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σ
41(��}2.&ÿ���´�H�5"%8(�4'5S�7�.-Ò�O(e6³·B/7)y67�e&
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����O(�6³·B/7)y67�i&1(P#3��5"%8(�4'5S/7)y60	 c ����
b�z67`h)y%')y60	 c ����
³¬.`a¾�{P67`a6<�B��2.9y%8��¼
[I(

T
+ ∆

T
,
E
, ν, t+ ∆t) − I(

T
,
E
, ν, t)] dS dω dν dt =

[η(
T
,
E
, ν, t) − χ(

T
,
E
, ν, t)I(

T
,
E
, ν, t)] dS ds dω dν dt .

	 c ����
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∆I =
∂I

∂s
ds+

∂I

∂t
dt =

(
∂I

∂s
+

1

c

∂I

∂t

)
ds ,

	 c ��~�
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∂/∂s
`a¾�{P67`a6$�B��2.9y%8��¼����O( E

.∇ ��Ç416$2.�����.2B��48���y67���i��#�41%'&'#e,§	@�B��2.4'9��������h�'6}� �"(�41(��}`a67�.-�`a(e�.67�H2.41(�&',.5S6748���"/7)y6 
b%8�
nx = (dx/ds) = cosθ ≡ µ

¬"��2.416;�P��%1(_#O(��"67�_�}#�)y%'���Ì%1)�&',B��/7)�,*¬
∂/∂t = 0

¬.�.(�%1&8�}#���`a6
µ
dI(ν, µ, x)

dx
= η(ν, µ, x) − I(ν, µ, x)χ(ν, µ, x) .

	 c ���P �

θ
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τν

���O(
dτν ≡ −χνdx

	 c ����� 
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Sν
���O(

Sν ≡ ην

χν
.

	 c ���PX�
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x
��,.0.�y6

µ
�a�_�P#e)y%1�y(�%'¼x�B��@4167��#O67�"/7)�)*#��_�1��� 4',���67`a6;)��"�.6 � (�` ν

¬ `a¾�{P67`a6;�B��2.9y%8��¼b41(P#��.)y/7,|2.4167�"(�%',3{})���4167�.)��h#�&'#���416
µ
dIν
dτν

= Iν − Sν .
	 c ���Pc�
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� #O(���0.����� )��"(P#O!70"(J��&1��`�,*�

B12
¬
B21

�
A21

%'�UKu)�� [%'&167)��"(P#O6h�O(�6³·B/7)y67�i&¨�Ì2.416F)y&X+3�"�M&��32v7 ¬I+�682v.�7y(*�"!$)"9u���3.�2®+X2v7���+p���"9�6p#"9s9s7§��.�2®+X2v7��
C12

�
C21%'�µ�}48��{}�O(P#O!��O(e6³·B/7)y67�e&ÿ�O�Ì 28)"���"!M»S)'&X+��"��&�º39s»%=,� �v­A��2t��9�6û�O(�4167�y(P#����.-�(�%'&')�`<,.�y(_#����e�Ì67`h)y%')�,h�'6$�"���.-|���O(

κν =
hν0

4π
(n1B12 − n2B21)φ(ν)

	 c ���7�y
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CC12 21A BB12 J J2121

Px5.48���P(��½c ���;Yî\�/80"67`���&')y/1�O! �}�B���P(�4'�"67�.)y6 67�y67`a67�i&'48��4'�e��/80Î2.41(e/}6}%1(_#:#:� #O(���0.����� )��"(P#O(�`��&1��`a6��
�Fº32t)"���"!M»S�3.�2®+X9u»�=,� �v­Í�32t�39u6

ην =
hν0

4π
n2A21φ(ν) ,

	 c ���P��

���.6

n1
�
n2

%'�²2�(�2.,.����/7)y6�	F(�5"%8��� �P(P#���/7)y6$�79y%'����
u0.����� 9��
1
¬�416}%'2�67��&'9�#O6

2
�
φ(ν)

��6�)'&X+��"�M&�º39s»�����5­Î(�#��t�'��� 4',����"/7)o0i,"%'&1(�&',�2.48�P#��.672�(e�.(�5.�"(�%1&')´¬*{P6��F(�&1���*¬*��5"%8(�4'5S(_#����.-O¬�416}%12S67��&'9�#O6h67`h)�&1(�[#����.-Ú#Ú�7)���416
1 − 2

¬�5.,"�.6µ`���¼a�@4167��#O67�"/7)�,l#Ò41(��P%8��0i,
(ν, ν + dν)

��Hx5"%1(�4'5S�7�.-Ò2.41(�·"�Ç�'6�"(�4'`�����)��P(P#����.-|�B�x�'6}� �"(�&'�e,
∫

∞

0
φ(ν)dν = 1 .

	 c ���P��

Æ 2.4'9�2B���.6��7)y%1&1!70"(ÐÏ��X����(Å�����"!�+Ñ=;ËX���<��� 13�XÒv����9u28)�	@41(��P�'9�4167�.)���#µ�.¾�%'�y6}� ��,3&1672�67���"!70"(�2�(�0i��5.,�
��6;��5"%8(�4'5S�7�.-�2.41(�·"�H�"���.-µ���O(

φ(x) =
1√
π
e−x2

,
	 c ���_«;


���.6
x
��6��F4167��#O67�"/7)��z#<�'6}� �"(�&'����/103�.(�2.2.�y6741(_#�%'�O6]���19�4'�e���7)���4'�O�

x ≡ ν − ν0

∆νD
.

	 c ���M��

∆νD = (ν0/c) vth

��6<��(�2.2.�y6741(_#�%1���²�'9�4'���a%b&1672�67���"(�,�4'-�/80.�y(�%'¼1(�,
vth = (2kT/m)1/2 ¬ m �'60.`a(�&'�"(�%'¼���&1��`�,*�Æu(z#��86}(�5S6}/7�"(�%'&')*% �<�B��41(��P�19�4167�.9H%'2�67�e&'48�����e��/80|�7)���4�2S(�� )y67+8�t�]���t�Î����2®���M� 1$��9:Ë7¬ÃÂ�6p)"�X=,�"!�+X="Ë�)Ó )"9��'����Ô�)�)"(�+3�;!$�%�5� 13�XÒv���39s2t�<2�(�2.9y%8���"!$�*(�4167�e&'�P(P#�-e`�2.41(�·"�y(�`

φ(x) =
a

π

1

a2 + x2
.
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H(a, x) =
a

π

∫
∞

−∞

e−y2

dy

(x− y)2 + a2

	 c ��X� �

�z�"(�4'`a(P#����.-|��5"%1(�4'5��7�.-�2.41(�·"�H2S(�&1(�` `a¾�{P67`a6;�B��2.9y%8��¼x���O(

φ(x) =
H(a, x)√

π
.
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a = Γ/(4π∆νD)

��6x&'��`h)���/7)�2B��48��`a67&1674�#e�t�1��� 4167�.-a#;�'6}� �"(�&'����/80µ��(�2.2.�y6741(_#�%1�O6]��'9�4'�e�µ�
Γ
�'6;��&1(�`���4'�i�µ�.&'��`a(_#e-�2B��48��`a67&1674P�Õ �4)��3286873#��7)���416$`a¾�{P67`a6$�B��2.9y%8��¼x���O(

κx = κφ(x) ,
	 c ��X�X�
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ηx
¬ � �.6

κ
�'6$/}67���O(P#��h(�2B��/7)�&8�z)��e&167±�41(P#����B��/}67�$�F4167��#O67�"/7)y6��

�Ç4')Z2S(�,.{})�&'9�=,�".���(Å�3689:�v�r�����"2®+�68��2t&��4�32p�Ö	p@�wx�©[L@�(�`h2.�y67&16�w�6}��)y%'&'4')�5.,.&')y(���
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α
¬"�
β
¬"Ë3±LCÑC

h
�
k
¬"��&1Í���¬B��2S(�� 41(�5.�"6]�'�')y6���6Z2�(�2.9y%8���B�z#��P��%'&')Hc � �"�× �"�5���3�"!,#QÆX7�94=,�32t)²#²�7)���416$2.416�@�w�� ��6Z�"67�_�P#e)y%1���z�B���F4167�e#O67�"/7)�)
Sν ≡ ην

κν
=

n2A21

n1B12 − n2B21
≡ SL .
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n2/n1
�'6$�"���.-�41(P#��.)y/}(�,���6p)�682¿+36828��=;�v�G���"!M9��"!,#,�'w

n1(R12 + C12) = n2(R21 + C21) ,
	 c ��X��y
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R12

¬
R21

¬
C12

�
C21

%'�µ{})���4')�#O!$416}%12S67��&'9�#O6Z�}48��{}�O(P#O!��O(e6³·B/7)y67�e&ÿ�O�
R12 = B12

∫
∞

0
Jν φ(ν) dν ≡ B12J̄

	 c ��X���

R21 = A21 +B21

∫
∞

0
Jν φ(ν) dν ≡ A21 +B21J̄

	 c ��X���

J̄
�'6Z2.4')y67`a674'�B�h)��e&167�.�})�&8�h)��e&167±�41(P#����B�a/}67�;# �167&'���a�F4167�e#O67�"/7)y6;%b#���0"(�,

φ(ν)

J̄ =

∫
∞

0
Jνφ(ν)dν .
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���&1672.�y(�&ÿ�|�z#��}¼8��0µ`a6}� �})*�.)�`h).�'6

C21

C12
=
g1
g2
e

hν0

kT .
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B21/B12 = g1/g2

¬
A21/B21 = 2hν3

0/c
2 ��2S(�2.4167#O6}�.67�.9M�.)y67�O(�+'�e- /10k����±O675.48��)y/1��-�/803�.2.48�}#µ�.(�%'&8���"67`a6;�0	 c ��X�c�
ÆX7�9���)".0��9�6p#"(�9u7F�5�;!M9s2t�37|2.416$�P� 41(��'(P#��µ�F,.�.�O/7)�,|#²&'#���416

S = (1 − ε)J̄ + εBν0
,

	 c ��X�~�

���.6

ε =
ε′

1 + ε′
; ε′ =

C21(1 − e−hν/kT )

A21
.
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�
ε
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ε ≈ C21

(C21 +A21)
,

	 c ��c � 
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���)��"6P��4'�"(�,��F,.�.�O/7)y(�,

J̄
�b°M(��"672.����&'9#O(h# �16}(�5S6}/7�"(�` 2.4'9�2B���.6$#e)���/80.����� )��"(P#O!70"(µ��&1��`<,*�
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�Ç416��'6}� �"(�41(��}`a674'�i��2.�����.2B��48���y67���i��#�41%'&'#e,µ�O(��"6}�7�"6]�b0.4'�.5.���O¬.�B��2.4P�*��6}� �"(�41(��}`a674'�.-µ`a(��.67�2.41(�&',.5S6748���"/7)y6�¬
`a¾�{P67`a6$�B��2.9y%8��¼��B��%'�y6}�.(P#��"!����B������&')y/1�O!$4')y6}�867�.)���Y
)�
�Æ:2.4'9�2B���.6�¬
{P6$�"67`���`a6�{})���� �i,���5"%1(�4'5S/7)�,k���.)M67`h)y%')�,*¬
�7)�{P6

χν = ην = 0
¬B%8�z41(_#e�.)y/P�	 c ���P �
û�}416}� ,.�e,��'6$�B��41(P#��.)y/7,

dI

dx
= 0 ,

	 c ��c�X�

��&1(�48��`��z&'4')�#�)������"6$4')y6}�167�.)y6

I = const,
	 c ��c�c�


#��t�'��� 4',����"/}6²� ����&P¬u{P6�2.4')���5"%167�"/7)�)�)��i&16748���O/7)y63%z0.`a(�&1(�, �P(�%'&8�}#��k)��i&167�.�})�&8��{})���4167�.)���O(��"�1&8���i&'�B� �
& 
SHx��,.#���{},��'67`a6$�y67�367`h)y%')�,*¬

χν = 0
�
ην > 0

¬.�.(�%'&8�}#���`a6;41(_#e�.)y/7,
µ
dI(ν, µ, x)

dx
= η(ν, µ, x) ,

	 c ��c��y

��&1(�416]�û4')y6}�167�.9�` �'6

I(ν, µ, x) = I(ν, µ, 0) +

∫ D

0

η(ν, µ, x)

µ
dx .

	 c ��c���

°M67�i&1(�2.4'9�2B���k%8��#e��,.{}9�#��h�B��(�2.)y%�{})���4167�.)��²67`h)�&1(_#����"!70"(µ(�2.&')y/8�e�Ì&167�.�e-�`h)D�O(��"6}�7�"(�[41(��}`a674'�.-�`h)*#�41%'&'#���`h)´�

� 
 ¨ )���� �B�Z67`h)y%1)�� ¬O�y67����5"%1(�4'5�/7)�� ¬
ην = 0

�
χν > 0

�ow�(_#e�.)y/7,�	 c ���P �
M`a¾�{P67`a6b%o2�(�`a(�/}(�,	 c ����� 
û2.4167#e)y6}%'¼��B�h&'#���4
µ
dI(ν, µ, τν)

dτν
= I(ν, µ, τν) .

	 c ��c���

�u416

I
�.(�%'&8�P#���`a6

I(ν, µ, τν) = I(ν, µ, 0)e−τν/µ .
	 c ��cO«;
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SHx�Ì`���`a6²��5"%1(�4'5S/7)�,Ò�t�Z67`h)y%')�,*¬D�7)�{P6
χν > 0

�t�
ην > 0

¬*4')y6}�867�.9�` 41(P#��.)y/}6a2.4167�"(�%',{})���4167�.)��h�.(�%1&8�}#���`a6L� ��(�9�ËÎÆ��"��.L#"(�9��R��2t������9s2p�;41(P#��.)y/}6;2.4167�"(�%',|{})���4167�.)��
I(ν, µ, τ1) = I(ν, µ, τ2)e

−(τ2−τ1)/µ +

∫ τ2

τ1

1

µ
Sν(t)e

−(t−τ1)/µdt .
	 c ��c;��


Hx5"%1(�4'5��7�.-Ì��67`h)y%1�.-3�O(�6³·B/7)y67�i&$%'���'2�6}/7) ·B/1��-e`h)M�@,.�.�O/7)���`h)o�F4167��#O67�"/7)y6z��2�(��y(�0i�O�$Æ2.4'9�2B���.6|��w��¢	F�P��%'¼�c � �y
x�'6�67`h)y%'�.-ª2.41(�·"���_�}#�)y%'��-ª�B��2S(���)�{})���4167�.)�� ¬���2.4167&1(��'6�0"(�"67`a(�{}�"!$�_���"��¼�5S67�;2.416}�./80B��� �_�t�]�"/}670"(²4')y6}�167�.)��z2.4167�"(�%1,|{})���4167�.)�� �
�,
��Z���O(��.)y6}/�`a¾�{P67`a6��B��2.9y% ��¼M� (�4'`������"6�4')y6}�167�.)y6�2.416�=,�"9:��º�9��"��� 13.0����9s�����;.��Ñ´'Ë�9s9s70�'�,+X�= 7 ¬x���.6

τ1 = 0
�
τ2 = T < ∞ �ÞHx�l2.416}� 2�(��e�����"��`a6k0"(�`a(�±O!7�.�"(�%1¼P¬x2�(�&1(�` ��6�P� 41(��'(P#����@,.�.�O/7)��²�"67�_�}#�)y%'���²�B��(�2.&')y/1�O6]�Z04��5.�O6�¬

Sν(τν) ≡ Sν
��Hx�|5.,"�.67`a6z,.#���{P(P#���¼)�5B���"(�4'`����y(_#e-|%'`a674b�19�4167�.)��h%8��{})���4167�.)�� ¬B�7)�{P6

µ = 1
¬ 4')y6}�867�.)y6$5.,"�.6$`���¼b&'#���4

I(ν, 1, 0) = Sν(1 − e−T ) .
	 c ��c�~�


Æ 2.4'9�2B���.6�¬�{P6��'6
T � 1

¬��.(�%1&8���"67`a6
I(ν, 1, 0) = SνT

�ÒY$6}ÍÇ{P6��P� 41(��'(P#��Ì�@,.�.�O/7)��2.416}�.%'&8�P#e,��'6�2�(e�}67&u�F(�&1���"(_#a67`h)�&1(P#����.-�/80��B�û�'6}� �"(�&'��,�(�2.&')y/1�O6]������{}���O¬O&8���z2.416
T � 1`���`a6��X�:682t��= wL6���9s= »h2.4'9�2B����¬.�7)�{P6�`h)��.)�`������e,3��5"%1(�4'5�/7)�,*�Ç°H(��}�B��`a67�B� ¬ {P6�2.48����&')y/1���# �167&'���²67`h)�&1(P#����"!$� (�&1���i�µ(�2.,"%'&')��h#e41%'&'#�,*�Hx�

T � 1
¬
2�(�&1(�`

I(ν, 1, 0) = Sν
¬��}(�2.416}�.%'&8�P#e,��'6S�X�:682t��= wS�'��74&ÑËz2.41(�%'&'416}� )y6��Z°û-�`2B���.(�` ��6�#O67+'���3#�»��}�')��B��� (�&1���"(P#J67`h)�&1(_#����.- /10Ú0.��5"�')y6����O(

τν = 1
��5"%1(�4'5�(P#����B�|#O(#�41%'&'#O6;�z(�2.�"�'¼8�t���h��,µ�y67�µ�F(�&1���e�²#����e416}(_#����"!$#�04��5.�O6

τν ≤ 1
�
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non
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³¬"416}%'2�67�e&'9�#O6Z`a(��"(�±�48�t·
���M6748��)���0�	 X� � �X�
³�

�Ç48�}# �.672S(��.(�5.�"(�%'¼P¬S%����O(�,3%8�h2S(�0.��&167�.-�� (�&1���3%û�F4167�e#O67�"/7)y(�,
ν ′

�y67&')���/7)H�P(a%'`a674', E
′
#���{})���4')�.(a%'`a674', E %��@4167��#O67�"/7)y(�,

ν
�'6$�"���B�z#��}¼8��0"(�`
R(ν ′,

E
′, ν,

E
)dν ′dν

d
E
′

4π

d
E

4π
,

	 c � �i �

���.6

R(ν ′,
E
′, ν,

E
)
�'6������;2¿+368�X2p&�74º39�#QÆ�7y94="�328)²/10B��48����&1674')��},����"/P�a0e,"%'&1(�&',|2.48�}# �.672�(e�.(�5.�"(�%'&')´�

R(ν ′,
E
′, ν,

E
)
��6��"(�4'`a(_#����B�<�B���'6}� �"(�&'�e,����O(;)��e&167±�48���S/}67�b# �167&'���<�F4167��#O67�"/7)y6x�$2.4')y6}%1&1(�41(P#O!,.0.���

∫
∞

0

∫
∞

0

∮ ∮
R(ν ′,

E
′, ν,

E
)dν ′dν

d
E
′

4π

d
E

4π
= 1 .

	 c � �"� 

�û��%'&1(a%8��&')y67{;#���,.{}9�#���&'#���4�,.0.�y(P#O(�#e� %'&'416}�.(P#����"6]�û416}� )y%'&'4')�5.,"�7�"6]���@,.�.�O/7)y6

R(ν ′, ν)

R(ν ′, ν) = 8π2

∫ π

0
R(ν ′, ν,Θ)sinΘdΘ ,

	 c � �iX�
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Θ
��6Z,.0"(���`a6}� �})D%'`a674'`h) E

′
� E �Æ 2.4'9�2B���.6��uw�� `a¾�{P67`a6$�B��2.9y% ��¼b�P� 41(���(_#e�3�@,.�.�O/7)�,µ#��7)���416<���O(

SL =
njAjiψ(ν)

niBijφ(ν) − njBjiψ(ν)
.

	 c � �ic�

���y67�

njAjiψ(ν)
2.416}�.%1&8�}#�,���6u%12S(��e&8���.�i,�67`h)y%1)�,*¬

njBjiψ(ν)
%'&')�`�,.�y(P#����i��67`h)y%')�,��

niBijφ(ν)��5"%1(�4'5�/7)�,*�H�5"%8(�4'5S�7�.-;2.41(�·"�
φ(ν)

��6�(e� ��)y�1�.-<(e��67`h)y%'�"!70"(�2.41(�·"��,
ψ(ν)

¬��B��41(��P� )y67�"(e��@�w��z¬t2.416���&1(�4'�`��z�P� 41(��'(P#����@,.�.�O/7)��
SL &'#���4�	 c ��X�c�
³�KÇ`h)y%'�.-�2.41(�·"�

ψ(ν)
��6$�"���.-|���O(

ψ(ν) =

∫
∞

0 R(ν ′, ν)J(ν ′)dν ′

J̄
,

	 c � ���y

���.6

J̄
�'6Z2.4')y67`a674'�B�h)��e&167�.�})�&8�h)��i&167±�41(_#����B�²/}67�$# �167&'�e�²�F4167�e#O67�"/7)y60	 c ��XO«;
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³�)�
SHx��`���`a6�2.416;#�)����_���"(�[´#e)����_���"!�2.416}/10"(�� �3(�5�6<0.����� )��e�3(�%'&'41!S	F(�5.48���P(��Ìc ��X�
³¬
41(��}2.&ÿ����'6Z�O(�0"674167�i&'�.-3�h��&1(�`���4'�B�a416}� )y%'&'4')�5.,"�7�B�z�F,.�.�O/7)��z`���&'#���4

rI(ξ
′, ξ) = δ(ξ′ − ν0)δ(ξ − ξ′) ,

	 c � �i��

� �.6

ξ
�
ξ′

2.416}�.%1&8�}#�,��]�367`h)y%1�i�*¬.416}%'2�67��&'9�#O6<��5"%1(�4'5��7�i�µ�F4167�e#O67�"/7)�,*�°b��&1(�%')�&',B��/7)��z�"67�P(�� 2S(_#O6}�"�h{})���� �"6]�û416P�����"6]��%12S67��&'48�����"6]�û�7)���416��

Px5.48���P(�� c ��X�Y�\�/10"!7`��J,"%'2�(�4')����"���.)���2�(e� 0.����� 9�� � #O(��]0.����� )��"(_#O!70"(s��&1��`<, 2.416���&1(�`���4'�e,416}� )y%'&'4')�5.,"�7�i�Ì�F,.�.�O/7)�,
rI
�

& 
�ÆÎ2.4'9�2B���.6�¬�{P6²%12S(�� �B�|0.����� )��B���'6²(�%1&'48�Ì�30"(�4'�B�Ì0.����� )��B�341(��P�19�4167�B�U	F(�5.48���P(��Úc ��c�
³¬`a¾�{P67`a6;2.416<��&1(�`���4'�i,Ì416}� )y%'&'4')�5.,"�7�i�Ì�@,.�.�O/7)�,3�B��2.9y%8��¼
rII(ξ

′, ξ) = Lj(ξ
′ − ν0)δ(ξ − ξ′) .

	 c � �i��

�H(�4167�i&'�P(P#µ2.41(�·"�

Lj
�'6$�"���.-µ���O(

Lj(ξ
′ − ν0) =

1

π

δj
(ξ′ − ν0)2 + δ2j

,
	 c � �e«;


� �.6
δj
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rIII(ξ
′, ξ) = Lj(ξ

′ − ν0)Lj(ξ − ν0) .
	 c � �'��
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V
�

Px5.48���P(�� c ����Y�\�/10"!7`��J,"%'2�(�4')����"���.)���2�(e� 0.����� 9�� � #O(��]0.����� )��"(_#O!70"(s��&1��`<, 2.416���&1(�`���4'�e,416}� )y%'&'4')�5.,"�7�i�Ì�F,.�.�O/7)�,
rIV

�
�$
��D(�%'�y6}� �.- 2.4'9�2B��� 2.����&'9;2.416�%',.5�(�41� )��B��&'�"6��7)���4'�Þ	F(�5.48���P(�� c ����
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rV (ξ′, ξ) =

∫
∞

−∞

Li(ξ
′ − t)Lj(t− ν0)Li(ξ − t)dt .

	 c � �i~�
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rV

�
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R(ν ′, ν) = γRV (ν ′, ν) + (1 − γ)RIII(ν
′, ν) ,

	 c ���� �

���.6

γ
��6$�"���B�����O(

γ =
Pj

Pj +QE
.

	 c ��� � 

Pj

�'6û4'-�/80.�y(�%'¼��.672�(�2.,.����/7)y6
j
[´&16]�Ç0.����� )��i���

QE
�'6��}48��{}�O(P#�-z�O(e6³·B/7)y67�e&�2.416b67����%'&')y/8�O!b�}48��{}���O��Ç416}/10"(��?	

r → R


�'6��"���.-�#�� %'&'416}�.(P#����.9�`½��&1(�`���4'�"6]�u416}� )y%'&'4')�5.,"�7�"6]�o�F,.�.�O/7)y6

r
/}67��Ë�� ��î 6³[�y(�#O6$41(��P�.67�y67�.)y6���&1(�`���4'�e��/80Ì4'- /10.�y(�%1&'9´��Ç416$4167�P(��B���"�7�"!�%'2�67�e&'48�����"6$�7)���4'��`a¾�{P67`a6

RV
�B��0.48��� )�¼x2S(�`a(�/}(�,

RII

R(ν ′, ν) = γRII(ν
′, ν) + (1 − γ)RIII(ν

′, ν) .
	 c ����X�


��&16]��&1($41(P#��.)y/}6o�'6û�}416]�]`a!�¬e{P6û#���)�`h)�&'�"(�`½2.4'9�2B���.6�%Ç�.9��}����` 2S(��7&1(�` �}48��{P(��F	
γ → 1


D`���`a6�e#����}) [´�O(�0"674167�i&'�.-�41(��}2.&¨�e�´¬Z416}%12S67��&'9�#O6k# (�2B���7�"(�`�2.4'9�2B���.6��.2.���"6��"67�O(�4167�y(P#����.- 41(��}2.&ÿ���	p@�w��G
³�
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non
[ÿ��°³K �_�}#�)y%'�y!²�B�|2�(�2.,.����/7)�)�0.����� 9��*¬o��&1(�41!<��6�`a(�{}�"!��}9y%'����¼�2S(�,.{})�&'9�`41(P#��.9y/|�'&8��&')y%'&')y/8�O6]�z41(_#e�"(_#���0e�i	8K�\�K [�KÎñe,B��&')y(��"%�(��;\e&8��&')y%'&')y/P���²KÎñe,.)���)�5.4')�,.`%
z�B��0.48��� �_�t[�]�"/7)�`h)Ãòû(���&'�}`����"(P#�,µ41(P#��.)y/7,µ2.416Z�e°³Kb� Æu(�# �16}(�5S6}/7�"(�` 2.4'9�2B���.6�`��t���SK�\�KÚ&'#���4G	8��67)��.�P67�X� � ��y

dni

dt
=

∑
nj(Rji + Cji) − ni

∑
(Rij + Cij)

	 c ����c�

dni

dt
=
∂ni

∂t
+
∂niv

∂x
,���.6

ni
�'6a2�(e�}67&h��&1��`a(P#�#ª%'&8�}#O6

i
¬
v
��6�`����e41(�%1�O(�2.)y/1����4'-�/80.�y(�%'¼�&1(���,Ò2.�����}`<�Ò�

Rij
%'�{})���4')�#O!;�O(�6³·B/7)y67�i&ÿ�O��
48��{}�O(P#O!��O(e6³·B/7)y67�e&ÿ�

Cij
¬ 416}%'2�67�e&'9�#O6

Cji
%'�3�"���"!;���O(

Cij = neΩij(T ) ,
	 c �����y


���.6
ne

�'6$67�y67��&'41���"(P#��h0i,"%1&1(�&8�a�
T
&1672.�y(�&8� �w�(P#��.)y/P�01 )������"!,)"9s2t)09:#'&��5��)²`���&'#���4
∑

NkZk = ne ,
	 c ������


���.6
Zk

�'6�%'&',.2�63NJ)y(��.)��_��/7)y6��
Nk

0i,"%'&1(�&8����&1��`a(P#J#�)y(��.)��_���7�"(�`É%'&8�P#O6
k
�<Hx��2S(��}�B��`a6�Ñ��(�=,�"!M»L���MºÑ�36�º�),+368Ò8�

N =
∑
Nk + ne

¬�`a¾�{P67`a6z�P(�%1&8�}#O(P#O6]�Z41(P#��.)y/}6z2.416�&'�����32.�����i,
pg =

NkT
#��e2�(��79�&8��¼�0e,"%'&1(�&',

ρ
�H��B���y(�±�)y/8�e�ª���O(|2.416�� #O(���0.����� )��"(P#�-ª��&1��` c ��X|2.����&'9�2.416a{})���4')�#O!��O(e6³·B/7)y67�e&ÿ�

Rij = Bij J̄ij2.416b��5"%1(�4'5S/7)�,a�
Rji = Aji+BjiJ̄ji

2.416�67`h)y%1)�,*�
J̄ij

�'6�2.4')y67`a674'�B��)��e&167�.�})�&8�Z)��i&167±�41(_#����B�;/}67�#��167&'���²�@4167��#O67�"/7)y6;2.416;�7)���4',�	
ij

b�"���B�a���O(?	 c ��XO«;
³����)y%'&1!${})���4')�#O!<�O(e6³·B/7)y67�e&ÿ�µ�_���.6³·"�i,��'67`a6���O(

Rnet
ij ≡ njAji − (niBij − njBji)J̄ij .

	 c ������

©;ä�ó ô½ô��¡ýoúSò8ö
çbìõ�¡ýDð�É$ê�ð ë�é úSò1ýbÜ
ýÇë�ò8ý ú�ñuí$ë�ò1öMý ø�ú�ýÇë�ñbï
ôö«Dò1é�ú�ýÇë�ò1é
Y$6}ÍÇ{P6�#O(<#��86}(�5S6}/7�"(�%'&')i��6�2.41(�5.�y!7`½2.4167�"(�%1,�{})���4167�.)���#O67+'`h)
�O(�`h2.�y6 � �.-O¬t��670"(<4')y6}�167�.)y6Z���B�t[���e&')y/8�e�z�'6$2.48����&')y/1���µ�"67`a(�{}�"!����u4167&1(�5�(���)*#��e#�)��i,.&1!<41¾��}�"6;`a67&1��� ���B�a�i,.`a674')y/8�O!�4')y6}�867�.)y641(P#��.)y/}6�2.4167�"(�%',z{})���4167�.)�� �oÆ �B��%'�y6}� ,����"/7)y/10h4')���� �O(�/10�2S(�2.9y�167`a6�`a67&1��� �O¬���&1(�41!û5S(���) 2�(�,.{})�&1!2.4')*�B���')y/103#e-�2S(��7&1(�/10*������_���7)���&1(��µ%')�&'41675B�z2.4')�2�(�`a67�i�.¼x&'4')��_���e����� �"!$`a(�`a67�e&ÿ�µ41(_#e�.)y/}6$2.4167�"(�%1,µ{})���4167�.)��a� )y%'��, [&1(P#����"!3�B�k�_���7)���&'��, &16]��&1(�����2.)�&1(����O� Æ¡2.�����.2B��48���y67���"6]����2.41( � )�`���/7)�)�%1�l#��867&'�e�Ú`a(�`a67�i&¨�%'��������4'�"6;#O67��)y�7)��i�µ�"���"!<���O(

Jν =
1

2

∫ 1

−1
Iν(µ)dµ ,

	 c ���O«;

Hν =

1

2

∫ 1

−1
µIν(µ)dµ ,

	 c ���;��

Kν =

1

2

∫ 1

−1
µ2Iν(µ)dµ .

	 c ����~�
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÷Iø®ùIøÙú û²üÃýOþ�ÿÎü��������	��
����
����(�5 �1��%'�"67�.)y6Z&1(�0"(�&1(z2�(e�.%'&8��&'�"!70"(z2�(���`<,µ%')��B�t��%1�O¾�4��B��2.9y�1`a6��F(�4'`������"6Z4')y6}�167�.)y6Z2.416��'6}��[�"(�41(��}`a674'�i��2.�����.2B��48���y67���i��#e41%1&'#e,µ%��O(��"6}�7�"(�,Ì0.4'�.5.�O(�,

T
5S67�;�.(�2B���"�t���"/}670"(a{})���4167�.)��h�B�2S(_#e41/80i,

(τ = 0)
�

Iν(τν , µ) =

∫ T

τν

Sν(t) e
−(t−τν )/µdt/µ µ ≥ 0 ,

	 c ���� �

Iν(τν , µ) =

∫ τν

0
Sν(t) e

(τν−t)/(−µ)dt/(−µ) µ < 0 .
	 c ��� � 


�M(�&'41675.,��'67`a6k)��i&167�.�})�&', #���%1&'416}�.(P#����i� /}67�Ì2.4')y6}%'&1(�41(_#e- ,.0"(��´� ���.6³·"�.9y/7)y6
µ
#���2.��-e#�� ¬�{P6�e����� �"!�0"(e� �"(�&¨�k2.416}�.%'&8�}#�,��]�ª%'`a674;#O(��ª���_��2�(�4'�"!a%'`a674�� �i,*���D(�&1(�` 2.416

Jν
�.(�%1&8�}#���`a6#e�}¼8��0

Jν(τν) =
1

2

∫ T

0
Sν(t)E1(|t− τν |)dt ,

	 c ����X�

���.6

E1
��6Z2.4'#�-���
X���"9���9��32t#"(½9sw%2v9u6��t´;�5#"(o# �16}(�5�6}/7�"6$�.6³·"�"(P#����.-3���O(

En(x) ≡
∫

∞

1

e−xt

tn
dt .

	 c ����c�

H���%')��_���.6³·"�e,���67`a6

Λ
[ÿ(�2�6748��&1(�4�2�¾�%1(�5.)���/7)*�B��+',.5�(P#O(�+'�i���F,.�.�O/7)�,

f(t)
���O(

Λτ [f(t)] =
1

2

∫ T

0
f(t)E1(|t− τ |)dt , 	 c �����y


`a¾�{P67`a6
Jν

�B��2.9y%8��¼b#²&'#���416
Jν(τν) = Λ[Sν(t)] .

	 c ������

Λ
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÷Iø®ùIø�� ���sü���
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��bÿÎü
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��t�b2.416��'6}� �"(�41(��}`a674'�i�k2.�����.2B��48���y67���i��#�41%'&'#�,U	 c ���� �
x��	 c ��� � 
³�bÆ2.48� � )
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`a67&1�e� ��	p@û��%'&1(�4�67&����´���P~�~�X�
³�
ËÌ67&1���"� ¬���&1(�41(�,a%8��5.,"�.67`a6û0.��5"�')y6û�_��(�5�6748��¼P¬}�'6�4')y6}�867�.)y6û41(P#��.)y/}6�2.4167�"(�%',h{})���4167�.)���#O(�� (�4'`a6��)��"6P��4'�"6]��� ) �F674167�"/7)������"6]��41(P#��.)y/}6<� 4',.0"!70"(a48��� ,*¬.&'�}#! /��)"7�68�X2p�����"!$)S.0�36p> ��)��� 6$�_���y(�{P67�B�h�B��#���,.{})�&'9" J��);7�68��2t�3�5�"! »;�3��������.0��9s9s»����

u(ν, µ, τν) ≡ 1

2
[I(ν,+µ, τν) + I(ν,−µ, τν)]

	 c ������

v(ν, µ, τν) ≡ 1

2
[I(ν,+µ, τν) − I(ν,−µ, τν)] .

	 c ���O«;

µ ∈ 〈0, 1〉 ���}�B��`h)y67�.�O(�(��}�B���7,��'6;%'`a674b�'9�4167�.)�� �\�2S(�,.{})�&'9�` &ÿ- /10i&1(�2.4167`a67�.�.-�/80��z41(_#e�.)y/}6%	 c ���Pc�
û�.(�%'&8���"67`a6;41(_#e�.)y/}6

µ
v(ν, µ, τν)

dτν
= u(ν, µ, τν) − Sν

	 c ���;��

µ
u(ν, µ, τν)

dτν
= v(ν, µ, τν) .

	 c ����~�

C¨/803%'2�(���67�.9�`Î�}9y%'����`a6$41(_#e�.)y/7,3� 4',.0"!70"(�48��� ,

µ2 d
2u(ν, µ, τν)

dτ2
ν

= u(ν, µ, τν) − Sν .
	 c �Ê«� �


°b��&1(h41(P#��.)y/P�Z�'6�7;1 )"!M���36p#�2.416
u(ν, µ, τν)

¬"�7)�{P6Z`a¾�{P6;5i��¼b4')y6}�167�B�z#���6}� �"(�` �e41(���,*�±e2S6}/7) ·B/8�e��2�(��P(�4'�"(�%'¼�&'41675B��#O67�"(_#���¼�(���48�t��(_#e-�` 2�(e� `h)y67�.����`é	@2.416x�y672"�1)�,²�B���P(�4'�"(�%'¼��_�}#O6³[� )y67`a6��O(��e#O67�"/7)�,
a(ν, µ) ≡ aνµ


³�x�Ç416x�'6}� �"(�41(��}`a674'�i��2.�����.2B��48���y67���e��#e41%1&'#e,���6��'2�6}/7) ·B/1���)��i&167�.�})�&8���B��0.48���.)y/7)H2.416Z�_��2�(�4'�.-�%1`a674
µ
�"���B�����O(

I(ν,−µ, τ = 0) ≡ I−νµ ⇒ µ

(
duνµ

dτν

)

0

= uνµ(0) − I−νµ ,
	 c �Ê«�� 


���.6
I−νµ

`��h#e-��}�B��` �.(�2B���"�t���"/}670"(a{})���4167�.)�� �H���2.416}� 2S(��������"��`a6<%1�e`a67&'4')y/8�O(�%'¼�#�41%'&'#��O¬ 2S(�&1(�`Î2�(��}�B��`a6<(���48�t��(_#e�µ2�(�� `h)y67�.�e,|#�/}67�i&'4162.416
τ = 1

2τmax

µ

(
duνµ

dτν

)

τ= 1

2
τmax

= 0 .
	 c �Ê«�X�


ÏR2®+Ñ= ���3682Å1M#���28�"7 ¬�2.4167#O(e�.(�`î�.674')�#���/7)�9B�B�;� ) � 674167�"/7)��������Z)��i&167±�48���y(_#a�B�$%',.`��<	FËÌ)�0B������%��P~O«"��
³¬�.(�%'&8���"67`a6;41(_#e�.)y/7,|#�`���&')y/}(P#O(�`��_��2.)y%16
−Ãd

n
d−1 + B̃d

n
d − C̃d

n
d+1 = # d .

	 c �Ê«�c�

Æu67�e&1(�4'� n

d−1
¬ n

d
¬ n

d+1
� # d

`��t���Ú� )�`a67�.�})�, �"���i�s2�(e�7&1(�` �F4167�e#O67�"/7)�9���� ��48��&z2S(��}67&�@4167��#O67�"/7)�9u��H�����)�`a67�.�})���`���&'9y/
Ãd

¬
B̃d

�
C̃d

��6<	F��� × �QHR
 ⊗ 	F�x� × �QH�
³�
d ∈ 〈2, D − 1〉 ¬���.6

D
��6Z�}#O(��y67�.-�2�(e�}67&�04��5�(����µPx�e48�t�'(P#O!$2�(�� `h)y67�.�e��%'�|�"���"!<���O(

d = 1 : B̃1
n

1 − C̃1
n

2 = # 1
	 c �Ê«t�y


d = D : −ÃD
n

D−1 + B̃
n

D = # D .
	 c �Ê«���
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Ë���&')y/}6
Ãd

�
C̃d

%'�|� )���±O(��B�����"6���)y/80367�y67`a67�i&¨�|`��t�]�µ&'#���4
(Ãd)ij =

(
2µ2

i

(τd+1 − τd−1)(τd − τd−1)

)

i

δij
	 c �Ê«���


(C̃d)ij =

(
2µ2

i

(τd+1 − τd−1)(τd+1 − τd)

)

i

δij ,
	 c �Ê«�«;


�"���.-µ� )y%'�e4167&')��_��/7)y(�,*�ACÿ�"�.6 � � ij �P(�� 2S(_#O6}�"�t�]�Ì� )y%'�e41!7&'�e�e` 0"(e� �"(�&8��`Î�F4167��#O67�"/7)�9M��,.0.�y(P#��
B̃d

��6Z,.{<#��16}(�5�6}/7�B�z�'&'#O(�41/}(_#��z`���&')y/P�a%b� )���±O(��B�����i��`h)D67�y67`a67�e&8��`h)
(B̃d)ij =

(
(Ãd)ij + (C̃d)ij + 1

)
i
δij − αd

iR
d
ij .

	 c �Ê«"��

αd

i

�
Rd

ij

2S(�/10B��� �_�t���|�P(z�P� 41(��'(P#O6]�û�F,.�.�O/7)y6
Sν

¬.�e&1(�48��`��h2.4')�2S(�,.{})�&'9
PRD

&'#���4
Sν = αν

∫
R(ν ′, ν)J(ν ′)dν ′ + βν

	 c �Ê«�~�

�z2�(h� )y%'�e4167&')��_��/7)�)

Sd = αν

∑

j

RijJj + βν .
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Rij
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Rij =

∫
R(ν ′, νi)ψj(ν

′)dν ′ ,
	 c ��� � 


���.6
ψj(ν

′)
%1�µ�e,.5.)y/8�O!<%'2.���t���i�O�

# d
`��h&'#���4

( # d)i = βd
i .

	 c ����X�
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M̃ .
n

= # .
	 c ����c�
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M̃

�'6Z`���&')y/P�F	F��� × ��HR
 ⊗ 	F�x� × �QHR
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d
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NF
`a¾�{P6x�B���.(�5.� [�"��¼b48���.(P#O(²%'&1(P#����O¬ 5S(���)*#���#e)��e,.&1!Z)��"!�¬.4'-�/80.�y6]���1)y6$`a67&1�e� �O�

÷Iø®ùIøv÷ &'��(�)�*,+-��.�/�û�üÃýOþ�ÿµü���
0���	��)����� 6}� �"(�, �Ì2�(��.%'&8��&'�.-�/80 �P��%1&'9�4')y6}�167�.)��ª2.41(�5.�y!7`<, 2.4167�"(�%', {})���4167�.)��3��63�}9y%'�����.)y63�P� 41(��'(P#O6]��@,.�.�O/7)y6
Sν
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o�_��0.4'�.)y67`a6x�}�B��`a6�67�y67`a67�e&ÿ��P� 41(���(_#O6]�b�F,.�.�O/7)y6
Sd

�.(a#O67��&1(�48� # d
��°û-e` 2B���.(�`�% �a�t�b`���&')y/P�

B̃d
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���ª�}9y%'�����.)y6
Sd

#���,.{}) ��67`a6Ì,.{k�}�B��`<�
Λ
[ÿ(�2S6748��&1(�4§	 c �����y
��J2.41(�%'&'416}� )y6�� #O(���0.����� )��"(P#O!70"(��&1��`<,*�µHx��2.416

Jν
`a¾�{P67`a6$�B��2.9y%8��¼û41(P#��.)y/7,�	 c ������
³¬ 2�(�&1(�`Î2.416Z2.4')y67`a674'�i�|)��e&167�.�})�&',|)��i&16³[±�41(P#����i�Ì/}67�<#��167&'���a�F4167��#O67�"/7)y6

J̄
	 c ��XO«;
�2.����&'9*#��}¼8��0

J̄ = Λ[S] ,
	 c �����y


���.6
Λ
��6$�.6³·"�"(_#����.-|���O(

Λ ≡
∫

∞

0
Λνφ(ν)dν .

	 c ������

φ(ν)

�'6;��5"%1(�4'5��7�.-�2.41(�·"�´��Ç416û� #O(��]0.����� )��"(_#e-z��&1��` #�@�wx�l2.����&'9Ã	 c ��X�~�
³�Ç\$2S(�,.{})�&'9�`
Λ̄
`a¾�{P67`a6�2.416��P� 41(��'(P#����@,.�.�O/7)�,�B��2.9y%8��¼b#��}¼8��0

S = (1 − ε)Λ[S] + εB .
	 c ������
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�#e� /10B��� �_���P(�#e�}¼8��0e,§	 c ������
����6]��)�&16748���7�B�a%1/80"!7`��z`��z&'#���4
S(n+1) = (1 − ε)Λ̄[S(n)] + εB .

	 c ���O«;
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³�
Lambda
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Λ = Λ∗ + (Λ − Λ∗) ,

	 c ���;��
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Λ∗
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³�Cÿ&16748���7�B��%1/10"!7`��z2.416;�P� 41(���(_#e�µ�F,.�.�O/7)�,h�'6#�&'#���416

S(n+1) = (1 − ε)Λ∗[S(n+1)] + (1 − ε)(Λ − Λ∗)[S(n)] + εB .
	 c ����~�
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Λ∗
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Λ
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³��Ç416�#�)���/10.����� )��"(_#e-���&1��`½`a(�{P67`a6x)�&16748���7�i�µ%1/80"!7`<,�	 c ����~�
u�B��2.9y%8��¼�#z&'#���416�	8��67)��.�P67��X� � ��y
³¬2S(�`a(�/}(�,|��&1(�41!70"(h�}9y%'����`a6$2.4')y67`a674'�i�Ì)��i&167�.�})�&',

J̄ij
¬

J̄n
ij = Λ∗Sn + (Λ − Λ∗)

[
Sn−1

]
= Λ∗Sn + ∆J̄n−1

ij .
	 c ��~� �


J̄ij
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Rnet
ij = njAji(1 − Λ∗) − (niBij − njBji)∆J̄

n−1
ij .
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�
∆J̄
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å<ä8ã Ç íbñµÈ.ú�ñ�ßI�¡ýoúSë�õ��¡ñ$ê�ýÇèS{îò'ø�ø²ýÇë�÷�éb÷�ëG|�}$ö�÷�èÑ~;ð
ýoú�ñuí$÷�ñ©ð�ð�øzô
�*(��������"63�P(P# �16}(�5�6}/7�"67�.)y63YZ)�2.2�67�.0B��0.� []\�/10.��^.&16741(P#�0"(Ò`a(e�.67��,�	F�P��%'¼²X ��� 
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³�J����(�2.)y%�2S(�,.{}) �'67`a6�����4'&167�})����"%'�e,s%'�.48��� �.)y/}(_#e�l%1�"%�[&8�}#�,*��P�%')

x
�
y
2.416}�.%'&8�P#e,�����0"(�4')��P(��i&8�����e,J41(_#e)��e,J�²(�%

z
#O674'&')��������i�O¬��"67�O(��"6}�7�.-�41(��}`a674P�Ë���±��"67&')y/8�O!<2�(��y6;5.,"�.6<`���¼b&'#���4 Á

= (Bx(y), By, Bz(x, y))
�
Bx(y)

��6$�O(��"�1&8���i&'�"!�2S(��P����{�"���"6]��%1)��y(e�7)���4'�O�u�u416$#�»��}�1)�,µ�B���P(�4'�"(�%'¼
By = 0

�Ë?�$\�41(P#��.)y/}6�¬B(�� #O(��.67�"!$#��P��%1&')HX ����¬"�P(P# �16}(�5�6}/7�.9�`a6$�B�h� #��z41(��}`a674'��2.4')y�"���.9�` �_�P#e)y%'�y(�%1&')�B�
y
2.416$# �167&'����#O67��)y�7)��e��	8��67)��.�P67�M��Hx�.�P674�X� �  � 
³�; ��(W="�"!M»S68(�),=

pT
��6Z2�(�&1(�` �"���.-µ���O(

pT = p+
B2

x(y) +B2
z (y)

8π
,

	@�"��� 
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p
�'6$%'�"�}67&b&'������,|2.�����i,Ì��&',.4'5.,.�y67�e&'�"!70"(�&'�����e,*�u�u416û��6}� �"(�41(��}`a674'�.-µ`a(��.67�.�'6$/}67���O(P#�-&'�������"67�_�}#�)y%'��-��B�

x
¬o�}(|#O6}� )y6²��41(P#��"(P#���0"6�#

x
[ÿ(P#O(�` %'`a67416��3�Ç416�� #O(���41(��}`a674'�.-�`a(e�.67�2S(�&'41675.,��'67`a6;41(_#e�"(_#���0e,��t�û#�%'`a67416

y
�Ç�D(�&1(�` `a¾�{P67`a60	 X ��XO«;
��P(_#��86}(�5S6}/7�.)�¼x�B��&'#���4

p(m, y) = 4pc(y)
m

M(y)

(
1 − m

M(y)

)
+ p0 .

	@�"��X�

Px2B»�¼Z%1`a6�#���,.{})���)M2.416}/80"(e���3%'&���2�/}(P#O6]��0.`a(�&16<	

x → m

³�ZË���±��"67&')y/8�e-Ì&'�����

pc(y)
�'6��"���.-���O(

pc(y) =
B2

z1(y)

8π

	@�"��c�

�h/}67���O(P#��h%'&���2�/}(P#��z0.`a(�&8�

M(y)
)��e&167±�41(P#����B�h2�(��P����{

x
`��z&'#���4

M(y) =
Bx(y)Bz1(y)

2πg
.

	@�"� �y

p0

2.416}�.%'&8�P#e,��'6�&'�����J�
Bz1

)��i&167�.�})�&',Ú#O674'&')��������"6]�<�}�y(�{}�e�J`���±��"67&')y/1�O!70"(k2�(�+8�3�B�32�(P#�41/10i,#e�������B� ¬
g
�'6Z0"(e� �"(�&8�h±�48�}#�)�&8���7�"!70"(a�}4'- /10.�y67�.)��h�B��2�(P#�41/10e,k\e���.��� �
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pT

�.(�%1&8���"67`a6$#e�}¼8��0
B2

x(y) +B2
z1(y)

8π
+ p0 =

B2
x0

8π
+ p0 ,

	@�"����

416}%'2�67�e&'9�#O6

B2
z1(y) = B2

x0 −B2
x(y) ,

	@�"����

���.6

Bx0
2.416}�.%'&8�P#e,��'6�)��i&167�.�})�&',l0"(�4')��P(��e&8�����"670"(J`���±��"67&')y/8�O!70"(�2�(�+8�k`a6}� �})o�'6}� �"(�&'��)�#e-�`h)#e�������B��`h)´�\�2�(�,.{})�&'9�`�	@�"� �y
��<	@�"����
�`a¾�{P67`a6�67��)�`h)��"(P#���¼

Bx(y)
�h�.(�%'&8���"67`a6$#��}¼8��0

B2
z1(y)

8π
=

1

2


B2

x0

8π
−

√(
B2

x0

8π

)2

− M2(y)g2

4


 .
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�M(��.(�%8���.67�.9�	@�"�Ê«;
��.(�	@�"��c�
��h�B��%'�y6}� �"6��.(�	@�"��X�
û�}9y%'����`a6;#��}¼8��0|2.416<&'�����

p(m, y)
�_�}#�)y%')���/7)�y67�3(���#O(�+'5i���F,.�.�O/7)y6

M(y)
��#O(�+'�.-�/8032B��48��`a67&'41(_#

p0
�
Bx0

�°*41675B�k6}�'&16�2�(��}�B��`a67�B��¼P¬u{P6²41(P#��.)y/P�O	@�"�Ê«;
b��6²)�5B�3�7)���%1&1(e�7�.-�` 4')y6}�167�.9�` 2.����&'�.-e` �y67�Ú2.416
Bx(y) > Bz1(y)

�ÒY�(�� ·"±�,.48��/7)���`���±��"67&')y/1�O!70"(J2S(�+8��%
Bx(y) < Bz1(y)

5e�ª2�(�&'41675S(_#�������O(�`h2.�y6 � �"6]�'�'9*#��}¼8��0|2.416;� )y%1&'4')�5.�"/7)�,|0.`a(�&ÿ�O¬B#e��`<�����t���"/7)*%8���$48��`a/P�a&16]�]&1(z2.48��/}6�������}9y%'�����.)y6;±O6}(�`a67&'4')y/8�O!70"(µ&'#���4',���6�2�(�&'41675.�B��%'2B»�&'�B��&'48���"%�� (�4'`���/7)��
m → x

#e��{_��� ,��]�"/P��B��%'�y6}� �i�Ì)��i&167±�48��/7)�,
x =

∫ m

M(y)/2

1

ρ
dm′

	@�"����

2.416$����{P� �|0"(e� �"(�&',

y
�Ç�Z�z(��e48�t�'(e/80h�'6

m = 0
416}%'2S67��&'9�#O6

m = M(y)
¬
ρ
�'6Z0i,"%1&1(�&8� �°û������#O(z#e�������"6

p
�'6$�"���.-����O(

p = pg + pt ,
	@�"��~�
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pt

�'6Z&',.4'5.,.�y67�i&'�.-µ&'������¬
pt =

1

2
ρv2

t .
	@�"���P �


vt
�'6;%'&'416}� �B��&',.4'5.,.�y67�i&'�B�²4'-�/80.�y(�%'¼P¬
�e&1(�4'�Ì5S674')y67`a6����O(��O(��"�'&8��&'�e���P��%1¼��y(��������"6]�b4'-�/80.�y(�%'&')�}#e,.��,

cs
¬

vt = εcs .
	@�"����� 


�*(��������B�h4'- /10.�y(�%'¼b�}#�,.��,z��6$�"���B�z#��}¼8��0"(�`
c2s = γ

kT

m̄
,

	@�"���PX�

���.6

γ
��6Z2�(�`a674��'2�6}/7) ·B/1��- /103(�0.4167#O(_#S��M(²�.(�%8���.67�.9A	@�"���PX�
³¬J	@�"����� 
b�h%'&8�}#O(_#O6]��41(P#��.)y/}6%	 X ��~�
û�.(F	@�"��~�
��}9y%1����`a6$2.416Z&'�����

p
#��}¼8��0

p = ρkT
1 + 1/2γε2

m̄
.

	@�"���Pc�

\e&'416}� �B�h`a(��y67��,.�y(P#��h0.`a(�&'�"(�%'¼

m̄
�'6$�"���B�z#��}¼8��0"(�`�	 X ���P �
³�
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z
�"67�O(��"6}�7�"(�,*¬
(�4')y67�i&1(_#����"(�,�#O674'&')��������"6��±e2S6}/7) ·B/8���Ò)��e&167�.�})�&8�

I
��6�2�(�&1(�`ù�F,.�.�O/7)y(�,

I(x, y, ν, µ, γ)
¬x� �.6

µ ≡ cosθ = (dx/ds)
�

γ ≡ sinθ cosφ = (dy/ds)
	F(�5.48���P(����"��X�
³�

Px5.48���P(����"��X�Y�\�/10"!7`���(�4')y67�i&8��/7)y6�%'�.48��� �.)y/}(P#�-�/80Ì(�%'9´�
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µ

χ

∂I

∂x
+
γ

χ

∂I

∂y
= S − I .

	@�"���7�y
H�5"%1(�4'5��7�.-��O(e6³·B/7)y67�e&
χ
�'6��@,.�.�O/7)y(�,

χ(x, y, ν)
����6$�"���.-µ���O(

χ(x, y, ν) = χL(x, y)φ(x, y, ν) + χC(x, y),
	@�"���P��


���.6
χL

�
χC

%'���7)���41(P#�-���5"%8(�4'5S�7�.-²�O(e6³·B/7)y67�e&P¬.416}%'2�67�e&'9�#O6$��5"%1(�4'5��7�.-��O(�6³·B/7)y67�i&b�O(��e&')��i,B� �
φ(x, y, ν)
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����K�-ET
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x%2S(�,.{})�&'9�` \4@ 	F�P��%'¼��"��X ��� 
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P$\4Pq��	pPx4'5.)�&')��.±µ\�(�����4RPx5"%1674'#���&1(�4'�s
³�ûÆ:�_��,��]`a6�%'2.416}%'�"67�.)���%'`a6$�B��0.48��� )���)D2.41(�·"���|%'2S67�e[&'48�����i� /10 �7)���4a�*�e`����"(_#O6]�z%1!74')y6µ�"��&8��`h)´¬��B��`a6748���.-e`h)��B��\4PQ�RP 2S(�`a(�/}(�,s%'2�67�e&'41(�±�48�t�F,\�¢xËrKuw�¬o2S(�/10B��� �_�t���"/7)�`h)b��2.48��/}6!�J��4'4167�l67&����´� 	��P~�~;��
³�Ò°b��&1(k2.48��/P�k(�5"% ��0i,��'6µ`a6748�t[�.)��h%û#���%1(���-�` %1&',.24N"(�` 41(��}��9y�167�.)��z2.416$%'2�67��&'48�����"6$�7)���4'���
β
	 X�
û��{^�

λ
	���� 
û�z�*�e`����"(_#�%'�O!�O(��i&')��e,.,.`|���u416}%'�.-²2.41(�·"�M�7)���4'���

α
��6Z�B�a\4PQ�RP ¼8��{}�O!$�}9y%1����¼���#O¾���)*2.41(�5.�y!7`a(�` %�·"��&'41(�`�µ2.4167&1(Ì%'`a6h2�(�,.{})���)u2S¾_#O(e� �.-�2.41(�·"���ÐP$\4P�[Ù� ���M¾_#O(e� �"!²2.41(�·"����%'��2�(�,.{})�&1!²�t�$2.416a�7)���4'�#e� �1�'9y/80µ#O(e� 9��O(_#e- /10�%1!74')�9´��Ç48��/P�3�J��4'4167��67&<���´�0	��P~�~;��
�(�5"%8��0e,���6z&'4')Ç� 4',.0e�32.41(�·"�y(P#�Y�2.416Ð= ¼½7��"9�Ë�Âu(½94=,��¬Î�"= �5)���Âu(�9s=,)��(�2v.0&z�F+368�������"!$)"9u»������5­Î(Î�Ñ��1Ð�Ñ�3(�»<+�(�9���º39s»��"2®+Ñ=��<�Ç416z�B���16��"�}67���k%'`a6�2S(�,.{})���)o2.41(�·"����2.416�e+',"� �"!z\e���.�O(.��x(_#O!�2.41(�·"���Ò%1�ª�"6}%'��`a67&'4')y/1�O!Ì�Ì�"��&8�Ì`��t���Ú�F(�4'`���&h(�� ��)y�'�.-ª(��J�F(�4'`���&',s2�(�,.{}9�#����"!70"(k#2.41(�±�48��`a6�¬B�}(h#�)y6}� �y(h�²2S(�&'41675�6$�.2.48�}#��|�z%'��`a67&'4')��_��/7)y6���$��&8��2�¾P#O(�� �"!70"(Z�.(�2B���"�t�]�"/}670"(�{})���4167�.)���(�5"%8��0e,���6�%'�.5�(�4 ä�Ã Õ _ � Ô �.=�� Õ Ã���� �;Px5"%8��0i,��'6#�� �����y67�Ì2S(��y(_#e)y/7,Ì2.41(�·"��,*¬
�}(;��6<�.¾P#O(��.(�` �B�a%1�e`a67&'4')��_��/7)�,��"(P#�-�/80Ì�"��&P�û�Ç416<����{P� ��%'2S67�e[&'48�����i,��7)���4',²��6<,.#O6}�.67�B�²#e���"(_#��²����{}���²/}67�i&'48���7)���4'�|#�� ��`�� � )�`������B��)��e&167�.�})�&8�²#3�7)���416<#674'±h%

−1 /7`
−2 %'4

−1 �x�
−1 �Ç�Ç41(�·"����6��"���.-��_�P#e)y%1�y(�%'¼1(�,�2S6741/}67�e&',B�����"670"(z2S(�� )y67��,�`�� � )�`������"6]�)��i&167�.�})�&¨�µ�B�

∆λ
#����"\e�.5S(�4�� Ã%ä%ä3�����

¶
� Õ Ã�� (�5"%8��0e,���6$/}67��-�2.41(�·"���"(P#O!70"(h�.(�2B���"�t[�]�"/}670"(²{})���4167�.)��²�"���.-µ�_�}#�)y%'�y(�%'¼1(�,3)��e&167�.�})�&ÿ�Ì#�674'±�%

−1 /7`
−2 %14

−1 � −1 �B�a#e���"(_#O6]�x����{}�O6;#�����Ç4167#O(��.(P#�-²#��}¼8��0�`a6}� �})S)��e&167�.�})�&1(�,µ�_�}#�)y%'�y(�,��B��#e���"(_#O6]������{}�O6$�;)��e&167�.�})�&1(�,µ�_�}#�)y%'�y(�,��B��@4167��#O67�"/7)�).�'6$�"���.-�41(P#��.)y/}(�,
Iλ dλ = Iν dν

	 � ����

�z`���&'#���4

Iν = Iλ
c

ν2
.

	 � �Ê«;

�M(�%'��`a67&'4')��_��/7)�)û�|�}`a67�"6a� (�4'`���&',Ú�"��&Ð	@2�(�`a(e/}(�, Ô Ä|Ã3��>3����dGä�À 
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�B���P(�4'�"67�.-�/80µ��6z�.6}%8��¼$�7)���4$����`����"(P#O6]�$%1!74')y6�¬"�

β
��{3�

λ
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M0

	@`�� � )�`������B�;%'&���2S/}(_#���0.`a(�&8��
u��&'#���4Ç`���±��"67&')y/1�O!70"(�2�(�+8�,"�"�}#��
Bx(0)

	@)��e&167�.�})�&8�$`���±��"67&')y/8�O!70"(<2�(�+8�Z#z%'&'416}�.6û#e�������B��
³�o°H672.�y(�&'�B�<�'&'4',.�e&'�.48�û��6��"���B�2B��48��`a67&'48��`h)
γ1, γ2

�ÎP�%'&8��&'�"!x#�%1&',.2.�"!b2B��48��`a67&'416Z(�2.9y%8���"!b#a�P��%1&')S� ��X<�P(�%'&8�}#��t�]�²�O(��"�'&8���i&�[�"!$2.416;/}67���3%')y67¼�`a(��.67�y(P#�¬.&P� �}�*Y
p0 = 0, 03

� �e��/7`
−2 ± 2δ = 1000

�e` ± γ = 5/3 ± ε = 0, 5 ± ic = 0, 3 ± α = 0, 1 ±
γ3 = 2 ± Ttr = 50 000

Y ± T0 = 8 000
Y

�����8�k%1)y67¼h`a(e�.67�y(_#Ú(�5"% ��0i,��'6��M�k`a(��.67�y(P#Ò#ª&'41(�/10 %8!74')���/10l2�(��')y6}%'&')y/80l`a(e�.67�y(�/10*� \�!74')y6`��t�]� (��}�B���}67�.)y6�²�¬�³È�µ´ù����(�� ��)y�',��]�l% ��#ª�_���"���.9x2B��48��`a67&'41(P#
γ1, γ2

� � 6}� �B��%8!74')��(�5"%8��0i,��'6h`a(��.67���Ì%Z41¾��}�"(�,�#���4')���/7)y(�,
M0

�
Bx(0)

%Z(��}�B���}67�.9�`¶²
1
¬J²

2
¬J²

3
¬J²

3 · 1
¬J²

4
¬²

4 · 1
�bËÌ(��.67���|%�(��}�B���}67�.9�` W � W>��� ¬"416}%'2�67�e&'9�#O6 £ � £"��� % �a(�� ��)y�',��]�Ì)�5B�a2B��48��`a67&'41(�`

Bx(0)
��Yx(�`h2.�y67&'�.-µ�P(��}�B��` `a(e�.67�y(_#µ%')y67&16;(�5"%8��0e,��]�|&8��5.,.+'���|� ����¬B� ��Xa�h� ��c �
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Px�}�B���}67�.)y6;`a(��.67��,
γ1 γ2 M0 ¸ ±�/7`

−2 ¹ Bx(0) ¸ E$��,"%8% ¹
²

1
� c� 

2.10−4 � ¬�cO«
²

2
� c� 

5.10−5 c ¬�~�X��
²

3
� c� 

2.10−5 X
²

3 · 1
� c� 

2.10−5 �P 
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