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Introduction

The first sentence in a basic reference text book of stochastic analysis is a quote by
Michel Loeve: “Two of the most fundamental concepts in the theory of stochastic
processes are the Markov property and the martingale property”.

The field of stochastic analysis went through remarkable growth over the last few
decades and attracts more and more attention. It plays a vital role in both pure
and applied mathematics. Great deal of credit for this rapid development can be
undoubtedly attributed to its numerous contributions in Economics and Finance.
Probably, the best-known result is the Black-Scholes options pricing model ﬂﬂ]
and the corresponding Samuelson model for a price of a stock [54].

An important object in the study of stochastic processes is the Brownian motion.
Despite some unpleasant properties, in particular infinite total variation and non-
differentiability of sample paths, plays central role in the It6 stochastic integration
theory with respect to semimartingales.

On the other hand, it has been recently argued, that its properties make it un-
suitable for modeling certain phenomena. In particular, observed market data
suggested presence of long range dependence, which can’t be captured by Brow-
nian motion which is a process with independent increments.

A process that was suggested to replace the Brownian motion in order to capture
this long range dependence is called fractional Brownian motion. It is a genera-
lization of the standard Brownian motion with one additional parameter called
Hurst index. Same as the Brownian motion, this process is Gaussian, self-similar
and has stationary increments. However, it is neither martingale nor Markov pro-
cess. As a consequence, the Itd calculus can’t be used and other approaches to
stochastic integration with respect to the fractional Brownian motion must be
adopted.

In this thesis, we introduce Volterra processes B that further generalize the fracti-
onal Brownian motion. The Skorohod and pathwise stochastic integrals are defi-
ned with respect to these processes. For the Skorohod integration, we employ the
theory of the Malliavin calculus, and the pathwise integral is based on a genera-
lization of Lebesgue-Stieltjes integral defined in terms of fractional integrals. As
an application, we solve the Black-Scholes stochastic differential equation

dSt = ILLStdt + O'StdBt,

for both Skorohod and pathwise integrals with respect to the process B. The
fractional Brownian motion serves as an example throughout the whole thesis.



1. Preliminaries

1.1 Stochastic Preliminaries

In this section we present some basic results from stochastic analysis. We only
present those results which are used in the following chapters. In particular, we
present basic existence theorems such as the Daniell-Kolmogorov Theorem and
the Kolmogorov-Chentsov Theorem and a short review of the It6 stochastic cal-
culus.

1.1.1 Existence and Continuity of Stochastic Processes

Definition 1.1.1 (@], p.49). Let T be the set of finite sequences t = (¢, ... ,t,)
of distinct, nonnegative numbers, where the length n of these sequences ranges
over the set of positive integers. Suppose that for each ¢ of length n, we have
a probability measure Q; on (R, B(R™)). Then the collection {Q;,t € T} is called
a family of finite-dimensional distributions. This family is said to be consistent
provided that the following two conditions are satisfied:

= (ti,, tiy, . - -, ti,) is @ permutation of £ = (t,ts,...,t,), then for any

if 5
A € B(R),i=1,---,n, we have that

Qi (A1 X Ay x -+ x A,) = Qs (Aj, X Ay X -+ X Ay )5

2. if t = (t1,t9,...,tn), with n > 1, § = (t1,ta,...,t,_1), and A € B(R"}),
then
Qi(A X R) = Qs(A).

Denote by RI%%) the set of real-valued functions on R,. Given a probability me-
asure P on (]R[O’Oo), B (R[O’w))), it is possible to define a consistent family of finite-
dimensional distributions by

Qi(A) =P {w e RO : (w(ty),...,w(t,)) € A},

where A € B(R") and t = (t1,ts,...,t,) € T. The converse is also true as stated
by the following theorem.

Theorem 1.1.2 (Daniell-Kolmogorov, @], p.50). Suppose that {Qz,t € T} is a
consistent family of finite-dimensional distributions. Then there is a probability
measure P on (R, B(R"*)), such that

Qi(A) =P {w e RO (w(t),...,w(t,)) € A}, A€ BR")



holds for everyt € T.

Daniell-Kolmogorov theorem can be used for the construction of important pro-
cesses. In the next section the Brownian and the fractional Brownian motion are
presented. More generally, we are interested in Gaussian processes, their definition
is now given.

Definition 1.1.3 (Gaussian process). A stochastic process X = (X, ¢t > 0) is
Gaussian with a covariance function R : R% ; — R if all finite-dimensional distri-
butions of X are Gaussian and cov(Xs, Xy) = R(s,t) for s,t € Ry . The process
X is called centered if EX; = 0 for all ¢ > 0.

Definition 1.1.4. A function f : R% j — R is called positive semidefinite if for
all n € N, for all £ = (¢;,...,t,) such that 0 < ¢, <t < --- < t,, and for all
C1,y...,Cc, > 0 the following holds:

Z Z cicef(tj,tr) > 0.

j=1 k=1

As a corollary of the Daniell-Kolmogorov theorem, Theorem [[LT.2 for every posi-
tive semidefinite function ¢ there exists a Gaussian process X = (X;,t > 0) with
¢ as a covariance function. The following existence theorem is given in [20], p.72.

Theorem 1.1.5 (Existence of Gaussian processes). For every real, symmetric,
and positive semidefinite function ¢ : R — R there is a real, centered Gaussian
process X = (X, t > 0) such that

E (Xth) = Sp(ta 3)7 S7t € R-ﬁ-'

The following theorem provides a condition under which the existence of a conti-
nuous version of a stochastic process is assured. This condition is easily verified
for Gaussian processes.

Theorem 1.1.6 (Kolmogorov-Chentsov, @], p.53). Let T > 0. Suppose that a
process X = (X, t € [0, T]) on a probability space (2, F,P) satisfies the condition

E|X, — X,|*<C|t—s|" 0<s,t<T, (1.1)

for some positive constants «, 5 and C. Then there exists a continuous version
X = (X, t €[0,T]) of X, which is locally Hélder-continuous with exponent v for
every vy € (0, g), i.€.

X — X,
PweQ:  sup [Xi(w) (W)l <édp =1,
0<t—s<h(w); ‘t - Sl'y
$,t€[0,T]




where h(w) is a P-almost surely positive random variable and 6 > 0 is an appro-
priate constant.

1.1.2 1Ito Calculus

Here we present few basic results in the field of stochastic analysis. We start with
a definition and basic properties of the Brownian motion, then we continue with
a brief review of the Ito integral with respect to the Brownian motion and we
conclude this section with the [to6 lemma.

Brownian motion

Definition 1.1.7 (Stochastic basis). Let (£2, F) be a measurable space. A fil-
tration (Fy),~, of F is non-decreasing sequence of o-algebras such that F, C
F for each t > 0. Given a probability measure P on F, the stochastic basis
(Q,]—" AF) >0 ,IP’) is a probability space (Q, F,P) equipped with the filtration
(F)pon:

Definition 1.1.8 (Brownian motion, @], p.47). The standard Brownian mo-
tion is a continuous (F;)-adapted process W = (W, F;,t > 0), defined on some
stochastic basis (Q, F (Ft)so ,IP’), with the following properties:

(i) Wo =0, P-—as.,

(i) for 0 < s < t, the increment W, — Wy is independent of F; and is normally
distributed with zero mean and variance ¢t — s.

The condition () stating the independence of increments of W means that the
whole system of increments is independent, i.e., for all n € N and for all 0 < ¢; <
ty < --- <t, < oo the random variables (th —Wiy,i=1,...,n— 1) are inde-
pendent. The explicit formula for the covariance function of W follows from De-
finition The joint distribution of (Wy,, ..., W, ) is normal, varWW;, = t; and
cov (VVti, Wt].) = t;At;. Since this defines a positive semidefinite function, we have
that such a process exists by Theorem [LI.5l Further, the Kolmogorov-Chentsov
Theorem, Theorem guarantees the existence of a continuous version of W
on [0,7] for all T > 0. Indeed, from the properties of the Normal distribution
follows that the condition (I1J) is satisfied with « =4, =1 and C' = 3.

Further, some basic properties of the standard Brownian motion are presented.

Theorem 1.1.9 (Strong law of large numbers, @], p.104). Let W = (W, t > 0)
be the standard Brownian motion. Then



A more precise result on rate of growth is provided by the Law of Iterated Loga-
rithm.

Theorem 1.1.10 (Law of Iterated Logarithm, @}, p.112).

: Wi
Pl1 —— =1 =1 1.2
<Htisogp V2tloglogt ) (12)

The following theorem is useful to define the stochastic integral in the sense of 1to.
It states that the integral with respect to a quadratic variation of the standard
Brownian motion is simply an integral with respect to the Lebesgue measure.

Theorem 1.1.11 (Quadratic variation, @], p.105). Let {A,}5°, be a sequence
of partitions of the interval [0,t] for some t > 0 such that the norm of these
partitions goes to zero as n — oo. Then

mn

2 2P
Va0 =3 Wi =W | 220
k=1

where m,, denotes the number of points of the partition A,,.

For almost all trajectories of the standard Brownian motion it holds that their
total variation over interval [0, ¢] is infinite for all £ > 0. This property makes it
impossible to define the integral with respect to the standard Brownian motion
pathwise in the standard Lebesgue-Stieltjes sense.

Brownian motion presents an example of a mapping that produces continuous
yet nowhere differentiable functions.

Theorem 1.1.12 (Non-differentiability, @], p.110). For almost every w € €2, the
Brownian sample path t — Wy (w) is nowhere differentiable.

By the Kolmogorov-Chentsov Theorem, Theorem [[LT.6] the trajectories of the

standard Brownian motion are locally (% — 5)—Hélder continuous for all € € (0, %)

Ito Integral

In general, the Ito integral can be defined for semimartingales as integrators.
However, we do not attempt such a construction here and only introduce the It6
stochastic integral with respect to the standard Brownian motion. For a complete
overview of this topic we refer to various monographs such as ﬂﬂ], ﬂﬂ], ﬂﬂ], @]
For the applications of the theory of stochastic calculus in mathematical finance
we recommend the books of Steele (@]) and Shreve ( @]) Stochastic calculus
in mathematical finance on a very sound mathematical level can also be found in
Part 3 of Dupacovd, Hurt, Stépan ﬂﬂ]

Denote by L2,([0,T] x Q) the space of (F;)-progressively-measurable stochastic



rocesses u = (u,t € [0,7]) on [0,T] satisfying ]EfOT\utht < oo. Following
p@], we present a construction of an Ito stochastic integral of the process u €
L2,([0,T] x Q) with respect to the standard Brownian motion, f(f usdWs.

Denote by . the class of simple processes on [0, 7], that is, processes of the form

m—1
Gt - Z fi]l[ti,t¢+1)(t)’
i=0

where &, is F,-measurable random variable such that E|¢|* < 00, s =0,...,m—1,

and 0=ty <ty <---<t,,=T,meN.

For a simple process G € ., we define the stochastic integral fOT G, dW, as

T m—1
/ GudW, = &(W,,, —W,).
0 i=0
This integral is obviously zero-mean and satisfies

T T T
/ (aGs+ bH)dW, = a/ G dW, + b/ HdW, P—a.s.,
0 0 0

for any a,b € R and G, H € .. The two following important results allow us to
extend the integral to the space L2,([0,T] x ).

Lemma 1.1.13 (Ito isometry, @], p.44). Let G € .7 be a simple process. Then

E VOTGSdWS} =E UOTngs}. (1.3)

Lemma 1.1.14 (@], Lemma 4.3.3, p.45). Let u € L2,([0,T] x Q). Then there
exists a sequence of simple processes {u™ n € N} C .7 such that

2

T
lim E/ |us — ul|*ds = 0. (1.4)
0

n—0o0

Now, for any u € L2,([0,T] x ), by Lemma [[LT.I4] there exists a sequence
{u™ n € N} in .7 such that (L) holds. Then we define the It6 integral of u as

T T
/ ugdWy = lim [ u™MdW,, (1.5)
0

S
n—oo 0

where the convergence is in L?(IP). Note that by Lemma [LTI4] the sequence
{u™ n € N} is Cauchy in L2,([0, T] x 2) and by the Ito isometry, Lemma [LTI3)
the sequence fOT udw, is Cauchy in L*(P). To see this let us write

T T 2 T
E {/ u™MdW, — / ugm)dWS} =E {/ (u — ugm))st} — 0, n,m — oo.
0 0 0

7



The space L*(PP) is a complete metric space (see for example @]), hence the limit
in (LH) exists in L*(P). Moreover, the limit does not depend on the choice of the
approximating sequence. Indeed, for two sequences {u™}, {v™} C ., which

both satisfy (L4]), we have
T
=E {/ (ul™ — vgm))st}
0

T T
E[ / ulmdW, — / v§m>dWS}
0 0

T T
<2 (E {/ (ug”) — uS)QdS} +E [/ (us — vgm))zds]) — 0, n,m — oo,
0 0

thus the integral is well-defined.

2

Remark 1.1.15. The linearity of the integral and It6 isometry ([3]) remain valid
also for any w € L2,([0,T] x Q). Further, the Ito isometry has the following
corollary:

T T T
E [/ udes/ deWS] =E {/ usvsds} , u,v € LA([0,T) x Q). (1.6)
0 0 0

A
Now let u € L24([0,T] x Q). Then for any ¢ € [0, 7],

t T
E [/ ugds] <E [/ ufds} < 00,
0 0

hence for each ¢ € [0, T] the stochastic integral fot usdWy is defined.

Remark 1.1.16. Observe that this integral is not defined pathwise for fixed w € ()
as a Riemann-Stieltjes or Lebesgue-Stieltjes integral. Therefore, the continuity
(or even measurability) of it is not obvious. A

Theorem 1.1.17 (@], Theorem 4.6.2, p.55). Let u € L24([0,T] x Q). Then the
stochastic process

t
Xt:/ udW,, te0,T],
0

admits a continuous version, namely, almost all of its sample paths are continuous
functions on the interval [0,T].

Now we state a change-of-variables formula for the Ito integral.

Theorem 1.1.18 (It6 lemma, @], Theorem 7.4.3, p.103). Letu € L2,([0,T] x Q)
and

t
Xt:/ USdWS.
0

Let F(t,z) € CY*([0,00) x R), that is F' and its partial derivatives %—57 %—5, %275



are continuous. Then fort € [0,T]

t t
F(t, X;) = F(0,0) + / 8—F(s, Xs)ds —I—/ O—F(S,XS)uSdWS
o Ot o Ox

1 ["O°F
—|—§ i W(S,Xs)uids, P—a.s.

(1.7)

Theorem 1.1.19 (Girsanov, [@], Theorem 8.9.4, p.143). Let h € L24([0,T] x ),
where

t 1 t
E(hy) = exp {/ hsdWg — 5/ h?ds} , 0<t<T. (1.8)
0 0

and assume that EE(hy) =1 for all t € [0, T). Then the stochastic process
R t
Wt = Wt - / hsds, 0 S t S T, (19)
0

is a Brownian motion with respect to the probability measure P on (Q, F) given
by

P(A) = /A E(hp)dP, A€ F. (1.10)

The Ito integral can be viewed as a limit of Riemann sums.

Theorem 1.1.20 (@], Theorem 4.7.1, p.57). Let u € L2,([0,T] x Q) and assume
that Eluyus] is a continuous function of t and s. Then

|7 |—0

n—1 T
lim Zuti(Wti+1 — Wtz) = / Utth, ZnLQ(Q>,
i=0 0

where m ={0=ty <ty <--- <t, =T} and |m,| = maxy<;<,(t; — ti_1).

1.2 Fractional Calculus

Deterministic fractional calculus will be useful while working with the fractional
Brownian motion. In the first part of this section, we recall basic definitions and
results which are used to define and investigate the extension of the Stieltjes inte-
gral in the second part. Exhaustive survey of the theory of fractional integrals can
be found in @E@assical results can also be found in Hardy’s and Littlewood’s

work ] and [26].

We start by the well-known Cauchy’s formula for iterated integral.

/Ot /Otl“~/Otn_1f(tn)dtn---dt1 - (nil)! /Ot (tf(ss))l_nds. (1.11)

Since (n — 1)! = I'(n), the right hand side of (ILTI]) makes sense even for non-




integer n. This motivates the following definition.

Definition 1.2.1 (Left and right-sided fractional Riemann-Liouville integral).
Suppose that f € L'([0,T]), where T > 0 and let a > 0. The left and right-
sided fractional Riemann-Liouville integral of f of order a on (0,T') are given for
almost all t € (0,7 by

B0) = 57 | (=9 o), (1.12)
and .
z%f@)zzfégpl (s — )" f(s)ds, (1.13)

respectively. It can be easily verified that the following composition formula holds
for any a, 8 > 0:

]& (]g+f> = Igfﬂf,
5 (5f) - s

Now as we have defined fractional integral, we can look for an analogue of the
classical differential operator which is an inverse of the left(right)-sided fractio-
nal Riemann-Liouville integral. Denote by 1§, (L”([0,77)) the image of L? ([0,77)
under the operator I§,, and I$_(LP([0,71])) the image of LP([0,77]) under the

operator I3_.

Definition 1.2.2 (Left-sided fractional Riemann-Liouville derivative). Suppose
that f e 1§, (LP([0,T))(f € 1$_(LP([0,T1]))) where T'> 0, p > 1 and o € (0, 1).
The left and right-sided fractional Riemann-Liouville derivatives of f of order o
are given for almost all ¢ € (0,T) by

L d [t f(s)
Dy, f(t) = =——— d 1.14
o/ () F(l—a)dt/o (t—s) § (1.14)
and T s)
1 d f(s
D f(t) = ——— ds. 1.1
- f (1) I‘(l—a)dt/t (s—t)e " (1.15)
In this case, the fractional derivatives Dg, f and D7_ f admit the Weyl represen-
o ), [0 5
1 t t)— f(s
Dy, f(t) = —r——-2d 1.16
500 =y (e o [ ) o
and

N R (N e
D10 =g (@ogp to | g ): (7

where the integrals in (LI6]) and (LI7) conver point-wise for almost all ¢ €

(0,7) if p=1 and in LP-sense if p > 1, see e.g. [42], p.355. By construction, it is

10



clear that for a function f € I§ (LP([0,77)) we have that
Ig, (D5 f) = 1.

and, for a general function f € L!([a,b]), we have that
Dgy (I5.f) = I

Similarly, there exist inversion formulas for the operators I and Df_.

1.2.1 Fractional Integrals

Following @] and [@], we define fractional integral of f with respect to g. This
integral extends the Lebesgue-Stieltjes integral to integrators of unbounded va-
riation via fractional calculus. This construction will later be used for pathwise
stochastic integral with respect to strictly regular vanishing Volterra process. See
also related works on extension of Stieltjes integral of Vallois and Russo [52] and
Dudley and Norvaisa ﬂﬂ]

Let us denote

Joi (1)
gr—(t)

(f(t) = f(O+)Lom(t),
(9(t) — g(T—))Lo.1)(t),

where + denotes the limit from the left and — the limit from the right.

Definition 1.2.3. Suppose that f and g are functions such that f(0+), g(0+)
and g(T—) exist, for € I§.(L?) and gr— € I;_* forsome p, ¢ > 1, 1/p+ 1/¢ <1
and 0 < a < 1. Then the integral of f with respect to ¢ is defined by

/0 fdg — /0 D&, for () DY gr_ ()t + F(04)(g(T—) — g(0+)).  (L.18)

It is shown in ﬂa], Proposition 2.1, p.340, that the definition is independent of
the choice of a.. Further we present basic properties of such defined integral.

Proposition 1.2.4 (@], Proposition 2.2, p.341). Let (¢,d] C (0,T). If g is
A-Holder continuous on (0,T) for some X\ > 0 then we have

(i) / Lo (g (t) = g(d) — g(c)

(ii) / Lo (£)dg(t) = 9(T—) — g(c).

This result extends to step functions by linearity.

If g is of bounded variation then, under some additional assumptions on f, this

11



integral agrees with the classical Lebesgue-Stieltjes integral.

Theorem 1.2.5 (ﬂa], Theorem 2.4, p.343). Suppose that f,g are as in the De-
finition [LZ.3 and g has bounded variation with variation measure u. If either

/013+<|D for))(B)p(dt) < oo

or f is bounded and right (or left-)continuous at p-a.a. points then

/0 F(H)dg(t) = (L - 9) / £(H)dg(t)

As a special case, for any continuous f, we obtain equivalence with the Riemann-

/0 F(t)dg(t) = (R —S) / F(H)dg(t)

R=8) [ f(t)dglt) = Jim N GITCEIED

|A|=0

Stieltjes integral:

where

and the convergence holds uniformly in all finite partitions A = {0 = t, < t§ <
tp < -+ <t, <tf <t,1 =T} The integral is also an additive function of the
boundary (ﬂa], Theorem 2.5., p.345).

Next we consider the case when f and g are Holder continuous of summed order
greater than one.

Theorem 1.2.6 ([61], Theorem 4.2.1, p.349). If f € CN0,T) and g € C*(0,T)
are Hélder continuous with X+ p1 > 1, then the Riemann-Stieltjes integral (119)
exists and agrees with fOT fdg.

The integral as a function of the upper or lower boundary is Holder continuous
of order p.

Proposition 1.2.7 (@], Proposition 4.4.1, p.351). Let f € C*(0,T) and g €
CH0,T) with A+ > 1. Then

/' fdg € C*0,T).
0

Now we state the change-of-variables formula.

Theorem 1.2.8 (@], Theorem 3.1, p.159). Let 0 < v < 1/2 f € Ig, (L*(]0,T7)
be bounded, gr_ € I;_“(L*([0,T])) and

+ /Otf(s)dg(s), t € (0,7).
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Then for any function F € C%([0,T] x R) and for any 0 <tq <t <T:

LOF LoF
F(h(0) = Fto, hito) = | 5 F(s.h()dst [ 5 (s,h(5)) f(s)dg(s). (1.20)
to to z
Remark 1.2.9. The formula holds under the more restrictive assumptions that g
is Holder continuous of order p, f is Holder continuous of order A > 1 — pu, and

g_i(., h(-)) is Holder continuous of order A (@]) A

1.3 Fractional Brownian Motion

This section contains the definition and basic properties of the standard fractional
Brownian motion which represents a generalisation of the standard Brownian
motion. For a thorough survey and a comprehensive overview of the standard
fractional Brownian motion and the stochastic calculus defined with respect to
it, we refer to H or @] Other references include the original paper of Mandelbrot
and Van Ness N]_@], where a stochastic integral representation for the fractional

Brownian motion was given. For further reading see also |16] and [@]

Definition 1.3.1 (Fractional Brownian Motion). Let T > 0. We say that a
real-valued stochastic process B = (BtH ,t e [O,T]) is the standard fractional
Brownian motion with the Hurst parameter H € (0, 1) if it is a centered Gaussian
process, B{f =0 P — a.s., and if its covariance function is given by

1
RY(t,s) = cov (B, B/") = 5 (s + 2 =t —sP"), ste[0,T]. (121

It follows from the definition that the standard fractional Brownian motion is a
process with stationary increments, i.e. the probability law of Bﬁs — B! is the
same as the law of BH for s,t € [0,T]. The existence of such a process follows,
by similar arguments as for the standard Brownian motion, from Theorem
(for a proof that the function R¥(¢,s) in (L2I)) is positive semidefinite, see for
example [39], p.8).

The regularity of sample paths of the fractional Brownian motion also depends
on the Hurst index H. This property follows from the Kolmogorov-Chentsov
Theorem, Theorem [[LT.6l We have

E [BY — B¥]" = ot — s,

where ¢, = EX* with Law(X) = N(0,1). Hence, by the Kolmogorov-Chentsov
Theorem, the process B has a version with Holder continuous sample paths of
any order less then H. In the sequel, we only consider this version. On the other
hand, we also have the Law of Iterated Logarithm for the fractional Brownian

13



motion(ﬂ], p.11, or M] for a general result).

BH
P ( li — L —dy ) =1, 1.22
(11;15)2@ t\/loglog t H) (1.22)

where dy is a suitable constant.

The standard fractional Brownian process with the Hurst parameter H is an
H-self-similar process, that is, for every a > 0 it holds that

Law (B

at»

t >0) = Law (" B/',t > 0).

This is an immediate consequence of the fact, that the covariance function fullfils
R (at,as) = a* RH(t, s) for every a > 0.

Depending on the value of the Hurst parameter H, we recognize three different

cases. If H = % it is the standard Brownian motion, for H < % we have the

singular (or antipersistent) case and the regular (or persistent) case when H > 1.

Only in the case H = % are the increments of the process B¥ independent. If

H # %, it follows by (L2I)) that the increments B, — B/ and Bff,, — B[, are
correlated negatively in the singular case and positively in the regular case. This
phenomenon is depicted in Figure [Tl

2.5
1.0
2.0
0.8
1.5
0.6
1.0
0.4
0.5
0.2
0.1 02 03 04 05 0607 08 09 1.
0.1 02..03 04 05 06 07 08 09 1. —0.5
H=0.75 H =0.25

Obréazek 1.1: Simulated trajectories of fractional Brownian motion for different
values of Hurst parameter

The fractional Brownian motion with H > % is a process with long memory (ﬂ],
p.9), by which we mean that the increments X;, = B — B | 'k € N possess the
long-range dependence property.

Definition 1.3.2. A stationary sequence (X, ),en exhibits long-range depen-
dence if the autocovariance function p(n) = cov(X, Xpi,) satisfies

lim M

n—oo CN~¢

=1

14



for some constant ¢ and a € (0,1). In this case the dependence between X} and
Xpin decays slowly as n tends to infinity and

Z p(n) = oo.

Since almost all sample paths of the standard Brownian motion are nowhere
differentiable, such a property cannot be expected in the case of the standard
fractional Brownian motion which is its immedieate extension.

Theorem 1.3.3 (Differentiablity of sample paths of fBm, @], p.427). The sam-
ple path BE (w) is P-almost surely not differentiable; in fact,

Bl (w) — Bl (w)
t—to

lim sup
t—to

= o0

with probability one.

The fractional Brownian motion with the Hurst parameter H # % is not a se-
mimartingale. In fact, it is shown in [7], p.12, that B¥ has finite and positive
%—variation; see also @] for original result. As a consequence we cannot use Ito
stochastic calculus to define the stochastic integral with respect to the fractional

Brownian motion.

1.3.1 Liouville fractional Brownian motion

The Liouville fractional Brownian motion is a process whose properties reflect
the properties of the standard fractional Brownian motion, but its formulation
is simpler and, therefore, it does not pose such a technical challenge. Only the
definition is presented here. Note that unlike the fractional Brownian motion, this
process generally doesn’t have stationary increments. For a stochastic integration
with respect to the Liouville fractional Brownian motion, see [12].

Definition 1.3.4 (Liouville fractional Brownian motion, ], p.7). Let

1 sAt | )
R} (s,t) = ))2/0 (s—u)f2(t —w)’2du, s,t,€10,7).

A Liouwille fractional Brownian motion of order 0 < H < 1is a Gaussian process
L = (L t € [0,7T]), such that

E (LYL") = R (s,t), s,t€[0,T).
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2. Malliavin Calculus

In this chapter we review the basics of Malliavin Calculus. First we define isonor-
mal Gaussian processes, which can be viewed as a collection of random variables
indexed by elements of a separable Hilbert space. Then we proceed with defini-
tion of the Malliavin derivative and present some of its basic properties. Finally
we introduce a stochastic integral as an adjoint to the derivative operator. Main
reference for this chapter is Nualart’s book @] For further reading see also @],

la], 53], [43] and [2d].

2.1 Isonormal (Gaussian processes

The general framework

Definition 2.1.1 (H-isonormal Gaussian process). Let (£2, F,P) be complete pro-
bability space and H be a real, separable Hilbert space. We say that a stochastic
process X = (X (h),h € H) defined on (2, F,P) is an H-isonormal Gaussian pro-
cess (or a Gaussian process on H) if X is a centered Gaussian family of random
variables such that

E(X(h)X(9)) = (h,g)w, h,geH (2.1)

Here, the mapping h +— X (h) is linear, as the above relationship between scalar
products yields
E[X(Ah + pg) — AX (h) — uX ()] = 0.

Therefore, the mapping provides a linear isometry between H and a closed sub-
space of L*(2, F,P) denoted by H;, which consisting of centered Gaussian ran-
dom variables. Indeed, by (2.]) we have

IX (W) 72(0) = E (X (h))* = ||l

Ezample 2.1.2 (The isonormal Gaussian process associated to the standard Brow-
nian motion). Let W = (W,;,t € [0,7]) be the standard Brownian motion on
(2, F,P). Having set H = L? ([0, T]), we denote

X(h) = /OT h(s)dW,, heH,

where the stochastic integral is defined in the sense of It6. Then X is a zero-mean
Gaussian random variable with variance fOT h*(s)ds, h € H, and from the Ito
isometry (6] we obtain
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e|f “ma, [ (o] = | Ca(s)ha(s)ds = (ol

for all hy, hy € H. Since 1y, € L* ([0,T1]) for all ¢ € [0, T], we clearly have that

T
X(]I[O,t]) — / 1[0’1}(8)dW5 = Wt — Wo = Wt.
0

Thus, the isonormal Gaussian process on L?([0,77]) corresponds to the standard
Brownian motion (except for the fact that we have not proved that it has con-
tinuous paths; however, there exists a continuous modification by Kolmogorov-
Chentsov Theorem). Note that for all s,¢ € [0, 7], we have that

E(WsWt) =E (X(]l[(]’s])X(]l[o’t])) = <]1[07S], ]l[ovt]>H =sANt.

%

Ezxample 2.1.3 (The isonormal Gaussian process associated to the fractional Brow-
nian motion). Let us recall that fractional Brownian motion with Hurst parame-
ter H € (0,1), B = (BH,t € [0,T]), is a centered Gaussian process with a
covariance function

RA(t,s) = B [BYBH] = = (27 4 21 | — s2H).

N | —

Let us denote by & the step functions on the interval [0, 7] and let % be the
Hilbert space defined as the closure of £ with respect to the scalar product

(Ljo.s o))y = R7(2,9).

The mapping 1y, +— Bl can be extended to isometry between % and the
Gaussian space HY associated with B. We denote this isometry ¢ — B ().
Then {B"(p),p € #7} is an " -isonormal Gaussian process. For B (p) we
also use the notation B (p) = fOT ¢(s)dBH. A more general case of this example
will be discussed in Section &

2.2 The Malliavin Derivative

The purpose of this section is to introduce the derivative operator D F' of a random
variable F': () — R with respect to the parameter w € €.

Let X = (X(h),h € H) be an isonormal Gaussian process on a complete pro-
bability space (2, F,P), where F is generated by X and let p > 1. We start
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with a definition of the derivative on a dense subset of LP(§2, F,IP) (=: LP(2)).
Further let C7°(R™) (Cp°(R™), respectively) be the set of all infinitely differenti-
able functions f : R™ — R such that f and all of its derivatives have at most
polynomial growth (are bounded, respectively). Denote by S the set of smooth
random variables of the form

F=f(X(h),...,X(hy)), (2.2)

where n > 1, f € C*°(R") and hy, ..., h, € H.

We further denote by S, the set of smooth random variables for the case when
f e CP(R") in [22). We call F' € S smooth random variable. Clearly S, C S.
Note that S, and hence S are dense in L*(2, F,P) (for proof see e.g. [46], p.13).

Definition 2.2.1. The Malliavin derivative of a smooth random variable F € S
of the form (22 is the H-valued random variable

DF = i@f(X(hl), o X (ho) (2.3)

The directional derivative of F € S in the direction h € H is defined as D"F =
(DF, h)y.

Remark 2.2.2. The definition of the Malliavin derivative does not depend of a
particular representation of the random variable F' in (Z2]). This can be seen
from the proof of Theorem 2.2.7 A

To get acquainted with this notion, let us compute a simple example.

Ezample 2.2.3. Let X = W be the standard Brownian motion and H = L?([0, 7).
Let h = 1pyg. Then W(h) = fOT]l[O,t](s)dWS = W,;. Consider the following
functions f in [22): f(z) = z, f(z) = 2% The Malliavin derivative of W; is
DWt = DW(]I) = ]I[O,t] and D(Wt)Q = 2Wt]1[0,t]- <>

In order to extend the derivative to a larger class of random variables, our next
aim is to show that D is a closable operator from LP(2) to LP(£2;H). That is, if
{F,}nen C S converges to zero in L?(Q) and the sequence of derivatives { DF, },en
converges to G in LP(Q; H), then G = 0. In order to show this, we make use of
the following integration by parts formula.

Lemma 2.2.4 (ﬂﬂ], Lemma 1.2.1, p.25). Let FF € S and h € H. Then

E[(DF,h)y| =E[FX(h))]. (2.4)

The previous Lemma together with the fact that

D(FG) = FDG + GDF, F,G¢€ S,
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yields a formula for integration-by-parts.

Lemma 2.2.5. Let F,G € S and h € H. Then

E[G (DF,h)y| = E[~F (DG, 1), + E[GFX(h)]. (2.5)

Now we can prove the closability of the derivative, but before doing so, let us
remind the definition of vector valued LP spaces.

Remark 2.2.6. Let B be a Banach space. A function f : Q — H is (strongly)
measurable if it is the pointwise limit of simple functions Y, _, z;14,, where
zr € B and A, € F. A measurable function f is p-integrable, if E||f||} < oc.
We then write f € LP(€;B). As ususal with working with L? spaces, we identify
functions which are equal almost everywhere. JAN

Theorem 2.2.7 (Closability of D, @], Proposition 1.2.1, p.26). The operator D
is closable from LP(Q) to LP(Q;H) for any p > 1.

Dikaz. Let {F,}neny C S such that F,, — 0 in LP(Q) and DF,, — n in LP(Q); H)
asn — o0o. Let h € H and F € S, such that FX(h) is bounded. Then, using
Lemma 2.2.5] we obtain

E[(n,h)y F] = lim E[(DF,, h)y F]

n—oo

— lim E[—F, (DF,h)y] + E[GFX(h)] = 0,

n—oo
because F,, — 0, for n — oo, and the other terms are bounded. O

Definition 2.2.8. The closure D of the operator D in LP(€Q) is also denoted be
D. The domain of D in LP(Q) is the space D' defined as the completion of S
with respect to the norm || - ||1:

1|, = EIF” + E[| DF|g. (2.6)

For p = 2, the space D'? is a Hilbert space with respect to the scalar product
(F,G),, =E(FG) +E(DF, DG)y.

Note that directional derivative D" = (DF, h)y in the direction h € H is also
closable operator from LP(Q2) to LP(2) and its domain is denoted D"».

Remark 2.2.9. Consider now H = L?([0, T]). We can identify L*(Q;H) = L*([0, T]x
). We then have that the derivative of a random variable F' € D!? is a square

integrable stochastic process (D F,t € [0,T]) (defined almost everywhere A x PP,
where A\ denotes Lebesgue measure) and E||DF||% = E fOT (D, F)?dt. A

Example 2.2.10. Consider the fractional Brownian motion from Example 2.1.3]
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Let us compute
IBIIR = E(BI)? + (Lo, Ljogg) pn = E(B/)? + R7(t,t) = 2E(B;")?

and

IF (B = BB+ E(F (B ), £(B V) o
=Ef(B)* +Ef'(B/")’E(B/").

The next result is a chain rule for the Malliavin derivative D.

Lemma 2.2.11 (Chain rule, ], Proposition 1.2.3, p.28). Let ¢ : R™ - R be a
continuously differentiable function with bounded partial derivatives. Suppose that
F = (F' ..., F™) is a random vector with components in D'?. Then o(F) is in
DY and

D(p(F)) = Zaﬁf)(F)DFi‘

As a next step, we define higher order Malliavin derivatives and extend the Mallia-
vin derivative to smooth random variables with values in a real separable Hilbert
space V. Let us first recall the notion of tensor product of Hilbert spaces.

Remark 2.2.12 (Tensor product). Let (Hy, (-, )y, ) and (Hy, (-, )y, ) be real sepa-
rable Hilbert spaces. Their tensor product is a Hilbert space H; @ Hy together
with a bilinear mapping ® : Hy x Hy — H; ® Hy : (hq, ha) — hq ® hg, such that

L (i ® fo, 01 ® 92)p,0m, = (f15 910w, (f2, 92)w,
2. and the set {h; ® hs, hy € Hy, hy € Hy} forms a total subset of Hy @ Hp.

A

Remark 2.2.13. Let V be a real separable Hilbert space. The space L*(V;H) of
square integrable functions V — H is isomorphic to L*(V) @ H. The isomorphism
maps f(z) @ ¢ € L*(V) @ H to f(z)p € L*(V; H). A

For a real separable Hilbert space V' denote by Sy the V-valued smooth random
variables of the form

u=Y Fu;, v eV, €S, j=1,..n neN (2.7)

j=1

Definition 2.2.14. We define the Malliavin derivative of u € Sy as the H® V-

valued random variable
n

Du = Z (DFj) ® vj.

j=1
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Similarly as above, the Malliavin derivative is a closable operator from Sy C
LP(; V) to LP(; H® V). Denote DY(V) the completion of Sy with respect to
the norm || - [|1 v, where

[ulliy = Ellully; + Bl Dullgy-

Consequently, we define higher derivatives by iteration as

D*F = DD*'F, k> 1.

If FF € § is a smooth random variable and we apply the derivative operator on
DF again, then we get a random variable with values in H ® H. By induction,
DFF is a random variable with values in H®*. Similarly to || - ||1,, we use the
following notation for any k£ € N and p > 1:

k
IFIIR, = EIFP + ) E|D'Flfs,.

j=1
Then as above, the operator D* is closable from S into LP(£2; H®*).

Note that for p = 2 and k > 1, the space D*? is a Hilbert space with respect to
the scalar product

(F,G), =E(FG) + Zk:E (D'F,D'G) ;) -

J=1

Remark 2.2.15 (@], Corollary 1.32, p.19). If v € D?(H), then (u, h)y belongs
to D2 for all h € H and D((u, h)y) = (Du, h)y = D"u. A

Remark 2.2.16 (], Corollary 1.2.1). Suppose H = L*([0, T]). Let [a, b] € B([0,T]),
where B([0,T]) denotes the Borel o-algebra on the interval [0,7]. Let F' € D'?
be Fi, 5e-measurable, where Fiq 5 = o{Wj, s € [a,b]}. Then D;F = 0, (A x P)-for
almost every (t,w) € [a,b] x Q. A

2.3 The Divergence Operator

In this section, we introduce the divergence operator defined as the adjoint of
the derivative operator. Let us recall that the derivative operator D is a closed
unbounded operator with values in L?(; H) defined on the dense subset D'? of
L3(9).

Definition 2.3.1. The divergence operator ¢ is defined as the adjoint of the
operator D. That is, § is an unbounded operator on L*(2;H) with values in
L?(2) such that:
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1. The domain of 9, denoted by dom ¢, is the set of H-valued random variables
u € L?(Q; H) satisfying

[E[(DF,u)g]| < cl|Fllea) VF €D,

where ¢ is a constant depending on wu.

2. If w € dom 6 then 6(u) is the random variable in L*(Q) satisfying for any
F eD'?
E [Fo(u)] = E[(DF, uby). 2.5)

Denote by S C L*(; H) the class of H-valued smooth random variables of the
form

u = Zth]’, (29)
j=1

where F € § is a smooth random variable and h; € H for all j =1,...,n.
The divergence operator has the following properties:
Proposition 2.3.2 (Properties of 4).
1. The operator § : dom & — L*(Q) is linear and closed.
2. If u € dom 6, then
E [6(u)] = 0. (2.10)

3. If u € Sy, then u € dom o and

n

8(u) =) (E;X(hy) — (DEj, hy)y)- (2.11)

j=1

4. Letw € Sy and h € H. Then

n

D"s(u) = (D(5(u)), h)y = (u, h)y+5 (Z (DFj, h)y hj> = (u, h)y+6D"u.

J=1

(2.12)

Dikaz.

1. ¢ is the adjoint of a linear and densely defined operator, hence also linear
and closed.

2. Take F' =1 in (ZJ).
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3. We use Lemma 2.2.5] and get

IE [(DF, u) |— 5 (DF, b)) ]

ggjquwmmwmwﬂEWﬂXWMD

S CuHFHLQ(Q)a

so u € dom 0. Now, Lemma 227 is used again together with (2.8]) in order
to get for all F' € D'2

3

E[Fé(u)] = E[(DF, u)y

(E:FXT ggznrh )

4. For simplicity, let us consider u in the form u = G - g where G € § and
g € H. We use (2I0)) in order to get

(Do(u), h)y = (D(GX(g) — (DG, g)y), )y
= <u’ h)H + X(g) <DG’ h)H - <D ((DG’ h>H) g
= <u7 h)H + 5(<DG7 h>H)7

i

which follows from the fact that (D((DG,h)y),9)y = (D{(DG, g)y), h)y
and then applied (2.I1]) once more.

]

The next result gives us a class of H-valued random variables included in the
domain of the divergence operator.

Proposition 2.3.3 (], Proposition 1.3.1, p.37). The space D'*(H) is included
in dom §. If u,v € DY2(H), then

(0(u), 0(v)) 20y = (U, V) 2y + (D, DV) 2 g - (2.13)

Proposition 2.3.4 (], Proposition 1.3.2, p.39). Let u € DM?(H), and suppose
that Dhu belongs to dom § for h € H. Then 6(u) € D™2, and

D"(§(w)) = (u, h)y + 6(D"u). (2.14)

Proposition 2.3.5 (ﬂﬂ], Proposition 1.3.3, p.39). Let F' € D'? and u be in the
domain of & such that Fu € L*(QQ;H). Then Fu belongs to the domain of § and
we obtain the equality

§(Fu) = Fo(u) — (u, DF)y, (2.15)
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provided that the right hand side is square integrable.

Dikaz. For any smooth random variable G we have:

E [Gé(Fu)] = E (DG, Fu)y
=E[(u, D(FG) — GDF )]
=E[(0(w)F = (u, DF)y) G].

]

The following proposition asserts that the divergence operator enjoys the local
property.

Proposition 2.3.6 (], Proposition 1.3.15, p.47). Let u € DY?(H) and A € F,
such that u=0 on A. Then §(u) =0 P-a.s. on A.

Skorohod integral

Let us consider H = L*([0,7T]) and W (h fo s)dW for h € L*([0,T]). In
this case the elements of dom § C L2([0 T] x ) are square integrable processes
and the divergence d(u) of the random process u € dom 0 is called the Skorohod
integral of the process u. We will also denote the Skorohod integral by

T
5(u):/ u dW.
0

The space L'? = DY(L%([0,7])) coincides with the class of processes u €
L*([0, T x Q) such that u, € D"? for almost all ¢, and such that there exists a mea-
surable version of the two-parameter process D u, satisfying E fOT fOT (Dsuz)?dsdt <
oo. This space is included in dom ¢ by Proposition 233l Equation (ZI3) can be
rewritten as

T T T
E[6(u)d(v)] = IE/ vt + E/ / Dgu; Dyvgdsdt. (2.16)
0 o Jo

Suppose now that the processes u and v are adapted to the filtration generated
by the Brownian motion W. Then by Remark we have that Dsu; = 0 for
almost all (s,?) such that s > ¢. Hence the second term in (2.I6]) is zero, and we
get the usual Ito isometry.

The next result shows that if u € L2,([0,T] x ), then the Skorohod integral
coincides with the Ito integral with respect to the Brownian motion.

Proposition 2.3.7 (], Proposition 1.65, p.34). If u € L2,([0,T] x Q) then
u € dom § and the Skorohod integral §(u) coincides with the Ité integral with
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respect to the Brownian motion,
T
o(u) = / w dWs.
0

Now we can reformulate Proposition 2.3.4] which will allow us to compute the
derivative of the Skorohod integral.

Proposition 2.3.8 (@], Proposition 1.3.8, p.43). Suppose that u € LY2. Assume
that for almost all t € [0,T] the process (Dyug,s € [0,T]) is in dom 6 and that
there exists a version of the process (fOT DyugdWi, t € [0, T]) which is in L*([0, T]
Q). Then fOT u,0W, € DY and for all t € [0,T]

T T
Dt(/ ’LLS(SWS> = U + / Dtus5Ws. (217)
0 0
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3. Volterra Processes

In this chapter, we introduce a broad class of Gaussian processes which are natural
generalization of the fractional Brownian motion. We develop stochastic integral
with respect to these processes and show some of its main properties. These
processes are determined by their covariance function R defined in terms of a
kernel K. Further, we introduce the class of regular processes by imposing some
conditions on the kernel K and for these processes we present the It6 formula. We
follow the paper H] and develop the stochastic calculus using the techniques of
Malliavin calculus. A stochastic calculus for processes of the so-called covariance
measure structure is developed in a similar way in @} For a different approach
we refer to ] where the integral is based on convergence of discrete sums. For
yet another approach to stochastic integration with respect to an even broader
class of Gaussian processes in the white noise setting, we refer to @] Let us
also mention the paper @] by Coupek and Maslowski on stochastic evolution
equations driven by (non-Gaussian) Volterra processes.

3.1 Definition and Basic Properties

Definition 3.1.1 (Volterra process). Let "> 0 and W = (W, t € [0,T]) be the
standard Brownian motion defined on a complete probability space (€2, F,P). Let
K :[0,T])* — [0, 00) be a function such that

(i) K(t,s) =0 for s >0, and K(0,s) =0 for all s € [0,7T].

(ii) K is a kernel satisfying

t
sup / K(t,s)*ds < cc. (3.1)
te[0,7] J 0o
Then the process B given by
t
B = / K(t, s)dW,, (3.2)
0

is called Gaussian Volterra process. The considered integral is in the sense of Ito.

Clearly B is Gaussian with the covariance function

R(t,s) = E[By, B§| = /MS K(t,r)K(s,r)dr. (3.3)
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Denote by £ the set of step functions on [0, 77, that is

g :{907 90(8) = Z Soi]l(ti,ti+1](s)7
=1
(,OZ‘ER, iE{l,...,n}, 0=t <ty < "'Stn+1:T7 nEN}

£ is clearly a dense subset of L*([0,T]) (see B]) Suppose further that the kernel
K satisfies the following condition:

(K) The function K(-,s) : (s,T] — [0,00) is continuous and of bounded vari-
ation on any interval (u,T], for each u > s, where 0 < s < T.

By the condition we can, for each s € (0,7"), decompose the function K-, s)
into a difference of two non-decreasing functions K and K. Thus, we can define
a Lebesgue-Stieltjes measure K(-, s) on B ((s,T]), using the decomposition of K
into these non-decreasing components. For a precise construction we refer to @],
p-186. We have that

K((s,t],s) = K(t—, s) — K(s+,5),

where the + and — denote the limit from the right and left-hand side, respectively.
Consider the operator #* : & — L?([0,T]) defined by

(A7p) (s) = (s)K(T, ) +/ (p(t) = w(s)) K(dt, 5). (3.4)

Further, the relationship between the operator £ and the kernel K is discussed.
Note that for ¢ € &, the function (#*p)(-) takes the form

(A7) (s) = Z ¢i]1(5i,si+1](s)K(T7 s)+

n

+ 2_: ]]'(Siysi+1](s) Z (ij — ;) (K(Sj+1, s) — K(Sj, s)), (3.5)

j=i+1

where s € [0, 7], for T" > 0. The expression (3.5]) can be found in ], p.771. In
particular, we have

(A1) (5) = K(t5)Lp g (s).
In order to avoid degenerate cases, we make the following assumption:
(I) o+ : & — L*([0,T)) is injective.

Ezample 3.1.2. Let T > 0 and B¥ = (B/,t € [0,T]) be the standard fractional
Brownian motion with the Hurst parameter H € (0,1). The covariance function
RY of BH is given by (LZI). Let B denote the Beta function. The covariance
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function R can be expressed as
tAs
RE(t,s) :/ Ky(t,r)Kg(s,r)dr, t,s€l0,T],
0

with a square integrable kernel Ky given, for H < 1, by (ﬂ], p.25)

Ku(t,s) = by [(f) " (o)}

S

. (3.6)
- (H - %) S;_H/ (u— S)H_%uH_gdu} ,
where by is a constant
b — 2H 2
" \(1=-2H)BA-2H H+1/2)) °
The behavior of the kernel Ky with H < 1/2 is illustrated in Figure Bl
3.0 3.0
2.5 2.5
2.0 2.0
1.5 1.5
1.0 1.0
0.5 0.5
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0
Kg(l,s), s (0,1) Ky (t,0.2), t € (0.2,1]

Obrazek 3.1: Kernel Ky of a fractional Brownian motion with the Hurst index
H =0.25.

If H> % then the kernel Ky takes a simpler form (H], p.24)

t
Ky(t,s) = cHséH/ (u— s)H’EuH’%du, (3.7)

e (B@FTZZ,_HD— é))% |

This kernel is depicted in Figure B.2

with
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3.0 2.0
2.5
1.5
2.0
1.5 1.0
1.0
0.5
0.5
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0
Ky(1,s), s € (0,1] Ky(t,0.2), t €10.2,1]

Obrazek 3.2: Kernel Ky of a fractional Brownian motion with the Hurst index
H =0.75.

Now we present the explicit form of the operator £ . Let ¢ € £. Exploiting the
notion of fractional calculus, the operator 7 can be expressed for H < % as

Hripls) = byl (H + %) S (D2 ) (5), (39)

and for H > % as

Hho(s) =cyl (% — H) gt/ (]f__l/zuH_lﬂgO(u)) (s). (3.9)

%

Ezample 3.1.3. Let T > 0 and L7 = (Lfl,t € [O,T]) be the Liouville fractional
Brownian motion. By the definition [L3.4] the covariance function R can be
expressed in the form (B3] with the kernel

1

m(t — )21 (t < s). (3.10)

Ké(t,s) =

&

3.2 Integrable functions

In order to develop stochastic calculus with respect to the process B, the space 7
of integrable functions is defined in this section. Let us define the inner product

() - Set
<]l[0,t]7 ]1[0,8]>% - R(ta 8)7 (ta S) € [07 T]2 (311>

By linearity, we can extend this inner product to £ and thus (&, (-,-) ) forms a
pre-Hilbert space. The completion of £ with respect to the inner product (B.I1))
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will be denoted by .77.

The operator J#* provides an isometry between € and closed subspace of L?([0,T7)
spanned by the functions {K (¢, )1, t € [0,T]}. To see this let us write

<¢%/*]1[0,t]71%/*]1[0,3}>L2([07T] = (K(t, )1y, K(s, )1y, S]>L2([0,T})

/ K(t,u)K(s,u)du

= R(t,s)
= (Lo, Ljo,s]) -

Hence
H = ()T LA([0,T])). (3.12)

Let ¢ € £. Then we define the Wiener integral of ¢ with respect to the process

B as .
/ (t)dB, = ngl Bi.,., — B:,). (3.13)
0

On the other hand, by the formulas (8:2)) and (B.5) we have

n—1

T
/ ( )dBt onBr — Z (902‘—&-1 - Spi) Bti+1
0 =1
1

T n—
=/ ( (@it1 — i) Lot01(s )K(ti+175)> dW
0 i=1

/ (Z% (tti) (8) K (T, )

+ Z (@it — i) Logia)(s) (K(T, s) — K(tiy1, s))) dW,

-/ <¢<8>K<T, 5

+ Z Lty i) (s Z (Pir1 — @i) (K(tje1,8) — K(1, 3))>dWs

Jj=i+1
T
:/ () (s)dWs.
0
Hence we can write
T T
/ S(H)dB, — / (A7) (s)AW,, € E. (3.14)
0 0

It follows that the operator #™* may be extended into 7, J#* : # — L*([0,T1])
is injective and the equality (B.14]) holds for ¢ € J7.

30



Remark 3.2.1. Note, that the process (fOT e(t)dBy, p € %”) is an s7’-isonormal
Gaussian process in the sense of Definition 11| since it is clearly zero-mean,
Gaussian and

e[ [ etz [ owan] <] [ oo oan [ oo wan

- / () (5) - () (s)ds

= (A0, ) 1201
= <()07 w>yf 9

by the It6 isometry ([LGI). A

FExample 3.2.2. In this example, the domain of the operator (Ji/lf)* associated
to the Liouville fractional Brownian motion. The kernel K% is of the form (B.10)
and the operator (Ji/ 1})*, by its definition (34]), can be expressed as

Ly 1 pls) (1 T(s) = o(t)
((Har)" ) () = I (H+3) ((T—s)éH (2 H)/ (t—s)iH dt)’

which is, however, precisely the Weyl representation (LI7)) of the right-sided

fractional derivative. This means that
* g
((4:5) ) (s) = (D3"¢) (o).

The inverse operator defined in terms of the left-sided Riemann-Liouville fracti-

1
onal integral exists for all functions ¢ € I:%fH (LP). Therefore, we have that

with the domain

¢

In the following, we denote by Dpg, ¢ B,}D)’Bp the operators and spaces associated
with the process B and by D, 6, D*P the operators and spaces associated with the
Wiener process W. For the convenience of the reader, let us recall definitions of
these symbols. Let F' be smooth random variable of the form (2.2]), that is

F=f(B(h),...,B(h)),

for some f € C;°(R™), h; € A, i = 1,...,n, n € N. We denote the set of
smooth random variables by S. The derivative of F' € § is the 7 -valued random

31



variable

DyF = zn: 0,f(B(hy), ..., B(h))h.

i=1
The space D%” is defined as the closure of S with respect to the norm

k
IF |1 i = EIF)P + ) EIIDRF|-

J=1

The divergence operator dp is then the adjoint of the derivative Dg. The domain
of §p in L?*(Q) is denoted by dom dp. If u is in dom dp then dp(u) is defined by
the duality relationship

E[Fép(u)] = E[(DgF,u)y], FcDg.

By Proposition we have that the space ]D)}S’Q(%” ) of J-valued random vari-
ables is included in dom dp.

The equality ([3.12)) implies that
DY () = ()" (L), (3.15)

where we denote L' = DV2(L2([0,T])).

The next proposition gives us a relationship between the derivative Dg with
respect to B and the derivative D with respect to the standard Brownian motion

w.

Proposition 3.2.3. For any F in D3 we have
H*DpF = DF. (3.16)
Diikaz. Let F = f(B(t)) for f € C*, and let u € L*(Q; 7). Then

E[(u,DpF) ] =E _(%*U, %/*DBF>L2([0,T])}
= E [(u, F (B0 L00) ooy
= E [, F(BUOK () L00) oo

=E <=/“i/*u, f’(W(K(t, ')]I[O,t])K(tv ')]1[0,t]>L2([0,T])}

= E -<,%/*u, DF>L2([O’TDi| 5
and the general case follows by the density argument. O
Thus, we have
dom 65 = (#*)"(dom §), (3.17)
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and 0p(u) = 6( 2 *u).

3.3 Processes with Regular Kernel

In this section, we introduce the conditions for a regular kernel and investigate
properties of Volterra processes with regular kernels. We develop stochastic inte-
gral with respect to these processes and present the Ito formula.

Definition 3.3.1 (Regular process). Suppose that B = (B;,t € [0,T]) is a zero-
mean Gaussian Volterra process with a kernel K. We say that the process B is
regular or with a regular kernel on [0, T, if it satisfies the condition

(R) For all s €0, T), K(-,s) has bounded variation on the interval (s,T], and
T
/ K| ((s,T],5)*ds < oo.
0

Let us denote K(s*,s) = K(T,s) — K((s,T],s). By the conditions [[R)] and (B
we have that K (s, s) is square integrable in [0, 7). In this case the operator J¢*
defined by ([B4]) can be expressed as

(A7) (s) = (s)K(s", 5) +/ p(HK(dL, s), (3.18)

for p € £.

Consider the following seminorm on &

2

ol = [ leP s sras s [ [ leikians) o @19

Denote by % the completion of € with respect to || - || ,. Then % is continu-
ously embedded in ., because, for ¢ € £, we have that

lelZe = 112 eIl qom)

= [ et + [ e
<2 T (s s)lp(s)) ds + 2 / ) ( / ) |so<t>||/<:|<dt,s>)2ds,

2

ds

which is
lell3e < 2[lel%,-

Example 3.3.2. In the case of fractional Brownian motion with H > %, we have
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(see ﬂﬂ], p.5 and computations on p.4)

6l = H2H —1) / / Dlle(t)]]t — s 2deds.

In particular, L7 ([0,T]) C 41 (sce c.g. ﬂ], p.33). &

Let u = {ug,t € [0,T]} be a stochastic process in D?(.#%). That means, that u
satisfies

Ellull%, < oo (3.20)
and
T
E/ | Dul|%,dr < oo. (3.21)
0

These conditions imply that J#*u € L%? and hence v € dom dg. For a process
u € DY2(3) we denote dp(u) also by fOT us0 By = fOT (A ) OW.

Remark 3.3.3 (Indefinite integral). If u satisfies the above conditions, so does
ulpy for any t € [0,77]. Then the operator JZ;* on [0,T] is given by

(H7u)s = uK(sT,s) + / u, KC(dr, s),
(s:t]

and we define the indefinite integral of u € DV?(73) as

t t t t t
/ us0 By :/ (. u)s6Ws :/ u K (sT,8)6W, +/ / u, KC(dr, s)0W,
0 0 0 0 Js

(3.22)
A

Let us denote R; = R(t,t) = EB?.

Theorem 3.3.4 (Ito formula7], Theorem 2, p.778). Let F' € CY2([0,T] x R) be
a continuous function satisfying the growth condition

82

oF
52 —(t,z)

oF
FrGRE

max {|F(t,x)] %(t,x)

} <cexp{Alz]’}, (3.23)

where ¢ and \ are positive constants such that A < ;11 (SUPogth Rt)_l

Let B = {B:,t € [0,T]} be a Gaussian Volterra process satisfying the condition
[(R) Then %E(t, B;) € D"*(H#%) and for each t € [0,T] the following formula
holds:

LOF LOF
F(t,B;) = F —(s, B —(s,B,)0B
(t, By) (O,O)+/0 s (s, S)ds+/0 895(8’ )0 B
82

5 v —— (s, Bs)dRs P —a.s.

Remark 3.3.5.
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1. The previous theorem is givenin @] for F' not explicitly depending on t.
Although the proof can be readily modified in order to allow for time de-
pendent function F, it is not presented here due to the length of the original
proof.

2. The growth restriction ([B:23]) can be dropped thanks to the local property
of Skorohod intﬂiéral (Proposition 223.6)). The localization argument is dis-

cussed e.g. in [45] and is carried out in the proof of Theorem 5.1.2. on

p-193.
A

3.3.1 Strictly Regular processes

Now we impose some more conditions on the kernel K. This will allow us to
obtain Hélder continuity of the sample paths of Volterra processes and the Ito
formula for the integrals driven by Volterra processes.

By [22), we can decompose the process B as

t t ot
B, :/ K(s*, s)0W, +/ / K(dr, s)dWs, (3.24)
0 0 Js

where K(sT,s) is square integrable by |(R), hence the first term in (324) is a
martingale. Therefore we will often assume that K(sT,s) = 0 in which case we
will call the kernel vanishing.

Remark 3.3.6. The condition K(s*,s) =0 for all 0 < s < T, is natural for it is
satisfied in the case of the fractional Brownian motion B¥ with H > %, since by
the Dominated Convergence Theorem, we have

1 t
lim Ky(t,s) =cy <H — 5) sz H lim (u— s)H_%uH_%du =

t—s+ t—s+ s

Similarly, also the kernel of Liouville fractional Brownian motion is vanishing. A

Definition 3.3.7 (Strictly regular process). Suppose that B = (B;,t € [0,7]) is
a Gaussian Volterra process with a kernel K satisfying the condition . The
process B is strictly reqular on [0, T, if, for some vy € (0, %), the kernel K satisfies
the following:

(C) For all s € (0,T) the function K(-,s) : (s,T] — R is differentiable in the
interval (s, T) and both K(t, s) and its derivative 9 (t, s) are continuous at
every t € (s, T).
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(SR) There exists a constant ¢ > 0 such that

‘%—f(t, s)| < et — sy (;)”, (3.25)
/t K(t,r)*dr < c(t — s)2 ! (3.26)

for0<s<t<T.

Remark 3.3.8. Let us note that if K satisfies and then also holds,
that is, if B is strictly regular kernel then it is also regular. JAN

The next example shows that the fractional Brownian motion with the Hurst
parameter H > 1/2 satisfies the conditions of strict regularity.

Ezample 3.3.9. Let T > 0 and let B = (Bt € [0,T]) be the standard fractional
Brownian motion with the Hurst parameter H > % Then the kernel Ky is of the
form (B71), that is

t
Kp(t,s) = CHSé_H/ (u—s)"2uf2du.
S

Differentiating K (¢, s) in the first variable gives

oK 1\ /s\3—H _3
Thus, the conditions and hold with v = H — 1. Therefore, the standard
fractional Brownian motion is a strictly regular Gaussian Volterra process.

Proposition 3.3.10 (Hélder continuity of strictly regular processes). Let T > 0
and B = (B, t € [0,T]) be a Gaussian Volterra process satisfying the condition
for some () < v < % Then there exists a version of B with Hélder continuous
paths up to the order % + 7.

Diikaz. We will estimate E [B; — BS]2 in order to use the Kolmogorov-Chentsov
Theorem [[LT.0l

E (B, — B,]* =E M (K(t,r) — K(s,7))dW, + /: K(t,r)dWr} 2

s t
= / (K(t,r) — K(s,7))*dr +/ K(t,r)dr.
0 s
The second term can be directly estimated by ([3.26) as
t
/ K(t,r)*dr < c(t —s)2 .
In the following, the constant ¢ can differ from line to line. For the first term let
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us write

/S (t,r) — K(s,r))*dr

:/0 (:% urdu)zdr

:/0 (:% (u,rdu) (/ er)dv)du
S/O//t(a ;@ (,r))dudvdr
:///OUA< 9 K(u,r) (%K(v,r))drdudv

(u —r)" 1(21 — r)”‘lr_QVdrdudv

0

lu — v[*"'dudv

Now we will state the Ito formula for Skorohod integral.

Theorem 3.3.11 (ﬂ], Theorem 4, p.791). Let F' be a function of class C,>([0, T x
R). Suppose that B is a zero-mean vanishing strictly reqular Volterra process.
Let u be an adapted process bounded in the norm of the space D?*(H#%). Set
fo us0Bs. Then the process dF(t X;) belongs to DY?(#%) and for each
[O T| the following formula holds:

LOF LOF
F(t,Xt) —F(O,O)+/O E(S,XS)dS—F/ a_x(S’Xs)USdBS
LO*F oK .
+/0W<S,Xs>us</0 agsr(/D% )(5W)d7")d

1 [ O*F 9, 2
— — (s, Xg)=— ¥ P—a.s.
+3 /0 52 (s, 8)85 (/0 (S ), dr) ds, a.s

Remark 3.3.12. As with the previous It6 formula, we omit the proof due to its

(3.28)

lengthiness since it is straightforward to alter the proof given in [1] for F' not
being dependent on t. By localization argument, the assumption of boundedness
of function F' can be dropped. A
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Pathwise Integral

The results from Section [[L2.1] can now be used to define a stochastic integral with
respect to strictly regular Volterra processes. Let B be strictly regular vanishing
Volterra process. Holder continuity ensures the pathwise existence of the integral

t
/ wdB,, tel0.T], (3.29)
0

in sense of Definition [L2.3] with probability one for any random process u such
that ugy € I§, (L'(0,T)) with probability one for some o > 5 — .

If moreover u € C*(0,T) with probability one for some A > 1 — ~, we may

2
understand the integral ([B.29) in terms of the Riemann sums (LI9). We will
call this integral the pathwise integral and the corresponding differential will be
denoted as dB; in order to distinguish from the Skorohod differential which we

denote by d B, and It6 differential which is denoted (for Wiener process) by dW;.
The Theorem can now be stated as follows.

Theorem 3.3.13 (It6 lemma for pathwise integral). Let B be a strictly reqular
vanishing Gaussian Volterra process. Let a > 1 —~, u € I§ (L*([0,T]) with

probability 1 be bounded and
t
Y, :/ usdBg, t € (0,T].
0

Then for any function F(t,z), F € C**([0,T] x R) and for any 0 <ty <t < T:

LOF LOF
F(t,Y;) — F(ty,Ys,) = aa—tF(s,Y;)ds—l—/ g—x(s,Ys)usst, P—a.s. (3.30)
to to

Let u = (us,t € [0,T]) be a process bounded in the norm of the space D'?(#%)
for some p > 2. Then u € D'P(#%) and we have

. L OK
(A u)sz/s urﬁ(r,s)dr.

Remark 3.3.14. Let B be a vanishing strictly regular Volterra process, u €

D2 (#%) be a process with A-Holder continuous trajectories with A\ > % —

and suppose that

t s opt
/ (/ |Dsur||lC|(dr,s)> ds < oo, P—ua.s.
0 s

The following relationship between pathwise and Skorohod integral can be proved
similarly as in the case of fractional Brownian motion (see e.g. [2], [42], Chapter
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5, or [15])

t t t t
/ usdB, :/ U0 B, +/ (/ DSUT/C(dT,S)) ds. (3.31)
0 0 0 s

A

Remark 3.3.15. We know by (2.I0) that the expectation of Skorohod integral is
zero. This is in general not true for the pathwise integral as can be seen from the

equation (B3T]). A

Approximation by Riemann sums

We already know from Theorem and Remark B3 that both It6 and
pathwise integrals can be viewed as limits of Riemann sums. Here we show that
the Skorohod integral can be viewed as a limit of certain Riemann sums, where
the ordinary product is replaced by the Wick product.

Without going into much detail, we define the Wick exponential of a zero-mean
Gaussian random variable & by £(£) = exp {5 — %E]f |2} For a standard Brownian
motion W we obtain for t; < ts < i3

S(Btg — Bt2>€(Bt2 — Bt1> = €(Bt3 — Btl)-

To enforce this property for all, possibly correlated random variables &, 7, we
introduce the Wick product for Wick exponentials by

e(§)oen) =e(§+n).

The Wick product can then be extended to a larger class of random variables,
for more on Wick products see e.g. M] Note that for smooth random variable
F € § and h € 5 the Wick product of F' and B(h) is given by

FoB(h) = FB(h) — (DgF, h)y .

Proposition 3.3.16 (H], p.795). Let m = {0 =ty <ty < --- < t, =T} be
a partition of [0,T]. Suppose that B is Gaussian Volterra process with a regular
kernel K and u is a process continuous in the norm of DY2(#%). Then

T
lim > u, o (By,,, — By,) = / w0 By, (3.32)
i=0 0

where the convergence is in L?(Q).

Note that if B was a Brownian motion and u was adapted process, then the
Skorohod integral coincides with the Ito integral and the Wick product in the
previous proposition would be equal to the ordinary product, for a brief discussion
see ﬂﬂ], p.1551.
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4. Financial Application

In this chapter, we apply the theory from previous chapters to the stochastic dif-
ferential equation (&2]), where the Wiener process W is replaced by a strictly re-
gular vanishing Volterra process B. As an introduction, basic financial terms and
the standard Black-Scholes model is presented in the first part. Further, pathwise
and Skorohod Volterra analogues of the Black-Scholes model are examined.

4.1 Introduction

Let T > 0 and (2, F, (F¢):cjo,1], P) be a complete probability space. The standard
Black-Scholes market model based on a Brownian motion W consists (in the
simplest form) of a money-market account A (riskless asset) and a stock S (risky
asset). The money-market account A; is given by

dAt = TAtdt, re R

4.1
Ag=1. (4.1)
The dynamics of a risky asset S; is modeled
dS; = pSidt + oS dW,
P e oo (4.2)

So = S0,

where 1 € R and o, s > 0 are constants. The p is called drift and o the volatility.
The interpretation of this model is following: The stock follows an exponential
growth which is randomly perturbated by the Ito integral.

Remark 4.1.1. This market model was originally proposed by the economist Paul
Samuelson in @] A

It can be shown by the It formula, Theorem [[LTI§ that the (unique) solution of
[#2) is given by

2
Sy = spexp {ut — %t + O'Wt} . (4.3)

Definition 4.1.2. A portfolio or a trading strategy is a pair of F;-adapted pro-
cesses T = (T )ico,r] = (Us, Ve)ejo,r], Where u; represents the amount of money
stored in the riskless asset at time ¢ and v, number of stock shares at time ¢t. The
value of the portfolio 7 at time ¢ is given by

V" = w Ay + S (4.4)

Let us first consider a simple buy and hold strategy @ = (1- 1 F, 1(-nG), where
T is a stopping time, 0 < 7 < T and F, G are F,-measurable random variables.
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We say that this portfolio is self-financing if its value satisfies
‘/;Tr - ‘/071' + F(At - AT/\t) + G(St - ST/\t)‘ (45)

This condition means that we don’t insert or withdraw money.

For general portfolios, the condition (1) is translated to

‘/tﬂ:‘/oﬂ—_‘_/
0

where the second integral is understood as

t

t
usdAs—i—/ v,d S, (4.6)
0

t t t
/ vdS, :/ vSuSsds—i—/ V505, dWs. (4.7)
0 0 0

In order to exclude doubling strategies (see e.g. ﬂa], Theorem 5.6.), we further
assume that the value of the portfolio is bounded from below.

Definition 4.1.3. A portfolio 7 = (u, v) is called admissible if

1. All the corresponding integrals exist, that is (v - S) € L24([0,T] x Q) and

T T
/ |us|dAs < oo, / [vs95|ds < 00, P —a.s.
0 0

2. There exists a constant ¢ > 0 such that

inf V"> —c, P—a.s.
te[0,7)

Intuitively, the admissibility requirement means that the investor can only im-
plement strategies that respect a finite credit line.

Definition 4.1.4 (Arbitrage). We say that admissible self-financing portfolio 7
is an arbitrage if its corresponding value V7 satisfies

(i) V5" <0,
(ii) There exists t € [0, 7] such that P(V;" > 0) = 1 and P(V;" > 0) > 0.

First we show that the standard Black-Scholes model does not admit arbitrage.
Let us define a discount process by

ddt = —T'dtdt,
dp = 1.

Definition 4.1.5. A probability measure P is said to be risk-neutral if P is
equivalent to [P and the discounted stock price d;.S; is a martingale under P.
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Theorem 4.1.6 (First Fundamental Theorem of Asset Pricing, @], p.231). If
a market model has a risk-neutral probability measure, then it does not admit
arbitrage.

Remark 4.1.7. General version of the First Fundamental Theorem of Asset Pricing
by Delbaen and Schachermayer @] links the existence of a risk-neutral measure
to the existence of weaker form of arbitrage called free lunch with vanishing risks.
Besides other things, they show that if the price process S is a bounded semi-
martingale, then a risk-neutral probability measure exists if and only if S does
not admit free lunch with vanishing risks. For a comprehensive text on arbitrage
theory see also ﬂﬁ] A

Hence, we only need to show that there exists an equivalent probability measure
P ~ P under which the discounted stock price process d;S; is a martingale. By
the It6 lemma, Theorem [LT.I§] it follows that the discounted stock price process
satisfies

d(dtSt) = (/,l/ - ’r’)dtStdt + O'dtStth
== Udtst(Mdt + th),

where

Now from the Girsanov Theorem [L.T.T9 it follows that the process
W, = W, + Mt

is a standard Brownian motion under the measure P. Thus the process d;S; sa-
tisfies

t
dtSt = Sp + / UdSSSdWS,
0

and hence is a martingale.

4.2 Pathwise Model

In this section, we replace the Brownian motion in the equation ([L2)) with a
strictly regular vanishing Volterra process B and all the corresponding stochas-
tic integrals are understood in a pathwise sense, so that the stock follows the
stochastic differential equation

dSt = ,utStdt + UtStdBt,

4.8
So = S0, ( )

with sg > 0, a continuous function g € [0,7] and ¢ € C*(0,T) be A-Holder
continuous with A > % — v, where v is from Proposition [3.3.10
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This means that the price process S is given by

t t
Sy = spexp {/ agds + / asst} , (4.9)
0 0

as can be easily computed if we use the Itd6 formula, Theorem B33, on the

t
F(t,y) = spexp {/ ads + y} )
0

In what follows, we restrict to the case of (L&) with constant coefficients u, o.

function

The following example of arbitrage by Shiryaev can be found in @] where it is
discussed in the case of fractional Brownian motion with H > %

Ezxample 4.2.1. Let w = (u,v) with

up = 1 —exp{—2rt +2ut +20B;},

2
w= = (exp{—rt+put+oB;} —1).
0

Then the value of this portfolio is

V" = w Ay + 0.5y
= exp {rt} + exp{—rt + 2ut + 20 B}
—2exp{ut + 0B}
— " (exp{oBy + (u—r)t} —1)%,

which is almost surely positive. Now we want to check the condition (.G, i.e.
that the portfolio is self-financing. To do this, we apply It6 formula to V,™ and
get

t
V" = / re™ (1 —exp {—2rs + 2us + 20B;}) ds
0
t
+ / 2u (exp {—rs+ pus + 0B} — 1) exp{pus + 0 Bs} ds
0

¢
+ / 20 (exp{—rs+ pus+oBs} — 1)exp {us + o B} d B
0

t t t
= / rASuSds+/ ,uvsSSds—l—/ 0v,S,d B,
0 0 0

t t
= / usdAs—l—/ vdS,.
0 0

We have shown that the portfolio is self-financing, almost surely positive, and
V7 = 0. Consequently, it is arbitrage. &

Remark 4.2.2.

1. The existence of arbitrage in a market model involving fractional Brownian
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motion was first pointed out by Rogers in ] He was working with a fracti-
onal equivalent of the so-called Bachelier model, where the price process is
given by

S, = so—l—ut—I—UBtH.

He constructed arbitrage as a combination of buy-and-hold strategies. For
his construction he needed the whole history of the process B from the
time —oo. His ideas were further refined by Cheridito in ], where ar-
bitrage strategy was constructed in the model (L) and on the interval
[0, T]. Cheridito further proved that arbitrage can be eliminated by intro-
ducing a minimal amount of time A > 0 that must lie between two consecu-
tive transactions, i.e. continuous trading is renounced. The arbitrage is also
excluded in the presence of transaction costs as shown by Guasoni in ]

2. On the other hand, the pathwise integral is sensible from economic point of
view. Let 0 =ty < t; < --- <t, =T and {vtkﬂ[%tkﬂ);k =0,...,n— 1},

be a piecewise buy-and-hold strategy of investment in stock. Then the capi-
n—1

tal earned by this strategy is naturally Z Vg, (Sty, — St )- It can be shown
k=0
(ﬂﬁ], B]) that it converges P-a.s. to f(f vsdSs as max |tgy1 — tg| — 0, which

was defined as
t t t
/vstS:/ vsu55d3+/ v505,dBs.
0 0 0

4.3 Skorohod Model

At first glance, Skorohod integral may appear to be better suited for replacement
of 1to integral in the standard Black-Scholes model. We know that in the case of
Brownian motion and adapted integrands it coincides with It0 integral. It also
has zero expectation and the It6 formula looks similar, too. However, difficulties
arise with the use of the Skorohod integral.

Let us now suppose that the price process S follows a stochastic differential
equation

05y = puSydt + 05,0 By,

4.10
So = So, ( )

where sg > 0, and p, o are continuous deterministic functions.
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Set

w(t) = % ( /O (o) (r)dr) , (4.11)

and suppose that w € C'(R). Let us denote X; = f(f 0s0B,. In order to derive an
explicit form of a solution of (@I0), we apply the Theorem B:3.1T] to the function

t 1 t
F(t,z) :soexp{/ usds+x—§/ w(s)ds}.
0 0

We have
o )= Pl )~ (),
g—i(t,x)— F(t, x),
?;T]j(t,x) = F(t,x)

Then

Pt X,) = F(0,0) + /0 tF(s,Xs)(us—%w(s))der /O (s, X.)0u0B,

1

+ 5/0 F(s, X5)w(s)ds.

Hence, the solution to the equation (ZI0) is
t t 1 t
Sy = sgexp {/ sds +/ 0,08, — 5/ w(s)ds} . (4.12)
0 0 0

Remark 4.3.1. If o is constant, then

w(s) = o /t o*K(t,s)’ds = O‘QQE(B,:)Q — 022375‘
at Jo 7 ot Ot

A

Let us now consider that ¢ and o in the equation (4.I0) are constant. The stock
price process S is then

2
Sy = sgexp {,ut +o0B; — %Rt} ) (4.13)

Let us further suppose that the integral in the definition of self-financing condition
(.0 is also understood in the Skorohod sense,

¢ ¢ ¢
Vr=Vr _|_/ ud A, +/ Vs 1Ssds +/ 50550 Bs. (4.14)
0 0 0
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We call this condition Skorohod self-financing. For a portfolio to be admissible
(Definition EET.3)), it is now required that (v - S) € DY?*(#%). The absence of
arbitrage follows basically from the fact that the expectation of Skorohod integral
is zero. In the following suppose that 7 = p = 0 (see Remark [.3.2]). Then the
equation ({14 has a simpler form

t
Vii =V +/ 0,05,0 By.
0

Assume now that V7 < 0. Then E [V]"] = V7 < 0. Hence, if V;™ > 0, , P-a.s., then
by the previous inequality V,” = 0 P-a.s. As a consequence, 7 is not arbitrage.

Remark 4.3.2.

1. The general case with r # p # 0 would require a Girsanov Theorem for
Volterra processes, which, to the best of our knowledge, does not exist.
Modest enquiry in this area revealed that such a result can be derived
from the Girsanov Theorem for Brownian motion provided that the inverse
operator K~! of the integral operator K : (Kh)(t) = [} K(t,s)h(s)ds is
causal. Unfortunately, no conditions in terms of the kernel K that would
ensure this property are known.

2. The Girsanov Theorem is known for fractional Brownian motion and can
be found in various publications (see e.g. @], ﬂﬁ], ﬂﬁh, ﬁ], ﬂﬂ], ﬂﬁ]) In
that case, the fractional Girsanov Theorem and It6 formula are used by the
very same procedure as in Section [£.I] to show that in the Skorohod model
arbitrage does not exist.

3. This model was proposed in Wick calculus in ﬂﬁ] and ﬂﬂ] It was later
noted by several authors ([@], ﬁ], ﬂﬁ] and M], to name a few) that the
use of Skorohod integral in the definition of self-financing portfolios lacks
economic meaning, and for example Bjork and Hult in [9] give an example
of a simple buy-and-hold strategy that fails to be Skorohod self-financing.
Other curiousity that is worth mentioning is that in their no-arbitrage ar-
gument did not require the adaptedness of the portfolio, so it is not possible
to construct arbitrage even with the knowledge of future prices of the stock.

A

We can also obtain ({I3]) as a solution to the pathwise equation

1
dSt = /,LStdt + O'StdBt — 502%tht, (415)

this is straightforward application of the Ito lemma for pathwise integral, but let
us show this by means of the relation between Skorohod and pathwise integral
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B310). We have

¢ ¢ ¢ ¢
/ S,0B, = / S,dB, — / (/ DS, K(dr, s)) ds. (4.16)
0 0 0 \Js

By Proposition B2:3 and chain rule Z22.TT] it follows that the Malliavin derivative
in the second term is equal to

D,S, = #*D5S, = 6S,K(r,s),

hence the second term in ([{LIG]) can be written as

t t t t
/ (/ Dsu,,lC(dr,s)> ds = a/ </ STK(T,S)QK(T, s)dr) ds
0 s 0 s or
t r 8
= 0/0 /o S K (r, 8)§K(7’, s)dsdr
1 (", 0

= 05/0 STER(T,r)dr

1 t
—o- | S.dR,.
02/05 R

Unfortunately, the situation did not change for the better, as with the pathwise
integral arbitrage will be present again. An example of arbitrage strategy similar
to the one from Example [£2.1]is shown in the following example.

FEzample 4.3.3. Let us suppose that the stock price process is given by (L.I3]) and
assume the pathwise integral, in particular, the self-financing condition is given
by

t t t 1 t
Vi =Vy +/ usdAg + / vsSsds +/ V50 S dW, — 502/ VS dR;.
0 0 0 0

Then by the same way as in the Example [.2.T]it can be shown, that the portfolio

7 given by
u = 1 —exp {—27"75 + 2ut + 20 By — 0'2Rt} ,
2 o?
nw= —|expq—rt+ut+oB,——R; p—1],
S0 2
is arbitrage. %

Example 4.3.4. This exemple shows the limit behavior of the process S; given by
([EI3) in the case of fractional Brownian motion with H > 1. We have

2
SH = spexp {,ut +oBf — %tgH} .

The expectation and variance of SH follow from the properties of log-normal
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distribution and are equal to
ESI" = soexp{tu}, var(S/") = so” exp{2ut} (exp{c*t*'} — 1).

For the limit behavior we use the Law of Iterated Logarithm for fractional Brow-
nian motion (L22). For H > 1, we have that S — 0 P-a.s., ¢ — oo. Thus,
the mean value of the process S converges to infinity, whereas almost all of its
trajectories converge to zero. This can be explained by the fact that SH is not

uniformly integrable. &

4.4 Summary

As we have seen, simple replacement of the Wiener process in the Black-Scholes
model ([@2) by a fractional Brownian motion or more generally by a Volterra
process does not produce satisfactory results. Furthermore, the properties of the
resulting process depend on the chosen integration theory. The use of the pathwise
integral is sensible from economic perspective, as it can be understood as a limit
of simple predictable trading strategies. For a discussion we refer to ﬂ§], @],

|). This approach, however, leads to existence of arbitrage. On the other hand,
with Skorohod integration the model does not admit arbitrage for the price of no
economic meaning of such a model.

More promising could be to study mized models which replace the Wiener process
in ([A2) a linear combination of Wiener and Volterra processes. Such models
are already studied in the case of fractional Brownian motion with satisfactory
results; in particular, under various assumptions no arbitrage can be obtained.
Let us mention works of Cheridito ], Mishura and Valkeila ﬂﬁ] or @]

It could also be of interest to consider Volterra processes in models of stochas-
tic volatility, i.e. models where o in ([£2]) would follow a stochastic differential
equation driven by Volterra process. This is, however, out of scope
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