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Preface

This thesis concentrates on two phenomena connected with the accretion process onto the
black holes and neutron stars. The first Part deals with the twin peak high-frequency
quasiperiodic oscillations — the phenomenon observed in the last decade in low mass X-ray
binaries with neutron stars and, recently, also in four systems with acreting black holes. In
the second Part we concentrate on the interaction of fast moving matter with an ambient
dense radiation field. This process likely occurs at the initial stages of relativistic jets in
strong gravity of a central black hole. Several results have already been published: in
Hordk et al. (2004) our results are discussed in the context of the observation data of the
source Sco X-1; the general approach to multiple scales was presented in Hordk (2004).
Some other papers are in preparation: the epicyclic modes of the accretion torus are
derived in Abramowicz et al. (2005a), phase-plane topologies of the epicyclic resonances
are explored in Hordk & Karas (2005a) and the possibility of the X-ray modulation through
the modulation of the accretion rate in the boundary layer of accreting neutron stars is
examined in Hordk (2005a) and Abramowicz et al. (2005b). Several results of the second
Part are presented in Horak & Karas (2005b).
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Part 1

The epicyclic resonance mechanism for twin-peak
oscillations: an axially symmetric scheme






Introduction

The quasi-periodic oscillations (QPOs) have been reported in the light curves of more than
20 bright low-mass X ray-binaries (LMXBs). Most of them contain accreting neutron stars,
there are also several sources with accreting black holes (van der Klis 2000; McClintock
& Remillard 2003). It appears that that these oscillations originate in accretion disks,
however, the mechanism of signal modulation has not been discovered yet. Much attention
is attracted to the kilohertz QPOs because their frequencies are comparable with orbital
frequencies in the innermost parts of the accretion disks. The orbital frequency of a
particle orbiting the neutron star of mass M at the innermost stable circular orbit (ISCO)
is vigco = 1580(1 4 0.755) Hz x 1.4Ms /M (Kluzniak et al. 1990).

Many models have been proposed to explain the excitation mechanism of QPOs and
subsequent modulation of the X-ray signal. Among suggested mechanisms are the model
of relativistic precession (Stella & Vietri 1999), the orbiting spot model (Schnittman &
Bertschinger 2004), the models, where QPOs are produced by the magnetically driven
resonance in a diamagnetic accretion disk (Lai 1999), the transition layer model (Titarchuk
2002) or an interesting idea of p-mode oscillations of a small accretion torus (Rezzolla et
al. 2003). Also in this context, Kato (2004) discussed the resonant interaction between
waves propagating in a warped disk, including their rigorous mathematical description.
Comprehensive reviews of possible models and a their detailed discussions in comparison
to observations are given by van der Klis (2000) and McClintock & Remillard (2003).
Recently, it has been suggested that the high frequency QPOs arise from a resonance
between two oscillation modes of the innermost part of the accretion disk (Kluzniak &
Abramowicz 2001; Abramowicz & Kluzniak 2001). Among the reasons to believe that
high frequency QPOs reflect a non-linear resonance between two oscillation modes of a
disk, probably occurring only in strong-field gravity, are the 3 : 2 ratio of the frequencies
of the twin QPOs in black holes (Abramowicz & Kluzniak 2001; McClintock & Remillard
2003), and the sub-harmonic frequency difference between the two QPOs observed in the
accreting 2.5 ms pulsar (Wijnands et al. 2003; KluZniak et al. 2004; Lee et al. 2004). The
oscillations of the fluid in an accretion disk can be easily modeled by epicyclic oscillations
of a test particle on a circular orbit in equatorial plane.

In the first part of this work we study properties of nonlinear epicyclic oscillations in
the vicinity of a resonance. We show that the coupling of the two modes arises naturally
if we consider non-spherical but still axisymmetric gravitational field. In Chapter 1 we
introduce epicyclic approach according to Chandrasekhar (1960) and Binney & Tremaine
(1950). In addition, we calculate epicyclic frequencies for the gravitational field of a
Newtonian or pseudo-Newtonian star surrounded by a massive ring. Finally, based on
rather heuristic arguments we suggests that the periodic exchange of energy between the
radial and vertical oscillation modes is a general property of epicyclic resonance. Then,
in Chapter 2 we introduce the method of multiple scales according to Nayfeh & Mook
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(1979). Particularly, one can easily find so called solvability conditions that determine
slow behavior of amplitudes and phases of oscillations. That is why it seems to be very
useful in study of a weakly nonlinear system. Next, we point to its algorithmic nature that
allows us to find explicit form of the solvability conditions characteristic for all conservative
two-degree-of-freedom systems. In Chapter 3 the method of multiple time scales is applied
to epicyclic oscillations and properties of three epicyclic resonances, 1:2, 1:1 and 3:2 are
discussed. We also show different topologies of the phase-space in the way that closely
resembles the method of disturbing function familiar from the studies of the mean orbital
elements in celestial mechanics (Kozai 1962). This analogy is very illuminating because
it provides a systematic way of distinguishing topologically different systems. Finally, in
Chapter 4 we come back to our original motivation and apply the above-given theory in
the frame of the quasiperiodic oscillations.



Chapter 1
Epicyclic motion

The idea of epicyclic motion has a long-lasting history in astronomy. Indeed, elliptic
trajectories of planets around the Sun were modelled in this way by Appolonius at the
end of the third century B.C., as well as by Copernicus in the middle of the 16th century.
Interestingly enough, this simple concept meets useful applications also in the present-day
astrophysics, where it can be employed in order to grasp certain aspects of fluid oscillations
near an accreting body. In the next section we will summarize basic equations describing
the particle motion in terms of the epicyclic approximation. Then we embark on more
advanced and perhaps even suprising approach to epicyclic resonances via multiple-scales
formalism. Finally, we will discuss a general scheme of quasi-periodic oscillations, which
is build on the epicyclic approximation and prides itself as being independent of any
particular mechanism modulating the observed light signal — still to be discovered.

1.1 Linear epicyclic oscillations

Let us consider a motion of a test particle in an axially symmetric gravitational field of
a massive body. The gravitational field is described by the potential ®(r, ). We employ
spherical coordinates {r,¢,60}. Furthermore, we suppose that the gravitational field is
symmetric with respect to the equatorial plane § = w/2. These assumptions are sufficient
for the existence of circular orbits in the equatorial plane.

The Lagrangian of a test particle of unit mass orbiting the body reads

£= 3 (i +r%0° + 2% sin? 0) — &(r,0), (1.1)

where dots denote the derivatives with respect to time. The Lagrangian does not depend
on time and the azimuthal angle, therefore two quantities, energy and angular momentum,
are conserved along the particle trajectory,

B — %(7;2 41262 4 1242 sin? 9) +&(r,0), (1.2)
! = 7"2(bsin2 0. (1.3)

The Euler-Lagrange equations for the system are

oL 22
Y I S 1.4
roros Or  r3sin’6 ’ (14)
.. . 0D (Zcosh
2 .
O+2r70+ — — —— = 1.
rOt AT 09  r2sin3 6 (1.5)

11
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Introducing the effective potential

62
Ur,0)=o(r,0) + ———, 1.6
(1:60) = D(r0) + —5—r (1.6
the governing equations take the form
. ou
F—r0>+— =0 1.7
i o , (1.7)
.0 1 aU
92—+ — = 1.
o+ - 20 0 (18

where partial derivatives are calculated keeping the angular momentum constant. With
the aid of definition (1.6) equation (1.2) becomes

E=1 (7'“2 + r292) +U(r,0). (1.9)

The simplest solution of equations (1.7) and (1.8) is an equatorial circular orbit given
by conditions r = rg = const and 6§ = 7/2. After substitution into governing equations

(1.7) and (1.8), we find
ou ou
(5)0 =0 and (%)0 = 0, (110)

where subscript “0” refers to the point [rg,7/2]. Hence, for a given angular momentum ¢,
the radius of the circular orbit correspond to an extreme of the effective potential. The
stable and unstable orbits correspond to a maxima and minima of the effective potential.
The second condition is satisfied automatically by assumed reflection symmetry with re-
spect to the equatorial plane and the first one relates the angular momentum ¢ and the
angular velocity €2 of the particle with the radius 7,

d
2 =ri0? =13 (‘27)0. (1.11)
The energy of the particle is given by Fo = U(rg,7/2) = Up.

An observer moving along a circular orbit measures radial, vertical and azimuthal
epicyclic oscillations of particles having the same angular momentum and slightly higher
energy. Suppose that the particle instantaneous position is at coordinates [r(t), 0(t), ¢(t)]
and its angular momentum is . We assume that r(¢) and () are given by small deviations
from the circular orbit that corresponds to the same angular momentum,

r=ro(l+44dp), 6=m/24 0. (1.12)

By substitution into equations (1.7) and (1.8) and expanding all terms up to the linear or-
der in deviations §p and d6, we arrive at governing equations of two independent harmonic
oscillators

0p+w2p=0 and 60+ wiél =0, (1.13)

where the radial and vertical epicyclic frequencies are given as

o*Uu 1 (o0*U
wy = <w> , wp= 2 (W) ; (1.14)
0 0
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or in terms of the gravitational potential ®(r, z),

0?® 3 (0P 1 (0°® 2
2 _ =2 i 2 _ [ Z— —. 1.1
“r <0r2>0+r0<ar>0’ T <3H2>0+27°3 (1.15)

The solution of equations (1.13) are sinusoidal oscillations dp(t) and 66(¢) in the radial
and vertical direction, respectively. Without loss of generality we can assume that dp =0
at the time t = 0. Denoting the phase difference between the two oscillations as ), the
solutions can be written as

dp(t) = a,cos(wyt), 06(t) = agcos(wpt + ). (1.16)

By substituting the expression for radial oscillations into equation (1.3) and expanding
all terms up to the linear order, we find that the particle oscillates also in the azimuthal
direction,

o(t) = ¢(0) + Qot — 2oay sin wyt. (1.17)

Wy
The frequency of the azimuthal epicyclic oscillations is always equal to the radial epicyclic
frequency. Hence, in the linear approximation, motion of the particles following nearly
circular orbits can be viewed as the motion along strictly circular orbits plus addition
motion on small epicycles in the equatorial plane and independent oscillations in the
vertical direction.

Equations (1.13) imply that the two epicyclic oscillators independently conserve energy.
Denote 6E, and dEy the energy of the radial and vertical oscillations, respectively. They
are given by

OB, = 43 (007 + w2op?), 0By = 413 (0% + w3o6?) . (1.18)

Expanding equation (1.9) up to the quadratic order in deviations dp and 66, we find the
total energy of orbiting particle as

E=FEy+d6FE=FEy+0E, +6Ey, (1.19)

where Ej is the particle energy on the circular orbit of the same angular momentum and
O F is the total energy in the epicyclic oscillations of the particle. By inserting the solutions
(1.16) into equation (1.18) we find the epicyclic energy in the form

2
SE = r2w? (ai + w—gcﬁ) . (1.20)
w,

T

1.2 Epicyclic oscillations in selected systems

1.2.1 Keplerian ellipse

Consider the well-known case of nearly circular Keplerian orbits. The source of the gravi-
tational field is Newtonian spherically-symmetric star. The gravitational potential depen-
dends only on the radial coordinate and it follows from the Newton gravitational law

(1.21)

where M is the mass of the star and G is the gravitational constant.
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The orbits corresponding to negative particle energy are ellipses, focuses of which
coincide with the center of the star. The orbital ellipse and its orientation in the space
are described by six parameters — orbital elements. The orbit itself is characterized by its
semi-major axis a and the eccentricity e. Its position with respect to the equatorial plane
is determined by two other parameters: the inclination i of the orbital plane with respect
to the equatorial plane and by the argument of pericenter w (sometimes denoted as w)
that is an angle between the pericenter, where the closest approach of the particle to the
star occurs, and the ascending node, where the orbit crosses the equatorial plane. The
angle is measured in the orbital plane in the direction of orbital motion. The remaining
two orbital parameters, the longitude of ascending node and the time of pericenter passage
are not important for present discussion.

Let us consider particular orbit. Suppose that it has low eccentricity and inclination
with respect to the equatorial plane, i.e. e < 1 and ¢ < 1. We introduce a cartesian
system {z,y,z} as follows: the origin coincides with the center of the star, the z-axis
is perpendicular to the equatorial plane, and the z-axis coincides with a nodal line (the
intersection of the orbital and the equatorial plane). Finally, the y-axis is chosen with
an appropriate orientation. Let us also introduce two azimuthal angles ¢ and ¢ that are
measured from the z-axis to the plane that contains orbiting particle and the z-axis. The
angle ¢ is measured in the equatorial plane and the angle ¢ is measured in the orbital
plane. For small inclinations the difference ¢ — ¢ is of order of i? and up to the linear
order in ¢ we can interchange them.

Simple geometrical arguments lead to the expression for the deviation 66(¢) of the
orbit from the equatorial plane,

z(9) ) o
00(0) =~ = sin psini & i sin ¢. 1.22
(@)~ 25 = sing (122
The ellipse polar equation gives the dependence r(¢),
r(9) P ~pl[l —ecos(p+w)], (1.23)

B 1+ ecos(p + w)

where p = a(1 — €2) is the parameter of the ellipse.
On the other hand, using equations (1.11) and (1.14), we find that all three frequencies

|GM
Wy =wyp =N = % (1.24)

Then, with the aid of equation (1.16)—(1.17) the expressions for the particle instanta-
neous position reads

Q, w, and wy are equal,

o(t) = ¢+ Ot —2a,sin(Qt), (1.25)
r(t) = ro[l+a,cos()], (1.26)
d0(t) = agceos(Qt + 1), (1.27)

where ¢ = ¢(0) is the azimuthal angle at the time ¢ = 0.

Neglecting the oscillating term, we express Qt from equation (1.25) and substitute it
into equations (1.26) and (1.27). Then, changing the independent variable from ¢ to ¢ we
obtain expressions

r(p) = 1o {1 + a, cos(¢p — gzg)} , (1.28)
30(¢) = agcos(¢ — ¢+ 1) (1.29)
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that are correct up to the linear order in amplitudes a, and ay.
Comparing equation (1.23) with (1.28) and equation (1.22) with (1.29) we find

a,=e, ag=1i, v=7m/2—w, 7r9=a(l—e?). (1.30)

Expressions (1.30) gives a physical meaning of quantities characterizing epicyclic oscilla-
tions: the relative amplitude of radial oscillations a, and the amplitude of the vertical
oscillations ag equal the eccentricity and the inclination of the elliptical orbit. The phase
difference is connected to the argument of pericenter.

1.2.2 Strong gravity

The strong gravitational fields close to black holes and very compact stars call for use
of general relativity. However, if we are interested only in qualitative properties of rela-
tivistic orbits, the effects of strong gravity can be modelled using the pseudo-Newtonian
gravitational potential firstly introduced by Paczynski & Wiita (1980),

GM

O(r) = ——— R (1.31)

where Rg = 2GM/c? is Schwarzschild gravitational radius of the source of gravity. In
general relativity mass of the central body itself provides natural length scale.
Substituting this potential into equations (1.11) and (1.14), we calculate the orbital
frequency and the radial and vertical epicyclic frequencies as (see Figure 1.1)
wz _ GM(T‘ - 3Rs)’ wg _ Qg _ GM ) (1.32)
r(r — Rg)3 r(r — Rg)?
The fact that vertical epicyclic frequency equals the orbital frequency is connected to the
spherical symmetry of the gravitational field: the orbits are planar because any of them
can be equally considered as equatorial. The radial epicyclic frequency is always smaller
than the latter two and it vanishes at radius r = 3Rg. Bellow this radius we have w? < 0 —
the radial epicyclic oscillations are not possible anymore and circular orbits are unstable.

We note that this radius agrees with the location of the marginally stable circular orbit
above Schwarzschild black hole.

1.2.3 Epicyclic frequencies close to a massive ring

As an example of a nonspherical gravitational field we consider a system that constitutes
of a star and a massive equatorial ring. Let the mass of the star be M and that of the ring
m. We assume that the ring radius is a. The axial and reflection symmetries of the system
assure the existence of equatorial circular orbits. The total gravitational field acting on
orbiting particles is given by a superposition of the spherically-symmetric potential of the
star ®4(r) and the axisymmetric potential ®,(r,d) of the ring,

O(r,0) = y(r) + (1, 0). (1.33)

We employ the standard spherical coordinates {r, 8, ¢} origin of which coincides with
the center of the star. The potential of the ring is given by

o Ghadg  Gm [T do
(br 5 9 - — - — / 5 134
(r.6) o R(¢) m Jo /r?+4a? —2arsinfcos ¢ (1.34)
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Figure 1.1: Left: The radial and vertical epicyclic frequencies in the vicinity of a compact
relativistic object calculated using pseudo-Newtonian potential (solid lines). For reference,
a result of general relativistic calculations for Schwarzschild black hole of same mass is
also shown (dotted line). Right: The ratio of vertical and radial epicyclic frequencies. The
radius is in units of Rg and frequencies are in units of ¢3/GM.

where A\ = m/27a is the length density of the ring mass and R(¢) is a distance between
the point, where the potential is calculated, and a point on the ring at azimuthal angle ¢.
This integral can be expressed in terms of complete elliptical integral of the first kind K.
We obtain

2Gm K (k)
@I’(Ta 9) - — T B1/2 ) (1‘35)
where B(r,0) = r? + a? + 2arsin§ and k(r,0) = 4arsin/B(r).
The total gravitational potential can be expressed in an uniform way as
GM 2Gm K(k
o(r,z) = - GM _ 2Gm K(k) (1.36)

T T B2’

where we substitute ¥ = r or ¥ = r — Rg in the case of a Newtonian or of a pseudo-
Newtonian star, respectively. The angular momentum of test particles orbiting the central
star along equatorial circular orbits can be calculated using equation (1.11). Substituting
the potential (1.36), we obtain

2 r+a r—a
U(r) = GMr f—2+ur( ha >Ef€22t(a2) Jlko) |

(1.37)

where E is the complete elliptical integral of the second kind and ko = k(r,7/2). Finally,
we introduced the ratio of masses p = m/M. Figure 1.2 captures typical behavior of
angular momenta in both, the Newtonian and the pseudo-Newtonian case. According
to Rayleigh criteria the equatorial circular orbits are unstable in regions, where angular
momentum decreases. This occurs close to the ring, where the ring gravity causes radial
epicyclic oscillations unstable.

The orbital frequency follows from equation (1.11),

r? r4+a r—a
%) = S| 5 OB E O ORI (139
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Figure 1.2: The angular momentum (thick line) of the test particle moving in the combined
gravitational field of the star and ring along the circular orbit. The left and right panel
correspond to the case of a Newtonian and pseudo-Newtonian central star, respectively.
The ratio of masses is ¢ = 0.1. The radial coordinate is rescalled by the radius a of the
ring. In the latter case we choose a = 9Rg. The Keplerian angular momentum ¢y for
solely star gravitational field is also shown (thin line) for reference. Angular momentum is
rescaled by ¢k (a) in both cases. The circular orbits are unstable in regions where angular
momentum decreases according to Rayleigh criteria. The epicyclic approximation of a
particle motion is possible only in regions of stable circular orbits.

and the radial and vertical epicyclic frequencies can be calculated using equation (1.14).
We obtain

r2(3F — 2r r—a)? —a?
B GM r_2 2_u E(ko)
wi(r) = 5 lﬁ =2t a) (1.40)

The epicyclic frequencies as functions of radius are plotted in Figure 1.3. The radial
epicyclic frequency is defined only in regions of stable circular orbit and it is smaller
between the ring and the central object than in absence of the ring because the radial
components of gravitational force of the ring and of the star act against. On the other
hand, the vertical epicyclic frequency greater than in the case without the ring because
the vertical components of the gravitational force acts together.

In close vicinity of the ring and the central object the vertical epicyclic frequency
diverges: circular orbits are stable when perturbed vertically, however they are unstable
with respect to radial perturbations.

The approach of epicyclic oscillations is also usefull for qualitative discussion of prop-
erties of orbit. The difference of a radial epicyclic frequency and the orbital frequency
gives us the angular velocity of pericenter shift and the difference of vertical epicyclic
and orbital frequency gives the frequency of nodal precession. The expressions (1.38),
(1.39) and (1.40) illustrate that the nodal precession is connected to a nonsphericity of
the gravitational field (the lowest-order term in the difference 2 — wy is proportional to
1)
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Figure 1.3: The radial and vertical epicyclic frequencies (thick line) of a test particle
moving in the gravitational field of a star and ring. The left and right panel show the
case of a Newtonian and pseudo-Newtonian central star, respectively. The parameters are
chosen in the same way as in Figure 1.2. Epicyclic frequencies in absence of the ring are
also shown (thin line).

1.3 Nonlinear effects

The linear theory of epicyclic oscillations captures many essential features characteristic for
orbits that are not too different from circular, like pericenter advance and nodal precession.
It is valid as long as the deviations dr and 06 from the circular orbits are small and the
nonlinear terms in equations of motion can be neglected. However in some, rather specific
cases the nonlinear dynamics should not be ignored at all. In those cases, the epicyclic
oscillations are strongly influenced by nonlinear terms.

The equations governing orbital motion, (1.7) and (1.8), can be expressed in the par-
ticular form with the linear terms on the left-hand side and the nonlinear on the other
one,

: 1 ou

5+ w2ip = (1 —[ -——2} 1.41
6p + wyop = (1+6p)ob T 0p0r wy0p| (1.41)
5p06 __{ 1 au
14+6p L(1+6p)2 00

A suggestive example of nonlinear behavior of orbiting particles has been given by
Kluzniak & Abramowicz (2002). Let us take the nonlinear equations of motion and start
with purely radial epicyclic oscillations. If the amplitude a, is small, the oscillations
have the sinusoidal form dp(t) = a, cos(w,t) in accordance with the linear theory. In the
equation for vertical oscillations we keep also the nonlinear term proportional to dpdf
that appears in the Taylor expansion of the right hand side. Then the equation governing
vertical oscillations becomes

00 + Wi = 2

<—c0359}. (1.42)

80 4 wi [1 + Ka, cos(wyt)] 60 = 0, (1.43)

where k arises as a coefficient of the Taylor expansion. Equation (1.43) is the famous
Mathieu equation for which it is known that the solution §6 = 0 is unstable if the frequen-
cies w, and wy satisfy w,/wy ~ n/2 with n = 1,2,3... (Landau & Lifshitz 1969; Nayfeh &
Mook 1979). In that case, referred to as the parameteric resonance, the amplitude of verti-
cal oscillations exponentially grows on the time scale proportional to (ka,)". Suppose that
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there is a particular radius where the ratio of epicyclic frequencies equals 1:2. According to
the Mathieu equation a small vertical perturbation of the orbit in vertical direction (that
is always present) would lead to exponential grow of the amplitude of vertical oscillations.

However, what provides the energy for the exponential grow? In fact, the energy
source are radial oscillations, the energy of which is transfered into the vertical mode by
parametric resonance. In this example, we did not consider any influence of the vertical
oscillations on the radial ones.

Actually, one can consider directly opposite mechanism. If, vice versa, we start with
small vertical excursion from the equatorial plane, the oscillations of the particle are given
as 00 = ag cos(wgt). The Taylor expansion of the nonlinearities in equation (1.42) contains
the term proportional to §0%. Keeping this term on the right-hand side, we get

6p + widp = Aag cos®(wyt) = LAaj [1 + cos(2wpt)] . (1.44)

This equations describes a driven harmonic oscillator, natural frequency of which is w, and
the frequency of forcing is 2wy. The resonant condition gives us the same resonance as
Mathieu equation however in this case the radial mode of oscillations is resonantly excited
by the vertical one.

Because the epicyclic oscillator described by equations (1.41) and (1.42) conserves
energy, the grows of energy of one mode must be accompanied by the energy loss of the
other mode. Hence, we expect that close to the radii where the two epicyclic frequencies
are in a ratio of small integers the periodic exchange of energy between the two modes of
oscillations occurs.

We note that this behavior is characteristic for systems with internal or autopara-
metric resonance. One particular example of such system is a spring pendulum whose
eigenfrequencies are in rational ratio.

Regarding the results of section 1.2.1, the internal resonance in epicyclic oscillators
has an interesting consequences. Since the amplitude of the radial and vertical epicyclic
oscillations are connected to the eccentricity and inclination of the particle orbit. we
expect that close to radii, where the epicyclic frequencies are in rational ratios, periodic
exchange of energy between radial and vertical epicyclic oscillations may occur. The orbit
of particles switches between highly-inclined and nearly-circular to highly-eccentric and
nearly equatorial.

t has been shown by Abramowicz et al. (2003), Rebusco (2004) that, the nonlinear
coupling between the radial and vertical epicyclic oscillations may lead to the epicyclic
resonance occurring close to the radii where the two epicyclic frequencies are comersuable.
In the two papers, the two modes were coupled by introducing additional nonlinear force
acting on the particle whose form was chosen ad-hoc and whose strength was parame-
terized by a single parameter . Natural consequence of nonlinear coupling is that the
observed frequencies of oscillations are shifted with respect to the epicyclic frequencies.
The frequency shift depends on the strength of the coupling and on the amplitudes of
oscillations. By setting various initial amplitudes or the strength of the coupling, the
authors were able to fit the correlation between the two kilohertz frequencies observed in
Sco X-1.

In what follows, we study properties of orbital motion in general axisymmetric gravi-
tational field in the case when internal (“epicyclic”) resonance occurs. This part of work
was strongly influenced by earlier results of Rebusco (2004), who considered orbital mo-
tion in Schwarzschild space-time with additional ad-hoc coupling of vertical and radial
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oscillations and inferred many interesting properties of nonlinear oscillations of such sys-
tem. Namely, she derived corrections of the observed frequencies to eigenfrequencies of
the system and found spectrum of possible resonances. In this work the coupling appears
naturally by assuming non-spherical (but still axisymmetric) gravitational field. We fur-
ther generalize her approach to the case of the energy exchange that is charactiristic for
internal resonance. The nonlinear dynamics of the epicyclic oscillator will be treated in
framework of multiple-time scales (Nayfeh & Mook 1979) that is introduced in the next
section. The theory will be immediately illustrated by examples of epicyclic resonances
in the gravitational field of the both the Newtonian and pseudo-Newtonian star and the
massive disk.



Chapter 2

Multiple scales

2.1 Nonlinear oscillations

Let us consider the case of small but finite oscillations of a single-degree-of-freedom system
with quadratic nonlinearity governed by equation

i+ Wiz = aw?a?. (2.1)

The strength of the nonlinearity is parameterized by constant «. If one neglect the right-
hand side of equation (2.1) one obtains governing equation of the corresponding linear
system. It plays a key role in the analysis of weakly nonlinear systems. Basically the
response of the nonlinear system can be found by perturbing the response of the corre-
sponding linear system. Hence, we seek a perturbation expansion of the form

x(t,€) = ex1(t) + xo(t) + Sx3(t) + O(eh), (2.2)

The expansion parameter € expresses the order of amplitude of oscillations. The main
advantage of this approach is that, although the original equation is nonlinear, we solve
linear equations in each step. For a practical purpose we require this expansion to be
uniformly convergent for all times of interest. In that case the higher-order terms are
small compared to lower-order terms and a sufficient approximation is reached concern-
ing a finite number of terms. The expansion (2.2) can represent a periodic solution as
well as an unbounded solution with exponential grow. The uniformity of the expansion
means that the higher-order terms provide only small correctins to the lower-order ones.
Mathematically, this requirement is equivalent to the condition

z t
m k“()<oo, keN. (2.3)
t=oo wp(t)
We substitute expansion (2.2) into governing equation (2.1) and, since z is indepen-
dent of €, we equate coefficients of corresponding powers of € on both sides. This leads to
the following system of equations

T+ w2m1 = 0, (2.4)
iy + Wity = aw?a?, (2.5)
i3 +wlrs = 20wzizs. (2.6)

The general solution of equation (2.4) can be written in the form x(t) = Ae'“! + cc, where
cc denotes complex conjugation. The complex constant A contains information about the

21
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initial amplitude and phase of oscillations. Substituting this solution into equation (2.5)
we find linear equation for the first approximation xo(t)

Fg + wizy = aw? (AQeZi“’t + |A|2) + cc. (2.7)

A general solution consists of the solution of the homogeneous equation and a particular
solution,

. 1 :
1o(t) = Aget — o (gA%eQMt - \A1\2) + cc, (2.8)

where A; denotes a constant A in the solution of equation (2.4). Therefore, the solution
of governing equation up to the second order is given by

x(t) = <€A1 + 52A2) et —a <éA%62M - |A1|2) + cc. (2.9)

In fact, there are two possible ways to satisfying general initial conditions z(0) = exo and
%(0) = ez imposed on equation (2.1). The first one is to compare them with the general
solution (2.9) and find constants A;, Ay. This procedure should be repeated in each
order of approximation, which involves a tedious algebra especially in higher orders. The
second, equivalent and apparently much easier way is to include only particular solutions
to the higher approximations and treat the constant A as a function of € with expansion
A= A;+¢€As+.... Then, given initial conditions are satisfied by expanding the solution
for x1 via € and choosing the coefficients A,, appropriately.
According to this discussion we express the solution of equation (2.7) as

1 .
x9(t) = —« (gAQeQ“"t - \A[Q) + cc. (2.10)

Substituting 27 and z9 into (2.6) we obtain

20202

i3+ wirs = (5A[A\26M — A3e3i“’t) + cc. (2.11)

Since the right-hand side of this equation contains the term proportional to e“!, any
solution must contain a secular term proportional to te“!, which becomes unbounded as
t — oo. This fact has nothing to do with true physical behavior of the system for large
times. The reason is purely mathematical: starting from time when (wt) ~ 1/(ex), the
higher-order approximation x3, which contains the secular term, does not provide only a
small correction to x1 and 9, and the expansion (2.2) becomes singular. Physically, the
presence of the secular term in the third order reflects very general feature of nonlinear
oscillations — dependence of the observed frequency on the actual amplitude. For larger
amplitudes the actual frequency of oscillations differs from the eigenfrequency w and the
higher-order terms in the expansion (2.2) — always oscillating with an integer multiples of
w — must quickly increase as time grows.

2.2 The method of multiple scales

Is it possible to find an expansion representing a solution of equation (2.1) which is uni-
formly valid even for larger time than ~ ¢~!? The answer is positive, if one considers
more general form of the expansion than equation (2.2). In the method of multiple scales
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(Nayfeh & Mook 1979) more general dependence of coefficients x; on the time is reached
by introducing several time scales T}, instead of a single physical time ¢. The time scales
are introduced as

T,=eé't, n=01,2... (2.12)

and they are treated as independent. It follows that instead of the single time derivative
we have an expansion of partial derivatives with respect to T,

d
E::DWHQ+3&+5Q+OH% (2.13)
d2
ag:D@%%Q+ﬂﬁ+wwgm&mm+mmwa&,@m

where D, = 0/07),.
We assume that the solution can be represented by an expansion having the form

z(t,€) = ex1(T,) + w2(T),) + 23(T),) + O(e*). (2.15)

The number of time scales is always the same as the order at which the expansion is
truncated. We carry out the expansion to the third order and thus first three scales Ty,
T, and T, are sufficient.

Substituting equations (2.14) and (2.15) into the governing equation (2.1) and equating
the coefficients of €, €2 and € to zero we obtain

(D3 +w?)z; = 0, (2.16)
(D2 +w?xg = —2D¢Dizy + aw?a?, (2.17)
(D(Q] + w2)x3 = —2DgDixo — D%I‘l —2DgDyxq + aw2x1x2. (218)

Note that although these equations are more complicated than (2.4)—(2.6), they are still
linear and can be solved successively. The solution of equation (2.16) is the same as the
solution of the corresponding linear system, the only difference is that constant A now
generally depends on other scales

z1 = A(Ty, Ty)e“T0 + cc. (2.19)
Substituting z; into equation (2.17) we obtain
(D2 + w?)zy = —2iw(Dy A)e“T0 4 aw? (AQeQiWTO + |A|2) + cc. (2.20)

The first term on the right-hand side implies the presence of a secular term in the second-
order approximation which causes non-uniformity of the expansion (2.15). However, in
case of the method of multiple scales these terms can be eliminated by imposing additional
conditions on the function A(T},). These conditions are sometimes called conditions of
solvability or conditions of consistency. In fact, the reason why the same number of scales
as the order of approximation is needed is that one secular term gets eliminated in each
order, and therefore the function A(7),) is specified by the same number of solvability
conditions as the number of its variables.

The secular term is eliminated if we require D1 A = 0. Hence, in further discussion we
assume that A is a function of T only. A particular solution of equation (2.20) is

x9(t) = —« (%AQ(TQ)eQi“’TO - ]A(Tg)\Z) + cc. (2.21)
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T
multiple scales

0.14 sf. expansion ——— -

num. solution A
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Figure 2.1: Oscillations of a system with quadratic nonlinearity are governed by equation
(2.1). We compare results of the multiple scales method (solid curve), a simple straight-
forward expansion method (dashed curve) and the direct numerical integration of the
governing equation (points). The initial condition is z(0) = 0.1, #(0) = 0 and the strength
of nonlinearity is @ = 3. The horizontal dotted line shows the shifted “equilibrium posi-
tion” and the vertical one denotes the value (wt) = (ea)~! at which the straightforward
expansion becomes nonuniform. The solution corresponding to the linear system is also
shown (dotted curve).

Using the condition D; A = 0 equation (2.18) takes much simpler form

10c2w?
3

) 2022 .
(D§ + w?)zg = — <QiWD2A + A|A|2> ewTo %ABB&WTO + cc. (2.22)

The secular term is eliminated equating the terms in the bracket to zero

10c2w?

2iwD2A + 3

AlA]2 = 0. (2.23)

This additional condition fully determines (excepting initial conditions) time behavior of
function A(T5). Let us write it in the polar form A = %&eid’ and then separate real and
imaginary parts. We obtain

502 _,
Dya =0 and Dy¢ = —Ewd . (2.24)

The solutions of these equations are

5
d=ap and ¢ = —Ea2d3ng + ¢o, (2.25)
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where ag and ¢g are constants which are determined from the initial conditions.

It follows from equation (2.19) that A(T%) slowly modulates the amplitude and the
phase of oscillations. Since @ is constant, the amplitude is constant all the time. Since ¢
depends on T, = €t linearly, also the observed frequency of the oscillations is constant,
but not equal to the eigenfrequency w.

Substituting equations (2.25) and (2.21) into (2.15), we obtain solution of equation
(2.1) up to the second order

x(t) = ag cos(wt + ¢p) — %a% cos[2(w*t + ¢o)] + %ag + O(ag), (2.26)

where ag = eag < 1 and w* is the observed frequency of oscillation given by

2
Ww=w (1 - 51%&2> . (2.27)

The leading term of the expansion (2.26) describes oscillations with frequency close
to eigenfrequency of the system. Both, the amplitude and the frequency are constant
in time, but they are not independent (as in the linear approximation). The frequency
correction given by equation (2.27) is proportional to the square of the amplitude. This
fact is sometimes called the amplitude-frequency interaction and — as was mentioned above
— it causes the non-uniformity of the expansion (2.2) (see Figure 2.1).

The second term oscillates with twice as large frequency and provides the second-order
correction to the leading term. The presence of higher harmonics in the power-spectra of
oscillations strongly points to the nonlinear nature of the phenomenon.

Finally, the third term describes constant shift from the equilibrium position and is
related to the asymmetry of the potential energy about the point x = 0. In the linear
analysis, this effect is not present because the potential energy depends on 22, and therefore
it is symmetric with respect to the point = 0. Hence, this drift is the third characteristic
feature of nonlinear oscillations.

2.3 A conservative two-degrees-of-freedom system

So far, we have studied oscillations of a one-degree-of-freedom system. However if the
system contains two or more degrees of freedom additional phenomena called internal
resonances may occur. In this section we carry out a multiple-scales expansion of a
general conservative system having two degrees of freedom, the coordinate perturbations
dp and d6. The oscillations are described by two coupled differential equations of a very
general form

dp+w;dp = fp(6p,80,6p,060), (2.28)
00 +wj 60 = fo(dp,30,p,060). (2.29)

We suppose that the functions f, and fg are nonlinear, i.e., their Taylor expansions start
with the second order. Further assumption is that these functions are invariant under
reflection of time (i.e., the Taylor expansion does not contain odd powers of time derivatives
of 0p and 60). Later, we show that the energy is conserved in the system that satisfies
this condition. Many authors studied such systems with a particular form of functions f,
and fy (see Nayfeh & Mook 1979 and references therein), also equations (1.41) and (1.42)
governing the epicyclic oscillations represents one example.



26 CHAPTER 2. MULTIPLE SCALES

The expansion is similar to that of the one-degree-of freedom system in many respects.
We seek the solutions of equations (2.28) and (2.29) in the form of the series

4 4
=Y ou(Ty), 00(te) =D €0,(T,), (2.30)
n=1 n=1

where T}, = €/t are independent time scales. We will finish the discussion in the fourth
order, hence the first four scales (1 = 0,1,2,3) are sufficient, however, it is possible to
proceed to higher orders in a similar way. Then, we expand the time derivatives according
to equations (2.13) and (2.14) and we equate terms of the same order in € on both sides
of expanded equations.

2.3.1 First order

In the first order we obtain equations corresponding to the independent harmonic oscilla-
tors,
(D2 +whp1 =0, (D2+wd)b =0. (2.31)

The solutions can be expressed in the form
pr=A,+A , 6=A+A,, (2.32)

where we introduce the notation A4, = AgelweTo A, = AtemwsTo and x = p or 0,
respectively. The complex amplitudes A, generally depend on the slower time-scales T7,
Ty, Ts.

2.3.2 Second order

In the second order, the terms proportional to €2 in the expanded left-hand side of gov-
erning equations (2.28) or (2.29) are

[5m + w%xk = (D(Q] + wi)xg + 2w, Dy A, — inleﬁ,m, (2.33)

On the right-hand side there are second-order terms of the Taylor expansion of the non-
linearity f,(0p, 460 5p,59), with p1, 01, Dop1 and Dgf; in the place of dp, 46, 5p and 59
respectively. The second-order terms on the right-hand sides can be expressed as linear
combinations of quadratic terms constructed from A\ip and ﬁig. This can be written as

|£(6p, 00, 3p,50) } Y o) A% Aoz 4% Ao, (2.34)
|o|=2
where o = (o, ..., 4) and |a] = ag + ... + a4. The constants i are given by angular

frequencies of w, and by coefficients of the Taylor expansion of the functions f,. The coef-
ficients to which terms with a time derivative contributes, are generally complex because
derivating the first order solutions with respect to T is equivalent to multiplying them
by coefficient iw,, However, if we suppose that the Taylor expansion does not contain odd
powers of time derivatives, all of the coefficients Céj”) must be real.

Equating right-hand sides of equations (2.33) and (2.34) we find

(D3 + w?)zs = —2iw, D1 Ay + 2w, D1 A, + S O A% 492 4% 404, (2.35)
|o|=2
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wy : w, Secular terms

~

Outside —2iw, D14,
resonance —2iwpDiAg

~

1:2 —2ier1Ap, Klo()lzzl\,pzzl\g
—2iwg D1 Ag, Ao200A2

~

2:1 —2iw, D1 A,, Kooow%
—2iwg D1 Ay, AOllOApA—G

Table 2.1: Possible resonances and secular terms in the second order of approximation.
For a simpler notation, we introduce A, = C'((f ) and K, = C((X@). The first record is related
to the case when the system is far from any listed resonance. In this case only regular
secular terms are present. The first and the second row in the record of each resonance is
related to the equation for the radial and vertical oscillations, respectively.

The right-hand side of equation (2.35) contains one secular term 2iw, D1A_, independently
of the eigenfrequencies w, and wy. However, in some particular cases, additional secular
terms appear. For example, when w, =~ 2wy the terms proportional to ﬁg in the p-equation
(x — p) and ﬁpﬁ_g in the f-equation (z — €) become secular and they should be also
included to the solvability conditions. The analogical situation happens when w, &~ wy/2.
These cases, referred to as internal resonances, show qualitatively different behavior. The
terms that become secular only for a particular combination of frequencies w, and wg will
be referred to as resonant terms contrary to the regular secular terms that appear always.
Possible resonances in the second order of approximation and secular terms in equation
(2.35) are listed in Table 2.1. At this moment, we assume that the system is far from any
resonance. The regular secular terms vanishes if we set

Dy A, = 0. (2.36)

The frequencies and the amplitudes are constant and the behavior of the system is almost
the same as in the linear approximation. The only difference is the presence of the higher
harmonics oscillating with the frequencies 2w,, 2wy and |w, £ wy|. They are given by a
particular solution of equation (2.35) without the secular term and they can be expressed
as a linear combination

Ty =y QWA A% A% Agt, (2.37)

|or| =2

Under the assumption of a time-reflection invariance, all constants &x) are real and their
relation to C'((f) becomes obvious, by substituting 9 into equation (2.35). We find

(@) Chimn , (2.38)

kimn = w2 — [(k — Dwy + (m — n)wy)>
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wy 1w,  Secular terms

Outside  2iw, DoA,, Kiooo|4,|*A,, Koii1]|A3|A,
resonance 2iwgDs Ay, Allol\Ap\Qgg, AQOlg‘Ag’A\g
1:3  2iw.DeA,, KisnoA,2A,, Koin|AZ|A,, Kooz
2iwy Do Ay, A1101|Ap|2121\0; A0012|A3|A9, AOlZOA\pA\%g

1:1 2iWrD2121\paAK12OO|AP|/2\A\/p\a K0111|A3J\A\py/\ Ki110]4,[% 4y,
K0012|A§|2A9, K0210A,22\A—05 KloozAszg ~
2iwgDaAg, Ar101|Ap|?Ag, Aooiz|AZ|Ag, Aaioo]Apl*A,,
Aooz1|Ag|* Ag, A1002A_,A3, Aga10A2A_g

3:1 2w, DoA,, KizoolApl?A,, Koin|A3|A,, Kaoor A2, Ay
2iwg Dy Ay, A1101\Ap\2119, Ago12] AZ| Ay, A030011?,3

Table 2.2: Possible resonances in the third order of approximation.

2.3.3 Third order

When we proceed to the higher order, the discussion is analogical in many respects. The
terms proportional to €3, which appear on the left-hand side of the governing equations,
are given by

(62 + wlz] , = (D +wl)ws + 2iw, Do Ay — 2iw, DoA_. (2.39)
The terms containing Dyxy and Djxy vanish in consequence of the solvability condition
(2.36). The right-hand side contains cubic terms of the Taylor expansion combined using
first-order approximations pi, 1 and quadratic terms combined using one first-order — p;
or #; — and one second-order quantity — p2 or #s. Since the second-order terms are linear

combinations of ﬁip and ;{ig, the expanded equations in the third order takes the form

(D3 + w?)as = —2iw, Dy Ay + 2w, DaA_p + Y CLP A% A%2 A% Ag4, (2.40)
|oe]=3

where all constants Cc(f) are real.

The secular terms together with possible resonances are summarized in Table 2.2. Far

from any resonance, we eliminate only the regular secular terms. Multiplying by e Wt
the solvability conditions become
_ i 2 2
DyA, = 5 {K1200‘Ap‘ + Ko111|Ag| } Ay, (2.41)
W
1
DQA@ = — [Allol‘ApF + AOOH‘AQ‘Q} Ag. (242)
2wy

A particular solution of equation (2.40) is given by linear combination of cubic terms
constructed from A, and A4

zz= Y QPMAY A% A A, (2.43)
|a|=3
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wy : Wy  Secular terms

Outside  2iw, D3A o
resonance 2iwgpD3Ag

~

1:4  2iw,D34,, KoosAj

2iwg D3 Ag, Mooz A, A3
2:3  2iwDsA,, Kozd, A%,
2iwg D3 Ag, AnzanA2A?,
3:2 inngA\p, KQQOQA\%[)A%

2iwp D3 Ay, Aosloﬁ%gfe

~

4:1 2ier3Ap, KogolA\izZig
2iwg D3 Ag, Noaoo A

Table 2.3: Possible resonances in the fourth order of approximation.

with real coefficients Q(()?’m).

2.3.4 Fourth order

The terms proportional to €* in the expanded left-hand side of the equations (2.28) and
(2.29) are

{5.%' + wixh = (DS + wi)mg + 2D3Dyx1 + 2DgDoxs. (244)

The operator DDy acts on x5 given by equation (2.37). The result is given by solvability
conditions (2.41), (2.42) and can be written in the form

2Dy Dywy = wi Y J{W A A2 A% 4G4, (2.45)
|a|=4
where constants Jéx) are real because both Dy and Dy produce one imaginary unit. The
right-hand side is expanded similarly. Finally, we arrive at the expanded governing equa-
tion in the form

(D3 + w?)zy = —2iw, D3 Ay + 2w, D3A_, + S O A% 492 4% 404, (2.46)
|| =4
)

with real constants Céj” .

o~

On the right-hand side there is only one regular secular term
—2iw, D3 A, independently of w, and wy, the sum contains only resonant terms. These
terms and solvability conditions are listed in the table 2.3.

2.3.5 Secular terms

A simplicity of multiple scales and algorithmic nature of this method allowed us to predict
a general form of secular conditions in a general conservative system with two degrees of
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freedom. The conditions arise from elimination of terms that are secular in fastest variable
Ty. These terms are eliminated because otherwise the expansions of solutions become
nonuniform. In the expansion few secular terms appear regularly, independently of the
actual ratio of system eigenfrequencies. Such terms are referred to as regular secular terms.
In addition, if eigenfrequencies are close to a fraction of small integers, other nonlinear
terms mixing the two oscillations become secular. These terms and the situation when
this occurs are referred to as nearly secular terms and the internal resonance, respectively.

One particular feature of an internal resonance k:l is that kw, and lwy need not to be
infinitesimally close as would be expected from other resonances that are studied by means
of linear analysis. Let us consider, for example, an internal resonance 1 : 2. The resonance
occurs when wy =~ 2w,. Eliminating secular terms, we obtain solvability conditions (see
table 2.1)

_2ier1;{p + KlOOlA\—pA\G =0, —2iw€D1;{9 + AOQOOA,Q) =0. (247)

The first term in each equation is regular and the second one is resonant. The solvability
conditions give us the long term behavior of the amplitudes and phases of oscillations.
These are included in the complex amplitudes A, and Ag. Suppose now that the system
departs from the exact ratio by small (first-order) deviation wy = 2w, + €0, where o is
detuning parameter describing vicinity of the resonance. The terms proportional to A pzzl\g
and ﬁ?) remain still secular in the variable T because

A Ag = Ay Agelomer)To = A Agellortea)To = A% gyeloTh glrTd (2.48)

Analogical situation occur in the #-equation in the case of the secular term ﬁ%



Chapter 3

Epicyclic resonances

3.1 The nonlinearities in governing equations

In this chapter we study nonlinear oscillations and internal resonances of epicyclic oscil-
lators governed by equations (1.41) and (1.42). It represents one particular example of a
general conservative system of two degrees of freedom described by equations (2.28) and
(2.29) that has been studied in section 2.3. The nonlinear functions on the right-hand
sides take the form

y : 1,
= (1 - == _ 1
fo(0p,80,0p,60) (1+6p)o0 [1+(5p 5 wrép], (3.1)
8566 1 au

fo(6p,80,6p,60) =

2
1+0p {(1 +0p)2 00 we(w} ' 3.2)
The derivatives of the effective potential are evaluated at the actual position of particles.
Note also that linear terms in expanded potential derivatives gives epicyclic frequencies,
therefore, the first nonzero terms in expansion of the square brackets are quadratic.
We expand the effective potential derivatives into the Taylor series about a circular
orbit, for which dp = 60 = 0. For simpler notation, we denote derivatives of the potential

_ oYy

We consider only the case of the potentials symmetric with respect to the equatorial plane.
This implies condition w;(gy41) = 0, where k € N.

The Taylor expansion of functions f, and fp up to the fourth order provides many
nonlinear terms,

at the circular orbits as

fy = —srouse 6p? + 56 — ;% 807 — Lriusg 6p* + 6p36% + Suan 5p 66°
0
—2—147’81150 Spt — %rou?,o 5p% 66% — tha 56, (3.4)
247"0
) 2 )
fy = (2w3 - %) 5p o0 — 2560 — (%m + 302 — ﬂ) 5p250 +25p 5 60,
To 7o
: 1
2802600 + <4w§ gy — S22 _ ETOU32> 50360
To
Uo4 U4
- (373 - %) 5p 663, (3.5)

31
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3.2 The multiple-scales expansion

We introduce small perturbation parameter e expressing the strength of the oscillations.
Hence, we assume that dp ~ 060 ~ €. We seek the solutions of nonlinear governing equa-
tions in the form (2.30). We should also substitute expansions (2.13) and (2.14) of the time
derivatives. This involves simple but considerably lengthy algebra. We used Mathematica
for this purpose. Here we briefly summarize several results important for further discus-
sion. We closely follow the general calculations of section 2.3. We compare coefficients of
same powers of € on both sides of expanded governing equations. We obtain equations for
functions p;(7}) and 6;(T;) that can be solved successively — lower order solutions appear
on the right-hand sides of higher order equations as in a general case discussed in section
2.3. In each order of approximation we rearrange the equations for radial and vertical
oscillations to “canonical” forms,

(D§ +wi)pn = S Kyudl,A) AF A, (3.6)
i+j+k+l=n

(D +wd)b, = ST AyuAl Al AR AL (3.7)
i+j+k+i=n

where n is the order of approximation. This way we identify constants K and Ayj.

3.2.1 Possible resonances

The studied gravitational potential is symmetric with respect to the equatorial plane.
Therefore, the Taylor expansions (3.4) and (3.5) do not contain terms that arise from odd
derivatives of the effective potential with respect to 6. Contrary to the general case, the
right hand sides of equations (3.6) and (3.7) do not contain all the terms and the system
shows only few resonances. The only resonances that appear in the system with such
additional symmetry are

1:2, 1:1, 3:2 and 1:4, (3.8)

The first three were already identified by Rebusco (2004). where the numbers refer to
ratio wy : w,. The remaining resonances do not appear because corresponding coefficients
Kijx and A;jp; vanish.

3.2.2 Solvability conditions

1:2 resonance. The solvability conditions take the form (compare with table 2.1)

~ 1

DA, = ——Ko243 3.9
14, 5, o002 45, (3.9)
. i S

D14y = —onnoAp A_y,. (3.10)

The coefficients of the resonant terms are given by

U112 U2
Kooz = —wj — ==, Moo = —2wp — —. (3.11)

27“0 To
Clearly, the coefficients of resonant terms satisfy 2Kggg2 = Ag119. We find similar relations
also in the cases of other resonances. The reason for this relation will be apparent in the

next section.
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1:1 resonance. When the system is far from the 1:2 resonance, the solvability conditions
of the first order Dlﬁp = DlA\g = 0 imply that the complex amplitudes ﬁp and 29 depend
only on the second time-scale T5. The 1:1 resonance is the only one epicyclic resonance of
the system with reflection symmetry in the third order of approximation. Dependence on
T5 implies slower behavior. The solvability conditions are (see Table 2.1)

N i N N N
DQAP = _2u) [Kmoo ’Ap‘2 Ap + Ko111 ’Ag’Q Ap + KlOOQA_p A\g} s (312)
T
N i N N S
DyAg = o {A1101 |Apl* Ag + Aoo12 | Ag|* Ag + A0210A%A79} (3.13)
and the coefficients of the secular terms are given by
5u3
2 30 1
Ki200 = To <6—wg - 5”40) ) (3-14)
2
U 8 3u
Ko = 4 <—10w3 + 2512 — Bugy — 6ruzp + wra |— + D . (3.15)
TowWy ro wy
1 s 6udy U12 U30
K1002 = % —6(4)9 + I —3U22 —27"0U30 — 3 s (316)
TowWs “o
Uo4 7U12 5u%2 10 2

A = ——= =2 3.17
T riow Al A S0
Aozio = Kooz, (3.18)
Aor = Ko (3.19)

In evaluation we use the fact that w, ~ wy.

3:2 resonance. when |wy—w,| > €, the elimination of regular secular terms in the third
order gives (compare with Table 2.2)

N i N N
DA, = ~5 {Kuoo |A,* A, + Kor11 |Agl” Ap} ; (3.20)
T
—~ i —~ —~
DQA@ = —— [Allol ’Ap’2 A,g + A0012 ‘Ag’Q Ag} . (321)
2(,()9
with the coefficients given as
15 u2
K = 2220 _ 1 3.22
1200 Tg( 8wy 5U40 | ( )
K = (15024 22 gy — 18rguso + Yt |~ + 220 (3.23)
0111 1 0 47’8003 22 0w30 12 o wz ) .
ups 135 udy 153 ux 135
A S Rk b R e 3.24
0012 22 64 rgwg 16 o | 16 7 (3:24)
Aot = Ko, (3.25)

where we used the fact that 3w, ~ 2wy.
The elimination of the resonant terms in the forth order gives the solvability condition
of the form (compare with table 2.3)
i
2w,

N o~ . i Yy~
DA, = —5—Kooop A2 JA],  DsAg = 5 AgsioA3A_, (3.26)
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where the resonant coefficients are given by

2 3
Uiz | 135 %2 243 U12 9 o7 U12 U22
Kogpy = —2wj+ 3% = — S U2+ T
16 0 T 32 64 .2, 2 128 .3 4 ~ 8227 g 2
2 2
27 oo o S Uyg U30 9 ToU22 U30 81 ToUs02
—1g TOU30 + ¢4 — 16 — 3¢
16 61 rowd 62 256 2
2
g1 Tou12U3p 3 9 2 9 ToU12 U4
B 4 470U T 51700 T T — 3 (3.27)
Wy wj
2
Aosio = 5Kao02 (3.28)

3.2.3 Spherically-symmetric gravitational potential

Let us consider the case when the gravitational potential is function of r only, ®(r,0) =
®(r). The trajectories of the orbiting particles are strictly planar and the epicyclic reso-
nances do not appear. This fact can be recovered also in our calculations. The coeflicients
in the solvability conditions are

q)/
Ko = Anor = —4709 + 36 T—OO, (3.29)
3) /
_ 1 (W @), 5,32 0
Ki200 = 5 (To‘% +40 9 ) + 870 o +90 o (3.30)
q)/
Aoo12 = 12 — (3.31)
To
Ki002 = Ao210 =0 (3.32)

in the case of 1:1 epicyclic resonance and

(bl
Ko = Avior = ~970®S" + 96 T—OO, (3.33)
() D
K200 = 5 (7“0‘1)84) + 90 <I>é3)) + 2§ —— +240 -2, (3.34)
(130 o
(bl
Aporz = 32 =2 (3.35)
7o
Kago2 = Aogzi0 =0 (3.36)

in the case of 3:2 epicyclic resonance. All resonant terms vanishes. Hence, there are no
epicyclic resonances in the strictly spherically symmetric gravitational potential. In the
next sections we consider fully general case of the axisymmetric gravitational field.

3.3 The 1:2 resonance

In this section, we study properties of the epicyclic motion when internal resonance 1:2
between vertical and radial epicyclic modes occurs. Through the section we suppose that
the eigenfrequencies are nearly commersuable, i.e. w, =~ 2wy. This resonance appears in
the second order, where only quadratic terms of the expansion contributes. The quadratic
nonlinearity is sufficient to wake up this resonance. We note that this resonance appears in
the fourth order again. However, the fourth order would provide only negligible corrections
to the results of second order alone. Hence, we consider only two time scales, the fast one
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To (that is identical with the physical time ) and the slow one 7. Our discussion is similar
to that of Nayfeh & Mook (1979) in the case of the system with quadratic nonlinearity.

The solvability conditions are given by equations (3.9) and (3.10). From equation
(3.11) we observe that coefficients Kooz and Ag119 satisfy

Ao110 = 2Kooo2 = wjB- (3.37)

By substituting expressions for A\ip and A\ig and deviding equations by the term el«r70

and €70 respectively we obtain differential equations that describes long-term behavior
of complex amplitudes A,(T7) and Ay(T1),

D1 A, = —1ifwg Aje Cr=20)To — _ Ligy, AZ e~iowiTh (3.38)

D1A, = —3iBwy A, Apelr200)T0 = _ Liguwy A, Af €T, (3.39)

where we introduced detuning parameter by

2
o=1- we, o =¢€q. (3.40)
wy

We assume that ¢ = O(e) and & = O(1).

The complex amplitudes can be rewritten in polar forms, A, = —;dpei% and Ag =
—;&ge’%. Again, the symbol Z refers to the fact that £ = O(1). The actual amplitudes of
oscillations are given as a, = €a, and ay = €ag, respectively.

Separating real and imaginary parts of the equations we get four differential equations

a, = 1—16ng ag sin -y, (3.41)
ag = —%ﬂwg a,agsin 7, (3.42)
2
. a
¢, = —I—%ng 2 cos, (3.43)
ap
by = —%ng a, cos ", (3.44)
where (t) = —owgt — ¢, + 2¢ is called phase function. Its time derivative follows from
equations (3.43) and (3.44),
L — @( 2_ 1 2) . (3.45)
Y= —owy — 20, a, — gag ) cos7. .

Equations (3.41) and (3.42) together with equation (3.45) governs the long-term be-
havior of amplitudes and phases of oscillations. They are nonlinear first-order differential
equations for variables a,(t), ag(t) and y(t). However, the number of dynamical equations
that must be solved can be further reduced if we introduce the integrals of motion.

3.3.1 Integrals of motion

Equations (3.41) and (3.42) imply the relation
d/o 129
a ((lp + Zag) = 0, (346)

and thus we introduce
&= az + Laj = const. (3.47)
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The constant £ is obviously connected with the energy of epicyclic oscillations. One can
verify using equation (1.20) that 0E = rw2€ (here r is the radius of the circular orbit of
the same angular momentum).

To satisfy equation (3.47) manifestly, we introduce following parameterization of the
amplitudes

ar=£€, ag=4(1-&)E. (3.48)

This way the two equations (3.41) and (3.42) are replaced by a single equation for £(t)
and the system of evolution equation becomes

€ = 18wy (1-€) €Y siny, (3.49)
& = —owpt + 1wy (1 - 362) €17 cosy. (3.50)

The second integral of motion is found in the following way. Relation dy/d¢ =~/ ¢ implies
that

¢ (édv - 7d§) = 0. (3.51)
By substituting from equations (3.49) and (3.50), we get
18¢(1 — €)Y dy + o€ds — 18(1 — 3¢%) cosydE = 0 (3.52)
that can be integrated to the form
d[5€? = £(1 - &%) cos| =0, (3.53)

where 6 = 20/0E 1/2 This equation implies existence of another integral of motion,

F =662 —¢£(1—€%)cosy. (3.54)

3.3.2 Stationary solutions and phase-plane topologies

The solutions of equations (3.49) and (3.50) correspond to trajectories in the (v, £)-plane.
This plane is also referred to as the phase plane. The stationary solutions are critical
points of dynamical equations (3.49) and (3.50). They corresponds to oscillations with
constant amplitudes and phase difference given by phase function ~. Setting ¢ = ¥ =0
we get algebraic equations that determines position of critical points in the (,~)-plane,

(1—€%)siny=0, 266+ (1—3¢*)cosy=0. (3.55)

Obviously, the former equation is satisfied only if v = knw. In that case cosy = £1 and
the latter equation implies
3¢ F256—1=0. (3.56)

The sign refers to that of cos~y. The positive solutions are
fom = 2 (iaQ +V5 + 3) , (3.57)

where &g or &, is a £-coordinate of the critical point for v = 0 or 7, respectively. The next
condition is £ < 1 that further limit the range of detuning parameter . Imposing it on
solutions (3.57) we find

0<é <1, when 7> —1, (3.58)
0<& <0, when o < +1. (3.59)
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Figure 3.1: The position of the stationary points £y and &, in dependence on the detuning
parameter ¢ and the classification of possible phase-plane topologies according to number
and position of critical points. Figure shows regions with three different topology types:
B, C and D. The phase-plane of the type A corresponds to the limit |6| — oo.

Positions of critical points are shown in Figure 3.1. According to the number of critical
points in the (v, {)-plane we can distinguish several types of topologies. The phase plane of
type A does not contain any critical point. In the case of the 1:2 resonance this correspond
to the limit case |6| — oco. For & the absolute value of which is in the range 1 < |7| < oo,
the phase-plane topology is of type B. The corresponding phase planes contain one critical
point at v = 0 (for & positive) or v = 7 (for & negative). The phase-plane has topology
of type C with two critical points at v = 0 and v = 7 if 0 < |g| < 1. The last type D
corresponds to the perfect resonance occurring when ¢ = 0.

Nature of critical points can be inferred from the eigenvalues of the linearized system
of dynamical equations. The eigenvalues A are solutions of equation

3 07 o¢ 04
% _\ <1—A)——§1:0, (3.60)
23 Oy Oy 0¢

where the partial derivatives are evaluated in the critical point. Because siny = 0 there,

the derivatives 9€ /0¢ and 07/0~ vanishes. The remainder leads to equation that is same
for both cases, v =0 and v =,

&P (1—€3)(1+3¢%)

2 _
AT = 16 £2

(3.61)
The right-hand side is always negative for all £ of interest implying that critical points are
always centers.

The oscillations of the epicyclic oscillator considered here is described by three vari-
ables. These are the amplitudes a, and ag of the radial and vertical epicyclic oscillations
and the phase function ~, that relates phases of oscillations. In the last sections we find
two integral of motion £ and F. Therefore, dynamics of the system is given by single
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Figure 3.2: The four possible topologies of the (v, &) plane for different values of detuning
parameter. Top: the phase-plane of type B for ¢ = —1.5 (left panel) and 1.5 (the right
panel). Middle: topology of type C for & = —0.5 and 0.5. Bottom left: phase-plane of
type A (for & = —50). Bottom right: the case of perfect resonance (¢ = 0) corresponds
to the type D.
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equation of motion, that determines time behavior of function £(¢). Later on, we derive
this equation. For present moment, we ignore time dependence by considering projections
of solutions into the (v, )-plane.

For a fixed energy &£ of oscillations, the system follows curves of constant F. Then the
projections of solutions into the (v, £)-plane are given by equation

F(r,&) = const. (3.62)

The possible topologies of the (v,{)-plane in dependence on detuning parameter o are
shown in Figure 3.2. The variable & expresses the fraction of the total energy of epicyclic
oscillations contained by the radial mode. In all resonant topologies (except that of type
A) € is a subject to periodic variations. This clearly reflects the periodic exchange of the
energy between the two modes of oscillations.

3.3.3 Time behavior

The equation describing time behavior of the system can be found as follows. The square
of equation (3.49) gives

16 o _ 2)2 2
55%}35 = (1 —¢ ) (1— cos27). (3.63)
Isolating cos~y from equation (3.54), we get cosy = (&2 — F)/[€(1 — €)]. Further substi-

tution gives
4 . 2

WU = u(l —u)? — (Gu+ F)?, (3.64)

where we introduced function u(t) = £2(t). The right-hand side can be regarded as a
difference of two functions, F%(u) — G*(u), where F(u) = (1 —u)u'/? and G(u) = 5u — F.
is a linear functions. The reality of 7 requires F?(u) > G?. This gives us range of allowed
values of u. Functions £F(u) and G(u) are plotted in Figure 3.3. Functions +£F(u) forms a
closed convex curve and functions G(u) are always linear. Therefore, there are maximally
two turning points u; and us where F(u) = +£F5(u) and hence the time derivative 4
vanishes. As time goes, u(t) oscillates between uy and ug and the energy flows from one
mode of oscillations to other one.
The time period of the energy exchange is given by integral

T 2 /“2 du
B2 Juy \/u(l —u)? — (Gu— .7:)2

(3.65)

The square-root in the denominator of the integrant is a cubic function in variable u,
hence it is possible to express the integral in terms of Jacobi elliptic integrals. Another
possibility is that function G(u) only touch one of the functions +F(u). This situation
corresponds to a stationary point. It follows that the integral (3.65) diverges in that case.

3.4 The 1:1 resonance

Discussion of the system behavior in the case of 1:1 epicyclic resonance will be similar
to that of the 1:2 resonance in many respects. In that case, the fact that solvability
conditions depend on the single parameter 3 allowed us to make a complete and fully



40 CHAPTER 3. EPICYCLIC RESONANCES

F(u), G(u)

Figure 3.3: Functions +F(u) and G(u) that appear on the right-hand side of equation of
motion (3.64). The functions F'(u) and —F(u) delimites closed convex area and G(u) is
a linear function. Hence, there are generally two points where the function G crosses one
of the functions +£F(u). These correspond to the turning points where @ vanishes. For
reference, function G(u) is plotted for two different values of & and F: G1(u) correspond
to the trajectory passing point [0,0.2] in the (v, ¢)-plane with & = —0.5 and G5(u) is for
a trajectory going through point [0,0.4] in the (v, &)-plane with 6 = —1.5.

general discussion of all possible topologies of the (v,&)-plane. In the case of the 1:1
resonance the situation are a bit more complicated and similar discussion will be done
only for the particular example of resonant orbits in the gravitational field of a Newtonian
star and a massive disk.

The solvability conditions for 1:1 resonance have been derived in section 3.1. They are
given by equations (3.12) and (3.13). By substituting of ﬁip and A4g and deviding the
terms €70 and €“¢70 in equations (3.12) and (3.13), respectively, we get the equations
for complex amplitudes in the form

QiWT-DQAp = Kjio0 ’A,;’Q Ap + Koi11 ’AQ‘Q Ay + K1002A;A36—210w9TO7 (3.66)
2iwgDaAp = Av1o1 [Ap” Ap + Aor2 |Ag|* Ag + Ap210 A2 AGe* 70T, (3.67)

where we introduced the detuning parameter as

o= 1, o=dé (3.68)
wo
and we assume 6 = (O(1). The 1:1 resonance allowes much smaller range of detuning
parameter than the resonance 1:2 that was easier to tune.
Expressing complex amplitudes in the polar forms, A, = —;dpeid’ﬁ and Ay = %dgew‘),
and separating the real and imaginary parts we get

K
D, = %apag sin 27, (3.69)

T



3.4. The 1:1 resonance 41

. A210 o .

Dyig = — Rog a,zag sin 27, (3.70)

Kig00 .o Ko .o Kioo2 -9
Do, = — - - 2 3.71
20p 8w, 8w, a 8w, 10 €08 2, (3.71)

At101 -9 Aoo2 -2 Ao210 -
Dogy = — 80g a, — ” ag — o a, cos 27, (3.72)
where we introduced the phase function v = —owg — ¢, — ¢9. The two amplitudes and the

phase function are three variables characterizing oscillations of the system. Introducing
the physical time t, the differential equations describing their evolution reads

a, = wyPBayagsin 27, (3.73)
g = —wgﬂazag sin 2+, (3.74)
v = wy [—a + ura% + pgal + B (ag — a%) cos 27} ) (3.75)

where the dimensionless parameters 3, u, and pg are introduced by

Kooz  Ao210 _ K200 — Atr101 g = Koi11 — Ago12
pr— = Y 9 = -

T 8(4)9 ’ 8(4)9

= 3.76
8(4)9 8(,(19 ’ ( )

3.4.1 Integrals of motion

As in the case of the 1:2 resonance, there are two integrals of motion. Also the way how
to find them is very similar. Multiplying equation (3.73) by a, and equation (3.73) by ag
and integrating, we find that the sum

E= alz) + a3 (3.77)

is conserved during oscillations. The constant £ is proportional to the energy of epicyclic
oscillations as it follows from equation (1.20) and it will be referred to as energy.

Next, we introduce a parameterization of the amplitudes by function £(t) using rela-
tions

ar =€, aj=(1-&)E. (3.78)

With the aid of the energy conservation the equations (3.73)—(3.75) are reduced to the
two differential equations

€ = woBEe (1-¢7) sin 2 (3.79)
i = —wpo +wof € + g (1 - €2) + 3 (1 - 262) cos 29 (3.80)

The other integral of motion can be found in the exactly same way as in the case of
1:2 resonance. By substituting equations (3.79) and (3.80) into the relation

J6d€ — 6dy =0 (3.81)
and after soma algebra, we get
A [-5€% + 3t + Suee? (2 - €2) + Ae* (1 - €2) cos 29] =0, (3.82)
where & = 0/€. Hence, the quantity
F=[o+3me + 4o (2 €) + 8 (1 - €2) cos 29 (3.83)

is another integral of motion.
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3.4.2 Stationary solutions and phase-plane topologies

Stationary points are given by condition 4 = £ = 0. From equation (3.79), we deduce that
these point appears at v = k7/2, where k is an integer. This is remarkable difference from
the case of 1:2 resonance: the phase plane is periodic in y-direction with period 7, contrary
to the 2m-periodicity of the phase plane in the case of the 1:2 resonance. Substituting the
cosy = £1 into equation (3.80) we get a quadratic equation for £ with solutions (the upper
and lower sign refers to the odd and even values of k, respectively)

o — g FpB

&=l
Mr_,U'GZFQﬁ

(3.84)
In further discussion we separate two cases according to the signum of the denominator
D=, —pg 28> 0. If D >0 we find that corresponding critical points exists for & in
the range

po £ 0 <& < F B (3.85)

On the other hand, for D < 0 the critical points appear only if ¢ satisfies
pr FB <0 <pgEp (3.86)

Next, we linearize equations (3.79) and (3.80) in the vicinity of critical points. The
toology of the (v, &) plane can be deduced from the eigenvalues A of the linearized system.
These are roots of a characteristic polynomial

)3 s dE 93
% _\ <1—A)——§1:0. (3.87)
o€ 0 0y 0&

The partial derivatives are evaluated at critical points. As in the case of the 1:2 resonance,

we find that 9 /0 = 070y = 0 because they are proportional to sin 2 that vanishes for
v = km/2. The remaining two derivatives gives

%3 _ 2 Q! _
3 20 BEE (1 ¢ ) T 2wpEED. (3.88)
Hence, equation (3.87) takes the form
N2 = £4BwpE?¢? (1-¢2) D. (3.89)

The (7, §)-plane contain critical points of both types, centers and saddles. If D > 0 critical
points at v = km are saddles and that at v = (2k 4+ 1)7/2 between them are centers. In
the opposite case D < 0, the situation is exactly opposite: centers are at v = (2k + 1)7/2
and saddles at v = k. Particular examples of phase planes are given in the next section.

3.4.3 1:1 epicyclic resonance close to a massive ring

Let us illustrate the above-given theory on the practical example of orbits in gravitational
field of the Newtonian star surrounded by the massive ring. In the case considered here,
the ratio of masses of the ring and the star is set to the value pu = 0.1.

The epicyclic frequencies were already calculated in section 1.2.3. Using these results
we determine detuning parameter according to equation (3.68). Using equations (3.14)—
(3.19) we find the parameters p,, ug and 3. These are shown in Figure 3.4 as functions
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Figure 3.4: Detuning parameter o (left), parameters pu,, pg (middle) and parameter /3
(right) as functions of radial coordinate for the 1:1 epicyclic resonance in the gravitational
field of a Newtonian star surrounded by a massive ring. The ratio of masses is p = 0.1
and the ring is at the radius » = a. The branches on curves where our theory is relevant
are denoted by thick black line.

of the radial coordinate. The perturbation approach used here is limited by requirement
on the amplitudes of oscillations, a, ~ ag ~ ¢ < 1. That means that both, the energy
and the detuning parameter must satisfy £ ~ 0 ~ €2 < 1. In figures the thick black line
denotes regions where o < 0.2.

For a given radius r, equation (3.86) gives us the range of energies for which the
(7, &)-plane contains critical points. Applying this condition we found that three different
topologies of (v, £)-plane occurs. These are referred to as types A, B, C. While the phase-
planes of the type A do not contain any critical point, the critical points of both the saddle
and central topology appear in phase-planes of type C. Finally, B is a “transient” type
that contains only critical points with central topology. The top panel of Figure 3.5 shows
regions of different phase-plane topology in the (r,&) plane. Clearly the phase planes
of a type A occurs for epicyclic oscillations of small energy at all radii. This is because
the epicyclic frequencies are quite different from each other and thus the oscillations with
small energy are almost uncoupled. On the other hand, with higher energy of oscillations,
the frequency of oscillations are shifted toward the exact 1:1 ratio by nonlinear effects
(amplitude-frequency interaction) and the two oscillation modes become coupled much
strongly.

Particular examples of the phase plane topology at different radii and for different
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Figure 3.5: The 1:1 epicyclic resonance in gravitational field of a Newtonian star and
massive ring. The ring is at radius 7 = a and this distance also provides a natural length-
scale of the problem. The ratio of masses is © = 0.1. The top panel shows regions of
different phase-plane topology in the (r,£)-plane. We distinguish three types (A,B,C) of
the topology. The middle-left panel shows a phase plane of type A that does not contain
critical points. An example of the type-B topology is given in the middle-right panel.
Finally, the bottom row shows two phase-planes of the type-C topology.
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energies of oscillations are shown in the middle and bottom panels of Figure 3.5

3.5 The 3:2 resonance

Finally, we consider 3:2 epicyclic resonance. The solvability conditions involves that of
both the third and the fourth orders. Hence the complex amplitudes A, and Ag are
functions of both time scales T35 and T4. Also, the detuning parameter should be introduced
as

c=32" 9= 26y 4 353, (3.90)
we

The solvability conditions takes the form
2iw, D3A, = Kooz (A})2 A7 el(72T2405Ts),
2iwgD3Ag = AgsroASAf (@ T2H0sTs)
2iw, Do A, = {K1200 |A,* + Kot |A6|2} Ap,
2iwg Do Ay = {A1101 |A,)* + Aoora \Aeﬂ Ayg.

By substituting polar form of complex amplitudes A, and Ay and separating real and
imaginary parts of the equations we get eight equations governing long-term behavior of
phases and amplitudes.

Dy, = 0, (3.95)
Doag = 0, (3.96)
- K2002 29-9 .
Dza, = T6w, a%ag sin 7y, (3.97)
A
Dsig = — 12‘2; dagsiny, (3.98)
1 - .
Dyop = %0 {Kuooai +K0111a§} ; (3.99)
T
1 ~2 ~2
D¢y = " Swp [Allolap + Aoomag} ; (3.100)
Kooo2 .~ -0
D3¢, = — T a,at” cos 7, (3.101)
~ Aosio .3
D3¢y = “Towp a, cos 7, (3.102)

where the phase function was introduces as (T2, T3) = —02T> — 0313 — 3¢, + 2¢9. The
amplitudes a, and ay of oscillations change slowly, because they depend only on the third
time-scale T3. Phases ¢, and ¢y of oscillations are modified on both time scales T5 and T5.
The equations of the second and third order can be further merged introducing the single
physical time ¢. Time derivatives are then given by d/dt = €?Dy + ¢3Ds3. Oscillations
of the system are determined by both amplitudes and by the phase functions. They are
governed by equations

ar = =Bwraagsiny, (3.103)

ag = —1—16@4)9@‘;’&9 sin 7, (3.104)
. w, a

¥ o= —owp+ ZG [ra? + pgag + Er (aag - ﬁaz) cos fy} , (3.105)
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where we introduced pu.., g and 8 by equations
Agzi0 = 2Koooz = Bwy,  Kisoo — Av1o1 = wipe, Kot — Mootz = wjpe. (3.106)

3.5.1 Integrals of motion

Equations (3.103) and (3.104) imply that the following quantity is conserved,
&= ai + 94§ = const. (3.107)

where constant £ is proportional to the total energy in epicyclic oscillations J E.
The equations (3.103) and (3.104) can be replaced by single equation when following
parameterization is introduced

2=¢€, aj=4(1-¢)¢. (3.108)
Then, the oscillations are governed by two equations for £(t) and (),

§ = F5Bwos? (1 - %) €¥2sin, (3.109)
Y= —owy + Tiweg |:,UJ7'£2 + %,ue (1 — 52) + %ﬁﬁ (3 — 5{2) EY2 cos 7} . (3.110)

The second integral of motion can be found in the exactly same way as in the case of 1:2
and 1:1 resonances. We obtain

F=8 (1 — 52) o+¢& [Mr ‘- %M@ (1 - {2)2} + BE32¢3 (1 - {2) COS 7. (3.111)

3.5.2 Stationary points and phase-plane topology

Stationary points are given by condition £ = 4 = 0. According to equation (3.109) the
~v-coordinate of these points satisfy siny = 0 and therefore v = k7 with k of integer value.
Substituting 4 = 0 and cosy = %1 into equation (3.110), we get

_do + [MZ + dp(1— 52)} £+ B¢ (3 - 5§2) £3/2 — (3.112)

that is a cubic equation, the solution of which gives us £-coordinate of a stationary point.
Equation (3.112) calls for a numerical solution. However, in the case of small oscillations
for which £& <« 1, its solution can be roughly approximated kepping only terms that are
linear in €. Then the problem is reduced to solution of a simple quadratic equation. We
obtain B

2= 7 h (3.113)

aHr — Mo

where we defined & = ¢/€. The first correction to this solution is of order of £1/2.
Deviation between £-coordinates of stationary points at odd and even multiples of 7 is of
the same order.

Depending on the sign of the denominator D = %,ur — pg, the solution (3.113) lies in
the allowed range if %ur <0< %,ug or —El)ug <o < %ur in the case of D negative or
positive, respectively. This can be expressed in terms of energy £: for a given detuning
parameter o stationary points appear in the (v, &) plane if energy of oscillations £ satisfies

07 <4 or 42 << (3.114)
He Hr Hr Ho
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Figure 3.6: The functions +F(u) = (1 — u)u/? and the quadratic function G(u) which
second powers are first and second terms on the right-hand side of equation (3.118). The
behavior of the system corresponds to u in the interval [u1, us] (denoted by the two dotted
vertical lines) where the condition |F'(u)| > |G(u)| is satisfied.

when D is positive or negative, respectively.
Examination of phase-plane topology in a vicinity of critical points leads to equation

9¢ o o 0y
(6_5 - A) () -3 5 =0 (3.115)

for eigenvalues \ of the system of linearized equations (3.109) and ((3.110). Evaluating
partial derivatives in a critical point and keeping only the terms of lowest order in £3/2,
we obtain

A= Fhuwie? (1-¢2) el (3.116)

Hence the situation is exactly same as in the case of the 1:1 resonance: critical points of
central topology alternate that of saddle topology. An example of a phase-plane of epicyclic
oscillations in a particular gravitational field will be presented in the next chapter.

3.5.3 Time dependence

The equation describing an evolution of {(t) can be derived as follows. Square of equation
(3.109) gives

€2 = 1—ég 22¢t (1 — 52)253 (1 — cos? 7) , (3.117)

Then, isolating cosy from equation (3.111) and substituting into equation (3.117) we find
the equation in the form

Ku? = F?(u) — G*(u), (3.118)
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Figure 3.7: The 3:2 inner epicyclic resonances in the gravitational field of a pseudo-
Newtonian star and a massive ring. The ratio of masses is ¢ = 0.1. The top-left panel
shows regions of different phase-plane topology in the (r,£)-plane. According to number
of critical points we distinguish three types (A,B,C) of the phase-plane topology. The top-
right panel shows phase plane of type C that contain two critical points (for —m <y < 7).
The bottom-left panel captures the phase-plane of type B that contains only one critical
point at v = 0. The bottom-right panel shows the situation far from the resonance radii.
In that case the phase-plane has A-type topology. The parameters of the phase-planes
are: r = 0.6a, £ = 0.02 (type A), r = 0.647a, £ = 0.02 (type B) and r = 0.55a, £ = 0.05
(type C).

where we introduced new variable u(t) = ¢2 and the constant X and functions F(u) and
G(u) are define as

! 8 \?2
K = a5 (m) : (3.119)
Fu) = 43?1 —u) (3.120)
Gu) = ﬁ [.7-" — 80 (1 —u) — prEu’ + 4ppE (1 — u)ﬂ . (3.121)

The motion is allowed only for 42 positive, the condition +F(u) = G(u) gives us the two
limit values u; and wug, between which u oscillates. The functions +F'(u) and G(u) are
plotted together in Figure 3.6. Obviously, the equation of motion describes flow of energy
between the radial and vertical mode of epicyclic oscillations.
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The period of the energy exchange can be find by integration of the equation (3.118)

T — £E73/2 /u2 du .

Py w VF?(u) — G?(u)
The integral on the right-hand side can be estimated in the following way. Since Ps =
F%(u) — G?(u) is a polynomial of the fifth order in u having two roots u; and uy in the
interval [0, 1], we can write it as —(u — u1)(u — u2)P3(u), where Ps(u) is a polynomial of
the third order positive in the interval [0,1]. Using the mean-value theorem we get

(3.122)

/ b du Ll du _T (3.123)
u V—w—u)(u—u)Ps(u) pJu V—(u—u)(u—uz) p’

where p > 0 is a value of P for some w in the interval [u1, us]. Since P5 ~ F? ~0.01 and
(ug — u1)? ~ 0.01 typically, the values of P3(u) are of order of unity, and therefore p ~ 1.
The period of the energy exchange can be roughly approximated by

167

T ~ mE—?)/Q. (3.124)

2

However, near stationary points (uy — u1)® approaches to zero and the period of energy

exchange becomes much longer.

3.5.4 The 3:2 epicyclic resonance close to a massive ring

Again, we illustrate our results on the simple case. The gravitational field is generated by
a pseudo-Newtonian star and a massive ring. We chose the ratio of masses y = 0.1 and
the radius of the disk a = 9Rg, where Rg is Schwarzschild radius of the star. The epicyclic
frequencies have been studied in section 1.2.3. The resonant condition wg/w, = 3/2 is
satisfied on three different radii, two of them lie between the star and the ring and one
behind the ring. The resonances at first two radii will be referred to as the inner epicyclic
resonance and the third one as the outer. Here, we consider only the inner resonances.

Using the epicyclic frequencies we calculated the detuning parameter ¢ and the pa-
rameters (., pg and [ as functions of r. For a fixed radius inequalities (3.114) give us
the possible range of the energy of oscillations for which the phase-planes contains critical
points. The result is shown in Figure 3.7. The regions of different phase-plane topologies
in the (r,&)-plane are shown in the top-left panel. We employ the same classification of
phase planes as in the case of the 1:1 resonance. The other panels show examples of phase
planes for different values of the radius r and the energy £.



Chapter 4

A model for QPO sources

In Chapter 3 we discussed properties of nonlinear epicyclic resonance in the orbital motion
of a test particle. In that case the coupling was provided by non-spherical gravitational
potential. We suppose that similar phenomenon may occur also in the accretion flow.
In fact, accretion flow surrounding neutron stars and galactic black holes may exhibit
global epicyclic motion too. Several authors studied oscillations of the fluid in the vicinity
of compact objects under different simplifications. For example, Blaes (1985) gives all
possible modes (e.g. eigenfrequencies and eigenfunctions) of slender-torus oscillations. In
this approach the size of the stationary torus is small enough that pressure and density can
be approximated by a quadratic function in the whole torus. Blaes (1985) considered the
Newtonian gravitational field. Recently, Kluzniak & Abramowicz (2002) reconsidered the
problem in general relativity and pointed to the existence of particular modes when the
torus moves rigidly in vertical and horizontal direction across its equilibrium position in
the equatorial plane (see also Abramowicz et al. 2005a for more detailed calculations). The
eigenfrequencies of these modes are equal to the vertical and radial epicyclic frequencies,
wp and w,. Similar results are valid also for radial oscillations. The presence of rigid modes
in torus oscillations has been found also in recent numerical simulations (e.g. Lee et al.
2004;Rubio-Herrera & Lee 2005). We expect that the resulting X-ray signal is affected by
global oscillations of the accretion flow more strongly than by internal modes. A possible
modulation mechanism will be described in Section 4.4.

The global modes of the torus oscillations may be coupled. However, in this case the
coupling is rather due to the pressure of the fluid (Abramowicz et al. 2005a). The exact
prescription of the coupling calls for the nonlinear theory of torus oscillations. However
some, rather qualitatively, results can be derived without specification of the coupling by
use of arguments based on the general approach described in Chapters 2 and 3.

For our purpose it is sufficient to assume that the torus epicyclic oscillations are gov-
erned by very general governing equations

dp+widp = wr f,(6p,80,0p,60), (4.1)
00+ w3 60 = wi fo(dp,80,0p,00), (4.2)

where dp and 60 are radial and vertical epicyclic deviations (note that they are functions
of time only because of axisymmetry and global character of the modes). The only re-
quirement posed on general functions f, and fg is that the two equations 4.1 and 4.2 are
invariant with respect to reflection of time, i.e., the Taylor expansion of functions f, and
fo does not contain odd powers of the time derivatives of §p and 6.

50



51

0.12 T T T
€ = const

0.08

0.04

0 0.04 0.08 0.12 0.16
g

Figure 4.1: Comparison between an analytical constraint (4.7) and the corresponding
numerical solution of the system studied by Abramowicz et al. (2003). Each point corre-
sponds to the amplitudes of the oscillations at a particular time. On the other hand, from
the discussion of equation (4.7) we know that these points must lie on an ellipse, whose
shape is determined by the multiple-scales method.

As it was shown in chapter 2, the multiple-scales expansion carried out for the system
described by very general equations in the vicinity of the wy : w, &~ 3 : 2 internal resonance
leads to the solvability conditions for the amplitudes and phases of oscillations of the form

a, = al_u()jr ai a3 sin vy, (4.3)
ag = —ﬂl—? af’) ag sin -y, (4.4)
q.Sp = —% {/{r ai + kg aﬂ — al_u()jr a, ag cos 7, (4.5)
by = —% [)\r a?, + g ag} - ﬂl—?a‘z COS 7, (4.6)

where v = 2¢9 — 3¢, — ot and 0 = 3w, — 2wy are the phase function and the detuning
parameter, and «, 3, K, kg, A\r and A\g are now real dimensionless constants depending
on the coupling of the radial and vertical epicyclic modes. As it was shown in Chapter 3
the equations (4.3) and (4.4) imply that the total energy of these oscillations

o 0w o
E=a,+ g ag (4.7

is conserved. Therefore, we can parameterize the amplitudes by single variable £(t) =
a,/€ /2 n order to verify accuracy of our work, we checked that the numerical solution
of a special form (Abramowicz et al. 2003) of the system of equations (4.1)-(4.2) does
indeed closely follow the ellipse of equation. (4.7). This is shown in Figure 4.1. Therefore
we can be confident that the above-described analytical method gives credible results.



52 CHAPTER 4. A MODEL FOR QPO SOURCES

.................... ()
=~

S D
e

<

Figure 4.2: Example of the (v, §) for the system close to the 3:2 resonance. It corresponds
to the type C according to the classification introduced in Chapter 3. The epicyclic
oscillations are coupled by nonlinear functions f, and fg [see equation (4.1) and (4.2)].
These functions give us values of the constants «, 3, k., kg. A, and Ayg. The solid red
line is separatrix dividing the librating and circulating trajectories The blue dotted line
connects points where 4 = 0.The example is for values a = 8=k, = A\g = 1, kg = \g = 2,
£ =0.1 and 0 = —0.165.

4.1 Frequencies of resonant oscillations

Equations (4.5) and (4.6) give the shift of actual (observed) frequencies of oscillations w
and wp with respect to the eigenfrequencies w, and wy,

wr = wp + ér, wp = wy + ég. (4.8)

Equations (4.8) together with equations (4.5) and (4.6) imply important relation between
observed frequencies and the phase function

Qwp — 3w’ = 2wy — 3wy + (2d9 — 3by) = —0 + (2d9 — 3,) = 7. (4.9)

Hence, the observed frequencies are in exact 3:2 ratio if (and only if) the time-derivative
of the phase function vanishes. Trivial implication of this relation is that the frequencies
of stationary resonant oscillations with constant amplitudes are in exact 3:2 ratio even if
the eigenfrequencies depart from it. This is very interesting and very general feature of
nonlinear internal resonance. Moreover, in the case of nonstationary oscillations equation
(4.9) discriminates between librating and circulating trajectories in the (v, £)-plane (see
Figure 4.2). Because circulating trajectories orbits in full range of v (here —m < v < ),
they do not contain any turning point, where 4 = 0. It follows from equation (4.9) that
the ratio of the observed frequencies of the oscillations are always above or below 3/2 if the
evolution of the system follows circulating trajectories. (Whether above or below depends
on properties of the system through the constants «, 3, k,, kg, A\r and Ag). On the other
hand, there are two points on the librating trajectories, where 4 = 0. Hence, the ratio of
observed frequencies from a system that follows librating trajectory oscillates about 3:2.
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Figure 4.3: Time evolution of amplitudes (top panel) and the epicyclic frequencies (ver-
tical in the middle, radial at bottom) of high-frequency QPOs. The two epicyclic modes
are interpreted as radial/vertical oscillations of the accreting fluid. The variation of the
oscillation amplitudes is not arbitrary in the adopted resonance model: instead, a relation
between the amplitudes and frequencies is naturally predicted.

4.2 Low-frequency modulation of high-frequency QPOs

The general solution of equations (4.3)—(4.6) corresponds to the periodic exchange of en-
ergy between the two oscillators. The amplitudes and frequencies of oscillations fluctuate,
maintaining the energy conservation. The approximation (3.124) for the period of energy
exchange is valid also in the case of general coupling,

1
T ~ % £73/2, (4.10)

We note, however, that its validity ceases for trajectories in the vicinity of the stationary
points where period becomes much greater.

It is evident from equations (4.3), (4.4), (4.7), and (4.10), that the amplitudes and
frequencies of high-frequency QPOs are modulated at the frequency v = 1/T, which is
related to the amplitudes of the original high-frequency QPOs. In the general discussion
with unspecified coupling, our model has six free parameters. These corresponds to (a
combination of ) the lowest order expansion coefficients in the Taylor series of the functions
fpand fg in equations (4.1) and (4.2). Hence, we cannot predict unique behavior. However,
it is remarkable that a modulation of frequencies and amplitudes follows naturally from
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the assumptions made. Because the oscillators are non-linear, their frequency varies with
amplitude. Because the two oscillators are coupled in a system with constant energy,
the amplitudes of the oscillators are anticorrelated. Because the two oscillators are in
resonance, their frequencies are correlated.

It is not lost on us that similar correlations — discussed by Yu et al. (2001) — hold
also on long timescales. For example, van der Klis et al. (1997) show that as the kHz
frequencies increase, the ratio of power in the upper to lower kHz QPOs decreases (up
to a point). Our Figure 4.3 demonstrates this to be the case also here. We note that
in previous work, a particular relation was found to hold between the two frequencies
of the system, in agreement with that observed in long-term variations of the twin kHz
QPO frequencies in Sco X-1 (Abramowicz et al. 2003; Rebusco 2004). Here, we consider
variations on shorter timescales.

4.3 High and low frequency QPOs in Sco X-1

Except the kHz QPOs also low frequency (below about 50 Hz) QPOs are exhibited by
LMXBs. They are observed with variety amplitudes and coherence and their properties
are often correlated with the spectral state of the source (van der Klis 2000). Here we
examine the possibility of connection between kHz QPOs and so called Normal-Branch
oscillations (NBOs) observed from Z-sources along the normal track in the color-color
digram (Swank 2004). Recently, Yu et al. (2001) find that the both kHz QPOs and the
ratio of lower to upper kHz QPO amplitude are anticorrelated to variations in the X-ray
flux on the time-scale of normal-branch oscillations in the source Sco X-1.

As we mentioned above [see equation (4.10)], the timescale of modulation in our model
is directly related to energy £, We identify the corrected frequencies of our model, i.e., v} =
2wy and vy = 27wy, with the twin kHz QPO frequencies vigyer and vypper, respectively.
We adjusted the energy £ to obtain a modulation at the NBO frequency of Sco X-1,
v3 =~ 6 Hz.

Figure 4.3 (top panel) exhibits the time variation of the “radial” and “vertical” am-
plitudes of oscillations. In the lower panels we show the correlation between the two
kHz frequencies found in our solution. By the assumption of nearly 3:2 resonance, the
two frequencies of actual oscillations satisfy relation vy, .. &~ 1.5v .. Notice a perfect
correlation between the variation of the lower amplitude and the variation of the upper
‘pper- Lhis we interpret as the same correlation that was found by Yu et al.
(2001); compare their Figure 2. The magnitude of frequency variation agrees to within a
factor of 3 with the data: it is 20 Hz for vypper = 1.1kHz in the data, and about 7 parts
in 1000 in our calculation.

We have found that a non-linear resonance in a system simulating an accretion disk,
invoked previously to explain the appearance of two frequencies in approximately 3:2
ratio in black-hole and neutron-star X-ray data, results in a periodic time variation of the
frequencies.

The Fourier transform of the frequency-modulated and amplitude-modulated periodic
signal would result in several sidebands, in practice leading to an increase in width of the
(noisy) signal. If the observed radiation flux were modulated with the squared modulus
of the amplitudes a, and ay, its Fourier transform would exhibit a (weak) component at
low frequency of the modulation apparent in Figure 4.3, in addition to the high-frequency
signal with its sidebands. In this exploratory work, we are not attempting to model the
full power spectrum of QPO sources and, as yet, we have made no attempt to translate the

frequency v
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amplitudes of motion in the model into modulations of the X-ray flux. Strictly speaking,
our toy-model gives a coherent signal rather than a QPO, and no details of the excitation
or damping were modelled.

It has been suggested that the high-frequency QPOs vary on a timescale of seconds in
some sources, notably in Sco X-1 (Yu et al. 2001) and in the black hole candidate XTE
J1550-564 (Yu et al. 2002). The low-frequency modulation occurs at ~ 6 Hz in both
sources. In the above described calculation we were able to reproduce this variation for
Sco X-1, including the anti-correlation between the amplitude of the lower peak and the
frequency of the upper one. A similar approach is possible also in case of XTE J1550-564,
although the black hole candidates typically exhibit lower frequencies compared to those
in neutron stars, and particularly to those in Sco X-1. This means that if the 6 Hz QPO
seen by Yu et al. (2002) corresponds to the modulation discussed in our model, then the
ratio Viower/v3 has to be set differently (about 30 in XTE 1550-564 with vjowe, = 184 Hz).
And this in turn implies £ is different in both systems.

If the correspondence of our results with the observed modulation of kHz QPO prop-
erties on the 6 Hz NBO timescale is not accidental, for the first time we would have a
physical explanation for the presence of the rather low frequency QPO in what is otherwise
a domain of rapid variability. The larger point is that non-linear resonance (most likely
between modes of oscillation possible only in strong gravity) holds promise for explain-
ing not only the highest frequencies observed in accreting neutron stars and black holes,
but also the mysterious phenomenology of low frequency features in the power density
spectrum, without invoking additional mechanisms.

4.4 A possible mechanism for X-ray modulation

In the case of the neutron-stars sources, the modulation of the X-ray radiation may origi-
nate in the modulation of the local accretion rate (Kluzniak & Abramowicz 2004).

In LMXBs that are not pulsars, the magnetic field of the neutron star is sufficiently
weak, allowing the accretion disk to extend down to ISCO. The strongest X-ray radia-
tion then originates in the boundary layer, where accreted material hits the star surface.
Depending on the star radius R, the amount of energy released in the boundary layer
exceeds that radiated by the whole disk. It gives about 69% of the total luminosity if
R, = 3Rg, or even 86% if R, = 1.5Rg.

In this context, Paczynski (1987) pointed out that a variability of X-ray luminosity
of accreting neutron stars may be governed by physical properties of the accretion flow
close to ISCO. In Einstein gravity, the inner edge of the pressure supported thick accretion
disks is slightly below ISCO (Abramowicz 1985). The material is accreted from the disk
through a narrow potential nozzle onto the neutron star. Obviously, if the innermost part
of the disk is not stationary but is a subject to some oscillations then the fine structure of
the flow at the inner disk edge is significantly changed. This strongly affects the accretion
rate through the nozzle and the resulting X-ray luminosity of the boundary layer. This
scenario is in agreement with the recent observations of Gilfanov et al. (2003) and more
recently Revnivtsev & Gilfanov (2005) that strongly point to the fact that neutron-star
QPOs are modulated in the boundary layer.

In sections 4.4.1 and 4.4.2 we briefly summarize equations important for the disk
structure close to the ISCO and reproduce the calculations of the accretion rate through
the inner edge of the stationary disk. Then in section 4.4.3 we calculate the accretion rate
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from the disk that is subject to nonstationary axisymmetric perturbations. We derive a
simple formula for the accretion rate modulation of a vertically oscillating disk.

4.4.1 Disk structure close to ISCO

We consider an axisymmetric thick disk made of a perfect fluid surrounding a neutron star
of mass M. The dynamics of the fluid is governed by Euler equation, poloidal component
of which takes the form

A 2 v
E—{—’U-V'v—ﬁer—{—T—V@:O, (411)

where the bold-face letters refer to the poloidal part of the vectors, a = (a”,a?), ® is a
gravitational potential, r denotes radial coordinate (we employ the cylindrical coordinates
{r, ¢, z}, with the origin coinciding with the center of the star) and p, p and ¢ are the pres-
sure, density and the angular momentum of the orbiting flow respectively (in general all
dependent on r and z). The azimuthal component of the Euler equation gives conservation
of angular momentum,

% +v-V{=0. (4.12)
We assume that the angular momentum is constant in the whole volume of the disk,
l(r,z) = {y, and that the fluid obeys the polytropic equation of state, P = Kpttin,
where K and n are polytropic constant and polytropic index, respectively. In addition, we
assume that the poloidal velocity v = (v",v*) can be derived from the potential x. Hence,
equation (4.12) is satisfied automatically and equation (4.11) can be further integrated to
Bernoulli equation,
2

g—);—i-%—i-h—i-U:(:onstEUS. (4.13)
Here we introduced the poloidal-velocity potential by v = Vy, the enthalpy of the fluid
h= [Pdp/p=nKp'/" and the effective potential U = ®(r,z) + £2/2r2.

As a model of a strong gravitational field of the star, we use the pseudo-Newtonian
potential ®(r) = —GM/(R — Rg), where R = v/r? + 22 and Rg is Schwarzschild radius.
It was introduced by Paczynski & Wiita (1980) and allows us to model general relativistic
effects using Newtonian calculations with remarkable simplicity. Particularly, it gives a
correct position of the marginally stable orbit at r = rigco = 3Rg and well reproduces the
Keplerian angular momentum of test particles orbiting the star, fx = VGMr3/(r — Rg).
The angular momentum is not a monotonic function of r, as it is in Newtonian gravity
(Rs — 0). Instead, it has a minimum at the marginally stable orbit.

The structure of the stationary disk is shown in Figure 4.4. The inner edge is at radius
7 = Tin, where the angular momentum of the flow equals the Keplerian value, o = £(riy).
The Lagrange point is at coordinates [ri,,0]. The equipotential surface corresponding to
the value U that crosses itself at the Lagrange point is called Roche lobe. The equilibrium
configuration exists only if the surface of the torus is inside the Roche lobe, e.g. when
Us < Ugr. (Boyer 1965; Abramowicz et al. 1978)

Otherwise, the dynamical equilibrium is impossible and the overflowed matter will be
accreted through the potential nozzle onto the star.
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Ug < Ug

o in Tsco

Figure 4.4: Accretion from a thick stationary accretion disk. The position of the disk
inner edge and the shape of the equipotentials are determined by the distribution of the
fluid angular momentum. Here we consider the simplest case of the constant distribution,
0(r,z) = £y. The plot shows projections of the equipotential surfaces to the poloidal plane
(solid lines) and the distribution of the fluid (shaded region). The matter that overflows
the Roche lobe (the equipotential surface that crosses itself) is accreted onto the neutron
star.

4.4.2 Stationary flow

The stationary accretion rate for Roche overflow was first calculated by Koztowski et al.
(1978), who used Einstein’s theory. Here we closely follow the Newtonian calculations of
Abramowicz (1985). We consider a small overflow, so that all quantities can be expanded
to the second order in the vicinity of the Lagrange point L. Particularly, the vertical
profile of enthalpy can be expressed as

2
h(rin, z) = h* — %KJQZQ, K= — (%)L, (4.14)
where h* = h(ri,0) denotes a maximal value of the enthalpy on the cylinder r = rj,.
The linear order does not contribute because the flow is symmetric with respect to the
equatorial plane. The thickness of the inner edge is H = v/2h* /k. Close to r = rj, the
accretion flow becomes transonic. After Abramowicz (1985), we assume that the radial
velocity of the flow equals to the local sound speed and that the vertical component of the
velocity is negligible compared to the radial one. This significantly simplifies the solution
because it allows us to express the poloidal velocity using the enthalpy,

v = \/ger. (4.15)

The local mass flux through the nozzle is m = pv” = peg = h"t/2/K™(1 4+ n)*n!/?
and the integration over the cylinder r = r;, gives the total mass flux in therms of the
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central enthalpy h*

. 2 H
M :/ r1 dgb/ mdz
0 —H

Tin 1 "T(n+3/2) (h*)"H!
= (2m)? T2 {K(n - 1)} NTES R

(4.16)

where I'(x) is the Euler gamma function.
In the Bernoulli equation (4.13) we keep the term v2/2 and neglect only the time
derivative because of stationarity of the flow. We obtain

v? 1
—+h =(14+—)h = Us. 4.1
> +h+U < + 2n) +U = Us (4.17)

The parameter « that determines the shape of the enthalpy profile can be expressed using
a derivative of the effective potential. That introduces the vertical epicyclic frequency w.,
to the problem. From equation (4.17) we obtain

2 _ n 2 _ 62_7/{
" <n+1/2)°”2’ Ye (6,22 )L' (4.18)

By substituting the equations (4.17) and (4.18) and introducing AU = Uy — Us we finally
recover the result obtained by Abramowicz (1985),

M = A(n) 22 Ayt (4.19)

A(n) = (2m)*? [K(nl—i- 1)]" [n +11/2

4.4.3 A perturbed flow

"2 T (n +3/2)
'n+2)

(4.20)

Now, we suppose that the disk is disturbed and oscillates. In that case, the accretion
flow will not be stationary anymore and in order to described the flow we must use the
Bernoulli equation (4.13) in the full form. The presence of the “non-stationary” term
Ox/0t breaks however the correspondence between the enthalpy and the effective potential.
The equipotential surfaces and the surfaces of constant enthalpy will not coincide anymore.
If the oscillations are a small perturbation, we can expand the Bernoulli equation in the
vicinity of the stationary flow considered above.
We suppose that the velocity potential can be expressed as

x(r,t) = x(0)(r) + ex(r, 1), (4.21)

where the subscript “(0)” refers to the stationary flow and the dimensionless parameter e
characterizes strength of the perturbation. We assume € < 1. Then, using the definition

v(r,t) = Vx(r,t) we find

v = 0(20) + 2ev(g) - v(1) + 62?)(21)

105'% I\ /0x\°
2 &) 2 M) &)
= &+ 2ecq 5 +e l( 5 > + ( P ) . (4.22)
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The perturbation affects also the enthalpy. The new value can be approximated by an
expansion via the parameter €

h = h(O) + Eh(l) + €2h(2) + 0(63). (423)

By substituting into the Bernoulli equation (4.13) and equating coefficients of same powers
of €, we get

-\ 1/2
o (R oxq
hay = ——Z5~—-] 37 (4.24)
L xwY, (xe
o - 4] ()]

This way all thermodynamic quantities are expressed using the poloidal-velocity potential.
In the following, we model vertical disk oscillations by a simple ansatz for the poloidal-

velocity potential.
X(1) = 2V coswt, (4.26)

where w is the frequency of the oscillations. As we show elsewhere (Abramowicz et al.
2005a) this is one of the possible modes that may be present in a slender-torus oscillations.
Calculating the velocity perturbation, we find

V(1) = Ve, coswt . (4.27)

Hence, ev, = const can be interpreted as the amplitude of the vertical velocity. Equations
(4.24) and (4.25) give

1
h) = zv,wsinwt,  hg) = —502 cos? wt. (4.28)
The vertical profile of the enthalpy at r = ry, reads
h(rin, z,t) = h* — k22% 4 ezv,wsinwt — %e%? cos? wt + O(e) (4.29)

that is quadratic in the variable z. The position of the enthalpy maximum on the cylinder
7 = rip is shifted from z = 0 to height Jz(¢) given as

WU,

0z(t) = dZsinwt, 07 =¢ o

(4.30)

We can interpret §Z as the amplitude of the oscillations. Also the value of enthalpy in
the maximum differs from the stationary case by

1 2
Oh* = h(rin,02) — h*5k? 522 - %(522 — 52| + O(ed). (4.31)

According to equation (4.16) the actual accretion rate depends on the maximal en-
thalpy as M x (h*)"*1. This relation can be applied also in the case of vertical oscil-
lations because the z-dependence of enthalpy on the cylinder » = rj, remains quadratic
also in this case and the oscillations do not contribute to the radial velocity of accreted
matter. Hence, using equations (4.14), (4.18) and (4.31) and assuming that the frequency
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Figure 4.5: Left: The vertical profiles of the enthalpy h(riy,z) on the cylinder r = ry,
during vertical disk oscillations (thin lines). The amplitude of oscillations is 6Z = 0.2H
and we chose the polytropic index of the fluid n = 1.5. The figure captures profiles with
the enthalpy maxima at 6z = 0,0.1H and 0.2H. The enthalpy profile for the unperturbed
stationary disk is also shown (thick line). Right: The modulated accretion rate from the
oscillating disk (thin solid line). The accretion rate for the stationary disk is plotted by
thick line. Time is rescaled by the period of oscillations. For reference we plot also the
phase of disk oscillations (dotted line) The accretion rate is modulated with twice the
frequency of oscillations.

of oscillations equals to the local vertical epicyclic frequency, w = w,, we arrive at our
final result

SM Sh* 2—p 822 672
1 I+P) oz — Pz | (4.32)

: +
M) (41932

where 6M = M — M(O) and p=n/(n+1/2).

Figure 4.5 shows the result. The enthalpy profiles h(ri,, z) are shown for several values
of 0z in the left panel. The amplitude of oscillations is 0Z/H = 0.3. The right panel shows
the modulation of the accretion rate from the oscillating disk. The time is rescaled by the
oscillation period, T'= 27 /w,. Finally, the time-averaged accretion rate is given by

57?2

(8M)
Mg, H?

- — 1o _ 4.33
M(o) 4( p) ( )

that is positive for reasonable values of n.

In this note we studied the accretion rate from a non-stationary pressure supported
accretion disk that undergoes the vertical axisymmetric oscillations. The oscillations were
modelled by a simple ansatz for the perturbation of poloidal-velocity field. We believe,
however, that several features would be present also in more sophisticated (perhaps numer-
ical) solutions: (1) the first correction to the stationary accretion rate is of the quadratic
order in both the actual perturbation dz and the amplitude dZ. This is probably because
of the symmetry of the stationary flow with respect to the equatorial plane. Hence, the
frequency of the modulation must be twice the oscillation frequency. (2) The accretion
rate is maximal when the disk reaches the maximal amplitude 6z = 0Z. (3) The aver-
aged accretion rate from the periodically perturbed flow is greater than the that of the
stationary flow.



Summary and further prospects

In the first part of this work we studied the mechanism of epicyclic resonances in the
orbital motion in a general axisymmetric gravitational field. For this purpose we adopted
the method of multiple scales, sometimes used in different fields of nonlinear physics. The
resonance occurs at radii where the epicyclic frequencies are in a ratio of small integers.
In particular, we discussed properties of the 1:2, 1:1 and 3:2 resonances in a very general
manner (Chapter 3). In the same chapter we also demonstrated that this mechanism
does not operate in spherically symmetric gravitational fields, because all resonant terms
vanishes in those cases. Instead, the radial and vertical epicyclic modes have to be coupled
by an additional nonlinear force. We assumed the Newtonian (or the pseudo-Newtonian)
model of the central gravitational field with additional gravitational field of a ring as an
example. We remind that, while the 1:1 epicyclic resonance likely operates in the vicinity
of Newtonian objects where the two epicyclic frequencies are very close, the 3:2 resonance
is more prominent in vicinity of very compact relativistic objects (in this work modeled
in terms of pseudo-Newtonian potential).

In our scenario, amplitudes and phases of the oscillations are mutually connected
and they follow trajectories in the phase plane with distinct topologies. Our approach
also allows to find regions of different phase-plane topology in the (r,&)-plane. We note
a remarkable similarity of our phase-planes with results of Kozai (1962) who studied
resonances in orbit averaged gravitational potentials as well. In some sense these two
analyses may be complementary: Our approach is restricted to small eccentricities and
inclinations of orbits however it allows large perturbations of spherical gravitational field
(it works also in the gravitational field that are highly non-spherical).

The assumption of small epicyclic oscillations is valid in the case of accretion flows.
Assuming that the radial and vertical modes are coupled we found that both oscillation
frequencies are periodically modulated. We found that this third frequency is inversely
proportional to the energy of oscillations. In this context, we pointed to possible connection
between the high-frequency and low-frequency QPOs in Sco X-1. Dependending on the
phase plane topology and on the initial conditions the ratio of the observed frequencies
fluctuates about 3:2 ratio (in the case of librating trajectories) or about a slightly different
value (in the case of circulating trajectories).

Finally we remind that we assumed that the nonlinear coupling of the two modes
conserves the total energy of epicyclic oscillations. As a next step one intend answer what
is the source of the energy.
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Part 11

Polarization from inverse Compton scattering
in relativistic outflows
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Introduction

The presence of a dense radiation field is one of the key factors limiting the pre-acceleration
of relativistic jets and outflows the innermost regions of active galactic nuclei (AGN) and
galactic X-ray binaries often referred as microquasars. The Lorentz factors of the bulk
motion I' ~ 10 observed in AGN and relatively smaller values I' ~ 3 observed in the
galactic microquasars well agree with models of radiation drag suggested by many authors
(e.g. Abramowicz et al. 1990; Phinney 1982; O’Dell 1981). The interaction of the jet
with surrounding radiation as an acceleration mechanism to relativistic speeds has been
originally proposed by O’Dell (1981). This issue has been further reconsidered by Phinney
(1982) who has shown that the net effect is deceleration rather then acceleration due to
the extended distribution of photon fields from an accretion disk. It has been pointed
out that if the jet originates in the vicinity of the central black hole it must pass through
dense radiation fields from the central region and be subject to the radiative deceleration
through the inverse Compton scattering (Sikora et al. 1996a,b). We note that there is an
evidence that jet is formed at the distance between 30-100 Schwarzschild radii from the
central black hole in the galaxy M87 (Junor et al. 1999). The effects of strong gravity are
significant in this region

In many models the Compton scattering is replaced by the Thomson scattering — its
classical (non-quantum) analog — for which the cross-section formula does not depend on
the energy of incident photons in the electron rest frame, which allows simple analytical
calculations. However several authors calculated effects of radiation drag in full Klein-
Nishina regime (Luo & Protheroe 1999; Renaud & Henri 1998; Keane et al. 2001). The
approximation of the scattering in the Thomson regime seems quite accurate in case of
AGN jets where the incident radiation field in the innermost regions is dominated by
optical and UV, however it ceases in case of microquasars where the radiation fields are
dominated by X-rays. It has been suggested that this difference leads to substantially
smaller terminal speed of microquasar jets (Renaud & Henri 1998).

The Compton drag has an important impact on the radiation field. Photons scattered
by fast moving electrons are beamed to substantially higher energies reaching X-ray in case
of AGNs and ~-ray in case of microquasars. The most of them emerge in the cone with
the opening angle proportional to 1/I'? along the bulk motion of the jet. It follows that
the Compton up-scattered radiation is an important component of radiation of blazars
whose jets are observed almost along the axis of symmetry (Urry & Padovani 1995). The
inverse Compton scattering of ambient seed photons by fast moving electrons has been
recognized as a prospective source of large degree of linear polarization in different classes
of objects. This mechanism likely contributes to polarization of originally unpolarized soft
radiation up-scattered in blazar jets (Begelman & Sikora 1987), fast winds from accretion
discs (Beloborodov 1998) and in gamma-ray bursts (see Shaviv & Dar 1995a,b; Lazzati
et al. 2004; Levinson & Eichler 2004). Optical polarization of ~ 5% was reported in a
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microquasar LS 5039 (Combi et al. 2004), but X-ray polarimetry is still a challenge on
technological side, where it requires new generation polarimeters in the focal plane of
large area optics (e.g. Costa et al. 2001). It has been noticed that the potential role of
polarization is rather important because it can provide additional information with respect
to traditional spectroscopy and help to discriminate between different geometries and
physical states of sources where accretion processes are accompanied by a rapid ejection.
The polarization vector is parallel transported along light rays in strong gravitational fields
(Misner, et al. 1973). Therefore, the polarimetry of scattered radiation provides a useful
probe into the physics of jets (jet geometry, distribution of particle energies, acceleration
mechanism) as well as into the strong gravitational field of the central compact object.

In this part we study linear polarization due to scattering on electron electron clouds.
We take into account the radiation drag and the gravitational pull exerted on them in
the system consisting of a black hole and thin accretion disk. In Chapter 5 the Stokes
paramater describing polarization of radiation are introduced according to standard text
books of Rybicky & Lightman (1979), Chandrasekhar (1960) and Sobolev (1963). We
calculate the polarization arising from the Thomson scattering on a electron cloud at
rest. We show that the Stokes parameters can be expressed using the stress-energy tensor
of the incident radiation field. In Chapter 6 we carry out the Lorentz boost and this
way we calculate the polarization from Thomson scattering on moving clouds. We show
that the in dependence on the cloud velocity resulting linear polarization can be parallel
or perpendicular to the projection of cloud velocity onto the observing plane. We also
consider scattering on hot clouds with an additional random velocity of the electrons. In
that case we show that the electron random motion has depolarizating influence on the
scattered radiation. In Chapter 7 the theory is illustrated with the astrophysically relevant
example of radiation driven electron clouds in the accreting black hole system. We assume
that the spacetime is described by Schwarzschild metric. The cloud motion is included
in a self-consistent manner: the clouds move under combined influence of gravitational
and radiation fields. The source of radiation field is a standard thin accretion disk and
the photons follow rays, which are bent by the black hole gravity. A conceptually similar
are the Monte-Carlo simulations of Melia & Konigl (1989) who studied simultaneously
radiative deceleration of jets and spectral properties of the scattered radiation. However
their calculations do not include neither polarization of scattered photons nor general
relativistic effects.

We restrict the cloud motion to the axis of symmetry and show possible trajectories in
the distance—velocity plane for both, cold and hot clouds. Finally we give several examples
of polarization and intensity light curves. These include also contributions of higher order
images by photons that encircle the black hole. The detailed calculations of the light rays
are presented in the two appendices.



Chapter 5

Polarization and Stokes
parameters

5.1 Stokes parameters

First, let us consider a plane monochromatic electromagnetic wave. The time behavior of
electric field can be written as E (t,7) = R[Ege’*™“D]7, where Ej is a complex amplitude,
R denotes real part, w is a wave angular frequency and the unit vector 7 is perpendicular to
the wave-vector k. These two vectors define the polarization plane. The most general plane
wave is obtained by a superposition of two waves polarized in perpendicular directions €x
and €y

E(t,0) = R [(Eoxéx + Eoyéy) e | =R [Epe "] | (5.1)

where we assumed that the waves propagates in the z-direction and we evaluated the
electric field at the origin. The vectors {€x,éy,€z} form the polarization basis. The
complex amplitudes Fg, and Ep, can be expressed as Fy, = &€ and Ey, = Syeid’y
respectively, where all quantities on the right-hand sides are real — &£; and ¢; denote
“Initial” amplitudes and phases respectively (i = z,y). Hence, the equation (5.1) can be
rewritten as

E(t) = exEx cos(wt — dx) + éyEy cos(wt — Py ). (5.2)

Obviously, the end-point of the vector E (t) moves along a closed curve in the (X,Y") plane
with a period 7" = 27 /w. In fact this curve is a rotated ellipse as it is apparent from the
following procedure: denote {X’, Y’} the reference which axes coincide with the principal
axes of the ellipse traced by the vector E(t) This frame is rotated with respect to the
frame {X,Y} by an angle y. If the curve is an ellipse, then the components E’ and EY
of the vector E (t) in the rotated frame must satisfy equations

E'x = EcosBeos|w(t —to)], Ey =EsinPBsinw(t —tg)], (5.3)
where 3 is the circularity parameter of the ellipse, 5 = 7/4 correspond to the circle of a

radius £, 8 = 0 occurs when the ellipse collapses to a line. Applying the rotation through
the angle —y, we express equation (5.3) in the frame {X,Y} using

Ex \ [ cosx —siny E' (5.4)
Ey | \ siny cosy E, ) '
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Figure 5.1: Left: The polarization ellipse. Right: Linear-polarization states described by
combinations of Stokes ) and U-parameters in the singular cases when one of the Stokes
parameter equals zero. The orientation of the polarization plane is deduced directly from
the equations (5.8) and (5.7).

Expanding the the right-hand side and comparing Ex and Ey with components of the
vector E(t) in equation (5.2), we obtain parameters £, 3 and x expressed using Ex, &
¢x and ¢y. A convenient way is to express them using the Stokes parameters that are
defined as:

I = E4+&2=¢7 (5.5)
Q = &% — &L =E%cos28 cos 2, (5.6)
U = 2ExE&y cos(py — dx) = E% cos 20 sin 20, (5.7)
V = 28x&ysin(oy — dx) = E%sin2p (5.8)

The parameter I is clearly the intensity of the radiation field since it is equal to the
amount of energy carried by the wave per time unit. Also other Stokes parameters have
clear geometric meaning: V is a circularity parameter, because it is proportional to sin 2.
The wave is circularly or linearly polarized when V = I or V = 0 respectively. Two other
Stokes parameters are connected with the polarization angle y (the angle of a rotation of
the polarization ellipse). Dividing the equations (5.8) and (5.7), we find that

tan 2y = g (5.9)

The orientation of a polarization plane (assuming linear polarization) for the singular cases
when one of the Stokes ) and U-parameters is zero are shown in the right panel of Figure
5.1.

Let us consider a counter-clockwise rotation in the (X,Y)-plane about the Z-axis
through an angle ¢ by which the polarization basis {€x,€y,€z} becomes a new one,
{€y, e\, é,}. Obviously, the intensity I and the circulation V are invariants, because they
do not depend on the angle x (see the equations (5.6) and (5.8)). The transformation of
the two remaining parameters can be found substituting y — x — ¢ in the equations (5.7)
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and (5.8). Hence, we obtain

Q '\ [ cos2p sin2p Q
( U ] | —sin2p cos2p u - (5.10)
It follows that also the sum Q2 + U? is invariant.
Finally it can be easily shown that only three parameters are needed to describe po-
larization state of the completely polarized radiation: e.g. the polarization angle y, the

circularity of the polarization ellipse B and the intensity I. The four Stokes parameters
are not independent, they satisfy the relation

P=Q*+U*+V? (5.11)

that easily follows from the equations (5.6)—(5.8).

So far, we have concerned only on the monochromatic waves. But in practice, even
in the case of approximately monochromatic light the amplitudes and the phases must be
regarded as a liable to incessant variations. These irregular changes may occurs millions
of times a second (however, for a completely polarized wave these changes are such that
the ratio of the amplitudes in two perpendicular directions and the phase difference should
remain absolute constants) Measurements of electromagnetic waves that takes place on
much longer time-scales therefore often invokes averaging over time and bandpass. Hence,
for a quasi-monochromatic radiation, we define the Stokes parameters by averaging

[ = (&+&) =&Y, (5.12)
Q = <€)2( - 532/> = [ cos 23 cos 2, (5.13)
U = 2(ExEy)cos(py — ¢px) = Icos2 sin2p, (5.14)
V = 2 <(€ng> Sin(gf)y — ¢X) = Isin Qﬁ (5.15)

Constancy of the amplitude ratio and the phase difference assures that the shape and the
orientation of the polarization ellipse is constant through all variations. The equations
(5.9) and (5.10) remain valid also in this case.

All four Stokes parameters are independent in the case of a quasi-monochromatic wave.
However, they satisfy the relation that is generalization of equation (5.11) and follows from
the Schwarz inequality for mean values (Rybicky & Lightman 1979)

I*>Q*+U*+ V2 (5.16)

The proof can be found in standard textbooks (e.g. Chandrasekhar 1960 or Rybicky &
Lightman 1979). The relation (5.16) allows to define the degree of polarization or the
polarization magnitude of the light as

JO TV

1I
I

(5.17)

We have II = 1 for a completely polarized light and II = 0 for an unpolarized or a natural
light for which U = @ =V = 0.

A very important property of the Stokes parameters is their additivity for a com-
bination of incoherent streams of radiation. Consider a ray that is mixture of several
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independent streams of elliptically polarized light. The total Stokes parameters of the
mixture are given as

[:Z[(j)’ Q:ZQ(j)7 U:ZU(j)’ V:ZV(j)7 (5.18)
J J J J

where 1), QU), UU) and V) are Stokes parameters of the streams. The words “in-
coherent” and “independent” mean that the component streams that form the mixture
have no permanent phase relations between themselves. We do not expect the light from
astronomical sources to be completely polarized because it generally comes from different
parts of the source with different intensity and polarization angle.

The additivity of the Stokes parameters has several important consequences. Firstly,
any partially polarized beam of radiation can be regarded as a mixture of the natu-
ral and completely polarized beams. Let (I,Q,U,V) be the Stokes parameters of the
beam, then the Stokes parameters of the natural and completely polarized beams are

Q?4+U?+V20,0,0) and (/Q?>+U?+V2,Q,U,V) respectively. Secondly, the
completely unpolarized beam of radiation with the intensity I can be regarded as a su-
perposition of two completely linearly polarized beams in two perpendicular directions.
Consider a polarization basis {€x, €y, €z}. The Stokes parameters of that two components

are (1/2,1/2,0,0) and (I/2,—1/2,0,0).

5.2 Thomson scattering

Let us consider the plane monochromatic electromagnetic wave propagating in the direc-
tion of a basis vector €x. The scatterer is a free electron located in the origin of the basis
{€x,€y,€z}, we assume that the observer is situated along the vector €z. The physics
behind the Thomson scattering is very simple; The wave interacts with the electron and
causes its oscillations in the direction of the electric vector E(t) Observed is then a
scattered radiation is a dipole radiation due to electron oscillations. Let the wave be com-
pletely polarized in the y-direction. Then, according to the dipole formula, the electron
will radiate with the intensity proportional to sin?, where 1 is the angle between the
direction of polarization of the incident wave and the direction of observation (¢p = /2
in our case). The “scattered” radiation is completely polarized in the y-direction. On
the other hand, if the incident wave is polarized in the z-direction then the wave causes
electron oscillations in the direction of observation and according to the dipole formula
(now ¢ = 0) and no radiation is emitted toward the observer.

The Thomson scattering is an important source of polarized radiation. If the incident
radiation of the intensity I is unpolarized, then it can be imagined as a mixture of two
components of the same intensity I/2 completely polarized in the direction X and Y
respectively. However, only the the component polarized in the X-direction contributes
to the signal radiated into the Y-direction and the observer receive radiation completely
polarized in the direction Y.

The above-given considerations can be easily formalized and further generalized. Let
us consider the scattering of the incident unpolarized beam of radiation on the small
optically thin electron cloud. For present we do not consider individual motion of electrons,
hence, we can assume that the electrons are at rest with respect to the observer. The
electron density in the cloud is n. and the volume of the cloud is V. The direction of
the incident radiation beam 77; and the direction of observation €z make an angle w. The
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angle w and the plane which contains the directions of the incident and the scattered
light will be referred to as the scattering angle and the scattering plane respectively.
The other vectors of the polarization basis €x and €y are chosen in the scattering plane
and perpendicularly to it respectively. The incident beam is regarded as a mixture of
two perpendicularly polarized components of the same intensity I;/2 labeled as a and b.
The a-component is completely polarized in the scattering plane and the b-component
is polarized perpendicularly to it (e.g. b is polarized in the direction of the vector €y ).
Thomson differential cross-section for a completely polarized incident radiation can be
expressed according to the dipole formula

do 9 . 9 e? 3oT
_ — = — =4/— 1
( dQ)pol Tesin“y, e mc? 8’ (5.19)

where 7, is the electron classical radius and ¢ is the Thomson total cross-section as will
be shown below. The components a and b are scattered with angles ¥, = w and ¥, =
/2 independently on the scattering angle w. Hence for the intensities of the scattered
components on the cloud we get

I, = %nrgRIisiana:AIicos2w, (5.20)
I, = JnriRIsin®qy, = AL, (5.21)

where R is the size of the cloud, A = 37/16m and 7 = neorR is the Thomson optical
depth of the cloud. As the scattered radiation (if any) is always completely polarized in
the direction of the original radiation, the Stokes parameters @), and @, with respect to
the observer polarization basis {€x,€y, €z} can be written as Q, = —I, and Q, = I}
because the a and b components of the incident radiation was polarized in the directions
€x and €y respectively. The other parameters are zero. Due to the additivity of the Stokes
parameters (5.18), the resulting polarization is given as

I=A(1+cos’w)l;, Q=—Alisin*w, U=0, V=0 (5.22)

From this we recover the well-know result that the polarization magnitude from the single
scattering of a single beam of radiation is

o— Q| B sin? w

= 5.23
I 1+ cos?w ( )

Let us consider now a more general case where the scattering plane is not aligned with
the basis vector ex. Then the @ and U parameters given by equation (5.22) are valid
in the basis {€'y, €}, €/, } that arises from the observer polarization basis {€x,€éy,€z} by
a rotation about the vector €z so that the scattering plane and the vector €’y become
aligned. Let us denote the angle of the rotation 1 and the Stokes parameters with respect
to the rotated polarization basis Q' and U’. The parameters Q' and U’ are given by the
equation (5.22) and the angle 7 is measured from the vector €x to the rotated vector éy.
Using the transformation rule (5.10), we find that

Q=Q cos2n, U = Q' sin2n. (5.24)

Hence, the nonzero stokes parameters from the single scattering of the incident unpolarized
radiation beam of the intensity I; are given as

I=AL(1+cos’w), Q= —Alicos2nsin’w, U= —Alsin2psin®w (5.25)
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The scattering takes place in the plane that forms an angle n with the vector €x. Angles
n and w can be expressed using direction cosines, which are defined here as components
of the direction vector 7i; of the incident radiation beam,

n¥ =cosnsinw, n) =sinnsinw, nZ = cosw. (5.26)

We obtain

I=A (1 + nlznlz) L Q=A (nlynly — nlxnlx) L, U=—-2An{n]I. (5.27)

even for one particular source The form of the Stokes parameters in equation (5.27) is
useful, as it allows us to formally integrate partial contributions over incident directions in
a general radiation field. Let the radiation field is described by the frequency-integrated
intensity I(77). Then the Stokes parameters from the Thomson scattering is given by the
integration over the direction of incident radiation 7i;. This way we find

I=A (5 + pZZ) , (5.28)
Q= A(p" = ™), (5.29)
U= —24p~Y, (5.30)

for the total Stokes parameters of scattered light. Where

c= [ L(A)dQ, 7= / nind I (7i;) dQ (5.31)
A 4

are the radiation energy density and the radiation pressure tensor of the incident radiation

field.

The relationship between the Stokes parameters of the scattered radiation and the
moments of incident radiation intensity given by equations can be found in Sobolev (1963).
It represents a starting point of the presented work. It was derived under the assumption
that the scatterer is at rest with respect to the observer polarization basis. In the next
chapter we further generalize it to the case of a general motion by means of the special
relativity. This approach also allows us to give an analogical expressions in the situations
when the scatterer contains warm electrons with their own individual motion.



Chapter 6

Scattering on moving clouds

Incident photons of ambient unpolarized radiation become highly polarized when scattered
by relativistically moving electrons. The total polarization is obtained by integrating over
all directions of incident photons and all scattering electrons in the observation volume. In
this section we generalize our considerations to the case of the on-axis motion of a scatterer
in an axially symmetric radiation field with an arbitrary velocity. The both cases when the
scatterer is a cold electron cloud and when it is a cloud with random electron velocities are
considered. The simplicity of derived equations between frequency-integrated quantities
allows us to include the effects arising from the geometry of an incident radiation field
without any approximation.

We denote spatial three-vectors by an arrow and the corresponding four-vectors by
boldface letters. Hereafter we will simply use four-vector notation. For example, indices
of four-vectors with respect to a local-frame basis are manipulated by flat-spacetime metric
Nag = diag(—1,1,1,1). We also use the geometrical units where G = ¢ = 1 for simplicity.
However, we will keep ¢ and G in several cases where dimensions of the quantities are
important.

6.1 Polarization and laboratory reference frames

Let us consider a simple case when the incident radiation field is axially symmetric in the
laboratory frame (LF) (e, e, €y, e.) and the scattering medium is a swarm of electrons,
which can be assigned a unique velocity. We orient the vector e, along the symmetry
axis, two other spatial vectors e, and e, lie in a plane containing the electron velocity
and are perpendicular to e,. Further, we assume that the electrons are moving along the
symmetry axis with four-velocity u = u'e; + u®e, with components u! = v and u* = 73
(v is Lorentz factor, 3 is velocity in LF divided by the speed of light). Later on we carry
out a Lorentz boost to co-moving frame (CF) of the scatterer, (&;,e,,€,,€;), which is
equipped with time-like four-vector e; = w and three space-like four-vectors e, = ey,
e, = e,. Spatial part of €, is oriented in the direction of relative velocity of both frames.

In order to describe propagation of scattered photons, we define four-vectors n = p/p*
(with respect to LF) and n = p/p’ (with respect to CF), where p is the photon four-
momentum (a null four-vector). Due to the axial symmetry we can assume n¥ = n¥ = 0.

In addition to the above-defined reference frames LF and CF, we introduce two ‘polar-
ization’ frames that are spacetime generalizations of the polarization basis introduced in
the previous section: the laboratory polarization frame (LPF) with basis (e, ex,ey,ez),

73
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| symmetry
. | axis
7 A to observer Az
: Z
i
! X
o 3
| | Y=y

Figure 6.1: Definition of angles and the polarization basis. Left: co-moving polarization
frame (CPF) The direction to the observer is along the Z-axis. The direction of the
incident photon 77; is described by the angles ¢ and . Right: The laboratory frame
(LF) and the laboratory polarization frame (LPF). The direction toward the observer is
along the Z-axis. The axis of symmetry is identical with the z-axis. The two frames are
transformed by rotation about the y-axis through the angle #. The definitions of co-moving
frames CF and CPF are analogical.

and the co-moving polarization frame (CPF) with the basis (e, eéx,ey,ez). LPF is de-
fined in such a way that ey is the three-space projection of the propagation four-vector
n, ex lies in the (e,,e,)-plane, and ey is identical with the LF tetrad vector e,. CPF
is defined analogically and denoted by bars over variables. Note that because of the con-
dition nY = n¥ = 0 the y-axes are the same in all reference frames. Our definition of the
reference frames is apparent from Figure 6.1.

6.2 Stokes parameters of the scattered radiation

We start by calculating the polarization of the scattered radiation in CPF. For this purpose
we use the equations (5.28)—(5.30). The radiation energy density ¢ and the radiation
pressure tensor p* find their relativistic analogs in the stress-energy tensor defined as

T = A At T () A9, (6.1)

where #; is the propagation vector of the incident radiation and [;(7n) is its frequency-
integrated intensity. In CPF we have

T =z TV =g", (6.2)
Hence with aid of this equation the equations (5.28)—(5.30) become

I=4A (T“ + TZZ) , (6.3)
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Qi
|

= A(TYY - T¥X), (6.4)
= —2ATXY (6.5)

Sl

We remind, that the incident radiation field was assumed axially symmetric in the CF,
therefore the only nonzero components in this frame are T, T'* T%* T** T¥Y. These
are further constrained by symmetry, T = T% = (T%" — T%#)/2, and related to the
components in CPF by rotation about g-axis by angle ¥:

T?% = T% sin% 9 + T cos? U, (6.6)
TXX = T% cos? 9 + T sin? 0, (6.7)
VY = 1%, (6.8)
™Y =0 (6.9)
By substituting into the equations (6.3)—(6.5) we find that
=14 [(3T“ - TZZ) - (T“ - 3TZZ) cos? ﬁ] , (6.10)
Q=14 (T“ - 3TZZ) sin? 9. (6.11)

Due to the axial symmetry the remaining Stokes parameter U vanishes. The Stokes
parameters are related to CPF. As a consequence the scattered radiation is partially
polarized either in the (&, z)-plane or perpendicularly to it (see equation (5.9) and the
following discussion). The former and the latter case will be referred as longitudinal or
transversal polarization, respectively.

The degree of polarization can be calculated directly from the definition (5.17)

B L. | si 2,5 Tt _ 3772
H(G) — @ — w 11, A
3Ttt _ T2z

I 1 — I, cos2 ¥’ (6.12)
The meaning of the quantity II,, is evident: the absolute value |II,,| is the maximum
degree of polarization of the scattered light observed under the suitable angle and the sign
of II,, determines the sign of Q-parameter. The radiation scattered along the z-axis, for
which 9 = 0, is completely unpolarized. As ¥ grows the polarization degree increases to
its maximal magnitude |II,,|, which occurs for ¥ = 7/2. This states a well-known fact
that the polarization is maximal for the radiation scattered perpendicularly to axis of
symmetry in the CF.

In order to determine the polarization magnitude as seen by an observer in LF we carry
out the Lorentz boost. Non-zero coefficients of Lorentz transformation are Al = AZ = ~,
AL = A7 = —yB and A% = Ay = 1. The angle of observation ¥ is transformed according
to:

siny = Dsind, cosv = D(cosV — f3), (6.13)

where D = v 1(1 — Bcosf)~! is Doppler factor (c.f. Rybicky & Lightman 1979). All
Stokes parameters are transformed from the CPF to PF in the same way as the radiation
intensity because the boost retains the four-vector e, unchanged (Cocke & Holm 1972).
Therefore we find

I=D'T and Q=D'Q. (6.14)

It follows that the polarization magnitude 11, is Lorenz invariant. Performing the Lorentz
transformation (6.14) and expressing all quantities in LF we find explicit formulae for the
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Stokes parameters of the scattered radiation,

Q
I = ADYy? [(1 + 5% (T“ + TZZ) - 45Ttﬂ Q. (6.16)

TAD Y2 [(1 = 38%)T" + 48T" — (3 — B2)T**] sin? v, (6.15)

6.3 Change of the polarization direction

The aim of this section is to connect, in a self-consistent manner, the properties of particle
motion through the ambient radiation field with Stokes parameters of scattered light. In
order to prepare for this discussion it is useful to introduce two critical velocities of the
particle motion.

Firstly, of particular interest is the velocity at which the polarization of scattered radia-
tion vanishes (Beloborodov 1998). The condition for velocity follows from the requirement

T" — 37T% = 0. (6.17)
Performing the Lorentz boost to LF we obtain
(1-382) 7" + 487" + (3 - 3) T = 0. (6.18)
This is a quadratic equation for 8, which has two roots,
Bio=a+Va2+b, (6.19)

where

2th Ttt _ 37T%#*
O= o bzw. (6.20)
Clearly, equation (6.17) can be satisfied independently of the direction of observation. For
B — (1,2 the polarization changes from longitudinal to transversal.

Next, we introduce the saturation velocity 3y (Sikora & Wilson 1981). As was shown
by various authors under different approximations about the particle cross-section and the
form of gravitational field (see e.g. Abramowicz et al. 1990; Vokrouhlicky & Karas 1991;
Melia & Konigl 1989; Fukue & Hachiya 1999; Keane et al. 2001), the saturation velocity
plays an important role in the dynamics of relativistic jets: particles moving at velocity
smaller/greater than the saturation velocity gain/lose their momentum at the expense of
the radiation field. In absence of other acceleration mechanisms and neglecting inertia of
particles, the effect of radiation pressure eventually leads to 8 — (¢ as terminal speed of
the particle motion.

The saturation velocity is determined by the requirement of the vanishing radiation
flux in CF, i.e.

T = 0. (6.21)

This gives another quadratic equation,
(1+82) 1= - (1" +T%) =0, (6.22)

with the solution

fo=LoVIZ (6.23)

2
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Figure 6.2: Left: the magnitude of transversal polarization II(1J;v) due to up-scattering
by a relativistic electron as a function of the observing angle in the local co-moving frame.
The case of locally isotropic ambient radiation field is shown for three different values of
Lorentz factor 7. In the inset the emission diagram shows the corresponding lab-frame
polarization. The lobes become gradually flattened toward the front direction of motion
as v increases. Right: Contours of II(¢}, 3) = const are shown superposed on the density
plot of I(¥,3). Levels of shading give the intensity (in arbitrary units) and illustrate
the progressive beaming towards ¥ = 0 direction in the ultra-relativistic limit. On the
other hand, given a value of [3, the polarization degree II(¢J; 3) as function of ¢ reaches
maximum at a non-zero angle, always off axis (dashed line). This corresponds to a well-
known fact that polarization is maximum for the radiation scattered perpendicularly to
axis of symmetry in the CF.

where 0 = 27" /(T" +T'). We ignore the second solution, as it has no physical meaning.
Let us illustrate the theory proposed above by two examples. We first assume the
incident radiation field to be purely isotropic in the laboratory frame, i.e.

T = diag (5, % g, —é g, %5) ) (6.24)

with e =T being energy density of radiation. Evaluating the stress-energy tensor in CF
we find II,, = —(3%. Substituting into the equation (6.12) we obtain polarization degree

_ 3% sin? ¥
(¢, 0) = ———— . 6.25
0.6) = T ooy (6.25)
Lorentz transformation to LF gives
2 2 9
(9, 5) = psin (6.26)

(292 —1) (1 — BeosV)? — B2sin® 0

Since I, <0, the scattered radiation is polarized transversely. The critical velocities are
Bo = 81 = B2 = 0 in this case.

Figure 6.2 shows the dependence of II on the observing angle according to equa-
tion (6.25). It can be seen (in the left panel) that the resulting curves closely resem-
ble the numerical result of Lazzati et al. (2004; cp. their Figure 1) who employ specific
(frequency-dependent) quantities. In particular, the curves are identical for v > 1 and
they approach the ultra-relativistic limit IT = (1 — cos?4)/(1 + cos® ) of Shaviv & Dar
(1995a). This limit corresponds to the case of a head-on collision, when all photons are
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impinging at incident angles ¥J; — 7 because of aberration in CF (this result can be also
directly obtained from equation (5.23) in the limit w — 7).

For moderate Lorentz factors there is some difference between our profile of II(1)
and the corresponding numerical values plotted in Lazzati et al. (2004). For example,
checking the v = 2 curve, we notice that relative difference amounts to roughly 13%.
This apparent discrepancy is explained by realizing that our eq. (6.25) has been derived
in terms of frequency integrated quantities (which are magnified by a factor of D* by the
transformation from CF to LF, as mention above). On the other hand, Lazzati et al.
employ specific quantities. We can reproduce their values if we limit the frequency range
to some finite interval (Viin, Vmax) in our calculation, although then we lose some photons
— those which are up-scattered to frequency higher than D1y or, vice-versa, down-
scattered to frequency lower than D_vyyi,, where Dy = (1+ 5)1/2(1 T B)_l/Q. In order to
demonstrate clearly the relationship between both approaches, let us also consider, for a
moment, the case of frequency dependent specific intensity I, of incident light. We restrict
the range in such a way that non-zero I;,, = const is for vy, < v < Vnax, otherwise I;, = 0.
We calculated numerically the corresponding frequency-dependent Stokes parameters and
polarization II,, of scattered radiation. It was shown that the scattered intensity is non-
zero in the mentioned range D_vpin < v < Dyvpax. We also find that II, is constant
and identical with Lazzati et al. profile for Divpyn < v < D_vpax. Within this range
the directional distribution of the incident radiation in the electron CF is not affected
by existence of two cut-off frequencies vy, and vpa.x. However, outside this range the
polarization depends on frequency. The resulting polarization degree comes out greater
than the value shown by Lazzati et al. in the entire interval (D_vmax, D4 Vmax). In the
end, by integrating the polarization over frequency we recover exactly the value predicted
by equation (6.25).

Next, we consider the simplest case of an anisotropic incident radiation field. The
radiation field is axially symmetric with respect to the direction of the particle motion.
We assume that the intensity of incident radiation is nonzero in the cone of the opening
angle « and it is zero everywhere else. Finally we explore effects of a mixture of both,
the isotropic and the anisotropic component. The stress-energy tensor of the anisotropic
component can be calculated according to definition (6.1). We obtain

T = 27I(1—cosa), (6.27)
T = nlsin’a, (6.28)
T = 27I(1—cos®a). (6.29)

There are two other nonzero components, T7% = TYY, which can be evaluated from the
condition T} = 0. The stress-energy tensor of the mixture of the isotropic and anisotropic
components is given by the a sum of the stress tensors of the two components.

We first calculate the polarization for a given velocity (8 of the scatterer. The incident
radiation field is parameterized by the angle a. Figure 6.4 shows the effect of vanishing
and changing polarization which occurs at particular values of f(«). The Left panel shows
the case of purely anisotropic radiation field and the Right one shows shows the case of
the mixture of both components. The intensity of the isotropic component is smaller than
that of the anisotropic by a factor 1073. Clearly, the isotropic component is important
only at small values of the angle «, for which the energy density of both components are
comparable. Note also, that the polarization of the scattered radiation is transversal when
the scatterer is accelerated or decelerated by the radiation field and it is longitudinal when
the velocity of the scatterer is saturated by the radiation field.
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Figure 6.3: Numerically calculated specific (frequency dependent) quantities of Thomson-
scattered radiation on the electron moving in the isotropic incident radiation field. The
specific intensity of the incident radiation is I;, = const for vy < v < Vnpax, otherwise
I;, = 0. The left panel shows the frequency dependences of the Stokes parameters I, and
Q., the right panel shows the specific polarization II,. Clearly, scattered radiation do not
depend on the frequency in the frequency range D vpin < v < D_vpax where the angular
distribution of the incident intensity in the electron co-moving frame is not affected by
cut-offs at vy and viax. The polarization magnitude is equal to the value 0.65 of Lazzati
et al. (2004) in this frequency range. However integrating the polarization over the whole
range we obtain value 0.75 given by the equation (6.25).
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Figure 6.4: Left: The case of incident radiation originating from an isotropic source of
angular radius «; see equations (6.27)—(6.29). Two branches of critical velocity are shown,
B1(a) and (a(«r), at which the total polarization of scattered light vanishes independent
of the observing direction. The saturation curve fy(«) is also plotted assuming that the
radiation drag dominates the particle dynamics. Right: the same as on the left but for a
mixture of two components of the incident radiation, i.e. the ambient isotropic (o = )
source plus (non-isotropic) contribution of radiation from the source. The intensity of the
isotropic component is smaller than that of the anisotropic one by the factor A; = 0.001.
In both panels, the regions of longitudinal and transversal polarization are distinguished
by shading.
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Despite of its simplicity, this model gives interesting consequences. Consider the case
when the source of incident radiation field is a compact relativistic star. The star of
radius R, appears to the static observer (i.e. the particle) located at radial coordinate r
as a bright disc of angular radius «, where

(6.30)

and R = max{3 Rs, R.} (Synge 1967), where Ry = 2GMc2=1.5 x 10°(M/My)em is the
Schwarzschild radius and M is the mass of the star. Rg is the Schwarzschild gravitational
radius. Due to the light bending the solid angle subtended by a compact star on the sky is
larger than the Euclidean (flat space) estimate. The stellar radiation field provide physical
realization of the anisotropic component of radiation field with the intensity

¢(R.)°
§(r)?

where £(r) is the redshift function (see Appendix A for its definition) and we neglect effects
of a limb darkening for simplicity. Both, the angular radius of the star o and the intensity
of the radiation field are functions of radial distance r, which together with velocity 5 of
the scatterer are considered as the only independent variables in the problem.

In addition, there are two possibilities for the origin of the other, isotropic component
of the radiation field. This component can be produced either independently on the stellar
radiation (i.e. the case of background radiation) or its origin could be connected with the
stellar radiation (i.e. the case of scattered or reprocessed radiation — perhaps by clumps
accreted onto the star). The both contributions are linked to each other and their energy
density decreases at identical rate with the distance in that case. In the former case, we
set the redshifted intensity of the isotropic component to be a fixed ratio Ay of the stellar
intensity, on the other hand we set the radiation energy density of the isotropic component
to be a fixed ratio A of the stelar radiation energy density in the latter case.

Polarization is non-zero provided that particle velocity is not equal to (1 2(r) and,
indeed, II can reach large values. This is shown in Figure 6.5, where we plot the extremal
value of polarization degree II,(/3,() in the plane of particle velocity [ versus radial
distance r and where we assume constant ratio of the redshifted intensities of the stellar
and background radiation field. We use a dimensionless parameter ( = 1 — R, /r. Each
panel captures the whole range of radii from r = R, (( =0) to r — oo (¢ =1). I1,1(5,()
is equal to the extreme value of the polarization degree measured along a suitably chosen
observing angle 1. The curve of zero polarization is also plotted: notice that this is
independent of 1, as discussed above. In this figure the primary unpolarized light was
assumed to be a mixture of stellar and ambient contributions (the latter component was
assumed to be distributed isotropically in the lab frame). The saturation curve (¢(¢) is
also shown. It is worth noticing that, for some values of the model parameters, 5o(¢)
crosses the contour of II = 0 twice. Therefore, a hypothetical particle which moves or
oscillates along the saturation curve would exhibit polarization that sweeps its direction
by 90 degrees.

In the case of the fixed ratio of energy densities of the two components, we again
constructed graphs of IT,,(3, () and found a similar structure of contours at small radii
as those shown in Fig. 6.5, including the double-valued function (1 2(¢). However, the
saturation velocity By(¢) does not fall to zero at r — oo and, instead, it generally reaches

I(r) = L,(Ry), (6.31)
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Figure 6.5: Contour graphs of extremal values of the polarization magnitude II,,(8, ()
of photons Thomson-scattered on an electron, moving with a given velocity 3 through a
mixture of stellar and ambient diffuse light. The three rows correspond to progressively in-
creasing luminosity of the star: (i) A\j = 0 (top); (ii) A\i = 0.001 (middle); and (iii) A\; = 0.1
(bottom). The left column is for a highly compact star with R, = 1.01Rg, while the
right column is for R, = 103Rg. Hence, the light-bending effects are significant on the
left and negligible on the right. The curve of zero polarization II = 0 is plotted with a
dashed line. Generally, if the star is sufficiently compact then the curve of zero polariza-
tion becomes double-valued with respect to velocity, with two branches corresponding to
solutions (1 2(¢) in the previous figure. A separatrix is a particular contour which dis-
tinguishes regions of different topology in the graph. The saturation curve (3¢(¢) is also
plotted.
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substantially higher values that depend on the A.. Moreover, the saddle point (where the
curve of constant maximal polarization self-crosses) is shifted to higher r and eventually
vanishes, which is seen in Figure 6.5.

Polarization of the scattered light obviously depends on the electron motion and in our
model it can be calculated together with radiation and gravitational acceleration in a very
simple way, since both, electron dynamics in the ambient radiation field and the polariza-
tion properties of the scattered radiation can be easily found from the stress energy tensor
of the incident radiation. Simultaneous examination of the particle dynamics together
with the polarization of the scattered radiation in the radiation field of the relativistic star
is a matter of the paper of Hordk & Karas (2005b).

6.4 Polarization from hot electron clouds

So far, we ignored inner structure of the scatterer. We considered a cloud composed of
cold electrons uniformly moving with bulk velocity. The next natural step is to include s
more realistic case of the isotropic distribution of directions of electron individual motion
as considered by many authors studying the radiative acceleration processes (Sikora et al.
1996a,b; Renaud & Henri 1998) or inverse Compton scattering on the relativistic electrons
(Begelman & Sikora 1987).

Hence, the aim of this section is to average the equations (6.3)—(6.5) over the isotropic
electron distribution. We assume that the electron distribution function n( ﬁe) does not
depend on the direction of the individual electron velocity Ee in a cloud co-moving frame
(hereafter CCF), n(f.) = nef(ye), where 7o = (1 — 82)~Y2. For a given direction of
observation, the total Stokes parameters are found by the following procedure: (i) For an
electron that moves with velocity

Ee = [e(sin O, oS e, sin b sin ¢, cos b), (6.32)

we find a Lorentz transform A%(qzﬁe,@e) according to which the radiation stress-energy
tensor T" is transformed from CCF to the electron co-moving frame (hereafter ECF). (ii)
The local Stokes parameters Io, Qe, U,, are evaluated using the stress-energy with aid of
the equations (6.3)—(6.5), respectively. Then (iii) the Stokes parameters are transformed
back to the CCF. Finally (iv), the Stokes parameters are averaged over directions of
electron velocity [, - i.e. over the angles 0, and ¢e.

6.4.1 The Lorentz transform

First, let us consider the case of zero azimuthal angle ¢.. The orthonormal polarization
tetrads {e(t),e(x),e(y),e(z)} and {é(t),é(x),é(y),é(z)} of the CCF and ECF! can be
invariantly expressed using the three four-vectors given in the spacetime: the electron four-
velocity ue, the bulk four-velocity w of the electron cloud and the photon four-momentum
D, of the scattered radiation. The time-like basis four-vectors e(;) and € are identical
with the four-velocities w and wu, respectively.

Let us introduce the four-vectors e(z) and €z as normalized projections of the photon
four-momentum p onto the three-space perpendicular to w and ., respectively. The
projections can be found using the projection tensors h®® and hgﬁ defined as

P = g% uuf, P = g%+ uluf (6.33)

e e

!Note that these two frames have the same time-like four-vectors.
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in the space-time with signature +2. The projections give

(67

pOé
ely) = u — o €l =ue — = (6.34)
where v = —u®p, and v = —ulp, are frequencies of the scattered photon measured in

the CCF and ECF respectively. The spatial parts of the four-vectors e(z) and €(z) point
along the direction of photon propagation in each reference frame.

The third basis four-vectors e x) and €(y) can be chosen as normalized projections
of the other four-velocity, u., and u (respectively), onto the two-space perpendicular to
the two already defined four-vectors of the tetrads. The projector onto the two-space
perpendicular to e and e(z)

PoB = g 4y — e((lZ)e(ﬁZ). (6.35)
The projection gives
. 1 1 — Deve p*
fe _ a [e € /e
efyy =C|u —eu —1—76 — | (6.36)

where D, and -, are respectively Doppler and Lorentz factors of the electron that can be
invariantly defined as

_ VY _ Pau® _
D, = 7 poud’ Ve = —UUg (6.37)
and C' is a normalization constant given by
D
C = (6.38)

~ V2Doye D21
Analogical considerations lead to the expression for ey,

(67

(o3 ~Q 1 [0 p
elx) =C |u* — ol + (De — 7e) (6.39)

o v

The three-vectors of relative velocities of the electron with respect to the CCF and
vice-versa are 8. = u? — u‘(;) /v and 3 = ug) —u® /7 respectively. They both lie in the
X — Z plane of both systems. This result is consistent with our initial assumption that
¢e = 0. Note also, that there is a simple relation between the four-vectors e x) and € x:

o _go __1P°

Finally, the last four-vectors in the tetrads, e‘()‘y) and é‘()‘y) are perpendicular to that
already defined. Because all of them were introduced as linear combinations of the four-
velocities ue, u and the photon four-momentum p, the both four-vectors, e?‘y) and é‘()‘y)
are perpendicular to them and therefore we can set

ely) = €fy)- (6.41)

Having constructed orthonormal tetrads, we can proceed to the Lorentz transform,
that is treated as a coordinate transform from CCF to ECF

A (0,0,) = gpgéfu)e‘(’y). (6.42)
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When evaluating the transformation coefficients we use the products between the four-
vectors ue, u and p given by equation (6.37) and well-known normalization conditions for
photon four-momentum and four-velocities of particles.

After a considerable algebra we find

Ve _% 0 %e — Ve
A%(0,0 —e Lo ¢ 4

er_,De _% 0 'DLe"i_De_’Ye

Let us express the Doppler factor as D, = 7, *(1 — Bocosf.)~! Then we find that C =
1/(7efesinbe) and the Lorentz transform takes the form

Ve _’Yeﬁe sinf, 0 _’Yeﬁe cos O

o | -k 1 0 k
A5(0,0e) = 0 0 1 0 (6.44)
I —Yefesinf, 0 m
where for simplicity we defined
k =7Defesinbe, 1| =~2BDe(Be —cosbe), m =De—Yefecosbe. (6.45)

The more general case when the projection of the electron velocity to the (X,Y") plane and
the X-axis make nonzero angle ¢, is realized by a composition of the Lorentz transform
(6.44) with the rotation about Z-axis through the angle ¢.. The components of the stress-
energy tensor are first transformed by the rotation matrix

1 0 0

| 0 cos¢e singe

Rz(ge) = 0 —singe coS@e
0 0 0

(6.46)

— o O O

and then tranformed by the Lorentz transform (6.44). Finally, the total Lorentz transform
(that includes the rotation) is given by

Yo —VefeSINOeCOSPe —7ofesINbesin e  —o e COS B

e _ —k COS Qe Sin ¢e k
Aj(de,0e) = | —sin, cos 6, 0 (6.47)
l _’Yeﬁe sin 0, cos e _'Yeﬁe sin 0, sin De m

Let use derive the backward Lorentz transform for the Stokes parameters of the scat-
tered radiation in this subsection. The calculations are done for a completely polarized
radiation only, but the results are valid also for the partially polarized radiation because
the degree of polarization is Lorentz invariant. (Cocke & Holm 1972).

Transformation rules of the Stokes parameters will be derived from the transformation
properties of the electromagnetic tensor F'*”. Consider monochromatic plane wave in
vacuum described by an electromagnetic four-potential

AF = Al exp(ikix,), (6.48)

where Af is a constant amplitude of the wave and k) is a wave four-vector. This potential
satisfies the wave equation VZA* = 0 and Lorentz calibration condition V,A% = 0 when
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k{ is a null four-vector perpendicular to the amplitude Af. In units where G =c=h =1
the wave-four-vector is simply related to the photon four-momentum by kf = 27ph.

The electric field £ measured in a particular reference frame can be derived from the
antisymmetric tensor F*¥ = VH#AY — VY A*. For the plane monochromatic wave it has a
form

F* =" exp(ik§ o), (6.49)

where the amplitude F}" is given as
FY =Ky Ag — kg AL (6.50)

Consider a particular reference frame (e.g. CCF). The frequency and the propagation
three-vector of the wave are given by the tetrad components of the photon four-momentum

Do
_ i —Po i
vw=-py, nyg= =0y. (6.51)

The frequency is projection of the wave four-vector on to observer four-velocity, two other
independent components of give us the unit three-vector n}) along the wave propagation.

The electric field measured by the observer is B¢ = F1() = u(p) F (1) The energy
density carried by the electric field is proportional to the square of magnitude of the
electric intensity

B = BB} = gugFg” F ™ uguy = (upht)* Aoa A" = (2m0)?|Aol?, (6.52)

where the stars denotes complex conjugation.
Since the magnetic component of the wave carries the same amount of energy as the
electric one, the radiation intensity can be expressed as

I,(n") = 4n%eord| Ao|*6 (v — 19)d(n' — nf), (6.53)

where €( is a vacuum permittivity. We added two delta-functions on the right-hand side
because radiation intensity is expressed per unit frequency and solid angle and the plane
monochromatic wave has sharp frequency and direction of propagation. Using equations
(6.51) we can express them as a single delta-function in the photon four-momentum p,

S(v —vp)d(n' —ni) = vé(p™ — pg). (6.54)
Finally, substituting it into equation (6.53) we find

I,(n?)
3

= 4m?eg| Ag|*6 (p® — p§) = invariant, (6.55)

because the term on the right-hand side does not depend on choice of the particular
reference frame.

The two other nonzero Stokes parameter () and U of the linearly polarized wave depend
on the polarization basis. Consider first the case ¢, = 0. The polarization bases in both
reference frames are introduced by the equations (6.34), (6.36), (6.39) and (6.41), The X
and Y-components of the amplitudes of the electric intensity measured in CCF are

Ef§ = eg)egl)FOaﬁ = —uakg‘e(;)Ag + uaAg‘e(;) kb = QWVOAga), (6.56)
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where a = X,Y. The second term vanishes because e, are perpendicular to the wave
vector. Similarly, an observer in ECF measures

E¢ = 2ring ALY = 27 AL (6.57)

The last equality is valid because e® equals to &(® (for a =Y) or they differs by multiple
of the wave vector (for a = X — see equation (6.40)), which gives zero in the scalar product
koaAG = 0 from the Lorentz calibration condition.

Hence in both reference frames, the two Stokes parameters can be expressed as

Ql/ QD X) |2 Y)|2 a «
u, U, X) 40 s/ a0 o
=5 = =5 = 8TR[AGV A 5 - pf), (6.59)

where the delta-functions were expressed in the invariant way using the equation (6.54).
Finally, three frequency-integrated Stokes parameters characterizing linear polarization
are transformed between ECF and CCF according to

I=D:, Q=D:Q, U=DiU, (6.60)

The transformation (6.60) is valid if (and only if) the Y-axis of CCF is aligned with the
Y-axis of ECF, e.g. when ¢ = 0. The more general case of the nonzero angle ¢, is treated
by composition of the transformations (6.60) with the rotation through the angle —¢..2
The transformations of the Stokes parameters under the rotation are given by equation
(5.10). Therefore, in fully general case we find

I= Dgf, Q="D! (Q cos 2¢e — U sin 2¢)e) , U=n! (Q sin 2¢ + U cos 2¢e) , (6.61)

The equations (6.61) are valid if the source as a whole moves with respect to the
observer. In our case, however the source is rather stationary and at rest in a sense that
it contains warm electrons with fast individual motions in random direction, however a
direction of an electron motion is frequently changed so that the photons are essentially
radiated from the constant place. In a former case the transformation contains also a
contribution of the aberration effect. The Stokes parameters are expressed per time of
observation dt in CCF and per time of emission df in ECF. These two time intervals are
related by df = ~dt if the source is stationary as a whole and radiates essentially from the
same point or by df = (1 — Bcos)dt if the source is in a bulk motion and its distance
from the observer is changing as c¢t(1 — fcos#). For this reason one should complete the
Lorentz transform by an extra factor (1—(cosfe) = 1/(7D.) (see also Begelman & Sikora
1987,Blumenthal & Gould 1970 and Rybicky & Lightman 1979 sec. 4.8). We obtain

D3 5 D3 B _ D3 - ~
I=—,1, === (Q cos 2¢ — U sin 2¢)e) , U=—= (Q sin 2¢, + U cos 2¢e) . (6.62)
Ve Ye Ve

The transformations are derived for the plane monochromatic completely polarized
wave, however it can be easily shown (Cocke & Holm 1972) that our results remain valid
also for a general radiation field with partial polarization. It also follows from equation
(6.62), that the degree of polarization of a linearly polarized wave II = (Q2 + V?2)1/2/T is
invariant under Lorentz transformations.

2We consider the backward transformation of the Stokes parameters from ECF to CF contrary to the
transformation of the four-vectors considered before.
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6.4.2 The Stokes parameters of the scattered radiation

The Stokes parameters of the scattered radiation with respect to the co-moving frame of
an electron swarm with an uniform velocity are given by the equations (6.3)—(6.5). The
components of the stress-energy tensor of an incident radiation in the ECF are

T = A% (e, Oc) N (e, 0c) T, (6.63)

where AZ(pe,0,) are coefficients of the Lorentz transform given by equation (6.47) (from
this point we use a shorter notation without arguments) and 77? are components of the
radiation stress-energy tensor in CCF.

Let us denote 61, 6Q. and 8U, contributions to the total Stokes parameters of the
scattered radiation from electrons with Lorentz factor v, and direction of velocity given
by angles ¢l and .. After substitution into the equations (6.3)—(6.5), we find

0l = Af(re) (ALAL + AZAZ) TP, (6.64)
0Qe = Af(re) (AYAY — AXAY) T, (6.65)
Ve = —Af(ve) (Aff AY +AVAS ) T, (6.66)

Transforming the Stokes parameters according to equation (6.62) we obtain
0Xe = Af(ve) E55) TP (6.67)

where X = I,Q, U stands for any Stokes parameter and we defined

=) = ?—5 (ALAL +AZAZ), (6.68)
=@ = 3—5 [(AYAY = AFAY) cos20e — (AYAY + AYAY ) sin26.|,  (6.69)
=) = ?_3 [(AXAY = AYAY) sin26e + (AYAY + AXAY) cos20.|  (6.70)

6.4.3 Integration over the electron distributions
The intensity of the total radiation scattered by the electron cloud is given by integration

over the electron distribution in CCF. The total intensity given by the integral

X = 5XodQ dye = AT / f(3) 2 dQ e (6.71)
Ve

Ye J 4T

Performing the integration over the full solid angle in the case of intensity X = I, we
obtain

1+4 0 0 -A
0 B 0 0
| [ teozRaea.—| o 0 | (6.72)
-A 0 0 1+A-2B
where we defined (14 5]
_ 2 _ n|%Ye + e
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where () = [z f(7e)d7. denotes averaging over the electron Lorentz factor. According
to the equation (6.72) the total intensity can be expressed as

[=A[(+A4) (T +T77) 4+ B(T" - 377%) — 2AT"7]. (6.74)

Performing the integration over the solid angle in the case of the two remaining Stokes
parameters we find

0 0 0O
0 -1 0 0
[ye 47-(-f(’ye) de’ye - 0 0 1 0 ) (675)
0 0 0O
00 0O
0 010
/ fe) B ddy, = 010 0 (6.76)
Yo
0 0 0O

Hence, the Stokes Q and U parameters are the same as if the cloud is composed of cold
electrons,

Q = A(T"Y —T*X), (6.77)
U = —2ATXY, (6.78)

The equations (6.74), (6.77) and (6.78) are analogous to the equations (6.3)—(6.5). Hence,
the discussion of the polarization properties of the radiation scattered by cold cloud carried
in section 6.3 is valid also in the case of warm cloud.

6.4.4 The monoenergetic electron distribution

The monoenergetic electron distribution is a rather simple example. However it keeps
essential property of the problem: the random direction of electron motion in the blob
comoving frame. For its simplicity, it can be a useful probe to more complicated physics.

Let the electron distribution function in the blob comoving frame be ne(ve) = 1 (Ve —
Ve ), Where n, is electron number density and 7, is mean random Lorentz factor of electrons.
The expressions for v and v are then

In [5e + VA= 1]
Jev/3E -1

Consider a narrow beam of radiation that propagates in the direction 7 in the blob
comoving frame. This three-vector and the direction towards the observer €z make an
angle 9. Therefore, the integrated intensity of the incident radiation is by I;(k) = Iod(k —
7). Due to the symmetry of the problem, we can restrict our discussion to the plane
determined by vectors k and 7. Without loss of any generality we can set n¥ = 0. Then
two other components are n* = sin¥ and n? = cos?¥. The stress-energy tensor of the
incident radiation can be found by integration over the full solid angle.

u=3("2-1), v=1- (6.79)

T =¢, T =en?, T77 =en?n?, TXX =enn?, (6.80)
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Figure 6.6: Left: the normalized scattered intensity ¢ = I/(7lp) as a function of the
scattering angle ¥ between the direction n of the scattering radiation and the direction
of observation. The scatterer is the electron cloud. Different curves are for different
values of the electron Lorentz factor measured in the blob reference frame. The case of
cold electron corresponds to 4. = 1. Right: the magnitude of transversal polarization
II as a function of the scattering angle for several values of the electron Lorentz factor.
The depolarization effect of the electron motions and the shift of the angle of maximal
polarization are apparent.

where € = Iy/c is the energy density of the radiation field. Substituting it into equation
(6.74) we find the intensity of scattered radiation in the form

;:16%[(1+u—31})cos219—2ucosz9+(1+u+v)}- (6.81)
0

If the scatterer contains cold electrons, then both, v and v are zero and the angular
dependence of the scattered intensity reduces to I oc 14cos? o, the same dependence as for
Thomson scattering on a single electron. The scattering on the cold electrons is symmetric
with respect to the plane perpendicular to the direction of the incident radiation beam.
On the other hand, in case of ultrarelativistic electrons with 5, > 1 we have u ~ 4/3%2
and v ~ 1 and equation (6.81) gives the angular dependence I o ¥2(1 — cos¥)? which is
highly asymmetric. The most of the radiation is scattered in the backward direction. This
fact has an important consequence regarding the dynamics of the Thomson scattering.
The scattered radiation transport momentum from the electrons in backward direction
and therefore the incident radiation has stronger impact on the dynamics the scatterer if
it contains hot electrons. This effect is called Compton rocket and it was firstly studied
by O’Dell (1981) and than reconsidered by Phinney (1982). The left panel of Figure 6.6
shows the angular dependences of the scattered intensity for different values of 7.

As it was shown in the previous section, the remaining Stokes parameters are not
affected by electron motions. Therefore, we get the same result for the parameter ) as in
the case of blob containing cold electrons,

Q 3 .
—_— = —— 9. 6.82
i) 167 St ( )

Since it is negative for any value of ¥, the polarization of scattered radiation is always
perpendicular to the plane of incident and scattered beams. The polarization magnitude
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is given by the ratio |@Q|/I, because other stokes parameters are zero in the considered
configuration. We find

1 — cos? ¥

II= .
(14 u—3v)cos?¥ —2ucos? + (1 +u+wv)

(6.83)

The angular dependence of the polarization magnitude is shown in the right panel of
Figure 6.6. In the case of cold electrons, equation (6.83) is identical with the well
known expression for polarization of radiation scattered on the single electron, II =
(1 — cos? 1) /(1 + cos? ) giving the maximal value of unity for completely polarized radi-
ation, when ¥y, colq = 7/2. On the other hand, if the scatterer contains “warm” electrons
with relativistic energies, the polarization of scattered radiation is reduced by a factor
~ 45 2. The maximal polarization occurs closer to the direction of incident radiation,
because of the the asymmetric profile I(1}) of the scattered intensity. Simple algebra gives
the angle ¥, of maximal polarization

1

cosﬂm:—[l—i—u—v—\/(1—v)(1+2u—v) . (6.84)
U

With aid of equations (6.79), one can check that ¥, — 7/2 when 7, — 1 . On the other

hand, ¥, approaches zero in the case of highly relativistic electrons with 4, > 1. However,

polarization is strongly reduced in that case.



Chapter 7

Radiatively driven clouds above
an accretion disk

We consider radiation field and electron clouds near a static spherically symmetric black
hole surrounded by an accretion disk.

7.1 Gravitational field

Let us consider the gravitational field to be described by the Schwarzschild space-time (we
neglect the disk contribution to the gravitational field). The metric expressed in spherical
coordinates {t,r,0, ¢} is (i.e. Chandrasekhar 1992)

ds? = —€dt? + ¢ 'dr? + r2(d6? + sin® 0d¢?), (7.1)

where £(r) = 1 — Rg/r is the redshift function in terms of gravitational Schwarzschild
radius Rg (see Appendix A for the definition of the redshift function).

We adopt the Schwarzschild metric for simplicity: it allows us to complete the cal-
culation of the particle motion in radiation and gravitational fields, and the resulting
polarization in a self-consistent manner. The approach is however sufficiently general and
it can be applied also in other situations. In this work we assume M = const.

The adopted spherical coordinates are non-singular everywhere above horizon, r = Rg,
and the space-time is asymptotically flat far from the black hole, i.e. for r — oco. Hence
the metric (7.1) is suitable for our purposes and it entirely describes the gravitational field
of a non-rotating and electrically neutral black hole above its horizon.

We assume that the accretion disk lies in the equatorial plane § = 7/2. In addition
we restrict the motion of the cloud to the disk axis, which is given by # = 0. The radial
coordinate along this axis (the height above the disk) will be referred to as z (i.e. when
we use the letter z instead of the letter r, we implicitly assume the condition 6 = 0)

Each point of the spacetime is equipped by a local orthonormal tetrad with respect
to which four-vectors and four-tensors will be expressed. At points that don’t lie on the
symmetry axis we use the tertad (e(t), e e, e(¢)), with non-vanishing components

egt) = —51/2, elr) = 5_1/2, eég) =r, e((f) =rsind. (7.2)

T

On the other hand, points on the symmetry axis are equipped with “cartesian” tetrad
(e(t), e® e, e(z)) with non-vanishing components

egt) = —g12 ) = gm12) @) = eéy) —r (7.3)

91
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Tetrad components of four-vectors are denoted with bracketed indices and are raised and
lowered using the Minkowski metric tensor 7,3.

7.2 Disk radiation field

In order to find the disk radiation field, we first determine the radial profile of its surface
temperature. For this purpose, we adopt the standard Shakura & Sunyaev (1973) disk
model where the accretion disk is assumed to be optically thick and geometrically thin.
The disk effective temperature Ty is given by an equilibrium between viscous heating and

radiative cooling
3GMM T;
ssTalr) = o (1- /%), (74)

where ogp is Stephan-Boltzmann constant, M is the accretion rate and rin 18 the inner
disk radius.

Assuming that at a given radius the disk is a blackbody radiator, the surface specific
intensity measured in the reference frame that co-rotates with the disk is given by the
Planck function I4(v,r) = By (Teg). The frequency-integrated surface intensity is then

1) = [ BLITar)ldv = ~ossTd. (75)

Using this equation and equation (7.4) we find

L(r) = % (1 - \/?> . (7.6)

Now, let us introduce the normalization of disk luminosity by the Eddington parameter

L oM

A =
LEdd 87rmp Cl'in ’

(7.7)

where L = GM M /2riy is the disk luminosity and Lgqq = 4mcGMm /ot is the Eddington
luminosity of the central object (m denotes the mass of the particle providing inertia of
accelerated medium in this work we assume m = m,). Hence, we can express the intensity
1 as

3
me 67in Tin
Ia(r) = i Alge, lax = 3 (1 - 7) , (7.8)
where I, is the normalized disk intensity. It depends only on the relative spatial variations
of the surface intensity and not on its absolute value. This approach allows us to easily
discuss effects of radiation field strength.
Particles move in the accretion disk along a circular orbit in the equatorial plane. A

four-velocity of a particle can be expressed as uf| = (u},0,0, uqdb), where

dt

t @

Uy = —, U5 =
47 ds d

d¢  dtdg
s - dsdt = UGW(.- (7.9)

The velocity components v} and uqd5 are not independent because the four-velocity is

)

normalized by the condition g,gujuy = Hence, the circular orbit is completely
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determined by the angular orbital frequency wgq measured by a distant observer. The
radial component of the geodesic equation leads to equation

I}, 4+ will, =0, (7.10)
with the solution R
2 Gtt,r S
w = X = _ 7.11
d gd)d)m 27,3 ( )
The normalization condition for the four-velocity u§ implies
3RS -1/2
t
=(1—-—=—= . 7.12
td < 2rq > (7.12)

Light rays are null geodesics. Denoting the photon four-momentum as p®, following
quantities are conserved along a particular ray: the photon energy E, the photon angular
momentum L and the redshifted intensity I given (respectively) by

1

—— = const, 7.13
(paua)4 ( )

E = —p; = const, L = pg = const, I=

where I is the intensity measured by an observer with four-velocity u“.

Let us consider a particular light ray. The four-velocity of the stationary observer lo-
cated on the axis at the height z can be expressed as u® = £~1/2(2)d¢. In the local reference
frame of the observer we introduce local orthonormal tetrad according to the definition
(7.3). Then we can define photon propagation four-vector n® with spacetime components
n(@ = p(o‘)/p(t). Note, that its spatial components satisfy the relation n(i)n(i) = 1 and,
therefore, they can be expressed using directional cosines

n® = cos psin ¥, nW = sin o sin ¥, n®) = cos ¥, (7.14)

The intensity I4(rq) emitted by the disk at the radius rq measured in the co-rotating
reference frame and the intensity I(1J, z) received by the stationary observer on the axis
at height z are related by

(paua)g I

71 1d
(paua)d 7
¢ 0

where the subscripts “o” or “d” denotes evaluation of the bracket in the observer or disk
co-rotating reference frame respectively. Using the expressions (7.13) and noting that
L = 0 for rays that goes through the axis, we find

109, 2) = (7.15)

—1/2
3RS) . (7.16)

(Pua)y = —BE2(2),  (PPua)g = —E (1 ~ o,

The intensity of radiation intercepted by the observer is
1 <1 3Rg
£§%(2) 2rq
The tetrad components of the stress-energy tensor as measured by the observer can be
calculated according to definition

2
(9, 2) = ) Li(ra). (7.17)

T@WO ()= [ 19, 2)n®nPdQ, (7.18)
4
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9 9 (ry)

Figure 7.1: Geometry of the disk radiation field. The angle of observation ¥ is given by
the radial coordinate in the disk rq and the height z above the disk.

where df)2 = sinddddyp is element of solid angle. Due to the axial symmetry of the
problem, the intensity does not depend on the angle ¢ and only three components of the
stress-energy tensor are independent,

1 1 1
T = 2%/ I(p,z)dp, TOE) = 277/ I(p,2)pdp, TWE = 277/ I(p, 2)pdp,
—1 —1 —1
(7.19)

where we introduced an usual substitution in the viewing angle 4 = cosd and per-
formed the trivial integration over the angle . The two other non-vanishing components,
T@)@) = TW®) can be found from condition TW®) = 7)) 4 TW(®) 4 T()(2),

The cosine of the viewing angle u is connected with the radius of the emission rq
and with the height z of the observer above the disk. The relation is given by the shape
of the light ray (see Figure 7.1). In the absence of the gravitational field, light rays are
straight lines and the relation between ¢, rq and z becomes a simple trigonometric formula.
However, if the light rays are bent by gravity an integration of the geodesic equation is
necessary. In presented calculations we traced the photon-path in backward direction —
from observer position to the disk. We numerically integrated the geodesic equation (A.9)
with the initial conditions chosen according to equation (A.13) that relates the angle
with the impact parameter of the ray. Finally, we found the viewing angle 9 as a function
of the radius rq of the emission point and the observer position z.

Once the function u(rq, z) is specified, we can replace the integration over the viewing
angle by the integration over the disk radius. We find

3
where we introduced the normalized stress-tensor T*(a)(ﬁ ) components given by integrals
o2m  [Tout 3Rs\? ou
OO _ / (1 _ _) I Ok 4 7.21
i §2(2) Jri 2rq as(ra) orq (7.21)
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Figure 7.2: Normalized components of the radiation stress-energy tensor on the symmetry
axis as calculated using the equations (7.21)—(7.23). The source of radiation is a standard
Shakura & Sunyaev (1973) accretion disk surrounding Schwarzschild black hole. The inner
disk radius corresponds to the innermost stable circular orbit, r;; = 3Rg and the outer
disk radius is at 7oy = 103Rg. We show the dependence on the &€ = 1 — Rg/z, because it
captures the whole range of the z-axis and enlarges the area where effects of strong gravity
are important. The locations of the photon-sphere and the radius of the innermost stable
circular orbit are also shown. The dimensional values of the stress-energy tensor can be
calculated using equation (7.20).

2
®()  _ %‘WM( 3%) op
L = 1- =) Iu ,2) o drq, 22
52(Z) Tin 27’d d ('f'd) M(Td Z) aT’d drd (7 )
2
@@__2W/W(_ﬁ&) 2 op
Ty = 20 ) L= o la.(ra) p”(ra, ) g - (7.23)

The normalized components of the stress-energy tensor calculated according to equa-
tions (7.21)—(7.23) are shown in the Figure 7.2. We assume that the position of the disk
inner radius is determined predominantly by general-relativistic effects and therefore it
coincides with the radius of the innermost stable circular orbit, ri, = risco = 3Rs. We
chose the value 7, = 103Rg for the outer radius of the disk. Although the disk model
chosen here is rather specific, the resulting radiation field shown in Figure 7.2 reflects
several important features that are general and can be expected in the radiation of other
different and probably more relevant disk models.

e The stress-energy tensor vanishes as z — oo ({ — 1) because the angular size of the
disk as observed by distant observers decreases to zero.

e The tz-component measured by a stationary observer changes its sign for a certain
value of z. Far from the disk it must be positive because the disk behaves like a
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point source at large distances. On the other hand, since the disk is located outside
the photon-sphere corresponding to the radius r = 7}, a stationary observer located
inside receives only photons falling into the black hole. Therefore the ") must
be negative in this region and the change of the sign must occur above the photon-
sphere.

e All three components diverge as z — Rg (§ — 0). In fact, there are two effects acting
against each other: the gravitational bending of light-rays reduces a solid angle that
the disk occupy on the observer’s local sky by factor o< £(z). On the other hand,
the gravitational redshift increases the radiation intensity by factor oc € ~2(2). Close
to the horizon the accretion disk appears as a point-like source giving the energy
density o< £71(2).

7.3 Dynamics of electron clouds

In this section we consider a dynamics of an electron cloud under combined influence
of the radiation and gravitational fields described in previous sections. We assume that
the cloud motion is restricted to the z axis. Let us denote V the volume of the cloud
measured in its co-moving frame and n. density of the electrons in the cloud. We further
assume that the electrons have random directions of velocity in the cloud co-moving frame.
Later on we restrict ourselves to the mono-energetic electron distribution, that allows easy
calculations, however the governing equations will be derived in full generality.

Let u® be the cloud four-velocity. Then the cloud four-momentum is given as p® =
MeNeYeu™V, where 7, is the mean Lorentz factor of the electron (i.e. mean energy of the
electron in units of electron rest energy mec?) in the cloud co-moving frame. The equation
of motion reads

Dp®

FOC
Ds

45
= meneV (uo‘ Te + 'yeaa) ) (7.24)
ds
where D/Ds denotes covariant derivative with respect to the proper time s and a® is the
cloud four-acceleration. A total four-force acting on the cloud F'¢ affects both, the cloud
“microphysics” — the distribution of the electron energies — as well as the dynamics of the
cloud as a whole (the first and the second term in the bracket respectively).
In the curved spacetime, the four-acceleration a® is given by
_ Du® du®

a® = Ds = ds + I utu”. (7.25)

The nonzero components of the four-velocity take simple form when evaluated in the local
orthonormal tetrad of a stationary observer. In that case, we found v = ~ and u®) = ~4,
where v and 3 are Lorentz factor and three-velocity of the cloud measured by the observer.
Then the nonzero components of the four-velocity measured by the distant observer can
be expressed as

ul =4E712 wn =B, (7.26)

Substituting them into equation (7.25) we find

2
¢ B 1/2% RS> z _ 2< 1/2% E)
R (5 G To) T T tae) (7.27)
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and when these expressions are further substituted to the equation of motion (7.24) we
obtain

F v 4% | 3,48 B Rs
— I St T e 7.28
MeNeYeV e ds 78 ds + £1/2 2227 (7.28)
P W8 d%e  5dB | 42 Rs
gt W (7.29)
MeNeTYeV Yo ds ds = &£1/22z
Finally, after some algebra, the dynamic equations take the form
d7e F® _ gp@)
s = mny (7.30)
d F@&) — gp® R
3 pE_ _Bs (7.31)
ds MeNeV 222€1/2

Equation (7.30) expresses the change of the mean electron energy of the cloud when exter-
nal force is applied. Clearly, the electron energies remain unchanged if the gravitational
field acts on the cloud only. The equation (7.31) describes the dynamics of the cloud
as a whole. We note that the equations (7.30) and (7.30) were derived with an implicit
assumption that the particle distribution remains isotropic. Neglecting the electron indi-
vidual motion the equation (7.31) becomes identical with equation (3.12)! of Abramowicz
et al. (1990).

The electrons in the cloud interact with the radiation field via Thomson scattering.
Let us consider first scattering on a single electron. Coherence of scattering and front-
to-back symmetry of the corresponding differential-cross-section formula implies that the
radiation field that interacts with electron lose all its momentum and keep all its energy as
measured in the electron rest frame. Therefore, the rate of four-momentum that electron
gains in its rest frame can be expressed as dp.’/ds. = 0 and dp}/dse = orT", where s,
is the electron proper time the tildes denotes evaluation in the electron rest frame. These
expression can be invariantly expressed using the electron four-velocity u& as

dpg

s =0T (T uep + TP UepUestt ) - (7.32)
Se

(Phinney 1982, see) Let the electron four-velocity in the cloud rest frame be

ug = (765 Veﬂe COS @e"gea YelFe sin Pe SIN Yo, Yele cOS 196) > (7'33)

where ¢, and ¥, are directional angles of the electron three-velocity. Total rate of the
four-momentum transfered to the whole cloud from the radiation field can be found by
integration over the isotropic electron distribution, e.g. averaging equation (7.32) over
angles p, and ¥, and over the electron Lorentz factor v,. We find (compare with equations
(4) and (5) of Phinney (1982) and equations (5) and (6) of Cheng & Odell (1981))

(J0) = —orATO0, (FO) —oreT®0, =14 30260, (734)

where tilde refers to quantities measured in the cloud co-moving frame and A was previ-
ously introduced in equation (6.73). Covariant expression of the equations (7.34) can be
found in the following way. Denote u® the cloud four-velocity. Then @(® = §¢ in the cloud

Lwith substituted expression (3.11)
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co-moving frame and components of the radiation stress-energy tensor can be invariantly
expressed as TMW = _g T@)@) and TOO — upu(,T(p)("). The covariant expression can
be looked for in the form

(f*) = —orCus T + Ku®. (7.35)

where K is an undetermined constant. Evaluating the time component of equation (7.35)
in the cloud co-moving frame and comparing it with equation (7.34), we find that

(f9) = opcTOO + K = —gp ATOO), (7.36)

from which we conclude that K = —o1(A + C)T*’u,u,. Therefore, the equations (7.34)
take a form
(f*) = —or {CT“ﬁuﬁg —(A+ C)T”"upu(,uo‘} , (7.37)

that is manifestly covariant.
Total four-force acting on the cloud can be found by multiplying the mean force acting
on a single electron by the total number of electrons in the cloud

FY =nV{(f*) = —orneV {CT“QUQ —(A+ C)Tpaupuou“} (7.38)

Evaluating the equation in the local orthonormal tetrad of a stationary observer on the
symmetry axis, we find

FO_GF® = srnaVA [T(t)(t) — 23T, +52T(z)(z)} : (7.39)
F@ - BFY = o Ve (14 #)TOE — (TOO 4 7&E) 8] (7.40)

By substitution equations (7.39) and (7.40) into the equations of motion (7.30) and
(7.31), we find

d_e 0 z Z)z

]’YS = _’Y.A L [ 0 2ﬁ1 D@ 4 31 (=) )} (7.41)
g _ o1 Q) _ (p®@) 4 p)(2) _fs

e Cme% [(1 + ) ( + )B} o222 (7.42)

Finally, introducing the dimensionless normalized components of the radiation stress-
energy tensor according to equation (7.20) we arrive at the result

d_e z Z)Iz

d’é = —vAA [T*(t)(t)—QﬁT*(t)()+52T*( A )], (7.43)
g 1 270G _ (7O | ) Rs

= = iCA{(H—B) — (T 4 1 )ﬁ]_m%m, (7.44)

where we assume that the proper time s is expressed in convenient units Rg/c = 2GM/c>.
The equations (7.43) and (7.44) should be completed by

dt

== ~EV2 Ry, (7.45)
dr
= ~BeY?Rg. (7.46)

Let us make few comments about equations (7.43) and (7.44): (i) The first one describes
the evolution of the electron distribution in the cloud co-moving frame. Note, that the
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right-hand side of this equation is always negative for any radiation field because the
terms in the square bracket are proportional to the radiation energy density measured
in the cloud co-moving frame. Therefore the averaged electron Lorentz factor 7, will be
decreasing function of the proper time and the electrons will cool. We note, however, that
a qualitatively different behavior is obtained by including the pressure of the electron gas
that has been neglected for simplicity (Phinney 1982).

Except the Compton cooling there can be other important processes that influence
the electron distribution: synchrotron losses, injection of highly energetic particles, etc.
For an extensive discussion we refer the reader to the papers of Sikora et al. (1996a,b).
These processes can be easily taken into account by adding another terms to right-hand
side of equation (7.43). This approach, however considerably enlarges a number of free
parameters of the model.

The dynamics of the cloud as a whole is governed by equation (7.44). The right-
hand side contains contributions of both, the radiation (first term) and the gravitational
(the second term) field. The relative importance of them is expressed by the Eddington
parameter A. The gravitational field always accelerates the cloud toward the black hole.
On the other hand, the effect of radiation field depends on the cloud height z above the
accretion disk, on the mean Lorentz factor 7, of electrons in the cloud co-moving reference
frame and also on the cloud velocity § because of the relativistic aberration.

In the case of cold clouds (A =0, C = 1) an appropriate tool in discussion of particle
dynamics is the saturation velocity introduced by many authors (see e.g. Sikora & Wilson
1981; Abramowicz et al. 1990; Vokrouhlicky & Karas 1991; Melia & Konigl 1989; Keane
et al. 2001).

First, let us consider the limit A — oco. In this case we neglect the contribution of the
gravity on the right-hand side of the equation (7.44). The condition d3/ds = 0 gives a
quadratic equation with the solution

7O | 7O
QT,St) (2)

Bsat(z; OO) =0Fy=0— 0?2 -1 y O ’ (747)

that is the equilibrium velocity given by equation (6.23).

Now, consider the case of general A. We denote F(z,3,A) the right-hand side of
equation (7.44). It is not difficult to show that for a given z, F is a monotonic function of
B € [—1,1] even for fully general radiation field: condition 0F /93 = 0 leads to the cubic
equation

B3 —36+20 =0, (7.48)

the solution 8 = 01/ (s By ' of which lies always outside the range [—1,1]. Hence, for

a given height z above the disk the sign of 0F /00 is fixed independently on 3. The
monotony of the right-hand side implies that the equation (7.44) can be expressed as

a5 _
ds

1/3

[6 - ﬁsat(z)] H(Za ﬁa A)’ (749)

where H(z,3,A) is a positive function and (g, (2) is the saturation velocity. Therefore,
the electron cloud is accelerated and decelerated when 8 > (g and 3 < Bsas, respectively.

For the cold clouds the equations (7.44)—(7.46) allow a finite set of topologically dif-
ferent solutions. These can be classified into different categories (Vokrouhlicky & Karas
1991; see also Abramowicz et al. 1990 and Keane et al. 2001) according to the behavior of
the saturation velocity in (§, 3)-plane.
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Figure 7.3: Possible trajectories of a cold (7, = 1) electron cloud for A = 0 where the
radiation field is dynamically unimportant. Trajectories are given by equation (7.50). The
red curve separates the trajectories that reach infinity from those falling to the black hole.

As shown by Abramowicz et al. (1990), the situation A = 0 corresponds to the sat-
uration velocity [sat(z) = —1. The motion of the cloud is determined by gravity only,
while the radiation field is dynamically unimportant. The trajectories 3(&) of a cloud are
well-known trajectories of freely-falling particles that can be analytically expressed as

B(E) = £/1— €(1— fa). /5(5):#/1—?- (7.50)

The first equation correspond to escaping (the positive sign) and freely-falling (the negative
sign) trajectories which velocity at infinity (£ = 1) is . The second one describes
trajectories of particels initial velocity of which is not high enough to escape from the
black-hole gravitational field. Such trajectories contain turning point at & = &,,. The
positive and negative sign is for approaching and receiving part of a trajectory, respectively.
It follows, that cloud escapes from gravitational field only if its initial velocity and &-
coordinate satisfy condition By > /1 — &y. Possible trajectories in the case of A = 0 are
shown in Figure 7.3.

When the normalized disk luminosity A is nonzero, it is practically impossible to find
an analytic solution and we must carry out a numerical integration of equations (7.44)-
(7.46). We used a standard Runge-Kutta integrator with an adaptive step (Press 2002).
Figure 7.4. captures possible trajectories of the cold electron cloud in the case when the
normalized disk luminosity reaches its critical value A = Ag4. The saturation velocity
vanishes as z goes to infinity (¢ — 1) in this case. The only qualitative difference from
the case A = 0 involves only infalling trajectories with velocity at infinity 5., smaller than
Bsat(00). Particles moving along these trajectories are first decelerated until they reach
the saturation velocity. Following acceleration toward the black is stronger than in the
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Figure 7.4: The same as in Figure 7.3, but for the radiation field with the normalized
luminosity A = Aqjt. The red solid line separates region of trajectories that escapes to
infinity. The blue dotted line corresponds to the saturation velocity (st (&) that vanishes
in infinity for the critical value of the A-parameter. Trajectories are slightly distorted with
respect to the § = 0 line by the weak influence of gravity. Only the infalling particles are
significantly affected.

case A = 0 due to the contribution of radiation field.

Different topology of the phase plane occur, when A > A.;. There is an equilibrium
point z = z¢q where the saturation velocity (st (2) changes its sign. The same behavior
was reported by Abramowicz et al. (1990) in the case of the radiation field of a bright
star. However, there is an important difference: while the saturation velocity changes its
sign from positive to negative as £ grows in their case, the change is from negative to
positive in our case. This remarkably changes the topology of trajectories in the (&, 3)
plane: the equilibrium point [£eq, 0] is of the saddle type in the case of the disk radiation
field contrary to the case of the stellar radiation field where the equilibrium point is of
the nodal type. The two examples are given in figures 7.5 and 7.6. They show situation,
when A = 10 and A = 100, respectively.

So far, our discussion involved trajectories of cold clouds with 4, = 1. How the elec-
tron random motion affects the motion of whole cloud? First, we assume that the electron
distribution is constant in time e.g. that there is an additional mechanism injecting ener-
getic particles i.e. dy./ds = 0. Then, exploring equation (7.44), we find that the equation
takes the same form as in the case the of the cold cloud (C = 7. = 1) if the normalized
luminosity is rescalled as

C
A— A=A (7.51)
Ye
Warm clouds will move identically as the cold ones in the radiation field luminosity of

which is greater by factor C/7.. Hence, the motion of the warm cloud, which electrons
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Figure 7.5: The same as in the figure 7.3, but for the radiation field with the normalized
luminosity A = 10. The critical point of the saddle topology appears at a place where the
saturation velocity (blue dotted line) crosses the 5 = 0 line. Again, the thick red curve
refers to the separation of trajectories that reach the infinity.
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Figure 7.6: The same as in the figure 7.3, but for the radiation field with the normalized
luminosity A = 100. The velocity of the cloud quickly adhere to the saturation curve
Bsat (§) provided that the dynamics is governed predominantly by the radiation field. Then
the motion follows the curve adjacent to but slightly different from the saturation velocity.
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Figure 7.7: Trajectories of a warm electron cloud (red curves). Possible trajectories of
a cold cloud are also shown for reference (black curves). The initial conditions for the
trajectories are chosen such that they corresponds to some trajectory of the cold cloud.
The initial electron Lorentz factor is (7)o = 4 and the normalized luminosity of the disk
radiation field is A = 10.

cool according to equation (7.43) is identical with the motion of a cold cloud composed
in the radiation field which luminosity decreases with time. This approach allows us
to qualitatively understand behavior of trajectories in Figure 7.7. The initial conditions
for the trajectories of warm cloud are chosen in the way that they corresponds to some
trajectory of the cold cloud in the “background” of the figure. The initial mean Lorentz
factor is (7e)o = 4 and the normalized luminosity of the disk radiation field is A = 10.
Therefore, at the beginning the cloud will feel a radiation field of a luminosity A’ =
(11/4)A = 27.5. Corresponding saturation velocity is also shown in the figure. Clearly,
the most affected are the trajectories starting at large distances where the radiation field
is not strong enough to the electrons in the cloud. On the other hand, trajectories that
start in the close vicinity of the black holes are similar to that of the cold clouds because
the electrons become cold immediately. An interesting behavior show the trajectories
that start between the two critical points. The clouds following these trajectories are
first accelerated toward positive velocities, however, as they are cooled, the acceleration
effect of the radiation field is reduced and the gravity becomes important. The cloud is
eventually decelerated and attracted by the gravitational field toward the black hole.

7.4 Polarization along cloud trajectories

Different categories of particle motion provide a natural framework also for the discussion
of the resulting polarization. By coupling the equations of particle motion with the polar-
ization equations of Chapter 6 we obtain the Stokes parameters of the scattered light along
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Figure 7.8: Three critical velocities of a cloud motion. The two curves 1 (§) and (2(€) are
velocities at which the polarization of the scattered radiation changes its orientation from
the longitudinal to the transversal and vice versa (the region of a longitudinal polarization
is dashed). The saturation velocities important for the cloud dynamics are also shown for
several values of the normalized luminosity A.

each particle trajectory. As we showed in the Chapter 6 the relativistic aberration effect
strongly affects observed polarization of the Thomson scattered radiation. In a general
axisymmetric radiation field there are two velocities, 81 and (3, where the polarization
changes sign and the orientation of the polarization vector changes from transversal to
longitudinal and vice versa. We also showed that these changes are independent of the
angle of observation. The two velocities can be immediately calculated from the three
independent components of the stress-energy tensor according to equation (6.19). Critical
velocities B and (2 depend only on ratios of the tensor components. Hence, the change
of polarization effect is given by the geometry of the radiation field and it is independent
of the total luminosity (e.g. it does not depend on A-factor). However the dynamics of
the clouds is very sensitive to it.

Figure 7.8 shows velocities that are essential in our model. The two curves (31(£) and
B2(€) delimit the region of the longitudinal polarization form the region of the transver-
sal polarization. We also show the saturation velocities [gat(§,A) for various values of
the normalized luminosity. At high A the saturation velocity crosses the region of the
longitudinal polarization. The trajectories of the cloud are strongly attracted toward the
saturation curve in that case. Hence, we expected that the early change of the polarization
sign is a frequent phenomenon in the observed polarization along these trajectories. On
the other hand, at low luminosity the saturation velocity lies in the region of the transver-
sal polarization. The trajectories, however are not attracted to the saturation curves so
intensively.

Local polarization radiated by the cloud along the three selected trajectories is shown in
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Figure 7.9: The local polarization along three different cloud trajectories. Top row: the
velocity of a cold (the blue curve) and warm (the red curve) electron cloud. The initial
electron Lorentz factor of the warm cloud is 79 = 3. Each trajectory starts from the
photon-sphere z = 1.5 Rg and it proceeds towards infinity. Three cases are shown for
different values of the initial velocity: By = 0.6 (left panel), Sy = 0.8 (middle panel)
and By = 0.9 (right panel). Middle row: the polarization magnitude II(§) along the
trajectory of the warm cloud corresponding to the above-given solutions. All curves have
a common zero point where they cross each other. The sign of II distinguishes the case
of transversal polarization from the longitudinal one. The polarization is shown for three
different inclinations: i = 15 (solid line), 30 (dashed line) and 45 deg (dotted line). Bottom
row: the same as in the middle row but for the cold cloud.

Figure 7.9. We calculated polarization of the light scattered into three different directions.
The luminosity of the incident radiation field is rather moderate, A = 2. The top panels
show the trajectory of initially cold (3. = 1) and warm (%, = 3) cloud. The initial radius
corresponds to the photon-sphere in all cases and the initial velocity is 3 = 0.6 (left panels),
0.8 (middle panels) and 0.9 (right panels) and is the same for both trajectories. In the
middle and the bottom panels we show a local polarization radiated at angles ¥ = 15, 45
and 90 deg. The middle panels shows polarization from the warm cloud an the bottom
panel that from the cold cloud. The local polarization is calculated from the Stokes
parameters given by the equations (6.16) and (6.16) or (6.74) and (6.77). Clearly, the
change of the polarization angle occurs independently of the angle of observation. Note
also that the radiation scattered by a hot cloud is strongly depolarized by an electron

chaotic motion (the maximal value of the polarization magnitude is reduced by a factor
~5).
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On the other hand, figure 7.10 shows the trajectory of the cloud in an intensive incident
radiation field with A = 100. The initial conditions are {, = 0.55 (z = 2.22 Rg) and
Bo = 0.99. The cloud is first strongly decelerated to the saturation velocity and further
accelerated to the terminal velocity Bo, ~ 0.8. The mean Lorentz factor was initially set
to the value (3.0 = 3. The top-left panel shows the trajectory of the cloud in the (&, 3)-
plane. The trajectory of a cold cloud is also shown for comparison. The radiation cooling
of electrons is shown in the top-right panel where the dependence of the electron mean
Lorentz factor on the &-coordinate is shown. Clearly, the cloud becomes cold already in
the initial deceleration phase and that is why the following acceleration is same as in the
case of the cold cloud. This is apparent in the bottom two panels showing the polarization:
starting from £ = 0.6, the polarization curves become practically identical.

7.5 Intensity and polarization light curves

The self-consistency of the model allows us to calculate a temporal evolution of the inten-
sity and the polarization of a scattered radiation as seen by an observer in infinity. The
observed signal will be affected by both the special and general relativistic effects. An
example of the first one are aberration and beaming effects that must be present because
the source (an electron cloud) moves with a velocity comparable to the speed of light. A
prominent example of the general relativistic effects are gravitation redshift and contri-
bution of a higher-order images in the observed radiation. Hence identifying these effects
could help in determination of the parameters of the central black hole.

The light curves presented in this section were calculated using the approximation
of a source at low inclination that is introduced in the appendix B. We also refer the
reader there for the expressions of local emission angles and time delays along direct and
retro-lensed rays.

The geometry considered in calculations is shown in Figure B.1. Clouds move along the
direction that makes an angle ¢ with the line of sight. We consider contribution of three
images to the observed radiation: one direct image and two retro-lensed images whose
rays make a single round about the black hole (by the angle ® = 27 + ¢; corresponding
images are referred to as + and —). The observed polarization and intensity for a cloud
moving with velocity § at hight z above the accretion disk can be computed as follows.
Let I(z,9)10c and TI(z,%)10c be a local intensity and polarization of a scattered radiation
measured measured at the point of emission by a local stationary observer. The local
emission angle 1 is given by equation (B.8) for the direct ray and by the equation (B.30)
for the retro-rays. Both, the polarization magnitude and the direction of polarization
vector is conserved along rays in the Schwarzschild spacetime. Hence Il s = Iljo.. The
intensity measured by the distant observer at rest is equal to the redshifted intensity,
Igns = I = €2(2)I(2). The source occupies on the observer’s sky small solid angle AQg4
when projected by direct rays and AL when projected by retro-rays. At low inclination
AQq approaches the value Ay in the flat spacetime in the absence of the gravitational
field. However, AQ4 could be considerably different from it due to strong lensing effect
that provides gravitational (de)magnification. For this purpose we multiply the intensity
of the retro-lensed images by gravitational gain factor M (i,z) introduced by equation
(B.35). Hence, the resulting intensity from the retro-lensed images has a meaning of the
intensity per a direct-image solid angle A€y4. Finally we consider mutual time delays
between different images. The solution of the equations of motion (7.43)—(7.46) provides
the cloud trajectory z(t) as a function of the coordinate time ¢ that coalesces with the
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Figure 7.10: The local polarization along trajectory of the strongly decelerated clouds by
an intensive radiation field. As in Figure 7.9 we show the trajectories of both, cold and
warm clouds. The initial conditions are £ = 0.55 and B0 = 0.99. The initial electron
Lorentz factor in the warm cloud is J¢9 = 3. Top-left: The trajectories of the clouds (the
notation is the same as in Figure 7.9). Top-right the radiative cooling of electrons of the
warm cloud. Bottom-left and Bottom-right: the polarization of the radiation scattered by
the cold and warm cloud respectively.

proper time of the distant static observer. The photon traveling time along direct rays is
given by the equation (B.6) and by equation (B.29) for retro-rays.

We can distinguish three cases depending on the normalized luminosity of the incident
radiation field: (i) the case of a dynamically unimportant radiation field with A < 1, (ii)
the case A ~ 1 and (iii) the case A > 1, where the dynamic of a scatterer is strongly
affected by the radiation field. The intensity light-curves are shown with a normalization
by the initial intensity from direct image. This allows to compare relative importance of
retro-lensed images in the result radiation as well as the temporal evolution of the intensity
and polarization, however it complicates comparison of intensity between different light-
curves. For this purpose, we remind that the exact value of the observed intensity can be
recovered from equation (6.16) if the scatterer is a cold cloud or using the equations (6.74)
and Lorentz transforms (6.14). Above given if the the scatterer contains hot electrons.

However, for a raw comparisons the following scaling-law is sufficient if the electron Lorentz
factor is not much greater than unity

Iops x E272DHAe, . (7.52)

Here €, is a normalized energy density of the incident radiation field (e.g. the tt-component
of the normalized stress energy tensor). The time is given in the light crossing time, that
is a natural unit in the system. The time span of the plots can be therefore rescaled
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according to

t~ 1.5% —15x107*
C

TV [sec], (7.53)

i.e. proportionally to the central mass.

7.5.1 Dynamically unimportant radiation field (A < 1)

The solution of the equations of motion (7.43)—(7.46) is given analytically by the equation
(7.50). The mean electron Lorentz factor 7. is constant. There is no difference between
trajectories of cold and warm clouds. Figures 7.11 and 7.12 shows a temporal evolution
of the observed polarization and intensity for three values of inclination ¢ = 1,5 and
30 deg. The scatterer is cold electron cloud moving along the trajectory with B, = 0.
The initial conditions are £y = 0.5 and & = 0.95 in the case of inward and outward motion
respectively.

In the case of the inward motion the observed intensity first slightly increases and then
sharply decreases. The increase is connected with the increasing energy density of the
incident radiation field (see Figure 7.2) the decrease is because of the gravitational redshift
and relativistic beaming effect, since the cloud gradually reaches relativistic velocities. The
same effects act together in the retro-lensed image, because the source is moving in the
direction of observation in that case. The large intensity of retro-lensed images is also
contributed by the gravitation lensing maximum of which occurs at z = 2.36 Rg (see
Figure B.4). However this effect strongly reduces the retro-lensed intensity as the source
approach the photon-sphere. The time delay between the two retro-lensed images and
different intensities becomes apparent at higher inclinations (middle and bottom panels
of Figure 7.11). The polarization light-curves show change from the transversal to the
longitudinal orientation. The same effect can be seen in the retro-lensed polarization with
some time delay. With increasing inclination polarization of the direct image increases,
however, the polarization of retro-lensed images practically remains the same. The reason
is that the while the local emission angle for the direct ray increases, the emission angle
of the retro-lensed rays is always close to the viewing angle of the photon-sphere. Finally,
the duration of the direct light curve is approximately two-times greater than the duration
of the retro-lensed curves because of the aberration effect.

The light curves corresponding to the outward motion (7.12) show gradual decrease of
the observed intensity in both direct and retro-lensed images. The reason is a decrease of
the energy density of the incident radiation field along the trajectory and the gravitational
deceleration of the cloud that reduces the relativistic beaming effect. In the case of the
retro-lensed images the intensity is reduced mainly by the decrease of the gain-factor.
The retro-lensed intensity is negligible compared to the direct one even under a favorable
conditions of very low inclination ¢ = 1 deg. The polarization light curves show two
changes of the polarization orientation: from the transversal to the longitudinal and then
back to the transversal.

7.5.2 Incident radiation field of a moderate luminosity (A = 2)

Figures 7.13 and 7.14 show the observed intensity and polarization light curves from the
cold and warm clouds moving in the radiative field of a moderate normalized luminosity
A = 2. The initial conditions are zgp = rpn (§o = 0.33) and By = 0.8. The initial electron
Lorentz factor of the warm cloud is 4.9 = 3. The trajectories have two parts: the cloud
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initially moves towards infinity, then in turns back and falls into the black hole. This is
easily seen in the shape of the intensity light curve from the direct image. The start is
similar to the intensity curves in Figure 7.12 (fast drop in the intensity). The cloud is
decelerated from the initial relativistic velocity and the radiation from it is de-beamed.
Then the intensity is nearly saturated for some time as the cloud passes through the
turning point. The following phase is similar to the light curves in Figure 7.11. The cloud
is accelerated by gravity toward the black hole. The onset in the retro-lensed light curves
is different in the initial stage from that in Figure 7.12 because the cloud motion starts
on the photon-sphere where the gain-factor vanishes. Note also that the initial drop in
the observed intensity is greater in the case of the warm cloud. The reason is in the the
radiative cooling of electrons: beaming by single electrons in the cloud initially remarkably
contributes to the observed intensity.

The polarization light curve from the cold cloud demonstrates rich phenomenology.
The observed polarization changes its orientation three-times as it passes through different
regions in the (£, #)-plane. The polarization changes find their counterparts in the light
curves by the retro-lensed images. In the case of the warm cloud, the polarization is
initially smaller by a factor of &~ 10 than that from the cold cloud. However, as the
electrons cool down, it takes similar values. The “saddle” in the double-peak shape of the
light curves appears when the cloud velocity approaches to the critical velocity 51 (£).

7.5.3 Super-critical radiation field (A = 100)

Finally, we consider the case of fast ejection in a very intensive radiation field. We note
that this configuration produces the most energetic radiation and therefore it could be
easy to observe. However, for v > 1 the scattered photons are boosted in the direction of
motion and therefore most of the photons are radiated only to a narrow range of inclina-
tions. Only few photons are scattered backwards, and therefore the direct image greatly
dominates the signal received by an observer. The temporal behavior of the observed
intensity and polarization is shown in Figure 7.15 (the case of a cold cloud) and in Figure
7.16 (for the case of an initially warm cloud). The initial electron Lorentz factor of the
warm cloud is 7, = 3. We show only the most intensive part of the light curves. We
assume that the cloud has been pre-accelerated to large initial speed By = 0.999 (the
corresponding Lorentz factor is 79 = 32. at the radius zp = 2.22 Rg. The light curves
capture the subsequent phase of gravitational and radiative deceleration. The scattered
light contributes significantly to the total signal only for a short initial phase (peaks occur
in the intensity curves).The local maxima of the observed intensity and polarization can
be understood in terms of a relativistic beaming effect: most of radiation from the cloud is
emitted in a cone with the opening angle ~ 1/ about the direction of motion. For small
inclinations (i < 1/v¢ deg) the observer was initially located outside this cone but, as time
proceeds, the electron cloud decelerates, the cone opens and the observer receives more
radiation. The maximum observed polarization occurs with a certain delay (proportional
to M) after the peak of radiation flux. This is because of the not perfect correlation be-
tween the angles of maximal scattered intensity and polarization shown for a very simple
case of the isotropic incident radiation in Figure 6.2. Subsequent decay of the signal is
connected with a diminishing scattering power of the cloud and the overall dilution of the
radiation field. We selected large initial velocity in this example, otherwise the effects of
aberration and the Doppler boosting would be less prominent, time-scales longer and the
effect of lagged maxima of the intensity and polarization would dissappear.
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Figure 7.11: Temporal evolution of the observed intensity (left) and polarization (right)
of the radiation scattered on the freely-falling cold electron cloud. (the cloud is moving
towards the black hole). The initial electron mean Lorentz factor is 4. = 3. Top row:
Observed intensity and polarization for the inclination ¢ = 1 deg of the cloud motion with
respect to the line of sight. The contributions of the retro-lensed images + and — are also
shown. Middle and bottom rows: the same for the inclinations ¢ = 5 deg and i = 30 deg
respectively.
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Figure 7.12: The same as in Figure 7.11 but for the outward motion. The contribution
of the retro-lensed images to the total intensity is negligible even in a favorable condition

of very low inclination.

The polarization curves show two changes of the polarization

orientation from the transversal to longitudinal and then back to the transversal.
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Figure 7.13: The case of a moderately luminous incident radiation field A = 2. The
intensity and polarization light curves are for inclinations ¢ = 1 (top panels), 5 (middle
panels) and 30 deg (bottom panels). The scatterer is a cold electron cloud whose motion
starts with the initial condition zg = 7pn and By = 0.8. The meaning of symbols is the
same as in Figure 7.11.
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Figure 7.14: The same as in Figure 7.13 but for initially warm cloud with the initial

electron Lorentz factor 4.9 = 3.
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Figure 7.15: The observed intensity (left) and polarization (right) light curve from the
cold electron cloud. Cloud is strongly decelerated by the intensive external radiation field
with A = 100. The inclination of the cloud motion to the line of sight is i = 30 deg. The
initial condition for the cloud motion is 8y = 0.999 and zy = 2.22 Rs. Notice the time
lag between the intensity and polarization maxima. The polarization light curve clearly
shows the change of the polarization orientation.
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Figure 7.16: The same as in Figure 7.15 but for the warm electron cloud. The initial
electron Lorentz factor is 4,9 = 3.



Summary and further prospects

The aim of this work was to study dynamics of relativistic jets and the polarization
properties of Compton-scattered radiation arising in strong gravity in the vicinity of a
black hole. Especially, we paid attention to the geometry of the ambient radiation field
interacting with a stream of electrons and to general relativistic effects (e.g. light-bending
of light rays, gravitational redshift and rotation of the polarization vector) but we neglect
the magnetic field.

Dynamics of a cloud and properties of the scattered radiation were studied simultane-
ously, in a self-consistent manner: the particles in the cloud move under combined influence
of the radiation force arising from the Compton scattering and the gravity of the central
black hole. The trajectories of the cloud were used for calculations of integrated intensity
and polarization of scattered radiation. We note that this approach considerably restricts
the number of free parameters of the model and allows to discuss temporal properties of
the scattered radiation. The intensity and polarization light-curves were studied in details
in section 7.5.

We have found analytical expressions for three non-zero Stokes parameters I, @), U
of radiation arising from the Compton scattering on a cold electron cloud. The incident
radiation field is specified by stress-energy tensor and the Compton scattering is treated in
the Thomson approximation. Then, we considered one of the natural configurations: The
source of incident radiation was assumed a standard Shakura & Sunyaev (1973) accretion
disk surrounding a Schwarzschild black-hole that provides a gravitational field. Another
configuration, where the source of both radiation and gravitational fields is a compact
relativistic star was discussed elsewhere (Hordk & Karas 2005b). The incident photons
follow null geodesics from the disk to an electron cloud. Their paths were calculated
numerically by integrating geodesic equation.

The geometry of the radiation field determines the saturation velocity [o(r), at which
the dynamical effect of the radiation on the cloud changes from acceleration (5 < (y(r))
to deceleration (8 > fy(r)), and two other critical velocities, (51(r) and [a(r) important
for the polarization properties of the scattered radiation. When the electron cloud reaches
one of these velocities, the polarization of scattered radiation is zero, independently of
the direction of observation. Moreover, the polarization changes its direction when the
velocity of the electrons [ goes across (1 or B2. When (81 < § < (32 the polarization of
the scattered radiation is longitudinal (the polarization vector is in the plane determined
by direction of the electron motion and direction of observation — the polarization vector
is parallel to the projection of the electron velocity onto the polarization plane) otherwise
the polarization is transversal (the polarization vector is perpendicular to that plane).

The above results suggest that the polarization properties of the Compton-scattered
radiation are sensitive to the geometry of the ambient radiation and — through relativistic
aberration — to the velocity of the scattering medium. Regarding this point, the further
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improvements follow four logical directions:

1. Geometry of the ambient radiation field. We intend to proceed to more realistic
geometry of the ambient radiation field relevant in the sources where Compton scat-
tering plays an important role. The prominent set-up is a system with a rotating
black hole surrounded by a slim accretion disk.

2. Frequency resolution. So far we determine the polarization properties in terms of
frequency-integrated quantities. However, our discussion can be rewritten for specific
(per energy bin) quantities. The spectral properties of the scattered radiation are
very sensitive to the micro-physics of the jet (including a particle distribution and
a magnetic field) which is matter of the next point. We note that present results
remains valid also for specific quantities if the power-law spectrum with the spectral
index s = 1 is considered.

3. Jet structure and “micro-physics”. In presented work we assume that the electron
distribution in the cooled cloud is kept isotropic by some additional processes, how-
ever, we ignore the influence of this process to the energy of electrons (we consider
only Compton cooling). The next step is to include detailed description of other pro-
cesses (i.e. synchrotron cooling) that affect the particle distribution as considered by
many authors studying the radiative acceleration mechanism.

4. Radiative transfer. There is a growing evidence that relativistic jets are optically
thick at the initial stage. The finite optical depth of the scattering material requires
simultaneous solving of the radiative transfer equation. Recently we have shown
that the Compton drag of the continuous jet of finite optical depth naturally leads
to the creation of the transverse velocity profile (Hordk 2002). The fastest material
forming the jet “spine” moves along the axis and slower boundary layer.



Appendix A

Light rays in Schwarzschild
spacetime

The geometry of a spacetime surrounding static or slowly rotating black holes and rela-
tivistic stars is described by the Schwarzschild line element

b
§(r)

expressed using the spherical coordinates (¢, 7,6, ¢), where £(r) = 1 — Rg/r is a redshift
function. It approaches to one when r — oo providing that ¢ is time measured by distant
and static observers and it diverges when r — Rg where the event horizon is located.
Because the Schwarzschild spacetime is static and axially symmetric (i.e. the metric
coefficients in equation (A.1) does not depend explicitly on time ¢ and azimuthal coordinate
@), there are two Killing vectors, n® = 5 and (* = 5(‘;‘ along which the geometry does not
change.

Photons and freely falling particles follow geodesic lines. Because of spherical symme-
try these geodesics are planar. The plane of the ray is determined by the initial particle
four-momentum and the center of the star (the photon path remain planar because of the
reflection symmetry of the spacetime with respect to that plane). Without loss of any
generality we restrict our discussion to the particles moving in the equatorial plane, where
0 = w/2. In that case, the four-momentum of the particle p® = dz®/ds has three nonzero
components, pt, p? and p”, where s is an affine parameter. The first two are connected
with two integrals of motion,

E=—pun®=—-p and L=pul"=py (A.2)

that follows from the symmetry of the spacetime and are conserved along geodesics The
quantities E, L will be referred to as the particle energy and angular momentum respec-
tively.

The third, radial component of the particle four-momentum is not independent because
the four-momentum is normalized to zero or to the particle rest mass m in the case of
motion of photons or of particles with nonzero rest mass, respectively. The normalization
condition reads

E2 (pr)Q L2

mzpapaz—?+ ¢ Ta (A.3)

Changing the parameterization of the particle trajectory from the affine parameter s
to the coordinate ¢, we can express the radial component of the particle four-momentum

A = €+ a0 i 00), A
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as
dr dr L dr

r_ — ? - A4

P=% P35~ 2 as (A-4)

By substituting it into equation (A.3) we get

for a particle of non-zero rest mass and

for a particle with zero rest-mass. Trajectories of freely falling particles with non-zero rest
mass are completely determined by two independent parameters, the energy and angular
momentum. On the other hand, only one parameter, the ratio of the energy and the
angular momentum, B = L/F is needed to specify trajectory of a particle with zero rest
mass. The parameter B has analogical meaning as an impact parameter defined used in
the scattering problems of classical physics. Equation (A.6) takes a simple form by the
substitution u = Rg/r. Then we get

2
<j—:;> _ biQ — w21 ), (A7)
where b = B/Rs.

The expression U = u?(1 — u) in this equation plays a role of the effective potential
(Misner, et al. 1973). It reaches its maximal value Upax = 4/27 at the point u = 2/3.
The photons with the impact parameter smaller than the critical value b. = 31/3/2 are
captured by the black hole. The photons with impact parameter greater than b. escape
to infinity being deflected. The point of closest approach ug (the pericenter) is given by
the condition du/d¢ = 0 and it is the only real root of the cubic equation

1
3 2
u’ —u +E:O’ (A.8)
that satisfy 0 < ug < 2/3.

The equation (A.7) is a good starting point for further analytic approximations (as
will be derived in the appendix B), it fails, however, in numerical calculations because it
gives imaginary numbers for du/d¢ for a negative right-hand side. More suitable for the
purpose of the numerical integration is equation

d*u

that follows from equation (A.7) if one applies the derivative with respect to ¢.
Increment of polar angle. Consider two distinct points A and B at radii 74 = Rg/ua

and rg = Rg/up connected by the ray with the impact parameter b. Assume that upg <
u4. The total increment of the polar angle ® 45 along the ray is given by integral

uB du
Pap = |pB — P4l :/

wa [1/02 — u2(1 —u)]/? (A.10)
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Time delay. Similarly, the photon traveling time or time delay between the points A
and B can be expressed as the integral

uB pt de 1 [us du
P Jua p%du b Jua w2(1 —u)[1/b2 — u2(1 — u)]*/? (A.11)

Integrals in equations (A.10) and (A.11) can be expressed using elliptic integrals (Dar-
win 1959, 1961) or hyper-elliptic integrals (Cadez & Kosti¢ 2005) respectively. In several
limit cases, they can be approximated by elementary functions (e.g. Bozza 2002; Bozza &
Mancini 2004; Chandrasekhar 1992 and the appendix B of this work).

Local emission angles. We define the local emission angle as the angle between a ray
and the radial direction. Consider particular ray passing through a point S. The local
emission angle can be deduced from the components of photon four-momentum @ with
respect to a local orthonormal tetrad (e(t), e e, e(¢)) of a static observer at the point
S. First, let us define a four-vector n(® = p(@ /p(t). Obviously, n(® =1 and, since p(® is
a null four-vector, the spatial components satisfy n(i)n(i) = 1. It is natural to interpret the
four-vector n(® as the photon propagation vector which spatial components points along
the direction of the ray. In the case of equatorial ray these can be written as n(") = cos ¢,
n(®) =sin and n(® = 0. Hence the angle ¥ will be referred to as the local emission angle.

Expressing the photon four-momentum using the dimensionless impact parameter b

we found
(®)

sind =2 = buvT—u (A.12)

N0

In the numerical ray-tracing the initial conditions are often chosen in terms of the
local emission angle (we trace the photon emitted in the particular direction in the local
reference frame). Therefore, it is useful to express the initial condition for equation (A.9).
Let the source is at the radius r. Substituting the impact parameter into the photon
four-momentum, we find the propagation vector in the form n(") = cos ) = b(du/d¢) and
n(®) = sin® = bu&. Therefore, we obtain

L (duy _ Lap
uo = —, <d¢>0_ 7“5 (r)cotd. (A.13)



Appendix B

A source at low inclination

An interesting consequence of the gravitational bending of light-rays is the fact that a
source and an observer can be connected by more than one ray. Consider situation in
Figure B.1. The direction to the source and direction to the distant observer makes the
angle i. Later on, the inclination 7 will play the role of the independent parameter that
many expressions will be expanded according to, therefore we require ¢ < 1. Practical
estimations of accuracy and the strength of this requirement will be given. The observer
is located on a sphere of the radius D > 1. The source is located at the radius r. As
distinct from the classical retro-lensing problem, we concern a more general case when the
source is everywhere above the photon orbit, r > rp,. Furtermore, it is assumed that the
source is a point-like particle, i.e. its angular radius is small compared to the inclination.
Then, in principle, three different rays connects it with the observer: slightly deflected
direct ray Rq and two retro-rays R+ that are highly deflected by black hole gravity and
represents purely general-relativistic effect. In principle, there is infinite number of other
rays that encircles the black hole more than once. These rays, however, give negligible
contributions to the total flux measured by the observer in comparison to the rays R4 (the
contributions of these higher-order rays are smaller by the factor e 2™ = (1.9 x 1073)",
where n is number of revolutions — the order of the ray).

All three rays can be treated analytically as approximations to on the two exact ana-
lytical solution which are a radial ray and the light circle at 7. The total increment of
the polar angle for the direct ray is ®q = 7. In the next section we show that it is pro-
portional to the ratio of impact parameter and source position B/r. We obtain B/r =0
for the radial rays. Therefore, all quantities we are interested in will be calculated as
expansions in that ratio about the value B/r = 0 that corresponds to the radial ray. The
retro-rays R4 and R_ have their pericenters very close to the photon orbit at 7. Also
their dimensionless impact parameters are very close to the critical value b. = 3v/3/2. We
carry out the expansions in the difference 8 = b — b, in the section B.2.

B.1 Slightly deflected direct rays

Consider light rays radiated by a source at radius » = 1/u outward the black hole almost
radially. The impact parameter of the ray B is small compared to the radial coordinate r
along the whole ray. Let us define small parameter ¢ = B/r = bu. Then introducing the
substitution = 4/u, in the integration variable, the expression for the increment of the
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b_
Black Hole R-
Figure B.1: Source at low inclination.
polar angle (A.10) becomes
1 dx
Py = e/ . B.1
¥ 0 V1—e2x2(1 —ux) (B-1)
Expanding the integrand to the second order in € we get
1
Oy = e/ [1 + Lea?(1 - ux)} dz + O(€). (B.2)
0

The increment of polar angle ®4 along the ray equals the inclination ¢ of the source with
respect to the observer. Integration over x gives

i=€+ (% - %u) e+ O(e). (B.3)

In order to express the impact parameter B as a function of the inclination of the source,
we invert equation (B.3). This is not difficult for small i. We obtain

B=r(i— 4 + 4 Rsi® + O(°). (B.4)

The term in the bracket is expanded rsini up to the third order in ¢, This term will be
present in the expansion carried out for a straight ray. The second term represents the
contribution of gravitational light bending. For a given inclination and distance of the
source the impact parameter is greater because the gravity bends light rays toward the
black hole. This effect is of the third order.

The time delay is given by the integral

7 wo/u ur?(1 — uw)y/1 — 222(1 — ux) '

We expand the square-root up to the fourth order in € and integrate. Keeping only the
terms that are not negligible when u, < 1, we get

Td = Trad + —;bQU + %b4u3 (1 - %U) 5 (BG)

where ) ) .
;TP k)
U U U

(B.7)
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Figure B.2: Highly deflected ray.
is the time delay between radii of source and observer along a radial ray.
The local emission angle can be calculated using the expression (A.12)
, Rs|. (1 Rg\i 5

Y=/1——|i—|z4+—] = @ B.8
sin . 7 (3+4T)2 (Z) ( )

B.2 Highly deflected retro-rays

Let us consider the ray in the Figure B.2. The ray is radiated by the source toward
the black hole and the radial coordinate first decreases along the ray until it reaches the
pericenter, the point of the closest approach behind the hole at radius rg. At this point
the gravitational bending is strongest. Then, the ray proceeds to higher radii until it
reaches a distant observer at r — o0o. The pericenter lies very close to the photon-sphere,
ro ~ 3/2Rg. In order to use single valued functions of r or u respectively, the two parts,
approaching (a) and receiving (r) of the ray will be studied separately.

First, let us consider the approaching part of the ray. The cubic function in the
square-roots in equations (A.10) and (A.11) can be expressed using its roots. Obviously,
the pericenter is one of the roots. Hence we can write

1
b2
where ug = Rg/ro and we suppose the ordering u; < 1 < ug < 2/3 < uy. The both

equalities are valid in the case of critical orbits. The two other roots u; and us can be
found equating coefficient of the same powers of u in the equation (B.9). We obtain

Uy = 5 <1 —up F /1 —3ud + 2u0> (B.10)

Let us expand the roots wug, u; and ug via the difference of ug from 2/3. Denoting this
difference as €/2 we get

—u?(1 —u) = (u—ug)(u — up)(u — u), (B.9)

wolro

u=3%—3e, u= —% +O(?) and up = % + Se+ O(é?). (B.11)
With the aid of these approximations and introducing additional substitution

T=ug—u=3—u+ e (B.12)
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equation (B.9) can be rewritten as

1
& —u?(1l—u)=7(T+e)(1l—7) (B.13)
Using the substitution (B.12), the total increment of the polar angle on the approaching

part can be expressed as

o — 2/3—u dr
o T(r+e)(l—71)

The integral on the right hand side is symmetric elliptic integral of the first kind. Its
approximated value in the case when € < 1 can be found in the following way (compare
with Carlson & Gustafson 1994). Denote the integrand as f(7). It can be approximated
by the sum fest(7) = fi(7) + fo(T) — fm(7), where fi(7) is an approximation in the inner
region where 7 can be neglected compared to 1, fo(7) is an approximation in an outer
region where € can be neglected compared to 7 and f,, is approximation in the overlap
region where both, € and ¢ can be neglected compared to 1. We have

1 1 1
filr) = m, folT) = T\/T—T and  fi (1) = — (B.15)

(B.14)

Then
€ V3+\VBu+1
16 V3 — VBu+1

The error of this approximation can be estimated by finding upper and lower bounds for
difference of integrand and its approximated value, f(7) — fest(7). Doing this we found

2/3—u
a R /0 [/i(7) + fo(T) = fu(7)]dT = —In l (B.16)

(Error of the approximation) ~ elne. (B.17)

The angular increment @, along the receiving part of the ray can be calculated in the
similar way. By substituting « = 0 into equation (B.16) we find that

€ V3+1
163 —1

The total angular increment ® along the whole ray is sum of the angular increments of
the approaching and the receiving parts

¢, =—1In l (B.18)

(B.19)

2
<I>:<I>a+<1>r:1n[6 V3+1 \/§+\/3u+1]

256 /3 — 1 v/3 — Bu t 1

The impact parameter of the ray orbits is slightly greater then the critical value b, =
3v/3/2. The deviation 3 can be expressed using e as

343
€.

B=b—b.= 56 (B.20)
Expressing e using # and substituting into equation (B.19), we find
4 3+1vV3++V3 1

BByt By —ln| 20 VITLVI+VBud (B.21)

63 V313 \Buil]
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The angular increments along the retro-rays R4 are connected to the inclination ¢ by the
relation @4 = 27 +. Substituting it into equation (B.21) and isolating impact parameter

0 we get
8, = 6'V3 V31 V3—VBu+T oo
4 VB+1V3+3u+l ’
where the upper and lower sign is for the retro-ray Ry and R_ respectively.
Our calculation of the time delay is similar to that of angular increments in many
respects. As in that case we split up the ray into the approaching and receiving parts.
Then we express the cubic argument of the square root in the integral (A.11) by its roots.
Finally, we express the roots as small deviations from the values corresponding to the
critical orbit. The time delay along the approaching part is expressed as

2/3—u dr
Ta:/o 2/3 -2t + 13Vt tOl - 1)

Again, we approximate the integrand by the sum fest(7) = fi(7) + fo(7) — fm(7), where
fi(r), fo(r) and fi(7) are approximations in the inner, outer and overlap regions respec-

(B.22)

(B.23)

tively given by

27 1 27
fi=

4/t +¢€)’ fo= (2/3=71)2(r+1/3)7V/1 -7’ o=
The approximated integrand can be transformed by substitutions to the rational function
and analytically integrated. After considerable algebra we obtain

3v3 V1+3u (9 —5V3)(V1+3u+1+u)
T, = (P, —1)+ -
2 u (9+5V3)(VI+3u—1-—u)
The time delay for the receiving part of the ray is deduced from this equation by
replacement u — u,, where u, = Rg/D and D is distance of the black hole and observer.

(B.24)

(B.25)

Assuming that u, is negligible compared to one, we get

T, = 3\f(c1>b—1)+i—1 [4]—1

Uo

(B.26)

9 —5v3
ot sval

Summing the equations (B.25) and (B.26) we get the expression for the time delay along
the whole ray

3 Vv1+3 Vv1+3 1
T:£<I>+——l { ]+¢— Tout T o (B.27)
Ug 4 U V14+3u—1—u
where
zw—zln 953 =10.5 (B.28)
2 9+5v3
Hence, the time delay along the retro-rays Ry and R_ is given by
3 1 v1+3 vV1+4+3 1
T = \/_(27rj:z)+——l { ]+¢— Tout Ul o (B.29)
Uo 4 U V14+3u—1—u

Finally, the local emission angle for the retro-rays can be approximated by the viewing
angle of the photon-sphere. Substituting the critical value of the impact parameter b, =
3v/3/2 into the expression (A.12), we obtain

2. (B.30)
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Y Observer
~~_.__--7 Black Hole

Figure B.3: Solid angles used in calculation of the gravitational gain factor.

B.3 Magnification by gravitational lensing

In previous sections we give approximated expressions for the impact parameter that
determines position of the source on a local sky of a distant observer and the time delay
connected to the time of receiving of the the photons radiated by the source. It follows
that the gravitational bending of light rays could have an important effect on a appearance
of the source and therefore amount of the radiation received from it and possibly other
physical properties of the source measured by observer (i.e. polarization).

Let us introduce two angles 9, and ¢, that parameterize the apparent position of the
source on the observer local sky. (see Figure B.3). The polar angle ¥, is connected with
the impact parameter b of the incoming rays by the equation (A.12) which far from the

hole takes the form B

Jo > sin o = buo (1l — up) =~ L (B.31)
where we used u, = Rg/D and b = B/Rg. The element of the solid angle can be expressed
as

1
dQy = sin 9odidodp, = D2 BdBdyp,. (B.32)

In absence of the gravitational field the same solid-angle can be expressed as
~ N r? T
dQ, = sin ¥oddodp, = Dz Sind di dp,. (B.33)

The magnification or gain factor is defined as the ratio of the elements of the solid
angle with and without presence of gravitational field

1
72

B

. . dZ
SIHZ@

%,
dQ,

ME‘

(B.34)

The effect of the gravitational magnification is negligible for direct rays where the
gain factor is very close to 1 (first correction is proportional to i2Rg/r). However it is
of great importance for retro-rays, where the gravitational lensing substantially magnifies
the radiation flux received by distant observer.

The dependences of the impact parameter B = bRg on the inclination of the source
for the retro-rays Ry are given by equation (B.22). By substituting into equation (B.34)
and noting that B ~ B, = 3v/3/2, we get
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Figure B.4: Left: Gain factors M4 and M_ for two retro-rays R4 and R_ as functions
of £ =1 —u. The photon orbit and infinity correspond to £ = 3/2 and £ = 1 respectively.
The inclination of the source is 2 degrees. Points denote result of numerical calculation.
The radius of maximal gain is at r = 2.3622 Rg. Right: Dependence of the gain-factors
M, and M_ on the inclination at the radius of maximal gain.

.2 V3 — 1+ 3u e 27T
V3+V1+ 3u |sind]

The gain-factor as a function of radial coordinate & = 1 — u and inclination ¢ of
the source is shown in Figure B.4. In the case of £&-dependence we show also the result
of numerical calculations. These was obtained by numerical integration of the geodesic
equation. The gain factors were found by dividing the small areas delimited by two nearby
geodesics. Clearly the ray R that corresponds to the higher polar-angle increment gives
smaller magnification then R_. Exploring the equation we see that the contribution of
higher-order retro-rays T,,+ to the resulting image can be neglected, because correspond-
ing gain-factors M,,+ are smaller then M4 by a factor e 2(*~)7_ The gain-factor has
maximum at the point £ = 0.5767 that corresponds to the radius » = 2.3622 Rg.

M (u,i) =2 x 352 — V/3)

(B.35)
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