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Abstract:

The proton, one of the basic constituents of atoms, was discovered around 1920. Its
structure has been intensively studied since that time mainly with the help of proton-
proton collision experiments. Main progress has started when corresponding experiments
at the world’s first hadron collider ISR at CERN which ran from 1971 to 1984 were
performed. The understanding of the structure and interactions of this subatomic
particle protons has been, however, rather incomplete. Only some very general models
have been available especially in the case of higher collision energies when very different
kinds of collisions have existed. Some very simplifying assumptions of unclear physical
meaning have been then involved in models concerning elastic processes. The influence of
these assumptions on physical interpretation has started to be studied and some progress
has been made when the eikonal model has been proposed, i.e., the dependence of elastic
collisions on corresponding impact parameter values has been taken into account from
the beginning. However, even if some new results have been obtained many unanswered
questions have remained. For example, the collision process has been denoted generally
as probabilistic but corresponding probabilities have not been sufficiently defined and
determined. The given thesis contains, therefore, summary of different contemporary
descriptions of elastic hadron collisions concerning the influence of impact parameter and
the discussion of consequences and justification of some important assumptions. The
eikonal model has been generalized and demonstrated on experimental data at 53 GeV
and then applied also to newly obtained data at 8 TeV. Consequently, the contemporary
TOTEM experiment at the LHC accelerator at CERN devoted to measurement of
elastic pp scattering and diffractive processes at the highest ever reached energies has
been described. In the given thesis several important open problems blocking the
progress in the given area of research have been identified. A new probabilistic model of
particle collisions has been then shortly described; the dependence of elastic collisions
on impact parameter having been systematically taken into account in analyses of
corresponding experimental data. It has been demonstrated that with the help of it
deeper understanding of characteristics and interactions of fundamental particles might
be obtained.
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Abstrakt:

Proton, jeden ze základńıch stavebńıch kamen̊u atomů, byl objeven okolo roku 1920.
Jeho struktura byla od té doby intensivně studována zejména s pomoćı srážkových
proton-protonových experiment̊u. K hlavńımu pokroku došlo, když byly provedeny
experimenty na světově prvńım srážeči hadron̊u ISR v CERN, který byl v provozu v
letech 1971 až 1984. Porozuměńı struktuře a vzájemnému p̊usobeńı této subatomárńı
částici však z̊ustávalo značně neúplné. Pouze velice obecné modely byly k disposici,
zejména v př́ıpadě vyšš́ıch srážkových energíıch, kdy existovaly velmi rozd́ılné druhy
srážek. Modely pružných srážek zahrnovaly některé velice zjednodušuj́ıćı předpoklady
nejasného fyzikálńıho významu. Vliv těchto předpoklad̊u na fyzikálńı interpretaci se
začal studovat, a určitého pokroku se dosáhlo, když byl navržen eikonálový model,
který mimo jiné umožnil studovat závislost pružných srážek na hodnotách př́ıslušného
srážkového parametru od samého počátku. Avšak i když některé nové výsledky byly
źıskány, mnoho nezodpověděných otázek z̊ustalo. Srážkový proces byl, např., označen
jako pravděpodobnostńı, ale př́ıslušné pravděpodobnosti nebyly dostatečně definovány a
určeny. Předkladaná práce proto obsahuje přehled současných r̊uzných popis̊u pružných
srážek hadron̊u týkaj́ıćıch se vlivu srážkového parametru a př́ıslušnou diskuzi ohledně
d̊usledk̊u a oprávněnosti několika d̊uležitých předpoklad̊u. Eikonálový model byl zobecněn
a demonstrován na experimentálńıch datech při 53 GeV a pak aplikován také na nově
źıskané výsledky při 8 TeV. Je proto popsán i současný experiment TOTEM (na
urychlovači LHC v CERN) určený k měřeńı pružných srážek proton̊u a difrakčńıch
proces̊u při nejvyšš́ıch energíıch, kterých kdy bylo dosaženo. Dále je identifikováno několik
d̊uležitých otevřených problémů omezuj́ıćıch pokrok v dané oblasti výzkumu. Krátce
je pak popsán nový pravděpodobnostńı kolizńı model částic, s jehož pomoćı lze vźıt
do úvahy systematicky závislost pružných srážek na srážkovém parametru v analýzách
př́ıslušných experimentálńıch dat. Je také ukázáno, že s jeho pomoćı by se mohlo
dosáhnout nového a hlubš́ıho porozuměńı vlastnostem a interakćım fundamentálńıch
částic.

Kĺıčová slova: srážky proton̊u, modely pružných srážek proton̊u, srážkový parameter,
centrálńı či periferálńı rozptyl, pravděpodobnostńı rozptyl, experiment TOTEM na LHC
v CERN
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Introduction

According to the contemporary knowledge the macroscopic matter world we live in
consists of atoms with dimensions of the order 10−10 m. The basic constituents of atomic
nuclei (≈ 10−15 m) are nucleons: protons and neutrons. Better understanding of nucleon
characteristics and their interactions may, therefore, immediately improve our knowledge
of the whole atomic (microscopic) physics. One of the nowadays standard methods how
to study properties of some particles is to analyze their collisions at various energies
and observe corresponding result. This method was pioneered by Rutherford in the
beginning of 20th century [1] who also discovered the proton around 1920.

Two-particle collisions may be divided into elastic and inelastic. In elastic collision
energy and magnitude of momentum of each of the particles are conserved during the
motion and no new particles are created (the particles may change only direction of their
motion during the collision); all the other types of collisions may be denoted as inelastic.
Inelastic processes having ”similar” dynamical characteristics are called quasi-elastic or
more generally diffractive production processes. They have been introduced for the first
time in 1950s [2, 3]. Together with the elastic scattering they are often called diffractive
processes. The presented thesis is devoted mainly to proton-proton (pp) elastic collisions
(at high energies) but many discussed aspects are similar to other particles, namely to
(charged) hadrons.

Detection of pp collisions has already quite long tradition. Two beams of protons
collided for the first time in the Intersecting Storage Rings (ISR) at European Orga-
nization for Nuclear Research (CERN); it was the first world hadron collider. It ran
from 1971 to 1984 and it was one of very successful projects that opened the way to
new technological development and physics discoveries with an impact up to the present
[4]. Part of the ISR is shown in fig. 1. In the ISR the protons collided at energy

√
s in

the range of approximately 20− 60 GeV.

The pp collisions have been measured and studied later also in several other exper-
iments which helped to extend important information about protons and, of course,
about other particles produced during the collisions. The present day accelerator where
pp collisions are observed in several experiments is the Large Hadron Collider (LHC)
at CERN which has been designed (after some upgrades) to ultimately reach collision
energy of 14 TeV. It has provided important experimental data at lower energies already
now. The first pp collisions at LHC were recorded during LHC Run 1 from November
2009 till February 2013, before Long Shutdown 1 (LS1). The TOTal, Elastic and
diffractive cross section Measurement (TOTEM) experiment which has been dedicated
to measurement of diffractive processes including elastically (diffractively) scattered
protons.

However, even thought a lot of data have been accumulated at various collision ener-
gies, the description and understanding of the structure, interactions and characteristics
of protons (hadrons) is still not complete in many aspects. For example, the range of

1



Introduction

Figure 1: The world’s first proton-proton collider - ISR.
Two beam pipes cross at large crossing angle (Image:
CERN).

(a) proton-proton (b) proton-antiproton

Figure 2: Measured energy dependent elastic differential cross sections (multi-
plied by different factors for better readability). The full lines are only indicative
(corresponding to a model prediction, see [5]).

2



Introduction

hadronic interaction, dimensions (shape) of proton, distribution of electric charge inside
proton, distribution of hadronic matter inside proton etc. are still not sufficiently known.
In fact, the description of the kinematically simplest process, i.e., elastic scattering of
protons (diffractive processes in general) is still very limited.

The first measurement of pp elastic collisions (beam-beam) has been performed at
ISR; the experimental result in form of measured elastic differential cross section has
been plotted as a function of momentum transfer (scattering angle) at some selected
energies in fig. 2 where one may see a clear non-trivial dip-bump structure which has
been measured for the first time at ISR in pp collisions at energies of 23.5, 30.7, 44.9 and
53 GeV in 1974 [6]. Such a t-dependent structure has been later discovered in elastic
collisions of several other hadrons [7–12]. Only one diffractive dip has been observed
in collisions of hadrons up to now while more than one dip has been observed even
earlier in collisions of light nuclei. In the case of (p̄p) elastic collisions no dip has been
observed, only a shoulder - see fig. 2. Similar diffractive structure has been observed
at ISR also in some non-elastic interaction, e.g., in single diffraction pp → p (nπ+)
at 45 GeV as discussed in [13] (from 1975), see fig. 3. Even thought these dip-bump
structures in differential cross sections of diffractive processes varying with collision
energy and particle type are known for relatively long time, their explanation (relation
to the structure and interaction of the colliding particles) represents, however, still an
open question.

Two fundamental interactions are usually used for description of elastic scattering
of two charged hadrons: the long-ranged Coulomb interaction (electromagnetic) and
much stronger but short-ranged hadronic interaction (also known as nuclear or strong).
While the former one is supposed to be well known, the determination of the latter one
is more complicated. The simultaneous action of both the interactions already in the
case of elastic collisions represents, therefore, quite delicate problem even thought some
models exist (as we will see later).

Better understanding of diffractive collision processes of protons (mainly those with
at least one proton surviving the collision) could bring new and important light in
description of their structure and interactions as the diffractive processes are quite
frequent ones (they always represent a significant part of total hadronic cross section).

The result of a collision of two objects (particles) depends on their structure, interaction
type, collision energy and also on the value of so-called impact parameter b, see fig. 4. It
is mainly the dependence on the impact parameter which is usually not respected in
descriptions of collisions. However, there are at least three effects which may significantly
influence the collision result of two hadrons

1. There is surely a big difference in interaction of two particles colliding head-on
at b = 0 or at some higher value of b (e.g., corresponding to the boundary of
short-ranged or contact hadronic collisions). The collision of two particles mainly
at small relative distances may be regarded as a probabilistic process (depending
on geometrical configuration of colliding particles, their spins, etc.). One may,
therefore, introduce probability P (s, b) that two colliding particles will produce
a given type of process at impact parameter b and collision energy

√
s . This

probability function may be, of course, very different for different types of processes
(interactions) and particles.

2. The initial states of two particle collisions distinguished by impact parameter

3
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Figure 3: Differential cross section of re-
action pp → p (nπ+) at the ISR energy of√
s = 45 GeV in diffractive mass range (1.15,

1.3) GeV and momentum transfer of the neu-
tron in the range 0.2 < |t2| < 0.3 GeV2. A
dip at −t = 0.16 GeV2 is followed by a bump
[13].

have always different frequencies in collision experiments (see, e.g., fig. 5). The
corresponding distribution of impact parameter must be taken into account in order
to study the physically interesting dependence of collisions on impact parameter
mentioned in the previous point.

3. The actual minimum mutual distance (in collision instant) of colliding charged
hadrons may be significantly influenced by long-ranged Coulomb interaction
especially at very low collision energy values where it may even happen that the
Coulomb interaction may deflect the colliding particles at impact parameter so
that they do not even enter to a region of short-ranged interaction. If this effect
of long-ranged Coulomb interaction is not taken into account then the established
value of total hadronic cross section may be different than it corresponds to reality
(depending on collision energy). In the case of attractive (repulsive) Coulomb force
it may be lower (higher).

Until now only some phenomenological models have been applied to in interpreting
experimental data represented by elastic differential cross sections. For example the
description of elastic collisions of charged hadrons proposed by West and Yennie (WY)
[14] in 1968 (having been commonly used for determination of total hadronic cross
section since ISR era) has not taken impact parameter into account at all. One of the
first discussion concerning the character of hadronic collisions in impact parameter space
has been presented by Miettinen in 1974 [15] (see also [16] from 1975). According to his
calculations a rather great ratio of elastic processes should correspond to central collisions
(even at impact parameter b = 0) and average impact parameter of elastic collisions
should be smaller than that of inelastic ones; which is to be denoted as surprising in the
case of matter particles.

The central character of elastic collisions has been even more confusing due to the
fact that the single inelastic diffraction seemed to be peripheral (see again [15] or, e.g.,

4
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b=0

(a) central collision: small values of b

b

(b) peripheral collision: higher values of b

Figure 4: Example of a central and peripheral collision of two particles of finite dimensions;
one may expect that the result of a collision depends strongly on the value of impact
parameter b which represents transversal distance of the two particles before collision.

scattering
center at rest

b

dσ = 2 π b db d

rmin

Figure 5: Potential elastic scattering (e.g., Coulomb) of a particle on a scattering
centre at rest. Particles hitting the ring between b and b+ db are scattered by an
angle between θ and θ + dθ. The element of cross section dσ = 2πbdb represents
the area of a ring of radius b and width db. The b-dependent factor 2πb, therefore,
represents a weight of initial states corresponding to a given impact parameter
(assuming independently and uniformly distributed two particle collisions in cross
plane).
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Giovannini et al. [17] from 1979). Such significant difference between both the kinds
of diffractive collisions may be hardly brought to agreement with other experimental
data as the elastic and mentioned inelastic diffraction processes should have very similar
dynamics. This kind of ”transparency” of protons (in elastic collisions) was, therefore,
denoted as a puzzling question already at that time (see, e.g., Giacomelli and Jacob [18]
from 1979).

It was then shown in [19] (1981) that the central character of elastic collisions has
been derived due to some assumptions in corresponding collision models that have been
strongly limiting. It has been shown, too, that very different (peripheral) behaviour
of elastic collisions may be obtained if one admits arbitrary change of t-dependence of
elastic hadronic phase that has been admitted in standard approaches to change only
very slightly.

A new more general formula for description of elastic scattering for both the Coulomb
and hadronic interactions has been then derived on the basis of eikonal model in 1994
[20] as an alternative to that of WY. It has allowed taking into account and further
study the dependence of (elastic) hadronic collisions on impact parameter. However,
even if the elastic processes prevailed significantly at higher values of impact parameter
(and elastic collisions could be denoted as peripheral) the non-zero probability at b = 0
has remained as other (commonly used) assumptions have been applied to. It means
that the problem of physical interpretation is to be studied and analyzed further to
a greater detail. The eikonal model approach and its possibilities have been recently
revisited and summarized in [21] (2016).

Several fundamental open problems in contemporary descriptions of elastic collisions
have been explicitly identified and discussed in [22] (2015). It is possible to say that it
is mainly the dependence of elastic collisions on impact parameter which has not been
systematically taken into account and which should be carefully analyzed. To overcome
the limitations contained in previous descriptions of elastic collisions new probabilistic
collision model has been proposed. It is introducing probability of elastic collision in
dependence on impact parameter b. First ideas of the model have been formulated in
2009 in [23] and later significantly improved in 2013 [24].

The presented thesis represents continuation of two previous theses (bachelor and
diploma) [25, 26] of the author which have been devoted also to elastic scattering. To
explain the story outlined in the preceding about evolution of description of elastic pp
collisions in dependence on impact parameter in more detail this thesis is structured
as follows (main contributions of the author to the given results are also mentioned
together with corresponding publications which he co-authored):

Chapter 1
The aim of this chapter is to provide a reader basic information concerning
the way how pp collisions are produced at the LHC at CERN. The whole
LHC accelerating chain is, therefore, very briefly explained together with
purpose of several experiments devoted to the measurement of the collisions.
Some widely known accelerator physics principles are summarized. It is
mainly transverse linear beam motion and concept of luminosity which are
discussed in slightly more details as they are very important for understanding
several aspects of measurement of (elastic) pp scattering discussed in next chapters.

6
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Chapter 2
A diffractively scattered proton is scattered at very small angle. It moves along
proton beam where its motion is influenced by magnetic field (it stays in beam pipe
for quite long distance) before it may be detected by special detectors. One of the
main experimental difficulties is then detection of such protons and reconstruction
of their kinematics after the scattering. Corresponding measurement techniques
are, therefore, outlined in this chapter with the help of detector apparatus of
TOTEM experiment at the LHC dedicated to measurement of mainly diffractive
processes. This chapter contains also brief summary of several published physics
results characterizing pp (diffractive) collisions determined from data obtained
during LHC Run 1 (before LHC LS1) by TOTEM collaboration [27–44].

The author of this thesis, as a member of TOTEM collaboration, has contributed to
the results concerning mainly elastic scattering and its interpretation; it concerns
also measurement of total pp cross section as corresponding hitherto methods
are based on measurement of elastic scattering, see below. He has contributed
mainly to [36] concerning measurement and interpretation of elastic pp scattering
in Coulomb-hadronic interference region at 8 TeV. Some of the results have been
presented by the author on behalf of the whole collaboration in [45–47].

Chapter 3
This chapter summarizes contemporary theoretical description of elastic scattering
of charged hadrons (e.g., pp or p̄p). One may find here more detailed discussion of
the WY and the eikonal model approach together with corresponding assumptions.
In [20] only electric form factors have been taken into account in the eikonal
model. In this chapter the model is generalized to study also the influence
of effective electromagnetic form factors on determination of elastic hadronic
amplitude FN(s, t) on the basis of experimental data. It is further shown how
b-dependent total, elastic and inelastic profile functions and corresponding mean
impact parameter values may be calculated at finite energies on the basis of elastic
amplitude FN(s, t). Contemporary widely used models (or parameterizations) of
elastic hadronic amplitude FN(s, t) contain several a priory limitations leading to
the mentioned central character of elastic collisions. These limitations are discussed
in this chapter, too. The understanding of the description of elastic collisions
is also of key importance for understanding of, e.g., contemporary methods of
total hadronic cross section measurement; the corresponding discussion may be,
therefore, found also in this chapter.

The whole eikonal model approach has been generalized and revisited by the
author of the thesis with the aim to prepare it for analysis of experimental data of
elastic pp collisions at LHC energies measured by TOTEM, i.e., at the highest
ever reached pp collision energies, see also chapter 4.

Chapter 4
In this chapter the eikonal model described in chapter 3 is applied to older
experimental ISR data at 53 GeV and also to data at 8 TeV recently measured
by TOTEM [36]. At 53 GeV a fit corresponding to widely used assumptions and
leading to central behaviour of hadronic collisions is shown. It is then demonstrated
that one may fit the same data and obtain peripheral (i.e., completely different)
character of elastic collisions; several new peripheral alternatives are discussed

7
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to demonstrate different interpretation possibilities. These fits are performed
taking into account electric form factors and then also effective electromagnetic
form factors to see the impact on the results. Similar analysis is then performed
at 8 TeV and two interesting fits, one leading to central and the second one
to the peripheral behaviour, are shown. At both the energies cross sections, b-
dependent profile functions, corresponding values of mean impact parameters and
other interesting quantities characterizing pp collisions are calculated for each
alternative corresponding to different assumptions. The results obtained on the
basis of this eikonal model analysis at two very different high energies are then
compared.

The analysis of the 53 GeV data has been made by the author of the thesis and
together with the description of the revisited eikonal model may be found in
[21] (see also [22]). The performed analysis at 8 TeV aiming to compare and
test various assumptions and interpretation possibilities (such as demonstrating
the possibility of peripheral alternative) at this new energy together with study
of the whole theoretical background discussed in this thesis has represented
significant contribution of the author of this thesis to [36] published by the
TOTEM collaboration. Main results from [36] have been presented by the author
in [47].

Chapter 5
This chapter is devoted to more detailed discussion (including historical context)
regarding the centrality and peripherality of elastic collisions and corresponding
calculations (approaches) leading to the given character. The results concerning
b-dependent profile functions obtained by Miettinen at 53 GeV are compared to
the results at the same energy performed in chapter 4. Central character of several
contemporary models of hadronic amplitude analyzed in [48, 49] is commented
here, too. Discussion from this chapter has been published in [22].

Chapter 6
This chapter contains list of several newly identified open problems in all contem-
porary descriptions of elastic collisions of (charged) hadrons. This chapter has
been published as part of [22]. Some of the mentioned problems have been pointed
out also earlier in, e.g., [24, 50, 51].

Chapter 7
In this chapter new probabilistic model of elastic pp collisions which aims to
overcome limitations contained in contemporary descriptions of elastic scattering is
described and applied to experimental pp data at energy of 53 GeV. Probabilities
of total, elastic and inelastic hadronic collisions at given impact parameter together
with several other interesting quantities characterizing structure of protons and
their interactions are determined. It is demonstrated that with the help of it deeper
understanding of characteristics and interactions of fundamental particles might
be obtained. Some newly opened questions concerning structure of hadrons are
mentioned at the end of this chapter. The probabilistic model has been published
in [24] and explained to greater details in this thesis. It has been also extended
and applied to broader t-interval of measured data than in [24].

Concluding remarks may be found in Conclusion. Summary of all the main results
concerning dependence of elastic hadronic collisions on impact parameter has been

8
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recently published in [22]. The thesis covers both experimental and theoretical aspects
of (elastic) pp collisions and may be, therefore, useful for experimentally as well as
theoretically oriented readers. Both the aspects (theoretical and experimental) are,
of course, important for better understanding of corresponding matters of the given
physical process. Many explanatory comments concerning motivations and historical
context have been added, too. In the course of preparation of this thesis it has been
necessary to go through literature to find out and study many details and origins of
various models, techniques and methods. Many valuable references are, therefore,
provided throughout the whole thesis for convenience of readers, particularly students.

Fitting of the models of elastic scattering to experimental data (discussed in details
in chapter 4 and chapter 7) has been performed by the author of this thesis. For this
purpose, the models have been implemented in Python programming language (and
partially in C++ for performance reasons) with the help of ROOT [52] and SciPy [53]
libraries. The actual fitting has been done with the help of mainly Minuit2 minimization
package that is part of ROOT (see also [54]) and which allows a user to have more
control on various aspect of the fitting (which has been essential). Version control system
Subversion [55], Python testing tool pytest [56], automation server Jenkins [57] and
other widely available open source software tools have been used to simplify and speed
up the software development.
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Chapter 1

Production of pp collisions -
LHC accelerator at CERN

1.1 The LHC accelerator chain

The LHC at CERN is a successor of ISR mentioned in Introduction which may collide
protons at much higher energies. The protons which collide in LHC origin from hydrogen
atom - bounded system of electron and proton. A simple bottle of hydrogen gas provides
molecules H2 to duoplasmatron which uses electric field to strip hydrogen atoms of their
electrons to obtain protons, see fig. 1.1. These protons are then accelerated by the chain
of accelerators before they are injected into the LHC where dedicated particle detectors
may detect products of the collisions. The corresponding collision data represent very
important experimental input for studying the structure and interaction of protons
which is useful for the whole atomic physics, including mainly the simplest atom - the
hydrogen from which the protons originated.

The first accelerator in the LHC accelerator chain during the LHC Run 1 was LINear
ACcelerator 2 (LINAC2) which accelerated the protons to the energy of 50 MeV. They
were then injected into the Proton Synchrotron Booster (PSB) which accelerated them
further to 1.4 GeV, followed by the Proton Synchrotron (PS) which pushed the proton
energy to 25 GeV. Protons were then sent to the Super Proton Synchrotron (SPS) where
they were accelerated to 450 GeV and injected finally into the LHC. Photos of the 4
LHC pre-accelerators are in fig. 1.3.

The LHC has been operational since 2010 and was able to provide proton collisions
at energy up to 8 TeV during LHC Run 1. The LHC machine in the tunnel is shown in
fig. 1.4 where one can see also a (small) curvature of the tunnel and the machine. The
circumference of the LHC is about 27 km which makes it the biggest circular accelerator
in the world. The LHC is located underground approximately 100 m below the surface
as it is shown in fig. 1.2. The whole quite complex system of interconnected accelerators
in CERN is shown in fig. 1.6. Detailed description of the LHC with all the necessary
infrastructure (including various devices for beam diagnostics) may be found, e.g., in
[58] (see also [59–62]). Useful information about LHC beam instrumentation may be
found also in conceptual design report [63].
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Figure 1.1: Proton source - pre-injector to LINAC2
(part of an exhibition at CERN). The red bottle is filled
with hydrogen and duoplasmatron (bellow the bottle in
the transparent box) uses an electric field to separate
protons from hydrogen. The created protons are injected
to LINAC2 (not shown in the photo) for further acceler-
ation (Image: CERN).

Figure 1.2: Schematic layout of LHC experiments at CERN. The
LHC accelerator is underground approximately 100 m below the
surface (Image: CERN).
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1.1 The LHC accelerator chain

(a) LINear ACcelerator 2 (Image: CERN). (b) Proton Synchrotron Booster (photo taken
from [64]).

(c) Proton Synchrotron (Image: CERN). (d) Super Proton Synchrotron (Image:
CERN).

Figure 1.3: Preinjectors of LHC used to pre-accelerate protons before they are injected into
the LHC.

Figure 1.4: View of the LHC machine in
the LHC tunnel (Image: CERN).

Figure 1.5: LHC superconducting radio-
frequency (RF) cavity in the LHC tunnel
(Image: CERN).
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1.2 Experiments at the LHC

1.2 Experiments at the LHC

Seven particle detector experiments have been constructed at the LHC. They are located
at different interaction regions, see fig. 1.7 (and also figs. 1.2 and 1.6). They detect
particles produced during collisions of beams circulating in LHC at various energies
higher than 450 GeV (LHC injection energy). They differ in used detector technology
according to corresponding physics purposes. The physics programs of the individual
experiments are partially overlapping and also complementary to each other:

ALICE
A Large Ion Collider Experiment. A detector specialised mainly in study of heavy
ions (Pb-Pb) collisions but it also studies pp (and p-Pb) collisions [65].

ATLAS
A Toroidal LHC ApparatuS. A general purpose particle detector designed to
cover the widest possible range of physics at the LHC from search of Higgs boson
to supersymmetry (SUSY), extradimensions, tests of quantum chromodynamics
(QCD) and many others as stated in [66]. It is able to detect products of pp, A-p
or A-A collisions where A stands for heavy ion. The purpose of the detector is
similar as the CMS one.

CMS
Compact Muon Solenoid. A general purpose particle detector similar to ATLAS
[67]. ATLAS and CMS detectors differ in chosen detector technology and design.

LHCb
Large Hadron Collider beauty. A detector dedicated to study of asymmetry
between matter and antimatter in the interaction of b-hadrons (heavy particles
containing a bottom quark) produced in collisions of protons or heavy ions [68].

LHCf
Large Hadron Collider forward. A special purpose small experiment for astroparti-
cle (cosmic ray) physics [69]. The aim of the experiment is to measure particle
produced in the direction very close to the beam (in forward region) in the proton-
proton collisions and provide experimental data at LHC energies which could help
to explain the origin of ultra-high-energy cosmic rays.

MoEDAL
Monopole and Exotics Detector at the LHC. A small experiment with primary
motivation to search for the magnetic monopole and other highly ionizing Stable
(or pseudo-stable) Massive Particles (SMPs) at LHC, see [70].

TOTEM
TOTal, Elastic and diffractive cross section Measurement. A special purpose
experiment focusing on detection of particles produced in forward region including
diffractively scattered protons which may provide very important information
about structure of protons [71]. The experiment will be discussed in more details
in chapter 2.

Some experiments with their own detectors share the same Interaction Region (IR)
(also called Interaction Point (IP)) and have, therefore, common physics program, such
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Figure 1.7: Schematic layout of LHC (Image: CERN).

as TOTEM and CMS experiments which are located in IR5, see fig. 1.7. Namely,
beam parameters during data taking at given time are, therefore, the same for both
the experiments (for this reason, e.g., measurement of instantaneous luminosity by
one experiment may be then used by the second one). One of the ATLAS projects is
Absolute Luminosity For ATLAS (ALFA) project [72] which has similar physics aim as
TOTEM.

1.3 Accelerator physics principles

In this section we remind some basic physics principles of particle accelerators, much
more details can be found, e.g., in [73–76]. The beam parameters may influence essen-
tially measurement of characteristics of proton-proton collisions. Namely, detection of
diffractive protons very close to the beam is influenced by them significantly. Monitoring
and precise measurement of beam parameters is always essential for operation of any
accelerator.

The force (Lorentz’s force) acting on a particle of charge q moving with velocity ~v in

the presence of an external electric field ~E and a magnetic field ~B is given by

~F = q( ~E + ~v × ~B) = ~̇p . (1.1)

It is the electric field ~E which is used to accelerate charged particles in accelerators
while the magnetic field ~B is used to change direction of motion of charged particles. In

16



1.3 Accelerator physics principles

R

X

y

s

reference orbit

particle trajectory

z

Figure 1.8: LHC co-moving coordinate system to describe the beam motion relative
to the orbit. The red line represents nominal beam trajectory (reference orbit) and
defines also s-coordinate with local curvature R. Transversal displacement of a
particle trajectory (blue line) from the nominal beam trajectory (red line) is then
described in the horizontal direction by x-coordinate and by y-coordinate in the
vertical direction.

the case of LHC the corresponding acceleration system (Radio Frequency (RF) system)
is installed at one place, see figs. 1.5 and 1.7. This system is also focussing the beam
in longitudinal direction and keeps bunch structure of the LHC beam. The LHC (or
any other similar accelerator) consists then of many magnets of several types. The
accelerator magnetic elements are designed to guide and focus the particle beam along
the reference circular orbit. The dipole magnets are used to bend the path of the charged
particles as they travel around the ring while several other types of magnets (namely
quadrupole magnets, see bellow) are designed for focusing of the beam. The physical
fundamentals of beam steering and focusing are standardly called beam optics due to the
fact that charged particle beam can be guided using magnets similarly as the guiding of
a light beam by optical lenses.

1.3.1 Transverse linear beam motion

The coordinate system used for the description of the particle motion inside a beam
pipe of an accelerator may be chosen as it is plotted in fig. 1.8. The particles travel
along the beam nominal closed orbit represented by red line (s-coordinate) and perform
transversal oscillation with respect to this reference orbit in horizontal x and vertical y
direction due to magnetic field.

Let us consider for the sake of simplicity only the horizontal oscillations of one
particle in the x-direction to show the most basic character of the transversal movement
of particles in the presence of a magnetic field of several quadrupole magnets periodically
displaced along the accelerator rings as these are the principal focusing elements in
modern synchrotrons. The strength k of the quadrupole is characterized by gradient of
its magnetic field dBy/dx

k =
1

BR

dBy

dx
(1.2)

where the quantity BR is called magnetic rigidity and it is related to momentum p of a
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beam particle of charge e by relation BR = p/e. The particle trajectory may have an
angle with respect to the reference orbit which may be expressed as

θx ≈
dx

ds
= x′(s) . (1.3)

The angular deflection given to a particle with nominal momentum p and passing
through a short quadrupole of strength k and length ds at a displacement x is in a
linear approximation (hence the term linear beam motion)

dx′ = −kxds . (1.4)

It may be rewritten to
x′′(s) + kx(s)x = 0 (1.5)

which is so-called homogeneous Hill’s equation of the motion (a second order linear
differential equation). The solution of this equation may be written in the form

x(s) =
√
βx(s)εx cos[φx(s) + φx0] (1.6)

where βx(s) is so-called beta function, also known as the amplitude function. The
constant εx is termed the emittance. The trajectory function x(s), therefore, describes
transverse oscillations about the orbit known as betatron oscillations (for historical
reasons) whose amplitude

√
βx(s)εx and phase φx(s) depend on the position s along

the orbit. Both the function φx(s) and βx must have the same periodicity as the magnet
lattice represented by strength k(s); they are linked by condition

dφx(s)

ds
=

1

βx
or φx(s) =

∫ s

0

ds′

βx(s′)
. (1.7)

The divergence equation of the particle’s motion can be obtained by differentiating
solution of the Hill’s equation (1.5)

x′(s) = −
√

εx
βx(s)

sin[φx(s) + φx0] +
β
′
x(s)

2
cos[φx(s) + φx0]. (1.8)

Up to now, we have been describing a motion of only one particle in the presence of a
magnetic field. However, the beam is an ensemble of many particles and it is, therefore,
important to know its parameters, too. The most basic beam parameters are the beam
size σx(s) and the beam divergence Dx(s) which can be expressed in terms of the beam
emittance εbx and the betatron amplitude βx(s) as follows

σx(s) =
√
εbxβx(s) (1.9)

Dx(s) =

√
εbx

βx(s)
. (1.10)

Such a definition of beam size is sometimes called the betatron beam size as it doesn’t
include the dispersion related beam size component (effect of off-momentum particles
which is not taking into account in this section). The so-called normalized emittance is
defined as

εN = βγε (1.11)
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where β and γ are relativistic factors. The reason for introducing the normalized
emittance is that it does not change during beam acceleration. The fact that the beam
emittance εbx may be constant (s-independent) is (theoretically) related to the Louville’s
theorem which states that every element of a volume of phase space is constant with
respect to time if the particles obey the canonical equation of motions [74]. This is in
first approximation the case of circulating proton beams in LHC during a circulation,
however, the emittance of a bunch (beam) may blow-up in time in real machines due
to several effects [77]. More details about the concept of the emittance and technical
details about its measurement at the LHC can be found in [78]. In the case of LHC the
corresponding measurement of beam profiles is based on Wire Scanner (WS) (or Beam
Synchrotron Radiation Telescope (BSRT)) and measurement of β at the place s where
the bunch profiles are measured, see again [78].

Some properties of the beam or characteristics of particle collisions may be strongly
energy dependent. It is, therefore, necessary to measure energy of the colliding beams
(particles), corresponding details about energy calibration at LHC can be found, e.g., in
[79] and papers quoted there.

1.3.2 Concept of luminosity

If two beams collide at certain energy then a number of particle interactions of a
given type per unit of time (rate) is produced. This rate Nproc is proportional to the
corresponding cross section of the given process σproc (in area units) and so-called
luminosity L (in per time and per area units)

Nproc = Lσproc (1.12)

(if they are not integrated over a time period as it is also common). Both the luminosity
L and observed rate Nproc of a given process generally depend on time but their ratio,
i.e., corresponding cross section, is always constant in time - it is a property of the
colliding particles. The symbols Nproc and L have sometimes meaning of corresponding
quantities integrated over time (the meaning should be always clear from the context).
In order to experimentally determine the cross section one needs, therefore, to measure
the rate and the luminosity. The way how the rate of, e.g., elastically scattered protons
may be measured will be discussed in chapter 2. In the following we will summarize the
main steps how the luminosity may be defined and measured.

In the case of the LHC the colliding beams consists of certain number of bunches
(bunched beams, as opposite to the ISR beams which were coasting - no bunch structure,
see, e.g., [80] for some comments concerning luminosity at ISR). In the following we will
consider only two colliding bunches for the sake of simplicity (the overall luminosity is
just summed over all the colliding bunches). We will take into account only head-on
collisions of the two bunches moving with velocities ~v1,2 (~v1 ‖ ~v2) and assuming that
all the particles in a bunch have the same velocity ~v1,2 (also during collision). We may
assume without further lost of generality that only the second bunch is moving (~v1 = 0,
~v2 = ∆~v; ∆~v being the relative velocity) parallel to z-axis.

Each of the two colliding bunches has certain number of particles N1,2 (intensity)
with corresponding distribution functions ρ1(x, y, z) (for the first bunch at rest) and
ρ2(x, y, z− z0) (for the second bunch displaced by longitudinal distance z0 from the first
bunch), see fig. 1.9. The distance z0 depends on time according to z0 = |∆~v|t. The
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Figure 1.9: Schematic view of two bunches colliding head-on. Relative
longitudinal distance z0 of the bunches is changing in time according to
z0 = |∆~v|t. One bunch at rest with N1 particles with density distribu-
tion ρ1(x, y, z) collide with another one which has N2 particles distributed
according to ρ2(x, y, z − z0) distribution function.

particle distributions are taken as normalized so that
∫
ρ1,2(x, y, z)dxdydz = 1 at any

z0 (or time t).

The luminosity corresponding to single pair of counter-rotating bunches colliding at
one interaction region is defined as [81–85]

L = N1N2frev

∫∫∫∫ +∞

−∞
ρ1(x, y, z)ρ2(x, y, z − z0)dxdydzdz0 (1.13)

where frev is a revolution frequency of the two bunches (i.e., how often they collide per
unit of time in a circular accelerator at certain interaction region). An effective transverse
area Aeff in which the collisions take place may be defined using the convolution integral
as

1

Aeff

=

∫∫∫∫ +∞

−∞
ρ1(x, y, z)ρ2(x, y, z − z0)dxdydzdz0. (1.14)

Using this definition, the luminosity may be also written in the form

L =
N1N2frev

Aeff

. (1.15)

The luminosity corresponding to single pair of counter-rotating bunches may be expressed
using explicitly the time variable t (see, e.g., [85] and also [81–84])

L = N1N2frevK

∫∫∫∫ +∞

−∞
ρ1(x, y, z)ρ2(x, y, z − |∆~v|t)dxdydzdt (1.16)

where the relativistic kinematic factor K for bunches with arbitrary velocities ~v1,2

introduced by Møller [86] is

K =
√

(~v1 − ~v2)2 − (~v1 × ~v2)2/c2 . (1.17)

In our case of exactly head-on collisions (~v1 ‖ ~v2), the kinematic factor K = |∆~v|
and eq. (1.16) can be rewritten into the form given by eq. (1.13) (using substitution
z0 = |∆~v|t with corresponding Jacobian being equal to 1/|∆~v|).

The overlap integral (convolution of the time dependent particle distribution functions
of the two bunches) in eq. (1.13) or eq. (1.16) can be calculated analytically for certain
bunch profiles. We may assume, e.g., uncorrelated Gaussian profiles of bunches in all
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dimensions of the form

ρiu(u) =
1√

2π σiu
exp

(
− u2

2σ2
iu

)
where i = 1, 2; u = x, y; (1.18)

ρ1z(z) =
1√

2π σ1z

exp

(
− z2

2σ2
1z

)
; (1.19)

ρ2z(z) =
1√

2π σ2z

exp

(
−(z − z0)2

2σ2
2z

)
. (1.20)

Such bunch profiles are generally taken as a good first approximation; the determination
of the real bunch profiles is generally much more delicate problem. The distribution
functions ρ1,2 may be, therefore, factorized as follows

ρ1(x, y, z) = ρ1x(x)ρ1y(y)ρ1z(z) , (1.21)

ρ2(x, y, z − z0) = ρ2x(x)ρ2y(y)ρ2z(z − z0). (1.22)

In the simplified case when the bunches have equal sizes (σ1x = σ2x = σx, σ1y =
σ2y = σy and σ1z = σ2z = σz) the integral in eq. (1.13) can be rewritten to the form

L =
N1N2frev

(
√

2π )6σ2
xσ

2
yσ

2
z

∫∫∫∫ +∞

−∞
e
− x2
σ2x e

− y2
σ2y e

− z2

2σ2z e
− (z−z0)2

2σ2z dxdydzdz0 (1.23)

and after a substitution z̃0 = z − z0 with corresponding Jacobian equal to 1 we may
obtain (writing again z0 instead of z̃0)

L =
N1N2frev

(
√

2π )6σ2
xσ

2
yσ

2
z

∫∫∫∫ +∞

−∞
e
− x2
σ2x e

− y2
σ2y e

− z2

2σ2z e
− z20

2σ2z dxdydzdz0 . (1.24)

Taking into account relation for the Gaussian integral (a > 0)

∫ +∞

−∞
e−

t2

a dt =
√
πa (1.25)

the integral in eq. (1.24) can be analytically calculated with the result

L =
N1N2frev

4πσxσy
. (1.26)

In the case that the transversal sizes of the two bunches are different σ1x 6= σ2x,
σ1y 6= σ2y and that longitudinal sizes are equal σ1s = σ2s more general formula can be
derived

L =
N1N2frev

2πΣxΣy

(1.27)

where

Σx =
√
σ2

1x + σ2
2x , (1.28)

Σy =
√
σ2

1y + σ2
2y . (1.29)
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The quantities Σx,y characterize the horizontal and vertical convoluted beam widths. It is
worth mentioning that the luminosity given by eq. (1.26) or eq. (1.27) does not depend
on the longitudinal bunch size σs.

The formula (1.26) can be rewritten in terms of bunch emittance and beta function
at interaction point using eq. (1.9) as

L =
N1N2frev

4π
√
β∗xε

b
xβ
∗
yε
b
y

. (1.30)

In the even more symmetric case when εbx = εby = εb and βx = βy = β∗ we may write

L =
N1N2frev

4πβ∗εb
. (1.31)

The luminosity, therefore, depends on β∗ as L ∝ 1/β∗.

The revolution frequency frev in a collider is known quite precisely and the number
of particles in a given bunch can be continuously measured (it decreases with time). The
concept of the methods how bunch (or beam) charge can be measured is described, e.g., in
[87]. Two types of devices are used to measure the bunch intensities at LHC: Fast Bunch
Current Transformers (FBCT) which are measuring just a relative bunch intensities
without a normalization and Direct Current Current Transformers (DCCT) which are
measuring intensity of a beam (the relative bunch intensities are then cross normalized
with respect to that value). However, it is technically quite difficult measurement when
relatively precise values are required, for more technical details about the measurement
needed for the absolute determination of the luminosity see [88–91]. The main problem of
the absolute luminosity determination is generally the determination of the convolution
integral (effective transverse area Aeff), see eq. (1.14)). They are several methods how
to determine the effective transverse area Aeff.

The transversal (convolved) bunch sizes Σx,y (effective transverse area) needed to
calculate the luminosity according to eq. (1.27) may be determined using so-called
beam-separation scans (also called van der Meer (VDM) scans according to Simon
van der Meer who pioneered this method at ISR [92]): one beam is swept stepwise
across the other while measuring a collision rate as a function of the beam displacement.
Performing this measurement in the two transverse planes then allows to determine the
(convolved) bunch sizes.

This type of scans are performed at LHC in dedicated runs at all interaction points
at each collision energy (few times to study also the variation between the scans and to
determine more precisely the precision of the measurement). In normal runs only the
relative luminosity is measured and the calibration constant is taken from the dedicated
runs where the absolute luminosity has been determined.

Determination of the absolute luminosity from the machine parameters (at LHC)
based on the beam-separation scans has been summarized in detail in [84] where one can
found also explicit formulas and discussion for the luminosity if the bunches, e.g., do
not collide head on (collision offset), the bunches collide with a certain crossing angle
or some other effects which need to be taken into account, too; see also [81–83, 85, 86,
92–95].

Conceptually interesting is also a method for determination of the absolute luminosity
in a colliding-beam experiment at circular accelerators by measuring interaction vertices
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of beam–gas interaction to determine the beam shapes and overlap which was originally
proposed for LHC by M. Ferro-Luzzi [96]. This beam-gas imaging method does not require
displacing the beams (like the separation scan method) and can be thus used during
normal data taking. This method was first tried at ISR but it has been successfully
applied for the first time in LHCb [97] as the method requires dedicated detector
apparatus for precise reconstruction of the vertices, see also [98].

Another quite different method of determination of (transversal) beam sizes needed
for the luminosity calculation is based on measurement of so-callled luminous region.
When two bunches collide with revolution frequency frev, particles may inelastically
interact producing some particles at a given interaction vertex. The distribution of
these vertices in space - luminous region - can be measured (typically using an inner
tracker such as the one of CMS which can reconstruct the vertex of an inelastic event
from detected tracks with good spacial resolution). The luminous region has certain
center and size (σx,y;L) which is in general equal neither to the size of a bunch nor
the convoluted beam sizes Σx,y (in transversal direction). For the Gaussian profiles
of bunches with pair-wise equal bunch sizes the relation between (transversal) beam,
convoluted beam and luminous region sizes is given by known formula

σx,y;L =
σx,y√

2
=

Σx,y

2
. (1.32)

The concept of luminous region and it’s relation to the luminosity may be found, e.g., in
sect. 3.3 of [83]. Measuring the luminous region from reconstructed interaction vertices
provides another way of the measurement (estimation) of transverse beam sizes needed
for the absolute luminosity calculation.

Last but not least there is also a possibility to calculate the transversal bunch sizes
for the luminosity calculation from the corresponding measured beam emittances (see
sect. 1.3.1), which in principle provide yet another independent measurement of the
luminosity (see eq. (1.30)).

All the (different) methods of determination of the convolution integral (effective
transverse area Aeff, see eq. (1.14)) have their advantages and disadvantages (different
precision and systematics). The main problem is generally the determination of the
underlying bunch profiles as, e.g., the formula (1.27) or (1.26) was derived only for
certain (specific) bunch profiles and the determination of the transverse area Aeff should
also correspond to these profiles or it is necessary to start again from the general
expression (1.13). The primary method of the luminosity determination at LHC is
currently based on the beam-separation (VDM) scans determining the transverse area
which are considered to be the most reliable for that purpose.

The determination of the luminosity based, e.g., on the separation scans has the
advantage that it is determined from beam and machine parameters only. In such a case
one can measure rates of some processes and determine experimentally corresponding
cross sections using eq. (1.12) which may be then compared to the ones predicted by
some models (or used to constrain some models).

In this section we have shown just the most basic formulas concerning the luminosity
measured from beam and machine parameters. In practice the actual determination of
the (absolute) luminosity in real machines like LHC is more complex than one could
expect at first glance and it requires a lot of effort if a precision at the level of few percent
is to be reached, see, e.g., luminosity determination at IP5 [99–105] (see also [106–109]).
Last but not least very useful and quite detailed review of luminosity determination at
proton colliders including the ISR and LHC may be found in [110].
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As we have already mentioned, the primary absolute luminosity determination at
LHC is currently based on the VDM scans. The more precise determination of the
luminosity calibration should be reached the more difficult the measurement is. It is,
therefore, always necessary to have strong physics motivation for it, see also [80].
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Chapter 2

Measurement of pp collisions -
TOTEM experiment at LHC

2.1 Physics program and objectives

When two particle beams collide one may observe corresponding products. TOTEM
experiment is one of the LHC experiments at CERN [37, 71] (see also [111–114]) which
may measure some of these collision events. The TOTEM acronym stands for TOTal,
Elastic and diffractive cross section Measurement which reflects some of its main physics
aims - measurement of pp (diffractive) collisions at LHC energies:

• elastic pp scattering in the largest possible interval of scattering angle (including
extremely low scattering angles where Coulomb interaction has dominant effect)

• the total and inelastic pp cross section,

• diffractive processes including single, double diffraction and central production.

TOTEM is, therefore, dedicated experiment to measure mainly processes with at least
one proton surviving a collision. Measurement of these processes provides very important
data for studying proton structure and interactions which are still poorly understood.
There is also common measurement and analysis with CMS to extend further physics
potential of both the experiments which share the same interaction point (IP5), see
fig. 1.7 and fig. 1.2. TOTEM detectors are located in forward region while the CMS ones
are mainly in the central region, see fig. 2.1. There is also a physics program related to
collisions between proton and lead ions but it is not covered here.

2.2 Detector apparatus

To achieve TOTEM physics goals dedicated detector apparatus has been needed. The
one described in this chapter corresponds to the first LHC data taking period before
LS1 (for upgrades see [39, 41], for a new common CMS-TOTEM Precision Proton
Spectrometer (CT-PPS) project see [40]).

TOTEM detector apparatus consists of Telescope 1 (T1) and Telescope 2 (T2) for
tracking of charged particles from inelastic collisions and of a system of so-called Roman
Pots (RPs) equipped by dedicated detectors for detection of elastically and diffractively
scattered protons close to outgoing beam (the scattering angles being so low that the
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Figure 2.1: The TOTEM forward trackers T1 and T2 embedded in the CMS
detector; right side of IP5 only (left side being symmetric).

Figure 2.2: The TOTEM forward trackers T1, T2 and two Roman Pot (RP) stations
at distances of about 147 m (RP147) and 220 m (RP220); right side of IP5 only (left
side being symmetric).

protons stay in the beam pipe). All the TOTEM detectors are located symmetrically on
both sides of IP5 (see figs. 2.1 and 2.2 for right side of IP5 only) and are trigger capable
trackers. In the following we shall summarize only some basic aspects of the TOTEM
detector system, detailed description of the used technology may be found in [71].

The detectors T1 and T2 detect charged particles only in certain limited range
of the angle θ between trajectory of a particle and the beam axis (z). The so-called
pseudorapidity is then defined as

η = − ln

[
tan

(
θ

2

)]
. (2.1)

For zero angle the pseudorapidity is diverging η = +∞ while η = 0 for particles
perpendicular to the beam axis (θ = π/2). It is used often in the forward region to
distinguish between particles with (very) small angles. Pseudorapidity is odd about
θ = π/2 (η(θ) = −η(π − θ)).

2.2.1 Telescopes T1

Two detectors T1 are installed in two cone-shaped regions in the endcaps of CMS, one
on either side of IP5, at a distance between 7.5 m and 10.5 m from the interaction point,
see figs. 2.1 and 2.4. T1 is made of 5 planes per arm, each plane consist of 6 trapezoidal
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Figure 2.3: One T1 quarter consisting of 5
planes; each of them containing 3 trapezoidal
CSC detectors.

Figure 2.4: T1 (one arm) during an instal-
lation to a cone-shaped region in the endcaps
of CMS.

Cathode Strip Chambers (CSCs) (multi wire proportional chambers with segmented
cathode read-out), see fig. 2.3. The η-acceptance of T1 is 3.1 < |η| < 4.7. This detector
has full azimuthal coverage ∆ϕ = 2π (it surrounds the beam pipe). T1 may detect
charged particles with transverse momentum pT > 100 MeV.

2.2.2 Telescopes T2

Each of two T2 telescopes is made of 20 half circular sectors of Gas Electron Multipliers
(GEMs) (10 plains), see figs. 2.5 and 2.6. They are located at ±13.5 m on both sides
of IP5, see figs. 2.1 and 2.2. The η-acceptance of T2 is 5.3 < |η| < 6.5 which allows
to detect particles in even more forward region then the one of T1. T2 has also full
azimuthal coverage ∆ϕ = 2π as T1. T2 is able to detect charged particles with transverse
momentum pT > 40 MeV.

Figure 2.5: One semi-circular sector of the
TOTEM T2 GEM detector plane without
front-end electronics and cooling pipes.

Figure 2.6: T2 detector (one arm) before
an installation in CMS.
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2.2.3 System of Roman Pots

Diffractive protons at high energies are scattered to very small angles such that they
move close to the beam and may gradually deviate from it with distance from the
interaction region in dependence also on the magnetic field along the path. They may
be quite separated from the proton beam sufficiently far away from the interaction point,
so that they may be detected by detectors which are put close to the beam. To detect
particles in the beam pipe the detectors are placed in movable beam insertions called
Roman Pots (RPs) so that the detectors inside the RP can be moved near or far from
the beam. They are placed inside a secondary vacuum vessel (called a pot, see fig. 2.12)
and moved into the primary vacuum of the machine through vacuum bellows. The
primary vacuum is then preserved against an uncontrolled out-gassing of the detector’s
materials by a thin window as it is shown in fig. 2.12. If the beam does not have stable
position and shape (before stabilization) then it is necessary to hold detectors far from
the beam. After stabilization of the beam the detectors may be moved near to the beam
for measurement. The detection of very forward protons in the movable beam insertions
is an experimental technique introduced at ISR [115]. It has been successfully used in
other colliders like the Spp̄S, TEVATRON, RHIC, HERA and it is used also at LHC.

The specific constraints of the LHC such as the thin high-intensity beam, the ultra
high vacuum and the high radiation fluxes have required the development of new RPs for
TOTEM. In order to improve the detector acceptance, the new RPs have thin window
and the bottom face towards the beam is 150 µm thick as shown in fig. 2.12. Another
difference to RPs designed for earlier machines is in the driving mechanism which must
have high precision and radiation hardness. Even newer type of RP has been also
proposed for TOTEM detector upgrade [39].

To detect protons as close to the beam as possible novel planar silicon detectors with
so-called Current Terminating Structure (CTS) have been developed, see [71, 113]. All
TOTEM RP silicon detectors have the CTS on one edge which faces the beam. The
CTS collects the current generated in the highly damaged region at the cut edge and so
avoids its diffusion into the sensitive detector volume. Full detection efficiency starts
already at ≈ 50 µm from the physical edge. This is the reason why this kind of detectors
is sometimes called “edgeless”. Such detector technology improves acceptance of protons
moving very close to the beam. Each detector has 512 strips with pitch of 66 µm. The
strips in the detectors are at angle of 45◦ with respect to the edge facing the beam. The
detail of the edge of one plane of the silicon strip detector is shown in fig. 2.7.

Each TOTEM RP is equipped with a stack of 10 edgeless silicon strip detectors, see
figs. 2.10 and 2.11. Half of them have their strips oriented at angle of +45◦ with respect
to the edge facing the beam, and the other half at angle of −45◦. The measurement
of each track projection in 5 planes is advantageous for the reduction of uncorrelated
background via programmable coincidences, requiring, e.g., collinear hits in a majority
of the planes and so selecting only particles at small angles with respect to the beam
axis. The disadvantage of having only two readout projections is the difficulty of
reconstruction of more tracks than one. However, if the whole RP units are tilted with
respect to each other than the reconstruction of events with higher multiplicities may
be significantly improved, see TOTEM upgrade proposal [39] (the RPs were not rotated
before LS1).

To reconstruct protons in very forward region from both sides of the IP5, TOTEM
uses RP system which is symmetric with respect to the IP. TOTEM RP system consisted
of 4 RP stations during LHC Run 1, 2 stations on both sides of the IP at distances

28



2.2 Detector apparatus

Figure 2.7: Planar silicon strip detector
with 512 strips with pitch of 66 µm. The
magnification of a portion of the edge region
(bottom) shows the details of the CTS [71].

Figure 2.8: One of the RP station in the
LHC tunnel during installation of necessary
infrastructure.

Figure 2.9: A RP station (two RP units,
see fig. 2.13) installed in the LHC tunnel.
Each of the 6 pots is housing a package of
silicon detectors, see fig. 2.11. One can see
also two separated beam pipes in the figure;
the pots are mounted only on the beam pipe
corresponding to the beam coming from the
interaction point.

of ±147 m and ±220 m1, see figs. 2.2 and 2.14. A RP station is an ensemble of 2 RP
units, each unit consists of two vertical and one horizontal RP as it is visible on fig. 2.13
(see also fig. 2.2). The TOTEM RP system has thus 24 RPs in total. A RP station
installed in the LHC tunnel is shown in figs. 2.8 and 2.9. All the TOTEM pots are
housing trigger capable tracker detectors and they can be (individually) moved far and
near the beam as needed for measurement.

1Mainly the stations at ±220 have been used for measurement and data analysis.
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Figure 2.10: One planar silicon strip de-
tector (see fig. 2.7) mounted on a RP hybrid
with four readout chips.

Figure 2.11: A package of 10 silicon strip
detector planes (one of them is shown in
fig. 2.10).

Figure 2.12: A Roman Pot which hosts a
package of detectors, see fig. 2.11. The beam
is passing through the front face window
which is 500 µm thick while the bottom face
(towards the beam) is 150 µm thick. The
Ferrite collar (black) is needed to reduce the
beam coupling impedance.

Figure 2.13: A RP unit with one horizontal
and two vertical pots.
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2.3 Proton transport IP → RP

2.3 Proton transport IP → RP

A proton may survive an interaction at the IP but it may lose some energy and/or
change (slightly) direction of motion. Such a proton is then passing through LHC
magnet lattice between IP and RPs which changes its kinematic variables before it may
be detected by RPs (as we have discussed also in sect. 1.3.1), see fig. 2.14.

Understanding and determination of the proton transport is, therefore, essential
for determination of the proton kinematics just after an interaction at the interaction
region from corresponding measured tracks by RPs located quite far from the IP (this
procedure is sometimes denoted as proton reconstruction). The good knowledge of the
optics (magnet settings between IP and position of a RP which detect the proton) is
one of the key experimental problems; the basic concept will be, therefore, summarized
in the following (see [38, 44, 71, 116–120] for more details).

Proton inside a beam pipe may be characterized by transverse position x and y as
function of distance s from the interaction point, as it was mentioned in sect. 1.3.1.
Momentum of the proton in spherical coordinates may be written as

~p = p




sin θ cosϕ
sin θ sinϕ

cos θ


 (2.2)

where ϕ is azimuthal angle and θ is angle relative to the beam axis. A diffractive proton
after an interaction at IP may lose some momentum which may be denoted as ξ = ∆p/p
where p is momentum of the proton before a collision and ∆p is the momentum loss.
The quantity ξ is, therefore, by definition dimensionless quantity lying in the interval
〈0, 1〉 and it is equal to zero for elastically scattered protons. The energy of the protons
guided by LHC magnetic field during transport from IP (after an interaction) to a RP
station is conserved, therefore, pRP = pIP and ξRP = ξIP (a star superscript will be also
frequently used to denote corresponding quantities at IP, as it is common). One may
define projection of the angle θ to the transversal directions (see also eq. (1.3))

θx = θ cosϕ, θy = θ sinϕ (2.3)

and also projection of momentum transfer t

tx = t cos2 ϕ∗, ty = t sin2 ϕ∗ (2.4)

t = tx + ty ≈ −p2θ∗2 = −p2(θ∗x
2 + θ∗y

2) (2.5)

RP147 RP220

Figure 2.14: The LHC beam line with magnet lattice (quadrupole magnets Q1-Q6,
dipoles D1 and D2, correctors, drift spaces...) on one side of the interaction point
IP5 and the TOTEM Roman Pots at distances of about 147 m (RP147) and 220 m
(RP220).
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where low scattering angle approximation has been used in the last relation (see eq. (3.9),
the kinematics of two elastically scattered protons will be discussed more in details later
in sect. 3.1).

The proton transport through the part of the LHC magnet lattice IP → RP (con-
taining around 30 magnets per beam) can be expressed mathematically using transport
matrix, which is an inhomogeneous Hill’s equation in x and y direction for a particle
with a momentum loss ξ (more simple case of homogeneous Hill’s equation was discussed
in sect. 1.3.1)




x
θx
y
θy

∆p/p




RP

=




vx Lx 0 0 Dx

dvx/ds dLx/ds 0 0 dDx/ds
0 0 vy Ly Dy

0 0 dvy/ds dLy/ds dDy/ds
0 0 0 0 1







x
θx
y
θy

∆p/p




IP

(2.6)

where the properties of the optics may be expressed by the dispersion function Dx,y(s)
(nominally Dy(s) = 0 at LHC) and the two optical functions effective length Lx,y(s) and
magnification vx,y(s) (these functions are also called optical functions). These two last
functions of distance s from the IP are particularly important for proton reconstruction
and they are defined by the betatron function β(s)

Lx,y(s) =
√
βx,y(s)β∗x,y sin ∆µx,y(s) , (2.7)

vx,y(s) =

√
βx,y(s)

β∗x,y
cos ∆µx,y(s) (2.8)

where the phase advance ∆µx,y(s) is defined as

∆µx,y(s) =

∫ RP

IP

1

βx,y(s′)
ds′ . (2.9)

The beta function at the LHC interaction point is nominally equal in both the
transverse coordinates β∗x = β∗y = β∗. This parameter β∗ is one of the main parameters
of the optics influencing proton acceptance by RPs system; it is also used as a ”unique”
label for a given optics even if there may be more different set of parameters of the
magnet settings leading to the same value of β∗. Quite difficult problem is to develop an
optics (magnet configuration) which would allow reconstructing all the proton kinematic
variables and vertex (position) in all coordinates at IP from detected tracks by RP
detectors with good resolution for all the variables. Each of the magnet settings is,
therefore, optimized for reconstruction of only some variables in limited kinematical
regions. An example of the (nominal) optical function at two different optics is shown
in fig. 2.15.

The aim of experiments similar to TOTEM is to measure the kinematical variables of
protons after an interaction in the widest possible range - most importantly momentum
transfer t (or equivalently scattering angle θ∗) and momentum loss ξ of diffractively
scattered protons at IP. The corresponding distribution of these variables represents
important experimental input needed for some further theoretical studies of proton
interactions and its structure as it was mentioned in Introduction.
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Figure 2.15: Example of (nominal) optical functions for β∗ = 90 m (solid) and
1540 m (dashed) as function of the distance s to IP5: effective length Lx,y in meters
(left) and magnification vx,y (right); taken from [71].

2.3.1 Determination of optics for elastically scattered protons

TOTEM developed a novel method of machine optics determination: direct LHC
optics measurement (which is quite difficult) is improved by making use of angle-
position distributions of elastically scattered protons observed in the TOTEM RP
detectors. Magnet and beam parameters are varied within some tolerances to match
TOTEM observables (constrains). This procedure is, therefore, called optics matching
or optics tuning [44, 117–120]. It is some kind of offline alignment of magnets and their
strengths. Determination of the transport matrix for elastically scattered protons may
be significantly improved by this novel method, e.g., in the case of β∗ = 90 m optics
one may reach the precision: δdLx/ds

dLx/ds
< 1% and δLy/Ly < 1% → δt/t ≈ 0.8− 2.6% [44,

117–120].

2.3.2 Determination of optics for non-elastically scattered pro-
tons

Kinematical variables (most importantly t and ξ) of non-elastically scattered proton
may be determined also from detected tracks at RPs, similarly as in the case of elastic
scattering. However, non-elastically scattered protons are shifted in horizontal x-direction
at RP position due to optics - mainly dispersion function Dx(s) of the beam (nominally
Dy(s) = 0 at LHC). Proton transport from IP to a RP at position s for non-elastically
scattered protons is then given by (see eq. (2.6))

y(s) = vy(s).y
∗ + Ly(s).θ

∗
y , (2.10)

x(s) = vx(s).x
∗ + Lx(s).θ

∗
x + ξDx(s) . (2.11)

Generally vx,y, Lx,y and Dx are functions of ξ which means that the reconstruction is a
non-linear problem and, therefore, there is no “easy” optics matching like in the case of
elastically scattered protons mentioned in the previous section. TOTEM can determine
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(a) Low β∗ = 0.55 m (b) Higher β∗ = 90 m

Figure 2.16: An example of simulated hit maps of protons scattered at the IP and
detected by far unit of RP220 for two different optics [39] (one horizontal and two
vertical pots, shape of the detectors is also visible, see fig. 2.7).

t and ξ of a non-elastic proton (at least in some cases), too, but the resolution is lower
than for elastically scattered protons.

An example of simulated hit distributions of protons detected by far unit of RP220
for two different optics configuration (β∗ = 3.5 m and β∗ = 90 m) taken from [39] is in
fig. 2.16. The figure clearly demonstrates the effect of the optics which may enormously
influence the detection of scattered protons at the IP (acceptance of RPs detectors).

In the case of low β∗ = 0.55 m (one of the standard optics at LHC) functions Lx
and Ly are low and protons are, therefore, shifted in x-direction due to ξ, see eq. (2.11)
(shift due to non-zero vertex x∗ is not critical due to relatively small transverse IP
beam size for low β∗). For the low β∗ TOTEM RP220 station has ξ > 2 % acceptance.
Non-elastically scattered protons are mainly in horizontal RP. Elastically scattered
protons may be detected by a vertical RP near x ≈ 0 only for large scattering angles for
such a low β∗ optics.

In the case of higher β∗ = 90 m (special optics for RP runs [121, 122]) Lx = 0 and Ly
is large (ξ ≥ 0 coverage, |ty| > 0.01 GeV2). Large transverse beam size σIP

beam ≈ 200 µm
implies that vx,y are important (deterioration of ξ-resolution). Non-elastically scattered
protons are mainly in vertical RPs. Elastically scattered protons are also in RPs in
narrow band at x ≈ 0. This dedicated higher β∗ optics changes acceptance of RPs
such that much lower elastic scattering angles can be detected; for more details see [39].
One of the property of the 90 m optics developed for TOTEM is that it eliminates the
dependence on transverse position of the proton at the collision point (the magnification
vy is close to zero, ∆µ = π/2 and the place of the detection of the protons) - so-called
parallel-to-point focusing property in y (vertical) coordinate. In the case of such an
optics y coordinate of the interaction vertex cannot be measured at all in favour of
better determination of scattering angles in y projection θ∗y

2 at lower values as high
effective length Ly pushes the protons vertically into the acceptance of the RP detectors,
see also [71]. In one of the planed optics for TOTEM with β∗ = 1540 m, developed in
[123], the parallel-to-point focusing condition is required in both x and y transversal
directions to reach yet lower values of t of elastic scattering with sufficient resolution.
Another high β∗ = 1000 m optics [124] has been already used for TOTEM measurement

2i.e., ty, full scattering angle θ∗ is then calculated using some symmetries
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which allowed to reach so far the lowest value of |t| at LHC, see sect. 2.5.1.
The acceptance of proton by RP detectors, therefore, in general depends mainly

on the following factors: protons kinematics at interaction point (collision energy,
momentum loss, scattering angle,...), the optics configuration (magnet settings), position
of the RP detectors with respect to the beam and also by any aperture limitations in
machine elements between the IP and the RP detectors.

One of the side effect of using higher β∗ for changing RPs proton acceptance is that
the luminosity proportionally decreases as L ∝ 1/β∗ (see eq. (1.31)) which may bring
some advantages as well as disadvantages. As we have mentioned in preceding, it is not
easy (or even possible) to optimize an optics for all possible kind of measurements and
a given optics (or other LHC or detector settings) is generally suitable only for some
kind of measurement.

2.4 Diffractive classes of pp events

In the following only some very basic principles how elastic scattering, single diffraction,
double diffraction and so-called central production might be measured will be shown on
example of TOTEM (and CMS) detector apparatus. More detailed discussion about
measurement of diffractive processes and corresponding technical details may be found,
e.g., in [39, 40, 125].

2.4.1 Elastic scattering pp → pp

In the case of elastic scattering (ES) of two protons pp → pp the two outgoing protons
are collinear and did not lose any energy (ξ defined in sect. 2.3 being zero), see also
fig. 3.1. The two outgoing protons may be detected by TOTEM RPs which are
sufficiently far from the interaction point, see fig. 2.17. Corresponding scattering angle
(t variable) or other kinematic variables after an elastic interaction of two protons at
the interaction point are then determined using information about magnet settings -
backward transport to the interaction point as we have mentioned in sect. 2.3. An
example of elastic scattering of two protons in η − ϕ space (η being pseudorapidity and
ϕ azimuthal angle) is plotted in fig. 2.18. One of the main experimental aim concerning
elastic scattering is then measurement of elastic differential cross section

dσel(s)

dt
(2.12)

in the widest possible range of t values and at various collision energies
√
s . The basic

steps leading to the determination of this quantity in the case of measurement performed
by TOTEM will be briefly summarized in sect. 2.5.2.

2.4.2 Single diffraction pp → pX or Yp

Single diffraction (SD) pp → pX or Yp is a similar process to the elastic scattering
except that one of the protons breaks up, producing particles in a limited pseudorapidity
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T1T1 CMS T2T2

RPsRPs

Figure 2.17: Schematic detection of two elastically scattered protons (represented
by the two arrows) by TOTEM Roman Pots on each side of the interaction region
(represented by black dot at the center). No other particles originating from the same
pp elastic interaction at the interaction region are produced.

−η 0 η
0

2π

ϕ gap

Figure 2.18: η − ϕ diagram of an elastic event. Two protons (represented by two
dots) are separated by pseudorapidity (angular) gap where no particles are produced.

region. Outgoing proton with a small fraction momentum loss ξ is separated from the
diffractive system X (Y) by a pseudorapidity gap ∆η which might be measured, see [126]
for a definition of ∆η in the case of a single diffraction without considering (detecting)
the leading proton (see also [127]). The average pseudorapidity gap width as a function
of momentum loss ξ is commonly calculated using the following formula (see [128] for
corresponding derivation, used assumptions and relation to so-called rapidity y)

∆η ≈ − ln(ξ). (2.13)

The mass of the diffractive system is then calculated as (see again [128] for the corre-
sponding derivation and involved assumptions)

MSD =
√
ξs . (2.14)

An example of single diffraction in η − ϕ space is plotted in fig. 2.20.

The leading proton may be detected by RPs and the particles from the diffractive
system may be detected by T1 or T2 detectors in the case of TOTEM experiment (if
the detector acceptance allows). From the η-acceptance region of T1 and T2 and from
the rapidity gap requirement in the case of SD one may classify SD events into four
classes as it has been done in fig. 2.19. One can see from the table that the single
diffractive events with mass⇒ 3.4 GeV < MSD < 1.1 TeV can be detected by these two
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proton on one side + T2 opposite only + no T1

MSD = 3.4 - 7 GeV

2× 10−7 < ξ < 10−6

T1T1 CMS T2T2

RPsRPs

proton on one side + T2 opposite only + T1 opposite only

MSD = 7 - 350 GeV

10−6 < ξ < 0.0025

T1T1 CMS T2T2

RPsRPs

proton on one side + T2 opposite only + both T1

MSD = 0.35 -1.1 TeV

0.0025 < ξ < 0.025

T1T1 CMS T2T2

RPsRPs

proton on one side + both T2 + both T1

MSD > 1.1 TeV

ξ > 0.025

T1T1 CMS T2T2

RPsRPs

Figure 2.19: Single diffraction classified into 4 mass ranges according to T1 and T2 η-
acceptance ranges. It is an example how some events may be divided into groups according to
the detector acceptance. The red wedges represent an angular region where some particles
may be detected (no other particles being produced outside this region).
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−η 0 η
0

2π

ϕ gap

Figure 2.20: A single diffractive event in η − ϕ space. One proton is produced
on one side from the interaction region while on the other side several particles
may be produced and detected. The leading proton and the particles from the
diffractive system are separated by a pseudorapidity (angular) gap where no particles
are produced.

TOTEM detectors. The scattering angle (t variable) of the single diffractive proton can
be again determined using RPs and optics, similarly as in the case of elastic scattering,
see sect. 2.3. The ξ variable may be also determined from the optics, if the resolution is
sufficient. In that case one may experimentally test relation (2.13). If the resolution of ξ
determined from optics is not sufficient, the relation (2.13) is often used to determine ξ
from measured pseudorapidity gap (this is especially the case for experiments which do
not detect the leading proton at all). From the experimental point of view one would
like to measure, e.g., double differential cross section of the single diffraction

d2σSD(s)

dtdξ
(2.15)

in the widest possible range of t and ξ values (at various energies
√
s ) but sometimes

only partially integrated differential cross section corresponding to a certain ξ range (see,
e.g., fig. 2.19) may be determined due to too low statistics or low ξ resolution. From the
physics point of view it is good, if also the processes are measured ideally exclusively; if
one can determine all the particle types of the diffractive system of the broken proton
and their kinematics; this is, however, in general quite difficult and it might be done
only in some cases with dedicated detector apparatus.

2.4.3 Double diffraction pp → XY

Double diffraction (DD) pp → XY is similar to single diffraction except that both the
protons breaks up, each producing particles in a limited rapidity region. Two diffractive
systems X and Y are separated by a rapidity gap which is the essential difference to non
double diffractive inelastic events, see fig. 2.21. No particles are produced (detected)
in this rapidity gap. The detectors in these regions are thus used as veto, see fig. 2.22.
Similarly as in the case of the single diffraction the experimental aim is generally to
detect and determine kinematics of all the outgoing particles and their types, measure
differential cross section of DD events (or just some selected channels) in dependence on
the rapidity gap, etc.
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−η 0 η
0

2π

ϕ gap

Figure 2.21: A double diffractive event in η − ϕ space. Two diffractive systems
are separated by a pseudorapidity gap where no particles are produces (the gap
distinguish DD events from the non-diffractive inelastic ones).

T1T1 CMS T2T2

RPsRPs

Figure 2.22: Schematic example of a DD event with particles (tracks) in T2 on both
sides of the interaction point and no particles in RPs, T1 or CMS (pseudorapidity
gap).

2.4.4 Central production pp → pXp

As a central production (CP) is denoted an interaction pp → pXp in which both the
leading protons survive the collision (losing only some energy, momentum) and another
particles X are produced in a pseudorapidity region separated by a pseudorapidity
gap from each of the proton (hence the ”central” production), see fig. 2.25. This kind
of process is sometimes denoted also as double pomeron exchange (DPE) or central
diffraction (CD). This type of events has been observed already at the first hadron
collider ISR [129], e.g., the reaction pp → pπ+π−p (the two pions produced in the
central rapidity region) at

√
s = 31 GeV has been detected and discussed in [130] (see

also [131–133]). A process pp → p(pπ+π−) is sometimes denoted as single diffraction,
even if also the second proton somehow survives the collision and two pions are produced
close to it (small rapidity gap). This kind of events may be very important for better
understanding of the structure and dynamics of proton as it may be qualitatively very
different from the ES, SD and DD events which we have mentioned so far, as both the
protons survive the collision and “something more” is produced (e.g., the two pions or
something else).

One of the experimental challenges is to have sufficient resolution for the double arm
proton reconstruction and to measure also the other produced particles. In the case of
TOTEM and CMS, the two leading protons may be detected by TOTEM RP system
(two arm proton reconstruction of both t1,2 and ξ1,2 using optics), similarly as in the case
of single diffraction. One may then try to detect particles from the system X by CMS
and also by T1 and T2, see figs. 2.23 and 2.24 with two examples of different topology of
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T1T1 CMS T2T2

RPsRPs

Figure 2.23: Example of a CP event with “bottom-top” proton topology; this
proton pair topology is similar to an elastic one (having either ”top-bottom” or
”bottom-top” topology).

T1T1 CMS T2T2

RPsRPs

Figure 2.24: Example of a CP event with ”top-top” proton pair topology which is
quite different from the one of a pair of elastic protons where only ”top-bottom” or
”bottom-top” topology is possible.

the produced (detected) proton pair in vertical detectors (topologies with horizontal RP
detectors are possible, too). One may also try to look for jets in the diffractive system
X (similarly as in SD and DD) which may provide also another important information
concerning proton structure and dynamics.

The two arm proton reconstruction of t1,2 and ξ1,2 using RPs and optics has been
done by TOTEM for the first time recently (with relatively low statistics); upgrade of
TOTEM detector apparatus is foreseen to increase also statistics of these processes as
the cross sections of these processes are relatively small, see [39, 40] for more details.

The understanding of diffractive processes is in general still quite low even if some of
them have been observed already at the ISR. In fact, also the term “diffraction” has
not very clear meaning (see, e.g., an introduction chapter in [128] for same definitions
of this term). This term is used mainly for historical reasons; it was introduced in
nuclear high energy physics in analogy with some optics phenomena, even thought
any analogy with optics may be quite misleading for description of collisions of two
particles. Benefiting from the preceding text one could say for the sake of simplicity
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−η 0 η
0

2π

ϕ gap1 gap2

Figure 2.25: η − ϕ correlation plot of a CP event pp→ pXp; produced system X is
separated by two rapidity gaps.

that “diffractive” processes are mainly those with at least one proton surviving collision
(ES, SD or CD) and processes “similar” to them like, e.g., double diffraction mentioned
in the preceding. It is also the classification of diffractive events based on the concept
of (pseudo)rapidity gaps (as presented in preceding) which should be questioned and
studied in more detail, especially with relation to precise measurement of the kinematics
of the leading protons and corresponding diffractive systems [39, 40].

2.5 TOTEM results concerning pp collisions

2.5.1 Data taking - LHC Run 1

TOTEM experiment performed several measurements of pp collisions before LS1 (from
September 2010 to February 2013) at 2.75, 7 and 8 TeV. As it has been mentioned in the
preceding, it is the magnet settings (optics) which changes significantly the acceptance of
RP detectors. TOTEM took data at various (dedicated) β∗ and at different RP detector
positions as it is summarized in table 2.1 (TOTEM has also some data corresponding to
proton-lead collisions not mentioned in the table). In 2012 TOTEM and CMS, which are
located at the same interaction point, successfully managed to exchange triggers so that
also common data taking has been possible (TOTEM and CMS have independent Data
AcQuisition (DAQ) systems responsible for storing data from detectors). Dedicated
various high β∗ runs are needed to detect protons at very low scattering angles. However,
this in turn means decreasing the luminosity due to the fact that L ∝ 1/β∗ (see
eq. (1.31) and also the end of sect. 2.3). This types of runs are, therefore, not suitable for
maximizing overall integrated luminosity (required for looking for some very rare events)
but rather for providing very important (complementary) experimental data mainly of
diffractive processes for studying proton characteristics. Some proton characteristics
may be determined only from diffractive processes (e.g., all contemporary methods
determining total pp hadronic cross section require measurement of elastic scattering,
as it will be shown in more detail in next chapters). The measurement of SD and
CP, including detection of both the protons and possibly also some jets, may provide
very important information, too. In the following we shell go briefly through already
published physics results by TOTEM collaboration with more emphasis on measurement
of elastic scattering as the next chapters will be devoted to theoretical description of
this process.
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Date
Detector

√
s β∗

Some main pp analyses
configuration [TeV] [m]

Sep/Oct 2010 RP at 18σbeam 7 3.5 ES 2 . |t| . 3.5 GeV2

Oct 2010 RPs at 7σbeam

T2
7 3.5 ES 0.36 < |t| < 2.5 GeV2 [27]

May 2011 RPs at 5σbeam;
T1, T2

7 1.5 dNch/dη for 5.3 < |η| < 6.4 [29]

Jun 2011 RPs at 10σbeam;
T1, T2

7 90 ES 0.02 < |t| < 0.33 GeV2, (lumi-
nosity independent) total and in-
elastic cross sections [28, 32]

Oct 2011 RPs at 4.8 - 6.5σbeam;
T1, T2

7 90 ES 0.005 < |t| < 0.37 GeV2, (lu-
minosity independent) total and in-
elastic cross sections [30–32], SD,
DD [34],...

Jul 2012 RPs at 6 - 9.5σbeam;
T1, T2, CMS

8 90 ES 10−2 < |t| . 1.2 GeV2, (lu-
minosity independent) total and
inelastic cross section [33]; ES
0.027 < |t| < 0.2 GeV2 [35];
dNch/dη [43], SD, DD, CP, ... (com-
mon data and analysis with CMS
and/or TOTEM alone)

Oct 2012 RPs at 3 - 10σbeam;
T1, T2

8 1000 ES at very low |t| (6× 10−4 < |t| <
0.2 GeV2), study of Coulomb and
hadronic interactions, total and in-
elastic cross sections,...

Feb 2013 RPs, T1, T2, CMS
(not all together,
various settings)

2.76 11 ES, total and inelastic cross
sections,...

Table 2.1: Some of the most important TOTEM pp data taking periods during LHC Run 1
(before LS1) and the corresponding main analysis channels. σbeam denotes transversal size of
the beam at a position of a RP - either horizontal or vertical.
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2.5.2 Measured elastic differential cross section

In this section the main steps of the measurement of pp elastic differential cross sections
which was made by TOTEM collaboration at 7 and 8 TeV and published in [27, 28, 30,
35, 36] (see also [32, 33]) will be briefly summarized. Some steps may vary for different
runs and need to be (sometimes) repeated iteratively. The order of the steps mentioned
in the following is, therefore, only indicative. We will concentrate on the basic concept
only, more details of the measurement may be found also in [38, 116, 134] (for similar
measurement at LHC by ATLAS-ALFA see [135–137]). The quoted papers of TOTEM
contain much more details concerning the measurement of elastic collisions than it has
been ever provided by a similar experiment.

Trigger settings
When two beams collide at LHC one would like to read-out detectors (all their segments)
and store data containing information about the collision for subsequent analysis.
However, there may be so many collisions (pp interactions or “events”) per unit of
time that corresponding amount of data from the detectors would be so high that it
would not be technically possible to read-out and store all the information (moreover,
most of the data would be of very little or no physics importance). For this reason
particle detectors have dedicated trigger system that selects only the events that are
potentially interesting (based on some predefined criteria, e.g., coincidence of some hits
in detectors). It usually consists of both hardware and software parts. Data AcQuisition
(DAQ) system is then responsible for recording only the events selected by the trigger
system. In the case of detection of protons by a RP silicon strip detector information
about hit strips is stored for each event. Understanding dedicated trigger settings which
allows measurement of elastic scattering is, therefore, the first important step in data
analysis. Detailed information concerning TOTEM trigger may be found in [138, 139],
description of DAQ system is given in [140, 141]; see also [38, 71].

Reconstruction of proton kinematics (alignment and optics)
In this step proton kinematical variables just after an interaction at IP are determined
from measured tracks (hits) by RPs. Firstly, strip hits are used to reconstruct a local
track in a RP and then global track reconstruction is made for each arm separately.
The reconstruction requires mainly very good understanding of the steering magnets
guiding the protons from IP to RP detectors - optics discussed in sect. 2.3. Precise
determination of position of RP detectors with respect to the beam during measurement
(order of µm) is needed for good physics performance, too. The corresponding alignment
of RP detectors is, therefore, done in three steps [38, 134]:

• beam-based alignment - During special LHC run a collimator3 scrapes the beam
creating a sharp beam edge; the RPs are then moved one at a time towards the
sharp beam edge until an increase in the beam losses is detected downstream of
the RPs. This online procedure determines only approximately the position of RP.

• local track based alignment - The individual RP detector planes in each RP are
aligned with respect to each other using reconstructed tracks in the overlap between
the vertical and horizontal RPs as shown in fig. 2.16; this determines relative
alignment of each RP unit (offline procedure).

3A collimator is a moveable device which may scrape away particles from beam that have gone
slightly off track in order to prevent damages to the beam pipe and the magnets.

43



CHAPTER 2. Measurement of pp collisions - TOTEM experiment at LHC

• global alignment using elastic events - The local alignment can not determine
common shifts or rotations of the entire RP unit with respect to the beam; these
parameters can be constrained by exploiting known symmetries by certain physics
processes, most importantly by elastic events (offline procedure).

The alignment and optics are of the key-importance for reconstruction of proton
kinematics.

Event selection - elastic tagging
Once a local track reconstruction or even global proton reconstruction is done one
may try to select only the elastic events. In that case the basic requirements on the
selection following from the definition of elastic events are: 2 anti-collinear protons
from the same vertex (⇒ comparison of left and right reconstructed protons), no
forward momentum loss of the two protons (optics ⇒ correlation hit position vs. track
angle at RPs, removal of protons shifted due to beam dispersion as discussed in sect. 2.3).

Background subtraction
The aim of this step is to subtract all non-elastic events which passed the selection cuts
(may require additional assumptions, dependence on some models).

Acceptance corrections
The elastic events are detected (and reconstructed) always only in certain limited
range of scattering angle θ (t variable) and azimuthal angle ϕ due to finite size of
RP detectors, LHC apertures and optics (see also table 2.1). Moreover, only some
elastic events produced in this range are detected by RP detectors, the corresponding
event-count in each bin dt has to be accordingly corrected for this reason (using, e.g., ϕ
azimuthal symmetry of elastic scattering ⇒ geometrical corrections, beam divergence
⇒ correction for missing protons at RP edges,...).

Unfolding of resolution effects (unsmearing)
The aim of this procedure is to determine and eliminate impact on dσ/dt caused by the
non-zero beam divergence and the finite detector pitch (see fig. 2.7). The unfolding may
require some additional assumptions in some cases.

Corrections of various inefficiencies
There may be various (non-negligible) inefficiencies for which the elastic differential
event rate dN/dt need to be corrected for: DAQ inefficiency, trigger inefficiency,
uncorrelated one-RP inefficiencies, near-far correlated RP inefficiencies, ”pile-up” related
inefficiencies (elastic event and another track in a RP) etc., which are discussed more in
details, e.g., in [30]. TOTEM data were taken at quite low luminosity leading to also
negligible pile-up of physics processes at IP (more than one collision of protons at IP
during one bunch crossing); the effect of pile-up, however, may be taken into account in
some cases too, see [142] for some explicit formulas.

Luminosity
The luminosity is needed for absolute normalization of the rates, i.e., to transform
fully corrected elastic differential rate dN/dt into the elastic differential cross section
dσ/dt (see eq. (1.12)). They are currently two methods of luminosity determination
relevant to TOTEM data normalization. The luminosity determined using VDM scans
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(measured by CMS, see sect. 1.3.2) and TOTEM measurement of luminosity based on
optical theorem (this method will be described more in detail in sect. 2.5.3 and sect. 3.5.3).

Besides physics itself (determination of proton characteristics) which will be discussed
mainly in next chapters, the measurement of elastic scattering is also very interesting
and important tool to improve experimental performance. It is used to improve optics
determination of elastically scattered protons (sect. 2.3.1) and, as we have seen in this
section, for fine tuning of RP detector alignment. The same alignment may be then used
for detection of non-elastic protons from SD or CP (it, therefore, indirectly improves
measurement precision of these processes). The determination of (differential) cross
sections of non-elastic collision processes uses similar steps as in the elastic case which
are generally just more complex and complicated; the idea of the steps remains, however,
often the same.

The first measured pp elastic differential cross section at LHC at
√
s = 7 TeV by

TOTEM at LHC [27] is shown in fig. 2.26 (Oct 2010 data at β∗ = 3.5 m). The measured
t-dependence in range 0.36 < |t| < 2.5 GeV2 is similar to the one observed earlier at
ISR, see fig. 2; namely the dip-bump structure has been observed again by TOTEM at
LHC since the era of ISR (where it has been observed for the first time [6]). One can
see also a comparison to several contemporary phenomenological models of elastic pp
scattering in the fig. 2.26, see also [48]. The measured |t|-range at the same energy has
been extended to lower values from 0.02 to 0.33 GeV2 in [28] corresponding to Jun 2011
data at β∗ = 90 m. Even yet lower value of |t| = 0.00515 GeV2 has been reached in [30]
corresponding to Oct 2011 data (also β∗ = 90 m) where the RP detectors were closer to
the beams then in June 2011, see table 2.1. More details about corresponding comparison
of these TOTEM measurements at

√
s = 7 TeV may be found in [30] where measured

values of pp elastic differential cross section in the range 0.00515 < |t| < 2.5 GeV2 are
tabulated together with statistical and systematical uncertainties for each measured
point (bin), see fig. 2.27.

TOTEM has measured also nearly exponential differential elastic pp cross-section at√
s = 8 TeV in the range of four-momentum transfer squared 0.027 < |t| < 0.2 GeV2 [35],

see fig. 2.28. In a dedicated LHC run with high β∗ = 1000 m optics TOTEM has measured
elastic scattering in |t|-range from 6× 10−4 to 0.2 GeV2 [36] including significantly non-
exponential part attributed standardly to Coulomb-hadronic interference, see fig. 2.29.
The measured elastic differential cross section at 8 TeV will be used in chapter 4 for
obtaining several characteristic of protons at this very high collision energy (using eikonal
model).

2.5.3 Determined total, elastic and inelastic hadronic cross sec-
tions

Measurement of elastic differential cross section in the widest possible t-range provides
very important experimental input for determination of some proton characteristics
such as total, elastic and inelastic hadronic integrated cross sections. In this section
we summarize corresponding results published by TOTEM collaboration at collision
energy of 7 and 8 TeV together with used method which led to the results. These
calculations are always model dependent (based on several additional assumptions). Most
importantly it is the theoretical description of elastic pp scattering which is essential for
such calculations. TOTEM compared 3 different (not completely independent) methods
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Figure 2.26: First measurement of pp elas-
tic differential cross section at

√
s = 7 TeV

by TOTEM (black line) compared to several
phenomenological models of elastic scattering
[27].
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Figure 2.27: Proton-proton elastic differen-
tial cross section at

√
s = 7 TeV measured (in-

dependently) at three different settings (runs)
by TOTEM: blue line - [27] (corresponds to
the data in fig. 2.26), green line - [28], red line
- [30].

Figure 2.28: Measured elastic pp differen-
tial cross section in the region 0.027 < |t| <
0.2 GeV2 at

√
s = 8 TeV by TOTEM [35].

Figure 2.29: Measured elastic pp differen-
tial cross section in the region 6 × 10−4 <
|t| < 0.2 GeV2 at

√
s = 8 TeV by TOTEM

[36]. The region includes significantly non-
exponential part (see the points correspond-
ing to the lowest measured values of |t|) at-
tributed standardly to Coulomb-nuclear inter-
ference.

46



2.5 TOTEM results concerning pp collisions

of determination of total hadronic cross section in the similar way how it was done
firstly at the ISR in the past; these methods were used similarly by other experiments,
too. We shell show some formulas on which the methods are based and how they have
been applied by TOTEM. These methods will be discussed in greater detail in sect. 3.5
after explaining the corresponding theoretical background as the whole problem is more
delicate than it may seem at first glance.

• Method OL: Method based on optical theorem and luminosity

This method is based on the following formulas

σtot,N
OL =

√
16π(~c)2

1 + ρ2

dσel,N

dt

∣∣∣∣
t=0

, (2.16)

σel,N =

∫
dσel,N

dt
, (2.17)

σinel = σtot,N − σel,N (2.18)

where the formula (2.16) for the total hadronic cross section has been derived
using optical theorem.

These formulas were applied by TOTEM at LHC energy of 7 TeV using the
measured pp elastic differential cross section mentioned in the previous section
(i.e., elastic events measured by TOTEM RPs and the luminosity determined by
CMS on the basis of VDM scans), see [30] and also [28]. To apply the formulas it
was assumed that the measured differential cross section is given only by hadronic
interaction in the given measured region of |t| and the hadronic differential cross
section may be extrapolated to t = 0 in the unmeasured region of |t| as an
exponential function (i.e., with so-called diffractive slope being t-independent) for
the needs of both the optical theorem in eq. (2.16) and the integration in eq. (2.17).
This method requires (due to the optical theorem) dedicated runs with special
high β∗ optics (see sect. 2.3) which allows detection of elastically scattered protons
at very low values of |t|. The parameter ρ = 0.141± 0.007 (at

√
s = 7 TeV) has

been taken from COMPETE [143] extrapolation [144] based on dispersion relations
(the parameter ρ, as we will see in chapter 3, is determined usually primarily from
Coulomb-nuclear interference but the data at 7 TeV, however, did not allow such
determination). It is worth mentioning that the total hadronic cross section given
by eq. (2.16) is determined without measuring any inelastic rate (cross section).
The key experimental input for this method is measurement of differential cross
section of elastic pp scattering in the widest possible t-range.

• Method TR: Method of total rate
This method requires simultaneous measurement of elastic and inelastic event rate
and also determination of luminosity for the normalization. The total cross section
is calculated according to

σtot,N
TR =

N el,N

L
+
N inel

L
= σel,N + σinel (2.19)

where the integrated elastic hadronic cross section is calculated according to
eq. (2.17).
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TOTEM determined the value of the total hadronic cross section on the basis of
this method under assumptions that the measured elastic differential cross section
in the measured t-range is given by hadronic interaction only and that it can
be extrapolated to t = 0 again as an exponential function. The inelastic rate
(cross section) has been measured by T2 and also corrected, on the basis of a
model, to take into account also events undetected by T2 (events outside detector
acceptance) [31]. Both the elastic and inelastic rates measured by TOTEM were
normalized using the luminosity measurement of CMS based on VDM scans. More
details about the measurement of the total cross section based on this method of
total rate by TOTEM collaboration at 7 TeV may be found in [32].

• Method OLI: Luminosity independent method
This method of total cross section determination is a combination of the two
previous ones where the measurement of the luminosity is eliminated. According
to this method the total hadronic cross section is given by the formula

σtot,N
OLI =

16π(~c)2

1 + ρ2

dNel,N

dt

∣∣∣
t=0

N el,N +N inel
. (2.20)

Similarly the luminosity may be calculated (determined) according to

Lint =
1 + ρ2

16π(~c)2

(Nel,N +Ninel)
2

dNel,N

dt

∣∣∣
t=0

(2.21)

under exactly the same assumptions and from the same simultaneous measurement
of elastic and inelastic rate as the total cross section given by eq. (2.20).

TOTEM applied this method at 7 TeV in [32] under assumption that the measured
elastic rate in the measured t-range is given by hadronic interaction only and that
it can be extrapolated to t = 0 as an exponential function. The ρ = 0.141± 0.007
parameter has been taken from the COMPETE preferred extrapolation [144]. The
inelastic rate has been corrected on the basis of a model for undetected events by
T2.

The values of the total, elastic and inelastic hadronic cross sections determined by
TOTEM at energy of 7 TeV on the bases of the three methods are in table 2.2. As
we can see, the values are quite similar. The values of the inelastic cross section σinel

may be compared also to the measurements by other LHC experiments (measuring
the rate of inelastic events and luminosity, see eq. (1.12)) at

√
s = 7 TeV (”inelastic

rate/luminosity”) as it was also done in [32]. The inelastic cross section at 7 TeV has
been measured by CMS [145], ATLAS [146] and ALICE [147]

σinel
CMS = (68.0± 2.0syst ± 2.4lumi ± 4.0extrap) mb

σinel
ATLAS = (69.1± 2.4exp ± 6.9extrap) mb

σinel
ALICE = (73.2+2.0

−4.6
mod ± 2.6lumi) mb

see the quoted papers also for the visible cross sections only - without model dependent
estimation of undetected events (events outside detector acceptance). These values of
the inelastic cross section are similar to those determined by TOTEM using the three
methods.
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Method OL Method OLI Method TR
[30] (see also [28]) [32] [32] (see also [31])

σtot,N[mb] 98.6± 2.2 98.0± 2.5 99.1± 4.3
σinel [mb] 73.2± 1.3 72.9± 1.5 73.7± 3.4
σel,N [mb] 25.4± 1.1 25.1± 1.1 25.4± 1.1

Table 2.2: Determined values of proton-proton total, inelastic and elastic
hadronic cross section at energy of

√
s = 7 TeV by TOTEM using three

different methods.

Proton-proton hadronic cross section were determined by TOTEM collaboration
using luminosity independent method also at

√
s = 8 TeV [33] (similarly as at 7 TeV)

with the result

σtot,N = 101.7± 2.9 mb,

σinel = 74.7± 1.7 mb,

σel,N = 27.1± 1.4 mb.

The value ρ = 0.140± 0.007 at 8 TeV has been taken from COMPETE extrapolation
similarly as in the case of

√
s = 7 TeV. The values of the hadronic cross section at

energy of 8 TeV are according to these results slightly higher than at 7 TeV. All the
mentioned pp hadronic cross sections are plotted in fig. 2.30 together with some similar
results at different energies obtained in the past.

The luminosity given by eq. (2.21) has been determined in the similar way how the
total cross section has been calculated using eq. (2.20). This method of luminosity
determination based on optical theorem has been compared to the independent luminosity
determination based on VDM scans (measured by CMS) at LHC energy of

√
s = 7 TeV

during October 2011 special LHC run at β∗ = 90 m. Both methods gave similar central
values of the luminosity with the uncertainty at the level of 4% for both of the two
methods, see [32] for more details about the comparison.

2.5.4 Charged particle pseudorapidity density distribution

So-called charged particle pseudorapidity distribution dNch/dη is often used to character-
ize angular production of (charged) particles in inelastic collisions. This quantity may
be defined as the mean number of charged particles per single pp inelastic collision and
unit of pseudorapidity η defined by eq. (2.1).

TOTEM has measured this quantity at
√
s = 7 TeV by T2 detector, see figs. 2.31

and 2.32. The measurement corresponds to at least one primary charged particles
reconstructed in T2 acceptance region 5.3 < |η| < 6.4. The experimental points (black
squares) represent the average of the four T2 quarters with the error bars including both
statistical and systematic errors. Main contributions to the systematic error ∼ 10%
are subtraction of a large fraction of secondaries from the data, track reconstruction
(in)efficiency and misalignment uncertainties. The measurement refers to charged
particles with pT > 40 MeV and with mean lifetime greater than 0.3× 10−10 s, directly
produced in pp interactions or in subsequent decays of particles having a shorter lifetime,
see [29] and [148] for more details.
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CHAPTER 2. Measurement of pp collisions - TOTEM experiment at LHC

Figure 2.30: Compilation of integrated pp and p̄p hadronic cross sections as a
function of energy

√
s taken from [34]. The continuous black lines (lower for pp,

upper for p̄p) represent the fits of the total cross-section data by the COMPETE
collaboration [144]. The dashed line results from an ad hoc fit of the elastic scattering
data. The dash-dotted lines refer to the inelastic cross section and are obtained as
the difference between the continuous and dashed fits.
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At least one charged particle

with pT > 40 MeV in T2

Figure 2.31: Charged particle pseudora-
pidity density distribution dNch/dη mea-
sured by TOTEM T2 detector at 7 TeV.
The Phojet, Pythia8 and Sherpa predic-
tions are for charged particles with pT >
40 MeV in events where at least one pri-
mary charged particle is generated in the
5.3 < |η| < 6.5 range [29, 148].

proton-proton,
√
s = 7 TeV

Figure 2.32: Compilation of ALICE, AT-
LAS, CMS, LHCb and TOTEM experi-
mental results on charged pseudorapidity
density distributions for pp inelastic events
at 7 TeV [148].

Similar measurement of dNch/dη has been done also at 8 TeV [42]. In this paper
it was possible to combine TOTEM and CMS data in one common analysis to better
profit from the advantage of having relatively very wide CMS and TOTEM η acceptance
region: |η| < 2.2 and 5.3 < |η| < 6.4. TOTEM experiment further extended this region
at 8 TeV when measured dNch/dη within the range 3.9 < η < 4.7 and −6.95 < η < −6.9
using data collected in a low intensity LHC run with collisions occurring at a distance
of 11.25 m from the nominal interaction point [43].

2.5.5 Double diffractive cross section in the forward region

The first double diffractive cross-section measurement in the very forward region has been
measured by the TOTEM experiment at the LHC at

√
s = 7 TeV [34]. The very forward

TOTEM tracking detectors T1 and T2 (with |η| range up to 6.5) were used to select a
sample of double diffractive pp events. The cross-section σDD(4.7<|ηmin|<6.5) = (116±25)µb
has been determined for events where at least one particle is detected in each of the
T2 detectors and no particles are detected in T1 detectors (both diffractive systems
have 4.7 < |η|min < 6.5). This is, therefore, just a very specific sub-class of DD events.
Main source of uncertainty are DD events that have |ηmin| smaller than corresponds to
T1 η-range but with no particles in T1. Improvements may be expected, for example,
at 8 TeV combining data from TOTEM and CMS) where it is possible to check the
particle activity in the central (CMS) η-range (to decrease dependence on some models).
Combined TOTEM and CMS data may allow measuring much greater part of double
diffractive cross section with better classification.
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Chapter 3

Contemporary descriptions of
elastic collisions of (charged)
hadrons

The principles of measurement of elastic pp scattering (distribution of scattering angles)
have been explained in the preceding. This chapter is devoted to commonly used
theoretical descriptions of elastic scattering of charged hadrons (namely pp, resp. p̄p)
based on elastic scattering amplitudes and the possibilities and limitations of these
descriptions.

Kinematics of elastic collision process of two particles is summarized for convenience in
sect. 3.1. They are two approaches of describing the elastic scattering of charged hadrons
at the present. The first one (historically older) is the approach of West and Yennie
which has been commonly used for analysis of experimental data and which contains
some important limitations; e.g., it does not take into account dependence of collisions
on impact parameter. The second approach is the eikonal model approach which has
been introduced to derive some characteristics of collisions also in dependence on impact
parameter and enables, therefore, to understand better the whole collisions process. The
important assumptions included in both the approaches describing Coulomb-hadronic
interference will be emphasized and commented in sects. 3.2 and 3.4. Electromagnetic
form factors (determined from ep scattering) entering into the given descriptions will be
explained in sect. 3.3.

The understanding of both experimental and theoretical aspects of elastic scattering
including corresponding assumptions is a key point for understanding, e.g., contemporary
measurement of total hadronic cross section as all the approaches require measurement
of elastic scattering (some of them also inelastic). Three different methods (formulas)
of total hadronic cross section determination will be, therefore, discussed in detail in
sect. 3.5. Sect. 3.6 then contains comments to some widely used parameterizations of
elastic hadronic amplitude which is usually determined by fitting it to experimental
data.

In chapter 4 the eikonal model approach will be then applied to experimental data of
elastic pp scattering at energy of 53 GeV and 8 TeV. It will allow to obtain important
numerical values of corresponding quantities characterizing hadronic collisions.
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P̃2

P̃
′
1

P̃1

P̃
′
2

θ

Figure 3.1: Two-body elastic scattering in center of mass system.

3.1 Relativistic kinematics of two-body elastic scat-

tering

In this chapter we shall employ commonly used conventions and formalism to describe
relativistic kinematics of two elastically scattered particles, see [8, 128, 149–151] (for
classical description of two-body elastic scattering see, e.g., [152]). The four-momentum
of a particle may be written as

P̃ = (E, ~p) (3.1)

where E is total energy of the particle and ~p is its three-momentum (magnitude of ~p
will be denoted as p). Natural units ~ = c = 1 will be made used of. Scalar product of
two four-momenta may be defined as

P̃ 2 = gµν p
µpν = E2 − ~p 2 (3.2)

where the metric tensor gµν = diag(+1,−1,−1,−1).
A special case of two-body reaction is the elastic scattering

1 + 2→ 1′ + 2′ (3.3)

where the structures of the colliding particles remain the same and direction of motion of
each colliding particle is changed in agreement to conservation of energy and magnitude
of momentum. The four-momentum of the i-th incoming (outgoing) particle is denoted

by P̃i (P̃ ′i ) for i = 1, 2; see fig. 3.1 in the case of center of mass system.
The kinematics of the given process is fully described by two independent variables

(if some further characteristics such as spins are not taken into account). It is possible to
choose these two parameters among the three Mandelstam variables which are defined
as

s = (P̃1 + P̃2)2, (3.4)

t = (P̃1 − P̃ ′1)2, (3.5)

u = (P̃1 − P̃ ′2)2. (3.6)

We shall use s and t kinematic variables as it is common. It is further convenient to
choose center of mass system. The variable s has the meaning of the square of the
total energy of colliding particles and the variable t is the squared four-momentum
transfer in the given reference frame. In the case of pp elastic scattering the magnitude
of three-momenta of incoming and outgoing particles (denoted by p, resp. p′) are the
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3.2 Approach of West and Yennie

same in this reference frame and both the particles have equal masses m. The relations
between the center of mass scattering angle θ and three-momentum p (see fig. 3.1) and
variables s and t are

s = 4(p2 +m2) , (3.7)

t = −2p2(1− cos θ) = −4p2 sin2 θ

2
. (3.8)

In the approximation of low scattering angles θ, i.e., when sin θ/2 ≈ θ/2 one may write

t ≈ −p2θ2, (3.9)

which is often used in experiments as all observed elastic scattering angles are relatively
very small.

It follows from the relation (3.8) that

− 4p2 ≤ t ≤ 0, (3.10)

i.e., the value of t is not positive and its minimal value tmin is −4p2, in contrast to s
which is always positive. Using eq. (3.7) the value of tmin may be expressed also as

tmin = −s+ 4m2 (3.11)

In high energy limit, i.e., for s >> m2 (or even s→∞) the mass m may be neglected
in formulas (3.7) and (3.11).

Elastic differential cross section of two spinless particles in the relativistic theory
may be defined in Mandelstam variables s and t as follows (see, e.g., [128, 150] and also
Section 3.1 in [149])

dσ(s, t)

dt
=

π

sp2
|F (s, t)|2 (3.12)

where we have introduced elastic scattering amplitude F (s, t) in s and t variables and
also corresponding normalization in center of mass system (for some other commonly
used normalizations see, e.g., [153]; the normalization term is just a matter of definition
of the amplitude).

In the given theoretical framework, any collision process is regarded as fully described
provided its scattering amplitude is given; it may be a complex function. In the case
of hadronic (resp. Coulomb) elastic scattering it is, therefore, necessary to know or
establish corresponding amplitude FN(s, t) (resp. FC(s, t)). Elastic scattering of charged
hadrons is being then currently described with the help of a complete elastic scattering
amplitude denoted as FC+N(s, t).

3.2 Approach of West and Yennie

In the case of collisions of two protons (charged hadrons) the measured elastic differential
cross section has been standardly described by complete elastic scattering amplitude
FC+N(s, t) (spin effects neglected) describing the common influence of both Coulomb
and hadron interactions, see eq. (3.12).
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According to Bethe [154] (1958) the complete amplitude has been commonly de-
composed into the sum of the Coulomb scattering amplitude FC(s, t) and the hadronic
amplitude FN(s, t) bound mutually with the help of relative phase αφ(s, t)

FC+N(s, t) = FC(s, t) eiαφ(s,t) +FN(s, t) (3.13)

where α = 1/137.036 is the fine structure constant1. According to the formula (3.13)
the complete amplitude FC+N(s, t) is not given by a mere sum of hadronic and Coulomb
amplitude but an interference of the two amplitudes is introduced. Bethe further derived
with the help of a WKB method2 in the potential theory for the relative phase the
following expression

φ(s, t)Bethe ≈ ±
2 ln 1.06

a
√−t (3.16)

where parameter a characterizes the dimension of nucleon and the upper (lower) sign
corresponds to the scattering of hadrons with the same (opposite) charges. This expresion
was derived for a given FN(s, t) corresponding to a specific collision model of Bethe.
Formulas (3.13) and (3.16), therefore, cannot be used for arbitrary t-dependent hadronic
amplitude FN(s, t).

Several authors then tried to derive more general formula for complete amplitude
FC+N(s, t) than the one given by eqs. (3.13) and (3.16). The t dependence of relative
phase αφ(s, t) has been determined on various levels of sophistication. The dependence
having been commonly accepted in the past was proposed by West and Yennie [14]
(1968) within the framework of Feynman diagram technique (one-photon exchange) in
the case of charged point-like particles and partially in the high energy limit (s� m2,
m standing for nucleon mass) as

φWY(s, t) = ∓
[
ln

(−t
s

)
−
∫ 0

−4p2

dt′

|t− t′|

(
1− FN(s, t′)

FN(s, t)

)]
. (3.17)

The upper (lower) sign corresponds to the scattering of particles with the same (oppo-
site) charges. According to eq. (3.17) the t-dependence of the relative phase between
the Coulomb and hadronic amplitudes may be calculated from t-dependent hadronic
amplitude FN(s, t) entering into the integrand. In order to derive eq. (3.17) also the
Coulomb amplitude has been used (assuming a ”known” form from QED, see [14] for
details). Note that in order to derive eq. (3.17) only a Coulomb amplitude for point-like
scattering particles has been used; no form factors have been taken into account at this
stage of calculations (see [14] also for used phase of Coulomb amplitude FC(s, t)).

1The fine structure constant α is (in SI units)

α =
e2

4πε0~c
≈ 1

137.036
(3.14)

where e is the elementary charge, ~ is the reduced Planck’s constant, c is the speed of light in a vacuum,
and ε0 is the permittivity of free space. The fine structure constant expressed in the natural units
(ε0 = ~ = c = 1) is

α =
e2

4π
. (3.15)

2WKB approximation or WKB method is a method for finding approximate solutions to linear
partial differential equations with spatially varying coefficients. It is named after physicists Wentzel,
Kramers and Brillouin who developed it in 1926.
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The hadronic amplitude FN(s, t) may be then written using its modulus
∣∣FN(s, t)

∣∣
and phase ζN(s, t) as

FN(s, t) = i
∣∣FN(s, t)

∣∣ e−iζN(s,t) (3.18)

Formula (3.17) containing the integration over all admissible values of four-momentum
transfer squared t′ seemed to be complicated when it was proposed. To perform analytical
integration it has been assumed for the two following quantities:

• the ratio of real to imaginary part of hadronic amplitude

ρ(s, t) =
ReFN(s, t)

ImFN(s, t)
(3.19)

• and diffractive slope defined as

B(s, t) =
d

dt

[
ln

dσN

dt
(s, t)

]
=

2

|FN(s, t)|
d

dt

∣∣FN(s, t)
∣∣ (3.20)

to be t-independent for all kinematically allowed t values3, see [14, 155] and [156, 157].
The diffractive slope being t-independent means that the modulus

∣∣FN(s, t)
∣∣ has been

taken as purely exponential function of t. With the help of eqs. (3.18) and (3.19) one
may obtain relation

tan ζN(s, t) = ρ(s, t) (3.21)

which implies that the assumption of t-independent quantity ρ(s, t) is equivalent to
requirement of t-independent hadronic phase ζN(s, t).

For the relative phase between the Coulomb and elastic hadronic amplitude the
following simplified expression has been then obtained for small values of t only :

αφ(s, t) = ∓α
[
ln

(−B(s)t

2

)
+ γ

]
(3.22)

where γ = 0.577215 is Euler constant and B is t-independent diffractive slope. As
introduced in [158, 159] some other high energy approximations and limitations were
added, too.

Optical theorem relating the imaginary part of elastic hadronic scattering amplitude
at t = 0 (corresponding to zero scattering angle) to total hadronic cross section

σtot,N(s) =
4π

p
√
s

ImFN(s,t =0) (3.23)

has been then applied to and the complete elastic scattering amplitude (3.13) of Bethe
has been written as

FC+N
WY (s, t) = ±αs

t
G1(t)G2(t) eiαφ(s,t) +

σtot(s)

4π
p
√
s (ρ(s) + i) eB(s)t/2 . (3.24)

The two quantities G1(t) and G2(t) stand here for the electric form factors taken
commonly in standard dipole form (see, e.g., [153]) as

GD
E(t) =

(
1− t

Λ2

)−2

(3.25)

3These important assumptions have been explicitly pointed out also in 1973 in [155] where the WY
approach has been applied to experimental data for the first time.
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where Λ2 = 0.71 GeV2. The electric form factors as Fourier–Bessel (FB) transformation
of electric charge distribution of colliding hadrons have been put into formula (3.24) by
hand. The second term on the right hand side of this equation represents the hadronic
amplitude FN

WY (s, t).
The Coulomb differential cross section (including form factors) has been, therefore,

taken as
dσC(s, t)

dt
=
πs

p2

α2

t2
G2

1(t)G2
2(t), (3.26)

i.e., diverging at t = 0 4. The integrated Coulomb differential cross section over the
whole kinematically allowed region of t is infinite due to this divergence at t = 0 (which
is also a reason why total proton-proton cross section usually automatically refers to
short-ranged hadronic interaction for which the cross section is finite). In high energy
limit, see eq. (3.7), the Coulomb differential cross section (3.26) may be further simplified
to

dσC(s, t)

dt
=

4πα2

t2
G2

1(t)G2
2(t). (3.27)

The simplified formula (3.24) of WY has been commonly applied to experimental
data (using eq. (3.12)) for determination of σtot,N, ρ and B at various energies in very
narrow interval of small values of |t| (as the validity of WY approach has been limited
only to these small values). The eqs. (3.22) and (3.24) derived by WY were derived in
similar form also by Locher [161] even one year earlier (in 1967).

Integrated elastic hadronic cross section may be obtained from established hadronic
amplitude FN(s, t) and eq. (3.12) as follows

σel,N(s) =

0∫

tmin

dσN

dt
(s, t)dt. (3.28)

The inelastic cross section may be then defined as

σinel(s) = σtot,N(s)− σel,N(s). (3.29)

As to the mentioned assumptions and problems included in the simplified formula
of WY (3.24), they have been discussed in details in 1989 [156] and later in even more
details in 2005 [158] (see also [48], [162] and [157]). In the following main points are
summarized.

The assumption concerning neglecting spin dependent effects in unpolarized beams
has been discussed, e.g., in [162] and [157]. According to these papers the spin effects
have negligible impact in the case of forward elastic hadronic pp scattering at ISR energy
range of

√
s , i.e., from 23.5 GeV to 62.5 GeV, and in all high energy elastic hadron

scattering. More detailed analysis of elastic collisions in dependence on spin would be
surely very interesting as it could bring some new information about the structure of
corresponding particles. From experimental (technical) point of view it is, however,
much more difficult to prepare spin-polarized beams than spin-unpolarized ones. In the
case of pp collision there are some data obtained with spin-polarized protons beams,

4The Coulomb scattering is known in literature also as Rutherford scattering, see the treatment
of the problem in classical physics (scattering on potential) in [152] (pages 53-55) and [160] (pages
516-519) for analogous calculations in non-relativistic quantum mechanics (QM).
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e.g., at RHIC5. The influence of spin is usually not taken into account in contemporary
description of elastic hadronic scattering as it represents quite complicated problem.

On the other hand the assumptions of t-independent quantities ρ(s, t) and B(s, t)
in the whole kinematically allowed region of t are much more important. They are
introducing a priory strong limitations on the hadronic amplitude FN(s, t) without any
reasoning. The simplified formula of WY defined by eqs. (3.22) and (3.24) has been
used for the analysis of differential cross section data in the interference region only,
i.e., in the case of elastic nucleon scattering for |t| . 0.05 GeV2 at ISR energies (see,
e.g., [153, 155], [115, 163–175]). For higher values of |t| it has been believed that the
influence of Coulomb scattering may be, on the basis of the simplified formula of WY,
completely neglected. Other formulas of hadronic amplitude FN(s, t) not corresponding
to these limiting assumptions have been then commonly used to fit measured elastic
differential cross section at higher values of |t|. The whole t-dependence of elastic
scattering has been, therefore, simultaneously described with the help of two inconsistent
(contradictory) approaches as it has been pointed out and further analyzed in, e.g., [49,
157, 176, 177].

The assumed purely exponential t-dependence of the modulus of the hadronic
amplitude has been in contradiction to the measured elastic nucleon differential cross
section for higher values of |t| where a dip-bump (resp. shoulder) structure has been
clearly visible, see fig. 2 in the case of pp (resp. p̄p) elastic scattering. This assumption
was introduced before the diffractive structures in elastic hadronic collisions was observed.
Measurement of neutron-proton (np) elastic scattering in 1984 provided a (more) direct
measurement of the hadronic scattering also at lower values of |t| where some non-purely
exponential effects have been observed, see appendix A.1.

It has been further shown in [159] (2007) that already the fact that the relative
phase φ(s, t) between the Coulomb and hadronic amplitude given by the original integral
formula (3.17) is real implies that the quantity ρ(s, t) (hadronic phase) has to be t-
independent; even the return to the eq. (3.17) does not, therefore, remove a priory
limitation on the hadronic phase included in the approach of WY. Similar return to
the original integral formula (3.17) has been recently suggested, e.g., in [178]. In this
paper the elastic hadronic amplitude has been divided into real and imaginary part and
both of them parameterized as an exponential function of t. In such a case, however,
the hadronic phase has been allowed to be t-dependent which is in contradiction to the
“hidden” assumption of t-independent phase under which the integral formula (3.17) for
real phase has been derived.

To take into account space distribution of electric charge (for non point-like hadrons)
some electromagnetic form factors have been added by hand to the simplifed formula
of WY (3.24) at the end of all the calculations; they have not been taken into account
in any previous step of the derivation of the formula. The relevance of such approach
should be questioned, too.

It is evident that the description of elastic scattering in the approach of WY has
been based on very limiting assumptions simplifying corresponding calculations without
any physical motivation (e.g., the dependence of ρ and B on t has not been considered).
Dependence of (elastic) hadronic collisions on impact parameter has not been taken
into account in the given approach. Any attempt has not been done to study some
correlations of initial state characteristics and final state ones which should be the main

5RHIC achieved maximal collision energy 500 GeV in 2009 of polarized proton - the highest in the
world at that time.
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goal of any experimental data analysis.
In elastic collisions one should take into account mainly correlations between impact

parameter values of colliding particles and angle deviations (i.e., values of t) of scattered
particles. The first attempt in this direction has been done with the help of the eikonal
model which will be explained in sect. 3.4. It is, however, convenient to discuss proton
electromagnetic form factors in more detail first.

3.3 Electromagnetic proton form factors deter-

mined from elastic ep scattering

The proton cannot be taken as point-like object, which represents a modification of the
simple Coulomb interaction as its charge is distributed in a larger space. The shape
of this distribution and its influence on the corresponding interactions are commonly
characterized by elastic electromagnetic form factors, see eq. (3.26). The form factors
have been established on the basis of analysis of ep (not pp) scattering. The corresponding
elastic ep differential cross section dσ

dΩ
(in the one-photon exchange) in the laboratory

frame has been described by Rosenbluth formula (see [179–183]) which has been rewritten
later by Sachs [184] in the form

(
dσ

dΩ

)

ep

=

(
dσ

dΩ

)

Mott

{
1

1 + τ

[
G2

E(Q2) + τG2
M(Q2)

]
+ 2τG2

M(Q2) tan2

(
θ

2

)}

(3.30)
where

Q2 = 4 EE ′ sin2

(
θ

2

)
, (3.31)

τ =
Q2

4m2
(3.32)

and E and E ′ are the incident and final electron energies, respectively, which are bound
due to the conservation of the total four-momentum by relation

E ′ =
E

1 + 2E
m

sin2( θ
2
)
; (3.33)

θ is the scattering angle of the electron in the laboratory frame. GE and GM stand for
electric and magnetic form factor. The expression

(
dσ

dΩ
(E, θ)

)

Mott

=
α2

4E2 sin4( θ
2
)

E ′

E
cos2

(
θ

2

)
(3.34)

is the Mott formula [185] (in one-photon exchange approximation) for the differential
cross section describing the elastic scattering of Dirac electron with point-like and
spinless charged particle of proton mass m at incident energy E in the same frame (see,
e.g., [180]).

The formula (3.30) contains electric form factor GE(Q2) and magnetic form factor
GM(Q2) which depend only on the square of exchanged momentum transfer

t ≡ −Q2 (3.35)
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and which should satisfy the initial conditions

GE(0) = GM(0)/µp = 1; (3.36)

here µp ≈ 2.793 is the proton magnetic moment divided by nuclear magneton.
From early measurements of the elastic ep scattering at lower energies it has been

also deduced that electric GE(t) proton form factor can be described by the dipole
formula (3.25) and the magnetic one by

GD
M(t) ≈ µpG

D
E(t) . (3.37)

Borkowski et al. [186, 187] analyzed elastic ep scattering data at several energies with
the help of Rosenbluth differential cross section formula (3.30) where the t-dependencies
of both the electric and magnetic form factors have been parametrized by the formulas

GB
E(t) =

4∑

j=1

gE
k

wE
k − t

, (3.38)

GB
M(t) = µp

4∑

j=1

gM
k

wM
k − t

(3.39)

inspired by the vector dominance model. The original values of the parameters gE,M
k

and wE,M
k (being different for both the electric and magnetic form factors) may be found

in [187] the corresponding electric and magnetic form factors may be denoted as GBO
E (t)

and GBO
M (t). Different shapes of electromagnetic form factor parametrizations have been

proposed by Arrington et al. [188, 189] (denoted as GAR
E (t) and GAR

M (t)) and Kelly [190]
which has been applied by Puckett [191] (denoted as GPU

E (t) and GPU
M (t)), too.

Extending the measurements of the proton electric and magnetic form factors to
higher values of |t| has offered a chance for a better description of the influence of
electromagnetic proton structure in the elastic pp collisions at high energies. However,
this approach may be considered as fully entitled assuming that the electric and magnetic
form factors determined from an analysis of elastic ep scattering are identical with the
form factors involved in a description of pp elastic scattering (which should be tested in
the future).

The relatively recent determination of t-dependent electric and magnetic form factors
has been done by Arrington et al. [189] (see also [182, 188]) in the relatively broad
region of −t ∈ (0.007, 5.85) GeV2. In this region we may express (refit) the form factors
using the parameterizations of Borkowski given by eqs. (3.38) and (3.39). The fitted
parameters are in table 3.1; the corresponding electric and magnetic form factors (which
we will use extensively later) may be denoted as GBN

E (t) and GBN
M (t). The mentioned

electric and magnetic form factors GAR
E,M(t), GPU

E,M(t), GBO
E,M(t), GBN

E,M(t) and GD
E,M(t) are

shown in figs. 3.2 and 3.3.
The effective electromagnetic form factor squared (τ = −t/(4m2))

G2
eff (t) =

1

1 + τ

[
G2

E(t) + τ G2
M(t)

]
, (3.40)

appearing in eq. (3.30) has been introduced in [192] for analysis of elastic pp scattering as
the term in eq. (3.30) proportional to tan2

(
θ
2

)
can be neglected in linear α approximation

(one-photon exchange) [189]. One may define effective electric form factor squared as

G2
E,eff (t) =

1

1 + τ
G2

E(t) (3.41)
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k 1 2 3 4
gE
k 0.1344 5.014 -7.922 2.747
wE
k 0.2398 1.135 1.530 2.284

gM
k 0.2987 27.73 -28.15 0.1274
wM
k 0.3276 1.253 1.276 6.361

Table 3.1: The values of parameters specifying the new Borkowski’s et
al. electromagnetic proton form factors GBN

E (t) and GBN
M (t)/µp taken from

[189]; here the parameters have been expressed in units of GeV2.
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Figure 3.2: Proton electric form factors
GE(t).
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Figure 3.3: Proton magnetic form factors
GM(t)/µp having very similar t-dependence.

and effective magnetic form factor as

G2
M,eff (t) =

τ

1 + τ
G2

M(t) . (3.42)

The graphs of the effective electric form factor G2
E,eff (t), the effective magnetic form

factor G2
M,eff(t) and effective electromagnetic form factor G2

eff(t) corresponding to the
GBN

E (t) and GBN
M (t) (i.e., Borkowski’s parameterization with the newly determined values

of free parameters) are shown in fig. 3.4. For the comparison also the electric form factor
(GBO

E )2(t) used in [20] is plotted.
Fig. 3.4 shows that the t-dependence of the effective electromagnetic form factor

G2
eff(t) in eq. (3.40) is different from that one appearing in original Borkowski’s et

al. parameterization eq. (3.38) which has been used in analysis of experimental elastic
pp data in [20]. One may ask what may be the difference in the result if also magnetic
form factor is included. In next section it will be, therefore, shown how to generalize
the approach in [20] to take into account the effective electromagnetic form factors in
the eikonal model description of elastic pp collisions.

62



3.4 Eikonal model approach

0.0 0.5 1.0 1.5 2.0 2.5 3.0

|t| [GeV2]

−0.2

0.0

0.2

0.4

0.6

0.8

1.0 (GBN
EM,eff)

2

(GBN
E,eff)

2

(GBN
M,eff)

2

(GBO
E )2

Figure 3.4: Effective form factors corresponding to
GBN

E (t) and GBN
M (t) (see eqs. (3.40) to (3.42)) and com-

pared to (GBO
E )2(t).

3.4 Eikonal model approach

3.4.1 Coulomb-hadronic interference formula

One of the fundamental differences between the eikonal model approach and the approach
of WY (based on Feynman diagram technique) is that the former one is trying to take
into account the influence of impact parameter and establish some characteristics of
hadron collisions depending on this fundamental parameter. The complex amplitude of
elastic collisions of two spinless hadrons has been expressed in the form

F (s, q2 = −t) =
s

4πi

∫

Ωb

d2b ei~q.
~b[e2iδ(s,b)−1] (3.43)

where Ωb represents two-dimensional Euclidean space of impact parameter ~b and
δ(s, b) is so-called eikonal function. The vector ~q is defined as difference ~p − ~p′ of
particle momenta before and after elastic scattering. In the case of elastic hadronic
scattering the first (approximate) form of eq. (3.43) was suggested by Glauber [193]
(1959) in high energy limit. Mathematically more rigorous derivation of elastic scattering
amplitude in the impact parameter representation which respects a finite admissible
region of momentum transfers at finite collision energies was given by Adachi and Kotani
[194–199] (1965-1968) and also by Islam [200, 201] (1968-1976).

The eikonal δ(s, b) may be calculated from energy-dependent spherically symmetric
potential V (s, r) according to [200–202] as

δ(s, b) ∼
∞∫

b

V (s, r)rdr√
r2 − b2

. (3.44)

Potential V (s, r) corresponds to potential between particles at momentary mutual
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positions during their motions and might be generally represented by a complex function6.
Due to eq. (3.43) the complete elastic amplitude FC+N(s, t) of two charged and spinless
hadrons is fully determined by the complete eikonal δC+N(s, b). Taking into account
the linearity of potential V (s, r) in expression (3.44) and the additivity of Coulomb and
hadronic potentials complete eikonal δC+N(s, b) is given by the sum of individual eikonals
δC(s, b) and δN(s, b) for the Coulomb and hadronic eikonals

δC+N(s, b) = δC(s, b) + δN(s, b). (3.45)

Due to the fact that potentials in eikonal model are allowed to be complex (having non-
zero imaginary part) their additivity is not obvious and it may have deeper implications
then the additivity of real potentials in classical physics.

The complete elastic amplitude of charged hadrons in the eikonal model may be
rewritten as

FC+N
eik (s, q2 = −t) =

s

4πi

∫

Ωb

d2b ei~q.~b[e2i(δC(s,b)+δN(s,b))−1]. (3.46)

The Coulomb and hadronic elastic scattering in the eikonal approach is determined by
the complete eikonal δC+N(s, b). Due to eq. (3.44) the often mentioned “interference”
between the Coulomb and hadronic interactions follows thus in the eikonal model from
the mere sum of corresponding potentials.

According to [203] and [204] one may further write

FC+N
eik (s, t) = FC(s, t) + FN(s, t) + F I(s, t)

= FC(s, t) + FN(s, t) +
s

4πi

∫

Ωb

d2b ei~q.~b[e2iδC(s,b)−1][e2iδN(s,b)−1] (3.47)

where the interference term F I(s, t) have been introduced. Due to the eq. (3.47) the
complete elastic scattering amplitude in the eikonal model is, therefore, not given by
mere sum of Coulomb FC(s, t) and hadronic FN(s, t) scattering amplitudes.

Cahn [204] in 1982 further established phase of Coulomb amplitude FC(s, t) in the
following (formal) way. He started from the Born shape of the Coulomb scattering
amplitude

FC
Born(s, t=−q2) = ∓ αs

q2 + µ2
(3.48)

where the upper (lower) sign corresponds to the scattering of the same (opposite) charges
and µ is a fictitious rest non-zero mass of a photon standardly used in order to remove
infrared divergences; in the final expression one passes to a limit µ→ 0. Using eq. (3.43)
coulomb eikonal δC(s, b) has been written as

δC(s, b) =
1

2πs

∫

Ωb

d2q e−i~q.~b FC
Born(s, q2) (3.49)

which can be simplified to

δC(s, b) = α[ln(1/2bµ) + γ +O(bµ)] (3.50)

6The meaning of complex potential in quantum mechanics is, however, not so straightforward as
meaning of real potential in classical physics. Imaginary part is sometimes used to open (describe)
inelastic scattering while real part describes elastic scattering.
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where γ is the Euler constant. The Coulomb amplitude has been obtained when eq. (3.50)
has been inserted into eq. (3.43)

FC(s, t=−q2) = ∓sα
q2

eiαζC(q2) (3.51)

where the quantity ζC(q2) is the phase of the Coulomb amplitude for point-like particles
in the eikonal model and is equal to

ζC(q2) = ln

(
µ2

q2

)
. (3.52)

Similar (mathematical) procedure of establishing Coulomb phase taking into account
dipole form factors may be found also in [204]. Both the modulus and phase of the
Coulomb amplitude (3.51) are singular at t = q2 = 0 which causes non-direct application
of optical theorem for Coulomb interaction.

Using eqs. (3.51) and (3.52) Cahn was able to rewrite eq. (3.47) in a form similar
to the relative phase of WY given by eq. (3.17). In this procedure several limiting
assumptions have been introduced as the goal of Cahn was mainly to rederive the relative
phase of WY.

However, in course of deriving a formula for complete amplitude FC+N(s, t) suitable
for analysis of experimental data one should not impose any a prior limitation on
hadronic amplitude FN(s, t) without corresponding justification. Mistakenly constrained
FN(s, t) may lead to completely wrong physical conclusions.

Kundrát and Lokaj́ıček in [20] (1994) tried to remove unjustified approximations and
limitation imposed mainly on hadronic amplitude FN(s, t) and to derive more general
expression for complete amplitude FC+N(s, t) which could be then used for analysis of
experimental data. According to the paper [20] it is possible to derive from Cahn’s
eq. (3.47) and Coulomb amplitude in the form given by eq. (3.51) for the complete
elastic amplitude FC+N(s, t) in the eikonal model the following relation

FC+N
eik (s, t) = ±αs

t
G1(t)G2(t) + FN(s, t)[1∓ iαḠ(s, t)] (3.53)

where

Ḡ(s, t) =

0∫

tmin

dt′
{

ln

(
t′

t

)
d

dt′
[G1(t′)G2(t′)]− 1

2π

[
FN(s, t′)

FN(s, t)
− 1

]
I(t, t′)

}
(3.54)

and

I(t, t′) =

2π∫

0

dΦ′′
G1(t′′)G2(t′′)

t′′
. (3.55)

Quantities G1(t) and G2(t) in eq. (3.53) stand for form factors reflecting the electromag-
netic structure of colliding charged hadrons and t′′ = t+ t′ + 2

√
tt′ cos Φ′′ in eq. (3.55).

The minimal kinematically allowed value tmin in (3.54) is given by eq. (3.11) in the case
of two hadrons with the same masses m. The upper (lower) sign in (3.53) corresponds
then to the scattering of particles with the same (opposite) charges.

Formula (3.53) has been derived for any s and t value with the accuracy up to
terms linear in α. It has been derived with the aim not to put any a priori unreasoned
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strong restriction on hadronic amplitude FN(s, t) (to avoid limitations on FN(s, t) in
the WY approach). The formula (3.53) may be, therefore, used in two distinct ways.
Firstly, it is possible to perform an analysis of measured differential cross section in
the whole measured t-region (i.e., not only in very limited interval of small values of t
as it is in the case of the approach of WY) and to determine corresponding hadronic
amplitude FN(s, t). For this purpose one may chose suitable parametrization of the
corresponding modulus and phase and try to determine FN(s, t) from experimental data
as it has been done in [20]. Secondly, the formula (3.53) for complete elastic scattering
amplitude FC+N(s, t) may be used, too, to obtain prediction of measured differential
cross section with the help of eq. (3.12) if the hadronic amplitude FN(s, t) has been
specified within a framework of some phenomenological model description (see, e.g., [48]
where several model predictions of pp elastic differential cross sections including the
influence of Coulomb interaction at the LHC have been made). The former usage of the
formula (3.53) will be applied to in chapter 4.

The determination of total hadronic cross section from the hadronic amplitude
FN(s, t) in the eikonal model has been based on optical theorem given by eq. (3.23)
similarly as in the approach of WY. The main advantage (and motivation) of the eikonal
model over the approach of WY is that it allows studying some characteristic of collisions
in dependence on impact parameter as it will be shown in the following.

The use of electromagnetic form factors reflects the influence of both the electric and
magnetic charge structures of colliding nucleons. Only the electric form factors given by
eq. (3.38) have been used originally in [20] to calculate FC+N(s, t) according to eq. (3.53)
for analysis of experimental data. It has enabled to include in the elastic scattering
the influence of electric space structure of colliding protons. Such an approach can be
generalized by taking into account also the influence of the proton magnetic form factor,
i.e., the interaction of magnetic moment of the proton with Coulomb field of the other
colliding proton.

The influence of the magnetic form factors in the case of elastic pp scattering at high
energies have been theoretically studied by Block [175, 192]. However, this approach has
been based on the application of standard WY complete elastic amplitude containing
originally only the dipole electric proton form factors given by eq. (3.25) which have
been replaced by effective electromagnetic form factor (3.40) containing also dipole
magnetic form factor (3.37). Such an approach, however, contains many limitations and
deficiencies as it has been discussed in sect. 3.2.

Unlike the approach of WY (see sect. 3.2) the electromagnetic form factors form the
part of Coulomb amplitude from the very beginning in the eikonal model. Due to the
integration over all kinematically allowed region of t′ in eq. (3.54) the t′-dependence of
effective electromagnetic form factors should describe the charges distributions in the
largest interval of momentum transfers t′ as possible. For some suitable t-dependent
parameterizations of electromagnetic proton form factor the integral I(t, t′) may be ana-
lytically calculated (see sect. 3.4.2) which helps in numerical calculations in application
of the eikonal model to experimental data. The elaborated approach then enables to
study either the influence of individual effective electric or magnetic form factor or the
common influence of both of them.
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3.4.2 Analytical expression of integral I(t, t′)

It has been mentioned in sect. 3.4.1 that the integral involving the electromagnetic
proton form factors (3.55) may be calculated analytically for some form factors. It is
sufficient to integrate only over a finite region of momentum transfers in formula (3.53)
since the whole integral is multiplied by the elastic hadronic amplitude FN(s, t) the
modulus of which decreases at high |t| approximately like |t|−4 - see, e.g., [205]. The
used limited integration region of momentum transfers allows us to use some simpler
formulas for the ep form factors enabling us much simpler analytical calculation.

In [20] the integral I(t, t′) given by eq. (3.55) was analytically calculated only for
electric form factor parameterized according to (3.38). The integral may be analytically
calculated for more complex t-dependence of effective electromagnetic form factor given
by eq. (3.40) if the corresponding electric and magnetic form factors are given by
eqs. (3.38) and (3.39).

The analytical calculation of the new form of the integral I(t, t′) in eq. (3.55) has
been calculated with the program Mathematica [206] and equals to the sum of two
contributions coming from the electric and magnetic form factors which contain now
some kinematical factors (rp = −τ/t = 1/(4m2))

I(t, t′) = −
[

4∑

j,k=1

gE
j g

E
k W

E
jk(t, t

′) IE
jk(t, t

′) + rpµp
2

4∑

m,n=1

gM
mg

M
n WM

mn(t, t′) IM
mn(t, t′)

]
.

(3.56)
The contribution of electric form factor in this equation is given as follows. For j 6= k it
holds

IE
jk(t, t

′) =2π

[
(U − 1)3

√
U (U −R)(U − PE

j )(U − PE
k )

+
(R− 1)3

√
R (R− U)(R− PE

j )(R− PE
k )

+
(PE

j − 1)3

√
PE
j (PE

j − U)(PE
j −R)(PE

j − PE
k )

+
(PE

k − 1)3

√
PE
k (PE

k − U)(PE
k −R)(PE

k − PE
j )


 ,

(3.57)

while for j = k one has

IE
jj(t, t

′) =2π

[
(U − 1)3

√
U (U −R)(U − PE

j )2
+

(R− 1)3

√
R (R− U)(R− PE

j )2

+
(PE

j − 1)2

2(U − PE
j )2(R− PE

j )2(PE
j )3/2

[
U
(
R + 5RPE

j − 3PE
j (PE

j + 1)
)

+ PE
j

(
−3R(PE

j + 1) + PE
j (5 + PE

j )
)]
]
.

(3.58)

The quantities U , R and PE
j are the functions of t and t′ variables defined as

U =
(
√−t +

√
−t′ )2

(
√−t −

√
−t′ )2

, R =
1 + rp(

√−t +
√
−t′ )2

1 + rp(
√−t −

√
−t′ )2

, PE
j =

wE
j + (

√−t +
√
−t′ )2

wE
j + (

√−t −
√
−t′ )2

.

(3.59)
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Similarly the quantity WE
jk is also the function of t and t′ variables and equals

WE
jk(t, t

′) =
[
[wE

j + (
√
−t −

√
−t′ )2][wE

k + (
√
−t −

√
−t′ )2]

[
√
−t −

√
−t′ ]2[1 + rp(

√
−t −

√
−t′ )2]

]−1

.
(3.60)

The contribution of magnetic form factor is represented by the second term in eq. (3.56).
The integral for m 6= n equals to

IM
mn(t, t′) = 2π

[
(PM

m − 1)2

√
PM
m (PM

m −R)(PM
m − PM

n )

+
(R− 1)2

√
R (R− PM

m )(R− PM
n )

+
(PM

n − 1)2

√
PM
n (PM

n −R)(PM
n − PM

m )

]
(3.61)

and for m = n it equals

IM
mm(t, t′) = 2π

[
(R− 1)2

√
R (R− PM

m )2
+

(PM
m − 1)

[
PM
m (PM

m + 3)−R(3PM
m + 1)

]

2 (PM
m )3/2(R− PM

m )2

]
. (3.62)

The quantities PM
m and WM

mn are the functions of t and t′ variables and equal

PM
m =

wM
m + (

√−t +
√
−t′ )2

wM
m + (

√−t −
√
−t′ )2

(3.63)

and

WM
mn =

[
[wM

m + (
√
−t −

√
−t′ )2][wM

n + (
√
−t −

√
−t′ )2] [1 + rp(

√
−t −

√
−t′ )2]

]−1

.

(3.64)
Then the complete elastic scattering amplitude in the eikonal model describing the

common influence of Coulomb and hadron scattering in one-photon exchange approach
which is valid at any s and t up to the terms linear in α is generally given by eqs. (3.53)
to (3.55) with the quantity I(t, t′) given by eqs. (3.56) to (3.64). This form of the
complete elastic scattering amplitude will be used for the analysis of pp elastic scattering
data in chapter 4.

3.4.3 Unitarity of S matrix and b-dependent profile functions

According to van Hove [207, 208] (1963-1964) the unitarity condition of S matrix
(S+S = 1) may be written in terms of t-dependent hadronic amplitude FN(s, t) as (see
also [200])

ImFN(s, t) =
p

4π
√
s

∫
dΩ′FN∗(s, t′)FN(s, t′′) +Ginel(s, t) (3.65)

where dΩ′ = sinϑ′dϑ′dΦ′, t = −4p2 sin2 ϑ
2
, t′ = −4p2 sin2 ϑ′

2
, t′′ = −4p2 sin2 ϑ′′

2
and

cosϑ′′ = cosϑ cosϑ′ + sinϑ sinϑ′ cos Φ′. Variables ϑ, ϑ′ and ϑ′′ are angles defining
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corresponding momentum transfers squared t, t′ and t′′ in the center-of-mass system and
Ginel(s, t) is the so-called inelastic overlap function (introduced by van Hove) representing
summation over all possible production (inelastic) states as well as the integration over
all other kinematical variables.

The t-dependent elastic hadronic amplitude FN(s, t) is standardly expressed in
b-space using FB transformation as

hel(s, b) =
1

4p
√
s

0∫

−∞

FN(s, t)J0(b
√
−t )dt (3.66)

where J0 is Bessel function of the first kind of order zero defined as

J0(x) =
1

2π

2π∫

0

eix cosϕ dϕ. (3.67)

Function ginel(s, b) has been then similarly introduced as FB transformation of Ginel(s, t).
The unitarity condition (3.65) is then usually expressed in impact parameter space

as
Imhel(s, b) = |hel(s, b)|2 + ginel(s, b). (3.68)

Practically all approaches of hadron-hadron scattering in the impact parameter space
have been based on FB transformation (3.66) and unitarity condition (3.68) (see, e.g.,
[16, 128, 209–214]) as some physical meaning has been attributed to the b-dependent
terms in eq. (3.68) using so-called profile functions DX(s, b) (X=tot, el, inel) defined as

Del(s, b) ≡ 4 |hel(s, b)|2, (3.69)

Dtot(s, b) ≡ 4 Imhel(s, b), (3.70)

Dinel(s, b) ≡ 4 ginel(s, b). (3.71)

The factor 4 in eqs. (3.69) to (3.71) follows from our normalization of the scattering
amplitudes, see eq. (3.12); the factor may be different in different conventions. This
definition of profile functions has been chosen so that cross sections σX may be obtained
by integrating of corresponding profile functions in impact parameter space as

σX(s) = 2π

∞∫

0

bdb DX(s, b). (3.72)

The factor 2πb in eq. (3.72) corresponds to the weight of initial states distinguished by
impact parameter as mentioned in Introduction; this factor is, therefore, not part of the
profile functions. Such definition will be convenient in chapter 5 for easier comparison of
our profile functions (obtained from analysis of experimental data in chapter 4) with the
earlier results of Miettinen. It should hold for the profile functions due to the unitarity
condition (3.68) in b-space

Dtot(s, b) = Del(s, b) +Dinel(s, b). (3.73)

However, Adachi and Kotani [194–199] and Islam [200] showed that no direct physical
meaning can be attributed to the terms in the unitarity equation (3.68) (i.e., to profile
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functions given by eqs. (3.69) to (3.71)) at finite collision energies
√
s due to Imhel(s, b)

being repesented by oscillating function. It has been shown in the quoted paper that it
is necessary to distinguish integrations over physical and unphysical region of t in (3.66),
i.e., t ∈ 〈tmin, 0〉 and t ∈ (−∞, tmin〉 (and similarly also for ginel(s, b)).

The elastic hadron scattering amplitude hel(s, b) in the impact parameter space at
finite energies may be then defined by FB transformation of the elastic hadron scattering
amplitude FN(s, t) as (see [194–199], [200–202] and [215, 216] for more details)

hel(s, b) = h1(s, b) + h2(s, b)

=
1

4p
√
s

0∫

tmin

FN(s, t)J0(b
√
−t )dt+

1

4p
√
s

tmin∫

−∞

λ(s, t)J0(b
√
−t )dt

(3.74)

where the first term h1(s, b) represents the contribution of the FB transformation of
FN(s, t) from the physical region of t and the second one represents the contribution
corresponding to the unphysical region of t. The unknown function λ(s, t) is assumed to
fulfill (obey) some conditions [200]. At infinite energies tmin is equal to −∞ in eq. (3.74)
according to eq. (3.11). The function ginel(s, b) has been then similarly defined as FB
transformation of the inelastic overlap function Ginel(s, t) such that integration over
physical and unphysical region of t-values has been separated: ginel(s, b) = g1(s, b) +
g2(s, b).

To obtain non-oscillating profile functions the following definitions have been intro-
duced (instead of eqs. (3.69) to (3.71))

Del(s, b) ≡ 4 |h1(s, b)|2, (3.75)

Dtot(s, b) ≡ 4 (Imh1(s, b) + c(s, b)), (3.76)

Dinel(s, b) ≡ 4 (g1(s, b) +K(s, b) + c(s, b)) (3.77)

and the unitarity condition at finite energies has been written in the form

Imh1(s, b) + c(s, b) = |h1(s, b)|2 + g1(s, b) +K(s, b) + c(s, b) (3.78)

where the real function c(s, b) has been chosen so that the total and inelastic profile
functions have been non-negative and main characteristics of the scattering of the
scattering (like total cross section calculated from eq. (3.23)) have remained unchanged,
see appendix B for more details. The function K(s, b)

K(s, b) =
1

16π2s

0∫

tmin

dt1

0∫

tmin

dt2F
N∗(s, t2)FN(s, t1)

×
[
J0

(
b

2p

√
−t1(4p2 + t2)

)
J0

(
b

2p

√
−t2(4p2 + t1)

)
− J0(b

√
−t1 )J0(b

√
−t2 )

]
.

(3.79)

is a quite negligible correction that is to be added when unitarity condition at finite
energies is to be fulfilled.

In [215] the function c(s, b) has been then parameterized and fitted to experimental
data together with hadronic amplitude FN(s, t). In the following we shall make use of
a different approach as we shall choose total profile function Dtot(s, b) in quite fixed
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3.4 Eikonal model approach

(Gaussian) form as it has usually been assumed; the function c(s, b) may be then
determined for a given amplitude FN(s, t) on the basis of eqs. (3.74) and (3.76). It is,
however, convenient to introduce formulas for mean values of impact parameters first.

In [216] mean-square values of impact parameter b (for different collision types) have
been defined as (see also some previous attempts in, e.g., [19, 197, 217])

〈bn〉X =

∞∫
0

bn w(b)DX(s, b)db

∞∫
0

w(b)DX(s, b)db

(3.80)

with n = 2 and w(b) = 2πb. It has been shown in [216] that the mean-squares 〈b2〉X
(defined by eq. (3.80)) of total, elastic and inelastic processes may be determined from
the t-dependent elastic hadronic amplitude FN(s, t). The elastic mean-square 〈b2〉el may
be written as sum of two terms (see also [218])

〈b2〉el =〈b2〉mod + 〈b2〉ph

=

4
0∫

tmin

dt|t|
(

d
dt

∣∣FN(s, t)
∣∣)2

0∫
tmin

dt |FN(s, t)|2
+

4
0∫

tmin

dt
∣∣FN(s, t)

∣∣2 |t|
(

d
dt
ζN(s, t)

)

0∫
tmin

dt |FN(s, t)|2
(3.81)

where the contributions of the modulus and of the phase have been separated. The first
term 〈b2〉mod depends only on the modulus of the hadronic amplitude FN(s, t) while the
second term 〈b2〉ph may be influenced significantly also by the hadronic phase ζN(s, t).

Similarly, the total mean-square 〈b2〉tot and inelastic 〈b2〉inel may be evaluated with
the help of FN(s, t) as

〈b2〉tot = 4

(
d
dt

∣∣FN(s, t)
∣∣

|FN(s, t)| − tan ζN(s, t)
d

dt
ζN(s, t)

)∣∣∣∣∣
t=0

, (3.82)

〈b2〉inel =
σtot,N(s)〈b2〉tot − σel,N(s)〈b2〉el

σinel(s)
. (3.83)

Eqs. (3.81) and (3.83) allow comparison of 〈b2〉inel and 〈b2〉el corresponding to a given
hadronic amplitude FN(s, t) and, therefore, may provide basic information whether
elastic collisions are more peripheral or central than the inelastic ones, as it has been
discussed in Introduction.

To compare our results to those of Miettinen (see Introduction) we may chose
Gaussian shape of total profile function Dtot(b) corresponding to the commonly assumed
one as [177]

Dtot(b) = ã2 e−ã1b
2

(3.84)

where ã1 and ã2 are some parameters which may be expressed using eqs. (3.72) and (3.80)
as

ã1 =
1

〈b2〉tot
, (3.85)

ã2 =
σtot,N

π〈b2〉tot
. (3.86)
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The total profile function Dtot given by eq. (3.84) may be, therefore, determined from
given values of σtot,N and 〈b2〉tot using optical theorem (3.23) and eq. (3.82), i.e., from
t-dependent elastic amplitude FN(s, t). It means that using FB transformation (3.74) of
FN(s, t) and eq. (3.73) the total, elastic and inelastic profile functions may be determined
for a given FN(s, t) (e.g., from fitting experimental data as it will be done in chapter 4).

Other shapes of the total profile function than the Gaussian one (3.84) should be
admitted in principle, too; the whole problem of impact parameter picture of hadron
collisions is, however, more complicated than it may seem at first glance, see the following
chapters.

3.5 Contemporary methods (formulas) determining

total hadronic cross section

In the previous text some important aspects and assumptions included in the contempo-
rary description of the Coulomb and hadronic interactions acting simultaneously in the
case of charged hadrons have been discussed. In the following we shell analyze to greater
details three different formulas (methods) on the basis of which the total hadronic cross
section has been commonly determined from experimental data (see also recent result of
TOTEM in sect. 2.5.3). Some additional assumptions included in the corresponding
“measurement” will be identified (similarly, as it was partially done for one of the formula
in [45]). These assumptions are often tacitly added without sufficient reasoning, even
thought they may significantly influence values of several quantities or the interpretation
of the given collision process.

3.5.1 Method of total rate (TR method)

One may detect simultaneously elastic and inelastic events (total rate (TR)). Measuring
independently also the corresponding luminosity (e.g., by separation scan, see sect. 1.3.2)
the total hadronic cross section may be determined with the help of the following formula

σtot,N
TR =

N el,N +N inel

L
. (3.87)

However, the usage of this formula is not as straightforward as it may seem at first
glance. First of all, one can measure the elastic and inelastic events always only in a
certain limited region of detector acceptance - only “visible” rates N el

vis and N inel
vis . The

method of total rate, therefore, also requires

• estimation (extrapolation) of the undetected events (both elastic and inelastic),

• determination of elastic hadronic rate N el,N from the measured one which is
strongly influenced by the Coulomb interaction at very low scattering angles; some
non-hadronic interaction may play significant role also at other scattering angles
especially at lower collision energies.

These model dependent aspects are always determined on the basis of some additional
assumptions. Different models may, of course, lead to different values of total hadronic
cross section. The models (assumptions) should be, therefore, properly reasoned and
studied.
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3.5 Contemporary methods (formulas) determining total hadronic cross section

If we use only one assumption that the measured elastic rate is given by hadronic
interaction N el

vis = N el,N
vis (i.e., Coulomb or any other non-hadronic effects being negligible)

then we may derive the following lower limit on the total hadronic cross section

σtot,N
TR >

N el
vis +N inel

vis

L
. (3.88)

This limit may provide first estimation of the total cross section independently of some
other assumptions such as validity of optical theorem included in the two following
methods of total cross section determination.

3.5.2 Method based on optical theorem and luminosity mea-
surement (OL method)

A different method (formula) of total cross section determination has been based on
optical theorem (given by eq. (3.23)) and independent luminosity measurement (this
method will be, therefore, denoted as OL method). Adding the relation for the elastic
hadronic differential cross section (3.12) to the optical theorem the following formula for
total cross section may be derived

σtot,N
OL =

√√√√ 16π

1 + ρ(t=0)2

dNel,N

dt

∣∣∣
t=0

L
=

√
16π

1 + ρ(t=0)2

dσel,N

dt

∣∣∣∣
t=0

(3.89)

where the ρ(t = 0) parameter is defined by eq. (3.19). This method requires simultaneous
measuring of

• elastic differential rate,

• and luminosity,

i.e., elastic differential cross section. However, any application of the formula (3.89) also
requires

• determination of hadronic elastic scattering from the measured elastic differential
cross section (measured elastic rate), including, e.g., Coulomb interaction,

• optical theorem and, therefore, also extrapolation of both the modulus (dσel,N

dt
) and

phase (ρ quantity) of the hadronic amplitude to the unmeasurable point at t = 0.

There are different approaches which may deal with these model dependent aspects
in different ways. The approach of WY and the eikonal approach have been discussed
in sects. 3.2 and 3.4. These two approaches determine the total cross section also on the
basis of eq. (3.89) and experimental data given by measured elastic differential cross
section (requires mainly detection of protons scattered at very low scattering angles
in so-called Coulomb-nuclear interference region which requires dedicated accelerator
settings, see sect. 2.3). The total hadronic cross section corresponding to the two
performed fits in chapter 4 has been calculated on the basis of eq. (3.89).

Current methods based on the formula (3.89) determine total hadronic cross section
from elastic processes without measuring (taking into account) the inelastic ones. The
inelastic cross section is calculated by subtracting the elastic hadronic cross section from
the total one, see eqs. (3.28) and (3.29).
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3.5.3 Luminosity independent method (OLI method)

The other formula for total cross section has been derived from the combination of
formulas (3.87) and (3.89) when the total cross sections have been identified

σtot,N
OLI =

16π

1 + ρ2

dNN
el

dt

∣∣∣
t=0

NN
el +Ninel

. (3.90)

Determination of total cross section is in this method based on optical theorem and
does not require luminosity measurement - it will be, therefore, denoted as OLI method.
This method has been used for the first time in [164].

Eliminating σtot,N from (3.87) and (3.89) it has been possible to derive the following
formula for the luminosity

LOLI =
1 + ρ2

16π

(NN
el +Ninel)

2

dNN
el

dt

∣∣∣
t=0

. (3.91)

The quantities which are measured for application of the formula (3.90) (or (3.91))
are only elastic and inelastic rates. The two formulas, however, further require (see
comments in sects. 3.5.1 and 3.5.2)

• determination of elastic hadronic rate from the measured one (effect of other
interactions subtracted),

• optical theorem and, therefore, also extrapolation of both the elastic hadronic rate
dNN

el

dt
and phase (ρ quantity) to the unmeasurable point at t = 0,

• estimation (extrapolation) of the inelastic events which escape detector acceptance.

It is necessary to stress that the formula for total cross section given by eq. (3.90)
has been derived under the assumption that the TR and OL methods give the same
results, i.e., that σtot,N

TR = σtot,N
OL . This is in fact an additional assumption that should

be carefully tested and verified before applying the luminosity independent method to
some data. Such testing requires, however, a luminosity measurement independent of
optical theorem (e.g., using VDM scans mentioned in sect. 1.3.2).

3.5.4 Some general aspects of total hadronic cross section de-
termination

The discussed methods of total hadronic cross section determination have several common
aspects. It is interesting to see that all the methods require measurement of elastic
scattering (some of them also inelastic one). It is also not possible to determine the
total cross section only from data without adding another important assumption. The
additional assumptions are related mainly to

• determination of elastic hadronic scattering from the measured one (it is mainly
the Coulomb interaction at very low values of scattering angles which need to be
taken into account),

• estimation (extrapolation) of undetected elastic and inelastic events,
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3.5 Contemporary methods (formulas) determining total hadronic cross section

• and validity of optical theorem (if applied) and accompanying extrapolation of
both the modulus and phase of hadronic amplitude to unmeasurable and limit
zero elastic hadronic scattering angle.

The determination of total hadronic cross section, therefore, requires necessarily a
reliable model of (elastic) collisions.

However, all the commonly used methods of total cross section determination have
been based on only some mathematical-phenomenological models under very limiting,
simplifying or even false assumptions, as we have seen, e.g., in the case of WY approach
in sect. 3.2 which has been used as standard tool to determine total cross section from
region of very low scattering angles.

The OL and OLI methods based on optical theorem (and also the method of total
rate) have been applied and compared in [164] (1976) for the first time at ISR energies
ranging from energy of 23.5 GeV to 62.7 GeV by CERN-Rome and Pisa-Stony Brook
collaborations. The methods based on optical theorem require the value of quantity ρ
at t = 0, see eqs. (3.89) and (3.90). The value ρ(t=0) was taken in [164] as an external
input based on the simplified WY Coulomb-hadronic interference formula (3.24). Also
the total hadronic cross section determined by the WY approach has been used (due to
a “correction for electromagnetic effects”, see Eq. (13) in [164]) for “new” determination
(measurement) of total cross section. Such an application of the formulas eqs. (3.89)
and (3.90) (OL and OLI methods) is, however, necessary to denote as mistaking (circular)
as it does not provide any “new and independent measurement” of total cross section.

Similarly inconsistent application of the OL and OLI methods has been commonly
used since that time, see past results on total cross section determination based on
optical theorem recently summarized in [110] (see mainly the papers quoted there). The
problematic approach may be identified whenever quantity ρ(t=0) is taken from some
“external calculations” which determine also total cross section under the same set of
assumptions (e.g., combining the numerical results obtained at lower energies based
on WY approach with some high energy extrapolations using dispersion relations [128,
219] as it is sometimes suggested; see, e.g., [144]). Taking only the quantity ρ(t= 0)
in eq. (3.89) or eq. (3.90) for “new” measurement of total cross section is, therefore,
misleading. Determination of quantity ρ(t=0) and σtot,N based on optical theorem are
quite inseparable problems.

The quantity ρ(t=0) and total cross section σtot,N should be determined consistently
from one method only (based on one consistent set of assumptions only). In the given
theoretical framework all the properties of elastic hadronic collisions are determined
from the corresponding scattering amplitude and, therefore, it is necessary to establish
the modulus and phase of elastic hadronic amplitude in the widest possible t-range for
better understanding of the given process (which was possible to do, at least partially,
in the eikonal model approach but not in the approach of WY). All contemporary
methods of total cross section determination which do not even try to establish the
t-dependent modulus

∣∣FN(s, t)
∣∣ and phase ζN(s, t) also cannot, therefore, provide any

deeper understanding of the given collision process (namely the behaviour of collisions
in the impact parameter space), either. It means that these methods cannot provide
any deeper reasoning of the value of total cross section. The measurement of total cross
section is as reliable as a collision model on the basis of which the determination has
been made (i.e., as much understood the whole physical process is).

Last but not least one should be also aware of the fact that the assumptions
under which the optical theorem has been derived have not been practically tested
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experimentally. All hitherto experimental tests of optical theorem have corresponded
basically only to comparison of values of total hadronic cross sections determined with
and without using optical theorem (using the OL and OLI methods of measurement);
see, e.g., [220, 221] (πp scattering), [164] (pp scattering) or recent interesting comparison
made at much higher energy of 7 TeV by TOTEM [32] (pp scattering) as it was discussed
in sect. 2.5.3. However, even if both the values of total cross section may be found to be
similar one cannot conclude that the optical theorem is valid (contrary to statements in
[220, 221]). The (experimental) testing is more delicate as the derivation and application
of the optical theorem is always accompanied by some other strong assumptions, see [51]
for detailed study of this topic. One should mainly better understand elastic collisions
in dependence on impact parameter as this question is often not addressed at all or with
only partial success as we will see in next chapters.

3.6 Elastic hadronic amplitude

For the description of hadron interactions, mainly in the case of deep inelastic scattering
processes, QCD has been commonly made use of. However, in the case of elastic
and other diffractive processes there has not been any significant progress in spite of
enormous effort having been produced. The point is that the perturbative methods,
being principally involved in QCD descriptions of hard processes, may be hardly applied
to in the case of soft diffractive processes.

This has been especially the case of elastic hadronic amplitude describing the
scattering of charged nucleons where differential cross section data have been obtained
with relatively large statistics. The observed dip-bump (or shoulder) structure of high-
energy data has been usually described with the help of a complex hadronic amplitude
FN(s, t) having the dominant imaginary part in a large region of lower |t| and vanishing
at the diffractive minimum. The real part (very small in the region of low deviations)
has been introduced to obtain a non-zero value at the diffractive minimum.

This currently accepted dominance of the imaginary part of the hadron elastic
amplitude has seemed to be supported by the theorems derived at asymptotic energies
and has been introduced on the basis of some a priori assumptions (being accepted by
most physicists) [222–229]. However, it has been shown [156, 157, 230, 231] that the
experimental data, e.g., for pp and p̄p elastic hadron scattering at the ISR energies, have
behaved according to these theorems at most only in a very narrow interval of t close to
t = 0 where the dominance of imaginary part may exist while fundamental deviations
may appear in a greater interval. Consequently, the application of the mentioned
assumptions to elastic hadron scattering at present energies in a broad interval of
momentum transfers can be hardly justified.

The mentioned standard properties of hadronic amplitude might seem, of course,
to be justified for the authors of the first papers analyzing the elastic pp scattering at
the ISR energies [16, 209–212]; consequently, they obtained the central profile function
of elastic hadron scattering Del(s, b) in the impact parameter space, represented by a
Gaussian function narrower than that obtained for inelastic one. All consequences have
been denoted as reliable results, even if the colliding protons have had to behave as
transparent objects in elastic collisions.

Similar amplitude characteristics have been used as a starting point of many analyses
concerning the elastic pp and p̄p scattering at different energies; see, e.g., [232–244].
These authors have tried to determine the elastic hadronic amplitude directly from the
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3.6 Elastic hadronic amplitude

experimental data of dσ
dt

provided the following assumptions were accepted [245]: the
elastic hadronic amplitude has been taken as smoothly energy dependent and purely
imaginary. Then the imaginary part has been parameterized by a sum of n (n ≤ 5)
differently weighted exponentials in t:

ImFN(s, t) = ImFN(s, 0)
n∑

j=1

αj(s) e−βj(s)|t|. (3.92)

The role of the real part has been admitted only as a small partial fraction of correspond-
ing imaginary part, i.e., the number of its contributing terms has been smaller than
n (as, e.g., in [234, 235, 239, 245]); or specified with the help of derivative dispersion
relations as in [233, 236–238, 242]. Also additional linear logarithmic t-dependencies
of all quantities βj(s) and quadratic logarithmic t-dependencies of all quantities αj(s)
have been introduced in order to better reproduce the corresponding differential cross
section. Similar behaviour of elastic hadronic amplitude has been also used in papers
[240, 241] where the model of stochastic vacuum to the pp and p̄p elastic scattering
has been applied to. The individual free parameters specifying the quantities αj(s) and
βj(s) have been determined by fitting measured differential elastic cross section.

However, as the FB transform of FN(s, t) (see eqs. (B.9) and (3.66)) is additive and
as it holds (see formula (6.631.4) in [246])

∞∫

0

√
−t d

√
−t e−βj(s)|t| J0(b

√
−t ) =

1

2βj(s)
e−b

2/(4βj(s)), (3.93)

final elastic impact parameter profile Del(s, b) must be interpreted as superpositions of
different central Gaussian functions with the maximum at b = 0; their shapes being
chosen from the very beginning as central. It is already the choice of the parameterization
of FN(s, t) which predetermined the result independently of actual values of the free
parameters.

Similar weak t-dependence of hadron phase ζN(s, t) in quite broad internal of lower
|t| values and imaginary part of FN(s, t) being equal to zero at the position of the dip
has been used in majority of contemporary published papers practically without any
deeper reasoning - see, e.g., [247, 248] and discussion of some other phenomenological
models in [48]. It means that in all cases the elastic collisions have been taken as central
from the very beginning.

However, the existence of minimum (dip) in the differential cross section observed
practically in all elastic hadron collisions (see, e.g., [7]) does not require zero value
for imaginary part of the amplitude; only the sum of the squares of both the real and
imaginary parts should be minimal at this point. The mentioned requirement that the
imaginary part should vanish at this point represents much stronger and more limiting
condition that the theory and experiment require.

It has not been respected at all, either, that a very different behaviour may be derived
with the help of a non-dominant imaginary part as it has been shown already earlier in
1981 [19]. In such a case a quite peripheral behaviour of elastic processes may be derived.
It has been shown then in [20, 156, 157, 249–251] that one may obtain a peripheral
picture of elastic hadron scattering for pp collisions at the ISR energies (53 GeV) and
for p̄p scattering at the energy of 541 GeV if the hadron phase ζN(s, t) changes rather
rapidly (see the second term in eq. (3.81)). In peripheral case the imaginary part of
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the amplitude goes to zero at value of |t| ∼ 0.1 GeV2. It means that the imaginary
part of the elastic hadronic amplitude may be dominant only in a very narrow region of
momentum transfers near the forward direction; the given behaviour of the hadron phase
ζN(s, t) being still in a full agreement with the assertions of the mentioned asymptotic
theorems.

If one assumes that the measured elastic differential cross section is given by hadronic
interaction (Coulomb effects neglected), i.e., dσ

dt
= dσN

dt
, then according to eq. (3.12) the

measured differential cross section is determined only by the square of the modulus∣∣FN(s, t)
∣∣ of elastic hadronic amplitude. As its phase ζN(s, t) does not enter into the

calculations a conveniently parameterized t-dependence of the modulus alone can be
used for fitting the experimental data.

On the other hand for the determination of both the real and imaginary parts of
elastic hadronic amplitude the knowledge of its modulus is not sufficient; the behaviour
of t-dependent phase ζN(s, t) should be known, too. Performing the FB transformation
of both of these parts the behaviour of all the profiles in the impact parameter space
may be determined. Thus the t-dependence of the phase ζN(s, t) specifies the behaviour
of elastic hadron scattering in the impact parameter space.

If in fitting procedure some arbitrarily chosen parameterizations of both the imaginary
and real parts have been used as it has been done, e.g., in [232–244], then the dominance of
the imaginary part of elastic hadronic amplitude in a much broader region of momentum
transfers then needed has been implicitly incorporated; it has led to the central image of
elastic hadron collisions. Therefore, more general parameterizations of both the modulus∣∣FN(s, t)

∣∣ and of the phase ζN(s, t) should be preferred than those used in the quoted
papers.
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Chapter 4

Application of the eikonal model to
53 GeV and 8 TeV pp data

4.1 Fitting procedure

It has been shown in sect. 3.3 that the recent analyses of both the t-dependent elec-
tromagnetic proton form factors showed some deviations from standardly used dipole
formulas. One may see in fig. 3.4 that the effective electromagnetic form factor has quite
different values than the widely used electric one for analysis of pp experimental data.
It is clear that the inclusion of magnetic form factor might have an impact also on the
results of analysis of elastic pp scattering data at high energies.

We have, therefore, performed new analysis of pp elastic scattering data at the
ISR energy of 53 GeV with the help of the eikonal model (see sect. 3.4) similarly as
it has been done in [20] but now with the help of effective electric form factors (3.41)
and effective electromagnetic form factors (3.40). Form factors GBN

E (t) and GBN
M (t) (i.e.,

Borkowski’s et al. parameterizations (3.38) and (3.39) specified by parameters taken
from table 3.1) have been used for this purpose.

For both the form factors the description of pp elastic collision data based on hadronic
phase corresponding to the widely used assumptions (namely to the dominance of its
imaginary part in quite broad region around t = 0) and leading to the central behaviour
of elastic collisions has been compared to the alternative peripheral description having
different t-dependence of the phase. In the peripheral case some new possibilities
corresponding to different values of

√
〈b2〉el have been newly performed.

Conveniently parameterized elastic hadronic amplitude FN(s, t) have been fitted to
the measured pp elastic differential cross section at 52.8 GeV (denoted as 53 GeV) in
broad interval |t| ∈ 〈0.00126, 9.75〉 GeV2 [8] with the help of eq. (3.12) and complete
amplitude FC+N(s, t) given by eqs. (3.53) and (3.54). The data include observed dip
at tdip = −1.375 GeV2, see the data points in fig. 4.1. The aim of the calculations at
53 GeV has been to produce also new numerical results (namely of the b-dependent
profile functions) suitable for comparison to corresponding results of Miettinen as many
contemporary descriptions of elastic scattering have been based on a quite similar
approach.

The results at 53 GeV have been then compared to similar analysis at much higher
energy of 8 TeV. Elastic pp differential cross section has been recently measured at LHC
by TOTEM at 8 TeV in the region 0.000741 ≤ |t| ≤ 0.2010 GeV2 [36] which contains
the Coulomb-hadronic interference region. Nearly exponential elastic pp differential
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Figure 4.1: Measured elastic pp differential cross section at 53 GeV and 8 TeV.

cross section at the same energy has been measured by TOTEM [35] in the region
0.027 < |t| < 0.2 GeV2 (see fig. 2.28). These two data sets will be combined and
continuously extended by renormalized 7 TeV TOTEM data corresponding to the
region 0.2 < |t| < 2.5 GeV2 [30] which contains dip-bump structure, see fig. 2.26. This
compilation of data will be denoted as “8 TeV data” in the following (only statistical
errors will be taken into account), see fig. 4.1. The extension by the renormalized 7 TeV
data is only an approximation since the measured data at 8 TeV in this region are not
(yet) available. This is also one of the reason why we will be more interested in overall
character of the elastic collision model fitted to data rather than in determination of
exact numerical values of some quantities.

The integral I(t, t′) in eq. (3.54) have been analytically calculated using eqs. (3.56)
to (3.60) and parameters from table 3.1 and then also compared to corresponding
numerical integration. All the fits have been performed by minimizing the corresponding
χ2 function with the help of program MINUIT [52, 54]. Quoted uncertainties have been
estimated with the help of HESSE procedure in MINUIT.

4.2 Energy of 53 GeV

4.2.1 Central case

The analysis of experimental data with the help of eqs. (3.53) and (3.54) requires a
convenient parameterization of the complex elastic hadronic amplitude FN(s, t), i.e., its
modulus and its phase. The modulus may be parameterized as

∣∣FN(s, t)
∣∣ = (a1 + a2t) eb1t+b2t

2+b3t3 + (c1 + c2t) ed1t+d2t
2+d3t3 . (4.1)

The hadron phase ζN(s, t) corresponding to the widely used assumptions leading to
central behaviour of elastic collisions in impact parameter space may be parameterized
as (see, e.g., [214])

ζN(s, t) = arctan
ρ0

1−
∣∣∣ t
tdip

∣∣∣
(4.2)
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where tdip = −1.375 GeV2 is the position of the dip in data and ρ0 = ρ(t= 0). All
parameters specifying the modulus and the phase of elastic hadronic amplitude FN(s, t)
may be energy dependent. Similar t-dependence of the hadronic phase has been used
in Miettinen’s calculations leading to the central behaviour of elastic collisions in
dependence on impact parameter. This parameterization reproduces the dominance of
imaginary part of elastic hadronic amplitude in a rather broad region of |t| and zero
imaginary part at position of the dip (t = tdip) commonly assumed in many contemporary
phenomenological models (even if no reasoning of such strong and limiting assumptions
has been given). Such ”standard” form of the phase leads to central behaviour of elastic
collisions as it has been demonstrated for several models at the LHC energies in [48],
see also sect. 3.6.

The fitted values of all free parameters are in table 4.1 for both the effective electric
form factor (Fit I) and effective electromagnetic form factor (Fit II). Both the fits are
quite straightforward (the functional t-dependence of the standard phase is very limited)

and very similar. Fig. 4.2 shows fitted elastic pp differential cross section dσC+N

dt
together

with corresponding Coulomb dσC

dt
and hadronic dσN

dt
differential cross sections. The

corresponding elastic hadronic amplitudes for both the fits have dominant imaginary
parts in the large region of t around forward direction which decrease with increasing |t|
and vanish in the diffraction dip (as commonly assumed), see fig. 4.3.

Determined values of several physically interesting quantities calculated from the
fitted hadronic amplitude for each fit may be found in table 4.1. The total hadronic
cross section σtot has been calculated using the optical theorem (3.23), integrated elastic
hadron cross section σel using the first equation in eq. (B.15) and inelastic σinel as their
difference. The values of quantities σtot, ρ(t = 0) and B(t = 0) in table 4.1 may be
compared to similar values

σtot = 42.38± 0.27 mb, ρ(t=0) = 0.078± 0.010, B = 13.1± 0.2 GeV−2; (4.3)

determined earlier in [252, 253] on the basis of the simplified WY formula (3.24).
However, the simplified WY complete amplitude (3.24) has been applied to only in the
very narrow region |t| ∈ (0.00126, 0.01) GeV−2, while the Fits I and II have been realized
in much broader measured region of |t| ∈ 〈0.00126, 9.75〉 GeV2. While in eq. (3.24) it
has been assumed that ρ(t) (or ζN(s, t)) and B(t) are t-independent the quantities in the
Fit I and II are t-dependent, see figs. 4.3 and 4.4. Corresponding t-dependent diffractive
slope defined by eq. (3.20) may be found in fig. 4.4. This figure shows that diffractive
slope is not constant in the analyzed region of t; therefore one of the assumptions used
in derivation of simplified WY complete amplitude (3.24) is not fulfilled. The simplified
WY complete amplitude does not hold and it cannot be used for the correct analysis of
experimental dσ

dt
data.

Values of mean impact parameters
√
〈b2〉tot ,

√
〈b2〉el ,

√
〈b2〉inel determined with the

help of eqs. (3.81) to (3.83) may be found also in table 4.1. It holds
√
〈b2〉el <

√
〈b2〉inel ,

i.e., elastic collisions according to this description should correspond in average to lower
impact parameters than average impact parameter corresponding to inelastic collisions
(∼ 0.68 fm against ∼ 1.09 fm). This centrality of elastic collisions may be further seen
from the profile functions DX(b) calculated as explained at the end of appendix B,
see fig. 4.5a. Elastic profile function Del(b) has Gaussian shape with a maximum at
b = 0. Some other b-dependent functions characterizing hadron collisions in b-space
which have been discussed in appendix B may be found in fig. 4.6a. The integrated
cross sections σX and mean impact parameters

√
〈b2〉X discussed above have been
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CHAPTER 4. Application of the eikonal model to 53 GeV and 8 TeV pp data

Fit I II
Case central central
Form factor effective electric effective electromagnetic
ρ0 0.0763 ± 0.0017 0.0766 ± 0.0017
a1 12225 ± 24 12237 ± 24
a2 [GeV−2] 10500 ± 100 10440 ± 110
b1 [GeV−2] 5.908 ± 0.019 5.909 ± 0.022
b2 [GeV−4] 3.760 ± 0.075 3.757 ± 0.087
b3 [GeV−6] 1.750 ± 0.058 1.757 ± 0.069
c1 -16 ± 21 -24 ± 20
c2 [GeV−2] -82 ± 14 -90 ± 11
d1 [GeV−2] 1.400 ± 0.055 1.425 ± 0.025
d2 [GeV−4] 0 ± 0.014 0.0038 ± 0.0086
d3 [GeV−6] -0.0045 ± 0.0012 -0.00430 ± 0.00081
χ2/ndf 326.763/205 323.268/205
ρ(t=0) 0.0763 ± 0.0017 0.0766 ± 0.0017
B(t=0) [GeV−2] 13.517 ± 0.055 13.514 ± 0.050
σtot [mb] 42.70 ± 0.16 42.71 ± 0.15
σel [mb] 7.471 7.472
σinel [mb] 35.23 35.23
σel/σtot 0.1750 0.1750
dσN/dt(t=0) [mb.GeV−2] 93.70 93.74√
〈b2〉tot [fm] 1.027 1.027√
〈b2〉el [fm] 0.6764 0.6764√
〈b2〉inel [fm] 1.086 1.086

Dtot(b=0) 1.29 1.29
Del(b=0) 0.536 0.536
Dinel(b=0) 0.753 0.753

Table 4.1: pp elastic scattering at energy of 53 GeV. Values of free parameters obtained
by fitting experimental data with the help of new formula (3.53) and (3.54), and values
of physically significant quantities characterizing the standard picture of elastic hadron
scattering in the impact parameter space.
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Figure 4.2: Eikonal model of Coulomb-hadronic interaction fitted to measured elastic pp
differential cross section at energy of 53 GeV in the interval |t| ∈ 〈0.00126, 9.75〉 GeV2 for
central picture of elastic pp scattering (Fit II). All the Fits I - VIII give very similar figure.

also calculated integrating the corresponding profile functions DX(b) with the help of
eqs. (3.72) and (3.80) leading to the same values.

It is evident from table 4.1 that the fitted quantities characterizing the elastic
hadronic amplitudes are practically unchanged when derived with the help of the proton
effective electric or the effective electromagnetic form factors.

4.2.2 Peripheral case

Next fits of the same differential cross section data have been performed similarly as in
the previous case but now with the different parameterization of elastic hadron phase
(t0 = 1 GeV2)

ζN(s, t) = ζ0 + ζ1

∣∣∣∣
t

t0

∣∣∣∣
κ

eνt (4.4)

enabling to include a fast increase of ζN(s, t) with increasing |t| and, consequently, a
peripheral behaviour of elastic hadron scattering.

The parameterization (4.4) is much more general and flexible than (4.2) as it may
reproduce quite broad class of t-dependent functions which all fits measured data and
lead to either central or peripheral behaviour. To obtain peripherality we have required√
〈b2〉el >

√
〈b2〉inel and Del(b) to have its maximum at some non-zero impact parameter

b. However, the fit has not been unique. We have, therefore, further required value
of parameter ζ1 to be around 2000 and

√
〈b2〉el to be around 1.6, 1.75 and 1.9 fm and

looked for the values of all the free parameters separately in these 3 cases. If all these
additional conditions bounding the values of fitted free parameters have been imposed
on them corresponding unambiguous fits have been found1.

1Mathematically speaking one had to solve the problem of bounded extrema of the χ2 function, i.e.,
of the function of the n free parameters x = (x1, ..., xn) which may be solved with the help of penalty
functions technique. If at the minimum of the χ2 the values of the free parameters x are limited at point
x0 by some condition g(x=x0) then one may add to the minimized χ2 function additional function
[g(x)− g(x=x0)]2 ∗Cp, where Cp is some chosen constant value (weight of the penalty function). In the
case of several limiting conditions the resulting penalty function is given by the sum of all individual
penalty functions which is added to the original χ2 during minimization. Performing the minimization
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Figure 4.3: Elastic hadron phases ζN(s, t)
for central (Fit II) and peripheral (FIT VII)
pictures of elastic pp collisions at energy of
53 GeV. Both the Fits I and II leading to cen-
trality of elastic collisions correspond to the
same shape of the phase. The peak around
0.5 GeV2 in the Fits III-VIII corresponding
to the peripherality changes slightly its maxi-
mum.
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Figure 4.4: t-dependence of elastic hadron
diffractive slopes B(t) for standard and periph-
eral pictures of elastic pp collisions at energy
of 53 GeV - Fit II (central) and Fit VII (pe-
ripheral), all the other fits give similar figure.
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Figure 4.5: Proton-proton profile functions at 53 GeV in the central and peripheral case
determined on the basis of eqs. (3.73), (3.75) and (3.84). Full line corresponds to total
profile function, dashed line to elastic one and dotted line to inelastic one.
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Figure 4.6: Some additional functions characterizing pp collisions in dependence on
impact parameter at 53 GeV in the central and peripheral case.

Table 4.2 contains the results of three fits corresponding to the different values of√
〈b2〉el and the effective electric form factors (Fits III-V). In all the three fits it indeed

holds
√
〈b2〉el >

√
〈b2〉inel as required. Table 4.3 shows the results of the next three

analogous fits of peripheral elastic hadron pp collisions but with effective electromagnetic
form factor (Fits VI-VIII). These two tables also contain the final values of penalty
functions ∆χ2 which are small compared to the χ2 values.

Differential cross sections dσN

dt
, dσC

dt
and dσC+N

dt
corresponding to the Fits III-VIII

are very similar to those plotted in fig. 4.2; there is not any significant difference between
the central and peripheral cases. The diffractive slope B(t) for Fit VII is shown in
fig. 4.4; its t-dependence is quite similar for all the central and peripheral pictures of
elastic pp scattering discussed here. However, the phases ζN(s, t) in the peripheral fits
are very different than in the central case already at very small values of |t|, see fig. 4.3.
It may be interesting to note that the central phase does not fulfill Martin’s theorem
[254] (derived later in 1997) requiring the real part of elastic hadronic amplitude to be
zero at smaller value of |t|. The theorem is fulfilled, however, in all the peripheral cases.

For the total
√
〈b2〉tot practically the same value of ∼ 1.02 fm has been obtained in

all the Fits I - VIII. As to the numerically greater values (∼ 1.6÷ 1.90 fm) of
√
〈b2〉el

in the peripheral cases it is given by the second term in eq. (3.81) representing the
influence of the phase; inelastic

√
〈b2〉inel being correspondingly lower.

The profile functions in fig. 4.5b for the Fit VII. Fig. 4.6b shows some other functions
corresponding to the Fit VII and further characterizing hadron collisions in dependence
on impact parameter b. Quantitatively similar plots may be obtained also for the other
peripheral fits. It may be seen from fig. 4.5 that even if data may be fitted in the
central and peripheral cases equally well the behaviour of proton collisions in impact
parameter space is completely different. In the peripheral case one may obtain elastic
profile function Del(b) having its maximum at some b > 0. The non-zero function c(s, b)
discussed in sect. 3.6 and shown in fig. 4.6 in the peripheral case enables to define

procedure one can significantly influence the way how the position of the minimum can be achieved.
When performing several successive minimizations one has to decrease successively the values of all the
penalty constants Cp in such a way that the position of the minimum is being preserved. Using this
approach the added value of total penalty function ∆χ2 may become finally very small compared to
the value of pure χ2.
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CHAPTER 4. Application of the eikonal model to 53 GeV and 8 TeV pp data

non-oscillating and non-negative profile functions. In the central case the function c(s, b)
plays much less significant role.

Similarly as in sect. 4.2.1, it has been checked for all the Fits III-VIII that after
integration of profile functions DX(b) according to eqs. (3.72) and (3.80) one obtains
the same values of integrated cross sections σX and mean impact parameters

√
〈b2〉X as

in tables 4.2 and 4.3.
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Fit III IV V
Case peripheral peripheral peripheral
Form factor effective electric effective electric effective electric
ζ0 0.0793 ± 0.0018 0.0795 ± 0.0018 0.0801 ± 0.0018
ζ1 2000 ± 12 2000 ± 12 2000 ± 12
κ 3.256 ± 0.086 3.226 ± 0.082 3.148 ± 0.059
ν [GeV−2] 7.93 ± 0.39 7.72 ± 0.35 7.69 ± 0.17
a1 12205 ± 25 12209 ± 23 12225 ± 17
a2 [GeV−2] 10640 ± 100 10650 ± 100 10630 ± 130
b1 [GeV−2] 5.877 ± 0.019 5.876 ± 0.020 5.873 ± 0.018
b2 [GeV−4] 3.528 ± 0.073 3.531 ± 0.075 3.524 ± 0.064
b3 [GeV−6] 1.579 ± 0.052 1.582 ± 0.054 1.581 ± 0.042
c1 34 ± 23 31 ± 21 19 ± 17
c2 [GeV−2] -43 ± 30 -45 ± 24 -60.6 ± 3.8
d1 [GeV−2] 1.24 ± 0.24 1.25 ± 0.19 1.353 ± 0.073
d2 [GeV−4] -0.013 ± 0.040 -0.012 ± 0.035 0.004 ± 0.026
d3 [GeV−6] -0.0046 ± 0.0026 -0.0046 ± 0.0025 -0.0038 ± 0.0023
χ2/ndf 264.49/202 265.78/202 269.8/202
∆χ2 0.42 0.63 4.1
ρ(t=0) 0.0795 ± 0.0017 0.0797 ± 0.0018 0.0802 ± 0.0018
B(t=0) [GeV−2] 13.444 ± 0.042 13.445 ± 0.042 13.443 ± 0.037
σtot [mb] 42.79 ± 0.17 42.79 ± 0.15 42.80 ± 0.12
σel [mb] 7.512 7.513 7.517
σinel [mb] 35.274 35.28 35.29
σel/σtot 0.1756 0.1756 0.1756
dσN/dt(t=0) [mb.GeV−2] 94.14 94.16 94.22√
〈b2〉tot [fm] 1.024 1.024 1.024√
〈b2〉el [fm] 1.602 1.736 1.902√
〈b2〉inel [fm] 0.8513 0.7933 0.7078

Dtot(b=0) 1.30 1.30 1.30
Del(b=0) 0.0611 0.0613 0.0664
Dinel(b=0) 1.24 1.24 1.23

Table 4.2: pp elastic scattering at energy of 53 GeV. Values of free parameters obtained
by fitting experimental data with the help of formulas (3.53) and (3.54) for complete elastic
amplitude with electric effective form factors. Values of physically significant quantities
characterizing the peripheral picture of elastic hadron scattering in the impact parameter
space.
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Fit VI VII VIII
Case peripheral peripheral peripheral

Form factor
effective effective effective

electromagnetic electromagnetic electromagnetic
ζ0 0.0798 ± 0.0018 0.0800 ± 0.0018 0.0804 ± 0.0018
ζ1 2000 ± 12 2000 ± 12 2000 ± 12
κ 3.254 ± 0.073 3.225 ± 0.066 3.175 ± 0.058
ν [GeV−2] 7.92 ± 0.34 7.70 ± 0.29 7.56 ± 0.23
a1 12189 ± 15 12190 ± 20 12194 ± 15
a2 [GeV−2] 10704 ± 91 10720 ± 140 10727 ± 88
b1 [GeV−2] 5.864 ± 0.020 5.865 ± 0.023 5.864 ± 0.020
b2 [GeV−4] 3.477 ± 0.073 3.474 ± 0.084 3.468 ± 0.071
b3 [GeV−6] 1.538 ± 0.051 1.535 ± 0.063 1.533 ± 0.050
c1 53 ± 11 53 ± 16 52 ± 10
c2 [GeV−2] -1.4 ± 7.6 -1 ± 10 -3.1 ± 7.3
d1 [GeV−2] 0.77 ± 0.14 0.76 ± 0.35 0.79 ± 0.14
d2 [GeV−4] -0.061 ± 0.037 -0.062 ± 0.062 -0.061 ± 0.034
d3 [GeV−6] -0.0068 ± 0.0029 -0.0068 ± 0.0045 -0.0068 ± 0.0027
χ2/ndf 259.69/202 260.16/202 263.37/202
∆χ2 1.29 0.31 2.67
ρ(t=0) 0.0799 ± 0.0018 0.0802 ± 0.0018 0.0806 ± 0.0018
B(t=0) [GeV−2] 13.417 ± 0.041 13.420 ± 0.048 13.421 ± 0.040
σtot [mb] 42.795 ± 0.090 42.80 ± 0.13 42.809 ± 0.087
σel [mb] 7.525 7.525 7.527
σinel [mb] 35.27 35.28 35.28
σel/σtot 0.1758 0.1758 0.1758
dσN/dt(t=0) [mb.GeV−2] 94.18 94.21 94.26√
〈b2〉tot [fm] 1.023 1.023 1.023√
〈b2〉el [fm] 1.612 1.746 1.908√
〈b2〉inel [fm] 0.8456 0.7868 0.7023

Dtot(b=0) 1.30 1.30 1.30
Del(b=0) 0.0606 0.0625 0.0783
Dinel(b=0) 1.24 1.24 1.22

Table 4.3: pp elastic scattering at energy of 53 GeV. Values of free parameters obtained by
fitting experimental data with the help of formulas (3.53) and (3.54) for complete elastic ampli-
tude with effective electromagnetic form factors. Values of dynamical quantities characterizing
the peripheral picture of elastic hadron scattering in the impact parameter space.
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4.3 Energy of 8 TeV

To understand better the dependence of various characteristics of pp collisions on
collision energy the eikonal model has been applied also to recent experimental data at
8 TeV (see sect. 4.1) very similarly as it has been done at the energy of 53 GeV. In this
8 TeV case the results corresponding only to effective electromagnetic form factors will
be shown.

The hadronic amplitude FN(s, t) parameterized according to eqs. (4.1) and (4.2)
has been fitted to 8 TeV data, see fig. 4.7. In this case the fit (denoted as central) is
quite straightforward (unique) as it was at 53 GeV. Using parameterization of FN(s, t)
given by eqs. (4.1) and (4.4) one may again find several peripheral alternatives; only
one example fit having been chosen. In both the fits (central and peripheral) values of
parameters d2 and d3 have been chosen to be zero and not varied during the fit.

The values of all the fitted parameters may be found in table 4.4. In both the central
and peripheral cases the fitted hadronic phases ζN(s, t) in fig. 4.8 and diffractive slopes
B(t) in fig. 4.9. In the peripheral case one may again observe steep increase of the phase
with rising |t| similarly as in at 53 GeV, see fig. 4.3.

In table 4.4 one may further find several interesting hadronic quantities. One
may see that it indeed holds

√
〈b2〉el <

√
〈b2〉inel in the denoted central case and√

〈b2〉el >
√
〈b2〉inel in the peripheral one (as required). The corresponding b-dependent

profile functions in fig. 4.10. Some other b-dependent functions further characterizing
the collisions in dependence on impact parameter in fig. 4.11.

It may be seen from fig. 4.12 that the ”Coulomb-hadronic” t-region is much broader
at 53 GeV then at 8 TeV. Only few points corresponding to dσC+N/dt > dσN/dt are
available at 8 TeV (and with higher statistical uncertainty than at 53 GeV). It implies
much more ambiguity on separation of Coulomb and hadronic effects at 8 TeV than at
53 GeV.

The results concerning the central and peripheral fits of the same experimental data
at 8 TeV obtained in this section are consistent with the very recent results determined
by TOTEM in [36] where one may find also estimation of uncertainties of various
quantities.

Strong dependence on collision energy of some physically significant hadronic quan-
tities characterizing pp collisions may be seen from tables 4.1 to 4.4 where one can
compare the numerical values at two very different energies. E.g., the value of total cross
section at 8 TeV is more than twice greater than at 53 GeV (≈ 42 mb vs. ≈ 103 mb).
The increasing value of proton total cross section with rising collision energy is known
already for quite a long time, see also fig. 2.30, but it is still not fully understood.
It is, e.g., not clear how the dependence looks like at even higher collision energies
(especially in the limit

√
s →∞). Measured elastic pp scattering at even higher collision

energy may provide important experimental input to solve some of the corresponding
open questions2. The question of energy dependence of some quantities (e.g., total
cross section) should be addressed together with several open fundamental problems in
contemporary descriptions of elastic collisions which will be discussed later in chapter 6.

2TOTEM at LHC has recently (October 2015) performed measurement of pp elastic scattering at
13 TeV which might be quite useful in this respect.
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Figure 4.7: Eikonal model fitted to measured pp elastic differential cross section at energy of
8 TeV in the central case (the peripheral case having similar t-dependence): (a) - full fitted
t-range, (b) - zoom to very small values of |t|. Individual points - experimental data, full line -
Coulomb-hadronic elastic differential cross section dσC+N(t)/dt given by eikonal model and
fitted to the experimental data, dotted line - Coulomb differential cross section dσC(t)/dt,
dashed line - hadronic differential cross section dσN(t)/dt.
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Figure 4.8: Elastic hadron phases ζN(s, t)
for central and peripheral pictures of elastic
pp collisions at energy of 8 TeV.
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Figure 4.9: t-dependence of elastic hadron
diffractive slopes B(t) for central and periph-
eral pictures of elastic pp collisions at energy
of 8 TeV.
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Case central peripheral

Form factor
effective effective

electromagnetic electromagnetic
ρ0 1.3488e-1 -
tdip [GeV2] -0.53 (fixed) -
ζ0 - 0.14013
ζ1 - 1.4520e3
κ - 2.5290
ν [GeV−2] - 9.4511
a1 6.6577e8 6.6046e8
a2 [GeV−2] 1.6419e9 1.7098e9
b1 [GeV−2] 8.2651 8.1147
b2 [GeV−4] 9.1852 7.1060
b3 [GeV−6] 14.567 11.479
c1 1.6486e7 2.6603e7
c2 [GeV−2] -2.8896e7 -6.8805e6
d1 [GeV−2] 2.7272 2.3998
d2 [GeV−4] 0 (fixed) 0 (fixed)
d3 [GeV−6] 0 (fixed) 0 (fixed)
σtot,N [mb] 103.4 104.0
σel,N [mb] 27.7 28.0
σinel [mb] 75.7 76.1
dσN/dt(t=0) [mb.GeV−2] 556 564
ρ(t=0) 0.135 0.141
B(t=0) [GeV−2] 21.0 20.7√
〈b2〉tot [fm] 1.28 1.27√
〈b2〉el [fm] 0.879 1.97√
〈b2〉inel [fm] 1.40 0.882

Dtot(b=0) 2.01 2.05
Del(b=0) 1.02 0.180
Dinel(b=0) 0.983 1.87

Table 4.4: Values of free parameters of elastic hadronic amplitude FN(s, t) in the
central and peripheral case as fitted to measured pp elastic differential cross section
at 8 TeV and corresponding values of some physically interesting hadronic quantities.

91



CHAPTER 4. Application of the eikonal model to 53 GeV and 8 TeV pp data

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

b [fm]

0.0

0.5

1.0

1.5

2.0 Dtot

Del

Dinel

(a) central case

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

b [fm]

0.0

0.5

1.0

1.5

2.0 Dtot

Del

Dinel

(b) peripheral case

Figure 4.10: Proton-proton profile functions at 8 TeV in the central and peripheral
case. Full line corresponds to total profile function, dashed line to elastic one and
dotted line to inelastic one.
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Figure 4.11: Functions c(s, b), Imh1(s, b), Reh1(s, b) and g1(s, b) in dependence on
impact parameter at 8 TeV in the central and peripheral case.
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Figure 4.12: Elastic pp differential cross sections at 53 GeV and 8 TeV
- region of the lowest measured t values (8 TeV part being above 53 GeV
part). Dashed (resp. solid) vertical line corresponds to t value for which
dσC/dt ≈ dσN/dt at 53 GeV (resp. 8 TeV).

4.4 Summary

The measurement of elastic differential cross section dσ
dt

represents main source of
experimental data for the analysis of elastic processes of protons. The goal of quantum-
theoretical description consists in separating Coulomb and elastic hadronic collisions
and determining elastic hadronic amplitude FN(s, t), from which conclusions concerning
structure (or hadronic interaction) of colliding particles should be derived. However,
there has not been any actual theory until now which would reliably determine its
corresponding t-dependence.

In the past the simplified approach of West and Yennie has been made use of for
separation of Coulomb and hadron interactions. However, this method is not theoretically
consistent and is not in sufficient agreement with the measured data. It contains many
limitations as it has been discussed in sect. 3.2. It has been applied to the analysis of
the data only in a very narrow region of momentum transfers in forward direction and
the influence of Coulomb scattering at higher values of momentum transfers has been
always neglected by definition. The elastic scattering at higher values of momentum
transfer has been always described phenomenologically as purely hadronic scattering.
Such a duality approach in the description of elastic hadron collisions can be hardly
justified.

The eikonal model approach, based on the complete elastic scattering amplitude
FC+N(s, t) fulfilling eqs. (3.53) to (3.55), provides more reliable basis for analysis of elastic
collisions of (charged) hadrons. In principle it is established on the fact that the common
influence of the Coulomb and hadronic elastic scattering can be reliably described
by the sum of the Coulomb and elastic hadronic eikonals and without any a priori
limitation on t-dependence of the elastic hadronic amplitude. However, in such a case
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the complex hadronic component FN(s, t) cannot be uniquely established; in principle,
only its modulus may be determined from experimental differential cross section while
the t-dependence of its phase has been only partially limited when Coulomb-hadronic
interference (the region of very small |t|) has been taken into account.

In the majority of published analyses of experimental data the corresponding freedom
has been, however, strongly limited by the choice of amplitude parameterization. The
imaginary part has been assumed usually to be dominant in a great interval of t and
vanishing in the diffractive minimum; with the real part determining the non-zero value
of differential cross section in the diffractive minimum; see, e.g., the earlier papers [16,
128, 209–214], [255–263] and also recent papers [232–244, 247, 248, 264]. Only a very
small change of phase with rising |t| has been allowed in a great region of |t|. The
so-called central behaviour in impact parameter space has been then obtained in such
a limited case; elastic processes being more central (i.e., existing for very small b even
at b = 0) than inelastic ones. Transparent elastic processes may be hardly brought to
agreement with the existence of inelastic processes when hundreds of particles have been
formed at the same energy in many other collision events. Description corresponding to
these widely used assumptions has been fitted to experimental data at energy of 53 GeV
in sect. 4.2.1 and at 8 TeV in sect. 4.3.

Much more general parameterization of the hadronic amplitude FN(s, t) has been
used in sect. 4.2.2 and sect. 4.3. A rather steep rise of phase ζN(s, t) with increasing
|t| already at very small values of |t| has been allowed. It has been possible to obtain
strongly peripheral impact parameter profile for elastic processes at both the analysed
energies.

It has been shown how to solve the problems concerning the oscillating profiles (at
finite energy), even if the given questions require a deeper analysis. The determined total,
elastic and inelastic profile functions (under different assumptions) strongly characterize
behaviour of proton collisions in dependence on impact parameter. It has been shown,
too, at both the analysed energies, that inclusion of the effective electromagnetic form
factor into the description instead of just the effective electric one does not substantially
influence the determined hadronic quantities. One should be, however, aware that the
electromagnetic form factors in ep and pp processes need not be the same, which should
be tested in the future.

It is possible to say (against earlier conviction) that there is not any reason against
more realistic interpretation of elastic processes when protons are regarded as rather
compact (non-transparent) objects. The central and peripheral fits at 53 GeV performed
in this chapter will be further discussed and compared to corresponding results of
Miettinen in chapter 5.
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Chapter 5

Centrality or peripherality of elastic
collisions?

Basic experimental characteristic established in elastic collisions of protons has been
represented by measured differential elastic cross section. In the case of unpolarized
proton beams its t-dependence has exhibited very similar structure in all cases at
contemporary high energies: there has been a dip-bump or shoulder structure following
the diffraction peak characterizing the behaviour at small |t| (close to t = 0) practically
for all colliding hadrons [7–12], see the data points at 53 GeV and 8 TeV in fig. 4.1
as example. If the influence of Coulomb interaction (existing mainly in the region of
very small deviations) has been separated the elastic hadronic differential cross section
has been represented by the modulus of corresponding amplitude (see eq. (3.12)). It
means that the modulus of amplitude has been strongly constrained by the given
experimental data while the corresponding phase (see eq. (3.18)) has remained in
principle undetermined (limited only by optical theorem, imaginary part of amplitude
at t = 0 corresponding to total hadronic cross section).

It was probably the main reason why in the first analyses the phase of elastic
hadronic amplitude was taken as t-independent in a small interval around zero; see
the approach of WY [14] (1968) summarized in sect. 3.2 where the phase has been
taken as t-independent in the whole region of kinematically allowed values of t. The
simplified formula (3.24) of WY was used as standard tool in the era of the ISR mainly
for determining total (hadronic) pp cross section from measured elastic scattering at very
low values of scattering angle. However, it has been shown later that several important
and very limiting assumptions have been involved in the approach of WY, see sect. 3.2.
Most importantly, the dependence of elastic collisions on impact parameter has not been
taken into account in the approach of WY at all.

The influence of impact parameter value on hadronic collisions was not considered
in the first descriptions (phenomenological models) of elastic scattering, even thought
the individual collision results depend surely strongly on it. As it has been mentioned
in Introduction, one of the first discussion concerning the influence of impact parameter
and interpretation of (elastic) hadronic collisions in b-space has been done by Miettinen
[15, 16, 209] (1973-1975). According to his papers a rather great ratio of elastic processes
should correspond to central collisions; around 6% of all collisions should be elastic
even at impact parameter b = 0 (i.e., head-on collisions) in the whole ISR energy range
(approximately 20− 60 GeV).

The given results followed from profile functions (called b-dependent overlap functions
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Figure 5.1: Impact structure of pp scatter-
ing at

√
s = 53 GeV derived by Miettinen

[15]. Characteristics in b space are presented:
imaginary part of elastic hadronic ampli-
tude (corresponding to total profile function
eq. (3.69) in our notation) and b-dependent
elastic and inelastic overlap functions (elastic
and inelastic profile functions in our terminol-
ogy). The “black disc limit” indicates value 1
assumed to correspond to the maximum value
of inelastic overlap (profile) function allowed
by unitarity (100% absorption).

by Miettinen) determined on the basis of FB transformation (3.66) and unitarity
condition (3.68). The inelastic profile function was then identified by Miettinen with
inelastic probability function P inel(b) and subtracted from 1 (”black disc limit” assumed
to represent the maximum value of the inelastic profile function allowed by unitarity -
100% absorption).1 According to fig. 5.1, a Gaussian shape having maximum at b = 0
and decreasing with increasing b has been obtained for the profile (probability) functions
of inelastic as well as elastic collisions.

It is not, however, clear from [15, 16, 209] why the elastic probability at b = 0 was
calculated from the inelastic one (it was put P el(b=0) = 1−P inel(b=0)) and not directly
taken from elastic profile (probability) function which was also established and which
had the value of approximately 50% at b = 0 (which is very different value than the
previous 6%). It has not been explained, either, why total profile function being the sum
of elastic and inelastic profile (probability) functions (imaginary part of elastic hadronic
amplitude Imhel(s, b) in Miettinen’s notation, see fig. 5.1) has been significantly greater
than 1 at values of b < 0.6 fm.

The suggested central character of elastic collisions (according to [15] p. 6: ’hadrons
seem to be rather airy objects’) was very confusing due to the fact that the single
inelastic diffraction seemed to be peripheral (see again [15] or, e.g., Giovannini et al. [17]
from 1979). Such significant different physical interpretations of elastic processes and
inelastic diffraction processes (mainly single diffractive) having very similar dynamics

1Definition of black disc model may be found in [149]. Colliding particles have been represented
by discs of finite radius R such that for impact parameters b < R only absorption (inelastic) events
have been allowed and for b > R there has not been any hadronic interaction at all. In such a case
one would expect corresponding elastic cross section being zero. However, the elastic channel has been
opened in the given mathematical description when corresponding elastic scattering amplitude was not
chosen to be zero; the elastic cross section in black disc model has been taken as one half of the total
cross section corresponding to the disc.
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Model
√
〈b2〉tot

√
〈b2〉el

√
〈b2〉inel

Bourelly et al. 1.249 0.876 1.399
Petrov et al. (2P) 1.227 0.875 1.324
Petrov et al. (3P) 1.263 0.901 1.375
Block et al. 1.223 0.883 1.336
Islam et al. 1.552 1.048 1.659

Table 5.1: Values of root-mean-squares of impact parameter (in
femtometers) predicted by several contemporary phenomenological
models of pp collisions at collision energy of 14 TeV. All the models
predict

√
〈b2〉el <

√
〈b2〉inel , i.e., central behaviour of elastic hadronic

scattering [48, 49].

may hardly correspond to reality. This kind of ”transparency” of protons (in elastic
collisions) has been denoted as a puzzling question, too, already at that time (see, e.g.,
Giacomelli and Jacob [18], 1979) as it may be hardly accepted for collisions of two
matter objects (when in other collision events hundreds of other fundamental particles
may be produced).

The result of Miettinen concerning behaviour of collisions in impact parameter space
(shape of profile functions) has followed mainly from assumptions that have limited the
phase ζN(s, t) as he used hadronic phase of the ”standard” shape, see our comments
next to eq. (4.2); in his papers the used parameterizations, fitted parameters and several
other details of his calculations have not been, unfortunately, explicitly mentioned. It
is, therefore, not so surprising that our profile functions in the central case shown in
chapter 4 (obtained in eikonal approach) are similar to that of Miettinen (see fig. 4.5a
and fig. 5.1); both the approaches have been based on very similar assumptions (some
differences existing but with quite minor impact on the result).

Very similar approach as that of Miettinen has been commonly used up to now by
many other authors. Different parameterizations of the (”standard”) hadronic phase
ζN(s, t) which assume (under influence of WY approach) the dominance of imaginary
part of elastic hadronic amplitude at t = 0 and in a quite wide region of higher values of
|t| have always been applied to. This is also, e.g., the case of recently published papers
[243, 264] where one may find (elastic) profile functions at 53 GeV very similar to those
of Miettinen. As to some other contemporary descriptions of elastic scattering suggested
by other authors they have been analyzed at the LHC energies in [48]. All these models
assume the ”standard” form of the hadronic phase; all of them also lead to the centrality
of elastic collisions as it has been demonstrated in [48], see table 5.1 for corresponding
values of root-mean-squares of impact parameter.

In [19] (1981) it has been shown that the assumptions of t-independent hadronic phase
(t-independent quantity ρ) and purely exponential modulus

∣∣FN(s, t)
∣∣ (t-independent

diffractive slope B) included in the simplified formula (3.24) of WY have led to the given
central character of elastic collisions. It is evident that the centrality of elastic collisions
has been derived on the basis of a number of assumptions (having influenced mainly
the phase) that have not been sufficiently specified and reasoned; the b-dependence of
elastic collisions having not been considered at all.

The following question has been then solved in [19] (in 1981), i.e., what t-dependence
of the phase ζN(s, t) is to be if elastic processes might be interpreted as peripheral (or
even more generally what must be changed in a given theoretical framework to obtain
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more acceptable behaviour of elastic collisions in dependence on impact parameter). It
has been shown that peripheral interpretation of hadronic collisions may be obtained if
the phase has strong t-dependence (see also [249] from 1987). The result concerning
peripherality in [19] has been obtained without taking into account Coulomb-hadron
interference. In chapter 4 it has been shown that one may obtain similar result if
Coulomb interaction has been included on the basis of interference formula (3.53), see
figs. 4.3 and 4.8 (and also [20] from 1994 and [251] from 1992).

To interpret elastic hadron collisions as peripheral has gained support also in the
analysis of elastic hadron processes between light nuclei. Franco and Yin [265, 266] (1985-
1986) studied the elastic scattering of α particles on various targets (1H, 2H, 3He, 4He).
They tried to reproduce the momentum transfer distribution of elastic collisions of the
two objects composed of individual nucleons using the Glauber model approach [193, 267].
As an input they used the ”elementary” nucleon-nucleon elastic scattering amplitude,
assuming (in the first approximation) to be the same for all possible combinations of
nucleons involved in the scattering. The data were selected in order to have practically
the same energy per one nucleon. They obtained an agreement with experimental data in
all considered types of scattering if they introduced the strongly t-dependent elementary
elastic hadron phase of the form ζN(s, t) = γ̃ t

2
+ const with |γ̃| > 10 GeV−2. Such a

simple t-dependence of the phase together with a purely exponential t-dependence of
the corresponding modulus was chosen in order to perform analytically all the needed
integrals involved in the Glauber model approach. Their elementary nucleon - nucleon
elastic scattering amplitude had imaginary part vanishing at |t| ≤ 0.1 GeV2, which
corresponded to the result obtained in [19, 156, 157].2

The formulas (3.81), (3.83) and (3.82) determining root-mean-squares of impact
parameter

√
〈b2〉 corresponding to elastic, inelastic or total hadronic events have been

derived in [216] (2002). They have allowed testing whether a given t-dependent hadronic
amplitude FN(s, t) leads to central or peripheral behaviour of elastic collisions without
the need to establish the whole profile functions, see sect. 3.4.3. In the quoted paper
it has been shown that similar results to the behaviour of pp collisions in the impact
parameter space mentioned up to now were obtained in the case of elastic p̄p scattering
at energy of 541 GeV, too (see also [20]).

The mean impact parameters of total, elastic and inelastic processes
√
〈b2〉X have

been defined with the help of eq. (3.80) where n = 2 and w(b) = 2πb. The factor
w(b) = 2πb has corresponded to the assumed weight of initial two-particle states (of
their impact parameter values) in corresponding experiment. Such a definition of mean
impact parameters has been commonly used in the past [19, 197, 216, 217] as it has been
assumed that the profile functions had some meaning of probabilities or distributions of
impact parameter value b. This definition of mean impact parameter with w(b) = 2πb
depends, however, rather strongly on the b-dependent frequency of produced two-particle
collisions.

For discussion of centrality and peripherality of elastic collisions (reflecting different
instant structures and orientations of colliding particles) it seems, however, to be more
suitable to put w(b) = 1 in eq. (3.80). Comparison of the corresponding numerical values
of mean impact parameters with w(b) = 2πb and w(b) = 1 in the central Fit II and
peripheral Fit VII discussed in chapter 4 may be found in table 5.2. One may see that

2The technique similar to the Glauber approximation has been also used by Franco [203] (1973) in
re-deriving the WY integral formula for the relative phase (3.17) appearing in the Coulomb-hadronic
interference.
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Fit II II VII VII
Case central central peripheral peripheral
w(b) 1 2πb 1 2πb√
〈b2〉tot [fm] 0.726 1.03 0.723 1.02√
〈b2〉el [fm] 0.473 0.676 1.19 1.75√
〈b2〉inel [fm] 0.800 1.09 0.647 0.787

〈b〉tot [fm] 0.579 0.910 0.577 0.907
〈b〉el [fm] 0.376 0.595 0.956 1.47
〈b〉inel [fm] 0.655 0.977 0.532 0.937

Table 5.2: Comparison of different definitions of mean impact parameter
values corresponding to total, elastic and inelastic scattering calculated on
the basis of eq. (3.80) for n = 1, 2 and w(b) = 1 or w(b) = 2πb in the central
Fit II and peripheral Fit VII of pp data at 53 GeV discussed in chapter 4.

the values are quite different; both the definitions have also different physical meaning.
One may also calculate in both the fits the mean impact parameters using n = 1

instead of n = 2 in eq. (3.80) (for both the weights w(b)) as it is common in mathematics
for definition of mean value of random variable. The numerical values of 〈b〉X might
be then compared to values of

√
〈b2〉X , see table 5.2. The values of ”mean impact

parameters” might be very different according to chosen definition. For the two fits
from chapter 4 the mean impact parameter corresponding to elastic collisions remains
lower (greater) than for the inelastic case in the central (peripheral) fit independently of
the chosen definition.

It has been shown in chapter 4 that measured elastic differential cross section
at given energy may be fitted as central or peripheral according to assumptions (or
parametrizations) influencing t-dependence of phase; the corresponding profile functions
commonly interpreted as some probabilities or distribution functions of impact parameter
might be very different. One of the main and very basic problems lies in the fact that
the theory of elastic collisions has been introduced in particle physics with strict analogy
to description of some optics phenomena (light meeting an obstacle of a given profile
which describes its absorptive properties), see [128]. However, in the case of particle
physics it has never been shown in sufficient details why the profile functions should have
the meaning of distribution functions of impact parameter of total, elastic or inelastic
events or that they should have meaning of some probabilities. The physical meaning of
the commonly calculated profile functions in particle physics is quite unclear.

It is evident that a number of important open questions and problems exists, which
should be solved before one will be able to get some really reasoned conclusions concerning
the structures of corresponding particles; some of them will be discussed in next section.
There is not, however, any doubt that it is the analysis based on impact parameter
representation of incoming collision states that has opened quite new insight.
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Chapter 6

Open problems in contemporary
descriptions of elastic collisions

In the preceding we have tried to show main results concerning proton structure and
corresponding characteristics derived from elastic collision data on the basis of eikonal
model introduced in [20]. The results of elastic collisions have been interpreted on the
basis of eikonal model, of course, also in the framework of other theoretical approaches.
In these cases the eikonal model has not been used, however, for a construction of
the complete elastic scattering amplitude FC+N(s, t) (i.e., for description of common
influence of both Coulomb and elastic hadronic scattering, see sect. 3.4) but for a
construction of elastic hadronic amplitude FN(s, t) only. The Coulomb effect has been
usually added using the WY approach described in sect. 3.2.

One of the recent attempts [268–270] to interpret elastic hadronic scattering has been
done within the standard Regge pole model; it has been endeavored to determine the
final hadronic effect as the sum of eikonal contributions corresponding to the exchange
of different (pomerons or others) trajectories. All of the individual contributions have
had a typical central Gaussian shape in the impact parameter space which has held
for the resulting eikonal δN(s, b), too. Corresponding elastic profile function Del(s, b)
has had, therefore, also Gaussian shape leading to central behaviour of elastic collisions
in dependence on impact parameter [48]. Hadronic amplitude FN(s, t) has been then
determined on the basis of eq. (3.43). The influence of Coulomb scattering has been
finally described within the standard WY approach.

The analysis of results obtained in elastic collision experiments at LHC has been
done on the basis of similar Reggeon trajectories also in papers [271] and [272]. The
corresponding model has been more complex being based on three channel eikonal
model trying to describe also single diffraction collision. The limitation concerning the
existence of central elastic collisions has remained, as in the previous case.

Similar eikonal model approach has been used, too, in so-called QCD-inspired model
of Block et al. [273–276]. Also in this case the eikonal model has been used for specifying
the elastic hadronic amplitude FN(s, t) on the basis of eikonal function δN(s, b) and
eq. (3.43). The interaction between hadrons has been defined in terms of the interactions
of their constituents (quarks and gluons) corresponding to hadronic eikonal function.
The model has been applied to elastic pp scattering at 7 TeV LHC energy [276]. Very
similar multichannel eikonal approach has been also used in the already mentioned paper
[264].

All these models have been proposed, of course, earlier; it has been demonstrated
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in [48] that they have given central elastic scattering; no attention has been devoted
to this fact in original papers, even if some b-dependent characteristics have been
calculated. In both the kinds of these eikonal approaches (Regge and QCD-inspired
models) the peripheral interpretation might be undoubtedly obtained, too, if they were
correspondingly generalized.

In the corresponding experiments we need to establish the complex scattering
amplitude FN(s, t) from the measured elastic differential cross section. However, from
experimental data it is possible to determine practically the modulus of this amplitude
only; the shape of phase has not practically any relation to experimental data. Its
t-dependence has been usually strongly limited by other (often latent) assumptions.
However, the t-dependence of phase determines central or peripheral character of the
collisions. The given behaviour has been then strongly influenced by a very limited
parametrization of free (fitted) functions in the standard approach, while in the model
applied to in chapter 4 much more broader parametrization of elastic collisions has been
made use of.

However, the results derived from corresponding experimental data have been in-
fluenced also by some theoretical assumptions contradicting experimental conditions.
The attention to one mistaking assumption (admission of infinite impact parameter)
has been called in [36] concerning the recent results at 8 TeV obtained by TOTEM
experiment at the LHC at CERN. In the quoted paper the comparison of standard
central behaviour of elastic collisions with the peripheral one obtained with the help of
the eikonal model discussed in this paper has been presented, too.

There are, however, other problems and open questions in contemporary theory of
collision processes which will be introduced and discussed in the following:

1. Coulomb interaction and experimental conditions
In experimental analysis it is always necessary to ”subtract” the effect of Coulomb
interaction of charged particles which is currently done under assumptions being
in partial disagreement with corresponding experiments.

(a) (Non)divergence at t = 0
The Coulomb differential cross section has always been assumed to be given
by eq. (3.26), i.e., diverging at t = 0. Contemporary Coulomb-hadronic
interference formulas include integration over the corresponding diverging
t-dependence of Coulomb amplitude (which has been also the case of both
eqs. (3.24) and (3.53)). However, such a dependence does not correspond to
conditions in any relevant experiment as the singular point t = 0 may exist
only for events corresponding to infinite impact parameter value while in real
experiments corresponding values are to be less than micrometers.

(b) Multiple collisions
In real experiments very small deviations (scattering angles) should be de-
scribed rather as the sum of multiple Coulomb scattering of one particle at
higher yet possible impact parameters and of standard Coulomb scattering
of two colliding particles. It means that also the t-dependence of elastic
hadronic cross section in the region of the smallest measured deviations might
be strongly influenced by subtraction of the given Coulomb interaction effect.
The effect of multiple scattering was discussed already by Rutherford, Geiger
and Marsden when they started to interpret first fixed-target experiments
in 1911, see [1]. It has been taken into account in some other analyses of
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fixed-target experiments in order to determine corresponding characteristic
of only single scattering. It should be considered also in colliding-beam
experiments.

(c) Electromagnetic form factors
The dependence of Coulomb interactions on impact parameter has not been
satisfactorily taken into account probably not only in elastic pp scattering but
also in elastic ep scattering for determination of electromagnetic proton form
factors (e.g., in [189] the influence of impact parameter on particle collisions
not having been mentioned at all, either).

2. Different mechanism of Coulomb and strong forces
One should ask, too, whether the standardly used Coulomb-hadronic interference
formulas have described the given collision data in full agreement with reality when
the corresponding forces have had very different characteristics. The Coulomb
force acts at any distance being efficient practically during the whole evolution
time while the hadronic force should be interpreted rather as a contact force being
efficient for a very short time interval at very small impact parameter values only.
One should, therefore, ask how much the contact hadronic interaction may be
influenced by earlier Coulomb interaction acting at greater distances.

3. Weak interaction
The existence of some weak forces (their range being probably limited similarly as
for strong ones) has been standardly considered in the description of fundamental
particles but until now the elastic hadron collisions have been interpreted as
superpositions of strong and Coulomb interactions only. Considering corresponding
problems in a much broader context (see, e.g., probable dimension of hydrogen
atom and the distances of hadronic objects in solid substances [24]) one may come
to the conclusion that the proton might interact also weakly at greater distances,
the strongly interacting matter being surrounded by other matter interacting
only weakly. One should, therefore, ask whether the hadronic collisions are not
influenced more by such a weak interaction than by Coulomb force.

4. Properties of S matrix and structure of Hilbert space
It is also the usual definition of S operator that should be newly analyzed and
tested. If the collision processes are to be represented in a Hilbert space correctly
the initial and final states should be represented by vectors in two mutually
orthogonal subspaces (see, e.g., [277, 278] and also [24, 279, 280]). The given
Hilbert structure has been, however, excluded by Bohr in 1927 [281] who asked
for the Hilbert space representing the evolution of any physical system to be
spanned always on one basis of Hamiltonian eigenvectors (instantaneous states of
incoming and outgoing particle pairs having always been represented by the same
vector). The S matrix in Bohr’s Hilbert space may, therefore, hardly represent
the transition probabilities from initial state to final one

Pi→f = |〈f |S |i〉|2 (6.1)

as it is usually assumed. There is also problem with the interpretation of S
matrix unitarity. It will be probably necessary to define a transition operator
between incoming and outgoing states (i.e., between two mutually orthogonal
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Hilbert subspaces) caused by a ”contact” force; however, it will be hardly possible
to ask for it to be unitary (see [51]).

5. Optical theorem
All contemporary models of elastic hadron collisions have been based on validity of
optical theorem which correlates the total cross section to the value of imaginary
part of elastic amplitude at one point (t = 0), see eq. (3.23). The theorem has been
taken from optics and applied to strong interaction collisions while any proof of its
validity in strong interactions (particle physics) has not been given until now, see
[51] (and also [50, 282, 283]) for detailed discussion. It has been shown in [51] that
the attempts to prove optical theorem in particle physics assume unitarity of S
matrix (given by eq. (3.65)) and initial state(s) not properly distinguished according
to impact parameter. Another problem is related to the fact that the so-called
”non-interacting” final states have been arbitrarily interchanged with elastic states
at t = 0. Both the cases correspond to zero scattering angle but the corresponding
states have completely different frequencies in experiments, which has not been
respected and taken into account. Detailed discussion of these problems and some
others may be found in [51] where one may find also historical context (see also
[284]). The impact of the constraining optical theorem in contemporary models
is not quite clear as it is accompanied by other assumptions. It has, however,
strongly influenced contemporary extrapolations of elastic hadronic amplitude to
t = 0 (choice of its parameterizations) since its first application to experimental
data. One should, therefore, look for description without this limitation and make
corresponding comparisons.

6. Determination of b-dependent probability functions of hadron collisions
If the colliding objects are not spherically symmetrical and randomly oriented
in space in the time of collision then one may expect that the particles collide
elastically at a given value of impact parameter with some probability P el(b).
Miettinen tried to identify (without any justification) profile functions with the
corresponding probabilities but without sufficient reasons. Even if profile functions
(or other b-dependent quantities) have been calculated by many authors up to now
it has been quite rare to find in corresponding papers at least some comments
related to the actual meaning of these functions. Their relation to clearly defined
b-dependent probabilities of corresponding collisions has not been given, which
has strongly limited the possibilities of interpreting measured collision data, see
chapter 5.

7. Distribution of elastic scattering angles for a given impact parameter
In description of elastic collisions one should take into account correlations between
impact parameter value of colliding particles and angle deviations (values of t) of
scattered particles, i.e., correlations between initial and final elastic states. Two
particles may interact elastically at impact parameter b with probability P el(b)
and be scattered with a value of t in (rather broad) t-range. The corresponding
t-distribution at each value of b may be denoted as db(t). This t-distribution is
different from that corresponding to t-dependent differential cross section (3.12)
(elastic hadronic amplitude FN(s, t)) as the later one does not correspond to only
one value of b. Standardly used FB transformation (3.66) and (3.74) connecting
t-dependent elastic hadronic amplitude with b-dependent may, therefore, hardly
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provide basis for determination of the functions P el(b) and db(t).

It is evident, due to the mentioned problems, that the usually applied theory of
elastic collisions has remained practically in its initial stage. Many assumptions have
been made use of to obtain agreement with some experimental data without testing
their conformity with other experimental observations. Any assumptions concerning the
structures of colliding objects have not been practically tested.

Any progress in the given area may consist evidently in abandoning corresponding
mistaking assumptions and in analyzing systematically the dependence of collisions on
impact parameter. Assumptions without clear physical meaning (arbitrarily chosen
mathematical conditions like, e.g., a priori assumed t-dependence of elastic hadronic
amplitude) should be substituted by new assumptions with direct relation to correspond-
ing possible particle structures; purely mathematical-phenomenological descriptions
should be substituted by ontological models of physical reality, see [285]. The outcome
of collision models fitted to experimental data should have clear relation to particle
structure while, e.g., the quantity ρ(t = 0) commonly calculated up to now under
influence of the approach of WY (see sect. 3.2) does not have such property. Any model
of elastic collisions (even if based possibly on very different assumptions) should analyze
collisions in dependence on impact parameter and be able to determine b-dependent
probability function P el(b) and the t-distribution db(t) that might be further discussed
as they strongly reflect the structure of colliding particles. It is necessary to evaluate
newly all assumptions concerning description of elastic scattering, which includes the
commonly applied optical theorem, too.

In the next chapter a very preliminary version of a model corresponding to the
mentioned requirements will be presented. It is based on simple assumptions concerning
some b-dependent collision characteristics that might be expected on the basis of
ontological approach that represents the backgrounds of classical physics.
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Chapter 7

New probabilistic model of elastic
collisions

We have seen in chapter 6 that one of the main problems of contemporary descriptions
of elastic particle collisions has been related to the fact that the influence of impact
parameter has not been systematically taken into account. Some b-dependent functions
have been derived but their physical meaning have been very unclear. Even if the
given physical process has been commonly denoted as probabilistic the corresponding
probabilities in dependence on impact parameter (or transition probabilities of initial
state to final one) have not been determined from corresponding experimental data.

To overcome the mentioned difficulties new probabilistic model of elastic particle
(proton) collisions has been recently proposed in [24] (some very first ideas may be found
in [23]). In the quoted papers the model has been applied for guidance to a smaller
part of elastic pp collisions data obtained at CERN ISR at the center-of-mass collision
energy of 52.8 GeV (denoted also as 53 GeV).

In the following the model for short-ranged hadron (proton) collisions will be described
to a greater detail (see sect. 7.1) and applied to the experimental data in wider region
of |t| values, see sect. 7.2. Some new open questions will be then discussed in sect. 7.3.
Several concluding remarks will be contained in sect. 7.4.

7.1 Model formulation

7.1.1 Basic ideas

To obtain some further information about structure of particles from their mutual elastic
collisions at given collision energy three important points concerning description of this
physical process in dependence on impact parameter should be taken into account:

1. Different frequency of initial two particle collision states distinguished by impact
parameter
Initial two particle collision states are distributed according to experimental
conditions and the corresponding b-distribution need to be taken into account
correspondingly in descriptions of elastic collisions in order not to mix events at
different impact parameters (see also comments related to factor w(b) in chapter 5).

2. b-dependent probabilities of collisions
In the collisions of two hadrons (protons) at higher energies two different (elastic
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CHAPTER 7. New probabilistic model of elastic collisions

and inelastic) processes may exist. In standard ontological approach the collisions
at very small impact parameter values should be mainly inelastic, while at higher
impact parameters the elastic processes should prevail. No hadronic collisions
should then exist at impact parameter values greater than bmax corresponding
to maximum dimensions of colliding objects (range of short-ranged hadronic
interaction). If the colliding hadrons are taken as normal matter objects, e.g., of
ellipsoid-like shape (differently oriented in the space) then we may assume, too,
that b-dependent probability of hadronic (elastic or inelastic) interaction P tot(b)
will be a non-increasing function of b ∈ 〈0, bmax〉. It is also natural to expect
similarly that the ratio of elastic to total probability P rat(b) at given b will be
non-decreasing in the same impact parameter interval. The probability of elastic
collision P el(b) at given impact parameter is then given by product of the two
monotone functions

P el(b) = P rat(b) P tot(b) . (7.1)

The probability of inelastic processes as a function of impact parameter b may be
then defined as (conservation of probability)

P inel(b) = P tot(b)− P el(b). (7.2)

For short-ranged (contact) hadronic processes it should always hold P tot(b) =
P el(b) = P inel(b) = 0 for any b ≥ bmax. It is evident that it should hold further:
P rat(b) = 1 and P tot(b) = 0 at b = bmax, and P rat(b) = 0 and P tot(b) = 1 at b = 0
(head on collisions). The values of the probabilities P tot(b), P el(b), P inel(b) and
function P rat(b) may lie in the interval 〈0, 1〉 in dependence on b ∈ 〈0, bmax〉.

3. Distribution of elastic scattering angles for a given impact parameter
It is necessary to admit (for non-spherical particles) that initial two particle states
characterized by a given b value may pass in the case of elastic processes to a
continuous set of t values (if P el(b) > 0, the elastic probabilities at the limits of
the given interval will tend to zero). The corresponding t-distribution db(t) of t
values for given impact parameter b (discussed in chapter 6) will have maximum
at certain value of t(b).

It is generally assumed that all hadrons consist of other objects that are bound
strongly together. It holds also for protons which means that some changeable internal
structures are to exist, which may influence the results in individual collisions, too.
The contemporary models describe the corresponding processes practically in a phe-
nomenological way representing individual colliding objects by one common average
mathematical function. It will be shown in the following that more realistic description
may be obtained if the existence of different internal structures will be taken into
account. The measured elastic differential cross section of two colliding hadrons should
be then interpreted as the sum of elastic collision channels corresponding to different
combinations of internal hadron states.

There are, therefore, two main assumptions in the new model of elastic (hadron)
collisions based fully on ontological approach:

1. hadrons may exist in different internal states which may behave differently in
mutual collisions

2. the probability function P tot(b) should be non-decreasing and the function P rat(b)
non-increasing in the interval 〈0, bmax〉 for each corresponding collision channel
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7.1 Model formulation

The model will be described in more details in the following.

7.1.2 Frequencies and maximal dimensions of hadron states

We shall assume that the collision characteristics may be significantly influenced also by
the instantaneous states of colliding hadrons and denote the corresponding probabilities
(frequencies) of these states as pk (

∑
k pk = 1) for one particle and pl (

∑
l pl = 1) for

the second one. If two particles of different types (e.g., proton and pion) collide then
the individual probabilities of corresponding collision channels rk,l are equal to pkpl. In
the case of two particles of the same type (e.g., two protons) one may write

rk,l =





pkpl if k = l

2pkpl if k 6= l, k < l

. (7.3)

The factor 2 in the last relation follows from the fact that for k 6= l the cases with
interchanged collision types k, l and l, k are the same and the corresponding probabilities
may be summed, but in such a case it is necessary to introduce convention k < l to count
each distinct collision type only once. The two indexes k and l in rk,l may be, therefore,
substituted for convenience by only one index j using a one-to-one correspondence
(k, l)↔ j. It holds

∑
j rj = 1 if we sum over all possible collision types.

If we take the strong interaction as contact one (short-ranged) the maximum effective
impact parameter for which two hadrons may still interact in their mutual collisions is
equal to

bmax
k,l = (dk + dl)/2. (7.4)

where dk (dl) represents maximum size (dimension) that the corresponding hadron
structure may exhibit. The two indexes k and l in bmax

k,l may be again substituted for
convenience by only one index j (bmax

k,l ↔ bmax
j ). The value of bmax

j may be, therefore,
different for each j collision channel; it holds also for the b-dependent probabilities and
other functions introduced in sect. 7.1.1.

7.1.3 Impact parameter and corresponding values of scatter-
ing angle

For the sake of simplicity we shell assume in the following that the value tj(b) represents
the only t value for a given impact parameter and collision channel. The corresponding
monotonic inverse function may be denoted as bj(t). The t-distribution db,j(t) for a given
j-th collision channel (as well as t-distribution db(t) corresponding to all j channels and
which has been mentioned in chapter 6) is given by a Dirac delta function in this special
(simplified) case.

7.1.4 (Differential) cross sections and other hadronic quanti-
ties

It is then possible to write for elastic hadronic differential cross section corresponding to
j-th collision channel

dσN
j (t)

dt
= 2πbj(t)

dbj(t)

dt
P el
j ( bj(t)) (7.5)
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where the factor 2πb represents frequency (weight w(b)) of initial collision states dis-
tinguished by impact parameter if the colliding particles are distributed uniformly in
cross plane. This assumption represents good approximation in the case of short-ranged
hadronic interactions in collision experiments where non-zero collision probabilities
correspond to impact parameters less than several femtometers; the problem would be
more complicated in the case of long-ranged Coulomb interaction. The elastic hadronic
differential cross section of colliding protons is then given by the sum of individual
contributions of all individual collision types

dσN(t)

dt
=
∑

j

rj
dσN

j (t)

dt
. (7.6)

The values of individual integrated cross sections may be calculated from corre-
sponding probabilities for given j-th collision channel as (collision type X = tot, el or
inel)

σX,N
j = 2π

∫ bmax
j

0

bdb PX
j (b). (7.7)

Total, elastic and inelastic hadronic cross sections averaged over all j collision channels
are then given by

σX,N =
∑

j

rjσ
X,N
j . (7.8)

If two hadrons collide at given impact parameter b then the mean (overall) probability
of individual collision kinds will be expressed as a weighted sum of all the individual
hadronic collision channels

PX(b) =
∑

j

rjP
X
j (b). (7.9)

Function P rat(b) mentioned in sect. 7.1.1 may be then defined using eqs. (7.1) and (7.9).
Integrated cross sections given by eq. (7.8) may be written also as

σX,N = 2π

∫ bmax

0

bdb PX(b). (7.10)

To characterize further the behaviour of hadronic collisions in impact parameter
space on the basis of the probabilistic model one may define n-th moment (n > 1) of
impact parameter b for different processes (X = tot, el or inel) in individual collision
channels as

〈bn〉Xj =

∞∫
0

bn w(b)PX
j (b)db

∞∫
0

w(b)PX
j (b)db

=

bmax
j∫
0

bn w(b)PX
j (b)db

bmax
j∫
0

w(b)PX
j (b)db

(7.11)

and corresponding averages over j for different processes as (using eq. (7.9))

〈bn〉X =

∞∫
0

bn w(b)PX(b)db

∞∫
0

w(b)PX(b)db

=

∑
j rj

bmax
j∫
0

bn w(b)PX
j (b)db

∑
j rj

bmax
j∫
0

w(b)PX
j (b)db

. (7.12)

The mean impact parameters given by eqs. (7.11) and (7.12) may be again calculated
for comparison with the factor (weight) w(b) = 1 and w(b) = 2πb as it was discussed in
chapter 5.
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7.1 Model formulation

7.1.5 Coulomb and hadron interaction

If two protons collide then in addition to hadronic force the elastic collision process is
influenced significantly also by Coulomb interaction mainly in the region of very small
|t| values. There is, however, great difference between these two kinds of interactions.
While the Coulomb interaction acting also at rather great distances is usually taken as
being well described with the help of potential formed by electrically charged matter
objects the potential interpretation may be denoted as only approximate in the case of
strong interactions, as it is evident that this interaction is to be taken practically as zero
at any distance greater than dimensions of corresponding objects. Some new possibility
of describing this contact characteristics of this strong force should be looked for.

The Coulomb and hadronic collision kinds may be taken, therefore, practically as
mutually independent at high collision energies. The corresponding probabilities of the
Coulomb or hadronic collisions in dependence on impact parameter may be summed for
any impact parameter value at high collision energies (at least in a good approximation).
The hadronic interaction is described using the j collision channels. To describe also the
Coulomb effects separately for these collision channels would be needlessly complicated
as the given contribution concerns rather small values of |t| where only very small
differences between individual channels may be expected. Consequently, we shall write
for the elastic differential cross section which takes into account also Coulomb effect:

dσC+N(t)

dt
=

dσN(t)

dt
+

dσC(t)

dt

=
∑

j

rj
dσN

j (t)

dt
+

dσC(t)

dt
(7.13)

where the Coulomb differential cross section will be established in sect. 7.2 directly as a
part of fitted experimental data (measured dσC+N(t)/dt).

In such a case it is, of course, necessary to devote sufficient attention to the parame-
terization of corresponding Coulomb part of fitting formula. It will be admitted to play
a role only in the interval of very small values of |t|. It is further necessary to realize that
it is not possible to use usual t-dependence of Coulomb differential cross section (3.26)
requiring infinite value at t = 0 as such t value may occur only at impact parameter
values going to infinity. However, in any real collision experiments the corresponding
impact parameter values are limited by maximal distances between individual colliding
objects in corresponding targets. It is evident that a great part of corresponding events
will then represents the results of several subsequent collisions, see one of the problems
discussed in chapter 6. Consequently, the region of very small (practically unmeasurable)
values of |t| may be represented approximately by a constant (maximum) value of
dσC(t)/dt followed by steeper decrease with rising |t|. Single Coulomb scattering should
then exist, which should be respected in the given formula, too.

There is no doubt that such a description of Coulomb effect is currently only very
phenomenological and more detailed study should be devoted to interpretation of
measured elastic differential cross section at very low values of |t| in the future as will
be further commented later in sect. 7.3.
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CHAPTER 7. New probabilistic model of elastic collisions

7.2 Application of the probabilistic model to exper-

imental pp data at 53 GeV

7.2.1 Choice of data and parameterizations of corresponding
functions

As we have already mentioned, the given probabilistic model has been applied in [23]
and then also in [24] to the pp data represented by measured elastic differential cross
section obtained earlier at CERN ISR [8] at the energy of 52.8 GeV (denoted also as
53 GeV). The eikonal model has been applied to the same data in chapter 4. It has
been shown in [24] that two proton states exhibiting the largest dimensions may be
responsible for the part of measured elastic differential cross section data corresponding
to |t| ∈ 〈0.00126, 1.25〉 GeV2 (|t| = 0.00126 GeV2 being the lowest measured value at the
given collision energy). In the following a more detailed analysis will be presented. We
will show that if a further (third) proton state is taking into account then we may describe
the measured elastic differential cross section in wider interval of |t| ∈ 〈0.00126, 5.〉 GeV2

which includes also observed dip-bump structure around t = −1.375 GeV2.
If one proton in a k-state (k=1,2,3) collides with another proton in a l-state (l=1,2,3)

we may define collision channel j using one-to-one correspondence (k, l) ↔ j (where
k < l) which will be used in the following: (1, 1)↔ 1, (1, 2)↔ 2, (2, 2)↔ 3, (1, 3)↔ 4,
(2, 3)↔ 5 and (3, 3)↔ 6. We have thus 6 different hadronic collision channels that will
be used to fit the given part of measured elastic differential cross section.

To apply the model to experimental data represented by measured elastic pp dif-
ferential cross section it is necessary to parameterize suitably all corresponding func-
tions needed to calculate Coulomb-nuclear differential cross section given by eq. (7.13).
Our aim consists in describing truly the corresponding dependences. Consequently,
our parametrization will be rather general. First of all flexible representations of all
monotonous functions P tot

j (b), P rat
j (b) and bj(t) must be chosen; the following parame-

terizations will be used for the 6 individual collision channels

P tot
j (b) =





1 if 0 ≤ b ≤ µj,0

(1+µj,3)

e(µj,1(b−µj,0))
µj,2

+ µj,3

if µj,0 < b < bmax
j

0 if b ≥ bmax
j

(7.14)

P rat
j (b) =

(1 + νj,2)

e(νj,0(bmax
j −b))

νj,1

+ νj,2
(7.15)

bj(t) = bmax
j

(
2

π
arccos

[( |t|
λj,0

)1/λj,2
])1/λj,1

(7.16)

where µj,0..3, νj,0..2 and λj,0..2 are free parameter sets that are to be determined from
experimental data for each collision channel (j = 1, ..., 6) together with free parameters
pk and dk (k = 1, 2, 3).

The remaining function which needs to be parameterized in applying our model
to experimental data is Coulomb differential cross section dσC(t)/dt. The following
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parameterization has been chosen

dσC(t)

dt
= (η0 + η1|t|)

1 + η2

e(η3|t|)η4 + η2

+ ζu(ζ0|t|)ζ1
1 + ζ2

e(ζ3|t|)ζ4 + ζ2

(7.17)

where ζu = 1 mb.GeV−2 and η0..4 and ζ0..4 are additional free parameter sets.
In the presented preliminary model of hadron (pp) collisions some quite new phys-

ical ideas are considered and tested to initiate further study with the help of other
experimental data (e.g., at different collision energies or for different particles). The
number of free parameters used in the corresponding analysis may seem to be rather
high. However, if the goal does not consist in testing some simplified mathematical
model but actual complex physical mechanism is to be truly described the number of
parameters should be regarded as quite irrelevant, especially if the possibilities of a new
model in description of experimental data are to be demonstrated.

7.2.2 Elastic differential cross sections

The probabilistic model of elastic pp collisions characterized by eq. (7.13) has been fitted
to experimental data at the given energy in the interval of |t| ∈ 〈0.00126, 5.〉 GeV2.
Elastic hadronic differential cross sections dσN

j (t)/dt given by eq. (7.5) are plotted for all
6 distinct collision channels in fig. 7.1. The proper contributions of individual hadronic
channels to measured differential cross section have been obtained after multiplying the
pictured dependences by corresponding probabilities rj. The complete differential cross
section dσC+N(t)/dt represented in the figure by full line is in good agreement with the
experimental data.

Separated Coulomb and nuclear elastic differential cross sections at lower values of
|t| are plotted in fig. 7.2. One may see that at very low values of |t| the Coulomb effect
prevails and exhibits some strong decreasing |t|-dependence. The elastic hadronic differ-
ential cross section rises from zero value of |t| which is completely different t-dependence
than the commonly assumed (quasi)exponential dependence in all contemporary models
based on optical theorem (optical theorem not having been applied to in our probabilistic
model for the reasons given in chapter 6). In the region of very small values of |t| it
holds dσN(t)/dt ≈ r1dσN

1 (t)/dt. The hadronic effect is then responsible for all higher
values of |t|.

The dip-bump structure in the measured elastic differential cross section is shown in
fig. 7.3. It is formed by hadronic collision channels j = 4, 3 and 5 in our fit; their proper
contributions after multiplying by rj being plotted.

The Coulomb interaction being responsible mainly for the lowest values of |t| may
be then described by formula (7.17) with the following values of free parameters:

η0 = 1070 mb.GeV−2,

η1 = 1.63× 106 mb.GeV−4,

η2 = 388,

η3 = 1.42× 106 GeV−2,

η4 = 0.291
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Figure 7.1: Proton-proton elastic differential cross sections at energy of 53 GeV in proba-
bilistic model. Individual points - experimental data, full line - probabilistic model fitted to
experimental data, other lines - individual hadronic collision channels (top - individual differ-
ential cross sections dσN

j (t)/dt, bottom - hadronic contributions rjdσ
N
j (t)/dt to the differential

cross dσC+N(t)/dt).
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Figure 7.2: Separated Coulomb and nu-
clear effects in elastic pp scattering at
53 GeV; region of |t| close to zero.
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Figure 7.3: t-region around dip-bump
structure in elastic pp scattering at 53 GeV;
collision channels j = 3, 4 and 5.

and

ζ0 = 4.00× 108GeV−2,

ζ1 = 0.291,

ζ2 = 1.46× 10−2,

ζ3 = 176 GeV−2,

ζ4 = 1.33 .

The numerical values of free parameters and other quantities characterizing the hadronic
part will be presented in the following.

7.2.3 Characteristics of individual hadronic channels

The maximal dimensions of individual proton structures established on the basis of
fitting the probabilistic model to the given experimental data are

d1 = 1.976 fm, d2 = 1.960 fm, d3 = 1.948 fm

and the corresponding probabilities are

p1 = 0.63, p2 = 0.23, p3 = 0.076 .

The probabilities of individual collision channels given by parameters rj , see eq. (7.3),
are shown in table 7.1. Corresponding maximal effective impact parameters bmax

j at
which protons may still interact strongly (calculated with the help of eq. (7.4)) are shown
in table 7.1, too; they equal approximately 2 fm, being slightly different for individual
collision channels j. Total, elastic and inelastic hadronic cross sections having been
calculated on the basis of eq. (7.7) for all considered collision channels j are also given
in table 7.1.

According to our very rough model the proton at the moment of interaction with
another proton may be in one of the three considered internal states with probability
p1 + p2 + p3 = 0.93. It means that in 7% of cases the proton is to be in different internal
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j 1 2 3 4 5 6 ∑6
j=1k, l 1,1 1,2 2,2 1,3 2,3 3,3

rj [1] 0.39 0.28 0.051 0.095 0.034 0.0057 0.86
bmax
j [fm] 1.976 1.968 1.960 1.962 1.954 1.948 -

σtot,N
j [mb] 87.0 60.4 58.6 46.8 35.2 32.4 -

σel,N
j [mb] 17.2 1.03 8.02× 10−4 8.64× 10−2 6.48× 10−4 4.65× 10−4 -

σinel,N
j [mb] 69.7 59.4 58.6 46.8 35.2 32.4 -

rjσ
tot,N
j [mb] 34.1 17.1 3.00 4.44 1.20 0.186 60.0

rjσ
el,N
j [mb] 6.76 0.291 4.104× 10−5 8.19× 10−3 2.22× 10−5 2.67× 10−6 7.06

rjσ
inel,N
j [mb] 27.3 16.8 3.00 4.43 1.20 0.186 52.9

rjσ
tot,N
j∑6

j=1 rjσ
tot,N
j

[1] 0.57 0.29 0.050 0.074 0.020 3.1× 10−3 1

rjσ
el,N
j∑6

j=1 rjσ
el,N
j

[1] 0.96 0.041 5.8× 10−6 1.2× 10−3 3.1× 10−6 3.8× 10−7 1

rjσ
inel,N
j∑6

j=1 rjσ
inel,N
j

[1] 0.52 0.32 0.057 0.084 0.028 3.5× 10−3 1

〈b〉tot
j

w
=

1 [fm] 0.833 0.696 0.684 0.612 0.531 0.509 -
〈b〉el

j [fm] 1.59 1.50 1.55 1.34 1.25 1.21 -
〈b〉inel

j [fm] 0.746 0.689 0.684 0.611 0.531 0.509 -√
〈b2〉tot

j

w
=

1

[fm] 0.964 0.806 0.791 0.708 0.616 0.591 -√
〈b2〉el

j [fm] 1.59 1.50 1.55 1.34 1.25 1.21 -√
〈b2〉inel

j [fm] 0.862 0.798 0.791 0.707 0.616 0.590 -

〈b〉tot
j

w
=

2π
b [fm] 1.12 0.933 0.915 0.819 0.714 0.684 -

〈b〉el
j [fm] 1.59 1.50 1.55 1.34 1.25 1.21 -

〈b〉inel
j [fm] 0.996 0.923 0.915 0.818 0.714 0.684 -√
〈b2〉tot

j

w
=

2π
b [fm] 1.18 0.992 0.971 0.870 0.760 0.727 -√

〈b2〉el
j [fm] 1.60 1.50 1.55 1.34 1.25 1.21 -√

〈b2〉inel
j [fm] 1.06 0.980 0.971 0.869 0.761 0.727 -

Table 7.1: Values of some physically significant quantities characterising proton-proton
collisions (individual hadronic collision channels) obtained as a result of the probabilistic model
fitted to corresponding experimental data at energy of 53 GeV.

w(b) 1 2πb
〈b〉tot [fm] 0.752 1.02
〈b〉el [fm] 1.58 1.59
〈b〉inel [fm] 0.703 0.946√
〈b2〉tot [fm] 0.877 1.09√
〈b2〉el [fm] 1.59 1.59√
〈b2〉inel [fm] 0.816 1.01

Table 7.2: Comparison of different definitions of mean impact parameter
values corresponding to total, elastic and inelastic hadronic scattering
calculated on the basis of eq. (7.12) for n = 1, 2 and w(b) = 1 or w(b) = 2πb
in the probabilistic model fitted to pp data at 53 GeV.
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7.2 Application of the probabilistic model to experimental pp data at 53 GeV

states. As to the collision processes the given 6 hadronic channels correspond to the
probability

∑6
j=1 rj = p2

1 + 2p1p2 + p2
2 + 2p1p3 + 2p2p3 + p2

3 = 0.86. The additional
internal states may be responsible for measured differential cross section outside the
t-range considered by us (for |t| > 5. GeV2); partially also in combination with the three
already considered proton states.

It means that the actual total and inelastic cross sections will be higher than
the values introduced in table 7.1: σtot,N >

∑6
j=1 rjσ

tot,N
j = 60.0 mb (resp. σinel >∑6

j=1 rjσ
inel
j = 52.9 mb), while the increase of elastic hadronic cross section will be

negligible: σel,N ≈ ∑6
j=1 rjσ

el,N
j = 7.06 mb. The contributions of collision channels

j = 3, .., 6 to σel,N are negligible, see table 7.1. The values of integrated cross sections
corresponding to averaged values over the 6 collision channels may be compared to the
values from our previous analysis based on the eikonal model, see table 7.2.

The b-dependent monotonous functions P tot
j (b), P rat

j (b) and bj(t) given by eqs. (7.14)
to (7.16) for all the hadronic channels are plotted in fig. 7.4. The corresponding values
of free parameters may be found in table 7.3. The basic properties of probabilities of
total, elastic and inelastic events in dependence on impact parameter are quite similar
for all the 6 collision channels and may be demonstrated using hadronic collision channel
j = 1 which also contributes the most to the average behaviour of hadron collisions
(averaged over the 6 collision channels) as it is the most frequent collision channel.

The three monotonous functions for j = 1 are shown in fig. 7.5 where also probabilities
P el

1 (b) and P inel
1 (b) have been added. The greater change concerns the function P el

1 (b)
(defined by eq. (7.1)); its maximum value (0.8 at around b = 1.6 fm) diminishes rather
strongly for greater j values. This value b = 1.6 fm represents also approximate average
value of impact parameter for elastic processes, see the values for j = 1 in table 7.1
and the average values over all the 6 considered j channels in table 7.2. The plot
also shows that the probability of inelastic collision P inel

1 (b) and the total probability
P tot

1 (b) are practically equal to 1 for impact parameters lower than approximately
1.4 fm; the probability P el

1 (b) of elastic events being practically zero in this interval. For
all considered elastic hadronic channels the non-zero values of P el

1 (b) exist at impact
parameters greater than approximately 0.75 fm, which may represent an additional
important information in studying more detailed proton structure.

Probabilities of total, elastic and inelastic hadronic collision PX(b) and ratio P rat(b)
given by eqs. (7.1) and (7.9) are plotted in fig. 7.6. Probability P tot(b) is 0.86 at b = 0
which corresponds to

∑6
j=1 rj, i.e., to the fact that only 3 internal proton states (6

collision channels) have been considered in our fit. As one can see from the plot the
elastic probability P el(b) is maximal at b = 1.6 fm which corresponds again to the
already mentioned mean impact parameter of elastic collisions.

To characterize further basic behaviour of hadronic collisions in the impact parameter
space one may calculate mean values of impact parameter for total, elastic and inelastic
collisions according to eq. (7.11) for n = 1, 2 and weight w(b) equal to 1 or 2πb with

result shown in table 7.1. It holds 〈b〉el
j > 〈b〉inel

j and
√
〈b2〉el

j >
√
〈b2〉inel

j for each

j-th collision channel. The same relation holds also for corresponding average values
calculated using eq. (7.12), see table 7.2, i.e., elastic collisions are in average more
peripheral than inelastic collisions (independently of used definition of mean impact
parameter in this case). Values of mean impact parameters in table 7.2 may be compared
to corresponding values in table 5.2 obtained on the basis of the eikonal model applied
to the same experimental data.
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Figure 7.4: The shapes of all parameterized monotonous functions for individual collision
channels fitted to experimental data. Full lines - P tot

j (b), dash-dotted line - P rat
j (b), dotted lines

- |tj(b)|; individual points - experimental values of |t| corresponding to b values in individual
channels.
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7.2 Application of the probabilistic model to experimental pp data at 53 GeV

j 1 2 3 4 5 6

P tot
j (b)

µj,0 [fm] 0.543 0.857 0.850 0.814 0.270 0.723
µj,1 [fm−1] 1.05 1.78 2.85 3.53 1.27 3.24
µj,2 [1] 6.72 5.35 3.42 3.02 8.26 3.80
µj,3 [1] 25.1 0.151 50.2 21.1 0.975 0.241

P rat
j (b)

νj,0 [fm−1] 1.98 2.26 4.31 2.03 1.78 1.84
νj,1 [1] 8.16 6.77 3.42 6.49 6.91 5.64
νj,2 [1] 0.0993 4.27 93.3 50.7 1.51 2.67

bj(t)
λj,0 [GeV2] 44.3 38.4 30.0 40.0 20.7 23.4
λj,1 [1] 0.703 0.686 0.597 0.712 1.44 1.19
λj,2 [1] 4.38 3.64 1.76 4.11 5.56 4.03

Table 7.3: Values of free parameters of monotonous functions P tot
j (b), P rat

j (b) and
bj(t) characterising hadronic pp collisions at 53 GeV in the impact parameter space
for all 6 considered collision types given by parametrizations (7.14), (7.15) and (7.16).
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Figure 7.5: Probabilities in dependence on impact parameter b for hadronic
collision state j = 1 and function |t1(b)|; individual points represent then
impact parameter values corresponding to the interval of measured values
of |t| (calculated with the help of |b1(t)| function).
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Figure 7.6: Probabilities of total, elastic and inelastic hadronic collision
PX(b) and function P rat(b) calculated on the basis of eqs. (7.1) and (7.9)
representing corresponding average probabilities over all hadronic collision
channels considered in the fit.
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7.3 Some open questions

7.3 Some open questions

The given numerical results in the presented form of the probabilistic model may be,
of course, influenced rather strongly by our very rough approximation neglecting the
distributions of transversal momenta at individual impact parameter values as it was
discussed in sect. 7.1.3. It is possible, too, that in fact a greater number of different
collision channels will correspond to the given t-range of differential cross section than in
the case considered by us. The presented results must be, therefore, taken only as quite
orientation ones. Our rough model shows, however, that the given probabilistic model
represents a quite new way how to interpret the structures of protons more realistically.

One may expect that after introducing the t-distributions db,j(t) for each j collision
channel and for any b the model will be much more flexible and that the ambiguity
during fitting will increase. It will be necessary to look for good agreement between
results derived from experiments of other kinds, too.

In the new collision model some assumptions concerning the b-dependent probabilities
has been formulated from the very beginning. It is then interesting to compare eqs. (7.2)
and (7.10) for b-dependent probabilities to eqs. (3.72) and (3.73) for b-dependent profile
functions as they have the same form. The b-dependent profile functions calculated on
the basis of unitarity condition and FB transformation given by eqs. (3.66) and (3.68)
have several properties as the b-dependent probability functions but the profile functions
cannot be identified with the probabilities as it has been discussed in chapters 5 and 6.

If all known results concerning the fundamental particles are taken into account
(including the results obtained on the basis of the probabilistic model) then the main
question concerns the proper internal structure of proton. It is possible to assume that
any fundamental particle consisting of some other constituents (some quasi-quarks)
should exhibit internal evolution, which is required practically by the existence of
different decay modes of unstable particles. It seems that during this evolution hadrons
may exist also in the form of different parton pairs; these partons consisting of very
(super) strongly bound quasi-quarks while the binding forces between them correspond
approximately to known strong force. Otherwise, the corresponding hadrons may form
a compact structure of very small dimensions. If an internal parton pair exists the
corresponding hadron may be in the form of, e.g., ellipsoid of greater external changing
dimensions. This variable dimensional size of proton may be then characterized by the
functions P tot

j (b) derived with the help of our probabilistic model.

Consequently, at least two kinds of forces should exist in any hadron, some super
strong forces between quasi-quarks and some other (weaker) forces between corresponding
partons (corresponding approximately to standard strong forces). However, these forces
may be hardly defined with the help of a potential; a new description according
to corresponding characteristics should be looked for (some kind of contact forces).
If an excited hadron consists of a parton pair and the sum of rest masses of the
two partons is less than that of corresponding hadron the hadron may decay (in an
appropriate internal arrangement). In the case of stable hadrons (e.g., protons) the
elastic collision evolution may become evident only by the different maximal dimensions
(dk) of individual structures or by different characteristics, e.g., by functions PX

j (b) and
bj(t). The corresponding parton pairs should change quite randomly; each alternative
existing in average with probabilities pk.

One should ask, of course, how the forces existing between individual partons
and being practically equivalent to usual strong forces may be described. As already
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CHAPTER 7. New probabilistic model of elastic collisions

mentioned they cannot by represented with the help of a potential as it is commonly
assumed now (see also sect. 3.4). Corresponding potential should be surely equal to
zero when the given partons are not in mutual contact. However, even if two partons
are mutually bound (forming an oscillating closed system) it may happen in the case
of unstable particles that this force may be coincidentally exceeded by internal energy
of corresponding partons. The given property might influence partially also the elastic
processes in the time when a contact force acts between two partons belonging to different
colliding hadrons. Suitable description of this physical situation might represent quite
new problem in the theory of fundamental particles.

Also the existence of different proton (hadron) states may open quite new question
concerning the standard quantum theory. It is evident, e.g., that it is not possible to
explain how different quantum states of hydrogen atom may be formed when an electron
of very low energy is attracted to proton. It is necessary to take into account some
mutual repulsive force (or a similar corresponding assumption) that should have to
be efficient (in addition to attractive Coulomb interaction) at rather small distances
corresponding to the dimensions of hydrogen atom.

However, a better explanation might be given by the impenetrability of both the
attracted objects and by the existence of some weak adhesive contact force between
electron and proton. In such a case the existence of possible different internal proton
states might play important role and one should ask, e.g., whether the states derived from
elastic collision data might be brought into correspondence to the energy spectrum of
absorbed or emitted photons. It would be interesting to study similarly elastic collisions
of anti-protons (and also p̄p) and energy spectrum and other properties of anti-hydrogen
which are currently studied by, e.g., Antihydrogen Laser PHysics Apparatus (ALPHA)1

and Antihydrogen TRAP (ATRAP) experiments at CERN. Another interesting physical
phenomena to study could be charge exchange collisions of various particles (mainly
neutron-proton), see appendix A.2. It could shed more light on some questions related
to both matter and anti-matter.

The other important problem concerns the region of very low scattering deviations.
In our fit the Coulomb interaction is significant for measured values at |t| < 0.015 GeV2;
hadronic interaction prevails at higher values. However, only a purely phenomenological
parametrization of the Coulomb differential cross section (7.17) has been used in our fit;
much more detailed analysis should be devoted to this t region in the future. One should
mainly ask how big role may be played by multiple Coulomb collisions in elastic collisions
in the given region of t at given collision energy. In considering corresponding problems
in a much broader context (see, e.g., probable dimension of hydrogen atom and the
distances of hadronic objects in solid substances [24]) one may come to the conclusion
that the proton might interact also weakly at greater distances; the strongly interacting
matter being surrounded by other matter interacting only weakly. Consequently, much
more detailed analysis of elastic processes of different particles at various energies (both
low and high) in dependence on impact parameter will be required to estimate the forces
corresponding to the Coulomb, weak and strong interactions.

The probabilistic model of elastic pp collisions was applied to experimental data at
one collision energy of 53 GeV at the present. It will be important to apply it also to
other data measured at other energy values to establish actual energy dependence of
main characteristics. Especially the energy dependence of total probability of hadronic
interactions P tot

j (b) on impact parameter might represent very important information.

1ALPHA and ALFA are two different experiments (collaborations).
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7.4 Summary

The corresponding analysis of elastic collision data with the help of new ontological
model has opened in principle two new problems: existence of different internal proton
(hadron) states and the question concerning actual dimension of individual protons. The
answers to the given question might open also a quite new way in solving problems of
contemporary quantum theory [24].

7.4 Summary

The probabilistic model of elastic collisions used in the preceding has been based in
principle on two basic assumptions. Firstly, protons should exist in different states
which behave slightly differently in mutual collisions and, secondly, that the functions
P tot
j (b) and P rat

j (b) are monotonous in agreement with the standard ontological view
concerning the corresponding closed matter objects.

The model proposed originally in [23] and later improved in [24] has been extended
to describe greater part of differential elastic proton-proton cross section. It has been
shown that the t-dependence of measured differential cross section in the region of
|t| ∈ 〈0.00125, 5.〉 GeV2 (which includes also observed nontrivial dip-bump structure)
may be explained on the basis of three most probable proton structures. To describe also
the part corresponding to yet higher values of |t| it will be necessary to take also other
less probable proton states into account. All these structures seem to exhibit only very
slightly different maximum dimensions (approximately 2 fm) but they behave rather
differently in mutual collisions. The given structures are assumed to change randomly
during internal proton evolution.

The given model has allowed deriving some further important characteristics, too,
without adding any other assumptions; e.g., to derive the probabilities of different
proton structures and the values of different kinds of cross sections in individual collision
channels. Some values (e.g., total hadronic cross section) are, of course, different from
those derived in the papers published in the past. One reason may consist in that our
approach has been based for the sake of simplicity on a very rough approximation when
for any impact parameter only the average value of momentum transfer has been taken
into account and not the whole interval of corresponding t-values (see sect. 7.1.3).

However, these differences might have more serious reason, too. All earlier results
(concerning elastic proton scattering) have involved some important assumptions that
have not been sufficiently reasoned. They have been based, e.g., on the validity of
optical theorem for hadronic interactions or on the standard diverging t-dependence
of Coulomb differential cross section in the region of very small |t| values (existing
at infinite impact parameter values only, which does not correspond to experimental
conditions) or on other problematic assumptions discussed in details in chapter 6 (in
fact, the results obtained from the probabilistic model significantly helped to identify
some main problems).

Even if the probabilistic model is only preliminary (it has not yet addressed all
the problems and suggestions discussed in chapter 6) it has opened a new way how to
interpret structure and interaction of fundamental particles in dependence on impact
parameter. It is formulated and based only on assumptions and quantities of clear
physical meaning which might be further discussed and tested.
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Conclusion

In previous chapters different theoretical as well as experimental aspects of elastic pp
collisions have been discussed in greater details with the aim to provide better insight
into the given physical process.

In chapters 1 and 2 one could learn that the measurement of (elastic) pp collisions by
TOTEM at the LHC is actually quite complex and requires understanding of the used
detector apparatus as well as the accelerator. Good understanding of the measurement
is also necessary for proper interpretation of the given physical process.

The description of elastic collisions of charged hadrons suggested by original West-
Yennie model has influenced significantly many recent descriptions of elastic scattering in
interpreting the b-dependence of elastic collisions, even if the corresponding dependence
on impact parameter has not been tested and taken originally into account at all. Main
limitations of the WY approach have been summarized in sect. 3.2. This approach has
been used commonly in past for determination of total hadronic cross section (often
denoted as ”measurement” even if many unreasoned assumptions have been involved).
More relevant value of the total cross section and all other characteristics of protons
may be obtained when elastic scattering processes will be better understood.

The eikonal model described in sect. 3.4 has allowed studying the characteristics of
elastic collisions of charged hadrons in dependence on impact parameter. In chapter 4 the
model has been applied to experimental data at ISR energy of 53 GeV (for comparison
of results obtained in the past) and at much higher energy of 8 TeV measured recently
by TOTEM experiment at the LHC at CERN. Mean impact parameters corresponding
to total, elastic and inelastic collisions have been determined at both the energy values
together with corresponding profile functions characterising the collision frequency in
dependence on impact parameter. It has been shown that the numerical results depend
strongly not only on collision energy but also on some additional assumptions included
in the given model. Two diverse types of fits have been performed at both the energies
to demonstrate different interpretation possibilities of the given physical process. One
has corresponded to commonly used assumptions included in many phenomenological
models which lead to central character of elastic collisions. The second type of fits
has explicitly showed that experimental data may be described equally well while the
interpretation of the collisions in dependence on impact parameter is completely different
- elastic collisions being more peripheral than inelastic ones.

Eikonal model analysis of experimental data with the help of eqs. (3.53) to (3.55) has
been done already earlier in [20]. However, several different alternatives of the peripheral
behavior at 53 GeV have been newly shown in chapter 4. In [20] only electric form factors
have been taken into account. It has been also newly shown that addition of magnetic
form factors does not lead to significant change of determined amplitude FN(s, t) (at
both 53 GeV and 8 TeV). For the purpose of this analysis integral I(t, t′) defined by
eq. (3.55) has been calculated also analytically for one suitable parameterization of the
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electromagnetic form factors, see sect. 3.4.2. The whole eikonal model approach has
been revisited and prepared (see also [21]) for the analysis of pp elastic scattering at the
LHC energies, see the very first results of similar analysis of 8 TeV data measured by
TOTEM in [36]. One may see very significant change of several quantities characterizing
proton collisions with rising energy by comparing the results of the performed eikonal
model analysis at 53 GeV and 8 TeV.

The eikonal model has allowed determining some characteristics in dependence on
impact parameter but the relation of some b-dependent functions (e.g., profile functions)
to corresponding b-dependent probabilities P el(b) and t-distribution for a given impact
parameter db(t) has not been established with sufficient reliability. It means that even if
the collision process has been denoted as probabilistic the corresponding probabilities
have not been determined. It has been shown, however, that the often proclaimed
centrality of elastic collisions between fundamental particles has followed from a series
of assumptions that may hardly correspond to situation in matter reality as it was
pointed out for the first time already in 1981, see chapter 5. Some other fundamental
open problems contained in all contemporary descriptions of elastic collisions have been
identified and formulated to a greater detail in chapter 6, see also [22, 51]. It is possible
to say that the main source of problems has been related to the fact that the dependence
of elastic collisions on impact parameter has not been systematically taken into account
and studied in corresponding analyzes (models) of experimental data.

As to the fundamental particles it is possible to say, too, that at the present significant
progress may be expected from the study of elastic collisions. More general models
trying to solve the newly identified problems in chapter 6 and allowing testing some new
assumptions concerning the influence of impact parameter values on elastic collisions
should be looked for. One should keep in mind that some quantities (e.g., total hadronic
cross section) have always been determined on the basis of measured elastic collisions,
see detailed discussion in sect. 3.5. New view and new possibilities will be opened by
comparing the results obtained with the help of these models to the contemporary
results. Some first steps in this direction have been done in chapter 7 where the new
preliminary probabilistic model of elastic collisions in dependence on impact parameter
has been introduced.
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[280] M. V. Lokaj́ıček, V. Kundrát, and J. Procházka, “Two different physical interpre-
tations of Schroedinger equation”, arXiv: quant-ph/1305.5503v2 (2014).

[281] N. Bohr, “The quantum postulate and the recent development of atomic theory”,
Nature 121, 580–590 (1928).
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Appendix A

Some older experimental results

A.1 Neutron-proton elastic scattering

The np elastic differential cross section has been also measured for incident neutron
momenta 100− 400 GeV/c in the very low |t| range from 6× 10−6 to 5× 10−1 (GeV/c)2

in the (NA-6) experiment at CERN SPS [286] (1984), see fig. A.1. The np data of
this experiment provided a first direct measurement of the hadronic scattering for
|t| < 10−2 (GeV/c)2 (being non-purely exponential). The data for |t| < 10−4 (GeV/c)2

were consistent with a rise attributed to Schwinger scattering, caused by the interaction
of the neutron magnetic moment with the proton, see fig. A.2.

Figure A.1: Neutron-proton elastic differ-
ential cross sections in the range 0.15 . |t| .
3.6 GeV2 for seven incident momentum bins
[287]; the momenta indicated are the cen-
ter of the bins (collision energy

√
s is two

times higher). The data also exhibits a dip at
|t| ≈ 1.4 GeV2 for incident momenta above
200 GeV; the dip is more pronounced if the
momentum increases.
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APPENDIX A. Some older experimental results

Figure A.2: Neutron-proton elastic differential cross section measured in
the NA-6 experiment [286] for incident neutron momenta from 100 to 400
GeV (data points). Dashed line - calculated pp elastic differential cross
section (including Coulomb interaction dominating at |t| < 10−2 GeV2).
Dotted line - calculated Schwinger np scattering (involving the interaction
between the magnetic moment of the neutron and the proton charge). Solid
line - purely exponential elastic hadronic differential cross section as assumed
in the two previous cases.

146



A.2 Neutron-proton charge exchange

A.2 Neutron-proton charge exchange

One of the very interesting type of process is also charge exchange in, e.g., neutron-proton
collision

np→ pn . (A.1)

It represents an interaction in which electric charge is somehow transfered from the
incident proton to the neutron which leads to abnormal (backward) scattering angles
not expected at high energies in elastic scattering where no charge is exchanged. The
differential cross sections for neutron-proton charge exchange scattering have been
measured, e.g., in an experiment performed at the Brookhaven Alternation Gradient
Synchrotron before 1975 [288] for incident neutron momenta between 8 and 29 GeV and
for four-momentum transfer |t| between 0.002 and 1.0 GeV2. A neutron beam with a
broad momentum spectrum was scattered from liquid hydrogen target in this experiment.

Charge exchange reactions are discussed also, e.g., in these proton-proton collisions:

pp→ n+ ∆++ → n+ pπ+ (A.2)

pp→ ∆0 + ∆++ → nπ0 + pπ+ (A.3)

pp→ ∆0 + ∆++ → pπ− + pπ+ (A.4)

or also in the case of
pπ− → nπ0. (A.5)

Such processes indicate, e.g., that the distribution of electric charge inside proton is
quite different than the distribution of hadronic matter. It could help also in considera-
tions concerning the different states derived on the basis of the new probabilistic model
discused in chapter 7.
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Appendix B

Impact parameter representation of
elastic hadronic amplitude at finite
energies

The function hel(s, b) defined by eq. (3.66) determines the impact parameter profile
in the limit of s going to infinity as the FB transformation introducing the impact
parameter representation of elastic scattering amplitude requires the amplitude to be
defined for all values of t from the interval (−∞, 0〉 [194–200]. For finite energy values
the function FN(s, t) may be specified, however, in the kinematically allowed interval
only: t ∈ 〈tmin, 0〉, where tmin = −s + 4m2 and m is the nucleon mass in the case of
elastic nucleon scattering. It should hold FN(s, tmin) = 0.

In the following we shall follow the approach proposed in [200]. One may write

√
−t = 2p y , y = sin

θ

2
, (B.1)

where θ stands for elastic scattering angle in the center-of-mass system. Let us define
then the function A(s, y) by relation

A(s, y) =

{
FN(s, y) 0 ≤ y < 1

λ(s, y) ≡ λR(s, y) + i λI(s, y) 1 < y <∞ (B.2)

where λ(s, y) is unknown complex function the real and imaginary parts of which are
supposed to have following properties:

•
∞∫
1

y1/2λR,I(s, y)dy are absolutely convergent,

• λR,I(s, y) are of bounded variation for 1 < y <∞.

Then according to Hankel theorem [289] the amplitude A(s, y) has FB transformation
for 0 < y <∞

A(s, y) =

√
s

2p

∞∫

0

βdβ J0(βy) h(s, β), (B.3)

hel(s, β) =
2p√
s

∞∫

0

ydy J0(βy) A(s, y); (B.4)
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here we have introduced a new variable β = 2pb.
More detailed insight to inverse FB transformation offers MacRoberts theorem [290–

292] which may be formulated as follows. Let the function F (s, y) is holomorphic in the
interval p < y < q and let the function a(s, β) can be expressed by the integral

a(s, β) =
2p√
s

q∫

p

ydy Jν(βy) F (s, y) (B.5)

for 0 ≤ p < q ≤ ∞ and Re ν > −1 then

A(s, y) =

√
s

2p

∞∫

0

βdβ Jν(βy) a(s, β) =

{
F (s, y) for p < y < q,

0 for 0 < y < p or y > p.
(B.6)

MacRobert’s theorem may be used to the FB transformation of function F (s, y) as the
elastic hadronic amplitude FN(s, y) is the holomorphic function inside Lehman’s ellipse
with foci -1 and 1 (see, e.g., [219]).

Then the original elastic scattering amplitude FN(s, t) is given by relation

FN(s, t) = 2p
√
s

∞∫

0

bdb J0(b
√
−t ) hel(s, b), (B.7)

which is the representation of elastic scattering amplitude in the impact parameter space.
With the help of relation (B.2) the inverse relation to the relation (B.7) has a form

hel(s, β) = h1(s, β) + h2(s, β), (B.8)

where

h1(s, β) =
2p√
s

1∫

0

ydy J0(βy) FN(s, y) (B.9)

and

h2(s, β) =
2p√
s

∞∫

1

ydy J0(βy) λ(s, y). (B.10)

The function λ(s, y) as well as its FB image h2(s, β) are in general complex functions.
Similar relations may be derived also for the inelastic processes. Starting from the

unitarity condition (3.65) in t variable (expressed now in y variable) and performing the
FB transformation of the real inelastic overlap function Ginel(s, y) one may obtain

ginel(s, β) = g1(s, β) + g2(s, β), (B.11)

where

g1(s, β) =
2p√
s

1∫

0

ydy J0(βy) Ginel(s, y) (B.12)

and

g2(s, β) =
2p√
s

∞∫

1

ydy J0(βy) µ(s, y) (B.13)
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where the real function µ(s, y) must fulfill the same conditions as real and imaginary
parts of function λ(s, y).

The representation of elastic hadronic amplitude in the impact parameter space, i.e.,
h1(s, β) in the physical region, should contain the same amount of physical information
as the original amplitude FN(s, t). With the help of the optical theorem given by
eq. (3.23) the total cross section may be expressed using the b-dependent function
h1(s, b) as [194–200]

σtot(s) =
4π

p
√
s

ImFN(s, t=0) =
2π

p2

∞∫

0

βdβ Imh1(s, β) = 2π

∞∫

0

bdb 4 Imh1(s, b);

(B.14)
and also the integrated elastic cross section may be written as

σel(s) =
8π

s

1∫

0

ydy |FN(s, y)|2 =
2π

p2

∞∫

0

βdβ |h1(s, β)|2 = 2π

∞∫

0

bdb 4|h1(s, b)|2. (B.15)

The integrated inelastic cross section (σinel = σtot − σel) is then given by relation [194–
200]

σinel(s) =
2π

p2

∞∫

0

βdβ g1(s, β) = 2π

∞∫

0

bdb 4g1(s, b). (B.16)

The unitarity equation in the impact parameter space can be written in a generalized
form as [194–200]

Imh1(s, β) = |h1(s, b)|2 + g1(s, β) +K(s, β) (B.17)

where the correction function K(s, β) is limited by a condition

∞∫

0

βdβ K(s, β) = 0. (B.18)

Also the functions h2(s, β) and g2(s, β) are limited by the similar conditions [194–200],
i.e.,

∞∫

0

βdβ h2(s, β) = 0,

∞∫

0

βdβ g2(s, β) = 0. (B.19)

The function K(s, β) equals [194–199]

K(s, β) =
1

16π2s

0∫

tmin

dt1

0∫

tmin

dt2 F
N∗(s, t2) FN(s, t1) M(β; t1, t2) (B.20)

where

M(β; t1, t2) = J0

(
β

√
t1

(
t2
tmin

− 1

))
J0

(
β

√
t2

(
t1
tmin

− 1

))
−J0(β

√
−t1 )J0(β

√
−t2 ).

(B.21)
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The function K(s, β) vanishes at β = 0 and b → ∞; and also at asymptotic energies
(tmin → −∞) [194–200]. Detailed analysis of high energy elastic pp scattering [48] has
showed that the value of function K(s, b) is very small and may be neglected.

The shape of elastic amplitude in the impact parameter space hel(s, β) determined
by eq. (B.8) depends on the t-dependence of elastic hadronic amplitude FN(s, t) in
the unphysical region of t. As shown by Islam [201] the uniqueness of the FN(s, t)
can be achieved if two t-dependent parts of the amplitude FN(s, t) in the physical and
unphysical regions are bounded by the Sommerfeld-Watson transformation. The elastic
amplitude hel(s, β) in the impact parameter space oscillates at larger β values; the
oscillations disappear at infinite energies only.

The representation of the scattering amplitude in the impact parameter space has
been defined in [194–200] as an analogy to partial wave analysis. From the requirement of
equivalence of both these representations the question arises which conditions imposed on
the elastic hadronic amplitude FN(s, t) guarantee the existence of its impact parameter
representation. It has been shown in [194–200] that the finiteness of the integrated
elastic cross section (B.15) at finite energies guarantees its existence.

It has been shown in [20] that Imh1(s, b) and g1(s, b) obtained with the help of the
FB transformation oscillate at larger values of impact parameter b due to the fact that
the region of kinematically allowed values of momentum transfers t at finite energies is
limited and the region for t < tmin is not taken into account. The oscillations appear
not only in the case of peripheral behaviour of elastic hadron scattering where they are
very significant but also in the case of central behaviour. The physical meaning may be,
therefore, hardly attributed to the functions 4 Imh1(s, b) and 4g1(s, b) in eqs. (B.14),
(B.16) and (B.17), even if their integrals represent corresponding cross sections, see also
[201]. Only the non-negative function 4|h1(s, b)|2 has been denoted as elastic profile
function. According to [49, 176, 177, 215, 216] non-negative (non-oscillating) total and
inelastic profile functions at finite energies may be defined if a convenient real function
c(s, b) is added to both the sides of the unitarity equation (B.17). In such a case one
obtains eq. (3.78). It is then possible to define at finite energies total, elastic and inelastic
profile functions DX(s, b) (X=tot, el, inel) according to eqs. (3.75) to (3.77) and rewrite
the unitarity condition in b-space in the form given by eq. (3.73). The shape of Dtot(s, b)
and Dinel(s, b) might be then modified to become non-negative; the shape of elastic
profile remains the same. The function c(s, b) should, however, fulfill some additional
conditions. The total and inelastic cross section given by eq. (3.72) (see eqs. (B.14)
to (B.16)) remains unchanged if

∞∫

0

b db c(s, b) = 0. (B.22)

The other physical quantities which should be preserved are the mean squared values of
the total and inelastic impact parameters, i.e., function c(s, b) should not change the
quantities 〈b2〉tot and 〈b2〉inel defined according to eq. (3.80). These quantities will be
preserved if also

∞∫

0

b3 db c(s, b) = 0. (B.23)

By definition all the mentioned processes (total, elastic and inelastic) are realized by
strong interactions which are of finite ranges. Therefore both the integrals appearing in
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eq. (3.80) should be convergent. Condition β1/2h1(s, β) ∈ L2(0,∞) guarantees that all
three integrals (for total, elastic or inelastic type X) in the denominator of eq. (3.80)
are convergent; for the inelastic case also on the basis of unitarity condition given by
eq. (B.17) (the influence of the correction function K(s, β) as it has been mentioned
can be neglected). However, this condition does not guarantee the convergence of the
integrals in the nominator of eq. (3.80); in order to achieve this we have to require the
validity of stronger condition, i.e., that β3/2h1(s, β) ∈ L2(0,∞). Due to the unitarity
equation the remaining two integrals corresponding to the elastic and inelastic scattering
will be convergent, too.

The function c(s, b) should fulfill, therefore, the following conditions: it must remove
the oscillations (provide the non-negative function Dtot(s, b)) and fulfill eq. (B.22) and
eq. (B.23).

It follows then from the Islam’s approach [201] that the two conditions given by
eqs. (B.22) and (B.23) are fulfilled when

c(s, b) = − Imh2(s, b), (B.24)

where h2(s, b) is defined by eq. (B.10) and is based on analytical continuation of complex
amplitude FN(s, t) that fulfills the condition

FN(s, tmin) = 0. (B.25)

It means also that one can hardly determine the function c(s, b) quite exactly on the
basis of the conditions above and experimental data of elastic scattering corresponding
always to very limited t-region (see also [49, 177]). The functions c(s, b) and profile
functions DX(b) may be determined if some other assumptions are added, see the end of
sect. 3.4.3.
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two protons by two rapidity gaps. This process is sometimes denoted
also as central diffraction (CD) (or double pomeron exchange (DPE)
which suggest an intepretation).

CSC Cathode Strip Chamber. Multiwire proportional chamber with seg-
mented cathode read-out. A detector technology chosen for T1 detec-
tor.

CT-PPS CMS-TOTEM Precision Proton Spectrometer. Joint CMS and
TOTEM project which is intended to add precision proton track-
ing and timing detectors in the very forward region on both sides of
CMS at about 200m from the IP, see [40].

159



CTS Current Terminating Structure. Part of the TOTEM RP silicon strip
detector used to collect the current generated in the highly damaged
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LHC (IR1, IR2, IR5 or IR8) sometimes also used for indication of a
LHC octant as shown in fig. 1.7. Also known as Intersection Region or
Intersection Point.

ISR Intersecting Storage Rings. A past accelerator (storage rings) which
was at CERN; the world’s first proton (hadron) collider.

LHC Large Hadron Collider. An accelerator at CERN, see sect. 1.1.
LHCb Large Hadron Collider beauty. An LHC experiment at CERN, see

sect. 1.2.
LHCf Large Hadron Collider forward. An LHC experiment at CERN, see

sect. 1.2.
LINAC2 LINear ACcelerator 2. A linear proton accelerator at CERN, see

sect. 1.1.
LS1 Long Shutdown 1. Refers to first long shutdown of LHC which started

in first quoter of 2013 and took ∼2 years.

MoEDAL Monopole and Exotics Detector at the LHC. An LHC detector (exper-
iment) at CERN, see sect. 1.2.
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NA-6 North Area 6. A past experiment at CERN SPS which measured
neutron-proton elastic scattering at very small scattering angles.

np neutron-proton. Refers to a collision of neutron and proton.

OL Optical theorem Luminosity. Refers to a method of total cross section
determination based on optical theorem and luminosity, see sect. 3.5.2.

OLI Optical theorem Luminosity Independent. Refers to luminosity inde-
pendent method of total cross section determination based on optical
theorem, see sect. 3.5.3.

pp proton-proton. Refers to a collision of two protons.
p̄p antiproton-proton. Refers to collision of antiproton and proton.
PS Proton Synchrotron. An accelerator at CERN, see sect. 1.1.
PSB Proton Synchrotron Booster. An accelerator at CERN, see sect. 1.1.

QCD quantum chromodynamics. Relativistic quantum field theory of strong
interactions.

QM quantum mechanics. Non-relativistic quantum theory based on
Schrödinger equation (also known as quantum physics).

RF Radio Frequency. Refers to radio frequency system (RF system) used
to accelerate charged particles, see chapter 1.

RHIC Relativistic Heavy Ion Collider. A heavy-ion colliders which is able to
collide some other particles including spin-polarized proton beams at
high energies (Run-9 achieved center-of-mass energy of 500 GeV on 12
February 2009 - the highest in the world). It is located at Brookhaven
National Laboratory (BNL) in New York, USA.

RP Roman Pot. A moveable device which can be equipped by detetors to
measure particles very close to a particle beam.

RP147 Roman Pot. TOTEM RP station at distance of about 147 m from
interaction point IP5, see fig. 2.2.

RP220 Roman Pot. TOTEM RP station at distance of about 220 m from
interaction point IP5, see fig. 2.2.

Run 1 Run 1. LHC running period during 2009 – 2013, before LS1.

SD single diffraction. A process pp → pX or Yp which is similar to elastic
scattering (ES) except that one of the protons breaks up, producing
particles in a limited rapidity region.

Spp̄S The SPS operated as a proton–antiproton instead of proton-proton
collider from 1981 to 1984 - it was, therefore, called Spp̄S.

SPS Super Proton Synchrotron. An accelerator at CERN, see sect. 1.1.
SUSY supersymmetry. A theory proposing symmetry of nature relating

particles which have integer-valued spin (bosons) to particles having a
half-integer spin (fermions).

T1 Telescope 1. One of the TOTEM detector detecting charged particles
originating from inelastic collisions.
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T2 Telescope 2. One of the TOTEM detector detecting charged particles
originating from inelastic collisions.

TEVATRON It was a circular particle accelerator in the USA, at the Fermi Na-
tional Accelerator Laboratory (Fermilab) that accelereted protons and
antiprotons to energies of up to 1 TeV (which is the reason for its
name).

TOTEM TOTal, Elastic and diffractive cross section Measurement. An LHC
experiment at CERN, see sect. 1.2 and chapter 2.

TR total rate. Refers to rate of elastic and inelastic events.

VDM van der Meer. Refers to beam separation scans pioneered by Simon
van der Meer, see sect. 1.3.2.

WS Wire Scanner. A device for measuring transversal beam profile.
WY West and Yennie. Authors of one of the Coulomb and hadronic

interference formulas, see sect. 3.2.
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