=
n∑

i=1

[
yix⊤

i β − log(1 + exp(x⊤
i β))

]

The score vector for the β is the gradient of the log-likelihood function ℓ(β)

∇βℓ(β) = ∂

∂β
ℓ(β) =

n∑
i=1

yixi −
n∑

i=1

exp(x⊤
i β)

1 + exp(x⊤
i β)xi

Setting the score vector equal to zero vector with k dimensions gives us a set of k
non-linear equations. Then ML estimate β̂ can be got by solving the equations.
However, the analytic solution of the likelihood equations are not available here.

Optimization methods such as Newton-Raphson method, Fisher’s method of
scoring, the simplex method and the Expectation-Maximization (EM) algorithm
are used to compute ML estimates. All these methods are described in Garthwaite
et al. (2002). All these methods can also be used to compute ML estimates of
other parameters when the analytic solution of the likelihood equations are not
available. We will not mention them any more when we can’t analytically derive
ML estimates in the thesis.

The algorithm Fisher’s method of scoring is implemented in many computer
packages for fitting models of the dichotomous data. This algorithm is equivalent
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to iterative weighted least squares (IWLS) algorithm. Collett (2002) shows the
algorithm in detail.

Newton-Raphson method is based on successive approximations to the solu-
tion. Using Taylor’s theorem to approximate the estimated score vector for β

∇βℓ(β̂) = 0k×1 ≈ ∇βℓ(β∗) − J(β∗)(β̂ − β∗)

ignoring the remainder terms; where β∗ is near to β̂, β̂ is ML estimate of β, J(·) is
the observed information matrix(assuming twice differential of the log-likelihood
function).

After rearranging the formula, we get

β̂ ≈ β∗ + J−1(β∗)∇βℓ(β∗)

It implies an iterative algorithm for β

β̂r+1 = β̂r + J−1(β̂r)∇βℓ(β̂r)

β̂1 can be computed after taking th initial estimates β̂0. We can keep computing
this procedure.

Fisher’s method of scoring simply replaces the observed information matrix
with expected information matrix

β̂r+1 = β̂r + I−1(β̂r)∇βℓ(β̂r)

1.2.2 Model Specification and Estimation
Let Yi, i = 1, ..., n be a response variable can take zero or positive count. If
Yi = 0, we assume Pr(Yi = 0) = f1(0) = 1 − pi. 0 ≤ pi ≤ 1. If Yi > 0, we assume
Pr(Yi > 0) = (1 − f1(0)) = pi. It is the successful probability that the hurdle is
crossed. We also assume that Pr(Yi = 0) is much higher than Pr(Yi > 0). Then
we can use hurdle models to fit such response variable.

The pmf of the second process follows Poisson distribution

f2(yi) = e−λi
λyi

i

yi!

where the intensity λi > 0.
Thus, the mixture of the pmf of PHM is written as

fhurdle(Yi = yi) =

⎧⎨⎩1 − pi, yi = 0
pi

e−λi λ
yi
i

(1−e−λi )yi!
, yi = 1, 2, ...

As we mentioned in previous subsection 1.2.1, pi is modeled by logistic regres-
sion.

Remark 1.1: Assuming two parts of the model contain different sets of
explanatory variables.

In many practical applications it is common to assume that two parts of the
model could contain different sets of explanatory variables. We will use two
different design matrices for two parts of the model and also use two different
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vectors of regression coefficients. Using a logarithmic link function, the mean
parameter is parameterized as

λi = exp(z⊤
i γ),

to ensure λi is positive; where zi = (z0i, z1i, ..., z(k−1)i)⊤ is a vector of explana-
tory variables, γ = (γ0, γ1, ..., γq−1)⊤ is a vector of regression coefficients with
dimension q.

We can easily calculate expected value and variance of Yi :

E(Yi) = ΦE2(Yi) = pi

1 − e−e
(z⊤

i
γ)

e(z⊤
i γ)

Var(Yi) = pi

1 − e−e
(z⊤

i
γ)

e(z⊤
i γ) + pi

1 − e−e
(z⊤

i
γ)

e2(z⊤
i γ)
(

1 − pi

1 − e−e
(z⊤

i
γ)

)

As we deal with situations with excess zeros, Φ is less than one. Thus,
Var(Yi) > E(Yi). PHM exhibits overdispersion.

ML estimation is most widely used estimation technique for statistical models.
It finds the parameter values that make the likelihood distribution a maximum.
In the thesis, all parameters will be estimated through ML estimation.

The likelihood function for a PHM is

L(β, γ) =
[ ∏

yi=0
P (yi = 0)

][ ∏
yi>0

P (yi > 0)f2(yi)
]

=
[ ∏

yi=0

1
1 + ex⊤

i β

][ ∏
yi>0

ex⊤
i β

1 + ex⊤
i β

e−e(z⊤
i

γ)
e(z⊤

i γyi)

(1 − e−e
(z⊤

i
γ))yi!

]

=
[ ∏

yi>0
ex⊤

i β
n∏

i=1

1
1 + ex⊤

i β

][ ∏
yi>0

e−e(z⊤
i

γ)
e(z⊤

i γyi)

(1 − e−e
(z⊤

i
γ))yi!

]

The likelihood function above is composed of two parts: the first part only
related to the vector parameter β; the other part including the vector parameter
γ. Due to the independence of the Yi’s, it is possible to factor the likelihood
function into L1(β) and L2(γ), which depends on the observations being omitted
from the notation. The factorization allows us to maximize L1(β) and L2(γ)
separately.

max L(β, γ) = max
β∈B

L1(β) max
γ∈Γ
σ∈Σ

L2(γ)

where B, Γ are the sample spaces of β, γ respectively.
For all hurdle models, L1(β) is

L1(β) =
∏

yi>0
ex⊤

i β
n∏

i=1

1
1 + ex⊤

i β

The log-likelihood function of L1(β) is

ℓ1(β) =
∑
yi>0

x⊤
i β −

n∑
i=1

ln(1 + ex⊤
i β) (1.1)
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Thus, we get the score vector for β which is the gradient of the log-likelihood
function ℓ1(β) with respect to β

∇ℓ1(β) = ∂

∂β
ℓ1(β) =

∑
yi>0

xi −
n∑

i=1

ex⊤
i βxi

1 + ex⊤
i β

(1.2)

where ∇ℓ1(β) is a k ×1 vector. We can solve ML estimates β̂ by setting the score
vector ∇ℓ1(β) (1.2) equal to zero vector with k dimensions.

Assuming the log-likelihood function (1.1) β ↦→ ℓ1(β) is twice differentiable.
The Hessian of the log-likelihood function ℓ1(β) is

H(β) = ∂2

∂β∂β⊤ ℓ1(β) = −
n∑

i=1

ex⊤
i β

(1 + ex⊤
i β)2

xix⊤
i

where H(β) is a k × k matrix.
The log-likelihood function of the truncated component L2(γ) in PHM is

ℓ2(γ) =
∑
yi>0

ln
[

e−e(z⊤
i

γ)
e(z⊤

i γyi)

(1 − e−e
(z⊤

i
γ))yi!

]

=
∑
yi>0

(−ez⊤
i γ + yiz⊤

i γ − ln(1 − e−e(z⊤
i

γ)
) − ln yi!) (1.3)

Then, the score vector for γ which is the gradient of the log-likelihood function
ℓ2(γ) with respect to γ is

∇ℓ2(γ) = ∂

∂γ
ℓ2(γ) =

∑
yi>0

(
− ez⊤

i γzi + yizi − e−e(z⊤
i

γ)
ez⊤

i γzi

1 − e−e
(z⊤

i
γ)

)
(1.4)

where ∇ℓ2(γ) is a q × 1 vector. We can solve γ̂, ML estimates of γ, by setting
the score vector ∇ℓ2(γ) (1.4) equal to zero vector with q dimensions.

Assuming the log-likelihood function (1.3) γ ↦→ ℓ2(γ) is twice differentiable.
The Hessian of the log-likelihood function ℓ2(γ) is

H(γ) = ∂2

∂γ∂γ⊤ ℓ2(γ) = −
∑
yi>0

ez⊤
i γziz⊤

i

−
∑
yi>0

e−e(z⊤
i

γ)
ez⊤

i γ(1 − e−e(z⊤
i

γ))(1 − ez⊤
i γ) + e−2e(z⊤

i
γ)

e2z⊤
i γ

(1 − e−e
(z⊤

i
γ))2

ziz⊤
i

where H(γ) is a q × q matrix.
The observed information is the negative of the second derivative of the log-

likelihood. We have k + q parameters in PHM. k parameters are from β and q
parameters are from γ, Thus, we get a (k + q) × (k + q) observed information
matrix as follows. It is a partitioned matrix whose off-diagonal matrices are
composed of zero vectors. It is because ∇ℓ1(β) is irrelevant to γ and ∇ℓ2(γ) is
irrelevant to β.

Jk+q =
(

−H(β) 0k×q

0q×k −H(γ)

)
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1.3 Negative Binomial Hurdle Model
As in the PHM, the first part f1(0) = 1 − pi is modeled by a logistic regression
logit(pi) = x⊤

i β in NB hurdle model (NBHM)
The second process is based on the NB model. There are several parameter-

izations of NB model. We use the one with quadratic variance function, that is
NB2 ( see Cameron and Trivedi (1998)). The pmf of NB2 is

f2(yi) = Γ(yi + α−1)
yi!Γ(α−1)

(
α−1

α−1 + µi

)α−1(
µi

α−1 + µi

)yi

, yi = 0, 1, 2, ...

where α ≥ 0 is a dispersion parameter, Γ(·) is a gamma function.
Thus, the response variable Yi in NBHM has the following distribution

fhurdle(Yi = yi) =

⎧⎪⎨⎪⎩
1 − pi, yi = 0

pi

1−(1+αµi)−α−1
Γ(yi+α−1)
yi!Γ(α−1)

(
α−1

α−1+µi

)α−1(
µi

α−1+µi

)yi

, yi = 1, 2, ...

The likelihood function for a NBHM is

L(β, γ, α) =
[ ∏

yi>0
ex⊤

i β
n∏

i=1

1
1 + ex⊤

i β

]
[ ∏

yi>0

1
1 − (1 + αµi)−α−1

Γ(yi + α−1)
yi!Γ(α−1)

(
α−1

α−1 + µi

)α−1(
µi

α−1 + µi

)yi
]

As in a PHM, we use a logarithmic link function to parameterize the mean
parameter in a NBHM

µi = exp(z⊤
i γ),

to ensure µi is positive; where γ = (γ0, γ1, · · · , γq−1)⊤ is a vector of regression
coefficients with dimension q. We substitute the µi by exp(z⊤

i γ).
The ML estimate of β is same as in a PHM. We only need to get ML estimates

of parameters from the second process of a NBHM.
The log-likelihood function of L2(γ, α) is

ℓ2(γ, α) =
∑
yi>0

[
− ln(1 − (1 + αe(z⊤

i γ))−α−1) + yi

(
ln αe(z⊤

i γ) − ln(1 + αe(z⊤
i γ))

)

− 1
α

ln(1 + αe(z⊤
i γ)) + ln Γ(yi + 1

α
) − ln Γ(yi + 1) − ln Γ( 1

α
)
]

(1.5)

Thus, we get the score vector for γ which is the gradient of ℓ2(γ, α) with
respect to γ and α are

∇γℓ2(γ, α) =
∑
yi>0

[
− (1 + αez⊤

i γ)−α−1−1ez⊤
i γzi

1 − (1 + αe(z⊤
i γ))−α−1 + yizi

− (yi + 1
α

) αez⊤
i γzi

1 + αez⊤
i γ

]
(1.6)

∇αℓ2(γ, α) =
∑
yi>0

⎡⎣ (ez⊤
i γα + 1) ln(ez⊤

i γα + 1) − ez⊤
i γα

α2(ez⊤
i γα + 1)

(
(ez⊤

i γα + 1)α−1 − 1)
) + yi

α
− yie

(z⊤
i γ)

e(z⊤
i γ)α + 1

+ ln(1 + αez⊤
i γ)

α2 − ez⊤
i γ

α(1 + αez⊤
i γ)

+
Γ′(yi + 1

α
)

Γ(yi + 1
α
) −

Γ′( 1
α
)

Γ( 1
α
)

⎤⎦ (1.7)
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Setting the equations (1.6) and (1.7) equal to zero vector and zero respectively,
we can solve the ML estimates of γ and α respectively. The score vector for γ
and the score statistic for α are too complex here. We won’t present them.

1.4 Log-normal Hurdle Model
Claim amount distribution also often exhibits excessive number of zero outcomes
than expected in real data such as claim amount of motor insurance data. Posi-
tive claim amount should be modeled by a continuous distribution with positive
support. So claim amount data is semi-continuous data. From this section, we
will talk about hurdle models with semi-continuous data.

Aitchison (1955) proposed an approach to the distribution that has a positive
probability at zero outcomes and a conditional distribution for the continuous
positive values of outcomes. some others like Cragg (1971) extended this approach
and used regression analysis to model two components in hurdle models. Logistic
regression is again used to model hurdle components. Positive claim amount
data often exhibits strong skewness. In many cases, those skewed claim amount
data can be modeled by log-normal distributions. In this section, we talk about
Log-normal hurdle model (LNHM). We will define the model and estimate its
parameters.

Let Yi, i = 1, ..., n be a response variable can take value 0 or positive values.
All observations are independent. Assume Pr(Yi = 0) = 1 − pi. Pr(Yi > 0) = pi.
0 ≤ pi ≤ 1. We also assume that Pr(Yi = 0) is much higher than Pr(Yi > 0).
Then we can use hurdle models to fit such response variable.

Yi|Yi > 0 follows a log-normal distribution, f2(Yi|Yi > 0) is defined such that

f2(yi|yi > 0) = 1
yi

√
2πσ2

exp(−(ln(yi) − µi)2

2σ2 )

= 1
σyi

φ
( ln(yi) − µi

σ

)

where µi ∈ (−∞, +∞), σ > 0; φ(·) is the pdf of N(0, 1).
The support of the log-normal distribution is positive with interval (0, +∞).

Thus, f2(yi|yi > 0) is the same as the pdf of the log-normal distribution. There
is no need to truncate the pdf of the log-normal distribution in LNHM.

It leads to mixture pdf

fhurdle(yi) = I(yi = 0)(1 − pi) + I(yi > 0)pi
1

σyi

φ
( ln(yi) − µi

σ

)
Assume positive responses can be parametrized by

ln(yi|yi > 0) = z⊤
i γ + ϵi

where γ = (β0, ..., βq−1)⊤ ∈ Rq is a vector of unknown parameters; ϵi is assumed
to be identically independent distributed as N(0, σ2).

12



1.4.1 Maximum Likelihood Estimators
The likelihood function for a LNHM is

L(β, γ, σ) =
[ ∏

yi>0
ex⊤

i β
n∏

i=1

1
1 + ex⊤

i β

][ ∏
yi>0

1
σyi

φ
( ln(yi) − z⊤

i γ

σ

)]

Let r denote the number of responses that take value zero out of n observa-
tions. n − r is the number of positive responses of Yi.

The log-likelihood function of L2(γ, σ) is

ℓ2(γ, σ) = ln
( ∏

yi>0

1
σyi

φ
( ln(yi) − z⊤

i γ

σ

))

= −n − r

2 ln(2πσ2) −
∑
yi>0

ln(yi) −
∑

yi>0(ln(yi) − z⊤
i γ)2

2σ2 (1.8)

Then the score vector for γ is the gradient of ℓ2(γ, σ) with respect to γ

∇γℓ2(γ, σ) = ∂

∂γ
ℓ2(γ, σ) = ∂

∂γ

(∑
yi>0 ln(yi)z⊤

i γ

σ2 −
∑

yi>0(z⊤
i γ)2

2σ2

)

=
∑

yi>0 ln(yi)zi

σ2 −
∑
yi>0

ziz⊤
i γ

σ2 (1.9)

Setting the equation (1.9) equal to zero vector with q dimensions, we get the
ML equation. Solving the equation, we get γ̂.

γ̂ = (
∑
yi>0

ziz⊤
i )−1 ∑

yi>0
ln(yi)zi

Assuming the log-likelihood function (1.8) γ ↦→ ℓ2(γ, σ) is twice differentiable
with respect to all parameters. The Hessian of the log-likelihood function ℓ2(γ, σ)
with respect to γ is

∇2
γℓ2(γ, σ) = ∂2

∂γ∂γ⊤ ℓ2(γ, σ) = −
∑
yi>0

ziz⊤
i

σ2

where ∇2
γℓ2(γ, σ) is a q × q matrix.

Finally we get the score statistic for σ which is gradient of ℓ2(γ, σ) with respect
to σ

∇σℓ2(γ, σ) = ∂

∂σ
ℓ2(γ, σ) = ∂

∂σ

(
− (n − r)

2 ln σ2 −
∑

yi>0(ln(yi) − z⊤
i γ)2

2σ2

)
= −(n − r) 1

σ
+
∑n−r

i=1 (ln(yi) − z⊤
i γ)2

σ3 (1.10)

Setting the equation (1.10) equal to zero, we get the ML equation. Solving
the equations, we get σ̂

σ̂ =
√∑

yi>0(ln(yi) − z⊤
i γ)2

n − r

13



The Hessian of the log-likelihood (1.8) with respect to σ is

∇2
σℓ2(γ, σ) = ∂2

∂σ2 ℓ2(γ, σ) = n − r

σ2 − 3∑n−r
i=1 (ln(yi) − z⊤

i γ)2

σ4

where ∇2
σℓ2(γ, σ) is a scalar.

Thus, the observed information matrix can be regarded as a 3 × 3 partitioned
matrix as follows

Jk+q+1 =

⎡⎢⎢⎣
−H(β) 0k×q 0

0q×k
∑

yi>0
ziz⊤

i

σ2 J23

0 J32 −n−r
σ2 + 3

∑n−r

i=1 (ln(yi)−z⊤
i γ)2

σ4

⎤⎥⎥⎦
where J23 is a column vector (q × 1) composed of second partial derivative of
ℓ2(γ, σ) first with respect to γj then with respect to σ for j = 0, ..., q − 1.

J23 =

⎡⎢⎢⎢⎢⎣
−∇2

γ0σℓ2
−∇2

γ1σℓ2
...

−∇2
γq−1σℓ2

⎤⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎢⎣
− ∂2

∂γ0∂σ
ℓ2

− ∂2

∂γ1∂σ
ℓ2

...
− ∂2

∂γq−1∂σ
ℓ2

⎤⎥⎥⎥⎥⎥⎥⎦ =
2∑yi>0 ln(yi)zi

σ3 − 2
∑
yi>0

ziz⊤
i γ

σ3

J32 is only the transpose of J23.

1.5 Gamma Hurdle Model
The parametrization and the ML estimate of β for the first process are the same
as they are in LNHM. The continuous part, f2(Yi|Yi > 0), is different.

In a gamma hurdle model (GHM), Yi|Yi > 0 follow a gamma distribution,
f2(Yi|Yi > 0) is defined such that

f2(yi|yi > 0) = 1
Γ(υ)

(
υ

µi

)υ

yυ−1
i exp

(
− υyi

µi

)

where υ > 0, µi > 0.
The support of the gamma distribution is also positive with the interval

(0, +∞). Thus, f2(yi|yi > 0) is the same as the pdf of the gamma distribution.
It leads to the response variable Yi in GHM having the distribution

fhurdle(yi) = I(yi = 0)(1 − pi) + I(yi > 0)pi
1

Γ(υ)

(
υ

µi

)υ

yυ−1
i exp

(
− υyi

µi

)

Assume positive responses can be parametrized as follows through a logarith-
mic link function

ln E(yi|yi > 0) = z⊤
i γ

Then the conditional expectation of Yi is E(yi|yi > 0) = µi = exp(z⊤
i γ)
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1.5.1 Maximum Likelihood Estimation
The likelihood function for a GHM is

L(β, γ, υ) =
[ ∏

yi>0
ex⊤

i β
n∏

i=1

1
1 + ex⊤

i β

][ ∏
yi>0

1
Γ(υ)

(
υ

ez⊤
i γ

)υ

yυ−1
i exp

(
− υyi

ez⊤
i γ

)]

Here, we only need to derive the ML estimates γ̂ and υ̂. ML estimate β̂ is
same for all hurdle models with the same data. The log-likelihood function of
L2(γ, υ) is

ℓ2(γ, υ) =
∑
yi>0

ln
( 1

Γ(υ)

(
υ

ez⊤
i γ

)υ

yυ−1
i exp

(
− υyi

ez⊤
i γ

))

= (n − r)(υ ln υ − Γ(υ)) +
∑
yi>0

(
− υz⊤

i γ + (υ − 1) ln yi − υyi

ez⊤
i γ

)
(1.11)

Then the score vector for γ is the gradient of ℓ2(γ, υ) with respect to γ

∇γℓ2(γ, υ) = ∂

∂γ
ℓ2(γ, υ) = ∂

∂γ

∑
yi>0

(
− υz⊤

i γ − υyi

ez⊤
i γ

)

=
∑
yi>0

(
− υzi + υyizi

ez⊤
i γ

)
(1.12)

γ̂ is solved by setting the score vector ∇γℓ2(γ, υ) (1.12) equal to zero vector
with q dimensions.

Assuming the log-likelihood function (1.11) γ ↦→ ℓ2(γ, υ) is twice differentiable
with respect to all parameters. The Hessian of the log-likelihood function ℓ2(γ, υ)
with respect to γ is

∇2
γℓ2(γ, υ) = ∂2

∂γ∂γ⊤ ℓ2(γ, υ) = −
∑
yi>0

υyizi

ez⊤
i γ

ziz⊤
i

The score statistic for υ is the gradient of ℓ2(γ, υ) with respect to with respect
to υ

∇υℓ2(γ, υ) = ∂

∂υ
ℓ2 = (n − r)(ln υ + 1 − Γ′(υ)) +

∑
yi>0

(
− z⊤

i γ + ln yi − yi

ez⊤
i γ

)
(1.13)

where Γ′(υ) =
∫∞

0 tυ−1e−t ln(t)dt.
Setting the score statistic ∇υℓ2(γ, υ)(1.13) equal to zero, υ̂ can be solved.
The Hessian of the log-likelihood (1.11) with respect to υ is

∇2
υℓ2(γ, υ) = ∂2

∂υ2 ℓ2(γ, υ) = n − r

υ
− (n − r)Γ′′(υ),

where Γ′′(υ) =
∫∞

0 tυ−1e−t(ln(t))2dt.
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Thus, the observed information matrix of the GHM looks as follows

Jk+q+1 =

⎡⎢⎢⎣
−H(β) 0k×q 0

0q×k
∑

yi>0
υyizi

e
z⊤

i
γ
ziz⊤

i J23

0 J32 −n−r
υ

+ (n − r)Γ′′(υ)

⎤⎥⎥⎦
where J23 is a column vector (q × 1) composed of second partial derivative of
ℓ2(γ, σ) first with respect to γj then with respect to σ for j = 0, ..., q − 1.

J23 =

⎡⎢⎢⎢⎢⎣
−∇2

γ0υℓ2
−∇2

γ1υℓ2
...

−∇2
γq−1υℓ2

⎤⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎢⎣
− ∂2

∂γ0∂υ
ℓ2

− ∂2

∂γ1∂υ
ℓ2

...
− ∂2

∂γq−1∂υ
ℓ2

⎤⎥⎥⎥⎥⎥⎥⎦ =
∑
yi>0

(
zi − yizi

ez⊤
i γ

)

J32 is just the transpose of J23.

1.6 Inverse Gaussian Hurdle Model
In a inverse Gaussian hurdle model (IGHM), Yi|Yi > 0 follows a inverse Gaussian
distribution, f2(Yi|Yi > 0) is defined such that

f2(yi|yi > 0) =
(

λ

2πy3
i

)1/2
exp

(−λ(yi − µi)2

2µ2
i yi

)

where µi > 0 is the mean and λ > 0 is the shape parameter.
As with LNHM and GHM, the support of the inverse Gaussian distribution

is also positive with the interval (0, +∞). Thus, f2(yi|yi > 0) is the same as the
pdf of the inverse Gaussian distribution.

It leads to the response variable Yi in IGHM having the distribution

fhurdle(yi) = I(yi = 0)(1 − pi) + I(yi > 0)pi

(
λ

2πy3
i

)1/2
exp

(−λ(yi − µi)2

2µ2
i yi

)

Using a logarithmic link function, the mean parameter is parameterized as

µi = exp(z⊤
i γ),

to ensure µi is positive; where zi = (z0i, z1i, ..., z(q−1)i)⊤ is a vector of explana-
tory variables, γ = (γ0, γ1, ..., γq−1)⊤ is a vector of regression coefficients with
dimension q.

1.6.1 Maximum Likelihood Estimation
The likelihood function for a IGHM is

L(β, γ, λ) =
[ ∏

yi>0
ex⊤

i β
n∏

i=1

1
1 + ex⊤

i β

][ ∏
yi>0

(
λ

2πy3
i

)1/2
exp

(−λ(yi − ez⊤
i γ)2

2e2z⊤
i γyi

)]
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Here, we only need to derive the ML estimates γ̂ and α̂. The log-likelihood
function of L2(γ, α) is

ℓ2(γ, λ) = n − r

2 (ln λ − ln(2πy3
i )) −

∑
yi>0

[
λ(yi − ez⊤

i γ)2

2e2z⊤
i γyi

]
(1.14)

Then the score vector for γ is the gradient of ℓ2(γ, λ) with respect to γ is

∇γℓ2(γ, λ) = ∂

∂γ
ℓ2(γ, λ) = ∂

∂γ

∑
yi>0

(
− λ(yi − ez⊤

i γ)2

2e2z⊤
i γyi

)
= −4λ

∑
yi>0

y2
i zie

2z⊤
i γ(yi − ez⊤

i γ) (1.15)

γ̂ is solved by setting the score vector ∇γℓ2(γ, λ) (1.15) equal to zero vector
with q dimensions.

Assuming the log-likelihood function (1.14) γ ↦→ ℓ2(γ, λ) is twice differentiable
with respect to all parameters. The Hessian of the log-likelihood function ℓ2(γ, λ)
with respect to γ is

∇2
γℓ2(γ, λ) = ∂2

∂γ∂γ⊤ ℓ2(γ, λ) = −4λ
∑
yi>0

ziz⊤
i y2

i e2z⊤
i γ(2yi − 3ez⊤

i γ)

the score statistic for λ is the gradient of ℓ2(γ, λ) with respect to λ is

∇λℓ2(γ, λ) = ∂

∂λ
ℓ2(γ, λ) = ∂

∂λ

[
n − r

2 ln λ −
∑
yi>0

λ(yi − ez⊤
i γ)2

2e2z⊤
i γyi

]

= n − r

2λ
−
∑
yi>0

(yi − ez⊤
i γ)2

2e2z⊤
i γyi

(1.16)

Setting the score statistic (1.16) equals zero, we get the ML estimate of λ

λ̂ = n − r

2∑yi>0
(yi−e

z⊤
i

γ)2

2e
2z⊤

i
γ

yi

The Hessian of the log-likelihood function (1.14) with respect to λ is

∇2
λℓ2(γ, λ) = ∂2

∂λ2 ℓ2(γ, λ) = −n − r

2λ2

As with LNHM and GHM, the observed information matrix of the IGHM is
a 3 × 3 partitioned matrix. Those matrices have the same entry for the entry J11
which is the negative Hessian of the log-likelihood function ℓ1(β) (1.1). The entry
J11 is the same for all models. J12 = 0k×q, J21 = 0q×k, J13 = J31 = 0 is a scalar.
Those models are different among entries J22, J23, J32 and J33. J22 is the negative
Hessian of ℓ2(γ, λ) with respect to γ, that is 4λ

∑
yi>0 ziz⊤

i y2
i e2z⊤

i γ(2yi − 3ez⊤
i γ).

J33 is the negative Hessian of of ℓ2(γ, λ) with respect to λ, that is n−r
2λ2 .

J23 is a column vector (q×1) composed of second partial derivative of ℓ2(γ, λ)
first with respect to γj then with respect to λ for j = 0, ..., q − 1.
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J23 =

⎡⎢⎢⎢⎢⎣
−∇2

γ0λℓ2
−∇2

γ1λℓ2
...

−∇2
γq−1λℓ2

⎤⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎢⎣
− ∂2

∂γ0∂λ
ℓ2

− ∂2

∂γ1∂λ
ℓ2

...
− ∂2

∂γq−1∂λ
ℓ2

⎤⎥⎥⎥⎥⎥⎥⎦ = 4
∑
yi>0

y2
i zie

2z⊤
i γ(yi − ez⊤

i γ)

J32 is only the transpose of J23.

1.7 Weibull Hurdle Model
Extreme value (EV) distributions are limiting or asymptotic distributions that
describe the distribution of extremes (maximum and minimum). EV distributions
are used for the analysis of the block maxima approach. Weibull distribution is
Type III of EV distributions. Here we use generalized extreme value distribution
which is generalized by adding the location, scale and shape parameter to the
standard Weibull distribution.

In Weibull hurdle model (WHM), Yi|Yi > 0 follow a Weibull distribution,
f2(Yi|Yi > 0) with 3 parameters is defined such that

f2(yi|yi > 0) = α

θ

(
yi − γ

θ

)α−1
exp

(
−
(

yi − γ

θ

)α)
where α > 0 is the shape parameter, β > 0 is the scale parameter and γ is the
location parameter.

As with in GHM and IGHM , the support of the Weibull distribution is also
positive with the interval (0, +∞). Thus, f2(yi|yi > 0) is the same as the pdf of
the Weibull distribution.

It leads to the response variable Yi in WHM having the distribution

fhurdle(yi) = I(yi = 0)(1 − pi) + I(yi > 0)pi
α

θ

(
yi − γ

θ

)α−1
exp

(
−
(

yi − γ

θ

)α)

1.7.1 Maximum Likelihood Estimation
The likelihood function for a WHM is

L(β, α, θ, γ) =
[ ∏

yi>0
ex⊤

i β
n∏

i=1

1
1 + ex⊤

i β

][ ∏
yi>0

α

θ

(
yi − γ

θ

)α−1
exp

(
−
(

yi − γ

θ

)α)]

Here, we only need to derive the ML estimates α̂, θ̂ and γ̂. The log-likelihood
function of L2(α, θ, γ) is

ℓ2(α, θ, γ) =
∑
yi>0

[
ln α + (α + 1) ln(yi − γ) − α ln θ −

(
yi − γ

θ

)α]

= (n − r) ln α − (n − r)α ln θ +
∑
yi>0

[
(α + 1) ln(yi − γ) −

(
yi − γ

θ

)α]
(1.17)

The score statistic for α is the gradient of ℓ2(α, θ, γ) with respect to α is
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∇αℓ2(α, θ, γ) = ∂

∂α
ℓ2 = (n − r) 1

α
− (n − r) ln θ

+
∑
yi>0

[
ln(yi − γ) −

(
yi − γ

θ

)α

ln
(

yi − γ

θ

)]
(1.18)

ML estimate α̂ is solved by setting the score statistic (1.18) equal to zero. we
get

α̂ =
{

ln θ − 1
n − r

∑
yi>0

[
ln(yi − γ) −

(
yi − γ

θ

)α

ln
(

yi − γ

θ

)]}−1

Assuming the log-likelihood function (1.17) γ ↦→ ℓ2(α, θ, γ) is twice differen-
tiable with respect to all parameters. The Hessian of the log-likelihood function
ℓ2(α, θ, γ) with respect to α is

∇2
αℓ2(α, θ, γ) = ∂2

∂α2 ℓ2 = −n − r

α2 −
∑
yi>0

(
yi − γ

θ

)α[
ln
(

yi − γ

θ

)]2

The score statistic for θ is the gradient of ℓ2(α, θ, γ) with respect to θ is

∇θℓ2(α, θ, γ) = ∂

∂θ
ℓ2 = −(n − r)α

θ
+ α

θα+1

∑
yi>0

(yi − γ)α (1.19)

Setting the score statistic (1.19) equal zero, we get the ML estimate of θ

θ̂ =
[ 1
n − r

∑
yi>0

(yi − γ)α
]1/α

The Hessian of the log-likelihood function ℓ2(α, θ, γ) with respect to θ is

∇2
θℓ2(α, θ, γ) = ∂2

∂θ2 ℓ2 = (n − r)α
θ2 + α(α + 1)

θα+2

∑
yi>0

(yi − γ)α

Finally, we calculate the score statistic of ℓ2(α, θ, γ) with respect to γ, we get

∇γℓ2(α, θ, γ) = ∂

∂γ
ℓ2 =

∑
yi>0

[
αθ−α(yi − γ)α−1 − α + 1

yi − γ

]
(1.20)

Setting the score statistic (1.20) equal zero, we can solve ML estimate γ̂. The
Hessian of the log-likelihood function ℓ2(α, θ, γ) with respect to γ is

∇2
γℓ2(α, θ, γ) = ∂2

∂γ2 ℓ2 = −
∑
yi>0

[
α(α − 1)θ−α(yi − γ)α−2 + α + 1

(yi − γ)2

]

In a WHM, the observed information matrix is a 4×4 partitioned matrix. J11
is the same as previous models. J12 = J13 = J14 = 0k×1. J21 = J31 = J41 = 01×k.

J22 = −∇2
αℓ2(α, θ, γ), J33 = −∇θℓ2(α, θ, γ), J44 = −∇2

γℓ2(α, θ, γ)
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J23 = −∇2
αθℓ2(α, θ, γ) = n − r

θ
−
∑
yi>0

α(yi − γ)α ln(yi − γ) + 1 − α ln θ

θα+1

J24 = −∇2
αγℓ2(α, θ, γ) =

∑
yi>0

[ 1
yi − γ

− θ−α(yi − γ)α−1(α ln yi − γ

θ
+ 1)

]

J34 = −∇2
θγℓ2(α, θ, γ) = α2

θα+1

∑
yi>0

(yi − γ)α−1

J23, J24 and J34 are scalars. Due to the symmetric property of the observed
information matrix

J32 = J23, J42 = J24, J43 = J34
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2. Model Selection
Model selection is an very important part of any regression analysis. It includes
two parts. The first part is to discriminate different models. The other part is to
do model diagnostic of the selected model.

2.1 Discriminating Competing Models
When we model a response variable, we always can find many reasonable ex-
planatory variables which can be used to predict the response variable. We can
form a set of competing models from those explanatory variables. Therefore, it
is necessary to find a model that is the best among possible models.

2.1.1 Nested Models
Two models are nested if one model contains all the term of the other and at
least one addition term. We say that model A is nested within model B if model
B contains the same terms as model A and it has at least one additional term.
Likelihood ratio test a hypothesis test which has been used to compare the per-
formance of two nested models.

Suppose we have two models and model A is nested within model B. The test
hypothesis:

H0 : Model A is consistent with the data;
H1 : Model B is consistent with the data.

The likelihood ratio test statistic

Q = −2 log(LA/LB) = 2 log(LB/LA) = 2(log LB − log LA) (2.1)

Where L A and L B are the maximum values of the likelihood functions for the
model A and the model B respectively.

The test statistic Q must be positive. Because the value of LB must be greater
than or equal to that of LA. It is due to that model A is a special case of model B.
We consider whether fitting model B rather than model A makes a improvement
in performance under the null hypothesis that model A is the true model.

We would like to reject the null hypothesis in favor of alternative hypothesis
if the level of statistical significance (this is so called p value) is less or equal to
5%1. Otherwise, we do not reject the null hypothesis. The likelihood ratio test
statistics approximately follows a chi-squared distribution with df B-df A degrees
of freedom, where df A and df B denote the number of parameters in model A
and model B.

2.1.2 Nonnested Models
Two models are nonnested if neither of them can be regarded as a special case of
the other. Nested models comparing uses the standard hypothesis test of model
restriction. However, it can’t be applied in nonnested models comparing.

1We assume 5% is prescribed significant level in this thesis.
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Akaike information criterion(AIC) which is first proposed by Akaike(1973) is
used for nonnested models discriminating.

AIC = −2 ln L + 2q (2.2)

where ln L is the maximized log-likelihood value for the model, q is the number
of estimated parameters.

AIC rewards goodness of fit and penalizes the number of parameters at the
same time to avoid over-fitting problem. The model with the lowest AIC value
is preferred compared to other models.

Many modifications to AIC have been proposed. They are different in penalty
for the number of parameters. Bayesian information criterion (BIC) is the most
popular one of them which is proposed by Schwarz (1978).

BIC = −2 ln L + (ln N)q (2.3)

where N is the number of observations in the dataset.
BIC increases the penalty as sample size increases. The model with the lowest

BIC value is preferred compared to other models.

2.2 Diagnostic Methods for the GLM
In this thesis, we are interested in modeling claims amount which is semicontin-
uous variable in our dataset. We can’t directly use a function hurdle() from the
package pscl in R. Because the function hurdle() only permits Poisson, NB and
geometric distributions for positive count responses. Therefore, we will model
the hurdle and positive claim amount separately. We will use logistic regression
to model a hurdle component. For the positive claim amount, we will use log-
normal, gamma and inverse Gaussian regression to model it. All of these models
except log-normal model are belong to a class of GLMs. We also can transform
normal model which is a GLM to get log-normal model. That’s the reason why
we need diagnostic methods for the GLM.

2.2.1 Pearson Residuals
Pearson residuals are widely used measure of the overall fits of GLMs. According
to Ohlsson and Johansson (2010), Pearson residual for the ith observation is

rP
i = Yi − µ̂i√

v(µ̂i)/wi

= √
wi

Yi − µ̂i√
v(µ̂i)

(2.4)

where Yi is the observed value, µ̂i is the fitted value, Yi − µ̂i is called a residual,
v(·) is the variance function, wi is weight which is known. When Pearson residuals
for an observation exceeds 2 in absolute value, we need to take a closer look at
the observation.

2.2.2 Deviance Residuals
Deviance residuals are signed square roots of the contributions of the observa-
tions to the deviance. Let θ̃i = (b′)−1(Yi). θ̃i is the ML estimator of θi in the
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saturated model2; θi is canonical parameter in exponential family distribution;
b(·) is cumulant function which assumed twice continuously differentiable. Let
di = 2{Yi[θ̃i − θ̂i] − b(θ̃i) + b(θ̂i)}. Deviance residual is defined as

rD
i = sgn(Yi − µ̂i)

√
widi (2.5)

When a deviance residual for an observation exceeds 2 in absolute value, we need
to take a closer look at the observation. They may indicate lack of fit.

2.2.3 Pearson Chi-square and Deviance Tests
Both goodness-of-fit tests are most commonly used tests to measure the overall
performance of fitted models in GLMs.

In GLMs, the Pearson chi-square statistic is defined as

χ2 =
n∑

i=1
(rP

i )2 (2.6)

It is the sum of squares of Pearson residuals.
In GLMs, the deviance test statistic is the scaled deviance. It can be inter-

preted as the deviance difference between our model’s fit and the fit of an ideal
model in which the predicted values are identical to the observed. It is defined as

D∗ = 2[ln Lsat − ln Lfit] =
n∑

i=1

wi

φ
di (2.7)

where ln Lsat and ln Lfit are the the maximized log-likelihoods of the saturated
model and fitted model respectively. If the deviance is very large, it usually
indicates that the model is bad. In R software, residual deviance is the scaled
deviance.

Table 2.1 lists 3 regressions will be used in the next chapter. In this table, µ̂i

is the ML estimate of µi.

Distribution Scaled Deviance
Logistic 2∑n

i=1

[
yi ln yi

µ̂i
+ (1 − yi) ln( 1−yi

1−µ̂i
)
]

Gamma 2υ
∑n

i=1

[
− ln( yi

µ̂i
) + yi−µ̂i

µ̂i

]
Inverse Gaussian λ

∑n
i=1

(yi−µi)2

µ̂2
i yi

Table 2.1: Scaled deviances for some regressions

Both test statistics are asymptotically χ2
n−k where k is the number of parame-

ters in the model. If a test is statistically significant, we reject the null hypothesis.
It indicates that the data do not fit the model well.

2In a saturated model, the number of observations is equal to the number of parameters.
The ME estimate of mean value µi is the observed value of Yi
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2.2.4 Hosmer-Lemeshow test
Pearson chi-squared goodness of fit test and deviance goodness of fit test are also
frequently used in logistic regression. But the deviance or Pearson chi-square
statistics do not have approximate chi-square distributions when the model has
continuous explanatory variables. Even if the explanatory variables are categori-
cal variables, both tests may have a restriction. Both tests require grouped data
(multiple observations with the same covariates patten) but not individual data.
We need to create groups for different covariates patten and then use these two
tests. But this may not work for too many different covariate patterns.

Hosmer and Lemeshow (1980) proposed a method that can be used with
individual data even if there are no common covariate patterns. It classifies ob-
servations into distinct groups based on their values of estimated probabilities.
They recommend that the data is classified into 10 groups. We can compute ex-
pected counts of successes (and failures) for each group by summing the predicted
values (and their complements), and compare these with observed values using
Pearson’s chi-squared statistic. The test statistics is

χ2
HL =

c∑
i=1

2∑
j=1

(Oij − Eij)2

Eij

where c is the number of groups. The test statistics approximately follow chi-
squared distribution with c-2 degrees of freedom when the sample size is large.

2.2.5 Wald Test
After we get a fitted model, we always want to check the significance of individual
regression coefficients. Sometimes, several regression coefficients corresponds to
the levels of a categorical variable. And not all of these regression coefficients are
significant. So we need to examine the significance of the explanatory variable as
a whole. We can use the Wald test to do them.

Test on a single coefficient
Suppose that for a given β0

j ∈ R, The parameter of the interest is usually 0. we
aim in testing

H0 : βj = β0
j

H1 : βj ̸= β0
j

The test statistic is

Z =
β̂j − β0

j

S.E(β̂j)
∼ N(0, 1) (2.8)

where β̂j is ML estimate of βj; S.E(β̂j) is the standard error of β̂j. If the related
p-value is smaller than 0.05, we reject the null hypothesis. The regression coeffi-
cient is significant.

Test on a vector of coefficients
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Suppose that for a given β0
j ∈ Rk, The parameter of the interest is usually 0. we

aim in testing

H0 : βj = β0
j

H1 : βj ̸= β0
j

The test statistic is

χ2 = (βj − β0
j )⊤ 1

φ
X⊤WX(βj − β0

j ) (2.9)

where β̂j is ML estimate of βj. The test statistics χ2 follow a chi-squared distri-
bution with k degrees of freedom. If the related p-value is smaller than 0.05, we
reject the null hypothesis. The vector of regression coefficients is significant. It
means that the the tested vector of coefficients as a whole is significant.
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3. Application to the Vehicle
Insurance
In this chapter, we will present how the hurdle models are applied in vehicle in-
surance. We will analyze the hurdle and the continuous component separately. In
each component analysis, we first choose the best fitted model among competing
models and then do the model diagnostics. Then, we will do some prediction
based on the fitted model. We will get two fitted models one for each process of
hurdle models. They together form the fitted hurdle model for our dataset.

Claim amounts of vehicle insurance policies can usually be fitted by hurdle
models. They typically have clumping at zero and a skewed distribution with
a heavy tail. We consider vehicle insurance data which is studied by Jong and
Heller (2008) and is available on the web page of their university.

3.1 Data Description
The analyzed dataset only contains one-year vehicle insurance policies taken out
in the year 2004 or 2005. It consists of 67 856 insurance policies. Each policy has
the following available variables:
claimcst0 : Claim amount. It is regarded as continuous variable with the

interval [0, 57 000]USD.

veh value : Vehicle value, in 10,000USD. It is a continuous variable.

exposure : 0-1. It is a continuous variable. It tells us that the probability of a
claim occurring is proportionally reduced at exposure by the time a policy
executed.

clm 1: Occurrence of a claim. It is a binary variable with two levels “no” or
“yes” are coded “0” or “1”.

veh body : Type of vehicle. The variable has thirteen levels corresponding to
different types of vehicle.

veh age 1: Age band of vehicle. It contains 4 bands of vehicle’s age. Level 1
indicates the newest vehicle, the next level and so on up to level 4 which
stands for the oldest vehicle.

gender : Gender of driver. It is a categorical variable containing two levels “F”
and “M”.

area : Driver’s area of residence. The variable has 6 levels: A - F.

agecat 1: Driver’s age category. It is a categorical variable. The variable has
six levels corresponding to different bands of driver’s age. Level 1 indicates
the youngest driver, the next level and so on up to level 6 which stands for
the oldest driver.

1The variables clm, veh age and agecat are coded numerical values. We have converted them
into factors.
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numclaims : Number of claims per one policy.

Here we assume all claims are reported and drivers are policyholders. We also
assume the drivers are policyholders.

After simply dealing with dataset, we find 4624 (6.8%) of these policies have
at least one claim. 63 232 (93.3%) of these policies don’t make any claims, that is
63 232 policies make 0 claim amount. Thus, hurdle models which governing two
statistical processes for the observations would be a good choice for our dataset.

Figure (3.1) is the density plot of positive claim amount. We can see the
right-skewed figure has a peak and then it immediately dramatically decreases
after that peak. The density plot is flat when the claim amount is greater than
10 000USD.
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Figure 3.1: Kernel density plot of positive claim amount

Table (3.1) gives us some important statistics of the positive claim amount.
The mode of the claim amount is 200USD. We imply that the peak in the Figure
(3.1) corresponds to 200USD claim amount. We can also see only 5%(231) of
positive claim amount is greater than 8124.66USD. It gives us a reason that the
distribution is very flat when claim amount is greater than 10 000USD in the
graph above. The mean of the positive claim amount is much greater than the
median of it. Thus, the distribution of the positive claim amount is right-skewed,
which is also obvious by above visualization plot.

min 1stquantile 3stquantile 95%quantile max
200 353.80 2091.4 8124.66 55922.10

mode median mean sd
200 761.60 2014.40 3548.91

Table 3.1: Descriptive statistics of positive claim amount

The continuous variable vehicle’s value has the minimum value 0USD. So
we don’t need to transform this variable to get a better interpretation of some
regression coefficients.
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3.2 Hurdle Component Analysis
When modeling a hurdle, the occurrence of a claim is the response variable. It
is a binary variable either coded “0” or “1”. The occurrence of a claim follows a
Bernoulli distribution with parameter pi ∈ (0, 1). There are two ways to estimate
pi. The first one is to get the empirical probability of it. It is the ratio of the
number of zero claim amount to the total number of observations in the dataset.
The other approach is to estimate pi by assuming it depends on explanatory
variables. A logistic regression (see the section 1.2.1) can be used here for data
modeling.

The empirical success probability p∗
i which is the probability of a claim occurs

is 4624/67 856 = 0.068, while assuming the occurrence of a claim for each policy
is of the same probability. 4624 out of 67 856 policies have a claim. However,
not each policy comes into force at the end of the year. Some of the policies
are canceled before the year’s end. The empirical success probability p∗

i (0.068)
is estimated by the time a policy executed. The parameter pi in the appropriate
logistic regression is considered over the entire period. Thus, we need to consider
the amount of exposure for each policy and use it to modify the parameter pi to
get the probability of a claim over the full year.

Let’s us define 0 < t ≤ 1 as the amount of exposure during the year. When t
= 1(full exposure), the policy is executed at the end of the year. A modified pdf
for the claim probability is

f(yi) = (tpi)yi(1 − tpi)1−yi , yi = 0, 1.

Defining p∗
i = tpi, we get the modified logit model:

ln p∗
i /t

1 − p∗
i /t

=⇒ pi = t
exp(x⊤

i β)
1 + exp(x⊤

i β)

Then we estimate pi by assuming it depends on explanatory variables. There
are six potential explanatory variables may be used in our model. they are vehicle
value, type of vehicle, age band of vehicle, gender of driver, driver’s area residence
and driver’s age category.

We start by considering a full additive model that includes all possible ex-
planatory variables. After fitting the data, we find not all regression coefficients
are statistically significant under Wald test. We perform likelihood ratio tests
comparing the reduced model without one explanatory variable to the full model
in turn. Only one test whose reduced model doesn’t include the gender of driver
gives a p-value (0.7909) much higher than prescribed significant level(5%). It
suggests us not to reject the null hypothesis that the reduced model is adequate.
Thus, we choose this reduced model (model 3.1) which excludes the gender of
driver. The formulated model 3.1 is

ln( p̂i

1 − p̂i

) = −1.41 − 0.05 ∗ veh value − 2.11 ∗ I(veh body=CONVT) + ...

− 0.45 ∗ I(agecat=6) (3.1)

After considering additive models, we try to add some interaction terms on
the fitted model 3.1. First, we consider the interaction terms are composed of two

28



categorical explanatory variables. Not each combination of any two categorical
explanatory variables is suitable. There are 0 cells in contingency table of many
combined explanatory variables. At the end, we find 3 two-way interaction groups
whose all combined levels of the factors have observations. They are age band of
a vehicle*driver’s area of residence, age band of a vehicle*driver’s age category
and driver’s area of residence*driver’s age category. The continuous explanatory
variable vehicle value can be interacted with any other categorical explanatory
variable in the model 3.1. In total, there are 7 two-way interaction terms groups.

For the interaction model, we start by considering a full model includes all
terms in the model 3.1 and all 7 two-way interaction terms groups. To simplify
this interaction model, we perform Wald test for each regression coefficient to
examine their statistical significance and find the regression coefficient with the
highest p-value. We then perform the likelihood ratio test without and with this
term. If such term appears in one level from a categorical predictor or from a
interaction terms group, we remove the corresponding whole categorical predictor
or the interaction terms group. After fitting this interaction model, we find the
interaction term, residence area C* 3rd level of driver’s age category, has the
highest p-value (0.9892). We drop the interaction terms group containing all
levels of residence area* driver’s age category and use the likelihood ratio test
to compare two models without and with dropping this interaction terms group.
p-value of the test is 0.5178 which is greater than 0.05. Thus, we do not reject
the smaller model which reduces the interaction terms group . We repeat the
procedure above. Then we get a reduced model as follows

ln( p̂i

1 − p̂i

) = − 0.33 + ... + 0.05 ∗ I(veh age=2) + ... + 0.15 ∗ I(area=B)...

+ 0.04 ∗ I(veh age=2)value + ... − 0.14 ∗ I(veh age=4)I(area=F)

In this model, the regression coefficient with the largest p-value over 0.05
appears in the categorical predictor residence area. It doesn’t make sense to per-
form the likelihood ratio test without and with the predictor residence area. Both
models are the same, because the model has some interaction terms interacted
with residence area. Thus, in this step we look for the term with the 2nd largest
p-value over 0.05. We continue to repeat previous procedures and get the fitted
model 3.2, which is composed of all terms in the model 3.1 and the interaction
terms group vehicle’s value*vehicle’s age band. The formulated model 3.2 is

ln( p̂i

1 − p̂i

) = −1.31 + 0.01 ∗ value − 2.19 ∗ I(veh body=CONVT) + ...

− 0.45 ∗ I(agecat=6) + ... + 0.19 ∗ I(veh age=4)value (3.2)

The quadratic model 3.3 is got based on the model 3.2. At first, we perform a
sub-model testing for two models without and with the quadratic term. p-value
of the test is smaller than 0.0001. The quadratic term is significant. We do the
same procedures as before that is performing the Wald test for each regression
coefficient to get related p-value and do sub-model comparing on the models with
and without removing the explanatory variable or the interaction terms group
containing a regression coefficient with the largest p-value over 0.05. And then

29



we repeat the procedure until all explanatory variables and interaction terms are
significant. Finally, we get the model 3.3, which is composed of all terms in the
model 3.1 and one quadratic term for vehicle’s value.

ln( p̂i

1 − p̂i

) = −1.81 + 0.30 ∗ veh value − 0.03 ∗ veh value2−

1.65 ∗ I(veh body=CONVT) + ... − 0.45 ∗ I(agecat=6) (3.3)

So, we get three models which are model 3.1, 3.2 and 3.3. We see all of them
have a continuous predictor which is vehicle’s value. The model 3.1 is nested
within the model 3.2 and also nested within the model 3.3. The model 3.2 and
3.3 are nonnested models. We use two likelihood ratio tests to compare the model
3.1 to the model 3.2 and 3.3 respectively. The tested results are shown in the
table 3.2. The second column are the estimated log-likelihoods for each model
(See the equation 1.1). The third column is changed degrees of freedom compared
to the model 3.1. The test statistic is 15.948 when comparing the model 3.1 to
3.2. The related p-value is 0.0012. Therefore, we reject the null hypothesis that
model 3.1 is consistent with the data in favor of the alternative hypothesis that
model 3.2 is consistent with the data. The test statistic is 29.757 when comparing
the model 3.1 to 3.3. The related p-value is smaller than 0.0001. Therefore, we
would choose the model 3.3 rather than model 3.1. Now we need to compare the
model 3.2 to 3.3. When comparing the nonnested models 3.2 and 3.3, we use
AIC. AIC for the model 3.2 is 33652 and it is 33635 for the model 3.3. Because
the lower AIC is preferred, we choose the model 3.3 instead of the model 3.2.

LogLik Df Chisq Pr(>Chisq)
Model 3.1 -16804
Model 3.2 -16796 3 15.948 0.0012
Model 3.3 -16789 1 29.757 <0.0001

Table 3.2: Scaled deviance and AIC of the candidate models

3.2.1 Model Diagnostics
After fitting a logistic regression model 3.3 and prior to drawing inferences from
it, it is necessary to assess the overall fit of the model. Many diagnostic plots
can be drawn to check model fitting. Pearson residuals and deviance residuals
are frequently used for diagnostic analysis of logistic regressions.

Figure 3.2 is the scatter plot of the Pearson residuals. We can see there are
two clouds of points. Based on the formula 2.4, Pearson residuals for the logistic
regression are derived as follows

rP
i =

⎧⎨⎩
√

wi

√
1−p̂i

p̂i
Yi = 1

−√
wi

√
p̂i

1−p̂i
Yi = 0

where p̂i = exp(x⊤
i β̂)

1+exp(x⊤
i β̂) .
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Figure 3.2: Pearson residuals of the model 3.3

When the Pearson residuals plotted, they appear two separated clouds in the
figure. One of the clouds is for the occurrence of a claim that is for Yi = 1, the
other is for the absence of a claim that is for Yi = 0. The Person residuals’ cloud
for the occurrence of a claim is greater than 2. We need to have a closer look at
those observations. Therefore, when analyzing logistic regression, it is better to
reply on statistical tests and confidence interval.

In previous section, we perform Wald test for each regression coefficient. How-
ever, not all levels of each categorical predictor are significant in the model 3.3.
It is necessary to perform a test which tests an overall effect of one predictor.
We choose Wald test which can test a vector of coefficients. The related p-values
for each Wald test are smaller 0.05. They indicate that the overall effect of all
predictors are statistically significant.

Because of the existence of continuous predictor, we can’t use Pearson chi-
square and deviance goodness-of-fit tests for our fitted model 3.3. We use Hosmer-
Lemeshow test here. We classify the values of estimated probabilities into 10
groups and then perform a Hosmer-Lemeshow test. The test statistic is 7.552
and related p-value is 0.4783. So we do not reject the null hypothesis that the
observed and expected proportions are the same. We decide to use the model
3.3.

Table 3.3 shows the estimated coefficients, Wald z statistics, the related p-
values2 and 95% confidence intervals for the fitted model 3.3. These estimated
coefficients(β̂) are estimated by IWLS algorithm based on ML estimation (See
section 1.2.1).

β̂0 is the estimated coefficient for the intercept. It tells us the log odds of
occurrence of a claim is -1.8 for a youngest driver who lives in residence area A
driving the newest bus which has 0 value. It is not meaningful in the realistic life.
Because the newest vehicle has the high value in common sense. The odds-ratio
is got by exponentiating the log odds. It is e−1.8.

Every 10,000 USD (one unit) change in vehicle’s value, the log odds of occur-
rence of a claim (versus non-admission) increases by β̂1 + β̂2(2 ∗ vehicle value + 1)
that is 0.3-0.03(2*vehicle value+1).

Regression coefficients for the categorical explanatory variables have the sim-
ilar interpretation. β̂i, i = 3, ..., 14 is the estimated coefficient for ith type of

2p-values which are greater than 0.05 are marked with an asterisk.

31



vehicles. Driving a corresponding type of vehicle, versus driving a bus, the log
odds of occurrence of a claim changes by β̂i, i = 3, ..., 14 when other conditions
don’t change. β̂i, i = 15, 16, 17 is the estimated coefficient for the ith age band
of a vehicle. Comparing to the newest vehicles, the log odds of occurrence of a
claim for the vehicle’s age at the ith age band changes by β̂i, i = 15, 16, 17 when
other conditions don’t change. β̂i, i = 18, ..., 22 is the estimated coefficient for
the residence area B,...,F respectively. Living in the corresponding residence area
compared to living in the residence area A when other conditions don’t change,
the log odds of occurrence of a claim changes by β̂i, i = 18, ..., 22. β̂i, i = 23, ..., 27
is the estimated coefficient for the ith age group of a driver. Comparing to the
youngest drivers, the log odds of occurrence of a claim for the driver’s age at the
ith age group changes by β̂i, i = 23, ..., 27 when other conditions don’t change.

Estimate z value Pr(>|z|) 2.5 % 97.5 %
β0 (Intercept) -1.8076 -4.63 <0.0001* -2.5721 -1.0431
β1 veh value 0.3033 5.52 <0.0001* 0.1955 0.4111
β2 I(veh valueˆ2) -0.0322 -4.43 <0.0001* -0.0465 -0.0180
β3 CONVT -1.6454 -2.33 0.0197* -3.0288 -0.2621
β4 COUPE -0.8422 -2.14 0.0325* -1.6141 -0.0703
β5 HBACK -1.0509 -2.80 0.0050* -1.7853 -0.3165
β6 HDTOP -1.0080 -2.63 0.0086* -1.7599 -0.2560
β7 MCARA -0.6545 -1.39 0.1633 -1.5746 0.2656
β8 MIBUS -1.3283 -3.28 0.0010* -2.1220 -0.5346
β9 PANVN -0.9222 -2.33 0.0197* -1.6975 -0.1469
β10 RDSTR -1.1961 -1.45 0.1477 -2.8153 0.4231
β11 SEDAN -1.0841 -2.90 0.0037* -1.8169 -0.3513
β12 STNWG -1.1801 -3.15 0.0016* -1.9132 -0.4469
β13 TRUCK -1.1913 -3.10 0.0019* -1.9445 -0.4380
β14 UTE -1.3793 -3.65 0.0003* -2.1199 -0.6387
β15 veh age2 0.1696 3.54 0.0004* 0.0757 0.2634
β16 veh age3 0.1491 2.76 0.0058* 0.0432 0.2550
β17 veh age4 0.2015 2.85 0.0044* 0.0628 0.3403
β18 areaB 0.0993 2.16 0.0309* 0.0091 0.1894
β19 areaC 0.0390 0.93 0.3520 -0.0431 0.1211
β20 areaD -0.0892 -1.58 0.1145 -0.2000 0.0216
β21 areaE -0.0198 -0.32 0.7499 -0.1416 0.1020
β22 areaF 0.0847 1.18 0.2393 -0.0564 0.2259
β23 agecat2 -0.2044 -3.50 0.0005* -0.3189 -0.0900
β24 agecat3 -0.2288 -4.02 0.0001* -0.3403 -0.1172
β25 agecat4 -0.2580 -4.54 <0.0001* -0.3692 -0.1467
β26 agecat5 -0.4494 -7.11 <0.0001* -0.3692 -0.1467
β27 agecat6 -0.4494 -6.22 <0.0001* -0.5912 -0.3077

Table 3.3: Related statistics of regression coefficients of the fitted model 3.3

Table 3.4 presents the observed information matrix of the model 3.3. It is
actually −H(β) which is J11 in all hurdle models. It is a 28 × 28 matrix in the
model 3.3.
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Intercept. veh value veh value2 CONVT · · · agecat6
(Intercept) 4296.66 7956.79 20495.54 2.86 · · · 344.23

veh value 7956.79 20495.54 70315.91 15.97 · · · 538.65
veh value2 20495.54 70315.91 307171.10 112.82 · · · 1173.63

CONVT 2.86 15.97 112.82 2.86 · · · 0.00
COUPE 61.85 118.91 421.49 0.00 · · · 1.43
HBACK 1177.22 1458.93 2119.54 0.00 · · · 106.57
HDTOP 119.02 251.18 620.06 0.00 · · · 5.35
MCARA 12.39 35.28 124.11 0.00 · · · 1.98

MIBUS 40.36 72.26 150.59 0.00 · · · 0.81
PANVN 56.71 88.77 175.51 0.00 · · · 2.29
RDSTR 1.85 8.73 45.73 0.00 · · · 0.05
SEDAN 1375.18 2119.39 4303.01 0.00 · · · 162.83

STNWG 1085.88 3014.39 10351.88 0.00 · · · 51.09
TRUCK 111.40 256.79 741.54 0.00 · · · 3.63

UTE 244.72 502.78 1290.51 0.00 · · · 7.97
veh age2 1160.70 2619.96 7226.48 0.59 · · · 94.82
veh age3 1266.25 2096.40 4328.74 1.32 · · · 93.72
veh age4 1101.92 1092.62 1428.00 0.59 · · · 96.61

areaB 892.91 1534.81 3661.09 0.63 · · · 70.56
areaC 1311.61 2280.87 5511.58 0.63 · · · 103.40
areaD 464.80 910.53 2438.43 0.09 · · · 45.59
areaE 359.81 748.18 2091.30 0.14 · · · 32.18
areaF 257.28 635.49 1956.26 0.05 · · · 3.58

agecat2 863.02 1643.30 4233.75 0.65 · · · 0.00
agecat3 1032.50 1997.06 5326.79 0.26 · · · 0.00
agecat4 1026.91 1859.07 4730.41 0.95 · · · 0.00
agecat5 577.95 1083.01 2883.80 0.47 · · · 0.00
agecat6 344.23 538.65 1173.63 0.00 · · · 344.23

Table 3.4: The observed information matrix in the model 3.3

3.2.2 Prediction
Figure 3.3, 3.4, 3.5 are three prediction graphs based on vehicle’s type, vehicle’s
age band and residence area of a driver respectively while holding vehicle value at
its mean. From Figure 3.3, we see that the probability of the occurrence of a claim
for buses are much higher than other types of vehicles. It indicates that buses
are more frequent to incur an accident. In contrast with other types of vehicles,
convertible cars have the lowest probability to make a claim. From Figure 3.4, we
see that the youngest driver are easier to make a claim for each vehicle’s age band.
From Figure 3.5, we also see that youngest driver are easier to make a claim at
each residence area. In general, we conclude that the youngest driver are easier
to make a claim no matter where they live and no matter what the vehicle’s age
band is. And buses are more frequent to have an accidents compared other types
of vehicle.

33



0.05

0.10

0.15

0.20

0.25

BUS CONVT COUPE HBACK HDTOP MCARA MIBUS PANVN RDSTR SEDAN STNWG TRUCK UTE

Vehicle's type

Pre
dic

ted
 pr

ob
ab

ility

factor(agecat)

1

2

3

4

5

6

Figure 3.3: Predicted probability based on vehicle’s type and driver’s age category
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Figure 3.4: Predicted probability based on vehicle’s age band and driver’s age
category

3.3 Continuous Component Analysis
For the analysis of the continuous component, we model positive claim amount.
According to the shape of kernel density plot of positive claim amount (Figure
(3.1)), we will apply log-normal, Gamma, and inverse Gaussian regressions to
the vehicle dataset which includes only observations with positive claim amount.
Recall from the the data description section (Section 3.1), we have 4624 policies
with at least a claim.

3.3.1 Log-normal Regression
If the response outcomes follow a log-normal distribution, we can’t use glm() in R
because log-normal distribution is not from exponential dispersion family (EDF).
Normal distribution is from EDF. We can transform the response which is log-

34



0.05

0.10

0.15

0.20

0.25

A B C D E F

Residence area

Pre
dic

ted
 pr

ob
ab

ility

factor(agecat)

1

2

3

4

5

6

Figure 3.5: Predicted probability based on driver’s residence area and age cate-
gory

normal distributed into the log of it. Then the transformed response outcomes
are normally distributed. In this situation, we can use glm() with specifying the
normal family. In the case of our data, we need to transform the positive claim
amount. We should realize that the number of claims per policy is the weight
argument in our data. Since it is natural to assume that a policy with more
claims weighs more when modeling claim amount.

As with the hurdle component analysis, We start by considering a full additive
model that includes all possible explanatory variables. After fitting the data, we
find not all regression coefficients are statistically significant under Wald test. We
use likelihood ratio tests comparing the reduced model without one explanatory
variable to the full model in turn. The explanatory variables vehicle value and
type of vehicle are statistically insignificant. We get a additive model with sig-
nificant explanatory variables driver’s gender, driver’s residence area and driver’s
age category.

Then we add all interaction terms. Any two-way interactions based on these
three significant explanatory variables is suitable. All combined levels of interac-
tion terms have no missing observations in their contingency table. We perform
the likelihood ratio tests to test the significance of each two-way interaction terms
group in turn against the full model. Finally, we find the fit of the additive model
isn’t improved after adding interaction terms. Thus, we decide to the additive
model.

The formulated additive model after application log-normal regression is

E[ln(Yi|Yi > 0)] =6.98 + 0.09 ∗ I(gender=M) − 0.03 ∗ (I(area=B)) + ...

− 0.18 ∗ I(agecat=2) + ... − 0.19 ∗ I(agecat=6)

where Yi is the claim amount.

Model diagnostics

Figure 3.6 shows Pearson residuals and deviance residual plots. We can see that

35



both plots have almost the same shape. The residuals ”bounce randomly” around
the 0 line. This suggests that linear relationship between mean value of log posi-
tive claim amount and the significance of explanatory variables is reasonable. We
see that most residuals locates on basic random pattern (on (-2, 2)). But there
are still many positive residuals greater than 2. They are many outliers. The
mean of the residual is -0.03. The model seems like lack of fit.

The visualization of Figure 3.7 also demonstrates that the model doesn’t fit
the data well. The x-axis is the fitted log positive claim amount and the y-axis
is the observed log positive claim amount. Ideally, all our points should be close
to the black line. Observed values are equal to predicted values for the points
on the black line. It is not the truth in this graph. In this graph, the prediction
was mostly underestimating the log of observed claim amount. So the log-normal
regression provides a bad fit for the positive claim amount data. To make it clear,
we use statistical tests to examine model diagnostics.

The deviance goodness of fit test is suitable here. Because we have only
three categorical explanatory variables and no continuous ones in the model.
And those predictors form 71 different covariate patterns with 4624 observations.
The number of covariate patterns is not large for 4624 observations. The scaled
deviance is 6907.6 on 4612 degrees of freedom. The related p-value is 0. Thus, we
have strong evidence to reject null hypothesis that our fitted model is correctly
specified. AIC of the model is 14784. It also indicates that the log-normal doesn’t
fit the positive claim amount well. So the log-normal regression is not a good
choice to model positive claim amount in our data.
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Figure 3.6: Pearson and deviance residuals under log-normal regression

3.3.2 Gamma Regression
Since the distribution of positive claim amount is right-skewed, gamma regression
is also one of possibilities. We use the glm() in R with specified gamma family
and log link. As with the log-normal regression, we use the number of claims per
one policy as the weight argument.

The canonical link for the gamma distribution is the inverse link. But, It is
difficult to interpret the parameters with inverse link. We will use the log link
here instead of inverse link.
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Figure 3.7: Observed vs fitted values under log-normal regression

After fitting a gamma response, we get a model with significant explanatory
variables driver’s gender, driver’s residence area and driver’s age category without
interaction terms as in log-normal response.

The formulated additive model after application gamma regression is

log(E[(Yi|Yi > 0)]) =7.76 + 0.17 ∗ I(gender=M) − 0.03 ∗ (I(area=B)) + ...

− 0.19 ∗ I(agecat=2) + ... − 0.32 ∗ I(agecat=6)

where Yi is the claim amount.

Model diagnostics

Figure 3.8 show Pearson residual plot. We see that most residuals are around
zero. So, there is a linear relationship between the log of mean positive claim
amount and explanatory variables. But, there are many positive outliers. The
visualization of Figure 3.9 also demonstrates that the model doesn’t fit the data
well. The x-axis is the fitted positive claim amount and the y-axis is the observed
claim amount. We see all points are not close to the black line. In this graph,
the prediction mostly underestimates the observed claim amount. So the gamma
regression with a log link also provides a bad fit for the positive claim amount
data. We use the goodness-of-fit test to check the overall performance of the
fitted model.

For the same reasons as in the log-normal regression, the deviance goodness-of-
fit test is suitable here. The scaled deviance is 7558.0 on 4612 degrees of freedom.
The related p-value is 0. We have strong evidence to reject that hypothesis that
our fitted model is correctly specified. AIC of the model is 85079. Fitting a
gamma response with log link is worse compared to fitting a log-normal response
if we only look at these two statistics. We also fit a gamma response with inverse
link. The scale deviance is 7551.7 on 4612 degrees of freedom and AIC is 85074.
It only gives a slightly better fit compared to the model with log link. But the
deviance goodness-of-fit test still gives a 0 p-value with inverse link.
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Figure 3.8: Pearson residuals under gamma regression
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Figure 3.9: Observed vs fitted values under gamma regression

3.3.3 Inverse Gaussian Regression
Inverse Gaussian regression is also one of possibilities. We use the glm() in R with
specified inverse Gaussian family and log link. As with the log-normal regression
and gamma regression, we use the number of claims per one policy as the weight
argument.

After fitting a inverse Gaussian response, we get a model with significant ex-
planatory variables driver’s gender, driver’s residence area and driver’s age cate-
gory without interaction terms as in log-normal response and gamma response.

The formulated additive model 3.4 after application inverse Gaussian regres-
sion is

log(E[(Yi|Yi > 0)]) =7.75 + 0.16 ∗ I(gender=M) − 0.03 ∗ I(area=B) + ...

− 0.17 ∗ I(agecat=2) + ... − 0.32 ∗ I(agecat=6) (3.4)
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We can rewritten the model 3.4 as

E[(Yi|Yi > 0)] = e7.75+0.16∗I(gender=M)−0.03∗I(area=B)−0.17∗I(agecat=2)+...−0.32∗I(agecat=6)

where Yi is the claim amount.

Model diagnostics

Figure 3.10 is the Pearson residual plot for the model. We see that most residuals
are around zero. So the log of expected positive claim amount can be modeled by
linear regression depending on our significant explanatory variables. We also see
many positive outliers. But the absolute values of the outliers are very small. All
residuals locates on the interval (-0.03,0.609). It indicates that our fitted model
3.4 is good.

Figure 3.11 is the observed vs fitted values plot. It seems that the model is
not a good fit. We see that claim amount which is smaller than 4000 are well
estimated. But higher claim amounts are underestimated by the model. So it is
necessary to use statistical test to see the performance of the fitted model 3.4.

For the same reasons mentioned in log-normal and gamma regression, the
deviance goodness-of-fit test is suitable here. The scaled deviance of the model is
6.5192 on 4612 degrees of freedom. The scaled deviance is the smallest compared
to log-normal regression and gamma regression. The related p-value 1. We have
strong evidence not to reject that hypothesis that our fitted model is correctly
specified. It suggests that our fitted inverse Gaussian regression is a good fit.
When we look at the summary() output of the model 3.4, we find that null model
has also a very small scaled deviance which is 6.5853. We perform a chi-squared
test on the deviance difference with degrees of freedom difference between two
models. The related p-value is 1. So we do not reject the null hypothesis that
the fitted model 3.4 is no better (in terms of likelihood) than the intercept only
model. Here, it is same to test β0

j = 011×1 in our data where β0
j is composed

of all regression coefficients except β0 (See Wald test in the section 2.2.5). It
seems that we need to use intercept only model. But we think we have quite
reasonable predictors and we therefore think that we should not remove any of
these predictors. Finally, we decide to use the model 3.4.

Table 3.5 is the related statistics of regression coefficients of inverse Gaussian
model. It shows the estimated coefficients, Wald t statistics, the related p-values
and 95% confidence intervals for the fitted model 3.4. β̂0 is the estimated coeffi-
cient for the intercept. It tells us that the log of expected positive claim amount
is 7.75 for a youngest female driver living in residence area A. A better interpre-
tation is that expected positive claim amount is e7.75 for a youngest female driver
living in residence area A. β̂1 is the estimated coefficient for a male driver. It tells
that the expected positive claim amount increases by a factor of e0.16 compare
to it is for a youngest female driver when they live in the same residence area.
β̂i, i = 2, ..., 6 is the estimated coefficient for residence area B,...,F respectively.
Living in the corresponding residence area compared to living in the residence
area A when other conditions don’t change, the expected positive claim amount
changes by a factor of eβ̂i , i = 2, ..., 6. β̂i, i = 7, ..., 11 is the estimated coefficient
for the ith age group of a driver. Comparing to the youngest drivers, the expected
positive claim amount for the driver’s age at the ith age group changes by a factor
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Figure 3.10: Pearson residuals under inverse Gaussian regression
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Figure 3.11: Observed vs fitted values under inverse Gaussian regression

of eβ̂i , i = 7, ..., 11 when they live in the same residence area and have the same
gender.

The Observed Information

Table 3.6 shows the observed information matrix in the model 3.4. It is actually
composed of 4 blocks from the observed information matrix in the IGHM.(

J22 J23
J32 J33

)
12×12

Table 3.4, this table and some zero values together form the observed information
matrix in the IGHM. J12 = 028×1, J13 = 0, J21 = 01×28, J31 = 0

Prediction
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Estimate t value Pr(>|t|) 2.5% 97.5 %
β0 (Intercept) 7.7494 81.00 <0.0001* 7.5619 7.9369
β1 genderM 0.1576 3.17 0.0015* 0.0603 0.2550
β2 areaB -0.0289 -0.41 0.6818 -0.1673 0.1094
β3 areaC 0.0524 0.80 0.4241 -0.0761 0.1808
β4 areaD 0.0062 0.07 0.9431 -0.1647 0.1771
β5 areaE 0.1376 1.37 0.1696 0.0587 0.3339
β6 areaF 0.3517 2.81 0.0050* 0.1062 0.5972
β7 agecat2 -0.1682 -1.67 0.0947 -0.3655 0.0290
β8 agecat3 -0.2456 -2.53 0.0114* -0.4358 -0.0554
β9 agecat4 -0.2680 -2.77 0.0056* -0.4575 -0.0784
β10 agecat5 -0.3890 -3.73 0.0002* -0.5931 -0.1848
β11 agecat6 -0.3210 -2.73 0.0064* -0.5514 -0.0906

Table 3.5: Related statistic of regression coefficients of inverse Gaussian model

Intercept. genderM areaB areaC · · · agecat6
(Intercept) 1717.12 669.32 379.53 514.35 · · · 147.79

genderM 669.32 669.32 154.29 194.37 · · · 68.97
areaB 379.53 154.29 379.53 0.00 · · · 32.15
areaC 514.35 194.37 0.00 514.35 · · · 44.20
areaD 190.94 68.91 0.00 0.00 · · · 19.89
areaE 130.16 52.13 0.00 0.00 · · · 10.52
areaF 75.68 29.18 0.00 0.00 · · · 0.88

agecat2 321.56 123.08 75.91 82.33 · · · 0.00
agecat3 417.19 143.25 91.19 120.57 · · · 0.00
agecat4 426.60 162.94 92.26 143.67 · · · 0.00
agecat5 261.12 113.77 57.77 77.67 · · · 0.00
agecat6 147.79 68.97 32.15 44.20 · · · 147.79

Table 3.6: The observed information matrix in the model 3.4

Figure 3.12 shows predicted claim amount under the fitted model 3.4. From
this graph we can imply that the claim amount by male drivers is higher than it
is by female drivers when they are at the same age category and live in a same
residence area. The policyholders at the same age category living in the residence
area B have the lowest claim amount compared to those living in other residence
area. It is same for female and male policyholders. The youngest drivers living
in the same residence area, no matter men or women, make the highest claim
amount compared to elder drivers. By contrast, the policyholders at the second
highest age category make the lowest claim amount compared to those at other
age category if they live in the same residence area.
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Figure 3.12: Predicted claim amount under inverse Gaussian regression
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Conclusion
The objective of this thesis was to talk about hurdle models with semi-continuous
data besides with count data and to illustrate an application of hurdle models to
semi-continuous data in non-life insurance.

We’ve discussed LNHMs, GHMs, IGHMs and WHMs for semi-continuous
data. For every hurdle model modeling semi-continuous data, we separately mod-
eled a hurdle component and a continuous component. We used logistic regression
to model a hurdle component. The parametrization of a hurdle component is the
same if we apply various hurdle models to same dataset. The parametrization
of a continuous component is quite different for various hurdle models. Because
positive response outcomes are modeled by different regressions. In LNHMs, we
log-transformed the response outcomes and then used the regression model to
parametrize the transformed positive response outcomes. In GHMs, IGHMs and
WHMs, we used corresponding regression with a logarithmic link to parametrize
positive response outcomes. For both components, we used ML estimation to get
the estimated parameters. We also discussed observed information matrices of
various hurdle models.

After the discussion of various hurdle models, we talked about how to dis-
criminate competing models and model diagnostic for a fitted model. The com-
monly used goodness-of-fit tests in GLMs have some restrictions. One of them is
that they can’t been performed to measure a model with continuous predictors.
Hosmer-Lemeshow test may be a choice to overall measure overall performance
of a model with continuous predictors.

We applied hurdle models to our vehicle data and got two fitted model for
each component. The model 3.3 is for the hurdle component and the model 3.4
is for the continuous component in our data. Based the model 3.3, we predicted
the probability of the occurrence of a claim. Given the prediction, we would like
to suggest insurance companies to ask the highest premium for a bus insurance
policy compared to other vehicle insurance policies. The premium should be
higher for a youngest policyholder compared to it is for a policyholder at other
age categories. By contrast, we suggested insurance companies to ask the lowest
premium for a convertible car insurance policy. The premium should be also
higher for a youngest policyholder compared to it is for a policyholder at other
age categories. We predicted positive claim amount based on the model 3.4.
Given the prediction, we advised insurance companies to set higher premium for
male drivers than female drivers. If drivers were at the youngest age category, the
premium should be higher. If drivers lived in the residence area F, the premium
should be also higher. So youngest male drivers living in residence area F should
pay the highest premium. By contrast, female drivers who were at the 2nd highest
age category and lived in residence area B should pay the lowest premium.

The future development of the thesis could focus on a mechanism which sets
the accurate premium and premium reserving. The prediction just gives a general
idea on premium setting in the thesis.
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Appendix
Library("ggplot2")
Library("xtable")
library("lmtest")

Car <- read.table("E:/Thesis/car.csv", header = TRUE, sep = ",")
###some variable should be transformed to categorical variables.
Car <- within(Car, {

veh_age <- factor(veh_age)
agecat <- factor(agecat)

})
#### data only contains positive claim amount
Car0<- Car[Car$claimcst0!=0,]
quantile(Car0$claimcst0, probs = seq(0, 1, 0.05))
mean(Car0$claimcst0)
sd(Car0$claimcst0)
Mode <- function(Car0$claimcst0) {

ux <- unique(Car0$claimcst0)
ux[which.max(tabulate(match(Car0$claimcst0, ux)))]

}
plot(density(Car0$claimcst0), xlab="Claim amout",main = NA)

##Logistic Part
###model 3.1
summary(add<-glm(clm ˜ veh_value+veh_body+veh_age+
agecat+area, data = Car, family = "binomial"))
###model 3.2
summary(inter<-glm(clm ˜ veh_value+veh_body+veh_age+
agecat+area+veh_value*veh_age, data = Car, family = "binomial"))
###model 3.3
summary(logistic<-glm(clm ˜ veh_value+I(veh_valueˆ2)+
veh_body+veh_age+area+agecat, data = Car, family = "binomial"))
lrtest(add,logistic)
lrtest(add,inter)
plot(residuals(logistic,"pearson"),ylab="Pearson residuals",cex.lab=1.6)
####group the estimated probability into 10 groups, use Hosmer-lemeshow test
fi1=fitted(logistic)
fi1c=cut(fi1,br=c(0,quantile(fi1,p=seq(.1,.9,.1)),1))
table(fi1c)
fi1c=cut(fi1,br=c(0,quantile(fi1,p=seq(.1,.9,.1)),1),labels=F)
table(fi1c)
E=matrix(0,nrow=10,ncol=2)
O=matrix(0,nrow=10,ncol=2)
for(j in 1:10){

E[j,2]=sum(fi1[fi1c==j])
E[j,1]=sum((1-fi1)[fi1c==j])
O[j,2]=sum(Car$clm[fi1c==j])
O[j,1]=sum((1-Car$clm)[fi1c==j]) }

sum((O-E)ˆ2/E)
1-pchisq(sum((O-E)ˆ2/E),8)

####prediction
plot(predict(logistic, data = Car, type = "response"))

area<-c("A","B","C","D","E","F")
veh_value<-mean(Car$veh_value)
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veh_body<-c("BUS" , "CONVT", "COUPE" ,"HBACK", "HDTOP", "MCARA", "MIBUS"
,"PANVN", "RDSTR" ,"SEDAN", "STNWG" ,"TRUCK" ,"UTE")

newdata1 <- expand.grid(veh_value,veh_body, factor(1:4), area, 1:6)
colnames(newdata1) <- c("veh_value","veh_body","veh_age","area", "agecat")
newdata1 <- cbind(newdata1, rep(dim(newdata1)[1]))
newdata1 <- within(newdata1, {

area <- factor(area)
agecat <- factor(agecat)
gender <-factor(gender)
veh_body<-factor(veh_body)

})
newdata1$phat<- predict(logistic, newdata = newdata1, type = "response")

ggplot(newdata1, aes(x = area, y = phat, colour = factor(agecat))) +
geom_point(size = 6) + labs(x = "Residence area", y = "Predicted probability")
ggplot(newdata1, aes(x = veh_body, y = phat, colour = factor(agecat))) +
geom_point(size = 6) + labs(x = "Vehicle’s type", y = "Predicted probability")
ggplot(newdata1, aes(x = veh_age, y = phat, colour = factor(agecat))) +
geom_point(size = 6) + labs(x = "Vehicle’s age band",
y = "Predicted probability")
#The observed information matrix
round(solve(vcov(logistic)),4)

## Positive claim amount
summary(igseverity <- glm(claimcst0 ˜ gender+area+agecat, data = Car0,
family = inverse.gaussian("log"), weights = numclaims))
plot(residuals(igseverity,"pearson"),xlab="observation number",
ylab="Pearson residuals",cex.lab=1.6)
plot(fitted(igseverity),Car0$claimcst0,xlab="fitted",
ylab="observed",cex.lab=1.5)

round(solve(vcov(igseverity)),4)
##prediction
gender<-c("F","M")
area<-c("A","B","C","D","E","F")
newdata1 <- expand.grid(gender,area, 1:6)
colnames(newdata1) <- c("gender","area", "agecat")
newdata1 <- cbind(newdata1, rep(dim(newdata1)[1]))
newdata1 <- within(newdata1, {

area <- factor(area)
agecat <- factor(agecat)
gender <-factor(gender)

})
newdata1$phat <- predict(igseverity, newdata1,type="response")

ggplot(newdata1, aes(x = area, y = phat, colour = factor(agecat))) +
geom_point(size = 6) +
facet_wrap(˜gender) + labs(x = "area", y = "Predicted claim amount")
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