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Introduction

There are many phenomena which can be (and need to be) described with the
usage of quantum physics in the nature. Generally to get the right description of
any system whose dimensions are comparable to molecules and atoms, one needs
to always use quantum description. One of such cases is collision of particles.
Eventhough in some cases the particles behave as solid balls, there are many other
cases when the results of collisions of such particle do give other results than
simple elastic reflection. In general the field of quantum physics focused on such
problems is called quantum scattering (or scattering only) and a very specific
part of this field is the topic of this work. Quantum scattering uses the formalism
of quantum mechanics and can be used to study both two and multiple particle
collisions.

The topic studied in this work are the properties of a quite new type of basis
in scattering problems including the phenomenon of resonance. This basis is
called the wave-packet basis (WPB) and has been developed to approximate
the whole spectrum of energy eigenvectors of the Hamiltonian of a free particle
(free Hamiltonian). In Ref. [1] it is constructed in a way satisfying the Lifshitz’s
quasicontinuity condition so there is defined manner in which the WPB approaches
continuum with increasing number of the elements of the basis. On the other hand
in this work less limited versions of WPB are employed. Also it is to be noted
that this work does not aim for discovering and describing new phenomena, the
aim is to asses the properties of WPB in comparison to other more usual methods
of computation of scattering problems. This is done on models with quite precise
results known beforehand and the aim is to reproduce these benchmark data
as accurately as possible and, based on the comparison of known and acquired
results, asses the properties of the WPB.

The content of this work is divided into two chapters, the first focusing on
the theoretical basics needed for understanding of latter approach towards the
calculations. This theoretical chapter contains a quick description of simple
scattering models and phenomena, an overview of the wave-packet basis and
its possible usage in scattering and outline of the concepts of quasicontinuum
conditions and spectral shift function, both introduced by I. M. Lifshitz.

With the theory ready, the second chapter focuses on discussion of the results,
specifies detail of the computations and results into a sequence of steps describing
possible implementation of WPB into a scattering problem.

The third chapter chapter the results of the computation are summarized
together with the values of the parameters present in the models used.

The last chapter summarizes all the results acquired and the assesment of the
wave-packet basis.
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1. Theory

1.1 Scattering

Quantum scattering is a field of physics which investigates collision of particles.
As the important events of particle collision happen on very small scales comparable
to those particle’s dimensions, the phenomena cannot be in majority of cases
described with classical physics and quantum description needs to be applied. In
this work the framework of quantum mechanics will be used. The general aim
of the scattering theory is to both explain observed data and, if possible, even
predict results of experiments before they are conducted.

Methods included in the field of scattering are both experimental and theo-
retical. This work will use theoretical methods only, all results will be acquired
via numerical simulation. The two main points to consider in such case are the
wavefunction and the potential. In further text, wavefunction of single particle
will be considered despite the fact collision of two particles will be investigated.
It will be assumed that one of the particles is not altered in any way by the
interaction and so its influence towards the problem is only the potential with
which it acts on the other particle. In further text, this unaltered particle will be
sometimes referred to as the heavy particle (the reason is when collision of two
classical balls is considered and one of the balls is much heavier then the other,
it is often also approximated that this heavy ball does not move at all and the
incoming ball reflects elastically). Also the frame of reference will be the rest
frame of this particle and the particle will lie in the origin. The other particle can
now be called incoming particle as for those two particles to collide, they need
to be moving relatively to each other. For simplification, suppose the incoming
particle has zero angular momentum and zero spin.

It would be very instructive on this point to show a very basic example of
scattering. The folowing article is adopted from Ref. [2]. Let us consider the
incoming particle in three dimensional space. The vector of the incoming particle
shall be called |ψ⟩. Let the heavy particle affect the incoming one with a potential

V̂ . Now the Shrödinger equation would be

Ĥ |ψ⟩ = (Ĥ0 + V̂ ) |ψ⟩ = E |ψ⟩ , (1.1)

where Ĥ0 denotes the free Hamiltonian with the kinetic term only. With easy
reorganization of the terms the form

|ψ⟩ = 1

E − Ĥ0

V̂ |ψ⟩ (1.2)

can be achieved. But the equation (1.2) is not well defined as there are points
on the real axis for which the denominator is zero. This problem is avoided by
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moving away from the real axis into complex plane by adding the term +iϵ and in
the end taking the limit ϵ→ 0. Another point is that if the |ψ⟩ on the left hand
side of (1.2) is to fulfil (1.1), than another term

|φ⟩ : (E − Ĥ0) |φ⟩ = 0 (1.3)

can be added to the right hand side of (1.2) and the equation will still hold. So
the resulting equation would be

|ψ⟩ = |φ⟩+ 1

E − Ĥ0 + iϵ
V̂ ψ⃗, (1.4)

where the limit ϵ → 0 is done at the end of the calculation. Equation (1.4) is
called Lippmann-Schwinger equation. The solution to this equation can be found
quite easily. As the first term |φ⟩ satisfies (1.3), which is actually just a form of
Shrödingers equation for free Hamiltonian, it is in position representation simply
a plane wave

⟨x⃗|φ⟩ = 1

(2πh̄)
3
2

eik⃗·x⃗ (1.5)

normalized to ⟨φ′|φ⟩ = δ(k⃗ − k⃗′). The second part of the right hand side of (1.4)
can be expressed in position representation and using the expansion with the
unity to acquire

⟨x⃗| 1

E − Ĥ0 + iϵ
V̂ |ψ⟩ =

∫
R3

⟨x⃗| 1

E − Ĥ0 + iϵ
|x⃗ ′⟩⟨x⃗ ′|V̂ |ψ⟩ dx⃗ ′. (1.6)

Now, after a few steps, the following equation can be found in Ref. [2]:

lim
ϵ→0

⟨x⃗| 1

E − Ĥ0 + iϵ
|x⃗ ′⟩ = −2m

h̄2
eik|x⃗−x⃗ ′|

4π|x⃗− x⃗ ′|
(1.7)

and so the final result of (1.4) in position representation reads as

⟨x⃗ |ψ⟩ = ψ(x⃗) =
1

(2πh̄)
3
2

eik⃗·x⃗ − 2m

h̄2

∫
R3

eik|x⃗−x⃗ ′|

4π|x⃗− x⃗ ′|
V (x⃗ ′)ψ(x⃗ ′)dx⃗ ′. (1.8)

This result is interpreted as follows: the first term of the form the of plane wave
corresponds to the incoming particle coming from large distance and hitting
the heavy particle. The scattered particle is represented with the second term,
which describes a spherical wave centered around the origin of coordinates. This
description could be elaborated further using wave-packets but as the aim was just
to show an example of a scattering where both incident and outcoming particle
can be identified, this is considered enough for the sought illustration the problem.

As the particles should interact only on close range (for some scattering
variables described later to have sense), the potential caused by the large particle
and felt by the incoming particle should be localized. As a result, the incoming
particle can be supposed to be free in the asymptotic region (in the region of
distance from the heavy particle large compared to the reach of the potential).
This is true not only long before the incoming particle interacts with the heavy
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particle, but also when it moves far away from it. This makes it possible to
predict the incoming particle’s long range asymptotes of the wavefunction, namely
it is reasonable to expect the wavefunction to correspond to the free particle
wavefunction. This gives rise to one of the most widely used scattering variables
called the phaseshift.

To demonstrate the phaseshift, another simple example shall be considered.
Let us have a one dimensional problem with a symmetric double delta barrier.
Namely, let the Hamiltonian in x-representation be

Ĥ =

(
− h̄2

2m

d2

dx2
+ λδ(x− a) + λδ(x+ a)

)
, (1.9)

where the parameter λ describes the strength of the barrier. If we search for the
eigenvector of this Hamiltonian, as the Hamiltonian is free almost everywhere,
the wavefunction of the eigenvector will be a linear combination of complex

exponentials eikx and e−ikx, where k =
√
2mE
h̄

. This solution is quite instructive in
the sense, that the individual exponential parts are interpreted as an incoming
or outcoming particle. On the other hand another approach possible is to search
for solutions in the form of linear combination of sine and cosine. This class of
solutions can be divided into two parts, those solutions which have a sine function
between the delta barriers and those which have a cosine function there. This is a
result of the fact that the potential is symmetric and thus the eigenfunctions are
of even or odd parity. The latter fundamental system of sine and cosine functions
will be used in this solution.

The problem in the question is thus finding a vector |ψ⟩ satisfying

⟨x| Ĥ |ψ⟩ =
(
− h̄2

2m

d2

dx2
+ λδ(x− a) + λδ(x+ a)

)
ψ(x) = Eψ(x). (1.10)

In agreement with the common approach to problems of delta potential and above
stated division into two options with either sine or cosine inbetween the delta
functions, let the function ψ(x) have two variants each consisting of three parts:

ψ1(x) =

⎧⎪⎨⎪⎩
ψ1−(x) = A1 sin(kx) +B1 cos(kx) x ∈ (−∞,−a)
ψ10(x) = C1 sin(kx) x ∈ (−a, a)
ψ1+(x) = D1 sin(kx) + E1 cos(kx) x ∈ (a,∞)

(1.11a)

ψ2(x) =

⎧⎪⎨⎪⎩
ψ2−(x) = A2 sin(kx) +B2 cos(kx) x ∈ (−∞,−a)
ψ20(x) = C2 cos(kx) x ∈ (−a, a)
ψ2+(x) = D2 sin(kx) + E2 cos(kx) x ∈ (a,∞).

(1.11b)

The solution needs to satisfy the requirement for the functions to be continuous
(namely limits from left and right at points a and −a should be the same) and
the first derivatives to have a step at the points −a and a (the latter being caused
by the delta potential). The function ψ1(x) will be solved completely, for function
ψ2(x) only solution will be stated. The condition for the function to be continuous
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gives two relations:

lim
x→−a−

ψ1−(x) = lim
x→−a+

ψ10(x)

=⇒ A1 sin(−ka) +B1 cos(−ka) = C1 sin(−ka),
lim
x→a−

ψ10(x) = lim
x→a+

ψ1+(x)

=⇒ C1 sin(ka) = D1 sin(ka) + E1 cos(ka),

which can be simplified to

A1 −B1 cot(kx) = C1, C1 = D1 + E1 cot(ka). (1.13)

Before the next condition is applied, (1.10) can be simplified to

(− d2

dx2
+ γδ(x− a) + γδ(x+ a))ψ(x) = k2ψ(x), (1.14)

where γ = 2mλ
h̄2 . Integrating this followingly:

lim
ϵ→0+

∫ −a+ϵ

−a−ϵ

−ψ′′(x) + γδ(x− a)ψ(x) + γδ(x+ a)ψ(x)dx =

= lim
ϵ→0+

ψ′
−(−a− ϵ)− ψ′

0(−a+ ϵ) + γψ(−a) = 0 1

lim
ϵ→0+

∫ a+ϵ

a−ϵ

−ψ′′(x) + γδ(x− a)ψ(x) + γδ(x+ a)ψ(x)dx =

= lim
ϵ→0+

ψ′
0(a− ϵ)− ψ′

+(a+ ϵ) + γψ(a) = 0

leads to the second set of conditions for the derivative of ψ1(x)

lim
x→−a−

ψ′
1−(x) = lim

x→−a+
ψ′
10(x)− γψ1(−a) (1.16)

=⇒ k(A1 cos(−ka)−B1 sin(−ka)) = kC1 cos(−ka)− γC1 sin(−ka),
lim
x→a−

ψ′
10(x) = lim

x→a+
ψ′
1+(x)− γψ1(a)

=⇒ kC1 cos(ka) = k(D1 cos(ka)− E1 sin(−ka))− γC1 sin(ka),

Now combining the too sets of two conditions it can be found that,

ψ1(x) =

⎧⎪⎨⎪⎩
C1(1 +

γ
k
sin(ka) cos(ka)) sin(kx) + C1

γ
k
sin2(ka) cos(kx) x ∈ (−∞,−a⟩

C1 sin(kx) x ∈ (−a, a⟩
C1(1 +

γ
k
sin(ka) cos(ka)) sin(kx)− C1

γ
k
sin2(ka) cos(kx) x ∈ (a,∞).

(1.17)
The whole function is directly proportional to C1 and so this parameter affects
only normalization of the vector. As normalization does not plat any role in the
following discussion, C1 can be set to 1. To find the function ψ2(x) means to do a
very similar computation as above and the result is

ψ1(x) =

⎧⎪⎨⎪⎩
−C2

γ
k
cos2(ka) sin(kx) + C2(1− γ

k
sin(ka) cos(ka)) cos(kx) x ∈ (−∞,−a⟩

C2 cos(kx) x ∈ (−a, a⟩
C2

γ
k
cos2(ka) sin(kx) + C2(1− γ

k
sin(ka) cos(ka)) cos(kx) x ∈ (a,∞).

(1.18)
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Figure 1.1: Example of the function ψ1(x) (blue line) compared to the free particle
wave function not subject to the potential (orange dashed line), vertical dashed
lines show the positions of the delta barriers

Fig. 1.1 shows the function ψ1(x) for parameters γ = 10, k = 1 and a = 0.95π.
It has been complemented with the extension of the part ψ1−(x) over the whole
axis, which shows how would the wavefunction look like if there was no potential
and the function would remain the same on the complete x axis. In this picture,
the phaseshift is the phase distance of the two points highlighted by the two
arrowheads. As the parametr k has been chosen as k = 1, it is numerically equal
to the distance. In general case of this model, the distance of these two points
needs to be multiplied by k to acquire the phase difference. For more complicated
situations and models both the computation of phaseshift is not so straightforward
to compute2. Yet even in these cases, its interpretation can often be the same, it
is a phase difference of some waves, one taking into account the potential and the
other not.

Another important phenomenon of quantum scattering is the resonant be-
haviour. Once more, its example can be viewed on the Fig. 1.1. It can be quite
easily seen that the part of the function between the barriers has higher amplitude
than outside. In effect the chance of finding the particle inside the barriers is a bit
higher than if it was not for the barriers and this is called the resonant behaviour.
The general theoretical description of this phenomenon is complicated, but it
can be imagined as interference of the wave transmitted through the first barrier
and reflected from the other. In the case these two waves interact with the right
phase, they build up with constructive interference. A similar phenomenon can
be observed in many other more complex cases of quantum scattering.

Up to now all the calculations for the function ψ(x) have been done in the time-
independent formalism. If the time would be considered now for a brief moment,

1Integrating the right hand side yields zero, as the integrand k2ψx is continuous function
and the integral of integration goes to zero and so does the result of the integration

2The appropriate way to find it is to search for the eigenvalues of S-matrix, more for example
in Ref. [3]
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the resonant part of the wavefunction would start to decease via transmission
through the barrier. This dumping of resonant function is most often of exponential
character, it behaves as e−

t
τ . The variable which is of big interest in resonant

scattering is called the resonance width Γ and is defined as Γ = h̄
τ
. The higher the

resonance width the shorter will the resonance last and vice versa.
The reason this phenomenon is called resonant scattering is the fact, that it is

highly dependent on the energy of the incoming particle. If the incoming particle’s
energy is not close to what is called resonant energy, no resonance may occur at
all. So in order for resonance to happen, the incident particle’s energy must be
close to a specific value and that is what gives scattering resonance its name.

In this work the connection of the phaseshift, the energy of the resonance
and the resonance width has been utilized. The theoretical description of this
phenomenon will not be included, but it can be shown Ref. [1] the dependence
of the phaseshift on energy has a steep step of height of (almost precisely) π at
the resonance energy. What is more, the steepness of this step also depends on
the resonance width. As a result, a very good description of resonant behaviour
of given model can be acquired from the knowledge of the dependency of the
phaseshift on energy of the incoming particle. In most cases, the relation between
the resonant energy Eres, the phaseshift δ and the resonance width Γ can be
approximated as

δ = δbg(E) + arctan
Γ

E − Eres

, (1.19)

where δbg is an slowly varying function of energy. In this work, the form

δbg(E) = δ0 + δ1E, (1.20)

was assumed, where δ0 and δ1 were constants.
This paper will continue with description of methods used to compute phaseshift

and then how have these been used to find the resonance width.

1.2 Relation between one and three dimensions

It might not be straightforward why the same approach as in one dimension can
be used in the case of three dimensions, when the structure of the Hamiltonian is
different in one and three dimensions. As stated in section 1.1 the interest of this
work lies only in scattering of spinless particle of zero angular momentum. This
leads to the fact that the scattered wave |η⟩ is of spherical symmetry (commonly
called S-wave) in position representation, namely

⟨x⃗|η⟩ = η(r) (1.21)

and such need to be also the basis vectors of the basis used. Let the potential be
also dependent only on the radial distance (which is satisfied by the potential of
model B, see further section 3.1).

Now some basic thoughts, which are also employed in computation of eigen-
vectors of elementary energetic wells, are used to find a simplification of the 3D
scattering problem. The first thing to consider is the free Hamiltonian in three
dimensions in position representation:

Ĥ0 =
p̂ 2

2m
+ V̂ = − h̄2

2m
∆+ V (r) = − h̄2

2m

1

r2
d

dr

(
r2
d

dr

)
+

L̂2

2mr2
+ V (r). (1.22)
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If this Hamiltonian is now applied on its eigenvector ⟨x⃗|E⟩ = RE(r) satisfying
conditions stated above (S-wave in x representation), it follows that

⟨x⃗| Ĥ |E⟩ = (− h̄2

2m
∆+ V (r))RE(r) = (− h̄2

2m

1

r2
d

dr

(
r2
d

dr

)
+ V (r))RE(r) =

= − h̄

2m

1

r2
(
r2E ′(r)

)
+ V (r)RE(r) = − h̄2

2m

(
R′′

E(r) +
2

r
R′

E(r)

)
+ V (r)RE(r)

(1.23)

Now the substitution RE(r) =
χ(r)
r

will be used in (1.23) and the result can be
followingly simplified:

− h̄2

2m

(
χ(r)

r

)′′

+
2

r

(
χ(r)

r

)′

=

= − h̄2

2m

(
χ′′(r)

r
− 2

χ′(r)

r2
+ 2

χ(r)

r3
+

2

r

(
χ′(r)

r
− χ(r)

r2

))
=

= − h̄2

2m

χ′′(r)

r
.

(1.24)

This leads directly to the following relation

⟨x⃗| Ĥ |E⟩ = E ⟨x⃗|E⟩ =⇒ − h̄2

2m

χ′′(r)

r
+ V (r)

χ(r)

r
= E

χ(r)

r

=⇒ − h̄2

2m
χ′′(r) + V (r)χ(r) = Eχ(r),

(1.25)

which is in fact exactly the same equation as in 1D position representation. As we
can see, using χ(r) completely the same problem as in 1D position representation
is being solved and so it is at hand that also the solution will be similar. What
do the 1D and 3D radial problems differ in is, that while for 1D case the whole
x axis is allowed in 3D only the positive semi-axis of real numbers is used, as it
represents the whole 3D space. Another difference is that for 3D case there is a
special requirement arising from the definition of the function χ(r) : RE(r) =

χ(r)
r
.

As we want the function RE(r) to be regular in the origin of the coordinate r, we
need

lim
r→0

χ(r) = 0 (1.26)

as otherwise RE(r) would diverge at the origin.

1.3 Wave-packet basis

Scattering problems are often quite hard to solve analytically. It means that
when the full problem is taken into account then even for simple models the
complete solution for any possible case of initial conditions might be impossible to
find. So some approximative result needs to be obtained. One of the approaches
is to approximate all possible wavefunctions with some finite set of functions.
For convenient usage of the basis, it is viable to choose such set of vectors that
their wavefunctions are some subset of the L2 space3. But as the L2 is of infinite

3scalar product and thus also a norm can be then defined easily
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dimension, so is every basis and only some finite part of this basis can be taken
into account. On the one hand, this approach can lead to problems when the basis
is too small (too few vectors) or the vectors exhibit some unwanted behaviour
(the chosen basis can for example approximate too small part of all the possible
vectors of incoming functions or the approximation of vectors with this basis might
converge too slowly etc.). On the other hand, many simple models already offer
results which are cross-checked by multiple approaches and can thus be considered
a benchmark for any new approach, so one can asses if some basis gives good or
bad results easily.

The wave-packet basis (WPB) is a continuum approximation method proposed
in Ref. [4]. The main idea is that the continuous energetic spectrum is divided
into non-overlapping bins and then the free Hamiltonian eigenstates are integrated
over those bins. As a result a set of vectors is obtained which are square integrable
and whose expectation value of kinetic energy is equal to the average between
the bin’s boundary value. Thus for vector (1.32) (see below) it can be directly
expressed as

⟨ψi| Ĥ |ψi⟩ =
ϵi + ϵi+1

2
. (1.27)

What is more, the individual vectors of the WPB are also orthogonal to each
other (which is true only if the defining energy bins are non-overlapping) and can
be easily normalized. This method finds its use mainly in the field of quantum
scattering. In such a case, the WPB is used to approximate the continuum
of possible energies of the incoming particles, then the scattering variables are
computed for all of the elements of the WPB set and lastly, via some interpolation
method, an approximative result for an arbitrary energy of the incoming particle
can be acquired.

The main advantage of the WPB basis is that it is very flexible and can be
successfully used with various settings. What is meant is the fact that the energetic
bins can be spread across the whole continuum of energies, thus approximating the
whole energetic spectrum, or can be focused only on some part of the spectrum,
which is useful for cases where we have some a priori information about the system
and we know that some parts of the energetic spectrum are redundant for the
description of the phenomena involved. The former approach using approximation
of the complete spectrum was used in Ref. [1], whereas the latter was used for
example in this work.

The first step for generating the wave-packet is the determination of the energy
bins. There is no strict rule and some intuition and general knowledge of the
problem is useful. If no such intuition or information is available, approximation
of the whole spectrum might be needed. The complete continuum approximation
problem is more closely discussed in Ref. [1], where there is also additional condition
on how should the approximation approach full continuum with increasing density
of the energy bin boundaries. These conditions are summarized in the rest of
this paragraph. Let us have a positive real number a, a natural number N (the
number of bins into which we want to divide the spectrum), and a function g(x)
which for given N defines the energy bins as

(g(ja), g((j + 1)a)) for j ∈ {0, ..., N} (1.28)

As we want the bins to be not overlapping, g(x) needs to be a monotonous non-
decreasing function for some interval of positive numbers (and can’t be constant on
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the whole of this interval). Let us assume this interval to be the whole definition
domain. Lastly, in the limit of N → ∞ and a → 0 we want the energy bins
to become so dense as the continuum is and also g(Na) → ∞ for the whole
continuum to be covered. In Ref. [1] a suitable way of specifying the function g(x)
is suggested in the form of the conditions

g(ja) + g((j + 1)a)

2
= g(ja) +O(a) (1.29a)

g((j + 1)a)− g((j − 1)a)

2
= a

dg(u)

du

⏐⏐⏐⏐
u=ja

+ o(a) (1.29b)

lim
N→∞

g(Na(N)) = ∞ (1.29c)

These conditions are referred to as the Lifshits quasicontinuity conditions, because
they were developed together with other theory by I. M. Liftshitz in the fifth
decade of the last century. The article Ref. [1] is actually based mainly on some
earlier Lifshitz works from that time. If the function g(x) satisfies these conditions,
it is evident that for N → ∞ the widths of the energy bins go to zero and so, if
g(Na(N)) → ∞ is also satisfied, the continuum should be well approximated and
the approximation should be the better the N is higher and a lower.

An example of a full spectrum approximation is given in Ref. [1]. A neat idea
is employed that the real number a could be dependent on N in such a way that

lim
N→∞

a(N) = 0 (1.30)

and this was also employed in this work. As a result, there is one less independent
parameter needed when finding the energy bins. The example shown in the
reference is

g(x) = tan(x)

a(N) =
π

2(N + 1)
.

(1.31)

It is easy to verify that the Lifshitz quasicontinuity conditions are satisfied. Using
only first and second order of the Taylor series of tangent around the point aj
tan(x) ≈ tan(aj) + 1

2 cos2(aj)
(x− aj) we get that

g((j + 1)a) + g(ja)

2
= g(aj) +

a

cos2(aj)
+ o(a2) = g(aj) +O(a).

Similarly we get

g((j + 1)a)− g((j − 1)a)

2
=

a

cos2(aj)
+ o(a) = a

dg(u)

du

⏐⏐⏐⏐
u=ja

+ o(a).

Also, limN→∞ a(N) = 0 is satisfied and the first bin starts at g(0a) = 0 and
the last ends at g( N

N+1
π
2
), which approaches +∞ as N → +∞. Advantages and

disadvantages of this basis for the main problem of this paper will be discussed
later.

In this work, it has been found that from (1.29) the condition (1.29c) can be
omitted while preserving satisfying accuracy of the results. This means that only
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a part of energy continuum corresponding to some finite interval of energies was
approximated. Also the method of distribution of the bins has been found to be
of big importance. Generally the aim was to have higher density of bins about
the value of resonant energy.

When the problem in question does not require an approximation of the whole
energy spectrum, much wider variety of functions for determining the energy bins
can be employed. Even so simple ones as equidistant bins on finite interval. No
matter what the energy bins are, the next step in the continuum approximation
is computing the vectors of WPB. As stated above these vectors are defined as
integrals of the energy wavefunction of the free Hamiltonian, namely

|ψi⟩ =
1√

ϵi+1 − ϵi

∫ ϵi+1

ϵi

|E⟩ dE, (1.32)

where ϵi denotes the beginning of the i-th energy bin (and as there are no spaces
between the bins, the value ϵi+1 denotes the ending value of the i-th energy bin).
As most of the calculations in this work are done in 1D x-representation, it is a
good idea to reexpress the integral (1) in one dimensional position representation
too. The energy eigenvector |E⟩ coincides with momentum eigenvector, but is of
different normalization than such eigenvector |p⟩, because

⟨p′|p⟩ = δ(p− p′) whereas ⟨E ′|E⟩ = δ(E − E ′). (1.33)

Importantly each eigenvalue E of the free Hamiltonian is twice degenerate.
This is clearly seen when the above identification of |E⟩ and |p⟩ is done and it is

obvious, that both |p⟩ and |−p⟩ have the same eigenvalue with respect to Ĥ0. The
reason for exchanging energy for momentum is clearer and easier computation. In
following text only positive momentum is taken into account and the differences
for negative are described in the very end.

As it is generally known that E = p2

2m
and ⟨x|p⟩ = 1√

(2πh̄)
e

i
h̄
px, assuming

|E⟩ = N |p⟩ we have

δ(E − E ′) = ⟨E ′|E⟩ =
∫ ∞

−∞
⟨E ′|x⟩ ⟨x|E⟩ dx =

=

∫ ∞

−∞
N∗N

1

2πh̄
e

i
h̄
(p−p′)xdx = N∗Nδ(p− p′) = N∗Nδ(

√
2mE −

√
2mE ′).

(1.34)

As function
√
2mE has only one root, the last delta function in (1.34) can be,

using

δ(f(x)) =
δ(x− x0)

|f ′(x0)|
where f(x0) = 0, (1.35)

expressed as

N∗Nδ(
√
2mE −

√
2mE ′) = N∗N

δ(E − E ′)√
m
2E

= N∗N

√
2E

m
δ(E − E ′). (1.36)

This implies that under the assumption that N is real (which can be made, as it
only influences the phase of the wavefunction, but not a result of any measurement),
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N = 4
√

m
2E

. This leads us to

⟨x|E⟩ = 1√
2πh̄

4

√
m

2E
e

i
h̄

√
2mEx. (1.37)

This is not a very convenient form for integration in formula (1.32), so the
integration variable E in the integral (1.32) is substituted to k, defined as h̄k2

2m
= E.

This is also the right place to recall that there exist also the other momentum
vector. Its only difference compared to the momentum vector used in the last few
formulas is that in x representation its complex exponential has the opposite sign
in exponent. This also leads to the opposite sign in the complex exponential of
the final form, which is

⟨x|ψi+⟩ =
h̄√

2πm(ϵi+1 − ϵi)

∫ √
2mϵi+1

h̄

√
2mϵi
h̄

√
keikxdk (1.38a)

⟨x|ψi−⟩ =
h̄√

2πm(ϵi+1 − ϵi)

∫ √
2mϵi+1

h̄

√
2mϵi
h̄

√
ke−ikxdk (1.38b)

These integrals can be even expressed analytically as

⟨x|ψi+⟩ =

√
π
(
erf

(√
−ibx

)
− erf

(√
−iax

))
+ 2

√
−ix

(√
aeiax −

√
beibx

)
2
√
π(−ix)3/2

√
b2 − a2

(1.39a)

⟨x|ψi−⟩ =
−2ix

(√
ae−iax −

√
be−ibx

)
+
√
π
√
ixerf

(√
iax

)
−
√
π
√
ixerf

(√
ibx

)
2
√
πx2

√
b2 − a2

,

(1.39b)

where erf denotes the error function and, for brevity, substitutions a =
√
2mϵi
h̄

and

b =

√
2mϵi+1

h̄
have been used.

Having the solution explicitly available, it can be tested that the resulting
functions are both orthogonal and normalized to 1, thus orthonormal. Orthogo-
nality can be proved (once more only for |ψi+⟩, for |ψi−⟩ the calculations would
be very similar) using the integral form of (1.38) to compute the scalar product
of two different arbitrary vectors in x representation, namely

⟨ψi+|ψj+⟩ =
∫ ∞

−∞
⟨ψi+|x⟩⟨x|ψj+⟩ dx. (1.40)

When this expression is expanded using (1.38) and letting C be all the multiplica-
tive constants from both integrals defining the vectors in position representation
(as the orthogonality is being proved and the aim is to find a multiplicative zero,
it is of no use to keep track of all the different multiplicative constants) and
abbreviating the lower limits with a and c and the upper limits of the integrals
over energy bins with letters b and d we acquire

⟨ψi+|ψj+⟩ = C

∫ ∞

−∞

∫ b

a

∫ d

c

√
kk′e−i(k−k′)xdk′dkdx. (1.41)
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As the order of the integrals can be switched4, by integrating over position x first
it follows that

⟨ψi+|ψj+⟩ = C ′
∫ b

a

∫ d

c

√
kk′δ(k − k′)dkdk′ (1.42)

where C ′ = 2πC as a result of
∫∞
−∞ e−ikxdx = 2πδ(k). As intervals (a, b) and (c, d)

are disjoint, the integral of the delta function over either k or k′ will always be zero
(no matter what it is multiplied by) and thus the whole expression will be zero and
the vectors are proved to be orthogonal. The case equally clear when considering
⟨ψi+|ψj−⟩ as then the delta function is actually of the form δk + k′ and both k
and k’ are positive. As far as normalization is concerned, if we follow the notation
from the orthogonalization computation and take c = a, d = b (≡ i = j in (1.42)),
then applying for example the integral over k′ in (1.42) yields

⟨ψi+|ψi+⟩ = C ′
∫ b

a

kdk = C ′ b
2 − a2

2
. (1.43)

It is now possible to verify that C ′ actually equals 2
b2−a2

, when we recall what
a and b stands for, and therefore it is proved that ⟨ψi+|ψj+⟩ = δij as expected.
As a result this set of vectors {ψi±}Ni=1 with wavefunctions (1.39) can be readily
used as a basis approximating vectors with energies from the interval covered by
the energy bins. An arbitrary vector can be projected onto the space spanned by
this set of basis vectors and generally the projection is the better the longer is
the interval covered by the energy bins and the denser the bins on the covered
interval are.

From the current form it is easy to acquire an slightly altered basis, which
will have the important property of being composed of two subsets, the vectors
in the first subset being symmetric and in the second antisymmetric in position
representation. It is a common knowledge that cos(kx) = eikx+e−ikx

2
and sin(kx) =

eikx−e−ikx

2i
. So if the vectors |ψi+⟩ and |ψi−⟩ are summed in the following way:

⟨x|ψic⟩ =
1√
2
2
|ψi+⟩+ |ψi−⟩

2
=

h̄√
πm(ϵi+1 − ϵi)

∫ √
2mϵi+1

h̄

√
2mϵi
h̄

√
k cos(kx)dk (1.44a)

⟨x|ψis⟩ =
1√
2
2i
|ψi+⟩ − |ψi−⟩

2i
=

h̄√
πm(ϵi+1 − ϵi)

∫ √
2mϵi+1

h̄

√
2mϵi
h̄

√
k sin(kx)dk (1.44b)

The 1√
2
is a normalization constant as two vectors with equal weight are being

combined, so the resulting vectors |ψis⟩ and |ψic⟩ are normalized. Orthogonality
could be proved in the same way as for |ψi+⟩ recalling cos(kx) = Re(eikx) and
sin(kx) = Im(eikx). Similarly to |ψi±⟩ also these vectors can be expressed by the

4This can be justified by the Fubini’s theorem consequence. If the result of the integration is
finite, than the order of integrations does not matter
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means of special functions:

⟨x|ψic⟩ =

√
b2 − a2

(√
2π

(
S
(√

2
π

√
ax

)
− S

(√
2
π

√
bx
))

− 2
√
ax sin(ax) + 2

√
bx sin(bx)

)
√
2πx3/2

(1.45a)

⟨x|ψis⟩ =

√
b2 − a2

(√
2π

(
C
(√

2
π

√
bx
)
− C

(√
2
π

√
ax

))
+ 2

√
ax cos(ax)− 2

√
bx cos(bx)

)
√
2πx3/2

,

(1.45b)

where the S and C denote Fresnel’s S integral and C integral respectively and a
and b have the same meaning as in (1.39).

It is essential that the basis
{⏐⏐ψics

⟩}N

i=1
approximates exactly the same space

as {|ψi±⟩}Ni=1 while also preserving the orthonormality relation. Other important
property is the symmetry/antisymmetry of the vectors inherited from the sine or
cosine in definition (1.44). It is often possible to use only one half of the basis
which respects the symmetry of the problem in question which results in reduction
of calculations needed in comparison to {|ψi±⟩}Ni=1.

It is also good to recall the unification between one and three dimensions found
in 1.2. The requirement of regularity in origin in 3D case leads to (1.44b) being
the basis of choice for the three dimensional version of the WPB as all the basis
vectors satisfy this condition. The only difference is, as stated above, the radial
integration range, which is only from 0 to ∞ instead of the full real axis in the 1D
case. In order for the basis vectors be normalized to 1 they need to be multiplied
by

√
2 compared to (1.44b).

1.4 Spectral shift function

This part describes how the phaseshifht has been acquired in this work. The
spectral shift function (in further text abbreviated SSF) ξ(E) is an important
object of the spectral theory of perturbations. Despite it experienced its main
boom it the fifties and sixties of the twentieth century, its idea was actually born
around 1947 in the works of I. M. Liftshitz Ref. [5]. Even though not used as much
in present calculations, it can still be of good use. There are several definitions of
SSF, some of which are independent of the other and this leads to some interesting
results.

Namely, in Ref. [1] it is shown the following: let us have a free Hamiltonian Ĥ0

and let us have a basis {|ψi⟩}Ni=1 approximating the continuous spectrum of Ĥ0

which satisfies the Lifshitz’s quasicontinuity conditions mentioned in section 1.3.
For such a basis consisting of N vectors, let the set of eigenvalues of Ĥ0 be denoted
{E0j(N)}Nj=1 (the energies E0j are ordered from the smallest to the highest). Now

let Ĥ be a full Hamiltonian which means consisting of not only the kinetic part,
but also of potential (and this potential should depend on position only, not on

momentum). The approximation of the operator Ĥ can be easily expressed in the
basis {|ψi⟩}Ni=1 as

Hij = ⟨ψi| Ĥ |ψj⟩ (1.46)
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and the set of eigenvalues of Ĥ with respect to {|ψi⟩}Ni=1 can be found as eigenvalues
of Hij. Let the set of eigenvalues of Hij be denoted {Ej(N)}Nj=1 and let Ej also
be in ascending order. In Ref. [1] an interesting relation is found which connects
Ej0(N), Ej(N) and ξ(E) via equation

Ej(N) = E0j(N) +Djξ(Ej) + o(a(N)). (1.47)

In the equation (1.47) ξ is independent of N and generally of how the approximating
basis {|ψi⟩}Ni=1 was constructed. On the other hand the rest of this equation
(and especially the o(a(N))) are dependent on fulfilment of the quasicontinuity
conditions (1.29)

What is also important regarding the spectral shift function ξ is its direct
relation to the phase shift δ. It can be shown Ref. [1], that

δ(E) = −πξ(E). (1.48)

It might even seem now that introducing SSF is unnecessary, but the point is that
δ and ξ can be derived from completely different parts of the scattering theory
and is quite astonishing, that they are actually the same thing (up to −π) in the
end. Nevertheless the relation (1.48) can be used in (1.47) to acquire

δ(Ej) = −πEj(N)− Ej0(N)

Dj(N)
+O(a(N)). (1.49)

This is a very important result for practical computations, especially in this work.
The WPB from Sec. 1.3 was used to find the values E0j and Ej and with the
usage of (1.49) the approximation of the dependency δ(E) was acquired. The step
in the phaseshift was fitted with (1.19) and from the fit values of resonance width
and resonant energy was determined. The comparison of so acquired values with
benchmark data was then considered the main criterion for WPB assessment.
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2. Application of WPB

2.1 Usage of wave packet basis

There are several things to consider when deciding the form in which will be
WPB employed in a problem. One of them is range of energies to be covered, also
the number of vectors in basis is important as well as how are the bins, which
denote the interval of integration for given basis vector, distributed over the range
of energies.

It is to note that most of the approaches described in this section are dependent
on some a priori information about the expected results. This is quite limiting
and so in the end of this section a few lines will be devoted to this topic.

2.1.1 Bin distribution

In this part four types of the energy bin distribution in the sense of (1.29a) will
be described and compared.

To clarify the notion of bins distribution in the context of the following content,
it is a function mapping interval (0,N) to interval (0,Emax). Its usage is that the
values of the function at the set of points {ϵi}Ni=0 define the energy bins borders.

The first type of distribution was the basis fulfilling the quasicontinuity condi-
tion employed with the distribution of bins given by (1.31). This was not found
very convenient for a couple of reasons. Firstly, the distribution effectively behaves

as approximating the interval
(
0, tan

(
Nπ

2(N+1)

))
(as the last bin goes to infinite

energy and so does the energy of the vector acquired by integration over this bin,
which makes this vector useless for calculations). This interval grows quite slowly,
actually almost linearly1. Thus many vectors would be needed to approximate an
interval with high right endpoint. What is more, it has been found empirically
that (at least for this work) the quasicontinuity condition (1.29c) is redundant
and so the whole idea of approximating the complete energetic spectrum was
abandoned.

What is also problematic is the fact, that this distribution of the bins forces
most of the bins to be at very low energies and to get high density of bins in some
specific interval might require unreasonably large basis in the case of the target
interval to be covered densely not being close to zero. This can be demonstrated
for example in Fig. 2.1. Eventhough the bins reach up to the energy of 6, the most
dense are in the region (0,2). So if the resonance energy would be around the
energy 4, basis of much higher order would need to be used. That causes an issue

1limN→∞
tan( Nπ

2(N+1) )
N = 2

π
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Figure 2.1: Distribution of bin borders with tangent distribution for N=100 bins

as the algorithm used in the computation is of complexity N3 and thus becomes
quite lengthy for bases consisting of more than several hundreds of functions 2.

As a result, more sensible approach is to focus on only part of the energetic
spectrum. Now the question arises how to asses the distribution on finite interval.
This is the part where the method of trial and error was partially applied. The first
idea was to use equidistant basis on given interval. This proved mostly successful,
namely for cases where the interval of energies to be covered for satisfactory
accuracy of the result was not so large and the resonance width was high. The
reason is that if the value of the resonance width is low, the sought π step in
the phaseshift happens on very short interval of energies and only few points3

acquired via (1.49) fall into this interval. Thus there are less points to fit (with
the dependency (1.19)) and the fit, which should yield the resonance energy and
width, is less precise.

To remedy this, an adaptive form of the equidistant bins distribution was
employed. The exact specifications were based on observed data, but the general
idea was to have as much points of the approximation of δ(E) as possible in the
neighbourhood of the π step, which signalizes the resonance. The first attempt
was a function dividing the interval (0, Emax) (which was to be approximated
by the WPB) into three regions as follows: (0, Eres − 1], (Eres − 1, Eres + 1] and
(Eres + 1, Emax]. The first and the last interval were approximated with 10% of
the total number of bins each, these bins were distributed equidistantly, while
the remaining middle interval was approximated with the remaining 80% of bins,
these being also distributed equidistantly: Let this distribution be referred to
as adaptive A in the following text. The known value of Eres from Ref. [6] was
used. This attempt resulted in only partial success. The distribution of bins

2The most coplex part in this sense is finding the eigenvalues of matrix of the full Hamiltonian
expressed in WPB

3Number of points considered the minimum for satisfying approximation of the π step in
phaseshift in this work was 5
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Figure 2.2: δ0(E) for λ = 17 and the first adaptive WPB with N = 100 vectors

described in the this paragraph seemingly refined the results of the computation
of the phase-shift, but as can be seen in Fig. 2.2 it also caused some unwanted
behaviour of the phaseshift at the boundaries of the energy intervals into which
was the whole energy range divided (in the figure the borders of the intervals
are highlighted with black lines). The dependency should be smooth which it
obviously is not. The cause of this behaviour might be that the quasicontinunity
condition is not satisfied at the edges of the intervals. As there is a sharp change
in the distribution (see Fig. 2.3), it induces infinite derivative at that point which
prevents the conditions to be fulfilled at given point. As the results of the fit of
the phaseshift seemed to be influenced by this behaviour as some of the ill-placed
points were included in the interval of the data being fitted, another distribution
of the energy bins was developed.

The solution to this problem has been found in the form of the function

g(x) = tan(c1(x− c2)) + c3. (2.1)

This function parameters c1, c2 and c3 were determined to fit to the set of three
points:(0, 0), (N

2
, Eres), (N,Emax). The reasoning behind the choice of points is

following. The aim is for the interval of energies (0, Emax) to be covered with N
bins and as much of those as possible should be concentrated around the resonant
energy. The requirement of the distribution’s first bin starting at zero energy
and the last ending with Emax resulted in the above choice of the first and last
point. The middle point was chosen to force the plateau of the tangent to be
at the resonant energy. As the tangent is a periodic function, it was needed
to make sure that the acquired tangent consists of exactly one period and not
more. A good example can be seen in the Fig. 2.3 in the third or the fourth row.
The points in the left column show the three points and the sought behaviour
is well demonstrated. In right column the dashed blue curve (density of bin
borders) together with the black line show that the maximal density is very close
to resonant energy4. Let this distribution function be called adaptive B. The fact

4The fact the maximum is not exactly at Eres is the result of distribution determination
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that this distribution satisfies quasicontinuity conditions can be proved as the
adaptive B is actually quite similar to the distribution proposed in Ref. [1] and
the conditions verification would be the same (with the note that it was observed
that the parameter c1 behaved as 1/N).

More different functions have been considered and tested for the bins distribu-
tion, but the adaptive distribution B was found the most efficient. For comparison,
in Fig. 2.3 there are a few examples of the bins distribution function together with
the appropriate bins border positions for given distribution (each row corresponds
to one case, the picture in the right column depicts the borders of the bins being
distributed via the function in the left column). All examples are for 100 bins on
interval (0,20) the first being the equidistant distribution, second depicting the
adaptive A and the last two distributions are of the type adaptive B optimized
for different expected value of resonant energy.

2.1.2 Energy range

In this part the choice of the range which was approximated with the vectors of
WPB is discussed. As stated in Sec. 1.3 from the set of Lifshitz’s quasicontinuitiy
conditions (1.29) the last one was not required and focusing on finite interval was
found sufficient. Now the determination of this range is at question. The range
always started at zero and the ending value will be referred to as Emax.

One of the criteria considered was the need for Emax to be higher than the
expected resonance energy. Eventhough the vectors of WPB have the energy of the
average of the according bin’s borders only with respect to the free Hamiltonian,
the expected value of the full Hamiltonian for those vectors is very similar, at
least for those vecors whose energy is far away from the energy of resonance. For
example, if the approximated interval of free energy is (0, 20), then it corresponds
to the interval of energies with respect to full Hamiltonian of (0, 20.16) in the case
of 3D scattering for λ = 10. So for the basis to cover larger interval than (0, Eres)
of energies is a good point to start with.

Another criterion was the general convergence of the results. An example
can be seen in Fig. 2.4 for model B with λ = 12 and basis of N = 80 vectors
for the range of values of Emax between 5 and 30. It can be seen that the value
of computed resonant energy (blue dots) converges, even though not exactly to
expected value (blue dashed line). The value of resonance width seems to converge
in very similar fashion although to a value little bit off the expected one. Generally
it can be seen that after the value of Emax = 15 the dependencies do not change
much and so for this computation Emax = 15 would be chosen as the higher border
of the interval to be approximated by WPB for further computations.

As a method of estimation of Emax based on some beforehand known data (in
this case the expected resonance energy is used) is less viable then method not
dependent on such data, a proposal of the method of the second kind follows. It
is not possible in the frame of this work to develop a precise algorithmic method,
so the following is more of a general scheme. Also this procedure applies only on
cases with the same assumptions as have been done for model B (spinless incident
particle, radial function and potential etc.).

First step is to analyse the potential of given task and find some approximation
of the resonant state. Also the following consideration will be done for functions of
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Figure 2.3: Examples of bins distributions (left column) with corresponding bins
border positions (points) and their density (dashed line) (right column). The
density was acquired as derivative of the inverse of the distribution function. Black
dashed line shows the value of resonant energy. For the last two cases the points
which were fitted with (2.1) are also shown
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Figure 2.4: Values of acquired resonant energy Eres (blue dots, left axis) and
halves of resonant widths Γ (orange dots, right axis) for model B, λ = 12, number
of vectors of WPB N = 80 and Emax between 5 and 30 and expected values
from Ref. [6] (dashed line of corresponding colour)
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Figure 2.5: An arbitrary 3D radial potential with green arrows showing where
resonance can occur
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the type rRE(r), where RE(r) is the full wavefunction (see section 1.2 for details).
There are generally two possibilities of how can a resonance appear for a radial
potential. It is either between the origin and some potential barrier or between
two barriers (see Fig. 2.5). Either way the important step is to somehow acquire
or guess the approximation of the resonance state. The most basic approach is
the following: Resonance states are similar to bound states and so if the part of
the potential which can support resonance is approximated with linear harmonic
oscillator potential, the resonance state can be approximated with the ground or
first excited state of this LHO.

The next step is to calculate the energy of the approximation of the resonance
state with respect to the actual Hamiltonian in use, not any approximation. The
resulting value of can be accepted as a guess of the energy of the true resonance
state.

The last step, and this is solely an empirical result, is to set Emax to ten times
the approximated energy of resonance state. During calculations done for this
work, this method was found successful in all cases it was employed for.

2.1.3 Number of bins

This section will briefly mention how the numbers N of vectors of WPB in
Tab. 3.1 have been deduced.

The same as for the energy bins distribution the leading requirement in this
case was to have the step in phaseshift plotted with as much points as possible.
This was to acquire precise results, because if the number of data around the
step was too low, the fitting algorithm failed to provide good values of resonance
energy and resonance width. In fact, resonance width was much more sensitive to
the density of data around the step in phaseshift.

What limits N is merely the computational power available and the complexity
of the computation. The latter could be assessed as N3, which means that the
most time-consuming computation’s time length rises proportionally to the third
power of N .

In the Fig. 2.6 it can be seen that both resonance variables need quite large N
to actually converge. But as values of N of the order of hundreds were considered
quite high in this work, it was out of question to do such analysis of multiple
values of N for every case5.

As a result the general rule for assessing the proper value of N is that in the
graph of dependency of phaseshift on energy should have at least 5 points at the
step at resonant energy. The relative error of the computation can be lowered by
using higher values of N but this is at the cost of computation time.

2.2 WPB usage guide

In this section a short comprehensive guide on how to employ WPB in basic
scattering problems follows. It is quite simple and based mostly on empiric

5For example in this case the result for N = 100 would be satisfactory. It is important to
note that the vertical axis of Fig. 2.6 describes only very narrow interval of energies. In fact the
error made by not doing the full optimization process is for the given case less then 0.5% of
relative value of Eres.
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Figure 2.6: Values of resonant energy (blue dots, left axis) and resonance widths
(orange dots, right axis) computed for given number of vectors in WPB in the
case of model B with λ = 12 and Emax = 15

observations, but offers a convenient and quick way for finding good approximations
of results of basic scattering models.

Firstly, we state the conditions under which the following text holds. The
assumption is that in the start only the potential is known. There are two models6

for which can be this approach used. Either one dimensional model, for which
there are no further conditions, or three dimensional model. For the 3D case the
requirements are for both the potential and the wavefunction of the incoming
particle to be of radial symmetry, for the particle this means to be of zero spin and
angular momentum. Then the transformation described in 1.2 can be employed
in further calculations.

Second step is to estimate the resonant state. If no better approach is avail-
able, the potential valley which should support resonance can be approximated
with potential of the linear harmonic oscillator and the resonant state can be
approximated with the ground or first excited resonance state of the potential.
When the estimate is known, the expected value of the full Hamiltonian in the
estimated state can be used as the first approximation of the resonant energy
Eres.

Next goal is to find the value of Eres more precisely. As the third step WPB
must be generated. Let the distribution of the bins be found by the means of
fitting the set of three points {(0, 0), (N

2
, Eres), (N,Emax)} with function (2.1) with

unknown constants c1, c2 and c3 and variable x. Let Emax = 10Eres. According
to (1.39) (with possible correction in the sense of the last paragraph of section 1.2)
the wavefunctions of WPB can be found.

Fourth step is calculation of the matrix of the full Hamiltonian with respect to
WPB. After it is done, the set of its eigenvalues ordered from the smallest to the

6Actually the equation (1.32) is so general that WPB could be employed in wide variety of
cases, but these were not studied in this work
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highest denoted {E}Ni=1 can be together with the set {E0}Ni=1 used to computed
values od phaseshift via equation (1.49).

Fifth step: plot the dependency values of phaseshift as a function of E and
the step of π should be easily seen. If it is not, try to repeat step four with
higher Emax. Otherwise the step in phaseshift can be fitted with (1.19), where
δbg is defined as (1.20)7. The result can be used as a better estimate of Eres for
further computation or as a final result, if the step in phaseshift is reproduced
with enough points.

Sixth step involves better approximation of Eres and Γ. One of the possible
approaches is to plot the dependency of those two values on Emax and choose
appropriate value with respect to convergence of the dependency and then do the
same for N . For example if the value of Emax and N used in step five was 20 and
100 respectively, it is reasonable to inspect values of Emax ∈ {5, 10, 15, . . . , 50}
and N ∈ {50, 100, 200, 400, 600} and eventually continue according to the results.

7It is good to focus only on close surroundings of the step in phaseshift. Far away from it δbg
tends to be more complicated then linear dependency and the fit might result in failure.
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3. Results and discussion

3.1 Models

In all computations the unit convention of h̄ = 1 and m = 1 has been used and
will be taken into account also in the following text.

Two models specified by their dimensionality and potential have been studied
in this work. The potential of the first model (it will be reffered with letter A
in following text) is called the Jolanta potential Ref. [7] and it was used in one
dimension. In x representation it can be expressed as

V̂A(x) =
1

2
mω2x2e−αx2

. (3.1)

It can be seen easily that it is actually an exponentially dumped potential of the
linear harmonic oscillator. The parameters of this potential are α and ω and
for one set of these parameters the resulting values of the resonant energy and
resonance width are known beforehand and can be used for comparison.

The second model (model B) employed represents a 3D spherically symmetric
model. The potential in this model is radial and can be expressed in position
representation as

V̂B(r) =
λ

2
r2e−r. (3.2)

For this model resonance positions and widths are known from Ref. [6] for 24
values of the parameter λ. It thus represents a good case for benchmark and
evaluation of WPB.

3.2 Results

In the case of one dimension and the Jolanta potential (3.1) the basis (1.45a)
was used1. The energy bins were distributed according to Adaptive B distribution
(Section 2.1.1) over the interval (0,2) and basis consisting of 100 vectors has been
used.

In model A there was resonant energy and resonance width known for parame-
ters α = 0.14 and ω =

√
0.4 Ref. [7]. The authors obtained values Eref

resA = 0.252738
and Γref

A = 0.00638796. Result acquired in the present work are EresA = 0.248169
and ΓA = 0.00913142, so the relative error is δEresA = 2% and δΓA = 43%.

1The reason is that for sine based basis (1.44b) and explicitly (1.45b) no step in phaseshift
was observed. The explannation might be that only first resonant state was could be detected via
the step in phaseshift and that state was symmetric while the sine based basis is antisymmetric
in position representation
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λ Eref
resB Γref

B N Emax EresB ΓB δEresB[%] δΓB[%]
3 1.0969 4.2360·10−1 200 15 1.0009 4.2912·10−1 8.01 1.69
4 1.2318 3.2992·10−1 200 15 1.2306 3.4471·10−1 0.10 4.48
5 1.4797 3.0644·10−1 200 15 1.5010 3.2652·10−1 1.44 6.55
6 1.7202 2.7460·10−1 200 15 1.7263 2.7576·10−1 0.35 0.42
7 1.9232 2.1986·10−1 200 15 1.9326 2.2304·10−1 0.49 1.45
8 2.1407 1.6907·10−1 200 15 2.1421 1.8182·10−1 0.07 2.10
9 2.3448 1.4013·10−1 200 15 2.3438 1.4764·10−1 0.04 5.36
10 2.5411 1.0954·10−1 200 20 2.5381 1.1780·10−1 0.12 7.54
11 2.7302 8.4358·10−2 200 20 2.7257 9.2658·10−2 0.16 9.84
12 2.9121 6.3664·10−2 200 20 2.9069 7.2222·10−2 0.18 13.44
13 3.0900 4.7626·10−2 300 25 3.0852 5.3574·10−2 0.16 12.49
14 3.2612 3.5124·10−2 300 25 3.2561 4.0046·10−2 0.16 14.01
15 3.4263 2.5524·10−2 400 25 3.4219 2.9600·10−2 0.13 15.97
16 3.5866 1.8433·10−2 400 25 3.5826 2.1704·10−2 0.11 17.75
17 3.7425 1.3095·10−2 500 25 3.7386 1.5819·10−2 0.10 20.80
18 3.8946 9.2410·10−3 500 30 3.8901 1.0573·10−2 0.12 14.42
19 4.0418 6.4936·10−3 500 30 4.0370 8.6088·10−3 0.12 32.57
20 4.1856 4.5322·10−3 500 30 4.1801 6.3372·10−3 0.13 39.83
21 4.3251 3.1580·10−3 600 30 4.3209 4.5088·10−3 0.10 42.77
22 4.4621 2.1954·10−3 600 30 4.4574 3.3170·10−3 0.11 51.09
23 4.5956 1.5178·10−3 700 30 4.5917 2.3398·10−3 0.08 54.15
24 4.7270 1.0519·10−3 1000 30 4.7240 1.5835·10−3 0.06 50.53
25 4.8551 7.2818·10−4 1100 30 4.8524 1.1447·10−3 0.06 57.20
26 4.9811 5.0334·10−4 1300 30 4.9787 8.1284·10−4 0.05 61.49

Table 3.1: Results from Ref. [6](columns 2 and 3) and from this work (columns
6 and 7) with parameters of the basis (columns 4 and 5) and relative deviations
from the reference values (last two columns)

In the case of three dimensions the potential (3.2) and the basis (1.45a) was
used. The energy bins were distributed according to Adaptive B too, but the the
interval of energies covered by the bins and number of the vectors in the basis
were different for each computation for given value of parameter λ. Values of
resonant energy and resonance width were acquired for 24 values of λ, namely all
integer values between 3 and 26. The results are summarized in Tab. 3.1

In both cases of the models A and B the computation was carried out according
to Sec. 2.2 with three exceptions. The first is the approximation of Eres where
the expected value of Eres known beforehand was used (instead of resonant state
approximation). The second is that for λ = 1 and 2 the background continuum
influence to phaseshift was approximated as δbg(E) = δ0 + δ1E + δ2E

2 as opposed
to (1.20)2. The third is that for model B the procedure described in Sec. 2.2 was
abided only for values of λ up to λ = 23. For the last three values the computation
became too time-demanding and so only one computation has been made for
those.

All the computation have been done on a laptop with CPU Intel-i5 4210M and

2The reason is that for these two cases the step in phaseshift was broad so that the background
could not be approximated with just linear approximation precisely enough
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4GB RAM. The programming environment used for computation was Mathematica
11.0.1.0.

3.3 Discussion of results

The first model whose results will be commented upon will be model B. Most
of the important information for WPB assessment is contained in the last two
columns of Tab. 3.1. From the relative deviations it can be seen that apart from
λ = 3 the acquired energy of resonance is in very good agreement with data
from Ref. [6]. On the other hand, the agreement of the acquired resonance width
with the benchmark data decreases with increasing λ.

First to note is that the rise in resonance width deviation begins only when
the widths are of order 10−3. This means that resonance width computation
retains its precision over two decimal orders. The accuracy of the result becomes
worse for higher values of λ, but yet the results remain to be of same order as the
benchmark values, eventhough the magnitude of the widths decreases up to 10−4.
From this point of view, despite not being completely accurate, this method gives
good approximative result over three orders of magnitude of resonance widths.

The limiting factor to the resonance width accuracy could be the phaseshift
fitting. Basically the resonance width magnitude is the lower the more narrow is
the step. Getting to very small values of resonance width, the fitting algorithm
might become less accurate. Also, as the step becomes narrower, less points of the
phaseshift fall into the region of the step and fitting algorithm has less data to fit.
This is also the reason for the bins distribution being considered quite important
for the effectiveness of the computations.

On the other hand it is interesting that the steeper the step in phaseshift is
the more accurate is the resonance energy computation. For this the argument is
the opposite to the last one. As the step gets narrower, the fitting of its width is
worse, but it is more localized. As such it is easier to find its position exactly and
this position is the sought resonant energy.

In conclusion it can be seen that usage of WPB brings accurate results of
resonant energies and good approximative values of resonance widths over three
orders of magnitude of resonance widths.

As far as the model A is concerned, the main reason for the slight discrepancy
of resonant energies is might be considerably lower value than in model B, although
the exact connection remains unclear. On the other hand the relative deviation
of the resonance width is known and is the same as for model B, the step in
phaseshift becomes too narrow to fit precisely.
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4. Summary

In this work the suitability of the wave-packet basis for scattering problems
was evaluated. It has been found that for given models this basis can very
precisely (with relative deviation less than 1%) reproduce the resonant energies
of resonances supported by this models. Also it can provide good approximative
results (relative deviation of tens of percents) of resonance widths over multiple
orders of magnitude. From the results of this work it seems that the wave packet
basis can be used in scattering computations efficiently.

Another point of this work was the evaluation of the properties of WPB. It
has been found that the number of the vectors of which the basis consisted, the
interval of energies approximated with the basis and the distribution of the bins
by integration over which were the vectors obtained were all of great importance.
For all of these an approach was developed to allow some guess of the appropriate
value for any arbitrary case.

The last outcome this work is a proposal for a complete guide for the im-
plementation of the wave-packet basis. Despite some conditions this proposal
assumes and requires to work, it should be applicable to wide variety of both
one and three dimensional models and provide possibility to compute resonant
energies and resonance widths with accuracy mentioned above.
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