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Abstract

This thesis investigates the relationship between daily spot and futures prices

for maturities of one, two, three and four months of West Texas Intermediate

(WTI) crude oil. The data cover period January 1987-April 2015. Based on

economic theory, the futures prices should be closely related to the spot price,

which - in the case of crude oil market - this thesis analyses using wavelet-

based approach. Main contributions of this thesis are findings in the field of

time-frequency relationship of spot-futures prices of crude oil, where an al-

ternative methodology - wavelet transformation - is used. The usage of this

advanced method is also an additional contribution of this thesis because it

allows us to rigorously study how co-movement (relationship) differs across fre-

quencies/scales and time. In this thesis wavelet Coherence, wavelet bivariate

correlation and relatively new method wavelet band spectral regression (WBLS)

are used.

This thesis brings 4 main findings. First, relationship between Futures and

spot prices of crude oil is strong in all time-periods (frequencies/scales), which

supports economic theory. Second and In contrary to the first finding, in the

gasoline spot-futures market, we find that the relationship is strong mainly in

higher scales (lower frequencies) while in lower scales (higher frequencies) the

relationship is weak, so this goes against economic theory. Third, the crude

oil relationship between forward prices and expected spot price are mainly in

higher scales while in lower scales there is almost no relationship. Fourth,

futures prices could be a good predictor of futures spot prices mainly in long-

term period while in short-term futures prices seems to be biased predictor of

futures spot prices due to existence of risk premia.
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Abstrakt

Tato práce zkoumá vztah mezi denńı spotové ceny a ceny termı́novaných kon-

trakt̊u (futures) s maturitou jednoho, dvou, tř́ı a čtyř měśıc̊u pro WTI ropu.

Data se zaměřuj́ı na obdob́ı leden 1987 – duben 2015. Na základě ekonomické

teorie očekáváme silný vztah mezi Spotové-Futures cenami ropy. Ćılem této

práce je tedy prozkoumat tento vztah s využit́ım waveletového př́ıstupu. Hlavńım

př́ınosem této práce jsou zjǐstěńı v oblasti vzájemných vztah̊u spot-futures cen

na trhu s ropou. Jako d̊uležity nástroj pro výzkum, tato práce využ́ıva al-

ternativńı metodologii – wavelet́ı transformace. Použit́ı této pokročilé metody

je také daľśım př́ınosem této práce, protože nám umožňuje rigorózně studovat,

jak se vzájemné vztahy lǐśı např́ıč frekvenćı/škál a čase. Konkrétněji tato práce

využ́ıvá pro výzkum následuj́ıćı metody – waveletová koherence, waveletová

dvoudimenzionálńı korelace a pásmová waveletová spektrálńı regrese.

Tato práce přináš́ı 4 hlavńı zjǐstěńı. Za prvé, ve všech časových obdob́ı

(frekvenćıch/ škálách) je vztah mezi futures a spotové ceny ropy silný, což

podporuje ekonomickou teorii. Oproti tomu a za druhé, na trhu s benźınem

je vztah silný zejména ve vyšš́ıch škálách (nižš́ı frekvence), zat́ımco v nižš́ıch

škálách (vyšš́ı frekvence) je vztah slabý, což je v rozporu s ekonomickou teoríı.

Za třet́ı, vztah mezi futures cenou a očekávanou spotovou cenou je hlavně ve

vyšš́ıch škálách, zat́ımco v nižš́ıch škálách téměř žádný vztah neńı. Za čtvrté,

futures ceny by mohly být dobrým predikátorem odhadu budoućıch spotových

cen a to zejména v dlouhodobém horizontu, zat́ımco v krátkodobém horizontu

tato práce toto nedoporučuje. Konkrétněji, v krátkém horizontu se zdá futures

cena, jakožto odhad budoućıch spotových cen, být vychýleným odhadem v

d̊usledku existence rizikových prémíı.
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Chapter 1

Introduction

A century ago, petroleum - what we call oil - was just an obscure

commodity; today it is almost as vital to human existence as water.

James Buchan

Derivatives markets are placed where an enormous number of transactions

are completed every single day. Among all instruments traded within the mar-

kets, commodities play a major role. Recently, the relationship between com-

modity futures and spot prices has been the subject of large amount of literature

for a long time. The oil prices have been volatile for the past decade and have a

large impact on other macroeconomic indicator such as industrial production.

Even though, there are a few attempts to offset or even replace the usage to

oil, its role in the modern world is still very important. At this moment there

are several countries that are rich in crude oil reservoirs whereas during the

first and the second world war there were only OPEC countries that supply

crude oil to the rest of the world. Crude oil is the most liquid and strategic

commodity asset. Nowadays, it is not only a physical commodity but also the

sophisticated financial asset. Hence, the need for the research pertaining to oil

prices is justified and relevant.

The first aim of this thesis is to analyze the relationship between futures and

Spot prices on the crude oil market, where - based on economic theory (Modest

[1983]) - we expect a strong relationship. To do this analysis we intoruduce a

wavelet approach, which is a unique method that allows the decomposition of

time series into different scales (frequencies), so that it can be explored sep-

arately.Then the results from this decomposition could be compared, and so
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one can see that using wavelets, we have a tool to discriminate between short-

run and long-run co-movement. Additionally, as gasoline is primary product

of crude oil processing, we also compare above-mentioned analysis with gaso-

line market. Hence, in gasoline market we expect similar relationship, but this

thesis shows that the relationship is strong mainly in higher scales (lower fre-

quencies) while in lower scales (higher frequencies) the relationship is weak.

Hence, in the case of gasoline market, this goes against economic theory.Thus

such a result point out the fact that even very close commodity markets as

crude oil and gasoline may differ in Futures-Spot behavior. This behavior may

vary depending on which commodity markets we are dealing with. This finding

therefore warns the future researchers of this field to be careful with their con-

clusion and also this could help to develop better econometric model to predict

future spot prices of crude oil.

However according to Keynes [1930], if the futures price contains a risk

premia, then it will be biased expectation of future spot prices. Hence, analysis

of risk premia is also crucial for this thesis to enhance the understanding of

relationships in spot-futures markets of crude oil. Recently, there were numbers

of studies that found an evidence of existence of risk premia in crude oil market

and many researchers have tried to exploit these studies to predict future spot

prices. Evidence on the existence of relationship between futures prices and risk

premia could be found for example in the work of Gorton and Rouwenhorst

[2006], who find that a portfolio of commodity futures risk premia was equal

in size to the historical risk premium on stocks. Moosa and Al-Lougani [1994]

discovered an evidence of a time varying risk premia for crude oil futures and

show that it could be modeled by GARCH process but in 2001 Considine and

Larson [2001] suggest that crude oil already contain a risk premia. The study

of Alquist and Kilian [2007] point out the fact that - in the crude oil market -

forecasts based on futures prices could be biased. Just to be more specific , there

are also studies that weren’t able to find an evidence of risk premia in crude oil

futures market. For example Chinn et al. [2005] showed for period 1999-2004

that futures prices could be unbiased predictors of future spot prices. Also in

some cases, the study of Chernenko et al. [2004] failed to find an evidence of

risk premia in crude oil market. To be more specific, Chernenko et al. finds

that there is no evidence when they used longer sample 1 and vice versa.

1It’s notable to point out the fact that in his work they apply the same methodology for
both longer and shorter sample.
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Above discussion indicates that studies about futures and risk premia in

crude oil futures market were analyzed with different approaches and theories.

However the results of its efforts are somehow mixed and it seems that results

are depending on certain factors - e.g. the futures maturity examined, the

length of sample the methodology used, etc. Moreover, the risk premia models

used have not always been in one with a key theories introduced by Keynes,

Kaldor and Pindyck. Hence, the second aim of this thesis is to establish the

existence or non-existence of risk premia 2 in crude oil market. To analyze

the dynamics of the relationship we use the wavelet coherence to investigate

the dependence from frequencies of the spectra. The results show that exis-

tence of risk premia is mainly in higher frequencies (short-term period) while in

the lower frequencies (long-term period) we find futures price to be a suitable

predictor of future spot prices. Hence, the novelty result of this this thesis is

the fact that using wavelet coherence we can determine an existence of risk

premia in sample and also we can answer questions why some studies find an

evidence of risk premia and some don’t. Motivated by this result we estimate

the relationship on each part of the spectra separetely using a new time-series

technique - wavelet band least squares (WBLS) - introduced by Barunik &

Barunikova [2012]. Therefore another contribution of this thesis is usage of

new time-series technique to validate the unbiasedness of ex-ante Future prices

as a predictor of ex-post Spot prices, the WBLS.

The content of this thesis will be focused on the relationship between spot

and futures prices in crude oil market. In particular, this thesis will analyze

this relationship using a wavelet transformation approach. In the chapter 2,

the reader will be familiarized with Crude Oil market, Spot and futures prices

in Crude Oil market, Risk Premia and literature review. Chapter 3 provides a

theory behind the wavelet methodology and also it describes this methodology

with its usage in economics. Subsequently, the reader will be presented with

a clear delimitation of the scope of the analysis as well as a description of

the models used, the particular research questions posed and the analytical

techniques employed. Chapter 4 will focus on data and show the motivation for

the choice of wavelet methodology. The core chapter 5 will describe the results

of the analysis performed and will derive conclusions regarding the wavelet

2 risk premia is defined as the difference between the expected future spot price at T and
the current futures price for maturity T
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aproach and methods. The final chapter 6 therefore concludes findings in this

thesis and provides the opportunities for another research in this Area.



Chapter 2

BACKGROUND AND

LITERATURE REVIEW

This chapter describes topics related to the research questions of this thesis

and is organized as follows. We start with describing basis of crude oil market

and how the price is made throug futures-spot prices system. After introducing

basics we describe risk premia.Then we provide literature review and clearly

formulate our hypotheses.

2.1 Crude Oil Market

The accident historic books already mention the crude oil and its usage. In

1859 Colonel Edwin Drake found oil at 69 feet under ground in Titusvile,

Pennsylvania (Fattouh [2011]). This moment creates milestone in the history

of crude oil and it emerges as the start of the modern oil era. At the beginning,

only 15 barrels a day were extracted, however, with the gained know-how they

managed to produce over 3 million barrels a day in two years. Nowadays, oil

with natural gas and coal are the most important sources of energy meeting

almost 87 % of the global energy demand. Out of these three sources of energy,

oil plays the largest role meeting 37 % of global energy demand resulting in the

world’s largest traded commodity regardless of volume or value1. The Deutsche

Bank evaluates that the physical crude oil market alone at USD 2.2 trillion per

year based on 5 year WTI average historical price (using an average price of

USD 71.5/bbl and the 2009 global demand of approximately 85 mb/d. 2.

1BP [2013]
2 Herrmann, Dunphy, and Copus [2010]
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2.1.1 The Oil Price

In our thesis we shed light on relationship between futures and spot prices

of crude oil. First and foremost, we need to analyze how the price of oil is

determined in order to assess the relationship of crude oil price with other

markets. It is standardized that the price of oil price refers to one barrel (bbl).

Crude oil is liquid retained underground and it is extracted from reservoirs.

The quality of crude oil depends on density and volume of sulfur. These two

properties of crude oil are cardinal to determine whether crude oil is convenient

for refining purposes. The process of refining crude oil plays crucial role in

setting the price as well. Indisputably, the properties and refining process of

refining crude oil are important, however, they are not the only determinants

of crude oil price.

2.1.2 The History of the International Oil Pricing System

Before the oil industry had emerged as the large physical and financial indus-

try the crude oil price was controlled by a group of multinational oil companies

called ”The seven sisters” 3. This group controlled all important oil pipelines

in the worth. Consequently, 90% of crude oil export to the world market was

fundamentally set by The seven sisters. Furthermore, they were involved in

joint ownership in most of oil production companies all over Middle East. This

activity allowed them to set the quantity of crude oil to export from the oil

producing countries. It also enabled them to eliminate hoarding of crude oil

by speculative vendors. These vendors might have disposed their excess crude

oil to buyers resulting in lower crude oil prices.

However, during the period mid 60’s - late 70’s, the Europe post-war’s eco-

nomic growth caused a noticeable increase in crude oil demand. Most of these

demands met by an organization of the Petroleum Exporting (OPEC)4 , which

were mainly thanks to their large oil reservoirs.These conditions in the oil mar-

ket caused a formation of strong seller’s market, which transferred a leading

power from international companies towards OPEC. Some OPEC countries

3 The group consisted of Anglo-Persian Oil Company (Now BP), Gulf Oil, Standard Oil
of California, Texaco (now Chevron), Royal Dutch Shell, Standard Oil of New Jersey and
Standard Oil Company of New York (now ExxonMobil)

4Main objective of OPEC was to prevent declining the income of their member countries
- Algeria, Angola, Ecuador, Iran, Iraq, Kuwait, Libya, Nigeria, Qatar, Saudi Arabia, United
Arab Emirates and Venezuela.
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even stopped granting new concessions and they started demanding an equity

participation. Some countries even decided to fully nationalize oil resevoirs

(Fattouh[2011]). Moreover, there was an oil embargo imposed by OPEC in

1973, as a result of the Arabic-Israel conflict. This embargo 5 clearly demon-

strates the shift of the power towards OPEC.

After the end of oil crisis during the 80’s and due to the global economic

recession, OPEC realized they must change their way of pricing the oil. New

oil resevoirs were found in non-OPEC countries, and so a significant increase in

amounts of oil were created to the international market outside OPEC 6 (Fat-

touh[2011]). New suppliers ended the state - having more oil than was needed

du to the the contract - and set the price of oil below the price of OPEC to

ensure the sale of all their production.

While OPEC were losing its market share in the mid 80’s, the disagree-

ment among members of the organization started to emerge. As a result, they

approved the netback pricing system that provided the oil companies with a

guaranteed refining margin even in the case of oil price collapse. However, after

the adoption of this system the crude oil collapsed in 1986 Fattouh[2011].

In 1988 Ronald Reagan administration promulgated a new law within Do-

mestic policy that removed all controls on crude oil in the U.S. Before that the

price of crude grades such West Texas Intermediate (WTI) and Louisiana Light

Sweet crude (LLS) was set by the large American oil companies (Bruce[2009]).

This deregulation policy created a more transparent crude oil market, and con-

sequently the large oil companies lost significant influence on setting the crude

oil price

5 Embargo is a partial or complete prohibition of trade with a specific country. Specifically,
this embargo was imposed by the OPEC against Canada, Japan, the Netherlands, the United
Kingdom, and the US due to their support of Israel during the Yum Kippur war.

6This process started before 70’s. Oil resevoirs were found for example in the Norwegian
sector, Ekofisk field, etc.
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The combination of The OPEC’s netback pricing system and Reagan Do-

mestic policy resulted in a spot price in the crude oil market - the price in the

market that is set by supply and demand for crude oil (Bruce[2009]). Since the

end of 80’s, the forces of supply and demand have been determining the price

of crude oil in the market. Now it is prevailing method of setting the crude oil

price.

2.1.3 The Market-Related Pricing system

The newly emerged market structure was one that allows buyers and sellers

greater flexibility in establishing commercial relationship to meet their needs.

Today the crude oil market can be divided in two different markets, the ”spot

market” and ”futures market”. The spot market, which is referred as ”physical

market”, is where sellers and buyers trade physical volumes of crude oil. Typ-

ical subjects of this market are refiners, traders, producers and transporters

that are transacting from the oil well to refinery (Grant, Ownby, & Peterson

[2006]). The market with futures is the market that trade with derivates and

futures contracts, which is settled according to the spot price of crude oil. The

companies that are interested in crude oil for daily business and speculators -

which trade oil according to their view on the direction the price of oil will take

- are as well participants of futures market. The physical market and paper

market are linked together by an intricate web of financial instruments, which

provides the global oil market with competitively determined market signals

on supply and demand conditions and assure that the global price of crude oil

properly reflects its market value (Grant, Ownby, & Peterson[2006]).

Due to these changes, a significant amount of new participants were intro-

duced to the market and moreover a higher competition caused high volatility

in the crude oil prices (Vansteenkiste [2011]). Also , the trading activity of

futures contracts have increased severely. Mentioned high volatility had a no-

ticeable impact as it caused that producers and buyers (e.g. refinery) have

become more awareness. As buyers want to buy at the lowest possible price

and producers want to sell at the highest possible price, the usage of derivates

to hedge 7 a future deliverance of crude oil at a specified price has become a

common mean.

7 A hedge is an investment position intended to offset potential losses/gains that may be
incurred by a companion investment.
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2.1.4 Benchmark Crude and Price Reporting Agencies

Depending on crude oil’s quaility, it has different prices. The vast variety of

crude oils cause the prices are set at a discount or at premium to the price of

benchmark crude 8. West Texas Intermediate (WTI) from the U.S. and the

Brent crude from North Sea are the most commonly used benchmark crudes.

These benchmark crudes are a central feature of the oil pricing system. The

different subjects use those benchmark crudes for different purposes e.g.: gov-

erments for taxtation purposes, banks and companies for the settlement of

derivatives instruments (swap contracts), futures exchanges for settlement of

their financial contracts, oil companies and traders to price cargoes under long-

term contracts or in spot market transactions, etc. (Fattouh [2011]).

Unlike the prices at the futures market, the benchmark prices are not ob-

servable in real time. They are identified or assessed by oil pricing report-

ing agencies (PRAs). These PRAs assess their prices based on information

from many sources: on concluded deals, bids and offers, private and public

information gathered by reporters and information from financial markets, etc.

(Fattouh [2011]). Those prices have crucial impact on how the oil market and

related derivates set prices. Thus to be trustworthy, it is important for the

PRAs to be independent and integrated.

However, in recent time there is debate about the transparency provided

by PRAs in the oil market. Rather they added transparency into price of the

market by influencing decision-regions ( which can affect the market structure).

The accuracy of PRAs strongly depends on information identified and gathered

by PRAs and internal procedures and methodologies used for assessment. As

mentioned in the report of International Organizational of Securities Commis-

sions (IOSCO [2012]): ”There is a risk that a PRAs benchmark price can be

manipulated by the submission of false prices or by over or understating the

volume transacted” (IOSCO [2012]). When determining the prices, PRAs are

influenced by the market and at the same time their decisions influence trading

strategies of the market participants. New markets and new risks can arise

based on these decisions, which will have heavy impact on the market.

8 A benchmark price is a price that is set by the country or producers organization that
persistently exports the most of a commodity.
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2.1.5 Mercantile Exchanges

The benchmark crudes are fundamental for trading futures contracts on Mer-

cantile Exchanges. The main international exchange for trading oil and oil

products are The New York Mercantile Exchange (NYMEX) and The Inter-

continental Exchange (ICE) in London. These exchanges trade both spot con-

tracts for immediate delivery as well as future contracts for delivery at a later

date. Due to the large amounts of crudes and the difficulty to follow them,

benchmark crudes are used. The two of the most commonly used benchmark

crudes are WTI and Brent.

Figure 2.1: Increase in participants in the crude oil futures market.

Source: www.bloomberg.com
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Introducing new financial participants to the crude oil futures market -

e.g. various investors, investment banks etc. - , the companies that want to

hedge some of their future income/spending (by trading activity) increased

significantly (Vansteenkiste [2011]).According to Bruce [2009], the trade of oil

derivates in the futures market exceeds the trade of physical oil by the number

14. How the interest for crude oil futures contracts grows since the beginning

of millennium is shown in the Figure 2.1.

2.1.6 West Texas Intermediate

The West Texas Intermediate (WTI) is the North American benchmark for

crude oil. It consists several domestic US streams of light sweet crude. WTI

crude oil and Brent are similar high quality crudes. Brent crude is a waterborne
9 while crude when WTI is a pipeline crude with deliveries made at the end of

the pipeline system in Cushing, Oklahoma. WTI is sweeter and lighter than

the Brent crude.

It has a sulphur content of 0,24% and an API gravity of 39.6 degrees.

WTI contract is the most liquid benchmark for the global price of oil (CME

Group [2013]), because in the US market physical crude oil is traded in in-

crements of 1000 Bbls as well as the WTI futures contracts (it offers a nearly

instantaneous price convergence between them). Until 2012 WTI has been

the largest exchange-traded commodity. In 2012 traded volume of Brent ex-

ceeded that WTI. WTI is not as flexible and responsive to trading conditions

in western hemisphere because WTI is not exportable due to political sanc-

tions10.(Herrmann, Dunphy, & Copus, [2010]).

9 Transported by ships.
10 The primary laws that cause the prohibition of crude exports are the Mineral Leasing

Act [1920], the Energy Policy and Conservation Act [1975], and the Export Administration
Act [1979]. There restrictions were spelled out by an agency of the Department of Commerce,
Export Administration Regulations and BIS



2. BACKGROUND AND LITERATURE REVIEW 12

2.2 Literarure about relationship of Futures-Spot

prices of Crude Oil

2.2.1 Co-movement of Futures and Spot prices

Recently, the relationship between commodity futures and spot prices has been

the subject of large amount of literature for a long time. The importance of

this research effort lies in past decades especially in the oil market, as oil price

volatility was one of the major forces behind global macroeconomic develop-

ments.

The role of futures markets in providing an efficient price discovery mech-

anism has been an area of extensive empirical research. Several studies have

dealt with the lead-lag relationships between spot and futures prices of com-

modities with the objective of investigating the issue of market efficiency. Gar-

bade and Silber [1983] first presented a model to examine the price discovery

role of futures prices and the effect of arbitrage on price changes in spot and

futures markets of commodities. The Garbade-Silber model was applied to the

feeder cattle market by Oellermann et al. [1989] and to the live hog commodity

market by Schroeder and Goodwin [1991], while a similar study by Silvapulle

and Moosa [1999] examined the oil market. Bopp and Sitzer [1987] tested the

hypothesis that futures prices are good predictors of spot prices in the heating

oil market, while Serletis and Banack [1990] and Chen and Lin [2004] tested for

market efficiency using cointegration analysis. Crowder and Hamed [1993] and

Sadorsky [2000] used cointegration to test the simple efficiency hypothesis and

the arbitrage condition for crude oil futures. Finally, Schwarz and Szakmary

[1994] examined the price discovery process in the markets of crude and heating

oil.

In theory, since both futures and spot prices ”reflect” the same aggregate

value of the underlying asset and considering that instantaneous arbitrage is

possible, futures should neither lead nor lag the spot price. However, the empir-

ical evidence is diverse, although the majority of studies indicate that futures

influence spot prices but not vice versa. The usual rationalization of this re-

sult is that the futures prices respond to new information more quickly than

spot prices, due to lower transaction costs and flexibility of short selling. With

reference to the oil market, if new information indicates that oil rices are likely



2. BACKGROUND AND LITERATURE REVIEW 13

to rise, perhaps because of an OPEC decision to restrict production, or an

imminent harsh winter, a speculator has the choice of either buying crude oil

futures or spot. Whilst spot purchases require more initial outlay and may

take longer to implement, futures transactions can be implemented immedi-

ately by speculators without an interest in the physical commodity per se and

with little up-front cash. Moreover, hedgers who are interested for the physical

commodity and have storage constraints will buy futures contracts. Therefore,

both hedgers and speculators will react to the new information by preferring

futures rather than spot transactions. Spot prices will react with a lag because

spot transactions cannot be executed so quickly (Silvapulle and Moosa [1999]).

Furthermore, the price discovery mechanism, as illustrated by Garbade and

Silber [1983], supports the hypothesis that futures prices lead spot prices. Their

study of seven commodity markets indicated that, although futures markets

lead spot markets, the latter do not just echo the former. Futures trading can

also facilitate the allocation of production and consumption over time, particu-

larly by providing a market scheme in inventory holdings (Houthakker [1992]).

In this case, if futures prices for late deliveries are above those for early ones,

delay of consumption becomes attractive and changes in futures prices result in

subsequent changes in spot prices. According to Newberry [1992] futures mar-

kets provide opportunities for market manipulation by the better informed or

larger at the expense of other market participants. For example, it is profitable

for the OPEC to intervene in the futures market to influence the production

decisions of its competitors in the spot market. Finally, support for the hy-

pothesis that causality runs from futures to spot prices can also be found in the

model of determination of futures prices proposed by Moosa and Al-Loughani

[1995]. In their model the futures price is determined by arbitrageurs whose

demand depends on the difference between the arbitrage and actual futures

price and by speculators whose demand for futures contracts depends on the

difference between the expected spot and the actual futures price. The refer-

ence point in both cases is the futures price and not the spot price [Silvapulle

and Moosa, 1999].

There is also empirical evidence that spot prices lead futures prices. Specif-

ically, in the study of Moosa [1996] a spot price change triggers action from all

kinds of market participants and this subsequently changes the futures price.

Initially, arbitrageurs will react to the violation of the cost-of-carry condition
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and then speculators will revise their expectation of the spot price and respond

to the disparity between expected spot and futures price. Similarly, speculators

who act upon the expected futures price will revise their expectation respond-

ing to the disparity between current and expected futures prices. Finally, in

few studies causality is reported to be bi-directional. Kawaller et al. [1988]

introduced the principle that both spot and futures prices are affected by their

past history, as well as by current market information. They argue that poten-

tial lead - lag patterns dynamically change as new information arrives. At any

time point each may lead the other, as market participants filter information

relevant to their positions, which may be spot or futures. So far, the hypothesis

that futures prices lead spot prices is stronger in terms of empirical evidence

and more compelling. Thus, further empirical testing is required to infer on

this issue with respect to the crude oil market.

2.2.2 Risk Premia in Crude Oil Market

Only study of futures and spot prices is not enough to tell whole story about

their relationship. Since this thesis are interested in commodity market, it also

have to deal with risk premia which can signicantly affect futures prices 11.

The literature on risk premia 12 - that is, the difference between futures

price and expected future spot price - is dated from 1930 when Keynes [1930]

introduced his theory of Normal Backwardation. This theory claims that in

order to motivate for storage, futures prices together with expected future spot

prices have to rise over time to compensate storage holders for the costs of

storage. As opposed to Keynes, Kaldor [1939] introduced the theory of storage

and convenience yield. Kaldor’s theory set up the connection between contem-

poraneous spot and futures prices and as a result it regulates the theory of

normal backwardation thanks to introducing the convenience yield.

Recently, there were numbers of studies that found an evidence of existence

of risk premia in crude oil market and many researches have tried to exploit

these studies to predict future spot prices. Evidence on the existence of re-

lationship between futures prices and risk premia could be found for example

in the work of Gorton and Rouwenhorst [2006], who find that a portfolio of

commodity futures risk premia was equal in size to the historical risk premium

11And it even possibly makes the prediction of future spot prices to be biassed
12(We can also define risk premia as the biasedness of futures prices used as forecasts of

future spot prices)
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on stocks. Moosa and Al-Lougani [1994] discovered an evidence of a time vary-

ing risk premia for crude oil futures and show that it could be modeled by

GARCH process but Considine and Larson [2001] suggest that crude oil al-

ready contain a risk premia. The study of Alquist a Kilian [2007] point out the

fact that - in the crude oil market - forecasts based on futures prices are biased.

Other sources of literature refer to the variation in risk premia to macroe-

conomic factors. For example the work of Coimbra and Esteves (Coimbra and

Esteves [2004]) showed a significant relationship between crude oil forecast er-

rors and market expectation errors on world activity. To extend previous work,

Pagano and Pisani [2009] showed that US business cycle indicators could partly

explain forecast errors on crude oil market. Just to be more specific , there are

also studies that weren’t able to find an evidence of risk premia in crude oil

futures market. For example Chinn et al. [2005] showed for period 1999-2004

that futures prices could be unbiased predictors of future spot prices. Also in

some cases, the study of Chernenko et al. [2004] failed to find an evidence of

risk premia in crude oil market. To be more specific, Chernenko et al. finds

that there is no evidence when they used longer sample.During a deeper inves-

tigation of earlier studies it can also be found an evidence of risk premia in the

case of futures with short maturities (Peroni and McNown [1998] or Kellard et

al. [1999]).

Above discussion indicates that studies about futures and risk premia in

crude oil futures market were analyzed with different approaches and theories.

However the results of its efforts are somehow mixed and it seems that results

are depending on certain factors - e.g. the futures maturity examined, the

length of sample the methodology used, etc. Moreover, the risk premia models

used have not always been in one with a key theories introduced by Keynes,

Kaldor and Pindyck.
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2.3 Hypothesis

Based on literature review we now formulate the hypotheses, that will be veri-

fied and tested in the empirical part:

1 Overall co-movement between Futures price and current Spot price is

significantly strong for all time-periods.

2 Crude oil market is more homogenous then gasoline market

3 If future prices don’t contain a risk premium, then future prices will be

a goo predictor of future spot prices.

4 If future prices contain a risk premium, then Futures prices will be biased

expectation of future spot prices.

5 Existence of risk premium is mainly at higher frequencies (short-term

period)

6 Co-movement of Future prices (with maturity T) and its corresponded

spot price at time T is mainly at lower frequencies (Long-term period)



Chapter 3

Methodology

This chapter is divided into 2 subchapters. First subchapter is dedicated to

description of models that describe relationship between Spot-Futures prices

and risk premia, which is used in this thesis. It is organized as follows. In the

initial subchapter, the reader will be familiarized with the Theory of Normal

Backwardation and Contango. Then we show some theoretical foundations for

crude oil and at last we derive the computation of risk premia in crude oil

market. After this, the second subchapter presents the core tool of this thesis

- wavelet transformation. In the first part of second subchapter we introduce

frequency-domain analysis with using Fourier transformation (FT) and we will

explain the general idea behind Wavelet analysis. Afterwards, we show how

these two analysis differ. Secondly we introduce and define the discrete wavelet

transformation(DWT) and the maximal overlap discrete wavelet transforma-

tion (MODWT) . And for the last we will focus on Wavelet Band Least Squares

(WBLS).

3.1 The Theory of normal backwardation and Con-

tango

It is essential for any commodity market participant, with longer than a day

trader’s horizon, to understand the concepts of contango and backwardation.

Economic theory says that as the delivery month of a futures contract ap-

proaches, the future’s price will generally converge to the spot price as time

progresses. To explain this behavior there are 3 hypotheses:
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1 expectations hypothesis

2 Normal backwardation

3 Contango

3.1.1 Futures price and Risk Premia

We start with the simplest one - the expectation hypothesis - which assumes the

futures price to be equal to expected spot price at the delivery date. Hence,

price of futures contract doesn’t deviate from future spot price and so this

make a profit neither to the long position nor the short position. But still,

this is just a theory because expected spot price is uncertain in real world.

Hence, expectations hypothesis doesn’t reflect reality and so there must be a

risk premia to rectify it and motivate people to take a position in the futures

contract.

The No Risk Premia Hypothesis

If futures price does not contain a risk premium, then speculators are not

rewarded for taking risk. Hence, futures prices will be unbiased predictor of

future spot prices.

Rationale:

Recall the expectation hypothesis, the futures prices for

today contract is equal to futures contract at expiration

day because expected futures prices at delivery day equals

to expected spot price at delivery day. Hence, it could be

said that futures price is the market’s expectation of the

future spot price. Therefore if we wants to get a forecast

of future spot price, then we just need to monitor the

futures price. In other words, futures price is an unbiased

expectation of future spot price.
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The Risk Premium Hypothesis

If futures price contains a risk premium, then we have to compensate spec-

ulators with some kind of rewards for taking risk. Hence, futures prices will

be biased predictor of future spot prices and this kind of risk premium arises

because of hedgers. Specifically, when hedgers have more or less same ex-

pectations, then they are not motivated to trade with each other, but with

speculators. This explains normal contango and normal backwardation.

Rationale:

Keynes [1930] claimed that spot-futures market are dom-

inate by people who hold long position in the underlying

commodities. Moreover because they want to hold it for

a long time, then they need somehow to protect it. This

implies a need of someone who is willing to take long

position in futures. To do that successfully, it’s necessar-

ily to induce speculators to take long position in futures.

Hence, futures price must be lower than expected future

spot price and futures prices are biased expectations of

future spot prices, with bias caused due to risk premium.

3.1.2 Contango and Backwardation

Contango

Contango is a situation when futures price of a commodity is higher than

the expected spot price. In other words, in contango market, the futures price

exceeds the spot price.

Backwardation

Backwardation is a situation when the futures price of a commodity is lower

than expected spot price. Backwardation says that as the contract approaches

expiration, the futures contract will trade at a higher price compared to when

the contract was away from expiration.
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Convenience Yield (X)

A convenience yield (X) is an adjustment to the cost of carry in the non-

arbitrage pricing formula for future prices in markets with trading constraints

and also it offers an explanation to Backwardation.

f = S + θ −X (3.1)

Where f is Futures price, S is Spot price and θ is cost of carry

Equation (3.1) shows that If f = S + θ and f < S , then θ < 0. But what

type of market condition might create negative cost of carry? Lets suppose the

commodity is in short supply; current consumption is unusually high relative

to supplies of good. This is creating an abnormally high spot price and the

current tight market conditions discourage people from storing the commodity.

If the situation is severe enough, then the current spot price could be above

the expected future spot price. and if the spot price is sufficiently high, the

futures price may lie below it. The X is simply a positive value that accounts

for the difference between f and S + θ.

3.1.3 Normal Backwardation and Normal Contango

Normal Backwardation

The situation referred as normal backwardation when future price can be

expected to rise over the life of a contract. We can occur this only when

hedgers are net short in futures.

Normal Contango

Normal Contango is a situation when futures price is above the expected

future spot price.
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So we have following definitions

• Contango:S < f

• Backwardation:S > f

• Normal Contango: E(St) < f

• Normal Backwardation: E(St) > f

3.1.4 Theoretical foundations in crude oil market

In the crude oil market, prices are constantly adjusting to market participants

- specifically their demand and supply. This fact creates difficulties for con-

secutive attempts to model oil prices purely as a function of any slow-moving

macroeconomic variables or some well-known models. The problem is getting

larger due to fact that the volatility of oil prices is constantly changing and

it’s illustrated by the strong time-variation in the change of the price. Hence,

due to these difficulties it is also necessary to explain the risk premium when

attempting to forecast and model oil price. The literature referring to risk

premia in commodities prices dates back to mentioned theory of normal back-

wardation, introduced by Keynes [1930]. Further as was above mentioned, this

compares futures prices to expected future spot prices. This theory is based on

a definition of the basis that is defined as the difference between the current

futures price maturing at time T and the current spot price. It divides the

basis to the difference between the spot price expected to expired at time T

and the current spot price, minus a risk premium. Thus, the risk premium is

defined as the difference between the expected future spot price at T and the

current futures price for maturity T:

ft,T − St = [Et(ST )]− πtT (3.2)

Where ft,T is the futures price at t for a futures contract expiring at T ,

St is the spot price at time t, the term in parenthesis is the difference between

the expected spot price at T (Et(ST )) and the current spot price, and a risk

premium (−πt,T ). Rearranging equation (3.2), we can express risk premium as

−πtT = ft,T − Et(ST ) (3.3)
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which is the definition used in this thesis as well. When the risk premium

will be studied after time T , then we are talking about ex post risk premium.

3.2 Wavelet Approach

In this section we describe the main tool of this thesis - wavelet transforma-

tion. Firstly, we introduce frequency-domain analysis with using Fourier trans-

formation (FT) and we will explain the general idea behind Wavelet analysis.

Afterwards, we show how these two analysis differ. Secondly, we introduce

and define the continuous wavelet cransformation (CWT),the discrete wavelet

transformation(DWT) and the maximal overlap discrete wavelet transforma-

tion (MODWT) . The end of this section will focus on Wavelet coherence,

wavelet bivariate correlation and Wavelet Band Least Squares (WBLS).

3.2.1 Time and Frequencies

Let x(t) denotes continuous time series. When we use time-domain information,

then we can observe changes of values in time. Time domain is the analysis

of mathematical functions, physical signals 1 or time series of economic or

environmental data, with respect to time. Hence, with using time-domain

analysis, we can observe how process depends on past observations , where

different values over time give us useful information. When we mention spectral

analysis and frequency-domain information we speak about completely different

approach. frequency domain refers to the analysis of mathematical functions

or signals with respect to frequency, rather than time. In the beginning of

19th centrury, the French mathematician Joseph Fourier develops an idea on

the Fourier series. Specifically he suggested a new view on the periodic signal

that 2 can be decomposed into a sum of weighted sines and cosines. Such an

approach provides us a rigorously way to express signal in terms of frequencies.

Applying Taylor polynomial we can conduct the following fact:

e−iωt = cos(ωt) + i.sin(ωt), (3.4)

where i =
√
−1 and ω denotes angular frequency. Relationship between

1Signal is an alternative expression for CWT time series.
2 This idea was presented in a treatise (memoir) titled On the Propagation of Heat in

Solid Bodies in 1807
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time and frequency representation of signal x(t) can be written in the following

form:

X(f) =< x(t), e−i2πft >=

∫ ∞
−∞

x(t)e−i2πft dt (3.5)

or inversly

x(t) =< X(f), e−i2πft >=

∫ ∞
−∞

X(f)e−i2πft df (3.6)

An expression 〈.〉 is called inner product. In this thesis we can interprete it

as a degree of ”similarity” between two series. In other words X(f) measures

how successfully a particular frequency fits the signal.

So far we have described countionous fourier transformation. The discrete

variant of fourier transformation is defined as:

X(fn) =
1

N

N−1∑
t=0

xte
2πfnt∆T (3.7)

and therefore

X(fn) =
1

∆T

N−1
T∑

fn=0

X(fn)e2πfnt∆T (3.8)

where T is the length of the signal, ∆T is the length of the interval used

for sampling, N = T
∆T

denotes the number of samples and fn = n
t
, n =

0, 1, 2, ...N − 1 stand for discrete frequency components.

DWT has a huge number of applications in science, engineering, mathe-

matics and computer science and economics. Specifically it is very useful in

the field of business cycle analysis (Canova [1998] or Harvey and Jaeger [1993])

since DWT allows to decompose total variance of time series as a sum of vari-

ances of different frequencies as Hamilton [1994] proved.
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Both analyzes (time-domain and frequency-domain) can be used for differ-

ent situations, depending on what we want to analyse. But if we look closer at

these two analyzes, we can find notable advantages and disadvantages. Time-

domain is the analysis of signals with respect to time and we can observe how

the values change over time, but it does not tell us anything about the fre-

quency since goniometric functions of sins and cosines are defined for all real

numbers. The second problem arises with frequency-domain analysis, which

evaluates the importance of frequencies for the time series. Thus, in such an

analysis we can evaluate the importance of some frequency, but we have no in-

formation about the time. Practically lets imagine a situation when we research

the development of the GDP. If we analyze this series using frequency-domain

analysis, we can evaluate a particular frequency that plays an important role

in seasonal (monthly effect for example) component but we will hardly iden-

tify an important change after some significant date. Thus in general, we are

able to identify an important frequency for business cycle, but we are unable

to determine whether the importance of the frequency change over time. An-

other problem arises in the case of time-domain where we have to deal with

the fact that we need a stationary time series to do analyze and therefore we

have to extract the trend from a time series. This in turn will cause the lose of

the long-run information. Finally German mathematician Alfred Haar [1910]

comes with wavelet approache which can combine both mentioned approach

Time-domain and Frequency-domain analysis.

3.2.2 Wavelet Analysis

Wavelet analysis is a technique for signal decomposition that has its origins in

classical Fourier analysis. However, additionally the wavelet transform over-

comes the major limitations of the Fourier transform as it combines information

from both time and frequency domains, decomposing any signal into its time

scale components. Further, it preserves time information and does not require

stationarity of the signal. Although the wavelet theory has rapidly expanded

in many areas of applied sciences (Physics, Engineering, signal and image pro-

cessing, Astronomy, Climatology, etc.), its application in economics and finance

is only a recent phenomenon (see, among others, Ramsey and Lampart[1998];

Gencay et al.[2002]; Gallegati[2012]; Reboredo and Rivera-Castro[2013]). In

addition, wavelet methods have been widely used to study interdependence be-

tween economic and financial time series, helping to uncover interactions which
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are hard to detect by using any other econometric technique and which would

otherwise remain hidden.

Wavelets

Wavelets are functions that satisfy certain requirements. The very name

wavelet comes from the requirement that it should be integrated to zero and

”waving” above and below x-axis. Percival and Walden [2000] define wavelet

as a small wave that grows and decays in a limited time period. There are

many kind of wavelets and one can choose between smooth wavelets, com-

pactly wavelets, wavelet with simple mathematical expressions, etc. We can

divide wavelets into two classes, the first is CWT and the second is its coun-

terpart DWT. The most simple wavelet is Haar wavelet proposed by Alfred

Haar [1910], which is a sequence of rescaled ”square-shaped” functions, which

together form a wavelet basis. Specifically, Haar used these functions to give an

example of an orthonormal system for the space of square-integrable functions

on the unit interval [0, 1]. Later, many researchers contributed to the wavelet

topic, e.g. Ricker [1953] or Littlewood and Paley [1931] but their works had no

practical usage because it were mathematically oriented. The change came in

1964 with the work of Alberto Calderon (Calderon [1964]), who used wavelet for

harmonic analysis. This work inspired many later researches, for example the

core of Calderon’s work was used by Grossman and Morlet [1984], Dabuechies

[1988], Mallat [1989] and many others. For our purpose, the important period

was period started in the middle of 80’s when wavelets functions started to be-

come an important tool in many scientific fields such as medicine, biology and

importantly for us - economics. Based on notes by Percival and Walden [2000],

the majority of the wavelet analysis applications in the economic field concen-

trate exclusively on the DWT because it is a more natural way of handling

discrete time series such as those commonly used in economics and finance.

3.2.3 The Continuous Wavelet Transformation (CWT)

In previous section we mentioned two main classes of wavelets: the CWT and

its discrete counterpart DWT. This section will more mathematically describe

what exactly CWT is. A CWT is used to divide a continuous-time function

ψ(t) (sometimes called as mother wavelet) into wavelets (It projects time series

onto particular wavelet).The core is to compare ψ(t) with the signal x(t). Un-
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der CWT the function is classified as a wavelet function if it satisfy following

mathematical criteria:

1. Finite energy

∫ ∞
−∞

ψ2(t)dt = 1 <∞ (3.9)

The first criterium says that wavelet function has to be L2(R) (which means

that it’s squared integrable), so it has a finite energy which is equal to 1 (unit

energy).

2. Adminisibality condition

0 < Cψ =

∫ ∞
0

|ψ̂(f)|2

f
df (3.10)

where ψ̂ is Fourier transformation of the function.Following Addison(2002)

it can be shown that as f ⇒ 0 then Cψ ⇒ 0

3. integral of wavelet function is equal to zero

0 < Cψ =

∫ ∞
0

ψ(t)dt = 0 (3.11)

4. Compact support

a wavelet function ψt : R ⇒ R has a compact support if it’s zero every-

where except closed and bounded interval. We further require that the signal

is squared-integrable:

0 < Cψ =

∫ ∞
0

x2(t)dt = 0 (3.12)

In wavelet analysis we want to keep time-domain information as well as

frequency-domain information. To keep time information we need to add time

localization parameter τ ∈ R+ and also for keeping frequency-domain informa-

tion we need to add scalling parameter ter s ∈ R+. Scalling parameter s help us

to monitor how functions are behaving through different frequencies while lo-

cation parameter τ determines the transformations results in the time-domain

and it depends on where wavelet lies 3. Specifically, scalling parameter changes

3wavelet functions will be compared with x(t)
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the bandwidth of the filter, and thus determine the frequency information. 4

Now following Addison [2002] we transform the signal using the CWT:

Wx(τ, s) =

∫ ∞
−∞

x(t)
1√
s
ψ∗(

t− τ
s

)dt, (3.13)

where ψ∗( t−τ
s

) denotes modified wavelet function with komplex conjugate,

τ denotes localization parameter and s denotes scaling parameter.

We can see that Wx(τ, s) uses as a projection CWT 1√
s
ψ∗( t−τ

s
), which has

several desirable properties that e−iωt from equation (3.4) lacks. Compact

support with location parameter τ help us to keep information from time-

domain approach and scalling parameter s help us to achieve time-frequency

trade-off. Like Fourier transformation also CWT has an interpretation duu to

fact that 1√
s
ψ∗( t−τ

s
) = ψτ,s and therefore

Wx(τ, s) = 〈x(t), ψ∗τ,s〉 (3.14)

From (3.14) we can see that CWT is an inner product of time series x(t)

and modified mother wavelet function ψ∗τ,s. Hence we can derive that CWT

could be presented as a degree of similiratity between time series and mother

wavelet and transformation has a following scheme:

1. We start with choosing a scale parameter s and location parameter t −
τ . Then we compute the degree of similarity between wavelet function

and original time series, where higher/lower values indicates higher/lower

degree of similarity.

2. Repeat step 1 with different location parameter. We need to choose a

different location parameter to cover whole domain of signal.

3. Repeat step 1 and step 2 with different scales until all possible scales are

applied.

And for inverse function to get original time series we have

x(t) =
1

Cψ

∫ ∞
0

(∫ ∞
−∞

Wx(τ, s)ψ
∗
τ,sdτ

)
ds

s2
(3.15)

4Scalling parameter s define a length of wavelet functions that will be therefore used for
comparison with x(t)
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(3.15) is possible because admissibility condition guarantees an existence of

inverse function and time series can be reconstructed 5. After doing wavelet

transformation we get a time-scale map.

Scales and frequencies

In this thesis we use term ”scale” when wavelet transformation is used, while

in the case of Fourier transformation we use the term ”frequency”. These two

terms are not too distant from each other, but they are even closely linked.

When we choose a small/large scale it means that we space out more/less

wavelets into the signal and so we analyze the behavior on higher/lower fre-

quencies. If we want to correctly interpret the result, it is necessary to define

the wavelet power spectrum (WPS):

WPSx = |Wx(τ, s)|2 (3.16)

From WPS we can observe how energy (variance) is distributed across the

time and scales. By looking for regions within the Wavelet Power Spectrum
6(WPS) of large power, we can - for example - determine which features of our

signal are important and which can be ignored. An example of WPS is in figure

3.1, where we simulate AR(1) process with artificial data:

yt =

0, 5yt−1 if t ∈ [1, 250]

−0, 5yt−1 if t ∈ [251, 500]

where εt denotes the gaussian white noise.

5Calderon-Grossman-Morlet’s theorem (Mallat 1999)
6 The whole purpose of wavelet analysis is to see the time-frequency distribution, i.e. how

the power changes over time.
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Why to use CWT instead of Fourier transformation is demonstrated also

in Figure 3.1 where a structural break appears after first half part of simulated

time series. In the first half part we can observe that variance is significant on

lower frequencies/higher scales while after structural break the significant can

be found on higher frequencies/lower scales. Here it’s good to mention that

not always it is easy to see structural break only from original time series.

We can see a similar property in another example in Figure 3.2. where we

made artifical data were made to demonstrate to see 2 structural breaks more

clearly.

Hence, thanks to this method we can manage to obtain information about

volatility in shorter/longer period and we can even identify a key point when

volatility changes.

Figure 3.1: AR(1) process with its WPS

Source: Author’s computation

Figure 3.2: Artificial time series with its WPS

Source: Author’s computation

Attentive reader may see from figure 3.1 and 3.2 that there is a white dash

line in each figure that makes a ’cone’ in our WPS. The area inside the cone
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is so-called cone of influence, which is what we are interested in. The area

outside the cone is so-called edge-effect which deteriorate the results. This

deterioration is caused due to discrete nature of data contrary to continuous

nature of function (Torrence and Compo [1998]).

3.2.4 Morlet wavelet

In mathematics, the Morlet wavelet is a wavelet composed of a complex ex-

ponential multiplied by a Gaussian window. In 1984 Jean Morlet introduced

Morlet wavelet to the seismology community (Goupillaud et al. [1984]). The

function has following form

ψ(t) = π−
1
4 (e2πf0it − e−

(2πf0)
2

2 )e−
t2

2 (3.17)

Where f0 is central frequency of mother wavelet and according to Addison

[2002] if f0 > 0, then the equation can be expressed into simpler form:

ψ(t) = π−
1
4 e2πf0ite−

t2

2 (3.18)

From equation (3.18) we can see that this equation contain three parts.

First part is called normalization factor, which guarantee the unit energy, the

second part is a complex sinusoidal wave and the last part is called Gaussian

bell shape.

Figure 3.3: Morlet Wavelet

Source: Author’s computation
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Let |ψ(t)|2 and | ˆψ(f)|2 are energy density in time-domain, respectively fre-

quency domain. Let σt and σf denote their spreads, then rectangle with

perimeter equal to 2(σt + σf) is called Heisenberg box. In 1928 a physicist

Heisenberg showed the impossibility of signal to be represented as a single

point on time-frequency map (Heisenberg [1928]). He also showed that the

only possible way is in rectangle, hence a wavelet transformation that minimizes

Heisenberg box is one that has an optimal joint time-frequency concentration.

Property of Morlet wavelet transformation is that it minimizes Heisenger box

and thanks to this property it is popular among researchers nowadays.

3.2.5 The Discrete Wavelet Transformation (DWT)

In this section we focus on the discrete wavelet transform (DWT) and provide

its basic methodology and general property. For a more detailed treatment

of DWT see Gencay et al. [2002]. Before we derive the transformation let us

denote h0, ..., hL−1 and g0, ..., gL−1 where hl are wavelet filters and gl are scaling

filters. The DWT is implemented practically via a pyramid algorithm derived

by Mallat [1989]. As described in Gencay et al. [2002] the analysis begins with

data Xt, which is filtered by hl and gl. It subsamples both filter outputs to half

of their original length, keeps the subsampled output from the hl as wavelet

coefficients and then repeats the process described above on the subsampled

output of the scaling filter gl. In addition there are three conditions that have

to be satisfied:

1. Its mean has to be 0
L−1∑
l=0

hl = 0 (3.19)

2. It has a unit energy
L−1∑
l=0

h2
l = 1 (3.20)

1. The wavelet filter hl is orthogonal

L−1∑
l=0

hlh1+2n = 0 (3.21)

where n is a positive integer. The first two conditions are just discrete equiv-

alents to their continuous counterparts.Beside those three conditions aboved,
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it’s necessary to add one more condition on time series itself. The length of

time series needs to be N = 2j, where J ∈ N . Thus, only time series with

length equal to the power of two can be analysed using the DWT.

Let time series X = (X0, X1, ..., XN−1) be Nx1 vector, which represents

dyadic time series.Then we can write DWT transformation as

W =WX (3.22)

where W is NxN wavelet transformation matrix, which elements are the

filters and zeros. W is Nx1 vector of wavelet coefficients.The orthonormality

of transformation matrix W implies 2 important implications:

1.

X =WTW (3.23)

Where equation 3.23 shows that using wavelet coefficients we can recon-

struct time series.

2.

||X||2 = XTX = WTW = ||W||2 (3.24)

where ||X|| and ||W|| stand for norm of X, respectively W . Equation

3.24 shows that the total energy is equal to the total energy of wavelet

coefficients, which -in this thesis- is an important derivation for further

work with wavelet spectrum (especilly with WBLS).

pyramid algorithm

Now we can continue with the first part of the derivation of the DWT via a

pyramid algorithm Mallat[1989], which we have already described above:

w1,t =
L−1∑
l=0

hlX2t+1−lmodN t = 0, 1, ...,
N

2− 1
(3.25)

v1,t =
L−1∑
l=0

glX2t+1−lmodN t = 0, 1, ...,
N

2− 1
(3.26)

where wj and vj denote the vector of discrete wavelet coefficients w =

(w,w2, w3, ...wj, vj) and where wj extracts high frequency and vj extracts low
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frequency. The length of vectors are wj ∈ R
N

2j and vj ∈ R
N

2j .

Then we continue with next step:

w2,t =
L−1∑
l=0

hlv1,(2t+1−lmodN) t = 0, 1, ...,
N

4− 1
(3.27)

v2,t =
L−1∑
l=0

glv1,(2t+1−lmodN) t = 0, 1, ...,
N

4− 1
(3.28)

Where mod is modulo operator defined as:

if positive integer j ∈ [0, N−1] , then jmod = j, otherwise jmod = k+n.N

and N0 ≤ j + n.N ≤ N − 1.

Equations above are circular convolution of wavelet filter h (respectively g)

and time series X.

After two steps described above we have w = (w1, w2, v2), of course, we

can repeat the procedure and obtain more wavelet coefficients.As mentined

before,the major limitation of the method is the fact that data must have a

dyadic length7.

7Thi can be overcome using MODWT
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Now we describe 2 mostly used discrete wavelets:

Haar Wavelet

In mathematics, the Haar wavelet is a sequence of rescaled ”square-shaped”

functions which together form a wavelet family.It was proposed by Alfred Haar

in 1909 and according to Gencay et al. [2002] it’s the oldest known wavelet

(Haar[1909]). Haar’s wavelet function has following form:

ψ(t) =


1 if t ∈ [0, 1

2
)

−1 if t ∈ [1
2
, 1)

0 otherwise

And its scaling function φ(t) 8 can be described as

φ(t) =

1 if 0 ≤ t < 1

0 otherwise

One can notes that if we set L = 2, h1 = − 1√
2

and h0 = 1√
2

then we get

Haar wavelet.

Figure 3.4: Daubechies Wavelet

Source: Crowley[2005]

8father wavelet



3. Methodology 35

Daubechies wavelet

We describe Daubechies wavelet more in detail because this thesis use this

wavelet for discrete part of wavelet analysis.Since Haar wavelet is the simplest

and oldest wavelet transform, it was improved by Daubechies in 1992 and

it’s characterized by a maximal number of vanishing moments for some given

support (Daubechies[1992]). However, we do not have a specific formula for

this method of wavelet transform, but through square gain function we can get

a formal definition (Gencay et al.[2002]):

g(f) = 2cosl(πf)

l
2
−1∑
l=0

(
l
2
− 1 + l

l

)
sin2l(πf) (3.29)

where l is Positive number and represents the length of the filter. There are

two main types of Daubechies wavelets:

1. Extremal Phase

2. Least Asymmetric

The least asymmetric version corrects the problem of asymmetry9. In gen-

eral Daubechies wavelet has extremal phase and highest number of vanishing

moments for defined support width. All of the previously mentioned types

have got 10 versions: D(2), D(4), D(6), ..., D(20) and LA(2),LA(4), LA(6),

..., LA(20). Higher number in bracket means a smoother wavelet function was

used.

3.2.6 The Maximal Overlap Discrete Wavelet Transforma-

tion MODWT

The maximum overlap discrete wavelet transform (MODWT) is a natural step

in the theory of wavelets after the DWT. Although the DWT seems to be very

useful in our journey in the world of time series, it is not perfect. There are

two very important restrictions

1. time series must have the dyadic length, otherwise they can not be trans-

formed

9which causes that some observations are considered to be more important that others
and it corrupts the results (Ramsey and Thong [2012]).
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Figure 3.5: Haar Wavelet

Source: Crowley[2005]

2. DWT is non-shift invariant

MODWT can solve above limitations so switching from DWT to MODWT

brings many benefits (Gencay et al.[2002]):

• We do not have to worry about the length of our time series. The

MODWT can transform both dyadic and non-dyadic time series.

• By circularly shifting the original time series we do not change MODWT

coefficients in other words the MODWT is shift invariant.

• Both the DWT and the MODWT can be used for the variance analysis,

despite that the MODWT wavelet variance estimator is asymptotically

more efficient than the one produced by the DWT.

• the MODWT is a zero phase filter so the information in the original time

series is connected to the information in the multiresolution analysis

The difference between the MODWT and the DWT lies in a fact that in a

MODWT output signal is not subsampled as a DWT’s, filters in the MODWT

are upsampled at each level, so all wavelet coefficients have a same length on

the contrary to the DWT where every additional wavelet coefficients is shorter.

Economic textbooks and academical papers usually denote (e.g. Percival and

Walden [2000], Gencay et al. [2002],and many more) coefficients, filters and

matrices related to the MODWT by ”tilde”.And main MODWT equation can

be rewritten in the following form

W̃ = W̃X (3.30)
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where W̃ and W̃ stands for (J + 1)Nx1 vector, respectively (J + 1)NxN

matrix.

To obtain wavelet coefficients h̃j,l and scaling coefficients g̃j,l we use rescaling

in the following way:

h̃j,l =
hj,l

2
1
2

(3.31)

g̃j,l =
gj,l

2
1
2

(3.32)

where h̃j,l must fullfill conditions:

1. Its mean has to be 0
L−1∑
l=0

h̃l = 0 (3.33)

2. Total energy is equal to 1
2

L−1∑
l=0

h̃2
l =

1

2
(3.34)

1. The wavelet filter h̃l is orthogonal

L−1∑
l=0

h̃l ˜h1+2n = 0 (3.35)

The procedure of obtaining the MODWT via the pyramid algorithm is same

as in the case of DWT.

w̃1,t =
L−1∑
l=0

h̃lX2t+1−lmodN t = 0, 1, ...,
N

2− 1
(3.36)

ṽ1,t =
L−1∑
l=0

g̃lX2t+1−lmodN t = 0, 1, ...,
N

2− 1
(3.37)

and we continue as in DWT



3. Methodology 38

w̃2,t =
L−1∑
l=0

h̃lṽ1,(2t+1−lmodN) t = 0, 1, ...,
N

4− 1
(3.38)

ṽ2,t =
L−1∑
l=0

g̃lṽ1,(2t+1−lmodN) t = 0, 1, ...,
N

4− 1
(3.39)

and in the same logic all other steps are executed.

3.2.7 Wavelet Coherence and wavelet correlation

Wavelet Correlation

Before we derive the estimator for the wavelet correlation, we have to mention

the wavelet variance and the wavelet covariance. The basic idea of the MODWT

variance is to detect variability between different scales. The very first use of

the MODWT variance is mentioned in Percival & Mofjeld [1997], another useful

example of the usage of the MODWT variance can be found in Kim & In [2005].

They used the MODWT variance in their analysis of the relationship between

stock returns and inflation.

Based on Gencay et al. [2002] we define the MODWT variance as:

σ̃2
l =

1

Ñj

N−1∑
t=Lj−1

d̃lj,t (3.40)

Where d̃lj,t is the coefficients at scale j of variables l and Ñ is the number of

non-boundary coefficients.

Moreover, following Gencay et al. [2002] we define the MODWT covariance as

Covxy(j) =
1

Ñj

N−1∑
t=Lj−1

d̃Xj,td̃
Y
j,t (3.41)

Since we have defined the MODWT variance and the MODWT covariance,

we can also define the MODWT correlation coefficients as

ρ̃XY (j) =
CovXY (j)

σ̃2
Y (j)σ̃2

Y (j)
(3.42)

This correlation coefficients behaves in the same way as any other, so there

is a condition that ρ̃XY (j) < 1.

Since we have defined the wavelet correlation estimator, the very last step
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is a computation of confidence intervals. We use those mentioned in Whitcher

et al. [1999]

[
tanh

(
h[ρXY (j)− Φ−1(1− p)√

Nj − 3

)
, tanh

(
h[ρXY (j) +

Φ−1(1− p)√
Nj − 3

)]
(3.43)

The interval provides a 100(1-2p) certain scale, which is calculated by using

the DWT. It is because of Fisher’s transformation and its assumption of un-

correlated observations and the DWT also approximately decorrelates a range

of powerlaw processes.

Wavelet Coherence

The wavelet coherence (WTC) is a powerful tool that allows us to depict a rela-

tionship of two time series and analyze their comovement from time-frequency

domain at the same time.

According Grinsted et al. [2004] We use a standard notation. Assume

two time series x(t) and y(t) to be locally stationary [Grinsted et al. 2004].

Firstly, we define cross-wavelet transformation (XWT) - which is the first step

in deriving Wavelet Coherence - as a product of two wavelet tranformation

Wxy(τ, s) = Wx(τ, s)W
∗
y (τ, s) (3.44)

where Wx and Wy are wavelet transforms of the original time series x and

y and symbol ∗ denotes complex conjugate.

Then following Liu[1994] the cross wavelet power spectrum is defined as

(XWP )xy = |Wxy(τ, s| (3.45)

This result is just a wavelet version of standard covariance.So we have de-

fined XWT and now we can define the squared wavelet coherence coefficient in

the following way

R2
n(s) =

|S(s−1Wxy(s))|2

S(s−1|Wx(s)|2S(s−1|Wy(s)|2
(3.46)

where S is a smoothing operator defined as S(W ) = Sscale(Stime(Wn(s))) 10.

10Stime stands for smoothing in time and Sscale is smoothing along the wavelet scale
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From equation 2.12 it’s obvious that R2
n(s) ∈ [0, 1] , hence we can see certain

similarity between the correlation coefficient and the WTC.We can consider

the WTC as a local correlation coefficient between two time series with respect

to the time domain and the frequency domain. Similarly as the correlation

coefficient, as R2
n(s) is close to 1 as strong comovement is between two time

series and vice versa.

For our purpose it’s also important to know whether the results are sta-

tistically significant or not. Recently some significance tests have developed,

e.g. Torrence and Compo [1998] used background noise series for establishing

the sampling distributions and the associated significance levels for interested

wavelet-based quantities. But their null hypothesis is too restrictive for wavelet-

analysis in Economics. In this thesis we use Monte Carlo simulations 11 to test

the significance. The significant parts of the wavelet coherence estimates are

inside black lines.

Because R2
n is non-negative we introduce phase differences to how cycles of

time series change during time. According to Torrence & Webster (1999) the

phase difference is defined in the following way

φxy(τ, s) = tan−1

(
JS(s−1|Wxy(s)|))
RS(s−1|Wxy(s)|))

)
(3.47)

where R and J are real part and imaginary part of smoothed wavelet cross-

wavelet transformation.The phase differences are represented by arrows in our

figures (see empirical part):

• If arrow points right/left then time series are in phase/anti-phase and if

arrow points up

• If arrow points down, then first time series leads the second one.

• If arrow points up, then second time series leads the first one.

3.2.8 Wavelet Band Least Squares (WBLS)

Now we introduce an approach of band least squares on the spectra estimated

on wavelet coefficients. Firstly, let consider the simple regression model

yt = xtβt + εt (3.48)

11Monte Carlo simulations with 300 repetitions
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where xt, t = {1, 2, ..., T}, yt, t = {1, 2, ..., T} and εt ≈ N(0, δ2). We can

easily determine the OLS estimator β as

β̂OLS = (xTx)−1xTy =
CoV (xt, xy)

V ar(xt)
(3.49)

We can also estimate this β using frequency-domain approach. Engle was

among first researches who consider to estimate β in the frequency domain.One

can observe that this frequency-domain idea is very intuitive as variance and

covariance are spectrum and cospectrum of the series and can be simply esti-

mated for example using Fourier transform (Barunik & Barunikova [2012]).

As we mentioned in previous sections, the wavelet transformation help us

to divide the whole spectrum into frequency bands which are represented by

scales j.Hence, the resulting spectrum on the j-th scale has the following form:

fWj ∈ [ 1
2j+1 ,

1
2j

] and the spectral density function at a scale j can be expressed

as

S(x)j(f) = Hj(f)Sx(f)

where Hj(f) is the transfer function of the wavelet filter at a scale j and

Sx(f) denotes the spectrum of xt. In the same logic we can also define cross-

spectrum at a scale j

S(xy)j(f) = Hj(f)Sxy(f)

where Sx(f) denotes the cross-spectrum of xt and yt.

Furthermore, Barunik & Barunikova [2012] show that the wavelet variance

σ2(j) and wavelet covariance γxy(j) at a scale j reads:

σ2
x(j) =

∫ 1
2

− 1
2

S(x)j(f)df =

∫ 1
2

− 1
2

Hj(f)Sx(f)df (3.50)

γxy(j) =

∫ 1
2

− 1
2

S(xy)j(f)df =

∫ 1
2

− 1
2

Hj(f)Sxy(f)df (3.51)

Now if we assume that T → ∞, then also scales J → ∞ and following

(Whitcher et al., [1999]) we can expressed total variance and covariance as a

sum of wavelet variances and covariances (see Appendix A) at all scales as
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V ar(xt) = xTx =

∫ 1
2

− 1
2

S(x)j(f)df =
∞∑
j=1

σ2
x(j) (3.52)

Cov(xt) = xTy =

∫ 1
2

− 1
2

S(xy)j(f)df =
∞∑
j=1

γ2
xy(j) (3.53)

Hence, together with last part of equation 3.49 we estimate β in the fre-

quency domain using wavelet least square estimator

β̂WLS(1,∞) =

∑∞
j=1 γ

2
xy(j)∑∞

j=1 σ
2
x(j)

(3.54)

where β̂WLS is wavelet least square estimator and Asymptotically, β̂WLS is

equal to β̂OLS.

From equation 3.54 we can deduce that OLS estimator includes both long-

run (Lower Frequencies) and short-run (Higher Frequencies) information and

therefore if we want our estimator to distinguish between short-term and long-

term information, new estimator has to be introduced. As revealed by the

wavelet coherence in this thesis, this is also the relation of futures prices and

expected spot prices, where the relation comes solely from the long-run part

of the spectra. Hence again, we need a tool to estimate the relation separately

from long-run and short-run part of spectra.

Barunik & Barunikova [2012] suggest the estimator , wavelet band least

square estimator (WBLS), which simply estimates the β on the band of scales

j ∈ [k, l] in (3.54), thus using frequency band f ∈ [ 1
2l+1 ,

1
2k

]. For the estimation

of spectra, they suggest to use modified discrete wavelet transform MODWT

(see section 3.2.6). Then WBLS estimator is defined as

β̂WBLS(k, l) =

∑l
j=k γ

2
xy(j)∑l

j=k σ
2
x(j)

(3.55)

where j-th scale represents the frequency band f ∈ [ 1
2j+1 ,

1
2j

]. The estimator

in (3.55) can be expressed in terms of the MODWT coeffiecients W̃x(j,s) and

W̃y(j,s), where j and s denote scale position of the transform for xt and yt as

β̂WBLS(k, l) =

∑l
j=k

(
1
T

∑T
u=1 W̃x(j, s)W̃y(j, s)

)
∑l

j=k

[
1
T

∑T
u=1 W̃

2
x (j, s)

) (3.56)
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This estimator provides the solution for previously mentioned difficulties

because we now can estimate separately higher-frequency part of spectra from

lower-frequency part of spectra. Hence, using frequency band near origin we

can obtain long-term and short term relationship.Moreover, when we use all

scales j and as j →∞, β̂WBLS will be equivalent to β̂WLS and will converge to

an OLS estimator [Barunik & Barunikova 2012].



Chapter 4

Data

The analysis begins with basic characteristics of data. This preliminary results

should give us a basic idea what happened to the crude oil market in last 3

decades.

In our analysis we use daily data of one,two, three and four months prices

of WTI crude oil. The data cover period January 1987-April 2015. All data

were taken from U.S. Energy information Administration (EIA) database 1.

In initial part we explain our motivation for choosing data. Then descriptive

statistics will be computed and graphically put on figures. At last we explain

a rightness of choosing wavelet transformation.

4.1 Data Selection - motivation

Because we want to catch as much information as possible, we choose all avail-

able data that EIA provides. Later in chapter 5 we will find out that these data

help us to investigate the time-length relationship between Futures and Spot

prices of crude oil. Also our data are fully synchronized and in order to replace

missing value we use an approximation via cubic splines from R package ZOO

was used (following Ramsey & Thong [2012])

4.1.1 Original data or Log-First difference ?

Before we start working with data we had to decide whether to use differentials

or not. As it was mentioned in chapter 3, in general the wavelet transforma-

tion doesn’t need stationarity condition, we just need it to be locally stationary.

1www.eia.gov
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However when we want to obtain sensible confidence intervals of wavelet cor-

relation, then it’s necessary to work with stationary time series data (gencay

et al. [2002]). This is important especially when we want to work with data

for more rigorously way. Hence - in the case where MODWT correlation is

appeared - we will test the time series for stationarity and then decide if use

differentials or not.

4.1.2 Descriptive Statistics

This part is divided into two sub-parts in following way. Firstly we are going

to show the descriptive Statistics of non-transformed and its plots. Then we

do the same for log-transformed data of our data.

Descriptive statistics of original data

Now we focus on our non-transformed data.As many econometric analysis we

start with plotting all time series of interest:

Figure 4.1: WTI Crude Oil : Non-transformed data 1

Source: Author’s computation
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Figure 4.2: WTI Crude Oil : Non-transformed data 2

Source: Author’s computation

From the start period of the dataset in 1986 until it end in 2014 we can

observe high degree of co-movement in all time series in Figure 4.1. After

beginning of the crisis we can see that prices in all time series became more

volatile. Only from plotting time series we have expected strong correlation

between our data, thus the results in table 4.2. don’t surprise us ( Here fu-

tures prices for maturities of one, two, three and four months are dnoted as

CL1,CL2,CL3,CL4)

Table 4.1: Original Data - Descriptive Statistics

Spot price CL1 CL2 CL3 CL4
nbr.val 7283 7283 7283 7283 7283

min 10.25 10.42 10.54 10.58 10.71
max 145.31 145.29 145.86 146.13 146.43

range 135.06 134.87 135.32 135.55 135.72
median 26.54 26.45 26.09 25.81 25.48

mean 42.78 42.79 42.84 42.85 42.82
CI.mean.0.95 0.72 0.72 0.72 0.72 0.73

var 970.22 971.79 982.97 991.53 997.68
std.dev 31.15 31.17 31.35 31.49 31.59

Pearson’s Correlation of futures and spot prices

The table 4.2 shows the correlation between time series. Moreover, we addi-

tionally add future spot prices SPxx where last two digits xx means the spot

price at time t plus xx days 2.

Even a simple analysis of correlation between time series reveals the inter-

esting results. It can be shown from table 4.2 that Correlation between all time

2we concern that an active trade month has 21 days
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Table 4.2: Original Data - Pearson’s Correlation

CL1 CL2 CL3 CL4 SP21 SP42 SP63 SP84
CL1 1.00 1.00 1.00 1.00 0.99 0.97 0.95 0.93
CL2 1.00 1.00 1.00 1.00 0.99 0.97 0.95 0.93
CL3 1.00 1.00 1.00 1.00 0.99 0.97 0.95 0.93
CL4 1.00 1.00 1.00 1.00 0.99 0.97 0.95 0.93

SP21 0.99 0.99 0.99 0.99 1.00 0.99 0.97 0.95
SP42 0.97 0.97 0.97 0.97 0.99 1.00 0.99 0.97
SP63 0.95 0.95 0.95 0.95 0.97 0.99 1.00 0.99
SP84 0.93 0.93 0.93 0.93 0.95 0.97 0.99 1.00

series is high: all correlation coefficients are above 0.9.

However the results obtained from this analysis give us only limited informa-

tion, because here we cannot distinguish between long-term and short-term

period, hence one could expect that there is high relationship between our

time series but this is not necessarily true especially in particular frequencies.

Taking into account the fact, that wavelet approach allow us to to analyze time

series through time and frequencies, we can clearly realize why wavelets should

be useful for our analysis (later in chapter 5 we can verify this statement in

lower frequencies where correlation between is noticeably low ).

Descriptive statistics of transformed data

Now we transform original data in following way:

Rt = log(
pt
pt−1

) (4.1)

where pt is price per barrel at time t and Rt is returns.Again we start with

plotting all time series

From the start period of the dataset in 1986 until it end in 2014 we can sus-

pect that our data are stationary and that there are periods where observations

are higly volatile as a periods during crisis or at the start of our datasets.



4. Data 48

Figure 4.3: WTI Crude Oil : Transformed data

Source: Author’s computation
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Table 4.3: Transformed Data - Descriptive Statistics

dSP dCL1 dCL2 dCL3 dCL4
nbr.val 7282 7282 7282 7282 7282

min -14.76 -14.31 -10.09 -9.79 -9.62
max 18.56 16.37 10.52 10.28 10.10

range 33.32 30.68 20.61 20.07 19.72
sum 20.81 20.69 22.18 23.68 25.09

median 0.02 0.02 0.01 0.01 0.01
mean 0.00 0.00 0.00 0.00 0.00

CI.mean.0.95 0.03 0.03 0.02 0.02 0.02
var 1.31 1.27 1.09 1.02 0.97

std.dev 1.15 1.12 1.04 1.01 0.99
Skewness 401.15 395.93 342.96 310.38 285.90
Kurtosis 0.01 0.01 0.01 0.01 0.01

KPSS test not R not R not R not R not R
ADF test R R R R R

J-B test R R R R R

We also could show the thable with information how time series are cor-

related with each other but because result are very similar to the case with

original data we leave it here.

4.1.3 Data

Based on descriptive analysis in tables above we will use non-transformed data

to work with risk premia analysis and WBLS. Log tranformed data will be then

used for Spot-futures WTC analysis where stationary is demanded to have valid

confidence interval for test statistics.



Chapter 5

Wavelet coherence and Correlation

Analysis of Co-movement

5.1 Futures prices vs Spot prices

Based on economic theory, the futures prices should be closely related to the

spot price and therefore we expect strong co-movement (relationship) in our

time series for all time-periods. Moreover based on recent (see chapter 2) re-

search it’s also interesting to investigate whether spot price leads Futures or

vice versa. So far, the hypothesis that futures prices lead spot prices is stronger

in terms of empirical evidence and more compelling. Thus, further empirical

testing is required to infer on this issue with respect to the crude oil market.

Results of studying the co-movement of different stock markets, commodity

markets, exchange rates and many other variables can be achieved by different

methods as can be found in Dajcman et al. [2012]. These methods are for

example the Pearson’s correlation coefficient, VAR models, GARCH models,

regime switching models and the wavelet analysis. We focus on the wavelet

analysis and more precisely on the wavelet coherence (WTC). For example

Vacha & Barunik [2012] studied the co-movement between Crude oil, Gasoline,

Heating oil and Natural Gas. In their work they show that co-movement var-

ied mostly in analyzed period (started in 1993 and end in 2010). Moreover,

they also show that co-movement did not vary only in time, but even in terms

of frequencies. Hence, this provides additionally new information about the

development of studied variables.
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5.1.1 Empirical Results

The WTC is an efficient tool to study the co-movement among time series.

The results acquired for this thesis are from Matlab toolbox made by Grinsted

. Morlet wavelet, which advantage was described and explained in Chapter

3, will be employed. Here we use daily data, hence the numbers on the scale

(frequency) vertical axis represent periods in days.

Following figures depict the WTC into a contour plot. The time domain is rep-

resented by x-axis and the frequency by y-axis. In addition, the frequency is

represented by the period, i.e. the higher frequency the lower the period. The

interpretation of our figures is based on the color of regions, blue color means

that there is low or even no comovement. On the other hand, red regions with

a thick black outline mean that there is a significant comovement between time

series.

To show whether futures price leads spot price we use phase arrows, which show

the relative phasing of time series at given scale. If arrows are pointing to the

right that means that time series are in phase, opposite direction means anti-

phase. If they are pointing down then the first variable is leading the second

one and if they are pointing up then the second variable is leading the first one.

After applying these methos on our data we receive following output:
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Figure 5.1: Crude Oil: Futures vs Spot prices

Source: Author’s computation

In figure 5.1 there are 4 plots of CL1,CL2,CL3 and CL4 against Spot price.

We can conclude from the output that for all our types of futures contract, the

comovement is strong in all frequencies (scales) meaning that the relationship

between Futures and spot prices of crude oil is strong in all time-periods. This

results is in one with economic theory and when we look at phase arrows we

can see that in common the results are somehow noisy, but at all scales we can

see that the futures prices tend to lead spot prices more than spot prices lead

the futures prices which is in one with recent findings where the hypothesis

that futures prices lead spot prices is stronger in terms of empirical evidence

and more compelling.

Gasoline

Because we want to go further in our analysis, we also verify whether the

relationship is strong even for products made from crude oil (and therefore the

economic theory holds also for these type of markets) .We choose to investigate

a gasoline market which is closely related to crude oil 1. Even here, Pearson’s

correlation coefficient shows that the futures contracts are higly correlated with

1since Gasoline are made from crude oil
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correlation coefficient higher then 0.9 (see appendix B). Hence even here we

expect strong relationship in all time-periods. Using same tool and approach

we recieve following output:

Figure 5.2: Gasoline: Futures vs expected spot price

Source: Author’s computation

In figure 5.2. we plot gasoline2 futures prices against gasoline spot3 prices.

We can observe that the relationship is strong mainly in higher scales (lower

frequencies) while in lower scales(higher frequencies) the relationhip is weak.

This finding goes against economic theory but since WTC is only ”lens” we

need a more rigorously method to verify these findings. Hence, we use Wavelet

correlation method to verify our findings from WTC analysis.

Wavelet MODWT Correlation analysis

To see more rigorously the relationship between Futures and spot prices of

crude oil and its comparison to Gasoline market we apply wavelet MODWT cor-

relation and confidence intervals on the first six scales. The empirical analysis

focuses on analyzing the wavelet correlation of crude oil and gasoline furures-

spot markets. We compute wavelet correlation separately for both markets

2Fx represents Gasoline futures contract with x month till delivery date
3Current spot price
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and then we provide the comparison. For this analysis the LA(8)4 wavelet fil-

ter is used (The length of filter is L=8). The dots represent estimates of the

wavelet correlation,the blue line represents the crude oil and red line represents

gasoline. For the approximate 95% confidence interval, symbol ”U” represents

upper bound and ”L” represents lower bound. Our results were acquired by

using software R-studio and package Waveslim is used.

Figure 5.3: Wavelet Correlation of Futures and Spot prices: Crude oil
vs Gasoline

Source: Author’s computation

In figures 5.3 we can see 4 plots where each plot represents MODWT cor-

relations across the scales between particular futures and spot prices of Crude

Oil (blue lines) and the same for Gasoline (red lines).We can clearly see from

all plots that in the case of crude oil market, the co-movement is high for all

used scales (which is what we determine in previous wtc analysis) while in gaso-

line market the correlation is lower in lower scales and it’s increasing in higher

scales. We can also observe that in lower scales the correlation of gasoline fu-

tures and spot prices are significantly bellow that from crude oil market.The

results about gasoline goes against economic theory for lower scales, meaning

that relationship between futures and spot prices of gasoline is mainly for long-

term period while in short-term period there don’t have to be any relationship.

4 this filter was for example used by Ranta[2010] and Gallegati[2010]
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5.1.2 Summarry

From the analysis above we show that in the case of crude oil the overall co-

movement between Futures price and current Spot price is significantly strong

for all time-periods5. For further investigation of this market we also examined

the gasoline market, which is a product made from rude oil. We verified that

even thought the gasoline market are closely related to crude oil, they don’t

behave similarly especially in lower scales (higher frequencies), eg. The Spot-

futures relationship in Gasoline is mainly long-term. Hence, we can conclude

that Crude oil market is more homogenous then gasoline market. The fact that

gasoline market is more heterogeneous than gasoline is not a surprise since we

know that gasoline prices is different across countries all over the world.

5eg. in all scales
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5.2 Futures prices vs Expected Spot prices

Because only study of futures and spot prices is not enough to tell the whole

story about their relationship we also have to deal with risk premia, which can

significantly affect futures prices. In recent years, a number of studies have

found evidence for the existence of risk premia in crude oil futures prices, and

many have attempted to exploit this to predict future spot prices. Hence, in

this section our motivation is to discover whether the futures price is a good

predictor of futures spot prices and also we want to verify the existence of risk

premia in crude oil futures market. As was described in chapter 4, here we

use time series CL1-CL4 as a predictor of futures prices in 1-4 months delivery

horizont 6.

5.2.1 Empirical results

Again as in chapter 5.1. we use WTC to investigate the co-movement of CL1-

CL4 and its particular spot prices at delivery time (for example when we con-

sider CL1 then we say that CL1 is a predictor of futures spot price after 21

days). From equation (3.3) we now can determine the fact, that if there is no

risk premia, then futures prices is a good predictor of expected futures spot

prices: Ft,T = Et(ST ). However, the existence of risk premia could make fu-

tures prices to be biased estimator of futures spot prices. In our case to verify

this, we plot WTC CL1-CL4 against St+21 -St+84 where 21 trading days in a

month is considered and St+n is Spot price at time t+n.

Applying this into matlab we receive following output:

6 Here we consider 21 trading day in a month
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Figure 5.4: Crude Oil- Futures vs expected spot price

Source: Author’s computation

Figures 5.4 show us an interesting results where we can see that in all 4

plots there are strong comovement mainly in higher scales (lower frequencies)

meaning that Futures prices could be a good predictor of futures spot prices

mainly in long-term period while in short-term futures prices seems to be bi-

ased predictor of futures spot prices due to existence of risk premia.Hence,

the existence of risk premia is mainly a short-term period issue. These results

could be important for future researchers because it could explain the recent

phenomena where the existence of risk premia in crude oil futures market is

somewhat mixed. For example Alquist and Kilian [2007] find an existence of

risk premia in crude oil market while. In contrast Chinn et al. [2005] find

futures prices to be unbiased predictors of future spot prices over the period

of 1999 to 2004. These results are in one with our finding because Moosa and

Al-Lougani[1994] work with a longer sample while Chinn et al. [2005] work

with a shorter sample. Because WTC may be used only as ”lens” into the

relationship which shows the dynamics through time as well as frequencies at

once, we use wavelet band spectral regression to estimate the relationship.
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5.2.2 WBLS

As was mentioned WTC may be used only as ”lens” into the relationship and

therefore in this section we estimate the relationship between Futures prices

and expected spot prices more rigorously. As was derived in chapter 3.1 when

test whether futures price is a good predictor of future spot price we can express

Expected future spot price as Et(ST ) = Ft,T . Hence, to get the information

about desired relationship we run the following regressions for different futures

horizons T

ST = αT + βTFt,T + εt,T (5.1)

where Ft,T is the futures price at t for a futures contract expiring at T, (ST )

is Spot price at time T and εt,T is an error term following Gaussian normal

errors with zero mean and finite constant variance.

In case expected futures price is an unbiased forecast of futures spot prices,

αT should not be statistically different from 0 and βT should not be statisti-

cally different from 1. In case Future price is efficient, the residuals εt,T should

be zero mean, constant and finite variance and they should be serially uncor-

related. As was shown in (5.2.1), we need the information throug the scales,

hence OLS could’t help us since it just give the informatin about β since OLS

cannot distuinguish the frequency-domain part. Therefore, we use WBLS to

estimate β throug scales and the results were acquired by using software R-

studio and package Waveslim.

Results

motivated by results from chapter (5.2.1) we now estimate β as desribed in

chapter (3.2.8) 7.

β̂WBLS(k, l) =

∑l
j=k

(
1
T

∑T
u=1 W̃x(j, s)W̃y(j, s)

)
∑l

j=k

[
1
T

∑T
u=1 W̃

2
x (j, s)

)
Using WBLS we estimate the relationship only on the part of the spectra of

7definitions of each variable and parameter are also described in chapter 3.2.8)



5. Wavelet coherence and Correlation Analysis of Co-movement 59

interest. In output tables the variables with index lower indicate that we are

interested in lower scales j={1,2,3,4} while variables with index higher indicate

that we are interested in higher scales j={5,6,7,8,9,10,11,12}. We additionally

add the variables with index middle which indicate that we are interested in

scales j={9,10}. The last index was add because from 5.2.1. we noticed that

from 512nd period to 1024nd period, the relationship is really strong for all

types of futures and thus β should be very closed to unity.Standard errors are

in parentheses.

Table 5.1: WBLS on S21 and CL1

CL1 lower CL1 middle CL1 higher
Intercept 0.000 0.000 0.000

(0.006) (0.008) (0.004)
β (0.069) (0.994) (0.988)

(0.005) (0.001) (0.001)

Table 5.2: WBLS on S42 and CL2

CL2 lower CL2 middle CL2 higher
Intercept 0.000 0.000 0.000

(0.006) (0.008) (0.004)
β 0.081 0.962 0.972

(0.005) (0.002) (0.001)

Table 5.3: WBLS on S63 and CL3

CL3 lower CL3 middle CL3 higher
Intercept 0.000 0.000 0.000

(0.006) (0.008) (0.004)
β 0.086 0.918 0.952

(0.005) (0.003) (0.001)
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Table 5.4: WBLS on S84 and CL4

CL4 lower CL4 middle CL4 higher
intercept 0.000 0.000 0.000

(0.006) (0.008) (0.004)
β 0.140 0.866 0.930

(0.005) (0.004) (0.002)

We can see from Table 5.1-5.4 that in lower scales all βs are noticeable far-

away from unity with value lower than 1, which implies that futures prices are

biased estimator of future spot prices. This fact - as was described in chapter

3 - could be caused due to existence of risk premia and as we can see in figure

5.4 it holds until the 32nd period for CL1-CL3 and 128nd period for CL4.As

opposed, in higher scales β is strongly closed to unity which indicates the fact

that futures price is a good predictor of future spot price. These results hold

-as can be also observed in figure 5.4 - in the 32band period and higher for CL1-

CL3 case and 128nd period and higher for CL4 case. Hence, we claime that

futures prices could be good estimator only for long-term period while in short-

term period it is a biased estimator of future spot prices. These findings show

that if we use standard time-domain approaches then risk premia is detected

only in shorter sample while in longer sample we don’t have to find any evi-

dence of risk premia.Since it seems that sometimes the evidence of risk premia

can be detected only conditionally on the length of sample, these findigs also

explain why in the recent papers the evidence of risk premia is somehow mixed.

Additionally, an attentive reader could also catch the fact that with increasing

futures contract maturity T the β is decreasing in higher scales while in lower

scales the β is increasing.Thus, in higher scales this result show that with in-

creasing maturity the futures price is less suitable as an estimator of future

spot prices because the role of risk premia is increasing.These findings warn

the future researches in this field to be aware also about maturity of futures

coctract data they are working with. In our cases we are working

5.2.3 SUmmarry

The second part of chapter 5 shows that - in the case of WTI crude oil - the

futures prices could be good estimator of future spot prices only for long-term

period, while in a short-term period we don’t recommend to use futures prices

as an estimator since the estimation of futures spot prices will be biased due
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to existence of risk premia. Hence, we’ve verified that if future prices don’t

contain a risk premium, then future prices will be a good estimator of future

spot prices. And also from tables 5.1-5.4 we can see that if future prices contain

a risk premium, then Futures prices will be biased expectation of future spot

prices. From figure 5.4. we also can observe that Co-movement of Future prices

(with maturity T) and its corresponded spot price at time T is mainly at lower

frequencies (Long-term period). And in the end of this chapter - in higher

scales this - the result show that with increasing maturity, the futures price is

less suitable as an estimator of future spot price.



Chapter 6

Conclusion

The main aim of this thesis is to investigate the relationship between daily

spot and futures prices for maturities of one, two, three and four months of

West Texas Intermediate (WTI) crude oil. The data cover period January

1987-April 2015. In the center of our attention was analyzing changes of co-

movement across the scales between futures and spot prices where - based on

economic theory - we expected a strong comovement in all scales (all time pe-

riods). To analyze this, we employed the wavelet transformation, which is able

to decompose time series into different scales and then the co-movement can

be estimated across each scale separately. Main advantage of this approach is

that we are able to distinguish between short and long time periods, where we

get information about development of comovement on scales while not losing

information about the development in time. Hence, the results can be com-

pared through time and also across scales. To compare our findings with a

similar market we also introduce the gasoline futures market and expect close

relationship to Crude oil futures market since Gasoline is made from Crude Oil.

This thesis brings four main findings as a contribution to the current stream

of literature dedicated to the topic. Firstly, we show that relationship between

Futures price and current Spot price is significantly strong for all time-periods

and so this testifies economic theory but we should be very aware of the fact

with what commodity we are dealing with. Because in the case of Gasoline, the

relationship is only in long-term period while in short-term period there is a

weak or no relationship and hence for short-term period this goes against eco-

nomic theory. Especially the second finding from Gasoline market fully exploit

the ability of wavelet transformation as it shows that comovement significantly
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differed across scales (frequencies). We show that coherence is lower in lower

scales (2-32 days) while in higher scales the coherence is significantly strong.

In this field, this could be a warning for future researchers, who will work

with different commodity futures market. These results were acquired by using

wavelet coherence but due to property of WTC (it can be used only as ”lens”

into the relationship) we also verified these finding with more rigorously way

using Wavelet MODWT Correlation which is able to compute the correlation

quantitatively across the scales.

Chapter 2 describes how risk premia can significantly affect future prices and

also it points up at a number of studies that found evidence for the existence of

risk premia in crude oil futures prices. Hence, many researchers have attempted

to exploit this to predict future spot prices.

Moreover, Keynes [1930] claimed that if the futures price contains a risk

premium, then it will be biased expectation of future spot prices. Hence, this

thesis also analyzes ex-post futures premiums with using wavelet coherence and

as the third finding, we show that the relationship between forward prices and

expected spot price are mainly in higher scales while in lower scales there is

almost no relationship. Moreover as a fourth finding - in the case of WTI crude

oil - we find that futures prices could be a good estimator of future spot prices

only for long-term while in a short-term period we don’t recommend to use

futures prices as an estimator since the estimation of futures spot prices will be

biased due to existence of risk premia. The last finding might be important for

future researchers since it suggest an explanation to recent phenomena where

- based on recent studies - the existence of risk premia in crude oil futures

market is somewhat mixed. Again, because wavelet coherence is only a ”lens”

into relationship, we then successfully verified results when use a relatively new

and more rigorously method - Wavelet band spectral regression (WBLS) - to

compute risk premium on significant scales. Therefore in this thesis, we also

study the long-run unbiasedness of Futures prices as a predictor of future Spot

prices. While this relationship has been studied previously in the literature,

this thesis additionally contributes to the findings in following way. We use a

new spectral techniques proposed by Barunik & Barunikova [2012] to estimate

unbiasedness based on wavelets coefficients. Main advantage in comparison to

common spectral regression techniques based on the Fourier coefficients is that

wavelets allow us to work with locally stationary series.
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The author does not, however, necessarily claim that all the conclusions are

correct. The main contribution of the thesis is perceived to be mainly in in-

vestigating the hitherto relatively unexplored wavelet analysis of relationship

between Spot and futures prices of crude oil market which still abounds with

opportunities for economic research. The author believes, that the findings

from this thesis, even if found to be invalid, could contribute to improving our

understanding of Futures-Spot prices crude oil market.
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Appendix A

Wavelet Variances and Covariances

Wavelet Variance

For real valued covariance-stationary stochastic process xt, t = 1, 2, ..., T with

zero, or covariance-stationary process after d − th backward differences (We

use Daubechies filter with L = 4), Percival and Walden [2000] showed that

the sequence of the MODWT wavelet coefficients W̃x(j, s), for all j, s > 0, is

a stationary process with zero mean. Variance of the wavelet coefficients at a

scale j is just a wavelet variance

ν2
x(j) = var

(
W̃x(j, s)

)
(A.1)

When the variance of a covariance stationary process xt is equal to the

integral of the spectral density function Sx(.), then for the wavelet variance

at a particular level j, the variance of a wavelet coefficients W̃x(j, s) has the

spectral density function S(x)j(.):

ν2
x(j) =

∫ 1
2

− 1
2

S(x)j(f)df =

∫ 1
2

− 1
2

H̃j(f)Sx(f)df, (A.2)

where H̃j(f) denotes the squared gain function of a wavelet filter H̃j, (Barunik

& Barunikova [2012]).The variance of a process xt is just a sum of the contri-

bution of variances at all possible scales, for J →∞ we can therefore write:

var(xt) =
∞∑
j=1

ν2
x(j) (A.3)
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And for a finite number of scales we can determine:

var(xt) =

∫ 1
2

− 1
2

Sx(f)df =
J∑
j=1

ν2
x(j) + var

(
ṼX(J, s)

)
(A.4)

j = 1, 2, ..., J

At last, the estimator of a wavelet variance at the j− th scale is defined as:

ν̂2
x(j) =

1

Mj

T−1∑
s=Lj−1

W̃x(j, s) (A.5)

where Mj = T − Lj + 1 > 0 is number of j − th level MODWT coeffi-

cients unaffected by a boundary conditions. If we take all MODWT wavelet

coefficients T, then we obtain the biased MODWT variance estimator. How-

ever, as T → ∞ then the ratio T
Mj

goes to 1, so consequently the estimators

Approximately suggest the same results (Barunik & Barunikova [2012]).

Wavelet Covariance

Let xt and yt be covariance stationary processes with the square integrable

spectral density functions Sx(.), Sy(.) and cross spectra Sxy(.). Because we

use the Daubechies wavelet L = 4, we can use generally non-stationary process

and the wavelet covariance of xt and yt at level j is defined as:

γxy = Cov
(
W̃x(j, s), W̃y(j, s)

)
(A.6)

For a particular level of decomposition J ≤ log2(T ), the covariance of xt

and yt is a sum of covariances of the MODWT wavelet coefficients γxy(j) at all

scales j = 1, 2, ..., J and covariance of the scaling coefficients Ṽx(J, s) a scale J :

Cov(xt, yt) = Cov
(
Ṽx(J, s), Ṽy(J, s)

)
+

J∑
j=1

γxy(j) (A.7)

If J →∞, then the covariance of scaling coefficients
(
Ṽx(j, s), Ṽy(j, s)

)
goes

to zero (Whitcher et al. [1999]), hence we can rewrite equation A.7 as:
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Cov(xt, yt) =
∞∑
j=1

γxy(j) (A.8)

For processes xT and yt defined above, the estimator of a wavelet covariance

at a level j is defined as

γ̂xy(j) =
1

Mj

N−1∑
t=Lj−1

W̃x(j, s)W̃y(j, s) (A.9)

where Mj = T − Lj + 1 > 0 is number of j − th level MODWT coefficients

for both processes that are unaffected by boundary conditions. Whitcher et al.

[1999] showed that for the Gaussian processes xt and yt, the MODWT estimator

of wavelet covariance is unbiased and asymptotically normally distributed.
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Additional Results

In gasoline analysis, this thesis used daily data of one,two, three and four

months prices of RBOB (Regular gasoline) gasoline . The data cover period

October 2005 - April 2015. Here futures prices for maturities of one, two, three

and four months are dnoted as G1,G2,G3,G4.

Gasoline data - Descriptive statistics

Table B.1: Gasoline Data - Descriptive statistics

SP G1 G2 G3 G4
nbr.val 2335.00 2335.00 2335.00 2335.00 2335.00

min 0.83 0.79 0.83 0.88 1.02
max 4.18 3.57 3.59 3.52 3.50

range 3.35 2.78 2.75 2.65 2.48
median 2.51 2.37 2.36 2.37 2.40

mean 2.48 2.36 2.36 2.35 2.35
SE.mean 0.01 0.01 0.01 0.01 0.01

CI.mean.0.95 0.02 0.02 0.02 0.02 0.02
var 0.32 0.33 0.31 0.28 0.26

std.dev 0.56 0.57 0.55 0.53 0.51
coef.var 0.23 0.24 0.24 0.23 0.22
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Gasoline data - Pearson’s correlation

Table B.2: Gasoline Data - Pearson’s Correlation

SP G1 G2 G3 G4
SP 1.000 0.968 0.965 0.954 0.936
G1 0.968 1.000 0.993 0.983 0.970
G2 0.965 0.993 1.000 0.994 0.983
G3 0.954 0.983 0.994 1.000 0.993
G4 0.936 0.970 0.983 0.993 1.000



Appendix C

Content of zipfile in SIS

There is a zipfile to this thesis which contains empirical data and source codes

(MatLab,R).

• Folder 1: Source codes

• Folder 2: Empirical data
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