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Abstrakt

Představujeme molekulové simulace roztok̊u plně disociovaných polye-
lektrolyt̊u v př́ıtomnosti monovalentńıch a multivalentńıch protiiont̊u a na-
bitých oligomer̊u. Zaměřujeme se na studium vnitřńı dynamiky polyelektro-
lytu a dynamiky protiiont̊u, kterou znázorňujeme pomoćı středńıho kvadra-
tického posunut́ı vypočteného z trajektorie simulace. Z této trajektorie jsme
schopni vypoč́ıtat i křivky Fluorescenčńı Korelačńı Spektroskopie (FCS), což
je jedna z experimentálńıch metod, které se použ́ıvaj́ı ke studiu dynamiky
protiiont̊u v pr̊uběhu kondenzace na polyelektrolyt. Jednotlivé FCS křivky
se snaž́ıme analyzovat pomoćı vhodných model̊u. Ćılem této práce je ukázat,
zda-li se tyto křivky daj́ı popsat některým z doposud známých model̊u a zda-
li by se źıskané výsledky daly využ́ıt na popis dynamiky protiiont̊u v pr̊uběhu
kondenzace na polyelektrolyty.

Abstract

We performed coarse-grained molecular dynamics simulations of fully dis-
sociated polyelectrolytes in the presence of monovalent and multivalent coun-
terions and charged oligomers. The dynamics of these systems has been stu-
died to follow internal dynamics of polyelectrolyte and counterions. The dy-
namics is presented via the mean square displacement which we obtain from
the simulation trajectory and, moreover, via curves of Fluorescence Corre-
lation Spectroscopy (FCS) obtained also from the simulation trajectory. FCS
is an experimental technique which can be used to study condensation of coun-
terions on polyelectrolytes. Therefore, we analyze the FCS curves and in-
vestigate applicability of various analytical models to fit these FCS curves.
The aim of this work is a discussion about the fitting of the FCS curves
and presentation of our observations for dynamics of counterions during con-
densation on the polyelectrolyte.
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Introduction

Polyelectrolytes (PEs) are macromolecules composed of ionizable functi-
onal groups. PE can be dissolved in polar solvents (e.g. water), and the
functional groups may dissociate. During the dissociation, small positively
or negatively charged counterions are released into the solution, and the ma-
cromolecule becomes a polyion carrying charges opposite to the charge of
the released counterions. Counterions are not chemically bonded to the po-
lyion but are still attracted by non-covalent Coulomb interactions. Thus, the
polyion is surrounded by multiple counterions, which is known as the Man-
ning condensation [43]. When the Manning condensation occurs, it is driven
by long-range Coulomb interactions, short-range excluded volumes and the
principle of maximum entropy. Consequently, it becomes very complicated
to understand the Manning condensation and to determine the distribution
of counterions around the polyion. However, the Manning condensation wi-
dely affects number of static and even dynamic properties of PEs. Therefore,
plenty of experimental techniques have been used to study this phenomenon.
For example, pulse-field gradient NMR (Nuclear Magnetic Resonance) has
been applied to study self-diffusion of counterions [60]. The effective charge of
polyions has been estimated by dielectric spectroscopy [11], capillary electro-
phoresis [53] and by measurements of osmotic pressure [23]. Radial distribu-
tion of counterions around the polyion has been analyzed by electron para-
magnetic resonance spectroscopy [28], neutron scattering [55] and neutron
spin-echo spectroscopy [54]. The last two methods have shown that conden-
sed counterions are dynamically exchanged with other free counterions in
the solution. The dynamics of counterions has been studied by Fluorescence
Correlation Spectroscopy (FCS) [34]. Last but not least, a scope of counte-
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rions condensation has been studied by electric conductivity measurements
[66].

In the last decades, new experimental techniques have been invented to
noninvasively study PEs at the single molecular level. These methods are
based on absorption and emission of light by particular molecules. Examples
of these techniques are Fluorescence Resonance Energy Transfer (FRET)
microscopy [4] or Fluorescence Correlation Spectroscopy (FCS) [29, 63, 34].
In this work, the FCS is described and discussed in greater detail. It can
be applied to study the dynamics of small fluorescent molecules in complex
systems. These fluorescent molecules are excited by a laser beam in a small
focused volume. Fluorescence of the sample is measured due to the fluorescent
molecules traveling through focused volume and it is subsequently processed
to yield the autocorrelation function G(τ). By analyzing the G(τ) using ap-
propriate theoretical model, this powerful technique provides the diffusion
coefficient and the concentration of fluorescent molecules.

For example, Jia et al. [34] studied the dynamics of the model polye-
lectrolyte (sodium poly(styrene sulfonate), PSSNa), fluorescent counterions
(cationic rhodamine 6G, Rh6G) and fluorescent co-ions (anionic sulforhoda-
mine B, SRB). The co-ions are other additional dissolved molecules with the
same sign of charge as the PE and are electrostatically repelled by it. The
fluorescent counterions and co-ions have similar diffusion coefficient in pure
water, they have different diffusion coefficients in the presence of the PE.
The diffusion coefficient co-ions has not changed from the values measured
without the presence of PE. But the Rh6G counterions were strongly slowed
down by the presence of PE. That indicates the Manning condensation of
Rh6G on the dissolved polyion. The counterions seem to have two different
diffusion regimes (free and condensed on polyion).

In this work, coarse-grained molecular dynamics (MD) simulations of
PE solutions has been performed to theoretically study the Manning con-
densation. The simulated trajectories are analyzed with respect to the di-
ffusion properties of system molecules. Software ESSPreSo (Extensible Si-
mulation Package for Research on Soft matter [1]) allows to calculate the
FCS experimental curves G(τ) directly from the simulated trajectory. The-
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oretical models are applied to fit G(τ) obtained from the simulation, the
two-component fit is analyzed and discussed in greater detail and the analy-
tical function for reaction derived by Holyst et al. [30] is also used to analyze
the simulation results. The main goal of this work is study of PE solutions in
the presence of monovalent salts, multivalent salts or multivalent oligomers.
The autocorrelation function G(τ) is fitted by selected models to rationalize
condensation of these species on the polyion.
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Polymer solutions

Polymer chemistry is a part of contemporary science with relatively short
history. Since the 19th century, a number of experiments have been showing
that some molecules contain thousands or even millions of atoms. It was
believed that they were just clouds or clusters of small molecules but this
opinion was proven false. On the contrary, later studies proved a capability
of molecules to form covalent bonds with each other and thus create long
molecular chains or large molecular networks. This work focuses on linear
macromolecule chains, but the results presented herein should be applicable
on the qualitative level also to branched macromolecules like dendrimers,
stars, H-stars etc.

This chapter first introduces neutral polymers and their basic conformati-
onal characteristics, then it continues with polyelectrolytes and the Manning
condensation in polyelectrolyte solutions.

Neutral polymers

A polymer is a material composed of macromolecules. In this work, the
word polymer also indicates a macromolecule which is composed of many
repeated subunits, monomeric units (see figure 1). These macromolecules
are created via a process known as polymerization. Small monomers toge-
ther form the macromolecule with molecular weight M in the range from
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Figure 1: Examples of polymers. From left to right: po-
lystyrene (PS), polyethylene (PE), poly(vinyl chloride)
(PVC) and polyurethane (PU or PUR).

thousands to millions of grams per mole. They can be divided into three
groups with respect to the M : the polymer with low, medium or high M (see
table 1) [61, 20]. Viscosity measurement or light scattering are commonly

Table 1: Classification of polymers according to molecular
weight M .

polymers with low M ≲ 105 g/mol
polymers with medium M 105 − 106 g/mol
polymers with high M ≳ 106 g/mol

used for the determination of M . The polymers have unique physical pro-
perties including viscoelasticity, toughness etc. They are quite common in
nature such as wool, rubber, cellulose, amber, peptides (polyamides), nucleic
acids (polynucleotides) etc. but there is also a huge amount of synthetic po-
lymers such as nylon, synthetic rubber, Teflon, polyvinyl chloride (PVC),
polyethylene oxide (PEO) etc. The polymers are extensively used for their
various properties and can be found in medicine as organ replacements, in
engineering applications as machine parts, pipes or plastic containers, in the
consumer sphere as clothing, materials for packaging, or even in the agricul-
ture.

Typically, polymers are hydrophobic and can be dissolved in non-polar
solvents. With respect to a polymer solubility, the solvent quality is clas-
sified as good or poor. In a good solvent, interactions between monomeric
units of macromolecule and solvent molecules are energetically more favorable
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than interactions between monomeric units of different parts of the macro-
molecule. Therefore, the better solvent, the more expanded macromolecule.
On the other hand, in a poor solvent, the polymer limits the undesirable
interactions with solvent molecules by collapsing into itself. In an extremely
poor solvent, non-solvent, the polymer precipitates from the solution. If the
polymer is soluble but the solvent is poor enough to precisely eliminate the
effects of excluded volume, the polymer behaves approximately as an ideal
chain (a macromolecule conformation can be modeled as a random walk of
monomer units of the macromolecule). This solvent is known as theta solvent
(θ solvent). The solvent quality is different for every pair of a solvent and a
polymer. Therefore, the solvent can be good for one polymer, but it may be
poor for other ones [58, 67].

Basic conformation characteristics of macro-

molecules

The polymer size typically ranges from tens to hundreds of nanometers
but it varies a lot with the solvent quality. However, the size of the macro-
molecule can be described by various quantities which are shown in the next
paragraphs.

End-to-end distance

A linear chain composed of N monomers with the average bond length b
can be characterized by end-to-end distance Re

Re = |r⃗1 − r⃗N |, (1)

which is the distance between position of the first monomer r⃗1 and the last
monomer r⃗N . The Re cannot be larger than the contour length lc which is
the maximal physically possible length

lc = Nb. (2)
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where b is an average distance between centers of bonded monomeric units.
The relation between Re and chain length has the following form, which can
be derived analytically

Re ∝ lKN
ν , where N ≫ 1, (3)

where ν is the scaling exponent and lK is Kuhn segment length [24]. The
scaling exponent is ν = 1/3 for poor solvent conditions, ν = 1/2 for θ solvent
conditions and ν = 0.588 for good solvent conditions [17].

Radius of gyration

A moment of inertia of object is a quantity defined by the torque on a
given axis which is necessary to change its the angular velocity. A macro-
molecule composed of monomeric units at positions r⃗i in space has the same
moment of inertia as a sphere which has all the same mass concentrated at
radius Rg

R2
g =

∑N
i=1 mi|r⃗i − r⃗COM|2∑N

i=1 mi

, (4)

where mi represents the mass of individual monomeric units and r⃗COM is
the center of mass of the macromolecule. If the moment of inertia of the
macromolecule and of the sphere are the same, the macromolecule in a given
conformation is characterized by radius of gyration Rg. The average square
of radius of gyration of polymer chain in θ solvent condition is analytically
given by

⟨
R2

g

⟩1/2
θ solvent

=
b

6

√
N . (5)

Rg is often measured using scattering methods like static light scattering [8],
small angle neutron scattering (SANS) [65] or small angle X-ray scattering
(SAXS) [65].

The ratio R2
e/R

2
g is also commonly used for characterization of macro-

molecules because it gives information about the shape of the conformation.
In the case of linear chains, the ratio R2

e/R
2
g is 6 for ideal chain with random
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walk distribution of monomers and 12 for rigid-rod-like structure which is
fully stretched polymer. [69]

Hydrodynamic radius

The polymer dynamics is characterized by the diffusion coefficient D and
can be described by equation similar to the second Fick’s law [22]

∂c(r⃗, t)

∂t
= D∆c(r⃗, t) + OF, (6)

where c(r⃗, t) is the polymer concentration in the position r⃗ at the time t and
OF generally represents other factors which can affect the polymer concen-
tration (reactions, degradations, convections etc.). The diffusion coefficient
has been derived from Einstein(-Smoluchowski) model [7]

D =
kBT

ζ
, (7)

where kB is the Boltzmann constant, T is the system temperature and ζ is
the drag coefficient between the polymer and solvent molecules (1/ζ is known
as mobility). Since the polymer is much bigger than solvent molecules, the sol-
vent can be approximated by a continuum (Stokes condition). Consequently,
equation 7 can be transformed into Stokes-Einstein equation [7]

D =
kBT

6πηa
, (8)

where η is the dynamical viscosity of the medium and a is radius of sphe-
rical object. A polymer macromolecule with diffusion coefficient D has the
hydrodynamic radius Rh

Rh =
kBT

6πηD
, (9)

which is the same equation as equation 8 where radius of spherical object a is
substituted by hydrodynamic radius Rh. And thus, the macromolecule with
hydrodynamic radius Rh has the same diffusion coefficient as a hollow sphere
with radius Rh. Hydrodynamic radius includes both the solvent and also the
polymer shape effects. The theoretical Rh of polymer in the Stokes solvent
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condition was estimated by J. G. Kirkwood [35] directly from the ensemble
average of sum of reciprocal polymer monomeric unit positions r⃗i

Rh = N2

⟨
∑

i ̸=j

1

|r⃗i − r⃗j|

⟩−1

. (10)

The hydrodynamic radius can be determined by many experimental tech-
niques such as fluorescence correlation spectroscopy [59], quasi-elastic light
scattering (QELS) [62] or dynamic light scattering (DLS) [8].

The ratio Rh/Rg indicates also the shape of the polymer conformation.
In the case of linear chains, the ratio Rh/Rg is 1.25 for self-avoiding chain
and 2.25 for rigid-rod-like chain. [69, 50]

Polyelectrolytes

PEs are polymers in which some monomeric units contains ionizable
functional groups. Each group may dissociate in a polar solvent and release a
counterion, or otherwise, it may associate charged molecule from a solution
(e.g. proton from autolysis of a water molecule) and thus the counterion is
already present in a solution (e.g. hydroxide). The dissociated/associated PE,
the polyion, carries fN oppositely charged groups to the counterions, where
N is the total number of monomeric units and f is the fraction of charged
groups. Polyions carrying negative charges are called polyanions and those
carrying positive charges are called polycations. Polyions carrying both types
of charges are not discussed in this work. Figure 2 shows a few examples of
PEs with dissociated or ionized functional groups. Many biological macromo-
lecules, such as DNA or proteins, are also PEs. PEs have many applications.
For instance, they are commonly used in soaps, shampoos, cosmetics, as
flocculants, drug delivery species etc.

PEs are also classified as either strong or weak. The strong/weak beha-
vior of PEs is similar to the strong/weak behavior of acids or bases. The
strong PEs (e.g. sodium polystyrene sulfonate, PSSNa) are fully dissociated
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Figure 2: Examples of PEs. From left to right:
polyanion of polystyrene sulfonate (PSS−), po-
lyaninon of polyacrylic acid (PAA), poly(but-3-
enyltrimethylammonium) polycation and polycation
of poly(allylvinyldimethylammonium).

in a polar solvent and all possible counterions are released to the solution.
On the other hand, the weak PEs (e.g. polyacrylic acid, PAA) dissociate just
partially. The process of the partial dissociation can be described by the set
of reactions

(CN−i+1PE)−(i−1)q Ki−⇀↽− (CN−iPE)−iq + Cq i ∈ {1, 2, ..., N},

where the dissociation constant Ki of each reaction is defined by the formula

Ki =

⏐⏐(CN−iPE)−iq
⏐⏐⏐⏐Cq

⏐⏐
⏐⏐(CN−i+1PE)−(i−1)q

⏐⏐ i ∈ {1, 2, ..., N}. (11)

Moreover, the fraction of dissociated/associated monomeric units of PE is
affected by solution pH, counterion condensation or by the ionic strength
in a solution. This work incorporates just the strong PEs.

The conformation of PEs is affected by the presence of a strong electrosta-
tic field generated by the charges on the PE backbone. Conformation of a
charged polymer is usually more expanded than that of a neutral polymer
under the same solvent quality. The cause of this is that the charges located
on polyions repel each other and, therefore, the polyion is relatively expan-
ded (in a few cases, even close to the rigid-rod-like conformation). In 1948,
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Kuhn et al. [41] introduced the model of a PE without short-range inter-
actions (excluded volume), where the PE end-to-end distance Re minimizes
the chain free energy. Let it be assumed that the elongation of the PE chain

Figure 3: Schematic representation of the PE chain taking
the shape of an ellipsoid.

leads to the PE conformation taking the shape of an ellipsoid (see figure 3).
In the case of an ideal chain, the ellipsoid has then lengths of principal axes
equal to Re × bN1/2 × bN1/2. In the Flory theory, the free energy of the PE
FFlory in a given conformation is a function of Re [21]

FFlory(Re) = Fconf(Re) + Fint(Re), (12)

where Fconf is the conformational part of Flory’s free energy and Fint repre-
sents the electrostatic free energy. Fconf is estimated neglecting the internal
monomer interactions

Fconf(Re) ≈
kBT

b2N
R2

e . (13)

To determine Fint it has to be considered that the whole macromolecule has
charge fNe, where e represents the elementary charge. If the charge fNe is
uniformly distributed in the ellipsoid, the electrostatic energy of interactions
becomes [21]

Fint(Re) ≈
kBTλB(fNe)2

Re

ln

(
Re

bN1/2

)
, (14)
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where lB is the Bjerrum length defined as a distance between two elementary
charges e at which their electrostatic interaction energy equals to thermal
fluctuations kBT

λB =
e2

4πϵkBT
, (15)

where ϵ is the permittivity of the medium (solvent). Substituting the confor-
mational part (equation 13) and the interaction part (equation 14) into the
equation 12 and minimization of it with respect to Re leads to the expression
of Re

Re ≈ N

(
(bf)2λBln

(
eN

(
f 2λB

b

) 2
3
)) 1

3

. (16)

It says, that chain grows proportionally to N (lnN )1/3 which is much faster
than in the case of neutral polymers. Because there are counterions in the
solution, they may condense to closeness of the polyion. Consequently, the
polyion has lower effective charge and collapse to the conformation which is
comparable to the uncharged polymers in the same solvent condition. Also
if two oppositely charged PEs are mixed together in a solution (mixture of
polycations and polyanions), they will together form a bulk complex. This
happens because they are electrostatically attracted to each other. This bulk
complex probably precipitates from the solution. The conditions, when the
counterions condense or decondense, are described in the following section.

Counterion condensation: Manning theory

PE solutions contain solvent, polyions and counterions. Moreover, other
particles can be added to the solutions such as neutral particles, co-ions (par-
ticles carrying the same sign of charge as the PE) etc. The solutions maintain
overall electroneutrality. Dissolved polyions electrostatically attracts all op-
positely charged ions in the solution. These counterions may condense on the
polyion or stay in its closeness. Consequently, the effective charge of polyion
is screened. Decrease of electrostatic energy leads to decrease of the system
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enthalpy H. There is also present another effect related to the condensation
which is the decrease of the system entropy S. Thus, it can be said that the
condensation is driven by minimization of the system gibbs free energy G

G = H − TS, (17)

where T represents temperature.

Manning has shown that the condensation occurs bellow the critical tem-
perature. The critical temperature is variable characterizing the counterion-
condensation transition (CCT) [43, 46]. Bellow the critical temperature spe-
cific fraction of counterions is condensed to the closeness of the polyion.
This rule applies even in a very dilute solution where particles may leave
far away from the polyion. In the case that temperature is greater than the
critical temperature, all the counterions decondense out of the polyion close-
ness. The counterion condensation strongly affects properties of PEs. For in-
stance, a linear polyion is not so stretched due to the electrostatic repulsion
and thus it is smaller in size. [32, 68, 37]. Not just static, but even dyna-
mic properties are affected by the counterion condensation such as mobility,
conductivity etc. [36, 52].

An extent of the counterion condensation, the number of condensed coun-
terions, is regulated by the dimensionless Manning parameter ξ [43]

ξ = qλBτ, (18)

where q is the valency of counterions, τ is charge density which is the amount
of charged monomers units along the PE chain and λB is the Bjerrum len-
gth. When the Manning parameter ξ is high enough, the condensation occurs.
The least value of ξ, which is necessary for the beginning of condensation, is
called critical Manning parameter ξc. The critical Manning parameter ξc is
also variable characterizing the counterion-condensation transition (CCT) [46].
It has been calculated by mean-field (MF) theory and by strong-coupling
(SC) theory [43, 46] that the critical Manning parameter is ξc = 1. Also,
experiments have shown that the ξc is approximately 1. Therefore, if the
Manning parameter is greater than one (ξ > 1), the condensation occurs
and a fraction 1 − 1/ξ of counterions is condensed. Otherwise, if the Man-
ning parameter is smaller than one (ξ < 1), then all counterions decondense.
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Figure 4: Counterion concentration around a cylinder in
dependence on the distance from cylinder axis. Plot shows
dependencies of concentration in different conditions of
Manning parameter ξ and electrostatic coupling parame-
ter Ξ.

The already mentioned critical temperature Tc is closely linked to the critical
Manning parameter ξc and it can be easily shown that

Tc =
qτe2

4πϵkB
. (19)

In the experiment, the counterion condensation can be manipulated by vary-
ing Manning parameter ξ which is function of temperature, charge density,
counterion valency or solvent permittivity. The temperature T can changed
by thermostat. The counterion valency q can be changed by adding another
multivalent salt. The change of the charge density τ can be achieved by va-
rying the ratio of charged and uncharged monomers during the synthesis or
by adding pH-responsive molecular groups into the PE. And the dielectric
constant of medium ϵ can be changed by mixing different solvents.

Monte Carlo (MC) simulations have described a counterion distribution
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around PEs [46, 5, 13]. These simulations have assumed polyions as uniformly
charged cylinders. It can be applied as an approximation of very stiff PEs
(e.g. tubulin, fd -viruses or even part of DNA molecule). The charged cylinder
with radius R in an infinitely large system is discussed as an illustrative
example.

A counterion condensation on the cylinder has been analyzed for different
Manning parameters. If the Manning parameter is less than one (ξ < 1), all
counterions decondense. Thus, the counterion concentration is almost zero.
When the Manning parameter is greater than one (ξ > 1), the ionic correlati-
ons must be taken into account. The electrostatic correlations are described
via electrostatic coupling parameter Ξ

Ξ =
q3λ2

Bτ

R
. (20)

When Ξ is small (Ξ < 1), the mean-filed (MF) theory can by used to obtain
the radial distribution of counterions ρMF around the cylinder [46]

ρMF(r) =
(ξ − 1)2

ξ2

( r

R

)−2(
1 +

(
ξ − 1

)
ln
( r

R

))−2

. (21)

On the contrary, the strong-coupling (SC) theory, which is complementary
method to the MF theory, allows to describe the radial distribution of coun-
terions ρSC around the cylinder for systems where interparticle correlations
become important (Ξ > 1)

ρSC(r) =
2(ξ − 1)

ξ

( r

R

)−2ξ

. (22)

All these radial distribution functions are shown in figure 4. If the Manning
parameter is less than one (ξ < 1), the counterion concentration is zero. If the
Manning parameter is greater than one (ξ > 1), a maximum of counterion
concentration around the cylinder is higher and decrease slower in the case
of strong ionic correlations than in the case of uncorrelated counterions.
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Fluorescence correlation
spectroscopy

Fluorescence Correlation Spectroscopy (FCS) is an experimental tech-
nique used to study the diffusion dynamics of fluorescent molecules, called
fluorophores, in solutions [63]. FCS, together with a closely related method –
photon counting histogram (PCH), have been employed to study dynamics of
molecules in dilute solutions. Single-molecule sensitivity and non-destructive
approach make FCS popular in biochemistry and biology applications. It has
been used also for studying the dynamics of synthetic polymers [51]. If the
fluorphores are covalently bound to the polymer, then its diffusion can be pro-
bed directly. If the fluorophores are not covalently bound but interact with
the polymer, then they provide an indirect information about its diffusion.
It can be used for studying charged fluorophores condensing on polyions
[34]. Therefore, this approach provides new information about the Manning
condensation.

This chapter first introduces the FCS technique for simple diffusion, then
it continues with description of various models for FCS curves beyond simple
diffusion. This section is followed by description of the subdiffusion regimes
of complex systems. Last sections describe calculation of the FCS autocorre-
lation functions from computer simulations, and present the models which
might be used to description of the counterion condensation on PEs.
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Technique of FCS

FCS method is used for analyzing the dynamics of fluorescent molecules
in solution. Figure 5 shows a basic scheme of the FCS experimental setup.
A monochromatic laser beam is focused by a set of lenses into a small focal
volume inside the sample. A fluorescent molecule, referred to as fluorophore,
diffusing in the sample can be excited by the focused laser beam when it pas-
ses through the focal volume. The excited fluorescent molecule, in a process
called fluorescence, can emit another photon after short time. The photons
emitted from the sample are recorded by a detector and further processed in
a computer. The primary result of FCS measurement is the dependence of
fluorescence intensity I(t) on time t.

Figure 5: A simple scheme of the FCS technique. Exci-
tation light is represented by green color and the emitted
light by red color. The focal volume is highlighted as well.

The information about dynamics of the diffusing molecules is obtained by
statistical analysis of I(t). The FCS temporal autocorrelation function G(τ)
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is the correlation of I(t) with itself shifted by lag time τ [8]

G(τ)

G(0)
=

⟨
I(t + τ)I(t)

⟩

⟨
I(t)

⟩2 − 1 ≡
∫∞

−∞
I(t + τ)I(t)dt

( ∫∞

−∞
I(t)dt

)2 − 1, (23)

where the angular brackets
⟨ ⟩

represent ensemble average which can be ap-
proximated by average over time. Dividing G(τ) by G(0) leads to a norma-
lization. The fluctuation of fluorescence intensity δI(t)

δI(t) = I(t) −
⟨
I(t)

⟩
t

(24)

is caused by fluorescent molecule passing through focal volume. Equation 23
can be also written in terms of the intensity fluctuations as

G(τ)

G(0)
=

⟨
δI(t + τ)δI(t)

⟩
t⟨

I(t)
⟩2
t

≡
∫∞

−∞
δI(t + τ)δI(t)dt
( ∫∞

−∞
I(t)dt

)2 . (25)

The probability that a fluorophore absorbs a photon is proportional to the
intensity of the excitation light, which is the highest in the center of the focal
volume. The absorption of light leads to excitation of the fluorescent molecule
to a higher energetical state. Then, the excited molecule may emit a photon.
The wavelength of the emitted photon and wavelength of light in the laser
beam are different because of internal processes in the excited fluorophore [7].
The emission of light is typically due to fluorescence, which is singlet-singlet
form of photoluminescence, and occurs within 10−9-10−7 seconds after the
excitation. Even though the majority of (bio)organic fluorophores are flu-
orescent (e.g. rhodamine (Rh6G), cyanine (Cy3), green fluorescent protein
(GFP)), some types of fluorophores might relax to a triplet state (or other
non-radiative decaying states). The emission of light from the triplet state
is a spin forbidden form of photoluminescence, known as phosphorescence.
The phosphorescence occurs roughly within 10−3-102 seconds. The phospho-
rescence can also be used for analysis of diffusion of molecules but typically
it is undesirable to observe together phosphorescence and fluorescence. The-
refore, in this work the phosphorescence is neglected.
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FCS is a powerful method for studying the dynamics of fluorescent mo-
lecules in very dilute solutions (a few nm). The fluorophores can be attached
to a macromolecule (e.g. proteins, DNA) [15, 64]. The macromolecule labe-
led by the fluorophore is thus indirectly observed and its dynamics can be
studied. In the case of polyions and charged fluorophores, FCS enabled the
study of the dynamics of fluorophores condensing on the polyion. And thus,
the Manning condensation can be studied via FCS.

Analytical formula for G(t) of a freely diffusing

point particle

In a typical realization of FCS, the illuminated focal volume can be de-
scribed mathematically by the point spread function (PSF) which describes
the response of an analyzed system to a point light source [38]. The focal
volume is often approximated by an ellipsoid with diffuse boundaries and
can be described by a Gaussian illumination intensity profile I(r⃗) [38]

I(r⃗) = I0 exp
(
− 2(x2 + y2)

w2
xy

− 2z2

w2
z

)
, (26)

where I0 is a constant pre-factor proportional to intensity of the excitation
beam, wxy and wz are characteristic sizes of the laser beam waist in the xy
plane and in z direction, respectively. The probability profile of excitation
of fluorophore and detection efficiency profile for photons emitted by the
fluorophore can be approximated by the same form

W (r⃗) = W0 exp
(
− 2(x2 + y2)

w2
xy

− 2z2

w2
z

)
, (27)

where W0 is a constant pre-factor proportional to I0.

The probability of a particle being displaced over vector ∆r⃗ within a time
interval τ is described by Van Hove correlation function H(∆r⃗, τ) [38]

H(∆r⃗, τ) =

⟨∫
δ(r⃗ + ∆r⃗(τ))δ(r⃗) dr⃗

⟩
, (28)
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where the angular brackets
⟨ ⟩

denote ensemble average and δ denotes Dirac
delta function (distribution). Equation 25 can be also written as the convo-
lution of the Van Hove correlation function H(∆r⃗, τ) (equation 28) and of
the probability profile of absorption/detection W (r⃗) (equation 27) [38]

G(τ) =

∫
W (r⃗)H(∆r⃗, τ)W (r⃗ + ∆r⃗) dr⃗. (29)

For further analysis, it is convenient to transform this equation into Fourier
space q⃗ = (qx, qy, qz). The Fourier transformation of the right-hand side of
equation 29 becomes

G(τ) =

∫
|W̃ (q⃗)|2H̃(q⃗, τ) dq⃗, (30)

where W̃ (q⃗) is the Fourier image of W (r⃗) (equation 27)

W̃ (q⃗) =
W0w

2
xywz

8
exp

(
−

w2
xy(q

2
x + q2y)

8
− w2

zq
2
z

8

)
(31)

and H̃(q⃗, τ) is the Fourier image of H(∆r⃗, τ) (equation 28)

H̃(q⃗, τ) =
⟨
e−iq⃗∆r⃗(τ)

⟩
. (32)

Equation 32 can be written in the form of Taylor series [3, 38]

H̃(q⃗, τ) = exp

(
− i(qx + qy + qz)

⟨
∆r⃗(τ)

⟩

3
(33)

−
(q2x + q2y + q2z)

(
−
⟨
∆r⃗(τ)

⟩2
+
⟨
∆r⃗(τ)2

⟩)

6

+ 1
18

(q3x + q3y + q3z)
(
2
⟨
∆r⃗(τ)

⟩3 − 3
⟨
∆r⃗(τ)

⟩⟨
∆r⃗(τ)2

⟩
+
⟨
∆r⃗(τ)3

⟩)

+ 1
72
i(q4x + q4y + q4z)

(
− 6
⟨
∆r⃗(τ)

⟩4
+ 12

⟨
∆r⃗(τ)

⟩⟨
∆r⃗(τ)2

⟩

−3
⟨
∆r⃗(τ)2

⟩
− 4
⟨
∆r⃗(τ)

⟩⟨
∆r⃗(τ)3

⟩
+
⟨
∆r⃗(τ)4

⟩)
· · ·

)
.
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Due to the space isotropy
⟨
∆r⃗(τ)

⟩
=
⟨
∆r⃗(τ)3

⟩
= 0. The truncation of the Ta-

ylor expansion in equation 33 after the second term simplifies the equation to

H̃(q⃗, τ) ≈ exp

(
− q⃗ 2

⟨
∆r⃗(τ)2

⟩

6

)
. (34)

Equation 34 becomes exact in the special case of freely diffusing point particle
for which the van Hove function is a Gaussian [8]. The term

⟨
∆r⃗(τ)2

⟩
is

called the mean squared displacement MSD(τ). Integration of equation 30
with a substitution from the equation 34 yields

G(τ) ≈ 1

N̄

(
1 +

2MSD(τ)

3w2
xy

)−1(
1 +

(w2
xy

w2
z

)2MSD(τ)

3w2
xy

)− 1
2

, (35)

where N̄ is the average number of particles in focal volume V = π3/2w2
xywz

N̄ = c̄V = c̄π3/2w2
xywz, (36)

where c̄ is the average concentration of fluorophores.

The function MSD(τ) provides information about dynamics of the dif-
fusing particle. In the case of freely diffusing point particle, the MSD has
a linear dependence on time

MSD(τ) = 2DDτ, (37)

where D represents the dimensionality of space. The diffusion time τD

w2
xy = 4DτD (38)

is time which need freely diffusing point particle to diffuse through the focal
volume in xy plane. Thus, the ratio MSD(τ)/wxy can be substituted into
equation 35 to yield

G(τ) ≈ 1

N̄

(
1 +

τ

τD

)− 2
2
(

1 +
(w2

xy

w2
z

) τ

τD

)− 1
2

. (39)
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FCS in computer simulations

In this work, the molecular systems are simulated on computer by me-
thods of molecular dynamics simulations. Höfling et al. [29] have shown
that the FCS autocorrelation function can be calculated from particle dis-
placement ∆r⃗(τ) = (∆x(τ),∆y(τ),∆z(τ)). Thus, the FCS autocorrelation
function G(τ) can be calculated exactly from the computer simulations where
instantaneous displacement ∆r⃗(τ) is known for any time τ

G(τ) =
1

N̄

⟨
exp

(
− ∆x(τ)2

w2
xy

− ∆y(τ)2

w2
xy

− ∆z(τ)2

w2
z

)⟩
, (40)

Equation 40 describes exactly all types of dynamics, if the assumptions for
dilute solution and equation 27 are met.

Diffusion dynamics in complex fluids

In case of normal diffusion, on long time scales the limiting behavior of
MSD is linear in complex fluids, similar to simple fluids

MSD(τ) = lim
τ→∞

2DDτ. (41)

However, the time-dependence of MSD can be more complex on intermediate
time scales. In complex fluids the intermediate time scales can be macrosco-
pic, > 10−3 seconds.

In our bachelor thesis[39] and subsequent publication [40], we performed
MD simulations and reported that the MSD of fluorophore connected to a ma-
cromolecule can be calculated from G(τ) via equation 35. For simplification
of equations, we used symmetric focal volume (w = wxy = wz). Equation 35
becomes

G(τ) =
1

N̄

(
1 +

2MSD∗(τ)

3w2

)− 3
2

, (42)
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where MSD∗(t) denotes the apparent MSD calculated from G(t). In the case
of symmetric focal volume, equation 42 can be rearranged to explicitly ex-
press MSD∗

MSD∗(τ) =
3w2

2

((
G(τ)

G(0)

)−2/3

− 1

)
. (43)
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Figure 6: MSD calculated directly from simulation trajec-
tory (black curve) and from G(τ) via equation 35 for dif-
ferent focal volumes (red, green, purple and blue points).
MSD of a monomeric unit is shown by solid line and MSD
of the center of mass (COM) of macromolecule is shown
by cyan points. Grey dashed lines show limit conditions.

Figure 6 shows the MSD∗(t) for fluorophore calculated from the FCS
autocorrelation function, compared with the true MSD calculated directly
from the simulation trajectory. For free diffusion MSD∗(t) = MSD(t) but in
general MSD∗(t) ̸= MSD(t), because equation 35 is just approximative. This
is illustrated in figure 6. However, we reported that deviation of MSD∗(τ)
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from true MSD(τ) is less than 5 % [39, 40]. Therefor, equation 35 can be
used for approximative calculation of MSD from the FCS autocorrelation
curves G(τ). The simulations have been performed via Langevin dynamics
(see section: Langevin dynamics), and therefore, the dynamics on short time
scales is affected by the Langevin thermostat. The reduced units shown in
the figure are described in greater detail later in section: Reduced units or in
reference [40].

Approximative models for G(τ)

The dynamics of fluorophore as a counterion in PE solutions, which will be
studied in this work, is more complex than the dynamics of a freely diffusing
point particle. Howerever, some approximative models exist, which could
describe the dynamics of these counterions. This section shows some relevant
models which describe more complex dynamics, beyond free diffusion, and
might describe the dynamics of counterions.

Single-component diffusion model

The single-component model (SCM) describes the dynamics of a single
molecules with diffusion coefficient D. It is exactly the same equation as the
analytical formula for freely diffusing point particle (equation 35)

G(τ)

G(0)
=

(
1 +

4Dτ

w2

)− 3
2

. (44)

We expect that this model does not well describe the dynamics of counterions
during the Manning condensation, because the dynamics of counterions is
more complex than the dynamics of freely diffusing point particles.
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Multi-component diffusion model

The total fluorescence intensity in a system with several different fluoro-
phores with the same brightness can be expressed as a sum of contributions
from individual fluorophores, i,

I(t) =
∑

i

Ii(t) (45)

where αi is the mole fraction of component i. The autocorrelation function
of intensity fluctuations can then be written as

G(τ) =
⟨
δI(t)δI(t + τ)

⟩
=
∑

i

⟨
δIi(t)δIi(t + τ)

⟩
+
∑

i ̸=j

⟨
δIi(t)δIj(t + τ)

⟩
(46)

Equation 46 splits G(τ) into two terms: autocorrelation of the same fluoro-
phore i, and cross-correlation between different fluorophores i, j. If different
fluorophores are mutually uncorrelated, the cross-correlation term vanishes,
and Equation 46 reduces to a sum of single-component autocorrelation functi-
ons

G(τ) =
∑

i

⟨
δIi(t)δIi(t + τ)

⟩
=
∑

i

αiGi(τ) (47)

where αi is the fraction of fluorophore i with diffusion coefficient Di. Thus,
the multi-component model (MCM) for the FCS autocorrelation curve G(τ)
of different fluorophores can be expressed as the sum of single-component
contributions

G(τ)

G(0)
=
∑

i

αi

(
1 +

4Diτ

w2

)− 3
2

. (48)

Holyst model for G(τ) with a reaction

The reaction

macromolecule + fluorophore
kbinding−−−−−⇀↽−−−−−
kdebinding

macromolecule−fluorophore (49)
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simplified to

M + F
kbinding−−−−−⇀↽−−−−−
kdebinding

MF (50)

describes the reversible binding of a fluorophore to a macromolecule, where
kbinding or kdebinding are reaction rate constants. Holyst et al. [30] have assumed
that MF and F have the same fluorescent properties and further that the
dynamics of M is not changed after F attachment (DM = DMF ≪ DF). They
have derived an approximate analytical formula for the FCS autocorrelation
curve for the above mentioned reaction [30].

Let me rewrite their analytical formula just for a special case. In our
simulations, we assume that the equilibrium concentration of fluorophores
and macromolecules is the same because we are focused on the dynamics
of selected counterion. Thus, the selected counterion and the macromolecule
have still the same concentration. When the selected counterion is free, the
macromolecule is also ”free”. On the other hand, when the selected counterion
is not free, it is condensed on the macromolecule. In this case, the equation
of Holyst et al. [30] then becomes

G(τ)

G(0)
= (η − 1)2h

(
4DMτ

w2

)
(51)

− (η − 1)η e
ηQ(w2(η−2)−4τ(DM(1−η)+DF))

4(η−1)(DM−DF) h

(
4DMτ

w2

)

+ η e
ηQ(4τ(DM(1−η)+DF(2η−3))+w2(η−2))

4(η−1)(DM−DF) h

(
4DFτ

w2

)

+ η (η − 2)

(
e

ηQ(w2(η−2)−4τ(DA(1−η)+DF))
4(η−1)(DM−DF) − 1

)
h

(
−4τ(DM(1 − η) + DF)

w2(η − 2)

)

− w2η2Q

2(DM −DF)
e

ηQ(w2(η−2)−4τ(DM(1−η)+DF))
4(η−1)(DM−DF) ϵ

(
−ηQ (4DMτ + w2)

2(DM −DF)

)
hz

(
4DMτ

w2

)

− w2η2Q

2(DM −DF)
e

ηQ(4τ(DM(1−η)+DF(2η−3))+w2(η−2))
4(η−1)(DM−DF) ϵ

(
−ηQ (4DFτ + w2)

2(DM −DF)

)
hz

(
4DFτ

w2

)
,
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where

h(x) = hz(x)3 =

(
1 + x

)− 3
2

(52)

and

ϵ(x) = ex
∫ ∞

x

e−x

x
dx. (53)

Here DF represents diffusion coefficient of the fluorophore and DM represents
diffusion coefficient of the macromolecule and η is the fraction of unbound
fluorophores. Symbol Q is equal to ckbinding, where c is the total concentration
of fluorophores/macromolecules.

The relaxation time τR of the reaction 50 can be expressed as [30]

τ−1
R = 2ηckbinding + (1 − η)ckdebinding. (54)

Holyst et al. [30] have shown that in the limit of the fast diffusion/slow
reaction (τR → ∞), the FCS autocorrelation function is given by

GτR→∞(τ) = α∞h

(
4DFτ

w2

)
+ (1 − α∞)h

(
4DMτ

w2

)
, (55)

where α∞ is the ratio constant (for greater detail see in [30]). Moreover,
Holyst et al. [30] have shown that in the limit of the fast reaction (τD → ∞),
the FCS autocorrelation function is given by

GτR→0(τ) = α0h

(
4DFτ

w2

)
+ (1 − α0)h

(
4DXτ

w2

)
, (56)

where α0 is the ratio constant and DX is the effective diffusion coefficient of
condensed fluorophores (for greater detail see [30]). Both of equations 55 and
56 have the form of two-component model.
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Decomposition model

In this work, we propose an alternative approach to describe the FCS au-
tocorrelation function for the reaction in equation 50. The counterion dyna-
mics is divided into dynamics of a freely diffusing point particle and dynamics
of condensed counterion. Since the condensed counterion moves with the PE,
the dynamics of the counterions on short time-scales can be approximated
by that of the monomeric unit (MU) of the polyelectrolyte. In the case of
symmetric focal volume (w = wxy = wz), the FCS autocorrelation function
can then be written as

G(τ)

G(0)
= (1 − α)

GF(τ)

GF(0)
+ α

(
1 + S

2 MSDMU(τ)

3w2

)− 3
2

, (57)

where α is the fraction of condensed counterions, GF is the FCS autocorre-
lation function of a freely diffusing fluorophore. MSDMU is the MSD of mo-
nomeric unit of macromolecule and S is an empirical parameter defined as
S = MSDCI/MSDMU where the subscript CI refers to the condensed coun-
terion. Equation 57 with MSDMU substituted by MSD∗

MU from equation 43
becomes [40]

G(τ)

G(0)
= (1 − α)

GF(τ)

GF(0)
+ α

(
1 + S

((
GMU(τ)

GMU(0)

)− 2
3

− 1

))− 3
2

, (58)

where GMU is the FCS autocorrelation function of monomeric units of ma-
cromolecule. This model has yet to be tested.
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Molecular dynamics simulations

This chapter describes the coarse-grained model of the macromolecule.
Then it continues with molecular modelling using computer simulations of
molecule particles and interactions between them. This section is followed by
description simulation dynamics techniques. In the end, the reduced units,
which are commonly used in this work, and the model and parameters of our
simulated system are presented.

Computer simulation

Computer simulation reproduces the behavior of a real system using a
mathematical model. Firstly, the simulation of the real system requires the
model of the real system. The model should be suitable to calculate the
evolution of the system in a reasonable time (e.g. hours, weeks, a few months).
For instance, it is nonsense to simulate the motion of a carp moving in a lake
via methods of relativistic quantum chemistry. Molecular dynamics (MD) or
Monte Carlo (MC) are simulation techniques used to study thermodynamical
properties of molecular systems [47]. The MD simulation techniques have
been chosen for this work.

The simulated system can be analyzed to get properties of the system.
Since i-th particle in the system is in any time characterized by its position
r⃗i ans its momentum p⃗i, then the N -particle system is characterized in any
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time by N -dimensional point from phase space

(r⃗1, · · · , r⃗N , p⃗1, · · · , p⃗N) ≡ (r⃗N , p⃗N). (59)

Let f(r⃗N , p⃗N) be an integrable function describing some thermodynamical
property of the system. The mean value of that function

⟨
f
⟩

is the average
over whole phase space (r⃗N , p⃗N)

⟨
f
⟩

=

∫
f(r⃗N , p⃗N)ρ(r⃗N , p⃗N) dr⃗Ndp⃗N , (60)

where ρ(r⃗N , p⃗N) is the probability of finding system in given phase point.
Assuming the ergodic theory [9], the thermodynamic property of the ma-
croscopic system can be determined from an average over time evolution of
one system

⟨
f
⟩

= lim
T−>∞

1

T

∫ T

0

f(r⃗N , p⃗N , t) dt, (61)

where f(r⃗N , p⃗N , t) represents function f(r⃗N , p⃗N) at time t. The time scale in
MD simulations is discretized, thus, equation 61 transforms to

⟨
f
⟩

=
1

M

M∑

i=1

f(r⃗N , p⃗N , i∆t), (62)

where M is the total number of simulation steps and ∆t is the time step
of the simulation. Consequently, the MD simulation does not involve the
evolution of whole sample in a beaker, but it simulated dynamics of just
a few molecules.

As the construction of the infinite size of the system, the simulation box
with is periodically repeated around itself, which is known as the periodic
boundary conditions (PBC). When one molecule leaves the simulation box
through one side, its copy comes from the opposite side. In PBC, a molecule
in the simulation box interacts also with periodic images of all molecules.
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Coarse-grained model

The model of system, which we use in this work, is solution of PE in the
presence of counterion beads. The PE is approximated by beads connected
by springs. This description of PEs is known as coarse-grained (CG) model.
Although, CG model neglects chemical properties of PEs, it well describes
universal dynamical properties. Figure 7 shows an illustration of CG model
for a polymer. Every bead can cover from one individual atom to group of
atoms. CG model allows analyzing large macromolecular systems. Accordin-
gly, the Nobel Prize in Chemistry in 2013 was awarded jointly to M. Karplus,
M. Levitt and A. Warshell for the development of multiscale models for com-
plex chemical systems [2, 42]. In polymer dynamics simulations, the polymer
beads (e.g. protein parts) are assumed to be surrounded by very small sol-
vent molecules (e.g. water molecules). It is possible to describe such a system
as a motion of large beads in a continuum (implicit solvent) [26]. The inter-
actions between all particles are described in greater detail in the following
section.

Figure 7: An illustration of a coarse-grained model of a po-
lymer. Each bead is an approximation of a few atoms
(e.g. monomer unit) of the polymer. Cylinders represent
bonded interaction between two beads.
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Interactions

In molecular dynamics, particle i interacts with particle j via interaction
pair force F INT

ij

(⏐⏐r⃗i − r⃗j
⏐⏐) [47]. This force can be expressed as a negative

gradient of the interaction potential U INT
ij

(⏐⏐r⃗i − r⃗j
⏐⏐) between two particles

with positions r⃗i and r⃗j [48]

F INT
ij

(⏐⏐r⃗i − r⃗j
⏐⏐) = −

dU INT
ij

(⏐⏐r⃗i − r⃗j
⏐⏐)

d
⏐⏐r⃗i − r⃗j

⏐⏐ . (63)

If the gradient of the interaction potential between two particles is negative
then the particles repel each other, on the contrary, if the gradient of the in-
teraction potential is positive then these particles attract each other. If inter-
action potential of two distant particles is negligible, the cut-off distance rcut
is introduced. Consequently, the interaction potential is not calculated for
particles that are farther than rcut. Introducing rcut significantly increases
speed of the simulation [47].

Interaction potentials can be divided into these categories: bonded inter-
actions, non-bonded short-ranged interactions and non-bonded long-ranged
interactions. The following paragraphs show the description of interaction
potentials. Those interaction potentials, which are used in this work, are
described in greater detail.

Bonded interactions

Interaction potentials describing bonded interaction between two beads
of CG model of a polymer are used to simplify quantum sharing of electrons
for bonded atoms or connection between two parts of the polymer. One of the
simplest example is connecting two beads by a rigid bond. A fixed distance
between beads corresponds to the average distance between those parts of
the polymer which are represented by beads [47]. Another simple bonded
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interaction potential is the harmonic potential UHARM
ij (

⏐⏐r⃗i − r⃗j
⏐⏐)

UHARM
ij

(⏐⏐r⃗i − r⃗j
⏐⏐) =

1

2
k
(⏐⏐r⃗i − r⃗j

⏐⏐− b
)2
, (64)

where k represents the force constant (stiffness of bond) and b is the distance
of beads with the lowest potential energy. The harmonic potential is a simple
mathematical model that very well describes vibration of atoms or of CG
beads in their potential minimum. The CG model of the polymer described
just by point beads connected by the harmonic potential is known as Rouse
model. This model is not applicable to PE solutions because it allows particles
to go through each other (it leads to infinity Coulomb energy when the
counterion crosses the PE particle).

Another example of bonded interaction potential is the finitely extensible
nonlinear elastic (FENE) potential UFENE

ij

(⏐⏐r⃗i − r⃗j
⏐⏐) [1]

UFENE
ij

(⏐⏐r⃗i − r⃗j
⏐⏐) = −1

2
k ln

[
1 −

(⏐⏐r⃗i − r⃗j
⏐⏐− b

∆rmax

)2]
, (65)

where ∆rmax is the maximal elongation of bond. The FENE potential is at-
tractive potential and is typically used with a combination of some repulsive
potential (described in a greater detail in the following section). The FENE
potential is shown for illustration in figure 8. It is function gradually increa-
sing to infinity at point ∆rmax.

Other possible interaction potentials for description of bonds are not re-
levant for this work [47, 1].

Short-ranged non-bonded interactions

Only the non-bonded interactions considered in this work is the descrip-
tion of excluded volume for beads. The excluded volume provides that par-
ticles do not cross each other. Typically, it is expressed by the Lennard-
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Jones (LJ) potential ULJ
ij

(⏐⏐r⃗i − r⃗j
⏐⏐) [25, 56]

ULJ
ij

(⏐⏐r⃗i − r⃗j
⏐⏐) = 4ε

((
σ⏐⏐r⃗i − r⃗j

⏐⏐

)12

−
(

σ⏐⏐r⃗i − r⃗j
⏐⏐

)6)
, (66)

where ε represents the depth of the potential well and σ represents the radius
of beads. σ is also distance at which the interaction potential equals zero. The
exponents of LJ potential may vary (e.g. LJ 12-6 potential, LJ 13-5 potential),
but the LJ 12-6 potential is typical for computer simulations because it is
algorithmically fast to calculate (σ/

⏐⏐r⃗i− r⃗j
⏐⏐)6 and then square of it to achieve

(σ/
⏐⏐r⃗i − r⃗j

⏐⏐)12. The potential well has a minimum at distance rm = 21/6σ.
The LJ potential is shown for illustration in figure 8.
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Figure 8: The graph shows plot of different interaction
potentials between two particles with respect to their
distance.

Properties of the LJ potential can be varied by variables σ and ε or by
introducing rcut. Selection of appropriate values for variables of LJ potential
defines a quality of an implicit solvent. In a poor solvent condition, macro-
molecule beads have excluded volume but are also attracted to each other.
Consequently, the macromolecule is forced to be shrink. On the other hand,
in a good solvent condition, the polymer becomes extended because just
repulsion remains [14].
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The LJ potential with cut-off distance rcut = 21/6σ is known as the Weeks-
Chandler-Anderson (WCA) potential. It describes repulsion of excluded vo-
lume. The WCA potential for bead pair connected by bond is used with
the combination of FENE potential. Thus, the WCA potential is a repulsive
part of this combined interaction potential and the FENE potential is an
attractive part of it. This combination of interaction potentials is shown for
illustration in figure 8. This description for bonded interactions is often used
in polymer dynamics simulations and also in this work [14].

Electrostatic interactions

Electrostatic interactions are type of long-ranged non-bonded interacti-
ons. Electrostatic interaction between two charged particles i and j with
charges eqi and eqj, where symbol e represents the elementary charge, is
described by the Coulomb potential UCOUL

ij

(⏐⏐r⃗i − r⃗j
⏐⏐) [21, 18]

UCOUL
ij

(⏐⏐r⃗i − r⃗j
⏐⏐) = lBkBT

qiqj⏐⏐r⃗i − r⃗j
⏐⏐ , (67)

where kBT represents the thermal energy and lB is constant, known as the
Bjerrum length. The Bjerrum length lB is the distance between two elemen-
tary charges e at which the energy of the Coulomb interaction (in medium
with dielectric constant ε) is equal to the thermal energy kBT

lB =
e2

4πεkBT
. (68)

All above-mentioned interactions are short-ranged interactions, except
the Coulomb long-ranged interactions. It is not possible to introduce rcut for
Coulomb interaction potential because the potential decreases slowly with
the distance r. Thus, the Coulomb interaction must be calculated for all
pairs of particles in the system. As was already mentioned, in this work,
the MD simulations use periodic boundary condition (PBC). Therefore, all
charged particles interact with other particles in the system but they also
interact with their periodic images in all periodic boxes around. It leads to
an infinite number of pair interactions.
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There exist techniques which can calculate Coulomb energy as a plain
all-with-all N2 calculation [6, 18], but many problems might appear (e.g. not
converging sums, different approaches of summation give different results).
Another approach how to calculate Coulomb energy is using the Ewald me-
thods [6]. Ewald methods are mostly based on the partition of an interaction
summation on a real space and a Fourier space. Deserno et al. [19] com-
pared in greater detail some of the Ewald methods and have shown that
the particle-particle-particle-mesh (P3M) method is the most accurate. This
method inserts a grid to a simulation box and assigns charges of particles
to their nearest grid point. Discretization of the box allows to use the fast
Fourier transformation (FFT) [57]. Therefore, the P3M algorithm scales as
O(N logN), where N represents the number of charged particles in the sys-
tem. In this work, all necessary parameters (cut-off distances of the real and
the Fourier space, a mesh grid constant or size of charge clouds) are properly
fitted by software Espresso to reach an optimal computational speed and an
estimated error of the method [1].

Modeling of the molecular system dynamics

Langevin dynamics

Since the simulated system is composed of particles (PE, counterions) and
continuum (solvent), the system is described by two types of equations. All
the particles are described by the classical Newton equations and the solvent
continuum is described by the Navier-Stokes equations (for greater detail see
reference [10]). In this work, the dynamics of particles is more interesting
than the dynamics of the solvent. And thus, the system can be described by
the Langevin equation for motion of N particles in a solvent

mi
¨⃗ri =

N∑

i ̸=j

F INT
ij

(⏐⏐r⃗i − r⃗j
⏐⏐)+ FDRAG

i

(
r⃗i, ˙⃗ri

)
+ FBROWN

i , (69)

where mi is the mas of particle i and r⃗i, ˙⃗ri and ¨⃗ri represent particle coor-
dinates, velocity and acceleration, respectively. And F INT

ij

(⏐⏐r⃗i − r⃗j
⏐⏐), FDRAG

i
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and FBROWN
i represent interaction force, drag force and Brownian force, re-

spectively.

F INT
ij

(⏐⏐r⃗i − r⃗j
⏐⏐) denotes interaction force applied on particle i from par-

ticle j. The interaction forces are calculated from interaction potential via
equation 63.

The drag force FDRAG
i is induced by collisions of a moving particle and

solvent molecules (which are now expressed as a continuum)

FDRAG
i

(
r⃗i, ˙⃗ri

)
= −ζi

(
˙⃗ri + u∞(r⃗i)

)
, (70)

where u∞(r⃗i) is the velocity of the fluid in the particle position and ζi is the
damping constant (or the collision frequency) of particle i in the solvent. If
there are no hydrodynamic interactions, external forces or convection, the
parameter u∞(r⃗i) is equal to zero. The damping constant ζi can be expressed
via friction coefficient γi

ζi = γi/mi. (71)

And finally, the Brownian (also known as stochastic) force FBROWN
i ori-

ginates from random collisions of solvent molecules and the particles. The
drag force just slows down the particles, but the Brownian force may also ac-
celerate them. The drag force and Brownian force together are equivalent to
the Fokker-Plank equation [49].There is no way to derive an exact equation
for the Brownian force, but the process can be described by a non-correlated
(or delta-correlated) random function

⟨
Υ(t)

⟩
described by equations [26]

√
2ζikBT

⟨
Υ(t)

⟩
= 0, (72a)

√
2ζikBT

⟨
Υ(t)Υ(t′)

⟩
=
√

2ζikBT δ(t′ − t), (72b)

where δ(t) represents the delta function (distribution) and brackets
⟨ ⟩

re-
present the average value. Introduction of FBROWN

i is required to fulfill the
fluctuation-dissipation theorem.
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Assuming together all the forces, the equation (69) can be modified into

mi
¨⃗ri = −

N∑

i ̸=j

dU INT
ij

(⏐⏐r⃗i − r⃗j
⏐⏐)

d
⏐⏐r⃗i − r⃗j

⏐⏐ − ζi ˙⃗ri +
√

2ζikBT Υ(t). (73)

Equation 73 can be rewritten by substitution of Einstein(-Smoluchowski)
relation (Di = kBT/ζi)

mi
¨⃗ri = −

N∑

i ̸=j

dU INT
ij

(⏐⏐r⃗i − r⃗j
⏐⏐)

d
⏐⏐r⃗i − r⃗j

⏐⏐ − kBT

Di

˙⃗ri +
√

2
kBT√
Di

Υ(t). (74)

Solution for the set of equations ¨⃗ri = p⃗i/mi (p⃗i is the momentum of
particle i) and for the set of Langevin equations 74 leads to the CG dynamics
simulation. The solution is typically achieved by numerical integration with
the integration time step ∆t. The temperature T of the system is controlled
via Langevin thermostat, which is an algorithm for solving these set equations
and keeping the constant temperature [16, 1]. The temperature T is defined
by equation [7]

⟨
1

2
mi

⏐⏐ ˙⃗ri
⏐⏐2
⟩

i

=
3

2
kBT, (75)

where
⟨ ⟩

i
denotes the average over all particles.

Brownian dynamics

The Brownian dynamics, kind of the Stokesian dynamics [12], is also
a solution for the set of Langevin equations 74. However, the overdamped
limit by a solvent is assumed. Therefore, the drag force is much greater
than the inertia term mi

¨⃗ri, and thus, the inertia term can be neglected.
Consequently, equation (74) can be rewritten to

0 ∼= −
N∑

i ̸=j

dU INT
ij

(⏐⏐r⃗i − r⃗j
⏐⏐)

d
⏐⏐r⃗i − r⃗j

⏐⏐ − kBT

Di

˙⃗ri +
√

2
kBT√
Di

Υ(t). (76)
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Equation 76 can be reordered to the equation of motion (EOM)

˙⃗ri = −
N∑

i ̸=j

Di

kBT

dU INT
ij

(⏐⏐r⃗i − r⃗j
⏐⏐)

d
⏐⏐r⃗i − r⃗j

⏐⏐ +
√

2Di Υ(t). (77)

The Brownian thermostat (also known as John thermostat) is easier to im-
plement than the Langevin thermostat [31]. Neglecting the inertia part, the
overall diffusion is slower but local motion is somewhat better explored than
in the Langevin dynamics including the inertia part.

Reduced units

Experimentalists use typically SI units (International System of Units),
but there is nothing special about them. Length unit is called 1 meter, which
is defined as the distance traveled by light in a vacuum in 1/299792458 se-
conds. However, one can define internal distance unit as an average bond
length of chlorine molecule. Especially in computer calculations, it is conve-
nient to work with dimensionless or reduced units. There are many reasons
to do this. As the first example, it allows to write numbers with higher pre-
cision. Values of many physical variables in a molecular world are typically
very small in SI units. Using reduced units allows working with numbers close
to one or at least in order of unity. Reduced units also decrease chance to get
an error of ”large/small”numbers [27] which comes from limitation of digit
length of numbers recorded on a computer disc. As the next improvement,
the natural equations are simplified, because some constants and variables
are merged just to one variable. Using dimensionless units gives us also power
to scale MD results for systems with the same simulation model. Overall, the
reduced unit system makes natural laws look more simple and makes com-
puter calculations easier. Values of variables are changed but physical laws
are still the same.

We have chosen to use LJ reduced units which are related to the Lennard-
Jones (LJ) potential (see section: Short-ranged non-bonded interactions).
An energy unit is set to the LJ parameter ε, which corresponds to the depth
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of the potential well. A distance unit is chosen as average bond length b which
is approximately b ≈ σ. Mass unit m0 is used to be one for all particles (in the
case of the same particles). With using variables ε, b and m0 as the reduced
units, the LJ potential (see equation 66) can simplified and rewritten to

ULJ
ij

(⏐⏐r⃗i − r⃗j
⏐⏐) = 4

(⏐⏐r⃗i − r⃗j
⏐⏐−12 −

⏐⏐r⃗i − r⃗j
⏐⏐−6
)
. (78)

Moreover, other physical units can be derived from the previous three. For in-
stance, unit of time τ can be derived from the equation for kinetic energy Ek

Ek =
1

2
m
(ds

dt

)2
⇒ [ε] =

[
m0

b2

τ 2

]
, (79)

where s is the symbol for a distance in [b] units, t is the time in [τ ] units
and m is the mass in [m0] units. The definition of τ is given by rearranging
equation 79

[τ ] =

[√
m0

b2

ε

]
. (80)

Table 2: Some physical variables of the system simulated
in this work. The variable values are expressed in units
both reduced and SI.

Physical variable reduced units SI units

length 1 [b] 3.5 · 10−10 m
Bjerrum length lB 2 [b] 7.0 · 10−10 m
energy ε 1 [ε] 4.11 · 10−21 J
temperature T 1 [ε/kB] 25 °C = 298.15 K
Boltzmann constant kB 1 [kB] 1.38 · 10−23 JK−1

time τs 1 [τs] —–
diffusion coefficient D 1 [b2τ−1

s ] —–

The set up of MD simulation expressed via reduced units could be mapped
on a real system. If the units ε, b and m0 are defined then other system
variables should be expressed in terms of them. For instance, if the average
distance of two beads is 1 [b] = 3.5 Å and Bjerrum length of the medium
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is lB = 7 Å (an aqueous solution), thus, the value of the Bjerrum length in
reduced units is two times greater than the average distance of two beads
lB = 2 [b]. The table 2 shows the example of mapping our simulation results
on a real system.

The GG MD simulation is accelerated in comparison to the MD simu-
lation with full degrees of freedom. Therefore, the dynamics of the simulation
could not be mapped on a real system just via recalculation of units ε, b
and m0. The dynamics of the simulation must be mapped on the dynamics
of the real system (e.g. mapping of the hydrodynamic radius Rh) [44]. The
mapping of simulation time [τs] for our CG MD simulation on a real system
is described in greater detail in results of this work.

Simulated system

Figure 9: Simulated model of system. The simulation box
is contoured blue. The PE particles are black and the
counterions are red.

We performed coarse-grained MD simulations of polyion chain in a good
solvent condition with the presence of explicit counterions. Viscosity of the
solvent is set to η = 2 [m0b

−1τ−1
s ] The system contains two types of par-
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ticles, negatively charged PE particles and positively charged counterions
(see figure 9). The length of the PE is N = 50 particles and we add the same
amount of counterions to fulfill the system electroneutrality. All particles have
the same mass 1 [m0]. The PE particles are connected by FENE potential

(k = 7 [bεm
1/2
0 ], ∆rmax = 2 [b] and b = 0 [b]). Short range interactions between

all particles are expressed via the WCA potential (ε = 1 [ε], σ = 1 [b] and
rcut = 21/6 [b]). All particles are charged and interact with each other through
Coulomb potential (lB = 2 [b]). We used simulation box of edge length 52 [b]
with PBC. The integration time step ∆t was set to 0.0125 [b(m0/ε)

1/2].

The Manning parameter for this simulation model is ξ = 2. It guarantees
that the Manning condensation occurs always and (1-1/η)N=25 counterions
are condensed (half of the released counterions).
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Results and discussion

We open this chapter with a discussion why we decided to use Brownian
dynamics instead of the Langevin dynamics. Next, we map the Brownian
dynamics simulation on a specific real system. We continue calculating the
FCS autocorrelation curves of the freely diffusing point particles. Then we
study the dynamics of monovalent counterions and PE and present and fit
their FCS autocorrelation curves with various models. In the end, we present
simulations of PE solutions containing multivalent counterions or charged
oligomers.

Dynamics of freely diffusing point particles

Langevin vs Brownian dynamics

We performed CG MD simulations using the Langevin dynamics and CG
MD simulations using the Brownian dynamics. For the purpose of comparison
of Langevin dynamics and Bronian dynamis we performed simulations of
freely diffusing point particles. Since they are not computationally expensive,
we performed simulations of duration 108 [τs] and averaged the simulation
results are averaged over 5 identical runs with different initial configurations.

Figure 10 shows the MSD calculated directly from the simulation trajecto-
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ries for both types of dynamics: Langevin and Brownian. The MSD is shown
just in range from 1 [τs] to 2 · 105 [τs] because it corresponds to duration of
simulations containing also PE (see section: Dynamics of monovalent counte-
rions and PE). Both curves of MSD are linear. But the MSD from simulations
using the Langevin dynamics is affected by the Langevin thermostat on short
time scales (< 10 [τs]) and the MSD is also affected there. Since the Langevin
dynamics is affected by Langevin thermostat, on short time scale, we decided
to use Brownian dynamics for simulations presented in this work. It prevents
problems with study the dynamics of simulated particles because the theo-
retical models do not calculate with this effect. Unless otherwise stated, we
deal with CG MD simulations using the Brownian dynamics.
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Figure 10: MSD of freely diffusing point particles. The
black line represents MD simulations using the Lange-
vin dynamics and the red line represents MD simulations
using the Brownian dynamics. The curves have been cal-
culated directly from simulation trajectories.

For further analysis, we fitted the MSD of the freely diffusing point par-
ticle (from simulations using the Brownian dynamics) by linear function from
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equation 37 to obtain the diffusion coefficient of the freely diffusing point par-
ticle DMSD

1 , where the superscript MSD denotes fitting the MSD curve and
the subscript 1 represents diffusion of one particle. The diffusion coefficient
has been fitted to DMSD

1 = (2.656± 0.005) · 10−2 [b2τ−1
s ]. This corresponds to

theoretical diffusion coefficient DSET
1 = 2.6525 · 10−2 [b2τ−1

s ] which has been
set up in the input of simulations.

Mapping on a real system

CG MD simulations are more accelerated than atomistic MD simulations
[33]. Therefore, time in the CG MD simulations needs to be mapped on the
dynamics of a real system. Let us show the mapping of the dynamics of
the freely diffusing point particle on the dynamics of an aqueous solution of
Rhodamine 6G (Rh6G), which is a standard molecule with known diffusion
coefficient (DRh6G = 4.14·10−10 m2s−1) [45]. In our simulations, the diffusion
coefficient of Rh6G has been determined as DMSD

1 ≈ 2.656 · 10−2 [b2τ−1
s ] =

3.254 · 10−21 m2[τ−1
s ]. Consequently, the simulation time units 1 [τs] can be

mapped on the real system as

1 [τs] =
DRh6G

DMSD
1

.
= 7.89 · 10−12 s = 7.89 ps. (81)

Thus, our simulation time unit 1 [τs] = 1.56 · 10−8 s. The integration time
step of our simulations is 1.25 · 10−2 [τs] which corresponds to 98.6 fs of the
real system. Then, a simulation of duration 2 · 105 [τs] corresponds to the
evolution of the real system for 1.58 µs.

Calculation of the FCS autocorrelation functions

The normalized FCS autocorrelation functions G(τ)/G(0) have been cal-
culated via equation 40 from the computer simulations. To simplify the ana-
lysis, we have assumed the symmetric focal volume (w = wxy = wz). Fi-
gure 11 shows the FCS autocorrelation functions G(τ)/G(0) of the freely
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diffusing point particle for two different sizes of the focal volume: blue curve
for the small focal volume (w = 2 [b]) and red one for the big focal volume
(w = 20 [b]). Both curves have the same shape but are shifted along the
logarithmic time axis. The functions G(τ)/G(0) are averaged over 5 different
simulations, thus, the error bars of the points are very small. The freely dif-
fusing point particle stays in the bigger focal volume on average longer times
than in the case of the small focal volume, therefore, the blue curve decreases
on longer time scale than the red curve. The FCS autocorrelation function
from equation 39 is characterized by diffusion time τD. Diffusion time τD of
the freely diffusing point particle can be expressed from equation 38

τD =
w2

4D
. (82)

Assuming diffusion coefficient DMSD
1 = 2.656 · 10−2 [b2τ−1

s ] calculated from
the MSD (see section: Langevin vs Brownian dynamics), the diffusion time is
τD(w = 2 [b]) ≈ 38 [τs] for the small focal volume and τD(w = 20 [b]) ≈ 38000
[τs] for the big one.
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Figure 11: The FCS autocorrelation function G(τ) for the
freely diffusing point particle in two different focal volu-
mes: blue curve (w = 2 [b]) and red curve (w = 20 [b]).
Diffusion times τD are shown for both focal volumes by
vertical dashed lines. The horizontal dashed line shows
the value of G(τD)/G(0).
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Fitting of FCS autocorrelation curves

We performed calculations for the FCS autocorrelation curves G(τ) of
freely diffusing point particles for 8 different focal volumes (w ∈ {1, 2, 5, 10,
20, 40, 80, 160} [b]). The FCS autocorrelation curves G(τ) of the freely dif-
fusing point particle have been averaged over 5 different independent simu-
lations of duration 108 [τs]. These autocorrelation curves are shown for each
focal volume in figure 12. The FCS autocorrelation curves must be well de-
scribed by the single-component model. Therefore, G(τ) of freely diffusing
point particles have been fitted by equation

G(τ)

G(0)
=

(
1 +

4DSCF
1 τ

w2

)− 3
2

. (83)

The upper symbol SCF of diffusion coefficient DSCF
1 corresponds to single-

component fit. Equation 83 contains only the diffusion coefficient of particles
DSCF

1 which needs to be fitted.

Table 3: Resultant fit parameters of single-component mo-
del for FCS autocorrelation function of freely diffusing
point particles for different focal volumes w.

w DSCF
1

[b] [10−2 · b2τ−1
s ]

1 2.65414 ± 0.00012
2 2.65282 ± 0.00023
5 2.6494 ± 0.0004
10 2.6452 ± 0.0008
20 2.6293 ± 0.0018
40 2.6123 ± 0.0026
80 2.644 ± 0.005
160 2.767 ± 0.009
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Figure 12: FCS autocorrelation curves of freely diffusing
point particles for different focal volumes w (coloured
points with error bars). All FCS autocorrelation curves
are fitted by single-component model (dashed curves).
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Figure 13: Residuals of single-component fit for FCS au-
tocorrelation functions of freely diffusing point particles
for different focal volumes w (coloured points with error
bars). The scale of vertical axis is smaller than those in
the residual plots shown in the following sections.
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Figure 12 shows the fit function of the FCS autocorrelation curves for each
focal volume. The figure shows that all fitting functions perfectly describe the
FCS autocorrelation curves. The residuals of fitting, shown in figure 13, are
not greater than the error bars of the simulation data, therefore, equation 83
well fits G(τ)/G(0) of freely diffusing point particles. The biggest residual can
be seen for focal volumes w = 80 [b] and w = 160 [b] because these focal volu-
mes have the biggest diffusion time of the freely diffusing point particle which
is almost the same as duration of simulation. Table 3 shows the resultant fit
of DSCF

1 for each focal volume. Diffusion coefficient DSCF
1 is almost constant

for all volumes. This is correct, because a diffusion coefficient should be in-
dependent of the focal volume. Diffusion coefficients DSCF

1 correspond also to
diffusion coefficient DMSD

1 calculated from the MSD in section: Langevin vs
Brownian dynamics. The residuals are smallest for the focal volumes in range
from w = 1 [b] to w = 40 [b], therefore, for further analysis, we assume the
DSCF

1 to be an average over these focal volumes (DSCF
1 = 2.650 ·10−2 [b2τ−1

s ]).

Dynamics of monovalent counterions and PE

We performed CG MD simulations of solution containing PE and counte-
rions. All necessary preparation for CG MD simulations such as configuration
set up, warming up, equilibration is already discussed in greater detail in our
previous work [39]. The simulation results are averaged over 5 identical simu-
lations of duration 2 · 105 [τs] wit different initial configurations. We compare
all results also with the results for the freely diffusing particles which were
simulated separately (see previous sections). All results are averaged over
all identical species in the system and over all simulations. Static properties
of the simulated system have been already studied and discussed in greater
detail in reference [69]. However, the dynamic properties are discussed here
as the main topic.

Figure 14 shows curves of the MSD calculated directly from the simulation
trajectories for species: freely diffusing point particles, monovalent counte-
rions, monomeric units of the macromolecule and the center of mass of the
macromolecule. The curves of MSD for the freely diffusing point particle and
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the center of mass of the macromolecule have linear shape. The MSD of mo-
nomeric units of the macromolecule follows the MSD of the freely diffusing
point particle on short time scales but converges gradually to the MSD of
the center of mass of the macromolecule. The MSD of counterions lies a little
bit below the MSD of the freely diffusing point particle. This is caused by
condensation of these counterions on the PE, the counterions diffuse over
non-negligible time as condensed counterions on the polyion. Since the dif-
fusion coefficient of condensed counterion is less than diffusion coefficient of
free counterion, the counterions are in total slowed down.
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Figure 14: MSD of freely diffusing point particles (red
points), monovalent counterions (green points), monome-
ric units of the macromolecule (gray points) and center
of mass of the macromolecule (black points). The curves
have been calculated directly from simulation trajectories.
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Fitting of FCS autocorrelation curves

In our simulations, we performed calculations for 8 different focal volumes
(w ∈ {1, 2, 5, 10, 20, 40, 80, 160} [b]). The FCS autocorrelation function G(τ)
has been calculated separately for all particles. Thus, we calculated the FCS
autocorrelation curves for each monomeric unit of the macromolecule and
each monovalent counterion. These G(τ) have been averaged over 5 different
independent simulations of duration 2 · 105 [τs] and over all unique species in
each simulation.

The above mentioned FCS autocorrelation curves G(τ) and G(τ) for fre-
ely diffusing point particles are shown in figure 15. In the figure, the diffusion
time τD increases with increasing size of focal volume and is greater for mo-
nomeric units of macromolecule than for counterions or even freely diffusing
point particles. The FCS autocorrelation curves of the freely diffusing point
particles are just shifted for each focal volume. But the FCS autocorrelation
curves of counterions and monomeric units of the macromolecule have more-
over different shape for each focal volume. Simulations do not cover the time
scales around diffusion time of the focal volumes w = 80, 160 [b], thus, the
dynamics of particles is not well described there. The dynamics of monomeric
units of the macromolecule is not well described already for the focal volume
w = 20 [b]. The autocorrelation curves of counterions is almost the same like
the autocorrelation curves of freely diffusing point particles for small volumes
but differ for the big focal volumes. It happens because the diffusion time
of particles is different for each focal volume but the relaxation time for the
condensation of counterions is still the same for each focal volume.

Single-component fit

The dynamics of fluorophores condensing on a polyion is more complex
than the dynamics of a freely diffusing point particle. To show that the
dynamics is more complex, we fit the FCS autocorrelation function by single-
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Figure 15: FCS autocorrelation curves for different focal
volumes for freely diffusing point particles (red points),
monovalent counterions (green points) and monomeric
units of the macromolecule (gray points).
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component model

G(τ)

G(0)
=

(
1 +

4DSCF
CI τ

w2

)− 3
2

, (84)

where DSCF
CI represents the diffusion coefficient of fluoropfores and only this

parameter must be fitted for each focal volume w. In DSCF
CI , the upper index

represents single-component fit and the lower index CI represents fluorescent
counterion.

Table 4: Resultant fit parameters of single-component mo-
del for FCS autocorrelation curves of counterions for dif-
ferent focal volumes w.

w DSCF
CI

[b] [10−2 · b2τ−1
s ]

1 2.430 ± 0.010
2 2.307 ± 0.021
5 1.89 ± 0.05
10 1.44 ± 0.05
20 1.16 ± 0.04
40 1.145 ± 0.015
80 1.130 ± 0.005
160 1.37689 ± 0.00017

Figure 16 shows the FCS autocorrelation curves of counterions fitted by
the single-component model. The fit well describes the FCS autocorrelation
curve of counterions just for focal volumes 160 [b]. The simulation is not long
enough to well describe the dynamics of counterions for this focal volume.
The residuals of fit are shown in figure 17. Since the residuals systematically
deviate from zero, single-component model is not appropriate for the fitting
of dynamics of counterions. Table 4 shows the fit of parameters for each focal
volume. The resultant diffusion coefficients from fit differ from each other.
The difference is in the order of diffusion coefficient. But diffusion coefficients
(the real ones) should be the same. Thus, the single-component model does
not describe the dynamics of the counterions.
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Figure 16: The single-component fit for FCS autocorre-
lation curves of counterions for different focal volumes w
(black dashed lines). The FCS autocorrelation curves are
presented by colored points with error bars.
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Figure 17: Residuals of the single-component fit for FCS
autocorrelation curves of counterions for different focal
volumes w (colored points with error bars).
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Two-component fit

We anticipate that the dynamics of counterions could be described by a
two-state model, where in state (1) the counterion is free and its dynamics
is similar to free diffusion, and in state (2) the counterion is condensed and
its diffusion is confined in the vicinity of the polyelectrolyte. The counterions
dynamically switch between the two states. If the switching dynamics is
slow compared to diffusion, the overall G(τ) could be described by a two-
component model, expressed as

G(τ)

G(0)
= (1 − α)

(
1 +

4DSCF
1 τ

w2

)− 3
2

+ α

(
1 +

4D2CF
MF τ

w2

)− 3
2

, (85)

where α is the equilibrium ratio of condensed fluorophores and total number
of fluorophores, D2CF

MF represents the diffusion coefficient of counterions con-
densed on the macromolecule and DSCF

1 represents the diffusion coefficient
of free counterions which we determined in section Fitting of FCS autocorre-
lation curves as DSCF

1 = 2.650 · 10−2 [b2τ−1
s ]. Then the only free parameters,

that remain to be fitted in the two-component model, are α and D2CF
MF .

Figure 18 shows the FCS autocorrelation curves of counterions fitted by
the two-component model. The fit well describes the FCS autocorrelation
curves for all focal volumes. The residuals of fit, shown in figure 19. They
systematically deviate from zero value, more than the estimated error of
the simulation data, but less than in the case of the single-component fit.
Table 5 and figure 20 show the resultant fit parameters for each focal vo-
lume. The differences in diffusion coefficients D2CF

MF are big as values of the
diffusion coeffitients. But diffusion coefficients (the real ones) should be the
same. Moreover, parameter α rapidly increases with size of the focal volume
but should be also constant. Therefore, the two-component model does not
appropriately describe the dynamics of the counterions.
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Figure 18: The two-component fit for FCS autocorrelation
curves of counterions for different focal volumes w (black
dashed lines). The FCS autocorrelation curves are presen-
ted by colored points with error bars.
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Figure 19: Residuals of the two-component fit for FCS
autocorrelation curves of counterions for different focal
volumes w (colored points with error bars).
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Table 5: Resultant fit parameters of two-component model
for FCS autocorrelation curves of counterions for different
focal volumes w.

w DSCF
1 D2CF

MF α
[b] [10−2 · b2τ−1

s ] [10−3 · b2τ−1
s ] [%]

1 2.650 2.46 ± 0.11 3.54 ± 0.07
2 2.650 1.21 ± 0.05 5.66 ± 0.07
5 2.650 0.99 ± 0.04 13.56 ± 0.15
10 2.650 1.31 ± 0.05 23.90 ± 0.27
20 2.650 2.71 ± 0.13 39.1 ± 0.9
40 2.650 7.3 ± 0.4 64.6 ± 2.4
80 2.650 12.6 ± 0.4 96 ± 4
160 2.650 13.1 ± 0.27 94.0 ± 2.2
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Figure 20: Resultant fit parameters of two-component mo-
del for FCS autocorrelation curves for different focal volu-
mes w. Red color represents diffusion coefficient D2CF

MF and
blue color represents the equilibrated ratio of condensed
fluorophores and total number of fluorophores α.
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Holyst model fit

The Holyst model describes analytically the reversible binding of fluoro-
phore to a macromolecule. The two-component model discussed in the pre-
vious section is the limiting case of the Holyst model for fast diffusion/slow
reaction. The counterions during the Manning condensation do not form
covalent bonds with the PE. However, we assume that the dynamics of coun-
terions during the Manning condensation might be similar to reaction 50
and the FCS autocorrelation curve of counterions could be fitted by Holyst
function f described by equation 51

G(τ)

G(0)
= f

(
w,DSCF

1 , DHMF
MF , η, Q, τ

)
, (86)

where Q is the product of reaction rate and total concentration of fluoro-
phores, η is the ratio of equilibrated number of decondensed fluorophores
and total number of fluorophores, DHMF

MF represents the diffusion coefficient
of fluorophores condensed on the macromolecule and DSCF

1 represents the
diffusion coefficient of free fluorophores. The diffusion coefficient DSCF

1 can
be again approximated by diffusion coefficient of the freely diffusing point
particle DSCF

1 = 2.650 ·10−2 [b2τ−1
s ]. The free parameters of the Holyst model

that remain to be fitted are Q, η and DHMF
MF .

Figure 21 shows the FCS autocorrelation curves of counterions fitted by
the Holyst model. The fit reasonably describes the FCS autocorrelation cur-
ves for all focal volumes, with residuals, shown in 22, almost identical with
the residuals of the two-component fit. Table 6 and figure 23 show the resul-
tant fit parameters. Since the Q is very small number for each focal volume,
the Holyst model fit the FCS autocorrelation curves in the limit of fast dif-
fusion. Again, the resultant fit parameters are not the same for different focal
volumes. As already mentioned in the previous section, if the model correctly
describes the microscopic dynamics, the resultant fit parameters should not
depend on the focal volume.

Our results show that the Holyst model can be used for fitting of the FCS
autocorrelation curves of counterions, but the model does not well describe
its dynamics. The Holyst model expects that the fluorophore is covalently
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bound to the macromolecule but it is not the same during the condensation
of counterions on the macromolecule. The probable reason is that our simu-
lations probe the length scale where dynamics of monomers and condensed
counterions is subdiffusive, therefore, it cannot be described as simple dif-
fusion. Holyst model assumes that both fluorophore and condensed fluoro-
phore have simple diffusion dynamics. A real experiment with focal volume
w ≈ 250µm ≫ Rg would fulfil the Holyst assumptions and might be well
described by this model. This should work with w > 100 [b] in our model,
but our current simulations are not long enough to sample this time scale.
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Figure 21: The Holyst fit for FCS autocorrelation curves
of counterions for different focal volumes w (black dashed
lines). The FCS autocorrelation curves are presented by
colored points with error bars.
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Figure 22: Residuals of the Holyst fit for FCS autocorre-
lation curve of counterions for different focal volumes w
(colored points with error bars).
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Table 6: Resultant fit parameters of Holyst model fit for
FCS autocorrelation curves of counterions for different fo-
cal volumes w.

w DSCF
1 DHMF

MF η Q
[b] [10−2 · b2τ−1

s ] [10−3 · b2τ−1
s ] [%] [τ−1

s ]

1 2.650 2.547 ± 0.021 96.362 ± 0.023 (8 ± 4 )·10−8

2 2.650 1.239 ± 0.011 94.27 ± 0.04 (3.6 ± 1.1)·10−12

5 2.650 1.001 ± 0.013 86.38 ± 0.08 (3.6 ± 1.4)·10−11

10 2.650 1.33 ± 0.06 76.04 ± 0.08 (3.8 ± 1.9)·10−10

20 2.650 2.79 ± 0.18 60.6 ± 0.4 (1.3 ± 0.7)·10−11

40 2.650 7.6 ± 0.6 33.4 ± 2.2 (1.9 ± 0.5)·10−13

80 2.650 11.0 ± 0.7 18.4 ± 1.7 (7.5 ± 2.0)·10−13

160 2.650 9.1 ± 1.1 30 ± 3 (3.4 ± 0.5)·10−13
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Figure 23: Resultant fit parameters of Holyst model for
FCS autocorrelation curves for different focal volumes w.
Red color represents diffusion coefficient DHMF

MF and blue
color represents the ratio of equilibrated number of decon-
densed fluorophores and total number of fluorophores η.
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Decomposition model fit

The dynamics of counterions condensed on a macromolecule have similar
dynamics as the monomeric units of the macromolecule. We demonstrate this
in the section Dynamics of multivalent counterions and PE on the example
of multivalent counterions, which remain condensed during the whole simu-
lation. Therefore we propose a model which is based on decomposition of
fluorophore dynamics to dynamics of free fluorophore and condensed fluoro-
phore on the macromolecule, expressed via equation

G(τ)

G(0)
= (1 − α)

G1(τ)

G1(0)
+ α

(
1 + S

((
GMU(τ)

GMU(0)

)− 2
3

− 1

))− 3
2

, (87)

where α is the fraction of condensed fluorophores, S is the ratio of MSD of
condensed fluorophore and of MSD of monomeric units of the macromolecule,
G1(τ)/G1(0) is the value of the FCS autocorrelation curves of free fluoropho-
res at time τ and GMU(τ)/GMU(0) is the value of the FCS autocorrelation
curves of monomeric units of the macromolecule at time τ . The autocorre-
lation curves of free fluorophores can be approximated by the autocorrelation
curves of freely diffusing point particles. Thus the only free parameters that
have to be fitted are α and S.

Figure 24 shows the FCS autocorrelation curves of counterions fitted by
the decomposition model. The fit well describes the FCS autocorrelation
curves. The residuals of the fit, shown in figure 25, again systematically
deviate from zero value and their amplitudes are comparable with residuals of
the two-component fit but the error bars are much greater than the error bars
of residuals of the two-component fit. Table 7 and figure 26 show the resultant
fit parameters for each focal volume. The parameter S ranges from 1 to 9, but
the parameter α slowly converges from 7 % to 50 %. Number of condensed
counterions should be 50 %, thus, the decomposition model describes the
dynamics of counterions for greater focal volumes. Our decomposition model
yields quite consistent results for 10 [b] < w < 160 [b]. It is inconsistent only
for small focal volumes w. Maybe it could yield conssitent results also for
focal volume w > 160 [b] but our simulation is not long enough to discern
that.
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Figure 24: The decomposition fit for FCS autocorrelation
curves of counterions for different focal volumes w (black
dashed lines). The FCS autocorrelation curves are presen-
ted by colored points with error bars.
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Figure 25: Residuals of decomposition fit for FCS auto-
correlation curves of counterions for different focal volu-
mes w (colored points with error bars).
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Table 7: Resultant fit parameters of decomposition fit for
FCS autocorrelation curves of counterions for different fo-
cal volumes w.

w α S
[b] [%] [-]

1 6.95 ± 0.06 1.0055 ± 0.0018
2 10.41 ± 0.08 1.200 ± 0.012
5 21.3 ± 0.5 1.72 ± 0.07
10 37.3 ± 1.5 3.02 ± 0.22
20 58.0 ± 2.5 6.0 ± 0.5
40 56 ± 4 8.5 ± 0.5
80 47 ± 5 5.4 ± 0.9
160 46.5 ± 2.0 2.1 ± 0.7
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Figure 26: Resultant fit parameters of decomposition mo-
del for FCS autocorrelation curves for different focal vo-
lumes w. Red color represents the ratio of MSD of con-
densed fluorophore and MSD of monomeric units of the
macromolecule S and blue color represents the ratio of
equilibrated number of condensed fluorophores and total
number of fluorophores α.
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Implications of fitting

In this section we discuss the failure of various models to describe the
dynamics of condensed counterions in the context of experimental measure-
ments of Jia et al. [34]. They have used FCS to study diffusion of fluorescent
counterions (cationic rhodamine 6G, Rh6G) in a solution of PE (sodium poly-
styrene sulfonate, PSSNa) and in the presence of fluorescent co-ions (anionic
sulforhodamine B, SRB). They fitted the FCS autocorrelation curves of coun-
terions by two-component model and obtained a good fit. Consequently, they
claimed that the dynamics of counterions can be divided into the dynamics
of a free counterion and a counterion condensed on the PE, represented by
the fast and slow components obtained from the fits.

Let us discuss the two-component model. The Van Hove correlation function
for a counterion can be written as

H(∆r⃗, τ) = αC→CHC→C(∆r⃗, τ) + αF→FHF→F(∆r⃗, τ)

+ αC→FHC→F(∆r⃗, τ) + αF→CHF→C(∆r⃗, τ), (88)

where the notation HC→C(∆r⃗, τ) symbolize that condensed counterion (C)
is displaced over ∆r⃗ within time τ and moreover the state of counterion is
changed from condensed (C) to free (F) etc. This equation corresponds to
the two-component model only if the last two terms become negligible.

Holyst et al. [30] have shown that the analytical model of the FCS au-
tocorrelation function for reversible reaction reduces to the two-component
model in the limit of slow reaction. Thus, in the case of slow condensation,
the second row of equation 88 might become negligible.
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Dynamics of multivalent counterions and PE

Peter Košovan has implemented the life-time correlation function to soft-
ware ESPresSo, which enables to record life-time for how long are unique
particles condensed. The life-time is time which the analyzed particle spends
in proximity of the macromolecule which is specified by adjustable para-
meter d. We tested by CG MD simulations with Langevin thermostat for
how long is the counterion condensed or free. The proximity of the macro-
molecule have been defined as maximal distance from the macromolecule
d ∈ {1.40, 2.00} [b]. The average life-times for the condensed counterion and
the free counterion are almost the same and lie approximately in range from
5 [τs] to 15 [τs] for both constants d. The life-time correlator have been im-
plemented just for the Langevin dynamics but we expect similar results also
for the Brownian dynamics.
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Figure 27: MSD of freely diffusing point particles (red
points), monovalent counterions (green points), monome-
ric units of the macromolecule (gray points), center of
mass of the macromolecule (black points) and doubly
charged counterion (blue points).

Since the monovalent counterion often condense and decondense, we per-
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formed CG MD simulations of fully dissociated PE of length N = 50,
N−z monovalent counteions and one z-valent counterion. Already the doubly
charge counterion z = 2 stays whole duration of simulation in the proximity
of the macromolecule. Consequently, the dynamics of condensed counterion
can be studied. The figure 27 shows the MSD of all species in the simulated
system. The MSD of doubly charged behaves as the freely diffusing point
particle on short time scales but for long time scales, its dynamics is slower
than the dynamics of freely diffusion point particles or monovalent counteri-
ons and faster than the dynamics of monomeric units of the macromolecule.
Since the doubly charged counterion is condensed on the PE during whole
simulation, we expect that for time scales longer than the duration of the si-
mulation, the MSD of the doubly charged counterion converges to the MSD
of the center of mass of the macromolecule.
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Figure 28: MSD of freely diffusing point particles (red
points), monovalent counterions (green points), monome-
ric units of the macromolecule (gray points), center of
mass of the macromolecule (black points) and multivalent
counterions (blue dashed lines). Error bars of multivalent
counterions are not displayed for better readability.

Figure 28 shows the comparisson of MSD for double, triple, quadruple
and quintuple charged counterion, for monovalent counterions, for freely di-
ffusing point particles, for monomeric units of the macromolecule and for
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the center of mass of the macromolecule. As the charge of counterion incre-
ases, the dynamics of counterion decreases. In the case of quadruple and of
quintuple charged counterion, its MSD is less than the MSD of monomeric
units of the macromolecule. It is caused by encapsulation of counterion by
the macromolecule which disables it to displace far. Since each multivalent
counterion is condensed on the PE during whole simulation, we expect that
for time scales longer than the duration of the simulation, the MSD of each
multivalent counterion counterion converges to the MSD of the center of mass
of the macromolecule.

Dynamics of charged oligomers and PE
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Figure 29: MSD of freely diffusing point particles (red
points), monovalent counterions (green points), monome-
ric units of the macromolecule (gray points), center of
mass of the macromolecule (black points) and charged
oligomers (blue dashed lines). Error bars of charged oli-
gomers are not displayed for better readability.

We performed CG MD simulations with Brownian dynamics of fully dis-
sociated PE of length N = 50, N − q monovalent counterions and one q-mer
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as a q counterions connected by covalent bond. Figure 29 shows the MSD of
all species in the system. The MSD of charged dimer, trimer, tetramer and
pentamer are inserted into the same graph. The figure shows the dynamics
of charged oligomers is similar to behavior of multivalent counterions but
the MSD does not decreases bellow the MSD of the monomeric unit of the
macromolecule. Since each charged oligomer is condensed on the PE during
whole simulation, we expect that for time scales longer than the duration of
the simulation, the MSD of each charged oligomer converges to the MSD of
the center of mass of the macromolecule.
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Conclusions and
future outlooks

We performed coarse-grained MD simulations of PE solution with mo-
novalent counterions. The dynamics of counterions is generally slower than
the dynamics of freely diffusing point particles because for a certain fraction
of time the counterions diffuse condensed on the polyion which has a low
diffusion coefficient.

The dynamics of counterions has been analyzed via FCS autocorrelation
functions calculated from the simulation trajectories. In our previous pub-
lications [39, 40], we showed how to calculate the mean squared displace-
ment (MSD) from the FCS autocorrelation curves G(τ). In this work, we
tested fitting of the FCS autocorrelation curves for counterions by single-
component model, two-component model, Holyst model [30] and a newly
proposed decomposition model. By single-component fitting, we showed that
the dynamics of counterions is more complex than free diffusion. We showed
that other three models well describe the FCS autocorrelation curves but
do not describe the dynamics of counterions. Our newly proposed decom-
position model yields quite consistent results just for great focal volumes.
Therefore, if the dynamics of monomeric units and condensed counterions
is analyzed on length scale where their dynmics is subdiffusive, we conclude
that the dynamics of counterions condensed on the polymer chain cannot be
well described by any of the presently available analytical models.

We also performed coarse-grained MD simulations of PE solution with
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monovalent counterions and with one multivalent counterion or with one
charged oligomer. The multivalent counterion and also the charged oligomer
remained condensed on the PE during the whole simulation, because they are
more electrostatically attracted to PE than the monovalent counterions. On
short time scales (1 [τs]−100 [τs]), the dynamics of multivaltent counterions is
slower than the dynamics of free diffusing point particles, moreover, the dy-
namics of quadruple charged and of quintuple charged counterion is slower on
this time scales than the dynamics of monomeric units of the macromolecule.
The dynamics of charged oligomers on short time scales is also slower than
the dynamics of free diffusion point particle but faster than the dynamics of
monomeric units of the macromolecule. For long time scales (> 100[τs]), mul-
tivalent counterions and charged oligomers are slower than the monovalent
counterions. Since the multivalent counterion and the charged oligomer are
condensed on the PE during the whole simulation, we expect that for time
scales longer than the duration of the simulation, the MSD of the multiva-
lent counterion and of charged oligomer converge to the MSD of the center
of mass of the macromolecule.

In future, we would like to analyze the dynamics of counterions on time
scales when the dynamics of counterions is not affected by internal dynamics
of the macromolecule. The MD simulation using the Langevin dynamics are
not affected by Langevin thermostat on long time scales. Therefore, we can
use the MD simulations with Langevin dynamics where are also implemented
life-time correlator for condensed/decondensed counterions.
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List of abbreviations

C Condensed counterion
CCT Counterion-Condensation Transition
CG Coarse-Grained model
Cy3 Cyanine 3
DLS Dynamic Light Scattering
ESSPreSo Extensible Simulation Package for Research on Soft Matter
EOM Equation Of Motion
F Fluorophore
F Free counterion
FCS Fluorescence Correlation Spectroscopy
FENE Finitely Extensible Nonlinear Elastic potential
FFT Fast Fourier Transformation
FRET Fluorescence Resonance Energy Transfer
GFP Green Fluorescent Protein
HMF Holyst Model Fit
LJ Lennard-Jones potential
M Macromolecule
MC Monte Carlo simulation
MCM Multi-Component Model
MD Molecular Dynamic simulation
MF Macromolecule-Fluorophore
MF Mean-Field theory
MSD Mean Squared Displacement
MSD∗ apparent Mean Squared Displacement
MU Monomeric Unit
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NMR Nuclear Magnetic Resonance
OF Other Factors
PAA Polyacrylic Acid
PBC Periodic Boundary Condition
PCH Photon Counting Histogram
PDDA Poly(Diallylmethyl Ammonium)
PE Polyelectrolyte
PE Polyethylene
PEO PolyEthylene Oxide
PS Polystyrene
PSF Point Spread Function
PSSNa Sodium Polystyrene Sulfonate
PU,PUR Polyurethane
PVC Poly(Vinyl Chloride)
P3M Particle-Particle-Particle-Mesh method
QELS Quasi-Elastic Light Scattering
Rh6G Rhodamine 6G
SANS Small Angle Neutron Scattering
SAXS Small Angle X-ray Scattering
SC Strong-Coupling theory
SCF Single-Component Fit
SEC Size Exclusion Chromatography
SI International System of Units
SRB Sulforhodamine B
WCA Weeks-Chandler-Anderson potential
2CF Two-Component Fit
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