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Abstrakt: Posledné roky priniesli ispesné vesmirne misie a mnozstvo dat spoje-
nych s topografiou Tadovych satelitov planét vyskytujicich sa v Slnecnej ststave.
Vdaka nameranym datam sa otvara priestor pre vznik teorii predikujucich dy-
namicky stav vnutra telies, o ktorych je mozné predpokladat, Zze obsahuju fa-
zové rozhranie Tadu a vody. Jednym z moznych pristupov k objasneniu topografie
je vysvetlenie vychadzajice z existencie podpovrchového oceana a jeho tepelnej
produkcie, ktora deformuje ladovi kéru pokryvajicu teleso. Cielom tejto préce je
prvy pokus o zjednoduseny matematicky popis fazového rozhrania a teplotnej de-
formacie ladovej kory, ktory bude prepisany do jazyka Fortran95 a dovoli pomocou
pocitacového modelu skimat vlastnosti a udrzatelnost takého systému. Vysledky
prace, venované konkrétnym mesiacom Enceladus, Eurépa a Titan, naznacuja
moznost generovania topografie uvedenym mechanizmom len v pripade hrubo-
zrnného Tadu tvoriaceho Tadova koru, ktord je v okoli hornej hranice elasticka.

Klicova slova: ladové mesiace, viskoelasticka deformacia, Stefanov problém

Title: Deformation and thermal evolution of the ice shell on Enceladus
Author: Jakub Kvorka

Department: Department of Geophysics

Supervisor: prof. RNDr. Ondfej Cadek, CSc., Department of Geophysics

Abstract: In the last two decades, successful space missions to Jupiter and Sa-
turn provided important data bearing information about topography and internal
structure of icy bodies in the outer Solar System. Some of these bodies contain
subsurface reservoirs of liquid water in contact with an outer shell made of solid
ice. One of the possibilities how to explain the observed topography of a moon
is to use its thermal production as the energy source that produces deformation
of the ice crust covering the body. In this study, we develop a simplified mat-
hematical model of thermal-mechanical evolution of the ice crust including the
effect of phase transition at its bottom boundary. The appropriate system of par-
tial differential equations is coded in Fortran95 and used to study the surface
features developed in response to heat flux anomalies imposed on the top of the
subsurface ocean. The results obtained for Enceladus, Europa and Titan show
that the observed topography of these moons can be explained only for a large
grain size and the ice crust behaving elastically near the upper boundary.
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Uvod

V poslednych rokoch, najmé po objavoch sond Cassiny-Huygens a Galileo,
ktoré priniesli nové poznatky ohladne Saturnu, Jupitera a ich Tadovych mesiacov,
vzrastol zaujem verejnosti o tuto tematiku. Dovod je prosty, ziskané data nasve-
dcujt, ze na niektorych ladovych mesiacoch by sa mohli nachadzat podpovrchové
oceany kvapalnej vody, v ktorych by hypoteticky mohli nastat podmienky pre
vznik primitivneho mimozemského zivota.

Uvahy o moznosti Zzivota mimo zemsky povrch viak spadaji do zdujmového
okruhu biofyziky. V tejto praci sa nebudeme zaoberat priamo podpovrchovym
oceanom, ale vytvorime vnutorne konzistetny, teplotne-deformac¢ny model ladove;j
kory, ktora tento ocean obklopuje. Tento model mé za ciel ukazat moznost vzniku
a udrzanie topografie ladovych mesiacov generovanej nehomogenitami v tepelnom
toku z ocedna pod fiou. NadviaZeme na pracu (Cadek et al.| [2017], ktord nazna-
¢uje, zZe pozorovana topografia (hovorime o uz existujicich datach nameranych
pre Enceladus a Titan) by mohla mat prave tento povod. V teoretickej ¢asti prace
prepojime ¢isto mechanické vypoéty z prace [Cadek et al| [2017] so zjednoduse-
nou verziou zakona zachovania energie, ¢o umozni, za urcitych zjednodusujucich
predpokladov, prepojit mechanické a termélne procesy prebiehajice v ladovej
kore.

Ziskany teoreticky model nasledne aplikujeme na ladové mesiace, menovite
Eurépu, Enceladus a Titan, ¢im ziskame predstavu o zmene vysledkov v zavislosti
na velkosti a vlastnostiach Studovaného telesa. Vysledky simuléacii budt smero-
vané k porovnaniu topografii pre rozne nastavenia volnych parametrov ITadu ako
napr. ohranicenie velkosti viskozity (pre detaily vid (Cadek et al.[[2017]) a velkost
ladového zrna v Tadovej kore, pripadne k interpretacii nameranych dat povrchovej
topografie z hladiska termélnych dejov prebiehajucich v ladovej kore.

Praca je ¢lenena do tematicky uzavretych kapitol nasledovne - prva kapitola
je venovana odvodeniu vseobecného matematického modelu, druhé kapitola po-
jednava o vseobecnych fyzikalnych vlastnostiach studovaného systému, v tretej
kapitole bude na zaklade vlastnosti systému linearizovany model z prvej kapitoly.
Kapitoly 4 a 5 si venované numerickej analyze modelu, menovite stvrta kapitola
pojednava o harmonickom rozklade linearizovanych rovnic a v piatej kapitole su
rozlozené rovnice podrobené radidlnej diskretizacii. Siesta a posledné kapitola je
venovana prezentacii a diskusii vysledkov.



1. Riadiace rovnice

Nasledovné riadky pojednavaji o vseobecnom matematickom popise defor-
macie a tepelného vyvoja dvojzlozkového systému, v ktorom existuje v kazdom
case ostré rozhranie medzi oboma zlozkami. Pre jednoduchost vyuzitia rovnic na
popis deformécie Tadovych mesiacov v dalsich kapitolach budeme zlozky nazyvat
voda a lad bez tjmy na vSobecnosti.

V dalsom je vzdy Q uzavretd oblast obsahujica lad (I) a vodu (W) oddelené
plosnym rozhranim ¢ popisanym implicitne v sférickych stradniciach rovnicou

r—R(0,6) =0, (1.1)

kde trojica (r, 6, ¢) reprezentuje sférické stradnice bodu v priestore, @ je rychlost
rozhrania, 77 vonkajsia normala k ploche definovanej rozhranim o - vid obrdzok[1.1]
[®]1 je skok veli¢iny ® na rozhrani ladu a vody.

Obr. 1.1: K zavedeniu oznacenia.

-R(@,9)=0
r (/)/

Vsetky velic¢iny vystupujiice v rovniciach povazujeme za spojito diferencova-
telné do 1. rddu v oblasti Q\o. Vzhladom na vSeobecnost vybudovaného mo-
delu je mozné ho pouzit aj pre horné rozhranie ladovych mesiacov, t.j. rozhranie
lad /vdkuum.

Materialova derivacia D; v objeme €2 je uvazovana v Eulerovom zmysle

D, = é(?t + UV, (1.2)
kde ¥ je aktualna rychlost v danom bode kontinua vSeobecne sa meniaca v Case
aj v priestore. Materidlova derivacia na ploche o je definovand v zmysle Slattery
et al.| [2007] a oznacend Dy. Pretoze zavedenie materidlovej derivacie na povr-
chu dimenzie 2 v 3-rozmernom priestore vyzaduje osobitnd, netrivialnu, a pre
potreby tejto prace zbytocnu, diskusiu, bude na tomto mieste vynechané podrob-
nejsia definicia tohto pojmu, ktorti je mozné néjst v uz zmienenej praci Slatteryho
a spoluautorov v kapitole 1.2.7.

Gradient bude v dalSom oznaceny V, divergencia V- a dyadicky sucin ® ,
analogické veli¢iny na ploche ¢ budi oznacené V., resp. V,-.

1.1 VsSeobecné integralne vyjadrenie

Uvazujme v /o priestorovo a ¢asovo zavisla fyzikalnu veli¢inu ktord v Q /o
popisuje hustota v, tok ®, a hustota produkcie Fy. Na ploche o si zavedené



plosné veliciny ekvivalentné objemovym, t.j. ¢, ®7, F7. VSeobecnd integralna
rovnica popisujica ¢ je potom v tvare Slattery et al.| [2007]

d — —
e qv / oyeds) = — / o -dS—/ o7 .d]
dt </Q\U pl/} + ap ¢ ) O(Q\o) v 0o ¥ +

FudV /"F“dS, 13
+ /Q\Upw + | Eg (13)

kde p popisuje hustotu hmoty v objeme kontinua, analogicky p® popisuje plosnu
hustotu na rozhrani. Vsetky ostatné velic¢iny st zhrnuté v tabulke (Miller
[1985]). Komentar k jednotlivim veli¢indm je ponechany na odstavce patriace
jednotlivym rovniciam.

Tabulka 1.1: Fyzikélne veli¢iny vystupujice v zdkladnych zadkonoch zachovania.

Rovnica Y D, E, P u Fy
Rovnica kontinuity 1 0 0 1 0 0
Pohybova rovnica U -7 f w -T° e

Zachovanie energie €+ %1)2 Gg—T1vU fU €+ %wZ q° =T f70

Vyuzitim pokrocilych nastrojov matematickej analyzy (pre detaily vid Slattery
et al.| [2007, kap. 1.3.4]) je mozné vSeobecni integralnu rovnicu (|1.3|) prepisat na
dve parcidlne diferencidlne rovnice platné v /o a na o v nasledovnom tvare

Di(p) + pV -0+ V-®y — pFy =0, (1.4)

DY (p"0%) + pUV ol + V@ — p7 F = —it-[ppp(T — @) + yljy . (1.5)

1.2 Rovnica kontinuity
V Q /o ani na o neuvazujeme vznik hmoty a zaroven hmota netecie cez hranice,

t.j. dosadenim ¢ = 1, F} = 0, ®; = 0 (analogicky FY, ®7) do (1.4)), resp. (1.5
vychadza rovnica kontinuity v tvare

Dip+pV-5=0, (1.6)

Dy 7 + 7V i = —it- (T — D)l (L.7)

1.2.1 Specialny tvar rovnic plyntici z rovnice kontinuity

Rovnice (1.4), (1.5) je mozné pomocou rovnic kontinuity (1.6, (1.7]) upravit

do tvaru (pre detaily vid [Slattery et al. [2007, kap. 1.3.5])

,OD{QD + V(I)w — pF¢ =0 R (18)

p7 D77 + Vo @ = it [p(v) — %) (T — @) + Pylyy . (1.9)

5



1.3 Pohybova rovnica

Dosadenim z tabulky do rovnic (1.8)), (1.9) vychadzaji dve rovnice pre

zachovanie hybnosti (v objeme a na rozhrani) v tvare

pD,i = V-1 + pf (1.10)

p7 DY — Vo T — p7 f7 = ii[r — p(¥ — @)@ (T — B)]jy (1.11)
kde 7 oznacuje napatovy tenzor, T oznacCuje tenzor povrchového napétia v o, f,
resp. f“, je objemova, resp. plosna, hustota vonkajsej sily posobiacej v kontinuu
(podrobnejsiu diskusiu zavedenia plosnej sily a plosného napétia nechdvame do
dalsej kapitoly).

1.4 Zakon zachovania energie

Analogicky odvodeniu pohybovej rovnice dosadenim veli¢in z tabulky do

rovnic (1.8), (1.9) dostavame
1 ud
pD, (6 + 21)2> =V-(10) = V-¢+ pf-v, (1.12)

1 .
p7 D7 (€ JuP) o+ Vorlq = ) = 7 i =

- —ﬁ'[p<e—e”+;v2— ;wQ) (T — @) — T+ | (1.13)
kde €, resp. €7, je hustota energie kontinua, resp. plosna hustota energie rozhra-
nia, 7, resp. ¢°, je hustota tepelného toku, resp. hustota tepelného toku pozdlz
rozhrania o.

Dalsia tprava rovnice spociva v rozpise prvého ¢lena na pravej strane
a pouziti pohybovej rovnice (1.10)), ¢im prvy ¢len na pravej strane rovnice
prejde do tvaru

Vi(rt) = 0(Vor)+7: (V) =0 (pDyo — pf ) + 7 (V)T =
1 —
= th<217-17> —pfv+T (V)T (1.14)
kde (V©)T znaci transponovany gradient rychlosti, pre ktory bude dalej pouzita

notacia (V#)T := I. Dosadenim (1.14)) do ([1.12)) ziska rovnica zdkona zachovania
energie v objeme )/ nasledujici tvar

pDie +V-g=71:1. (1.15)

Analogicky vypocet je mozné uskutocnif aj na rozhrani, na tomto mieste ho vsak
neuvadzame, pretoze pre dalSie pokracovanie prace nema hodnotu.

1.5 Teplota

7. fyzikalnych dovodov predpokladame, ze teplota je v ladovej kore 2-krat
spojito diferencovatelna a na rozhrani je spojita, t.j.

7], =0. (1.16)



2. Mechanické a termalne
vlastnosti l'adu

2.1 Vybrané mechanické a termalne parametre
systému

V tabulke su zhrnuté mechanické a termalne parametre zloziek Tadu

a vody potrebné pre vypocty zalozené na odvodenych modeloch spravania sa

systému ladu a vody. VSetky uvedené parametre povazujeme za nezavislé na me-
chanickom a termalnom stave ladovej kory.

Tabulka 2.1: Konstanty charakterizujice vlastnosti ladu a vody.

Symbol Nézov parametra Hodnota Jednotka Zdroj

o1 Hustota ladu 920 kg/m?  [Lide, 2004]

pw  Hustota vody 1000 kg/m3  [Lide, 2004
Koeficient tepelnej .

A1 vodivosti Tadu. 2.8 W/m/K [Lide, 2004]

cr Tepelnd kapacita ladu. 2000 J/kg/K  [Lide, 2004]

L i,fgflne teplo fopenia g 43 105 J/ke  [Hobbs, [1974]

T; Teplota topenia ladu.  273.15 K [Lide, 2004]
Elasticita 9 :

J1%; Tadu 3.33x10 Pa [Lide, 2004]

2.2 Tepelna kapacita ladu a tepelny tok

Tepelny tok Tadovou korou je v pouzitom teoretickom modeli priamotimerny
gradientu teploty (jedna sa o Fourierov zakon, vid [Martinec| [2003, str. 99]), pri-
com konstanta timernosti, tzv. tepelna vodivost ladu A;, je v dalsich tvahach
nezavisla na termalnom a mechanickom stave ladovej kory v danom bode, t.j.
predpis pre tepelny tok mé tvar

§=-\VT . (2.1)

V objeme ladu je uchovana tepelna energia, ktorej hustotu na jednotku hmot-
nosti budeme oznacovat €. Tato veli¢ina je priamotmernd teplote T s konstantou
umernosti rovnou tepelnej kapacite ladu ¢; (vid Miiller| [1985]), t.j.

e =c;T + const (2.2)

kde const je konstanta vyjadrujica skutoc¢nost, Zze v termodynamike ma zmysel
uvazovaf len zmenu vnutornej energie voci referenénému stavu.



2.3 Viskozita

Lad je deformovany péticou creepovych mechanizmov, menovite ,volume
diffusion creep, grain boundary diffusion creep, dislocation creep, basal slip-
accomodated GBS, GBS-acommodated basal slip®“, ktoré charakterizuju visko-
2ty Ndif fv, Ndif fg> Ndist> Mbasal> Ngbs, Ktorych zévislost na teplote a napati je podla
Goldsby and Kohlstedt| [2001] dand vztahom

Tdm E
Nereep = e exp () s 2.3
"= oargy 10 23

kde E, A,n,m,l st parametre ladu zhrnuté v tabulke (2.9), T je teplota ladu,
d je velkost Tadového krystalu a 7;; je druhy invariant tenzoru napétia, ktoré
posobi v Tadovej kore, R je vSeobecna plynovy konstanta. Z dovodov suvisiacich
s pevnostou ladu (podrobne uvedené v|Cadek et al.|[2017]) sa zavadza obmedzenie
na velkost viskozity, tzv. ,,cutoff viskozita“ a pre viskozitu ladu n; plati

1 1 1 1 1 1
— - +—+ - (2.4)

nr B Ndif fo Ndiffg Tdist Mvasal + Tgbs Neutof f .

Tabulka 2.2: Parametre pre vypocet viskozity Tadu v zavislosti na teplote podla
Goldsby and Kohlstedt| [2001].

T(K) I m n APa"K'mms™t) E(kJmol™)

Ndif fv - 1.0 2.0 1.0 9.0x1078 59
Ndiffg - 1.0 3.0 1.0 2.6x10716 49
Naist <258 0.0 0.0 4.0 4.0x1071 60

>258 0.0 0.0 4.0 6.0x104 180

Tbasal - 0.0 0.0 24 22)(10_7 60
Ngvs <255 0.0 1.4 1.8 6.2x1071 49

>255 0.0 14 1.8 4.8x10% 192

2.4 Viskoelasticka reolégia

Reologicka rovnica udavajica vztah medzi napédtim a rychlostou v pripade
viskoelastického nestlacitelného modelu deformacie méa tvar

0 —y(Vi+ (V)" = —ZDtTD : (2.5)

kde p je modul torzie, n je viskozita nAlateriélu (v pripade Tadu (2.4))), 72 oznacuje
deviatoricku cast tenzoru napétia a D, oznacuje priestorovo invariantni materia-

lovi derivéciu (obsahujicu korotacny a deformacny clen).



3. Predpoklady teoretického
modelu a linearizacia riadiacich
rovnic

3.1 Enceladus, Eurépa, Titan

Ulohou teoretického modelu je popisat mechanicko-termalne deje prebieha-
juce v sustave voda-ladova kéra. Vysledkom prace bude aplikacia teoretického
modelu na takéto ststavy pri uvazeni parametrov Saturnovych mesiacov Encela-
dus, Titan a Jupiterovho mesiaca Eurépa. Parametre mesiacov, ako napr. velkost
a povrchova teplota, si zhrnuté v tabulke .

Tabulka 3.1: Charakteristické parametre rozhrani ladovych mesiacov.

Mesiac Ry (m) R, (m) g(Ry) (ms™?) g(R,) (ms™?) T, (K)

Enceladus 232 000 252 000 0.13 0.11 75
Eurépa 1531 000 1 561 000 1.40 1.31 102
Titan 2 476 000 2 576 000 1.38 1.35 75

3.2 Popis metédy a modelu

V dalsom texte pod pojmom pociatoény stav ladovej kéry rozumieme sfé-
ricky symetricky, hydrostaticky, stacionarny stav dany polomermi hranic Tadovej
kory (spodny polomer R, horny polomer R, podla tabulky ) a teplotami
na hraniciach ladovej kory (teplota na spodnej hranici T; = T, kde T} je teplota
topenia ladu podla tabulky (2.1), teplota na hornej hranici je T, podla tabulky
3.1))). Deviatorickd zlozka napétia a rychlosti v systéme st nulové.

Pouzity model je zalozeny na linearizacii deformacie pociatocného sféricky
symetrického systému ocednu pod Tadovou korou konstantnej hriibky. Deformacia
je vyvoland zmenou tepelného toku (TW(P:d, t) na spodnej hranici ladovej kory, kde
zmena je chapand ako prirastok/ibytok tepelného toku voci staciondrnemu stavu.
To vyvolava topenie/tuhnutie ladu na spodnej hranici a odchylky od sférickej
symetrie, ktoré generuju vztlakovi silu pésobiacu na ladova kéru. T4 sposobuje
napétie a tecenie ladu v lTadovej kore, t.j. deforméaciu v objeme ladového telesa,
pre ndzornu schému vid obrdzok [3.1]

Vzhladom na zvolentt metédu rieSenia pomocou rozkladu do sférickych harmo-
nik je nutné linearizovat nielen zmenu velkosti veli¢iny voci pociatoénému stavu,
ale aj jej priestorové derivacie voci priestorovym derivaciam v pociato¢nom stave,
kde linearizaciou sa mysli vyuzitie Taylorovho rozvoja do prvého radu na hrani-
ciach ladovej kory, ¢im je problém v case sa vyvijajucej hranice transformovany
na problém vychylky/posunutia na statickej hranici. Taylorov rozvoj v posunuti
mé dve vyhody - ¢leny nultého radu reprezentuji hodnoty veli¢in na sfére (re-
prezentujicej rozhranie v pocdiatocnom stave), ¢ize sa s nimi jednoducho narédba
(napr. uréenie normélového smeru), a ¢leny radu 2 a vyssieho uz st vzhladom



Obr. 3.1: K zavedeniu znacenia.

ii(R,.1)

Vypoctova oblast je
[adova kora medzi
polomermiR;aR, .

ii(R,.1)
/7—:\1;
r-R,=0 l
Gw (R, 1)

na aproximaciu malych posunuti zanedbatelné voci ¢lenom prvého radu, ktoré sa
linedrne v posunuti. Taylorov rozvoj funkcie ®(7) do prvého radu okolo hranice
danej rovnicou (|L.1)) je v tvare

®(R+ @) ~ ®(R) + a-VO(R) . (3.1)

Ak nebude povedané inak, Taylorovym rozvojom sa mysli aproximacia vyrazom
(3.1) na danej hranici, indexom I, t.j. ®;, sa mysli veli¢ina ® v lade, analogicky
index W, t.j. @y, oznacuje velicinu ® vo vode. V pripade, Ze index nie je pouzity
alebo sa v rovnici ziadne indexy nevyskytujui, veli¢ina je nezavisla na materiale,
v ktorom je sledovand, alebo je vzfah uvazovany vo svojej vSeobecnej platnosti
nezavisle na existencii rozhrania.

3.3 Vplyv deformacie na gravitacné pole telesa

Gravitacné pole pociatocného stavu systému bude popisané svojou intenzitou,
spliiajicou radidlnu symetriu, oznacenou g (r). Deformécia systému a odchylky od
symetrie sposobuji zmeny gravita¢ného pola dg(7,t), ktoré budi popisané zme-
nou potencidlu gravitaéného pola voéi pociatoénému stavu Vs(7,t), a pre celkové
gravitaéné pole po deformécif plati (vid (Cadek et al. [2017])

(7, t) = g(r) — VVs(r,t) . (3.2)

Q

3.4 Linearizacia vyvoja napatia v systéme

V podiato¢nom stave je napéatovy tenzor reprezentovany ¢istym tlakom po(r),
ktory splna podmienku hydrostatickej rovnovahy

~Vpo(r) + p(r)g(r) =10, (3.3)

kde g(r) je vektor intenzity gravitacného pola sféricky symetrického telesa, p(r)
je hustota ladu, resp. vody - v oboch materidloch predpokladame splnenie hyd-
rostatickej rovnovahy.
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V pociatocnom stave predpokladame spojitost tlaku naprie¢ rozhranim
(vzhladom na existenciu povrchového napétia nie je tento predpoklad opréavneny,
avsak neskoér bude dokazané, ze je dobrou aproximaciou skutocnosti)

po(R)iy =0, (3.4)

kde R oznacuje velkost polomeru sféry reprezentujiicej rozhranie.

3.4.1 Linearizacia napitia v ladovej kore

V pouzitej aproximacii je napatovy tenzor v lade 7(7, t) v stave po deformécii
mozné rozlozit na zlozku predpéatia —po(r)I, kde I je tenzor druhého stupna
reprezentujici indentitu, a napétie vznikajuce deforméciou 7;(7,t), do tvaru

T1(7t) = —po(r)I + 71(7,t) . (3.5)

Kvoli dalsim vypoctom je nutné predpokladat nasledovné zjednodusenia

#/(R,1)|<R|Vpo(R)| . (3.6)

&V (R )| <e-Vro(R)] (3.7)
kde R oznacuje polomer hranic v pociato¢nom stave a €, oznacuje normalu k sfé-

rickej ploche.

3.4.2 Linearizacia napitia v oceane pod l'adovou kérou

Vztah (3.5) povazujeme za splneny aj v pripade vodného ocednu, v ktorom
prechadza do tvaru

TW(Fv t) = _<p0<7') —pr(??, t))I ) (38)

kde pw (7, t) je zmena tlaku voci pociatoénému stavu systému sposobend deforma-
ciou ladovej kory. Uvdziac zmeny gravitacného pola (voéi pociatoénému stavu),
je mozné v aproximacii malych posunuti na hraniciach popisat hydrostatickou
rovnovahou (vid Cadek et al. [2017])

=V (po(r) + pw (7, 1)) + pw (G(r) + 6g(7, 1)) = 0, (3.9)

kde hustotu vody py povazujeme v danych podmienkach za konstantni. Vyuzi-
tim predpokladu o hydrostatickej rovnovédhe pociato¢ného stavu (3.3)) je mozné
upravit vztah (3.9) do tvaru

V(pw (7, 1) + pwVs(7,)) = 0 . (3.10)

Vzhladom na nulovi poc¢iatoéni podmienku, t.j. nulovost prirastku tlaku a poten-
cidlu gravitacného pola v pociatoénom stave, je mozné pisat pre py (7, t) rovnicu
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Na zaklade vztahu (3.11)) sa d4 pomocou skélovacej analyzy dokazat platnost
nasledovnych vztahov (vid Appendix, odstavec |A.2.1)) platnost vztahov

Ipw (Ra, )| <po(Ra)| | (3.12)
[pw (R, )| <R Vpo(Ra)| | (3.13)
Vow (R, t)]| <[ Vpo(Ra)| (3.14)

3.5 Linearizacia vyvoja teploty v ladovej kore

Termalny stav ladovej kory v pociatoénom stave je charakterizovany staci-
onarnym riesenim rovnice vedenia tepla

ATy(r) =0 . (3.15)
Toto rieSenie m4 tvar (pre detailné odvodenie vid Appendix, odstavec |A.1.1))

o RuRd Td - Tu RuTu - Rde
" R,—R;, r R,— Ry

To(r) (3.16)

kde pripominame, ze R,, R4 je horny, resp, spodny polomer ladovej kéry v po-
¢iato¢nom stave systému, analogicky T, T, je teplota na hornej, resp. spodnej
casti ladovej kory v pociato¢nom stave.

Pociatoény stav ladovej kory je teda staciondrny a radidlne tepelné toky na
hraniciach st spojité, t.j. pozadujeme splnenie podmienok

& [AR.1), =0, (3.17)

kde @ oznacuje tepelny tok hranicou a R je polomer hranice Tadovej kory.
V deformovanom stave je vyvoj teploty v ladovej kore popisany zmenou tep-
loty voci pociatocnému stavu

T(7,t) = To(r) + Tr(F, 1) (3.18)

pricom v sulade s pouzitou aproximaciou zmenu teploty povazujeme za mala
v zmysle velkosti a priestorovej zmeny voci teplote v pociato¢nom stave, t.j. plati

T 1)|<|To(r)] (3.19)

VT (7, 1)| <[V To(r)] - (3.20)

3.6 Linearizacia geometrie hranic

Deformacia Tadového telesa ma za nésledok narusenie sférickej symetrie hranic
ladovej kory. Toto narusenie je popisané odchylkou vonkajsej normaly k hranici
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v danom bode 7(7) od radidlneho smeru €, (norméla v poc¢iatoénom stave). Pred-
pokladajme, ze pred deformaciou bola hranica tvorena povrchom sféry s polome-
rom R. V stlade s aproximaciou je mozné normélu po deformécii (reprezentovane;
posunom hranice o vektor vychylky ﬁ(ﬁ)) aproximovat pomocou Taylorovho roz-
voja

ii(R+ @(R)) ~ é.(R) + @(R)-Vé,(R) . (3.21)

Upravou druhého ¢lena dostavame linearizovant rovnicu pre deforméciu hranice
v tvare (analogicky Cadek et al.| [2017])

—

. 1 -
ﬁ(R + ﬁ(R)) ~ é; + Eﬁ(R)(éb@éb + €¢®€¢) ~ 6_;« , (322)

kde €4 a €y oznacuju jednotkové vektory v tangecidlnej rovine k sférickej ploche.

3.7 Linearizacia rovnice kontinuity

3.7.1 Rovnica kontinuity v objeme

Vzhladom na predpoklad konstantnej hustoty ladu nezavislej na mechanickom

a termalnom stave ladovej kory je mozné rovnicu pisat v klasickom tvare
pre nestlacitelni kvapalinu

ViG=0. (3.23)

3.7.2 Rovnica kontinuity na rozhrani

Pre potreby tejto prace je prijatelné povazovat plosnti hustotu rozhrania p? za
nulovu. Tato aproximacia je podmienend definiciou plosnej hustoty podla Slattery
et al.| [2007]

o PW T PI A

2
kde A je hrubka rozhrania, o ktorom predpokladame, Ze je tvorené niekolkymi
molekulami zmesi ladu a vody. Pouzitim uvedenej aproximéacie prechadza rovnica

(1.7) do tvaru

(3.24)

Er[p(v = W)y =0 (3.25)

3.8 Linearizacia pohybovej rovnice

3.8.1 Pohybova rovnica v objeme

V tejto praci uvazujeme jedinu silu posobiacu v ladove; kore a to gravitacnu,
t.j. f = ¢(7,t). Vyuzitim definicie materlaloveJ derivacie , linearizovaného
rozpisu napitového tenzora v lade a hydrostatickej rovnovahy pociatoéného

stavu (3.3) je mozné rovnicu ((1.10)) prepisaﬁ do tvaru

NG
o1 <Ula(:) + T (7, 1)-V T (7, t)) = V-7 (7 t) — prVVs(7t) . (3.26)
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Skélovacia analyza ukazuje (Appendix, odsek |A.2.3)), Ze ¢len na lavej strane je
zanedbatelny voci dalsim ¢lenom v rovnici, teda dalej bude pouzita linearna ap-
roximacia pohybovej rovnice v tvare

V(7 t) = prVVs(7it) - (3.27)

3.8.2 Linearizacia pohybovej rovnice rozhrania

Linearizacia pohybovej rovnice rozhrania spociva v zanedbani druhého
¢lena, ktory je druhého rddu malosti v rychlostiach (analogicky ako v pripade
pohybovej rovnice), voc¢i napatovému clenu. To vedie k podmienke nespojitosti
napatia na rozhrani, ktora je dana povrchovym napéatim

(7, t)- [ (7, )]ty = =V T (F)t) . (3.28)

Dominantny ¢len povrchového napétia je dany dynamickym povrchovym napatim
(vid |Chambat et al.|[2014]), pricom sa da ukézat, ze v tomto pripade ide o efekt
relativne maly (Appendix, odsek a dalej nebude uvazovany.

Vzhladom na aproximéaciu malych posunuti, s ktorou pracuje teoreticky model,
je mozné rovnicu upravit pouzitim Taylorovho rozvoja do prvého radu

v posunuti hranice (3.1) a rozvoja normaly (3.22)) do tvaru
]_ — — — — I —
(e“r + Eﬁ(R)-(e}@e} + €¢®€¢)> . {’T(R, t) +d(R,t)-V7(R, tﬂw ~0, (3.29)
kde R je vektor, ktorého velkost je rovna polomeru hranice R. Dosadenim roz-

kladu napétia (3.5) a vyuzitim podmienok platnosti linearizécie (3.6)), (3.7)) do-

stavame pohybovt rovnicu rozhrania v tvare

I

éw|F(R,t) — (R, 1)-V(po(R)I)|, =0 (3.30)

w
Rovnicu (3.30) je mozné dalej upravit pomocou predpokladu o hydrostatickej

rovnovahe pociatoéného stavu (3.3)) do tvaru

o [F(R.t) — (u (R.0)&)@(og(R)),

=0, (3.31)

kde u"(é, t) je radidlna zlozka posunutia hranice dand vztahom e}ﬁ(ﬁ, t). Po-
sunutie na hornej, resp. dolnej hranici, bude rozlisené pomocou funkénej zavis-
losti na polohovom vektore, t.j. ur(éd, t) oznacuje posunutie na spodnej hranici,
u’"(ﬁiu, t) oznacuje posunutie na hornej hranici, pricom Ry je vektor so sférickymi
sturadnicami (Rg, 6, ¢), kde R, je polomer sféry reprezentujicej spodné rozhra-
nie v podiatoénom stave. Analogicky je definovany R, ako (Ry,0,¢), kde R, je
polomer sféry reprezentujiicej horné rozhranie v pociatocnom stave.

Pohybova rovnica spodného rozhrania

Rovnica (3.31) predstavuje linearizovanti pohybovi rovnicu vSeobecného ro-
zhrania a dalSie zjednoduSenia uz nie su linearizaciou dosiahnutelné. UvaZenim
skoku hustoty na spodnom rozhrani lad /voda a prepisu tenzora prirastku napéatia

vo vode na &isty tlak —pw (R, 6)I = py Vs(7,¢)I prejde rovnica (3.31) do tvaru
& 7r(Ra,t) — (pr — pw)uj(Ra, t)G(Ra) = pw Vs(7 1), . (3.32)
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Pohybova rovnica horného rozhrania

Horné rozhranie ladovej kory je rozhranie typu lad/vakuum. To znamend, ze
skok hustoty je rovny hustote ladu a vo vakuu je nulové napatie. Po dosadeni do
linearizovanej rovnice vseobecného rozhrania vychéadza pohybova rovnica
horného rozhrania v tvare

—

&7 (Ry,t) — prui(Ry, )§(R,) = 0 . (3.33)

3.9 Linearizacia zdkona zachovania energie

3.9.1 Zakon zachovania energie v objeme

Dosadenim materidlovych vztahov (2.2), (2.1)) do rovnice pre zachovanie ener-
gie (1.15)) dostdvame rovnicu pre rozlozenie teploty v ladovej kore

C[,O[DtT[(F, t) = )\[AT[(F, t) + T](F, t) . l[(F, t) . (334)

Vyuzitim vztahu pre materidlovi derivaciu (|1.2)), rozkladu napétia (3.5)) a teploty
(3.18), linearizovanej rovnice kontinuity (3.23)) spolu s predpokladmi platnosti

linearizacie (3.19)), (3.20) dostavame rovnicu v tvare

8TI(F, t) )\] ~ o 1 b -
- AT _ — . T - . ' '
ot o1 (7, t) o7 (7, t)-VTo(r) + CI,OIT (ryt) - Vu(r,t) . (3.35)

Jedina zotrvavajuca nelinearita je posledny ¢len na pravej strane vyjadrujici disi-
péaciu v objeme ladovej kory. Na zaklade skdlovacej analyzy je mozné ukazat (vid
Appendix odstavec , ze tento Clen je radovo mensi ako konvektivny ¢len
(druhy na pravej strane), ktory na zaklade simuldcii neméa vplyv, a teda je mozné
diskutovany napatovy ¢len zanedbat. Vysledna rovnica pre vyvoj teplotného pola
v Tadovej kore je potom

T (7 ~
Ty (7 t) _ A1 ATy (7 t) — T (7, 1) VTy(r) . (3.36)
ot Crpr

3.9.2 Zakon zachovania energie na rozhrani

Prava strana rovnice je nelinedrna v rychlostiach a naviac vyjadruje
lateralne variacie. Vzhladom na malé rychlosti a zaujem o harmonické stupne
s velkou vinovou dizkou pre tcely tejto prace polozime pravi stranu tejto rovnice
rovnu nule. Analogicky je nutné sa vysporiadat s druhym ¢élenom z Taylorovho
rozvoja (3.1)), ktory je nelinedrny a vzhladom na malé posunutia (malé voci hribke
ladovej kory) zanedbatelny voci absoltitnemu ¢lenu. Realizéciou vysledkov tychto
tivah spolu s dosadenim linearizacie normaly dostavame

&, [(0(R. 1) — B(R.0))pe(R,t) — (R, 0)(F.0) + qR.0)] =0, (337)
Druhy ¢len je mozné upravit pomocou rozkladu napatia (3.5)) a rozsirit vyrazom
—po(R)W (ﬁ, t), ktory mé vdaka spojitosti tlaku v pociatoénom stave nulovy skok.
Pomocou rovnice kontinuity na rozhrani je mozné upravit prvy c¢len rovnice
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(3.35) na skok v hustote energie, ktory je nasobeny zachovavajicim sa tokom
hmoty cez rozhranie, ¢im rovnica (3.35)) prejde do tvaru platnom na vSeobecnom
rozhrani

- - — = — I
&, (U1(R,t) — @(R, 1)) pr [e(B, 1) +po(R) /pi |, —
— — — I
—é | (R, 0)-0(R, t) + G(R,1)] =0 (3.38)
Analogicky ako pri posunuti hranic, rychlost horného a spodného rozhrania bude
dalej rozlisend funkcnou zavislostou na polohovom vektore, t.j. W(Rgy,t), resp.
wW(R,,t), oznacuje rychlost spodného, resp. horného rozhrania.

Zachovanie energie na spodnom rozhrani

Na spodnom rozhrani dochadza k fazovej premene medzi ladom a vodou.
Tento proces dava vyznam prvému skokovému c¢lenu v rovnici - ide o skok
v hustote entalpie, ktory sa v tedrii fazovych prechodov nazava skupenské teplo
(v tomto pripade) tuhnutia ladu —L; (je to skok ,hustota entalpie ladu* - , hus-
tota entalpie vody*). Zotrvavajica nelinearita je napéatovy ¢len vyjadrujici skok
vykonu napétovych sil. Je mozné dokazat (vid , ze tento ¢len je maly voci
analogickému ¢lenu s predpatim, ktory je zahrnuty v entalpii, t.j.

&7 (R, 1) <Ipo(Ra)) . (3.39)

¢ize tato nelinearitu je mozné zanedbat. Vysledna linearizovana rovnica zakona
zachovania energie na spodnom rozhrani je v tvare

&v-(pr Ly (01(Ra,t) — 6(Ra,t)) — [d(Ra, )]y ) = 0. (3.40)

Vyraz pre skok tepelného toku je mozné rozviniat do tvaru

- I ~ o
|@(Ra, )] = =N VTi(Rat) — G (Rast) | (3.41)

kde (Tw(éd, t) je perturbécia tepelného toku voci pociatocnému stavu na spodnom
rozhrani.

Zachovanie energie na hornom rozhrani

Na hornom rozhrani je nulovy pociatocny tlak a skok je typu lad/vdkuum.
Nulovy bude aj skok tepelného toku a naviac je mozné ukazat (vid , Ze
nelinearita je znova zanedbatelna v zmysle platnosti

Enr (R, t)|<prer (3.42)

Linearizovana rovnice pre zakon zachovania energie na hornom rozhrani je v tvare

—

Ene(01(Rust) = (R ) = 0. (3.43)
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3.9.3 Vypocet radialnej zlozky posunutia na rozhrani

Nezavisle na polohe rozhrania oznac¢me R polomer definujuci sféru okolo
stredu telesa tvoriacu rozhranie. Pre radialnu zlozku posunutia na hranici potom
z definicie plati

— t —
wh(B,t) = / &.B (R, dt’ . (3.44)
0
Radidlna zlozka rychlosti hranic je dand vztahmi (3.40) a (3.43]), po dosa-

deni do vztahu pre posunutie (3.44)) vychddza pre radialnu zlozku posunutia na
spodnej, resp. hornej hranici

- 3 - - I
Wy (R t) = /0 g, (UI(Rd, ¢ — 7(Ra, t')]w> dt' (3.45)

prLr

—

¢ .
Wh(Ry,t) = /0 &1 (R, t)dt (3.46)

kde [J(ﬁd,t’ )LI/V je definované vztahom (3.41)).

3.10 Linearizacia spojitosti teploty na rozhrani

Na oboch rozhraniach v Tubovolnom okamziku plati rovnica analogicka rovnici
(1.16) vyjadrujica spojitost teploty na rozhrani

Ty(7,t) = Ty = Ty (7,1) (3.47)

kde Ty, je teplota rozhrania, ktora sa nemeni od pociato¢ného stavu v case a vyjad-
ruje jednak fazovi premenu na spodnom rozhrani, ktora prebieha pri konstantne;j
teplote, jednak nepremennu teplotu horného rozhrania. Aplikdciou linearizova-
ného rozkladu teploty a Taylorovho rozvoja na pravu stranu rovnice (3.47))
vychadza

To(R) + Ty (R, t) + (R, 1)-V (To(R) + Ty (R, 1)) =T, . (3.48)

Zanedbanim c¢lenov druhého radu malosti a uvazenim teploty rozhrania v pocia-
tofnom stave, t.j. vyuzitim rovnosti 7o(R) = T}, na oboch rozhraniach, je rovnicou
(3.48]) urcena okrajova podmienka pre prirastkovy clen teploty ako

. - 0T
7y(8,1) = —uy (1) )

(3.49)

r=R

Rovnica (3.49)) plati vSeobecne na oboch rozhraniach v rovnakom tvare.

3.11 Linearizacia reologického modelu

3.11.1 Linearizacia teplotnej zavislosti viskozity

Vztah (2.3)) udéva zavislost jednotlivych creepovych mechanizmov na teplote
a tlaku, ktoré su vSeobecne radialne aj lateralne zavislé. V pripade uvazenia roz-
kladu teploty (3.18)) je mozné sa zbavit nelinearnej laterdlnej zavislosti na teplote
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pomocou Taylorovho rozvoja v tvare

b (i _E TCn\ [ _E
exp (R(To(r) +T(F, t))) ~ (1 RTo() To(r) ) p <RTo(r)> . (3.50)

Vzhladom na predpoklad (3.19) a dalsi vyskyt viskozity v stcine s gradientom
rychlosti v reologickom vztahu ({2.5), ktory je prvého rddu malosti, je vhodné
aproximovat zavislost na teplote absolutnym clenom, t.j.

N~ exp( £ ) : (3.51)

RT()(T‘)

N !

Analogicky je mozné sa vysporiadat so zavislostou na (To(r) + 71(7, t)) . Po-

dobne, ako v pripade rovnice (3.50)) vychddza celkové zavislost viskozity na teplote
v tvare

n ~ T(r) exp (RT?(T)) . (3.52)

3.11.2 Uprava napitovej zavislosti viskozity

Kvoli vypoctovej narocnosti a dalsiemu pouzitiu rozkladu do sférickych har-
monik bude dalej zavislost na napéti aproximovand pomocou prepisu (vid |Cadek
et al. [2017])

GOE \/ 417T /Q TD(F, ) s TD(F, 4)dQ =: 7(r, 1) (3.53)

kde 7 : 7 oznacuje uplné uzenie tenzora T so sebou, {2 ma v tomto vztahu
vyznam priestorového uhla, pricom sa integruje cez cely priestorovy uhol, 7(r,t)
je oznacenie zavedenej velic¢iny.

Dosadenim vztahov (3.52)) a (3.53)) do (2.3) vychddza predpis pre jednotlivé

creepové mechanizmy v tvare

Ti(r)d” L
= ) . 4
Nereep(Ts 1) ARy, t>€Xp RTy(r) (3.54)

3.11.3 Uprava viskoelastickej reolégie

Uvazenim rozkladu napétia (3.5) a predpisu pre jednotlivé creepy (3.54) vy-
chadza dosadenim do vztahu pre viskoelasticku reolégiu (2.5) (objektivnu deri-
vaciu D, linearizujeme jednoduchym prechodom k parcidlnej casovej derivacii)

() 0P (7))
Hr ot '

FP (1) = ne(r,t) (VO (7, £) + (VI (7,1)T) = (3.55)

Modul torzie Tadu p povazujeme za konstantu vramci ladovej kory.
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4. Harmonicky rozklad rovnic

Rovnice popisujice vyvoj systému z pociatocného, sféricky symetrického stavu
maju charakter sustavy parcidlnych diferencidlnych rovnic. Takato sustava je
prakticky fazko riesitelnd priamo, najma ak st zahrnuté zlozitejsie efekty ako
napr. napatova a teplotnd zavislost viskozity. Vsetky aproximacie riadiacich rov-
nic uvedené v praci viedli k linearizacii rovnic v lateralnej zavislosti prirastkovych
¢lenov. Dovodom je pouzitie harmonického rozkladu a prechod od stustavy parc.
diferencialnych rovnic k stustave obycajnych diferencialnych rovnic pre kazdy har-
monicky stupen zvlast.

4.1 Zhrnutie riadiacich rovnic v linearizovanom
tvare

Zapis rovnic z predchadzajucich kapitol obsahuje zlozitejSie znacenie, ako je
nutné pre dalsie pokracovanie prace. Specidlne nie je nutné indexovat prirastkové
veli¢iny (77, U7, Ty, i 1), pretoze vypoctovou oblastou je sféricky symetrickd mno-
zina ohranicend sférami s polomermi Ry, R, (vid obrdzok vyplnena Tadom.
V uvazovanej vypocetnej oblasti bude rieSend nasledovna stustava parcialnych di-
ferencidlnych rovnic

Vi(7t) =0, (4.1)
VA ) = pr V(7 1) | (4.2)
OT(Ft) A a0 L OTy(r)
= AT(7t) — t)-e,——— 4.
o = AT () (43)
s okrajovymi podmienkami v tvare
&7 (Ra,t) — Apg(Ra)u" (Ra, 1)é, = pwVs(Ra, 1)E, (4.4)
&7 (Ru,t) + prg(R)u" (R, t)é, = 0 (4.5)
I . 0T,
P(Rat) = —ur (2R (4.6)
87” r=Rg
. " oT;
TR t) = —ur(B 2R (4.7)
87" r=R,

kde bol pre jednoduchost zavedeny hustotny skok Ap = py — py v rovnici (4.4)).
Okrajova vazba medzi termalnou a mechanickou sustavou je realizovand nasle-
dovnymi vztahmi

> t—» s Y] 1 = SO — S5 /
’U,T(Rd,t) :/O €r~<’l}<Rd,t)+p]Ll (/\[VT(Rd,t)—FqW(Rd,t)))dt , (48)

. t -
uW@ﬂ:Aaﬂ&jWﬂ (4.9)
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V lade je predpisana viskoelasticka reologia zvazujica napétie a rychlost vztahom
(r,t) OTP (7, ¢)
Hr ot 7

kde 7P znad¢i deviatorickt cast tenzora a zavislost viskozity Tadu n;(r,t) bola
detailne diskutovana v kapitolach 2 a 3.

FO(7t) — i (r, ) (V7 1) + (V7 1)) = = (4.10)

4.2 Rozklad rovnic

Rovnice ([.1))-([4.10)) budi rozloZené na jednotlivé harmonické stupne dosade-
nim predpisu (pre podrobnosti vid Appendix B, resp. [Matas| [1995])

oo J

=3 Y Tim(r,0)Y;m(6,¢) , (4.11)

Jj=0m=—j

_Y S @ Yml0,0) (12)

J J+1

-y > ()Y (0,6) (4.13)

Jj=0m=—ji=|j—1|

2 j+k

Z Z o> A )Y r(6,9) (4.14)

j=0m=—j k=0 I=|j—k|

kde Ty, (r,t), uf,, (1), vk, (r,t), 7/k (r, 1) st harmonické koeficienty Jednothvych
Veliéin na stupnl Ja rade m. Dosadenlm vztahov | - - ) do rovnic
a vyuzitim vlastnost{ sférikych harmonik (vid Appendix B a [Matas [1995])
sa vznlkajuca ststava rovnic rozpada na dve nezav1sle sustavy, z ktorych prva
spaja harmonické koeficienty 2)] ), v Vi, M t), T (7“ t), ]mw(r t), T (7‘ t),
Tjntn(r t), Tjm(r,t) v ststave rovnic a k nim prldava koeficienty u]m(Rd, t),

o (B, t) v okrajovych podmienkach, zatial ¢o druhd sistava spdja harmonické
koeﬁcienty vg (r,t), ]Jml(r t), ]]ntl(r t). Pravé strany a okrajové podmienky dru-
hej ststavy su identicky nulové, ¢o implikuje identicky nulové riesenie. Preto sa

dakej obmedzime len na prva stustavu rovnic a s nou suvisiace koeficienty.

4.2.1 Harmonicky rozklad potencialu Vj

Detailné odvodenie harmonického rozkladu potencialu generovaného topogra-
fiou hranic je mozné néjst v praci Matas| [1995]. Na tomto mieste bude uvedeny
len vysledny tvar harmonickych koeficientov Vj,,(r), pre ktoré plati

Arkr [/ Ry\’T? ; r\ITh
Vim(r,t) = _2]' 1 <(7“d) Apuj,, (Ra,t) + <Ru) plujm(Ru,t)> , (4.15)

kde k oznacuje vSeobecnu gravitacnu konstantu.
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4.2.2 Rozklad objemovych rovnic
Harmonicky rozklad rovnic (4.1)), (4.2)), (4.3) ma tvar

(0 j—1)\ 4 : o j+2

\/‘;<87’_]7‘ >U§m1(rvt>_\/]+1<ar—jr >U§:,FL1(7’ t)y=0, (4.16)

—_ # g Jj+1 jo J—1 ﬁ_j—Q j—2,2
\/E(ar—f— ; >ij(7",t>+ 2j—1<87“ | Tim (r,t)

1
G+DEj+3) (0  J+1) 5 _
¢6(2' D2 1<+ >ijm(r,t)—

or r

| s
- 47m-(7") Pl (Ry) (4.17)

Jj+1 0 J\ _jo j(25 —1) o i\ e
3(2j+1) ((97” N 7“>ij<7"7 f+ J 6(25 +3)(25 + 1) (87“ - T>ij(7“, t)

1 J+2
= — j—:_ 47m<Rd> Apprul, (Ra), (4.18)

OTjm(rt) _ M (1 ) (r a) j(j+1>>T, (rt) —

ot cipr \r2 or

 RWRq T, T4 g+1 (4.19)
R, — Rd r2 27 + 1 2] T '

Pri tprave rovnice ) bol vyuzity vztah (| - pomocou ktorého bol vyjad-
reny gradient pomatocneho teplotného pola VTy(r).

4.2.3 Rozklad okrajovych podmienok
Rozklad okrajovych podmlenok . . . . je v tvare

G 1) 2]+3)
\l6( J+1)(QJ —1)" il Fart) =
— 2J+ - Apg(Ra)ufy,(Ra,t) + 2jj+1ij(Rd,t) , (4.20)

j(25 - 1)
3(2) + 1)ij<Rd’t> * J 6(2j + 1)(2j +3) (R ) =




1/ ,/ J“R 1)
2]+1 Fut -1

1)(25 4 3) 32
- J 6(2) + 1)(2j — 1) ) =

J+1 j(2j 1) 2
\/ Ryt . P2(R,,t
2j+1 ( )+ \l6(2]+1)(2]+3) m )=
I3 gerp = ST Ry (R (4.23)
2]+3 u7 2]+1 1 d m Uy Y .

R, T, —1T;

2j+1919(Rd) (Rust) , (4.22)

jm Rd, ) - RdR Rd ;m(Rda ) 9 (424>
Ry T,—Ty ,
Tim (R ) = = 3" 5 o Wi (Fs ) (4.25)

4.2.4 Rozklad posunutia hranic
Rozklad vztahov pre posunutie (4.8)), (4.9) je v tvare

(Ra,t) /m(\ﬂvjf;f(z%d,t) \/mv]+1(Rd,t’)>+

1 8ij(Rd,t/) , ,
" (R 4.2
Lipr <)\I or G (B, )t (4.26)

t 1 :
0 (Fust) = | m(ﬁvﬁml(Ru,t’)—y/]—klvﬁl(R {))ar, (120)

kde je pre jednoduchost zavedené oznacenie pre radidlnu cast prirastku tepelného
toku q;m(Rd,t,) = (é}'q_'W(Rd,t’))jm

4.2.5 Rozklad viskozity a reologického modelu

Harmonicky rozklad viskozity ladu sa opiera o ortonormalitu zvoleného tvaru
systému sférickych harmonik vyjadrent vztahom (B.3)). Dosadenim harmonického
rozkladu napétia (4.14) do (3.53)) vychédza

JMZZ(\ 22 )|+ [ )| +jrj$2’2(r,t)]2). (4.28)

V reologickom predpise (3.55) sa vyskytuje clen tvaru Vo (7, t)+(Vo (7, t))". Jedné
sa o symetricky tenzor, ktory je naviac vdaka rovnici kontinuity (4.1)) bezostopy,

t.j. v jeho harmonickom rozvoji sa uplatnia len ¢leny s indexom k = 2 (vid Matas
[1995]) a rozklad reologického predpisu (3.55)) je v tvare

(100 g

pr Ot
= 2;(r, t) U (AR e Y t) (4.29)
G 2j—1\or r)7" '
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(22000

= 277[ T t \l 2] _ 1) 2] + ) ar r U]m (r t>+

j(25—1) g  J+2\ i
+ 2n(r, t)$ 62 + 1)2j 1 3) ((97“ + 7“) virt(rt) (4.30)

(1 + ni(r, ) 8)7%2,2(7,’ t) =

pr Ot
i+2 (0 j+1\ ;
2j+3<8r_ . )vg;f(r,t). (4.31)

= —2?7[(7’, t)

4.3 Harmonickad analyza podmienok platnosti
linearizacie

Linearizacia riadiacich rovnic je platna len za predpokladov , , ,
. Je teda nutné pocas vypoctu kontrolovat platnost tychto obmedzeni, pri-
c¢om vzhladom na charakter vypoctu je najvyhodnejsie namiesto velkosti pouzit
normu L?*(9B,(0)), kde B,(0) je sféra s polomerom r so stredom v pociatku st-
radnicovej sustavy. Vyhodou je jednoducha implementécia vyuzitim ortogonality
sférickych harmonik , ¢o v pripade podmienok kladenych na napatie vedie
k vztahom (pre jednoduchost budii vynechané premenné koeficientov a tlaku py,
pretoze vsetky veliciny su radialne zavislé a podmienky na napatie sa obmedzuju
len na rozhrania, t.j. R reprezentuje polomer sféry definujticej rozhranie)

! 2,2 +2,2 Ipo
FEE (R o el )]
.12 . 2 ) ] 9
L (|l o ol o ) o
4 ]zm: or | or T or + ar < ol (4.33)

Podmienky kladené na teplotu je nutné testovat vramci celej Tadovej kory v tvare

= LY T P<ITl (4.34)
im

1 OTym [ J(]+1)| 2 Ty
4 o or gm

<[5 (4.35)
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5. Numericka aproximacia a
priblizné riesenie rovnic
Od vseobecnych rovnic popisujucich deformaciu ladovych mesiacov odvode-

nych v prvej kapitole sme sa posunuli k jednochsej stistave rovnic pre kazdy har-
monicky stupen a rad zvlast (vid kapitoly 3 a 4). Neznamyrm tejto sustavy parc1al—

nych diferencidlnych rovni st ng;l(r, t), 5;1(7‘ t), T (7" t), ]jm2 2(r,t), T (r t),
7']];2 ?(r,t), Tjm(r,t). Pretoze ststava je na analytlcke riesenie prilis zloz1ta, bude

pomocou caso-priestorovej diskretizacie prevedena na ststavu linearnych algeb-
raickych rovnic. Presnejsie, kvoli jednoduchsej numerickej implementéacii bude
stustava prevedena na dve ovplyviniujice sa stustavy linearnych algebraickych rov-
nic, ktoré budu v kazdom c¢asovom kroku rieSené po sebe vo vhodnom poradi.
Prva sustava je tvorena diskretizovanymi mechanickymi rovnicami a ich okra-
jovymi podmienkami (4.16)), (4.17), (4.18), (4.20), (4.21), (4.22), (4.23), (4.29),
(14.30)), . Druhé ststava je tvorena diskretizovanou rovnicou vedenia tepla
a jej okrajovymi podmienkami (4.19)), (4.24)), (4.25). Zékladom priestorovej dis-
kretizacie rovnic je rozdelenie ladovej kory na ekvidistantne rozlozené stustredné
sféry, ktorych vzdialenost bude oznacena Ar. Na druhej strane, zdkladom ca-
sovej diskretizacie je prechod od spojitej premennej ¢t k postupnosti diskrétne
rozloienych bodov {tk}z o> pricom tzv. 5asovy krok bude oznaéenie pre Veliéinu

.....

diskretizacie venovany v nasledmmch odstavcoch a pri prikladoch.

Obe sustavy rovnic (dalej pojmom sustava rovnic myslime ststavu algebraic-
kych rovnic vzniknutych diskretizaciou) je mozné zapisat v kompaktnom matico-
vom tvare

Amech(]aAT At ) mech - bmech(w;n_eih’x:fiﬂlp) 9 (51)
Agermp(J, Ar, Aty )xbem™? = — plemp (gmech glempy (5.2)

kde nezndmymi vektormi x™¢" gt gt hodnoty skiimanych veli¢in (koeficienty

napatia, rychlosti a teploty) v Case t, a tvar matic Apeqn(J, Ar, At,), resp.
Apemp(J, Ar, At,) (pre jednoduchost je vynechand zavislost na polohe v Tadovej
kore a Case, ktord pre pochopenie rozkladu rovnic nie je vyznand), bude odvodeny
v dalsich kapitolach s dorazom kladenym na rychlost vypoctu. Schematicky zapis
postupu rieSenia ziskanej ststavy ststav rovnic je vyobrazeny na obrdzku [5.1]

5.1 Diskretizacia rovnic

Pre zjednodusenie zapisu je dalej spodny dvojity index oznacujici stupen
a rad harmonického rozvoja jm nahradeny dvojitym indexom oznacujicim pozi-
ciu v casovej diskretizacii n a poziciu v priestorovej diskretizacii ¢, t.j. napr. pre
rychlost plati vj;l (rf,t,) = v); , kde symbol r} oznacuje vedlajsiu sféru priesto-
rovej diskretizacie (podrobnosti v dalsich odstavcoch).
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Obr. 5.1: Casova slucka riesenia problému.

Poc. sféricky
symetricky stav.

}

Variacia
tepelného
toku.
n=1
Vypocet
P . n=n+l
posunutia na e T
hraniciach.
Riesenie mech. xtemp

sustavy rovnic.

! 1

mech Riesenie term.
n sustavy rovnic.

5.1.1 Priestorova diskretizacia

Ladové kora je diskretizovand na N hlavngch sfér s polomermi [r;]Y,, kde
rn = Rqgary =mr+Ar Ar = %. Vedlajsia siet je tvorena N sférami
Q}N
2 li=1
datkovou (N+1)-vou sférou s polomerom 7}, = ry+4~. Na sférach hlavnej siete

. ; : a0 j-22 52 j+22
st dané hodnoty koeficientov napatia 72/, 7/7%%, 727, 77+

ni’ 'ni

. , na sférach vedlajsej
siete naopak hodnoty koeficientov rychlosti v/ ', v/ a teploty T,;. Schematické
znézornenie takého usporiadania je uvedené na obrdzku[5.3

*

(posunutymi o Ar/2 nadol voc¢i havnej sieti) s polomermi [r,

; a do-

Obr. 5.2: Znizornenie diskretizacie a koeficientov.

o T e
-
riil vé;] »v%] e
;: — = T,{io Z_r{i-z,z z_,{iz z_’{:z,z - = —
* V;L_ l Vi: 1 Tm‘
R et e

— —

Priestorové derivacie v rovniciach st nahradené jednoduchymi diferenciami
pomocou predpisu
Of (rist) _f(ri+Ar/2,t) — f(ri — Ar/2,1)

or ~ Ar ’ (5.3)

Pf(rt) flr+Art)=2f(r,t) + f(r — Ar,t)

oz Ar? ' (54)
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Prirodzené je teda prvé priestorové derivacie napatovych koefientov pocitat na
sférach vedlajSej siete, naopak prvé priestorové derivacie teplotného a rychlost-
nych koeficientov na sférach hlavnej siete - toto delenie vystihuje vyskyt veli¢in
a ich derivacii v rovniciach —. Analogicky druhé priestorova derivacia
teplotnych koeficientov je pocitana na sférach vedlajsej diskretizécie.

5.1.2 Casova diskretizacia

7, casového hladiska diskretizacia spociva vo vyuziti diskrétneho casového
kroku Aty, ktory sa vzhladom na potrebu simulovat spravanie systému na ve-
Ikych casovych skalach bude menif. Pripominame, Ze jednotlivé casové kroky su
indexované indexom k a plati t;, — t;_1 = Aty. Casova derivacia bude nahradena
analogicky vztahu pomocou predpisu Eulerovej doprednej schémy

of (r,t) _flr,t) — f(r,t — At)
ot At '

(5.5)

5.1.3 Diskretizacie niektorych rovnic

Vzhladom na jednoduchost diskretizacie rovnic bude uvedenych 5 prikladov

. . s s . . . ’ . . Fi—1
diskretizacie, a to rovnica kontinuity, pohybova rovnica na harmonike Yfm , Te-

o . 1—2.2 . . . . . .
olégia na harmonike Y} "=, rovnica vedenia tepla a posunutie na spodnej hranici.

Diskretizacia rovnice kontinuity

Diskretizécia rovnice (4.16) mé tvar
L g1y : ( L g+ 2) j+1
_ — , 1 — 7
ﬁ( Ar  2ry )Um VI Ar  2ry K
1 1N : < 1 j+2) o
= A 1(——— L0 5.6
+\/;(AT o )Un,H—l +/J+ Ar o Un,it+1 ( )

Diskretizacia pohybovej rovnice

Diskretizdcia rovnice (4.17) méa tvar

J 1 Jj+1 0 Jj—1 1 J—2 §—2,2
32+ \Ar g+ " 2j—1\ Ar riq 4mr) "

_|_

N—————
S\L,
33
+
A .

[
| =
VS N
I>‘H
3
|
&3
<
Tl
+ N}
3
N———
=t
b
[N}
+

b ( 1 j+1

32+ 1)\ Ar 1ty
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Diskretizacia reologického predpisu

Diskretizdcia rovnice (4.29)) ma tvar

g—1 ( 1 J ) j—1 ﬁI(Ti,tnfl) 1 j—2,2
9 ) —(— - L . 1+ —— ;7
17[(7“) 2 “1\Ar o Uyt + 11 Al Thi +

Jg—1 < 1 J ) o1 (T tao1) 1 oo
mr(ri)y | 2 (—— — L M tnot) 2 322 58
+ nI(T) 2] . 1 AT' 27,,2 Un Z+1 ,UI AtTn 1,3 ( )

Diskretizacia rovnice vedenia tepla

Diskretizacia rovnice (4.19) ma tvar

- Tn i—1
ri1 + 1 Ar ’
2
T 2 Cipr 1
) T = BT -
<7"i 1+7’z'A7“> o A At, "Th

_apr RuRg NT, —Tg) (| g+l g+1
Ar Ry — Ry (rioq +1;)? 2]+ 27 + '

Diskretizacia vztahu pre posunutie na hornom rozhrani

cpr 1 il 4G+ DAY L
Ar At, ((riy + T,-)Ar)z "

Integral obsiahnuty vo vztahu pre posunutie na spodnej hranici (4.27) bude
aproximovany pomocou lichobeznikového pravidla, ¢im rovnica ziska tvar

J—1, .71 J+1 Jj+
=Ung TUNF1LE - +v N+1k At +Atg g
un(Ra) = Sio} ey (VR - RIS St

J+1,  J+1

v n+ J ! n v n+’l} n
+3 v <\/7 T mw>Atn ’ (5.10)

kde u,(R,) = u},,(Ry,t,). Analogicky je diskretizovand aj rovnica pre posunutie
na spodnom rozhrani. Jediny rozdiel je v pridavnych tepelnych ¢lenoch. Zatial ¢o
tepelny tok je dany, gradient teplotného pola 8?’” je urceny na zaklade hodnot
koeficientov 1,1 1, T,,—1,2, t.j. na zdklade vysledkov predoslého ¢asového kroku.

5.2 Formadalny zapis ziskanej stustavy linearnych
algebraickych rovnic

Diskretizaciou rovnic vychadza sustava linedarna algebraickych rovnic pre
(6N +2)+ (N +1) nezndmych (v poradi nezndme mechanickej sistavy a nezname
teplotnej sistavy rovnic). Dalej budi analyzované obe stistavy samostatne.

5.2.1 Sdustava mechanickych rovnic

Premennymi mechanickej stustavy rovnic si v kazdom ¢asovom kroku koefie-

: ¢ |, -1 g+l 0 __j—=2,2 52 _j+2.2 Jj—1 J+1
cienty v nasledovnom poradi [U U Tois T, Tois T, o Un N1 Un N

nt »%ni v 'niy ‘ne vy Inty Ing
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K tymto 6 N +2 nezndmym prisliicha 6 N 42 rovnic, ktoré je mozné kompaktne za-
pisat v tvare maticovej rovnice (5.1)), ktorej maticu je mozné schematicky zapisat
nasledovne

Spodné rozhranie (2 riadky)

Rovnica kontinuity (1 riadok) (1) — krat
Reologicka rovnica (3 riadky)

Aoen, = Pohybova rovnica (2 riadky) ) (5.11)
Rovnica kontinuity (1 riadok) | (n—1) — krat
Reologicka rovnica (3 riadky)

(Horné rozhranie (2 riadky)) (1) — krat

Koeficienty matice plynt z diskretizdcie mechanickych rovnic. Poradie nezna-
mych, a teda aj poradie riadkov matice, nie je volené ndhodne, ale tato volba
poradia dava symetrickil pasovi maticu so Sirkou pasu 15. Tento tvar matice je
vhodny pre néasledné riesenie vzniknutej sistavy sSpecializovanymi riesi¢mi.

5.2.2 Sustava teplotnych rovnic

Premennymi teplotnej ststavy rovnic si v kazdom casovom kroku koeficienty

[Tm]f\g{l K tymto N 41 nezndmym prislicha N + 1 rovnic kompaktne zapisanych

v maticovom tvare s maticou stustavy v schematickom tvare

Spodné rozhranie (1) — krat
Ajemp = | Rovnica vedenia tepla (n—1) —krat | . (5.12)
Horné rozhranie (1) — krat

Matica teplotnej sustavy Ajenm, je tridiagondlna matica, ktorej koeficienty plynu
z diskretizacie teplotnych rovnic.

5.3 Numericka analyza podmienok linearizacie

Harmonicky prepis podmienok linearizacie (4.32)) - (4.35) neobsahuje ¢leny,

ktoré by potrebovali blizsi komentar, preto na tomto mieste vynechame nume-
ricky prepis podmienok spocivajici v dosadeni aproximdcie derivécie v tvare ((5.3))
do podmienok. Pre ilustraciu bude uvedeny len zapis podmienok kladenych na

hodnoty napétia a teploty, t.j. rovnic (4.32)), (4.34))

12 12 12 o2
i S (" + 2 2+ 22
1 1
i1V} MEE <5 (5.13)
1 Tni+Tn,i 2
max \/M 2 2 <1 (5.14)
ie{1,2,..,N} To(rs) ' '
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6. Vysledky simulacii a diskusia

Rovnice plyntce z harmonického rozkladu a néslednej diskretizacie riadiacich
rovnic boli prepisané do formy programu v jazyku Fortran95, pomocou ktorého
boli ziskané vysledky v tvare topografii vznikajicich na ladovych mesiacoch En-
celadus, Eurépa a Titan. Vzhladom na vysledky z ¢lanku Cadek et al.| [2017], je
ako reprezentativny model Tadovej kory zvoleny tzv. referencny model pracujici
s hodnotami parametrov zhrnutymi v nasledovnej tabulke

Tabulka 6.1: Hodnoty parametrov ladovej kory v referenénom modeli.

Parameter Hodnota

d 1 mm
djo 1 mW.m™2
Neutof f 1022 Pa.s

Pre kazdy z mesiacov je uvedena sada vysledkov, ktora zacina vykreslenim
normovanej topografie definovanej vztahom (vid (Cadek et al. [2017])

_ pruiy(Ry,t)g(Ry) fﬁ
Snlt) = (ow — pr)uio(Ra, t)g(Ra) R (6.1)

dalej obsahuje posunutie na spodnej hranici, radialnu rychlost tecenia ladu na
spodnej hranici a maximum druhého invariantu napéatia v ladovej kore na harmo-
nickom stupni j0. Vysledky st prezentované pre parametre referenéného modelu
a nasledne pre zmenu kazdého z parametrov referenéného modelu samostatne.
Sadu vysledkov pre dany mesiac uzatvara skiimanie platnosti linearizacie pre re-
ferenc¢né nastenie parametrov. Spolu s podmienkami , , , je
skimana oblast platnosti tzv. Drucker-Pragerovho kritéria, ktoré urcuje oblast
platnosti reologického predpisu. Toto kritérium je v pripade ladovych mesiacov
vyjadrené vztahom

77 1)| < 0.15po(r) - (6.2)

Prepis vztahu do sférickych harmonik a nésledns diskretizdcia je analo-
gickd postupu pri podmienkach platnosti linearizdcie teérie (vyuzitie L? normy
a vlastnosti harmonik) a na tomto mieste bude vynechany. Vysledky testovania
podmienky plasticity budi uvedené v tvare percentualneho zastipenia hrubky
Tadovej kory (od spodného rozhrania), v ktorom podmienka plati.

6.1 Testovanie programu

Vytvoreny program bol testovany po kusoch. To znamena, ze cast programu
pocitajuca mechanickt stistavu rovnic bola testovand pomocou podobného prog-
ramu vytvorenom prof. Cadekom, analogicky bola testované ¢ast programu poci-
tajica teplotni sistavu rovnic pomocou programu prof. Cadeka. Spravnost kom-
pletného programu je podmienend spravnostou jednotlivych casti a spojitostou
priebehov topografii pri testoch pre zadané hodnoty parametrov redlnych mesia-
Cov.
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6.2 Enceladus

V pripade simulécii pre teleso velkosti Enceladu st vysledky podobné vysled-
kom, ktoré boli dosiahnuté v praci Cadek et al.| [2017]. Limitny stav izostazy
Tadovej kory dosiahnu harmonické stupne j<11 (vid obrcizok, pricom priebeh
normovanej topografie takmer nezavisi na velkosti ladového zrna d alebo velkosti
tepelného toku na danom harmonickom stupni - g;o. Hodnota ohranicenia visko-
Zity Neutors VPIyva na cas, ktory ladova kora potrebuje na dosiahnutie izostazy,
pretoze s rasticou hodnotou klesa mobilita ladu na hornom rozhrani, ¢im brzdi
vyvoj topografie na hornom rozhrani.

Topografia na spodnom rozhrani dosahuje maximum pri velkosti zrna ladu
1 mm a 10 mm v éase 2x 107 —4x 107 rokov nezavisle na nastaveni tepelného toku
a ohranicenia viskozity na hornom rozhrani (vid obrdzok. Pre malé zrno, t.j.
0.1 mm, konverguje topografia priblize 100-krat rychlejsie. Tieto radikalne roz-
diely st dané silnou zavislostou difiznej ¢asti viskozity na tomto parametri (prave
diftzna zlozka viskozity je najvyznamnejsia vzhladom na malé hodnoty druhého
invariantu napétia - podrobnejsie diskutované neskor). Velkost topografie klesa
nelinearne s klesajucou velostou zrna - dovod je analogicky, ako pri konvergencom
case, a to klesajica viskozita dovoluje Tadu sa roztiect skor a tym zastavit vy-
voj topografie (vid rovnicu ([3.40))). Na velkosti tepelného toku topografia zavisi
priblizne linearne.

Rychlost tecenia ladu na spodnom rozhrani je zo sledovanych veli¢in najsilne-
jsie ovplyvnend préce velkostou ladového zrna - vid obrdzok [6.5 Podrobnejsiemu
skimaniu bude v tejto praci podrobeny harmonicky stupen 2, na ktorom docha-
dza k najvyraznejsim efektom. Rovnica déva podmienku platni v limite
ustéleného stavu v tvare (pre vSeobecny harmonicky stupen)

Ar 0T, 1
1 9Lm 0. (6.3)

vm(Ra) + T
m(Fia) prLr Or l=r, prL;”’

V pripade malého zrna (0.1 mm) je zrejmé, ze vSetok tepelny tok, t.j. krystaliza-
cia/topenie ladu, je vyrovnany prudkym tecenim na spodnej strane ladovej kory.
S rasticou velkostou lTadového zrna sa zvysuje prispevok gradientu teplotného
pola na vyrovnani tepelného toku, az v pripade velkého zrna (10 mm) na har-
monickom stupni 2 Tad uz netecie a vSetok tepelny tok je vyrovnany gradientom
tepelného pola v Tadovej kore (to stuvisi s narastom velkej topografie, ktord musi
vytvorit dostatoény kontrast v teplotom poli).

Druhy invariant napéatia v pripade mesiaca velkosti Enceladus neprekracuje
v referen¢nom stave hranicu 10° Pa (obrdzok, pri ktorej by sa zacali prejavovat
mechanické creepové mechanizmy, ktorych velkost je mozné len odhadovat (kvoli
¢asovej naroc¢nosti vypoctu) prave pomocou velkosti napétia.

Linearizovand tedria je v pripade referenéného stavu v oblasti platnosti (0b-
razok . S rasticou velkostou zrna vsSak rastica topografia zvysuje teplotny
kontrast a gradient teploty ako aj samotna teplota prestavaji splitat podmienky
platnosti linearizacie.
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Obr. 6.1: Normovana topografia za roznych podmienok na roéznych harmonic-
kych stupitioch j, Enceladus. Referen¢ny stav je popisany parametrami neyofs =

10%? Pa.s, d = 107* m, gjo

1072 W.m~2. Porovnanie s referenénym stavom

(¢iarkovand ¢iara) je dosiahnuté zmenou jedného z parametrov pri zachovani os-

tat

nych.
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Obr. 6.2: Topografia na spodnom rozhrani za réznych podmienok na roznych
harmonickych stupnoch j, Enceladus. Referen¢ny stav je popisany parametrami
Neutoff = 1022 Pa.s, d = 107% m, ¢jo = 1072 W.m 2. Porovnanie s referenénym sta-
vom (Ciarkovand ¢iara) je dosiahnuté zmenou jedného z parametrov pri zachovani
ostatnych.
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Obr. 6.3: Rychlost ladu na spodnom rozhrani za réznych podmienok na roéznych
harmonickych stupnoch j, Enceladus. Referen¢ny stav je popisany parametrami
Neutoff = 1022 Pa.s, d = 107% m, ¢jo = 1072 W.m 2. Porovnanie s referenénym sta-
vom (Ciarkovand ¢iara) je dosiahnuté zmenou jedného z parametrov pri zachovani
ostatnych.

(a) Referenény stav

0)0; T T T o | ‘{

Vio [mm/rok]

07E
08F

09F =
le+03 le+04 le+05 1e+06 le+07 1e+08
Cas [rok]
(b)d=10"2m
E T T T T T T UL | ] E ™
0,00E E 0.0F
005 O1E E
: 02 ]
.10f 030 A E
£ 015) % 04F ) 3
E F H E R S ]
£ -0,5F -
E 020} E E
5= o = -06F E
025E 527 075 [—j=2 3
030f | =8 08f | =8 3
Floj=14 ook [T IEH AN N E
035F |— j=20 E e =20 E
E R N | . SLOE il i i i il il i il
le+05 1e+06 1e+07 1e+08 1e+00 le+01 1e+02 1e+03 le+04 1e+05 le+06 1e+07 1e+08
Cas [rok] Cas [rok]
o — -3 -2 _ 24
(d) gjo=10"" W.m (€) Neutofs = 10%* Pas
0.00E T T o AL | T B! 0,0;_ T T LR | LR | 3
001f ] 01F ]
_0,025 _0,2;_ _;
0.03f 030 3
= E = £ ]
£ 004f £ -04F E
g E g E <
E -00sf E -05F 3
2, F 2, o ]
7 -0,06F 7060 E
F—j=2 E[—i=2 E
.0,07;* j=8 0,7E i=8 ]
008F | j=14 1 08| j=14 N o~ 3
F|l— 1= 2 ] El— 1= ]
0.09% ! \0 I I I I E 098 : 2\0 I I I I E
1e+03 le+04 le+05 1e+06 1e+07 1e+08 1e+03 le+04 le+05 1e+06 1e+07 1e+08
Cas [rok] Cas [rok]

33



Obr. 6.4: Maximum druhého invariantu napatia v ladovej kore za réznych podmie-
nok na roznych harmonickych stupnoch j, Enceladus. Referencény stav je popisany
parametrami feopr = 1022 Pa.s, d = 107° m, ¢jo = 1072 W.m 2. Porovnanie s re-
ferenénym stavom (Ciarkovana ¢iara) je dosiahnuté zmenou jedného z parametrov
pri zachovani ostatnych.
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Obr. 6.5: Kontrola podmienok linearezacie , (3.7), (3.19), (3.20) v Iadovej kore

za podmienok referenc¢ného stavu na réznych harmonickych stupnoch j, Encela-
dus. Referencny stav je popisany parametrami neuorr = 102 Pa.s, d = 1073 m,
qjo = 1072 W.m~2.
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6.3 Eurdépa

Eurépa predstavuje teleso s relativne tenkou ladovou kérou (voéi svojej ve-
Tkosti), ¢o favorizuje elasticki deformaciu a deformécia spodného rozhrania sa
prejavuje na hornom rozhrani takmer okamzite (vid obrdzok . Na rozdiel od
Enceladu sa vdaka tomu stav izostazy dosahuje priblizne 10x skoér ako dokonver-
guje samotnd topografia na spodnom rozhrani a dosiahnu ho aj relativne vysoké
harmonické stupne (j<20). Velkost ladového zrna d ovplyviiuje najmé pomerné
zastupenie elastickej zlozky deformdcie, ¢im urychluje/spomaluje odozvu horného
rozhrania na zataz na spodnom rozhrani a urcuje hodnoty normovanej topogra-
fie v prvych rokoch vyvoja. Nastavenie parametra n...rs ovplyvituje cas, ktory
potrebuje Eurépa na dosiahnutie stavu izostazy analogicky ako na Encelade. Na
velkosti tepelného toku priebeh normovanej topografie nezavisi.

Samotna topografia na spodnom rozhrani na telese velkosti Eurépy dosahuje
rovnovazny stav priblizne v rovnakom case ako za rovnakych podmienok na te-
lese velkosti Enceladu (vid obrdzok - na rozdiel od normovanej topografie,
ktora dosahuje rovnovazny stav priblizne 100x rychlejsie. Najsilnejsie topografia
zavisi na velkosti Jadového zrna. Analogicky Enceladu, pri velkosti ladového zrna
1 mm, resp. 10 mm, je konvergenény c¢as priblizne rovnaky, a to 2x107 — 10®
rokov, avSak v pripade malého Tadového zrna (0.1 mm) konverguje topografia az
100x rychlejsie. Vysvetlenie je analogické ako v pripade Enceladu - zaklada sa na
silnej zavislosti viskozity na velkosti ladového zrna, pricom viskozita urcuje, ako
rychlo sa Tad roztecie a zastavi narast topografie. Zasadny rozdiel je vo velkosti
topografie v pripade, ze v ladovej kére udrzujeme velké zrno (10 mm). Na En-
celade topografia narastla priblizne 2x vacsia voc¢i referencnému stavu, zatial ¢o
na Eurdpe sa topografia zvicsila 10-nasobne. Dovodom je vyssia teplota povr-
chu Eurépy, ktora zmensuje gradient teplotného pola v pociatoénom stave. Ten
vstupuje do okrajovej podmienky a znizuje teplotny kontrast medzi hrani-
cami. Pretoze velké ladové zrno zvysuje viskozitu, a teda ovplyviuje rychlost (vid
obrdzok, je gradient teploty veli¢ina kompenzujica tepelny tok. Pretoze per-
turbacii tepelného toku z oceanu priradzujeme konstantnii hodnotu, topografia
musi narast dostatocnd, aby ho (tepelny tok z oceana) gradient teploty vyrovnal.

Rychlost tecenia ladu na spodnom rozhrani sa v pripade Eurépy sprava rov-
nako ako v pripade Enceladu (vid obrdzok , a teda nepotrebuje vaznejsi ko-
mentar.

Druhy invariant napétia dosahuje na Eurépe hodnoty priblizne 10x vacsie ako
v pripade Enceladu, ¢im sa dostava do oblasti, v ktorej zavisi viskozita aj na cree-
povych mechanizmoch zahinajucich vplyv napétia. Vzhladom na fakt, ze Drucker-
Pragerovo kritérium je splnené v 96% ladovej kory (vid obrdzok[6.10)), IL. invariant
svoje maximé dosahuje okolo spodného rozhrania, na ktorom je prave rychlost
Tadu dolezita veli¢ina, pretoze urcuje velkost topografie a zahrnutie vplyvu napé-
tia do viskozity tym moze vyraznejsie ovplyvnit vysledok - pouzitda metdoda bola
zvolend kvoli jednoduchej numerickej implementéacii.

Aj na Eurépe (rovnako ako na Encelade) st podmienky platnosti linearizova-
nej teérie dobre splnené pocas celého vypoctu v referenénom stave (vid obrdzok
6.10).
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Obr. 6.6: Normovana topografia za réznych podmienok na réznych harmonickych
stuptioch j, Eurépa. Referenény stav je popisany parametrami nq,0r 5 = 10* Pa.s,
d =107 m, gjo = 1072 W.m 2. Porovnanie s referenénym stavom (Ciarkovana
¢iara) je dosiahnuté zmenenim jedného z parametrov pri zachovani ostatnych.
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Obr. 6.7: Topografia na spodnom rozhrani za réznych podmienok na roznych
harmonickych stupnoch j, Eurépa. Referencny stav je popisany parametrami
Neutoff = 10%2 Pa.s, d = 1072 m, gj0 = 1072 W.m 2. Porovnanie s referencnym
stavom (¢iarkovana ¢iara) je dosiahnuté zmenenim jedného z parametrov pri za-
chovani ostatnych.
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Obr. 6.8: Rychlost ladu na spodnom rozhrani za roéznych podmienok na roz-
nych harmonickych stupnoch j, Eurépa. Referencny stav je popisany paramet-
rami Newory = 1022 Pa.s, d = 107° m, gjo = 1072 W.m™2. Porovnanie s refere-
nénym stavom (¢iarkovana ¢iara) je dosiahnuté zmenou jedného z parametrov pri
zachovani ostatnych.

(a) Referenény stav

0,0 e

0,1F 3

02F 3

03F £

Z 0af :

Eost[—i=2 E

ISP B S E

> 06k j=8 E!

07F |— =11 E

£ j=14 3

O08E ]  j=17 E

09 | — =20

le+03 le+04 le+05 le+06 le+07 le+08

Cas [rok]
(b)d=10"2m (c)d=10"%m
0’0: T Ty Ty T T B 0’0: LA IR I ELLLLL B I B T B
O E 0| T E
02F A 3 02 X 3
03F 3 03 E
= F N\ \ ] 050 \ =
E ost \ R \ ]
= f A \ ) ] = -06F 3
=706 \ \ ] e E \
F T \ \ ] -0,7F \ 4
07 |— =2 ] El—i=2 V0 0\ N E
E j=8 \ R E -0,.8F 3
-0,8:7 _j: 14 _0,9:_ _i
09F )= 20 - £ E
S R B I SO S i il il vl vl vl
1e+03 le+04 le+05 1e+06 le+07 1e+08 1e+00 le+01 1e+02 1le+03 le+04 le+05 1e+06 1le+07 le+08
Cas [rok] Cas [rok]
o -3 -2 _ 24
(d) gjo =10"° W.m (€) Neutofr = 10°* Pa.s
0‘00: T R | R | T T B 0'0: ™ B
001F & E 3
0.02F 3 02F 3
0,030 E 30 E
E 004 3 ¥ 04f E
£ o5k J E 3
= 3 ] = ]
>~ 0,06F 1 o6t 3
007F|— =2 3 07F|— =2 3
Pl =8 : Pl =8 -
V08E] j=14 E OBl =14 E
009f | — =20 3 09f|— =20 : E
C vl sl sl sl Ll 3 C Lol sl Lol sl sl |
le+03 le+04 le+05 le+06 le+07 le+08 le+03 le+04 le+05 le+06 le+07 le+08
Cas [rok] Cas [rok]

39



Obr. 6.9: Maximum druhého invariantu napatia v ladovej kore za réznych podmie-
nok na réznych harmonickych stupnoch j, Eurépa. Referenény stav je popisany
parametrami Neopr = 1022 Pa.s, d = 107° m, ¢jo = 1072 W.m 2. Porovnanie s re-
ferenénym stavom (Ciarkovana ¢iara) je dosiahnuté zmenou jedného z parametrov
pri zachovani ostatnych.
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Obr. 6.10: Kontrola podmienok linearezécie (3.6, , (3.19), (3.20) v Iado-

vej kore za podmienok referencného stavu na roznych harmonickych stupnoch
J, Eurépa. Referencny stav je popisany parametrami neuor; = 10% Pa.s, d =
107% m, gjo = 1072 W.m 2,
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6.4 Titan

Pomer hrubky ladovej kory k polomeru telesa sa v pripade Titanu nacha-
dza medzi hodnotami vychadzajucimi pre Enceladus a Eurépu. Prirodzene teda
ocakavame, ze vysledky budi tomuto parametru zodpovedat, ¢o skutocne plati
najma pre normovanu topografiu, ktora ukazuje, ze na rozdiel od Eurépy nedo-
sahuju stav izostdzy vsetky harmonické stupne, ale len harm. stupne j<11 (vid
obrdzok, avsak na rozdiel od Enceladu je na dlhovinnych harmonickych stu-
pnoch silny vplyv elastickej zlozky deformacie, ¢o znamena, ze harmonické stupne
2, resp. 5, dosahuju stav izostdzy (takmer) okamzite. Vplyv materidlovych para-
metrov ako velkost zrna ladu d alebo ohranicenia viskozity neuors je analogicky
ako na Eurdpe a na tomto mieste je teda mozné tuto diskusiu vynechaf.

Priebeh velkosti topografie na spodnom rozhrani na Titane nezodpovedd mo-
delu Enceladu ani Eurépy (vid obrdzok a dovod je prosty. Ladovej kore
Titanu prisudzujeme pomerne velkt hribku, ale rozdiel teplot v pociatocnom
stave je rovnaky ako na Encelade. V praxi to znamenad, ze gradient teploty je pri-
blizne 5x mensi. Zaroven sa pre malé a stredné zrno (0.1 mm a 1 mm) na Titane
pri kompenzacii variacie tepelného toku z oceanu neuplatnuje gradient teploty
(vid obrdzok , zatial ¢o v pripade velkého zrna ladu (10 mm) kompenzuje
tepelny tok takmer 10% z varidcie na spodnom rozhrani (na stupni 2, zatial ¢o na
vyssich harmonickych stupnioch uz znova nehra gradient teploty rolu - to vysve-
tluje velky rozdiel v pomeroch topografii na jednotlivych harmonickych stupnoch
pri zmene velkosti ladového zrna). Samotnd topografia v referenénom modeli do-
konverguje priblizne v ¢ase ako Enceladus (t.j. 2x107 — 4x107 rokov) na rozdiel
od normovanej topografie, ktord na Titane dokonverguje priblizne 100x rychle-
jsie ako na Encelade (analogicky ako na Eurdpe, o znadi, ze tento vysledok ma
suvislost s velkostou telesa).

Diskusia ohladne velkosti topografie na spodnom rozhrani naznacuje, ze rych-
lost tecenia ladu na spodnom rozhrani nie je tak silne ovplyvnena vyberom para-
metrov a skutocne to tak je (vid obrdzok . Spomedzi sledovanych Tadovych
mesiacov na Titane podlieha tecenie ladu na spodnom rozhrani vyberu velkosti
ladového zrna najmenej - napr. na Encelade, resp. Eurépe, je mozné na harmo-
nickom stupni 2 sledovat radikalne znizenie rychlosti tecenia Tadu, ¢o na Titane
nepozorujeme. To naznacuje, ze ide o vysledok zavisly na hrubke ladovej kory,
¢o naznacuju aj radikalne zmeny topografie, ktoré v pripade tenkej Tadovej kory
nemusia byt mechanicky stabilné, ¢ize ich v rovnovahe je tepelny tok z ocednu
plne kompenzovany gradientom teploty v ladovej kore.

Odhad II. invariantu napatia na Titane v referenénom stave nedosahuje hod-
noty, pri ktorych uz napatovo zavislé creepové mechanizmy zacnt v celkovej vis-
kozite hrat rolu, ¢im je tento ladovy mesiac najvhodnejsim objektom na aplika-
ciu vybudovanej tedrie. Naviac reologicky predpis a linearizovand tedria platia
v celom objeme telesa pocas celého deja deformacie ladovej kéry (vid obrdzok
, ¢ize na Titane ziskavame aplikdciou vybudovanej teérie najrelevantnejsie
vysledky:.
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Obr. 6.11: Normovana topografia za roznych podmienok na réznych harmonickych
stuptioch j, Titan. Referencny stav je popisany parametrami 7e,orr = 1022 Pa.s,
d =107 m, gjo = 1072 W.m 2. Porovnanie s referenénym stavom (Ciarkovana
¢iara) je dosiahnuté zmenenim jedného z parametrov pri zachovani ostatnych.
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Obr. 6.12: Topografia na spodnom rozhrani za roznych podmienok na roz-
nych harmonickych stupnoch j, Titan. Referenc¢ny stav je popisany parametrami
Neutoff = 1022 Pa.s, d = 107% m, ¢jo = 1072 W.m 2. Porovnanie s referenénym sta-
vom (Ciarkovand ¢iara) je dosiahnuté zmenou jedného z parametrov pri zachovani
ostatnych.
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Obr. 6.13: Rychlost ladu na spodnom rozhrani za réznych podmienok na roz-
nych harmonickych stupnoch j, Titan. Referenc¢ny stav je popisany parametrami
Neutoff = 10%2 Pa.s, d = 1072 m, gj0 = 1072 W.m 2. Porovnanie s referencnym
stavom (Ciarkovand Ciara) je dosiahnuté zmenenim jedného z parametrov pri za-
chovani ostatnych.
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Obr. 6.14: Maximum druhého invariantu napétia v ladovej kore za rdoznych pod-
mienok na réznych harmonickych stupnoch j, Titan. Referen¢ny stav je popisany
parametrami 7quor; = 10% Pa.s, d = 1073 m, ¢;0 = 1072 W.m 2. Porovnanie
s referencnym stavom (¢iarkovana ¢iara) je dosiahnuté zmenenim jedného z pa-
rametrov pri zachovani ostatnych.
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Obr. 6.15: Kontrola podmienok linearezacie (3.6)), , (3.19), (3.20) v Tadovej

kore za podmienok referenéného stavu na réznych harmonickych stupnoch j, Ti-
tan. Referenény stav je popisany parametrami neuory = 10%2 Pa.s, d = 107 m,
qjo = 1072 W.m 2.
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6.5 Diskusia

Prepojenim rovnic popisujicich mechanickii deforméaciu kontinua s rovnicou
prenosu tepla bola odvodend vSeobecna sistava parcidlnych diferencialnych rov-
nic umoznujica simulovat casovy vyvoj ladového telesa s fazovym rozhranim.
V tejto préaci je ako hnacia sila deformécie zvolena variacia tepelného toku z glo-
balneho oceana pod ITadovou kérou. Pomocou linearizacie odvodenej sustavy rov-
nic s prihliadnutim k sférickej symetrii ladovych mesiacov (v zmysle malej po-
ruchy v Taylorovom rozvoji normaly voci sféricky symetrickému pociatocnému
stavu) bol vytvoreny teplotne-deformacny model ladovej kory, ktory bol néasledne
aplikovany na trojicu ladovych mesiacov (Enceladus, Eurépa a Titan) s cielom
uspokojivo vysvetlif pozorovant povrchovi topografiu pomocou vhodnej volby
volnych parametrov prislichajicich systému ladova kora/podpovrchovy ocedn -
menovite velkosti ladového zrna d, ktort odhadujeme v intervale < 0.1; 10 > mm,
velkosti variacie radidlnej zlozky tepelného toku z oceana €,.-qj a velkosti ohra-
nicenia viskozity ladovej kory neutors, ktord ma za tlohu aproximativne zahrnut
nizkoteplotnii deforméciu pri hornej hranici Tadovej kory.

Dosiahnuté vysledky st v podobe grafickej ukazky vyvoja najvyznamnejsich
veli¢in charakterizujucich stav ladovej kory zhrnuté v kapitole 6. Z vysledkov si-
mulacii vyplyva, ze vSeobecne ladova kora reaguje na zmenu tepelného toku na
spodnej hranici te¢enim a zmenou teplotného pola, pricom podiel jednotlivych
mechanizmov na kompenzacii tepelného toku zdvisi na viskozite ladu (t.j. ne-
priamo na velkosti ladového zrna) a na velkosti mesiaca. Novy rovnovazny stav
je nasledne charakterizovany splnenim rovnice . V pripade relativne malych
telies s relativne hrubou ladovou kérou (vid Enceladus) sa ukazuje, ze ak pred-
piSeme mali viskozitu v okoli spodnej hranice ladovej kory (to znamend velkost
ladového zrna 0.1 mm), straca vyvoj teplotného pola v Tadovej kore svoj vyznam
a tepelny tok je kompenzovany vylucéne tecenim na spodnej hranici ladovej kory.
S rastiicou viskozitou Tadu rastie vyznam gradientu teploty, az pri relativne ve-
Tkom Tadovom zrne (10 mm - ekvivalent relativne velkej viskozity) je tepelny tok
kompenzovany takmer vylu¢ne zmenou gradientu teploty na spodnom rozhrani.
Ziskané vysledky teda vedu k zaveru, ze nahradif termalne dianie v ladovej kore
¢isto konduktivnym profilom a riesif mechanicki tlohu nie je vhodny pristup,
pretoze aj napriek zanedbatelne malej zmene teplotného profilu od konduktiv-
neho nie je mozné zanedbat vplyv nenulovej variacie gradientu teplotného pola
(nielen) na harmonickom stupni 2. Naviac, ak uvazime celkovy tepelny tok z oce-
dna do Tadovej kory v pociato¢nom stave ladovej kory (Enceladus 27.72 mW.m ™2,
Eurépa 15.96 mW.m~2, Titan 5.54 mW.m™?), najmé na Titane je pre dosiahnu-
tie pozorovanej povrchovej topografi velkosti niekolko 100 metrov [Lorenz et al.
2013] v pripade velkosti Tadového zrna 1 mm potrebnd variicia tepelného toku
vyssia ako je celkovy tepelny tok v pociatocnom stave, ¢o interpretujeme ako
nerealisticku situdciu. Realistickejsie je uvazovat relativne velké (ale stdle prija-
telné) Tadové zrno, t.j. 10 mm, kedy je potrebnd variacia tepelného toku priblizne
1 mW.m™? a vplyv zmeny teploty na vznikajicu topografiu je vyznamny. Analo-
gické vysledky platia aj pre mesiace Enceladus a Eurépa.

Druhou veli¢inou silne ovplyvnenou tepelnym dianim v ladovej kore je charak-
teristicky ¢as ustanovenia ustalenej topografie. Charakteristickému casu ustalenia
normovanej topografie bolo v praci venované dost priestoru - v pripade velkych
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mesiacov je zhruba dany Maxvellovym c¢asom, v pripade Enceladu je elasticka
deformacia prilis mala a tento c¢as bude charakterizovany viskéznym tec¢enim -
preto sa v tejto casti diskusie zameriame na analyzu casu ustalenia topografie
spodného rozhrania, ktory vykazuje silnti nelinedrnu zavislost na velkosti Tado-
vého zrna. Z obrazkov v kapitole 6 je zrejmé, Ze 10x zvacSenie ladového zrna
z 0.1 mm na 1 mm vedie k 100x zvéacSeniu casu, za ktory sa ustéli topografia na
spodnom rozhrani, ¢o uz vSak neplati pre 10x zvacsenie ladového zrna z 1 mm na
10 mm. Pretoze viskozita v okoli spodného rozhrania zavisi na druhej mocnine
velkosti ladového zrna a skimany cas nevykazuje zavislost na neu.rs ani velkosti
tepelného toku, je mozné pisat t,ecn ~ N(Rq), kde teen je Cas, za aky sa ustélia
mechanické veli¢iny v Tadovej kore (rychlost, napétie ...) - popis pomocou tohto
¢asu je zrejme spravny pre malé zrno, pretoze v tomto pripade vplyva teplota na
vysledky minimélne. To sa vSak meni s rastiicou velkostou ladového zrna a rasti-
cou viskozitou, pricom v limite nekonecnej viskozity rastie t,,.., nad vsetky medze
a v ladovej kore je tepelny tok kompenzovany len zmenami v teplotnom poli, t.j.
¢as konvergencie je charaterizovany ¢asom tie,,, = prer(Ry, — Rq)?/Ar. Vzhladom
na uvedenu myslienkovu limitu je mozné aproximovat celkovy cas vztahom tvaru
1/t. ~ A/tiemp + B/tmeen, kde konstanty A, B, t,,ech, sa zrejme lisia pre rozne te-
lesd. Na Titane funguje volba B = 1 (vzhladom na limitné vysledky pre 10 mm
zrno), ktora vsak nefunguje na Eurépe a Encelade. To méze byt sposobené ne-
platnostou linearizacie na tychto telesach v pripade limity nekonecnej viskozity -
topografia v tomto pripade presahuje hodnoty vhodné pre pouzitie linearizovanej
teorie.

Dosah vysledkov prace je limitovany oblastou platnosti teoretického modelu,
ktory obsahuje silni linearizaciu rovnic podmienent vyuzitim harmonického
rozkladu ako néstroja na jednoduché a strojovo zvladnutelné riesenie odvode-
nej sustavy rovnic. To znamenad, ze simulacie, ktoré by napriklad na Encelade
(a Eurdpe) viedli k topografidm, ktorych velkost dosahuje na spodnom rozhrani
10 km, a teda su ziadanym vystupom prac zaoberajucich sa vyvojom ladovej
kory (vid|Cadek et al. [2017]), nepodavaji relevantné vysledky, resp. vysledky st
zatazené privelkou chybou, ktord nie je dana len linearizaciou, ale aj pouzitym
modelom pre vypocet viskozity, v ktorom sa pri vysokych hodnotach napétia
prejavuje zavislost viskozity na mechanickom napéati v Tadovej kore, ktort popi-
sujeme len aproximativne. Na druhu stranu, v pripade Titanu, kde topografia
povrchu dosahuje radovo stovky metrov, je mozné vybudovanu teériu pouzif
na vyriesenie inverznej tulohy a stanovit tak velkosti varidcie tepelného toku
vysvetlujice pozorovanu topografiu - tito ulohu riesi c¢lanok, ktory spolu so
skolitelom a kolegami z fractizskeho Nantes pripravujeme (vid priloha 2).
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Zaver

Préica nadviazala na ¢ldnok |(Cadek et al.| [2017] prepojenim ¢isto mechanic-
kého deformacéného modelu (predstaveného v uvedenom ¢lanku) a tepelného vy-
voja deformovanej Tadovej kory. Cielom prace bolo pomocou odvodeného mate-
matického modelu preskiimat podmienky panujice v ladovej kore v zavislosti na
nastaveni vlastnosti systému ladova kéra/podpovrchovy ocedn kvapalnej vody.
Ako vypocetnd metéda bol vzhladom na vyrazna sférickd symetriu problému
zvoleny rozklad rovnic pomocou sférickych harmonickych funkcii a nasledny nu-
mericky rozklad spracovany vo forme programu v jazyku Fortran95. Jednotlivé
casti programu boli testované proti existujicim programom poskytnutych skolite-
Tom a numerické robustnost programu bola testovana pre rozne ¢asovo-priestorové
rozliSenia. Aj ked testy naznacCuju spravnost pouzitej numerickej schémy, nebolo
mozné program nezavisle overif proti publikovanym benchmarkom, pretoze tlohy
tohoto typu este neboli v planetologii riesené.

Pomocou napisaného programu bola spracované séria simulacii, reprezentu-
juca casovy vyvoj telies tvarom a rozmermi zodpovedajucich trojici redlnych la-
dovych mesiacov Enceladus, Eurépa a Titan, s cielom zistif, nakolko je realne
popisovat pozorovani topografiu ako efekt variacie tepelného toku medzi ladovou
korou a oceanom, resp. aké musia panovat podmienky v ladovej kore a varidcie
tepelného toku v oceane, aby bol tento popis intuitivne spravny. Ziskané vy-
sledky naznacuju, ze tento popis moze dobre vystihovat pozorované topografie
len v pripade, ze uvazujeme relativne velké ladové zrno v kore (priblizne 10 mm).

Vzhladom na silnt linearizaciu maju vsSak vysledky na Eurépe a Encelade
len inspirativny charakter a si nametom na dalsie spracovanie modernejSou me-
todou, ako napriklad metdda konecénych prvkov, ktora linearizaciu nevyzaduje.
V pripade Titanu je cestou pre dalsie pokracovanie prace zapocitanie disipativ-
neho ohrevu ladovej kory a inverzia tepelného toku. Obojim sa zaoberad ¢lanok
pripravovany v spolupraci so skolitelom a kolegami z Nantes. Nasa praca predsta-
vuje prvy komplexny pokus o riesenie problému vyvoja hrubky ladovej kory telesa
s podpovrchovym oceanom. Vyriesenie tohto problému je kltcové pre pochope-
nie vnutornej dynamiky ladovych telies, najméa s ohladom na dlhodobu stabilitu
oceanu, ktora urcuje habilitacny potencial telesa. Modely, umoznujice simulovat
dlhodoby vyvoj telesa, budu v nasledujicich rokoch potrebné hlavne pre Jupi-
terove mesiace Eurépu a Ganymed, ktoré budu studovat vesmirne sondy Juice
(ESA) a Europa Clipper (NASA), a taktiez pre Saturnov mesiac Enceladus, kde
sa po skonceni misie Cassini uvazuje o dalsom vyzkume prostrednictvom sondy
pracovne nazvanej Enceladus Sample Return Mission (NASA). Tieto sondy by
sa mali pokusit zodpovedat otazku, ¢i zivot v slnecnej stistave moze existovat aj
inde ako na Zemi - otazku, ktorej zodpovedanie moze tplne zmenif nas pohlad
na postavenie ¢loveka vo Vesmire.

50



Vv e [ [ d
Zoznam pouzitej literatury
O. Cadek, M. Béhounkové, G. Tobie, and G. Choblet. Viscoelastic relaxation of
enceladus’s ice shell. Icarus, 291:31-35, 2017.

F. Chambat, S. Benzoni-Gavage, and Y. Ricard. Jump conditions and dyna-
mic surface tension at permeable interfaces such as the inner core boundary.
Comptes Rendus Geoscience, 346:110-118, 2014.

D. L. Goldsby and D. L. Kohlstedt. Superelastic deformation of ice: Experimental
observations. Journal of Geophysical Research, 106(B6):11017-11030, 2001.

P. V. Hobbs. Ice Physics. Oxford University Press, 1974.
D. R. Lide. CRC Handbook of Chemistry and Physics. CRC Press, 2004.

R. D. Lorenz, B.W. Stiles, O. Aharonsom, A. Lucas, A. G. Hayes, R. L. Kirk,
H. A. Zebker, E. P. Turtle, C. D. Neish, E. R. Stofan, and J. W. Barnes. A
global topographic map of titan. Icarus, 225:367-377, 2013.

Z. Martinec. Continuum mechanics, 2003. URL http://geo.mff.cuni.cz/
studium/Martinec-ContinuumMechanics.pdf.

J. Matas. Mantle viskosity and density structure. Master’s thesis, Matematicko-
fyzikalni fakulta UK, 1995.

I. Miiller. Thermodynamics. Pitman, 1985.

J. C. Slattery, L. Sagis, and E.-S. Oh. Interfacial transport phenomena, Second
Edition. Springer, 2007.

o1


http://geo.mff.cuni.cz/studium/Martinec-ContinuumMechanics.pdf
http://geo.mff.cuni.cz/studium/Martinec-ContinuumMechanics.pdf

A. Appendix 1

A.1 Teplota a tlak v pociatocnom stave stave

A.1.1 Teplota

Teplotné pole v pociatoénom stave ladovej kory je dané riesenim Laplaceovej

rovnice (3.15)) v tvare
ATy(r) =0, (A1)

medzi sférami s polomermi Ry, R, a okrajovymi podmienkami predpisanymi na
sférach v Dirichletovom tvare, t.j.

To(Ra) = Tu , (A.2)

To(R,) =T, . (A.3)

Pretoze sa jednd o sféricky symetricky problém, je vhodné prepisat rovnicu (A.1))
do tvaru L P T(r)
riolTr
ATy(r)=—-————F>=0. A4
o) = -0 (A.4)
Rovnica (A.4) uz predstavuje obycajni diferencidlnu rovnicu druhého radu s rie-
senim

To(r) = f + B, (A.5)

kde A, B su integra¢né konstanty dané okrajovymi podmienkami (A.2)), (A.3)),
ktorych dosadenim vychadza rieSenie v tvare (3.16]).

A.1.2 Tlak

V podiatoénom stave spliia tlak p, hydrostaticki rovnovahu 1’ pricom
vzhladom na vlastnosti poc¢iato¢ného stavu hladame tlak pri podmienke zacho-
vania radidlnej symetrie a volného povrchu, t.j. sta¢i uvazovat problém riesenia
rovnice (3.3]) v radidlnej symetrii medzi dvoma sférami s polomermi Ry, R, v lade
s konstantnou hustotou py, t.j.

P — ). (A6)
po(R) =0 . (A7)

Pre potreby tejto prace nie je nutné uvazovat zlozitejsiu aproximaciu gravita-
¢ného zrychlenia v homogénnej ladovej kore dalej vystacime s odhadom gravita-
¢ného zrychlenia priemerom hodnét na hraniciach Tadovej kory. Tato aproximacia
je podmienend malou zmenou gravitacného zrychlenia od hranici k hranici (vid

tabulka (6.1)) a mozeme pisat

g(r) ~ g(R.) ;Q(Rd) . (A.8)
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Tlak v pociatoénom stave budeme aproximovat vzfahom

g(Ra) + g(R.)
2

Rovnica je aproximaciou velkosti tlaku v Tadovej kore, ktora je vyuzita len
na kontrolu platnosti linearizacie a postacuje teda ako rddovy odhad. Pre gradient
tlaku na hraniciach ladovej kory je nutné odvodit presnejsie vyjadrenie, pretoze
sa vyskytuje v samotnych riadiacich rovniciach a priamo vplyva na vysledky
simulécii. Vzhladom na hydrostaticki rovnovahu (3.3]) je mozné pisat presnejsie
vyjadrenie v tvare

po(r) =~ p1 (Ru—1) . (A.9)

A.2 Skélovacia analyza

V dalSom bude vzdy f oznacovat skélu veli¢iny f v ladovej kore (pod pojmom
skala veli¢iny budeme rozumief cislo nestice rozmer danej veliciny, ktoré by v bez-
rozmernej analyze rovnic stalo pred bezrozmernym ekvivalentom danej veli¢iny
- pre jednoduchost budeme klast bezrozmerné vyrazy rovné jednotke a rovnice
prepiseme len pre skaly), AR bude rozdiel medzi hornym a spodnym polomerom
ladovej kory, g, bude gravitacné zrychlenie na hornej, resp. spodnej hranici. Na
zaklade pravidiel pre skdlovanie je mozné pre skaly veli¢in a ich derivacii pisat
vztahy (vztahy budeme odvodzovat pomocou skaly posunutia hornej hranice .,
ktora je sice neznama, avSak na zaklade nameranych dat je mozné ju odhadnit,
pretoze prave tieto data sa snazime vysvetlit)

7€] ~ plguﬁu s (Al].)
T, ~ T, . (A.12)

Pomocou reolégie (3.55)) vychadza pre skélu rychlosti

AR . WAR
tp P ET (A.13)
nr nr

kde bolo vyuzité skalovanie priestorovej derivacie v tvare

Op ~

A

f
Vfr~——. A.14
e (A14)
Casovi derivaciu je mozné skalovat napr. pomocou charakteristického ¢asu, ktory
je dany skalou rychlosti a hribkou ladovej kory, t.j. vztahom

of f _f  pigut
A ~ ) A.15
a0 " at T AR T qy, (A.15)

Ukazuje sa (vid |Cadek et al. [2017]), Ze Tadové kora priblizne (pre tcely analyzy

”

rovnic s dostatoénou presnostou) splina podmienku izostazy, t.j. plati vztah medzi
skalami posunuti na hraniciach

(pw — p1)gaR5ta ~ prguRid (A.16)

kde skalu posunutia na spodnej hranici 4, budeme prirodzene klast rovna AR.
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A.2.1 Analyza deformacie grav. pola

Deformacia gravitacného pola je vysledkom deformacie ladovej kory. Na spod-
nej hranici je prirastkovy potencial dany rozdielom hmoty vo vrstve danej skalou
radidlneho posunutia pred a po deformécii, analogicky na hornom rozhrani. Ve-
Ikost prirastkového potencidlu je teda mozné odhadovat vyrazom

N 0mg  0Mmy,
Vs ~ - A.17
d 'Li( Rd + Ru > ) ( )

kde k je gravitacnd konstanta a dmg oznacuje zmenu hmotnosti voc¢i pociato-
¢nému stavu na spodnej hranici, analogicky dm,, zmenu hmotnosti na hornej hra-
nici. Prirastky hmotnosti je mozné odhadnif pomocou radidlnej vychylky vzta-
hom tvaru

it ~ (pw — pr) B3 (A.18)

§1y ~ prR2d, . (A.19)

Vzhladom na predpoklad o stave izostazy (A.16]) je mozné odhad na $kélu poten-

cidlu (A.17)) pisat v tvare R

analogicky pre gradient je mozné pisat

Uy

Vs ~ 2 .
V'V kpr Ry, AR

(A.21)

A.2.2 Analyza variacie tlaku vody na spodnom rozhrani

Vyuzitim vztahu (3.11]) vychadza pre skélu tlaku py (7, t) a jeho gradientu

A~

u’lL
AR’
Aby bola dokazana platnost vztahov (3.13)), (3.14)), (3.12)), je nutné este pridat po-
ziadavku na skalu posunutia ,, ktora je vdaka izostaze priblizne ohranicena ¢is-
lom AR/10. Dalej je vypocet zaloZeny len na dosadeni éiselnych hodnét a v tejto
praci sa nim nebudeme zaoberaf.

Vpw ~ 2kprpw Ry (A.23)

A.2.3 Analyza linearizovanej pohybovej rovnice
Pohybova rovnica v objeme

Po dosadeni 8kél do rovnice (3.26) vychadza pre skdly jednotlivych ¢lenov

ov(Ft) L L 2079 AR 0y, prguyty
o1 (Ia(t) + U[(T,t)-VU[(T,t)> ~ ZP19 e p[zR ; (A.24)
~ pIguau
o~ AT A.25



2kp1 Ry prguiiy

Ju AR
Dosadenim ¢iselnych hodnét vychédza, ze prava strana je aspon o 7 rddov mensia
ako prava a je mozné ju zanedbat.

prV Vs ~ (A.26)

Pohybova rovnica rozhrania

Podla |Chambat et al.|[2014] je mozné pisat

2 L I
Vo T7 = R—s(vj,w)n — Vys(Up, W) , (A.27)
d
kde s(v, W) je tzv. dynamické povrchové napétie generované nenulovym tokom
hmoty naprie¢ rozhranim, na ktorom sa meni viskozita a hustota. Toto napatie
je definované vztahom

s(Ur, W) = =2[v]pr(v; — w1, (A.28)

kde [v] je veli¢ina obsahujica skok hustoty a viskozity naprie¢ rozhranim (pre
detaily vid|(Chambat et al. [2014]). Pretoze sa zaujimame najmaé o relativne dlho-
vlnné procesy, moézeme zanedbat druhy clen v rovnici (A.27) a pre skdlu prvého
¢lena je mozné podla Chambat et al.|[2014] pisat

2 4 _ (1 1\ . AR4Ap

—S~ —N | ——— | pr0r ~ ——p19.0y . A.29

Ry Ry (pz pw) Rq  pr ( )
Porovnanim so skédlou lavej strany rovnice (3.28) (prg.t.,) vychédza, ze efekt
dynamického povrchového napétia je priblizne o 2 rady mensi, ako samotny skok
napétia. To znamend, Ze aproximacia je prijatelna.

A.2.4 Analyza linearizovanej rovnice vedenia tepla
Rovnica vedenia tepla v objeme

V pripade rovnice je nutné dokazat, ze ¢len vyjadrujuci disipaciu je
radovo mensi ako clen vyjadrujtici konvekciu - oba cleny su totiz nezavislé na
T;(7,t) a zévisia len na mechanickych veli¢indch. To znamend, 7e z numerického
hladiska tvoria pravu stranu rovnice. Pomocou numerickych experimentov je mo-
zné ukézat (nie je uvedené v praci), Ze konvektivny ¢len mé zanedbatelny vplyv,
¢ize zanedbatelny vplyv by mal aj disipativny ¢len. Skélu jednodlivich ¢lenov je
mozné pisat v tvare

(7, 1)V Ty (r) ~ A%TO , (A.30)
_ t): )y~ ———— A.31
C[p[ TI (T7 ) VUI (T7 ) AR C[p[ AR 9 ( )

kde bola vyuzita reologickéd rovnica 63.55: pre prechod od skély napéatia ku skale
rychlosti (naopak ako v pripade vztahu (A.13)). Je zrejmé, Ze podmienka, ktort
je nutné splnit je v tvare

Aro; < erprARTy ~ 102 Pa.m . (A.32)

Podmienka ([A.32) nie je splnend len v pripade nerealisticky vysokych hodnot
rychlosti tecenia ladu v kore (vid |Cadek et al. [2017]) a aproximécia je prijatelna.
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Rovnica zachovania energie na rozhrani

Uvéazme okrajovii podmienku pre napétie na spodnom rozhrani (3.32) a do-
sadme ju do podmienky (3.39), dostavame

—

, (A.33)
Pw — PrI Pw — Pr1

kde prvy ¢len na pravej strane zodpoveda tlaku v pociato¢nom stave, t.j. vztahu
(A.9). Dosadenim skély potencidlu (A.20)) a dpravou dostavame podmienku na
skalu posunutia na spodnom rozhrani v tvare

(1 + ﬁdeW)ad <« L AR, (A.34)
Pw — PI

podmienka ({A.34)) ohranic¢uje skélu posunutia na priblizne 1/10 hribky ladove;
kory.
Na hornom rozhrani prejde rovnica (3.38]) do tvaru

—

. ((1 _ L (R t)) (B ) — wu%u,t)) _0. (A.35)

PIET

Vyuzitim pohybovej rovnice horného rozhrania (3.33)) dostavame dosadenim do

(3.35)
. ((1 L (B, t>g<R")) By (Rst) — (R, t)) 0. (A.36)

€r

Vzhladom na vysledky (Cadek et al. [2017] je mozné ocakdvat stav izostazy a po-
sunutie na hornom rozhrani je tym ohrani¢ené na 1/10 hriubky ladovej kory, ¢ize
druhy c¢len v zatvorke je zanedbatelny.
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B. Apendix 2

B.1 Sférické harmoniky a ich vlastnosti

V tejto praci su sférické harmoniky a ich vlastnosti chapané v zmysle rovna-
kom ako v praci Matas [1995], t.j. ako tplny ortonormélny systém funkeii (ska-
larnych Y;,,(6, ¢), vektorovych ﬁlm(e, ¢), tenzorovych Y;lffl(ﬁ, ¢)) na jednotkovej
sfére. Indexy oznacuju

e j - stupen harmoniky a nabera hodnoty j € {0,1,2,3,...} ,
e m - rad harmoniky a naberd hodnoty m € {—j,....7 — 1,5},

e [ - naberd hodnoty [ € {|j — 1|,4,7 + 1} pre vektorové harmoniky,
led{lj—k|,....j,...,7 + k} pre tenzorové harmoniky ,

e k - naberd hodnoty k € {0,1,2}.

Ortogonalita sférickych harmonik je chapana v zmysle

o Y}m(97¢)n2(97¢)d9(97¢) = 6ja5mb ) (Bl)
A )-Y.5r (0, $)dQA0, §) = GjabmpOre (B.2)
/ Y0, 6) : Y (6, )dA0, 8) = 8a0mpOredia (B.3)

Do sférickych harmonik je mozné rozkladat aj funkcie vSobecne zavislé na vset-
kych troch priestorovych premennych (r,6,¢) (t.j. nielen na jednotkovej sfére),
pricom koeficienty rozkladu sa stavaju radidlne zavislymi funkciami, t.j. plati

S S Y09 (B.4)

i=0m=—j

J 7+1

DS Fm(r )Y}, (0,0) (B.5)

J=0m=—ji=|j—1|

2 Jj+k

Z Z > > )Yk, ) . (B.6)

J=0m=—j k=0[l=|j—k|

B.2 Uzitocné vztahy
Pri praci so sférickymi harmonikami je vhodné vyuzif niektoré vsobecné iden-

tity vedice k zjednodusSeniu tvaru rovnic, v ktorych sa harmoniky vystihuju.
Vsetky nasledovné vztahy a mnoho dalsich je mozné néjst v praci Matas [1995].

& Yjm = 2]+ (\[51; 1= I+ 51J+1) : (B.7)
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&V = 2%%<¢@J1 ka@ﬁgjm, (B.8)
e m (Ve = i) (B:9)

gy — [ 7L pi B.10
am 2]_1 am ? ( )

cyr | Qi) o | GADEI43) 5
’I‘ jm - . . jm . - ]m 9
6(25 +1)(25 + 3) 6(2j+1)(25 —1)

gyt = [ 2 g (B.12)
2j+37

(B.11)

_ J_(d  Jjtl i1 _
VIO =[5 (5 ) v
N ) it
(- D)o (B.13)
L d j—1
viclo | (2L Y; B.14
L e LN (B.14)
" T1(d j+2
yirt— _ [ < Y, B.1
. ' d j+1 L
(Y0 = — J 4 yi-l
J+1 d j =11
R MG B.1
3(2j-+—1)<ch“ Ry EACORE R (B-16)

Vo ()Y, =

j—1
== (g~ 5 )Y, (B.17)

)
j—l(d j—2> ”

A = G (it +
+J6@ffﬁigzan<;f_i>ﬂ”ﬁﬂl’ (B.18)
v = (e s
v ] = e (5 L) o -
B Ll TR Y
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Priloha ¢. 2
Rukopis ¢lanku priamo nadvazujiceho na bakalarsku pracu. V case odovzdania
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Can the long-wavelength topography of Titan be a manifestation
of subsurface ocean circulation?

Jakub Kvorka®*, Ondrej Cadeka, Gabriel Tobie?, Gaél Choblet®

“Charles University, Faculty of Mathematics and Physics, Department of Geophysics, V HoleSovickdch 2, 180 00 Praha
8, Czech Republic
bUniversité de Nantes, Laboratoire de Planétologie et Géodynamique, UMR 6112, 2 rue de la Houssiniére, F-44322
Nantes, France

Abstract

Analysis of the shape and gravity data from the Cassini mission suggests that Titan’s long-
wavelength non-hydrostatic topography is characterized by relatively small amplitudes (~ 1 km
peak to peak), an anomalous equatorial bulge (the poles are about 300 m lower than the equator),
and a negative admittance at degree 3, indicating an unusually high degree of compensation. In
the past years, the nature of Titan’s non-hydrostatic topography has been addressed in several
studies. The topography has been interpreted in terms of isostatic or viscous models and dis-
cussed in connection with tidal heating in the ice shell. Here, we present a model of the shape
evolution of Titan’s ice shell driven by tidal heating in the shell and spatial variations of the heat
flux in a subsurface ocean. The model is obtained by solving a general set of equations coupling
the viscoelastic flow of ice with the thermal evolution of the ice shell and phase transitions at
the ice/water interface. The equations are solved in a domain with radially dependent material
properties and moving boundaries. The shape evolution of the boundaries is a consequence of
ice flow within the shell, melting and crystallization at the bottom boundary and erosion and
deposition at the surface. Our model suggests that Titan’s anomalous topographic bulge can be
explained by lateral variations of ocean heat flux of the order of 0.1 — 1 mW m™2, provided that
the heat flux is stable over a period of at least 10 Myr and the ice shell has a sufficiently high
viscosity, exceeding ~ 10'6 Pas at the base of the shell. Such a high value of viscosity implies
that either the ice grains are coarse (2 10 mm) or the temperature of the ocean is significantly
(by more than 20 K) lower than the melting temperature of pure water ice. The heat flux pattern
predicted on top of the ocean is consistent with the ocean flow characterized by upwelling of
warm water in polar regions and downwelling of cold water at low latitudes. The negative cor-
relation between the topography and geoid at degree 3 is shown to be compatible with erosion
and deposition occurring at a rate of 0.01 — 0.1 mmyr~'. Our results underline the importance
of gravity and topography measurements for understanding the deep interior of the moon and its
surface evolution.
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1. Introduction

Saturns largest moon Titan, with its dense atmosphere rich in organics (Bézard et al.| 2014) and
a subsurface ocean (e.g.[Tobie et al., 2005; [Lorenz et al., 2008; Nimmo and Bills, [2010; |Baland
et al., 2011, 2014; |Béghin et al., 2012 Iess et al., 2012; Hemingway et al.,|2013)), was one of the
primary targets of the Cassini-Huygens mission. Comparison of Titan’s gravity field (Iess et al.,
2010) with the radar-based topography observations (Zebker et al., 2009 |Stiles et al.l [2009;
Lorenz et al.| [2013; |Mitri et al.|[2014) suggests that the ice crust of the moon is not in hydrostatic
equilibrium. Although the observed shape of Titan differs from the hydrostatic reference ellipsoid
by several hundred meters, the variations of the gravity field, determined up to degree 3, are
small, indicating a high degree of compensation.

Using the approach of |Ojakangas and Stevenson| (1989), originally developed for modeling
ice shell thickness variations on Europa, Nimmo and Bills| (2010) explored the concept of Airy
isostasy in which spatial changes of ice thickness are caused by lateral variations in tidal heating.
They found that the observed topography can be predicted using a model with average ice crust
thickness of about 100 km, in agreement with a heat flux of 4-5 mW m~2 corresponding to
a chondritic composition, and concluded that Titans ice shell is in a conductive, rather than
convective regime.

An alternative view was presented by (Choukroun and Sotin| (2012)) who proposed that the
observed shape of Titan, characterized by large-scale polar depressions, may be associated with
enhanced ethane precipitation at high latitudes, leading to the accumulation of dense hydrocarbon
clathrates in these regions. They showed that the 300 m topographic lows around the poles can
be explained by 3-km thick deposits of ethan-rich clathrates, accumulated during the last 300-
1200 Myr.

Hemingway et al.|(2013)) noticed a strong inverse correlation between gravity and topography
at long wavelengths that are not affected by tides and rotation. This suggests that the gravity
signal generated by mass anomalies inside the ice crust, or at the ice/water interface, mechan-
ically compensating the topographic load at the surface, is stronger that than the gravity signal
generated by the topography itself. The authors interpreted this situation as a consequence of in-
tense surface erosion and deposition and argued for a substantially rigid ice shell with an elastic
thickness exceeding 40 km.

Lefevre et al.| (2014)) investigated the long-term mechanical stability of internal mass anoma-
lies on Titan by using a viscous relaxation model. They showed that deflections at the base of
the ice crust are stable only for a conductive, highly viscous ice layer above a relatively cold
(< 250 K) ocean, while models with crustal density variations also admit a moderate convection.

In this paper we investigate the relationship between the ice thickness variations on Titan and
the thermal evolution of the ice shell driven by spatial variations in tidal heating and basal heat
flux. Understanding this relationship is important for all icy moons with a subsurface ocean
because it allows the topography and gravity data acquired by spacecrafts to be interpreted in
terms of physical processes in the deep interior that is inaccessible to direct observation. The
long-term shape evolution of icy moon shells has been studied using different approaches, mostly
based on approximations of underlying physical processes (eg. Ojakangas and Stevenson) |1989;
Nimmo et al.,|2007; [Shoji et al.,|2014; |Kamata and Nimmo, [2017; Cadek et al., 2017). Here we
formulate the problem in terms of general partial differential equations for slow viscoelastic flow
of thermally conductive ice, supplemented by an equation describing the phase transition at the
ice/water boundary. The equations are solved in a spherical geometry using a spectral method
and integrated in the time domain.

2



48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

76

77

78

79

80

81

82

83

84

85

To avoid the difficulties associated with the physical description of a multiphase system we
assume that the system under study consists of pure water, and we neglect the effect of other
compounds potentially present in the ice shel and the ocean (Tobie et al., 2014).

The deformation of the ice shell and its thermal history depends on the thermal processes
in the ocean which occur on a much shorter time scale than those in ice. In our model, these
processes are parameterized by heat flux variations at the top of the ocean. Since the present-day
knowledge of global ocean circulation on Titan is limited, this quantity is a free parameter in
our model, that is independent of time and is interpreted as the time-averaged signature of the
thermal state of the ocean.

Titan is the only moon in the outer Solar System the surface of which is extensively modified
by erosion and surface-atmosphere exchange (eg. |[Neish et al.l 2013} |Birch et al.| 2017). As
indicated in the study by Hemingway et al.[{(2013), erosion and deposition may play an important
role in the evolution of Titan’s topography, primarily driven by thermal-mechanical processes in
the deep interior. In the present study, we use a simple topography-dependent model of erosion to
examine how much the predicted topography is affected by transport processes at Titan’s surface.

The structure of the paper is as follows: In section [2| we introduce the equations governing
the thermal-mechanical evolution of an ice shell underlain by liquid water and we discuss the
boundary conditions at the ice/water phase boundary (for details, see Appendix A). We also
discuss the simplifications that are necessary for the numerical treatment of the problem. In
section [3] we present the topographic maps obtained for models in which the deformation is
only driven by tidal heating in the ice shell. An alternative driving mechanism, the variations
in basal heating, is investigated in section (4| where we also examine the role of erosion and
deposition in the evolution of Titan’s long-wavelength topography. Both driving mechanisms are
considered in section [5] where we determine the heat flux variations on the top of Titan’s ocean
that are compatible with the observed long-wavelength topography and we hypothesize about the
geometry of ocean circulation. The main results of the paper are summarized and discussed in
section [6l

2. Method description

2.1. Governing equations

We consider an icy moon with an internal ocean of density py, and an outer shell made of water
ice of density p;. We assume that the ice is incompressible (dp;/dt = 0) and the deformation is
very slow so that the inertial forces can be neglected. The conservation laws of mass, momentum
and energy governing the evolution of the ice shell can then be expressed as

V=0, (1)
V.oi—pVV =0, )

oT;
piCPE =V - kVT; — PiCpVi VT, +H, (3)

where v; is the velocity of ice flow, o is the Cauchy stress tensor, V' is the potential of external
forces, T is the temperature in the ice shell, ¢ is the time, ¢, is the heat capacity of ice at constant
pressure, k is the thermal conductivity of ice, and H is the volumetric heating rate. We assume
that the material of the ice shell behaves as a Maxwell viscoelastic fluid Joseph| (1990)

d

1+0[%, + (] - 120 )
i = —pid + it(Wi) [———,
o pil + [V v Lo
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where p; is the pressure, I is the identity tensor, 7 is the viscosity, u is the shear modulus, ‘;—;
denotes the frame-invariant (convected) time derivative of a tensor (e.g. [Barnes et al.l [1989),
O'f is the deviatoric part of tensor o and e* denotes transposition of a tensor. The viscosity i
depends on temperature, stress and grain size (see section [2.1)) and can be modified to mimic the
plastic and/or brittle response of the material (e.g.[Moresi et al., 2002). The values of the model

parameters used in this study are given in Table 1 and further discussed in section

2.2. Boundary and initial conditions

The outer boundary of the ice shell is assumed to be a material surface — it consists of the same
particles for all time and no particles are transported across it. The boundary is free to deform
and has a temperature Ty which may vary with colatitude © and longitude ¢:

n-oi(r) =0, &)

Ti(ry) = T(9, ¢) , (6)

where r is the position vector of a point on the surface and »n is the unit vector normal to the
surface. The shape of a material boundary can be described by an implicit function A(r,t) = 0
satisfying the kinematic condition (e.g.|Dingemans, |1997)

oh
4 v.-Vh=0.
o TV V=0 7)

Considering that & = r — ry(¢, ¢, t), we obtain

ory
— =V, — Vi Vrs, 8
ot i,r i S ( )
where v;, is the radial component of vector v;.
The inner surface of the ice shell is a phase boundary, which implies that the temperature at
the boundary is always equal to the melting temperature T',,

Ti(ry) =T, &)

where ry, is the position vector of a point on the phase boundary. The mass, momentum and en-
ergy transfer across the boundary is governed by the following conservation laws (see Appendix
A):

n- [vi(rp) —u(rp)l pi = n- [vy(ry) —u(ry)] pw , (10)
n-oi(ry) = —npy(ry), (11)
n- [vi(ry) —u(ry)] Lp; = —n - [kVTi(ry) + qu(rv)] , (12)

where u is the velocity of the phase boundary, vy, py and g, are the velocity, the pressure and
the heat flux in the water, respectively, and L is the latent heat of ice. Equations (IT)) and (I2) are
valid for slow processes under the assumption of inviscid flow in the ocean.

Equation (T2) expresses the intuitively obvious fact that the velocity of a material particle
across the phase boundary (n - (v; —u)) is proportional to the jump Ag, in the normal component
of the heat flux vector at this interface,

Agy :=n-(qi—qy) =-n-(kVT; +q,,). (13)
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In regions where the heat flux from the ocean is larger than the heat flux in the ice shell (Ag, < 0),
the particle moves from ice to water — ice melts and the thickness of the shell decreases (Fig. [I).
Vice versa, if the heat is transferred from ice to water (Ag, > 0), crystallization occurs and the ice
thickness increases. In both cases, the changes in the ice thickness are accompanied by changes
in the hydrostatic pressure p,, acting on the bottom boundary of the shell (Eq.[TT). The lateral
variations of pressure induce the deformation of the shell and further contribute to the motion of
the boundary. The motion of the boundary can continue even after the two heat fluxes equilibrate
(Agn = 0). The phase boundary then behaves as a material surface and its motion is determined
by the velocity of particles located on the boundary (u = v;).

The phase change at the ice/water boundary and the consegent deformation of the ice shell are
competing processes. While the former generates variations in ice thickness, the latter tends to
return the ice shell to hydrostatic equilibrium. An important case, which will be discussed below,
is the steady state when the phase change at the boundary is compensated by the deformation
inside the ice shell (u = 0). In this case, the flow velocity of ice and the jump in the heat flux at
the boundary satisfy the condition

P Lo;. (14)
We assume that at time ¢ < 0 the ice shell is in thermal and hydrostatic equilibrium (v; = 0,
o, =0and n-¢q; = n-gq, = const). We denote the pressure and temperature in this initial
state by po and Ty, respectively. At time ¢ = 0, we perturb the equilibrium by adding variations
to ¢y without changing the total heat flux from the ocean. The ice shell then evolves to a new
equilibrium characterized by a dynamic balance between the melting/crystallization at the base
of the shell and the deformation of the shell driven by topographic anomalies at this interface.

2.3. Material properties of ice

The viscous flow of ice is a macroscopic manifestation of different processes, occurring on
microscopic scale and including diffusion creep, dislocation creep, grain boundary sliding and
basal slip creep (e.g. |Goldsby and Kohlstedt, 2001). The resistence of ice to deformation by
deviatoric stress is characterized by effective viscosity n, which is a function of state parameters
(p, T), grain size d and the second invariant of the deviatoric stress o-fl. The grain size generally
depends on stress and temperature (e.g. [Barr and McKinnon, 2007) and may vary in both time
and space. Direct measurements of grain size on icy moons are not available. However, a typical
grain size can be estimated indirectly from analysis of ice samples from Antarctic glaciers (Du-
rand et al.,|2006) and self-consistent models of grain size evolution (Barr and McKinnon, 2007;
Barr and Milkovich, |2008). These studies indicate that the grain size is likely to range between
0.1 mm and 10 mm, depending on the amount of impurities in ice.

In the present paper we use the rheological model of ice by |Goldsby and Kohlstedt| (2001}
where we assume that (i) the grain size d is uniform throughout the ice shell and it does not
change in time, and (ii) the stress o-fl in the material formulas can be approximated by the average
value &%, at a given radius,

(1) = \/ﬁ fQO'id(r, 1 od(r,ndQ, (15)

where Q represents the surface of a unit sphere and the colon denotes the double-dot product
of two tensors (A : B = A;;Bj; in Cartesian coordinates). In our numerical simulations, the
5
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Figure 1: Sketch of the processes occurring at the ice/water interface and their consequences for the ice shell evolution. a)
The normal component of the heat flux is not generally continuous at a phase interface. Melting occurs in regions where
the heat flux from the ocean is larger than the heat flux in the ice shell. The opposite situation leads to crystallization.
b) In regions of melting, the ice shell looses mass and its thickness decreases. Crystallization is accompanied by ice
mass gain and ice shell thickening. Both processes tend to restore the heat flux balance at the boundary. ¢) Undulations
of the ice/water interface generate buoyancy forces which induce a flow in the ice shell. This flow deforms the upper
boundary of the shell — depressions develop above the regions of melting while the surface tends to rise above the regions
of crystallizations.
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grain size is a model parameter which is chosen a priori from the interval of admissible values
(0.1 mm < d < 10 mm), and determines the relative importance of diffusion creep in the ice flow.
The use of average values of stress and grain size in the formula for viscosity is a reasonable first
approximation provided that the deformation of the ice shell is long-wavelength and the stress
is not too large. The deviatoric stress in our models does not exceed 1 MPa which suggests that
the deformation of ice is controlled by diffusion creep and the stress averaging has only a minor
effect on the results.

The rheological model by |Goldsby and Kohlstedt| (2001) provides an appropriate mechanical
description of ductile ice, but it cannot be used in the the uppermost, cold part of the ice shell
where the deformation is likely to be controlled by brittle failure. The laboratory experiments
suggest that the brittle failure in ice occurs when the stress exceeds 0.2—1.5 MPa under tension
(Schulsonl 2001} |Lee et al., 2005), or 5—-10 MPa under compression at low confining pressure
(Weiss and Schulson, (1995} [Schulson| [2001). However, the effective strength of the ice litho-
sphere on a global scale may be significantly lower, as it depends on a number of factors that
cannot be identified in small-scale experiments, such as the existence of faults and fractures, the
state of compaction, the mobility of unconsolidated ice, etc. Considering the large-scale nature
of our model, we lump all these factors in a single parameter, the yielding viscosity n,. The
viscosity in Eq. (Fl_f[) is then n(r, 1) = min{ny, ngk (r, t)}, where gk denotes the viscosity obtained
from the rheological model by [Goldsby and Kohlstedt| (2001). To assess the role of the yield-
ing viscosity in the time evolution of the ice shell, we will carry out the simulations for several
different values of 7y, ranging from 10%° to 10?® Pas.

Compared to viscosity, the shear modulus of ice only weakly depends on temperature (Proctor,
1966) and is almost independent of stress and grain size. For simplicity, we assume that the
shear modulus y is constant throughout the ice shell and has a value of 3.5 GPa. This value was
obtained from laboratory experiments on polycrystalline ice (Gammon et al., [1983)) and it may
not be appropriate for ice at shallow depths where the shear modulus is likely to be reduced due
to fractures and pores. The error introduced by considering a constant value of u is, however,
small compared to the uncertainty in the viscosity model.

In the heat equation (3), we consider the temperature dependence of thermal conductivity k
and heat capacity c, following the relations (McCord and Sotin, 2005)

k
KT) = k; + ?2 , eo(T)=ci+aT, (16)

where k| = 0.4685 Wm™'K™!, k&, = 488.12 Wm™!, ¢, = 185 Jkg''K™! and ¢, =
7.037 Tkg 'K~2. The spatial distribution of tidal heating H is computed using an Andrade vis-
coelastic model (eg. Efroimsky|, 2012) in which parameters i and u are the same as those used
to compute the long-term evolution of the ice shell. The Andrade model characterizes the vis-
coelastic response of ice in a wide range of temperature and frequency and provides a better
description of innelastic behavior of ice than the Maxwell model which is used in this study to
describe the long-term deformation of ice. The values of empirical parameters @ and § in the
Andrade model (see eq. (26) in Efroimsky, 2012) are chosen @ = 0.25 and 8 = u®'~*. The
tidal heating is included using the approach by (Behounkova et al.,2010) in which the long-term
evolution of the ice shell and its periodic tidal deformation are solved independently for the same
viscosity structure.
7
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Symbol  Parameter Value

R, Mean radius of Titan 2576 km

Ry Mean radius of ice/water interface 2476 km

g(Ry) Gravity acceleration at radius R; 1.35ms™2

g(Ry) Gravity acceleration at radius Ry, 1.38 ms™2

Oi Density of ice 920 kgm™3

Pi Density of water 1000 kg m~3

Cp Thermal capacity of ice at constant pressure!  variable, Eq. (16)
k Thermal conductivity of ice' variable, Eq. (16)
L Latent heat? 333.5 klkg™!

d Grain size 0.1-10 mm

T Melting temperature of ice 273K

T Surface temperature? 94 K

u Shear modulus of ice* 3.5 GPa

TIGK Viscosity of ductile ice’ variable

My Yielding viscosity 102°-10?° Pa s

P Orbital period 15.945d

e Eccentricity 0.0288

Table 1: Parameters used in this study. The values adopted from IMcCord and Sotin| (2005), ZHobbs| (1974), 3Flasar:
et al.|(2014), 4Gammon et al. (1983) and 5Goldsby and Kohlstedt (2001).

2.4. Simplifying assumption

The equations presented in sections 2.1]and [2.2] are valid for slow viscoelastic deformation of
an incompressible ice shell induced by phase change at the ice/water interface. The deformation
of the ice shell and its thermal history depends on the thermal processes in the ocean which occur
on a much shorter time scale than those in ice. In our model, these processes are parameterized
by the heat flux q,,, which can be interpreted as the time-averaged signature of the thermal state
of the ocean. For simplicity, we assume that the integral of Ag, over the bottom boundary of the
shell is equal to zero and the mean thickness of the ice shell does not change in time.

In this paper, we are going to investigate the effect of the heat flux from the ocean on the
evolution of Titan’s ice shell in order to establish a link between the observed topography and
gravity on one side and the average thermal state of the ocean, represented by quantity qy, on
the other. We do not consider the role of chemical heterogeneities within the shell, which have
been proposed as an alternative to ice thickness variations (Choukroun and Sotin, 2012)), and
we assume that the density p; of the ice is constant. Also, we neglect the effects associated
with possible partial melting inside the ice shell (Kalousova et al.l 2014} [2016) and assume that
melting can occur only at its bottom boundary. Since the present-day models of topography and
geoid on Titan provide only the long-wavelength characteristics of these fields, we focus our
modeling effort on the large-scale processes associated with an uneven distribution of the heat
flux from the ocean. We do not consider possible effects of small-scale convection, which may
locally develop in the ice shell but which is unlikely to occur on a global scale because of too
high viscosity of ice suggested by previous studies (Nimmo and Bills, |2010; Hemingway et al.,
2013; |Lefevre et al.,[2014).

In the constitutive equation (@), we neglect the advection and corotation terms in the convected
time derivative and set §/6¢t = 0/0t (cf. |[Zhong, 2002; Dumoulin et al., 2013). The results of

8
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the tests performed for the Earth’s mantle using the viscoelastic version of the numerical code
StagY'Y (Patocka et al., |2017) suggest that omission of these terms have a negligible effect on
the global flow (V. Patocka, personal communication).

2.5. Application of spectral method

The problem described in sections [2.1] and 2.2] can be divided into three parts: viscoelastic
deformation (Eqs. [T} 2 [} [5] and [TT)), thermal evolution (Egs. 3] [|and [9) and the motion of the
boundaries (Eqgs. [§|and[T2). The standard approach to solve the first problem in spherical geom-
etry is to reduce the partial differential equations governing the deformation to ordinary differen-
tial equations by using a spectral decomposition (e.g. Tobie et al., 2008). The spectral technique
is computationally very efficient and numerically stable even for large viscosity contrasts (e.g.
Dumoulin et al. 2013)), but becomes cumbersome when the boundaries of the computational
domain are irregular.

The usual tool to solve problems with complicated geometries is a finite element method.
The finite element modeling of the global deformation of ice crusts of outer planet satellites is
challenging for two reasons. First, due to the specific boundary conditions, the ice shell is not
fixed in space and, therefore, one needs to eliminate the rigid body translation and rotation to
ensure uniqueness of the solution. This can be achieved using different techniques (e.g. Soucek
et al.,[2016)), but their implementation in commercial or publicly available finite element software
is far from straightforward. Second, and more importantly, to capture the sharp increase in
viscosity with radius (by 6 orders of magnitude or even more), one needs a sufficiently large
number of elements across the shell. However, the typical thickness of the ice crust is only
~ 0.1 — 1% of the outer perimeter of the satellite. Since the size of the elements should be more
or less the same in all directions, this leads to an algebraic problem with a very high number
of unknowns. Although the results of recent modeling efforts (e.g|A et al., 2014} |Soucek et al.
2017) are promising, the finite element models of ice shell deformation still suffer from rather
coarse radial resolution, which does not allow to include the large viscosity increase across the
shell necessary for a realistic prediction of topography at a long time scale (Cadek et al., 2017).

In this study, we use the spectral approach. Assuming that the deviations of the boundaries
from the initial spherical shape are small relative to the mean thickness of the shell, we transform
the problem with irregular boundaries to the standard problem with spherical boundaries to which
we apply the method of spherical harmonic decomposition. This transformation is facilitated by
the fact that the gradient of the incremental stress due to the deformation is significantly smaller
than the gradient of the hydrostatic pressure. Considering the assumptions made in section [2.4]
applying the Taylor theorem to boundary conditions (5) and (TT]) and neglecting terms of higher
order, we obtain (Appendix B?)

V-vi=0, V'd’i—in(V—Vo)ZO, (17)

U(T09 0_—(11]) E

~d =d T
¢ =n(Ty, Vv + (Vv)'| - > 18
g, 7](00']])[" (v)] T ot (18)
e - 5i(Ry) = pits go(Rs) , (19)
e: - 0i(Rp) = (pi — pw)tr80(Ry) + pw(V = Vo)e, . (20)
Here, & is the incremental stress defined with respect to the initial hydrostatic equilibrium,
o=-pyl +7, (21)
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Do, Vo and g are the quantities characterizing the initial hydrostatic state, namely the hydrostatic
pressure, the potential of external forces and the gravity acceleration, respectively, Ry and R, are
the mean radii of the top and bottom boundary of the ice shell, respectively, and R and R, are
the corresponding position vectors, e; is the radial unit vector, 7, is the topography of the outer
surface induced by the deformation of the ice shell, and #, is the topography of the ice/water
interface induced by melting/crystallization

Following the same reasoning as above, the heat equation (3) and the boundary conditions (6)
and (O) can be rewritten as

T, 1 Ty, H
o _ 1g. kK(To)VT; — vi’rﬁ_o + 2o , (22)
ot picp or  picp
_ Ty _ T,
TR) =T, - 150| TR = T - 1052 (23)
and Egs. (8) and (I2)) take the form
ot
a—: =i (Rs), (24)
oty 1 oT; — To)
2y = v (Ry) + — KT == 54w - , 25
= v,(b)+Lpi[<o) e AR (25)

where u, is the radial component of vectors u# and dq,, denotes the lateral variations of heat flux
qw- Since the coefficients in Eqs (I7)—(25) do not vary laterally, the problem can be solved using
a spectral method similar to that described in (Dumoulin et al., 2013).

3. Effect of tidal heating in the ice shell

In this paper we investigate the variations of Titan’s ice shell thickness induced by thermal
effects, namely by the tidal heating in the ice shell (H) and the heat flux (q,) from the subsurface
ocean. We first examine the role of the tidal heating, while assuming that the heat flux from
the ocean is homogeneous and the average thickness of the ice shell does not change in time.
Unless stated otherwise, the results presented below correspond to the steady-state solution of
Eqgs (I7)-23).

The tidal heating in the ice shell depends on the periodic tidal potential, which is of the order
of e(r/P)> where e = 0.0288 is the eccentricity and P = 15.945 d is the orbital period, and
the viscosity structure, which is primarily determined by the temperature distribution. Since
the viscosity in our model strongly increases with radius, the tidal heating is significant only
in the lowermost few kilometers of the ice shell. In this part of the shell, the temperature is
close to the melting temperature and the deviatoric stress due to viscous flow is relatively small,
which suggests that the value of viscosity, and consequently the heat production in this region,
is primarily controlled by the grain size d. The maximum tidal heating rate H computed for the
Andrade rheological model (section [2.3) ranges from 3 x 107 Wm™ for d = 50 mm to about
107 Wm™ ford = 1 mm.

The amplitude of the phase boundary topography depends on the magnitude of tidal heating
in the ice shell and the ability of ice to support topographic loads. While the tidal heating in-
creases with decreasing viscosity, significant topographic amplitudes can only be maintained if
the viscosity of ice is sufficiently high and the viscous relaxation is slow. The ambivalent role
of viscosity is demonstrated in Table 2 where the peak-to-peak amplitudes of the surface and

10
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0.lmm Imm 3mm 10mm 30mm 50mm

20 00 27 31 23 18 17
10" Pas 0.62 32 35 26 21 20
21 005 57 16 16 13 12
107 Pas 0.62 66 18 190 15 133
22 0.05 6.5 31 a2 69 61
10°" Pas 0.62 75 359 826 795 701
23 0.05 6.6 35 118 148 134
107 Pas 0.62 76 303 1358 1708 1546
24 0.05 6.6 35 126 169 154
10" Pas 0.62 76 408 1457 1952 1780
25 0.05 6.6 35 127 171 156
10~ Pas 0.62 76 308 1464 1972 1795
26 0.05 6.6 35 127 171 156
10" Pas 0.62 76 308 1464 1972 1795

Table 2: Peak-to-peak amplitudes of surface (top number) and phase interface (bottom number) topography in m induced
by tidal heating, computed for different combinations of grain size (collumns) and yielding viscosity (rows).

phase interface topographies, computed for different combinations of parameters d and 7y, are
presented. The amplitude of the surface topography predicted for 1 mm grain size does not ex-
ceed a few meters, corresponding to only ~ 1% of the observed topography signal, and even
smaller amplitudes are found for d = 0.1 mm. Although the tidal heating is largest for small
grain sizes, the ice in the vicinity of the phase interface has too low viscosity to support a major
topographic load at this boundary. Significant topographic amplitudes are obtained only for a rel-
atively large grain size (> 3mm). In this case, the ice at the base of the shell is sufficiently strong
(7 = 10" Pas) to maintain 100-m undulations of the phase boundary, and the tidal heating is
still large enough to produce significant lateral variations of the heat flux at the phase boundary.

The predicted pattern of the surface topography (Fig. [2) is characterized by lows in the polar
regions and elevations around the equator, and it roughly correlates with the observed shape
of Titan [Lorenz et al.| (2013) corrected for hydrostatic effects |less et al.| (2010). However, the
peak-to-peak amplitude of the topography, predicted for d = 10 mm, is only 126 m, which is
significanly less than the observed value. The tidal heating in the ice shell thus cannot explain
Titan’s low-degree non-hydrostatic topography, at least not for the current value of eccentricity.

The predicted steady-state surface topography increases with the yielding viscosity reaching a
saturation value at 7y ~ 10%* Pas for a | mm grain size and iy ~ 10% Pas for d > 10 mm. All
models with 7, above the saturation value give approximately the same steady-state topography
and they only differ in the time period needed to reach the steady state. The effect of parameters
d and ny on the time scale of the relaxation will be discussed in the next section.

4. Topography induced by heat flux variations in the ocean

In this section, we investigate the effect of lateral variations in ocean heat flux on the evolution
of ice shell thickness. For clarity of exposition, we omit the tidal heating in the ice shell (H =
0) and we investigate the response of the ice shell to lateral heat flux variations dq,, degree
by degree. The only source term considered in evolution equations (I7)-(23) is the heat flux
Gw, = 0qy - e; at harmonic degree £ and order zero, g, () = A P¢(cos ), where A, is the
amplitude of the heat flux and P, is the Legendre polynomial. The heat flux gy, is imposed
at the bottom boundary of the ice shell at time t+ = 0 and held constant. The ice shell then

11



a) Topography due to tidal heating

Figure 2: a) Topography of Titan predicted for a tidally heated model of ice shell with d = 10 mm and 7y = 10** Pas.
No variations of heat flux from the ocean are considered. The isoline interval is 20 m. b) Topography of Titan based on

Cassini observations (2013) related to the reference ellipsoid [Tess et al (2010). The isoline interval is 200

m.
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evolves to a steady state characterized by a balance between the ice flow velocity and the rate of
melting/crystallization at the phase interface (Eq. [14).

Figures [3H6 show the time evolution of the topographies and the geoid computed for degrees
2, 3,4, 6 and 8. Each figure has six panels illustrating the dependence of the solution on three
free parameters, namely the grain size, the yielding viscosity and the amplitude of the ocean heat
flux. Panel a shows the solution for model with d = 10 mm, n, = 10* Pas and A, =1mW m2,
which will be referred to as the “reference model”. As indicated in section [3] this model has the
potential to explain the observed topographic amplitudes of the order of 100 m. The grain size
of 10 mm, considered in the reference model, is somewhat larger than expected for planetary
ices, but it does not exceed the range of acceptable values. The solution obtained for the same
model as in panel a but for the heat flux amplitude A, = 3 mW m~2 is presented in panel b.
Panels c and d illustrate the sensitivity of the solution to the grain size (d = 1 mm and 3 mm,
respectively), while the effect of the yielding viscosity is investigated in panels e (17, = 10** Pas)
and d (17, = 10?® Pass). The impact of erosion/deposition on the geoid amplitudes is addressed in

Fig.[]

4.1. Evolution of topographies

Figure[3]illustrates the evolution of the ice/water interface topography in response to a heat flux
imposed at this interface at time # = 0. Inspection of Fig. [3|shows that for all considered models,
the amplitude of topography increases in time reaching a steady state after 1-100 Myr. The
time needed to reach the steady state (hereinafter referred to as the “relaxation time”) is mainly
controlled by the grain size (compare panels a, ¢ and d), and depends only weakly on the heat flux
amplitude (panel b) and the yielding viscosity (panels e and f). This is not surprising, given that
the grain size determines the viscosity in the lowermost part of the shell and, consequently, the
velocity of ice flow in the vicinity of the ice/water interface. Note, however, that the relaxation
times which can be inferred from Fig. 3] differ from the times traditionally used to characterize
the viscoelastic deformation and melting of ice, namely the Maxwell relaxation time (1 =
n/w) and the characteristic time of melting (T, see, eg., equation (5) in (Kamata and Nimmo),
2017)), respectively. These two characteristics are closely related to the processeses represented
by ice flow velocity v;, but they cannot be directly used to estimate the characteristic time of
the phase boundary evolution, represented by the radial component of velocity u (see Eq. 23),
which is smaller than velocity v; and eventually goes to zero. The relaxation time decreases with
increasing degree. For example, the topography at degree { = 8, computed for the reference
model, reaches a steady state after about 30 Myr of evolution, while more than 200 Myr are
needed for the relaxation to be completed if ¢ = 2. The dependence of the relaxation time on
the harmonic degree of heat flux anomaly g, can be understood if we consider that the rate of
the relaxation process depends on how much of the overall deformation occurs in in the bottom,
low-viscosity layer of the ice shell. Since the thickness of this layer relative to the wavelength of
the heat flux increases with harmonic degree, the relaxation is faster at higher degrees.

The grain size controls not only the time scale of the phase boundary evolution but also the
amplitude of the steady-state topography. The steady-state amplitude at degree 2 is about 5 km
for the reference model (d = 10 mm, panel a), but only 140 m when d = 1 mm (panel c).
As already discussed in section [3] the magnitude of the steady-state topography depends on the
ability of ice to support a topographic load. This ability is closely related to the viscosity of ice in
the vicinity of the phase boundary, which is primarily determined by the grain size in our model.

The amplitude of the topography induced by the same heat flux anomaly A, decreases with
increasing degree. Close inspection of panels a, ¢ and d of Fig. 3 reveals that the dependence of
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Figure 3: Amplitude of ice/water interface topography as a function of time, computed for heat flux anomalies gy
imposed at degree 2, 3, 4, 6 and 8. Results obtained for the reference model (d = 10 mm, ny = 10% Pas, Ay =1mW m‘z)
are shown in panel a. Other panels show the same as panel a but for b) A, = 3 mW m2,c¢)d=1mm,d)d =3 mm,e)

7y = 102 Pas and f) ny = 10% Pas.
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the topographic amplitude on the degree is stronger for smaller grain sizes.

To summarize, our results suggest that the topography of the ice/water boundary generated
by heat flux variations in the ocean is likely to be dominated by large-scale structures and its
magnitude strongly depends on the viscosity of ice in the bottom part of the ice shell. Unless the
heat flux variations exceed a few mW, topography larger than 1 km can develop only for the grain
size > 3 mm, corresponding to a minimum ice viscosity of ~ 10'> Pas or higher. The evolution
of the surface topography is shown in Fig. [d] The relaxation times of surface topography at
individual degrees are approximately the same as those found for the bottom boundary and,
interestingly enough, they only weakly depend on viscosity 7y. The key parameter controlling
the time evolution and the topographic amplitudes is the grain size (see panels a, ¢ and d), which
suggests that the surface topography is primarily determined by the viscosity of the bottom part
of the ice shell and the heat flux from the ocean (panel b).

In previous studies, the relationship between the surface and ice/water topography has been
analyzed in terms of models based on the assumption of isostatic equilibrium, elastic flexure
or a steady-stady state viscous flow (see, e.g.,Nimmo and Bills| 2010; (Choukroun and Sotin}
2012; [Hemingway et al., [2013} [Lefevre et al.l [2014)). It is of interest to see whether these basic
models can be used as first order approximations to the steady states obtained here for a general
viscoelastic model. Following (Cadek et all 2017), we introduce the topographic load ratio
(TLR) at degree ¢ which is defined as the ratio of the force that maintaines the surface topography
of degree ¢, to the buoyancy force of the same degree acting on the base of the computational
domain:

ts,{’m Pi &s Rg

TLR; = — —
tb,[m (pw - Pl) 8b Rb

(26)

where f s, and ty, ¢, are the degree-¢ order-m spherical harmonic coefficients of the surface and
ice/water interface topography. If TLP = 1 the topographic loads on the boundaries satisfy the
condition of Airy isostasy [Lambeck] (e.g.[1988). The time evolution of TLR is shown in Fig. 3
The value of TLR is larger than 0.9 already after a few thousands years and it is close to 1 in
steady state, suggesting that the topographic loads are aproximately in equilibrium during most
of the evolution. The magnitude of the ice/water interface topography can thus be estimated
from the surface topography using Eq. (26) in which TLR is set to 1. The steady-state value
of TLR decreases with increasing degree and it can be shown that the “isostatic” approximation
(TLR = 1) can only be used if ¢ < 27R;/(Rs — Ry), ie. for £ smaller than ~ 15. Note that the
relaxation times of TLR are shorter than those inferred from Figs[3|and [ and they depend on the
yielding viscosity rather than on the grain size. This indicates that equilibrium between the top
and bottom load is reached long time before the development of the topographies is completed.

4.2. Geoid and the effect of erosion

The time evolution of the geoid height is plotted in Fig.[6] Inspection of the curves shows that
for all considered combinations of parameters, the geoid has the same sign as the surface topog-
raphy, in contradiction to the finding of [Hemingway et al.| (2013) who showed that the gravity
and topography at degree 3 are inversely correlated. According to Hemingway et al.|(2013)), this
observation can be explained only if the ice shell is sufficiently rigid (elastic thickness > 40 km)
and the topographic amplitudes are strongly regulated by erosion and deposition. We will test
this hypothesis by computing the geoid at degree 3 for a model with high-viscosity lithosphere
(ny = 10% Pas), relatively stiff bottom part (d = 10 mm, corresponding to a minimum viscosity
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of 10'® Pas) and including topography-dependent erosion and deposition. The effect of ero-
sion/deposition is parameterized in terms of an erosion rate which is negatively proportional to
the topographic amplitude,

ve = —Etq, 27
and is included in the equation governing the evolution of the upper boundary (cf. Eq.[25):
ot,
a_; = Vi (Ry) + ve . (28)

Equation ti is equivalent to the equation of diffusion (9z,/9t < V?t,), often used in model-
ing erosion on Earth (e.g. Martin and Church) [1997), expressed in spectral form (0t; /0t «
—0(L + 1)t; ¢). The coeflicient E, in Eq. , hereinafter referred to as the “erosion coefficient”,
characterizes the rate of erosion/deposition per 1 m of topographic height. Its value depends
on climatic and geological conditions and, as indicated above, also on the wavelength of topo-
graphic features. Since the rate of large-scale erosion on Titan is not known, we will consider
several values of E ranging from 0 to 1070 yr~!.

The time evolution of the geoid, topography, geiod-to-topography ratio and topographic load
ratio for models including the effect of erosion and deposition is shown in Fig.[7} Since the heat
flux gy, imposed at the base of the ice shell has a positive amplitude (A, = 1 mW m™2), the
ice/water interface topography is positive and the induced surface topography is negative. The
resultant geoid is a superposition of the gravitational signals produced by these topographies
and it has the same sign as the surface topography if no erosion occurs (E = 0, magenta line in
Fig.[7). As we increase the value of the erosion coeflicient, the (negative) amplitude of the surface
topography diminishes and the gravitational effect of the positive ice/water iterface topography
becomes dominant, leading to positive geoid and negative admittance. The observed value of
admittance reported by Hemingway et al| (2013) is -32 mGal km—1, which is equivalent to a
geoid-to-topography ratio of about -0.2. This value is obtained for E ~ 4 x 10™7 yr~! (green line
in Fig., corresponding to an erosion rate of about -0.03 mm yr~! for 80-m degree-3 topography.

We find (not shown in Fig. [/ that the value of parameter £ needed to explain the observed
geoid-to-topography ratio decreases with increasing values of parameters 7, and d — the stiffer
the ice shell, the smaller erosion rate is required to explain the geoid at degree 3. Our results
thus support the conclusion of [Hemingway et al.| (2013) that the ice shell on Titan is rather
rigid and its surface is exposed to erosion and deposition, indepenedently confirmed by recent
geomorphological studies (cf. Neish et al.,|2013}; |Birch et al., 2017).

5. Distribution of heat flux anomalies

We now determine the distribution of heat flux gy, that is compatible with the observed long-
wavelength surface topography. Taking into account the results presented in sections [3| and
we only consider the grain size larger than or equal to 3 mm and we set 7, = 10?* Pas. Using a
Monte Carlo approach we find, for each chosen value of d, the lateral variations of heat flux g, ,
that satisfy the condition

lnay £

Z Z |(tgbs)fm - (tgred (qw”))[m

(=2 m=—¢(

2
| = min, (29)
where (o), are the complex spherical harmonic coefficients of quantity e, £ is the surface to-

pography obtained by (Lorenz et al.,|2013)) related to the reference ellipsoid less et al.|(2010), and
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Figure 7: Time evolution of geoid (a), surface topography (b), geoid-to-topography ratio (c), and topographic load ratio
(d) at degree 3 computed for models including the effect of erosion and deposition, parameterized in terms of erosion
coeflicient E (see Eq. |Z7|) and the text below). The solutions obtained for various values of E are plotted by different
colors. The case of E = 0 (plotted in magenta) corresponds to no erosion.
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tfred(qw,,) is the steady-state surface topography predicted for ocean heat flux g, , and including

the effect of internal heating. We consider three cases: £,x = 2 (without harmonic term 21),
Cmax = 4 and €, = 8. The case £, = 2 should provide a basic estimate of ocean circulation
on Titan which is expected to be symmetric about the equator in first approximation while the
models with £,x = 4 and 8 may also help to reveal the flow features potentially related to heat
flux anomalies at the ocean floor. The results obtained for the reference model (d = 10 mm,
ny = 10?* Pas) are shown in Fig. 8| The heat flux at degree 2 (Fig. ) ranges from -0.3 to -0.05
mW m~2 around the equator and it reaches the maximum value of 0.35 mW m~2 at the poles.
This pattern is consistent with the ocean flow characterized by upwelling of warm water in polar
regions and downwelling of cold water at low latitudes.

The heat flux pattern obtained for . = 4 (Fig.[8p) is dominated by contribution at degree
4. Although the spectral powers of 2% at degrees 2 and 4 are about the same, the generation of
topography at degree 4 requires a larger heat flux gy, than at degree 2 (compare the black and
red curves in Fig. fp), which explains the relatively weak degree 2 contribution. The heat flux
amplitudes reach 3 mW m™2, about 40% of the average heat flux at the boundary. As in Fig. ,
the polar regions are associated with positive heat flux anomalies. However, the minima of heat
flux are more or less randomly distributed in the mid-latitudes and they are not concentrated
along the equator.

The inversion up to degree 8 (Fig.[8c) yields a complex pattern of small scale anomalies with
amplitudes ranging from -7 to 13 mW m~2. The anomalies are organized into irregular belts
which have approximately longitudinal orientation.

The heat flux patterns obtained for 3 mm grain size (not shown here) are similar to those in
Fig.[8] but the amplitudes are an order of magnitude larger than those computed for the reference
model, thus too large to be compatible with a model of ocean flow on Titan. In contrast, even
smaller amplitudes of the heat flux than in the reference model are needed if the viscosity at
the ice/water interface is very high. For d = 50 mm, corresponding to viscosity of ~ 10!” Pas,
the topographic signal at degree 2-8 can be explained by heat flux variations not exceeding
3 mW m~2 peak to peak.

The maps presented in Fig. [§] were computed without considering the effect of erosion and
deposition, and therefore represent the minimum heat flux variations needed to explain the ob-
served large-scale topography of Titan for given parameters d and 5y. The role of erosion is
illustrated in Fig. E]for a model with efa, = 10?6 Pas,d = 30 mm and E = 6 x 1077 yr~!. The
parameters controlling the viscosity of the ice shell are deliberately chosen larger than in Fig.
to ensure that the total heat flux (heat flux anomalies plus the average heat flux) on top of the
ocean will be positive. The heat flux pattern obtained in this case differ from that in Fig.[8c in a
number of details, indicating that erosion can influence both the amplitude and the distribution
of the heat flux anomalies. We emhasize that the map shown in Fig. [9]is only illustrative since
erosion is parameterized in a simplified way that does not include scale dependence of parameter
E. The parameterization of erosion in terms of Eq. is justified for a single harmonic degree
(see section ...). In a general case, however, the effect of erosion should be simulated using a
diffusion equation model (or a different model, depending on the type of erosion process).

6. Conclusions

A full understanding of the relationship between the phase changes occurring at the ice/water
interface and the material flow in the ice shell requires the solution of a set of partial differential
equations in a domain with moving boundaries and complex material properties. We have solved
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a) Degree 2

Figure 8: a) Ocean heat flux anomalies gy, consistent with Titan’s topography at degree 2 (harmonic term {m = 21 is
not included). The isoline interval is 0.1 mW m~2. b) The same as in panel a) but for degrees 2—4. The isoline interval is
1 mW m~2. ¢) The same as in panel b) but up to degree 8. ’5? isoline interval is 5 mW m~2. The maps are computed for
the reference model (d = 10 mm, ny = 102* Pas). The effeCtof erosion is not included.
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Figure 9: Heat flux anomalies g up to degree 8 inferred from the observed topography for a model including the effect
of erosion and deposition. The isoline interval is 2 mW m~2. The map is computed for ny = 10% Pas, d = 30 mm and
E=6x10"7 yr !,

this problem for a simplified model of an ice shell to verify the hypothesis of a thermal origin of
Titan’s long-wavelength non-hydrostatic topography. A limitation of the present study is that it
focuses on a system made of pure water and ice and does not take into account possibly important
effects of other compounds which may significantly influence the physical properties of the ice
shell material, temperature of the ocean and the solid-liquid phase diagram. The incorporation
of these effects will require further theoretical and modeling effort.

Our results suggest that Titan’s topography can be explained by lateral variations of ocean
heat flux of the order of mW m™2, provided that the heat flux is stable over a period of at least
10 Myr and the ice shell has a sufficiently high viscosity (= 10?* Pas in the upper part and >
10'® Pass near the ice/water interface). The high viscosity of ice rules out a vigorously convecting
shell, imposes limits on the extent of cryovolcanism and is in agreement with previous studies
(Hemingway et al 2013} [Lefevre et al.,[2014) which argued for a highly rigid and geologically
inactive, non-convecting ice crust.

Since the model ice shell is made of pure water ice (implying that the temperature at the base
of the shell is close to 273 K) and the deformation is controlled by diffusion creep (due to a low
stress level), the correct amplitudes of topography are only predicted for models with coarse ice
grains (d 2 10 mm). However, if the melting temperature were lowered by the presence of an
antifreezing component, such as ammonia, the same value of viscosity would be obtained for
a significantly smaller grain size. Our results are thus compatible with a grain size of 1 mm
provided that the temperature of the ocean is 250 K or lower.

The negative correlation between the topography and geoid at degree 3 can be explained by
erosion, in agreement with the conclusion of [Hemingway et al| (2013). The rate of erosion
needed to explain the observed geoid-to-topography ratio at degree 3 depends on the viscosity of
the shell and ranges between 0.01 and 0.1 mm yr~'. A more accurate estimate of the erosion rate
would require the knowledge of Titan’s gravity at higher degrees.
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si7 Appendix A. Conservation laws for a phase boundary

518 The mass, momentum and energy transfer across the phase boundary must satisfy the follow-
si9  ing conditions (Slattery et al.,|2007):

DDp; +sz>: u= —[p(v—u)~n]z > (A1)

pE%—VE-S:[(O'—p(v—u)cb(v—u))-n] , (A.2)
Pl (6 +32) =V, - (S-w)

=—[(p(e—ez+;-vz—;-u2)(v—u)—a-v+q)-n] , (A3)

p}

s22 where D/Dt is the surface material derivative, V; denotes the surface gradient, p, is the surface
s2s  density, p is the density (o is equal to p; in ice and to py, in water), [ f], represents the jump in
s24 quantity f across the boundary ([f]; = fi — fw) v is the velocity in a phase (v; or vy,), u is the
s»s  velocity of the phase interface, S is the surface tension tensor, ® denotes the dyadic product of
sss  tWO vectors, o is the stress in a phase (07 or oy), € is the internal energy per unit mass within a
s27 phase, and ¢, is the internal energy per unit mass associated with the phase interface.

528 Since we deal with processes that are large-scale and slow, we can neglect the terms with time
s29  derivative and the second order terms in velocities. Assuming that p, /R;, < p we obtain
[o(v—u)-n] =0, (A4)
530
[c-n], =-V,-S, (A.S)
531
[(pe(v—u)—0'~v+q)~n] =V, (S-u. (A.6)
z

sz The density of internal energy € in Eq. can be expressed in terms of the latent heat L, which
sss 18 defined as the jump in enthalpy, L := —[e+ p/pl,, where p is the pressure. Equation then
s takes the form

~piLvi—w)-n+[q-nl, =V, - (S-u). (A7)

sss  where we have used o0 = —pI + o4 and neglected the term [# - ot v].
536 In the conservation laws (A.4), (A.5) and (A.7), the only quantity associated with the physical
si7  state of the phase interface is the surface tension tensor S. This tensor can be expresses as
s (Slattery et al., 2007)

S=sd-n®n), (A.8)

s, where s is the superposition of an intrinsic surface tension, which is negligible in our context,
s and a dynamical surface tension, depending on the material flux across the interface (Chambat
sa  let al;|2014). Substitution of Eq. (A.8) into Eq. (A.5) gives

[0-nl,=s(V.-n)n—-V_s. (A9)
s« (Chambat et al.| (2014) have demonstrated that, in the case of viscous flow, s = —2v¢, where ¢ is

ss  the mass flux across the interface, ¢ = p;(vi — u) - n, and

rh+Oon

1
v(ry) = (lsi_r% n(r)n-V(%)dr. (A.10)

r,—on
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and ¢ is the mass flux across the interface, ¢ = pi(vi —u) - n.

The relative importance of the terms on the right-hand side of Eq. (A.9) can be assessed by the
method of dimensional analysis. The dimensionless stress (o), velocity (v' and u’) and nabla
operator (VZ’) can be defined as follows:

/ D ’ D ’ 1 ’
n —u Vo=V (A.11)

where 7 is the viscosity of ice, 7 is the characteristic time, D is the mean thickness of Titan’s ice
shell and Ry, is the mean radius of the phase boundary. Considering that v = n(pi — pw)/ (Zpiz), we
obtain

[0 - n], = C((v{ —u’)-n(VZ’~n)n—Vz’((vi' —u')-n)), (A.12)

where b
C= D (pi = pw) ~

~0.003. (A.13)
Ry  pi

Since |C| < 1, the terms on the right-hand side of Eq. (A-8)) can be neglected. A similar analysis
can be applied to Eq. (A-6), yielding V, - (S - u) ~ 0.
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