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Abstract:

We consider a finite planar segment process in a circle, having a density with
respect to the Poisson process. This density involves unknown parameters and
a reference length distribution which is not observed. The aim is to estimate
these quantities semiparametrically. The segment process is inhomogeneous, but
it is isotropic. Combining the relation between the observed and reference length
distribution and the maximum pseudolikelihood method we suggest an estimation
procedure. Its properties (bias and variability) are investigated in a simulation
study. In the last part we present two more complex models. The motivation is
to model stress fibers observed in cultured stem cells.
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List of Abbreviations

µd . . . Lebesgue measure

X . . . a point process

x . . . an observed realization of a process X

N . . . a counting measure

λ . . . an intensity measure

ρ . . . an intensity function

λ∗ . . . a conditional intensity

f
(y)
X . . . a density of Palm mark distribution

p(x) . . . a probability density with respect to a Poisson process

h(x, u) . . . Hastings ratio

f1, g . . . a reference length distribution

A . . . a rotation operator in R
2
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Introduction

Random processes of geometrical objects (see [5]) have many applications in
biomedicine, materials research and other sciences. E.g. projected stress fibres
in stem cells form a segment process, see [7]. Two models of segment processes
which can be used to fit the data of stress fibres are suggested in [3], where a
parametric estimation is developed. In the present theoretical work we suggest a
semiparametric estimation in this modeling which enables more freedom for the
choice of the distribution of the random set.

In the first chapter we go through theoretical foundations we need for our
work. We define a marked point process, an intensity measure and an intensity
function. Then we cite the Campbell’s formula which is later used. In this work
we focus on finite point processes which are given by a probability density with
respect to the Poisson process. Simulated realisations of processes in our models
are computed using Metropolis-Hastings algorithm.

In the second chapter we define a segment point process on a bounded region.
Parametric models involve reference distributions of marks of segments. These
distributions generally do not coincide with corresponding observed distributions.
We consider an inhomogeneous planar segment process with given probability
density with respect to the Poisson segment process. From simulated realizations
of the process using the maximum pseudolikelihood method we firstly estimate
scalar parameters of the model. Then using the kernel density estimator of the
Palm mark distribution we compute the estimate of the reference probability
density on the set of all possible lengths of segments. We compare both the
estimators and computed density with true parameters and reference density of
the model.

In the third chapter we introduce two more complex models and show the
conditions on the density w.r.t. Poisson process to be integrable. This part is
motivated by modelling of the above mentioned stress fibres in stem cells.
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1. Theoretical foundations

In stochastic geometry one may study random patterns of points. It may be a
distribution of trees in a forest or occurrences of a disease in some area. In this
chapter we formally define a spatial point process, define some key terms and
introduce an algorithm to simulate a spatial point process.

1.1 Spatial point processes

Let (Rd,Bd) be d−dimensional Euclidean space equipped with its Borel σ−field
and µd be Lebesgue measure. Let Y ∈ Bd with µd(Y) > 0, BY := {D∩Y, D ∈ Bd}.

Definition 1. A counting measure N on Y is a measure with values in
{0, 1, 2, . . . } ∪ {+∞}. It is called simple if N({x}) ≤ 1 ∀x ∈ Y. A counting
measure is locally finite if it is finite on every compact set.

To formally define a point process on Y we consider M to be the set of all
locally finite simple counting measures on (Y,BY). Let for D ∈ BY, k ∈ N

ED,k = {N ∈M : N(D) = k},

where N(D) is the number of points of the support of N in D. Let M be the
σ-field of subsets of M generated by all sets of the form ED,k.

Definition 2. Let M, M be as above. The pair (M,M) is called the outcome
space.

Definition 3. A point process is a measurable map X : Ω → M from a
probability space (Ω,A,P) to the outcome space (M,M).

Measurability of X ensures that for any set E ∈M, the event

{X ∈ E} = {ω ∈ Ω : X(ω) ∈ E}

is measurable. Therefore the probability P(X ∈ E) is well-defined. Also from the
construction of M it comes that the variables N(D) for any compact set D are
random variables on (Ω,A,P).

In the following we will also use X as a random measure or as a random locally
finite set of points corresponding to the support of X.

Definition 4. The distribution of a point process X is the probability mea-
sure PX, on the outcome space (M,M), defined by

PX(E) = P(X ∈ E), E ∈M.

Definition 5. A point process in R
2 is called isotropic if its distribution is

invariant under all rotations represented by the matrix

A =

[
cos θ −sin θ
sin θ cos θ

]
,

i.e. PX(E) = PX(AE), E ∈ M, where AE = {Ax; x ∈ E} and Ax = {Ay; y ∈
supp x}.
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Let D be a compact set. Since the sets

{X(D) = k} = {ω ∈ Ω; X(ω,D) = k},

{X ≡ 0} = {ω ∈ Ω; X(ω,Y) = 0}

are measurable, we can write

P(X(D) = k); PX(N ≡ 0) = P(X = ∅).

Definition 6. Let X be a point process on Y. Then

λ(D) := E[X(D)], D ∈ BY,

defines a measure on Y which is called the intensity measure of X.

Definition 7 (General Poisson process). Let Y be as above and Λ a measure
which is finite on every compact set and which has no atoms.

The Poisson process on Y with intensity measure Λ is a point process on
Y such that:

• If D1, . . . Dm are disjoint, then N(D1), . . . N(Dm) are independent random
variables.

• For every bounded closed set D, the count N(D) of points in D has a Poisson
distribution with mean Λ(D).

Definition 8. The homogeneous Poisson process with intensity ρ > 0 is a
Poisson process with measure Λ(D) = ρµd(D). Otherwise we call it the non-
homogeneous Poisson process.

Definition 9. Suppose the intensity measure λ of a point process X in Rd satisfies

λ(D) =

∫
D

ρ(u)du

for some function ρ. Then ρ is called the intensity function of X.

Example 1. For the homogeneous Poisson process the intensity function
ρ(u) ≡ ρ.

Theorem 1 (Campbell’s formula, [1], Theorem 2.2, p. 28). Let X be a point
process on Y with intensity measure λ and let f : Y→ R be a measurable function.
Then the random sum

T =
∑
x∈X

f(x)

is a random variable with expected value

ET =

∫
Y

f(x)λ(dx).

If X is a point process with intensity function ρ, then

ET =

∫
Y

f(x)ρ(x)dx.
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In many applications we need to study spatial point processes with some
additional information attached to each point of the process. A common example
is the map of emergency calls where the extra information is the time of the call
and the nature of the emergency. In the process of trees growing in a forest the
extra information may be the height of each tree. Another example is the process
of stress fibers observed during the life of a stem cell.

Definition 10. Let (R,R) be a measurable space, R σ−algebra. A marked
point process in a space Y with marks in a space R is a point process X on
Y× R such that X(D × R) <∞ a.s. for all compact D ⊂ Y.

In other words, the corresponding projection of a marked point process (a
process of points without marks) must be locally finite. Since there are no further
general requirements on the space of marks R, it can be very diverse. An example
is a set of real numbers, an interval or a set of geometric figures.

Definition 11. For a marked point process X the intensity measure λ is defined
by

λ(U) = EX(U), U ⊂ Y× R,

provided λ(U) <∞ ∀U ⊂ D ×R, D compact.

Theorem 2 ([1], Theorem 1.3, p. 21). Let Y be a marked point process on Y
with marks in R. Let X be the projected process in Y of points without marks.
Then the following are equivalent:

• X is a Poisson process with intensity measure λ. The marks attached to
the points of X are independent and identically distributed with common
distribution Q on λ.

• Y is a Poisson process in Y× R with intensity measure λ⊗Q.

1.2 Finite point processes

Definition 12. Let X be a point process on a space Y. If N(S) < ∞ a.s., then
X is called a finite point process.

Realisations of a finite point process X belong to the space

Mf = {N ∈M : N(Y) <∞}

of simple finite counting measures on Y. Let

Mk = {N ∈M : N(Y) = k}, k ∈ N0.

Then

Mf =
∞⋃
k=0

Mk

is the set of all counting measures with total mass k or equivalently the set of all
configurations of k points. This can be also represented by introducing the space
of ordered k-tuples

Y !k = {(x1, . . . , xk) : xi ∈ Y, xi 6= xj ∀ i 6= j}
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and defining a mapping Ik : Y !k →Mk by

Ik(x1, . . . , xk) = δx1 + · · ·+ δxk .

This gives Mk ≡ Y!k/ ∼,where ∼ is the equivalence relation under permutation,
i.e.

(x1, . . . , xk) ∼ (y1, . . . , yk)⇔ {x1, . . . , xk} = {y1, . . . , yk}

1.3 Point process density

In the following let Pη be the distribution of Poisson point process on a space Y
with intensity measure λ, where 0 < λ(Y) <∞.

Definition 13. Let p: Mf → R+ be a measurable function satisfying∫
M
p(x)Pη(dx) = 1. Define

P(E) =

∫
E

p(x)Pη(dx)

for any event E ∈ M. Then P is a distribution of a point process. The function
p is called the probability density with respect to the Poisson process η
of the point process with distribution P.

Lemma 3 ([1], Lemma 4.1). For a point process X with probability density p we
have

P(X ∈ E) = (1.1)

e−λ(Y)

∞∑
n=0

1

n!

∫
Y

. . .

∫
Y

1{In(x1, . . . , xn) ∈ E}p(In(x1, . . . , xn))λ(dx1) . . . λ(dxn),

E ∈M.

Definition 14. Probability density p is in the exponential form if

p(x) = c exp(h · V (x)), h ∈ Rm,

with respect to some Poisson process η. Here V (x) is a vector of some geometrical
characteristics of x, h ·V (x) is an inner product and c is a normalizing constant.

We have the identity

E[exp(h · V (η))] =
1

c
,

therefore a point process with probability density p in the exponential form is
well defined, i.e. p is integrable, if and only if

E[exp(h · V (η))] <∞.

Definition 15 (Conditional intensity). Let p be the density of a point process X
on a bounded set Y ⊂ R

d. If p is hereditary, that is

p(x) > 0⇒ p(y) > 0, ∀x,y ∈Mf ,x ⊂ y,

then we define the conditional intensity of the process X as

λ∗(x, u) =
p(x ∪ {u})

p(x)
, x ∈Mf , u ∈ Y.
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1.4 Metropolis-Hastings algorithm

To simulate realizations of the point process X we use Markov Chain Monte Carlo
method ([6]).

Algorithm 1 (Metropolis-Hastings birth-death algorithm).
Let X be a point process on Y ∈ Bd with given probability density p with

respect to the unit (uniform with λ = µd) Poisson process. λ∗(x, u), u ∈ Y, is the
corresponding conditional intensity.

Define Hastings ratio

h(x, u) = λ∗(x, u)
µd(Y)

n(x) + 1
,

where n(x) denotes number of points in x.

1. Let I be number of iterations, xi be the configuration of segments in the i-th
iteration. x0 is an initial configuration of an arbitrary number of points in
Y under the condition p(x) > 0.

2. (a) With probability 1
2

we consider adding a point u chosen uniformly
randomly in Y under the condition p(u) > 0. Then add the point
(formally xi+1 = xi ∪ {u}) with probability

min(1, h(x, u)),

else we set xi+1 = xi.

(b) Else we consider removing one point from x. We choose a point uni-
formly randomly from existing points and remove it
(i.e. xi+1 = xi\{u}) with probability

min

(
1,

1

h(x, u)

)
,

else we set xi+1 = xi.

3. Repeat 2. until we reach the I-th iteration. Then set x = xI to be the
simulated realization of the process X.

This is an approximation in the sense that the distribution of configurations
tends to the target distribution of X for the number of iterations approaching
infinity.
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2. Segment process with
reference mark distribution

A segment process in R2 can be considered as a marked point process with two
marks corresponding to the length and direction of a segment. Let B ⊂ R

2 be
bounded measurable,

Y = B × S, S = (0, ea]× [0, π), (2.1)

where ea > 0 is an upper bound for the segment length, [0, π) is the manifold of
axial directions. Let the Poisson process η on Y have intensity measure λ,

λ(d(y, r, ϕ)) = dy
1

ea
dr

1

π
dϕ, (2.2)

where for a segment u = (y, r, ϕ) we denote y the location of the centre, r the
length and ϕ the direction. Let the segment process X have a hereditary density
p with respect to η and conditional intensity λ∗. Let ρ be the intensity function
of the process X.

For D ⊂ B measurable and the point process ν of segment centres, denote

κ(D) = E

∑
y∈ν

1D(y).

Let G ⊂ S,

C(D ×G) = E

∑
(y,ξ)∈X

1D(y)1G(ξ).

The measure ωG, ωG(D) = C(D × G), is absolutely continuous with respect to
κ. Let P y(G) be the corresponding Radon-Nikodym density. It satisfies

ωG(D) =

∫
D

P y(G)κ(dy). (2.3)

Definition 16. P y(G) is called the Palm mark distribution of X at y.

Let exist f
(y)
X , the density with respect to Lebesgue measure of the Palm mark

distribution of length and direction of a typical segment of the process X at the
location y ∈ B.

Proposition 1. For each y ∈ B we have

f
(y)
X (ξ) =

ρ(y, ξ)∫
S
ρ(y, ξ)dξ

. (2.4)

Proof: For Borel sets D ⊂ B, G ⊂ S it holds using the Campbell theorem

C(D ×G) =

∫
Y

1D(y)1G(ξ)ρ(y, ξ)dξdy.

Specially for G = S we have

κ(D) =

∫
D

∫
S

ρ(y, ξ)dξdy.
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Then from (2.3) we have∫
D

P y(G)

∫
S

ρ(y, ξ)dξdy =

∫
D

∫
G

ρ(y, ξ)dξdy

for all Borel sets D ⊂ B, finally

P y(G) =

∫
G
ρ(y, ξ)dξ∫

S
ρ(y, ξ)dξ

and (2.4) follows. �
Using formula (1.1) we can alternatively transfer the reference mark density f

and parameter τ into p and consider a modified density p′ (of the same process)
with respect to unit Poisson process. In Lemma 3 we have∫

Y

. . .

∫
Y

1{In(u1, . . . , un) ∈ Z}p(In(u1, . . . , un))λ(du1) . . . λ(dun) =∫
Y

. . .

∫
Y

1{In(u1, . . . , un) ∈ Z}p(In(u1, . . . , un))e−na π−ndu1 . . . dun =∫
Y

. . .

∫
Y

1{In(u1, . . . , un) ∈ Z}p′
(In(u1, . . . , un))du1 . . . dun.

This approach is applied in the following.

2.1 The segment process with reference length

distribution

Consider a circle B ⊂ R
2 centered in the origin with diameter ea > 0. Let Lo =

[0, ea] be the interval of segment lengths. We demand that segments lie completely
in the window B. Let

Y = B × Lo × [0, π) (2.5)

be the space of segments u = (y, r, ϕ) ∈ Y which have centre y, length r and
axial direction ϕ.

We consider the Poisson segment process η with the intensity measure λ on
Y. Let the segment process X have a density p w.r.t. η :

p(x) = c1[x⊂B] exp(bD(x))τn(x)
∏
ui∈x

f1

(
ri
ea

)
, (2.6)

b ∈ R, τ > 0, n(x) is the total number of segments in x, c is the normalizing
constant, ri is the length of i−th segment ui, f1 is a reference length probability
density on Lo and

D(x) =
∑
u∈x

d(u), d(u) = max
z∈u

||z||
ea

.

For u ⊂ B the quantity d(u) ∈ (0, 1
2
] is the normalized distance of the most distant

point of u from the centre of B. For positive, negative values of parameter b more,
less distant segments from the origin prevail, respectively, cf. Fig. 2.1.
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Figure 2.1: Simulated realizations of the process X using Algorithm 1 (3 · 106

iterations) with ea = 1 and the density (2.6) having parameters b = 10, τ = 3
(left) and b = −10, τ = 4000 (right), f1 corresponds to beta distribution with
parameters α = 2, β = 4.

The corresponding conditional intensity is

λ∗(x, u) = 1[x∪{u}⊂B]τf1

(
r

ea

)
exp(bd(u)).

For the intensity function it holds

ρ(u) = Eλ∗(X, u) = τf1

(
r
ea

)
exp(bd(u)), u ⊂ B,

ρ(u) = 0, u ∩ (R2 \B) 6= ∅.

There are no interactions among the segments in the model (2.6) with statistics
D(x), X is in fact an inhomogeneous Poisson process with unknown reference
density f1 and a condition X ⊂ B. The process X is isotropic since both the
reference Poisson process and the density p are invariant with respect to rotations
around the origin. This comes from Lemma 3 where∫

Y

. . .

∫
Y

1{In(u1, . . . , un) ∈ Z}p(In(u1, . . . , un))λ(du1) . . . λ(dun) =∫
Y

. . .

∫
Y

1{In(v1, . . . , vn) ∈ Z}p(In(v1, . . . , vn))λ(dv1) . . . λ(dvn),

Z ∈ M, vi = Aui is rotation of the segment ui. The identity holds because
we integrate over all configurations of n ∈ N segments where all segments lie
(completely) in B.

We use the symbol Aϕ for the corresponding direction of the segment u =
(y, r, ϕ) after rotation Au. Then also the intensity function is invariant with re-
spect to rotations, i.e.

ρ(u) = ρ(Au)

for all u ∈ Y and all rotations A.
Let f

(y)
X be the bivariate (Palm) density of the distribution of length and

direction of the segment centered at y, from Proposition 1 we have for y ∈ B a
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normalizing constant Cy > 0 such that

f
(y)
X (r, ϕ) =

ρ(y, r, ϕ)∫
L0×[0,π)

ρ(y, r, φ)drdφ

=
τf1

(
r
ea

)
exp(bd(u))

τ
∫

L0×[0,π)

f1

(
r
ea

)
exp(bd(u))drdϕ

=
f1

(
r
ea

)
exp(bd(u))

Cy
.

This gives the relation between the reference length density and the Palm distri-
bution.

f1

(
r

ea

)
=
Cyf

(y)
X (r, ϕ)

ebd(u)
. (2.7)

From the isotropy of X it holds

f
(y)
X (r, ϕ) = f

(Ay)
X (r, Aϕ) (2.8)

and therefore
Cy = CAy

for all y ∈ B and all rotations A.
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2.2 Semiparametric estimation using maximum

pseudolikelihood

The aim is to estimate parameters b, τ and density f1 from a sample of realizations
of X where we observe f

(y)
x instead of f1. We are using a semiparametric approach

so that f1 is not parametrized. Because of inhomogeneity of X we have to use
discretization during the solution, but we make use of isotropy. In the parametric
part we use maximum pseudolikelihood method for parameter estimation. For
an observed realization x the pseudolikelihood ([1]) is defined as

L =
∏
u∈x

λ∗(x \ u, u) exp

(
−
∫
v⊂B

λ∗(x, v)dv

)
.

The logarithmic pseudolikelihood

logL =
∑
u∈x

λ∗(x\u, u)−
∫
u⊂B

λ∗(x, u)du

= log(τ)n(x) + bD(x) +
∑
u∈x

log f1

(
r

ea

)
− τ

∫
u⊂B

f1

(
r

ea

)
ebd(u)du

has to be maximized with respect to τ, b. We have

∂ logL
∂τ

=
n(x)

τ
−
∫
u⊂B

f1

(
r

ea

)
ebd(u)du,

∂ logL
∂b

= D(x)− τ
∫
u⊂B

d(u)f1

(
r

ea

)
ebd(u)du.

Using (2.7) we obtain equations

n(x) = τ

∫
u⊂B

Cyf
(y)
X (r, ϕ)du, (2.9)

D(x) = τ

∫
u⊂B

Cyd(u)f
(y)
X (r, ϕ)du.

In the estimation procedure we proceed in several steps:
(i) Consider discrete levels of ||y|| like 0 < w1 < · · · < wk < ea/2 and put
yj = (0, wj)

T ∈ B. For

∆f =
ea
2k

let

wj = (j − 1)∆f +
∆f

2
, j = 1, . . . , k,

Yj = Bj × Lo × [0, π), Bj = {y ∈ B, (j − 1)∆f < ||y|| ≤ j∆f}, j = 1, . . . , k.

The kernel estimator of the bivariate densities f
(yj)
X , j = 1, . . . , k, is evaluated

from the observed data in each class, i.e. from the sample of segments u
(i)
j =

(y
(i)
j , r

(i)
j , ϕ

(i)
j ), i = 1, . . . ,mj centered in Bj, j = 1, . . . , k (see Fig. 2.2). Because

of (2.8) these segments are first rotated by such A
(i)
j that

A
(i)
j y

(i)
j = qyj

13



Figure 2.2: The circle B is divided in k annuli (classes) Bj, j = 1, . . . , k.

for some q > 0. Then we apply kernel estimation to each sample

A
(i)
j u

(i)
j , i = 1, . . . ,mj,

to estimate the joint length-direction density f
(yj)
X , j = 1, . . . , k. Since the length

component has values on a compact L0, we use here a system of beta kernels
([2]). The angular component is a circular variable, cf. [6], jointly we use a
bivariate product kernel. Let a1, a2 be positive constants, we use the following

kernel density estimator f̂j of the bivariate densities f
(yj)
X .

f̂j(~x) =
1

n

n∑
i=1

K?
x,a1

(r
(i)
j )Ka2(x2 − ϕ̃(i)

j ),

~x = (x1, x2), A(i)u
(i)
j = (ỹ

(i)
j , r

(i)
j , ϕ̃

(i)
j )

j = 1, . . . , k. Here the angular component is a circular variable, so

Ka2(x) =
1
√
a2

K

(
min(|x|, π − |x|)

√
a2

)
, x ∈ [0, π),

where K is Epanechnikov kernel function

K(x) =
3

4
(1− x2)1(|x|≤1), x ∈ R.

Further

K?
x,a1

(t) =


Kx/a1,(1−x)/a1(t) if x ∈ [2a1, 1− 2a1]

Kρ(x),(1−x)/a1(t) if x ∈ [0, 2a1)

Kx/a1,ρ(1−x)(t) if x ∈ (1− 2a1, 1]

where Ka,b is the density function of distribution Beta(a, b) and

ρ(x) = 2a2
1 + 2.5−

√
4a4

1 + 6a2
1 + 2.25− x2 − x

a1

.

(ii) From (2.7) we have

C−1
y =

∫
R

f
(y)
X (r, ϕ)

ebd(u)
dr (2.10)
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We choose fixed ϕ = 0. Since the length of the longest possible segment centered
in the j−th class is

lj = 2

√(ea
2

)2

− (∆f (j − 1))2,

we use the step

∆(j)
c =

lj
m
, m ∈ N,

for numerical integration of (2.10) with y = yj using Simpson rule:

b∫
a

f(x)dx ≈
f(a) + 4f(a+b

2
) + f(b)

6

for some function f . We split the interval (0, lj) in m subintervals
(c0, c1), (c1, c2), . . . (cm−1, cm), where

0 = c0 < c1 < · · · < cm−1 < cm = lj

are equally spaced points.
We put

rl,1 = (l − 1)∆(j)
c

rl,2 = (l − 1)∆(j)
c +

∆
(j)
c

2
rl,3 = l ·∆(j)

c

Then we approximate the integral (2.10) with

C−1
yj

= ∆(j)
c

m∑
l=1

Fj(rl,1) + 4Fj(rl,2) + Fj(rl,3)

6
,

where

Fj(x) =
f

(yj)
X (x, ϕ)

exp(bd(yj, x, ϕ))

Now we have unknown constants Cyj = Cj expressed as functions of b.
(iii) Integrals in the equations (2.9) are evaluated by Monte Carlo simulation
of M segments in Y uniformly randomly. Let n of them lie completely in B,
denoted ū

(i)
j = (ȳ

(i)
j , r̄

(i)
j , ϕ̄

(i)
j ), i = 1, . . . , nj where nj of them are centered in

Bj,
∑k

j=1 nj = n. Then

n(x) =
τπ2e3

a

4M

k∑
j=1

Cj

nj∑
i=1

f
(ȳ

(i)
j )

X (r̄
(i)
j , ϕ̄

(i)
j )

D(x) =
τπ2e3

a

4M

k∑
j=1

Cj

nj∑
i=1

d(ū
(i)
j )f

(ȳ
(i)
j )

X (r̄
(i)
j , ϕ̄

(i)
j )

(since πe2a
4
· π · ea is the volume of Y ). Thus we obtain

D(x)

n(x)
=

∑k
j=1Cj

∑nj

i=1 d(ū
(i)
j )f

(ȳ
(i)
j )

X (r̄
(i)
j , ϕ̄

(i)
j )∑k

j=1 Cj
∑nj

i=1 f
(ȳ

(i)
j )

X (r̄
(i)
j , ϕ̄

(i)
j )

. (2.11)
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true mean sd
b 3 3.059 0.484
τ 900 938.8 189.9

true mean sd
b 3 3.048 0.486
τ 900 954 186

Table 2.1: Means and standard deviations (sd) of the maximum pseudolikelihood
estimates of scalar parameters in the model (2.6) with reference length density.
Upper part - sample I (20 simulations), lower part - sample II (40 simulations)

It is an equation with a single variable b (using (2.10)) which is solved numerically.
(iv) Having estimated b we obtain Cj from step (ii) and then τ from any of the
equations

τ =
4M n(x)

π2e3
a

∑k
j=1 Cj

∑nj

i=1 f
(ȳ

(i)
j )

X (r̄
(i)
j , ϕ̄

(i)
j )

,

τ =
4M D(x)

π2e3
a

∑k
j=1 Cj

∑nj

i=1 d(ū
(i)
j )f

(ȳ
(i)
j )

X (r̄
(i)
j , ϕ̄

(i)
j )

which are Monte Carlo analogues of the equations in (2.9).
(v) Finally the estimator of the reference length density f1 is obtained by plugging
these estimators of b, τ and constants Cj, j = 1, . . . , k in (2.7) and renormalizing.
We can average results of several levels of y.

A numerical study is based on samples I, II of 20, 40 simulated independent
realizations, respectively, of segment process with parameters b = 3, τ = 900, α =
2, β = 4, ea = 1. In step (i) k = 6 classes were considered. In Fig. 2.3 there are
kernel estimates of the observed length density in all six classes separately. The
results of estimation of parameters b, τ (step (iii), (iv)) are in Table 2.1. Then in
Fig. 2.4 there are semiparametric estimators of reference length density f1 (step
(v)) in all classes separately. Finally the resulting semiparametric estimator of
reference length density f1 is in Fig. 2.5, here we do not consider two outer classes
where the inhomogeneity is the highest.

In all graphs the envelopes are created using the following procedure. In each
point x of the 1000 points on horizontal axis we have {di}mi=1, the function values
of m independent estimators. Denote d(0) ≤ · · · ≤ d(m−1) the corresponding
ordered set. We take i1 =

⌊
1
20

(m− 1)
⌋

and i2 =
⌈

19
20

(m− 1)
⌉
. Then d(i1), d(i2) are

the lower and upper values of the envelopes at x. They correspond to empirical
90% confidence interval.

If we look at the results of our simulation study, there is only a small deviation
of the estimations of both scalar parameters and the reference length density (if
we omit the last two classes). We still observe large variance which may be due
to the very small number of segments in the first class (the most segments are in
classes 3,4,5, where variance is the smallest). It may be studied in later work.
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Figure 2.3: Kernel estimation of the observed length density based on 40 sim-
ulations of the inhomogeneous segment process X, b = 3, τ = 900. In each of
six classes the average kernel estimator of the observed length density (full line)
is compared to the true reference density (dashed line) of beta distribution with
parameters α = 2, β = 4. The envelopes (dotted lines) correspond to empiri-
cal 90% confidence interval for the kernel estimator, pointwise in 1000 points on
horizontal axis.

Figure 2.4: Estimated reference length density (sample II) of the inhomogeneous
segment process X, b = 3, τ = 900. In each of six classes the average estima-
tor of the observed length density (full line) is compared to the true reference
density (dashed line) of beta distribution with parameters α = 2, β = 4. The
envelopes (dotted lines) correspond to empirical 90% confidence interval for the
kernel estimator, pointwise in 1000 points on horizontal axis.
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Figure 2.5: Semiparametric estimation of reference length density based on sam-
ple I (left), II (right) of 20, 40 simulations, respectively, of the segment process
X, b = 3, τ = 900. The average (from first four classes) estimator of the reference
density (full line) compared to the true reference density (dashed line) of beta
distribution with parameters α = 2, β = 4. The envelopes (dotted lines) corre-
spond to empirical 90% confidence interval for the estimated reference density,
pointwise in 1000 points on horizontal axis.
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3. More complex models

In this chapter we introduce generalizations of the segment process model from
Chapter 2. Models with some parameters are aimed for applications in biology.
In a further research they should fit systems of stress fibers in stem cells. Here
we present simulations of the models and find the set of parameters for which the
density p is integrable.

3.1 Model I

Let B, Y, L0, η, n(x), D(x), d(u) and other labeling be as in previous chapter. Let
the segment process X have density p with respect to η,

p(x) = c1[x⊂B] exp(bD(x) + qH(x))τn(x)
∏
xi∈x

g

(
ri
ea

)
, (3.1)

with parameters b, q ∈ R, τ > 0, c is the normalizing constant, ri is the length
of i-th segment ui = (yi, ri, ϕi) and g is a reference probability density on L0.
Further

H(x) =
∑
u∈x

sin γ(u),

where γ(u) ∈ [0, π
2
], is the angle between the segment u and the tangent τu to the

boundary ∂B of B at the point where the radius coming from the origin through
the center y of u intersects ∂B.

To verify that p is integrable we use

p(x) ≤ p
′
(x) = c exp

(
bD(x) + qH(x) + n(x) log τ +

∑
xi∈x

log g

(
ri
ea

))
,

where p′(x) is in the exponential form. We apply the remark after Definiton 14,
where

V (x) =

(
D(x), H(x), n(x),

∑
xi∈x

log g

(
ri
ea

))
, h = (b, q, log τ, 1).

Since coordinatewise

V (x) ≤ (n, n, n, c2n), for some c2 ∈ R, n = n(x),

we have
E[exp(h · V (η))] =

∞∑
n=0

e−λ(Y )λ
n(Y )

n!

∫
Y

. . .

∫
Y

exp (h · V (x))λ(d(u1, . . . , un)) ≤

∞∑
n=0

e−λ(Y )λ
n(Y )

n!
exp (bn+ qn+ n log τ + c2n) .
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According to D’Alembert ratio criterion this series converges for b, q ∈ R, τ > 0.
The corresponding conditional intensity of the process X is

λ∗(x, u) = 1[x∪u⊂B]zg

(
r

ea

)
exp(bd(u) + q sin γ(u)).

Using the conditional intensity of the process X with density with respect to unit
Poisson process we simulate realizations the process using Algorithm 1 on page
8, see Fig. 3.1.

Figure 3.1: Simulated realisations of the process X, model I, using Algorithm 1
(I = 2 · 107 iterations) with ea = 1 and the density (3.1) having parameters
(τ, b, q) = (0.6, 20, 10) (left) and (τ, b, q) = (2 ·10−6, 27,−8) (right), g corresponds
to beta distribution with parameters α = 2, β = 4.

3.2 Model II

For the simulation of real data of stress fibres in stem cells ([7]) the following
model is even more complex and comprises more variables. We no longer demand
segments to be completely in the circle B. Let X be a segment process with a
density

p(x) = cx exp(q1H1(x) + q2H2(x) + vS(x) + aN(x))τn(x)
∏
u∈x

g

(
r

ea

)
(3.2)

with respect to the Poisson segment process η. Here τ > 0, a, v < 0, q1, q2 ∈ R

are parameters, cx is a normalizing constant. Further let δ, ε, ψ ≥ 0 be fixed
constants. Denote

dist(u1, u2) =

inf{
√

(x1 − y1)2 + (x2 − y2)2; ~x = (x1, x2) ∈ u1, ~y = (y1, y2) ∈ u2},
u1, u2 ⊂ R

2, the distance between two sets in Euclidean space. Then we put

S(x) = N({u1, u2 ∈ x; u1 6= u2,](u1, u2) < ψ, dist(u1, u2) < ε})

N(x) = N({u1, u2 ∈ x; u1 6= u2, u1 ∩ u2 6= ∅}),
where N(D) is the number of elements in a finite set D and ](u1, u2) is the angle
in [0, π/2] between the lines we obtain if we extend the segments u1, u2.
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Furthermore let the circle B be divided in an even number of sectors Bi, i =
1, . . . , 2m, indexed in a clockwise direction. This means B = C1 ∪ C2, where
C1 =

⋃m
i=1B2i−1 is the union of all odd sectors and C2 =

⋃m
i=1B2i is the union of

all even sectors. Then we define

Γ(x) = {u ∈ x; dist({y}, ∂B) < δ, u = (y, r, ϕ)},

a subset of x, and

H1(x) =
∑
u∈Γ(x)

sin(γ(u))1[y∈C2],

H2(x) =
∑
u∈Γ(x)

cos (γ(u)) 1[y∈C1], u = (y, r, ϕ).

Here q1 > 0 applies only to even sectors where it favors segments u orthogonal
to the tangent τu, q2 > 0 applies to all odd sectors and favors segments u parallel
to the tangent τu. Both q1, q2 > 0 favor segments u ∈ Y for which dist({y}, ∂B) <
δ. Further v < 0, a < 0 inhibits the occurrence of segments which satisfy the
conditions given in N(x), S(x), respectively. The sectors Bi may be set in the
following way. We denote w(φ1, φ2) the sector between the angles φ1, φ2, in a
counterclockwise direction. Then in Fig. 3.2 we have

(a): 2m = 6 sectors, C1 = w
(
−π

6
,
π

3

)
∪ w

(
π

2
,
5π

6

)
∪ w

(
7π

6
,
5π

3

)
,

(b): 2m = 8 sectors, C1 = w
(
−π

6
,
π

12

)
∪ w

(π
6
,
π

2

)
∪ w

(
2π

3
, π

)
∪ w

(
4π

3
,
5π

3

)

(a) (b)

Figure 3.2: Simulated realisations of the process X using Algorithm 1 (I = 2 ·107

iterations) with ea = 1 and the density (3.2) having parameters (τ, q1, q2, v, a) =
(0.2, 20, 40,−20,−1) (left) and (τ, q1, q2, v, a) = (2, 20, 40,−20,−1) (right), g cor-
responds to beta distribution with parameters α = 2, β = 4. The constants are
(δ, ε, ψ) = (0.4, 0.01, π/6).
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Anallogically to Section 3.1 we can verify that the density p is well defined.
In the exponential form of p(x) we have

V (x) =

(
H1(x), H2(x), S(x), N(x), n(x),

∑
xi∈x

log g

(
ri
ea

))
,

h = (q1, q2, v, a, log τ, 1).

It holds coordinatewise

V (x) ≤ (n, n, n2, n2, n, c2n), for some c2 ∈ R, n = n(x),

therefore
E[exp(h · V (η))] ≤

∞∑
n=0

e−λ(Y )λ
n(Y )

n!
exp

(
q1n+ q2n+ vn2 + an2 + n log τ + c2n

)
.

According to D’Alembert ratio criterion the series converges for q1, q2 ∈ R,
v, a ≤ 0, τ > 0.

The corresponding conditional intensity of the process X is

λ∗(x, u) = τg

(
r

ea

)
exp(q1h1(x) + q2h2(x) + vs(x) + aN

′
(x)), (3.3)

where h1(x), h2(x), s(x), N
′
(x) are sums of those summands in H1(x), H2(x),

S(x), N(x), where one of u1, u2 equals u. We use Algorithm 1 to simulate real-
izations of the process, see Fig. 3.2.
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Conclusion

In this work, based on simulated data, we introduce a new approach to estimate
the parameters and the density of reference length distribution of a segment
process with a given probability density with respect to the Poisson process. The
estimation procedure follows. We use characteristics of the process and discretize
the model in several classes. In each class we evaluate a kernel density estimator
of the Palm mark distribution. Combining the relation between the observed and
reference length distribution and the maximum pseudolikelihood we compute the
estimators of the scalar parameters. Then using these estimates we evaluate
the estimator of the reference length density. The resulting density estimator is
an average over some of the classes. We compare results of the procedure with
true parameters and reference density of the model. In this work we also briefly
introduce two more complex models. The motivation is to model stress fibers
observed in cultured stem cells ([7]).
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