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Introduction

In the prisoner’s dilemma two players choose to either cooperate (C) or defect
(D). The payoff they get is given by matrix

Here R is the reward for mutual cooperation, T is the temptation to defect,
S is the sucker’s payoff and P is the punishment for mutual defection. The payoff
values satisfy T > R > P > S. This immediately means that a player always
gains a higher payoff if he defects than if he cooperates, even though mutual
cooperation results in a higher payoff for both players than mutual defection.

One of the most studied questions regarding the prisoner’s dilemma is how
to achieve more cooperation. One possible approach is playing the repeated
version of the game. Here the players play the game for several rounds and their
goal is to maximize the average payoff. In this setup the strategies that are
able to cooperate against each other but punish non-cooperators with defection
can do better than unconditional defectors. This was first shown in the famous
tournament by Axelrod [1984]. In this tournament, several scientists sent their
strategy and these strategies played each other in a round-robin tournament.
The winner was the very simple strategy Tit For Tat (TFT) that cooperates in
the first round and then does whatever the opponent did in the previous round.
Thus it cooperates with cooperative strategies but not with defective strategies.
Later, more results describing cooperation in repeated prisoner’s dilemma were
described, for example in Nowak and Sigmund [1993], Akin [2012], Hilbe et al.
[2015] and by many others.

In this work we consider a repeated prisoner’s dilemma played for an infinite
number of rounds. We achieve higher cooperation by altering the environment.
Specifically, we consider a stochastic game with several states such that a different
prisoner’s dilemma is played in each of the states and together this game results
in more cooperation than any of the games separately.

Notice that there is no single rule to decide what strategies are optimal and
how much cooperation is expected from rational players in the game. Instead, the
folk theorem of repeated games implies that there are infinitely many different
equilibria (informally, an equilibrium is a situation in which no player has an
incentive to deviate from his strategy) in repeated games. From the outset it
is not clear on which equilibrium the players would coordinate. One approach
is to consider a tournament, such as the one conceived by Axelrod, where we
consider several candidate strategies, let them play against each other and choose
the strategy with the largest average payoff per game. Another possibility is to
use natural selection on some evolving population of strategies and study what
strategies survive the longest, what is the average amount of cooperation etc.
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Here we use the latter method, as it gives better insights into the strategies that
are favored by evolutionary forces.
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1. Definitions and Basic Facts

1.1 Game Theory

Definition 1 (Normal form game). A normal form game of n players is a game,
where player i has a set of actions Ai that are also called pure strategies. This set
may be finite or infinite. The product A = A1 × · · · × An is the set of all action
profiles and the payoff of player i is given by utility function ui : A→ R.

For two player symmetric games with finite number of actions A1 = A2 the
payoff can be represented by matrix

M =


m11 m12 · · · m1k

m21 m22 · · · m2k
...

...
. . .

...
mk1 mk2 · · · mkk

 .

If the first player plays action i and the second player plays action j then their
payoffs are mij and mji respectively.

Hence prisoner’s dilemma is a normal form game with action set A = {C,D}
and payoff matrix

M =

(
R S
T P

)
,

where R, S, T, P ∈ R and T > R > P > S.

Definition 2. For a ∈ A we denote by ai the action of player i, by a−i the actions
taken by the rest of the players and by A−i all possible actions of other players,
i.e.

A−i = A1 × · · · × Ai−1 × Ai+1 × · · · × An.

Definition 3 (Dominating strategies). For strategies X, Y of player i we say
that strategy X dominates strategy Y if this player will have larger payoff playing
strategy X than playing strategy Y , no matter what the other players do.

Specifically, for normal form games, pure strategy ai ∈ Ai of player i domi-
nates pure strategy a′i ∈ Ai if

ui(ai, a−i) ≥ ui(a
′
i, a−i) ∀a−i ∈ A−i,

where at least one of the inequalities is strict.
The dominance is strict if all the inequalities above are strict.
Strategy is (strictly) dominant if it (strictly) dominates all of the other player’s

strategies. Strategy is (strictly) dominated if at least one other player’s strategy
(strictly) dominates it.

If we apply this to the prisoner’s dilemma we see that to defect is strictly
dominant strategy for both players and therefore they do not have any incentive
to cooperate in the one-shot game.
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Definition 4 (Nash equilibrium). A strategy profile a ∈ A is a Nash equilibrium
if for each player i

ui(a
′
i, a−i) ≤ ui(a) ∀a′i ∈ Ai.

If the inequality holds strictly for all the players and all their alternative strate-
gies, the equilibrium is called strict Nash equilibrium. Otherwise it is called weak
Nash equilibrium.

In the one-shot prisoner’s dilemma the mutual defection is the only Nash
equilibrium. The same is not true for the repeated version of the game.

Definition 5 (Repeated game). Repeated game is a game played by the same
players for some number of rounds, possibly infinite. If a0, a1, . . . are the action
profiles as played in the respective rounds then the payoff of player i if the game
was played for k rounds is:

πi =
1

k

k−1∑
j=0

ui(a
j).

If the game was played for infinite number of rounds then we define the payoff
as

πi = lim
k→∞

1

k

k−1∑
j=0

ui(a
j),

if the limit exists.

When we consider a repeated game instead of a one-shot game, the strat-
egy space changes and new strategies may achieve higher payoffs in equilibria
than was possible in the one-shot game. For example in the repeated prisoner’s
dilemma, the strategies that cooperate and only defect after their opponent de-
fects might do better because if they meet similar strategies they can establish
mutual cooperation which leads to higher payoffs than mutual defection.

Such result was first shown by Axelrod [1984]. In his two tournaments the
winner strategy was Tit For Tat (TFT). It is a very simple strategy that coop-
erates in the first round and then does whatever the other strategy did in the
previous round.

Another strategy that justifies this argument is Win Stay Lose Shift (WSLS,
sometimes also referred as Pavlov). This strategy repeats its previous move after
receiving a payoff T or R and switches to the other action after receiving payoff
P or S. If the prisoner’s dilemma satisfies one additional condition 2R > T + P ,
then WSLS is a Nash equilibrium, i.e. no other pure strategy can have higher
payoff against it as WSLS itself. This was shown for example by Akin [2012] and
Hilbe et al. [2015]. The importance of WSLS was also discussed in Nowak and
Sigmund [1993] and Nowak [2006]. They show that WSLS has often a majority in
the population in a simulation of an evolutionary process. One of its advantages
(over for example TFT) is that it can correct occasional errors, i.e. if one of the
players defects due to an error, mutual cooperation is restored after one round
of mutual defection. Another advantage of this strategy is that it can exploit
unconditional cooperators (in the presence of errors) which makes it harder for
such strategies to replace WSLS by a random draft.
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There are infinitely many strategies that look on the history of the whole
game but we usually study only some limited set of strategies. But first, let us
introduce the concept of behavioral strategies.

Definition 6 (Behavioral strategies). Behavioral strategy is defined by a proba-
bility distribution over the available actions in every possible state of the game.
The player, whenever it is his turn, picks one of the actions according to the
distribution corresponding to the current state of the game and plays it.

In the case of repeated prisoner’s dilemma a pure strategy is a mapping that
assigns either C or D to every possible history of the game (i.e. what the players
played in every of the previous rounds). A behavioral strategy assigns to every
history of the game the probability to cooperate (and so pure strategies are special
case of behavioral strategies where all these probabilities are zeros and ones).

In this work we will focus on memory one strategies. It is useful to restrict
to some subset of the strategies that can be managed. Especially because we
are running simulations – too large space of strategies would require much more
computational resources to explore the space satisfactorily. Memory one strate-
gies are both computationally simple and still sufficiently rich to represent many
important behaviors that have been observed in repeated interactions.

Definition 7 (Memory one strategies). A memory one strategy assigns the same
probability to cooperate to two histories if they have identical last round.

This means that memory one strategies can decide how to move only according
to the last round of the game. So for repeated prisoner’s dilemma a memory
one strategy can be described by just five numbers in [0, 1] – the probability to
cooperate in the first round and then the probabilities to cooperate depending on
the outcome of previous round (whether the first and second player cooperated
or defected).

To evaluate expected payoffs of two players in an infinite repeated game we can
describe the game as follows. We will have one state for every possible outcome
of one round. So in the case of the prisoner’s dilemma we will have 4 states
CC,CD,DC,DD. Given the players’ actions in the previous round and their
memory one strategies we can compute the probabilities for the four possible
outcomes in the next round. So we can draw an oriented edge from state A to
state B together with the probability that the outcome of the next round will
be B assuming it was A in the last round. The game between the two players
is described by a sequence of these states and we get the sequence as follows.
We start in one of the states according to a distribution given by the players
first moves and then in every round move by one of the edges starting in the
current state. Now we ask in what states we will be how often and because we
can easily compute the payoffs for one round in those states we can also compute
the expected payoffs for the whole game.

The process described above is known as Markov chain.

1.2 Markov Chains

In this section, we will provide a brief review of the theory of Markov chains.
This theory will later prove useful to calculate the players’ payoffs in a repeated
game.
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Definition 8 (Markov chain). Let Θ be a finite set of possible states. A Markov
chain is a sequence of random variables X0, X1, X2, . . . with values in Θ that
satisfy that the probability of moving to next state depends only on the present
state and not on the previous states

Pr(Xn+1 = x | X0 = x0, X1 = x1, . . . , Xn = xn) = Pr(Xn+1 = x | Xn = xn),

if both conditional probabilities are well defined, i.e. if

Pr(X0 = x0, . . . , Xn = xn) > 0.

Time-homogenous Markov chain is a Markov chain that satisfies

Pr(Xn+1 = x | Xn = y) = Pr(Xn = x | Xn−1 = y)

for all n.

From now on, by Markov chain we will always mean Time-homogenous Mar-
kov chain. Also, without loss of generality, we will assume Θ = {1, 2, . . . ,m}.

Definition 9 (Characteristics of Markov chains).

• The probability of going from state i to state j in n ∈ N0 steps is

p
(n)
ij = Pr(Xk+n = j | Xk = i).

Single step transition is pij = p
(1)
ij = Pr(Xk+1 = j | Xk = i).

• A state j is said to be accessible from state i (written i→ j) if there exists

n ≥ 0 such that p
(n)
ij > 0.

• States i and j communicate (i↔ j) if i→ j and j → i.

• A set of states O is called a communicating class if every pair of states in
O communicate with each other.

• Communicating class O is closed if for every i ∈ O and j 6∈ O, j is not
accessible from i.

• A state is called aperiodic if there exists n such that for every n′ ≥ n

p
(n′)
ii > 0.

• A Markov chain is ergodic if there exists s > 0 such that p
(s)
ij > 0 for every

i, j ∈ Θ.

Theorem 1. If a state i in a communicating class O is aperiodic then every state
in class O is aperiodic.
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Proof. Lets take j ∈ O and we will prove it is aperiodic. From the definition of
aperiodic state there exists n such that for every n′ ≥ n it holds

Pr(Xn′ = i | X0 = i) > 0.

Also because i↔ j we know that there exists m1 such that p
(m1)
ij > 0 and m2

such that p
(m2)
ji > 0. This means that for every n′ ≥ n+m1 +m2 we have

Pr(Xn′ = j | X0 = j) ≥ p
(m2)
ji · Pr(Xn′−m1 = i | Xm2 = i) · p(m1)

ij

= p
(m2)
ji · Pr(Xn′−m1−m2 = i | X0 = i) · p(m1)

ij > 0.

Definition 10 (Transition Matrix). Markov chain with states in Θ = {1, . . . ,m}
can be described by a transition matrix P of size m×m where

pij = Pr(Xn+1 = j | Xn = i).

The transition matrix is a right stochastic matrix, i.e. a real square matrix
with every row summing to one.

Theorem 2. If P is a transition matrix of a Markov chain then

p
(n)
ij = (P n)ij,

for every i, j ∈ Θ and n ∈ N0.

Proof. We will prove that by induction. For n = 0, 1 this is clearly true. Now
n > 1. Then

p
(n)
ij =

∑
k∈Θ

p
(n−1)
ik pkj =

∑
k∈Θ

(P n−1)ikPkj = (P n−1 · P )ij = (P n)ij.

We are interested in how often we visit every state and that is described by
the stationary distribution of the Markov chain.

Definition 11 (Probability and stationary distribution). A vector v ∈ Rm is
called a probability distribution if

0 ≤ vi ≤ 1 ∀i ∈ {1, . . . ,m},
m∑
i=1

vi = 1.

We will denote the set of all such vectors Rm
1 .

Let P be a transition matrix of a Markov chain. Then v is a stationary
distribution if it is a probability distribution with the extra property

v = v · P.

We will work with a more specific class of Markov chains that ensures us
certain extra needed properties.

8



Definition 12 (Simple Markov chain). We will call a Markov chain simple if it
has a single closed communicating class and at least one state in this class that
is aperiodic.

First we will notice that this class of Markov chains is a generalization of
ergodic Markov chains.

Theorem 3. An ergodic Markov chain is simple.

Proof. Because any two states in Θ communicate the only communicating class
that is closed is the whole Θ.

Now let s > 0 be such that p
(s)
ij > 0 for every i, j ∈ Θ. Then for every n ≥ s

there surely exists state i such that p
(n−s)
0i > 0. Because also p

(s)
i0 > 0, we have

p
(n)
00 ≥ p

(n−s)
0i · p(s)

i0 > 0,

which means that state 0 is aperiodic and so the Markov chain is simple.

Now we will provide the most important theorem of this section. The last
part of the proof is based on the proof in Koralov and Sinai [2007] where the
same result is shown for ergodic Markov chains.

Theorem 4. A simple Markov chain has a unique stationary distribution v.
Moreover, if O is its only closed communicating class, this distribution satisfies
vi = 0 for every i 6∈ O. Also, for every two states i, j we have

lim
n→∞

p
(n)
ij = vj.

Proof. Let P denote the transition matrix of the Markov chain. Also let PO be the
submatrix that contains the transitions in the communicating class O. Without
loss of generality we can assume that P can be written as a block matrix

P =

(
L R
0 PO

)
.

First we prove that a stationary distribution exists. Let m = |Θ|. Note that
the set Rm

1 is compact and convex. The function f : Rm
1 → Rm

1 defined by
f(v) = v · P is continuous. Therefore, by Brouwer fixed-point theorem there
exists v ∈ Rm

1 such that f(v) = v, or in this case v = v · P . So v is a stationary
distribution.

Now we will prove vi = 0 for every i 6∈ O. Denote Ō = Θ \O and

D = {i ∈ Ō | vi > 0}.
Suppose for contradiction that D is nonempty. Then∑

i∈D

vi =
∑
i∈D

(v · P )i =
∑
i∈D

∑
k∈Θ

vk · Pki

=
∑
i∈D

∑
k∈D

vk · Pki +
∑

k∈Ō\D

vk · Pki +
∑
k∈O

vk · Pki


=

∑
i∈D

∑
k∈D

vk · Pki +
∑

k∈Ō\D

0 · Pki +
∑
k∈O

vk · 0


=

∑
i∈D

∑
k∈D

vk · Pki =
∑
k∈D

vk ·
∑
i∈D

Pki <
∑
k∈D

vk,
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where the last inequality is sharp because otherwise D would be a closed com-
municating class (or union of several closed communicating classes). This is the
contradiction and so D is empty, i.e. vi = 0 for every i ∈ Ō.

To prove the uniqueness, consider two stationary distributions v,v′. We take

t ∈
{

vi + v′i
2(vi − v′i)

∣∣ i ∈ O ∧ vi 6= v′i

}
as the smallest number in absolute value from the set and suppose it was achieved
for i ∈ O. Now set

w =
v + v′

2
+ t · (v′ − v).

Then wi =
vi+v

′
i

2
+

vi+v
′
i

2(vi−v′i)
· (v′i − vi) = 0. And for i 6= j ∈ O we have either

0 ≤ vj = v′j = wj or

wj =
vj + v′j

2
+t·(v′j−vj) ≥

vj + v′j
2
−|t|·|v′j−vj| ≥

vj + v′j
2
−

vj + v′j
2|v′j − vj|

·|v′j−vj| = 0.

But wj > 0 for some j ∈ O because the values sum up to 1. From i, j ∈ O we
get j → i which means there exist j = k1, k2, . . . , kl = i such that pkxkx+1 > 0 for
every x ∈ {1, 2, . . . , l − 1}. Because wk1 > 0 and wkl = 0 we can choose x such
that wkx > 0 and wkx+1 = 0. Then we have

0 = wkx+1 =

(
v + v′

2
+ t · (v′ − v)

)
kx+1

=

(
v · P + v′ · P

2
+ t · (v′ · P − v · P )

)
kx+1

=

((
v + v′

2
+ t · (v′ − v)

)
· P
)
kx+1

= (w · P )kx+1

=
∑
o∈Θ

wo · pokx+1 ≥ wkx · pkxkx+1 > 0.

Now we will prove the last part of the theorem.
Because at least one state in O is aperiodic, by Theorem 1 all the states in

O are aperiodic. This means that for sufficiently large n0 we have p
(n)
ii > 0 for

every i ∈ O and n ≥ n0. Also, for every i ∈ Θ, j ∈ O we have nij such that

p
(nij)
ij > 0 (from state i some state in the only closed communicating class must

be accessible and from it j is accessible). If we take s = n0 + maxi∈Θ,j∈O nij then

for every i ∈ Θ, j ∈ O we have p
(s)
ij ≥ p

(nij)
ij · p(s−nij)

jj > 0.
This means that when we take Q = P s by Theorem 2 it will hold qij > 0 for

every i ∈ Θ, j ∈ O.
We define a function d : Rm

1 → R as d(u) = 1
2

∑
i∈Θ |ui − vi| where v is the

unique stationary distribution. First note that d(u) ≤ 1 for every u ∈ Rm
1 .

If
∑+ denotes the sum over those indices for which the term is positive, then:

0 =
∑
i∈Θ

ui −
∑
i∈Θ

vi =
∑
i∈Θ

(ui − vi) =
+∑
i∈Θ

(ui − vi)−
+∑
i∈Θ

(vi − ui),
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so

d(u) =
1

2

∑
i∈Θ

|ui − vi| =
1

2

+∑
i∈Θ

(ui − vi) +
1

2

+∑
i∈Θ

(vi − ui) =
+∑
i∈Θ

(ui − vi).

We will now prove that d(u ·Q) ≤ (1− α)d(u) where

α = min
i∈Θ,j∈O

qij > 0.

Let J be the set of indices for which (u ·Q)j − (v ·Q)j > 0. Then

d(u ·Q) =
+∑
j∈Θ

(u ·Q)j − (v ·Q)j =
∑
j∈J

(u ·Q− v ·Q)j =
∑
j∈J

∑
i∈Θ

(ui − vi)qij

≤
+∑
i∈Θ

(ui − vi)
∑
j∈J

qij ≤
+∑
i∈Θ

(ui − vi)(1− α) = (1− α)d(u).

The last inequality follows from the fact that
∑

i∈Θ ui = 1 =
∑

i∈Θ vi and
vi = 0 for all i 6∈ O so at least one i ∈ O is not in J .

Now we are almost done. Let r0 be arbitrary probability distribution and
rn = r0 · P n. For any ε > 0 choose m such that (1 − α)m < ε and n0 = m · s.
Then for any n ≥ n0 we have

d(rn) = d(r0 · P n) ≤ (1− α)d(r0 · P n−s) ≤ · · · ≤ (1− α)md(r0 · P n−m·s)

≤ (1− α)m < ε.

This proves that limn→∞ rn = v for any r0 ∈ Rm
1 . If we take r0 as zero vector

with 1 at i ∈ Θ then (rn)j = (r0 · P n)j = p
(n)
ij and that concludes our prove.

This means that for such Markov chains the probabilities with which the indi-
vidual states are visited in the limit do not depend on the initial distribution. So
in the case when such Markov chain represents the process of playing a repeated
game, it does not matter what the players play in the first round.

But we are not exactly interested in the limit above but rather in the expected
frequency with which we visit the corresponding states.

Definition 13. Write occj(n) for the expected number of visits of state j after
the first n rounds.

Then we are interested in the value limn→∞
occj(n)

n
.

Theorem 5. Suppose we have a simple Markov chain and let its unique stationary
distribution be v. Then

lim
n→∞

occj(n)

n
= vj.

Proof. By Theorem 4 we know that v really exists and that for every i, j we have
limn→∞ p

(n)
ij = vj.

We will now prove that for every i, j we have also limn→∞
1
n

∑n−1
k=0 p

(k)
ij = vj.

Let ε > 0. Then for every i, j there exists nij such that for every n ≥ nij we

have |p(n)
ij − vj| < ε

3
. Now lets take n′j = maxi∈Θ nij and nj >

3n′
j

ε
.
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This means
n′
j

nj
< 1

3
ε. Now for every n ≥ nj with the use of triangle inequality

and the fact that p
(k)
ij ≤ 1 for every i, j, k we have∣∣∣∣∣

(
n−1∑
k=0

1

n
p

(k)
ij

)
− vj

∣∣∣∣∣ ≤
∣∣∣∣∣∣
n′
j−1∑
k=0

1

n
p

(k)
ij

∣∣∣∣∣∣+

∣∣∣∣∣∣−
n−1∑
k=n′

j

(
1

n− n′j
− 1

n

)
p

(k)
ij

∣∣∣∣∣∣+

+

∣∣∣∣∣∣
 n−1∑
k=n′

j

1

n− n′j
p

(k)
ij

− vj
∣∣∣∣∣∣

≤
n′j
n

+

(
n− n′j
n− n′j

−
n− n′j
n

)
+

n−1∑
k=n′

j

1

n− n′j
|p(k)
ij − vj|

<
ε

3
+
ε

3
+
n− n′j
n− n′j

· ε
3

= ε.

This proves that for every i, j we have limn→∞
1
n

∑n−1
k=0 p

(k)
ij = vj.

Let w be the initial distribution, i.e. wi = Pr(X0 = i). Then clearly

occj(n) =
n−1∑
k=0

∑
i∈Θ

wi · p(k)
ij =

∑
i∈Θ

wi ·
n−1∑
k=0

p
(k)
ij .

And so we can conclude the proof

lim
n→∞

occj(n)

n
= lim

n→∞

1

n

∑
i∈Θ

wi ·
n−1∑
k=0

p
(k)
ij =

∑
i∈Θ

wi · lim
n→∞

1

n

n−1∑
k=0

p
(k)
ij =

∑
i∈Θ

wi · vj = vj.

Corollary. If we have a repeated game and two memory one strategies and if the
Markov chain they represent (with states being all the possible action profiles) is
simple, then from its stationary distribution v, and the utility function ui for the
player i, we can compute their payoff in the repeated game as∑

j∈Θ

vj · ui(a(j)),

where a(j) is the action profile corresponding to the state j ∈ Θ.

Theorem 6 (Computation of stationary distribution). A stationary distribution
v is a left eigenvector corresponding to eigenvalue 1 of transition matrix P . Also

lim
n→∞

P n =

 v
...
v

 .

Proof. The first part follows straight from the definition of stationary distribution.
The second part follows from Theorem 2 and Theorem 4.

This gives us two methods how to compute the stationary distribution. First
is to look on all the left eigenvectors of the transition matrix corresponding to
eigenvalue 1 and choose the one that has all of the values non-negative. Second
is to compute large enough power of the transition matrix.
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2. Stochastic Games

Stochastic games are generalization of normal form repeated games. Here players
can be in different states and the payoffs and their strategies depend on these
states.

Definition 14 (Stochastic two player symmetric game). Stochastic two player
symmetric game is a tuple (Ax,Σ, σ0, R, u).

First, Ax is the single set of actions Ax = A1 = A2 = {a0, . . . , ak−1}. Then
there is a finite set of states Σ = {σ0, . . . , σn−1}, also called automaton states,
where σ0 ∈ Σ is the initial state. The set Θ = Σ × A (where A = A1 × A2) is
the complete set of states and R : Θ→ Rn

1 is the transition function. For a ∈ A,
let â be the action profile we get by swapping the actions players have taken in a.
Then R(σ, a) = R(σ, â) for every σ ∈ Σ, a ∈ A. The utility function u : Θ → R
gives the payoff of the first player. Specifically u(σ, a) is the payoff of the first
player if the action profile a ∈ A was played in the state σ ∈ Σ. The payoff of
the second player is then u(σ, â).

In the first round σ(0) = σ0. In round i ≥ 0, first a(i) is chosen based on
the players’ strategies and then σ(i+1) ∈ Σ is chosen according to the distribution
R(σ(i), a(i)).

The payoffs πi of the first, respectively second player for the infinitely repeated
game are:

π1 = lim
k→∞

E

[
1

k

k−1∑
j=0

u(σ(j), a(j))

]
,

π2 = lim
k→∞

E

[
1

k

k−1∑
j=0

u(σ(j), â(j))

]
.

Remark. From now on, by stochastic game we will mean stochastic two player
symmetric game.

The structure of the stochastic game can be represented by a payoff matrix
for each state and by an automaton. This automaton represents the function R
from above. It is defined by a matrix with one row for each complete state in Θ
and one column for each automaton state in Σ.

Definition 15 (Automaton for stochastic game). Let (Ax,Σ, σ0, R, u) be a sto-
chastic game, where |Ax| = k and |Σ| = n. Also suppose some order of the
automaton states σ0, . . . , σn−1 and of the complete set of states θ0, . . . , θnk2−1.
Then the automaton is defined by automaton transition matrix of dimensions
nk2 × n where the value in row i and column j has value R(θi−1, σj−1).

Remark. First note that this automaton transition matrix can be any matrix with
correct dimensions, non-negative values and each row summing up to 1.

The order of sets Σ and Ax in further text should be clear from the context.
For prisoner’s dilemma we will use the order of Ax as C,D.

Now lets say that the order of Σ is σ0, . . . , σn−1 and of A is a0, . . . , ak−1. Then
we will use this lexicographic ordering of Θ:

(σ0, a0, a0), . . . , (σ0, a0, ak−1), (σ0, a1, a0), . . . , (σ0, a1, ak−1), . . . , (σ0, ak−1, ak−1),

13



Figure 2.1: Example of an automaton with deterministic transitions. The tran-
sitions show what action profiles lead to moving to the other state, while the
remaining action profiles cause the players to stay in the same automaton state.
Next to each state we see the payoff matrices for the first player given the actions
that the first (row) and the second (column) players play.

(σ1, a0, a0), . . . , (σ1, ak−1, ak−1),

...

(σn−1, a0, a0), . . . , (σn−1, ak−1, ak−1).

Also note that when we display the automaton transition matrix later in the
text, we will display its transpose, for space reasons.

Example. For an example of stochastic game, let us consider a two state stochastic
game with two actions C,D (cooperation and defection). In the first state the
payoffs are 3 for mutual cooperation, 1 for mutual defection, 5 for defecting when
the other player cooperated and 0 for cooperating when the other player defected.
In the second state, the payoff is always 0 irrespective of the actions players do.

When the players are in the first state, they move to the second state if any of
the players defects (with probability 1) and otherwise stay in the first state. From
the second state they move back to the first state if any of the players cooperates
and otherwise stay in the second state. This automaton can be described by
the following automaton transition matrix (the notation 0CD is an abbreviation
for (σ0, C,D)). The automaton with the payoff matrices is also shown in the
Figure 2.1.

( 0CC 0CD 0DC 0DD 1CC 1CD 1DC 1DD

σ0 1 0 0 0 1 1 1 0
σ1 0 1 1 1 0 0 0 1

)
Now imagine we have two strategies. First one always defects in the first

state and always cooperates in the second state. The second one starts with
cooperation and then cooperates if and only if both players cooperated or both
players defected in the last round (so it is basically WSLS in both states). Notice
that because of the first strategy, the players change the automaton state in which
they are every round. How the whole game proceeds is displayed in the Table 2.1.

The game would then continue periodically. We see that the payoff of the first
player for the whole game is π1 = 5+0+1+0

4
= 1.5 and of the second player π2 = 1

4
.

Now we will generalize the definition of behavioral strategies to stochastic
games.

14



Round 0 1 2 3 4 · · ·
Automaton state σ0 σ1 σ0 σ1 σ0 · · ·

First player’s move D C D C D · · ·
Second player’s move C D D C C · · ·
First player’s payoff 5 0 1 0 5 · · ·

Second player’s payoff 0 0 1 0 0 · · ·

Table 2.1: First five moves played on the automaton in Figure 2.1. First player
always defects in the state σ0 and always cooperates in the state σ1. Second player
cooperates in the first round and then iff both players took the same action in
the last round.

Definition 16 (Behavioral strategies). Behavioral strategy for a stochastic game
(Ax,Σ, σ0, R, u), where |Ax| = k is given by the mapping f : H → Rk

1 from the
set of all possible histories

H =
∞⋃
i=0

(Σ× A)× · · · × (Σ× A)︸ ︷︷ ︸
i

×Σ,

to the space of probability distributions over the possible set of actions.

And now the definition of the strategies we will focus on, i.e. memory one
strategies with errors for stochastic games.

Definition 17 (Memory one strategies with errors). Let (Ax,Σ, σ0, R, u) be a sto-
chastic game, where |Ax| = k. A behavioral strategy for this game defined by the
mapping f : H → Rk

1 is a memory one strategy if f(H) = f(H ′) whenever

H = (σ(0), a(0), . . . σ(i−1), a(i−1), σ(i)),

H ′ = (σ′(0), a′(0), . . . , σ′(j−1), a′(j−1), σ′(j)),

i, j > 0 ∧ a(i−1) = a′(j−1) ∧ σ(i) = σ′(j).

A behavioral strategy is a strategy with errors at least ε if the vector f(H) has
all values in the range [ε, 1 − ε] for every H ∈ H. It is a strategy with errors if
there exists ε > 0 such that it is a strategy with errors at least ε.

We will now present the automaton on which we will focus the most in this
work.

Definition 18 (One D Both C Automaton). For a number 0 ≤ p ≤ 1 we will call
One D Both C Automaton the automaton defined by this automaton transition
matrix:

( 0CC 0CD 0DC 0DD 1CC 1CD 1DC 1DD

σ0 1 0 0 0 p 0 0 0
σ1 0 1 1 1 1− p 1 1 1

)
We will denote this automaton as TD,CC(p).
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The name of the automaton reflects its structure. One D because if in the first
state any of the players defects, they move to the second state. Both C because
in the second state they both need to cooperate to get back to state 1. But even
when they both cooperate they return to state 1 only with some probability p.

Definition 19. Let us have an automaton T with its transition matrix corre-
sponding to some stochastic game and memory one strategies S1, S2 for this game.
We will define a Markov chain with the set of states being the complete set of
states of the stochastic game Θ. Now the probability to move from state (σ, a) to
(σ′, a′) is the probability given by T to move to state σ′ from (σ, a) multiplied by
the probability for each player to play his action in the action profile a′ if he is in
state σ′ and action profile a was played in the last round.

We will denote this Markov chain as M(T, S1, S2).

Now we will prove that the automaton TD,CC(p) together with two memory
one strategies with errors defines a Markov chain that is simple which will enable
us to effectively compute the payoffs of these strategies when playing each other,
using Theorems 5 and 6.

Theorem 7. The Markov chain M(TD,CC(p), S1, S2) for any 0 ≤ p ≤ 1 is simple
for any two memory one strategies with errors S1, S2.

Proof. First we will note that because the strategies are with errors whenever
state (σ′, a′) is accessible from some state (σ, a), then also (σ, a) → (σ′, a′′) for
every a′′ ∈ A, because when there is nonzero probability they will get to state σ′

then there is a nonzero probability for any action profile being played.
If p = 0 then the class of states O = {(σ1, a) | a ∈ A} is a closed communicat-

ing class. Because from every state in this class we can surely get somewhere in
this class, from the previous paragraph we can get to any of these states. So O is
a communicating class. And from any of these states we can only get to the au-
tomaton state σ1, so O is closed. Furthermore, from state 0CC we can get to any
of the states 0CD, 0DC, 0DD, and from these, all the states in O all accessible.
This means no other closed communicating class exists.

For p > 0 all the states form a closed communicating class. Because

0CC → 0CC, 0CD, 0DC, 0DD

0CD, 0DC, 0DD → 1CC, 1CD, 1DC, 1DD

1CC → 0CC, 0CD, 0DC, 0DD

1CD, 1DC, 1DD → 1CC, 1CD, 1DC, 1DD.

so we see that every state is accessible from every state.
For any 0 ≤ p ≤ 1 the state 1DD is aperiodic because it is accessible from

itself in a single step.
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3. Simulation Description

To model the amount of cooperation one can expect in a stochastic game we
decided to use evolutionary dynamics. We consider a population of players who
constantly change their strategies. In every step there are two possible events.
One of them is mutation, where one individual decides to replace its previous
strategy by a randomly chosen new strategy. The second one is selection – two
individuals are compared and the first individual switches his strategy to the
strategy of the second individual with some probability (this probability depends
on the average payoffs of the individuals when they play against all the other
individuals in the whole population).

For a player to be successful in this process, his strategy needs to perform
well not only against a strategy chosen at random from the set of all strategies
but especially against the strategies favored by this process, i.e. against the more
successful strategies. Also it allows us to explore an infinite set of strategies in
a natural way. If some strategy S should be very good then if we do a sufficient
amount of steps, our simulation will at some point consider a strategy (through
mutation) that is very similar to S and so behaves very similarly. In this way, if
the number of steps we do is large enough, we approximately consider all available
strategies.

The process can be described by a Markov chain with one state for every
possible composition of the population. If the set of strategies is finite, the Markov
chain is ergodic because in N steps (where N is the size of the population) we can
get from any state to any state (for example just by mutations). So by Theorem 3
it is also simple, by Theorem 4 we know it has a unique stationary distribution
and by Theorem 6 we can compute it. The problem is that even if the set of
strategies is finite but too large we will not be able to effectively compute the
stationary distribution.

Because of that we chose two different approaches. One is to just simply
simulate the process step by step and if the number of steps we do is large
enough, the process will converge (which we will check by doing multiple runs of
each simulation). To make the computation much faster we will consider the case
when the mutation rate is very small (as discussed below). The second approach
is to focus only on some small subset of strategies and compute the stationary
distribution as planned initially.

3.1 Step by Step Simulation

The whole process has several parameters: (N,S, D, µ, s), where N represents the
population size, S the strategy space, D a probability distribution of S according
to which new mutant strategies are chosen, µ the mutation rate and s the selection
coefficient.

The whole simulation can be described with the pseudocode in Listing 3.1.
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1 population ← InitialPopulation(N )

2 for number_of_steps

3 if RandomNumber () < µ
4 individual ← population.SelectIndividual ()

5 population.ReplaceWithStrategy(individual ,

PickStrategy(D))

6 else

7 learner , teacher ← population.SelectTwoIndividuals ()

8 if RandomNumber () < ProbToSwitch(s, payoff(learner),

payoff(teacher ))

9 population.ReplaceWithStrategy(learner , teacher)

Listing 3.1: Pseudocode of the step by step simulation.

Initial Population

In our simulation we start with a homogenous population of size N where each
individual has the strategy to always defect (AllD). The initial population is
not very important because as we mentioned earlier, the process corresponds to a
simple Markov chain which is finite, if we somehow restrict the set of strategies, for
example by taking only the strategies where the probabilities to cooperate based
on the previous move are representable by doubles in computer. So by Theorem 4
we converge to the same situation no matter what the initial population is.

One Evolutionary Timestep

With probability µ mutation will occur in this step, otherwise selection will occur.

Mutation

We select one individual from the population uniformly at random and then
replace his strategy with a new one, drawing it from the distribution D. Every
time this happens we increment the number of generations.

Selection

We select two different individuals from the population uniformly at random, one
as a learner and one as a teacher. We compute their payoffs among the whole
population (the average payoff if the individual plays a match against every other
individual in the population) as πl and πt and then compute the probability of
the learner to switch his strategy to the teacher’s strategy as

1

1 + e−s·(πt−πl)
.

So for the probability we use the logistic function with steepness equal to the
selection coefficient. The selection coefficient s is non-negative (otherwise the
evolutionary process would favor players that obtain smaller payoffs). In the case
s = 0 the probability above becomes simply 1

2
and with increasing s, learners

become increasingly likely to adopt strategies with better payoffs.
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Observed Values

During the simulation we can observe several values. The most important of
them are the cooperation rate and the average payoff.

Definition 20 (Cooperation rate). The cooperation rate in one turn of a game
is 1 if both players cooperated, 1

2
if exactly one player cooperated and 0 otherwise.

The cooperation rate in one game is the average cooperation rate per turn. It
can be computed from the stationary distribution v as∑

i∈IC vi +
∑

i∈ÎC vi

2
,

where IC ⊂ Θ, resp. ÎC ⊂ Θ are the index sets of the complete set of states in
which the first player, resp. the second player cooperates.

The cooperation rate in a population is obtained by considering all possible
pairwise games in the population and by taking the average of the cooperation
rates in each of these games.

Finally the cooperation rate in a simulation is the average cooperation rate of
the population, averaged over all time steps.

Definition 21 (Average payoff). The average payoff in a simulation is defined
as the average of all individual players’ payoffs, averaged over all timesteps of the
simulation (assuming that every individual plays against every other individual
in every evolutionary timestep).

3.2 Mutation Rate Going to Zero

If we assume that the mutation rate µ is sufficiently small, some strategy will
always fixate (i.e. all the other strategies will disappear) before a new mutant
arises. In this case the evolutionary process becomes even easier. We start
with a homogenous population and in every generation we introduce one mutant,
compute his fixation probability and based on it decide if this mutant will fixate
or become extinct.

Definition 22 (Fixation probability). We have a population of N − 1 individu-
als A and one individual B. We imagine a sequence of random selections until
the population is homogenous. The fixation probability of individual B in the
population of individuals A is the probability that this homogenous population will
consist of individuals B.

We can notice that this defines a Markov chain with N + 1 states (one state
for every possible number of individuals B in the population). But this Markov
chain is not simple (it has two closed communicating classes that correspond to
the two homogenous populations). So we have to compute the fixation probability
somehow else. Let pi be the probability that i individuals B will fixate in the
population. Specifically p0 = 0 and pN = 1. Then we can use the following
equation which holds for every 0 < i < N :

pi = s−(i) · pi−1 + s+(i) · pi+1 + (1− s−(i)− s+(i)) · pi, (4)
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where s−(i) is the probability that during the selection individual B will switch
its strategy to the strategy of the individual A and s+(i) is the probability of
A switching its strategy to the strategy of B, both in the case when there are
i individuals B in the population (these values can be computed as explained in
the section on selection above).

Theorem 8 (Computation of fixation probability). Let c0 = 0, c1 = 1 and recur-
sively define

ci+1 = ci ·
s−(i) + s+(i)

s+(i)
− ci−1 ·

s−(i)

s+(i)
.

Then the fixation probability of individual B in the population of individuals A
is 1

cN
.

Proof. First notice that p1 > 0 because s+(i) > 0 for every 0 < i < N by the
definition of selection. We will prove by induction that ci = pi

p1
. It is true for

i = 0, 1. For 0 < i < N , by (4) we have

pi =
s−(i)

s−(i) + s+(i)
· pi−1 +

s+(i)

s−(i) + s+(i)
· pi+1,

pi+1 = pi ·
s−(i) + s+(i)

s+(i)
− pi−1 ·

s−(i)

s+(i)
,

pi+1

p1

= ci ·
s−(i) + s+(i)

s+(i)
− ci−1 ·

s−(i)

s+(i)
,

which means that ci+1 = pi+1

p1
.

So cN = pN
p1

and because pN = 1 we have p1 = 1
cN

as stated.

When we want to know the cooperation rate and average payoff of the simu-
lation, it is also easier in this case, because we can just compute the cooperation
rate and the payoff in every generation where we have just one strategy in the
whole population (so it is enough to compute these values for one game in every
generation). Notice that these values are actually correct because if the mutation
rate is very small, the fixation takes only a small fraction of steps compared to
the number of steps the population is then homogenous.

3.3 Small Set of Strategies

When we have just a limited set of strategies, we can model the process with
a simple Markov chain, as mentioned earlier. We still consider the case when the
mutation rate is going to zero, because otherwise we would need one state for
every possible composition of the population which would be

(
N+|S|−1
|S|−1

)
states.

On the other hand, in the case of mutation rate going to zero, we need
just |S| states, one for every homogenous population. The transitions between
these states can be computed by Theorem 8. This Markov chain is ergodic be-
cause any state is accessible from any state in one step. This means we can use
the Theorems 5 and 6 to compute how often each strategy will be played and
from that of course also the cooperation rate and the average payoff.
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4. Increasing the Cooperation
through the Threat of
Punishment

In this chapter we will show how we can achieve more cooperation in games based
on the prisoner’s dilemma.

4.1 Simulation Results

The payoff matrix (
b− c −c
b 0

)
, (?)

is for b > c > 0 a prisoner’s dilemma payoff matrix because b > b− c > 0 > −c.
We call c the cost that the player needs to pay for his cooperation and b the
benefit that the player obtains for the cooperation of the opponent.

We will now consider a stochastic game with two states where the payoff ma-
trix in both states is the matrix (?) with some parameters b and c. Specifically,
in this section, the cost will be c = 1 in both states and the benefit will be
b0 = 1.8 in the first state and b1 = 1.3 in the second state. The automaton de-
scribing the transitions of our stochastic game is automaton TD,CC(p) introduced
in Definition 18 (see Figure 4.1).

Because the cost c is the same in both states and b is bigger in the first state
than in the second state, we can perceive being in the second state as a form
of punishment for the players’ actions. And because of the structure of the
automaton TD,CC(p) we see that the players are punished whenever any of them
defects. The punishment lasts the longer the smaller p is.

Consider the repeated game played with the payoff matrix from the first state,
i.e. with the payoff matrix (?) with c = 1 and b = 1.8. We will call this game the
first state game. Analogously, second state game will be the repeated game played
with the payoff matrix (?) with c = 1 and b = 1.3. The question we consider is
how these single state games compare to the composite stochastic game in which
players can find themself in both states?

To answer this question we did the simulation as described in Sections 3.1
and 3.2. We chose the population size to be N = 100, the strategy space to consist
of all memory one strategies with errors at least 0.001 (in fact only those strate-
gies where the probabilities to cooperate are representable by the type double in
C++) and the distribution we use to generate a new strategy is the beta distri-
bution with parameters α = β = 0.5. We use this distribution rather than the
uniform distribution because numbers closer to zero/one have higher probability
to be generated and strategies given by these numbers are more important than
the more “random” strategies with probabilities to cooperate around 0.5. We
take the selection coefficient s = 1 and we consider the case when the mutation
rate goes to zero (see Section 3.2).

With these parameters, 50 runs were conducted each of them with 107 gen-
erations (i.e. 107 mutant strategies were generated). Observed values were the
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Figure 4.1: The automaton TD,CC(p) from Definition 18. If any of the players
defects, they both move to the second state. If they both cooperate in the first
state, they stay there and if they both cooperate in the second state, they move to
the first state with probability p and stay in the second state with probability 1−p.
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Figure 4.2: Comparison of the cooperation rate, resp. of the average payoff of
the first state and second state game and of the stochastic game defined by the
One D Both C Automaton for different values of p.

cooperation rate according to Definition 20 and the average payoff according to
Definition 21. In Figure 4.2 we can see the results of the simulation. For exact
values including the average, minimum, maximum and standard deviation, see
Tables 5.1 and 5.2.

The first thing we notice is that for p = 0 the stochastic game gives approx-
imately the same results as the second state game. That is no coincidence – we
showed in Theorem 7 that the Automaton TD,CC(p) together with two memory
one strategies with errors defines a Markov chain that is simple and for p = 0
its only communicating class consists of the four possible action profiles played
by the players in the second state. By Theorem 4 the stationary distribution
contains zeros for the complete states that correspond to the possible action pro-
files played in the first state. So whenever two memory one strategies with errors
play on this automaton, they will move to the second state at some point with
certainty and remain there.

But what is more interesting about the results is that when p exceeds a critical
threshold, the cooperation rate and the payoff are bigger in our stochastic game
than in the first state game. So by adding a second state with payoff matrix
that contains smaller values than the original matrix we increased the expected
payoffs. Moreover the maximum is not achieved in the case p = 1 where the
punishment is the smallest but rather for some intermediate value of p.

By decreasing p from 1 we increase the punishment and that forces the players
to cooperate more in order to avoid this punishment. But when p is decreased
too much, big portion of the game is played in the second state anyway so the
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Figure 4.3: The cooperation rate after first x generations. The cooperation rate
at every point was averaged over 10000 runs. An intermediate value of p (here
p = 0.4) leads to the highest cooperation rate. Moreover, the average cooperation
rate does not change much after around 30000 generations.

strategies need to be good in the second state game – and we already know
that the successful strategies in such game cooperate much less than successful
strategies in the first state game or the successful strategies in this stochastic
game for p = 1.

We can ask if the simulation results are accurate enough. As explained in the
beginning of the Chapter 3, by the Theorem 4 we know that the simulation would
always lead to the same results in the limit of number of generations simulated.
By does it converge to this point fast enough? First observation that indicates this
is that there is no substantial variation of the cooperation rate and of the average
payoff between the runs as can be seen in Tables 5.1 and 5.2. We get second
indication of this if we plot the expected amount of cooperation after k runs
of the simulation (see Figure 4.3). Here we see that the average cooperation
rate after about 3 · 104 generations does not change much anymore. And in the
simulation above we considered 107 generations.

But we can get even more accurate results if we restrict to some small subset
of strategies, as explained in the Section 3.3. The most natural choice is the set
of all pure memory one strategies. But to preserve the error-prone environment
and because Theorem 7 worked only for strategies with errors we will adjust these
strategies by changing probabilities 0 to 0.001 and 1 to 0.999. Now we can exactly
compute the abundance of individual strategies and from that also the exact
cooperation rate and average payoff in the limit of infinitely many generations.
The results are shown in the Figure 4.4, indicating that the dynamics among
pure memory one strategies is comparable to the case of behavioral strategies
explained above.
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Figure 4.4: Comparison of the cooperation rate of the first state and second state
game and of the stochastic game defined by the One D Both C Automaton for
different values of p if only pure strategies with errors are considered. In this
stochastic game, the highest cooperation rate is achieved for p ≈ 0.53.
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Conclusion

In this work we studied stochastic games based on the prisoner’s dilemma and
tried to find such variants that lead to higher cooperation. We achieved this by
introducing a stochastic game that punishes defection.

For analyzing the stochastic games there was a need for a good understanding
of Markov chains which we introduced from scratch in this work. With this theory
we were able to analyze a single two player stochastic (infinitely repeated) game.

To evaluate how much some stochastic game promotes cooperation we intro-
duced an evolutionary process in which strategies compete against each other
and the survivors are chosen by natural selection. We showed, again with the
use of Markov chains, that this process has an equilibrium and knowledge of this
equilibrium gives us the amount of cooperation to be expected in this process, if
it continues indefinitely.

Then we introduced a specific stochastic game with two states. If any of
the players defects they both move to the state with smaller payoffs and are
therefore punished for the defection. They get back to the original state if they
both cooperate and even then only with probability p. So this p is in some
sense a level of the punishment (the smaller is p the bigger is the punishment).
We showed, for some specific payoff matrices in the two states, that the highest
cooperation is achieved for an intermediate value of p and the cooperation and
also the payoffs of the players are in this case higher than if just the game in the
state with higher payoffs is played. So introducing punishment can increase the
cooperation and as consequence also the payoffs but only if the punishment is
dosed appropriately.

From my perspective, the highest value of this work is in the introduction of
Markov chains theory and in showing how this theory can be used in practice.
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5. Attachments

5.1 Tables

p
cooperation rate

avg min max std
0.0 0.094 0.085 0.101 0.003
0.1 0.484 0.444 0.518 0.016
0.2 0.525 0.494 0.556 0.013
0.3 0.529 0.503 0.555 0.011
0.4 0.532 0.504 0.561 0.012
0.5 0.525 0.507 0.549 0.010
0.6 0.520 0.490 0.545 0.011
0.7 0.506 0.488 0.527 0.009
0.8 0.493 0.475 0.516 0.009
0.9 0.474 0.454 0.492 0.008
1.0 0.457 0.437 0.482 0.009

Game
cooperation rate

avg min max std
First state game 0.295 0.276 0.308 0.007

Second state game 0.093 0.085 0.102 0.004

Table 5.1: Summary of the cooperation rate over the 50 runs of the simulation
described in the Section 4.1.
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p
payoff

avg min max std
0.0 0.028 0.025 0.030 0.001
0.1 0.365 0.334 0.393 0.013
0.2 0.402 0.378 0.427 0.010
0.3 0.407 0.386 0.428 0.009
0.4 0.410 0.388 0.433 0.009
0.5 0.405 0.390 0.424 0.008
0.6 0.401 0.376 0.422 0.009
0.7 0.390 0.375 0.406 0.007
0.8 0.379 0.364 0.398 0.008
0.9 0.363 0.347 0.378 0.007
1.0 0.349 0.332 0.369 0.007

Game
payoff

avg min max std
First state game 0.236 0.221 0.246 0.005

Second state game 0.028 0.026 0.031 0.001

Table 5.2: Summary of the average payoff over the 50 runs of the simulation
described in the Section 4.1.

28


	Introduction
	Definitions and Basic Facts
	Game Theory
	Markov Chains

	Stochastic Games
	Simulation Description
	Step by Step Simulation
	Mutation Rate Going to Zero
	Small Set of Strategies

	Increasing the Cooperation through the Threat of Punishment
	Simulation Results

	Conclusion
	Bibliography
	Attachments
	Tables


