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Abstract

Over the last decades, multifractality has become a downright stylized fact in

financial markets. However, its presence has not been adequately statistically

proved. The main aim of this thesis is to contribute to the discussion by an exten-

sive statistical analysis of the problem. We investigate returns and volatility of the

collection of the four stock indices employing the three popular methods: the GHE,

the MF-DFA, and the MF-DMA method. By comparing the results of the original

series to those for simulated monofractal series, we conclude that stock market

returns as well as volatility exhibit a multifractal nature. Additionally, in order

to understand the origin of underlying multifractality, we study various surrogate

series. We found that a fat-tailed distribution significantly affects multifractality.

On the other, we were not able to confirm the impact of time correlations as the

results strongly depend on the applied model.
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Abstrakt

Multifraktalita finančńıch trh̊u začala být během posledńıch desetilet́ı považována

za daný fakt. Nicméně, jej́ı př́ıtomnost nebyla dosud dostatečně statisticky otesto-

vána. Hlavńım ćılem této diplomové práce je přispět do současné diskuze rozsáhlou

statistickou analýzou problému, v ńıž zkoumáme chováńı výnos̊u a volatilit vy-

braných akciových index̊u za pomoci tř́ı populárńıch metod. Hodnoty źıskané pro

tyto tržńı časové řady jsme poté porovnali s výsledky nasimulovaných monofraktál-

ńıch řad. Pomoćı statistických test̊u jsme ukázali, že výnosy, stejně jako volatilita

jsou opravdu charakteristické multifraktálńım chováńım. Dále, abychom byli

schopni porozumět př́ıčinám vzniku multifraktality, jsme celou analýzu zopako-

vali za použit́ı r̊uzných typ̊u upravených časových řad. Na jejich základě jsme byli

schopni potvrdit, že je multifraktalita zp̊usobena předevš́ım rozděleńım, které je

charakteristické těžkými chvosty. Na druhou stranu, vliv korelačńı struktury nebyl

potvrzen z d̊uvodu protich̊udným výsledk̊u źıskaných z jednotlivých model̊u.

Klasifikace JEL F12, G02, G10, C12, C22, C49, C58

Klicova slova ekonofyzika, multifraktalita, finančńı trhy,

Hurst̊uv exponent
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Chapter 1

Introduction

Financial markets are unique complex systems which combine in every instant

the interactions of thousands of individuals as well as institutions and generate

the resulting prices to buy or sell claims to future uncertain cash flows. The tim-

ing of corresponding payoffs such as dividends or coupons varies across assets.

Therefore, each of the assets requires different valuation technique that can be

driven by short-term news such as weather forecast on one side and long-term

technological development on the other side. Consequently, Gençay et al. (2001)

developed the hypothesis of heterogeneous market agents who adopt a variety of

investment strategies on different time scales. There are high-frequency specula-

tors, and arbitrageurs willing to exploit profit opportunities over the short run,

whereas institutional investors such as pension funds and insurance companies

are interested in profits spanning several decades. Moreover, the recent progress

in algorithmic trading techniques allows that even long-term institutional traders

can benefit from high-frequency operations (Calvet & Fisher 2008).

The resulting complexity of the markets is accompanied by very rich and non

trivial statistical properties of the financial data. The early studies of financial

time series were based on the traditional assumption considering the series behaves

as an independent, Gaussian random variables. However, financial economists

have shown there are two major discrepancies between the traditional simple

stock market model and empirical financial data. First, financial time series often

demonstrate volatility clustering. This phenomenon was first mentioned by Man-

delbrot (1963) who observed that large price changes are usually followed by other

large changes and vice versa. Secondly, one can observe that the distribution of

the empirical data tends to have much fatter tails than predicted by the Gaussian

distribution (Mandelbrot et al. 1997).
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To address the issue of time-varying volatility, Engle (1982) published his

seminal work proposing the autoregressive conditional heteroskedasticity (ARCH)

model, which allows the conditional variance to change over time. This break-

through contribution was recognized in 2003 by the award of the Nobel Memorial

Prize in Economic Sciences. The originally proposed model was then extended

by Bollerslev (1986) allowing for a much more flexible lag structure. The result-

ing version is known as the generalized autoregressive conditional heteroskedastic-

ity (GARCH) model. Under GARCH(p, q), innovations in returns do not exhibit sig-

nificant autocorrelation. Rather, the variance of the innovations process changes

with time (under the original model, these changes are assume to behave as i.i.d.

random variables). The conditional variance can be then expressed as a linear

combination of the last p squared returns and the last q variances.

Consequently, many extensions of the original model have been proposed to

improve its ability to represent financial data. For instance, Nelson (1991) in-

cluded asymmetric responses to positive and negative shocks. Another stand in

GARCH-type models adds a conditional distribution of returns that has a finite,

time-varying variance. This enhancement directly address the issue of volatility

clustering as well as mitigates the problem of fat tails (Mandelbrot et al. 1997).

Although the original GARCH model represents a powerful tool for financial

modeling, it has two important drawbacks since it does not take into account the

two additionally recognized stylized facts of financial series, namely long memory

and multi-scaling. Let us briefly discuss the former phenomenon. Intuitively, the

long memory can be described by an idea that the longest cycle in the sample is

proportional to the length of the underlying time series. Prior the long memory

was incorporated into the theoretical models, the only way to deal with its pres-

ence in the data was to attribute the low frequency cycles to structural breaks.

However, this treatment can lead to a serious underestimation of the market risk

as the potential structural breaks pose great risk to investors (Mandelbrot et al.

1997). Therefore, an alternative models such as fractionally integrated GARCH

and ARFIMA were developed to address the long–term persistence of financial

data series.

Another frequently reported drawback of the ARCH-type models may lie in

the fact that they assume scale − consistency of the data. In other words, they

suppose the data reveals equivalent statistical representations regardless its time

scale implying that the researcher adds an additional restriction to the model when

choosing the frequency of the data (Mandelbrot et al. 1997). An elegant way to

address this phenomenon is the scaling analysis, which looks at the financial data
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at different time intervals and therefore provides a parsimonious way of assessing

the impact of the heterogeneous market participants. The scaling concept has

its origins in physics but has been recently applied also in other fields including

financial markets (Di Matteo et al. 2005). This application contributed to the es-

tablishment of a newly emerging interdisciplinary field called econophysics, which

employs concepts and theories taken from statistical physics, nonlinear science,

and applied mathematics to uncover the complex behavior of financial markets.

Since the pioneering work of Mantegna & Stanley (1995), who study the scal-

ing behavior of the S&P 500 index, there have been published numerous empirical

studies investigating the multiscaling behavior of various financial series. This

can be done by means of several techniques, for instance, the partition function

method (used by Sun et al. (2001) or Jiang & Zhou (2008a)), the multifrac-

tal detrended fluctuation analysis (MF-DFA) method (Kantelhardt et al. (2002);

Kwapień et al. (2005)), the multifractal detrending moving average (MF-DMA)

method (Gu et al. (2010); Wang et al. (2011)), and the wavelet transform modu-

lus maxima (WTMM) method (Struzik & Siebes (2002); Turiel & Pérez-Vicente

(2003)).

Consequently, several models have been proposed to imitate the observed mul-

tifractal features. For instance, Benôıt Mandelbrot in cooperation with his stu-

dents Laurent Calvet and Adlai Fisher introduced the multifractal model of as-

set returns (MMAR), which incorporates all the above mentioned stylized facts:

volatility clustering, fat tails, long-term dependence, and multiscaling. Next, to

develop practical applications for volatility forecasting and pricing, the Markov-

switching Multifractal (MSM) model was proposed. To support its accuracy, Cal-

vet & Fisher (2008) showed that MSM can produce reliable volatility forecasts,

especially at longer horizons, and outperforms the GARCH as well as the FIGARCH

model in– and out–of–sample (Barunik et al. 2012; Morales et al. 2013).

As pointed by Di Matteo (2007), the challenge for empirical and theoretical

researchers lies in uncovering what these scaling laws tell us about the underlying

mechanisms that generate the data. In a similar vein, Zhou (2011) highlighted

several potential applications of multifractality to financial engineering. For in-

stance, Wei & Huang (2005) showed that the width of the estimated singularity

spectrum is related to the future price fluctuation and can be thus used for its

prediction. Further, the so-called multifractal volatility was introduced by Wei

& Wang (2008). This model can be used to estimate the dynamic Value–at–Risk

of an asset which is essential for financial risk management. Additionally, it has

been shown (see for instance Zunino et al. (2008)) that the extracted multifractal
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strength can be used as a measure of market inefficiency.

To summarize, one can find a multitude of the real data analyses and applica-

tions of multifractality in financial markets and consequently multifractality has

been regarded as a stylized fact. However, to our best knowledge, its presence

has not been adequately statistically confirmed. In fact, it has been shown for

instance by Bouchaud et al. (2000) that the extracted multifractality might be

only apparent. This conclusion was also supported by Jiang & Zhou (2008b) who

demonstrated that concerning the stock prices rather than their return can lead to

the rejection of the multifractality hypothesis. Also, the origin of the underlying

multifractality in financial markets and its components is still a subtle and open

problem (Zhou 2011). Usually, it is argued that multifractal nature stems either

from the fat tails, or the long-term power law correlations, or both. Zhou (2009)

highlighted that long memory alone cannot bring the multifractality in the data

and a nonlinear process with long memory is necessary to confirm multifractality.

Therefore, our intention is to contribute to the discussion about the presence

and the origin of multifractality in financial series with an extensive statistical

analysis of the problem. In this thesis, we analyze the multiscaling properties of

returns and volatilities for the four different stock indices applying several tech-

niques. Furthermore, to identify the true source of the underlying multifractality

we employ the same procedures to shuffled and two versions of surrogate data

series.

The rest of the thesis has following structure. Chapter 2 provides a review

of the underlying methodology related to the multifractality and financial data

modeling. At first, the concept of long memory and self-similarity is introduced

including representation of the two frequently used long memory processes: the

fBm and the ARFIMA. Next, we present an introduction to the fractal geometry

and fractal dimension followed by the definition of the multifractal process. Based

on the definition, we describe the commonly applied multifractality measurement

approaches. The last part of the Chapter shows how to handle the high-frequency

data and estimate the underlying realized volatility. Chapter 3 reviews significant

literature from both theoretical and empirical point of view. The empirical part is

divided into three chapters. Chapter 4 describes the data used in our study. Next,

we state the main hypotheses in Chapter 5. Chapter 6 is dedicated to presentation

and discussion of the results. Finally, a conclusion of the whole thesis follows in

Chapter 7.



Chapter 2

Methodology

2.1 Long memory

The main aim of this section is to briefly introduce the concepts of long memory

and self-similarity and illustrate their impact on financial modeling. To highlight

the importance of this topic, we begin with an illustration showing that long

memory series does not fit into standard classical assumptions. Next, we provide

a rigorous definition of long memory in section 2.1.2, and in section 2.1.3 we define

self-similarity and its relation to long-range memory dependency.

2.1.1 Concept of long memory

Long-range dependence and its presence in the economic series has became an en-

deavor of many theoretical as well as practical economic studies in recent decades.

It has been shown that the presence of the long memory components in financial

series might have important implications on many modern financial models, since

long memory time series require different approaches to modeling than the short

memory time series. For example, statistical inference for the capital asset pricing

model and the arbitrage pricing theory is no longer valid under the presence of

long memory. This feature may also seriously impact recent tests of efficiency

market hypotheses or stock market rationality (Robinson 2003).

Lildholdt (2000) discussed the need of different statistical tests showing that

long memory series does not fit into standard statistical assumptions. He refers

to the fundamental claim that for large n, the variance of the sample mean can

be approximated by

V ar(Xn) ≈ σ2 1

n
, (2.1)
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where σ2 is a constant. For large n, the decay of the sample mean variance depends

on the memory of the series. Beran (1994) shows that if Xt is a stationary long

memory process,1 then for n→∞

V ar(Xn) ≈ k
1

n1−2d
0 < d <

1

2
, k > 0. (2.2)

Note, ≈ denotes proportional relation here. When we deal with short memory

series (such as stationary and convertible ARMA process), d = 0, and the equation

is reduced to equation 2.1. From this equation we can see that long memory

series does not meet standard classical assumptions since the rate of decay of

the sample mean variance is different from the rate observed in the case of short

memory series. This conclusion is crucial for statistical inference since the tests

and confidence intervals for the mean are distinct.

2.1.2 Definition of long memory

The phenomenon of long memory is not a recent concept, it had been known

before the suitable stochastic models were developed. It had been empirically

observed that correlations between observations that are far apart decay to zero

at a slower rate than scientists expected from short memory data, which follow

classic ARMA models. As a result, self-similar and related stationary processes

with long memory were introduced to provide a mathematical basis for statistical

inference (Beran 1994).

We can find several closely related definitions of long memory processes. One

of the most common definitions focuses on a covariance structure of the process.

In time domain it is usually described by a power-law decay of autocorrelation

function (ACF), and in frequency domain power-law divergence of spectrum close

to the origin is used (Kristoufek & Vosvrda 2014b).

Let ρ(k) be the ACF of process Xt at lag k, then we can define long memory

process as follows:

Definition 2.1 (Long memory). Let Xt be a stationary process for which the follow-

ing property holds. There exists a real number α ∈ (0, 1) and a constant cp > 0

such that

lim
k→∞

ρ(k)

[cpk−α]
= 1 (2.3)

1Note that the sizes of σ2 and k are not important here. The important feature is the differing
convergence rate for V ar(Xn).
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Figure 2.1: Spectal density functions
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(a) Long memory series
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(c) Antipersistent series

Spectral density of simulated process of length n = 1000. (a) AFRIMA(0.4, 0.4, 0) process,
(b) ARMA(0.4,0) process, and (c) fractional Gaussian noise with H = 0.4.
Source: author’s computations.

Then Xt is called a stationary process with long memory or long–range dependence

or strong dependence, or a stationary process with slowly decaying or long–range

correlations (Beran 1994).

The definition says that the behavior of long memory series has infinite mem-

ory, i.e. a jump occurring in a very distant past may have an effect on a current

series behavior (Kristoufek & Vosvrda 2013). An important remark to the defini-

tion is that it describes an asymptotic behavior of the correlations. That is, the

correlations as the lag tends to infinity. Thus, it does not impose any restriction

on correlations for any fixed finite lag. Additionally, the property is relevant only

for stationary series since autocorrelation is not defined for non–stationary series

(Lildholdt 2000).

In economic literature, we can often see H = 1 − α
2

instead of α, where H is

so–called Hurst exponent (Decreusefond et al. 1999). From this perspective, the

series is considered serially uncorrelated or short–term correlated for H = 0.5.

When H > 0.5, the underlying series is referred to as persistent or possessed by

positive long memory. This means that positive jumps in the series are more likely

followed by other jumps and vice versa. On the other hand, H < 0.5 indicates

anti-persistence or negative long memory which is connected with switches of

highly volatile and stable regimes. For instance, the standard Brownian motion

is characterized by H = 0.5 and white noise by H = 0. It is also worth noting

that even uncorrelated financial time series can have H 6= 0.5 mainly due to

heteroscedasticity, short–term memory and fat tails (Kristoufek & Vosvrda 2013).
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2.1.3 Self-similarity and its relation to long memory

The theoretical concept of self-similarity was introduced by Kolmogorov (1941).

This concept is crucial for our further analysis since there is a close relationship

between the properties of long memory and self-similarity.

We provide the self–similarity definition and the clarification of its relation to

long memory as described in Beran (1994). Mandelbrot et al. (1997) pointed out

that we should be aware of the distinction between self-similarity and self-affinity.

The term self-similarity should be used in a stricter sense, only in connection to

geometric objects which are invariant under isotropic contraction. On the other

hand, self-affinity is a more general term, which allows for different rescalings

along the directions of an orthonormal basis.2 However, for our purposes we do

not distinguish between these two terms and the following definition can be used

for both self-similar and self-affine processes.

Definition 2.2 (Self-similar process). Let Yt be a continuous stochastic process. Yt

is self–similar with self–similarity parameters H, if for any c > 0, the rescaled

process cHYct is equal in distribution to the original process Yt (Lildholdt 2000).

In other words, for any positive constant c and sequence of time points t1, · · · , tk,
cH(Yct1 , Yct2 · · ·Yctk) has the same distribution as (Yt1 , Yt2 · · ·Ytk). This means that

the self-similar series looks qualitatively the same, but not the same as in the case

of deterministic self-similarity, irrespective of the distance from which we look at

the sample path (Beran 1994).

In order to illustrate the relation between self-similar and long memory process,

we need a continuous stochastic process Yt with self–similarity parameter H >

0 and Y0 = 0 with probability 1. Moreover, we assume that E(Yt) = 0 and

stationary increments3 of Yt, Xt = Yt − Yt−1, with V ar(Xt) = σ2. Covariance of

the increments can then be expressed as

Cov(Xt, Xt+k) = Cov(X1, X1+k) =
1

2
{E((Yk+1 − Y0)2)

+E((Yk−1 − Y0)2)− E((Yk − Y0)2)− E((Yk − Y0)2)}.

Using the self-similarity property, we can demonstrate that correlations are

2Rigorous distinction between self-similarity and self-affinity can be found in Maldelbrot
(1977).

3For the definition of stationary increments see Beran (1994).
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given by

Corr(Xt, Xt+k) = ρ(k) =
1

2
{(k + 1)2H − 2k2H + (k − 1)2H}

=
1

2
k2H [(1 +

1

k
)2H − 2 + (1− 1

k
)2H ] =

1

2
k2Hg(

1

k
).

Now, applying Taylor expansion on g() around 1
k

= 0 we get:

ρ(k) ∼ H(2H − 1)k2H−2 k →∞. (2.4)

We can show that limn→∞
∑n

k=−n ρ(k) exists if and only if H < 1
2
. This means

that correlations are summable and the process is anti–persistent. When H = 1
2
,

the correlations at all non-zero lags are zero, observations of the process Xt are

uncorrelated, and hence the process has a short memory. Additionally, H > 1
2

implies that the limit diverges (correlations are not summable and slowly decaying

toward zero). Therefore, the process has long memory (Lildholdt 2000).

The Brownian motion, the L-stable process, and the fractional Brownian mo-

tion are the main types of self-affine processes used in finance. As suggested by

Mandelbrot (1963), the shape of the distributions of returns should be preserved

when the time scale is changed. On the contrary, empirical evidence shows that

many financial time series are not self-affine. In particular, they become less

peaked in the bells and have thinner tails as the sampling interval increases (Cal-

vet & Fisher 2002). Therefore, we need to take into account more complex type

of processes.

2.2 Basic long memory processes

Once we introduced the definitions of long memory and self–similarity we can

move on and present some of their practical applications in applied econometrics.

In the following section, we present two long memory processes frequently used

in financial data analysis. We begin by introducing the generalized version of

the Brownian motion, the fractional Brownian motion, which is considered as the

simplest self-similar process with long memory. Next, we derive the fractional

autoregressive integrated moving average model that will be used in our further

empirical analysis.
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2.2.1 Fractional Brownian motion and fractional Gaussian noise

The fractional Brownian motion (fBm), generalization of the Brownian motion, is

considered to be one of the simplest continuous self–similar processes with long

memory (Decreusefond et al. 1999). In fact, it represents the (1
2
−H)th derivative

of the Brownian motion. Proper mathematical derivation of the process can be

found for instance in Mandelbrot & Van Ness (1968). The definition of the fBm, as

stated below, is a simplified version of an intuitive definition provided by Beran

(1994). He describes the fBm as a weighted average of an ordinary Brownian

motion over the infinite past without using the notion of fractional derivative.

Definition 2.3 (Fractional Brownian motion). Let s > 0 be a positive scaling con-

stant, and define the weight function wH by

wH(t, u) =


0 t ≤ u,

(t− u)H−
1
2 0 ≤ u < t,

(t− u)H−
1
2 − (−u)H−

1
2 u < 0.

Let B(t) be standardized Brownian motion (that is Brownian motion with σ2 = 1).

For 0 < H < 1, let BH(t) be defined by the stochastic integral

BH(t) = s

∫ t

−∞
wH(t, u)dB(u)

Then BH(t) is called fractional Brownian motion with self–similarity parameter

H.

The corresponding increment process Xi = BH(t) − BH(t − 1) is known as

the fractional Gaussian noise (fGn). For H = 1
2

the fBm is an ordinary Brownian

motion. For 0 < H < 1
2

the autocorrelation of fBm is anti–persistent (negative)

and it is persistent (positive) with long memory in returns when H > 1
2

(Man-

delbrot et al. 1997). The presence of long-range dependence is usually diagnosed

visually by a slow rate of decay of an ACF. The ACF of the persistent as well as

anti–persistent long memory fGn processes are depicted in the Figures 2.2a and

2.2b, respectively.

We can find numerous applications of the fBm in hydrology and climatology,

as reviewed by Samoradnitsky & Taqqu (1994). However, the usage in finance

is limited by the fact that fBm does not unravel long memory in volatility from

long memory in returns (Calvet & Fisher 2008). Therefore, for the purpose of

the further analysis, we decided to use ARFIMA model, which is derived in the
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Figure 2.2: ACF of fractional Gaussian noise
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Autocorrelation functions of simulated fGn of length n = 1000 with 30 lags. (a) fGn with
H = 0.8, (b) fGn with H = 0.3. Horizontal dashes lines represent a 95% confidence interval.
Source: author’s computations.

following section.

2.2.2 Fractional ARIMA

The fractional autoregressive integrated moving average (ARFIMA) model is a

generalization of the autoregressive integrated moving average (ARIMA) model

first introduced by Box & Jenkins (1970). The main contribution of the model

lies in the fact that it distinguishes between short–term and long-term memory of

the series.

Basic definitions of ARMA and ARIMA models

Because of their simplicity and flexibility, the autoregressive moving average (ARMA)

models have become one of the most popular families of models used in applied

time series analysis (Beran 1994). The ARMA model is a combination of autore-

gressive and moving average model. Therefore, it represents an appropriate tool

for modeling series that depend on random shocks (the moving average part of

the model) as well as on its own previous values (the autoregressive part of the

model).

In order to define the ARMA process, we need to set some basic notation. Let

L be a lag operator such that Liyt = yt−i. Then, we can write differences as

Xt−Xt−1 = (1−L)Xt, (Xt−Xt−1)− (Xt−1−Xt−2) = (1−L)2Xt, etc. Moreover,

let us assume that µ = E(Xt) = 0 (Beran 1994).

Using this notation, the ARMA(p,q) process can be defined as a stationary
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solution of

φ(L)Xt = θ(L)εt, (2.5)

where φ(L) = 1−
∑p

j=1 φjL
j and θ(L) = 1−

∑q
j=1 φjL

j. Note that the definition

above assumes i.i.d. normal error terms ε with zero mean and constant finite

variance (Brooks 2014).

When we incorporate the dth difference term (1 − L)d into the equation 2.5

we get the ARIMA(p,d,q) process:

φ(L)(Q− L)dXt = θ(L)εt. (2.6)

Here is important to note that when d is larger than or equal to 1 then the series

Xt is not stationary. In order to get a stationary process we need to d times

difference the series.

Fractional ARIMA process

As mentioned in the previous section, the ARFIMA model represents a family of

ARIMA models in generalized form, particularly by permitting differencing param-

eter d to take any real value. The main advantage of the model is that it enables us

to build more parsimonious models if the data are fractionally integrated. There-

fore, the ARFIMA model is able to describe the long memory property using only

one parameter d, whereas the ordinary ARMA process would require an infinite

number of parameters (Lildholdt 2000). A detailed description of the mathemat-

ical derivation, including analyses from the frequency domain perspective, can be

found in Granger & Joyeux (1980) or Hosking (1981). Here we provide only a

basic derivation of the model.

As a first step, let us suppose d is an arbitrary real number; then the difference

operator (1− L)d can be expressed as

(1− L)d =
∞∑
k=0

(
d

k

)
(−L)k, (2.7)

with the binomial coefficients(
d

k

)
=

d!

k!(d− k)!
=

Γ(d+ 1)

Γ(k + 1)Γ(d− k + 1)
, (2.8)

where Γ denotes the gamma function (Beran 1994). Now, we can define the

ARFIMA process as
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Definition 2.4 (ARFIMA(p,d,q) process). Let Xt be a stationary process such that

φ(L)(Q− L)dXt = θ(L)εt (2.9)

for some −1
2
< d < 1

2
. Then Xt is called a fractional ARIMA(p,d,q) process.

From the context of long memory processes, only d from the interval [0, 1
2
)

is interesting. Furthermore, we have to take into account the importance of the

upper boundary (1
2
). Whenever d exceeds the boundary, we will not be able to get

an integrable spectral density of Xt. However, this feature can be fixed by taking

convenient differences. In other words, we apply fractional difference operator

(which is in fact an infinite linear filter) on Xt and obtain the ARMA(p,q) process

X̃t:

X̃t = (φ(L))−1θ(L)εt. (2.10)

An important implication of the ARFIMA model against fBm is that it enables

us to distinguish between the short–term behavior of the series, determined by

the parameters p and q, and the long–term behavior, determined by the real

parameter d (Beran 1994).

Again, the long memory of the ARFIMA process can be visually detected by

hyperbolic rate of decay in the sample ACF. Figure 2.3 depicts the difference

between the ACF of simulated long memory ARFIMA and short memory ARIMA

processes. In general, positive and significant autocorrelations at high lags can be

considered as indicators of long memory, but we should point out that the picture

may be less clear concerning more complex ARFIMA processes.

In terms of the implied spectral density, ARMA models may provide a suffi-

cient approximation to ARFIMA models except at the very low frequencies. This

means that the short–run forecasts produced by ARMA and ARFIMA models will

be equivalent at a certain level. On the other hand, the ARFIMA model is expected

to be superior in long–run forecasting (Lildholdt 2000).

2.3 Multifractality

The main aim of this section is to provide a brief introduction to multifractal-

ity, highlight the main ideas of the theory, and provide an intuitive definition of

multifractality. Before we proceed to the concept of multifractality, we propose

the definitions of the fractal dimension D along with its link to the previously in-

troduced concept of long memory, namely to Hurst exponent H. Then, we move
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Figure 2.3: ACF of AFRIMA and ARIMA processes
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Autocorrelation functions of simulated processes of length n = 1000 with 30 lags. (a)
ARFIMA(0.4,0.4,0), (b) ARIMA(0.4,1,0). Horizontal dashes lines represent a 95% confidence
interval.
Source: author’s computations.

forward to the cornerstone of the whole chapter, and propose a simple definition

of the multifractal process. Finally, the Local Hölder exponent and multifractal

spectrum, which are fundamental for the real analysis, are introduced.

2.3.1 Fractal, fractal dimension and Hurst exponent

Long memory, introduced in the previous sections, can be used as a characteristic

of global dependence and correlation structure of the series. On the other hand,

the fractal dimension D, which measures the roughness of the series, can be seen as

a characteristic of the local memory of the series (Kristoufek & Vosvrda 2013). In

general, series can be varyingly rough or smooth on its specific parts. They can be

highly locally serially correlated even though on the global level, these correlations

might vanish and become unobservable (Kristoufek & Vosvrda 2014a).

The idea of fractal dimension has a long history in mathematics, but the terms

fractal and fractal dimension were coined by a seminal work Mandelbrot (1983).

Since then they have become widely used in wide range of scientific fields. Fractal

geometry pertains mainly to highly irregular structures, such as coastlines and

snowflakes, which are difficult to describe by Euclidean length.

Let us present the idea using the famous example of a measurement of the

coastline length. For a geographer, it can be difficult to find a proper coastline

length since the result will grow with the precision of the measurement. In fact, the

structure of the coastline might be so complex that the measured length diverges

to infinity as the measurement scale goes to zero. Therefore, Euclidean length
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cannot be considered as an appropriate measurement technique for comparing

two different coastlines and one needs to use an alternative concept, the concept

of dimension.

Assuming a precision level ε > 0, we can cover the coastline with balls of

diameter ε. Let N(ε) denote the smallest number of balls needed to cover the

whole coastline. The approximate length of such coastline can be then defined as

L(ε) = εN(ε). It has been shown that in many cases N(ε) satisfies a power law

as ε→ 0

N(ε) = ε−D, (2.11)

where D is a constant called the fractal or Hausdorff–Besicovitch dimension (Cal-

vet et al. 1997).4

Let us now demonstrate the derivation of the fractal dimension for the self–

similar process. To do so, we take advantage of Di Matteo (2007) who presents the

simplest case concerning a stationary Gaussian random process Yt with E(Yt) = 0

and E(Y 2
t ) = 1.5 Process Yt defines a profile in the Euclidean plane and its

ACF, ρ(k) = E(YtYt+k), can be considered as a measure of the profile roughness.

The fractal dimension can be then defined provided that the correlation function

behaves as

ρ(k) ∼ 1− |k|α, as k → 0. (2.12)

Assuming the relation holds, the fractal dimension can be determined as

D = 2− α

2
. (2.13)

Since the Equation 2.12 holds only for α ∈ (0, 2], we directly see that D ∈ [1, 2).

On the other hand, behavior at infinity, as proposed in definition 2.1, quantifies

the presence or absence of long memory.

The notions of D and H are closely linked and often confused in much of

scientific literature. In general, the fractal dimension of a profile or surface can

be viewed as a roughness measure, with D ∈ [n, n + 1) for a surface in Rn, with

higher values indicating rougher surfaces. Instead, long persistence of the series,

characterized by the Hurst coefficient H, is associated with power-law correlations.

In general, the two measures are independent of each other: the fractal dimension

is a local property, and long memory persistence is a global characteristic (Gneiting

& Schlather 2001).

4Analogously to this perimeter measuring method one can use box counting method, which
involves covering a measured object with a grid of gradually decreasing box sizes.

5We use a slightly different notation from that used in Di Matteo (2007).
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However, this does not hold for self–similar processes as their local properties

are reflected in the global properties through the following relationship (Di Matteo

2007)

D = n+ 1−H.6 (2.14)

Since most of the financial series does not exhibit clear self-similarity, this

equality does not hold for them and therefore we can regard D and H as different

measures of the series dynamic. If we assume at least partial projection of local

behavior into global features, random series without local trends or local anti–

correlations experience fractional dimension close to D = 1.5. Series with lower

fractional dimensions, D ∈ (1, 1.5), are locally less rough and thus resemble a local

persistence. On the other hand, series with higher fractal dimensions, D ∈ (1.5, 2),

have a rougher surface with local anti–persistence, i.e. the series are negatively

locally auto–correlated (Kristoufek & Vosvrda 2014b).

2.3.2 Multifractal process

The concept of multifractality and multifractal measures was first introduced by

Mandelbrot (1972) and since then it has been frequently applied in the physical

sciences. Nevertheless, the topic is quite new to economics. The structure and

content of this section are based mainly on the paper Mandelbrot et al. (1997)

and Calvet et al. (1997), which provide a definition of multifractality via scaling

properties in moments of the process over different time increments.

Let us recall a simple scaling rule of self–similar process from Definition 2.2

Yct
d
= cHYt, (2.15)

where
d
= denotes equality in distribution. Multifractal theory generalizes this

relation as

Yct
d
= McYt, (2.16)

where M is a random function whose distribution is independent of time t. More-

over, M is independent of the process Xt. Assuming strict stationarity, arbitrary

increments in time t allow extension of the Equation 2.16 to local scaling rules

such that

Y(t+c∆t) − Yt
d
= Mc[Y(t+∆t) − Yt], (2.17)

6Note that the above definitions and the linear relationship between D and H formally hold
only for Gaussian process; however they are believed to be valid for a large number of real–world
data sets (Di Matteo 2007).
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which holds for any c > 0. We can easily see that Mc = cH for self–similar

process.7

Therefore, multifractality allows for more flexible behavior of the process than

the self-similarity condition. However, it still limits the distribution of the process

by the following conditions

� When c1
c2

= c3
c4

then
Yc1t
Yc2t

d
=

Yc3t
Yc4t

because both ratios are distributed as M c1
c2

� Mab
d
= M1aM2b, where M1a and M2b are independent copies of M

Together, the restrictions imply the basic scaling rule which allows us to define

the multifractal process.

Definition 2.5 (Multifractal process). A stochastic process {Yt} is called multifractal

if it has stationary increments and satisfies:

E(|Yt|q) = cqt
τq+1, for all t ∈ T , q ∈ Q, (2.18)

where T and Q are intervals on the real line, τq and cq are deterministic functions

with domain Q. Moreover, we assume that T and Q have positive lengths, and

that 0 ∈ T , [0, 1] ∈ Q.

Function τq is called the scaling function and it exhibits two important prop-

erties. First, if we set q = 0, we get from Equation 2.18 that all scaling functions

have the same intercept τ0 = −1. Second, it can be shown that scaling function

τq is always concave (Mandelbrot et al. 1997).8

Since multifractal process is a generalization of self-similar process, we can

easily derive the scaling function of self-similar process. When we modify the

Equation 2.15 as Yt
d
= tHY1, we get that E(|Yt|q) = tHqE(|Y1|q) and its scaling

rule holds for

τq = Hq − 1. (2.19)

It is obvious from the equation that the scaling rule of self-similar process is a

linear function. As we have shown above, the intercept is strictly fixed (τ0 = −1),

and the scaling function is hence fully determined by its slope parameter H.

Therefore, this process is often called uniscaling or unifractal. In other words,

this means that self-similar process cannot capture the changes in distribution of

7Or similarly, we can first generalize exponent Hc as logcMc, and rephrase the Equation 2.16

as Yct
d
= cHcXt.

8For verificaton of the concavity see Appendix A.4.1 in Calvet & Fisher (2008)
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returns at different horizons as is the case of most financial time series (Calvet &

Fisher 2008).

On the other hand, Kantelhardt et al. (2002) showed that for multifractal

process we can express the relation between generalized Hurst exponent H(q) and

scaling function τq by using the following equation

τ(q) = qH(q)− 1. (2.20)

Since the Hurst exponent H(q) is not independent of q, the scaling rule is not a

linear function and it is able to incorporate changes in the distribution.

2.3.3 Local scales and multifractal spectrum

The local Hölder exponent αt is a fundamental concept from real analysis that

quantifies the scaling properties of the process at a given point in time. Rigorous

definition can be found for instance in Calvet & Fisher (2008); here we provide

an intuitive interpretation of the exponent. Let us again consider a stochastic

process Yt whose infinitesimal variation around time t can be expressed as

|Yt+dt − Yt| ∼ Ct(dt)
αt , (2.21)

where αt is the local Hölder exponent or local scale of Yt at t, and the positive

constant Ct is called prefactor (Calvet et al. 1997).

The Hölder exponent describes the local scaling of the path at a point in

time, where lower values correspond to more abrupt variations.9 We can compute

Hölder exponent for many functions and processes. For instance, local scale is 0

at points of discontinuity, and 1 at differentiable (nonsingular points). A unique

scale αt = 1/2 can be observed on the sample path of the Brownian motion.

Similarly, the fractional Brownian process is characterized by a unique exponent,

specifically by its self–similarity index H (Calvet & Fisher 2008). Thus, uniscaling

processes can be described by one single Hölder exponent, whereas multifractal

processes contain a continuum of local scales and the Hölder exponent is not

unique (Di Matteo 2007).

The mathematic literature on multifractals has developed a convenient repre-

9In physical terminology we would say that the Hölder exponent represents the singularity
strength of the measure µ = |Yt+dt − Yt| at point t; where smaller exponent αt implies more
singular measure around t and ”stronger” singularity (Arneodo et al. 1995).
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sentation for the distribution of Hölder exponents within a measure. This measure

is called multifractal spectrum, and is denoted by a function f(α).

Calvet & Fisher (2008) showed that one can express the Hölder exponent as a

limit inferior of the ratio

lnY (t,∆t)/ ln(∆t) as ∆t→ 0, (2.22)

where Y (t,∆t) ≡ |Y (t + ∆t) − Y (t)|. This proposes a method that enables an

estimation of probability that a randomly picked point from the interval [0, T ] will

have a given Hölder exponent (Calvet et al. 1997). The proposed procedure is as

follows. First, for increasing k ≥ 1, divide the unit interval into bk subintervals

[ti, ti + ∆t] of length ∆t = b−k. Next, for each subinterval calculate the coarse

Hölder exponent

αk(ti) ≡ lnY (ti,∆t)/ ln(∆t). (2.23)

This procedure generates a set αk(ti) of bk observations.

Now, we partition the range of α’s into small intervals of length ∆α. Nk(α)

denotes the number of coarse Hölder exponents between α and α + ∆α. Since

multifractals typically have a dominant exponent α0, an ordinary histogram, with

the relative frequencies Nk(α)/bk, would degenerate into a spike. Therefore, Man-

delbrot (1989) proposed an alternative method that helps us to estimate the mul-

tifractal spectrum (Calvet & Fisher 2008):

Definition 2.6 (Multifractal spectrum). The limit

f(α) ≡ lim

(
lnNk(α)

ln bk

)
as k →∞ (2.24)

represents a renormalized probability distribution of local Hölder exponents, and

is called the multifractal spectrum.

At this point, we can again distinguish two main classes of processes. Ho-

mogeneous (uniscaling) processes are described by a single point α0, f(α0): only

one ”sort” of scaling (singularity) is present in the process. On the other hand,

multifractal processes are characterized by different scalings (singularities of dif-

ferent strengths); in this case f(α) has generally a single humped shape which

extends over a finite interval [αmin, αmax], where αmin (or αmax) corresponds to

the strongest (or weakest) singularities (Arneodo et al. 1995).
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2.4 Multifractality measurement

Barabási & Vicsek (1991) pointed out that the best way to characterize the prop-

erties of fractals is to use a set of exponents that describes the scaling behavior of

the quantities defined for the fractal. Recent studies have shown that in addition

to the fractal dimension, there exists an infinite hierarchy of exponents that allows

a much more complete representation of so–called fractal measures.

In recent decades, there has been an increasing interest in the application of

the scaling concept to financial markets. As a result, a large number of methods

has been developed in order characterize the properties of financial data. Brief

list of methods should start by mentioning of a seminal work of Hurst (1951) on

re–scaled range statistical analysis R/S which gives an estimator for the Hurst

exponent. However, the R/S method was found to be sensitive to short-range

correlations and could therefore cause a bias estimation of long-range correlations

(monofractal) (Wang et al. 2011). Therefore, the proposed method has been

further modified for instance in Lo (1989).

Standard partition function formalism (see e.g. Halsey et al. (1986) or Barabási

& Vicsek (1991)) is another commonly used method. This method has been orig-

inally developed for the characterization of normalized, stationary measurements.

Unfortunately, this method does not work properly for non–stationary time series

that are affected by trends or that cannot be normalized. Therefore, in the 1990s

Muzy et al. (1991) proposed more powerful tool to address the multifractality, the

wavelet transform modulus maxima (WTMM), which is based on wavelet analysis

and involves tracing the maxima lines in the continuous wavelet transform over

all scales (Kantelhardt et al. 2002).

Another popular approach, the multifractal detrended fluctuation analysis

(MF-DFA), is based on a generalization of the detrended fluctuation analysis (DFA)

method which was designed by Peng et al. (1994). This multifractal DFA does not

require the modulus maxima procedure, and hence does not involve more effort

in programming. Kantelhardt et al. (2002) showed that the MF-DFA has slight

advantages for negative q values and short series over the WTMM, but in the other

cases the results of the methods are rather equivalent.

A more recent method is based on the moving average technique, which was

first introduced by Vandewalle & Ausloos (1998a) to estimate the Hurst exponent

of self–affinity signals and further develop to the detrending moving average (DMA)

by considering the second–order difference between the original series and its

moving average function by Alessio et al. (2002). Consequently,Gu et al. (2010)
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extended this method to the multifractal version (the MF-DFA).

In this section we describe commonly used procedures to measure multifractal

properties of the process via generalized Hurst exponent. First of all, we review

some basis notes about multiscaling in finance and introduce conventions of the

multifractality measurement with the links to the theory proposed in the previ-

ous sections. Thereafter, we introduce three methods of power-law estimation:

generalized Hurst exponent (GHE), MF-DFA by Kantelhardt et al. (2002), and

MF-DFA by Gu et al. (2010), which will be employed in our further analysis.

2.4.1 Multiscaling in finance

Within the scaling framework that employs Hurst exponent H, one can distinguish

between two kinds of processes: (i) a process for which the scaling exponent is

constant and independent of q, i.e. H(q) = H; and (ii) a process where exponents

are not constant. The first case represents the uniscaling or unifractal processes

and its scaling behavior is determined from a unique constant value of the Hurst

exponent. This may be the case of self–affine process where qH(q) is linear and

fully determined by its index H, for example the Brownian motion. In the second

case, when H(q) depends on q, the process is called multiscaling or multifractal.

Here, a special case is associated with value of q = q∗, at which q∗H(q∗) = 1. At

this point, the q∗-th moment scales linearly in τ . Point q∗ therefore represents a

threshold value. Since qH(a) is in general a monotonic growing function of q, all

the moments Hq(τ) with q < q∗ scale slower than τ and vice versa (Di Matteo

et al. 2005).

For some values of q, the exponents are associated with special features. For

example, H(1) characterizes the scaling behavior of the absolute value of the data

series. The value of this exponent is expected to be relatively close to the original

Hurst exponent, H, that is associated with the scaling of the absolute spreads

of the data. H(2) is instead proportional to the autocorrelation function and is

related to the power spectrum (Barunik et al. 2012).

The sign of the value of q is also an important aspect of the procedure. If we

consider positive values of q, H(q) describes the scaling behavior of the segments

with large fluctuations. The large fluctuations are usually characterized by a

smaller scaling exponent H(q) for multifractal series.10 On the other hand, for

negative values of q, behavior of the segment with small fluctuations is described

by scaling exponent H(q), which usually takes higher values (Kantelhardt et al.

10Detailed explanation of this phenomenon can be found in Kantelhardt et al. (2002).
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2002). It is obvious that richer multifractality corresponds to higher variability of

h(q). Therefore, we can quantify the multifractality degree as

∆H = H(qmin)−H(qmax). (2.25)

Another way to measure the multifractality strength is a singularity width α.

The singularity width α and its spectrum f(α) can be calculated from the scaling

function τ(q) according to the Legendre transform (Halsey et al. 1986)

α = τ ′(q) and f(α) = qα− τ(q). (2.26)

Again, α denotes the singularity strength or Hölder exponent, while f(α) is the

dimension of the subset of the series that is characterized by α. Using Equation

2.20, we can directly relate α and f(α) to H(q)

α = H(q) + qH ′(q) and f(α) = q[α−H(q)]− 1. (2.27)

Equivalently, the multifractality strength can be characterized by the span of

the multifractal singularity strength function, that is

∆α = αmax − αmin. (2.28)

If ∆α is large, the process owns multifractality, while the process is almost

monofractal when ∆α goes close to zero (Gu et al. 2010).

2.4.2 GHE - method description

In this part we provide a brief description of one of the most frequently applied

method used to study the multiscaling behavior of financial data, the GHE.

The original re-scaled range statistical analysis (R/S analysis) was first intro-

duced by the English hydrologist Harold Edwin Hurst (Hurst 1951) to describe the

long-term dependence of water levels in rivers and reservoirs.11 The most appeal-

ing feature of this analysis was that it was able to distinguish non-correlated series

from the correlated ones using only one parameter: Hurst exponent. However, as

the method relied on maxima and minima of the process X(t) it proved to be error-

prone because any outlier presented in the data would have a strong influence on

11We can find numerous extensions of the original analysis, see for instance Hurst (1956),
Mandelbrot & Van Ness (1968), or Lo (1991).
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the results. Moreover, this approach was also very sensitive to the presence of

short memory, heteroskedasticity, and multiple scale behavior (Di Matteo 2007).

On the contrary, GHE, introduced in this section, combines the sensitivity to

any types of dependence in the data with a computationally straightforward and

simple algorithm. The GHE is a natural, unbiased, statistically and computation-

ally efficient estimator that captures the scaling features of financial fluctuations

via the q-th order moments of the process X(t) (Di Matteo et al. 2003; 2005).

The main idea of Hurst analysis is to examine whether some statistical prop-

erties of time series X(t) (with t = ν, 2ν, . . . , kν, . . . , T ) scale with the time res-

olution ν and the observation period T . This scaling behavior is characterized

by an exponent H which is commonly associated with the long-term statistical

dependence of the process. Barabási & Vicsek (1991), and Di Matteo et al. (2003)

proposed to study scaling behavior of the q-th order moments of the increments

distribution. The q-th order moment expressed as

Kq(τ) =
〈|X(t+ τ)−X(t)|q〉

〈|X(t)|q〉
, (2.29)

can be therefore used to characterize the statistical evolution of the stochastic

process X(t). Note that τ can vary between ν and τmax days and 〈·〉 denotes the

sample average over the time-window.

The GHE can be then defined from the scaling behavior of Kq(τ) that follows

the relation (Barabási & Vicsek 1991)

Kq(τ) ∼
(τ
ν

)qH(q)

. (2.30)

In order to make the procedure more robust, Di Matteo et al. (2005) pro-

posed to compute Hurst exponents H for varying values of τmax. Specifically, in

Di Matteo et al. (2003) and Di Matteo et al. (2005) τ ranging between ν = 1 and

τmax ∈ (5, 19) was used. Assuming normality of the resulting exponents the asso-

ciated Hurst exponent can be computed by averaging the exponents with different

τmax.

One of the biggest drawbacks of the GHE procedure is that it can be employed

only for the positive moments (that is for q > 0). Barabási & Vicsek (1991)

showed that the results are not accurate for the negative moments due to the

large uncertainties.
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2.4.3 MF-DFA - method description

The original DFA, introduced by Peng et al. (1994), was initially invented to study

the long-term dependence in coding and noncoding DNA nucleotides sequence (see

Peng et al. (1994)). Since then it was applied to time series in various fields; for

studies of financial data see for instance Gu et al. (2007) or Jiang et al. (2009).

The DFA algorithm was then extended to analyze the multifractal time series by

Kantelhardt et al. (2002). The MF-DFA method identifies the scaling function

of the qth-order moments depending on the length of the data, and it can be

used to find the spectrum of singularities f(α) for both stationary as well as non-

stationary time series. The generalized MF-DFA procedure consists of five steps;

three of them are essentially identical to the conventional DFA procedure.

Following Kantelhardt et al. (2002) we consider a time series xk that is of

compact support, i.e. xk = 0 for an insignificant fraction of the values only.

� Step 1: Determine the ”profile” defined as

Y (i) ≡
i∑

k=1

(xk − 〈x〉), i = 1, . . . , N, (2.31)

where N is the length of the series and 〈x〉 denotes the mean of xk. The

subtraction of the mean is not compulsory in this step, since it would be

eliminated later by the detrending procedure. Note that from the definition

we have Y (N) = 0.

� Step 2: Divide the profile Y (i) intoNs ≡ int(N/s) non-overlapping segments

of length s. Since in general N is not a multiple of the considered time scale

s, a short part (shorter than s) at the end of the profile may remain. In order

to incorporate this part of the series, the analogous procedure is repeated

starting from the opposite end. As a result, 2Ns segments are obtained

altogether.

� Step 3: The aim of this step is to detrend profiles Y (i) in each segment

of given length s, separately. First, we calculate the local trend for each

segment ν by a least-squares fit of the series. Then, we determine the

variance for each segment ν = 1, . . . , Ns as

F 2(ν, s) =
1

s

s∑
i=1

{Y [(ν − 1)s+ i]− yν(i)}2 (2.32)
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while for segments ν = Ns+1, . . . , 2Ns, the corresponding variance is defined

as

F 2(ν, s) =
1

s

s∑
i=1

{Y [N − (ν −Ns)s+ i]− yν(i)}2, (2.33)

where yν(i) is the fitting polynomial in the νth segment. Kantelhardt et al.

(2002) pointed out that a linear, quadratic, cubic, or higher order polynomi-

als can be used in the fitting procedure (corresponding procedures are often

denoted as MF-DFA1, MF-DFA2, MF-DFA3, ...). Definitions of the vari-

ance as stated above imply that different order DFA differ in their capability

of eliminating trends in the series. In the nth order MF-DFA, trends of order

n in the profile and of order n−1 in the original series are eliminated. Thus,

we can estimate the type of the polynomial trend in the series by comparing

the results for different orders of MF-DFA procedures (Taqqu et al. 1995).

� Step 4: Determine the qth-order fluctuation function. In this step, Kan-

telhardt et al. (2002) distinguished two essentially different cases. Firstly,

when q 6= 0 we obtain the qth-order fluctuation function by averaging over

all segments

Fq(s) ≡
{

1

2Ns

2Ns∑
ν=1

[F 2(s, ν)]q/2
}1/q

. (2.34)

Note that for q = 2 we get the standard DFA procedure. Second, for q → 0

the averaging procedures cannot be used because of the diverging exponent.

Instead, we use a logarithmic averaging procedure

Fq(s) ≡ exp

{
1

4Ns

2Ns∑
ν=1

ln[F 2(s, ν)]

}
∼ sH(0). (2.35)

Since we are interested in how the generalized q-dependent fluctuation func-

tion Fq(s) depends on the time scale s for different values of q we repeat

steps 2 to 4 for several time scales s. For instance, Kantelhardt et al. (2002)

in his seminal work examine simulated binomial multifractal process us-

ing s ∈ [50, 500], Gu et al. (2010) investigate returns of SSEC index us-

ing s ∈ [10, 1000], while He & Chen (2010) study crude oil prices using

s ∈ [10, n
10

] with the steps of length 10.

� Step 5: Now, we can determine the scaling behavior of the fluctuation func-

tion by analyzing log-log plots of Fq(s) against s for different values of

moment q. If the series xk are long-range power-law correlated, functions
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Fq(s) increase by a power law:

Fq(s) ∼ sH(q), (2.36)

for large s values (Kantelhardt et al. 2001). The family of scaling exponents

H(q) can be derived from the slopes of the log-log Fq(s) versus s plots. In

general, exponent H(q) may depend on q and it is the generalization of the

Hurst exponent.12

2.4.4 MF-DMA - method description

The original DMA, as well as DFA, has been developed in order to deal with the

inaccurately quantifying long-range correlations in non-stationary signals with

underlying trend. The main advantage of the DMA over the DFA is that it does

not require any assumptions on the polynomial order of trends. It removes the

local trends by subtracting the local means. Moving average methods are widely

used in fields such as chemical kinetics, biological processes and finance (see for

instance Makse et al. (1996) or Carbone et al. (2004)) to obtain scaling property

through a simple function: the moving average (Xu et al. 2005; Arianos & Carbone

2007).

Consequently, Gu et al. (2010) extended the DMA to multifractal detrending

moving average (MF–DMA), which is designed to study multifractal time series

and surfaces. The multifractal detrending moving average (MF-DMA) method

consists of six steps:

� Step 1: Consider a time series xt, t = 1, . . . , N . Then, construct the inte-

grated time series, the ”profile”, as

Y (i) =
i∑

k=1

(xk − 〈x〉), i = 1, . . . , N. (2.37)

Note that, as in the MF-DFA procedure, the mean subtraction is not manda-

tory, since it would be eliminated by local detrending later (Wang et al.

2011).

� Step 2: Calculate the moving average function Ỹ (i) in a moving window

12For stationary time series, H(2) is identical to the well-known Hurst exponent H (Kantel-
hardt et al. 2002).
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(Arianos & Carbone 2007)

Ỹ (i) =
1

s

d(s−1)(1−θ)e∑
k=−b(s−1)θc

Y (i− j), (2.38)

where s denotes the windows size, bxc is the largest integer not greater

than x, dxe is the smallest integer not smaller than x, and θ is the position

parameter varying in the range [0, 1]. Hence, the moving average function

considers the past d(s − 1)(1 − θ)e data points and the future b(s − 1)θc
data points. Gu et al. (2010) consider the following three special cases. The

first case θ = 0 refers to the backward moving average, in which the moving

average function Ỹ (i) is calculated over all the past s− 1 data points. The

second case θ = 0.5 corresponds to the centered moving average, where Ỹ (i)

contains half past and half future data in each window. The third case θ = 1

refers to the forward moving average, where Ỹ (i) considers the trend of s−1

future data points (Arianos & Carbone 2007; Gu et al. 2010).

� Step 3: Detrend the signal series by removing the moving average function

Ỹ (k) from Y (k), and obtain the residual sequence ε(k) through

ε(k) = Y (k)− Ỹ (k), (2.39)

where s− b(s− 1)θc ≤ k ≤ N − b(s− 1)θc.

� Step 4: Divide the residual sequence into Ns non-overlapped segments with

the equal length s, where Ns = bN/s − 1c. Each segment can be denoted

by εν such that εν(k) = ε(l + k) for 1 ≤ k ≤ s,where l = (ν − 1)s. Then we

can define the fluctuation variance as

F 2
ν (s) =

1

s

s∑
k=1

ε2ν(k). (2.40)

� Step 5: Calculate the qth order fluctuation function using the equation

Fq(s) =

{
1

Ns

Ns∑
ν=1

F q
ν (s)

}1/q

, (2.41)

where q can take any real value except for q = 0. When q = 0, according to
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L’Hôspital’s rule, we have

ln[F0(s)] =
1

Ns

Ns∑
ν=1

ln[Fν(s)]. (2.42)

� Step 6: Varying the value of segment size s, we can determine the power–

law relation between the function Fq(s) and the size scale n through the

following equation

Fq(s) ∼ sh(q). (2.43)

2.5 Realized volatility

The advent of high-frequency data (HFD) is considered as one of the most relevant

innovations in financial quantitative analysis over the last decade. As HFD revealed

to be highly predictable, it brought the opportunity to forecast at shorter horizons

as well as it improved longer horizon forecasts since the intra–day data are a

good approximation of the true daily variance. In the following section we briefly

describe what HFD are, and how they can be used for empirical analysis. Further,

we demonstrate how realized variance and bipower variation can be computed

from HFD.

2.5.1 High-frequency data handling

The expression HFD refers to the huge datasets that contain detailed information

about all the financial markets’ activity. The base unit of information, which

builds up these data sets, is called a tick. A tick usually contains a time stamp and

an additional set of information about some specific aspect of the market activity.

The databases of HFD containing tick-by-tick information are very complex, which

make their handling quite challenging. Specifically, problems are usually caused

by (Brownlees & Gallo 2006):

� a huge number of ticks;

� the random time intervals between two ticks as a reflection of stochastic

markets events;

� the sequence of ticks might: contain a significant number of errors; not to

be time ordered; be distorted by particular market conditions (e.g. opening,

trading halts, etc);
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� some additional information that is not of interest

Handling the raw HFD is an important procedure that has to be undertaken

before the information contained in the data can be used for further econometric

analysis. In general, data handling procedure consists of two steps. At first, we

have to clean the data, i.e. detect and remove any wrong observation, that does

not reflect the true market activity, from the raw dataset. Next, the time series

with regular structure is build up.

In further description of the data handling we focused mainly on the methods

used by Oxford-Man Institute of Quantitavive Finance. Data cleaning process of

the Oxford-Man Institute draws primarily from the systematic study of Barndorff-

Nielsen et al. (2009), which builds on techniques documented by Falkenberry

(2002) and Brownlees & Gallo (2006). Since the raw data used by Oxford-Man

Institute has more variation in structure than that dealt in Barndorff-Nielsen et al.

(2009), the methods have been modified.

Data cleaning

Appropriate cleaning technique is one of the most important aspects of volatility

estimation from HFD (Barndorff-Nielsen et al. 2009). The database provided

by Oxford-Man Institute is base on underlying HFD obtained through Reuters

DataScope Tick History. Most of the analyzed series are based on financial indices,

which are updated at distinct frequencies. Some indices, such as Dow Jones index,

are updated every second but most of them are updated every 15 or 60 seconds.

For all data, only one rule, called P1, is applied:

� P1. Delete entries with a time stamp outside the interval when the exchange

is open.

Moreover, there are some additional manual edits made when the results seem

to be unsatisfactory. Some of these are due to rebasing of indices (Shephard &

Sheppard 2009).

2.5.2 Realized volatility measures

In this section we introduce some methods for computing of daily realized volatility

measures from the cleaned data. Again, methodology concerns on the techniques

used by Oxford-Man Institute, which provides a variety of realized volatility esti-

mators.
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The usual and common practice was to consider absolute value or squared

returns as an approximation of the unknown daily variance. Motivated by the

drawbacks of the former practice and availability of HFD, Andersen et al. (2001)

introduced a new concept of daily asset return volatility measures, known as real-

ized volatility. Since that time realized volatility has become one of the most active

areas of research in empirical finance and time series econometrics (Andersen et al.

2002). Realized volatility measures belong to the family of nonparametric proce-

dures, which are, in general, free of any functional form assumptions. This makes

them, in contrary to parametric models such as the GARCH model, very flexible

yet consistent volatility estimates. The main idea is that one computes historical,

ex post sample variance from higher frequency return time series in order to get

lower frequency volatility measures (Andersen et al. 2002). Realized measures

published by Oxford-Man Institute reflect behavior of an asset price level during

the operation time of the exchange. They ignore any overnight variations and

sometimes also the variation in the first few minutes of the trading day (Shephard

& Sheppard 2009)

The following methodology subsections take advantage of the framework pre-

sented in Shephard & Sheppard (2009), which builds directly on the theoreti-

cal background of realized measures presented by Barndorff-Nielsen & Shephard

(2005), Andersen et al. (2002) and Andersen & Bollerslev (2003). Proposition

of bipower variation can be found for instance in Barndorff-Nielsen & Shephard

(2004) or Barndorff-Nielsen & Shephard (2006).

Theoratical framework

In general, i-th realized variance can be computed as a sum of squares of high

frequency observations in the time interval between h(i− 1) and hi, where h > 0

denotes some fixed time period (e.g. trading day). To understand the properties

of realized variance we need to show how it is related to the quadratic variation

process which is introduced in this subsection.

As it is more traditional and convenient the theory is presented based on

the time interval from time 0 to T rather than on the one stated above. The

implication for realized measures which are based on quantities calculated over

the interval (h(i−1), hi) will be introduced later on (Barndorff-Nielsen & Shephard

2004).

Following Andersen & Bollerslev (2003) we consider a logarithmic asset price

process, Yt, which is defined on a complete probability space, (Ω,F , P ), evolving
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in continuous time over the interval [0, T ], where T is a positive integer. Next,

we consider an information filtration. That is an increasing family of σ-fields,

(Ft)t∈[0,T ] ⊆ F , which satisfies the ”usual conditions”, i.e., it is P -complete and

right continuous. Finally, we assume that the asset prices through time t, including

the relevant state variables, are included in the set F .

Before we proceed to the proposition of quadratic variation and its implications

for the theory of realized measures we need to introduce the concept of semi-

martingales. Process Yt is said to be semi-martingale (Y ∈ SM) if we can rewrite

it as Yt = Mt + At, where Mt is a local martingale (M ∈ Mloc) and At is a

càdlàg13 adapted process with local finite variance (A ∈ FV loc). More rigorous

descriptions of semi-martingales are given in Back (1991) or Protter (2004).

Since process Y can exhibit jumps it can be tempting to decompose Y =

Y ct + Y d, where Y ct and Y d denote purely continuous and discontinuous path

components of Y , respectively. However, this equation does not hold since the

jumps of the Y can be so active that they cannot be summed up. Therefore, we

need to use more complex decomposition

Y = Y d +M c + Ac, (2.44)

where M c is the continuous part of the local martingale component of Y and Ac

is A less the sum of its jumps (Barndorff-Nielsen & Shephard 2005).

One of the most important aspects of semi-martingales is the quadratic vari-

ation which can be defined as

[Y ]t = plim
T→∞

tj≤T∑
j=1

(Ytj − Ytj−1
)2, (2.45)

for any deterministic sequence of partitions t0 =< t1 < . . . < tM = T with

supj(tj − tj−1)→ 0 as M →∞ (Barndorff-Nielsen & Shephard 2004). Barndorff-

Nielsen & Shephard (2005) stated that it can be shown that the probability limit

exists for all semi-martingales. In genera,l we can rewrite the above definition as

[Y ]t = [Y ct]t + [Y d]t, where [Y d]t =
∑

0≤u≤T

∆Y 2
u , (2.46)

and ∆Yt = Yt − Yt− are the jumps in Y , and noting that [A]ct = 0.

To extend the framework of volatility measures, Barndorff-Nielsen & Shephard

13Process Xt is càdlàg if it is right continuous, with left limit (Protter 2013).



2. Methodology 32

(2004) introduced the special case where Y is a member of the Brownian semi-

martingale plus jumps (Y ∈ BSMJ ) class:

Yt =

∫ t

0

audu+

∫ t

0

σudWu +
Nt∑
j=1

Cj, (2.47)

where a is a vector of predictable càdlàg drifts, σ is a matrix of volatility process

whose elements are càdlàg, W is a Standard Brownian motion and N is a simple

counting process (which is assumed to be finite for all t). Next, let assume J =∑Nt

j=1Cj is a finite activity process with Cj being a non-zero jumps which happen

at times 0 = τ0 < τ1 < τ2 < . . ..

When N ≡ 0 we write Y ∈ BSM, which is said to be a stochastic volatility

plus drift model. Barndorff-Nielsen & Shephard (2005) emphasized that if Y ∈
BSM we deal with a canonical model in the finance theory for continuous sample

path processes and we can write

[Y ]t = [Y ct]t =

∫ t

0

σ2
udu. (2.48)

However, the hypothesis of continuous sample path price process would be

rather statistically rejected even for the price processes drawn from very thickly

traded markets. Therefore, we should assume N 6= 0. Assuming J has an abso-

lutely continuous intensity, it is convenient to decompose J as J = JA+JM , where

JM is the compensated jump J process (JM ∈ M) while JAt =
∫ t

0
cudu ∈ FVctloc.

Using the same decomposition as in 2.44 we can write

At =

∫ t

0

(au + cu) and Mt =

∫ t

0

σudWu +
Nt∑
j=1

Cj −
∫ t

0

cudu. (2.49)

Now it is easy to see that [Y d]t =
∑Nt

j=1C
2
j and so

[Y ]t =

∫ t

0

σ2
udu+

Nt∑
j=1

C2
j . (2.50)

Using the terminology provided above, Barndorff-Nielsen & Shephard (2005)

showed that the quadratic variation process, as defined in 2.50, is not able to

separate its individual components as stated in the definition due to the contin-

uous parts of price processes and due to the jumps. Consequently, the quadratic

variation, as defined above, is not sufficient to learn the integrated covariance
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process.

Therefore, in order to identify the components of the quadratic variation pro-

cess, Barndorff-Nielsen & Shephard (2004) introduced its extension, known as

bipower variation process. Bipower variation process, when it exists, can be writ-

ten as

{Y }[r,s]
t = plim

δ→0
h1−(r+s)/2

bt/δc−1∑
j=1

|yj|r|y(j+1)|s, r, s ≥ 0, (2.51)

where δ > 0 is a time period between two observations on the time interval from

0 to T , yj = Yjδ − Y(j−1)δ is the equally spaced j-th return, and, for any real

number a, bac denotes the largest integer less than or equal to a. Barndorff-

Nielsen & Shephard (2006) estimated the δ normalization and showed that the

result is quite robust since it is not dependent on any assumption concerning

the structure of N , the distribution of jumps or any relation between the jump

process and other continuous components. The robustness of bipower variation is

reasoned by the fact that only a finite number of terms in the sum 2.51 is affected

by jumps, while each return that does not have a jump goes in probability to zero.

Therefore, since the probability of jumps in continuous time intervals goes to zero

as δ → 0, those terms do not impact the probability limit.

Realized measures

The previous section introduces fundamental framework of theory which allows us

to use realized measures. Before we proceed to the practical construction of real-

ized variance and bipower variation we need to establish the notation mentioned

at the beginning of the previous section.

Following Barndorff-Nielsen & Shephard (2004), let us denote the i-th h low

frequency return of a logarithmic price process Yt as

yi = Yih − Y(i−1)h, i = 1, 2, . . . . (2.52)

In case we deal with daily volatilities of financial returns we refer to the i-th

period as the i-th day. In addition to yi, suppose that we have a record of prices

at M equally spaced time points during the i-th day. Then, we can define high

frequency returns as

yj,i = Y(i−1)h+hjM−1 − Y(i−1)h+h(j−1)M−1 , j = 1, 2, . . . ,M, (2.53)

where yj,i is the j-th intra-h return for the i-th day. For instance, if we have
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144 equally spaced observations over a day i, yj,i represents a return for the j-th

10-minute return on the i-th day.

Realized variance Andersen & Bollerslev (2003) provide an analysis of the

quadratic variation which implies that if Y ∈ SM, then the realized variance

defined as

[yM ]2i =
M∑
j=1

y2
j,i (2.54)

converges uniformly in probability to the increment of the quadratic variation

process as M →∞. Therefore, realized variance can be considered as an unbiased

and highly efficient estimator of return volatility.

Bipower variation Analogous to realized variance, bipower variation process can

be consistently estimated using an equally spaced discretisation of financial data.

This estimator is called the realized bipower variation and can be constructed in

following way (Barndorff-Nielsen & Shephard 2004)

[yM ]
[r,s]
i =

{(
h

M

)1−(r+s)/2}M−1∑
j=1

|yj,i|r|yj+1,i|s, r, s ≥ 0. (2.55)



Chapter 3

Literature Overview

The idea to bring the concept of multifractality from physics to economics has

formed a new and very complex field of research. These days, we can find a

huge number of theoretical as well as empirical studies concerning multifractal

behavior of various financial time series and development of its applications such

as volatility forecasting and pricing. The aim of this section is not to give a

complex review of all these published studies but to provide an overview of the

most relevant theoretical publications along with the most important empirical

studies.

A complex but clear introduction of the multifractality to economics can be

found in three Cowles Foundation Discussion Papers published at Yale University,

namely Mandelbrot et al. (1997), Calvet et al. (1997), and Fisher et al. (1997). The

main contribution of the series is that it provides a brief theoretical insight into

the world of multifractals and develops one of the first multifractal applications,

MMAR. The core of this research was eventually published as a one unified article

in the Review of Economics and Statistics (Calvet & Fisher (2002)).

The first paper of the series, Mandelbrot et al. (1997), defines multifractals via

its global characteristics - the scaling law for the moments of the process. More-

over, it demonstrates the extension of multifractality from measures to processes.

Finally, the theoretical background is used to develop the MMAR, the alternative

to the ARCH type models for modeling temporal heterogeneity in financial returns.

The MMAR represents the first martingale multifractal diffusion. It is a pow-

erful tool for financial volatility modeling as it captures the three main features of

financial time series: it incorporates long tails as well as long memory. Thirdly, it

takes into account the concept of trading time, which consists in random distortion

of clock time that accounts for changes in volatility.
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Calvet et al. (1997), the second paper of the series, introduces the multifrac-

tality from a different perspective. It focuses on the local behavior of multifractal

process defining the local Hölder exponent. It shows that most diffusions can be

described by increments that grow locally at rate (∆t)
1
2 for the entire sample path.

More advanced approaches, such as fractional Brownian motion, are characterized

by local growth rates of order (∆t)H , with time invariant exponent H. On the

contrary, multifractals have a multiplicity of local growth rates for increments.

This feature implies quite an elegant mathematical theory such as local spectrum

(Mandelbrot et al. 1997). The newly introduced concept is also incorporated into

the MMAR model.

The last paper of the series, Fisher et al. (1997), is the first empirical study

which employs the MMAR on the real data. The paper found an evidence of multi-

fractality in Deustschemark / US Dollar currency exchange rates and showed how

to estimate the multifractal spectrum via the Legende transform. Furthermore,

the simulation experiments were employed to compare the MMAR model with the

alternative representations, such as fractionally integrated generalized autoregres-

sive conditional heteroskedasticity (FIGARCH). The MMAR hypothesis appears as

more likely and the MMAR model revealed as a successful tool in uncovering a

previously unseen empirical regularity.

Later, to provide a practical application of multifractality that could be used

for volatility forecasting and pricing, another innovative model, Markov model

with multifrequency characteristics, called the MSM, was developed and firstly

published by Calvet & Fisher (2004).

In 2008, Laurent E. Calvet and Adlai J. Fisher published a coherently com-

prehensive book (Calvet & Fisher (2008)) whose chapters draw heavily from their

earlier publications in academic journals. This book brings a unified and complete

multifractal approach to financial returns and volatility modeling from both theo-

retical and empirical points of view. It provides detailed methodology description

including the statistical inference for estimation as well as empirical examples and

a comparison of out-of sample forecasts with other common models such as the

long memory FIGARCH.

The first part of the book is dedicated to discrete-time models. At first, the

popular and essential ARCH-type and Markov-switching processes are reviewed.

Next, the workhorse of the book, the MSM is introduced. The MSM builds on the

intuition that a range of economic uncertainties with varying degrees of persis-

tence impact financial markets. Using a set of restrictions inspired by the mul-

tifractal literature, Calvet & Fisher (2008) define a pure regime-switching model
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with multiple frequencies, arbitrarily many states, and a dense transition matrix.

Resulting MSM is very efficient model since it requires only 4 parameters and have

closed-form likelihood function. Moreover, it has been shown that MSM produces

good volatility forecasts, especially at longer horizons, and outperforms standard

processes in- and out-of-sample. Furthermore, based on the earlier work Calvet

et al. (2006), the generalization to several assets is provided through a multivariate

version of the model along with the empirical analysis showing that multivariate

MSM gives reasonable estimates of the value-at-risk inherent in a single currency

or a portfolio of currencies.

The second part of the book shows that the multi frequency modeling works

also in continuous time. Initially within the text, some background theory on

self-similarity, multifractal measures and local scaling is reviewed. Subsequently,

earlier MMAR model is specified using previous materials from Calvet & Fisher

(2002). Next chapter shows that the discrete-time MSM can be redefined in con-

tinuous time, which solves the nonstationarity problem inherent in the MMAR.

Thereafter, the multi-scaling law is empirically confirmed using high-frequency

exchange rates, stock returns, and equity index. Results, adapted mainly from

Calvet & Fisher (2002), present empirical evidence on the power variation of re-

turns at various frequencies and demonstrate its consistency with proposed mul-

tifractal models.

The last part of the book concerns equilibrium implications of multifrequency

volatility proposing both the discrete-time and continuous-time approach. Discrete-

time approach, first published in Calvet & Fisher (2007), assumes that the volatil-

ity of dividend news follows MSM process and leads to the establishment of the

endogenous stock return process. The last chapter considers equilibrium stock re-

turns in continuous time, focusing on endogenous jump-diffusions and convergence

to a multifractal jump-diffusion.

Calvet & Fisher (2008) mentions that numerous complementary studies con-

firm that multiscaling is a common feature of many financial time series. On

the contrary, we can find numerous studies proving the opposite. Therefore, the

following part provides a brief review of the empirical studies that investigate

the scaling behavior of financial time series along with their main evidence and

conclusions.

Since the pioneering works in the 1990’s,1 econophysics has become a rapidly

evolving field of study. Numerous empirical studies have been performed to dis-

1For one of the first multifractal analysis of financial markets see for instance Mantegna &
Stanley (1995) or Mantegna & Stanley (1996).
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cover remarkable similarities between financial markets and turbulent flows (Jiang

& Zhou 2008a). The multifractal nature of financial markets was studied by

means of numerous methods, using various series, and with different purposes.

For instance, stock market indices were studied in Bouchaud et al. (2000), Kat-

suragi (2000), Sun et al. (2001), Andreadis & Serletis (2002), Ausloos & Ivanova

(2002), Bershadskii (2003), Ho et al. (2004). Whereas Ghashghaie et al. (1996)

represents one of the first analyses on foreign exchange rates. This study was fol-

lowed amongst others by Vandewalle & Ausloos (1998b), Bershadskii (1999) and

Norouzzadeh & Rahmani (2006). Furthermore, Moyano et al. (2006) studied mul-

tifractal behavior of traded volume and Ivanova & Ausloos (1999) found evidence

of multifractal behavior in gold prices. Additionally, Lim et al. (2007) verified the

multifractality of the derivatives series of the Korean Treasury Bond futures and

the spot returns of the US Treasury Bond. Moreover, we can distinguish studies

focusing on the multifractal properties of prices, returns, and volatility measures.

At first, we list some important analyses on prices and returns; analyses of volatil-

ity measures are mentioned at the end of the chapter.

The evidence of multifractality in financial time series presents only the first

step of the analysis. An important and subtle issue of multifractality is about

its origin (Zhou 2009). In order to investigate the main sources of multifractal-

ity, Matia et al. (2003) examined normalized daily prices of 29 commodities and

2449 stocks by means of MF-DFA. They showed that the main contribution to

multifractality comes from a broad distribution of returns, while the long mem-

ory contributes only marginally. This conclusion was supported also by Zhou

(2009) and Zunino et al. (2009), who analyzed the two sources of multifractal-

ity in the Latin-American market indices and the Dow Jones Industrial Average,

respectively.

Next, Barunik et al. (2012) explored daily returns for a collection of stock ex-

change indices, foreign exchange rates, and US Treasury Bond rates with different

maturity using GHE method. They concluded that the multifractality observed in

financial series is mainly a result of fat-tail distribution of returns and observed

a puzzling phenomena that time-correlation have the effect to decrease measured

multifractality.

On the contrary, Kumar & Deo (2009), applying the MF-DFA on the Indian

financial indices, showed that underlying multifractality is the result of both

long-range correlations as well as broad probability density function. Different

results were published by Kwapień et al. (2005), who analyzed 5-minute stock

returns of the 100 largest American companies using MF-DFA procedure. They
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concluded that all of the stocks exhibit multifractality, but their spectra have

different widths. Shuffling the data revealed that temporal correlations are the

main source of multifractal dynamics of stock returns, although this influence is

strongly company-dependent. Usage of the Fourier-phase-randomized-surrogates

data showed that fat-tailed distribution is also a meaningful and company-stable

source of multifractality, though rather weaker than the temporal correlations.

On the other hand, Onali & Goddard (2009) suggested that the multifractality of

the returns of the Italian stock market index is mainly caused by long memory.

A slightly different attitude was used in Oswiecimkaa et al. (2005) who em-

ployed MF-DFA and WTMM to investigate the multifractal properties of 30 German,

and 30 American stock prices fluctuations. They indicated that each of the meth-

ods give different results: MF-DFA works better for detection of global multifractal

behavior, while WTMM appears to be more suitable for the local characterization

of the scaling properties. In other words, WTMM acts better in the presence of

strong temporal correlations, but it gives significantly biased results if the signals

are characterized by broad probability density functions and weak correlations.

Since both of the properties might be sources of the multifractal behavior, the

reliability of outcomes strongly depends on the properties of the analyzed signals.

Di Matteo et al. (2003) presents another seminal study on multifractality. The

main contribution of the article is the proposition that the deviation from pure

Brownian motion can be associated with the degree of market development. An-

alyzing separated time windows, authors found that over different sub-periods

financial data series reveal significant changes in the scaling behavior of a given

market in time. Therefore, scaling behavior can be viewed as an evolving quan-

tity that can be used not only to compare different markets but also to catch the

overall variability of the market conditions. This idea was extended in the con-

sequent study, Di Matteo et al. (2005), which analyzes a wide collection of daily

foreign exchange rates, stock indices and fixed income instruments from 32 differ-

ent markets. Finally, Di Matteo (2007) reviews and discusses the most suitable

paradigms, tools, and practical methods for multifractality measurement with a

particular emphasis to the GHE approach. The discussion is also substantiated

with an empirical analysis of time series from various assets and markets.

The idea of assessing the degree of market development using multifractal

measures was supported by numerous related studies. For instance, Cajueiro &

Tabak (2007) showed that interest rates in Indonesia have much stronger degree

of multifractality compared to London Interbank Offered Rate (LIBOR) interest

rates. Subsequently, Zunino et al. (2008) concluded that developed markets with
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higher degrees of efficiency always show lower multifractality degree compared to

the developing markets. This result was also affirmed in Zunino et al. (2009),

which studied the multifractal nature of daily prices and volatility returns of

Latin-American stock markets by means of the MF-DFA.

Subsequently, Wang et al. (2009) and Wang et al. (2010a) imposed MF-DFA on

the return series of the Shenzhen and Shanghai stock market to find the evolution

of the efficiency degree. Employing the rolling window method, they found out

that efficiency of both stock markets increased in the long term horizon due to

price-limited reform. However, the reform influence was very minor in the short

term. Similar evidence was provided in a related study by Liu et al. (2010), which

investigated the dynamics of two main sources of multifractality over time.

Empirical studies of the volatility series are less frequent than the ones con-

cerned on prices and returns. Moreover, their results are not as consistent.

Pasquini & Serva (2000) represents, to our knowledge, one of the first mul-

tifractal analyses of volatility series. It confirmed the presence of multifractality

in volatility of the New York Stock Exchange (NYSE) composite index and the

US Dollar/Deutsch Mark exchange rate. Next, Wei & Wang (2008) used high-

frequency data of the Shanghai Stock Exchange Composite Index to estimate its

multifractality and to derive a multifractal volatility measure. They compared the

one-day ahead volatility forecasting performance of this model with other popu-

lar models such as the realized volatility model or GARCH. The empirical results

showed that the multifractal model outperforms all the other alternative mod-

els suggesting that multifractality may help in the further research on derivative

product pricing and financial risk management.

Jiang & Zhou (2008a) investigated the minutely volatility of two indexes and

the ensembles of 1139 stocks in the Chinese stock market. In this case, extensive

statistical tests based on bootstrapping were employed to confirm the underlying

multifractality. The extracted multifractal nature was significant even at the 1%

significance level. Moreover, shuffled data analysis revealed that long memory is

the main source of multifractality in volatility series. Slightly different results were

reported by Barunik et al. (2012), who analyzed volatility of daily stock exchange

indices, foreign exchange rates, and US Treasury Bond rates. Significant multi-

fractality appeared to by caused mainly by the fat-tailed distribution function.

On the contrary, employing the daily volatility data of the Dow Jones Industrial

Index, Zhou (2011) showed that there is a marked finite-size effect in the detection

of multifractality. Additionally, they showed that the time series exhibits effective
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multifractality2 only if it also possesses nonlinearity. In other words, they showed

the fat-tail probability function alone cannot produce any multifractality.

Wang et al. (2009) and Wang et al. (2010a) implement the MF-DFA on daily

volatility series of the Shenzhen and the Shanghai stock market, respectively.

The rolling window method showed that the Hurst exponents are still larger

than 0.6 with no apparent trend suggesting that volatility of both markets is

strongly long-range correlated. However, the multifractality degrees, quantified

as ∆h = h(qmin) − h(qmax), sometimes approached toward zero. Other analysis

concerning the efficiency of the Shanghai stock market through the dynamic of

local Hurst exponents was conducted by Lin et al. (2011). Contrary to previous

studies, authors decomposed the realized volatility into continuous sample paths

and jump components, and analyzed the long-range correlations of decompos-

ing components. They found apparent multifractal properties in all underlying

volatility series. In accordance with Wang et al. (2010b), who analyzed the multi-

fractal behavior of WTI crude oil volatilities, the persistence of small fluctuations

of realized volatility (with q < 0) was revealed. On the other hand, antipersis-

tent volatility behavior was confirmed only for large fluctuations (with q > 9).

Moreover, in accordance with Wang et al. (2010a), the rolling window method

confirmed increasing efficiency of the Shanghai stock market.

Above, we have mentioned numerous studies concerning financial market mul-

tifractality. The results presented in the studies can be summarized as follows:

there is apparent multifractal behavior in price and return time series. Most of

the multifractality is attributed mainly by fat-tail distribution function, whereas

long memory may have only a marginal effect on multifractality. On the other

hand, in case of volatility series, the results are not so consistent. Although, the

most of the studies confirmed there is some multifractal pattern in volatilities, the

question of its source has not been clearly answered yet.

2Effective multifractality consists of the nonlinearity component and the probability distri-
bution component, i.e. ∆αeff = ∆αNL + ∆αPDF .
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Data Description

To gain a profound insight into the multifractality in different financial markets

we consider daily data for a collection of four stock exchange indices, i.e. the

Standard & Poor’s 500 Index (S&P 500), the Brazilian Bovespa Index (Bovespa),

the Japanese Nikkei 225 Stock Average (Nikkei 225), and the Europe’s leading

Blue-chip index for the Eurozone, the EURO STOXX 50 Index (STOXX 50). The

data series were obtained from the Oxford-Man Institute of Quantitative Finance,

which provides free datasets on returns and multiple versions of realized volatility

for selected collection of equity indices and exchange rates. The data samples

cover the period from January 3, 2000 to January 15, 2016 with on average 3966

observations.

We investigate the logarithmic open-to-close return which is defined as the

difference between the daily open and close prices, r(t) = ln(Rtc)− ln(Rto), where

Rtc and Rto denote closing and opening price of the day, respectively. The daily

closing prices and logarithmic returns of the indices are shown in Figure 4.1.

For the purpose of the volatility examination, we employ two different volatility

measures: 5−minute realized variance and 5−minute bipower variation. The

graphical representation of the volatility measures is illustrated in Figure 4.2.

Furthermore, to identify the contribution of time-varying volatility (i.e. the

combination of fat tails and nonlinear correlations) to multifractality, we study

the behavior of the returns series which were standardized using square roots

of both volatility measures. In the case of volatilities, we use the logarithmic

versions of the measures to study the impact of the distribution on the underlying

multifractality strength.
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Figure 4.1: Prices and returns series
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(b) S&P 500 - returns
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(d) Bovespa - returns
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(f) Nikkei 225 - returns
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(h) STOXX 50 - returns

Plots of the daily closing prices of the indices for the period from January 3, 2000 to January

15, 2016, and the corresponding logarithmic open-to-close returns.
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Figure 4.2: Volatility series
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(a) S&P 500 - realized variances
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(b) S&P 500 - bipower variations
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(c) Bovespa - realized variances
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(d) Bovespa - bipower variations
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(e) Nikkei 225 - realized variances
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(f) Nikkei 225 - bipower variations
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(g) STOXX 50 - realized variances
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(h) STOXX 50 - bipower variations

Plots of the daily 5−minute realized variances and 5−minute bipower variations for the period

from January 3, 2000 to January 15, 2016.
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Hypotheses

5.1 Normality of returns

Over the decades of financial time series studies, econometricians have uncovered

some fascinating regularities in their properties. It has become one of the stylized

facts that the distribution of asset returns, measured at high frequencies, is very

far from normal. Actually, there is excess kurtosis; i.e. the returns distribution

is more peaked and has fatter tails compared to the normal distribution (Calvet

& Fisher 2008). This characteristic may severely impact investment strategies as

the extreme gains and losses become more frequent.

As a consequence, at first we test whether the return series of all four chosen

indices follow the standard normal distribution. Additionally, to show how the

standardization enhanced the distribution, we apply the same testing procedure

to the series divided by volatility. We can state the hypotheses as follows

Hypothesis 1. Financial returns follow a standard normal distribution. As an

alternative hypothesis, we suppose there is an excess kurtosis and skewness.

Hypothesis 2. Standardized financial returns follow a standard normal distribu-

tion. As an alternative hypothesis, we suppose that the standardization eliminates

the kurtosis but keeps the distribution skewed.

5.2 Multifractality of the data

Based on the numerous empirical studies of financial time series we expect there

is some multifractal pattern in the both return as well as volatility. In order
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to identify whether there is some multifractality in the data we estimate the

multifractality strength by means of three different methods.

Additionally, to test the possibility that the estimated multifractality could be

spurious, we apply the same procedures to the simulated monofractal series with

the same Hurst exponent as the original series, namely we use the ARFIMA(0,d,0)

process, where d = H(2)− 0.5. Then, we impose a null hypothesis to investigate

whether the multifractality strength ∆α of the empirical data is wider than those

produced by the simulation. The null hypothesis is following:

Hypothesis 3. The multifractality strength of the financial returns and volatilities

does not exceed the strength of the monofractal series:

H0 : ∆α ≤ ∆αARFIMA, (5.1)

where ∆αAFRIMA denotes the average multifractality strength of the correspond-

ing simulated series. As an alternative hypothesis, we suppose the multifractality

strength of the empirical data is significantly greater than the strength of the

simulated monofractal series.

In general, multifractality can be caused be several factors. The fat-tailed

distribution is considered as one of them; it was concluded for instance by Ku-

mar & Deo (2009) or Barunik et al. (2012) that the multifractality of returns

stems from the broad probability density function. Therefore, if the non-normal

distribution leads to the multifractality, the standardized returns and logarithmic

volatilities should exhibit lower multifractal degree, and we can state the following

hypothesis:

Hypothesis 4. Standardized returns and logarithmic volatilities do not exhibit

stronger multifractality than simulated monofractal series::

H0 : ∆αstand ≤ ∆αARFIMA, (5.2)

where ∆αstand denotes the multifractality strength of the standardized or loga-

rithmic series. As an alternative hypothesis, we suppose that the adjusted series

exhibit multifractal behavior.
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5.3 The sources of multifractality

Among others, Kantelhardt et al. (2002) suggested that we can distinguish two

types of multifractality in time series:

1. Multifractality due to a broad probability density function. In this case,

the multifractality cannot be removed by shuffling the data., i.e. ∆α =

∆αshuff > 0 for every q, where ∆αshuff is the multifractality strength of the

shuffled data.

2. Multifractality due to different long-range correlations of the small and large

fluctuations. The corresponding probability density function can exhibit reg-

ular characteristics, e.g. it can be a Gaussian distribution. In this case, the

multifractality should be removed by the shuffling procedure and the shuffled

data then exhibits simple random behavior. That is, a non-multifractal scal-

ing with constant values of Hshuff (q) for every q, which implies ∆αshuff = 0.

When both sources are presented, the shuffled data should exhibit weaker mul-

tifractality than the original series and ∆α > ∆αshuff > 0. According to Zhou

(2009) we can even distinguish three factors that might potentially affect the

multifractality strength:

Memory effect

To investigate the influence of temporal correlations in the series, we randomly

shuffle the original data. In the shuffling procedure, the values of the series are

randomly rearranged so that all time correlations are destroyed and what remain

are series with exactly the same distribution but without memory (Kwapień et al.

2005). Therefore, one can obtain contribution of the memory effect by comparison

of the multifractality strength of original and shuffled data:

Hypothesis 5. Temporal correlations increase the multifractality strength:

H0 : ∆α ≤ ∆αshuff , (5.3)

where ∆αshuff denotes the multifractality strength of the shuffled data. An al-

ternative hypothesis supposes that the memory effect can be quantified by the

decrease of the multifractality strength.
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Effect of distribution

There are several ways to address the influence of the broad probability density

function to the underlying multifractality. For example, Oh et al. (2012) employed

the surrogate data obtain from the truncation method. This method replaces

values having large magnitudes (above a specific threshold) with random numbers

drawn from a normal distribution or obtained by linear interpolation. Another

method is based on the substitution of the original time series with the data drawn

from some prescribed distributions but keeping the ranking order of the original

series (Zhou 2009).

For the purpose of our analysis, we decided to employ the third method: the

phase randomization. The phase randomization is in many aspects relevant to the

previous method and it is done in the three following steps (Theiler et al. 1992):

1. Take discrete Fourier transform of time series

2. Multiply the discrete Fourier transform of the data by random phases

3. Perform an inverse Fourier transform to create a phase randomized surro-

gates.

This method preserves the amplitudes of the Fourier transform but randomize

the Fourier phases and therefore it eliminates any nonlinearities, preserving only

the linear property of the original time series (Norouzzadeh & Rahmani 2006).

Besides, for long signal, the distribution function is almost Gaussian (Kwapień

et al. 2005). Using such data we can test the following hypothesis:

Hypothesis 6. Broad probability density function together with the nonlinear struc-

ture increases the multifractality strength:

H0 : ∆α ≤ ∆αsurr, (5.4)

where ∆αsurr is the singularity strength of the surrogate data. An alternative hy-

pothesis supposes that the decrease in the multifractality strength would suggest

the distribution and the nonlinear structure significantly affect multifractality.

Hidden nonlinear structure

The two previous methods for the surrogate data help us to investigate the effect

of time correlations and probability distribution together with the nonlinear struc-

ture of the data on the multifractal behavior of the series. Zhou (2009) highlights
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that the shuffling approach is quite aggressive as it removes linear correlations as

well as any hidden structure in the original time series. Moreover, the phase ran-

domization is not able to separate the effect of the distribution from the impact of

the nonlinearities. Thus, it may be beneficial to isolate the impact of the hidden

nonlinear structure.

This can be done using surrogate data which has the same distribution and

linear temporal correlations as the original data. The algorithm that produces

such data is based on a simple scheme called Amplitude-adjusted Fourier Trans-

form (AAFT) which is an improved version of the phase randomization. The idea

is as follows: first rescale the values in the original series so they have Gaussian

distribution. Once rescaled the phase randomization can be applied to make sur-

rogate data which have the same Fourier spectrum as the rescaled data. Finally,

the Gaussian surrogate is rescaled back to have the same amplitude distribution

as the original time series (Theiler et al. 1992). Now we can test the following

null hypothesis:

Hypothesis 7. Hidden nonlinear structure influences the multifractality strength:

H0 : ∆α ≤ ∆αAAFT , (5.5)

where ∆αAAFT denotes the multifractality strength of the data obtained through

the AAFT. An alternative hypothesis supposes that the effect of any nonlinear

structure can be quantified by the decrease of the observed multifractality.

Table 5.1: The sources of multifractality

Adjustment Removes Preserves Enables to study

Standardized return fat-tails distribution time–varying
nonlinearities linear correlations volatility

Logarithmic volatility distribution linear correlations distribution
nonlinearities

Shuffling linear correlations distribution memory effect
nonlinearities

Phase randomization distribution linear correlations distribution and
nonlinearities nonlinearities

AAFT nonlinearities distribution nonlinearities
linear correlations
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To summarize, the usage of the standardized, logarithmic and surrogate time

series enables to separate potential sources of multifractality. Table 5.1 provides an

overview of the adjustments along with their effects on the series’s characteristics.



Chapter 6

Empirical Results

6.1 Normality of returns

Table 6.1 shows the skewness and kurtosis of the return series. All indices show

excess kurtosis and negative skewness implying the negative and extreme returns

are more expected. In order to confirm the non–normality of the returns we per-

formed two tests: the Jarque–Bera test and the one-sample Kolmogorov-Smirnov

test (KS test). The test statistic along with their p–values can be seen in Table 6.1.

The normality hypothesis was strongly rejected for all indices by both employed

tests.

Table 6.1: Normality of return series

Jarque-Bera test KS test

Index Skewness Kurtosis Statistic p-value Statistic p-value

S&P 500 −0.160 10.412 9183.725 < 0.001 0.479 < 0.001
Bovespa −0.167 7.789 3762.819 < 0.001 0.474 < 0.001
Nikkei 225 −0.455 13.500 17970.766 < 0.001 0.482 < 0.001
STOXX 50 −0.136 7.361 3227.711 < 0.001 0.478 < 0.001

Skewness refers to a standardized third central sample moment, and kurtosis refers to a
standardized fourth central sample moment. One–sided Jarque–Bera test with greater
alternative hypothesis, and one–sample two-sided KS test.

Source: author’s computations.

As a next step, we performed the same analysis using standardized returns.

The results are shown in Table 6.2 and Table 6.3 for returns adjusted by realized

variance and bipower variation, respectively. As in the case with the original

returns, both tests strongly rejected the normality hypothesis. Although test

statistics significantly decreased, there are still some departures from normality
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caused mainly by the skewness of the distributions. On the contrary, kurtosis of

all indices approach to the value of 3 indicating increased similarity to normal

distribution.

Table 6.2: Normality of standardized returns - realized variance

Jarque-Bera test KS test

Index Skewness Kurtosis Statistic p-value Statistic p-value

S&P 500 −0.022 2.539 35.823 < 0.001 0.049 < 0.001
Bovespa 0.07 2.731 15 0.001 0.064 < 0.001
Nikkei 225 0.024 2.552 32.81 < 0.001 0.021 0.069
STOXX 50 0.102 2.706 21.644 < 0.001 0.028 0.003

Return series were standardized by square roots of the realized variance. Skewness refers
to a standardized third central sample moment, and kurtosis refers to a standardized
fourth central sample moment. One–sided Jarque–Bera test with greater alternative
hypothesis, and one–sample two-sided KS test.

Source: author’s computations.

Table 6.3: Normality of standardized returns - bipower variation

Jarque-Bera test KS test

Index Skewness Kurtosis Statistic p-value Statistic p-value

S&P 500 0.146 2.829 19.162 < 0.001 0.079 < 0.001
Bovespa 0.101 2.711 20.273 < 0.001 0.088 < 0.001
Nikkei 225 0.061 2.628 24.806 < 0.001 0.042 < 0.001
STOXX 50 0.157 2.874 19.378 < 0.001 0.054 < 0.001

Return series were standardized by square roots of the bipower variation. Skewness refers
to a standardized third central sample moment, and kurtosis refers to a standardized
fourth central sample moment. One–sided Jarque–Bera test with greater alternative
hypothesis, and one–sample two-sided KS test.

Source: author’s computations.

6.2 Fundamental multifractal analyses

In order to uncover the multiscaling behavior of the data we estimate the scal-

ing exponents by means of the three methods introduced earlier: the GHE, the

MF-DFA, and the MF-DMA.

An essential issue of these models is an appropriate setting of the range of the

q-th moments for which the scaling function is computed. In general, q can vary

over the whole range (−∞,∞), and we can find numerous ranges of q used in the
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econophysics literature. For example Lim et al. (2007) and Zunino et al. (2008)

used q varying between −20 and 20, Kantelhardt et al. (2002) and Wang et al.

(2011) employed q from −10 to 10, and Jiang & Zhou (2008a) analyzed Chinese

stock volatilities for the moments ranging between −3 and 5 with the step of 0.2.

However, high moments highlight the extreme values which might seriously bias

the estimated multifractality. To eliminate the possibility of such bias we decided,

in accordance with Kwapień et al. (2005), to restrict the range of the moments

to the interval from −3 to 3 with the step of 0.1. This range might seem a little

big conservative, but we believe this is an appropriate setting for financial stock

indices.

6.2.1 GHE

Figures 6.1, 6.2, and A.1 illustrate the scaling function τ(q) = qH(q) − 1 for

returns, realized variances, and bipower variations with q varying between 0.1 to

3 with the step of 0.1.1 As mentioned earlier, we do not perform the analysis for

negative moments as the results would not be accurate. Resulting values of H(q)

are the averages computed from a set of values corresponding to different τmax.

Specifically, we used τmax varying between 10 and 19 days. In all cases, we can

observe some deviations from linearity which is consistent with the multifractality

hypothesis.

The generalized Hurst exponents H(q) for selected values of q and the corre-

sponding multifractality strengths are reported in Tables 6.4 and A.1 for original

and standardized data, respectively. We can see that all scaling exponents vary

with each different index, as well as they differ from 0.5, i.e. H(0.1) 6= H(2) 6=
H(3) 6= 0.5, suggesting that all series are characterized by long memory rather

than a random walk behavior. Furthermore, all return series have H(q) < 0.5 for

all q, which indicates that returns are anti–persistent whereas volatility series with

H(q) > 0.5 indicate persistent behavior. The only exception is the return series

of Bovespa index, which shows persistent behavior even for small fluctuation, i.e.

for q < 0.7 and become anti-persistent for larger values of q.

Concerning the multifractality strength of the return series, we observe the

strongest evidence of multifractality for Bovespa index. This finding is consis-

tent with Di Matteo et al. (2005), which conclude that stock indices from the

well–developed markets tend to reveal lower multifractality strength compared

1Since the results of the bipower variation are almost identical with the realized variances,
we moved them to the Appendix A.
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Figure 6.1: Scaling function of returns - GHE method
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The q−dependence of scaling function τ(q) = qH(q)− 1 for returns using GHE method. Source:

author’s computations.

to the developing markets. The opposite seems to be true for volatility series

where Bovespa shows the lowest multifractality between all observed indices. As

expected in Hypothesis 4 the standardized returns show significantly lower mul-

tifractality strength compared to the original ones indicating the time–varying

volatility has a major impact on the multifractal behavior. Similar findings were

reported for both logarithmic volatility measures. This is also evident from the

Figures 6.3, 6.4, and A.2, which depict the multifractal spectra f(α) of returns

and volatilities obtained via Legendre transform for both the original as well as

standardized data (denoted by the legend ”Original”, ”Standardized”, and ”Log-

arithmic”).

6.2.2 MF-DFA

Before invoking the MF-DFA procedure, we have to determine a proper range

of segment scales s and the degree of the polynomial fit for the detrending in
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Figure 6.2: Scaling function of realized variances - GHE method
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The q−dependence of scaling function τ(q) = qH(q)−1 for realized variance using GHE method.

Source: author’s computations.

the Step 3. Firstly, let us address the issue of segment length s. To do so,

we follow an algorithm proposed in Thompson & Wilson (2014). In general, the

minimum segment size smin should be large enough to prevent error in the variance

computation (i.e. F 2(ν, s) defined in Equations 2.32 and 2.33). Kantelhardt et al.

(2002) note that for small segment sizes (i.e., s < 10), the polynomial regression

in the step 3 would be performed on too few data points, and thus the variance

estimator will not be sufficiently stable. On the other hand, the maximum segment

size smax should be small enough to provide a sufficient number of segments in

the computation of the fluctuation function Fq(s) in Equations 2.34 and 2.35.

Thompson & Wilson (2014) recommend to apply the following guidelines to set

up the scale range:

smin = max
{

20,
N

100

}
, smax = min

{
20smin,

N

10

}
. (6.1)
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Table 6.4: Estimated multifractality - GHE method

H(q) Multifractality

Variable Index q = 0.1 q = 2 q = 3 ∆H ∆α

Returns
S&P 0.4887 0.4351 0.4192 0.0695 0.1052
Bovespa 0.5232 0.4627 0.4335 0.0897 0.1660
Nikkei 225 0.4705 0.4350 0.4063 0.0642 0.1581
STOXX 50 0.4741 0.4444 0.4521 0.0221 -0.0113

Realized variance
S&P 0.9931 0.9049 0.8400 0.1531 0.3213
Bovespa 0.9409 0.9131 0.8908 0.0501 0.1088
Nikkei 225 0.9374 0.8883 0.8432 0.0942 0.1967
STOXX 50 0.9474 0.8775 0.7698 0.1777 0.4531

Bipower variation
S&P 1.0048 0.9135 0.8575 0.1472 0.2826
Bovespa 0.9342 0.9188 0.8945 0.0397 0.1199
Nikkei 225 0.9474 0.8817 0.8307 0.1168 0.2306
STOXX 50 0.9437 0.8926 0.8085 0.1353 0.3458

Generalized Hurst exponents for selected values of q and the multifractality
strength measured by ∆H and ∆α.

Source: author’s computations.

Moreover, they recommend to use the following increment size ∆s to iterate from

smin to smax:

∆s =
smax − smin

100
. (6.2)

Using this procedure we got s ranging from 40 to 400 for S&P 500, from 39 to

391 for Bovespa, from 38 and 388 for Nikkei 225, and from 40 to 405 for STOXX

50. Since there are no substantial differences between the scales, we proceeded

the MF-DFA algorithm with uniform scales ranging from 40 to 400 for all indices.2

As a next step, we estimated the degree of the polynomial to be fitted to the

data within each segment. Thompson & Wilson (2014) highlight that one has

to be sufficiently prudent to not overfit the polynomial as this might introduce a

serious error into the calculation of the scaling exponents. Taking into account

that the degree m should be minimized as much as possible we evaluated only

two possible trends: linear and parabolic. In order to determine which one is

2We also estimated scaling exponents using respective scales. Since the results proved to be
stable we decided to apply identical scales for all indices.
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Figure 6.3: Multifractal spectrum of returns - GHE method
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Multifractal spectrum f(α) for returns using GHE method. Source: author’s computations.

preferable we adopted the following procedure.3 First of all, we set q = 2. Next,

we performed steps 2 through 5 of the MF-DFA procedure using both polynomials.

Finally, we chose the polynomial degree based on the value of adjusted R–squared

computed from the linear regression in Step 5 (i.e. Equation 2.36). For all return

measures, the quadratic trend seemed to be more suitable. On the other hand, in

the case of volatility measures, linear trend proved to work better.

Let us now discuss some basic results from the MF-DFA estimation. At first, let

us visually check whether the scaling functions (depicted in Figures 6.5, 6.6, and

A.3) show some distinguishable departure from linearity. We can observe that the

lines of the original and standardized returns of the Bovespa index almost coincide

even for the extreme values of q. However, the multifractality degree expressed by

the singularity width ∆α indicates that there may be some multifractal pattern

presented in the original data. This conclusion is even more obvious for other

3The procedure is a simplified version of the algorithm that was introduced by Thompson &
Wilson (2014)
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Figure 6.4: Multifractal spectrum of realized variances - GHE method
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Multifractal spectrum f(α) for realized variance using GHE method. Source: author’s compu-

tations.

indices, for which we can observe higher multifractality strength (with some ex-

ceptions for the S&P index) than indicated by the GHE method. As in the previous

case, results for the standardized and logarithmic series support the Hypothesis 4

showing significantly lower multifractality compared to the original data. Detailed

results can be seen in Tables 6.7 and A.2, and corresponding multifractal spectra

are then depicted in Figures 6.7, 6.8, and A.4.

6.2.3 MF-DMA

As was the case of previous two methods, before we proceed to the numerical es-

timation of the MF-DMA model we have to select the most accurate model setting.

First of all, based on the model specification in the Step 3 (specifically Equa-

tion 2.38), we can distinguish the three following versions: the backward moving

average, the centered moving average, and the forward moving model. Concerning

this issue, we decided to take advantage of the empirical study executed by Gu
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Figure 6.5: Scaling function of returns - MF-DFA method
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The q−dependence of scaling function τ(q) = qH(q) − 1 for returns using MF-DFA method.

Source: author’s computations.

et al. (2010), which tested the performance of these algorithms based on numerical

experiments of synthetic multifractal measures with known theoretical multifrac-

tal nature generated according to multiplicative cascading process. They found

out that the backward MF-DMA with the parameter θ = 0 not only outperforms

the remaining two versions of the MF-DMA but it also shows more accurate results

than the popular MF-DFA model.

Also the segment size range s was chosen based on the recommendations from

Gu et al. (2010), which suggests that the lower bound should be selected around

10, the upper bound should not exceed about 10% of the data length, and one

should create the range series of approximately 40 data points. Our decision was

further supported by Wang et al. (2011), which studied the behavior of the US

dollar exchange rates employing the same scale range setting.

The scaling functions determined by the MF-DMA method are depicted in Fig-

ures 6.9, 6.10, and A.5. Concerning the return series, we can state that the scaling
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Figure 6.6: Scaling function of realized variances - MF-DFA method
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The q−dependence of scaling function τ(q) = qH(q) − 1 for realized variance using MF-DFA

method. Source: author’s computations.

functions behave similarly to the ones obtained from the GHE and MF-DFA mod-

els. Although, the standardized data of the S&P 500 and Bovespa index tend to

behave slightly differently then remaining return series. This finding is supported

also by the multifractality strength measured by the ∆H as well as the singularity

spectrum width ∆α (see table 6.6 and Figure 6.11) which is comparable within the

applied models. The only exception is the STOXX index with ∆H = −0.0014

suggesting there in no multifractality in this series.

On the other hand, scaling functions of the both volatility measures determined

by the MF-DMA shapes surprisingly differently from the previously computed rela-

tions. Based on the visual check one would conclude, that their departure from the

linearity is much weaker and therefore expect the lower multifractality strength.

However, looking at the multifractality strength (see Table 6.6 and Figures 6.12

and A.6) we can see that MF-DMA model detected even stronger multifractality

for both volatility measures.



6. Empirical Results 61

Table 6.5: Estimated multifractality - MF-DFA method

H(q) Multifractality

Variable Index q = 0.1 q = 2 q = 3 ∆H ∆α

Returns
S&P 0.4953 0.4395 0.4197 0.0756 0.1719
Bovespa 0.5490 0.5000 0.4817 0.0673 0.1533
Nikkei 225 0.4962 0.4081 0.3899 0.1064 0.2267
STOXX 50 0.4969 0.4740 0.4562 0.0407 0.1125

Realized variance
S&P 1.0585 1.0440 0.9305 0.1280 0.4625
Bovespa 1.3228 1.0313 0.9194 0.4034 0.7814
Nikkei 225 1.2028 0.9227 0.8152 0.3877 0.6562
STOXX 50 1.0948 0.9733 0.8358 0.2590 0.5911

Bipower variation
S&P 1.1084 1.0400 0.9310 0.1775 0.5415
Bovespa 1.4208 1.0431 0.9340 0.4868 0.9609
Nikkei 225 1.2253 0.9223 0.8065 0.4188 0.6904
STOXX 50 1.0677 1.0094 0.8986 0.1692 0.3964

Generalized Hurst exponents for selected values of q and the multifractality
strength measured by ∆H and ∆α.

Source: author’s computations.

Additionally, in accordance with the GHE and MF-DFA models, there is no

evidence of multifractality in the standardized return and the logarithmic volatility

series. As you can see in Figure 6.11 the spectra of the standardized series do not

even have the inverse parabolic shape.

6.3 Comparison with ARFIMA processes

As described in the previous section, there are some differences between the scaling

exponents computed by means of the three different methods. Additionally, Zhou

(2009) pointed that one has to be very careful in the distinguishing of apparent

and true multifractality as the results may be severely biased. It has been shown

for instance by Bouchaud et al. (2000) that an exact monofractal process can lead

to an artificial multifractal behavior.

Therefore, in this section we provide a comprehensive statistical test of true

multifractality. Our approach is to compare the multifractality strengths of the
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Figure 6.7: Multifractal spectrum of returns - MF-DFA method
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Multifractal spectrum f(α) for returns using MF-DFA method. Source: author’s computations.

empirical data with the ones extracted from the simulated monofractal ARFIMA

process.

The ARFIMA model, as described in Section 2.2.2, represents one of the best-

known classes of long memory process. It extends the ARIMA(p, d, q) model by

permitting the differencing parameter d to take any real value provided −1
2
< d <

1
2
. For each method and series, we simulated 1000 realizations of the ARFIMA

process using the corresponding differencing parameter d, where d = H(2)− 0.5.

Since we have H(2) > 1 for some volatility series we must proceed with the

procedure described in Section 2.2.2 to get the corresponding ARFIMA processes.

At first, we simulate the differenced ARFIMA series employing d = H(2)− 0.5− 1.

Then, we create cumulative sums of the series as the result; in other words, we

perform an inverse differencing.

Further, we performed the same estimation procedure (we employed all three

models, computed corresponding scaling functions, and identified the multifractal-

ity strengths) for every simulated series. The average values obtained from these
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Figure 6.8: Multifractal spectrum of realized variances - MF-DFA
method
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Multifractal spectrum f(α) for realized variance using MF-DFA method. Source: author’s

computations.

simulations are depicted in all formerly mentioned Figures by the blue–dashed

lines. In every case, the scaling functions show greater propensity to behave like

a straight line, and we can also observe noticeable discrepancies between the mul-

tifractal spectra widths of the original data and the simulated monofractal series.

In addition to the visual assessment, we also performed statistical tests based

on the null hypotheses specified in Equations 5.1 and 5.2.4 The corresponding p-

values were determined based on the assumption that the results from simulations

are normally distributed.

Tables 6.7, B.1 summarize the results for returns, realized variances, and

bipower variations of the original data. Moreover, corresponding results for the

standardized and logarithmic series can be found in Tables B.2 and B.3. As ex-

pected, we reject the null hypothesis of monofractality for almost every original

4In order to make the testing as robust as possible we employed both multifractality measures:
∆H and ∆α.
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Figure 6.9: Scaling function of returns - MF-DMA method
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The q−dependence of scaling function τ(q) = qH(q) − 1 for returns using MF-DMA method.

Source: author’s computations.

series. At odds with the prior empirical researches, the multifractality of the

volatilities showed to be more stable compared to the return series. In fact, we

rejected the null hypothesis for any combination of the indices and methods. The

situation looks differently in the case of returns, for which we were not able to

reject the monofractality of the STOXX 50 index for any of the employed meth-

ods even at the 10% significance level. Additionally, we were not able confirm the

multifractality of the Bovespa index estimated using the MF-DMA method.

Interestingly, we can observe there are consistent differences in the p-values

obtained using the two alternative measures of the multifractality strength. One

can easily see that p-values based on the comparison of the ∆H exceed the proba-

bilities obtained from the widths of the multifractality spectra ∆α. Therefore, the

conclusions about the multifractal nature of the data may depend on the selected

measure of the multifractality strength suggesting the usage of the multifractal

spectrum would be more biased toward the acceptance of the multifractality.
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Figure 6.10: Scaling function of realized variances - MF-DMA method
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The q−dependence of scaling function τ(q) = qH(q) − 1 for realized variance using MF-DMA

method. Source: author’s computations.

Let us now discuss the main findings extracted from the standardized returns

and logarithmic volatility. As we can see in Tables B.2 and B.3 the results dif-

fer from the ones obtained in the original series. With the only exception of the

Bovespa index estimated by the GHE method, we can conclude that there is no sig-

nificant multifractality in the standardized return series. Moreover, even though

we rejected the one–sided null hypothesis for the Bovespa returns estimated by

the GHE method we can see that the multifractality strength is significantly lower

compared to the original series. The situation is quite similar for the volatility

series, for which we confirmed the monofractality in 44 out of 48 cases. Based on

the results, we can conclude that the elimination of the non-normal distribution

can sufficiently remove the underlying multifractality from the data. This finding

is also in agreement with Zunino et al. (2009), which investigated the volatility of

Latin–American stock markets and concluded the fat-tail distribution is the main

source of the multifractality.
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Table 6.6: Estimated multifractality - MF-DMA method

H(q) Multifractality

Variable Index q = 0.1 q = 2 q = 3 ∆H ∆α

Returns
S&P 0.6108 0.5323 0.4986 0.1122 0.2553
Bovespa 0.5348 0.5384 0.5231 0.0117 0.0781
Nikkei 225 0.5169 0.4588 0.4220 0.0949 0.2662
STOXX 50 0.5606 0.5762 0.5620 -0.0014 0.1021

Realized variance
S&P 1.1483 0.9202 0.8170 0.3313 0.6221
Bovespa 1.1373 0.9369 0.8186 0.3187 0.6584
Nikkei 225 1.1968 0.9357 0.8278 0.3690 0.7501
STOXX 50 1.1415 0.9327 0.8285 0.3130 0.6090

Bipower variation
S&P 1.1474 0.9129 0.8075 0.3399 0.6262
Bovespa 1.1465 0.9397 0.8227 0.3238 0.6746
Nikkei 225 1.2129 0.9211 0.8013 0.4117 0.8234
STOXX 50 1.1295 0.9464 0.8629 0.2666 0.4973

Generalized Hurst exponents for selected values of q and the multifractality
strength measured by ∆H and ∆α.

Source: author’s computations.

6.4 The sources of multifractality

Once it has been verified that there is multifractality in financial returns and

volatilities, we proceed to another important issue about its origin. As men-

tioned above, it is usually argued in the literature that we can find two sources

of multifractality nature in financial time series: fat-tailed probability density

function and long-range temporal correlations. Additionally, Zhou (2009) studied

separated temporal correlations to distinguish the effect of the linear correlation

(long–term power–law memory) and the hidden nonlinear structure. Therefore,

in this section, we use three types of surrogate data to disentangle the true effect

of these potential sources.

6.4.1 Memory effect

To investigate the influence of temporal correlations in the data we performed the

entire estimation procedure using 1000 realizations of shuffled series. As in the case

of simulated ARFIMA series, we depicted average scaling functions and multifractal
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Figure 6.11: Multifractal spectrum of returns - MF-DMA method
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Multifractal spectrum f(α) for returns using MF-DMA method. Source: author’s computations.

spectra in all provided Figures using red–dashed lines. The detailed test results

based on the Hypothesis 5 are reported in Tables 6.8 and B.4. Assuming the three

factors are independent,5 we can quantify the influence of the memory as (Zunino

et al. (2009))

∆αME = ∆α−∆αshuff . (6.3)

The resulting values of the influences are then shown in Table 6.11.

At first glance, we can see that there are significant discrepancies between

outcomes of particular models. Let us start by focusing on the evidence derived

from the GHE model. We can see that in all cases the test fail to rejected the null

5This statement is based on the assumption that multifractality width ∆α can be expressed
as the sum of the widths of the three component: ∆α = ∆αLM + ∆αPDF + ∆αNL, where
∆αLM , ∆αPDF , and ∆αNL denotes the effects of the linear correlations, the fat-tail proba-
bility density function, and the nonlinear correlations. Although Zhou (2011) stressed that
the linearity is not mathematically proven and one should instead use the general expression:
∆α = g(∆αLM ,∆αPDF ,∆αNL), we believe that the for the illustration purposes this assump-
tion should be sufficient.
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Figure 6.12: Multifractal spectrum of realized variances - MF-DMA
method
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Multifractal spectrum f(α) for realized variance using MF-DMA method. Source: author’s

computations.

hypothesis saying the multifractality degree of the shuffled data is significantly

higher compared to the original series (i.e., ∆α ≤ ∆αshuff ). In fact, we can

glean from the data that the multifractality of the shuffled data greatly exceeds

values reported for the original series suggesting there is even an increase in the

multifractality strength. This finding supports the evidence of Barunik et al.

(2012), who studied behavior of financial returns and volatilities also by means of

the GHE with a comparable setting. They reported the same puzzling phenomenon

implying that the fat-tailed distribution has a major impact on the observed

multifractality while the time–correlations decrease the multifractal pattern.

However, this conclusion is at odds with the reported effect of time-correlations

based on the MF-DFA. The MF-DFA method supports the evidence provided for

instance by Matia et al. (2003), Zunino et al. (2009), or Zhou (2009), who found

the temporal correlations have only a minor impact on the observed multifractal-
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ity. Specifically, our results showed that even though the multifractality strengths

decreased after the shuffling procedure, the differences between the shuffled and

original data are not statistically significant. We were able to reject the null hy-

pothesis only in the case of Nikkei 225 returns and volatility of the Bovespa index.

On the contrary, the volatility of the S&P 500 and STOXX 50 indices proved to

be affected by the puzzling phenomenon of the increasing multifractality strength.

Let us now discuss the of the MF-DMA method. Interestingly, there are sig-

nificant discrepancies between the return and volatility series. Concerning the

returns, we can see that the return series of the Bovespa and STOXX 50 in-

dices revealed the same puzzling phenomenon as indicated by the GHE method.

Additionally, we detected an insignificant decrease in the multifractality for the

S&P 500 and Nikkei 225 indices. On the other hand, the results on volatility are

comparable with the main findings of Gu et al. (2010) and Wang et al. (2011),

which showed that the correlation structure plays a major role in producing the

observed multifractality. In fact, the null hypothesis was rejected for all stock

market indices.

To summarize, we found that the reported influence of memory on the observed

multifractality pattern strongly depends on the underlying estimation procedure.

First of all, he GHE method showed that time-correlations destroy the multifractal

behavior. Then, the MF-DFA method suggested there is some minor insignificant

impact of the linear correlations on the multifractal strength. Finally, the MF-DMA

reported the mix of the two above mentioned effects for returns and major impact

of the memory in case of volatilities.

6.4.2 Effect of distribution

As described in the section 5.3, the phase randomized surrogate data can be

used to investigate to what extent the broad probability function along with the

nonlinear structure influences the observed multifractal pattern. The average of

1000 scaling functions and corresponding multifractal spectra of the surrogate

data are depicted in all Figures using red–dotted lines, quantitative results are

reported in Tables 6.9 and B.5, and the influence of the fat-tailed distribution and

nonlinear correlations measured as

∆αPDF = ∆α−∆αsurr (6.4)
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is shown in Table 6.11. Similarly as with the shuffled data, we detected some

differences between the employed estimation procedures.

Concerning the evidence obtained using the GHE we obtained results consis-

tent with the conclusion made based on the shuffled series. That is, the broad

probability density function is considered to be the main source of the multi-

fractality. This evidence is strongly statistically significant as, in all cases (with

the only exception of STOXX 50 returns), we reject the null hypothesis saying

the series with nearly Gaussian distribution and without any nonlinearities reveal

significantly higher multifractal strength in comparison with the original data.

Obviously lower, but still strongly statistically significant, influence was gained

also through the MF-DFA as well as the MF-DMA procedure implying that the fat-

tailed probability density function and nonlinear correlations play a crucial role

in multifractality presence, but cannot be considered as the only source. This can

be visually detected also from the Figures of the scaling functions, where one can

observe that the scaling behavior is really closed to the standardized and simulated

monofractal ARFIMA series. An even more evident illustration of the phenomenon

is provided by shapes of the multifractal spectra, where one is not nearly able to

identify the considerably narrowed curves. In the case of GHE method, the curves

are even replaced by single points.

6.4.3 Hidden nonlinear structure

In the above analysis, we have investigated the effect of the distribution along

with the nonlinearities (measured as ∆αPDF ) and temporal correlations (∆αME)

on the observed multifractal strength. However, as was previously mentioned,

Zhou (2009) pointed out that it may be beneficial to examine the individual

parts of time-correlations, namely the linear correlation and the hidden nonlinear

structure. Assuming these two effects are independent of each other, we can

express the relation as ∆αME = ∆αLM + ∆αNL, where ∆αLM and ∆αNL denote

the linear correlation (long-term power-law memory) and the hidden nonlinear

structure, respectively (Zhou 2011).6

For this purpose we created 1000 realizations of surrogate series using the

AAFT algorithm producing data with the same distribution and linear structure.

Therefore, the surrogate series enable to study the hidden nonlinear structure,

6As in the previous case, it would be more accurate to state the more general relation as
∆αME = f(∆αLM ,∆αNL).
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which can be quantified as

∆αNL = ∆α−∆αAAFT . (6.5)

The differences are shown in Table 6.11, while the detailed results of the sta-

tistical tests are reported in Tables 6.10, and B.6. Additionally, the average

q-dependencies of the scaling exponents and the multifractal spectra are depicted

in all the Figures denoted by the red–dashdotted lines.

The results of the hypothesis testing are in many aspects similar to them

obtained for the shuffled data: the GHE method again showed an increased mul-

tifractal spectrum of the surrogated series for both returns as well as volatilities.

Moreover, in most of the cases the difference between multifractality strengths ex-

ceeded the standard deviations confirming that ∆α and ∆αAAFT are statistically

distinguished. The remaining two procedures agreed on this only in the case of

volatilities. Moreover, the MF-DMA confirmed this phenomenon only for the S&P

500 and STOXX 50 volatility series suggesting that multifractality of Bovespa

and Nikkei 225 indices are positively (although insignificantly) affected by the

nonlinear structure. The same can be concluded for the most of the return series.

Using the quantitative results of the Table 6.11 we can compare the differences

between the multifractality strength of the original data and the two types of sur-

rogate series (shuffled and surrogate data obtained through the AAFT procedure).

As we can see, the differences of the two types of surrogate financial returns do

not differ a lot, which implies that the contribution of the time-correlation to

multifractality is driven mainly by the nonlinearities of the data. Concerning

the volatility series, we can see that the differences are distinguishable among

each other. The considerably higher values of the shuffled differences suggest

that linear correlations should be considered as the more influential source of the

multifractality.
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Table 6.7: Multifractality - comparison with ARFIMA series

orig ARFIMA orig ARFIMA

Model ∆H ∆H sd p-value ∆α ∆α sd p-value

Returns

S&P 500
GHE 0.0695 0.0016 0.0136 0.0000 0.1052 0.0031 0.0207 0.0000
MF-DFA 0.0756 0.0103 0.0258 0.0057 0.1719 0.0220 0.0491 0.0011
MF-DMA 0.1122 0.0249 0.0442 0.0243 0.2553 0.0589 0.0750 0.0044
Bovespa
GHE 0.0897 0.0014 0.0137 0.0000 0.1660 0.0026 0.0216 0.0000
MF-DFA 0.0673 0.0111 0.0284 0.0241 0.1533 0.0236 0.0538 0.0080
MF-DMA 0.0117 0.0239 0.0465 0.6028 0.0781 0.0576 0.0788 0.3973
Nikkei 225
GHE 0.0642 0.0011 0.0134 0.0000 0.1581 0.0025 0.0208 0.0000
MF-DFA 0.1064 0.0111 0.0247 0.0001 0.2267 0.0232 0.0473 0.0000
MF-DMA 0.0949 0.0253 0.0398 0.0401 0.2662 0.0573 0.0691 0.0012
STOXX 50
GHE 0.0221 0.0013 0.0130 0.0544 -0.0113 0.0024 0.0203 0.7503
MF-DFA 0.0407 0.0083 0.0291 0.1331 0.1125 0.0182 0.0555 0.0446
MF-DMA -0.0014 0.0247 0.0504 0.6979 0.1021 0.0613 0.0836 0.3126

Realized variances

S&P 500
GHE 0.1531 0.0030 0.0178 0.0000 0.3213 0.0056 0.0247 0.0000
MF-DFA 0.1280 0.0280 0.0810 0.1084 0.4625 0.0697 0.1366 0.0020
MF-DMA 0.3313 0.1182 0.0975 0.0144 0.6221 0.2378 0.1564 0.0070
Bovespa
GHE 0.0501 0.0030 0.0178 0.0041 0.1088 0.0061 0.0252 0.0000
MF-DFA 0.4034 0.0287 0.0811 0.0000 0.7814 0.0696 0.1386 0.0000
MF-DMA 0.3187 0.1357 0.1034 0.0383 0.6584 0.2705 0.1705 0.0115
Nikkei 225
GHE 0.0942 0.0032 0.0186 0.0000 0.1967 0.0067 0.0265 0.0000
MF-DFA 0.3877 0.0243 0.0729 0.0000 0.6562 0.0594 0.1262 0.0000
MF-DMA 0.3690 0.1352 0.1027 0.0114 0.7501 0.2689 0.1695 0.0023
STOXX 50
GHE 0.1777 0.0021 0.0184 0.0000 0.4531 0.0046 0.0262 0.0000
MF-DFA 0.2590 0.0246 0.0748 0.0009 0.5911 0.0602 0.1286 0.0000
MF-DMA 0.3130 0.1264 0.1019 0.0335 0.6090 0.2528 0.1632 0.0145

Comparison of the multifractality strength of the original series with the simulated monofrac-
tal ARFIMA(0,d,0) process with d = H(2)− 0.5. Multifractality strength (expressed as ∆H
and ∆α) of the simulated series is the average value based on the 1000 simulations, and sd
refers to standard deviation of these simulations.

Source: author’s computations.
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Table 6.8: Multifractality - memory effect

orig Shuffled orig Shuffled

Model ∆H ∆H sd p-value ∆α ∆α sd p-value

Returns

S&P 500
GHE 0.0695 0.1442 0.0174 1.0000 0.1052 0.2785 0.0306 1.0000
MF-DFA 0.0756 0.0407 0.0347 0.1576 0.1719 0.0813 0.0655 0.0834
MF-DMA 0.1122 0.0753 0.0461 0.2119 0.2553 0.1561 0.0802 0.1082
Bovespa
GHE 0.0897 0.0780 0.0156 0.2270 0.1660 0.1838 0.0280 0.7369
MF-DFA 0.0673 0.0275 0.0324 0.1103 0.1533 0.0562 0.0612 0.0563
MF-DMA 0.0117 0.0545 0.0425 0.8428 0.0781 0.1168 0.0726 0.7031
Nikkei 225
GHE 0.0642 0.1276 0.0168 0.9999 0.1581 0.2972 0.0319 1.0000
MF-DFA 0.1064 0.0454 0.0347 0.0396 0.2267 0.0910 0.0655 0.0191
MF-DMA 0.0949 0.0598 0.0484 0.2340 0.2662 0.1327 0.0814 0.0505
STOXX 50
GHE 0.0221 0.1201 0.0158 1.0000 -0.0113 0.2151 0.0260 1.0000
MF-DFA 0.0407 0.0311 0.0322 0.3824 0.1125 0.0623 0.0608 0.2048
MF-DMA -0.0014 0.0561 0.0446 0.9016 0.1021 0.1196 0.0769 0.5896

Realized variances

S&P 500
GHE 0.1531 0.3540 0.0269 1.0000 0.3213 0.6936 0.0586 1.0000
MF-DFA 0.1280 0.3248 0.0727 0.9966 0.4625 0.6268 0.1293 0.8981
MF-DMA 0.3313 0.1854 0.0100 0.0000 0.6221 0.3882 0.0258 0.0000
Bovespa
GHE 0.0501 0.3635 0.0269 1.0000 0.1088 0.6858 0.0562 1.0000
MF-DFA 0.4034 0.3359 0.0747 0.1833 0.7814 0.5681 0.1269 0.0464
MF-DMA 0.3187 0.1039 0.0059 0.0000 0.6584 0.2146 0.0148 0.0000
Nikkei 225
GHE 0.0942 0.3061 0.0273 1.0000 0.1967 0.6377 0.0581 1.0000
MF-DFA 0.3877 0.2755 0.0659 0.0445 0.6562 0.4812 0.1140 0.0624
MF-DMA 0.3690 0.1006 0.0061 0.0000 0.7501 0.2079 0.0151 0.0000
STOXX 50
GHE 0.1777 0.3111 0.0263 1.0000 0.4531 0.6680 0.0529 1.0000
MF-DFA 0.2590 0.2915 0.0719 0.6740 0.5911 0.5996 0.1278 0.5265
MF-DMA 0.3130 0.1512 0.0084 0.0000 0.6090 0.3381 0.0234 0.0000

Comparison of the multifractality strength extracted from the original and shuffled series.
Multifractality strength (expressed as ∆H and ∆α) of the shuffled series is the average value
based on the 1000 realizations, and sd refers to standard deviation of these realizations.

Source: author’s computations.
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Table 6.9: Multifractality - effect of distribution

orig Surrogate orig Surrogate

Model ∆H ∆H sd p-value ∆α ∆α sd p-value

Returns

S&P 500
GHE 0.0695 0.0005 0.0133 0.0000 0.1052 0.0016 0.0209 0.0000
MF-DFA 0.0756 0.0045 0.0255 0.0026 0.1719 0.0108 0.0483 0.0004
MF-DMA 0.1122 -0.0061 0.0456 0.0047 0.2553 0.0034 0.0768 0.0005
Bovespa
GHE 0.0897 0.0012 0.0133 0.0000 0.1660 0.0030 0.0202 0.0000
MF-DFA 0.0673 -0.0003 0.0285 0.0089 0.1533 0.0018 0.0536 0.0024
MF-DMA 0.0117 0.0012 0.0447 0.4064 0.0781 0.0166 0.0754 0.2073
Nikkei 225
GHE 0.0642 0.0014 0.0135 0.0000 0.1581 0.0029 0.0212 0.0000
MF-DFA 0.1064 0.0305 0.0218 0.0003 0.2267 0.0603 0.0420 0.0000
MF-DMA 0.0949 -0.0026 0.0543 0.0363 0.2662 0.0139 0.0874 0.0020
STOXX 50
GHE 0.0221 0.0017 0.0132 0.0614 -0.0113 0.0034 0.0204 0.7631
MF-DFA 0.0407 0.0000 0.0258 0.0573 0.1125 0.0021 0.0490 0.0121
MF-DMA -0.0014 -0.0153 0.0476 0.3853 0.1021 -0.0099 0.0786 0.0770

Realized variances

S&P 500
GHE 0.1531 0.0027 0.0173 0.0000 0.3213 0.0056 0.0234 0.0000
MF-DFA 0.1280 0.0774 0.0739 0.2469 0.4625 0.1477 0.1280 0.0069
MF-DMA 0.3313 0.1765 0.0823 0.0300 0.6221 0.3188 0.1281 0.0089
Bovespa
GHE 0.0501 0.0009 0.0169 0.0018 0.1088 0.0029 0.0224 0.0000
MF-DFA 0.4034 0.1379 0.0718 0.0001 0.7814 0.2523 0.1257 0.0000
MF-DMA 0.3187 0.2355 0.0883 0.1731 0.6584 0.4098 0.1411 0.0390
Nikkei 225
GHE 0.0942 0.0025 0.0173 0.0000 0.1967 0.0058 0.0237 0.0000
MF-DFA 0.3877 0.1271 0.0706 0.0001 0.6562 0.2358 0.1222 0.0003
MF-DMA 0.3690 0.2002 0.0981 0.0426 0.7501 0.3609 0.1566 0.0065
STOXX 50
GHE 0.1777 0.0031 0.0174 0.0000 0.4531 0.0063 0.0240 0.0000
MF-DFA 0.2590 0.0682 0.0699 0.0032 0.5911 0.1338 0.1208 0.0001
MF-DMA 0.3130 0.1638 0.0852 0.0400 0.6090 0.3008 0.1350 0.0112

Comparison of the multifractality strength extracted from the original and surrogate series
obtained using phase randomization. Multifractality strength (expressed as ∆H and ∆α)
of the surrogate series is the average value based on the 1000 realizations, and sd refers to
standard deviation of these realizations.

Source: author’s computations.
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Table 6.10: Multifractality - hidden nonlinear structure

orig AAFT orig AAFT

Model ∆H ∆H sd p-value ∆α ∆α sd p-value

Returns

S&P 500
GHE 0.0695 0.1442 0.0161 1.0000 0.1052 0.2786 0.0291 1.0000
MF-DFA 0.0756 0.0469 0.0283 0.1554 0.1719 0.0926 0.0540 0.0712
MF-DMA 0.1122 0.0439 0.0463 0.0704 0.2553 0.1018 0.0794 0.0266
Bovespa
GHE 0.0897 0.0767 0.0154 0.2008 0.1660 0.1824 0.0270 0.7275
MF-DFA 0.0673 0.0158 0.0303 0.0446 0.1533 0.0340 0.0572 0.0185
MF-DMA 0.0117 0.0260 0.0448 0.6245 0.0781 0.0674 0.0756 0.4436
Nikkei 225
GHE 0.0642 0.1258 0.0171 0.9998 0.1581 0.2945 0.0323 1.0000
MF-DFA 0.1064 0.0686 0.0280 0.0889 0.2267 0.1349 0.0540 0.0447
MF-DMA 0.0949 0.0318 0.0497 0.1026 0.2662 0.0896 0.0817 0.0154
STOXX 50
GHE 0.0221 0.1201 0.0145 1.0000 -0.0113 0.2158 0.0246 1.0000
MF-DFA 0.0407 0.0242 0.0290 0.2845 0.1125 0.0489 0.0555 0.1261
MF-DMA -0.0014 0.0188 0.0471 0.6657 0.1021 0.0554 0.0791 0.2774

Realized variances

S&P 500
GHE 0.1531 0.2564 0.0563 0.9669 0.3213 0.5338 0.1103 0.9730
MF-DFA 0.1280 0.5199 0.2082 0.9701 0.4625 0.8679 0.3040 0.9089
MF-DMA 0.3313 0.3937 0.0801 0.7821 0.6221 0.6992 0.1383 0.7113
Bovespa
GHE 0.0501 0.2560 0.0639 0.9994 0.1088 0.4710 0.1241 0.9982
MF-DFA 0.4034 0.4678 0.1631 0.6536 0.7814 0.7747 0.2463 0.4892
MF-DMA 0.3187 0.2910 0.0334 0.2035 0.6584 0.5687 0.0822 0.1376
Nikkei 225
GHE 0.0942 0.2025 0.0605 0.9632 0.1967 0.4204 0.1188 0.9702
MF-DFA 0.3877 0.4563 0.1809 0.6479 0.6562 0.8104 0.2728 0.7141
MF-DMA 0.3690 0.3051 0.0459 0.0819 0.7501 0.5823 0.0969 0.0417
STOXX 50
GHE 0.1777 0.2647 0.0577 0.9344 0.4531 0.5973 0.1189 0.8873
MF-DFA 0.2590 0.4935 0.1992 0.8805 0.5911 0.8481 0.2970 0.8066
MF-DMA 0.3130 0.3618 0.0716 0.7522 0.6090 0.6723 0.1362 0.6789

Comparison of the multifractality strength extracted from the original and surrogate series
obtained using AAFT algorithm. Multifractality strength (expressed as ∆H and ∆α) of the
surrogate series is the average value based on the 1000 realizations, and sd refers to standard
deviation of these realizations.

Source: author’s computations.
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Table 6.11: The sources of multifractality

∆H diff ∆H ∆H diff∆α

Model orig shuff surr AAFT orig shuff surr AAFT

Returns

S&P 500
GHE 0.0695 -0.0748 0.0689 -0.0747 0.1052 -0.1733 0.1036 -0.1734
MF-DFA 0.0756 0.0349 0.0711 0.0287 0.1719 0.0906 0.1611 0.0793
MF-DMA 0.1122 0.0369 0.1183 0.0683 0.2553 0.0991 0.2519 0.1535
Bovespa
GHE 0.0897 0.0116 0.0885 0.0129 0.1660 -0.0178 0.1630 -0.0164
MF-DFA 0.0673 0.0397 0.0676 0.0515 0.1533 0.0971 0.1515 0.1193
MF-DMA 0.0117 -0.0427 0.0106 -0.0142 0.0781 -0.0387 0.0615 0.0107
Nikkei 225
GHE 0.0642 -0.0634 0.0627 -0.0616 0.1581 -0.1390 0.1552 -0.1363
MF-DFA 0.1064 0.0609 0.0758 0.0377 0.2267 0.1357 0.1665 0.0918
MF-DMA 0.0949 0.0351 0.0975 0.0630 0.2662 0.1335 0.2522 0.1766
STOXX 50
GHE 0.0221 -0.0981 0.0204 -0.0980 -0.0113 -0.2263 -0.0146 -0.2270
MF-DFA 0.0407 0.0096 0.0407 0.0165 0.1125 0.0502 0.1103 0.0635
MF-DMA -0.0014 -0.0575 0.0139 -0.0202 0.1021 -0.0174 0.1120 0.0467

Realized variances

S&P 500
GHE 0.1531 -0.2010 0.1504 -0.1034 0.3213 -0.3723 0.3157 -0.2125
MF-DFA 0.1280 -0.1968 0.0506 -0.3919 0.4625 -0.1643 0.3148 -0.4054
MF-DMA 0.3313 0.1459 0.1548 -0.0624 0.6221 0.2340 0.3033 -0.0770
Bovespa
GHE 0.0501 -0.3134 0.0492 -0.2059 0.1088 -0.5770 0.1059 -0.3622
MF-DFA 0.4034 0.0674 0.2654 -0.0645 0.7814 0.2133 0.5291 0.0067
MF-DMA 0.3187 0.2148 0.0831 0.0277 0.6584 0.4437 0.2486 0.0897
Nikkei 225
GHE 0.0942 -0.2119 0.0917 -0.1083 0.1967 -0.4411 0.1909 -0.2237
MF-DFA 0.3877 0.1122 0.2605 -0.0687 0.6562 0.1750 0.4205 -0.1542
MF-DMA 0.3690 0.2684 0.1689 0.0639 0.7501 0.5422 0.3891 0.1677
STOXX 50
GHE 0.1777 -0.1334 0.1746 -0.0870 0.4531 -0.2149 0.4468 -0.1442
MF-DFA 0.2590 -0.0324 0.1908 -0.2345 0.5911 -0.0085 0.4572 -0.2571
MF-DMA 0.3130 0.1619 0.1492 -0.0488 0.6090 0.2709 0.3082 -0.0633

Difference between multifractality strength extracted from the original and the three types of
surrogate series: shuffled, phase randomized, and produced by the AAFT algorithm. Multifrac-
tality strength (expressed as ∆H and ∆α) of the surrogate series is the average value based on
the 1000 realizations.

Source: author’s computations.
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Conclusion

Over the last decades, the study of financial markets has become one of the most

attractive and productive empirical endeavors in the social sciences. One can

find wealth of studies attempting to uncover the stochastic characterization of

market returns as well as volatilities. It is now well established that financial

time series reveal very rich and nontrivial statistical features, such as fat tails and

long-term persistence. Moreover, the econophysics studies have shown that many

empirical financial data such as stock market indices, foreign exchange rates, and

commodities exhibit multifractal nature (Calvet & Fisher 2008; Barunik et al.

2012). Consequently, multifractal behavior has become an elusive stylized fact

and several models have been proposed to account for the extracted multifractality

(Morales et al. 2013). However, to our best knowledge, its presence has not been

statistically confirmed.

The main aim of this thesis was to provide a rigorous statistical testing to con-

firm the multifractality hypothesis. Consequently, based on the reported results,

we investigated also the three versions of the surrogate data series to distinguish

between the effects on multifractality from fat-tailed distribution, linear corre-

lations and any hidden nonlinear structure. To make the analysis as robust as

possible, we employed daily returns and two volatility measures (the realized vari-

ance and bipower variation) of four different stock indices, namely the S&P 500,

the Bovespa, the Nikkei 225, and the STOXX 50 index.

First of all, we provide an evidence of well-known stylized facts saying the fi-

nancial time series are possessed by the fat-tails and long-range auto-correlations.

We showed that the daily returns series of all four indices do not follow stan-

dard normal distribution; rather they are characterized by fat tails and negative

skewness. The normality hypothesis was rejected even in the case of standard-
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ized returns although the estimated test statistics decreased significantly and the

value of kurtosis indicates the fat-tails were almost eliminated. Further, the scal-

ing method of the generalized Hurst exponent showed that return series display

anti-persistent long memory, which is characterized by switches of highly volatile

and stable periods. On the contrary, volatility series revealed to be positively

correlated with strongly persistent long memory for both large and small fluctua-

tions. The presence of long memory has severe implications for the financial data

modeling since the conventional models such as GARCH cannot be longer used to

describe and predict the dynamics of the time series (Wang et al. 2010b).

To confirm the multifractal behavior of stock market indices we employed the

three widely used methods: the GHE, the MF-DFA, and the MF-DMA method.

Our approach was to estimate the scaling exponents along with the multifractal

strengths of the original data and compare them with 1000 simulated monofractal

series. Specifically, we used the ARFIMA(0,d,0) process with the corresponding

differencing coefficient d = H(2)−0.5. Although the obtained result differed based

on the used method, we strongly rejected the null hypothesis for all return as well

as volatility series concluding the stock markets exhibit multifractal behavior. We

found the only exception in the return series of the STOXX 50 index, for which

were not able to reject monofractality by means of any of the applied methods.

Moreover, we found out that the differences between the results based on the

two alternative volatility measures, namely the realized variance and bipower

variation, are almost negligible.

Furthermore, we provided an extensive analysis to identify the potential sources

of the underlying multifractality. For this purpose, we studied the multifractal

nature of the standardized returns and logarithmic volatilities. Concerning the

standardized returns, we were not able to reject the monofractality hypothesis

for any index with the exception for the results for the Bovespa index obtained

using the GHE method. However, in all cases, the multifractality strength signif-

icantly decreased suggesting the time-varying volatility significantly contributes

to the multifractal behavior. Similarly, the results on the logarithmic volatilities,

which are cleaned from the effect of the non-normal distribution, indicate the fat-

tailed distribution significantly effects the multifractality. However, fat tails alone

cannot be considered as the only source.

To support this evidence, we also employed the three versions of the surrogate

time series. First of all, we shuffled the data to remove any time correlations

but keep the distribution preserved. Doing so, we found that there are signif-

icant discrepancies between outcomes of the particular models. In accordance
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with the finding of Barunik et al. (2012), the GHE method revealed a puzzling

phenomenon showing an apparent increase in multifractality strength suggesting

that time-correlations decrease the multifractal pattern. On the other hand, the

two remaining methods provided the mix of the results suggesting the effect of

the memory is not so straightforward. As a next step, we used the phase random-

ized data to study the effect of the distribution along with any hidden nonlinear

structure. In this case, we found an agreement between all employed methods

confirming the fat tails and nonlinear structure significantly affect the multifrac-

tality of the data. Finally, to separate the influence of the nonlinear structure, we

estimated the multifractality of the surrogate data generated through the AAFT

algorithm, which produces data with the same linear structure and distribution

but eliminating any nonlinearities. In the case of returns, the results supported

our previous findings: the GHE method confirmed the puzzling phenomenon of

an increased multifractality strength, whereas the two remaining methods showed

the nonlinearities can be considered as a potential multifractal source.

To summarize, we can conclude that stock market indices possess significant

multifractality for both, the price increments as well as their volatility. However,

its origin is not so obvious and our evidences strongly depend on the applied es-

timation procedure. Concerning the return series, the GHE method and MF-DMA

method (for the Bovespa and STOXX 50 indices) revealed the fat tails are major

source of the multifractality, whereas time correlations tend to decrease the un-

derlying multifractal nature. On the contrary, the MF-DFA method and MF-DMA

method (for the S&P 500 and Nikkei 225 indices) showed that even time corre-

lations (especially the nonlinear structure) can be considered as a potential mul-

tifractal source. In the case of volatility, the GHE method and MF-DFA method

(for the S&P 500 and STOXX 50 indices) again proved that the extracted multi-

fractality is caused mainly due to the fat-tailed distribution and any correlation

structure has diminishing effect. The same diminishing effect was confirmed also

by the MF-DFA method for the Bovespa and Nikkei 225 indices. However, the lin-

ear correlation proved to contributes to the multifractality. Finally, the MF-DMA

method found the multifractality can be attributed to both, the fat tail as well as

the correlation structure.

The most natural extension of this study would be to include additional fi-

nancial series such as foreign exchange rates and commodity indices, which has

received little attention, or to employ the rolling window method to investigate

whether there is some dynamic development in the multifractal behavior of the

underlying financial series through the time. Additionally, based on the con-
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tradictory results of the individual models, it could be beneficial to employ an

alternative estimation method. For instance, we believe that wavelet transform

modulus maxima method, which is based on the wavelet transform analysis and

was developed to deal with strongly non–stationary data, could considerably con-

tribute to the discussion about the multifractal behavior in financial markets.
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Appendix A

Additional results - fundamental

multifractal analyses

Figure A.1: Scaling function of bipower variations - GHE method
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The q−dependence of scaling function τ(q) = qH(q) − 1 for bipower variation using GHE

method. Source: author’s computations.
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Table A.1: Estimated multifractality of standardized data - GHE
method

H(q) Multifractality

Variable Index q = 0.1 q = 2 q = 3 ∆H ∆α

Returns - standardized by realized variance
S&P 0.4636 0.4656 0.4692 -0.0056 0.0165
Bovespa 0.5142 0.4908 0.4841 0.0301 0.0436
Nikkei 225 0.4501 0.4447 0.4476 0.0025 -0.0096
STOXX 50 0.4366 0.4338 0.4350 0.0016 -0.0036

Returns - standardized by bipower variation
S&P 0.4653 0.4576 0.4570 0.0083 0.0075
Bovespa 0.5106 0.4869 0.4811 0.0295 0.0396
Nikkei 225 0.4546 0.4461 0.4483 0.0063 -0.0047
STOXX 50 0.4473 0.4348 0.4330 0.0143 0.0156

Logarithmic realized variance
S&P 0.9577 0.9399 0.9377 0.0200 0.0171
Bovespa 0.9162 0.8980 0.9110 0.0052 0.0479
Nikkei 225 0.9317 0.9298 0.9293 0.0024 0.0023
STOXX 50 0.9381 0.9339 0.9211 0.0170 0.0665

Logarithmic bipower variation
S&P 0.9786 0.9479 0.9445 0.0341 0.0300
Bovespa 0.8967 0.8994 0.9130 -0.0163 0.0653
Nikkei 225 0.9329 0.9304 0.9300 0.0029 0.0032
STOXX 50 0.9402 0.9376 0.9176 0.0226 0.1041

Generalized Hurst exponents for selected values of q and the multifractality
strength measured by ∆H and ∆α.

Source: author’s computations.



A. Additional results - fundamental multifractal analyses III

Figure A.2: Multifractal spectrum of bipower variations - GHE
method

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

α

f(α
)

Original
Logarithmic
ARFIMA
Shuffled
Surrogate
AAFT

(a) S&P 500

0.0 0.2 0.4 0.6 0.8

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

α

f(α
)

(b) Bovespa

0.0 0.2 0.4 0.6 0.8

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

α

f(α
)

(c) Nikkei 225

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

α

f(α
)

(d) STOXX 50

Multifractal spectrum f(α) for bipower variation using GHE method. Source: author’s compu-

tations.
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Figure A.3: Scaling function of bipower variations - MF-DFA method
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The q−dependence of scaling function τ(q) = qH(q) − 1 for bipower variation using MF-DFA

method. Source: author’s computations.
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Table A.2: Estimated multifractality of standardized data - MF-DFA
method

H(q) Multifractality

Variable Index q = 0.1 q = 2 q = 3 ∆H ∆α

Returns - standardized by realized variance
S&P 0.4690 0.4477 0.4462 0.0228 0.0428
Bovespa 0.4999 0.5112 0.5137 -0.0137 0.0263
Nikkei 225 0.3872 0.4033 0.4085 -0.0213 - 0.0389
STOXX 50 0.4216 0.4314 0.4335 -0.0119 -0.0203

Returns - standardized by bipower variation
S&P 0.4444 0.4200 0.4156 0.0288 0.0577
Bovespa 0.5039 0.5102 0.5127 -0.0089 0.0171
Nikkei 225 0.3874 0.3987 0.4029 -0.0154 -0.0282
STOXX 50 0.4103 0.4172 0.4186 -0.0084 -0.0137

Logarithmic realized variance
S&P 1.0064 1.0741 1.068 -0.0616 0.0306
Bovespa 1.1743 1.0305 1.0206 0.1537 0.3094
Nikkei 225 1.0616 1.0267 1.0058 0.0558 0.1612
STOXX 50 1.1639 1.0850 1.0683 0.0956 0.2432

Logarithmic bipower variation
S&P 1.0211 1.0677 1.0620 -0.0409 0.0268
Bovespa 1.1527 1.0342 1.0300 0.1227 0.2478
Nikkei 225 1.0818 1.0361 1.0170 0.0647 0.1703
STOXX 50 1.1370 1.1043 1.0892 0.0478 0.1250

Generalized Hurst exponents for selected values of q and the multifractality
strength measured by ∆H and ∆α.

Source: author’s computations.
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Figure A.4: Multifractal spectrum of bipower variations - MF-DFA
method
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Multifractal spectrum f(α) for bipower variation using MF-DFA method. Source: author’s

computations.
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Figure A.5: Scaling function of bipower variations - MF-DMA method
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The q−dependence of scaling function τ(q) = qH(q) − 1 for bipower variation using MF-DMA

method. Source: author’s computations.
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Table A.3: Estimated multifractality of standardized data - MF-DMA
method

H(q) Multifractality

Variable Index q = 0.1 q = 2 q = 3 ∆H ∆α

Returns - standardized by realized variance
S&P 0.7015 0.7206 0.7193 -0.0178 0.0185
Bovespa 0.5464 0.6663 0.6799 -0.1335 0.2072
Nikkei 225 0.4312 0.5255 0.5408 -0.1096 -0.1528
STOXX 50 0.593 0.6346 0.6389 -0.0459 -0.0750

Returns - standardized by bipower variation
S&P 0.6733 0.7597 0.7608 -0.0875 0.1337
Bovespa 0.5679 0.6768 0.6894 -0.1214 0.1818
Nikkei 225 0.4373 0.5400 0.5562 -0.1189 -0.1682
STOXX 50 0.5797 0.6549 0.6659 -0.0862 -0.1436

Logarithmic realized variance
S&P 1.0274 1.0232 1.0226 0.0048 0.0096
Bovespa 1.0255 1.0225 1.0221 0.0034 0.0069
Nikkei 225 1.0257 1.0231 1.0226 0.0031 0.0062
STOXX 50 1.0266 1.0228 1.0222 0.0044 0.0088

Logarithmic bipower variation
S&P 1.0274 1.0233 1.0228 0.0046 0.0093
Bovespa 1.0256 1.0228 1.0223 0.0033 0.0067
Nikkei 225 1.0259 1.0231 1.0226 0.0033 0.0065
STOXX 50 1.0265 1.0229 1.0223 0.0042 0.0082

Generalized Hurst exponents for selected values of q and the multifractality
strength measured by ∆H and ∆α.

Source: author’s computations.
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Figure A.6: Multifractal spectrum of bipower variations - MF-DMA
method
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Multifractal spectrum f(α) for bipower variation using MF-DMA method. Source: author’s

computations.



Appendix B

Additional results - t-tests

Table B.1: Multifractality of bipower variations - comparison with
ARFIMA series

orig ARFIMA orig ARFIMA

Model ∆H ∆H sd p-value ∆α ∆α sd p-value

Bipower variations

S&P 500
GHE 0.1472 0.0036 0.0177 0.0000 0.2826 0.0070 0.0245 0.0000
MF-DFA 0.1775 0.0272 0.0818 0.0331 0.5415 0.0678 0.1387 0.0003
MF-DMA 0.3399 0.1070 0.0935 0.0064 0.6262 0.2180 0.1488 0.0030
Bovespa
GHE 0.0397 0.0030 0.0176 0.0184 0.1199 0.0063 0.0247 0.0000
MF-DFA 0.4868 0.0266 0.0825 0.0000 0.9609 0.0675 0.1394 0.0000
MF-DMA 0.3238 0.1330 0.1056 0.0354 0.6746 0.2675 0.1709 0.0086
Nikkei 225
GHE 0.1168 0.0037 0.0171 0.0000 0.2306 0.0074 0.0245 0.0000
MF-DFA 0.4188 0.0228 0.0720 0.0000 0.6904 0.0571 0.1235 0.0000
MF-DMA 0.4117 0.1207 0.0965 0.0013 0.8234 0.2432 0.1535 0.0001
STOXX 50
GHE 0.1353 0.0042 0.0174 0.0000 0.3458 0.0080 0.0243 0.0000
MF-DFA 0.1692 0.0280 0.0772 0.0338 0.3964 0.0681 0.1313 0.0062
MF-DMA 0.2666 0.1513 0.1057 0.1376 0.4973 0.2998 0.1791 0.1351

Comparison of the multifractality strength of the original series with the simulated monofrac-
tal ARFIMA(0,d,0) process with d = H(2)− 0.5. Multifractality strength (expressed as ∆H
and ∆α) of the simulated series is the average value based on the 1000 simulations, and sd
refers to standard deviation of these simulations.

Source: author’s computations.
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Table B.2: Multifractality of standardized returns - comparison with
ARFIMA series

stand ARFIMA stand ARFIMA

Model ∆H ∆H sd p-value ∆α ∆α sd p-value

Returns - standardized by realized variance

S&P 500
GHE -0.0056 0.0013 0.0135 0.6973 -0.0165 0.0029 0.0210 0.8227
MF-DFA 0.0228 0.0108 0.0265 0.3257 0.0428 0.0227 0.0508 0.3460
MF-DMA -0.0178 0.0359 0.0634 0.8018 -0.0185 0.0880 0.0998 0.8568
Bovespa
GHE 0.0301 0.0016 0.0142 0.0222 0.0436 0.0030 0.0223 0.0343
MF-DFA -0.0137 0.0106 0.0304 0.7885 -0.0263 0.0229 0.0576 0.8035
MF-DMA -0.1335 0.0298 0.0601 0.9967 -0.2072 0.0755 0.0968 0.9983
Nikkei 225
GHE 0.0025 0.0008 0.0133 0.4468 -0.0096 0.0019 0.0207 0.7096
MF-DFA -0.0213 0.0108 0.0240 0.9100 -0.0389 0.0224 0.0459 0.9093
MF-DMA -0.1096 0.0212 0.0454 0.9980 -0.1528 0.0527 0.0767 0.9963
STOXX 50
GHE 0.0016 0.0010 0.0131 0.4825 -0.0036 0.0023 0.0202 0.6137
MF-DFA -0.0119 0.0102 0.0244 0.8179 -0.0203 0.0214 0.0465 0.8151
MF-DMA -0.0459 0.0263 0.0542 0.9084 -0.0750 0.0669 0.0890 0.9447

Returns - standardized by bipower variation

S&P 500
GHE 0.0083 0.0008 0.0140 0.2971 0.0075 0.0018 0.0212 0.3934
MF-DFA 0.0288 0.0108 0.0256 0.2415 0.0577 0.0226 0.0490 0.2374
MF-DMA -0.0875 0.0434 0.0673 0.9741 -0.1337 0.1047 0.1072 0.9870
Bovespa
GHE 0.0295 0.0016 0.0137 0.0205 0.0396 0.0029 0.0215 0.0440
MF-DFA -0.0089 0.0101 0.0300 0.7363 -0.0171 0.0219 0.0565 0.7551
MF-DMA -0.1214 0.0277 0.0609 0.9929 -0.1818 0.0731 0.0979 0.9954
Nikkei 225
GHE 0.0063 0.0007 0.0138 0.3432 -0.0047 0.0019 0.0215 0.6204
MF-DFA -0.0154 0.0098 0.0241 0.8525 -0.0282 0.0206 0.0460 0.8553
MF-DMA -0.1189 0.0223 0.0462 0.9989 -0.1682 0.0553 0.0779 0.9979
STOXX 50
GHE 0.0143 0.0010 0.0129 0.1517 0.0156 0.0024 0.0204 0.2586
MF-DFA -0.0084 0.0104 0.0245 0.7780 -0.0137 0.0215 0.0468 0.7741
MF-DMA -0.0862 0.0255 0.0537 0.9812 -0.1436 0.0678 0.0875 0.9922

Comparison of the multifractality strength of the standardized series with the simulated
monofractal ARFIMA(0,d,0) process with d = H(2)−0.5. Multifractality strength (expressed
as ∆H and ∆α) of the simulated series is the average value based on the 1000 simulations,
and sd refers to standard deviation of these simulations.

Source: author’s computations.
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Table B.3: Multifractality of logarithmic volatilities - comparison
with ARFIMA series

stand ARFIMA stand ARFIMA

Model ∆H ∆H sd p-value ∆α ∆α sd p-value

Logarithmic realized variances

S&P 500
GHE 0.0200 0.0045 0.0176 0.1896 0.0171 0.0078 0.0245 0.3523
MF-DFA -0.0616 0.0267 0.0808 0.8630 -0.0306 0.0680 0.1378 0.7629
MF-DMA 0.0048 0.1709 0.1147 0.9263 0.0096 0.3368 0.1913 0.9564
Bovespa
GHE 0.0052 0.0031 0.0180 0.4539 -0.0479 0.0067 0.0250 0.9855
MF-DFA 0.1537 0.0263 0.0816 0.0591 0.3094 0.0657 0.1396 0.0404
MF-DMA 0.0034 0.1821 0.1072 0.9522 0.0069 0.3525 0.1855 0.9688
Nikkei 225
GHE 0.0024 0.0044 0.0181 0.5453 0.0023 0.0086 0.0246 0.6025
MF-DFA 0.0558 0.0287 0.0837 0.3732 0.1612 0.0712 0.1430 0.2646
MF-DMA 0.0031 0.1710 0.1070 0.9418 0.0062 0.3339 0.1796 0.9659
STOXX 50
GHE 0.0170 0.0034 0.0177 0.2217 0.0665 0.0064 0.0245 0.0070
MF-DFA 0.0956 0.0288 0.0830 0.2103 0.2432 0.0734 0.1400 0.1126
MF-DMA 0.0044 0.1752 0.1062 0.9460 0.0088 0.3420 0.1795 0.9683

Logarithmic bipower variations

S&P 500
GHE 0.0341 0.0038 0.0174 0.0408 0.0300 0.0075 0.0234 0.1680
MF-DFA -0.0409 0.0219 0.0806 0.7821 0.0268 0.0608 0.1366 0.5984
MF-DMA 0.0046 0.1810 0.1112 0.9436 0.0093 0.3513 0.1869 0.9664
Bovespa
GHE -0.0163 0.0035 0.0180 0.8645 -0.0653 0.0070 0.0259 0.9973
MF-DFA 0.1227 0.0261 0.0842 0.1255 0.2478 0.0663 0.1431 0.1023
MF-DMA 0.0033 0.1751 0.1146 0.9331 0.0067 0.3440 0.1902 0.9619
Nikkei 225
GHE 0.0029 0.0035 0.0180 0.5137 0.0032 0.0070 0.0253 0.5606
MF-DFA 0.0647 0.0287 0.0800 0.3264 0.1703 0.0717 0.1368 0.2357
MF-DMA 0.0033 0.1806 0.1075 0.9505 0.0065 0.3487 0.1827 0.9695
STOXX 50
GHE 0.0226 0.0044 0.0165 0.1355 0.1041 0.0082 0.0232 0.0000
MF-DFA 0.0478 0.0268 0.0839 0.4016 0.1250 0.0702 0.1416 0.3494
MF-DMA 0.0042 0.1826 0.1119 0.9446 0.0082 0.3552 0.1928 0.9640

Comparison of the multifractality strength of the logarithmic series with the simulated
monofractal ARFIMA(0,d,0) process with d = H(2)−0.5. Multifractality strength (expressed
as ∆H and ∆α) of the simulated series is the average value based on the 1000 simulations,
and sd refers to standard deviation of these simulations.

Source: author’s computations.
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Table B.4: Multifractality of bipower variations - memory effect

orig Shuffled orig Shuffled

Model ∆H ∆H sd p-value ∆α ∆α sd p-value

Bipower variations

S&P 500
GHE 0.1472 0.3710 0.0269 1.0000 0.2826 0.7046 0.0553 1.0000
MF-DFA 0.1775 0.3572 0.0720 0.9937 0.5415 0.6471 0.1235 0.8037
MF-DMA 0.3399 0.1971 0.0103 0.0000 0.6262 0.4043 0.0259 0.0000
Bovespa
GHE 0.0397 0.3404 0.0277 1.0000 0.1199 0.6712 0.0582 1.0000
MF-DFA 0.4868 0.2882 0.0689 0.0020 0.9609 0.5259 0.1194 0.0001
MF-DMA 0.3238 0.0932 0.0055 0.0000 0.6746 0.1959 0.0140 0.0000
Nikkei 225
GHE 0.1168 0.3358 0.0275 1.0000 0.2306 0.6681 0.0563 1.0000
MF-DFA 0.4188 0.3221 0.0742 0.0960 0.6904 0.5452 0.1260 0.1246
MF-DMA 0.4117 0.1252 0.0071 0.0000 0.8234 0.2607 0.0184 0.0000
STOXX 50
GHE 0.1353 0.2892 0.0267 1.0000 0.3458 0.6243 0.0595 1.0000
MF-DFA 0.1692 0.2350 0.0642 0.8475 0.3964 0.4423 0.1135 0.6569
MF-DMA 0.2666 0.1214 0.0072 0.0000 0.4973 0.2479 0.0173 0.0000

Comparison of the multifractality strength extracted from the original and shuffled series.
Multifractality strength (expressed as ∆H and ∆α) of the shuffled series is the average value
based on the 1000 realizations, and sd refers to standard deviation of these realizations.

Source: author’s computations.
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Table B.5: Multifractality of bipower variations - effect of distribution

orig Surrogate orig Surrogate

Model ∆H ∆H sd p-value ∆α ∆α sd p-value

Bipower variations

S&P 500
GHE 0.1472 0.0029 0.0166 0.0000 0.2826 0.0059 0.0220 0.0000
MF-DFA 0.1775 0.0733 0.0779 0.0905 0.5415 0.1407 0.1361 0.0016
MF-DMA 0.3399 0.1777 0.0743 0.0146 0.6262 0.3229 0.1156 0.0043
Bovespa
GHE 0.0397 0.0022 0.0158 0.0089 0.1199 0.0046 0.0203 0.0000
MF-DFA 0.4868 0.1370 0.0756 0.0000 0.9609 0.2513 0.1301 0.0000
MF-DMA 0.3238 0.2528 0.0883 0.2108 0.6746 0.4384 0.1416 0.0477
Nikkei 225
GHE 0.1168 0.0017 0.0182 0.0000 0.2306 0.0040 0.0245 0.0000
MF-DFA 0.4188 0.1304 0.0673 0.0000 0.6904 0.2403 0.1176 0.0001
MF-DMA 0.4117 0.2009 0.0831 0.0056 0.8234 0.3586 0.1325 0.0002
STOXX 50
GHE 0.1353 0.0042 0.0172 0.0000 0.3458 0.0080 0.0227 0.0000
MF-DFA 0.1692 0.0584 0.0751 0.0702 0.3964 0.1175 0.1291 0.0154
MF-DMA 0.2666 0.1710 0.0910 0.1470 0.4973 0.3134 0.1435 0.0999

Comparison of the multifractality strength extracted from the original and surrogate series
obtained using phase randomization. Multifractality strength (expressed as ∆H and ∆α)
of the surrogate series is the average value based on the 1000 realizations, and sd refers to
standard deviation of these realizations.

Source: author’s computations.
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Table B.6: Multifractality of bipower variations - hidden nonlinear
structure

orig AAFT orig AAFT

Model ∆H ∆H sd p-value ∆α ∆α sd p-value

Bipower variations

S&P 500
GHE 0.1472 0.2417 0.0628 0.9338 0.2826 0.4803 0.1182 0.9528
MF-DFA 0.1775 0.5353 0.2151 0.9519 0.5415 0.8937 0.3116 0.8709
MF-DMA 0.3399 0.4104 0.0890 0.7859 0.6262 0.7305 0.1480 0.7596
Bovespa
GHE 0.0397 0.2449 0.0611 0.9996 0.1199 0.4880 0.1232 0.9986
MF-DFA 0.4868 0.4480 0.1567 0.4022 0.9609 0.7594 0.2417 0.2022
MF-DMA 0.3238 0.2824 0.0320 0.0983 0.6746 0.5561 0.0802 0.0698
Nikkei 225
GHE 0.1168 0.2257 0.0640 0.9555 0.2306 0.4451 0.1235 0.9589
MF-DFA 0.4188 0.4917 0.1812 0.6563 0.6904 0.8554 0.2747 0.7260
MF-DMA 0.4117 0.3401 0.0531 0.0887 0.8234 0.6442 0.1108 0.0528
STOXX 50
GHE 0.1353 0.1911 0.0515 0.8610 0.3458 0.4094 0.1038 0.7301
MF-DFA 0.1692 0.4436 0.1928 0.9227 0.3964 0.7634 0.2866 0.8998
MF-DMA 0.2666 0.3400 0.0664 0.8656 0.4973 0.6244 0.1262 0.8430

Comparison of the multifractality strength extracted from the original and surrogate series
obtained using AAFT algorithm. Multifractality strength (expressed as ∆H and ∆α) of the
surrogate series is the average value based on the 1000 realizations, and sd refers to standard
deviation of these realizations.

Source: author’s computations.
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Table B.7: The sources of multifractality - bipower variations

∆H diff ∆H ∆H diff∆α

Model orig shuff surr AAFT orig shuff surr AAFT

Bipower variations

S&P 500
GHE 0.1472 -0.2237 0.1444 -0.0945 0.2826 -0.4221 0.2767 -0.1977
MF-DFA 0.1775 -0.1798 0.1042 -0.3578 0.5415 -0.1056 0.4008 -0.3522
MF-DMA 0.3399 0.1428 0.1622 -0.0705 0.6262 0.2219 0.3033 -0.1043
Bovespa
GHE 0.0397 -0.3007 0.0375 -0.2053 0.1199 -0.5513 0.1153 -0.3681
MF-DFA 0.4868 0.1986 0.3499 0.0388 0.9609 0.4350 0.7096 0.2015
MF-DMA 0.3238 0.2306 0.0710 0.0414 0.6746 0.4787 0.2362 0.1185
Nikkei 225
GHE 0.1168 -0.2190 0.1151 -0.1089 0.2306 -0.4375 0.2265 -0.2145
MF-DFA 0.4188 0.0968 0.2884 -0.0729 0.6904 0.1452 0.4501 -0.1650
MF-DMA 0.4117 0.2865 0.2107 0.0716 0.8234 0.5627 0.4648 0.1792
STOXX 50
GHE 0.1353 -0.1539 0.1311 -0.0558 0.3458 -0.2785 0.3378 -0.0636
MF-DFA 0.1692 -0.0659 0.1108 -0.2744 0.3964 -0.0459 0.2789 -0.3670
MF-DMA 0.2666 0.1451 0.0955 -0.0734 0.4973 0.2495 0.1840 -0.1271

Difference between multifractality strength extracted from the original and the three types
of surrogate series: shuffled, phase randomized, and produced by the AAFT algorithm. Mul-
tifractality strength (expressed as ∆H and ∆α) of the surrogate series is the average value
based on the 1000 realizations.

Source: author’s computations.
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