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Introduction

The first sentence in a basic reference text book of stochastic analysis is a quote by

Michel Loève: “Two of the most fundamental concepts in the theory of stochastic

processes are the Markov property and the martingale property”.

The field of stochastic analysis went through remarkable growth over the last few

decades and attracts more and more attention. It plays a vital role in both pure

and applied mathematics. Great deal of credit for this rapid development can be

undoubtedly attributed to its numerous contributions in Economics and Finance.

Probably, the best-known result is the Black-Scholes options pricing model [10]

and the corresponding Samuelson model for a price of a stock [54].

An important object in the study of stochastic processes is the Brownian motion.

Despite some unpleasant properties, in particular infinite total variation and non-

differentiability of sample paths, plays central role in the Itô stochastic integration

theory with respect to semimartingales.

On the other hand, it has been recently argued, that its properties make it un-

suitable for modeling certain phenomena. In particular, observed market data

suggested presence of long range dependence, which can’t be captured by Brow-

nian motion which is a process with independent increments.

A process that was suggested to replace the Brownian motion in order to capture

this long range dependence is called fractional Brownian motion. It is a genera-

lization of the standard Brownian motion with one additional parameter called

Hurst index. Same as the Brownian motion, this process is Gaussian, self-similar

and has stationary increments. However, it is neither martingale nor Markov pro-

cess. As a consequence, the Itô calculus can’t be used and other approaches to

stochastic integration with respect to the fractional Brownian motion must be

adopted.

In this thesis, we introduce Volterra processes B that further generalize the fracti-

onal Brownian motion. The Skorohod and pathwise stochastic integrals are defi-

ned with respect to these processes. For the Skorohod integration, we employ the

theory of the Malliavin calculus, and the pathwise integral is based on a genera-

lization of Lebesgue-Stieltjes integral defined in terms of fractional integrals. As

an application, we solve the Black-Scholes stochastic differential equation

dSt = µStdt+ σStdBt,

for both Skorohod and pathwise integrals with respect to the process B. The

fractional Brownian motion serves as an example throughout the whole thesis.
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1. Preliminaries

1.1 Stochastic Preliminaries

In this section we present some basic results from stochastic analysis. We only

present those results which are used in the following chapters. In particular, we

present basic existence theorems such as the Daniell-Kolmogorov Theorem and

the Kolmogorov-Chentsov Theorem and a short review of the Itô stochastic cal-

culus.

1.1.1 Existence and Continuity of Stochastic Processes

Definition 1.1.1 ([29], p.49). Let T be the set of finite sequences t̃ = (t1, . . . , tn)

of distinct, nonnegative numbers, where the length n of these sequences ranges

over the set of positive integers. Suppose that for each t̃ of length n, we have

a probability measure Qt̃ on (Rn,B(Rn)). Then the collection {Qt̃, t̃ ∈ T} is called

a family of finite-dimensional distributions. This family is said to be consistent

provided that the following two conditions are satisfied:

1. if s̃ = (ti1 , ti2 , . . . , tin) is a permutation of t̃ = (t1, t2, . . . , tn), then for any

Ai ∈ B(R), i = 1, · · · , n, we have that

Qt̃ (A1 × A2 × · · · × An) = Qs̃ (Ai1 × Ai2 × · · · × Ain) ;

2. if t̃ = (t1, t2, . . . , tn), with n ≥ 1, s̃ = (t1, t2, . . . , tn−1), and A ∈ B(Rn−1),

then

Qt̃(A× R) = Qs̃(A).

Denote by R
[0,∞) the set of real-valued functions on R+. Given a probability me-

asure P on
(

R
[0,∞),B(R[0,∞))

)

, it is possible to define a consistent family of finite-

dimensional distributions by

Qt̃(A) = P
{

ω ∈ R
[0,∞) : (ω(t1), . . . , ω(tn)) ∈ A

}

,

where A ∈ B(Rn) and t̃ = (t1, t2, . . . , tn) ∈ T . The converse is also true as stated

by the following theorem.

Theorem 1.1.2 (Daniell-Kolmogorov, [29], p.50). Suppose that {Qt̃, t̃ ∈ T} is a

consistent family of finite-dimensional distributions. Then there is a probability

measure P on
(

R
[0,∞),B(R[0,∞))

)

, such that

Qt̃(A) = P
{

ω ∈ R
[0,∞) : (ω(t1), . . . , ω(tn)) ∈ A

}

, A ∈ B(Rn)
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holds for every t̃ ∈ T .

Daniell-Kolmogorov theorem can be used for the construction of important pro-

cesses. In the next section the Brownian and the fractional Brownian motion are

presented. More generally, we are interested in Gaussian processes, their definition

is now given.

Definition 1.1.3 (Gaussian process). A stochastic process X = (Xt, t ≥ 0) is

Gaussian with a covariance function R : R2
+,0 → R if all finite-dimensional distri-

butions of X are Gaussian and cov(Xs, Xt) = R(s, t) for s, t ∈ R+,0. The process

X is called centered if EXt = 0 for all t ≥ 0.

Definition 1.1.4. A function f : R2
+,0 → R is called positive semidefinite if for

all n ∈ N, for all t̃ = (t1, . . . , tn) such that 0 ≤ t1 < t2 < · · · < tn and for all

c1, . . . , cn ≥ 0 the following holds:

n
∑

j=1

n
∑

k=1

cjckf(tj, tk) ≥ 0.

As a corollary of the Daniell-Kolmogorov theorem, Theorem 1.1.2, for every posi-

tive semidefinite function ϕ there exists a Gaussian process X = (Xt, t ≥ 0) with

ϕ as a covariance function. The following existence theorem is given in [20], p.72.

Theorem 1.1.5 (Existence of Gaussian processes). For every real, symmetric,

and positive semidefinite function ϕ : R2
+ → R there is a real, centered Gaussian

process X = (Xt, t ≥ 0) such that

E (XtXs) = ϕ(t, s), s, t ∈ R+.

The following theorem provides a condition under which the existence of a conti-

nuous version of a stochastic process is assured. This condition is easily verified

for Gaussian processes.

Theorem 1.1.6 (Kolmogorov-Chentsov, [29], p.53). Let T > 0. Suppose that a

process X = (Xt, t ∈ [0, T ]) on a probability space (Ω,F ,P) satisfies the condition

E |Xt −Xs|α ≤ C|t− s|1+β, 0 ≤ s, t ≤ T, (1.1)

for some positive constants α, β and C. Then there exists a continuous version

X̃ = (X̃t, t ∈ [0, T ]) of X, which is locally Hölder-continuous with exponent γ for

every γ ∈
(

0, β
α

)

, i.e.

P











ω ∈ Ω : sup
0<t−s<h(ω);

s,t∈[0,T ]

|X̃t(ω)− X̃s(ω)|
|t− s|γ ≤ δ











= 1,
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where h(ω) is a P-almost surely positive random variable and δ > 0 is an appro-

priate constant.

1.1.2 Itô Calculus

Here we present few basic results in the field of stochastic analysis. We start with

a definition and basic properties of the Brownian motion, then we continue with

a brief review of the Itô integral with respect to the Brownian motion and we

conclude this section with the Itô lemma.

Brownian motion

Definition 1.1.7 (Stochastic basis). Let (Ω,F) be a measurable space. A fil-

tration (Ft)t≥0 of F is non-decreasing sequence of σ-algebras such that Ft ⊂
F for each t ≥ 0. Given a probability measure P on F , the stochastic basis
(

Ω,F , (Ft)t≥0 ,P
)

is a probability space (Ω,F ,P) equipped with the filtration

(Ft)t≥0.

Definition 1.1.8 (Brownian motion, [29], p.47). The standard Brownian mo-

tion is a continuous (Ft)-adapted process W = (Wt,Ft, t ≥ 0), defined on some

stochastic basis
(

Ω,F , (Ft)t≥0 ,P
)

, with the following properties:

(i) W0 = 0, P− a.s.,

(ii) for 0 ≤ s < t, the increment Wt −Ws is independent of Fs and is normally

distributed with zero mean and variance t− s.

The condition (ii) stating the independence of increments of W means that the

whole system of increments is independent, i.e., for all n ∈ N and for all 0 ≤ t1 ≤
t2 ≤ · · · ≤ tn <∞ the random variables

(

Wti+1
−Wti , i = 1, . . . , n− 1

)

are inde-

pendent. The explicit formula for the covariance function of W follows from De-

finition 1.1.8. The joint distribution of (Wt1 , . . . ,Wtn) is normal, varWti = ti and

cov
(

Wti ,Wtj

)

= ti∧tj. Since this defines a positive semidefinite function, we have

that such a process exists by Theorem 1.1.5. Further, the Kolmogorov-Chentsov

Theorem, Theorem 1.1.6 guarantees the existence of a continuous version of W

on [0, T ] for all T > 0. Indeed, from the properties of the Normal distribution

follows that the condition (1.1) is satisfied with α = 4, β = 1 and C = 3.

Further, some basic properties of the standard Brownian motion are presented.

Theorem 1.1.9 (Strong law of large numbers, [29], p.104). Let W = (Wt, t ≥ 0)

be the standard Brownian motion. Then

lim
t→∞

Wt

t
= 0, P− a.s.
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A more precise result on rate of growth is provided by the Law of Iterated Loga-

rithm.

Theorem 1.1.10 (Law of Iterated Logarithm, [29], p.112).

P

(

lim sup
t→∞

Wt√
2t log log t

= 1

)

= 1. (1.2)

The following theorem is useful to define the stochastic integral in the sense of Itô.

It states that the integral with respect to a quadratic variation of the standard

Brownian motion is simply an integral with respect to the Lebesgue measure.

Theorem 1.1.11 (Quadratic variation, [29], p.105). Let {∆n}∞n=1 be a sequence

of partitions of the interval [0, t] for some t > 0 such that the norm of these

partitions goes to zero as n→ ∞. Then

V
(2)
t (∆n) =

mn
∑

k=1

∣

∣

∣
W

t
(n)
k

−W
t
(n)
k−1

∣

∣

∣

2 L2(P)−→
n→∞

t,

where mn denotes the number of points of the partition ∆n.

For almost all trajectories of the standard Brownian motion it holds that their

total variation over interval [0, t] is infinite for all t ≥ 0. This property makes it

impossible to define the integral with respect to the standard Brownian motion

pathwise in the standard Lebesgue-Stieltjes sense.

Brownian motion presents an example of a mapping that produces continuous

yet nowhere differentiable functions.

Theorem 1.1.12 (Non-differentiability,[29], p.110). For almost every ω ∈ Ω, the

Brownian sample path t 7→ Wt(ω) is nowhere differentiable.

By the Kolmogorov-Chentsov Theorem, Theorem 1.1.6, the trajectories of the

standard Brownian motion are locally
(

1
2
− ε
)

-Hölder continuous for all ε ∈
(

0, 1
2

)

.

Itô Integral

In general, the Itô integral can be defined for semimartingales as integrators.

However, we do not attempt such a construction here and only introduce the Itô

stochastic integral with respect to the standard Brownian motion. For a complete

overview of this topic we refer to various monographs such as [29], [42], [47], [49].

For the applications of the theory of stochastic calculus in mathematical finance

we recommend the books of Steele ([59]) and Shreve ([57]). Stochastic calculus

in mathematical finance on a very sound mathematical level can also be found in

Part 3 of Dupačová, Hurt, Štěpán [22].

Denote by L2
ad([0, T ] × Ω) the space of (Ft)-progressively-measurable stochastic

6



processes u = (ut, t ∈ [0, T ]) on [0, T ] satisfying E
∫ T

0
|ut|2dt < ∞. Following

[32], we present a construction of an Itô stochastic integral of the process u ∈
L2
ad([0, T ]× Ω) with respect to the standard Brownian motion,

∫ t

0
usdWs.

Denote by S the class of simple processes on [0, T ], that is, processes of the form

Gt =
m−1
∑

i=0

ξi1[ti,ti+1)(t),

where ξs is Fs-measurable random variable such that E|ξs|2 <∞, s = 0, . . . ,m−1,

and 0 = t0 < t1 < · · · < tm = T , m ∈ N.

For a simple process G ∈ S , we define the stochastic integral
∫ T

0
GsdWs as

∫ T

0

GsdWs =
m−1
∑

i=0

ξi(Wti+1
−Wti).

This integral is obviously zero-mean and satisfies

∫ T

0

(aGs + bHs)dWs = a

∫ T

0

GsdWs + b

∫ T

0

HsdWs P− a.s.,

for any a, b ∈ R and G,H ∈ S . The two following important results allow us to

extend the integral to the space L2
ad([0, T ]× Ω).

Lemma 1.1.13 (Itô isometry, [32], p.44). Let G ∈ S be a simple process. Then

E

[
∫ T

0

GsdWs

]2

= E

[
∫ T

0

G2
sds

]

. (1.3)

Lemma 1.1.14 ([32], Lemma 4.3.3, p.45). Let u ∈ L2
ad([0, T ] × Ω). Then there

exists a sequence of simple processes {u(n), n ∈ N} ⊂ S such that

lim
n→∞

E

∫ T

0

|us − u(n)s |2ds = 0. (1.4)

Now, for any u ∈ L2
ad([0, T ] × Ω), by Lemma 1.1.14, there exists a sequence

{u(n), n ∈ N} in S such that (1.4) holds. Then we define the Itô integral of u as

∫ T

0

usdWs = lim
n→∞

∫ T

0

u(n)s dWs, (1.5)

where the convergence is in L2(P). Note that by Lemma 1.1.14, the sequence

{u(n), n ∈ N} is Cauchy in L2
ad([0, T ]×Ω) and by the Itô isometry, Lemma 1.1.13,

the sequence
∫ T

0
u
(n)
s dWs is Cauchy in L2(P). To see this let us write

E

[
∫ T

0

u(n)s dWs −
∫ T

0

u(m)
s dWs

]2

= E

[
∫ T

0

(u(n)s − u(m)
s )2ds

]

→ 0, n,m→ ∞.
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The space L2(P) is a complete metric space (see for example [50]), hence the limit

in (1.5) exists in L2(P). Moreover, the limit does not depend on the choice of the

approximating sequence. Indeed, for two sequences {u(n)}, {v(n)} ⊂ S , which

both satisfy (1.4), we have

E

[
∫ T

0

u(n)s dWs −
∫ T

0

v(m)
s dWs

]2

= E

[
∫ T

0

(u(n)s − v(m)
s )2ds

]

≤ 2

(

E

[
∫ T

0

(u(n)s − us)
2ds

]

+ E

[
∫ T

0

(us − v(m)
s )2ds

])

→ 0, n,m→ ∞,

thus the integral is well-defined.

Remark 1.1.15. The linearity of the integral and Itô isometry (1.3) remain valid

also for any u ∈ L2
ad([0, T ] × Ω). Further, the Itô isometry has the following

corollary:

E

[
∫ T

0

usdWs

∫ T

0

vsdWs

]

= E

[
∫ T

0

usvsds

]

, u, v ∈ L2
ad([0, T ]× Ω). (1.6)

△

Now let u ∈ L2
ad([0, T ]× Ω). Then for any t ∈ [0, T ],

E

[
∫ t

0

u2sds

]

≤ E

[
∫ T

0

u2sds

]

<∞,

hence for each t ∈ [0, T ] the stochastic integral
∫ t

0
usdWs is defined.

Remark 1.1.16. Observe that this integral is not defined pathwise for fixed ω ∈ Ω

as a Riemann-Stieltjes or Lebesgue-Stieltjes integral. Therefore, the continuity

(or even measurability) of it is not obvious. △

Theorem 1.1.17 ([32], Theorem 4.6.2, p.55). Let u ∈ L2
ad([0, T ]× Ω). Then the

stochastic process

Xt =

∫ t

0

usdWs, t ∈ [0, T ],

admits a continuous version, namely, almost all of its sample paths are continuous

functions on the interval [0,T].

Now we state a change-of-variables formula for the Itô integral.

Theorem 1.1.18 (Itô lemma, [32], Theorem 7.4.3, p.103). Let u ∈ L2
ad([0, T ]×Ω)

and

Xt =

∫ t

0

usdWs.

Let F (t, x) ∈ C1,2([0,∞) × R), that is F and its partial derivatives ∂F
∂t
, ∂F
∂x
, ∂

2F
∂x2

8



are continuous. Then for t ∈ [0, T ]

F (t,Xt) = F (0, 0) +

∫ t

0

∂F

∂t
(s,Xs)ds+

∫ t

0

∂F

∂x
(s,Xs)usdWs

+
1

2

∫ t

0

∂2F

∂x2
(s,Xs)u

2
sds, P− a.s.

(1.7)

Theorem 1.1.19 (Girsanov, [32], Theorem 8.9.4, p.143). Let h ∈ L2
ad([0, T ]×Ω),

where

E(ht) = exp

{
∫ t

0

hsdWs −
1

2

∫ t

0

h2sds

}

, 0 ≤ t ≤ T. (1.8)

and assume that EE(ht) = 1 for all t ∈ [0, T ]. Then the stochastic process

W̃t = Wt −
∫ t

0

hsds, 0 ≤ t ≤ T, (1.9)

is a Brownian motion with respect to the probability measure P̃ on (Ω,F) given

by

P̃(A) =

∫

A

E(hT )dP, A ∈ F . (1.10)

The Itô integral can be viewed as a limit of Riemann sums.

Theorem 1.1.20 ([32], Theorem 4.7.1, p.57). Let u ∈ L2
ad([0, T ]×Ω) and assume

that E[utus] is a continuous function of t and s. Then

lim
|πn|→0

n−1
∑

i=0

uti(Wti+1
−W ti) =

∫ T

0

utdWt, inL2(Ω),

where π = {0 = t0 < t1 < · · · < tn = T} and |πn| = max1≤i≤n(ti − ti−1).

1.2 Fractional Calculus

Deterministic fractional calculus will be useful while working with the fractional

Brownian motion. In the first part of this section, we recall basic definitions and

results which are used to define and investigate the extension of the Stieltjes inte-

gral in the second part. Exhaustive survey of the theory of fractional integrals can

be found in [53]. Classical results can also be found in Hardy’s and Littlewood’s

work [25] and [26].

We start by the well-known Cauchy’s formula for iterated integral.

∫ t

0

∫ t1

0

· · ·
∫ tn−1

0

f(tn)dtn · · · dt1 =
1

(n− 1)!

∫ t

0

f(s)

(t− s)1−n
ds. (1.11)

Since (n − 1)! = Γ(n), the right hand side of (1.11) makes sense even for non-
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integer n. This motivates the following definition.

Definition 1.2.1 (Left and right-sided fractional Riemann-Liouville integral).

Suppose that f ∈ L1([0, T ]), where T > 0 and let α > 0. The left and right-

sided fractional Riemann-Liouville integral of f of order α on (0, T ) are given for

almost all t ∈ (0, T ) by

Iα0+f(t) =
1

Γ(α)

∫ t

0

(t− s)α−1f(s)ds, (1.12)

and

IαT−f(t) =
1

Γ(α)

∫ T

t

(s− t)α−1f(s)ds, (1.13)

respectively. It can be easily verified that the following composition formula holds

for any α, β > 0:

Iα0+

(

Iβ0+f
)

= Iα+β
0+ f,

IαT−

(

IβT−f
)

= Iα+β
T− f.

Now as we have defined fractional integral, we can look for an analogue of the

classical differential operator which is an inverse of the left(right)-sided fractio-

nal Riemann-Liouville integral. Denote by Iα0+(L
p([0, T ])) the image of Lp ([0, T ])

under the operator Iα0+, and IαT−(L
p([0, T ])) the image of Lp ([0, T ]) under the

operator IαT−.

Definition 1.2.2 (Left-sided fractional Riemann-Liouville derivative). Suppose

that f ∈ Iα0+(L
p([0, T ]))(f ∈ IαT−(L

p([0, T ]))) where T > 0, p > 1 and α ∈ (0, 1).

The left and right-sided fractional Riemann-Liouville derivatives of f of order α

are given for almost all t ∈ (0, T ) by

Dα
0+f(t) =

1

Γ(1− α)

d

dt

∫ t

0

f(s)

(t− s)α
ds (1.14)

and

Dα
T−f(t) =

1

Γ(1− α)

d

dt

∫ T

t

f(s)

(s− t)α
ds. (1.15)

In this case, the fractional derivatives Dα
0+f and Dα

T−f admit the Weyl represen-

tation

Dα
0+f(t) =

1

Γ(1− α)

(

f(t)

tα
+ α

∫ t

0

f(t)− f(s)

(t− s)α+1
ds

)

, (1.16)

and

Dα
T−f(t) =

1

Γ(1− α)

(

f(t)

(T − t)α
+ α

∫ T

t

f(t)− f(s)

(s− t)α+1
ds

)

, (1.17)

where the integrals in (1.16) and (1.17) converge point-wise for almost all t ∈
(0, T ) if p = 1 and in Lp-sense if p > 1, see e.g. [42], p.355. By construction, it is

10



clear that for a function f ∈ Iα0+(L
p([0, T ])) we have that

Iα0+
(

Dα
0+f
)

= f,

and, for a general function f ∈ L1([a, b]), we have that

Dα
0+

(

Iα0+f
)

= f.

Similarly, there exist inversion formulas for the operators IαT− and Dα
T−.

1.2.1 Fractional Integrals

Following [61] and [62], we define fractional integral of f with respect to g. This

integral extends the Lebesgue-Stieltjes integral to integrators of unbounded va-

riation via fractional calculus. This construction will later be used for pathwise

stochastic integral with respect to strictly regular vanishing Volterra process. See

also related works on extension of Stieltjes integral of Vallois and Russo [52] and

Dudley and Norvaĭsa [21].

Let us denote

f0+(t) = (f(t)− f(0+))1(0,T )(t),

gT−(t) = (g(t)− g(T−))1(0,T )(t),

where + denotes the limit from the left and − the limit from the right.

Definition 1.2.3. Suppose that f and g are functions such that f(0+), g(0+)

and g(T−) exist, f0+ ∈ Iα0+(L
p) and gT− ∈ I1−α

T− for some p, q ≥ 1, 1/p + 1/q ≤ 1

and 0 < α < 1. Then the integral of f with respect to g is defined by

∫ T

0

fdg =

∫ T

0

Dα
0+f0+(t)D

1−α
T− gT−(t)dt+ f(0+)(g(T−)− g(0+)). (1.18)

It is shown in [61], Proposition 2.1, p.340, that the definition is independent of

the choice of α. Further we present basic properties of such defined integral.

Proposition 1.2.4 ([61], Proposition 2.2, p.341). Let (c, d] ⊂ (0, T ). If g is

λ-Hölder continuous on (0, T ) for some λ > 0 then we have

(i)

∫ T

0

1(c,d](t)dg(t) = g(d)− g(c)

(ii)

∫ T

0

1(c,T )(t)dg(t) = g(T−)− g(c).

This result extends to step functions by linearity.

If g is of bounded variation then, under some additional assumptions on f , this
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integral agrees with the classical Lebesgue-Stieltjes integral.

Theorem 1.2.5 ([61], Theorem 2.4, p.343). Suppose that f, g are as in the De-

finition 1.2.3 and g has bounded variation with variation measure µ. If either

∫ T

0

Iα0+(|Dα
0+f0+|)(t)µ(dt) <∞

or f is bounded and right (or left-)continuous at µ-a.a. points then

∫ T

0

f(t)dg(t) = (L− S)

∫ T

0

f(t)dg(t).

As a special case, for any continuous f , we obtain equivalence with the Riemann-

Stieltjes integral:

∫ T

0

f(t)dg(t) = (R− S)

∫ T

0

f(t)dg(t),

where

(R− S)

∫ T

0

f(t)dg(t) = lim
|∆|→0

∑

i

f(t∗i )(g(ti+1)− g(ti)), (1.19)

and the convergence holds uniformly in all finite partitions ∆ = {0 = t0 ≤ t∗0 ≤
t1 ≤ · · · ≤ tn ≤ t∗n ≤ tn+1 = T}. The integral is also an additive function of the

boundary ([61], Theorem 2.5., p.345).

Next we consider the case when f and g are Hölder continuous of summed order

greater than one.

Theorem 1.2.6 ([61], Theorem 4.2.1, p.349). If f ∈ Cλ(0, T ) and g ∈ Cµ(0, T )

are Hölder continuous with λ+ µ > 1, then the Riemann-Stieltjes integral (1.19)

exists and agrees with
∫ T

0
fdg.

The integral as a function of the upper or lower boundary is Hölder continuous

of order µ.

Proposition 1.2.7 ([61], Proposition 4.4.1, p.351). Let f ∈ Cλ(0, T ) and g ∈
Cµ(0, T ) with λ+ µ > 1. Then

∫ ·

0

fdg ∈ Cµ(0, T ).

Now we state the change-of-variables formula.

Theorem 1.2.8 ([62], Theorem 3.1, p.159). Let 0 < α < 1/2 f ∈ Iα0+(L
2([0, T ])

be bounded, gT− ∈ I1−α
T− (L2([0, T ])) and

h(t) = h(0) +

∫ t

0

f(s)dg(s), t ∈ (0, T ].

12



Then for any function F ∈ C1,2([0, T ]× R) and for any 0 ≤ t0 ≤ t ≤ T :

F (t, h(t))−F (t0, h(t0)) =
∫ t

t0

∂F

∂t
F (s, h(s))ds+

∫ t

t0

∂F

∂x
(s, h(s))f(s)dg(s). (1.20)

Remark 1.2.9. The formula holds under the more restrictive assumptions that g

is Hölder continuous of order µ, f is Hölder continuous of order λ > 1 − µ, and
∂F
∂x
(·, h(·)) is Hölder continuous of order λ ([62]). △

1.3 Fractional Brownian Motion

This section contains the definition and basic properties of the standard fractional

Brownian motion which represents a generalisation of the standard Brownian

motion. For a thorough survey and a comprehensive overview of the standard

fractional Brownian motion and the stochastic calculus defined with respect to

it, we refer to [7] or [36]. Other references include the original paper of Mandelbrot

and Van Ness [35], where a stochastic integral representation for the fractional

Brownian motion was given. For further reading see also [16] and [40].

Definition 1.3.1 (Fractional Brownian Motion). Let T > 0. We say that a

real-valued stochastic process BH =
(

BH
t , t ∈ [0, T ]

)

is the standard fractional

Brownian motion with the Hurst parameter H ∈ (0, 1) if it is a centered Gaussian

process, BH
0 = 0 P− a.s., and if its covariance function is given by

RH(t, s) = cov
(

BH
s , B

H
t

)

=
1

2

(

s2H + t2H − |t− s|2H
)

, s, t ∈ [0, T ]. (1.21)

It follows from the definition that the standard fractional Brownian motion is a

process with stationary increments, i.e. the probability law of BH
t+s − BH

t is the

same as the law of BH
s for s, t ∈ [0, T ]. The existence of such a process follows,

by similar arguments as for the standard Brownian motion, from Theorem 1.1.5

(for a proof that the function RH(t, s) in (1.21) is positive semidefinite, see for

example [39], p.8).

The regularity of sample paths of the fractional Brownian motion also depends

on the Hurst index H. This property follows from the Kolmogorov-Chentsov

Theorem, Theorem 1.1.6. We have

E
[

BH
t −BH

s

]k
= ck|t− s|kH ,

where ck = EXk with Law(X) = N(0, 1). Hence, by the Kolmogorov-Chentsov

Theorem, the process BH has a version with Hölder continuous sample paths of

any order less then H. In the sequel, we only consider this version. On the other

hand, we also have the Law of Iterated Logarithm for the fractional Brownian
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motion([7], p.11, or [4] for a general result).

P

(

lim sup
t→∞

BH
t

tH
√
log log t

= dH

)

= 1, (1.22)

where dH is a suitable constant.

The standard fractional Brownian process with the Hurst parameter H is an

H-self-similar process, that is, for every a > 0 it holds that

Law
(

BH
at , t ≥ 0

)

= Law
(

aHBH
t , t ≥ 0

)

.

This is an immediate consequence of the fact, that the covariance function fullfils

RH(at, as) = a2HRH(t, s) for every a > 0.

Depending on the value of the Hurst parameter H, we recognize three different

cases. If H = 1
2
it is the standard Brownian motion, for H < 1

2
we have the

singular (or antipersistent) case and the regular (or persistent) case when H > 1
2
.

Only in the case H = 1
2
are the increments of the process BH independent. If

H 6= 1
2
, it follows by (1.21) that the increments BH

t+h −BH
t and BH

t+2h −BH
t+h are

correlated negatively in the singular case and positively in the regular case. This

phenomenon is depicted in Figure 1.1.

H = 0.75 H = 0.25

Obrázek 1.1: Simulated trajectories of fractional Brownian motion for different
values of Hurst parameter

The fractional Brownian motion with H > 1
2
is a process with long memory ([7],

p.9), by which we mean that the increments Xk = BH
k −BH

k−1, k ∈ N possess the

long-range dependence property.

Definition 1.3.2. A stationary sequence (Xn)n∈N exhibits long-range depen-

dence if the autocovariance function ρ(n) = cov(Xk, Xk+n) satisfies

lim
n→∞

ρ(n)

cn−α
= 1
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for some constant c and α ∈ (0, 1). In this case the dependence between Xk and

Xk+n decays slowly as n tends to infinity and

∞
∑

n=1

ρ(n) = ∞.

Since almost all sample paths of the standard Brownian motion are nowhere

differentiable, such a property cannot be expected in the case of the standard

fractional Brownian motion which is its immedieate extension.

Theorem 1.3.3 (Differentiablity of sample paths of fBm, [35], p.427). The sam-

ple path BH
t (ω) is P-almost surely not differentiable; in fact,

lim sup
t→t0

∣

∣

∣

∣

BH
t (ω)− BH

t0
(ω)

t− t0

∣

∣

∣

∣

= ∞

with probability one.

The fractional Brownian motion with the Hurst parameter H 6= 1
2
is not a se-

mimartingale. In fact, it is shown in [7], p.12, that BH has finite and positive
1
H
-variation; see also [48] for original result. As a consequence we cannot use Itô

stochastic calculus to define the stochastic integral with respect to the fractional

Brownian motion.

1.3.1 Liouville fractional Brownian motion

The Liouville fractional Brownian motion is a process whose properties reflect

the properties of the standard fractional Brownian motion, but its formulation

is simpler and, therefore, it does not pose such a technical challenge. Only the

definition is presented here. Note that unlike the fractional Brownian motion, this

process generally doesn’t have stationary increments. For a stochastic integration

with respect to the Liouville fractional Brownian motion, see [12].

Definition 1.3.4 (Liouville fractional Brownian motion, [12], p.7). Let

RH
L (s, t) =

1
(

Γ
(

H + 1
2

))2

∫ s∧t

0

(s− u)H− 1
2 (t− u)H− 1

2du, s, t,∈ [0, T ].

A Liouville fractional Brownian motion of order 0 < H < 1 is a Gaussian process

LH = (LH
t , t ∈ [0, T ]), such that

E
(

LH
s L

H
t

)

= RH
L (s, t), s, t ∈ [0, T ].
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2. Malliavin Calculus

In this chapter we review the basics of Malliavin Calculus. First we define isonor-

mal Gaussian processes, which can be viewed as a collection of random variables

indexed by elements of a separable Hilbert space. Then we proceed with defini-

tion of the Malliavin derivative and present some of its basic properties. Finally

we introduce a stochastic integral as an adjoint to the derivative operator. Main

reference for this chapter is Nualart’s book [42]. For further reading see also [45],

[46], [55], [43] and [28].

2.1 Isonormal Gaussian processes

The general framework

Definition 2.1.1 (H-isonormal Gaussian process). Let (Ω,F ,P) be complete pro-

bability space and H be a real, separable Hilbert space. We say that a stochastic

process X = (X(h), h ∈ H) defined on (Ω,F ,P) is an H-isonormal Gaussian pro-

cess (or a Gaussian process on H) if X is a centered Gaussian family of random

variables such that

E (X(h)X(g)) = 〈h, g〉
H
, h, g ∈ H. (2.1)

Here, the mapping h 7→ X(h) is linear, as the above relationship between scalar

products yields

E [X(λh+ µg)− λX(h)− µX(g)]2 = 0.

Therefore, the mapping provides a linear isometry between H and a closed sub-

space of L2(Ω,F ,P) denoted by H1, which consisting of centered Gaussian ran-

dom variables. Indeed, by (2.1) we have

‖X(h)‖2L2(Ω) = E (X(h))2 = ‖h‖2
H
.

Example 2.1.2 (The isonormal Gaussian process associated to the standard Brow-

nian motion). Let W = (Wt, t ∈ [0, T ]) be the standard Brownian motion on

(Ω,F ,P). Having set H = L2 ([0, T ]), we denote

X(h) =

∫ T

0

h(s)dWs, h ∈ H,

where the stochastic integral is defined in the sense of Itô. Then X is a zero-mean

Gaussian random variable with variance
∫ T

0
h2(s)ds, h ∈ H, and from the Itô

isometry (1.6) we obtain
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E

[
∫ T

0

h1(s)dWs ·
∫ T

0

h2(s)dWs

]

=

∫ T

0

h1(s)h2(s)ds = 〈h1, h2〉H

for all h1, h2 ∈ H. Since 1[0,t] ∈ L2 ([0, T ]) for all t ∈ [0, T ], we clearly have that

X(1[0,t]) =

∫ T

0

1[0,1](s)dWs = Wt −W0 = Wt.

Thus, the isonormal Gaussian process on L2([0, T ]) corresponds to the standard

Brownian motion (except for the fact that we have not proved that it has con-

tinuous paths; however, there exists a continuous modification by Kolmogorov-

Chentsov Theorem). Note that for all s, t ∈ [0, T ], we have that

E(WsWt) = E
(

X(1[0,s])X(1[0,t])
)

=
〈

1[0,s],1[0,t]

〉

H
= s ∧ t.

♦

Example 2.1.3 (The isonormal Gaussian process associated to the fractional Brow-

nian motion). Let us recall that fractional Brownian motion with Hurst parame-

ter H ∈ (0, 1), BH = (BH
t , t ∈ [0, T ]), is a centered Gaussian process with a

covariance function

RH(t, s) = E
[

BH
t B

H
s

]

=
1

2

(

s2H + t2H − |t− s|2H
)

.

Let us denote by E the step functions on the interval [0, T ] and let H H be the

Hilbert space defined as the closure of E with respect to the scalar product

〈

1[0,s],1[0,t]

〉

H H = RH(t, s).

The mapping 1[0,t] 7→ BH
t can be extended to isometry between H H and the

Gaussian space HH
1 associated with BH . We denote this isometry ϕ 7→ BH(ϕ).

Then {BH(ϕ), ϕ ∈ H H} is an H H-isonormal Gaussian process. For BH(ϕ) we

also use the notation BH(ϕ) =
∫ T

0
ϕ(s)dBH

s . A more general case of this example

will be discussed in Section 3.2. ♦

2.2 The Malliavin Derivative

The purpose of this section is to introduce the derivative operatorDF of a random

variable F : Ω → R with respect to the parameter ω ∈ Ω.

Let X = (X(h), h ∈ H) be an isonormal Gaussian process on a complete pro-

bability space (Ω,F ,P), where F is generated by X and let p ≥ 1. We start
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with a definition of the derivative on a dense subset of Lp(Ω,F ,P) (=: Lp(Ω)).

Further let C∞
p (Rn) (C∞

b (Rn), respectively) be the set of all infinitely differenti-

able functions f : R
n → R such that f and all of its derivatives have at most

polynomial growth (are bounded, respectively). Denote by S the set of smooth

random variables of the form

F = f(X(h1), . . . , X(hn)), (2.2)

where n ≥ 1, f ∈ C∞(Rn) and h1, . . . , hn ∈ H.

We further denote by Sb the set of smooth random variables for the case when

f ∈ C∞
b (Rn) in (2.2). We call F ∈ S smooth random variable. Clearly Sb ⊂ S.

Note that Sb and hence S are dense in L2(Ω,F ,P) (for proof see e.g. [46], p.13).

Definition 2.2.1. The Malliavin derivative of a smooth random variable F ∈ S
of the form (2.2) is the H-valued random variable

DF =
n
∑

i=1

∂if(X(h1), . . . , X(hn))hi. (2.3)

The directional derivative of F ∈ S in the direction h ∈ H is defined as DhF =

〈DF, h〉
H
.

Remark 2.2.2. The definition of the Malliavin derivative does not depend of a

particular representation of the random variable F in (2.2). This can be seen

from the proof of Theorem 2.2.7. △

To get acquainted with this notion, let us compute a simple example.

Example 2.2.3. LetX = W be the standard Brownian motion and H = L2([0, T ]).

Let h = 1[0,t]. Then W (h) =
∫ T

0
1[0,t](s)dWs = Wt. Consider the following

functions f in (2.2): f(x) = x, f(x) = x2. The Malliavin derivative of Wt is

DWt = DW (1) = 1[0,t] and D(Wt)
2 = 2Wt1[0,t]. ♦

In order to extend the derivative to a larger class of random variables, our next

aim is to show that D is a closable operator from Lp(Ω) to Lp(Ω;H). That is, if

{Fn}n∈N ⊂ S converges to zero in L2(Ω) and the sequence of derivatives {DFn}n∈N
converges to G in Lp(Ω;H), then G = 0. In order to show this, we make use of

the following integration by parts formula.

Lemma 2.2.4 ([42], Lemma 1.2.1, p.25). Let F ∈ S and h ∈ H. Then

E [〈DF, h〉
H
] = E [FX(h))] . (2.4)

The previous Lemma together with the fact that

D(FG) = FDG+GDF, F,G ∈ S,
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yields a formula for integration-by-parts.

Lemma 2.2.5. Let F,G ∈ S and h ∈ H. Then

E [G 〈DF, h〉
H
] = E [−F 〈DG, h〉

H
] + E [GFX(h)] . (2.5)

Now we can prove the closability of the derivative, but before doing so, let us

remind the definition of vector valued Lp spaces.

Remark 2.2.6. Let B be a Banach space. A function f : Ω → H is (strongly)

measurable if it is the pointwise limit of simple functions
∑n

k=1 xk1Ak
, where

xk ∈ B and Ak ∈ F . A measurable function f is p-integrable, if E‖f‖p
B
< ∞.

We then write f ∈ Lp(Ω;B). As ususal with working with Lp spaces, we identify

functions which are equal almost everywhere. △

Theorem 2.2.7 (Closability of D, [42], Proposition 1.2.1, p.26). The operator D

is closable from Lp(Ω) to Lp(Ω;H) for any p ≥ 1.

D̊ukaz. Let {Fn}n∈N ⊂ S such that Fn → 0 in Lp(Ω) and DFn → η in Lp(Ω;H)

as n → ∞. Let h ∈ H and F ∈ Sb such that FX(h) is bounded. Then, using

Lemma 2.2.5, we obtain

E [〈η, h〉
H
F ] = lim

n→∞
E [〈DFn, h〉H F ]

= lim
n→∞

E [−Fn 〈DF, h〉H] + E [GFX(h)] = 0,

because Fn → 0, for n→ ∞, and the other terms are bounded.

Definition 2.2.8. The closure D̄ of the operator D in Lp(Ω) is also denoted be

D. The domain of D in Lp(Ω) is the space D
1,p defined as the completion of S

with respect to the norm ‖ · ‖1,p:

‖F‖p1,p = E|F |p + E‖DF‖p
H
. (2.6)

For p = 2, the space D
1,2 is a Hilbert space with respect to the scalar product

〈F,G〉1,2 = E (FG) + E 〈DF,DG〉
H
.

Note that directional derivative Dh = 〈DF, h〉
H
in the direction h ∈ H is also

closable operator from Lp(Ω) to Lp(Ω) and its domain is denoted D
h,p.

Remark 2.2.9. Consider nowH = L2([0, T ]). We can identify L2(Ω;H) ∼= L2([0, T ]×
Ω. We then have that the derivative of a random variable F ∈ D

1,2 is a square

integrable stochastic process (DtF, t ∈ [0, T ]) (defined almost everywhere λ× P,

where λ denotes Lebesgue measure) and E‖DF‖2
H
= E

∫ T

0
(DtF )

2dt. △

Example 2.2.10. Consider the fractional Brownian motion from Example 2.1.3.
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Let us compute

‖BH
t ‖21,2 = E(BH

t )2 +
〈

1[0,t],1[0,t]

〉

H H = E(BH
t )2 +RH(t, t) = 2E(BH

t )2

and

‖f(BH
t )‖21,2 = Ef(BH

t )2 + E
〈

f ′(BH
t )1[0,t], f

′(BH
t )1[0,t]

〉

H H

= Ef(BH
t )2 + Ef ′(BH

t )2E(BH
t )2.

♦

The next result is a chain rule for the Malliavin derivative D.

Lemma 2.2.11 (Chain rule, [42], Proposition 1.2.3, p.28). Let ϕ : Rm → R be a

continuously differentiable function with bounded partial derivatives. Suppose that

F = (F 1, . . . , Fm) is a random vector with components in D
1,p. Then ϕ(F ) is in

D
1,p and

D(ϕ(F )) =
m
∑

i=1

∂iϕ(F )DF
i.

As a next step, we define higher order Malliavin derivatives and extend the Mallia-

vin derivative to smooth random variables with values in a real separable Hilbert

space V . Let us first recall the notion of tensor product of Hilbert spaces.

Remark 2.2.12 (Tensor product). Let (H1, 〈·, ·〉H1
) and (H2, 〈·, ·〉H2

) be real sepa-

rable Hilbert spaces. Their tensor product is a Hilbert space H1 ⊗ H2 together

with a bilinear mapping ⊗ : H1 ×H2 → H1 ⊗H2 : (h1, h2) 7→ h1 ⊗ h2, such that

1. 〈f1 ⊗ f2, g1 ⊗ g2〉H1⊗H2
= 〈f1, g1〉H1

〈f2, g2〉H2
,

2. and the set {h1 ⊗ h2, h1 ∈ H1, h2 ∈ H2} forms a total subset of H1 ⊗H2.

△

Remark 2.2.13. Let V be a real separable Hilbert space. The space L2(V ;H) of

square integrable functions V → H is isomorphic to L2(V)⊗H. The isomorphism

maps f(x)⊗ ϕ ∈ L2(V)⊗H to f(x)ϕ ∈ L2(V ;H). △

For a real separable Hilbert space V denote by SV the V -valued smooth random

variables of the form

u =
n
∑

j=1

Fjvj, vj ∈ V, Fj ∈ S, j = 1, . . . , n, n ∈ N. (2.7)

Definition 2.2.14. We define the Malliavin derivative of u ∈ SV as the H⊗ V -

valued random variable

Du =
n
∑

j=1

(DFj)⊗ vj.
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Similarly as above, the Malliavin derivative is a closable operator from SV ⊂
Lp(Ω;V ) to Lp(Ω;H⊗ V ). Denote D

1,p(V ) the completion of SV with respect to

the norm ‖ · ‖1,p,V , where

‖u‖p1,p,V = E‖u‖pV + E‖Du‖p
H⊗V .

Consequently, we define higher derivatives by iteration as

DkF = DDk−1F, k ≥ 1.

If F ∈ S is a smooth random variable and we apply the derivative operator on

DF again, then we get a random variable with values in H ⊗ H. By induction,

DkF is a random variable with values in H
⊗k. Similarly to ‖ · ‖1,p, we use the

following notation for any k ∈ N and p ≥ 1:

‖F‖pk,p = E|F |p +
k
∑

j=1

E‖DjF‖p
H⊗j .

Then as above, the operator Dk is closable from S into Lp(Ω;H⊗k).

Note that for p = 2 and k ≥ 1, the space D
k,2 is a Hilbert space with respect to

the scalar product

〈F,G〉k,2 = E (FG) +
k
∑

j=1

E
(〈

DjF,DjG
〉

H⊗j

)

.

Remark 2.2.15 ([46], Corollary 1.32, p.19). If u ∈ D
1,2(H), then 〈u, h〉

H
belongs

to D
1,2 for all h ∈ H and D(〈u, h〉

H
) = 〈Du, h〉

H
= Dhu. △

Remark 2.2.16 ([42], Corollary 1.2.1). SupposeH = L2([0, T ]). Let [a, b] ∈ B([0, T ]),
where B([0, T ]) denotes the Borel σ-algebra on the interval [0, T ]. Let F ∈ D

1,2

be F[a,b]c-measurable, where F[a,b] = σ{Ws, s ∈ [a, b]}. Then DtF = 0, (λ×P)-for

almost every (t, ω) ∈ [a, b]× Ω. △

2.3 The Divergence Operator

In this section, we introduce the divergence operator defined as the adjoint of

the derivative operator. Let us recall that the derivative operator D is a closed

unbounded operator with values in L2(Ω;H) defined on the dense subset D1,2 of

L2(Ω).

Definition 2.3.1. The divergence operator δ is defined as the adjoint of the

operator D. That is, δ is an unbounded operator on L2(Ω;H) with values in

L2(Ω) such that:
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1. The domain of δ, denoted by dom δ , is the set of H-valued random variables

u ∈ L2(Ω;H) satisfying

|E [〈DF, u〉
H
] | ≤ c‖F‖L2(Ω) ∀F ∈ D

1,2,

where c is a constant depending on u.

2. If u ∈ dom δ then δ(u) is the random variable in L2(Ω) satisfying for any

F ∈ D
1,2

E [Fδ(u)] = E [〈DF, u〉
H
] . (2.8)

Denote by SH ⊂ L2(Ω;H) the class of H-valued smooth random variables of the

form

u =
n
∑

j=1

Fjhj, (2.9)

where Fj ∈ S is a smooth random variable and hj ∈ H for all j = 1, . . . , n.

The divergence operator has the following properties:

Proposition 2.3.2 (Properties of δ).

1. The operator δ : dom δ → L2(Ω) is linear and closed.

2. If u ∈ dom δ , then

E [δ(u)] = 0. (2.10)

3. If u ∈ SH, then u ∈ dom δ and

δ(u) =
n
∑

j=1

(

FjX(hj)− 〈DFj, hj〉H
)

. (2.11)

4. Let u ∈ SH and h ∈ H. Then

Dhδ(u) = 〈D(δ(u)), h〉
H
= 〈u, h〉

H
+δ

(

n
∑

j=1

〈DFj, h〉H hj
)

= 〈u, h〉
H
+δDhu.

(2.12)

D̊ukaz.

1. δ is the adjoint of a linear and densely defined operator, hence also linear

and closed.

2. Take F = 1 in (2.8).
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3. We use Lemma 2.2.5 and get

|E [〈DF, u〉
H
]| =

∣

∣

∣

∣

∣

n
∑

j=1

E
[

Fj 〈DF, hj〉H
]

∣

∣

∣

∣

∣

≤
n
∑

j=1

(∣

∣E
[

F 〈DFj, hj〉H
]∣

∣+ |E [FFjX(hj)]|
)

≤ cu‖F‖L2(Ω),

so u ∈ dom δ . Now, Lemma 2.2.5 is used again together with (2.8) in order

to get for all F ∈ D
1,2

E [Fδ(u)] = E [〈DF, u〉
H
] = E

[

F

(

n
∑

j=1

FjX(hj)−
n
∑

j=1

〈DFj, hj〉H

)]

.

4. For simplicity, let us consider u in the form u = G · g where G ∈ S and

g ∈ H. We use (2.11) in order to get

〈Dδ(u), h〉
H
= 〈D(GX(g)− 〈DG, g〉

H
), h〉

H

= 〈u, h〉
H
+X(g) 〈DG, h〉

H
− 〈D (〈DG, h〉

H
) , g〉

H

= 〈u, h〉
H
+ δ(〈DG, h〉

H
),

which follows from the fact that 〈D(〈DG, h〉
H
), g〉

H
= 〈D(〈DG, g〉

H
), h〉

H

and then applied (2.11) once more.

The next result gives us a class of H-valued random variables included in the

domain of the divergence operator.

Proposition 2.3.3 ([42], Proposition 1.3.1, p.37). The space D
1,2(H) is included

in dom δ . If u, v ∈ D
1,2(H), then

〈δ(u), δ(v)〉L2(Ω) = 〈u, v〉L2(Ω;H) + 〈Du,Dv〉L2(Ω;H⊗H) . (2.13)

Proposition 2.3.4 ([42], Proposition 1.3.2, p.39). Let u ∈ D
1,2(H), and suppose

that Dhu belongs to dom δ for h ∈ H. Then δ(u) ∈ D
h,2, and

Dh(δ(u)) = 〈u, h〉
H
+ δ(Dhu). (2.14)

Proposition 2.3.5 ([42], Proposition 1.3.3, p.39). Let F ∈ D
1,2 and u be in the

domain of δ such that Fu ∈ L2(Ω;H). Then Fu belongs to the domain of δ and

we obtain the equality

δ(Fu) = Fδ(u)− 〈u,DF 〉
H
, (2.15)

23



provided that the right hand side is square integrable.

D̊ukaz. For any smooth random variable G we have:

E [Gδ(Fu)] = E 〈DG,Fu〉
H

= E [〈u,D(FG)−GDF 〉
H
]

= E [(δ(u)F − 〈u,DF 〉
H
)G] .

The following proposition asserts that the divergence operator enjoys the local

property.

Proposition 2.3.6 ([42], Proposition 1.3.15, p.47). Let u ∈ D
1,2(H) and A ∈ F ,

such that u = 0 on A. Then δ(u) = 0 P-a.s. on A.

Skorohod integral

Let us consider H = L2([0, T ]) and W (h) =
∫ T

0
h(s)dWs for h ∈ L2([0, T ]). In

this case the elements of dom δ ⊂ L2([0, T ]× Ω) are square integrable processes

and the divergence δ(u) of the random process u ∈ dom δ is called the Skorohod

integral of the process u. We will also denote the Skorohod integral by

δ(u) =

∫ T

0

utδWt.

The space L
1,2 = D

1,2(L2([0, T ])) coincides with the class of processes u ∈
L2([0, T ]×Ω) such that ut ∈ D

1,2 for almost all t, and such that there exists a mea-

surable version of the two-parameter processDsut satisfying E
∫ T

0

∫ T

0
(Dsut)

2dsdt <

∞. This space is included in dom δ by Proposition 2.3.3. Equation (2.13) can be

rewritten as

E [δ(u)δ(v)] = E

∫ T

0

utvtdt+ E

∫ T

0

∫ T

0

DsutDtvsdsdt. (2.16)

Suppose now that the processes u and v are adapted to the filtration generated

by the Brownian motion W . Then by Remark 2.2.16 we have that Dsut = 0 for

almost all (s, t) such that s > t. Hence the second term in (2.16) is zero, and we

get the usual Itô isometry.

The next result shows that if u ∈ L2
ad([0, T ] × Ω), then the Skorohod integral

coincides with the Itô integral with respect to the Brownian motion.

Proposition 2.3.7 ([46], Proposition 1.65, p.34). If u ∈ L2
ad([0, T ] × Ω) then

u ∈ dom δ and the Skorohod integral δ(u) coincides with the Itô integral with
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respect to the Brownian motion,

δ(u) =

∫ T

0

usdWs.

Now we can reformulate Proposition 2.3.4 which will allow us to compute the

derivative of the Skorohod integral.

Proposition 2.3.8 ([42], Proposition 1.3.8, p.43). Suppose that u ∈ L
1,2. Assume

that for almost all t ∈ [0, T ] the process (Dtus, s ∈ [0, T ]) is in dom δ and that

there exists a version of the process (
∫ T

0
DtusδWs, t ∈ [0, T ]) which is in L2([0, T ]×

Ω). Then
∫ T

0
usδWs ∈ D

1,2 and for all t ∈ [0, T ]

Dt(

∫ T

0

usδWs) = ut +

∫ T

0

DtusδWs. (2.17)
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3. Volterra Processes

In this chapter, we introduce a broad class of Gaussian processes which are natural

generalization of the fractional Brownian motion. We develop stochastic integral

with respect to these processes and show some of its main properties. These

processes are determined by their covariance function R defined in terms of a

kernel K. Further, we introduce the class of regular processes by imposing some

conditions on the kernel K and for these processes we present the Itô formula. We

follow the paper [1] and develop the stochastic calculus using the techniques of

Malliavin calculus. A stochastic calculus for processes of the so-called covariance

measure structure is developed in a similar way in [30]. For a different approach

we refer to [15] where the integral is based on convergence of discrete sums. For

yet another approach to stochastic integration with respect to an even broader

class of Gaussian processes in the white noise setting, we refer to [33]. Let us

also mention the paper [60] by Čoupek and Maslowski on stochastic evolution

equations driven by (non-Gaussian) Volterra processes.

3.1 Definition and Basic Properties

Definition 3.1.1 (Volterra process). Let T > 0 and W = (Wt, t ∈ [0, T ]) be the

standard Brownian motion defined on a complete probability space (Ω,F ,P). Let
K : [0, T ]2 → [0,∞) be a function such that

(i) K(t, s) = 0 for s > 0, and K(0, s) = 0 for all s ∈ [0, T ].

(ii) K is a kernel satisfying

sup
t∈[0,T ]

∫ t

0

K(t, s)2ds <∞. (3.1)

Then the process B given by

Bt =

∫ t

0

K(t, s)dWs, (3.2)

is called Gaussian Volterra process. The considered integral is in the sense of Itô.

Clearly B is Gaussian with the covariance function

R(t, s) = E[Bt, Bs] =

∫ t∧s

0

K(t, r)K(s, r)dr. (3.3)
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Denote by E the set of step functions on [0, T ], that is

E =

{

ϕ; ϕ(s) =
n
∑

i=1

ϕi1(ti,ti+1](s),

ϕi ∈ R, i ∈ {1, . . . , n}, 0 = t1 ≤ t2 ≤ · · · ≤ tn+1 = T, n ∈ N

}

.

E is clearly a dense subset of L2([0, T ]) (see [51]). Suppose further that the kernel

K satisfies the following condition:

(K) The function K(·, s) : (s, T ] → [0,∞) is continuous and of bounded vari-

ation on any interval (u, T ], for each u > s, where 0 < s < T.

By the condition (K) we can, for each s ∈ (0, T ), decompose the function K(·, s)
into a difference of two non-decreasing functions K+ and K−. Thus, we can define

a Lebesgue-Stieltjes measure K(·, s) on B ((s, T ]), using the decomposition of K

into these non-decreasing components. For a precise construction we refer to [34],

p.186. We have that

K ((s, t], s) = K(t−, s)−K(s+, s),

where the + and − denote the limit from the right and left-hand side, respectively.

Consider the operator K ∗ : E → L2([0, T ]) defined by

(K ∗ϕ) (s) = ϕ(s)K(T, s) +

∫ T

s

(ϕ(t)− ϕ(s))K(dt, s). (3.4)

Further, the relationship between the operator K ∗ and the kernel K is discussed.

Note that for ϕ ∈ E , the function (K ∗ϕ)(·) takes the form

(K ∗ϕ)(s) =
n
∑

i=1

φi1(si,si+1](s)K(T, s)+

+
n−1
∑

i=1

1(si,si+1](s)
n
∑

j=i+1

(φj − φi) (K(sj+1, s)−K(sj, s)) , (3.5)

where s ∈ [0, T ], for T > 0. The expression (3.5) can be found in [1], p.771. In

particular, we have
(

K
∗
1[0,t]

)

(s) = K(t, s)1[0,t](s).

In order to avoid degenerate cases, we make the following assumption:

(I) K ∗ : E → L2([0, T ]) is injective.

Example 3.1.2. Let T > 0 and BH =
(

BH
t , t ∈ [0, T ]

)

be the standard fractional

Brownian motion with the Hurst parameter H ∈ (0, 1). The covariance function

RH of BH is given by (1.21). Let B denote the Beta function. The covariance
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function RH can be expressed as

RH(t, s) =

∫ t∧s

0

KH(t, r)KH(s, r)dr, t, s ∈ [0, T ],

with a square integrable kernel KH given, for H < 1
2
, by ([7], p.25)

KH(t, s) = bH

[

(

t

s

)H− 1
2

(t− s)H− 1
2

−
(

H − 1

2

)

s
1
2
−H

∫ t

s

(u− s)H− 1
2uH− 3

2du

]

,

(3.6)

where bH is a constant

bH =

(

2H

(1− 2H)B(1− 2H,H + 1/2)

)
1
2

.

The behavior of the kernel KH with H < 1/2 is illustrated in Figure 3.1.

KH(1, s), s ∈ (0, 1) KH(t, 0.2), t ∈ (0.2, 1]

Obrázek 3.1: Kernel KH of a fractional Brownian motion with the Hurst index
H = 0.25.

If H > 1
2
then the kernel KH takes a simpler form ([7], p.24)

KH(t, s) = cHs
1
2
−H

∫ t

s

(u− s)H− 3
2uH− 1

2du, (3.7)

with

cH =

(

H(2H − 1)

B(2− 2H,H − 1
2
)

)
1
2

.

This kernel is depicted in Figure 3.2.
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KH(1, s), s ∈ (0, 1] KH(t, 0.2), t ∈ [0.2, 1]

Obrázek 3.2: Kernel KH of a fractional Brownian motion with the Hurst index
H = 0.75.

Now we present the explicit form of the operator K ∗. Let ϕ ∈ E . Exploiting the

notion of fractional calculus, the operator K ∗
H can be expressed for H < 1

2
as

K
∗
Hϕ(s) = bHΓ

(

H +
1

2

)

s1/2−H
(

D
1/2−H
T− uH−1/2ϕ(u)

)

(s), (3.8)

and for H > 1
2
as

K
∗
Hϕ(s) = cHΓ

(

1

2
−H

)

s1/2−H
(

I
H−1/2
T− uH−1/2ϕ(u)

)

(s). (3.9)

♦

Example 3.1.3. Let T > 0 and LH =
(

LH
t , t ∈ [0, T ]

)

be the Liouville fractional

Brownian motion. By the definition 1.3.4, the covariance function RH
L can be

expressed in the form (3.3) with the kernel

KL
H(t, s) =

1

Γ
(

H + 1
2

)(t− s)H− 1
21(t < s). (3.10)

♦

3.2 Integrable functions

In order to develop stochastic calculus with respect to the process B, the space H

of integrable functions is defined in this section. Let us define the inner product

〈·, ·〉
H
. Set

〈

1[0,t],1[0,s]

〉

H
= R(t, s), (t, s) ∈ [0, T ]2. (3.11)

By linearity, we can extend this inner product to E and thus (E , 〈·, ·〉
H
) forms a

pre-Hilbert space. The completion of E with respect to the inner product (3.11)
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will be denoted by H .

The operator K ∗ provides an isometry between E and closed subspace of L2([0, T ])

spanned by the functions {K(t, ·)1[0,t], t ∈ [0, T ]}. To see this let us write

〈

K
∗
1[0,t],K

∗
1[0,s]

〉

L2([0,T ])
=
〈

K(t, ·)1[0,t], K(s, ·)1[0,s]

〉

L2([0,T ])

=

∫ t∧s

0

K(t, u)K(s, u)du

= R(t, s)

=
〈

1[0,t],1[0,s]

〉

H
.

Hence

H = (K ∗)−1(L2([0, T ])). (3.12)

Let ϕ ∈ E . Then we define the Wiener integral of ϕ with respect to the process

B as
∫ T

0

ϕ(t)dBt =
n
∑

i=1

ϕi(Bti+1
−Bti). (3.13)

On the other hand, by the formulas (3.2) and (3.5) we have

∫ T

0

ϕ(t)dBt = ϕnBT −
n−1
∑

i=1

(ϕi+1 − ϕi)Bti+1

=

∫ T

0

(

ϕnK(T, s)−
n−1
∑

i=1

(ϕi+1 − ϕi)1(0,ti+1](s)K(ti+1, s)

)

dWs

=

∫ T

0

(

n
∑

i=1

ϕi1(ti,ti+1](s)K(T, s)

+
n−1
∑

i=1

(ϕi+1 − ϕi)1(0,ti+1](s) (K(T, s)−K(ti+1, s))

)

dWs

=

∫ T

0

(

ϕ(s)K(T, s)

+
n−1
∑

i=1

1(ti,ti+1](s)
n
∑

j=i+1

(ϕi+1 − ϕi) (K(tj+1, s)−K(tj, s))

)

dWs

=

∫ T

0

(K ∗ϕ) (s)dWs.

Hence we can write

∫ T

0

ϕ(t)dBt =

∫ T

0

(K ∗ϕ) (s)dWs, ϕ ∈ E . (3.14)

It follows that the operator K ∗ may be extended into H , K ∗ : H → L2([0, T ])

is injective and the equality (3.14) holds for ϕ ∈ H .
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Remark 3.2.1. Note, that the process
(

∫ T

0
ϕ(t)dBt, ϕ ∈ H

)

is an H -isonormal

Gaussian process in the sense of Definition 2.1.1, since it is clearly zero-mean,

Gaussian and

E

[
∫ T

0

ϕ(t)dBt ·
∫ T

0

ψ(t)dBt

]

=E

[
∫ T

0

(K ∗ϕ) (t)dWt ·
∫ T

0

(K ∗ψ) (t)dWt

]

=

∫ T

0

(K ∗ϕ) (s) · (K ∗ψ) (s)ds

= 〈K ∗ϕ,K ∗ψ〉L2([0,T ])

= 〈ϕ, ψ〉
H
,

by the Itô isometry (1.6). △

Example 3.2.2. In this example, the domain of the operator
(

K L
H

)∗
associated

to the Liouville fractional Brownian motion. The kernel KL
H is of the form (3.10)

and the operator
(

K L
H

)∗
, by its definition (3.4), can be expressed as

((

K
L
H

)∗
ϕ
)

(s) =
1

Γ
(

H + 1
2

)

(

ϕ(s)

(T − s)
1
2
−H

−
(

1

2
−H

)
∫ T

s

ϕ(s)− ϕ(t)

(t− s)
3
2
−H

dt

)

,

which is, however, precisely the Weyl representation (1.17) of the right-sided

fractional derivative. This means that

((

K
L
H

)∗
ϕ
)

(s) =
(

D
1
2
−H

T− ϕ
)

(s).

The inverse operator defined in terms of the left-sided Riemann-Liouville fracti-

onal integral exists for all functions ϕ ∈ I
1
2
−H

T− (Lp). Therefore, we have that

((

K
L
H

)∗)−1
= I

1
2
−H

T− ,

with the domain

dom
(

((

K
L
H

)∗)−1
)

= I
1
2
−H

T− (Lp) .

♦

In the following, we denote by DB, δB,D
k,p
B the operators and spaces associated

with the process B and by D, δ,Dk,p the operators and spaces associated with the

Wiener process W . For the convenience of the reader, let us recall definitions of

these symbols. Let F be smooth random variable of the form (2.2), that is

F = f(B(h1), . . . , B(hn)),

for some f ∈ C∞
b (Rn), hi ∈ H , i = 1, . . . , n, n ∈ N. We denote the set of

smooth random variables by S. The derivative of F ∈ S is the H -valued random
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variable

DBF =
n
∑

i=1

∂if(B(h1), . . . , B(hn))hi.

The space D
k,p
B is defined as the closure of S with respect to the norm

‖F‖pB,k,p = E|F |p +
k
∑

j=1

E‖Dj
BF‖pH ⊗j .

The divergence operator δB is then the adjoint of the derivative DB. The domain

of δB in L2(Ω) is denoted by dom δB . If u is in dom δB then δB(u) is defined by

the duality relationship

E [FδB(u)] = E [〈DBF, u〉H] , F ∈ D
1,2
B .

By Proposition 2.3.3 we have that the space D1,2
B (H ) of H -valued random vari-

ables is included in dom δB .

The equality (3.12) implies that

D
1,2(H ) = (K ∗)−1(L1,2), (3.15)

where we denote L
1,2 = D

1,2(L2([0, T ])).

The next proposition gives us a relationship between the derivative DB with

respect to B and the derivative D with respect to the standard Brownian motion

W .

Proposition 3.2.3. For any F in D
1,2
B we have

K
∗DBF = DF. (3.16)

D̊ukaz. Let F = f(B(t)) for f ∈ C1, and let u ∈ L2(Ω;H ). Then

E [〈u,DBF 〉H ] = E

[

〈K ∗u,K ∗DBF 〉L2([0,T ])

]

= E

[

〈

K
∗u, f ′(B(t))K ∗

1[0,t]

〉

L2([0,T ])

]

= E

[

〈

K
∗u, f ′(B(t))K(t, ·)1[0,t]

〉

L2([0,T ])

]

= E

[

〈

K
∗u, f ′(W (K(t, ·)1[0,t])K(t, ·)1[0,t]

〉

L2([0,T ])

]

= E

[

〈K ∗u,DF 〉L2([0,T ])

]

,

and the general case follows by the density argument.

Thus, we have

dom δB = (K ∗)−1(dom δ ), (3.17)
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and δB(u) = δ(K ∗u).

3.3 Processes with Regular Kernel

In this section, we introduce the conditions for a regular kernel and investigate

properties of Volterra processes with regular kernels. We develop stochastic inte-

gral with respect to these processes and present the Itô formula.

Definition 3.3.1 (Regular process). Suppose that B = (Bt, t ∈ [0, T ]) is a zero-

mean Gaussian Volterra process with a kernel K. We say that the process B is

regular or with a regular kernel on [0, T ], if it satisfies the condition

(R) For all s ∈ [0, T ), K(·, s) has bounded variation on the interval (s, T ], and

∫ T

0

|K| ((s, T ], s)2 ds <∞.

Let us denote K(s+, s) = K(T, s)−K((s, T ], s). By the conditions (R) and (3.1)

we have that K(s+, s) is square integrable in [0, T ]. In this case the operator K ∗

defined by (3.4) can be expressed as

(K ∗ϕ) (s) = ϕ(s)K(s+, s) +

∫ T

s

ϕ(t)K(dt, s), (3.18)

for ϕ ∈ E .

Consider the following seminorm on E

‖ϕ‖2
HR

=

∫ T

0

|ϕ(s)|2K(s+, s)2ds+

∫ T

0

(
∫ T

s

|ϕ(t)||K|(dt, s)
)2

ds. (3.19)

Denote by HR the completion of E with respect to ‖ · ‖HR
. Then HR is continu-

ously embedded in H , because, for ϕ ∈ E , we have that

‖ϕ‖2
H

= ‖K ∗ϕ‖2L2([0,T ])

=

∫ T

0

∣

∣

∣

∣

K(s+, s)ϕ(s) +

∫ T

s

ϕ(t)|K|(dt, s)
∣

∣

∣

∣

2

ds

≤ 2

∫ T

0

(

K(s+, s)|ϕ(s)|
)2

ds+ 2

∫ T

0

(
∫ T

s

|ϕ(t)||K|(dt, s)
)2

ds,

which is

‖ϕ‖2
H

≤ 2‖ϕ‖2
HR
.

Example 3.3.2. In the case of fractional Brownian motion with H > 1
2
, we have

33



(see [2], p.5 and computations on p.4)

‖ϕ‖2
H H

R
= H(2H − 1)

∫ T

0

∫ T

0

|ϕ(t)||ϕ(t)||t− s|2H−2dtds.

In particular, L
1
H ([0, T ]) ⊂ H H

R (see e.g. [7], p.33). ♦

Let u = {ut, t ∈ [0, T ]} be a stochastic process in D
1,2(HR). That means, that u

satisfies

E‖u‖2
HR

<∞ (3.20)

and

E

∫ T

0

‖Dru‖2HR
dr <∞. (3.21)

These conditions imply that K ∗u ∈ L
1,2 and hence u ∈ dom δB . For a process

u ∈ D
1,2(HR) we denote δB(u) also by

∫ T

0
usδBs =

∫ T

0
(K ∗u)sδWs.

Remark 3.3.3 (Indefinite integral). If u satisfies the above conditions, so does

u1[0,t] for any t ∈ [0, T ]. Then the operator K ∗
t on [0, T ] is given by

(K ∗
t u)s = usK(s+, s) +

∫

(s,t]

urK(dr, s),

and we define the indefinite integral of u ∈ D
1,2(HR) as

∫ t

0

usδBs =

∫ t

0

(K ∗
t u)sδWs =

∫ t

0

usK(s+, s)δWs +

∫ t

0

∫ t

s

urK(dr, s)δWs.

(3.22)

△

Let us denote Rt = R(t, t) = EB2
t .

Theorem 3.3.4 (Itô formula,[1], Theorem 2, p.778). Let F ∈ C1,2([0, T ]×R) be

a continuous function satisfying the growth condition

max

{

|F (t, x)| ,
∣

∣

∣

∣

∂F

∂t
(t, x)

∣

∣

∣

∣

,

∣

∣

∣

∣

∂F

∂x
(t, x)

∣

∣

∣

∣

,

∣

∣

∣

∣

∂2F

∂x2
(t, x)

∣

∣

∣

∣

}

≤ c exp
{

λ|x|2
}

, (3.23)

where c and λ are positive constants such that λ < 1
4

(

sup0≤t≤T Rt

)−1
.

Let B = {Bt, t ∈ [0, T ]} be a Gaussian Volterra process satisfying the condition

(R). Then ∂F
∂x
(t, Bt) ∈ D

1,2(HR) and for each t ∈ [0, T ] the following formula

holds:

F (t, Bt) = F (0, 0) +

∫ t

0

∂F

∂s
(s, Bs)ds+

∫ t

0

∂F

∂x
(s, Bs)δBs

+
1

2

∫ t

0

∂2F

∂x
(s, Bs)dRs P− a.s.

Remark 3.3.5.
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1. The previous theorem is givenin [1] for F not explicitly depending on t.

Although the proof can be readily modified in order to allow for time de-

pendent function F , it is not presented here due to the length of the original

proof.

2. The growth restriction (3.23) can be dropped thanks to the local property

of Skorohod integral (Proposition 2.3.6). The localization argument is dis-

cussed e.g. in [45] and is carried out in the proof of Theorem 5.1.2. on

p.193.

△

3.3.1 Strictly Regular processes

Now we impose some more conditions on the kernel K. This will allow us to

obtain Hölder continuity of the sample paths of Volterra processes and the Itô

formula for the integrals driven by Volterra processes.

By (3.22), we can decompose the process B as

Bt =

∫ t

0

K(s+, s)δWs +

∫ t

0

∫ t

s

K(dr, s)δWs, (3.24)

where K(s+, s) is square integrable by (R), hence the first term in (3.24) is a

martingale. Therefore we will often assume that K(s+, s) = 0 in which case we

will call the kernel vanishing.

Remark 3.3.6. The condition K(s+, s) = 0 for all 0 < s < T , is natural for it is

satisfied in the case of the fractional Brownian motion BH with H > 1
2
, since by

the Dominated Convergence Theorem, we have

lim
t→s+

KH(t, s) = cH

(

H − 1

2

)

s
1
2
−H lim

t→s+

∫ t

s

(u− s)H− 3
2uH− 1

2du = 0.

Similarly, also the kernel of Liouville fractional Brownian motion is vanishing. △

Definition 3.3.7 (Strictly regular process). Suppose that B = (Bt, t ∈ [0, T ]) is

a Gaussian Volterra process with a kernel K satisfying the condition (K). The

process B is strictly regular on [0, T ], if, for some γ ∈
(

0, 1
2

)

, the kernel K satisfies

the following:

(C) For all s ∈ (0, T ) the function K(·, s) : (s, T ] → R is differentiable in the

interval (s, T ) and both K(t, s) and its derivative ∂K
∂t
(t, s) are continuous at

every t ∈ (s, T ).
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(SR) There exists a constant c > 0 such that

∣

∣

∣

∣

∂K

∂t
(t, s)

∣

∣

∣

∣

≤ c(t− s)γ−1
(s

t

)−γ

, (3.25)

∫ t

s

K(t, r)2dr ≤ c(t− s)2γ+1 (3.26)

for 0 ≤ s < t ≤ T .

Remark 3.3.8. Let us note that if K satisfies (C) and (SR) then also (R) holds,

that is, if B is strictly regular kernel then it is also regular. △

The next example shows that the fractional Brownian motion with the Hurst

parameter H > 1/2 satisfies the conditions of strict regularity.

Example 3.3.9. Let T > 0 and let BH = (BH
t , t ∈ [0, T ]) be the standard fractional

Brownian motion with the Hurst parameter H > 1
2
. Then the kernel KH is of the

form (3.7), that is

KH(t, s) = cHs
1
2
−H

∫ t

s

(u− s)H− 3
2uH− 1

2du.

Differentiating KH(t, s) in the first variable gives

∂K

∂t
(t, s) = cH

(

H − 1

2

)

(s

t

)
1
2
−H

(t− s)H− 3
2 . (3.27)

Thus, the conditions (C) and (SR) hold with γ = H − 1
2
. Therefore, the standard

fractional Brownian motion is a strictly regular Gaussian Volterra process. ♦

Proposition 3.3.10 (Hölder continuity of strictly regular processes). Let T > 0

and B = (Bt, t ∈ [0, T ]) be a Gaussian Volterra process satisfying the condition

(SR) for some 0 < γ < 1
2
. Then there exists a version of B with Hölder continuous

paths up to the order 1
2
+ γ.

D̊ukaz. We will estimate E [Bt − Bs]
2 in order to use the Kolmogorov-Chentsov

Theorem 1.1.6.

E [Bt −Bs]
2 =E

[
∫ s

0

(K(t, r)−K(s, r)) dWr +

∫ t

s

K(t, r)dWr

]2

=

∫ s

0

(K(t, r)−K(s, r))2 dr +

∫ t

s

K(t, r)2dr.

The second term can be directly estimated by (3.26) as

∫ t

s

K(t, r)2dr ≤ c(t− s)2γ+1.

In the following, the constant c can differ from line to line. For the first term let
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us write
∫ s

0

(K(t, r)−K(s, r))2 dr

=

∫ s

0

(
∫ t

s

∂

∂u
K(u, r)du

)2

dr

=

∫ s

0

(
∫ t

s

∂

∂u
K(u, r)du

)(
∫ t

s

∂

∂u
K(v, r)dv

)

du

≤
∫ s

0

∫ t

s

∫ t

s

(∣

∣

∣

∣

∂

∂u
K(u, r)

∣

∣

∣

∣

∣

∣

∣

∣

∂

∂v
K(v, r)

∣

∣

∣

∣

)

dudvdr

=

∫ t

s

∫ t

s

∫ u∧v

0

(∣

∣

∣

∣

∂

∂u
K(u, r)

∣

∣

∣

∣

∣

∣

∣

∣

∂

∂v
K(v, r)

∣

∣

∣

∣

)

drdudv

≤ c

∫ t

s

∫ t

s

(uv)γ
∫ u∧v

0

(u− r)γ−1(v − r)γ−1r−2γdrdudv

≤ c

∫ t

s

∫ t

s

|u− v|2γ−1dudv

≤ c (t− s)2γ+1 .

Now we will state the Itô formula for Skorohod integral.

Theorem 3.3.11 ([1], Theorem 4, p.791). Let F be a function of class C1,2
b ([0, T ]×

R). Suppose that B is a zero-mean vanishing strictly regular Volterra process.

Let u be an adapted process bounded in the norm of the space D
2,4(HR). Set

Xt =
∫ t

0
usδBs. Then the process ∂F

∂x
(t,Xt) belongs to D

1,2(HR) and for each

t ∈ [0, T ] the following formula holds:

F (t,Xt) = F (0, 0) +

∫ t

0

∂F

∂t
(s,Xs)ds+

∫ t

0

∂F

∂x
(s,Xs)usδBs

+

∫ t

0

∂2F

∂x2
(s,Xs)us

(
∫ s

0

∂K

∂s
(s, r)

(
∫ s

0

Dr(K
∗
s u)vδWv

)

dr

)

ds

+
1

2

∫ t

0

∂2F

∂x2
(s,Xs)

∂

∂s

(
∫ s

0

(K ∗
s u)

2
r dr

)

ds, P− a.s.

(3.28)

Remark 3.3.12. As with the previous Itô formula, we omit the proof due to its

lengthiness since it is straightforward to alter the proof given in [1] for F not

being dependent on t. By localization argument, the assumption of boundedness

of function F can be dropped. △
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Pathwise Integral

The results from Section 1.2.1 can now be used to define a stochastic integral with

respect to strictly regular Volterra processes. Let B be strictly regular vanishing

Volterra process. Hölder continuity ensures the pathwise existence of the integral

∫ t

0

usdBs, t ∈ [0, T ], (3.29)

in sense of Definition 1.2.3 with probability one for any random process u such

that u0+ ∈ Iα0+(L
1(0, T )) with probability one for some α > 1

2
− γ.

If moreover u ∈ Cλ(0, T ) with probability one for some λ > 1
2
− γ, we may

understand the integral (3.29) in terms of the Riemann sums (1.19). We will

call this integral the pathwise integral and the corresponding differential will be

denoted as dBt in order to distinguish from the Skorohod differential which we

denote by δBt, and Itô differential which is denoted (for Wiener process) by dWt.

The Theorem 1.2.8 can now be stated as follows.

Theorem 3.3.13 (Itô lemma for pathwise integral). Let B be a strictly regular

vanishing Gaussian Volterra process. Let α > 1
2
− γ, u ∈ Iα0+(L

2([0, T ]) with

probability 1 be bounded and

Yt =

∫ t

0

usdBs, t ∈ (0, T ].

Then for any function F (t, x), F ∈ C1,2([0, T ]× R) and for any 0 ≤ t0 ≤ t ≤ T :

F (t, Yt)−F (t0, Yt0) =

∫ t

t0

∂F

∂t
F (s, Ys)ds+

∫ t

t0

∂F

∂x
(s, Ys)usdBs, P− a.s. (3.30)

Let u = (ut, t ∈ [0, T ]) be a process bounded in the norm of the space D
1,p(HR)

for some p ≥ 2. Then u ∈ D
1,p(HR) and we have

(K ∗
t u)s =

∫ t

s

ur
∂K

∂r
(r, s)dr.

Remark 3.3.14. Let B be a vanishing strictly regular Volterra process, u ∈
D

1,2(HR) be a process with λ-Hölder continuous trajectories with λ > 1
2
− γ

and suppose that

∫ t

0

(
∫ t

s

|Dsur||K|(dr, s)
)

ds <∞, P− a.s.

The following relationship between pathwise and Skorohod integral can be proved

similarly as in the case of fractional Brownian motion (see e.g. [2], [42], Chapter
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5, or [15])
∫ t

0

usdBs =

∫ t

0

usδBs +

∫ t

0

(
∫ t

s

DsurK(dr, s)

)

ds. (3.31)

△

Remark 3.3.15. We know by (2.10) that the expectation of Skorohod integral is

zero. This is in general not true for the pathwise integral as can be seen from the

equation (3.31). △

Approximation by Riemann sums

We already know from Theorem 1.1.20 and Remark 3.3.1, that both Itô and

pathwise integrals can be viewed as limits of Riemann sums. Here we show that

the Skorohod integral can be viewed as a limit of certain Riemann sums, where

the ordinary product is replaced by the Wick product.

Without going into much detail, we define the Wick exponential of a zero-mean

Gaussian random variable ξ by ε(ξ) = exp
{

ξ − 1
2
E|ξ|2

}

. For a standard Brownian

motion W we obtain for t1 < t2 < t3

ε(Bt3 −Bt2)ε(Bt2 − Bt1) = ε(Bt3 −Bt1).

To enforce this property for all, possibly correlated random variables ξ, η, we

introduce the Wick product for Wick exponentials by

ε(ξ) ⋄ ε(η) = ε(ξ + η).

The Wick product can then be extended to a larger class of random variables,

for more on Wick products see e.g. [31]. Note that for smooth random variable

F ∈ S and h ∈ H the Wick product of F and B(h) is given by

F ⋄B(h) = FB(h)− 〈DBF, h〉H .

Proposition 3.3.16 ([1], p.795). Let π = {0 = t0 < t1 < · · · < tn = T} be

a partition of [0, T ]. Suppose that B is Gaussian Volterra process with a regular

kernel K and u is a process continuous in the norm of D1,2(HR). Then

lim
|π|→0

n−1
∑

i=0

uti ⋄ (Bti+1
− Bti) =

∫ T

0

utδBt, (3.32)

where the convergence is in L2(Ω).

Note that if B was a Brownian motion and u was adapted process, then the

Skorohod integral coincides with the Itô integral and the Wick product in the

previous proposition would be equal to the ordinary product, for a brief discussion

see [41], p.1551.

39



4. Financial Application

In this chapter, we apply the theory from previous chapters to the stochastic dif-

ferential equation (4.2), where the Wiener process W is replaced by a strictly re-

gular vanishing Volterra process B. As an introduction, basic financial terms and

the standard Black-Scholes model is presented in the first part. Further, pathwise

and Skorohod Volterra analogues of the Black-Scholes model are examined.

4.1 Introduction

Let T > 0 and (Ω,F , (Ft)t∈[0,T ],P) be a complete probability space. The standard

Black-Scholes market model based on a Brownian motion W consists (in the

simplest form) of a money-market account A (riskless asset) and a stock S (risky

asset). The money-market account At is given by

dAt = rAtdt, r ∈ R

A0 = 1.
(4.1)

The dynamics of a risky asset St is modeled

dSt = µStdt+ σStdWt

S0 = s0,
(4.2)

where µ ∈ R and σ, s0 > 0 are constants. The µ is called drift and σ the volatility.

The interpretation of this model is following: The stock follows an exponential

growth which is randomly perturbated by the Itô integral.

Remark 4.1.1. This market model was originally proposed by the economist Paul

Samuelson in [54]. △

It can be shown by the Itô formula, Theorem 1.1.18 that the (unique) solution of

(4.2) is given by

St = s0 exp

{

µt− σ2

2
t+ σWt

}

. (4.3)

Definition 4.1.2. A portfolio or a trading strategy is a pair of Ft-adapted pro-

cesses π = (πt)t∈[0,T ] = (ut, vt)t∈[0,T ], where ut represents the amount of money

stored in the riskless asset at time t and vt number of stock shares at time t. The

value of the portfolio π at time t is given by

V π
t = utAt + vtSt. (4.4)

Let us first consider a simple buy and hold strategy π = (1(τ,T ]F, 1(τ,T ]G), where

τ is a stopping time, 0 ≤ τ ≤ T and F,G are Fτ -measurable random variables.
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We say that this portfolio is self-financing if its value satisfies

V π
t = V π

0 + F (At − Aτ∧t) +G(St − Sτ∧t). (4.5)

This condition means that we don’t insert or withdraw money.

For general portfolios, the condition (4.5) is translated to

V π
t = V π

0 +

∫ t

0

usdAs +

∫ t

0

vsdSs, (4.6)

where the second integral is understood as

∫ t

0

vsdSs =

∫ t

0

vsµSsds+

∫ t

0

vsσSsdWs. (4.7)

In order to exclude doubling strategies (see e.g. [6], Theorem 5.6.), we further

assume that the value of the portfolio is bounded from below.

Definition 4.1.3. A portfolio π = (u, v) is called admissible if

1. All the corresponding integrals exist, that is (v · S) ∈ L2
ad([0, T ]× Ω) and

∫ T

0

|us|dAs <∞,

∫ T

0

|vsSs|ds <∞, P− a.s.

2. There exists a constant c ≥ 0 such that

inf
t∈[0,T ]

V π
t ≥ −c, P− a.s.

Intuitively, the admissibility requirement means that the investor can only im-

plement strategies that respect a finite credit line.

Definition 4.1.4 (Arbitrage). We say that admissible self-financing portfolio π

is an arbitrage if its corresponding value V π satisfies

(i) V π
0 ≤ 0,

(ii) There exists t ∈ [0, T ] such that P(V π
t ≥ 0) = 1 and P(V π

t > 0) > 0.

First we show that the standard Black-Scholes model does not admit arbitrage.

Let us define a discount process by

ddt = −rdtdt,
d0 = 1.

Definition 4.1.5. A probability measure P̃ is said to be risk-neutral if P̃ is

equivalent to P and the discounted stock price dtSt is a martingale under P̃.
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Theorem 4.1.6 (First Fundamental Theorem of Asset Pricing, [57], p.231). If

a market model has a risk-neutral probability measure, then it does not admit

arbitrage.

Remark 4.1.7. General version of the First Fundamental Theorem of Asset Pricing

by Delbaen and Schachermayer [18] links the existence of a risk-neutral measure

to the existence of weaker form of arbitrage called free lunch with vanishing risks.

Besides other things, they show that if the price process S is a bounded semi-

martingale, then a risk-neutral probability measure exists if and only if S does

not admit free lunch with vanishing risks. For a comprehensive text on arbitrage

theory see also [19]. △

Hence, we only need to show that there exists an equivalent probability measure

P̃ ∼ P under which the discounted stock price process dtSt is a martingale. By

the Itô lemma, Theorem 1.1.18, it follows that the discounted stock price process

satisfies

d(dtSt) = (µ− r)dtStdt+ σdtStdWt

= σdtSt(Mdt+ dWt),

where

M =
µ− r

σ
.

Now from the Girsanov Theorem 1.1.19 it follows that the process

W̃t = Wt +Mt

is a standard Brownian motion under the measure P̃. Thus the process dtSt sa-

tisfies

dtSt = s0 +

∫ t

0

σdsSsdW̃s,

and hence is a martingale.

4.2 Pathwise Model

In this section, we replace the Brownian motion in the equation (4.2) with a

strictly regular vanishing Volterra process B and all the corresponding stochas-

tic integrals are understood in a pathwise sense, so that the stock follows the

stochastic differential equation

dSt = µtStdt+ σtStdBt,

S0 = s0,
(4.8)

with s0 > 0, a continuous function µ ∈ [0, T ] and σ ∈ Cλ(0, T ) be λ-Hölder

continuous with λ > 1
2
− γ, where γ is from Proposition 3.3.10.
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This means that the price process S is given by

St = s0exp

{
∫ t

0

αsds+

∫ t

0

σsdBs

}

, (4.9)

as can be easily computed if we use the Itô formula, Theorem 3.3.13, on the

function

F (t, y) = s0exp

{
∫ t

0

αsds+ y

}

.

In what follows, we restrict to the case of (4.8) with constant coefficients µ, σ.

The following example of arbitrage by Shiryaev can be found in [56] where it is

discussed in the case of fractional Brownian motion with H > 1
2
.

Example 4.2.1. Let π = (u, v) with

ut = 1− exp {−2rt+ 2µt+ 2σBt} ,

vt =
2

s0
(exp {−rt+ µt+ σBt} − 1) .

Then the value of this portfolio is

V π
t = utAt + vtSt

= exp {rt}+ exp {−rt+ 2µt+ 2σBt}
− 2 exp {µt+ σBt}

= ert (exp {σBt + (µ− r)t} − 1)2 ,

which is almost surely positive. Now we want to check the condition (4.6), i.e.

that the portfolio is self-financing. To do this, we apply Itô formula to V π
t and

get

V π
t =

∫ t

0

rers (1− exp {−2rs+ 2µs+ 2σBs}) ds

+

∫ t

0

2µ (exp {−rs+ µs+ σBs} − 1) exp {µs+ σBs} ds

+

∫ t

0

2σ (exp {−rs+ µs+ σBs} − 1) exp {µs+ σBs} dBs

=

∫ t

0

rAsusds+

∫ t

0

µvsSsds+

∫ t

0

σvsSsdBs

=

∫ t

0

usdAs +

∫ t

0

vsdSs.

We have shown that the portfolio is self-financing, almost surely positive, and

V π
0 = 0. Consequently, it is arbitrage. ♦

Remark 4.2.2.

1. The existence of arbitrage in a market model involving fractional Brownian
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motion was first pointed out by Rogers in [48]. He was working with a fracti-

onal equivalent of the so-called Bachelier model, where the price process is

given by

St = s0 + µt+ σBH
t .

He constructed arbitrage as a combination of buy-and-hold strategies. For

his construction he needed the whole history of the process BH
t from the

time −∞. His ideas were further refined by Cheridito in [14], where ar-

bitrage strategy was constructed in the model (4.8) and on the interval

[0, T ]. Cheridito further proved that arbitrage can be eliminated by intro-

ducing a minimal amount of time h > 0 that must lie between two consecu-

tive transactions, i.e. continuous trading is renounced. The arbitrage is also

excluded in the presence of transaction costs as shown by Guasoni in [24].

2. On the other hand, the pathwise integral is sensible from economic point of

view. Let 0 = t0 < t1 < · · · < tn = T and
{

vtk1[tk,tk+1); k = 0, . . . , n− 1
}

,

be a piecewise buy-and-hold strategy of investment in stock. Then the capi-

tal earned by this strategy is naturally
n−1
∑

k=0

vtk(Stk+1
− Stk). It can be shown

([37], [3]) that it converges P-a.s. to
∫ t

0
vsdSs as max |tk+1 − tk| → 0, which

was defined as

∫ t

0

vsdSs =

∫ t

0

vsµSsds+

∫ t

0

vsσSsdBs.

△

4.3 Skorohod Model

At first glance, Skorohod integral may appear to be better suited for replacement

of Itö integral in the standard Black-Scholes model. We know that in the case of

Brownian motion and adapted integrands it coincides with Itö integral. It also

has zero expectation and the Itö formula looks similar, too. However, difficulties

arise with the use of the Skorohod integral.

Let us now suppose that the price process S follows a stochastic differential

equation

δSt = µtStdt+ σtStδBt,

S0 = s0,
(4.10)

where s0 > 0, and µ, σ are continuous deterministic functions.
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Set

w(t) =
∂

∂t

(
∫ t

0

(K ∗
t σ)

2 (r)dr

)

, (4.11)

and suppose that w ∈ C(R+). Let us denote Xt =
∫ t

0
σsδBs. In order to derive an

explicit form of a solution of (4.10), we apply the Theorem 3.3.11 to the function

F (t, x) = s0 exp

{
∫ t

0

µsds+ x− 1

2

∫ t

0

w(s)ds

}

.

We have

∂F

∂t
(t, x) = F (t, x)(µt −

1

2
w(t)),

∂F

∂x
(t, x) = F (t, x),

∂2F

∂x2
(t, x) = F (t, x).

Then

F (t,Xt) = F (0, 0) +

∫ t

0

F (s,Xs)(µs −
1

2
w(s))ds+

∫ t

0

F (s,Xs)σsδBs

+
1

2

∫ t

0

F (s,Xs)w(s)ds.

Hence, the solution to the equation (4.10) is

St = s0 exp

{
∫ t

0

µsds+

∫ t

0

σsδBs −
1

2

∫ t

0

w(s)ds

}

. (4.12)

Remark 4.3.1. If σ is constant, then

w(s) =
∂

∂t

∫ t

0

σ2K(t, s)2ds = σ2 ∂

∂t
E(Bt)

2 = σ2 ∂

∂t
Rt.

△

Let us now consider that µ and σ in the equation (4.10) are constant. The stock

price process S is then

St = s0 exp

{

µt+ σBt −
σ2

2
Rt

}

. (4.13)

Let us further suppose that the integral in the definition of self-financing condition

(4.6) is also understood in the Skorohod sense,

V π
t = V π

0 +

∫ t

0

usdAs +

∫ t

0

vsµSsds+

∫ t

0

vsσSsδBs. (4.14)
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We call this condition Skorohod self-financing. For a portfolio to be admissible

(Definition 4.1.3), it is now required that (v · S) ∈ D
1,2(HR). The absence of

arbitrage follows basically from the fact that the expectation of Skorohod integral

is zero. In the following suppose that r = µ = 0 (see Remark 4.3.2). Then the

equation (4.14) has a simpler form

V π
t = V π

0 +

∫ t

0

vsσSsδBs.

Assume now that V π
0 ≤ 0. Then E [V π

t ] = V π
0 ≤ 0. Hence, if V π

t ≥ 0, ,P-a.s., then

by the previous inequality V π
t = 0 P-a.s. As a consequence, π is not arbitrage.

Remark 4.3.2.

1. The general case with r 6= µ 6= 0 would require a Girsanov Theorem for

Volterra processes, which, to the best of our knowledge, does not exist.

Modest enquiry in this area revealed that such a result can be derived

from the Girsanov Theorem for Brownian motion provided that the inverse

operator K
−1 of the integral operator K : (Kh)(t) =

∫ t

0
K(t, s)h(s)ds is

causal. Unfortunately, no conditions in terms of the kernel K that would

ensure this property are known.

2. The Girsanov Theorem is known for fractional Brownian motion and can

be found in various publications (see e.g. [38], [17], [11], [5], [27], [23]). In

that case, the fractional Girsanov Theorem and Itö formula are used by the

very same procedure as in Section 4.1 to show that in the Skorohod model

arbitrage does not exist.

3. This model was proposed in Wick calculus in [27] and [23]. It was later

noted by several authors ([58], [5], [9] and [44], to name a few) that the

use of Skorohod integral in the definition of self-financing portfolios lacks

economic meaning, and for example Björk and Hult in [9] give an example

of a simple buy-and-hold strategy that fails to be Skorohod self-financing.

Other curiousity that is worth mentioning is that in their no-arbitrage ar-

gument did not require the adaptedness of the portfolio, so it is not possible

to construct arbitrage even with the knowledge of future prices of the stock.

△

We can also obtain (4.13) as a solution to the pathwise equation

dSt = µStdt+ σStdBt −
1

2
σ2 ∂

∂t
Rtdt, (4.15)

this is straightforward application of the Itô lemma for pathwise integral, but let

us show this by means of the relation between Skorohod and pathwise integral
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(3.31). We have

∫ t

0

SsδBs =

∫ t

0

SsdBs −
∫ t

0

(
∫ t

s

DsSrK(dr, s)

)

ds. (4.16)

By Proposition 3.2.3 and chain rule 2.2.11 it follows that the Malliavin derivative

in the second term is equal to

DsSr = K
∗DB

s Sr = σSrK(r, s),

hence the second term in (4.16) can be written as

∫ t

0

(
∫ t

s

DsurK(dr, s)

)

ds = σ

∫ t

0

(
∫ t

s

SrK(r, s)
∂

∂r
K(r, s)dr

)

ds

= σ

∫ t

0

∫ r

0

SrK(r, s)
∂

∂r
K(r, s)dsdr

= σ
1

2

∫ t

0

Sr
∂

∂r
R(r, r)dr

= σ
1

2

∫ t

0

SrdRr.

Unfortunately, the situation did not change for the better, as with the pathwise

integral arbitrage will be present again. An example of arbitrage strategy similar

to the one from Example 4.2.1 is shown in the following example.

Example 4.3.3. Let us suppose that the stock price process is given by (4.13) and

assume the pathwise integral, in particular, the self-financing condition is given

by

V π
t = V π

0 +

∫ t

0

usdAs +

∫ t

0

vsµSsds+

∫ t

0

vsσSsdWs −
1

2
σ2

∫ t

0

vsSsdRs.

Then by the same way as in the Example 4.2.1 it can be shown, that the portfolio

π given by

ut = 1− exp
{

−2rt+ 2µt+ 2σBt − σ2Rt

}

,

vt =
2

s0

(

exp

{

−rt+ µt+ σBt −
σ2

2
Rt

}

− 1

)

,

is arbitrage. ♦

Example 4.3.4. This exemple shows the limit behavior of the process St given by

(4.13) in the case of fractional Brownian motion with H > 1
2
. We have

SH
t = s0 exp

{

µt+ σBH
t − σ2

2
t2H
}

.

The expectation and variance of SH
t follow from the properties of log-normal

47



distribution and are equal to

ESH
t = s0 exp{tµ}, var(SH

t ) = s0
2 exp{2µt}

(

exp{σ2t2H} − 1
)

.

For the limit behavior we use the Law of Iterated Logarithm for fractional Brow-

nian motion (1.22). For H > 1
2
, we have that SH

t → 0 P-a.s., t → ∞. Thus,

the mean value of the process SH
t converges to infinity, whereas almost all of its

trajectories converge to zero. This can be explained by the fact that SH
t is not

uniformly integrable. ♦

4.4 Summary

As we have seen, simple replacement of the Wiener process in the Black-Scholes

model (4.2) by a fractional Brownian motion or more generally by a Volterra

process does not produce satisfactory results. Furthermore, the properties of the

resulting process depend on the chosen integration theory. The use of the pathwise

integral is sensible from economic perspective, as it can be understood as a limit

of simple predictable trading strategies. For a discussion we refer to [8], [58],

[3]). This approach, however, leads to existence of arbitrage. On the other hand,

with Skorohod integration the model does not admit arbitrage for the price of no

economic meaning of such a model.

More promising could be to study mixed models which replace the Wiener process

in (4.2) a linear combination of Wiener and Volterra processes. Such models

are already studied in the case of fractional Brownian motion with satisfactory

results; in particular, under various assumptions no arbitrage can be obtained.

Let us mention works of Cheridito [13], Mishura and Valkeila [37] or [63].

It could also be of interest to consider Volterra processes in models of stochas-

tic volatility, i.e. models where σ in (4.2) would follow a stochastic differential

equation driven by Volterra process. This is, however, out of scope
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les: Volume Two: Itô Calculus. Cambridge University Press, Cambridge, 2nd

edition, 2000.

[50] W. Rudin. Principles of Mathematical Analysis. McGraw-Hill, Inc., 3 edition,

1976.

[51] W. Rudin. Functional Analysis. McGraw-Hill Book Co., New York, 2nd

edition, 1991[1973].

[52] F. Russo and P. Vallois. Forward, backward and symmetric stochastic inte-

gration. Probability Theory and Stochastic Processes, 1993.

[53] S.G. Samko, A.A. Kilbas, and O.I. Marichev. Fractional Integrals and Deri-

vatives: Theory and Applications. Gordon and Breach Science, 1993.

[54] P. Samuelson. Proof that properly anticipated prices fluctuate randomly.

Industrial Management Review, 6:41–50, 1965.
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