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Introduction

One of the crucial conditions for numerical computation of quantities relevant
in quantum scattering theory such as phase shifts, resonance energies and decay
widths is the ability of a basis set to represent the continuum part of the spectrum.
The main objective of this thesis is to construct basis sets of different types
and investigate their numerical properties with special focus on the quality of
the representation of the wave function near the resonance energy. Particular
attention will also be paid to the energy range within which a basis set produces
reasonably accurate results. As a basis functions the Gaussian-type functions and
B-spline functions will be used. The radial Schrödinger equation will be solved
by the Löwdin’s symmetric orthogonalization method and the decay width will
be extracted by the Stieltjes imaging procedure. We will show some limitations
of the Stieltjes imaging procedure depending on the position of the resonance
energy. As a numerically exact reference method the R-matrix method within the
framework of Feshbach-Fano projection operator formalism utilizing polynomial
basis set will be employed. We will also study the resonance character of few
short range potentials and discuss the accuracy and stability of the methods.

This thesis is structured as follows. Chapter 1 is focused on the methods
for computing the decay widths and solving the Schrödinger equation. The R-
matrix approach is described in section 1.1 and includes the detailed derivation
of the solution of the Schrödinger equation. The brief overview of the Löwdin’s
symmetric orthogonalization method and Feshbach-Fano projection operator for-
malism is summarized in section 1.2 and 1.3, respectively. Section 1.4 deals with
the Stieltjes-Chebyshev moment theory and the Stieltjes imaging procedure. The
rest of the thesis is devoted to analysis of resonance in short range potentials,
testing variety of basis sets for the decay width calculation and finding the mini-
mal number of basis functions necessary for reasonably well reconstruction of the
resonance wave function.
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1. Methods for calculating the
resonance widths

1.1 R-matrix method

1.1.1 Principle of the R-matrix method

The R-matrix theory provides an elegant way for computing the properties of
electron-atom collisions and solving the Schrödinger equation in the continuum.
The original idea was introduced by Kapur and Peierls in 1938 [1] and is based
on division of the configuration space into internal and external region. In the
internal region, there is no restriction on the type of interaction between the
particles. Electron correlation and other many body effects are fully taken into
account. In the external region, on the other hand, the scattered electron is
considered to be a free particle. This approach was later developed by Wigner
and Eisenbud [2] into more general case, in which the separating particles may
interact via electrostatic potential.

Let us consider scattering of an electron by a spherically symmetric potential.
The Schrödinger equation for a partial wave l in radial dimension is

Hψl(r) = − ~2

2µ

(
d2

dr2
− l(l + 1)

r2

)
ψl(r) + V (r)ψl(r) = Eψl(r), (1.1)

where µ is the reduced mass. The energy E can be expressed in terms of a
wavenumber k,

E =
~2k2

2µ
. (1.2)

In this thesis we will consider short range potential and thus after the collision
the electron moves away as a free particle. Therefore, the solution of Schrödinger
equation (1.1) at positive energies in the external region (r > rf ) is known except
for the phase shift δl and has the form

ψextl (r) = cos(δl)ĵl(kr) + sin(δl)n̂l(kr), (1.3)

where ĵl and n̂l are Riccati-Bessel functions. These functions can be expressed in
terms of the spherical Bessel functions jl and spherical Neumann functions nl as
ĵl(x) = xjl(x) and n̂l(x) = −xnl(x), respectively.

In the internal region (r < rf ), the wave function ψintl can be expanded over
some finite square-integrable basis set {ϕi}mi=1 [3, 4]

ψintl (r) =
m∑
i=1

ciϕi(r) (1.4)

and vanishes at the origin
ψintl (0) = 0. (1.5)

The last condition is satisfied if

ϕi(0) = 0 ∀i = 1, ..,m. (1.6)

3



The functions {ϕi}mi=1 have to be linearly independent, but not necessarily or-
thogonal. It is possible to use the Gaussian or Slater type basis sets. At the
boundary of internal and external region (r = rf ), the continuity of the wave
function is ensured by satisfying the following boundary conditions

ψintl (rf ) = ψextl (rf ), (1.7)

dψintl (r)

dr

∣∣∣∣
rf

=
dψextl (r)

dr

∣∣∣∣
rf

. (1.8)

1.1.2 Bloch operator and R-matrix

Throughout this chapter, we define the scalar product as

〈ϕi|ϕj〉 =

∫ rf

0

ϕ∗i (r)ϕj(r)dr. (1.9)

The Hamiltonian H is not Hermitian if restricted to the internal region (0, rf ).
In general, the expression

〈ϕi|H|ϕj〉 − 〈ϕj|H|ϕi〉 =
~2

2µ

(
ϕ∗j(rf )

dϕi(r)

dr

∣∣∣∣
rf

− ϕ∗i (rf )
dϕj(r)

dr

∣∣∣∣
rf

)
(1.10)

does not vanish. In 1957 Bloch introduced a surface operator L, now known as
the Bloch operator, which acts on the boundary rf between the two regions [5]

L =
~2

2µ
δ(r − rf )

d

dr
. (1.11)

This operator is zero everywhere except r = rf . The Hamiltonian HL modified
by the Bloch operator L,

HL(r) = H(r) + L(r), (1.12)

is Hermitian in the space of functions {ϕi}mi=1, because the Bloch operator L
cancels the surface term (1.10) of the kinetic energy operator at r = rf [6].
Thus, the Hamiltonian HL defined on the finite interval (0, rf ) has real, discrete
spectrum, which is an important property for numerical implementation. The
Schrödinger equation (1.1) in the internal region with the modified Hamiltonian
HL becomes inhomogeneous [3]

(HL(r)− E)ψintl (r) = L(r)ψextl (r) (1.13)

and is called the Bloch-Schrödinger equation.
The R-matrix is defined as the inverse of the logarithmic derivative of the

internal wave function at the boundary rf

R =

(
d logψintl (r)

dr

)−1∣∣∣∣
rf

. (1.14)

The boundary conditions (1.7) and (1.8) imply that the R-matrix can also be
expressed in terms of the external wave function

R =

(
d logψextl (r)

dr

)−1∣∣∣∣
rf

(1.15)

and can, therefore, be used to determine the phase shift. In this thesis, we deal
only with real potentials, for which the R-matrix and the phase shift are also real.
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1.1.3 Solution of the Schrödinger equation

As mentioned above, the R-matrix theory provides the technique for finding
the solution of Schrödinger equation. The form of the solution in the external
region (1.3) is known, so it remains to find the solution in the internal region and
the phase shift δl. First, we will insert the expansion of the internal region wave
function (1.4) into the Bloch-Schrödinger equation (1.13)

m∑
i=1

ci(HL(r)− E)ϕi(r) = Lψextl (r). (1.16)

If we then multiply this equation by ϕ∗j(r) and integrate from 0 to rf , we get

m∑
i=1

Djici =
~2

2µ
ϕ∗j(rf )

dψextl (r)

dr

∣∣∣∣
rf

, (1.17)

where

Dji =

∫ rf

0

ϕ∗j(r)(HL − E)ϕi(r)dr. (1.18)

From the last Eq. (1.17) we can easily obtain the expression for the coefficients

ci =
~2

2µ

dψextl (r)

dr

∣∣∣∣
rf

m∑
j=1

(D−1)ijϕ
∗
j(rf ). (1.19)

Finally, the solution of the Schrödinger equation (1.1) in the internal region is

ψintl (r) =
~2

2µ

dψextl (r)

dr

∣∣∣∣
rf

m∑
i,j=1

ϕi(r)(D
−1)ijϕ

∗
j(rf ). (1.20)

Here, we consider only finite number of basis functions, an incomplete basis set,
therefore the presented solution is just approximate. The solution can be also
expressed explicitly making use of the Green’s function formalism [6].

The energy dependent phase shift δl(E) needed for evaluation of Eq. (1.20)
can be expressed straightforwardly from the general form of the external region
solution of the Schrödinger equation (1.3) and the R-matrix

tan δl(E) = − ĵl(krf )− kR(E)ĵ′l(krf )

n̂l(krf )− kR(E)n̂′l(krf )
. (1.21)

Now, it only remains to find the expression for the R-matrix (1.14) in terms of
the eigenfunctions of the modified Hamiltonian HL in the internal region.

Here, the basis functions {ϕi}mi=1 are assumed to be real and orthonormal. Let

us consider the eigenvalues Ek and the corresponding normalized eigenvectors ~Vk
of matrix HL

HL
~Vk = Ek ~Vk (1.22)

with orthogonality relation
~V T
k
~Vk′ = δkk′ . (1.23)
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The spectral decomposition theorem gives a simple expression for the inverse of
the matrix D (1.18)

D−1 =
m∑
k=1

~Vk
~V T
k

Ek − E
. (1.24)

By inserting the spectral decomposition (1.24) and the expression (1.20) into the
definition (1.14) we obtain the desired expression for the R-matrix in the internal
region

R(E) =
m∑
k=1

γ2k
Ek − E

, (1.25)

where γk is given by

γk =

√
~2
2µ

m∑
i=1

ϕi(rf )Vik, (1.26)

and we denoted Vik as the ith component of vector ~Vk.

1.2 Löwdin’s symmetric orthogonalization

Symmetric orthogonalization was proposed by Löwdin in 1950 [7]. It is a
method of great importance for quantum chemists, since it allows both to solve
the generalized eigenvalue problem and to transform the non-orthogonal basis
sets to orthogonal ones. Löwdin’s symmetric orthogonalization enables to work
with the non-orthogonal basis sets in the framework of R-matrix theory. It is
also possible to use this method for solving the Schrödinger equation (1.1) in a
non-orthogonal basis set and then apply the Stieltjes imaging procedure in order
to obtain the properties of resonant scattering.

Let us assume, that {αi}mi=1 are normalized L2 functions, which form a finite
non-orthogonal basis set. The solution |Ψ〉 of the Schrödinger equation

H|Ψ〉 = E|Ψ〉. (1.27)

can be expanded over this basis set {αi}mi=1 as

|Ψ〉 =
m∑
i=1

ci|αi〉. (1.28)

If we insert the expansion of the wave function |Ψ〉 into the Schrödinger equation
and multiple by 〈αj| from the left, we obtain

m∑
i=1

Hjici = E
m∑
i=1

Sjici, (1.29)

where

Hji = 〈αj|H|αi〉 =

∫ ∞
0

α∗j (r)Hαi(r)dr, (1.30)

Sji = 〈αj|αi〉 =

∫ ∞
0

α∗j (r)αi(r)dr. (1.31)
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Eq. (1.29) is often referred to as a generalized eigenvalue problem and has the ma-
trix form H~c = ES~c. The matrix S is called the overlap matrix. It is Hermitian
and if the basis set {αi}mi=1 is linearly independent, it is also positive definite.

Before we solve the generalized eigenvalue problem, let us solve the auxiliary
problem

S ~wi = σi ~wi ∀i = 1, ..,m (1.32)

and find the inverse square root S−1/2 of the matrix S. By putting eigenvectors
~wi as columns side by side, we can form a unitary matrix W , i.e.

W =

 ~w1

∣∣∣∣∣∣ ~w2

∣∣∣∣∣∣ ~w3

∣∣∣∣∣∣ . . .
∣∣∣∣∣∣ ~wm

 , (1.33)

satisfying W+SW = Σ, where Σ = diag(σ1, σ2, ..., σm) is a matrix with the
eigenvalues σi on the diagonal and zero elsewhere. Let us suppose only nonzero
eigenvalues σi for all i = 1, ...,m, which means that there are no linear depen-
dencies among the basis functions {αi}mi=1. By similarity transformation of the
diagonal matrix Σ−1/2 = diag( 1√

σ1
, 1√

σ2
, ..., 1√

σm
) we get a Hermitian matrix

Z = WΣ−1/2W+, (1.34)

which satisfies

SZ2 = WΣW+WΣ−1/2W+WΣ−1/2W+ = WΣΣ−1W+ = WW+ = I (1.35)

and Z2S = ZSZ = I. Thus, the matrix Z is obviously the inverse square root of
the matrix S. Therefore Z = S−1/2 [8].

The symmetric orthogonalization approach reduces the generalized eigenvalue
problem H~c = ES~c to a standard eigenvalue problem H ′~d = E~d. Let us define a
transformation matrix

Vij =
Wij√
σj
, (1.36)

which is not unitary, ∑
i,j

V ∗ikSijVjl = δkl. (1.37)

Now, let us define
~c = V ~d. (1.38)

With this definition and by multiplying to the left by V +, the generalized eigen-
value equation

H~c = ES~c (1.39)

becomes
V +HV ~d = EV +SV ~d = E~d. (1.40)

By denoting H ′ = V +HV we obtain the standard eigenvalue problem

H ′~d = E~d. (1.41)

The eigenvalues E of the generalized eigenvalue problem (1.39) coincide with
the eigenvalues of the standard eigenvalue problem (1.41). Thus, by solving the
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secular problem for operator H ′ = V +HV , we find the desired eigenvalues for the
energy. The generalized eigenvalue problem is solved.

In atomic and molecular physics, the commonly used bases consist of gaussian-
type functions. Analytically, these basis sets are non-orthogonal but linearly
independent. Unfortunately, in numerical implementation there might occur nu-
merical instabilities, which will cause the linear dependencies among these basis
functions. In other words, there are only n ≤ m nonzero eigenvalues σi. Thus, we
construct the unitary matrix W only from the n eigenvectors ~wi which correspond
to these nonzero eigenvalues. Therefore, by the transformation W+SW we obtain
the diagonal matrix Σ = diag(σ1, σ2, ..., σn) and the matrix of Hamiltonian H ′ of
dimension only n× n.

Similar approach for solving the generalized eigenvalue problem (1.39) is called
Cholesky decomposition. Cholesky decomposition considers the matrix S to be
the product S = LL+, where L is a lower triangular matrix.

1.2.1 Symmetrically orthogonalized basis sets

In general, by making the proper linear combinations of the non-orthogonal
but linearly independent functions, we may construct an orthogonal basis set.
One of the well-known techniques for orthogonalization is the Gram-Schmid or-
thogonalization procedure. In practice, this procedure is rarely used. It is more
convenient to use a symmetric orthogonalization approach.

Löwdin’s symmetric orthogonalization allows us to construct a new basis set
{βi}mi=1 by linear combinations of the old non-orthogonal basis set {αi}mi=1 [9, 10,
11],

βj =
m∑
i=1

(S−1/2)ijαi j = 1, ...,m. (1.42)

The new set of basis functions {βi}mi=1 is orthogonal, since

〈βi|βj〉 =
∑
k,l

(S−1/2)∗ki〈αk|αl〉(S−1/2)lj =
∑
k,l

(S−1/2)ikSkl(S
−1/2)lj = δij. (1.43)

Moreover, the sets {αi}mi=1 and {βi}mi=1 span the same subspace of the Hilbert
space. An important feature of the symmetric orthogonalization is that among
all possible orthogonalizations the symmetric orthogonalization minimizes the
quantity

m∑
i=1

‖αi − βi‖. (1.44)

Therefore, the symmetrically orthogonalized functions βi are the closest to the
original functions αi [11].

1.3 Feshbach-Fano projection-operator formal-

ism

Our principal goal is to study resonant scattering, which can be done con-
veniently within the framework of Feshbach-Fano projection-operator formalism.
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The main idea of Feshbach-Fano projection-operator formalism is to divide the
Hilbert space H into the resonant subspace Q and the background scattering
subspace P . The part Q is spanned by square integrable functions, often called
the discrete states, which represent the resonant (metastable) states. The part
P represents the orthogonal complement of the subspace Q in the Hilbert space
H. Hence, the whole Hilbert space H is a direct sum H = Q⊕P [12].

The decomposition of the Hilbert space H leads to the separation of the phase
shift δ into the resonant δres and background δbg part

δ(E) = δres(E) + δbg(E). (1.45)

Solution in the subspace P gives only smooth and slowly changing phase shifts
δbg. Rapid variations of the phase shift δ near the resonant energy are produced
by the coupling between the discrete state and the background continuum and
are isolated in the resonant part δres [6].

Let us consider single resonance, represented by a discrete state Φd in the Q
subspace. We define the projection operator Q onto the resonant subspace Q as

Q = |Φd〉〈Φd|. (1.46)

The discrete state Φd is an L2 function normalized to unity. The energy of the
state Φd, which approximates the resonant energy, is given by

Ed = 〈Φd|QHQ|Φd〉 = 〈Φd|H|Φd〉. (1.47)

The wave function for the energy near resonance is typically strongly en-
hanced in the interaction region. Therefore, in model studies, where the full
wave function is known, Φd can be constructed via fitting the wave function
(Hamiltonian eigenstate) corresponding to the energy near resonance by some
suitable square-integrable function. In practice, however, such a straightforward
approach is usually not possible and alternative methods have to be found [6, 13].
Fortunately, Φd is not defined uniquelly and the physically relevant results are
independent on its exact choice [6].

The projection operator P onto the subspace P can be expressed as

P = I−Q =

∫
|χE〉〈χE|dE, (1.48)

where we denoted the background continuum states as χE. The wave functions
χE are not square-integrable. The projection operators satisfy

P 2 = P, Q2 = Q, P +Q = I, PQ = QP = 0 (1.49)

and the Hamiltonian H can then be expressed as

H = HPP +HPQ +HQP +HQQ, (1.50)

where we have used the abbreviation HPQ for PHQ, etc.
Due to the introduction of the operator P the background continuum states

χE ∈ P can be determined from the Schrödinger equation

(E −HPP )χE = 0, (1.51)
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where HPP is the Hamiltonian in the subspace P . The states χE are orthogonal
and energy normalized [14, 15]

〈χE|χE′〉 = δ(E − E ′). (1.52)

The subspace P is required to be asymptotically complete

lim
r→∞

PψE(r) = lim
r→∞

ψE(r), (1.53)

where |ψE〉 is the solution of Schrödinger equation

H|ψE〉 = E|ψE〉 (1.54)

with normalization
〈ψE|ψE′〉 = δ(E − E ′). (1.55)

Therefore, we need to consider only P |ψE〉 in order to obtain the asymptotic
behavior of the wave function |ψE〉 at the energy E. Application of the projection
operators P and Q to Eq. (1.54) yields system of coupled equations [6]

(E −HPP )P |ψE〉 = HPQQ|ψE〉, (1.56)

(E −HQQ)Q|ψE〉 = HQPP |ψE〉. (1.57)

Considering (1.51), Eq. (1.56) can be formally solved as

P |ψE〉 = |χE〉+ (E −HPP + iη)−1HPQQ|ψE〉, (1.58)

where η is infinitesimally small positive real number. By inserting the solution
(1.58) into Eq. (1.57) we obtain the solution in the subspace Q

Q|ψE〉 = [E −HQQ − F (E)]−1HQP |χE〉, (1.59)

where we introduced the complex level shift function

F (E) = HQP (E −HPP + iη)−1HPQ. (1.60)

Using the formula

lim
η→0+

(x+ iη)−1 = P 1

x
− iπδ(x), (1.61)

where P stands for the Cauchy principal value, we may evaluate the term occur-
ring in the complex level shift function F (E),

P (E −HPP + iη)−1P =

∫
dεdε′|χε〉〈χε|(E −HPP + iη)−1|χε′〉〈χε′| =∫

dε|χε〉(E − ε+ iη)−1〈χε| = P
∫
dε|χε〉(E − ε)−1〈χε| − iπ|χE〉〈χE|. (1.62)

Thus, considering Q|χε〉 = 0 and P |Φd〉 = 0 we get

〈Φd|F (E)|Φd〉 = P
∫
dε
〈Φd|HQP |χε〉〈χε|HPQ|Φd〉

E − ε
− iπ〈Φd|HQP |χE〉〈χE|HPQ|Φd〉. (1.63)
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Now we may express the complex level shift function F (E) in terms of the discrete
state-continuum coupling matrix elements

Vdε = 〈Φd|H|χε〉 (1.64)

as

〈Φd|F (E)|Φd〉 = ∆(E)− i

2
Γ(E), (1.65)

Γ(E) = 2π|VdE|2, (1.66)

∆(E) =
1

2π
P
∫

Γ(ε)

E − ε
dε, (1.67)

where we introduced the energy-dependent resonance width Γ(E) and the level
shift ∆(E) [6, 15].

In the R-matrix method, we derived the solution of the Schrödinger equation
(1.20) in internal region. Analogically, by using the projected Hamiltonian PHP
into the subspace P we may construct the background continuum state |χE〉 in
internal region and thus use the expression (1.66) straightforwardly. The alter-
native method, which makes use of symmetric orthogonalization (Chapter 1.2),
does not provide such possibility, therefore, we apply different approach based on
Stieltjes-Chebyshev moment theory.

1.4 Stieltjes-Chebyshev moment theory

In the case that the background continuum functions χE (1.51) are not known,
the expression (1.66) for computing the desired energy dependent resonance width
Γ(E) cannot be used straightforwardly. This is the case, for example, if an L2

basis set is used to obtain a discretized approximation to scattering continuum.
In this chapter, we describe a technique for finding an approximation to the reso-
nance width Γ(E), which can be used in such a case. This procedure is commonly
known as Stieltjes imaging and is based on Stieltjes-Chebyshev moment theory.

Let us define negative spectral moments of the energy dependent resonance
width (1.66) as

S(−k) =

∫
E−kΓ(E)dE =

2π

∫
E−k〈Φd|H|χE〉〈χE|H|Φd〉dE,

(1.68)

where k is non-negative integer. It is also possible to use positive spectral mo-
ments, i.e. k ≤ 0. Still, it is convenient to work with negative ones, because in
some cases positive spectral moments might diverge. In order to obtain an ap-
proximation for the non-resonant continuum represented by the wave functions
χE, the operator HPP is diagonalized

〈χEi |HPP |χEj〉 = δijEi (1.69)

in a basis of square-integrable functions {χEi}mi=1. Thus, the set {χEi , Ei}mi=1 forms
a discrete representation of the background continuum [16, 17]. The resulting
eigenfunctions χEi are orthogonal to the discrete state Φd and normalized to
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unity, i.e. 〈χEi |χEj〉 = δij. Furthermore, χEi do not satisfy the proper scattering
boundary condition [18]. Utilizing the discrete representation {χEi , Ei}mi=1 the
completeness relation takes the form∫

|χE〉〈χE|dE ∼=
∑
i

|χEi〉〈χEi | (1.70)

and the spectral moments read

S(−k) ∼= 2π
∑
i

E−ki |γi|2. (1.71)

Here, the couplings γi are defined as

γi = 〈Φd|H|χEi〉. (1.72)

It should be noted that direct use of the i-th coupling γi for calculation of the
resonance width Γ(Ei) at the energy Ei is not possible, because of the incorrect
boundary condition. Once the negative spectral moments S(−k) are known, the
Stieltjes imaging procedure can be applied.

1.4.1 Stieltjes imaging procedure

In this section, we summarize the main steps of the Stieltjes imaging. A more
detailed description of the procedure may be found in Ref. [19, 20, 21]. Stieltjes
imaging is an algorithm for finding approximations of an unknown function f(x)
from a finite number of its spectral moments

S(−k) =

∫ b

a

x−kf(x)dx ∼=
m∑
i=1

x̄−ki f̄i, (1.73)

where k = 0, 1, ..., 2r − 1 and {x̄if̄i}mi=1 is some discretized approximation to the
integral, cf. Eq. (1.71). The function f(x) is restricted to be non-negative on the
interval [a, b] and can be expressed in terms of the non-decreasing distribution
function F (x),

f(x) =
dF (x)

dx
, F (x) =

∫ x

a

f(x′)dx′. (1.74)

The function f(x) is referred to as the weight function. The spectral moments
S(−k) define a sequence of polynomials

Qn(1/x) =
n∑
i=0

qni(1/x)i (1.75)

of degree 0 to r. These polynomials are orthogonal on the interval [a, b] with
respect to the unknown weight function f(x)∫ b

a

Qn(1/x)Qm(1/x)f(x)dx = Nnδnm, (1.76)
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where Nn is the normalization. The polynomials Qn(1/x) in general can be
generated by three-term recurrence relations

Q0(1/x) = 1,

Q1(1/x) = 1/x− a1,
Qn(1/x) = (1/x− an)Qn−1(1/x)− bn−1Qn−2(1/x),

(1.77)

where the coefficients an and bn−1 are given by

an =

∫ b
a

(1/x)[Qn−1(1/x)]2f(x)dx∫ b
a

[Qn−1(1/x)]2f(x)dx
, (1.78)

bn−1 =

∫ b
a

[Qn−1(1/x)]2f(x)dx∫ b
a

[Qn−2(1/x)]2f(x)dx
. (1.79)

These expressions (1.78) and (1.79) can be written in a form more convenient for
computation as

an =
1

b0b1...bn−1

∫ b

a

(1/x)nQn−1(1/x)f(x)dx−
n−1∑
l=1

al, (1.80)

bn−1 =
1

b0b1...bn−2

∫ b

a

(1/x)n−1Qn−1(1/x)f(x)dx, (1.81)

where

b0b1...bn−2 =

∫ b

a

[Qn−1(1/x)]2f(x)dx. (1.82)

By expanding the integral in Eq. (1.80) and (1.81) into a sum over moments
(1.73) obtained from a discrete representation, the approximate expressions for
the recurrence coefficients are obtained,

an =
1

b0b1...bn−1

m∑
i=1

(1/x̄i)
nQn−1(1/x̄i)f̄i −

n−1∑
l=1

al, (1.83)

bn−1 =
1

b0b1...bn−2

m∑
i=1

(1/x̄i)
n−1Qn−1(1/x̄i)f̄i. (1.84)

Hence, the three-term recurrence relation (1.77) takes the form

Q0(1/x̄i) = 1,

Q1(1/x̄i) = 1/x̄i − a1,
Qn(1/x̄i) = (1/x̄i − an)Qn−1(1/x̄i)− bn−1Qn−2(1/x̄i).

(1.85)

The orthogonal polynomials Qn(1/x) allow us to compute the abscissae and
weights of the related Gaussian quadrature. An n−point Gaussian quadrature
is a numerical integration rule, which yields an exact result for polynomials of
degree 2n− 1 or less by suitable choice of the abscissae xi and the corresponding
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weights wi for i = 1, ..., n. The n−point Gaussian quadrature for the spectral
moments (1.73) then reads

S(−k) ∼=
n∑
i=1

x−ki wi. (1.86)

The abscissae xi are obtained as the roots of the orthogonal polynomial Qn(1/x),
whereas the weights wi are obtained from the polynomials of degree lower than
n,

Qn(1/xi) = 0 i = 1, 2, ..., n (1.87)

wi =

( n−1∑
m=0

[Qm(1/xi)]
2

Nm

)−1
. (1.88)

In order to obtain the roots of the highest order polynomial, in principle any
numerical root-search procedure can be used. Here, we present a procedure,
which uses three-term recurrence relation for Qn(1/x) to form real symmetric
tridiagonal matrix. The abscissae xi are then found as the eigenvalues of this
matrix.

Let us introduce a set of orthonormal polynomials Rn(1/x),∫ b

a

Rn(1/x)Rm(1/x)f(x)dx = δnm, (1.89)

which are related to Qn(1/x) by

Qn(1/x) = (−1)nN1/2
n Rn(1/x). (1.90)

Inserting the Rn(1/x) into the recurrence relation (1.77) yields

(1/x)R0(1/x) = −
√
b1R1(1/x) + a1R0(1/x)

(1/x)Rn−1(1/x) = −
√
bnRn(1/x) + anRn−1(1/x)−

√
bn−1Rn−2(1/x).

(1.91)

We express this recurrence relation for polynomials up to degree n in a matrix
form

a1 −
√
b1

−
√
b1 a2 −

√
b2

−
√
b2 a3 −

√
b3

. . . . . . . . .

−
√
bn−2 an−1 −

√
bn−1

−
√
bn−1 an





R0(1/x)
R1(1/x)
R2(1/x)

...
Rn−2(1/x)
Rn−1(1/x)



= (1/x)



R0(1/x)
R1(1/x)
R2(1/x)

...
Rn−2(1/x)
Rn−1(1/x)


−



0
0
0
...
0

−
√
bnRn(1/x)


. (1.92)
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For the roots 1/xi of the polynomial Rn(1/x) the last vector vanishes and the
matrix equation becomes an eigenvalue equation

a1 −
√
b1

−
√
b1 a2 −

√
b2

−
√
b2 a3 −

√
b3

. . . . . . . . .

−
√
bn−2 an−1 −

√
bn−1

−
√
bn−1 an





R0(1/xi)
R1(1/xi)
R2(1/xi)

...
Rn−2(1/xi)
Rn−1(1/xi)



= (1/xi)



R0(1/xi)
R1(1/xi)
R2(1/xi)

...
Rn−2(1/xi)
Rn−1(1/xi)


. (1.93)

Now, it only remains to solve this eigenvalue problem and thus find the roots of
the polynomial Rn(1/x), which are also the roots of the polynomial Qn(1/x).

If the abscissae xi and weights wi are known, an approximation of the distri-
bution function F (n)(x) of order n can be constructed as

F (n)(x) = 0 x < x1

F (n)(x) =
i∑

j=1

wj xi < x < xi+1

F (n)(x) =
n∑
j=1

wj xn < x.

(1.94)

It is referred to as the Stieltjes distribution and it is a step-like function, which is
defined and continuous between the abscissae xi, but not at the abscissae them-
selves. The Stieltjes distribution F (n)(x) provides the lower and upper bounds of
the exact distribution F (x) through the Chebyshev inequalities [22]

F (n)(xi − 0) ≤ F (n+1)(xi − 0) ≤ F (xi) ≤ F (n+1)(xi + 0) ≤ F (n)(xi + 0), (1.95)

where F (n)(xi ± 0) means limx→x±i
F (n)(x). It is customary to define the value

F (n)(xi) as the average of the one-sided limits at the point xi,

F (n)(xi) =
1

2
[F (n)(xi − 0) + F (n)(xi + 0)]. (1.96)

Finally, by numerical differentiation of the approximate Stieltjes distribution
(1.94, 1.96) we obtain an approximate nth-order density function

f (n)(x) =
1

2

w1

x1
x < x1

f (n)(x) =
1

2

wi+1 + wi
xi+1 − xi

xi ≤ x < xi+1

f (n)(x) = 0 xn < x.

(1.97)

The density function, often referred to as the Stieltjes density, represents the
desired approximation of the function f(x).
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2. Implementation and model
studies

The main aim of this chapter is to study properties of the proposed methods
for computing the resonance positions and widths and to prove their implemen-
tation works reliably and reproduces the results of Ref. [23]. Both orthogonal
and non-orthogonal basis sets are applied and compared.

In this thesis we consider only short range potentials which are smooth and
have the form

Vλ(r) =
λ

2
r2e−r, (2.1)

where λ is real parameter. The potential Vλ for some values of λ is plotted in
Fig. 2.1. Such potential supports resonances of a wide range of widths, depending
on the value of the parameter λ.
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Figure 2.1: Potential Vλ.

2.1 R-matrix method

The R-matrix method is implemented in the program Rmatrix (on the at-
tached CD), which uses double precision with the relative error ε ≈ 2 · 10−16.
The atomic units ~ = µ = 1 are used. The boundary of external and internal
region is chosen as rf = 15, which is large enough so that the potential Vλ is
zero in the external region at implemented accuracy. We would like to point out
that the physical quantities like resonance energies, phase shifts and decay widths
obtained by the R-matrix method does not depend on the concrete value of rf ,
which has no physical relevance [24]. In the internal region r ∈ [0, 15], the wave
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function ψint0 for the zeroth partial wave is expanded over 71 DVR basis functions
{ϕi}m=70

i=0 (A.8) derived from Jacobi polynomials. The basis functions are orthog-
onal and depend linearly on r at the left boundary of the interval [0, 15] and thus
meet the boundary condition (1.6). At the point rf = 15, the basis functions
acquire arbitrary nonzero values, see Fig. 2.2.

-0.5

 0

 0.5

 1

 0  1  2  3  4  5  6  7  8  9  10  11  12  13  14  15

ϕ
n

r

ϕ0

ϕ1

ϕ2

ϕ3

ϕ4

Figure 2.2: DVR basis functions ϕn(r) of order n derived from Jacobi polynomials.

The kinetic energy matrix KL and the potential energy matrix Vλ of the
Hamiltonian HL,λ = (K + L) + Vλ = KL + Vλ (1.12) in the DVR basis derived
from Jacobi polynomials are obtained from the expression (A.9) and (A.10), re-
spectively. In Fig. 2.3, there are depicted eigenstates ψλ of the Hamiltonian HL,λ

corresponding to the eigenenergy Eλ closest to the resonance for chosen values of
λ = 5, 10, 15, 20. These eigenenergies Eλ are listed in Tab. 2.1. The eigenstates
ψλ have one rather significant peak and a small oscillatory tail. The difference
between the value of the peak and the maximum of the oscillatory tail increases
with higher value of λ. We also observe that for higher values of λ the increase
of the wave function near the point r = 0 is steeper.

The discrete state Φd,λ representing the resonance in the Feshbach-Fano for-
malism (Chapter 1.3) is constructed via fitting the wave function ψλ by

Φd,λ(r) = Aλre
−Bλr2 , (2.2)

where Aλ and Bλ are parameters. The discrete states Φd,λ for λ = 5, 10, 15, 20
are shown in Fig. 2.3 and the corresponding parameters Aλ and Bλ along with
the discrete state energy Eλ, obtained from Eq. (1.47), are listed in Tab. 2.1. The
discrete states Φd,λ become more localized for higher values of λ.

The external region solution of the Schrödinger equation (1.3) for the zeroth
partial wave, which is normalized to energy, has the form

ψext(r) =

√
2

kπ
sin(kr + δ). (2.3)
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Figure 2.3: Eigenfunctions ψλ(r) of the R-matrix Hamiltonian HL,λ corresponding
to the energy near resonance for different values of λ and discrete states Φd,λ

derived from these wave functions.

λ Eλ Ed,λ Aλ Bλ

5 1.407 1.402 0.478 0.172

10 2.520 2.602 0.968 0.332

15 3.413 3.506 1.606 0.604

20 4.185 4.240 2.355 0.918

Table 2.1: Eigenenergies Eλ of the R-matrix Hamiltonian HL,λ closest to the
resonance. Discrete state energies Ed,λ and parameters Aλ, Bλ.

Thus, the formula (1.21) for the energy dependent phase shift reduces to

δ(E) = arctan

(
kR(E) cos(krf )− sin(krf )

kR(E) sin(krf ) + cos(krf )

)
. (2.4)

Calculated total and background phase shifts for λ = 5, 10, 15, 20 are shown in
Fig. 2.4. Phase shifts δλ and background phase shifts δbgλ evaluated at correspond-
ing discrete state energies Ed,λ are listed in Tab. 2.2. Near resonance energy the
phase shift δλ(E) increases rapidly by π. For higher values of λ the increase is
steeper and resonance narrower. The background phase shift δbgλ (E), on the other
hand, changes relatively slowly with energy and has minimum near resonance en-
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ergy, which becomes shallow for higher values of λ. For λ = 20 the background
phase shift is nearly flat. Comparison of the full and background solution at the
discrete state energy Ed,λ is depicted in Fig. 2.5 for λ = 10. The background wave

function ψbgλ is a solution of the Schrödinger equation (1.1) in the P subspace of
the Hilbert space H. The oscillatory tail of the wave function ψ10 at the discrete
state energy Ed,10 behaves as sin(kr + δ10(Ed,10)), whereas the oscillatory tail of

the background wave function ψbg10 behaves as sin(kr + δbg10(Ed,10)). The most im-
portant difference is the disappearance of the enhancement of the wave function
in the internal region. The background wave function is in fact suppressed here by
the potential barrier. The graphs for ψλ and ψbgλ for λ = 5, 15, 20 look completely
analogous and therefore are not shown.
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Figure 2.4: Illustration of energy dependent total δλ(E) and background δbgλ (E)
phase shifts for different values of λ.

The energy dependent resonance width Γλ(E) obtained from the expression
(1.66) utilizing the discrete state-continuum coupling matrix elements (1.64) is
depicted in Fig. 2.6 for λ = 5, 10, 15, 20. The decay width Γλ of the metastable
state is defined as the value Γλ(E = Eres,λ) evaluated at the resonance energy.
The resonance energy Eres,λ differs from the discrete state energy Ed,λ by the level
shift (1.67), i.e. Eres,λ = Ed,λ + ∆(Eres,λ). The level shift represents relatively
small correction to the resonance energy. Therefore, the discrete state energy Ed,λ
can be used as an approximation of the resonance energy Eres,λ and the decay
width can be evaluated as Γλ = Γλ(E = Ed,λ). The discrete state energies Ed,λ
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λ Ed,λ δλ(Ed,λ) δbgλ (Ed,λ)

5 1.402 1.522 1.814[-1]

10 2.602 3.680 1.243

15 3.506 2.311 -6.497[-1]

20 4.240 3.892 7.988[-1]

Table 2.2: Discrete state energies, phase shifts and background phase shifts for
different values of λ. Numbers in square brackets denote powers of 10.
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Figure 2.5: Wave function ψ10 and the background wave function ψbg10 at the
discrete state energy Ed,10.

and decay widths ΓRMλ ≡ Γλ(E = Ed,λ) obtained by the R-matrix method are
listed in Tab. 2.3 and compared with accurate values from Ref. [23]. The discrete
state energy Ed,λ for λ = 10, 15, 20 differs from the resonance energy EREF

res,λ by
approximately 2.5% and for λ = 5 by approximately 5%. The relative error of
the decay width ΓRMλ (Ed,λ) for λ = 5, 15, 20 is up to 16% and for λ = 10 it is
approximately 9%.

In Tab. 2.3 there are also listed the decay widths ΓRMλ (EREF
res,λ ) evaluated at

the accurate values EREF
res,λ of the resonance energy. The difference

δΓλ ≡ |ΓRMλ (EREF
res,λ )− ΓRMλ (Ed,λ)| (2.5)

represents the impact of the level shift on the resulting value of the decay width,
i.e., an estimation of the error of the decay width caused by neglecting the level
shift. The relative error

δΓrelλ ≡
|ΓRMλ (EREF

res,λ )− ΓRMλ (Ed,λ)|
ΓRMλ (Ed,λ)

(2.6)

is approximately 8% for λ = 5, 4% for λ = 10 and 10% for λ = 15, 20. In the rest
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Figure 2.6: Exact energy dependent resonance width Γλ(E) obtained from the
discrete state-continuum coupling matrix elements (1.64) and approximation

Γ
(n,n+1,n+2)
λ (E) obtained from the discrete representation of the background con-

tinuum by using the Stieltjes imaging procedure using the DVR basis set derived
from Jacobi polynomials.

λ Ed,λ ΓRMλ (Ed,λ) ΓRMλ (EREF
res,λ ) δΓλ ΓSIλ (Ed,λ) EREF

res,λ ΓREFλ

5 1.402 2.688[-1] 2.481[-1] 2.1[-2] 2.253[-1] 1.478 3.182[-1]

10 2.602 1.001[-1] 1.036[-1] 3.5[-3] 9.045[-2] 2.541 1.095[-1]

15 3.506 2.900[-2] 2.585[-2] 3.2[-3] 2.972[-2] 3.426 2.555[-2]

20 4.240 5.236[-3] 4.599[-3] 6.4[-4] 7.775[-3] 4.185 4.538[-3]

Table 2.3: Discrete state energies, decay widths obtained by the R-matrix method
(RM) and by Stieltjes imaging (SI). Accurate values obtained by the shooting
method (REF) are taken from Ref. [23]. Numbers in square brackets denote
powers of 10.

of this section and in the following sections the approximation of the resonance
width Γλ(E) is obtained by using the Stieltjes imaging procedure. The difference
δΓrelλ is well below the accuracy of Stieltjes imaging and therefore the discrete
state energy Ed,λ is used in order to compute the value of the decay width.

Before the Stieltjes imaging procedure is applied, the couplings (1.72) between
the discrete state and the eigenfunctions of the operator PHλP representing the
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background continuum have been computed. In this thesis, we consider only
isolated resonances. The resonant subspace Q is one-dimensional and the back-
ground scattering subspace P has the dimension 70 in the used basis set, there-
fore, the total number of couplings is 70. Next, utilizing the Stieltjes imaging
procedure the Stieltjes density Γ

(n)
λ (Ei), where n denotes the order of Stieltjes

imaging, is obtained. Fig. 2.7 shows Stieltjes densities Γ
(n)
10 (Ei) for λ = 10 and

n = 5, 6, ..., 25. Apparently, Γ
(n)
10 (Ei) converges to a single curve with increasing

order n. This curve represents the approximation of the energy dependent reso-
nance width. Numerical stability of the Stieltjes imaging, however, decreases with
increasing order n. Therefore, it is desirable to use the lowest order of Stieltjes
imaging in which the convergence is achieved. We usually consider the method
as converged at the order n if the Stieltjes densities of few higher orders lie on
the same curve as the Stieltjes density of order n. For more detailed description
of finding the convergence of Stieltjes imaging see Ref. [20].

Each order n of Stieljtes imaging provides only n−1 points (abscissae) Ei and

corresponding values Γ
(n)
λ (Ei). Abscissae of the successive orders n of Stieltjes

imaging mutually separate each other. In other words, between two abscissae
which belong to the order n − 1, there lies one abscissa belonging to the order
n. Thus we use three successive orders n, n + 1, n + 2 in order to obtain the
approximation Γ

(n,n+1,n+2)
λ (E) of Γλ(E) on a denser grid. In the case of λ =

10 the convergence is achieved at the order n = 18. Thus the approximation
Γ
(18,19,20)
10 (E), which is depicted in Figure 2.6b, is constructed by interpolation

of the values Γ
(18)
10 (Ei), Γ

(19)
10 (Ei) and Γ

(20)
10 (Ei). In this thesis we use piecewise

cubic Hermite interpolation [25], which guarantees the piecewise monotonicity of

the width function. The approximations Γ
(n,n+1,n+2)
λ (E) for λ = 5, 15, 20 derived

from orders n, at which the convergence is achieved, are plotted in Fig. 2.6a, 2.6c
and 2.6d, respectively.

We observe that the approximations Γ
(n,n+1,n+2)
λ (E) are non-negative, which is

in line with the physical significance of the resonance width. The non-negativity
of the approximations is guaranteed by the non-negativity of the corresponding
Stieltjes densities and by the use of Hermite interpolation. The decay width
ΓSIλ of the metastable state is then obtained as the value Γ

(n,n+1,n+2)
λ (Ed,λ). The

decay widths ΓSIλ for λ = 5, 10, 15, 20 are listed in Tab. 2.3. The relative error of

Γ
(18,19,20)
10 (Ed,10) and Γ

(20,21,22)
15 (Ed,15) is 17%. The relative error of Γ

(16,17,18)
5 (Ed,5)

and Γ
(22,23,24)
20 (Ed,20) is 29% and 71%, respectively. The reason for significantly

higher value of the relative error of ΓSI20 lies in the fact that there is rather big

difference between the value ΓSI20 = Γ
(22,23,24)
20 (Ed,20) evaluated at the discrete

state energy Ed,20 and the maximum of the energy dependent resonance width

Γ
(22,23,24)
20 (E). In general, the Stieltjes imaging procedure provides better results

for cases, where the position of the discrete state Ed,λ lies near the global or
alternatively local (second) maximum. The dependence of the position of the
discrete state on the relative error of the decay width will be discussed later.
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Figure 2.7: Stieltjes densities of orders n = 5, 6, ..., 25 for λ = 10.

2.2 Stieltjes imaging combined with Löwdin’s

symmetric orthogonalization

In this section we solve the Schrödinger equation (1.1) for the zeroth partial
wave in a non-orthogonal basis set by using the Löwdin’s symmetric orthogonal-
ization method. In particular, we solve the generalized eigenvalue problem (1.29)
for the potential Vλ. As an example is chosen Vλ for λ = 10. The energy de-
pendent resonance width Γ(E) is then obtained by applying the Stieltjes imaging
procedure and subsequently piecewise cubic Hermite interpolation.

Different types of non-orthogonal basis sets are studied and compared. As
basis functions are used Gaussian-type functions and B-spline functions. The
Gaussian-type functions are defined by

α(r) = Nre−a(r−b)
2

, (2.7)

where N is normalization, a > 0 and b ≥ 0 are parameters. The B-spline basis
functions are defined by Cox-de Boor recursion formula (A.11), the knot vector
and the degree p. Particular basis set is then defined by the type of basis func-
tions, its specific properties and a set of fixed parameters. A good basis set for the
decay width calculation is able to reconstruct both the enhanced peak and the os-
cillatory tail of the resonance wave function (i.e., eigenstate Ψ of the Hamiltonian
H10 corresponding to the eigenenergy ε near resonance). We consider the reso-
nance wave function as reconstructed if the overlap between the resonance wave
function Ψ and the exact solution ΨRM

ε of the Schrödinger equation at the energy
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ε obtained by the R-matrix method differs from 1 only by the value δ = 10−4,

〈Ψ|ΨRM
ε 〉 ≡

∫ rf

0

Ψ(r)ΨRM
ε (r)dr ≥ 1− δ. (2.8)

The wave functions Ψ and ΨRM
ε are normalized to unity on the interval [0, rf ],

where rf = 15. The basis sets described in the following sections are minimal
basis sets, i.e., the basis sets are constructed in a way to have the minimum
number of basis functions and still meet the condition (2.8). The minimal basis
set is achieved by suitable choice of the free parameters of a particular basis type.

We would like to point out that each minimal basis set is optimized for narrow
energy range near the discrete state energy Ed,10 and thus for energies from wider
energy range it might fail. In order to determine this energy range the R-matrix
method utilizing the minimal basis set is applied. We consider the minimal basis
set to work reliably within a particular energy range, if it reproduces both the
total δ10(E) and background δbg10(E) phase shift up to the order 10−1 within this
energy range.

It is also desirable to have a basis set for which the overlap matrix S (1.31) and
the matrix of the Hamiltonian H (1.41) are as sparse as possible. This is useful
particularly in molecular physics where the size of these matrices can be rather
large and such property of the basis set enables faster and more stable numerical
diagonalization. Particularly the B-spline functions enable to construct such basis
sets.

The computation of the couplings (1.72) between the discrete state and the
states from the discrete representation of the background continuum utilizing the
basis sets constructed only from the Gaussian-type functions is implemented in
the program gbasis. The basis set composed only of the B-spline basis functions
or the mixture of B-spline basis functions and Gaussian-type functions is imple-
mented in the program bsplines. Both programs use double precision with the
relative error ε ≈ 2 · 10−16 and are available on the attached CD.

2.2.1 Gaussian basis set (type A)

The Gaussian basis set of type A consists only of the Gaussian-type functions
(2.7) and is inspired by the typical basis sets used in molecular physics, where the
Gaussian-type functions are centered on atoms in the molecule and on a number
of so called ghost centers distributed in space for improved description of the
electronic continuum. In other words, on each center certain number of Gaussian
basis functions is located.

The Gaussian basis set of type A is defined by the following properties: Each
parameter b (Eq. 2.7) represents one center with 5 basis functions, i.e., for each
value of the parameter b there are 5 different exponents {ai}5i=1. The exponents
{ai}5i=1 are the same for all centers b. The centers b are equally spaced, i.e.,
∆ ≡ bj+1 − bj is a constant for all j used in the basis set.

As we mentioned before, even though Gaussian basis functions in principle
compose linearly independent basis set, in numerical implementation linear de-
pendencies might occur. The linear dependencies cause the overlap matrix S to
become singular. In order to minimize this problem we impose one additional
constraint. The exponents a of Gaussian functions belonging to the same center
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b are optimized by the formula

ai+2 =
a2i+1

ai
, i = 1, 2, ... (2.9)

with the initial choice a1 and a2. Basis functions generated by this formula are
known as even-tempered Gaussian basis set, see Ref. [26].

In order to find a minimal basis set of type A the free parameters of the basis
set A are optimized. The free parameters include the number mb of centers b,
exponents a1 and a2 representing the initial choice for the formula (2.9), value of
the interval ∆ and the first center b1.

Fig. 2.8 shows the desired minimal Gaussian basis set of type A, whose pa-
rameters are mb = 6, a1 = 1.55, a2 = 0.75, ∆ = 2.9 and b1 = 0. The total
number of Gaussian basis functions is m = 30. The resulting overlap matrix
has 25 nonzero eigenvalues, corresponding to 25 numerically linearly independent
basis functions. It is rather dense matrix, only 10% of its elements are zero at
the accuracy 10−10. The Hamiltonian matrix has 47% of its elements zero at the
accuracy 10−10.
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Figure 2.8: The minimal Gaussian basis set of type A.

Fig. 2.9 shows the approximation Γ
(20,21,22)
A (E) of the energy dependent res-

onance width obtained from Stieltjes densities of order n = 20, for which the
convergence is achieved, and two consecutive orders. For comparison, there is
also plotted the energy dependent resonance width ΓRM10 (E) obtained by the R-
matrix method. The decay width evaluated at the discrete state energy Ed,10
is Γ

(20,21,22)
A (Ed,10) = 9.458 · 10−2, compare with the accurate value ΓREF10 =

1.095 · 10−1 in Tab. 2.3. The relative error of the decay width Γ
(20,21,22)
A (Ed,10) is

approximately 14%.
The eigenenergy of the resulting Hamiltonian matrix H10 closest to the reso-

nance is EA = 2.543 and represents more accurate approximation of the resonance
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energy EREF
res,10 = 2.541 than the discrete state energy Ed,10 = 2.602. The relative

error of the decay width Γ
(20,21,22)
A (EA) = 9.517 ·10−2 evaluated at the eigenenergy

EA is 13%, which is only for 1% more accurate value then the one obtained by
using the discrete state energy Ed,10. Such a difference is generally well below the
accuracy of the Stieltjes imaging procedure.

Fig. 2.10 shows the energy dependent total δA10(E) and background δbg,A10 (E)
phase shifts obtained by the R-matrix method using the minimal basis set of
type A. For comparison there is also plotted the energy dependent total δ10(E)
and background δbg10(E) phase shift obtained by the R-matrix method using the
polynomial DVR basis set. Both the total δA10(E) and background δbg,A10 (E) phase
shift are reconstructed within the error margin of 10−1 for energies in the interval
IA = [0, 2.625]. For higher energies the phase shifts δA10(E) and δbg,A10 (E) have
oscillatory character with local minima near the eigenenergies of the resulting
R-matrix Hamiltonian HL.
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Figure 2.9: Approximation Γ
(20,21,22)
A (E) of the energy dependent resonance width

obtained by the Stieltjes imaging procedure utilizing the minimal basis set of
type A. Resonance width ΓRM10 (E) obtained by the R-matrix method utilizing the
polynomial DVR basis set.

2.2.2 Gaussian basis set (type B)

The bound-like discrete state fitting the resonance wave function in the inter-
action region can be rather simply expressed by short-range Gaussian-type basis
functions. On the other hand, Gaussian basis functions are less suitable to re-
construct the characteristic oscillatory behavior of the continuum. Therefore, our
goal is to compose a basis set of the B-spline basis functions, which are particu-
larly suitable to describe the continuum. Before we do so, we construct a basis
set from Gaussian-type functions which does not represent any typical basis set
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Figure 2.10: Energy dependent total δA10(E) and background δbg,A10 (E) phase shift
obtained by the R-matrix method using the minimal basis set of type A. Energy
dependent total δ10(E) and background δbg10(E) phase shift obtained by the R-
matrix method using the polynomial DVR basis set.

used in molecular physics but serves as a reference basis set for the B-spline basis
set and enables comparison between the behavior of the Gaussian basis functions
and B-spline basis functions.

The basis set of type B is divided into two subsets, which are defined by the
following properties and fixed parameters. The first subset includes equidistantly
spaced Gaussian basis functions (2.7) with fixed value of the exponent a. In
other words, two consecutive basis functions are shifted by the fixed value of the
spacing ∆ ≡ bj+1 − bj. The basis set of type B is completed by Gaussian basis
functions with the shift b = 0, which compose the second subset and are designed
to represent the bound-like part of the resonance wave function.

Thus the free parameters of the first subset of the Gaussian basis set of type
B are the value of the exponent a, the first shift b1 and the spacing ∆. The basis
functions from the second subset can be modified by their exponents.

The minimal Gaussian basis set of type B is plotted in Fig. 2.11. The opti-
mized free parameters of its first subset are a = 1.55, b1 = 3 and ∆ = 0.8. The
exponents of the basis functions from the second subset are a1 = 1.084, a2 = 0.6
and a3 = 0.332. Note that the Gaussian basis function with the exponent a3
is the discrete state obtained by the R-matrix method, see Tab. 2.1. The total
number of basis functions is 21, i.e., 18 basis functions from the first subset and
3 from the second one. There are no numerical linear dependencies between the
basis functions. 45% of the overlap matrix elements and 50% of the Hamiltonian
matrix elements are zero at the accuracy 10−10.

The approximation Γ
(16,17,18)
B (E) of the energy dependent resonance width

obtained by the Stieltjes imaging procedure along with the resonance width ΓRM10

obtained by the R-matrix method are plotted in Fig. 2.12. The decay width
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Figure 2.11: The minimal Gaussian basis set of type B.

evaluated at the discrete state energy Ed,10 is Γ
(16,17,18)
B (Ed,10) = 9.075 · 10−2,

compare with ΓREF10 = 1.095 · 10−1 in Tab. 2.3. The relative error of the decay

width Γ
(16,17,18)
B is approximately 17%.
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Figure 2.12: Approximation Γ
(16,17,18)
B (E) of the energy dependent resonance

width obtained by the Stieltjes imaging procedure utilizing the minimal basis
set of type B. Resonance width ΓRM10 (E) obtained by the R-matrix method uti-
lizing the polynomial DVR basis set.

The energy dependent total δB10(E) and background δbg,B10 (E) phase shift ob-
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tained by the R-matrix method using the minimal basis set of type B is plot-
ted in Fig. 2.13. Both the total δB10(E) and background δbg,B10 (E) phase shift
is reconstructed within the error margin of 10−1 for energies from the interval
IB = [0, 3.815], compare with IA = [0, 2.625] obtained by the minimal basis set
A. The minimal basis set B is suitable for wider energy range than the minimal
basis set A. The phase shifts δB10(E) and δbg,B10 (E) start to oscillate near the energy
E = 5 and their local minima are near the eigenenergies of the resulting R-matrix
Hamiltonian HL.
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Figure 2.13: Energy dependent total δB10(E) and background δbg,B10 (E) phase shift
obtained by the R-matrix method using the minimal basis set of type B. Energy
dependent total δ10(E) and background δbg10(E) phase shift obtained by the R-
matrix method using the polynomial DVR basis set.

2.2.3 B-spline basis set (type C)

In modern molecular physics, the Gaussian-type functions are more and more
often replaced by B-splines. To investigate their benefits we construct the B-
spline basis set (type C) in a way to resemble the Gaussian basis set (type B).
The basis set of type C is divided again into two subsets. The first one includes
B-spline basis functions (A.11) of degree p generated by uniform knot vectors
U i = {ui0, ui0 + ∆, ui0 + 2∆, . . .}, where ui0 denotes the first knot of the i-th basis
function and ∆ is the distance between two consecutive knots. The second one is
composed of B-spline basis functions with multiple knot at the point r = 0. Each
B-spline basis function has the same position of the maximum and the value of
the full width at half maximum as the corresponding Gaussian basis function in
the basis B of the previous section. Such B-spline basis functions from the first
subset were achieved by adjusting the parameters {ui0}i, ∆ and p. The B-spline
basis functions from the second subset were adjusted by their degree and nonzero
knots.
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The resulting parameters of 18 basis functions from the first subset are p = 3,
∆ = 0.9 and the knots {ui0}18i=1 are obtained as ui+1

0 = ui0 + 0.79 with the initial
choice u10 = 1.52. The remaining 3 basis functions from second subset are of
degree p = 3 and have the knot vectors {0, 0, 0, 1.7, 2.5}, {0, 0, 0, 2.1, 3.6} and
{0, 0, 0, 2.8, 5}. The minimal basis set of type C is plotted in Fig. 2.14, compare
with the minimal basis set of type B in Fig. 2.11. The overlap matrix is rather
sparse, 61% of its elements are zero. The Hamiltonian matrix has 52% of its
elements zero. It is worth noting here that the choice of knot vectors was dictated
by the requirement to fit the basis set B. In the case of a more optimal choice
of compatible knot vectors, i.e., the (i+ 1)-th basis function starts at the second
knot of the i-th basis function, the overlap matrix has approximately 70% and
the Hamiltonian matrix approximately 45% of its elements zero.
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Figure 2.14: The minimal B-spline basis set (type C).

The basis set of type C does not meet the condition (2.8) for δ = 10−4, but only
for δ = 10−3. Also, it does not reproduce the discrete state energy Ed,10 = 2.602,
but gives the value Ed,10 = 2.603 instead. To determine whether the cause for
such behavior lies in insufficiently accurate reconstruction of the bound-like part
or the oscillatory tail of the resonance wave function we implement the following
criterion,

〈Φd,10|Φ̄d,10〉 ≡
∫ rf

0

Φd,10(r)Φ̄d,10(r)dr = 1− δ̄, (2.10)

where Φd,10 is the discrete state obtained by the R-matrix method (see Tab. 2.1)
and Φ̄d,10 is obtained by expanding the discrete state Φd,10 over the minimal
basis set of type C. Both Φd,10 and Φ̄d,10 are normalized to unity on the interval
[0, rf = 15]. If δ̄ ≈ δ, then the error of reconstruction of the bound-like part of the
resonance wave function dominates. The resulting value is δ̄ = 10−3 suggesting
that the B-spline basis set is less suitable for description of the resonance wave
function in the interaction region.
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The approximation Γ
(16,17,18)
C (E) of the energy dependent resonance width

obtained by the Stieltjes imaging procedure is plotted in Fig. 2.15. The decay
width evaluated at the discrete state energy Ed,10 is Γ

(16,17,18)
C (Ed,10) = 9.401·10−2,

compare with ΓREF10 = 1.095 ·10−1 and Γ
(16,17,18)
B (Ed,10) = 9.075 ·10−2 obtained by

the minimal Gaussian basis set of type B. The relative error of the decay width
Γ
(16,17,18)
C is approximately 14%, which is for 3% more accurate value than the one

obtained by the minimal basis set B. Such a difference is well below the accuracy
of the Stieltjes imaging procedure regardless the basis set quality.
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Figure 2.15: Approximation Γ
(16,17,18)
C (E) of the energy dependent resonance

width obtained by the Stieltjes imaging procedure utilizing the minimal basis
set of type C. Resonance width ΓRM10 (E) obtained by R-matrix method utilizing
the polynomial DVR basis set.

The energy dependent total δC10(E) and background δbg,C10 (E) phase shift ob-
tained by the R-matrix method using the minimal basis set of type C is plotted
in Fig. 2.16. The background δbg,C10 (E) phase shift is reconstructed within the
error margin of 10−1 for energies in the interval IC = [0, 4.072], whereas the to-
tal phase shift δC10(E) only for energies in the interval [0, 2.535]. The reason lies
in insufficiently accurate reconstruction of the bound-like part of the resonance
wave function. For energies higher than E = 5 we observe oscillations with local
minima near the eigenenergies of the resulting R-matrix Hamiltonian HL.

2.2.4 Hybrid Gaussian - B-spline basis set (type D)

In 2014 Marante, Argenti and Martin introduced a hybrid Gaussian - B-spline
basis set [27], which combines short-range Gaussian functions with B-splines. The
B-spline basis functions are used to describe the electronic continuum. The Gaus-
sian basis functions, on the other hand, are used mainly in the interaction region
in order to improve the representation of the bound-like part of the resonance
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Figure 2.16: Energy dependent total δC10(E) and background δbg,C10 (E) phase shift
obtained by the R-matrix method using the minimal basis set of type C. Energy
dependent total δ10(E) and background δbg10(E) phase shift obtained by the R-
matrix method using the polynomial DVR basis set.

wave function.
The hybrid Gaussian - B-spline basis set consists of two subsets, the Gaussian

subset and the B-spline subset. The basis functions from the Gaussian subset are
exactly the same as the ones used in the second subset of the minimal Gaussian
basis set (type B). The B-spline subset is composed of B-spline basis functions
from the first subset of the minimal B-spline basis set (type C). The hybrid
Gaussian - B-spline basis set is plotted in Fig. 2.17. The overlap matrix and the
Hamiltonian matrix has 58% and 51%, respectively, of its elements zero at the
accuracy 10−10.

The eigenstate of the resulting Hamiltonian H10 corresponding to the eigenen-
ergy closest to the resonance meets the condition (2.8) for δ = 10−4. The discrete
state energy Ed,10 = 2.602 is reproduced. By the exchange of the B-spline basis
functions for the Gaussian basis functions in the interaction region the resonance
wave function is reconstructed at higher accuracy, compare with minimal basis
set C. The reason lies in the fact that Gaussian basis functions are able to repro-
duce the bound-like part of the resonance wave function at higher accuracy than
B-spline basis functions.

The approximation Γ
(16,17,18)
D (E) of the energy dependent resonance width

obtained by the Stieltjes imaging procedure is plotted in Fig. 2.18. The decay
width evaluated at the discrete state energy Ed,10 is Γ

(16,17,18)
D (Ed,10) = 9.084 ·

10−2, compare with ΓREF10 = 1.095 · 10−1. The relative error of the decay width

Γ
(16,17,18)
D (Ed,10) is approximately 17%.

The energy dependent total δD10(E) and background δbg,D10 (E) phase shift ob-
tained by the R-matrix method using the minimal basis set of type D is plotted
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Figure 2.17: The minimal hybrid Gaussian - B-spline basis set (type D).
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Figure 2.18: Approximation Γ
(16,17,18)
D (E) of the energy dependent resonance

width obtained by the Stieltjes imaging procedure utilizing the minimal hybrid
Gaussian - B-spline basis set (type D). Resonance width ΓRM10 (E) obtained by the
R-matrix method utilizing the polynomial DVR basis set.

in Fig. 2.19. Both the total δD10(E) and background δbg,D10 (E) phase shift is recon-
structed within the error margin of 10−1 for energies in the interval ID = [0, 4.457].
Again for higher energies than E = 5 we observe oscillations with local minima
near the eigenenergies of the resulting R-matrix Hamiltonian HL.
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Figure 2.19: Energy dependent total δD10(E) and background δbg,D10 (E) phase shift
obtained by the R-matrix method using the minimal basis set of type D. Energy
dependent total δ10(E) and background δbg10(E) phase shift obtained by the R-
matrix method using the polynomial DVR basis set.

2.3 Comparison of presented methods and basis

sets

In order to study the resonance properties of the potential (2.1) for λ =
5, 10, 15, 20 we have applied the R-matrix method utilizing the orthogonal DVR
basis set derived from Jacobi polynomials. We have observed that for higher
values of λ the resonance become narrower, the discrete state Φλ more local-
ized and the difference between the value of the peak and the maximum of the
oscillatory tail of the resonance wave function (i.e., the eigenstate Ψλ of the result-
ing Hamiltonian Hλ corresponding to the eigenenergy closest to the resonance)
larger. The discrete state energies Ed,λ obtained by the R-matrix method differ
from the accurate values of the resonance energy EREF

res,λ by approximately 2.5%
for λ = 10, 15, 20 and by approximately 5% for λ = 5. The relative error of the
decay width ΓRMλ (Ed,λ) evaluated at the discrete state energy Ed,λ is up to 16%
for λ = 5, 15, 20 and approximately 9% for λ = 10. For λ = 10, 15, 20 the error
of the decay width is caused mainly by neglecting the level shift, see Tab. 2.3.

We have also applied the Stieltjes imaging procedure utilizing the same or-
thogonal DVR basis set in order to obtain the decay width ΓSIλ (Ed,λ). The value of
ΓSIλ (Ed,λ) is by 13%, 8%, 1% and 55% less accurate than the corresponding value
of the decay width ΓRMλ (Ed,λ) obtained by the R-matrix method for λ = 5, 10, 15
and 20, respectively. The reason for the remarkably large error in case of λ = 20
lies in the fact that the position of the discrete state energy is not located in
the vicinity of the first or the second maximum of the energy dependent decay
width, see Fig 2.6d. Therefore the difference between the value ΓSI20 (Ed,20) and
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the magnitude of the energy dependent decay width ΓSI20 (E) is significantly higher
than for other values of λ. In other words, the discrete state energy Ed,20 lies in
the region where the Stieltjes imaging is prone to large relative errors.

The R-matrix method in the chosen polynomial basis represents numerically
exact reference method and enables us to construct the exact solution of the
Schrödinger equation (1.1) and thus to apply the condition (2.8) in order to
find the minimal basis set of a particular type. We have composed the minimal
basis sets of non-orthogonal basis functions. The Gaussian functions as typical
basis functions for a molecular physics calculations and B-spline basis functions,
which have come into use recently, have been used. Once the minimal basis set
of a specific type was found, the Stieltjes imaging procedure has been applied
to extract the resonance width. We have studied four different types of non-
orthogonal basis sets in the case of λ = 10.

For the basis set of type A we have shown that the decay width obtained
by the Stieltjes imaging procedure and evaluated at the discrete state energy
Ed,10 has approximately the same relative error as if evaluated at the appropriate
eigenenergy of the resulting Hamiltonian H10. Thus we have used the discrete
state energy Ed,10 for evaluation of the decay width utilizing the minimal basis set
of any type. The minimal Gaussian basis sets (type A and B) and the minimal
hybrid Gaussian - B-spline basis set (type D) meet the condition (2.8) for δ = 10−4

and reproduce the value of the discrete state energy Ed,10 = 2.602. The minimal
B-spline basis set (type C), on the other hand, meets the condition (2.8) only
for δ = 10−3 and gives slightly different value of the discrete state energy, i.e.
Ed,10 = 2.603. We have shown that the inaccuracy is caused mainly by the
inability of the used B-spline basis functions in the interaction region to describe
the bound-like part of the resonance wave function. The hybrid Gaussian - B-
spline basis set differs from the basis set of type C only by the use of Gaussian-type
functions in the interaction region, which corrects the discrepancy and confirms
that Gaussian-type basis functions are more suitable for the description of the
bound-like part of the resonance wave function than the B-spline basis functions.

The Stieltjes imaging procedure has converged around the order n = 16 for the
minimal basis sets B, C and D. In the case of the minimal basis set A somewhat
higher order n = 20 of Stieltjes imaging had to be used. Utilizing the polynomial
DVR basis set the convergence is achieved around the order n = 18. The relative
error of the decay width Γ(SI)(Ed,10) obtained by the Stieltjes imaging procedure
by using the minimal basis sets A and C is approximately 14% and by using the
minimal basis sets B and D it is approximately 17%, which is the same accuracy
as achieved by polynomial DVR basis set with 71 basis functions. The difference
3% between the relative errors of the decay widths obtained by these basis sets
is well below the accuracy of Stieltjes imaging. Therefore we conclude that all
presented basis sets are able to provide the value of the decay width equally well.

As we mentioned before an important property of a basis set is the size and
density of zero elements of the overlap matrix and the Hamiltonian matrix. Be-
tween all non-orthogonal minimal basis sets the overlap matrix in the B-spline
basis set (type C) is the most sparse, 61% of its elements are exact zeros. It
is due to the finite support of the B-spline basis functions. The Gaussian basis
set of type A, which represents the standard basis set used in molecular physics,
gives the most dense overlap matrix, only 10% of its elements are zero at the
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accuracy 10−10. The overlap matrix in the basis set B and D has 45% and 58%,
respectively, of its elements zero at the accuracy 10−10. The overlap matrix in
the basis set B, C and D has 441 elements corresponding to 21 basis functions
and in the basis set A it has 900 elements corresponding to 30 basis functions.
Between the basis functions from the basis set A numerical linear dependencies
did occur and therefore this basis set has effectively only 25 basis functions. The
Hamiltonian matrix in the basis set A, B, C and D has approximately 47%, 50%,
52% and 51%, respectively, of its elements zero.

The minimal basis set of type A results in the smallest energy range IA =
[0, 2.625]. The minimal basis sets of type B and C are suitable for energies in the
interval IB = [0, 3.815] and IC = [0, 4.072], respectively. The minimal basis set of
type D results in widest energy range ID = [0, 4.457].

Even though the basis set C provides the most sparse overlap matrix and
Hamiltonian matrix it is not a basis set appropriate for reconstruction of the
bound-like part of the resonance wave function. The hybrid Gaussian - B-spline
basis set results in the second most sparse overlap matrix and Hamiltonian matrix
and reproduces the resonance wave function at the accuracy given by the condi-
tion (2.8). Thus the hybrid Gaussian - B-spline basis set, which uses Gaussian-
type basis functions in order to describe the bound-like part of the resonance wave
function and B-spline basis functions for description of the oscillatory tail, repre-
sents the best choice for computation of the resonance properties in a scattering
problem.
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Conclusion

The main objective of this thesis was to compose variety of basis sets suit-
able for computing the resonance properties of short range potentials. Our first
goal was to establish the R-matrix method in the DVR polynomial basis as a
numerically exact reference method. Our second goal was to find the minimal
basis sets utilizing square integrable basis functions and study their numerical
properties and ability to describe the resonance character of a wave function near
the resonance energy.

Utilizing the R-matrix method we have constructed the exact solution of the
radial Schrödinger equation for the zeroth partial wave which vanishes at the
origin and in the external region is approximated by appropriate asymptotic
expression. We have analyzed the energy dependent total and background phase
shift and the energy dependent resonance width. The R-matrix method proved to
be a reliable approach giving correct and stable results. We have also applied the
Stieltjes imaging procedure using the same DVR polynomial basis set in order
to obtain the energy dependent resonance width. The procedure gives stable,
but less accurate results. We have revealed some limitations of Stieltjes imaging
associated with the position of the resonance energy relative to the shape of the
energy dependent resonance width.

To fulfill the second goal we have composed two purely Gaussian basis sets,
one purely B-spline basis set and one hybrid basis set utilizing both Gaussian-
type functions and B-spline functions. We have focused mainly on the minimal
number of basis functions necessary for reasonably accurate reconstruction of the
resonance wave function. Particular attention was also paid to the density of the
overlap matrix and the Hamiltonian matrix. The radial Schrödinger equation
was solved by the Löwdin’s symmetric orthogonalization method and the energy
dependent resonance width was extracted by the Stieltjes imaging procedure.
In order to determine the energy range, where a particular minimal basis set
produces reliable results, we have applied the R-matrix method to extract phase
shifts and compared them with exact results.

The minimal basis sets were compared. The Gaussian basis set (type A), con-
structed in a way to resemble the standard basis sets used in molecular physics
calculations, has required the highest number of basis functions and resulted in
the most dense overlap matrix and Hamiltonian matrix. It should be stressed
again that numerical linear dependencies occurred between the basis functions.
Also its ability to provide reliable results is restricted on the smallest energy range.
The B-spline basis set (type C) represented the bound-like part of the resonance
wave function slightly worse than other basis sets, which however proved incon-
sequential for the result of Stieltjes imaging. On the other hand, the B-spline
basis functions yield the most sparse overlap matrix and Hamiltonian matrix due
to their final support. Analyzing the basis set C and the Gaussian basis set B
we have confirmed that the Gaussian-type functions are more suitable for the
description of the bound-like part of the resonance wave function in the inter-
action region than the B-spline basis functions. The hybrid Gaussian - B-spline
basis set (type D) utilizes both the advantages of Gaussian basis functions and
B-spline basis functions. The Gaussian basis functions were used in the interac-
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tion region to improve the representation of the bound-like part of the resonance
wave function. The B-spline basis functions were used to describe the continuum
and ensure the low density of nonzero elements in the overlap matrix and the
Hamiltonian matrix. An important property of the hybrid basis set D is also its
energy range, which is the widest of all investigated basis sets.

In spite of the fact that all minimal basis sets gave equally accurate value of
the decay width (considering the margin of error of Stieltjes imaging), from the
point of view of the numerical properties the hybrid Gaussian - B-spline basis set
proved to be the best basis set for the decay width calculation. In the case of the
investigated one-dimensional model the determined differences between the basis
sets are relatively small. In the case of a three-dimensional problem without a
spherical symmetry, however, these differences might be significant considering
the typical size of a basis set.
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A. Attachments

A.1 Jacobi polynomials

The Jacobi polynomials P
(α,β)
n (z) of degree n, n = 0, 1, 2, ..., with parameters

α > −1 and β > −1 are orthogonal with respect to the Jacobi weight function

w(α,β)(z) = (1− z)α(1 + z)β, −1 < z < 1, (A.1)

and are normalized according to

P (α,β)
n (1) =

(
n+ α
n

)
. (A.2)

The orthogonality relation reads∫ 1

−1
w(α,β)(z)P (α,β)

n (z)P (α,β)
m (z)dz =

2α+β+1

2n+ α + β + 1

Γ(n+ α + 1)Γ(n+ β + 1)

n! Γ(n+ α + β + 1)
δmn. (A.3)

Jacobi polynomials P
(α,β)
n (z) can be generated by Rodrigues’ formula

P (α,β)
n (z) =

(−1)n

2nn!
(1− z)−α(1 + z)−β

dn

dzn
[(1− z)α(1 + z)β(1− z2)n] (A.4)

or by three-term recurrence relation

P
(α,β)
0 (z) = 1,

P
(α,β)
1 (z) =

1

2
[2(α + 1) + (α + β + 2)(z − 1)],

2(n+ 1)(n+α + β + 1)(2n+ α + β)P
(α,β)
n+1 (z) =

[(2n+α + β + 1)(α2 − β2) + z(2n+ α + β)3]P
(α,β)
n (z)

− 2(n+ α)(n+ β)(2n+ α + β + 2)P
(α,β)
n−1 (z),

(A.5)

where (m)n is a Pochhammer symbol

(m)n = m(m+ 1)...(m+ n− 1) =
(m+ n− 1)!

(m− 1)!
. (A.6)

The derivative is given by

(2n+ α + β)(1− z2) d
dz
P (α,β)
n (z) =

n[α− β − (2n+ α + β)z]P (α,β)
n (z) + 2(n+ α)(n+ β)P

(α,β)
n−1 (z). (A.7)
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A.1.1 DVR basis on the interval [0, r]

The DVR basis derived from the Jacobi polynomials P
(0,2)
n on the closed in-

terval [0, r] is given by

ϕn(x) =

√
2n+ 3

r3
xP (0,2)

n (
2x

r
− 1). (A.8)

The modified kinetic energy matrix KL has the form

(KL)ij =
1

2µr3

√
(2i+ 3)(2j + 3)∫ r

0

[
P

(0,2)
i (z) +

2x

r

d

dz
P

(0,2)
i (z)

][
P

(0,2)
j (z) +

2x

r

d

dz
P

(0,2)
j (z)

]
dx

=
1

4µr2

√
(2i+ 3)(2j + 3)∫ 1

−1

[
P

(0,2)
i (z) + (z + 1)

d

dz
P

(0,2)
i (z)

][
P

(0,2)
j (z) + (z + 1)

d

dz
P

(0,2)
j (z)

]
dz (A.9)

and the potential energy matrix Vλ is given by

(Vλ)ij =
λ

2r3

√
(2i+ 3)(2j + 3)

∫ r

0

x4e−xP
(0,2)
i (z)P

(0,2)
j (z)dx (A.10)

A.2 B-spline functions

Let U be a set of m + 1 non-decreasing numbers, u0 ≤ u1 ≤ ... ≤ um. These
numbers are called knots, the set U the knot vector and the half-open interval
[ui, ui+1) the i -th knot span. The knot vector is called uniform if the knots are
equally spaced, i.e., ui+1 − ui is a constant for i = 0, ...,m − 1. Otherwise, it is
non-uniform. If there is k > 1 equal knots, i.e. ui = ui+1 = ... = ui+k−1, then ui
is a multiple knot of multiplicity k. Otherwise, if the knot ui appears only once,
it is a simple knot.

The interval [u0, um] is the domain of the B-spline function and is subdivided
by knots into knot spans. The i -th B-spline function Ni,p(u) of degree p is defined
by Cox-de Boor recursion formula

Ni,0(u) =

{
1, if ui ≤ u < ui+1

0, otherwise

Ni,p(u) =
u− ui
ui+p − ui

Ni,p−1(u) +
ui+p+1 − u
ui+p+1 − ui+1

Ni+1,p−1(u)

(A.11)

and its derivative is given by

Ni,p(u)′ =
p

ui+p − ui
Ni,p−1(u)− p

ui+p+1 − ui+1

Ni+1,p−1(u). (A.12)

Apparently, all B-spline functions of degree p = 0 are step functions. To com-
pute B-spline function Ni,1(u) of degree p = 1, Ni,0(u) and Ni+1,0(u) are re-
quired. So, we need three knots ui, ui+1, ui+2 to define two knot spans [ui, ui+1)
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and [ui+1, ui+2). In general, to compute Ni,p(u), Ni,p−1(u) and Ni+1,p−1(u) are
required. In Figure A.1, there is plotted N0,3(u) corresponding to the uniform
knot vector U = {0, 1, 2, 3, 4} along with the B-spline functions of orders p = 1, 2
used for its construction. The zeroth order B-splines N0,0, N1,0, N2,0 and N3,0,
which are used for construction of N0,1, N1,1 and N2,1, are not shown for better
orientation in the graph.
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Figure A.1: B-spline functions of degree p = 1, 2, 3 with uniform knot vectors.

Thus, the B-spline function Ni,p(u) is a piecewise curve composed of p + 1
polynomials of degree p. All B-splines have finite support. The B-spline function
Ni,p(u) is non-zero on p+1 knot spans [ui, ui+1), [ui+1, ui+2), ..., [ui+p, ui+p+1). Or,
equivalently, Ni,p(u) is non-zero on the interval [ui, ui+p+1). A B-spline function
is a continuous function at the knots. If there are no knot multiplicities, its
derivatives are also continuous up to the derivative of degree p−1 and the number
of internal knots is equal to the degree p of the polynomial. The shape of a B-
spline function can be adjusted by moving the knots, using multiple knots or
changing the degree p.
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