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matematiky
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Introduction
Games and puzzles have been an integral part of human society for hundreds of years.
For some reason, the art of conflict fascinates mankind regardless of race, religion or
culture. In fact, every age had its own masters of strategic reasoning, might they be the
invincible commanders of bloody wars; or cold-blooded decision makers of economic
battlefields. But at the beginning, the knowledge about a performance of different
strategies could have been gained merely empirically. The only way to beat the game
was through excessive study and infinitely repeated game-plays.
Finding ways to better justify how to win led to the mathematical formalism of
noncooperative game theory. This theory tries to formally define games and identify
rational behavior which maximizes the probability of victory. Based on the disparity
of information provided to the participating players, game theory establishes different
solution concepts known as equilibria. The underlying concept of the game theory is
Nash Equilibrium (NE) [1], which implies that every game contains a tuple strategies
such that no player profits from altering his strategy. The Nash equilibrium was several
times refined in order to overcome the perceived flaws, but all these concepts are closely
related. Later, more general solution concept called Correlated Equilibrium (CE) [2]
introduced the external events which can help the players coordinate.
With the computational power provided by computers, the theory gave rise to
algorithms able to find strategies even for large games – a process which would be impossible to do manually. This breakthrough encouraged the effort to formally describe
many processes in the human society as games. The main applications remain in economics, however, any multi-agent system with limited resources, where the agents are
forced to interact, can be modeled as a game. These models proved to be well-suited
for many real-world strategic situations, with both descriptive [3] and prescriptive [4]
applications.
However, these early game-theoretical models are predominantly based on strong
assumptions about the nature of the environment in which they are played. For example, they assume that all players are fully aware of the whole structure of the game
and that their interests are easily recognizable. In contrast, experiments performed
with human participants have shown several non-negligible deviations from predictions
made by traditional game theory. These findings implied that most human beings are
not always rational and that their typical choices do not always represent the utility
maximizing option.
In an attempt to mathematically explain these findings, a theory of bounded-rational
agents was developed as a generalization of traditional game theory [5]. Inspired by
many conducted experiments, the behavioral economists argued that it is precisely
the bounded rationality, which forms many interactions in the modern world. From
their point of view [6], the bounded rationality and the complexity of environment are
both inextricably linked. First, the emergence of complex social structures would not be
possible without interactions between bounded-rational agents. Second, the boundedrational nature of agents is in itself a consequence of a complex environment. It arises,
as the biologically bounded agents interact in situations, which they are not fully able
3

to comprehend. As a result, in one of the most well-known publications about bounded rationality [7], Simon proposed the following taxonomy of emergence of bounded
rationality:
1. limited knowledge of the world;
2. limited ability to evoke this knowledge;
3. limited ability to work out consequences of actions;
4. limited ability to conjure up possible courses of action;
5. limited ability to cope with uncertainty; and
6. limited ability to adjudicate among competing wants.
In the recent years, several solution concepts of computational game theory [8, 9] were
refined to model some of these limitations proposed by Simon; in order to provide more
robust strategies against human adversaries. Incorporating bounded rationality proved
to be a way to make the models more accurate and hence more suited for situations
where the true intentions of the players might not be well known or when the opponents
systematically make mistakes.
This thesis analyzes bounded rationality from the perspective of computational complexity and algorithmic game theory. An effort has been devoted to deriving a mathematical model with suitable properties for computing existing solution concepts, rather
than to exactly model human behavior as in cognitive modeling. The work proposes a model of automata playing extensive-form games called game-playing schemata,
which (in Simon’s classification) captures agent’s limited knowledge of the world, the
ability to evoke it (because the size of the automaton might be bounded) and the limited
ability to work out the consequences of actions (as the automata make a compression of
the game’s strategies). It does so in order to model the trade-off every bounded-rational
decision maker faces when choosing a strategy. On one hand, he demands the strategy
allows him to achieve his goals; on the other hand, he requires it to be as simple as
possible. There are many reasons why a player should focus on simplifying his decision
making: the more complex strategies are more likely to break down, they are more
difficult to learn, and may require more computational resources to be implemented.
As in [10], this thesis does not examine these reasons any further, it just assumes that
the complex reasoning is costly, but a complexity of any strategy can be evaluated by
the player.
Moreover, it has been shown that people tend to compress the obtained knowledge to reason more efficiently using simple patterns and structures [11]. By using
automata, the thesis models such ability in the context of strategic decision making in
environments with multiple acting agents. Such representation implements the ability
of agents to intentionally forget the information they assume to be unnecessary.

Related work
The model of game-playing schemata generalizes the model of automata in extensiveform games by introducing additional functions evaluating the structure of a game tree.
Even though this is a new model which has not yet been analyzed, it is closely related
to several other works, especially to the original model of automata playing repeated
normal-form games. From the perspective of computational game theory, the literature
on bounded rationality can be divided into three main categories: the cognitive models
of learning and decision making associated with behavioral game theory, the structural
models of limited computational abilities, and the approaches increasing the robustness
of traditional solution concepts.
Behavioral game theory generalizes the traditional game theory by introducing cognitive limitations of individual players. The field covers the areas of the behavioral
4

economics, experimental game theory, experimental psychology, cognitive science and
also the traditional game theory. The concept of bounded rationality is commonly
associated with the works of Simon [12], which are seen as an introductory literature
into the subject. Psychological and economic points of views can be found in a book by
Selten and Gigerenzer [13] while Camerer’s book [14] reviews the most influential experiments conducted so far. The most successful descriptive models used in the empirical
investigation of human modeling are Quantal response (QR) model, Instance-based
learning (IBL) model and model of Prospect theory (PT).
The quantal response model [15, 16] introduces uncertainty into the decision making
of a player by using a softmax function to determine a probability of choosing an action.
Instead of maximizing the expected utility, QR assumes that a probability of choosing
an action is positively related to the utility of that action. In other words, the player
chooses an action that gives a high expected utility with a probability higher than another action which gives a lower expected utility. On the other hand, the instance-based
learning model [17, 18, 19] assumes that as players interact with a dynamic task, they
recognize a situation according to its similarity to instances observed in the past. They
adapt their perception of strategies from heuristic-based to instance-based and update
the already obtained knowledge according to feedback given as a result of their actions.
IBL model a decay in memorizing of instances observed long in the past and is hence in
this sense similar to the model of automata playing repeated games. Finally, the model
of prospect theory [20] suggests there are two functions affecting the decision-making
process: the probability weighting function and the value function. The probability
weighing function models human interpretation of probability and suggests that people
weigh probability non-uniformly. Otherwise speaking, PT assumes that people tend to
overweight low probabilities and underweight high probabilities.
The structural models of limited computational abilities assume that humans do not
implement the strategies as simple mappings from situations to actions, but rather
as more complex structures which better describe their cognitive abilities, e.g. deterministic finite automata (DFA) or Turing machines (TM). This line of research was
originally suggested by Aumann as he summarized his ideas in [21]. Megiddo [22] questions the structural basics of bounded rationality and proposes more precise definitions,
while Rubinstein [10] wrote a great overview from the perspective of game-theorist, including a lot of formal models. The works on strategies implemented by automata
focus predominantly on effects of playing repeated normal-form games with automata
of bounded size [23, 24, 25] and the complexity of computing a best-response automaton
[26]. In the context of extensive-form games, Ramanujam [27] proposed an approach
based on automata described in modal and temporal logic. More general models of Turing machines playing extensive-form games can be found in [28, 29], which approximate
a finite game using an infinite sequence of converging games.
Recently, bounded rationality was applied to security games in order to increase
the robustness of traditional solution concepts. In [30], the authors assume the players
do not always choose a single optimal strategy, but rather one of the ϵ-best responses.
The solution is a strategy optimal against all ϵ-deviations. In the following works
[31, 8], the concept of ϵ-deviations was replaced with more precise models of players’
behavior based on QR or PT. However, these computed strategies provide no quality
guarantees when the estimated models of behavior are inaccurate. The monotonic
maximin [32] was proposed as a more conservative solution, but providing theoretical
guarantees of optimality against any regular quantal response function. According to
performed experiments, all these extensions of traditional solution concepts provably
increase the robustness of computed strategies.

5

Structural motivation
The main motivation for introducing a model of automata playing games into extensiveform games is structural. The model of automata is a well-known model with many
known properties, which can be used to analyze strategies represented as automata.
The goal of this thesis is to answer the following natural questions.
• How to define automata playing extensive-form games and how to compute an optimal automaton for a given pure strategy?
This thesis shows that for every pure strategy it is possible to construct an extended automaton (a schema) which prescribes this strategy. Moreover, in case the pure
strategy has an inner structure, the schema can use it to make the representation more
compact. For evaluating the compactness, the thesis introduces measures of complexity
and an algorithm for minimizing a size of a schema.
• How to define equilibria in schemata strategies? Do they always exist?
The thesis defines two types of equilibria in games with schemata strategies. First,
an equivalent of traditional Nash equilibrium in which players choose a schema strategy; and second, an equilibrium which balances an expected utility and complexity of
a schema strategy. It proves that every game contains these equilibria.
• Which strategies are efficiently representable? Which classes of games
have efficiently representable strategies and how to compute an equilibrium with these strategies?
The thesis analyzes the strategies which are representable by schemata of polylogarithmic size and low computational complexity. It presents a sufficient condition for games
to have efficiently representable (also called small) strategies and shows that computing an originally NP-hard correlated equilibrium can be done in polynomial time with
small schemata.

Approach of this thesis
This thesis aims at building a theory of schemata playing finite extensive-form games.
For this purpose, the thesis is organized in the following structure:
• The game theory provides the necessary theoretic background for playing games.
The basics of its mathematical formalism are formulated in Chapter 1. The chapter also introduces two main solution concepts relevant to this thesis; algorithms
for finding the solution and the theoretical analysis of their computational complexity.
• The thesis builds the theory of schemata playing extensive games in Chapter 2.
The chapter contains all necessary definitions which ensure the games are being
played correctly.
• The analysis of existence and computational complexity of solution concepts with
schemata strategies is presented in Chapter 3. Moreover, it defines the concept of
a small schema, as an efficiently representable pure strategy. The chapter proves
the equilibrium in supersmall schemata can be calculated in polynomial time and
gives examples of classes of games with efficiently representable strategies.
• The last chapter concludes this thesis. It discusses the achieved theoretical results
and proposes the possible directions for future research.
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Chapter 1

Introduction to Game Theory
This chapter introduces the fundamentals of game theory. At the beginning, it formalizes the central notion, utility, and proceeds with the definitions of basic game descriptions. Then it describes the algorithms for computing equilibria in finite imperfectinformation games with perfect recall and finite utilities, which is assumed to be
a canonical class of games. Anytime throughout this thesis a game is mentioned in
the text, it refers to this class, unless expressly stated otherwise. However, the individual subclasses may differ in the number of players and the existence of chance nodes.
The structure of this chapter and the technical background are inspired by [33]. All
definitions in this chapter are well-established notions taken from the respective cited
literature and used consistently throughout most articles concerning game theory.
Game theory was originally proposed as a mathematical study of winning strategies
in games, but was further developed into a theory describing interaction among independent and self-interested agents. In contrast to the cooperative theory, the basic unit
of the non-cooperative game theory is an individual, not a group. The interest of each
agent is quantified using utility functions. The utility functions are a central concept of
utility theory, which studies the measures of preferences over a set of possible outcomes
of a given interaction. In game theory, this interaction is the very game.
Every utility function is a mapping from states of the game to real numbers and
represents the satisfaction of each player of being located in this state. The utility
functions can be regarded as ordinal, when only the preference relation is meaningful;
or cardinal, when the increments to satisfaction can be compared across different states.
The rational models of game theory assume the utility functions to be cardinal.
Moreover, the correlation of utility functions of different players is essential. In
so-called zero-sum (or more generally, constant-sum) games the sum over utilities of
the players in each terminal state of the game is always equal to zero (or any given
constant). These games are usually easier to analyze than general-sum games, where
the property of a constant sum is violated in at least one terminal state.

1.1

Game structures

The games studied in game theory are well-defined mathematical objects. To be fully
defined, a game must specify the following four essential elements: the players of the
game, the information and actions available to each player at each decision point,
and the payoffs for each outcome [34]. Most noncooperative games are defined in
the extensive or the normal forms.
7

1.1.1

Normal form

The normal form is a basic type of game representation in single step games. Each
player moves only once and actions are chosen simultaneously. This makes the model
simpler than other forms at a cost of neglecting sequential decision making.
Definition 1 (Normal-form game [33]). A normal-form game (NFG) is a tuple G =
(N, A, u), where
• N is a set of n players, indexed by i;
• A = A1 × · · · × An , where Ai is a set of actions for player i; and
• u = (u1 , . . . , un ) where ui : A → R is a real-valued utility function for player i.
The utility function in a normal-form game is usually visualized as a payoff matrix.
The number of dimensions of this matrix is equal to the number of players participating
in the game. The elements of the payoff matrix are the tuples of utility values, indexed
by the respective actions available to each player.
Strategies can be seen as plans contingency or policy for playing the game. In every
situation, player’s reaction is defined by his strategy. One option is to choose a pure
strategy πi ∈ Πi , which assigns exactly one action from Ai to player i. On the other
hand, a mixed strategy δi ∈ ∆i is a probability distribution over Πi . From the player’s
perspective, randomizing the decisions can be seen as a belief that he can profit from
playing such action. A strategy profile is a tuple of pure strategies π = (π1 , ..., πn ) ∈ Π
or mixed strategies δ = (δ1 , ..., δn ) ∈ ∆, which completely defines how the game will
progress.

Player 1

Player 2
Cooperate

Defect

Cooperate

-1,-1

-4,0

Defect

0,-4

-3,-3

Figure 1.1: An example of normal-form game [33]. Each row of the depicted matrix is
labeled by a strategy of the first player, while every column is labeled by a strategy of
the second player. The tuples in the matrix denotes the utilities of the first player and
the second player, respectively.
Example 1. Consider a two-player game in Figure 1.1. The depicted payoff matrix
describes the prisoner’s dilemma (PD), a standard game modeling the situation when
two members of a criminal gang are arrested and kept in isolated confinements. Both
are given an opportunity to betray the other prisoner in exchange for a lesser charge.
However, none of them is aware of the choice of his colleague. If they both decide to
remain silent and Cooperate, each of them serves only a year in prison. On the other
hand, if they Defect, the charge is 3 years. The combined choices lead to a situation
when the traitor is freed and the betrayed prisoner serves 4 years.

1.1.2

Extensive form

In contrast to NFGs, extensive-form games (EFGs) represent sequential interactions
between the players. The structure of an EFG can be visually represented as a tree
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in a sense of graph theory, with each node representing a different state of the game.
Every game-state is uniquely determined by a sequence of moves executed by all players
during the gameplay. In every node of a game tree, exactly one player acts. An edge
from a node corresponds to an action that can be performed by the player who acts
in this node. All actions are deterministic, so that they are always correctly executed.
First is discussed a special class of perfect-information games and later the thesis moves
to the more general case of imperfect-information games.
Perfect-information extensive games
1
2
1
l
(1, −1)

L
B

A
r
(2, 4)

R

o
(3, 4)

(1, 1)
1
p
(−1, 1)

Figure 1.2: An example of EFG with perfect information, inspired by [33]. Each internal
node is labeled by a player who acts in this node, while under every terminal node is
a tuple of utilities obtained by the first player and the second player, respectively. Every
edge is labeled by an action performed on a way from the node above to the node below.
The direction of the edges is omitted, but the tree is assumed to be traversed from top
to bottom.
Definition 2 (Perfect-information extensive-form game [33]). A perfect-information
EFG is a tuple G = (N, H, Z, A, χ, ρ, σ u), where
•
•
•
•
•

N is a set of n players;
H is a set of nodes;
Z ⊆ H is a set of terminal nodes;
A is a (single) set of all actions;
χ: H \Z → 2A is the action function, which assigns to each node a set of possible
actions;
• ρ: H \Z → N is the player function, which assigns to each nonterminal node
a player i who acts in that node;
• σ: H \Z × A → H is the successor function, which maps a node and an action
to a new node, and graph induced by σ is a rooted tree; and
• u = (u1 , . . . , un ), where ui : Z → R is a real-valued utility function for player i
on the terminal nodes Z.
Note that the definition enables the same action to be played in different nodes,
which will be useful later in the thesis. Because the nodes form a tree, it holds that
whenever σ(h1 , a1 ) = σ(h2 , a2 ), then h1 = h2 and a1 = a2 . Consequently, every node
can be identified with its history, which is a unique sequence of actions leading from
root to that node.
Similarly to the normal form, player i can play pure strategies, which assign an action
to every node in which the player acts. The set of all pure strategies is hence a Cartesian
product Πi = Πh:ρ(h)=i χ(h) and every pure strategy is an element πi ∈ Πi . This set
9

Player 2

can be reduced by using only relevant pure strategies in every node. For example in
Figure 1.2, the choices of actions in the lower nodes of player 1 are irrelevant, when
assuming the player decided to take action R in the root. This subset of pure strategies
is called reduced pure strategies and is denoted Π∗i .
In [35], the author justifies the fundamental assumption of game theory: There is
no loss of generality in assuming that every player chooses his strategy before the game
starts, since a strategy specifies which action to take in every possible situation he
might find himself in during the game. Each player therefore chooses his strategy
without being informed of the strategies the other players follow. The notion of time or
sequence of actions is hence unnecessary and for every perfect-information extensiveform game there exist an equivalent normal-form game. However, representing an EFG
using the normal form by enumerating pure strategies is inefficient, because the number
of strategies in such equivalent normal-form game is exponential in the size of the game
tree.

L, l, o

L, l, p

Player 1
L, r, o

A

1,-1

1,-1

2,4

2,4

1,1

B

3,4

-1,1

3,4

-1,1

1,1

L, r, p

R, ∗, ∗

Figure 1.3: An equivalent normal-form representation of the extensive-form game 1.2.
The figure follows a standard denotation of a normal-form game.
Example 2. Consider a game depicted in Figure 1.2, in which players take moves according to the game tree. In every node of the tree, the players recognize the state of
the game and are hence able to choose a legal action. In order for the first player to
define a complete strategy in this game, he has to choose an action in every node which
belongs to him. The enumerated reduced pure strategies for him are
Π∗1 = {(L, l, o), (L, l, p), (L, r, o), (L, r, p), (R, ∗, ∗)},
where the star symbol denotes irrelevant choices. On the other hand, the second player
has only one decision node, his strategies are therefore
Π2 = {(A), (B)}
and do not have to be further reduced. The normal-form representation of this game
can be found in Figure 1.3.
There is no need to define mixed strategies for perfect-information extensive games.
In NFGs, mixed strategies provided a way how to deal with uncertainty, which arises
as players move simultaneously. However, in extensive games with perfect information,
the players take their actions one by one and are always aware which situation they
face. Another reason is that a probabilistic behavior in extensive-form games introduces
a new unintuitive subtlety, which will be discussed in the next section.
Imperfect-information extensive games
Up to now, only games in which a player specifies his strategy in every state of the game
were discussed. This means that he has to be able to recognize in which state he is
during the whole gameplay. For this reason, these games were called perfect-information
10

games. However, in games like poker, the player does not know in which state the game
currently is, because he is not able to say which cards do his opponents have. Imperfectinformation games model limited observations of the players by grouping certain nodes
into information sets, such that a player cannot distinguish between nodes that belong
to the same information set. Perfect-information games can be seen as trivial imperfectinformation games in which each information set contains exactly one node. The model
of imperfect-information EFGs may also represent uncertainty about the environment
and stochastic events by introducing random moves of a special Nature player.
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Figure 1.4: An example of EFG with imperfect information, inspired by [33]. The nodes
which belong to the same information set are connected by a dashed line. Otherwise,
the figure follows a standard denotation of an extensive-form game.
Definition 3 (Imperfect-information extensive-form game [33]). An imperfect-information
EFG is a tuple G = (N, H, Z, A, χ, ρ, σ, u, C, I), where
• (N, H, Z, A, χ, ρ, σ, u) is a perfect-information game;
• C : A → [0, 1] is a probability function for performing a random action; and
• I = (I1 , . . . , In ), where Ii = (Ii,1 , . . . , Ii,ki ) is a set of equivalence classes on (i.e.,
a partition of) {h ∈ H : ρ(h) = i} with the property that χ(h) = χ(h′ ) and
ρ(h) = ρ(h′ ) whenever there exists a j for which h ∈ Ii,j and h′ ∈ Ii,j .
One of the players might be the Nature player. The Nature player chooses each
action based on a fixed probability function. This function C is assumed to be known to
all players in advance. Consequently, the probability of reaching node h due to Nature
(i.e., assuming that all players play all actions required to reach node h) is defined to be
the product of the probabilities of all actions taken by the Nature player in the history
of h. The function C can be overloaded to denote this product as C(h).
Note that in order for the nodes to be truly indistinguishable, it is required that
the set of actions at each choice node in an information set is the same (otherwise, the
player would be able to distinguish the nodes). Thus, if Ii,j ∈ Ii is an equivalence class,
it is possible to unambiguously use the notation χ(Ii,j ) to denote the set of actions
available to player i at any node in information set Ii,j .
Example 3. Consider the imperfect-information extensive game depicted in Figure 1.4.
In this game, the information sets are denoted by a dotted line. Player 1 has two
information sets: the set including the top decision node and the set including both
bottom nodes. Note that the two bottom nodes belonging to the second information
set have the same set of possible actions. Player 1 can be regarded as not knowing
whether player 2 chose A or B when he made his choice between l and r.
Since the set of possible actions is identical for all nodes in a single information
set, the set of pure strategies of player i is a Cartesian product Πi = ΠIi,j ∈Ii χ(Ii,j ).
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Similarly to the perfect-information extensive games, an equivalent normal-form game
for an imperfect-information extensive game can be obtained by enumerating all pure
strategies.
In case the player does not exactly know in which state he finds himself in, the
emergence of probabilistic behavior is intuitive and can be seen as a way to cope with
the uncertainty. There exist two known approaches into introducing randomness to
choosing strategies. First, a player can randomize his strategies the same way as in
the normal-form games: by choosing a probability distribution over his pure strategies
and picking one pure strategy according to this distribution before the game starts.
However, he can also make use of the sequential property of extensive games and rather
randomize independently over actions in each information set with a preset probability
distribution. This kind of strategies is called behavioral strategies.
1
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Figure 1.5: An example of EFG with imperfect recall, inspired by [33]. The figure
follows a standard denotation of an extensive-form game.
In general, the expressive power of behavioral strategies and the expressive power
of mixed strategies are noncomparable; in some games there are outcomes that are
achieved via mixed strategies but not any behavioral strategies, and in some games it
is the other way around.
Example 4. In the game shown in Figure 1.5, a player using mixed strategies can never
obtain a payoff 100, since getting it would have required selecting once L and once R in
the same information set, which is impossible when picking pure strategies. However,
with behavioral strategies a player acts according to a probability distribution anytime
he visits an information set. Every time a player chooses both L and R with non-trivial
probability, he might end up in the terminal node with utility 100.
As shown by the example, the essential property of games in which behavioral and
mixed strategies differ is the inability of a player to memorize his own actions. Only
then he can go through the same information set during one play twice. Such cognitive
ability of a player is called recall.
Definition 4 (Perfect recall [33]). Player i has perfect recall in an imperfect-information
extensive game G if for any two nodes h, h′ that are in the same information set for player i, for any path h0 , a0 , h1 , a1 , h2 , . . . , hm , am , h from the root of the game to h (where
the hj are decision nodes and the aj are actions) and for any path h0 , a′0 , h′1 , a′1 , h′2 , . . . ,
h′m′ , a′m′ , h′ from the root to h′ it must be the case that:
1. m = m′ ;
2. for all 0 ≤ j ≤ m,if ρ(hj ) = i (i.e.,hj is a decision node of player i), then hj and
h′j are in the same information set for i; and
3. for all 0 ≤ j ≤ m,if ρ(hj ) = i (i.e.,hj is a decision node of player i), then aj = a′j .
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G is a game of perfect recall if every player has perfect recall in it.
The following theorem justifies the intuition.
Theorem 1 (Equivalence of mixed and behavioral strategies [36]). In a game of perfect
recall, any mixed strategy of a given player can be replaced by an equivalent behavioral
strategy, and any behavioral strategy can be replaced by an equivalent mixed strategy.
Here two strategies are equivalent in the sense that they induce the same probabilities on
outcomes, for any fixed strategy profile (mixed or behavioral) of the remaining players.
Sequence form
The key idea for introducing sequence form is that while the number of pure strategies
in an extensive-form game is exponential, there are only linearly many information
sets in the game tree. If there is a way to build a strategy employing the paths in
the tree, rather than pure strategies, it would avoid the exponential blowup. This
can be done by using behavioral strategies and operating directly on the structure of
extensive-form game; which is exactly what an equivalent representation called the sequence form does. First, the section defines a sequence and introduces several technical
functions on sequences which will help to build the strategies based on them. Then
the utility function is extended to work with sequences and used to describe how to
create consistent strategies. Finally, the whole sequence form of an extensive game is
presented.

Player 2

Player 1
∅

L

R

Ll

Lr

∅

0,0

0,0

1,1

0,0

0,0

A

0,0

0,0

0,0

0,0

2,4

B

0,0

0,0

0,0

2,4

0,0

Figure 1.6: An equivalent sequence-form representation of the extensive-form game 1.4.
Each column of the depicted matrix is labeled by a sequence of the first player, while
every row is labeled by a sequence of the second player. The tuples in the matrix denote
the extended utilities of the first player and the second player, respectively.
Formally, a sequence is an ordered list of all actions of player i that lie on the path
from the root state r to any state h ∈ H. The sequence can be also empty and such
sequence is denoted ∅. The set of sequences of player i is denoted Σi and the set of all
sets of sequences is Σ = (Σ1 × · · · × Σn ).
The sequence of player i leading to an information set I or a node h is denoted
seqi (I) and seqi (h), respectively. The function infi (σi ) then denotes the information
set in which the last action of the sequence σi of player i is taken. Note that for
an empty sequence, function infi (∅) returns the information set of the root node for
every player. Sequences can be extended by finding feasible actions in the information
set to which the particular sequence leads. Formally, for every sequence σi ∈ seqi (I),
a set of its extensions is a set Ext(σi ) = {σi aj |aj ∈ χ(I)}. The sequence σi′ is a prefix
of σi (σi′ ⊑ σi ) if σi is obtained by finite number of extensions of σi′ .
In this sequence representation, the tuple of real-valued extended utility functions
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is a tuple g = (g1 , . . . , gn ), where gi : Σ1 × ... × Σn → R is defined for each player i as
∑

gi (σ1 , . . . , σn ) =

ui (z)C(z).

(1.1)

z∈Z|∀σi ∈σ:seqi (z)=σi

If no leaf is reachable with a given tuple of sequences, a value of gi is 0 for every i.
Example 5. Consider a sequence-form representation 1.6 of an extensive-form game
depicted in Figure 1.4. Both nodes from the lower level of the game tree belong to
the same information set, denote it I. Therefore, seq1 (I) is equal to L. Similarly,
both inf1 (Ll) = inf1 (Lr) = I. The set of extensions of L is a set Ext(L) = {Ll, Lr}.
For comparison, the already reduced normal form of the same game has a size 2 × 3.
Written this way, the sequence form is larger than the normal form, however, many
of the entries in the game matrix in Figure 1.6 correspond to cases where the utility
function is defined to be zero because the given pair of sequences does not correspond
to a leaf node in the game tree. Each utility that is defined at a leaf in the game
tree occurs exactly once in the sequence-form table. Thus, if g was represented using
a sparse encoding, only five values would have to be stored. Compare this to the induced
normal form, where all of the six entries (or eight entries in the fully induced form)
correspond to leaf nodes from the game tree.
Given a behavioral strategy βi of player i, some sequences will be preferred over
others in a sense of their likelihood to be played. This concept is called a realization
plan of βi and for each player i it is a function ri : Σi → [0, 1] defined as ri (σi ) =
∏
a∈σi βi (a). Each value ri (σi ) is called a realization probability. Intuitively, realization
plans compute the conditional probability of playing a sequence σi when considering
a behavioral strategy βi . In fact, given just the realization plan ri , the behavioral
strategy βi can be fully recovered from it and vice versa. Consequently, a realization
plan can be seen as an equivalent representation for any behavioral strategy.
Definition 5 (Realization plan [33]). A realization plan for player i ∈ N is a function
ri : Σi → [0, 1] satisfying the following constraints.
ri (∅) = 1
∑

ri (σi′ ) = ri (seqi (I))

∀I ∈ Ii

ri (σi ) ≥ 0

∀σi ∈ Σi

σi′ ∈Exti (I)

(1.2)

The first constraint says that the conditional probability of playing an empty sequence when considering any behavioral strategy is always 1. The second constraint
ensures that the realization plans of sequences leading to the states reachable by one
action from the information set I sum up to the realization plan of reaching set I.
This also allows the original behavioral strategy to be possibly recovered afterwards,
just from these equations. Finally, the third constraint demands the realizations of
all sequences to be nonnegative. It comes naturally, since the realization plans are
probabilities, which are by definition at least zero. Together, these constraints fully
characterize all possible behavioral strategies of player i for a given set of sequences Σi .
Definition 6 (Sequence-form representation [33]). Let G be an imperfect-information
game of perfect recall. The sequence-form representation of G is a tuple (N, Σ, g, C),
where
• N is a set of n players ;
• Σ = (Σ1 , . . . , Σn ), where Σi is the set of sequences available to player i;
• g = (g1 , . . . , gn ), where gi : Σ → R is the payoff function for agent i; and
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• C = (C1 , . . . , Cn ), where Ci is a set of linear constraints on the realization probabilities of agent i.
To sum up, the sequence form is much smaller than the normal form, or even reduced
normal form. The reason is that every sequence contains only moves of one player along
the path from the root. The maximum number of sequences is therefore bounded by the
number of nodes in the tree. The realization plan is described by a polynomial number
of constraints (one equation for each information set), which uniquely represents any
EFG.
Finally, the set of opponents of player i is often denoted as −i. This notation is
frequently used for tuples of strategies restricted to the opponents, such as δ−i = δ\δi
or π−i = π\πi . In games with only two players, −i is the only opponent of player i.
Therefore, his set of sequences is referred as Σ−i and the same notation is used also in
functions seq−i or inf−i .

1.1.3

Repeated games

At the beginning of this chapter, the normal-form games were defined as games in
which the players move simultaneously and only once. On the other hand, extensiveform games seem to represent an opposite concept – games in which the players move
point to point and in every situation they face new decisions. Finitely repeated games
(FRG) consist of a finite number of repetitions of a normal-form game and are hence a
type of games lying in between of those two extremes.
Definition 7 (Finitely repeated game [33]). A finitely repeated game is a tuple G =
(N, A, u, k), where
• (N, A, u) is a normal-form game; and
• k is a finite number of repetitions.
FRGs can be seen as a special case of extensive-form games with imperfect information, a representation used for large game trees with a specific structure. For example,
consider an extensive-form representation of twice repeated prisoner’s dilemma shown
in Figure 1.7.
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Figure 1.7: An equivalent extensive-form representation of twice repeated prisoner’s
dilemma. The figure follows a standard denotation of an extensive-form game. Note
that subtrees rooted at the same level are isomorphic (up to utility).
Because repeated games are a special case of extensive-form games, it is possible
to reason about them the same way as about regular extensive-form games. However,
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recall that in imperfect-information extensive-form games, a pure strategy for player
i specifies an action for every information set which belongs to that player. A naive
representation of pure strategies in FRGs as a mapping from each possible history to
an action is hence very inefficient, since the size of every pure strategy is exponential in
the number of repetitions. More precisely, a strategy for k repetitions of a normal-form
k −1
game in which a player selects one of n actions requires defining nn−1
different actions.
On the other hand, in the repeated prisoner’s dilemma depicted in Figure 1.7, the strategy that chooses C in every round of the game can be represented by just the original
normal-form pure strategy C, or the strategy that cooperates until the opponent defects
can be implemented by simply playing C and checking whether the opponent defected
in the previous round. Therefore, as a representation that captures this structure of
strategies in FRGs can be used a finite-state game automaton.
Definition 8 (Repeated game automaton [33]). A game automaton for player i in
a finitely repeated game G = (N, A, u, k) is a tuple M = (Qi , qi0 , Bi , δi ), where
•
•
•
•

Qi is a finite set of states;
qi0 ∈ Qi as the initial state;
Bi : Qi → Ai is an output function that assigns an action to every state; and
δ : Qi × A−i → Qi is the transition function that assigns a state to every pair of
a state and tuples of actions of the other players.

The set of all automata of player i is denoted Mi and it replaces the set of pure
strategies in the original extensive-form game. Even in finite games, for every pure
strategy, there exists an infinite number of automata, which implements this strategy. These automata differ either in the structure (e.g. by having states unreachable
in a game being played, similarly to unreduced pure strategies) or just in the names
of the states. Furthermore, in the same way as in extensive-form games, mixed automata strategies are finite probability distributions over the set of all automata. Also
behavioral strategies have their automata counterparts, which are the automata with
probabilistic transition functions: behavioral automata strategies. At the beginning of
a game, each player can select one automaton strategy, which will play the game instead
of the player.
Example 6. Consider a game automaton depicted in Figure 3.3. This automaton represents the Tit for Tat strategy for playing the game of repeated prisoner’s dilemma,
an example of which is shown in Figure 1.7. Tit for Tat is a well-known strategy in the
field of repeated games which mimics the action the opponent made in the previous
round. The equivalent pure strategy in k-times repeated prisoner’s dilemma has size
2k − 1, while the automaton has only 2 states and 4 edges.
Because there is an infinite number of automata which implements every pure strategy, the complexity of any such strategy was proposed to be equal to a size of the
smallest automaton implementing the pure strategy [37].
Structural complexity
The structural complexity measure of an automaton M = (Q, q 0 , B, δ) captures the notion of a size of M ’s structure and it generates a partial ordering on the set of possible
automata of each player. The traditional measure referred by most literature is the state
measure [37], defined as µQ = |Q|. The lower the number of states is, the less costly is
the strategy the automaton implements.
However, this measure does not capture the whole complexity of the automaton,
which could also emerge from the size of the transition function. In [38], the authors
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Figure 1.8: An example of a game automaton playing the game of repeated prisoner’s
dilemma. Each state is labeled by the action the automaton assigns to that state,
while the label above every transition denotes the action of the opponent. The strategy
the automaton implements is the so-called Tit for Tat, the strategy which mimics
the action the opponent made in the previous round.
proposed the structural complexity measures distinguishing such cases. The measure
µδ = |δ|, where |δ| = |{(q, a)|∃q ′ δ(q, a) = q ′ }| represents the preference of automata
with lower number of transitions. The size of any transition function δ is hence equal to
a distinct number of transitions of an automaton. Other two two-dimensional measures
µQ,δ = (|Q|, |δ|) and µδ−Q,δ = (|δ| − |Q|, |Q|) balance the number of transitions and
the number of states. The difference between µQ,δ and µδ−Q,δ is that the first one does
not capture the case when the states are strictly cheaper than the transitions.
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C,D
start
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Figure 1.9: An example of two automata which under two different orderings generated
by complexity measures µQ,δ and µδ−Q,δ have opposite infima. The figure follows
a standard denotation of game automata.
Example 7. Consider the two automata depicted in Figure 1.9. Both use 3 transitions,
automaton on the left uses 3 states while automaton on the right uses only 2. Measure
µQ,δ would therefore suggest that the right automaton is less complex than the left
automaton. On the other hand, measure µδ−Q,δ picks the left automaton as less complex, because it concludes that the transitions of this automaton require no monitoring
at all, while the right automaton has to distinguish between the actions C and D of
the opponent in the initial state.
The linear combination of the number of states and the number of transitions (e.g.
the one used in measure µδ−Q,δ ) can be seen as employing different costs of maintaining
the strategy in the memory (the number of states) and monitoring the progress of
a game (the number of transitions). All of the presented measures are pairwise different,
which means that there exist two automata M1 and M2 , such that µ1 (M1 ) ≤ µ1 (M2 )
while µ2 (M1 ) > µ2 (M2 ) for any µ1 ̸= µ2 from the presented measures. Two such
automata were already shown in Figure 1.9 for measures µQ,δ and µδ−Q,δ ; and similar
examples can be found for any pair of the complexity measures described so far.
Besides the utility, the complexity measure is yet another property of strategies
the players might consider. The concept of strategies in games played by automata
is hence different from the perspective of traditional games, as players might strive to
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balance the potentially achievable utilities of any strategy with the required complexity
of implementing it.

1.2

Solution concepts

In games, players have a plenty of strategies to choose from. However, only a fraction
of the possible strategies is rational with respect to the utility. For example, having
a royal flush in poker, it is obviously unwise to fold the game. In contrast to the
decision theory, when only one agent acts, assessing the rationality of strategies in
multi-player games depends on the strategies of the opponents. Raising might be
a good strategy with full house against flush, but whether to raise against quads might
be questionable. Rationality in games is therefore always related to strategy profiles,
rather than independent strategies.
Game equilibria are the central solution concepts of game theory, describing optimal
strategy profiles. To evaluate the optimality of a profile, the players can use an expected
utility. Taking other players’ strategies as given, every player that plays a mixed strategy can gain a various range of outcomes. An expected utility for player i in a strategy
profile δ is defined as
ui (δ) =

∑

ui (a)

a∈A1 ×...×An

n
∏

δj (aj ).

(1.3)

j=1

By δj (aj ) is denoted a probability of player j taking j th action from a. Now it is possible
to ask which strategy is the best against fixed opponents’ strategies.
Definition 9 (Best response [33]). Given a normal-form game G = (N, A, u), a strategy δi∗ of player i is a best response to strategies δ−i of player i’s opponents if and only
if
ui (δi , δ−i ) ≤ ui (δi∗ , δ−i )
∀δi ∈ ∆i .
(1.4)

1.2.1

Nash equilibrium

As every player intends to do his best to maximize his utility and considers the decisionmaking of his opponents, the reasoning about optimal strategy profile from the perspective of different players might go through an infinite chain of changes. However,
at a certain point of finding their best responses, the players might realize that changing their strategy would not lead to earn more than with their current strategy. This
concept of balance is called an equilibrium.
Definition 10 (Nash equilibrium (NE) [33]). Given a game G = (N, A, u) and a strategy profile δN ash = (δ1 , ..., δn ) ∈ ∆, δN ash is a Nash equilibrium if and only if for each
player i it holds that δi is a best response to δ−i .
If the strategy profile allows no one to benefit from changing his strategy, the situation remains stable. It has been proven that in every game with finitely many players
and with the finite set of pure strategies, there has to be such strategy profile, although
it might consist of mixed strategies.
Theorem 2 (Existence of Nash equilibrium [1]). Every game with a finite number of
players and action profiles has at least one Nash equilibrium.
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Figure 1.10: An example of an extensive-form game with imperfect information,
the same as in Figure 1.4. The figure follows a standard denotation of an extensive-form
game.
Example 8. Consider a game depicted in Figure 1.10, which is the same as in Figure
1.4. Given that the second player will move left, the expected utility of the first player
playing L with probability 0.1, R with probability 0.9, l with probability 0.3 and r with
probability 0.7 is
u1 (((L = .1, R = .9; l = .3, r = .7), A)) = 0.1 · 0.3 · 0 + 0.1 · 0.7 · 2 + 0.9 · 1 = 1.04. (1.5)
This strategy is not a best response against first player’s A, since playing r with higher
probability guarantees a higher expected utility. There are four Nash equilibria in this
game and in one of them the first player’s strategy is a pure A. The equilibria are
(Ll, B), (Lr, A), (R∗, (A = .5, B = 0.5)) and ((Ll = .5, Lr = .5), (A = .5, B = .5)).
Due to Theorem 2, it is known that Nash equilibrium always exists in every finite
game. Such property distinguishes the problem of computing Nash equilibrium from
known NP-complete problems, which are defined as decision problems that do not
always have to have solutions. The problem of finding a sample Nash equilibrium
hence belongs to another, less familiar complexity class that is a subclass of the class
of problems for which the solution is guaranteed to exist. This class is called PPAD,
which means “polynomial parity argument, directed version”.
Definition 11 (Complexity class PPAD [39]). A problem A is in PPAD if there is
a polynomial time reduction from A to the End-of-Line problem, where End-Of-TheLine is the following search problem: The input consists of a directed graph in which
each node has in-degree and out-degree at most 1. The graph is given by a polynomialtime computable function f (x) that returns the predecessor and successor of x. In
addition, a node v with a successor but no predecessor is given. Find a node t ̸= v that
has no successor or no predecessor.
It is known that computing a Nash equilibrium is a complete problem for this class.
Theorem 3 (Complexity of finding Nash equilibrium [33]). The problem of finding
a sample Nash equilibrium of a general-sum finite game with two or more players is
PPAD-complete.
Even though PPAD-completeness is a weaker evidence of intractability than NPcompleteness, there is still no known polynomial algorithm for complete problems in
this class. However, in some special cases, the Nash equilibrium can be found efficiently.
Theorem 4 (Computing best response in zero-sum games with two players [33]).
The realization plan r1 of the first player is a best response to a given realization plan
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r1 of the first player of a zero-sum finite extensive game with two players if and only if
it is a solution of the following linear program.
max

∑

r1 (σ1 )

σ1 ∈Σ1

s.t.

∑

g1 (σ1 , σ2 )r2 (σ2 )

σ2 ∈Σ2

r1 (∅) = 1
∑

r1 (σ1′ ) = r1 (seq1 (I))

∀I ∈ I1

(1.6)

σ1′ ∈Ext1 (I)

r1 (σ1 ) ≥ 0

∀σ1 ∈ Σ1

The criterion ensures that the realization plan of the first player is optimal against
the realization plan of his opponent, while the constraints guarantee the realization is
well-formed. Using the dual to the program computing the best response, it is possible
to formulate a linear program computing the equilibrium.
Theorem 5 (Computing Nash equilibrium in zero-sum games with two players [33]).
The realization plan r2 of the second player belongs to a strategy profile of a Nash
equilibrium of a zero-sum finite extensive game with two players if and only if it is
a solution of the following linear program.
min

v0

s.t.

vinf1 (σ1 ) −

∑

∑

vI ′ ≥

I ′ ∈inf1 (Ext1 (σ1 ))

g1 (σ1 , σ2 )r2 (σ2 )

∀σ1 ∈ Σ1

σ2 ∈Σ2

r2 (∅) = 1
∑

(1.7)
r2 (σ2′ ) = r2 (seq2 (I))

∀I ∈ I2

σ2′ ∈Ext2 (I)

r2 (σ2 ) ≥ 0

∀σ2 ∈ Σ2

The variable v0 represents the first player’s expected utility in equilibrium. Each
other variable vinf (... ) can be understood as the portion of this expected utility that
player 1 will achieve under his best-response realization plan in the subgame starting
from information set inf (. . . ), given second player’s realization plan r2 . Note that the
first constraint and the criterion form the dual of the linear program computing best
response. The first constraint in this linear program hence ensures the first player plays
the best response in each information set. The other constraints guarantee that the
second player’s realization plan is well-formed.
The complexity of solving the game is dependent on the size of the linear program
describing the desired equilibrium. Every linear program can be solved in time polynomial in its size [40, 41], even though the most well-known simplex algorithm is faster,
but with worst-case exponential time [42]. The size of the linear program computing
Nash equilibrium in zero-sum games in extensive form with two players is polynomial
in the size of the tree, the equilibrium can be hence found in polynomial time.

1.2.2

Correlated equilibrium

Correlated equilibrium describes a situation when players are given a chance to coordinate according to an external event. This mechanism for coordination is called a correlation device and can be imagined as a signaling device (e.g. the traffic lights) helping
the players to synchronize. In the canonical representation of correlated equilibrium,
the recommendations to the players are their own moves, not arbitrarily signals. It was
shown that this can be assumed without loss of generality [43]. The essential aspect of
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correlated equilibrium is that even if the probability distribution that correlation device uses to generate signals is known, each player is not aware of the recommendations
given to the other players. All he knows is that they are proposed the best move with
respect to the opponents.
Computing a correlated equilibrium is easier than computing a Nash equilibrium,
because the set of correlated equilibrium distributions is convex. This property enables
the description to be more compact and thus less computationally demanding.
Normal-form CE
In normal-form games, the players’ strategies form a correlated equilibrium when given
a move according to the correlation device λ, none of the players have an intention to
unilaterally deviate from the recommended strategy, given his posterior on the recommendations sent to the opponents.
Definition 12 (Normal-form correlated equilibrium). The distribution λ on Π is a correlation device of a correlated equilibrium if and only if for all i, every πi ∈ Πi with
λ(πi ) > 0 and every πi′ ∈ Πi ,
∑

∑

ui (πi , π−i )λ(π−i |πi ) ≥

π−i ∈Π−i

ui (πi′ , π−i )λ(π−i |πi )

(1.8)

π−i ∈Π−i

A correlation device λ is implemented by randomly picking a strategy profile π ∗
according to the distribution λ. Then it privately recommends the component πi of
π ∗ to each player i before the game starts. It was shown that the equilibrium can be
found in polynomial time even in multi-player games [44, 45].
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Figure 1.11: An example of correlated equilibrium in normal-form game [33]. The figure
follows a standard denotation of a normal-form game.
Example 9. Consider the Battle of Sexes game depicted in Figure 1.11. This game
has a unique mixed-strategy Nash equilibrium δN ash =((1/3, 2/3), (2/3, 1/3)) which
guarantees each player an expected payoff of 2/3. However, imagine the scenario of correlated equilibrium, in which the players can observe an external event and coordinate
their actions according to this event. Their strategies are hence conditioned on this
event. For example, in case they decide their strategies based on flipping a fair coin,
their strategies are dependent on the possibility of “head” or “tail”. A pair of strategies
“WL if heads, LW if tails” forms an equilibrium in this richer strategy space, because
whenever one player adopts this strategy, the other one can only lose if he decides to
play differently. Moreover, the expected payoff of each player is 0.5 · 2 + 0.5 · 1 = 1.5,
which is strictly more than they receive in the mixed-strategy equilibrium in the original
game.
The example shows that coordination might help the players to obtain higher payoffs. However, note that also the Nash equilibrium satisfies to conditions of a correlated
equilibrium.
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Theorem 6 (Every Nash equilibrium is a correlated equilibrium [33]). For every Nash
equilibrium δN ash there exists a corresponding correlated equilibrium λ.
Extensive-form CE
The correlation device in extensive-form games differs from the correlation device in
normal-form games. In EFGs, the device recommends an action just in the moment
when an information set in which the action can be taken is reached. For this reason,
the recommendations become rather local and players are less aware of the intended
progress of the game. Consequently, also the set of extensive-form correlated equilibria
(EFCE) in an extensive-form game is larger than the set of CE of the equivalent normalform game. Similarly to the normal form, the distribution λ describes a correlation
device of EFCE if any rational player follows his recommendations while assuming that
1. all other players also follow their recommendations – this is a standard assumption
for any equilibrium; and
2. when any player decides to deviate from the recommended move, he gets no
further information. Consequently, the posterior of the player at all following
information sets is equal to that at the last information set before he deviates.
This assumption can be made without any loss of generality, because the EFCE
can be defined using only reduced strategies [46]. Moreover, because in CE the players
do not have an intention to deviate when they are recommended the whole strategy at
once, they can not have this intention when the same strategy is revealed to them as
the game progresses.
Example 10. Consider an extensive-form game with two players depicted in Figure 1.12.
This game is described in [46] as a costless variant of a signaling game introduced in
[47]. In this game, a professor (player 2) decides whether to accept a student (player
1) applying for a summer research job. With an equal probability, the student is
consciously either well-educated (type G) or inexperienced (type B). He sends a costless
signal X or Y to the professor, who is able to distinguish between the signals, but
the education level of the student is hidden from him. The student is hence capable
to impersonate an experienced person and get the job even if his education is poor. In
case the professor lets the student work with him, the payoffs are either (4, 10) for a
well-educated student or (6, 0) for an inexperienced student. Refusal leads to the utility
(0, 6) for both types.
Chance
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Figure 1.12: Signaling game with costless signals (X or Y) for the first player [46].
The figure follows a standard denotation of an extensive-form game.
In [46], the authors analyzed the correlated equilibria of this game and showed
that in every Nash equilibrium the professor plays rX rY with probability 1. Therefore, the student never gets hired and both players always receive the payoff (0, 6).
22

On the other hand, the situation changes when the players are able to coordinate.
The signal for the well-educated student is now hidden from the student with insufficient skills, which prevents any inexperienced student to overvalue his education. The professor is hence able to evaluate student’s knowledge more precisely.
Therefore, this situation is advantageous for both of them. For example, a distribution λEF CE which with the equal probability picks one of the following strategies –
{(XG XB , lX rY ), (XG YB , lX rY ), (YG XB , rX lY ), (YG YB , rX lY )} – is an EFCE. Note that
to prohibit an inexperienced student from impersonating a knowledgeable student,
λEF CE recommends the signal corresponding to the correct type exactly in half of the
cases. Otherwise, the student would do exactly the opposite of what he is given and
λEF CE would not be an EFCE. The expected payoff of this equilibrium is (3.5, 6.5),
which is strictly more than each of the players obtains in the normal-form correlated
equilibrium.
It was shown that computing an EFCE in more general classes of games than twoplayer games without chance moves can not be done using sequence form [46]. In
[48], the author points out that not only a sequence form, but generally no compact
representation like sequence form can be expected when computing EFCE in these
classes of games. In perfect-recall games of two players, the structure of information
sets enables the recommendations to be generated uniquely for each information set,
while maintaining the compact description of sequence form. In more general classes
of games, the constraints satisfied by a sequence form are only a necessary condition.
Consequently, the size of the game representation used for describing EFCE is always
asymptotically equal to the size of an equivalent normal-form game.
To compute an EFCE, the players compare the expected utility of a recommended
action with an expected utility of a possible deviation. The players hence evaluate
the optimality of the recommendation in every information set reachable from its preceding information set in which the recommendation is given. The strategy relevant
for a given sequence of recommendations is called agreeing.
Definition 13 (Agreeing strategy [46]). A strategy πi ∈ Πi agrees with a sequence σ if
and only if ∀a ∈ σ ∃I ∈ Ii : πi (I) = a. A partial strategy profile πJ where J ⊆ {1, .., n}
agrees with a node h ∈ H if and only if every πi ∈ πJ agrees with seqi (h).
Furthermore, the set of all agreeing strategies for sequence σ or (possibly partial)
strategy profiles for node h is denoted agr(σ) and agr(h), respectively.
The conditions for EFCE in multi-player games can be expressed using inequalities. First, in the equilibrium, no player has an intention to deviate from his received
recommendations. To consider a deviation, a player i calculates the expected payoff
contribution of a ∈ Ai as a sum of expected utilities from all leaves reachable by playing
a.

u(a) =

∑

ui (t)C(t)

t∈Z:
a∈seqi (t)

∑

λ(π)

(1.9)

π∈agr(t)

The second constraint then compares the expected payoff contribution of action
a ∈ A(I ′ ) with the potential payoff the player is able to obtain in case he deviates from
his recommendation at this information set I ′ . The deviation will affect the expected
utilities in all subsequent information sets. The optimal expected payoff at information
set I (under the assumption the player is recommended move a ∈ A(I ′ ) where I ′
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precedes I) is the maximum of the utilities the player expects for actions b ∈ A(I).
∑

∑

∑

πi ∈agr(seqi (I ′ )a)

t∈Z:
seqi (I)d=seqi (t)

π−i ∈agr(t)

v(I, a) ≥
+

∑

v(ˆl, a)

ui (t)C(t)λ(πi , π−i )
(1.10)

l̂:seq(l̂)=seqi (I)b

Note that by definition, once the player decides not to follow the recommendation,
he starts to ignore every further signal. Equivalently, he may as well not receive the recommendations any more. Finally, the last equation makes sure that the expected payoff
contribution and the optimal expected payoff of every move a ∈ A(I) is equal.
u(a) = v(I, a)

(1.11)

Because the introduced constraints guarantee that no player has an intention to
deviate, every probability distribution λ on pure strategy profiles that satisfies these
constraints represents an EFCE. Similarly to the case of normal-form games, the correlation device picks one of the strategy profiles according to the equilibrium distribution
before the game starts. Then it privately recommends the appropriate moves to every
player once they reach a state where they can take that move.
Theorem 7 (Computation of EFCE [48]). Every multi-player, perfect-recall extensiveform game, which may have chance moves, has an EFCE, which can be computed in
polynomial time.
To find an EFCE in polynomial time, the authors applied the ellipsoid algorithm
to the dual of the system of equations 1.9, 1.10 and 1.11 that characterizes the set of
EFCE. The linear program has polynomially many constraints, but exponentially many
variables, since every pure strategy profile is described by exactly one variable. Thus
for the dual the opposite holds, which makes it suitable for the ellipsoid algorithm.
However, this approach does not apply to situations when a specific EFCE is required
(e.g. the one maximizing the sum of expected utilities of all players called MAXPAY).
Theorem 8 (Computational complexity of equilibrium maximizing payoff [46]). For
every multi-player perfect-recall extensive-form game with chance moves, the problems
MAXPAY-NE, MAXPAY-CE and MAXPAY-EFCE are NP-hard.
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Chapter 2

Finite Automata Play an
Extensive-Form Game
This chapter considers extensive-form games with perfect recall in which the players
are restricted to carry out their strategies using finite automata. In other words, the
original model of pure strategies in traditional game theory is replaced by a model
of strategies as automata. Every player then has to choose an automaton strategy,
according to which the game will be played. The chapter first introduces the model of
automata representing a strategy in the context of extensive-form games. It describes
how to construct automata consistent with the tree of the game and presents several
methods for evaluating and minimizing the complexity of the automata.
The approach of replacing a pure strategy with an automaton is known to be fruitful
in a subset of extensive-form games called repeated games, already described earlier.
Recall that in these games, a designated normal-form game is played again and again,
either finitely or infinitely many times. The theory focuses on two main phenomena:
it describes the difference between the structure of equilibria in games with traditional
strategies and in games with automaton strategies; or it analyzes the effect of restricting the set of possible strategies to strategies with bounded automaton complexity. For
example, by using automata, the theory was able to describe several deviations from
the predictions of traditional game theory observed in the experiments with human
participants, such as the effort to establish cooperation in repeated prisoner’s dilemma.
In contrast to the traditional solution concepts, in games with automata, the cooperation can be included in the equilibrium strategies of finitely repeated PD [49]. The
reason is that finite automata provide a cognition model of limited ability to memorize the past and to carry out demanding computational tasks. Therefore, the model
enables to forgive the opponents and rather to focus on following easily implementable
simple rational strategies. Such property corresponds well to real-world settings, in
which in implementing a strategy the optimality is only one of the criteria for choosing
it. More importantly, the player also considers how much memory is needed to realize
such strategy. Automata strategies intuitively capture such perspective by providing a
suitable way to measure the complexity of different strategies.
Similar thoughts encouraged the effort to generalize this model also to general
extensive-form games. A lot of real-world games (and also the tabletop ones) enable similar actions to be repeated in different situations in the game. Moreover, many
intuitive rational strategies describable in natural language and often used by humans
are easily implementable using automata. In order to obtain structural results similar
to automata in finitely repeated games, the definitions from the theory of automata
playing repeated games have to be suitably generalized. Such generalization is not
trivial, as the set of feasible actions might not be the same in different information sets.
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A complexity measure on automata in extensive-form games is introduced to speak
about optimality in a sense of compensating the costs of maintaining an automaton by
an average utility it can provide. Such balancing can be seen as a realization of Simon’s
satisficing principle [50], which states that bounded-rational players do not always look
for optimal strategies, but rather play the not-so-complex strategies with satisfiable
expected utilities.

2.1

The model

In repeated games, the structure of the game tree is very specific. In every information
set, the player can choose from the same set of feasible actions. Therefore, the automata
do not have to consider whether the proposed action is applicable – it always is. The
player who behaves according to an automaton can hence easily relate the state of the
automaton to the situation in the game tree and recognize an appropriate action he
should take. Then, he immediately observes the actions of his opponents and identifies
a corresponding transition.
In contrast, an automaton playing an extensive-form game has to be aware whether
the action it prescribes is even feasible. Moreover, general game trees can be very asymmetric with players taking their moves aperiodically. The structure of the automaton
has to comply with it. Such generalization is non-trivial and it is the main contribution
of this thesis. First, the definition of a repeated game automaton is generalized in order
to ensure an automaton is consistent with an extensive-form game.
Definition 14 (Game automaton). Every game automaton is a tuple M = (Q, q0 , A, B,
O, δ), where
• Q is a set of states of the automaton; with
• q0 as an initial state;
• A is a set of actions proposed by the automaton;
• B : Q → {A ∪ ∅} is a behavior function prescribing an automaton action in a
given state;
• O is a set of observations available for the automaton; and
• δ : Q × O → Q is a transition function of the observation of player.
Note that the game automaton is a special case of a Moore machine, adjusted to
comply with the language of game theory. Similarly to a repeated-game automaton,
every state of the automaton prescribes an action the player should take. Moreover, the
behavior function can also prescribe an explicit “noop” action, denoted as ∅, if the player
is not obligated to take any action in a current state. Once he receives the information
of what happened in the game, the transition function transits the automaton to a
new state from an old one. Given a series of observations o1 o2 . . . om ; oi ∈ O, the state
δ(δ(. . . δ(q0 , o1 ), om−1 ), om ) reached from the initial state is denoted δ(q0 , o1 o2 . . . om ).
A player who represents his strategy using an automaton always correlates the
situation he faces in the game with the state of the automaton and vice versa. The
schema of such correlation is shown in Figure 2.1.
Example 11. Consider a schema of correspondence of a pure strategy (L, r) of the
first player represented by an automaton and a game tree shown in Figure 2.1, in
which the strategy is being played. The set of actions the automaton prescribes is a
subset of the set of actions of the first player in the game tree – the actions of the
strategy(L, r). The set of possible observations is a set of sets of sequences, such that
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each sequence leads from an information set of the first player to one of his immediately
succeeding information sets. For this automaton, it is a set of sequences {LA, LB}.
The automaton’s initial state corresponds to the root state of the tree, in which the
automaton prescribes an action L. Independently on the opponent’s action, which is
unknown to the first player because they both lead to the same information set, the
transition function changes the state of the automaton to the lower one, in which it
prescribes to play an action r. After taking the action the game ends, so no observation
can be made in this second state.
1
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l

start
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L

{LA, LB}

B 1 (1, 1)
r

l

r

r

(0, 0) (2, 4) (2, 4) (0, 0)
Figure 2.1: A correspondence of a pure strategy (L, r) of the first player in a game
tree with a game automaton, which represents it. The figure follows the standard
denotations of an extensive-form game and a game automaton.
Automata well describe the inner structure of the pure strategy and are hence suitable for finding strategic patterns in the game tree, such as repetitions or symmetries.
Even though a number of information sets in a game can be very large, the meaning of
actions taken in different information sets can be similar. For example, in games like
Tic-Tac-Toe, the player might want to play the same action with respect to a given
axis of reflection in all states which are the same in this reflection. The player hence
recognizes a “prototype” action, so that he is always able to distinguish which action
he has to play in a given situation. To formalize the intuition of maintaining a compact
representation of actions, he can use abstracted actions.
Definition 15 (Abstracted actions). Given an extensive-form game G = (N, H, Z,
A, χ, ρ, σ, u, C, I), let PA be a partition of Ai into mutually disjoint subsets, such
that no two actions belonging to the same part of PA can be performed in the same
information set. Then the parts of partition PA form the set of abstracted actions for
player i, associated with PA .
Instead of prescribing an action from a game tree, an automaton can rather prescribe
an abstracted action. Player’s abstracted strategy is a strategy consisting of abstracted
actions. Using abstracted actions, it is possible to easily describe intuitive strategies.
As an example of a simple strategy, consider a strategy in Tic-Tac-Toe, which prescribes
an action which completes the line in all symmetric situations. Note, that the whole
game history does not have to be maintained by this strategy. A perfect memory is not
required, the strategy depends only on the state of the board. This is the reason, why
the automata implementing such strategies can be seen as the models of players with
bounded memory.
The same principle can be also applied to observations. Note that in Figure 2.1
the sequences from the game tree served as observations for the automaton. Such
interpretation is suitable for the definition of extensive-form games, where no other
information is provided. Note that the definition of game automaton is more general
and does not assume any specific representation of games, so that it can be used also
as a model of strategies in extended representations of sequential games, e.g in firstorder game logic of general game playing (GGP) [51], in which the observations are
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satisfied first-order formulas. However, in extensive-form games, the set of observations
available to an automaton is limited to sequences of actions in the game tree.
Definition 16 (Extensive-form-game observations). Given an extensive-form game
G = (N, H, Z, A, χ, ρ, σ, u, C, I), an extensive-form-game observation is a set
of sequences of all players’ actions interconnecting either two immediately succeeding
information sets of the same player i; or a root and the first information set of player i
under the root. The set of all possible extensive-form-game observations is denoted Σi ,
while the extensive-form-game observation leading to an information set I is denoted
seqΣi (I).
Example 12. In an extensive-form game depicted in Figure 2.1, the set of extensiveform-game observations for the first player is a set {{LA, LB}} with only one possible
observation {LA, LB}, which leads from the upper information set of this player to his
lower information set. Note that neither sequence R, nor l or r belongs to this set,
since they interconnect an information set of the first player with one of the leaves and
therefore, they do not comply with the definition of extensive-form-game observations.
The reason is that the player does not have to react to such sequences, which makes
them obsolete. The set of extensive-form-game observations for the second player is also
a set with only a singleton observation – {{L}}, which is a sequence interconnecting a
root with the only information set of the second player. This information set is trivial,
since it also contains only one game state.
Using extensive-form-game observations, the player is able to recognize abstracted
observations.
Definition 17 (Abstracted observations). Given an extensive-form game G = (N, H,
Z, A, χ, ρ, σ, u, C, I), let PO be a partition of Σi into mutually disjoint subsets.Then
the parts of partition PO form the set of abstracted observations for player i, associated
with PO .
Similarly to abstracted actions, instead of receiving extensive-form-game observations, an automaton can have a transition function based on abstracted observations.
Note that in contrast to abstracted actions, abstracted observations do not further
restrict the way the partitions are created. In the case of abstracted actions, it was
required that no two actions belonging to the same part of PA can be taken in the same
information set. The reason is that if an automaton prescribed such part of PA , which
is an abstracted action, it would not be clear which one of these two possible actions it
should actually play in the game. On the other hand, making abstracted observations
does not require such restrictions, because the case of two possible observations obtainable in the same information set (or equivalently, in the same state of the automaton)
which belong to the same part of PO causes only the inability of the automaton to
distinguish future information sets. Unlike abstracted actions, it does not necessarily
prevent the automaton to play the game.
By using abstracted actions and abstracted observations, the correspondence between pure strategies in a game tree and the automata implementing them becomes
more complex than the one shown in Figure 2.1. In this case, the actions the automaton prescribes and the observations the automaton uses to identify which transitions it
should take do not have to directly correspond to the actions in the game tree and the
extensive-form-game observations. Instead, they are abstracted.
In particular, consider how a player whose strategy is determined by an automaton
plays a given extensive-form game, which is described in Figure 2.2. At the beginning,
the player finds himself in a root of the game, whereas his automaton is in the initial
state. In case he does not act in a root, the initial state prescribes a “noop” action
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and the player waits for the actions of his opponents. Now, assume the game reaches
an information set I, in which the player i is supposed to take an action. According to
the actions performed by all players in the game so far, player i receives an extensiveform-game observation σ. At this time, player i knows the current state q of his
automaton, so based on the pair (σ, q) the player identifies an abstracted observation
o for his automaton. According to the pair (q, o), the automaton transits to the next
state q ′ . The player observes the new state q ′ and therefore the abstracted action
B(q ′ ) the automaton prescribes. Because he knows in which information set the game
is, the player has to decide which action in I corresponds to an abstracted action
B(q ′ ) recommended by the automaton. By definition of abstracted actions, there is at
most one such action. Based on this action, the state of the game changes. In this
manner, every player using an automaton strategy has to continuously switch between
a situation in a game tree and an automaton.
Information set of player i

σ

Automaton of player i
q×σ →o

I

q
o

a
I′

q′ × I → a

q′

Figure 2.2: Player i plays one step in an extensive-form game using his automaton.
Example 13. Consider an extensive-form game depicted in Figure 2.3 together with an
automaton playing an abstracted strategy of the first player. First, the player receives
an empty observation, since he takes an action in the root. His automaton prescribes
an abstracted action L, which is a singleton action directly corresponding to the same
action in the game tree and the player hence takes it. Now he can receive two possible
EFG observations, either LA or LB, based on the actions of his opponent. Both
these observations belong to the same abstracted observation, so no matter what, the
player takes the only transition available. The next abstracted action the automaton
recommends is {m, o}. He has to check which of these actions is applicable in the
current information set and after figuring it out, he performs it.
Therefore, in case the automaton uses abstracted actions and observations to make
its structure more compact, its computational ability alone is not enough to ensure a
correct game-play. Apart from the automaton, a player has to implement distinguishing functions which identify both which abstracted observation corresponds to a given
extensive-form observation; and which action to take in the game tree for a given abstracted action. Formally, this structure consisting of an automaton and corresponding
distinguishing functions is called a game-playing schema.
Definition 18 (Game-playing schema). Let G = (N, H, Z, AG , χ, ρ, σ, u, C, I) be
an extensive-form game. A tuple (Mi , fi , gi ) is a game-playing schema of player i, if
Mi = (Q, q0 , AM , B, O, δ) is an automaton of player i, fi is a µ-recursive function
fi : Q × Σi → O which specifies a transition in Mi ; and gi is a µ-recursive function
gi : Q × I → AG which distinguishes which action to play in G.
From the perspective of behavioral game theory, game-playing schemata are models
of bounded rationality which represent both structured memory of the players through
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Figure 2.3: A more complex correspondence of an abstracted pure strategy in a game
tree with its game automaton. The distinguishing functions identify the abstracted observation {A, B} which enables to reduce the number of transitions to one; performing
an abstracted action {m, o} in the lower information sets in the tree. The figure follows
the standard denotations of an extensive-form game and a game automaton.
automata; and computational abilities of the players through distinguishing functions.
Every schema can be seen as an abstraction of its corresponding pure strategy, in which
an automaton captures the inner structure of the strategy (i.e. how individual decisions
of which the strategy consists relate), while the distinguishing functions ensure the
abstraction is still applicable in the original game. More precisely, function f abstracts
the extensive-form-game observation, while function g implements the abstracted action
in the game tree. Game-playing schemata can model limited rationality of the players by
introducing bounds on the size of the automata or the complexity of the distinguishing
functions.
Note that since the game tree is always finite, the computational complexity of
the distinguishing functions can not be analyzed in the traditional sense. Because of
theorems about linear speed-ups [52], both space and time complexity can be arbitrarily
altered. This can be fixed either by choosing a specific computational model which does
not allow similar speed-ups, or by playing arbitrarily large games from a given class
of games using the same distinguishing functions. This issue will be discussed more
closely in the next chapter.

2.2

Correspondence with pure strategies

For every game G, there exists an infinite number of game-playing schemata, with
various automata and distinguishing functions. However, not all schemata are able
to correctly play the game. The reason is that the set of actions feasible in a given
information set can be a strict subset of AG . Therefore, there is no guarantee that the
abstracted action prescribed by the automaton in the information set will correspond
(by a distinguishing function g) to some action in the information set. Hence, in order
to speak about automata playing extensive-form games, only schemata consistent with
the game should be considered.
Definition 19 (Game-tree-consistent schema). Let G = (N, H, Z, AG , χ, ρ, σ, u, C,
I) be an extensive-form game. A game-playing schema (Mi , fi , gi ) of player i, where
Mi = (Q, q0 , AM , B, O, δ), is said to be consistent with G (G-consistent) if and only
if for every possible extensive-form-game observation σ ∈ Σi available to player i in
the information set I, for an abstracted observation o = fi (q, σ) that Mi perceives in
state q it holds that gi (δ(q, o), I ′ ) belongs to A(I ′ ), where seqΣi (I ′ ) = σ. The state q is
a state of Mi reached after the sequence of EFG observations σ0 σ1 . . . , σm leading to I.
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Being G-consistent hence means that the schema is able to play the game correctly
and it never makes an illegal move. However, the schema can be larger than necessary. Not all extensive-form-game observations are obtainable in a given state of the
automaton and the domain of fi can hence be smaller, which makes fi a partial function. Furthermore, not all abstract observations are obtainable in a given state of the
automaton and the automaton can have a smaller number of transitions. Finally, not
all abstract actions are obtainable in a given information set, so that the domain of gi
can be smaller.
start

start
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Figure 2.4: An example of an inconsistent game automaton (on the left) and a consistent
game automaton (on the right) in a game depicted in Figure 2.3. The figure follows a
standard denotation of a game automaton.
Based on the structure of the game tree, it is possible to identify unreachable
abstracted observations and thus eliminate unreachable states and transitions from the
structure of the game automaton. Similarly to the transition function of the automaton,
the sequence of abstracted observations o0 . . . on generated from the initial state of
the automaton after seeing a sequence of extensive-form-game observations σ0 . . . σn is
denoted f (q0 , σ0 . . . σn ).
Definition 20. (Game-tree-unreachable states and transitions) Let G = (N, H, Z, AG ,
χ, ρ, σ, u, C, I) be an extensive-form game and (Mi , fi , gi ) be a G-consistent schema of
player i consisting of a game automaton Mi = (Q, q0 , AM , B, O, δ) and distinguishing
functions fi and gi . A transition (q, o) is said to be unreachable if and only if for every
n
possible sequence σ0 . . . σn ∈ Σi of extensive-form-game observations generated from
the game tree, such that σ0 . . . σn is consistent with actions prescribed by (Mi , fi , gi ) it
holds that δ(q0 , on ) ̸= q or on ̸= o, for on = fi (q0 , σ0 . . . σn ). A state q ′ is unreachable
if and only if all transitions (q, o) such that δ(q, o) = q ′ are unreachable. A schema
(Mi , fi , gi ) is called minimal if Mi has no unreachable states and transitions and fi , gi
are undefined for unreachable inputs.
Equivalently, a G-consistent schema has unreachable parts if there exists a strictly
smaller sub-schema, which is also G-consistent. Assuming that any extensive-form
game G can be encoded in time O(|H|), all unreachable states and transitions can be
eliminated in time polynomial in the size of the game G.
Proposition 1. Given an extensive-form game G = (N, H, Z, AG , χ, ρ, σ, u, C, I) and
a G-consistent schema (Mi , fi , gi ) of player i, there exists a subschema (Mi′ , fi′ , gi′ ) with
no unreachable states and transitions, which can be effectively found in time O(|G|).
Proof. The algorithm will find the set Q of all reachable transitions of the automaton
Mi . It proceeds by induction on the depth of the game tree of G. Initially, let Q be an
empty set and R0 be a set of triplets (I, q0 , seqΣi (I)), such that I is the shallowest information set of player i in G and seqΣi (I) is an extensive-form-game observation leading
to I. In the inductive step j +1, for each triplet (I, q, σ) ∈ Rj add (q, fi (q, σ)) to Q, and
for each extensive-form-game observation σ ′ obtainable in I, such that σ ′ is consistent
with action gi (δ(q, fi (q, σ)), I) prescribed by the schema, add (inf (σ ′ ), δ(q, fi (q, σ)), σ ′ )
to Rj+1 . Because the tree is finite, the algorithm will stop and produce the set of all
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⋃

reachable transitions. Let R = j Rj , then M ↾ Q, fi ↾ R, gi ↾ R is a G-consistent
schema with partial distinguishing functions and no unreachable transitions and states
of the automaton.
Recall the definition of automata playing repeated games. The game tree of any
repeated game G is constructed by unfolding the underlining normal-form game (possibly infinitely) many times. From the perspective of automata playing extensive-form
games, the distinguishing functions are therefore the same for all schemata of all players, defined as f (q, ai a−i ) = ai and g(q, I) = B(q). Whenever the behavioral function
of the automaton of player i prescribes only actions of this player and the transition
function is defined for every action of the opponent, the schema is G-consistent. Such
simplification enables to speak directly about the automata, without the concept of
game-playing schema. The automata in repeated games are hence a special case of
automata in extensive-form games.
Game-tree-consistent schemata characterize feasible automata and distinguishing
functions for every extensive-form game. Every schema corresponds to exactly one
reduced pure strategy π.
Definition 21 (Pure strategy prescribed by (Mi , fi , gi )). A G-consistent schema
(Mi , fi , gi ) of player i with no unreachable states and transitions prescribes a pure strategy π ∈ Πi in game G, if and only if for all actions a ∈ AG the schema prescribes it
holds that a ∈ π.
Moreover, for every pure strategy π it is possible to construct a canonical G- consistent schema (Mπ , fπ , gπ ), prescribing the strategy π. First, the canonical automaton
is constructed. Recall that every set of nodes H of an extensive-form game G contains
exactly one unique root node h0 .
Definition 22 (Canonical automaton). Let G = (N, H, Z, AG , χ, ρ, σ, u, C, I) be
an extensive-form game with a root node h0 , and a pure strategy π ∈ Πi of player i.
The canonical automaton Mπ = (Q, q0 , AM , B, O, δ) of player i associated with π is
constructed as follows. Let
1.
2.
3.
4.

Q := Ii ∪{h0 };
q0 := h0 ;
AM := AG ;
B(I) := π(I), where I∈ Q and π(I) is an action which π prescribes in I. If π(I)
is not defined, B(I) := ∅;

5. O := 2Σi ; and
6. δ(I1 , seqΣi (I2 )) = I2 , where I1 ∈ Q, I2 ∈ Ii and I2 immediately succeeds I1 .
If the root h0 of a game tree belongs to an information set of the same player as the
automaton Mπ , Q is equal to just Ii (since q0 ∈ Ii ). Otherwise, the initial state of the
automaton does not correspond to any information set of the player and the player plays
a “noop” action in this state. Then, he just waits for the first observation. Canonical
automata are well-defined, since every pure strategy π in the game G corresponds to
one G-consistent schema consisting of a canonical automaton Mπ with trivial fπ , gπ
being defined as
fπ ( , σ) = σ,
gπ (q, ) = B(q).
(2.1)
However, the structure of the canonical schema can be often greater than necessary,
not fully employing the capabilities of the automaton model with the distinguishing
functions. For example, the automaton can eliminate the chains of repeating states
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with the same prescribed actions and the same transitions; or the distinguishing functions can be used to abstract the actions, creating directed cycles in the structure of
the automaton. The reason for looking for smaller automata is that the fundamental
property of the automaton is its behavior in a game, which should be preserved, rather
than the structure.
Definition 23 (Behaviorally equivalent schemata). Let G = (N, H, Z, AG , χ, ρ, σ,
u, C, I) be an extensive-form game, and (Mi1 , fi1 , gi1 ) and (Mi2 , fi2 , gi2 ) be two schemata
of player i, where Mi1 = (Q1 , q01 , A1 , B1 , O1 , δ1 ) and Mi2 = (Q2 , q02 , A2 , B2 , O2 , δ2 ).
(Mi1 , fi1 , gi1 ) and (Mi2 , fi2 , gi2 ) are said to be behaviorally equivalent if and only if they
prescribe the same pure strategy.
A special case of behaviorally equivalent automata are the isomorphic ones.
Definition 24 (Isomorphic schemata). Let G = (N, H, Z, AG , χ, ρ, σ, u, C, I) be an
extensive-form game, and (Mi1 , fi1 , gi1 ) and (Mi2 , fi2 , gi2 ) be two schemata of player i,
where Mi1 = (Q1 , q01 , A1 , B1 , O1 , δ1 ) and Mi2 = (Q2 , q02 , A2 , B2 , O2 , δ2 ). (Mi1 , fi1 , gi1 )
and (Mi2 , fi2 , gi2 ) are said to be isomorphic if and only if there exists a one-to-one
onto mapping h : Q1 → Q2 , which preserves behavior, transitions and distinguishing
functions.
The schemata are isomorphic if they differ only in the labels of their components,
but not in the structures of the schemata themselves.
start

start

L
B

L

{LA, LB}

A
m

{m, o}

o

Figure 2.5: An example of two automata of behaviorally equivalent schemata implementing a pure strategy (L, m, o). Note that the schemata are not isomorphic. The
figure follows a standard denotation of a game automaton.
Example 14. Consider the two automata depicted in Figure 2.5. These automata both
prescribe a pure strategy (L, m, o) in a game G, which game tree is depicted in Figure
2.3. The automaton of the left is a canonical automaton for strategy (L, m, o). For
the automaton on the right, let the corresponding distinguishing functions be defined
as f (q0R , LA) = f (q0R , LB) = {LA, LB} and g(q0R , I1 ) = L; g(q1R , I2 ) = m; g(q1R , I2 ) =
o, using an abstracted observation {LA, LB} in the upper state q0R (corresponding
to an upper information set I1 ) and abstracted action {m, o} in the lower state q1R
(corresponding to the lower information sets I2 , I3 ). Therefore, both automata are Gconsistent and mutually behaviorally equivalent, but not isomorphic, since they do not
have the same number of states.
Behavioral equivalence is an equivalence relation on the set of G-consistent schemata. All schemata belonging to the same class implements the same pure strategy, even
though the structure of the automata and the distinguishing functions can differ. Similarly to the case of repeated games, players can evaluate the structural complexity of
schemata using different measures of strategic complexity.

2.3

Strategic complexity measures

Given an extensive-form game, behavioral equivalence creates the equivalence classes
on the set of all consistent schemata, such that every class prescribes the same pure
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strategy. The player can evaluate the schemata belonging to the same class in order to
find the schema which realizes a given pure strategy the best; or compare the schemata
across different behavioral classes to determine the differences between complexities of
pure strategies.
Definition 25 (Measure of schemata complexity). Function µ : (M, f, g) → Rm is a
measure of schemata complexity in an extensive-form game G if the ith component of
the function is a linear combination of the following real-valued functions:
1. a structural complexity measure associated with the automaton M = (Q, q0 , AM , B,
O, δ)’s size, expressed as either µQ = |Q| or µδ = |δ|; and
2. a computational complexity measure associated with the complexity of distinguishing functions f, g : either space (S) or time (T) complexity, which can be best-case
w
a
a
(µbS or µbT ), worst-case (µw
S or µT ) or average-case (µS or µT ) in a fixed finite
game G;
and for each component there is an associated finite upper bound µi .
In other words, a player’s measure of complexity of a given schema is an m- dimensional real-valued vector, such that each coordinate represents a numeric evaluation of
a general schemata property the player finds important. Schemata complexity focuses on both the structure of the automaton, which is either a number of states or a
number of transitions – an approach recommended in [53]; and the complexity of distinguishing functions. For now, assume that the complexity is analyzed in one of the
alternative models of computation, in which the complexity is uniquely determined and
linear speed-ups are not possible. Such models have already been specified [54, 55, 56].
The measure of schemata complexity in extensive-form games generalizes the measure
of automata complexity as introduced in repeated games. Note that every measure
of automata complexity mentioned in section 1.1.3 is a special case of the schemata
complexity. In case the complexity of a schema exceeds a predefined upper bound it
is not considered a feasible schema: the thesis only assumes that these is always such
an upper bound. Similarly to repeated games, every measure of schemata complexity
µ generates a natural partial order ⪯µ on the set of all feasible schemata.
Definition 26 (Partial order ⪯µ generated by µ). Let µ be a measure of schemata
complexity of player i in an extensive-form game G. A partial order ⪯µ is a partial order
generated by µ if and only if for every pair of schemata (Mi1 , fi1 , gi1 ) and (Mi2 , fi2 , gi2 )
of player i it holds that (Mi1 , fi1 , gi1 ) ⪯µ (Mi2 , fi2 , gi2 ) if and only if for every coordinate
j of µ
µj (Mi1 , fi1 , gi1 ) ≤ µj (Mi2 , fi2 , gi2 ).
(2.2)
As in every partial order, also in ⪯µ there exist minimal schemata which are the
minimal elements of ⪯µ . Such minimal elements are important especially for schemata
belonging to the same class Bπ of behaviorally equivalent schemata. These schemata
correspond to the minimal realizations of a given pure strategy π, which are incomparable with respect to µ. In case the schema is not a minimal element of ⪯µ on the set
Bπ , there is a schema with a reduced size which preserves the behavior.
Definition 27 (Reducible schema). Let µ be a measure of schemata complexity in an
extensive-form game G. A game-playing schema (Mi1 , fi1 , gi1 ) of player i is said to be
reducible if and only if there exists a schema (Mi2 , fi2 , gi2 ), such that (Mi1 , fi1 , gi1 ) is
behaviorally equivalent to (Mi2 , fi2 , gi2 ) and (Mi2 , fi2 , gi2 ) ⪯µ (Mi1 , fi1 , gi1 ).
However, the schema which is a minimal element of ⪯µ on Bπ does not have to be
a minimum of this partial order. For the minimum to always exist, the partial order
has to be completed.
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For the individual measures, the definition of reducibility can be made more precise.
From now on consider the reducibility for the state measure of schemata complexity µQ
with preserved distinguishing functions. The definition of reducibility therefore reduces
to the structure of automaton itself.
Observation 1 (Reducible schema with respect to µQ ). Let (Mi , fi , gi ) be a gameplaying schema of player i in an extensive-form game G, where Mi = (Q, B, O, δ, q0 ).
(Mi , fi , gi ) is reducible if and only if there exists a partition Q = (Q1 , Q2 , . . . , Qk ) on
the states of the automaton Mi such that:
1. the decomposition is non-trivial, hence k < |Q|; and
2. the behavior of the automaton is preserved, which means that for all q, q ′ ∈ Q
(a) B(q) = B(q’); and
(b) for all σ ∈ O exists t, such that δ(q, σ), δ(q ′ , σ) ∈ Qt .
Note that a game automaton is reducible with respect to µQ only if it has some
unnecessary states. These unnecessary states can be found using a method similar to
minimization of a size of the finite automata [57]. The idea is based on the MyhillNerode characterization of regular languages. Given a language L, and a pair of strings
a and b, a distinguishing extension is a string x such that exactly one of the two
strings ax and bx belongs to L. The characterization defines a relation RL on strings
so that aRL b if and only if there is no distinguishing extension for a and b. RL is
hence an equivalence relation on strings, and thus it divides the set of all strings into
equivalence classes. The Myhill-Nerode theorem [57] states that L is regular if and
only if RL has a finite number of equivalence classes. Moreover, the number of states
of the smallest deterministic finite automaton recognizing L is equal to the number of
equivalence classes of RL . Each state of such smallest automaton corresponds to exactly
one equivalence class. Reducing the size of an automaton recognizing L is hence done
by merging its states (viewed as sets of RL -equivalent strings), whenever two states
correspond to the same set of equivalent strings.
To introduce such technique for game-playing schemata, it is necessary to redefine
the equivalence relation in a sense of transducers [58]. While the algorithm for merging
states of a finite state automata used original relation RL for checking whether any
future accepting input would also guarantee to end in an accepting state, the relation
for game automata has to ensure that future observations will lead to prescribing the
same actions.
Definition 28 (Distinguishing extension). Given a game automaton M , and two observations o1 and o2 , a distinguishing extension is an observation o′ such that B(δ(q0 , o1 o′ )) =
u and B(δ(q0 , o2 o′ )) = v with u ̸= v ∈ AM .
Therefore, the distinguishing extension is an observation such that the behavior of
the game automaton differs for o′ depending on whether it receives o1 or o2 . Again,
the corresponding relation RM is an equivalence relation, dividing all finite sequences
of elements from O into equivalence classes. In case of a game automaton, these classes
will again correspond to the states of the non-reducible automaton.
Proposition 2. For every game-playing schema (M, f, g), where M = (Q, B, O, δ, q0 ),
there exists a behaviorally equivalent schema (M ′ , f ′ , g ′ ), such that M ′ is a µQ -nonreducible automaton. The schema (M ′ , f ′ , g ′ ) can be found in time O(|O||Q|2 ).
Proof. Let F be a set of all possible functions f : Σi → O. First, the initial partition
P of Q into classes of states So,f is defined as follows.
∀o ∈ O ∀f ∈ F : So,f = {q ∈ Q | B(q) = o, f ↾ q ↓= f }
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(2.3)

Second, the classes in P are split according to the following algorithm.
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:

repeat
for S ∈ P do
for o ∈ O do
if ∀S ′ ∈ P ∃q ∈ S δ(q, o) ̸∈ S ′ then
split S into subsets Si such that
for each subset Si , there is a different class S ′ ∈ P such that
∀q ∈ Si , δ(q, o) ∈ S ′
(the subsets Si replace S in P)
end if
end for
end for
until no changes

When there is no class left that needs to be split, the remaining classes of states will
form the states of the µQ -non-reducible game automaton. By construction, all states
in a class prescribe the same action which is the behavior of the class. Similarly, for
any observation o ∈ O, all states in a class go to some state in the same other class,
which defines the transition function for the µQ -non-reducible game automaton.
The initial partition can be generated in time |Q|(|O| + 1), because for each state
all possible outputs of f are considered. The main loop is executed at most |Q| times,
because in each iteration at least one class of states must be split, and each class
contains at least one state. Each iteration of the loop examines each state a number of
times equal to the number of input observations. Hence the complexity of the algorithm
is O(|O||Q|2 ).
The distinguishing functions of the µQ -non-reducible schema are set to f ↾ Q and
g ↾ Q, where Q is a set of states of the automaton M ′ . Finding µQ -non-reducible schema
can be done for every schema belonging to a class Bπ for a given π. Such schemata
form a subset of minimal elements with respect to the partial order ⪯µQ on Bπ . The
measure is one-dimensional and therefore a linear order. Consequently, it always has a
minimum. However, this minimum can be obtained in several distinct schemata with
the same value of the schemata complexity measure. For the state measure, it holds
that there can not be two non-isomorphic minimal behaviorally equivalent schemata
with the same distinguishing functions. The reasoning is similar to the case of DFA
[59].
Proposition 3. Every minimal µQ -non-reducible schema is unique (up to isomorphism).
Proof. Assume there are two minimal non-reducible game schemata with automata M1
and M2 and with the same distinguishing functions which are behaviorally equivalent,
but |Q1 | < |Q2 |. Run the algorithm from the proof of Proposition 2 on the states of M1
and M2 together, as if they were one game automaton. The initial states of M1 and
M2 have to be indistinguishable, because the automata are behaviorally equivalent. If
states q1 ∈ Q1 and q2 ∈ Q2 are indistinguishable, so are all their successors, otherwise
it is possible to distinguish q1 and q2 . Both automata are minimal and therefore every
state of M1 is indistinguishable from at least one state of M2 and vice versa. But
M1 is smaller than M2 , so there have to be two states of M2 in the same equivalence
class, which contradicts the assumption of non-reducibility. Consequently, because of
the minimality, the automata has to be isomorphic.
Therefore, up to isomorphism, the minimum of ⪯µQ on Bπ is always one unique
minimal schema for any fixed sets of abstracted actions and abstracted observations.
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Chapter 3

Properties of Schemata Equilibria
This chapter introduces solution concepts in games with schemata strategies. It formally defines the extensions of Nash equilibrium and analyzes their computational
complexity. The rest of the chapter considers properties of efficiently representable
strategies and their effect on computing specific EFCE.
The previous chapter explained that the suitable analogy of strategies in games with
schemata strategies are minimal G-consistent schemata. The reason is they represent
the minimal strategies which are able to correctly play a given game. Player’s preference
over this set of schemata is represented by his schemata complexity measure µ, which
evaluates a non-reducibility of a given schema. Therefore, minimal G-consistent nonreducible schemata are essential for analyzing equilibria.
Definition 29 (Pure schemata strategy). Let G = (N, H, Z, AG , χ, ρ, σ u, C, I) be
an extensive-form game and µ = µi be a schemata complexity measure of player i. A
set of pure schemata strategies is a set of minimal G-consistent non-reducible schemata
with respect to µ, denoted as Siµ .
Because all schemata in Siµ are minimal, the set Siµ is always finite. The reason is
that the partitioning of actions into abstracted actions is finite, hence the number of
possible states in every minimal automaton is bounded and so is the number of possible
transitions. Because both the automaton and the game tree are finite, the number of
possible distinguishing functions is also finite.
With a non-trivial schemata complexity measure, which has multiple non-isomorphic
minimal elements in at least one class of behaviorally equivalent schemata, the set of
pure schemata strategies is richer than the set of pure strategies in an extensive-form
game. However, this makes sense from the perspective of the player, as behaviorally
equivalent minimal schemata can be seen as different realizations of the same strategy,
e.g. with the different ratio of time and space complexity.
Similarly to the traditional game theory, in scenarios where a player faces uncertainty, it is advisable to randomize his strategy.
Definition 30 (Mixed schemata strategy). Let G = (N, H, Z, AG , χ, ρ, σ u, C, I) be
an extensive-form game, µ be a schemata complexity measure of player i and Siµ his set
of pure schemata strategies. The set of player’s mixed schemata strategies is a set Φµi
of all possible probability distributions over Siµ .
In a mixed strategy ϕi ∈ Φµi of player i, by ϕi (M, f, g) is denoted the probability
of playing the game G according to schema (M, f, g). The progression of any game is
fully determined by specifying a strategy for each player.
Definition 31 (Schemata profile). Let G = (N, H, Z, AG , χ, ρ, σ u, C, I) be an
extensive-form game and (µ1 , µ2 , . . . , µn ) be a tuple of schemata complexity measures
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for each player. A schemata profile ϕ ∈ Φµ1 1 ×· · ·×Φµnn is a tuple of one mixed schemata
strategy for each player.
A partial profile ϕ−i denotes a tuple of schemata strategies played by the opponents
of player i. In case the player i knows these strategies, he is able to reason about which
schemata strategy he should take. Recall, that an equilibrium in traditional game
theory is a specific profile such that no player has an intention to change his strategy.
In order to analyze the structure of equilibria in schemata, it is necessary to define
three essential concepts of strategic interaction. First, given a partial schemata profile,
what is a best-response schemata strategy. Second, under which assumptions does a
Nash equilibrium always exist. And finally third, how to find a Nash equilibrium.
To find a best-response schemata strategy, a player has to be able to compare the
utilities he expects to receive from any two different strategies against a fixed partial
schemata strategy profile of his opponents. To evaluate an expected utility, for every
leaf z of the game tree the player determines whether it can be reached by a given
strategy profile and he calculates the probability of reaching it. The probability of
reaching z is a product of probabilities of two independent events: that in the chance
nodes the actions are taken so that they are on the path from the root state to z and
that the schemata profile is chosen so that z can be reached.
From the definition of extensive-form games, the probabilities of individual actions
of chance are independent. Therefore, the probability of reaching z due to chance is
simply a product of probabilities of all random actions on the path from the root state
to z. Because all players choose their strategies at the beginning of a game and each
strategy defines which actions a player will take in every situation in the game, the
probability of reaching z due to a strategy of player i is independent on the strategies
of other players. The probability of reaching z due to individual strategies of the players
is hence also a product of probabilities of reaching z according to a strategy of each
player.
In the traditional game theory, for every z there exists a set of reduced strategies Πzi
per each player i, such that each strategy πiz ∈ Πzi enables to reach z in the game. On
the other hand, in games with schemata, there might be multiple minimal G-consistent
non-reducible schemata prescribing πiz . Assuming all other players take actions such
that z can be reached, the probability of reaching z is the sum of probabilities of playing
game G according to minimal G-consistent non-reducible schemata prescribing πiz .
Observation 2 (Expected utility of a schemata profile). The expected utility of player
i with respect to a schemata profile ϕ and a tuple of schemata complexity measures
(µ1 , µ2 , . . . , µn ) in an extensive-form game G = (N, H, Z, AG , χ, ρ, σ u, C, I) is equal
to
∑
∏
∑
ui (ϕ) =
ui (z)C(z)
ϕj (M, f, g),
(3.1)
z∈Z

j∈[N ] (M,f,g)∈S µj
j

z∈Z(M,f,g)

where Z(M,f,g) ⊆ Z is a set of leaves reachable by schema (M, f, g).
Given a partial profile ϕ−i , the player i can use an expected utility to identify
optimal schemata strategy.
Definition 32 (Best-response schemata strategy). Let G = (N, H, Z, AG , χ, ρ, σ u,
C, I) be an extensive-form game and ϕ−i be a partial profile of schemata strategies.
ϕi ∈ Φi is player i’s best response to ϕ−i if and only if for all ϕ′i ∈ Φi it holds that
ui (ϕi , ϕ−i ) ≥ ui (ϕ′i , ϕ−i ).
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(3.2)

A Nash equilibrium in schemata strategies is a situation in which no player profits
from changing his schemata strategy.
Definition 33 (Nash equilibrium in schemata strategies). Let G = (N, H, Z, AG , χ,
ρ, σ u, C, I) be an extensive-form game and ϕN ash = (ϕ1 , ..., ϕn ) be a schemata profile.
ϕN ash is a Nash equilibrium if and only if for each player i ∈ N it holds that ϕi is a
best response to ϕ−i .
Similarly to the games with ordinary strategies, Nash equilibrium always exists even
if the players are obligated to use schemata. This holds even if the set of schemata
strategies is much richer than the set of pure strategies.
Proposition 4 (Existence of Nash equilibrium in schemata strategies). Every multiplayer, perfect-recall extensive-form game has a schemata profile ϕN ash such that ϕN ash
is a Nash equilibrium in schemata strategies.
Proof. Let G = (N, H, Z, AG , χ, ρ, σ u, C, I) be an extensive-form game and
(µ1 , µ2 , . . . , µn ) be a tuple of schemata complexity measures for each player. A function
N F is a reduction from G to a normal-form game N F (G) = (N, AN F , uN F ), where
• N is the same set of players as in G;
• AN F = A1 × · · · × An , where Ai = Siµi is a set of actions for player i; and
∑
• uN F = (u1 , . . . , un ) where ui (a) = z∈⋂
Z(M,f,g) ui (z)C(z) is a real-valued
(M,f,g)∈a

utility function for player i.
Note that by definition AN F is a set of all pure schemata profiles and ui corresponds to
an expected utility of player i of a given pure schemata profile. The definition of ui is
hence consistent with equation 3.1 precisely on the set of pure schemata profiles. Recall
that in traditional game theory, the expected utility of player i in N F (G) with respect
to a mixed strategy profile δ ∈ ∆, where ∆ is a set of all mixed strategy profiles, is
equal to
∏
∑
ui (a)
δj (aj )
(3.3)
ui (δ) =
a∈AN F

j∈[N ]

which by the definition of reduction N F is equal to
∑

ui (δ) =

∑

(
⋂

a∈AN F z∈

ui (z)C(z))

∏

δj (aj ).

(3.4)

j∈[N ]

Z
(M,f,g)∈a (M,f,g)

Because calculating a sum over reachable leaves for each pure schemata profile is
the same as calculating a sum over schemata profiles leading to a given leaf for every
leaf, the first two sums can be rearranged into
ui (δ) =

∑
z∈Z

ui (z)C(z)

∏

∑

j∈[N ]

⋂ a∈AN F
z∈ (M,f,g)∈a Z(M,f,g)

δj (aj ),

(3.5)

which is the same as the expected utility of a schemata profile. The equilibrium in
N F (G) is therefore the equilibrium in G. By Nash’s theorem, an equilibrium in N F (G)
always exists and hence there is always an equilibrium in schemata strategies in G.
In this definition of Nash equilibrium, the player uses his measure of schemata
complexity to select minimal realizations of the pure strategies. However, the best
response is then based solely on the expected utility of a given profile and does not
take into account the exact complexity of individual strategies in the profile. There are
39

two reasons why this approach of extending Nash equilibrium into schemata strategies
is rational.
First, the complexity of a schema is a property independent of the choices of strategies of other players, while the expected utility is always related to the complete schemata profile. Therefore, it can be analyzed separately. The player can introduce further
restrictions on the set of minimal G-consistent non-reducible schemata and the existence of a Nash equilibrium will be preserved, because the fact that all schemata in Siµ
have this property has never been used in the proof of the existence of a Nash equilibrium. For example, a player can choose more strict upper bounds on the complexity
of schemata and reject all schemata with complexity exceeding this upper bound. In
case there exists at least one minimal G-consistent non-reducible schema satisfying this
restriction, a Nash equilibrium in this game exists, even though it does not have to
be the same as in the original unrestricted game. The bounds on the complexity of
schemata introduce bounded rationality into the model as a representation of player’s
limited memory and computational abilities.
Second, even though different realizations of the same pure strategy guarantee the
same expected utility against fixed partial profile of opponents’ strategies, the complexities of the realizations are incomparable. Every player i can evaluate his expected
complexity of a schemata strategy ϕi as
µi (ϕi ) =

∑

∑

ϕi (M, f, g)µi (M, f, g).

(3.6)

z∈Z (M,f,g)∈S µi
i
z∈Z(M,f,g)

By playing a non-trivial mixed strategy over the different realizations of the same pure
strategy, the player is able to guarantee an expected complexity which might be better
than the complexities of individual schemata.
On the other hand, it is also possible to include the intention to balance expected
utility and schemata complexity directly into the definition of the best response.
Definition 34 (Utility/complexity balancing function). Let G = (N, H, Z, AG , χ, ρ, σ
u, C, I) be an extensive-form game and µ = µi : (M, f, g) → Rn be a schemata complexity measure for player i. A real-valued function ψiµ : Rn+1 → R is a utility/complexity
balancing function of player i if and only if ψiµ is a player-wise continuous linear function, i.e. for a fixed ϕ−j and i ̸= j
∑

ϕj (s)ψiµ (µi (ϕi ), ui (s, ϕ−j )) = ψiµ (µi (ϕi ), ui (ϕj , ϕ−j ))

(3.7)

µ
s∈Sj j

and especially if i = j
∑

ϕi (s)ψiµ (µi (s), ui (s, ϕ−i )) = ψiµ (µi (ϕi ), ui (ϕi , ϕ−i )).

(3.8)

µ

s∈Si i

Utility/complexity balancing functions might also preserve the preference with respect to schemata complexity measures, but not necessarily with respect to expected
utility. This can be captured by an additional condition: for every partial profile of
schemata strategies ϕ−i and schemata strategies ϕi and ϕ′i it should hold that
µi (ϕi ) ≺ µi (ϕ′i ) → ψiµ (µi (ϕi ), ui (ϕi , ϕ−i )) ≥ ψiµ (µi (ϕ′i ), ui (ϕ′i , ϕ−i ))

(3.9)

For better readability, the expression ψiµ (µi (ϕi ), ui (ϕi , ϕ−i )) is abbreviated as ψiµ (ϕ).
Note that balancing functions generalize the functions which alter the utilities only in
the leaves of the game tree, such that they take into account the complexity of schemata
prescribing a pure strategy leading to this leaf. Using utility/complexity balancing
functions, the best-response strategy can be defined.
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Definition 35 (Extended best-response schemata strategy). Let G = (N, H, Z, AG , χ,
ρ, σ u, C, I) be an extensive-form game, ψiµ be a utility/complexity balancing function
of player i and ϕ−i be a partial profile of schemata strategies. ϕi is player i’s best
response to ϕ−i if and only if for all ϕ′i ∈ Φi it holds that
ψiµ (ϕi , ϕ−i ) ≥ ψiµ (ϕ′i , ϕ−i ).

(3.10)

A Nash equilibrium which balances the complexity of strategies and the expected
utility hence uses this definition of best response.
Definition 36 (Balanced Nash equilibrium in schemata strategies). Let G = (N, H,
Z, AG , χ, ρ, σ u, C, I) be an extensive-form game, (ψ1µ1 , ψ2µ2 , . . . , ψnµn ) be a tuple of
one utility/complexity balancing functions per each player and ϕN ash = (ϕ1 , ..., ϕn ) be
a schemata profile. ϕN ash is a Nash equilibrium if and only if for each player i ∈ N it
holds that ϕi is an extended best response to ϕ−i .
Also in games with extended best responses, a Nash equilibrium always exists.
Proposition 5 (Existence of balanced Nash equilibrium in schemata strategies). Every
multi-player, perfect-recall extensive-form game has a schemata profile ϕN ash such that
ϕN ash is a balanced Nash equilibrium in schemata strategies, according to an extended
best response.
Proof. Similarly to the previous proof of the existence of Nash equilibrium in schemata strategies, an equivalent normal form is constructed. It is shown that the best
response in the normal form is the same as the extended best response with utility/complexity balancing functions. Therefore, a Nash equilibrium in the normal-form
game is a Nash equilibrium in the original extensive-form game. Because in every
normal-form game there is always an equilibrium, there exists an equilibrium also in
the equivalent extensive-form form.
Let G = (N, H, Z, AG , χ, ρ, σ u, C, I) be an extensive-form game and (ψ1µ1 , ψ2µ2 , . . . , ψnµn )
be a tuple of utility/complexity balancing functions for each player. A function N Fe is
a reduction of G to a normal-form game N Fe (G) = (N, AN F , uN F ), where
• N is the same set of players as in G;
• AN Fe = A1 × · · · × An , where Ai = Siµi is a set of actions for player i; and
• uN Fe = (u1 , . . . , un ) where ui (a) = ψiµi (µi (ai ), ui (a)) and
∑
ui (a) = z∈⋂
Z(M,f,g) ui (z)C(z) is a real-valued utility function for player
(M,f,g)∈a

i.
The definition of the utility function is well-defined, because ai is a schema a µi (ai )
is therefore properly defined. According to the traditional game theory, the expected
utility of player i in N Fe (G) with respect to a mixed strategy profile δ ∈ ∆, where ∆
is a set of all mixed strategy profiles, is equal to
∑

ui (δ) =

ui (a)

a∈AN Fe

∏

δj (aj )

(3.11)

j∈[N ]

which by the definition of reduction N Fe is equal to
ui (δ) =

∑

ψiµi (µi (ai ), ui (a))

a∈AN F

∏

δj (aj ).

(3.12)

j∈[N ]

This is equivalent to
ui (δ) =

∑
a1 ∈A1

δ1 (a1 )

∑
a2 ∈A2

δ2 (a2 ) · · ·

δn (an )ψiµi (µi (ai ), ui (a1 , a2 , . . . , an )). (3.13)

∑
an ∈An
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Because Ai = Siµi , δ is a mixed schemata strategy and ui is an expected utility of
a schemata profile in G. Since ψiµi is a player-wise continuous linear function, the
individual sums in 3.13 can be backwardly eliminated according to the properties of
ψiµi . In the j th step of the elimination one of the following equalities holds:
1. i < j and according to property 3.7
∑

δj (aj )ψiµi (µi (ai ), ui (a1 , a2 , . . . , aj , δj+1 . . . , δn )) =

aj ∈Aj

(3.14)
ψiµi (µi (ai ), ui (a1 , a2 , . . . , aj−1 , δj , . . . , δn ))

2. i = j and according to property 3.8
∑

δi (ai )ψiµi (µi (ai ), ui (a1 , a2 , . . . , ai , δi+1 . . . , δn )) =
(3.15)

ai ∈Ai

ψiµi (µi (δi ), ui (a1 , a2 , . . . , ai−1 , δi , . . . , δn ))
3. i > j and according to property 3.7
∑

δj (aj )ψiµi (µi (δi ), ui (a1 , a2 , . . . , aj , δj+1 . . . , δn )) =

aj ∈Aj

(3.16)
ψiµi (µi (δi ), ui (a1 , a2 , . . . , aj−1 , δj , . . . , δn ))

After all sums ale eliminated, the expected utility is expressed as
ui (δ) = ψiµi (µi (δi ), ui (δ1 , δ2 , . . . , δn )).

(3.17)

Recall that a mixed strategy δi ∈ ∆i is a best response to a partial profile δ−i if and
only if for all strategies δi′ ∈ ∆i
ui (δi , δ−i ) ≥ ui (δi′ , δ−i ).

(3.18)

By the equivalence 3.17 the best-response condition is equivalent to
ψiµi (µi (δi ), ui (δi , δ−i )) ≥ ψiµi (µi (δi′ ), ui (δi′ , δ−i ))

(3.19)

and therefore the best response in the reduced game is also the best response in the
original game.
Since models of schemata as strategies extend the traditional game theory, computing Nash equilibrium in schemata strategies in general class of extensive-form games is
at least as hard as computing Nash equilibrium in the original game.
Observation 3. For an imperfect-information perfect-recall extensive-form game with
at least two players, the problems of finding Nash equilibrium in schemata strategies
and balanced Nash equilibrium in schemata strategies are PPAD-hard.
Proof. The proof is based on the reductions from an arbitrary imperfect-information
perfect-recall extensive-form game G to a game in which the (balanced) Nash equilibrium in schemata strategies is computed.
For the Nash equilibrium in schemata strategies, let every player select a schemata complexity measure inducing a linear order (e.g. the one-dimensional complexity
measure µQ which considers only the number of states of the automaton) and the upper bound on the complexity such that for every pure strategy there is at least one
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schema which prescribes it. Since the complexity measures are linear, every pure strategy has exactly one minimal complexity (which is a minimum element of the induced
linear order) and a schema of this complexity which represents it. The mixed schemata
strategies of the Nash equilibrium in this game therefore directly corresponds to the
mixed strategies of the Nash equilibrium in the original game.
In case of the balanced Nash equilibrium in schemata strategies, let all players select
the schemata complexity measures inducing linear orders again and let ψi (µi (ϕi ), ui (ϕ)) =
ui (ϕ). The expected utility is a continuous linear function and therefore it satisfies conditions 3.7 and 3.8. Similarly to the previous case, also in this game the mixed schemata
strategies of the balanced Nash equilibrium directly corresponds to the mixed strategies
of the Nash equilibrium in the original game. Moreover, if the players select a state
complexity measure µQ that minimizes the size of the automaton in the schema, the
expected utility satisfies also condition 3.9. Because the complexity of the distinguishing functions is not restricted, for every player i and every pure strategy πi ∈ Πi it
is possible to define one abstracted action A = πi . Because the game tree is finite,
the distinguishing functions are able to correctly verify to which action in the current information set in the game tree the abstracted action corresponds. All minimal
schemata has a trivial complexity µQ (M, f, g) = 1. Also in this case the balanced Nash
equilibrium corresponds to the Nash equilibrium in the original game.
Note that because every Nash equilibrium is a correlated equilibrium, the existence
of Nash equilibrium also implies the existence of correlated equilibrium. Similarly,
because every correlated equilibrium is an extensive-form correlated equilibrium, the
existence of extensive-form correlated equilibrium is also guaranteed.

3.1

Efficiently representable strategies

In the proof of the PPAD-hardness, the reduction to the balanced Nash equilibrium
with satisfied condition 3.9 used the fact that the extensive-form games are given as
finite trees. Without any bounds on the complexity of the structure of the automaton
or computational complexity of the distinguishing functions, the whole game tree of
the game can be coded up into either the distinguishing functions (as it was used in
the reduction) or to the automaton.
Observation 4. Let G be an extensive-form game. Then the automaton of every µQ non-reducible schema has only one state and one transition and the complexity of the
distinguishing functions of every µS -minimal schema is constant.
Proof. The µQ measure does not take into account the complexity of the distinguishing
functions. Therefore, it is possible to encode the whole pure strategy the schema should
prescribe solely into the memory of the g function of the schema. Let πi ∈ Πi be a
pure strategy the player i would like to play in the game G. The schema (Mi , fi , gi ) is
defined so that Mi = (Q, q0 , A, B, O, δ), where
• Q = {q0 } is a one-state set of states;
• A = {πi } is the only abstracted action the automaton prescribes;
• B(Q) = B(q0 ) → πi is defined in the automaton’s only state;
• O = {Σi } is a set of all extensive-form-game observations, which is the only
abstracted observation the automaton is able to perceive; and
• δ(Q, O) = δ(q0 , Σi ) → q0 is defined for the only state and only observation which
is available to the automaton.
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The fi distinguishing function is then defined as
fi ( , ) = Σi ,

(3.20)

which means that for any state of the automaton and any extensive-form-game observation provided by the game the fi function returns only the single observation available
to the automaton. The time and space complexity of the fi function are hence constant.
Let the gi function be defined as
gi ( , I) = lookup(I),

(3.21)

where the lookup function searches the lookup table in the memory of the gi function
which for each information set stores the action πi (I) the pure strategy prescribes in
this information set. The space complexity of the gi function is linear in the size of the
game tree and searching the lookup table can be also done in time at most linear in
the size of the game tree.
Because the gi function always returns the action prescribed by πi in the given
information set, the schema (Mi , fi , gi ) is consistent with the game G. It prescribes the
strategy πi and since the automaton has only one state, the schema is also minimal and
µQ -non-reducible. Such schema can be generated for every pure strategy and therefore
every µQ -non-reducible schema in G has only one state and one transition. An example
of a µQ -non-reducible schema is depicted in Figure 3.1.
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g( , I) = lookup(I)
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I1 I2
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start

{L, m, o}

{LA, LB}

Figure 3.1: A schema with memory-demanding distinguishing functions, but a one-state
automaton. The figure follows the standard denotations of an extensive-form game and
a game automaton.
Similarly to the µQ measure, where the whole pure strategy was coded up into the
structure of the distinguishing function, with the µS measure the strategy can be stored
in the structure of the automaton. Again, let πi ∈ Πi be a pure strategy the player i
would like to play in the game G = (N, H, Z, AG , χ, ρ, σ u, C, I). The schema (Mi , fi , gi )
is defined so that Mi is the canonical automaton prescribing πi . The number of states
in this automaton is linear in the size of the game tree, because for every information
set of player i there is one state. The fi distinguishing function is then defined as
fi ( , σ) = σ,

(3.22)

which means the fi function just passes the extensive-form-game observation it receives
from the game to the automaton. The space complexity of fi is hence minimal – the
same for all pure strategies. The gi function is defined as
gi (q, ) = B(q),

(3.23)

such that gi only return the action the automaton prescribes in a given state. In case
the value of function B can be retrieved in constant space, the space complexity of the
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gi function is also minimal and the same for all strategies – dependent only on function
B.
Because the automaton Mi is the canonical automaton of pure strategy πi and the
distinguishing functions just pass the observations from game tree to the automaton and
the actions from the automaton to the game tree, the schema (Mi , fi , gi ) is consistent
with the game G. It prescribes the strategy πi and since the distinguishing functions
do not perform any computations, the schema is also µS -non-reducible. The algorithm
for reducing the size of the automaton from Proposition 2 can be used to make the
schema also µQ -non-reducible. The same approach for defining a schema can be used
for any pure strategy and therefore every µS -non-reducible schema in G has only trivial
distinguishing functions. In Figure 3.2 is given an example of a constructed µS -nonreducible schema playing a pure strategy {L, m, o}.
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m
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o

start
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g(q, ) = B(q)

B
A

p

m

o

(1, 1) (2, 4) (1, 1) (2, 4)
Figure 3.2: A schema with a large automaton, but simple distinguishing functions.
The figure follows the standard denotations of an extensive-form game and a game
automaton.
However, for sufficiently large games, every bounded-rational player would see only
an abstraction of the tree. For example in poker, not even professional players are able
to reason about all possible future situations in the game. In this case, the ability of the
players to strategize is affected by the abstraction of the game the players use to reason
about the future [27]. As Rubinstein noticed [60], reasoning in games with large game
trees is best modeled as reasoning in infinite games. In this spirit, the distinguishing
functions are defined for games with a parameter affecting a size of a game tree.
Definition 37 (Size-parametric class of games). A sequence of extensive-form games
G1 , G2 , . . . is a size-parametric class of games L if and only if for all i ∈ N and for
two consecutive games Gi = (Ni , Hi , Zi , Ai , χi , ρi , σi , ui , Ci , Ii ) and Gi+1 = (Ni+1 ,
Hi+1 , Zi+1 , Ai+1 , χi+1 , ρi+1 , σi+1 , ui+1 , Ci+1 , Ii+1 ) it holds that
1.
2.
3.
4.
5.
6.
7.
8.

Ni = Ni+1 ;
Hi ⊆ Hi+1 ;
Ai = Ai+1 ;
χi+1 ↾ (Hi \Zi ) = χi ;
ρi+1 ↾ (Hi \Zi ) = ρi ;
σi+1 ↾ (Hi \Zi ) = σi ;
Ci = Ci+1 ; and
Ii ⊆ Ii+1 .

The nth game in the size-parametric class L is denoted L(n). The idea of distinguishing functions for schemata playing games in class L is that a player’s reasoning
about his strategy is similar in all games belonging to this class. Given a finite game
L(n), a player decides which pure strategy he would like to play.
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Definition 38 (L-consistent distinguishing functions). The distinguishing function f, g
are consistent with a size-parametric class L (L-consistent) if and only if for every
extensive-form game L(n) there exists an automaton M such that a schema (M, f, g)
is L(n)-consistent.
In order to formalize the ability of the players to maintain only an abstraction of
the large game, the bounds on the maximal complexity of the schemata are introduced.
A schema which complies with these bounds is called small.
Definition 39 (Small schema). Let G = (N, H, Z, AG , χ, ρ, σ u, C, I) be an extensiveform game belonging to a size-parametric class L and (Mi , fi , gi ) be a G-consistent
schema of player i consisting of a game automaton Mi = (Q, q0 , AM , B, O, δ) and
L-consistent distinguishing functions fi and gi . (Mi , fi , gi ) is called small (supersmall)
if and only if the number of states of Mi is polylogarithmic (square-root-of-logarithmic)
in the size of the game tree and the distinguishing functions belong to the class of
LOGSPACE functions in the size of the game tree.
Small schemata are similar to the concept of small automata, related to efficient
representation of strategies in repeated games. For small schemata, the constructions
which were done in the proof of Observation 4 are generally not possible. The reason is
that to have a small automaton, the distinguishing functions have to implement a mapping of information sets to actions. This is not possible with L-consistent distinguishing
functions used for all games in this class. Being small also affects the computational
complexity of the equilibria. In case the strategies are restricted to those which have supersmall representation, the computation of a specific EFCE (defined in Section 1.2.2)
can be done efficiently.
Proposition 6. Let G = (N, H, Z, A, χ, ρ, σ u, C, I) be a multi-player perfect-recall
extensive-form game from a size-parametric class of games L with a number of actions
independent on the size of the game tree and a guaranteed maximum number of actions
before every player acts again (or the game ends for him), and let the verification that
the schema is supersmall be polynomial for L. With pure schemata strategies restricted
to supersmall schemata, the problem MAXPAY-EFCE in schemata is polynomial.
Proof. √
Let every player select a state schemata complexity measure µQ and the upper
bound log(|I|) on the complexity such that every supersmall schema complies with
this upper bound. Consider the number of possible abstracted actions, abstracted
observations, and automata of supersmall size. Behaviorally equivalent distinguishing
functions do not have to be considered because of the complexity measure and the
definition of EFCE. The number of possible abstracted actions BA in a given game tree
is at most the number of nonempty subsets of A, in case the condition forbidding the
actions which can be played in the same information set to be in the same subset in
the partition is omitted. This number can be bounded as follows. The constants C1
and C2 are suitable constants independent on the number of information sets.
BA ≤ 2|A| − 1 ≤ C1

(3.24)

The number of possible abstracted observations BO is equal to the number of nonempty
subsets of the set of possible extensive-form-game observations, which means it is
c

BO ≤ 2|A| − 1 ≤ C2 ,

(3.25)
c

because the number of extensive-form-game observations is at most |A| . It is the number of sequences in the |A|-ary tree with constant depth c ≥ 1, where c is a guaranteed
maximum number of actions before every player acts again. In the automaton with
k states, there are k possibilities of which state can be the initial one and each state
prescribes one abstracted action or a “noop” action. The number of transitions is
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at most k 2 and each can correspond to one of the√BO abstracted observations. The
number of supersmall schemata with size at most log(|I|) is hence at most
√
log(|I|)
√
∑
2
kBO k (BA + 1)k ≤ log(|I|)C2 log(|I|) (C1 + 1) log(|I|) ,
(3.26)
k=1

in case that every mapping using a distinguishing function is realizable by a LOGSPACE
function. Because the number of actions does not depend on the number of information
sets, the number of supersmall schemata is polynomial in the size of the game tree (i.e.
|I|). Because both the minimization and the reduction of a schema can be done in
polynomial time (by Propositions 1 and 2) and the verification that the schema is
supersmall is polynomial for L, the set S̃i of all supersmall schemata can be generated
in polynomial time.
Now the constraints for EFCE are adapted for schemata. Recall that a strategy
profile agrees with a given leaf z if z is reached in case the players take their actions
according to the strategy profile. With schemata profiles, a (partial) pure schemata
⋂
profile ϕ agrees with z if and only if z ∈ (M,f,g)∈ϕ Z(M,f,g) . Moreover, a schema s ∈ S̃i
agrees with a sequence σ ∈ Σi if and only if it prescribes all actions which belong to σ.
The first constraint defined for every action a in the game tree hence looks as follows.
∑

u(a) =

∑

ui (t)C(t)

t∈Z:
a∈seqi (t)

⋂

z∈

λ(s)

(3.27)

ϕ∈S̃1 ×···×S̃n
(M,f,g)∈ϕ

Z(M,f,g)

The second constraint is then defined for every pair of actions (a, d), such that
a ∈ χ(I ′ ), d ∈ χ(I) and I precedes I ′ .
∑

∑

∑

si ∈agr(seqi (I ′ )a)

t∈Z:
seqi (I)d=seqi (t)

ϕ−i ∈agr(t)

v(I, a) ≥
+

ui (t)C(t)λ(si , ϕ−i )
(3.28)

v(ˆl, a)

∑
l̂:seq(l̂)=seqi (I)b

The last constraint does not change and is defined for every actions a ∈ χ(I) in the
game tree.
u(a) = v(I, a)
(3.29)
Finally, the criterion function maximizes the sum of individual expected utilities,
which means it is
∑
∑∑
ui (t)C(t)
λ(s)
(3.30)
max
i∈N t∈Z

ϕ∈S̃1 ×···×S̃n
z∈

⋂

(M,f,g)∈ϕ

In general extensive-form games with traditional strategies, the description of
MAXPAY-EFCE using a liner program has a polynomial number of constraints, but an
exponential number of variables. The reason is that the linear program has one variable
for every pure strategy profile and the number of pure strategy profiles is exponential
in the size of the game tree. However, because the number of supersmall schemata is
polynomial, the linear program for computing EFCE has polynomial number of both
the constraints and variables and hence it can be solved in polynomial time.
The class of games which satisfies the conditions required for MAXPAY-EFCE to
be computed efficiently (Proposition 6) is large. The first condition, requesting that the
number of actions is independent on the number of informations sets, is besides other
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classes of games satisfied by most card games in which the game is played with fixed
set of cards over a variable number of rounds (e.g. poker); or games on graphs with
variable number of steps. The second condition requests that for every player there is
a constant upper bound on the maximum number of actions of other players during
which the player has to wait for his turn. Also this condition is satisfied by most classes
of man-made games.
(Super)small schemata are models of efficiently representable strategies. Computing
a specific EFCE is easy with supersmall schemata, but generally an NP-hard problem
[46] in an unrestricted game. The same observation cannot be made about Nash equilibrium, because there is no known description of Nash equilibrium in general games which
cannot be solved efficiently only because of the exponential number of pure strategies.

3.2

Games with a small number of observations

This section presents a sufficient condition for a class of games to have efficiently representable pure strategies using small schemata. Moreover, it gives an example of such
a class – a situation which regularly occurs in security scenarios.
Because every pure strategy defines an action in every information set of a game
tree, its representation using a game-playing schema has to be able to react to every
possible progression of the game accordingly. These reactions have to be consistent with
the game tree, which is ensured by the observations perceived by the player. One way
to make the representations small is to force the number of observations to be always
bounded, as a player takes his actions during the game. In the following observation,
Iij denotes the number of information sets of player i in which he can find himself after
taking any sequence of j actions according to a fixed pure strategy πi .
Observation 5. Let G be an extensive-form game and πi be a pure strategy of player i
and let b1 , b2 be two constants, such that for every j the number of informations sets in
which he can find himself after taking a sequence of j actions according to πi satisfies
Iij ≤ Iij−1 + b1 j b2 ,

b1 , b2 ∈ N.

(3.31)

Then there exists a small schema which implements πi .
Proof. The initial number of information sets Ii0 before performing any action is always
constant. Because the number of information sets grows at most according to inequality
3.31, by the theory of recurrent relations it means that the number of information sets
after taking a fixed sequence of j actions is at most polynomial in depth of the game
tree.
Iij ≤ p(j),
(3.32)
where p is a suitable polynomial. Therefore, the number of decisions a player might be
able to make during the game-play is at most polynomial, because
d∑
max
d=0

Iid ≤

d∑
max

p(d) ≤ dmax p(dmax ),

(3.33)

d=0

where dmax is a maximum length of sequence of actions player i can take in the game.
Even with trivial distinguishing functions, the number of states of an automaton in
schema prescribing πi is also polynomial.
On the other hand, the number of information sets of player i in the whole game
tree is still exponential in the depth of the game tree, because in games of perfect recall,
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an approximate number of information sets is at least
d∑
max

max
admin ≥ admin
,

(3.34)

d=0

where amin is a minimum number of actions which can be performed in any information
set of player i, assuming that this number is at least 2. The number of states of an
automaton in schema prescribing πi is therefore polylogarithmic in the size the game
tree. The schema is hence small.
The inequality 3.31 states that player’s perception of what is happening in the
game is limited, so that a number of distinguishable situations he might face after
taking each action is sufficiently bounded. When a number of observations a player
can receive is small, an automaton grows according to condition 3.31 while maintaining
a tree structure. A number of transitions hence grows at most at the same rate as
a number of information sets. Consider a following example of class of games which
satisfies condition 3.31.
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Figure 3.3: An automaton with size polynomial in the size of the described pursuitevasion game tree. The game consists of one pursuer and one evader. The graph
is a two-dimensional grid with size 11 and with available actions L, R, U and D, if
applicable. The pursuer starts from the middle of the grid, he has two sensors S1 and
S2 which collect binary data from the neighboring nodes, have infinite communication
range, a 2-step battery life and are immediately activated after a drop. The initial
location of the follower is chosen at random. The number of steps the game takes is 10.
The figure follows a standard denotation of a game automaton, except that in case no
observation can be provided, for better readability the chain of states is merged into
one state prescribing a sequence of actions.
Consider a pursuit-evasion game, in which a group of players (called pursuers) attempts to track down members of another group (called evaders) while moving on a
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general graph. Each pursuer obtains a constant and finite number of sensors S of different types and with different properties, such as susceptibility range, communication
range, battery life and the ability of remote activation. As the pursuers move across
the graph, they place individual sensors in the nodes. In case the physical model of
the sensor enables the pursuers to receive the information (the sensor is active, the
pursuers are within range, etc.), they might use it to obtain the information and react accordingly. Since the technical attributes of the sensors are constant and finite
(especially the battery life), a maximum branching factor of the game tree is SR|S| ,
where SR is a maximum number of distinct data the sensor can obtain within a given
susceptibility range and |S| is a number of sensors. A number of information sets grows
approximately
I j ≤ I j−1 + SR|S|

BL

,

(3.35)

where BL is a maximum battery life; even though the size of the game tree grows
exponentially in a number of performed moves across the graph. Therefore, for every
pure strategy of the pursuers, there is a small schema which prescribes it. For example,
an automaton of a schema with trivial distinguishing functions playing such a pursuitevasion game can have a structure depicted in Figure 3.3.
Moreover, the sensibility of the sensor network can grow with the number of sensors
placed. In that case, the number of information sets is bounded by
I j ≤ I j−1 + SR|S|

BL

(s|P |j)BL ,

(3.36)

where |P | is a number of pursuers and s is a suitable constant representing the
increase in sensibility. The inequality 3.36 also satisfies the condition of inequality
3.31. Another possibility might be to introduce the ability of pursuers to collect some
resources as the game progresses and invest it in a predetermined number of sensors
since constant-size combinations also grow polynomially with a number of items from
which it is possible to choose. For example, this ability might correspond to recharging
some sensors during the game-play.

3.3

Games with a small number of situations

The previous section considered games in which every strategy is efficiently representable because the number of observations is small. In this section, this property is
generalized for games with a small number of situations.
Definition 40. (Game situation) Given an extensive-form game G = (N, H, Z, A,
χ, ρ, σ, u, C, I), let PI be a maximal partition of Ii into mutually disjoint subsets,
such that all information sets belonging to the same part of PI have isomorphic subtrees
(including utilities). Then the parts of partition PI form the set of game situations for
player i, associated with PI .
A pure strategy prescribes the same action in every situation if and only if in each
situation the actions taken in all information sets in this situation lead to the forest
of isomorphic subtrees. Note that because the game trees are isomorphic for every
situation, an optimal strategy is the same in all information sets belonging to the same
game situation. In the following observation, Sij denotes the number of situations of
player i in which he can find himself after taking any sequence of j actions according
to a fixed pure strategy.
Observation 6. Let G be an extensive-form game and πi be a pure strategy of player
i taking the same action in every situation and let b1 , b2 be two constants, such that
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for every j the number of situations in which the player can find himself after taking a
sequence of j actions according to πi satisfies
Sij ≤ Sij−1 + b1 j b2 ,

b1 , b2 ∈ N.

(3.37)

Then there exists a small schema which implements πi .
Proof. By the same argument as in the previous proof, there exists an automaton with
size polylogarithmic in the size of the game tree prescribing πi , because the number
of situations is also polylogarithmic. The only problem is that in this case, the distinguishing functions might not be trivial because the actions leading to the forests of
isomorphic subtrees in the information sets belonging to the same situation might not
be the same. Let the abstracted action prescribed by the automaton in every situation
be the certificate of the forest into which the action leads. The forests are the same in
all information sets belonging to the same situation, because of the definition of πi . In
every information set, the distinguishing function gi computes the certificate of a forest
for every action which can be taken in this information set. Because the construction
of a certificate is a LOGSPACE problem [61] and the maximum number of certificates
which have to be computed before the action is identified is |A|, the complexity of finding the action which has to be played in the information set is LOGSPACE. The size
of the automaton remains polylogarithmic because it has a polylogarithmic number of
states and each state is assigned a certificate which size is also logarithmic. Therefore,
the schema prescribing πi is small.
As an example of such a class of games, in which the number of situations is small,
consider the games on hypercubes. The number of possible positions in the cube grows
only polynomially with the depth. In case the utilities depend only on the position in
the cube and not on the path leading to this position (which is a common property
in a lot of games, e.g. in Tic-Tac-Toe), the number of situations in this game grows
according to inequality 3.37.
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Conclusion
This thesis introduces a theory of models of strategies in extensive-form games called
game-playing schemata. In this model, the strategies are represented by a structure
consisting of a finite automaton and two computational functions. The automaton
represents a structured memory of the players, while the functions represent their computational abilities. Together, the schema is a realization of a pure strategy which can
be implemented by players in order to play a given game. The applications of related
models can be found frequently in cognitive modeling of dynamic situations. For example, the IBL model which is proved to provide robust predictions about the strategies
of players in repeated games is based on the bounded memory of the players and their
propensity to forget past observations and actions.
The thesis first presented a model of automata playing repeated normal-form games
and explained the main complications of extending this model to extensive-form games.
It introduced and discussed a model of game-playing schemata which is able to play
extensive-form games correctly. Then the thesis described methods for evaluating
the structural complexity of schemata and provided an algorithm minimizing the memory of a given schema. The analysis of dynamic decision making and solution concepts
using schemata provided the following result.
Propositions 4 and 5. Every multi-player, perfect-recall extensive-form game has
a schemata profile ϕN ash such that ϕN ash is a (balanced) Nash equilibrium in schemata
strategies.
However, the computation of Nash equilibrium using schemata is at least as hard
as computing Nash equilibrium using traditional strategies – a PPAD-hard problem.
The thesis subsequently introduced the class of small automata, which is a class of
efficiently representable strategies. The investigation of the computational complexity
led to the second main result.
Proposition 6. Let G be a multi-player perfect-recall extensive-form game with a number of actions independent on the size of the game tree and a guaranteed maximum number of actions before every player acts again (or the game ends). With pure schemata
strategies restricted to supersmall schemata, the problem MAXPAY-EFCE in schemata
is polynomial.
Finally, the thesis introduced two conditions under which the restriction to small
strategies can be done without any loss on optimality. The first condition restricts
a number of observations which a player can receive, while the second condition restricts
a number of situations a player can encounter.

Future work
This thesis introduced a theory of schemata playing extensive-form games. It presented
new concepts related to modeling bounded rationality and verified that the definitions
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provide novel approaches and results. However, the work serves mainly as a proof of
concept. There are multiple directions into which the theory of schemata might be
extended.
Cooperative outcomes. In repeated games, it was proved that restriction to small
automata has significant consequences on cooperative outcomes of games being
a part of equilibrial strategies. Similar effects on the structure of equilibrium
might be shown also for schemata.
Relation to abstractions. Schemata seem to be closely related to imperfect recall
abstractions for extensive-form games. Also imperfect recall abstractions model
bounded memory of players through their ability to forget their past actions.
The connection between these two concepts should be more precisely analyzed so
that both theories can benefit from results originated in each other.
Inapproximability. Because schemata are realizations of pure strategies, the existence of small schemata is dependent on the ability of distinguishing functions to
abstract the game tree. The approximability of a given strategy is hence related
to the Kolmogorov complexity of game trees, which gives rise to questions about
lower bounds for algorithms minimizing the complexity of schemata prescribing
a pure strategy.
Balanced equilibria. So far the examples were given of classes of games with small
schemata implementing pure strategies in these games; and the consequences on
the computational complexity of solution concepts. The properties of balanced
equilibria should be analyzed in a similar way, since balanced equilibria better
reflect the original intention of schemata to balance the expected utility and
structural complexity.
Behavioral validity. The model of schemata was proposed as a behavioral model
of strategizing in large extensive-form games, which has well-defined theoretical
properties. The experiments with human subjects might be conducted in order to
verify the hypotheses related to the behavioral nature of this model. Especially,
whether the equilibria in games in which all pure strategies are implementable
by small schemata better predict the behavior of human subjects; and moreover,
whether the restriction to small schemata helps to provide better predictions
even in games, in which a lot of pure strategies are not efficiently representable.
Verifying these hypotheses would require designing specific game scenarios in
order to draw defensible conclusions.
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Functions and Symbols
(M, f, g)
−i
A
A(h)
B
C(a)
C(h)
Ext(σi )
H
M
Mπ
N
O
Q
Sµ
Z
∆
Φµ
Π
Π∗
Σ
β
δ
L
µ
µp

N
Σ
ϕ
π
⪯µ
ψµ
R
ρ(h)
σ
⊑
agr(σ)

A game-playing schema.
A set of opponents of player i.
A set of (a) sets of actions for each player; or (b) actions of an
automaton.
A set of actions in node h.
A behavioral function of an automaton.
A probability function for performing a chance action a.
A probability of reaching node h due to chance.
A set of extensions of a sequence σi .
A set of nodes in a game tree.
A game automaton.
A canonical automaton associated with a pure strategy π.
A set of players.
A set of observations of an automaton.
A set of states of an automaton.
A set of minimal G-consistent non-reducible schemata with respect
to measure µ.
A set of terminal nodes in a game tree.
A set of mixed strategies.
A set of probability distributions over S µ .
A set of pure strategies.
A set of reduced pure strategies.
A set of sequences in a sequence-form game representation.
A behavioral strategy.
(A) a mixed strategy; or (b) a transition function of an automaton.
A size-parametric class of games.
A measure of (a) automata or (b) schemata complexity.
A complexity measure associated with property p, where p is (a)
Q for number of states; (b) δ for number of transitions; (c) T for
number of time steps; or (d) S for size of memory.
A set of natural numbers.
A set of sets of extensive-form-game observations for each player.
A schemata profile.
A pure strategy.
A partial order generated by measure µ.
A utility/complexity balancing function with respect to measure µ.
A set of real numbers.
A player function for node h.
A sequence in a sequence-form game representation.
A prefix relation on sequences.
A set of agreeing strategies for sequence σ.
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agr(h)
f, g
gi (σ1 , ..., σn )
infi (σi )
p(σ1 , ..., σn )
q0
ri (σi )
rel(σi )
seqi (I)
seqi (h)
ui (a1 , ..., an )

A set of (possibly partial) agreeing strategy profiles for node h.
The distinguishing functions.
An extended utility function for player i.
An information set in which the last action of σi is taken.
A correlation plan of sequences σ1 , ..., σn .
An initial state of an automaton.
A realization plan of sequence σi for player i.
A set of sequences of −i which form a relevant pair with σi .
A set of sequences leading to information set I for player i.
A set of sequences leading to node h for player i.
A utility function for player i.
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