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Introduction
This thesis started with investigation of the higher symmetries of the Laplacian
[Eas05; Tuč11]. These are differential operators on Rn that preserve the space
of harmonic functions and one can construct them using the so called ambient
construction. The explicit construction of invariant operators is in general difficult
problem. For parabolic geometries (of which is the conformal geometry prominent
example) this is equivalent to finding homomorphism of parabolic Verma modules.
These homoromphisms are in turn completely determined by so called singular
vectors. Recently there has been new development which uses isomorphism of
parabolic Verma modules with differential operators with constant coefficients
where the action of the Lie algebra in question is rather complicated [KT17]
but which is rather straightforward to calculate for the so called |1|-graded
parabolic geometries [Kob+15]. One can then apply algebraic Fourier transform
to reinterpret the set of singular vectors as polynomial solutions of system of
PDEs with polynomial coefficients. Since these PDEs come from the Lie algebra
action one can use representation theory to considerably simplify this problem.
This joint work with Libor Křižka is presented in the section 2.4.1.

Not all these invariant differential operators are natural. Meaning that not all
invariant operators acting between sections of associated bundles over the homoge-
neous spaces G/P admit curved analogues which would act on sections of bundles
associated to a Cartan geometry modeled on the pair (G,P ). The counterexample
is a conformally invariant power of the Laplace operator [Gra92; GH04]. There
is however a big class of operators that always admits curved analogues and
moreover with quite favourable properties. For each finite-dimensional irreducible
representation of g there is a sequence of such operators which even form a complex
in the flat case. This is the famous resolution of Bernstein, Gelfand and Gelfand
[BGG75]. The existence of curved analogues was proved in [ČSS01] and this
construction was simplified in [CD01]. Among these so called BGG operators are
various interesting ‘geometric’ operators whose kernels give e.g. projective Killing
tensor fields or conformal Killing spinors. All these operators have the property
that the dimension of their solution space is bounded above by the dimension
of the so called tractor bundle associated to the representation one has started
with. In other words, these operators are all overdetermined as this property
holds even locally and thus for any small subset of the manifold the dimension of
solution space is finite-dimensional. Thus if one wants to obtain operators such as
conformally invariant modification of the Laplace operator, one has to consider
infinite-dimensional representations. Moreover, the article [STV06] shows that
in all cases the operator is determined by the nilpotent cohomology as in the
finite dimensional case. It turns out that the construction of [CD01] with little
modification goes through also for a certain infinite-dimensional representation.
Basically the same proof works for any unitarizable module of highest weight. For
details we refer to [Tuč12] which is contained in the appendix C. These modules
occur only for so called Hermitian symmetric spaces which are recalled in chapter
2. There are five classical series of such spaces and two exceptional ones. Thus one
is lead to investigate the nilpotent cohomology of this class of modules. This is
investigated in chapter 3. In contrast with the finite-dimensional representations
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where the structure of the cohomology for abelian nilradical is much simpler than
for nilradical of a general parabolic subalgebra, the cohomology of unitarizable
highest weight modules contains considerable combinatorial obstacle. Namely,
one has to consider intersection of the cone(s) of unitarizable weights with the
cones given by root hyperplanes. This can get pretty complicated. In the end,
a computer program, whose listing is in appendix B, was written and can be
used to compute not only cohomologies of unitarizable weights but also the finite-
dimensional ones even in the relative case. A table of results for low ranks is
compiled in appendix A.

Going back to the starting example of the ambient construction for Rn we can
motivate the last original part of this thesis. The ambient construction in the flat
case amounts to working on Rn+1,1 or rather it’s projectivization where the Rn is
conformally compactified as the sphere Sn. The isometry group SO(n+ 1, 1) of
the ambient space induces conformal transformation of this embedded Sn. The
projectivization of the two-sheeted hyperboloid of the defining quadric provides a
model for the hyperbolic space. All points of the projectivization of Rn+1,1 are lines
and as such can be identified with orthogonal projectors of rank 1. There is a well
known scalar product on matrices and one can wonder what kind of Riemannian
strucutre it induces on subvariety of rank 1 idempotents. This leads to uniform
description of octonionic planes which were usually defined as homogeneous spaces
of their isometry group. These groups are of type F4 and as such are a bit tricky
to define. The usual way is to define them as automorphism groups of certain
Jordan algebras. The article [HSV09] provided elementary definition of these
octonionic planes on case by case basis. The caveat being that the identification
with the homogeneous spaces uses classification of so called Osserman manifolds.
We provide uniform and much simpler way to obtain this elementary description
of octonionic planes in section 2.3. Complexification of the projective octonionic
plane then gives one of the two exceptional Hermitian symmetric spaces.
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1. Lie algebras and their modules
In this chapter we fix some notation and review several structural results about
Lie algebras. First we start with some basic definitions concerning complex Lie
algebras.

1.1 Complex simple Lie algebras
Let g1 = g and define inductively the so called lower central series of g by
gk+1 = [g, gk]. A subalgebra n of g is called nilpotent if nk = 0 for some k ∈ N.

Let g(1) = g and define inductively the so called derived series of g by g(k+1) =
[g(k), g(k)]. A subalgebra b of g is called solvable if b(k) = 0 for some k ∈ N. A
Borel subalgebra b of g is any maximal solvable subalgebra of g.

We denote by ad(X) the Lie algebra homomorphism g → g given by Y ↦→
[X, Y ]. This is the adjoint representation of g.

A Lie algebra g is said to be semisimple if it has no nonzero solvable ideal and
it is called simple if g = [g, g] and the only ideals of g are 0 and g. Any semisimple
Lie algebra is a direct sum of simple Lie algebras. An semisimple element X of g
is an element of g such that adX : g → g is diagonalizable.

A Cartan subalgebra of a complex Lie algebra g is a maximal commutative
subalgebra h of g consisting of semisimple elements. For a real Lie algebra gR we
define its Cartan subalgebra hR as such that its complexification hC is a Cartan
subalgebra of the complexification of gR.

A reductive Lie algebra g is a Lie algebra that decomposes as g = z(g) ⊕ gss,
where z(g) is the center of g and the algebra gss = [g, g] is the semisimple part of
g. Of course, as its name suggest, the algebra gss is semisimple.

Let g be a real or complex Lie algebra let B be a bilinear form g⊗ g → k. We
say that B is invariant if all adX, X ∈ g are skew-symmetric operators relative
to B, i.e.

B([X, Y ], Z) = −B(Y, [X,Z]), ∀X, Y, Z ∈ g.

The most important invariant form is the so called Killing form which we will
denote B and which exists for any Lie algebra g. It is defined by

B(X, Y ) = Tr(ad(X) ◦ ad(Y )).

If ϕ : g → g is any automorphism of the Lie algebra g, then by definition
ad(X) ◦ ϕ = ϕ ◦ ad(X) for any X ∈ g. This implies

ad(ϕ(X)) ◦ ad(ϕ(Y )) = ϕ ◦ ad(X) ◦ ad(Y ) ◦ ϕ−1

and thus B(ϕ(X), ϕ(Y )) = B(X, Y ). The Cartan criterion states that a Lie
algebra g is semisimple if and only if the Killing form B is nondegenerate.

Let g be a complex semisimple Lie algebra and choose a Cartan subalgebra
h ≤ g. Any two Cartan subalgebras of g are conjugate by an inner automorphism
of g. The roots Φ of (g, h) are linear functionals α : h → C such that the
corresponding root space gα = {X ∈ G | ∀H ∈ h : [H,X] = α(H)X} is nonempty.
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In other words, roots are the weights of the adjoint representation ad : g → g.
The roots form a finite subset Φ ⊂ h∗ and we have the root space decomposition

g = h ⊕
∑

α∈Φ
gα.

If X ∈ gα and Y ∈ gβ, then B(X, Y ) = 0 unless α = −β. Thus the Killing
form induces a nondegenerate pairing on gα ⊗ g−α → C. The restriction of B to
h is nondegenerate and, in particular, for each linear functional λ ∈ h∗, there is a
unique element H̃λ ∈ h such that λ(H) = B(H, H̃λ) for all H ∈ h. We can define
the bilinear form ( , ) on h∗ by

(λ, µ) = B(H̃λ, H̃µ).

The restriction of ( , ) to the real span of Φ is positive definite (and in particular
has real values).

Let us summarize the properties of Φ

1. For any α ∈ Φ the only nontrivial complex multiple of α that is also a root
is −α, i.e.

zα ∈ Φ, z ∈ C ⇐⇒ z ∈ {1,−1}.

2. The roots spaces g−α are one-dimensional and the subspace spanned by
g−α, gα and [g−α, gα] is a Lie subalgebra isomorphic to sl(2,C).

3. For α, β ∈ Φ, β ̸= −α we have

[gα, gβ] =
⎧
⎨
⎩
gα+β if α + β ∈ Φ
0 otherwise.

4. Let α, β ∈ Φ with β ̸= ±α and z ∈ C. A functional α + zβ can be a root if
and only if z ∈ Z. The set of such roots form an unbroken chain

β − pα, β − (p− 1)α, . . . , β + (q − 1)α, β + qα,

where p, q ≥ 0 and p− q = 2(β,α)
(α,α) .

For a root α ∈ Φ we define the coroot α∨ as

α∨ = 2
(α, α)H̃α.

Nonzero vectors in gα are called a root vectors. From the properties of Φ follows
that we can always find root vectors Eα ∈ gα, Fα ∈ g−α such that the triple
Eα, Fα, Hα satisfies the canonical sl(2) relations

[E,F ] = H, [H,E] = 2E, [H,F ] = −2F

Choose a basis v1, . . . , vr of h and define a linear functional λ ∈ h∗ to be
positive if there is an index j such that λ(vi) = 0 for i < j and λ(vj) > 0. The
positive roots Φ+ are then the roots which are positive and we obtain a disjoint
union Φ = Φ+ ∪ Φ−. The negative roots Φ− are defined as −Φ+ and we will write
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α > 0 or α < 0 to indicate whether the root is positive or negative. By ∆ we will
denote the set of simple roots associated with Φ and the notion of positivity for
h∗. The simple roots are define as the set of those positive roots, which cannot
be written as a sum of positive roots. The set of simple roots ∆ forms a basis of
h∗. Alternatively, one can start with a subset ∆ of Φ that form a basis of h∗ and
declare it to be the set of simple roots. The positive and negative roots are then
obtained as positive or negative linear combinations of elements of ∆.

Let ∆ = {α1, . . . , αr} be a system of simple roots for (g, h). The Cartan matrix
is defined as

aij = 2(αi, αj)
(αi, αi)

.

A Dynkin diagram is defined as a graph with vertex for each simple root and ith
and jth vertex are joined by aijaji many edges. If a two joined vertices correspond
to roots of different lengths, one orients the edges by arrow pointing from the
longer root to the shorter one.

For a root α ∈ Φ we define root reflection sα as

sα : ϕ ↦→ ϕ− 2(ϕ, α)
(α, α) α.

It is a reflection with respect to the hyperplane orthogonal to α on the Euclidean
space formed by the real span of Φ endowed with the restriction of ( , ). The
set of roots is preserved under root reflections sα(Φ) = Φ and the group W (Φ)
generated by these reflections is known under the name Weyl group. In fact, it is
sufficient to take reflections with respect to simple roots to generate the whole
Weyl group, i.e. W (∆) = W (Φ). The length function l on W is defined via the
minimal number of simple reflections needed to express w ∈ W .

1.1.1 Borel and parabolic subalgebras
Given a complex Lie algebra g with a chosen Cartan subalgebra h and a system
of positive roots Φ+ we get a Cartan decomposition (triangular decomposition) as

g = n− ⊕ h ⊕ n, where n =
⨁

α∈Φ+
gα and n− =

⨁

α∈Φ−

gα.

The Lie subalgebras n, n− are nilpotent and n− is called the opposite Lie subalgebra
to n. The subalgebra b = h⊕n is the standard Borel subalgebra and we will denote
by b− = h ⊕ n− the opposite Borel subalgebra. It is clear from the triangular
decomposition that b ∩ b− = h. All Borel subalgebras are conjugated by inner
automorphism to the standard Borel subalgebra.

A parabolic subalgebra p of g is a subalgebra that contains a Borel subalgebra,
standard parabolic subalgebra is then a subalgebra that contains the standard Borel
subalgebra. All parabolic subalgebras are conjugated by inner automorphism to a
standard parabolic subalgebra.

Any parabolic subalgebra p has a decomposition

p = l ⊕ u

into its Levi part l and nilpotent part u. The Levi part is a reductive Lie subalgebra
of g.
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Standard parabolic subalgebras are classified by subset of simple roots (Propo-
sition 3.2.1 of [ČS09]). To a standard parabolic subalgebra p we assign the
subset

Σp = {α ∈ ∆ : g−α ⊈ p}.
Conversely, the standard parabolic subalgebra pΣ corresponding to a subset
Σ ⊆ ∆ is the sum of the standard Borel subalgebra b and all negative root
spaces corresponding to roots ΦΣ which can be written as a linear combination of
elements of ∆ \ Σ

pΣ = b ⊕
∑

α∈ΦΣ

g−α.

In particular, given Σ ⊂ ∆ we get

l = h ⊕
∑

α∈ΦΣ

gα, u =
∑

α∈Φ+\ΦΣ

gα.

For Σ ⊆ Σ′ ⊆ ∆ we have pΣ′ ≤ pΣ ≤ g and the two extreme choices Σ = ∅,
Σ = ∆ lead to p = g and p = b respectively.

The opposite parabolic subalgebra p is obtained by switching negative roots to
positive and vice versa. In other words, gα is contained in p if and only if g−α is
in p.

It is convenient to denote parabolic subalgebras by Dynkin diagrams with
crossed or otherwise marked nodes. Namely, the standard parabolic subalgebra pΣ
of (g,Φ+) is denoted by the Dynkin diagram of g where the nodes corresponding
to Σ are represented by crosses instead of dots. By erasing of these crossed nodes
one obtains the Dynkin diagram of the semisimple part of l and the crossed nodes
correspond precisely to the generators of the center of l.

Elements of h∗ are called weights. Weights λ such that (λ, α) is greater (less)
or equal to zero for all α ∈ ΦΣ are called p-dominant (p-antidominant). In case
they satisfy this condition for all roots α ∈ Φ we call them g-(anti)dominant or
just (anti)dominant. The weights dual to simple coroots are called fundamental
weights. There is a distinguished element of h∗ sometimes called the lowest form
and usually denoted by ρ. It is defined as the sum of fundamental weights or
equivalently as half the sum of positive roots.

The following lemma (whose proof can be found in [ČS09]) shows that the
parabolic subalgebras are equivalent to gradings of the lie algebra g.

Lemma 1.1.1. There is a bijective correspondence between parabolic subalgebras
of g and gradings g = ⊕k

i=−kgi of g.
Given Σ ⊂ ∆, the set gi (i ̸= 0) is defined to be ⊕ϕ∈Ai

gϕ, where Ai contains
elements ϕ = ∑

αj∈∆ cjαj such that ∑{j:αj∈Σ} cj = i, and g0 = h ⊕ϕ∈A0 gϕ.
Given a grading ⊕jgj, the parabolic subalgebra is then p = ⊕j≥0gj.

So we can see that given a parabolic Lie algebra p = l ⊕ u there is a grading
on g such that g0 = l and u = ⨁

i≥1 gi. The associated filtration to a grading
g = ⊕k

i=−kgi of g is defined by gi = ⨁
j≥i gj. Sometimes it’s convenient to use the

following notation as well g+ = ⨁
i>0 gi and g− = ⨁

i<0 gi. The next lemma shows
structural properties of this grading as well as relationship with the Killing form.

Lemma 1.1.2 (Proposition 3.1.2 of [ČS09]). Let g = g−k ⊕ · · · gk be a |k|-graded
semisimple Lie algebra over k = R or C and let B : g⊗ g → k be a nondegenerate
invariant bilinear form. Then we have:
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1. There is a unique element E ∈ g, called the grading element, such that
[E,X] = jX for all X ∈ gj. The element E lies in the center of the
subalgebra g0 ≤ g.

2. The |k|-grading on g induces a |ki|-grading for some ki ≤ k on each ideal
s ⊆ g. In particular, g is a direct sum of |ki|-graded simple Lie algebras,
where ki ≤ k for all i and ki = k for at least one i.

3. The isomorphism g → g∗ provided by B is compatible with the filtration and
the grading of g. In particular, B induces dualities of g0-modules between
gi and g−i and the filtration component gi is exactly the annihilator (with
respect to B) of g−i+1. Hence, B induces a duality of p-modules between
g/g−i+1 and gi, and in particular between g/p and p+.

4. For i < 0 we have [gi+1, g−1] = gi. If no simple ideal of g is contained in g),
then this also holds for i = 0.

5. Let A ∈ gi with i > 0 be an element such that [A,X] = 0 for all X ∈ g−1.
Then A = 0. If no simple ideal of g is contained in g), then this also holds
for i = 0.

In particular, the Killing form B has the following anti-diagonal block matrix
form with respect to the decomposition g = g−k ⊕ · · · gk

B =

⎛
⎜⎜⎝

0 · · · Bk,−k
... . . . ...

B−k,k · · · 0

⎞
⎟⎟⎠ ,

where Bi,j denote the restriction of B to gi ⊗ gj.
Since the grading element E is in the center of g0 = l it acts by scalar on any

irreducible l-module V. We will call this scalar geometric weight of V.
The Weyl group has natural action on weights by orthogonal transformations

and we call a weight singular (regular) if (λ+ ρ, α) is (not) zero. The reason for
this ρ shift is that in applications one has to consider not the defining acting of
the Weyl group W but rather it’s affine action

w · λ = w(λ+ ρ) − ρ.

Let w be an element of W . A reduced expression for w is w = si1 · · · sik
where k

is as small as possible and all sij
are simple reflections. In particular l(w) = k. The

Bruhat order on W is defined as follows: w′ ≤ w if and only if a reduced expression
for w′ is subexpression of some reduced expression of w. For any standard parabolic
subalgebra pΣ one can form the parabolic Weyl group WΣ which is generated by
simple reflections belonging to roots of lΣ. It is a theorem of Kostant [Kos61]
that for any w ∈ W there is a unique decomposition w = wΣw

Σ such that
l(w) = l(wΣ) + l(wΣ). The element wΣ is called minimal length representative of
w and one of it’s fundamental properties is that it maps g-dominant weights to
p-dominant weights. The set of all minimal length representative is denoted by
WΣ and it inherits a partial order from W .
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1.2 BGG category O
This chapter contains the description of Bernstein-Bernstein-Gelfand category O
and a small recapitulation of Enright-Shelton equivalences which will be needed
later. In this section we will denote the Levi lie group / algebra by K / k since
later we will consider only the cases when the Levi subalgebra is actually the
complexification of maximal compact subalgebra of certain real form of g.

For any λ ∈ h∗ we denote by Cλ the one dimensional representation of h on
with character λ. We extend the action to b := n ⊕ h by letting n act trivially.
The Verma module N(λ) is then defined as N(λ) := U(g) ⊗U(b) Cλ. We will denote
its highest weight vector by vλ.

Let λ be a k-dominant and integral weight and denote by F (λ) the finite
dimensional irreducible k-module. We can extend any irreducible representation of
KC to P and to P by letting p+ and p− act trivially. The generalized or parabolic
Verma module M(λ) is defined as M(λ) = U(g) ⊗U(p) F (λ). In cases where we will
need to deal with Verma modules for different algebras we will denote them by
MΣ where Σ is the subset of ∆ defining the parabolic subalgebra p.

It is well known and easy to prove that M(λ) contains a maximal nontrivial
submodule J(λ) and we denote by L(λ) the corresponding irreducible quotient of
M(λ). We can easily see that M(λ) ≃ S(p−) ⊗F (λ) as KC representations, where
S(p−) is the symmetric algebra over the Lie algebra p−. In the case of M(λ), the
geometric weight corresponds to the polynomial degree shifted by the weight of
F (λ).

The (parabolic) category Op is the full subcategory of U(g) modules whose
objects M satisfy:

1. M is a finitely generated U(g) module

2. Viewed as a U(l) module, M is a direct sum of finite dimensional simple
modules.

3. M is locally u-finite

1.2.1 Translation principle
The whole category Op decomposes into so called infinitesimal blocks Op

µ, where µ
is an antidominant weight of Φ. These blocks are full subcategories consisting of
modules on which the center of the universal enveloping algebra acts by a character
induced from µ. One can move between different blocks using so called translation
functors which in favorable cases provide equivalence of these subcategories. These
functors map Verma modules to Verma modules and simple modules to simple
modules. The favorable cases are determined by so called facets which are in turn
defined via root hyperplanes. The bottom line is that once two weights µ, µ′ have
the same signs of scalar products with positive roots the infinitesimal blocks Op

µ

and Op
µ′ are equivalent. See chapter 7 of [Hum08] for details.

1.2.2 Shapovalov form
Let σ be involutive antiautomorphism on U(g) such that it’s restriction on the
real form g0 is − Id. With our choice of Cartan subalgebra h we have that
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σ : Xβ ↦→ X−β for Xβ ∈ gβ and σ : hα ↦→ hα for hα ∈ h.
Let P : U(g) → U(h) be the projection defined by the splitting

U(g) = U(h) ⊕ (n−U(g) + U(g)n+)

Definition 1.2.1. The universal Shapovalov form on U(g) is defined as

⟨u1, u2⟩ = P (σ(u1)u2).

It is a bilinear form on U(g) with values in U(h) = S(h).
For λ ∈ h∗ we define the Shapovalov form on the Verma module N(λ) by

⟨u1vλ, u2vλ⟩ = P (σ(u)v)(λ).

It is easy to see that ⟨u · v, v′⟩ = ⟨v, σ(u) · v′⟩ for all v, v′ ∈ Mλ and for all
u ∈ U(g). Forms with such a property are called contravariant forms.

The following proposition and its proof can be found e.g. in [Hum08].

Proposition 1.2.2. Contravariant forms have the following properties:

1. If the U(g)-module M has a contravariant form (v, v′)M , then the weight
spaces are orthogonal. I.e. (Mµ,Mν) = 0 whenever µ ̸= ν in h∗.

2. Suppose M = U(g) · v is a highest weight module generated by a maximal
vector v of weight λ. If M has a nonzero contravariant form, then the
form is uniquely determined up to a scalar multiple by the (nonzero!) value
(v, v)M .

3. If U(g)-modules M1,M2 have contravariant forms (v, v′)M1 and (w,w′)M2 ,
then M := M1 ⊗M2 also has a contravariant form, given by

(v ⊗ w, v′ ⊗ w′)M := (v, v′)M1(w,w′)M2 .

In case both of the forms are nondegenerate, so is the product form.

4. If M has a contravariant form and N is a submodule, the orthogonal com-
plement N⊥ := {v ∈ M |(v, v′)M = 0 for all v′ ∈ N} is also a submodule.

Proof. 1. We use the fact that σ(h) = h for h ∈ h. Let v be a vector of weight
µ and let v′ be a vector of weight ν. The for any h ∈ h we have

µ(h)(v, v′)M = (h · v, v′)M = (v, σ(h) · v′)M = (v, h · v′)M = ν(h)(v, v′)M .

Since v, v′ were arbitrary we must have (v, v′) = 0 for µ ̸= ν.

2. In view of the already proven point it suffices to look at values of the
form on a weight space Mµ. Typical vectors v, v′ ∈ Mµ can be written as
u · v, u′ · v for suitable u, u′ ∈ U(n). Note that since u takes Mλ into Mµ,
the element σ(u) ∈ U(n−) takes Mµ into Mλ (which is spanned by v). Then
(v, v′)M = (u · v, u′ · v)M = (v, σ(u)u′ · v)M , which is a scalar multiple of
(v, v)M depending just on the action of U(g) and not on the choice of the
form.
The remaining points are elementary.
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Important consequence of this is the following lemma.

Lemma 1.2.3. The maximal submodule of N(λ) is the radical of the Shapovalov
form.

Proof. Let v ∈ J(λ) be arbitrary. Then ⟨v, vλ⟩ = 0 since clearly v and vλ have
different weights. Since J(λ)⊥ is a submodule of N(λ) containing the generating
vector vλ the statement follows.

The generalized Verma module M(λ) is a quotient of the Verma module N(λ).
Hence the simple quotient L(λ) of M(λ) is also a quotient of N(λ) by its maximal
submodule. We get induced contravariant forms on L(λ) and M(λ) which we also
call Shapovalov forms.

1.2.3 Equivalences of Enright and Shelton
Let p be a parabolic subalgebra of g of Hermitian type. (I.e. giving rise to a
|1|-grading on g.) Let Σ be the set of singular simple roots for an antidominant
weight µ:

J = {α ∈ ∆ | (µ+ ρ, α∨) = 0}.

Theorem 1.2.4 (8, Prop 2.3 of [BN05]). Let

WΣ,J = {w ∈ WΣ | ∀α ∈ Σ : w < wsα and wsα ∈ WΣ}

and define L(w) to be the simple quotient of the parabolic Verma module MΣ(w) =
M(wΣw · µ) where wΣ is the longest element of the parabolic Weyl group WΣ.
Then

WΣ,J → {simple modules in Op
µ}

given by w ↦→ L(w) is a bijection.

Theorem 1.2.5 ([ES87], [ES89]).

1. Suppose that either Φ has one root length or that it has roots of two lengths
and all the roots in J are short. Then there exists an equivalence of categories

E : Op
µ → Op′

reg,

where p′ is a parabolic subalgebra of Hermitian type of a complex simple Lie
algebra g′ of rank smaller or equal to the rank of g. Moreover, there is an
isomorphism of posets WΣ,J → W ′Σ′ such that the functor E sends parabolic
Verma modules MΣ(w) to parabolic Verma modules MΣ′(w′) and similarly
for simple modules.

2. Suppose that Φ has two root lengths and J contains a long root. Then there
exists an equivalence of categories

E : Op
µ → Op′

reg ⊕ Op′

reg,

where p′ is a parabolic subalgebra of Hermitian type of a complex simple
Lie algebra g′ of rank smaller or equal to the rank of g. More precisely the
poset WΣ,J is a disjoint union WΣ,J

odd ∪WΣ,J
even of two poset and the category
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Op
µ has a decomposition into a direct sum Op

µ = Op
µ,even ⊕ Op

µ,odd such that
all extensions between modules in different summands is zero. There exists
isomorphisms of posets WΣ,J

odd → W ′Σ′ and WΣ,J
even → W ′Σ′ and corresponding

equivalences of categories Eodd : Op
µ,odd → Op′

reg and Eeven : Op
µ,even → Op′

reg
such that MΣ(w) → MΣ′(w′) and similarly for their simple quotients.

Let’s illustrate this equivalence with an example.
Example 1.2.6 ([BH09]). Consider the complex simple Lie algebra sl(6) and let
Σ = {α3}. Since the Weyl group is a permutation group acting on ϵ-coordinates,
the weights which are singular have repeating values. Pick µ = (0, 1, 2 | 3, 3, 4).
The permutations of µ+ ρ which are highest weights plus ρ of simple modules in
OΣ,J have their first three and last three entries strictly decreasing. There are only
six possible cases, namely

(4, 3, 2 | 3, 1, 0) (4, 3, 1 | 3, 2, 0) (4, 3, 0 | 3, 2, 1)

and their counterparts with first three and last three entries swapped. Now these
three weights are equivalent to

(4, 2 | 1, 0) (4, 1 | 2, 0) (4, 0 | 2, 1).

If we impose that the weight for sl(6) has to have entries increasing by 1 this
mapping on weights has inverse since we know that we have to put the number 3
into two places and there’s only one way to do it in each case so that one obtains
l-dominant weight. This directly generalizes to all other sl cases as any weight
can be brought by translation functors to a weight that starts with 0, has entries
which are nondecreasing and which increase only by 1.
Remark 1.2.7. The proof of these equivalences is not entirely satisfactory. The
functors implementing the Enright-Shelton equivalences are combinations of derived
Zuckermann functors, extension functor M → U(g) ⊗U(q) (M ⊗ F ⊗ L) where L
is the one-dimensional module of weight ρ(uq) of a certain parabolic subalgebra q.
Determining the effect of these functors on modules of singular character is hard.
Independent proof of one version of the Enright-Shelton equivalence was given by
[Soe88] using Beilinson-Bernstein localization. Another independent proof for the
A series was given by [BFK99]. See also [PS16].

1.3 Cohomology and homology of Lie algebras
In this section we denote by m an arbitrary Lie algebra and by V its representation.
We will denote the action of m on V by a dot. We follow [Kos61] and [ČS09].

The chain spaces of Lie algebra homology Ck(m,V) of the algebra m with
values in V are defined as Λkm ⊗ V. The Lie algebra homology differential

δm : Ck+1(m,V) → Ck(m,V)

is defined by the following formula

δm(Z0 ∧ · · ·Zk ⊗ v) =
k∑

i=0
(−1)i+1Z0 ∧ · · · ∧ Ẑi ∧ · · · ∧ Zk ⊗ Zi · v+

+
∑

i<j

(−1)i+j[Zi, Zj] ∧ Z0 ∧ · · · ∧ Ẑi ∧ · · · ∧ Ẑj ∧ · · · ∧ Zk ⊗ v,
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where Zi ∈ m for i = 0, . . . , k. If the algebra m is abelian, then the second term
in the sum is zero. The cochain spaces of Lie algebra cohomology Ck(m,V) are
defined as Hom(Λkm,V). The Lie algebra cohomology differential

∂m : Ck(m,V) → Ck+1(m,V)

is defined as

(∂m ϕ)(X0, . . . , Xn) =
n∑

i=0
(−1)iXi · ϕ(X0, . . . , X̂i, . . . , Xn) +

+
∑

i<j

(−1)i+jϕ([Xi, Xj], X0, . . . , X̂i, . . . , X̂j, . . . , Xn),

where X0, . . . , Xn ∈ m and ϕ : Λkm → V. Again, we can forget the second term if
the algebra m is commutative.

There is a natural identification of Ck(m∗,V) and Ck(m,V) coming from the
natural isomorphism Λkm∗ ⊗ V ≃ Hom(m,V).

In the special case when we consider m to be a nilradical p− of some opposite
parabolic subalgebra p, we have the Killing form that induces an isomorphism
p−

∗ ≃ p+. Since we can identify Ck(p−,V) = Hom(Λkp−,V) with Λkp−
∗ ⊗ V, we

see we can consider the Lie algebra cohomology differential ∂ as an operator on
the chain spaces of Lie algebra homology ∂ : Λkp−

∗ ⊗ V → Λk+1p−
∗ ⊗ V . After

these identifications we get the formula

∂(Z1 ∧ · · · ∧ Zk ⊗ v) =
2p∑

i=1
ϵi ∧ Z1 ∧ · · · ∧ Zk ⊗ ei · v.

The Lie algebra cohomology differential is P -equivariant. In particular, both ∂
and δ are L-equivariant and consequently they preserve the geometric weight.

The following two propositions are well known.

Proposition 1.3.1. Suppose M is a g−module. Let p ⊆ g be a parabolic subalge-
bra with nilradical n and Levi factor l.
(a) Let M∗ denote the g−module dual to M. Then there is a natural isomorphism

Hp(n,M∗) ∼= Hp(n,M)∗

where Hp(n,M)∗ denotes the l−module dual to Hp(n,M).
(b) Let d denote the dimension of n. Then there is a natural isomorphism

Hp(n,M) ∼= Hd-p(n,M) ⊗ Λdn

Proposition 1.3.2 (Proposition 3.3.6 of [ČS09]). Let g be a |k|-graded semisimple
Lie algebra with complexification gC and let V be a complex representation of g.
Then the real cohomology spaces H∗(g−,V) are naturally complex vector spaces
and we have a natural isomorphism of g0-modules

H∗
R(g−,V) ≃ H∗

C(gC−,V).

Finally let us recall interpretation of the Lie algebra (co)homology as derived
functors which plays a crucial role in the proof of existence of the BGG resolution
for regular Kostant modules. See [EHP14; BH09] and references therein.
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The right standard resolution of C is the complex of free right U(n)−modules
given by

· · · → Λp+1n ⊗ U(n) → Λpn ⊗ U(n) → · · · → n ⊗ U(n) → U(n) → 0.

Applying the functor
− ⊗U(n) M

to the standard resolution we obtain a complex

· · · → Λp+1n ⊗M → Λpn ⊗M → · · · → n ⊗M → M → 0

of left l−modules called the standard n−homology complex. Here l acts via the
tensor product of the adjoint action on Λpn with the given action on M . Since
U(g) is free as U(n)−module, one can show that the pth-homology of the standard
complex is in fact the pth n−homology group Hp(n,M).

The zero n−cohomology of a g−module M is the l−module

H0(n,M) = HomU(n)(C,M).

This suggest that applying the left exact functor from the category of g−modules
to the category of l−modules

HomU(n)(−,M)

to the standard resolution of C, this time by free left U(n)−modules, will yield
the Lie algebra cohomology groups which is indeed the case.

Hence we see that the we can see the Lie algebra (co)homology as the Tor and
Ext functors.

1.3.1 Disjoint operators and Hodge decomposition
Let V be a topological vector space and let ∂ and δ be two linear operators on V
such that ∂2 = δ2 = 0. Such operators are called disjoint if

∂ δ x = 0 implies δ x = 0

and

δ ∂ x = 0 implies ∂ x = 0

for all x ∈ V . In other words, δ and ∂ are disjoint if and only if

ker ∂ ∩ im δ = 0 & ker δ ∩ im ∂ = 0. (1.1)

The Laplacian is then defined as

□ = ∂ δ+ δ ∂ .

We note that □ = (δ+ ∂)2 and hence one can consider δ+ ∂ as the Dirac operator
for the Laplacian □.
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Proposition 1.3.3. Let the notation be as above and assume ∂ and δ are disjoint
and dim V < ∞. Then

ker□ = ker ∂ ∩ ker δ & im□ = im δ⊕ im ∂ . (1.2)

Also one has a direct sum decomposition (Hodge decomposition),

V = im ∂⊕ ker□⊕ im δ . (1.3)

Proof. To prove the first equality of (1.2) we just use the definition of disjointness
(1.1) of δ and ∂. The inclusion ker δ ∩ ker ∂ ⊆ ker□ is trivial. Let x ∈ ker□
and put y = − δ ∂ x. Then δ y = 0 and also y = ∂ δ x. Thus δ ∂ δ x = 0 and
by disjointness this implies that ∂ δ x = 0 which, for the same reason, implies
δ x = 0. Similarly ∂ x = 0. The remaining two decompositions of (1.2) are direct
consequence of ker□ = ker δ ∩ ker ∂ and of disjointness of δ and ∂.

It is obvious that im□ ⊆ im ∂+ im δ and by (1.2) and disjointness (1.1) we
have (im δ+ im ∂) ∩ ker□ = 0. If follows that im□∩ ker□ = 0. Since V is
finite-dimensional, we get dim ker□+ dim im□ = dim V and (1.3) and the second
equality of (1.2) follows.

Corollary 1.3.4. Under the assumptions of the previous proposition, there are
decompositions

ker δ = im δ⊕ ker□, ker ∂ = im ∂⊕ ker□ . (1.4)

Consequently we have isomorphisms

ker□ ≃ ker ∂ / im ∂ & ker□ ≃ ker δ / im δ (1.5)

given by restriction to ker□ of the canonical mappings ker ∂ → ker ∂ / im ∂ and
ker δ → ker δ / im δ.

Proof. This is a direct consequence of the Hodge decomposition (1.3).

Remark 1.3.5. For any two linear mappings δ and ∂ on a vector space V such
that im δ ∩ im ∂ = 0 we have that

ker(δ+ ∂) = ker δ ∩ ker ∂ .

Under our assumptions we get that ker(δ+ ∂) = ker□, since im δ ⊆ ker δ and by
disjointness (1.1) im δ ∩ im ∂ = 0.

To better understand the situation we can represent these operators in a block
matrix form with respect to the Hodge decomposition (1.3)

∂ =

⎛
⎜⎝

0 0 A
0 0 0
0 0 0

⎞
⎟⎠ δ =

⎛
⎜⎝

0 0 0
0 0 0
B 0 0

⎞
⎟⎠ □ =

⎛
⎜⎝
AB 0 0
0 0 0
0 0 BA

⎞
⎟⎠ ,

where A is the restriction of ∂ to im δ and B is the restriction of δ to im ∂.
Disjointness of ∂ and δ then amounts to nondegeneracy of A and B.

There is a convenient way to construct pairs of disjoint operators.
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Proposition 1.3.6. Let δ be a differential on a vector space V endowed with a
non-degenerate bilinear (or sesquilinear) form ⟨ , ⟩ and let ∂ be the adjoint of δ
with respect to ⟨ , ⟩. If the restrictions of ⟨ , ⟩ to im δ and im ∂ are non-degenerate,
then δ and ∂ are disjoint and the Hodge decomposition (1.3) is orthogonal with
respect to ⟨ , ⟩.

Proof. It is trivial to see that ∂ is a differential, for we have

0 = ⟨δ2 x, y⟩ = ⟨x, ∂2 y⟩

for all x, y ∈ V .
To prove (1.1), let x ∈ V be such that δ ∂ x = 0. We get

0 = ⟨δ ∂ x, y⟩ = ⟨∂ x, ∂ y⟩

for all y ∈ V . By our assumptions is the bilinear (sesquilinear) map (x, y) →
⟨∂ x, ∂ y⟩ non-degenerate and hence we conclude that ∂ x = 0. Exchanging the
roles of δ and ∂ in this computation we get that also ∂ δ x = 0 implies δ x = 0.

Orthogonality of the Hodge resolution follows from ker δ = (im ∂)⊥ and ker ∂ =
(im δ)⊥.

Corollary 1.3.7. Let V be endowed with a scalar product ⟨ , ⟩ and a differential
δ. Let ∂ be the adjoint of δ. Then δ and ∂ are disjoint operators.

Proof. This is trivial as the restriction of ⟨ , ⟩ to any subspace is non-degenerate.

If V is infinite-dimensional and L is any closed subspace of finite codimension,
then any algebraic complementary subspace to L in V is also a topological
complement ([SW99]). In these cases we demand that δ and ∂ are continuous
with closed image1

The authors of [HPR06] proved that if V is a unitarizable (g, K)-module
and u+ is abelian nilradical of a θ-stable parabolic subalgebra2, then the Hodge
decomposition of C•(u+,V) is still valid.

1.3.2 Kostant theorem and Kostant modules
It was proven in [Kos61] that for a finite-dimensional g-representation V and
a parabolic subalgebra p = l ⊕ p+ there is a positive definite scalar product
on C•(p+,V) with respect to which are the differentials ∂ and δ adjoint. It
follows that there is a direct sum Hodge decomposition of l-modules C•(p+,V) =
im ∂⊕ ker□⊕ im δ and moreover ker δ = ker□⊕ im δ and ker ∂ = ker□⊕ im ∂.
It follows that H•(p+,V) ≃ ker□ ≃ H•(p−,V).

Theorem 1.3.8 ([Kos61]). Let g be a complex simple Lie algebra and let pΣ be a
standard parabolic subalgebra with Levi decomposition pΣ = lΣ ⊕ uΣ. Let WΣ be

1We note that for a finite-dimensional vector space V are these topological conditions
automatically satisfied for all linear operators.

2See the definition 2.1.7.
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the poset of minimal coset representatives. For every g-integral and g-dominant
weight λ there is isomorphism of lΣ modules

H i(uΣ, L(λ)) ≃
⨁

w∈W Σ
l(w)=i

F (w · λ), (1.6)

where L(λ) is the finite dimensional g-module with highest weight λ and F (w·λ) are
finite dimensional lΣ modules with highest weights w ·λ where w ·λ = w(λ+ ρ) − ρ
is the affine action of w ∈ W.

This theorem gave rise to a definition of Kostant modules which are (not
necessarily finite-dimensional) modules for which there is a similar formula for
cohomology. It started with [Col85] and was later developed in [BH09]. The
definition roughly says that a simple highest weight module L is Kostant module if
there is a graded poset P with a length function in W such that the ith cohomology
is given by the affine action of elements of P of length i. For simple modules with
regular weight this poset P is given by (sub)poset of minimal coset representatives
WΣ. For singular weights the situation is much more complicated, the “working
definition” is that the poset P is given by WΣ,J from theorem 1.2.4. We refer to
[BH09] and [EHP14] for further details and examples. For our applications we
only need to know that the unitarizable highest weight modules of chapter 3 are
examples of Kostant modules.

The article [BH09] classifies Kostant modules for arbitrary blocks of category Op

for |1|-graded parabolic p ≤ g. The classification is given by certain subdiagrams
of the Dynkin diagram. Given subdiagram of the Dynkin diagram one can use
the Enright-Shelton equivalence functor to simple modules of the Lie algebra
defined by the smaller diagram and one obtains Kostant modules for the bigger
Lie algebra. Moreover all Kostant modules arise in this way. Let J denote the set
of singular simple roots, i.e. J = {α ∈ ∆ | (λ+ ρ, α∨) = 0}. The columns α and α′

give the crossed roots in the Dynkin diagrams. Each Kostant module corresponds
to a connected subdiagram of D′ containing α′. Each such subdiagram gives a
parabolic pair and the Kostant modules correspond to finite-dimensional modules
for the semisimple part of the Levi factor of D′.
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D α |J | D′ α′

(An, Ar−1 × An−r) αr t (An−2t, Ar−t−1 × An−r−t) αr−t

(Bn, Bn−1) α1 1 (short) ∅ –
(Bn, Bn−1) α1 1 (long) ∅ –
(Cn, An−1) αn t (all short) (Dn+1−2t, An−2t) αn+1−2t

(Cn, An−1) αn t (1 long) (Dn+1−2t, An−2t) αn+1−2t

(Dn, Dn−1) α1 1 (A1,∅) α1
(Dn, Dn−1) α1 2 ({n− 1, n}) ∅ –
(Dn, An−1) αn t (Dn−2t, An−2t−1) αn−2t

(E6, D5) α6 1 (A5, A4) α5
(E6, D5) α6 2 ∅ –
(E7, E6) α7 1 (D6, D5) α1
(E7, E6) α7 2 (A1,∅) α1
(E7, E6) α7 3 ({2, 5, 7}) ∅ –

Table 1.1: Data for singular Hermitian symmetric categories

1.4 Harish-Chandra modules and their global-
izations

Our ultimate goal is to use unitarizable highest weight modules in geometric
applications as in [Tuč12]. For these applications we actually need modules which
are naturally P -modules but not P -modules which poses a serious problem as
the structure group of our Cartan geometry is P and thus we need some way to
“globalize” the unitarizable P -modules into P -modules. There is a well known
theory of globalizations which we review here following [Vog08]. For technical
reasons, we will actually need to use so called formal globalization3 which is not
strictly speaking globalization as it is not representation of G. It is, however,
representation of P.

Fix a maximal compact subgroup K0 of a real Lie group G0. Suppose we have
a linear action of K0 on a complex vector space M . A vector m ∈ M is called
K0−finite if the span of the K0−orbit of m is finite-dimensional and if the action
of K0 on this subspace is continuous. The linear action of K0 on M is called
K0−finite when every vector is K0−finite. By definition, Harish-Chandra module
for G0 is a finite length g−module equipped with a compatible, K0−finite, linear
action. One knows that an irreducible K0−module has finite multiplicity in a
Harish-Chandra module. For our purposes, it will also be useful to refer to a
category of good K0−modules. A good K0−module is a locally finite module such
that each irreducible K0−module has finite multiplicity therein.

A representation of G0 on a complete locally convex topological vector space
V is called admissible if V has finite length (with respect to closed invariant
subspaces) and if each irreducible K0−module has finite multiplicity in V . When
V is admissible, then each K0−finite vector in V is differentiable and the subspace
of K0−finite vectors is a Harish-Chandra module. The representation is called
smooth if every vector in V is differentiable. In this case, V is a g−module. For

3Denoted by V−K in [Vog08].
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example, it is known that an admissible representation in a Banach space is
smooth if and only if the representation is finite-dimensional.

Given a Harish-Chandra module M , a globalization Mglob of M is an admissible
representation of G0 whose underlying (g, K0)−module of K0−finite vectors is
isomorphic to M . By now, four canonical globalizations of Harish-Chandra
modules are known to exist. These are: the smooth globalization of Casselman
and Wallach, its dual (called: the distribution globalization), Schmid’s minimal
globalization and its dual (the maximal globalization). All four globalizations are
smooth and functorial.

The minimal globalization Mmin of a Harish-Chandra module M is uniquely
characterized by the property that any (g, K0)−equivariant linear map of M
onto the K0−finite vectors of an admissible representation V lifts to a unique,
continuous G0−equivariant linear map of Mmin into V . In particular, Mmin embeds
G0−equivariantly and continuously into any globalization of M . The construction
of the minimal globalization shows that it’s realized on a DNF space. This means
that its continuous dual, in the strong topology, is a nuclear Frechét space. One
knows that Mmin consists of analytic vectors and that it surjects onto the analytic
vectors in any Banach space globalization. Like each of the canonical globalizations,
the minimal globalization is functorially exact. In particular, a closed G0−invariant
subspace of a minimal globalization is the minimal globalization of its underlying
Harish-Chandra module and a continuous G0−equivariant linear map between
minimal globalizations has closed range.

To characterize the maximal globalization, we introduce the K0−finite dual on
the category of Harish-Chandra modules. In particular, let M be a Harish-Chandra
module. Then the algebraic dual M∗ of M is a g−module and a K0−module,
but in general not K0−finite. We define M∨, the K0−finite (or Harish-Chandra)
dual to M , to be the subspace of K0−finite vectors in M∗. Thus M∨ is a Harish-
Chandra module. In fact, the functor M ↦→ M∨ is exact on the category of good
K0−modules. We also have the formula

(M∨)∨ ∼= M .

The maximal globalization Mmax of M can be defined by the equation

Mmax = ((M∨)min)′

where the last prime denotes the continuous dual equipped with the strong
topology. In particular, Mmax is a globalization of M . Observe that the maximal
globalization is an exact functor, since all functors used in the definition are exact.
Because of the minimal property of Mmin, it follows that any globalization of M
embeds continuously and equivariantly into Mmax. Note that the continuous dual
of a maximal globalization is the minimal globalization of the dual Harish-Chandra
module.

Writing the elements of a Harish-Chandra module as almost everywhere zero
sequences we can actually identify these globalizations as vector spaces of sequences
with infinitely many nonzero elements which moreover satisfy certain growth
conditions. Namely, fixing an K-invariant scalar product on each K-representation,
the minimal globalization consists of those sequences whose K-norms decrease
exponentially fast and the maximal globalization consists of sequences whose
K-norms are less than exponentially increasing.
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From now on consider the Hermitian symmetric situation, where k is actually
the Levi subalgebra of a parabolic subalgebra with abelian radical. Consider
the simple quotient L(λ) of the parabolic Verma module M(λ) induced from the
opposite parabolic algebra p. It is not a P -representation but we would like induce
from it a P -representation in order to be able to use it in geometrical applications.
Let L(λ) = ⨁

µ∈K̂C
Lµ be the decomposition of L(λ) into KC-types. Each Lµ is

contained in some Sk(p+, F (λ)) modulo the maximal submodule of M(λ) and
the algebra p+ acts as multiplication by a variable, while p− acts basically as
differentiation. To formalize this write L(λ) = ⨁

µ∈K̂C,k∈N Lµ,k where Lµ,k is the
KC-type contained in Sk(p+, F (λ)) and note that p+(Lµ,k) ⊂ Lµ,k+1.

The formal globalization or rather formal completion of L(λ) is defined as
L(λ) = ∏

µ∈K̂C
Lµ (product of topological vector spaces). Since each KC-type is

finite-dimensional and each Sk(p+, F (λ)) contains only finitely many irreducible
KC-representations, we can write it as

L(λ) =
∏

k∈N
Lk,

where Lk = ⨁
µ∈K̂c

Lµ,k is a finite sum. The action of p+ works as a right shift:
p+(Lk) ⊂ Lk+1. The (g, K)-module L(λ) can be realized as a space of polynomials
with values in a finite dimensional K-representation Fλ and it’s formal completion
can be thought of as a space of formal power series with values in Fλ.

Now it is easy to see that the formal globalization is representation of P , since
the action of p+ on L(λ) integrates without any problems. Let X be an arbitrary
element of p+. The exponential u := exp(tX)v is defined for v ∈ L(λ) as usual
by ∑∞

i=0
ti

i!X
iv. This is well defined for v if and only if each component uµ is well

defined. If uµ is contained in some Sk(p+, F (λ)), then it is a sum of at most k
elements of lower or equal geometric weight.

Proposition 1.4.1. Suppose that the Lie algebra homology and cohomology dif-
ferentials are disjoint for V, i.e. ker δ ∩ im ∂ = 0 and ker ∂ ∩ im δ = 0. The
differentials are disjoint for the formal completion of V as well. Moreover, if the
homology (or equivalently cohomology) of V is finite-dimensional, then it is equal
to the cohomology of the formal completion.

Proof. Let W be the direct sum of chain spaces of δ. Elements of the formal
completion (of an infinite-dimensional module) W can be written as infinite tuples
of elements of W

u ∈ W ↔ u = (ui)i∈I ,

where the index set I runs over all eigenvalues of the action of E on W.
For a contradiction, suppose that there is nonzero u in ker δ ∩ im ∂. Without

a loss of generality, we can consider u to be an element of the k-th chain space.
Since u is nonzero, there must exists i such that ui ̸= 0. Both differentials are
natural, which means that they commute with restriction from W to W. They
are moreover KC-invariant, which in particular means that they commute with
the action of the grading element, which means that they act component-wise
on (ui)i∈I . It follows that if we take ũ = (ũj) ∈ W ⊆ W to be zero for j ̸= i
and ũi = ui, then we have δ ũ = 0. Since u ∈ im ∂, there must exists a v ∈ W
such that ∂ v = u and we can define in the same way as before ṽ ∈ W such that
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∂ ṽ = ũ. Thus we see that there is a non-zero element in ker δ ∩ im ∂ ∩Λk ⊗ W.
This is a contradiction with the assumption that δ and ∂ are disjoint for V.

Basically, the same argument proves that the cohomology must stay the
same if it is finite-dimensional. From the Hodge theory (which is implied by
the disjointness) we know that any element of the cohomology group can be
uniquely represented by an element in ker(δ+ ∂). Let D = δ+ ∂ and suppose for
a contradiction that there is a nonzero element (ui) in kerD \ kerD|W, in the k-th
chain space of V. Pick i0 such that ui0 ̸= 0 and i0 is bigger than any eigenvalue of
E on kerD|W.4 Since D is again KC-invariant we proceed as before and construct
ũ ∈ W ∩ kerD. The choice of i0 now leads to the desired contradiction.

4This is well defined because of the finite-dimensionality of kerD|W.
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2. Hermitian symmetric spaces
2.1 Real Lie algebras
The complexification of a real reductive Lie algebra g0 is defined as g = g0 ⊗R C.
With Lie bracket defined naturally by complex linear extension as follows

[A⊗ z,B ⊗ w] = [A,B] ⊗ zw.

As a real vector space we have isomorphism g ≃ g0 ⊕ ıg0 defined by X⊗ (a+ ıb) ↦→
aX ⊕ ıbX. Writing elements Z,Z ′ ∈ g as Z = X + ıY Z ′ = X ′ + ıY ′ we get

[Z,Z ′] = [X,X ′] − [Y, Y ′] + ı ([X, Y ′] + [X ′, Y ]) .

A real form of a complex Lie algebra g is a real Lie algebra g0 such that g is the
complexification of g0. A complex Lie algebra usually has many nonisomorphic
real forms. For a complexification g of g0 we will denote by σ the conjugation of
g with respect to the real form g0.

Example 2.1.1. The complexification of the classical Lie algebra of trace-free real
matrices sl(n,R) is naturally isomorphic to the Lie algebra of trace-free complex
matrices sl(n,C). Another real form of sl(n,C) is for example the algebra of
trace-free skew Hermitian matrices su(n).

An involution of a Lie algebra g is Lie algebra homomorphism g → g which
squares to identity. An involution θ of a real semisimple Lie algebra g0 is called
Cartan involution if the symmetric bilinear formBθ(X, Y ) = −B(X, θY ) is positive
definite. We will denote the complex linear extension of θ to the complexification
of g0 by the same symbol and we will still call it the Cartan involution. Any
real semisimple Lie algebra has a Cartan involution and it is unique up to inner
automorphism.

Take a matrix Lie algebra, i.e. a subalgebra of gl(n,C), that is closed under
transposition and define θX = −X† where X† = X

t
. Then

θ[X, Y ] = −[X, Y ]† = −[Y †, X†] = [−X†,−Y †] = [θX, θY ]

shows that θ is involution. Using the fact that B is invariant with respect to
automorphisms we get that

Bθ(X, Y ) = −B(X, θY ) = −B(θX, θ2Y )
= −B(θX, Y ) = B(Y,−θX) = Bθ(Y,X),

which demonstrates that Bθ is symmetric. To show that it is also positive definite,
we first need to show that for a scalar product ⟨X, Y ⟩ = ℜ Tr(XY †) we have that
the adjoint of adX is adX†.

⟨[X, Y ], Z⟩ = ℜ Tr(XY Z† − Y XZ†) =
= ℜ Tr(Y Z†X − Y XZ†) =
= ℜ Tr(Y (X†Z − ZX†)†) = ⟨Y, [X†, Z]⟩.
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Now we can show that Bθ is in fact positive definite as follows

Bθ(X,X) = −B(X, θX) = − Tr(adX ◦ ad θX)
= Tr(adX ◦ ad(X†)) = Tr(adX ◦ (adX)∗) ≥ 0.

In fact, any real semisimple Lie algebra g0 is isomorphic to a Lie algebra of
real matrices that is closed under transpose and the isomorphism can be chosen
in such a way that the Cartan involution of g0 is carried to negative transpose
(Proposition VI.6.28 of [Kna96]).

A Cartan involution θ of g0 yields an eigenspace decomposition g0 = k0 ⊕ p0
of g0 into +1 and −1 eigenspaces of θ. Since θ is a Lie algebra homomorphism, it
follows that

[k0, k0] ⊆ k0, [k0, p0] ⊆ p0, [p0, p0] ⊆ k0. (2.1)

From these relations it is easy to derive that k0 and p0 are orthogonal with respect
to Bθ and B. If X is in k0 and Y is in p0, then adX ◦adY sends k0 to p0 and p0 to
k0; i.e. as a matrix in block form subordinated to the decomposition g0 = k0 ⊕p0 it
has the form ( 0 ∗

∗ 0 ). Thus it has trace 0 and B(X, Y ) = 0 and since θY = −Y also
Bθ(X, Y ) = 0. Because Bθ is positive definite, the eigenspaces have the property
that

B is
⎧
⎨
⎩

negative definite on k0

positive definite on p0.
(2.2)

A decomposition of g0 = k0 ⊕ p0 that satisfies (2.1) and (2.2) is called Cartan
decomposition of g0. Conversely any Cartan decomposition defines a Cartan
involution by

θ =
⎧
⎨
⎩

+ Id on k0

− Id on p0

and we see that Cartan involutions are in bijective correspondence with Cartan
decompositions.

Example 2.1.2. Cartan involution on sl(n,R) is given by negative transpose, i.e.
θX = −X t. The subalgebra k0 is then so(n,R) and the ideal p0 is the space of
symmetric matrices.

For su(n) is a Cartan involution given by a negative conjugate transpose
θX = −X t. The subalgebra k0 is the whole su(n) and p0 is of course empty.

Cartan involutions and decompositions can be even pushed to the Lie group
level.

Theorem 2.1.3 (Theorem VI.6.31 of [Kna96]). Let G be a semisimple Lie group,
let θ be a Cartan involution of its Lie algebra g0, let g0 = liek0 ⊕ p0 be the
corresponding Cartan decomposition, and let K be the analytic subgroup of G with
Lie algebra k0. Then

1. there exists a Lie group automorphism Θ of G with differential θ, and
Θ2 = Id

2. the subgroup of G fixed by Θ is K
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3. the mapping K × p0 → G given by (k,X) ↦→ k expX is a diffeomorphism
onto

4. K is closed and contains the center Z of G

5. K is compact if and only if Z is finite in which case it is a maximal compact
subgroup of G.

This theorem justifies the following definition. We will call a real form g0 of g
compact if g0 = k0, i.e. if the Killing form B is negative definite.

Take a Cartan decomposition g0 = k0 ⊕ p0 and consider g0 as a subset of its
complexification g. Inspecting the signature of Bθ we easily see that k0 ⊕ ıp0 is
a compact form, say u0, of g. Denote by σ the conjugation of g with respect to
the real form g0 and let τ denote the conjugation with respect to u0. Both σ and
τ are either Id or − Id on k0, ık0, p0, ıp0. This immediately implies that the two
involutions commute σ ◦ τ = τ ◦ σ. In particular τ(g0) ⊆ g0 and the restriction
of τ to g0 is the Cartan involution θ corresponding to the Cartan decomposition
g0 = k0 ⊕ p0.

Conversely, given a compact form u0 of a complexification g of g0 such that
the corresponding conjugations τ and σ commute, we get a Cartan involution
for g0 by restriction of the involution τ that corresponds to the compact form u0.
Indeed, since g0 ⊆ g = u0 ⊕ ıu0, we get for any X + ıY ∈ g0

Bθ(X + ıY,X + ıY ) = −B(X + ıY,X − ıY ) = −B(X,X) −B(Y, Y ),

which is positive definite since X, Y are elements from the compact Lie algebra u0.
A semisimple Lie algebra has up to inner isomorphism only one compact real

form and it can be even shown that the compact form can be chosen in such a
way that the corresponding conjugation τ commutes with any a priori chosen
involution σ of g. This is the core of the proof of existence of Cartan involution
for arbitrary real semisimple Lie algebra g0.

To summarize, if g0 = k0 ⊕ p0 is a Cartan decomposition of g0, then k0 ⊕ ıp0 is
a compact real form of the complexification g of g0. Conversely, if k0 and p0 are
the +1 and −1 eigenspaces of an involution σ of g then σ is Cartan involution if
and only if the real form k0 ⊕ ıp0 is compact.

In the following we will use this simple lemma.

Lemma 2.1.4. If g0 is a real semisimple Lie algebra and θ is a Cartan involution,
then the adjoint operator to adX with respect to Bθ is − ad θX, i.e.

(adX)∗ = − ad θX, ∀X ∈ g0

Proof. We have for all Y, Z ∈ g

Bθ((adX)Y, Z) = −B([X, Y ], θZ) = B(Y, [X, θZ])
= B(Y, [θ2X, θZ]) = B(Y, θ[θX,Z])
= −Bθ(Y, [θX,Z]) = Bθ(Y, (− ad θX)Z).
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In addition to compact form, there is always another real form (also unique
up to conjugation) of a complex semisimple Lie algebra g. Let h0 be a Cartan
subalgebra of g0 and consider its complexification h which is (by definition) a
Cartan subalgebra of g. We call a real Lie algebra g0 a split form of g if the
restrictions of elements of h∗ to h0 are real valued.

To construct a split real form we can just take a suitable basis of g and its real
span. In detail, take a complex Lie algebra g and its Cartan subalgebra h and
define h0 as the subset of h on which all the roots take only real values. There
is always a choice (see Theorem VI.6.6 of [Kna96]) of root vectors Xα ∈ gα such
that [Xα, X−α] = Hα and

β ̸= −α&α + β /∈ Φ =⇒ [Xα, Xβ] = 0
α + β ∈ Φ =⇒ [Xα, Xβ] = Nα,βXα+β,

where Nα,β ∈ R and Nα,β = −N−α,−β. Now the split form of g is obtained as

gsplit = h0 ⊕
⨁

α∈Φ
RXα

and a compact form of g can be then given as

k0 = ıh0 ⊕
⨁

α∈Φ+
R(Xα −X−α) ⊕ ıR(Xα +X−α).

Let g0 be a real semisimple Lie algebra and let θ be its Cartan involution.
A Cartan subalgebra h0 of g0 is called θ-stable if θ(h0) = h0. In such a case we
have h0 = (h0 ∩ k0) ⊕ (h0 ∩ p0, where g0 = k0 ⊕ p0 is the Cartan decomposition.
We call the dimension of t = h0 ∩ k0 the compact dimension of a θ-stable Cartan
subalgebra h0 and similarly the dimension of a = h0 ∩ p0 is called the noncompact
dimension of h0. A θ-stable Cartan subalgebra h0 ≤ g0 is called maximally compact
or maximally noncompact if and only if its compact (respectively noncompact)
dimension is maximal possible.

In contrast to the complex case, Cartan subalgebras of real Lie algebras are
not unique up to conjugation. Up to conjugation by inner automorphism, there is
a finite number of Cartan subalgebras and any Cartan subalgebra is conjugated
via an inner automorphism to a θ-stable Cartan subalgebra. Moreover there is up
to conjugation by an element of K only one maximally compact (or maximally
noncompact) θ-stable Cartan subalgebra of g0.

Let g be a complexification of g0 and let h be a complexification of a θ-
stable maximally noncompact Cartan subalgebra h0 of g0. Let σ be a complex
conjugation of g with respect to the real form g0. For α ∈ Φ we define σ∗α by
(σ∗α)(H) = α(σH) for all H ∈ h. The mapping σ∗ is an involutive automorphism
of the root system Φ(g, h). A root α ∈ Φ(g, h) is called compact root if σ∗α = −α.
The set of compact roots is denoted by Φc.

Proposition 2.1.5 (Proposition 2.3.8 of [ČS09]). The set of compact roots is
given by Φc = {α ∈ Φ |α restricted to a is 0}. It is an abstract root system on the
Euclidean subspace of ıt ⊕ a spanned by its elements. For α ∈ Φc, the root space
gα is contained in k ≤ g.

Choose a set of positive roots Φ+ such that σ∗α ∈ Φ+ for all α ∈ Φ+ \ Φc. One
way to obtain such a system of positive roots is to choose ordering of Φ by choosing
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a basis {H1, . . . , Hp} of a and extending it to a basis {H1, . . . , Hr} of ıt ⊕ a. By
definition α ∈ Φ+ if and only if there is an index j such that α(Hj) > 0 and
α(Hi) = 0 for all i < j. By definition α(Hi) ̸= 0 for some i ≤ p for α ∈ Φ+ \ Φc

and since all α(Hj) are real, σHi = Hi for i ≤ p and σ(Hi) = −Hi for i > p.
Let ∆ be the set of simple roots of Φ+ and put ∆c = ∆ ∩ Φc. Then ∆c are a

system of simple roots for Φc and we order our system of simple roots ∆ in such a
way that elements of ∆c come last. The following lemma is due to Ichiro Satake.

Lemma 2.1.6. 1. The element σ∗α− α is not a root for any α ∈ Φ.

2. For α ∈ ∆ \ ∆c, there is a unique element α′ ∈ ∆ \ ∆c such that σ∗α−α′ is
a linear combination of compact roots.

The Satake diagram of the real Lie algebra g0 is defined as follows. In the
Dynkin diagram associated to the simple system ∆, represent compact roots by a
black dot and roots in ∆ \ ∆c by a white dot. Moreover, for any α ∈ ∆ \ ∆c such
that σ∗α ̸= α, connect α by an arrow to the unique simple root α′ ∈ ∆ \ ∆c such
that σ∗α− α′ is a linear combination of compact roots.

Definition 2.1.7 (page 274, [KV95]). Let q be a parabolic subalgebra of the
complexification of a real semisimple Lie algebra g0 and let θ be the corresponding
Cartan involution. We will call q to be θ-stable if θq = q. It follows then that also
the opposite parabolic subalgebra q− is θ-stable and that the Levi part is θ-stable
θl = l.

For a real Lie algebra g0 we define q0 to be a parabolic subalgebra if and only if
the complexification q is a parabolic subalgebra of the complexification g. Similarly
to the complex case, there is an equivalence between parabolic subalgebra g and
gradings on g also in the real category. The standard parabolic subalgebras are
given by crossed roots in Satake diagrams, where we are allowed to cross only
white roots (i.e. those that are not in Φc.

Let’s look at some specific examples of real Lie algebras and groups.

Im,n =
(

Idm 0
0 − Idn

)
, J =

(
0 Idn

− Idn 0

)

X† = X
t

sl(n,C) = {X ∈ gl(n,C) | TrX = 0} for n ≥ 1
so(m,n) = {X ∈ gl(m+ n,R) |X†Im,n + Im,nX = 0} for m+ n ≥ 3
su(m,n) = {X ∈ sl(m+ n,C) |X†Im,n + Im,nX = 0} for m+ n ≥ 2
so†(2n) = {X ∈ su(n, n) |X tIn,nJ + In,nJX = 0} for n ≥ 2
sp(n,R) = {X ∈ gl(2n,R) |X tJ + JX = 0} for n ≥ 1

SU(p, q) = {g ∈ GL(p+ q,C | gIp,qg
† = Ip,q}

Sp(n,C) = {g ∈ GL(2n,C | gtJg = J}
Sp(n,R) = Sp(n,C) ∩ SU(n, n)
O(2n,C) = {g ∈ GL(n,C | gtJIn,ng = JIn,n}

SO∗(2n,C) = O(2n,C) ∩ SU(n, n)
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The Satake diagram of su(p, q) for p+ q = n+ 1, 1 ≤ p ≤ n−1
2 .

α1 αp αp+1 αq αq+1 αn

The Satake diagram of su(p, p) for n = 2p+ 1, p ≤ 2.

α1 α2 αp αn−2 αn−1

The Satake diagram for so(2, 2n− 1).

α1 α2 α3 αn−1 αn

The Satake diagram for so(2, 2n− 2).

α1 α2 α3 αn−2

αn

αn−1

The Satake diagram for sp(n,R).

α1 α2 αn−1 αn

The Satake diagram for so∗(2n) for even n.

α1 α2 α3 αn−3 αn−2

αn

αn−1

The Satake diagram for so∗(2n) for odd n.

α1 α2 α3 αn−3 αn−2

αn

αn−1
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The Satake diagram for e−14
6 - EIII.

α1 α3 α4 α5 α6

α2

The Satake diagram for e−25
7 - EVII.

α1 α3 α4 α5 α6 α7

α2

While Satake diagrams show best the structure of a real Lie algebra they
classify, there is an alternative approach which starts with a maximally compact
θ-stable Cartan subalgebra. We won’t go into details and refer reader to [Kna96].
In the following we will actually use the Vogan diagrams to denote the Hermi-
tian symmetric pairs. The reason is that there is always only one white node
corresponding to the unique simple noncompact root and it is the same simple
root that defines the complex parabolic subalgebra of the Hermitian pair. I.e. by
turning all white nodes in these Vogan diagrams into crossed nodes one gets the
usual notation for the parabolic pair.

2.2 Classical Hermitian symmetric spaces
Let G be simply connected, connected simple Lie group, let Z be its center and
let K be a closed maximal subgroup of G such that K/Z is compact. A unitary
representation (ρ,V) of G such that the underlying (g, K)-module is an irreducible
highest weight module is called unitary highest weight module. From the universal
property of (generalized) Verma modules it follows that any unitarizable highest
weight module is the unique irreducible quotient of a (generalized) Verma module.
It is a result of Harish-Chandra that nontrivial unitarizable highest weight modules
occur only when G/K is a noncompact Hermitian symmetric space. The table 2.1
of all such Hermitian pairs (G,K) is given below.

Let g0 and k0 be the corresponding Lie algebras of G and K and let g and k
denote their complexifications. ByGC andKC we denote the complexifications ofG
and K. The Cartan decomposition gives us g0 = k0 ⊕q0 and upon complexification
we get a splitting of q = p− ⊕ p+. There is a choice of a Cartan subalgebra h
such that h ≤ k. With respect to this Cartan subalgebra we have a triangular
decomposition g = n− ⊕ h ⊕ n with h ≤ k and p− ≤ n−, p+ ≤ n.

Both algebras p := k ⊕ p+ and p := k ⊕ p− are parabolic subalgebras of g.
Moreover their nilradicals p− and p+ are not only nilpotent but even abelian. By P
and P we denote the corresponding parabolic subgroups of GC. The homogeneous
space GC/P is diffeomorphic to the compact Hermitian symmetric space and p− is
naturally mapped via exponential map and projection to an open and dense subset
of this compact manifold. The so called Harish-Chandra embedding gives us a
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realization of the noncompact dual G/K as an orbit in this embedded p−. This
realizes G/K as a bounded Hermitian symmetric domain in p− and it manifests
the Hermitian structure on G/K.

GC G K
SL(p+ q,C) SU(p, q) S(U(p) × U(q))
SO(p+ 2,C) SO(2, p) S(O(p) ×O(2))
SO(2n,C) SO∗(2n) U(n)
Sp(2n,C) Sp(n,R) U(n)
EC

6 E−14
6 Spin(10) × SO(2)

EC
7 E−25

7 E6 × SO(2)

Table 2.1: Hermitian symmetric pairs

Let Φ be the set of roots of (g, h) and let Φc denote the set of roots of (k, h). We
call elements of Φc the compact roots and the remaining roots in Φn = Φ \ Φc are
called noncompact. We define the positive roots Φ+ in such a way that elements of
Φ+

n = Φ+ ∩ Φn span p−. We denote the positive compact roots by Φ+
c = Φc ∩ Φ+.

By ωi we denote the i-th fundamental weight in the standard ordering.
Let ∆ denote the set of simple roots of Φ. From now on we will denote the

set of compact roots by ∆c. The set ∆ \ ∆c contains a single element, the unique
non-compact simple root, which we will denote by γ1. We define a totally ordered
sequence ξ1, ξ2, . . . ξt of strongly orthogonal non-compact positive roots inductively
by γi being the unique minimal element in {α ∈ Φ+

n | (α, γj) = 0, 1 ≤ j < i}. We
define

µj :=
t∑

i=j

ξi

and note that they are all dominant weights. This result as well as the following
one is due to Schmid, Kostant and Hua. It plays an important role in the proof
of classification of unitarizable highest weight modules [EJ90] which are the topic
of chapter 3.

Theorem 2.2.1. Let I denote the set of integral multiindices i = (i1, . . . , lt) with
i1 ≥ i2 ≥ · · · ≥ it ≥ 0. Let Fi denote the irreducible finite-dimensional k-module
with highest weight ∑t

j=1 ijξi. Then S(p+) has a multiplicity free decomposition

S(p+) ≃
⨁

i∈I

Fi. (2.3)

The table 2.2 gives sets of strongly orthogonal roots for Hermitian symmetric pair.

g0 β t ξt−i µt−i

su(p, q) αp p ϵi − ϵt−i+1 ωi + ωt−i+1
so(2, 2n− 1) α1 2 ϵ1 + ϵ2, ϵ1 − ϵ2 ω2, 2ω1
sp(n,R) αn n 2ϵi 2ω1

so(2, 2n− 2) α1 2 ϵ1 + ϵ2, ϵ1 − ϵ2 ω2, 2ω1

Table 2.2: Strongly orthogonal roots
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Moreover, up to a scalar multiple, there exists for each j a unique non-zero
vj ∈ S(p+)n of weight µj. Furthemore S(p+)n is just the polynomial algebra on
the vj, j = 1, . . . , t. We will use this in the section 2.4.1 and we refer to [GW09]
for details.

2.3 Octonionic planes
The classical Hermitian symmetric spaces (i.e. those corresponding to the classical
Lie groups) are treated thoroughly in [FK94]. The exceptional cases were descibed
in [Dru78; Dru81]. The smaller of the two exceptional cases can be seen as a
complexification of the octonionic projective plane [LM01; LM03; AB03]. It’s
hyperplane section was described in [PTF11]. The real octonionic projective
plane is a symmetric Riemannian space F4/Spin(9) with exceptional holonomy
Spin(9). Elementary description of this space as well as it’s other noncompact
(pseudo)Riemannian cousins was given in [HSV09]. It required a lot of case by case
calculations and classification of Osserman manifolds to identify the manifolds
with the appropriate homogeneous spaces. In this section we show how to obtain
the Riemannian metric and curvature in a uniform and elemental way.

2.3.1 Octonions and the exceptional Jordan algebra
Let O denote the normed algebra of octonions over a field k of characteristic 0 (we
will consider only k = R and k = C) and let N : O → R denote the corresponding
norm that satisfies N(xy) = N(x)N(y). Let ( | ) denote the scalar product of
octonions defined by polarization (x | y) = 1

2(N(x+y)−N(x)−N(y)). Sometimes
it is defined without the factor of 1/2, because then some formulas are simpler
and one can also work over a field of characteristic 2. The conjugation is defined
by x = 2 (x | 1) 1 − x, where 1 is the unit of the octonionic algebra O. We define
the real part of x as ℜ(x) = x+x

2 and the imaginary part as ℑ(x) = x−x
2 .

One can construct O e.g. by the Cayley-Dickson process. Basic relations
concerning the scalar product are

(x | y) = xy + yx

2
(x | y) = (x | y) .

(2.4)

Another useful identities one gets via polarizations (see [SV00, p. 5])

(x1y |x2y) = (x1 |x2)N(y), (xy1 |xy2) = N(x) (y1 | y2) (2.5)
(x1y1 |x2y2) + (x1y2 |x2y1) = 2 (x1 |x2) (y1 | y2) . (2.6)

Combining the second equation of (2.4) with (2.6) we get

2 (a | c) (b | d) =
(
ab | cd

)
+
(
ad | cb

)
. (2.7)

Finally, we will need

(ab | c) = (b | ac) , (a | bc) = (ac | b) . (2.8)
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The octonionic multiplication can be “decomposed” using scalar product
and cross product similarly as in the case of quaternions. Namely, we have
(x | y) = ℜ(xy) and we define the cross product as

x× y = ℑ(xy) = 1
2(xy − yx).

It is not really the seven-dimensional cross product, but its restriction to the space
of imaginary octonions is. A bit more obscure is the triple cross product

u× v × w = 1
2
(
u(vw) − w(vu)

)

that appears in the theory of calibrations (and in fact defines what is called the
Cayley calibration), see [Har90] for details. Finally, the associator is defined as

{x, y, z} = (xy)z − x(yz).

The associator is completely antisymmetric. This property is actually equivalent
to the alternativity of the octonionic algebra which in turn implies by the Artin
theorem that any subalgebra generated by two elements is associative. It is easy
to see that if any entry is a multiple of unit in O, then the associator is zero.

The projective octonionic plane OP 2 can be defined via the exceptional formally
real Jordan algebra J3(O) = Herm(3,O). The points of this projective geometry
are then idempotents of trace one. The automorphism group of this Jordan algebra
is the compact real group F4 whose action preserves the trace and determinant
of these octonionic matrices. One can define F4-invariant positive definite scalar
product on JG(O) as

⟨A |B⟩ = Tr(A ◦B),

where A ◦B is the Jordan product of A and B defined by

A ◦B = 1
2 (AB +BA) .

We can generalize this as follows. Take a matrix G =

⎛
⎜⎝
γ1 0 0
0 γ2 0
0 0 γ3

⎞
⎟⎠ such that

G2 = Id with all γi are from the ground field k. Then define G-Hermitian matrices
as those satisfying GA = A†G and on the space of those matrices we still have the
same Jordan algebra structure given by the anticommutator. All G-symmetric
matrices have the following form

⎛
⎜⎝
γ1r1 γ2x1 γ3x2
γ1x1 γ2r2 γ3x3
γ1x2 γ2x3 γ3r3

⎞
⎟⎠ . (2.9)

The scalar product on such matrices is defined by ⟨A |B⟩ = Tr (A ◦ B) and
for a general G-symmetric matrix this gives us the quadratic form

⟨A |A⟩ = 2 (γ1γ2N(x1) + γ1γ3N(x2) + γ2γ3N(x3)) +
3∑

i=1
r2

i
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and by polarization this yields

⟨A |B⟩ = 2 (γ1γ2 (x1 | y1) + γ1γ3 (x2 | y2) + γ2γ3 (x3 | y3)) +
3∑

i=1
risi. (2.10)

From classification of Jordan algebras (see [SV00] for details) we know that up
to isomorphism there is only one exceptional Jordan algebra over the complex
numbers given by J3(OC) which corresponds to G = Id. Over the real numbers
there are actually three isomorphism classes represented by J3(O), J1,2(O), corre-
sponding to G =

( 1 0 0
0 1 0
0 0 −1

)
and the Jordan algebra over the split octonions J3(O′).

The automorphism group of an exceptional Jordan algebra is a group of type F4.
In the complex case we get of course the complex Lie group F4, the automorphism
group of JG(O) is the compact Lie group of type F4, the automorphism group of
J3(O′) is the split real Lie group of type F4 and finally the J1,2(O) has the only
remaining real Lie group F−20

4 as its automorphism group.
We also define scalar product on O3 by

(x | y) = 1
2(x†Gy + y†Gx) =

3∑

i=1
γi (xi | yi) .

Now we define the affine patches / coordinate charts.

OP 2 : Ui =
{
(x1, x2, x3)T ∈ O3

⏐⏐⏐xi = 1
}

(2.11)

OP 1,1 :
U1 =

{
(1, x2, x3)T ∈ O3

⏐⏐⏐ 1 +N(x2) −N(x3) > 0
}

U2 =
{
(x1, 1, x3)T ∈ O3

⏐⏐⏐N(x1) + 1 −N(x3) > 0
} (2.12)

OH2 : U3 =
{
(x1, x2, 1)T ∈ O3

⏐⏐⏐N(x1) +N(x2) − 1 < 0
}

(2.13)

OP 2
s : Ui =

{
(x1, x2, x3)T ∈ O3

s

⏐⏐⏐xi = 1 &
∑

i
N(xi) > 0

}
(2.14)

We would like to identify points corresponding to the same lines from different
patches. Over an associative algebra it is quite easy, because we can just use
the equivalence relation (x1, x2, x3)T ∼ (λx1, λx2, λx3)T for any nonzero λ from
the algebra. This relation is however not transitive when we are working over
the octonions. Nevertheless it is transitive on our affine coordinate patches as
was shown in [HSV09]. There is only one complication, in the case of the split
octonions we actually demand λ to have positive norm N(λ) > 0.

With these preliminaries behind us we can finally define the R (or C) linear
mapping φ : O3 → JG(O) by

φ(a) = a(Ga)†

a†Ga
.

The idea for such a mapping is borrowed from [All97; Asl91]. Its matrix form
looks like this

φ(a) = 1
∑

i γiN(ai)

⎛
⎜⎝
γ1N(a1) γ2a1a2 γ3a1a3
γ1a2a1 γ2N(a2) γ3a2a3
γ1a3a1 γ2a3a2 γ3N(a3)

⎞
⎟⎠ (2.15)

Four octonionic planes were defined in the article [HSV09] by giving maps and
transition functions. The domains used for maps are actually just the analogs
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of classical affine coordinates of the projective or hyperbolic plane. We show
that these octonionic planes can be actually defined as the space of idempotent
matrices of trace one in some exceptional Jordan algebra JG(O) which makes the
F4-symmetry quite manifest. Now we define our affine coordinate patches which
are completely analogous to the classical picture from R1,2. The only novelty is
the split projective plane OP 2

s .

Lemma 2.3.1. The equations for a matrix of the form (2.9) to be in the octonionic
plane are

γ1r1 + γ2r2 + γ3r3 = 1, (2.16)

r1 = γ1r
2
1 + γ2N(x1) + γ3N(x2) (2.17)

r2 = γ2r
2
2 + γ1N(x1) + γ3N(x3) (2.18)

r3 = γ3r
2
3 + γ1N(x2) + γ2N(x3) (2.19)

r3x1 = x3x2 (2.20)
r2x2 = x3x1 (2.21)
r1x3 = x2x1. (2.22)

Proof. Straightforward, we have just used the equation TrA = 1 to rewrite the
off-diagonal terms of A2 = A:

γ1x1 = (γ1r1 + γ2r2)γ1x1 + γ1γ3x3x2

γ1x2 = (γ1r1 + γ3r3)γ1x2 + γ1γ2x3x1

γ2x3 = (γ2r2 + γ3r3)γ2x3 + γ1γ2x2x1.

Lemma 2.3.2. The map φ restricted to the affine coordinate patches has a well-
defined smooth inverse on an octonionic plane, i.e. for any A ∈ JG(O) satisfying
A2 = A and TrA = 1 there exists a ∈ O3 whose one coordinate is 1 and such that
φ(a) = A.

Proof. The equation (2.16) implies that at least one ri is nonzero. Without loss
of generality, we will treat the case r1 ̸= 0 and the coordinate patch with first
coordinate being 1 as the other cases follow by permuting indices.

Comparing (2.9) with (2.15) and imposing a1 = 1 we see that we must have
r1 = 1/(a | a) and γ1x1 = 1

(a | a)γ1a2a1 = r1γ1a2 which leads us to defining a2 = x1/r1.
Similarly, we obtain a3 = x2/r1. Now we need to check whether these choices for
a2, a3 satisfy all the remaining equations of (2.9) = (2.15).

First of all (a | a) = γ1 + γ2
N(x1)

r2
1

+ γ3
N(x2)

r2
1

= γ1r2
1+γ2N(x1)+γ3N(x2)

r2
1

. By the
equation (2.17) this is 1/r1 as it should be. The remaining antidiagonal term
of (2.9) = (2.15) is x3 = a3a2/(a | a) = x2x1/r1 which is equivalent to the equation
(2.22).

The diagonal terms pose a slightly bigger challenge as they are equivalent
to r1r2 = N(x1) and r1r3 = N(x2). For a nonzero x1, x2 these equations can
be derived from (2.20) and (2.21).1 Let us show the case x2 = 0. The equation

1In the associative case, these are two of the equations for φ(a) to be of rank 1 and this
actually remains true even in the non-associative case.
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(2.22) yields x3 = 0 as we suppose r1 ̸= 0 from the beginning. The equation
(2.20) implies either r3 = 0 or x1 = 0. The latter case leading to A being a zero
everywhere except at the upper left position and a = (1, 0, 0)t. In the former case
we see that the equations (2.17), (2.18) turn into

γ1r1 = r2
1 + γ1γ2N(x1), γ2r2 = r2

2 + γ1γ2N(x1)

and their sum yields after a rearrangement

N(x1) = 1 − r2
1 − r2

2
2γ1γ2

.

If we take the square of the condition 1 = TrA = γ1r1 + γ2r2, we obtain r2
1 +

2γ1γ2r1r2 + r2
2 = 1 and subsequently

r1r2 = 1 − r2
1 − r2

2
2γ1γ2

.

Lemma 2.3.3. The directional derivative of φ is given by

∂uφ(x) = ψ(x, u) − 2 (x |u)φ(x)
(x |x) ,

where ψ(x, u) = u(Gx)† + x(Gu)† or in matrix form

ψ(x, u) =

⎛
⎜⎝

2γ1 (x1 |u1) γ2(x1u2 + u1x2) γ3(x1u3 + u1x3)
γ1(x2u1 + u2x1) 2γ2 (x2 |u2) γ3(x2u3 + u2x3)
γ1(x3u1 + u3x1) γ2(x3u2 + u3x2) 2γ3 (x3 |u3)

⎞
⎟⎠ .

Proof. The directional derivative ∂uφ(x) = limt→0
d
dt
φ(x+ tu) and using

∂u

( 1
x†Gx

)
= −2 (x |u)

(x |x)2

we obtain the result after a short calculation.

Now it is straightforward to calculate the pullback ⟨∂uφ(x) | ∂vφ(x)⟩ of the
Jordan algebra scalar product and calculate the curvature using Gauss equation.
The main point here is that the scalar products on the Jordan algebras are invariant
with respect to their automorphism groups and so one obtains Riemannian metrics
on these coordinate patches which are invariant with respect to these groups.
What remains is to prove that these patches actually cover whole orbit in each
case and determine the automorphism groups. But these matters are well known
[SV00; SY03].

2.4 Invariant differential operators
There is a well known correspondence between homomorphisms of parabolic
Verma modules and invariant differential operators acting on sections of associated
bundles over G/P [ČSS01]. For g-dominant integral weights there is actually a
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whole complex of invariant differential operators called Bernstein-Gelfand-Gelfand
resolution [BGG75]. These operators can be actually defined on any parabolic
geometry modeled on (G,P ) [ČSS01; CD01]. Using the results of [HPR06] it
can be shown that construction of [CD01] works also for bundles associated to
formal completions of unitarizable highest weight modules [Tuč12]. For regular
weights all Kostant modules admit a BGG resolution over G/P . See [EHP14] and
references therein.

Connection between unitarizable highest weight modules and invariant differ-
ential operators is one of the main topcis of [DES91]. To explain it here, we have
to change notation a little bit and let α denote multiindices of natural numbers.

Let P (V,W ) denote the space of polynomials between two complex vector
spaces V and W which are endowed with a Hermitian inner product. For p ∈
P (V,W ) define p(∂) : P (V,W ) → P (V,C) by equality p(∂)e(s|t)V = p(s)e(s|t)V .
In coordinates we get that for p(t) = ∑

α aαt
α the resulting linear differential

operator has the expression p(∂) = ∑
α aαt

α. The Fischer inner product on
P (V,W ) is defined by ⟨p, q⟩ := (q(∂)p)(0). Explicitly in coordinates we have for
p(t) = ∑

α aαt
α and q(t) = ∑

α bαt
α that ⟨p, q⟩ = ∑

α α!(aα, bα)W .

Lemma 2.4.1. Let p, q ∈ P (V,W ) and let f ∈ P (V,C). Then

⟨p, fq⟩ = ⟨f(∂)p, q⟩ = ⟨q(∂)p, f⟩.

Proof. All three expression are equal to ((fq)(∂)p)(0).

As was argued in [DES91] this inner product can be used to define a nonde-
generate pairing between M(λ) and its conjugate dual M(λ)∗. In this duality one
gets that the maximal submodule J(λ) is orthogonal to L(λ).

Theorem 2.4.2 (Theorem 2.9 of [DES91]). Let m1, . . . ,mk be any set of genera-
tors for the maximal submodule J(λ) of the Verma module M(λ) which we view as
an S(p+)-module. Then the simple submodule L(λ) of the conjugate dual M(λ)∗

is the kernel of the constant coefficient operators mi(∂), 1 ≤ i ≤ t.

Proof. A polynomial f is in L if and only if ⟨f, pmi⟩ = 0 for all p ∈ P (p−,C) =
S(p+), 1 ≤ i ≤ t. According to the previous lemma this is equivalent to
p(∂)mi(∂)f)(0) for all relevant p and i. From the polynomiality of f follows
that mi(∂)f = 0 for all 1 ≤ i ≤ t.

Of course, the simple submodule L(λ) is isomorphic to the simple quotient of
M(λ) by J(λ). Reader interested in explicit form of the generators mi can consult
chapter 10 of [DES91]. The relationship between the Fischer inner product and
the Shapovalov form was calculated by [Wac99].

2.4.1 Explicit singular vectors for su(m,n)
Since Verma modules are in particular highest weight modules, any homomorphism
between them is determined by the image of the generating vector. This image is
called singular vector and it is, up to duality, precisely the invariant differential
operator we seek. In this section we apply the recently developed F-method
[Kob14; Kob+15] to find (and classify) all singular vectors in Verma modules for
su(m,n) which are induced from scalar representation.
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Let us consider the connected complex simple Lie group G = SL(n+m,C),
n,m ∈ N, and its Lie algebra g = sl(n+m,C) given by

sl(n+m,C) = {X ∈ Mn+m,n+m(C); TrX = 0}. (2.23)

A Cartan subalgebra h of g is given by diagonal matrices

h = {diag(a1, a2, . . . , an+m); a1, a2, . . . , an+m ∈ C, ∑n+m
i=1 ai = 0}. (2.24)

For i = 1, 2, . . . , n+m we define εi ∈ h∗ by εi(diag(a1, a2, . . . , an+m)) = ai. Then
the root system of g with respect to h is ∆ = {εi − εj; 1 ≤ i ̸= j ≤ n + m}. A
positive root system in ∆ is ∆+ = {εi − εj; 1 ≤ i < j ≤ n+m} with the set of
simple roots Π = {α1, α2, . . . , αn+m−1}, αi = εi − εi+1 for i = 1, 2, . . . , n+m− 1.
Finally, the fundamental weights are ωi = ∑i

j=1εj for i = 1, 2, . . . , n+m− 1.
The subset Σ = {α1, . . . , αn−1, αn+1, . . . , αn+m−1} of Π generates the root

subsystem ∆Σ in h∗. We associate to Σ the standard parabolic subalgebra p of g
by p = l ⊕ u. By subscript µ we denote the l-isotypical component of a module.
The Σ-height htΣ(α) of α ∈ ∆ is

htΣ
(∑n+m−1

i=1 aiαi

)
= an, (2.25)

so g is a |1|-graded Lie algebra with respect to the grading given by gi =⨁
α∈∆, htΣ(α)=i gα for 0 ̸= i ∈ Z, and g0 = h ⊕ ⨁

α∈∆, htΣ(α)=0 gα. Moreover,
we have l = g0 ≃ C ⊕ sl(n,C) ⊕ sl(m,C), u = g1 ≃ Hom(Cm,Cn), and
u = g−1 ≃ Hom(Cn,Cm).

The basis {fij; i = 1, 2, . . . ,m, j = 1, 2, . . . , n} of the root spaces in the
opposite nilradical u is given by

fij =
(

0 0
Eij 0

)
, (2.26)

where Eij is the (m× n)-matrix having 1 at the intersection of the i-th row and
j-th column and 0 elsewhere. Analogously, the basis {eij; i = 1, 2, . . . , n, j =
1, 2, . . . ,m} of the root spaces in the nilradical u is given by

eij =
(

0 Eij

0 0

)
, (2.27)

where Eij is the (n×m)-matrix having 1 at the intersection of the i-th row and
j-th column and 0 elsewhere. The Levi subalgebra l of p is the linear span of

hc =
( 1

n
In 0
0 −1

m
Im

)
, hA,B =

(
A 0
0 B

)
, (2.28)

where A ∈ Mn,n(C), B ∈ Mm,m(C) satisfy TrA = 0 and TrB = 0. Moreover, the
element hc is a basis of the center z(l) of l.

Finally, the parabolic subgroup P of G with the Lie algebra p is defined by
P = NG(p), where the parabolic subalgebra p of g is given by

p =
{(

A C
0 B

)
;A ∈ Mn,n(C), B ∈ Mm,m(C), C ∈ Mn,m(C), TrA+ TrB = 0

}
.

(2.29)
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Any character λ ∈ HomP (p,C) is given by

λ = αω̃n (2.30)

for some α ∈ C, where ω̃n ∈ HomP (p,C) is equal to ωn ∈ h∗ regarded as trivially
extended to p = h ⊕ (⨁α∈∆Σ gα) ⊕ u. The character ρ ∈ HomP (p,C) is defined as

ρ = n+m
2 ω̃n. (2.31)

For α ∈ C we denote the character αω̃n by λα ∈ HomP (p,C).
Let us introduce the notation

Ex =
m∑

k=1

n∑

ℓ=1
xkℓ∂xkℓ

, Ey =
m∑

k=1

n∑

ℓ=1
ykℓ∂ykℓ

(2.32)

for the Euler homogeneity operators and

Rx
A =

n∑

i,j=1

m∑

k=1
aijxki∂xkj

, Lx
B = −

m∑

i,j=1

n∑

k=1
bijxjk∂xik

, (2.33)

Ry
A = −

n∑

i,j=1

m∑

k=1
aijykj∂yki

, Ly
B =

m∑

i,j=1

n∑

k=1
bijyik∂yjk

(2.34)

for A = (aij) ∈ Mn,n(C), B = (bij) ∈ Mm,m(C). We set Ly
ij = Ly

Eij
for 1 ≤ i, j ≤ m

and Ry
ij = Ry

Eij
for 1 ≤ i, j ≤ n.

Theorem 2.4.3. Let λ ∈ HomP (p,C) and let (σ,V) be a p-module. Let Au be the
Weyl algebra of the vector space u generated by {xα, ∂xα ; α ∈ ∆(u)} and Au∗ be the
Weyl algebra of the vector space u∗ generated by by {yα, ∂yα ; α ∈ ∆(u)}. Then the
embedding of g into Au ⊗C EndVλ+ρ and into it’s Fourier dual Au∗ ⊗C EndVλ−ρ

is given by

1)

πσλ
(fij) = −∂xij

,

π̂σλ
(fij) = −yij

(2.35)

for i = 1, 2, . . . ,m and j = 1, 2, . . . , n;

2)

πσλ
(hc) =

(
1
n

+ 1
m

)
Ex +

(
λ(hc) + n+m

2

)
+ σ(hc),

πσλ
(hA,B) = Rx

A + Lx
B + σ(hA,B),

π̂σλ
(hc) = −

(
1
n

+ 1
m

)
Ey +

(
λ(hc) − n+m

2

)
+ σ(hc),

π̂σλ
(hA,B) = Ry

A + Ly
B + σ(hA,B)

(2.36)

for all A ∈ Mn,n(C), B ∈ Mm,m(C) satisfying TrA = 0 and TrB = 0;
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3)

πσλ
(eij) =

m∑

k=1

n∑

ℓ=1
xkixjℓ∂xkℓ

+
(
λ(hc) + n+m

2

)
xji + σ(eij) + xjiσ(hc)

+
n∑

ℓ=1
xjℓσ(hEiℓ− 1

n
Inδiℓ,0) −

m∑

k=1
xkiσ(h0,Ekj− 1

m
Imδkj

),

π̂σλ
(eij) =

m∑

k=1

n∑

ℓ=1
ykℓ∂yki

∂yjℓ
−
(
λ(hc) − n+m

2

)
∂yji

+ σ(eij) − ∂yji
σ(hc)

−
n∑

ℓ=1
∂yjℓ

σ(hEiℓ− 1
n

Inδiℓ,0) +
m∑

k=1
∂yki

σ(h0,Ekj− 1
m

Imδkj
)

(2.37)
for i = 1, 2, . . . , n and j = 1, 2, . . . ,m.

Proof. It follows immediately by straightforward caculations from [KS17].

Let α ∈ C and let (σ,C) be the trivial p-module. Then we have an isomorphism

τ ◦ Φλα : M(Cλα−ρ) ∼−→ C[u∗] ⊗C Cλα−ρ (2.38)

of g-modules, where the action of g on C[u∗] ⊗CCλα−ρ is given by Theorem 2.4.3.
If we introduce an l-module

Sol = {f ∈ C[u∗] ⊗CVλ−ρ; π̂σλ
(a)f = 0 for all a ∈ u}, (2.39)

then by (2.38) we obtain an isomorphism

τ ◦ Φλ : M(Vλ−ρ)u ∼−→ Sol (2.40)

of l-modules where F is the algebraic Fourier duality mapping uniquely determined
by

F(xα) = −∂yα , F(∂xα) = yα.

Proposition 2.4.4. Let α ∈ C and let r = min{n,m}. Then we have

C[u∗] ⊗C Cλα−ρ ≃
⨁

µ∈Λ+
α(p)

Fµ (2.41)

as l-modules, where Fµ is the simple l-module with highest weight µ ∈ h∗ and

Λ+
α (p) =

{
r∑

i=1
aiωn−i +

r∑

i=1
aiωn+i +

(
α− n+m

2 − 2
r∑

i=1
ai

)
ωn; ai ∈ N0

}
. (2.42)

Moreover, the corresponding highest weight vector vµ of Fµ in C[u∗] ⊗C Cλα−ρ with

µ =
r∑

i=1
aiωn−i +

r∑

i=1
aiωn+i +

(
α− n+m

2 − 2
r∑

i=1
ai

)
ωn (2.43)

is vµ = qa1
1 q

a2
2 . . . qar

r , where

qk = det

⎛
⎜⎜⎜⎜⎝

y1,n−k+1 y1,n−k+2 . . . y1,n

y2,n−k+1 y2,n−k+2 . . . y2,n
... ... . . . ...

yk,n−k+1 yk,n−k+2 . . . yk,n

⎞
⎟⎟⎟⎟⎠

(2.44)

for k = 1, 2, . . . , r.
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Proof. First of all, we need to verify that the polynomials qk are the highest weight
vectors with highest weights ωn−k+ωn+k+

(
α−n+m

2 −2
)
ωn for k = 1, 2, . . . , r. Using

(2.34) it easily follows that Ly
ijqk = 0 for j = k + 1, k + 2, . . . ,m and Ly

ijqk is the
polynomial which arises from qk replacing the j-th row (yj,n−k+1, yj,n−k+2, . . . , yj,n)
with the i-th row (yi,n−k+1, yi,n−k+2, . . . , yi,n) in the corresponding matrix (2.44)
for j = 1, 2, . . . , k. Analogously, we have that −Ry

ijqk = 0 for i = 1, 2, . . . , n− k
and −Ry

ijqk is the polynomial which arises from qk replacing the i-th column
(y1,i, y2,i, . . . , yk,i)T with the j-th column (y1,j, y2,j, . . . , yk,j)T in the corresponding
matrix (2.44) for i = n− k + 1, n− k + 2, . . . , n. Therefore, we obtain Ry

ijqk = 0
for 1 ≤ i < j ≤ n and Ly

ijqk = 0 for 1 ≤ i < j ≤ m, which gives us that qk is
annihilated by l ∩ n. Furthermore, since we have

π̂λα(hA,B)qk =
n∑

i=1
aiR

y
iiqk +

m∑

j=1
bjL

y
jjqk = −

n∑

i=n−k+1
aiqk +

k∑

j=1
bjqk

=
(

n−k∑

i=1
ai +

k∑

j=1
bj

)
qk

= ωn−k(hA,B)qk + ωn+k(hA,B)qk +
(
α− n+m

2 − 2
)
ωn(hA,B)qk

for all A = diag(a1, a2, . . . , an), B = diag(b1, b2, . . . , bm) satisfying TrA = 0,
TrB = 0, and

π̂λα(hc)qk = −
(

1
n

+ 1
m

)
Eyqk +

(
α− n+m

2

)
qk

= −k
(

1
n

+ 1
m

)
qk +

(
α− n+m

2

)
qk

= ωn−k(hc)qk + ωn+k(hc)qk +
(
α− n+m

2 − 2
)
ωn(hc)qk,

we obtain that qk is a weight vector with respect to l∩h. Therefore, the polynomial
qk is the highest weight vector with highest weight ωn−k +ωn+k +

(
α− n+m

2 −2
)
ωn.

As an immediate consequence of the previous result, we get that the polynomial
qa1

1 q
a2
2 . . . qar

r with a1, a2, . . . , ar ∈ N0 is the highest weight vector with highest
weight

µ =
r∑

k=1
akωn−k +

r∑

k=1
akωn+k +

(
α− n+m

2 − 2
n∑

k=1
ak

)
ωn

and generates a finite-dimensional simple l-submodule of C[u∗]⊗CCλα−ρ isomorphic
to Fµ, since C[u∗] ⊗C Cλα−ρ is a semisimple l-module decomposing into finite-
dimensional simple l-submodules. This gives us an injective homomorphism

⨁

µ∈Λ+
α(p)

Fµ → C[u∗] ⊗C Cλα−ρ

of l-modules, which is an isomorphism as follows from [GW09].
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Lemma 2.4.5. Let α ∈ C and µ ∈ Λ+
α (p). Then we have

Solµ ≃

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Fµ for α ∈ C, µ =
(
α− n+m

2

)
ωn,

Fµ

for α = a− k + n+m
2 , µ = aωn−k + aωn+k − (a+ k)ωn,

a ∈ N, k ∈ {1, 2, . . . , r}
0 otherwise.

Proof. Using Proposition 2.4.4 we know that C[u∗] ⊗C Cλα−ρ is a multiplicity free
l-module. Moreover, since we have Solµ ⊂ (C[u∗] ⊗C Cλα−ρ)µ ≃ Fµ for µ ∈ Λ+

α (p),
we obtain that Solµ is either the zero l-module or isomorphic to the l-module
Fµ. Therefore, it is enough to verify, whether the highest weight vector vµ of
(C[u∗] ⊗C Cλα−ρ)µ is contained in Sol or not. Let µ ∈ Λ+

α (p) and let us assume
that the highest weight vector

vµ = qa1
1 q

a2
2 . . . qar

r

of (C[u∗] ⊗C Cλα−ρ)µ with a1, a2, . . . ar ∈ N0 belongs to Sol. For greater clarity,
we denote by qa the polynomial qa1

1 q
a2
2 . . . qar

r for a = (a1, a2, . . . , ar) ∈ Nr
0 and by

1k ∈ Nr
0 the r-tuple having 1 at the k-th position and 0 otherwise. Furthermore,

we have

π̂λα(eij) =
m∑

k=1

n∑

ℓ=1
ykℓ∂yki

∂yjℓ
−
(
α− n+m

2

)
∂yji

=
m∑

k=1
∂yki

Ly
kj −

(
α− n−m

2

)
∂yji

for i = 1, 2, . . . , n and j = 1, 2, . . . ,m.
If vµ = 1, then π̂λα(eij)vµ = 0 for all i = 1, 2, . . . , n, j = 1, 2, . . . ,m and α ∈ C.

Therefore, we have Solµ ≃ Fµ for µ =
(
α− n+m

2

)
ωn and α ∈ C.

Now, if vµ ̸= 1, then there exists an index s ∈ {1, 2, . . . , r} satisfying as ̸= 0
and aℓ = 0 for ℓ = s + 1, s + 2, . . . , r. Since ∂yk,n−s+1qℓ = 0 and Ly

ksqℓ = 0 for
ℓ = 1, 2, . . . , s− 1 and k = 1, 2, . . . ,m, we may write

π̂λα(en−s+1,s)vµ =
m∑

k=1
∂yk,n−s+1L

y
ksq

a −
(
α− n−m

2

)
∂ys,n−s+1q

a

=
m∑

k=1
as∂yk,n−s+1q

a−1sLy
ksqs −

(
α− n−m

2

)
∂ys,n−s+1q

a

=
m∑

k=s

as∂yk,n−s+1q
a−1sLy

ksqs −
(
α− n−m

2

)
∂ys,n−s+1q

a,

where we used that Ly
ksqs = 0 for k < s in the last equality. Further, using

∂yk,n−s+1qℓ = 0 for k > ℓ, we obtain

π̂λα(en−s+1,s)vµ = as∂ys,n−s+1q
a−1sLy

ssqs +
m∑

k=s+1
asq

a−1s∂yk,n−s+1L
y
ksqs

−
(
α− n−m

2

)
∂ys,n−s+1q

a

= as∂ys,n−s+1q
a + (m− s)asq

as−1s∂ys,n−s+1qs −
(
α− n−m

2

)
∂ys,n−s+1q

a

=
(
as − s− α + n+m

2

)
∂ys,n−s+1q

a,
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where we used Ly
ssqs = qs and ∂yk,n−s+1L

y
ksqs = ∂ys,n−s+1qs for k > s. As

∂ys,n−s+1q
a ̸= 0 and π̂λα(en−s+1,s)vµ = 0, we get

α = as − s+ n+m

2 . (2.45)

Our next step is to show that aℓ = 0 for ℓ = 1, 2, . . . , s − 1. Let us assume
that there exists an index t ∈ {1, 2, . . . , s − 1} satisfying at ̸= 0 and aℓ = 0 for
ℓ = t+ 1, t+ 2, . . . , s− 1. Analogously as in the previous part, we may write

π̂λα(en−t+1,t)vµ =
m∑

k=1
∂yk,n−t+1L

y
ktq

a −
(
α− n−m

2

)
∂yt,n−t+1q

a

=
m∑

k=1

(
as∂yk,n−t+1q

a−1sLy
ktqs + at∂yk,n−t+1q

a−1tLy
ktqt

)

−
(
α− n−m

2

)
∂yt,n−t+1q

a

=
m∑

k=s+1
as∂yk,n−t+1q

a−1sLy
ktqs +

m∑

k=t+1
at∂yk,n−t+1q

a−1tLy
ktqt

+ as∂yt,n−t+1q
a−1sLy

ttqs + at∂yt,n−t+1q
a−1tLy

ttqt

−
(
α− n−m

2

)
∂yt,n−t+1q

a

=
m∑

k=s+1
asq

a−1s∂yk,n−t+1L
y
ktqs +

m∑

k=t+1
atq

a−1t∂yk,n−t+1L
y
ktqt

+
s∑

k=t+1
at(∂yk,n−t+1q

a−1t)Ly
ktqt +

(
as + at − α + n−m

2

)
∂yt,n−t+1q

a.

Using ∂yk,n−t+1L
y
ktqs = ∂yt,n−t+1qs for k > s and ∂yk,n−t+1L

y
ktqt = ∂yt,n−t+1qt for k > t,

we get

π̂λα(en−t+1,t)vµ = (m− s)asq
a−1s∂yt,n−t+1qs + (m− t)atq

a−1t∂yt,n−t+1qt

+
s∑

k=t+1
asatq

a−1s−1t(∂yk,n−t+1qs)Ly
ktqt

+
(
as + at − α + n−m

2

)
∂yt,n−t+1q

a

= asatq
a−1s∂yt,n−t+1qs + at(at + s− t)qa−1t∂yt,n−t+1qt

+
s∑

k=t+1
asatq

a−1s−1t(∂yk,n−t+1qs)Ly
ktqt,

where we used (2.45) in the last equality. Since π̂λα(en−t+1,t)vµ = 0, we obtain the
equation

qa−1s−1t

(
atasqt∂yt,n−t+1qs+at(at + s− t)qs∂yt,n−t+1qt+

s∑

k=t+1
asat(∂yk,n−t+1qs)Ly

ktqt

)
=0,

which gives us

atasqt∂yt,n−t+1qs + at(at + s− t)qs∂yt,n−t+1qt +
s∑

k=t+1
asat(∂yk,n−t+1qs)Ly

ktqt = 0.
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Applying the operator ∂yt,n−t+1 to the previous equation, we get

at(as + at + s− t)(∂yt,n−t+1qs)(∂yt,n−t+1qt) = 0,

because ∂yt,n−t+1(∂yk,n−t+1qs)Ly
ktqt = 0 for k = t+ 1, t+ 2, . . . , s. Moreover, we have

∂yt,n−t+1qs ̸= 0, ∂yt,n−t+1qt ̸= 0 and as + at + s − t > 0, hence we obtain at = 0,
which is a contradiction with the choice of the index t. Therefore, we have vµ = qas

s

for µ = asωn−s + asωn+s − (as + s)ωn and α = as − s+ n+m
2 . It remains to show

that π̂λα(eij)vµ = 0 for all i = 1, 2, . . . , n, j = 1, 2, . . . ,m and α = as − s + n+m
2 .

We may write

π̂λα(eij)vµ =
m∑

k=1
∂yki

Ly
kjq

as
s − (as − s+m)∂yji

qas
s

=
m∑

k=1
as∂yki

qas−1
s Ly

kjqs − (as − s+m)∂yji
qas

s

= as∂yji
qas−1

s Ly
jjqs +

m∑

k=s+1
as∂yki

qas−1
s Ly

kjqs − (as − s+m)∂yji
qas

s

= as∂yji
qas

s +
m∑

k=s+1
asq

as−1
s ∂yki

Ly
kjqs − (as − s+m)∂yji

qas
s

=
m∑

k=s+1
asq

as−1
s ∂yji

qs − (m− s)∂yji
qas

s

= (m− s)∂yji
qas

s − (m− s)∂yji
qas

s = 0,

where we used Ly
kjqs = 0 if j > s or if k ≤ s and k ̸= j in the third equality and

∂yki
Ly

kjqs = ∂yji
qs for k > s in the fifth equality. Hence, we have Solµ ≃ Fµ for

µ = aωn−k + aωn+k − (a+ k)ωn and α = a− k + n+m
2 .

Theorem 2.4.6. We have

τ ◦ Φλα+ρ : M(Cλα)u ∼−→

⎧
⎪⎪⎨
⎪⎪⎩

Fµα,r if α + r /∈ N,

Fµα,r ⊕
min{r−1,α+r−1}⨁

k=0
Fµα,k

if α + r ∈ N,

where µα,k = (α + r − k)ωn−r+k + (α + r − k)ωn+r−k − (α + 2r − 2k)ωn for
k = 0, 1, . . . , r.

Proof. The decomposition of the space of singular vectors M(Cλα)u is a straight-
forward consequence of Lemma 2.4.5.

If α + r ∈ N, then Theorem 2.4.6 ensures the existence of a non-trivial
homomorphism

φ : M(Fµα,k
) → M(Cλα) (2.46)

of generalized Verma modules for k = 0, 1, . . . ,min{r − 1, α+ r − 1}, where the
simple l-module Fµα,k

is extended to a p-module by u acting trivially, uniquely
determined by a homomorphism

φ0 : Fµα,k
→ M(Cλα) (2.47)

43



of p-modules, which is defined by

φ0(vµα,k
) = qα+r−k

r−k (fij)vα, (2.48)

where vα ∈ M(Cλα) is the highest weight vector of M(Cλα) and vµα,k
∈ Fµα,k

is
the highest weight vector of Fµα,k

. Finally, let us remark that the same approach
works also in the sp and so∗ cases [KT17].
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3. Unitarizable highest weight
modules
One of the main open problem of representation theory is classification of unitary
modules of Lie groups. Apart from the finite-dimensional representations (which
are unitary for compact Lie groups) one of the classes of modules where a complete
classification was obtained is the class of unitarizable modules of highest weight.
It is precisely the intersection of BGG category O and Harish-Chandra (g, K)-
modules. It was proved already by Harish-Chandra that these modules can occur
only in the Hermitian symmetric case, see [Har55; Har56a] and [Har56b] for
details.

A sufficient and necessary condition for unitarizability of a highest weight
module appears in [GZ81]. Independently, these modules were classified by
Jakobsen in [Jak81; Jak83] with later development in [Jak96]. Another, yet
independent, approach was given by [EHW83] with later simplification in [Jos92].
In [Ada87] it was shown that all unitarizable highest weight modules can be
obtained via the derived functor construction from either a one-dimensional or a
unipotent representation. This parametrization given here fits in nicely with the
Langlands classification and the coadjoint orbit picture.

In this chapter we follow mainly the article [EHW83] and reorganization of
the unitarizable weight into integral cones that was presented in [DES91].

3.1 Classification
The algebra k has a one-dimensional center which is complementary to the span
of Φc. We pick a generator ζ of the center by requiring 2⟨ζ,β⟩

⟨β,β⟩ = 1, where β is the
unique maximal noncompact root1 of Φ+. Now any line λ+ zζ for z ∈ C can be
uniquely written as λ0 + zζ with

⟨λ0 + ρ, β⟩ = 0, ρ =
∑

α∈Φ+
α.

If L(λ) is an irreducible unitarizable module for λ = λ0 + zζ, then z must be
real and the KC-finiteness implies that λ must be Φ+

c -dominant integral. Write
the generalized Verma module M(λ) as S(p+) ⊗ F (λ0) ⊗ Czζ. If we fix a basis
of g and F (λ0), we may view the modules M(λ) as defined on the same vector
space S(p+) ⊗ F (λ0) where the action of g is given by polynomial expressions in
z. Likewise, we may view the Shapovalov form on M(λ) as a bilinear form on
S(p+) ⊗ F (λ0) with values in complex polynomials C[z].

A g-module M is called unitarizable if there exists (necessarily unique up to
a multiple) positive definite contravariant form on M . The following theorem
explains the structure of the set of z ∈ R such that the module M(λ) is unitarizable.

1Equivalently, β is the highest weight of k-representation p+.
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A(λ0) B(λ0)

C

Figure 3.1: Structure of unitarizable weights

Theorem 3.1.1 (Theorem 2.4 of [EHW83]). The set of real numbers z with
L(λ0 + zζ) a unitarizable g-module is given by the set

{z ∈ R | z ≤ A(λ0)} ∪ {z = A(λ0) + kC(λ0) | z ≤ B(λ0) & k ∈ N0},

where A(λ0), B(λ0) and C(λ0) are real numbers expressible in terms of certain
root systems Q(λ0) and R(λ0) associated to λ0. Moreover C(λ0) is independent of
λ0 and depends only on the type of g0. The values of C are listed in Table 3.1 and
the structure of the set of unitarizable highest weights is depicted in Figure 3.1.

The discrete series representation corresponds to z < 0 and limit of discrete
series representation corresponds to z = 0. For z < A(λ0) we have L(λ) = M(λ)
(i.e. the generalized Verma modules are irreducible) and for all z ≥ A(λ0) such
that L(λ) are unitarizable the generalized Verma modules are reducible.

g0 SU(p, q) Sp(n,R) SO∗(2n) SO(2, 2n− 2) SO(2, 2n− 1) E6 E7
C 1 1

2 2 n− 2 n− 3
2 3 4

Table 3.1: Distance between points of reducibility

Let Φc(λ0) := {α ∈ Φc|⟨α, λ0⟩ = 0} and recall the definition of β the maximal
non-compact root. Take the root subsystem of Φ generated by ±β and Φc(λ0)
and decompose it into a disjoint union of simple root systems. Let Q(λ0) be the
root system in this union which contains β.

If Φ has two root lengths and if there are short compact roots α not orthogonal
to Q(λ0) with 2⟨λ0,α⟩

⟨α,α⟩ = 1, then let Ψ be the root system generated by ±β,Φc(λ0)
and all such α. Let R(λ0) be the simple component of Ψ which contains β. If Φ
has only one root length or if no such α exists, then put R(λ0) = Q(λ0).

Since these root systems are subsystems of Φ and since each has compact and
noncompact roots, each is a root system of a Hermitian symmetric pair.

There is a convenient way to construct Q(λ0) by means of Dynkin diagrams.
Draw a Dynkin diagram of g and delete the unique node corresponding to simple
noncompact root. Now adjoin to the resulting diagram −β by the usual rules as
when constructing extended Dynkin diagrams. The maximal connected subdia-
gram containing −β such that its every compact simple root is orthogonal to λ0
is the Dynkin diagram of Q(λ0). We illustrate on the case of su(p, q). Here the
noncompact root β is αp and we get the following extended Dynkin diagram.
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α1 α2 α3

−β

αn−3 αn−2 αn−1

Figure 3.2: The Dynkin diagram of Q(λ0)

If we write down λ0 with respect to the basis of fundamental weights λ0 =∑
i aiωi we see that Q(λ0) is a root system of su(p′, q′) where p′ and q′ are maximal

such that the coefficients a1, a2, . . . , ap′ and an−q′+1, an−q′+2, . . . , an are nonzero.
The root system R(λ0) is different from Q(λ0) only in two cases. The first

one is g0 = sp(n,R) where Q(λ0) = sp(n′,R) and R(λ0) = sp(n′′,R) with n′ <
n′′ ≤ n. The second one is g0 = so(2, 2n − 1) where Q(λ0) = su(1, n − 1) and
R(λ0) = so(2, 2n− 1) with λ0 = (λ1,

1
2 , . . . ,

1
2) in the ϵ-basis.

The following two theorems finish the general classification of unitarizable
highest weight modules.

Theorem 3.1.2 (Theorem 2.8 of [EHW83]). Let Φ+
c,1 := Φ+

c ∩ Q(λ0) and let
Φ+

c,2 := Φ+
c ∩R(λ0). Denote by ρc,i half of the sum of roots in Φ+

c,i.
If g0 = so(2, 2n− 1) and Q(λ0) ̸= R(λ0) then

B(λ0) = 1 + ⟨ρc,2, β⟩
⟨β, β⟩ .

In all other cases
B(λ0) = 1 + ⟨ρc,1 + ρc,2, β⟩

⟨β, β⟩ .

Theorem 3.1.3 (Theorem 2.10 of [EHW83]). The first reduction point A(λ0) is
given by2

A(λ0) = B(λ0) − (split rank of Q(λ0) − 1)C.

Now let’s see what we can tell about the maximal module J(λ) of the general-
ized Verma module M(λ).

Theorem 3.1.4 (Theorem 3.1 of [DES91]). Suppose L(λ) = M(λ)/J(λ) is uni-
tarizable and J(λ) ̸= 0. Then

1. H1(p−, L(λ)) is an irreducible k-module

2. J(λ) is generated over S(p+) by an irreducible k-submodule J(λ)0 isomorphic
to H1(p−, L(λ)).

In particular, the generator of J(λ) must be contained in some component
Sk(p+) ⊗ F (λ). This k is called level of reduction of L(λ) and is denoted by l(λ).

Definition 3.1.5. The set of reduction points Λr is the union of all reduction
points. Explicitly

Λr := {λ = zζ + λ0 ∈ h∗|z = A(λ0) + kC, k ∈ N0, z ≤ B(λ0)}.
2Or in other words, the number of reduction points equals the split rank of Q(λ0).
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For λ ∈ Λr let a(λ) := (Q(λ0), R(λ0), l(λ)) and let A denote the set of all such
triples as λ ranges over Λr. For a ∈ A, let Λa denote the set of all λ ∈ Λr with
a(λ) = a.

Now we can look more closely at the structure of the set of reduction points.

Corollary 3.1.6 (of 3.1.3). Let a = (Q,R, l) ∈ A and let λ ∈ Λa. If we write λ =
zζ+λ0, then z = B(λ)−(l−1)C and on the other hand for λ = (B−nC)ζ+λ0 ∈ Λr

we have l(λ) = n+ 1.

Let h∗
R denote the real span of the roots. A cone with vertex zero (in h∗

R) is
the intersection of a (nonempty) collection of closed half spaces. Each cone C is
thus determined by a finite set {hi ∈ h|i = 1, . . . , k} with C = {λ ∈ h∗

R|λ(hi) ≥
0, i = 1, . . . k}. An integral cone will be the intersection of a cone with the set of
all k-integral points of h∗. For an integral element ν ∈ h∗, a translated cone with
vertex ν is a set of the form ν + C with C some integral cone.

Definition 3.1.7. For a = (Q,R, l) ∈ A, let Ca be the integral cone of k-dominant
integral elements in h∗

R which are orthogonal to elements in R.

For concrete calculations the following lemma can be useful.

Lemma 3.1.8 (Section 4.3 of [EH04a]). The cone CQ,R,l consists of positive
integral multiples of weights of the form ωi − (ωi, β

∨)ζ, where ωi is a fundamental
weight corresponding to simple root αi that does not belong to R.

Proof. Any k-dominant integral weight can be written in the form µ = ∑
i aiωi+bζ,

where ai are non-negative integers. Such a weight is perpendicular to R if and
only if it is perpendicular to all compact simple roots contained in R and to the
noncompact root −β, i.e. to the simple roots of the root system R. The crucial
observation here is that for each Hermitian symmetric space the weight ζ is in
fact the fundamental weight corresponding to the simple noncompact root. Hence
we have

0 =
(∑

aiωi + bζ, α∨
i

)
= ai

for all compact simple roots of R and

0 =
(∑

aiωi + bζ, β∨
)

for the noncompact root. Recalling the definition of ζ and solving for b we see
that the cone consists of vectors of the form ∑

ai(ωi − (ωi, α
∨
i )ζ) where the sum

is only indices whose simple roots are not in R.

Proposition 3.1.9 (Proposition 6.6 of [DES91]). The set of reduction points Λr

is the disjoint union of the sets Λa, a ∈ A.
Each set Λa is a translated integral cone with vertex λa + Ca. We list the

vertices λa in sections 3.2.1 through 3.2.6.

Proof. The first statement is trivial and the second one follows by case by case
computations.

The next proposition gives an alternative way to compute the highest weight
of the maximal submodule.
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Proposition 3.1.10 (Proposition 6.8 of [DES91]). Suppose λ ∈ Λa with a =
(Q,R, l). Let u and v denote respectively the unique elements of maximal length
in the Weyl groups for the positive root systems Q ∩ Φ+

c and R ∩ Φ+
c and let µ

denote the highest weight of the maximal submodule J(λ). Then

µ = λ+ 1
2(uµl + vµl)

in all cases except when g0 = so(2, 2n− 1) and Q ̸= R. In this case

µ = λ+ 1
2(µl + vµl).

Moreover, in all cases F (µ) occurs with multiplicity one in M(λ+ ρ) and in
all cases F (µ) is a PRV component of a tensor product in S(p+) ⊗ F (λ).

The next theorem deals with effect of a sort of ‘translation functor’ on unita-
rizable highest weight modules.

Theorem 3.1.11 (Factorization theorem 6.15 of [DES91]). Fix a ∈ A and let
λ = λa + λ′ ∈ Λa. Let J(λ)0 and J(λa)0 be the k-modules that generate J(λ) and
J(λa). Extend the k-equivariant projection

P : F (λa) ⊗ F (λ′) → F (λ)

to a mapping P̃ : M(λa) ⊗ F (λ′) → M(λ) by

P̃ (F ⊗ v)(T ) := P (F (T ) ⊗ v),

where we have used that M(λa) = S(p+) ⊗ F (λa).
Let µ and µa denote the highest weights of J(λ)0 and J(λa)0. Then

1. µ = µa + λ′

2. P (J(λa)0 ⊗ F (λ′)) = J(λ)0 and

3. P (J(λa) ⊗ F (λ′)) = J(λ).

3.2 Nilpotent cohomology of unitarizable high-
est weight modules

The convention employed in this section is that we omit the terms whose indices
are outside natural boundaries.

Definition 3.2.1. Let Ψλ be the set if roots in Φ which are orthogonal to λ+ ρ
and let Ψ+

λ = Ψλ ∩ Φ+. Denote by Φ+
n,λ the roots which satisfy the following

conditions

1. α ∈ Φ+
n and (λ+ ρ, α∨) is a positive integer;

2. α is orthogonal to Ψλ;

3. α is short if there exist a long root in Ψλ.
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Let Wλ be the subgroup of W which is generated by reflections sα for α ∈ Φ+
n,λ.

Let Φλ be the subset of Φ of elements β with sβ ∈ Wλ and let Φλ,c = Φc ∩ Φλ,
Φ+

λ,c = Φλ,c ∩ Φ+.
Finally, define W c,i

λ = {w ∈ Wλ |wρ is Φ+
λ,c-dominant and lλ(w) = i}.

Theorem 3.2.2 (3.7 [DES91]). Let L be unitarizable with highest weight λ. Then
for i ∈ N we have

H i(p+, L) ≃
⨁

w∈W c,i
λ

F (w(λ+ ρ) − ρ) (3.1)

where λ is the unique Φ+
c -dominant element in the Wc orbit of λ.

It turns out that Φλ is actually a root system of a simple Lie algebra and
moreover it’s intersection with noncompact roots is nonempty and gives a decom-
position of Φλ into compact and noncompact roots. In other words, we obtain a
smaller Hermitian symmetric pair defined by λ.

Definition 3.2.3. The Hermitian symmetric pair (gλ, kλ) attached to (Φλ,c,Φλ ∩
Φn) is called reduced Hermitian symmetric pair associated to λ.

A priori, it is not clear that Wλ is a Weyl group. The following theorem deals
with this issue.

Theorem 3.2.4 (Theorem 3.3 of [Dye90], [Deo89]). Let (W,R) be a Weyl group
generated by a set of simple reflections R and let T = ⋃

w∈W wRw−1 be the set
of all reflections. If G is any subgroup of a Weyl group W that is generated by
reflections, then it is a Coxeter group. Let N(w) = {t ∈ T | l(tw) < l(w)} where l
denotes the length function of (W,R). The set {t ∈ T |N(t) ∩G = {t}} is a set of
Coxeter generators for G.

We can use this theorem to find the simple roots of the reduced Hermitian
symmetric pair (gλ, kλ). The proof of the formula (3.1) is based on the fact that
for unitarizable highest weights the Enright Shelton equivalences 1.2.3 translate
the problem to calculation of nilpotent Lie algebra cohomology of the reduced
Hermitian pair with values in a finite dimensional representation. Hence one can
just calculate the BGG diagram of minimal representatives of the pair (gλ, kλ)
using the classical algorithm and then apply the embedding of (gλ, kλ) into (g, k).

Remark 3.2.5. The k-weight of the first cohomology is given by λ0 − ρ where
λ0 is the unique Φ+

c dominant element in the Wc orbit of sγ0λ for the unique
noncompact simple root γ0 ∈ Φ+

λ .

Lemma 3.2.6. Let λ be a highest weight of a unitarizable highest weight module.
If a positive root is orthogonal to λ+ ρ then it must be noncompact.

α ∈ Φ+ : α ⊥ λ+ ρ =⇒ α ∈ Φ+
n

Proof. Every positive roots can be written as a positive linear combination of
simple roots, i.e. α = ∑

i ciαi where ci ≥ 0. The fundamental weights form a basis

50



of h∗ and thus λ = ∑
i kiωi. Now we just use the defining property of fundamental

weights 2(αi,ωj)
(αi,αi) = δij to compute

(α, λ+ ρ) =
∑

i,j

(cikj(αi, ωj) + ci(αi, ωj))

=
∑

i,j

(
cikj

(αi, αi)
2 δij + ci

(αi, αi)
2 δij

)

=
∑

i

ci
(αi, αi)

2 (ki + 1).

If λ is a highest weight of a unitarizable module, then all but one of the coefficients
ki are non-negative and the only possibly negative coefficient corresponds to the
fundamental weight dual to the coroot of the unique noncompact simple root -
let’s denote it’s index by i0. If the scalar product (α, λ+ ρ) is zero, then ci0 must
be nonzero – all the remaining terms in the sum are non-negative. But ci0 ̸= 0 is
equivalent to α being noncompact.

Example 3.2.7. Let us take g = so(2, 2n− 2) with λ = (2 − n)ω1. Then in the
epsilon basis we have λ+ ρ = (1, n− 2, . . . , 1, 0) and Ψ+

λ = {ϵ1 − ϵn−1}. The only
noncompact root that is orthogonal to ϵ1 − ϵn−1 and whose scalar product with
λ+ ρ is positive integral is α = ϵ1 + ϵn−1. Thus we get Φ+

n,λ = ϵ1 + ϵn−1 = Φλ. It
follows that

H0(p−, L((2 − n)ω1)) = F ((2 − n)ω1)
H1(p−, L((2 − n)ω1)) = F (−nω1)
H i(p−, L((2 − n)ω1)) = 0 for i ≥ 2.

Similarly there is only one root generating Wλ for g = so(2, 2n − 1) and
λ = (3

2 − n)ω1 and we get that in that case

H0(p−, L((3
2 − n)ω1)) = F ((3

2 − n)ω1)

H1(p−, L((3
2 − n)ω1)) = F ((−1

2 − n)ω1)

H i(p−, L((3
2 − n)ω1)) = 0 for i ≥ 2.

Moreover, by inspecting the tables 3.3 and 3.4, we see that in both of these
cases the cone Ca is empty.

Remark 3.2.8. The formula (3.1) is actually stated a little bit differently in
[Enr88]. Namely, the finite dimensional modules appearing in the cohomology
are F (w · lambda) where w is the minimal length representant of w. The same
formula appears in a recent article [EHP14]. However, this formula is wrong as
the following example shows.

Consider su(1, 2) and weight λ = −(a + 2)ω1 + (a + 1)ω2. The reduced
Hermitian pair is of type A1 and it’s given by {ϵ1 − ϵ3}. The associated reflection
is sϵ1−ϵ3 = s1s2s1 and its minimal coset representative is s1s2. It’s affine action
on λ gives −2ω1 − (a + 2)ω2 which is not Φ+

c -dominant. On the other hand
the (normal) action of s1s2s1 on λ + ρ gives −(a + 2)ω1 + (a + 1)ω2 which is
Φ+

c -dominant and hence the first cohomology is F (−(a+ 3)ω1 + aω2).
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Cohomologies of all unitarizable modules for the two expceptional types are
explicitely computed in [EH04b]. The papers [EW04], [EH04a] treat also certain
weights for the classical types su(p, q), sp(n,R) and so∗(2n). The orthogonal cases
so(2, 2n−2), so(2, 2n−1) are rather easy and are calculated completely in sections
3.2.4 and 3.2.5. For the other classical types we calculate some of the data that go
into the formula (3.1) and calculate the cohomologies completely in small ranks in
appendix A. We borrow idea from [EH04b] and calculate possible Ψ+

λ by labeling
the poset of noncompact roots by scalar products of the associated coroots with
λ+ ρ+ µ for µ ∈ C. We show only nodes / roots where the scalar product is not
always negative.

In general the combinatorics behind the calculations is rather involved. In
most cases the reduced Hermitian pair doesn’t stay the same on the cone which is
due to the fact that these cones can intersect facets in nontrivial ways.

Example 3.2.9. To illustrate the situation, here is an example for SO∗(16) and
cone of unitarizable weights (a5 + 1)ω5 + a6ω6 + a7ω7 − (2 a5 + 2 a6 + a7 + 8)ω8.

(2, ϵ3 + ϵ5)

(−a5 − a6, ϵ2 + ϵ7) (−a5, ϵ3 + ϵ6)

(5, ϵ1 + ϵ4)

(−a5 + 2, ϵ1 + ϵ6)

(−a5 + 1, ϵ2 + ϵ6)

(3, ϵ2 + ϵ5) (3, ϵ3 + ϵ4)

(7, ϵ1 + ϵ2)

(1, ϵ4 + ϵ5)

(−a5 − a6 + 1, ϵ1 + ϵ7)

(4, ϵ1 + ϵ5)

(−a5 − a6 − a7, ϵ1 + ϵ8)

(4, ϵ2 + ϵ4)

(5, ϵ2 + ϵ3)

(6, ϵ1 + ϵ3)

Figure 3.3: Nonnegative scalar products with noncompact roots

We can see that the set of singular weights Ψ+
λ is generically empty, but for

a5 = a6 = a7 it contains the roots ϵ1 − ϵ8 and ϵ2 + ϵ7 and for small values of a5
even more. It is however clear that the cone can be written as a union of smaller
cones such that Ψ+

λ remains the same on each of them.
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3.2.1 SU(p, q), p+ q = n ∼ An−1, n ≥ 2
Root system data

αi = ϵi − ϵi+1, ωi = ϵ1 + · · · + ϵi

Φ = {ϵi − ϵj|i ̸= j, i, j = 1 . . . n}
Φ+

c = {ϵi − ϵj|1 ≤ i < j ≤ p or p+ 1 ≤ i < j ≤ n}
Φ+

n = {ϵi − ϵj|1 ≤ i ≤ p, p+ 1 ≤ j ≤ n}

β = ϵ1−ϵn, 2ρ = (n−1, n−3, . . .−n+3,−n+1), ζ = ( q
n
, . . . ,

q

n  
p times

,
−p
n
, . . . ,

−p
n  

q times

)

α1 α2 αp αn−2 αn−1

Figure 3.4: Marked Dynkin diagram of su(p, q) for p+ q = n

The reduction points of unitarizable highest weight modules are the following
integral translated cones λa+Ca: Let a = (Q,R, l), Q = R = SU(p′, q′), 1 ≤ p′ ≤ p,
1 ≤ q′ ≤ q. Then

Ca = {ap′ωp′+· · ·+apωp+· · ·+an−q′ωn−q′ | ap = −ap′−· · ·−ap−1−ap+1−· · ·−an−q′}.

λa = ωp′ + ωn−q′ − (n+ l + 1 − p′ − q′)ωp

µa = ωp′−l + ωn−q′+l − (n+ l + 1 − p′ − q′)ωp

1 ≤ p′ ≤ p, 1 ≤ q′ ≤ q, 1 ≤ l ≤ min(p′, q′)
Q(λa) = R(λa) = SU(p′, q′)

Nilpotent cohomology in detail

Now we compute the cohomology for λ = ωp′ +ωn−q′ − (n+ l+ 1 − p′ − q′)ωp. We
have for k = 2 − (n+ l + 1 − p′ − q′) = 1 + p′ + q′ − n− l that

(ϵi, λ) =

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

k, 1 ≤ i ≤ p′

k − 1, p′ < i ≤ p

1, p < i ≤ n− q′

0, n− q′ < i ≤ n.

The positive roots of su(p, q) are ϵi − ϵj, i < j and we have

(ϵi − ϵj, ρ) = n+ 1 − 2i
2 − n+ 1 − 2j

2 = j − i > 0.

Now, in order to determine the set Ψ+
λ , we compute all possible values of (ϵi −

ϵj, λ+ ρ) for i < j
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1 ≤ j ≤ p′ p′ < j ≤ p p < j ≤ n− q′ n− q′ < j ≤ n

1 ≤ i ≤ p′ j − i 1 + j − i k − 1 + j − i k + j − i
p′ < i ≤ p j − i k − 2 + j − i k − 1 + j − i

p < i ≤ n− q′ j − i 1 + j − i
n− q′ < i ≤ n j − i

We see that only terms containing k can be zero, because j−i > 0 and 2−n ≤ k ≤ 0.
Thus the only singular roots are the noncompact ones. Substituting for k and
solving for j we get

p < j ≤ n− q′ n− q′ < j ≤ n

1 ≤ i ≤ p′ j = i+m j = i+m− 1
p′ < i ≤ p j = i+m+ 1 j = i+m

where
m = 1 − k = n+ l − p′ − q′.

The case j = i + m + 1 doesn’t lead to any solution, since j − i − m − 1 =
j − i− n− l+ p′ + q′ − 1 is strictly negative for p′ < i ≤ p < j ≤ n− q′. The case
j = i+m for i ≤ p′ leads to

max{1, q′ − q + 1 + p′ − l} ≤ i ≤ p′ − l

max{1 + n+ l − p′ − q′, p+ 1} ≤ j ≤ n− q′,

which results in an empty set of singular roots if and only if l = p′. The case of
j = i+m for i > p′ yields

p′ + 1 ≤ i ≤ min{p, p′ + q′ − l}
n− q′ + l + 1 ≤ j ≤ min{n+ l − p′ − q′ + p, n},

which gives an empty set of singular roots if and only if l = q′ or p = p′. And
finally the case j = i+m− 1 gives

p′ + 2 − l ≤ i ≤ p′

n− q′ + 1 ≤ j ≤ n− q′ − 1 + l

which doesn’t contribute to singular roots if and only if l = 1.
Two roots ϵi − ϵj , ϵa − ϵb are orthogonal if and only if {i, j} ∩ {a, b} = ∅. Thus

the set of positive noncompact roots orthogonal to Ψ+
λ is

{
ϵi − ϵj | i ∈ {1, . . . , q′ − q + p′ − l} ∪ {p′ − l + 1} ∪ {p′ + q′ − l + 1, . . . , p}

j ∈ {p+ 1, . . . ,m} ∪ {n+ l − q′} ∪ {m+ p+ 1, . . . , n}
}
, (3.2)

where a set {a, . . . , b} is considered empty if a > b.
Positive noncompact roots α = ϵi − ϵj satisfying (λ+ ρ, α) ∈ Z+ are given by

constraints

1 ≤ i ≤ p′ =⇒ max{i+m, p} < j ≤ n− q′ ∨ max{i+m,n− q′ + 1} ≤ j ≤ n

p′ < i ≤ p =⇒ max{p, i+m+ 1} < j ≤ n− q′ ∨ max{n− q′, i+m} < j ≤ n.

(3.3)
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If a positive noncompact root ϵi − ϵj with i > p′ is orthogonal to all singular
roots and it’s scalar product with λ+ ρ is positive, then necessarily

i ∈ {p′ + q′ − l + 1, . . . , p} and i+m < j ≤ n.

But for i = p′ + q′ − l + 1 we get that i+m = n+ 1 and hence we see that there
are no such roots. Thus, we have to look only at the noncompact roots satisfying
the first constraint of (3.3).

If a noncompact root ϵi − ϵj with i ≤ p′ is orthogonal to the singular roots
Ψ+

λ , then either i = p′ − l + 1 or i ≤ q′ − q + p′ − l. If i = p′ − l + 1, then we get
i+m = n− q′ + 1 which means that we have to look only at

max{i+m,n− q′ + 1} = n− q′ + 1 ≤ j ≤ n.

Taking into account (3.2) we see that the roots with indices given by

i = p′ − l + 1, j ∈ {n− q′ + l} ∪ {m+ p+ 1, . . . , n}

are included in Φ+
n,λ. For i ≤ q′ − q+ p′ − l we have i+m ≤ p and the constraints

of (3.3) reduce to
p < j ≤ n

and thus the remaining roots of Φ+
n,λ have indices given by

i ∈ {1, . . . , q′ − q+p′ − l}, j ∈ {p+ 1, . . . ,m} ∪ {n+ l− q′} ∪ {m+p+ 1, . . . , n}.

Because all roots have the same length
√

2 we finally arrive at Φ+
n,λ being equal

to the set of roots ϵi − ϵj with indices given by the following constraints

i = p′ − l + 1 & j ∈ {n− q′ + l} ∪ {m+ p+ 1, . . . , n} (3.4)
i ∈ {1, . . . , q′ − q + p′ − l} &

j ∈ {p+ 1, . . . ,m} ∪ {n+ l − q′} ∪ {m+ p+ 1, . . . , n}.

The Weyl group of sl(n) is generated by root reflections and is isomorphic to
the symmetric group Sn on the set {1, . . . , n}. Indeed, the reflection sϵi−ϵj

acts as
a transposition of the ith and jth coordinate in ϵ-basis. Since there are overlaps
in the ranges for j for various i, it follows that the group Wλ is isomorphic to the
permutation subgroup of Sn which permutes only a subset Mλ of {1, . . . , n} and
leaves all other elements fixed. This subset is

Mλ = {1, . . . , q′ − q + p′ − l, p′ − l + 1, p+ 1, . . . ,m, n− q′ + l,m+ p+ 1, . . . , n}

in the case of q′ − q + p′ − l > 0 and

Mλ = {p′ − l + 1, n− q′ + l,m+ p+ 1, . . . , n}

if q′ − q+ p′ − l ≤ 0. We remind, that a range a, . . . , b is considered empty if a > b.
The root subsystem Φλ is then given by

Φλ = {ϵi − ϵj | i ̸= j, i, j ∈ Mλ}.

The pair (Φλ,Φλ,c) is a pair of root systems such that the corresponding Lie
algebras (gλ, gλ,c) form a Hermitian symmetric pair of type su(a, b) for some
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a, b. The formula of the theorem 3.2.2 is basically coming (via Enright Shelton
equivalences) from the classical Kostant formula for Lie algebra cohomology of
the nilradical coming from gλ. Hence the cohomology groups can be computed in
a classical way just by restriction to the indices contained in Mλ.

Let us look at some specific cases. For p = 1 the only possible value for l is 1
and 1 ≤ q′ ≤ n− 1. The weights are λ = (q′ −n)ω1 +ωn−q′ and the corresponding
set Mλ = {1, n− q′ + 1, . . . , n}.

Now let’s look what happens when p = 2. There are three possibilities

1. p′ = 1, l = 1
The weight is λ = ω1 + ωn−q′ − (n + 1 − q′)ω2 and the resulting set of
admissible indices Mλ = {1, n− q′ + 1, . . . , n}.

2. p′ = 2, l = 1
The weight is λ = ω2 + ωn−q′ − (n− q′)ω2 = ωn−q′ + (q′ − n+ 1)ω2 and the
resulting set of admissible indices Mλ = {1, . . . , n} if q′ = q (in which case
λ = 0) and Mλ = {2, n− q′ + 1, . . . , n} for q′ < q.

3. p′ = 2, l = 2
The weight is λ = ω2 + ωn−q′ − (n+ 1 − q′)ω2 = ωn−q′ + (q′ − n)ω2 and the
resulting set of admissible indices Mλ = {1, n− q′ + 2, . . . , n}.

The most singular case occurs for su(k, k) and p′ = q′ = l = k. Then the set
Mλ = is {1, 2k}. For p′ = q′ = k and l < k we get Mλ = {1, . . . , k − l + 1, k +
l, . . . , 2k}.

Examples of posets of minimal length representatives

α1 + α2 + α3 + α4 + α5

α1

α1 + α2 + α3 + α4

α1 + α2 + α3

α1 + α2

s1

1

s1s2s3

s1s2

s1s2s3s4s5

s1s2s3s4

Figure 3.5: Poset of noncompact roots and the Bruhat graph for SU(1, 5)
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α2

α2 + α3 + α4 + α5

α2 + α3 + α4

α1 + α2 + α3 + α4

α1 + α2α2 + α3

α1 + α2 + α3

α1 + α2 + α3 + α4 + α5

s2s3

s2s3s4s5s1s2

s2s1

s2s3s4s5s1s2s3s4

s2s3s1 s2s3s4

s2

s2s3s4s5s1

s2s3s4s1s2s3s1s2

s2s3s4s5s1s2s3

1

s2s3s4s5

s2s3s4s1s2s3

s2s3s4s1s2

Figure 3.6: Poset of noncompact roots and the Bruhat graph for SU(2, 4)
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α3

α2 + α3 + α4 + α5

α2 + α3 + α4

α1 + α2 + α3 + α4

α2 + α3

α1 + α2 + α3

α1 + α2 + α3 + α4 + α5

α3 + α4

α3 + α4 + α5

s3s4s5s2s3s4

s3s4s5s2s3s4s1s2

s3s4s5s2s3s1

s3s4s5

s3

s3s4s5s2s3s4s1s2s3

s3s4s2

s3s4s5s2s3

s3s4s5s2

s3s4s5s2s1

s3s4s5s2s3s4s1

1

s3s4s2s3s1s2

s3s4s5s2s3s1s2

s3s2

s3s2s1

s3s4

s3s4s2s3

s3s4s2s3s1

s3s4s2s1

Figure 3.7: Poset of noncompact roots and the Bruhat graph for SU(3, 3)
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α2 + α3 + α4 + α5

α2 + α3 + α4

α4

α1 + α2 + α3 + α4

α4 + α5

α1 + α2 + α3 + α4 + α5

α3 + α4

α3 + α4 + α5 s4s5s3s4s2s3

s4s5s3s4

s4s5s3s4s2s1

s4s5s3s2

s4s3s2

s4s3 s4s5

s4s5s3s4s2s3s1

s4

1

s4s5s3s4s2s4s5s3s2s1

s4s5s3s4s2s3s1s2

s4s5s3

s4s3s2s1

Figure 3.8: Poset of noncompact roots and the Bruhat graph for SU(4, 2)
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α1 + α2 + α3 + α4 + α5

α2 + α3 + α4 + α5

α5

α3 + α4 + α5

α4 + α5

s5s4s3s2s1

s5

1

s5s4s3s2

s5s4s3

s5s4

Figure 3.9: Poset of noncompact roots and the Bruhat graph for SU(5, 1)

Figure 3.10: The BGG graph of type (A7, A3 × A3)

Low rank examples
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3.2.2 Sp(n,R) ∼ Cn, n ≥ 2
Root system data

αi = ϵi − ϵi+1, i < n, an = 2ϵn, ωi = ϵ1 + · · · + ϵi

Φ = {±ϵi ± ϵj|i, j = 1, . . . , n} \ {0}
Φ+

c = {ϵi − ϵj|1 ≤ i < j ≤ n}
Φ+

n = {ϵi + ϵj|1 ≤ i ≤ j ≤ n}

β = 2ϵ1, ρ = (n, . . . , 1), ζ = (1, 1, . . . , 1)

α1 α2 αn−1 αn

Figure 3.11: Marked Dynkin diagram of Sp(n,R)

The reduction points of unitarizable highest weight modules are the following
integral translated cones λa + Ca: Let a = (Q,R, l), R = Sp(r,R) and 1 ≤ l ≤
r ≤ n. Then

Ca = {arωr + · · · + anωn | an = −(ar + · · · + an−1)}

and

λa = ωq + ωr − (2 + n− 1
2(r + q − l + 1))ωn

µa = ωq−l + ωr−l − (2 + n− 1
2(r + q − l + 1))ωn

1 ≤ q ≤ r ≤ n, 1 ≤ l ≤ q

Q(λa) = Sp(q,R), R(λa) = Sp(r,R)

Nilpotent cohomology in detail

Scalar products of ρ with noncompact roots

(ϵi − ϵj, ρ) = n− i+ 1 − (n− j + 1) = j − i

(ϵi + ϵj, ρ) = n− i+ 1 + (n− j + 1) = 2n+ 2 − i− j.

The ith coordinate of λ with respect to the ϵ-basis is

(ϵi, λ) =

⎧
⎪⎪⎨
⎪⎪⎩

2 + 1
2(r + q − l + 1) − n− 2, 1 ≤ i ≤ q

1 + 1
2(r + q − l + 1) − n− 2, q < i ≤ r

1
2(r + q − l + 1) − n− 2, r < i.

Computation of (ϵi − ϵj, λ+ ρ) for j > i leads to the following table

1 < j ≤ q q < j ≤ r r < j ≤ n

1 ≤ i ≤ q j − i 1 + j − i 2 + j − i
q < i ≤ r j − i 1 + j − i
r < i ≤ n j − i

61



and scalar products of the remaining positive roots ϵi + ϵj, j ≥ i are

1 < j ≤ q q < j ≤ r r < j ≤ n

1 ≤ i ≤ q 3 +m− i− j 2 +m− i− j 1 +m− i− j
q < i ≤ r 1 +m− i− j m− i− j
r < i ≤ n m− 1 − i− j

where
m = r + q − l.

We see again that only noncompact roots can be orthogonal to λ+ρ in accordance
with the lemma 3.2.6. If a positive noncompact root ϵi + ϵj belongs to Ψ+

λ , then

1. 1 ≤ i ≤ q

(a) 1 ≤ j ≤ q:
3 + r − l ≤ i ≤ min

{
q,

3 +m

2

}

(b) q < j ≤ r:
2 + q − l ≤ i ≤ min{1 + r − l, q}

(c) r < j ≤ n:
max{1, 1 +m− n} ≤ i ≤ q − l

2. q < i ≤ r

(a) q < j ≤ r:
1 + q ≤ i ≤ 1 +m

2
(b) r < j ≤ n:

m− n ≤ i < q − l

3. r < i ≤ n, r < j ≤ n:

max{r + 1,m− n− 1} ≤ i ≤ m− 1
2 .

The set of indices 2a is empty, because q − l < q; similarly the third set is empty
since r + 1 > m−1

2 .
A singular long root exists if and only if

m is odd and (3 + r ≤ q + l or q + l < 1 + r)

or alternatively a singular root doesn’t exist if and only if

m is even or m is odd and either q + l = 2 + r or q + l = 1 + r.

Two positive noncompact roots are orthogonal if and only if the intersection
of their indices is empty, i.e.

(ϵi + ϵj, ϵk + ϵl) = 0 ⇐⇒ {i, j} ∩ {k, l} = ∅.
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α3 + 2α4 + α5

α1 + α2 + 2α3 + 2α4 + α5

α5

2α2 + 2α3 + 2α4 + α5

α1 + α2 + α3 + 2α4 + α5

2α1 + 2α2 + 2α3 + 2α4 + α5

α2 + α3 + 2α4 + α5

α2 + α3 + α4 + α5

α4 + α5

2α3 + 2α4 + α5

α1 + 2α2 + 2α3 + 2α4 + α5

α2 + 2α3 + 2α4 + α5

α1 + α2 + α3 + α4 + α5

2α4 + α5 α3 + α4 + α5

s5s4s5s3s4s5s2s1

s5s4s5s3s4s5s2s3s4s5s1s2

s5s4s5s3s4s5s2s3s4s5s1s2s3s4s5

s5s4s5s3s4s5s2s3s4s5s1s2s3

s5s4

1

s5s4s5s3s4s5s2s3s4

s5s4s5s3s4s5s2s3s4s5s1s2s3s4

s5s4s5s3s4s5s2s3s4s1s2s3

s5s4s5s3s4s5s2s3s1

s5

s5s4s5s3s4s2s3s1

s5s4s5s3s4s5s2s3s4s1s5s4s5s3s4s5s2s3s4s5

s5s4s5s3s4s5s2s3

s5s4s3s2s1

s5s4s5s3s4s5s2s3s1s2

s5s4s5s3s4s5s2

s5s4s5s3s4s2s3s1s2

s5s4s5s3s4s2s5s4s5s3s4s5

s5s4s5s3

s5s4s5s3s2

s5s4s5s3s4s5s2s3s4s1s2

s5s4s3s2

s5s4s5s3s2s1

s5s4s3

s5s4s5s3s4

s5s4s5

s5s4s5s3s4s5s2s3s4s5s1

s5s4s5s3s4s2s1s5s4s5s3s4s2s3

Figure 3.12: Poset of noncompact roots and the BGG graph for Sp(5,R)
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3.2.3 SO∗(2n) ∼ Dn, n ≥ 4
Root system data

αi = ϵi − ϵi+1, i < n, αn = ϵn−1 + ϵn

ωi = ϵ1+· · · ϵi, i < n−1, ωn−1 = 1
2(ϵ1+· · · ϵn−1−ϵn), ωn = 1

2(ϵ1+· · · ϵn−1+ϵn)

Φ = {±ϵi ± ϵj|i ̸= j, i, j = 1 . . . n}
Φ+

c = {ϵi − ϵj|1 ≤ i < j ≤ n}
Φ+

n = {ϵi + ϵj|1 ≤ i < j ≤ n}

β = ϵ1 + ϵ2, ρ = (n− 1, . . . , 1, 0), ζ = 1
2(1, 1, . . . , 1)

α1 α2 αn−2

αn

αn−1

Figure 3.13: Marked Dynkin diagram for SO∗(2n)

Vertex λa Weight µa Q(λa) = R(λa) l(λa)
ω2 − (2n− 2)ωn −(2n− 2)ωn SU(1, 1) 1

ωp − 2(n− p+ l)ωn ωp−2l − 2(n− p+ l)ωn SO∗(2p)1 1 ≤ l ≤
[
p

2

]

ωn−1 − (1 + 2l)ωn ωn−1−2l − 2(1 + l)ωn SO∗(2n− 2) 1 ≤ l ≤
[
n− 1

2

]

−(2l − 2)ωn ωn−2l − 2lωn SO∗(2n) 1 ≤ l ≤
[
n

2

]

ω1 + ωq+1 − (2n− q)ωn ωq − (2n− q)ωn SU(1, q)2 1
ω1 + ωn−1 − (n+ 1)ωn ωn−2 − (n+ 2)ωn SU(1, n− 2) 1

ω1 − (n− 1)ωn ωn−1 − nωn SU(1, n− 1) 1
1 3 ≤ p ≤ n− 2
2 2 ≤ q ≤ n− 3

Table 3.2: Vertices and root systems for SO∗(2n), n ≥ 4

Let a = (Q,R, l), Q = R. Then for R = SO∗(2p), 3 ≤ p ≤ n

Ca = {apωp + · · · + anωn | an = −2ap − · · · − 2an−2 − an−1}

and for R = SU(1, q), 1 ≤ q ≤ n− 1

Ca = {a1ω1 + aq+1ωq+1 + · · · + anωn | an = −(a1 + 2aq+1 + · · · + 2an−2 + an−1)}.
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Nilpotent cohomology in detail

Scalar products of positive noncompact roots with ρ are

(ϵi + ϵj, ρ) = 2n− i− j.

1. λ = ω2 − (2n− 2)ωn

(ϵi + ϵj, λ+ ρ) =

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1, i = 1, j = 2
2 − j, i = 1, 2 < j ≤ n

1 − j, i = 2, 2 < j ≤ n

2 − i− j, 2 < i < j

Ψ+
λ = ∅, Φ+

n,λ = {ϵ1 + ϵ2}

Since the reduced pair is of rank 1, the whole cohomology is given in the
table 3.3.

2. λ = ωp − 2(n− p+ l)ωn, 3 ≤ p ≤ n− 2, 1 ≤ l ≤
[

p
2

]

(ϵi + ϵj, λ+ ρ) =

⎧
⎪⎪⎨
⎪⎪⎩

2(p− l + 1) − i− j, 1 ≤ i < j ≤ p

2(p− l) + 1 − i− j, 1 ≤ i ≤ p < j ≤ n

2(p− l) − i− j, p < i < j ≤ n

Ψ+
λ = {ϵi + ϵ2(p−l)+1−i | max{1, 1 + 2(p− l) − n} ≤ i < p− 2l + 1}∪

{ϵi + ϵ2(p−l)+2−i | p− 2l + 2 ≤ i < p− l + 1}

Mλ = {1, . . . ,max{0, 2(p− l) − n}, p− 2l + 1, p− l + 1}
Φ+

n,λ = {ϵi + ϵj | i, j ∈ Mλ & i < j}

3. λ = ωn−1 − (1 + 2l)ωn, 1 ≤ l ≤
[

n−1
2

]

(ϵi + ϵj, λ+ ρ) =
⎧
⎨
⎩

2(n− l) − i− j, 1 ≤ i < j < n

n− 2l − 1 − i, 1 ≤ i < n = j

(a) n is odd and l = n−1
2

Ψ+
λ =

{
ϵi + ϵn+1−i

⏐⏐⏐ 1 < i <
n+ 1

2

}

Φ+
n,λ =

{
ϵ1 + ϵn+1

2

}

(b) n even or n odd and l < n−1
2

Ψ+
λ = {ϵi + ϵ2(n−l)−i |n− 2l < i < n− l} ∪ {ϵn−2l−1 + ϵn}

Φ+
n,λ = {ϵi + ϵj | i < j& i, j ∈ {1, . . . , n− 2l − 2, n− 2l, n− l}}
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4. λ = −(2l − 2)ωn, 1 ≤ l ≤
[

n
2

]

(ϵi + ϵj, λ+ ρ) = 2(n− l + 1) − i− j

Ψ+
λ = {ϵi + ϵ2(n−l+1)−i |n+ 2(1 − l) ≤ i ≤ n− l}

Φ+
n,λ = {ϵi + ϵj | i < j& i, j ∈ {1, . . . , n− 2l + 1, n− l + 1}}

5. λ = ω1 + ωq+1 − (2n− q)ωn, 2 ≤ q ≤ n− 3

(ϵi + ϵj, λ+ ρ) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

2 + q − j, i = 1, 2 ≤ j ≤ q + 1
1 + q − j, i = 1, q + 1 < j ≤ n

2 + q − i− j, 2 ≤ i < j ≤ q + 1
1 + q − i− j, 2 ≤ i ≤ q + 1 < j ≤ n

q − i− j, q + 1 < i < j ≤ n

Ψ+
λ =

{
ϵi + ϵ2+q−i

⏐⏐⏐ 1 < i <
q

2 + 1
}

Φ+
n,λ =

⎧
⎨
⎩

{ϵ1 + ϵq+1}, q is odd{
ϵ1 + ϵq+1, ϵ1 + ϵ q

2 +1
}
, q is even

6. λ = ω1 + ωn−1 − (n+ 1)ωn

(ϵi + ϵj, λ+ ρ) =

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

n− j, i = 1 < j < n

−1, i = 1, j = n

n− i− j, 1 < i < j < n

−1 − i, 1 < i < n = j

Ψ+
λ =

{
ϵi + ϵn−i

⏐⏐⏐ 1 < i <
n

2

}
, Φ+

n,λ =
⎧
⎨
⎩

{ϵ1 + ϵn−1}, n is odd
{ϵ1 + ϵn−1, ϵ1 + ϵn

2
}, n is even

7. λ = ω1 − (n− 1)ωn

(ϵi + ϵj, λ+ ρ) =
⎧
⎨
⎩
n+ 1 − j, i = 1 < j ≤ n

n+ 1 − i− j, 1 < i < j ≤ n

Ψ+
λ =

{
ϵi + ϵn+1−i

⏐⏐⏐ 1 < i <
n+ 1

2

}

Φ+
n,λ =

⎧
⎨
⎩

{ϵ1 + ϵn}, n is even
{ϵ1 + ϵn, ϵ1 + ϵn+1

2
}, n is odd
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α2 + α3 + α4 + α5

α2 + α3 + α5

α5

α2 + 2α3 + α4 + α5

α1 + 2α2 + 2α3 + α4 + α5

α1 + α2 + α3 + α5

α1 + α2 + α3 + α4 + α5

α1 + α2 + 2α3 + α4 + α5

α3 + α5

α3 + α4 + α5

s5s3s4s2s3s5s1

s5s3s4 s5s3s2

s5s3s2s1

s5s3s4s2s3s1s2

s5

s5s3s4s2

1

s5s3s4s2s3s5s1s2s3

s5s3s4s2s3s5

s5s3s4s2s3s5s1s2

s5s3s4s2s3s1

s5s3s4s2s1

s5s3

s5s3s4s2s3

s5s3s4s2s3s5s1s2s3s4

Figure 3.14: Poset of noncompact roots and the BGG graph for SO∗(10)
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3.2.4 SO(2, 2n− 2) ∼ Dn, n ≥ 3
Root system data

αi = ϵi − ϵi+1, i < n, αn = ϵn−1 + ϵn

ωi = ϵ1+· · · ϵi, i < n−1, ωn−1 = 1
2(ϵ1+· · · ϵn−1−ϵn), ωn = 1

2(ϵ1+· · · ϵn−1+ϵn)

Φ = {±ϵi ± ϵj|i ̸= j, i, j = 1 . . . n}
Φ+

c = {ϵi ± ϵj|2 ≤ i < j ≤ n}
Φ+

n = {ϵ1 ± ϵj|2 ≤ j ≤ n}

β = ϵ1 + ϵ2, ρ = (n− 1, . . . , 1, 0), ζ = (1, 0, . . . , 0)

α1 α2 αn−2

αn

αn−1

Figure 3.15: Marked Dynkin diagram for SO(2, 2n− 2)

Vertex λa Weight µa Q(λa) = R(λa) l(λa)
−(2n− p− 1)ω1 + ωp+1 −(2n− p)ω1 + ωp SU(1, p)1 1
−(n+ 1)ω1 + ωn−1 + ωn −(n+ 2)ω1 + ωn−2 SU(1, n− 2) 1

−(n− 1)ω1 + ωn
2 −nω1 + ωn−1 SU(1, n− 1) 1

−(n− 2)ω1 −nω1 SO(2, 2n− 2) 2
0 −2ω1 + ω2 SO(2, 2n− 2) 1

−(n− 1)ω1 + ωn−1
3 −nω1 + ωn SU(1, n− 1) 1

1 1 ≤ p ≤ n− 3 with Dynkin diagram of R(λa):
−β α2 αp

2 Dynkin diagram of R(λa):
−β α2 αn−1

3 Dynkin diagram of R(λa):
−β α2 αn−2 αn

Table 3.3: Vertices and root systems for SO(2, 2n− 2), n ≥ 3

Nilpotent cohomology in detail

Scalar products of ρ with positive noncompact roots

(ϵ1 + ϵj, ρ) = 2n− 1 − j, (ϵ1 − ϵj, ρ) = j − 1. (3.5)

68



1. λ = −(2n− p− 1)ω1 + ωp+1
Scalar products of positive noncompact roots with λ+ ρ are

(ϵ1 + ϵj, λ+ ρ) =
⎧
⎨
⎩
p+ 2 − j, 1 < j ≤ p+ 1
p+ 1 − j, p+ 1 < j ≤ n

(ϵ1 − ϵj, λ+ ρ) =
⎧
⎨
⎩
p− 2n+ j, 1 < j ≤ p+ 1
p− 2n+ 1 + j, p+ 1 < j ≤ n.

This gives an empty set of singular roots Ψ+
λ = ∅ and the set of generating

roots is Φ+
n,λ = {ϵ1 + ϵj | 1 < j ≤ p+ 1}. The generated root subsystem is

Φλ = {±(ϵ1 + ϵj | 1 < j ≤ p+ 1} ∪ {ϵi − ϵj | 1 < i, j ≤ p+ 1 & i ̸= j}
and is of type Ap.

ϵ1 + ϵp+1 ϵp − ϵp+1 ϵp−1 − ϵp ϵ2 − ϵ3

Figure 3.16: The reduced Hermitian symmetric pair for
λ = −(2n− p− 1)ω1 + ωp+1

The integral cone is in this case

C = {a1ω1 +ap+1ωp+1 + · · ·+anωn | a1 +2(ap+1 + · · ·+an−2)+an−1 +an = 0}
and one can easily check that Ψ+

λ = Ψ+
λ+µ for all µ ∈ C and thus the

translation principle from the section 1.2.1 applies.

(A− an−1 − an − 2n+ p+ 1, 0, 0, . . . , 0, 0, ap+1 + 1, ap+2, . . . , an)

(A− an−1 − an − 2n+ p, 0, 0, . . . , 0, 1, ap+1, ap+2, . . . , an)

(A− an−1 − an − 2n+ p− 1, 0, 0, . . . , 1, 0, ap+1, ap+2, . . . , an)

(A− an−1 − an − 2n+ 1, 0, 1, . . . , 0, 0, ap+1, ap+2, . . . , an)

(A− an−1 − an − 2n+ 2, 1, 0, . . . , 0, 0, ap+1, ap+2, . . . , an)

(A− an−1 − an − 2n+ 2, 0, 0, . . . , 0, 0, ap+1, ap+2, . . . , an)

Figure 3.17: Nilpotent cohomology / BGG resolution, A = −2(ap+1 + · · · + an−2)
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2. λ = −(n+ 1)ω1 + ωn−1 + ωn

Scalar products of positive noncompact roots with λ+ ρ

(ϵ1 + ϵj, λ+ ρ) =
⎧
⎨
⎩
n− j, 1 < j < n

−1, j = n

(ϵ1 − ϵj, λ+ ρ) =
⎧
⎨
⎩

−n− 2 + j, 1 < j < n

−1, j = n

show that there are no singular roots Ψ+
λ = ∅ and that the set of generating

roots is Φ+
n,λ = {ϵ1 + ϵj | 1 < j < n}. The generated root subsystem of Φ is

Φλ = {±(ϵ1 + ϵj | 1 < j < n} ∪ {ϵi − ϵj | 1 < i, j ≤ n& i ̸= j}
and is of type An−2. The integral cone is

C = {−(a+ b)ω1 + aωn−1 + bωn) | a, b ∈ N0}
and an easy calculation gives Ψ+

λ = Ψ+
λ+µ for all µ ∈ C. Thus we can use

the translation principle from the section 1.2.1 and get the same shape of
cohomology on the whole cone.

ϵ1 + ϵn−1 ϵn−2 − ϵn−1 ϵn−3 − ϵn−4 ϵ2 − ϵ3

Figure 3.18: The reduced Hermitian symmetric pair for
λ = −(n+ 1)ω1 + ωn−1 + ωn

(−(a+ b+ n+ 1), 0, 0, . . . , 0, 0, a+ 1, b+ 1)

(−(a+ b+ n+ 2), 0, 0, . . . , 0, 1, a, b)

(−(a+ b+ n+ 3), 0, 0, . . . , 1, 0, a, b)

(−(a+ b+ 2n− 3), 0, 1, . . . , 0, 0, a, b)

(−(a+ b+ 2n− 2), 1, 0, . . . , 0, 0, a, b)

(−(a+ b+ 2n− 2), 0, 0, . . . , 0, 0, a, b)

Figure 3.19: Nilpotent cohomology / BGG resolution for
λ = −(a+ b+ n+ 1)ω1 + (a+ 1)ωn−1 + (b+ 1)ωn
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3. λ = −(n− 1)ω1 + ωn

Scalar products of positive noncompact roots with λ+ ρ are

(ϵ1 + ϵj, λ+ ρ) = n+ 1 − j

(ϵ1 − ϵj, λ+ ρ) = j − n.

The integral cone is in this case

C = {t(−ω1 + ωn) | t ∈ N0}
and there is a scalar product that depends on the value of t, namely the
scalar product with the root ϵ1 − ϵn.

For t = 0 we obtain set of singular roots Ψ+
λ = {ϵ1 − ϵn} and set generating

roots Φ+
n,λ = {ϵ1 + ϵn}. This gives the subsystem of type A1

Φλ = {ϵ1 + ϵn,−ϵ1 − ϵn}
and the resulting weights for nontrivial cohomology groups are all in the
table 3.3.
For t ≥ 1 we get no singular roots Ψ+

λ = ∅ and the generated subsystem is
of type An−1.

ϵ1 + ϵn ϵn−1 − ϵn ϵn−2 − ϵn−1 ϵ2 − ϵ3

Figure 3.20: The reduced Hermitian symmetric pair for λ = −(n− 1)ω1 + ωn

(−t− n+ 1, 0, 0, . . . , 0, 0, t+ 1)

(−t− n, 0, 0, . . . , 0, 1, t)

(−t− n− 1, 0, 0, . . . , 1, 0, t)

(−t− 2n+ 4, 0, 1, . . . , 0, 0, t)

(−t− 2n+ 3, 1, 0, . . . , 0, 0, t)

(−t− 2n+ 3, 0, 0, . . . , 0, 0, t)

Figure 3.21: Nilpotent cohomology / BGG resolution for
λ = −(t+ n− 1)ω1 + (t+ 1)ωn
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4. λ = −(n− 2)ω1
Scalar products of positive noncompact roots with λ+ ρ are

(ϵ1 + ϵj, λ+ ρ) = 1 + n− j

(ϵ1 − ϵj, λ+ ρ) = 1 − n+ j.

The set of singular positive roots is Ψ+
λ = {ϵ1−ϵn−1} and the set of generating

roots Φ+
n,λ = {ϵ1 + ϵn−1}. It follows that

Φλ = {ϵ1 + ϵn−1,−ϵ1 − ϵn−1},

which is of type A1 and all the information on cohomology is already
contained in the table 3.3.

5. λ = 0
Scalar products of positive noncompact roots with λ+ ρ are given by (3.5)
and we see that there are no singular roots Ψλ = ∅ since all scalar products
are positive integers. It follows that Φ+

n,λ = Φ+
n and after a moment of

thought we realize that
Φλ = Φ.

We conclude that the cohomology is in this case computed by the orginial
Kostant’s formula.

6. λ = −(n− 1)ω1 + ωn−1
Scalar products of positive noncompact roots with λ+ ρ are

(ϵ1 + ϵj, λ+ ρ) =
⎧
⎨
⎩
n+ 1 − j, 1 < j < n

0, j = n

(ϵ1 − ϵj, λ+ ρ) =
⎧
⎨
⎩
j − n, 1 < j < n

1, j = n

which gives Ψ+
λ = {ϵ1 + ϵn} and Φ+

n,λ = {ϵ1 − ϵn}. This generates the roots
subsystem of type A1

Φλ = {ϵ1 − ϵn, ϵn − ϵ1}

and all the cohomology information is contained in table 3.3. The integral
cone is in this case

C = {x(−ω1 + ωn−1) |x ∈ N0}

and one for µ ∈ C, µ = −xω1 + xωn−1 one has

(ϵ1 + ϵj, µ) =
⎧
⎨
⎩

0, 1 < j < n

−x, j = n

(ϵ1 − ϵj, µ) =
⎧
⎨
⎩

−x, 1 < j < n

0, j = n.
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Since x is a positive integer, it follows that

Ψ+
λ+µ = ∅, Φ+

n,λ+µ = {ϵ1 − ϵn} ∪ {ϵ1 + ϵj | 1 < j < n}.

The root subsystem generated by reflections is

Φλ+µ = {±(ϵ1 −ϵn)}∪{±(ϵ1 +ϵj | 1 < j < n}∪{ϵi −ϵj | 1 < i, j < n& i ̸= j}

and is of type An−1.

ϵ1 − ϵn ϵn−1 + ϵn ϵn−2 − ϵn−1 ϵ2 − ϵ3

Figure 3.22: The reduced Hermitian symmetric pair for λ = −(n− 1)ω1 + ωn−1

(−t− n+ 1, 0, 0, . . . , 0, t+ 1, 0)

(−t− n, 0, 0, . . . , 0, t, 1)

(−t− n− 1, 0, 0, . . . , 1, t, 0)

(−t− 2n+ 4, 0, 1, . . . , 0, t, 0)

(−t− 2n+ 3, 1, 0, . . . , 0, t, 0)

(−t− 2n+ 3, 0, 0, . . . , 0, t, 0)

Figure 3.23: Nilpotent cohomology / BGG resolution for
λ = −(t+ n− 1)ω1 + (t+ 1)ωn−1
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α1

α1 + 2α2 + 2α3 + α4 + α5

α1 + α2 + α3 + α4

α1 + α2

α1 + α2 + α3

α1 + α2 + α3 + α4 + α5

α1 + α2 + 2α3 + α4 + α5

α1 + α2 + α3 + α5
s1s2s3s5s4

s1s2s3s5s4s3s2s1

s1

s1s2s3s5s4s3s2

1

s1s2s3

s1s2

s1s2s3s5s4s3

s1s2s3s5s1s2s3s4

Figure 3.24: Poset of noncompact roots and the BGG graph for SO(2, 8)
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3.2.5 SO(2, 2n− 1) ∼ Bn, n ≥ 2
Root system data

αi = ϵi − ϵi+1, i < n, αn = ϵn

ωi = ϵ1 + · · · + ϵi, i < n, ωn = 1
2(ϵ1 + · · · + ϵn)

Φ = {±ϵi,±ϵi ± ϵj|i ̸= j, i, j = 1 . . . n}
Φ+

c = {ϵi ± ϵj|2 ≤ i < j ≤ n} ∪ {ϵj|2 ≤ j ≤ n}
Φ+

n = {ϵ1 ± ϵj|2 ≤ j ≤ n} ∪ {ϵ1}

β = ϵ1 + ϵ2, ρ = (n− 1
2 , . . . ,

1
2), ζ = (1, 0, . . . , 0)

α1 α2 αn−1 αn

Figure 3.25: Marked Dynkin diagram for SO(2, 2n− 1)

Vertex λa Weight µa Q(λa) = R(λa)1 l(λa)
−(2n− p)ω1 + ωp+1 −(2n− p+ 1)ω1 + ωp SU(1, p)2 1
−(n+ 1)ω1 + 2ωn −(n+ 2)ω1 + ωn−1 SU(1, n− 1) 1

0 −2ω1 + ω2 SO(2, 2n− 1) 1
−(n− 3

2)ω1 −(n+ 1
2)ω1 SO(2, 2n− 1) 2

−(n− 1
2)ω1 + ωn −(n+ 1

2)ω1 + ωn SU(1, n− 1) 1

1 Except in the last row, where R(λa) = SO(2, 2n− 1).
2 1 ≤ p ≤ n− 2

Table 3.4: Vertices and root systems for SO(2, 2n− 1), n ≥ 2

Nilpotent cohomology in detail

Scalar products of of ρ with positive noncompact roots

(ϵ1, ρ) = n− 1
2 , (ϵ1 + ϵj, ρ) = 2n− j, (ϵ1 − ϵj, ρ) = j − 1. (3.6)

1. λ = (p− 2n)ω1 + ωp+1
The scalar products of positive noncompact roots with λ+ ρ

(ϵ1, λ+ ρ) = p− n+ 1
2

(ϵ1 + ϵj, λ+ ρ) =
⎧
⎨
⎩
p+ 2 − j, 1 < j ≤ p+ 1
p+ 1 − j, p+ 1 < j ≤ n

(ϵ1 − ϵj, λ+ ρ) =
⎧
⎨
⎩
p− 2n+ j − 1, 1 < j ≤ p+ 1
p− 2n+ j, p+ 1 < j ≤ n
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reveal that the set of singular roots is empty Ψ+
λ = ∅ and that the set of

generating roots is Φ+
n,λ = {ϵ1 + ϵj | 1 < j ≤ p + 1}. The generated root

subsystem of type Ap is

Φλ = {±(ϵ1 + ϵj | 1 < j ≤ p+ 1} ∪ {ϵi − ϵj | 1 < i, j ≤ p+ 1 & i ̸= j}.

ϵ1 + ϵp+1 ϵp − ϵp+1 ϵp−1 − ϵp ϵ2 − ϵ3

Figure 3.26: The reduced Hermitian symmetric pair for λ = (p− 2n)ω1 + ωp+1

The integral cone is in this case

C = {a1ω1 + ap+1ωp+1 + · · · + anωn | a1 + 2(ap+1 + · · · + an−1) + an = 0}

and one can easily check that Ψ+
λ = Ψ+

λ+µ for all µ ∈ C and thus the
translation principle from the section 1.2.1 applies.

(A− an − 2n+ p, 0, 0, . . . , 0, 0, ap+1 + 1, ap+2, . . . , an)

(A− an − 2n+ p− 1, 0, 0, . . . , 0, 1, ap+1, ap+2, . . . , an)

(A− an − 2n+ p− 2, 0, 0, . . . , 1, 0, ap+1, ap+2, . . . , an)

(A− an − 2n+ 2, 0, 1, . . . , 0, 0, ap+1, ap+2, . . . , an)

(A− an − 2n+ 1, 1, 0, . . . , 0, 0, ap+1, ap+2, . . . , an)

(A− an − 2n+ 1, 0, 0, . . . , 0, 0, ap+1, ap+2, . . . , an)

Figure 3.27: Nilpotent cohomology / BGG resolution, A = −2(ap+1 + · · · + an−1)

2. λ = −(n+ 1)ω1 + 2ωn

Scalar products of positive noncompact roots with λ+ ρ

(ϵ1, λ+ ρ) = −1
2

(ϵ1 + ϵj, λ+ ρ) = n+ 1 − j

(ϵ1 − ϵj, λ+ ρ) = −n− 2 + j
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show that the set of singular roots is again empty Ψ+
λ = ∅ and the set

of generating roots is Φ+
n,λ = {ϵ1 + ϵj | 1 < j ≤ n}. The generated root

subsystem of type An−1 is

Φλ = {±(ϵ1 + ϵj | 1 < j ≤ p+ 1} ∪ {ϵi − ϵj | 1 < i, j ≤ p+ 1 & i ̸= j}.

The integral cone is in this case

C = {t(−ω1 + ωn) | t ∈ N0}

and Ψ+
λ = Ψ+

λ+µ for all µ ∈ C.

ϵ1 + ϵn ϵn−1 − ϵn ϵn−2 − ϵn−1 ϵ2 − ϵ3

Figure 3.28: The reduced Hermitian symmetric pair for λ = −(n+ 1)ω1 + 2ωn

(−t− n− 1, 0, 0, . . . , 0, 0, t+ 2)

(−t− n− 2, 0, 0, . . . , 0, 1, t)

(−t− n− 3, 0, 0, . . . , 1, 0, t)

(−t− 2n+ 2, 0, 1, . . . , 0, 0, t)

(−t− 2n+ 1, 1, 0, . . . , 0, 0, t)

(−t− 2n+ 1, 0, 0, . . . , 0, 0, t)

Figure 3.29: Nilpotent cohomology / BGG resolution for
λ = −(t+ n+ 1)ω1 + (t+ 2)ωn

3. λ = 0
In this case the scalar products of positive roots with λ + ρ are of course
given by (3.6) and there are no singular roots Ψ+

λ = ∅. We have Φ+
n,λ = Φ+

n ,
the root subsystem is

Φλ = Φ
and the Kostant’s formula applies.
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4. λ = (3
2 − n)ω1

The scalar products of positive noncompact roots with λ+ ρ are

(ϵ1, λ+ ρ) = 1

(ϵ1 + ϵj, λ+ ρ) = n+ 3
2 − j

(ϵ1 − ϵj, λ+ ρ) = −n+ 1
2 + j.

The set of singular roots is empty Ψ+
λ = ∅ and the integrality conditions of

the definition 3.2.1 imply that Φ+
n,λ = {ϵ1}. It follows that

Φλ = {±ϵ1}

and that all the nontrivial cohomologies are contained in the table 3.4.

5. λ = −(n− 1
2)ω1 + ωn

Sscalar products of positive noncompact roots with λ+ ρ

(ϵ1, λ+ ρ) = 1
2

(ϵ1 + ϵj, λ+ ρ) = n+ 3
2 − j

(ϵ1 − ϵj, λ+ ρ) = −n− 1
2 + j

again show that there are no singular roots Ψ+
λ = ∅ and since ϵ∨

1 = 2ϵ1 we
have Φ+

n,λ = {ϵ1}. This yields the subsystem

Φλ = {±ϵ1}

which is of type A1 and the nontrivial cohomologies are given by table 3.4.
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α1

α1 + α2 + α3 + α4 + 2α5

α1 + α2

α1 + α2 + α3 + α4

α1 + α2 + α3 + 2α4 + 2α5

α1 + α2 + α3

α1 + α2 + α3 + α4 + α5

α1 + α2 + 2α3 + 2α4 + 2α5

α1 + 2α2 + 2α3 + 2α4 + 2α5

s1

s1s2s3s4s5s4s3

s1s2s3s4s5s4s3s2s1

1

s1s2s3s4s5s4s3s2

s1s2s3s4s5s4

s1s2s3

s1s2

s1s2s3s4s5

s1s2s3s4

Figure 3.30: Poset of noncompact roots for SO(2, 9)
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3.2.6 Exceptional cases

E6

α1 α3 α4 α5 α6

α2

Vertex λa Weight µa Q(λa) = R(λa) l(λa)
−12ω1 + ω2 −12ω1 SU(1, 1) 1
−12ω1 + ω4 −12ω1 + ω2 SU(1, 2) 1

−12ω1 + ω3 + ω5 −12ω1 + ω4 SU(1, 3) 1
−9ω1 + ω5

1 −10ω1 + ω3 SU(1, 4) 1
−10ω1 + ω3 + ω6

2 −10ω1 + ω5 SU(1, 4) 1
−8ω1 + ω3 −8ω1 + ω6 SU(1, 5) 1
−5ω1 + ω6 −6ω1 + ω2 SO(2, 8) 1
−8ω1 + ω6 −9ω1 SO(2, 8) 2

0 −2ω1 + ω3 EIII 1
−3ω1 −5ω1 + ω6 EIII 2

1 Dynkin diagram
−β α2 α4 α3

2 Dynkin diagram
−β α2 α4 α5

Table 3.5: Vertices and root systems for E6

For full cohomologies of unitarizable modules see [EH04b].

E7

α1 α3 α4 α5 α6 α7

α2
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Vertex λa Weight µa Q(λa) = R(λa) l(λa)
ω1 − 18ω7 −18ω7 SU(1, 1) 1
ω3 − 18ω7 ω1 − 18ω7 SU(1, 2) 1
ω4 − 18ω7 ω3 − 18ω7 SU(1, 3) 1

ω2 + ω5 − 18ω7 ω4 − 18ω7 SU(1, 4) 1
ω5 − 15ω7

1 ω2 − 15ω7 SU(1, 5) 1
ω2 + ω6 − 16ω7

2 ω5 − 16ω7 SU(1, 5) 1
ω2 − 13ω7 ω6 − 14ω7 SU(1, 6) 1
ω6 − 10ω7 ω1 − 10ω7 SO(2, 10) 1
ω6 − 14ω7 −14ω7 SO(2, 10) 2

0 ω6 − 2ω7 EV II 1
−4ω7 ω1 − 6ω7 EV II 2
−8ω7 −10ω7 EV II 3

1 Dynkin diagram
−β α1 α3 α4 α2

2 Dynkin diagram
−β α1 α3 α4 α5

Table 3.6: Vertices and root systems for E7

For full cohomologies of unitarizable modules see [EH04b].
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Conclusion
We have calculated cohomology of all unitarziable weights in the conformal
Hermitian symmetric case and obtained partial results in the remaining ones.
We found explicit singular vectors in some cases and we have shown in general
that these modules give rise to sequences of differential operators similarly to
finite-dimensional g representations. The formula for cohomology of unitarizable
weights is based on certain equivalence of categories that transports the results
from the finite-dimensional representations to the unitarizable ones. What does
one obtain by transporting unitarizable modules from the smaller rank?

The class of modules for which there exists the BGG resolution (in the flat
case) is strictly bigger than the class of unitarizable highest weight modules. It is
not clear whether there are curved analogues for these nonunitarizable Kostant
modules. Another natural question is whether our modification of the Calderbank–
Diemer construction works also for some other globalization apart from the formal
one. And of course, having explicit expression for these operators is also highly
desirable.

We have made some progress towards elementary description of the smaller of
the two exceptional Hermitian symmetric cases. Description of this space using
octonions in a similar vein to [PTF11] based on [BH10] is current work in progress.
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A. Cohomology of unitarizable
modules for low ranks
A.1 Cohomology for An, 2 ≤ n ≤ 5

A.1.1 su(1, 1): p′ = 1, q′ = 1, l = 1
Cone of unitarizable weights: 0

(1, ϵ1 − ϵ2)

Figure A.1: Non-negative scalar products with noncompact roots

Set of singular roots: ∅

ϵ1 − ϵ2

Figure A.2: The reduced Hermitian symmetric pair (gλ, kλ)

(0) (−2)

Figure A.3: Nilpotent cohomology / BGG resolution

A.1.2 su(1, 2): p′ = 1, q′ = 1, l = 1
Cone of unitarizable weights: − (a2 + 2)ω1 + (a2 + 1)ω2

(1, ϵ1 − ϵ3)

Figure A.4: Non-negative scalar products with noncompact roots

Set of singular roots: ∅

ϵ1 − ϵ3

Figure A.5: The reduced Hermitian symmetric pair (gλ, kλ)

(−a2 − 2, a2 + 1) (−a2 − 3, a2)

Figure A.6: Nilpotent cohomology / BGG resolution
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A.1.3 su(1, 2): p′ = 1, q′ = 2, l = 1
Cone of unitarizable weights: 0

(2, ϵ1 − ϵ3)(1, ϵ1 − ϵ2)

Figure A.7: Non-negative scalar products with noncompact roots

Set of singular roots: ∅

ϵ1 − ϵ2 ϵ2 − ϵ3

Figure A.8: The reduced Hermitian symmetric pair (gλ, kλ)

(0, 0) (−3, 0)(−2, 1)

Figure A.9: Nilpotent cohomology / BGG resolution

A.1.4 su(1, 3): p′ = 1, q′ = 1, l = 1
Cone of unitarizable weights: − (a2 + a3 + 3)ω1 + a2ω2 + (a3 + 1)ω3

(1, ϵ1 − ϵ4)

Figure A.10: Non-negative scalar products with noncompact roots

Set of singular roots: ∅

ϵ1 − ϵ4

Figure A.11: The reduced Hermitian symmetric pair (gλ, kλ)

(−a2 − a3 − 4, a2, a3)(−a2 − a3 − 3, a2, a3 + 1)

Figure A.12: Nilpotent cohomology / BGG resolution

A.1.5 su(1, 3): p′ = 1, q′ = 2, l = 1
Cone of unitarizable weights: − (a2 + 2)ω1 + (a2 + 1)ω2
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(2, ϵ1 − ϵ4)(1, ϵ1 − ϵ3)

Figure A.13: Non-negative scalar products with noncompact roots

Set of singular roots: ∅

ϵ1 − ϵ3 ϵ3 − ϵ4

Figure A.14: The reduced Hermitian symmetric pair (gλ, kλ)

(−a2 − 4, a2, 0)(−a2 − 3, a2, 1)(−a2 − 2, a2 + 1, 0)

Figure A.15: Nilpotent cohomology / BGG resolution

A.1.6 su(1, 3): p′ = 1, q′ = 3, l = 1
Cone of unitarizable weights: 0

(3, ϵ1 − ϵ4)(2, ϵ1 − ϵ3)(1, ϵ1 − ϵ2)

Figure A.16: Non-negative scalar products with noncompact roots

Set of singular roots: ∅

ϵ1 − ϵ2 ϵ2 − ϵ3 ϵ3 − ϵ4

Figure A.17: The reduced Hermitian symmetric pair (gλ, kλ)

(−2, 1, 0) (−4, 0, 0)(0, 0, 0) (−3, 0, 1)

Figure A.18: Nilpotent cohomology / BGG resolution

A.1.7 su(2, 2): p′ = 1, q′ = 1, l = 1
Cone of unitarizable weights: (a1 + 1)ω1 − (a1 + a3 + 4)ω2 + (a3 + 1)ω3

(1, ϵ1 − ϵ4)

Figure A.19: Non-negative scalar products with noncompact roots

Set of singular roots: ∅
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ϵ1 − ϵ4

Figure A.20: The reduced Hermitian symmetric pair (gλ, kλ)

(a1, −a1 − a3 − 4, a3)(a1 + 1, −a1 − a3 − 4, a3 + 1)

Figure A.21: Nilpotent cohomology / BGG resolution

A.1.8 su(2, 2): p′ = 1, q′ = 2, l = 1
Cone of unitarizable weights: (a1 + 1)ω1 − (a1 + 2)ω2

(2, ϵ1 − ϵ4)
(−a1, ϵ2 − ϵ4)

(1, ϵ1 − ϵ3)

Figure A.22: Non-negative scalar products with noncompact roots

λ = ω1 − 2ω2
Set of singular roots: {ϵ2 − ϵ4}

ϵ1 − ϵ3

Figure A.23: The reduced Hermitian symmetric pair (gλ, kλ)

(1, −2, 0) (0, −3, 1)

Figure A.24: Nilpotent cohomology / BGG resolution

λ = (a1 + 1)ω1 − (a1 + 2)ω2, a1 ≥ 1
Set of singular roots: ∅

ϵ1 − ϵ3 ϵ3 − ϵ4

Figure A.25: The reduced Hermitian symmetric pair (gλ, kλ)

(a1 − 1, −a1 − 3, 0)(a1, −a1 − 3, 1)(a1 + 1, −a1 − 2, 0)

Figure A.26: Nilpotent cohomology / BGG resolution

100



A.1.9 su(2, 2): p′ = 2, q′ = 1, l = 1
Cone of unitarizable weights: − (a3 + 2)ω2 + (a3 + 1)ω3

(1, ϵ2 − ϵ4)

(−a3, ϵ1 − ϵ3)
(2, ϵ1 − ϵ4)

Figure A.27: Non-negative scalar products with noncompact roots

λ = −2ω2 + ω3
Set of singular roots: {ϵ1 − ϵ3}

ϵ2 − ϵ4

Figure A.28: The reduced Hermitian symmetric pair (gλ, kλ)

(1, −3, 0)(0, −2, 1)

Figure A.29: Nilpotent cohomology / BGG resolution

λ = − (a3 + 2)ω2 + (a3 + 1)ω3, a3 ≥ 1
Set of singular roots: ∅

ϵ1 − ϵ2 ϵ2 − ϵ4

Figure A.30: The reduced Hermitian symmetric pair (gλ, kλ)

(0, −a3 − 2, a3 + 1) (0, −a3 − 3, a3 − 1)(1, −a3 − 3, a3)

Figure A.31: Nilpotent cohomology / BGG resolution

A.1.10 su(2, 2): p′ = 2, q′ = 2, l = 1
Cone of unitarizable weights: 0

(2, ϵ2 − ϵ4)

(2, ϵ1 − ϵ3)
(3, ϵ1 − ϵ4)(1, ϵ2 − ϵ3)

Figure A.32: Non-negative scalar products with noncompact roots
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Set of singular roots: ∅

ϵ1 − ϵ2 ϵ2 − ϵ3 ϵ3 − ϵ4

Figure A.33: The reduced Hermitian symmetric pair (gλ, kλ)

(1, −4, 1) (0, −4, 0)
(0, −3, 2)

(0, 0, 0) (1, −2, 1)
(2, −3, 0)

Figure A.34: Nilpotent cohomology / BGG resolution

A.1.11 su(2, 2): p′ = 2, q′ = 2, l = 2
Cone of unitarizable weights: −ω2

(1, ϵ2 − ϵ4)

(1, ϵ1 − ϵ3)
(2, ϵ1 − ϵ4)(0, ϵ2 − ϵ3)

Figure A.35: Non-negative scalar products with noncompact roots

Set of singular roots: {ϵ2 − ϵ3}

ϵ1 − ϵ4

Figure A.36: The reduced Hermitian symmetric pair (gλ, kλ)

(0, −1, 0) (2, −5, 2)

Figure A.37: Nilpotent cohomology / BGG resolution

A.1.12 su(1, 4): p′ = 1, q′ = 1, l = 1
Cone of unitarizable weights: − (a2 + a3 + a4 + 4)ω1 + a2ω2 + a3ω3 + (a4 + 1)ω4

(1, ϵ1 − ϵ5)

Figure A.38: Non-negative scalar products with noncompact roots

Set of singular roots: ∅
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ϵ1 − ϵ5

Figure A.39: The reduced Hermitian symmetric pair (gλ, kλ)

(−a2 − a3 − a4 − 5, a2, a3, a4)(−a2 − a3 − a4 − 4, a2, a3, a4 + 1)

Figure A.40: Nilpotent cohomology / BGG resolution

A.1.13 su(1, 4): p′ = 1, q′ = 2, l = 1
Cone of unitarizable weights: − (a2 + a3 + 3)ω1 + a2ω2 + (a3 + 1)ω3

(2, ϵ1 − ϵ5)(1, ϵ1 − ϵ4)

Figure A.41: Non-negative scalar products with noncompact roots

Set of singular roots: ∅

ϵ1 − ϵ4 ϵ4 − ϵ5

Figure A.42: The reduced Hermitian symmetric pair (gλ, kλ)

(−a2 − a3 − 3, a2, a3 + 1, 0)

(−a2 − a3 − 4, a2, a3, 1)

(−a2 − a3 − 5, a2, a3, 0)

Figure A.43: Nilpotent cohomology / BGG resolution

A.1.14 su(1, 4): p′ = 1, q′ = 3, l = 1
Cone of unitarizable weights: − (a2 + 2)ω1 + (a2 + 1)ω2

(2, ϵ1 − ϵ4)(1, ϵ1 − ϵ3) (3, ϵ1 − ϵ5)

Figure A.44: Non-negative scalar products with noncompact roots

Set of singular roots: ∅

ϵ1 − ϵ3 ϵ3 − ϵ4 ϵ4 − ϵ5

Figure A.45: The reduced Hermitian symmetric pair (gλ, kλ)
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(−a2 − 4, a2, 0, 1)

(−a2 − 3, a2, 1, 0)

(−a2 − 5, a2, 0, 0)

(−a2 − 2, a2 + 1, 0, 0)

Figure A.46: Nilpotent cohomology / BGG resolution

A.1.15 su(1, 4): p′ = 1, q′ = 4, l = 1
Cone of unitarizable weights: 0

(3, ϵ1 − ϵ4)(2, ϵ1 − ϵ3)(1, ϵ1 − ϵ2) (4, ϵ1 − ϵ5)

Figure A.47: Non-negative scalar products with noncompact roots

Set of singular roots: ∅

ϵ1 − ϵ2 ϵ2 − ϵ3 ϵ3 − ϵ4 ϵ4 − ϵ5

Figure A.48: The reduced Hermitian symmetric pair (gλ, kλ)

(−3, 0, 1, 0) (−4, 0, 0, 1)(0, 0, 0, 0) (−5, 0, 0, 0)(−2, 1, 0, 0)

Figure A.49: Nilpotent cohomology / BGG resolution

A.1.16 su(2, 3): p′ = 1, q′ = 1, l = 1
Cone of unitarizable weights: (a1 + 1)ω1−(a1 + a3 + a4 + 5)ω2+a3ω3+(a4 + 1)ω4

(1, ϵ1 − ϵ5)

Figure A.50: Non-negative scalar products with noncompact roots

Set of singular roots: ∅

ϵ1 − ϵ5

Figure A.51: The reduced Hermitian symmetric pair (gλ, kλ)
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(a1 + 1, −a1 − a3 − a4 − 5, a3, a4 + 1) (a1, −a1 − a3 − a4 − 5, a3, a4)

Figure A.52: Nilpotent cohomology / BGG resolution

A.1.17 su(2, 3): p′ = 1, q′ = 2, l = 1
Cone of unitarizable weights: (a1 + 1)ω1 − (a1 + a3 + 4)ω2 + (a3 + 1)ω3

(2, ϵ1 − ϵ5)
(1, ϵ1 − ϵ4)

(−a1, ϵ2 − ϵ5)

Figure A.53: Non-negative scalar products with noncompact roots

λ = ω1 − (a3 + 4)ω2 + (a3 + 1)ω3
Set of singular roots: {ϵ2 − ϵ5}

ϵ1 − ϵ4

Figure A.54: The reduced Hermitian symmetric pair (gλ, kλ)

(0, −a3 − 4, a3, 1)(1, −a3 − 4, a3 + 1, 0)

Figure A.55: Nilpotent cohomology / BGG resolution

λ = (a1 + 1)ω1 − (a1 + a3 + 4)ω2 + (a3 + 1)ω3, a1 ≥ 1
Set of singular roots: ∅

ϵ1 − ϵ4 ϵ4 − ϵ5

Figure A.56: The reduced Hermitian symmetric pair (gλ, kλ)

(a1, −a1 − a3 − 4, a3, 1)

(a1 + 1, −a1 − a3 − 4, a3 + 1, 0)

(a1 − 1, −a1 − a3 − 4, a3, 0)

Figure A.57: Nilpotent cohomology / BGG resolution

105



A.1.18 su(2, 3): p′ = 1, q′ = 3, l = 1
Cone of unitarizable weights: (a1 + 1)ω1 − (a1 + 2)ω2

(−a1, ϵ2 − ϵ4)

(2, ϵ1 − ϵ4)

(−a1 + 1, ϵ2 − ϵ5)

(1, ϵ1 − ϵ3)
(3, ϵ1 − ϵ5)

Figure A.58: Non-negative scalar products with noncompact roots

λ = ω1 − 2ω2
Set of singular roots: {ϵ2 − ϵ4}

ϵ1 − ϵ3 ϵ3 − ϵ5

Figure A.59: The reduced Hermitian symmetric pair (gλ, kλ)

(1, −2, 0, 0) (0, −3, 1, 0) (−2, −4, 1, 1)

Figure A.60: Nilpotent cohomology / BGG resolution

λ = 2ω1 − 3ω2
Set of singular roots: {ϵ2 − ϵ5}

ϵ1 − ϵ3 ϵ3 − ϵ4

Figure A.61: The reduced Hermitian symmetric pair (gλ, kλ)

(1, −4, 1, 0) (0, −4, 0, 1)(2, −3, 0, 0)

Figure A.62: Nilpotent cohomology / BGG resolution

λ = (a1 + 1)ω1 − (a1 + 2)ω2, a1 ≥ 2
Set of singular roots: ∅

ϵ1 − ϵ3 ϵ3 − ϵ4 ϵ4 − ϵ5

Figure A.63: The reduced Hermitian symmetric pair (gλ, kλ)
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(a1, −a1 − 3, 1, 0)

(a1 − 2, −a1 − 3, 0, 0)

(a1 − 1, −a1 − 3, 0, 1)

(a1 + 1, −a1 − 2, 0, 0)

Figure A.64: Nilpotent cohomology / BGG resolution

A.1.19 su(2, 3): p′ = 2, q′ = 1, l = 1

•Cone of unitarizable weights: − (a3 + a4 + 3)ω2 + a3ω3 + (a4 + 1)ω4

(−a4, ϵ1 − ϵ4)

(1, ϵ2 − ϵ5)
(2, ϵ1 − ϵ5)

Figure A.65: Non-negative scalar products with noncompact roots

λ = − (a3 + 3)ω2 + a3ω3 + ω4
Set of singular roots: {ϵ1 − ϵ4}

ϵ2 − ϵ5

Figure A.66: The reduced Hermitian symmetric pair (gλ, kλ)

(1, −a3 − 4, a3, 0)(0, −a3 − 3, a3, 1)

Figure A.67: Nilpotent cohomology / BGG resolution

λ = − (a3 + a4 + 3)ω2 + a3ω3 + (a4 + 1)ω4, a4 ≥ 1
Set of singular roots: ∅

ϵ1 − ϵ2 ϵ2 − ϵ5

Figure A.68: The reduced Hermitian symmetric pair (gλ, kλ)
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(1, −a3 − a4 − 4, a3, a4)

(0, −a3 − a4 − 3, a3, a4 + 1)

(0, −a3 − a4 − 4, a3, a4 − 1)

Figure A.69: Nilpotent cohomology / BGG resolution

A.1.20 su(2, 3): p′ = 2, q′ = 2, l = 1

Cone of unitarizable weights: − (a3 + 2)ω2 + (a3 + 1)ω3

(1, ϵ2 − ϵ4)
(3, ϵ1 − ϵ5)

(2, ϵ2 − ϵ5)

(−a3, ϵ1 − ϵ3) (2, ϵ1 − ϵ4)

Figure A.70: Non-negative scalar products with noncompact roots

λ = −2ω2 + ω3
Set of singular roots: {ϵ1 − ϵ3}

ϵ2 − ϵ4 ϵ4 − ϵ5

Figure A.71: The reduced Hermitian symmetric pair (gλ, kλ)

(0, −2, 1, 0) (2, −4, 0, 0)(1, −3, 0, 1)

Figure A.72: Nilpotent cohomology / BGG resolution

λ = − (a3 + 2)ω2 + (a3 + 1)ω3, a3 ≥ 1
Set of singular roots: ∅

ϵ1 − ϵ2 ϵ2 − ϵ4 ϵ4 − ϵ5

Figure A.73: The reduced Hermitian symmetric pair (gλ, kλ)
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2 −a3 − 4 a3 0

0 −a3 − 2 a3 + 1 0

1 −a3 − 3 a3 1

0 −a3 − 3 a3 − 1 2

0 −a3 − 4 a3 − 1 0

1 −a3 − 4 a3 − 1 1

Figure A.74: Nilpotent cohomology / BGG resolution

A.1.21 su(2, 3): p′ = 2, q′ = 2, l = 2
Cone of unitarizable weights: − (a3 + 3)ω2 + (a3 + 1)ω3

(2, ϵ1 − ϵ5)
(1, ϵ1 − ϵ4)

(1, ϵ2 − ϵ5)
(0, ϵ2 − ϵ4)

Figure A.75: Non-negative scalar products with noncompact roots

Set of singular roots: {ϵ2 − ϵ4}

ϵ1 − ϵ5

Figure A.76: The reduced Hermitian symmetric pair (gλ, kλ)

(0, −a3 − 3, a3 + 1, 0) (2, −a3 − 5, a3 − 1, 2)

Figure A.77: Nilpotent cohomology / BGG resolution
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A.1.22 su(2, 3): p′ = 2, q′ = 3, l = 1
Cone of unitarizable weights: 0

(1, ϵ2 − ϵ3)
(2, ϵ1 − ϵ3)

(2, ϵ2 − ϵ4) (3, ϵ2 − ϵ5)

(3, ϵ1 − ϵ4)
(4, ϵ1 − ϵ5)

Figure A.78: Non-negative scalar products with noncompact roots

Set of singular roots: ∅

ϵ1 − ϵ2 ϵ2 − ϵ3 ϵ3 − ϵ4 ϵ4 − ϵ5

Figure A.79: The reduced Hermitian symmetric pair (gλ, kλ)

3 −4 0 0

0 −5 0 0

0 −4 0 2

1 −5 0 1

0 −3 2 0

1 −4 1 1

2 −5 1 0

2 −3 0 1

1 −2 1 0

0 0 0 0

Figure A.80: Nilpotent cohomology / BGG resolution
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A.1.23 su(2, 3): p′ = 2, q′ = 3, l = 2
Cone of unitarizable weights: −ω2

(3, ϵ1 − ϵ5)
(2, ϵ2 − ϵ5)

(0, ϵ2 − ϵ3)
(1, ϵ2 − ϵ4)

(2, ϵ1 − ϵ4)(1, ϵ1 − ϵ3)

Figure A.81: Non-negative scalar products with noncompact roots

Set of singular roots: {ϵ2 − ϵ3}

ϵ1 − ϵ4 ϵ4 − ϵ5

Figure A.82: The reduced Hermitian symmetric pair (gλ, kλ)

(2, −5, 2, 0)(0, −1, 0, 0) (3, −6, 1, 1)

Figure A.83: Nilpotent cohomology / BGG resolution

A.2 Cohomology for Cn, 2 ≤ n ≤ 3

A.2.1 sp(2): r = 1, q = 1, l = 1
Cone of unitarizable weights: (a1 + 2)ω1 − (a1 + 3)ω2

(1, 2ϵ1)

Figure A.84: Non-negative scalar products with noncompact roots

Set of singular roots: ∅

2ϵ1

Figure A.85: The reduced Hermitian symmetric pair (gλ, kλ)

(a1 + 2, −a1 − 3) (a1, −a1 − 3)

Figure A.86: Nilpotent cohomology / BGG resolution
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A.2.2 sp(2): r = 2, q = 1, l = 1
Cone of unitarizable weights: ω1 − 3

2ω2

(1, ϵ1 + ϵ2) (3
2 , 2ϵ1)

Figure A.87: Non-negative scalar products with noncompact roots

Set of singular roots: ∅

ϵ1 + ϵ2

Figure A.88: The reduced Hermitian symmetric pair (gλ, kλ)

(
1, −5

2

)(
1, −3

2

)

Figure A.89: Nilpotent cohomology / BGG resolution

A.2.3 sp(2): r = 2, q = 2, l = 1
Cone of unitarizable weights: 0

(2, 2ϵ1)(1, 2ϵ2) (3, ϵ1 + ϵ2)

Figure A.90: Non-negative scalar products with noncompact roots

Set of singular roots: ∅

2ϵ2 ϵ1 − ϵ2

Figure A.91: The reduced Hermitian symmetric pair (gλ, kλ)

(2, −1) (4, −4)(0, 0) (4, −3)

Figure A.92: Nilpotent cohomology / BGG resolution

A.2.4 sp(2): r = 2, q = 2, l = 2
Cone of unitarizable weights: −1

2ω2
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(1
2 , 2ϵ2) (2, ϵ1 + ϵ2) (3

2 , 2ϵ1)

Figure A.93: Non-negative scalar products with noncompact roots

Set of singular roots: ∅

ϵ1 + ϵ2

Figure A.94: The reduced Hermitian symmetric pair (gλ, kλ)

(
0, −5

2

)(
0, −1

2

)

Figure A.95: Nilpotent cohomology / BGG resolution

A.2.5 sp(3): r = 1, q = 1, l = 1
Cone of unitarizable weights: (a1 + 2)ω1 + a2ω2 − (a1 + a2 + 4)ω3

(1, 2ϵ1)

Figure A.96: Non-negative scalar products with noncompact roots

Set of singular roots: ∅

2ϵ1

Figure A.97: The reduced Hermitian symmetric pair (gλ, kλ)

(a1 + 2, a2, −a1 − a2 − 4) (a1, a2, −a1 − a2 − 4)

Figure A.98: Nilpotent cohomology / BGG resolution

A.2.6 sp(3): r = 2, q = 1, l = 1
Cone of unitarizable weights: ω1 + (a2 + 1)ω2 −

(
a2 + 7

2

)
ω3

(1, ϵ1 + ϵ2) (3
2 , 2ϵ1)

Figure A.99: Non-negative scalar products with noncompact roots

Set of singular roots: ∅
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ϵ1 + ϵ2

Figure A.100: The reduced Hermitian symmetric pair (gλ, kλ)

(
1, a2 + 1, −a2 − 7

2

) (
1, a2, −a2 − 7

2

)

Figure A.101: Nilpotent cohomology / BGG resolution

A.2.7 sp(3): r = 2, q = 2, l = 1

Cone of unitarizable weights: (a2 + 2)ω2 − (a2 + 3)ω3

(−a2, ϵ1 + ϵ3)
(2, 2ϵ1)

(1, 2ϵ2)
(3, ϵ1 + ϵ2)

Figure A.102: Non-negative scalar products with noncompact roots

λ = 2ω2 − 3ω3
Set of singular roots: {ϵ1 + ϵ3}

2ϵ2

Figure A.103: The reduced Hermitian symmetric pair (gλ, kλ)

(0, 2, −3) (2, 0, −3)

Figure A.104: Nilpotent cohomology / BGG resolution

λ = (a2 + 2)ω2 − (a2 + 3)ω3, a2 ≥ 1
Set of singular roots: ∅

2ϵ2 ϵ1 − ϵ2

Figure A.105: The reduced Hermitian symmetric pair (gλ, kλ)
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(0, a2 + 2, −a2 − 3)

(2, a2 + 1, −a2 − 3)

(4, a2 − 1, −a2 − 3)

(4, a2 − 2, −a2 − 3)

Figure A.106: Nilpotent cohomology / BGG resolution

A.2.8 sp(3): r = 2, q = 2, l = 2
Cone of unitarizable weights: (a2 + 2)ω2 −

(
a2 + 7

2

)
ω3

(3
2 , 2ϵ1)(1

2 , 2ϵ2) (2, ϵ1 + ϵ2)

Figure A.107: Non-negative scalar products with noncompact roots

Set of singular roots: ∅

ϵ1 + ϵ2

Figure A.108: The reduced Hermitian symmetric pair (gλ, kλ)

(
0, a2, −a2 − 7

2

)(
0, a2 + 2, −a2 − 7

2

)

Figure A.109: Nilpotent cohomology / BGG resolution

A.2.9 sp(3): r = 3, q = 1, l = 1
Cone of unitarizable weights: ω1 − 2ω3

(2, 2ϵ1)
(1, ϵ1 + ϵ3)

(2, ϵ1 + ϵ2)
(0, 2ϵ2)

Figure A.110: Non-negative scalar products with noncompact roots

Set of singular roots: {2ϵ2}

ϵ1 + ϵ3

Figure A.111: The reduced Hermitian symmetric pair (gλ, kλ)
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(0, 1, −3)(1, 0, −2)

Figure A.112: Nilpotent cohomology / BGG resolution

A.2.10 sp(3): r = 3, q = 2, l = 1
Cone of unitarizable weights: ω2 − 3

2ω3

(2, ϵ1 + ϵ3)

(3
2 , 2ϵ2)

(1, ϵ2 + ϵ3) (4, ϵ1 + ϵ2) (5
2 , 2ϵ1)

Figure A.113: Non-negative scalar products with noncompact roots

Set of singular roots: ∅

ϵ2 − ϵ3 ϵ1 − ϵ2 ϵ2 + ϵ3

Figure A.114: The reduced Hermitian symmetric pair (gλ, kλ)

(
0, 2, −7

2

)(
1, 1, −5

2

)(
0, 1, −3

2

) (
0, 0, −7

2

)

Figure A.115: Nilpotent cohomology / BGG resolution

A.2.11 sp(3): r = 3, q = 2, l = 2
Cone of unitarizable weights: ω2 − 2ω3

(3, ϵ1 + ϵ2) (2, 2ϵ1)
(1, 2ϵ2)

(1, ϵ1 + ϵ3)
(0, ϵ2 + ϵ3)

Figure A.116: Non-negative scalar products with noncompact roots

Set of singular roots: {ϵ2 + ϵ3}

2ϵ1

Figure A.117: The reduced Hermitian symmetric pair (gλ, kλ)

(0, 1, −2) (1, 3, −5)

Figure A.118: Nilpotent cohomology / BGG resolution
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A.2.12 sp(3): r = 3, q = 3, l = 1
Cone of unitarizable weights: 0

(1, 2ϵ3) (3, ϵ2 + ϵ3) (3, 2ϵ1)(5, ϵ1 + ϵ2)
(2, 2ϵ2)

(4, ϵ1 + ϵ3)

Figure A.119: Non-negative scalar products with noncompact roots

Set of singular roots: ∅

ϵ1 − ϵ2 ϵ2 − ϵ3 2ϵ3

Figure A.120: The reduced Hermitian symmetric pair (gλ, kλ)

(0, 0, −4)

(2, 0, −4)

(0, 0, 0)

(0, 2, −2)

(3, 0, −3)

(1, 2, −3)

(2, 1, −4)

(0, 3, −4)

Figure A.121: Nilpotent cohomology / BGG resolution

A.2.13 sp(3): r = 3, q = 3, l = 2
Cone of unitarizable weights: −1

2ω3
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(4, ϵ1 + ϵ2)(1
2 , 2ϵ3) (5

2 , 2ϵ1)
(3

2 , 2ϵ2)

(3, ϵ1 + ϵ3)
(2, ϵ2 + ϵ3)

Figure A.122: Non-negative scalar products with noncompact roots

Set of singular roots: ∅

ϵ2 − ϵ3 ϵ1 − ϵ2 ϵ2 + ϵ3

Figure A.123: The reduced Hermitian symmetric pair (gλ, kλ)

(
0, 0, −1

2

) (
2, 0, −5

2

) (
1, 0, −7

2

)(
1, 1, −7

2

)

Figure A.124: Nilpotent cohomology / BGG resolution

A.2.14 sp(3): r = 3, q = 3, l = 3
Cone of unitarizable weights: −ω3

(2, ϵ1 + ϵ3)

(1, 2ϵ2)
(0, 2ϵ3) (1, ϵ2 + ϵ3) (2, 2ϵ1)(3, ϵ1 + ϵ2)

Figure A.125: Non-negative scalar products with noncompact roots

Set of singular roots: {2ϵ3}

ϵ1 + ϵ2

Figure A.126: The reduced Hermitian symmetric pair (gλ, kλ)

(0, 0, −1) (3, 0, −4)

Figure A.127: Nilpotent cohomology / BGG resolution

A.3 Cohomology for SO∗(8)

A.3.1 s0∗(8): ω2 − 6ω4

Cone of unitarizable weights: a1ω1 + (a2 + 1)ω2 + a3ω3 − (a1 + 2 a2 + a3 + 6)ω4
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(1, ϵ1 + ϵ2)

Figure A.128: Non-negative scalar products with noncompact roots

Set of singular roots: ∅

ϵ1 + ϵ2

Figure A.129: The reduced Hermitian symmetric pair (gλ, kλ)

(a1, a2, a3, −a1 − 2 a2 − a3 − 6)

(a1, a2 + 1, a3, −a1 − 2 a2 − a3 − 6)

Figure A.130: Nilpotent cohomology / BGG resolution

A.3.2 s0∗(8): ω3 − 3ω4

Cone of unitarizable weights: (a3 + 1)ω3 − (a3 + 3)ω4

(−a3, ϵ1 + ϵ4)
(3, ϵ1 + ϵ2)(2, ϵ1 + ϵ3)

(1, ϵ2 + ϵ3)

Figure A.131: Non-negative scalar products with noncompact roots

λ = ω3 − 3ω4
Set of singular roots: {ϵ1 + ϵ4}

ϵ2 + ϵ3

Figure A.132: The reduced Hermitian symmetric pair (gλ, kλ)

(0, 0, 1, −3) (1, 0, 0, −4)

Figure A.133: Nilpotent cohomology / BGG resolution

λ = (a3 + 1)ω3 − (a3 + 3)ω4, a3 ≥ 1
Set of singular roots: ∅
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ϵ2 − ϵ3 ϵ1 − ϵ2 ϵ2 + ϵ3

Figure A.134: The reduced Hermitian symmetric pair (gλ, kλ)

(0, 0, a3 + 1, −a3 − 3)

(1, 0, a3, −a3 − 4)

(0, 1, a3 − 1, −a3 − 5)

(0, 0, a3 − 1, −a3 − 5)

Figure A.135: Nilpotent cohomology / BGG resolution

A.3.3 s0∗(8): 0

Cone of unitarizable weights: 0

(3, ϵ2 + ϵ3)

(3, ϵ1 + ϵ4)
(1, ϵ3 + ϵ4) (5, ϵ1 + ϵ2)(2, ϵ2 + ϵ4) (4, ϵ1 + ϵ3)

Figure A.136: Non-negative scalar products with noncompact roots

Set of singular roots: ∅

ϵ1 − ϵ2 ϵ2 − ϵ3

ϵ3 + ϵ4

ϵ3 − ϵ4

Figure A.137: The reduced Hermitian symmetric pair (gλ, kλ)

120



0 0

0

0
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0

2 0
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0

0 0

−6

0

1 0

−5

1

0 1

−6

0

0 0

−4

2

1 0

−3

1

Figure A.138: Nilpotent cohomology / BGG resolution
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A.3.4 s0∗(8): −2ω4

Cone of unitarizable weights: −2ω4

(0, ϵ2 + ϵ4)
(1, ϵ2 + ϵ3)

(3, ϵ1 + ϵ2)
(1, ϵ1 + ϵ4)

(2, ϵ1 + ϵ3)

Figure A.139: Non-negative scalar products with noncompact roots

Set of singular roots: {ϵ2 + ϵ4}

ϵ1 + ϵ3

Figure A.140: The reduced Hermitian symmetric pair (gλ, kλ)

(0, 2, 0, −6)(0, 0, 0, −2)

Figure A.141: Nilpotent cohomology / BGG resolution

A.3.5 s0∗(8): ω1 + ω2 − 7ω4

Cone of unitarizable weights: (a1 + 1)ω1+(a2 + 1)ω2+a3ω3−(a1 + 2 a2 + a3 + 7)ω4

(1, ϵ1 + ϵ2)

Figure A.142: Non-negative scalar products with noncompact roots

Set of singular roots: ∅

ϵ1 + ϵ2

Figure A.143: The reduced Hermitian symmetric pair (gλ, kλ)

(a1 + 1, a2, a3, −a1 − 2 a2 − a3 − 7)(a1 + 1, a2 + 1, a3, −a1 − 2 a2 − a3 − 7)

Figure A.144: Nilpotent cohomology / BGG resolution
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A.3.6 s0∗(8): ω1 + ω3 − 5ω4

Cone of unitarizable weights: (a1 + 1)ω1 + (a3 + 1)ω3 − (a1 + a3 + 5)ω4

(1, ϵ1 + ϵ3) (2, ϵ1 + ϵ2)

Figure A.145: Non-negative scalar products with noncompact roots

Set of singular roots: ∅

ϵ1 + ϵ3 ϵ2 − ϵ3

Figure A.146: The reduced Hermitian symmetric pair (gλ, kλ)

(a1 + 1, 0, a3 + 1, −a1 − a3 − 5)

(a1, 1, a3, −a1 − a3 − 6)

(a1, 0, a3, −a1 − a3 − 6)

Figure A.147: Nilpotent cohomology / BGG resolution

A.3.7 s0∗(8): ω1 − 3ω4

Cone of unitarizable weights: (a1 + 1)ω1 − (a1 + 3)ω4

(2, ϵ1 + ϵ3) (3, ϵ1 + ϵ2)
(−a1, ϵ2 + ϵ3)

(1, ϵ1 + ϵ4)

Figure A.148: Non-negative scalar products with noncompact roots

λ = ω1 − 3ω4
Set of singular roots: {ϵ2 + ϵ3}

ϵ1 + ϵ4

Figure A.149: The reduced Hermitian symmetric pair (gλ, kλ)

(a1, 0, 1, −a1 − 4)(a1 + 1, 0, 0, −a1 − 3)

Figure A.150: Nilpotent cohomology / BGG resolution
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λ = (a1 + 1)ω1 − (a1 + 3)ω4, a1 ≥ 1
Set of singular roots: ∅

ϵ1 + ϵ4 ϵ3 − ϵ4 ϵ2 − ϵ3

Figure A.151: The reduced Hermitian symmetric pair (gλ, kλ)

(a1 + 1, 0, 0, −a1 − 3)

(a1, 0, 1, −a1 − 4)

(a1 − 1, 1, 0, −a1 − 5)

(a1 − 1, 0, 0, −a1 − 5)

Figure A.152: Nilpotent cohomology / BGG resolution
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B. Source code
The Bruhat graphs and calculations in low rank in this work were produced with
the help of the following code written for the mathematical software called Sage
(www.sagemath.org). Most of the code will be submitted for inclusion in the
official distribution.

######################################################################
############## HELPER FUNCTIONS ##############
######################################################################

from sage.graphs.graph_latex import setup_latex_preamble
setup_latex_preamble()

def one_graded_from_dynkin(D, crossed_node):
ct = D.cartan_type() # D might be relabeled, we need to get rid of that
ct = CartanType([ct.type(), ct.rank()])
index_set = list(ct.index_set())
index_set.remove(crossed_node)
return ct, index_set

def setup(CT, index_set):
W = WeylGroup(CT, prefix="s")
AS = W.domain()
FW = AS.fundamental_weights()
vFW = FW.map(lambda v: v.to_vector())
RP = AS.root_poset(facade=True)
nonparabolic_roots = [x.to_ambient() for x in

AS.root_system.root_lattice().positive_roots_nonparabolic(index_set=index_set)]↪→

nRP = RP.subposet(nonparabolic_roots)
rho = AS.rho()
return W, AS, FW, vFW, rho, nRP

def inject_positive_integer_variables(names, p=0, q=0):
"""
If names is a string (e.g. "A") this function injects into the workspace n
variables named Ap till Aq inclusive.↪→

Otherwise it is assumed that names is a list of variables that will be
injected.↪→

They are assumed to take only nonnegative integral values.
"""
def inject_name(name, i=None):

if i is not None:
name = name + str(i)

var(name)
eval("assume({s} >= 0, ({s}, 'integer'))".format(s=name))

if isinstance(names, basestring):
for i in range(p, q+1):

inject_name(names, i)
else:

for name in names:
inject_name(name)

def setup_cone(variable_list, cone_str):
"""
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Deletes all assumptions, defines variables and declares them to be
integral and nonnegative.↪→

variable_list is either a list of strings or 3-tuple containing name and
range for the variables (see inject_positive_integer_variables)↪→

"""
forget()
global vFW
print("\n Initial assumptions:")
print(assumptions())
if isinstance(variable_list, list):

inject_positive_integer_variables(variable_list)
else:

inject_positive_integer_variables(*variable_list)
print("Cone: %s with assumptions:" % cone_str)
print(assumptions())
print("\n")
exec(cone_str, globals())
#exec(cone_str, globals(), locals())
#exec(cone_str, locals(), globals())

class RootWithScalarProduct:
"""
Use this to relabel graphs of positive roots with scalar product with
given weight v.↪→

"""
def __init__(self, r, v):

self.root = r
self.scalarproduct = v.dot_product(r.associated_coroot().to_vector())

def _latex_(self):
return "(%s, %s)" % (latex(self.scalarproduct), latex(self.root))

def __str__(self):
return str(self.scalarproduct)

def __repr__(self):
return repr(self.scalarproduct)

def poset_scalar_product(poset, v, only_nonnegative=True):
"""
Returns LaTeX code of poset of roots whose nodes were labeled by inner
product of those roots with give weight v.↪→

"""
p = poset.relabel(lambda r: RootWithScalarProduct(r, v))
if only_nonnegative:

p = p.subposet([x for x in p if not(x.scalarproduct < 0)])
if p.is_empty():

print("Poset of scalar products is empty.")
return p

def _fix_basis_latex(string):
"""
Basis of Ambient spaces are indexed by e_0, ..., e_{n-1} instead of
conventional \epsilon_1, ..., \epsilon_n.↪→

This functions returns string with fixed LaTeX source. You can render its
output in notebook by calling latex.eval(...)↪→

"""
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import re
def shift_number(matchobj):

return "e_{%d}" % (int(matchobj.group(1)) + 1)

index_re = re.compile("e_{(\d+)}")
return index_re.sub(shift_number, string).replace("e_{", "\epsilon_{")

def fix_basis_latex(obj):
return _fix_basis_latex(str(latex(obj))).replace("0000000000000", "")

def get_poset_latex(poset, orientation="up"):
hd = poset.hasse_diagram()
if orientation != "up":

hd.set_latex_options(rankdir=orientation)

return fix_basis_latex(latex(hd))

def save_diagram(name, poset, orientation="up"):
import os
with open(os.path.join("diagrams", name + ".tikz"), 'w') as f:

f.write(get_poset_latex(poset, orientation=orientation))

######################################################################
############## Parabolic enhancements for Weyl groups ##############
######################################################################

import sage.combinat.root_system.weyl_group as wg

def parabolic_bruhat_graph(self, index_set = None, side="right"):
"""
Returns the Hasse graph of the poset ``self.bruhat_poset(index_set,side)``
with edges labeled by the cover relation↪→

"""
elements = self.minimal_representatives(index_set, side)
covers =[(x,y) for y in elements for x in y.bruhat_lower_covers() if x in

elements]↪→

res = DiGraph()
for u,v in covers:

res.add_edge(u,v,v.inverse()*u)
return res

def parabolic_weight_graph(self, weight, index_set=None,side="right"):
elements = self.minimal_representatives(index_set,side)
wl0 = self.long_element(index_set)
#covers =[(wl0*x,wl0*y) for y in elements for x in

y.bruhat_lower_covers() if x in elements] # funguje jen pro "right"↪→

covers =[(x,y) for y in elements for x in y.bruhat_lower_covers() if x in
elements]↪→

res = DiGraph()
rho = weight.parent().rho()
v = weight + rho
def act_on_weight(v,x):

return str((v.weyl_action(x) -
rho).to_dominant_chamber(index_set).to_vector())↪→

for x,y in covers:
#a = v.weyl_action(x) - rho
#b = v.weyl_action(y) - rho
#res.add_edge(str(a.to_vector()),str(b.to_vector()))
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a = act_on_weight(v,x)
b = act_on_weight(v,y)
res.add_edge(a,b)

return res

def parabolic_weight_graph_enum(self, weight, index_set=None, side="right"):
elements = [x for x in

enumerate(self.minimal_representatives(index_set,side))]↪→

covers =[(x,y) for y in elements for x in elements if x[1] in
y[1].bruhat_lower_covers()]↪→

res = DiGraph()
rho = weight.parent().rho()
v = weight + rho
def act_on_weight(v,x):

return str((v.weyl_action(x) -
rho).to_dominant_chamber(index_set).to_vector())↪→

for x,y in covers:
a = str(x[0]) + ":" + act_on_weight(v,x[1])
b = str(y[0]) + ":" + act_on_weight(v,y[1])
res.add_edge(a,b)

return res

def parabolic_poset(self, Levi_indices, side="right"):
# returns a poset of minimal representatives of W_S \ W
# self is a finite-dimensional Weyl group
# first we compute orbit of the characteristic vector of our parabolic

subalgebra↪→

# this is for representatives of left cosets; to obtain representatives
for right cosets just take the inverse↪→

elements = self.minimal_representatives(Levi_indices, side)
#since our Weyl elements should be already reduced (?), we could optimize

this step by constructing the cover relations directly thus reducing
quadratic complexity to linear

↪→

↪→

covers = tuple([x,y] for y in elements for x in y.bruhat_lower_covers()
if x in elements)↪→

return Poset( (elements, covers), cover_relations = True)

def parabolic_weight_poset(self, weight, Levi_indices, side="right",
relative_index_set=None):↪→

rho = weight.parent().rho()
v = weight + rho
elements = self.minimal_representatives(Levi_indices, side,

relative_index_set=relative_index_set)↪→

covers = tuple([x,y] for y in elements for x in y.bruhat_lower_covers()
if x in elements)↪→

labels = {}
for x in elements:

labels[x] = str((v.weyl_action(x) -
rho).to_dominant_chamber(Levi_indices).to_vector())↪→

return Poset( (elements, covers), cover_relations = True,
element_labels=labels)↪→

def minimal_representatives(self, index_set=None, side="right",
relative_index_set=None):↪→

"""
Returns the set of minimal coset representatives of ``self`` by a
parabolic subgroup.↪→
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INPUT:

- ``index_set`` - a subset (or iterable) of the nodes of the Dynkin
diagram, empty by default, denotes the generators of the Levi part↪→

- ``side`` - 'left' or 'right' (default)
- ``relative_index_set`` - superset of index_set for the relative Case,
again determines the Levi part↪→

See documentation of ``self.bruhat_poset`` for more details.

The output is equivalent to
``set(w.coset_representative(index_set,side))``↪→

but this routine is much faster. For explanation of the algorithm see e.g.
Cap, Slovak:↪→

Parabolic geometries, p. 332

EXAMPLES::

sage: G = WeylGroup(CartanType("A4"),prefix="s")
sage: index_set = [1,3,4]
sage: side = "left"
sage: a = set(w for w in G.minimal_representatives(index_set,side))
sage: b = set(w.coset_representative(index_set,side) for w in G)
sage: print a.difference(b)
set([])

"""
from sage.combinat.root_system.root_system import RootSystem
from copy import copy

if side != 'right' and side != 'left':
raise ValueError, "%s is neither 'right' nor 'left'"%(side)

#TODO check for relative_index_set being a superset of index_set

weight_space = RootSystem(self.cartan_type()).weight_space()
if index_set == None:

crossed_nodes = set(self.index_set())
relative_crossed_nodes = set()

else:
crossed_nodes = set(self.index_set()).difference(index_set)
if not relative_index_set:

relative_index_set = self.index_set()
relative_crossed_nodes =

set(self.index_set()).difference(relative_index_set)↪→

# the characteristic vector
rhop = sum([weight_space.fundamental_weight(i) for i in crossed_nodes if

not(i in relative_crossed_nodes)])↪→

'''

The variable "todo" serves for traversing the orbit of rhop, while the
directory "known" serves↪→

elements in the orbit of rhop while known[vec] are paths of simple reflections
from rhop to vec.↪→

'''
todo = [rhop]
known = dict()
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known[rhop] = []
if rhop == 0:

return set( [self.one()] )
else:

while len(todo) > 0:
vec = todo.pop()
nonzero_coeffs = [i for i in self.index_set() if

(vec.coefficient(i) > 0) and (i in relative_index_set)]↪→

for i in nonzero_coeffs:
new_vec = vec.simple_reflection(i)
new_reflections = copy(known[vec])
new_reflections.append(i)
todo.append(new_vec)
known[new_vec] = new_reflections

if side =='left':
return set(self.from_reduced_word(w) for w in known.values())

else:
#here we could just take the inverses of w but reversing the list

of simple reflections↪→

return set(self.from_reduced_word(w[::-1]) for w in
known.values())↪→

def bruhat_poset(self, index_set = None, side="right", facade = False):
from sage.combinat.posets.posets import Poset
elements = self.minimal_representatives(index_set, side)
# Since our Weyl elements should be already reduced (?), we could
# optimize this step by constructing the cover relations directly (see Cap,

Slovak: Parabolic↪→

# thus reducing quadratic complexity of the next step to linear. On the
other hand, we would↪→

covers = tuple([x,y] for y in elements for x in y.bruhat_lower_covers()
if x in elements)

return Poset((self, covers), cover_relations = True, facade=facade)

wg.WeylGroup_gens.minimal_representatives = minimal_representatives
#wg.WeylGroup_gens.bruhat_poset = bruhat_poset
wg.WeylGroup_gens.parabolic_poset = parabolic_poset
wg.WeylGroup_gens.parabolic_bruhat_graph = parabolic_bruhat_graph
wg.WeylGroup_gens.parabolic_weight_graph = parabolic_weight_graph
wg.WeylGroup_gens.parabolic_weight_graph_enum = parabolic_weight_graph_enum
wg.WeylGroup_gens.parabolic_weight_poset = parabolic_weight_poset

######################################################################
############## Cohomology given by root embeddings ##############
######################################################################

def get_P_lambda(CT, index_set, side):
"""
Returns parabolic poset for CT with Levi part given by index_set that
consists of minimal representative of `side' cosets.↪→

"""
W = WeylGroup(CT, prefix="s")
return W.parabolic_poset(index_set, side)

def W_lambda_weight_poset(P_lambda, embedding):
"""
Returns poset P_lambda embedded to a bigger Weyl group through embedding
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:embedding: tuple (simple_roots, W) where simple_roots are embeddings of
simple_roots into reflections in W.↪→

"""
simple_roots, W = embedding
AS = W.domain()
for i in simple_roots.keys():

simple_roots[i] = AS.from_vector(vector(simple_roots[i]))

# reflections = w.parent().reflections()
# embedding = {}
# for i in simple_roots:
# embedding[i] = reflections()[simple_roots[i]]

def embedd(w):
reflections_word = map(lambda i: simple_roots[i], w.reduced_word())
return W.from_reduced_word(reflections_word, word_type="all")

print "Embedding: ", simple_roots
return P_lambda.relabel(embedd)

def to_fundamental_weights(AS, u):
"""
u is a dense vector over symbolic ring epsilon basis and this will return
its coordinates wrt basis of fundamental weights↪→

should work better than matrix M as some Cartan Types (i.e. E_6) are
implemented in Ambient space of higher dimension than the rank↪→

"""
return vector([u.dot_product(AS.simple_coroot(i).to_vector()) for i in

AS.index_set()])↪→

def get_dominant(AS, u, index_set):
"""
Returns as provably dominant element in the orbit of u as possible. The
orbit is taken with respect to Weyl subgroup generated by indices from
index_set. If all coefficients of u are numbers it will return the
dominant element.

↪→

↪→

↪→

If there is no dominant element ends up in infinite loop! TODO BUG?
"""
negative = True
while negative:

for i in index_set:
c = u.dot_product(AS.simple_coroot(i).to_vector())
if c < 0:

break
else: # we haven't found provably negative coefficient wrt fundamental

weights↪→

negative = False
if negative:

u = AS.weyl_group().simple_reflection(i)*u
return u

def get_W_action(AS, index_set, side, v, node_dist=1.5, with_dynkins=False):
"""
index_set is index_set determines the Levi part of the space we are
embedding into↪→

"""
class W_action:

ct = AS.cartan_type()
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#M = Matrix([AS.fundamental_weight(i).to_vector() for i in
AS.index_set()]).transpose().inverse() # change of basis from
"epsilons" to fundamental weights

↪→

↪→

def to_fundamental_weights(self, u):
"""
u is a dense vector over symbolic ring epsilon basis and this will

return its coordinates wrt basis of fundamental weights↪→

should work better than matrix M as some Cartan Types (i.e. E_6)
are implemented in Ambient space of higher dimension than the rank↪→

"""
return vector([u.dot_product(AS.simple_coroot(i).to_vector()) for

i in AS.index_set()])↪→

def __init__(self, w):
#AS = w.domain()
#nw = w.coset_representative(index_set, side) # Enright is wrong!
nw = w

self.result = self.to_fundamental_weights(get_dominant(AS,
nw.matrix()*v - AS.rho().to_vector(), index_set))↪→

def __repr__(self):
return repr(w)

def _latex_(self):
if with_dynkins:

global parabolic_index_set
parabolic_index_set = map(lambda i: latex(self.result[i-1]),

index_set) # TODO can give wrong node fill in case there
are repeating labels

↪→

↪→

def labeling(i):
return latex(self.result[i-1])

dynkin_latex = "\n\n \\begin{tikzpicture}\n" +
_fix_basis_latex(self.ct._latex_dynkin_diagram(label=labeling,
node_dist=node_dist)) + "\\end{tikzpicture}\n\n "

↪→

↪→

return dynkin_latex
else:

return latex(self.result)

return W_action

def to_fundamental_weights(AS, u):
"""
u is a dense vector over symbolic ring epsilon basis and this will

return its coordinates wrt basis of fundamental weights↪→

should work better than matrix M as some Cartan Types (i.e. E_6)
are implemented in Ambient space of higher dimension than the rank↪→

"""
return vector([u.dot_product(AS.simple_coroot(i).to_vector()) for

i in AS.index_set()])↪→

def cohomology_poset(small_CT, small_index_set, simple_roots_embedding, W,
big_index_set, v, with_dynkins=False):↪→

P = get_P_lambda(small_CT, small_index_set, "left")
eP = W_lambda_weight_poset(P, (simple_roots_embedding, W))
AS = W.domain()
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action = get_W_action(AS, big_index_set, "left", v,
with_dynkins=with_dynkins)↪→

return eP.relabel(action)

######################################################################
############## Cohomology of unitarizable modules ##############
######################################################################

def WG_action(w, v):
"""
Action of weyl group element w on vector v.
Workaround for subgroups not containing elements of the supergroup.
"""
AS = v.parent()
return AS.from_vector(w.matrix()*v.to_vector())

def get_length_function(positive_roots):
positive_roots = set(positive_roots)
@cached_function
def l(w):

return len([a for a in positive_roots if WG_action(w.inverse(), -a) in
positive_roots])↪→

return l

def get_generating_roots(weight, index_set):
"""
Returns a list of roots that generate the reflection subgroup which
governs cohomology of unitarizable hihgest weight modules.↪→

First part of Enright's formula from his paper on u-cohomology.
The convention is that Verma modules are induced from lambda (i.e. no
rho-shift)↪→

"""
AS = weight.parent() # the ambient space
rho = AS.rho()
Psi = [r for r in AS.positive_roots() if r.scalar(rho + weight) == 0]

if AS.cartan_type()[0] in "BCG":
print [x.is_short_root() for x in Psi]
is_there_long_root = any(not(x.is_short_root()) for x in Psi)

else:
is_there_long_root = False

print "Is there long root:", is_there_long_root
def test_root(r):

n = r.associated_coroot().scalar(weight + rho) # TODO check coroot
calculations↪→

if is_there_long_root:
short = r.is_short_root()

else:
short = True

#print r, long_root, short
return n.is_integer() and n > 0 and short

nonparabolic_roots = [x.to_ambient() for x in
AS.root_system.root_lattice().positive_roots_nonparabolic(index_set=index_set)]↪→

parabolic_roots = [x.to_ambient() for x in
AS.root_system.root_lattice().positive_roots_parabolic(index_set=index_set)]↪→

#print("Nonparabolic roots: %s" % sorted(nonparabolic_roots))
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Phi = [r for r in nonparabolic_roots if test_root(r) and all(r.scalar(s)
== 0 for s in Psi)]↪→

return Phi, Psi, parabolic_roots, nonparabolic_roots

def generate_subgroup(generators):
"""
Keep multiplying and taking inverses as long as new elements are
constructed.↪→

Unfortunately, this routine takes too much time in practice.
"""
new = set(a*b for (a,b) in cartesian_product([generators,

generators])).union(set(g.inverse() for g in generators))↪→

if new == generators:
return new

else:
return generate_subgroup(new)

def DyerN(w):
W = w.parent()
return [t for t in W.reflections() if (t*w).length() < w.length()]

def DyerCoxeterGenerators(H):
return [w for w in H if set(DyerN(w)) == set([w])]

def get_subsystem_data(weight, index_set):
AS = weight.parent()
W = AS.weyl_group()
generating_roots, Psi, parabolic_roots, nonparabolic_roots =

get_generating_roots(weight, index_set)↪→

reflections = W.reflections()
generators = set(reflections[r] for r in generating_roots)

#W_lambda = list(generate_subgroup(generators)) # subgroup generates H as
a matrix group and we lose all the WeylGroupElement methods # too slow↪→

#W_lambda = [W.element_class(W, h) for h in W.subgroup(generators)] # too
slow↪→

W_lambda = W.subgroup(generators)
W_lambda_reflections = []
for x in W_lambda:

g = W.element_class(W, x)
if g in reflections:

W_lambda_reflections.append(g)

# calculate Coxeter generators of the reflection subgroup
# see [Deodhar] or [Dyer] for proof
def DyerCoxeterGenerators(H_reflections):

# optimized version
#H_reflections = [W.element_class(W, x) for x in reflections if x in

H] # WARNING switching H and reflections leads to empty set!↪→

# H_reflections = [W.element_class(W, x) for x in H if
W.element_class(W, x) in reflections] # the previous stopped
working in Sage 7.6 # refactored shortly thereafter to assume that
we have only reflections at input

↪→

↪→

↪→

W_length = get_length_function(AS.positive_roots())
def DyerN(w):

w = W.element_class(W, w)
return set(t for t in H_reflections if W_length(t*w) <

W_length(w))↪→
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return [w for w in H_reflections if DyerN(w) == set([w])]

coxeter_generators = DyerCoxeterGenerators(W_lambda_reflections)

lambda_positive_roots = [r for r in reflections.keys() if reflections[r]
in W_lambda_reflections]↪→

lambda_simple_roots = [r for r in reflections.keys() if reflections[r] in
coxeter_generators]↪→

lambda_parabolic_roots = [r for r in lambda_positive_roots if r in
parabolic_roots]↪→

lambda_nonparabolic_roots = [r for r in lambda_positive_roots if r in
nonparabolic_roots]↪→

# decompose coset representative according to their length
from collections import defaultdict
def is_dominant(v, positive_roots):

return all(v.scalar(r) > 0 for r in positive_roots)
lambda_W_c = defaultdict(list)
rho = AS.rho()
lambda_length = get_length_function(lambda_positive_roots)
for w in W_lambda:

if is_dominant(WG_action(w, rho), lambda_parabolic_roots):
lambda_W_c[lambda_length(w)].append(w)

return Psi, generating_roots, lambda_simple_roots, lambda_positive_roots,
lambda_parabolic_roots, lambda_nonparabolic_roots, W_lambda,
lambda_W_c

↪→

↪→

# small hack for LaTeXing DynkinDiagrams of generalized flag manifolds
from sage.combinat.root_system.cartan_type import CartanType_abstract as cta
def _my_latex_draw_node(self, x, y, label, position="below=4pt",

fill='white'):↪→

r"""
Draw (possibly marked [crossed out]) circular node ``i`` at the
position ``(x,y)`` with node label ``label`` .
- ``position`` -- position of the label relative to the node
- ``anchor`` -- (optional) the anchor point for the label
EXAMPLES::

sage: CartanType(['A',3])._latex_draw_node(0, 0, 1)
'\\draw[fill=white] (0 cm, 0 cm) circle (.25cm)

node[below=4pt]{$1$};\n'↪→

"""
global parabolic_index_set
#print parabolic_index_set, label
fill = "black" if label in parabolic_index_set else "white"
return "\\draw[fill={}] ({} cm, {} cm) circle (.1cm)

node[{}]{{${}$}};\n".format(fill, x, y, position, label)↪→

cta._latex_draw_node = _my_latex_draw_node

def examine(weight, index_set, cone=None, only_nonnegative=True,
show_diagrams=False, show_latex=False, orientation="up", cartan_type="",
with_dynkins=False, **kwargs):

↪→

↪→

Psi, generating_roots, lambda_simple_roots, lambda_positive_roots,
lambda_parabolic_roots, lambda_nonparabolic_roots, H, lambda_W_c =
get_subsystem_data(weight, index_set)

↪→

↪→

print("Weight: %s" % weight)
print("Singular roots: %s" % sorted(Psi))
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print("Set of generating roots: %s" % sorted(generating_roots))
print("Set of generated roots: %s" % sorted(lambda_positive_roots))
#show("Set of generated roots:", lambda_positive_roots)
print("Simple roots: %s" % sorted(lambda_simple_roots))
#print("Scalar products of pairs of distinct simple roots: %s" %

set(u.scalar(v) for (u,v) in cartesian_product([lambda_simple_roots,
lambda_simple_roots]) if u != v))

↪→

↪→

print("Noncompact lambda-roots: %s" % lambda_nonparabolic_roots)

AS = weight.parent()
weight = weight
if cone is not None:

print("Translated cone: %s" % cone)
v = weight.to_vector() + cone + AS.rho().to_vector() # we induce Verma

modules from lambda and hence we need to test scalar products with
weight shifted by rho

↪→

↪→

else:
v = weight.to_vector() + AS.rho().to_vector() # we induce Verma

modules from lambda and hence we need to test scalar products with
weight shifted by rho

↪→

↪→

nonparabolic_roots = [x.to_ambient() for x in
AS.root_system.root_lattice().positive_roots_nonparabolic(index_set=index_set)]↪→

nRP = AS.root_poset(facade=True).subposet(nonparabolic_roots)
sP = poset_scalar_product(nRP, v, only_nonnegative=only_nonnegative)
if sP.is_empty():

print "Poset of nonnegative scalar products is empty."
sP_latex = ""

else:
sP_latex = get_poset_latex(sP, orientation)

if sP_latex != "":
if show_diagrams:

print("Scalar products (possibly only the nonnegative ones) of the
weight (in the cone) with noncompact roots:")↪→

_ = latex.eval(sP_latex)
if show_latex:

print sP_latex

### BUG
# DynkinDiagram calls CartanMatrix with all its arguments (*args) see line 181

in dynkin_diagram.py↪→

# this causes error with relabeling for A1, i.e.
DynkinDiagram(CartanMatrix([[2]]), ["ahoj"])↪→

# workaround here is to use Matrix instead of CartanMatrix, but note that
the label in Dynkin diagram is wrong!↪→

# also, DynkinDiagram(CM, index_set=...) doesn't work as intended and
produces labeling range(order(CM))↪→

# print("Cartan matrix:\n%s" % CM)
# if len(lambda_simple_roots) > 0:

# D = DynkinDiagram(CM, lambda_simple_roots)
# else:
# D = DynkinDiagram(CM, index_set=lambda_simple_roots)

# in the end, we relabel explicitely in case we have rank 1
CM = Matrix([[rj.scalar(ri.associated_coroot()) for rj in

lambda_simple_roots] for ri in lambda_simple_roots])↪→

D = DynkinDiagram(CM, lambda_simple_roots)
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if len(lambda_simple_roots) == 1:
D = D.relabel({1: lambda_simple_roots[0]})

# let's calculate the cohomology of the "shape" given by vertex of the
cone↪→

e = set(D.index_set()).intersection(lambda_nonparabolic_roots).pop() # we
know that there is only one simple noncompact root in the
lambda-subsystem

↪→

↪→

print("Noncompact root in the lambda-subsystem: %s" % e)
crossed_node = D.index_set().index(e) + 1
# simple_roots_embedding = dict(enumerate(D.index_set(), 1)) #BUG returns

sorted index_set↪→

simple_roots_embedding = D.cartan_type()._relabelling

ct, small_index_set = one_graded_from_dynkin(D, crossed_node)
# print ct, small_index_set, simple_roots_embedding,

AS.weyl_group(),index_set, v↪→

# There is a BUG in DynkinDiagram._latex_ which causes not very nice
labeling of nodes in the Dynkin diagram↪→

#latex.eval(fix_basis_latex(latex(D)))
#print fix_basis_latex("\n" + latex(D) + "\n")
# This is a workaround
labeling = lambda i: latex(i)

global parabolic_index_set
parabolic_index_set = [latex(simple_roots_embedding[s]) for s in

small_index_set]↪→

dynkin_latex = "\\begin{tikzpicture}\n" +
_fix_basis_latex(D.cartan_type()._latex_dynkin_diagram(labeling)) +
"\\end{tikzpicture}"

↪→

↪→

#dynkin_latex = dynkin_latex.replace(".25cm",
".15cm").replace("fill=white", "fill=black") # make nodes smaller and
black TODO automatically make noncompact root white

↪→

↪→

if show_diagrams:
_ =latex.eval(dynkin_latex)

if show_latex:
print dynkin_latex

cP = cohomology_poset(
ct, # to get rid of relabeling, we want this to be labeled by

integers↪→

small_index_set,
simple_roots_embedding,
AS.weyl_group(prefix="s"),
index_set, # not used right now, uniform "projection" on minimal

representatives doesn't seem to work (i.e. Enright has a
mistake in his paper, we take k-dominant weight in the orbit)

↪→

↪→

v,
with_dynkins=with_dynkins
)

bgg_poset = get_poset_latex(cP, orientation)
if show_diagrams:

_ = latex.eval(bgg_poset)
if show_latex:
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print bgg_poset
#print(latex(cP))

from string import Template

scalar_poset_template = Template(r"""
\begin{figure}[H]

\centering
$scalar_poset

\caption{Nonnegative scalar products with noncompact roots}
\end{figure}

""")
if sP_latex == "":

scalar_poset = ""
else:

scalar_poset = scalar_poset_template.substitute(scalar_poset=sP_latex)

template = Template(r"""

\subsubsection{$cartan_type}

Cone of unitarizable weights: $weight \\

$scalar_poset

%\noindent $$\lambda = $$ $weight \\
\noindent Set of singular roots: $singular_roots \\

\begin{figure}[H]
\centering
$reduced_dynkin
\caption{The reduced hermitian symmetric pair $$(\mathfrak{g}_\lambda,

\mathfrak{k}_\lambda)$$}↪→

\end{figure}

\begin{figure}[H]
\centering

$bgg_poset
\caption{Nilpotent cohomology / BGG resolution}

\end{figure}

""")

if Psi:
singular_roots_latex = "$\{" + ", ".join(_fix_basis_latex(latex(r))

for r in Psi) + "$\}"↪→

else:
singular_roots_latex = "$\emptyset$"

coefficients = [c for c in to_fundamental_weights(AS, v -
AS.rho().to_vector())]↪→

F = CombinatorialFreeModule(SR, ["omega_{%d}" % i for i in range(1,
len(coefficients)+1)], prefix="omega", latex_prefix="\\omega")↪→

terms = latex(sum(c*F.monomial(i) for (i,c) in enumerate(coefficients,
1)))↪→

#terms = " + ".join("{c}\\omega_{i}".format(c=c, i=i) for (i, c) in
enumerate())↪→

return template.substitute(weight="$" + terms.strip() + "$",
singular_roots=singular_roots_latex,
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reduced_dynkin=dynkin_latex,
scalar_poset=scalar_poset,
bgg_poset=bgg_poset,
cartan_type=cartan_type

)
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Construction of conformally invariant differen-
tial operators

Vı́t Tuček

Abstract. We present a method of computation of the explicit form of confor-
mally invariant differential operators on Rn defined using the ambient metric
construction. The action of the conformal group on the conformal compacti-
fication of Rn is realised as the action of SO(n + 1, 1) on the projectivisation
of the null cone in the ambient space Rn+1,1. We first review a class of dif-
ferential operators on the ambient space, which give rise to the conformally
invariant differential operators on Rn, and then we show a method how to
write down the explicit coefficients of the induced operator by means of a
suitable adapted frame on the ambient space. The procedure gives an alter-
native and direct method how to compute the so called higher symmetry
operators for the Laplace equation introduced by M. Eastwood.

Mathematics Subject Classification (2000). Primary 53A30; Secondary 58J70.

Keywords. symmetry operators, Laplace, conformally invariant operators.

1. Introduction

It is easily checked that the Laplace operator is invariant with respect to the group
of Euclidean transformations (rotations & translations) in the sense that

∆(f ◦A) = (∆f) ◦A, A ∈ Iso(Rn)

holds for any smooth function f . Another classical result is, that one can use the
spherical inversion to ‘translate’ solutions of the Dirichlet problem from the inside
of the unit ball to the outside and vice versa. This is based on the fact that for
x′ = x/‖x‖2 we have

∆(x)u(x) = ‖x‖2−n∆(x′)v(x′)

where u(x) = ‖x‖2−nv(x′(x)) and ∆(x) denotes the Laplacian in coordinates x. The
spherical inversion of course doesn’t preserve lengths; however it preserves angles

The author was supported by GAČR 201/09/H012.
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which makes it a conformal transformation. The problem is that it is not defined
on the whole Rn. To remedy this situation one can either work with pseudogroups
or take a suitable conformal compactification. The latter approach, which we will
follow in this article, goes in a similar spirit as adding the point at infinity to the
complex plane to get the Riemann sphere.

Another example of an operator with similar nice properties with respect to
the group of conformal transformations is the Dirac operator. Thus one is led nat-
urally to the study of the conformally invariant (also called covariant) differential
operators. There is a complete classification of conformally invariant operators on
a sphere given by [7] and [1]. The articles [2] and [13] contain an extensive sum-
mary of the results. Generalisation to geometrical structures other than conformal
is possible and desirable. For example the operators arising in a resolution of the
Dirac operator in k-variables are invariant with respect to the group Spin(n+k, k)
(see [9, 10]). Another example is the symplectic analogue of the Dirac operator,
which belongs to a class of operators treated in [11] using the representation the-
oretical results of [12]. The classification of invariant operators usually boils down
to decompositions of various tensor products of representations into irreducibles
under the appropriate structure group. The construction of majority of these oper-
ators has been carried out also in the curved setting ([4, 3, 8]), but their coefficients
are difficult to determine.

In the paper [6], M. Eastwood studied higher symmetries of the conformally
invariant Laplace operator on the sphere and he constructed them using the am-
bient construction. In the paper, he also showed that they have curved analogues
and computed their explicit form using various additional tools. The main aim of
the article is to develop methods how to compute the family of these conformally
invariant operators directly from their definition on the ambient space.

We use the so called abstract index notation introduced by Penrose, which
is extremely convenient for performing coordinate-free computations with tensors.
In this notation the indices represent the kind of object they’re attached to, rather
than the coordinates with respect to some basis. The upper indices denote vec-
tors (or vector fields) while lower ones represent one-forms. Repetition of indices
denotes contraction and thus one writes the natural pairing between vectors and
forms as xaya. The round and square brackets around indices stand for the sym-
metrisation and antisymmetrization respectively. A hat over an index or a symbol
implies it’s omission in an expression. In a presence of a metric tensor gab we lower
and raise the indices as usual xa = xbg

ab. For vectors and forms on Rn we use
lower case indices while for the ambient space Rn+2 we use the upper case.

The symbol ∂a denotes the operator which to any smooth function f as-
signs the one-form ∂af for which xa∂af is the derivation of f in the direction xa.
The Leibniz rule applies and consequently we have xa∂a(yb∂bf) = xayb∂a∂bf +
xa(∂ay

b)∂bf . In long expressions we use ∂a1···as as a shorthand for ∂a1 · · · ∂as .

In the next section we review the classical description of the group of confor-
mal transformations on Rp,q and we will use this description in the third section
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to provide a method for an explicit construction of the conformally invariant dif-
ferential operators. In the last section we compute as an example the coefficients
of the so called higher symmetry operators of the Laplace operator.

2. Conformal geometry and the ambient construction

There exists two equivalent approaches to conformal geometry in the setting of
Riemannian manifolds. One of them uses the rather advanced notion of Cartan
geometry modelled on a parabolic pair of Lie groups (SO(n+ 1, 1), P ), while the
other approach defines the conformal transformation as those diffeomorphisms ϕ of
a Riemannian manifold (M, g) which preserve the metric up to a scalar multiple
– i.e. ϕ∗g = Ω2g for some Ω ∈ C∞(M) such that ∀m ∈ M : Ω(m) 6= 0. The
conformal class [g] determined by a metric g is then the equivalence class of the
relation (g ' g̃ ↔ ∃Ω : g̃ = Ω2g). The ambient model provides a nice way to easily
identify these approaches in the case of the Euclidean space.

In what follows we will work with a pseudoeuclidean space Rp,q equipped
with a symmetric nondegenerate bilinear form gab of signature (p, q), p + q = n.
The local conformal transformations are those diffeomorphisms of open sets of Rp,q
which preserve angles of curves. The Liouville theorem states (see e.g. [13]) that,
in the case of n ≥ 3, every local conformal transformation on Rn is a composition
of translations, rotations, dilatations or special conformal transformations1 As a
consequence, the conformal group is generated by these four kinds of mappings.
The situation for n = 2 is quite different since one has uncountably many local
conformal transformations – the group generated by these four mappings is then
sometimes called the Möbius group.

The ambient space of Rp,q is the direct sum Rp+1,q+1 = R ⊕ Rp,q ⊕ R with
non-degenerate symmetric bilinear form gAB defined by

gABx
AyB = x0y∞ + x∞y0 + gabx

ayb

for xA =
(
x0, xa, x∞

)T
and yA =

(
y0, ya, y∞

)T
.

The term ambient will be used when referring to the objects defined on some
open subset of Rn+2 and ambient objects will be distinguished by a tilde. For

example the ambient Laplace operator is ∆̃ = gAB∂A∂B .

If we want to lower the index of xA, we have

xA = gABx
B =

(
x∞, xa, x0

)

and as a block matrix the ambient metric takes the form gAB =
(

0 0 1
0 gab 0
1 0 0

)
. It is

a matter of an elementary calculation to show that the signature of the ambient
metric is indeed (p+ 1, q + 1).

1Special conformal transformation is a generalisation of the circle inversion. It is given by a map
x 7→ (x− x0)/‖x− x0‖2.
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Let r = gABx
AxB be the quadratic form associated to the ambient metric

gAB . The null cone N =
{
x ∈ Rp+1,q+1 | r(x) = 0

}
is the zero set of r. Consider

the mapping φ : Rp,q → N ⊂ Rp+1,q+1 given by

xa 7→




1
xa

−xaxa/2


 =: φA.

The rays of the null cone intersect the embedded Rn at exactly one point and we
have the following dense subset of N

N0 =








t
txa

−txaxa

2


 : t ∈ R \ {0}




∼= R \ {0} × φ(Rn)

with an associated projection map π : N0 → Rp,q defined as π :




t
txa

−txaxa

2


 7→ xa.

Lemma 2.1. The triple (φ,N , gAB) determines the conformal class of Rp,q.

Proof. For any smooth nowhere zero function Ω on Rn consider the subset of N
given by Ω(xa)φ(xa). This can be viewed as another embedding of Rn into the
ambient space. The claim is that the ambient metric induces the metric Ω2gab on
this embedded Rn.

The tangent map of this embedding is

∂aφ
B =




∂aΩ(xb)

(∂aΩ(xb))xb + Ω(xb)δa
b

−(∂aΩ(xb))x
bxb

2 − Ω(xb)xa




and, denoting Ωa = ∂aΩ(xb), the pullback of the ambient metric at a point x ∈ Rn
is computed as follows

gAB∂cφ
A∂dφ

B = ∂cφ
(0∂dφ

∞) + gab∂cφ
a∂dφ

b

= −Ωc(Ωd
xbxb

2 + Ωxd)− Ωd(Ωc
xbxb

2 + Ωxc)+

+ gab(Ωcx
a + Ωδc

a)(Ωdx
b + Ωδd

b)

= −ΩcΩdx
bxb − 2ΩΩ(cxd) + Ω2gcd + ΩcΩdgabx

axb+

+ gab(Ωcx
aΩδd

b + Ωδc
aΩdx

b)

= Ω2gcd − 2ΩΩ(cxd) + ΩcΩgadx
a + ΩΩdgcbx

b

= Ω2gcd.

We can conclude that Ωφ is isometrical embedding of (Rn,Ω2gab) into the ambient
space and that the ambient metric induces gab in the case of Ω = 1. �

It is obvious that N is preserved by the defining action of SO(p + 1, q +
1). The fact that is of the most importance to us is that every local conformal
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transformation of Rp,q is given by this action – one just multiplies the vector
φ(xa) by a SO(p + 1, q + 1) matrix and takes the projection π of the result. The
projectivisation of N is the conformal compactification of Rp,q and the stabiliser
of a line in N is a parabolic subgroup P of SO(p + 1, q + 1). This identifies the
conformal compactification as a flat Cartan geometry of type (SO(p+1, q+1), P ).
For details see [13].

Following the idea from [5] we introduce the adapted frame on Rp+1,q+1 in
order to be able to perform efficient calculations.

Definition 2.2. For t, ρ ∈ R and xa ∈ Rp,q define three vectors

XA =




t
txa

t(ρ− xaxa

2 )


 Y Ab = ∂bX

A =




0b
tδab
−txb


 ZA = − 1

n
∂bY Ab =




0
0a

t


 .

If we lower the indices via the ambient metric we have

XA = (t(ρ− xaxa
2

), txa, 1) YbA = (−txb, tgab, 0b) ZA = (t, 0a, 0).

One immediately sees that XA is the embedding φ(xa) when t = 1 and ρ = 0.

Lemma 2.3. For XA, Y Ab and ZA as above we have

t2(δA
B + 2ρZAZ

B) = XAZ
B + ZAX

B + Y cAY
B
c . (2.1)

Proof. The equation (2.1) is an analogue of the standard decomposition of the
identity mapping on Rn into the projectors to some orthonormal basis. As such it
follows from the following straightforward computations in coordinates.

gABXAXB = 2 · t2(ρ− xaxa/2) + t2gabxaxb = −t2r + t2r + 2t2ρ = 2t2ρ

gABXAZB = t · t+ 0 · (−txaxa/2) + tgabxa0b = t2

gABY cAY
d
B = 0d ⊗ (−txc) + 0c ⊗ (−txd) + gabtδcatδ

d
b = t2gcd

gABXAY
c
B = (−txaxa/2) · 0c + (−txc) · t+ gabtxatδ

c
b = −t2xc + t2xc = 0c

gABZAY
c
B = t · 0c + 0 · (−txc) + gabt0atδ

c
b = 0c

gABZAZB = 2 · 0 + gab0a0b = 0,

(2.2)

�

If we differentiate vector field XA with respect to the real parameter t we
get ∂tX

A = φ(xa). Because Y Bc Y
d
B = t2δdc , we only need to compute ∂ρX

A = ZA

to see that the formula for XA defines in fact a change of coordinates on the open
half-space {t > 0} of Rp+1,q+1. Consequently, the symbols XA and xA represent
the same object – the identity vector field on Rp+1,q+1. Let’s explicitly define the
mapping of the coordinate change:

Φ(t, xa, ρ) =




t
txa

t(ρ− xaxa

2 )


 =



y0

ya

y∞


 .
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We see that φ(xa) = Φ(1, xa, 0) and the identity (2.1) simplifies on the image of φ
to

δA
B = XAZ

B + ZAX
B + Y cAY

B
c .

This identity will be of a great use later on.

Lemma 2.4. The Euler operator in the new coordinates is equal to E = t∂t.

Proof. For f(yA) ∈ C∞(Rn) we have

t∂tf(yA(t, xa, ρ)) = t(
∂f

∂y0
+ xa

∂f

∂ya
+ (ρ− xbxb

2
)
∂f

∂y∞
)

= y0(
∂f

∂y0
+
ya

y0
∂f

∂ya
+
y∞

y0
∂f

∂y∞
)

= (yA∂Af) ◦ Φ(t, xa, ρ)

�

Since we want to deal with differential operators we need to incorporate
smooth functions on Rp,q into the picture. Suppose that f is a smooth function
defined on the neighbourhood of origin in Rp,q. Then for any w ∈ C

f̃(Φ(t, xa, 0)) = twf(xa) (2.3)

defines a smooth function on a ‘conical neighbourhood’ of (1, 0, 0) inside the null

cone N . Moreover it is a homogeneous function of degree w because f̃(λyA) =

λwf̃(yA) for λ > 0. Conversely f may be recovered from f̃ by setting t = 1. In

order to be able to apply ambient differential operators to f̃ we need to extend
it from the null cone to the whole space or at least to some open (in Rp+1,q+1)
neighbourhood of (1, 0, 0). We will call any such extension ambient extension.
There are infinitely many choices for such an extension even if we stick to the
homogeneous ones. Nevertheless, any two such extensions will differ by a very
convenient factor.

Lemma 2.5. Let f̃ and f̂ be two smooth w-homogeneous extensions of f on some
open neighbourhood of (1, 0, 0) not containing zero. Then there exist a smooth

(w − 2)-homogeneous function h such that (f̃ − f̂)(yA) = r(yA)h(yA) where r is
the defining quadric of the null cone.

Proof. For any smooth function k on Rp+1,q+1 holds

k(t, xa, ρ) = k(t, xa, 0) +

∫ 1

0

d

ds
k(t, xa, sρ)ds = k(t, xa, 0) + ρ

∫ 1

0

∂k

∂ρ
(t, xa, sρ)ds.

According to the first equation of (2.2) we have ρ = r/2ti2. For k = (f̃ − f̂) ◦ Φ
we have k(t, xa, 0) = 0 and the result follows by substitution with Φ−1. �

Remark 2.6. The classical chain rule formula, with regard to (2.3), gives

∂af = ∂a(f̃ ◦ φ) = (∂aφ
B)(∂B f̃) ◦ φ = (Y Ba ∂B f̃) ◦ φ (2.4)
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for any ambient extension f̃ of f because ∂aφ
B equals Y Ba on the image of φ. Using

this expression for f = Y Ab ◦ φ we get

(−tgcbZA) ◦ φ = ∂c(Y
A
b ◦ φ) = (Y Dc ∂DY

A
b ) ◦ φ. (2.5)

3. Construction of conformally invariant differential operators

Let (V1, %1), (V2, %2) be two representations of a Lie group G and let G have a
smooth action on a manifold M . One defines the induced action of G on smooth
functions C∞(M,Vi) by (g · f)(x) = %i(g)(f(g−1)x). The G-invariant differential
operators are defined as those differential operators which are equivariant with
respect to the induced action of G.

In our case, the Lie group in question is SO(p+ 1, q + 1) and the underlying
manifold is N . As a consequence, we may find the conformally invariant operators
among the orthogonally invariant ones. An ambient differential operator D̃ induces
an operator on Rn if and only if the value of (D̃f̃)◦φ doesn’t depend on the ambient

extension f̃ of f (i.e. D̃f̃ = D̃f̂). For a linear operator, this condition is equivalent

to D̃(f̃ − f̂) = D̃(rh) = 0. Of course such a condition can hold only for some
weights w of the extension and not for the other weights. The conclusion is that a
conformally invariant linear differential operator is induced by a SO(p+ 1, q + 1)-

invariant operator D̃ for which there exists a weight w ∈ C such that

[D̃, r]f̃ = D̃rf̃ − rD̃f̃ = 0.

Suppose we are given such an operator D̃ with leading term SA1···Ai(xA)∂A1···Ai .
In order to find the coefficients of the induced operator we use the adapted frame
(2.1) and write D̃ = SA1···Ai(xA)δA1

B1 · · · δAi

Bi∂B1
· · · ∂Bi

+ LOT which on the
image of φ simplifies to

SA1···Ai(xa)(XA1
ZB1+ZA1

XB1+Y cA1
Y B1
c ) · · · (XAi

ZBi+ZAi
XBi+Y cAi

Y Bi
c )∂B1···Bi

,

since we already assume that the result doesn’t depend on the ambient extension
and hence we can drop all the terms containing %. Also the terms containing
ZBi can be omitted as well, because they represent derivatives in the direction
transversal to the null cone and the result doesn’t depend on the ambient extension.

Let us compute the expression for the operator induced by the ambient
Laplace operator as an illustration of this method,
(
gAB∂A∂B f̃

)
◦ φ =

(
gABδA

CδB
D∂C∂Df̃

)
◦ φ

=

[
gAB

1

t2
(XAZ

C + ZAX
C + Y qAY

C
q − ρUAC) ·

· 1

t2
(XBZ

D + ZBX
D + Y rBY

D
r − ρUBD)∂C∂Df̃

]
◦ φ

= [(ZCXD +XCZD)∂C∂Df + gqrY Cq Y
D
r ∂C∂Df̃ ] ◦ φ. by (2.2)
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Because we have [∂A, ∂B ] = 0, the first term in the last expression equals

2ZCXD∂C∂D = 2
(
ZC∂CX

D∂D − ZC(∂CX
D)∂D

)

= 2
(
ZC∂CX

D∂D − ZC(δC
D)∂D

)

= 2ZC∂C(E− 1)

applied to f̃ and evaluated on the image of φ. The second term is
(
gqrY Cq Y

D
r ∂C∂Df̃

)
◦ φ =

(
gqr[Y Cq ∂CY

D
r ∂D − Y Cq (∂CY

D
r )∂D]f̃

)
◦ φ

=
(
gqrY Cq ∂C(Y Dr ∂Df̃)

)
◦ φ+

(
gqrgqrZ

D∂Df̃
)
◦ φ by (2.5)

= ∆f + n(ZD∂Df̃) ◦ φ.
Hence

(∆̃f̃) ◦ φ = ∆f +
(
ZD∂D(n+ 2E− 2)f̃

)
◦ φ

and we see that, for w = 1 − n/2, the ambient Laplace operator on Rp+1,q+1

induces the Laplace operator on Rp,q.
We see that the computation of the coefficients boils down to two parts –

calculation of the contractions with the symbol of the operator and calculation of
the contractions with the differentials. For the latter part we can record here the
following lemma.

Lemma 3.1. Let D(k, s) be an operator defined as

D(k, s) = XD1 · · ·XDkY Dk+1
ck+1

· · ·Y Ds
cs ∂D1

· · · ∂Ds
.

Then modulo the terms depending on the ambient extension we have for w-homogeneous
functions

(D(k, s)f̃) ◦ φ =

[
k∏

i=1

(w − s+ i)

]
∂ck+1

· · · ∂csf.

Proof. Let T (k) denote the operator XD1 · · ·XDk∂D1
· · · ∂Dk

. We have

T (k) = XD1 · · ·XDk−2XDk−1XDk∂D1
· · · ∂Dk

= XD1 · · ·XDk−2XDk−1(∂D1
XDk − δD1

Dk)∂D2
· · · ∂Dk

= XD1 · · ·XDk−2XDk−1∂D1X
Dk∂D2 · · · ∂Dk

f − T (k − 1)

= XD1 · · ·XDk−2(∂D1X
Dk−1 − δD1

Dk−1)XDk∂D2 · · · ∂Dk
− T (k − 1)

= XD1 · · ·XDk−2∂D1
XDk−1XDk∂D2

· · · ∂Dk
− 2T (k − 1)

...

= XD1∂D1
XD2 · · ·XDk∂D2

· · · ∂Dk
− (k − 1)T (k − 1)

= ET (k − 1)− (k − 1)T (k − 1) = (E−k + 1)T (k − 1)
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Since T (1) = XD1∂D1
= E we see that

T (k) = XD1 · · ·XDk∂D1
· · · ∂Dk

= (E−k + 1)(E−k + 2) · · · (E−1)E .

We can view Y Ab as a 1-homogeneous function on Rn with values in Rn+2 be-
cause the homogeneity in the standard coordinates translates to homogeneity in t
by the lemma (2.4). Therefore the Euler operator acts as the identity on Y Dc which

implies [E, Y Di
ci ] = 0. Using this fact we can writeD(k, s) = T (k)Y

Dk+1
ck+1 · · ·Y Ds

cs ∂Dk+1···Ds .

Iterating the formula (2.4) we get

∂c1 · · · ∂ckf = (Y D1
c1 ∂D1

(Y D2
c2 ∂D2

(· · · ∂Dk−1
(Y Dk
ck

∂Dk
f̃)) · · · ) ◦ φ.

Since Y Dc ∂DY
A
b = −tgcbZA by (2.5), we see that the difference between the above

expression and the formula Y D1
c1 · · ·Y Dk

ck
∂c1 · · · ∂ck yields a differentiation of f in

the direction transversal to the embedding φ that clearly depends on the choice of
an ambient extension.

Since each differentiation lowers the homogeneity by one, T (k) acts in the

expression for (D(k, s)f̃) ◦ φ on w − (s− k)-homogeneous function and the result
follows. �

4. Symmetry operators of the Laplace equation

As an application of the just presented method we compute the so called higher
symmetry operators for the Laplace equation. We say that a linear differential op-
erator D is symmetry operator of the Laplace equation if there exists another linear
differential operator δ such that ∆D = δ∆. It is easy to see that these operators
preserve the space of harmonic functions. It was shown in [6] that, modulo the triv-
ial symmetry operators of the form D∆, all the symmetry operators are induced
from the ambient operators of the form DV := V A1B1···AsBsXA1

· · ·XAs
∂B1
· · · ∂Bs

where

V A1B1···AsBs ∈⊗2sRn+2

is a tensor that is skew in each pair of indices AiBi, is totally trace-free, and such
that skewing over any three indices gives zero. It follows that V A1B1···AsBs is sym-
metric with respect to a change of the form AiBi ↔ AjBj and that symmetrising
over any s+ 1 indices gives zero. These symmetries can be expressed by a Young
tableau

· · ·
· · ·

trace-free part.

︸ ︷︷ ︸
s boxes in each row

From these symmetry properties it is easy to prove that DV commutes with

r and with ∆̃. Since it also preserves homogeneity it follows that the operator
induced on (1−n)/2-homogeneous functions is a symmetry operator with δ being
the operator induced on (−3− n)/2-homogeneous functions.



10 Vı́t Tuček

Theorem 4.1. Let V A1B1···AsBs be a tensor with the aforementioned symmetries
and let

V c1···cs =
(
V A1B1···AsBsXA1

· · ·XAs
Y c1B1
· · ·Y csBs

)
◦ φ.

Let f be a smooth function on Rn and let f̃ be its w-homogeneous extension on
some open neighbourhood of φ(Rn). The operator on Rn defined by Dw

V f = (DV f̃)◦
φ equals to

Dw
V f =

s∑

k=0

(−1)k
(
s
k

) (∏k
i=1

w−s+i
n+2s−1−i

)
(∂c1 · · · ∂ckV c1···cs)∂ck+1

· · · ∂csf. (4.1)

Proof. We apply the method described in the previous section and discard the
terms containing % and ZDi . We arrive at the following equality on the image of φ

DV f̃ = V A1B1···AsBsXA1 · · ·XAs

∑

I,J⊆{1,...s}
I∩J=∅


∏

i∈I
ZBiX

Di

∏

j∈J
Y
cj
Bj
Y Dj
cj


 ∂D1···Ds f̃ .

Because the tensor XA1
· · ·XAs

is symmetric and V A1B1···AsBs is symmetric
in pairs AiBi, we can write

V A1B1···AsBsXA1
· · ·XAs


∏

i∈I
ZBi

XDi

∏

j∈J
Y
cj
Bj
Y Dj
cj


 =

= V A1B1···AsBsXA1
· · ·XAs




k∏

i=1

ZBi
XDi

s∏

j=k+1

Y
cj
Bj
Y Dj
cj




for any two disjoint subsets I, J of {1, . . . , s} whose union is the whole set and
where I has cardinality k. For brevity we introduce the symbols XA1···As , Y c1···csB1···Bs

,
ZB1···Bs as shorthands for XA1 · · ·XAs etc.

So far, we’ve got the following expression for DV on the image of φ
s∑

k=0

(
s

k

)
V A1B1···AsBsXA1···As

ZB1···Bk
Y
ck+1···cs
Bk+1···Bs

XD1···DkY
Dk+1···Ds
ck+1···cs ∂D1

· · · ∂Ds
f̃ ,

where it is understood that for k = 0 the term under the sum equals to

V A1B1···AsBsXA1···AsY
c1
B1
· · ·Y csBs

XD1 · · ·XDkY Dk+1
ck+1

· · ·Y Ds
cs ∂D1 · · · ∂Dsf.

and analogously there are only ‘Z terms’ for k = s.
Let S(k) = V A1B1···AsBsXA1···As

ZB1···Bk
Y
ck+1···cs
Bk+1···Bs

be the symbol part of the

operator. Using the chain rule and the Leibniz rule we get

∂ck+1
(S(k) ◦ φ) = (Y Dck+1

∂DS(k)) ◦ φ

=
[
V A1B1···AsBsY Dck+1

(
∂D(XA1···As)ZB1···Bk

Y
ck+1···cs
Bk+1···Bs

+

+XA1···AsZB1···Bk
∂D(Y

ck+1···cs
Bk+1···Bs

)
)]
◦ φ,
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because Y Da ∂DZB equals zero by a straightforward computation.
Using the identity Y Dc1 ∂DXAi

= Yc1Ai
and the Leibniz rule again we write

the first summand as
s∑

i=1

(V A1B1···AsBsX
A1···Âi···As

(Y Dc1 ∂DXAi
)ZB1···Bk

Y
ck+1···cs
Bk+1···Bs

) ◦ φ.

Plugging in the identity Y Dc1 ∂DXAi = Yc1Ai we can simplify it to

s∑

i=1

(
V A1B1···AsBsX

A1···Âi···As
(gAiB1 −XAiZB1 − ZAiXB1)ZB1···Bk

Y
ck+1···cs
Bk+1···Bs

)
◦φ,

because Yc1AiY
c1
B1

equals to gAiB1 −XAiZB1 − ZAiXB1 on the image of φ due to

the (2.1). Using trace-freeness of V A1B1···AsBs and its antisymmetry in A1B1, we
see that for i 6= 1 the only nontrivial contraction is with the term XAi

ZB1
; for

i = 1 we contract V with the tensor field ZA1
XB1

+XA1
ZB1

which is symmetric
in its indices. Therefore the first summand equals to −(s− 1)S(k + 1).

With the help of the identity (2.5), the second summand yields

s∑

i=k+1

(
V A1B1···AsBsXA1···AsZB1···Bk

Y
ck+1

Bk+1
· · · Ŷ ciBi

· · ·Y csBs
(−δc1ciZBi)

)
◦ φ.

For i = 1 the contraction results in −nS(k+1) whereas for i 6= 1 we get −S(k+1)
because of the symmetry in pairs A1B1 ↔ AiBi. Thus the second summand equals
to −(n+ s− k − 1)S(k + 1). Putting it all together we arrive at

∂ck+1
(S(k) ◦ φ) = −(n+ 2s− 2− k)S(k + 1) ◦ φ.

Since S(0) ◦ φ = V c1···cs , we see that

S(k + 1) =
(−1)k+1

(n+ 2s− 2) · · · (n+ 2s− 2− k)
∂ck+1

· · · ∂c1V c1···cs

and using the lemma 3.1 we finally conclude

Dw
V f = (DV f̃) ◦ φ

=

(
s∑

k=0

(
s

k

)
S(k)D(k, s)f̃

)
◦ φ

=

s∑

k=0

(
s

k

)
S(k) ◦ φ · (D(k, s)f̃) ◦ φ

=
s∑

k=0

(
s

k

)
A(k, s, w)(∂ck · · · ∂c1V c1···ck)∂ck+1

· · · ∂csf

where

A(k, s, w) = (−1)k
(w − s+ 1) · · · (w − s+ k)

(n+ 2s− 2) · · · (n+ 2s− 1− k)
.

�
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Remark 4.2. The formula (4.1) agrees with the formula on the page 1659 of [6],
where the author uses a rather sophisticated notion of naturality in order to obtain
the result.
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Hyperplane section OP2
0 of the complex

Cayley plane as the homogeneous space F4/P4

Karel Pazourek, Vı́t Tuček, Peter Franek

Abstract. We prove that the exceptional complex Lie group F4 has a transitive
action on the hyperplane section of the complex Cayley plane OP2. Although
the result itself is not new, our proof is elementary and constructive. We use an
explicit realization of the vector and spin actions of Spin(9,C) ≤ F4. Moreover,
we identify the stabilizer of the F4-action as a parabolic subgroup P4 (with
Levi factor B3T1) of the complex Lie group F4. In the real case we obtain an

analogous realization of F4
(−20)/P4.

Keywords: Cayley plane, octonionic contact structure, twistor fibration, para-
bolic geometry, Severi varieties, hyperplane section, exceptional geometry

Classification: Primary 32M12; Secondary 14M17

1. Introduction

The real octonionic projective plane OP2
R, also called Cayley plane or octave

plane, has been thoroughly treated in the literature. It appears in numerous
contexts. It is a projective plane where the Desargues axiom does not hold. It
was firstly considered by Ruth Moufang [21], who found a relation of the so called
little Desargues axiom and the alternativity of the coordinate ring. It is well
known that OP2

R is a Riemanian symmetric manifold F4/Spin(9). Due to its
relation to the exceptional Jordan algebra J3(O), there is also a connection of
this plane to a model of quantum mechanics considered by Neumann, Jordan and
Wigner [14]. More recently, the authors of [7] show that the Cayley plane consists
of normalized solutions of a Dirac equation. For more details and connections
with physics we refer to the article by Baez [3].

It is possible to mimic the construction of classical projective plane RP2 via
equivalence classes of triples (see [11]) also in the case ofOP2

R, but usually Freuden-
thal’s approach via the exceptional Jordan algebra J3(O) is used. The idea is that
lines in space correspond to projectors with one-dimensional image. Hence the
Cayley plane can be defined as elements of (real) projectivization of J3(O) of rank

The second author was supported by GAČR 201/09/H012 and by SVV-2011-263317.

The third author was supported by MSM 0021620839 and GAČR 201/08/397. He was also
supported by Institutional Research Plan AV0Z10300504 “Computer Science for the Information
Society: Models, Algorithms, Applications”.
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one. Now the rank for octonionic matrices is a bit tricky due to the nonassocia-
tivity and requires the definition of Jordan cross product of these matrices. For
details we refer to Jacobson’s monograph [13]. There one can also find a classifi-
cation of orbits of the automorphism group of J3(O) (which is F4) from which it
follows that OP2

R is a homogeneous space. (The isotropy subgroup is determined
for example in [10], [22].)

In fact, Jacobson’s book [13] treats octonionic algebras over general field and
hence we get the definition of the complex Cayley plane OP2 as well. This space
is also of geometric interest, as it is an exceptional member of the Severi varieties
— the unique extremal varieties for secant defects. For details see [18], [19].

Now, let us consider the intersection of the complex Cayley plane OP2 with
the hyperplane given by traceless matrices J0 := {A ∈ J3(OC) |TrA = 0}. The
resulting space is studied in [18], [19], where the authors call it the generic hyper-
plane section and denote it by OP2

0. It is a total space of a certain twistor fibration
over the real Cayley plane (see [2], [8]). Because OP2

0 is a complex projective vari-
ety, the stabilizer is a parabolic subgroup of F4. The authors of [18] state that the
isomorphism OP2

0 = F4/P4 is suggested by ‘geometric folding’. A rigorous proof
of this isomorphism can be gleaned from [13]. This proof however requires a lot
of the theory of nonassociative algebras, most notably the Jordan coordinization
theorem. Quite a short proof can be given using the Borel fixed point theorem.
In a hope to make OP2

0 more accessible to geometrically inclined audience, we
present a constructive proof of the transitivity of the action of F4 on OP2

0 based
on the representation theory of complex spin groups. From the theory of nonas-
sociative algebras only Artin’s theorem is needed. Following the approach of [10],
we explicitly realize the spin groups Spin(9,C) and Spin(8,C) as subgroups of F4

and we use the description of their actions to find the reduction of an arbitrary
element to a previously chosen one.

It is well known that the Cartan geometry modeled on the pair (F4,P4) is rigid,
i.e. any regular normal Cartan geometry of this type is locally isomorphic to the
homogeneous model. The real version of this pair corresponding to the group

F
(−20)
4 appears as a conformal infinity of the Einstein space OH2 [4]. The geom-

etry obtained is called ‘octonionic-contact’, because there is a naturally defined
eight-dimensional maximally nonintegrable subbundle of the tangent bundle. The
contact geometry in the classical sense (studied for example in [15], [16]) is also
present among the homogeneous spaces of the group F4 — namely the one whose
isotropy group is the parabolic subgroup corresponding to the other ‘outer’ simple
root of the Lie algebra of f4.

After some necessary definitions in Section 2, we describe explicitly the presen-
tations of Spin(9,C) and Spin(8,C) inside of End(O2)⊗RC in Section 3. We also
explicitly describe vector and spinor representations of Spin(9,C) in such a way
that their image is inside F4. Section 3 continues with the proof of the transitivity
of the action of F4 on OP2

0. We conclude by dealing with the real case. In the
last section we compute the stabilizer of a point.
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2. Notations and definitions

2.1 Complexified octonions and the hyperplane section. For a compre-
hensive reference on octonionic algebras over any field we refer to [22]. We
denote by O the octonionic algebra over the field of complex numbers. The
complex-valued ‘norm’ on O is denoted by N . The algebra O is normed (N(ab) =
N(a)N(b)) but it fails to be a division ring, since N is isotropic. This algebra is
not associative. Nevertheless, it is alternative, which means that the trilinear form
(called the associator) [u, v, w] 7→ (uv)w − u(vw) is completely skew-symmetric.
Later on we will use the so called Artin’s theorem which states that any subalge-
bra of an alternative algebra generated by two elements is associative. It follows
that products involving only two elements can be written without parenthesis
unambiguously.

The symbol Lu denotes the operator of left multiplication by u, i.e. Lu(v) := uv
for any v ∈ O. Note that LuLv 6= Luv in general due to the nonassociativity of
octonionic algebras.

Since there is up to isomorphism only one octonionic algebra over C we can
think of O in the following way: O = OR ⊗ C = OR ⊗R C, where OR is the
classical real algebra of octonions ([3]). The multiplication on this tensor product
is canonically defined by

(o1 ⊗ z1)(o2 ⊗ z2) := o1o2 ⊗ z1z2 for o1, o2 ∈ O, z1, z2 ∈ C

and conjugation is given by o⊗ z := ō⊗ z.
The multiplication of an arbitrary element o⊗z ∈ O by a complex number w is

understood in the sense of multiplication by element 1⊗w, i.e. w(o⊗z) := o⊗(wz).
We identify the elements of R⊗ C with complex numbers under the canonical
isomorphism r ⊗ w 7→ rw, for r ∈ R, w ∈ C. The real and imaginary parts of
o⊗ z are defined to be (ℜ o)⊗ z and (ℑ o)⊗ z, where ℜ o and ℑ o are the real and
purely imaginary part of o respectively.

The mentioned complex valued quadratic form N is given by

N(o⊗ z) := oōzz, o ∈ O, z ∈ C.

Following Springer [22], we denote by 〈·, ·〉 the double of the bilinear form associ-
ated to N , 〈x, y〉 = N(x+y)−N(x)−N(y). An octonion u ∈ O is pure imaginary
if and only if 〈u, 1〉 = 0.

For later use, we will record here several useful identities which hold in any
octonionic algebra and whose proof can also be found in [22]

〈xy, z〉 = 〈y, x̄z〉
x(x̄y) = N(x)y(1a)

u(x̄y) + x(ūy) = 〈u, x〉y(1b)

u(x̄(uy)) = ((ux̄)u)y.(1c)
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Due to the nonassociativity of the algebras involved we need to make clear dis-
tinction between associative algebras of C-linear endomorphisms, which we denote
by End, and the possibly nonassociative algebras of n × n matrices with entries
in some algebra F which are denoted by M(n,F).

The conjugation on O naturally defines the conjugation on M(n,O). The
conjugate of an element A ∈ M(n,O) is denoted by Ā. The symbol Herm(n,O)
stands for the set of n× n hermitian matrices over O, i.e.

Herm(n,O) = {A ∈ M(n,O)|ĀT = A}.

We denote the subspace of trace-free matrices by lower index Herm0(n,O). All
tensor products in this article are taken over the real numbers.

The complex exceptional Jordan algebra J3(O) is the vector space Herm(3,O)
endowed with the symmetric product ◦ : Herm(3,O)×Herm(3,O) → Herm(3,O)
defined by A ◦B := 1

2 (AB +BA).
Now we define the basic object of our interest.

Definition 2.1.1. The hyperplane section of the complex Cayley plane OP2
0 is

the projectivization over C of the following subset of J3(O)

ÔP2
0 :=

{
A ∈ Herm(3, O)

∣∣ A2 = 0, trA = 0, A 6= 0
}
.

2.2 The spin groups. For an n-dimensional complex vector space V and a
nondegenerate quadratic form N on V, we denote the corresponding Clifford
algebra by Cℓ(V, N) (our convention is vv = −N(v)). The spin group of Cℓ(V, N)
is denoted by Spin(V, N). It is generated inside Cℓ(V, N) by products uv, u, v ∈ V
where N(u) = N(v) = 1. By Spin(n,C) we denote the spin group associated to
the standard quadratic form

∑n
i=1 z

2
i on Cn.

For w ∈ C we define the generalized complex sphere

Sn−1(w) = {0 6= z ∈ V |N(z) = w2}.

As a consequence of Witt’s theorem we have

Lemma 2.2.1. The group Spin(n,C) acts transitively via the vector representa-
tion on the generalized complex spheres.

2.3 Complex Lie algebra f4. The complex exceptional Lie group F4 can be
defined as the automorphism group of the complex exceptional Jordan algebra
(J3(O), ◦) (see [22]). In other words F4 is the subgroup of GL(27,C) such that
g ∈ F4 if and only if g(A ◦B) = gA ◦ gB for every A,B ∈ Herm(3,O).

The action of F4 preserves the trace on Herm(3,O). This can be easily seen
from the equality

TrA =
1

3
Tr (B 7→ A ◦B).



Hyperplane section OP2
0 of the complex Cayley plane as the homogeneous space F4/P4 539

It is easy to verify that the action of O(3,C) on Herm(3,O) given by

O(3, C) ∋ g 7−→ (A 7→ gAgT ), A ∈ Herm(3,O)

defines an injective group homomorphism O(3,C) →֒ F4.
Now we present basic facts about the complex simple Lie algebra f4 of the

group F4. We shall use these facts as well as the properties of the root system of
the Lie algebra f4 in the last section of this text. Details can be found in [5].

There exist a choice of the Cartan subalgebra h of f4, an orthonormal (with
respect to the Killing form of f4) basis {ǫi}4i=1 of h∗ and a choice of simple roots

∆ =

{
α1 = ǫ2 − ǫ3, α2 = ǫ3 − ǫ4, α3 = ǫ4, α4 =

1

2
(ǫ1 − ǫ2 − ǫ3 − ǫ4)

}
.

In this convention the Dynkin diagram is�1 �2 �3 �4 .
The set ∆ determines the set of positive roots Φ+. For any root α, we define

the coroot Hα ∈ h by λ(Hα) = 2〈λ, α〉/2〈α, α〉, where 〈 , 〉 is the Killing form.
The fundamental weights {̟i}4i=1 are defined as the dual basis to the simple

coroots. We denote the irreducible representation of f4 with the highest weight λ
by ̺λ.

3. Action of F4 on ÔP2
0

In this section we explicitly describe the group Spin(9,C) as a multiplicative
subgroup of End(O2)⊗ C and construct its representation on Herm(3,O). Using
this representation, we prove that F4 acts transitively on the hyperplane section

ÔP2
0. The scalar multiplication on the algebra End(O2)⊗C acts only on the first

part of the tensor product, i.e. w · (A⊗ z) = (wA)⊗ z for w, z ∈ C, A ∈ End(O2).

3.1 Realisation of Spin(9,C). First we need an auxiliary result concerning the
Clifford algebra Cℓ(O, N).

Lemma 3.1.1. The map µ : O → End(O2) given by

u 7−→
(

0 Lu

−Lū 0

)

can be uniquely extended to the isomorphism of complex associative algebras
Cℓ(O, N) ≃ End(O2).

Proof: Easy calculation and (1a) shows that µ(u)µ(u) = −N(u) Id. Using the
universal property of Clifford algebras and the fact that the algebra Cℓ(8,C) is
simple (see [9]), we immediately get the result. �
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Let V9 be the complex vector space C ⊕ O. We define the quadratic form N ′

by (r, u) 7→ r2 + N(u). Let κ : V9 → End(O2) ⊗ C be the homomorphism of
vector spaces given by

κ : (r, u) 7−→
(

r Lu

Lū −r

)
⊗ ı,

where ı denotes the imaginary unit in C.

Proposition 3.1.2. The Clifford algebra Cℓ(V9, N
′) is isomorphic (as an asso-

ciative algebra) to End(O2)⊗ C.

Proof: It is known (see e.g. [9]) that Cℓ(V9, N
′) ≃ M(16,C)⊕M(16,C). Calcu-

lation and (1a) shows that κ(r, u)κ(r, u) = −N ′(r, u) Id. The universal mapping
property of Clifford algebras gives us the following commutative diagram

V9

κ

''O

O

O

O

O

O

O

O

O

O

O

O

O

i
// M(16, C)⊕M(16,C)

f

��

End(O2)⊗ C .

Because κ(−1, 0)κ(0, u) = µ(u) ⊗ 1, we see that the image of f generates the
subalgebra End(O2)⊗ 1. The equality

(
A B
C D

)
⊗ ı =

(
1 0
0 −1

)
⊗ ı ·

(
A B
−C −D

)
⊗ 1

implies that the image of f generates the whole algebra End(O2) ⊗ C. Since
the dimensions of the considered algebras are the same, it follows that f is an
isomorphism. �

Lemma 3.1.3. The spin group Spin(V9, N
′) is generated (inside End(O2) ⊗ C)

by elements of the form

gr,u :=

(
r −Lu

Lū r

)
⊗ 1, r ∈ C, u ∈ O, r2 + uū = 1.

Proof: The spin group is by definition generated by products of the form
κ(r, u)κ(s, v), where N ′(r, u) = N ′(s, v) = 1. Since gr,u = κ(r, u)κ(−1, 0) and
κ(r, u)κ(s, v) = gr,ug−s,v, the lemma follows. �

For brevity we will identify A⊗ 1 ∈ End(O2)⊗C with A ∈ End(O2) from now
on; i.e.

gr,u =

(
r −Lu

Lū r

)
.
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3.2 Representations of Spin(V9, N
′). We will use the following decomposition

of Herm(3,O)


r1 x̄1 x̄2

x1 r2 x3

x2 x̄3 r3


 =



r1 0 0
0 0 0
0 0 0


+




0 x̄1 x̄2

x1 0 0
x2 0 0


+



0 0 0
0 s x3

0 x̄3 −s


+



0 0 0
0 t 0
0 0 t




in order to define the action of Spin(V9, N
′) on it. In other words — we take the

C-linear isomorphism Herm(3,O) → C ⊕ O2 ⊕ Herm0(2,O) ⊕ C and we endow
each of the spaces in the decomposition with an action of Spin(V9, N

′). The O2

summand will be the spinor part and we will call the Herm(2,O)0 summand the
vector part .

Lemma 3.2.1. Let Φ be the linear isomorphism between the space of trace-free
hermitian matrices Herm0(2,O) and κ(V9) defined by

Φ :

(
s x
x̄ −s

)
7→

(
s Lx

Lx̄ −s

)
⊗ ı

and let ̺V be the vector representation of Spin(V9, N
′).

If we define the representation of Spin(V9, N
′) on Herm0(2,O) by ξV (g)a :=

Φ−1(̺V (g)Φ(a)), the following formula holds for the generators gr,u of Spin(V9, N
′)

ξV (gr,u)

(
s x
x̄ −s

)
=

[(
r −u
ū r

)(
s x
x̄ −s

)](
r u
−ū r

)

=

(
s
(
r2 −N(u)

)
− r〈x, u〉 2rsu+ r2x− ux̄u

2rsū+ r2x̄− ūxū −s
(
r2 −N(u)

)
+ r〈x̄, ū〉

)
.(2)

Proof: The vector representation of Spin(V9, N
′) is given by v 7→ gvg−1 where

v is an element of κ(V9) and g ∈ Spin(V9, N
′). For gr,u = κ(r, u)κ(−1, 0) we get

g−1
r,u = gr,−u.

Thus we have the following formula for ρV (gr,u) evaluated on v =
(

s Lx

Lx̄ −s

)
⊗ ı

(
s
(
r2 −N(u)

)
− r(LuLx̄ + LxLū) 2rsLu + r2Lx − LuLx̄Lu

2rsLū + r2Lx̄ − LūLxLū −s
(
r2 −N(u)

)
+ r(LūLx + Lx̄Lu)

)
⊗ ı.

From (1b) we have LuLx̄ + LxLū = L〈x,u〉. With the help of the first Moufang
identity (1c) we may substitute LuLx̄Lu = L(ux̄)u. Applying the isomorphism Φ

to the result gives the expression for ξV (gr,u)Φ
−1(v) which agrees with (2). �

The spinor representation of Spin(V9, N
′) acts on O2 by (see Chapter 6 of [9]

for details)

ξS(gr,u)(x1, x2) =

(
r −Lu

Lū r

)(
x1

x2

)
=

(
rx1 − ux2

ūx1 + rx2

)
.

We let the Spin(V9, N
′) act on the rest of the summands of Herm(3,O) trivially

and denote the resulting action by ξ.
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Proposition 3.2.2. The representation ξ is faithful and preserves the Jordan
product. In other words Spin(V9, N

′) ≃ Im(ξ) is a subgroup of F4.

Proof: Since the spinor representation ξS is faithful, the representation ξ is
faithful as well. In order to prove that this action preserves the Jordan product
we introduce the following three by three hermitian matrix

Gr,u =



1 0 0
0 r −u
0 ū r


 ∈ Herm(3,O),

where (r, u) ∈ V9 is of unit norm. Straightforward calculations reveal that G−1
r,u =

Gr,−u and that Gr,uAG
−1
r,u gives the expression for the action of ξ(gr,u) on A.

Moreover the expression Gr,uAG
−1
r,u is unambiguous for any A ∈ Herm(3,O).

Put g = gr,u, G = Gr,u for simplicity. For each A ∈ Herm(3,O) we have

(ξ(g)A)(ξ(g)A) = (GAG−1)(GAG−1).

Let us suppose for a moment that (GAG−1)(GAG−1) = G(A(G−1G)A)G−1.
Then we would have

(ξ(g)A)(ξ(g)A) = ξ(g)(A2)(3)

for any A ∈ Herm(3,O). Using this equality for A+B instead of A we would get
on the left hand side

(ξ(g)(A+B)) (ξ(g)(A+B)) =
(
ξ(g)A+ ξ(g)B

)(
ξ(g)A+ ξ(g)B

)

= (ξ(g)A)2 + (ξ(g)A)(ξ(g)B)

+ (ξ(g)B)(ξ(g)A) + (ξ(g)B)2,

while the right hand side would equal

ξ(g)
(
(A+B)2

)
= ξ(g)(A2) + ξ(g)(AB) + ξ(g)(BA) + ξ(g)(B2).

Using (3) for ξ(g)(A2) and ξ(g)(B2) we would get that

(ξ(g)A)(ξ(g)B) + (ξ(g)B)(ξ(g)A) = ξ(g)(AB +BA).

So we only need to prove that we can rearrange the brackets in the expression
(GAG−1)(GAG−1). From the Artin’s theorem it follows that

(u1au2)(u3au4) = u1(a(u2u3)a)u4,

where ui are elements of the linear span of {r, u, ū} and a ∈ O is arbitrary. Using
the same trick as above and writing this equality for a+ b instead of a we get

(u1au2)(u3bu4) + (u1bu2)(u3au4) = u1(a(u2u3)b)u4 + u1(b(u2u3)a)u4.
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The equation

((GAG−1)(GAG−1))a,b

=
1

2

∑

i,j,...,m

(Ga,iAi,jG
−1
j,k)(Gk,lAl,mG−1

m,b) + (Ga,lAl,mG−1
m,k)(Gk,iAi,jG

−1
j,b )

and the fact that Gi,j are from the linear span of {r, u, ū} imply

(GAG−1)(GAG−1) = G(A(G−1G)A)G−1 = GA2G−1.

�

Remark 3.2.3. One could define the representation ξ directly using the matrix
Gr,u. It is however not clear that the expression Gr,uAG

−1
r,u defines a representa-

tion due to the nonassociativity of the product of Herm(3,O).

3.3 The subgroup Spin(8,C). The usual presentation of spin groups gives (see
Lemma 3.1.1) the following set of generators of Spin(O, N)

{(
−LuLv̄ 0

0 −LūLv

) ∣∣∣ u, v ∈ O, N(u) = N(v) = 1

}
.

One can obtain matrices of this form as products g0,ug0,v which means that these
generators are in fact elements of Spin(V9, N

′). The formula for the restriction
of ξV to the subgroup Spin(O, N)

(4) ξV

((
LuLv̄ 0
0 LūLv

))(
s x3

x̄3 −s

)
=

(
s u(v̄x3v̄)u

ū(vx̄3v)ū −s

)

is easily proved using (2).
Analogously, the action of Spin(O, N) on O2 is given by

(5) ξS

((
LuLv̄ 0
0 LūLv

))(
x1

x2

)
=

(
u(v̄x1)
ū(vx2)

)
,

which is the direct sum of two inequivalent spinor representations of Spin(O, N).
Please note that the quadratic form N is invariant with respect to all the three
inequivalent actions of Spin(O, N) on the vector space O.

3.4 Transitivity of the F4 action on ÔP2
0.

Lemma 3.4.1. Let

A =



−2t x̄1 x̄2

x1 t+ s x̄3

x2 x3 t− s




be an element of ÔP2
0. Then the vector part of A is isotropic (i.e. s2+N(x3) = 0)

if and only if N(x1) = N(x2) = 0 and if and only if t = 0.
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Proof: The statement is a straightforward consequence of the fact that diagonal
elements of A2 must equal zero. �

Theorem 3.4.2. The group F4 acts transitively on ÔP2
0. For every A ∈ ÔP2

0

there exists g ∈ F4 such that

(6) g ·A =



ı 1 0
1 −ı 0
0 0 0


 .

Proof: First we suppose that A ∈ ÔP2
0 has nonisotropic vector part. In such case

we can use Lemma 2.2.1 to prove that there exists an element h1 ∈ Spin(V9, N
′)

such that

ξ(h1)A =



r1 x̄1 x̄2

x1 r2 0
x2 0 r3


 , with r1, r2, r3 ∈ C, x1, x2 ∈ O.

Let us denote ξ(h1) =: g1 ∈ F4. The matrix (g1 ·A)2 has the form

(7)



r21 +N(x1) +N(x2) x̄1(r1 + r2) x̄2(r1 + r3)

x1(r1 + r2) r22 +N(x2) x1x̄2

x2(r1 + r3) x2x̄1 r23 +N(x2)


 .

This is a zero matrix, in particular N(x1)N(x2) = N(x1x̄2) = 0, so x1 and x2

cannot be both non-isotropic. On the other hand, they cannot be both isotropic
because of Lemma 3.4.1.

Assume first that N(x1) 6= 0 and N(x2) = 0. The action of Spin(O, N) pre-
serves the vector part

(
r2 0
0 r3

)
of g1 · A because of (4). Let

h2 := κ(0,−1)κ(0,
x1√
N(x1)

) ∈ Spin(O, N)

and ξ(h2) =: g2 ∈ F4. By (5), g2 sends the spinor part x1 ⊕x2 of g1 ·A to x′
1 ⊕x′

2

where x′
1 =

√
N(x1) ∈ C and x′

2 = 1√
N(x1)

x1x2. The matrix (g2g1 · A)2 has

the same form as (7) with x1 and x2 substituted by x′
1 and x′

2. It is still a zero
matrix and its (2, 3)-position 0 = x′

1x̄
′
2 implies x′

2 = 0 (x′
1 is a nonzero complex

number). The other positions of this matrix imply 0 = r23 + N(x′
2), so r3 = 0,

and r21 +N(x′
1) = r21 + (x′

1)
2 = 0, so

g2g1 · A =



±ıw w 0
w ∓ıw 0
0 0 0




for some 0 6= w ∈ C.
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The case N(x1) = 0, N(x2) 6= 0 leads in a similar way to a matrix of the

form
(±ıw 0 w

0 0 0
w 0 ∓ıw

)
, 0 6= w ∈ C, which can be transformed by the orthogonal

matrix
(

1 0 0
0 0 1
0 1 0

)
to the previous one. One can get rid of the sign ambiguity with

(
0 1 0
1 0 0
0 0 1

)
and the matrix

(
ıw w 0
w −ıw 0
0 0 0

)
can be transformed to the canonical form (6)

by conjugating by the orthogonal matrix




1√
w

0 −ı
√
1−w√
w

−ı(1−w)√
w

√
w −

√
1−w√
w

ı
√
1− w

√
1− w 1


 .

So, g3g2g1 ·A has the canonical form (6), where g3 is some element in the image
of the embedding O(3,C) →֒ F4 defined in Section 2.3.

If A has isotropic but nonzero vector part, then the preceding lemma implies
that the topleft element of A is 0. Using Lemma 2.2.1 we can find an element g′ ∈
ξ(Spin(V9, N

′)) ≤ F4 such that g′ · A =
(

0 x̄1 x̄2
x1 ıw w
x2 w −ıw

)
where w 6= 0. Conjugation

by
(

0 1 0
1 0 0
0 0 1

)
leads to a matrix whose top left element is ıw 6= 0. By the previous

lemma, such a matrix has nonisotropic vector part and we have reduced this case
to the already solved one.

Finally, suppose that A has zero vector part, A =
( 0 x̄1 x̄2

x1 0 0
x2 0 0

)
. This matrix is

nonzero by definition. If x2 6= 0, then the action of
(

0 1 0
1 0 0
0 0 1

)
transforms it to a

matrix with nonzero vector part. The case x1 6= 0 is treated similarly. �

Remark 3.4.3. We see from the proof that in order to prove transitivity of F4

on OP2
0, it is sufficient to consider only discrete subgroup of O(3,C) isomorphic to

S3 — a permutation group on three letters. This is a manifestation of the triality
principle.

Now we prove that the cone ÔP2
0 over OP2

0 is a smooth manifold.

Proposition 3.4.4. The space ÔP2
0 is a smooth manifold of dimension 32.

Proof: Let as define the smooth map f : Herm(3,O)0 → Herm(3,O)0 by

f(A) := A2. We use the implicit function theorem to show that ÔP2
0 = f−1(0)\{0}

is a smooth manifold. The differential of f at A is easily proved to be B 7→ 2A◦B.

We already know that F4 acts transitively on f−1(0) \ {0} = ÔP2
0 and so we have

dimker(B 7→ A◦B) = dimker
(
B 7→ g ·(A◦(g−1 ·B))

)
= dimker

(
B 7→ (g ·A)◦B

)

for any g ∈ F4. So, the differential df of f has constant rank on the set f−1(0)\{0}
and ÔP2

0 is a smooth manifold.
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The kernel of the differential of f at the canonical point (6) equals







ıℜ(x1) x1 x2

x̄1 −ıℜ(x1) −ıx2

x̄2 −ıx̄2 2ℜ(x1)



∣∣∣∣∣∣
x1, x2 ∈ O





and is isomorphic to the tangent space of ÔP2
0 at that point. �

3.5 The real case. By choosing an appropriate involution on J3(OC) we get

a model for F
(−20)
4 /P4 — i.e. the conformal infinity of the Einstein space OH2.

According to Yokota [23] the following real subalgebra of J3(OC)



A ∈ J3(OC) : I1A

T
I1 = A, I1 =



−1 0 0
0 1 0
0 0 1







=








r1 x1 x2

−x1 r2 x3

−x2 x3 r3


 : xi ∈ OR, ri ∈ R





has F
(−20)
4 as its automorphism group. By restricting the map κ to R ⊕ OR we

get presentation of Spin(9,R) and the restriction of our representation ξ maps

Spin(9,R) into F
(−20)
4 . Instead of O(3,C) we have the compact orthogonal group

O(3,R).
The model of F

(−20)
4 /P4 is given by the same equations as in the complex case.

Since there are no isotropic elements in the vector part, the proof of transitivity is
now much simpler. By transitivity of SO(9,R) on spheres we can map any element

of our model to a matrix of the form
( −2t x1 x2

−x1 t+s 0
−x2 0 t−s

)
. The square of this matrix

has to be zero by definition which for diagonal elements gives three equations that
yield easily t2 − s2 = 0. The case t = −s leads to x1 = 0 and can be reduced to

the case of t = s by conjugation with
(

1 0 0
0 0 1
0 1 0

)
.

The case t = s gives x2 = 0 and we can easily find an action of Spin(8,R) that
maps x1 to a positive real number which gives us a matrix in the form

( −r x 0
−x r 0
0 0 0

)
,

where all the entries are real and r2 = x2. We can reduce the case r = −x to the

case r = x by conjugation with
(

0 1 0
1 0 0
0 0 1

)
. Thus we can map an arbitrary element

A from our real Jordan algebra, such that TrA = 0 and A2 = 0, to a matrix of

the form
(−x x 0

−x x 0
0 0 0

)
where x is a positive real number. This shows that F

(−20)
4 has

transitive action on the real projectivization of the appropriate set.
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4. Description of the stabilizer of the F4 action

In this section we will identify the stabilizer of OP2
0 as a concrete parabolic

subgroup of F4.

Lemma 4.0.1. There exists up to isomorphism only one irreducible representa-
tion ̺ of the group F4 such that

1 < dimC ̺ ≤ 26.

The highest weight of this representation is ̟4 = ǫ1.

Proof: Let λ, µ ∈ h∗ be two integral dominant weights, µ 6= 0. By a direct
application of the Weyl dimensional formula (see Goodman, Wallach [9]), we
obtain that dim ̺λ+µ > dim ̺λ. Using the program LiE [20], we get dim ρ̟1 = 52,
dim ̺̟2 = 1274, dim ̺̟3 = 273 and dim ̺̟4 = 26. By the previous inequality,
we see that there is only one irreducible 26-dimensional representations of the Lie
algebra f4. �

Since dimJ0 = 26 and all finite dimensional representation of the simple Lie
group F4 are completely reducible, we obtain immediately the following.

Proposition 4.0.2. The restriction to the defining representation of F4 on J0 =
Herm(3,O)0 is isomorphic to the 26-dimensional irreducible representation ̺ǫ1 .

It is clear from definition that OP2
0 is a projective variety. According to

Humphreys [12] this implies that the stabilizer group of any point is a para-
bolic subgroup of F4. Since any parabolic subgroup contains Borel subgroup, it
follows that the points of the variety are lines spanned by highest weight vectors.

For a fixed choice of the Cartan subalgebra h and simple roots ∆ there is a
1− 1 correspondence between isomorphism classes of parabolic subalgebras p ⊆ g
and subsets Σ ⊆ ∆ of the set ∆ of simple roots described e.g. in [6, Chapter 3].
We will denote the parabolic subalgebra corresponding to Σ = {αi} by pi.

Because the highest weight of J0 is ǫ1, the following theorem follows directly
from [6, Theorem 3.2.5]. Its proof is not difficult — it is based on the fact that for
each X ∈ gα one can find Y ∈ g−α such that [Y,X ] = Hα, where Hα(λ) = 〈λ, α〉
and the fact that the set of weights is invariant under the action of Weyl group.

Theorem 4.0.3. Let P be the stabilizer of a point p ∈ OP2
0 with respect to the

action of the group F4. Then the Lie algebra p of the group P is isomorphic to p4.

Remark 4.0.4. We see that ÔP2
0 is the F4-orbit of the highest weight vector

in J0. Points in ÔP2
0 are exactly all possible highest weight vectors for this

representation, corresponding to different choices of h and Φ+. The real case can
be treated in similar manner with analogous results. See [6] for details.

Remark 4.0.5. From the computation of the harmonic curvature (as done for
example in [17], also see [6]) one can prove that the homogeneous space does
not admit curved deformations in the sense of regular normal Cartan geometries.
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However, if one relaxes the regularity condition there are some deformations of
this structure [1].
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YAMABE OPERATOR VIA BGG SEQUENCES

Vít Tuček

Abstract. We show that the conformally invariant Yamabe operator on a
complex conformal manifold can be constructed as a first BGG operator by
inducing from certain infinite-dimensional representation.

1. Introduction

The general problem is to find all natural differential operators between sections of
natural vector bundles on some geometric category (e.g. on conformal or projective
manifolds). The naturality implies that on an open subset of a homogeneous
space (which is the canonical model for the ‘geometry’ under consideration) the
natural vector bundles are the homogeneous vector bundles and natural differential
operators are invariant differential operators. However not all invariant differential
operators are natural. The counterexample is a power of the Laplace operator (see
[9] and [8]).

It was proven in [4] that there is a large class of invariant operators which are
natural. Among these so-called BGG operators are various interesting ‘geometric’
operators whose kernels give e.g. conformal Killing tensor fields. Consequently,
the BGG operators were much studied – see e.g. [2] for recent applications. The
construction of these operators was much simplified by Calderbank and Diemer in
[1].

The construction of BGG operators starts with a general parabolic geometry
(G, ω) over a manifoldM modeled on a parabolic pair (G,P ) and a finite-dimensional
(g, P )-representation V and its output is a sequence of differential operators bet-
ween associated bundles associated to representations whose weight is given by
the Kostant formula [11]. In the flat case this actually yields a complex, which
computes the sheaf cohomology of the sheaf of constant sections of the bundle
V = G ×P V. The Cartan connection of the geometry induces an affine connection
on V and one of the crucial features of BGG operators is that the kernel of the first
operator in the sequence contains the so called normal solutions, which arise in an
explicit way from parallel sections of this affine connection. In particular, in the
flat case all solutions are normal and hence we can realize all solutions of first BGG
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geometry, Yamabe operator.
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operator as parallel sections of V with respect to the affine connection induced by
ω. In this article we show that the BGG construction by Calderbank and Diemmer
basically works for a certain infinite-dimensional representation in which case it
yields the conformally invariant Yamabe operator. The Yamabe operator is just
the Laplace – Beltrami operator with a scalar curvature term

Y = ∆LP −
n− 2

4(n− 1)R .

Let us denote the Levi part of P by L and the Lie algebra of the nilradical
by p+. The original construction of Calderbank and Diemer shows actually much
more than the existence of BGG operators. In fact, they modify Hodge theory
for a finite-dimensional representation V developed in [11] in order to get a ho-
motopy transfer between twisted deRham sequence on V and bundles induced
from Lie algebra homology of p+ with values in V. This homotopy transfer is
basically P -equivariant modification of the homotopy transfer data coming from
the L-equivariant Hodge decomposition of V. This modification is not possible
without introducing differential terms to the algebraic Hodge Laplacian of [11] and
hence the resulting BGG operators can have order higher than one. To be a little
bit more concrete, one has from [11] that for a certain algebraic operator � there
is a Hodge decomposition V = ker�⊕ im� which is L-equivariant and one would
like to extend this to a Hodge decomposition of the sections of V . To this end, one
introduces in a straightforward way a differential operator �g and tries to show
that Γ(M,V) = im�g⊕ ker�g. In particular, the operator �g must be invertible
on its own image.

In order to get the Yamabe operator as a resulting BGG: operator, it is necessary
to consider an infinite-dimensional representation, since it is known that the kernel
of the Yamabe operator is inifite-dimensional on Rp,q and the kernel of the first
BGG operator has, in the flat case, the same dimension as V. The representation
we will consider is a formal globalization of a unitarizable highest weight module.
Unitarizable highest weight module is a module which is both a (g,K)-module and
a highest weight module for g. The unitarizability of the module ensures that the
Hodge decomposition of V is still valid, while the formal globalization enables us
to proceed with the proof of invertibility of �g. The original unitarizable highest
weight representation is basically a certain subspace of polynomials, whereas its
formal globalization is a subspace of formal power series.

2. Modules, homology & formal globalization

The unitarizable highest weight modules occur only for noncompact Hermitian
symmetric pairs and hence we have to restrict the signature. Throughout this
article we will use symbol G to denote the group SO0(2, p). The maximal compact
subgroup of this group is SO(2)× SO(p) and we will denote it by K. Let g0 and
k0 be the corresponding Lie algebras and let g and k denote their complexifications.
The homogeneous manifold G/K is a noncompact Hermitian space. The Cartan
decomposition gives us g0 = k0 ⊕ r and upon complexification we get a splitting
of rC = p− ⊕ p+ into eigenspaces of the complex structure that is defined on
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the tangent space TeKG/K ' r. Both algebras p = k ⊕ p+ and p = k ⊕ p− are
parabolic subalgebras of g. Moreover their nilradicals p− and p+ are not only
nilpotent but even abelian. By P and P we denote the corresponding parabolic
subgroups of GC = SO(p+2,C). The homogoneous space GC/P is diffeomorphic to
compact Hermitian symmetric space and p− is naturally mapped via composition
of exponential map and projection to an open and dense subset of this compact
manifold. The so called Harish-Chandra embedding gives us a realization of the
noncompact dual G/K as an orbit in this embedded p−. This realizes G/K as a
bounded Hermitian symmetric domain in p− and shows where does the Hermitian
structure on G/K comes from. We will denote by KC the complexification of K.

We will use notation εi, i = 1, . . . , 2p for the elements of the basis of the nilradical
p+ and by ei we will denote the dual basis defined by the Killing form. The elements
ei then span the nilradical of the opposite parabolic subalgebra.

There is a choice of a Cartan subalgebra h such that h ≤ k. Let ∆ be the set of
roots of (g, h) and let ∆c denote the set of roots of (k, h). We call elements of ∆c

the compact roots and the remaining roots in ∆n = ∆ \∆c are called noncompact.
We define the positive roots ∆+ in such a way that elements of ∆+

n = ∆+ ∩∆n

span p−1. We denote the positive compact roots by ∆+
c = ∆c ∩ ∆+. By ωi we

denote the i-th fundamental weight in the standard ordering.
Let λ be a ∆+

c dominant and integral weight and denote by F (λ) the finite
dimensional irreducible k-module. We extend any irreducible representation of KC
to P and to P by letting p+ and p− act trivially. The generalized Verma module
M(λ) is defined as M(λ) = U(g) ⊗U(p) F (λ). It is well known and easy to prove
that M(λ) contains a maximal nontrivial submodule and we denote by L(λ) the
corresponding irreducible quotient of M(λ). Since the nilradical p− of p is abelian,
we have that M(λ) ' S(p+) ⊗ F (λ) as KC representations, where S(p+) is the
symmetric algebra over the Lie algebra p+.

There is a distinguish element in the center of k called grading element which
acts by zero on k, by 1 on p+ and by −1 on p−. This elements acts by a scalar
on any irreducible representation of K. We call this scalar the geometric weight.
In the case of M(λ), the geometric weight corresponds to the polynomial degree
shifted by the weight of F (λ).

The chain space of Lie algebra homology Ck(p+,V) of the algebra p+ with
values in V is defined as Λkp+ ⊗ V. The Lie algebra homology differential ∂∗ :
Ck+1(p+,V)→ Ck(p+,V) is defined for a general nilpotent subalgebra p+ by

∂∗(Z0 ∧ · · ·Zk ⊗ v) =
k∑

i=0
(−1)i+1Z0 ∧ · · · ∧ Ẑi ∧ · · · ∧ Zk ⊗ Zi · v+

+
∑

i<j

(−1)i+j [Zi, Zj ] ∧ Z0 ∧ · · · ∧ Ẑi ∧ · · · ∧ Ẑj ∧ · · · ∧ Zk ⊗ v ,

1One would expect that the positive roots would span p+. However, we choose this condition
in order to be consistent with cohomological formulas in [7]. Alternatively, one could work with
lowest weight modules instead.
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where Zi ∈ p+ for i = 0, . . . , k. Since our algebra p+ is abelian, the second term in
the sum is zero. The Lie algebra homology differential is P -equivariant.

The kth chain space Ck(p−,V) of the Lie algebra cohomology H•(p−,V) of p−
with coefficients in V is the space of antisymmetric linear mappings from the kth

tensor power of p− to V. The Lie algebra cohomology differential is defined by the
following general formula

(∂ ψ)(X0, . . . , Xk) =
k∑

i=0
(−1)iXi · ψ(X0, . . . , X̂i, . . . , Xl)+

+
∑

i<j

(−1)i+jψ([Xi, Xj ], X0, . . . , X̂i, . . . , X̂j , . . . , Xk) ,

where ψ ∈ Hom(Λkp−,V) and Xi ∈ p− for i = 0, . . . , k. Again, we can forget
the second term in our case. We can identify Ck(p−,V) = Hom(Λkp−,V) with
Λkp−∗ ⊗ V. Since the Killing form induces an isomorphism p−∗ ' p+, we can
consider the Lie algebra cohomology differential ∂ as an operator on the chain
spaces of Lie algebra homology ∂ : Λkp−∗ ⊗ V → Λk+1p−∗ ⊗ V . After these
identifications we get the formula

∂(Z1 ∧ · · · ∧ Zk ⊗ v) =
2p∑

i=1
εi ∧ Z1 ∧ · · · ∧ Zk ⊗ ei · v .

The Lie algebra cohomology differential is P -equivariant. In particular, both ∂ and
∂∗ are KC-equivariant and consequently they preserve the geometric weight.

The Kostant Laplacian is defined on each Ck(p+,V) as � = ∂∗ ∂+ ∂ ∂∗. It was
proven in [11] that for a finite-dimensional g-representation V there is a positive
definite scalar product on C•(p+,V) with respect to which are ∂ and ∂∗ adjoint. It
follows that there is a direct sum Hodge decomposition of KC-modules C•(p+,V) =
im ∂⊕ ker�⊕ im ∂∗ and moreover ker ∂∗ = ker�⊕ im ∂∗ and ker ∂ = ker�⊕ im ∂.
It follows that H•(p+,V) ' ker� ' H•(p−,V).

The authors of [10] proved that if the representation V is a unitarizable
(g,K)-module, then the Hodge decomposition of C•(p+,V) is still valid.

Inspecting the classification of unitarizable highest weight modules in [6], we
see that we can take for V the module L(λ) with λ = (2 − n)ω1 in the case
p = 2n− 2 and λ = (3/2− n)ω1 in the case p = 2n− 1. From now on, when we
write L(λ) we will mean either L((2 − n)ω1) or L(( 3

2 − n)ω1) depending on the
value of p = dimG− 2.

The cohomology groups Hi(p−, L(λ)) can be computed from the formula given
in [7]. We get in the even case

H0(p−, L((2− n)ω1)) = F ((2− n)ω1)
H1(p−, L((2− n)ω1)) = F (−nω1)
Hi(p−, L((2− n)ω1)) = 0 for i ≥ 2
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and in the odd case

H0(p−, L((3
2 − n)ω1)) = F ((3

2 − n)ω1)

H1(p−, L((3
2 − n)ω1)) = F ((−1

2 − n)ω1)

Hi(p−, L((3
2 − n)ω1)) = 0 for i ≥ 2.

The problem is that L(λ) is not a P -representation. This is not surprising
because the generalized Verma module M(λ) was induced from a P -representation.
Let L(λ) =

⊕
µ∈K̂C

Lµ be the decomposition of L(λ) into KC-types. Each Lµ is
contained in some Sk(p+, F (λ)) modulo the maximal submodule of M(λ) and
the algebra p+ acts as a multiplication by a variable, while p− acts basically as a
differentiation. To formalize this write L(λ) =

⊕
µ∈K̂C,k∈N

Lµ,k where Lµ,k is the
KC-type contained in Sk(p+, F (λ)) and note that p+(Lµ,k) ⊂ Lµ,k+1.

The formal globalization ([13]) of L(λ) is defined as L(λ) =
∏
µ∈K̂C

Lµ (product
of topological vector spaces). Since each KC-type is finite-dimensional and each
Sk(p+, F (λ)) contains only finitely many irreducible KC-representations, we can
write it as

L(λ) =
∏

k∈N
Lk ,

where Lk =
⊕

µ∈K̂c
Lµ,k is a finite sum. The action of p+ works as a right shift:

p+(Lk) ⊂ Lk+1.
Now it is easy to see that the formal globalization is a representation of P ,

because the action of p+ on L(λ) integrates without any problems. The component
of degree k of exp(X)v, X ∈ p+ is given by a sum of k + 1 elements involving
components of v of degree ≤ k. The P -invariant filtration is given by

L(λ)l =
∞∏

k=l
Lk .

Theorem 2.1. There is a Hodge decomposition for C•(p,L(λ)) and

H•(p−, L(λ)) = H•(p−, L(λ)) .

Proof. The article [11] proves that for a Hodge decomposition to exist it is sufficient
to have ∂∗ and ∂ disjoint, meaning that ker ∂∗ ∩ im ∂ = 0 and ker ∂ ∩ im ∂∗ = 0.
We claim that the operators ∂∗ and ∂ are disjoint even on the level of formal
globalization and thus the Hodge decomposition is still valid. The proof is simple —
since both ∂∗ and ∂ are KC-equivariant, they act element-wise on

∏
µ∈KC

Lµ.
Explicitly, suppose for contradiction that there exists u ∈ ker ∂∗ ∩ im ∂ such that

the µ-component uµ of u is not zero. Then since ∂∗ and ∂ act component-wise,
we get that ∂∗ uµ = 0 and there must be vµ ∈ Lµ such that ∂ vµ = uµ. But that
means that the nonzero element uµ ∈ L(λ) is contained in ker ∂∗ ∩ im ∂ = 0.

Similarly, since H•(p−, L(λ)) = ker ∂∗ ∩ ker ∂ is finite-dimensional graded vector
space, we get that the cohomology remains the same. �
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3. Construction

First we need to recall some fundamental notions of parabolic geometries. The
canonical reference is the book by Čap and Slovák [3]. For reader’s convenience
we repeat the Calderbank – Diemer construction for V finite-dimensional, however
in order to get the Yamabe operator we treat also the case when V = L(λ)
and the parabolic pair (G,P ) is the pair of complex conformal geometry — i.e.
G = SO(p+ 2,C) and P parabolic subgroup with Levi part KC.

Let G be a Lie group and let P be its parabolic subgroup. A Cartan geometry
modeled on the pair (G,P ) is a P -principal bundle π : G →M with a P -equivariant
one-form ω : TG → g such that for each u ∈ G, ωu : TuG → g is an isomorphism
restricting to the canonical isomorphism between Tu(Gπ(u)) and p (the so called
Cartan connection). The curvature function κ : G → Λ2g∗⊗g of a Cartan geometry
is defined by

κ(u)(ξ, χ) = [ξ, χ]− ω([ω−1(ξ), ω−1(χ)])(u) ,
where the first bracket is the bracket of g while the second bracket is just the
bracket of vector fields on G.

For any (possibly infinite dimensional) continuous representation V of P we
can form an associated topological vector bundle V := G ×P V→M . The bundle
associated to p+ is the cotangent bundle T ∗M and the bundle associated to g/p is
the tangent bundle TM . It what follows we identify the P -representation g/p with
p− via the Killing form of g. The bundle associated to the adjoint representation
on g is called adjoint tractor bundle and is denoted by AM .

It can be checked that κ is in fact horizontal and P -equivariant and hence it
induces a section of Ω2M ⊗AM which we will denote by the same symbol.

Sections of associated bundles are in bijective correspondence with P -equivariant
functions on the total space G. For an infinite-dimensional representation V we
define smooth sections as smooth P -equivariant functions on the total space with
values in V. It directly follows that a smooth section can have values only in the
subspace of smooth vectors of V.

The invariant derivative on V is defined by

∇ω : C∞(G,V)→ C∞(G, g∗ ⊗ V)
∇ωξ f = df(ω−1(ξ))

for all ξ ∈ g. It is P -equivariant and so maps C∞(G,V)P into C∞(G, g∗ ⊗ V)P and
thus we get a linear map ∇ω : Γ(M,V) → Γ(M,AM ⊗ V). Note that from the
definition of the fundamental derivative it follows that ∇ωei

s has the same geometric
weight as s.

We define the tractor connection by

∇g : C∞(G,V)→ C∞(G, g∗ ⊗ V)
∇g
ξf = ∇ωξ f + ξ · f .

It is easily checked that for P -equivariant f and for any ξ ∈ p we get ∇g
ξf = 0 and

hence ∇g induces a covariant derivative on V.
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We define the associated twisted deRham differential

dg : Γ(M,ΩkV)→ Γ(M,Ωk+1V)

by the usual formula. We will need the expression for dg in local coordinates. Let εi
be elements of the basis of p+, let ei be the elements of the dual basis and denote
the corresponding sections on M by the same symbols. Then

(dg s)(u) =
∑

i

εi ∧ (∇ωei
s)(u) + ∂ s(u)−

∑

i<j

εi ∧ εj ∧ κ(ei, ej)y s(u) ,

where only the first term depends on the one-jet of s ∈ Γ(M,V) and the remaining
two terms act algebraically on the values of s. Note that only the p−-component of
κ(ei, ej) (the torsion component) contributes to the contraction.

The Lie algebra homology differential ∂∗ : Λip+⊗V→ Λi−1p+⊗V is P -equivariant
and hence it induces operator (denoted by the same symbol) on the bundles asso-
ciated to the chain spaces. These bundles are of course exterior forms with values
in V and we will denote them by ΩiV. Let BiV denote the image of ∂∗ on i-forms
with values in V, let ZiV denote its kernel and let HiV denote the corresponding
quotients ZiV/BiV. Again, from P -equivariance it follows that there are natural
identifications

Z•V = G ×P ker ∂∗ B•V = G ×P im ∂∗ HiV = G ×P Hi(p+,V) .

The BGG operators were constructed in [1] by using a family of differential
operators Πg

k : Γ(M,ΩkV) → Γ(M,Ωk+1V) which vanish on im ∂∗ and map into
ker ∂∗. The BGG operator Dk : Γ(Hk(p+,V))→ Γ(Hi+1(p+,V)) is then defined as

Dks := proj ◦Πg
k+1 ◦ dg ◦Πg

k ◦ rep,

where proj is the algebraic projection on homology and rep is a choice of represen-
tative in the homology class.

The idea for constructing Πg
k comes from the expression for the algebraic

projection onto ker� which is given by Id−�−1�. Because ∂∗ commutes with
�−1 this equals to Id−�−1 ∂∗ d − d�−1 ∂∗. We need a P -equivariant operator
and since the Lie algebra cohomology differential is the only thing that is not
P -equivariant in this formula, we can try to restore the P -equivariance by adding
a differential term. This reasoning leads to the following definitions

�g = ∂∗ dg + dg ∂∗, Q = �g
−1 ∂∗

Πg
k = Id−Qdg−dgQ.

Now the problem arises how to compute the inverse of �g at least on the image of
∂∗. Once this inverse is provided, the desired properties of Πg

k follow immediately
as algebraic consequences.

There always exists a reduction of our P -bundles to its Levi subgroup L, which
means that we can construct the sought inverse by using L-equivariant operators.
Since the inverse must be unique it follows that it doesn’t depend on the choice of
reduction from P to L and hence it is P -equivariant.
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Lemma 3.1. Let V be either a finite-dimensional (g, P )-module or the represen-
tation L(λ). Then the operator �g is invertible on BiV and the inverse is given
by

�g
−1 =

( ∞∑

k=0
Nk
)
�−1 ,

where N = −�−1(�g−�).
Proof. We need to prove that the infinite sum makes sense for any section s ∈
Γ(M,BiV). Let us compute the local expression for N(s), where we consider s to
have values in some irreducible L-type.

−�N(s)(u) = (�g−�)s(u)
= ∂∗(dg−d)s(u) because s ∈ Γ(M,BiV)

= ∂∗
(∑

i

εi ∧∇ωei
s−

∑

i<j

εi ∧ εj ∧ κ(ei, ej)y s
)

(u) .

The first term increases the geometric weight, because fundamental derivative
doesn’t change w, wedging with an element from p+ increases it by one and ∂∗

preserves the geometric weight.
The second term also increases the weight, because the contraction with κ(ei, ej)

lowers it by one and wedging with two elements from p+ increases it by two.
For a finite-dimensional representation V it follows that the operator N is

nilpotent and in the infinite sum there is only finitely many terms nonzero. Thus
the operator Πg

k is a differential operator of finite order.
If we start with V = L(λ), then it is sufficient to consider only the case i = 0,

because all higher homologies are zero. For a section with values in the representation
L(λ) =

∏∞
k=0 Lk we get that N works as a component-wise derivation composed

with right shift. It follows that the sum is well defined and the components of Πg
k

are differential operators of increasing order — the component corresponding to
Lk of the sum

∑∞
k=0 N(s)(u) has at most k + 1 nonzero terms. �

The following proposition is one of the main results of [1]. Since the (easy)
proof was left to the reader there and since the original statement contained some
irrelevant sign errors, we write down all the details here.
Proposition 3.2 ([1], Proposition 5.5). The operator Πg

k : Γ(M,ΩkV)→ Γ(M,ΩkV)
has the following properties.

(1) The operator Πg
k vanishes on im ∂∗and maps into ker ∂∗:

Πg
k ◦ ∂∗ = 0 & ∂∗ ◦Πg

k = 0 .

(2) The operator Πg
k induces identity on the homology Hk(p+,V):

Πg
k = Id mod im ∂∗ .

(3) The commutator of dg and Πg equals to the commutator of Q and R
dg ◦Πg

k −Πg
k+1 ◦ dg = Q ◦R−R ◦Q ,

where R is the curvature operator defined by R(s) = (dg ◦ dg)(s).
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(4) For k = 0 and in the flat case, the operator is actually a projection:
(
Πg
k

)2 = Πg
k +Q ◦R ◦Q .

(5)

Πg
k ◦�g = −Q ◦R ◦ ∂∗ & �g ◦Πg

k = − ∂∗ ◦R ◦Q .

Thus in the flat case we have a projection Πg onto a subspace of ker ∂∗ comple-
mentary to im ∂∗ and moreover, this projection is actually a chain map between
twisted deRham complexes dg : Ω•V → Ω•+1V which is homotopic to the identity,
the chain-homotopy being the operator Q : Ω•V → Ω•−1V.

Proof. We will prove these point one by one by easy algebraic manipulations.
The first point is proven by the following two calculations:

Πg ∂∗ =
(
Id−�g

−1 ∂∗ dg− dg�g
−1 ∂∗

)
∂∗

= ∂∗−�g
−1 ∂∗ dg ∂∗

= ∂∗−�g
−1�g ∂

∗ because ∂∗ dg ∂∗ = �g ∂
∗

proves the first half and

∂∗Πg = ∂∗− ∂∗�g
−1 ∂∗ dg− ∂∗ dg�g

−1 ∂∗

= ∂∗− ∂∗ dg�g
−1 ∂∗ because [∂∗,�g

−1] = 0 on im ∂∗

= ∂∗−�g�g
−1 ∂∗ since �g = ∂∗ dg on im ∂∗

proves the second half of the first point.
The second point is a direct consequence of definitions, because for a section s

with values in ZkV we get Πg
k(s) = s−�g

−1 ∂∗ dg s and �g
−1 maps BkV to BkV.

Proof of the next point of the proposition is also just unwinding the definitions
and trivial algebra:

[dg,Πg] = [dg,−Qdg−dgQ] = −dgQdg−dg dgQ+Qdg dg + dgQdg .

To prove the fourth point, it is good to note first that from the already proven
fact Πg ∂∗ = 0 it follows that also ΠgQ = 0. Moreover even Q2 equals zero. Now
we have

(Πg)2 = Πg(Id−Q dg−dgQ)
= Πg −ΠgQdg−Πg dgQ

= Πg − dg ΠgQ+ [dg,Πg]Q
= Πg + [Q,R]Q by the third point of the proposition
= Πg +QRQ+RQQ.
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The last point requires two calculations:

�g Πg = ∂∗ dg Πg + dg ∂∗Πg the second term here is zero by the first point
= ∂∗Πg dg + ∂∗[dg,Πg] here the first term is zero by the first point
= ∂∗[Q,R] by point three
= ∂∗QR− ∂∗RQ
= − ∂∗RQ because ∂∗Q = ∂∗�g

−1 ∂∗ = 0

and a similar one

Πg�g = Πg(∂∗ dg + dg ∂∗) = Πg ∂∗ dg +Πg dg ∂∗

= dg Πg ∂∗+[Πg,dg] ∂∗ = −[Q,R] ∂∗

= −QR∂∗+RQ∂∗ = −QR∂∗ .

Finally, we deal with im ∂∗ ∩ im Πg. By the fourth point of the proposition we
get

∂∗ u = Πgv = ΠgΠgv −QRQv = Πg ∂∗ u−QRQv

which by the first point of the proposition implies that im ∂∗ ∩ im Πg = imQRQ.
Thus in the flat case we see that im ∂∗ and im Πg are complementary. Finally, in
the flat case, the statement that the projection operator Πg is chain-homotopic to
the identity via Q is a direct consequence of definitions. �

Because Πg maps into ker ∂∗ we have that �g Πg = ∂∗ dg Πg. Combining this
equality with the fifth point of the previous proposition gives us ∂∗ dg Πg = �g Πg =
− ∂∗RQ. Since Q = 0 on ker ∂∗, we see see that dg Πg maps ker ∂∗ to ker ∂∗. This
allows us to write the BGG operator as Dk = proj ◦ dg ◦Πg

k ◦ rep.
The operator Πg ◦ rep: H•V → Ω•V gives us the unique representatives of the

homology classes in ker�g. Indeed ker�g ∩ im ∂∗ = 0, because for u = ∂∗ v ∈
ker�g we get 0 = �g u = �g ∂

∗ v and we know that �g is invertible on im ∂∗.

Proposition 3.3. The operator proj ◦Πg
0 maps injectively parallel sections of V

into the kernel of D0. In the flat case, the operator is even surjective with inverse
being Πg

0 ◦ rep.

Proof. The restriction of Πg
0 to ker dg equals identity and it is easily computed

that the operator proj◦Πg
0 maps parallel sections into the solution space of D0. For

a parallel section s ∈ ker dg ∩ im ∂∗ we have s = Πg
0(s) and thus s ∈ im ∂∗ ∩ im Πg

0.
Since this space equals to the image of QRQ, which is a zero mapping on 0-forms,
we see that the map proj ◦Πg

0 is indeed injective on parallel section of V.
On the other hand, for u ∈ kerD0 we get

(
dg Πg

0 ◦ rep
)

(u) ∈ im ∂∗ and in the
flat case we can commute dg and Πg according to the third point of the proposition.
It follows that

(
dg Πg

0 ◦ rep
)

(u) =
(
Πg

1 dg ◦ rep
)

(u) and because im ∂∗ ∩ im Πg
1 = 0

we get that in the flat case the operator Πg
0 ◦ rep maps kerD0 to parallel sections

of dg. �
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4. Conclusion

We have constructed a nontrivial differential operator of finite order over a
complex parabolic geometry of conformal type. This operator acts between sections
of bundles associated to one-dimensional representations, whose geometric weights
are precisely those for the conformal Yamabe operator. It is well known that there
is essentially unique differential operator acting between such bundles, i.e. the
Yamabe operator.

Of course, it would be desirable to investigate this construction in real cases, i.e.
for classical (pseudo)conformal structures. However, as the example in [12] shows,
one must be extremely careful to draw any conclusions. The article [10] shows that
the Hodge decomposition is valid for all unitarizable highest weight representations,
which were classified e.g. in [6], and the same trick with formal globalization goes
through. Moreover, the results cover not only the cohomology of p+ but also of its
appropriate subalgebras. The resulting operators are to be identified not as easily
as the Yamabe operator, however there is a close connection of unitarizable highest
weight modules and k-invariant differential operators presented in [5]. Consulting
the weights of appropriate zeroth and first homology modules, there doesn’t appear
to be a case which would yield higher GJMS operators as first BGG operators.

All of these matters are currently investigated by the author of this note and
are to be part of his dissertation thesis.

References
[1] Calderbank, D. M. J., Diemer, T., Differential invariants and curved

Bernstein–Gelfand–Gelfand sequences, J. Reine Angew. Math. 537 (2001), 67–103.
[2] Cap, A., Gover, A. R, Hammerl, M., Projective BGG equations, algebraic sets, and compac-

tifications of Einstein geometries, arXiv:1005.2246, May 2010.
[3] Čap, A., Slovák, J., Parabolic geometries. I, Math. Surveys Monogr., American Mathematical

Society, 2009.
[4] Čap, A., Slovák, J., Souček, V., Bernstein–Gelfand–Gelfand Sequences, Ann. of Math. (2)

154 (1) (2001), 97–113.
[5] Davidson, M. G., Enright, T. J., Stanke, R. J., Differential operators and highest weight

representations, Mem. Amer. Math. Soc. 94 (455) (1991), iv+102.
[6] Enright, T., Howe, R., Wallach, N., A classification of unitary highest weight modules,

Representation theory of reductive groups (Park City, Utah, 1982), Birkhäuser Boston, 1983.
[7] Enright, T. J., Analogues of Kostant’s u–cohomology formulas for unitary highest weight

modules, 392 (1988), 27–36.
[8] Gover, A. R., Hirachi, K., Conformally invariant powers of the Laplacian – A complete

nonexistence theorem, J. Amer. Math. Soc. 17 (2004), 389–405.
[9] Graham, C. R., Conformally invariant powers of the Laplacian. II. Nonexistence, J. London

Math. Soc. (2) 46 (3) (1992), 566–576.
[10] Huang, Jing-Song, Pandžič, P., Renard, D., Dirac operators and Lie algebra cohomology,

Represent. Theory 10 (2006), 299–313.
[11] Kostant, B., Lie algebra cohomology and the generalized Borel–Weil Theorem, Ann. of Math.

(2) 74 (1961), 329–387.



422 V. TUČEK

[12] Pandžič, P., Dirac operators on Weil representations II, Math. Commun. 15 (2) (2010),
411–424.

[13] Vogan, D. A., Jr., Unitary representations and complex analysis, Representation theory and
complex analysis, Lecture Notes in Math., vol. 1931, Springer, Berlin, 2008, pp. 259–344.

Mathematical Institute, Charles University,
Sokolovská 83, 186 75 Prague,
Czech Republic
E-mail: vit.tucek@gmail.com


	Introduction
	Lie algebras and their modules
	Complex simple Lie algebras
	Borel and parabolic subalgebras

	BGG category O
	Translation principle
	Shapovalov form
	Equivalences of Enright and Shelton

	Cohomology and homology of Lie algebras
	Disjoint operators and Hodge decomposition
	Kostant theorem and Kostant modules

	Harish-Chandra modules and their globalizations

	Hermitian symmetric spaces
	Real Lie algebras
	Classical Hermitian symmetric spaces
	Octonionic planes
	Octonions and the exceptional Jordan algebra

	Invariant differential operators
	Explicit singular vectors for su(m, n)


	Unitarizable highest weight modules
	Classification
	Nilpotent cohomology of unitarizable highest weight modules
	SU(p,q)
	Sp(n,R)
	SO*(2n)
	SO(2,2n-2)
	SO(2,2n-1)
	Exceptional cases


	Conclusion
	Bibliography
	List of Figures
	List of Tables
	Appendices
	Cohomology of unitarizable modules for low ranks
	Cohomology of unitarizable modules for An, 1 < n < 6
	su(1,1): 1,1,1
	su(1,2): 1,1,1
	su(1,2): 1,2,1
	su(1,3): 1,1,1
	su(1,3): 1,2,1
	su(1,3): 1,3,1
	su(2,2): 1,1,1
	su(2,2): 1,2,1
	su(2,2): 2,1,1
	su(2,2): 2,2,1
	su(2,2): 2,2,2
	su(1,4): 1,1,1
	su(1,4): 1,2,1
	su(1,4): 1,3,1
	su(1,4): 1,4,1
	su(2,3): 1,1,1
	su(2,3): 1,2,1
	su(2,3): 1,3,1
	su(2,3): 2,1,1
	su(2,3): 2,2,1
	su(2,3): 2,2,2
	su(2,3): 2,3,1
	su(2,3): 2,3,2

	Cohomology of unitarizable modules for Cn, 1 < n < 4
	sp(2): 1, 1, 1
	sp(2): 2, 1, 1
	sp(2): 2, 2, 1
	sp(2): 2, 2, 2
	sp(3): 1, 1, 1
	sp(3): 2, 1, 1
	sp(3): 2, 2, 1
	sp(3): 2, 2, 2
	sp(3): 3, 1, 1
	sp(3): 3, 2, 1
	sp(3): 3, 2, 2
	sp(3): 3, 3, 1
	sp(3): 3, 3, 2
	sp(3): 3, 3, 3

	Cohomology of unitarizable modules for SO*(8)
	so(8): (0, 1, 0, -6)
	so(8): (0, 0, 1, -3)
	so(8): (0, 0, 0, 0)
	so(8): (0, 0, 0, -2)
	so(8): (1, 1, 0, -7)
	so(8): (1, 0, 1, -5)
	so(8): (1, 0, 0, -3)


	Source code
	Published articles

