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Supervisor: doc. RNDr. Ing. Miloš Kopa, Ph.D., Department of Probability and
Mathematical Statistics

Abstract: The main objective of this thesis is to build a multi–stage stochastic
program within an asset–liability management problem of a leasing company.
At the beginning, the business model of such a company is introduced and
the stochastic programming formulation is derived. Thereafter, three various
risk constraints, namely the chance constraint, the Value–at–Risk constraint and
the conditional Value–at–Risk constraint along with the second–order stochastic
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Introduction
Stochastic programming is a quickly developing methodology, which finds its ap-
plication in many different fields. Especially the area of financial planning and
control has seen plenty of implementations of stochastic programming models.
The first such an application arose in 1986, when Kusy and Ziemba published
their famous paper dealing with a bank asset–liability model (Kusy and Ziemba,
1986). Even though they did not consider any risk constraints in their program,
the way they formulated the dynamics of cash flows and government regulations
showed how flexible this technique can be. Yet, at that time the computational
power did not allow to solve such problems with a reasonably dense scenario tree.

That changed with the advent of the 21st century. The arrival of new technolo-
gies aided by the availability of software implied that researchers were able to cal-
culate more complex and more realistic problems. This caused a boom of stochas-
tic programming models, which quickly emerged in the literature. Many of these
applications were done in a cooperation with commercial sponsors. We should
mention at least the most famous contribution of Carino et al. (1994), who pre-
sented a very first asset–liability model for an insurance company. The same area
was subject of study of Hoyland (1998), while Dert (1995) wrote a dissertation
on the use of stochastic programming within an asset–liability model of a pension
fund. A case study on a Czech pension fund was worked out by Dupačová and
Poĺıvka (2009), which dates as the first application of stochastic programming
within asset–liability management in the Czech environment.

In this thesis, we will focus on formulating a stochastic program of an asset–
liability model of a leasing company. The business of such a company stems
from closing loans with clients, who need money to purchase some products, and
with a bank, so the company has money to lend. The management has the right
to decide how much and for how long period of time they borrow money. Every
closed loan is associated with some costs while it also contributes to the structure
of the portfolio of the company. We will develop a stochastic program such that
its optimal solution will propose the best borrowing strategy which the man-
agement could employ. This will be determined by the value of the portfolio
formed by the leasing company’s loans at the investment horizon. Moreover,
risk constraints will be introduced to the model in order to control the portfolio
value in the worst scenarios. Namely, we will discuss the effect of a chance con-
straint, a Value–at–Risk constraint, a conditional Value–at–Risk constraint and
of a second–order stochastic dominance constraint on the portfolio value of the so-
lution at the investment horizon. Last, but not least, we introduce a stress tests
which investigates the optimal strategy returns’ sensibility to unconsidered (and
unfavourable) scenarios. Such a test helps managers to determine how their port-
folio of loans would perform in a crisis scenario. With respect to that information,
they can adjust the scenario tree or reformulate the risk constraints if the results
of the test are not satisfactory.
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The structure of the thesis is formed in the following way. First, in Chapter 1,
we describe the problem of a private investor in order to introduce the concept
of a multi–stage stochastic programming, which is defined afterwards. In the sec-
ond chapter, we present a business model of a leasing company subsequently
rewritten in the language of stochastic programming. Moreover, we specify
the risk and the second–order stochastic dominance constraints which will be em-
ployed in the asset–liability model and discuss their interpretation and implemen-
tation. The third chapter is devoted to a scenario generation procedure of random
elements of the problem. We present the Hull – White model (Hull and White,
1990) and describe the calibration procedure we developed for this application.
We also create a model which is used for generating scenarios for demand for
loans of the leasing company. We utilise all the knowledge we gained in the first
three chapters in Chapter 4, where the results of the model analysis are presented.
We consider a range of values of the risk constraints’ parameters and investigate
how they affect the optimal value of the problem and the consequent decisions
implied to the management. In the final chapter, a stress test is performed to an-
swer a question of what would be the optimal value of a predetermined strategy
in the case of an unexpected development of interest rates.
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1. Introduction to a Multi–Stage
Stochastic Programming
Stochastic programming has been widely used as a powerful tool in solving opti-
misation problems with uncertainties. In this chapter, we will focus on the intro-
duction of this method and the illustration of its possible use. First, we will show
a simple and a popular example of a multi–stage problem of a private investor
which motivates more complicated and more realistic applications of stochastic
programming. The definition of a multi–stage stochastic linear programming will
follow. Thereafter, under the assumption that the stochastic distribution is dis-
crete with finite number of atoms, we will show how one can derive an equivalent
large–scale linear program. This result is often utilised when solving multi–stage
stochastic programs, as usually one approximates the continuous distribution
of random elements in the problem by a discrete one. We tried to keep this
introductory part rather short, so if the reader is interested in a more detailed
and a more complex introduction, we refer him to an excellent book of Birge
and Louveaux (1997), which served as our major source of information about
stochastic programming. Final note in this chapter will relate to the scenario re-
duction techniques, which can help us to reduce the complexity of a scenario tree.
These can be of use when the tree becomes too bushy, which makes the equivalent
deterministic problem hardly solvable.

1.1 Motivation Example
At the very beginning of this thesis, we will talk about the idea behind a (multi–
stage) stochastic programming and we will mention areas where it was successfully
applied on real problems. We will illustrate this concept on a well–known prob-
lem of a private investor who seeks to reach a target wealth given initial capital
at some time horizon.

In general, stochastic programming models build on deterministic optimisa-
tion problems by incorporating uncertainty, which is inevitably part of real world
situations. In financial applications, this uncertainty is often caused by random
returns of stocks or other assets; in our asset–liability problem, the uncertainty
will be represented by unknown value of future interest rates and by a random de-
mand for the company’s products. In other fields, it could be the weather, which
can considerably influence yields of crops and therefore affect farmers’ revenues,
or the system’s reliability implied by its construction, which might be of interest
for engineers. The goal of people facing such problems is usually to find an initial
setting which performs the “best on average” in the uncertain environment.

The term “best on average” is of a vague meaning, but in general one can
interpret it as having the maximal/minimal value of the expectation of some
objective function under the distribution which describes the uncertainty. That
is exactly the setting under which stochastic programs can be implemented to find
the optimal decision. Often, especially in multi–stage stochastic programs, we are
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not able to calculate the expected value of our objective function under the dis-
tribution which describes the randomness (which is generally unknown). Usually
adopted idea in finding a solution of such a problem is to create possible scenar-
ios of the uncertain events and to solve the equivalent large–scale deterministic
program. These scenarios can be constructed for example from historical obser-
vations of the random event. We will show how one can obtain the deterministic
program later in this chapter.

Multi–stage stochastic programs extend the general idea of stochastic pro-
gramming in such a way that we can make decisions during the time as we ob-
serve realizations of random events. For example, as we will see in the following
problem of a private investor, he can adjust investment strategies after some time
when he observes returns on his investment up to that time. In contrast, a farmer
can buy some different fertilizers to compensate for lack of rain during spring.

Let us now describe the well–known problem of a private investor, presented
for example in Birge and Louveaux (1997), Section 1.2, to illustrate the concept
of a multi–stage stochastic programming. Let us assume that a father thinks
about the education of his son. He should start attending a college in T = 9
years. The father wants to save money for the tuition fees G = 250000 CZK,
while he currently has a budget of B = 200000 CZK, which he can afford to in-
vest. However, as he is a busy man, he knows he will only have time to adjust
his investment strategy after every three years. Moreover, let us for simplicity
assume, that he can invest only into a term deposit yielding a constant return

good times

good times

bad times

bad times

T = 0

T = 3

T = 6
T = 9

Investment
decision

new
decision

new
decision

new
decision

Figure 1.1: A scenario tree of the private investor problem.
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of 1.9% a year (= 5.809% over three years) or into a fund whose return varies over
time. If times are good, the fund exhibits return of 3.5% per year (= 10.8718%
over three years), on the other hand, in bad times its return is only 0.5% per year
(= 1.5075% over three years). We also assume that bad and good times happen
with equal probability and are independent of the previous states.

The corresponding scenario tree of such a formulated problem is sketched
in Figure 1.1. One can see that at every decision time, the investor can choose how
much money he invests into the term deposit and how much money into the fund.
After three years, he will find himself in a node in the next stage representing
the realized state of the economy. There, he finds out the value of his portfolio and
he is allowed to readjust his strategy in order to react to the most recent develop-
ment. We will denote Sk, k ∈ {0, 3, 6, 9} the set of all different nodes sk at time
k and a(sk) the ancestor of the node sk, k ∈ {3, 6, 9}. Variable xsk

(1) will repre-
sent the amount invested in the term deposit and xsk

(2) analogically the amount
invested into the fund in the node sk ∈ Sk, k ∈ {0, 3, 6}. We also denote ρsk

(i)
the return of the term deposit/fund in the node sk, k ∈ {3, 6, 9}, i ∈ {1, 2}.

With such a notation, the problem can be formulated as follows:

max
∑

s9∈S9

(
qy+

s9−ry−
s9

)
,

s.t.
2∑

i=1
xs0(i) = B, s0 ∈ S0, (1.1)

2∑
i=1

xsk
(i) =

2∑
i=1

ρsk
(i)xa(sk)(i), sk ∈ Sk, k = 3, 6, (1.2)

G + y+
s9 − y−

s9 =
2∑

i=1
ρs9(i)xa(s9)(i), s9 ∈ S9, (1.3)

y+
s9 , y−

s9 , xsk
(i) ≥ 0, sk ∈ Sk, k = 0, 3, 6, i = 1, 2.

The variable y+
s9 represents the surplus over the target G which the investor

has in the node s9 ∈ S9. Analogically, y−
s9 stands for the shortage. Parameter

q summarizes the additional utility the investor has from a unit surplus, while
r expresses the utility lost by the cost incurred by borrowing money in order
to pay the tuition fees. In our analysis, we set q = 1 and r = 4, so we penalized
four times more missing the target than exceeding it. Equation (1.1) describes
the initial budget constraint of the investor, while (1.2) corresponds to the budget
constraints he faces in the course of the time. It requires the investor to invests
full amount obtained from the investment made in the previous period. The final
constraints (1.3) evaluate the surplus/shortage on G in the final stage of the pri-
vate investor problem.

The optimal solution of the problem in the first period was to invest a ma-
jority of funds into the fund hoping for good times. If that was the case, it pro-
posed in the next period to adopt a more conservative strategy — to invest more
into the term deposit. Under such a strategy, the investor could reach target
G if at least one good time happened. In the case of both bad times states
in the final two stages, the investor still managed to finish just below the target,
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mostly thanks to the conservative strategy. On the other hand, if the first state
was a bad time, the investor’s only chance to reach the target was to invest all
in the fund both periods and hope for good times. Thanks to the small amount
invested in the first stage into the term deposit, the optimal strategy has reached
the target with two good times coming after the first bad time too.

Summing this all together, the optimal objective value of the problem was
−45137. In comparison, if the investor replaced the random returns by their
expectations, he would end up by investing only into the fund, which would im-
ply the value of the objective function to be −50531. What is even more striking
is that under such a strategy, he would reach the goal only in one scenario — with
a probability 0.125. On the other hand, by following the optimal strategy sug-
gested by the multi–stage stochastic program, he would have reached the target
in four scenarios — with a probability 0.5. The ability of stochastic programming
to meet these so called probabilistic constraints is possibly even more important.
One can imagine that the value of fulfilling a predetermined goal can be of a great
importance for a company, both in a way that it avoids fines or earns bonuses.
Stochastic programming can suggest the optimal investing strategy with respect
to reaching such a goal as well.

1.2 Multi–Stage Stochastic Linear Program
Let us now move to a general definition of a multi–stage stochastic linear program,
which will be inspired by Birge and Louveaux (1997), Section 3.5. First, we will
introduce the stochastic process which generates randomness in the program.
Let (Ω, F ,P) be a probability space and ξt, t ∈ T be a collection of real–valued
random vectors on that probability space with a marginal probability distribu-
tion denoted as Ξt. The set T is some ordered index set usually with a meaning
of time. Assume that the decisions of the multi–stage stochastic program take
place at times t1, . . . , tn ∈ T. At time tk, k ∈ 1, . . . , n, we observe a realization
of the stochastic process ξtk

(ωk), ωk ∈ Ω. Let us denote Fk the σ-field generated
by the process up until the time tk. The decision, which will take place at time
tk will be denoted by xk. These decisions must be non–anticipative, hence they
must not depend on future realizations of ω. In other words, xk are Fk measur-
able. Without loss of generality, we can assume that F1 = {∅, Ω}, which in other
words means that ω1 is known and ξ1 and x1 are deterministic. For more sim-
ple notation, let us denote ω̄k = (ω1, . . . , ωk) the observed history of the process
up to time tk and similarly the history of decisions x̄k = (x1, . . . , xk).

For easier understanding the multi–stage stochastic linear program we will
formulate the definition in the so called nested form. This reads as follows:

min cT
1 x1 + EΞt2

[
ϕ1(x1, ω2)

]
, (1.4)

s.t. A1x1 = b1,

x1 ≥ 0,
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where ϕk(·, ·), k = 1, . . . , n − 1 are given recursively as

ϕk(x̄k, ω̄k+1) = min cT
k+1(ω̄k+1)xk+1 + EΞtk+2 |ω̄k+1

[
ϕk+1(x̄k+1, ω̄k+2)

]
,

s.t. Bk+1(ω̄k+1)x̄k + Ak+1(ω̄k+1)xk+1 = bk+1(ω̄k+1), (1.5)
xk+1 ≥ 0,

where ϕn(x̄n) = 0. All relationships in (1.5) are meant to hold almost surely with
respect to the corresponding probability distribution Ξtk

. We also assume that all
expectations exist and all minima are attained. Vector b1 ∈ Rm1 together with
matrix A1 ∈ Rm1×n1 form known initial constraints on x1. Vector c1 ∈ Rn1 is also
known and defines the effect of the initial decision x1 on the value of the objec-
tive function. Symbol Ξtk+2|ω̄k+1 denotes the conditional probability distribution
of the random vector ξtk+2 given the observed value of ω̄k+1. We can realize that
ξtk+1(ω̄k+1)T = (ck+1(ω̄k+1)T , bk+1(ω̄k+1)T , vec(Ak+1(ω̄k+1))T , vec(Bk+1(ω̄k+1))T )
is an Nk−dimensional random vector, living on a probability space (Ω, Fk+1,P).
This vector expresses all the stochastic components of the problem which arise
in the stage k + 1. Symbol vec(·) is the vectorization operator.

The core in understanding the multi–stage formulation is interpreting the func-
tion ϕk(x̄k, ω̄k+1). This function specifies the optimisation problem we will face
in the next period. Hence at time tk we minimize together the contribution
of the current decision to the objective function plus the (expected) minimal
value we can achieve in the next period with such a decision. We should men-
tion why we call the above–described multi–stage program linear. It stems from
the fact that all the constraints are only linear functions of the decisions vari-
ables, while the same holds for the objective function. We will utilise this fact
when we will assume that Ξtk

is a discrete probability distribution with a finite
number of atoms for all k. Then such a stochastic program can be rewritten into
a large–scale linear program.

Let us suppose that ξtk
has such a distribution. Then there is a collection

of scenarios {ω1, . . . , ωS} such that P
(

ω ∈ {ω1, . . . , ωS}
)

= 1. For s = 1, . . . , S,
the probability of such a scenario ωs = (ωs

2, . . . , ωs
n) is ps > 0. Each scenario gen-

erates coefficients ξs
t2 , . . . , ξs

tn
. Moreover, scenarios can be organized into the form

of a scenario tree, where for every decision time, we consider together scenarios
which have the same history up to that time. Formally, for time tk, k = 2, . . . , n,
we define Sk as a set of indices so that it holds {ω̄sk

|sk ∈ Sk} = {ω̄s
k|s = 1, . . . , S},

while we also have that ∀s1
k, s2

k ∈ Sk, s1
k ̸= s2

k : ω̄s1
k

̸= ω̄s2
k
. The set Sk represents

set of all different nodes of the scenario tree at time tk. From the tree structure,
it is clear that every node ω̄sk+1 has got a unique ancestor ω̄sk

. This node will
be denoted as sk = a(sk+1). On the other hand, a node ω̄sk

can have a multiple
number of descendants. Finally, let us denote psk

> 0 the probability of the node
ω̄sk

at time tk. It must hold ∑
sk∈Sk

psk
= 1. Let us also denote Ask

, bsk
, Bsk

and
csk

the corresponding realizations of the stochastic components of the problem.
Now we have all the required ingredients to reformulate the multi–stage stochas-
tic linear program as in equations (1.4) and (1.5) as a linear program.
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First, we need to notice that the expected values in the objective functions
will become only weighted sums of linear functions of the decision variables.
The afore–mentioned non–anticipativity constraints require that for all scenarios
with the same history until time tk we must make the same decisions up to that
time. This corresponds to having the same decision for all scenarios sharing
a node sk in Sk. Hence by using the tree structure representation of scenarios,
we include the non–anticipativity constraints implicitly (they do not require any
constraints in the model formulation). Moreover, we can see that the constraints
in (1.5) are at time tk the same for all scenarios having a common node of the sce-
nario tree. Because we have also only one decision vector for this node, we can
rewrite constraints (1.5) together for all scenarios sharing the same node at once.
Using all these findings, we can express the multi–stage stochastic linear program
as in (1.4) and (1.5) as

min cT
1 x1 +

∑
s2∈S2

ps2cT
s2xs2 + · · · +

∑
sn∈Sn

psncT
sn

xsn , (1.6)

s.t. A1x1 = b1,
Bs2x1 + As2xs2 = bs2 , s2 ∈ S2,

Bs3xa(s3) + As3xs3 = bs3 , s3 ∈ S3,
. . . . . . ...

Bsnxa(sn) + Asnxsn = bsn , sn ∈ Sn,

x1 ≥ 0, xsk
≥ 0, sk ∈ Sk, k = 2, . . . , n.

The above derived result is often used for continuous distributions of the sto-
chastic process. The usual methodology is to generate scenarios from the con-
tinuous distribution and then to use this discrete distribution as an approximate
to the continuous distribution. There are various ways how to generate scenar-
ios. These could be created based on historical observations, a suitable calibrated
mathematical model, or from an expert opinion. It is often done with the use
of a combination of the three approaches. Clearly, the quality of scenarios influ-
ence the quality of the solution, which makes the scenario generation procedure
massively important. The ultimate goal is to obtain the best possible represen-
tation of the continuous distribution. One could possibly enhance the accuracy
by increasing the number of scenarios. This however also increases the computa-
tional difficulty of the program, so one needs to find a balance between the number
of scenarios and the required computational time. Various techniques have been
developed in order to reduce a large scenario tree while keeping a high relative
accuracy of the solution. To be more specific, a scenario reduction process based
on finding a smaller tree with a given cardinality as close as possible to the orig-
inal tree was proposed by Dupačová et al. (2003). These methods could be also
based on a forward selection method, see e.g. Heitsch and Römisch (2003).

In our multi–stage model we will employ some risk constraints which lead
to a large–scale mixed–integer linear program. The generalization of the formu-
lation to a mixed–integer program is straightforward as one only adds restrictions
on the set of possible values of parameters into the model. We will not present
a precise formulation of it. Instead, we will point out in the asset–liability model
formulation where binary variables appear.
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2. Asset–Liability Model
of a Leasing Company
This chapter will be devoted to a description of a business model of a leasing
company. We will present the problem which analysts tackle and we will formulate
it in the language of stochastic programming. Thereafter, we will introduce four
concepts of how to control the interest rate risk which the company faces and we
will show how one can incorporate them into the model formulation. Moreover,
we will discuss the interpretation of the optimal solutions when such constraints
are employed.

2.1 Business Model of a Leasing Company
A leasing company is an enterprise, whose scope of business is to lend money
to clients to purchase some products. On the other hand, the leasing company
itself borrows money from a bank in order to have money to lend. This will
represent the business model of the company, whose aim will be to make money
on better interest it gets from the bank. For simplicity, we will not consider
defaults of clients on their loans. That is because of the collateral, which is asso-
ciated with leasing loans. In the case of a default of the client the collateral is sold
to repay the loan. Hence the company does not loose any (substantial amount of)
money. Generalizing our model to consider such losses would not be difficult as
we would just subtract the part of a mark–up on the interest rate corresponding
to the risk profile of a client as an insurance.

We will treat our problem as a discrete time. We will assume that all cash
flows will take place at times t0 < t1 < · · · < tn < · · · , where n ∈ N. Time t0 can
be thought as present and time tn as the investment horizon. That will be the time
at which we will be aiming to maximize our profit. All loans of the leasing
company which were closed before time tn and did not mature by the time tn

will be thought to be sold for their market value at the investment horizon.
Moreover, no new contracts will be closed at time tn or later. The most obvious
choice for times ti would be to set them as an equidistant sequence with monthly
or yearly period. Note that these times will be in fact the decision times, where
the board will have the opportunity to set the amount of money they borrow
from the bank. This should be also taken into account when considering what
time structure within the model should be employed. Still, we want to stress that
we do not require the sequence to be equidistant.

2.1.1 Model Variables
First, we will introduce the concept of interest rates which expresses the cost
of borrowing money. We will denote yτ

t the annualized, continuously compounded
time t yield–to–maturity with time–to–maturity τ. The curve

yτ
t , τ > 0

10



represents the yield curve at time t. We should note that for t = t0, the curve
yτ

t0 , τ > 0 is the currently observed market yield curve and it is therefore given.
On the other hand, for t = ti, i ≥ 1, the curve yτ

ti
, τ > 0 is (given informa-

tion at time t0) random. For that reason, it will be in latter chapters denoted
by yτ

ti
(ω), τ > 0 to stress its randomness. The notation of random variables

in our problem will be discussed in more detail in Section 2.2, where we will
present the formulation of this problem as a multi–stage stochastic program.

The leasing company will borrow from the bank at a rate

sτ
t = yτ

t + s(τ).

Quantity s(τ) can be interpreted as a spread between the market yield–to–
maturity and the offered rate for a loan from the bank to the leasing company.
We assume s(τ) to be given and one can expect it to be increasing in τ for exam-
ple because of an increasing probability of default of the leasing company in time.
Analogically, we will define a rate at which clients can borrow from the leasing
company. This will be denoted by

rτ
t = yτ

t + s(τ) + m(τ) = sτ
t + m(τ).

We will refer to m(τ) as to a mark–up, which the company charges. We assume
it is the same for all clients and fixed, so it does not change in time.

Let us move to the cash–flows between the leasing company and clients. We
will assume that clients at time ti demand dti,tj

of loans till time tj, j > i, i < n and
that all the demanded loans will be granted by the leasing company. Demand
is random (will depend on the random element ω), non–negative and it might
depend on the actual level of interest rates. The loan dti,tj

will be repaid at all
times tk such that ti < tk ≤ tj with the same intensity λ. In other words, clients
will pay at time tk, i < k ≤ j the amount λ · (tk − tk−1). The value of λ can
be derived from the relationship

dti,tj
=

j∑
k=i+1

λ(tk − tk−1) exp{−rtk−ti
ti

(tk − ti)}.

The amount of money repaid from a loan dti,tj
at time tk will be denoted as

dti,tj
(tk). It can be expressed as

dti,tj
(tk) =

(tk − tk−1)dti,tj∑j
l=i+1(tl − tl−1) exp{−rtl−ti

ti
(tl − ti)}

, k = i + 1, . . . , j. (2.1)

In the case that the times are equidistant. The formula (2.1) simplifies to

dti,tj
(tk) =

dti,tj∑j
l=i+1 exp{−rtl−ti

ti
(tl − ti)}

, k = i + 1, . . . , j. (2.2)

One can notice in (2.2), that the right hand side does not depend on k, which
corresponds to the fact that the amount of instalments is the same at all times
and equals λ times the length of a period between the decision stages. From this
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formula, one can derive the amount of money repaid back by clients at time tk.
This quantity will be denoted by Rtk

and is given by

Rtk
=

∑
ti<tk≤tj

dti,tj
(tk). (2.3)

Note that in the sum above, index k stays fixed and we sum over the indices i and
j. That means we sum over the loans closed before time tk which have not yet
matured. Similarly, we will denote Dtk

the amount of money which the leasing
company has lent to clients at time tk.

Dtk
=

∑
tk<tj

dtk,tj
. (2.4)

Next, we will define the corresponding quantities for cash–flows with the bank.
The main difference will be that the amount of money the leasing company bor-
rows from the bank is not random. It is in fact a decision variable in our prob-
lem which will be subject to optimisation. Let us denote the amount of money
the leasing company wants to borrow from time ti to time tj as xti,tj

, i < n, i < j.
The amount of loans repaid back to the bank from a loan xti,tj

at time tk will
be denoted by xti,tj

(tk) and it can be determined as

xti,tj
(tk) =

(tk − tk−1)xti,tj∑j
l=i+1(tl − tl−1) exp{−stl−ti

ti
(tl − ti)}

, k = i + 1, . . . , j. (2.5)

Summing up (2.5) over all loans running at time tk, one obtains the total amount
of money repaid back to the bank — denoted by Qtk

.

Qtk
=

∑
ti<tk≤tj

xti,tj
(tk). (2.6)

Finally, the total amount borrowed at time tk is

Xtk
=

∑
tk<tj

xtk,tj
. (2.7)

Now, denote Btk
the amount of money the leasing company has on its account

immediately after time tk and Etk
the company’s running costs from time tk

to tk+1. Then the following condition has to be met

Btk
= Btk−1 exp{y

tk−tk−1
tk−1 (tk − tk−1)} − Etk−1 + Rtk

− Dtk
+ Xtk

− Qtk
. (2.8)

The relationship in (2.8) describes the movements on current account of the com-
pany. It needs to pay the instalments to the bank and lend money to clients, while
it receives some money back from clients and loans from the bank. Moreover,
it has to pay its costs (wages, rents). Also the risk free interest from the money
left on the bank account in the last period is added.

What will be needed in the model are variables describing the actual state
of business. In other words, we will need to find a relationship for the value
of assets and for the value of liabilities at every time. Let us denote P (tk, tl) time
tk price of a zero–coupon bond paying one at time tl, l > k. This can be interpreted
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as the discount factor from time tl to time tk. The value of assets of the leasing
company at time tk will be denoted by Atk

and it meets the following relation

Atk
=

∑
ti≤tk<tl≤tj

P (tk, tl)dti,tj
(tl). (2.9)

Similarly, the value of the company’s liabilities at time tk will be denoted by Ltk
.

It holds that
Ltk

=
∑

ti≤tk<tl≤tj

P (tk, tl)xti,tj
(tl). (2.10)

Finally, we will define Vtk
as the value of the portfolio at time tk. This will consist

of the value of assets, liabilities and of the amount of money on the company’s
current account. Formally,

Vtk
= Atk

− Ltk
+ Btk

. (2.11)

This yields the most basic formulation of the optimisation problem as

max
x∈X

EVtn ,

s.t. Btk
≥ 0, a.s. ∀k = 1, . . . , n,

xti,tj
≥ 0, ∀i < j, 0 ≤ i < n.

One can notice that given the definition of Vtn as in (2.11) and the relation-
ships (2.5), (2.6), (2.7), (2.8) and (2.10), the above stated optimisation problem
is a concisely described multi–stage stochastic linear program. We will state
a precise and a more detailed definition of such an optimisation problem later
in this chapter.

2.1.2 Benchmark Strategy
The optimal solution of the stochastic program proposes a way how to structure
a portfolio of loans so it leads to the maximum profit, while it meets some pre-
determined conditions. Thereafter, we would like the manager of the company
to act according to it. However, it is obvious that before changing the strat-
egy, the manager would like to see how does the new optimal strategy compare
to the one he is currently practising — to a benchmark strategy. Such a com-
parison is important at least from the two following reasons. First, we can de-
cide if the additional income we get is worth changing the routines ingrained
in the company, and second, we can identify places where we would like the opti-
mal strategy to do better and so we can adjust the model formulation. Currently,
the business is done in the following way. Consider a client who comes to the leas-
ing company demanding a loan of dti,tj

. The leasing company closes a deal with
the client and it immediately closes a mirror deal with the bank too. By the term
mirror deal, we mean a loan with the same notional and the same maturity —
the company borrows dti,tj

. By such a behaviour, the leasing company closes its
position and gains profit, which is generated by the difference between the two
rates. Let us define the benchmark strategy as

x0
ti,tj

= dti,tj
. (2.12)
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This implies that

x0
ti,tj

(tk) =
(tk − tk−1)dti,tj∑j

l=i+1(tl − tl−1) exp{−stl−ti
ti

(tl − ti)}
,

Q0
tk

=
∑

ti<tk≤tj

x0
ti,tj

(tk),

X0
tk

=
∑

tk<tj

dtk,tj
= Dtk

,

B0
tk

= B0
tk−1

exp{y
tk−tk−1
tk−1 (tk − tk−1)} − Etk−1 + Rtk

− Q0
tk

.

One can also express the difference Rtk
− Q0

tk
to see the earnings at time tk.

The liabilities of the benchmark strategy are

L0
tk

=
∑

ti≤tk<tl≤tj

P (tk, tl)x0
ti,tj

(tl).

Finally, the value of the benchmark portfolio can be expressed as

V 0
tk

= Atk
− L0

tk
+ B0

tk
.

The formulae are analogical to what we have seen in the previous section, because
we only plugged in for xti,tj

the values of dti,tj
as given in (2.12). We can see, that

if we employ such a strategy, there is no way to manipulate with the leasing com-
pany’s income. Even though it cannot loose anything on interest rate movements,
it is still not assured to earn profit as it might not be able to gain enough to cover
for its costs. Therefore, there is no guarantee that the benchmark strategy meets
the (survival) condition

B0
tk

≥ 0, ∀k = 1, . . . , n.

So let us assume that our leasing company is healthy enough that by employing
such a strategy it does not end up without any money on its account.

The main idea why it could be beneficial for the company to behave differently
and not to follow the benchmark strategy is that the short term rates are usually
lower than the long term rates. Hence the company instead of closing a mirror
deal with maturity ten years would borrow money only for shorter periods mul-
tiple times. This could generate additional profit. However, that would imply
the company to open its interest rate risk position which could cause significant
losses (or gains) in the case of an unexpected interest rate movement. For this
reason, an introduction of certain measures of risk is required. Imposing risk lim-
its in the optimisation problem would restrict the set of feasible strategies. Then
we will be able to control the probability of extreme and unfavourable outcomes.

2.2 The Model as a Multi–Stage Stochastic Pro-
gram

In the following section, we will reformulate our asset–liability problem of the leas-
ing company as a multi–stage stochastic program. The reformulation will be pro-
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vided in terms of both multi–stage stochastic programming and linear program-
ming, where the distribution of random variables will be approximated by sce-
narios.

First, let us recall the structure of our problem. We have times t0 < t1 < · · · <
tn < · · · at which cash–flows of the leasing company are exchanged and where tn

is the investment horizon at which we want to maximize the value of the portfo-
lio. However, we are now at time t0 and the value itself, along with many other
factors which influence it, is random. This randomness will be described by a ran-
dom vector ω = (ω0, ω1, . . . , ωn), its history up to time k ≤ n will be denoted
ω̄k = (ω0, . . . , ωk). We consider ω0 to be given — non–random, as it represents
the information at current time. Variables and parameters of the model were
described in Section 2.1, but the notation in this section will be extended. Ran-
dom components of the problem which depend on realizations of the random
vector up to time tk will be denoted by the established notation and by a term
ω̄k. This will specify the information when we observe the value of the random
element. The multi–stage stochastic program without any risk constraints then
reads as follows:

max
xti,tj

EVtn(ω̄n), (2.13)

s.t. dti,tj
(tk, ω̄i) =

(tk − tk−1)dti,tj
(ω̄i)∑j

l=i+1(tl − tl−1) exp{−rtl−ti
ti

(ω̄i)(tl − ti)}
, i < k ≤ j,

xti,tj
(tk, ω̄i) =

(tk − tk−1)xti,tj
(ω̄i)∑j

l=i+1(tl − tl−1) exp{−stl−ti
ti

(ω̄i)(tl − ti)}
, i < k ≤ j,

Rtk
(ω̄k−1) =

∑
ti<tk≤tj

dti,tj
(tk, ω̄i), 0 < k ≤ n,

Qtk
(ω̄k−1) =

∑
ti<tk≤tj

xti,tj
(tk, ω̄i), 0 < k ≤ n,

Dtk
(ω̄k) =

∑
tk<tj

dtk,tj
(ω̄k), Xtk

(ω̄k) =
∑

tk<tj

xtk,tj
(ω̄k), 0 ≤ k < n,

Bt0(ω0) = Xt0(ω0) − Dt0(ω0),

Btk
(ω̄k) =

Btk−1(ω̄k−1)
P (tk−1, tk, ω̄k−1)

− Etk−1 + Xtk
(ω̄k) − Qtk

(ω̄k−1)

+ Rtk
(ω̄k−1) − Dtk

(ω̄k), 1 ≤ k < n,

Btn(ω̄n−1) = Btn−1(ω̄n−1)
P (tn−1, tn, ω̄n−1)

− Etn−1 + Rtn(ω̄n−1) − Qtn(ω̄n−1),

Atn(ω̄n) =
∑

ti<tn<tl≤tj

P (tn, tl, ω̄n)dti,tj
(tl, ω̄i),

Ltn(ω̄n) =
∑

ti<tn<tl≤tj

P (tn, tl, ω̄n)xti,tj
(tl, ω̄i),

Vtn(ω̄n) = Atn(ω̄n) − Ltn(ω̄n) + Btn(ω̄n−1),
Btk

(ω̄k) ≥ 0, 0 ≤ k ≤ n, xti,tj
(ω̄i) ≥ 0, 0 ≤ i < j, i < n,

where all equalities and inequalities are meant to hold almost surely with re-
spect to the probabilistic distribution of ω. We can see, that there is basically
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only one restriction in the model as we require the leasing company to have
non–negative amount on its current account at every time. Other relationships
describe the dynamics of cash–flows of the company. The exact solution of such
a problem is unreachable, since even if we knew the distribution of the random
vector ω, determining the expected value of the objective function as a determin-
istic function of our decisions seems impossible. For that reason, we will restrict
ourselves to approximating the stochastic distribution by discrete scenarios, which
will be organized in the form of a scenario tree. The process of generating sce-
narios will be subject of discussion in the next chapter. Here, we will specify
the structure of the tree. At every time tk, k = 0, 1, . . . , n we will consider nodes
ω̄s

k, s ∈ Sk with equal probability 1/|Sk|. We require |S0| = 1, as the only element
of S0 is the current state and that is non–random. Every node at time tk will
have for all times t0 ≤ ti < tk a unique ancestor denoted by ai(ω̄s

k). The non–
anticipativity constraint requires a single decision at every node, which we will
shortly denote xs

tk,tj
= xtk,tj

(ω̄s
k), s ∈ Sk. Employing such a tree structure of our

scenarios, we can use the relationship between multi–stage stochastic programs
with discrete probability distribution with finite number of atoms and linear pro-
grams which was presented in Section 1.2. This implies that the multi–stage
asset–liability model of the leasing company can be written in terms of linear
programming as

max
xs

ti,tj

1
|Sn|

∑
s∈Sn

Vtn(ω̄s
n) (2.14)

s.t. dti,tj
(tk, ω̄s

i ) =
(tk − tk−1)dti,tj

(ω̄s
i )∑j

l=i+1(tl − tl−1) exp{−rtl−ti
ti

(ω̄s
i )(tl − ti)}

, i < k ≤ j, s ∈ Si,

xti,tj
(tk, ω̄s

i ) =
(tk − tk−1)xs

ti,tj∑j
l=i+1(tl − tl−1) exp{−stl−ti

ti
(ω̄s

i )(tl − ti)}
, i < k ≤ j, s ∈ Si,

Rtk
(ω̄s

k−1) =
∑

ti<tk≤tj

dti,tj
(tk, ai(ω̄s

k−1)), 0 < k ≤ n, s ∈ Sk−1,

Qtk
(ω̄s

k−1) =
∑

ti<tk≤tj

xti,tj
(tk, ai(ω̄s

k−1)), 0 < k ≤ n, s ∈ Sk−1,

Dtk
(ω̄s

k) =
∑

tk<tj

dtk,tj
(ω̄s

k), Xtk
(ω̄s

k) =
∑

tk<tj

xs
tk,tj

, 0 ≤ k < n, s ∈ Sk,

Bt0(ωs
0) = Xt0(ωs

0) − Dt0(ωs
0), s ∈ S0,

Btk
(ω̄s

k) =
Btk−1(ak−1(ω̄s

k))
P (tk−1, tk, ak−1(ω̄s

k)) − Etk−1 + Xtk
(ω̄s

k) − Qtk
(ak−1(ω̄s

k))

+ Rtk
(ak−1(ω̄s

k)) − Dtk
(ω̄s

k), 1 ≤ k < n, s ∈ Sk,

Btn(ω̄s
n−1) = Btn−1(ω̄s

n−1)
P (tn−1, tn, ω̄s

n−1)
− Etn−1 + Rtn(ω̄s

n−1) − Qtn(ω̄s
n−1), s ∈ Sn−1,

Atn(ω̄s
n) =

∑
ti<tn<tl≤tj

P (tn, tl, ω̄s
n)dti,tj

(tl, ai(ω̄s
n)), s ∈ Sn,

Ltn(ω̄s
n) =

∑
ti<tn<tl≤tj

P (tn, tl, ω̄s
n)xti,tj

(tl, ai(ω̄s
n)), s ∈ Sn,

Vtn(ω̄s
n) = Atn(ω̄s

n) − Ltn(ω̄s
n) + Btn(an−1(ω̄s

n)), s ∈ Sn,

Btk
(ω̄s

k) ≥ 0, 0 ≤ k < n, s ∈ Sk, xs
ti,tj

≥ 0, s ∈ Si, 0 ≤ i ≤ j, i < n.
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We have seen the formulation of the optimisation problem which seeks to max-
imize expected revenue. However, one would hardly found a manager who would
be willing to follow the optimal strategy suggested by such a program. That
is due to a human nature and the phenomena called risk aversion. We prefer
to prevent losses to gaining additional revenue. This motivates the introduction
of certain measures of risk which will force the optimal strategy to avoid too
risky investment. These will be described along with their interpretation and
implementation to the model formulation in the next section.

2.3 Management of Interest Rate Risk
We stated that by employing the benchmark strategy, the leasing company closes
its position in terms of interest rate risk. That does not mean that the leasing
company is insensitive to interest rate changes, as the value of the portfolio de-
pends on interest rate. The correct interpretation is that the income generated
by its assets covers all instalments implied by its liabilities. Hence the company
does not need to close any new loans with the bank in order to cover its current
liabilities. If we do not employ the benchmark strategy, it could happen that we
committed to repay a big loan to the bank next period while our earnings are
not going to be sufficient. Hence we rely on the fact that we will borrow money
in the next period and in the case of an interest rate increase, the loan might
turn out to be very expensive. In contrast, such a situation cannot happen within
the benchmark strategy, where by definition our earnings will always be greater
than our instalments at every time period. For that reason, one needs to intro-
duce risk constraints, which will set limits on riskiness of a strategy. The ones we
will introduce can be divided into two groups, the first one will compare the opti-
mal strategy to the benchmark while constraints in the second group will control
the return for the worst scenarios.

2.3.1 Chance Constraint
The first constraint we will introduce will be the so called chance or probabilistic
constraint. This constraint was first formulated by Telser (1955) and used in
asset–liability models for example by Dert (1995) or Klein Haneveld et al. (2010).
Roughly speaking, this constraint ensures that our strategy will be better than
the benchmark strategy with some probability. It has the following form:

P
(

Vtn − V 0
tn

≥ 0
)

≥ 1 − α, (2.15)

where α ∈ ⟨0, 1⟩ denotes a given probability and P represents the probability
implied by the probability distribution Ξ of random vectors ξtk

, k = 0, 1, . . . , n.
The constraint (2.15) says that the final value of our portfolio must not be lower
than the final value of a portfolio when adopting the benchmark strategy with
a probability greater than or equal to 1 − α. So combining this constraint with
our optimisation problem, we will be aiming to find a strategy with the maximal
expected value of the corresponding portfolio given that the strategy is allowed
to loose to the benchmark with a probability α at maximum.
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This constraint is very easily interpreted, which is its greatest advantage.
When a manager is going to decide, whether he adopts the new strategy, one
of his first questions will be how much better it is to the current one. This con-
straint gives him an immediate answer. Its disadvantage might be that if Ξ is
discrete with a finite number of atoms it leads to a mixed integer linear program
so one will need to restrict the amount of scenarios, as every scenario will lead
to a new integer variable.

Next, we will derive the mixed–integer linear programming reformulation
of (2.14) which is implied by the condition (2.15). First, we will need to deter-
mine what will be the value of a portfolio following the benchmark strategy (2.12)
at time n. By setting the decisions as in (2.12), from the formulation in (2.14),
we get the following relationships:

x0
ti,tj

(tk, ω̄s
i ) =

(tk − tk−1)dti,tj
(ω̄s

i )∑j
l=i+1(tl − tl−1) exp{−stl−ti

ti
(ω̄s

i )(tl − ti)}
, i < k ≤ j, s ∈ Si,

Q0
tk

(ω̄s
k−1) =

∑
ti<tk≤tj

x0
ti,tj

(tk, ai(ω̄s
k−1)), 0 < k ≤ n, s ∈ Sk−1,

X0
tk

(ω̄s
k) = Dtk

(ω̄s
k), 0 ≤ k < n, s ∈ Sk, B0

t0 = 0,

B0
tk

(ω̄s
k−1) =

B0
tk−1

(ω̄s
k−1)

P (tk−1, tk, ω̄s
k−1)

− Etk−1 − Q0
tk

(ω̄s
k−1) + Rtk

(ω̄s
k−1), (2.16)

1 ≤ k ≤ n, s ∈ Sk−1,

L0
tn

(ω̄s
n) =

∑
ti<tn<tl≤tj

P (tn, tl, ω̄s
n)x0

ti,tj
(tl, ai(ω̄s

n)), s ∈ Sn,

V 0
tn

(ω̄s
n) = Atn(ω̄s

n) − L0
tn

(ω̄s
n) + B0

tn
(an−1(ω̄s

n)), s ∈ Sn.

The equations as specified above describe the dynamics of liabilities under
the benchmark strategy. Hence in the parameter V 0

tn
(ω̄s

n), we should obtain time
tn value of a portfolio of the benchmark strategy for a given scenario of the random
vector ω. We should also bear in mind that we should check that the benchmark
strategy is “feasible”, meaning that it does not run out to debt. That could hap-
pen if the earnings are lower than the costs of running the company.

Given that we now know what would be the final value of a portfolio under
the benchmark strategy, it is not difficult to employ the condition (2.15) in the lin-
ear program (2.14). Considering our problem as a discrete with a finite number
of atoms, the fact that we want the probability of not loosing to the benchmark
to be greater than 1−α corresponds to loosing to the benchmark in 100·α% of sce-
narios at maximum. In this case, α is usually set to be in the region (0.001, 0.1).
Let us therefore introduce binary variables zs, s ∈ Sn, where zs = 1 indicates that
our strategy lost to the benchmark. This leads to a condition

V 0
tn

(ω̄s
n) − Vtn(ω̄s

n) ≤ M · zs, zs ∈ {0, 1}, s ∈ Sn,∑
s∈Sn

zs ≤ α · |Sn|, (2.17)

where M is some arbitrary large number (greater than any potential loss). From
the constraint (2.17), one can clearly see that if the benchmark does better than
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the strategy in a scenario s, it forces zs to jump to one. The second inequality con-
trols the number of such jumps. It is straightforward to deduce that the number
of binary variables will be equal to the number of scenarios in the program.

2.3.2 Value–at–Risk Constraint
The next constraint we will be discussing is a well–known Value–at–Risk (VaR).
Consider a profit function V, then for a given confidence level α ∈ (0, 1), VaR(V )
measures what is the worst outcome which we experience among the best 100·α%
cases. Or in other words, it says that earnings smaller than VaR(V ) happen only
with a low probability 1−α. These are the implications of a usual definition of VaR
as described below. That is more frequently formulated for a loss function.

Definition 1 (J.P. Morgan Risk Metrics, 1995). Let Y be a random loss function
with a cumulative distribution function FY and α ∈ (0, 1). Then α–Value–at–Risk
of Y VaRα(Y ) is the α−quantile of the random variable Y, i.e.

VaRα(Y ) = F −1
Y (α),

where F −1
Y is the quantile function of Y.

Note that in the chance constraint, α is considered close to zero while in VaR,
it is thought to be close to one. That is due to the fact that within VaR we
consider a loss as our constrained function. Let us define

Ytk
= −Vtk

, k = 1, . . . , n.

Then Ytn is the realized loss of the strategy we adopt. One can note that we expect
this loss to be negative (as we want to gain a positive profit). The Value–at–Risk
constraint is then formulated in the following way:

VaRα(Ytn) ≤ uα, α ∈ (0, 1), uα ∈ R. (2.18)
This can be interpreted in such a way that we choose only from strategies which
meet that their Value–at–Risk at the confidence level α is smaller than some
predetermined amount uα. The motivation behind such a constraint stems from
the usual methodology which is practised in large companies, where the risk
department sets limits on Value–at–Risk and the asset–liability management unit
is obliged to meet it. Hence we will not be optimising the portfolio with respect
to Value–at–Risk, but rather we will be selecting from strategies which meet
a predetermined value of VaR. Equivalently, we can rewrite (2.18) as

P
(

Ytn ≤ uα

)
≥ α.

The above presented result allows us to employ the condition (2.18) in the lin-
ear program (2.14). Let us again assume that the distribution Ξ is discrete with
a finite number of atoms and recall the notation with scenarios as in the previous
case. There we introduced binary variables zs, s ∈ Sn, each corresponding to one
scenario. The meaning of zs will be also very similar, as now, the value of zs = 1
would indicate exceeding the VaR limit in the scenario s. One can formulate
the VaR constraint (2.18) in the following way:
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−Vtn(ω̄s
n) − uα ≤ M · zs, zs ∈ {0, 1}, s ∈ Sn,∑

s∈Sn

zs ≤ (1 − α) · |Sn|. (2.19)

One could also think of a different loss function Ytk
. For example instead

of looking at a loss as a negative profit, we could see the loss as the difference be-
tween the value of the benchmark portfolio and the value of the optimal strategy.
That would mean to define the loss function as:

Y ′
tk

= −
(

Vtk
− V 0

tk

)
, k = 1, . . . , n.

It is straightforward to see that for uα = 0, the Value–at–Risk constraint
(2.18) for such a defined loss function becomes the chance constraint (2.15). This
formulation therefore generalises the chance constraint, as it allows us to specify
by how much we want the new strategy to be better than the benchmark and
at which confidence level. Implementing this constraint to the linear program
under a discrete probability distribution for such a loss function is analogical
to the chance constraint so we will not be discussing it here.

We see the fact that Value–at–Risk is widely used in the financial industry
as the greatest advantage of this constraint because managers are usually quite
familiar with it. It has been implemented in various asset–liability stochastic pro-
grams, especially in models where the VaR constraint is required by regulations.
For example we can mention a recent work by de Oliveira et al. (2017). Compar-
ing (2.17) and (2.19), one can see that the VaR constraint will be computationally
similar to the chance constraint thanks to the same number of integer variables.
Implementation of such a constraint therefore leads to an integer program where
every scenario generates one integer variable. This induces a restriction on the to-
tal number of scenarios.

2.3.3 Conditional Value–at–Risk Constraint
The third constraint we will be dealing with is based on the conditional Value–
at–Risk (CVaR), which is sometimes called the mean excess loss or the expected
shortfall. It differs from VaR in such a way that instead of measuring the worst
possible outcome between the best 100 ·α% cases, it measures the expected value
from the worst 100 · (1−α)% cases. In other words, VaR is not interested in what
happens among the worst cases, while CVaR is. Pflug (1999) has described other
advantages of CVaR with respect to VaR constraint. Most notably he mentions
that CVaR is a coherent risk measure (see Artzner et al. (1999)), so it meets
the four properties which are desirable for a measure of risk. On the other hand
VaR in general fails to meet the sub–additivity condition. The optimisation prop-
erties of CVaR are exploited in Rockafellar and Uryasev (2000), who find CVaR
far superior to VaR mostly thanks to its convexity and linearity. They note that
optimising a portfolio with respect to a minimum CVaR often leads to a linear
programming task. The definition of CVaR is also usually formulated for a loss
function.
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Definition 2 (Rockafellar and Uryasev, 2002). Let Y be a random loss function
and α ∈ (0, 1). Then we define α–conditional Value–at–Risk of Y CVaRα(Y ) as:

CVaRα(Y ) = inf
a∈R

{
a + 1

1 − α
E[Y − a]+

}
,

where [·]+ denotes a positive part of a real number.

Moreover, Rockafellar and Uryasev (2000) showed that if Y has a continuous
distribution function, then it holds that

CVaRα(Y ) = E[Y |Y > VaRα(Y )],

which justifies the other names such as mean excess loss.

Regarding our asset–liability problem, the loss function can be for CVaR
defined in the same way as for VaR. The constraint has the following form:

CVaRα(Ytn) = inf
a∈R

{
a + 1

1 − α
E[Ytn − a]+

}
≤ vα, (2.20)

where vα ∈ R is similarly as in the VaR constraint a given number and α ∈ (0, 1).
One can see how this condition will be rewritten in the scenario formulation
of the multi–stage stochastic program. For every scenario s, a new variable zs,
bounded by two constraints zs ≥ Y s

tn
− a and zs ≥ 0, will be introduced. These

conditions will force that zs ≥ [Y s
tn

− a]+. Hence a weighted sum of these new
variables zs, s ∈ Sn will restrict from above the expected value. If we find at least
one a such that

a + 1
1 − α

E[Ytn − a]+ ≤ a + 1
1 − α

1
|Sn|

∑
s∈Sn

zs ≤ vα,

is satisfied, then we will know that the infimum in (2.20) is smaller then the lim-
iting value vα and the condition (2.20) will be satisfied. Therefore we will
introduce the variable a (which in fact for continuous distributions represents
VaR of the portfolio) to the program. Summing it all up, the implementation
of the CVaR constraint to the linear program (2.14) preserves its linearity. Hence
the corresponding problem will be also a linear programming task. The con-
ditional Value–at–Risk constraint can be formally implemented in the following
way. Let zs, s ∈ Sn be variables, zs ∈ R and a ∈ R. The scenario formulation
of the constraint (2.20) has the form of:

zs ≥ −Vtn(ω̄s
n) − a, zs ≥ 0, s ∈ Sn,

a + 1
1 − α

1
|Sn|

∑
s∈Sn

zs ≤ vα, a ∈ R. (2.21)

This result confirms the statements we have made during the description
of this risk measure that it leads to a linear program which means it should
be computationally much more efficient to optimise. Consequently, when em-
ploying such a condition, we could afford to generate more scenarios and hence
to obtain a better approximation of the original distribution.
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2.3.4 Second–Order Stochastic Dominance Constraint
The final constraint we will employ in our asset–liability management problem
will be a second–order stochastic dominance (SSD) constraint. The stochastic
dominance is a modern tool for comparing possible returns of two portfolios
of investors. The general idea behind the definition of SSD is to create a partial
ordering of returns of portfolios so the first portfolio is ranked better than the sec-
ond portfolio if no investor with a non–decreasing and concave utility function
would prefer to invest into the second portfolio. Usually, the formal definition
of SSD is given through so called integrated cumulative probability functions.

Definition 3 (Hadar and Russell, 1969). Let X be a random variable and let FX

be its cumulative distribution function. Let us define the integrated probability
cumulative distribution function of X as

F
(2)
X (x) =

∫ x

−∞
FX(u)du.

This allows us to state the following definition.

Definition 4 (Hadar and Russell, 1969). Let V and B be random variables
and let F

(2)
V and F

(2)
B be their integrated probability cumulative distribution func-

tions. Then we say that V dominates B by a second–order stochastic dominance
(V ≽SSD B) if and only if

F
(2)
V (y) ≤ F

(2)
B (y), ∀y ∈ R.

The interpretation which we have stated above has been shown in Hadar and
Russell (1969), who give the following equivalence:

V ≽SSD B ⇔ ∀u ∈ U2 : Eu(V ) ≥ Eu(B),

where U2 is a set of all non–decreasing and concave functions, which represent all
possible utility functions of non–satiated risk–averse investors. More on the rela-
tionship between (first, second and third order) stochastic dominance and utility
functions can be found in Levy (1992).

The condition which we want to impose in our asset–liability problem becomes
now quite obvious. We would like our new strategy, which generates (random) re-
turn Vtn to dominate the benchmark by the second–order stochastic dominance.
Moreover, we will generalise a bit the equivalent constraint, which will be for-
mulated together with a parameter b measuring by how much the benchmark
is dominated. Such a condition can be formally written as

Vtn ≽SSD V 0
tn

+ b, (2.22)

and we will refer to it as to the second–order stochastic b–dominance constraint.
Strategy which meets the constraint (2.22) for b = 0 has a very strong interpreta-
tion in the sense that every risk–averse manager would prefer (or at worst would
be indifferent between) the new strategy to the benchmark strategy. This state-
ment seems very powerful. As the ordering implied by the concept of the second–
order stochastic dominance is only partial, it might easily happen that the only
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portfolio which meets the condition (2.22) with b = 0 is the benchmark portfolio
itself. For this reason, we might consider also b < 0, as this can quantify how far
is the new strategy from dominating the benchmark strategy.

There is also a connection between the second–order stochastic dominance and
the conditional Value–at–Risk. This was exploited by Kopa and Chovanec (2008)
who used results of Ogryczak and Ruszczynski (2002) to show that it holds:

V ≽SSD B ⇔ CVaRα(−V ) ≤ CVaRα(−B) ∀α ∈ (0, 1).

This can be interpreted in such a way that if we find a strategy V which dom-
inates the benchmark B, then the strategy V will not have a mean of the worst
100 · α% cases smaller than the benchmark B for all α ∈ (0, 1). We are also
still yet to formulate the constraint (2.22) in the optimisation model and using
the consistence with the CVaR measure could be of use if we assumed a finite
number of scenarios. However, the approach we will adopt will be different.

We will make use of the fact that we will approximate the stochastic dis-
tribution Ξ by scenarios, which are assumed to have equal probability. Under
such settings, one can apply results of Hardy et al. (1934) on majorization, which
were later used in stochastic ordering. From there Kuosmanen (2004) has proved
the following theorem.

Theorem 1. Let V and B be random variables with m possible outcomes denoted
by V 1, . . . , V m and B1, . . . , Bm, where every outcome has a probability 1/m. Then
V ≽SSD B if and only if

∃W = {wij}m
i,j=1 ∈ Rm×m : wij ≥ 0, W1 = 1, 1T W = 1T ,

V i ≥
m∑

j=1
wijB

j, i = 1, . . . , m,

where 1 is an m−dimensional vector of ones.

Proof. For proof see Kuosmanen (2004), Theorem 3.

Matrix W in the theorem above is called a doubly stochastic matrix, its col-
umn sums and row sums are equal to one and its elements are non–negative. One
can derive that they are also not greater than one. Theorem 1 has a straight-
forward application to our asset–liability model. The distribution of the value
of a strategy is in the scenario version of the asset–liability program a discrete
random variable with every scenario forming an atom of the distribution with
the same probability as other atoms. The condition (2.22) is equivalent to the fol-
lowing:

Vtn(ω̄si
n ) − b ≥

|Sn|∑
j=1

wijV
0

tn
(ω̄sj

n ), si ∈ Sn, (2.23)

wij ≥ 0,
|Sn|∑
i=1

wij = 1,
|Sn|∑
j=1

wij = 1.
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The second–order stochastic b–dominance constraint can be therefore rewritten
as a linear program with the number of new variables as a square of the number
of scenarios. This places some upper bound on the number of scenarios we can
use, but given that the corresponding problem is a linear programming task,
a reasonable number can still be considered.
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3. Scenario Generation
in the ALM of a Leasing
Company
In this chapter, we will describe the process of generating scenarios for the multi–
stage stochastic program of the leasing company. We will introduce the Hull
– White model of Hull and White (1990), which will be used for generating
scenarios of future interest rates. We will describe the calibration procedure
of the model and also the generating process itself. In the second part, we will
develop a model which will describe the randomness of demand for the leasing
company’s products and how it depends on current interest rates. That model
will be developed particularly for our analysis and it will assume that the decision
stages are equidistant with a one year period.

3.1 The Hull–White Model
The Hull – White model of Hull and White (1990) is one of the most used models
for pricing interest rate derivatives. It uses exogenous information in the form
of the observed market yield curve to match the current term structure of interest
rates. Thanks to this feature, predictions of yields based on this model are
close to market expectations, which increases the model’s credibility. This model
is generally known under the risk neutral measure which itself includes the market
price of risk, while the value of the parameters of the model is usually obtained
by fitting to the observed market prices of interest rate derivatives. However,
there are not enough trades in the Czech market so we have to adopt a different
calibration procedure. That will be inspired by Chen and Scott (1993) who
estimated the Cox–Ingersoll–Ross model of Cox et al. (1985) by the maximum
likelihood method. We will develop an extended version of this method, which will
be described in detail. Yet first, we will need to derive the properties of the Hull –
White model under the real world measure to justify the estimation of the model’s
parameters on historical rates.

3.1.1 Introduction of the Model
Let us first describe the definition of the Hull – White under the risk neutral
measure — denoted by Q. This part will be taken from other literature, mainly
from a well–known book on interest rate modelling of Brigo and Mercurio (2001).
Thereafter, we will use the results of Vasicek (1977) and Harrison and Pliska
(1981) to derive the corresponding quantities of the model under the real world
measure. The model is defined by the following dynamics:

drt =
(

θ̄(s, t) − ᾱrt

)
dt + σ̄dW Q(t),

where W Q(t) is the standard Q–Brownian motion and s ≤ t defines the time
when we observe the yield curve. Parameter ᾱ stands for the mean reversion
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factor and σ̄ summarizes the volatility of the short rate rt. Finally, θ̄(s, t) is set
such that the observed market prices at time s are fitted perfectly, i.e.

θ̄(s, t) = ∂fM(s, u)
∂u

⏐⏐⏐⏐
u=t

+ ᾱfM(s, t) + σ̄2

2ᾱ

(
1 − e−2ᾱ(t−s)

)
,

where fM(s, t) is the market instantaneous forward rate from time s at time t.
This is defined as

fM(s, t) = −∂ log P M(s, u)
∂u

⏐⏐⏐⏐
u=t

.

P M(s, t) is the time s market observed price of a zero coupon bond paying one
at time t. If we denote

γ̄(s, t) = fM(s, t) + σ̄2

2ᾱ2

(
1 − e−ᾱ(t−s)

)2
,

then as stated in Brigo and Mercurio (2001), the distribution of rt conditioned
on the knowledge of ru, t ≥ u ≥ s is normal with the conditional expected value
µ̄t|u,s and variance σ̄2

t|u,

µ̄t|u,s = e−ᾱ(t−u)ru + γ̄(s, t) − γ̄(s, u)e−ᾱ(t−u),

σ̄2
t|u = σ̄2

2ᾱ

(
1 − e−2ᾱ(t−u)

)
.

Especially for the case u = s, we can express the conditional expected value µ̄t|s
and the variance σ̄2

t|s,

µ̄t|s = fM(s, t) + σ̄2

2ᾱ2

(
1 − e−ᾱ(t−s)

)2
,

σ̄2
t|s = σ̄2

2ᾱ

(
1 − e−2ᾱ(t−s)

)
.

This implies the transition density fr(rt|ru, s) of rt conditioned on the value of ru

and the information at time s to be given by

fr(rt|ru, s) = 1√
2πσ̄2

t|u
exp

⎧⎪⎨⎪⎩−

(
rt − µ̄t|u,s

)2

2σ̄2
t|u

⎫⎪⎬⎪⎭ . (3.1)

Let us denote P (rt, s, t, T ) the time t model implied zero coupon bond price
maturing at time T with market information observed at time s, s ≤ t ≤ T. This
can be determined from the term structure equation derived by Vasicek (1977)
and it has an explicit solution which can be written in a form

P (rt, s, t, T ) = exp{Ā(s, t, T ) − B̄(t, T )rt}, (3.2)

where functions Ā(s, t, T ) and B̄(t, T ) have the following form:

B̄(t, T ) = 1 − e−ᾱ(T −t)

ᾱ
, (3.3)

Ā(s, t, T ) = log
(

P M(s, T )
P M(s, t)

)
+ B̄(t, T )fM(s, t) − σ̄2B̄(t, T )2

4ᾱ

(
1 − e−2ᾱ(t−s)

)
.

(3.4)
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The density (3.1) determines the distribution of the short rate rt (under the risk
neutral measure). Given that the annualized continuously compounded time t
yield–to–maturity t + τ can be calculated as

yt(s, τ) = −1
τ

log P (rt, s, t, t + τ), (3.5)

then from (3.2), we can see that yt(s, τ) is only a linear function of rt. And because
any linear transformation of a random variable with normal distribution also has
normal distribution, it means that yt(s, τ) has normal distribution. We will omit
the index s in the notation as it should be clear from the context at which time
the market observed yield curve was used to define the model.

3.1.2 Change of Measure
The equivalent parametrisation under the real world measure, denoted as P
will be derived in the following lines. The change of measure will be achieved
by the Girsanov’s theorem, whose results were translated by Harrison and Pliska
(1981) into the world of trading in a real market environment. In reality, a drift
of a cumulative market price of risk is subtracted from the real world Brownian
motion to obtain the relationship between the risk neutral measure and the real
world measure. This yields

W Q(t) = W P (t) −
∫ t

0
λ(u, ru)du,

where W P is a Brownian motion under the real world measure. We will for
simplicity assume that the market price of risk is constant — so that it does not
depend on the value of the short rate and that it does not change in time. Hence
we set

λ(t, rt) = λ.

Plugging this into the risk neutral dynamics of the model, we obtain

drt =
(

θ(s, t) − αrt

)
dt + σdW P (t), (3.6)

where σ = σ̄, α = ᾱ and

θ(s, t) = ∂fM(s, u)
∂u

⏐⏐⏐⏐
u=t

+ αfM(s, t) − σλ + σ2

2α

(
1 − e−2α(t−s)

)
= θ̄(s, t) − σλ.

One can easily see, that this dynamics has very much the same shape as the risk
neutral formulation with only slight difference in the parameter definition. Un-
der such a formulation of the market price of risk the mean reversion factor and
the volatility of the short rate are the same. The final thing we need to derive
is the bond price under this measure and the distribution of the short rate.

The term structure equation for calculating the bond prices of Vasicek (1977)
is the same under both measures (for every market price of risk). That implies
that also its solution will be the same and therefore the bond prices under the real
world measure are also given by the relationships in (3.3) and (3.4). We only need
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to express the risk neutral measure parameters by their real world counterparts.
But this requires no work as both the mean reversion factor and the volatility
of the short rate are the same under the two measures. Next, we will need
to solve the stochastic differential equation (3.6). If we employ Ito’s lemma to find
dynamics of a product eαtrt and integrate it up, we obtain

rt = e−α(t−u)ru +
∫ t

u
e−α(t−v)θ(s, v)dv + σ

∫ t

u
e−α(t−v)dW P (v).

Let us denote µt|u,s the conditional expected value of the short rate given times
t ≥ u ≥ s in the real world measure specification and σ2

t|u its standard deviation.
We can note, that

µt|u,s = e−α(t−u)ru +
∫ t

u
e−α(t−v)θ(s, v)dv,

σ2
t|u = σ2

∫ t

u
e−2α(t−v)dv.

Using that θ(s, t) = θ̄(s, t) − σλ, we obtain

µt|u,s = e−α(t−u)ru +
∫ t

u
e−α(t−v)θ̄(s, v)dv −

∫ t

u
e−α(t−v)σλdv.

Again, using the connection between the real world and the risk neutral measure,
the first two parts together form exactly the equation for the mean in the risk
neutral world. So we can use the results for this quantity as given in Brigo and
Mercurio (2001). The second integral in the equation is easy to calculate. We
can express

µt|u,s = µ̄t|u,s − σλ

α

(
1 − e−α(t−u)

)
. (3.7)

Finally, the formula for the variance of the short rate looks:

σ2
t|u = σ̄2

t|u = σ2

2α

(
1 − e−2α(t−u)

)
. (3.8)

Equations (3.7) and (3.8) together with the fact that the distribution of the short
rate is normal specifies its distribution. Using this result together with what we
discussed in this section, with equations (3.3) and (3.4) specifying the bond price
formula and with the relationship between yields–to–maturity and bond prices,
as in (3.5), we can determine the distribution of yield–to–maturity under the real
world parametrisation of the Hull – White model.

3.1.3 Estimation of the Parameters
We will use the maximum likelihood method for the estimation of the parameters
of the Hull – White model. This method was first suggested by Chen and Scott
(1993) who analysed the Cox–Ingersoll–Ross model of Cox et al. (1985). We will
describe the construction of the likelihood given panel data of observed yields
in a more general way. Thereafter we will use it to find the estimates of the Hull
– White model parameters for the Czech interest rate curve based on historical
data.
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Construction of the Log–Likelihood Function

Let yt(τ) be a yield at time t with time–to–maturity τ > 0. From (3.2) and (3.5),
we can derive the following relationship for the model implied yield–to–maturity:

yt(τ) = a(s, t, τ) + b(t, τ)rt, (3.9)

where
a(s, t, τ) = −Ā(s, t, t + τ)

τ
and b(t, τ) = B̄(t, t + τ)

τ
.

Using relationships (3.3) and (3.4), we can express:

b(t, τ) = b(τ) = 1 − e−ατ

ατ
, (3.10)

a(s, t, τ) = F M(s, t, t + τ) − b(τ)fM(s, t) + τ
σ2b(τ)2

4α

(
1 − e−2α(t−s)

)
, (3.11)

where the function F M(s, t, T ) represents the forward rate at time s from time t
with maturity T . This can be be calculated from the relationship

F M(s, t, T ) = − 1
T − t

log
(

P M(s, T )
P M(s, t)

)
.

In the latter parts, we will denote a(s, t, τ) just by a(τ) as the value of the time
indices s and t should be clear from the context. We need to remember that a(τ)
and b(τ) depend also on the model parameters. Let us assume that at time t
we observe n yields yt(τ1), . . . , yt(τn) with times–to–maturity τ1, . . . , τn. We will
need a vector equivalent to (3.9). Let us denote the following quantities:

yt =
(
yt(τ1), . . . , yt(τn)

)T
,

A =
(
a(τ1), . . . , a(τn)

)T
,

B =
(
b(τ1), . . . , b(τn)

)T
.

Using this, we have

yt = A + Brt. (3.12)

Equation (3.12) summarizes how the short rate influences all yields–to–maturity
which we observe, so we can interpret it as the model implied yield curve.
It is uniquely determined by the model dynamics, its parameters, times–to–
maturity τ1, . . . , τn, and by time t.

Our goal is to find a density of the observed yields, while we know the den-
sity of rt. From (3.9) it follows, that given one observed yield–to–maturity yt(τ),
we can reconstruct the value of the short rate only by inverting the relation-
ship. However, if we do it for different time–to–maturity τ , we are more than
likely to obtain a different value of the short rate for the same time t, which
does not really make sense. This theoretical relationship in reality does not hold
exactly. For that reason, we will introduce a concept that the observed yields are
measured with pricing errors. These will summarize fluctuations of real yields
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around the model implied yield curve. One can imagine that if only one yield
is observed, the short rate is determined only by the one inverse relationship.
With two yields, there is a room for one error – one yield measured precisely
and one with an error. By a straightforward extension of this principle, we need
to have n − 1 errors to be able to fit n observed yields. So let εt be a random
vector which represents this error. We will assume that it is an n−1 dimensional
normal, with mean 0n−1 and a regular variance–covariance matrix Ω. Moreover,
we will also assume that this random vector is independent of the short rate.
In the mathematical notation, we write

εt ∼ Nn−1

(
0, Ω

)
.

Next, we define C as an n × n − 1 matrix which distributes these n − 1 errors
into n components of yields. Combining this with what we saw in (3.12), we get

zt = A + Brt + Cεt = yt + Cεt. (3.13)

Let us compare this equation to (3.12). We have added the pricing errors Cεt

to make the relationship realistic. As we have tried to describe before, in practice
it is impossible to find such rt so we would match the (future) observed yield
curve for any value of the parameters in the model dynamics. As we said, yt can
be interpreted as the theoretical (model implied) yield–to–maturity, while zt rep-
resents the observed yield–to–maturity. Our aim will be to find a suitable model
for the random variable zt, which we observe. Equation (3.13) can be rewritten
as follows:

zt = A +
(
B C

)(rt

εt

)
, (3.14)

where
(
B C

)
is an n×n matrix which defines the transformation between yields

and the short rate/errors. Let us denote it T =
(
B C

)
.

We are particularly interested in the conditional density of zt at time t given
time s. We will make use of the relationship in (3.14) and use a theorem which
describes the relationship of densities of transformed random variables. We have
zt = g(rt, εt), where g is a linear transformation, so it is monotone and also
the determinant of the transformation is given by the determinant of the matrix
T. Let us denote the conditional density of zt as fz(zt|zs) and the density of errors
as fε(εt). Then, with the use of the independence of the short rate and errors,
one can express

fz(zt|zs) = 1
| det T |

fr(r̂t|rs)fε(ε̂t), (3.15)

where (
r̂t

ε̂t

)
= T −1(zt − A). (3.16)

We have derived the conditional density of the observed yield curve implied
by the model. Let us now assume that our observations are measured at m pe-
riods, at times t1 < · · · < tm. In other words, we observe n–dimensional time
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series {ztj
}m

j=1. Denote θ ∈ Θ the vector of the parameters of the model. It con-
sists of the parameters of the one–factor short–rate model and of the parameters
of the error distribution. Then the likelihood of the data can be expressed as

L(θ; zt1 , . . . , ztm) = fzt1 ,...,ztm
(zt1 , . . . , ztm),

= fz(ztm|ztm−1) · · · fz(zt2|zt1)fz(zt1).

In general, one does not consider the density fz(zt1) so we will ignore it and
work only with the conditional likelihood function. We do not expect omitting
the density of the first observation to affect the analysis, as it is a usual practise
to take the first observation in the series as given. The conditional likelihood can
be written as

L(θ; zt1 , . . . , ztm |zt1) =
m∏

j=2
fz(ztj

|ztj−1) =
m∏

j=2

1
| det T |

fr(r̂tj
|rtj−1)fε(ε̂tj

).

From the above equation we can derive the form of the conditional log–likelihood
function.

ℓ(θ) = −(m − 1)| det T | +
m∑

j=2
log fr(r̂tj

|rtj−1) +
m∑

j=2
log fε(ε̂tj

), (3.17)

where r̂tj
and ε̂tj

are given as in (3.16). The above equation shows us how to con-
struct the likelihood for the observed yields–to–maturity. To complete the log–
likelihood, we must specify the matrix of the transformation T, we need to know
its inverse and its determinant. This means to specify the matrix C as values
of A, B which appear in (3.16) along with the density fr are determined from
the short–rate dynamics. The correlation matrix of errors fε can be also specified
by ourselves as one of the assumptions of the model.

In our data analysis, we have employed the following parametrization:

C =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

1 0 · · · 0
0 1 · · · 0
... . . . ...
0 0 · · · 1
1√

n−1
1√

n−1 · · · 1√
n−1

⎞⎟⎟⎟⎟⎟⎟⎟⎠ , Ω = σ2
e

⎛⎜⎜⎜⎜⎜⎜⎜⎝

1 ρ ρ · · · ρ
ρ 1 ρ · · · ρ
... . . . . . . . . . ...
ρ · · · ρ 1 ρ
ρ ρ · · · ρ 1

⎞⎟⎟⎟⎟⎟⎟⎟⎠ , (3.18)

where 0 ≤ ρ < 1. The choice was done based on our empirical experience which
we gained from analysing the dataset (to be introduced shortly). Basically, our
goal was to choose C and Ω so we could assume that the fitted errors ε̂tj

were
generated from such a density. To be able to use C as in (3.18), we need to be able
to calculate the inverse of the matrix T and its determinant. The matrix T itself
can be expressed as

T =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

b1 1 0 · · · 0
b2 0 1 · · · 0
... ... . . . ...

bn−1 0 0 · · · 1
bn

1√
n−1

1√
n−1 · · · 1√

n−1

⎞⎟⎟⎟⎟⎟⎟⎟⎠ ,
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where b1, . . . , bn are the elements of B as in (3.12). Let us denote

a = bn − 1√
n − 1

n−1∑
i=1

bi. (3.19)

Then, after applying some linear algebra calculations, one can express the inverse
matrix as

T −1 = 1
a

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

− 1√
n−1 − 1√

n−1 · · · − 1√
n−1 1

a + b1√
n−1

b1√
n−1 · · · b1√

n−1 −b1
b2√
n−1 a + b2√

n−1 · · · b2√
n−1 −b2

... . . . ...
bn−1√

n−1
bn−1√

n−1 · · · a + bn−1√
n−1 −bn−1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (3.20)

Next, we need to calculate the determinant of T. By applying the Laplace expan-
sion to the first column and then to the last row, we get:

det T =
n−1∑
i=1

(−1)i+1bi · 1√
n − 1

(−1)n−1+i · 1 + (−1)n+1bn · 1,

=
n−1∑
i=1

(−1)n+2ibi
1√

n − 1
+ (−1)n+1bn,

= (−1)n

(
1√

n − 1

n−1∑
i=1

bi − bn

)
.

Taking the absolute value of the determinant yields

| det T | =
⏐⏐⏐⏐ 1√

n − 1

n−1∑
i=1

bi − bn

⏐⏐⏐⏐ = |a|. (3.21)

Looking at the inverse matrix and at the determinant, we can see that the neces-
sary condition for this parametrisation to work is that a ̸= 0. Then T is regular
and it enables us to use this parametrisation for the definition of the model.
The fact that a ̸= 0 does not appear to be a limiting restriction. The next step
in expressing the likelihood in (3.17) is to derive the density of errors. For that
reason, we will need to calculate the inverse and the determinant of the matrix Ω.

The calculation of the determinant is rather complicated, but we can adopt
the following trick. We know, that it is going to be a polynomial in ρ of the degree
n − 1, so it can only have n − 1 real roots at maximum. Moreover, if for some
ρ1, the kernel of a matrix has dimension k, then the polynomial (ρ − ρ1)k divides
the determinant. One can see that for ρ1 = 1 the kernel has got dimension n − 2.
The final parameter, for which Ω is singular is for ρ1 = (−1)/(n − 2). Using this,
and the knowledge that the absolute coefficient in the polynomial is σ2(n−1)

e –
a product of diagonal elements, we can express the determinant as

det Ω = σ2(n−1)
e (1 − ρ)n−2(1 + (n − 2)ρ). (3.22)

Expressing the inverse matrix is tricky too. In this case, we will assume that
it contains only two different elements. An off–diagonal element c/σ2

e and an on–
diagonal element d/σ2

e . If we multiply such a defined matrix with the matrix Ω
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and set it equal to the identity matrix, we get the two following equations:

d + (n − 2)ρc = 1,

c + ρd + (n − 3)ρc = 0.

Solving this, one obtains

c = − ρ

1 − ρ
· 1

1 + (n − 2)ρ,

d = 1
1 − ρ

− ρ

1 − ρ
· 1

1 + (n − 2)ρ = 1
1 − ρ

+ c.

In matrix notation, we get

Ω−1 = 1
σ2

e

⎛⎜⎜⎝
d c

. . .
c d

⎞⎟⎟⎠ . (3.23)

Combining these results, we can express the density of εt ∼ Nn−1(0, Ω) as

log fε(εt) = −n − 1
2 log 2π − n − 2

2 log(1 − ρ) − 1
2 log(1 + (n − 2)ρ)

− n − 1
2 log σ2

e − 1
2σ2

e

n−1∑
i=1

dε2
t,i − 1

2σ2
e

n−1∑
i,j=1,i̸=j

cεt,iεt,j,

log fε(εt) ∝ −n − 2
2 log(1 − ρ) − 1

2 log(1 + (n − 2)ρ) − n − 1
2 log σ2

e

− 1
2σ2

e

1
1 − ρ

n−1∑
i=1

ε2
t,i + 1

2σ2
e

ρ

1 − ρ
· 1

1 + (n − 2)ρ

n−1∑
i,j=1

εt,iεt,j.

Assume now that we observe iid random variables ε̂t2 , . . . , ε̂tm ∼ Nn−1(0, Ω).
If we denote N = (m − 1)(n − 1) and

Ê2 =
m∑

k=2

n−1∑
i=1

ε̂2
tk,i, Ê1 =

m∑
k=2

n−1∑
i,j=1

ε̂tk,iε̂tk,j, (3.24)

then the log–likelihood function of such a time series has the form of

ℓ2(θ2) =
m∑

k=2
log fε(εtk

)

∝ − (m − 1)n − 2
2 log(1 − ρ) − (m − 1)1

2 log(1 + (n − 2)ρ)

− (m − 1)n − 1
2 log σ2

e − 1
2σ2

e

1
1 − ρ

Ê2 + 1
2σ2

e

ρ

1 − ρ
· 1

1 + (n − 2)ρÊ1,

where θ2 = (ρ, σ2
e)T are the parameters of the error distribution. Analogically, we

will denote θ1 = (α, σ, λ)T the Hull – White model parameters. Here, we would
like the reader to realise the connection between ℓ2(θ2) and the third summand
in (3.17). Next, we will try to maximize the log–likelihood ℓ2(θ2) over the param-
eter space for σ2

e and ρ. We will derive the score equations and then we will set
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them equal to zero and try to get explicit expressions for the maximum likelihood
(ML) estimates. First, we start with the parameter σ2

e .

∂ℓ2(θ2)
∂σ2

e

= − N

2σ2
e

+ Ê2

2σ4
e

1
1 − ρ

− Ê1

2σ4
e

ρ

1 − ρ
· 1

1 + (n − 2)ρ.

This gives us an estimate

σ̂2
e = 1

N

1
1 − ρ

(
Ê2 − ρ

1 + (n − 2)ρÊ1
)

. (3.25)

Equation (3.25) tells us, what is the ML for any ρ. To be able to use this result,
we need to find an estimate for ρ itself.

∂ℓ2(θ2)
∂ρ

= (m − 1)(n − 2)
2(1 − ρ) − (m − 1)(n − 2)

2(1 + (n − 2)ρ) − 1
2σ2

e

Ê2

(1 − ρ)2

+ 1
2σ2

e

Ê1

(1 − ρ)2 · 1 − ρ + ρ

1 + (n − 2)ρ − 1
2σ2

e

Ê1

1 − ρ
· (n − 2)ρ

(1 + (n − 2)ρ)2 ,

= (m − 1)(n − 2)
2(1 − ρ) − (m − 1)(n − 2)

2(1 + (n − 2)ρ)

− (m − 1)(n − 1)
1 − ρ

1
2σ2

e

1
N

1
1 − ρ

(
Ê2 − ρ

1 + (n − 2)ρÊ1
)

+ 1
2σ2

e

Ê1

1 − ρ
· 1

1 + (n − 2)ρ − 1
2σ2

e

Ê1

1 − ρ
· (n − 2)ρ

(1 + (n − 2)ρ)2 .

Plugging into the last equation the ML estimate σ̂2
e as in (3.25), and setting

the score equation to 0, we obtain:

0 = (m − 1)(n − 2)
2(1 − ρ) − (m − 1)(n − 2)

2(1 + (n − 2)ρ) − (m − 1)(n − 1)
2(1 − ρ)

+ 1
2σ2

e

Ê1

1 − ρ
· 1

1 + (n − 2)ρ − 1
2σ2

e

Ê1

1 − ρ
· (n − 2)ρ

(1 + (n − 2)ρ)2 ,

0 = −m − 1
1 − ρ

− (m − 1)(n − 2)
(1 + (n − 2)ρ) + 1

σ̂2
e

Ê1

1 − ρ
· 1

1 + (n − 2)ρ

(
1 − (n − 2)ρ

1 + (n − 2)ρ

)
,

0 = −m − 1
1 − ρ

− (m − 1)(n − 2)
(1 + (n − 2)ρ) + (m − 1)(n − 1)(

Ê2 − ρ

1 + (n − 2)ρÊ1

) · Ê1

(1 + (n − 2)ρ)2 ,

0 = − n − 1
(1 − ρ) + n − 1(

Ê2 − ρ

1 + (n − 2)ρÊ1

) · Ê1

1 + (n − 2)ρ.

Continuing the algebraic manipulations, we get

1 + (n − 2)ρ
(1 − ρ) = Ê1(

Ê2 − ρ

1 + (n − 2)ρÊ1

) ,
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(1 + (n − 2)ρ)Ê2

Ê1
− ρ = 1 − ρ.

Finally, we obtain

ρ̂ = 1
n − 2

Ê1 − Ê2

Ê2
. (3.26)

To finish our job, plugging our result from (3.26) into (3.25) yields:

σ̂2
e = 1

N
Ê2. (3.27)

That is an extremely nice result, which one would hardly expect given the com-
plexity of the likelihood function. Moreover, both formulas look very reasonable
and have strong interpretation. Plugging formulas (3.26) and (3.27) into the like-
lihood function ℓ2(θ2) yields (after a bit of algebra)

max
θ2

ℓ2(θ2) ∝ −(m − 1)(n − 2)
2 log

(
(n − 1)Ê2 − Ê1

)
− m − 1

2 log Ê1. (3.28)

Consequently, instead of the log–likelihood function for the vector parameter
θ as in (3.17), we can consider only the profile log–likelihood function for param-
eters θ1. This should increase our chances in getting valid maximum likelihood
estimates as we have basically eliminated two parameters from a need of an un-
certain numerical optimisation. The profile log–likelihood has the following form:

ℓ(α, σ, λ) ∝ − (m − 1) log |a | − m − 1
2 log

(
2πσ2

dt

)
− 1

2σ2
dt

m∑
j=2

(
r̂tj

− µtj |tj−1

)2

− (m − 1)(n − 2)
2 log

(
(n − 1)Ê2 − Ê1

)
− m − 1

2 log Ê1, (3.29)

where we have implicitly assumed that we have equidistant observations. This
allowed us to write σ2

dt as a common variance of the short rate for all observations.
Summing this up, when one employs the parametrization of the model (3.13)
as we did in (3.18), he can express the profile log–likelihood of the parameters
of the Hull – White model as stated in (3.29). This can be then optimised given
historical observations of rates with the use of the relationships (3.16) and (3.24).

Data Analysis

Our aim is to find a model which will represent the interest rate in the Czech mar-
ket, hence we will fit the model to a yield curve derived from the price of swaps on
PRIBOR (Prague Interbank Offered Rate). From these prices, one can construct
the zero–coupon yield curve by a method called bootstrapping (see Hull (2008)).
In the following, we will call these rates swap rates. For estimation, we have used
monthly data from January 2009 up to November 2016 — together 95 observa-
tions. The beginning of the data set was decided to be after the financial crisis
during which the market view on risk factors affecting the value of interest rates
changed rapidly. The data we we will use for estimation are plotted in Figure 3.1.
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Tooptfimfisetheprofifleflog–flfikeflfihood(3.29),wehaveusedsofftwareRand
theffunctfionnmkbfinthepackagedffoptfimoffVaradhanetafl.(2011).Itperfforms
akfindoffaheurfistficsearcharoundtheparameterspacetofindanextreme.
However,asthepofinthasmettheKarush–Kuhn-Tuckercondfitfions,fitconfirms
thatweffoundaflocaflmaxfimum. Moreover,wehavepflottedanumberoff2Dcuts
acrosstheparameterspacewhfichaflflsuggestedthatwehavereachedthegflobafl
maxfimumtoo.Theoptfimaflvafluesofftheparametersweretheffoflflowfing:

α̂=0.036963242, σ̂=0.005958489, λ̂=0.901977764. (3.30)

TofiflflustratethefimpflfiedratesbythecaflfibratedHuflfl– Whfitemodefl,wewfiflfl
provfidetwofigures. Thesewfiflflbeconnectedtotheasset–flfiabfiflfitymodeflanafl-
ysfisfinthesensethatthefigureswfiflflbebasedonthetreestructurewhfichwfiflfl
beusedfinthestochastficprogram.Thestagesofftheprogramwfiflflbe0,1,...,6,
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years,sowewfiflflneedtoobtafinscenarfiosfforthesetfimes. Wewfiflflstartffromone
noderepresentfingthecurrenttfime.Thfisnodewfiflflhaveefightdescendants.Thfis
numberwfiflflbehaflvedfinthenextstageandffromyeartwo,aflflnodeswfiflflhave
onflytwodescendants.Thedecfisfionfforsuchastructurewastokeepthenumber
offscenarfiosreflatfiveflysmaflflwhfiflewewantedtohavebetterdescrfiptfionoffthedfis-
trfibutfionoffthefirsttwostagesthanfiffwekeptthenumberoffdescendantsffrom
everynodeconstant.

Thegeneratfionprocessofftheyfiefldcurvescenarfioswfiflflnotberandom,aswe
wfiflflchoosethemsotheyrepresentthe“known” —modeflfimpflfieddfistrfibutfion
asweflflaspossfibfle.Theprocesswfiflflbeasffoflflows.Assumethatwearetogenerate

Ffigure3.1: Monthflyobservatfionsofftheyfiefldcurvederfivedffromtheswaprates
onPRIBORffromJanuary2009toNovember2016.
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nscenarfiosffromagfivenunfivarfiatedfistrfibutfion.Thenwespflfitthefintervafl[0,1]
fintonequfidfistantfintervafls[0,1/n],...,[1−1/n,1]andffromthesemfiddflepofints
wfiflflbechosen.Henceweseflectasequence

{
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+
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n
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Theshortratescenarfioswfiflflbecreatedasthequantfiflesofftheshortratedfistrfi-
butfioncorrespondfingtotheprobabfiflfitfiesfinthesequence.Longratesandzero–
couponbondprficeswfiflflbederfivedffromtheshortratebasedon(3.9)and(3.2).

Thetwoaffore–mentfionedfiguresaretheffoflflowfing.Ffirst,finFfigure3.2,we
shownodevafluesoffayfiefld–to–maturfitywfithtfime–to–maturfityoneyear. One
mfightbesurprfisedwfiththenumberoffscenarfioswfithnegatfiveyfiefld,butwethfink
thatgfivenwhfichyfiefldsarecurrentflyobservedaroundfinEurope,theprobabfiflfity
offnegatfiveyfiefldsfintheCzechmarketarenotunreaflfistfic.Forexampfle,finthefi-
naflstage,flfittflebfitflessthan15%offyfiefldssuggestnegatfivereturn.

Thesecondfiguredepfictsscenarfio’syfiefldcurvesfforaflfl8year–onenodes.
ThefirshapefisshownfinFfigure3.3.Onecannotficethattheratesfincreasewfith
maturfityfforeveryscenarfio,whfichfiswhateconomfistswoufldexpect. Onecan
comparethfisfiguretoFfigure3.2,asthecoflorsoffthescenarfiosarethesame
finbothfigures.Theseshoufldmafinflyfiflflustrateratfionaflfityoffthescenarfiosasthey
reflectthecurrentmarketenvfironmentqufiteweflfl. Thfisfisfimportanttoreaflfise
befforetheanaflysfisasfitfformstheffoundatfionffortheoptfimfisatfionprocedure
onwhfichstrongandfinterpretabfleresufltscanbebufifld.

Ffigure3.2:ScenarfiovafluesoffoneyearfinterestratefintheCzechmarketfinatree
structureusedfintheoptfimfisatfionprobflem.
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3.2 DemandfforLoansofftheLeasfingCompany

Thesecondmodeflwewfiflflneedtodeveflopfinordertobeabfletogeneratescenar-
fiosfisamodeflwhfichdescrfibestherandomnessoffdemandfforfloansoffthefleasfing
company. WewfiflflffocustodescrfibethedemandfforfloansfintheCzechmarket.
Thereffore,wehavedownfloadeddataoffthetotaflvoflumeoffcflosedfleasfingfloans
fintheCzechmarketwhficharepubflfishedbyCzechNatfionaflBank. Theseare
yearflydatastartfingfin2005andendfingfin2016–afltogether12consecutfiveob-
servatfions.Thevoflumesarespflfitfintothreecategorfies,floanswfithamaturfityfless
thanoneyear,wfithamaturfitybetween1and5yearsandwfithamaturfityflonger
than5years.ThedataareshowedfinTabfle3.1.

Aswedonothavemanyobservatfionsandourmodeflshoufldteflflusthede-
mandfforfloansatagfiventfimewfithagfivenmaturfity,wehavetoempfloysome
sfimpflfiffyfingassumptfionsfinordertospecfiffyausabflemodefl.Itwfiflflbefformuflated
asffoflflows. Wewfiflflassumethatcflfientscanborrowafloanonflywfithmaturfity
one,two,three,ffourorfiveyears.Demanddtfi,tj,tj∈(tfi+1,...,tfi+5)wfiflflhave
agammadfistrfibutfionwfithameanµfiandashapeparametera,sofitwfiflflnot
dependonthematurfitytj.Wewfiflflusetheparametrfizatfionoffthegammaffamfifly
wfiththeshapeparameteraandthescafleparameterswhoseprobabfiflfitydensfity
ffunctfionhastheffoflflowfingfform.

ffΓ(a,s)(x)=
s−a

Γ(a)
xa−1e−x/s, x≥0,

whereΓ(·)fisthegammaffunctfion.Thereflatfionshfipbetweenmeanµoffagamma
dfistrfibutfionandparametersa,sfisthatµ=a·s.
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maturfity.

38



to depend only on the value of one year interest rate y1
ti

such that

µi = exp{β0 + β1y
1
ti

},

where β0, β1 ∈ R are parameters. Their estimates can be obtained by fitting
a generalized linear model of a gamma family with a log link to our data set.
The fit was done so we took the sum of volumes in each year divided by a factor
of five as a response and the one year rate as an explanatory variable. Even
though this approach is not completely statistically correct, we believe it can give
us reasonable estimates, especially with such a simple data we have. The model
estimates were the following:

β̂0 = 10.362, β̂1 = −0.020, â = 85.6. (3.31)

To illustrate the distribution of the demand for loans and the effect of the one
year yield on it, we present Figure 3.4. It shows the density of a distribution
of the demand for loans implied by the model with two different values of one
year yield. The interpretation of the coefficient β1 is that an increase in the one
year interest rate of 1% causes the expected value of the demand for loans to move
by a factor eβ1 . As the estimate of β1 is negative, the effect is that the volume
decreases by e−0.02 .= 0.98. This slight decrease can be seen in the figure.

As this model was fitted to the total demand for loans in the Czech market,
in the program, we will consider a company which has a share of φ ∈ (0, 1)
of the market. So under the parametrization of the gamma family we stated
above, the demand dti,tj

, tj ∈ (ti + 1, . . . ti + 5) will have a distribution of

dti,tj
∼ φΓ(â, ŝi), ŝi = 1

â
exp{β̂0 + β̂1y

1
ti

}, (3.32)

where estimates â, β̂0 and β̂1 are given as in (3.31). The value of the one year in-
terest rate at time ti will be determined from the node value of this yield as given

Year m < 1 year 1 ≥ m < 5 years m ≥ 5 years 1 year rate [%]
2016 32 951 117 757 32 633 0.44
2015 29 651 106 791 30 248 0.46
2014 24 325 97 345 26 162 0.51
2013 25 375 93 079 24 390 0.60
2012 27 010 97 053 29 718 0.87
2011 28 455 100 973 28 764 1.73
2010 27 827 98 430 31 450 1.80
2009 27 682 90 550 25 370 2.13
2008 38 045 106 664 26 164 3.93
2007 32 603 100 464 13 887 4.23
2006 31 789 82 911 16 483 2.81
2005 30 411 80 982 15 367 2.53

Table 3.1: Volumes of leasing loans closed in a given year with maturity m
in millions of CZK and corresponding 1 year PRIBOR, source: ARAD database
of CNB.
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bytheHuflfl– Whfitemodefl,whfichwasdescrfibedfintheprevfioussectfion.
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Ffigure3.4:Thedensfityoffdemandfforfloansffortwodfifferentvafluesofffinterest
rate.
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4. Model Analysis
In this chapter, we will complete the model specification by defining the final de-
tails of our model and by specifying the values of its parameters. Subsequently,
we will analyse this model and present the results of the stochastic program-
ming problem for all risk constraints with a plethora of values of the parameters
employed.

4.1 Model Specification and Parameter Settings
Let us now introduce the model in a more concrete form, which can be used for
the analysis. I would like to stress that the following specifications will mean
a change in the notation. All symbols will still have their previous meanings,
but the indexation will be a bit different. We do this for more simple notation
of the optimisation problem we will be analysing later in the chapter.

As we hinted at the beginning of Chapter 3, our decision stages will take place
with yearly period. We will assume that we are now at year 0 and that the deci-
sions can be done once a year at times 0, 1, . . . , n − 1, where n is the investment
horizon. In the analysis, we will assume n = 6. Clients will have a possibility
to get a loan with maturity j years, where j ≤ m = 5. The demand for such
a loan at time i with time–to–maturity j will be denoted di,j. Here, please note
the difference in the notation with the previous chapters, as demand was be-
fore denoted by two time indices. The first denoted time at which the deal was
closed and the second denoted time at which the deal matured. Now, we employ
an equivalent notation with the first index denoting the time when the deal was
agreed, while the second index denotes the length of the deal. Hence we have
demand

di,j ≥ 0, i = 0, . . . , n − 1, j = 1, . . . , m.

Similarly, the leasing company will be permitted to borrow money from the bank
at the same times with the same maturities, yielding

xi,j ≥ 0, i = 0, . . . , n − 1, j = 1, . . . , m.

Next, changing the notation of time from (t0, t1, . . . , tn, . . .) to (0, 1, . . . , n, . . .)
we can define

r̄i,j(ω̄s
i ) =

i+j∑
l=i+1

exp{−rl
i(ω̄s

i ) · l}, 0 ≤ i < n, 1 ≤ j ≤ m, s ∈ Si.

The object r̄i,j(ω̄s
i ) determines the proportion of a loan closed at time i maturing

in j years which will be paid in a single instalment. The motivation for its defi-
nition can be seen in (2.2). Similarly, we will denote

s̄i,j(ω̄s
i ) =

i+j∑
l=i+1

exp{−sl
i(ω̄s

i ) · l}, 0 ≤ i < n, 1 ≤ j ≤ m, s ∈ Si

and

pi,j(ω̄s
i ) = P (i, i + j, ω̄s

i ) = exp{−yj
i (ω̄s

i ) · j}, 0 ≤ i ≤ n, 0 < j ≤ 5, s ∈ Si.
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Employing such a notation, the model formulated in (2.14) can be rewritten as:

max
xi,j(ω̄s

i )

1
|Sn|

∑
s∈Sn

Vn(ω̄s
n) (4.1)

s.t. Rk(ω̄s
k−1) =

k−1∑
i=[k−m]+

m∑
j=k−i

di,j(ai(ω̄s
k−1))

r̄i,j(ai(ω̄s
k−1)))

, 1 ≤ k ≤ n, s ∈ Sk−1,

Qk(ω̄s
k−1) =

k−1∑
i=[k−m]+

m∑
j=k−i

xi,j(ai(ω̄s
k−1))

s̄i,j(ai(ω̄s
k−1)))

, 1 ≤ k ≤ n, s ∈ Sk−1,

Dk(ω̄s
k) =

m∑
j=1

dk,j(ω̄s
k), Xk(ω̄s

k) =
m∑

j=1
xk,j(ω̄s

k), 0 ≤ k < n, s ∈ Sk,

B0 = X0(ωs
0) − D0(ωs

0), s ∈ S0,

Bk(ω̄s
k) = Bk−1(ak−1(ω̄s

k))
pk−1,1(ak−1(ω̄s

k)) − Ek−1 + Xk(ω̄s
k) − Qk(ak−1(ω̄s

k))

+ Rk(ak−1(ω̄s
k)) − Dk(ω̄s

k), 1 ≤ k < n, s ∈ Sk,

Bn(ω̄s
n−1) = Bn−1(ω̄s

n−1)
pn−1,1(ω̄s

n−1)
− En−1 + Rn(ω̄s

n−1) − Qn(ω̄s
n−1), s ∈ Sn−1,

An(ω̄s
n) =

n−1∑
i=[n−m+1]+

m∑
j=n−i+1

j∑
l=n−i+1

pn,l+i−n(ω̄s
n) di,j(ai(ω̄s

n))
r̄i,j(ai(ω̄s

n))) , s ∈ Sn,

Ln(ω̄s
n) =

n−1∑
i=[n−m+1]+

m∑
j=n−i+1

j∑
l=n−i+1

pn,l+i−n(ω̄s
n) xi,j(ai(ω̄s

n))
s̄i,j(ai(ω̄s

n))) , s ∈ Sn,

Vn(ω̄s
n) = An(ω̄s

n) − Ln(ω̄s
n) + Bn(an−1(ω̄s

n)), s ∈ Sn,

Bk(ω̄s
k) ≥ 0, 0 ≤ k < n, s ∈ Sk, xs

i,j ≥ 0, 0 ≤ i ≤ j, s ∈ Si,

where we again employed the new notation for time (0, 1, . . . , n, . . .) instead
of the notation (t0, t1, . . . , tn, . . .) which has been seen in the previous sections.
The symbol [·]+ = max(0, ·) denotes the positive part of a real number. Next, we
will reformulate the equations which specify the value of the benchmark strategy.
We would like again to stress here that there are no decisions to be made so given
the node values of demand and interest rate, the value of the benchmark strategy’s
portfolio is fixed. We can calculate it as follows:

Q0
k(ω̄s

k−1) =
k−1∑

i=[k−m]+

m∑
j=k−i

di,j(ai(ω̄s
k−1))

s̄i,j(ai(ω̄s
k−1)))

, 1 ≤ k ≤ n, s ∈ Sk−1,

X0
k(ω̄s

k) = Dk(ω̄s
k), 0 ≤ k < n, s ∈ Sk, B0

t0 = 0, (4.2)

B0
k(ω̄s

k−1) = B0
k−1(ω̄s

k−1)
pk−1,1(ω̄s

k−1)
− Ek−1 − Q0

k(ω̄s
k−1) + Rk(ω̄s

k−1), 1 ≤ k ≤ n, s ∈ Sk−1,

L0
n(ω̄s

n) =
n−1∑

i=[n−m+1]+

m∑
j=n−i+1

j∑
l=n−i+1

pn,l+i−n(ω̄s
n) di,j(ai(ω̄s

n))
s̄i,j(ai(ω̄s

n))) , s ∈ Sn,

V 0
n (ω̄s

n) = An(ω̄s
n) − L0

n(ω̄s
n) + B0

n(an−1(ω̄s
n)), s ∈ Sn.

To complete the model definition, we will reformulate the risk constraints which
were introduced in Section 2.3. For the first three constraints, we will need
a level of significance α ∈ (0, 1). We also mentioned earlier that it is a usual
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habit to consider α close to zero for the chance constraints and close to one
for the Value–at–Risk and the conditional Value–at–Risk constraints. Moreover,
symbol M will denote some sufficiently large (larger than any potential loss)
number.

• The chance constraint:

V 0
n (ω̄s

n) − Vn(ω̄s
n) ≤ M · zs, zs ∈ {0, 1}, s ∈ Sn,∑

s∈Sn

zs ≤ α · |Sn|. (4.3)

• The Value–at–Risk constraint with threshold uα:

−Vn(ω̄s
n) − uα ≤ M · zs, zs ∈ {0, 1}, s ∈ Sn,∑

s∈Sn

zs ≤ (1 − α) · |Sn|. (4.4)

• The conditional Value–at–Risk constraint with threshold vα:

zs ≥ −Vn(ω̄s
n) − a, zs ≥ 0, s ∈ Sn,

a + 1
1 − α

1
|Sn|

∑
s∈Sn

zs ≤ vα, a ∈ R. (4.5)

• The second–order stochastic b–dominance constraint for dominating the
benchmark portfolio plus a fixed amount b:

Vn(ω̄si
n ) − b ≥

|Sn|∑
j=1

wijV
0

n (ω̄sj
n ), si ∈ Sn, (4.6)

wij ≥ 0,
|Sn|∑
i=1

wij = 1,
|Sn|∑
j=1

wij = 1.

The value of the parameters of the risk constraints will be specified later on
as we will study the results of the problem for a variety of parameter values.
We will look how optimal solution changes with different limits for the VaR and
the CVaR constraints, a different value of α in the chance constraint and also with
a different value of b in the SSD constraint. The process of obtaining scenarios was
described in Chapter 3, where we should add that the market share of the leasing
company as in (3.32) was considered to be 1%. The last sets of parameters yet
unspecified were introduced in Section 2.1. These include the spread s(τ) and
the mark–up m(τ), which determine the value for which clients and the leasing
company can borrow, and the cost of running the company Ek, k = 0, . . . , n − 1.

The values of the spread and the mark–up were determined from a real data
of a company CS Autoleasing in order to ensure that we work with realistic
numbers. We have analysed the differences between the rates the company gets
from the bank and the market rates to obtain the following spreads (in %):

s(1) = 0.41, s(2) = 0.49, s(3) = 0.56, s(4) = 0.58, s(5) = 0.59.
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The sequence confirms what we expected as the spread increases with matu-
rity. It might be considered very small, which could be a consequence of the fact
that CS Autoleasing borrows money from Ceska Sporitelna, which is its owner.
Calculating the mark–up appeared to be more complicated as the rates clients get
depend quite heavily on the client itself and on the product he buys. It could also
be more correct to subtract from the mark–up the amount the leasing company
charges the client due to its risk profile. That is because this money serves as an
insurance against a default of the client, which we do not consider in the analy-
sis. However, the mark–up is basically used only for calculating the final amount
of money which the company makes and its value does not really give any ad-
vantage to any of the strategies. For that reason, we decided to increase a bit
the costs of running the company (so it includes a budget for covering unful-
filled loans) and leave the rates unchanged. The mark–up was then obtained
as the difference between the weighted average of rates clients get and the rates
the company gets from the bank. We set (in %)

m(1) = 4.3, m(2) = 5.9, m(3) = 4.4, m(4) = 4.2, m(5) = 4.2.

One might be surprised by the value of the mark–up for loans with two year
maturity, but the rates charged by the leasing company were the highest for
two year loans in four out of five years we analysed. We had quite a strong
argument to respect the numbers we were given. Finally, the costs of running
the company were set 50 mil. CZK in the first year, 100 mil. CZK in the second
year and 125 mil. CZK in other years. The decision for such costs stemmed
from two reasons. First, we had to make sure that the benchmark strategy does
not run out to debt in the first periods. Earnings of the company in the first
stage are lower than in the other stages because fewer loans are repaid by that
time, which must have been taken into account. Second, we wanted to make sure
that the benchmark strategy does not accumulate too much money on its bank
account, as then that money would loose value over time of the program which
would favour the optimal strategy. Under such settings, we have created a real
and a fairly competitive environment for the benchmark strategy. So if we find
an optimal strategy which can be considered better than the benchmark strategy,
it will be down only to more efficient borrowing.

4.2 Results and Sensitivity Analysis
In the following section, we will present the results of our model of the leasing
company for different risk constraints. At the beginning, we will analyse a model
without them to find out which parameter values make sense to consider for
the risk constraints. Thereafter, we will show the results of the stochastic program
for all the considered values of the parameters and analyse how the company’s
decisions change if we employ more strict limits.

4.2.1 No–Risk Constraint Problem
First, we run the stochastic program with the formulation of the problem as given
in (4.1) together with (4.2). The optimal solution then states how a manager
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shoufldbehavefiffhfisonflyobjectfivefistomaxfimfizeexpectedprofit.Thefincflusfion
off(4.2)aflflowsustocomparetheresufltsofftheoptfimaflstrategywfiththevaflue
offthebenchmarkportffoflfio. Theflfinearprogramhad7008varfiabflesand4563
equatfions. ThemodeflfformuflatfionwasspecfifiedfinGAMS,whfiflethesoflutfion
wasprovfidedbyCPLEXfinflessthanasecond.Itsuggestedustoborrowen-
tfireflyfinoneyearfloansfinthefirstffouryearsofftheprogram,whfiflefinthefiffth
year,whfichwasthefinafldecfisfionstage,fitchosetoborrowmostflyffortwoyears.
Theexpectedvaflueoffsuchastrategywas316.46mfifl.CZK,whfiflethebenchmark
achfievedameanreturnoff294.

Returns off Benchmark and Optfimafl Strategy, No Constrafint

Vaflue off a Portffoflfio [mfifl. CZK]
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47mfifl.CZK.

However,thfisnumberteflflsonflyapartoffthestoryaboutthedfistrfibutfion
offreturnsofftheoptfimaflportffoflfio. Wemfightbefinterestedfinmanyotherchar-
acterfistficswhfichdescrfibetherfiskfinessoffsuchastrategy;fforexampflehowmany
tfimestheoptfimaflstrategyperfformsworsethanthebenchmarkstrategy. We
mfightwanttoflearnaboutthecomparfisonoffVaRandCVaRatdfifferentflevefl
offsfignfificance,whfichcoufldsuggestuswhatvaflueweshouflduseffortherfisk
constrafintsfinsubsequentmodeflstoo.Thesequestfionswfiflflbeffurtherdfiscussed.
Now,fformoredetafifledcomparfisonoffthetwostrategfies,weshowfinFfigure4.1
thefirhfistogramoffreturns(=vafluesofftheportffoflfio).

There,onecanseeacflearcostfforobtafinfingagreatermeanvaflueofftheport-
ffoflfiobytheoptfimaflstrategy.Itfistheuncertafintyfinfitsfinaflvaflue,asnow,
thevaflueofftheportffoflfiohasgotmuchgreatervarfiance.However,theflowertafifls
offbothstrategfiesaresfimfiflar,wfiththeflowestvafluesbefingjustabove230mfifl.
CZK.Itfisaflsoofffinteresttoknowwhenthebenchmarkstrategybetterstheoptfi-

Ffigure4.1:Comparfisonoffreturnsoffthebenchmarkandtheoptfimaflstrategy
fintheno–rfiskconstrafintprobflem.
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maflstrategy. Wewoufldexpecttheoptfimaflportffoflfiotofloosemostwhenfinterest
ratesfincrease,asfinthatcaseborrowfingmoneyfinthenextperfiodbecomesmore
expensfivethanfitfistoday.ThfissurmfisefissupportedbyFfigure4.2,wheredfiffer-
encesbetweenfinaflportffoflfiovafluesofftheoptfimaflandoffthebenchmarkstrategy
fforeveryscenarfioareshownagafinstthefinafl–stageone–yearfinterestrate. We
woufldflfiketoaddthatthecofloroffthepofintsfinthatfigurecorrespondstothecoflor
offscenarfiosfinFfigures3.2and3.3.

InFfigure4.2onecanseeacfleardependencebetweenthedfifferencefinreturn
andthevaflueofffinterestrate.Roughflyspeakfing,oncethefinterestrateexceeds
twopercent,theoptfimaflstrategyfloosesagafinstthebenchmarkstrategy.There-
flatfionshfipbetweenthedfifferenceoffportffoflfiovafluesandoneyearfinterestrate
flookstobeflfinear,astheoptfimaflstrategygafins/floosescfirca20mfifl.CZKper1%
changefinfinterestrate.Summfingthfisup,thebenchmarkstrategybetterstheop-
tfimaflstrategyfinflfittflebfitflessthan19%offcases.Thfishfintsusthatweshoufld
consfiderparameterαfinthechanceconstrafinttobebetween⟨0,0.19⟩.Thatfis
becausethfisparametercontroflshowofftenwepermfittheoptfimaflstrategytodo
worsethanthebenchmarkstrategy,soanyvaflueflargerthan0.19fimpflfiesthat
thechanceconstrafintwfiflflnotbeactfive.

Sfimfiflarfly,weneedtofindareasonabflerangeffortheparametersfinother
rfiskconstrafints. ForVaRandCVaR,wewfiflflconsfidertheflevefloffsfignfificance
tobestrfictfly0.95.TheVaflue–at–Rfiskoffthebenchmarkportffoflfioatthfisfleveflfis
−262.32mfifl.CZK,whfiflethecorrespondfingquantfityofftheoptfimaflportffoflfiofis
−269.
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tobeflessrfiskythanthebenchmarkportffoflfio.Thereffore,fiffwerestrfictedthecon-
sfideredportffoflfiostobetheoneswhfichhaveVaRsmaflflerthanthebenchmark
portffoflfio,thenewoptfimaflsoflutfionwoufldstfiflflbethecurrentflyoptfimaflportffoflfio.
Inouranaflysfis,wewfiflflconsfiderportffoflfioswfithevensmaflflerVaRthantheVaR
offthecurrentflyoptfimaflportffoflfio.TheflowerboundfforVaRwfiflflbedetermfined
basedonthecomputatfionafldfificufltfies,whfichmfightarfisefinsoflvfingmfixedfinte-
gerprograms,andbyfitsffeasfibfiflfity.

VafluesoffCVaRoffthebenchmarkportffoflfioandofftheoptfimaflportffoflfioare
−254.88and−256.71mfifl.CZKrespectfivefly. Aflsofinthfiscase,thebenchmark
portffoflfiofisconcfludedtobemorerfiskythantheoptfimaflportffoflfio.Forcondfitfionafl
Vaflue–at–Rfisk,fitwfiflflmakesensetoconsfiderpotentfiaflflossessmaflflerthan−256
mfifl.CZK.BecausetheCVaRconstrafintcanberewrfittenasaflfinearprogram,
theflowerboundffortheflosswfiflflbedetermfinedbytheffeasfibfiflfityofftheprobflem,
asweshoufldnotexperfienceanycomputatfionafldfificufltfies.

Ffinaflfly,wewoufldflfiketotouchtheSSDconstrafintanddfiscusswhatvaflues
offparameterbcomefintoconsfideratfions.Ingenerafl,themostfinterestfingvaflue
fisb=0,whfichcorrespondstofindfingaportffoflfiowhfichSSDdomfinatesthebench-
markportffoflfio.Thegoaflcoufldaflsobetofindb
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fisstfiflflffeasfibfle.Thfiscoufldbeanachfievabfletaskasthestochastficprogramwfith
theSSDconstrafintcanberewrfittenasaflfinearprogram.

Ffigure4.3:Dependenceofftheexpectedvaflueofftheoptfimaflsoflutfiononthevaflue
offαfinthechanceconstrafint.
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4.2.2 ChanceConstrafint

Inthfissectfion,wewfiflflconsfiderthemodeflfformuflatfiontoconsfistffromthemafin
partasfin(4.1)and(4.2)togetherwfiththechanceconstrafintasgfivenfin(4.3).
Thfisconstrafintfincfludesaparameterα,whfichhasthemeanfingthatweaflflow
themodeflsuggestedstrategytogetbeatenbythebenchmarkstrategyfin100·α%
casesatmaxfimum. Wehaveseenthatfitonflymakessensetoconsfidervaflues
offα∈⟨0,0.19⟩.Inthecaseoffα=0.19,thfisconstrafintwfiflflnotbeactfiveand
thesoflutfionofftheprobflemwfiflflbethesameaswfithoutfit.Ontheotherhand,
settfingα=0meansthatwewantthenewstrategynottofloosetothebenchmark
ateveryscenarfio.Thechanceconstrafintenflargestheorfigfinaflfformuflatfionbyfin-
troducfingnew512bfinaryvarfiabflesand513equatfions.Eventhoughthereflatfive
fincreasefinthenumberoffvarfiabflesfisnothfigh,theffactthattheyarebfinary
resufltsfinamassfivefincreasefinthecomputatfionafldfificuflty.

Weanaflysedtheprobflemffor20dfifferentvafluesoff α.Thesepofintsfformed
anequfidfistantsequencewfithendpofints0and0.19wfiththedfifferenceoff0.01.
Tosummarfizetheresuflts,wegfivethetwoffoflflowfingfigures.Ffirst,finFfigure4.3,
weshowhowtheexpectedvaflueofftheoptfimaflportffoflfiochangeswfiththevaflue
offtheparameterα.Logficaflfly,fforsmaflflervafluesoffα(whfichcorrespondstoamore
strfictcondfitfion)weobtafinflowerexpectedvafluesofftheoptfimaflstrategfies.Thfis
decreasefintheexpectedvafluecanbefinterpretedasthecostoffmakfingsurethat
weperfformbetterthanthebenchmarkportffoflfio.Ufltfimatefly,fforα=0,theex-
pectedvaflueoffthestrategyfis308.84mfifl.CZK,whfichfisstfiflflaround14.
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Ffigure4.4:Suggestedborrowfingsbytheoptfimaflsoflutfionwfithdfifferentvaflue
offαfinthechanceconstrafint.
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Second,Ffigure4.4showsthefirststagedecfisfionsofftheprobflem’soptfimafl
soflutfionfforeveryconsfideredvaflueoffαfinthechanceconstrafint. Onecansee
thatfforhfighvafluesoffα,onedoesnotneedtoadjustborrowfings(fincomparfison
totheno–rfiskconstrafintoptfimaflstrategy)finthefirststageasfitfisenoughtowafit
untfiflnextfinfformatfionfisobserved.Incontrast,asαmovescfloserto0,thesoflutfion
suggeststocflosesomefiveyearfloanswfiththebanksothestrategyfismore
robusttounffavourabflefinterestratemovements. Whenwestudfiedthestructure
offborrowfingsfinmoredetafifl,weffoundoutthatthemodeflproposesbehavfiour
onewoufldexpect.Forscenarfioswfithfingeneraflflowerfinterestrates,fitsuggested
toffocusmoreonborrowfingoneyearfloans. Ontheotherhand,whenfinterest
ratesfincreased,thesoflutfionrecommendedtoborrowgreaterproportfionoffmoney
finflongertermfloans.

4.2.3 Vaflue–at–RfiskConstrafint

ThenextconstrafintwewfiflflbeanaflysfingwfiflflbetheVaflue–at–Rfiskconstrafint
fintroducedfinSectfion2.3.2.Inthfisconstrafint,wemustchoosetheflevefloffsfig-
nfificanceα,whfichfisusuaflflyconsfideredcflosetoone,andtheVaRflfimfituα∈R
soaflossgreaterthanuαhappensonflywfithaflowprobabfiflfity1−α.Weconsfider
ourflossffunctfiontobethenegatfivevaflueofftheportffoflfio;hencethfiscondfitfion
canbetransflatedsuchthatwerequfirethevaflueofftheportffoflfiotobegreater
thanorequaflto−uαfinatfleast100·αpercentoffcases. Wewfiflflconsfideronfly
α=0.95.Therefforefforexampflesettfinguα=−
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requfireourstrategytodoworsethan280mfifl.CZKat5%casesatmaxfimum.

Ffigure4.5:Dependenceofftheexpectedvaflueofftheoptfimaflsoflutfiononthevaflue
offuαfintheVaflue–at–Rfiskconstrafint.
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Asonecanseeffrom(4.3)and(4.4),thecomputatfionaflcompflexfitfiesofftheVaR
constrafintandthechanceconstrafintarethesame. Tofiflflustratetheresuflts
offaprobflemspecfifiedbythemodefl(4.1)andtheconstrafint(4.4)weagafinpro-
vfidetwofigures.InFfigure4.5weshowadeveflopmentoffthemaxfimaflexpected
vaflueffromaflflstrategfiesmeetfingthegfivenVaRflfimfit. Weffoundtheflowestflfimfit
fforwhfichthestochastficprogramofftheasset–flfiabfiflfitymodeflhadaffeasfibflesoflu-
tfiontobe−288.25mfifl.CZK.Thex

Returns off Benchmark and Optfimafl Strategy, VaR Constrafint
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-axfistherefforeshowstheoptfimaflportffoflfio
returnsfforaflflreasonabfleVaRflfimfits.

Weshoufldaddthataflfloptfimaflstrategfies(fforaflflVaRflfimfits)suggested
finthefirststagetocflosefloanswfiththebankonflywfithoneyearmaturfity.That
fisadfifferencetothechanceconstrafint,wheresomestrategfiessuggestedtobor-
rowaflsofforfiveyears. Thereasonfforthfisfisthatcflosfingflong–termfloanshas
twoconsequencesonthefinaflvaflueofftheportffoflfio.Ffirst,fitfincreasestheport-
ffoflfiovafluefintheworstscenarfios(asthesehavefincreasfingvaflueofffinterestrate
soborrowfingfforflongtermsavesmoneyfintheffuture)andsecondfitdecreases
theoveraflflexpectedvaflueaswefloosemoneybycflosfingfloanswfithgreaterfinter-
est.Thechanceconstrafintfforcestheworstscenarfiostodomuchbetter,hence
fitfforcesthestrategytocflosetheseflongtermdeafls.Ontheotherhand,theVaR
constrafintdoesnotcareaboutthevaflueofftheveryworstreturns,hencefitcoufld
affordtoborrowonflyfforoneyearfinthefirststage. Consequentfly,Vaflue–at–
Rfiskoptfimaflstrategfiesgenerategeneraflflyhfigheroptfimaflexpectedvafluethan
thechanceconstrafintstrategfies.

Ffigure4.6: Hfistogramoffportffoflfiovafluesatthefinvestmenthorfizonaccordfing
totheoptfimaflsoflutfionoffaVaRconstrafintwfiththeflfimfitoffuα=−287mfifl.
CZK.
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TheffactthatevenfforveryflowVaRflfimfitstheoptfimaflstrategystfiflflpro-
ducessomebadportffoflfioreturnsfisfiflflustratedfinFfigure4.6. There,weshow
acomparfisonoffhfistogramsoffportffoflfioreturnsoffthebenchmarkstrategyand
offtheoptfimaflstrategywfiththeVaRflfimfitoff−287mfifl.CZK. Weshoufldaflso
addthatthe0.95VaRoffthebenchmarkstrategyfis−162.32mfifl.CZK—25mfifl.
CZKhfigherthantheconsfideredVaRflfimfitffortheasset–flfiabfiflfitymodefl. More-
over,undersuchaVaRflfimfit,wewereabfletofindastrategywhfichoutperfforms
theexpectedreturnoffthebenchmarkstrategyby18mfifl.CZK.

4.2.4 CondfitfionaflVaflue–at–RfiskConstrafint

ThethfirdconstrafintwewfiflflbedfiscussfingfisthecondfitfionaflVaflue–at–Rfiskcon-
strafintspecfifiedby(4.1)and(4.5).Ithastheadvantageoffaflfinearrepresen-
tatfionfinthestochastficprogramandhencetheoptfimaflsoflutfionofftheprobflem
fisffoundqufickflyandeficfientfly. Thecorrespondfingprobflemhasbeensoflved
byCPLEXfinamatteroffseconds,whfichsuggeststhatwecoufldaffordflarger
scenarfiotreetodescrfibethestochastficvarfiabflesmoreaccuratefly. Weagafincon-
sfideredα=0.95astheflevefloffsfignfificancefforthfisconstrafintandthehfighest
CVaRflfimfitoffvα=−256mfifl.CZK.TheflowestCVaRflfimfitfforwhfichtherewas
affeasfibflesoflutfionwas−277.
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25mfifl.CZK,whfichfisaround23mfifl.CZKflowerthan
theCVaRoffthebenchmarkstrategy. Tofiflflustrate,howtheoptfimaflexpected
vaflueoffaportffoflfiochangeswfithdfifferentCVaRflfimfits,wepresentFfigure4.7.

TheshapeoffthecurvefinFfigure4.7fisnotsurprfisfingasweagafinseede-
creasfingexpectedvaflueofftheoptfimaflsoflutfionwfithdecreasfingflfimfitoffCVaR.

Ffigure4.7:Dependenceofftheexpectedvaflueofftheoptfimaflsoflutfiononthevaflue
offvαfinthecondfitfionaflVaflue–at–Rfiskconstrafint.
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However,thecurvatureflookstobegreaterherethanfinFfigures4.3and4.5,whfich
fimpflfiesthatflowerfingtheCVaRflfimfitfforhfighCVaRflfimfitsfismuchflesscostfly
thanfforflowCVaRflfimfits. Thedfifferencebetweentheoptfimaflexpectedvaflues
offportffoflfioswfithCVaRflfimfits−256mfifl.CZKand−266mfifl.CZKfisjust0.95mfifl.
CZK,whfiflebetweenflfimfits−267mfifl.CZKand−277mfifl.CZKfitfis4.31mfifl.CZK.

Theoptfimaflstrategfiessuggestedbythemodeflproposedtocflosefinthefirst
stageonflyoneyearfloans.Thfisagafinunderflfineshowcostflyfitfistoborrowwfith
flongermaturfityandasflongastherefisnotanurgentneedtofimprovetheworst
caseresuflts,thesoflutfiontrfiestoavofidfit.InFfigure4.8,weshowacomparfison
offreturnsoffthebenchmarkstrategyandofftheoptfimaflstrategywfiththeCVaR
flfimfitoff−275mfifl.CZK.Thfisflfimfitbasficaflflyeflfimfinatedreturnssmaflflerthan270
mfifl.CZK,whfiflefitstfiflflmanagedtokeepreflatfiveflyhfighnumberoffreturnsgreater
than350mfifl.CZK—thatfismorethanthebestreturnoffthebenchmarkstrategy.

4.2.5 Second–OrderStochastficDomfinanceConstrafint

Thefinaflconstrafintwhfichwehaveempfloyedfinourmodeflwasthesecond–order
stochastficb–domfinanceconstrafintwhfichwefintroducedfinSectfion2.3.4.Thepa-
rameterbdescrfibeshowmuchwewanttodomfinatethebenchmarkstrategy.
Neverthefless,wearemostflyfinterestedfinthecaseb=0.

Returns off Benchmark and Optfimafl Strategy, CVaR Constrafint
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Wehaveaflsomentfioned
thatfincorporatfingsuchaconstrafintfintroducesmanynewvarfiabflesandfinequafl-
fitfiesfintothemodeflfformuflatfion;soeventhoughttheenflargedprogramfisstfiflfl
flfinear,wemfightexperfiencecomputatfionafldfificufltfies.Thecorrespondfingflfinear

Ffigure4.8:Hfistogramoffvafluesoffaportffoflfioatthefinvestmenthorfizonaccordfing
totheoptfimaflsoflutfionofftheCVaRconstrafintwfithaCVaRflfimfitsetto−275
mfifl.CZK.
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programgrewsubstantfiaflflyandwfiththeSSDconstrafint,fitreached269152varfi-
abflesand6099equatfions.However,evenwfithsuchaflargescaflemodefldefinfitfion,
fittookfingeneraflonflymfinutestoCPLEXtofindtheoptfimaflsoflutfion.

Tosummarfizetheeffectofftheparameterbonthevaflueofftheoptfimaflsoflu-
tfion,wepresentFfigure4.9. Thevafluesoffbweanaflysedwerebetween⟨0,15⟩,
whereb=15mfifl.CZKwasthehfighestfintegerfforwhfichtheprobflemwasffeasfibfle.
SfimfiflarflyaswfithCVaRandVaR,aflfloptfimaflstrategfiessuggestedtoborrowonfly
fforoneyearfinthefirststage.Anfiflflustratfionoffwhatthesecond–orderstochastfic
domfinanceconstrafintcausesandhowparameterbaffectsthereturndfistrfibutfion,
weshowFfigure4.10.There,onecanseeacomparfisonoffhfistogramsoffthebench-
markstrategyandofftheoptfimaflstrategyobtafinedasasoflutfionofftheprogram
wfithb=12.TheSSDconstrafintsaysthateveryrfisk–aversefinvestorwoufldpreffer
theoptfimaflstrategytothebenchmarkstrategyevenfiffweaddedtothebench-
markstrategyasurebonusoffb=12mfifl.CZK.Gfiventhat12fisaflsothewfidth
offbfinsfinthehfistogram,onecannficeflyseeaneffectoffsuchaconstrafintonthere-
turndfistrfibutfionofftheoptfimaflstrategy.

Toconcfludethfischapter,wehaveseenwhatweretheflargestreturnswhfich
coufldbegeneratedbythefleasfingcompanyunderdfifferentrfiskandsecondor-
derstochastficdomfinanceconstrafints. Wesawthattheybetteredthebenchmark
strategyfinaflflcases.Thfiswasaverysurprfisfingfindfingaswehavetrfiedtofformu-
flatethemodeflfinthemostreaflfistficwayaspossfibfle.Theamountbyhowmuch
thebenchmarkwasbeatenbytheoptfimaflsoflutfionwfiththechanceconstrafint
whereα
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=0underflfinesthefineficfiencyoffthebenchmarkstrategy.

Ffigure4.9:Dependenceofftheexpectedvaflueofftheoptfimaflsoflutfiononthevaflue
offbfinthesecond–orderstochastficdomfinanceconstrafint.
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Returns off Benchmark and Optfimafl Strategy, SSD Constrafint

Vaflue off a Portffoflfio [mfifl. CZK]
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Ffinaflfly,wewoufldflfiketocommentonwhythesuggestedstrategywastocflose
onflyoneyearfloansfinthefinfitfiaflstagefinaflflVaR,CVaRandSSDconstrafints.
Wethfinkfitfisaconsequenceoffabaflancebetweentherfiskfinessoffaposfitfion
andfitsexpectedreturn.Thestochastficprogramcandetermfinewhatfistheop-
tfimaflbaflanceandfitmakesdecfisfionssothfisbaflancefisreached.Theffact,that
(aflmost)aflfloptfimaflstrategfiesproposedtoborrowonflyfforoneyearfinthefirst
stageandhencetoopentheposfitfionas muchaspossfibflecanbeattrfibuted
totheffactthatwestartwfithnoactfivedeafls.Thesuggestfiontoborrowonflyffor
oneyearfinthefinfitfiaflstagemustnotbetransflatedfinthewaythatunderevery
constrafinttheoptfimaflstrategyfistoborrowonflyfforoneyear.Tosupportthfis
statement,wepresentFfigure4.11,wheretheoptfimaflborrowfingfinthethfirdstage
node(yeartwo)wfiththehfighestfinterestratefisshownffortheCVaRconstrafint.
There,theprogramdecfidestocfloseacombfinatfionoffoneandfiveyearfloanswfith
theratfiohfighflydependentontheCVaRflfimfit.

Iffwetrfiedtofimpflementthfispoflficytoanexfistfingcompany,fitwoufldbere-
qufiredtoconsfidercurrentassetsandflfiabfiflfitfiesoffthecompanytoo.Fromthere,
wewoufldobtafinfinfitfiaflvafluesoffcashflowswhfichwouflddetermfineourcurrent
posfitfionandthfiswoufldprobabflyfimpflymorevaryfingdecfisfionsfinthefinfitfiaflstage
ffordfifferentrfiskconstrafintsandthefirparameters.Thereasonwhywedecfided
tomodeflthecompanywfithoutanypredetermfinedcashflowswastheffactthat
wewantedtoflfimfitfinputparameterswhfichdonothaveanyreaflsource. Thfis
woufldhavebeenthecaseofffinfitfiaflcashflows,asnosuchdatawereavafiflabfle.

Ffigure4.10:Hfistogramoffvafluesoffaportffoflfioatthefinvestmenthorfizonaccord-
fingtotheoptfimaflsoflutfionoffaSSDconstrafintwhfichdomfinatesthebenchmark
byb=12mfifl.CZK.
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Ffigure4.11:Suggestedborrowfingsbytheoptfimaflsoflutfionffordfifferentvaflue
offvαfintheCVaRconstrafintfinthethfirdstagescenarfiowfiththehfighestfinterest
rate.
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5. Stress Testing of Optimal
Solutions
The concept of stress testing is frequently used in the financial industry under
various different meanings. The general idea behind it is however relatively clear,
as we aim to find out what would happen to the object of interest in the case
of unexpected shocks to the market environment. Some work on stress testing
in the context of multi–stage stochastic programming has been done by Dupačová
(2006b) and Dupačová and Kozmı́k (2015), who used a contamination technique
to asses the effect of new scenarios on the optimal solution. However, the results
of Dupačová (2006b) hold only for multi–stage stochastic programs where set
of decisions is independent of the probability distribution, as shown in Dupačová
(2006a). That is not the case of our asset–liability program. Our approach
to the stress testing will be therefore bit different. In the first part of this chapter,
we will describe the methodology we will use, while the second part will be devoted
to the analysis itself.

5.1 Methodology of Stress Testing
Let us recall the main reason why financial institutions do stress testing. Their
aim is to find out, if they are financially stable enough to overcome a deep finan-
cial crisis. In general, the goal of such testing is not to find an allocation of their
assets and liabilities so they perform well in such situations. If one wanted to ad-
just his decisions so they take into account possible crisis scenarios, one would
simply add them into the scenario tree. Therefore we will not manipulate with
our original scenario tree which was implemented in the stochastic program anal-
ysed in Chapter 4. Instead, we will focus on answering the below–stated question.

Assuming that we adopt some optimal strategy as suggested by the multi–stage
program, what would happen if a deep financial crisis came?

The events, which in reality happen, take place in the following order. At time
zero, we decide to adopt some strategy and we borrow money according to it.
Then a crisis comes. After we observe it, we can adjust our decisions to mitigate
the negative effects of the crisis on the value of our portfolio. Finally, we ask
what is the value of the portfolio at the time horizon. This heuristically described
stress test can be employed in the multi–stage stochastic program in the following
manner.

• Solve the asset–liability stochastic program for some risk parameters, obtain
the optimal borrowing strategy in the first period, borrow money as pro-
posed by the strategy at time zero.

• Then a crisis comes. We move to a crisis scenario at time one, where we
can adjust our borrowing strategy.
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• We generate a new scenario tree which grows from the crisis scenario node
at time one with the same horizon of n = 6 years as the initial tree
(so the new tree is one year shorter).

• We solve a new stochastic program with the new tree to find the best
borrowing strategy in the crisis scenario. We learn what is the new expected
value of our strategy in such a crisis scenario.

The question arises how to construct the crisis scenario. In our problem,
we face two types of uncertainties. The first in the value of interest rates and
the second in the amount of demand for loans. As demand affects the optimal
and the benchmark strategy in the same way, the more interesting case is clearly
a rapid change in interest rates. Decrease of interest rates should favour the op-
timal strategy, while increase would make it loose money, as one can see from
Figure 4.2. On the other hand, the benchmark strategy should be relatively in-
sensitive to changes in interest rates. Therefore our aim will be to investigate
how the expected value of the optimal strategy changes with increasing interest
rates. Banks in the Czech republic create crisis interest rate scenarios by adding
(or subtracting) 2% to (from) the yield curve. In our problem, we will generate
crisis scenarios by fixing the value of the short rate in the first year, with the most
severe scenario corresponding to an increase in the short rate of 2%.

We also need to specify which optimal strategies we want to analyse. Because
our motivation is to compare possible strategies with the benchmark strategy,
their specification will be made with respect to this view. Hence the constraints
will be set in the way that if there is a feasible solution, then the optimal so-
lution of such a problem can be considered better than the benchmark strategy
according to the corresponding risk measure or the dominance constraint. Es-
pecially the chance constraint with α = 0 appears to us as very strong, but
once α ̸= 0, it is impossible to claim which strategy is better, as both could be.
Let us suppose that the management of the company chooses between pursuing
the following goals:

1. A strategy which maximizes the expected value of the portfolio — we will
call it the no–risk constraint strategy.

2. A strategy suggested by the chance constraint with α = 0 — the chance
constraint strategy.

3. A strategy which is proposed by the second–order stochastic dominance
constraint with b = 0 — the SSD constraint strategy.

4. A strategy aiming to maximize the expected value while having VaR at α =
0.95 lower than the benchmark strategy — the VaR constraint strategy.

5. A strategy with a goal to maximize the expected value under a condi-
tion of having CVaR at α = 0.95 lower than the benchmark strategy —
the CVaR constraint strategy.

The main question now is how these strategies would compare to the bench-
mark strategy under a crisis scenario of interest rate increase. To investigate this
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wards a crisis comes. If the crisis is deep enough, it can happen that there is no
way how to adjust borrowings so their portfolio has VaR lower than the bench-
mark. That is down to the fact that the crisis causes the optimal strategy to loose
too much money. In other words, for some (large) values of the short rate,
the strategy which the management set, becomes infeasible. However, in such
a situation, the management of the company still have to make a decision how
to borrow money. We have decided that if such a situation happens, the man-
agement will employ the optimal strategy of a problem with the most strict risk
constraint with some feasible solution. Hence in the case of VaR, if it hap-
pens that it is not possible to beat the benchmark VaR, we choose the VaR limit
to be the lowest possible for which there is a feasible solution. Similar adjustment
is made for all strategies. For example in the chance constraint strategy, when
constraint α = 0 becomes infeasible (which is a very strict constraint meaning we
do not loose to the benchmark at every scenario), we set α the lowest possible
but such that the problem is feasible. In Figure 5.2, we mark the point where
we are forced to relax the initial assumption on the strategy of the management
unit for every risk constraint by a small rhombus in the corresponding color. Ex-
pected values of the optimal solutions of such relaxed programs are then drawn
by a dashed line.

Figure 5.2 summarizes how valuable are these five year loans in the case of un-
expected interest rate movements. One can see that the optimal strategies which
borrowed everything in one year loans suffer a lot once the value of the short
rate exceeds 1.1%, which was the largest value of the short rate in the original
scenario tree. We should not be surprised by this fact because these strategies
were not trained for such situations. Given the decision on initial borrowings, one
could feel that these strategies will be very sensitive to a large increase in interest
rate. If we wanted these strategies to perform better in such scenarios, we would
have to include them into the original scenario tree or to impose some additional
constraints in the model formulation, which would ensure that borrowings would
be more balanced. For example some condition on the duration of assets and
liabilities could be useful for this purpose.

On the other hand, the chance constraint strategy looks to cope well with
the crisis. We were surprised that the problem with the chance constraint was
feasible even for the value of the short rate 1.2%, as this is greater than the largest
value of the short rate in the original tree. To illustrate the distribution of re-
turns in crisis scenarios, we present Figure 5.3 where the comparison of returns
of the benchmark strategy and the chance constraint strategy is shown. The value
of the short rate considered in this figure is 1.2%. We think it is fair to say that
the optimal chance constraint strategy is far superior to the benchmark strategy.
This strong statement is justified by Figure 5.2 where we learn that the implied
strategy betters the return of the benchmark strategy even for extreme scenarios,
which were not included in the original tree.

We would also like to comment on the large jump of the orange dashed line
around the x-axis value of 1.5% in Figure 5.2, which the reader must have been
wondering about. That is a consequence of relaxing the parameter α in the chance
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Conclusion
The ultimate goal of this thesis was to show an application of stochastic pro-
gramming to asset–liability management. We formulated a multi–stage stochas-
tic program inspired by a business model of a leasing company, which as far as we
know was not yet subject to modelling by means of stochastic programming. We
focused on showing how optimal decisions obtained as a solution of the optimisa-
tion problem can improve the company’s performance. The core of the model was
formed by the dynamics of cash–flows of the company. Still, the risk constraints,
which were employed to reflect the risk aversion people usually posses, should
be considered at least as equally important. They give to the optimal solution
desirable properties and a strong interpretation.

We paid a special attention to creating as most realistic model as possible.
It was an absolute necessity to use market data to obtain input parameters
of the model. Moreover, for scenario generation of interest rates, we developed
a new calibration procedure for one–factor short–rate models. Our approach uses
more information available at the market than any other well–known method.
It is based on the maximum likelihood, which however before did not produce
satisfactory estimates of the model’s parameters. The generalization of the con-
struction of the likelihood we introduced corrected the maladies which were pre-
viously associated with this method. Moreover, we derived analytical expres-
sions for the changes our generalized approach implied to the likelihood function
so the adjustments do not complicate the numerically already difficult optimi-
sation of the likelihood. The choice of the Hull – White model for the scenario
generation was driven by the fact that the implied rates fit precisely the currently
observed rates, and hence we think the model gives the most realistic predictions
between all affine–term structure short rate models.

Consequently, we believe that the results we have reached in Chapters 4
and 5 were obtained in a competitive environment, which did not favour to any
of the considered strategies. Most notably, we found in Chapter 4 that the here–
and–now solution to borrow money only for one year generates much higher re-
turn than the benchmark strategy; and moreover under suitable behaviour in lat-
ter stages it is possible to achieve much better risk parameters of the portfolio.
The inefficiency of the benchmark is underlined by both the amount by how much
it is beaten by the optimal strategy obtained from the stochastic program with
the chance constraint with α = 0 and by the maximum value of the parame-
ter b = 15 for which we found an SSD b–dominating portfolio. The solution
of the chance–constraint program says that we can make on average 14.4 mil.
CZK greater value of a portfolio after six years, while being sure that we are not
going to do worse than we would do if we kept our original strategy. On the other
hand, finding an SSD 15–dominating portfolio implies that we are able to pro-
pose a strategy which would be preferred to the benchmark strategy by every
risk–averse non–satiated investor even if he would be obliged to pay 15 mil. CZK
at the investment horizon for following such a strategy. The facts we found
in Chapter 4, that all optimal strategies suggested by the stochastic program
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for various risk constraints are far superior to the benchmark strategy capture
the applicability of stochastic programming in the financial sector.

If any institution ever considers implementing such a method in practise,
we think they would also ask what performance they can expect from their strat-
egy if things do not go as they planned. The stress test we have introduced
in Chapter 5 answers such a question. Most notably, the Figure 5.2 provides
a clear graphical answer on the dependence of the optimal solution’s expected
value and the year–one interest rate. Such a figure can be of a great importance
when choosing between optimal strategies or when assessing the suitability and
the strictness of risk constraints. For example after seeing how the optimal strate-
gies which borrow only one year loans in the initial stage perform in the crisis
scenario with the value of the short rate 1.7%, we might wish to reformulate
the model so our strategy is more robust to such fluctuations. This could lead us
to introduce a condition to the model which would force the considered strategy
not to do worse than the benchmark in such a crisis scenario. It is worth to note
that the methodology we have applied in the stress test have not been used before
in any application of stochastic programming within asset–liability management.

There are many ways how to extend the model we presented in this thesis.
The power of stochastic programming lies in its ability to model various needs
of managers and to take into account different regulations and specific market con-
ditions. We could for example consider multiple criteria in the objective function,
as we might wish to consider short–term profit too. Extensions of risk constraints
can be also added because managers might require our strategy to meet some lim-
its in the course of the time, so they do not loose belief in the model. Another
interesting way how to improve the program might be to add a possibility to invest
into market instruments, like interest rate caps and floors. These could be used
to hedge against a possible increase in interest rate and consequently to improve
the company’s performance. However, we think that implementation of such ad-
justments should be driven mainly by a manager’s wish, as there is no general
agreement which of them should be the most preferred. Anyway, the idea how
this would be done is rather similar to what we have presented in this thesis and
consequently we decided to leave this work to a curious reader or to an ambitious
business analyst.

63



Bibliography
Artzner, P., Delbaen, F., Eber, J. M., and Heath, D. (1999). Coherent Measures

of Risk. Mathematical Finance, 9(3):203–228.

Birge, J. and Louveaux, F. (1997). Introduction to Stochastic Programming.
Springer Verlag, New York.

Brigo, D. and Mercurio, F. (2001). Interest Rate Models - Theory and Practice
with Smile, Inflation and Credit (2nd ed. 2006). Springer Verlag, Berlin.

Carino, D. R., Kent, T., Myers, D. H., Stacy, C., Sylvanus, M., Turner, A. L.,
Watanabe, K., and Ziemba, W. T. (1994). The Russell-Yasuda Kasai Model:
An Asset/Liability Model for a Japanese Insurance Company Using Multistage
Stochastic Programming. Interfaces, 24(1):29–49.

Chen, R. and Scott, L. (1993). Maximum Likelihood Estimation for a Multifactor
Equilibrium Model of the Term Structure of Interest Rates. The Journal of
Fixed Income, 3:14–31.

Cox, J., Ingersoll, J. E., and Ross, S. A. (1985). A Theory of the Term Structure
of Interest Rates. Econometrica, 53:385–407.

de Oliveira, A., Filomena, T., Perlin, M., Lejeune, M., and de Macedo, G. (ac-
cepted 2017). A Multistage Stochastic Programming Asset-Liability Manage-
ment Model: An Application to the Brazilian Pension Fund Industry. Opti-
mization and Engineering, pages 1–20.

Dert, C. (1995). Asset Liability Management for Pension Funds: A Multistage
Chance Constrained Programming Approach. PhD thesis, Erasmus University,
Rotterdam.
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