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Abstract

Traditional skill ratings are not suitable for new types of games. We developed a
general skill rating framework for games which do not discriminate players based
on their skill. This class of games is widely present in the world. We use Bayesian
statistics to convert aggregate data about the player’s performance to a percentile rank
describing his skill. The system is applicable to both single-player and multiplayer
games with binary and non-binary endings. The rating formulas do not contain any
arbitrary constants. We have tested the system in simulations and on real game data,
and we outline its possible applications.
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Abstrakt

Tradiční systémy pro hodnocení schopností hráčů nejsou vhodné pro nové typy her.
Vyvinuli jsme obecný hodnotící systém (rating) určený pro hry, které nediskriminují
hráče podle jejich schopností. Tato třída her se ve světě široce uplatňuje. Pomocí
Bayesovské statistiky převádíme souhrnná data o hráčově výkonech na percentil,
který popisuje jeho schopnosti. Systém je aplikovatelný na hry pro jednoho i více
hráčů, končící jak binárním, tak i nebinárním skóre. Vzorec pro výpočet ratingu
neobsahuje žádné umělé konstanty. Metodiku jsme vyzkoušeli pomocí simulací a
aplikovali na reálná herní data, nastiňujeme i její možné aplikace.
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management are CAPSIM and Global Management Challenge. The rating system can even be adapted to real 
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Introduction

In this thesis we develop and test a new general framework for rating of player’s skill
in games without skill based handicaps. The terms “game” and “player” are meant in
the broad game theory sense, because the rating framework has applications beyond
entertainment. For example, a competition in a truly free market is a free-for-all
game without skill based handicaps. Nevertheless, computer games are useful not
only for entertainment purposes, but also for training, simulations, assessment and
recruitment purposes in real business world. A reliable skill rating is useful for a
quick evaluation of players without the need to study their exact behavior. Tradi-
tional skill ratings are usually not suitable for games which cannot be interpreted as
a paired comparison of two entities or for games which do not end in a binary result.
However, with the spread of computers and Internet connectivity, the games have
evolved beyond the traditional concepts. Nowadays, in computer games teams are
often assembled automatically just in time before a match using an algorithm called
the matchmaker. When the teams are one-use only, there are no lasting entities to
rate apart from the players themselves. With the emergence of new forms of human
interaction and increasing data collection it becomes clear that a new more general
rating framework capable of dealing with these changes is needed. Surprisingly, a
skill rating system for random matchmaking games has a wide range of applications.

Under random matchmaking conditions, the players are not discriminated based
on their skill. The main assumption of the thesis is that in these conditions the play-
ers should achieve results corresponding to their skill – more skilled players will
have better results. We analyzed the problem using Bayesian statistics and develop a
methodology to compare player’s results to the results of the whole population of the
game. This allows us to obtain a percentile rank describing the player’s skill. Thanks
to the Bayesian approach, the rating formula does not contain any arbitrary constants
and it automatically incorporates statistical uncertainty in the calculation. Unlike
traditional rating systems, we do not need complete information about every match,
because we can infer the rating from aggregate statistics. The proposed rating system
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is also applicable to all types of games as long as they do not discriminate players
based on their skill. The games can end in both binary and non-binary performance
measures. Because the rating is a percentile rank, it can be understood without direct
comparison to ratings of other players.

The thesis is structured as follows. In the chapter 1 we present an overview of
traditional skill rating systems and we complement it with examples of performance
measure based ratings in the beginning of the chapter 4. The chapter 2 is the core
of the thesis. We present the rating framework we have developed for both binary
and non-binary ending games under various levels of complexity. We also provide
guidelines on how to make the computations feasible. In the chapter 3 we use simu-
lations to study the behavior of the proposed rating and verify the methods designed
to simplify the computations. The simulations served as a preparation step to apply
the rating system to real game data in the chapter 4. Finally, chapter 5 describes
some other areas where the rating can be applied, e.g. reputation systems in online
marketplaces.



Chapter 1
Literature Overview

The rating system proposed in this thesis provides an alternative to well established
skill rating systems. The most common rating systems deal with binary ending
games, i.e., a game that results either in a win or a loss. They usually origin in the
game of chess, even though it is not a binary ending game – it can result in a draw.
The rating systems deal with this in various ways – as discussed in the following sub-
sections. Chess is a classic game with a long history of desire to rate and rank players.
The most famous chess rating is probably the Elo rating, which has since been im-
proved and reintroduced in newer systems like Glicko. The modern rating systems
are often based on the Elo rating – even in setups where its use is questionable, e.g.,
in random matchmaking games.

1.1. Elo

The Elo rating is well described by Glickman (1995), including its history, prede-
cessors and detailed commentary. We present only a summary of key points useful
for understanding the advantages and reasoning of the rating system proposed in this
thesis.

The Elo rating was published in 1978 by Arpad Elo. It assigns chess players a
number representing their skill level. The number is usually between 0 and 3000.
After each match the ratings are updated for each side based on the result of the
match. The winner gains some points and the defeated player loses some. The rating
is thus based on paired comparison – each match gives us information about the
preference of one side over the other. The difference of ratings of two players predicts
the outcome of a match between them. Higher difference means higher probability
that the player with higher rating will win.
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The groundwork for the Elo rating was laid much sooner by Bradley & Terry
(1952) with the Bradley-Terry model for paired comparisons. The model assumes
that the strength exhibited by a player in a match is one realization of a random vari-
able with extreme value distribution (see Johnson et al., 1995, for the definition).
The distributions vary only in the position of the mode according to the player’s skill
level. The shape (variance) is the same for all players. The match is won by the player
who has drawn higher strength from his distribution of strengths. The probability of
winning can be calculated from the distribution of difference of the strength vari-
ables. Difference of two extreme value distributed variables has logistic distribution
(see Johnson et al., 1995, for the definition). The expected outcome of a match can
simply be calculated as the portion of the logistic distribution above zero.

The main difference of the Elo rating and Bradley-Terry model is, that Elo uses
normal distribution instead of extreme value distribution. In practice, this makes
only little difference, because the logistic and normal distributions are very similar.
Normal distribution based models are known as Thurstone-Mosteller.

The rating system is governed by two main formulas. The first one predicts the
outcome of a match between player A and player B based on the difference of their
ratings RA and RB using the logistic curve:

E =
1

1+10(RB−RA)/400
. (1.1)

The expected outcome E is a number between 0 and 1, where 0 is a loss and 1 is a
win for player A. The second formula is used to update the ratings of players after
each tournament:

Rpost = Rpre +K
(
S−Sexp

)
, (1.2)

where Rpost is the updated rating, Rpre is the rating before the tournament, S is the sum
of game outcomes of the tournament, i.e., 1 for a win, 0 for a loss and 1

2 for a draw.
The 1

2 for a draw is the way Elo rating converts chess into a binary ending game for
the purpose of rating players – draws are treated as a half win and half loss. Sexp is the
sum of expected game outcomes E calculated using the Rpre and the equation (1.1).
K is the factor which determines the weight assigned to the performance achieved in
the tournament compared to the performance in the past. The factor K ensures that
the most recent data have more importance than very old ones. The value of K is
arbitrarily chosen by the curator of the rating database. This arbitrary choice makes
ratings from different organizations incomparable unless they use the same rules for
K. Value of K often differs for new players and established players. New players
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are assigned a provisional rating, which is very inaccurate, but without it, we would
not be able to apply the rating formulas. To make the convergence to the true rating
faster, ratings of new players are updated with higher K.

We can immediately see that we need to know the ratings of all the other players
in the tournament to calculate the expected outcomes and update the rating of player
A. The ratings of the other players also depend on even wider set of players. All
these ratings need to be known accurately and chronologically at the time of each
tournament or match. This becomes a serious problem with games played by millions
of players with each having played thousands of matches randomly assigned against
each other.

The main strength of the Elo rating is its simplicity. It does not track variance,
nor can it be applied to some more recent game setups, but on a small scale it can be
calculated by hand.

1.2. Glicko

The Glicko rating system was released by Mark E. Glickman in 1997 as an improve-
ment to the Elo rating system (Glickman 1999). The Glicko introduces tracking of
the standard deviation (rating deviation, RD) in the distribution of player’s strength
(rating). The more frequently the player competes, the lower gets the uncertainty
about his rating. The rating is updated only through game outcomes, but the RD
is decreased by competing and increased by inactivity. The RD can never increase
above the RD of provisional rating assigned to unrated players. Similarly, it can never
fall below a certain minimum.

The rating update formula is in principle similar to the Elo system, but it is much
more complicated, because it depends on the RDs of both players and it also needs to
update the RDs in addition to the ratings (see Glickman, 1999, for exact formulas).
When a player with a low RD plays a match against a player with a high RD, the low
RD player’s rating is adjusted only little based on the result, because it does not bring
much information about him. On the other hand, the high RD player has very low
certainty about his rating and competing against a player with a very precise rating
allows the rating to be updated substantially.

The Glicko calculates ratings in rating periods. Games in each period are con-
sidered as being simultaneous. The period should be long enough to contain about
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10 matches on average. Players enter the period with prior ratings and RDs, match
outcomes are collected and ratings with RDs are updated at the end of each period.

The rating in the Glicko system is usually represented by two numbers. For ex-
ample, by a 95% confidence interval of the rating or by listing both the rating and
RD.

Glickman (2001) further improved the rating system with the introduction of
rating volatility in the Glicko-2 system. The volatility indicates how consistent the
player is in his performances. Modeling the volatility allows the system to deal with
abrupt changes in player’s performance.

The Glicko system becomes overly complicated to calculate for large number of
players and time periods. Therefore, the author developed approximation methodol-
ogy to make the calculations computationally feasible.

1.3. TrueSkill

The TrueSkill rating system was developed at Microsoft Research (Herbrich et al.
2007). According to the authors, it can be viewed as a generalization of the Elo sys-
tem. TrueSkill is a Bayesian skill rating system using factor graphs and approximate
message passing. It assigns each player a number representing his skill and a stan-
dard deviation describing the degree of uncertainty about it. The rating has a normal
prior distribution and the posterior distributions are approximated by a normal distri-
bution. The system tracks the uncertainty, explicitly models draws, and is compatible
with both team and single-player games. Even though the system is compatible with
team games and it can infer individual ratings from them, the authors admit there is
only very little information they can extract and it takes many games to converge to
the final rating.

In its online gaming service Xbox Live, Microsoft displays a conservative esti-
mate of the rating instead of an interval as was the case in Glicko. Three standard
deviations are subtracted from the mean rating estimate and the resulting number
roughly corresponds to the 1% quantile of the posterior rating distribution. The rat-
ings are thus systematically underestimated, but this ensures that the top players in
leaderboards are exceptionally skilled with high certainty.

TrueSkill was further improved for calculation of historical ratings and it was
named TrueSkill Through Time (Dangauthier et al. 2008). The improved algorithm
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uses past and future game outcomes to improve and smooth the historical skill esti-
mates.

Unfortunately, TrueSkill is both patented and trademarked, so it cannot be used
freely without a license. Moreover, it has the same computational drawbacks as Elo
and Glicko.

1.4. Performance Measure Based Ratings

Ratings based on performance measures take directly observable data about player’s
performance and convert them to a single number representing the player’s skill.
If we stay on the topic of chess, the performance data could be number of moves,
number of captured pieces, number of lost pieces, etc. Win ratio in binary ending
games is also a performance measure.

The conversion is usually done through a game specific engineered formula, but
the resulting number is often meaningless on its own without the knowledge of ratings
of other players. Because of the game specific formula, the rating systems are not
universal and have to be designed for each game. The formula also usually contains
many arbitrary parameters which open room for ambiguity.

Performance measure based ratings can usually be calculated using aggregate
data, which is their main advantage. Examples of performance measure based skill
rating systems are in the section 4.1.



Chapter 2
Rating Framework

Based on the overview of rating systems, we defined basic requirements of our own
system:

∙ It has to be based on aggregate data

– Unlike the rating systems based on paired comparison, we want to com-
pute the ratings without complete knowledge about each match. By ag-
gregate data we mean, for example, the overall win ratio – we do not
need data about whom the matches were against, when they were played,
etc.; we just need the number of won matches and the overall number of
matches played.

∙ It must be generic enough to be applicable for both single player and multi-
player games with both binary and non-binary endings

∙ The rated entity can be independent of the team – it can be just one player of
the team

– Without this property, individual players cannot be rated in random match-
making setup. In random matchmaking, a match is not a paired com-
parison of two players contrary to the requirements of traditional rating
systems like the Elo1.

∙ The formula needs to be based on sound statistical methods

– Ideally, the system shall not contain any arbitrary parameters without
proper reasoning. Minimization, or ideally elimination, of these param-
eters removes any undesirable flexibility in configuration of the rating

1If the teams are fixed, we can use Elo to rate the teams as if they were single players. But under
random matchmaking, the teams are always different. Sometimes, the Elo system is applied to
random team games using a “duelling” heuristic – the match is interpreted as if a player had a duel
with every player on the opponent team (Herbrich et al. 2007).
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system. This is the opposite of the usual case of performance measure
based ratings, which are plagued with arbitrary parameters with no firm
statistical foundation.

∙ The rating needs to contain comparison property on its own

– As written by Glickman (1995), “It is obvious that a rating has more
interpretive value if it can be understood without directly comparing it
to other ratings”. In other words, the need to look at the distribution of
ratings of other players to assess the skill level of a player is undesirable.

– Some rating systems do not allow comparison of player’s ability based on
the assigned rating. For example, when the rating rewards high number
of played matches, even bad players can have high rating despite low skill
level. Other rating systems, like the Elo, allow a paired comparison – they
make assumptions about the difference of ratings of two players. We aim
at the third option – evaluation without deliberate comparison to other
players.

2.1. Random Matchmaking

Random matchmaking means, that the players for a match are selected from the pool
of available players according to a set of rules (matchmaking algorithm), which do
not take into account the skills of the players – the algorithm is random with respect to
skill. In other words, it does not impose any skill based handicaps (or advantages) to
assemble balanced matches. The algorithm does not make any differences based on
who the player is; it is non-discriminating in this sense. A skilled player will achieve
better results than less skilled player, because they both face the same conditions.
We can construct a rating system based on comparison to players who have the same
action set and face the same conditions.

In general, random matchmaking can create both single-player and multi-player
teams. There can be more than two teams and the sizes of the teams do not have
to be the same. The players inside one team cooperate2 and compete against other
teams. All the players are randomly selected with respect to their skill. Usually, we
have only two teams (A and B) of the same size n as illustrated in the table 2.1. Two-
player game (duel) would have n = 1, thus only players A1 and B1. Free-for-all is a

2Unless someone defects and decides to harm his own team.
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Table 2.1.: Two same-sized teams setup
Team A Team B

Player A1 Player B1
Player A2 Player B2

... ...
Player An Player Bn

Table 2.2.: Free-for-all setup
Team A Team B Team C · · ·

Player A1 Player B1 Player C1 · · ·

special case with many single-player teams as illustrated in the table 2.2. The game
can also be single-player – one team with one player. A free-for-all can be interpreted
as a single-player game when the influence of teams on each other is very low.

Many real world schemes can be interpreted as a random matchmaking game
even though one does not usually perceive them in this way, because of the absence
of explicit matchmaking algorithm. For example, a truly free market competition is
a free-for-all game without skill based handicaps. See the section 5.3 for an example
of a single-player game.

The reasoning on why random matchmaking allows us to use just aggregate data
for calculation of rating is provided in the next subsection.

2.1.1. Importance of Win Ratio

A common argument for usage of performance measure based ratings in team games
with random matchmaking is that the player has only small ability to influence the
outcome of the game. This is especially prominent when the teams are large. Players
have to carry the bad luck if assigned with unskilled teammates and reap the benefits
in the opposite case. We argue that even in these cases, aggregate win ratio is still a
good measure of player’s skill.

For simplicity, imagine the setup from the table 2.1 with n= 15, which is identical
to the setup of the game described in the section 4.1. If we observe random matches
assembled according to the described matchmaking scheme, it is impossible to guess
which team will win before the teams are assembled. In case of two teams, each side
has 50% chance to win, because the players for the teams are selected randomly.
However, the situation changes when we observe matches where player A1 is fixed
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(observation from the point of view of a specific player). The remaining players on
all teams will still be selected randomly. The player A1 is the only factor shifting the
team A’s long-term chance to win by using his skills to execute actions during the
game. The actions of the player can have either positive, negative, or no contribution
when compared to the random players. Positive contribution increases the team’s
chance to win above 50%, negative contribution decreases it below 50% (i.e., the
team is worse off with a fixed player A1 than it would be with random players), and
no contribution is just an average performance equal to random players. Thus the
aggregate win ratio of a player is an indicator of the player’s skill – the ability to
contribute to his team. Moreover, it is directly comparable to win ratios of other
players, because everyone faces the same conditions under random matchmaking.

Win ratio of a player is also the single most important measure of skill. The
actions performed by the player can be measured and used to calculate his rating
as described in the section 1.4, but it is not clear, whether the specific actions have
any real contribution towards winning the match. In addition, when the actions con-
tribute towards winning the match, there is no telling whether there were better op-
tions available which would increase the chance to win even more. Returning back
to the example of chess, capturing opponent’s piece can be both good and bad idea
depending on the situation. For example, in one case using a queen to capture op-
ponent’s pawn can lead to a checkmate, i.e., winning the game, but in other case it
can lead to an unnecessary sacrifice of the queen without any contribution towards
winning the game. If we only track the number of captured pieces, we lose this in-
formation – in both cases the player managed to capture opponent’s pawn. Win ratio
contains the information whether the actions performed by the player were actually
useful for winning the match.

A common phenomenon plaguing usage of performance measures other than win
ratio to build skill rating is “stat padding”. Stat padding is an activity of a player
aimed at improving various performance measures without any regard to winning the
match. Motivation for stat padding is usually prestige or circumvention of some team
or tournament conditions on minimum skill rating. When the rating system is mainly
based on win ratio, stat padding just becomes increased effort to win. Still, we cannot
dismiss performance measures completely, mainly because some games do not have
binary ending – there is no win or loss. Well defined performance measures are
correlated with player’s skill and can be used to improve robustness and information
value of the rating system as described in the section 2.4.
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General Setup

So far, we have argued that the aggregate win ratios and other performance measures
are related to player’s skill and also directly comparable to other players, because the
random matchmaking ensures everyone faces the same conditions. Therefore, we
will use the following general setup to build our rating system:

1. Estimate distribution of performance measures in the whole population of play-
ers

2. Convert player’s measures to percentile ranks

3. Use one of the ranks as a measure of skill or combine multiple ranks with
weighted average formula

2.2. Binary Ending

First, let us examine the case of a game which has a binary ending – each match of
such game is a Bernoulli trial; it can result either in a win or in a defeat. Player i’s
skill determines the probability of success πi in each Bernoulli trial. For simplicity,
we assume that this probability does not evolve over time. In reality, the player should
improve over time with more game experience and this can either be explicitly mod-
eled or we can analyze only a recent part of game history. Both approaches require
collection of more than aggregate data. In practice, all players have to go through the
learning process, so the statistics of all players are burdened by the learning period
in the beginning and thus remain comparable.

2.2.1. Frequentist Approach

The simplest method would be to estimate the probability of success πi as the win
ratio of the player i. If player i won wi times out of mi matches, his win ratio and
estimate of probability of winning π̂i is

π̂i =
wi

mi
. (2.1)

This estimate is also identical to the maximum likelihood estimate. We can calculate
π̂i for all N players of the game. To calculate the rating Ri, we count the players with
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lower win ratio and convert the result to a percentile rank:

Ri =
100
N

N

∑
j=1

[
π̂ j < π̂i

]
, (2.2)

where [statement] is the Iverson bracket equal to 1 when the statement is true and
zero otherwise (Knuth 1992). The percentile rank is a number between 0 and 100
and has a simple interpretation: “Player i is more skilled than Ri percent of players in
the game.” Instead of calculation of the sum in the equation (2.2) for every player, we
can use an empirical cumulative distribution function to obtain the results directly.

Unfortunately, this approach brings multitude of problems. Players with low
number of played matches mi have very high uncertainty of π̂i. Number of wins
wi follows the binomial distribution

wi ∼ Bin(mi,πi) . (2.3)

This means that if player i played only one match and won, Ri can easily reach the
maximum value of 100 despite πi being far lower than 1. Moreover, the π̂ j in the
equation (2.2) can suffer from the same problem depending on the distribution of
mi. Another issue is that with finite mi, the smoothness of the empirical cumulative
distribution function is limited. It is a step function with steps at the win ratios made
possible by the number of played matches. If every player played exactly 10 matches,
there would be only 11 possible win ratios in the whole population despite the true
win ratio distribution being smooth. An illustration of such case is in the figure 2.1.

There are multiple ways to resolve these issues. For example, by using only statis-
tics of players with sufficiently high mi or by application of some weighting scheme.
We rejected these solutions, because we do not want to exclude any players from the
statistics. The percentile rank has to compare the player’s skill to all other players,
not just a subset of them.

The described issues are resolved in the next section 2.2.2 describing Bayesian
approach to the same problem.

2.2.2. Bayesian Approach

The problem of estimation of probability of success in Bernoulli trials is well known
and frequently used for demonstration of Bayesian statistical inference. The follow-
ing inference is described in detail in Gelman et al. (2004). In this first part of the
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Figure 2.1.: Empirical cumulative distribution function

Notes: The figure shows an empirical cumulative distribution of 5000 realizations
(players) from Beta-Binomial(30, 30, 10) distribution – a compound distribution,
where the random variable is the number of successes in 10 Bernoulli trials (matches)
with the probability of success (win ratio) randomly drawn from Beta(30, 30) distri-
bution. The number of successes was in each case divided by 10 to convert it to a
win ratio.
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Bayesian approach, we will use the traditional notation of probability density func-
tion as p, in order to be compatible with most of the books dealing with Bayesian
inference. This results in an abuse of notation, because we use the random variable
πi as the independent variable in the formulas of probability density functions. Later,
we will use the notation fπi(x) to make some computations clearer.

The Bayes rule in our case of player with mi played matches is

p(πi|mi,wi) ∝ p(πi) p(wi|πi,mi) , (2.4)

i.e., the posterior probability density is proportional to prior density times likelihood
of our observation. The observation has binomial probability thus we get

p(πi|mi,wi) ∝ p(πi)

(
mi

wi

)
π

wi
i (1−πi)

mi−wi . (2.5)

The binomial coefficient can be dropped, because it is just a constant and we only de-
scribe proportions. Beta distribution is the conjugate prior distribution for binomial
likelihood. Probability density function of a Beta distribution, defined for 0≤ πi ≤ 1,
with parameters α > 0 and β > 0 has the following form (Gelman et al. 2004):

p(πi|α,β ) =
Γ(α +β )

Γ(α)Γ(β )
π

α−1
i (1−πi)

β−1 , (2.6)

where Γ(·) is the gamma function. The normalizing factor is often designated as
1/B(α,β ), where B(α,β ) denotes the beta function:

B(α,β ) =

1ˆ

0

pα−1 (1− p)β−1 dp =
Γ(α)Γ(β )

Γ(α +β )
. (2.7)

We can see that thanks to the conjugacy, the posterior density has the same form

p(πi|mi,wi) ∝ π
wi+α−1
i (1−πi)

mi−wi+β−1 (2.8)

and we can normalize it easily using B(wi +α,mi −wi +β ):

p(πi|mi,wi) =
Γ(mi +α +β )

Γ(wi +α)Γ(mi −wi +β )
π

wi+α−1
i (1−πi)

mi−wi+β−1 . (2.9)
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The posterior probability distribution of probability of success πi is

πi ∼ Beta(wi +α,mi −wi +β ) . (2.10)

Choice of Prior Distribution Parameters

First, we will review basic properties of Beta distribution to better understand the
choice of prior. An extensive source about Beta distributions is Johnson et al. (1995).

Beta(α, β ) Distribution Properties

∙ Defined for 0 ≤ πi ≤ 1, with parameters α > 0 and β > 0

∙ Expected value: α

α+β

∙ Mode: α−1
α+β−2 for α +β > 2

∙ Variance: αβ

(α+β )2(α+β+1)

∙ Skewness: 2(β−α)
√

α+β+1

(α+β+2)
√

αβ

The distribution is symmetric when α = β and the variance decreases with increas-
ing α +β . Both properties are illustrated in the figure A.2. Examination of equa-
tion (2.10) clearly shows that the prior distribution acts as adding (α −1) successes
and (β −1) failures to our observation. Influence of prior distribution diminishes
with increasing number of matches mi, but higher (α +β ) requires higher mi to
overcome the influence of prior distribution. This reasoning suggests that we should
mainly focus on the influence of prior distribution in cases of low mi.

The prior distribution represents our prior knowledge and beliefs about the distri-
bution of πi. Statisticians usually select so called “uninformative prior”, which repre-
sents only very little information about the variable. For Beta distributions, such pri-
ors can be a uniform prior Beta(1,1), or Jeffreys’ prior Beta

(1
2 ,

1
2

)
. Both mentioned

prior distributions are plotted along with Beta(2,2) in the figure A.1. Sometimes,
the Haldane prior Beta(0,0) is also used (Zhu & Lu 2004).

Beta(2, 2) In our case, it is tempting to use Beta(2,2) to express our belief that
the probability of winning should be concentrated around 1

2 if the game is balanced.
There should be only small fraction of players who will achieve exceptionally high or
very low win ratios. Unfortunately, using Beta(2,2) as the prior distribution brings
multiple issues.
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1. The idea of concentration in the center is based on the assumption of a bal-
anced and fair game. In reality, the game can contain some sort of a loophole.
The players who know about it can achieve much better results, i.e., they can
essentially cheat the system. It can also be a barrier on the learning curve or in
the equipment used by the players. Players who pass the threshold can achieve
disproportionately good results. For example, they can start using comput-
ers to aid their decision making. Based on our experience, players of online
computer games fall broadly into two groups. Those who play just for enter-
tainment and those who play for competitive reasons. The second group is
usually much more skilled, because the players invest their time into studying
the game principles and honing their skills towards winning. Herbrich et al.
(2007) found out that simple games of chance have a narrow skill distribution
and complicated games with a large action set have a wide skill distribution.
We assume that the more complicated the game is, the more prone it is to such
thresholds on the learning curve and equipment.

2. Setting the prior to Beta(2,2) puts a strict condition on the posterior distribu-
tion. No matter how many matches the player plays and wins, the posterior
probability density function defined in the equation (2.9) will always be bound
by p(0) = p(1) = 0. This means we would reject any possibility that some
player could find a way to always win or be so incompetent to always lose. The
posterior probability distributions are illustrated in the figure A.6.

3. The motivation for using Bayesian inference was not introduction of prior
knowledge, but quantification of the missing uncertainty of the estimates. Be-
cause of the prior distribution, the mode of the posterior distribution is shifted
towards 1

2 when compared to the maximum likelihood and frequentist estimate.
The shift is illustrated in the figure A.4. The mode converges to the maximum
likelihood estimate with increasing mi.

Haldane Beta(0, 0) Beta(0,0) exists only as a limiting case

Beta(0,0) = lim
α→0+

Beta(α,α) . (2.11)

The result is the Bernoulli(1
2 ) distribution, i.e., two equal point masses at 0 and 1, and

it is the least informative prior distribution in the sense of maximization of variance
on the bound unit interval (Zhu & Lu 2004). We dismiss Haldane prior, because the
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posterior distribution is not well defined in cases where wi = 0 or wi = mi. Moreover,
in these cases, it also states certainty about the value of πi.

Jeffreys’ Beta(1/2, 1/2) Jeffreys’ prior was created to be invariant under re-
parametrization (Zhu & Lu 2004). It acts as subtraction of half success and half
failure from our observation. Similarly to the point 3 in the discussion of Beta(2,2)
prior, this results in a shift of the mode towards 0 or 1 when wi/mi is not equal to
1
2 . This behavior is counter-intuitive and opposes the arguments favoring usage of
Beta(2,2). Furthermore, for some methods, the exact calculation of the final rating
described in section 2.2.3 needs integer parameters of the posterior probability dis-
tribution. Usage of these methods for exact calculation thus eliminates the Jeffreys’
prior right away.

Uniform Beta(1, 1) Beta(1,1) is a uniform probability distribution on the interval
πi ∈ [0,1]. It is a flat uninformative prior; it shows indifference towards probabilities
of πi. We rejected the previously discussed priors and decided to use Beta(1,1) for
the following reasons:

1. The mode of the posterior distribution is exactly the same as maximum likeli-
hood and frequentist estimate of the probability of success π̂i. This is illustrated
in the figure A.3.

2. It does not restrict the posterior density at either of the endpoints like Beta(2,2)
does. Posterior density for players with wi = 0 or wi = mi will have mode on
the interval boundary and the variance will decrease with increasing mi. If a
player achieves the same result in the game over and over again, our certainty
about the extreme value of the πi will increase. The scenario is illustrated in
the figure A.5.

3. It does not act as addition of subtraction of matches to the observation. It is
uninformative in this sense.

Final Posterior Distribution

The general posterior distribution shown in the equation (2.9) reduces to the follow-
ing after using Beta(1,1) as the prior distribution in the Bayesian inference:

πi ∼ Beta(wi +1,mi −wi +1) . (2.12)
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The posterior probability density function is

fπi(x|mi,wi) =
Γ(mi +2)

Γ(wi +1)Γ(mi −wi +1)
xwi (1− x)mi−wi for 0 ≤ x ≤ 1. (2.13)

Its mode is at the maximum likelihood estimate of π̂i = wi/mi and it carries informa-
tion about uncertainty regarding πi.

2.2.3. Skill Rating

Now that we have information about the uncertainty of π̂i, we can improve the fre-
quentist skill rating Ri from the equation (2.2) in the following way. We can replace
the Iverson bracket with the probability of π j < πi:

Ri =
100
N

N

∑
j=1

Pr
(
π j < πi

)
=

100
N

N

∑
j=1

Pr
(
π j −πi < 0

)
. (2.14)

Exact Calculation

If we are able to derive the probability density function fπ j−πi

(
x|mi,wi,m j,w j

)
, then

we can calculate the rating as

Ri =
100
N

N

∑
j=1

0ˆ

−1

fπ j−πi

(
x|mi,wi,m j,w j

)
dx. (2.15)

The interval of integration is a result of both πi and π j being between 0 and 1 – when-
ever the difference π j−πi is between -1 and 0, then π j < πi. Unfortunately, according
to Johnson et al. (1995) the distribution of difference of two Beta distributed random
variables is quite complicated. First, let D = π1 −π2, where π1 ∼ Beta(α1,β1) and
π2 ∼ Beta(α2,β2). The probability density function of D is

fD(d) =


B(α2,β1)

B(α1,β1)B(α2,β2)
dβ1+β2−1 (1−d)α2+β1−1 F1+ for 0 ≤ d ≤ 1,

B(α1,β2)
B(α1,β1)B(α2,β2)

(−d)β1+β2−1 (1+d)α1+β2−1 F1− for −1 ≤ d ≤ 0,
(2.16)

where

F1+ = F1
(
β1;α1 +α2 +β1 +β2 −2,1−α1;α2 +β1;1−d,1−d2) , (2.17)

F1− = F1
(
β2;1−α2,α1 +α2 +β1 +β2 −2;α1 +β2;1−d2,1+d

)
, (2.18)
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and

F1(a;b1,b2;c;x,y) =
+∞

∑
i=0

+∞

∑
j=0

bi
1b j

2
ai+ j

ci+ j

xi

i!
y j

j!
(2.19)

is the first Appell hypergeometric function, where ai is the rising factorial or “a to the
i rising” according to Knuth (1992), sometimes also called Pochhammer function.

ai = a(a+1) · · ·(a+ i−1) . (2.20)

We can see that the distribution of a difference of two Beta distributed variables is
very complicated. Evaluation of equation (2.15) is not computationally feasible on a
large scale. A different approach, not involving a difference of the two variables, is to
directly compute the Pr

(
π j < πi

)
term. This problem is called a stochastic inequality,

specifically a Beta inequality in this case. The rating formula changes to the following
form

Ri =
100
N

N

∑
j=1

Pr
(
π j < πi

)
=

100
N

N

∑
j=1

1ˆ

0

fπi(p)

 pˆ

0

fπ j(t) dt

dp=
100
N

N

∑
j=1

1ˆ

0

fπi(p)Fπ j(p) dp.

(2.21)

The problem of Beta inequalities is not new; it is useful, for example, in genomic
studies (Raineri et al. 2014) or commonly used in clinical trials. The method for
exact calculation of such inequalities is based on recurrence relations arising from
the symmetries of the problem and it can be converted to hypergeometric form. More
details and exact procedure can be found in Cook (2006).

As a side note, putting the final integral from equation (2.21) into Wolfram Math-
ematica with variables π1 and π2 yields the following result

1ˆ

0

fπ1(p)Fπ2(p) dp=
Γ(α2)Γ(α1 +α2)Γ(β1)3F̃2(α2,α1 +α2,1−β2;α2 +1,α1 +α2 +β1;1)

B(α1,β1)B(α2,β2)
,

(2.22)
where 3F̃2 is the regularized generalized hypergeometric function, which is, accord-
ing to Wolfram Research (2016), defined in Cp+q+1 as

pF̃q(a1, . . . ,ap;b1, . . . ,bq;z) =
∞

∑
k=0

∏
p
j=1 ak

jz
k

k!∏
q
j=1 Γ

(
k+b j

) (2.23)
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with conditions of
q ≥ p

or
q = p−1,

|z|< 1

or
q = p−1,

|z|= 1,

Re

(
p−1

∑
j=1

b j −
p

∑
j=1

a j

)
> 0.

In our case, all the parameters are real numbers and the the third set of the conditions
is clearly satisfied, because ∑

p−1
j=1 b j −∑

p
j=1 a j equals β1+β2. The solution is in line

with Cook (2006), just in a different form, but unfortunately it is not closed-form
solution of the inequality. Still, it can be useful, because advanced computational
software, like Wolfram Mathematica, can calculate it easily.

For now, let us step back and make one final change to the equation (2.21) by
switching the order of summation and integration (the sum is finite and probability
density functions are non-negative and integrable). We obtain a formula involving a
finite mixture distribution fπ

Ri =
100
N

N

∑
j=1

1ˆ

0

fπi(p)

 pˆ

0

fπ j(t) dt

dp = 100

1ˆ

0

fπi(p)

 pˆ

0

1
N

N

∑
j=1

fπ j(t) dt

dp

= 100

1ˆ

0

fπi(p)

 pˆ

0

fπ(t) dt

dp = 100

1ˆ

0

fπi(p)Fπ(p) dp. (2.24)

The mixture distribution fπ results from taking the posterior distribution fπ j of all
the players in the game and assigning equal mixing weights 1/N to them. More in-
formation about mixture distributions and the issue of practical calculation is tackled
later in the section 2.6.

Natural Shrinkage in Exact Calculation

Notice that the exact calculation of rating has an interesting property. If the player
played only low number of matches, his posterior density function has very high vari-
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ance. Therefore his rating will never reach extreme values close to 0 or 100 without
playing more matches. Instead, it will be naturally shrunk towards the mean value
around 50. This property is desirable, because the rating provides more conservative
estimates of the player’s rank.

The concept of shrinkage is well described by Efron & Morris (1977). The idea
is that by measuring realizations of a random variable we observe some exceptionally
high and low numbers, even though the long term average does not have such extreme
values. Nowadays, statisticians treat this phenomenon through Bayesian statistics
via prior knowledge – the same way as we did with the probability of winning. The
exact conversion from the posterior probability density function to skill rating has this
property naturally. In the next section, we describe the need for explicit treatment of
extreme values to obtain conservative ratings in the case of point estimates.

Point Estimate

One way to work around the complicated exact calculation is to convert the posterior
probability distribution of the player i to a point estimate π̂i and then calculate the
probability that player j has higher probability of winning. Once we have the point
estimate, we can calculate the rating as

Ri =
100
N

N

∑
j=1

Pr
(
π j < π̂i

)
=

100
N

N

∑
j=1

Fπ j(π̂i) =
100
N

N

∑
j=1

π̂iˆ

0

fπ j

(
p|m j,w j

)
dp. (2.25)

Using the posterior probability density function from the equation (2.13), we obtain
the final formula

Ri =
100
N

N

∑
j=1

π̂iˆ

0

Γ
(
m j +2

)
Γ
(
w j +1

)
Γ
(
m j −w j +1

) pw j (1− p)m j−w j dp. (2.26)

We can also switch the order of summation and integration as in the equation (2.24)
and use the cumulative distribution function Fπ of the finite mixture distribution fπ

to obtain a simple formula:

Ri =
100
N

N

∑
j=1

π̂iˆ

0

fπ j

(
p|m j,w j

)
dp = 100

π̂iˆ

0

fπ(p) dp = 100Fπ(π̂i) . (2.27)
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There are multiple ways how to obtain the point estimate π̂i. The simplest ap-
proach would be to take the mode of the distribution, which is in the case of uniform
prior Beta(1, 1) identical to the maximum likelihood estimate. However, taking the
mode as a point estimate would cause issues for players with low number of matches
mi. They would easily reach high rating just because of luck as described in the
section 2.2.1.

We suggest using quantile approach to obtain the point estimate. The quantile
approach is not unlike the practice used by TrueSkill rating as described in the sec-
tion 1.3. We want to be conservative in our estimates and by conservative, we mean
two conditions:

1. It should be difficult to obtain point estimates with extreme values of 0 and 1
– the method serves as a shrinkage in this sense.

2. The method should avoid overestimation of the player’s skill even at the cost
of underestimation.

We are interested in the case where the player has low number of matches mi and is
exceptionally successful (lucky) to have won all of them. His posterior probability
distribution will look like the example in the figure A.5, just flipped horizontally
around the point 0.5. To satisfy the two conditions for conservative estimates, we can
take a low quantile of the distribution. However, 1% quantile as in the TrueSkill rating
would be too restrictive for unlucky players who did not win any of the matches. Their
rating would be very close to 0. Therefore, it is a question of balance between the two
extreme positions. We suggest taking a 2.5% quantile of the posterior distribution,
because in normal approximation of the Beta distribution, it would correspond to
two standard deviations difference from the mean value. For a normal distribution,
approximately 95% of values lie within two standard deviations around the mean.

The conservative quantile has the advantage of internalizing a need to play more
matches to obtain high rating. Let us specifically examine the case of a lucky player
who won all his matches, i.e., wi = mi. The player’s posterior probability distribution
based on the equation (2.13) reduces to the following form

fπi(x|mi,wi)=
Γ(mi +2)

Γ(wi +1)Γ(mi −wi +1)
xwi (1− x)mi−wi =(mi +1)xmi for 0≤ x≤ 1

(2.28)
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and the cumulative distribution function is

Fπi(x|mi) =

xˆ

0

(mi +1) pmi dp = xmi+1 for 0 ≤ x ≤ 1. (2.29)

Therefore, the quantile function is

F−1
πi

(q) = q
1

mi+1 for 0 < q < 1, (2.30)

where q is the quantile we want to calculate. We can immediately see that unless
the player participated in many matches, the point estimate for 2.5% quantile will be
low and subsequently the rating will also be low. The number of matches is often
explicitly implemented in rating systems based on performance measures; in our
system, the need to play more matches arises naturally.

Confidence Interval

We can solve the problem of low ratings of players with low number of matches
mi by calculation of a confidence interval, similarly to the Glicko system, instead
of just one value. The suggested 2.5% quantile is actually a lower bound of a 95%
confidence interval. We could amend it with the higher bound value obtained from
the 95% quantile. The result would be an interval containing the player’s percentile
rank with 95% confidence. In general, rating would consist of two numbers (R−

i , R+
i ):

R−
i calculated using π̂i estimated as (1− c)/2 quantile of the posterior probability

distribution of πi and R+
i calculated using (1+ c)/2 quantile. Interval (R−

i , R+
i )

would then be based on confidence c.

A disadvantage of this method is the need to display two numbers instead of one.
Rating systems usually aim to make comparison of players as simple as possible;
their whole purpose is to reduce the need to study multiple statistics and represent
the skill ideally as a single easily interpretable number.

2.2.4. Draws

Games with binary ending can be further extended by allowing the game to end in
a draw. In that case, we could apply very similar methods. The results of matches
would have trinomial distribution and we would use Dirichlet distribution instead
of Beta distribution as a conjugate prior in the Bayesian analysis. However, for the
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purpose of our rating system, there would still remain the question, whether a draw
is a good or a bad result. Forcing a draw might be the only alternative to a defeat,
or it might be a result of overly passive gameplay in a situation where win could
have been easily secured. Certainly, there exist more contradictory examples like
this. Therefore, to keep the system simple, we can treat draws as defeats and apply
the methods developed for binary ending games. It should be noted, that this can
change the behavior of players in a way that they will try to secure a win even under
unfavorable conditions, because there is no difference between a loss and a draw in
terms of skill rating. Usually, this behavior is naturally suppressed by the game’s
incentive system.

Another possibility is to treat draws as a “half win, half loss” (i.e., we increase the
number of matches mi by one and number of wins wi by one half) in the binary ending
framework, similarly to the Elo rating. That would result in shifting the mode of the
posterior probability density function fπi towards 1/2 and decrease in its variance.
Even though the effect is quite intuitive, the concept of half win is unnatural. Using
this method, there would not be any difference between a player who always draws
the match and a player who wins 50% of matches. Furthermore, this approach is not
suitable if we want to use the exact calculation, because in some cases the formulas
described in the section 2.2.3 require integer parameters of the posterior probability
distribution fπi .

Lastly, we can track only wins and losses by decreasing the number of matches
played mi by the number of draws and leaving the number of wins wi as it is. This
way, we would treat the draws as if the corresponding matches never happened – both
the rating and our uncertainty about it would remain the same after a draw.

2.3. Performance Measure Ending

In the previous section, we have extensively examined the case of games which end
in a binary result. These games are important for two reasons. First, they are simple
enough to be described in detail and remain mathematically tractable; second, any
other game can be examined as a binary ending game through a definition of condi-
tions for winning. If a game ends with a performance measure (e.g., a score), we can
define certain conditions (e.g., a threshold for the score) under which we consider a
match to be won by the player.
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The rating framework for performance measure ending games cannot be de-
scribed as detailed as for the binary ending games, because each application will
heavily depend on the mechanics of the particular game. However, we can still out-
line some guidelines on how to proceed in general.

The general setup remains the same as in binary ending games. Each player has
a certain level of skill and that corresponds to some expected value µi of the perfor-
mance measure µ achieved by the player i. Therefore, we want to estimate the dis-
tribution of performance measure expected values µi in the population of all players
and then use it to get a percentile rank for each player we want to rate. The perfor-
mance measures can be numbers of various types, e.g., integers and real numbers on
both bounded and unbounded intervals. Some performance measures are just binary
variables, e.g., a win ratio. Binary variables can be treated like the win ratio in binary
ending games as described in the section 2.2. For other types of variables we have to
individually develop a suitable method to obtain the distribution.

In the case of binary ending games, the aggregate statistics (win ratio π̂i or the
number of won matches wi and the total number of played matches mi) tell us much
more when compared to the usual aggregate statistics of performance measures (real
valued average performance measure µ̂i and the number of played matches mi). The
wi tells us, that there were exactly wi matches where the player managed to win the
match and (mi −wi) matches where the player lost. On the other hand, we are unable
to reconstruct individual match results from the non-binary performance measure µ̂i.
Therefore, the uncertainty about the value of µi is unknown, because we have no way
to calculate sample standard deviation from the individual results.

We will not bore the reader by explaining the frequentist approach to the problem
analogously to the section 2.2.1. Instead, we will directly develop a method which
makes use of uncertainty. The goal is to obtain a probability distribution describing
our uncertainty about the player’s expected value µi similarly to the equation (2.13)
and then use it analogously to the equation (2.24) to obtain the percentile rank in
the population. Each match played by the player i (we study matches played by one
player, therefore i is constant in the following inference) results in one independent
observation of the performance measure. It follows an unknown probability distribu-
tion (depending on the particular game, player and type of variable) with finite mean
µi, corresponding to the player i’s skill, and finite variance σ2

i , corresponding to the
combination of game mechanics and volatility of player i’s skill. For each player we
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store the aggregate statistic in the form of the average performance measure µ̂i

µ̂i =
1
mi

mi

∑
k=1

(µi)k , (2.31)

where
{
(µi)1 , . . . ,(µi)mi

}
are the individual results from the mi matches played by

the player i. These results are independent and identically distributed. Thanks to the
central limit theorem, with increasing number of matches played mi the probability
distribution of the average performance measure µ̂i converges to normal distribution
(Hogg & Tanis 2010):

µ̂i ∼ N
(

µi,
σ2

i
mi

)
. (2.32)

Unfortunately, we have to work around the issue of missing information about σ2
i . We

will assign a sufficiently large provisional variance σ̂2 equal to the unbiased sample
variance of µ̂i in the whole population of N players of the game:

σ
2
i = σ̂

2 =
1

N −1

N

∑
i=1

(µ̂i −µ)2 , (2.33)

where

µ =
1
N

N

∑
i=1

µ̂i. (2.34)

Because the standard deviation of the mean decreases with the square root of the
number of matches played mi, the choice of σ̂2 will not make any difference to the
rating with sufficiently high mi.

Final Distribution

Based on the described methodology, we will use the following distribution to de-
scribe our uncertainty about the player’s expected value of performance measure µi.

µi ∼ N
(

µ̂i,
σ̂2

mi

)
. (2.35)

The probability density function is

fµi(x|mi, µ̂i) =
1√

2π
σ̂2

mi

exp

[
−(x− µ̂i)

2

2 σ̂2

mi

]
for x ∈ R. (2.36)
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Its mode is at the player’s average performance measure µ̂i and it caries information
about uncertainty regarding µi decreasing with mi.

2.3.1. Skill Rating

Finally, we can use the same method as in the section 2.2.3 to use the estimated
distribution of µi to calculate skill rating Ri:

Ri =
100
N

N

∑
j=1

Pr
(
µ j < µi

)
=

100
N

N

∑
j=1

Pr
(
µ j −µi < 0

)
. (2.37)

Fortunately, the estimated distribution of µi is normal, therefore we know the distri-
bution of the difference µ j −µi (Hogg & Tanis 2010):

µ j −µi ∼ N
(

µ̂ j − µ̂i,
σ̂2

mi
+

σ̂2

m j

)
. (2.38)

We can calculate the rating as

Ri =
100
N

N

∑
j=1

0ˆ

−∞

fµ j−µi(x) dx =
100
N

N

∑
j=1

Fµ j−µi(0) . (2.39)

Analogously to the section 2.2.3, we are interested in the probability of µ j < µi,
i.e., the rated player i achieves better results than player j. Therefore, the interval of
integration is a result of µ j −µi being lower than 0, whenever µ j < µi.

Even though the equation (2.39) is computationally feasible, because normal dis-
tributions are highly optimized in computational software, a different approach might
be even more favorable thanks to the methodology described later in the section 2.6.
We can calculate the rating directly without using a distribution of the difference
µ j −µi. The formula would take the following form:

Ri =
100
N

N

∑
j=1

Pr
(
µ j < µi

)
=

100
N

N

∑
j=1

+∞ˆ

−∞

fµi(x)

 xˆ

−∞

fµ j(t) dt

dx=
100
N

N

∑
j=1

+∞ˆ

−∞

fµi(x)Fµ j(x) dx.

(2.40)
We can switch the order of summation and integration (the sum is finite and proba-
bility density functions are non-negative and integrable) to get a formula involving a
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finite mixture distribution fµ

Ri =
100
N

N

∑
j=1

+∞ˆ

−∞

fµi(x)

 xˆ

−∞

fµ j(t) dt

dx = 100

+∞ˆ

−∞

fµi(x)

 xˆ

−∞

1
N

N

∑
j=1

fµ j(t) dt

dx

= 100

+∞ˆ

−∞

fµi(x)

 xˆ

−∞

fµ(t) dt

dx = 100

+∞ˆ

−∞

fµi(x)Fµ(x) dx. (2.41)

The mixture distribution fµ results from taking the distribution fµ j of all the players
in the game and assigning equal mixing weights 1/N to them.

Sometimes, it can be useful to use the point estimate µ̂i instead of the distribution
to calculate the rating. Particularly, we use point estimates in the section 2.5. The
easiest way to obtain a rating from a point estimate is to switch the order of summation
and integration again and use the cumulative distribution function Fµ of the mixture
distribution fµ :

Ri =
100
N

N

∑
j=1

Pr
(
µ j < µ̂i

)
=

100
N

N

∑
j=1

µ̂iˆ

−∞

fµ j(x) dx = 100

µ̂iˆ

−∞

fµ(x) dx = 100Fµ(µ̂i) .

(2.42)

2.4. Complex Rating

Games can often result in multiple performance measures, including multiple binary
measures (e.g., whether the player won). Because it is desirable to represent the
player’s skill by a single number, we either have to choose a single performance
measure and apply our methodology to it or we can combine multiple performance
measures as described in this section.

Both in the case of binary ending games and in the case of performance measure
ending games, the value of the skill rating Ri is a percentile rank. This is very conve-
nient, because the percentile ranks are mutually compatible regardless of the original
type of variable. Instead of engineering some arbitrary formula to combine multiple
performance measures into a single rating, we can simply use weighted average of
percentile ranks computed from all the performance measures. The result can still be
interpreted as a percentile rank, but the weights can be adjusted to better represent
our individual needs and preferences towards the composition of the skill rating. This
method is called the weighted scoring model. It is often used in business decisions
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where we want to compare multiple options (in this case, players) and select the best
one based on a prioritized list of requirements.

Let us assume each match played by the player i generates a set of K performance
measures {µi1, . . . ,µiK} and for each player we collect aggregate statistics in the form
of average performance measures

{
µ̂i1, . . . , µ̂iK

}
:

µ̂ik =
1
mi

mi

∑
l=1

(µik)l , (2.43)

where 1 ≤ k ≤ K and
{
(µik)1 , . . . ,(µik)mi

}
are the individual results from the mi

matches played by the player i. We can convert the average performance measures
µ̂ik to percentile ranks Rik using the methodology described in the sections 2.2 and
2.3.

We assign each performance measure a weight Wk ≥ 0, according to our prefer-
ences, subject to the following constraint:

K

∑
k=1

Wk = 1. (2.44)

The individual ratings Rik can then be combined into a single rating Ri using the
weighted scorecard model:

Ri =
K

∑
k=1

WkRik. (2.45)

The result is a weighted average percentile rank. It is still a number on the same scale
– 0 ≤ Ri ≤ 100, because it is a convex linear combination of percentile ranks.

We can omit some of the performance measures in the rating calculation simply
by setting their weights to zero. If the game has a binary ending, we recommend
to assign a high weight to the win ratio component. As we have discussed in the
section 2.1.1, win ratio captures all the information about the player’s skill. In case
of indifference towards various ways of playing the game, we can use uniform weights
Wk = 1/K if we decide to use all K available performance measures. Heterogeneous
weights will most likely appear in usage of the rating system in business applications
as described in the section 5.2.
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2.5. Rating Individual Matches

People often want to rate player’s performance in individual matches. Even though
we argue that the win ratio, if available, is the best performance measure to assess
player’s skill in games with random matchmaking, we cannot use it to rate individual
matches. A match is either won or lost – the performance measure is 1 or 0, so a
rating based on this variable would assume only two values: 100 and 0. Moreover,
a single match outcome is heavily influenced by the luck in matchmaking – whether
we were assigned in a team with skilled teammates and how skilled the opponents
were. Therefore, we need to employ other performance measures in order to rate
performance in individual matches.

Other performance measures will usually also be volatile due to the matchmak-
ing, but to a lesser extent when compared to binary variables. Because in a single
match we obtain just one observation of each performance measure, we will use the
methodology for point estimates described in the section 2.3.1 to convert these obser-
vations to ratings. By combining multiple performance measures using the weighted
scoring model as described in the section 2.4, the results should be relatively robust
against any random effects. We can still include binary performance measures, e.g.,
the win ratio in the form of a 100 or 0, as long as the corresponding weights are low
or there are enough other performance measures to diminish the influence of binary
variables on the rating.

2.6. Computational Feasibility

If the rating system is to be implemented for some game, it has to be computationally
feasible. Some games can have over 100 million of players and rating every single
one has to be fast, especially if it has to be calculated on-demand. This section dis-
cusses some simplifications of the rating system to make its implementation realistic
in terms of computational complexity.

2.6.1. Mixture Distributions

In the sections 2.2 and 2.3 we have arrived to the skill rating equations (2.24), (2.27),
(2.41) and (2.42). Thanks to the mixture cumulative distribution functions, all four
equations might seem relatively simple, but we have to realize, that both Fπ and Fµ
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still contain N components. Titterington et al. (1985) define a finite mixture distri-
bution by the form of its probability density function f (x):

f (x) = λ1 f1(x)+ · · ·+λN fN(x) , x ∈ R, (2.46)

where
λi > 0, i = 1, . . . ,N; λ1 + · · ·+λN = 1 (2.47)

and
fi(·)≥ 0,

ˆ
R

fi(x) dx = 1, i = 1, . . . ,N. (2.48)

The parameters λi, . . . ,λN are called mixing weights and fi(x) , . . . , fN(x) are com-
ponent densities. We can also allow λi ≥ 0, but then we could simply remove the
component densities with zero mixing weight from the mixture and use the original
definition with positive λi.

Unfortunately, the distribution to which the mixture components sum does not
have any simpler form, unless some of the component densities are identical to each
other. Such scenario is quite possible for the mixture distributions arising in binary
ending games described in the section 2.2, but not in general. Moreover it does
not decrease the computational complexity sufficiently, if the proportion of duplicate
components is not high. Therefore, we need to simplify the mixture distributions
further.

All the skill rating equations (2.24), (2.27), (2.41) and (2.42) use only the cumula-
tive distribution functions Fπ and Fµ . If we can obtain a simpler form for the mixture
distributions, we can calculate the cumulative distribution functions only once be-
forehand and then use them to rate individual players. In case of point estimates,
calculation of the rating would be just a matter of plugging in the point estimates π̂i

and µ̂i. In case of exact ratings involving the uncertainty about the player’s perfor-
mance measures, we would still have to calculate one integral.

2.6.2. Approximation of Mixture Distributions

There are two ways to simplify the mixture distributions. We can either approximate
them with some other known parametric distribution or, because we use only the
cumulative distribution functions, we can just approximate Fπ and Fµ with some
generic sigmoid functions (“S” shaped) and then use them to calculate the ratings. As
much as it might seem intuitive, using a simple polynomial function to approximate a
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cumulative distribution function is not a good idea, because its values can easily fall
below zero or over one, violating the definition of a cumulative distribution function
(Hubik 2011). The choice of approximation depends purely on the level of precision
and computational simplicity of the formula, so any method is a potential candidate.
We will denote the approximations as F̃π and F̃µ .

Parametric Distributions

Ideally, we would find known parametric distributions, which would closely approx-
imate the mixture distributions. Unfortunately, this is unlikely to happen, especially
in the case of Fπ , because there are not many versatile continuous distributions sup-
ported on a bounded interval. We can still resort to using a truncated distribution.
However, because we do not reject the possibility of a multimodal, multitangential3,
skewed or fat-tailed mixture distribution, the search for such distribution is compli-
cated.

Possible candidate distributions for approximation of Fπ are:

∙ Beta distribution

– Bounded on the interval between 0 and 1. It is well known and easy to use,
but it is defined only by two parameters. This gives us control only for
the mean and variance which is unlikely to suffice. There is also a three-
parameter Noncentral Beta distribution and a five-parameter version – the
Generalized Beta distribution.

∙ Kumaraswamy distribution

– Very similar to the Beta distribution, but it has a closed form for the cu-
mulative distribution function, which is very beneficial.

∙ Truncated stable distribution

– Highly flexible thanks to its four parameters. It incorporates many other
distributions as its special cases - e.g., the normal distribution.

For the listed reasons, we will use the stable distribution as a candidate for approxi-
mation of Fµ .

3According to Titterington et al. (1985), a probability density function is multitangential if there are
multiple distinct points with a common tangent to the density curve. Multitangentiality is implied
by, but does not imply, multimodality.
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Sigmoid Functions

Many sigmoid functions exist and we can shift and re-scale them to have the proper-
ties of a cumulative distribution function. However, typical sigmoid functions (e.g.,
arc tangent, hyperbolic tangent, x/

√
1+ x2, logistic function 1/(1+ e−t)) are sym-

metrical and unbounded. We can truncate them for the purpose of Fπ , but it is diffi-
cult to deal with the lack of flexibility regarding the shape of the functions. We can
modify some symmetrical sigmoid function with additional parameters to reshape it
according to our needs. This method was used by Hubik (2011), but it is very tedious
as it has to be tailor-made on a case by case basis. If the approximated distribution
is multimodal, sigmoid functions might not be suitable at all.

Botanists often work with sigmoid functions to describe plant growth. Henderson
et al. (2006) describe multiple sigmoid functions with more flexibility when com-
pared to the typical simple functions we discussed so far. One of them is the widely
used generalized logistic function, also called Richard’s curve:

Lmin +
Lmax

T
√

1+T · exp[−k (t − tm)]
=

1
T
√

1+T · exp[−k (t − tm)]
, (2.49)

where t is the time (the function is used to describe growth), Lmin is the lower asymp-
tote, Lmax is the upper asymptote, tm is the time of maximum growth, k is the growth
rate and T fixes the point of inflection. The simplification stems from the fact that
we are approximating a cumulative distribution function, therefore Lmin = 0 and
Lmax = 1. Even though the curve has much more flexibility thanks to its 5 parameters,
it brings numerical difficulties in its use. Therefore, Henderson et al. (2006) recom-
mend to use Janoschek model, which has similar flexibility, but it is much easier to
use:

Lmax − (Lmax −Lmin)exp
(
−k · tδ

)
= 1− exp

(
−k · tδ

)
, (2.50)

where t is the time, Lmin is the lower asymptote, Lmax is the upper asymptote, k is the
growth rate and δ controls the point of inflection. The same simplification applies.

Mixture Distributions

Titterington et al. (1985), Diaconis & Ylvisaker (1985) and Gelman et al. (2004)
argue that finite mixture distributions can be used to approximate probability den-
sity functions arbitrarily well. The mixture can either be based in a belief that there
are N underlying sources of the random variable (direct application) or the mixture
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can be used just as a mathematical tool to make some problems tractable (indirect
application). We seek to decrease computational complexity of our problem, so we
are interested in an indirect application of mixture distributions to approximate more
complicated mixture distributions.

Mixture distributions can easily incorporate multimodality, multitangentiality,
skewness and fat-tails without usage of exotic complicated components. Moreover,
we can avoid numerical integration, if we use certain parametric distributions for the
components. In binary ending games, it would be beneficial to have the F̃π in the
form of a mixture of Beta distributions. For non-binary performance measures, F̃µ

in the form of a mixture of normal distributions is useful. Point estimate ratings in
the equations (2.27) and (2.42) do not require any further integration and directly
benefit from the simplified form of the cumulative distribution functions. The exact
ratings in the equations (2.24) and (2.41) require integration to resolve the stochastic
inequalities comparing the player to the other players. Because the components in
the mixtures F̃π and F̃µ are of the same kind as the distributions fπi and fµi of the
individual players, we solve the stochastic inequalities using the exact formulas from
equations (2.22) and (2.38).

Furthermore, we can also avoid using the complicated equation (2.22) for Beta
inequalities, by converting the problem to a normal inequality as well and using the
equation (2.38) to evaluate it. We can approximate Fπ with a mixture of normal distri-
butions. According to Cook (2012), the player specific fπi can also be approximated
fairly well with a normal distribution, especially for players with a high number mi of
matches played which makes the approximation asymptotically exact. When using
the normal approximation for the evaluation of a Beta inequality, the maximum ab-
solute error is 0.05 and it occurs for values of the Beta distribution parameters lower
than 10 (Cook 2012)4.

We recommend to use mixture distributions for the approximation, because of the
listed benefits and flexibility. The appropriate number of components in the mixtures
to obtain accurate F̃π and F̃µ can differ from game to game and it is always necessary
to find it individually.

Estimation

We will use minimum distance estimation to fit the approximating models F̃π and
F̃µ to the mixtures Fπ and Fµ . The methodology is described by Titterington et al.

4Cook specifically mentions inequality of Beta(1, 3) > Beta(3, 10).
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Table 2.3.: Examples of distance measures (Titterington et al. 1985)

Distance Measure Formula in Continuous Space

L2-norm with distribution functions δLA

(
F, F̃

)
=

ˆ [
F(x)− F̃(x)

]2
dx

L2-norm with densities δLB

(
F, F̃

)
=

ˆ [
f (x)− f̃ (x)

]2 dx

Averaged L2-norm with distribution functions δALA

(
F, F̃

)
=

ˆ [
F(x)− F̃(x)

]2
dF(x)

Averaged L2-norm with densities δALB

(
F, F̃

)
=

ˆ [
f (x)− f̃ (x)

]2 dF(x)

Chi-squared δC

(
F, F̃

)
=

ˆ [
f (x)− f̃ (x)

]2
f (x)

dx

Sup-norm (Chebyshev, L∞-norm) δs

(
F, F̃

)
= sup

x

∣∣∣F(x)− F̃(x)
∣∣∣

Kullback-Leibler δKL

(
F, F̃

)
=

ˆ
log
[

dF(x)

dF̃(x)

]
dF(x)

(1985). Suppose we have distribution functions F – one of our mixtures used for the
skill rating – and F̃ – one of the suggested approximation models – and a measure
of distance between them δ

(
F, F̃

)
. Then F̃ is a minimum distance approximation

of F if it minimizes the distance δ

(
F, F̃

)
. There is a wide range of distance mea-

sures δ (·, ·) and only some of them are formally metrics. Fortunately, that is not so
important, because for the approximation we only need

δ

(
F, F̃

)
≥ δ (F,F) for any F and F̃ (2.51)

with equality only if F(x) = F̃(x) almost everywhere. Some examples of distance
measures are listed in the table 2.3.

According to Titterington et al. (1985), the Kullback-Leibler distance measure
δKL is preferred because of its relation to maximum likelihood and Chi-squared δC

is preferred in cases where accuracy in tails is needed. The Sup-norm has the benefits
of easy interpretation in the form of maximum absolute point difference and absence
of integration. Because the distance measures asymptotically behave the same, the
main consideration for selection of the appropriate measure is its computational fea-
sibility. In our case, the Kullback-Leibler distance measure can be regarded as the
mean information for discrimination between the original distribution F and its ap-
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proximation F̃ , therefore, it is the information lost by using F̃ instead of F (Kullback
& Leibler 1951).

Approximations Summary

It is difficult to recommend a single model and method of approximation, because
the mixture distributions differ from game to game. Usually, it is necessary to try
multiple models and methods and see which provides reasonable performance and
best fits the game. Some suggested candidates were tested in the chapter 3.

2.6.3. Comparison with Subset of Population

This section is aimed at reducing the complexity of obtaining the finite mixture cu-
mulative distribution functions Fπ and Fµ . So far, we based our percentile ranks on
the comparison of the rated player to the whole population of N players of the game.
As we already mentioned, some games can have over 100 million of players. In these
cases it might be difficult to obtain and work with the mixtures Fπ and Fµ .

Fortunately, the mixture distributions Fπ and Fµ might converge with a much
smaller random sample of n ≪ N players. Therefore, it would be sufficient to obtain
the percentile rank of the rated player by comparison to a random subset of n players
from the whole population. Let {k1, . . . ,kn} be a set of players randomly selected
(with respect to the skill level) from the whole population set of players {1, . . . ,N}.
Then, we would modify the equations (2.24), (2.27), (2.41) and (2.42) by replacing
fπ , Fπ , fµ and Fµ with their estimates

f̂π(t) =
1
n

n

∑
j=1

fπk j
(t) , (2.52)

F̂π(p) =

pˆ

0

f̂π(t) dt, (2.53)

f̂µ(t) =
1
n

n

∑
j=1

fµk j
(t) , (2.54)

F̂µ(x) =

xˆ

−∞

f̂µ(t) dt. (2.55)
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The appropriate size n of the random subset to obtain accurate estimates F̂π and F̂µ

can differ from game to game and it is always necessary to find it individually. We
study the convergence of the distributions in the chapter 3.

Comparison to the whole population of players of the game is always preferred,
if possible. Once we obtain Fπ and Fµ , we can approximate it as described in the
previous section 2.6.2 and we are no longer concerned with the sample size. The
reduced sample size n should be used only if the complete data set is unavailable or
impractical to obtain, or if the complexity of calculation of Fπ and Fµ is too high
with the complete sample of size N. Consider that if N > 100 million and we would
collect just 1 kB of aggregate statistics about each player, the dataset would be larger
than 100GB.

2.7. Summary

In the beginning of this chapter, we listed certain requirements for our rating system
and we have successfully fulfilled all of them:

∙ We created a rating based on aggregate data on both binary and non-binary
performance measures.

∙ We can rate individual players as long as we can find a random subset of players
who face the same conditions.

∙ There are only very few arbitrary settings which can bring ambiguity into the
calculation of the rating.

– In the case of binary ending games, it is the prior distribution of πi.

– For other performance measures, it is the provisional variance σ̂2 used
instead of σ2

i .

– When combining multiple ratings according to the section 2.4, the weights
are intentionally set subjectively with respect to individual requirements.

∙ Because the rating is a percentile rank, we can immediately see how good the
rated player is compared to the whole population of players of the game without
doing explicit comparison.
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2.7.1. Application Procedure

This is a condensed description of how to apply the proposed rating system to a game.
The following has to be done once before we can rate anyone:

1. Identify a set of players suitable for comparison – the game conditions have
to be the same for everyone regardless of their skill. This usually means all
the players of the game, but sometimes the game has to be split into subsets
as in the section 4.2, because there can be groups of players who face slightly
different conditions.

2. Collect aggregate statistics of performance measures which are correlated to
skill. If feasible, then for every player, otherwise study the convergence as in
the chapter 3 and collect the statistics for a reasonably large subset of players
as described in the section 2.6.3.

3. Convert aggregate statistics to mixture distributions. Component densities of
a mixture describing a distribution of a binary performance measure are de-
scribed in the section 2.2 by the equation (2.13). For non-binary performance
measures they are described in the section 2.3 by the equation (2.36).

4. Approximate the mixture distributions according to the methodology described
in the section 2.6 to make the subsequent computations feasible.

Whenever we want to rate a player, we just use the approximated mixture distributions
from the above listed steps and use the equations (2.24) and (2.41) to obtain percentile
ranks corresponding to each performance measure. We can either use one of them
as the player’s rating or use the methodology described in the section 2.4 to combine
the percentile ranks into a single rating in the form of a weighted average percentile
rank.



Chapter 3
Simulations

In this chapter, we will illustrate, try and verify some of the methodology described in
the previous sections. Simulations are important for testing purposes, because they
provide us with knowledge which we do not possess for real world data. We will
simulate both the binary ending games and non-binary performance measure ending
games. For both types of games, we will create a model for generating aggregate
game statistics and study the following properties:

∙ Convergence of mixtures Fπ and Fµ for the purpose of the section 2.6.3 and
also for the purpose of finding out what is the sufficient size of simulated player
population.

∙ Approximation of mixtures Fπ and Fµ based on the section 2.6.2.

∙ Comparison of calculated skill rating Ri, which is an estimate of percentile
rank, to the true percentile rank obtained from the settings of the model.

We have to keep in mind that the conclusions drawn from these simulations are only
indicative and to some extent depend on the particular game. Each application of our
rating framework to some game should be preceded by simulations like these with
models modified to at least roughly fit the game.

3.1. Number of Matches

Both the binary and non-binary ending models need to simulate the number of matches
played mi by the player i. Based on our exploration of real game data, we came to the
conclusion that the distribution varies significantly from game to game and there is
no single simple way to describe it. Because the purpose of the model is just to illus-
trate and test the methodology, the reasoning behind the model does not need to be
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bulletproof as long as the generated data are similar to real game data. In this thesis,
we do not aim to uncover the principles guiding the number of matches played.

A model which resembles the data from at least some of the games is based on
the idea that once the player discovers the game (i.e., plays one match) he repeatedly
makes a choice whether to quit or keep playing. Each of the decisions is a Bernoulli
trial. The number of trials which result in a decision to keep playing is the number
of matches played after the first one. There are multiple levels of complexity of the
suggested model:

1. If every player has the same probability ρ of quitting after each match and
never returns to playing after he quits, then the distribution of the number of
matches played mi would be described by the geometric distribution. It de-
scribes the number of failures needed to get one success (i.e., the decision to
quit the game). The most probable outcome would be 1 match (from the discov-
ery of the game) with exponentially decreasing probability for higher numbers
of matches as the players gradually decide to stop playing.

2. We can improve the model by allowing the players to return to playing after
the decision to quit. If every player has the same probability ρ of quitting after
each match and every player makes the decision whether to return to playing
the same number of times r, then the distribution of number of matches played
mi would be described by the negative binomial distribution. It describes the
number of failures in a sequence of trials until the rth success appears (i.e., the
final decision to quit the game for good). Depending on the values of ρ and r,
1 no longer has to be the most common mi.

3. Because not all the players are the same, additional improvement can be in-
troduced in the form of different probabilities ρi of quitting after each match
for each player. Player i’s probability ρi is constant, but has a Beta distribu-
tion in the population of players. If every player makes the decision whether
to return to playing the same number of times r, then the distribution of num-
ber of matches played mi would be described by the Beta negative binomial
distribution. It is a compound probability distribution describing the number
of failures in a sequence of trials until the rth success appears (i.e., the final
decision to quit the game for good).

4. We could further improve the model by allowing r to be a random variable ri

(constant for each player), but the model on level 3 proved to be sufficiently
flexible for the purpose of simulations. The parameter r does not have to be an
integer, it can be a real number (depending on the definition). Moreover, this
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Figure 3.1.: Probability density function of ρi ∼ Beta(2,11)

improvement would introduce a compound probability distribution, which is
not well known.

According to Johnson et al. (2005), the definitions of geometric, negative binomial
and Beta negative binomial distributions differ in various sources in terms of support
and parametrization. Therefore, we use the definitions from the software used to
perform the simulations – Wolfram Mathematica. In order to reproduce our results,
one has to adjust the simulation to match the description of the level 3 model above.
As we have already mentioned, we always add 1 to mi for discovery of the game,
because our statistics do not contain players who never played the game.

As we explored statistics from various games, we encountered a wide range of
distributions of number of matches. We will use Beta negative binomial distribution
with ρi ∼ Beta(2,11), plotted in the figure 3.1, and r = 3. The probability mass
function is in the figure 3.2. Because the expected value of this distribution is only
34 and the mode is at 7, the rating system will have to deal with significant uncertainty
about πi and µi stemming from the low number of matches played by the simulated
player. This scenario is desirable to test the ratings under difficult conditions.
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Figure 3.2.: Probability mass function of mi

3.2. Binary Ending Model

In the section 2.2, we came up with a model where each match of the game is a
Bernoulli trial; it can result either in a win or in a defeat. Player i’s skill determines
the probability of success πi in each Bernoulli trial. The number of wins wi follows
the binomial distribution

wi ∼ Bin(mi,πi) , (3.1)

where mi is the number of matches played by the player i.

We have already developed a model for mi in the section section 3.1. Now we
need a model for πi. Unfortunately, πi is not directly observable. We can only observe
the realized win ratio

π̂i =
wi

mi
. (3.2)

As we have discussed earlier in the section 2.2.2, Herbrich et al. (2007) claim that
complicated games with a large action set have a wide skill distribution. According
to our hypothesis of probability of success being related to the player’s skill, compli-
cated games should also have wide distribution of probability of success. Therefore,
for the purpose of illustration, we will use a Beta(8, 8) distribution to simulate πi. As
we can see in the figure 3.3, it is simple, symmetric around 0.5, and it will generate
a wide range of values for πi.
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Figure 3.3.: Probability density function of πi ∼ Beta(8,8)

In the figure 3.4, we can see how the realized win ratio π̂i deviates from the
true probability of success πi. The bands are caused by players with low number of
matches mi, as we have already discussed in the section 2.2.1. The same bands can
be observed in the histogram of realized win ratios in the figure 3.5. We can see that
the mixture density fπ based on the equation (2.24) is smooth, because the players
causing the bands correspond to very wide posterior probability density functions
fπ j .

Convergence of Mixture Fπ

We do not know to what distribution the mixture Fπ converges, but we can measure
how fast it converges by using one of the distance measures δ (·, ·) from the table 2.3.
We would like to answer the question implied in the section 2.6.3: “How many players
is enough to obtain accurate estimates F̂π of the mixture distribution Fπ?”

The simulation allows us to generate a population of players of any size N. There-
fore, we will generate a large population and then study how fast the estimates F̂π

based on random subsets of size n < N converge to Fπ based on the whole popu-
lation. We also need to define a criterion which will let us decide what is accurate
enough. Without any criterion, we can essentially increase n freely until the distance
becomes zero, because

lim
n→N

F̂π = Fπ (3.3)
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Figure 3.4.: Scatter plot of probability of success πi and realized win ratio π̂i

Notes: We simulated 20,000 players using the described distributions of πi and mi
and binomial model of number of wins wi proposed in the equation (3.1). The line
shows a diagonal π̂i = πi.
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Figure 3.5.: Histogram of realized win ratios π̂i

Notes: The same data as in the figure 3.4. The smooth function is the mixture density
fπ = 1

N ∑
N
j=1 fπ j , where fπ j is defined in the equation (2.13). We can see that it

smoothed out the prominent bands, especially in the bins at 0, 0.5 and 1.

and
δ (Fπ ,Fπ) = 0. (3.4)

From all the distance measures listed in the table 2.3, the Sup-norm δs(·, ·) is the
simplest for coming up with a definition of an accuracy criterion.

δs

(
Fπ , F̂π

)
= sup

x

∣∣∣Fπ(x)− F̂π(x)
∣∣∣ . (3.5)

We use the cumulative mixture distribution function Fπ to obtain percentile ranks
(order of magnitude 0.01), therefore we will consider an estimate F̂π to be accurate
if it does not deviate from Fπ by more than 0.01 at any point.

δs

(
Fπ , F̂π

)
≤ 0.01 = 1%. (3.6)

To make the calculation fast, we will sample the distance
∣∣∣Fπ(x)− F̂π(x)

∣∣∣ at finite
number of points and then use the maximum of these samples in place of the exact
δs(·, ·). Particularly, we sample the distance in 101 points (the support was divided
into 100 equal sub-intervals) in the following procedure.
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We simulated a population of N = 100,000 players and calculated Fπ . Then
we have simulated a smaller subset of n players, calculated its F̂π and finally the
δs

(
Fπ , F̂π

)
. For each size n, starting with 200 and doubling up to 12,800, we repeated

the simulation one thousand times. One realization of the simulation, intentionally
with n being only 200, is illustrated in the figure 3.6. The mean distances for each
subset size are plotted in the figure 3.7. The error bars are the standard deviations for
each set of one thousand repetitions.

We can see that for the subset sizes of 1,600 players and more, the mean Sup-
norm distance is below 1%. The Sup-norm distance denotes the maximum absolute
deviation on the whole support, so the average distance is lower. Furthermore, if we
assumed that the obtained distances are Gamma distributed5, then the 95% quantile
for subset size 6,400 would be equal to 0.009. The quantile accurately corresponds
to an empirical quantile obtained from the one thousand repetitions of simulation.
Therefore, F̂π obtained from a subset of roughly 5,000 players can be considered
accurate estimate of Fπ with respect to our criterion.

Approximation of Mixture Fπ

As we have seen in the previous subsection, even small subsets of players can ap-
proximate the mixture Fπ quite well. Every player corresponds to a Beta probability
density function fπ j which suggests that the approximation by a Beta mixture is a
good idea. We used the methodology described in the section 2.6.2 and tried various
models to approximate the mixture distribution Fπ . The parameters of each model
were obtained by numerical minimization of the L2-norm distance6 defined as

δLA

(
Fπ , F̃π

)
=

1ˆ

0

[
Fπ(x)− F̃π(x)

]2
dx =

1ˆ

0

d(x) dx. (3.7)

To speed up the minimization, we calculate the L2-norm using integral approxima-
tion. We divided the support into one thousand of equal sub-intervals and approxi-

5Both Jarque-Bera and Shapiro-Wilk tests reject normality on the level of 5 %. Additionally, unlike
normal distributed random numbers, distances are always non-negative. Gamma distributions
were not rejected by any common statistical test and they fit the data well as illustrated in the
appendix B.

6At first, we tried to use the Sup-norm distance, but it caused difficulties for the numerical mini-
mization algorithm which then converged to sub-optimal values of parameters. The L2-norm did
not suffer with these issues, because in our case, it describes the mean squared deviation over the
whole support. Sup-norm describes the maximum deviation which can be achieved in just a single
point.
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Figure 3.6.: Comparison of F̂π and Fπ in one simulation

Notes: The arrow shows δs

(
Fπ , F̂π

)
.
= 0.037 – the maximal difference between the

two cumulative distribution functions.
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Figure 3.7.: Mean distances δs

(
Fπ , F̂π

)
for various subset sizes

Notes: The error bars are the standard deviations of the obtained distances in one
thousand repetitions. The logarithmic plot is fitted with a model linear in log-log
plots: δs ≈ 0.39 ·n−0.502. Standard deviations decrease with increasing sample size
in a similar manner: σδs ≈ 0.21 · n−0.52, they are represented by the dashed lines
δs ±σδs . Histograms of the distances are illustrated in the appendix B.
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mated each with the trapezoid rule.

δLA

(
Fπ , F̃π

)
≈ 1

1000
1
2

[
d(0)+2

999

∑
k=1

d
(

k
1000

)
+d(1)

]
. (3.8)

First, we have tried to approximate Fπ with F̃π in the form of a single Beta
distribution. Considering the simplicity of the model, it worked fairly well with
δs

(
Fπ , F̃π

)
.
= 10−2. It is on the edge of our criterion for accuracy defined in the

previous subsection (δs ≤ 1%), therefore, we searched for a better model.

Using F̃π in the form of a mixture of two Beta distributions increased the accuracy
significantly. The distance δs

(
Fπ , F̃π

)
.
= 7 ·10−4 is well below our goal, so there is no

need to introduce any more complex model. We will use this mixture for calculation
of ratings in the next subsection. The model is illustrated in the figure 3.8.

Even though we do not seek higher accuracy, we have also tried to approximate
the distribution with a truncated normal distribution and it provided us with excel-
lent approximation with δs

(
Fπ , F̃π

)
.
= 7 ·10−4. All of these findings depend on the

structure of data. Different setup of the simulation or real game data can lead to mix-
ture distributions which are not as easily approximated. Nevertheless, adding more
components to the mixture of Beta distributions should increase the accuracy in any
case.

Rating Performance

We will use the mixture of two Beta distributions from the previous subsection and
equations (2.22) and (2.24) to calculate ratings of the simulated players. We can
calculate exact true percentile ranks R*

i using the knowledge about the setup of the
model. Unlike real game data, we know the exact values of probability of success
πi for each player i and we also know that πi ∼ Beta(8,8). Therefore, based on the
equation (2.6), the true percentile rank is

R*
i = 100

Γ(16)
Γ(8)Γ(8)

πiˆ

0

p7 (1− p)7 dp. (3.9)

We simulated 50,000 players and calculated their ratings Ri and true percentile
ranks R*

i . The results are compared in the figure 3.9. Even though the top chart
with all the players seems to show great inaccuracy of the ratings, we have to keep
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Figure 3.8.: Comparison of Fπ and F̃π in the form of a mixture of two Beta distribu-
tions

Notes: The two cumulative distribution functions in the top chart are visually indis-
tinguishable. Therefore, we provide their difference in the second chart. The mixture
has the following parameters (rounded to two significant digits): Beta(1.5,1.5) with
mixing weight of 0.34 and Beta(4.7,4.7) with mixing weight of 0.66.
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in mind that a lot of the players played only very low number of matches – more
than 20,000 of the players have mi < 15. It is impossible to accurately estimate the
percentile rank with low number of matches. Nonetheless, there are only few players
who were assigned high rating despite having very low true percentile rank and vice
versa thanks to the exact calculation of rating. Moreover, the chart shows the natu-
ral shrinkage property of the rating described in the section 2.2.3 – the rating tends
to underestimate good players and overestimate bad players, which is in a certain
sense conservative behavior. This underestimation and overestimation is caused by
the mixture distribution Fπ being slightly over-dispersed when compared to the true
distribution of πi, because of the influence of distribution of mi. We can also see that
ratings of players with higher mi are much closer to their true percentile ranks.

We have also simulated complete series of match results for three sample players
based on the Bernoulli process. All three players were assigned the same probability
of success in every match equal to 60%. After each match, we have recalculated the
player’s rating Ri. The figure 3.10 thus illustrates the convergence of the rating with
increasing number of matches mi.
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Figure 3.9.: Scatter plot of true percentile rank R*
i and rating Ri

Notes: Top chart shows ratings of all 50,000 simulated players regardless of their
number of played matches mi. Bottom chart shows only 2,743 players with mi > 100.
The line shows a diagonal Ri = R*

i .
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Figure 3.10.: Evolution of player’s rating with increasing mi

Notes: All three players have the same probability of success equal to 60%. The
chart shows evolution of their ratings after each match.
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3.3. Non-Binary Ending Model

This section is analogous to the section 3.2. Therefore, we will not repeat most of
the theory described in the binary ending model. Non-binary ending games are much
broader class of games than binary ending games, thus we will develop very simple
model purely for the purpose of demonstration of the methodology described in the
section 2.3.

In line with the methodology, we need to simulate the average performance mea-
sure µ̂i for every player i:

µ̂i =
1
mi

mi

∑
k=1

(µi)k , (3.10)

where
{
(µi)1 , . . . ,(µi)mi

}
are the individual results from the mi matches played by

the player i. We have already developed a model for mi in the section section 3.1. Now
we need a model for match results (µi)k. We settled on a simple normal distribution:

(µi)k ∼ N
(
µi,σ

2
i
)
, (3.11)

where both µi and σi are random variables with respect to i, but fixed for each player.
Player i’s skill determines the mean performance µi. The volatility of the player’s
skill is described by the σi. We use the following distributions for the parameters:

µi ∼ N
(
100,102) , (3.12)

σi ∼ Gamma(9,5) . (3.13)

Both distributions are illustrated in the figure 3.11. The individual match results have
intentionally much higher variance than the distribution of expected performance
measures µi in the population of players:

[E(σi)]
2 = 452 > Var(µi) = 102. (3.14)

In the figure 3.12, we can see how the average performance measure µ̂i deviates
from the true expected performance µi. The large deviations are caused by players
with low number of matches mi. The histogram of average performance measures
along with the mixture density fµ based on the equation (2.41) is in the figure 3.13.



Simulations 56

Figure 3.11.: Probability density function of µi ∼ N
(
100,102) and σi ∼

Gamma(9,5)
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Figure 3.12.: Scatter plot of expected performance µi and average performance µ̂i

Notes: We simulated matches of 20,000 players using the described model of (µi)k.
The line shows a diagonal µ̂i = µi.
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Figure 3.13.: Histogram of average performance µ̂i

Notes: The same data as in the figure 3.12. The smooth function is the mixture
density fµ = 1

N ∑
N
j=1 fµ j , where fµ j is defined in the equation (2.36).

Convergence of Mixture Fµ

We used exactly the same methodology as in the section 3.2 to study the conver-
gence of mixture distribution estimates F̂µ based on a subset of n players to the mix-
ture distribution Fµ based on all players. The only difference is that Fµ is supported
on the whole real line. Therefore, we sampled the distance

∣∣∣Fµ(x)− F̂µ(x)
∣∣∣ at 201

points over relatively wide interval between 0 and 200, because Fµ(0) < 10−3 and
Fµ(200)> 1−10−3. The maximum of these samples was used in place of the exact
distance measure δs

(
Fµ , F̂µ

)
. One realization of the simulation, intentionally with n

being only 200, is illustrated in the figure 3.14. The mean distances for each subset
size are plotted in the figure 3.15. The error bars are the standard deviations for each
set of one thousand repetitions.

We can see that for the subset sizes of 3,200 players and more, the mean Sup-
norm distance is below 1%. The distance data behave the same as in the case of
binary ending games, so we assume that the obtained distances are Gamma dis-
tributed. The 95% quantile for subset size 12,800 would be equal to 0.0098. The
quantile accurately corresponds to an empirical quantile obtained from the one thou-
sand repetitions of simulation. Therefore, F̂µ obtained from a subset of roughly
10,000 players can be considered accurate estimate of Fµ with respect to our cri-
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Figure 3.14.: Comparison of F̂µ and Fµ in one simulation

Notes: The arrow shows δs

(
Fµ , F̂µ

)
.
= 0.031 – the maximal difference between the

two cumulative distribution functions.
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Figure 3.15.: Mean distances δs

(
Fµ , F̂µ

)
for various subset sizes

Notes: The error bars are the standard deviations of the obtained distances in one
thousand repetitions. The logarithmic plot is fitted with a model linear in log-log
plots: δs ≈ 0.54 ·n−0.497. Standard deviations decrease with increasing sample size
in a similar manner: σδs ≈ 0.22 · n−0.494, they are represented by the dashed lines
δs ±σδs . Histograms of the distances are illustrated in the appendix B.
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terion δs

(
Fµ , F̂µ

)
≤ 1%. However, we have to keep in mind that this simulation

is artificial illustration of the methodology and the results for real data can be very
different depending on the particular game.

Approximation of Mixture Fµ

We used exactly the same methodology as in the section 3.2 to approximate the mix-
ture distribution Fµ . The parameters of each model F̃µ were obtained by numerical
minimization of the L2-norm distance

δLA

(
Fµ , F̃µ

)
=

∞̂

−∞

[
Fµ(x)− F̃µ(x)

]2
dx =

∞̂

−∞

d(x) dx. (3.15)

To speed up the minimization, we calculate the L2-norm using integral approxima-
tion. Same as in the study of convergence, we divided the interval from 0 to 200 into
one thousand of equal sub-intervals and approximated each with the trapezoid rule:

δLA

(
Fµ , F̃µ

)
≈ 200

1000
1
2

[
d(0)+2

999

∑
k=1

d
(

k
200

1000

)
+d(200)

]
. (3.16)

First, we have tried to approximate Fµ with F̃µ in the form of a single normal
distribution. Considering the simplicity of the model, it worked fairly well with
δs

(
Fµ , F̃µ

)
.
= 10−2. It is on the edge of our criterion for accuracy (δs ≤ 1%), there-

fore, we searched for a better model.

Using F̃µ in the form of a mixture of two normal distributions increased the accu-
racy significantly. The distance δs

(
Fµ , F̃µ

)
.
= 10−3 is well below our goal, so there

is no need to introduce any more complex model. We will use this mixture for cal-
culation of ratings in the next subsection. The model is illustrated in the figure 3.16.

All of these findings depend on the structure of data. Different setup of the sim-
ulation or real game data can lead to mixture distributions which are not as easily
approximated. Nevertheless, adding more components to the mixture of normal dis-
tributions should increase the accuracy in any case.

Rating Performance

We will use the mixture of two normal distributions from the previous subsection
and equations (2.41) and (2.38) to calculate ratings of the simulated players. We can
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Figure 3.16.: Comparison of Fµ and F̃µ in the form of a mixture of two normal dis-
tributions

Notes: The two cumulative distribution functions in the top chart are visually indis-
tinguishable. Therefore, we provide their difference in the second chart. The mixture
has the following parameters (rounded to two significant digits): N

(
100,132) with

mixing weight of 0.76 and N
(
100,282) with mixing weight of 0.24.
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calculate exact true percentile ranks R*
i using the knowledge about the setup of the

model. We know the exact values of expected performance measures µi for each
player i and we also know that µi ∼ N

(
100,102). Therefore, the true percentile rank

is

R*
i = 100

1√
2π ·102

µiˆ

−∞

exp

[
−(x−100)2

2 ·102

]
dx. (3.17)

We simulated 50,000 players and calculated their ratings Ri and true percentile
ranks R*

i . The results are compared in the figure 3.17. The same commentary as in
the section 3.2 applies here. Ratings behave in line with our expectations and become
accurate for players with high number of played matches.

We have also simulated complete series of match results for three sample players
based on the model from the equation (3.11). All three players were assigned the
same expected performance measure µi in every match equal to 110 and variance
of results σi equal to 40. After each match, we have recalculated the player’s rat-
ing Ri based on the updated average performance measure µ̂i. The figure 3.18 thus
illustrates the convergence of the rating with increasing number of matches mi.
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Figure 3.17.: Scatter plot of true percentile rank R*
i and rating Ri

Notes: Top chart shows ratings of all 50,000 simulated players regardless of their
number of played matches mi. Bottom chart shows only 2,664 players with mi > 100.
The line shows a diagonal Ri = R*

i .
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Figure 3.18.: Evolution of player’s rating with increasing mi

Notes: All three players have the same expected performance measure µi equal to
110 and variance σi equal to 40. The chart shows evolution of their ratings after each
match.



Chapter 4
Application to E-sports

E-sport is a relatively new term. With the rise of Internet connectivity and subsequent
development of massive multiplayer online games (MMOGs), computer gaming has
evolved into a professional sport with tournaments, championships, sponsored teams,
rating systems, etc. The situation is very similar to chess. Due to the electronic
decentralized nature of online gaming, the teams for the matches are usually built
just in time before the match using an algorithm called the matchmaker. E-sports
are a great opportunity to try a rating system, because they provide massive amount
of data and they are sufficiently complicated, yet well defined and documented. We
have decided to apply the rating framework to one of the most popular online games
which use a random matchmaker, the World of Tanks.

4.1. World of Tanks

World of Tanks is a war game, developed and released in 2010 by Wargaming.net,
simulating tank battles from the era of World War II. The developers tried to balance
realism with playability to make the game enjoyable. It is a combination of a simu-
lator, a first person shooter, a real time strategy and a role-playing game. According
to Wargaming.net (2016), the game is played by more than a 100 million players
and even though the game is free to play, it has the highest revenues in the MMOG
industry – $4.51 per user for paid premium content (Handrahan 2014).

It is a team-based game with many game modes. We will focus on the most
frequently played standard game mode – random battles. In this mode, two teams
consisting of 15 randomly selected players fight on a randomly selected virtual bat-
tlefield. The players can drive their tanks, spot the enemies and shoot them to damage
them and subsequently destroy them. The team which eliminates all the opponents or
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captures the enemy’s base wins. After the battle, players are rewarded with credits,
i.e., the in-game currency, and experience points. Experience and credits are used to
research and purchase upgrades for tanks.

The game has a rich action set both outside the battle and in the battle. Before
the battle, players can choose the vehicle they want to drive and they can upgrade it
with various modifications like turrets, weapons, engines, equipment, better trained
crew, etc. There are almost 500 armored vehicles divided into 10 tiers based on
their approximate strength and into 5 classes (light, medium and heavy tanks, tank
destroyers and artillery) based on their role. In the actual battle, the players have
to master various skills in order to perform well. Apart from mastering the game
controls for movement, aiming and shooting, they need tactical and teamwork skills,
map knowledge, situation awareness, good positioning in the terrain, prioritization
of targets and timing of actions. Overall, the game is very complex and therefore it
allows for a wide skill distribution among the players.

The matchmaking algorithm does not take into account the skill level of the play-
ers, therefore it is a random matchmaking algorithm. It creates the teams based on
the vehicles the players chose. Each vehicle has its strengths and weaknesses and
they especially differ for different tiers and classes. The matchmaking rules for two
different players are the same, if they selected the same vehicle, thus making the
aggregate statistics of the two players directly comparable.

One feature of the game that is often criticized in relation to rating systems is the
platooning. Platooning is another word for teaming-up with up to two friends and
playing with them on the same team in the random battles. This can obviously skew
the player’s chances to win if he teams-up with skilled players, but the matchmaking
algorithm offsets this by matching platoons against other platoons. We consider pla-
tooning as one of the standard actions and the ability to choose teammates is a part of
the player’s skill. Our skill rating system tells us what portion of player base is less
skilled than the rated player. If the player always plays in a platoon, then it is desirable
to include this fact in his rating. If we really want to separate the player’s skill from
the skill of his friends, we can employ measurable contributions and complex rating
based on weighted average as described in the section 2.4. Ideally, for this purpose,
we would be able to use statistics of games played without platoons, but those data
are not available in the public API of World of Tanks.

The main reasons to apply our rating system to the World of Tanks are:

∙ Usage of a random matchmaking algorithm
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∙ Abundance of game data because of 100 million players and publicly available
API

∙ Active e-sports scene with rating systems

The rating systems used in the World of Tanks are not used in other games, because
they are game specific, but they are a good example of a rating system based on
performance measures. Before we apply our own rating system to the data from this
game, we need to review the existing systems. The lessons learned from this review
also served as a part of the motivation for the rating framework in chapter 2.

Official Wargaming.net Personal Rating

The official Personal Rating was introduced in 2013 in game patch version 8.8, long
time after the first unofficial rating systems for World of Tanks were developed. Since
then, it was updated multiple times. According to For the Record (2014), the last
known formula was introduced in the version 8.10:

RBR = 540 ·bc0.37 · tanh
{

0.00163 ·bc−0.37 ·
[

3500
1+ e16−31·win +

1400
1+ e8−27·surv

+3700 · arcsinh(0.0006 ·dmg)+ tanh(0.002 ·bc8.8)

· [3900 · arcsinh(0.0015 ·xp8.8)+1.4 · radio8.8 +1.1 · track8.8]

]}
. (4.1)

This notation uses the variable names originally used by the Wargaming developers:

RBR Personal Rating

bc total number of battles played

win win ratio of the player (0 to 1)

surv survival ratio (0 to 1)

dmg average damage dealt per battle

bc8.8 total number of battles played (since version 8.8)

xp8.8 average experience points per battle (since version 8.8)

radio8.8 average assisted damage via spotting of opponent’s positions (since ver-
sion 8.8)

track8.8 average assisted damage via destruction of opponent’s tank tracks (since
version 8.8)
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The 8.8 subscripts denote aggregate statistics that were not collected by Wargaming
prior to version 8.8. Otherwise, it would be possible to take data from the whole
history without this special treatment. The rating equation (4.1) has several flaws:

1. It contains 16 arbitrary constants for calibration of the rating. This introduces a
huge room for ambiguity and it makes the rating system untrustworthy as long
as the chosen values are not explained properly.

2. It has very complicated form, most probably without any firm statistical foun-
dation.

3. It directly depends on the number of played battles. As described by Glickman
(1995), because of this non-probabilistic feature, players’ abilities cannot be
compared via their ratings. Two players with exactly the same abilities and
average battle performance can have different ratings, because they played dif-
ferent number of battles.

4. It does not differentiate statistics based on the driven vehicle, despite the differ-
ences between them and the matchmaking algorithm being directly dependent
on this choice.

As we can see, the Personal Rating is a typical example of a rating system based on
performance measures with all its common flaws.

WN7

WN7 is a rating system for World of Tanks developed by the community in an open
source manner. Full description is available in the official documentation (WN7
Community 2013).

The WN stands for Weighted and Normalized and 7 is the version of the rating
system. The authors used correlation studies and optimization algorithms inspired by
biological evolution (Differential Evolution and Particle Swarm Optimization, pro-
posed by Hao et al. 2007) to find the weights of performance measures in a rating
formula. The basic idea is that the rating should be correlated to the win ratio as much
as possible, but based on the fundamental performance measures instead of the win
ratio itself. This way, the rating is a result of the player’s performance and cannot
be inflated by platooning with skilled friends. Win ratio still has a small weight in
the formula to account for unmeasurable actions, e.g., quality of tactical decisions.
The authors admit, that light tanks are improperly rated, because assisted damage via
spotting is not available in the public API provided by Wargaming.
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The rating formula has the following form:

WN7 = frag ·
[

1240− 1040
min(tier,6)

]0.164

+dmg · 530
184 · exp(0.24 · tier+130)

+spot · 125 ·min(tier,3)
3

+min(def,2.2) ·100

+

{
185

0.17+ exp[−13.4 · (win−0.35)]
−500

}
·0.45

− [5−min(tier,5)] ·125

1+ exp
{[

tier−
( bc

220

)3/tier
]
·1.5

} . (4.2)

The variables in the formula have the following meaning:

WN7 WN7 rating

frag average number of destroyed tanks per battle

tier average tank tier played by the player (1 to 10)

dmg average damage dealt per battle

spot average number of spotted tanks per battle

def average points awarded for defense of the base

win win ratio of the player (0 to 1)

bc total number of battles played

As we can see, the equation (4.2) consists of six parts. The first five parts award the
player with rating points for various performance measures: number of destroyed en-
emy tanks, damage dealt to enemies, number of spotted enemies, defense of the base,
and win ratio. Low tier battles are generally played by new inexperienced players,
so veteran players can achieve extraordinary results with low tier vehicles. That is
why parts with frag and spot contain a correction for the average played tier. Fur-
thermore, there is the sixth term, which serves as a penalty for players with lots of
battles played and average tier lower than 5. Tanks on higher tiers generally deal
more damage, therefore the dmg term is normalized according to the average tier.
The influence of defense points is capped at 2.2 average. The win ratio part is in the
form of a sigmoid function (“S” shaped), so its influence is also limited.

The rating equation (4.2) has several flaws:
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1. It contains 23 arbitrary constants for calibration of the rating. Despite the effort
of the authors to use advanced algorithms to find the optimal values of these
constants, this opens a huge room for ambiguity.

2. It contains lots of exceptions in the form of penalties and capped influences.

3. Even though it implements scaling based on average tier played, it still does
not differentiate statistics based on the driven vehicle, despite the differences
between them and the matchmaking algorithm being directly dependent on this
choice.

WN7 formula is better than the official Personal Rating, because it implements tier
based scaling and removes dependence on number of battles played, but it still has
serious weaknesses. Some were resolved in the next version of the rating, the WN8,
which introduces some radical changes.

WN8

The WN8 is the latest iteration of the WN ratings. Full description is available in the
official documentation (WN8 Community 2014).

The authors realized, that tier scaling is insufficient to discriminate between the
statistics of various vehicles and it can also be cheated easily. If the players altered
between playing the lowest and highest tiers, their rating could be inflated to mis-
leading levels, because they would avoid the low tier penalty. Therefore, the authors
introduced per-tank normalization of the statistics. The low tier penalty is no longer
present in the WN8 formula and if someone plays low tiers, he needs to be good at
them in order to obtain high rating. This also allows the authors to put more weight on
damage dealt, because the battles played with different vehicles are compared fairly.
Furthermore, light tanks and artillery are rated much more precisely, because their
distinct role is taken into account in the normalization.

The authors used correlation analysis to study the ranges at which the observable
contributions have apparent effect on the win ratio. Even the worst players (usually
poorly written bots) sometimes manage to contribute to the team. This lowest level
was declared as a noise and set to zero. The rating scale becomes a ratio scale,
because it has clearly defined zero. Similarly, performance measures above certain
level no longer influence win ratio as much. It is assumed that outliers above it were
“stat padded”, as described in the section 2.1.1, and therefore these extreme values
are capped at a certain level determined by the statistical analysis.
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The authors use quite complicated manual procedure, detailed in WN8 Commu-
nity (2014), to obtain the expected performance measures for each tank in the game –
namely the win ratio expWin, damage dealt expDmg, number of destroyed enemies
expFrag, number of spotted enemies expSpot and defense points expDef. These ex-
pected values are regularly updated and published by the community behind WN8.
Once we have them, the rating calculation is done in three steps.

First, we calculate the relative performance measures rWIN, rDMG, rFRAG,
rSPOT and rDEF by dividing the achieved statistics avgWin, avgDmg, avgFrag,
avgSpot and avgDef by the expected statistics:

rWIN = avgWin/expWin,

rDMG = avgDmg/expDmg,

rFRAG = avgFrag/expFrag, (4.3)

rSPOT = avgSpot/expSpot,

rDEF = avgDef/expDef.

In the second step, we calculate the capped versions of these variables by imple-
menting the zero points and upper bounds. The variables are linearly re-scaled to
keep the values going from zero to 1 linearly without any steps:

rWINc = max
(

0,
rWIN−0.71

1−0.71

)
,

rDMGc = max
(

0,
rDMG−0.22

1−0.22

)
,

rFRAGc = max
[

0,min
(

rDMGc+0.2,
rFRAG−0.12

1−0.12

)]
, (4.4)

rSPOTc = max
[

0,min
(

rDMGc+0.1,
rSPOT−0.38

1−0.38

)]
,

rDEFc = max
[

0,min
(

rDMGc+0.1,
rDEF−0.1

1−0.1

)]
.

The capped relative values were analyzed with a machine intelligence software
called Eureqa with the goal of finding the best model of win ratio based on these val-
ues. Eureqa uses genetic algorithms – not unlike the methods in WN7. Interestingly,
the authors found out, that the predictive power of some relative performance mea-
sures is improved when multiplied with another relative performance measure. The
intuitive explanations are: multiplying rDMGc · rFRAGc shows whether the player
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lets his teammates damage the opponents and then finishes them without dealing that
much damage himself, multiplying rFRAGc · rSPOTc shows that the player plays ag-
gressively enough to spot the opponents and stays alive to destroy them as well, mul-
tiplying rFRAGc · rDEFc shows that the player does not just hide in his own base to
score some defense points when the battle is almost lost. The final model obtained
from Eureqa was multiplied by 1600 to get a central value of the ratings similar to
the WN7.

The third step of the rating calculation is to plug the variables into the final for-
mula:

WN8 = 980 · rDMGc+210 · rDMGc · rFRAGc+155 · rFRAGc · rSPOTc

+75 · rFRAGc · rDEFc+145 ·min(1.8, rWINc) . (4.5)

The WN8 has the following weaknesses:

1. It contains 14 arbitrary constants in various stages of the rating calculation. The
method to obtain the equation (4.5) in the third step is scientifically acceptable,
but the other constants set in the previous steps seem to be based on very weak
reasoning.

2. The calculation of the expected values required in the first step of the rating is
not very comprehensible and overly complicated.

3. Even though it implements per-tank statistics, it takes into account only the
expected values and not the whole distribution (especially the variance) of per-
formance measures for each tank.

The authors are aware of these issues and openly discuss them to improve the rating
system. Implementing the variance of the performance measures is reserved for the
next version of the rating, the WN9.

NoobMeter Performance Rating

NoobMeter Performance Rating is a rating system used by www.noobmeter.com,
which is a website for rating players and tracking of their performance over time. The
formula for the rating used to be secret, but later the author revealed it in one of his
blog posts (NoobMeter 2013).

www.noobmeter.com
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The rating is based on win ratio and damage dealt. The reasoning for usage of
win ratio is the same as ours in the section 2.1.1 – it is the most important measure of
performance, because it shows whether the actions of the player contribute towards
winning of matches. Damage component is added to the formula as a countermeasure
of stat padding in platoons. If a player tries to improve his win ratio by playing in
platoons with skilled players, he also competes for the damage dealt. Therefore, it is
difficult to inflate both the win ratio and the damage dealt at the same time.

The win ratio component simply awards points based on the relative magnitude
of win ratio, win, compared to the average win ratio of 0.4856. The constant 500 is
the weight of the component.

winComponent = 500 · win
0.4856

. (4.6)

The damage component uses nominal values of average damage dealt that is ex-
pected from good players on each tank in the game. These values are calculated and
published by NoobMeter. The total expected damage dealt, dmgExpected, is then
calculated by multiplying the nominal damage by number of battles played for each
tank and summing all the tanks the player played. This value is then compared to the
actual total damage dealt by the player, dmgTotal. The constant 1000 is the weight
of the component and the 0.975 is a correction introduced for historical reasons after
on of the game updates by Wargaming.

dmgComponent = 1000 · dmgTotal
0.975 ·dmgExpected

. (4.7)

The two components are summed to form a preliminary Performance Rating to
which we will apply penalties.

PRbeforePenalties = winComponent+dmgComponent. (4.8)

The penalties are based on two criteria – average tier played and number of matches
played. Players can inflate their rating by playing against the beginner players at low
tier battles. They can also delete their account and create a new one (usually called
a re-roll), once they learn to play. Apart from the re-rolls, the penalties based on the
number of played matches serve as a protection against beginner players with low
number of played matches being assigned high rating by coincidence, i.e., they make
the rating more conservative. There are two rounds of penalties.
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The first penalty is applied if PRbeforePenalties > 1500. If not, then the final
rating is PR = PRbeforePenalties and no more penalties are applied. Otherwise, the
Performance Rating after the first penalty is calculated as

PRafterFirstPenalty = PRbeforePenalties− (PRbeforePenalties−1500)

·

√
max

[
1−min

(
tier
6

,
bc

500

)
,0
]
. (4.9)

The second penalty is applied if PRafterFirstPenalty > 1900. If not, then the
final rating is PR = PRafterFirstPenalty. Otherwise, the final Performance Rating
after the second penalty is calculated as

PR = PRafterFirstPenalty− (PRafterFirstPenalty−1900)

·

√
max

[
1−min

(
tier
7

,
bc

2000

)
,0
]
. (4.10)

The NoobMeter Performance Rating has the following weaknesses:

1. It contains 8 arbitrary constants in various stages of the rating calculation. Es-
pecially the penalties introduce huge ambiguity.

2. The method for calculating the nominal damage values is not public.

3. Even though it implements per-tank statistics, it only takes into account the
expected values and not the whole distribution (especially the variance) of per-
formance measures for each tank.

4. It uses a global win ratio average and not a per-tank expected win ratio.

Summary Notes on Performance Measure Based Ratings

The most common weaknesses described in the four reviewed rating systems are:

1. The formulas are often complicated, without proper reasoning, and plagued
with arbitrary constants.

2. The rating systems do not take into account the differences between vehicles,
or they do it in a simplified manner.

3. Sometimes, the steps in the rating calculation are arbitrary rules and exceptions
aimed at fixing the intrinsic flaws of the formulas.
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Additionally, rating players on the basis of performance measures other than win
ratio completely ignores important aspects of the game. For example, timing of the
actions, proper target priority, teamwork spirit, situation awareness, etc. Some rating
systems (WN7 and WN8) explicitly try to compensate for this by including a term
with win ratio, while giving it as little weight as possible.

4.2. Rating Application to World of Tanks

We have extensively studied the rating framework in the chapter 3. With real game
data, we do not have the luxury of knowing the true latent variable model, therefore
we will merely show how to apply the framework to real game data. We will go
through the process described in the section 2.7.1 under various levels of complexity
to illustrate how a real world application procedure might look like. Due to data
availability described below, we will apply the rating only to binary ending data.
This is not an issue because of the reasons described in the section 2.1.1.

4.2.1. Data

To apply our rating system to the game, we first need a dataset of players which
is random with respect to their skill. Based on the overview of the game and the
existing rating systems in the section 4.1, we already know that we need to compare
players who play the same vehicle – statistics across different vehicles are not directly
comparable. The analysis we did in the section 3.2 was tailored to the data from
World of Tanks, so we need to collect about 5,000 random players for each vehicle to
obtain accurate mixture distribution estimates. Ideally we would have direct access
to the game database. Unfortunately, we are in a position of a researcher/player and
not the game developer. Thus we have to leverage public data sources.

Community Datasets

There are various websites dealing with statistics of World of Tanks players. One
of them is www.vbaddict.net which collects lots of data about played matches
and individual players. The WN8 rating was calibrated using data from this source.
The vBAddict website provides much more details about players, including some
statistics which are not available through the public Wargaming API. Unfortunately,
all the data is sourced through voluntary submissions by players themselves. This

www.vbaddict.net
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inevitably causes bias of the dataset towards more skilled players. Players who vol-
untarily contribute their data do it for the purpose of tracking their skill and are very
likely to be willing to learn more and improve as a result. Therefore, if we based our
rating on voluntarily provided data, the resulting percentile ranks would not compare
the rated player to the whole population, but only to a smaller more skilled subset.
Still, in the current state of data availability for this particular game, usage of these
private sources is necessary for eventual creation of complex ratings as described in
the section 2.4.

Public API Data Mining

Wargaming provides a public API, which allows anyone to access some of the data in
the game database. Some statistics are not publicly available at all and some private
statistics are accessible only with a key from the player. Fortunately, for every player,
we can access the list of played vehicles and number of matches and wins for each of
them without restriction. This is exactly what we need to apply the rating system for
binary ending games described in the section 2.2.

To access the player’s statistics, we need to know his account ID. The public API
has a function to search for players based on their nickname. It returns at most one
hundred nicknames starting with a provided search string and their IDs. We devel-
oped a procedure which generates random four-character search strings and harvests
valid IDs using the search function. On average, this yields three IDs per search and
we harvested over two million of players. We assume there is no connection between
the choice of a nickname and skill, so the set of players is random in this respect.

We used the collected IDs to download vehicle statistics for each player. Sadly,
we have to rely on luck to get enough players for each vehicle in the game, because
the API does not provide a way to search for players of a specific vehicle. The data
mining resulted in over 27 million vehicle-player statistics and yet we still do not have
enough data for some rare vehicles in the game. There are currently 453 vehicles in
the database available through the API and we have 447 of them in our dataset. We
have statistics from less than 5,000 players for 67 vehicles. In the section 3.2 we
found that the mean Sup-norm distance is

δs

(
Fπ , F̂π |n

)
≈ 0.39 ·n−0.502, (4.11)

where n is the number of players used to obtain the estimate F̂π of the mixture distri-
bution Fπ . If we lowered our requirements to mean Sup-norm distance being less than
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Figure 4.1.: Histogram of number of available players for each vehicle

Notes: The bin width is 5,000. The first bin contains the 67 vehicles which do not
satisfy our requirement of statistics from at least 5,000 random players.

0.01, we can use statistics from just 1,500 players. Only 26 vehicles in our dataset
do not satisfy this requirement. Of course, we can always harvest more player IDs
and their statistics, but for the purpose of this thesis, we will continue with the data
from two million of IDs. The figure 4.1 shows a histogram of the number of available
players we have for the vehicles in our database.

4.2.2. Binary Ratings

Now that we have identified the comparison sets of players and obtained their aggre-
gate statistics in the form of number of matches played and number of won matches,
we can obtain the mixture distributions which we will use to rate the players. We
computed a mixture distribution F̂π for every vehicle we have in our dataset using
statistics from at most 5,000 players. Then we approximated each mixture with a
model F̃π based on a mixture of two Beta distributions the same way as in the sec-
tion 3.2:

F̃π(x|λ1,α1,β1,λ2) = λ1FBeta1(x|α1,β1)+λ2FBeta2(x|α2,β2) for 0 ≤ x ≤ 1.
(4.12)
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The λ1 and λ2 are the mixing weights, the condition λ1 +λ2 = 1 applies. The FBeta1

and FBeta2 are the Beta distribution components. The obtained models are listed in
the appendix C.

Using these models, we are able to rate player’s skill on each of his vehicles using
the equation (2.24). This means the player has as many skill ratings as the number of
vehicles he played. However, we would usually like to obtain a single rating of the
player for the whole game of World of Tanks.

Complex Ratings

We can use the methodology described in the section 2.4 to combine the individual
ratings from each vehicle. It was originally meant to combine ratings from various
performance measures, but it can be used to combine ratings from sub-games7 as
well. If we disregard the fact that the player’s skill certainly differs from vehicle to
vehicle, we can simply calculate a weighted average of all his ratings. The weights
should be the number of matches played with each vehicle, because we do not want
the final rating to be disproportionally influenced by inaccurate ratings based on small
number of matches8.

The suggested weighted average scheme will most likely be a common choice, but
the equation (2.45) provides us with the flexibility to choose any weighting scheme
we find useful. This way, we can for example put more weight on high tiered vehicles
or certain classes of vehicles. There is no right or wrong choice, because it depends
on our subjective requirements.

4.2.3. Summary

Application of our rating system to the real world game data was straightforward.
The results are founded in statistical methodology and there are no arbitrary settings
except the prior distribution in the Bayesian estimation of the player’s probability of
success. Because the rating is based on the win ratio, there is no possibility of stat
padding9 except actually learning to win more often.

7Playing different vehicles in the World of Tanks is like playing different games for the purpose
of our rating system, because the gameplay conditions differ. Subsequently, we use a different
comparison set of players for each vehicle.

8See the figure 3.9 for illustration of rating accuracy.
9Inflation of rating without actual improvement of skill.
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If we can obtain more detailed statistics for the randomly selected players, we
can also build a rating based on other performance measures than just win ratio. The
methodology would be very similar to the one already applied to the win ratio and it
is described in the section 2.3.



Chapter 5
Possible Applications

In general, we can apply the proposed rating framework to any game where we are
able to collect aggregate statistics for sufficiently large random subset of players who
all face the same game conditions regardless of their skill. This set of players can
then be used for construction of mixture distributions describing the performance
measures recorded in the statistics. These mixture distributions can then be used to
obtain skill rating (percentile rank) of individual players. A condensed description
of the application procedure can be found in the section 2.7.1.

The rating system is not applicable to games which handicap players based on
their skill (non-random matchmaking). These games are often converted into a game
of chance by these handicaps, because everyone is meant to have a 50% chance to
win. Therefore, the aggregate win ratio is not useful measure of skill. Furthermore,
players are not comparable, because everyone faces different conditions.

5.1. Prediction of Match Outcomes

Having a well-behaved skill rating system can help us predict match outcomes in
games. This is usually of interest in binary ending games with two teams or two
players (duel). We need to know the players of the teams (and their aggregate per-
formance statistics) at the start of the match. We can calculate the rating of all the
players from both teams using their aggregate statistics and our rating framework.
From these ratings we can assess the overall strength of teams, and predict the match
outcome based on the difference in the strength of both teams. As described in the
section 1.1, the Elo rating uses the difference in skill rating of the players and a lo-
gistic function to predict match outcomes. This would be easily applicable for team
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games with our ratings. The strength of the team can be, for example, average per-
centile rank of its players. It would be possible to collect a database of matches with
their outcomes and the differences of strengths between the teams and then use the
database to calibrate the shape of the logistic function. Such databases already exist
in many games, World of Tanks is no exception. There might be much better meth-
ods to predict match outcomes and the exact methodology is subject to further work
beyond the scope of this thesis.

5.1.1. Skill Based Matchmaking

In sports and entertainment games overall, the matchmaking is often designed to
setup balanced matches. Setting up balanced matches is quite difficult task, because
it relies on estimates of skill and more importantly prediction of match outcomes. If
the presented rating system is suitable for these predictions, then the development of
skill based matchmaking would be straightforward. The teams would be assembled
in a way that both of them would have a 50% chance to win. However, we rely on
random matchmaking to calculate the ratings. Therefore, the game has to incorporate
both random and skill based matchmaking modes. The first one would be used for
casual play and collection of statistics for the purpose of our rating framework and
the second one can be a sort of tournament system where the serious competitive
play happens. This setup is quite common in many games, where the skill based
matchmaking is used only in competitions.

5.2. Business Simulations and HR Management

The rating system has a wide range of applications outside of entertainment. One
of them are business applications in human resources management. There are two
main scenarios in this area: one is recruitment of new employees and the second is
evaluation of current employees.

Recruitment

Companies already use assessment centers to select the best candidates for hire. Usu-
ally there are a lot of candidates who go through the same tasks in identical condi-
tions. This is an ideal setting to apply our rating system to the results they achieve.
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There are many artificial games which companies use. For example, the Global Man-
agement Challenge and CAPSIM are two well known examples of simulation of com-
pany management. The games often use arbitrary formulas like the ones we criticized
in the section 4.1 to score the results or they miss any complex rating system.

Our rating provides a concise way to combine multiple performance measures
without arbitrary constants while providing a great flexibility in the setup of the fi-
nal rating. The methodology is described in the section 2.4. The human resources
management can define its priorities regarding the skills of new employees. Then,
they can map the skills to various performance measures in an assessment simula-
tion. Finally, they can assign the performance measures with appropriate weights
corresponding to the skill priorities. After calculating ratings from individual per-
formance measures, we can use the weights to calculate their weighted average and
the resulting rating will then correspond to the particular needs of the company.

A very simplified example would be a company employing stock traders. The
traders can be evaluated based on two basic performance measures - returns on the
executed trades and volatility of the returns. We can calculate individual ratings for
each of these aspects. The combination of them to a single rating would depend on
the needs of the company. For example, they might be looking for someone who is
not necessarily great at achieving the highest rate of return, but is great at maintaining
low variance. Such company would assign higher weight to the rating of volatility.

Evaluation

The rating system can also be used to evaluate existing employees. It can either be
through an artificial assessment as discussed in the recruitment section, or it can be
based on tests during employee training. However, both these ways of evaluation are
just artificial proxy measures to the real work performance. If the employees perform
similar jobs under similar conditions, we can compare them based on performance
measures of their real work assignments. Companies are already doing performance
evaluations to determine work compensations, promotions, identification of key tal-
ents and low performing employees. Our rating framework can be a valuable addition
to their methodology because of its simplicity to apply.
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5.3. Reputation Systems

One of the more exotic applications of the rating system are reputation systems in
online marketplaces. The advent of large online marketplaces utilized by many small
sellers and buyers gave birth to a new problem. The buyers can no longer trust a single
operator of an e-shop, because different items are often sold by different companies.

On a national level the buyers can utilize local judicial system to resolve any
disputes. This is the case of national auction websites like the Czech Aukro where
both buyers and sellers are mostly Czech citizens and all the users are verified by the
operator of Aukro so there is identity information for the purpose of filing a lawsuit.

The problem is more pronounced in the international consumer trade, where the
disputes through judicial system would likely cost more than the average value of
the transaction. The marketplace operator is the only assurance for both buyers and
sellers and usually acts as an arbiter in case of disputes. The payments are often held
in an escrow until the buyer confirms that he received the goods. Examples of well
known international marketplaces are eBay, Amazon, Alibaba and its AliExpress.

Rating Application

The online marketplaces can be viewed as either a free-for-all game with unknown
opponents or a single-player game. Merchants compete for the customers, but their
satisfaction, order delivery time, quality of communication, etc., are virtually inde-
pendent of the competition. Because there are no opponents or they are unknown,
the traditional rating systems based on a paired comparison are not applicable. Each
trade is a match which can result in a satisfied (win) or unsatisfied customer (loss).
The skill in this game is the ability of the seller to satisfy its customers. We can
measure the satisfaction by a binary (yes or no) question or the traditional five star
rating. A binary question is simpler and sufficient to rate the sellers.

Application of our rating system on the binary question aggregate statistics of a
seller i yields a percentile rank Ri, which can be interpreted as “This seller is bet-
ter than Ri % of other sellers at satisfying his customers.” A common objection can
be why not to use the aggregate statistic directly, e.g., “80 % customers were satis-
fied with this seller.” First of all, it is impossible to know what percentage is good
unless we study the statistics of other sellers. For example, the 20 % of unsatisfied
customers can be a normal number, because there is a portion of customers who are
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never satisfied. Additionally, in online marketplaces it is common for almost every-
one to have very high star rating. Using a percentile rank solves the need to compare
the rating to other players. Also, if the seller performed just one trade, he can obtain
100% satisfaction rate through sheer coincidence. Thanks to the shrinkage property
(section 2.2.3) of our rating system, the seller will not obtain high rating based on
very few trades and we do not have to explicitly incorporate number of trades into
the rating.

Apart from the satisfaction of the customers, we can also include additional per-
formance measures. For example, delivery time, accuracy of item descriptions, qual-
ity of customer service, etc. All these measures can be converted to percentile ranks
and then combined into a single rating using the methodology described in the sec-
tion 2.4.

Decentralized Marketplaces

Recently, thanks to the invention of anonymous decentralized cryptocurrencies like
Bitcoin, anonymous marketplaces with unknown operators (dark markets) and com-
pletely decentralized marketplaces without any operators have emerged. An example
is the OpenBazaar, which is a P2P10 marketplace run by its users on their own com-
puters. The disputes can be resolved by an arbiter whom the buyer and seller choose
before the trade. Because in these cases there is no central authority which can be
forced to resolve fraudulent activities, the users have to completely rely on reputation
systems to decide which sellers and arbiters to trust.

Decentralized marketplaces come with issues of their own. Anonymous sellers
can buy their own products and give themselves good ratings or they can dump their
identity after receiving bad ratings. This is possible because there is no central au-
thority which would validate the identities. There are various ways to solve these
issues as described by OpenBazaar (2015). They are based on imposing a cost on
creation of a new identity. This is easily incorporated by our rating system. We
will not measure just the percentage of sellers who are worse in terms of some per-
formance measure, but we will weight them with the amount capital spent on their
identity. Therefore, the rating will describe the percentage of pledged capital which
is worse in terms of some performance measure.

10Peer to peer – direct communication between peers without passing through a central authority.



Conclusion

We had a goal to create a new general skill rating framework, which will be able to
deal with the challenges of new game concepts outside of the scope of traditional
rating systems. We have successfully created a rating system based on aggregate
data on both binary and non-binary performance measures. We can rate individual
players as long as we can find a random set of players who face the same conditions.
Because the rating is a percentile rank, we can immediately see how good the rated
player is compared to the whole population of players of the game without doing
explicit comparison. The theoretical framework is described in the chapter 2 and
then it is tested and verified in the chapter 3.

During the development of the system, we restricted ourselves to usage of aggre-
gate data only. If we lifted this condition at least partially, we could possibly extend
the model with evolution of skill in time as the player learns and improves. We plan
to improve the results of the real data application from the chapter 4, share it with the
game community, and ideally also implement it in practice either in cooperation with
the official game developers, or through an unofficial website dealing with ratings for
the game. Some of the possible future applications of the rating framework were
outlined in the chapter 5. Especially the reputation systems seem to be a promising
area, because we expect that demand for such systems will rise in the future.
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Appendix A
Beta Distribution Examples

Figure A.1.: Beta distributions useful as priors

Figure A.2.: Decreasing variance of Beta distribution with increasing α and β

Notes: The Beta distribution is symmetric when α = β (the skewness is zero)
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Figure A.3.: Beta(1,1) prior keeps the mode at MLE estimate

Notes: The posterior Beta distributions from top to bottom correspond to observa-
tions with the following number of (successes, failures): (2, 8), (20, 80), (200, 800)

Figure A.4.: Beta(2,2) prior shifts the mode towards 1
2

Notes: The posterior Beta distributions from top to bottom correspond to observa-
tions with the following number of (successes, failures): (2, 8), (5, 20), (20, 80)
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Figure A.5.: Beta(1,1) prior and only failures

Notes: The posterior Beta distributions from top to bottom correspond to observa-
tions with the following number of (successes, failures): (0, 1), (0, 2), (0, 9)

Figure A.6.: Beta(2,2) prior and only successes

Notes: The posterior Beta distributions from top to bottom correspond to observa-
tions with the following number of (successes, failures): (1, 0), (2, 0), (3, 0)
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Histograms of Distances δs

(
Fπ, F̂π

)
Histograms related to simulations in the section 3.2 based on the theory in the sec-
tion 2.6.3. The histograms are fitted with Gamma probability density functions.

Figure B.1.: Subset size n = 200
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Figure B.2.: Subset size n = 400

Figure B.3.: Subset size n = 800
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Figure B.4.: Subset size n = 1600

Figure B.5.: Subset size n = 3200



Histograms of Distances δs

(
Fπ , F̂π

)
96

Figure B.6.: Subset size n = 6400

Figure B.7.: Subset size n = 12800



Appendix C
Mixture Distributions for World of
Tanks

The mixture distributions F̂π based on statistics from n players were approximated
with the following model:

F̃π(x|λ1,α1,β1,λ2) = λ1FBeta1(x|α1,β1)+λ2FBeta2(x|α2,β2) for 0 ≤ x ≤ 1.

The fitted mixture distributions were not extensively checked apart from the listed
distance measures. The vehicles which did not have available statistics for more than
5,000 players are not trustworthy. Results with less than 1,500 of available player
statistics or δs

(
Fπ , F̃π

)
> 1% were removed. This table has to be recalculated with high

precision for real public applications.

Vehicle n / Available δs

(
Fπ , F̂π |n

)
δs

(
Fπ , F̃π

)
λ1 α1 β1 λ2 α2 β2

T1 Cunningham 5000 / 762232 0.0054 0.0029 0.69 1.2 1.27 0.31 6.97 7.59

Leichttraktor 5000 / 872542 0.0054 0.002 0.68 1.19 1.18 0.32 5.73 6.29

FV215b (183) 5000 / 6887 0.0054 0.0038 0.26 5.88 6.46 0.74 35.2 38.6

KV-220-2 4739 / 4739 0.0055 0.0033 0.64 20.8 15.5 0.36 2.69 2.32

G.W. Tiger (P) 5000 / 15711 0.0054 0.0037 0.24 4.62 5.43 0.76 49.5 53.0

SU-100 5000 / 70965 0.0054 0.0032 0.19 4.22 4.2 0.81 28.9 27.8

M103 5000 / 33828 0.0054 0.0052 0.2 5.96 6.22 0.8 36.9 38.2

VK 16.02 Leopard 5000 / 82749 0.0054 0.0032 0.32 2.83 3.12 0.68 20.6 21.8

Spähpanzer Ru 251 5000 / 11879 0.0054 0.0028 0.26 4.9 5.13 0.74 32.7 32.9

T28 Concept 5000 / 13387 0.0054 0.003 0.59 15.1 13.1 0.41 2.11 1.85

T26E4 SuperPershing 5000 / 29886 0.0054 0.0036 0.74 36.3 37.9 0.26 4.19 4.79
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Vehicle n / Available δs

(
Fπ , F̂π |n

)
δs

(
Fπ , F̃π

)
λ1 α1 β1 λ2 α2 β2

TOG II* 5000 / 37885 0.0054 0.0064 0.56 1.55 1.69 0.44 17.6 17.6

AT 8 5000 / 37425 0.0054 0.0048 0.28 3.31 3.35 0.72 22.1 20.6

AMX 13 75 5000 / 54326 0.0054 0.0036 0.79 32.0 33.1 0.21 5.76 5.92

VK 28.01 5000 / 38797 0.0054 0.0027 0.26 3.16 3.39 0.74 21.5 22.7

AT 2 5000 / 60138 0.0054 0.0039 0.75 18.0 16.3 0.25 3.16 2.91

Churchill I 5000 / 104129 0.0054 0.0048 0.27 3.1 3.42 0.73 21.5 23.0

Crusader 5.5-in. SP 5000 / 13978 0.0054 0.004 0.22 3.47 3.59 0.78 29.5 29.3

AT 7 5000 / 21919 0.0054 0.0063 0.72 27.5 23.9 0.28 5.4 4.6

AT 15 5000 / 14590 0.0054 0.0041 0.21 5.6 5.28 0.79 33.6 32.1

Type 3 Chi-Nu Kai 5000 / 25374 0.0054 0.0051 0.46 1.97 2.01 0.54 18.6 18.5

Nashorn 5000 / 51182 0.0054 0.0097 0.18 3.91 3.58 0.82 18.2 20.2

Grille 15 5000 / 9365 0.0054 0.0047 0.43 1.63 1.83 0.57 13.4 14.4

T-43 5000 / 53876 0.0054 0.0081 0.13 3.22 3.03 0.87 25.4 24.7

Covenanter 5000 / 160657 0.0054 0.0034 0.34 2.89 2.89 0.66 16.6 17.4

T 55A 2873 / 2873 0.0071 0.0039 0.73 19.9 15.7 0.27 2.94 2.37

T3 HMC 5000 / 309379 0.0054 0.0035 0.46 7.98 8.55 0.54 1.48 1.66

BT-7 5000 / 156431 0.0054 0.0029 0.39 2.34 2.5 0.61 11.2 12.5

Pz.Sfl. IVc 5000 / 71198 0.0054 0.0036 0.25 3.14 3.42 0.75 19.1 21.0

Pz.Kpfw. II Luchs 5000 / 140447 0.0054 0.0028 0.32 2.03 2.19 0.68 14.4 14.9

T-46 5000 / 290605 0.0054 0.0023 0.32 2.56 2.6 0.68 10.9 11.8

T1 HMC 5000 / 243867 0.0054 0.002 0.5 1.39 1.49 0.5 6.69 7.04

Pz.Kpfw. IV Ausf. H 5000 / 134129 0.0054 0.0033 0.21 5.02 5.41 0.79 31.3 33.6

Pz.Kpfw. II 5000 / 327373 0.0054 0.0029 0.47 1.58 1.61 0.53 7.53 8.15

Valentine 5000 / 52422 0.0054 0.0026 0.37 2.45 2.46 0.63 12.9 13.0

SU-85B 5000 / 114736 0.0054 0.0026 0.26 2.32 2.49 0.74 14.6 15.0

SU-85 5000 / 102006 0.0054 0.0038 0.23 4.03 4.14 0.77 24.8 25.0

A-20 5000 / 117189 0.0054 0.0031 0.3 2.77 2.99 0.7 16.0 17.6

BT-7 artillery 5000 / 75260 0.0054 0.003 0.34 9.34 9.56 0.66 1.29 1.36

Sturmpanzer II 5000 / 95439 0.0054 0.0027 0.3 2.12 2.35 0.7 14.4 15.6

T-28 5000 / 238679 0.0054 0.0025 0.21 3.04 3.19 0.79 18.0 19.2

M3 Lee 5000 / 191529 0.0054 0.004 0.29 2.49 2.69 0.71 16.9 18.0

Bishop 5000 / 34923 0.0054 0.0031 0.72 15.3 14.7 0.28 2.0 2.19

SU-76M 5000 / 153273 0.0054 0.0025 0.34 1.95 2.06 0.66 8.83 9.52

Centurion Mk. I 5000 / 21904 0.0054 0.0043 0.22 5.22 5.15 0.78 29.4 28.3
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Vehicle n / Available δs

(
Fπ , F̂π |n

)
δs

(
Fπ , F̃π

)
λ1 α1 β1 λ2 α2 β2

StuG IV 5000 / 33050 0.0054 0.0035 0.53 1.56 1.58 0.47 10.9 11.2

M2 Light Tank 5000 / 237139 0.0054 0.0026 0.54 1.46 1.5 0.46 6.67 7.27

BT-2 5000 / 204198 0.0054 0.0031 0.49 1.6 1.62 0.51 7.49 8.16

MS-1 5000 / 724343 0.0054 0.0015 0.68 1.13 1.16 0.32 4.37 4.86

Sturmpanzer I Bison 5000 / 172969 0.0054 0.0016 0.58 6.67 7.1 0.42 1.39 1.55

Valentine AT 5000 / 101098 0.0054 0.0026 0.37 1.92 1.91 0.63 8.38 8.54

Pz.Kpfw. I Ausf. C 5000 / 123880 0.0054 0.0056 0.44 2.34 2.5 0.56 16.1 16.2

Marder II 5000 / 248708 0.0054 0.0016 0.29 2.3 2.34 0.71 10.7 11.0

Universal Carrier 2-pdr 5000 / 162772 0.0054 0.0013 0.5 1.3 1.34 0.5 4.69 5.25

Cruiser Mk. II 5000 / 73674 0.0054 0.0019 0.43 1.69 1.7 0.57 7.25 7.81

T-26 5000 / 338622 0.0054 0.0017 0.46 1.52 1.48 0.54 5.48 5.96

Panzerjäger I 5000 / 333039 0.0054 0.0015 0.46 1.37 1.42 0.54 5.08 5.6

Light Mk. VIC 5000 / 116067 0.0054 0.0025 0.72 1.18 1.23 0.28 7.24 7.66

AT-1 5000 / 204792 0.0054 0.0016 0.51 1.37 1.4 0.49 5.31 5.7

Cruiser Mk. I 5000 / 119256 0.0054 0.0065 0.29 1.06 1.01 0.71 2.98 3.39

Hetzer 5000 / 209719 0.0054 0.0026 0.22 2.86 3.17 0.78 21.0 22.0

M2 Medium Tank 5000 / 251239 0.0054 0.0021 0.36 1.91 2.08 0.64 9.17 10.0

AMX 38 5000 / 155240 0.0054 0.0019 0.37 1.7 1.61 0.63 6.24 6.25

M3 Stuart 5000 / 179000 0.0054 0.0025 0.38 1.82 1.89 0.62 8.38 8.84

Hotchkiss H35 5000 / 165829 0.0054 0.0013 0.55 1.3 1.25 0.45 4.1 4.47

Pz.Kpfw. 35 (t) 5000 / 312526 0.0054 0.0026 0.49 1.56 1.6 0.51 7.29 7.99

Renault FT AC 5000 / 114094 0.0054 0.00087 0.49 1.18 1.24 0.51 3.93 4.34

Type 97 Chi-Ha 5000 / 83233 0.0054 0.0021 0.4 1.61 1.6 0.6 7.06 7.08

T56 GMC 5000 / 215229 0.0054 0.0018 0.38 1.89 1.96 0.62 8.07 8.8

LTP 5000 / 216606 0.0054 0.0033 0.3 7.71 8.31 0.7 1.2 1.33

T-60 5000 / 103015 0.0054 0.0018 0.58 1.32 1.3 0.42 5.17 5.44

Pz.Kpfw. 38 (t) n.A. 5000 / 157697 0.0054 0.0026 0.27 2.8 2.99 0.73 17.8 19.0

Pz.Kpfw. T 15 5000 / 13821 0.0054 0.0039 0.48 13.4 11.3 0.52 1.61 1.52

Renault NC-31 5000 / 438562 0.0054 0.0012 0.2 3.82 4.41 0.8 1.04 1.1

Vickers Medium Mk. II 5000 / 229892 0.0054 0.0016 0.52 1.38 1.46 0.48 4.84 5.57

Renault Otsu 5000 / 301009 0.0054 0.00093 0.21 4.27 4.5 0.79 1.11 1.09

Renault FT 5000 / 567376 0.0054 0.0012 0.23 3.87 4.34 0.77 1.07 1.12

StuG III Ausf. G 5000 / 151004 0.0054 0.0025 0.25 4.31 4.82 0.75 27.5 29.6

M18 Hellcat 5000 / 97376 0.0054 0.0038 0.25 5.71 5.87 0.75 31.0 31.9
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Vehicle n / Available δs

(
Fπ , F̂π |n

)
δs

(
Fπ , F̃π

)
λ1 α1 β1 λ2 α2 β2

Renault UE 57 5000 / 74176 0.0054 0.0021 0.35 1.61 1.6 0.65 7.2 7.21

Type 2597 Chi-Ha 5000 / 135480 0.0054 0.0021 0.42 1.74 1.77 0.58 7.58 7.93

M7 Priest 5000 / 105970 0.0054 0.0036 0.46 1.96 2.08 0.54 13.4 14.2

Somua SAu 40 5000 / 52236 0.0054 0.0027 0.34 2.09 2.25 0.66 11.9 12.4

G.Pz. Mk. VI (e) 5000 / 157827 0.0054 0.0072 0.33 1.02 1.0 0.67 2.58 2.9

LT vz. 35 5000 / 82432 0.0054 0.0008 0.62 1.26 1.13 0.38 3.52 3.72

Pz.Kpfw. I 5000 / 164205 0.0054 0.0014 0.53 1.27 1.29 0.47 4.37 5.0

Type 98 Ke-Ni 5000 / 38897 0.0054 0.0022 0.44 1.77 1.71 0.56 7.18 7.22

Type 95 Ha-Go 5000 / 60765 0.0054 0.0011 0.57 1.25 1.25 0.43 4.08 4.42

D1 5000 / 168917 0.0054 0.001 0.53 1.28 1.25 0.47 3.7 4.19

Renault FT 75 BS 5000 / 112234 0.0054 0.0013 0.53 1.29 1.26 0.47 4.8 4.92

VK 30.01 (H) 5000 / 68982 0.0054 0.0043 0.29 3.38 3.55 0.71 22.9 24.9

Durchbruchswagen 2 5000 / 74898 0.0054 0.0035 0.36 2.12 2.32 0.64 12.5 14.0

LT vz. 38 5000 / 71740 0.0054 0.0021 0.45 1.56 1.57 0.55 6.46 6.65

Type 91 Heavy 5000 / 58012 0.0054 0.0018 0.43 1.58 1.58 0.57 5.57 6.33

D2 5000 / 125209 0.0054 0.002 0.36 1.64 1.61 0.64 6.87 7.08

Sexton II 5000 / 76787 0.0054 0.0024 0.42 1.65 1.73 0.58 8.16 8.47

Loyd Gun Carriage 5000 / 122408 0.0054 0.0013 0.57 1.27 1.25 0.43 4.54 4.79

Somua S35 5000 / 17561 0.0054 0.0019 0.49 1.61 1.52 0.51 6.98 6.57

Type 89 I-Go/Chi-Ro 5000 / 60019 0.0054 0.0011 0.62 1.3 1.2 0.38 3.6 3.89

T1E6 5000 / 156268 0.0054 0.0029 0.3 7.29 7.66 0.7 1.19 1.27

Vickers Medium Mk. III 5000 / 159218 0.0054 0.0026 0.38 1.95 1.97 0.62 8.33 9.0

M2 5000 / 44984 0.0054 0.0021 0.62 1.33 1.26 0.38 5.1 5.45

T18 HMC 5000 / 7522 0.0054 0.0013 0.58 1.22 1.24 0.42 5.35 5.44

Renault R35 5000 / 15784 0.0054 0.0011 0.32 3.98 3.91 0.68 1.24 1.13

T40 5000 / 91605 0.0054 0.0023 0.73 14.7 14.7 0.27 2.31 2.39

M3 Light 5000 / 52172 0.0054 0.0035 0.58 1.37 1.54 0.42 10.2 11.4

Pz.Kpfw. III/IV 5000 / 86954 0.0054 0.0035 0.26 4.5 4.92 0.74 29.4 32.0

M7 5000 / 68528 0.0054 0.0055 0.33 3.9 3.83 0.67 22.1 22.9

B1 5000 / 95136 0.0054 0.0036 0.31 1.97 2.16 0.69 12.5 13.6

Pz.Kpfw. III 5000 / 117978 0.0054 0.0024 0.24 2.92 3.08 0.76 18.3 19.6

Type 1 Chi-He 5000 / 57525 0.0054 0.0031 0.32 2.21 2.19 0.68 12.1 12.2

Dicker Max 5000 / 27457 0.0054 0.0062 0.38 2.28 2.62 0.62 21.8 22.7

Jagdpanzer IV 5000 / 98604 0.0054 0.0034 0.22 4.69 5.1 0.78 29.0 31.3



Mixture Distributions for World of Tanks 101

Vehicle n / Available δs
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(
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)
λ1 α1 β1 λ2 α2 β2

Matilda 5000 / 125144 0.0054 0.0022 0.28 2.45 2.5 0.72 14.2 14.5

Stuart I-IV 5000 / 31672 0.0054 0.0016 0.48 1.58 1.47 0.52 5.68 5.85

FCM 36 5000 / 23768 0.0054 0.00076 0.65 1.23 1.12 0.35 3.43 3.66

Pz.Kpfw. IV Schmalturm 5000 / 10120 0.0054 0.0042 0.35 2.95 3.4 0.65 22.6 24.0

SU-14-1 5000 / 7196 0.0054 0.005 0.72 43.2 44.3 0.28 3.6 4.04

Sexton I 3805 / 3805 0.0062 0.0037 0.51 1.8 1.79 0.49 12.3 11.4

VK 30.01 (D) 5000 / 28603 0.0054 0.0052 0.29 3.43 3.62 0.71 23.6 25.4

ARL V39 5000 / 27918 0.0054 0.0046 0.23 3.37 3.63 0.77 21.6 23.3

AMX 50 120 5000 / 18218 0.0054 0.0066 0.11 3.34 3.61 0.89 27.8 28.9

AMX 13 105 AM mle. 50 5000 / 38667 0.0054 0.004 0.28 3.42 3.62 0.72 20.7 22.0

S35 CA 5000 / 34941 0.0054 0.0033 0.27 3.6 3.31 0.73 17.2 16.4

AMX 105 AM mle. 47 5000 / 37288 0.0054 0.0038 0.28 2.54 2.56 0.72 14.0 14.2

SU-122A 5000 / 21322 0.0054 0.0029 0.32 2.53 2.79 0.68 19.4 20.6

VK 30.01 (P) 5000 / 64613 0.0054 0.0061 0.25 4.3 4.54 0.75 31.3 33.9

VK 30.02 (M) 5000 / 31882 0.0054 0.0048 0.28 2.9 3.01 0.72 19.6 21.3

T-80 5000 / 33150 0.0054 0.0039 0.41 2.13 2.15 0.59 15.9 16.8

M44 5000 / 31576 0.0054 0.004 0.23 4.07 4.2 0.77 29.7 29.6

KV-13 5000 / 31462 0.0054 0.0044 0.28 2.9 3.04 0.72 20.3 21.6

110 5000 / 15015 0.0054 0.0057 0.38 7.91 7.23 0.62 32.1 31.9

IS-2 5000 / 22678 0.0054 0.0055 0.32 7.6 6.76 0.68 30.2 29.1

T21 5000 / 44321 0.0054 0.0041 0.23 3.55 3.71 0.77 22.5 23.4

A-43 5000 / 22509 0.0054 0.005 0.32 4.61 4.23 0.68 20.3 20.3

Churchill III 5000 / 33027 0.0054 0.0048 0.62 23.6 23.1 0.38 2.8 3.22

Type 5 Ke-Ho 5000 / 27472 0.0054 0.0029 0.33 2.11 1.98 0.67 11.3 11.1

ST vz. 39 5000 / 49057 0.0054 0.0025 0.62 9.5 9.66 0.38 1.87 1.88

VK 45.02 (P) Ausf. B 5000 / 17343 0.0054 0.0055 0.17 5.33 5.5 0.83 30.8 31.7

T25/2 5000 / 58717 0.0054 0.0053 0.8 31.7 32.7 0.2 3.79 4.01

Pz.Kpfw. 38H 735 (f) 5000 / 8842 0.0054 0.0051 0.55 14.4 13.0 0.45 1.75 2.02

Pz.Kpfw. B2 740 (f) 5000 / 8645 0.0054 0.0034 0.55 12.1 10.2 0.45 1.73 1.76

Challenger 5000 / 7124 0.0054 0.0036 0.26 2.9 3.26 0.74 19.3 20.5

O-Ho 5000 / 5152 0.0054 0.0028 0.77 27.1 25.0 0.23 3.96 3.93

Panther mit 8,8 cm L/71 5000 / 7167 0.0054 0.003 0.7 23.6 26.8 0.3 3.31 3.85

T110E4 5000 / 13210 0.0054 0.0032 0.73 32.7 34.6 0.27 5.3 5.66

O-Ni 5000 / 12695 0.0054 0.0038 0.75 22.9 20.6 0.25 3.85 3.52
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Vehicle n / Available δs

(
Fπ , F̂π |n
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)
λ1 α1 β1 λ2 α2 β2

T-28E with F-30 3022 / 3022 0.0069 0.0036 0.57 16.0 12.8 0.43 2.29 2.06

FV201 (A45) 1609 / 1609 0.0095 0.0033 0.59 15.0 14.5 0.41 2.21 2.12

M56 Scorpion 2616 / 2616 0.0074 0.0041 0.41 2.47 2.62 0.59 18.9 19.1

IS-7 5000 / 38328 0.0054 0.0034 0.25 5.57 6.32 0.75 33.3 35.6

FCM 36 Pak 40 5000 / 21135 0.0054 0.0045 0.51 15.1 12.3 0.49 1.9 1.88

Ram II 5000 / 6885 0.0054 0.0051 0.57 19.8 17.9 0.43 2.17 2.21

M22 Locust 5000 / 13990 0.0054 0.0039 0.51 1.67 1.67 0.49 14.5 13.1

Matilda IV 5000 / 15037 0.0054 0.0038 0.44 2.13 2.1 0.56 17.9 16.3

T-127 5000 / 25659 0.0054 0.0036 0.43 10.7 9.36 0.57 1.41 1.42

Type 5 Chi-Ri 5000 / 18715 0.0054 0.0047 0.22 4.98 4.93 0.78 26.6 27.5

Leopard 1 5000 / 7185 0.0054 0.0022 0.2 3.12 3.42 0.8 20.2 21.4

Matilda Black Prince 5000 / 13057 0.0054 0.0046 0.48 1.85 1.92 0.52 15.9 14.9

T82 HMC 3158 / 3158 0.0068 0.0035 0.5 1.53 1.56 0.5 10.5 10.9

Grant 5000 / 21965 0.0054 0.003 0.38 1.8 1.83 0.62 9.43 9.54

T2 Light Tank 5000 / 24482 0.0054 0.0038 0.49 1.64 1.71 0.51 14.3 13.6

IS-6 5000 / 17365 0.0054 0.0069 0.12 1.75 2.02 0.88 20.3 19.3

59-16 5000 / 29014 0.0054 0.0033 0.23 3.95 4.19 0.77 24.6 26.2

Sherman Firefly 5000 / 8787 0.0054 0.0045 0.28 3.37 3.37 0.72 20.0 20.6

Object 907 1658 / 1658 0.0093 0.004 0.75 23.8 17.4 0.25 3.63 2.67

T23E3 1641 / 1641 0.0094 0.005 0.54 18.0 14.9 0.46 2.17 1.85

KV-4 5000 / 32959 0.0054 0.0046 0.2 4.14 4.5 0.8 31.9 32.0

AMX Chasseur de chars 5000 / 15081 0.0054 0.0042 0.27 2.6 2.95 0.73 24.9 26.2

Panther/M10 5000 / 7790 0.0054 0.0031 0.31 2.67 3.0 0.69 21.7 22.9

AMX 30 B 2036 / 2036 0.0084 0.0032 0.32 2.47 2.63 0.68 16.3 16.5

Type 59 5000 / 9154 0.0054 0.0042 0.79 57.3 55.2 0.21 10.1 9.91

IS-4 5000 / 16289 0.0054 0.0033 0.25 3.57 3.79 0.75 23.5 24.4

TVP T 50/51 2640 / 2640 0.0074 0.0048 0.21 3.34 3.18 0.79 20.0 18.4

Object 416 5000 / 9873 0.0054 0.004 0.18 4.12 4.12 0.82 26.2 24.9

Škoda T 50 4237 / 4237 0.0058 0.0047 0.73 24.4 21.4 0.27 5.53 4.83

T-34-1 5000 / 18162 0.0054 0.0098 0.17 5.06 4.82 0.83 24.5 22.8

112 4967 / 4967 0.0054 0.0044 0.28 2.97 3.45 0.72 23.3 25.6

AMX 13 57 GF 4668 / 4668 0.0056 0.0043 0.36 2.52 2.87 0.64 20.1 21.0

ISU-122S 2700 / 2700 0.0073 0.004 0.38 2.87 2.79 0.62 21.4 20.1

AC 1 Sentinel 1958 / 1958 0.0086 0.0052 0.39 12.0 11.1 0.61 1.94 1.75
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Vehicle n / Available δs

(
Fπ , F̂π |n
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Fπ , F̃π

)
λ1 α1 β1 λ2 α2 β2

SU-122-44 5000 / 16505 0.0054 0.0036 0.7 35.4 31.8 0.3 4.71 4.65

T-54 first prototype 5000 / 8388 0.0054 0.0082 0.57 39.0 36.3 0.43 5.51 5.71

T14 5000 / 21127 0.0054 0.0038 0.38 2.38 2.69 0.62 17.6 18.6

AMX 50 Foch 5000 / 7200 0.0054 0.0037 0.28 9.2 8.69 0.72 38.6 38.3

IS-2 4101 / 4101 0.0059 0.0038 0.66 21.6 18.1 0.34 3.09 2.65

Renault G1 5000 / 5737 0.0054 0.0033 0.39 2.4 2.6 0.61 15.7 17.0

T-34-85 Rudy 5000 / 6276 0.0054 0.0031 0.69 21.3 17.6 0.31 2.9 2.62

Type 61 5000 / 6572 0.0054 0.0038 0.2 6.33 5.98 0.8 30.2 29.3

T110E3 5000 / 6099 0.0054 0.0027 0.73 32.7 31.4 0.27 5.0 5.04

Pz.Kpfw. II Ausf. J 1559 / 1559 0.0096 0.0055 0.54 16.3 9.92 0.46 2.21 1.85

M4A2E4 Sherman 4240 / 4240 0.0058 0.0068 0.43 1.63 1.88 0.57 19.7 19.9

Großtraktor - Krupp 1618 / 1618 0.0095 0.0031 0.5 10.9 9.19 0.5 1.78 1.63
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